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A Surface Impedance Approach for Modeling
Transmission Line Losses in FDTD

Werner Thiel

Abstract—This letter presents a concept for an ultrawide-band
modeling of transmission line losses in the three-dimensional (3-D)
finite-difference time-domain (FDTD) scheme. The approach
makes use of the surface impedance boundary condition (SIBC)
employing a two-port model for a lossy conducting layer with some
modifications at the edges of the metal lines. Using this model,
the frequency-dependent inner inductance as well as the resistive
losses are included up to very high frequencies. Furthermore, the
thickness of the metallization can also be extended over several
cells, and the real current distribution on the surface can be
considered. For validation, the attenuation coefficient and the
effective permittivity of a coplanar line are compared to results
achieved from the mode-matching technique.

Index Terms—FDTD methods, losses, skin effect.

I. INTRODUCTION

L
OSSES in microwave circuits play an important role in

the prediction of the electromagnetic behavior, but can be

taken into account only partially in the finite-difference time-do-

main (FDTD) method. In the literature, several partial solutions

to this problem have been proposed [1]–[3]. These approaches

are limited in the frequency range or in the thickness of the met-

allization.

This contribution presents an ultrawide-band approximation

of metallic losses using the SIBC approach based on a two-port

model for the surfaces and a simplified model for the edges as

described in Sections II and III. This model enables an adjust-

ment of the numerical accuracy, and transmission lines covering

several cells in thickness can be considered. Furthermore, dif-

ferent current densities at the top and bottom side of the metal-

lization are considered.

II. TWO-PORT MODEL FOR A LOSSY CONDUCTING LAYER

Fig. 1 shows a lossy conducting layer bounded by two regular

surfaces and . The layer is characterized by the thickness

, the permittivity , the permeability , and the conductivity .

Assuming the surfaces are plane and the conductivity is much

greater than , a TEM-approximation for the electromagnetic

field can be formulated. The relationship between the tangential

electric and magnetic field components infinitely closed to the

surfaces and is given by the following [4]:

(1)
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Fig. 1. Layer of lossy conductor.

where

(2)

and

(3)

To facilitate a subsequent transformation in the time domain, the

two-port model is written in the slightly different form

with (4)

Inverse Fourier transformation yields the corresponding time

domain convolution of

(5)

where is the equivalent surface-impedance impulse

response by inverse Laplace transformation

(6)

(7)

Applying the surface impedance boundary condition (1) on the

Yee's mesh and taking the field components closest to the sur-

faces as shown in Fig. 2, the electric field components can be

expressed by the time derivation of the magnetic field

(8)

(9)

Together with Faraday equations

(11)
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the system of (8)–(11) can be solved for the tangential

magnetic field components, leading to a boundary con-

dition for the magnetic field. In this case, the convolu-

tion integrals are approximated by

assuming the fields piece-

wise constant in time and applying the midpoint rule for the

integration. This full-sum convolution needs the complete his-

tory of the fields resulting in increasing memory requirements

and simulation time after each time step. As the time response

of the surface impedance is a sum of exponential functions,

a recursive implementation is possible. The infinite sum of

exponentials in the time domain has to be reduced to a finite

number of terms. As a consequence, this approximation of the

impedance leads to a frequency-dependent error. Fig. 3 shows

the relative error of , in

the frequency domain for different number of summation terms

as a function of the normalized frequency . The skin depth

is half the thickness of the conducting layer. A relative error

of less than 10% for can be achieved by using 40 terms,

whereas the simulations of transmission line losses show that

this number of terms may be reduced without an essentially

decrease of accuracy. The accuracy of has the same order

and shows a similar behavior.

III. SIMPLIFIED MODEL FOR EDGES

In this section, a reduced model for the surface impedance

is presented which leads to less computational effort and in-

creasing accuracy using the same number of summation terms.

This model is also suited for the treatment of edges where the

two-port model cannot be employed. If the electric field on the

top and bottom side of a metallization has the same value, the

two-port model can be simplified to

(12)

This leads to an uncoupled scheme easier to handle for the

edges. Due to the factor 0.5 in the argument, equivalent to a

halved thickness, less terms are required for the same accuracy,

because the normalized frequency now is four times higher

than in the two-port model. Employing this approximation, the

boundary values of the surface impedance for low and high

frequencies are exactly the same as for the complete two-port

model. Only in the frequency range, where the skin depth is

twice the thickness of the metal layer, small deviations may

occur.

IV. MODIFICATION OF THE MODEL

At the edges of a transmission line, the two-port model cannot

be used for the surface impedance because there is no counter-

part for the -fields at the abutting face of the line. Two cases of

edges have to be considered. First, a formulation is given when

the thickness of the layer is smaller than the cell size. In the

second case, the layer covers more than one cell. Fig. 4 shows

the cross section of an edge of a thin transmission line together

with three magnetic field components, each to be modeled sep-

arately. The aim of the algorithm is to provide the correct edge

impedance for both dc and the high-frequency cases. For higher

Fig. 2. Layer of lossy conductor in the Yee mesh.

Fig. 3. Relative error ofZ with different numbers of exponentials; frequency
is normalized to f = 4=(���d ).

Fig. 4. Cross section of an edge in the Yee mesh; cell size is larger than the
conducting layer; propagation of the wave in z-direction.

Fig. 5. Cross section of an edge in the Yee mesh; conducting layer is several
cells high; propagation of the wave in z-direction.

frequencies, the current concentrates on the surface of the trans-

mission line as marked in Fig. 4. The current in the abutting face

yielding a lower impedance has to be included in the effective

surface impedance of the edge. The resulting effective length for

the impedance for both edges is . For the dc

case, the surface impedance has to represent the dc resistance re-

lated to the cross section of the corner. This leads to an effective

thickness of the edge . To consider different

current densities on the top and the bottom side of the line, the
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electric and magnetic fields at the edge are split into two parts.

The relationship between the electric and magnetic fields at the

edge results in

(13)

(14)

Together with the Faraday equations for

and the field , the system can be

solved for the three unknown magnetic field components. This

approach can also be applied for a layer with a height of one cell.

If the conducting sheet covers more than one cell, as shown in

Fig. 5, the method has to be modified. The surface impedance in

the edge region is modified in the same way as in the previous

case. All affected -field components are computed with the

reduced two-port model. Here, the effective length of each cell

of the surface is the cell size itself, except at the corner, where

the impedances have to be doubled. With respect to a correct

dc modeling, effective thicknesses and

have to be introduced for the surface impedance

at the edge. This approach leads to the real dc impedance of

and to a homogenous skin depth at the edge for higher

frequencies.

V. VALIDATION AND RESULTS

For empirical validation, a coplanar line has been simulated.

The coplanar line on an InP substrate has a center conductor

width of 20 m and a ground-to-ground spacing of 54 m. The

gold metallization is 3 m thick, and the skin depth is 1.5 m

at 2.7 GHz. The center conductor is discretized by seven cells

in the -direction and one cell in height. The simulation results

using 30 exponentials are compared to mode-matching data ac-

cording to [5]. In Figs. 6 and 7, the attenuation and the effec-

tive permittivity of the coplanar line are shown. There is a good

agreement between the FDTD and the mode-matching results

in a wide-frequency band.

VI. CONCLUSION

An efficient method for including transmission line losses in

the FDTD scheme is presented. In contrast to other approaches,

this abstract modeling based on a modified surface impedance

boundary condition can be applied to many problems with

minor limitations. To this end, there are no restrictions con-

cerning the frequency range and the size of the metal strip

and the extension of the thickness over several cells. As the

Fig. 6. Attenuation of the coplanar line on InP substrate; d = 20 �m; g =

54 �m; t = 3 �m (gold).

Fig. 7. Effective permittivity of the coplanar line on InP substrate; d = 20�m;
g = 54 �m; t = 3 �m (gold).

impedance in the time domain can be written in a sum of

exponentials resulting in recursive implementation, the time

requirement for calculating the metal line is lower than the

FDTD calculation of the remaining structure. Finally, the

simulation results are validated by the mode-matching method

results over a wide frequency range.
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