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Abstract

Variational inequalities appear in a variety of practically relevant problems, e.g., in engineering,

medicine, or finance. The theory of stationary coercive variational inequalities is quite well-

developed. Much less is known for their noncoercive counterpart appearing, e.g., in instationary

variational inequalities.

In this thesis, noncoercive variational inequalities are analyzed in a variational formulation with

(possibly) different trial and test spaces. This setting emerges, e.g., from a space-time formula-

tion of a time-dependent variational inequality in which time is treated as an additional variable

within the variational formulation of the problem. We prove well-posedness for the noncoercive

variational inequality. Additionally, we derive error estimates for the inequalities and an equi-

valent saddle-point problem. Since this saddle-point inequality requires a dual variable and a

convex cone, we investigate how corresponding spaces have to be chosen such that the obstacle

is respected at any time.

With this continuous setting at hand, we present sufficient conditions for well-posedness of

corresponding discretizations. The error of the continuous solution compared to the discrete

solution is numerically investigated, as this error is neglected in the subsequent model reduction.

There, the discrete solution is the so-called truth solution from which the reduced basis is derived

in terms of certain linear combinations.

Several choices exist to construct reduced spaces, in particular to ensure stability within Petrov-

Galerkin or saddle-point frameworks. We examine the selection of different combinations for

stable reduced spaces and basis generations. The Kolmogorov N -width is numerically investi-

gated (since we are not aware of analytical results), which is the best achievable error for an

approximation in terms of a linear space of fixed dimension N . Then, a comparison of two ways

to treat time within the reduced basis method for parabolic problems is performed. The pros and

cons of each method are emphasized and numerical results are presented for the approximation

of the Kolmogorov N -width and a heat inequality model.
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Kurzzusammenfassung

Variationsungleichungen finden praktische Anwendung in vielen Bereichen, wie z.B. dem Inge-

nieurswesen, der Medizin oder dem Finanzwesen. Die Theorie zu stationären koerziven Variati-

onsungleichungen ist gut erforscht, wohingegen für die Theorie des nichtkoerziven Gegenparts

viel weniger bekannt ist.

Im Rahmen dieser Dissertation werden nichtkoerzive Variationsungleichungen in einer Formu-

lierung mit unterschiedlichen Ansatz- und Testräumen analysiert. Diese Formulierung ergibt

sich aus der Raum-Zeit-Formulierung einer zeitabhängigen Variationsungleichung, in welcher

die Zeit als zusätzliche Variable des Problems betrachtet wird.

Wir beweisen, dass diese nichtkoerzive Variationsungleichung wohlgestellt ist. Zudem leiten wir

Fehlerschätzer für die Variationsungleichungen und für ein äquivalentes Sattelpunktproblem her.

Da dieses Sattelpunktproblem Definitionen für eine duale Variable und eines konvexen Kegels

benötigt, untersuchen wir, wie diese gewählt werden müssen, dass das Hindernis zu keinem

Zeitpunkt überschritten wird.

Anschließend bestimmen wir hinreichende Voraussetzungen, mit denen wir die Wohlgestelltheit

des entsprechenden diskreten Problems zeigen können. Der Fehler der kontinuierlichen Lösung

im Vergleich zur diskreten Lösung wird numerisch untersucht, da dieser Fehler bei der folgenden

Modellreduktion vernachlässigt wird. Die diskrete Lösung wird auch wahre Lösung genannt, da

die reduzierte Basis aus Linearkombinationen dieser Lösungen gebildet wird.

Für die reduzierten Räume gibt es mehrere Konstruktionsmöglichkeiten, wie z.B. die Auswahl

verschiedener Basisgenerierungen oder verschiedener Kombinationen von reduzierten Räumen,

sodass ein stabiles reduziertes System erstellt wird. Die Kolmogorov N -Weite ist der kleinst-

mögliche Fehler, der bei einer Approximation mit einem linearen Raum der Größe N erreicht

werden kann. Diese wird numerisch untersucht, da uns theoretische Resultate nicht bekannt sind.

Dann wird ein Vergleich von zwei Methoden zur Behandlung der Zeit innerhalb der Reduzier-

ten Basis Methode für Raum-Zeit-Methoden und Zeitschrittverfahren durchgeführt. Die Vor-und

Nachteile jeder Methode werden hervorgehoben und numerische Ergebnisse werden für die Ap-

proximation der Kolmogorov N -Weite und für eine Wärmeleitungsungleichung präsentiert.
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2.2.1. Well-Posedness: The Banach Nečas Theorem . . . . . . . . . . . . . . 11

2.2.2. Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.3. Space-Time Variational Formulation . . . . . . . . . . . . . . . . . . . 19

2.2.4. Discretization of Space-Time Variational Formulations . . . . . . . . . 24

2.3. Reduced Basis Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.3.1. Parametric Variational Problems . . . . . . . . . . . . . . . . . . . . . 27

2.3.2. A Detailed Discretization: The “Truth” . . . . . . . . . . . . . . . . . 29

2.3.3. Reduced Problem and Error Bound . . . . . . . . . . . . . . . . . . . 29

2.3.4. Stable Reduced Test Spaces . . . . . . . . . . . . . . . . . . . . . . . 32

2.4. Variational Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.4.1. Elliptic Variational Inequalities . . . . . . . . . . . . . . . . . . . . . . 35

2.4.2. Parabolic Variational Inequalities . . . . . . . . . . . . . . . . . . . . 40

2.4.3. Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3. New Results for Noncoercive Variational Inequalities 55

3.1. Well-Posedness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.1.1. Elliptic Regularization . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.1.2. Additional (Semi-)Norms . . . . . . . . . . . . . . . . . . . . . . . . 59

3.1.3. Weak Coercivity and Symmetrically Boundedness . . . . . . . . . . . 60

3.1.4. Existence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.1.5. Uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.1.6. Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.2. Saddle-Point Formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

v



Contents

3.3. Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.3.1. Abstract Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.3.2. Residual-Based A Posteriori Error-Bounds . . . . . . . . . . . . . . . 67

4. Space-Time Formulation of Parabolic Variational Inequalities 73

4.1. Variational Space-Time Formulation . . . . . . . . . . . . . . . . . . . . . . . 73

4.2. Modelling of the Cone: Saddle-Point Problem . . . . . . . . . . . . . . . . . . 78

4.3. Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.3.1. Inequality and Saddle-Point Discretization . . . . . . . . . . . . . . . 89

4.3.2. Well-Posedness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.4. Numerical Investigations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5. Model Reduction 101

5.1. Generation of a Reduced Basis . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.1.1. Error Measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.1.2. Greedy Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.2. Stable Reduced Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.2.1. Inf-Sup Stable Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.2.2. Well-Posedness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.3. Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.3.1. Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.3.2. Reducibility of the Variational Inequalities . . . . . . . . . . . . . . . 116

5.3.3. Quantitive Aspects of Model Reduction . . . . . . . . . . . . . . . . . 123

5.3.4. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

6. Space-Time versus Time-Stepping 131

6.1. Parabolic Partial Differential Equations . . . . . . . . . . . . . . . . . . . . . 131

6.1.1. Variational Formulations of Parabolic Problems . . . . . . . . . . . . . 132

6.1.2. Reduced Basis Methods with POD-Greedy . . . . . . . . . . . . . . . 133

6.1.3. Space-Time Reduced Basis Methods . . . . . . . . . . . . . . . . . . . 136

6.1.4. Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.1.5. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

6.2. Parabolic Variational Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . 144

6.2.1. Time-Stepping Methods . . . . . . . . . . . . . . . . . . . . . . . . . 144

6.2.2. Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

6.2.3. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

7. Conclusion and Outlook 161

vi



Contents

A. Some Facts on Sobolev Spaces 165

B. Auxiliary Estimates 167

List of Algorithms 181

List of Acronyms 183

List of Symbols 185

Acknowledgements 187

Published Papers 189

Curriculum Vitae 191

vii



viii



1
Introduction

Variational inequalities model several relevant real-world phenomena, e.g., in science, technol-

ogy, medicine or finance. A simple example is an elastic membrane whose displacement under

an external force is restricted by some obstacle g. Much is known for elliptic variational in-

equalities, where the involved differential operator describing the unconstrained displacement

is stationary and coercive. Much less is known if time-dependent or even more general non-

coercive problems are considered (which is a relevant class of problems). This is the point of

departure for this thesis.

We are concerned with the analysis and numerical simulation of noncoercive variational in-

equalities. In particular, we investigate well-posedness of such inequalities in a rather general

setting (assuming minimal assumptions, i.e., only an inf-sup condition), which in particular

includes parabolic variational inequalities in a space-time variational formulation. This space-

time framework has recently been shown to be well-suited for model reduction, which is based

upon an offline phase, in which possibly computationally costly detailed simulations are used

to determine a reduced system to be used online. In order to derive such detailed numerical

approximations, a discretization of the space-time variational inequality is performed. These

arising approximations are then used to construct a reduced model for parametrized variational

inequalities to perform real-time and/or multi-query computations online extremely fast. Cor-

responding a-posteriori error estimates are used in the offline-generation of the reduced model

and ensure a certified reduced online approximation. We develop such a reduced basis method

for noncoercive and parabolic variational inequalities and examine their properties.

We are now going to detail the relevant ingredients for this thesis.

Noncoercive Variational Inequalities

Existence and uniqueness of solutions for elliptic (i.e., bounded, symmetric and coercive) Vari-

ational Inequalities (VIs) is well-known. We relax the assumption of coercivity and derive well-

posedness under milder assumptions allowing us to cover a wider range of relevant problems.

The considered setting will be as follows: Let X,Y be two separable Hilbert spaces, where

1



1. Introduction

X ↪→ Y dense and without loss of generality ‖w‖Y ≤ ‖w‖X, w ∈ Xa. Then, for a given f ′ ∈ Y′,

find u ∈ K ∩ X, such that

a(u, v − u) ≥ f(v − u) ∀v ∈ K, (1.1)

where a : X × Y → R is a possibly noncoercive, bounded bilinear form and K ⊂ Y is a closed

convex set. It is assumed that the solution set K ∩ X is not empty. Note, that in the case that

K = Y, the variational inequality reduces to an equation. In addition, if not stated otherwise, we

require that X ( Y, which is important in order to ensure that the test functions v − u in (1.1)

are in Y for u ∈ X and v ∈ K ⊂ Y.

For the investigation of the problem (1.1), we require at least continuity and a Nečas condition,

i.e., inf-sup stability and surjectivity of a(·, ·). It is worthwhile mentioning, that this assumption

cannot be omitted: In the special case that K = Y, i.e., a variational equation, the problem is

well-posed for a bounded bilinear form if and only if the Nečas condition holds. Therefore, the

Nečas condition is a minimal requirement for the well-posedness of (1.1).

However, in the general setting of the Noncoercive Variational Inequality (NCVI) above, we

are not aware of results concerning well-posedness. For certain special cases of noncoercivity,

there have been – among others – two approaches in [LS67], which, however, do not use the

Nečas condition. In this thesis, we give well-posedness results for NCVIs based upon a Nečas

condition plus some mild additional assumptions.

Space-Time Formulation of Parabolic Variational Inequalities

As already indicated above, the space-time variational formulation is favorable for model reduc-

tion. In the space-time framework, the equation is multiplied with test functions in space and

time followed by an integration w.r.t. both variables. This results in a variational formulation in

d+ 1 dimensions, if d denotes the spatial dimension.

Parabolic Variational Inequalities (PVIs) also fit into this framework by integrating the time-

dependent VI w.r.t. time (also known as weak formulation in time). Such PVIs arise, e.g., for

time-dependent obstacle problems or for the valuation of American Options. As a consequence,

our more general framework of NCVIs contains PVIs as a special case. However, the space-

time framework yields a specific issue when considering time-dependent obstacles. In fact, the

integration w.r.t. time implies that the obstacle can only be expected to be respected for almost

all times. Hence, we investigate the question under which assumptions the obstacle is respected

for all times (and not only for “almost all” times). This is important from an application point

of view, e.g., as a bank would like to ensure its solvency at all times and not only on average in

time, which could mean bankruptcy at a particular moment in time.

aNote, that the embedding constant is unity.
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Once well-posedness is ensured, one can consider numerical approximations as a closed formula

of an NCVIs cannot be expected. Within the space-time framework, this leads to a simultaneous

discretization of time and space yielding a Petrov-Galerkin scheme with typically different trial

and test spaces Xδ ⊂ X and Yδ ⊂ Y, respectively (in the following, an additional notation of

the discrete spaces is XN ⊂ X and YN ⊂ Y, motivated by N being the dimension, which is

to be reduced). The discretization parameter δ could be of the form (∆t, h) with temporal and

spatial mesh sizes ∆t and h. Hence Xδ,Yδ are of a space-time dimension which is in contrast

to more classical semi-discretizations, where a Galerkin approximation in space is combined

with a time-stepping scheme for the arising system of ordinary differential equations. However,

it was shown in [UP12, UP14] that Xδ,Yδ can be chosen in such a way that the space-time

Petrov-Galerkin system coincides with the widely used Crank-Nicolson time-stepping scheme.

This allows us to combine the easy realization of time-stepping schemes with the sharper error

estimation of Petrov-Galerkin methods. We start from such space-time discretizations, but need

to incorporate the obstacle or inequality constraints. To this end, we show that also NCVIs are

equivalent to a saddle-point problem involving Lagrange multipliers for the obstacle. We derive

sufficient conditions for the well-posedness of the arising discrete problem and present results

of several numerical experiments indicating the quantitative performance of our scheme, also in

comparison with existing methods from the literature.

Reduced Basis Method (RBM)

There are several real-world problems which are subject to parameters. In the case of parabolic

variational inequalities one may think of a membrane of inhomogeneous material or a vari-

able obstacle. In finance, parameters could be in form of a variable volatility or payoff. The

arising parameterized variational inequality often needs to be solved for many different val-

ues of the parameter (multi-query) and/or extremely fast in realtime. In such a framework, the

above described detailed discretization is not appropriate due to its computational complexity

when several parametric solutions are required. Hence, model reduction techniques are strongly

needed.

Reduced basis methods are such a model reduction technique for Parametric Partial Differential

Equations (PPDEs) in particular within a multi-query and/or real-time context. The main idea is

to compute a reduced model in a possibly costly offline phase by determining detailed solutions

for appropriately chosen values of the parameter. These so-called snapshots are then used as a

basis for the reduced linear approximation space. In the online phase, the reduced basis approx-

imation for new values of the parameters is computed by a (Petrov-)Galerkin projection onto

the reduced space. There are several specific issues related to the Reduced Basis Method, the

following ones are particularly relevant for this thesis:

3



1. Introduction

• Offline/online-separation: All snapshots and all other relevant quantities for the RB-

approximation need to be precomputed and stored in the offline phase in such a man-

ner that the computations in the online phase can be performed in a complexity that is

independent of the size of detailed discretization, i.e., online efficient.

• Error estimator: Given a number N ∈ N of reduced basis functions and a parameter

µ, one would like to have a quantity ∆N (µ), which can be proven to be a sharp upper

bound of the (unknown) error. Such a ∆N (µ) is used in the offline phase for selecting the

snapshot parameters (e.g. by a Greedy procedure) and in the online phase to determine an

upper bound for the RB approximation.

• Kolmogorov N -width: A priorily, it is not clear, if a given parametric problem can be re-

duced by the RBM or not. The benchmark is given by the Kolmogorov N -width dN (P),

which is the error of the best N -dimensional linear approximation of the solutions w.r.t. a

given parameter set P . It has been proven that dN (P) decays exponentially as N grows

for several elliptic and parabolic linear problems. As a consequence, for such linear prob-

lems, the reduced basis method can achieve speedups of several orders of magnitude in

comparison to the detailed (high-fidelity) solution. However, the VI is nonlinear and it is

expected that the solution u(µ) depends in a nonsmooth manner on the parameter µ. This

means, that it is at least not known from an analytical point of view, if RBMs for VIs yield

a significant speedup.

Hence, we are confronted with a number of research questions considering the RBM for VIs,

just to mention a few:

• A standard RB Petrov-Galerkin projection cannot be used for VIs since a linear combina-

tion of snapshots cannot be guaranteed to respect the obstacle.

• The standard error estimator ∆N (µ) is residual-based and involves the inverse of the inf-

sup constant as well as the dual norm of the residual. We need a corresponding general-

ization for VIs.

• Since the decay of dN (P) is not known analytically, the reducibility of the VIs needs to

be examined numerically.

We construct and analyze a RBM for the above mentioned saddle-point formulation of VIs and

report on results of corresponding numerical experiments.

Thesis Outline

The remainder of this thesis is organized as follows.

4



Chapter 2 provides an overview of the various analytic ingredients needed for this thesis. The

first part introduces the functional setting of inf-sup stable variational equations with different

trial and test spaces, as well as its discretization. Then, we consider a specific example of an

inf-sup stable variational equation, namely the space-time variational formulation of a parabolic

variational equation. Furthermore, the RBM for such problems is presented and we comment

on the challenge of constructing stable test spaces, which is particularly relevant for VIs. In the

last part of this chapter, we detail the weak formulation of VIs, recall existing well-posedness

results and introduce corresponding discretizations.

In Chapter 3, the main analytical (i.e., well-posedness) results of this work are presented. We

prove the well-posedness of NCVI using (new) assumptions we call weak coercivity and sym-

metrically boundedness. Moreover, a-posteriori error estimates for the noncoercive variational

inequality and its equivalent saddle-point formulation are derived. The theoretical results of this

chapter are summarized in Table 1.1 below.

The space-time variational formulation of a PVI and a parabolic saddle-point problem are in-

vestigated in Chapter 4. The results of the preceding chapter are applied for this special case

and thus well-posedness is derived – with explicit values for the constants in the weak coerciv-

ity and symmetrically boundedness. Then, for the time-dependent saddle-point formulation, we

investigate how it can be ensured that the obstacle is respected at any time. Next, these space-

time variational problems are discretized and it turns out that the Petrov-Galerkin discretization

can be chosen in such a way to yield a Crank-Nicolson time-stepping scheme in both cases.

We investigate numerically the error between the continuous and the discrete solution. This is

particularly relevant as this error is neglected in the subsequent model reduction (only consider-

ing the error w.r.t. the detailed solution). Most of Chapter 3 and Chapter 4 are joint work with

Karsten Urban and have been published in [GU14].

The RBM for the space-time formulation of VIs is introduced in Chapter 5. For the model re-

duction, we present different Greedy algorithms for the offline computation of the reduced bases,

a-posteriori error measures and stable reduced spaces. These arising RBM approximations are

then investigated numerically.

In Chapter 6, a comparison of the space-time and the time-stepping RBMs is presented. In

particular, we compare these two methods theoretically and numerically for evolution equations

(which is a special case of VIs) and for VIs. Parts of this chapter are joint work with Antonia

Schöning (born Mayerhofer) and Karsten Urban, which have been published in [GMU17].

We conclude this thesis in Chapter 7 with a summary of the presented work and give an outlook

for possible future research topics.

All implementations were conducted with Matlab [MAT16] and RBMatlab [RBM13], which we

will introduce in Section 5.3.1.

5



1. Introduction

Inequality Saddle-Point

Existence Theorem 3.11

• weakly coercive

• symmetrically bounded

• convex, bounded set K ∩ X

Equivalence by Lemma 3.18:

• dual cone form

• b inf-sup stable with respect

to ‖ · ‖Y
Uniqueness Theorem 3.15 (J·KX)

• weak coercivity

Stability Theorem 3.16 (‖ · ‖X)

• inf-sup stability

Corollary 3.19 (‖ · ‖W)

Error/Residual

Estimate

Proposition 3.20 (J·KX)

• weak coercivity

• symmetrically boundedness

• weak coercivity

• symmetrically boundedness

• dual cone form

Theorem 3.25 (J·KX)

• X-compatible

Remark 3.26 (J·KX)

• strong inf-sup

Space-Time

Well-Posedness

Theorem 4.6 [Uniqueness (J·KX),

Stability (‖ · ‖X)]

• boundedness of ã

• Gårding inequality of ã

Equivalence by Corollary 4.7

• dual cone form

• b inf-sup stable with respect

to ‖ · ‖Y
Discrete

Well-Posedness

Section 4.3.2

• discrete inf-sup stability of a

• conforming subspaces

XN ⊂ X, YN ⊂ Y

Section 4.3.2

• dual cone form

• b discrete inf-sup stable with

respect to ‖ · ‖Y

Table 1.1.: Summary of results and necessary assumptions of Chapter 3 and 4.
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2
Variational Problems

All models and schemes in this work are based on variational formulations of partial differential

equations or inequalities, which arise from the strong form by multiplying with appropriate test

functions, integrating over the domain and performing integration by parts. In the simplest case

of a linear elliptic Partial Differential Equation (PDE), such a variational form reads as follows:

find u ∈ X

a(u, v) = f(v), ∀v ∈ X, (2.1)

with a Hilbert space X (e.g., H1
0 (Ω) with an open domain Ω ⊂ Rn), a bounded, symmetric

and coercive bilinear form a : X × X → R (e.g., (∇u,∇v)0,Ω) and a linear form f : X → R
(e.g., (f, v)0,Ω). In this setting, (2.1) admits a unique solution u ∈ X due to the famous Lax-

Milgram Theorem (see e.g., [Eva10]). Examples also include integral equations which will not

be considered here. We want to relax the assumptions on the classical “Lax-Milgram setting” in

(2.1) in the following ways:

1. an inf-sup setting, i.e., we replace the coercive bilinear form a : X× X→ R by a bilinear

form a : X× Y → R on different trial and test spaces X and Y, which fulfils an “inf-sup”

condition to be introduced below.

2. a variational inequality, i.e., the equation (2.1) is replaced by an inequality of the form:

determine u ∈ K ( X such that a(u, v − u) ≥ f(v − u) for all v ∈ K, where K 6= ∅ is a

suitable closed convex set.

In particular, we are interested in the combination of both.

In this chapter, we collect the main results from the literature to be used throughout this thesis.

Specifically, we summarize the existing results for operator equations, which are not coercive,

but satisfy a Nečas condition, i.e., an inf-sup as well as a non-negativity condition. This is

done for a (typically ∞-dimensional) Hilbert space setting and for the corresponding finite-

dimensional one with discretization spaces of equal dimension. Subsequently, we consider a

specific inf-sup setting, namely the space-time formulation of evolution equations. Then, we

7



2. Variational Problems

introduce the Reduced Basis Method (RBM) for parametric problems and describe stability con-

ditions that are particularly relevant for the cases 1. and 2. above. Next, we consider variational

inequalities in Section 2.4. We discuss two forms of variational inequalities – the (stationary) el-

liptic variational inequality and its time-dependent counterpart. We recall the (known) proofs of

existence and uniqueness for coercive variational inequalities, as those techniques can be partly

adopted for the general noncoercive setting. We restrict ourselves to those facts that are relevant

for the specific topics considered in this thesis and refer for more details to the quoted literature.

2.1. Function Spaces

Time-independent problems (both equations and inequalities) are typically formulated in Sobolev

spaces, which we assume to be known (see Definition A.3). For time-dependent problems, the

arising spaces of functions are less standard, so that we recall them here. To this end, we recall

the extension of Lebesgue measurable functions to vector-valued functions, i.e., f : (0, T )→ X ,

where X is (at least) a Banach space. We always denote time intervals by I := (0, T ) ⊂ R,

0 < T ≤ ∞, and spatial Hilbert/Banach spaces by X ,Y ,V ,H . Note, that I could also be

chosen as any open set I ⊂ Rn. As in our case I will always denote a time interval, we restrict

ourselves here and in the following to the less general one-dimensional case.

We start by reviewingLp-spaces of time-dependent functions, called (Lebesgue)-Bochner spaces.

The following can be found in various textbooks, e.g, [Wlo87, LM72, DL92, Sho97, Eva10,

Rou13] just to name a few.

Definition 2.1 (Bochner Spaces, see e.g., [DL92, Chapter XVIII.1.1], [Eva10, Section 5.9.2]).
Let X be a Banach space and I := (0, T ) a time interval with T ≤ ∞. The Bochner or

Lebesgue-Bochner space Lp(I;X ) is then defined as the equivalence class of Lp-integrable

functions f : I → X with values in X , i.e., all Lebesgue-measurable functions in I for which

‖f‖Lp(I;X ) :=

(∫
I
‖f(t)‖pX dt

)1/p

<∞, 1 ≤ p <∞.

For the special case p = ∞, the space L∞(I;X ) denotes the equivalence class of functions,

which are bounded almost everywhere over I and we set

‖f‖L∞(I;X ) := ess sup
t∈I

‖f(t)‖X <∞.

For the particular case X ∈ {R,C}, we obtain the standard Lp-spaces.

Proposition 2.2 (Properties of Bochner Spaces, [DL92, Section XVIII.1.1, E2]). Let X ,Y be

two Banach spaces such that X ↪→ Y (see Definition A.1).

1. For 1 ≤ p ≤ ∞, the space Lp(I,X ) is a Banach space, if X itself is a Banach space.
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2.1. Function Spaces

2. If X is a Hilbert space, so is the space L2(I;X ).

3. It holds that Lp(I;X ) ↪→ Lp(I;Y ), for 1 ≤ p ≤ ∞.

The following statement characterizes the dual space of Lp(I;X ) for a reflexive Banach space

X , i.e., X can be isomorphically identified with its bidual. An example for such a space would

be any finite-dimensional Banach space or any Hilbert space.

Theorem 2.3 (Dual Space of Bochner Space, [Sho97, Theorem 1.5]). Let 1 < p < ∞ and

q ∈ R such that 1
p + 1

q = 1. Let X be a reflexive Banach space, then the dual space Lp(I;X )′

of a Bochner space Lq(I;X ) can be identified with Lq(I;X ′).

In the following, we recall the definition of the weak derivative in Bochner spaces, which we

need for corresponding variational formulations. Therefore, we need the definition of a distri-

bution in Bochner spaces.

Definition 2.4 (Distributions in Bochner Spaces, [DL92, Section XVIII.1.1, E3]). We denote

by D′(I;X ) the space of distributions with values in Banach spaces, which is the set of linear

continuous forms overD′(I), i.e.,D′(I;X ) = L(D′(I);X), where any ϕ ∈ D′(I;X ) is smooth

and has compact support.

Definition 2.5 (Weak/Distributional Derivative in Bochner Spaces, [DL92, Section XVIII.1.1]).
Let X ↪→ Y be two Banach spaces and u ∈ L2(I;X ). We say that u̇ = ∂u/∂t ∈ L2(I;Y ) if

there exists v ∈ L2(I;Y ), such that∫
I
v(t)ϕ(t) dt = −

∫
I
u(t)ϕ̇(t) dt,

where ϕ ∈ D′(I;X ) and we set u̇ = v.

Throughout this thesis, the notations u̇, ∂u∂t , or ut for the (weak) time derivative of u are used.

We need one more piece in order to introduce trial and test spaces for space-time variational

formulations of time-dependent problems.

Definition 2.6 (Gelfand Triple, [Rou13, Section 7.2] ). Let V ,H be separable Hilbert spaces

with V ↪→ H as well as dual spaces V ′,H ′. By identifying H with its dual H ∼= H ′, we obtain

the Gelfand triple

V ↪→ H ↪→ V ′,

where the space H is called pivot space. Thus, we can consider the duality pairing 〈·, ·〉V ′×V
as continuous extension of the inner product (·, ·)H on H , i.e. for u ∈ H and v ∈ V , it holds

(u, v)H = 〈u, v〉V ′×V .
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2. Variational Problems

We start by fixing some notation: time-independent forms are indicated by a tilde ã, f̃ , and the

corresponding stationary spaces by V ,X . This is set in contrast to the time-dependent forms

defined by a, f and underlying spaces in blackboard bold style V,X.

The following space is of special interest for the theory for parabolic problems. In fact, we

consider a parabolic initial value problem of finding u(t) ∈ V , t ∈ I a.e., such that

u̇(t) + Ãu(t) = c(t) ∈ V ′, u(0) = 0 ∈ H , (2.2)

where Ã ∈ L(V ,V ′) is an elliptic operator, c ∈ L2(I;V ′) and V ↪→ H ↪→ V ′ is the underlying

Gelfand triple. In order that Ãu(t) has a meaning, it is convenient, that u ∈ L2(I;V ). Thus, it

follows that u̇ = c− Ãu ∈ L2(I;V ′). Therefore, the following turns out to be a good candidate

for a trial space of a space-time formulation.

Proposition 2.7 ([DL92, Section XVIII.1.1]). Let V ↪→ H ↪→ V ′ be a Gelfand triple with two

separable Hilbert spaces V ,H . The space

W(I) := {v | v ∈ L2(I;V ), v̇ ∈ L2(I;V ′)}, (2.3)

equipped with the norm

‖v‖W(I) =
(
‖v‖2L2(I,V ) + ‖v̇‖2L2(I;V ′)

)1/2
=

(∫
I

(
‖v‖2V + ‖v̇‖2V ′

)
dt

)1/2

is a Hilbert space with the scalar product induced by the respective scalar products on V and

V ′. Note, that an alternative representation is given by

W(I) := L2(I;V ) ∩H1(I;V ′),

with H1(I;V ′) := {v ∈ L2(I;V ′), v̇ ∈ L2(I;V ′)}. 2

We stress the known fact that W(I) is embedded in C([0, T ];H ), such that pointwise evaluations

of functions in W(I) with values in H are well-defined, e.g., for an initial condition u(0) = 0 in

the parabolic problem (2.2).

Theorem 2.8 ([Wlo87, Theorem 25.5], [DL92, Chapter XVIII, Theorem 1], [Rou13, Lemma

7.3]). Let V ↪→ H ↪→ V ′ be a Gelfand triple with Hilbert spaces V ,H . For I = (0, T ) ⊂ R
0 < T < ∞, every u ∈ W(I) is almost everywhere equal to a continuous function of [0, T ] in

H . Further, we have

W(I) ↪→ C([0, T ];H ).

(2.4)

With the spaces defined above, we are now able to state the space-time variational problem

corresponding to (2.2). Let the trial space X and the test space Y be defined by

X := {v ∈W(I) : v(0) = 0} = L2(I;V ) ∩H1
(0)(I;V ′), Y := L2(I;V ), (2.5)
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2.2. Inf-Sup Theory for Variational Equations

with associated graph norms

‖u‖X := ‖u‖2L2(I;V ) + ‖u̇‖2L2(I;V ′), u ∈ X, ‖v‖Y := ‖v‖L2(I;V ), v ∈ Y. (2.6)

Note, that also X ↪→ C([0, T ];H ) due to Theorem 2.8. Thus, we arrive at the space-time

variational problem: find u ∈ X, such that

a(u, v) = f(v) ∀v ∈ Y,

with space-time forms a : X× Y→ R, f : Y→ R defined by

a(u, v) :=

∫
I
〈u̇(t), v(t)〉V ′×V dt+

∫
I
ã(u(t), v(t)) dt,

f(v) :=

∫
I
〈c(t), v(t)〉V ′×V dt,

for u ∈ X, v ∈ Y.

2.2. Inf-Sup Theory for Variational Equations

As we have just seen, the space-time variational framework yields a bilinear form a : X×Y→ R.

The same structure is obtained by the variational inequality introduced later in this thesis with

bilinear form a : X × Y → R, where the underlying spaces X,Y may be time-dependent or

independent. Thus, in this section, the well-known functional setting for variational problems

is introduced, where trial and test spaces possibly differ. First, the necessary conditions for

well-posedness in the continuous setting are derived. Then, we collect the requirements for the

well-posedness of the discrete setting. Consecutively, we return to the space-time formulation

of variational equations and show well-posedness with the statements of the preceding section.

Finally, we introduce a discretization for the space-time formulation of variational equations,

which results in a Crank-Nicolson scheme.

Throughout this section, let X ↪→ HX ↪→ X′,Y ↪→ HY ↪→ Y′ be two Gelfand triples of separable

Hilbert spaces X,Y with corresponding inner products (·, ·)X, (·, ·)Y, induced norms ‖ ·‖X, ‖ ·‖Y
and dual spaces denoted by X′,Y′. For the analysis in this section, the spaces X and Y do not

need to be related, which is different for inequalities to be considered in the next chapter, where

X ↪→ Y needs to be assumed.

2.2.1. Well-Posedness: The Banach Nečas Theorem

We start with collecting the notation and basic properties for bilinear and linear forms.

Definition 2.9 (Basic Properties of Bilinear and Linear Forms). a) A linear form f : Y → R is

called continuous (or bounded), if there exists 0 < γf <∞ such that f(v) ≤ γf‖v‖Y, ∀v ∈ Y.

b) A bilinear form a : X× Y → R is called

11



2. Variational Problems

1. continuous (or bounded), if there exists 0 < γa < ∞ such that a(u, v) ≤ γa‖u‖X‖v‖Y,
∀u ∈ X, v ∈ Y,

2. coercive, if Y = X and if there exists αa > 0 such that infu∈X a(u, u) ≥ αa‖u‖2X, ∀u ∈ X,

3. inf-sup stable, if there exists βa > 0 such that infu∈X supv∈Y
a(u,v)
‖u‖X‖v‖Y = βa.

Obviously, coercive bilinear forms are also inf-sup stable with βa = αa.

Another important notion for bilinear forms is the symmetry, i.e., a(u, v) = a(v, u) for u, v ∈ X

and here Y = X. For inf-sup stable problems with spaces such that X 6= Y, symmetry of a

bilinear form a : X × Y → R can only occur for a certain correlation of the spaces X and Y, as

it is a priori not clear if, e.g., a trial function u ∈ X would be allowed as a test function or not.

Hilbert Space Formulation

We consider the space L(X,Y′) of all linear and continuous operators from X to Y′ with the

corresponding norm

‖A‖L(X,Y′) = sup
u∈X

‖Au‖Y′
‖u‖X

, A ∈ L(X,Y′).

We will interpret variational problems as operator equations/inequalities in terms of an associ-

ated operator A ∈ L(X,Y′). A bilinear form a : X × Y → R can be associated to the operator

A by a(u, v) := 〈Au, v〉Y′×Y for all v ∈ Y, u ∈ X, where 〈·, ·〉Y′×Y denotes the duality pairing

between Y′ and Y, induced by the pivot space HY. The converse statement for the association

of an operator A to a bilinear form a(·, ·) does not necessarily hold, but the following result

addresses the sufficient conditions.

Theorem 2.10 (Banach-Nečas, [NSV09, Theorem 2.1]). Let a : X × Y → R be a continuous

bilinear form with finite norm ‖a‖ := supv∈X supu∈Y
a(u,v)
‖u‖X‖v‖Y . Then, there exists a unique

linear operator A ∈ L(X,Y′) such that

〈Au, v〉Y′×Y = a(u, v), ∀u ∈ X, v ∈ Y,

with operator norm ‖A‖L(X,Y′) = ‖a‖. Moreover, the bilinear form a is

1. inf-sup stable, and satisfies

2. surjectivity: for every 0 6= v ∈ Y there exists u ∈ X such that a(u, v) 6= 0, or, equivalently

sup
06=u∈X

a(u, v) > 0, ∀ 0 6= v ∈ Y,

if and only if A : X→ Y′ is an isomorphism with

‖A−1‖L(Y′,X) ≤ β−1
a .
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2.2. Inf-Sup Theory for Variational Equations

We recall the well-known proof here for completeness and due to the fact that some arguments

turn out to be relevant for variational inequalities. Note, that the inf-sup stability combined with

the surjectivity is also known under a so-called Nečas condition.

Proof. We start by showing existence of the operator A ∈ L(X,Y′). For a fixed u ∈ X, we have

that a(u, ·) ∈ Y′ due to linearity in the second component and continuity of a(·, ·). Using the

Riesz Representation Theorem (see Theorem A.4), there exists an elementRYAu ∈ Y such that

a(u, v) = (RYAu, v)Y, ∀v ∈ Y,

with the Riesz operator RY : Y′ → Y. Linearity in the first argument and continuity imply that

A ∈ L(X,Y′). Thus, we get

‖A‖L(X,Y′) = sup
u∈X

‖Au‖Y′
‖u‖X

= sup
u∈X

sup
v∈Y

〈Au, v〉Y′×Y
‖u‖X‖v‖Y

= sup
u∈X

sup
v∈Y

a(u, v)

‖u‖X‖v‖Y
= ‖a‖.

Now, we show that A ∈ L(X,Y′) is an isomorphism if a(·, ·) is inf-sup stable and satisfies

surjectivity. To demonstrate the closed range of A, we notice that the inf-sup condition implies

βa‖u‖X ≤ sup
y∈Y

〈Au, v〉Y′×Y
‖v‖Y

= ‖Au‖Y′ ∀u ∈ X, (2.7)

i.e., the operator A is injective. To show that the range A(X) is closed in Y′, let {vk}∞k=0 be a

sequence defined as vk = Auk, such that vk → v ∈ Y′ for k →∞. Using (2.7), it follows

βa‖uk − uj‖X ≤ ‖A(uk − uj)‖Y′ = ‖vk − vj‖Y′ → 0, for k, j →∞.

Thus, {uk}∞k=0 is a Cauchy sequence in X and uk → u ∈ X for k →∞. By the continuity of A

follows Au = limk→∞Auk = v ∈ A(X), which shows that A(X) is closed in Y′.

To prove the surjectivity, we argue by contradiction, i.e., assume that A(X) 6= Y′. Since we

have that A(X) is closed, Y′ has a decomposition as Y′ = A(X)⊕ A(X)⊥, where A(X)⊥ is the

orthogonal complement of A(X) ∈ Y′. By assumption A(X)⊥ is not trivial, i.e., there exists

0 6= v0 ∈ A(X)⊥. This is equivalent to

v0 6= 0 and (v, v0)Y′ = 0, ∀v ∈ A(X),

or, in other words,

v0 6= 0 and (Au, v0)Y′ = a(u, v0) = 0, ∀u ∈ X.

This contradicts the surjectivity assumption and thus A(X) = Y′. Hence, A : X→ Y′ is proven

to be an isomorphism.

In order to show that A is boundedly invertible, we can rewrite (2.7) by

‖A−1‖L(Y′,X) ≤ sup
v∈Y

‖A−1v‖X
‖v‖Y

≤ β−1
a ,
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which yields the estimate.

To conclude the proof, it remains to show that the bounded invertibility is equivalent to the

inf-sup condition and the surjectivity. For the inf-sup condition, this is proven by

sup
u∈X

inf
v∈Y

a(u, v)

‖u‖X‖v‖Y
= sup

u∈X
inf
v∈Y

〈Au, v〉Y′×Y
‖u‖X‖v‖Y

= inf
u∈X

‖Au‖Y′
‖u‖X

= inf
v′∈Y′

‖v′‖Y′
‖A−1v′‖X

=
1

supv′∈Y′
‖A−1v′‖X
‖v′‖Y′

=
1

‖A−1‖L(Y′,X)
.

The surjectivity easily follows by A being an isomorphism: for any 0 6= v′ ∈ Y′, there exists

0 6= u ∈ X such that Au = v′ ∈ Y′ and a(u,RYv
′) = (Au, v′)Y′ = ‖v′‖2Y′ > 0.

Parts of this statement is also known as the theorem of Babuška-Aziz [BA72, Theorem 5.2.1],

i.e., that surjectivity, continuity and satisfying the inf-sup condition are equivalent to A being

an isomorphism which is boundedly invertible. The famous Lax-Milgram Theorem is a special

case of the above result, when X = Y, as the coercivity is then implied by the inf-sup stability.

In addition to a : X×Y → R being a continuous bilinear form, let f : Y → R be a continuous

linear form. The variational problem under consideration then reads: find u ∈ X, such that

a(u, v) = f(v), ∀v ∈ Y. (2.8)

Well-posedness of (2.8) (in the sense of Hadamard, i.e., existence, uniqueness and continuous

dependency on the data of the solution) has been proven by Jindřich Nečas in 1962 [Neč62,

Theorem 3.1]. As the original paper was written in French, we refer to a later English version.

Theorem 2.11 (Nečas, [NSV09, Theorem 2.2]). Let a : X × Y → R be a continuous bilinear

form. Then, the variational problem (2.8) admits a unique solution u ∈ X for all f ∈ Y′, which

depends continuously on f , if and only if the bilinear form a(·, ·) satisfies one of the equivalent

inf-sup conditions:

1. There exists βa > 0 such that

sup
v∈Y

a(w, v)

‖v‖Y
≥ βa‖w‖X ∀u ∈ X, (2.9)

and for every 0 6= v ∈ Y there exists w ∈ X such that a(w, v) 6= 0.

2. There holds

inf
w∈X

sup
v∈Y

a(w, v)

‖w‖X‖v‖Y
> 0, inf

v∈Y
sup
w∈X

a(w, v)

‖w‖X‖v‖Y
> 0. (2.10)

3. There exists βa > 0 such that

inf
w∈X

sup
v∈Y

a(w, v)

‖w‖X‖v‖Y
= inf

v∈Y
sup
w∈X

a(w, v)

‖w‖X‖v‖Y
= βa. (2.11)
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2.2. Inf-Sup Theory for Variational Equations

In addition, the solution u of (2.8) satisfies the stability estimate

‖u‖X ≤ β−1
a ‖f‖Y′ .

Again, we include the well-known proof mainly for later reference.

Proof. Using the notation above, (2.8) is equivalent to: find u ∈ X, such that

Au = f, in Y′.

According to Theorem 2.10, as bilinear form a(·, ·) is inf-sup stable, the associated operator A

is invertible. Thus, for every f ∈ Y′, the unique solution u ∈ X is given by u = A−1f and the

estimate follows by

‖u‖X ≤ ‖A−1‖L(Y′,X)‖f‖Y′ ≤ β−1
a ‖f‖Y′ .

Conversely, if (2.8) admits a unique solution, thenA has to be invertible. Again, due to Theorem

2.10, the inf-sup condition is then satisfied.

To show that the three inf-sup conditions are equivalent, we recall one step of the proof of

Theorem 2.10:

sup
u∈X

inf
v∈Y

a(u, v)

‖u‖X‖v‖Y
= ‖A−1‖−1

L(Y′,X) .

Then,

sup
v∈Y

inf
u∈X

a(u, v)

‖u‖X‖v‖Y
= sup

v∈Y
inf
u∈X

〈Au, v〉Y′×Y
‖u‖X‖v‖Y

= sup
v∈Y

inf
u∈X

〈u,A∗v〉X×X′
‖u‖X‖v‖Y

= ‖A−∗‖−1
L(X,Y′),

whereA∗ : Y′ → X is the adjoint operator ofA andA−∗ : X→ Y′ its inverse. As ‖A∗‖L(Y′,X) =

‖A‖L(X,Y′) and ‖A−∗‖L(X,Y′) = ‖A−1‖L(Y′,X), we arrive at

sup
v∈Y

inf
u∈X

a(u, v)

‖u‖X‖v‖Y
= ‖A−1‖−1

L(Y′,X),

which concludes the proof.

2.2.2. Discretization

Now that conditions for well-posedness for the continuous variational problems are collected,

we study corresponding discretizations in terms of Petrov-Galerkin (PG) methods. To this end,

consider conforming subspaces XN ⊂ X,YN ⊂ Y of equal dimension N <∞ a. At this point,

we pose no assumptions on the specific construction of XN and YN . We start with the definition

of the discrete Petrov-Galerkin (PG) solution.
aIn the literature, usually the notation Xh ⊂ X, Yh ⊂ Y is used, where h refers to the mesh width for example.

Our notation is motivated by the later use within RBMs, where the dimension N = dim(XN ) = dim(YN ) is a

relevant quantity.
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Definition 2.12 (Petrov-Galerkin Solution, [NSV09, Definition 3.1]). For N ∈ N, let XN ⊂ X

and YN ⊂ Y be subspaces of equal dimension N . Then a solution uN to

uN ∈ XN : a(uN , vN ) = f(vN ), ∀vN ∈ YN , (2.12)

is called PG solution, corresponding to the variational problem (2.8).

As a conforming discretization is assumed, the bilinear form a(·, ·) is well-defined on every pair

of discrete spaces XN × YN . In addition, the bilinear form a(·, ·) is continuous on the discrete

spaces XN ,YN and the continuity constant γNa is bounded by γa, as

γNa = sup
u∈XN

sup
v∈YN

a(u, v)

‖u‖X‖v‖Y
≤ sup

u∈X
sup
v∈Y

a(u, v)

‖u‖X‖v‖Y
= γa. (2.13)

For any conforming discretization, linear forms are well-defined and inherit their continuity due

to the same reasoning as for the bilinear forms. In the Galerkin setting (i.e., X = Y), coercivity

of the bilinear form a(·, ·) is inherited to its subspaces as

inf
u∈XN

a(u, u) ≥ inf
u∈X

a(u, u) ≥ αa‖u‖2X, ∀u ∈ X.

For X 6= Y, this does not hold for the discrete inf-sup constant

βNa := inf
uN∈XN

sup
vN∈YN

a(uN , vN )

‖uN ‖X‖vN ‖Y
= inf

vN∈YN
sup

uN∈XN

a(uN , vN )

‖uN ‖X‖vN ‖Y
, (2.14)

in particular it is not clear if βNa is bounded away from zero asN →∞. This typically requires

additional assumptions on the bilinear form.

Similar as above, we define the operator AN ∈ L(XN ,YN ′) and the adjoint operator AN ∗ ∈
L(YN ,XN ′) by

〈ANuN , vN 〉Y′×Y = 〈uN , AN ∗vN 〉X×X′ = a(uN , vN ), ∀uN ∈ XN , vN ∈ YN .

Since XN ,YN are finite-dimensional, we have that XN ′ ∼= XN , YN ′ ∼= YN , but it will be useful

to distinguish primal and dual spaces below. Again, the discrete problem (2.12) is well-posed

if and only if AN is an isomorphism. A necessary condition for AN being an isomorphism is

that XN and YN are of equal dimension, which is assumed in the definition of a PG solution

for problem (2.12). A necessary and sufficient condition for the invertibility of AN then is the

injectivity of AN , which can be characterized by

for every 0 6= uN ∈ XN , there exists vN ∈ YN such that a(uN , vN ) 6= 0. (2.15)

With these conditions at hand, well-posedness of the discrete problem can be proven along the

above lines in the Hilbert space setting.

16



2.2. Inf-Sup Theory for Variational Equations

Theorem 2.13 (Existence and Uniqueness of the PG Solution, [NSV09, Theorem 3.1]). Let

XN ⊂ X and YN ⊂ Y be subspaces of equal dimension. Then for any f ∈ YN ′ and bounded

and inf-sup stable bilinear form a : X× Y → R, there exists a unique PG solution uN ∈ XN , if

and only if condition (2.15) is satisfied. 2

The proof of Theorem 2.13 follows the same structure as the proof of existence and uniqueness

for the continuous problem (2.8): the well-posedness of a discrete solution uN ∈ XN is shown

to be equivalent to the invertibility of operator AN : XN → YN ′, which can be characterized by

(2.15). Next, we derive equivalent conditions for (2.15) and thus equivalent conditions for the

well-posedness of the discrete PG solution.

Proposition 2.14 (Equivalent Conditions for Well-Posedness, [NSV09, Proposition 3.1] ). Let

XN ⊂ X, YN ⊂ Y be subspaces of equal dimension as well as a : X × Y → R be a bounded

and inf-sup stable bilinear form on X× Y. Then, the following statements are equivalent:

1. The discrete inf-sup condition (2.14) holds for some βNa > 0;

2. inf
uN∈XN

sup
vN∈YN

a(uN ,vN )
‖uN ‖X‖vN ‖Y

> 0;

3. inf
vN∈YN

sup
uN∈XN

a(uN ,vN )
‖uN ‖X‖vN ‖Y

> 0;

4. condition (2.15) is satisfied;

5. for every 0 6= vN ∈ YN there exists uN ∈ XN such that a(uN , vN ) 6= 0. 2

We omit the well-known proof, as it uses the already known techniques of the proofs in the

foregoing section, or, the implications are straightforward as, e.g., condition 1. obviously implies

conditions 2. and 3.

In the discrete setting, only condition 2. or 3. of Proposition 2.14 need to be fulfilled, such that

well-posedness is given. In condition 2. to 5. of Proposition 2.14, the inf-sup constant is not

specified explicitly. But, as we will see in the following section, the value of the discrete inf-sup

constant is critical.

Stability and Quasi-Best Approximation

This section deals with the stability (as N → ∞) and the relation of the PG solution to the

quasi-best approximation, which in the Galerkin setting is provided by coercivity and the Céa

Lemma. This will become particularly relevant for reduced models below. First a stability result

is stated for the discrete solution:

Corollary 2.15 (Stability of the Discrete Solution, [NSV09, Corollary 3.1]). If the discrete inf-

sup condition (2.14) holds, then the PG solution uN of (2.12) satisfies

‖uN ‖X ≤
1

βNa
‖f‖Y′ . 2
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2. Variational Problems

The proof is straightforward. Obviously, 1/βNa is the stability constant which is also relevant

when relating the error to the best approximation. In fact, in the coercive Galerkin setting, it is

well-known that

‖u− uN ‖X ≤
γa
αa

inf
vN∈XN

‖u− vN ‖X, (2.16)

i.e., uN is up to a constant as good as the best approximation to u in XN . For deriving this

approximation property in the Galerkin setting, the Céa Lemma uses the Galerkin orthogonality,

which states that the error u− uN is orthogonal to the test space corresponding to a symmetric

and coercive bilinear form a(·, ·). Therefore, the Galerkin solution uN is the best approximation

in the energy norm (αa = γa = 1). For any other norm, a quasi-best approximation property of

the form (2.16) is derived.

In the PG setting, the following PG orthogonality holds for u ∈ X and its PG approximation

uN ∈ XN

a(u− uN , vN ) = 0, ∀vN ∈ YN ,

which can be demonstrated analogously to the Galerkin case. By some specific techniques

from functional analysis, Xu and Zikatanov showed that also the PG solution is a quasi-best

approximation with the same constant as in the coercive case (2.16), just replacing the coercivity

by the inf-sup constant.

Theorem 2.16 (Quasi-Best Approximation Property, [XZ03, Theorem 2]). Let a : X× Y → R
be continuous and assume that the discrete inf-sup condition (2.14) is satisfied. Let u be the

solution to (2.8) and let uN be the PG solution of (2.12). Then, the error u − uN satisfies the

bound

‖u− uN ‖X ≤
γa
βNa

inf
x∈XN

‖u− x‖X. 2

One notices why the value of the discrete inf-sup constant (2.14) is critical: if a series of spaces

(XN ,YN )N≥1 approximates the continuous pair (X,Y) with βNa → 0 for N → ∞, then the

sequence of discrete solutions {uN }N≥1 is not guaranteed to be uniformly bounded. Therefore,

a positive lower bound β̄Na for βNa is desirable.

Definition 2.17 (Stable Discretization, [NSV09, Definition 3.2]). The sequence {(XN ,YN )}N≥1

of discrete spaces with inf-sup constants {βNa }N≥1 is called stable if and only if there exists

β̄Na > 0 such that

inf
N≥1

βNa ≥ β̄Na > 0.

Unlike in the continuous case, we only need to show that one of the discrete inf-sup constants

inf
uN∈XN

sup
vN∈YN

a(uN , vN )

‖uN ‖X‖vN ‖Y
≥ β̄Na or inf

vN∈YN
sup

uN∈XN

a(uN , vN )

‖uN ‖X‖vN ‖Y
≥ β̄Na ,

holds. This due to the setting as dim(XN )=dim(YN ) is finite.
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2.2. Inf-Sup Theory for Variational Equations

2.2.3. Space-Time Variational Formulation

As seen in Section 2.1, the space-time formulation of a variational equation yields a bilinear

form a : X× Y→ R. Now, we show that this space-time variational equation is well-posed by

the Banach Nečas Theorem 2.11 and derive explicit stability constants.

The space-time variational equation has been used in the context of multigrid methods [HV95],

sparse grids [GOV06, GO07], and adaptive wavelet methods [AKV06, SS09]. Other problems

which have been studied in the space-time setting are adaptive wavelets with time-periodic con-

straints [KSU16], optimal control problems [MV12] as well as a formulation for general saddle-

point problems which can be applied to the Stokes and Navier-Stokes problem [GSS14].

Please note that this is not a complete list, further references can be found in the ensuing chapters.

Notation wise, we again denote time-dependent spaces in blackboard bold style V,X and time-

dependent forms by a, f . In contrast, time-independent forms are indicated by a tilde ã, f̃ , and

the corresponding stationary spaces by V ,X .

We start by recalling the space-time variational equation: Let I := (0, T ) with 0 < T ≤ ∞
be a time interval and the spaces X,Y are defined as in (2.5) with norms in (2.6). Then, the

space-time variational equation reads: find u ∈ X, such that

a(u, v) = f(v) ∀v ∈ Y, (2.17)

with space-time forms a : X× Y→ R, f : Y→ R

a(u, v) =

∫
I
〈u̇(t), v(t)〉V ′×V dt+

∫
I
ã(u(t), v(t)) dt, (2.18a)

f(v) =

∫
I
〈c(t), v(t)〉V ′×V dt, (2.18b)

for u ∈ X, v ∈ Y. Here V ↪→ H ↪→ V ′ is a Gelfand triple with time-independent Hilbert

spaces V ,H . Additionally, the bilinear form ã : V × V → R is time-independent and the

linear form c : Y→ R is time-dependent.

We can show well-posedness for (2.17) with the following theorem by claiming two standard

assumptions on the underlying time-independent bilinear form ã(·, ·).

Theorem 2.18 (Well-Posedness of Space-Time Equation, e.g., [EG04, Theorem 6.6], [SS09,

Theorem 5.1]). Let a : X× Y→ R and f : Y→ R be defined as in (2.18) with spaces defined

in (2.5). Let the time-independent bilinear form ã : V × V → R satisfy the properties of

boundedness and the Gårding inequality

|ã(φ, ψ)| ≤ γã‖φ‖V ‖ψ‖V , φ, ψ ∈ V , (2.19a)

ã(φ, φ) + λã‖φ‖2H ≥ αã‖φ‖2V , φ ∈ V , (2.19b)
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2. Variational Problems

with constants γã < ∞, αã > 0, λã ≥ 0. Then, (2.17) is well-posed. In addition, the following

lower respective upper bounds for the continuity and inf-sup constant hold for bilinear form

a(·, ·)

γUB
a :=

√
2 max{1, γã}, βLB

a :=
min{1, γ−2

ã }(αã − λãρ2)√
2 max{(αã − λãρ2)−1, 1}

,

where ρ := sup06=φ∈V
‖φ‖H
‖φ‖V is the embedding constant of V in H .

We recall parts the well-known proof, which are relevant for the subsequent thesis. We omit

the proof for the nonnegativity, as those techniques are not used again and refer to the proof of

[SS09, Theorem 5.1].

Proof. For the well-posedness of (2.17), we show, that the assumptions in Theorem 2.11 are

fulfilled. This amounts showing, that the bilinear form a(·, ·) is

1. continuous, i.e., a(u, v) ≤ γa‖u‖X‖v‖Y, for u ∈ X, v ∈ Y,

2. inf-sup stable, i.e., there exists βa > 0 such that

sup
v∈Y

a(u, v)

‖v‖Y
≥ βa‖u‖X ∀u ∈ X,

3. nonnegative, i.e., for every 0 6= v ∈ Y there exists u ∈ X such that a(u, v) 6= 0.

We start by proving 1). With the Hölder inequality, it holds

|a(u, v)| ≤ ‖u̇‖Y′‖v‖Y + γã‖u‖Y‖v‖Y

≤ max{1, γã}
√

2
√
‖u̇‖2Y′ + ‖u‖2Y ‖v‖Y

= γUB
a ‖u‖X‖v‖Y,

with the upper bound of the continuity constant γUB
a :=

√
2 max{1, γã}.

We continue proving 2), the inf-sup stability: Let 0 6= u ∈ X arbitrary and define Ã : V → V ′,

which is the operator induced by the spatial bilinear form

〈Ãu, v〉V ′×V := ã(u, v), ∀u, v ∈ V .

Next, we consider the adjoint operator of Ã, namely Ã∗ : V → V ′ and have ‖Ã∗‖L(V ,V ′) ≤ γã,

‖(Ã∗)−1‖L(V ′,V ) ≤ 1
(αã−λãρ2)

for almost every t ∈ I . We set zu(t) := (Ã∗)−1u̇(t) ∈ V and
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2.2. Inf-Sup Theory for Variational Equations

vu(t) := zu(t) + u(t). Thus, we obtain

‖vu‖Y =

(∫
I
‖zu(t) + u(t)‖2V dt

)1/2

≤
(∫

I
(2‖(Ã∗)−1u̇(t)‖2V + 2‖u(t)‖2V ) dt

)1/2

≤
(∫

I

(
2

(αã − λãρ2)2
‖u̇(t)‖2V ′ + 2‖u(t)‖2V

)
dt

)1/2

≤
√

2 max{1, (αã − λãρ2)−1}‖u‖X,

with zu ∈ Y. Moreover, we obtain

〈u̇, zu〉Y′×Y =

∫
I
〈Ã∗zu(t), zu(t)〉V ′×V =

∫
I
ã(zu(t), zu(t)) dt

≥
∫
I
(αã − λãρ2)‖zu(t)‖2V dt =

∫
I

(αã − λãρ2)‖(Ã∗)−1u̇(t)‖2V dt

≥ (αã − λãρ2)

γ2
ã

‖u̇‖2Y′ ,

as well as

a(u, zu) =

∫
I
ã(u(t), (Ã∗)−1u̇(t)) dt =

∫
I
〈u(t), u̇(t)〉V×V ′ dt =

1

2

∫
I

d

dt
‖u(t)‖2H dt

=
1

2

(
‖u(T )‖2H − ‖u(0)‖2H

)
=

1

2
‖u(T )‖2H .

In conclusion, we have

a(u, vu) =

∫
I
〈u̇(t), zu(t)〉V ′×V + 〈u̇(t), u(t)〉V ′×V + ã(u(t), zu(t)) + ã(u(t), u(t)) dt

≥ (αã − λãρ2)

γ2
ã

‖u̇‖2Y′ +
1

2
‖u(T )‖2H +

1

2
‖u(T )‖2H + (αã − λãρ2)‖u‖2Y

≥ min{1, γ−2
ã }(αã − λãρ

2)‖u‖2X

≥
min{1, γ−2

ã }(αã − λãρ2)√
2 max{1, (αã − λãρ2)−1}

‖u‖X‖vu‖Y.

Since u ∈ X was arbitrary, we obtain the inf-sup stability with lower bound

βLB
a :=

min{1, γ−2
ã }(αã − λãρ2)√

2 max{(αã − λãρ2)−1, 1}
. (2.20)

In [UP12, UP14] a stronger, but equivalent norm to ‖ · ‖X on X is defined by

|||v|||2X : = ‖v‖2L2(I;V ) + ‖v̇‖2L2(I;V ′) + ‖v(T )‖2H , v ∈ X, (2.21)
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2. Variational Problems

allows for a control of the state at the final time T . It can be shown, that the lower bound for the

inf-sup constant w.r.t. |||·|||X, i.e.,

βa,|||·|||X := inf
u∈X

sup
v∈Y

a(u, v)

|||u|||X‖v‖Y
,

can also be given in explicit form. To this end, we introduce the inf-sup constant of bilinear form

ã(·, ·) with respect to space is defined as βã := infφ∈V supψ∈V
ã(φ,ψ)

‖φ‖V ‖ψ‖V .

Proposition 2.19 ([UP12, Proposition 1], [UP14, Proposition 2.2]). Let (2.19) hold. Then, a

lower bound for βa,|||·|||X is given by

βLB
a,|||·|||X :=

min{1,min{1, γ−2
ã }(αã − λãρ2)}√

2 max{1, β−1
ã }

. (2.22)

Proof. The proof follows the lines of Part 2) of the proof for Theorem 2.18 until the final esti-

mate. Note, that here the following bound is derived w.r.t. the inf-sup constant of the bilinear

form ã(·, ·)

‖vu‖Y ≤
√

2 max{1, β−1
ã }|||u|||X,

Thus, we arrive at

a(u, vu) =

∫
I
〈u̇(t), zu(t)〉V ′×V + 〈u̇(t), u(t)〉V ′×V + ã(u(t), zu(t)) + ã(u(t), u(t)) dt

≥ (αã − λãρ2)

γ2
ã

‖u̇‖2Y′ +
1

2
‖u(T )‖2H +

1

2
‖u(T )‖2H + (αã − λãρ2)‖u‖2Y

≥ min{1,min{1, γ−2
ã }(αã − λãρ

2)}|||u|||2X

≥
min{1,min{1, γ−2

ã }(αã − λãρ2)}√
2 max{1, β−1

ã }
|||u|||X‖vu‖Y,

which proves the lower bound.

Remark 2.20. The above estimate in Theorem 2.18 can be improved by exchanging the coer-

civity constant by βã in the denominator.

For the special case of the heat equation ‖φ‖2V := ã(φ, φ) = ‖∇φ‖L2(Ω), φ ∈ V , we can show

that the stability constants are optimal (i.e., unity) w.r.t. the norns |||·|||X, ‖ · ‖Y.

Proposition 2.21 (Stability Constants for Heat Equation, [UP14, Proposition 2.6]). For the heat

equation, i.e., ã(φ, φ) = ‖∇φ‖L2(Ω), φ ∈ V , Ã := −∆, it holds that βa,|||·|||X = γa,|||·|||X = 1 with

γa,|||·|||X := sup
u∈X

sup
v∈Y

a(u, v)

|||u|||X‖v‖Y
.
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2.2. Inf-Sup Theory for Variational Equations

Proof. Let 0 6= u ∈ X and set as above vu := zu + u ∈ Y with zu := Ã−1u̇. Thus, we obtain

‖zu‖Y = ‖Ã−1u̇‖Y′ = ‖u̇‖Y′ . With this property, it follows that

‖vu‖2Y = ‖Ã−1u̇+ u‖2Y = ‖zu‖2Y + ‖u‖2Y + 2

∫
I
(zu(t), u(t))V dt

= ‖u̇‖2Y′ + ‖u‖2Y +

∫
I
ã(zu(t), u(t)) dt = ‖u̇‖2Y′ + ‖u‖2Y +

∫
I
〈u̇(t), u(t)〉V ′×V dt

= ‖u̇‖2Y′ + ‖u‖2Y + ‖u(T )‖2H = |||u|||2X,

by recalling that ã(zu(t), u(t)) = 〈u̇(t), u(t)〉V ′×V , see the proof of Theorem 2.18.

For u ∈ X and v ∈ Y, we have

a(u, v) =

∫
I
ã(Ã−1u̇(t) + u(t), v(t)) dt.

Following the lines above, we set v := Ã−1ẇ + w ∈ Y, for 0 6= w ∈ X, and arrive at

sup
v∈Y

a(u, v)

‖v‖Y
= sup

w∈X

a(u, Ã−1ẇ + w)

‖Ã−1ẇ + w‖Y

= sup
w∈X

∫
I ã(Ã−1u̇(t) + u(t), Ã−1ẇ(t) + w(t)) dt

‖Ã−1ẇ + w‖Y
= ‖Ã−1u̇+ u‖Y = |||u|||X.

Therefore it follows that βa,|||·|||X = γa,|||·|||X = 1.

Remark 2.22. It is readily seen that vu := Ã−1u̇ + u is in fact the supremizer of u ∈ X, i.e.,

(vu, y)Y = a(u, y), for all y ∈ Y in the setting of the latter theorem. In fact

(vu, y)Y =

∫
I
ã(vu(t), y(t)) dt =

∫
I
〈u̇(t) + Ãu(t)〉V ′×V dt,

on the one hand and

a(u, y) =

∫
I
〈u̇(t), y(t)〉V ′×V dt+

∫
I
ã(u(t), y(t)) dt =

∫
I
〈u̇(t) + Ãu(t)〉V ′×V dt,

on the other.

Remark 2.23 (Temporal Transformation). Note that the above estimates are only useful if αã−
λãρ

2 > 0, i.e., the bilinear form is coercive. Otherwise, if the bilinear form ã(·, ·) only satisfies

the Gårding inequality, temporal transformation can be applied. Thus, the following bound for

the inf-sup constant holds, see [UP14, Proposition 2.7],

β̂LB
a,|||·|||X :=

e−2λãT

max{
√

1 + 2λ2
ãρ

4,
√

2}
×

min{1, αã min{1, γ−2
ã }}√

2 max{β−1
ã , 1}

.
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2.2.4. Discretization of Space-Time Variational Formulations

For space-time evolution equations, there are several possibilities to choose discrete basis func-

tions such that the resulting space-time bilinear form is uniformly inf-sup stable. A compre-

hensive work is the PhD thesis of Roman Andreev and the associated papers [And12, And13,

And16a, And16b], which give a broad overview of conditionally and unconditionally stable

approximation schemes. An approximation of the space-time evolution equation by Finite El-

ements (FEs) can be found in [Ste15], where also a posteriori estimates are presented for this

setting. In [UP12, UP14] the authors show that choosing linear ansatz functions and constant

test functions w.r.t. time results in a Crank-Nicolson (CN) scheme when the right-hand side is

approximated by the trapezoidal rule.

Here, we focus on the latter discretization, which is introduced in the following. After showing

that this discretization results in a Crank-Nicolson (CN) scheme, we focus on the stability for

the chosen approach. We start by recalling the functional setting. Let V ,H be two separable

Hilbert spaces such that V ↪→ H ↪→ V ′ is a Gelfand triple. In addition, let I = (0, T ) be a time

interval with 0 < T ≤ ∞, ã : V × V → R be a bilinear form and let c ∈ L2(I;V ′) be a linear

functional. Let the space-time bilinear forms be defined as in (2.18) with spaces X,Y in (2.5)

and norms ‖ · ‖X, ‖ · ‖Y in (2.6).

Next, we detail the discretization: Let XN ⊂ X, YN ⊂ Y be finite dimensional subspaces of

dimension N and let uN ∈ XN be the discrete approximation of (2.17), i.e.,

a(uN , vN ) = f(vN ), ∀vN ∈ YN , (2.23)

where the space-time forms and norms described above.

For XN ⊂ X, YN ⊂ Y, let δ = (∆t, h) be the discretization with respect to time and space and

I = (0, T ) be a time interval with final time 0 < T < ∞. The discretization with respect to

time is

T∆t := {0 =: t0 < t1 < . . . < tL := T} ⊂ [0, T ],

where ∆t := T/L with L ∈ N being the number of time steps. In the case V = H1
0 (Ω),

H = L2(Ω), we choose first order Finite Elements (FEs) for Vh = span{φ1, φ2, ..., φNh
} with

dimension dim(Vh) = Nh and a triangulation Th in space. We can represent the discrete spaces

with their tensorial structure XN := S∆t ⊗ Vh and YN := Q∆t ⊗ Vh. The time-dependent

spaces are discretized by piecewise linear FEs in time S∆t = span{σ1, σ2, ..., σL} for the trial

space and piecewise constant FEs in time Q∆t = span{τ1, τ2, ..., τL} for the test space, see

Figure 2.1. As we have a homogeneous initial condition, the dimensions of temporal trial and

test space are of equal dimensionL and therefore the resulting space-time spaces have dimension

N := NhL.
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t

1
σ1 σ2 σL

t0 t1 t2 t3 tL

S∆t = span{σ1, ..., σL}

t

1

t0 t1 t2 tL

τ1 τ2 τL

Q∆t = span{τ1, ..., τL}

Figure 2.1.: Discrete spaces for the ansatz space in time (left) and the trial space in time (right).

For any given discrete trial function uN =
∑L

k=1

∑Nh
i=1 u

k
i σ

k ⊗ φi ∈ XN and discretized test

function vN =
∑L

`=1

∑Nh
j=1 v

`
jτ
` ⊗ φj ∈ YN , we obtain for the discretized bilinear form

a(uN , vN ) =

∫ T

0
〈u̇N , vN 〉H + ã(uN , vN )dt

=
L∑

k,`=1

Nh∑
i,j=1

uki v
`
j

[
(σ̇k, τ `)L2(I)(φi, φj)H + (σk, τ `)L2(Ω)ã(φi, φj)

]
= (vN )TANuN ,

with the stiffness matrix

AN := N time
∆t ⊗M

space
h +C time

∆t ⊗A
space
h ,

where N time
∆t := [(σ̇k, τ `)L2(i)]k,`=1,...,L, C time

∆t := [(σk, τ `)L2(I)]k,`=1,...,L are the temporal

matrices and M space
h := [(φi, φj)H ]i,j=1,...,Nh

, Aspace
h := [ã(φi, φj)]i,j=1,...,Nh

are the spatial

matrices. We further get by the choice of these specific spaces

(σ̇k, τ `)L2(I) = δk,` − δk,`+1, (σk, τ `)L2(I) =
∆t

2
(δk,` + δk,`+1),

a(uN , τ ` ⊗ φj) =

Nh∑
i=1

[
(u`i − u`−1

i )(φi, φj)H +
∆t

2
(u`i + u`−1

i )ã(φi, φj)

]
= ∆t

[
M

space
h

1

∆t
(u` − u`−1) +A

space
h u`−1/2

]
,

where u` := (u`i)i=1,...,Nh
, u`−1/2

i := 1
2(u`i +u`−1

i ) and u`−1/2 analogously. For the right-hand

side temporal integration we use a trapezoidal approximation

f(τ ` ⊗ φj) =

∫
I
〈c(t), τ ` ⊗ φj〉V ′×V dt ≈

∆t

2
〈c(t`−1) + c(t`), φj〉V ′×V

=
∆t

2
(f `−1 + f `)j = ∆tf

`−1/2
j ,

where f ` = (〈c(t`), φj〉V ′×V )j=1,...,Nh
. This results in a series of discrete equations with a CN

semi-discretization in time: for ` = 1, . . . , L, find u` ∈ Vh such that

1

∆t
M

space
h (u` − u`−1) +A

space
h u`−1/2 = f `−1/2, u0 = 0.
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For the well-posedness of (2.23), according to Theorem 2.13 it needs to be shown that the dis-

crete inf-sup condition or one of the equivalent conditions in Proposition 2.14 is satisfied.

Concerning stability of the discrete bilinear form a(·, ·), it has been shown, that the inf-sup

constant for the chosen discretization can be bounded from below.

Remark 2.24 (Stability of the Discrete Space-Time Bilinear Form, [And12, Section 5.2.3 A]). If

the bilinear form ã : V ×V → R is symmetric and the space-time bilinear form a : X×Y→ R
is discretized by the above method, then inf-sup constant

βNa := inf
uN∈XN

sup
vN∈YN

a(uN , vN )

‖uN ‖X‖vN ‖Y
,

can be bounded from below by

βã,h := inf
φh∈Vh

sup
ψh∈Vh

ã(φh, ψh)

‖φh‖V ‖ψh‖V
> 0, (2.24)

if the CFL-condition

CFLh := ∆t sup
φh∈Vh

‖φh‖V
‖φh‖V ′

> 0, (2.25)

is satisfied.

The above remark sets the requirements for the discretization in space and time.

For the special case of the heat equation ‖φ‖2V := ã(φ, φ) = ‖∇φ‖L2(Ω), φ ∈ V , it is possible

to omit the CFL-condition on the temporal discretization. To this end, we introduce a different

norm on X, where the linear functions of the ansatz space XN are projected onto piecewise

constant functions. For uN ∈ XN , we set ū` := 1
∆t

∫
I` u
N (t) dt ∈ V , with ūN :=

∑L
`=1 χI` ⊗

ū` ∈ L2(I;V ) and the corresponding discrete norm

|||uN |||2X,δ := ‖u̇N ‖2L2(I;V ′) + ‖ūN ‖2L2(I;V ) + ‖uN (T )‖2H . (2.26)

With the above norm, it is possible to show that the space-time bilinear form a(·, ·) yields optimal

results for the discrete inf-sup and continuity constant.

Proposition 2.25 (Stability of Discrete Heat Equation [UP12, Proposition 3], [UP14, Proposi-

tion 2.6]). Let ã(·, ·) be symmetric, bounded and coercive and set ‖φ‖2V := ã(φ, φ) = ‖∇φ‖L2(Ω),

φ ∈ V , then we have βNa,|||·||| = γNa,|||·||| = 1, with

βNa,|||·||| := inf
uN∈XN

sup
vN∈YN

a(uN , vN )

|||uN |||X,δ‖vN ‖Y
, γNa,|||·||| := sup

uN∈XN
sup

vN∈YN

a(uN , vN )

|||u|||X,δ‖vN ‖Y
.

We omit the proof as it follows the same structure as the one of Proposition 2.21.
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2.3. Reduced Basis Methods

In the following, a brief introduction to the Reduced Basis Method (RBM) is given with the

particular focus on Petrov-Galerkin (PG) methods as underlying discretization. For the RBM in

the coercive Galerkin setting, we refer to the existing literature, which is the (never published, but

available at the MIT website) introductory book from 2006, [PR06], two books, both published

in 2016, [HRS16, QMN16], and an overview article published 2017, [Haa17].

Recall that the RBM is a tool for model reduction of PPDEs. It is used in the multi-query context

for the evaluation of a PPDE for many parameters or for realtime evaluations. We first introduce

the parametric variational setting on which the RBM is based. Then, the RBM is explained in

more detail, in particular the construction of a stable test space for the reduced problem. We

stress the fact that all what is written in this section is well-known from the literature.

2.3.1. Parametric Variational Problems

Let Ω ∈ Rd be an open domain and let X(Ω),Y(Ω) be separable Hilbert spaces. By X′(Ω),Y′(Ω)

we denote the dual spaces of X(Ω),Y(Ω) w.r.t. the pivot space L2(Ω) (the symbol Ω is omitted

from now on to improve readability). The parameter set is defined by P ⊂ Rp, p ∈ N. For every

µ ∈ P , we denote by a : X × Y × P → R a parametric bilinear form and by f : Y × P → R,

` : X× P → R parametric linear forms. The parametric formulation of problem (2.8) reads:

Problem 2.26 (Parametric Variational Problem). For a given µ ∈ P , find the solution u(µ) ∈ X

and output s(µ) ∈ R, such that

a(u(µ), v;µ) = f(v;µ) ∀v ∈ Y, (2.27a)

s(µ) = `(u(µ);µ). (2.27b)

The output functional is called compliant if `(·;µ) = f(·;µ) and if the bilinear form a(·, ·) is

symmetric for all µ ∈ P , otherwise non-compliant.

With Problem 2.26 at hand, the problem dependent constants also need to be extended to the

parametric setting.

Definition 2.27 (Basic Properties of Parametric Bilinear and Linear Forms). a) A linear form

f : Y×P → R is called uniformly continuous (bounded) in µ ∈ P , if there exists 0 < γf (µ) ≤
γ̄f <∞ such that f(v;µ) ≤ γ̄f‖v‖Y, ∀v ∈ Y, where γ̄f is called continuity constant.

b) A bilinear form a : X× Y × P → R is called

1. uniformly continuous in µ ∈ P , if there exists 0 < γa(µ) ≤ γ̄a < ∞ such that

a(u, v;µ) ≤ γ̄a‖u‖X‖v‖Y, ∀u ∈ X, v ∈ Y, where γ̄a is called continuity constant,
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2. uniformly coercive with respect to µ ∈ P , if X = Y and if there exists αa(µ) ≥ ᾱa > 0

such that infu∈X a(u, u;µ) ≥ ᾱa‖u‖2X, ∀u ∈ X, where ᾱa is called coercivity constant,

3. uniformly inf-sup stable in µ ∈ P , if there exists βa(µ) > β̄a > 0 such that

inf
µ∈P

inf
u∈X

sup
v∈Y

a(u, v;µ)

‖u‖X‖v‖Y
= β̄a,

where β̄a is called inf-sup constant.

For the well-posedness of (2.27), the bilinear form a(·, ·;µ) and the linear forms f(·;µ), `(·µ)

need to be uniform continuous and a(·, ·;µ) in addition needs to be uniformly inf-sup stable for

all µ ∈ P . Then, it holds:

Proposition 2.28 (Well-Posedness and Stability of the Parametric Variational Problem). Under

the above assumptions, Problem 2.26 is well-posed and the stability estimates for the solution

and the output functional

‖u(µ)‖X ≤
γ̄f

β̄a
, |s(µ)| ≤

γ̄f γ̄`

β̄a
,

hold. 2

Note, that the proof follows from Theorem 2.11 for every µ ∈ P . The estimates follow with the

lower and upper bounds for the continuity constants and the inf-sup constant.

Before introducing the RBM, we define the parameter separability, also known as affine de-

composition. If the bilinear and linear forms satisfy the parameter separability, the RBM can

be divided into a possibly computational intense offline phase and an online phase, where the

solution for each parameter can be computed efficiently.

Definition 2.29 (Parameter Separability). The parametric bilinear form a : X × Y × P → R
and the parametric linear forms f : Y×P → R, ` : X×P → R are called parameter separable

if

a(u, v;µ) =

Qa∑
q=1

θqa(µ)aq(u, v), f(v;µ) =

Qf∑
q=1

θqf (µ)f q(v), `(v;µ) =

Q∑̀
q=1

θq` (µ)`q(v),

(2.28)

where θqa : P → R, 1 ≤ q ≤ Qa, θ
q
f : P → R, 1 ≤ q ≤ Qf , θ

q
` : P → R, 1 ≤ q ≤ Q`

are µ-dependent coefficient functions, aq : X × Y → R, 1 ≤ q ≤ Qa, f q : Y → R, 1 ≤
q ≤ Qf , `q : X → R, 1 ≤ q ≤ Q` are non-parametric bilinear respectively linear forms, and

Qa, Qf , Q` ∈ N.

The term affine decomposition can indeed be misleading as the functions θqa(µ), θqf (µ), θq` (µ) do

not need to be affin-linear in µ; they will in general be nonlinear the parameter.

If the given PPDE is not parameter separable, approximation methods exist to achieve the pa-

rameter separability, e.g., the Empirical Interpolation Method (EIM), see [BMNP04].
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2.3.2. A Detailed Discretization: The “Truth”

For the RBM, it is typically assumed that Problem 2.26 is discretized fine enough such that it is

possible to neglect the error between the solution of the variational problem (here called exact

solution) and the discrete solution. This is the reason why this detailed approximation is called

the “truth”. As a consequence the reduced solution by the RBM can only be as good as the

discrete one, because the reduced space is built upon discrete “truth” solutions, the so-called

snapshots.

Therefore, we start with the discrete, also detailed or truth problem and the solution uN (µ) is

accordingly called detailed or truth solution:

Problem 2.30 (Detailed Problem). For µ ∈ P , find uN (µ) ∈ XN ⊂ X and sN (µ) ∈ R, such

that

a(uN (µ), vN ;µ) = f(vN ;µ) ∀vN ∈ YN , (2.29a)

sN (µ) = `(uN (µ);µ). (2.29b)

The above problem is well-posed if the assumptions of Theorem 2.13 are fulfilled for every

µ ∈ P . Therefore, the parametric forms have to be uniformly continuous and the bilinear form

has to be uniformly inf-sup stable w.r.t. the discrete underlying spaces.

2.3.3. Reduced Problem and Error Bound

The idea of the RBM is to derive a small subspace XN := span{uN (µ1), ..., uN (µN )} ⊂ XN

spanned by (possibly orthonormalized) chosen snapshots, where N � N . The construction of

such a reduced space XN is briefly introduced. We want N to be possibly small but yielding a

good approximation of the discrete solution manifold

DN (P) := {uN (µ) ∈ XN |uN (µ) solves (2.29a) for µ ∈ P} ⊂ XN . (2.30)

We start by asking how well the discrete solution manifold DN (P) can be approximated by a

finite dimensional linear subspace XN . First, for a fixed µ∗ ∈ P , we define the distance of an

element uN (µ∗) ∈ DN (P) by

dist(uN (µ∗);XN ) := inf
xN∈XN

‖uN (µ∗)− xN‖XN
.

Any element x̂N ∈ XN , which realizes this infimum is called the best approximation of uN (µ∗)

in XN . For a statement about the approximation of all elements in DN (P), we set the worst best

possible approximation w.r.t. µ ∈ P to

d(DN (P);XN ) := sup
µ∈P

dist(uN (µ);XN ).
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The best N -dimensional subspace of XN yields the Kolmogorov N -width

dN (DN (P);XN ) := inf
Xn⊂XN ,

dim(Xn)=N

d(DN (P);Xn) = inf
Xn⊂XN ,

dim(Xn)=N

sup
µ∈P

inf
xN∈XN

‖uN (µ)− xN‖XN
.

(2.31)

For the subsequent section, we shorten the notion of the Kolmogorov N -width to dN (P) :=

dN (DN (P);XN ). The Kolmogorov N -width corresponds to the best achievable error when the

solution manifold DN (P) is approximated by the linear reduced space XN and is thus rele-

vant when deciding if a problem is reducible in the following sense: If dN (P) decays fast, i.e.,

dN (P) . exp−σN , σ ≥ 0, this exponential decay indicates that a small number N is sufficient

to yield a reduced space XN with good approximation properties. Note, that the decay of dN (P)

does not yield a concrete construction of such an XN – it just guarantees that such a XN ex-

ists. This means that the problem is reducible by the RBM. If, on the contrary one would have

dN (P) ∼ N−1/2, the problem is not well reducible by the RBM.

Concerning analytical results for the decay of the Kolmogorov N -width, it has been proven in

[BMP+12, Theorem 3.1] that the dN (P) decays exponentially for linear coercive equations, i.e.

dN (P) ≤ exp−σN , σ > 0. On the other hand, for linear transport problems it is known from

[OR16] that dN (P) ∼ N−1/2. We get back to this notion later, when treating variational in-

equalities.

Next, we introduce the reduced problem. The reduced spaces are usually constructed by Greedy

methods, as shown in Algorithm 2.1. To this end, the parameter set P is discretized by a train-

ing set Ptrain. First, some initial parameter µ∗1 ∈ Ptrain is chosen. Then, the initial set of

chosen parameters is S1 := {µ∗1} and the initial Reduced Basis (RB) space results in X1 :=

span{normalize[uN (µ∗1)]}. In each iteration of Algorithm 2.1, the parameter for which the so-

lution in the reduced space XN is worst approximated according to an error estimator ∆N (µ)

is selected and added to the basis. This is done until either a certain tolerance tolRB is satisfied

or the maximum number Nmax is reached. After the Greedy algorithm is finished, we obtain a

reduced space XN of dimension N . The specific construction of the test space YN is discussed

in Section 2.3.4. The reduced problem is now defined:

Problem 2.31 (Reduced Problem). For µ ∈ P , find u(µ) ∈ XN and sN (µ) ∈ R, such that

a(uN (µ), vN ;µ) = f(vN ;µ) ∀vN ∈ YN , (2.32a)

sN (µ) = `(uN (µ);µ). (2.32b)

Note, that for the reduced problem (2.32) only a linear system of sizeN ×N needs to be solved,

instead of solving a system of size N ×N in (2.29a). Since the associated stiffness matrix is in

general densely populated, we get an online amount ofO(N3) operations, but independent ofN .

It is desired that the respective RBM is certified, i.e., the error between the detailed and reduced
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Algorithm 2.1 Greedy Algorithm
Require: Nmax ∈ N, tolRB > 0, Ptrain ⊂ P , N = 1,

1: choose arbitrarily µ∗N ∈ Ptrain; set SN := {µ∗N}, XN := span
{

normalize[uN (µ∗N )]
}

,

2: while εRB > tolRB && N < Nmax do
3: N := N + 1,

4: µ∗N = argmax
µ∈Ptrain

∆N−1(µ),

5: εRB = ∆N−1(µ∗N ),

6: SN = SN−1 ∪ {µ∗N},
7: XN = span

{
orthonormalize[XN−1 ∪ uN (µ∗N )]

}
,

8: end while
9: N := N ,

10: return SN , XN , N ;

solution should be controlled by an efficiently evaluable a posteriori error estimator. Efficient

means here “online efficient”, i.e., the computation of the error estimator is independent of the

dimension of the detailed problem N .

Now, we recall the a posteriori error analysis. As usual, the residual is denoted for all µ ∈ P by

rN (v;µ) := f(v;µ)− a(uN (µ), v;µ), ∀v ∈ YN . (2.33)

One can relate the residual to the so-called “true error” eN (µ) := uN (µ)− uN (µ) through

a(eN (µ), v;µ) = a(uN (µ), v;µ)− a(uN (µ), v;µ) = f(v;µ)− a(uN (µ), v;µ) = rN (v;µ),

for all v ∈ YN , where the detailed problem formulation (2.29a) is used. Note, that as opposed

to eN (µ), the residual can be computed without determining the “truth” solution uN (µ).

The most common so-called standard error estimator for a PG problem is residual-based and

bounds the error as follows

‖eN (µ)‖X ≤ ∆N (µ) :=
‖rN (·;µ)‖Y′

β̄a
,

which results from

β̄a‖eN‖X ≤ βa(µ)‖eN‖X ≤ sup
v∈YN

a(eN (µ), v;µ)

‖v‖Y
= sup

v∈YN

rN (v;µ)

‖v‖Y
= ‖rN (·;µ)‖Y′ ,

for all v ∈ YN , where (2.33) and the Cauchy-Schwarz inequality have been used. A simple

error bound for the output functional is given by

|sN (µ)− sN (µ)| ≤ ∆s
N (µ) := ‖`(·;µ)‖X′∆N (µ),

which follows directly with the definition of the output functional

|sN (µ)− sN (µ)| = |l(uN (µ);µ)− l(uN (µ);µ)| ≤ ‖`(·;µ)‖X′‖eN (µ)‖X.
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It should be noted that this suboptimal bound can significantly be improved by using the dual

problem.

For the computation of ∆N (µ), a uniformly lower bound β̄a of the inf-sup constant βa(µ),

µ ∈ P of bilinear form a(·, ·;µ) needs to be computed. This can be done by, e.g., the suc-

cessive constraint method (see [HRSP07]) the in advance of the Greedy algorithm. The dual

norm ‖rN (·;µ)‖Y′ can be computed by ‖r̂N (·;µ)‖Y, where r̂N (µ) ∈ Y is the Riesz representer

obtained by solving the following problem: For given µ ∈ P , find r̂N (µ) ∈ Y such that

(r̂N (µ), v)Y = rN (v;µ), ∀v ∈ Y.

It can be shown in a straightforward manner that, if the forms a(·, ·;µ), f(·;µ) are separable in

the parameter, see Definition 2.29, then ∆N (µ) is an online efficient bound, i.e., computable

independent of N .

Up to now, only the construction of the reduced trial space XN has been discussed. We recall a

basic strategy for building reduced test spaces YN in the next section.

2.3.4. Stable Reduced Test Spaces

In the PG setting, the inf-sup stability of the variational problem is not inherited by finite-

dimensional subspaces. In order that the reduced problem is well-posed and uniformly stable

for a fixed dimension N , one needs to ensure that the reduced bilinear form a(·, ·) is uniformly

inf-sup stable. In the following, we present an idea of building stable parameter-dependent sub-

spaces YN (µ) of dimension N = dim(XN ). The method uses the supremizing operator, which

is now introduced:

Definition 2.32 (Supremizing Operator, [Rov03, Section 5.1.2]). Let X,Y be two separable

Hilbert spaces and let a : X × Y × P → R be a parametric bilinear form. The supremizing

operator Tµ : X 7→ Y associated with a(·, ·;µ), is defined by

Tµu = arg sup
v∈Y

a(u, v;µ)

‖v‖Y
. (2.34)

Remark 2.33 (Explicit Representation of Supremizing Operator, [Rov03, Section 5.1.2]). By

using standard arguments, one can show that Tµu is the unique solution of the variational

problem (Tµu, v)Y = a(u, v;µ) for all v ∈ Y. We also observe, that the operator Tµ is linear.

With this definition at hand, we detail the construction of a parameter-dependent test space

YN (µ) ⊂ YN ⊂ Y using the reduced space XN ⊂ XN ⊂ X. We set the test space YN as

YN := RNY AN (µ)XN , (2.35)
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where AN (µ) : XN → YN ′ and RNY : YN ′ → YN is the Riesz operator on the discrete spaces

YN ,YN ′, i.e., (RNY v̂, v)Y := 〈v̂, v〉Y′×Y for all v̂ ∈ YN ′ and all v ∈ YN . This results in the

reduced problem of special form: for given µ ∈ P , find uN (µ) ∈ XN , such that

a(uN (µ), vN ;µ) = f(vN ;µ) ∀vN ∈ YN , (2.36)

where YN = RNY AN (µ)XN . Then, the following existence, uniqueness and stability result

holds.

Proposition 2.34 ( [DPW14, Remark 3.4] [QMN16, Proposition 3.2] ). Assume that f(·;µ),

a(·, ·;µ) are continuous linear and bilinear forms. Further, let a(·, ·;µ) be uniformly inf-sup

stable for all µ ∈ P on XN × YN with constant β̄Na > 0. If YN = RNY AN (µ)XN , then the

reduced inf-sup constant

βa,N (µ) = inf
uN∈XN

sup
vN∈YN

a(uN , vN ;µ)

‖uN (µ)‖X‖vN‖Y
≥ βNa (µ) ≥ β̄Na > 0, ∀µ ∈ P.

Thus, a(·, ·;µ) is uniformly inf-sup stable on XN×YN with constant β̄a,N := β̄Na . Furthermore,

problem (2.36) obtains a unique solution uN (µ) ∈ XN for any µ ∈ P , which satisfies the

stability estimate ‖uN (µ)‖X ≤ 1
βa,N (µ)‖f(·;µ)‖Y′ .

We recall the proof, as the used techniques will play a role later in this thesis.

Proof. It holds, that

βa,N (µ) = inf
uN∈XN

sup
vN∈YN

a(uN , vN ;µ)

‖uN‖X‖vN‖Y
= inf

uN∈XN

sup
vN∈YN

〈AN (µ)uN , vN 〉Y′×Y
‖uN‖X‖vN‖Y

≥ inf
uN∈XN

〈AN (µ)uN ,RNY AN (µ)uN 〉Y′×Y
‖uN‖X‖RNY AN (µ)uN‖Y

= inf
uN∈XN

(RNY AN (µ)uN ,RNY AN (µ)uN )Y

‖uN‖X‖RNY AN (µ)uN‖Y

= inf
uN∈XN

‖RNY AN (µ)uN‖2Y
‖uN‖X‖RNY AN (µ)uN‖Y

= inf
uN∈XN

‖RNY AN (µ)uN‖Y
‖uN‖X

≥ inf
uN∈XN

‖RNY AN (µ)uN ‖Y
‖uN ‖X

= inf
uN∈XN

sup
vN∈YN

〈AN (µ)uN , vN 〉Y′×Y
‖uN ‖X‖vN ‖Y

≥ βNa (µ).

The well-posedness and the estimate follow for each µ ∈ P from Theorem 2.13 and Proposition

2.14.

Besides well-posedness, one can show an optimality result for the specific choice of reduced test

space YN .
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Proposition 2.35 ( [DPW14, Remark 3.4] [QMN16, Proposition 3.3] ). Assume that f(·;µ),

a(·, ·;µ) are continuous linear and bilinear forms. Further, let a(·, ·;µ) be uniformly inf-sup

stable for all µ ∈ P on XN × YN . If YN = RNY AN (µ)XN , then the solution uN (µ) ∈ XN to

(2.36) satisfies the optimality property

uN (µ) = argmin
wN∈XN

‖AN (µ)wN − f(µ)‖Y′ , ∀µ ∈ P, (2.37)

Moreover, the following best-approximation property holds

uN (µ) = argmin
wN∈XN

‖uN (µ)− wN‖µ, ∀µ ∈ P, (2.38)

where (u, v)µ := (TNµ u, T
N
µ v)Y = (RNY AN (µ)u,RNY AN (µ)v)Y with induced norm ‖u‖2µ :=

(u, u)µ and TNµ : XN → YN ′.

Again, we recall the well-known proof.

Proof. We start by rewriting (2.37) as the equivalent normal equation

(AN (µ)uN (µ)− f(µ), AN (µ)v)Y′ = 0, v ∈ XN .

This is equivalent to

〈AN (µ)uN (µ)− f(µ),RNY AN (µ)v〉Y′×Y = 0, v ∈ XN ,

which is problem (2.36) written in operator form. For (2.38), we reformulate problem (2.29) by

the equivalent form

〈f(µ)−AN (µ)uN (µ),RNY AN (µ)v〉Y′×Y = 0, v ∈ XN ,

and add this to the above equation, such that

〈AN (µ)(uN (µ)− uN (µ)),RNY AN (µ)v〉Y′×Y = 0, v ∈ XN .

With the properties of the Riesz operator it follows that

(RNY AN (µ)(uN (µ)− uN (µ)),RNY AN (µ)v)Y = 0, v ∈ XN ,

which yields (2.38)

By choosing the X-norm instead of the µ-dependent so-called energy norm, we would find an

error estimate of the form of (2.16).
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2.4. Variational Inequalities

In this section, we recall the main facts on variational inequalities that we will need throughout

this thesis. Variational inequalities arise in several real-world problems, e.g., in the valuation

of financial products such as American Options, in contact problems in mechanics, in decision

sciences or various more. We consider two kind of VIs, the stationary and the time-dependent

ones. Subsequently, we state existing well-posedness results for each of the two types, which

are the basis for our extension to the noncoercive case in Chapter 3. Subsequently, we briefly

recall the discretization for elliptic and parabolic variational inequalities. We start by fixing

some notation: time-independent forms are indicated by a tilde ã, f̃ , and the corresponding

stationary spaces by V ,X . This is set in contrast to the time-dependent forms defined by a, f

and underlying spaces in blackboard bold style V,X.

2.4.1. Elliptic Variational Inequalities

Let V ↪→ H ↪→ V ′ be a Gelfand triple induced by a separable Hilbert space H , as well as a

separable Hilbert space V with scalar product (·, ·)V , norm ‖ · ‖V and dual space V ′. Further,

let ã : V × V → R be a bilinear form, f̃ ∈ V ′ and ∅ 6= K ⊂ V a closed convex set. Then, an

Elliptic Variational Inequality (EVI) takes the form:

Problem 2.36 (Elliptic Variational Inequality). Find u ∈ K , such that

ã(u, v − u) ≥ f̃(v − u), ∀v ∈ K . (2.39)

Note, that if K = V , the variational inequality reduces to the elliptic variational problem: find

u ∈ V , such that

ã(u, v) = f̃(v), ∀v ∈ V .

We detail the obstacle problem, a well-known example of an EVI.

Example 2.37 (Obstacle Problem, [Glo08, Section II.2]). We consider a membrane, that covers

a domain Ω ⊂ R2 and that is fixed along the boundary Γ of Ω. If there would be no obstacle,

then the vertical displacement u : Ω̄ → R of the membrane is obtained by applying a vertical

force F following elasticity theory. Then u is the solution of the problem

−∆u = f̃ in Ω,

u|Γ = 0,

where f̃ = F/q, with q being the tension of the membrane. If there is an obstacle modeled by

the function χ, then the displacement of u satisfies the variational inequality

ã(u, v) ≥ f̃(v), ∀v ∈ K ,
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where f̃(v) := (f̃ , v)V ′×V with V = H1
0 (Ω) and

ã(u, v) :=

∫
Ω
∇u · ∇v dx.

The convex set K is here defined by

K := {v ∈ H1
0 (Ω)|v ≥ χ a.e. on Ω},

where χ is the height of the obstacle, χ ∈ H1(Ω)∩C0(Ω̄) and χ|Γ ≤ 0, such that the boundary

conditions are well-defined.

If we change the convex set to K = {v | v ∈ H1
0 (Ω), |∇v(x)| ≤ 1 a.e.}, this results in the

elasto-plastic torsion problem, which yields an analytic solution in 1D, [Glo08, Section II.3].

For the physical motivation of this problem, we refer to [Glo08, Section II.3]. For the sake of

completeness, we briefly comment on what is called EVIs of the second kind and the relation to

the previously defined EVI (also called EVI of first kind), although those are not considered in

this work.

Remark 2.38 (Elliptic Variational Inequality of Second Kind). For EVIs of the second kind, we

introduce a functional j(·) : V → R+, which is a convex lower semi-continuous and proper

functional, i.e., j(·) is proper, if j(v) > −∞,∀ v ∈ V and j 6≡ ∞. Then, an EVI of second kind

reads: find u ∈ V such that

ã(u, v − u) + j(v)− j(v) ≥ f̃(v − u), v ∈ V . (2.40)

Variational inequalities of the second kind appear in mechanical problems, when friction is

involved.

Remark 2.39 (Relation of the EVI of First and EVI of Second Kind, [Glo08, Remark 2.3]). The

key difference between the EVI of the first and the second kind is, that the EVI of first kind is

an inequality on a convex subset, whereas the EVI of the second kind is an inequality due to the

presence of the – in general – non-differentiable term j(·). However, those formulations have a

connection, as the EVI of first kind is a special case of the EVI of the second kind, which can be

seen by replacing j(·) in (2.40) by the indicator functional 1∞K (·) of K defined by

1
∞
K (v) =

0, if v ∈ K ,

∞, if v 6∈ K .

On the other hand, EVIs of the first kind (2.39) often arise naturally from the problem under

consideration.

We consider only EVIs of the first kind in the sequel. Various theory for the well-posedness of

EVIs exists in case that the bilinear form ã is coercive, only to name a few, e.g., [LS67, KS00,
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GLT81]. Note, that symmetry is not required, but if the bilinear form ã(·, ·) is symmetric, the

EVI of Problem 2.36 can be also transformed into an optimization problem [Bra07, Remark

II.2.6].

Theorem 2.40 (Well-Posedness of EVI of First Kind, e.g., [GRS07, Satz 7.7]). Let ã : V×V →
R be bounded and coercive (but not necessarily symmetric). Then, Problem 2.36 admits a unique

solution u ∈ K ⊂ V for all f̃ ∈ V ′ and

‖u‖V ≤
1

αã
‖f̃‖V ′ +

(
3
γã
αã

+ 1
)

dist‖·‖V (0,K ), (2.41)

where dist‖·‖V (v,K ) := infk∈K ‖v − k‖V , v ∈ V , γã is the continuity constant of the bilinear

form ã and αã is the coercivity constant.

Again, we recall the well-known proof for later reference.

Proof. 1) Uniqueness: We show that the mapping f 7→ u is Lipschitz continuous. To this end,

we assume that u1, u2 ∈ K are such that

ã(ui, v − ui) ≥ f̃i(v − ui), for v ∈ K, i = 1, 2,

for two different right-hand sides f̃1, f̃2 ∈ V ′. If we set v = u2 as a test function in the

variational inequality for u1 and v = u1 as a test function in the variational inequality for u2,

we obtain upon adding

ã(u1 − u2, u1 − u2) ≤ f̃1(u1 − u2)− f̃2(u1 − u2).

Using coercivity we arrive at

αã‖u1 − u2‖2V ≤ f̃1(u1 − u2)− f̃2(u1 − u2) ≤ ‖f̃1 − f̃2‖V ′‖u1 − u2‖V , (2.42)

i.e., ‖u1 − u2‖V ≤ 1/αã‖f̃1 − f̃2‖V ′ , which proves the asserted Lipschitz continuity for the

mapping f 7→ u. Finally, by setting f̃1 = f̃2, uniqueness of Problem 2.36 follows.

2) Existence: It remains to show the existence of a solution of the variational inequality, which

is proven in several steps. First, we assume that the bilinear form ã(·, ·) is symmetric. For that,

we define the functional I ∈ V ′, which is quadratic and convex

I(u) := ã(u, u)− 2f̃(u), u ∈ V.

Let d := infK I(u). Since by Cauchy-Schwarz and Young’s inequality

I(u) ≥ αã‖u‖2V − 2‖f̃‖V ′‖u‖V ,

≥ αã‖u‖2V −
(

1

αã

)
‖f̃‖2V ′ − αã‖u‖2V ,

≥ −
(

1

αã

)
‖f̃‖2V ′ ,
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it follows that

d ≥ −
(

1

αã

)
‖f̃‖2V ′ > −∞.

As I is bounded from below, there exists a minimizing sequence {un}∞n=1 ⊂ K of I , such that

d ≤ I(un) ≤ d+
1

n
.

Applying the parallelogram identity, and keeping in mind that K is convex, we see that

αã‖un − um‖2V ≤ ã(un − um, un − um)

= 2ã(un, un) + 2ã(um, um)− 4ã(1/2(un + um), 1/2(un + um))

= 2I(un) + 2I(um)− 4I(1/2(un + um))

≤ 2[(1/n) + (1/m)],

where we used the following form of the parallelogram identity

4f(un) + 4f(um)− 8f(1/2(un + um)) = 0.

Hence, {un}∞n=1 is a Cauchy sequence and the closed set K contains an element u such that

un → u in V and I(un) → I(u) as n → ∞. So I(u) = d. Now, for any v ∈ K , u + ε(v −
u) ∈ K for all 0 ≤ ε ≤ 1 due to the convexity of K , and I(u + ε(v − u)) ≥ I(u). Then

(d/dε)I(u+ ε(v − v))|ε=0 ≥ 0. In other words, we have

I(u+ ε(v − u))− I(u) = 2εã(u, v − u) + ε2ã(v − u, v − u)− 2εf̃(v − u) ≥ 0,

and thus for any 0 ≤ ε ≤ 1

ã(u, v − u) ≥ f̃(v − u)− 1

2
εã(v − u, v − u).

Now, setting ε = 0, we see that u yields a solution to Problem 2.36.

The unsymmetric case is now treated as a perturbation of the symmetric one. We introduce the

coercive bilinear form

ãt(u, v) := ã0(u, v) + tb̃(u, v), 0 ≤ t ≤ 1,

where

ã0(u, v) :=
1

2
(ã(u, v) + ã(v, u)),

and

b̃(u, v) :=
1

2
(ã(u, v)− ã(v, u)),

which are the symmetric and antisymmetric parts of ã. Observe that ã1(u, v) = ã(u, v) and that

ãt(u, v) is coercive with the same constant αã for all t ∈ [0, 1].
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Lemma 2.41. Let f̃ ∈ V ′ be a linear bounded functional, ã : V ×V → R a bounded, coercive

bilinear form and let ãt, ã0, b̃ be defined as above. If there exists a uτ ∈ K such that

ãτ (uτ , v − uτ ) ≥ f(v − uτ ) ∀v ∈ K ,

for some τ ∈ [0, 1], then there exists a unique solution ut ∈ K for

ãt(ut, v − ut) ≥ f(v − ut) ∀v ∈ K ,

for τ ≤ t ≤ τ + t0, where t0 < αã/γã, and

sup
u∈V

sup
v∈V

|b̃(u, v)|
‖u‖V ‖v‖V

= sup
u∈V

sup
v∈V

|ã(u, v)|
‖u‖V ‖v‖V

= γã <∞.

Proof. Let τ ∈ [0, 1] be fixed. We define the mapping Dt : V → K by Dtw := u(t, w) = u if

u ∈ K solves the inequality

ãτ (u, v − u) ≥ F̃t−τ,w(v − u), ∀v ∈ K,

where F̃t,w(v) := f(v) − tb̃(w, v) and τ ≤ t ≤ τ + t0. The operator Dt is well-defined by

assumption. Recall from (2.42) that the mapping F̃t,w 7→ u(t, w) is Lipschitz continuous with

constant 1/αã. Given u1 = Dtw1 and u2 = Dtw2

‖u1 − u2‖V ≤
1

αã
‖F̃t−τ,w1 − F̃t−τ,w2‖V ′ ≤

1

αã
(t− τ)‖b̃(w1, ·)− b̃(w2, ·)‖V ′

≤ (1/αã)(t− τ)γã‖w1 − w2‖V ≤ (1/αã)t0γã‖w1 − w2‖V ,

and t0γã/αã < 1 by assumption. Hence, Dt is a contraction and admits a unique fixpoint

u = Dtu by the Banach fixpoint theorem. For this fixpoint u we have u ∈ K and

ãτ (u, v − u) ≥ F̃t−τ,u(v − u) = f̃(v − u)− (t− τ)b̃(u, v − u) ∀v ∈ K,

which is equivalent to

ãt(u, v − u) ≥ f̃(v − u) ∀v ∈ K,

and every t ∈ [τ, τ + t0].

To complete the proof of existence in Theorem 2.40, it suffices to observe that (2.39) can be

solved for ã0(u, v), which is symmetric. Applying Lemma 2.41 a finite number of times, we see

that Problem 2.36 admits a solution for t = 1.

3) Stability: For proving the stability estimate we need one auxiliary statement, where in the

following Ã : V → V ′ is the operator defined by 〈Ãu, v〉V ′×V = a(u, v), for u, v ∈ V .
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Lemma 2.42 ([GRS07, Lemma 7.3]). Let Ã ∈ L(V ,V ′) and f̃ ∈ V ′ be a bounded linear

form. Then, there exists v̂ ∈ K , such that

|〈Ãu− f̃ , v〉V×V ′ | ≤
(
γã(‖u‖V + ‖v̂‖V ) + ‖Ãv̂‖V ′ + ‖f̃‖V ′

)
‖v‖V , for all u, v ∈ K .

Proof. Since the convex set K 6= ∅ (due to the above proof of existence), we can choose v̂ ∈ K

arbitrarily. With the boundedness of the operator Ã, we can deduce

|〈Ãu− f̃ − (Ãv̂ − f̃), v〉V×V ′ | = |〈Ãu− Ãv̂, v〉V×V ′ | ≤ γã‖u− v̂‖V ‖v‖V .

Hence, it follows

|〈Ãu− f̃ , v〉V×V ′ | ≤ γã(‖u‖V + ‖v̂‖V )‖v‖V + |〈Ãv̂ − f̃ , v〉V×V ′ |

≤ γã(‖u‖V + ‖v̂‖V )‖v‖V + (‖Ãv̂‖V ′ + ‖f̃‖V ′)‖v‖V ,

which proves the claim.

Next, we assume, that u ∈ X is the unique solution of the variational inequality

0 ≤ 〈Ãu− f̃ , v − u〉V×V ′ ∀v ∈ K ,

which is obviously equivalent to (2.39). Choosing v̂ ∈ K as a test function and inserting the

term 0 = Ãv̂ − Ãv̂ yields

〈Ãv̂ − Ãu, v̂ − u〉V×V ′ ≤ 〈Ãv̂ − f̃ , v̂ − u〉V×V ′ .

Applying Lemma 2.42 for u = v̂ on the right-hand side and coercivity on the left-hand side

leads to

αã‖u− v̂‖2V ≤
(

2γã‖v̂‖V + ‖Ãv̂‖V ′ + ‖f̃‖V ′
)
‖u− v̂‖V

By reformulation, we arrive at

‖u‖V ≤ 3
γã
αã
‖v̂‖V +

1

αã
‖f̃‖V ′ + ‖v̂‖V .

As v̂ ∈ K has been chosen arbitrarily, we can set v̂ as the minimal distance from zero to the

cone K , i.e., v̂ = arg infk∈K ‖0− k‖V , which concludes the proof of Theorem 2.40.

2.4.2. Parabolic Variational Inequalities

It is a straightforward step from time-independent to time-dependent problems. As we have seen

above, the theory for elliptic VIs is quite well settled. Here, we now recall what is known for their

time-dependent, i.e., parabolic, counterpart. For the definition of the PVIs, we start analogously

to the elliptic setting: let V ,H be two separable Hilbert spaces with norms ‖·‖V , ‖·‖H induced
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by scalar products (·, ·)V , (·, ·)H such that V ↪→ H ↪→ V ′ is a Gelfand triple. Additionally,

let I = (0, T ) be a time interval with 0 < T ≤ ∞, ã : V × V → R be a bilinear form,

c ∈ L2(I;V ′) be a linear functional and let K(t) ⊂ V for a.e. t ∈ I be a closed, convex,

nonempty set.

Problem 2.43 (Parabolic Variational Inequality). Find u(t) ∈ K(t), such that

(u̇(t), v(t)− u(t))H + ã(u(t), v(t)− u(t)) ≥ (c(t), v(t)− u(t))H , ∀v(t) ∈ K(t), (2.43a)

u(0) = u0, (2.43b)

for a.e. t ∈ I .

As in the elliptic case, if K(t) = V for a.e. t ∈ I , this reduces to the standard Initial Value

Problem (IVP): find u(t) ∈ V , such that

(u̇(t), v(t))H + ã(u(t), v(t)) = (c(t), v(t))H , ∀v(t) ∈ V ,

u(0) = u0.

For well-posedness, we recall a result from [LS67] w.r.t. I = (0,∞) = R+, for which we

introduce some notation: Let Ω ⊂ Rn be an open set and U := H1(Ω),H := L2(Ω),V :=

H1
0 (Ω) and its dual space V ′ := H−1(Ω). Then, we define spaces of time-dependent functions,

recalling Section 2.1

V := {v ∈ L2(I;U ), v̇ ∈ L2(I;V ′), v(0) = 0}, (2.44a)

W := {ϕ ∈ L2(I;U ), ϕ̇ ∈ L2(I;H ), ϕ(0) = 0}, (2.44b)

where W ⊂ V strictly and I = (0,∞), i.e.. By ΩI := I × Ω, we denote the combined

space-time domain with infinite time horizon. Then, let Γ be the boundary of Ω and denote by

Σ := ∂I × ∂Ω = {0,∞}× Γ the lateral boundary of ΩI . We define a closed convex set K ⊂ V
by

K := {v ∈ V, v|Σ ≥ 0 a.e. t ∈ I}. (2.45)

Remark 2.44. The convex set K can alternatively be replaced by

K := {v ∈ V, v(t) ∈ K a.e. t ∈ I}, (2.46)

where K is a closed subset of V and 0 ∈ K. Note, that the set K is time-invariant.

Remark 2.45. For a family of stationary closed convex sets K(t) ⊂ V we define the time-

dependent convex set by

K := {v ∈ V, v(t) ∈ K(t) a.e. t ∈ I}.

Well-posedness of the corresponding variational inequality problem is still open to the very best

of our knowledge.
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We consider a bilinear form a : V ×W → R with different trial and test spaces. We need to

modify the problem formulation above, because a(u, ϕ−u) does not make sense for u ∈ V, ϕ ∈
W, recalling W ( V. To modify the variational form, the main idea is to perform integration by

parts w.r.t. time, for which we need some notation:

let b : L2(I;U )×L2(I;U )→ R be a continuous bilinear form, which is coercive on L2(I;U ),

i.e.,

b(u, u) ≥ αb‖u‖2L2(I;U ), ∀u ∈ L2(I;U ).

This bilinear form b(·, ·) can be associated with an operator

〈Bu, v〉L2(I;U ′)×L2(I;U ) := b(u, v), ∀v ∈ L2(I;U ),

where B : L2(I;U )→ L2(I;U ′). We define

a(u, ϕ) := b(u, ϕ)− (u, ϕ̇)L2(I;H ). ∀ϕ ∈W.

Obviously, a(·, ·) is continuous with some constant γa <∞, i.e.,

a(u, ϕ) ≤ γa‖u‖L2(I;V )‖ϕ‖W ≤ γa‖u‖V‖ϕ‖W.

With this modified setting, we can now state the following theorem.

Theorem 2.46 (Well-Posedness of PVI with Infinite Time Horizon [LS67, Theorem 7.1]). Let

V,W be defined as in (2.44), and K be the closed convex subset of V defined by (2.45) or (2.46)

and we assume that the bilinear form b is coercive on L2(I;U ). Let f ∈ L2(I;H ). There exists

a unique u ∈ K such that

b(u, ϕ− u)− (u, ϕ̇)L2(I;H ) ≥ f(ϕ− u), ϕ ∈ K ∩W.

The arguments of the following well-known proof will be crucial in the remainder of this thesis.

Proof. We use elliptic regularization, a well-known technique. For ε > 0, we define the regu-

larized bilinear form

aε(u, ϕ) := a(u, ϕ) + ε(u̇, ϕ̇)L2(I;H ), u, ϕ ∈W.

This regularized form is continuous on W as

a(u, ϕ) + ε(u̇, ϕ̇)L2(I;H ) ≤ γa‖u‖L2(I;U )‖ϕ‖W + ε‖u̇‖L2(I;H )‖ϕ̇‖L2(I;H )

≤
√

2 max{γã, ε}‖u‖W‖ϕ‖W,

and coercive due to

aε(ϕ,ϕ) = a(ϕ,ϕ) + ε‖ϕ̇‖2L2(I;H ) = b(ϕ,ϕ) + ε‖ϕ̇‖2L2(I;H ) ≥ min(αb, ε)‖ϕ‖2W.
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According to (2.39), since K∩W is a closed set in W, there exists a unique solution uε ∈ K∩W,

such that

aε(uε, ϕ− uε) ≥ f(ϕ− uε), for ϕ ∈ K ∩W. (2.47)

If we set ϕ = 0 in (2.47), then

‖uε‖L2(I;U ) +
√
ε‖u̇ε‖L2(I;H ) ≤ c1, (2.48)

and thus ‖uε‖L2(I;U ) ≤ c1, where c1 does not depend on ε. It remains to show that

‖u̇ε‖L2(I;V ′) ≤ c2. (2.49)

By taking ϕ = uε ± ψ in (2.47) where ψ ∈ D(ΩI), it follows that

b(uε, ψ)− (uε, ψ̇)L2(I;H ) + ε(u̇ε, ψ̇)L2(I;H ) = f(ψ). (2.50)

The choice of test function ϕ is unusual. For an explanation, we include the following remark

before continuing the proof.

Remark 2.47. The combination of uε ± ψ is not a convex combination of two functions in K.

Thus, it might happen that uε ± ψ /∈ K in a general framework and therefore the choice of test

function would not be allowed in (2.47).

In this specific cone of K in (2.45), taking ϕ = uε ± ψ as a test function is only possible due to

the special structure of the convex set, i.e., K = {v ∈ V, v|Σ ≥ 0 a.e. t ∈ I}. As ψ ∈ D(ΩI), it

follows that (uε ± ψ)|Σ ≥ 0 such that uε ± ψ ∈ K.

For the alternative representation of the cone K in (2.46), the estimate (2.48) can only be derived

if 0 ∈ K is explicitly required. Additionally, note, that this is only possible as the convex cone is

time-invariant.

Let us now continue the above proof. Then, (2.50) results in

Buε + u̇ε − εüε = f (2.51)

in the distributional sense. Due to (2.48), uε remains in a bounded set of L2(I;U ) such that

Buε remains in a bounded set of L2(I;U ′), an thus in a bounded set of L2(I;V ′). Therefore

gε := f −Buε ≤ c3

and we can rewrite (2.51) as

u̇ε − εüε = gε.

We now can define the vε := u̇ε and obtain a linear ordinary differential equation (ODE)

v̇ε −
1

ε
vε = −1

ε
gε.
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As vε ∈ L2(I;H ), which means, that vε(t) → 0 for t → ∞ (otherwise vε /∈ L2(I;H )), we

define a sequence {tk}∞k=1, such that tk →∞ as k →∞. Thus, we define a sequence {v(k)
ε }∞k=1

of solutions of k−dependent ODEs

v̇(k)
ε −

1

ε
v(k)
ε = −1

ε
gε, on t ∈ [0, tk)

with initial condition v(k)
ε (tk) = 0. By solving the ODE, we arrive at

v(k)
ε (t) =

∫ t

tk

−1

ε
exp(ε−1(t− σ))gε(σ) dσ.

By switching the bounds of integration and taking the limit for k → ∞ (i.e., v(k)
ε → vε), the

solution is given by

vε(t) = u̇ε(t) =

∫ ∞
t

Eε(t− σ)gε(σ) dσ, Eε(t) =

ε−1 exp(ε−1t), if t < 0,

0, if t > 0.

We have that
∫
R |Eε(t)| dt = 1, therefore, the bound for (2.49) follows.

Thus, we have that uε ≤ c4 = c1 + c2 and there exists a subsequence {uη}η>0 of {uε}ε>0, such

that uη → u weakly in V as η → 0. Since the set K is convex, it is weakly closed and u ∈ K.

We deduce from (2.47), that

aε(uε, ϕ)− f(ϕ− uε) ≥ aε(uε, uε) ≥ b(uε, uε).

For ε = η, we note that aε(uε, ϕ)→ a(u, ϕ) as η → 0. Therefore

a(u, ϕ)− f(ϕ− u) ≥ lim inf
η→0

b(uη, uη) ≥ b(u, u).

This is equivalent to

b(u, ϕ− u)− (u, ϕ̇)L2(I;H ) ≥ f(ϕ− u) for ϕ ∈ K ∩W,

which completes the existence part of the proof.

For showing uniqueness, we let u1, u2 ∈ K be two solutions such that

b(ui, ϕ− ui)− (ui, ϕ̇)L2(I;H ) ≥ f(ϕ− ui), for ϕ ∈ K ∩W, i = 1, 2. (2.52)

Corresponding to the elliptic case, the idea would be to choose ϕ = u2 in the first equation and

ϕ = u1 in the second equation. This, however, is not possible here, since ϕ = ui is not allowed,

as in general ui will not be in W. This is corrected in a way by taking ϕ as “close as possible”

to ui. To be specific, we define a sequence {φm(t)}∞m=1 by

φm(t) =


0, t ≤ 1/m,

m(t− 1/m), 1/m ≤ t ≤ 2/m,

1, t ≥ 2/m,
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and a regularizing sequence {pn(t)}∞n=1 of C∞ functions with support in [−1/n, 1/n], pn(t) ≥
0, a.e., t ∈ I and

∫
R pn(t) dt = 1. Note, that the limit of the sequence {φm}∞m=1 for m → ∞

results in the well-known Heaviside step function, and that pn are distributions w.r.t. time. Also,

we have for each element φm(t), that {φm(t)}∞m=1 : [0,∞)→ [0, 1] and for each element pn(t),

that {pn(t)}∞n=1 : [−1/n, 1/n]→ [0,∞). For v ∈ V, we set

Tmn v := φm((φmv) ∗ pn ∗ pn),

where a ∗ b denotes the convolution in t of the functions a, b. For details on convolutions, we

refer to the literature e.g., see [Hör90]. If n > 2m, the function ((φmv) ∗ pn ∗ pn)(t) is zero

for t ∈ (0, 1/m − 2/n) and as ṗn has compact support in [−1/n, 1/n], also ((φmv) ∗ pn ∗
ṗn)(t) equals zero for t ∈ (0, 1/m − 2/n)b. Since the specific convex set K is invariant under

translation w.r.t. time, we have that Tmn v ∈ K if v ∈ K. Additionally, the temporal derivative of

d/dt(Tmn v) ∈ L2(I;H ), as

d

dt
Tmn v(t) = φ̇m(t)((φm(t)v) ∗ pn ∗ pn) + φm((φmv) ∗ pn ∗ ṗn), (2.53)

and

φ̇m(t) =


0, t ≤ 1/m,

mt, 1/m ≤ t ≤ 2/m,

0, t ≥ 2/m.

This means, that Tmn : V → W′, and especially, if v ∈ K ⊂ V, then Tmn v ∈ K ∩W. Thus,

we are allowed to use Tmn v for v ∈ K as a test function in (2.52). We set ϕ = Tmn u1 in the

variational inequality for u2 and ϕ = Tmn u1 as a test function in the inequality for u1. Thus,

adding those two inequalities, we obtain a variational inequality of the form

Bm
n + Umn ≥ Zmn , (2.54)

where we split up the inequality into the following parts

Bm
n := Bm

n (u1, u2) := b(u1, T
m
n u2 − u1) + b(u2, T

m
n u1 − u2),

Umn := Umn (u1, u2) := −(u1,
d

dt
(Tmn u2))L2(I;H ) − (u2,

d

dt
(Tmn u1))L2(I;H ),

Zmn := Zmn (u1, u2) := f(Tmn u2 − u1 + Tmn u1 − u2),

to be able to show convergence for n,m→∞ separately.

We start by showing n→∞. Due to the assumptions on pn, we arrive at

Bm
n → Bm = b(u1, φ

2
mu2 − u1) + b(u2, φ

2
mu1 − u2),

Zmn → Zm = f(φ2
mu2 − u1 + φ2

mu1 − u2).

bRecall, that for the (here temporal) derivative of convolutions, it holds that d/dt(f ∗ g) = ḟ ∗ g = f ∗ ġ.
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For the convergence of Umn for n→∞, we first notice that

Umn = ymn + ηmn ,

where

ymn :=−
∫ ∞

0
(φ(t)u1(t), ((φmu2) ∗ pn ∗ ṗn)(t))H dt

−
∫ ∞

0
(φ(t)u2(t), ((φmu1) ∗ pn ∗ ṗn)(t))H dt,

ηmn :=−
∫ ∞

0
(φ(t)u1(t), ((φmu2) ∗ pn ∗ ṗn)(t))H dt

−
∫ ∞

0
(φ(t)u2(t), ((φmu1) ∗ pn ∗ ṗn)(t))H dt.

Since pn is even,

ymn :=−
∫ ∞

0
(((φu1) ∗ pn)(t), ((φmu2) ∗ ṗn)(t))H dt

−
∫ ∞

0
(((φu1) ∗ ṗn)(t), ((φmu2) ∗ pn)(t))H dt,

hence ymn = 0 and it follows

Umn → Um = −2

∫ ∞
0

φm(t)φ̇m(t)(u1(t), u2(t))H dt.

Thus it follows with n→∞ in (2.54)

Bm + Um ≥ Zm. (2.55)

Next, we let m→∞, and obtain

Bm → −b(u1 − u2, u1 − u2),

Zm → 0,

|Um| ≤ sup
t≥2/m

‖u1(t)‖H sup
t≥2/m

‖u2(t)‖H → 0,

where the last equation follows since u1(0) = 0, u2(0) = 0 and u1, u2 are continuous in t.

Finally (2.55) implies

−b(u1 − u2, u1 − u2) ≥ 0

i.e, b(u1 − u2, u1 − u2) = 0, since b(u1 − u2, u1 − u2) ≥ βb‖u1 − u2‖L2(I;U ) > 0. Therefore,

u1 = u2 w.r.t. the L2(I;U)-norm.
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2.4.3. Discretization

In this section, we briefly recall results for the discretization of elliptic and parabolic variational

inequalities. For the discretization of the saddle-point problem, we transfer the variational in-

equality into a saddle-point problem, for which the discretization will be used in Chapter 6 for a

comparison of space-time and time-stepping methods.

Concerning the approximation of Variational Inequalities (VIs), the first error estimates for ellip-

tic problems were derived in [Fal74]. For elliptic obstacle problems a residual-type a posteriori

error estimate has been introduced in [CN00]. Time-dependent error estimates for Parabolic

Variational Inequalities (PVIs) and Finite Element Methods (FEMs) have been investigated pre-

viously in, e.g., [MNvPZ07, NvPZ10]; the first one is motivated by the pricing of American

Options.

Elliptic Variational Inequalities

We discuss the discretization of elliptic variational inequalities (EVIs) by FEM. To this end, we

consider a discrete version of the EVI (2.39). Let the functional setting be defined as in Section

2.4.1.

For the formulation of the discrete VI, let Vh be a finite-dimensional subset of V of dimension

Nh. Note, that the index h denotes discrete quantities w.r.t. space only. In addition, let Kh ⊂ Vh

be a closed convex and nonempty set. The discrete problem reads: Find uh ∈ Kh such that

ã(uh, vh − uh) ≤ f̃(vh − uh), ∀vh ∈ Kh. (2.56)

Note, that in general Kh ⊂ Vh does not imply that Kh ( K . The following remark shows the

significance.

Remark 2.48 (Kh 6⊂ K , [Cia75, Chapter 9]). Let Ω ⊂ R2 be a convex polygon and let g ∈
H2(Ω) be an obstacle. The standard formulation for the VI in space only is given by: seek

u ∈ K ⊂ V with V := H1
0 (Ω) being a Hilbert space, such that

ã(u, v − u) ≥ f̃(v − u), ∀v ∈ K ,

where ã : V ×V → R is a bilinear form and f̃ ∈ V ′ is a linear form. The closed convex subset

K is given by

K := {v ∈ V : v ≥ g, a.e in Ω}.

We set Kh ⊂ Vh ⊂ V = H1
0 (Ω) and discretize Vh with linear finite elements. Therefore, let Th

be a triangulation of size Nh with nodes xi, i = 1, . . . ,Nh. The discrete problem is now given

as: find uh ∈ Kh such that

ã(uh, vh − uh) ≥ f̃(vh − uh), ∀vh ∈ Kh.
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One could try to set Kh as the space for which vh ≥ g a.e. in Ω. However, we do not know

where the piecewise linear functions vh would touch the obstacle g, if g is not aligned with Th.

Therefore, we set

Kh := {vh ∈ Vh : at all nodes xi of Th, vh(xi) ≥ g(xi), i = 1, . . . ,Nh}. (2.57)

Thus, for vh ∈ Kh it only holds that vh(x) ≥ g(x) for x ∈ Th, but this does not have to hold for

x ∈ Ω\Th.

For constant obstacles, trivially Kh ⊂ K holds. Also, it can hold for piecewise linear obstacles

in a one-dimensional setting, if the slope of the obstacle only chances at the nodes xi of Th.

In the subsequent section, we will assume that the cone Kh ⊂ Vh according to the form (2.57).

Then, well-posedness of the continuous VI of Theorem 2.49 can be extended to the discrete

problem.

Theorem 2.49 (Well-Posedness of Discrete EVI, e.g., [GRS07, Theorem 7.15]). Let ã : V ×
V → R be bounded and coercive (but not necessarily symmetric). Then, (2.56) admits a unique

solution uh ∈ Kh ⊂ Vh for all f̃ ∈ V ′ and

‖uh‖V ≤
1

αã
‖f̃‖V ′ +

(
3
γã
αã

+ 1
)

dist‖·‖Vh
(0,Kh), (2.58)

where dist‖·‖Vh
(vh,Kh) := infkh∈Kh

‖vh− kh‖V , vh ∈ Vh, γã is the continuity constant of the

bilinear form ã and αã is the coercivity constant.

Proof. Since coercivity and continuity are inherited by its conforming discretization, the claim

follows immediately from the proof of Theorem 2.49.

Lemma 2.50 (Céa Lemma for Elliptic Variational Inequalities, e.g., [Fal74, Theorem 1], [GRS07,

Lemma 7.1]). Let u and uh be the solutions of (2.39) and (2.56) respectively. Then, with

Ã ∈ L(V ,V ′) induced by 〈Ãu, v〉V ′×V := ã(u, v), for all u, v ∈ V , the following estimate

holds if Ãu ∈ H

‖u− uh‖2V ≤ ‖f̃ − Ãu‖H inf
v∈K
‖uh − v‖H (2.59)

+ inf
vh∈Kh

(
2

αã
‖f̃ − Ãu‖H ‖u− vh‖H +

γ2
ã

αã2
‖u− vh‖2V

)
. (2.60)

for all v ∈ K and vh ∈ Kh.

Proof. For u and uh, it holds

ã(u, v − u) ≥ f̃(v − u), ∀v ∈ K ,

ã(uh, vh − uh) ≥ f̃(vh − uh), ∀vh ∈ Kh.
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Rearranging the terms results in

ã(u, u) ≤ f̃(u− v) + ã(u, v), ∀v ∈ K ,

ã(uh, uh) ≤ f̃(uh − vh) + ã(uh, vh), ∀vh ∈ Kh.

Using the above estimate and weak coercivity yields

αã‖u− uh‖2V ≤ ã(u− uh, u− uh) = ã(u, u) + ã(uh, uh)− ã(u, uh)− ã(uh, u)

≤ f̃(u− v) + ã(u, v) + f̃(uh − vh) + ã(uh, vh)− ã(u, uh)− ã(uh, u)

= ã(u, v − uh)− f̃(v − uh) + ã(u, vh − u)− f̃(vh − u)− ã(uh − u, vh − u)

= 〈f̃ − Ãu, u− vh〉V ′×V + 〈f̃ − Ãu, uh − v〉V ′×V + γã‖u− uh‖V ‖vh − u‖V .

By Young’s inequality, it follows

‖u− uh‖V ‖vh − u‖V ≤
1

2

(
αã
γã
‖u− uh‖2V +

γã
αã
‖vh − u‖2V

)
.

Inserting the last inequality in the estimate yields

αã
2
‖u− uh‖2V ≤ 〈f̃ − Ãu, u− vh〉V ′×V + 〈f̃ − Ãu, uh − v〉V ′×V +

γ2
ã

2αã
‖u− vh‖2V .

Since v ∈ K , vh ∈ Kh are arbitrary, the estimate follows by the Cauchy-Schwarz inequality

rearranging the terms.

Next, we consider the special case of discretization by linear FEs for which we can derive an

error estimate linear in h, (h > 0). To this end, let Ω ⊂ R2 be a bounded convex domain with

C2 boundary ∂Ω. Let V := H1
0 (Ω), H := L2(Ω), V ′ := H−1(Ω). Let the bilinear form

ã : V ×V → R be defined by

ã(u, v) :=

2∑
i,j=1

∫
Ω
aij(x)uxivxj dx+

∫
c(x)uv dx, u, v ∈ H1

0 (Ω), (2.61)

such that ã(·, ·) is coercive, i.e., a(u, u) ≥ αã‖u‖2V , u ∈ V for αã > 0. Moreover, let ã be

symmetric, aij ∈ C1(Ω̄) and c ∈ L∞(Ω). The convex set K ⊂ V is set to

K := {v ∈ V : v ≥ g a.e. in Ω}, (2.62)

with obstacle g ∈ H2(Ω). The discrete cone Kh ⊂ Vh is defined by

Kh := {vh ∈ Vh : vh(xi) ≥ g(xi), i = 1, . . . ,Nh}, (2.63)

where xi, i = 1, . . .Nh, are the interior grid points in the partition of the domain Ω, that is used

in the finite element discretization Vh, similar to (2.57) in the one-dimensional case. Thus, we

can formulate the error estimate.
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Theorem 2.51 (First-Order Convergence [Fal74, Theorem 2]). Let the setting be defined as

above. In addition, let f̃ ∈ L2(Ω) and obstacle g ∈ H2(Ω) with g|∂Ω ≤ 0. Furthermore,

assume that the solution u ∈ K of (2.39) satisfies u ∈ H2(Ω). Suppose that the problem

is discretized by linear finite elements and that we approximate solution uh ∈ Kh defined by

(2.56). Then, there exists a constant C > 0 independent of h, such that

‖u− uh‖V ≤ Ch.

Proof. To prove the estimate, we show that (2.59) is bounded by Ch, with C independent of h.

Therefore, we estimate the infimum over K and Kh We start by proving the first part of (2.59).

For the infimum over v ∈ K , consider v1 = max{uh, g}. Thus, v1 ∈ V , since uh ∈ V =

H1
0 (Ω) and g ∈ H2(Ω) with g|Γ ≤ 0. Due to the definition of v1, it follows that v1 ≥ g, such

that v ∈ K . Hence,

inf
v∈K
‖uh − v‖H ≤ ‖uh − v1‖H .

and thus

‖uh − v1‖2H =

∫
Λh

|uh − g|2 dx,

with Λh := {x : g(x) ≥ uh(x)}. Let by Πh : V → Vh denote the operator defined by

interpolation at grid points. By the definition of Π, it hold for all nodes xi that uh(xi) ≥ g(xi) =

Πhg(xi), i = 1, . . . ,Nh. Since uh, g are piecewise linear, we have that uh ≥ g everywhere and

subsequently uh −Πhg ≥ 0. For all x ∈ Λh, we arrive at

0 < |(g − uh)(x)| = (g − uh)(x) ≤ (g −Πhg)(x) ≤ |(g −Πhg)(x)|.

On the other hand, for Ω\Λh, we get (g − uh)(x) = 0, such that

‖uh − v1‖H ≤
(∫

Ω
|g −Πhg|2 dx

)1/2

= ‖g −Πhg‖H ≤ C1h
2|g|H2(Ω).

We still need to estimate the infimum over Kh: If vh := Πhu, then vh ∈ Vh. For all nodes xi,

we get vh(xi) = Πhu(xi) = u(xi) ≥ g(xi), for i = 1, . . . ,Nh. Thus vh ∈ Kh, due to the

definition of (2.63).

inf
vh∈Kh

(
‖u− vh‖2V + ‖u− vh‖H

)
≤ ‖u−Πhu‖2V + ‖u−Πhu‖H ≤ C2h

2
(
‖u‖2H2(Ω) + ‖u‖H2(Ω)

)
,

where the last inequality follows from [Fal74, Section 3]. It can be shown (see [Fal74, Section

3]) that ‖Ãu‖H ≤ max{‖f̃‖H , σ} =: C3, where σ solves the equation

σ = ‖ sup(Ãg, 0)‖H
σ + ‖f̃‖H
σ − ‖f̃‖H

.

Since ‖u‖H2(Ω) ≤ C̃‖Ãu‖H , the above estimate also holds for ‖u‖H2(Ω). By setting C :=

C1C3 + C2C3, the claim follows for C independent of h.
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Parabolic Variational Inequalities

We consider the discretization of parabolic variational inequalities (PVIs). To this end, we recall

the variational formulation of the PVI in (2.43). Then, we introduce an equivalent saddle-point

problem and detail its discretization. We specifically perform a discretization of the saddle-

point problem here, as it will be used later in this thesis. Note, that the discretization in general

still holds for the variational inequality itself, as the saddle-point problem results of a specific

formulation of the convex set K . The functional setting of Section 2.4.2 is used.

Here, it is assumed that the bilinear form ã(·, ·) is bounded and satisfies a Gårding inequality,

see (2.19). Thus, we can define the PVI: Find u ∈ H1(I;H ) ∩ C(I;V ) such that u(t) ∈ K(t)

and

(u̇(t), v(t)− u(t))H + ã(u(t), v(t)− u(t)) ≥ (c(t), v(t)− u(t))H , ∀v(t) ∈ K(t) (2.64a)

u(0) = u0 inH , (2.64b)

where K(t) ⊂ V for a.e. t ∈ I , is a convex set. In addition, let u0 ∈ H be the given initial

condition and we assume that the inequality (2.64) holds for almost all t ∈ I . It is investigated in

Section 2.4 under which conditions solutions exist. Additionally, we recall another result, where

the first part of (2.64) is not integrated w.r.t. time, which is the case for this discretization of the

PVI here.

Theorem 2.52 (Well-Posedness of PVIs, e.g., [GLT81, Theorem 2.1]). If the bilinear form

satisfies assumptions (2.19), ∂c/∂t ∈ L2(I;V ′) and c(0)− Ãu0 ∈ H . Then, the Problem 2.64

admits a unique solution u. Moreover, this solution satisfies u, u̇ ∈ L2(I;V ) ∩ L∞(I;H ).

We skip the proof as the techniques will not be used again in the subsequent thesis.

Next, the inequality is transferred to a saddle-point inequality (this is used later in model reduc-

tion to avoid the construction of a reduced convex set). For the formulation of the saddle-point

inequality, we introduce an additional Hilbert space W with corresponding inner product (·, ·)W
and norm ‖ · ‖W . Further, we set M ⊂W to be a convex cone with which we can characterize

a special form of the convex set K(t) as follows

K(t) := {v(t) ∈ V : b̃(v(t), η(t)) ≤ (g(t), η(t))W , η(t) ∈ M },

where b̃ : W × V → R is a bilinear form and g ∈ L2(I;W ′). Now, we are able to pose a

corresponding saddle-point problem to (2.64): Find (u(t), λ(t)) ∈ V ×M such that

(u̇(t), v(t))H + ã(u(t), v(t)) + b̃(v(t), λ(t)) = (c(t), v(t)− u(t))H , ∀v(t) ∈ V , (2.65a)

b̃(η(t)− λ(t), u(t)) ≤ g(t), η(t))W ∀η(t) ∈ M , (2.65b)

u(0) = u0 in H , (2.65c)
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where the problems (6.17) and (6.18) are equivalent if the bilinear form b̃(·, ·) satisfies an inf-sup

condition on W ×V , see [BHR79, Theorem 2.1].

We start from this semi-variational saddle-point formulation and apply a semi-discretization in

time, also known as Rothe’s method. Therefore, we set ∆t := T
L , for 0 < T < ∞, L ∈ N0,

t` := `∆t, 1 ≤ ` ≤ L and seek an approximation u` ≈ u(t`). After applying Rothe’s method,

we obtain a series of time-independent EVIs and the standard θ-scheme then reads

1

∆t

(
u`+1 − u`, v

)
H

+ã(θu`+1 + (1− θ)u`, v)− b̃(λ`+1, v)

= θc(t`+1, v) + (1− θ)c(t`, v), ∀v ∈ V ,

b̃(η − λ`+1, u`+1) ≥ g̃(η − λ`+1), ∀η ∈ M ,

with u0 := u0 in H as initial condition, 1 ≤ ` ≤ L−1. From here on, we omit the t-dependency

on the functions.

For the discretization in space, we use a standard Galerkin method with Vh ⊂ V with dim(Vh) =

Nh ∈ N. We define the dual space to be W := V ′. Therefore, we can choose dual finite ele-

ments [Woh00, Woh01, Woh11] as the basis of W which yield that dim(Wh) = dim(Vh) = Nh.

Then, the matrix Bspace
h , which is associated to the bilinear form b̃, is a multiple of the unity ma-

trix and thus b(·, ·) is inf-sup stable. The discrete problem then reads: for a given parameter

µ ∈ P , find for 1 ≤ ` ≤ L− 1, (u`+1
h , λ`+1

h ) ∈ Vh ×Mh such that(
u`+1
h , vh

)
H

+ ∆tθã(u`+1
h , vh) =

(
u`h, vh

)
H

+ ∆t(1− θ)ã(u`h, vh)+

b̃(λ`+1
h , vh) + θc(t`+1, vh) + (1− θ)c(t`, vh), vh ∈ Vh,

b̃(ηh − λ`+1
h , u`+1

h ) ≥ g̃(ηh − λ`+1
h ), ηh ∈ Mh,

with initial value u0
h := ΠVh

u0, where ΠVh
: V → Vh is the orthogonal projection on Vh. If

Vh = span{φi : i = 1, ...,Nh}, Wh = span{ξi : i = 1, ...,Nh}, The discretized cone in space

is defined as

Mh :=

{Nh∑
i=1

υiξi : υi ≥ 0

}
,

with υ ∈ RNh . With this setting, we can rewrite the saddle-point inequality as follows using

matrix-vector forms. We denote by M space
h := [(φi, φj)H ]i,j=1,...,Nh

the mass matrix and the

stiffness matrix by Aspace
h := [a(φi, φj)H ]i,j=1,...,Nh

. We have Bspace
h := [(φi, ξj)H ]i,j=1,...,Nh

,

which results, as mentioned before, in a multiple of the unity matrix. Then, we seek for

u`+1
h =

Nh∑
i=1

α`+1
i φi, α`+1 := (α`+1

i )i=1,...,Nh
,

λ`+1
h =

Nh∑
i=1

β`+1
i ξi, β`+1 := (β`+1

i )i=1,...,Nh
,
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such that for 0 ≤ ` ≤ L− 1 as well as β0 := β0, α0 := α0

(M
space
h + θ∆tA

space
h )α`+1 = (M

space
h + (1− θ)∆tAspace

h )α`+ (2.66a)

B
space
h β`+1 + ∆t(θf `+1 + (1− θ)f `), (2.66b)

B
space
h α`+1 ≥ g`+1, (2.66c)

where g`,f `,α0,β0 being the expansion coefficients of g(t`), c(t`), u0 and λ0. The θ-scheme

is unconditionally stable if θ ∈ {1
2 , 1}, see, e.g, [Glo08, Section III.3]. For the case of θ = 0,

additional properties for the space discretization have to be satisfied, see e.g. [QV94, Theorem

11.3.1]. For θ = 1
2 this results in the Crank-Nicolson scheme. In (2.66) we need to solve a

well-posed saddle-point inequality problem for 0 ≤ ` ≤ L−1. The well-posedness results from

the coercivity of the bilinear form ã(·, ·;µ) and coercivity of the bilinear form corresponding to

M
space
h . This implies that the matrixM space

h +θ∆tA
space
h is positive definite, see [QV94, §11.3].

After having obtained this discretization, we recall some approximation results for PVIs for this

scheme, see e.g. [Joh76, Fet87, AMN06, Vui90, MNvPZ07] . A complete list would go beyond

the scope of this thesis.

Remark 2.53 (Error Estimates for PVI). For PVIs discretized in time by a θ-scheme in time and

finite elements in space, there are many error estimates available. We recall some results.

In [Joh76] a linear finite element discretization and an implicit Euler scheme are used to derive

estimates for the heat inequality. Thus, if the time step is denoted by ∆t and h is the maximum

length of the sides of the finite elements, then under additional assumptions, the estimate

max
`
‖u` − u`h‖L2(Ω) +

(
L∑
`=1

‖u` − u`h‖H1
0 (Ω)∆t

)1/2

≤ C

[(
log

(
1

∆t

))1/4

(∆t)3/4 + h

]
,

with a constant C independent of h, is derived.

For the VI resulting from the valuation of American Options, which is a convection-diffusion-

reaction inequality, error estimates have been derived by using an adaptive finite element method

in [MNvPZ07]. Then, the discrete domain is split into a contact and noncontact domain and

residual based error estimates are derived. In time, also an implicit Euler method is used.
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3
New Results for Noncoercive
Variational Inequalities

This chapter presents the main analytic results of this thesis: we extend the well-posedness

results for Variational Inequalities (VIs), which have been described for the elliptic and parabolic

ones in Section 2.4, to a general setting of Noncoercive Variational Inequalities (NCVIs), which

is defined in the following.

Let X,Y be two separable Hilbert spaces with X ↪→ Y dense. We recall a notion from Chapter 2

which describes the kind of noncoercivity used here: a bilinear form a : X× Y → R satisfies a

so-called Nečas condition on U ⊆ Y, if there exists a βa > 0 such that

sup
v∈U

a(w, v)

‖v‖Y
≥ βa‖w‖X, ∀w ∈ X ∩ U, sup

w∈X∩U
a(w, v) > 0, ∀0 6= v ∈ U.

With this notion, we detail the structure of our NCVI.

Problem 3.1 (Noncoercive Variational Inequality). Let X,Y be two separable Hilbert spaces,

where X ↪→ Y dense and without loss of generality ‖w‖Y ≤ ‖w‖X , ∀w ∈ X. Let K ⊂ Y be a

closed convex set. For a given f ′ ∈ Y′, find u ∈ K ∩ X, such that

a(u, v − u) ≥ f(v − u) ∀v ∈ K, (3.1)

where a : X× Y → R is bounded and satisfies a Nečas condition.

It is assumed that the solution set satisfies K ∩ X 6= ∅. In the case that K = Y, the VI reduces to

an equation. Also, if not stated otherwise, it is required that X ( Y such that the test functions

v − u are in Y for u ∈ X and v ∈ K ⊂ Y. Without this requirement, the inequality (3.1) would

not make sense, as u would not be allowed to appear as a part of the test function. The special

case Y = X will be only used for comparison purposes.

For the NCVI in (3.1), there are, to best of our knowledge, no analytic results available. For other

forms of noncoercivity, there have been – among others – two approaches in [LS67], which do

not make use of the Nečas condition. In those approaches, the bilinear form a : X×X→ R is on

one occasion nonnegative, i.e., a(v, v) ≥ 0, ∀v ∈ X, which is a relaxed version of coercivity. In

the other instance, a : X× X→ R is semi-coercive, i.e., a(v, v) ≥ c|v|2X, ∀v ∈ X, where c > 0

and | · |X is a semi-norm on X. Both approaches only hold if trial and test space are identical,

i.e., X = Y.
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In this chapter, we show well-posedness of the NCVI (3.1) under assumptions that prove to be

reasonable for these problems we have in mind. Then, we provide a saddle-point inequality,

which is equivalent to (3.1) and derive residual-based error estimates for both formulations, the

inequality and the saddle-point inequality. Notation wise, we denote by X,Y so-called general

spaces, which can be either time-dependent or time-independent.

Most of the work presented in this section is already published in [GU14].

3.1. Well-Posedness

As in the case of K = Y the inequality reduces to an equation, Theorem 2.11 is a benchmark for

the assumptions that are leastwise needed for the well-posedness of Problem 3.1. Up to now, it

has not been possible to show that merely a Nečas condition suffices to prove well-posedness,

but indeed it can be shown that only a little bit more is needed.

Those assumptions, i.e., weak coercivity and the symmetrically boundedness, are specified through-

out this section and then, the well-posedness is shown in

• Theorem 3.11 (Existence)

• Theorem 3.15 (Uniqueness), and

• Theorem 3.16 (Stability).

In order to prove the above theorems, additional conditions describing the relation of the Hilbert

spaces X,Y are introduced, starting by recalling the elliptic regularization, which has already

been used proving existence of PVIs in Theorem 2.46.

3.1.1. Elliptic Regularization

Elliptic regularization is a well-known technique for the analysis of noncoercive problems. The

following approach is utilized: for ε > 0 we define a regularized bilinear form aε(·, ·) which is

coercive, and then consider its limit as ε → 0. To be precise, for ε > 0, we define the bilinear

form

aε(w, v) := ε((w, v))X + a(w, v), ∀w, v ∈ X, (3.2)

as well as the corresponding norm

‖w‖2ε := ε|w|2X + ‖w‖2Y, ∀w ∈ X. (3.3)

Here, | · |X is a semi-norm on X, which is induced by an inner product ((·, ·))X on X, i.e.,

((w,w))X = |w|2X, ((w, v))X ≤ |w|X |v|X for w, v ∈ X. The norms of X and Y are assumed

to be related as ‖w‖2X = |w|2X + ‖w‖2Y for w ∈ X.
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This means for ε = 1, the norm ‖w‖ε equals ‖w‖X and ‖w‖ε → ‖w‖Y as ε → 0, w ∈ X. The

idea is now to use the well-posedness for the regularized problem (3.2) to derive well-posedness

for the noncoercive problem by considering the limit ε → 0+. We start by collecting some

preliminary results for later use.

Lemma 3.2 ([GU14, Lemma 2.4]). Let a : X × Y → R be bounded and 0 ≤ ε ≤ 1. Then, the

following properties hold for all w, v ∈ X:

(i) aε(w, v) ≤ γ+
a ‖w‖X ‖v‖ε with γ+

a :=
√

2 max{1, γa},

(ii) aε(v, w) ≤ γ+a√
ε
‖v‖ε ‖w‖ε with γ+

a as in (i).

If, in addition a(w,w) ≥ αY‖w‖2Y holds for all w ∈ X, then

(iii) aε(w,w) ≥ min{1, αY}‖w‖2ε ,

(iv) aε(w,w) ≥ min{αY, ε}‖w‖2X.

Proof. Let w, v ∈ X, then the boundedness of a(·, ·) implies the estimate

aε(w, v) ≤ ε|w|X |v|X + γa‖w‖X‖v‖Y ≤ ‖w‖X(ε|v|X + γa‖v‖Y) ≤ γ+
a ‖w‖X‖v‖ε

by Lemma B.2 with a = |v|X, b = ‖v‖Y, γ = γa, which proves (i).

As for (ii), we note that by ε ≤ 1 it follows that ‖w‖2X ≤
1
ε (ε|w|2X + ‖w‖2Y) = 1

ε‖w‖
2
ε , so that

(ii) follows from (i).

The statement (iii) follows immediately by

aε(w,w) = ε|w|2X + a(w,w) ≥ ε|w|2X + αY‖w‖2Y ≥ min{1, αY}‖w‖2ε, for w ∈ X.

Finally, (iv) follows from (iii) and (3.3).

The condition a(w,w) ≥ αY‖w‖2Y is weaker than the usual coercivity due to the fact that w

is measured in the milder Y-norm instead of the X-norm. With the properties of Lemma 3.2 at

hand, well-posedness for the regularized VI can be proven.

Lemma 3.3 ([GU14, Lemma 2.6]). Let a(·, ·) be bounded and assume that a(w,w) ≥ αY‖w‖2Y
holds for all w ∈ X. Then, the regularized VI of finding uε ∈ K ∩ X such that

aε(uε, v − uε) ≥ f(v − uε) ∀v ∈ K ∩ X, (3.4)

has a unique solution for all fixed ε > 0.

Proof. By Lemma 3.2 (ii), aε(·, ·) is bounded on (X, ‖ · ‖ε) and Lemma 3.2 (iii) guarantees that

aε(·, ·) is also coercive on (X, ‖ · ‖ε) for all ε > 0, which implies well-posedness by Theorem

2.40.
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The problem dependent constants of (3.4) are given by

αε := min{1, αY}, γε := ε−1/2γ+
a ,

where γ+
a :=

√
2 max{1, γa} as stated above. Hence, for a stability result, Theorem 2.40 could

be applied, but the continuity constant would be unbounded for the limit ε → 0. With some

adjustments in the proof, another stability estimate can be derived.

Proposition 3.4 ([GU14, Proposition 2.7]). Let a : X × Y → R be bounded and a(w,w) ≥
αY ‖w‖2Y for all w ∈ X. Then, the unique solution uε ∈ X of (3.4) satisfies

‖uε‖ε ≤
1

αε
‖f‖ε′ +

(γ+
a

αε
+ 1
)

dist‖·‖X(0,K), (3.5)

where ‖f‖ε′ := supv∈X
f(v)
‖v‖ε .

Proof. By Lemma 3.2 (iii), we get for any v ∈ K ∩ X that

αε‖uε − v‖2ε ≤ aε(v − uε, v − uε) = aε(v, v − uε)− a(uε, v − uε)

≤ aε(v, v − uε)− f(v − uε),

where the last step follows from (3.4). Then, by Lemma 3.2 (i) we get

aε(v, v − uε)− f(v − uε) ≤ γ+
a ‖v − uε‖ε(‖v‖X + ‖f‖ε′).

Since v was chosen arbitrarily, the triangle inequality proves the claim.

Corollary 3.5 ([GU14, Corollary 2.8]). Under the assumptions of Proposition 3.4 we have that

‖uε‖ε ≤
1

αε
‖f‖X′ +

(γ+
a

αε
+ 1
)

dist‖·‖X(0,K). (3.6)

Proof. Since f ∈ Y′ ⊂ X′, we get

‖f‖ε′ = sup
v∈X

f(v)

‖v‖ε
≤ sup

v∈X

f(v)

‖v‖Y
≤ sup

v∈Y

f(v)

‖v‖Y
= ‖`‖Y′ ,

and the rest follows from Proposition 3.4.

The right-hand side of (3.6) does not depend on ε, which will be relevant later. Right now, it is

not possible to derive the limit for ε → 0 directly, as both terms, uε and the norm ‖ · ‖ε on the

left-hand side, depend on ε.

So far, we have not been able to prove well-posedness of Problem 3.1 using only the already

introduced conditions. Thus we establish some more reasonable requirements for a(·, ·), which

are, e.g., valid for PVIs, see Section 4.1, to deduce well-posedness.
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3.1.2. Additional (Semi-)Norms

The first piece is an additional semi-norm on X denoted by [·]X and induced by a scalar product

[·, ·]X such that

[w,w]X = [w]2X, [w, v]X ≤ [w]X[v]X, ∀w, v ∈ X, (3.7)

which is related to the ‖ · ‖X norm by

∃C > 0 : [w]X ≤ C‖w‖X , ∀w ∈ X. (3.8)

In addition, a stronger (but equivalent) norm on X, namely

|||w|||2X := |w|2X + [w]2X + ‖w‖2Y =: |w|2X + JwK2
X, ∀w ∈ X, (3.9)

is introduced, i.e., JwK2
X := [w]2X + ‖w‖2Y, ∀w ∈ X. The dual (semi-)norms, which will be used

later, are defined as

JfKX′ := sup
w∈X

f(w)

JwKX
and |||f |||X′ := sup

w∈X

f(w)

|||w|||X
.

Statement (3.8) implies that

|||w|||X ≤
√

1 + C2‖w‖X, ∀w ∈ X, (3.10)

and using the above results, this yields for all w ∈ X

|||w|||2X = |w|2X + [w]2X + ‖w‖2Y ≤ |w|2X + C2‖w‖2X + ‖w‖2Y = (1 + C2)‖w‖2X.

Likewise, we conclude that

|||w|||X ≤ ε−1/2
√

1 + C2‖w‖ε, ∀w ∈ X, 0 < ε < 1. (3.11)

The norms ‖w‖X and |||w|||X are equivalent on X, as

‖w‖X ≤ (‖w‖2X + [w]2X)1/2 = |||w|||X, ∀w ∈ X,

which immediately follows from the definitions. One might think that we could simply replace

‖ · ‖X by |||·|||X in order to obtain sharper estimates. But, in what follows, the precise interplay

between ‖ · ‖X and |||·|||X turns out to be crucial. As we shall see below, the semi-norm [·]X will

play a significant role in our analysisa.

aNote that, as [·]X is a semi-norm and not a norm, it can happen that [w]X = 0 without w = 0 in X.
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3.1.3. Weak Coercivity and Symmetrically Boundedness

In the following, the two concepts of weak coercivity and symmetrical boundedness are intro-

duced, which are also relevant for well-posedness and the error analysis.

Definition 3.6 ([GU14, Definition 2.11]). We call a bilinear form a : X× Y → R, X ⊆ Y,

(a) weakly coercive, if there exists a constant αw > 0 such that a(w,w) ≥ αwJwK2
X for all

w ∈ X;

(b) symmetrically bounded, if there exists a constant γs <∞ such that a(w, v) ≤ γsJwKX|||v|||X
for all w, v ∈ X.

It is important to not mix up the above definition of weakly coercive with other existing weaker

conditions of coercivity.

Remark 3.7. Different known usages of weak or weakly coercive.

(a) Assume that V ↪→ H ↪→ V is a Gelfand triple. Sometimes, it is said that a bilinear form

a(·, ·) is weakly coercive if it satisfies a Gårding inequality, i.e., there exist αc > 0, λc ≥ 0

such that for all u ∈ V the inequality

a(u, u) + λc ‖u‖2H ≥ αc‖u‖2V,

holds. Note that this is different from Definition 3.6, even if αc − λc%2 > 0, with % being

the embedding constant given by ‖v‖H ≤ %‖v‖V, for all v ∈ V. In fact, here we have

the stronger norm ‖ · ‖V on the right-hand side as opposed to the weaker semi-norm J·KX
above.

(b) Sometimes, e.g., in [QMN16], weakly coercive is meant in the sense of inf-sup stable. But

in general, the weak coercivity does not imply an inf-sup condition as for w ∈ X ⊂ Y it

follows that

sup
v∈Y

a(w, v)

‖v‖Y
≥ a(w,w)

‖w‖Y
≥ αw

JwK2
X

‖w‖Y
≥ αwJwKX.

However, J·KX is not a norm on X and can only be bounded from above by (3.10), but not

from below by ‖ · ‖X.

The symmetrically boundedness of Definition 3.6 (b) might not seem intuitive at first. Though, in

a later setting determined by PVIs, we cannot expect to derive an estimate of the form a(w, v) ≤
γ∗‖w‖Y‖v‖X (i.e., with norms exchanged as compared to standard boundedness, a(w, v) ≤
γa‖w‖X‖v‖Y, w ∈ X, v ∈ Y), not even for w, v ∈ X. In fact, for parabolic problems Definition

3.6 (b) will be verified by integration by parts w.r.t. time so that the final time contribution will

be [·]X leading to J·KX instead of ‖ · ‖Y.
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Now, the norm ‖ · ‖ε as given in (3.3) is extended to a stronger norm similar to |||·|||X by

|||w|||2ε := ε|w|2X + [w]2X + ‖w‖2Y = ε|w|2X + JwK2
X = ‖w‖2ε + [w]2X, ∀w ∈ X. (3.12)

Thus, the analogue of Lemma 3.2 is given by:

Corollary 3.8 ([GU14, Corollary 2.12]). Let a : X × Y → R be bounded, symmetrically

bounded, and 0 ≤ ε ≤ 1. Then, the following properties hold for all w, v ∈ X:

(i) aε(w, v) ≤ γ+
s |||w|||X |||v|||ε with γ+

s :=
√

2 max{1, γs}.

(ii) aε(w, v) ≤ γ+s√
ε
|||w|||ε |||v|||ε with γ+

s as in (i).

If in addition a(·, ·) is weakly coercive, we have

(iii) aε(w,w) ≥ min{1, αw}|||w|||2ε .

(iv) aε(w,w) ≥ min{αw, ε}|||w|||2X.

The additional estimate holds:

Proposition 3.9 ([GU14, Proposition 2.13]). Let a(·, ·) be symmetrically bounded, then we have

the estimate aε(w, v) ≤ γ+
s |||w|||ε |||v|||X for all w, v ∈ X.

Proof. Let w, v ∈ X, then

aε(w, v) = ε((w, v))X + a(w, v) ≤ ε|w|X |v|X + γsJwKX |||v|||X

≤ |||v|||X(ε|w|X + γsJwKX) ≤
√

2 max{1, γs} |||w|||ε |||v|||X,

again by Lemma B.2.

The regularized VI (3.4) on (X, ‖ · ‖ε) is now considered. Using the same approach as in Propo-

sition 3.4 and in Corollary 3.5, one receives the following corollary:

Corollary 3.10 ([GU14, Corollary]). Let a(·, ·) be bounded, symmetrically bounded, and weakly

coercive. Then, the unique solution uε ∈ X of (3.4) satisfies

|||uε|||ε ≤
1

α−w
|||f |||X′ +

(γ+
s

α−w
+ 1
)

dist|||·|||X(0,K), (3.13)

where α−w := min{1, αw} and γ+
s as in Corollary 3.8 (i).

With these prerequisites well-posedness for the NCVI can be achieved. We start by showing

existence of a solution.
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3.1.4. Existence

It is now shown that the solution of the regularized problem (3.4) converges to the solution of

the NCVI (3.1) as ε → 0. This can be proven with two different assumptions on the convex set

K ∩ X. We start with the version, where K ∩ X is bounded.

Theorem 3.11 (Existence, [GU14, Parts of Theorem 2.15] ). Let a : X × Y → R be bounded,

symmetrically bounded, and weakly coercive and satisfy a Nečas condition on Y for X ↪→ Y

dense. Then, for given f ∈ Y′ and bounded K ∩ X, the unique solution uε of (3.4) converges to

u ∈ X ∩ K as ε→ 0 which solves (3.1).

Proof. The proof follows partly some ideas and lines from [LS67, §7.4] (there for the specific

case of PVIs). By Corollary 3.10 we have that |||uε|||ε ≤ κ1 with κ1 independent of ε. Thus,

it follows, that ‖uε‖Y ≤ κ1 and we still need to show that |uε|X is uniformly bounded. As the

convex set K ∩ X is bounded, the inequality: Find u0 ∈ K ∩ X such that

a(u0, v − u0) ≥ f(v − u0), v ∈ K ∩ X, (3.14)

yields a solution. To verify the assumption above, we recall the needed theory of [LS67].

Lemma 3.12 (Existence of Nonnegative Bilinear Form, [LS67, Theorem 4.1]). Assume that the

bilinear form a(·, ·) is nonnegative, i.e., a(u, u) ≥ 0, u ∈ X. If the closed convex set K ∩ X ⊂ X

is bounded, then (3.14) admits at least one solution with f being any given element of X′. 2

Thus, with this solution u0, we can show that |uε|X ≤ |u0|X: We set v = uε in (3.14) and v = u0

in (3.4). Adding up those two inequalities yields

a(u0 − uε, u0 − uε) + ε((uε, u0 − uε))X ≥ 0,

thus, with the nonnegativity of the bilinear form a(u0 − uε, u0 − uε) ≥ 0 follows

ε((uε, u0 − uε))X ≥ 0.

With the Cauchy-Schwarz inequality and the definition of ((·, ·))X, we arrive at

ε|uε|2X ≤ ε|uε|X|u0|X.

Therefore |uε|X ≤ |u0|X and ‖uε‖X ≤ κ1 + |u0|X := κ2, with κ2 independent of ε. Hence,

{uε}ε>0 is bounded in X and we can extract a subsequence {uη}η>0 that is weakly convergent,

i.e., uη ⇀ u in X as η → 0. Since K∩X is closed convex, it is weakly closed, hence u ∈ K∩X.

We finally need to show that u solves (3.1). From (3.4), we get

aε(uε, v)− f(v − uε) ≥ aε(uε, uε) = ε|uε|2X + a(uε, uε) ≥ a(uε, uε).

62



3.1. Well-Posedness

Since – possibly again by considering subsequences – it holds that uε ⇀ u in X as ε → 0, thus

we have aε(uε, v)→ a(u, v) for all v ∈ X as ε→ 0 and hence

a(u, v)− f(v − u) ≥ lim inf
ε→0

a(uε, uε) ≥ a(u, u),

which is equivalent to (3.1).

As already mentioned, the boundedness of K∩X can be replaced in the above proof for existence.

To this end, define a convex set

KR := {uR ∈ K ∩ X such that ‖uR‖X ≤ R}, (3.15)

with R ∈ R+ large enough, such that KR is nonempty. Then, again with Lemma 3.12 there

exists a solution to: Find uR ∈ KR such that

a(uR, v − uR) ≥ f(v − uR), v ∈ KR. (3.16)

With this problem at hand, we can now formulate the second theorem for existence.

Theorem 3.13 (Existence, [GU14, Parts of Theorem 2.15] ). Let a : X × Y → R be bounded,

symmetrically bounded, and weakly coercive and satisfy a Nečas condition on Y for X ↪→ Y

dense. If for given f ∈ Y′, the solution uR of (3.16) is strictly bounded by R, i.e., ‖uR‖X < R,

then the unique solution uε of (3.4) converges to u ∈ X ∩ K as ε→ 0 which solves (3.1).

Proof. We follow the lines of the proof of Theorem 3.11 until ‖uε‖Y ≤ κ1. Then, we need to

show that |uε|X is uniformly bounded. To this end, we recall a result of [LS67].

Lemma 3.14 (Existence of Nonnegative Bilinear Form, [LS67, Theorem 4.2]). Assume that the

bilinear form a(·, ·) is bounded and nonnegative, i.e., a(u, u) ≥ 0, u ∈ X. If uR is a solution of

(3.16) with ‖uR‖X < R, then uR is also a solution of (3.14). 2

According to the lines above, it follows that |uε|X ≤ |uR|X, thus ‖uε‖X ≤ κ1 + |uR|X := κ2,

with κ2 independent of ε. The remaining part of the proof is the same as for Theorem 3.11.

We continue by showing uniqueness.

3.1.5. Uniqueness

To show uniqueness, we use the standard technique of assuming that there exist two solutions

to (3.1) and show that they are identical. In addition, we can show, that the mapping f 7→ u is

Lipschitz-continuous.

63



3. New Results for Noncoercive Variational Inequalities

Theorem 3.15 (Uniqueness). Let u1, u2 ∈ K ∩ X be two solutions of the NCVI (3.1). If the

bilinear form a(·, ·) is weakly coercive, it follows that u1 = u2 w.r.t. the J·KX-norm. More-

over, the mapping f 7→ u is Lipschitz-continuous, i.e., if u1, u2 are two solutions of (3.1) to

corresponding right-hand sides f1, f2 ∈ Y′ it holds that

Ju1 − u2KX ≤
1

αw
Jf1 − f2KX′ . (3.17)

Proof. Following the lines of the uniqueness of Theorem 2.40 with weak coercivity instead of

coercivity, we arrive at

αwJu1 − u2K2
X ≤ a(u1 − u2, u1 − u2) ≤ (f1 − f2)(u1 − u2)

≤ Jf1 − f2KX′Ju1 − u2KX.

Rearranging the terms yields (3.17). By setting f1 = f2 uniqueness of (3.1) follows.

We emphasize that the uniqueness holds with respect to the semi-norm J·KX. Note, that this does

not imply uniqueness in X in one of the stronger norms |||·|||X or ‖ · ‖X.

3.1.6. Stability

We can derive a stability result by taking (3.13) and conduct the limit for ε→ 0. This yields

JuKX ≤
1

α−w
‖f‖X′ +

(γ+
s

α−w
+ 1
)

dist‖·‖X(0,K).

This stability result only holds with respect to the semi-norm J·KX which is weaker than ‖ · ‖X or

even |||·|||X. This deficiency can be overcome using the inf-sup stability of a(·, ·).

Theorem 3.16 (Stability, [GU14, Theorem 2.16]). Let u ∈ K solve (3.1). If a : X × Y → R is

bounded and satisfies the Nečas condition on Y, we have

‖u‖X ≤
1

βa
‖f‖Y′ +

(γa
βa

+ 1
)

dist‖·‖X(0,K). (3.18)

Proof. Let φ ∈ K be arbitrary. Then we use the Nečas’ condition, (3.1), and the boundedness of

a(·, ·) to obtain

βa‖u− φ‖X ≤ sup
v∈Y

a(φ− u, v)

‖v‖Y
= sup

v∈Y

a(φ− u, v − u)

‖v − u‖Y

= sup
v∈Y

a(φ, v − u)− a(u, v − u)

‖v − u‖Y
≤ sup

v∈Y

a(φ, v − u)− f(v − u)

‖v − u‖Y

≤ sup
v∈Y

(γa‖φ‖X + ‖f‖Y′)‖v − u‖Y
‖v − u‖Y

= γa‖φ‖X + ‖f‖Y′ .

Using triangle inequality and taking the infimum over φ ∈ K proves the result.
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3.2. Saddle-Point Formulations

It is well-known, that under certain conditions (3.1) is equivalent to a saddle-point inequality.

This will be the key for the derivation of estimates of the Petrov-Galerkin error versus the resid-

ual. To show the equivalence, we need a (natural) condition, namely, that the convex set K has a

certain representation, which we recall in the following.

Definition 3.17 ([GU14, Definition 3.1]). We say that a convex set K ⊂ Y is of dual cone form

if there exists a Hilbert space W (with norm ‖ · ‖W induced by an inner product (·, ·)W), a

continuous bilinear form b : Y×W→ R, a convex cone M ⊂W (the so-called dual cone), and

some g ∈W′ such that K = {v ∈ Y : b(v, η) ≤ g(η), η ∈ M}.

The corresponding saddle-point problem to (3.1) reads: find (u, λ) ∈ X×M such that

a(u, v) + b(v, λ) = f(v) ∀v ∈ Y, (3.19a)

b(u, η − λ) ≤ g(η − λ) ∀η ∈ M. (3.19b)

For the proof of the below-mentioned well-known result, we, e.g., refer to [BHR79, Theorem

2.1].

Lemma 3.18 (Equivalence of the VI and the Saddle-Point Inequality (SPI), [BHR79, Theorem

2.1]). Let K be of dual cone form and assume that a : X × Y → R is bounded and satisfies a

Nečas condition on Ker(B) := {v ∈ Y : b(v, η) = 0, ∀η ∈ W}. If the bilinear form b(·, ·) is

inf-sup stable, i.e., there exists a βb > 0 such that

sup
v∈Y

b(v, η)

‖v‖Y
≥ βb‖η‖W ∀η ∈W,

then, the VI (3.1) and the SPI (3.19) are equivalent in the following sense.

(i) If u is a solution of (3.1), then there exists a unique λ ∈ M such that (u, λ) is a solution

of (3.19).

(ii) If (u, λ) is a solution of (3.19), then u solves (3.1).

Using the lemma above, we are able to derive the following stability estimate for the dual solu-

tion λ.

Corollary 3.19 (Stability of the Dual Solution λ). Given a unique solution (u, λ) ∈ X ×M of

(3.19). Then the following stability estimate holds

‖λ‖W ≤
1

βb

(
‖f‖Y′ + γa

(
1

β a
‖f‖Y′ +

(γa
βa

+ 1
)

dist‖·‖X(0,K)

))
.
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Proof. Since Y is closed, b(·, ·) is inf-sup stable on Y×W, and there exists a supremizer vλ ∈ Y

such that

βb‖vλ‖Y‖λ‖W ≤ b(vλ, λ) = f(vλ)− a(u, vλ) ≤ ‖f‖Y′‖vλ‖Y + γa‖u‖X‖vλ‖Y.

It follows by rearranging the terms

‖λ‖W ≤
1

βb
(‖f‖Y′ + γa‖u‖X) .

Inserting the stability estimate of Theorem 3.16 finishes the proof.

The main advantage of the reformulation of a VI to a saddle-point inequality is, that we can dis-

cretize the full solution space instead of constructing a conforming discretization for the convex

set K. Often, it is easier to construct MN ⊂ M or to solve (3.19) by a primal-dual active set

strategy (i.e., no need for a conforming discretization of the space M) [HSW12].

3.3. Approximation

After obtaining well-posedness for the noncoercive VI and the SPI, we now develop residual-

based error bounds. Thus, we first introduce a Petrov-Galerkin discretization for (3.1), (3.19)

and then derive error estimates.

3.3.1. Abstract Discretization

Here, we derive the general formulation of a discretized problem in order to obtain an error

bound. Therefore, let XN ⊂ X and MN ⊂ M be suitable conforming finite-dimensional dis-

cretizations of same dimension N ∈ N and consider the approximation of the solution u (re-

spectively u and λ) in those approximation spaces. Moreover, we consider a finite-dimensional

KN ⊂ K.

The discrete problem according to the NCVI (3.1) is defined as: find uN ∈ KN ∩XN , such that

a(uN , vN − uN ) ≥ f(vN − uN ), ∀vN ∈ KN . (3.20)

We also like to point out, that the assumption KN ⊂ K is not easy to realize, unless the convex

set is given in a special form, see Remark 2.48 for an example in space only.

For problem (3.20), the error is denoted by eN := u− uN and the residual RN ∈ Y′ by

RN (v) := f(v − uN )− a(uN , v − uN ), v ∈ Y. (3.21)

If we consider the discrete convex set as KN = {vN ∈ XN : b(vN , ηN ) ≤ g(ηN ), ηN ∈ MN },
then the discrete saddle-point problem emerges in: find (uN , pN ) ∈ XN ×MN such that

a(uN , vN ) + b(vN , λN ) = f(vN ) ∀vN ∈ XN , (3.22a)

b(uN , λN − ηN ) ≤ g(λN − ηN ) ∀ηN ∈ MN . (3.22b)
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The residual rN ∈ X′ of equation (3.22a) is defined by

rN (v) := f(v)− a(uN , v)− b(v, λN ) = a(eN , v) + b(v, δN ), v ∈ X, (3.23)

where δN := λ− λN and the inequality residual sN ∈W′ of (3.22b) is denoted by

sN (η) := b(uN , η)− g(η), η ∈W. (3.24)

We collect some more notation, which is known from [HSW12]. Let r̂N ∈ X, ŝN ∈ W, σ ∈ W

be the Riesz representators of the residuals and the inequality functional

(v, r̂N )X = rN (v), v ∈ X,

(η, ŝN )W = sN (η), η ∈W,

(σ, η)W = b(u, η)− g(η), η ∈W.

The norm of the inequality residual is incorrectly punished if sN (η) < 0 for η ∈ W, as the

inequality b(uN , η) ≤ g(η) would be correctly fulfilled. Thus, we require a projection π : W→
M to overcome this difficulty. Furthermore, it is assumed that this projection is orthogonal with

respect to some scalar product 〈·, ·〉π on W and we define the norm ‖η‖π :=
√
〈η, η〉π, which

is supposed to be an equivalent norm to ‖ · ‖W, i.e., there exist constants cπ, Cπ, such that

0 < cπ < Cπ and cπ‖η‖W ≤ ‖η‖π ≤ Cπ‖η‖W for all η ∈W.

We expect π to have the following properties:

(q − π(q), η)W ≤ 0, q ∈W, η ∈ M, (3.25a)

π(σ) = 0, (3.25b)

〈q, σ〉π ≤ 0, q ∈ M. (3.25c)

We will now use this notation to introduce error bounds which differ from [HSW12].

3.3.2. Residual-Based A Posteriori Error-Bounds

Now, with the definitions of the discrete noncoercive VI and SPI, we can derive residual-based

error estimates.

The weak coercivity and the symmetrically boundedness, characterized in Definition 3.6, will

help to obtain these estimates. We give an error bound for the noncoercive inequality before

turning to the SPI.

Proposition 3.20 ([GU14, Proposition 3.7]). Let a : X× Y → R be bounded, weakly coercive,

symmetrically bounded and satisfy the Nečas condition on Y. Then we have for KN ⊂ K the

estimate

JeN KX ≤ d1 + (d2
1 + d2)1/2,
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where d1 := 1
2αw

JRN KX′ and d2 := |%N (uN )| for the error eN := u−uN and the residual RN

defined in (3.21).

Proof. First, note that (3.1) and (3.20) are well-posed given the current assumptions. Using the

weak coercivity yields

αwJeN K2
X ≤ a(u− uN , u− uN ) = a(u, u− uN )− a(uN , u− uN )

≤ f(u− uN )− a(uN , u− uN ) = RN (u) = %N (u)− %N (uN )

= RN (u− uN ) + %N (uN ) ≤ JRN KX′JeN KX + |%N (uN )|.

Hence, we get the estimate JeN K2
X−2d1JeN KX−d2 ≤ 0 with d1, d2 ≥ 0. Thus, we can estimate

JeN KX by the largest root of the quadratic equation.

Now we derive the error estimator for the noncoercive saddle-point problem and start by fixing

some notation: primal respective dual errors are again abbreviated by eN := u−uN , δN := λ−
λN and the equality respective inequality residual are defined as in (3.23), (3.24). If the bilinear

form b(·, ·) would be inf-sup stable on X×W, then we would get the following primal/dual error

relation.

Remark 3.21 ([GU14, Remark 3.8]). Let a : X × Y → R be bounded, weakly coercive, sym-

metrically bounded, and satisfy the Nečas condition. Let b : Y ×W→ R be bounded and

∃β1 > 0 : inf
η∈W

sup
v∈X

b(v, η)

|||v|||X‖η‖W
≥ β1. (3.26)

Then,

‖δN ‖W ≤
1

β1
(|||rN |||X′ + γsJeN KX).

Proof. Due to the inf-sup stability of a on X × Y and the closeness of X, there exists an v ∈
X, v 6= 0 such that with the residual defined in (3.23) we get

β1|||v|||X‖δN ‖W ≤ b(v, δN ) = rN (v)− a(eN , v).

Now, we use the symmetrically boundedness of a(·, ·) and get

β1|||v|||X‖δN ‖W ≤ |||rN |||X′ |||v|||X + γsJeN KX|||v|||X,

which proves the claim.

Remark 3.22 ([GU14, Remark 3.9]). The inf-sup condition (3.26) is generally not satisfied by

our previous assumptions even if we would use the weaker norm ‖·‖X instead of (the equivalent)

|||·|||X. Moreover, it is by no means clear if such a condition holds at all.
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As mentioned above, an inf-sup constant for b(·, ·) on X ×W might not be practical. Thus, we

need some relation between the bilinear form b(·, ·) describing the convex set M and the space

X. Again, later on, it will be shown that the setting is valid for, e.g., PVIs.

Definition 3.23 ([GU14, Definition 3.10]). We call the convex set K X-compatible if there exists

a mapping D : W→ X such that

(1) b(Dλ, η) = (λ, η)W for λ, η ∈W;

(2) there exists a CD <∞ such that |||Dλ|||X ≤ CD ‖λ‖W for all λ ∈W.

We are ready to prove the announced estimate.

Lemma 3.24 ([GU14, Lemma 3.11]). Let K be X-compatible and let a : X × Y → R be

symmetrically bounded. Then,

‖δN ‖W ≤ CD(|||rN |||X′ + γsJeN KX).

Proof. Since K is X-compatible, we have for w ∈W that

(w, δN )W = b(Dw, δN ) = rN (Dw)− a(eN , Dw) ≤ |||rN |||X′ |||Dw|||X + γs|||Dw|||XJeN KX,

which proves the claim by choosing w = δN = λ− λN ∈W.

Finally, the estimate for the noncoercive case can be demonstrated.

Theorem 3.25 ([GU14, Theorem 3.12]). Let a : X × Y → R be bounded, weakly coercive,

symmetrically bounded, and satisfy a Nečas condition on Ker(B). Let b : Y × W → R be

bounded and inf-sup stable. If K is X-compatible, the following error/residual estimates hold

JeN KX ≤ ∆NP := c1 + (c2
1 + c2)1/2,

where

c1 :=
1

2αw
(JrN KX′ + γsCD‖π(ŝN )‖W), and

c2 :=
1

αw
(CD|||rN |||X′‖π(ŝN )‖W + (λN , π(ŝN ))W).

Moreover, we get

‖δN ‖W ≤ ∆ND := CD(|||rN |||X′ + γs∆
N
P ).
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Proof. First, note that the continuous problems (3.1), (3.19) and the discrete ones (3.20), (3.22)

are well-posed and equivalent in the sense of Lemma 3.18. In order to prove the claimed esti-

mate, we follow the lines of the proof for the coercive estimate in [HSW12], and arrive at

αwJeN K2
X ≤ a(eN , eN ) = rN (eN )− b(eN , δN )

≤ JrN KX′JeN KX − b(u, δN ) + b(uN , δN )

≤ JrN KX′JeN KX − g(δN ) + g(δN ) + sN (δN )

= JrN KX′JeN KX + sN (δN ) = JrN KX′JeN KX + (λ, ŝN )W

≤ JrN KX′JeN KX + (λ, π(ŝN ))W + (λ, ŝN − π(ŝN ))W

≤ JrN KX′JeN KX + (λ, π(ŝN ))W

= JrN KX′JeN KX + (λ− λN , π(ŝN ))W + (λN , π(ŝN ))W

≤ JrN KX′JeN KX + (δN , π(ŝN ))W + (λN , π(ŝN ))W.

We use Lemma 3.24 and obtain

(δN , π(ŝN ))W ≤ ‖δN ‖W‖π(ŝN )‖W ≤ CD‖π(ŝN )‖W(|||rN |||X′ + γsJeN KX),

so that we arrive at

αwJeN K2
X ≤ (JrN KX′ + γsCD‖π(ŝN )‖W)JeN KX + CD‖π(ŝN )‖W (|||rN |||X′ + (λN , π(ŝN ))W.

Again, we get an estimate of the form x2 − 2c1x − c2 ≤ 0. As c1, c2, x ≥ 0, it follows that

x ≤ c1 +
√
c2

1 + c2, which proves the claim. The estimate for ‖δN ‖W follows from Lemma

3.24.

Remark 3.26 ([GU14, Remark 3.13]). (a) It should be noted that the error bounds ∆NP and

∆ND both tend to zero as N →∞. In fact, we have for any η ∈W that

(η, ŝN )W = sN (η) = b(uN , η)− g(η)→ b(u, η)− g(η) = (σ, η)W ≤ 0,

as N → ∞ since u ∈ K. Since π is continuous, we get (η, π(ŝN ))W → (π(σ), η)W = 0,

as N →∞ and rN and δN trivially tend to zero.

(b) If a stronger inf-sup condition (3.26) holds, we can derive an error/residual estimate sim-

ilar to Theorem 3.25 (just replacing CD by β−1
1 ) without the requirement of X-compati-

bility of the convex set K.

In this chapter, we considered Petrov-Galerkin variational inequalities, where the requirements

for the bilinear form a(·, ·) are milder than coercivity. We have been able to show well-posedness

for this setting, derived an equivalent saddle-point inequality and succeeded in obtaining a pos-

teriori error estimates in terms of the residual.
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In the subsequent thesis, we will adapt the work of this chapter to evolution inequalities. We

start with the time-dependent formulation and a more precise definition of the convex set K and

the convex cone M.
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4
Space-Time Formulation of Parabolic
Variational Inequalities

To the best of our knowledge, there have been no well-posedness results for the space-time

formulation of variational inequalities before. In this chapter, we introduce the space-time for-

mulation of a Parabolic Variational Inequality (PVI) and derive well-posedness by applying

the results of the foregoing analysis for noncoercive variational inequalities. The norms and

semi-norms will be specified and the technical requirements from the last chapter will fit the

space-time setting. Moreover, we detail the space-time formulation for the saddle-point prob-

lem, which leads to the question how the trial space for the dual solution, the convex set or cone,

and especially the bilinear form b(·, ·) have to be defined in order to guarantee that the inequality

and the saddle-point problem are equivalent. Another question is in which sense the obstacle

condition is fulfilled, e.g., as a bank would like to ensure that it is solvent at all times and not

only in average at all times, which could possibly mean bankruptcy. With a specific formulation

for the projection onto the convex cone, we show that the obstacle is not violated at any time.

Then, a discretization for both space-time formulations is presented and it is shown, that this

special discretization results in a Crank-Nicolson scheme. Subsequently, the discrete norms ac-

cording to the particular discretization are defined and well-posedness for the discrete problems

is shown. In the last section, we numerically investigate in the convergence rate and the stability

of the bilinear forms for the presented discretization.

Again for the notation of the space-time setting, we denote by a, f time-dependent forms and

by spaces in blackboard bold style V,X time-dependent spaces. In contrast, time-independent

forms are indicated by a tilde ã, f̃ , and the corresponding stationary spaces by V ,X . Some of

this contribution by the author in this chapter has already been presented in [GU14].

4.1. Variational Space-Time Formulation

For the space-time formulation of the variational inequality, we start by the parabolic variational

inequality (PVI) of Section 2.4.2 and therefore recall its definition: Let V ,H be two separable

Hilbert spaces with norms ‖·‖V , ‖·‖H induced by scalar products (·, ·)V , (·, ·)H such that V ↪→
H ↪→ V ′ is a Gelfand triple. In addition, let I = (0, T ) be a time interval with 0 < T < ∞,
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ã : V × V → R be a bilinear form, c ∈ L2(I;V ′) be a linear functional and let K(t) ⊂ V for

a.e. t ∈ I be a closed, convex, nonempty set. The definition if the PVI reads: Find u(t) ∈ K(t),

such that

(u̇(t), v(t)− u(t))H + ã(u(t), v(t)− u(t)) ≥ (c(t), v(t)− u(t))H , ∀v(t) ∈ K(t), (4.1a)

u(0) = 0, (4.1b)

for a.e. t ∈ I . It is investigated in Section 2.4.2 under which conditions solutions exist.

To derive the space-time variational formulation, we recall the space-time spaces

X := {v ∈W(I) : v(0) = 0} = L2(I;V ) ∩H1
(0)(I;V ′), Y := L2(I;V ),

with associated graph norms

‖u‖X := ‖u‖2L2(I;V ) + ‖u̇‖2L2(I;V ′), u ∈ X, ‖v‖Y := ‖v‖L2(I;V ), v ∈ Y,

and space-time forms a : X× Y→ R, f : Y→ R

a(u, v) :=

∫
I
〈u̇(t), v(t)〉V ′×V dt+

∫
I
ã(u(t), v(t)) dt,

f(v) :=

∫
I
〈c(t), v(t)〉V ′×V dt,

for u ∈ X, v ∈ Y. Thus, the semi-norm |u|X introduced in Section 3.1.1 is here given by ‖u̇‖Y′
for u ∈ X. Then, the space-time variational formulation of (4.1) reads:

Problem 4.1 (Space-Time Inequality). Let K ⊂ Y, i.e., K(t) ⊂ V for a.e. t ∈ I , be a closed

convex set. Find u ∈ X ∩K such that u(t) ∈ K(t) for a.e. t ∈ I and

a(u, v − u) ≥ f(v − u) ∀v ∈ K. (4.3)

Remark 4.2 (Weak Formulation). The inequality (4.3) is often called weak formulation in time.

It should be noted that (4.3) does not correspond to the weak formulation in [IK06], since there

integration by parts with respect to time is performed.

Next, we show that (4.3) is well-posed. For the analysis of the space-time variational inequality,

recall the stronger but equivalent norm to ‖ · ‖X on X

|||v|||2X : = ‖v‖2L2(I;V ) + ‖v̇‖2L2(I;V ′) + ‖v(T )‖2H , v ∈ X,

Additionally, we need to specify the semi-norm in Section 3.1.2, defined here by

JvK2
X := ‖v‖2L2(I;V ) + ‖v(T )‖2H , v ∈ X, (4.4)

which yields a stronger norm than ‖v‖L2(I;V ) in X and again, due to Theorem 2.8, the quantity

v(T ) is well-defined. By the analysis of Section 3.1, we obtain well-posedness results for Prob-

lem 4.1. In particular, we can even show another proof of existence for (4.3) with less restrictive
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assumptions on K. Therefore, we follow the proof of Theorem 2.46 and make use of the special

structure of K, here for the finite-dimensional case.

We get back to this special case, after collecting the other assumptions on the bilinear and linear

forms for well-posedness. To this end, we are going to verify that the space-time bilinear form

a(·, ·) is bounded, symmetrically bounded, and weakly coercive.

Proposition 4.3 ([GU14, Proposition 4.2]). Let the bilinear form ã(·, ·) be bounded and satisfy-

ing a Gårding inequality, i.e., (2.19). If it holds that αã − λã%2 > 0 with ρ := sup06=φ∈V
‖φ‖H
‖φ‖V ,

then the bilinear form a(·, ·) is bounded, symmetrically bounded, and weakly coercive.

Proof. First we show that a(·, ·) is bounded. Let v ∈ X, w ∈ Y, then by Cauchy-Schwarz’

inequality

a(u, v) =

∫
I
〈u̇(t), v(t)〉V ′×V dt+

∫
I
ã(u(t), v(t)) dt

≤ ‖u̇‖L2(I;V ′)‖v‖L2(I;V ) + γã‖u‖L2(I;V )‖v‖L2(I;V )

≤ max{1, γã}
(
‖u̇‖L2(I;V ′) + ‖u‖L2(I;V )

)
‖v‖Y

≤
√

2 max{1, γã} ‖u‖X ‖v‖Y,

which proves the boundedness with γa :=
√

2 max{1, γã}. For the weak coercivity, we apply

the Gårding inequality for some u ∈ X

a(u, u) =

∫
I
〈u̇(t), u(t)〉V ′×V dt+

∫
I
ã(u(t), u(t)) dt

=
1

2
‖u(T )‖2H +

∫
I
ã(u(t), u(t)) dt

≥ 1

2
‖u(T )‖2H +

∫
I
(αã‖u(t)‖2V − λã‖u(t)‖2H ) dt

≥ 1

2
‖u(T )‖2H + (αã − λã%2)‖u‖2L2(I;V ) ≥ min

{
1

2
, αã − λã%2

}
JuK2

X,

i.e., weak coercivity with constant αw := min
{

1
2 , αã − λã%

2
}1/2. Finally, integration by parts

and recalling that v(0) = 0 in H for v ∈ X yields for u, v ∈ X that

a(u, v) = (u(T ), v(T ))H − (u(0), v(0))H −
∫
I
〈u(t), v̇(t)〉V×V ′dt+

∫
I
ã(u(t), v(t)) dt

≤ ‖u(T )‖H ‖v(T )‖H + ‖u‖L2(I;V )‖v̇‖L2(I;V ′) + γã‖u‖L2(I;V )‖v‖L2(I;V )

≤ max{1, γã}
(
‖u(T )‖H + 2‖u‖L2(I;V )

)
|||v|||X

≤ γsJuKX|||v|||X,

with γs :=
√

6 max{1, γã}.

We can now show well-posedness for (4.3), starting with the variant, where the convex set K∩X
is bounded.
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Corollary 4.4 ([GU14, Parts of Corollary 4.3]). If the assumptions of Proposition 4.3 hold and

the convex set K ∩ X is bounded, then the space-time VI (4.3) admits a unique solution.

Proof. By Proposition 4.3, the bilinear form a(·, ·) is bounded, symmetrically bounded and

weakly coercive. In addition, under the same prerequisites, the bilinear form a(·, ·) satisfies a

Nečas condition due to Theorem 2.18. Then, the proof is a direct appliance of 3.11 for existence,

Theorem 3.15 for uniqueness and Theorem 3.16 for stability.

For the second version of the well-posedness theorem, we recall the definition of the convex set

KR: Let R ∈ R+ be sufficiently large, such that the convex set

KR := {uR ∈ K ∩ X such that ‖uR‖X ≤ R},

is nonempty. Then, due to [LS67, Theorem 4.1], there exists a solution to: find uR ∈ KR such

that

a(uR, v − uR) ≥ f(v − uR), v ∈ KR. (4.5)

Corollary 4.5 ([GU14, Parts of Corollary 4.3]). If the solution uR ∈ KR of (4.5) satisfies

‖uR‖X < R and the assumptions of Proposition 4.3 hold, then the space-time VI (4.3) admits a

unique solution.

Proof. The proof follows the lines of the proof of Corollary 4.4. The only difference is, that

existence is shown by Theorem 3.13.

In Theorem 2.46, the existence of the time-dependent inequality with unbounded time interval

was proven. As mentioned above, we can extend this idea of proving the existence to a time-

dependent inequality with a bounded time interval I := (0, T ) with T < ∞. To this end, we

define the convex set K accordingly to the ones in Section 2.4.2: By ΩI := I × Ω, we denote

the combined space-time domain with finite time horizon. Then, let Γ be the boundary of Ω and

denote by Σ := ∂I × ∂Ω = {0, T} × Γ the lateral boundary of ΩI . We define a closed convex

set K ⊂ Y by

K1 := {v ∈ Y, v|Σ ≥ 0 a.e. t ∈ I}. (4.6)

This convex set K can alternatively be replaced by

K2 := {v ∈ Y, v(t) ∈ K a.e. t ∈ I}, (4.7)

where K ⊂ V is closed and time-invariant. Note, that in contrast to the infinite dimensional

setting, we do not need that 0 ∈ K . This property would have been used to show that ‖uε‖Y
is bounded, but this is already covered by the boundedness, weak coercivity and symmetrically

boundedness of a(·, ·) due to Corollary 3.10.

76



4.1. Variational Space-Time Formulation

Theorem 4.6 (Well-Posedness with Finite Time Horizon, [GU14, Parts of Theorem 2.15] ). If

the assumptions of Proposition 4.3 hold, the space-time VI (4.3) admits a unique solution with

the convex set K defined in (4.6) or (4.7).

Proof. Uniqueness and stability follow by the same synopsis of the proof by Theorem 3.15 and

Theorem 3.16. For existence, we start by defining the ε-regularized problem for the space-time

formulation: For ε > 0, find uε ∈ K ∩ X such that

aε(uε, v − uε) ≥ f(v − uε) ∀v ∈ K ∩ X, (4.8)

where

aε(u, u) = ε(u̇, u̇)Y′ + a(u, u), u ∈ X,

with forms aε : X × X → R and f : X → R. By Proposition 4.3, the bilinear form a(·, ·) is

bounded, symmetrically bounded and weakly coercive. Therefore, it also holds that a(u, u) ≥
αY‖u‖2Y for all u ∈ X. Thus, the regularized inequality (4.8) admits a unique solution uε ∈
K ∩ X.

Next, we follow the lines of the proof of Theorem 3.11 and show that uε → u ∈ K∩X, as ε→ 0

and that u solves (4.3). Again, by Corollary 3.10, we obtain ‖uε‖Y ≤ κ1 with κ1 independent

of ε. Then, we use the arguments of the proof in Theorem 2.46 to show that ‖u̇ε‖Y′ < κ2, where

a special space-time structure of the cone K is used.

By taking ϕ = uε ± ψ in (4.8), which is allowed due to Remark 2.47, where ψ ∈ D(Ω× I), it

follows that

a(uε, ψ) + ε(u̇ε, ψ̇)L2(I;H ) = f(ψ). (4.9)

Now, we split the bilinear form a(·, ·) into two parts

a(u, v) = 〈u̇ε, v〉Y′×Y + c(u, v), u ∈ X, v ∈ Y,

where

c(u, v) :=

∫
I
ã(u(t), v(t)) dt, u, v ∈ Y.

As the bilinear form c(·, ·) is bounded, we associate an operator C : Y× Y→ R to the bilinear

form c(·, ·) by

〈Cu, v〉Y′×Y := c(u, v), u, v ∈ Y.

With this definition (4.9) results in

Cuε + u̇ε − εüε = f (4.10)
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4. Space-Time Formulation of Parabolic Variational Inequalities

in the distributional sense. Due to ‖uε‖Y ≤ κ1, the regularized solution uε remains in a bounded

set of L2(I;V ) such that Cuε remains in a bounded set of L2(I;V ′). Therefore

gε := f − Cuε ≤ c3

and we can rewrite (4.10) as

u̇ε − εüε = gε.

Next, we define vε := u̇ε and obtain a linear ordinary differential equation (ODE)

v̇ε −
1

ε
vε = −1

ε
gε.

As vε ∈ L2(I;V ′), which means, that vε(T ) <∞ (otherwise vε /∈ L2(I;V ′)), we set vε(T ) =

cε with cε ∈ R+. By solving the ODE with this final value, we arrive at

vε(t) =

∫ t

T
−1

ε
exp(ε−1(t− σ))gε(σ) dσ +

cε

exp(T−t)/ε .

By switching the bounds of integration, the solution is given by

vε(t) = u̇ε(t) =

∫ T

t
Eε(t− σ)gε(σ) dσ +

cε

exp(T−t)/ε , Eε(t) =

ε−1 exp(ε−1t), if t < 0,

0, if t > 0.

We have that
∫
R |Eε(t)| dt = 1 and cε/exp(T−t)/ε ≤ κ3 < ∞. Therefore, uε is bounded by

‖u̇ε‖Y′ ≤ 1 + κ3 := κ2.

Then, we again follow the lines of the proof of Theorem 3.11 and thus, uε → u ∈ K ∩ X, as

ε→ 0 and u solves (4.3).

4.2. Modelling of the Cone: Saddle-Point Problem

We can also derive a space-time formulation of the saddle-point problem, which we will use for

deriving an error bound. If we assume that K(t), for a.e. t ∈ I , can be represented as

K(t) := {v(t) ∈ V : b̃(v(t), η(t)) ≤ g(t; η(t))∀η(t) ∈ M },

where b̃ : Y × W → R is a bilinear form in space only, M ⊂ W is the dual cone and

g(t) ∈ W ′ is given. Then, in order to define a space-time saddle-point inequality, we need to

define the space W and the space-time bilinear form b : Y×W→ R.

The precise definition of W and b(·, ·) depends on the question how the convex space-time set

K arises from K(t), i.e., its temporal evolution or how the dual cone M ⊂W emerges from M .

Then, given g ∈ W′, we obtain the space-time saddle-point inequality, where a(·, ·), f(·) are

defined as in Problem 4.1.

78



4.2. Modelling of the Cone: Saddle-Point Problem

Problem 4.7 (Space-Time Saddle-Point Inequality). Find (u, λ) ∈ X×M such that

a(u, v) + b(v, λ) = f(v), ∀v ∈ Y, (4.11a)

b(u, λ− η) ≤ g(λ− η), ∀η ∈M. (4.11b)

Well-posedness follows from the preceding section.

Corollary 4.8. If the assumptions of Proposition 3.18 and Corollary 4.4 (or Corollary 4.5,

Theorem 4.6) hold, i.e., the space-time inequality admits a unique solution and the bilinear form

b(·, ·) is inf-sup stable, then (4.11) admits a unique solution (u, λ) ∈ X ×M and Problem 4.1

and Problem 4.7 are equivalent.

Then, the error estimator for the saddle-point formulation can be derived, since the bilinear form

b(·, ·) is inf-sup stable and continuous on W × Y. This raises the question on how the bilinear

b(·, ·) should be defined in order that these assumptions hold. In addition, it should be understood

in which sense the inequality (4.11b) holds and how this can be ensured by the definition of the

spaces. Therefore, we discuss in the subsequent section possible choices for W,M and b(·, ·).

Since the convex set K is a space-time object, there are different possibilities to model its time

dependence, which also includes time-dependent convex sets. For the representation of the cone,

we need to define M,W and b(·, ·) such that the following assumptions hold.

Assumption 4.9. We assume that

a) the bilinear form b(·, ·) is inf-sup stable,

b) the operator D : M → X fulfills Definition 3.23 with X := X (to ensure that K is X-

compatible),

c) the projector π satisfy the properties (3.25).

These assumptions are crucial for well-posedness of the saddle-point inequality (inf-sup stability

of b(·, ·)) and for the error estimation (X-compatibility and projection π). We begin with some

straightforward approaches.

Approaches for “Almost All” Times

We start with an obstacle (or barrier) problem. In this setting, it makes sense to require that a

solution u ∈ X of a PVI satisfies the cone condition for (at least for almost) all times, i.e.,

b̃(v(t), η) ≤ g̃(t; η) ∀η ∈ M̃ , ∀ t ∈ I a.e., (4.12)

where M ⊂W is the dual cone in space. However, a condition for “almost” all t ∈ I might not

be sufficient (e.g., a company should not be solvent just for almost all times). Hence, we are left

defining b(·, ·), M and W, which will also determine in which sense u ∈ K will be understood.
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4. Space-Time Formulation of Parabolic Variational Inequalities

Stationary Cones

In case of a stationary cone, i.e., g(t) ≡ g ∈W ′, one might try to set M := M , W := W and

bstat(v, η) :=

∫
I
b̃(v(t), η) dt, v ∈ Y = L2(I;V ), η ∈W.

This, however, does not guarantee that the cone-condition holds for (almost) all times since

bstat(v, η) = b̃(v̄, η) with the temporal average v̄ :=
∫
I v(t) dt. Therefore, this would only ensure

that the temporal average is in K which might not be sufficient (depending on the problem at

hand, of course).

Average Condition

Another possibility is, that we define the space W := L2(I;W ) and the bilinear form as

b(v, η) :=

∫
I
b̃(v(t), η(t)) dt, v ∈ Y, η ∈W.

For any given g ∈W′ = L2(I;W ), the cone condition reads∫
I
b̃(v(t), η(t)) dt ≤

∫
I
〈g(t), η(t)〉W ′×W dt,

which can be interpreted as a cone condition in average on time. This might be insufficient from

an application point of view, but, we can show that b(·, ·) is inf-sup stable:

Proposition 4.10 ([GU14, Proposition 4.4]). Let b̃ : V ×W → R be bounded and inf-sup

stable, i.e.,

b̃(η, µ) ≤ γb̃‖η‖V ‖µ‖W , inf
µ∈W

sup
η∈V

b̃(η, µ)

‖η‖V ‖µ‖W
≥ βb̃ > 0. (4.13)

Then, b : Y×W→ R defined for W := L2(I;W ) by

b(y, η) :=

∫
I
b̃(y(t), η(t)) dt

is inf-sup stable on Y×W with constant βb ≥ βb̃.

Proof. Define the operator B̃ : V →W ′ by 〈B̃η, µ〉W ′×W := b̃(η, µ) for η ∈ V , µ ∈W . By

(4.13), the operator B̃ is boundedly invertible with

‖B̃η‖W ′ ≤ γb̃ ‖η‖V , ‖B̃−1µ̂‖V ≤
1

βb̃
‖µ̂‖W ′ .

Let η ∈W be given, i.e., η(t) ∈W for almost all t ∈ I . For such a t ∈ I , define η̂(t) ∈W ′ as

the Riesz representation, i.e.,

〈η̂(t), q〉W ′×W = (η(t), q)W , q ∈W ,
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4.2. Modelling of the Cone: Saddle-Point Problem

(where (·, ·)W is the inner product in W ) in particular ‖η̂(t)‖W ′ = ‖η(t)‖W . Then, set yη(t) :=

B̃−1η̂(t) ∈ V . This implies that b̃(yη(t), η(t)) = 〈η̂(t), η(t)〉W ′×W = ‖η(t)‖2W . Since

‖yη‖2Y =

∫
I
‖yη(t)‖2V dt ≤ β−2

b̃

∫
I
‖η̂(t)‖2W ′dt = β−2

b̃

∫
I
‖η(t)‖2W dt = β−2

b̃
‖η‖2W

we get ‖yη‖Y ≤ βb̃−1‖η‖W and in particular that yη ∈ Y. Finally,

b(yη, η) =

∫
I
b̃(yη(t), η(t))dt =

∫
I
‖η(t)‖2W dt = ‖η‖2W ≥ βb̃‖η‖W‖yη‖Y,

which proves the claim.

Although well-posedness for the SPI could be achieved for this setting, we have not been able

to construct an operator D : M → X such that X-compatibility holds. This relies on the fact

that the norm of W does not provide sufficient regularity in time which is needed by the space

X. Therefore, we equip W with more regularity in time.

Space W with H1-Regularity in Time

To achieve more temporal regularity, we set

W := H1
{0}(I;W ) := {η ∈ H1(I;W ) : η(0) = 0}, (4.14)

where W ⊂ C(Ī;W ), see, e.g., [AU10, Satz 8.24]. At a first glance, the condition η(0) = 0

might be surprising. However, keeping in mind that a PVI is equipped with an initial condition

which lies in the convex set K, there is no need to ensure this by the variational formulation.

Thus, the homogeneous initial condition is a natural choice. In order to prove inf-sup stability,

we define

|||η|||2W := ‖η̇‖2L2(I;W ) + ‖η‖2L2(I;W ) + ‖η(T )‖2W .

This choice – which again is a slightly stronger norm than the usual graph norm – has a remark-

able consequence, namely

‖η̇ + η‖2L2(I;W ) = ‖η̇‖2L2(I;W ) + ‖η‖2L2(I;W ) + 2

∫
I
〈η̇(t), η(t)〉W dt

= ‖η̇‖2L2(I;W ) + ‖η‖2L2(I;W ) + ‖η(T )‖2W − ‖η(0)‖2W
= |||η|||2W, (4.15)

since η(0) = 0 for η ∈ W. It turns out that this is a good choice to ensure inf-sup stability on

W.

Proposition 4.11 ([GU14, Proposition 4.5]). Let b̃ : V ×W → R be bounded and inf-sup

stable as in (4.13). Then, b : Y×W→ R defined by

b(y, η) :=

∫
I
b̃(y(t), η̇(t) + η(t)) dt

is inf-sup stable with constant βb ≥ 2−1/2βb̃.
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4. Space-Time Formulation of Parabolic Variational Inequalities

Proof. Let η ∈ W be given. For any t ∈ I , there exists yη(t) := B̃−1(R[η(t) + η̇(t)]), where

R : W → W ′ is the Riesz operator (i.e., R[η] = η̂ is the Riesz representation and R is a linear

operator). As in the proof of Proposition 4.10, we estimate

‖yη‖2Y =

∫
I
‖yη(t)‖2V dt ≤ β−2

b̃

∫
I
‖R[η(t) + η̇(t)]‖2W ′dt

= β−2

b̃

∫
I
‖η(t) + η̇(t)‖2W dt = β−2

b̃
‖η̇ + η‖2L2(I;W )

≤ 2β−2

b̃
(‖η̇‖2L2(I;W ) + ‖η‖2L2(I;W ) + ‖η(T )‖2W ) = 2β−2

b̃
|||η|||2W,

i.e., ‖yη‖Y ≤
√

2β−1

b̃
|||η|||W. Since b̃(yη(t), η̇(t) + η(t)) = ‖η̇(t) + η(t)‖2W , we finally get

b(yη, η) =

∫
I
b̃(yη(t), η̇(t) + η(t))dt =

∫
I
‖η̇(t) + η(t)‖2W dt = ‖η̇ + η‖2L2(I;W )

= |||η|||2W ≥ 2−1/2βb̃|||η|||W ‖yη‖Y,

which proves the estimate.

Again, we obtain well-posedness for the SPI, but we have not been able to define the X-

compatibility. A possible choice would be M := H1
0 (I;M ), such that M ⊂ C(Ī;M ) and

(Dη)(t) := D̃(η(t) + η̇(t)) with D̃ : M → V . Unfortunately, this would not be bounded in X.

We continue with ensuring the pointwise conditions.

Pointwise Conditions

Let us now show how to ensure that v(t) ∈ K(t) for all t ∈ I , provided that v ∈ X ∩ K. This

approach allows us to show well-posedness for the SPI and, in addition, construct appropriate

operatorsD and π such that Assumption 4.9 holds. To this end, we assume that W ′ ↪→ H̃ ↪→W

is a Gelfand triple with a Hilbert space H̃ and M ⊂ H̃ . Moreover, this results in having

g(t; η(t)) = 〈g(t), η(t)〉W ′×W . We define

H1
{0}(I;W ′) := {w ∈ H1(I;W ′) : w(0) = 0 in H̃ }

and set W := (H1
{0}(I;W ′))′ as well as M := H1(I;M ). The bilinear form b(·, ·) is then

defined by

b(y, η) :=

∫
I
b̃(y(t), η(t))dt, y ∈ Y, η ∈W.

First, note that M ⊂W in the sense of a continuous embedding. In fact, let η ∈M, i.e.,

‖η‖2H1(I;W ) =

∫
I
{‖η̇(t)‖2W + ‖η(t)‖2W }dt <∞

and η(t) ∈ M ⊂W for all t ∈ I . Then,

lη(v) :=

∫
I
{〈η̇(t), v̇(t)〉W×W ′ + 〈η(t), v(t)〉W×W ′}dt, v ∈ H1

{0}(I;W ′) = W′,
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defines a linear mapping lη : H1
{0}(I;W ′) → R which is bounded, i.e., |lη(v)| ≤ Cη‖v‖W′ ,

hence lη ∈ (H1
{0}(I;W ′))′ = W, which proves M ⊂ W. Next, we note for later reference that

for g ∈W′ and η ∈M we have

〈g, η〉W′×W =

∫
I
〈g(t), η(t)〉W ′×W dt. (4.16)

In fact, we have W′ = H1
{0}(I;W ′) ↪→ L2(I;W ′) ↪→ W ∼= H−1(I;W ′) such that the duality

of W′ and W is induced by L2(I; H̃ ) in the sense that 〈g, h〉W′×W = (g, h)L2(I;H̃ ) if g ∈W′ and

h ∈ L2(I; H̃ ). For η ∈ M = H1(I;M ) ⊂ L2(I; H̃ ), we thus get 〈g, h〉W′×W = (g, h)L2(I;M )

and the duality of W ′ and W is induced by H̃ , which shows (4.16).

Proposition 4.12 ([GU14, Proposition 4.6]). Let M,W and b(·, ·) be as above. If w ∈ X ∩ K,

then w(t) ∈ K(t) for all t ∈ I .

Proof. Let t ∈ I be arbitrary and pick an arbitrary η ∈ M . Denoting by δt the Dirac distribution

in time, we consider a sequence (ηδ)δ>0 ⊂M such that ηδ → δt ⊗ η as δ → 0+. Then,

b(w, ηδ) =

∫
I
b̃(w(s), ηδ(s))ds→ b̃(w(t), η) as δ → 0+,

and on the other hand since ηδ ∈M

b(w, ηδ) ≥ 〈g, ηδ〉W′×W =

∫
I
〈g(s), ηδ(s)〉W ′×W ds→ 〈g(t), η〉W ′×W

as δ → 0+, i.e., b̃(w(t), η) ≥ 〈g(t), η〉W ′×W for all η ∈ M , which proves the claim.

The latter result shows that the above model in fact guarantees that the solution u ∈ X ∩K lies

pointwise in K(t). We now show that the three parts of Assumption 4.9 are satisfied, starting

with the inf-sup stability.

Inf-Sup Stability

In order to prove well-posedness, we need to show inf-sup stability.

Proposition 4.13 ([GU14, Proposition 4.7]). Let M,W and b(·, ·) be as above and assume

(4.13), i.e., b̃ : V ×W → R is inf-sup stable with constant βb̃ > 0. Then, b : Y ×W → R is

inf-sup stable with constant βb ≥ βb̃.

Proof. Let η ∈W be given and denote by η̂ ∈W′ its Riesz representation, i.e.,

(η̂, w)W′ = 〈η, w〉W×W′ ,

for all w ∈W′, in particular 〈η, η̂〉W×W′ = ‖η̂‖2W′ = ‖η‖2W. Since W′ = H1
{0}(I;W ′), we have

η̂(t) ∈W ′ for all t ∈ I and we define yη : I → V by yη(t) := B̃−1(η̂(t)) ∈ V , t ∈ Ī . Since

‖yη‖2Y =

∫
I
‖yη(t)‖2V dt =

∫
I
‖B̃−1(η̂(t))‖2V dt ≤ β−2

b̃

∫
I
‖η̂(t)‖2W ′dt

= β−2

b̃

∫
I
〈η̂(t), η(t)〉W ′×W dt = β−2

b̃
〈η̂, η〉W′×W = β−2

b̃
‖η‖2W,
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we get yη ∈ Y. Finally,

b(yη, η) =

∫
I
b̃(yη(t), η(t))dt =

∫
I
〈B̃yη(t), η(t)〉W ′×W dt

=

∫
I
〈η̂(t), η(t)〉W ′×W dt = 〈η̂, η〉W′×W = ‖η‖2W ≥ βb̃‖η‖W‖yη‖Y,

which proves the claim.

After deriving well-posedness for the SPI, we take a look at the X-compatibility.

X-Compatibility

With R̃ : W →W ′ we denote the Riesz operator in space

〈R̃η̃, ζ〉W ′ = 〈η̃, ζ〉W×W ′ ∀ζ ∈W ′,

and withR : W→W′ the space-time Riesz operator defined by

〈Rw, ξ〉W′ = 〈w, ξ〉W×W′ =

∫
I
〈w(t), ξ(t)〉W×W ′ ∀ξ ∈W′.

Especially, it holds that ‖R̃w̃‖W ′ = ‖w̃‖W , ‖Rw‖W′ = ‖w‖W and for later reference, note that

(w, η)W = (Rw,Rη)W′ as well as (w̃, η̃)W = (R̃w̃, R̃η̃)W ′ . Thus, we arrive at the following

result concerning the X-compatibility of the convex cone.

Proposition 4.14 ([GU14, Proposition 4.9]). Assume that W ′ ↪→ H̃ ↪→ W is a Gelfand triple

such that M ⊂W ′. Moreover, assume the existence of a linear mapping D̃ : W → V with

(i) b̃(D̃η̃, p̃) = (η̃, p̃)W ∀η̃, p̃ ∈ M ,

(ii) ‖D̃η̃‖V ≤ CD̃‖η̃‖W ∀η̃ ∈ M .

Then, K is X-compatible with (Dη)(t) := D̃(R̃−1[(Rη)(t)]) for t ∈ Ī and η ∈M.

Proof. For η ∈ M, we have Rη ∈ W′, thus (Rη)(t) ∈ W ′ and R̃−1[(Rη)(t)] ∈ W ∀t ∈ Ī , so

that D is well-defined on M. In order to verify (1) of Definition 3.23, we get for η, p ∈ M by

(4.16), assumption (i) of this proposition, and the definitions ofR and R̃

b(Dη, p) =

∫
I
b̃((Dη)(t), p(t)) dt =

∫
I
b̃(D̃(R̃−1[(Rη)(t)]), p(t)) dt

=

∫
I
(R̃−1[(Rη)(t)], p(t))W dt =

∫
I
〈(Rη)(t), p(t)〉W ′×W dt

= 〈Rη, p〉W′×W = (η, p)W,

which proves (1). In order to show (2) of Definition 3.23, we first note that for v ∈ X, we have

‖v(T )‖2H =

∫
I

d

dt
‖v(t)‖H dt = 2

∫
I
〈v̇(t), v(t)〉V ′×V dt

≤ 2

∫
I
‖v̇(t)‖V ′‖v(t)‖V dt ≤ 2‖v̇‖Y′‖v‖Y ≤ ‖v̇‖2Y′ + ‖v‖2Y,
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so that we get for η ∈M

|||Dη|||2X ≤ 2‖dη̇‖2Y′ + 2‖Dη‖2Y = 2

∫
I
‖(Dη̇)(t)‖2V ′ dt+ 2

∫
I
‖(Dη)(t)‖2V dt.

Since ‖φ‖V ′ ≤ ρ2‖φ‖V , φ ∈ V , with the embedding constant ρ := sup06=φ∈V
‖φ‖H
‖φ‖V , we obtain

|||Dη|||2X ≤ 2ρ4

∫
I
‖(Dη̇)(t)‖V dt+ 2

∫
I
‖(Dη)(t)‖2V dt.

For any η ∈ L2(I;W ) it holds by (ii) that∫
I
‖(Dη)(t)‖2V dt =

∫
I
‖D̃(R̃−1[(Rη)(t)])‖2V dt ≤ C2

D̃

∫
I
‖R̃−1[(Rη)(t)]‖2W dt

= C2
D̃

∫
I
‖(Rη)(t)‖2W ′ dt = C2

D̃
‖Rη‖L2(I;W ′).

Using this, we get

|||Dη|||2X ≤ 2ρ4C2
D̃
‖Rη̇‖L2(I;W ′) + 2C2

D̃
‖‖L2(I;W )

≤ 2C2
D̃

max{1, ρ4}‖Rη‖2H1(I;W ′) = 2C2
D̃

max{1, ρ4}‖Rη‖2W′

= 2C2
D̃

max{1, ρ4}‖η‖2W,

i.e., (2) in Definition 3.23 with CD =
√

2CD̃ max{1, ρ2}.

Now that we have shown the inf-sup stability of the bilinear form b(·, ·) and the prerequisites for

a X-compatible cone K, we define a suitable projection π.

Projection onto the Cone

In order to derive a precise form of the error estimate, we need to detail the projector π : W →
M. Analogously to the general noncoercive setting, we suppose that there exists π̃(t) : W → M ,

which is an operator in space only, that satisfies

〈q̃ − π̃(t)(q̃), η̃〉W ≤ 0, q̃ ∈W , η̃ ∈ M , (4.17a)

π̃(t)(σ̃(t)) = 0, (4.17b)

〈q̃, σ̃(t)〉π̃ ≤ 0, q̃ ∈ M , (4.17c)

where σ̃(t) ∈W is the Riesz representation of the inequality residual, i.e.,

〈σ̃(t), η̃〉W = b̃(u(t), η̃)− 〈g(t), η̃〉W ′×W , η̃ ∈W .

Note that π̃(t) is a projection onto space only, but τ̃ defined by (τ̃)(t) := τ̃(t) is a space-time

object, as the dependency of t describes the development in time.

In the following lemma, we prove that such a π : W→M, fulfilling the necessary requirements,

exists and that it indeed defines a projection which can be used for the error analysis.
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4. Space-Time Formulation of Parabolic Variational Inequalities

Lemma 4.15 ([GU14, Lemma 4.10]). Let π̃(t) : W → M̃ satisfy (3.25) for all t ∈ Ī such that

π̃(t) is uniformly bounded, Fréchet differentiable with uniformly bounded derivative π̃′(t) :=
d
dt π̃(t). Then [π(η)](t) := π̃(t)[R̃−1η̂(t)], η ∈W, η̂ = Rη defines a projector π : W→M.

Proof. We need to show that π(η) ∈M for all η ∈W. To this end,

‖π(η)‖2H1(I;W ) =

∫
I

{∥∥∥∥ ddtπ(η)(t)

∥∥∥∥2

W

+ ‖π(η)(t)‖2W

}
dt

=

∫
I

{∥∥∥∥ ddt [π̃(R̃−1η̂(t))]

∥∥∥∥2

W

+ ‖π̃(R̃−1η̂(t))‖2W

}
dt

≤
∫
I

∥∥∥∥π̃′(R̃−1η̂(t)) + π̃(t)

(
R̃
(
d

dt
η̂(t)

))∥∥∥∥2

W

dt+ ‖π̃‖2∞
∫
I
‖η̂(t)‖2W ′dt

≤ 2‖π̃′‖2∞
∫
I
‖R̃−1η̂(t)‖2W dt+ 2‖π̃‖2∞

∫
I

∥∥∥∥R̃−1

(
d

dt
η̂(t)

)∥∥∥∥2

W

dt

+ ‖π̃‖2∞‖η̂‖2L2(I;W ′)

≤ 2‖π̃′‖2∞‖η̂‖2L2(I;W ′) + ‖π̃‖2∞

(
2

∥∥∥∥ ddt η̂
∥∥∥∥
L2(I;W ′)

+ ‖η̂‖2L2(I;W ′)

)
≤ (3‖π̃‖2∞ + 2‖π̃′‖2∞)‖η̂‖2H1(I;W ′) <∞,

for η ∈W. Thus we have that π(η) ∈ H1(I;W ) ∩ C(Ī;M ) and therefore π(η) ∈M.

If the cone is stationary, the prerequisites of Lemma 4.15 still hold and this is also valid for

the next statement. To this end, we again recall the Riesz representation R : W → W′ with

〈Rw, ξ〉W′ = 〈w, ξ〉W×W′ .

Lemma 4.16 ([GU14, Remark 4.11]). Under the assumptions of Lemma 4.15, the above defined

projector π : W→M also fulfills (3.25).

Proof. (i) We start by proving (3.25a), 〈η− π(η), η〉W ≤ 0, η ∈W, η ∈M. We have, recalling

that η̂ := Rη,

〈η − π(η), η〉W =

∫
I
〈η(t)− π(η)(t),Rη(t)〉W×W ′ dt

=

∫
I
〈η(t)− π̃(t)(R̃−1η̂(t)),Rη(t)〉W×W ′ dt

=

∫
I
(η(t)− π̃(t)(R̃−1η̂(t)), η(t))W dt

=

∫
I
(R̃−1η̂(t)− π̃(t)(R̃−1η̂(t)), η(t))W dt ≤ 0,

by the first condition in (4.17a) for the projector in space π̃.
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4.2. Modelling of the Cone: Saddle-Point Problem

(ii) To prove the second condition (3.25b), we start by using the inequality residual

〈σ, η〉W = b(u, η)− 〈g, η〉W′×W

=

∫
I
{b̃(u(t), η(t))− 〈g(t), η(t)〉W ′×W } dt

=

∫
I
〈σ̃(t), η(t)〉W dt.

By definition of the space-time projector, we know that [π(σ)](t) = π̃(t)(R̃−1R(σ(t))) and

therefore σ̂ = Rσ ∈W = H1
{0}(I;W ′). By applying the Riesz operator, we get

〈σ, η〉W = 〈σ̂, η〉W′×W =

∫
I
〈σ̂(t), η(t)〉W ′×W dt

=

∫
I
〈R̃−1σ̂(t), η(t)〉W dt.

Thus we have R̃−1σ̂(t) = σ̃ for t ∈ I a.e., hence σ̃ ∈W which means that σ(t) and σ̃(t) can be

identified with each other for almost every t ∈ I . This proves the claim as

[π(σ)](t) = π̃(t)(R̃−1σ̂(t)) = π̃(t)(σ̃(t)) = 0.

(iii) We finish by proving (3.25c) for the space-time projector, 〈η, σ〉π ≤ 0, η ∈M. We set

〈η, p〉π :=

∫
I
〈η(t), p(t)〉π̃ dt, p, η ∈W.

Therefore, if η ∈M, we get

〈η, σ〉π :=

∫
I
〈η(t), σ(t)〉π̃ dt =

∫
I
〈η(t), σ̃(t)〉π̃ dt ≤ 0,

as η(t) ∈ M and the third condition of (4.17a) holds.

Having defined a setting in which Assumption 4.9 holds, we will now give an example for an

obstacle problems for which we can apply the previous results.

Obstacle Problems

We show a concrete example for obstacle problems for which we can apply the previous results.

Let the space-time cone K be given by

K(t) = {v ∈ Y : v(t) ≥ g(t)},

where g(t) ∈ H1
0 (Ω) = W ′ = V and thus W = V ′ = H−1(Ω). In this case, we have for the

bilinear form b̃(φ, η) = 〈φ, η〉V×V ′ and for the convex cone

M = V + := {φ ∈ V : φ ≥ 0 on Ω},
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4. Space-Time Formulation of Parabolic Variational Inequalities

where H̃ = H = L2(Ω), such that M ⊂ W ⊂ H . Then, it follows for the space-time cone

M = H1(I;V +), and for the space of the Lagrange multiplier that

W = (H1
{0}(I;H1

0 (Ω)))′ ∼= H−1(I;H−1(Ω)) := {g′ : g ∈ L2(I;H−1(Ω))}.

Note, that W′ ⊂ X and we can define D : W → W′ ⊂ X by the Riesz operator, i.e., Dλ := λ̂

defined as 〈λ̂, η〉W′×W = (λ, η)W for all η ∈W. Thus

b(Dλ, η) =

∫
I
b̃(Dλ(t), η(t))dt =

∫
I
〈Dλ(t), η(t)〉V×V ′dt

= 〈Dλ, η〉W′×W = 〈λ̂, η〉W′×W = (λ, η)W,

which corresponds to Definition 3.23, (1). As for (2), we have

|||Dλ|||2X = ‖λ̂‖2L2(I;V ) +

∥∥∥∥ ddtλ̂
∥∥∥∥
L2(I;V ′)

+ ‖λ̂(T )‖2L2(Ω)

≤ CD‖λ̂‖2H1(I;V ) = CD‖λ̂‖2W′ = CD‖λ‖2W.

For now, we leave the continuous setting and continue with the analysis for the discretization of

the space-time variational and saddle-point inequality.

4.3. Discretization

In the infinite-dimensional case, well-posedness is derived for the space-time formulation of

a variational inequality and an equivalent saddle-point problem. In this section, we define a

discretization and show theoretical and numerical results for this specific choice. The discrete

solution is used as the truth solution for the Reduced Basis Method (RBM). We start with the

definition of the discretization method and then show well-posedness for the discrete problems.

Let XN ⊂ X and YN ⊂ Y be conforming subspaces of finite dimension N and KN ⊂ YN

a discrete convex set (the concrete definition of spaces is given in he next section). Here, our

aim is to find a space-time discretization for the discrete variational inequality, such that the

following problem is well-defined: Find uN ∈ KN ∩ XN such that

a(uN , vN − uN ) ≥ f(vN − uN ), ∀vN ∈ KN . (4.18)

It is assumed that the solution set satisfies KN ∩ XN 6= ∅. In the case that KN = YN , the

inequality in (4.18) reduces to an equation. Even if XN * YN , the test functions vN − uN are

well-defined in (4.18) as uN ∈ XN ⊂ X ⊆ Y.

With the introduction of a conforming discretization for the dual space WN ⊂W and a discrete

convex cone MN ⊂ WN , the discrete saddle-point problem can be defined: Find (uN , λN ) ∈
XN ×MN such that

a(uN , vN ) + b(vN , λN ) = f(vN ), ∀vN ∈ YN , (4.19)

b(u, λN − ηN ) ≤ g(λN − ηN ), ∀ηN ∈MN , (4.20)
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4.3. Discretization

If we choose KN = {vN ∈ YN : b(vN , ηN ) ≤ g(ηN ), ηN ∈ MN } and require that KN 6= ∅,
we arrive at an inequality formulation as in (4.18).

Next, we detail the discretization and show that both problems, (4.18) and (4.19), are well-posed.

4.3.1. Inequality and Saddle-Point Discretization

We recall the discretization of Section 2.2.4, where it has been used for the parabolic initial

value problems (PVIs). First, we recall the space-time formulation of the forms a, f and their

discretization, as those forms are the same as for the PVI. Then, we introduce the saddle-point

forms and detail the discretization for the corresponding problem. For both discrete formu-

lations, we show that applying this discretization method results in the Crank-Nicolson (CN)

time-stepping scheme.

We detail the discretization. Let XN ⊂ X, YN ⊂ Y be finite dimensional conforming subspaces

and let δ = (∆t, h) be the mesh width with respect to time and space. The discretization with

respect to time is

T∆t := {0 =: t0 < t1 < . . . < tL := T} ⊂ [0, T ],

where ∆t := T/L with L ∈ N being the number of time steps. In the case V = H1
0 (Ω),

H = L2(Ω), we choose first order Finite Elements (FEs) for Vh = span{φ1, φ2, ..., φNh
} with

dimension dim(Vh) = Nh and a discretization Th in space. We can represent the discrete spaces

with their tensorial structure XN := S∆t⊗Vh and YN := Q∆t⊗Vh. The time-dependent spaces

are discretized by piecewise linear FEs in time S∆t = span{σ1, σ2, ..., σL} for the trial space

and piecewise constant FEs in time Q∆t = span{τ1, τ2, ..., τL} for the test space, see Figure

2.1. As we have a zero initial condition, the dimensions of temporal trial and test space are of

equal dimension L and therefore the resulting space-time spaces have dimension N := NhL.

For any given discrete trial function uN =
∑L

k=1

∑Nh
i=1 u

k
i σ

k ⊗ φi ∈ XN and discretized test

function vN =
∑L

`=1

∑Nh
j=1 v

`
jτ
` ⊗ φj ∈ YN , we obtain for the discretized bilinear form

a(uN , vN ) =

∫ T

0
〈u̇N , vN 〉H + ã(uN , vN )dt

=

L∑
k,`=1

Nh∑
i,j=1

uki v
`
j

[
(σ̇k, τ `)L2(I)(φi, φj)H + (σk, τ `)L2(Ω)ã(φi, φj)

]
= (vN )TANuN ,

with the stiffness matrix

AN := N time
∆t ⊗M

space
h +C time

∆t ⊗A
space
h ,

where N time
∆t := [(σ̇k, τ `)L2(i)]k,`=1,...,L, C time

∆t := [(σk, τ `)L2(I)]k,`=1,...,L are the temporal

matrices and M space
h := [(φi, φj)H ]i,j=1,...,Nh

, Aspace
h := [ã(φi, φj)]i,j=1,...,Nh

are the spatial
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4. Space-Time Formulation of Parabolic Variational Inequalities

matrices. We further get by the choice of these specific spaces

(σ̇k, τ `)L2(I) = δk,` − δk,`+1, (σk, τ `)L2(I) =
∆t

2
(δk,` + δk,`+1),

a(uN , τ ` ⊗ φj) =

Nh∑
i=1

[
(u`i − u`−1

i )(φi, φj)H +
∆t

2
(u`i + u`−1

i )ã(φi, φj)

]
= ∆t

[
M

space
h

1

∆t
(u` − u`−1) +A

space
h u`−1/2

]
,

where u` := (u`i)i=1,...,Nh
, u`−1/2

i := 1
2(u`i +u`−1

i ) and u`−1/2 analogously. For the right-hand

side temporal integration we use a trapezoidal approximation

f(τ ` ⊗ φj) =

∫
I
〈c(t), τ ` ⊗ φj〉V ′×V dt ≈

∆t

2
〈c(t`−1) + c(t`), φj〉V ′×V

=
∆t

2
(f `−1 + f `)j = ∆tf

`−1/2
j ,

where f ` = (〈c(t`), φj〉V ′×V )j=1,...,Nh
.This results in a discrete inequality with a CN semi-

discretization in time: for ` = 1, . . . , L, find u` ∈ Kh such that
1

∆t
M

space
h (u` − u`−1) +A

space
h u`−1/2 ≥ f `−1/2, u0 = 0. (4.21)

Due to the above construction, problem (4.21) is equivalent to the solve the space-time varia-

tional inequality: Find uN ∈ KN ∩ XN such that

a(uN , vN − uN ) ≥ f(vN − uN ), ∀vN ∈ KN , (4.22)

with the above defined spaces.

Remark 4.17. Due to the fact that this discretization results in a Crank-Nicolson (CN) time-

stepping scheme, we can compute a truth solution for (4.22) by solving a sequence of spatial

problems (4.21). This means that instead of solving one space-time problem of size N = LNh,

we solve a sequence of L problems of size Nh, which can improve computational times as N
grows.

For the discretization of the saddle-point problem in (4.19), we consider the Hilbert space W :=

Y′ and the forms b : Y×W→ R as well as g ∈W′. In order to define MN ⊂WN , we assume

that the space WN ⊂ W is endowed with the basis {ψi}Ni=1. We define the discrete cone MN

by

MN :=

{ N∑
i=1

υiψi : υi ≥ 0

}
,

with the coefficients υ ∈ RN . If we discretize the saddle-point problem, we do not have to

define the basis functions in the dual space explicitly. For the dual space, we use dual FEs as in

[Woh00, Woh01, Woh11] in time and space, such that

b(vN , λN ) := (vN )TBNλN , vN ∈ XN , λN ∈WN ,

whereBN results in a multiple of the unity matrix.
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Remark 4.18 (General Non-Conformity of the Discrete Cone). If the dual space is spanned by

the dual FEs, i.e., usually discontinuous linear FEs, we have that MN 6⊂ M. This is due to the

fact, that possibly ψi /∈M.

Combined with the above already defined discrete bilinear and linear forms for the variational

inequality, we derive a CN scheme which is equivalent to the discrete space-time formulation

(4.19). If the implicit partLI∆t is symmetric and positive definite, we can solve a series of spatial

optimization problems: For ` = 1, . . . , L, namely find u` ∈ Vh such that
min
u`∈Vh

1

2
(u`)TLI∆t(u

`)− (LE∆tu
`−1 + f `∆t)

T (u`)

s.t. (B
space
h )Tu` ≤ g`,

(4.23)

where

LI∆t := M
space
h +

1

2
∆tA

space
h , LE∆t := M

space
h − 1

2
∆tA

space
h , f `∆t := ∆tf `−1/2.

The MatrixBspace
h denotes again a multiple of the unity matrix w.r.t. space and g` the obstacle at

time-step `. This optimization problem in (4.23) can be solved via an active-set or interior point

method. The dual variable λ` is the non-negative Lagrange multiplier in the optimum, i.e., it

satisfiesL`∆t(u
`)+B

space
h λ` = (LE∆tu

`−1 +f∆t)
T (u`) and λ` = 0 if ((B

space
h )Tu`−g`)i < 0

for ` = 1, . . . , L, i = 1, . . .Nh.

Remark 4.19. Again, as this discretization results in a CN time-stepping scheme, we can com-

pute a truth solution for (4.19) by solving a sequence of spatial problems (4.23).

4.3.2. Well-Posedness

In this section, we show well-posedness for the above discrete variational inequality (4.18) and

the discrete saddle-point variational inequality (4.19). To this end, we start by introducing the

discrete norms.

Discrete Norms

For the analysis of well-posedness and the error estimator, we introduce the discrete norms on

the spaces XN ,YN ,WN . We start with the three different (semi-)norms on the trial space X.

Let uN =
∑L

k=1

∑Nh
i=1 u

k
i σ

k ⊗ φi ∈ XN , uN := (uik)i,k. Then

‖uN ‖2L(I;V )
=

L∑
k,`=1

Nh∑
i,j=1

uki u
`
j

∫
I
σk(t)σ`(t)(φi, φj)V dt = (uN )T (M time

∆t ⊗ V
space
h )uN ,

where V space
h := [(φi, φj)V ]i,j is the gramian matrix andM time

∆t = [(σk, σ`)H ]k,` is the temporal

mass matrix of the S∆t-basis functions. Instead of using this norm in the discrete case, the
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4. Space-Time Formulation of Parabolic Variational Inequalities

following norm is often used, where the linear functions of the ansatz space XN are projected

onto piecewise constant functions. For uN ∈ XN , we set ū` := 1
∆t

∫
I` u
N (t) dt ∈ V , with

ūN :=
∑L

`=1 χI` ⊗ ū` ∈ L2(I;V ) and the corresponding discrete norm

|||uN |||2X,δ := ‖u̇N ‖2L2(I;V ′) + ‖ūN ‖2L2(I;V ) + ‖uN (T )‖2H . (4.24)

The part ‖ūN ‖2L2(I;V ) of the norm is computed by

‖ūN ‖2L2(I;V ) =
L∑
`=1

∫
I`

(ū`(t), ū`(t))V dt =
1

∆t

L∑
`=1

(∫
I`
uN (t) dt,

∫
I`
uN (s) ds

)
V

= ∆t
L∑
`=1

Nh∑
i,j=1

ū`i ū
`
j(φi, φj)V = ∆t (uN )T (M̄

time
∆t ⊗ V

space
h )uN ,

with M̄ time
∆t := ∆t tridiag(1/4, 1/2, 1/4). For the first part of (4.24), we need to evaluate the

temporal derivative in the dual norm. This results in a

‖u̇N ‖2L(I;V ′)
=

L∑
k,`=1

Nh∑
i,j=1

uki u
`
j

∫
I
σ̇k(t)σ̇`(t)(M

space
h (V

space
h )−1M

space
h )i,j dt

= (uN )T (V time
∆t ⊗ (M

space
h (V

space
h )−1M

space
h ))uN ,

where V time
∆t = [(σ̇k, σ̇`)L2(I)]k,` is the temporal matrix of derivatives. For the evaluation of the

norm at the final time, we get

‖uN (T )‖2H =

Nh∑
i,j=1

uLi u
L
j (φi, φj)H = (uN ,L)TM

space
h uN ,L.

We now state the norm, which has been introduced for obtaining a sharper error bound for

variational inequalities

JuN KX : = ‖ūN ‖2L2(I;V ) + ‖uN (T )‖2H (4.25)

= ∆t (uN )T (M̄
time
∆t ⊗ V

space
h )uN + (uN ,L)TM

space
h uN ,L. (4.26)

The norm on the test space is given for vN =
∑L

`=1

∑Nh
j=1 v

`
jτ
` ⊗ φj ∈ YN by

‖v‖2Y =
L∑

k,`=1

Nh∑
i,j=1

vki v
`
j

∫
I
τk(t)τ `(t)(φi, φj)H = (vN )T (Gtime

∆t ⊗ V
space
h )vN ,

where Gtime
∆t = [(τk, τ `)L2(I)]k,` is the mass matrix of the Q∆t-basis functions. Due to the

definition of the piecewise constant basis functions, the matrix Gtime
∆t results in the unity matrix

multiplied by ∆t, i.e., ∆t I time
∆t . As we have W = Y′, the norm of the dual space is defined by

‖ · ‖W = ‖ · ‖Y′ .
aSee [UP14] for more details.
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Well-Posedness for the Discrete Inequality

In order to derive well-posedness for the discretized inequality (4.18), we check the preliminar-

ies on the bilinear form a(·, ·), i.e., show that bilinear form a(·, ·) is bounded, symmetrically

bounded, weakly coercive and satisfies a Nečas condition.

For any conforming discretization, the bilinear form a(·, ·) is well-defined on any discrete pair

XN × YN . Therefore, continuity is inherited to its subspaces, as already mentioned in (2.13).

For the well-posedness in the discretized setting, it is necessary to determine if the properties of

weakly coercive and symmetrically, see Definition 3.6, transfer to the discrete spaces. We show

that both conditions are inherited to the subspaces as

inf
u∈XN

a(u, u) ≥ inf
u∈X

a(u, u) ≥ αwJuK2
X,

for weak coercivity and

sup
u∈XN

sup
v∈XN

a(u, v)

JuKX|||v|||X
≤ sup

u∈X
sup
v∈X

a(u, v)

JuKX|||v|||X
= γs,

for symmetrically boundedness. Note that v ∈ XN is still a valid choice for a test function in

a(·, ·), since XN ⊂ X ↪→ Y. The assumption on a(·, ·) such that it satisfies a Nečas condition,

have already been discussed in Section 2.2.4. If spatial bilinear form ã(·, ·) is symmetric and

inf-sup stable in the discrete spaces, then a(·, ·) is inf-sup stable if an additional CFL-condition

(2.25) holds. For the special case of the heat equation, the discrete bilinear form yields optimal

results for the discrete inf-sup and continuity constant w.r.t. |||·|||X,δ, i.e. βNa,|||·|||X = γNa,|||·|||X = 1,

see Proposition 2.25.

Corollary 4.20 (Well-Posedness of Discrete VI). Let the assumptions of Proposition 4.3 hold.

Let either ã(u, v) := (∇u,∇v)V ′ or let ã(·, ·) be symmetric and inf-sup stable on the discrete

spaces . In the latter case, we assume that the temporal discretization for a(·, ·) satisfies the

CFL-condition (2.25). If in addition one of the conditions on KN of Corollary 4.4, Corollary

4.5 or Theorem 4.6 hold, then (4.18) admits a unique solution.

Proof. By Proposition 4.3, the bilinear form a(·, ·) is bounded, symmetrically bounded, weakly

coercive and due to the conforming discretization XN ⊂ X those properties are inherited to its

subspaces. Under the same prerequisites, the bilinear form a(·, ·) satisfies a Nečas condition

due to Theorem 2.18. For ã(u, v) := (∇u,∇v)V ′ , the discrete bilinear form a(·, ·) is inf-sup

stable with optimal stability constants, see Proposition 2.25. If the other assumptions on ã(·, ·)
hold, then the discrete a(·, ·) is inf-sup stable due to Remark 2.24. Subsequently, the proof

is completed by Corollary 4.4, Corollary 4.5 or Theorem 4.6, depending on the condition KN

satisfies.
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Well-Posedness of the Saddle-Point Problem

For the well-posedness of the discretized saddle-point problem (4.19), we need to show that

Lemma 3.18 holds. The space W = Y′ is discretized by we use dual FEs as in [Woh00, Woh01,

Woh11], such that

b(vN , λN ) := (vN )TBNλN , vN ∈ XN , λN ∈WN ,

with BN being the unity matrix. Therefore, it follows, that

inf
vN∈YN

sup
λN∈WN

b(vN , λN )

‖vN ‖Y‖λN ‖W
= 1.

Thus, we only have to assume that the convex set KN satisfies the cone condition.

Corollary 4.21 (Well-Posedness of Discrete Saddle-Point Problem). If KN := {vN ∈ YN :

b(vN , ηN ) ≤ g(ηN ), ηN ∈ MN }, then the saddle-point problem (4.19) admits a unique solu-

tion (uN , λN ) ∈ XN ×MN .

Proof. The proof follows directly by Lemma 3.18.

4.4. Numerical Investigations

In this section, we numerically investigate in the behavior for the discrete solution of the vari-

ational inequality (4.22) for N → ∞. In general, we could use one of the error estimates in

Remark 2.53 or the mentioned literature in Section and the references therein. But here, we

need convergence rates for the error eN := u − uN , given in one of the norms |||·|||X,δ, ‖ · ‖X
or J·KX, since our model reduction approach relies on the space-time truth discretization. We

are not aware of theoretical results on this special combination of norms and discretizations

presented above. Thus, we need to study the quantitive approximation properties of the above

discretization.

To this end, we introduce two examples, one with a symmetric and one with a nonsymmetric

bilinear form ã(·, ·). For both settings, we examine the convergence behavior and compute the

stability constants for different discretizations.

Next, we consider the two specific test examples. After the introduction of each one, we present

the corresponding numerical results. For both settings, let the space-time spaces be defined as

in Section 4.1 with their discretization in Section 4.3.1.

All methods and models used for the numerical results have been implemented in RBMatlab

[RBM13], which is described in Section 5.3.1. Although model reduction is not performed here,

we use the structure of the code package, as those numerical examples are later on considered

for model reduction.
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We start with the definition of an instationary heat inequality, which is an adaption of the sta-

tionary model in [Glo08, Section 3.3.2]. In this special case here, the solution u(µ) ∈ K ∩ X
in the continuous spaces is given by a closed formula. Therefore, we can compare the discrete

solution uN (µ) ∈ KN ∩ XN to an exact solution u(µ), where no additional numerical errors

occur due to the discretization for u(µ).

Example 4.22 (VI with Exact Solution). Let Ω := (0, 1) and let I := (0, T ) be a time interval

with final time 0 < T <∞. We set homogeneous Dirichlet conditions at ∂Ω and a homogeneous

initial condition. For the variational formulation, we use the Gelfand triple V ↪→ H ↪→ V ′

with V = H1
0 (Ω), H = L2(Ω) and V ′ = H−1(Ω). We recall the space-time function spaces

X = {v ∈ L2(I;V ) : v̇ ∈ L2(I;V ′) : v(0) = 0} ,Y = L2(I;V ).

The parameter µ ∈ P := [0.5, 1.5] ⊂ R enters the variational form in the convex set K, which

is defined as

K = { v ∈ Y, |vx(t, x)| ≤ µ, a.e. on Ω, a.e. t ∈ I },

i.e., the parameter µ ∈ P defines the bound for the derivative w.r.t. the spacial variable x. Thus,

the convex set K here depends on the parameter, i.e., we obtain K(µ). Then for c ∈ Y′, the

variational inequality in strong form reads: For µ ∈ P , find u(µ) ∈ K(µ) ∩ X such that
u̇(t, x;µ)− uxx(t, x;µ) ≥ c(t, x;µ), on I × Ω, µ ∈ P,

u(t, 0;µ) = u(t, 1;µ) = 0, ∀t ∈ (0, T ), µ ∈ P,

u(0, x;µ) = 0, ∀x ∈ Ω, µ ∈ P.

(4.27)

This results in the space-time variational formulation: For µ ∈ P , find u(µ) ∈ K(µ) ∩ X, s.t.

a(u(µ), v − u(µ)) ≥ f(v − u(µ);µ), ∀v ∈ K(µ).

By integration over Ω and I , we derive the space-time bilinear form a : X× Y→ R,

a(u, v) =

∫
I

∫
Ω
〈u̇(t), v(t)〉V ′×V dx dt+

∫
I

∫
Ω1

(∇u(t),∇v(t))V dx dt ∀u ∈ X, v ∈ Y,

as well as the right-hand side f : Y× P → R

f(v;µ) =

∫
I

∫
Ω

(c(t;µ), v(t);µ) dx dt, ∀v ∈ Y.

The exact solution for t ≤ 2µ is given by

u(t, x;µ) =
t

2
x(1− x), x ∈ Ω, µ ∈ P,
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4. Space-Time Formulation of Parabolic Variational Inequalities

where the right-hand side results in c(t, x;µ) = t+ 1
2x(1−x) – here still parameter-independent.

For final times T ≤ 2µ, then (4.27) reduces to an initial value problem. If we assume that

T > 2µ, then the exact solution reads for t > 2µ , x ∈ Ω, µ ∈ P ,

u(t, x;µ) =


x, 0 ≤ x ≤ 1

2 −
µ
t ,

t
2

[
x(1− x)−

(
1
2 −

µ
t

)2]
, 1

2 −
µ
t ≤ x ≤

1
2 + µ

t ,

1− x, 1
2 + µ

t ≤ x ≤ 1,

and the parameter-dependent right-hand side results in

c(t, x;µ) = t+
1

2
x(1− x)− 1

8
+

µ2

(2t)2
, on I × Ω, µ ∈ P.

For this example with an exact solution, we compare three different aspects that might influence

the approximation of the exact solution. The results are shown in Figure 4.1. In all plots, we

set the dimension N of the space-time discretization on the x-axis, where N = NhL with Nh
being the spatial dimension and L the dimension w.r.t. time. In Figure 4.1(a), we set T = 4 and

compare the error in the ‖ · ‖X-norm for different µ. The rate for all parameters µ is the same,

whereas the error differs slightly. If the parameter is smaller, then the obstacle is touched earlier

and thus the error is larger compared to larger values of µ.

For the comparison of the different norms of Section 4.3.2 in Figure 4.1(b) (where the norm J·KX
is depicted by | · |X), the error and convergence rate are about the same for T = 4, µ = 1. In

Figure 4.1(c), we see the error for µ = 1 in the ‖ · ‖X-norm for different final times T . Here,

the obstacle is touched for t > 2. Thus, we observe, that for T = 3, where the obstacle is least

touched, the error is the smallest and it grows w.r.t. T .

In conclusion, we observe that for all different model settings the approximation rate is approx-

imately of the order N−3/4 w.r.t. the space-time dimension N .
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Figure 4.1.: Heat inequality: Approximation of exact solution for different discretizations.

In addition to the approximation error, we investigate the numerical stability of the bilinear form

a(·, ·) for different space-time dimensions N . The constants are displayed in Table 4.1. As the
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bilinear form a(·, ·) is parameter-independent, the stability constants are the same for all µ ∈ P .

The notion of the constants w.r.t. the norm |||·||| is

βNa,|||·||| := inf
uN∈XN

sup
vN∈YN

|a(uN , vN )|
|||uN |||X,δ‖vN ‖Y

, γNa,|||·||| := sup
uN∈XN

sup
vN∈YN

|a(uN , vN )|
|||uN |||X,δ‖vN ‖Y

,

and accordingly defined for the norm ‖·‖X. As we solve a heat inequality here with bilinear form

ã(u, v) = (∇u,∇v), we expect optimal stability constants for βNa,|||·|||, γ
N
a,|||·||| due to Remark 2.25.

This is in accordance with the numerical results seen in Table 4.1, even the inf-sup constant βNa,‖·‖
is optimal. Next, we consider a problem with a nonsymmetric solution, where the underlying

bilinear form ã(u, v) 6= (∇u,∇v).

N ,Nh, L βNa,‖·‖ βNa,|||·||| γNa,‖·‖ γNa,|||·|||

N = 1520,Nh = 19, L = 80 1.0000e-00 1.0000e-00 1.4142e-00 1.0000e-00

N = 6240,Nh = 39, L = 160 1.0000e-00 1.0000e-00 1.4142e-00 1.0000e-00

N = 14160,Nh = 59, L = 240 1.0000e-00 1.0000e-00 1.4142e-00 1.0000e-00

N = 25280,Nh = 79, L = 320 1.0000e-00 1.0000e-00 1.4142e-00 1.0000e-00

N = 39600,Nh = 99, L = 400 1.0000e-00 1.0000e-00 1.4142e-00 1.0000e-00

Table 4.1.: Heat inequality: Stability constants for different discretizations of a(·, ·): µ = 1,

T = 4, all rounded up to 4 decimal places.

Example 4.23 (Convection-Diffusion-Reaction Variational Inequality). Let Ω := (0, 1) and let

I := (0, T ) be a time interval with final time 0 < T < ∞. We set homogeneous Dirichlet

conditions at ∂Ω and a homogeneous initial condition. The parameter µ := (µ1, µ2, µ3) ⊂
P := [0.1, 0.5] × [0.1, 0.3] × [0, 0.5] ⊂ R3 is three-dimensional. The diffusion coefficient

is denoted by µ1 ⊂ R, the convection coefficient by µ2 ⊂ R and the reaction coefficient by

µ3 ⊂ R. The obstacle g = 0.1 is constant as well as the right-hand side c(t, x;µ) = 1, ∀x ∈ Ω,

t ∈ I . The variational inequality in strong form reads: Find u ∈ K ∩ X such that
u̇(t, x;µ)− µ1uxx(t, x;µ) + µ2ux(t, x;µ) + µ3u ≥ c(t, x;µ), on I × Ω, µ ∈ P,

u(t, 0;µ) = u(t, 1;µ) = 0, ∀t ∈ (0, T ), µ ∈ P,

u(0, x;µ) = 0, ∀x ∈ Ω, µ ∈ P.

For the variational formulation, we use the Gelfand triple V ↪→ H ↪→ V ′ with V = H1
0 (Ω),

H = L2(Ω) and V ′ = H−1(Ω). The space-time spaces are chosen as Y = L2(I;V ) and

X = {v ∈ L2(I;V ) : v̇ ∈ L2(I;V ′) : v(0) = 0}. The space-time linear and bilinear forms
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read:

a(u,v;µ) =

∫
I

∫
Ω
〈u̇(t), v(t)〉V ′×V dx dt+ µ1

∫
I

∫
Ω

(∇u(t),∇v(t))V dx dt

+ µ2

∫
I

∫
Ω

(∇u(t), v(t))V dx dt+ µ3

∫
I

∫
Ω

(u(t), v(t))V dx dt ∀u ∈ X, v ∈ Y, µ ∈ P,

where a : X× Y× P → R as well as f : Y× P → R defined by

f(v;µ) =

∫
I

∫
Ω

(c(t;µ), v(t)) dx dt, ∀v ∈ Y.

The convex set K ⊂ Y is defined by

K = { v ∈ Y, v(t) ≤ 0.1, a.e. on Ω, a.e. t ∈ I }.

For this example, no closed solution formula exists. Thus, to compare the discrete solution,

we choose a sufficiently fine discretization to be the ‘exact solution’. As the norms did not

influence the convergence rate or the error, we only compare different values for the convection

coefficient µ2 and the final time T . In Figure 4.2(a), the convergence rate is presented where

w.r.t. µ = (1, 0.5, 0.5) (the norm J·KX is depicted by | · |X). The convergence rate is of the order

of approximately N−5/8 and thus less than the convergence rate for Example 4.22 with N−3/4.

The convergence rate for different µ2 is similar for each value.

For different final times and µ = (1, 0.2, 0.5), the numerical convergence rate is also 5/8 with

respect to the space-time dimension N , represented in Figure 4.2(b). The red line for T = 3

seems to possibly diverge in the last step. However, the next finer discretization is the asymptotic

exact solution, such that the error is vanishing, indicated by the black dotted line.
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Figure 4.2.: CDR-inequality: Approximation of asymptotic solution for different discretizations.

and also the stability constants in Table 4.2 do not have a great variety.
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N ,Nh, L βNa,‖·‖(µ) βNa,|||·|||(µ) γNa,‖·‖(µ) γNa,|||·|||(µ)

N = 147,Nh = 21, L = 7 9.9148e-01 9.9134e-01 1.4483e-00 1.0371e-00

N = 2262,Nh = 87, L = 26 9.9082e-01 9.9081e-01 1.4482e-00 1.0373e-00

N = 37206,Nh = 351, L = 106 9.9080e-01 9.9080e-01 1.4482e-00 1.0373e-00

Table 4.2.: CDR-inequality: Stability constants for different discretizations of a(·, ·): µ =

(1, 0.2, 0.5), all rounded up to 4 decimal places.

Subsequently, we also investigate the stability of the – now parameter-dependent – bilinear form

a(·, ·;µ) for different space-time dimensions N . The results are displayed in Table 4.2. Recall

the definition of the constants w.r.t. norm |||·||| is

βNa,|||·|||(µ) := inf
uN∈XN

sup
vN∈YN

|a(uN , vN ;µ)|
|||uN |||X,δ‖vN ‖Y

, γNa,|||·|||(µ) := sup
uN∈XN

sup
vN∈YN

|a(uN , vN ;µ)|
|||uN |||X,δ‖vN ‖Y

,

and accordingly defined for the norm ‖ · ‖X. The inf-sup and continuity constants are still stable

and do not offer much variety. As later in this thesis, we want to perform model reduction w.r.t.

a whole parameter set, we investigate in the stability of a(·, ·;µ) with respect to the parameter

µ = (1, µ2, 0.5). In Table 4.3, the inf-sup constants decay w.r.t. µ2, but still yield stable results.

µ2 βNa,‖·‖(µ) βNa,|||·|||(µ) γNa,‖·‖(µ) γNa,|||·|||(µ)

µ2 = 0.2 9.9080e-01 9.9080e-01 1.4482e-00 1.0373e-00

µ2 = 0.4 9.7783e-01 9.7778e-01 1.4490e-00 1.0437e-00

µ2 = 0.6 9.6460e-01 9.6449e-01 1.4503e-00 1.0547e-00

µ2 = 0.8 9.5146e-01 9.5130e-01 1.4522e-00 1.0686e-00

µ2 = 1.0 9.3849e-01 9.3827e-01 1.4547e-00 1.0835e-00

Table 4.3.: CDR-inequality: Stability constants for different parameter µ = (1, µ2, 0.5) of

a(·, ·): N = 37206, Nh = 351, L = 106, all rounded up to 4 decimal places.

Summarizing the results of our numerical experiments presented in this section, we have shown

that the suggested discretization is stable w.r.t. the bilinear form a(·, ·;µ), which is crucial for

model reduction.

In the following chapter, we will investigate in the stability of the reduced inf-sup constants and

compare those to the results obtained for the discrete setting. Additionally, we have seen that

the discrete solution of the variational inequality converges to the exact solution as N → ∞.

But, for the discretizations used as a truth solution for the RBM, we obtain a discretization error

of about 10−4 for N ≈ 105. Thus, if we neglect the difference between the true and the exact
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error, an error of 10−4 is added up to the error between the truth and the reduced solution.
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In this chapter, we introduce a model reduction approach for Parabolic Variational Inequalities

(PVIs). Formulated as a saddle-point problem, there are several possibilities for choosing the

reduced spaces XN ,YN , as well as the dual space WN and the convex cone MN . We introduce

these possibilities and detail pros and cons of each approach. The specific model reduction tech-

nique used here is the Reduced Basis Method (RBM), introduced in Section 2.3 for variational

equations. Already some works exist on the RBM for space-time formulations of equations

and also for the RBM of the Space-Time Formulation of Saddle-Point Problems (STSPPs), but

the combination is to the best of our best knowledge new. We give an overview of the already

existing space-time RBMs and RBMs for Variational Inequalities (VIs).

We start with the summary of existing techniques for the space-time RBM for equations. In

[UP14], which is the extended version of [UP12], an improved error estimator compared to the

usual time-stepping error measures was derived for parabolic problems. Especially, the long-

term behavior of the error estimator has been investigated. This approach has been enhanced

with the Brezzi-Rappaz-Raviart theory for the Burgers’ equation [YPU14] and for the Boussi-

nesq equation [Yan14]. Although the Burgers’ and Boussinesq equation are nonlinear problems

like VIs, the structure of the VI is different. Therefore, the existing theory for nonlinear equa-

tions could not be used for our work.

A space-time RBM for adaptive wavelet methods has been derived in [ASU17] and for option

pricing in combination with tensor methods in [MU16, May16].

For model reduction of VIs, there are already approaches using the RBM. For EVIs, a pub-

lication has been released in 2012 [HSW12], where the authors derived a reduced model for

VIs. Upper and lower bounds were introduced, but they lacked the property of offline/on-

line decomposability. Another approach of introducing a slack variable has been published by

[ZBV16, Bad16], which results in a formulation with a separated primal and dual problem. The

authors were able to derive error estimators, which are offline/online decomposable, but they

have to solve an additional problem online to obtain the dual reduced solution.

For the time-dependent case, a time-stepping scheme has been used in [HSW13], i.e., an EVI

has to be solved in every time step. In this paper, the so-called Angle-Greedy has been intro-
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duced for the basis generation of the dual cone: as one cannot orthogonalize the snapshots of

the dual basis, the new basis vector is chosen in order to maximize the volume of reduced con-

vex cone. This will be explained in more detail in this and the next chapter. More work has

been published on the RBM for option pricing, where error estimators have been introduced by

[BHSW15, Bur16]. A comparison between time-stepping and space-time methods for VIs can

be found in Chapter 6 below.

The outline of this chapter is as follows: First, we describe the construction of a reduced basis

for the saddle-point problem. The Greedy algorithm and its variants for the basis generations

are introduced. Note, that even if we restrict ourselves here to PVIs, it is possible to think of a

general noncoercive setting with two spatial variables, where the order of the derivative differs

by one. For example, this could be a transport term in one spatial variable and a diffusion term

in the other spatial variable of a two-dimensional problem.

Next, we present numerical investigations corresponding to the theory introduced in this section.

First, we approximate the Kolmogorov N -with for two different models and consider the influ-

ence of the obstacle on it. Subsequently, we compare the different aspects of reduced spaces and

basis generations. A first version of the numerical investigation concerning the 1D heat equation

has already been published in [GU15]. All methods and models used for the numerical results

have been implemented in RBMatlab, which is described in Section 5.3.1.

5.1. Generation of a Reduced Basis

For VIs, we always generate two bases: One basis for the primal variable XN and the other basis

for the dual variable in the convex cone MN . Also, we have to consider the Petrov-Galerkin (PG)

setting, i.e., constructing a stable test space YN , and the saddle-point structure, i.e., constructing

a stable dual space WN . We omit the output functional in this setting, as all our numerical

investigations focus on the primal and dual solution only. One can derive error estimates for an

output functional following standard ones, see also Section 2.3.

We now introduce the parametric setting for the inequality problems; first, in the discrete setting.

Note, that it also possible to define the parametric framework in the continuous setting and use

the adaptively computed snapshots as a basis [ASU17], but here we restrict ourselves to the more

classical approach of computing the snapshots out of a discrete (truth) problem. To this end, let

µ ∈ P ⊂ Rp, p ∈ N be a parameter set, let a : XN × YN × P → R be a parametric bilinear

form, let b : YN ×WN → R be a bilinear form and let f : YN × P → R, g : WN × P → R
be parametric linear forms. Then, the discrete parametric STSPP reads:

Problem 5.1 (Discrete Parametric Saddle-Point Problem). Find (uN (µ), λN (µ)) ∈ XN ×MN
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such that

a(uN (µ), vN ;µ) + b(vN , λN (µ)) = f(vN ;µ), ∀vN ∈ YN , (5.1a)

b(uN (µ), λN (µ)− ηN ) ≤ g(λN (µ)− ηN ;µ), ∀ηN ∈MN . (5.1b)

We use this as the truth problem to compute snapshots, which are used to construct the reduced

spaces. Thus, the aim of this section is to derive a well-posed reduced problem and a suitable

way of solving it. The reduced problem will be of the form:

Problem 5.2 (Reduced Parametric Saddle-Point Problem). Find (uN (µ), λN (µ)) ∈ XN ×MN

such that

a(uN (µ), vN ;µ) + b(vN , λN (µ)) = f(vN ;µ), ∀vN ∈ YN , (5.2a)

b(uN (µ), λN (µ)− ηN ) ≤ g(λN (µ)− ηN ;µ), ∀ηN ∈MN . (5.2b)

If we have that XN ⊂ YN , we can derive a reduced VI if the convex set KN 6= ∅ has the

following form

KN = {vN ∈ YN : b(vN , ηN ) ≤ g(λN ;µ), ηN ∈MN}.

Therefore, we arrive at an inequality analogous to the discrete Problem 4.18 namely: Find

uN (µ) ∈ KN ∩ XN such that

a(uN (µ), vN − uN (µ);µ) ≥ f(vN − uN (µ);µ) ∀vN ∈ KN . (5.3)

For the model reduction, we focus on the STSPP instead of reducing the VI itself. Reducing the

VI directly would require to determine a reduced convex set, for which it is delicate to identify

which parts of the spanned space are contained in the detailed convex set and which ones not.

Also, the construction of the reduced cone MN is challenging, as we need to find a stable basis

without orthonormalization. On the other hand, using the STSPP for model reduction, we may

use an unconstrained reduced space XN , and YN respectively, where the primal variable can be

approximated.

In this section, we seek stable combinations of the reduced spaces XN ,YN ,WN , and a formu-

lation for the reduced convex cone MN . Once that we have chosen the parameters for the com-

putation of the snapshots, we get two sets of snapshot parameters SN,P := {µP,1, . . . , µP,NP
},

SN,D := {µD,1, . . . , µD,ND
}. It is one set for the primal and one for the dual basis, where it is

also possible, that SN,P ≡ SN,D := SN . Here NP , ND denote the number of basis functions in

the primal and dual space respectively. With the two sets SN,P , SN,D at hand, we construct the

primal basis by the orthonormalized snapshots

XN := span{ξi : 1 ≤ i ≤ NP }, YN := span{ζi : 1 ≤ i ≤ NP }.
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For the dual basis as mentioned above, we cannot orthonormalize the snapshots as this might

violate MN – but normalize them – and get

WN := span{ϕi : 1 ≤ i ≤ ND}.

Then, the reduced cone is introduced by

MN := span+{ϕi}
ND
i=1 :=

{
ND∑
i=1

υiϕi : υi ≥ 0

}
,

with ϕ ∈ RND . We assume that ϕi ∈ MN , 1 ≤ i ≤ ND, such that MN ⊂ MN . Thus, we can

represent elements in the reduced spaces uN (µ) ∈ XN ,vN (µ) ∈ YN ,λN (µ) ∈MN by

uN (µ) =

NP∑
k=1

ukN (µ)ξk, vN (µ) =

NP∑
k=1

vkN (µ)ζk, λN (µ) =

ND∑
k=1

λkN (µ)ϕk,

where the bold symbols denote the coefficients. The coefficients λkN in the dual cone are non-

negative. We assume the parametric forms to be separable in the parameter as in Definition 2.29,

i.e.,

AN (µ) =

Qa∑
q=1

θqa(µ)Aq
N , fN (µ) =

Qf∑
q=1

θqf (µ)f qN , gN (µ) =

Qg∑
q=1

θqg(µ)gqN , (5.4)

with the reduced quantities

Aq
N : = (aq(ξi, ζj))1≤i,j≤NP

, 1 ≤ q ≤ Qa,

BN : = (b(ξi, ϕj))1≤i≤NP , 1≤j≤ND
,

BN,1 : = (b(ζi, ϕj))1≤i≤NP , 1≤j≤ND
,

f qN : = (f q(ζi))1≤i≤NP
, 1 ≤ q ≤ Qf ,

gqN : = (gq(ϕi))1≤i≤ND
, 1 ≤ q ≤ Qg.

The matrix BN,1 is used for the equation and BN for the inequality, i.e., the reduced saddle

point problem reads: Find (uN (µ),λN (µ)) ∈ XN ×MN , such that

AN (µ)uN (µ) +BN,1λN (µ) = fN (µ),

BT
NuN (µ) ≤ gN (µ).

We will come back to the issue of explicitly building such a basis, which we will detail in the

following. We start by describing the choices of the error measures. Then, we discuss the vari-

ations of independent or coupled basis generation. Subsequently, we illustrate the possibilities

for the trial and test spaces to build an inf-sup stable pair of spaces.
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5.1.1. Error Measures

We start by introducing two separate Greedy algorithms, one for the primal variable, one for

the dual variable, and highlight the basic differences. In the following, we always choose some

initial parameters µP,1, µD,1 ∈ Ptrain such that S1,P := {µP,1}, S1,D := {µD,1}, and

X1 := span{normalize[uN (µP,1)]}, W1 := span
{

normalize[λN (µD,1)]
}
.

We use typical error measures for each approach. For the primal basis generation, we use a

standard Greedy approach which is listed in Algorithm 5.1. As usual, we fix a maximum number

Algorithm 5.1 Greedy Algorithm - Primal
Require: NP,max ∈ N, tolRB, P > 0, Ptrain ⊂ P , N = 1,

1: choose arbitrarily µ∗N ∈ Ptrain; set S1,P := {µ∗N}, XN := span
{

normalize[uN (µ∗N )]
}

,

2: while εRB > tolRB, P && N < NP,max do
3: N := N + 1,

4: µ∗N = argmax
µ∈Ptrain

∆ST, P
N−1(µ),

5: εRB = ∆ST, P
N−1(µ∗N ),

6: SN,P = SN−1,P ∪ {µ∗N},
7: XN = span

{
orthonormalize[XN−1 ∪ uN (µ∗N )]

}
,

8: end while
9: NP := N ,

10: return SN,P , XN , NP ;

of basis functionsNP,max and/or a desired tolerance tolRB, P as well as a training set Ptrain, which

is a set of discrete values ofP . As a result, we get the primal reduced space XN , the set of chosen

snapshot parameters SN,P and the dimensionNP of the reduced space. There are especially two

choices for the error measure ∆ST, P
N (µ), which are now described.

Projection Based - Primal

For the projection based approach, we choose

∆ST, P1
N (µ) := ‖uN (µ)−ΠXN

uN (µ)‖X, (5.5)

where ΠXN
: XN → XN is the orthogonal projection onto the low-dimensional reduced space

XN . This is an option if no error estimator is available. However, this means that we have to

compute the detailed solution for every µ ∈ Ptrain, such that the computational complexity is at

least #|Ptrain| times solving the detailed problem (at leastO(N )). As the projection here is only

with respect to the primal space, it can happen that the error indicator ∆ST, P1
N (µ) is smaller than

the truth error eN (µ) := uN (µ)− uN (µ) of the reduced solution measured in a (semi-)norm on

X . Also, the error in the primal reduced space depends on the chosen dual approach.

105



5. Model Reduction

Error Estimator - Primal

We recall the error estimator introduced in Chapter 3, which has been defined in an abstract

setting. The error estimator yields

JeN KX ≤ ∆ST, P2
N (µ) := c1 + (c2

1 + c2)1/2, (5.6)

where

c1 : =
1

2αw
(JrN KX′ + γsCD‖π(ŝN )‖W),

c2 : =
1

αw
(CD|||rN |||X′‖π(ŝN )‖W + (λN , π(ŝN ))W).

The semi-norm J·KX allows for a long-term control of the solution of the final time and is stronger

than the usual ‖ · ‖L2(I;V ) norm. For the definitions of the norms in the space-time setting,

we again refer to Section 2.2.3. The projection π(·) is in general only available in the high-

dimensional space of sizeN . Thus, for this quantity one needs to compute the high-dimensional

solution in the reduced setting. All other parts of the error estimator are fully offline/online

decomposable.

Remark 5.3 (Realization of the Error Estimator). a) The quantities γs andαw can be computed

via Proposition 4.3.

b) As in this case the cone is stationary, the projection π(·) can be chosen as in [[HSW12],

§5.2] with W̃ = V ′, and the extension in [[GU14], Lemma 4.10 ff.].

c) In case of b), the operator D : M→ X can be chosen to be the Riesz operator, which results

in CD =
√

2.

For the Dual Greedy Algorithm 5.2, there are different choices for the error quantity. The reduc-

tion of the dual space is the more elaborate part, as this means the approximation of a convex

cone.

The main difference to the primal basis generation is, that it is not advisable to orthogonalize the

snapshots, because this could imply MN 6⊂MN , which is an assumption for the error estimator.

To achieve a stable reduced problem, we introduce the following error measures.

Projection Based - Dual

Similar to the primal projection based approach, one might use

∆ST, D1
N (µ) := ‖λN (µ)−ΠWN

λN (µ)‖W, (5.7)

where ΠWN
: WN → WN the orthogonal projection onto the low-dimensional reduced space

WN . Again, this is feasible, if no error estimator for the dual error δN (µ) := λN (µ)−λN (µ) in

the dual norm ‖ · ‖W is available. As for the primal projection based error measure ∆ST, P1
N (µ),

(5.5), every snapshot needs to be precomputed for µ ∈ |Ptrain|.
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Algorithm 5.2 Greedy Algorithm - Dual
Require: ND,max ∈ N, tolRB, D > 0, Ptrain ⊂ P , N = 1,

1: choose arbitrarily µ∗N ∈ Ptrain; set S1,D := {µ∗N}, WN := span
{

normalize[λN (µ∗N )]
}

,

2: while εRB > tolRB, D && N < ND,max do
3: N := N + 1,

4: µ∗N = argmax
µ∈Ptrain

∆ST, D
N−1(µ),

5: εRB = ∆ST, D
N−1(µ∗N ),

6: SN,D = SN−1,D ∪ {µ∗N},
7: WN = WN−1 + span{normalize[λ(µ∗N )]},
8: end while
9: ND := N ,

10: return SN,D, WN , ND;

Error Estimator - Dual

The dual error estimator results of the primal-dual error relation, i.e., it is dependent on the error

estimator of the primal variable ∆ST, P2
N (µ), (5.6). Recalling the definition of Chapter 3 yields

‖δN‖W ≤ ∆ST, D2
N (µ) := CD(|||rN |||X′ + γs∆

ST, P2
N (µ)),

where all parts of Remark 5.3 (see p.106) also hold for this setting It is also advisable to use the

error estimators in a combined setting, as all elements for the error estimator of the dual variable

are computed for the error estimator of the primal variable and vice versa.

Angle-Greedy - Dual

The angle-based Greedy appears in [HSW13] in the context of American Option pricing. The

idea is to obtain a reduced cone, which contains as much volume as possible. We adapted the

Angle-Greedy for the space-time setting. It is used as a tool to find the next parameter for which

we enrich the dual reduced space. This is different in comparison to the time-stepping-scheme,

in which the Angle-Greedy is used to choose a special time-step for the already chosen snapshot

parameter. Therefore, we define the error measure as

∆ST, D3
N (µ) := ](λ(µ),WN ), (5.8)

where the notation ](λ(µ),WN ) denotes the angle between the vector λ(µ) and the space

WN ⊂WN , which is obtained by the orthogonal projection ΠWN
from WN onto WN by

](λ(µ),WN ) = arccos
(
‖ΠWN

λ(µ)‖W
‖λ(µ)‖W

)
, λ(µ) ∈WN . (5.9)
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5.1.2. Greedy Algorithms

We may apply two Greedy algorithms, one for the primal and one for the dual variable, more

or less independent of each other. But it would be favorable to combine those two runs and use

already computed quantities. Additionally to the decoupled basis generation, we will present

two variants, namely a weighted Greedy algorithm and an alternating Greedy algorithm.

Weighted Greedy Algorithm

The idea is to use a weighted error estimator, which gives the user the ability to set the priority

on the preferred basis generation according to its problem specific setting or desired output. This

idea for RBMs appeared in the elliptic setting in [HSW12]. We now can use a common Nmax

Algorithm 5.3 Weighted Greedy
Require: Nmax ∈ N, tolRB > 0, Ptrain ⊂ P , N = 1,

1: choose arbitrarily µ∗N ∈ Ptrain; set SN := {µ∗N}, XN := span
{

normalize[uN (µ∗N )]
}

,

WN := span
{

normalize[λN (µ∗N )]
}

,

2: while εRB > tolRB && N < Nmax do
3: N := N + 1,

4: µ∗N = argmax
µ∈Ptrain

(
ωu∆ST, P

N−1(µ) + ωλ∆ST, D
N−1(µ)

)
,

5: εRB =
(
ωu∆ST, P

N−1(µ∗N ) + ωλ∆ST, D
N−1(µ∗N )

)
,

6: SN = SN−1 ∪ {µ∗N},
7: XN = span {orthonormalize[XN−1 ∪ u(µ∗N )]},
8: WN = WN−1 + span{normalize[λ(µ∗N )]},
9: end while

10: NP = ND = N ,

11: return SN , XN ,WN , NP , ND;

and also a common – or weighted – tolerance. Therefore, we can adjust the weights ωu, ωλ ∈ R,

such that ωu + ωλ = 1. This includes the settings that only the primal or only the dual quantity

influences the Greedy decay, by setting ωu = 1 and ωλ = 0 or otherwise. For the quantities

∆ST, P
N (µ),∆ST, D

N (µ), error measures according to Section 5.1.1 can be selected.

Alternating Greedy Algorithm

The alternating Greedy algorithm can be seen as a special adjustment of the weighted Greedy

algorithm with one difference: the weights in each iteration step can be changed in order to add

the parameter with respect to the greatest primal or the greatest dual error measure.

This results in a Greedy algorithm, where the snapshot parameter is selected alternating between

the error quantity for the primal variable u and the dual variable λ, see Algorithm 5.4. Again,

108



5.1. Generation of a Reduced Basis

Algorithm 5.4 Alternating Greedy Algorithm
Require: Nmax ∈ N, tolRB, P > 0, tolRB, D > 0, Ptrain ⊂ P , N = 1,

1: choose arbitrarily µ∗N ∈ Ptrain; set SN := {µ∗N}, XN := span
{

normalize[uN (µ∗N )]
}

,

WN := span
{

normalize[λN (µ∗N )]
}

,

2: while εRB,P > tolRB,P && εRB,D > tolRB,D && N < Nmax do
3: N := N + 1,

4: if N ≡ 0 ( mod 2) then
5: µ∗N = argmax

µ∈Ptrain

∆ST, P
N−1(µ),

6: εRB,P = ∆ST, P
N−1(µ∗N ),

7: else
8: µ∗N = argmax

µ∈Ptrain

∆ST, D
N−1(µ) ,

9: εRB, D = ∆ST, D
N−1(µ∗N ),

10: end if
11: SN = SN−1 ∪ {µ∗N},
12: XN = span

{
orthonormalize[XN−1 ∪ uN (µ∗N )]

}
,

13: WN = WN−1 + span{normalize[λ(µ∗N )]},
14: end while
15: NP = ND = N ,

16: return SN , XN ,WN , NP , ND;
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for ∆ST, P
N (µ),∆ST, D

N (µ) error measures of Section 5.1.1 can be chosen. In Algorithm 5.4, we

set the stopping criterion such that only one tolerance needs to be reached, but this is – again –

a setting of the user and its needs.

5.2. Stable Reduced Spaces

In the last two sections, we described different options to generate a reduced basis. In addition,

the reduced spaces XN ,YN ,WN should be constructed, such that they result in stable pairs, i.e.,

that the bilinear form a(·, ·;µ) is inf-sup stable on XN × YN and that the bilinear form b(·, ·)
is inf-sup stable on YN ×WN . The test space YN needs to be chosen such that both inf-sup

conditions are verified. Therefore, we start with the design of the reduced test space YN and its

variants. Due to readability, we omit the N -dependency on the functions, when they are clearly

defined.

5.2.1. Inf-Sup Stable Spaces

As already mentioned, the test space YN ⊂ Y is an underlying space of two reduced bilinear

forms. Thus, the choice of YN is crucial, as it influences the inf-sup constant βa,N (µ) of the

bilinear form a(·, ·;µ) on XN ×YN and the inf-sup constant βb,N (µ) of the bilinear form b(·, ·)
on YN ×WN . The challenge, which is hidden in the construction of the reduced test space

YN , is, that it results from both spaces XN , WN through the supremizing operator. In order

to still obtain a problem of square size, YN needs to be of the same dimension as XN . We

detail this situation: in the setting of RBMs for the PG equation, we compute the snapshots

and we are able to derive a stable test space via the supremizing operator of Definition 2.32,

TX
µ : XN → YN , µ ∈ P by

TX
µ u = arg sup

v∈YN

a(u, v;µ)

‖v‖Y
,

as written in Section 2.3.4. Therefore, we have the resulting test and trial space of reduced

dimension NP

XN = span{ξ(µi), i = 1, ..., NP },

YN = span{TX
µ ξ(µi), i = 1, ..., NP }.

To realize this parameter dependent test space, we need to compute the parameter dependent

supremizers. With Remark 2.33, we know that the explicit representation of the supremizing

operator is given by the Riesz representator (TX
µ u, v)Y = a(u, v;µ). Thus, computation of the

supremizers yields an offline/online decomposable strategy based on

vu(µi) := arg sup
v∈YN

a(uN (µi), v;µ)

‖v‖Y
= R−1

Y A(µi)u
N (µi), 1 ≤ i ≤ NP , (5.10)
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withR−1
Y : YN ′ → YN being the Riesz operator, which has already been introduced in Section

2.3.4. Using the parameter separability of the bilinear form a(·, ·;µ), for 1 ≤ i ≤ NP we have

vu(µi) = R−1
Y A(µi)u

N (µi) = R−1
Y

Qa∑
q=1

θqa(µi)A
quN (µi)

=

Qa∑
q=1

θqa(µi)R−1
Y AquN (µi) =:

Qa∑
q=1

θqa(µi)v
q
u(µi),

with vqu(µ) := R−1
Y Aqu(µ). Therefore, we compute Qa × NP components for the supremizer

offline, which results in computing Qa reduced matrices and stick those together in the online

phase for the specific parameters. One then needs to solve a reduced VI with a matrix of size

NP×NP in the online phase. This procedure is presented in Algorithm 5.5 for the trial space XN
and the constructed test space YN . Remember that we chose X1 := span{normalize[uN (µP,1)]}
for an initial parameter µP,1 ∈ Ptrain before starting the Greedy algorithm.

Algorithm 5.5 Greedy Algorithm for Test Space Construction
Require: NP,max ∈ N, tolRB,P > 0, Ptrain ⊂ P , N = 1,

1: Compute v1
u(µP,1), . . . , vQa

u (µP,1), via (5.11),

2: Set Y1,Qa = {v1
u(µP,1), . . . , vQa

u (µP,1)},
3: while εRB > tolRB, P && N < NP,max do
4: N := N + 1,

5: µ∗N = argmax
µ∈Ptrain

∆ST, P
N−1(µ),

6: εRB = ∆ST, P
N−1(µ∗N ),

7: SN,P = SN−1,P ∪ {µ∗N},
8: XN = span

{
orthonormalize[XN−1 ∪ uN (µ∗N )]

}
,

9: Compute v1
u(µ∗N ), . . . , vQa

u (µ∗N ), via (5.11),

10: YN,Qa = YN−1,Qa ∪
{
v1
u(µ∗N ) . . . vQa

u (µ∗N )
}

,

11: end while
12: NP := N ,

13: return SN,P , XN , YN,Qa , NP ;

The above setting would yield an inf-sup stable combination for the bilinear form a(·, ·;µ) with

inf-sup stability βa,N (µ) ≥ βNa (µ), as we have

βNa (µ) = inf
u∈XN

sup
v∈YN

a(u, v;µ)

‖u‖X‖v‖Y
≤ inf

u∈XN

sup
v∈YN

a(u, v;µ)

‖u‖X‖v‖Y
(5.12a)

= inf
u∈XN

a(u, TX
µ u;µ)

‖u‖X‖TX
µ u‖Y

≤ inf
u∈XN

sup
v∈YN

a(u, v;µ)

‖u‖X‖v‖Y
= βa,N (µ). (5.12b)

But the introduced spaces do not necessarily yield inf-sup stability of the bilinear form b(·, ·) on
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YN ×WN . If, in addition, the test space YN is enriched by supremizers, then the bilinear form

b(·, ·) is inf-sup stable as shown in the following.

We introduce the supremizing operator in the idea of [Rov03] where the RBM for the Stokes

problem has been considered. This has been extended in [RV07] for different variants of the

basis generation. The general idea is to enrich the primal space with supremizers of the basis

functions of the dual space. The supremizing operator of Definition 2.32 is used, i.e. TW :

WN → YN (here independent of µ) by

TWw = arg sup
v∈Y

b(v, w)

‖v‖Y
.

Using this operator, we show the inf-sup stability of the bilinear form b(·, ·).

Remark 5.4 (Stability of Bilinear Form b(·, ·)). [Rov03, Lemma 6.2.1],[HSW12, Proposition

2.4] Let b : Y×W→ R satisfy a discrete inf-sup stability on YN ×WN with βNb > 0. Let the

reduced spaces WN and YN be defined by

WN = span{λ(µi), i = 1, ..., ND} ⊂WN ,

YN = span{ζ(µi), i = 1, ..., NP ; TWλ(µi), i = 1, ..., ND} ⊂ YN ,

i.e., YN is enriched with the supremizers of the reduced dual space WN . Then the bilinear form

b(·, ·) is inf-sup stable on YN ×WN with βb,N ≥ βNb > 0.

Proof. Starting with the discrete inf-sup stability, we get

βNb = inf
η∈WN

sup
v∈YN

b(v, η)

‖v‖Y‖η‖W
≤ inf

η∈WN

sup
v∈YN

b(v, η)

‖v‖Y ‖η‖W

= inf
η∈WN

b(TWη, η)

‖TWη‖Y ‖η‖W
≤ inf

η∈WN

sup
v∈YN

b(v, η)

‖v‖Y ‖η‖W
= βb,N ,

which finishes the proof.

However, only enriching the test space YN without readjusting the trial space XN results in a

minimal residual problem. Therefore we consider four combinations, which are presented in the

following Table 5.1, where TW,X : W→ X is the supremizing operator of Definition 2.32, i.e.,

TW,Xw = arg sup
v∈X

b(v, w)

‖v‖X
.

For the Combination 1 and 2 in Table 5.1, no enrichment w.r.t. the reduced dual space WN

is performed. Thus, for Combination 1, we cannot guarantee inf-sup stability w.r.t. bilinear

form a(·, ·µ) or b(·, ·). For Combination 2, the inf-sup stability of a(·, ·;µ) is guaranteed, as

the reduced space YN is constructed with Algorithm 5.5. A summary of the dimensions of the

reduced primal and dual space as well as inf-sup stability for the bilinear forms is given in Table
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Combination/Spaces XN YN WN

Combination 1 XN XN WN

Combination 2 XN span{TX
µ XN} WN

Combination 3 span{XN , TW,XWN} span{XN , TW,XWN} WN

Combination 4 span{XN , TW,XWN} span{TX
µ XN , TWWN} WN

Table 5.1.: Combination of reduced spaces XN ,YN ,WN .

5.2.

For Combination 3 and 4, the primal dimension increases due to the enrichment by supremizers

by WN . Therefore, the bilinear form b(·, ·) is stable in both cases. However, the bilinear form

a(·, ·;µ) is not –even in Combination 4 – as by the enrichment of WN the inf-sup stability is not

given anymore.

Combination/Condition inf-sup stable w.r.t. a(·, ·;µ) inf-sup stable w.r.t. b(·, ·)

Combination 1 X X

Combination 2 X X

Combination 3 X X

Combination 4 X X

Table 5.2.: Inf-sup stabilities for the combinations of reduced spaces, introduced in Table 5.1.

Therefore, in this reduced Petrov-Galerkin setting, we are only able to guarantee inf-sup stability

for bilinear form a(·, ·;µ) or b(·, ·). We will investigate the stability of the reduced bilinear forms

in Section 5.3.3.

5.2.2. Well-Posedness

To derive well-posedness – first for the inequality –in the reduced setting, we check if the bi-

linear form a(·, ·;µ) is bounded, symmetrically bounded, weakly coercive and satisfies a Nečas

condition. As for the discrete setting, the bilinear form a(·, ·;µ) is well-defined on any conform-

ing discretization, which is given here by XN ⊂ XN ⊂ X and YN ⊂ YN ⊂ Y respectively.

For any conforming discretization, the continuity of a(·, ·;µ) is inherited by its subspaces, as

mentioned in (2.13). As already shown in Section 4.3.2, symmetrically boundedness and weak

coercivity are inherited by its subspaces for any conforming discretization as

inf
v∈XN

a(v, v) ≥ inf
v∈XN

a(v, v) ≥ inf
v∈X

a(v, v) ≥ αwJvK2
X,
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for the weak coercivity and

sup
v∈XN

sup
w∈XN

a(v, w)

JvKX|||w|||X
≤ sup

v∈XN
sup
w∈XN

a(v, w)

JvKX|||w|||X
≤ sup

v∈X
sup
w∈X

a(v, w)

JvKX|||w|||X
= γs,

for the symmetrical boundedness. For the Nečas condition, it suffices to show that the bilinear

form a(·, ·;µ) is inf-sup stable or that one of the equivalent requirements in Proposition 2.14

hold. If in addition the bilinear form a(·, ·;µ) is inf-sup stable on the discrete spaces XN ×YN ,

then Algorithm 5.5 yields the construction for a reduced inf-sup stable a(·, ·;µ) on XN × YN .

Corollary 5.5 (Well-Posedness of the Reduced VI). If the assumptions of Corollary 4.20 hold

and let the reduced test space YN be constructed by Algorithm 5.5. If in addition one of the con-

ditions on KN of Corollary 4.4, Corollary 4.5 or Theorem 4.6 hold, then the reduced inequality

(5.3) admits a unique solution.

Proof. By the proof of Corollary 4.20, the bilinear form a(·, ·;µ) is bounded, symmetrically

bounded and weakly coercive for every µ ∈ P . All three properties are inherited by their

subspaces onto XN ⊂ XN ⊂ X. Moreover, the bilinear form a(·, ·;µ) is inf-sup stable on

XN ×YN by construction of Algorithm 5.5, as it is also stable on the discrete spaces XN ×YN .

Subsequently, the proof is completed by Corollary 4.4, Corollary 4.5 or Theorem 4.6, depending

on the condition KN satisfies.

Although well-posedness is obtained for the reduced VI, reducing it would require to determine

a reduced convex set. Again, it is delicate to identify which parts of the spanned space are con-

tained in the detailed convex set and which not.

For the well-posedness of the saddle-point problem, again, we assume a special structure for the

convex set KN and the inf-sup stability of the reduced bilinear form b(·, ·).

Corollary 5.6 (Well-Posedness of the Reduced Saddle-Point Problem). If KN := {vN ∈ YN :

b(vN , ηN ) ≤ g(ηN ), ηN ∈ MN} and the bilinear form b(·, ·) is inf-sup stable on YN ×WN ,

then the saddle-point problem (5.2) admits a unique solution (uN , λN ) ∈ XN ×MN .

Proof. Proof follows directly by Lemma 3.18.

As we have shown in Table 5.2, all described approaches do not yield a combination of reduced

spaces XN ,YN ,WN such that the inf-sup stability of a(·, ·;µ) and b(·, ·) can be guaranteed.

Thus, at this point, we cannot prove, that the reduced saddle-point problem admits a unique

solution (uN (µ), λN (µ)) ∈ XN × MN . We thus investigate stability of the bilinear forms

numerically in Section 5.3.3.

However, in case that well-posedness of the reduced saddle-point problem can be obtained, then

the reproduction of snapshots can be proven.
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Proposition 5.7 (Reproduction of Snapshots). If (uN (µ), λN (µ)) ∈ XN ×MN is a solution

of (5.2). Then, if uN (µ) ∈ XN and λN (µ) ∈ MN , it follows that uN (µ) = uN (µ) and

λN (µ) = λN (µ).

Proof. Using vN ∈ YN as a test function in the discretized saddle-point problem yields

a(uN (µ), vN ;µ) + b(vN , λ
N (µ)) = f(vN ;µ),

as YN ⊂ YN and as (uN (µ), λN (µ)) solves the discrete saddle-point problem. Then, for

ηN ∈MN , it follows

b(uN (µ), ηN − λN (µ)) ≤ g(ηN − λN (µ);µ),

as MN ∈ MN and (uN (µ), λN (µ)) solves the discrete saddle-point problem. Therefore, it fol-

lows, that (uN (µ), λN (µ)) solves the reduced saddle point problem. And due to the uniqueness

for the reduced problem (uN (µ), λN (µ)) = (uN (µ), λN (µ)).

5.3. Numerical Experiments

In this section, we numerically examine different aspects of the model reduction introduced

in this chapter. First, we investigate the reducibility of the saddle-point problem. Therefore,

we provide numerical approximations to the Kolmogorov N -width for a heat inequality and a

Convection-Diffusion-Reaction-inequality (CDR-inequality). Moreover, we consider the influ-

ence of the obstacle on the decay of the Kolmogorov N -width.

Then, different constructions of the reduced spaces are tested w.r.t. the resulting stability con-

stants of the bilinear forms. Subsequently, we provide numerical experiments for two kinds

of basis generation. We investigate the dual reduced space, on one hand derived with an the

Angle-Greedy and on the other hand with the projection-based Greedy. Furthermore, we com-

pare the two Greedy algorithms, which simultaneously construct the primal and the dual basis:

The alternating Greedy algorithm and the weighted Greedy algorithm.

Before we start with the numerical investigation, we recall some relevant issues from RBMatlab,

the software package used for the model reduction in this section.

5.3.1. Implementation

All of the models and methods have been implemented in RBMatlab [RBM13], which is a soft-

ware package for Matlab [MAT16], which contains a basic framework and various applications

for the RBM, originally developed University in Stuttgart and Münster. To compute and solve a

reduced model, RBMatlab follows a standard command chain:
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% command chain of RBMatlab

model = example_model;

model_data = gen_model_data(model);

detailed_data= gen_detailed_data(model ,model_data);

reduced_data = gen_reduced_data(model ,detailed_data);

rb_sim_data = rb_simulation(model ,reduced_data);

rb_sim_data = rb_reconstruction(model ,detailed_data ,rb_sim_data);

The partial differential equation with all its properties is defined in example model. Partic-

ularly, this can be the size of the domain, the dimension of the discretization, the parameter

values, or the tolerance for the basis generation. In the first line of the above code (model

= example model), the model with its settings is saved in a Matlab structure array. This

struct needs to be passed to all other subsequent function calls. The mesh is generated with

gen model data and stored in model data. Then, the offline phase of the RBM is realized in

gen detailed data. For the truth solution corresponding to the chosen snapshot parameter,

the function detailed simulation is needed, which is shown in the following, is called inside

the gen detailed data:

% structure of detailed_simulation

sim_data = detailed_simulation(model , model_data)

% Input: model and mesh specifications

% Output: detailed solution in Matlab struct sim_data

The reduced data is generated afterwards with gen reduced data and stored in reduced data.

Then, the online phase of the RBM is performed in rb simulation, independent of high-

dimensional quantities. The function rb reconstruction reconstructs a high-dimensional so-

lution from the coefficients and appends the rb sim data.

The implementation of this work follows the original structure of RBMatlab, but as parts were

not available, but we added some parts to the software package, e.g., a space-time framework,

different Greedy algorithms and test space construction.

5.3.2. Reducibility of the Variational Inequalities

In this section, we numerically examine the reducibility for the saddle-point formulation of

parametrized variational inequalities. To this end, we compute reduced approximations of the

primal truth solution uN (µ) and the dual truth solution λN (µ), µ ∈ P , using a POD approach.

First, we recall the Kolmogorov N -width and provide numerical approximations to it, as to the

best of our knowledge there are no analytic results available concerning the decay of the N -

width as N grows for the specific case of VIs. Then, after a general survey of the reducibility,

we specifically study the influence of the obstacle within the saddle-point formulation of the

variational inequality. The obstacle directly changes the volume of the convex cone M ⊂W and
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5.3. Numerical Experiments

therefore the solution space X×M. This is why we are particularly interested in the quantitive

performance.

Kolmogorov N-Width

In Section 2.3.3, we introduced the Kolmogorov N -width in (2.31), which is the best achievable

error, when the solution manifold DN (P) is approximated by the best reduced space XN of

dimension N . For variational inequalities, we are not aware of analytical results concerning the

decay of the Kolmogorov N -width.

We consider the truth space-time saddle-point formulation: The solution manifold for the STSPP

reads

DN (P) := {(uN (µ), λN (µ)) ∈ (XN ×MN )|(uN (µ), λN (µ)) solves (4.19) for µ ∈ P},
(5.13)

with DN (P) ⊂ (XN ×MN ). We ask how well DN (P) can be approximated by finite dimen-

sional linear subspaces (XN × MN ) ⊂ (XN × MN ) of dimension 2N . First note that it is

not clear if the reduced problem admits a unique solution to the reduced problem as we cannot

guarantee well-posedness for every parameter µ ∈ P (see Section 5.2.2). Therefore, instead of

approximating the Kolmogorov N -width with a strong Greedy, i.e., where the error measure is

the true error eN (µ) := uN (µ)− uN (µ) and δN (µ) := λN (µ)− λN (µ) for µ ∈ P , we investi-

gate in the POD-error ePOD
N , δPOD

N , which is introduced in the following. For an more extensive

survey of the POD, we refer to [KV01].

The primal and dual POD-error ePOD
N , δPOD

N are defined by

ePOD
N :=

 1

|Ptrain|
∑

µ∈Ptrain

σX
(
uN (µ);XPOD

N

)21/2

,

δPOD
N :=

 1

|Ptrain|
∑

µ∈Ptrain

σM
(
λN (µ);MPOD

N

)21/2

,

with primal and dual POD-spaces, respectively POD-cone XPOD
N , MPOD

N ,

XPOD
N := arg inf

Xn⊂Xtrain,
dim(Xn)=N

1

|Ptrain|
∑

µ∈Ptrain

σX(uN (µ);XN )2,

MPOD
N := arg inf

Mn⊂Mtrain,
dim(Mn)=N

1

|Ptrain|
∑

µ∈Ptrain

σM(λN (µ);MN )2.

Moreover, we use the training sample spaces

Xtrain := span{uN (µ) : µ ∈ Ptrain},

Mtrain := span{λN (µ) : µ ∈ Ptrain}.
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and abbreviate the best approximation by

σX(uN (µ);XN ) := inf
uN (µ)∈XN

‖uN (µ)− uN (µ)‖X = ‖uN (µ)−ΠXN
uN (µ)‖X,

σM(λN (µ);MN ) := inf
λN (µ)∈MN

‖λN (µ)− λN (µ)‖W = ‖λN (µ)−ΠMN
λN (µ)‖W,

with the orthogonal projections ΠXN
: XN → XN , ΠWN

: WN → WN , which already have

been defined for the projection-based error measures ∆ST, P1
N (µ), ∆ST, D1

N (µ) in Section 5.1.1.

Now, for µi ∈ Ptrain, i = 1, . . . , |Ptrain|, let the primal and dual correlation matrices be defined

by

CPOD
P (i, j) :=

1

|Ptrain|
(uN (µi), u

N (µj))X,

CPOD
D (i, j) :=

1

|Ptrain|
(λN (µi), λ

N (µj))W.

Then, it is well-known that (see [KV01, Proposition 1])

ePOD
N =

 |Ptrain|∑
j=N+1

ηPOD
j

1/2

, δPOD
N =

 |Ptrain|∑
j=N+1

κPOD
j

1/2

, (5.14)

where ηPOD
j , κPOD

j , j = 1, . . . , |Ptrain| are the eigenvalues of CPOD
P , CPOD

D . Hence, if the eigen-

values ηPOD
j , κPOD

j , for j → |Ptrain| admit a fast decay, then the POD-errors have the same decay.

This means, that if an accuracy εPOD
tol has to be satisfied, the minimal N ∈ N such that

(
ePOD
N

)2
=

|Ptrain|∑
j=N+1

ηPOD
j ≤

(
εPOD

tol
)2
,

(
δPOD
N

)2
=

|Ptrain|∑
j=N+1

κPOD
j ≤

(
εPOD

tol
)2
,

describes the necessary size of the reduced model to reach the corresponding target accuracy.

Therefore, the decays of the eigenvalues of the correlation matrices CPOD
P , CPOD

D are an indicator

for the reducibility of the problem and resemble the Kolmogorov N -width. In fact, they serve

as an upper bound.

We consider two specific test examples for which we determine the Kolmogorov N -width nu-

merically: A time-dependent heat inequality and an instationary convection-diffusion-reaction

inequality. After the introduction of each example, we present the corresponding numerical

results.

Example 5.8 (Heat Inequality). We consider a parametrized heat inequality model with homo-

geneous Dirichlet boundary conditions and a homogenous initial condition on the time inter-

val I := (0, T ) for T = 0.5. The spatial domain Ω := (0, 1) is split into two subdomains

Ω1 := (0, 0.5) and Ω2 := (0.5, 1) such that Ω̄ = Ω̄1 ∪ Ω̄2. The parameter µ ∈ R2 enters the

model as piecewise constant coefficient functions in the bilinear form a(·, ·;µ) as heat conduc-

tivities µ1, µ2 on Ω1,Ω2. The obstacle g is constant as well as the right-hand side c(t, x;µ) = 1,
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∀x ∈ Ω, t ∈ I . The variational inequality in strong form reads: For µ ∈ P , find u ∈ K∩X (the

spaces to be defined below) such that
u̇(t, x;µ)−∇(ν(µ)∇u(t, x;µ)) ≥ c(t, x;µ), on I × Ω, µ ∈ P,

u(t, 0;µ) = u(t, 1;µ) = 0, ∀t ∈ (0, T ), µ ∈ P,

u(0, x;µ) = 0, ∀x ∈ Ω, µ ∈ P.

where ν(µ) := µ11Ω1(x) + µ21Ω2(x), for x ∈ Ω. For the variational formulation, we use the

Gelfand triple V ↪→ H ↪→ V ′ with V = H1
0 (Ω), H = L2(Ω) and V ′ = H−1(Ω). We choose

the multiplier space W := V ′ and construct the space-time spaces as in Chapter 4. The linear

and bilinear forms read:

a(u, v;µ) =

∫
I

∫
Ω
〈u̇(t), v(t)〉V ′×V dx dt+ µ1

∫
I

∫
Ω1

(∇u(t),∇v(t))V dx dt

+ µ2

∫
I

∫
Ω2

(∇u(t),∇v(t))V dx dt, ∀u ∈ X, v ∈ Y,

as well as

f(v;µ) =

∫
I

∫
Ω

(c(t;µ), v(t)) dx dt, ∀v ∈ Y,

b(v, p) =

∫
I

∫
Ω
〈v(t), η(t)〉V×W dx dt, ∀v ∈ Y, η ∈W,

g(η;µ) = g(η) = 0.1, ∀η ∈W.

We recall the function spaces X = H1
(0)(I,V

′)∩L2(I;V ), Y = L2(I;V ) with V ,V ′ as above.

The convex set K ⊂ Y is defined by

K = { v ∈ L2(I;V ), v(t) ≤ 0.1, a.e. on Ω, a.e. t ∈ I },

and the multiplier space is W = Y′ = L2(I;V ′) here.

For this example, we choose the training set Ptrain ⊂ P := [0.1, 1]2, which is P discretized by

31 equidistant points per space dimension such that |Ptrain| = 961. The space-time discretization

is as in Section 4.3.1.

We plot the POD-errors ePOD
N , δPOD

N (6.28) with respect to N for different discretizations to

obtain a numerical approximation for the decay of the Kolmogorov N -width in Figure 5.1. As a

reminder, the full space-time dimension is denoted by N , whereas the spatial dimension is Nh
and the dimension w.r.t. time is L. We observe that the convergence behavior is for the primal

and the dual POD-error the same: It is approximately of the order of N−5/4. In order to valuate

the rate of N−5/4, let us first mention that it has been proven in [BMP+12, Theorem 3.1] that

the Kolmogorov N -width decays exponentially in the following situation

• linear coercive variational equations,
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Figure 5.1.: Heat inequality: Decay of the POD-error on training set Ptrain. Red line (thin):

Decay rate N−5/4; purple, green, blue, cyan, black: Nh = 2k, k = 3, 4, 5, 6, 7;

temporal discretizations L = 22(Nh + 1).

• coercive variational equations, where linear and bilinear forms are affinely decomposable

w.r.t. the parameter,

• coercive variational equations with strong or Greedy solution of snapshots for the reduced

basis.

Of course, N−5/4 is much less than exponential decay. On the other hand, for linear transport

problems the decay is known from [OR16] to be N−1/2.

In the above heat inequality, the bilinear form a(·, ·;µ) consists of a sum of the temporal deriva-

tive and a spatial diffusive part. As a next example we consider an instationary problem which

now also involves advective and reactive terms. The main purpose is the investigation of the re-

lation of bilinear form and the decay of the Kolmogorov N -width for inequalities, in particular

w.r.t. spatial symmetry.

Example 5.9 (Convection-Diffusion-Reaction Variational Inequality). Let Ω := (0, 1) and let

I := (0, T ) be a time interval with final time T = 0.3. We set homogeneous Dirichlet conditions

at ∂Ω and a homogeneous initial condition. The parameter µ := (µ1, µ2, µ3) ⊂ P ⊂ R3 is

three dimensional. The diffusion coefficient is denoted by µ1 ⊂ R, the convection coefficient by

µ2 ⊂ R and the reaction coefficient by µ3 ⊂ R. The obstacle g = 0.1 is constant as well as the

right-hand side c(t, x;µ) = 1, ∀x ∈ Ω, t ∈ I . The variational inequality in strong form reads:
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Find u ∈ K ∩ X such that
u̇(t, x;µ)− µ1uxx(t, x;µ) + µ2ux(t, x;µ) + µ3u ≥ c(t, x;µ), on I × Ω, µ ∈ P,

u(t, 0;µ) = u(t, 1;µ) = 0, ∀t ∈ (0, T ), µ ∈ P,

u(0, x;µ) = 0, ∀x ∈ Ω, µ ∈ P.

For the variational formulation, we use the Gelfand triple V ↪→ H ↪→ V ′ with V = H1
0 (Ω),

H = L2(Ω) and V ′ = H−1(Ω). The space-time spaces are chosen as Y = L2(I;V ) and

X = {v ∈ L2(I;V ) : v̇ ∈ L2(I;V ′) : v(0) = 0}. The space-time linear and bilinear forms

read:

a(u,v;µ) =

∫
I

∫
Ω
〈u̇(t), v(t)〉V ′×V dx dt+ µ1

∫
I

∫
Ω

(∇u(t),∇v(t))V dx dt

+ µ2

∫
I

∫
Ω

(∇u(t), v(t))V dx dt+ µ3

∫
I

∫
Ω

(u(t), v(t))V dx dt ∀u ∈ X, v ∈ Y, µ ∈ P,

where a : X× Y→ R as well as f : Y→ R defined by

f(v;µ) =

∫
I

∫
Ω

(c(t;µ), v(t)) dx dt, ∀v ∈ Y.

The convex set K ⊂ Y is defined by

K = { v ∈ Y, v(t) ≤ 0.1, a.e. on Ω, a.e. t ∈ I }.

We choose the trainings set Ptrain ⊂ P := [0.1, 0.5] × [0.1, 0.3] × [0, 0.5] with 11 equidistant

points in each direction such that |Ptrain| = 1331. We derive the discrete saddle-point problem

with the method presented in Section 4.3.1. Again, the full space-time dimension is denoted by

N , whereas the spatial dimension is Nh and the dimension w.r.t. time is L.

We plot the POD-errors ePOD
N , δPOD

N (6.28) with respect to N for different discretizations as

a numerical approximation of the Kolmogorov N -width in Figure 5.2. As for the previous

example, we observe a decay of the order of approximately N−5/4.

With two different problems, that yield the same convergence behavior, we now investigate in the

influence of the obstacle, which can indicate whether the numerically derived bound of N−5/4

is a good approximation for the class of the saddle-point formulation of variational inequalities

or not.

Influence of the Obstacle

To the best of our knowledge, there are no numerical investigations concerning the influence

of the reducibility on the obstacle known. We expect a severe dependence as the following

extreme cases show: If the obstacle is not touched at all, the problem reduces to a variational

equation, which admits exponential decay w.r.t. N . On the other hand, we observed N−5/4

for the inequality. In addition, the definition of the obstacle g chances directly the convex set
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Figure 5.2.: CDR-inequality: Decay of the POD-error on training set Ptrain. Red line (thin):

Decay rate N−5/4; purple, green, blue, cyan, black: Nh = 2k, k = 3, 4, 5, 6, 7;

temporal discretizations L = 22(Nh + 1).

K and therefore also the convex cone M. To examine this problem, we again use Example

5.8 with training set Ptrain ⊂ P = [0.1, 1]2 with 31 equidistant points per direction such that

|Ptrain| = 961. We set Nh = 27 − 1 and L = 29 for all computations, such that N = 65 024.

The results are shown in Figure 5.3 and we highlight two observations:

• the Kolmogorov N -width depends on the obstacle,

• the dependence of the order of the Kolmogorov N -width is not linear w.r.t. the obstacle g.

In addition to the plots, the approximated convergence rates for the primal and dual Kolmogorov

N -widths are displayed in Table 5.3.

Concerning the first point, we obtain a decay of order approximately N−1 for the obstacle

g = 0.2 (black line). In the numerical experiments above, we observed an decay of approx-

imately N−5/4 for g = 0.1 (blue line). Thus, the change of the obstacle clearly influences the

convergence behavior of the Kolmogorov N -width.

For the second point, we observe that the Kolmogorov N -width grows for a higher obstacle

g = 0.1 (blue line) compared to g = 0.2 (black line). Then, however, the convergence rate of

the Kolmogorov N -with declines for an increase in height of the obstacle g = 0.2 (black line)

compared to g = 0.3 (cyan line) and g = 1 (green line). The green line is a special case, as the

variational inequality here reduces to a variational equation. This can be seen in 5.3 b), as the

POD-error is vanishing for every N , which indicates, that the λN (µ) = 0 for all µ ∈ Ptrain. In

Table 5.3 it can be seen, that the Kolmogorov N -with admits an exponential decay (green line

in Figure 5.5(a)). This cannot be expected since the space-time bilinear form a(·, ·;µ) is neither

symmetric, nor coercive.
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Figure 5.3.: Heat inequality: Decay of the POD-error on training set Ptrain for different heights

of the obstacle g; note, that scales of y-axis differ.

In conclusion, we observed that the reducibility depends on the obstacle and that this dependence

is not linear w.r.t. the height of the obstacle.

Kolmogorov N -width / g g = 0.1 g = 0.2 g = 0.3 g = 1.0

Primal N -width N−5/4 N−1 N−9/8 exp−0.65N

Dual N -width N−5/4 N−1 N−9/8 no decay

Table 5.3.: Kolmogorov N -width for different heights of obstacle g. Case g = 1.0 results in a

variational equation setting.

5.3.3. Quantitive Aspects of Model Reduction

After the investigation of the Kolmogorov N -width, we analyze quantitive aspects of model

reduction. We start by the computation of the stability constants for different combinations of

the reduced spaces in Section 5.2.1. Then, after choosing a suitable stable combination, two

different kinds of basis generations are numerically examined: First, two different kinds of the

dual basis generation and then two algorithms, where the primal and dual basis are constructed

simultaneously.

Stability Constants for Reduced Bilinear Forms

In this section, we numerically investigate in the stability of the bilinear forms a(·, ·;µ), b(·, ·)
for the combinations of reduced spaces XN ,YN ,WN in Table 5.1. Theoretically, none of those

combinations are inf-sup stable w.r.t. both forms, see Table 5.2. Thus, we evaluate their stability
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to decide which reduced spaces should be used for the following numerical experiments. Ac-

cording to the computations of the stability constants in the discrete case, the same example, i.e.,

the CDR-inequality as in Example 5.9, is used for comparison principles. We set Nh = 25 − 1

and L = 27 for all computations, such that N = 3968. The primal basis is generated by Algo-

rithm 5.1 with the projection-based error measure ∆ST,P1
N (µ) in (5.5). The dual basis is generated

by Algorithm 5.2 with the Angle-Greedy error measure ∆ST,D3
N (µ) in (5.8). For both Greedy al-

gorithms, the stopping criterion is given by NP,max = ND,max = 20. The basis generation of

the primal and dual spaces is the same for all Combinations, such that the specific construction

and combination of the reduced spaces can be evaluated. The reduced stability constants are

defined by

βa,N (µ) := inf
uN∈XN

sup
vN∈YN

|a(uN , vN ;µ)|
|||uN |||X,δ‖vN‖Y

, γa,N (µ) := sup
uN∈XN

sup
vN∈YN

|a(uN , vN ;µ)|
|||uN |||X,δ‖vN‖Y

,

for bilinear form a(·, ·;µ) and by

βb,N (µ) := inf
vN∈YN

sup
ηN∈WN

|b(vN , ηN )|
‖vN‖Y‖ηN‖W

, γb,N (µ) := sup
vN∈YN

sup
ηN∈WN

|b(vN , ηN )|
‖vN‖Y‖ηN‖W

,

for bilinear form b(·, ·). Although the bilinear form b(·, ·) is still parameter-independent, it might

happen that the stability constants are parameter-dependent. The reason for this behavior is the

construction of the test space YN , which is parameter-dependent if it is build as in Combination

2 and 4. Therefore, the stability constants are be parameter-dependent as well.

We start by the Combination 1 in Table 5.1. Although XN ( YN , the bilinear forms are still

well-defined by XN ⊂ XN ⊂ X ⊂ Y. The results are presented in Table 5.5 for different values

of µ = (1, µ2, 0.5). Comparing these reduced inf-sup constants to the discrete ones in Table 4.3

(see p.99), we observe that the reduced inf-sup stability is about one-third of the discrete one.

The reduced inf-sup stability for b(·, ·) is highly unstable, compared to the optimal results in

the discrete setting. As the variation of the stability constants w.r.t. µ2 is not versatile, we also

µ2 βa,N (µ) βb,N γa,N (µ) γb,N

µ2 = 0.2 3.3411e-01 1.8300e-07 1.1566e-00 9.7821e-01

µ2 = 0.4 3.3421e-01 1.8300e-07 1.1573e-00 9.7821e-01

µ2 = 0.6 3.3431e-01 1.8300e-07 1.1588e-00 9.7821e-01

µ2 = 0.8 3.3441e-01 1.8300e-07 1.1607e-00 9.7821e-01

µ2 = 1.0 3.3450e-01 1.8300e-07 1.1633e-00 9.7821e-01

Table 5.4.: Combination 1: YN = XN ; stability constants for different parameter µ =

(1, µ2, 0.5) of reduced bilinear form a(·, ·): NP = 20, ND = 20; here βb,N =

βb,N (µ).
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5.3. Numerical Experiments

consider different values of the diffusion parameter µ1. A combination of both parameters is

always considered for the upcoming numerical investigations of the stability constants. In Table

5.5, the value of βa,N (µ) depends more severe on µ1 and decreases further. In conclusion, this

combination is not sufficiently stable for both forms and should not be used in further numerical

experiments.

µ1 βa,N (µ) βb,N γa,N (µ) γb,N

µ1 = 0.1 2.6125e-01 1.8300e-07 1.0056e-00 9.7821e-01

µ1 = 0.5 2.9020e-01 1.8300e-07 1.0302e-00 9.7821e-01

µ1 = 1.0 3.3411e-01 1.8300e-07 1.1566e-00 9.7821e-01

Table 5.5.: Combination 1: YN = XN ; stability constants for different parameter µ =

(µ1, 0.2, 0.5) of reduced bilinear form a(·, ·): NP = 20, ND = 20; here βb,N =

βb,N (µ).

Next, we consider Combination 2, where the test space is constructed by Algorithm 5.5 and is

therefore theoretically inf-sup stable. The stability constants improve for both forms as shown

in Table 5.6. In particular, the theoretical fact that βa,N (µ) ≥ βNa (µ), µ ∈ P , as described in

(5.12), can be verified (see again Table 4.3).

µ1, µ2 βa,N (µ) βb,N (µ) γa,N (µ) γb,N (µ)

µ1 = 0.1 3.0701e-01 8.6604e-07 1.0019e-00 9.7841e-01

µ1 = 0.5 5.6064e-01 6.9943e-05 1.0495e-00 9.7744e-01

µ1 = 1.0 9.9880e-01 2.1250e-04 1.2284e-00 9.9601e-01

µ2 = 0.4 9.9884e-01 2.2357e-04 1.2293e-00 9.9611e-01

µ2 = 1.0 9.9472e-01 2.3449e-04 1.2355e-00 9.9636e-01

Table 5.6.: Combination 2: YN = span{TX
µ XN}; stability constants for different parameter µ =

(1, µ2, 0.5), µ = (µ1, 0.4, 0.5) of reduced bilinear form a(·, ·): NP = 20, ND = 20.

In the following two observations, we enrich the test space (and therefore also the trial space

to obtain a problem of quadratic size) by supremizers of WN . The reduced inf-sup stability of

a(·, · : µ) decreases to a maximum of a quarter of the discrete bilinear form (see again Table

4.3)), which are up to now the lowest values. On the other hand, the inf-sup stability of b(·, ·)
increases significantly. Thus, this setting might be a possible combination for further numerical

considerations if the inf-sup constant βa,N (µ) can be improved. To this end, we investigate in

the simultaneous enrichment by supremizers of XN and WN .

For Table 5.8, the numerical results for Combination 4 are presented. The theoretical property
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5. Model Reduction

µ1, µ2 βa,N (µ) βb,N γa,N (µ) γb,N

µ1 = 0.1 1.2640e-01 2.7975e-01 1.0081e-00 9.9604e-01

µ1 = 0.5 1.7404e-01 2.7975e-01 1.1067e-00 9.9604e-01

µ1 = 1.0 2.4486e-01 2.7975e-01 1.3195e-00 9.9604e-01

µ2 = 0.4 2.4482e-01 2.7975e-01 1.3267e-00 9.9604e-01

µ2 = 1.0 2.4469e-01 2.7975e-01 1.3204e-00 9.9604e-01

Table 5.7.: Combination 3: YN = XN , with enrichment by WN ; stability constants for different

parameter µ = (1, µ2, 0.5), µ = (µ1, 0.4, 0.5) of reduced bilinear form a(·, ·): NP =

40, ND = 20; here βb,N = βb,N (µ).

that βa,N (µ) ≥ βNa (µ), µ ∈ P , cannot be verified here, because after the construction of the test

space it is enriched by W. Thus the inf-sup stability of a(·, ·;µ) cannot be guaranteed anymore

and admits the lowest values in the different experiments. In contrast to that, the form b(·, ·)
obtains optimal results for the reduced quantities.

µ1, µ2 βa,N (µ) βb,N (µ) γa,N (µ) γb,N (µ)

µ1 = 0.1 3.9285e-03 1.0000e-00 1.0062e-00 1.0000e-00

µ1 = 0.5 9.4822e-02 1.0000e-00 1.1038e-00 1.0000e-00

µ1 = 1.0 4.1854e-02 1.0000e-00 1.3182e-00 1.0000e-00

µ2 = 0.4 4.4336e-02 1.0000e-00 1.3193e-00 1.0000e-00

µ2 = 1.0 4.9662e-02 1.0000e-00 1.3261e-00 1.0000e-00

Table 5.8.: Combination 4: YN = span{TX
µ XN}, with enrichment by WN ; stability constants

for different parameter µ = (1, µ2, 0.5), µ = (µ1, 0.4, 0.5) of reduced bilinear form

a(·, ·): NP = 40, ND = 20.

Finally, the Combination 2 is used for the upcoming numerical experiments, as we are more

interested in the value of the primal reduced solution than of the the dual reduced solution.

Therefore, the stability of a(·, ·;µ) is rated higher than the stability of b(·, ·). Also, Combination

2 is the only choice, where a theoretical inf-sup stability of a(·, ·;µ) is guaranteed, see Table 5.1.

In addition, if enrichment by WN is performed, then the dimensionNP is doubling, which leads

to increased computational costs for Combination 3 and 4.
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5.3. Numerical Experiments

Dual Basis Generation

In this numerical example, we consider two different error measures for the basis generation of

the dual space, namely the projection-based Greedy ∆ST,D1
N (µ) of (5.7) and the Angle-Greedy

∆ST,D3
N (µ) of (5.8). The goal is to investigate how strongly the reduced solution is influenced

by the dual basis.

To this end, we use Example 5.8 with P := [0.1, 1]2 and discretize it by 31 equidistant points per

space dimension such that |Ptrain| = 961. The discretization is as in Section 4.3.1 usingNh = 25

and L = 27 for all computations, resulting in a combined space-time dimension N = 3968.

For the primal basis generation, Algorithm 5.1 in combination with error measure ∆ST, P1
N (µ)

(see (5.5)), is applied. For the dual basis generation, on the one hand the Algorithm 5.1 with

Angle-Greedy indicator ∆ST, D1
N (µ) is used (see (5.7)) and on the other hand ∆ST,D3

N (µ) (see

5.8), is set as the error measure.

Greedy Training: The results for the Greedy algorithms are shown in Figure 5.4. Note, that the

scales on the two plots differ. Only one Greedy training is performed for the primal variable,

since both approaches result in the same reduced basis for XN . The test space YN is constructed

by Combination 2, as discussed in the previous section.

For a fair comparison, a tolerance has not been set for any error measure, as the comparability

is not obvious: In the Angle-Greedy based algorithm, the error measure is a space-time angle,

whereas in the projection-based approach the error is the projection error of an orthogonal pro-

jection. It can be seen in Figure 5.4(b), that the resulting Greedy decays differ by approximately

an order of 103. To this end, we set NP,max = ND,max = 20 as the stopping condition and

compare the resulting bases w.r.t. to a test set Ptest in the online phase.
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Figure 5.4.: Heat inequality, dual basis generation: Greedy training for primal/dual vari-

able: Red: Projection-based; Blue: Angle-based; Stopping criterion NP,max =

ND,max = 20; note, that scales on the y-axis differ.
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5. Model Reduction

Online Phase: We test the Reduced Basis (RB) approximation for

Ptest := {(µ1, 0.1) : µ1 ∈ [0.1, 1]},

with |Ptest| = 100. The results are shown in Figure 5.5. In both plot, we observe that the

projection-based error measures underestimate the reduced error (this is not surprising, see Sec-

tion 5.1.1) and that the Angle-Greedy based one overestimates the reduced error. In Figure

5.5(a), the blue and the red lines coincide, which means that eN (µ) = uN (µ)−uN (µ), µ ∈ Ptest

is the same w.r.t. the J·KX-norm, and thus, the dual reduced basis is not influencing the eN (µ).

One might think, that the basis function for the dual reduced are the same, but this is not the

case. The dual error δN (µ) = λN (µ)−λN (µ), µ ∈ Ptest coincides for the two basis generations

for about half of the test set. For the other parameters, the difference between the two errors is

not significant.

We can summarize that the basis generation of the dual basis has no effect on eN (µ) and little

effect on δN (µ) for this specific example. Therefore, for the dual basis generation, the error

measure should be chosen such that it is suitable for the concrete application.
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Figure 5.5.: Heat inequality, dual basis generation: RB approximation error on Ptest. Red:

projection-based; blue: angle-based; error indicator (dash-dotted), error in norm

J·KX (solid); red and blue lines coincide in Figure (a).

Greedy Algorithms

Here, we consider two different variants of the Greedy algorithms: The weighted Greedy Algo-

rithm 5.3 and the alternating Greedy Algorithm 5.4. The aim of this numerical experiment is to

investigate if one of the approaches yields a better approximation to the truth solution.

To this end, we again use Example 5.8 with P := [0.1, 1]2 and discretize it by 31 equidistant

points per space dimension such that |Ptrain| = 961. The discretization is as in Section 4.3.1
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5.3. Numerical Experiments

using Nh = 25 and L = 27 for all computations, resulting in a combined space-time dimension

N = 3968. For the error measures, we use the projection-based error measure ∆ST, P1
N (µ) (see

(5.5)) for the primal variable and the Angle-Greedy ∆ST,D3
N (µ) (see 5.8) for the dual variable.

The weights in the weighted Greedy Algorithm 5.3 are equally split, such that ωu = ωλ = 0.5.

Greedy Training: As before, the stopping criterion is set to NP,max = ND,max = 20, as defin-

ing a tolerance makes no sense here. This can be seen in Figure 5.6, where the Greedy decays

are plotted for both algorithms. For example, a tolerance of 10−2 might never be reached by the

weighted algorithm, but the alternating Greedy would stop with one basis function.

For the primal projection-based indicator (red line), we observe that the reached tolerance is

approximately 10−2 for the weighted Greedy algorithm and strictly less than 10−2 for the al-

ternating algorithm. Thus, it might be that the primal error will be lower for the alternating

algorithm than for the weighted algorithm. To this end, we compare the generated reduced bases

compare with a test set Ptest in the online phase.
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(b) Alternating Greedy Algorithm 5.4

Figure 5.6.: Heat inequality, weighted/alternating: Greedy training for weighted/alternating ba-

sis generation. Red: primal error indicator; blue: dual error indicator; black: weight-

ed/alternating error indicator.

Online Phase: We test the RB approximation for

Ptest := {(µ1, 0.1) : µ1 ∈ [0.1, 1]},

with |Ptest| = 100. The results are shown in Figure 5.7. Again, the projection-based error

underestimates the error of the reduced w.r.t. the truth solution, here eN (µ) = uN (µ)− uN (µ),

µ ∈ Ptest in Figure 5.7(a), and the Angle-Greedy indicator overestimates the error δN (µ) =

λN (µ) − λN (µ), µ ∈ Ptest in Figure 5.7(b). Here, in contrast to the example above, the primal

errors eN (µ) differ and for nearly all µ ∈ Ptest, eN (µ) w.r.t. the alternating algorithm is less or
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5. Model Reduction

equal than the primal error w.r.t. the weighted algorithm. The same behavior is observed for the

dual error δN (µ) in Figure 5.7(b).

Finally, for this setting, one should use the alternating Greedy algorithm, as for most µ ∈ Ptest,

the primal error eN (µ) compared to the truth solution is less or equal compared to the weighted

error. In addition, the equivalent observation was made for the dual error δN (µ).
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Figure 5.7.: Heat inequality, weighted/alternating: RB approximation error on Ptest. Red:

weighted; blue: alternating; error indicator (dash-dotted), error in norm J·KX (solid).

5.3.4. Conclusion

In this section, we numerically compared the RBM for VIs in a space-time formulation. We

summarize our results:

• the Kolmogorov N -width (primal and dual) depends on the chosen obstacle and this de-

pendence is not linear;

• for the choice of reduced spaces, see Table 5.1, we advise to either use Combination 2

or 3, due to the computed reduced inf-sup constants. Note, that for Combination 2, i.e.,

only enrichment by supremizer of XN , the reduced problem is of lower dimension than

for Combination 3, i.e., only enrichment by supremizer of WN ;

• if for separate primal/dual Greedy algorithms the primal basis is generated with the same

error measure, then the dual basis generation (w.r.t. the investigated dual error measures)

does not have a significant influence on the reduced error;

• if the reduced bases are generated with a combined approach, then we advise to use the

alternating Greedy approach prior to the weighted Greedy algorithm, since we obtained a

lower reduced error for the this method.
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6
Space-Time versus Time-Stepping

In this chapter, we present time-stepping based methods as an alternative approach for the treat-

ment of time within the reduced basis methods for variational inequalities. For comparison

purposes, we also consider both reduced basis approaches w.r.t. time for evolution equations:

Evolution equations are a special case of parabolic variational inequalities, i.e., if the convex

set equals the whole space. Thus, we first compare the two methods w.r.t. time for the reduced

basis methods for parabolic variational equations. The space-time formulation with a nonhomo-

geneous initial condition and the time-stepping approach are introduced as well as their reduced

problems are derived. The conceptual differences of both methods are highlighted and numerical

results are provided, focussing on the performance regarding approximation quality, efficiency,

and reliability of the chosen approach.

For the variational inequality, as we have already seen, additional spaces, norms, bilinear forms

and a convex set need to be introduced. Now, those quantities are introduced for time-stepping

schemes for variational inequalities. In the numerical investigations, we first compare the Kol-

mogorov N -width and then present reduced basis approximations for both approaches. We then

compare the new insights for variational inequalities to the ones obtained for the comparison of

evolution equations.

We start by the introduction of the variational evolution equations and then compare the results

to the variational inequalities later in this section.

6.1. Parabolic Partial Differential Equations

In this section, we consider an initial value problem with nonhomogeneous initial conditions.

First, the variational formulations are introduced and subsequently the truth as well as the re-

duced problems are derived. We present numerical investigations, which highlight the differ-

ences of both approaches. Parts of this subsection have already been published in [GMU17].
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6.1.1. Variational Formulations of Parabolic Problems

We recall the formulation of the IVP of (2.2), here with a nonhomogeneous initial condition and

a parameter-dependent setting. Let V ↪→ H ↪→ V ′ be a Gelfand triple of separable Hilbert

spaces. The inner products and norms are denoted by (·, ·)H , (·, ·)V and ‖ · ‖H , ‖ · ‖V . Let

Ω ⊂ Rd be an open domain, 0 < T <∞ the final time and I := (0, T ) a time interval. For the

parametric setting, let P ⊂ Rn be a parameter set.

In addition, let Ã(µ) ∈ L(V ,V ′) be a parameter-dependent operator induced by the spatial

bilinear form ã : V × V × P → R, i.e., 〈Ã(µ)u, v〉V ′×V = ã(u, v;µ) for all u, v ∈ V . We

assume that the bilinear form ã(·, ·;µ) satisfies the following properties ∀µ ∈ P

|a(u, v;µ)| ≤ γã(µ)‖u‖V ‖v‖V , ∀u, v ∈ V (boundedness) (6.1a)

a(u, u;µ) + λã(µ)‖v‖2H ≥ αã(µ)‖u‖2V , ∀u ∈ V (Gårding inequality) (6.1b)

with constants γã(µ) <∞, αã(µ) > 0, λã(µ) ≥ 0, for all µ ∈ P , which is the parametric form

of (2.19). Then, we consider the parabolic IVP of finding u(t;µ) ∈ V , a.e. t ∈ I , µ ∈ P , such

that

u̇(t;µ) + Ã(µ)u(t;µ) = c(t;µ), in V ′, (6.2a)

u(0;µ) = u0, in H , (6.2b)

where c : L2(I;V ′) × P → R and u0 ∈ H are given. As we do have an initial condition, at

least for the space-time formulation, we have to alternate the spaces and norms slightly. For the

sake of completeness, we also recall the semi-variational formulation.

Semi-Variational Formulation

The maybe more standard for the approach of parabolic equations consists of multiplying (6.2a)

with a test function v ∈ V and form the inner product in H (i.e., in space only). This leads to a

parametric evolution problem in V ′, i.e., for µ ∈ P , find u(t;µ) ∈ V , such that

(u̇(t;µ), v)H + ã(u(t;µ), v;µ) = (c(t;µ), v)H , ∀v ∈ V , a.e. t ∈ I. (6.3)

It is well-known that (6.3) is well-posed thanks to (6.1), see e.g. [Wlo87, Thm. 26.1].

Space-Time Variational Formulation

We now follow [SS09] for the description of a variational formulation of (6.2a) with respect to

space, time, and nonhomogeneous initial conditions. This approach leads to a PG problem with

spaces X and Y, both being Bochner spaces, namely

X := W (I) (= L2(I;V ) ∩H1(I;V ′)), Y := L2(I;V )×H ,
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6.1. Parabolic Partial Differential Equations

with norms ‖u‖2X := ‖u‖2X, for all u ∈ X, and ‖v‖2Y := ‖v1‖2L2(I;V ) + ‖v2‖2H , for all v =

(v1, v2) ∈ Y. Since X ↪→ C(Ī;H ) (see Theorem 2.8), u(0) ∈ H is well-defined for u ∈ X.

The space-time variational formulation arises by multiplying (6.2a) with test functions v ∈ Y
and integrating with respect to time and space. This results in the space-time bilinear form

a : X× Y× P → R such that

a(u, v;µ) :=

∫
I
〈u̇(t;µ) + Ã(µ)u(t;µ), v1(t)〉V ′×V dt+ (u(0;µ), v2)H ,

for u ∈ X, v = (v1, v2) ∈ Y. The right-hand side f : Y× P → R is defined by

〈f, v〉Y′×Y :=

∫
I
〈c(t;µ), v1(t)〉V ′×V dt+ (u0, v2)H , v = (v1, v2) ∈ Y.

Thus, we define the parameter-dependent operator A(µ) ∈ L(X,Y′) which is induced by

a(·, ·;µ), i.e., 〈A(µ)u, v〉Y′×Y := a(u, v;µ). Then, the space-time variational formulation of

(6.2a) reads: For µ ∈ P find u(µ) ∈ X, such that

find : 〈A(µ)u, v〉Y′×Y = 〈f, v〉Y′×Y, ∀ v ∈ Y. (6.4)

Again, (6.1) is well-posed, see e.g. [SS09, Thm. 5.1]. In fact, the operator A(µ) is boundedly

invertible for all µ ∈ P . The injectivity of the operator A(µ) is equivalent to

βa(µ) := inf
u∈X

sup
v∈Y

|a(u, v;µ)|
‖u‖X ‖v‖Y

> 0, (inf-sup condition). (6.5)

6.1.2. Reduced Basis Methods with POD-Greedy

We start from the semi-variational formulation (6.3) and apply a semi-discretization in time,

known as Rothe’s method. To this end, set ∆t := T
L for some L > 1, t` := `∆t and we seek

some approximation u` ≈ u(tl), where we omit the µ-dependency to shorten notation. This

leads to a sequence of elliptic (time-independent) ordinary differential equations starting with

u0 := u0. The standard θ-scheme then reads

1

∆t

(
u`+1 − u`, v

)
H

+ ã(θu`+1 + (1− θ)u`, v;µ)

= θc(t`+1, v;µ) + (1− θ)c(t`, v;µ), v ∈ V .

Truth Solution

The next step is a discretization in space by a standard Galerkin method using finite-dimensional

spaces Vh ⊂ V with large dim(Vh) = Nh ∈ N. Then, the truth problem for a given parameter

µ ∈ P reads for an initial value u0
h := ProjVh

u0 to find u`+1
h (µ) ∈ Vh, such that for vh ∈ Vh,

(u`+1
h , vh)H + ∆tθ ã(u`+1

h , vh;µ)

= (u`h, vh)H + ∆t(1− θ) ã(u`h, vh;µ) + θc(t`+1, vh;µ) + (1− θ)c(t`, vh;µ),
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for 0 ≤ ` ≤ L−1. If Vh = span{φ1, φ2, . . . , φNh
}, the latter equation can be written in matrix-

vector form as follows. LetM space
h := [(φi, φj)H ]i,j=1,...,Nh

denote the spatial mass matrix and

A
space
h (µ) := [ã(φi, φj ;µ)]i,j=1,...,Nh

, µ ∈ P , the stiffness matrix, then we look for

u`+1
h =

Nh∑
i=1

α`+1
i φi, α`+1 := (α`+1

i )i=1,...,Nh
,

such that (f ` and α0 being the expansion coefficients of c(t`) and u0, respectively)

(M
space
h + θ∆tA

space
h (µ))α`+1

= (M
space
h + (1− θ)∆tAspace

h (µ))α` + ∆t(θf `+1 + (1− θ)f `), (6.6)

for 0 ≤ ` ≤ L − 1 as well as α0 := α0. It is well-known that the θ-scheme is uncondi-

tionally stable for 1
2 ≤ θ ≤ 1, whereas for 0 ≤ θ < 1

2 the space discretization has to satisfy

additional properties, see e.g. [QV94, Thm. 11.3.1]. The choice θ = 1
2 results in the Crank-

Nicolson scheme. Note, that (6.6) requires to solve a well-posed elliptic problem for each time

step l, which easily follows from the assumption (6.1) on the bilinear form ã and coercivity of

m(φ, ψ) := (φ, ψ)H . In fact, this implies that the matrix M space
h + θ∆tA

space
h (µ) is positive

definite, e.g. [QV94, §11.3].

The system (6.6) is offline/online decomposable which is easily seen as long as the forms ã

and h are separable in the parameter. In fact, the mass inner product m is independent of the

parameter.

Reduced Basis Generation via POD-Greedy

The RB is computed by the POD-Greedy method shown in Algorithm 6.1. This is a combination

of the standard Greedy algorithm for the parameter search and a Proper Orthogonal Decompo-

sition (POD) in time to select the time step containing the maximal information of the trajectory

for the given parameter.

Online Phase: The POD-Greedy method produces a reduced space VN ⊂ V of possibly small

dimension N := NPOD-G � Nh. Then, a RB approximation for a new parameter µ ∈ P
is determined by a corresponding time-stepping scheme as follows. The reduced initial value

u0
N ∈ VN is computed by (u0

N − u0, vN )V = 0 for all vN ∈ VN . Then, 0 ≤ ` ≤ L − 1,

determine u`+1
N (µ) ∈ VN by

1

∆t
(u`+1
N − u`N , vN )H + ã(θu`+1

N + (1− θ)u`N , vN ;µ) = c(vN ;µ), vN ∈ VN .

Obviously, this amounts solving a sequence of L reduced problems online.

Error Estimator/Indicator: As in the standard case in Section 2.3.3, an online efficient error

estimator is needed both in Algorithm 6.1 and online for the desired certification of the RB ap-

proximation. Of course, such an estimator here also needs to incorporate the temporal evolution.
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Algorithm 6.1 POD-Greedy Algorithm, [HO08]
Require: Given NPOD-G,max ∈ N, tolPOD-G > 0, Ptrain ⊂ P , N = 1,

1: choose arbitrarily µ∗N ∈ Ptrain; set ΨN := { u0(µ∗N )

‖u0(µ∗N )‖V }, VN := span(ΨN ),

2: while εPOD-G > tolPOD-G and N ≤ NPOD-G,max do
3: N = N + 1,

4: µ∗N := argmax
µ∈Ptrain

∆POD-G
N−1 (µ) ,

5: εPOD-G := ∆POD-G
N−1 (µ∗N ),

6: ψN := POD
{
u`(µ∗N )−ΠVN (u`(µ∗N ))

}
`=0,...,L

,

7: ΨN := orthonormalize(ΨN−1 ∪ {ψN}), VN := span(ΨN ),

8: end while
9: NV := dim(VN ),

10: return VN , NV ;

In fact, there are several known choices for ∆POD-G
N (µ) in Algorithm 6.1. A standard estimator

(bound) for the error e`N (µ) := u`h(µ)− u`N (µ) at final time T = tL is given by, [Haa17, Prop.

3.9]

‖eLN (µ)‖V ≤ ‖e0
N (µ)‖V

(
γ̄ã
ᾱã

)L
+

L−1∑
`=0

∆t

ᾱã

(
γ̄ã
ᾱã

)L−`−1

‖r`N (µ)‖V ′ =: ∆L
N (µ). (6.7)

Here, ᾱã is a lower bound for the coercivity constant of the implicit part of the operator, γ̄ã an

upper bound for the continuity constant of the explicit part and r`N (µ) is the residual at time step

t`. It can easily be seen that ∆L
N is offline/online decomposable. There are some remarks in

order.

Remark 6.1. (i) In our numerical experiments in Section 6.1.4 below, we use a finite element

discretization. In that case, the estimator (6.7) can not be used. In fact, ᾱã � γ̄ã, in our

case ∆L
N (µ) ≈ 10119. This shows that ∆L

N (µ) grows extremely quickly with increasing L

for finite element discretizations in V = H1
0 (Ω), which makes (6.7) practically useless.

Note, however, that for Finite Volume discretizations, one has ᾱã = γ̄ã = 1, so that the

estimator works often quite well.

(ii) For symmetric differential operators, the above estimate can be sharpened, [Haa17, Prop.

3.11]. It allows to extend (6.7) to a µ-dependent norm on the whole trajectory. �

According to this remark, we cannot use ∆L
N (µ) here. Thus, we follow the analysis in [Haa17]

and consider a weighted (sometimes called “space-time”) norm for ω := (ω`)`=0,...,L−1, ω` > 0

and
∑L−1

`=0 ω` = T defined as

|eN |2ω :=
L−1∑
`=0

ω`‖e`N‖2V , eN = (e`N )`=0,...,L−1. (6.8)
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A corresponding error indicator is defined as

∆PST
N,ω :=

(
L−1∑
`=0

ω`‖r`N (µ)‖2V ′

)1/2

. (6.9)

The term “indicator” means that the error (in whatever norm) cannot be proven to be bounded

in terms of ∆PST
N,ω (it is not known to be a bound). However, even though the error of the POD-

Greedy scheme cannot be guaranteed to decay monotonically, exponential convergence can be

shown under additional assumptions, [Haa13].

6.1.3. Space-Time Reduced Basis Methods

As we have seen in Section 6.1.1, the space-time variational formulation leads to a parametrized

Petrov-Galerkin problem, which is slightly different to the one in Section 2.2.3, due to the non-

homogeneous initial condition. Thus, we briefly introduce the altered discrete formulation. In

addition, we consider the reduced problem constructed with a minimal residual approach, which

is explained shortly in the following. First, we start by describing the discretization.

Note, that both X = H1(I) ⊗ V and Y = (L2(I) ⊗ V ) × H are tensor products, so that it is

convenient to use the same structure for the detailed discretization, i.e., XN = S∆t ⊗ Vh and

YN = (Q∆t ⊗ Vh)× Vh
a, where Vh ⊂ V is the space discretization as in Section 6.1.2 above

and S∆t ⊂ H1(I) as well as Q∆t ⊂ L2(I) are temporal discretizations of step size ∆t.

Let us denote again by Vh = span{φ1, φ2, ..., φNh
} the detailed space discretization (e.g. by

piecewise linear finite elements for V = H1
0 (Ω)). Moreover, let S∆t = span{σ0, σ1, ..., σL}

and Q∆t = span{τ1, τ2, ..., τL} be the bases in time (e.g. piecewise linear σk and piecewise

constant τ ` on the same temporal mesh, with the additional σ0 for the initial value at t = 0).

The dimension of the arising test and trial spaces coincide, i.e., dim(XN ) = (K + 1)Nh =

dim(YN ) =: N . Exploiting the structure of the discretized spaces for the detailed solution

uN =
∑Nh

i=1

∑L
k=0 u

k
i σ

k ⊗ φi yields

a(uN , (τ ` ⊗ φj , 0);µ) =

Nh∑
i=1

[
(u`i − u`−1

i )(φi, φj)H +
∆t

2
(u`i + u`−1

i )ã(φi, φj ;µ)

]
= M

space
h (u` − u`−1) + ∆tA

space
h (µ)u`−1/2,

with mass and stiffness matrices M space
h , Aspace

h (µ) as above. On the right-hand side, we use

a trapezoidal approximation as in [UP14] on a time grid 0 = t0 < · · · < tL = T , I` :=

[t`−1, t`) = supp{τ `}:

f((τ ` ⊗ φj , 0);µ) =

∫
I
〈c(t;µ), τ ` ⊗ φj(t, .)〉V ′×V dt =

∫
I`
〈c(t;µ), τ `(t)φj〉V ′×V dt

≈ ∆t

2
〈c(t`−1;µ) + c(t`;µ), φj〉V ′×V .

aIt can be seen that Vh ⊂ V ↪→ H is in fact sufficient, [May16].
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It turns out that this particular choice for the discretization results (again) in the Crank-Nicolson

scheme involving an additional projection of the initial value, which requires a CFL condition

to ensure stability, see Section 2.2.4.

Since the space-time variational approach yields a standard Petrov-Galerkin problem, the re-

duced basis trial and test spaces XN = span{ξ1, . . . , ξN}, YN (µ) := span{ζ1(µ), . . . , ζN (µ)}
can be constructed exactly following the road map in Section 2.3. Hence, we end up with a

reduced problem of the form: For µ ∈ P , find u(µ) ∈ XN such that

a(uN (µ), vN ;µ) = f(vN ;µ) ∀vN ∈ YN . (6.10)

In matrix-vector form, the resulting system matrix AN (µ) := [a(ξi, ζj(µ);µ)]i,j=1,...,N is of

small dimension, but not symmetric. Moreover, AN (µ) is uniformly invertible provided that

the inf-sup condition in (6.5) holds for the RB spaces. It is not difficult to show that the arising

non-symmetric linear system can also be written as minimization problem or in terms of normal

equations (see [May16] for details and further applications).

If normal equations are used, no (parameter dependent) reduced test space computation is re-

quired: Let XN = span{χl : l = 1, . . . ,N} and YN = span{ψm : m = 1, . . . ,N} be the

detailed bases, denote by Y N := [(ψm, ψm′)Y]m,m′=1,...,N the mass matrix of the test space

YN as well as the detailed system matrix byAN (µ) := [a(χn, ψm;µ)]n,m=1,...,N . Next, denote

by ξj =
∑N

ln=1 c
j
nχn, C := (cjn)n=1,...,N , j=1,...,N ∈ RN×N the expansion of the RB functions

in terms of the detailed basis. Then,

AN (µ) := CT AN (µ)(Y N )−1(AN (µ))T C, fN (µ) := CT AN (µ)(Y N )−1fN (µ),

where fN (µ) contains the detailed basis coefficients of the right-hand side. The RB approxi-

mation uN (µ) =
∑N

i=1 αi(µ)ξi, α(µ) := (αi(µ))i=1,...,N , is then determined by the solution of

the linear system of size N , i.e.

AN (µ)α(µ) = fN (µ). (6.11)

One can show that (6.11) admits an online/offline-separation, which is inherited from the sepa-

ration of the forms ã and c (in particular, we have Qa = Qã and Qf = Qc). This means that

(6.11) can be solved online efficient. Finally, the inf-sup stability of (6.11) is inherited from the

detailed discretization.

6.1.4. Numerical Results

We provide numerical investigations concerning the two approaches (POD-Greedy and space-

time) described above for a standard convection-diffusion-reaction problem with time dependent

right-hand side. Since our focus is on the treatment of the time variable, we restrict ourselves to

a 1D problem in space.

137



6. Space-Time versus Time-Stepping

Data

The model, which is used for comparison purposes here has first appeared in [May16, Section

2.5] for the space-time setting.

Example 6.2. Let Ω = (0, 1) and V := H1
0 (Ω) ↪→ L2(Ω) =: H . Consider the time interval

I = (0, 0.3) and the parameter set P := [0.5, 1.5] × [0, 1] × [0, 1] ⊂ R3. For a parameter

µ = (µ1, µ2, µ3)T ∈ P find u ≡ u(µ) that solves
u̇(t, x)−∇(µ1∇u(t, x) + µ2∇u(t, x) + µ3u(t, x) = c(t, x;µ), on I × Ω,

u(t, x) = 0, ∀ (t, x) ∈ I × ∂Ω,

u(0, x) = u0(x) : = sin(2πx), ∀ x ∈ Ω.

(6.12)

We set

c(t, x;µ) = c(t, x) := sin(2πx)((4π2 + 0.5) cos(4πt)− 4π sin(4πt)) + π cos(2πx) cos(4πt),

which corresponds to the solution u(t, x;µref) := sin(2πx) cos(4πt) of (6.12) for the reference

parameter µref = (1, 0.5, 0.5) ∈ P . The parameter-separability is easily seen.

We divide both Ω and I into 26 subintervals, i.e.,Nh = 26− 1 and L = 26, where we recall that

L ∈ N is the number of time steps and Nh = dim(Vh). The training set Ptrain is chosen as 17

equidistantly distributed points in P in each direction. For the space-time reduced basis, we use

a standard Greedy algorithm, as, e.g., in Algorithm 2.1. In the time-stepping setting, we use the

POD-Greedy Algorithm 6.1.

“True” Norms: For the space-time RBM, the error is measured in the natural discrete space-

time norm, see (4.24),

|||v|||2X,δ := ‖v̄‖2L2(I;V ) + ‖v̇‖2L2(I;V ′) + ‖v(T )‖2H , v ∈ XN ⊂ X.

Note, that ‖v̄‖L2(I;V ) is an O(∆t)-approximation of ‖v‖L2(I;V ).

For the POD-Greedy strategy, we consider the final time contribution ‖v(T )‖V as well as the

often called “space-time norm”, which is a weighted norm with weights ω := (ω`)`=0,...,L−1,

ω` > 0 and
∑L−1

`=0 ω` = T defined as

|eN (µ)|2ω :=
L−1∑
`=0

ω`‖e`N (µ)‖2V . (6.13)

Here, the specific weights are chosen ω` := ∆t, ` = 0, . . . , L−1, plus the final time contribution

as “true” error, i.e.

|v|2∆t := |(v(t`))`=0,...,L−1|2∆t + ∆t ‖v(T )‖2V =

L∑
`=0

∆t‖v(t`)‖2V . (6.14)

This means that |v|∆t is an O(∆t2)-approximation of ‖v‖L2(I;V ).
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Remark 6.3. For later reference, we point out that |v|∆t is anO(∆t2)-approximation of ‖v‖L2(I;V ),

whereas ‖v̄‖L2(I;V ) is only of the order O(∆t). This means that it may happen that |u|∆t >
|||u|||X,δ even though ‖u‖X > ‖u‖L2(I;V ) for all 0 6= u ∈ X.

Error Estimators/Greedy: For the error estimation in the space-time RBM, we use the residual-

based error estimator

∆ST
N (µ) :=

‖rN (·;µ)‖Y′
β̄a

, (6.15)

with residual rN (v;µ) := f(v;µ)−a(uN (µ), v;µ) = a(uN (µ)−uN (µ), v;µ), for all v ∈ YN ,
and numerically estimated lower bound for the inf-sup constant, β̄a = 0.2, [GMU17, Section

6.1]. For the POD-Greedy scheme, we use the space-time error indicator

∆PST
N,ω(µ) :=

(
L−1∑
`=0

ω`‖r`N (µ)‖2V ′

)1/2

, (6.16)

that arises from (6.16) by the choice ω` ≡ ∆t for the weights and r`N (µ) is the residual at

time-step t`.

We emphasize that ∆ST
N (µ) bounds the norm in X = H1(I)⊗ V ( L2(I;V ), whereas ∆PST

N (µ)

is “only” an indicator, in particular it is not known to be an upper bound for any norm.

Comparison: We conclude that a direct and fair comparison is not easy because of the de-

scribed methodological differences. Table 6.1 collects these differences and our choice for the

experiments.

snapshot space RB space “true” error error estimated by

space-time XN XN |||·|||X,δ residual based, ∆ST
N (µ) in

(6.15)

POD-Greedy {t0, . . . , tL} × Vh VN | · |∆t indicator ∆PST
N (µ) in (6.16) for

ω` ≡ ∆t

Table 6.1.: Differences of space-time RBM and POD-Greedy sampling.

Numerical Results

In this section, we numerically compare the Greedy training, the online phase for a chosen test

set Ptest and the computational effort of both methods.

Greedy Training: Within the framework of Table 6.1, the offline Greedy error decay of both

variants is shown in Figure 6.1. The red lines correspond to the space-time form, whereas
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the blue lines are for the POD-Greedy. Straight lines indicate the error, dotted ones the error

estimator/indicator. The left figure shows the weak Greedy using the error estimators/indicators.

We observe exponential decay w.r.t. the RB dimension N in both cases – as predicted by the

theory. At a first glance, it seems that the decay of POD-Greedy is much faster than the one

for space-time, i.e., the stopping criterion in the Greedy algorithm for tol = 10−3 is reached at

NPOD-G = 7 and NST = 16. Note, however, that the online effort is related to N in a different

way for both variants, see below. As mentioned above, the two variants are related to different
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Figure 6.1.: RB-Greedy approximation error. Red: Space-Time (ST); blue: POD-Greedy (POD-

G). Left: weak Greedy, right: strong Greedy w.r.t. |||·|||X,δ. Lines are plotted until

the stopping criterion for tol = 10−3 are reached in the while-loop (i.e., the error

estimators in the next step are below tol).

norms. This is the reason why we performed a strong Greedy using the |||·|||X,δ-norm for both

variants (right graph in Figure 6.1). We see a similar behavior – again referring to the different

online work load. It is interesting, though, that at least in these experiments, POD-Greedy works

very well even for the full norm – without theoretically foundation though. However, we can

also see from the results that ∆PST
N (µ) is not an error bound since it is below the “exact” error for

some N . Recall that ∆PST
N (µ) arises from the upper bound ∆L

N (µ) in (6.7) by setting involved

coercivity and continuity constants to 1. The prescribed Greedy tolerance of 10−3 is reached for

NPOD-G = 6 for POD-Greedy and for NST = 12 for space-time.

Online Phase: We test the RB approximations for two cases, namely for Psym
test := {(µ1, 0, 0) :

µ1 ∈ [0.5, 1.5]} (symmetric case) and Pnon
test := {(0.5, µ2, 0.75) : µ2 ∈ [0, 1]} (nonsymmetric

case). The results are shown in Figure 6.2, the symmetric case in the top line, the nonsymmetric

in the bottom one.

First of all, both variants work as they should in the sense that the respective error measures are

below the Greedy tolerance of 10−3.

The “true” error (solid red lines) is slightly smaller for the space-time variant in the symmetric
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(d) POD-Greedy, nonsymmetric

Figure 6.2.: RB approximation error on Ptest: Full error (red, solid), error estimator/indicator

(black, dash-dotted) and the POD-Greedy error measure | · |∆t (blue, dashed) for

Greedy tolerance tol = 0.001. Top line: symmetric case (µ1, 0, 0); bottom: non-

symmetric (0.5, µ2, 0.75).

case and very close to each other in the non-symmetric case.

We also compare the POD-Greedy error measure | · |∆t. It is remarkable that this quantity is

almost identical to |||·|||X,δ for space-time. This means that the temporal derivative and the final

time components of the solution are very-well approximated. Regarding the result that for POD-

Greedy the | · |∆t-lines turn out to be above the |||·|||X,δ one, we recall Remark 6.3.

Finally, the error estimators/indicators are plotted as dash-dotted black lines. We observe, that

the effectivitiesb are of almost the same size. However, if we rely on the respective theory, the

effectivity of space-time improves, see Figure 6.3.

Work Load/Effort: We now compare the computational effort as well as the storage amount

(offline and online) of both variants, see Table 6.2. Recall, that the chosen space-time method in

bIt is somehow misleading to use the term “effectivity” within the POD-Greedy framework, since usually effectivity

is the ratio of error bound and error.
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Figure 6.3.: Greedy error decay (left), space-time (middle) and POD-Greedy (right) using the

final time for POD-Greedy training and error measure on the symmetric test set.

the offline phase reduces to the Crank-Nicholson scheme. Hence, the offline complexities and

storage requirements for the detailed solution of both variants indeed coincide (both linear inNh;

we count 187 ≈ 3Nh elements). The detailed solution requires L solves (corresponding to the

number of time steps) of a sparse system of size Nh. However, the space-time precomputations

needed to form the online system, rely on the full dimension N .

POD-Greedy Space-Time

O() / # offline online offline online

Solution LNh N3
POD-G + LN2

POD-G LNh N3
ST

4.032 2.520 4.032 1.728

Storage ∼ 3Nh QãN
2
POD-G + LQcNPOD-G ∼ 3Nh Q2

aN
2
ST +QaQfNST

187 528 187 2.352

Table 6.2.: Offline and online effort of the RBMs. We have NPOD-G = 6, NST = 12, Nh = 63,

Qã = Qa = 4, Qc = Qf = 1, L = 64; the corresponding numbers are given in the

respective 2nd row.

In the online-phase, the POD-Greedy needs to store Qã reduced matrices and LQh vectors

of size NPOD-G for the time-dependent right-hand side. The RB solution amounts to solve L

densely populated reduced systems. In the LTI case, one may reduce this to the computation of

one LU-decomposition and then L triangular systems, i.e., O(N3
POD-G + LN2

POD-G) operations.

The space-time method usually requires more storage, either by storing a suitable test space or –

as used here – by the setup of the normal equations using the affine decomposition. The normal

equations need memory of size O(Q2
aN

2
ST +QaQfNST). The RB-solution requires the solution

of one reduced linear system of dimension NST.
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6.1.5. Conclusion

We have explained and compared both theoretically and numerically two different techniques to

treat the time within the RBM. It is obvious that a fair and significant numerical comparison is a

delicate task. In particular,

• different norms need to be considered;

• the choice of the error estimator/indicator within the POD-Greedy method has a significant

impact;

• we only consider such space-time methods that are equivalent to a time marching scheme

(here Crank-Nicholson). If this is not the case, the offline cost for the space-time scheme

will significantly increase;

• the number of time steps (L = 64) is moderate. As noted in Table 6.2, the online effort for

POD-Greedy grows linearly with L, whereas the online space-time effort is independent

of L. The reason is that the number of POD-Greedy basis functions stays the same and

just more time steps are needed. The dimension of the space-time reduced system is

independent of L. Increasing L (i.e., a higher temporal resolution or longer time horizons

keeping ∆t the same) will support space-time;

Despite all these, we do think that our study indeed shows some facts, namely:

• The POD-Greedy method allows one to use any time-marching scheme offline. Even if

the space-time discretization is chosen in such a way that it coincides with a time-stepping

scheme, this variant has an increased offline complexity. If the full space-time dimension

is needed, one may have to resort to tensor product schemes, [May16].

• In the online phase, the space-time method is more efficient concerning effort, whereas

POD-Greedy uses less storage.

• If a theoretical justification of an error bound in the full X-norm is needed and Finite

Elements shall be used, space-time seems to be the method of choice. If a Finite Volume

discretization is chosen, POD-Greedy is more appropriate [HO08].

From these results, we tend to formulate the following recipe: If online computational time

restrictions apply for long-time horizons, the space-time approach is advisable even in those

cases where it might cause an increased offline effort. — If online storage restrictions apply or

the use of a specific time-marching scheme is necessary, the POD-Greedy approach is advisable.

143



6. Space-Time versus Time-Stepping

6.2. Parabolic Variational Inequalities

Now we want to compare the results obtained in the last section with similar experiments

for Variational Inequalities (VIs). To this end, we first recall the discretization of the semi-

variational saddle-point problem of Section 2.4.3, which is here the truth solution. Then, the

RBM as well as its error measures are introduced and the reduced problem is defined. Finally,

we compare both methods: Again, we numerically examine the approximation rate to the Kol-

mogorov N -width and then we investigate in the heat inequality with different parameter sets

and norms.

6.2.1. Time-Stepping Methods

We start from the parabolic variational inequality (2.43) and introduce the parametric setting for

this problem. Let the functional setting be defined as in Section 6.1.1.

It is assumed that the bilinear form ã(·, ·;µ) satisfies the same properties as in the parametric

variational equation setting: Boundedness and a Gårding inequality, which are defined in (6.1).

Next, the parametric problem is solved: for a given µ ∈ P , find u ∈ H1(I;H ) ∩ C(I;V ) such

that u(t) ≡ u(t;µ) ∈ K(t) and

(u̇(t), v(t)− u(t))H + ã(u(t), v(t)− u(t);µ) ≥ (c(t;µ), v(t)− u(t))H , ∀v(t) ∈ K(t)

(6.17a)

u(0) = 0, (6.17b)

where K(t) ⊂ V for a.e. t ∈ I , is a convex set. In addition, let u0 ∈ H be the given initial

condition and we assume that the inequality (6.17) holds for almost all t ∈ I . It is investigated

in Section 2.4 as well as [GLT81, Chapter 6] under which conditions solutions exist.

As in the space-time case, this inequality is transferred to a saddle-point problem to avoid the

construction of the reduced convex set KN . For the saddle-point inequality, we introduce an

additional Hilbert space W with corresponding inner product (·, ·)W and norm ‖ · ‖W . Further,

we set M ⊂W to be a convex cone with which we can characterize a special form of the convex

set K(t) as follows

K(t) := {v(t) ∈ V : b̃(v(t), η(t)) ≤ (g(t;µ), η(t))W , η(t) ∈ M },

where b̃ : W × V → R is a bilinear form and g : L2(I;W )× P → R a (possibly) parameter-

dependent linear form. Now, we are able to pose a corresponding saddle-point problem to (6.17):
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for given µ ∈ P find (u(t), λ(t)) ∈ V ×M such that

(u̇(t), v(t))H + ã(u(t), v(t);µ) + b̃(v(t), λ(t)) = (c(t;µ), v(t)− u(t))H , ∀v(t) ∈ V ,

(6.18a)

b̃(η(t)− λ(t), u(t)) ≤ g(t;µ), η(t))W ∀η(t) ∈ M , (6.18b)

u(0) = 0, (6.18c)

where the problems (6.17) and (6.18) are equivalent if the bilinear form b̃(·, ·) satisfies an inf-sup

condition on W ×V , see Section 2.4.3.

Truth Solution

We briefly recall the discrete formulation for the saddle-point problem (6.18) and formulate the

detailed problem. For more details about the discretization, we refer to Section 2.4.3. where it

has been previously introduced.

Following the lines of Section 2.4.3, for the temporal discretization, Rothe’s method is applied

and leads to a series of time-independent elliptic variational inequalities. Then, a standard

Galerkin method with Vh ⊂ V is used for the spatial discretization. The dual space W := V ′

is discretized using dual finite elements.

Thus, the detailed problem then reads: For a given parameter µ ∈ P , find for 1 ≤ ` ≤ L − 1,

(u`+1
h , λ`+1

h ) ∈ Vh ×Mh such that

(
u`+1
h , vh

)
H

+ ∆tθã(u`+1
h , vh;µ) =

(
u`h, vh

)
H

+ ∆t(1− θ)ã(u`h, vh;µ)+ (6.19)

b̃(λ`+1
h , vh) + θc(t`+1, vh;µ) + (1− θ)c(t`, vh;µ), vh ∈ Vh, (6.20)

b̃(ηh − λ`+1
h , u`+1

h ) ≤ g(t`, ηh − λ`+1
h ;µ), ηh ∈ Mh, (6.21)

with initial value u0
h := ΠVh

u0, where ΠVh
: V → Vh is the orthogonal projection on Vh. If

Vh = span{φi : i = 1, ...,Nh}, Wh = span{ϕi : i = 1, ...,Nh}, The discretized cone in space

is defined as

Mh :=

{Nh∑
i=1

υiϕi : υi ≥ 0

}
,

with υ ∈ RNh . For the truth problem written in matrix-vector forms, we refer to Section 2.4.3.

Reduced Basis Generation

The reduced basis is generated combining two procedures for basis generation: the reduced basis

for the primal space VN := span{ψi : 1 ≤ i ≤ N} is built with the well-known POD-Greedy

method, already introduced in Algorithm 6.1. Here, to choose the next snapshot parameter
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µ ∈ Ptrain the projection-based approach, i.e., the error measure

∆POD-G
N (µ) :=

(
L∑
`=0

‖u`h(µ)−Πu`h(µ)‖2V

)1/2

, (6.22)

is used, where ΠVN
: Vh → VN is the orthogonal projection onto VN . Different error measures

will be introduced later.

As already mentioned for the space-time setting, the reduction of the cone is delicate, as the dual

basis function cannot be orthogonalized. The method to construct the dual reduced space WN :=

span{ϕ : 1 ≤ i ≤ N} is called Angle-Greedy algorithm, which has been first introduced

in [HSW13]. The Angle-Greedy is presented in Algorithm 6.2 for the time-stepping method

analogous to Algorithm 5.2 for the space-time setting. The error measure in line 5 of Algorithm

6.2 is basically the same as in the space-time case, but the input parameters, i.e., the vector and

the space, are different:

∆ANG
N (µ) := ](λ`(µ),WN )) = arccos

(
‖ΠWN

λ`(µ)‖W
‖λ`(µ)‖W

)
. (6.23)

Again, we search for the largest angle between the already constructed cone and a possible next

Algorithm 6.2 Angle-Greedy Algorithm [HSW13]
Require: Given NANG,max ∈ N, tolANG > 0, Ptrain ⊂ P , N = 1,

1: choose arbitrarily µ∗N ∈ Ptrain and `∗N ∈ 1, . . . , L,

2: ξN := λ`
∗
N (µ∗N )/‖λ`∗N (µ∗N )‖W ,ΞN = {ξN},WN := span(ΞN ),

3: while εANG > tolANG and N ≤ NANG,max do
4: N = N + 1,

5: (`∗N , µ
∗
N ) := argmax

`=0,...,L, µ∈Ptrain

](λ`N (µN ),WN−1),

6: εANG := ](λ`
∗
N (µ∗N ),WN−1),

7: ΞN := ΞN−1 ∪ { normalize[λ`
∗
N (µ∗N )]},WN := span(ΞN ),

8: end while
9: NW := dim(WN ),

10: return WN , NW ;

basis vector to gain the most information, in the sense of spanning the reduced cone with the

maximum possible volume.

It is also possible to combine the two basis generations, which results in the POD-Angle-Greedy

Algorithm [BHSW15, Bur16], see Algorithm 6.3, in which the snapshot parameter is chosen by

an error measure. We investigate this error measures in the next section. For the chosen snapshot

parameter in Algorithm 6.3, the whole primal and dual trajectory is computed. In order to pick

only one basis vector and add it to the basis, a Proper Orthogonal Decomposition (POD) is done
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Algorithm 6.3 POD-Angle-Greedy Algorithm [HSW12]
Require: Given Nmax ∈ N, tolPAG > 0, Ptrain ⊂ P , N = 1,

1: choose arbitrarily µ∗N ∈ Ptrain and `∗N ∈ 1, . . . , L,

2: ξN := λ`
∗
N (µ∗N )/‖λ`∗N (µ∗N )‖W ,ΞN = {ξN},WN := span(ΞN ),

3: ΨN := orthonormalize {u`∗N (µ∗N ), B
space
h ξN}, VN := span(ΨN ),

4: while εPAG > tolPAG and N ≤ NPAG,max do
5: N = N + 1,

6: µ∗N := argmax
µ∈Ptrain

∆PAG
N−1(µ) ,

7: `∗N := argmax
`=0,...,L

](λ`(µ∗N ),WN−1)

8: ΞN := ΞN−1 ∪ { normalize[λ`
∗
N (µ∗N )]},WN := span(ΞN ),

9: ψN := POD
{
u`(µ∗N )−ΠVN (u`(µ∗N ))

}
`=0,...,L

,

10: ΨN := orthonormalize
(
ΨN−1 ∪ {ψN , Bspace

h ξN}
)
, VN := span(ΨN ),

11: end while
12: NW := dim(WN ), NV := dim(VN ),

13: return VN , WN ;

for the primal variable and returns the dominant POD mode. In Algorithm 6.3, the dominant

POD mode is given by

POD({v`}L`=0) := arg min
‖z‖V =1

L∑
`=0

‖v` − (v`, z)V z‖2V .

For the choice of the time index ` of the dual basis snapshot, we use the measure ](λ`(µ),WN ))

as in the Angle-Greedy Algorithm 6.2. Here, as the snapshot parameter is already chosen, the

index ` is selected, for which the maximum angle with respect to the snapshot parameter is at-

tained.

As we do have a saddle-point structure here, spanning the spaces with the computed snapshots

only might not lead to a stable reduced system. Again, as in Section 5.2.1, to guarantee the

inf-sup stability of the reduced bilinear form b(·, ·), one possibility is to enrich the primal RB

space VN with the basis functions from the dual RB space WN .

Remark 6.4 (Multiple Choice of Parameter µ – Reproduction, see, e.g., [Haa17]). As it is

already known for the POD-Greedy method, snapshot parameters can also be chosen multiple

times in the time-stepping Angle-Greedy and in the POD-Angle-Greedy Algorithms. In this

situation, a different time index will be chosen to add additional information to the basis. If the

whole span of one snapshot is included in the reduced basis space, the snapshot is reproduced.
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Error Measures

For the POD-Angle-Greedy Algorithm 6.3 different measures ∆PAG
N (µ) have been considered in

[BHSW15, Bur16], which are defined in the following

∆PAG,1
N (µ) :=

(
∆t

L∑
`=0

‖e`u‖2V

)1/2

, (6.24)

where, ∆PAG,1
N (µ) is the weighted error measured in the V -norm. This quantity has already been

defined for the evolution equations by |eu|∆t in (6.14).

For the other error measures, we need to introduce some more theory following [Bur16]: Let the

discrete bilinear form ã(·, ·;µ) satisfy a parametric Gårding inequality for all µ ∈ P , v ∈ Vh ,

i.e.,

αG
ã,h(µ) := inf

v∈Vh

ã(v, v;µ) + λã,h(µ)‖v‖H
‖v‖V

> 0.

Then, the time step needs to be chosen such that ∆t < 1/(θλã,h(µ)) to ensure well-posedness

for the discrete problem. Thus, an energy-estimate is introduced by

|||v|||µ :=

(
(1− 2λã,h(µ)∆t)L‖vL‖2L2(Ω) + αG

ã,h(µ)∆t
L−1∑
`=0

(1− 2λã,h(µ)∆t)`‖v`+1‖V

)1/2

,

(6.25)

which defines the second error measure

∆PAG,2
N (µ) := |||euN (µ)|||µ, (6.26)

with euN (µ) :=
(
eu,`N (µ)

)L
`=1

being the primal error associated with the reduced basis error in

each time step eu,`N (µ) := u`h(µ)−u`N (µ). Analogously, we define the error for the dual variable

eλN (µ) :=
(
eλ,`N (µ)

)L
`=1

with eλ,`N (µ) := λ`h(µ)− λ`N (µ).

For the third error measure, we introduce the residuals and helpful quantities: the residual of the

equation and for the inequality is for v ∈ Vh, η ∈ Mh

r`+1(v;µ) : =

(
u`+1
N (µ)− u`N (µ)

∆t
, v

)
L2(Ω)

+ ã(u`+1
N , v;µ)− b̃(λ`+1

N (µ), v)− c(t`, v;µ),

s`+1(η;µ) : = b̃(η, u`+1
N (µ))− g(t`, η;µ).

Therefore, the Riesz representator of the residuals are given by r̂`+1(µ) ∈ Vh for the equality

and by ŝ`+1(µ) ∈Wh for the inequality residual

(v, r̂`+1(µ))V = r`+1(v;µ), ∀v ∈ Vh,

(η, ŝ`+1(µ))W = s`+1(η;µ), ∀η ∈Wh.

148



6.2. Parabolic Variational Inequalities

To derive a bound (6.25), a constant CΩ is introduced in the error measure by ‖v‖L2(Ω) ≤
CΩ‖v‖V , ∀v ∈ Vh. If in the numerical investigations, the norm on V is chosen to be ‖ · ‖V =

| · |H1 , then CΩ is the constant resulting from the Poincaré-Friedrichs inequality. As in the

space-time setting, the norm of the inequality residual is incorrectly punished if sl+1(η;µ) < 0

for η ∈W, µ ∈ P , a projection onto the reduced cone is defined. Because of this projection, the

approach is not offline/online decomposable. We introduce the projection π`+1 : Wh → M ∗h ,

for every time step `, M ∗h ⊂Wh with

M ∗h := {η ∈Wh : (η, η′)W ≥ 0, η′ ∈ Mh}.

With this projection, we can define

δ`+1
r (µ) : = ‖r`+1(·;µ)‖V ′ ,

δ`+1
s (µ) : = ‖ŝ`+1(µ)− π`+1(ŝ`+1(µ))‖W ,

δ`+1
s,∗ (µ) : = (λ`+1

N , π(ŝ`+1(µ))W .

Finally, we can introduce the error measure following [Bur16, Theorem 4.5.2]

∆PAG,3
N (µ) :=

(
‖eu,0N ‖

2
L2(Ω) +

L−1∑
`=0

(1− 2λã,h(µ)∆t)` d`+1(µ)

)1/2

,

with

d`+1(µ) =
∆t

αG
ã,h(µ)

(
δ`+1
r (µ) +

δ`+1
s (µ)γã,h(µ)

βb̃,h

)2

+

(
δ`+1
s (µ)

CΩ

βb̃,h

)2

+ 2∆t
δ`+1
s (µ)δ`+1

r (µ)

βb̃,h
+ 2∆tδ`+1

s,∗ (µ),

where γã,h(µ) is the discrete continuity constant of the bilinear form ã(·, ·;µ) and βb̃,h is the

discrete inf-sup constant of the bilinear form b̃(·, ·). Note that we have ∆PAG,2
N (µ) ≤ ∆PAG,3

N (µ)

and that ∆PAG,2
N (µ) := |||euN (µ)|||µ is not a norm unless ã(·, ·;µ) is symmetric.

Online Phase

In the online phase, we solve a reduced problem in every time step, in contrast to the space-time

method, where only problem needs to be solved. Thus, for POD-Greedy, L reduced problems

are computed online, which read as follows: Given µ ∈ P , find (u`+1
N (µ), λ`+1

N (µ)) ∈ VN×MN

such that for ` = 0, . . . , L− 1

1

∆t

(
u`+1
N − u`N , vN

)
H

+ã(θu`+1
N + (1− θ)u`N , vN ;µ)− b̃(λ`+1

N , vN )

= θc(t`+1, vN ;µ) + (1− θ)c(t`, vN ;µ), vN ∈ VN ,

b̃(ηN − λ`+1
N , u`+1

N ) ≥ g(t`, ηN − λ`+1
N ;µ), ηN ∈ MN ,
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where the initial value u0
N is the orthogonal projection of u0 onto VN , 〈u0

N − u0, vN 〉V = 0 for

all VN . If the detailed problem is well-posed and the reduced spaces are constructed as above,

the reduced problem is well-posed. The inf-sup stability of the bilinear form b(·, ·) can be shown

if the primal space is enriched by the supremizers of WN . Continuity and coercivity – and also

the Gårding inequality – are inherited as we have conforming reduced spaces.

6.2.2. Numerical Results

We describe three numerical experiments in this section. First, we compare an approximation of

the Kolmogorov N -width in order to investigate its decay, as in Section 5.3.2. Next, we perform

a model reduction within the above introduced setting. Then, we numerically examine the heat

inequality with finer discretization of P space and different norms.

Reducibility

The reducibility of the saddle-point formulation of parametrized variational inequalities has al-

ready been investigated in Section 5.3.2. Here, we compare the Kolmogorov N -widths for the

time-stepping and the space-time formulation. First, we introduce the Kolmogorov N -width for

the time-stepping approach and then provide numerical results for both approaches.

KolmogorovN -Width: The KolmogorovN -width has already been introduced in Section 2.3.3

and in Section 5.3.2 for the space-time formulation of VIs. For the time-stepping approach, the

definiton of the Kolmogorov N -width and its computational approximation are different, as the

correlation matrices and therefore the POD-errors depend on the number L of time steps.

The solution manifold for the truth problem reads

Dh(P) := {(u`h(µ), λ`h(µ)) ∈ (Vh ×Mh) solves (6.19) for µ ∈ P}, (6.27)

for ` = 1, . . . , L. We investigate how well Dh(P) can be approximated by linear subspaces

(VN ×MN ) ⊂ (Vh ×Mh) of dimension 2N . Again, we consider the primal and dual POD-

error ePOD
N,∗ , δ

POD
N,∗ , which are defined by

ePOD
N,∗ :=

 1

|Ptrain|(L+ 1)

∑
µ∈Ptrain

L∑
`=0

σV

(
u`h(µ);V POD

N

)2

1/2

,

δPOD
N,∗ :=

 1

|Ptrain|(L+ 1)

∑
µ∈Ptrain

L∑
`=0

σM

(
λ`h(µ);M POD

N

)2

1/2

,
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with primal and dual POD-spaces, respectively POD-cone V POD
N , M POD

N ,

V POD
N := arg inf

Vn⊂Vtrain,
dim(Vn)=N

1

|Ptrain|(L+ 1)

∑
µ∈Ptrain

L∑
`=0

σV (u`h(µ);VN )2,

M POD
N := arg inf

Mn⊂Mtrain,
dim(Mn)=N

1

|Ptrain|(L+ 1)

∑
µ∈Ptrain

L∑
`=0

σM (λ`h(µ);MN )2.

Moreover, we use the training sample spaces

Vtrain := span{u`h(µ) : µ ∈ Ptrain, ` = 1, . . . , L},

Mtrain := span{λ`h(µ) : µ ∈ Ptrain, ` = 1, . . . , L},

and abbreviate the best approximation by

σV (u`h(µ);VN ) := inf
u`N (µ)∈VN

‖u`h(µ)− u`N (µ)‖V = ‖u`h(µ)−ΠVN
u`h(µ)‖V ,

σM (λ`h(µ);MN ) := inf
λ`h(µ)∈MN

‖λ`h(µ)− λ`N (µ)‖W = ‖λ`h(µ)−ΠMN
λ`h(µ)‖W ,

with the orthogonal projections ΠVN
: Vh → VN , ΠWN

: Wh →WN .

Now, for µi ∈ Ptrain, i = 1, . . . , |Ptrain|, let the primal and dual correlation matrices be defined

by

CPOD
P,∗ (i, j) :=

1

ntrain
(u`h(µi), u

`
h(µj))V ,

CPOD
D,∗ (i, j) :=

1

ntrain
(λ`h(µi), λ

`
h(µj))W ,

where CPOD
P,∗ , CPOD

D,∗ ∈ Rntrain×ntrain with ntrain := |Ptrain|(L+ 1). Then, it is well-known that

ePOD
N,∗ =

 ntrain∑
j=N+1

ηPOD
j,∗

1/2

, δPOD
N,∗ =

 ntrain∑
j=N+1

κPOD
j,∗

1/2

, (6.28)

where ηPOD
j,∗ , κPOD

j,∗ , j = 1, . . . , ntrain are the eigenvalues of CPOD
P,∗ , CPOD

D,∗ . This implies that if

the eigenvalues ηPOD
j,∗ , κPOD

j,∗ , for j → ntrain decay fast the POD-errors decay fast. The minimal

N ∈ N such that

(
ePOD
N,∗
)2

=

ntrain∑
j=N+1

ηPOD
j,∗ ≤

(
εPOD

tol
)2
,

(
δPOD
N,∗
)2

=

ntrain∑
j=N+1

κPOD
j,∗ ≤

(
εPOD

tol
)2
,

describes the necessary size of the reduced model to reach a corresponding target accuracy εPOD
tol .

Therefore, the decays of the eigenvalues of the correlation matrices CPOD
P,∗ , CPOD

D,∗ are a measure

for the reducibility of the problem and resemble the Kolmogorov N -width.
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Next, we recall the space-time POD errors ePOD
N , δPOD

N , as in Section 5.3.2:

ePOD
N =

 |Ptrain|∑
j=N+1

ηPOD
j

1/2

, δPOD
N =

 |Ptrain|∑
j=N+1

κPOD
j

1/2

,

where ηPOD
j , κPOD

j , j = 1, . . . , |Ptrain|, are the eigenvalues of the space-time POD correlation

matrices CPOD
P , CPOD

D .

As an example, we consider again the time-dependent heat inequality.

Example 6.5 (Heat Inequality). We consider a parametrized heat inequality model with homo-

geneous Dirichlet boundary conditions and a homogenous initial condition on the time inter-

val I := (0, T ) for T = 0.5. The spatial domain Ω := (0, 1) is split into two subdomains

Ω1 := (0, 0.5) and Ω2 := (0.5, 1) such that Ω̄ = Ω̄1 ∪ Ω̄2. The parameter µ ∈ R2 enters the

model as piecewise constant coefficient functions in the bilinear form a(·, ·;µ) as heat conduc-

tivities µ1, µ2 on Ω1,Ω2. The obstacle g is constant as well as the right-hand side c(t, x;µ) ≡ 1,

∀x ∈ Ω, t ∈ I . The variational inequality in strong form reads: For µ ∈ P , find u ∈ K∩X (the

spaces to be defined below) such that
u̇(t, x;µ)−∇(ν(µ)∇u(t, x;µ)) ≥ c(t, x;µ), on I × Ω, µ ∈ P,

u(t, 0;µ) = u(t, 1;µ) = 0, ∀t ∈ (0, T ), µ ∈ P,

u(0, x;µ) = 0, ∀x ∈ Ω, µ ∈ P.

where ν(µ) := µ11Ω1(x) + µ21Ω2(x), for x ∈ Ω. For the variational formulation, we use the

Gelfand triple V ↪→ H ↪→ V ′ with V = H1
0 (Ω), H = L2(Ω) and V ′ = H−1(Ω). Thus, the

linear and bilinear forms for the time-stepping scheme read:

ã(u, v;µ) := µ1

∫
Ω1

(∇u,∇v)V dxt+ µ2

∫
Ω2

(∇u,∇v)V dx, ∀u, v ∈ V ,

as well as

c(v;µ) =

∫
Ω

(c(t;µ), v(t))H dx, ∀v ∈ Y,

b̃(v, p) =

∫
Ω
〈v, η〉V×W dx dt, ∀v ∈ V , η ∈W ,

g(η;µ) = g(η) = 0.1, ∀η ∈W,

with the multiplier space W := V ′. We recall the function spaces X = H1
(0)(I,V

′)∩L2(I;V ),

Y = L2(I;V ) with V ,V ′ as above and time-dependent multiplier space W = Y′ = L2(I;V ′).

The space-time linear and bilinear forms read:

a(u, v;µ) =

∫
I

∫
Ω
〈u̇(t), v(t)〉V ′×V dx dt+ µ1

∫
I

∫
Ω1

(∇u(t),∇v(t))V dx dt

+ µ2

∫
I

∫
Ω2

(∇u(t),∇v(t))V dx dt, ∀u ∈ X, v ∈ Y,
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6.2. Parabolic Variational Inequalities

as well as

f(v;µ) =

∫
I

∫
Ω

(c(t;µ), v(t)) dx dt, ∀v ∈ Y,

b(v, p) =

∫
I

∫
Ω
〈v(t), η(t)〉V×W dx dt, ∀v ∈ Y, η ∈W,

with g ∈W′ defined above. The convex set K ⊂ Y is defined by

K = { v ∈ L2(I;V ), v(t) ≤ 0.1, a.e. on Ω, a.e. t ∈ I }.

For this example, we use Ptrain ⊂ P := [0.1, 1] × [0.1, 2] formed by 7 equidistant points per

space dimension, such that |Ptrain| = 49. Of course |Ptrain| is relatively small which is due to the

dependency of CPOD
P,∗ , CPOD

D,∗ on the temporal discretization.

We introduce some notation: By dST
N (u;P), dST

N (λ;P) we denote the Kolmogorov N -width for

the space-time approach for the primal and dual variable u, λ, respectively. For the time-stepping

approach, we set analogously d∗N (u;P), d∗N (λ;P).

We plot the POD-errors ePOD
N , ePOD

N,∗ , δPOD
N , δPOD

N,∗ with respect to N for different discretizations

in Figure 6.4. As a reminder, the full space-time dimension is denoted by N , the full spatial

dimension is Nh and L is the number of time steps. We emphasize two specific results:

• the Kolmogorov N -width is approximately the same for each scheme w.r.t. time, since

dST
N (z;P) ≤ N−3/2 and d∗N (z;P) ≤ N−7/4 for z ∈ {u, λ}.

• the Kolmogorov N -width decays slightly faster N−7/4 for the time-stepping than for the

space-time method N−3/2.

Although the convergence rate is slightly better, the error ePOD
N w.r.t. the norm ‖ · ‖X in Figure

6.4(a) is smaller than for ePOD
N,∗ w.r.t. the norm ‖ · ‖V . Also, the dual errors ePOD

N , ePOD
N,∗ differ

about an order of 101, but here, the time-stepping error for the ‖ · ‖W is smaller than the space-

time error in the ‖ · ‖W-norm.

Heat Inequality – Setting of Reducibility Example

We further investigate Example 6.5 for the heat inequality. Again, we set Ptrain ⊂ [0.1, 1] ×
[0.1, 2], with |Ptrain| = 49. We introduce the model settings and subsequently present the nu-

merical results.

Discretization and ‘True’ Norms: We use the finest discretization of the preceding example.

i.e., we divide Ω into 27 and I into 28 equidistant subintervals. This results in L = 28, Nh =

27 − 1 and space-time dimension N = 35 512. The “true” norm is, as above, ‖ · ‖X.
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(b) Decay of primal POD-error ePOD
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(c) Decay of dual POD-error ePOD
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(d) Decay of dual POD-error ePOD
N,∗

Figure 6.4.: Heat inequality: Decay of the POD-error on training set Ptrain for different dis-

cretizations: Red line: decay rate; purple, green, blue, cyan, black: Nh = 2k,

k = 3, 4, 5, 6, 7: for all discretizations L = 2(Nh + 1).

We use a CN time-stepping schemes. The “true” norm is defined by

|v|2∆t := |(v(t`))`=0,...,L−1|2∆t + ∆t ‖v(T )‖2V =
L∑
`=0

∆t‖v(t`)‖2V ,

with V = H1
0 (Ω), as in the numerical comparisons for the parabolic equations. Note, that their

norm corresponds to the error measure ∆PAG,1
N (µ) in (6.24).

Both discretizations schemes result in a CN scheme such that the truth solutions of the space-

time and the time-stepping approach ares the same for each µ ∈ Ptrain.

Greedy Algorithms and Error Measures: The reduced basis for the space-time formulation

is generated in two steps: The primal basis is generated by Algorithm 5.1 with the projection-

based error measure ∆ST,P1
N (µ) in (5.5) and the dual basis is generated by Algorithm 5.2 with the

Angle-Greedy error measure ∆ST,D3
N (µ) in (5.8). For the combination of the reduced spaces, we

use Combination 2, see Table 5.1 (p.113), i.e., the test space YN is spanned by supremizers of

XN .
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6.2. Parabolic Variational Inequalities

For the primal reduced space in the time-stepping setting, we use the POD-Greedy Algorithm 6.1

with the projection-based error indicator ∆POD-G
N (µ) in (6.22) and the Angle-Greedy Algorithm

6.2.2 with error indicator ∆ANG
N (µ) in (6.23) for the dual basis generation.

Comparison: As for parabolic variational equations, space-time and time-stepping methods

are quite different approaches for VIs, such that a fair and direct comparison is not trivial. We

display the differences for the primal and dual basis generation in Table 6.3.

snapshot space RB space “true” error error estimated by

ST: Primal XN XN ‖ · ‖X projection, ∆ST, P1
N (µ)

ST: Dual WN WN ‖ · ‖W Angle-Greedy, ∆ST,D3
N (µ)

POD-G: Primal {t0, . . . , tL} × Vh VN | · |∆t projection, ∆POD-G
N (µ)

POD-G: Dual {t0, . . . , tL} ×Wh WN ‖ · ‖W Angle-Greedy, ∆ANG
N (µ)

Table 6.3.: Differences of space-time and time-stepping sampling.

Greedy Training: The offline Greedy error decays for both variants are shown in Figure 6.5. In

Figure 6.5(a), we display the decay with respect to the primal variable and in Figure 6.5(b) with

respect to the dual variable. The red lines correspond to the space-time quantities, whereas the

blue lines indicate the time-stepping setting. For all algorithms, we use the stopping criterion

to NP,max = ND,max = NPOD-G,max = NANG,max = 15. In the above example, we observed

that the Kolmogorov N -width decays faster for the time-stepping scheme. In contrast to that,

we observe that the decay for the primal Greedy of both methods is approximately the same, see

Figure 6.5(a). But, as expected, the projection-based error for the space-time norm ‖ · ‖X admits

a smaller value than the time-stepping scheme w.r.t. the | · |∆t (= ∆PAG,1
N (µ)). For the dual

Greedy in Figure 6.5(b), the greedy decays faster for the space-time than for the time-stepping

scheme. Again, this behavior was not expected due to the faster decay of the time-stepping ap-

proach for the Kolmogorov N -width. Also, the projection-based error is for most times larger

for ∆ANG
N (µ) than for ∆ST,D3

N (µ), which is again an opposite behavior compared to the previous

numerical results.

This different behavior of the Kolmogorov N -width for the time-stepping method can be ex-

plained as follows: The approximation of the primal decay for the Kolmogorov N -width is

measured in the ‖·‖V -norm, which is a norm w.r.t. space only. In contrast to the time-dependent

projection-based norm, which is measured by | · |∆t . Also, the approximation of the dual decay

has been computed w.r.t. ‖ · ‖W , but in the Angle-Greedy algorithm, an angle is used as error

measure, which might cause different results.
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Figure 6.5.: Heat inequality: Greedy approximation error. Red: Space-Time (ST); blue: POD-

G/ANG quantities ; stopping criterion NP,max = ND,max = 15.

Online Phase: We test the RB approximation for a test case

Ptest := {(0.1, µ2) : µ2 ∈ [0.1, 2]},

for the above generated reduced bases of size NP = ND = NV = NW = 15. For the

time-stepping scheme, we have to solve a series of L quadratic problems of size 30 × 30, i.e.,

NV +NW = 30. This is in contrast to the in the space-time setting, where only one problem of

the same size needs to be solved. The results are shown in Figure 6.6. Similar for the evolution

equations in Figure 6.2 the primal error is nearly coinciding. This means, again, that the temporal

derivative is very well approximated.

We observe that the error measure ∆ST,P1
N (µ) underestimates the error and ∆POD-G

N (µ) overesti-

mates the true error. For the dual case, the space-time error is about an order of 102 above the

POD-error. Thus, the Angle-Greedy overestimates the space-time error in ‖ · ‖W by an order of

102 and the POD-error in ‖ · ‖W by an order of 104.

Heat Inequality – Finely Discretized Parameter Space

Again, we consider Example 6.5. Here, we use Ptrain ⊂ P := [0.1, 1]2, which results by

discretization of P with 31 equidistant points per direction, such that |Ptrain| = 961. Next,

we introduce the model setting with changes in the ‘true’ norms, which also affects the basis

generation. Finally, the numerical investigations are presented and compared to the previous

ones.

Discretization and ‘True’ Norms: For both discretizations, we divide Ω into 25 and I into 27

equidistant subintervals. This results in the number of time steps L = 27, Nh = 25 − 1 and

total space-time dimension N = 3968. The “true” norm is now set to J·KX for the space-time
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6.2. Parabolic Variational Inequalities
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Figure 6.6.: Heat inequality: RB approximation primal error on Ptest. Red: space time quanti-

ties; blue: POD-G/ANG quantities; black: indicator; solid: true error; dash-dotted:

error indicator; dashed: other measure. Top line: primal variable; bottom: dual

variable.

approach.

For the time-stepping method, a CN scheme is used. The “true” norm is given by

|v|2∆t,L2
:= |(v(t`))`=0,...,L−1|2∆t + ∆t ‖v(T )‖2L2(Ω) =

L∑
`=0

∆t‖v(t`)‖2L2(Ω),

which is altered w.r.t. the previous example. This norm is still the error measure ∆PAG,1
N (µ), but

here w.r.t. the ‖ · ‖L2(Ω)-norm in space.

Greedy Algorithms and Error Measures: The primal basis for the space-time approach is

generated by Algorithm 5.1 with the projection-based error measure ∆ST,P1
N (µ) in (5.5). For the

dual basis, we apply Algorithm 5.2 with the Angle-Greedy error measure ∆ST,D3
N (µ) in (5.8).

For the combination of the reduced spaces, we use Combination 2, see Table 5.1 (p.113). i.e.,

we construct the test space YN by supremizers of XN .
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6. Space-Time versus Time-Stepping

The POD-Greedy Algorithm 6.1 with the projection-based error indicator ∆POD-G
N (µ) in (6.22)

and the Angle-Greedy Algorithm with error measure ∆ANG
N (µ) as in (6.23) are used for the basis

generation for the time-stepping approach.The primal reduced space VN is enriched by WN . We

omit the table for the comparison, and refer to Table 6.3 with two changes: The ‘true’ norms are

J·KX for the space-time norm and | · |∆t,L2 for the time-stepping norms.

Greedy Training: The offline Greedy decays for both variants are shown in Figure 6.7. In

Figure 6.7(a), we show the Greedy decay with respect to the primal variable and in Figure 6.7(b)

with respect to the dual variable. The red lines correspond to the space-time quantities, whereas

the blue lines indicate the time-stepping setting. For all algorithms, we set the stopping criterion

to NP,max = ND,max = NPOD-G,max = NANG,max = 20.

Here, we observe, in contrast to the numerical results before, that the ∆POD-G
N (µ) admits a better

convergence rate than ∆ST,P1
N (µ) as well as a lower error in nearly every step of the Greedy

algorithm. For the dual Greedy decay, the space-time Angle-Greedy approach ∆ST,D3
N (µ) decays

faster and with lower error compared to the the time-stepping Angle-Greedy ∆ANG
N (µ).
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Figure 6.7.: Heat inequality: Greedy approximation error. Red: Space-Time (ST); blue: POD-

G/ANG quantities ; stopping criterion NP,max = ND,max = 20.

Online Phase: We test the RB approximation for Ptest := {(µ1, 0.1) : µ1 ∈ [0.1, 1]}. All

reduces spaces are of dimension 20 by construction above. For the time-stepping scheme, we

have to solve a series of quadratic L problems of size 60 × 60 – due to the enrichment of VN
by WN . This is in contrast to the in the space-time setting, where only one problem of the size

40× 40 is solved. The results are shown in Figure 6.8.

For the space-time approach, instead of plotting the projection-based error indicator ∆ST,P1
N (µ),

we use the error estimator ∆ST,P2
N (µ) (5.6). This is done in order to obtain information about the

behaviour of the estimate. We observe, that the error estimate ∆ST,P2
N (µ) admits higher values

than the space-time error for approximately all µ1 ≥ 0.13 (again, we cannot guarantee that
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6.2. Parabolic Variational Inequalities

both bilinear forms are inf-sup stable, see Table 5.2). In addition to computing the error in the

| · |∆,L2 (which is the error measure ∆PAG,1
N (µ) in (6.24) for the L2(Ω) norm), we also compute

the error in the so-called energy norm , i.e., error measure ∆PAG,2
N (µ) in (6.26). We observe, that

∆PAG,2
N (µ) does not clearly relate to one of the other norms in Figure 6.8(a) and in Figure 6.8(b),

in which the primal error for the time-stepping scheme is displayed. Here, after enrichment of

VN by WN the projection-based error measure ∆POD-G
N (µ) is below 10−7 and thus not visible

in Figure 6.8(b).

The dual space-time error w.r.t. ‖ · ‖W is below ∆ST,D2
N (µ) for all µ ∈ Ptest. Other than this,

the results for the dual error are similar for the previous example of the heat inequality: the

POD-error is about the order of 102 lower than the space-time dual error.
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Figure 6.8.: Heat inequality: RB approximation primal error on Ptest. Red: space time quanti-

ties; blue: POD-G/ANG quantities; black: indicator; solid: true error; dash-dotted:

error indicator; dashed: other measure. Top line: primal variable; bottom: dual

variable.
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6.2.3. Conclusion

We compared two methods to treat time-dependent VIs in the context of RBM. As the time-

stepping schemes and the space-time methods significantly differ in a variety of points, a fair

comparison is delicate. In particular for the VIs,

• different norms need to be considered, here even for the primal and the dual variable;

• the choice of the error indicator for both methods has a significant impact;

• we only consider such space-time methods that are equivalent to a time marching scheme

(here Crank-Nicholson). If this is not the case, the offline cost for the space-time scheme

will significantly increase.

Having the additional choices for the VIs at hand, as, e.g., a dual error measure or dual basis gen-

eration, offers more selection, but at the same time, the comparison gets even more complicated.

For the space-time approach, well-posedness of the reduced problem cannot be guaranteed, see

Section 5.2.2. But, if the reduced inequality admits a unique solution, then the error estimator

can be applied if the (parametric) bilinear forms are sufficiently stable. In contrast to that, the

reduced time-stepping scheme is well-posed, if the discrete problem is well-posed. However, no

error estimator w.r.t. a L2(I;L2(Ω))- or a L2(I;H1
0 (Ω))-norm is available.

Space-time methods are online efficient, as only one problem of size 2N needs to be solved,

where as for the time-stepping scheme L problems of the same size have to be computed (when

enriched by supremizers of the dual space, both reduced problem dimension sizes increase to

3N ).

Because of this discussion, we tend to formulate the following recipe, which is similar to the evo-

lution equation case: If online computational time restrictions apply for long-time horizons, the

space-time approach is advisable — if the use of a specific time-marching scheme is necessary,

the POD/Angle-Greedy approach is advisable.
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7
Conclusion and Outlook

In this work, we analyzed Variational Inequalities (VIs), in particular noncoercive and parabolic

ones. We proved the well-posedness for general Noncoercive Variational Inequalities (NCVIs)

under mild assumptions and derived error estimates for the discretizations of the inequality as

well as for an equivalent saddle-point formulation. These results have been applied to the spe-

cial case of a space-time variational formulation of Parabolic Variational Inequalities (PVIs).

Subsequently, we discretized the arising problems and arrived at a detailed (often called truth)

solution to be used for the Reduced Basis Method (RBM). For the RBM, we presented and nu-

merically compared different aspects of the model reduction. Those numerical investigations

have been extended by comparing the space-time variational formulation with a more classical

time-stepping approach, where we also highlight the differences of variational equations and

inequalities.

To be more precise, in Chapter 3, well-posedness for a NCVI has been shown by introducing

two new concepts, namely weak coercivity and symmetrically boundedness. This also yields

the well-posedness of an equivalent saddle-point formulation. Error estimates for correspond-

ing discretizations have been derived for both problems. As we have seen, the well-posedness

depends on a specific form of the underlying convex set. Future work might be to further relax

these assumptions in order to prove at least existence of a solution for a more general convex

set.

The above results have been applied to the particular case of a PVI in a space-time variational

form in Chapter 4. This results in explicit bounds for the weak coercivity and the symmetrically

boundedness. In particular, for the space-time variational inequality, we were able to show that

the above mentioned conditions on the convex set can be omitted for proving existence, which

is due to the special space-time variational structure. Next, in order to ensure well-posedness

of the saddle-point problem, several combinations of dual spaces, convex cones, and bilinear

forms have been introduced and investigated. It was shown that additional regularity w.r.t. time

ensures that the obstacle is respected at any time instead of for “almost all” times, which is to be

expected in a variational framework. Then, for a specific discretization of the space-time varia-

tional problem resulting in a Petrov-Galerkin method, we have shown that both formulations –
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inequality and saddle-point problem – result in a Crank-Nicolson time-stepping scheme. The er-

ror of this discretization has been investigated numerically since the subsequent model reduction

relies on this truth discretization. Future research may be devoted to an analytical investigation

of the resulting discretization errors.

Within the model reduction framework introduced in Chapter 5 for the saddle-point formulation,

different choices for the generation of the reduced bases and stable combinations of reduced trial

and test spaces were analyzed. The stability of the reduced (parametric) bilinear forms cannot

be guaranteed for the most general NCVIs. However, although the inf-sup stability has not been

proven so far, our numerical results suggest possible computationally stable combinations of

reduced trial and test bases. This might be subject to future research.

On a more conceptual level, it is at least not obvious, if parametric VIs can efficiently be reduced

by the RBM or not. The underlying question is if the solution u(µ) depends smoothly on the

parameter µ ∈ P . This is reflected by the decay of the Kolmogorov N -width dN (P) for the

parameter set P as N grows. We are not aware of any theoretical results concerning the decay

of dN (P) for general VIs. Since we expected a nonlinear dependency of dN (P) on the (location

and form of the) obstacle, we investigated the decay of dN (P) and found decay rates for the

space-time VI of about N−1 to N−7/4 for a heat inequality model (in a case where the obstacle

is present). In addition, we observed the expected nonlinear dependency on the obstacle.

Further investigations of the Kolmogorov N -width for space-time VIs may be subject of future

work. Such investigations will also show more general if linear model reduction schemes like

the RBM are sufficient for NCVIs or not. Recall, that the decay of dN (P) is exponentially

for many elliptic problems but only of order N−1/2 for first order linear transport problems,

[OR16]. Roughly speaking, VIs are better reducible by the RBM as transport problems but far

off the “good” cases with exponential decay. Hence, it seems appropriate to investigate nonlin-

ear model reduction techniques, which have just been started to be investigated. Moreover, a

perspective for future research could be to allow for different dimensions for the reduced trial and

test spaces. In that case, one would have to solve an nonsymmetric minimal residual problem in

the online phase. For the construction of stable reduced test spaces, the Double Greedy method

(see [DPW14]) or other stable realizations could then be used. Again, nonlinear techniques may

be more promising as long as online efficiency can be realized.

The space-time variational approach offers a new perspective both for parallel and adaptive

detailed approximations as well as for model reduction. In order to investigate the potential of

space-time variational methods for variational inequalities, a comparison of space-time Petrov-

Galerkin RBM and classical time-stepping based RBM was performed in Chapter 6. First, we

analyzed the special case of the convex set being the whole space, i.e., evolution equations.

In general, we found that if (for any reason) a specific time-marching scheme is required, the

POD-Greedy time-stepping approach should be used, whereas the space-time variational RBM
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is advisable for long-term time horizons. These observations where made for both variational

equations and inequalities. Concerning VIs, the error estimator/indicator for both schemes w.r.t.

time still depends on the truth dimensionN , i.e., is not online efficient. This might be improved

by introducing a slack variable as in [ZBV16], for which an additional optimization problem

for the dual variable has to be solved online. However, the last mentioned possible investigation

will most likely not help to overcome the principle question, namely if VIs can efficiently be

reduced by the RBM or if nonlinear model reduction techniques need and can be constructed –

a quite broad and open field.
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A
Some Facts on Sobolev Spaces

In this chapter, we briefly summarize results of functional analysis, as they can be found, e.g.,

in [Ada75]. In the following, let Ω be an open subset of Rn. We start with the definition of an

embedding, which is a basic assumption in Chapter 3.

Definition A.1 (Embedding, [Ada75, 1.24]). We say that a normed space X is embedded in the

normed space Y, and write X ↪→ Y to designate this embedding, provided

(i) X is a vector subspace of Y, and

(ii) the identity operator I is defined on X into Y by Ix = x for all x ∈ X is continuous.

Since I is linear, (ii) is equivalent to the existence of a constant M such that

‖Ix‖Y ≤M‖x‖X.

For the definition of the weak derivative, we need the spaces L1
loc(Ω), C∞0 (Ω), and the definition

of a multi-index. The space L1
loc(Ω) is the space of all locally integrable functions on Ω. We

say that u ∈ L1
loc(Ω), if u ∈ L1(U) for every open U ⊂ Ω. The space C∞0 (Ω) consists of

all infinitely often differentiable functions with compact support in Ω. If α = (α1, ·, αn) is

an n-tuple of non-negative integers αj , we call α a multi-index. By Dα = Dα1
1 · · ·Dαn

n for

Dj = ∂/∂xj , we denote the differential operator of order |α| =
∑n

i=1 αj .

Definition A.2 (Weak derivative, [Ada75, 1.57]). Let u ∈ L1
loc(Ω) and let α be a multi-index. A

function v ∈ L1
loc(Ω) is called the weak or distributional partial derivative of u and is denoted

by Dαu. Thus, Dαu = v in the weak (or distributional sense) provided v ∈ L1
loc(Ω) satisfies∫

Ω
u(x)Dαφ(x)dx = (−1)|α|

∫
Ω
v(x)φ(x)dx,

for all φ ∈ C∞0 (Ω).

If u is sufficiently smooth to have a continuous partial derivative Dαu in the classical sense, the

Dαu is also a weak partial derivative of u. Of course, Dαu may exist in the distributional sense

without existing in the classical sense.
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A. Some Facts on Sobolev Spaces

Definition A.3 (Sobolev spaces of integer order, [Ada75, 3.1]). We define a functional ‖ · ‖m,p,
where m is a non-negative integer and 1 ≤ p ≤ ∞

‖u‖m,p =

 ∑
0≤|α|≤m

‖Dαu‖pp


1/p

, if 1 ≤ p <∞, (A.1)

‖u‖m,∞ = max
0≤|α|≤m

‖Dαu‖∞, (A.2)

for any function u for which the right-side makes sense and ‖ · ‖p being the Lp(Ω)-norm. We

consider three such spaces corresponding to any given values of m and p:

• Hm,p(Ω) ≡ the completion of {u ∈ Cm(Ω) : ‖u‖m,p < ∞} with respect to the norm

‖ · ‖m,p,

• Wm,p(Ω) ≡ {u ∈ Lp(Ω) : Dαu ∈ Lp(Ω) for 0 ≤ |α| ≤ m, where Dαu is the weak (or

distributional) partial derivative of Definition A.2 }, and

• Wm,p
0 (Ω) ≡ the closure of C∞0 (Ω) in the space Wm,p(Ω).

Equipped with the appropriate norm (A.1) or (A.2), these are called Sobolev spaces over Ω.

We have that W 0,p(Ω) = Lp(Ω), and if 1 ≤ p < ∞, W 0,p
0 (Ω) = Lp(Ω), as C∞0 is dense in

Lp(Ω), see [Ada75, Theorem 2.19]. For any m the chain of embeddings

Wm,p
0 (Ω)→Wm,p(Ω)→ Lp(Ω),

holds. Also, for every domain, it is satisfied, that Hm,p(Ω) = Wm,p(Ω), see [Ada75, Theorem

3.16].

Theorem A.4 (Riesz representation theorem, [Ada75, Theorem 1.11]). Let X be a Hilbert space.

A linear functional x′ on X belongs to X′ if and only if there exists x ∈ X such that for every

y ∈ X we have

x′(y) = (y, x)X,

and in this case ‖x′‖X′ = ‖x‖X. Moreover, x is uniquely determined by x′ ∈ X′.
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B
Auxiliary Estimates

This chapter presents the Hölder inequality and technical results that are needed in the analysis

of Chapter 3.

Theorem B.1 (Hölders inequality, [Ada75, Theorem 2.3]). If 1 < p < ∞ and u ∈ Lp(Ω), v ∈
Lq(Ω), then uv ∈ L1(Ω) and ∫

Ω
|u(x)v(x)|dx ≤ ‖u‖p‖v‖q, (B.1)

where q = p
p−1 is the exponent conjugate to p.

Lemma B.2. Let a, b, ε, γ ≥ 0. Then, we have for all 0 ≤ ε ≤ 1 that εa + γb ≤ γ̃
√
εa2 + b2

with γ̃ :=
√

2 max{1, γ}.

Proof. We have by ε ≤ 1 that (εa + γb)2 = ε2a2 + 2εγab + γ2b2 ≤ 2(ε2a2 + γ2b2) ≤
2 max{1, γ2}(εa2 + b2), which proves the claim.

Lemma B.3. Let a, b, c > 0. Then, there exist 0 < ε < a and 0 < δ < b such that a−εb+δ > a
b − c.

Proof. First, it is readily seen that the claim is equivalent to

(bc− a)δ ≥ b(ε− bc). (B.2)

If bc − a ≥ 0, one may choose 0 < ε < bc and δ > 0 arbitrary in order to satisfy (B.2). If,

instead bc − a < 0, choose again 0 < ε < bc and now 0 < δ ≤ b ε−bcbc−a , which is possible since

the right-hand side is positive.
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analytische und numerische Methoden. Spectrum Akademischer Verlag, Heidel-

berg, 2010.
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