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aus Königshütte (Polen)

Gutachter: Prof. Dr.-Ing. Knut Graichen
Prof. Dr. Nicolas Petit

Amtierende Dekanin: Prof. Dr. Tina Seufert

Ulm, 27.01.2016



Bartosz Maciej Käpernick
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Nicht zuletzt möchte ich meinen ganz besonderen Dank an meine liebe Familie richten, ohne
die diese Arbeit niemals zustande gekommen wäre. Ich danke meinen Eltern Alexandra und
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Abstract

Modern and powerful control schemes were becoming more important during the last years
to meet the increasing requirements from the industrial field, e. g. to consume less energy and
resources, to save costs, or to reduce the environmental pollution. A good control strategy
to attack the various challenges is given by the class of optimization based control methods.
In this regard, the control task is formulated as a static or dynamic optimization problem
with an appropriately defined objective function (cost function), a dynamical model of the
system and constraints such as actuator constraints or safety constraints. The optimal
control variables are then computed by minimizing or maximizing the objective function
while at the same time the system model and constraints are taken into account.

An optimization-based control method which became very popular in academia as well as
in industry during the recent decades is model predictive control (MPC), also referred to
as receding horizon control. A model predictive controller repetitively solves the formulated
optimization problem at defined time instances where typically the sampling time of the plant
is used. The measured or estimated state of the system at the current sampling instance
is used as initial value for the optimal control problem and the computed control action
is then injected to the plant. This procedure is repeated in the next sampling step where
the optimal control problem is resolved with the new state of the system, which closes the
feedback loop.

A model predictive controller combines a number of advantages. As mentioned before, the
desired control objective is formulated in the cost function while constraints are directly
considered. Additionally, an MPC allows to control nonlinear and multivariable systems.
However, there are also a number of challenges which have to be tackled. The numerical
solution of an optimal control problem requires in general a significant computational effort
and hence limits the application of a model predictive controller. This is even more severe
if an MPC is used to control fast dynamical systems with low sampling times. To this
end, efficient algorithms, powerful hardware platforms or a combination of both have to be
used to circumvent this difficulty. Another important aspect that arises in the context of
model predictive control is the question about stabilizing the closed-loop system. There exist
various approaches in the literature that cope with this subject from different perspectives.
In view of a hardware implementation, it must be ensured that corresponding stability
conditions are also taken into account to guarantee stability of the control system.

A model predictive control scheme is discussed in this thesis that is well-suited for controlling
fast nonlinear dynamical systems in real-time. A first step to achieve this aim is the use of
an efficient approach to solve the underlying optimal control problem in an MPC scheme nu-
merically. The projected gradient method is easy to implement and allows memory and time
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efficient computations and is therefore focused in this contribution. The gradient method is
then combined with a transformation technique to handle a particular class of constraints
in a systematic way. In this regard, the approach is applied to reformulate a constrained
optimal control problem into an unconstrained counterpart. As a consequence, the result-
ing unconstrained problem formulation can be solved by means of unconstrained numerical
methods which help to reduce the computational burden.

In this thesis, optimal control problems with control constraints, separate state and control
constraints as well as state-dependent input constraints are considered to formulate a model
predictive control scheme. The related systematic and algorithmic conditions and properties
are discussed in detail together with convergence and stability results.

Simulation and experimental studies demonstrate the applicability and performance of the
gradient-based model predictive control scheme with the constraint transformation. The
MPC schemes discussed in this thesis are also applied to control a two- and a three-
dimensional configuration of a laboratory crane. A PLC (programmable logic controller)
implementation of the gradient-based MPC demonstrates that the control scheme can also
be utilized on standard hardware from industrial automation. Some numerical properties
as, for instance, computation time or the accuracy of the trajectories are provided in form
of comparison results with established MPC algorithms and software packages.

Motivated from a more hardware-oriented point of view, decomposition and parallelization
approaches are investigated to speed up the computations of the model predictive controller.
This strategy is important if hardware systems support parallel computing to a certain de-
gree like the use of several CPU cores or components that provide parallel processing of the
data. In this regard, parallel optimization techniques from two different perspectives are
discussed. First of all an additional transformation approach is provided to decompose an
optimal control problem into smaller subproblems. Subsequently, two different algorithms
are presented that allow to solve the subproblems independently and hence also in a parallel
manner. In this way the complexity of the numerical computations can be reduced. In
the next step, an analysis of the gradient algorithm reveals that the underlying numerical
integrations provide the largest computational burden. Consequently, parallelizing the inte-
gration scheme has the potential to reduce the computation times. To this end, a parallel
numerical integration scheme based on ideas from fixed-point iteration is illustrated that
allows to approximate sequential integration methods in a suitable way.
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Deutsche Kurzfassung

In heutiger Zeit wird der Einsatz von modernen und leistungsfähigen Regelungsstrategien
immer erforderlicher aufgrund der steigenden Anforderungen aus dem industriellen Umfeld,
wie beispielsweise ein geringerer Verbrauch von Energie und Ressourcen, die Einsparung
von Kosten oder die Entlastung der Umwelt. Optimierungsbasierte Regelungen stellen dabei
eine Klasse von Verfahren dar, welche sehr gut geeignet sind, um die genannten Herausfor-
derungen zu bewältigen. Dazu wird die Regelungsaufgabe zunächst in Form eines Optimie-
rungsproblems formuliert, welches im Allgemeinen aus einer zu minimierenden oder maxi-
mierenden Zielfunktion, einem dynamischen Modell der Regelstrecke und weiteren Nebenbe-
dingungen (Beschränkungen), wie beispielsweise Aktuator- oder Sicherheitsbeschränkungen,
konstruiert ist. Die Stellgröße des Regelungssystems als Lösung der Problemformulierung
wird dabei so berechnet, dass die Zielfunktion des zugrundeliegenden Optimierungsproblems
den optimalen Wert unter Berücksichtigung der Beschränkungen annimmt.

Ein optimierungsbasiertes Regelungsverfahren, das in den letzten Jahren große Aufmerksam-
keit sowohl im akademischen als auch im industriellen Bereich erhalten hat, ist die sogenannte
modellprädiktive Regelung (engl. model predictive control, MPC). Ein modellprädiktive Reg-
ler basiert auf dem repetitivem Lösen eines Optimierungsproblems zu festen Zeitabschnitten.
Typischerweise wird dazu die Abtast- bzw. die Zykluszeit der Regelstrecke verwendet. Zu
Beginn des Abtastzeitpunkts wird zunächst durch geeignete Messung oder Schätzung der ak-
tuelle Zustand der Regelstrecke ermittelt. Dieser Zustand dient dabei als Initialwert für das
Optimierungsproblem. Die berechnete optimale Stellgröße wird anschließend für die Dauer
der Abtastzeit auf das zu regelnde System geschaltet. Im nächsten Abtastzeitpunkt wird der
neue Zustand der Regelstrecke ermittelt und eine neue Stellgröße auf Basis der Lösung des
Optimierungsproblems berechnet. Diese Vorgehensweise wird zyklisch wiederholt und stellt
somit eine Regelung im klassischen Sinne einer geschlossenen Wirkungskette dar.

Wie bereits erwähnt, vereint ein modellprädiktiver Regler eine Anzahl von positiven Ei-
genschaften, wie z. B. die direkte Berücksichtigung von Beschränkungen oder die Regelung
nichtlinearer Systeme. Nichtsdestotrotz müssen mit Blick auf eine Implementierung dieses
Regelungsverfahrens auch einige Herausforderungen gelöst werden. Die repetitive Lösung
eines Optimierungsproblems ist im Allgemeinen mit einem hohen numerischen Aufwand
verbunden. Dies ist vor allem kritisch, falls das zu regelnde System eine sehr kurze Abtast-
oder Zykluszeit aufweist und Beschränkungen berücksichtigt werden müssen. Eine mögliche
Lösung dieser Problematik liegt in der Nutzung effizienter Algorithmen oder leistungsfähiger
Hardware bzw. einer Kombination dieser beiden Aspekte. Des Weiteren muss sichergestellt
werden, dass der verwendete Algorithmus zum Einen zu einer zulässigen Lösung konvergiert
als auch die Stabilität des geschlossenen Regelkreises gewährleistet. Diese beiden Punkte
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erfordern ein fundiertes Wissen über eine modellprädiktive Regelung, das dynamische Ver-
halten der Regelstrecke und die Hardware-Plattform, auf der der Regler implementiert wird.

In dieser Arbeit wird ein MPC-Verfahren für nichtlineare Systeme betrachtet, das eine echt-
zeitfähige Regelung von schnellen, dynamischen Systemen erlaubt. Ein wichtiger Schritt um
dieses Ziel zu erreichen, ist die Verwendung eines geeigneten Verfahrens, welches das unterla-
gerte Optimierungsproblem einer modellprädiktiven Regelung numerisch löst. Das projizierte
Gradientenverfahren kann einfach implementiert werden und erlaubt das Ausführen schneller
Berechnungsvorschriften bei gleichzeitig effizienter Speichernutzung. Zur Berücksichtigung
einer bestimmten Klasse von Beschränkungen wird das Gradientenverfahren mit einer ge-
eigneten Transformationstechnik kombiniert. Dabei wird ein beschränktes Optimierungs-
problem in eine unbeschränkte Problemformulierung überführt. Dieses Ergebnis hat den
entscheidenden Vorteil, dass numerische Verfahren für unbeschränkte Probleme eingesetzt
werden können und somit der eigentliche numerische Aufwand reduziert werden kann.

Eine modellprädiktive Regelung basiert auf der Formulierung eines Optimierungsproblems.
In diesem Beitrag werden Optimierungsprobleme mit reinen Stellgrößenbeschränkungen,
mit Stellgrößen- und Zustandsbeschränkungen als auch mit gemischten Stellgrößen-
Zustandsbeschränkungen betrachtet. Die entsprechenden algorithmischen und methodi-
schen Unterschiede werden ausführlich diskutiert. Konvergenz- und Stabilitätseigenschaften
werden zudem in der notwendigen Detaillierung behandelt.

Die Anwendbarkeit der modellprädiktiven Regelung basierend auf der Beschränkungs-
transformation und dem Gradientenverfahren wird zudem durch simulative und experimen-
telle Ergebnisse verifiziert. Die vorgestellte modellprädiktive Regelung wird zur Regelung
einer zwei- und einer dreidimensionalen Konfiguration eines Laborkrans verwendet. Dabei
wird der Algorithmus u. a. auf Standardhardware aus der Prozessindustrie (Speicherprogram-
mierbare Steuerung, SPS) implementiert. Ein Vergleich der Rechenzeit und der Genauigkeit
der Ergebnisse mit weiteren MPC-Programmen und Algorithmen zeigt zudem das Potential
des in dieser Arbeit diskutierten Verfahrens auf.

Eine weitere Fragestellung, die in dieser Arbeit diskutiert wird, behandelt mögliche Tech-
niken, um das MPC-Verfahren in geeigneter Weise zu parallelisieren. Dies ist insbeson-
dere dann von Interesse, falls die Plattform, auf der die Regelung implementiert wird,
über entsprechende Möglichkeiten zur Parallelisierung verfügt, wie beispielsweise mehre-
re CPU-Kerne oder Hardware-Komponenten für eine parallele Datenverarbeitung. Es wer-
den zwei unterschiedliche Ansätze zur parallelen Lösung eines Optimierungsproblems vor-
gestellt. Zunächst wird aufgezeigt, wie ein Optimierungsproblem mittels einer weiteren Be-
schränkungstransformation in kleinere Subprobleme zerlegt werden kann. Diese resultieren-
den Subprobleme können dann durch die Verwendung eines geeigneten Algorithmus un-
abhängig voneinander gelöst werden, was u. a. die numerische Komplexität verringern kann.
Eine detailliertere Betrachtung des Gradientenverfahrens zeigt zudem auf, dass die numeri-
schen Integrationen innerhalb des Algorithmus das größte Potenzial für eine mögliche Par-
allelisierung enthalten. Aus diesem Grund wird ein paralleles Integrationsschema illustriert,
das mithilfe einer Fixpunktiteration ein üblicherweise strikt sequentielles Integrationsverfah-
ren auf eine parallele Weise approximiert.
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Chapter 1

Introduction

The demands for controlling industrial processes in terms of an efficient operation and the
consideration of safety constraints for both man and machine are increasing over the last
years. Typical tasks are, for instance, load changes in process control or point-to-point mo-
tion of industrial robots in a time- or energy-optimal way while simultaneously accounting
for constraints due to a limited actuator performance or safety standards. The enhancement
of computational power along with the development of efficient algorithms allow the appli-
cation of optimization-based control strategies, such as model predictive control (MPC), to
fulfill the mentioned requirements. This introduction briefly illustrates numerical solution
approaches for underlying optimal control problems within MPC schemes. Then a compact
overview of linear as well as nonlinear model predictive control algorithms and software
packages is given before the chapter concludes with the goals of the thesis. In this regard,
the different approaches are based on a time-continuous or time-discrete formulation and
are suited for controlling a particular class of optimization problems. The thesis, however,
focuses on time-continuous models of dynamical systems.

1.1 Model predictive control

Model predictive control, also referred to as receding horizon control, is a popular control
methodology that is based on the iterative solution of an optimal control problem (OCP)
at discrete time instances [125, 146, 25, 68]. In this regard, the current control action is
determined by minimizing an objective function subject to a dynamical model of the plant
as well as given constraints on the system. According to the provided dynamics, the system
behavior is predicted along a moving horizon. However, due to the presence of perturbations
acting on the real plant and the inevitable mismatch of the modelled and the real dynamical
system, the computed forecast differs from the real behavior. This consequence of a model
predictive controller is overcome by resolving the underlying OCP at the next time instance
(typically the next sampling instance) where the current measured or estimated state of the
system is utilized as new initial condition for the problem formulation. Thus, the prediction
horizon is shifted and a new control action is computed while the corresponding forecast of
the system is also adapted accordingly.
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2 Introduction

Figure 1.1: Schematic illustration of the functioning of an MPC.

A general optimal control problem for time-continuous processes with the prediction horizon
T > 0 can be stated in the following way

min
u(·)

J(u(·),xk) = V (x(T ), T ) +
∫ T

0
L(x(τ),u(τ), τ) dτ (1.1a)

s.t. ẋ(τ) = f(x(τ),u(τ), τ) (1.1b)

x(0) = x̄(tk), χ(x(T ), T ) = 0 (1.1c)

c(x(τ)) ¬ 0, τ ∈ [0, T ] (1.1d)

d(x(τ),u(τ)) ¬ 0, τ ∈ [0, T ] (1.1e)

h(u(τ)) ¬ 0, τ ∈ [0, T ] (1.1f)

with state x ∈ Rn and control u ∈ Rm. The cost functional (1.1a) with the terminal
and integral functions V : Rn × R+ → R+

0 and L : Rn × Rm × R+
0 → R+

0 , respectively,
determines the optimization goal formulated by the user. The model of the dynamical
system is governed by the differential equation (1.1b) with the related boundary conditions
(1.1c) where tk denotes the sampling instance, x̄(tk) is the real state of the plant and χ :
Rn×R+

0 → Rr describes general terminal conditions. The constraints (1.1d)-(1.1f) represent
pure state and input constraints as well as mixed state/input constraints. Depending on the
particular implementation, the first part of the computed control is typically injected to the
real plant after solving OCP (1.1) until the new state of the system is determined at the next
time instant and problem (1.1) is resolved. The principle idea of MPC for time-continuous
processes is illustrated in Figure 1.1.

In view of the optimal control problem (1.1) it can be seen that MPC is well suited for
controlling multivariable and nonlinear systems. Naturally, a linear dynamical system or a
time-discrete problem formulation can also be considered. Another main advantage of model
predictive control is the ability to take constraints directly into account. However, there are
also some challenges limiting the application of model predictive control schemes which have
to be dealt with. The necessary computational effort depends on the problem formulation,
the utilized MPC approach or algorithm and the hardware platforms, where the controller
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is implemented on. This drawback typically limits the use of MPC to dynamical systems
with sufficiently slow or low dimensional dynamics, as it is often the case in process control
[2, 142].

As it was already mentioned, an MPC scheme relies on the iterative solution of an opti-
mal control problem where the current state of the system is utilized as initial condition.
Hence, the control methodology strongly relates to the theory of dynamic optimization as
dynamic programming [11] or the Maximum Principle of Pontryagin [138]. In view of a prac-
tical realization, it would be preferable to pre-compute a control law by means of dynamic
programming that can easily be implemented in form of a look-up table which is valid for
arbitrary states of the system. However, the resulting Hamilton-Jacobi-Bellman equation is,
apart from a particular class of problem formulations, very difficult to solve. To this end,
the principle idea of model predictive control was first presented in [140, 110] where it was
proposed to determine a control law by solving a sequence of optimal control problems for
current initial states. While academia spent at first no attention to this concept, it was orig-
inally developed and applied in the industry [149, 32, 139]. Since the early 1980’s until now
a lot of researchers are developing a solid theoretical foundation with regard to feasibility,
stability and robustness as well as new algorithms for real-time applications. A very detailed
overview of the model predictive control theory can be found in the contributions [55, 2, 125]
and the textbooks [3, 118, 25, 68, 146], where on the other hand [148, 142] discuss industrial
applications of MPC.

1.2 Numerical solution approaches

An MPC framework requires the solution of an optimal control problem. There exist two
main approaches, known as direct and indirect methods, to solve such an OCP numerically.
Basically, a problem formulation is either first discretized and then optimized (direct method)
or first optimized and then discretized (indirect method). Both approaches will be discussed
in the following lines. The section then concludes with a brief illustration of inversion-based
methods for direct and indirect approaches.

1.2.1 Direct method

The so-called direct methods first discretize the optimal control problem (1.1) by means of
single/multiple shooting methods [18, 37] or direct collocation approaches [73, 171] before
the OCP itself is solved numerically. In this way, the original problem formulation is reduced
to a nonlinear programming (NLP) problem. The procedure of the direct approach will be
illustrated for OCP (1.1), where the direct collocation method is applied for demonstration
purposes while the pure and mixed state/input constraints (1.1d), (1.1e) are omitted to
simplify the discussion. First, the optimization interval [0, T ] is discretized as follows

0 = t0 < t1 < . . . < tN−1 < tN = T. (1.2)
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According to [171], the state and control trajectories are approximated by piecewise cubic
and linear functions along the time mesh (1.2), i. e.

û(t) = ϕuj (t;U j) , t ∈ [tj, tj+1), j = 0, . . . , N − 1 (1.3a)

x̂(t) = ϕxj (t;Xj) , t ∈ [tj, tj+1), j = 0, . . . , N − 1 (1.3b)

with the parameters U j := [uT(tj),uT(tj+1)]T and Xj := [xT(tj),xT(tj+1)]T, respectively.
The approximations (1.3) are subsequently used to derive a discretized form of the cost
function (1.1a) which is given by

F (p) := V
(
ϕxN−1(tN ;XN−1) , tN

)
+

N−1∑
j=0

∫ tj+1

tj
L
(
ϕxj (τ ;Xj) ,ϕuj (τ ;U j) , τ

)
dτ, (1.4)

where the vector p =
[
uT(t0),xT(t1),uT(t1), . . . ,uT(tN),xT(tN)

]T
represents the new op-

timization variable. In order to fulfill the system dynamics (1.1b) with the corresponding
boundary values (1.1c) as well as the input constraints (1.1f) at the mesh points (1.2), the
conditions at the discrete time points

˙̂x(s) = f(x̂(s), û(s), s), s ∈ {tj, tj+1} , j = 0, . . . , N − 1 (1.5a)

x̂(t0) = x̄(tk), χ(x̂(tN), tN) = 0 (1.5b)

h(û(s)) ¬ 0, s ∈ {tj, tj+1} , j = 0, . . . , N − 1 (1.5c)

have to be taken into account. Additionally, the so-called collocation constraints

˙̂x(t̄j) = f(x̂(t̄j), û(t̄j), t̄j) , j = 0, . . . , N − 1 (1.6)

at the centers t̄j =(tj + tj+1) /2 are considered [171]. The resulting nonlinear programming
problem then follows to

min
p∈RNm+m+Nn

F (p) (1.7a)

s.t. g(p) = 0 (1.7b)

h̄(p) ¬ 0. (1.7c)

The equality constraints (1.7b) contain the relations (1.5a), (1.5b) as well as the colloca-
tion constraints (1.6) while the discretized input constraints (1.5c) are summarized in the
inequality (1.7c).

The discretization scheme transforms the original infinite dimensional optimal control prob-
lem (1.1) into a static and finite optimization problem which can be solved by standard
methods, such as sequential quadratic programming (SQP) or interior point (IP) methods
[179, 130]. A major advantage of direct methods compared to indirect counterparts, which
will be discussed in the next section, is the ability to handle inequality constraints easily and
the fact that well developed approaches exist.
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1.2.2 Indirect method

In contrast to direct methods where the optimal control problem (1.1) is discretized prior to
the numerical solution (“first discretize then optimize”), indirect methods are based on first-
order conditions on the optimal solution by using the calculus of variations or Pontryagin’s
Maximum Principle (PMP) [138, 103]. As a consequence, a boundary value problem (BVP)
can be derived that has to be solved numerically (“first optimize then discretize”). To this
end, the Hamiltonian is defined according to

H(x(τ),u(τ),λ(τ), τ) = L(x(τ),u(τ), τ) + λT(τ)f(x(τ),u(τ), τ) . (1.8)

The introduced variables λ ∈ Rn are the so-called costates or adjoint states. According to
the PMP, an optimal solution (x∗(τ),u∗(τ)), τ ∈ [0, T ] of an input constrained OCP (i. e.
without (1.1d), (1.1e)) has to fulfill the first-order optimality conditions

ẋ∗(τ) = f(x∗(τ),u∗(τ), τ) , x∗(0) = x̄(tk) (1.9a)

λ̇
∗
(τ) = −Hx(x∗(τ),u∗(τ),λ∗(τ), τ) , λ∗(T ) =

(
V x + χTxν

)∣∣∣
τ=T

(1.9b)

u∗(τ) = arg min
u∈U

H(x∗(τ),u,λ∗(τ), τ), τ ∈ [0, T ], (1.9c)

where Hx := ∂H/∂x, V x := ∂V/∂x and χx := ∂χ/∂x denote the partial derivatives of the
Hamiltonian H, the terminal cost V and the function χ w. r. t. the states x, respectively. The
combined relations (1.9a) and (1.9b) form the canonical equations. The terminal condition
in (1.1c) is taken into account by additional multipliers ν ∈ Rr (cf. the boundary condition
in (1.9b)). The admissible input space is U = {u ∈ Rm |h(u(τ)) ¬ 0, τ ∈ [0, T ]}.

The optimality conditions (1.9) define a two-point BVP which has to be solved numerically
to obtain the optimal solution, e. g. by applying gradient, multiple shooting or collocation
methods. In contrast to the other approaches, multiple shooting allows to consider all kinds
of constraints and provides high accurate results [172, 159]. However, indirect methods
suffer from some severe practical drawbacks. The BVP (1.9) must be derived from an OCP
formulation and a good initial guess of the state x and the adjoint state λ has to be provided.
Another challenging aspect is the consideration of state constraints of the form (1.1d) since
the structure of the BVP changes on the sequence between constrained and unconstrained
arcs, i. e. arcs where the constraints become active or inactive [23]. As a consequence,
additional complex conditions have to be added to the relations (1.9) [15, 135, 74] which
require a deep insight into the optimal control problem. Due to this facts, the computation
of a solution by means of indirect methods is in general difficult.

1.2.3 Inversion-based optimization method

The inversion-based optimization method provides an alternative way for solving the optimal
control problem (1.1) more systematically by reducing the number of optimization variables.
Based on ideas of nonlinear geometric control [83], a linearizing output of the dynamical
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system (1.1b) is used to reformulate the original dynamics into a higher-order representation
with a lower number of variables. The resulting OCP formulation can then be used for
the numerical solution. The approach is well suited for both direct [136, 127] and indirect
methods [27] and leads either to a reduced NLP problem or a reduced two-point BVP.

The inversion-based optimization method represents an analytical preprocessing step prior
to the numerical solution. In contrast to the constraint transformation approach which will
be discussed in Chapter 3, it does not enable to incorporate the constraints into a new
unconstrained problem formulation. Consequently, the constraints must still be taken into
account in an algorithmic way.

1.3 Overview of MPC algorithms and software
packages

The online solution of an optimal control problem within a predefined time period is the
bottleneck of each model predictive controller. To this end, many new MPC schemes and
software packages have been developed in the last years to circumvent this difficulty from
an algorithmic point of view. The following lines just summarize some linear and nonlinear
model predictive control approaches. A detailed discussion can be found in the corresponding
publications.

1.3.1 Linear model predictive control schemes

Many problem formulations in control theory, in particular in view of a practical hardware
implementation, are based on a linear model of the plant to be controlled. It is therefore
obvious, that linear MPC schemes are commonly used in the model predictive control com-
munity. To this end, well established linear MPC approaches are first addressed in this
section.

Explicit model predictive control

An intuitive way to overcome the computational complexity of solving an OCP online is the
use of a precomputed MPC law. Thus, the control law can be implemented in form of a look-
up table allowing to determine the control action for the related state of the system by simple
algebraic operations. The so-called explicit model predictive controller is based on this idea
and was presented in [13, 12, 163] for optimization problems in discrete-time form with a
quadratic cost function. The problem formulation represents a multi-parametric quadratic
program (QP) since it only depends on the current state of the system. The assumed
convexity of the multi-parametric QP provides the existence of a unique optimal solution.
It can then be shown that the set of all feasible parameters (all states of the system that
satisfy the constraints) is convex and closed and can be divided into a finite number of so-
called polyhedral critical regions. It is additionally presented in [13] that the related optimal
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solution for each of this regions of the multi-parametric QP is a continuous and piecewise
affine function in the initial state. In the offline part of the explicit solution approach all
critical regions are determined recursively and the corresponding affine representations of
the optimal solution are computed. The obtained results can then be implemented in form
of a look-up table. In view of the online operation of the model predictive controller, two
steps are performed in each sampling instance: first the pre-computed critical regions are
checked w. r. t. the current state of the system until the matching polyhedral set is found
and then the related affine representation of the optimal solution is applied to the system.

If it can be assumed that sufficient memory storage is available on the hardware platform,
the explicit MPC provides a fast and efficient way to determine the control action for time
critical applications. However, the method suffers from a serious drawback. Though the
number of critical regions forming the feasible parameter set is finite, it grows exponentially
and thus limits the approach to state and parameter dimensions below or equal 10 [39]. An
overview of the explicit MPC approach and the extension to nonlinear systems is presented
in [1].

Active-set methods

The solution of convex QP problems arising from an MPC formulation with quadratic cost
and linear dynamics by means of active-set methods provides a classical alternative to the
explicit MPC approach. Active-set methods rely on the principle idea to determine all
active constraints. This information is then used to formulate a purely equality-constrained
QP problem which can be solved with standard numerical techniques [130]. First of all an
initial solution and a working set are defined comprising all active constraints. The optimal
solution is then computed iteratively while in each iteration the working set is checked to be
still admissible and adapted accordingly if required.

Active-set methods are, for instance, implemented in the software packagesQPOPT [56, 58],
SQOPT [57, 59] and QPSchur [6]. Another online active-set strategy that is well suited
for solving multi-parametric QP problems within an MPC framework was presented in [50].
The approach is implemented in the software tool qpOASES [51, 49]. A good overview of
active-set methods is presented in [54].

Interior point methods

Interior point methods were originally developed as an alternative to the simplex algorithm
in the context of linear programming (LP) [130, 179]. However, the approach can also be
adapted to solve quadratic programming and nonlinear programming problems, respectively.
Interior point methods rely on modified Karush-Kuhn-Tucker (KKT) optimality conditions
of the corresponding optimization problem where the complementary conditions are per-
turbed by means of a penalty parameter τ̂ . The basic idea is to solve the perturbed KKT
conditions for a decreasing sequence of {τ̂ k} where generally Newton’s method is applied
along with a suitable step size strategy. Simultaneously, the perturbed KKT conditions
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converge to the relations of the original problem formulation while at the same time the
complementary conditions are strictly positive and approach zero for τ̂ k → 0. Due to this
fact, the approach is termed interior point.

There exist various software packages implementing interior point methods which can also be
applied to nonlinear optimization problems, e. g. Ipopt [173, 100, 174], Knitro [181, 182]
or Loqo [168, 169, 170]. Another software package including interior point techniques
is Cvxgen [120, 121]. Cvxgen allows generating efficient C code for a class of convex
optimization problems, where interior point methods are utilized to find an optimal solution.
Depending on the particular problem, the software package is also suited to be integrated in
a model predictive control context [122].

The software packages FORCES [42, 41] and fast MPC (FMPC) [175, 176] provide MPC
schemes for controlling linear time-discrete systems with quadratic cost functions. The im-
plemented interior point approaches include efficient algorithmic schemes, as, for instance,
block elimination of the KKT conditions to derive a compact form of the relations, exploita-
tion of block banded coefficient matrices by means of suitable factorization techniques as well
as a fixed penalty parameter and a fixed number of iterations. The presented computation
times for single MPC iterations are given in the milli- and microsecond range. Applications
of interior point methods in a model predictive control framework are discussed in [143].

An alternative approach belonging to the class of interior point techniques is the interior
penalty method (also known as barrier method) [109, 20, 119]. The basic idea is to include the
given constraints into the original cost function by means of appropriate penalty terms with
an penalty parameter. A consequence is that the penalized cost function features a diverging
asymptotic behavior in the sense that the cost value increases significantly for solutions
approaching the corresponding constraints. The resulting problem formulation is solved
for a decreasing sequence of the penalty parameter which finally converges to the optimal
solution under certain assumptions. Interior penalty methods satisfy the constraints strictly
for each sequence of the penalty parameter and hence provides always a feasible solution.
Moreover, they can be solved numerically with unconstrained optimization methods. These
two features make them very attractive for particular problem formulations.

Fast gradient methods

Another promising approach to handle convex quadratic programs is Nesterov’s fast gradient
method [129] that was recently utilized in model predictive control schemes [106, 151]. The
classical gradient (descent) method [130, 22] relies on the descent condition f(p(k+1)) <

f(p(k)) with optimization variable p ∈ Rn and demands that each new iteration reduces
the cost function f . This reduction is achieved by applying an update rule of the form
p(k+1) = p(k) − αk∇fT(p(k)) with an appropriate step size αk and the gradient of the cost
function ∇f := ∂f/∂p w. r. t. p. On the contrary, Nesterov’s fast gradient method includes
an additional update term by means of a so-called estimate sequence (see [129]). The new
iteration for reducing the cost function f follows then to p(k+1) = p̃(k+1) + βk

(
p̃(k+1) − p̃(k)

)
with p̃(k+1) = p(k) − αk∇fT(p(k)). The parameter βk and the auxiliary state p̃(k+1) are
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computed recursively. Applications of MPC frameworks based on the fast gradient approach
with computation times in the microsecond range were demonstrated in [152, 89]. The
control algorithm was implemented on field programmable gate array (FPGA) in the latter
contribution.

The software tool FiOrdOs [91, 164, 165] is aMatlab toolbox where first-order methods such
as the gradient and the fast gradient approach are implemented along with an automated
code generator. The toolbox is suited for solving multi-parametric convex QP problems
and can also be integrated in an MPC context. An alternative MPC package that is more
focused on the implementation on embedded hardware platforms is µAO-MPC [183, 184].
The software provides an interface to Matlab/Simulink for an offline MPC design while
a code generator allows creating the controller for the online operation. The implemented
MPC algorithm combines the Augmented Lagrangian Approach [16] with the fast gradient
method.

1.3.2 Nonlinear model predictive control schemes

Approximating nonlinear systems by means of linear dynamics is a common approach in
practice. However, there exist many other applications where the nonlinear character of
a system has to be taken into account to achieve a required control performance. On the
contrary, the consideration of nonlinear systems is naturally more involved than the use
of linear dynamics and hence appropriate techniques must be utilized. An overview of
nonlinear model predictive control (NMPC) is presented in [2, 39, 68]. Unless otherwise
noted, an optimal control problem (i. e. a time-continuous problem formulation) is the basis
for the subsequent MPC approaches.

Newton-type and advanced NMPC controller

A Newton-type online optimization strategy for nonlinear systems was demonstrated in [115].
The approach linearizes the nonlinear model around a nominal trajectory in order to formu-
late an SQP problem that is solved by a single iteration for each time horizon. An extension
of the approach to a more general formulation of the cost function was demonstrated in [33].

Another MPC scheme based on a discrete-time problem formulation represents the advanced-
step NMPC (asNMPC) controller [180]. According to the nominal system model, the current
control action is used to predict the state of the system at the next sampling instance. The
predicted state is subsequently used to solve the future optimization problem in advance.
As a consequence, the optimal control is instantaneously available at the next sampling time
and can directly be injected to the system without any computational delay. It is obvious,
however, that a mismatch between the true and the predicted state of the system occurs due
to model uncertainties or disturbances. In this case, a feasible solution is approximated by
means of the pre-computed solution to allow a fast control injection.
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Continuation/GMRES method

The MPC framework presented in [131] employs a continuation method [150] in combination
with the generalized minimum residual (GMRES) approach [102] to solve the underlying
optimal control problem in a real-time fashion. Based on a discretization of the problem
formulation by using a forward difference approach, the related optimality conditions are
derived and comprised in a vector function forming a system of equations which depends
on the sequences of the optimal control and Lagrange multipliers. This function must then
be solved to determine the next control action. Instead of solving this system of equations
by applying iterative methods, a corresponding differential equation is formed where the
optimal solution is traced by integration. From a mathematical point of view, the right-
hand side of the differential equation can be seen as a linear equation including products of
Jacobians and vectors. In view of the real-time demands of the model predictive controller,
the corresponding calculations are carried out by using forward difference approximations
and the GMRES method to reduce the computational burden.

An MPC scheme implementing the continuation/GMRES approach was successively applied
for controlling an experimental hovercraft with six states and two control variables [156]. The
controller was implemented on a computer system with an Athlon 900 MHz CPU where the
algorithm required a computation time of 1.5 ms while using a sampling time of 1/120 s.
Moreover, the method is implemented within the software package AutoGenU [132].

Real-time iteration scheme

The real-time iteration (RTI) scheme developed in [36, 38] is an optimization algorithm
that is well suited for controlling small and large scale nonlinear dynamical systems. The
approach uses a multiple shooting technique [18] along with a piecewise constant control
parametrization (cf. (1.3a)) to form a nonlinear programming problem that is solved by
means of tailored SQP techniques. The resulting problem formulation features a particular
structure arising from multiple shooting that is exploited for the computations and hence
allows to divide the algorithm into two steps. The preparation step contains required system
linearizations, the solution of differential algebraic equations (DAE), derivative generation
and condensing as well as expansion while the QP problem is solved within the feedback
step. It turned out that only the feedback step depends on the current state of the system
which is cheaper to compute than the preparation step where all calculations are prepared
for the next step.

Reduced algorithmic components of the RTI scheme are implemented within the optimiza-
tion software ACADO Toolkit [78, 80]. Among other features, ACADO allows to design
a nonlinear model predictive controller for real-time applications by using an automated
code generator [79]. In addition, the software toolkit provides an interface to appropriate
QP solvers to compute a solution of the arising QP problem within the RTI scheme. In
this regard, the online active-set solver qpOASES [51] or the interior point solver FORCES
[42] can be utilized. A demonstration of a model predictive controller generated with the
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ACADO Toolkit is addressed in [79] where a crane and a continuous stirred tank reactor
(CSTR) with nonlinear system dynamics are controlled with computation times of 95 µs and
400 µs, respectively.

Suboptimal MPC methods

The calculation of an optimal control law based on an MPC formulation can be computation-
ally expensive in the sense that a considerable amount of numerical operations or iterations
are required. It must also be considered that an optimization method can provide a solution
that is only locally optimal. Taking these aspect into account, suboptimal model predic-
tive controller are a serious alternative. Subsequently, some suboptimal approaches will be
summarized.

In [155] two suboptimal MPC strategies for nonlinear discrete systems are presented. The
first algorithm includes a terminal equality stability constraint where on the other side the
second approach employs a stability condition with a terminal region. It is shown under
reasonable assumptions, that feasibility is sufficient to ensure stability of the controller.

The idea of linearizing the dynamical system along a suitable trajectory within a discrete
time MPC formulation was proposed in [112]. Additional constraints are imposed to ensure
that the tracking error remains in a valid region and terminal inequality constraints force the
terminal state to approach a defined region which provides a stable control law. The resulting
problem formulation includes only linear inequalities and thus can be solved efficiently by
means of linear programming methods.

The MPC framework discussed in [34] enables to use an arbitrary control parametrization1

to reduce an OCP into an NLP problem. The optimization problem is then solved based on
the notion of a so-called continuous flow along with discrete switching transitions resulting
in a kind of hybrid system with continuous- and discrete-time components of the closed-
loop dynamical system while state constraints are taken into account via an interior point
formulation.

The contribution [62] presents an MPC scheme for nonlinear input constrained systems
based on the projected gradient method. In each MPC step, the control law is updated
by means of the gradient algorithm where a fixed number of iterations is used to ensure a
real-time computation. In this regard, using the results from the previous computations for
reinitialization of the optimal control problem leads to a decrease of the suboptimality in
each new MPC step. Stability properties of this approach are addressed [63].

Most MPC schemes require a terminal cost or terminal constraints to obtain stability of
the closed-loop system. The approach in [67] is focused on infinite time-horizon problems
with nonlinear discrete dynamics where the infinite time setup is approximated by means
of finite time formulations. The method uses ideas from relaxed dynamic programming
[117] along with a controllability property to derive a measure for the approximation. It is
shown that neither a terminal cost nor terminal constraints must be introduced to ensure
1 A piecewise-constant approximation of the control variables was used in the contribution.
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stability. The contributions also handles the impact of suboptimality in the sense that a
fixed number of iterations is used. In this regard, a stopping criterion representing an online
check of a suitable relaxed dynamic programming condition is derived to maintain stability
and performance if the corresponding optimization algorithm stops prematurely.

Path-following MPC methods

A typical class of control problems deals with the stabilization of a particular setpoint of
a dynamical system. However, another important control task concerns the tracking of a
specified trajectory or a path. The contributions [48, 46, 47] attack this subject by means of
a model predictive control framework. In [48, 46] a predictive control scheme is formulated
where additional dynamics are included to track the evolution of a specified path. Con-
vergence results can be shown under reasonable assumptions while a suitable choice of a
terminal region and a terminal cost function provide stability of the approach. The main
idea of [47] is to derive a new dynamical system with regard to the tracking error allowing
to formulate a classical setpoint stabilization problem. In contrast to [48, 46], the resulting
MPC formulation contains time-varying system dynamics and a time-varying terminal re-
gion to ensure stability. The terminal region is derived via the concept of time-varying level
sets of Lyapunov functions.

Other MPC methods

A main control task of an MPC is to stabilize a dynamical system. This subject can be
attacked from different perspectives. An obvious way is, for instance, the consideration of
a terminal equality constraint [124, 40] or a terminal set [29, 53]. If no terminal constraints
are considered [116, 85], a control Lyapunov function (CLF) [116, 87] or a sufficiently long
prediction horizon [86] are commonly used. A good overview of stability issues is given in
[125].

An optimal operation of electrical, mechanical or chemical processes does not only depend on
the physical environment such as temperature, humidity or other factors but also on economic
conditions, e. g. profitability, capacity, or sustainability. Consequently, the objective of these
processes has to be modified according to economic parameters or strategies. To this end,
MPC schemes were recently applied to meet economic conditions [145, 45, 70, 128]. In this
regard, the economic objective is formulated directly as cost function within an optimal
control problem allowing to optimize the economic performance of a process. In addition,
economic constraints can also be taken into account. This control approach is also known
as economic MPC.

Naturally, there exist numerous alternative MPC schemes dealing with different control
aspects as, for instance, robustness or feasibility just to name a few. However, this is not in
the scope of this thesis and is therefore not discussed further.
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1.4 Goals and outline of the thesis

As it was already mentioned in Section 1.2, an optimal control problem within a model
predictive control scheme can be solved numerically by either direct or indirect methods. This
thesis is focused on indirect methods which are based on first-order optimality conditions
resulting from the calculus of variations or Pontryagin’s Maximum Principle. The main
challenge of indirect methods in view of state constrained OCPs is the complex form of the
first-order conditions since interior boundaries and jumping conditions have to be taken into
account. Including indirect approaches in a model predictive control framework makes this
task even more complicated in particular for real-time applications with a short sampling
time. Typical questions that arise in this context are how state constraints can efficiently
be taken into account? Is there a systematical method to consider these constraints in a
way such that the corresponding optimality conditions can be derived in a form suited for
numerical calculations? Which algorithm shall be applied to ensure real-time applicability?
Under which conditions does the MPC scheme converge and maintain stability properties?
Can the MPC algorithm be easily implemented on common hardware platforms?

The thesis addresses these questions by combining constraint transformation approaches
along with a real-time optimization algorithm. The idea is to eliminate the constraints by
means of an appropriate transformation where the new unconstrained formulation allows the
use of gradient-based algorithms. Stability results for the MPC scheme in closed-loop are
provided by means of control Lyapunov functions. Another key aspect is to demonstrate
the applicability of the algorithms. To this end, the thesis contains various numerical and
experimental studies and also includes comparison results with alternative MPC approaches.
A more detailed structure of this contribution is summarized in the next lines.

In Chapter 2, a model predictive control scheme based on the gradient projection method
is discussed. The use of a fixed number of iterations allows controlling fast and high-
dimensional nonlinear systems with input constraints in a real-time fashion. A direct con-
sequence of a limited number of iterations is the suboptimality of the predicted trajectories
which can be successively reduced by using the previously computed results for reinitializa-
tion in the next MPC step. Moreover, stability in closed-loop is shown under reasonable
assumptions. An implementation of the MPC on a standard programmable logic controller
(PLC) is provided to control a laboratory crane demonstrating the performance and appli-
cability of the algorithm. In view of integrating the MPC on an FPGA system, a synthesis
strategy is also provided where promising results are achieved. The gradient-based MPC ap-
proach is implemented within the software tool GRAMPC (GRAdient-based MPC – [græmp’si:])
that allows for controlling nonlinear systems with input constraints. The chapter concludes
with a brief overview of GRAMPC where the basic features are demonstrated.

Chapter 3 addresses the model predictive control of nonlinear systems with input and state
constraints from a methodological point of view rather than a numerical one. The con-
straints of the underlying OCP are incorporated into a new description of the system dy-
namics by applying a transformation approach while the remaining problem formulation of
the MPC is also adapted accordingly. As a result, a new optimal control problem without
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particular constraints is derived which can then be solved by means of unconstrained op-
timization approaches, such as the gradient projection method. Stability properties of the
transformation-based model predictive controller are investigated and numerical as well as
experimental results are given to demonstrate the efficiency of the approach.

A model predictive control approach with state-dependent input constraints is presented in
Chapter 4. Compared to the problem formulation with pure input constraints (Chapter 2),
the first-order optimality conditions of the state-dependent input constrained problem have
to be modified accordingly. In view of solving the OCP by using the projected gradient
method for a real-time control task, the algorithm must also be adapted in an appropriate
way. In this regard, the required changes are illustrated. It is additionally shown, that
the transformation approach from Chapter 3 can be used to derive a state-dependent input
constrained problem formulation from a state and input constrained OCP. Convergence and
stability properties of the MPC framework are discussed and performance and applicability
aspects are demonstrated by simulation and experimental results.

The numerical solution of optimal control problems is essential in an MPC scheme. This sub-
ject can be attacked by using appropriate hardware and/or sophisticated numerical methods.
Hardware platforms as, for instance, FPGA provide the ability to process data in parallel
and are therefore an interesting alternative to sequentially working CPUs. Chapter 5 dis-
cusses parallel optimization techniques from two different perspectives. Motivated from a
hardware point of view, a decomposition approach for constrained optimal control problems
is illustrated allowing to perform the numerical computation partly in a parallel fashion. To
this end, a further transformation approach is utilized along with two different algorithms.
Another aspect concerns the capability of parallelization of the gradient method. An anal-
ysis of the algorithm reveals that the underlying numerical integrations provide the largest
computational burden. In view of an implementation on a parallel working hardware, it is
obvious to parallelize the numerical integration in a suitable way. The last part of Chapter 5
provides a practical approach.

The model predictive control schemes are validated experimentally for a laboratory crane.
The related system dynamics of a two-dimensional configuration as well as a three-
dimensional configuration are derived in more detail in Appendix A. In this regard,
some additional aspects w. r. t. model simplification are discussed to reduce the numerical
complexity for the model predictive controller. Finally, Appendix B addresses the MPC
software GRAMPC from Chapter 2 in more detail and illustrates the general structure of the
software along with the implemented features and interfaces.



Chapter 2

Gradient-based nonlinear model predictive
control with input constraints

The solution of an optimal control problem along a moving horizon is the basis of model
predictive control. This control methodology is well suited to handle linear and nonlinear
systems as well as to take constraints into account. However, the computational burden for
solving the underlying optimal control problem numerically is in general heavy. This section
describes a suboptimal MPC scheme that is based on the gradient projection method. The
approach uses a fixed number of iterations to allow a real-time and feasible control of fast
and high-dimensional nonlinear systems. The suboptimality of the predicted trajectories
is successively reduced by performing a warm-start in each new MPC iteration where the
previously computed trajectories are used for reinitialization. A stability analysis of the
gradient-based MPC scheme is also presented in the following discussion. The fixed number
of iterations reduces the numerical complexity of the approach which is therefore well suited
for implementing on hardware platforms with low computational performance. A PLC im-
plementation of the gradient-based MPC demonstrates this fact by controlling a nonlinear
laboratory crane. The experimental results reveal a very good control performance with
computation times in the millisecond range. In addition, a synthesis strategy is presented
that demonstrates an approach to integrate the model predictive controller on an FPGA
system. The chapter concludes with a discussion of the gradient-based nonlinear model
predictive control software GRAMPC.

2.1 Problem formulation

A nonlinear and continuous-time dynamical system of the form

˙̄x(t) = f(x̄(t), ū(t)) , x̄(0) = x̄0 (2.1)

with time t ∈ R0
+, state vector x̄(t) = [x̄1(t), . . . , x̄n(t)]T ∈ Rn and control vector ū(t) =

[ū1(t), . . . , ūm(t)]T ∈ Rm is considered, where the bar notation denotes the variables of the
real physical system. The nonlinear system function f : Rn × Rm → Rn is assumed to
be twice continuously differentiable in its arguments. Moreover, the following element-wise
input constraints

ūi(t) ∈
[
u−i , u

+
i

]
, i = 1, . . . ,m (2.2a)

15
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which can also be described in the more compact vector notation

ū(t) ∈
[
u−,u+

]
=: U (2.2b)

are taken into account. For a given prediction horizon T > 0, the discussed MPC framework
in this chapter iteratively solves the following optimal control problem

min
u(·)

J(u(·),xk) = V (x(T )) +
∫ T

0
L(x(τ),u(τ)) dτ (2.3a)

s.t. ẋ(τ) = f(x(τ),u(τ)) , x(0) = xk = x̄(tk) (2.3b)

u(τ) ∈ U , τ ∈ [0, T ]. (2.3c)

Note that the bar notation of x̄ and ū is omitted in the problem formulation (2.3) to
distinguish between the MPC variables and the quantities of the real system. Additionally,
the real time t is replaced by the MPC time variable τ ∈ R0

+. The twice continuously
differentiable terminal and integral cost V : Rn → R+

0 and L : Rn × Rm → R+
0 , respectively,

are used to form the cost functional (2.3a). The current state of the system (2.1) at the
sampling instance tk := t0 + k∆t , k ∈ N0, is described by the initial condition x(0) = xk =
x̄(tk) where ∆t > 0 denotes the corresponding sampling time. The input constraints are
finally considered by the relation (2.3c).

For further considerations it is assumed that OCP (2.3) possesses the optimal solution

u∗k(τ) := u∗(τ ;xk), τ ∈ [0, T ] (2.4a)

x∗k(τ) := x∗(τ ;xk), τ ∈ [0, T ] (2.4b)

with the related optimal cost value

J∗(xk) := J(u∗( · ;xk),xk) , (2.4c)

where the subindex k in (2.4) indicates the initial condition at the related sample time.
After solving OCP (2.3) in each sampling instance, the model predictive controller typically
injects the first part of the optimal control action (2.4a) to the dynamical system, i. e.

ū(t) = ū(tk + τ) = u∗k(τ), τ ∈ [0,∆t) . (2.5)

In the next sampling step tk+1 = tk + ∆t, OCP (2.3) has to be resolved with the new initial
state xk+1 = x̄(tk+1). In the nominal case, the next sampling point in the MPC step k + 1
is given by xk+1 = x∗k(∆t).

2.2 Gradient projection method

The first-order optimality conditions of OCP (2.3) feature a particular structure that is
suitable for applying the projected gradient method [43, 62] to compute a numerical solution.
The algorithm can be implemented efficiently and allows to control nonlinear systems in
the (sub-)millisecond range. Convergence and stability results can be shown under certain
assumptions.
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2.2.1 Optimality conditions and gradient algorithm

The gradient algorithm addressed in this chapter for solving (2.3) represents an indirect
method and thus relies on first-order optimality conditions. To this end, the Hamiltonian

H(x(τ),u(τ),λ(τ)) = L(x(τ),u(τ)) + λT(τ)f(x(τ),u(τ)) (2.6)

with the costates or adjoint states λ ∈ Rn is introduced. Given an optimal solution
(x∗k(τ),u∗k(τ)), τ ∈ [0, T ] Pontryagin’s Maximum Principle [138, 103] states that there exists
a costate trajectory λ∗k(τ) := λ∗(τ ;xk), τ ∈ [0, T ] satisfying the first-order conditions1

ẋ∗k = f(x∗k,u
∗
k) , x∗k(0) = xk (2.7a)

λ̇
∗
k = −Hx(x∗k,u

∗
k,λ

∗
k) , λ∗k(T ) = V x(x∗k(T )) (2.7b)

u∗k = arg min
u∈U

H(x∗k,u,λ
∗
k), τ ∈ [0, T ]. (2.7c)

The separated boundary conditions in (2.7a), (2.7b) are due to the OCP formulation (2.3)
without terminal conditions. As it was already addressed in Section 1.2.2, Hx := ∂H/∂x

and V x := ∂V/∂x denote the partial derivatives of the Hamiltonian H and the terminal
cost V w. r. t. the states x.

The projected gradient method [43, 62] exploits the particular structure (2.7) of the opti-
mality conditions. Based on an initial control trajectory u(0)

k (τ), τ ∈ [0, T ] the system and
adjoint dynamics (2.7a) and (2.7b) with the separated initial and terminal conditions are
successively integrated in forward and backward time. Then the control trajectory is up-
dated by means of a steepest descent approach. A more detailed summary of the gradient
steps is given in the following lines:

I) Initialization:

I.1 Choose an initial input trajectory u(0)
k (τ), τ ∈ [0, T ].

II) Gradient iterations for j = 0, . . . , Ng − 1:

II.1 Integrate (2.7a) in forward time with u(j)
k (τ) to obtain x(j)

k (τ), τ ∈ [0, T ].

II.2 Integrate (2.7b) in backward time with u(j)
k (τ) and x(j)

k (τ) to obtain λ(j)
k (τ), τ ∈ [0, T ].

II.3 Solve the line search problem

α(j) = arg min
α>0

J
(
σ
(
u

(j)
k − αg

(j)
k

)
,xk

)
(2.8)

with search direction g(j)
k = Hu

(
x

(j)
k ,u

(j)
k ,λ

(j)
k

)
to obtain the step size α(j). In this

regard, Hu := ∂H/∂u denotes the partial derivative of the Hamiltonian H w. r. t. u
and σ : Rm → U is a projection function to account for the input constraints. For box
constraints of the form (2.2), the element-wise functions σi, i = 1, . . . ,m of σ follow to

σi (ui) =


u−i if ui < u−i

ui if ui ∈ [u−i , u
+
i ]

u+
i if ui > u+

i

. (2.9)

1In the remainder, the function arguments are omitted where it is convenient to maintain readability.
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Figure 2.1: Steps of the gradient projection method.

II.4 Update the control variables by using a steepest descent approach with the computed
step size α(j) and the projection function σ, i. e.

u
(j+1)
k = σ

(
u

(j)
k − α(j)g

(j)
k

)
. (2.10)

The gradient algorithm is illustrated in Figure 2.1. The maximum number of interations is
fixed to Ng in order to achieve real-time feasibility of the gradient approach. The resulting
suboptimal solution of OCP (2.3) after Ng gradient iterations is then given by

u
(Ng)
k (τ) := u(Ng)(τ ;xk), τ ∈ [0, T ] (2.11a)

x
(Ng)
k (τ) := x(Ng)(τ ;xk), τ ∈ [0, T ] (2.11b)

with the related suboptimal cost value

J (Ng)(xk) := J
(
u(Ng)( · ;xk),xk

)
. (2.11c)

Consequently, the control used as input to the real system (2.1) is (cf. (2.5))

ū(t) = ū(tk + τ) = u
(Ng)
k (τ), τ ∈ [0,∆t), (2.12)

where the last iteration is used in the next sampling instance to reinitialize the controls. A
detailed discussion about the convergence properties of the projected gradient method with
regard to optimal control problems can be found in [113, 43].

2.2.2 Line search strategies

The update (2.10) of the control variables requires an appropriate step size α to achieve a
sufficient decrease in the cost function. Minimizing (2.10) w. r. t. to α provides in fact an
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exact solution, which is, however, difficult and time consuming to compute [130]. In static
optimization, inexact approaches such as Armijo, Wolfe or Goldstein conditions [101, 130]
are commonly used to determine a suitable step size. Another idea is to use a constant value
for α allowing to circumvent an expensive numerical computation. This strategy leads in
general to poor convergence results and it is additionally not trivial to choose a fixed step
size for a particular problem formulation.

An efficient approach to determine the step size is the adaptive line search approach from
[62], where the basic idea is to approximate the cost (2.3a) by means of a polynomial. More
precisely, the cost function is first evaluated at three sample points α1 < α2 < α3 with
α2 = 1

2 (α1 + α3) which are used to construct a quadratic polynomial of the form

J
(
σ
(
u

(j)
k − αg

(j)
k

)
,xk

)
≈ γ(α) = c0 + c1α + c2α

2, α ∈ [α1, α3] . (2.13)

Subsequently, a step size α(j) is computed by minimizing the cost approximation (2.13). If
the computed minimum is close to the boundaries α1 or α3, then the interval [α1, α3] is
adapted for the next gradient iteration in the following way

[α1, α3]←



κ [α1, α3] if α  α3 − εα(α3 − α1) and α3 ¬ αmax

1
κ

[α1, α3] if α ¬ α1 + εα(α3 − α1) and α3  αmin

[α1, α3] otherwise

(2.14a)

α2 ←
1
2

(α1 + α3) (2.14b)

with the adaptation factor κ > 1, the interval tolerance εα ∈ (0, 1) and the maximum and
minimum interval bounds αmax > αmin > 0. The modification (2.14) of the line search
interval tracks the minimum point α(j) of the line search problem in the case when α(j) is
either outside of the interval [α1, α3] or close to one of the outer bounds α1, α3 as illustrated
in Figure 2.2. The adaptation factor κ adjusts the interval [α1, α3] in terms of scaling and
shifting for the next gradient iteration while the interval tolerance εα specifies the vicinity for
this adaptation. This strategy allows to track the minimum of the line search problem (2.8)
over the gradient iterations and MPC steps where additionally a fixed number of operations
is ensured in view of a real-time MPC implementation.

An alternative way to further reduce the numerical effort of computing α for time-critical
problems is the explicit line search approach originally discussed in [8] and adapted in [92]
for the optimal control case. The motivation is to minimize the difference between two
consecutive control updates u(j)

k (τ) and u(j+1)
k (τ) in the unconstrained case with the same

step size α(j), i. e.

α(j) = arg min
α>0

∥∥∥∥(u(j)
k − αg

(j)
k

)
−
(
u

(j−1)
k − αg(j−1)

k

)∥∥∥∥2

Lm2 [0,T ]

= arg min
α>0

∥∥∥∥u(j)
k − u

(j−1)
k︸ ︷︷ ︸

=:∆u(j)
k

−α
(
g

(j)
k − g

(j−1)
k

)
︸ ︷︷ ︸

=:∆g(j)
k

∥∥∥∥2

Lm2 [0,T ]

(2.15)
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Figure 2.2: Adaptation of line search interval.

with the norm ‖z‖2
Lm2 [0,T ] = 〈z, z〉 :=

∫ T
0 z
T(τ)z(τ) dτ . Figure 2.3 illustrates the general idea

of (2.15). The function to be minimized in (2.15) can be written as

q(α) : =
∥∥∥∥∆u(j)

k − α∆g(j)
k

∥∥∥∥2

Lm2 [0,T ]

=
∫ T

0

(
∆u(j)

k

)T
∆u(j)

k + α2
(
∆g(j)

k

)T
∆g(j)

k − 2α
(
∆u(j)

k

)T
∆g(j)

k dτ.
(2.16)

The minimum w. r. t. α has to satisfy the stationarity condition

∂q(α)
∂α

=
∫ T

0
2α
(
∆g(j)

k

)T
∆g(j)

k − 2
(
∆u(j)

k

)T
∆g(j)

k dτ = 0. (2.17)

A suitable step size α(j) then follows to

α(j) =

∫ T
0

(
∆u(j)

k

)T
∆g(j)

k dτ∫ T
0

(
∆g(j)

k

)T
∆g(j)

k dτ
=
〈∆u(j),∆g(j)

k 〉
〈∆g(j)

k ,∆g(j)
k 〉

. (2.18)

Another way to compute an appropriate step size for the control update can be achieved by
reformulating (2.16) in the following way:

q(α) =
∥∥∥∥∆u(j)

k − α∆g(j)
k

∥∥∥∥2

Lm2 [0,T ]
= α2

∥∥∥∥ 1
α

∆u(j)
k −∆g(j)

k

∥∥∥∥2

Lm2 [0,T ]
=: α2q̄(α). (2.19)

Minimizing the new function q̄(α) w. r. t. α leads to the similar solution

α(j) =
〈∆u(j),∆u(j)〉
〈∆u(j),∆g(j)

k 〉
. (2.20)

Both relations (2.18) and (2.20) can be used to compute the step size α efficiently in each
gradient iteration. Moreover, practical use showed that (2.20) provides better convergence
results which, however, depends on the considered dynamical system.

2.2.3 Stability analysis

The gradient algorithm is based on the MPC scheme (2.3) without terminal conditions.
Stability properties for this class of MPC formulations was subject of various investigations,



2.2 Gradient projection method 21

Figure 2.3: Motivation for the explicit line search strategy.

see [134, 87, 116, 85]. In this work, the stability analysis of the model predictive controller
is discussed by means of a control Lyapunov function (CLF) approach. In the first part
of the stability discussion it is assumed that the optimal solution of (2.3) is computed in
each sampling instance. Furthermore, the investigations follow the lines of [63, 62] and thus
require some certain assumptions.

Assumption 2.1 There exists a non-empty set Γ containing the origin such that for all
x̄0 ∈ Γ and u ∈ U , the system (2.3b) has a bounded solution and for all xk ∈ Γ, OCP (2.3)
has an optimal solution u∗k(τ), x∗k(τ), τ ∈ [0, T ].

Assumption 2.2 The cost functions V (x) and L(x,u) satisfy the quadratic bounds

mV ‖x‖2 ¬ V (x) ¬MV ‖x‖2 (2.21a)

mL(‖x‖2 + ‖u‖2) ¬ L(x,u) ¬ML(‖x‖2 + ‖u‖2) (2.21b)

for some constants mV ,MV > 0 and mL,ML > 0.

Assumption 2.3 There exists a non-empty compact set Ωγ = {x ∈ Rn |V (x) ¬ γ} for
some γ > 0 and a twice continuously differentiable feedback law uq = q(xq) ∈ U such that
∀x ∈ Ωγ

V̇ (xq, q(xq)) + L(xq, q(xq)) ¬ 0, q(xq) ∈ U (2.22)

with V̇ :=(∂V/∂x)Tf . The variable xq indicates the state trajectory induced by the control
law uq = q(xq).

Existence and uniqueness results of the solution for certain optimal control problems can be
found in [110, 14]. According to Assumption 2.3, the discussion at this point relies on the
terminal cost V (x) being a CLF. The existence of a CLF with regard to an initial set Γ is
subsequently shown. To this end, a definition of a sublevel set is required which is given by

Γα = {x ∈ Γ | J∗(x) ¬ α} , α := γ
(

1 +
mL

MV

T
)
. (2.23)

Lemma 2.1 Suppose that Assumptions 2.1-2.3 hold. In view of the CLF region Ωγ and the
sublevel set Γα, the following conditions are true:
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(1) If the endpoint of the optimal trajectory does not enter the CLF region for any initial
condition xk ∈ Γ, i. e. x∗k(T ) /∈ Ωγ, then x∗k(τ) /∈ Ωγ for all τ ∈ [0, T ).

(2) The endpoint of the optimal state trajectory satisfies x∗k(T ) ∈ Ωγ for any initial condi-
tion xk ∈ Γα.

(3) Γα contains the CLF region Ωγ, i. e. Ωγ ⊆ Γα.

Proof. See [62].

The next theorem addresses the well-known stability result for the MPC scheme without
terminal conditions [87, 62] where the optimal control problem (2.3) is solved numerically
to compute the optimal control (2.5) for the real physical system.

Theorem 2.1 Suppose that Assumptions 2.1-2.3 hold. Then for all xk ∈ Γα the optimal
cost of OCP (2.3) decreases according to

J∗(xk+1) ¬ J∗(xk)−
∫ ∆t

0
L(x∗k(τ),u∗k(τ)) dτ (2.24)

with xk+1 = x∗k(∆t). Moreover, the system (2.1) under the MPC law (2.5) is asymptotically
stable in the sense that limt→∞ ‖x̄(t)‖ = 0.

Proof. See [87, 62].

In view of feasibility, consider now the augmented input and state trajectories

(xa(τ),ua(τ)) =

(x∗k(τ + ∆t;xk),u∗k(τ + ∆t;xk)) if τ ∈ [0, T −∆t)

(xq(τ − T + ∆t), q(xq(τ − T + ∆t))) if τ ∈ [T −∆t, T ]
(2.25)

for τ ∈ [0, T ]. Note that for τ ∈ [0, T − ∆t), (2.25) corresponds to the optimal solution of
(2.3) for the initial state xk ∈ Γα whereas the remaining part denotes the solution of the local
control law following from the CLF condition (2.22). Note that the augmented trajectories
(2.25) provide the decreasing condition (2.24) for the cost function. This, however, implies
a solution of the optimal control problem (2.3) for the next state xk+1 = x∗k(∆t;xk) and by
induction also feasibility in each new MPC step.

Lemma 2.1 along with Theorem 2.1 summarize the necessary stability conditions for the
MPC scheme (2.3) without terminal constraints. If the endpoint of the optimal trajectory
reaches a specific terminal region, then a CLF condition holds and stability can be ensured.
A closer look at (2.23) illustrates, that a longer prediction horizon increases the set of initial
states.

In the previous stability discussion it is assumed, that at each MPC step an optimal solution
is computed. However, the gradient algorithm illustrated in Figure 2.1 uses a fixed number
of numerical iterations for solving OCP (2.3) in a real-time fashion. Due to this fact, it
represents a suboptimal solution strategy and hence the stability results have to be adapted
appropriately. A very detailed discussion on this subject is given in [63]. To this end, only
the main stability result is presented at this point which is formulated in the subsequent
theorem.
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Theorem 2.2 Suppose that Assumptions 2.1-2.3 hold along with some further necessary
conditions (quadratic growth condition of the cost function, Lipschitz continuity of the system
function, etc., see [63] for details). Then there exists a minimum number of iterations Nmin
given according to

Nmin = logp

(
∆Ĵ

(a+ ab+ c) α̂

)
, with α̂ =

mV

4MV

α, ∆Ĵ = min
{

γ

4d2MV

, aα̂
}

(2.26)

for the convergence rate p ∈ (0, 1) of the algorithm and problem specific parameters a ∈ (0, 1]
and b, c, d > 0. If the number of gradient iterations Ng satisfies Ng > Nmin, then the origin
(0,0) of the closed-loop system is stable for all initial states x̄0 ∈ Γα̂ and initial control
trajectories u(0)

0 ∈ U satisfying ∆J (0)(x̄0) < ∆Ĵp−Ng.

Proof. See [63].

Theorem 2.2 illustrates that the number of iterations of the gradient-based MPC has to
be chosen appropriately to ensure stability. As one expects intuitively, the decrease of the
cost function is smaller compared to the optimal case and the sublevel set Γα regarding
the stability properties is reduced to Γα̂. However, according to [63], Γα̂ still contains the
CLF region Ωγ for a sufficiently large prediction horizon T . In addition, the limited number
of gradient iterations reduces significantly the complexity of the numerical computation
and thus allows the control of time critical applications. In this regard, the number of
iterations Ng combined with the prediction horizon T scheme represent a trade-off between
computational speed and accuracy of the trajectories.

The stability discussion of the gradient-based MPC does not rely on the introduction of
terminal equality constraints [124, 40] or terminal set constraints [29, 53] as it is often used
in model predictive control to ensure stability of the closed-loop system. From an imple-
mentation point of view, the lack of such constraints is a major algorithmic simplification.
A closer look at the previous results of Lemma 2.1 and Theorem 2.1 as well as 2.2 reveal a
dependency of the stability properties on the prediction horizon T . This is not surprising
since the prediction time is an important design parameter of an MPC. The contribution [86]
confirms this fact by discussing the impact of the prediction horizon on stability properties
of model predictive control even without the use of a terminal cost function. It is shown that
under appropriate assumptions (e. g. integral cost satisfies a quadratic boundary condition,
state trajectory is bounded on a finite time interval) the overall control system is stable for a
sufficiently long prediction horizon T . This outcome is also indicated by the relations (2.23)
and (2.26). A longer horizon increases the sublevel set Γα and thus might increase the CLF
region Ωγ and consequently improve the stability properties.

Another stability discussion of model predictive control that is based on relaxed dynamic
programming [117] and a controllability assumption is addressed in [69, 147]. The MPC
approach allows to derive suboptimality conditions w. r. t. an infinite time-horizon problem
along with stability results even without introducing a terminal cost function or terminal
constraints. The estimate for suboptimality and thus also for stability follows from solving
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a linear program [69] or an infinite dimensional program [147], respectively, which depends
on the prediction time T .

2.3 Implementation on a programmable logic
controller

The application of a model predictive controller is typically limited to sufficiently slow and/or
low-dimensional systems due to the computational effort to solve the related optimal con-
trol problem in real-time. This drawback makes it also difficult to implement and run an
MPC on hardware systems with limited performance and memory. A typical example is a
programmable logic controller (PLC) which is commonly used in industrial automation for
simple control strategies, e. g. in form of a PID controller. In order to be able to integrate
more sophisticated control strategies, such as model predictive control, real-time approaches
and efficient algorithms have to be used. Some results regarding the implementation of lin-
ear MPC on a PLC are presented in [166, 161, 144, 81, 108]. To the authors knowledge, no
contributions are published so far concerning the application of a nonlinear model predictive
control scheme on a PLC. This section discusses a PLC implementation of the gradient-based
MPC for controlling an experimental setup of a nonlinear laboratory crane [94, 95].

2.3.1 Structure and functionality of programmable logic
controllers

A PLC is a special form of a microprocessor-based controller that uses programmable memory
to store instructions and to implement functions [19]. It is commonly used in industrial
automation for a wide range of control tasks, e. g. logic/arithmetic operations, timing and
counting. As illustrated in Figure 2.4, a PLC comprises the following basic set of components
[158, 19]:

• A memory block containing the program and functions as well as variables necessary for
the control tasks. The data with regard to the input and output signals are additionally
stored in the block.

• A central processing unit (CPU) to compute the next control action according to the
input signals and the implemented program.

• An input and output interface for communication with external devices such as sensors,
switches, electrical drives or valves.

• A communication interface to receive and transmit data over a network.

PLCs can be programmed individually for a specific task and thus provide a certain degree
of flexibility. In contrast to a common PC, a programmable logic controller is also suited
to work properly even under harsh conditions such as vibrations, high temperature and
humidity due to a particular design or construction. Appropriate development environments
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Figure 2.4: Schematics of a PLC system.

allow to program a PLC in an convenient way, where the written code is subsequently
transferred into the memory unit of the PLC. There exist different graphical as well as
textual based programming languages that are defined by the IEC 61131-3 standard [82, 90]
published by the International Electrotechnical Commission (IEC).

As it was already mentioned in the previous sections, the numerical burden for solving an
optimal control problem within an MPC scheme is typically time and resource consuming.
As a consequence, either powerful hardware, efficient numerical approaches or a combina-
tion of both must be applied for a PLC implementation. In practice, a PLC system is in
general used for simple control tasks due to the typically limited hardware specification in
terms of computational performance and memory. The application of more complex control
strategies is therefore not common. Since the gradient-based MPC from Section 2.2 uses a
defined number of arithmetic operations with a fixed amount of memory, it is well suited for
implementing on a PLC.

2.3.2 Code translation with the Simulink PLC Coder

A PLC can be programmed manually by means of various programming languages of different
form [82, 90]. However, an easy and elegant way to produce the code of the gradient-based
MPC provides the Simulink PLC Coder [162]. The toolbox allows to generate separate and
fully self-contained function blocks from Simulink models, Stateflow charts and embed-
dedMatlab functions. The generated code is given in form of IEC 61131-3 structured text
(ST) that can be directly integrated into numerous PLCs via a suitable programming unit.
The output format of the PLC code also supports the use of integrated development environ-
ments (IDE), such as Codesys, for a convenient design process. The schematics of an PLC
implementation procedure of a model predictive controller is illustrated in Figure 2.5. First
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Figure 2.5: PLC implementation procedure of the MPC.

of all, the controller has to be designed and parametrized appropriately and then realized
in a supported form for the Matlab PLC Coder (e. g. a Simulink model). This entire im-
plementation step can be performed completely in Matlab/Simulink. Subsequently, the
PLC Coder generates the code for the controller which is then integrated into the already
given control scheme. The implementation of a discrete PI controller demonstrates the code
generation procedure of the Simulink PLC Coder. First a Simulink model is created and
the controller is parametrized (cf. Figure 2.6a). The PLC coder is then used to generate
the code in form of a self-contained function block that can be integrated into a PLC pro-
gram. The resulting structured text of the PI controller can be seen in Figure 2.6b. The
function block contains code sections where input, output and internal variables are declared
along with the numerical integration scheme (explicit Euler forward method). Other global
variables are also defined and initialized.

2.3.3 Experimental results

The gradient-based model predictive controller from Section 2.2 is implemented on a Festo
PLC of type CECX-X-C12 to control a laboratory crane. The PLC is equipped with a
PowerPC CPU with 400 MHz and 64 MB memory and two additional I/O modules CECX-
A-4A4E-V and CECX-C-2G2 for control and communication purposes. The laboratory crane
is illustrated in Figure 2.7 and basically consists of a movable trolley (X-direction) with a
load connected by means of an extendable rope. Two electrical drives are used to move the
trolley as well as to wind and unwind the rope. As a consequence, the load can be placed
in a two-dimensional configuration. The position of the trolley, the length of the rope, and
the related deflection of the load are detected by means of incremental encoders

Under the assumption of a cascaded control scheme with fast velocity controllers for the
electrical drives, a model of the two-dimensional configuration of the crane follows to

ẍT = aX , l̈ = al, θ̈ = −1
l

(
g sin θ + aX cos θ + 2l̇θ̇

)
, (2.27)

2http://www.festo.com/cat/en-gb_gb/products_CECX (May 8, 2016)

http://www.festo.com/cat/en-gb_gb/products_CECX
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(a) Simulink block of a discrete PI controller

(b) PLC code

Figure 2.6: Simulink block of a discrete PI controller with the corresponding PLC code.

where xT (t) indicates the position of the trolley, l(t) > 0 denotes the length of the rope and
θ(t) is the deflection angle w. r. t. the vertical line. The control inputs are the accelerations
of the trolley aX and the rope al, respectively. A detailed derivation of (2.27) is addressed
in Appendix A.1.

The second order differential equations (2.27) can be reformulated into the form (2.1) with
corresponding input constraints (2.2) by using the state and control vector

x =
[
xT , ẋT , l, l̇, θ, θ̇

]T
, u = [aX , al]

T

subject to the control constraints

u1 = aX ∈
[
−3 m/s2, 3 m/s2

]
, u2 = al ∈

[
−3 m/s2, 3 m/s2

]
. (2.28)

As it is often done in practice, the terminal and integral terms V and L of the cost (2.3a)
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(a) Photograph (b) Schematics

Figure 2.7: Experimental setup of the laboratory crane.

are chosen as quadratic functions

V (x) = ‖∆x‖2
P (2.29a)

L(x,u) = ‖∆x‖2
Q + ‖∆u‖2

R (2.29b)

with the (squared) weighted norm ‖q‖2
S := qTSq. The variables ∆x := x−xSP and ∆u :=

u − uSP describe the difference to a desired stationary point (xSP,uSP). The weightings in
(2.29) are assumed to be positive definite and hence are defined as diagonal matrices

P = Q = diag(100, 1, 100, 1, 100, 1) , R = 10−5 · I2. (2.30)

The small values of R indicate an aggressive behavior of the controls. The control task is to
run three successive setpoint changes starting from the initial condition

x0 = [0, 0, 0.3 m, 0, 0, 0]T (2.31)

to the three stationary points of the laboratory crane

xSP,1 =
[

0.5 m, 0, 0.8 m, 0, 0, 0
]T
, uSP,1 = [0, 0]T

xSP,2 =
[
−0.5 m, 0, 0.8 m, 0, 0, 0

]T
, uSP,2 = [0, 0]T (2.32)

xSP,3 =
[

0.0 m, 0, 0.3 m, 0, 0, 0
]T
, uSP,3 = [0, 0]T .

This sequence corresponds to moving and lifting the load by 0.5 m, maneuvering the trolley
over the distance 1 m, and finally moving the trolley back to its initial position.

Ng = 2 gradient iterations and a single CPU core of the Festo PLC are used to compute
the control action for the laboratory crane. The sampling time and the prediction horizon
are ∆t = 2 ms and T = 1 s, respectively. The numerical integration of both the system
dynamics (2.7a) and the adjoint dynamics (2.7b) is performed by means of an Euler forward
scheme with a fixed number of 16 integration steps to achieve a good trade-off between
computational burden and accuracy of the results. Note that the sampling time ∆t denotes
the cyclic time when the new state of the real system is determined to start a new MPC
iteration. Hence, it does not affect the number of integration steps since the integration is
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Figure 2.8: Experimental results of the laboratory crane.

performed along the prediction horizon T to compute a forecast of the states and controls.
A Kalman filter estimates the velocities ẋT , l̇ and θ̇, where the signal processing and Kalman
filtering are also implemented on the PLC.

The experimental results for the successive setpoint changes (2.31), (2.32) are illustrated in
Figure 2.8. It can be seen that a good control performance with a transition time around
3 s - 4 s can be achieved. The second setpoint change xSP,1 → xSP,2, where the load is moved
to the opposite direction, additionally reveals that the rope length is also altered by the
controller to counteract the load swinging. The computation time for a single MPC step
with Ng = 2 gradient iterations on the PLC amounts approximately to 1 ms - 1.5 ms. Thus,
the chosen sampling time ∆t = 2 ms is the lowest possible value for running the controller
on the PLC.

2.3.4 Model predictive tracking control

The experimental results in the previous section already revealed a good control quality
based on the classical MPC formulation (2.3). However, the performance can still be further
improved by using the MPC in a tracking context within a two-degrees-of-freedom (2DOF)
control scheme as shown in Figure 2.9. To this end, a feedforward controller is required
that provides suitable reference trajectories (xref,uref) for the states as well as the controls.
Additionally, the feedback part stabilizes the system along the reference trajectories and
compensates for model uncertainties and disturbances.

An elegant way for such a trajectory planning is provided by differential flatness [52, 114, 71].
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Feedforward
control

Feedforward
control

Feedforward
control

Figure 2.9: Two-degrees-of-freedom control scheme.

Given a nonlinear system ẋ = f(x,u), an output z ∈ Rm of the form

z = Φ
(
x, u1, . . . , u

(γ1)
1 , . . . , um, . . . , u

(γm)
m

)
= Φ

(
x,u, . . . ,u(γ)

)
(2.33)

is called a flat output if all states x and controls u can be parametrized by means of z and
its time derivatives, i. e.

x = Ψx̄

(
z1, . . . , z

(β1−1)
1 , . . . , zm, . . . , z

(βm−1)
m

)
= Ψx̄

(
z, . . . ,z(β−1)

)
(2.34a)

u = Ψū

(
z1, . . . , z

(β1)
1 , . . . , zm, . . . , z(βm)

m

)
= Ψū

(
z, . . . , z(β)

)
, (2.34b)

where β1, . . . , βm denote the differentiation order. First a reference trajectory zref(t) is
constructed and then the related controls uref(t) and states xref(t) are derived by means of
the flatness-based parametrization (2.34). In this regard, the computed trajectories can be
used to perform a setpoint change within the finite transition time Tref. A suitable choice of
the transition time indirectly facilitates to satisfy the constraints.

In view of the crane dynamics (2.27), it can be shown that the position of the load

z1 = xT + l sin θ, z2 = l cos θ (2.35)

is a flat output [52]. The parametrization of the states (2.34a) through (2.35) and a number
of its time derivatives is then given in the following way:

xT = z1 +
z̈1z2

g − z̈2
, ẋT =

(g − z̈2)
(
z̈1ż2 + z

(3)
1 z2 + ż1 (g − z̈2)

)
+ z̈1z2z

(3)
2

(g − z̈2)2

l =


− arc cos

(
g−z̈2√

z̈2
1+(g−z̈2)2

)
if z̈1 > 0

+ arc cos
(

g−z̈2√
z̈2
1+(g−z̈2)2

)
if z̈1 ¬ 0,

l̇ = − z̈1z
(3)
2 + z

(3)
1 (g − z̈2)

z̈2
1 + (g − z̈2)2 (2.36)

θ =
z2

√
z̈2

1 + (g − z̈2)2

g − z̈2
, θ̇ =

(g − z̈2)
(
ż2

(
z̈2

1 + (g − z̈2)2
)

+ z̈1z
(3)
1 z2

)
+ z̈2

1z2z
(3)
2

(g − z̈2)2
√
z̈2

1 + (g − z̈2)2
.

Differentiating ẋT and l̇ w. r. t. time provides the parametrization (2.34b) of the controls (cf.
the crane dynamics (2.27)) with the differentiation order β1 = β2 = 4. A suitable reference
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trajectory zref(t) for the flat output (2.35) of the laboratory crane can be constructed in
terms of the polynomial

zref(t) = z0 + (zTref − z0)
2ρ+1∑
j=ρ+1

cj

(
t

Tref

)j
, t ∈ [0, Tref] (2.37)

with the initial and terminal values z0 = zref(0) and zTref = zref(Tref), respectively, and the
coefficients [137, 61]

cj =
(−1)j−ρ−1(2ρ+ 1)!

jρ!(j − ρ− 1)!(2ρ+ 1− j)!
. (2.38)

The polynomial order ρ has to be chosen appropriately to ensure sufficient smoothness of
zref(t) with regard to the differentiation order β1 = β2 = 4. Thus, the polynomial order is
ρ = 4 assuring that the control u is continuous at the transition points t = 0 and t = Tref.
The reference trajectories xref(t) and uref(t) are determined using the parametrization (2.34)
in combination with the constructed trajectory (2.37) and its time derivatives and are finally
provided to both the MPC and the laboratory crane as illustrated in Figure 2.9.

The model predictive controller within the 2DOF scheme counteracts the deviation from the
reference trajectory xref(t) by using the additional control correction ∆ū(t) (see Figure 2.9).
To this end, a time-varying tracking error for the state is considered which is defined by

∆x̄(t) := x̄(t)− xref(t). (2.39)

The resulting control ū(t) that is injected to the system comprises the feedforward part
uref(t) and the correction ∆ū(t), i. e.

ū(t) = uref(t) + ∆ū(t). (2.40)

In view of the tracking error (2.39) and the resulting control action (2.40), the related error
dynamics is given according to

∆ ˙̄x(t) = ˙̄x(t)− ˙̄xref(t)

= f(∆x̄(t) + xref(t),∆ū(t) + uref(t))− ˙̄xref(t)

=: g(∆x̄(t),∆ū(t)) ,

(2.41)

where it is assumed that the state reference trajectory x̄ref(t) is sufficiently smooth. The
original MPC scheme (2.3) can then be reformulated to account for the error dynamics (2.41)
in the following way:

min
∆u(·)

J∆(∆u(·),∆xk) = ‖∆x(T )‖2
P∆

+
∫ T

0
‖∆x(τ)‖2

Q∆
+ ‖∆u(τ)‖2

R∆
dτ (2.42a)

s.t. ∆ẋ(τ) = g(∆x(τ),∆u(τ)) , ∆x(0) = ∆xk = x̄(tk)− xref(tk) (2.42b)

∆u(τ) ∈
[
∆u−(τ),∆u+(τ)

]
, τ ∈ [0, T ] (2.42c)
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Figure 2.10: Experimental results of the flatness-based 2DOF control scheme.

with the time-varying input constraints ∆u±(τ) = u±−uref(τ), where the bounds u± follow
from (2.28). The weighting matrices in the cost function (2.42a) are chosen to

P∆ = Q∆ = diag(10, 1, 10, 1, 10, 1) , R∆ = 10−2 · I2. (2.43)

According to the successive setpoint changes (2.31) - (2.32), the initial and terminal condi-
tions for the reference trajectory zref(t) of the flat output (2.35) are

z0,1 = [ 0.0 m, 0.3 m], zTref,1 = [ 0.5 m, 0.8 m], Tref,1 = 1.6 s

z0,2 = [ 0.5 m, 0.8 m], zTref,2 = [−0.5 m, 0.8 m], Tref,2 = 1.95 s (2.44)

z0,3 = [−0.5 m, 0.8 m], zTref,3 = [ 0.0 m, 0.3 m], Tref,3 = 1.6 s.

The transition times Tref,i are chosen to satisfy the input constraints (2.28). Since the MPC
has only corrective functionality in terms of the 2DOF control scheme, the prediction horizon
is shortened to T = 0.3 s. The remaining parameters (sampling time, gradient iterations and
integration steps) are the same as defined in Section 2.3.3.

The new OCP formulation (2.42) describes a model predictive tracking controller that repet-
itively solves the problem at each sampling instance. In this regard, the reference trajectories
xref(t) and uref(t) are additionally shifted by the sample time ∆t. Note that in the nominal
case the system tracks exactly the state reference xref(t) due to the feedforward control.
Consequently, the tracking error ∆x(t) as well as the control correction ∆u(t) will be zero
according to a trivial optimal solution of (2.42) in the nominal case.

The experimental results for the laboratory crane with the two-degrees-of-freedom control
scheme and the flatness-based trajectory planning are shown in Figure 2.10. The very small
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tracking error indicates a considerable improvement of the control performance resulting in
an excellent control quality. The input constraints are also satisfied due to the choice of
the transition times Tref,i in combination with the time-varying input constraints (2.42c).
Moreover, the chosen transition times consequently reduce the entire transition interval of
the successive setpoint changes by almost the half compared to the trajectories given in
Figure 2.8.

2.4 Implementation strategies for field programmable
gate arrays

An obvious way to attack the considerable amount of numerical burden in MPC is the use
of efficient algorithms (cf. Section 1.3). However, a more intuitive way to speed up the nu-
merical computations in MPC frameworks provides the use of suitable hardware platforms
that exploit certain algorithmic properties of the implemented approach. In terms of com-
putation times in combination with parallel processing, FPGAs (field programmable gate
arrays) are a serious alternative to common sequentially working CPUs (central processing
units). The inherent parallel processing of programmable logic in FPGAs can achieve a high
data throughput with low latency [26, 178]. Implementations of linear model predictive con-
trollers on FPGA basis can already be found in the literature [30, 88, 9, 177, 89]. Regarding
the nonlinear MPC case, some first realization strategies are addressed in [105]. This section
illustrates an implementation approach of the gradient-based MPC by means of high-level
synthesis [99, 160] in combination with a parallel integration method.

2.4.1 Structure and functionality of FPGAs

An FPGA is an integrated circuit (IC) that can be used to implement arbitrary digital
hardware systems [35, 123]. The basic architecture of an FPGA is illustrated in Figure 2.11
and contains the following basic resources [35]:

• Programmable logic blocks can be used to implement logical gates, registers and more
sophisticated digital circuits.

• Inputs and outputs enable to communicate with surrounding devices.

• Configurable interconnections along with the programmable logic blocks allow to im-
plement arbitrary digital circuits and to connect the designed components with each
other as well as with the inputs and outputs.

Modern high-performance FPGAs include millions of programmable logic components such
that digital hardware systems of arbitrary complexity can be realized, i. e. radar, image
and other digital signal processing applications. Depending on the programming method,
FPGAs can be configured only a single time or also several times and hence are well suited
for prototyping. In addition, the costs of an FPGA design are relatively low while at the
same time design changes can be implemented easy and fast.
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Figure 2.11: Basic architecture of an FPGA.

2.4.2 High-level synthesis

The main challenge in the FPGA implementation of an MPC scheme is the conversion of the
algorithmic description into a digital circuit. To overcome this difficulty, the high-level syn-
thesis (HLS) approach, also referred to as behavioral synthesis, describes a design methodol-
ogy to create a digital hardware system from an algorithmic specification [44, 31]. High-level
synthesis tools allow for generating alternative architectures in terms of the number and type
of logic elements (such as multipliers and adders) or the clock period and therefore provide
synthesis rules with a different objective, e. g. small or large chip area, short or long delay
times. The final output of the synthesis procedure is a digital circuit (register transfer level)
in form of a hardware description language (HDL), as Verilog or VHDL. This outcome can
then be used in the logic synthesis for creating the corresponding digital circuit on an FPGA
system. The principal HLS design procedure is schematically shown in Figure 2.12.

The basis for the synthesis of the model predictive controller is the algorithmic description
of the gradient approach. As it can be seen in Figure 2.13, suitable synthesis tools for
performing the HLS process are the Matlab HDL Coder and Vivado HLS. To this end,
the gradient algorithm must be provided as m code (Matlab HDL Coder) or as C code
(Vivado HLS) to run the high-level synthesis. The HLS procedure then includes various steps,
e. g. the conversion of all data into a fixed-point number representation, the generation and

Figure 2.12: Basic design procedure using high-level synthesis.
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optimization of the HDL code as well as the simulation and verification of the synthesis
results. These single steps and the entire synthesis represent an iterative process until a
suitable hardware realization of the algorithm is obtained. Design constraints or optimization
objectives regarding the target device as, for instance, the size of the chip area or a desired
clock rate can be taken into account by means of so-called constraints and directives.

Figure 2.13: HLS for the FPGA implementation of the gradient-based MPC.

2.4.3 Parallelization of numerical integration

The gradient algorithm relies on the optimality conditions (2.7) which are integrated in
forward and backward time and are typically realized in a fully sequential manner. Thus,
the algorithm cannot take advantage of the inherited parallel processing of digital circuits
within an FPGA system. To this end, a parallelizable numerical integration scheme based on
fixed-point iteration is applied. Since the approach is addressed in full detail in Section 5.2,
it is only briefly treated at this point.

An integration step of the system dynamics (2.1) at time tk = t0 + hk, k = 0, . . . , N ,
with the step size h for both explicit and implicit numerical integration schemes (e. g. Euler
forward/backward approach, general Runge-Kutta methods) is given by

xk+1 = xk + hφ
(
xk,xk+1,uk,uk+1

)
, k = 0, . . . , N − 1, (2.45)

where the compact notation xk := x(tk) is used. According to Section 5.2.2 (presented later
on), all components of each integration step (2.45) are summarized according to

z = a+Kz + hΦ(z) (2.46)
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with z =
[
(x1)T , . . . ,

(
xN

)T ]T
∈ RnN . All integration steps comprised in the vector z are

now approximated by means of the fixed-point iteration [102, 159]

z(j+1) = a+Kz(j) + hΦ
(
z(j)

)
=: G

(
z(j)

)
, j = 0, . . . ,M. (2.47)

Note that the bracketed superscript j in (2.47) indicates the current fixed-point iteration.
Moreover, all components of the numerical integration scheme (2.45) are now calculated si-
multaneously. Naturally, the number of fixed-point iterations M has to be chosen appropri-
ately to achieve adequate integration results. Convergence properties of the fixed-point-based
integration scheme are investigated in Chapter 5.2.3

For the FPGA implementation of the gradient-based MPC a simple Euler forward integration
is applied. In this regard, the related computation steps (2.45) for the forward integration
of the system dynamics (2.7a) as well as the backward integration of the adjoint dynamics
(2.7b), respectively, are given in the form

xk+1 = xk + hf
(
xk,uk

)
, k = 0, . . . , N − 1 (2.48a)

λp−1 = λp − h(−Hx(xp,up,λp)) , p = N, . . . , 1 (2.48b)

with the fixed step size h = T
N−1 , where T denotes the prediction horizon. The associated

fixed-point formulation (2.47) can then be obtained by simply using f and −Hx as iteration
functions φ (cf. (2.45)).

2.4.4 Examples and synthesis results

The FPGA synthesis of the gradient-based model predictive controller is demonstrated for
two nonlinear examples [99]. The results are then evaluated in terms of the potential com-
putation time per MPC iteration and two reference FPGAs in the sense that the required
number of logic components is compared.

Two-dimensional crane model

The first example considered for simulation purposes at this point is the two-dimensional
crane model which is schematically illustrated in Figure 2.7b. The system is governed by
the nonlinear dynamics (2.27) with the control constraints (2.28). The terminal and integral
terms of the cost functions are chosen quadratically (cf. (2.29)) with the weighting matrices

P = Q = diag(10, 1, 10, 1, 10, 1) , R = diag
(
10−2, 10−2

)
. (2.49)

The control task is to stabilize the setpoint

xSP = [0, 0, 1.2 m, 0, 0, 0]T , uSP = [0, 0]T (2.50)

starting from the initial condition of the laboratory crane

x0 = [−2 m, 0, 0.2 m, 0, 0, 0]T (2.51)



2.4 Implementation strategies for field programmable gate arrays 37

-1
0
1
2
3

Figure 2.14: Simulation results of the laboratory crane.

which corresponds to lifting the rope by 1 m and moving the trolley over a distance of 2 m.
The sampling time and the prediction horizon are ∆t = 1 ms and T = 1 s, respectively. As
mentioned in the previous section, an Euler forward integration scheme is used with N = 30
integration steps. In addition, Ng = 2 gradient iterations along with M = 5 iterations of the
fixed-point integration (2.47) are used.

The corresponding simulation results of the model predictively controlled laboratory crane
for the given control scenario are depicted in Figure 2.14. It can be observed that a very good
control performance with an asymptotically decreasing cost value is achieved. The illustrated
error profile exu(t) := ‖[xTseq(t)− xTpar(t),u

T
seq(t)− uTpar(t)]

T‖ in Figure 2.14 is a measure for
the difference between the parallel and the sequential integration scheme and shows that
the results of both integration approaches differ slightly at the beginning. Since the parallel
integration represents an approximation of the sequential counterpart, the error is mainly
caused due to the use of a fixed number of iterations M (cf. (2.47)). A closer look at the
control trajectories also shows the impact of the approximation. Small peaks can be observed
within the time interval [0.5 s, 2 s] which also result from numerical inaccuracy. However, the
convergence results are very good and thus confirm that the fixed-point integration (2.47) is
well suited for the FPGA implementation.
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Figure 2.15: Schematics of the CSTR [153].

Continuous stirred tank reactor

The continuous stirred tank reactor (CSTR) depicted in Figure 2.15 is considered as another
example. The CSTR is fed by an educt A with the temperature ϑin and the inlet concen-
tration cin. The corresponding dilution rate of educt A and the cooling power of the reactor
are denoted by q and Q̇, respectively. The liquid phase inside the reactor is supposed to be
of constant volume. A so-called van de Vusse reaction scheme [167] is assumed where the
CSTR comprises the reactions of the educt A to the desired product B and parallel reactions
to the undesired byproducts C and D. The nonlinear model of the CSTR based on mass
and energy balances is given by [104, 153, 60]

ċA = −k1(ϑ)cA − k2(ϑ)c2
A + (cin − cA) q, ċB = k1(ϑ) (cA − cB)− cBq

ϑ̇ = h(cA, cB, ϑ) + α (ϑc − ϑ) + (ϑin − ϑ) q, ϑ̇c = β (ϑ− ϑc) + γQ̇,
(2.52)

where x1 = cA and x2 = cB denote the concentrations of the educt A and the product B
and x3 = ϑ and x4 = ϑc are the temperatures within the reactor and the cooling jacket,
respectively. The dilution rate q and the cooling power Q̇ are the control inputs u = [q, Q̇]T

which are subject to the bounds

q ∈
[
3 h−1, 35 h−1

]
, Q̇ ∈ [−9000 kJ/h, 0 kJ/h] . (2.53)

Nonlinear functions in (2.52) are the enthalpy

h(cA, cB, ϑ) = −δ
[
k1(ϑ) (cA∆HAB + cB∆HBC) + k2(ϑ)c2

A∆HAD

]
(2.54)

as well as the reaction rates k1(ϑ) and k2(ϑ) that are modelled by the Arrhenius functions

ki(ϑ) = ki0 exp
(

−Ei
ϑ/◦C + 273.15

)
, i = {1, 2}. (2.55)

The corresponding model parameters of the CSTR example are summarized in Table 2.1.
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Table 2.1: Model parameters of the CSTR example [153].

Symbol Unit Value Symbol Unit Value

α h−1 30.828 cin mol/m3 5.1 · 103

β h−1 86.688 ϑin
◦C 104.9

γ K/kJ 0.1 E1 - 9758.3
δ m3 K/kJ 3.522 · 10−4 E2 - 8560.0

∆HAB kJ/mol 4.2 k10 h−1 1.287 · 1012

∆HBC kJ/mol −11.0 k20 m3/(mol h) 9.043 · 106

∆HAD kJ/mol −41.85

Investigations in view of an FPGA implementation revealed that a large number of bits is
required for a sufficiently accurate number representation of the exponential functions in
the Arrhenius terms (2.55). This difficulty arises since the Arrhenius terms differ by several
orders of magnitude. To circumvent this issue, the functions are approximated within the
region of operation ϑ ∈ [80 ◦C, 120 ◦C] by 4-th order polynomials, i. e.

ki(ϑ) ≈
4∑
j=0

aij (ϑ/◦C− 100)j (2.56)

with the coefficients aij summarized in Table 2.2. Similar to the MPC setup of the laboratory
crane, a quadratic cost function with the weighting matrices

P = Q = diag(0.2, 1, 0.5, 0.2) , R = diag
(
0.5, 5 · 10−3

)
(2.57)

is formulated. For the simulation, the MPC operates the CSTR from the initial point

x0 =
[
2.02 kmol/m3, 1.07 kmol/m3, 100 ◦C, 97.1 ◦C

]T
(2.58)

to a feasible setpoint w. r. t. the dynamics (2.52). In view of (2.58), the setpoint

xSP =
[
1.37 kmol/m3, 0.95 kmol/m3, 110 ◦C, 108.6 ◦C

]T
uSP =

[
5 h−1,−1190 kJ/h

]T (2.59)

is chosen. The sampling time and the prediction horizon are chosen to ∆t = 1 s and T =
1200 s. In addition, N = 30 discretization points are used for the Euler forward integration
along with Ng = 2 gradient and M = 5 fixed-point iterations.

Table 2.2: Coefficients of the polynomial approximation (2.56).

i ai0 ai1 ai2 ai3 ai4

1 5.653 3.962 · 10−1 1.282 · 10−2 2.527 · 10−4 3.366 · 10−6

2 9.855 · 10−4 6.059 · 10−5 1.700 · 10−6 2.862 · 10−8 3.187 · 10−10
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Figure 2.16: Simulation results of the CSTR example.

Figure 2.16 illustrates the simulation results of the model predictively controlled CSTR.
The trajectories reveal a very good control performance with an asymptotically decaying
cost function (the related value is scaled by a factor 102). Note that the error exu between
the sequential and parallel solution is by orders of magnitude larger compared to the pre-
vious crane example which occurs due to the fact that some state and control variables are
significantly large. An obvious way to decrease the error between the integration schemes
is a larger number of fixed-point iterations M which, however, increases the complexity of
the digital hardware on an FPGA and hence requires more programmable logic. The results
represent a good trade-off and demonstrate that the parallel integration scheme based on
the fixed-point iteration is well suited for implementing on an FPGA.

Synthesis results

Synthesis results for the model predictively controlled laboratory crane as well as the CSTR
are achieved by using the Vivado HLS tool. The results are provided for the sequential and
the fixed-point based integration and are additionally validated for feasibility in the sense
that the required number of logic elements is compared to available FPGAs [160]. To this
end, a Zynq FPGA of type XC7Z020 CLG484-1 and an Artix FPGA of type XC7A200T-
2FBG676C are used as reference. The corresponding number of digital signal processors
(DSPs), look-up tables (LUTs), flip-flops (FFs) and BRAMs are given in Table 2.3.
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Table 2.3: Number of logic elements of the reference FPGAs.

FPGA No. of DSPs No. of LUTs No. of FFs No. of BRAMs

Zynq 220 53200 106400 280
Artix 740 129000 258000 730

The required computation times for each MPC step on the FPGA are estimated by assuming
a clock rate of fclk = 200 MHz. Based on this value and the number of clock pulses nclk, the
computation times can be determined according to

TMPC =
nclk

fclk
. (2.60)

In view of the synthesis procedure from Figure 2.13, the word length for each state and
control variable was set to 28 bit (20 fractional bit) for the crane example and to 24 bit
(14 fractional bit) for the CSTR. The remaining synthesis settings (pipeline techniques,
degree of parallelism) were chosen in such a way as to obtain an acceptable trade-off be-
tween the required resources and computation times. The related results are illustrated in
Table 2.4. It can be seen that the fixed-point integration scheme requires more resources
than the sequential procedure due to the parallelization. The results additionally reveal
that the model predictively controlled crane and CSTR in combination with the sequential
integration scheme can be implemented on both reference FPGAs (cf. Table 2.3). However,
a corresponding fixed-point version can only be used on the Artix FPGA due to the use of
more logic elements.

Table 2.4: Vivado HLS synthesis results for the laboratory crane and the CSTR.

Comp. Integration
Example DSPs LUTs FFs BRAMs

time [µs] scheme

102 37704 39828 19 50.6 sequential
Crane

160 94220 109999 19 10.4 fixed-point
168 32627 33468 12 60.4 sequential

CSTR
330 120460 116493 12 20.0 fixed-point

The computation times of the FPGA synthesis results are summarized in Table 2.4 and are
also compared with implementations on alternative hardware platforms. In this regard, the
MPC with the sequential integration scheme was tested on a PC3 and a dSPACE4 system.
Table 2.5 provides the related comparison results. The computation times of the FPGA
implementation with the sequential integration are larger than on the PC but smaller than
on the dSPACE system. The PC is the most powerful hardware system which explains the

3Intel Core i5 CPU with 2.67GHz and 4GB memory running Windows 7 (64-bit) and Matlab 2013a
(64-bit).

4DS1103 system with a PowerPC 750 GX CPU with 1GHz and 96MB memory.
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better performance. However, parallelization of the integration by means of the fixed-point
approach reduces the computation times on the FPGA by a factor of 5 (crane) and 3 (CSTR),
respectively. According to the results shown in Figures 2.14 and 2.16, the convergence is
also very good. In summary, these first results towards nonlinear MPC on an FPGA are
quite promising and should be investigated in more detail in future works.

Table 2.5: Comparison of computation times.

Computation time [µs]
Examples

PC dSPACE FPGA (seq.) FPGA (par.)

Crane 26 172 50.6 10.4
CSTR 29 180 60.4 20.0

2.5 The MPC software tool GRAMPC

As discussed in Section 1.3, there exist various well established linear and nonlinear MPC
tools that are also available as open source software. This was the motivation for im-
plementing a portable and user-friendly MPC software based on the projected gradient
method called GRAMPC (GRAdient-based MPC – [græmp’si:]) [93]. The MPC tool is licensed
under the GNU Lesser General Public License (version 3) and can be downloaded from
http://sourceforge.net/projects/grampc/. GRAMPC is well suited to solve nonlinear
MPC problems with control constraints (2.3). Approaches to additionally consider state
constraints will be addressed in the next chapters whereas basic properties of GRAMPC will
be discussed in the following lines. More details can be found in Appendix B.

2.5.1 General structure of GRAMPC

An important aim is to allow the implementation of GRAMPC on a wide range of hardware
platforms or operating systems. To this end, all components of GRAMPC are written in plain
C code without the use of external libraries. Consequently, just an appropriate compiler
is required to generate executable files for a configured problem formulation. GRAMPC also
possesses an interface toMatlab/Simulink along with aMatlab graphical user interface
(GUI). These interfaces provide a simple and convenient way to change MPC parameters
and options or enables the user to adjust the problem formulation.

Figure 2.17 illustrates the main components of GRAMPC. The user has to provide the problem
formulation containing the cost function, system dynamics, constraints, and further options
as well as parameters by means of a C function. As it was mentioned in Section 2.2, the
algorithmic steps of GRAMPC are motivated from the optimality conditions of OCP (2.3). To
this end, the corresponding gradients of the cost functions V and L as well as the system
function f w. r. t. the states x and the controls u, respectively, must be provided by the

http://sourceforge.net/projects/grampc/
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Figure 2.17: Simple illustration of GRAMPC’s components.

user. A corresponding template file is included in the software package. Alternatively, parts
of the problem formulation can be implemented in Matlab, if the Matlab/Simulink
interface or theMatlab GUI are used. Executable files are generated after the compilation
process which can be run on a suitable platform, e. g. a dSPACE system. GRAMPC contains
the gradient algorithm with different line search strategies (cf. Section 2.2) and also includes
functions to initialize the problem formulation and to set algorithmic parameters and options.
Moreover, a number of numerical integration schemes with fixed and variable step size are
implemented for integrating the system and adjoint dynamics in each gradient iteration.
More details on the implementation of GRAMPC are addressed in Appendix B or can be found
in the manual [97]. The manual also demonstrates the configuration of GRAMPC by means of
various examples with different complexity.

2.5.2 Interfaces of GRAMPC

As mentioned before, GRAMPC is written in plain C to achieve a high level of portability.
The MPC software can therefore be used out of the box in combination with an appropriate
compiler. However, the numerical software Matlab/Simulink is widely used in science
and engineering and also provides a number of interfaces to different toolboxes and other
software. To this end, an additional interface to Matlab/Simulink is included in GRAMPC.

The interface is implemented in form ofMex functions. Each component of GRAMPC consists
of particular C functions and has a corresponding Mex counterpart. The main advantage
is that the configured problem formulation must only be compiled once and the remaining
parametrization can be performed in an interactive way by means of Matlab/Simulink.
As a result, the interface with the related Matlab GUI allows a user-friendly and direct
interaction with GRAMPC and hence simplifies the controller design. The basic structure of
the interface to Matlab/Simulink with the communication to GRAMPC is illustrated in
Figure 2.18. More details about this subject are summarized in Appendix B.
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Figure 2.18: Implemented Matlab interface of GRAMPC.

2.5.3 Simulation results

The use of GRAMPC is demonstrated for the mass-spring-damper system with 5 elements as
shown in Figure 2.19. The elements with mass m are interconnected by means of springs
and dampers with the parameters c and d, respectively. The positions of the mass elements
are described by yi, i = 1, . . . , 5, while external forces F1 and F2 act on the first and the last
component. The dynamical system of the mass-spring-damper example is governed by the
differential equations

ÿ1 =
c

m
(−2y1 + y2) +

d

m
(−2ẏ1 + ẏ2) +

1
m
F1

ÿi =
c

m
(yi−1 − 2yi + yi+1) +

d

m
(ẏi−1 − 2ẏi + ẏi+1) , i = 2, 3, 4

ÿ5 =
c

m
(y4 − 2y5) +

d

m
(ẏ4 − 2ẏ5)− 1

m
F2,

(2.61)

where positions and velocities are comprised in the state vector x = [y1, ẏ1, . . . , y5, ẏ5]T. The
external forces F1 and F2 serve as control inputs u = [F1, F2]T. The dynamics (2.61) are
subject to the input constraints

ui ∈ [−1 N, 1 N] , i = 1, 2. (2.62)

The terminal and integral cost are chosen to be quadratic functions, i. e.

V (x) = ‖∆x‖2
P (2.63a)

L(x,u) = ‖∆x‖2
Q + ‖∆u‖2

R . (2.63b)

Figure 2.19: Mass-spring-damper system with a variable number of elements.
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As defined in Section 2.3.3, ‖·‖2
S denotes the (squared) weighted norm and ∆u as well as

∆x describe the difference to a desired stationary point. The weighting matrices in (2.29)
are chosen to

P = Q = I10, R = 0.1 · I2, (2.64)

where Ip denotes the (p× p)-identity matrix. The control task for the simulation is the
stabilization of the origin, i. e. the system starts from an initial value

x0 = [1 m, 0, 0, 0, 1 m, 0, 0, 0, 0, 0]T (2.65)

and is moved to the desired setpoint

xSP = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0]T , uSP = [0, 0]T . (2.66)

The prediction horizon and the sampling time are set to T = 10 s and ∆t = 5 ms, where
Ng = 2 gradient iterations per MPC step are used. The system and adjoint dynamics are
integrated numerically by means of the implemented Heun integration scheme with N = 30
discretization points. The model parameters are m = 1 kg, c = 1 kg/s2 and d = 0.2 kg/s.

The simulation results provided by GRAMPC are shown in Figure 2.20. The origin is stabilized
after approximately 6 s with almost no oscillation of the mass elements. The cost function
is asymptotically decreasing and all input constraints are satisfied. The results reveal that
already Ng = 2 gradient iterations per MPC step are sufficient to achieve a very good
control performance. Additionally, the average computation time for a single MPC step on
an Intel Core i5 CPU with 2.67 GHz and 4 GB memory running Windows 7 (64-bit) and
Matlab 2013a (64-bit) amounts to 98 µs. The contribution [93] discusses further numerical
and comparison results with alternative MPC tools to demonstrate the competitiveness of
GRAMPC.

2.6 Conclusions

A suboptimal model predictive control scheme based on a projected gradient method that is
well suited for controlling very fast or high-dimensional systems is addressed in this chapter.
The MPC scheme uses a fixed number of iterations to allow a real-time application but
consequently represents a suboptimal approach. However, the results of the previous MPC
step are used for a warm-start of the optimization algorithm resulting in the reduction of
the suboptimality over the MPC iterations.

Due to the algorithmic structure of the gradient-based MPC, it can be implemented efficiently
in terms of computation time and memory. This fact is emphasized by demonstrating a PLC
implementation of the approach. Programmable logic controllers contain in general limited
hardware resources and hence are typically used for simple control strategies such as PI
control. An algorithmic specification of the gradient-based MPC for controlling a nonlinear
laboratory crane is implemented on a standard PLC by means of the Simulink PLC Coder.
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Figure 2.20: Simulation results of the mass-spring-damper system with 5 elements.

The achieved results show an excellent control performance with computation times in the
micro- to millisecond range.

In addition, a strategy is discussed to implement the gradient-based MPC on an FPGA.
To this end, high-level synthesis tools are used to convert an algorithmic description of the
MPC into a digital hardware representation. The inherent parallel processing of an FPGA
is exploited by using a numerical integration scheme with fixed-point iteration allowing to
compute all integration steps in a parallel manner. The synthesis results for two examples
are then compared with two reference FPGAs which demonstrate that the model predictive
controller is also well suited for an FPGA implementation.

Finally, a brief overview of the free MPC software GRAMPC that implements the gradient-
based model predictive control scheme is given. After discussing the general structure and
interfaces of GRAMPC, the section concludes with some simulation results to demonstrate the
performance of the software tool.



Chapter 3

Nonlinear model predictive control with state
and input constraints

The gradient-based model predictive controller discussed in Chapter 2 can account for input
constraints. At this point, state constraints can only be considered as soft constraints in the
cost function of the OCP, i. e. the cost function includes an appropriate penalty term that
punishes the violation of state constraints in the sense of increasing the cost value signifi-
cantly. Following the classical optimal control theory, additional switching conditions would
be necessary to allow for the incorporation of state constraints [15, 135, 74]. However, this
approach requires a deep insight into the problem. This chapter circumvents this difficulty
by following a systematic or algebraic point of view. In order to preserve the good numerical
properties of the gradient algorithm, an MPC scheme based on a transformation technique
is discussed to take state and input constraints into account. The general idea was originally
developed in the context of feedforward control [60] and subsequently extended to optimal
control [65]. The approach results in a new problem formulation where the constraints are
inherently incorporated in the description of the dynamical system. Consequently, the new
problem can be solved numerically by means of unconstrained optimization techniques such
as the gradient method. In the following lines, this approach is applied to model predictive
control to provide an efficient handling of state and control input constraints. In this con-
text, stability properties of the MPC scheme are also investigated and similarities to classical
interior barrier methods are indicated. The MPC is then combined with the gradient algo-
rithm from Section 2.2 for a numerical solution of the unconstrained problem formulation in
a real-time manner. Numerical as well as experimental studies demonstrate the performance
of the approach where the results are also compared with different MPC solvers.

3.1 Problem formulation

The transformation-based MPC scheme presented in this chapter can be applied to control
a particular class of nonlinear multiple input systems with state and input constraints. In
the spirit of [65, 96], a dynamical system in input-affine form is considered in the remainder
of this chapter, i. e.

˙̄x(t) = F (x̄(t), ū(t)) := f(x̄(t)) +
m∑
i=1

gi(x̄(t)) ūi(t), x̄(0) = x̄0 (3.1)

47
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with time t ∈ R+
0 , the state vector x̄(t) = [x̄1(t), . . . , x̄n(t)]T ∈ Rn and the control vector

ū(t) = [ū1(t), . . . , ūm(t)]T ∈ Rm. The vector fields f , gi : Rn → Rn, i = 1, . . . ,m are assumed
to be twice continuously differentiable in the state x̄(t). The input-affine dynamical system
(3.1) is subject to the state and input constraints

ci(x̄) ∈ [c−i , c
+
i ], i = 1, . . . ,m (3.2a)

ūi ∈ [u−i , u
+
i ], i = 1, . . . ,m, (3.2b)

where ci(x̄) denotes a general nonlinear state constraint function. It is assumed, that ci(x̄) is
twice continuously differentiable in its argument. In practical applications, direct constraints
on the state x̄ and control ū are commonly considered. The nonlinear relations (3.2a)
therefore allow the incorporation of more complex state constraints. As it can be seen from
(3.2), the number of state and input constraints to be taken into account are restricted by
the control dimension m. The constraints (3.2) define the constrained sets X and U which
are given in the following way

X := {x ∈ Rn | ci(x) ∈ [c−i , c
+
i ], i = 1, . . . ,m} (3.3a)

U := {u ∈ Rm | ui ∈ [u−i , u
+
i ], i = 1, . . . ,m}. (3.3b)

It is assumed that the constraint functions ci(x̄) possess a well defined vector relative degree
{r1, . . . , rm}. In the sense of nonlinear geometric control [83, 65], the vector relative degree
is well defined at a point x̄ = x0 by means of the two conditions:

(i) For all 1 ¬ i, j ¬ m, k < ri − 1 and for all x̄ in a neighborhood of x0 the following
relation must be satisfied

LgjL
k
fci(x̄) = 0, (3.4)

where the expression Lfci(x̄) := ∂ci(x̄)
∂x̄

f(x̄) denotes the Lie derivative of ci(x̄) along
the vector function f .

(ii) The corresponding (m×m) matrix

C(x̄) =


Lg1

Lr1−1
f c1(x̄) . . . LgmL

r1−1
f c1(x̄)

... . . . ...
Lg1

Lrm−1
f cm(x̄) . . . LgmL

rm−1
f cm(x̄)

 (3.5)

is non-singular at the point x̄ = x0.

The problem formulation for the model predictive control scheme can now be stated. It
relies on the iterative solution of the optimal control problem

min
u(·)

J(u(·),xk) = V (x(T )) +
∫ T

0
L(x(τ),u(τ)) dτ (3.6a)

s.t. ẋ(τ) = F (x(τ),u(τ)) , x(0) = xk = x̄(tk) (3.6b)

x(τ) ∈ X , τ ∈ [0, T ] (3.6c)

u(τ) ∈ U , τ ∈ [0, T ] (3.6d)
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along the prediction horizon T > 0. According to Chapter 2, the bar notation x̄ and ū is
used at this point to distinguish between the MPC variables and the states and controls of
the real system (3.1). The functional (3.6a) consists of the positive definite terminal cost
V : Rn → R+

0 as well as the integral cost L : Rn×Rm → R+
0 . Both functions are additionally

assumed to be at least twice continuously differentiable in their arguments. The initial
condition x(0) = xk in (3.6b) describes the measured or observed state of the system (3.1)
at the current sampling instance tk := t0 + k∆t , k ∈ N0. The state and input constraints
are taken into by (3.6c) and (3.6d).

It is assumed that an optimal solution of the form (2.4) exists for OCP (3.6) in each sampling
instance tk. As described in Section 2.1, the first part of the optimal control trajectory (2.4a)
is used as input for the real system (3.1). Subsequently, OCP (3.6) is resolved in the next
sampling step tk+1 = tk + ∆t with the current state xk+1 = x̄(tk+1) as new initial condition.

The MPC formulation does not consider terminal constraints to reduce the numerical burden
for solving OCP (3.6) (cf. (2.3)). Nevertheless, the constraints (3.6c),(3.6d) result in a (state)
constrained problem formulation, which typically requires a greater numerical effort to be
solved than an unconstrained one. The next section discusses a systematic way to circumvent
this difficulty.

3.2 State and input constraint transformation

The approach discussed in this section is based on the constraint transformation technique
that was presented in the context of optimal control [65]. In this contribution, the approach
is applied and investigated in a model predictive control framework. The transformation
technique includes two separate transformation steps, as illustrated in Figure 3.1. The first
step transforms the real system dynamics into a normal form representation originating
from nonlinear control theory [83, 154]. Subsequently, the resulting input-output dynamics
is substituted into an unconstrained representation. These two transformation steps provide
an overall change of coordinates between the original state and control variables and newly
introduced counterparts. The state/input transformation can then be used for reformulating
OCP (3.6) into an unconstrained problem with new dynamics which can finally be solved
by unconstrained optimization techniques to reduce the computational complexity for the

Figure 3.1: Two steps of the constraint transformation technique.
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numerical solution. In view of an iterative solution of (3.6) by means of an MPC scheme, the
original measured states at each sampling instance have to be transformed accordingly into
the unconstrained state variables. Subsequently, the related unconstrained OCP is solved
and the computed control variables are transformed back into the original ones in order
to inject the control action to the dynamical system (cf. (2.5)). This procedure is shown
in Figure 3.2. As it can be seen in the figure, the MPC combines three components. The
underlying optimal control problem is implemented as unconstrained counterpart along with
the state/input transformations to compute new unconstrained variables.

Figure 3.2: Schematics of the MPC with constraint transformation.

3.2.1 Normal form transformation

According to Figure 3.1, the original system dynamics is transformed into a so-called normal
form representation. In this regard, the transformed dynamical system consists in general of
two parts – the input-output dynamics and the internal dynamics. Note that the transforma-
tion technique requires a well-defined vector relative degree which is assumed for the further
discussion. In view of nonlinear control theory [83, 154], the constraint functions ci(x) are
considered as linearizing outputs to derive a change of coordinates (diffeomorphism) [83, 65][

y

η

]
=
[
θy(x)
θη(x)

]
= θ(x) (3.7)

with the output y = [yT1 , . . . ,y
T
m]T and the functions θy(x) = [θT1 (x), . . . ,θTm(x)]T given in

the following way

yi =


yi,1
yi,2
...
yi,ri

 =


ci(x)
Lfci(x)

...
L

(ri−1)
f ci(x)

 =: θi(x), i = 1, . . . ,m. (3.8)
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The definition of (3.8) shows that each coordinate vector yi is related to a single state
constraint function ci(x) and its time derivatives up to order ri − 1. If r :=

∑m
i=1 ri < n,

then additional variables η = θη(x) ∈ Rn−r must be added to (3.7) for completing the
transformation. The corresponding inverse relation

x = θ−1(y,η) (3.9)

exits for a well-defined vector relative degree {r1, . . . , rm} and a suitable choice of the function
θη(x). The diffeomorphism (3.7) transforms the system (3.1) into the Byrnes-Isidori normal
form [83]

ẏi,1 = yi,2 , i = 1, . . . ,m
...

ẏi,ri = ai,0(y,η) +
m∑
j=1

ai,j(y,η)uj


 ẏ1,r1...
ẏm,rm

 = a0(y,η) +A(y,η)u
(3.10a)

η̇ = b(y,η,u) (3.10b)

with ai,0 = Lrif ci ◦ θ−1, ai,j = LgjL
ri−1
f ci ◦ θ−1, and the vector function b = [b1, . . . , bn−r]T,

bi = Lfθη,i ◦ θ−1 +
∑m
j=1(Lgjθη,i ◦ θ

−1)uj.1 The vector a0(y,η) = [a1,0(y,η), . . . , am,0(y,η)]T

comprises all elements of ai,0(y,η) and A = C ◦ θ−1 describes the (non-singular) coupling
matrix (3.5) in (y,η)-coordinates with the elements ai,j(y,η). The chains of integrators
(3.10a) represent the constraint dynamics, whereas (3.10b) describes the internal dynamics
w. r. t. the state constraints (cf. Figure 3.1).

Figure 3.3 illustrates the particular structure behind the normal form transformation. The
constraints (3.2) appear at the top and bottom of the integrator chains and consequently
correspond to pure state and input constraints of the form

yi,1 ∈ [c−i , c
+
i ], i = 1, . . . ,m (3.11a)

ui ∈ [u−i , u
+
i ], i = 1, . . . ,m. (3.11b)

The next transformation step will take advantage of this result. The well-defined vector
relative degree ensures that the normal form transformation (3.7) has the unique inverse
relation (3.9). To this end, the original dynamics (3.1) and the normal form counterpart
(3.10) are equivalent and hence describe the same system behavior. This is an important
outcome for the further discussion.

3.2.2 Incorporation of constraints

The first transformation step provides a new representation of the dynamical system (3.1)
with a particular form. This result is exploited by incorporating the constraints (3.11) into
the dynamics of the new unconstrained system. To this end, the state constraints (3.11a)

1The notation ’◦’ denotes the functional composition, e. g. g ◦ f = g(f).
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Figure 3.3: Block diagram of (3.10) as a result of the normal form transformation.

are first substituted by saturation functions in the following way

yi,1 = ψi(ξi,1) := c+
i −

c+
i − c−i

1 + exp
(

4 ξi,1
c+i −c

−
i

) ∈ (c−i , c
+
i ), i = 1, . . . ,m (3.12)

with new unconstrained states ξi,1 ∈ R, i = 1, . . . ,m. The saturation functions are strictly
monotonically increasing (i. e. ψ′i(ξi,1) := ∂ψi

∂ξi,1
> 0) and asymptotic in the sense that

ψi(ξi,1)→ c±i for ξi,1 → ±∞, see Figure 3.4. Moreover, the slope is normalized at the origin,
i. e. ψ′i(0) = 1.

After substituting all constrained states yi,1 by appropriate saturation functions, (3.12) is
differentiated along the chains of integrators (3.10a) while the resulting time derivatives of
the unconstrained variables are successively replaced by new states ξi,j, j = 2, . . . , ri, i. e.

ẏi,1 = yi,2 = 0︸︷︷︸
=γi,1(ξi,1)

+ ψ′i(ξi,1)ξ̇i,1 with ξ̇i,1 = ξi,2

ÿi,1 = yi,3 = ψ′′i (ξi,1)ξ2
i,2︸ ︷︷ ︸

=γi,2(ξi,1,ξi,2)

+ ψ′i(ξi,1)ξ̇i,2 with ξ̇i,2 = ξi,3 (3.13)
...

...
...

y
(ri−1)
i,1 = yi,ri = γi,ri−1(ξi,1, . . . , ξi,ri−1) + ψ′i(ξi,1)ξ̇i,ri−1 with ξ̇i,ri−1 = ξi,ri .

Higher derivatives of ψi(ξi,1) are included in the nonlinear functions γi,j. A consequence of
introducing saturation functions (3.12) for the state constraints (3.11a) is that the previous
coordinates yi = [yi,1, . . . , yi,ri ]

T of the normal form representation are substituted by new
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Figure 3.4: Asymptotic saturation function.

variables ξi = [ξi,1, . . . , ξi,ri ]
T, i. e.

yi =


yi,1
yi,2
...
yi,ri

 =


ψi(ξi,1)
ψ′i(ξi,1)ξi,2

...
γi,ri−1(ξi,1, . . . , ξi,ri−1) + ψ′i(ξi,1)ξi,ri

 =: hi(ξi). (3.14)

Note that (3.14) comprises the saturation functions (3.12) and the nonlinear relations (3.13).
Summarizing the substitutions (3.14) for all state constraints (3.11a) leads to the new change
of coordinates

y = hy(ξ) :=


h1(ξ1)

...
hm(ξm)

 (3.15)

with the unconstrained coordinate vector ξ = [ξT1 , . . . , ξ
T
m]T ∈ Rr. The corresponding dy-

namics is already partly given by (3.13). To complete the transformation, the last line in
(3.13) has to be differentiated one more time leading to

y
(ri)
i,1 = ẏi,ri = γi,ri(ξi) + ψ′i(ξi,1)ξ̇i,ri , i = 1, . . . ,m. (3.16)

Obviously, the differentiations in (3.13) and (3.16) generate new chains of integrators. How-
ever, there is no relation for the last derivatives ξ̇i,ri at this point. To this end, note that
(3.10a) and (3.16) describe equivalent expressions for ẏi,ri , which in vector notation read as

a0(y,η) +A(y,η)u =


γ1,r1(ξ1)

...
γm,rm(ξm)


︸ ︷︷ ︸

γr(ξ)

+


ψ′1(ξ1,1) 0

. . .
0 ψ′m(ξm,1)


︸ ︷︷ ︸

Ψ(ξ)


ξ̇1,r1

...
ξ̇m,rm


︸ ︷︷ ︸

ξ̇r

. (3.17)

The derivative vector ξ̇r can now be chosen as to satisfy the input constraints (3.11b). In
this way, additional saturation functions are introduced according to

φi(vi, φ±i ) = φ+
i −

φ+
i − φ−i

1 + exp
(

4 vi
φ+
i −φ

−
i

) ∈ (φ−i , φ
+
i ), i = 1, . . . ,m (3.18)
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featuring the same properties as (3.12). The function arguments vi ∈ R serve as new
unconstrained control inputs. The last time derivative ξ̇r is then replaced in the following
way 

ξ̇1,r1
...

ξ̇m,rm

 = D(ξ,η)


φ1(v1, φ

±
1 )

...
φm(vm, φ±m)

. (3.19)

The (m×m)-coupling matrix D(ξ,η) can be determined by the relation

D(ξ,η) :=


∏

k∈K1

ψ′k(ξk,1) 0
. . .

0
∏

k∈Km
ψ′k(ξk,1)

 Ā(ξ,η) (3.20)

with Ā = A ◦ hy (cf. (3.15)) and the sets Ki = {k ∈ {1, . . . ,m} | k 6= i}. The limits of
φi(vi, φ±i ) are calculated by using (3.17), (3.19) and (3.20), i. e.

φ±i (ξ,η) =
u±i + δi(ξ,η)∏m
k=1 ψ

′
k(ξk,1)

, i = 1, . . . ,m (3.21)

with the i-th element of the vector function

δ(ξ,η) := Ā
−1(ξ,η) (ā0(ξ,η)− γr(ξ)) (3.22)

and ā0 = a0 ◦ hy. In contrast to the constant limits of the saturation functions ψi(ξi,1) for
the state constraints (3.11a), the input saturation limits φ±i = φ±i (ξ,η) are state-dependent.
Also note that the strict monotonicity of the saturation functions ensures ψ′k(ξk,1) > 0 leading
to well-defined saturation limits (3.21).

Remark 3.1 The setup of the saturation functions φi(vi, φ±i ) according to (3.18)-(3.22) ex-
hibits some interesting properties concerning the interaction of state and input constraints.
These properties are addressed in more detail in Section 3.3 where stability properties of the
transformation-based MPC are discussed (see also [66, 65]).

3.2.3 Summary of transformations

The transformation into the normal form (3.10) and the subsequent introduction of satura-
tion functions (3.16), (3.19) provide an overall transformation from the original states x and
controls u into their unconstrained counterparts z = [ξT,ηT]T and v, i. e.

x = hx(z) := θ−1(hy(ξ),η) (3.23a)

u = hu(z,v) := Ā
−1(z)

[
γr(ξ)− ā0(z) + Ψ(ξ)D(z)φ

(
v,φ±(z)

)]
. (3.23b)

The functions hx : Rn → int (X ) and hu : Rn×Rm → int (U) follow from the transformations
(3.7), (3.15) and the relations (3.17), (3.19) as well as the input saturation function vector
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φ
(
v,φ±(z)

)
=
[
φ1

(
v1, φ

±
1 (z)

)
, . . . , φm(vm, φ±m(z))

]T
. Due to the monotonicity property and

the asymptotic behavior of ψi and φi, the transformations (3.23) are defined on the open
intervals of the constraints (3.2). Vice versa, the inverse relations of (3.23)

z = hz(x) = h−1
x (x) (3.24a)

v = hv(x,u) = h−1
u (h−1

x (x),u) (3.24b)

with hz : int (X ) → Rn and hv : int (X )× int (U) → Rm exist on the open sets int (X ) and
int (U).

The differentiation of the integrator chains (3.13) along with the definition (3.19) are used
to replace the normal form dynamics (3.10). In this regard, a new dynamical system in
(z,v)-variables follows to

ξ̇i,1 = ξi,2 , i = 1, . . . ,m
...

ξ̇i,ri =
m∑
j=1

di,j(ξ,η) φj
(
vj, φ

±
j (ξ,η)

)
η̇ = b̄(ξ,η,v)


ż = F̄ (z,v) . (3.25)

The functions di,j(z) are the entries of the coupling matrix D(z) = [di,j(z)] (cf. (3.20)) and
b̄ = b ◦ hy ◦ hu denotes the system function of the substituted internal dynamics (3.10b).
The block diagram in Figure 3.5 illustrates the structure of the new system (3.25). It can
be observed that on the one hand the chains of integrators remain but that on the other
hand the constraints at the top and the bottom of these integrator chains are replaced by
the introduced saturation functions. This aspect indicates the inherent incorporation of the
constraints into the new dynamics.

3.2.4 Unconstrained MPC formulation

As mentioned before, the constraint transformation results in the new unconstrained dynam-
ical system (3.25) that inherently satisfies the original constraints (3.2). The new dynamics
combined with the state/input transformation (3.23) are used to reformulate the original
constrained OCP (3.6) into an unconstrained problem of the form

min
v(·)

J̄ε(v(·), zk) = V̄ (z(T )) +
∫ T

0
L̄(z(τ),v(τ)) + ε ‖v(τ)− vEP‖2 dτ (3.26a)

s.t. ż(τ) = F̄ (z(τ),v(τ)) , z(0) = zk := hz(xk), τ ∈ [0, T ], (3.26b)

where the cost functions V̄ = V ◦hx and L̄ = L ◦hx ◦hu are derived from the original ones
in (3.6a). The relation ‖·‖ describes the Euclidean norm.

Compared to the original OCP (3.6), the integral cost in (3.26a) contains a regularization
term ε ‖v(τ)− vEP‖2 with parameter ε > 0. The additional variable vEP denotes an equi-
librium point satisfying F̄ (zEP,vEP) = 0. In general, the equilibrium point corresponds
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Figure 3.5: Block diagram of the unconstrained dynamics (3.25) after the introduction of
saturation functions.

to the desired setpoint of the dynamical system. Alternatively, zEP and vEP follow from
the state/input transformation (3.24) for corresponding equilibrium points (xEP,uEP) of the
original dynamical system (3.1), i. e. zEP = h(xEP) and vEP = hv(xEP,uEP). A deeper
look at the optimality conditions reveals that a constrained arc of (3.6) corresponds to a
singular arc of OCP (3.26). This effect is counteracted by adding the regularization term in
(3.26a). If the regularization term is transformed back into a formulation with the original
states and controls by means of (3.24), then it can be seen that this term describes a barrier
function. This property will be demonstrated in the subsequent stability discussion. The
barrier function has a low value if the constraints are satisfied but increases if the constraints
are approached. Due to this result, the transformation technique reveals some similarities to
interior barrier penalty approaches [109, 20, 119]. More details on this point can be found in
[65]. For an actual MPC implementation, ε will be set to a sufficiently small and constant
value (see Sections 3.3, 3.4 and 3.5).

The regularization term in the cost function (3.26a) modifies the unconstrained OCP (3.26)
compared to the original problem formulation (3.6). However, an intuitive expectation is
that the optimal solution of (3.26) converges to the original one for ε→ 0. It can be shown
[65] that under certain assumptions (the cost function of the constrained OCP is continuous
in u for the set S of all admissible inputs, the optimal solution lies in the closure of the open
set S0 for which the constraints (3.11) are strictly satisfied and the dynamics functions (3.10)
fulfill some linear growth and boundedness properties) the value of the cost function (3.26a)
converges to the optimal value J∗(xk) for a vanishing parameter ε. If it is additionally
assumed that the strong convexity conditions holds for the cost, also the original states
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x∗ε = hx(z∗ε) and controls u∗ε = hu(z∗ε,v
∗
ε) converge in a particular sense to the optimal

solutions x∗k and u∗k, respectively, for ε→ 0. A more detailed discussion with regard to the
convergence properties of (3.26) is given in [65].

In terms of a model predictive control scheme based on the constraint transformation as
shown in Figure 3.2, the following three steps have to be performed in each MPC instant:

(1) The current state x̄(tk) = xk is transformed into the unconstrained initial condition
zk by using (3.24a).

(2) Based on the transformed current state zk, the unconstrained OCP (3.26) is solved for
a fixed ε > 0. In this regard, the optimal trajectories are denoted by

v∗ε(τ ; zk), τ ∈ [0, T ] (3.27a)

z∗ε(τ ; zk), τ ∈ [0, T ] (3.27b)

with the related optimal cost value

J̄∗ε (zk) := J̄ε(v∗ε( · ; zk), zk) . (3.27c)

(3) The computed input trajectory v∗ε(τ ; zk) is transformed back into the original control
variable ū(t) via the relation (3.23b) on the time interval [0,∆t) to obtain the actual
control for the system (3.1), i. e.

ū(t) = ū(tk + τ) = hu(z∗ε(τ ; zk),v∗ε(τ ; zk)) , τ ∈ [0,∆t). (3.28)

Note that the derivation of the transformations (3.23), (3.24) and of the new system dynam-
ics (3.25) can be simplified by using computer algebra software such as Mathematica or
Maple. It represents an analytical preprocessing step prior to the actual online solution
of OCP (3.26) and hence can be combined with any unconstrained MPC solution strategy
for nonlinear systems. In the context of a model predictive controller, special care has to
be taken if the constrained states or controls violate the boundaries since the state/input
transformation (3.24) is only defined on the open sets int (X ) and int (U). This fact has to
be considered for state measuring or estimation. In this thesis, the gradient algorithm from
Section 2.2 is applied to solve the unconstrained problem numerically.

3.3 Discussion of stability properties

In the spirit of [96], this section discusses the stability properties of the new MPC formulation
(3.26) based on the constraint transformation technique. In this regard, the regularization
term in the cost function (3.26a) requires special consideration. The investigations also give
additional insight into the transformation approach itself.
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3.3.1 Inverse MPC formulation

The transformed MPC formulation (3.26) is used for a real implementation of the model
predictive control scheme. However, the discussion of stability properties is focused on
a corresponding formulation of (3.26) in terms of the original state and control variables
(x,u). In this regard, well-known stability results from the literature can be exploited.

According to Section 3.2.3, the state/input transformation (3.23), (3.24) provides a one-to-
one correspondence between the new unconstrained variables (z,v) and the original ones
(x,u) on the open sets int (X ) and int (U). This result of the transformation approach is
taken into account to derive an equivalent formulation for OCP (3.26) in the following way

min
u(·)

Jε(u(·),xk) = V (x(T )) +
∫ T

0
Lε(x(τ),u(τ)) dτ (3.29a)

s.t. ẋ(τ) = F (x(τ),u(τ)) , x(tk) = xk, τ ∈ [0, T ] (3.29b)

with the original dynamics (3.1), the original terminal cost V (x) and the integral cost func-
tion (cf. (3.26a) and (3.24b))

Lε(x,u) := L(x,u) + εp(x,u) , p(x,u) := ‖hv(x,u)− vEP‖2 . (3.30)

The function p(x,u) in the penalized integral cost (3.30) relates to the penalty term
‖v − vEP‖2 of the transformed OCP (3.26). The next lemma addresses this relation in more
detail.

Lemma 3.1 In view of the saturation functions (3.12), (3.18), the penalty term p(x,u) can
be given in the following form

p(x,u) =
∥∥∥pu(u)

m∏
i=1

pc,i(x)− vEP
∥∥∥2

(3.31a)

with pu(u) = [pu,1(u1) , . . . , pu,m(um)]T and the associated barrier functions

pu,i(ui) =
u+
i − u−i

4
ln
(
ui − u−i
u+
i − ui

)
, pc,i(x) =

(
c+
i − c−i

)2

4
(
c+
i − ci(x)

)(
ci(x)− c−i

) . (3.31b)

Proof. The inverse of the input saturation function (3.18) is given by

vi =
φ+
i − φ−i

4
ln
(
φi − φ−i
φ+
i − φi

)
, i = 1, . . . ,m. (3.32)

The further evaluation requires a closer look at the relations (3.17) and (3.19). According
to the definitions of Ψ(ξ) and D(z) in (3.17) and (3.20), the matrix product Ψ(ξ)D(z)
simplifies to Ψ(ξ)D(z) = Ā(z)

∏m
j=1 ψ

′
j(ξj,1). Solving the relation (3.17) for φ(v,φ±) thus

yields

φ(v,φ±) =
1∏m

j=1 ψ
′
j(ξj,1)

(
u+ Ā−1(z)(ā0(z)− γr(ξ))︸ ︷︷ ︸

δ(z)

)
. (3.33)



3.3 Discussion of stability properties 59

If the function δ(z) is used to replace the last terms in (3.33) (cf. definition (3.22)), then
the related components can be given in the following form

φi(vi, φ±i ) =
ui + δi(z)∏m
j=1 ψ

′
j(ξj,1)

, i = 1, . . . ,m. (3.34)

Inserting the last result along with the saturation limits (3.21) in (3.32) leads to

vi =
u+
i − u−i

4
∏m
j=1 ψ

′
j(ξj,1)

ln
(
ui − u−i
u+
i − ui

)
. (3.35)

The derivative of the saturation function ψj(ξj,1) in the denominator of (3.35) follows from
the definition (3.12) with a similar expression for ξj,1 as in (3.32) and is given by

1
ψ′j(ξj,1)

= cosh2

(
1
2

ln
(
cj(x)− c−j
c+
j − cj(x)

))
. (3.36)

The equivalence cosh(z) = 1
2 (ez + e−z) for the right-hand-side of (3.36) provides the final

outcome of the lemma

vi =
u+
i − u−i

4
ln
(
ui − u−i
u+
i − ui

)
m∏
j=1

(
c+
j − c−j

)2

4
(
c+
j − cj(x)

)(
cj(x)− c−j

) =: hv,i(x, ui) (3.37)

with hv(x,u) := [hv,1(x, u1), . . . , hv,m(x, um)]T. The last result (3.37) describes the trans-
formation (3.24b) for the unconstrained control vector v. The particular form of (3.31) can
be derived accordingly and hence proves the lemma.

The structure of the penalty term (3.31) reveals an interesting connection between the un-
constrained OCP formulations (3.26) and (3.29). The function p(x,u) can be interpreted
as a barrier function and thus provides some similarities to classical interior barrier penal-
ization in optimal control [109, 20, 119]. It can be observed that the value of the penalty
term p(x,u) increases significantly if the state or the input constraints are approached. As a
consequence, the penalty function has a large impact on the cost value. This effect must be
handled appropriately from an algorithmic point of view to ensure that the computed solu-
tion remains feasible. In contrast, OCP (3.26) features a significant advantage compared to
(3.29). The unconstrained variables (z,v) intrinsically satisfy the constraints and therefore
allow to solve (3.26) by means of unconstrained optimization methods that use numerical
integrations (e. g. the gradient method) without violating the constraints.

3.3.2 Stability analysis

The one-to-one correspondence of the variables (x,u) and (z,v) via the transformations
(3.23), (3.24) provides the justification for investigating the stability and convergence prop-
erties of the MPC scheme for the interiorly penalized OCP (3.29). In the next lines, some
necessary assumptions are discussed before the main stability result is presented.
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Assumption 3.1 The origin (x,u) = (0,0) is an equilibrium of the system (3.1), i. e.
F (0,0) = 0 with the corresponding equilibrium (zEP,vEP) = (hz(0) ,hv(0,0)) of the uncon-
strained counterpart (3.25). Additionally, the state constraint functions ci(x), i = 1, . . . ,m,
strictly satisfy c−i < ci(0) < c+

i , i = 1, . . . ,m.

The penalty function p(x,u) vanishes for(x,u) =(0,0) due to the assumption of an equilib-
rium point at the origin. The definiteness of the cost function is addressed in the subsequent
conditions.

Assumption 3.2 The cost functions V (x) and L(x,u) satisfy the quadratic bounds

mV ‖x‖2 ¬ V (x) ¬MV ‖x‖2 (3.38a)

mL(‖x‖2 + ‖u‖2) ¬ L(x,u) ¬ML(‖x‖2 + ‖u‖2) (3.38b)

for some constants mV ,MV > 0 and mL,ML > 0.

As mentioned before in the problem formulation 3.1, the model predictive control scheme
discussed in this chapter does not consider terminal constraints to speed up the numerical
computations in real-time implementations. There exist many contributions investigating
stability properties of this class of problem formulation [134, 87, 116, 63]. As it was already
discussed in Section 2.2.3, a typical approach to show stability for this MPC framework is
to assume that the terminal cost V (x) represents a control Lyapunov function.

Assumption 3.3 There exists a non-empty compact set Ωβ = {x ∈ Rn |V (x) ¬ β} ⊆ X
for some β > 0 and a twice continuously differentiable feedback law q(x) with q(0) = 0 such
that ∀x ∈ Ωβ

V̇ (x, q(x)) + L(x, q(x)) ¬ −σ ‖x‖2 , q(x) ∈ U (3.39)

with V̇ :=(∂V/∂x)F for some constant σ > 0.

Approaches to construct the terminal cost V (x) appropriately such that Assumption 3.3 is
satisfied can be found in [28, 29]. A closer look at OCP (3.29) reveals a major difference to
common approaches since the integral cost Lε(x,u) includes the penalty term p(x,u). This
aspect is not yet considered in the standard CLF assumption. However, it will be shown
that the CLF condition can be preserved if the penalty parameter ε is chosen sufficiently
small. First, Taylor’s theorem [7, 130] is required to derive the corresponding results.

Lemma 3.2 Assume that the function π : Rn → R is continuously differentiable. For
ζ, ζ0 ∈ Rn, the relation

π(ζ + ζ0) = π(ζ) +
∫ 1

0
∇π(ζ + sζ0)T ζ0 ds (3.40)

holds, where ∇π(ζ0) := ∂π/∂ζ|ζ=ζ0
denotes the partial derivative of π w. r. t. ζ.

Proof. See [7, 130].
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The next two lemmas address the conditions for a CLF property which are exploited to show
the stability properties of the MPC scheme.

Lemma 3.3 Suppose that Assumptions 3.1-3.3 hold. Then, there exist a constant εmax > 0
and a compact set Ωγ = {x ∈ Rn |V (x) ¬ γ} ⊆ X with 0 < γ < β such that

V̇ (x, q(x)) + Lε(x, q(x)) ¬ 0, q(x) ∈ U (3.41)

for all x ∈ Ωγ and ε ¬ εmax.

Proof. Under Assumption 3.1, the penalty function p(x,u) satisfies p(0,0) = 0. Moreover,
due to the continuity of q(x), there exists a constant s > 0 and a corresponding ball Bs =
{x ∈ Rn | ‖x‖ ¬ s} ⊂ Ωβ ⊆ X such that q(x) ∈ int (U) for all x ∈ Bs. Hence, the function
p̃(x) := p(x, q(x)) is bounded for all x ∈ Bs. In the next step, Lemma 3.2 with ζ = 0 and
ζ0 = x is applied twice on p̃(x), i. e.

p̃(x) = p̃(0) +
∫ 1

0
∇p̃(s1x)Tx ds1

= p̃(0) +
∫ 1

0

[
∇p̃(0) +

∫ s1

0
∇2p̃(s2x)x ds2

]T
x ds1.

(3.42)

Note that p̃(0) = 0 as well as ∇p̃(0) := ∂p̃(x)/∂x|x=0 = 0 hold due to the quadratic norm
function p̃(x) = ‖hv(x, q(x))− vEP‖2 with ‖hv(0,0)− vEP‖ = 0 under Assumption 3.1 (cf.
Lemma 3.1). In addition, the second derivative ∇2p̃(x) is bounded on Bs due to the twice
continuous differentiability of p̃(x). Hence, taking the upper norm estimate of the right hand
side in (3.42) shows that there exists a constant Mp̃ > 0 such that

p̃(x) ¬Mp̃ ‖x‖2 (3.43)

for all x ∈ Bs. This bound can be used in connection with the CLF inequality (3.39) and
the definition of Lε(x,u) in (3.30)

V̇ (x, q(x)) + Lε(x, q(x)) ¬ (−σ + εMp̃) ‖x‖2 (3.44)

which shows that (3.41) in the lemma is indeed satisfied for all ε ¬ εmax := σ/Mp̃. The
largest invariant set Ωγ = {x ∈ Rn |V (x) ¬ γ} inside Bs can be found by maximizing γ

subject to the condition Ωγ ⊆ Bs.

Lemma 3.3 shows that the original CLF property of the terminal cost V (x) in Assumption 3.3
still holds on a smaller set Ωγ ⊂ Ωβ and for an upper bound εmax > 0 of the regularization
parameter. However, Lemma 3.3 requires the existence of a “classical” CLF but does not
provide any conditions to construct such a function. One option for constructing V (x) such
that a penalized CLF inequality (3.41) can be derived is demonstrated in the following lines.
To this end, consider the quadratic terminal and integral cost functions

V (x) = xTPx , L(x,u) = xTQx+ uTRu, (3.45)



62 Nonlinear model predictive control with state and input constraints

whereQ ∈ Rn×n andR ∈ Rm×m are given positive definite weighting matrices and P ∈ Rn×n

is computed by solving a Riccati equation w. r. t. the linearization of system (3.1) about the
origin (x,u) =(0,0)

ẋ = Ax+Bu , A =
∂F

∂x

∣∣∣∣∣
(x,u)=(0,0)

, B =
∂F

∂u

∣∣∣∣∣
(x,u)=(0,0)

. (3.46)

The following lemma addresses this approach more explicitly.

Lemma 3.4 Suppose that Assumption 3.1 holds and consider the quadratic cost functions
(3.45) with the positive definite matrices Q, R. Assume that the pairs (A,B) and (A,Q1/2)
are controllable and observable, respectively, and let P be the positive definite solution of the
perturbed Riccati equation

ATP + PA− PBR−1BTP + δQ = 0 (3.47)

for some constant δ > 1. Then, there exist a constant εmax > 0 and a compact set Ωγ =
{x ∈ Rn |V (x) ¬ γ} ⊂ X with γ > 0 such that the linear feedback law q(x) = −R−1BTPx

satisfies q(x) ∈ int (U) and (3.41) for all x ∈ Ωγ and ε ¬ εmax.

Proof. Under the given assumptions, the Riccati equation (3.47) has a positive definite
solution P for any δ > 1. Considering the linear control law u = Kx with K = −R−1BTP

and due to the continuous differentiability of F (x,u), the nonlinear dynamics (3.1) can be
written in the form

ẋ = F (x,Kx) =(A+BK)x+ r(x) (3.48)

with the residual function r(x). The continuous differentiability of F ensures that for any
constant ρ > 0 there exists a γ > 0 such that

‖r(x)‖ ¬ ρ ‖x‖ (3.49)

for all x ∈ Ωγ = {x ∈ Rn |V (x) = xTPx ¬ γ}. Differentiating V (x) = xTPx along the
trajectory of the system (3.48) then yields

V̇ (x,Kx) = xTPF (x,Kx) + F T(x,Kx)Px

= xT
(
P (A+BK) + (A+BK)TP

)
x+ 2xTPr(x)

= −xT
(
PBR−1BTP + δQ

)
x+ 2xTPr(x) ,

(3.50)

where the Riccati equation (3.47) was used in the last line. Adding the quadratic integral
cost in (3.45) and the penalty term p̃(x) = p(x,Kx) to both sides of (3.50) leads to

V̇ (x,Kx) + Lε(x,Kx) = −(δ − 1)xTQx+ 2xTPr(x) + εp̃(x)

¬(−(δ − 1)λmin(Q) + 2λmax(P )ρ+ εMp̃) ‖x‖2 .
(3.51)

This shows that the CLF inequality (3.41) holds for δ > 1 by choosing a penalty parameter
that satisfies ε < εmax := ((δ − 1)λmin(Q)− 2λmax(P )ρ) /Mp̃ and ρ > 0.
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Similar to Lemma 3.3 (based on Assumption 3.3), the results of Lemma 3.4 also require a
sufficiently small penalty parameter ε. In view of the optimal solution of the transformed
OCP (3.26), a small penalty parameter provides a solution that is close to the optimal one.
Therefore, the stability properties can be increased by computing a nearly optimal solution
of the original OCP (3.6). Moreover, the penalty parameter has to be smaller than an upper
bound εmax > 0 for the original cost function L(x,u) to be sufficiently dominant compared
to the penalty term p(x,u) in (3.29a). The next assumption concerns the solvability domain
of OCP (3.29).

Assumption 3.4 For a given ε ¬ εmax, the set Γ ⊂ X of initial states xk, for which
OCP (3.29) has a bounded solution u∗ε(τ ;xk), x∗ε(τ ;xk), τ ∈ [0, T ] strictly satisfying the
constraints (3.2), is non-empty.

Assumption 3.4 guarantees the existence of a domain Γ of initial conditions xk for which
the transformations (3.23), (3.24) yield a (pointwise) one-to-one correspondence between
the optimal trajectories of (3.29) and a corresponding optimal solution v∗ε(τ ; zk), z∗ε(τ ; zk),
τ ∈ [0, T ] of (3.26). The overall stability considerations for the MPC scheme require to look
at the following sublevel set of the optimal cost J∗ε (xk) := Jε(u∗ε( · ;xk),xk) (cf. (2.23) and
the stability analysis from Section 2.2.3)

Γα = {x ∈ Γ | J∗ε (x) ¬ α} , α := γ
(

1 +
mL

MV

T
)

(3.52)

where α depends on the constants mL, MV of the quadratic cost bounds (3.38), the prediction
horizon length T and the size of the CLF region Ωγ. Furthermore, an additional lemma has
to be stated before the main stability theorem can be presented.

Lemma 3.5 It it supposed that Assumptions 3.1-3.4 hold and that the regularization pa-
rameter ε is sufficiently small (cf. Lemma 3.3 or alternatively Lemma 3.4 to circumvent
Assumption 3.3). Then, in view of the CLF region Ωγ and the sublevel set Γα (see (3.52)),
the following conditions hold:

(1) If the endpoint of the optimal trajectory does not enter the CLF region for any initial
condition xk ∈ Γ, i. e. x∗ε(T ;xk) /∈ Ωγ, then x∗ε(τ ;xk) /∈ Ωγ for all τ ∈ [0, T ).

(2) The endpoint of the optimal state trajectory satisfies x∗ε(T ;xk) ∈ Ωγ for any initial
condition xk ∈ Γα.

(3) Γα contains the CLF region Ωγ, i. e. Ωγ ⊆ Γα.

Proof. The proof follows the ideas of [107, 62] (cf. Lemma 2.1 in Section 2.2.3). However,
Lemma 3.3 with Assumption 3.3 or Lemma 3.4 must be used to ensure a CLF region Ωγ

where (3.41) holds. A detailed proof can be found in [96].

Theorem 3.1 It it supposed that Assumptions 3.1-3.4 hold and that the regularization pa-
rameter ε is sufficiently small (cf. Lemma 3.3 or alternatively Lemma 3.4 to circumvent
Assumption 3.3). Then, for all initial states xk ∈ Γα, the optimal cost of OCP (3.29)
decreases according to

J∗ε (xk+1) ¬ J∗ε (xk)−
∫ ∆t

0
Lε(x∗ε(τ ;xk),u∗ε(τ ;xk)) dτ (3.53)
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with xk+1 = x∗ε(∆t;xk). Moreover, the system (3.1) under the MPC law (3.28) is asymp-
totically stable in the sense that limt→∞ ‖x̄(t)‖ = 0.

Proof. The proof follows the ideas of [87, 62] (cf. Theorem 2.1 in Section 2.2.3) where
Lemma 3.5 is used to show the decrease in the cost function (3.53). A detailed proof of
the decreasing condition (3.53) and the asymptotic stability result limt→∞ ‖x̄(t)‖ = 0 can
be found in [96].

Similar to the discussion in Section 2.2.3, feasibility is implied by considering the augmented
input and state trajectories for the time interval [0, T ] of the following form

(xa(τ),ua(τ)) =

(x∗ε(τ + ∆t;xk),u∗ε(τ + ∆t;xk)) if τ ∈ [0, T −∆t)

(xq(τ − T + ∆t), q(xq(τ − T + ∆t))) if τ ∈ [T −∆t, T ].
(3.54)

The first part of (3.54) for τ ∈ [0, T − ∆t) and the initial state xk ∈ Γα relates to the
optimal solution of (3.29) while the second part for τ ∈ [T − ∆t, T ] denotes a solution of
the local feedback law u = q(x) (cf.. Assumption 3.3). The augmented trajectories (3.54)
ensure that either the CLF condition (3.39) or (3.41) holds and thus provide the decreasing
condition (3.53). Consequently, this result implies a solution of OCP (3.29) for the next
state xk+1 = x∗ε(∆t;xk) and therefore by induction feasibility in each new step of the MPC
iteration.

Theorem 3.1 shows that under reasonable conditions, a decrease in the cost function can be
achieved. This result is used to show stability in the sense that the state of the real system
x̄(t) converges to the origin. In this regard, a small penalty parameter ε must be used to
ensure stability of the MPC scheme. A benefit of this consequence is a solution that is close
to the optimal one from the original OCP (3.6).

Remark 3.2 Note that the convergence of the closed-loop trajectory x(t) to the origin implies
that the state variables z(t) of the transformed OCP (3.26) – that is actually solved in an
MPC implementation – converge to

lim
t→∞
‖z(t)‖ = ‖hz(0)‖ (3.55)

according to the inverse relation (3.24a) due to the constraint transformation.

As discussed in Section 2.2.3, there exist alternative approaches to achieve stability of the
closed-loop system. For instance, a sufficiently long prediction horizon T [86] or ideas of
relaxed dynamic programming [69, 147] might be used to guarantee stability for the model
predictive controller. The discussion of these approaches is omitted at this point since these
ideas were already dealt with in the former chapter.
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Figure 3.6: Schematics of the quadrocopter example [96].

3.4 Simulation results

This section provides some numerical results of the MPC scheme based on the constraint
transformation technique to demonstrate the performance and computational efficiency. A
nonlinear model of a quadrocopter is considered and the discussion mainly focuses on the
numerics and comparison results with state-of-the-art solvers. Figure 3.6 shows the configu-
ration of the quadrocopter. The translational position (center of mass of the quadrocopter)
(xc, yc, zc) is measured in the inertial system

(
0I , XI , Y I , ZI

)
. The orientation of the vehicle

is described by the yaw angle α, the pitch angle β and the roll angle γ of the body-fixed
coordinate system

(
0V , XV , Y V , ZV

)
. The control inputs of the quadrocopter are the total

thrust a of the four propellers and the angular velocities (ωX , ωY , ωZ), see Figure 3.6. The
nonlinear dynamical model of the quadrocopter is given by [75]

ẍc = (CγSβCα + SγSα) a, γ̇ = (CγωX + SγωY ) /Cβ

ÿc = (CγSβSα− SγCα) a, β̇ = −SγωX + CγωY (3.56)

z̈c = −g + CγCβa, α̇ = CγTβωX + SγTβωY + ωZ

with the trigonometric abbreviations Sθ := sin θ, Cθ := cos θ and Tθ := tg θ. The acceler-
ation due to gravity is denoted by g. In view of a dynamical system of the form (3.1), the
quadrocopter states x̄ and controls ū are chosen according to

x̄ = [xc, ẋc, yc, ẏc, zc, żc, γ, β, α]T, ū = [a, ωX , ωY , ωZ ]T.

In addition, the constraints (3.2) are imposed on the vertical velocity żc, and the roll, pitch,
and yaw angles

c1(x̄) = x̄6 = żc∈ [−1 m/s, 1 m/s] , c2(x̄) = x̄7 = γ∈ [−10◦, 10◦]

c3(x̄) = x̄8 = β ∈ [−10◦, 10◦] , c4(x̄) = x̄9 = α∈ [−5◦, 5◦]
(3.57a)

as well as the controls

ū1 = a ∈
[
0, 15 m/s2

]
, ū2 = ωX∈ [−50 ◦/s, 50 ◦/s]

ū3 = ωY ∈ [−50 ◦/s, 50 ◦/s] , ū4 = ωZ ∈ [−10 ◦/s, 10 ◦/s] .
(3.57b)
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The constrained optimal control problem (3.6) to be solved by means of the MPC scheme is
formulated with a quadratic cost functional, i. e.

V (x) = ‖∆x‖2
P (3.58a)

L(x,u) = ‖∆x‖2
Q + ‖∆u‖2

R (3.58b)

with ∆x = x − xSP, ∆u = u − uSP denoting the deviation from the stationary point
(xSP,uSP) and the weighted norm ‖q‖2

S := qTSq (cf. (2.29)). The weighting matrices
Q ∈ R(9×9) and R ∈ R(4×4) are chosen to be positive definite. The following lines now
demonstrate the application of the constraint transformation approach in order to derive an
unconstrained problem formulation.

Transformation of constraints

Following the approach from Section 3.2, the dynamical system (3.56) is first transformed
into the normal form (3.10). Differentiating the state constraint functions (3.57a) reveals that
the controls appear explicitly and hence the corresponding relative degree is {r1, r2, r3, r4} =
{1, 1, 1, 1}. In this regard, a suitable choice for the change of coordinates (3.7) is

[
y

z

]
= θ(x) with y =


y1,1

y2,1

y3,1

y4,1

=


x6

x7

x8

x9

, η =



x1

x2

x3

x4

x5

 (3.59)

with the states η ∈ R5 of the internal dynamics. The normal form representation can simply
be obtained by rearranging the original dynamics according to (cf. (3.10))

ẏ1,1

ẏ2,1

ẏ3,1

ẏ4,1

 =


−g
0
0
0


︸ ︷︷ ︸
a0(y,η)

+


Cy2,1Cy3,1 0 0 0

0 Cy2,1/Cy3,1 Sy2,1/Cy3,1 0
0 −Sy2,1 Cy2,1 0
0 Cy2,1Ty3,1 Sy2,1Ty3,1 1


︸ ︷︷ ︸

A(y,η)


u1

u2

u3

u4

 (3.60a)



η̇1

η̇2

η̇3

η̇4

η̇5

 =



η2

0
η4

0
y1,1

+



0
Cy2,1Sy3,1Cy4,1 + Sy2,1Sy4,1

0
Cy2,1Sy3,1Sy4,1 − Sy2,1Cy4,1

0

u1

︸ ︷︷ ︸
b(y,η,u)

. (3.60b)

Subsequently, saturation functions are introduced for the linearizing outputs yi,1 in order to
take the state constraints (3.57a) into account, i. e.

yi,1 = ψi(ξi,1) ∈ (c−i , c
+
i ) , i = 1, . . . , 4. (3.61)
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Due to the vector relative degree {r1, r2, r3, r4} = {1, 1, 1, 1}, the change of coordinates (3.15)
simplifies to

y = hy(ξ) =
[
ψ1(ξ1,1), ψ2(ξ2,1), ψ3(ξ3,1), ψ4(ξ4,1)

]T
(3.62)

with the new unconstrained variables ξ = [ξ1,1, . . . , ξ4,1]T. The related input constraints
(3.57b) are substituted by means of additional saturation functions φi(vi, φ±i ), i = 1, . . . , 4
and the coupling matrix D(ξ,η) according to (3.19)

D(ξ,η) =


ψ′2ψ

′
3ψ
′
4Cψ2Cψ3 0 0 0
0 ψ′1ψ

′
3ψ
′
4

Cψ2
Cψ3

ψ′1ψ
′
3ψ
′
4

Sψ2
Cψ3

0
0 −ψ′1ψ′2ψ′4Sψ2 ψ′1ψ

′
2ψ
′
4Cψ2 0

0 ψ′1ψ
′
2ψ
′
3Cψ2Tψ3 ψ′1ψ

′
2ψ
′
3Sψ2Tψ3 ψ′1ψ

′
2ψ
′
3

. (3.63)

The limits of the saturation functions φi(vi, φ±i ), i = 1, . . . , 4 follow from (3.21) to

φ±1 (ξ) =
u±1 − g/(Cψ2Cψ3)

ψ′1ψ
′
2ψ
′
3ψ
′
4

, φ±i (ξ) =
u±i

ψ′1ψ
′
2ψ
′
3ψ
′
4
, i = 2, 3, 4 . (3.64)

Note that for the quadrocopter example, the saturation limits (3.64) do not dependent on η
as in the general case (3.21).

The overall change of variables (3.23) between the original states and controls, (x,u), and
the new unconstrained ones, (z,v) with z = [ξT,ηT]T and v = [v1, . . . , v4]T, for the nonlinear
quadrocopter example is given in the following way

x = hx(z) = [η1, η2, η3, η4, η5, ψ1, ψ2, ψ3, ψ4]T (3.65a)

u = hu(z,v) =


1

Cψ2Cψ3
(g + φ1Cψ2Cψ3ψ

′
1ψ
′
2ψ
′
3ψ
′
4)

φ2ψ
′
1ψ
′
2ψ
′
3ψ
′
4

φ3ψ
′
1ψ
′
2ψ
′
3ψ
′
4

φ4ψ
′
1ψ
′
2ψ
′
3ψ
′
4

. (3.65b)

The new unconstrained system dynamics (3.25) then reads

ξ̇ = D(ξ,η)φ
(
v,φ±(ξ)

)
η̇ = b̄(ξ,η,v)

 ż = F̄ (z,v) (3.66)

with the coupling matrix (3.63), the vector of saturation functions φ = [φ1, . . . , φ4]T with
the limits φ±(ξ) = [φ±1 (ξ), . . . , φ±4 (ξ)]T as well as the substituted internal dynamics function
b̄ = b ◦ hy ◦ hu in (3.60b).

The related cost function for the unconstrained problem formulation can now easily be
formulated by applying the overall transformation (3.65) on (3.58). Thus, the terminal as
well as integral cost for the unconstrained MPC scheme (3.26) are given by

V̄ (z) = V (hx(z)) = ‖hx(z)− xSP‖2
P (3.67a)

L̄(z,v) = L(hx(z),hu(z,v)) = ‖hx(z)− xSP‖2
Q + ‖hu(z,v)− uSP‖2

R . (3.67b)
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According to the schematics in Figure 3.2, the unconstrained problem formulation containing
the cost function (3.67) and the new dynamics (3.66) along with the state/input transfor-
mation (3.65b) for computing the original controls as well as the inverse relation (3.65a) for
determining the initial condition is implemented within an MPC scheme. In addition, the
gradient method from Section 2.2 is applied for the numerical solution of the unconstrained
OCP in a real-time fashion.

Numerical results

The control task for the simulation is the stabilization of the origin. In this regard, the
setpoints follow to

xSP = [0, 0, 0, 0, 0, 0, 0, 0]T , uSP = [g, 0, 0, 0]T (3.68)

and the weighting matrices Q and R are chosen as

Q = diag (1, 1, 1, 1, 10, 1, 1, 1, 1) , R = diag (0.1, 1, 1, 1) . (3.69)

The terminal matrix P is computed by solving the perturbed Riccati equation (3.47) in
Lemma 3.4 with the parameter δ = 5 and the linearization of the quadrocopter dynam-
ics (3.56). Moreover, the sampling time ∆t, the prediction horizon T , and the regularization
parameter ε are set to ∆t = 1 ms, T = 0.3 s and ε = 10−3. The new unconstrained system
representation (3.66) as well as the optimality conditions with the terminal and integral
cost functions (3.67) are derived with the computer algebra software Mathematica and
are exported as optimizedMatlab-Cmex functions. The underlying numerical integrations
of the gradient method are performed with an Euler forward scheme and 22 discretization
points for the MPC horizon.

Figure 3.7 shows the simulation results for the MPC scheme with Ng = 2 gradient iterations
per MPC step. The trajectories are obtained for three different initial disturbances. The
first scenario (solid lines) corresponds to an initial deviation in direction of X by 1 m leading
to a saturation of the constraints for β and ωY . The second scenario (dashed lines) shows
a similar initial disturbance in direction of Y and Z by 1 m. In order to compensate this
disturbance, the trajectories approach several constraints. In particular, it can be seen that
the state constraints on vZ and γ are not as closely approached as in the first scenario. The
reason for this behavior is that the regularization term in (3.26a) becomes larger if several
constraints are approached at the same time. In addition, the third scenario (dash-dotted
lines) shows the closed-loop behavior of the quadrocopter for initial disturbances in the
angles (γ, β, α) which are rapidly compensated with a major control effort in ωZ . Overall,
the trajectories in Figure 3.7 demonstrate that the constraints (3.57) are satisfied and that
two gradient iterations per MPC step are already sufficient to achieve a very good control
performance with an exponentially decaying cost value.

In order to evaluate the performance of the transformation-based MPC scheme, the con-
trol scenario was simulated and compared with several state-of-the-art MPC solvers. In
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Figure 3.7: MPC simulation results for the quadrocopter with different disturbances.

this regard, the computation times for each MPC iteration are considered along with some
quantities with regard to the accuracy of the solution. The applied solvers with the selected
options and parameters are listed in Table 3.1. Throughout the discussion, a similar sampling
time ∆t = 1 ms and a prediction horizon T = 0.3 s are used. The ACADO toolkit [78, 80]
in combination with the code generation module [79] as well as the continuation/GMRES
method [131, 132] implemented within the Automatic Code Generation System (AutoGenU)
are used for solving the original nonlinear MPC formulation (3.6). As an alternative, the
quadrocopter dynamics (3.56) are linearized around the setpoints (3.68) resulting in a lin-
earized approximation in order to apply the fast MPC software package (FMPC) [175, 176]
as well as the MPC solver FORCES [42, 41]. All simulations were executed on an Intel Core
i5 CPU with 2.67 GHz and 4 GB memory running Windows 7 (64-bit) and Matlab 2013a
(64-bit).

Table 3.2 summarizes the comparison results for the first disturbance scenario (cf. solid line
in Figure 3.7). The average computation times per MPC step, the integrated cost value
Jsim =

∫ Tsim
0 J(u(t)) dt along the simulation time Tsim = 3 s and the optimization error

∆∗ = ‖x− x∗‖Ln2 [0,Tsim] + ‖u− u∗‖Lm2 [0,Tsim] with regard to the optimal solution are given.
Beside the consideration of the nominal trajectories, a noisy case is also taken into account
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Table 3.1: MPC solvers with related options and parameters for comparison.

MPC solver Options and parameters

Explicit Euler forward integrator, 25 integration
ACADO (nonlinear)

steps, 10 prediction intervals

20 discretization points, maximum number of 6
AutoGenU (nonlinear)

iterations per MPC step

3 Newton iterations per MPC step, 10 prediction
FMPC (linear)

intervals, barrier parameter set to 10−5

FORCES (linear) 10 prediction intervals

where the initial states are disturbed with zero mean, white Gaussian noise with variance
2 ·10−4. Note that the transformations (3.23) and (3.24) are only valid for the open intervals
of the constraints (3.2). As a consequence, the transformation to compute the new initial
state requires a value that strictly satisfies the constraints. However, the constraints might
be violated due to the acting noise. To circumvent this difficulty, the particular constrained
states are set to c±i ∓ εc with εc = 0.05 in the case when the state/input transformation
(3.65) is not valid resulting from violated state constraints.

It can be seen in Table 3.2 that two gradient iterations for a single MPC step require a
computation time of approximately 108 µs and 114 µs, respectively. For increasing numbers
of gradient iterations, the computation time increases linearly while at the same time the
cost value as well as the optimization error ∆∗ decrease. In all cases, the computation time
is well below the sampling time of ∆t = 1 ms. It can also be observed that the presented
approach is very competitive in view of the computation time per MPC step. In particular,
already two gradient iterations provide a good trade-off between the required computation
time and the related accuracy of the results. The results for the noisy case show that the
computation time does not increase significantly and the integrated cost value as well as the
error remain sufficiently accurate. For this case, AutoGenU and FORCES did not provide
valid results and hence were omitted. Note that the integrated cost value Jsim as well as
the optimization error ∆∗ for both linear MPC solvers are omitted since the quadrocopter
problem is nonlinear.

Simulation results for the noisy case of the MPC approaches along with the related optimal
solution are shown in Figure 3.8. It can be observed that the computed trajectories of the
transformation-based MPC, ACADO and FMPC show a very similar behavior. The origin
is approached within approximately 3 s and stabilized around an error bound of 0.05 m.
The state and input constraints are satisfied and the overall results compared to the optimal
solution without noise are very good. The cost function also decreases which is an additional
indicator for stability. The peak in the controls ωY and ωZ of the transformation-based
MPC at t ≈ 0.4 s results from the state β that approaches the upper bound at this time.
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Table 3.2: Numerical results for the quadrocopter example.

Average CPU Integrated cost
MPC solver

time [µs] value Jsim
Error ∆∗

Nominal case
Ng = 2 108 2.884 4.940 · 10−3

Gradient Ng = 4 197 2.874 3.167 · 10−3

algorithm Ng = 6 284 2.871 3.054 · 10−3

Ng = 8 372 2.870 3.009 · 10−3

ACADO 397 2.860 4.814 · 10−3

AutoGenU 426 4.038 2.315 · 10−1

FMPC 609 — —
FORCES 784 — —

Noisy case
Ng = 2 114 3.224 7.284 · 10−1

Gradient Ng = 4 203 3.030 6.274 · 10−1

algorithm Ng = 6 296 3.002 6.174 · 10−1

Ng = 8 362 3.003 6.139 · 10−1

ACADO 390 2.848 6.140 · 10−1

AutoGenU — — —
FMPC 614 — —

FORCES — — —

As mentioned before, the constrained function ci(x) is truncated appropriately to provide a
valid state/input transformation for violated constraints.

3.5 Experimental results

The MPC scheme based on the constraint transformation is finally implemented on a real-
time hardware (dSPACE system) for controlling a three-dimensional configuration of a labo-
ratory crane to validate the approach experimentally and thus to demonstrate the practical
applicability. A photograph and the general schematics of the laboratory crane are shown
in Figure 3.9. The experimental crane is an extension of the two-dimensional configuration
already presented in Section 2.3.3. Hence, the setup includes a trolley moving along a beam
(Y -direction) that is mounted on a frame with wheels allowing the entire construction to run
on rails (X-direction). The movable crane load (Z-direction) is connected with the trolley
via a rope while three electrical drives are used to move the entire crane construction. Due to
this configuration, the load can be placed in the three-dimensional space. Suitable encoders
are integrated in the laboratory crane to determine the position of the frame and the trolley,
the length of the rope as well as the related deflection of the load.
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Figure 3.8: Results of all MPC solvers for the first disturbance scenario with noise.

In order to improve the control performance, a cascaded control scheme with underlying
velocity controllers for the electrical drives are used as it was already done for the two-
dimensional configuration in Section 2.3.3. This strategy allows to reduce the dynamics of
the trolley and the rope into a simple chain of two integrators. As a result, the simplified
dynamical system for the model predictive controller follows to

ẍT = aX , ÿT = aY , l̈ = al

θ̈X = − 1
lCθY

(
gSθX + aXCθX + 2θ̇X

(
l̇CθY − lθ̇Y SθY

))
θ̈Y = −1

l

(
2l̇θ̇Y + SθY (gCθX − aXSθX)− aY CθY + lθ̇2

XSθY CθY
) (3.70)

with the position of the trolley (xT (t), yT (t)), the length of the rope l(t), and the deflection
angles θX(t) as well as θY (t) in the X- and Y -direction w. r. t. the vertical line. The derivation
of (3.70) is discussed in Appendix A.2. The differential equations (3.70) can be reformulated
into the state space representation (3.1) by defining the states and controls of the laboratory
crane in

x̄ =
[
xT , ẋT , yT , ẏT , l, l̇, θX , θ̇X , θY , θ̇Y

]T
, ū = [aX , aY , al]

T .
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(a) Photograph (b) Schematics

Figure 3.9: Experimental setup of the laboratory crane.

The state and input constraints to be considered are

c1(x̄) = x̄2 = ẋT ∈ [−0.3 m/s, 0.3 m/s]

c2(x̄) = x̄4 = ẏT ∈ [−0.3 m/s, 0.3 m/s]

c3(x̄) = x̄6 = l̇ ∈ [−0.3 m/s, 0.3 m/s]

(3.71a)

and

ū1 = aX∈
[
−1 m/s2, 1 m/s2

]
ū2 = aY ∈

[
−1 m/s2, 1 m/s2

]
ū3 = al ∈

[
−1 m/s2, 1 m/s2

]
.

(3.71b)

The terminal and integral cost V and L for the MPC formulation (3.6) are chosen to be
quadratic functions, i. e.

V (x) = ‖∆x‖2
P (3.72a)

L(x,u) = ‖∆x‖2
Q + ‖∆u‖2

R . (3.72b)

As already used in the previous sections, ∆x and ∆u denote the deviation from the desired
stationary point and Q,P ∈ R10×10 as well as R ∈ R3×3 are positive definite weightings (see
Section 3.4).

Transformation of constraints

The vector relative degree of the state constraints (3.71a) of the laboratory crane is
{r1, r2, r3} = {1, 1, 1} with the coupling matrix C(x̄) = I3 corresponding to the (non-
singular) identity matrix. The remaining transformation steps are similar as already
described in Section 3.4. To this end, the further discussion is omitted at this point.
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Experimental results

For the experimental validation, the laboratory crane is moved from the initial position

x0 = [0, 0, 0, 0, 0.3 m, 0, 0, 0, 0, 0]T (3.73)

to the desired stationary point

xSP = [0.6 m, 0,−0.6 m, 0, 0.8 m, 0, 0, 0, 0, 0]T , uSP = [0, 0, 0]T . (3.74)

This maneuver relates to moving and lifting the load by 0.6 m and 0.5 m, respectively. The
positive definite matrices Q and R for the quadratic formulation of the cost function L are
set to

Q = diag (10, 10, 10, 10, 10, 10, 1, 1, 1, 1) , R = I3. (3.75)

The parameter for the computation of the terminal matrix P via the perturbed Riccati
equation (3.47) is chosen to δ = 3.5. The sampling time and the prediction horizon are
∆t = 2 ms and T = 1 s, respectively. The regularization parameter in the reformulated cost
function (3.26a) is set to ε = 10−2. The gradient method in combination with an Euler for-
ward integrator with 40 discretization points is applied for solving the related unconstrained
OCP (3.26). The cascaded control scheme containing the velocity controllers for the electri-
cal drives and the transformation-based MPC as well as state estimation components (e. g.
an extended Kalman filter to determine the states) are implemented on a dSPACE DS1103
system with a PowerPC 750 GX CPU with 1 GHz and 96 MB memory. Experimental results
for Ng = 2 gradient iterations are illustrated in Figure 3.10. The trajectories demonstrate
that the state and input constraints (3.71) are satisfied and that two gradient iterations
per MPC step are already sufficient to achieve a good control performance. The compu-
tation time for each MPC step is also given in Figure 3.10 with an average and maximum
value of tCPU,avg = 996 µs and tCPU,max = 1040 µs, respectively. It can also be seen that the
computational load of the implemented model predictive controller on the dSPACE system
is rather constant which is an important feature for real-time applications. The included
simulation results in Figure 3.10 also reveal a good correspondence of the crane model to
the real experimental system. The error in the velocities mainly occurs due to the use of
the velocity controllers which are implemented in form of simple proportional elements with
high gains. The oscillations of the velocity l̇ within the time interval [1.5 s, 3.0 s] are mainly
caused due to the (constructional) difficulties with measuring the angle to the vertical line
when the length of the rope increases. In this case, the measurement error (or more precisely
the estimation error) becomes more significant which leads to more action of the velocity
controller and results in small oscillations.

3.6 Conclusions

This chapter discusses a model predictive control scheme for nonlinear systems based on a
transformation approach to account for a class of state and input constraints. The trans-
formation technique allows to incorporate the constraints into a new representation of the
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Figure 3.10: Experimental results for the MPC controlled laboratory crane.

original dynamical system with new and fully unconstrained state and control variables. A
corresponding transformed MPC problem is formulated based on the transformation results
along with the new system dynamics described by the unconstrained states and controls.

The transformation strategy corresponds to an analytical preprocessing step prior to the
numerical solution that can be performed by means of computer algebra software. The
outcome of this approach is that unconstrained optimization methods can be applied for
solving the transformed problem formulation numerically. For instance, the gradient method
in Section 2.2 is easy to implement as well as efficient in terms of memory consumption
and computation times. A stability analysis of the considered MPC framework is provided
revealing a correspondence to interior penalty methods. Numerical and experimental results
for nonlinear dynamical systems demonstrate the applicability of the MPC scheme. The
computation times of the MPC implementations in the range of 100 µs to 1000 µs show that
the discussed approach is well suited for controlling nonlinear constrained systems with very
short sampling intervals. This fact is also confirmed in comparison with other MPC solvers.
The corresponding results reveal the competitiveness of the approach in view of control
performance.





Chapter 4

Nonlinear model predictive control with
state-dependent input constraints

The transformation approach discussed in Chapter 3 allows to reformulate a state and input
constrained optimal control problem into a fully unconstrained counterpart. This technique
can also be utilized to derive a state-dependent input constrained optimization problem,
as it will be demonstrated in the first part of the chapter. The outcome is a problem
formulation with reduced complexity compared to the state and input constrained OCP
due to the fact, that no additional input saturation functions are required to account for
the control constraints. However, the entire discussion in this chapter is focused on state-
dependent input constrained optimal control problems and does not require the application
of the transformation technique. In view of the numerical solution of the MPC problem,
a modified version of the projected gradient method from Chapter 2 is used to solve the
underlying OCP in a real-time fashion. Convergence and stability properties of the MPC
framework are also discussed and simulation as well as experimental results are presented to
demonstrate the applicability and performance of the MPC scheme.

4.1 Problem formulation

Similar to Chapter 3, a nonlinear dynamical system in input-affine representation forms the
basis for the following considerations, i. e.

˙̄x(t) = F (x̄(t), ū(t)) := f(x̄(t)) +
m∑
i=1

gi(x̄(t)) ūi(t), x̄(0) = x̄0, (4.1)

where t ∈ R+
0 denotes the time and the vectors x̄(t) = [x̄1(t), . . . , x̄n(t)]T ∈ Rn and ū(t) =

[x̄1(t), . . . , ūm(t)]T ∈ Rm comprise the states and controls of the system, respectively. The
vector fields f , gi : Rn → Rn, i = 1, . . . ,m are twice continuously differentiable functions in
the state x̄(t).

The model predictive controller is supposed to take the following state-dependent input
constraints into account

ūi(t) ∈
[
u−i (x̄(t)) , u+

i (x̄(t))
]
, i = 1, . . . ,m, (4.2a)

77
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where the constraints can also be given in the alternative notation

li(x̄, ūi) := u−i (x̄)− ūi ¬ 0, i = 1, . . . ,m

qi(x̄, ūi) := ūi − u+
i (x̄) ¬ 0, i = 1, . . . ,m

(4.2b)

or in the more compact vector form

l(x̄, ū) = [l1(x̄, ū1) , . . . , lm(x̄, ūm)]T ¬ 0

q(x̄, ū) = [q1(x̄, ū1) , . . ., qm(x̄, ūm)]T ¬ 0.
(4.2c)

It is assumed, that the functions l and q are twice continuously differentiable in their argu-
ments. An example for this class of constraints is given by the space-shuttle re-entry problem
under consideration of heating constraints [135].

A corresponding optimal control problem for an MPC scheme with prediction horizon T > 0
is given by

min
u(·)

J(u(·),xk) = V (x(T )) +
∫ T

0
L(x(τ),u(τ)) dτ (4.3a)

s.t. ẋ(τ) = F (x(τ),u(τ)) , x(0) = xk = x̄(tk) (4.3b)

l(x(τ),u(τ)) ¬ 0, τ ∈ [0, T ] (4.3c)

q(x(τ),u(τ)) ¬ 0, τ ∈ [0, T ]. (4.3d)

The bar notation x̄ and ū for the states and controls denotes the variables of the real
dynamical system (4.1) in accordance with the notation in Chapter 2 and 3. Likewise, the
cost function (4.3a) contains a terminal cost V : Rn → R+

0 and an integral cost L : Rn×Rm →
R+

0 , where both functions are twice continuously differentiable. The current state of the
system at the sampling instance tk := t0 + k∆t , k ∈ N0 is again given by x(0) = xk. In the
next section, it is demonstrated how the class of optimal control problems with state and
input constraints (3.6a) can be reformulated into the problem formulation (4.3) with state-
dependent input constraints. To this end, steps of the constraint transformation approach
from Chapter 3 have to be applied.

4.2 Application of partial constraint transformation

The constraint transformation technique from Chapter 3 allows to reformulate a state and
input constrained OCP into an unconstrained counterpart. Some minor modifications of this
approach can also be used to derive an OCP of the form (4.3) in order to further reduce
the computational burden. For a self-contained discussion, the state and input constrained
problem formulation is briefly restated at this point which is given in the following way

min
u(·)

J(u(·),xk) = V (x(T )) +
∫ T

0
L(x(τ),u(τ)) dτ (4.4a)

s.t. ẋ(τ) = F (x(τ),u(τ)) , x(0) = xk = x̄(tk) (4.4b)

x(τ) ∈ X , τ ∈ [0, T ] (4.4c)

u(τ) ∈ U , τ ∈ [0, T ]. (4.4d)
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The constrained sets X and U in (4.4c) and (4.4d) are given by (cf. (3.3))

X := {x ∈ Rn | ci(x) ∈ [c−i , c
+
i ], i = 1, . . . ,m} (4.5a)

U := {u ∈ Rm | ui ∈ [u−i , u
+
i ], i = 1, . . . ,m}, (4.5b)

where the state constraint functions ci(x) possess a well defined vector relative degree
{r1, . . . , rm}. It will now be shown that the introduction of additional saturation func-
tions (3.18) for the input constraints can be omitted which leads to simpler transformation
steps. The resulting state-dependent input constraints (4.4c) and (4.4d) are subsequently
considered by means of a modified projected gradient method.

According to Section 3.2.1, the state constraint functions ci(x), i = 1, . . . ,m, are used as
linearizing outputs to reformulate the dynamical system (4.4b) into a normal form represen-
tation. In this regard, a change of coordinates (diffeomorphism) (3.7) is derived along with
new system dynamics (3.10). As a result, the state constraint functions ci(x) are converted
into the pure output constraints (3.11a) while the input constraints (4.4d) still have to be
taken into account. This step is exactly the same as already described in Section 3.2.1 and
therefore it is not further discussed here.

The normal form representation provides a particular advantage compared to the original
dynamics (4.4b) and constraints (4.4d), (4.4c). Namely, the constraints appear at the top
and bottom of an integrator chain (cf. 3.3). Based on this result, only a part of the second
transformation step from Section 3.2.2 is applied in the subsequent discussion. It will be
shown, that the complexity of the resulting dynamics can be reduced in this way.

The first part of the transformation step is only briefly discussed in the following lines since
the details can be found in Section 3.2.2. Saturation functions (3.12) are introduced to
replace the output constraints (3.11a). These substitutions are then differentiated along
the integrator chains (3.13). The final derivative of the last equation is then given by
(3.16) for the single components or follows to (3.17) for the vector notation, respectively.
To this point, the procedure corresponds to the steps in Section 3.2.2. However, instead
of introducing additional saturation functions (3.18) to account for the input constraints,
the last derivative (3.19) is just replaced by a new input variable v with a left side matrix
multiplication, i. e. 

ξ̇1,r1
...

ξ̇m,rm

 = D(ξ,η)


v1
...
vm

 = D(ξ,η)v, (4.6)

where the matrix D(ξ,η) is defined by (3.20). Relation (4.6) can be inserted in (3.17) to
derive a substitution between the original and new input variables

ui = vi
m∏
k=1

ψ′k(ξk,1)− δi(ξ,η), i = 1, . . . ,m (4.7)

while the transformation (3.24a) with regard to the states x and (ξ,η) remains the same.
The functions δi(ξ,η) follow according to (3.22). Since the control variable u is constrained
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via (4.4d), corresponding boundaries for the new input v can be computed by considering
(4.7) in the following way

v±i (ξ,η) :=
u±i + δi(ξ,η)∏m
k=1 ψ

′
k(ξk,1)

, i = 1, . . . ,m, (4.8)

which reveal the state dependency of the input constraints vi ∈
[
v−i (ξ,η) , v+

i (ξ,η)
]
. This

is an interesting result since it illustrates a connection to the full transformation technique
from Section 3.2 where the saturation limits φ±i (ξ,η) of the input saturation functions φi are
also state dependent. The important difference at this point is that the constraints are not
inherently included into the new dynamics and hence must be taken into account from an
algorithmic perspective. This outcome will be handled by a modified version of the gradient
projection method. Note that the state/input transformation (4.7) and consequently the
input boundaries (4.8) are well defined due to the strict monotonicity of the state saturation
functions ψk(ξk,1).

The overall state/input transformation between the original state and control variables x
and u and the counterparts v and z = [ξT,ηT]T follows to (cf. (3.23) and (3.23))

x = hx(z)

u = hu(z,v)

 ⇔
 z = hz(x)

v = hv(x,u) ,
(4.9)

where the functions hx : Rn → int(X ) and hz : int(X ) → Rn are given by (3.23a) and
(3.24a), respectively. The transformations hu : Rn × Rm → U and hv : int(X ) × U → Rm

with regard to the input variables, however, are described by means of (4.7).

The new dynamics in terms of the new states and controls z and v simplifies to

ξ̇i,1 = ξi,2 , i = 1, . . . ,m
...

ξ̇i,ri =
m∑
j=1

di,j(ξ,η) vj

η̇ = b̄(ξ,η,v)


ż = F̄ (z,v) . (4.10)

Compared to the dynamical system (3.25) as a result of the transformation approach from
Section 3.2, (4.10) replaces the saturation functions φj by the constrained inputs vj while
the function b̄(ξ,η,v) describing the internal dynamics is modified accordingly.

In view of the state/input transformation (4.9) along with the corresponding dynamical
system (4.10), the original optimal control problem (4.4) is given in the following form

min
v(·)

J̄ε(v(·), zk) = V̄ (z(T )) +
∫ T

0
L̄(z(τ),v(τ)) + ε ‖v(τ)− vEP‖2 dτ (4.11a)

s.t. ż(τ) = F̄ (z(τ),v(τ)) , z(0) = zk = hz(xk) (4.11b)

v(τ) ∈
[
v−(z(τ)) ,v+(z(τ))

]
, τ ∈ [0, T ]. (4.11c)

Similar to the unconstrained OCP (3.26), the new problem formulation (4.11) includes a
regularization term with parameter ε > 0 where vEP denotes a suitable equilibrium point
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satisfying F̄ (zEP,vEP) = 0. Comparing this result with the initial formulation (4.3), it
can be confirmed that the transformation procedure discussed in this section is well suited
to derive an OCP with state-dependent input constraints from the class of optimal control
problems (4.4).

4.3 Solution of state-dependent input constrained
optimal control problems

This section illustrates the necessary modifications of the first-order optimality conditions
arising from the state-dependent input constraints (4.3). In view of the numerical solu-
tion, the gradient algorithm must consequently be adapted to account for these modified
conditions.

4.3.1 Optimality conditions

The first-order optimality conditions for the optimal control problem (4.3) rely on the defi-
nition of the Hamiltonian

H(x,u,λ) = L(x,u) + λTF (x,u) (4.12a)

along with the augmented Hamiltonian

H̄(x,u,λ,µ,ν) = H(x,u,λ) + µTl(x,u) + νTq(x,u) . (4.12b)

The costates or adjoint states are λ ∈ Rn (cf. Section 1.2.2) while the Lagrange multi-
pliers µ,ν ∈ Rm incorporate the state-dependent input constraints (4.2). The optimal
solution (x∗k(τ),u∗k(τ)), τ ∈ [0, T ] then implies the existence of adjoint states λ∗k(τ) =
[λ∗1(τ), . . . , λ∗n(τ)]T as well as Lagrange multipliers µ∗k(τ) = [µ∗1(τ), . . . , µ∗m(τ)]T and ν∗k(τ) =
[ν∗1(τ), . . . , ν∗m(τ)]T, τ ∈ [0, T ] which satisfy the conditions [23, 133]

ẋ∗k = F (x∗k,u
∗
k) , x∗k(0) = xk (4.13a)

λ̇
∗
k = −H̄x(x∗k,u

∗
k,λ

∗
k,µ

∗
k,ν

∗
k) , λ∗k(T ) = V x(x∗k(T )) (4.13b)

H(x∗k,u
∗
k,λ

∗
k) ¬ H(x∗k,u,λ

∗
k), τ ∈ [0, T ] (4.13c)

0 = H̄u(x∗k,u
∗
k,λ

∗
k,µ

∗
k,ν

∗
k) , τ ∈ [0, T ] (4.13d)

0 = l∗iµ
∗
i , µ

∗
i  0, i = 1, . . . ,m, τ ∈ [0, T ] (4.13e)

0 = q∗i ν
∗
i , ν

∗
i  0, i = 1, . . . ,m, τ ∈ [0, T ] (4.13f)

with the constraints l∗k := li(x∗k, u
∗
i ) and q∗k := qi(x∗k, u

∗
i ) of the optimal solution. The

complementary conditions (4.13e) and (4.13f) involving the Lagrange multipliers µ∗k and ν∗k
are specified in more detail for all i = 1, . . . ,m byµ

∗
i > 0 if l∗i = 0

µ∗i = 0 if l∗i < 0
and

 ν
∗
i > 0 if q∗i = 0

ν∗i = 0 if q∗i < 0.
(4.14)
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In view of the state-dependent input constraints (4.2b), the gradient of the augmented
Hamiltonian w. r. t. the controls u (4.13d) follows to

H̄u(x,u,λ,µ,ν) = Lu(x,u) + F Tu(x,u)λ− µ+ ν = 0 (4.15a)

or for each single component i = 1, . . . ,m

∂

∂ui
H̄(x,u,λ,µ,ν) =

∂

∂ui
L(x,u) +

n∑
j=1

∂

∂ui
Fj(x,u)λj − µi + νi = 0, (4.15b)

where Fj(x,u) are the elements of the system function F (x,u) = [F1(x,u) , . . . , Fn(x,u)]T.
Due to the consideration of block constraints (4.2a), either the constraint function li(x, ui)
or qi(x, ui) is active at the same time. Consequently, the Lagrange multipliers µi and νi can
never differ from zero at the same time while µi(τ) = νi(τ) = 0 holds in the unconstrained
case. To this end, the stationary condition (4.15) can be used to determine the Lagrange
multipliers for the corresponding active constraints.

4.3.2 Multiplier-based gradient algorithm

The optimal control problem within the MPC scheme (4.3) is solved numerically by means
of the gradient projection method from Section 2.2. However, the state-dependent input
constraints (4.2) require some modifications of the algorithm to account for the additional
conditions (4.13e) and (4.13f). In this regard, the algorithm performs the following lines in
each MPC iteration to obtain a numerical solution of the optimal control problem (4.3):

I) Initialization:

I.1 Choose initial input trajectory u(0)
k (τ) for all τ ∈ [0, T ].

II) Gradient iterations for j = 0, . . . , Ng − 1:

II.1 Integrate (4.13a) in forward time to obtain x(j)
k (τ), τ ∈ [0, T ].

II.2 Integrate (4.13b) in backward time to obtain λ(j)
k (τ), τ ∈ [0, T ]. In this regard,

compute the Lagrange multipliers µ(j)
k and ν(j)

k for the integration by means of the
stationarity condition (4.13d) for all τ ∈ [0, T ] and i = 1, . . . ,m

µ
(j)
i =


0 if l(j)i < 0

+
∂

∂ui
L
(
x

(j)
k ,u

(j)
k

)
+

n∑
s=1

∂

∂ui
Fs
(
x

(j)
k ,u

(j)
k

)
λ(j)
s if l(j)i = 0

(4.16a)

ν
(j)
i =


0 if q(j)

i < 0

− ∂

∂ui
L
(
x

(j)
k ,u

(j)
k

)
−

n∑
s=1

∂

∂ui
Fs
(
x

(j)
k ,u

(j)
k

)
λ(j)
s if q(j)

i = 0
(4.16b)

with l
(j)
i := li

(
x

(j)
k , u

(j)
i

)
and q

(j)
i := qi

(
x

(j)
k , u

(j)
i

)
.
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II.3 Solve the line search problem

α(j) = arg min
α>0

J
(
σ
(
u

(j)
k − αg

(j)
k

)
,xk

)
(4.17)

with g(j)
k = Hu

(
x

(j)
k ,u

(j)
k ,λ

(j)
k

)
and the modified projection function

σi(ui) =


u−i (x) if ui < u−i (x)

ui if ui ∈
[
u−i (x) , u+

i (x)
]

u+
i (x) if ui > u+

i (x) .

(4.18)

II.4 Update the controls by using the steepest descent approach

u
(j+1)
k = σ

(
u

(j)
k − α(j)g

(j)
k

)
. (4.19)

The forward integration in time of the system dynamics (4.13a) (step II.1 of the algorithm in
Section 2.2.1) remains unchanged. However, the adjoint dynamics (4.13b) are based on the
gradient of the augmented Hamiltonian (4.12b) that includes the constraint functions (4.2c)
along with the corresponding multipliers µk and νk. Hence, the Jacobians lx(xk,uk) and
qx(xk,uk) as well as the multipliers must be incorporated into the backward integration (step
II.2) within the gradient algorithm. In addition, the multipliers µk and νk are substituted
by (4.16) in each single step of the numerical integration which follows directly from (4.15)
in the case of active constraints. The line search problem (step II.3) as well as the control
update (step II.4) correspond to the classical gradient method.

The algorithm is illustrated in Figure 4.1. Exactly similar steps with regard to the original
gradient algorithm from Section 2.2 (forward integration in time of the system dynamics
(4.13a) and computation of the terminal condition λ(j)

k (T ) for the costates) are blurred to
focus on the extended and modified steps. The functions Θµ and Θν within the backward
integration of the adjoint dynamics correspond to the update rule (4.16). Note that the
projection function (4.18) incorporates the current state-dependent boundaries (4.2a).

Remark 4.1 The gradient ḡ(j)
k = H̄u

(
x

(j)
k ,u

(j)
k ,λ

(j)
k ,µ

(j)
k ,ν

(j)
k

)
of the augmented Hamil-

tonian w. r. t. the controls u can alternatively be applied as descent direction for the line
search approach and the control update. However, experience has shown that the gradient
g

(j)
k = Hu(x(j)

k ,u
(j)
k ,λ

(j)
k ) provides better convergence results.

4.4 Convergence and stability analysis

This section demonstrates that the multiplier-based gradient algorithm satisfies a descent
condition and thus can be used for solving the underlying OCP (4.3) in the MPC framework
numerically. In addition, stability properties of the model predictive controller are presented
by adapting the results of Section 2.2.3 or 3.3.2.
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Figure 4.1: Steps of the multiplier-based gradient algorithm.

4.4.1 Convergence of the multiplier-based gradient algorithm

The multiplier-based gradient method represents a numerical procedure to find the optimal
solution of OCP (4.3) in an iterative way. The discussion at this point is independent on
the MPC scheme and is only focused on the numerical solution of a single optimal control
problem. Consequently, the current state xk of the problem formulation is fixed and is not
considered as an argument of the cost function (4.3a). Thus, the argument xk in J as well
as the subindex k are omitted in the following notations, where it is convenient.

For a sufficiently accurate approximation of the optimal solution, the sequence of control
updates (4.19) is supposed to reduce the cost (4.3a) in each iteration, i. e.

J
(
u(j+1)

)
¬ J

(
u(j)

)
(4.20)

while at the same time the system dynamics (4.3b) and the constraints (4.3c), (4.3d) are
fulfilled. Before it can be shown that the multiplier-based gradient algorithm generates
control variables satisfying the decreasing condition (4.20), the following two definitions are
required.

Definition 4.1 (Admissible input set, inner product) Consider the state vector x(τ) :=
x(τ ;u,xk) following from the system dynamics (4.3b) for a given control u(τ), τ ∈ [0, T ]
and initial state xk. Then, the admissible input space U(xk) as a subset of the Hilbert space
Lm2 [0, T ] is defined by

U(xk) :=
{
u(·) ∈ Lm2 [0, T ] |u(τ) ∈

[
u−(x(τ)),u+(x(τ))

]
, τ ∈ [0, T ]

}
. (4.21)

In addition, the inner product for two functions v(τ),w(τ) ∈ Lm2 [0, T ], τ ∈ [0, T ] is given
according to

〈v,w〉 :=
∫ T

0
vT(τ)w(τ) dτ. (4.22)
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Definition 4.2 (Gâteaux derivative) Consider the admissible functions u,v ∈ U(xk) and
let the cost function J : U→ R+

0 be appropriately defined. Then, the Gâteaux derivative or
the first variation of J at u in the direction of v is defined as [7]

δJ(u;v) := lim
η→0

J(u+ ηv)− J(u)
η

=
∂

∂η
J(u+ ηv)

∣∣∣∣
η=0

. (4.23)

In addition, the next two assumptions regarding the cost function are required to derive the
convergence results.

Assumption 4.1 The admissible set U(xk) is considered to be a convex set. It is then
assumed that the cost function J : U→ R+

0 of OCP (4.3) is convex over U(xk).

Assumption 4.2 The state-dependent input constraints strictly satisfy u−i (x) < u+
i (x),

i = 1, . . . ,m for all x ∈ Rn.

Based on the first assumption, the next lemma shows that the difference of the cost function
is bounded from below [10].

Lemma 4.1 Suppose that Assumption 4.1 holds and let u,v ∈ U(x) be admissible control
inputs. Then,

J(u)− J(v)  δJ(u;u− v) . (4.24)

Proof. See [10].

The basic idea to show a decrease in the cost function (4.20) from one gradient step to the
next one exploits the property (4.24), which involves the Gâteaux derivative of J . To this
end, consider the composed control uα = u+ αw with u,w ∈ U(xk) and the parameter α.
The associated state, driven by the differential equation (4.3b), is denoted by xα. The cost
function J is reformulated into an augmented form in order to simplify the computation of
the related Gâteaux derivative δJ(u;w). In this regard, the system dynamics (4.3b) and
the inequality constraints (4.3c), (4.3d) are included into the cost function via the costate λ
and the multipliers µ, ν in the following way1

J(uα) =V (xα(T )) +
∫ T

0
L(xα,uα) + λT [F (xα,uα)− ẋα]

+
m∑
i=1

µi

[
li(xα, uαi ) +

(
sαl,i
)2
]

+ νi

[
qi(xα, uαi ) +

(
sαq,i

)2
]

dτ.
(4.25)

According to the system dynamics (4.3b), the relation λT [F (xα,uα)− ẋα] evaluates to
zero. Moreover, the inequality constraints (4.3c) and (4.3d) are handled as pure equality

constraints li(xα, uαi )+
(
sαl,i
)2

= 0 and qi(xα, uαi )+
(
sαq,i

)2
= 0, i = 1, . . . ,m, by means of the

slack variables sl = [sl,1, . . . , sl,m] ∈ Rm and sq = [sq,1, . . . , sq,m] ∈ Rm, respectively. Note

1The adjoint state λ and the multipliers µ, ν depend on the time τ which is only omitted for readability.
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that (sl, sq) in (4.25) also depend on the parameter α to ensure that the remaining terms in
the augmented cost function related to the multipliers µ, ν vanish.

In view of Definition 4.2 of the Gâteaux derivative, the augmented cost (4.25) is differentiated
w. r. t. the parameter α, i. e.

∂J(uα)
∂α

= (xαα(T ))T [V x(xα(T ))− λ(T )] + (xαα(0))T λ(0)

+
∫ T

0
(xαα)T

[
H̄x(xα,uα,λ,µ,ν) + λ̇

]
+ (uαα)T H̄u(xα,uα,λ,µ,ν)

+ 2
m∑
i=1

[
µis

α
l,i

∂sαl,i
∂α

+ νis
α
q,i

∂sαq,i
∂α

]
dτ,

(4.26)

where the partial derivatives xαα := ∂xα/∂α and uαα := ∂uα/∂α = w along with the gradients
of the augmented Hamiltonian (4.12b) w. r. t. the state x and control u are considered. The
sum in (4.26) results from applying the chain rule. Taking the limit α → 0 and choosing λ
and(µ,ν) such that H̄x(xα,uα,λ,µ,ν) + λ̇ = 0 and λ(T ) = V x(xα(T )) are satisfied leads
to the Gâteaux derivative

δJ(u;w) =
∫ T

0
wTH̄u(x,u,λ,µ,ν) + 2

m∑
i=1

[
µisl,i

∂sαl,i
∂α

+ νisq,i
∂sαq,i
∂α

]
α=0

dτ. (4.27)

Note that x0
α(0) = 0, u0 = u and x0 = x as well as s0

l,i = sl,i and s0
q,i = sq,i for all

i = 1, . . . ,m. In the next lines, the behavior of the sum in (4.27) has to be investigated in
more detail. On the one hand, the complementary conditions (4.14) state that the multipliers
µi and νj are zero for a particular time interval in [0, T ] if the corresponding constraints are
inactive (li(x, ui) < 0 and qj(x, uj) < 0). On the other hand, the associated slack variables
sl,i and sq,i must also be zero for the remaining time interval in which the constraints are
active (li(x, ui) = 0 and qj(x, uj) = 0) to ensure that the equality constraints li(xα, uαi ) +(
sαl,i
)2

= 0 and qi(xα, uαi ) +
(
sαq,i

)2
= 0 hold. In both cases, the complementary conditions

(4.13e) and (4.13f) must be satisfied which leads to

µisl,i = 0, νisq,i = 0, i = 1, . . . ,m (4.28)

and thus the sum related to the slack variables in (4.27) vanishes. As a consequence, the
Gâteaux derivative (4.27) can be simplified as

δJ(u;w) =
∫ T

0
wTH̄u(x,u,λ,µ,ν) dτ = 〈H̄u,w〉. (4.29)

Before the discussion proceeds, an additional lemma is required to present the final conver-
gence properties of the multiplier-based gradient algorithm.

Lemma 4.2 Let u ∈ U(xk) be an admissible control input. Consider the updated control
v = σ(u− αHu) ∈ U(xk) with the projection function (4.18) and a sufficiently small α > 0.
Then,

〈Hu,u− v〉  0. (4.30)
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Proof. For the admissible controls u,σ(ū) ∈ U(xk), where ū ∈ Rm and σ denotes the
projection function, the following condition holds [141]

〈σ(ū)− ū,u− σ(ū)〉  0. (4.31)

Relation (4.31) evaluates to zero if the variable ū satisfies the constraints for a particular time
interval in [0, T ]. However, the projection function follows to σ(ū) = u±(x) for ū /∈ U(xk)
at some time τ̄ ∈ [0, T ] (i. e. ū violates the constraints). Consequently, u+(x)− ū < 0 and
u−u+(x) ¬ 0 as well as u−(x)− ū > 0 and u−u−(x)  0 show that relation (4.31) holds.
Consider now the admissible variable v = σ(ū) ∈ U(xk) with ū = u − αHu which results
from projection onto the admissible set U(xk). Then (4.31) follows to

〈v − u+ αHu,u− v〉  0. (4.32)

Exploiting the norm properties leads to the equivalent form

〈Hu,u− v〉 
1
α
〈u− v,u− v〉 =

1
α
‖u− v‖2

Lm2 [0,T ]  0 (4.33)

for all α > 0. Thus, the lemma is proven.

Based on the considerations so far, the decreasing condition (4.20) can be shown now. This
result is summarized in the subsequent theorem.

Theorem 4.1 Let u(j)
k ∈ U(xk) be an admissible control in the j-th iteration of an MPC

step at the time instant tk. Under Assumption 4.1 the multiplier-based gradient algorithm
illustrated in Figure 4.1 decreases the cost function in each MPC step according to

Jk
(
u

(j+1)
k

)
¬ Jk

(
u

(j)
k

)
(4.34)

with the cost Jk(u) := J(u,xk) for the initial state xk and the updated control u(j+1)
k =

σ
(
u

(j)
k − αg

(j)
k

)
∈ U(xk) with sufficiently small step size α, where g(j)

k = Hu

(
x

(j)
k ,u

(j)
k ,λ

(j)
k

)
denotes the gradient of the Hamiltonian w. r. t. the control u.

Proof. Consider the j-th iteration of the multiplier-based gradient algorithm at time instant
tk. The updated control for the next iteration is u(j+1)

k = σ
(
u

(j)
k − αg

(j)
k

)
∈ U(xk) (cf.

(4.19)). Due to Assumption 4.1, the cost function is convex and thus Lemma 4.1 holds.
Then, inequality (4.24) with u = u

(j)
k and v = u

(j+1)
k provides

Jk
(
u

(j)
k

)
− Jk

(
u

(j+1)
k

)
 δJk

(
u

(j)
k ; ∆u(j+1)

k

)
, (4.35)

where ∆u(j+1)
k := u

(j)
k − u

(j+1)
k denotes the difference between two consecutive control iter-

ations. The right-hand-side of relation (4.35) is now investigated in more detail. According
to the multiplier-based gradient algorithm, the canonical equations (4.13a) and (4.13b) are
satisfied while the multipliers µ and ν are substituted via the conditions (4.16). To this end,
the Gâteaux derivative can be computed by means of (4.29) and thus follows to

δJk
(
u

(j)
k ; ∆u(j+1)

k

)
= 〈ḡ(j)

k ,∆u(j+1)
k 〉 (4.36)
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with the gradient of the augmented Hamiltonian ḡ(j)
k = H̄u

(
x

(j)
k ,u

(j)
k ,λ

(j)
k ,µ

(j)
k ,ν

(j)
k

)
. Since

the definition of the augmented Hamiltonian (4.12b) contains also the standard Hamiltonian
(4.12a), relation (4.36) can be simplified to

〈ḡ(j)
k ,∆u(j+1)

k 〉 = 〈g(j)
k − µ

(j)
k + ν(j)

k ,∆u(j+1)
k 〉

= 〈g(j)
k ,∆u(j+1)

k 〉 − 〈µ(j)
k ,∆u(j+1)

k 〉+ 〈ν(j)
k ,∆u(j+1)

k 〉.
(4.37)

The first inner product in (4.37) can be extended by including the relation u−
(
x

(j)
k

)
−

u−
(
x

(j)
k

)
= 0 in the following form

〈µ(j)
k ,∆u(j+1)

k 〉 = 〈µ(j)
k ,∆u(j+1)

k + u−
(
x

(j)
k

)
− u−

(
x

(j)
k

)
〉

= 〈µ(j)
k ,u−

(
x

(j)
k

)
− u(j+1)

k 〉 − 〈µ(j)
k ,u−

(
x

(j)
k )− u(j)

k 〉

= 〈µ(j)
k ,u−

(
x

(j)
k )− u(j+1)

k 〉 − 〈µ(j)
k , l

(
x

(j)
k ,u

(j)
k )〉.

(4.38)

The last component in (4.38) vanishes in view of the complementary conditions (4.13e).
Moreover, since µ(j)

k  0 as well as u−
(
x

(j)
k

)
− u(j+1)

k ¬ 0 due to the projection function σ,
(4.38) is bounded from above as follows

〈µ(j)
k ,∆u(j+1)

k 〉 ¬ 0. (4.39)

Similarly, the last component of (4.37) is bounded in the following way

〈ν(j)
k ,∆u(j+1)

k 〉  0. (4.40)

Combining the results (4.39) and (4.40) with (4.30) of Lemma 4.2 leads to

〈ḡ(j)
k ,∆u(j+1)

k 〉  0 (4.41)

and consequently the Gâteaux derivative satisfies the inequality

δJk
(
u

(j)
k ; ∆u(j+1)

k

)
 0. (4.42)

The decrease in the cost function (4.34) follows from (4.35) and thus proves the theorem.

Theorem 4.1 shows that the multiplier-based gradient algorithm provides a decrease in the
cost function under the given assumptions. It is therefore suited to be utilized within a
model predictive control framework with state-dependent input constraints.

4.4.2 Stability properties of the model predictive control scheme

Stability properties of the MPC scheme based on the state-dependent input constrained
OCP (4.3) can be derived by modifying the ideas of Section 2.2.3. The significant difference
compared to the previous stability discussion is the consideration of the state-dependent
input set (4.21). If the state dependency is incorporated into the definitions of Assump-
tions 2.1-2.3, then Lemma 2.1 holds. As a consequence, Theorem 2.1 ensures that the cost
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function decreases and that the MPC law provides asymptotic stability of the system in the
sense that the state variables converge to the origin.

An alternative way to provide stability results is to consider the general form (4.4) of the
underlying OCP within the model predictive controller. The application of the transforma-
tion approach discussed in Section 4.2 results in the state-dependent input constrained MPC
formulation (4.11) which, on the other hand, provides some similarities to the unconstrained
problem (3.26). Hence, adopting the stability results from Section 3.3 might be a reasonable
approach to investigate stability.

Following the lines of Section 3.3, the inverse state/input transformation (4.9) is utilized to
derive an inverse relation of OCP (4.11) in the form

min
u(·)∈U(xk)

Jε(u(·),xk) = V (x(T )) +
∫ T

0
Lε(x(τ),u(τ)) dτ (4.43a)

s.t. ẋ(τ) = F (x(τ),u(τ)) , x(0) = xk (4.43b)

with the original dynamics (4.3b), the original terminal cost V (x) and the penalized integral
function

Lε(x,u) := L(x,u) + εp(x,u) , p(x,u) := ‖hv(x,u)− vEP‖2 (4.44)

resulting from the regularization term ε ‖v − vEP‖2 with the stationary control vEP cor-
responding to an equilibrium point. Comparing this result with the inverse OCP (3.29)
reveals that both formulations only differ in the presence of the input constraints and the re-
lating penalty terms p(x,u) (or the inverse state/input transformation hv(x,u) to be more
precisely). The penalty term in (4.44) follows to

p(x,u) =
∥∥∥(u+ δ̃(x)

) m∏
i=1

pc,i(x)− vEP

∥∥∥2
(4.45a)

with the functions (cf. (3.22) and (3.31b))

δ̃(x) = δ(hz(x)) = C−1(x) [ā0(hz(x))− γr(hx(x))] (4.45b)

pc,i(x) =

(
c+
i − c−i

)2

4
(
c+
i − ci(x)

)(
ci(x)− c−i

) , (4.45c)

where the matrix C(x) from (3.5) and the state constraints (3.3a) are used. Note that
the penalty term (4.45a) is twice continuously differentiable and that the gradients w. r. t.
the states and the controls satisfy ∇x p(0,0) := ∂p(x,u)/∂x|x=0,u=0 = 0 and ∇u p(0,0) :=
∂p(x,u)/∂u|x=0,u=0 = 0 which are necessary conditions for proving Lemma 3.3 along with
Assumptions 3.1-3.3. Assumption 3.1 ensures that the penalty function p(x,u) is zero at the
origin while Assumptions 3.2 provides quadratic boundedness of the terminal and integral
cost function, respectively. The last assumption represents a CLF condition which is typically
used in MPC formulations without terminal constraints. If these assumptions are satisfied,
then Lemma 3.3 states that the penalized integral function (4.44) fulfills a CLF condition.
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Alternatively, Assumption 3.3 can be omitted in combination with Lemma 3.4 to derive a
valid CLF condition for the MPC formulation. Finally, Lemma 3.5 holds if Assumption 3.4
is also considered and thus Theorem 3.1 implies asymptotic stability in the sense that the
state variables converge to the origin along with feasibility in the next sampling step.

4.5 Simulation results

Similar to Section 3.4, the nonlinear quadrocopter model (3.56) along with the constraints
(3.57) and the cost functions (3.58) is considered in this section. First, the problem is re-
formulated into an MPC scheme with state-dependent input constraints, where the steps
discussed in Section 4.2 are applied. Since the outcome of the normal formal transformation
corresponds to the results in Section 3.4, this step is omitted at this point. Introducing sat-
uration functions for the state constraints leads to the following state/input transformation

x = hz(z) = [η1, η2, η3, η4, η5, ψ1(ξ1) , ψ2(ξ2) , ψ3(ξ3) , ψ4(ξ4)]T (4.46a)

u = hv(z,v) = [v1ψ
′
1(ξ1) , v2ψ

′
2(ξ2) , v3ψ

′
3(ξ3) , v4ψ

′
4(ξ4)]T (4.46b)

and the state-dependent input constraints

v±1 (ξ) =
u±1 − g/(Cψ2Cψ3)

ψ′1ψ
′
2ψ
′
3ψ
′
4

, v±i (ξ) =
u±i

ψ′1ψ
′
2ψ
′
3ψ
′
4
, i = 2, 3, 4. (4.47)

The resulting dynamics of the form (4.10) replaces the original dynamical system (3.56) and
the terminal and integral cost functions (3.72) are adapted by means of the state/input trans-
formation (4.46). The state-dependent input constrained MPC scheme is then formulated
accordingly.

Subsequently, the first simulation scenario from Section 3.4 with equivalent controller set-
tings is considered. Figure 4.2 shows the results for Ng = 2 iterations of the multiplier-based
gradient algorithm for the noisy and the nominal case. It can be observed that the con-
straints are satisfied and that two gradient iterations are already sufficient to achieve a good
control performance. As it is expected, the illustrated trajectories are very similar to the
results given in Section 3.4. In addition, Table 4.1 provides the average computation times
per MPC step as well as the integrated cost function and the error w. r. t. the optimal so-
lution. It can be seen that the computation times are significantly smaller compared to the
results summarized in Table 3.2. This comes, however, at the expense of a lower accuracy
of the computed trajectories.

4.6 Experimental results

The multiplier-based gradient algorithm is used to control the three-dimensional laboratory
crane from Section 3.5 in an MPC fashion. To this end, the same problem formulation in-
cluding the system dynamics (3.70), the constraints (3.71) and the cost function (3.72) is
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Figure 4.2: Results of the multiplier-based MPC approach for quadrocopter.

considered. The corresponding optimal control problem is given in the general representation
(3.6). Consequently, the OCP must be reformulated into the state-dependent input con-
strained counterpart (4.3) via the transformation procedure discussed in Section 4.2. After
deriving a normal form representation of the dynamical system and introducing saturation
functions to incorporate the state constraints, the corresponding state/input transformation
(4.9) follow to

x = hz(z) = [η1, ψ1(ξ1) , η2, ψ2(ξ2) , η3, ψ3(ξ3) , η4, η5, η6, η7]T (4.48a)

u = hv(z,v) = [v1ψ
′
1(ξ1) , v2ψ

′
2(ξ2) , v3ψ

′
3(ξ3)]T . (4.48b)

Inverse relations are derived accordingly. The state-dependent input boundaries are

v±i (z) =
u±i
ψ′i(ξi)

, i = 1, 2, 3 (4.49)

and the corresponding new dynamical system follows by substituting the constrained dynam-
ics in combination with the internal dynamics resulting from the state/input transformation
(4.48). The state/input transformation (4.48) is further used to derive a related cost func-
tion. As a result, the optimal control problem is formulated with the new cost function, the
new dynamics and the state-dependent input constraints (4.49).
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Table 4.1: Numerical results of the multiplier-based MPC for the quadrocopter.

Average CPU Integrated cost
MPC solver

time [µs] value Jsim
Error ∆∗

Nominal case
Ng = 2 71 2.908 2.707 · 10−2

Gradient Ng = 4 115 2.900 2.085 · 10−2

algorithm Ng = 6 165 2.895 1.909 · 10−2

Ng = 8 205 2.892 1.877 · 10−2

Noisy case
Ng = 2 108 3.017 5.746 · 10−1

Gradient Ng = 4 125 2.976 5.791 · 10−1

algorithm Ng = 6 177 3.036 6.130 · 10−1

Ng = 8 222 3.034 6.107 · 10−1

The control task and the corresponding algorithmic settings (prediction horizon, sampling
time etc.) for the experimental consideration are adopted from Section 3.5. The entire control
scheme including the MPC, the velocity controllers as well as the extended Kalman filter is
implemented on the same dSPACE DS1103 system. The determined experimental results
with Ng = 2 iterations of the multiplier-based gradient algorithm are illustrated in Figure 4.3
showing a good control behavior. As it is demanded by the complementary conditions (4.14),
the Lagrange multipliers are strictly greater zero for active input constraints and zero if the
constraints are inactive. In this regard, the multipliers (µX , νX), (µY , νY ) and (µl, νl) relate
to the acceleration constraints of the trolley (X and Y ) and the rope (l). The average and
maximum computation times for a single MPC step are tCPU,avg = 764 µs and tCPU,max =
772 µs revealing that the combination of the MPC scheme with a state-dependent input
constrained OCP and the multiplier-based gradient algorithm reduces the numerical burden
significantly. A comparison with the results from Section 3.5 shows that this approach
requires approximately 23 % less computation time which is a major improvement.

4.7 Conclusions

A model predictive control scheme based on an optimal control problem with state-dependent
input constraints is discussed in this chapter. In this regard, a procedure is demonstrated
which incorporates ideas of the constraint transformation approach from Chapter 3 to derive
this class of problem formulations from input and state constrained OCPs.

The projected gradient approach discussed in Section 2.2 allows a real-time solution of an
MPC formulation. However, the approach allows only to account for pure input constraints.
To this end, necessary modifications of the projected gradient algorithm (cf. Section 2.2)
are provided based on the new first-order optimality conditions resulting from the state-
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Figure 4.3: Experimental results for the MPC controlled laboratory crane.

dependent input constrained formulation. Convergence results of the multiplier-based gra-
dient algorithm are presented in detail along with a general discussion about stability of the
MPC scheme.

Simulation results of the quadrocopter example from Section 3.4 for the multiplier-based
MPC scheme show a very good control performance with lower computation times com-
pared to the model predictive controller from Chapter 3. Finally, the MPC framework is
also implemented on a dSPACE platform for controlling a nonlinear laboratory crane. The
illustrated results reveal a good algorithmic behavior with computation times in the range of
microseconds which demonstrate the practical applicability of the control scheme. The over-
all simulation and experimental results confirm that the numerical burden can be reduced
significantly.





Chapter 5

Towards parallel optimization approaches

It is a well known fact that the efficient numerical solution of optimal control problems is
the bottleneck of model predictive control schemes for real-time applications. As it was
discussed in the previous chapters, this matter can be tackled either by using appropriate
hardware platforms or by applying efficient algorithms. Naturally, combining both of these
aspects provides a well suited approach to treat this difficulty. A very interesting issue from
a hardware point of view concerns the potential of parallelization of MPC algorithms, e. g.
to benefit from multiple CPU cores if available. General questions that arise in this context
are, for instance, which parts or components of an algorithm can be parallelized, how can
this be taken into account in view of an implementation or can the problem formulation
itself be split into simpler subproblems? This chapter discusses a decomposition approach
for constrained optimal control problems based on a transformation approach allowing to
derive independent subproblems. In addition, algorithmic schemes for the numerical solution
are presented which are implementable in a parallel manner. An analysis of the projected
gradient algorithm from Section 2 reveals that the integration of the system and adjoint
dynamics provides the most potential for parallelization. To this end, a strategy to parallelize
numerical integration schemes is provided.

5.1 Decomposition and parallel solution of constrained
optimal control problems

In this section, an approach is discussed which incorporates ideas from hierarchical control
[126, 157] in combination with the Augmented Lagrangian approach [5] in order to distribute
the numerical complexity of solving an optimal control problem. The constrained OCP is
first reformulated by a transformation technique and subsequently decomposed into smaller
subproblems that can be solved independently by means of two different algorithms. Finally,
simulation results for controlling a planar vertical take-off and landing vehicle are provided
to demonstrate the performance of the approach.
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5.1.1 Problem formulation

The decomposition of an OCP into smaller subproblems is independent of a specific MPC
scheme. Thus, the solution of a dynamic optimization problem is considered in the remain-
der of the section. An optimal control trajectory is computed by solving an inequality-
constrained OCP of the following form

min
u(·)

J(u(·)) = V (x(T )) +
∫ T

0
L(x(t),u(t)) dt (5.1a)

s.t. ẋ(t) = f(x(t),u(t)) , x(0) = x0 (5.1b)

ci(x(t)) ∈
[
c−i , c

+
i

]
, i = 1, . . . , p (5.1c)

uj ∈
[
u−j , u

+
j

]
, j = 1, . . . ,m. (5.1d)

The problem formulation (5.1) includes a cost function with terminal and integral terms
V : Rn → R+

0 and L : Rn × Rm → R+
0 , respectively, nonlinear dynamics described by the

system function f : Rn × Rm → Rn with an associated initial state x0 as well as state
and input constraints (5.1c), (5.1d). It is assumed, that all functions are twice continuously
differentiable and that the constraint functions ci(x) posses the well-defined relative degree
ri. Note that compared to OCP (3.6), the number of state constraint functions ci(x) at this
point must not correspond to the number of control inputs. Consequently, (5.1) represents
a more general class of optimal control problems. Note that also terminal conditions can
be included into the problem formulation (5.1) which are, however, omitted here for a clear
presentation of the approach.

5.1.2 Transformation of constraints and problem decomposition

A potential way to exploit parallel hardware components for solving (5.1) might be to de-
compose the OCP into smaller subproblems, where the solution is computed independently.
A transformation technique based on the ideas from [64] can be applied to achieve this
goal. The approach introduces saturation functions to reformulate the inequality-constrained
problem (5.1) into an equality-constrained counterpart with extended system dynamics. The
approach reveals some similarities to the procedure discussed in Chapter 3.

The first step is to replace the general state constraint functions ci(x), i = 1, . . . , p, in the
following way

ci(x) = ψi(ξi,1) =: hi,0(ξi,1) , i = 1, . . . , p, (5.2)

where ψi : R →
(
c−i , c

+
i

)
is a monotonically increasing saturation function with the satu-

ration limits c±i and the unconstrained function argument ξi,1 ∈ R (cf. Section 3.2.2). As
demonstrated in Section 3.2.2, the substitution (5.2) is differentiated up to the (ri − 1)-th
order w. r. t. time t, while in each new differentiation level another unconstrained variable
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ξi,k, k = 2, . . . , ri − 1, is introduced, i. e.

Lfci(x) = γi,1(ξi,1) + ψ′i(ξi,1) ξi,2 =: hi,1(ξi,1, ξi,2)
...

...

Lri−1
f ci(x) = γi,ri−1(ξi,1, . . . , ξi,ri−1)+ ψ′i(ξi,1) ξi,ri=: hi,ri−1(ξi)

(5.3)

with the comprised vector ξi = [ξi,1, . . . , ξi,ri ]
T and the arising dynamics following from

(3.13). Thus far, similarities of the transformation steps to the approach from Section 3.2.2
can be recognized. However, a further differentiation of the last equation in (5.3) is now
replaced in the following way

Lrif ci(x,u) = γi,ri(ξi) + ψ′i(ξi,1) vi =: hi,ri(ξi, vi) , i = 1, . . . , p. (5.4)

The last derivative ξ̇i,ri = vi is substituted by the new input variable vi ∈ R while all
additional inputs are summarized in the vector v = [v1, . . . , vp]

T. This procedure is then
performed for all state constraint functions (5.1c) providing a set of algebraic equations
(5.4) along with the dynamical subsystems

ξ̇i,k = ξi,k+1, k = 1, . . . , ri − 1

ξ̇i,ri = vi

 ξ̇i = f ξi(ξi, vi) (5.5)

for all i = 1, . . . , p. The initial conditions ξi(0) = ξi,0 can be calculated recursively by means
of the relations (5.2) and (5.3).

The constraints (5.1d) with regard to the control inputs still have to be taken into account.
In contrast to Section 3.2.2, the controls uj, j = 1, . . . ,m, are directly replaced by further
saturation functions according to

uj = φi(wj) , j = 1, . . . ,m, (5.6)

where φj : R →
(
u−j , u

+
j

)
possesses the same monotonic and asymptotic behavior as the

state saturation functions ψi. The arguments wj ∈ R, j = 1, . . . ,m, denote additional input
variables and are comprised in the vector w = [w1, . . . , wm]T.

The results of accounting for the state and input constraints (5.1c), (5.1d) through saturation
functions can now be used to reformulate OCP (5.1) into an equality-constrained form.
To this end, the inequality constraints (5.1c) and (5.1d) are substituted by the algebraic
equations (5.4) and (5.6) while the additional subdynamics (5.5) are also incorporated. In
view of the original problem formulation (5.1), the new OCP then reads as

min
ũ(·)

Jε(ũ(·)) = J(u(·)) +
∫ T

0
ε
(
‖v‖2 + ‖w‖2

)
dt (5.7a)

s.t. ẋ = f(x,u) , x(0) = x0 (5.7b)

ξ̇i = f ξi(ξi, vi), ξi(0) = ξi,0, i = 1, . . . , p (5.7c)

0 = Lrif ci(x,u)− hi,ri(ξi, vi) , i = 1, . . . , p (5.7d)

0 = uj − φj(wj) , j = 1, . . . ,m. (5.7e)
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Figure 5.1: General structure of OCP (5.7).

The extended input ũ =
[
uT,vT,wT

]T
∈ R2m+p contains the original control u as well as

the new variables v ∈ Rp and w ∈ Rm. Note that vi and wj relate to one of the state and
input constraints (5.1c), (5.1d) and consequently to one of the separate algebraic equations
(5.7d) and (5.7e) as well as the subdynamics (5.7c), respectively. A regularization term with
the penalty parameter ε is added to the cost function (5.7a) to improve the convergence
properties. As already discussed in Sections 3.2.4 and 4.2, this step is required to counteract
the occurrence of singular arcs in the case of active state constraints. It can be shown under
some reasonable assumptions [64], that the optimal solution of the extended problem (5.7)
converges to the optimal solution of the original OCP (5.1) for ε→ 0.

A closer look at the problem formulation (5.7) reveals that the OCP possesses a favourable
structure for a decomposition into independent subproblems. To this end, the original part
J(u(·)) and the regularization term of the cost function (5.7a) are considered separately
along with the system dynamics (5.7b) and (5.7c). The coupling is given due to the algebraic
equations (5.7d) and (5.7e), respectively. The basic idea is illustrated in Figure 5.1.

In view of a numerical solution, the form of OCP (5.7) motivates the application of opti-
mization methods that exploit this structure in an appropriate way. A suitable method is
the Augmented Lagrangian approach [16, 130] originally presented for static optimization
problems. To apply the Augmented Lagrangian method to OCP (5.7), the algebraic cou-
plings (5.7d) and (5.7e) are adjoined to the cost function (5.7a) via additional multiplier
µ ∈ Rp+m and a quadratic penalty term

J̃(ũ,µ) = Jε(ũ) +
∫ T

0
µTπ(x,u, ξ,v,w) + ρ ‖π(x,u, ξ,v,w)‖2 dt (5.8a)

with the accumulated function

π(x,u, ξ,v,w) =
[
Lrfc(x,u)− hr(ξ,v)

u−Φ(w)

]
. (5.8b)
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The penalty term in (5.8a) includes the penalty parameter ρ > 0 that represents an additional
degree-of-freedom to control the convergence properties. The vectors

Lrfc(x,u) =
[
Lr1f c1(x,u) , . . . , Lrpf cp(x,u)

]T
hr(ξ,v) =

[
h1,r1(ξ1, v1) , . . . , hp,rp

(
ξp, vp

)]T
Φ(w) =

[
φ1(w1), . . . , φm(wm)

]T
ξ =

[
ξT1 , . . . , ξ

T
p

]T
comprise all constraints and saturation functions as well as all new variables. The general
idea is to use the cost (5.8) to solve a max-min-problem of the form [17, 76]

max
µ(·)

min
ũ(·)

J̃(ũ,µ) (5.9a)

s.t. ẋ = f(x,u) , x(0) = x0 (5.9b)

ξ̇i = f ξi(ξi, vi), ξi(0) = ξi,0, i = 1, . . . , p (5.9c)

instead of the equality-constrained OCP (5.7). A comparison of these two problem formu-
lations shows that the equality constraints (5.7d) and (5.7e) are incorporated into the aug-
mented cost function (5.9a) by means of the multiplier µ. In the absence of the quadratic
penalty terms, the minimization part of (5.9) could be performed independently for each
subproblem w. r. t. u, v and w and hence in a parallel fashion. On the one hand, the
quadratic penalty term induces a nonlinear coupling between the independent variables and
consequently between the corresponding subproblems. On the other hand, these terms gen-
erally improve the convergence properties and thus omitting the quadratic penalties is also
not an option. To this end, the next two sections demonstrate some algorithmic strategies
to overcome this difficulty to allow solving the subproblems in parallel.

5.1.3 Numerical solution via Jacobi-type iteration

As mentioned before, the quadratic penalty term in the cost function (5.8a) couples the
subproblems and hence prohibits a decomposition. This difficulty can be overcome from
an algorithmic point of view by using a Jacobi-type iteration [17, 98]. To illustrate this
approach, consider

y = γ(y) (5.10)

with the vector y ∈ Rn and the function γ : Rn → Rn. Each entry yi, i = 1, . . . , n, of (5.10)
can be computed in parallel by means of the iteration

y
(j+1)
i = γi

(
y(j)

)
, i = 1, . . . , n, (5.11)

starting from an initial condition y(0). The function γi denotes the i-th component of γ.
The basic idea of the Jacobi-type iteration is that at each stage all values of y(j) are known
and can therefore be used to compute the next iterates y(j+1)

i independently.



100 Towards parallel optimization approaches

This strategy is now taken into account in order to decompose (5.9) into independent sub-
problems. In this regard, the cost (5.8a) is modified in the following way

J̃(ũ,µ) = Jε(ũ) +
∫ T

0
µTπ(x,u, ξ,v,w) dt

+
∫ T

0

ρ

2

∥∥∥π(x,u, ξ̄, v̄, w̄)∥∥∥2
+
ρ

2
‖π(x̄, ū, ξ,v,w)‖2 dt

(5.12a)

with the consistency constraints

0 = x− x̄, 0 = ξ − ξ̄
0 = u− ū, 0 = v − v̄, 0 = w − w̄

(5.12b)

ensuring the equivalence of (5.8a) and (5.12a). The cost in the form (5.12a) can now be
separated into the following parts for all i = 1, . . . , p and j = 1, . . . ,m

Ju(u,µ) = J(u) +
∫ T

0

p∑
k=1

µkL
rk
f ck +

m∑
k=1

µp+kuk +
ρ

2

∥∥∥π(x,u, ξ̄, v̄, w̄)∥∥∥2
dt (5.13a)

Jvi(vi,µ) =
∫ T

0
εv2

i − µihi,ri(ξi, vi) +
ρ

2

(
Lrif ci(x̄, ū)− hi,ri(ξi, vi)

)2

dt (5.13b)

Jwj(wj,µ) =
∫ T

0
εw2

j − µp+jφj(wj) +
ρ

2

(
ūj − φj(wj)

)2

dt, (5.13c)

where the components µk, k = 1, . . . , p + m of the Lagrange multiplier µ are used. The
cost (5.8a) follows directly by summing up the functions (5.13) while taking the consistency
constraints (5.12b) into account. As a result, the minimization part in OCP (5.9) w. r. t. the
decomposed cost functions (5.13), the corresponding system dynamics (5.9b), (5.9c) and the
consistency constraints (5.12b) can be performed in a parallel manner since the subproblems
with the associated input variables indicated by the superscript notation are independent.

An algorithm to numerically solve the max-min-problem (5.9) based on the Jacobi-type
iteration is given in the following lines. The bracketed superscript notation denotes the
current iteration index.

I) Initialization:

I.1 Choose initial algorithmic parameters ε, ρ > 0 and initial trajectories for the controls
(u(0),v(0),w(0)) and the multiplier µ(0).

II) Max-min-problem for k = 0, . . . , kmax:

II.1 Minimize subproblems for l = 0, . . . , lmax:

II.1-1 Set
(
x(k|0), ξ(k|0),u(k|0),v(k|0),w(k|0)

)
=
(
x(k), ξ(k),u(k),v(k),w(k)

)
.

II.1-2 Update controls:

u(k|l+1) = arg min
{
Ju(u,µ(k))
s.t. (5.9b)

}
(5.14a)

v
(k|l+1)
i = arg min

{
Jvi(vi,µ(k))
s.t. (5.9c)

}
, i = 1, . . . , p (5.14b)

w
(k|l+1)
j = arg min Jwj(wj,µ(k)), j = 1, . . . ,m (5.14c)
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with previous iterates x̄ = x(k|l), ū = u(k|l), ξ̄ = ξ(k|l), v̄ = v(k|l), w̄ = w(k|l) (cf.
(5.12),(5.13)).

II.1-3 Iteration stopping criterion: If l < lmax then set l ← l + 1 and go back to II.1-2
otherwise set

(
u(k+1),v(k+1),w(k+1)

)
=
(
u(k|l+1),v(k|l+1),w(k|l+1)

)
.

II.2 Multiplier update (steepest ascent, cf. maximization in (5.9)):

µ(k+1) = µ(k) +
ρ

2
π
(
x(k+1),u(k+1), ξ(k+1),v(k+1),w(k+1)

)
. (5.15)

II.3 Compute the residual ∆ =
∥∥∥π(x(k+1),u(k+1), ξ(k+1),v(k+1),w(k+1)

)∥∥∥.
II.4 Iteration stopping criterion: If ∆  εc then set k ← k + 1 and go back to II.1.

III) Penalty parameter update:

III.1 Optimization stopping criterion: If ε  εg then set ε← δε with δ ∈ (0, 1), modify ρ
and use the last solutions for reinitialization and go back to II.

The algorithm starts with a suitable choice of the penalty parameters ε and ρ and with
initial trajectories for the controls (u(0),v(0),w(0)) as well as for the multipliers µ(0). Subse-
quently, the derived subproblems are minimized independently in Step II.1. In addition, this
minimization step can also be performed in parallel due to the separation of the problems
and it can be repeated for a fixed number of iterations lmax before the multiplier update is
performed. Note that this step contains two iteration indices. The first one denotes the so-
lution of the entire max-min-problem (index k) while the second one describes the iteration
of the minimization of the subproblems (index l). The minimization (5.14) to update the
control variables can be solved by using appropriate optimization techniques like the gradi-
ent method. The maximization step in (5.9) is performed via the steepest ascent approach
(5.15) where the penalty parameter ρ is applied as step size [16]. If the algebraic equations
(5.7d), (5.7e) are not fulfilled accordingly, then the max-min-problem is solved again with
the updated multipliers until the iteration limit kmax is reached. The entire optimization
procedure can then be restarted with a decreased penalty parameter ε and the last solution
for reinitialization until ε is negligibly small. Alternatively, a suboptimal solution for a fixed
parameter ε can be computed. Furthermore, if the algorithm is restarted with a new ε, the
parameter ρ regarding the quadratic penalty term can also be modified in an appropriate
way, e. g. by increasing the value as proposed in [16] for the static optimization case.

5.1.4 Numerical solution via the Alternating Direction Method of
Multipliers

As mentioned before, the quadratic penalty term ‖π(x,u, ξ,v,w)‖2 induces a nonlinear
coupling in the cost function (5.8a). To circumvent this difficulty, an alternative way to
the Jacobi-type iteration approach is presented in [77], where additional variables z =
[zTv , z

T
w]T ∈ Rp+m, zv ∈ Rp, zw ∈ Rm are introduced to modify the accumulated function
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(5.8b) in the following way

π(x,u, ξ,v,w, z) =


zv − Lrfc(x,u)

zw − u
zv − hr(ξ,v)
zw −Φ(w)

 . (5.16)

The arguments z are interpreted as independent variables and thus represent additional
optimization variables. Note that the number of elements of (5.16) doubles compared to
the previous definition (5.8b), i. e. µ ∈ R2(p+m). Consequently, the cost function in the
max-min-problem (5.9) must be adapted appropriately.

Following the lines of the previous section, the cost is reformulated according to

J̃(ũ, z,µ) = Jε(ũ) +
∫ T

0
µTπ(x,u, ξ,v,w, z) dt

+
∫ T

0

ρ

2
‖π(x,u, ξ,v,w, z̄)‖2 +

ρ

2

∥∥∥π(x̄, ū, ξ̄, v̄, w̄, z)∥∥∥2
dt

(5.17a)

with the extended consistency constraints

0 = x− x̄, 0 = ξ − ξ̄, 0 = z − z̄
0 = u− ū, 0 = v − v̄, 0 = w − w̄.

(5.17b)

The relation (5.17a) can be further split up into the following components for all i = 1, . . . , p
and j = 1, . . . ,m

Ju(u,µ) = J(u)−
∫ T

0

p∑
k=1

µkL
rk
f ck+

m∑
k=1

µp+kuk −
ρ

2

∥∥∥∥∥
[
z̄v − Lrfc(x,u)

z̄w − u

]∥∥∥∥∥
2

dt (5.18a)

Jvi(vi,µ) =
∫ T

0
εv2

i − µp+m+ihi,ri(ξi, vi) +
ρ

2

(
z̄v,i − hi,ri(ξi, vi)

)2

dt (5.18b)

Jwj(wj,µ) =
∫ T

0
εw2

j − µ2p+m+jφj(wj) +
ρ

2

(
z̄w,j − φj(wj)

)2

dt (5.18c)

Jz(z,µ) =
∫ T

0
µT

[
z

z

]
+
ρ

2

∥∥∥π(x̄, ū, ξ̄, v̄, w̄, z)∥∥∥2
dt. (5.18d)

The variables zv,k and zw,k denote the elements of the vectors zv and zw, respectively. The
cost function (5.18d) is given in linear quadratic form w. r. t. z. Due to this fact, minimizing
(5.18d) possesses an analytical solution that is given by

zv,i =
1
2

(
Lrif ci(x,u) + hi,ri(ξi, vi)

)
− 1

2ρ

(
µi + µp+m+i

)
, i = 1, . . . , p (5.19a)

zw,j =
1
2

(
uj + φj(wj)

)
− 1

2ρ

(
µp+j + µ2p+m+j

)
, j = 1, . . . ,m. (5.19b)

The numerical solution of the adapted max-min-problem can be computed by means of the
Alternating Direction Method of Multipliers (ADMM) [17]. To illustrate the idea of ADMM,
consider two functions γy : Rn × Rm → Rn and γz : Rn × Rm → Rm defined by

y = γy(y, z) (5.20a)

z = γz(y, z) (5.20b)
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with y ∈ Rn and z ∈ Rm. An ADMM scheme allowing to compute a numerical solution for
(5.20) provides the two iterative steps

y(j+1) = γy
(
y(j), z(j)

)
(5.21a)

z(j+1) = γz
(
y(j+1), z(j)

)
. (5.21b)

It can be observed, that updating y and z is performed in a strictly sequential way while
the recently computed values of the first variable are utilized in the second step (cf. (5.21b)).
This procedure can also be interpreted as a Gauss-Seidel-iteration. In the context of a max-
min-problem with the decomposed cost functions (5.18), the minimization part can also be
divided into two iterative steps, where first the subproblems w. r. t. u, vi and wj are solved
while in the next step the computed values are used to update z via (5.19). A detailed
description of an algorithm based on the ADMM approach is provided in the following lines.

I) Initialization:

I.1 Choose initial algorithmic parameters ε, ρ > 0 and initial trajectories for the controls
(u(0),v(0),w(0)), the additional variable z(0) and the multiplier µ(0).

II) Max-min-problem for k = 0, . . . , kmax:

II.1 Minimize subproblems for l = 0, . . . , lmax:

II.1-1 Set
(
x(k|0), ξ(k|0),u(k|0),v(k|0),w(k|0), z(k|0)

)
=
(
x(k), ξ(k),u(k),v(k),w(k), z(k)

)
.

II.1-2 Update controls and additional variable:

u(k|l+1) = arg min
{
Ju(u,µ(k))
s.t. (5.9b)

}
(5.22a)

v
(k|l+1)
i = arg min

{
Jvi(vi,µ(k))
s.t. (5.9c)

}
, i = 1, . . . , p (5.22b)

w
(k|l+1)
j = arg min Jwj(wj,µ(k)), j = 1, . . . ,m (5.22c)

z(k|l+1) = arg min Jz(z,µ(k)). (5.22d)

with the iterates x̄ = x(k|l+1), ū = u(k|l+1), ξ̄ = ξ(k|l+1), v̄ = v(k|l+1), w̄ = w(k|l+1),
z̄ = z(k|l) (cf. (5.17),(5.18)).

II.1-3 Iteration stopping criterion: If l < lmax, set l← l + 1 and go back to II.1-2 or set(
u(k+1),v(k+1),w(k+1), z(k+1)

)
=
(
u(k|l+1),v(k|l+1),w(k|l+1), z(k|l+1)

)
.

II.2 Multiplier update (steepest ascent, cf. maximization in (5.9)):

µ(k+1) = µ(k) +
ρ

2
π
(
x(k+1),u(k+1), ξ(k+1),v(k+1),w(k+1), z(k+1)

)
. (5.23)

II.3 Compute the residual ∆ =
∥∥∥π(x(k+1),u(k+1), ξ(k+1),v(k+1),w(k+1), z(k+1)

)∥∥∥.
II.4 Iteration stopping criterion: If ∆  εc then set k ← k + 1 and go back to II.1.
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III) Penalty parameter update:

III.1 Optimization stopping criterion: If ε  εg then set ε← δε with δ ∈ (0, 1), modify ρ
and use the last solutions for reinitialization and go back to II.

The algorithm presented at this point has some similarities with the one described in
Section 5.1.3. First initial parameters, control variables and multipliers are chosen. Then the
subproblems are minimized by utilizing suitable optimization approaches as, for instance,
the gradient method. Due to the independence of the subproblems w. r. t. u, vi and wj, these
steps can also be computed in a parallel manner. The last minimization step (5.22d) up-
dates the additional variable z analytically by means of (5.19). A steepest ascent approach
is again applied for the maximization. As mentioned in the previous section, the algorithm
stops either if the maximum number of iterations is reached or if a sufficient accurate solution
is obtained (determined by the parameters εc and εg).

5.1.5 Some comments on convergence

The decomposition of an optimal control problem into smaller independent subproblems
allows to distribute the numerical burden on separate hardware components, e. g. a computer
with several CPUs. In view of controlling fast dynamical systems with short sampling times
by means of MPC methods, this property can be exploited to accelerate the computations.
However, it must be ensured that solving the subproblems independently (and thus also in
parallel) provides the optimal solution of the original problem. To this end, the applied
methods must feature corresponding convergence properties.

Convergence results for the Augmented Lagrangian approach with regard to static optimiza-
tion are, for instance, discussed in [16, 130]. It is shown that under certain assumptions,
the optimization problem converges to a (local) solution for an increasing sequence of the
quadratic penalty parameter ρ, where ρmust additionally be greater than a certain threshold.
The update rule in form of (5.15) convergences then to a corresponding optimal multiplier. A
convergence analysis of the Alternating Direction Method of Multipliers is addressed in [21]
showing that iterations of the form (5.22) provide an optimal solution with a corresponding
cost function satisfying a saddle point condition.

In view of applying the Augmented Lagrangian approach in optimal control, [84] adjoins
the system dynamics to the cost function, resulting in an Augmented Lagrangian problem.
The solution of this problem converges under certain assumptions and for a sufficiently large
quadratic penalty parameter ρ to the solution of the original OCP. Further convergence
results of the Augmented Lagrangian approach in Hilbert spaces are presented in [84, 5].
However, the modifying assumptions to prove convergence of ADMM in optimal control are in
practice very hard to verify, in particular if nonlinear dynamics and nonlinear constraints as
in (5.1) are concerned. Due to this reason, a further convergence analysis for the introduced
algorithms is omitted.
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Figure 5.2: Schematics of the PVTOL example.

5.1.6 Simulation results

The Jacobi-type iteration and the ADMM scheme are now applied to solve an optimal
control problem for the planar vertical take-off and landing vehicle (PVTOL) depicted in
Figure 5.2. The PVTOLs center of mass is described by the position (xc, yc, 0) while the roll
angle θ denotes the orientation of the vehicle in the(X, Y )-plane. The thrust a and the rolling
moment α serve as control inputs. All states and controls are normalized appropriately. A
nonlinear model of the PVTOL is given by [154]

ẍc = −a sin θ + σα cos θ

ÿc = a cos θ + σα sin θ − 1

θ̈ = α,

(5.24)

where the parameter σ describes the coupling between the rolling moment α and the lateral
acceleration of the vehicle and is set to σ = 0.3. According to the OCP formulation (5.1),
the dynamics (5.24) are summarized in the form (5.1b) with the state and control variables
x = [xc, ẋc, yc, ẏc, θ, θ̇]T and u = [a, α]T, respectively. The PVTOL dynamics are subject to
the state and input constraints

c1(x) = x3 ∈ [1.85, 2.15], c2(x) = x5 ∈ [−15 deg, 15 deg] (5.25a)

u1 ∈ [0, 2], u2 ∈ [−2, 2]. (5.25b)

The cost functional of the problem formulation (5.1) is chosen to be quadratic, i. e. the
terminal and integral parts are

V (x) = ‖∆x‖2
P (5.26a)

L(x,u) = ‖∆x‖2
Q + ‖∆u‖2

R (5.26b)

with the positive (semi)-definite matrices P ,Q ∈ R6×6 and the positive definite matrix
R ∈ R2×2. As already used in the previous sections, ‖y‖2

S = yTSy describes a weighted
norm (cf. (2.29)) and ∆x = x − xSP as well as ∆u = u − uSP are deviations from a
stationary setpoint (xSP,uSP). An inequality-constrained optimal control problem for the
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PVTOL example is then given in the following form

min
u(·)

J(u(·)) = ‖∆x(T )‖2
P +

∫ T

0
‖∆x‖2

Q + ‖∆u‖2
R dt (5.27a)

s.t. ẋ = f(x,u) , x(0) = x0 (5.27b)

ci(x) ∈
[
c−i , c

+
i

]
, i = 1, 2 (5.27c)

uj ∈
[
u−j , u

+
j

]
, j = 1, 2. (5.27d)

Next, an equality-constrained OCP (5.7) with additional dynamics is derived by applying
the transformation approach from Section 5.1.2. Therefore, the state constraints (5.25a) are
substituted by two saturation functions, i. e.

c1(x) = ψ1(ξ1,1) (5.28a)

c2(x) = ψ2(ξ2,1) . (5.28b)

It can easily be shown, that the state constraint functions have the relative degrees r1 =
r2 = 2 and thus the relations (5.28) have to be differentiated twice, leading to

h1,2(ξ1, v1) = ψ′′1ξ
2
1,2 + ψ′1v1 (5.29a)

h2,2(ξ2, v2) = ψ′′2ξ
2
2,2 + ψ′2v2 (5.29b)

along with the corresponding additional dynamics

ξ̇1 = f ξ1(ξ1, v1) = [ξ1,2, v1]T (5.30a)

ξ̇2 = f ξ2(ξ2, v2) = [ξ2,2, v2]T (5.30b)

and the vectors ξ1 = [ξ1,1, ξ1,2]T and ξ2 = [ξ2,1, ξ2,2]T. On the other hand, differentiating the
left hand side of (5.28) twice provides the coupling equations

L2
fc1(x,u) = u1 cosx5 + σu2 sinx5 − 1 (5.31a)

L2
fc2(x,u) = u2. (5.31b)

The inequality-constrained original OCP (5.27) can now be reformulated into an equality-
constrained counterpart. To this end, the inequalities (5.27c), (5.27d) are replaced by al-
gebraic equations resulting from (5.29) and (5.31) while the additional dynamics (5.30) are
also taken into account. The new problem formulation then reads

min
ũ(·)

Jε(ũ(·)) = J(u(·)) +
∫ T

0
ε
(
v2

1 + v2
2 + w2

1 + w2
2

)
dt (5.32a)

s.t. ẋ = f(x,u) , x(0) = x0 (5.32b)

ξ̇i = f ξi(ξi, vi) , ξi(0) = ξ1,0 (5.32c)

0 = L2
fci(x,u)− hi,2(ξi, vi) , i = 1, 2 (5.32d)

0 = uj − φj(wj) , j = 1, 2. (5.32e)
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The structure of the reformulated OCP is now exploited in order to derive independent
subproblems. In view of Sections 5.1.3 and 5.1.4, the cost function (5.32a) is separated into
smaller parts where additional multipliers µ and variables z (ADMM) are incorporated. As
a result, five (Jacobi-type iteration) and nine (ADMM) subproblems are obtained that are
used in the next lines to change the horizontal position of the PVTOL starting from the
initial value

x0 = [2, 0, 2, 0, 0, 0]T (5.33)

to the desired stationary point

xSP = [0, 0, 2, 0, 0, 0]T , uSP = [1, 0]T . (5.34)

The optimization horizon is set to T = 8 s and the weighting matrices in the terminal and
integral cost function (5.26) are chosen to

P = Q = I6, R = 0.1 · I2. (5.35)

The resulting subproblems are solved by means of the gradient method from Section 2.2
which is adapted to consider the multipliers µ and the additional variables z as well as the
penalty parameters ε and ρ. Moreover, the maximum number of gradient iterations is set to
30 and the minimization step II.1 in both algorithms is repeated three times, i. e. lmax = 2
is used. In addition, the subproblems are solved for the sequence ε = {100, 10−1, . . . , 10−7}
of decreasing penalty parameters. In this regard, the algorithm starts with the value ε =
100. After a maximum iteration number kmax = 200 the algorithms are restarted with the
computed solution as new initialization and ε is decreased by one order of magnitude until
the value ε = 10−7 is reached. The parameter ρ of the quadratic penalty function is fixed at
a value of ρ = 10 during the entire max-min process.

The simulation results of the Jacobi-type iteration and the Alternating Direction Method
of Multipliers scheme are illustrated in Figure 5.3 and 5.4 for some selected values of the
penalty parameters. It can be observed that the solution of the max-min-problem and thus
of the separated subproblems converges for decreasing values of the penalty parameter ε to
the optimal solution of the original OCP. As it would be expected, the results for a large
ε differ significantly from the optimal solution. This aspect can clearly be observed for the
controls of the PVTOL. The state and input constraints are also not approached in this case.
Very good convergence results can already be obtained for a penalty parameter ε = 10−5 and
smaller. Finally, it can be seen that the state as well as the input constraints are satisfied
during the entire maneuver of the PVTOL.

The simulation results demonstrate that the decomposition approach along with the Jacobi-
type iteration or the ADMM algorithm can be utilized to solve constrained optimal control
problems. The numerical burden can be distributed in a suitable way if the approach is
implemented on a hardware system that provides the ability for parallel computing like
several CPU cores or parallel processing components. Hence, this is a promising subject
that allows to accelerate the computations in a model predictive control framework which is
crucial for real-time applications. However, this is not in the scope of this thesis but should
be investigated in more detail in future works.
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Figure 5.3: Simulation results for the Jacobi-type iteration applied to the PVTOL.

Figure 5.4: Simulation results for the ADMM approach applied to PVTOL.

5.2 A parallelization approach for numerical
integration schemes

The projected gradient algorithm from Section 2.2 relies mainly on integrating the system
and adjoint dynamics in forward and backward time. Generally, the steps within a numerical
integration scheme are computed in a purely sequential manner. Consequently, the algorithm
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cannot take advantage of parallel processing characteristics of particular hardware platforms
as, for instance, an FPGA system (cf. Section 2.4). The following lines present a method for
parallel integration by using ideas from fixed-point iteration [102].

5.2.1 Implicit and explicit numerical integration

A numerical integration scheme enables to compute an approximation of a system of ordinary
differential equations (ODE)

ẏ(t) =
dy(t)

dt
= f(t,y(t)) , y(0) = y0, ∀t ∈ [t0, te] (5.36)

with y(t) ∈ Rn and the vector field f : R+
0 × Rn → Rn. The integration interval [t0, te] is

then discretized into a number of N + 1 grid points at tk = t0 + kh, k = 0, . . . , N , where h
denotes the integration step length. The approximated solution of (5.36) can be computed
by means of an s-stage Runge-Kutta method given according to [72]

yk+1 := y(tk+1) = yk + h
s∑
i=1

bif
k
i , k = 0, . . . , N − 1 (5.37a)

fki := f

tk + cih,y
k + h

s∑
j=1

aijf
k
j

, i = 1, . . . , s (5.37b)

with the real coefficients aij, bi and ci typically arranged in the Butcher tableau [24]

c1 a11 a12 · · · a1s

c2 a21 a22 · · · a2s
...

...
... . . . ...

cs as1 as2 · · · ass
b1 b2 · · · bs

⇔
c A

bT
. (5.38)

The Runge-Kutta process is called implicit for general forms of the matrix A and explicit
if A is a lower triangular matrix with zero entries on the main diagonal. Suitable Butcher
tableaus for well known numerical integration schemes can be found in the literature. For
a more convenient discussion at this point, the approximated numerical solution (5.37) of
ODE (5.36) is summarized in the compact notation

yk+1 = yk + hφ
(
yk,yk+1

)
, k = 0, . . . , N − 1. (5.39)

Note that the time argument is neglected for simplification while the general integration
function φ : Rn × Rn → Rn defines a particular Runge-Kutta method. Moreover, (5.39) is
depicted in an implicit integration form which obviously requires the solution of a nonlinear
equation to determine the current approximation yk+1. The explicit counterpart of (5.39),
however, follows by omitting yk+1 as an argument of φ.
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Remark 5.1 Compared to a differential equation describing a dynamical system (e. g. (2.1)
or (3.1)), the relation (5.36) considered in this section does not include a control variable
u(t). However, the numerical integration schemes (5.37) and (5.39), respectively, can be
utilized to solve the system dynamics by using the control values uk := u(tk), k = 0, . . . , N ,
at the corresponding grid points as additional parameters. Thus, the parallel integration
approaches in this section can be used within a model predictive control framework.

5.2.2 Parallel integration by using a fixed-point iteration

A closer look at the approximated solution (5.39) of ODE (5.36) reveals a calculation scheme
that is strictly sequential. Consequently, implementing such a numerical integration method
does not exploit the specific properties of hardware systems with parallel processing. To
derive a more suited form for computing the approximation in a parallel manner, the inte-
gration steps (5.39) are summed up in the following way

z :=


y1

...
yN

 = a+Kz + h


φ(y0,y1)

...
φ
(
yN−1,yN

)
 = a+Kz + hΦ(z) (5.40a)

with the vector a ∈ RnN and the block matrix K ∈ RnN×nN given by

a =



y0

0
...
0
0


, K =



0 0 · · · 0 0
In 0 · · · 0 0
0 In · · · 0 0

0 0 . . . 0 0
0 0 · · · In 0


. (5.40b)

As a result of the summary (5.40), the new variable z ∈ RnN comprises all approximated
solutions at all grid points tk, k = 1, . . . , N . The main idea is now to determine all these
entries simultaneously (and hence allowing a parallel calculation) by combining (5.40) with a
fixed-point iteration scheme. In this regard, consider the following definition of a fixed-point
and a contraction mapping [102].

Definition 5.1 (Fixed-point) A vector function π : Ω → RnN with Ω ⊂ RnN is given. If
there exists a point ζ ∈ Ω such that

ζ = π(ζ), (5.41)

then ζ is a fixed-point of π. The function π is also called a fixed-point mapping or a
fixed-point function.

Definition 5.2 (Contraction mapping) Let Ω ⊂ RnN . A functionG : Ω→ RnN is said to
be a contraction mapping on Ω if G is Lipschitz continuous on Ω with the Lipschitz constant
0 < γ < 1, i. e.

‖G(ξ)−G(ζ)‖ ¬ γ ‖ξ − ζ‖ , ∀ξ, ζ ∈ Ω. (5.42)
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In view of Definition 5.1, a numerical integration scheme (5.39) is approximated by means
of a fixed-point iteration of the form

z(j+1) = G(z(j)), j = 0, . . . ,M. (5.43)

In this way, the states yk, k = 1, . . . , N , at the grid points can be determined simultaneously.
The bracketed superscript (j) in (5.43) indicates now the fixed-point iteration while k in
(5.39) describes the stage value for the discretized time step tk. The number of fixed-
point iterations M has to be chosen appropriately for adequate integration results which
also depends on the fixed-point mapping G. It is also a common approach to use a damped
formulation of the fixed-point iteration (5.43) in order to improve the convergence properties,
i. e.

z(j+1) = Ḡ(z(j)) := εz(j) +(1− ε)G(z(j)), j = 0, . . . ,M, (5.44)

where ε ∈ (0, 1) denotes the damping coefficient. Note that for ε = 0 the damped fixed-point
iteration (5.44) is equivalent to the undamped version (5.43).

A remaining question in view of the fixed-point iteration (5.43) is how the function G has
to be formulated. A very obvious approach follows directly from relation (5.40a) such that
a fixed-point iteration follows to

z(j+1) = G1(z(j)) := a+Kz(j) + hΦ(z(j)). (5.45)

Alternatively, another fixed-point function can be obtained by separating the linear term
Kz of (5.40a) in the following way

z(j+1) = G2(z(j)) :=(InN −K)−1
(
a+ hΦ(z(j))

)
. (5.46)

The constant matrix (InN −K) has full rank (rank(InN −K) = nN) and thus the inverse
relation exists. Moreover, other possible fixed-point functions can be formulated for the
iteration scheme which will, however, not be further discussed in this thesis.

Remark 5.2 A special case occurs if the function Φ in (5.40a) is linear in z, i. e.

z = a+Kz + hΦ̄z, (5.47)

where Φ̄ ∈ RnN×nN is a constant matrix. Under the assumption that the inverse matrix of
InN −K − hΦ̄ exists, an explicit solution follows to

z =
(
InN −K − hΦ̄

)−1
a, (5.48)

allowing to calculate all approximations yk, k = 1, . . . , N , simultaneously (and thus also in
parallel) in a single iteration. In view of a general nonlinear case, an alternative approach
would be to linearize Φ around a suitable setpoint and then to compute some iterations
according to (5.48). These aspects are, however, not further discussed here.
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5.2.3 Convergence properties

This section investigates under which conditions the fixed-point iterations (5.45) and (5.46)
converge to a unique solution. To this end, the following assumption is required to derive
the results.

Assumption 5.1 Consider the set Γ ⊆ Rn. For all yk, ȳk ∈ Γ, k = 0, . . . , N , the integration
function φ : Γ × Γ → Rn in (5.39) is Lipschitz continuous on Γ × Γ with the Lipschitz
constant ρ > 0 in the following sense∥∥∥φ(y0,y1

)
− φ

(
y0, ȳ1

)∥∥∥2
¬ ρ

∥∥∥y1 − ȳ1
∥∥∥2
, k = 0 (5.49a)∥∥∥φ(yk,yk+1

)
− φ

(
ȳk, ȳk+1

)∥∥∥2
¬ ρ

k+1∑
j=k

∥∥∥yj − ȳj∥∥∥2
, k = 1, . . . , N − 1. (5.49b)

Note that in view of the Runge-Kutta scheme (5.37), the Lipschitz condition (5.49) of φ
follows from the Lipschitz continuity of the dynamic function f in ODE (5.36). Assump-
tion 5.1 can now be used to derive some properties of the function Φ in (5.40a). In this
regard, consider the Euclidean norm

‖Φ(z)−Φ(z̄)‖2 =
N−1∑
k=0

∥∥∥φ(yk,yk+1
)
− φ

(
ȳk, ȳk+1

)∥∥∥2
(5.50)

for z, z̄ ∈ Ω. Then, based on Assumption 5.1 and the initial value y0 = ȳ0, the norm (5.50)
satisfies

‖Φ(z)−Φ(z̄)‖2 ¬ ρ
N−1∑
k=0

(∥∥∥yk − ȳk∥∥∥2
+
∥∥∥yk+1 − ȳk+1

∥∥∥2
)
¬ 2ρ ‖z − z̄‖2 . (5.51)

Thus, Φ is Lipschitz continuous on Ω with the Lipschitz constant γ =
√

2ρ, i. e.

‖Φ(z)−Φ(z̄)‖ ¬ γ ‖z − z̄‖ . (5.52)

This condition is significant for the subsequent discussion on convergence of the fixed-point
based numerical integration. However, a further property with regard to the fixed-point of
a function is required. Before the results are provided, this fact is formulated in the next
lemma.

Lemma 5.1 Let Ω be a closed subset of RnN and let G be a contraction mapping on Ω. Then
there exists a unique fixed-point ζ ∈ Ω of G and the fixed-point iteration (5.43) converges to
ζ for all initial values z(0) ∈ Ω.

Proof. See page 67 in [102].

The convergence properties of (5.45) are presented in the following lines. For that purpose,
the iteration scheme has to be modified slightly into a damped form with two damping
coefficients. The following theorem summarizes the corresponding results.
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Theorem 5.1 Suppose that Assumption 5.1 holds. Consider the damped form of the fixed-
point integration (5.45)

z(j+1) = Ḡ1(z(j)) := ε1z
(j) + (1− ε2)

(
a+Kz(j) + hΦ(z(j))

)
(5.53)

with the damping coefficients ε1, ε2 ∈ (0, 1) satisfying ε2 − ε1 > 1 − σ for all σ ∈ (0, 1). If
the integration step length h fulfills the condition

|h| < σ + ε2 − ε1 − 1
(1− ε2) γ

(5.54)

with the Lipschitz constant γ (cf. (5.52)), then Ḡ1 is a contraction mapping and the iteration
scheme (5.53) convergences to a unique fixed-point ζ ∈ Ω for all initial values z(0) ∈ Ω.

Proof. Consider the Euclidean norm of the fixed-point equation Ḡ1 for v,w ∈ Ω∥∥∥Ḡ1(v)− Ḡ1(w)
∥∥∥ =

∥∥∥(ε1 + (1− ε2)K)(v −w) + (1− ε2)h(Φ(v)−Φ(w))
∥∥∥. (5.55)

Applying the triangular inequality and the Lipschitz continuity (5.52) leads to∥∥∥Ḡ1(v)− Ḡ1(w)
∥∥∥ ¬ [ε1 + (1− ε2)(‖K‖i + |h|γ)] ‖v −w‖ , (5.56)

where ‖K‖i = 1 is the induced matrix norm w. r. t. the Euclidean vector norm. For Ḡ1 to
be a contradiction mapping, the relation∥∥∥Ḡ1(v)− Ḡ1(w)

∥∥∥ ¬ σ
∥∥∥v −w∥∥∥, σ ∈ (0, 1) (5.57)

must hold. Consequently, a comparison between (5.56) and (5.57) requires

ε1 + (1− ε2)(1 + |h|γ) < σ, (5.58)

which provides condition (5.54). Thus, if (5.54) holds, then Ḡ1 is a contraction mapping.
In addition, according to Lemma 5.1, the iteration scheme (5.53) converges to a unique
fixed-point for all initial values z(0) ∈ Ω which proves the theorem.

Theorem 5.1 shows that if the step length h is chosen appropriately, the damped version
(5.53) can be applied for approximating the integration scheme (5.39) while all values yk,
k = 1, . . . , N , are computed simultaneously. Hence, this numerical integration scheme is
well-suited for a parallel implementation. Introducing a damping term into a fixed-point
iteration is a typical approach to improve the convergence properties.

The next theorem illustrates similar convergence results for the fixed-point iteration (5.46).
However, the modification into a damped form is not necessary here which is a significant
difference to the first iteration scheme (5.45).

Theorem 5.2 Suppose that Assumption 5.1 holds. Consider the fixed-point iteration (5.46)
with the invertible matrix S = InN −K. If the integration step length h fulfills the condition

|h| < σ

γ
∥∥∥S−1

∥∥∥
i

(5.59)

with σ ∈ (0, 1), the Lipschitz constant γ (cf. (5.52)) and the induced matrix norm ‖·‖i w. r. t.
the Euclidean norm, then G2 is a contraction mapping and the iteration scheme (5.46)
convergences to a unique fixed-point ζ ∈ Ω for all initial values z(0) ∈ Ω.
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Proof. Consider the Euclidean norm of the fixed-point equation G2 for v,w ∈ Ω∥∥∥G2(v)−G2(w)
∥∥∥ =

∥∥∥S−1h(Φ(v)−Φ(w))
∥∥∥. (5.60)

According to the Lipschitz continuity (5.52) and the induced matrix norm, (5.60) can be
reformulated in the following way∥∥∥G2(v)−G2(w)

∥∥∥ ¬ ∥∥∥S−1
∥∥∥ |h|γ∥∥∥v −w∥∥∥. (5.61)

Combining this relation with the condition for a contraction mapping∥∥∥G2(v)−G2(w)
∥∥∥ ¬ σ

∥∥∥v −w∥∥∥, σ ∈ (0, 1) (5.62)

directly leads to the integration step length (5.59). Since G2 is a contraction mapping,
Lemma 5.1 ensures that the iteration scheme (5.46) convergences to a unique fixed-point for
all initial values z(0) ∈ Ω.

Similar to the convergence results of the damped iteration scheme (5.53) (cf. Theorem 5.1),
the second fixed-point iteration (5.46) is also well-suited for numerical integration in a parallel
fashion. As mentioned before, the latter iteration scheme does not require a damping term.
This advantage might simplify the parametrization (i. e. the choice of the step length h) as
well as allow for a more efficient implementation.

5.2.4 Simulation results

This section demonstrates simulation results of the fixed-point based integration scheme for
two different systems. The first example describes a linear, second order dynamical system
without a control input which follows to

T 2ÿ(t) + 2dT ẏ(t) + y(t) = 0, y(0) = y0, ẏ(0) = y1 (5.63)

with the time constant T and the damping coefficient d. The second example, a nonlinear,
frictionless pendulum of length l is governed by the differential equation

ϕ̈(t) +
g

l
sinϕ(t) = 0, ϕ(0) = ϕ0, ϕ̇ = ϕ1 (5.64)

with the gravitational constant g. First of all, it is required to reformulate the dynamical
systems (5.63) and (5.64) into a system of first order ODEs (cf. (5.36)) which can be ob-
tained by introducing the state variables x1(t) = [y(t), ẏ(t)]T as well as x2(t) = [ϕ(t), ϕ̇(t)]T.
The corresponding vector fields f 1(t,x1(t)) and f 2(t,x2(t)), respectively, can be derived
appropriately.

The Euler forward and the Heun approach are implemented as a numerical integration
scheme for the fixed-point iterations (5.45) and (5.46). The associated integration functions
φ(yk,yk+1) are

Euler forward: φ(yk) = f
(
tk,yk

)
Heun: φ(yk) =

1
2
f
(
tk,yk

)
+

1
2
f
(
tk + h,yk + hf

(
tk,yk

))
,

(5.65a)
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where Butcher tableau’s follow to

Euler forward:
0 0

1
Heun:

0 0 0
1 1 0

1
2

1
2

. (5.65b)

Both representations (5.65a) and (5.65b) reveal the explicit formulation of the numerical
integration.

The Euler forward scheme is applied for integrating the linear system (5.63) while the Heun
approach is used in combination with the pendulum example (5.64). Thus, the applicability
and performance of the fixed-point based integration is demonstrated for two systems and two
different numerical integration schemes. The corresponding initial values for the examples
are chosen to

y0 = 0.5, y1 = 0, ϕ0 = 45◦, ϕ1 = 0 (5.66)

and the parameters of the systems are T = 0.2
√

2 s, d = 1/
√

8 and l = 0.5 m. Note
that the non-dimensional states of the linear system are obtained due to an appropriate
normalization. Additionally, the integration interval [0 s, 3 s] is discretized into N = 45
equidistant grid points resulting in a fixed step length of h ≈ 0.067 s.

Figure 5.5 and 5.6, respectively, illustrate the integration results for the linear and the pen-
dulum system. In this regard, the plots in the left column show the results for the fixed-point
function G1 whereas the right one depicts the results of the second fixed-point relation G2

for various numbers of iterations. It can be observed that the integration based on G1 only
propagates the numerical solution along the iterations. This property, however, arises from
the particular structure of (5.45) since in each new iteration just a pair of consecutive entries
in the comprised vector z(j+1) is updated. As a consequence, at least as many iterations as
grid points (M = N) are required for a sufficiently accurate approximation. Nevertheless,
the fixed-point iteration (5.45) is suited to be used in the context of a model predictive con-
trol algorithm in the following way. In the first MPC iteration, the dynamics is integrated
sequentially and in the remaining computations the fixed-point version is applied. The so-
lution then propagates not only based on the number of fixed-point iterations M but also
for increasing MPC iterations. The results in Figure 5.5 and 5.6 additionally reveal that the
fixed-point function G2 requires about M = 22 iterations for an exact approximation of the
sequential solution and hence provides better convergence properties compared to G1. The
reason is the form of G2 (cf. (5.46)) which manipulates the states at all stages k = 1, . . . , N
in each iteration (see Figure 5.5 and 5.6)

The implementation strategy of the gradient-based MPC on an FPGA discussed in
Section 2.4 already used a numerical integration scheme with fixed-point iteration. The ap-
plied Euler forward method provided a good trade-off between numerical accuracy, necessary
resources for the digital circuit, and computation times (see Table 2.4).
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Figure 5.5: Parallel integration results for the linear system.

5.3 Conclusions

This chapter illustrates parallel optimization approaches from two different perspectives. Ex-
isting hardware platforms as, for instance, FPGAs are well suited for parallel computing due
to the principle of the underlying processing. Hence, implementing numerical optimization
algorithms on such systems motivates the application of appropriate parallelization methods.

After formulating a class of inequality-constrained optimal control problems a transforma-
tion technique (cf. Chapter 3 and 4) is applied to derive an equality-constrained counterpart.
This new problem formulation has a particular structure which is favourable to decompose
the OCP into independent subproblems by additionally using ideas of the Augmented La-
grangian Approach. Two different algorithms based on a Jacobi-type iteration and the
Alternating Direction Method of Multipliers are presented for the numerical solution in a
parallel fashion. The applicability of the algorithms is demonstrated for a nonlinear model of
a planar vertical take-off and landing vehicle with input and state constraints showing that
the parallel solution converges to the optimal solution of the original problem formulation.

Another parallelization approach is derived from the analysis of the projected gradient al-
gorithm discussed in Section 2.2. The integration of the system and adjoint dynamics in
forward and in backward time, respectively, are the main operations and hence produce



5.3 Conclusions 117

Figure 5.6: Parallel integration results for the pendulum example.

the largest computational burden. In this regard, a parallel integration scheme based on
fixed-point iterations is presented. Moreover, convergence properties for two fixed-point
functions are illustrated along with simulation studies for a linear as well as a nonlinear
system. It is shown that a finite number of fixed-point iterations is sufficient to obtain very
good integration results.





Chapter 6

Conclusions and outlook

Model predictive control schemes represent a class of optimization-based control strategies
which have become very popular in the last decades. Typical control tasks such as load
changes or point-to-point motions can be performed in an optimal sense while at the same
time constraints can be taken into account. Many researches developed various MPC strate-
gies and investigated convergence as well as stability properties resulting in a deep under-
standing of the subject. The numerical solution of an optimal control problem, however,
usually requires considerable computational burden depending on the problem formulation,
the applied MPC approach and the hardware platforms, where the controller is implemented
on. This drawback typically limits the use of MPC to simple or slow dynamical systems. To
this end, many MPC schemes were developed addressing this difficulty from an algorithmic
perspective. In contrast to standard approaches, this thesis attacks the issue of the numeri-
cal burden from a more systematic point of view by combining a transformation technique
to account for the constraints with a gradient algorithm enabling the real-time control of
nonlinear systems.

A model predictive control framework based on the projected gradient method that is suited
for the real-time control of fast nonlinear systems is preluded in this thesis. A drawback is,
however, that only input constraints can be considered in the original problem formulation.
The algorithm allows a time and memory efficient calculation of the MPC steps and repre-
sents a suboptimal solution approach due to the use of a fixed number of iterations. A kind
of warm-start approach where the previously computed input trajectories reinitialize the
algorithm reduces the suboptimality along the MPC iterations. The gradient-based MPC
is implemented on a standard PLC to control a laboratory crane in order to experimentally
validate the approach. Pre-experimental results of an FPGA implementation are addition-
ally provided in the sense that synthesis strategies with associated outcome are presented. In
addition, the MPC scheme based on the gradient projection method is implemented within
the software tool GRAMPC. It is written in plain C without the use of external libraries to
ensure on the one hand a high level of portability and on the other hand a fast execution
of the algorithm. GRAMPC has an interface to Matlab/Simulink and furthermore features
a GUI in Matlab. The software is licensed under the GNU Lesser General Public License
(version 3) and can be downloaded under http://sourceforge.net/projects/grampc/.

In practice, the gradient-based model predictive controller can only account for state con-
straints as soft constraints via the cost function. In order to preserve computational efficiency
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of the MPC algorithm to a certain extent, a constraint transformation approach is applied
to allow the inclusion of state constraints. In this thesis two classes of optimal control prob-
lems with state constraints are discussed. First of all, a problem formulation with state
constraints in form of general nonlinear constraint functions is considered. The general idea
of the transformation technique is the introduction of saturation functions with new vari-
ables to substitute the constraints. These variables represent new states and controls with
associated system dynamics and are inherently unconstrained. The resulting unconstrained
OCP then allows the use of the gradient method in the context of an MPC framework. It
is also shown that the MPC scheme is stable under certain assumptions. In addition, com-
parison results with established linear and nonlinear MPC solvers are illustrated. In this
regard, the gradient-based MPC shows a very good performance and hence provides a good
trade-off between the accuracy of the computed trajectories and the computation time for
each MPC iteration.

The transformation approach requires the introduction of saturation functions for the state
and the control constraints and also reformulates the OCP within the MPC framework.
Depending on the problem formulation, the resulting substitutions of the variables might be
complex nonlinear mappings. To further ease the numerical burden of the model predictive
controller, an MPC scheme with state-dependent input constraints is presented. It is shown,
that this class of problem formulations can be derived by means of an adapted transformation
approach from the state and input constrained OCP discussed in the previous chapter. Unlike
the previous considerations, appropriate modifications of the projected gradient method
are necessary to enable the use of the algorithm. Besides the discussion of stability and
convergence properties, both MPC schemes are experimentally validated by controlling a
nonlinear model of a three-dimensional configuration of a laboratory crane.

The numerical burden of MPC schemes can be attacked by means of different strategies.
An obvious way is to take the advantages of the utilized hardware into account to speed up
the computation in each MPC step. Motivated by the inherent parallel processing of pro-
grammable logic in FPGAs, parallelization approaches for solving optimal control problems
are investigated. Since integrating the system and adjoint dynamics within the gradient
algorithm requires a significant amount of computational resources, a parallelizable integra-
tion scheme is presented. It is shown, that a fixed-point scheme can be used to approximate
the numerical steps in a parallel fashion. The approach is suited for general integration
methods and provides good convergence properties. Simulation results demonstrated the
applicability of the fixed-point integration scheme which is also used in an implementation
strategy of the gradient-based MPC scheme on an FPGA. The preliminary results reveal
that the parallel integration provides good numerical accuracy combined with a reasonable
use of FPGA resources and resulting computation times. It is also shown by focusing on
the required number of logic elements that the MPC scheme can be implemented on real
FPGAs.

Another more obvious idea is the direct decomposition of an optimal control problem into
independent subproblems which can be solved in parallel. After the reformulation of an
inequality-constrained OCP into an equality-constrained counterpart, the Augmented La-
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grangian Approach is applied to obtain a max-min-problem. A numerical solution is then
obtained by performing a Jacobi-type iteration or the Alternative Direction Method of Mul-
tipliers. These approaches allow to separate the max-min-problem into appropriate sub-
problems which can be solved independently and thus in a parallel manner. The approach
is used to compute optimal trajectories for a nonlinear planar vertical take-off and landing
vehicle with state and input constraints demonstrating that the solution of the decomposed
problem converges to the optimal one of the original OCP. The results in this chapter show
some first and promising steps towards a parallel MPC scheme which have to be further
developed in future.





Appendix A

Derivation of the laboratory crane dynamics

This section derives the dynamics of the laboratory crane which is used in the previous
chapters for experimental studies. First, the two-dimensional configuration of the system is
discussed before the three-dimensional setup is considered.

A.1 Two-dimensional configuration of the laboratory
crane

The two-dimensional configuration of the laboratory crane is illustrated in Figure A.1. In
the spirit of [111, 4], the equations of motion are derived via the Lagrangian formalism.
Due to the two-dimensional configuration, the trolley and the load can only move in the
(X, Y )-plane. The trolleys and loads centers of mass in the coordinate system (0, X, Y ) are
described by means of the coordinates

rT (t) =
[
xT (t)

0

]
, rL(t) =

[
xL(t)
yL(t)

]
=
[
xT (t) + l(t) sin θ(t)
−l(t) cos θ(t)

]
, (A.1)

where xT (t) indicates the position of the trolley, l(t) denotes the length of the rope and θ(t)
is the deflection angle w. r. t. the vertical line. The kinetic and potential energy terms T and
V of the crane are given according to

T =
1
2
Mẋ2

T (t) +
1
2
m
(
ẋ2
L(t) + ẏ2

L(t)
)

(A.2a)

V = mgyL(t) (A.2b)

Figure A.1: Schematics.
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with the gravitational constant g and the masses of the trolley and the load M and m,
respectively. The Lagrangian L = T −V with the generalized coordinates q = [q1, q2, q3]T =
[xT , l, θ]

T leads to the equations of motion

d
dt
∂L
∂q̇i
− ∂L
∂qi

= τi, i = 1, 2, 3. (A.3)

The non-conservative forces τ = [τ1, τ2, τ3]T = [FX , FY , 0]T generated by associated electrical
drives act on the trolley and the load. Differentiating the Lagrangian L according to (A.3)
derives the dynamics in the more detailed form

m sin θ
(
−lθ̇2 + l̈

)
+(m+M) ẍT +m cos θ

(
2l̇θ̇ + lθ̈

)
= FX (A.4a)

m
(
−g cos θ − lθ̇2 + l̈ + ẍT sin θ

)
= FY (A.4b)

ml
(
g sin θ + 2l̇θ̇ + ẍT cos θ + lθ̈

)
= 0. (A.4c)

The overall controller of the experimental system is implemented in form of a cascaded
control scheme combining fast velocity controllers for the electrical drives and the gradient-
based MPC. This strategy allows to neglect friction and additionally reduces the dynamics
of the trolley and the rope (A.4a), (A.4b) to a double integrator system. Thus, a simplified
model of the laboratory crane with the accelerations aX and al of the trolley and the rope
follows to

ẍT = aX , l̈ = al, θ̈ = −1
l

(
g sin θ + aX cos θ + 2l̇θ̇

)
. (A.5)

The first two differential equations in (A.5) result from the underlying velocity controllers
that allow to neglect (A.4a) and (A.4b). The last ODE can be derived directly from (A.4c).

A.2 Three-dimensional configuration of the laboratory
crane

The three-dimensional configuration of the laboratory crane is shown in Figure A.2 and
can be seen as an extension of the two-dimensional setup from the previous section. The
corresponding equations of motion are again derived by using the Lagrangian formalism
[111, 4]. The positions of the trolleys and the loads centers of mass in the inertial system
(0, X, Y, Z) are given by

rT (t) =


xT (t)
yT (t)

0

 , rL(t) =


xL(t)
yL(t)
zL(t)

 =


xT (t) + l(t) sin θX(t) cos θY (t)

yT (t)− l(t) sin θY (t)
−l(t) cos θX(t) cos θY (t)

 , (A.6)

with the position of the trolley (xT (t), yT (t)), the length of the rope l(t) and the deflection
angles θX(t) as well as θY (t) in the X- and Y -direction w. r. t. the vertical line. The kinetic
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Figure A.2: Schematics.

and the potential energy terms of the three-dimensional configuration of the crane are

T =
1
2
MX ẋ

2
T (t) +

1
2
MY ẏ

2
T (t) +

1
2
mṙTL(t)ṙL(t) (A.7a)

V = mgzL(t), (A.7b)

where m denotes the mass of the load and g is the gravitational constant. The translational
mass components MX , MY comprise the masses of the electrical drives, the trolley, and the
remaining crane construction w. r. t. the corresponding direction of motion. The Lagrangian
L = T − V with the generalized coordinates q = [q1, . . . , q5]T = [xT , yT , l, θX , θY ]T and the
non-conservative forces τ = [τ1, . . . , τ5]T = [FX , FY , Fl, 0, 0]T provides the dynamics of the
laboratory crane in the following form (cf. (A.3))

(MX +m) ẍT +mCθX
(
2θ̇X

(
l̇CθY − lθ̇Y SθY

)
+ lθ̈XCθY

)
−mSθX

(
CθY

(
lθ̇2
X + lθ̇2

Y − l̈
)

+ SθY
(
2l̇θ̇Y + lθ̈Y

))
= FX

(A.8a)

mSθY
(
lθ̇2
Y − l̈

)
+(MY +m) ÿT −mCθY

(
2l̇θ̇Y + lθ̈Y

)
= FY (A.8b)

m
(
CθY (−gCθX + ẍTSθX)− l

(
θ̇2
XC2θY + θ̇2

Y

)
+ l̈ − ÿTSθY

)
= Fl (A.8c)

mlCθY
(
gSθX + ẍTCθX + 2θ̇X

(
l̇CθY − lθ̇Y SθY

)
+ lθ̈XCθY

)
= 0 (A.8d)

ml
(
2l̇θ̇Y + SθY (gCθX − ẍTSθX)− ÿTCθY + l

(
θ̇2
XSθY CθY + θ̈Y

))
= 0. (A.8e)

The abbreviations in (A.8) are Sθ := sin θ and Cθ := cos θ. As for the two-dimensional
configuration of the laboratory crane, a cascaded control scheme with fast velocity controllers
for the electrical drives are used. This strategy provides the benefit that the differential
equations with regard to the crane construction (A.8a)–(A.8c) can be reduced to simple
double integrators since the velocity controllers enforce these simplified dynamics. The
model of the three-dimensional laboratory crane with the accelerations aX , aY and al of the
construction, the trolley and the load is then simplified into the following form



126 Derivation of the laboratory crane dynamics

ẍT = aX , ÿT = aY , l̈ = al

θ̈X = − 1
lCθY

(
gSθX + aXCθX + 2θ̇X

(
l̇CθY − lθ̇Y SθY

))
θ̈Y = −1

l

(
2l̇θ̇Y + SθY (gCθX − aXSθX)− aY CθY + lθ̇2

XSθY CθY
)
.

(A.9)

Similar to the two-dimensional configuration of the crane, the first three differential equa-
tions in (A.9) result from the use of the underlying velocity controllers. The remaining
dynamics regarding the deflection angles θX and θY follow from relations (A.8d) and (A.8e),
respectively.



Appendix B

The gradient-based nonlinear MPC software
GRAMPC

GRAMPC (GRAdient-based MPC – [græmp’si:]) is a real-time model predictive control software
which is based on the gradient projection approach (cf. Chapter 2) and is suited for con-
trolling nonlinear systems with input constraints in the (sub-)millisecond range [93]. This
appendix describes first the problem formulations that can be solved by means of GRAMPC and
continues with an illustration of its general structure as well as algorithmic options, param-
eters and interfaces. The software is licensed under the GNU Lesser General Public License
(version 3) and can be download from http://sourceforge.net/projects/grampc/. Fur-
ther details on GRAMPC can be found in the manual [97].

B.1 Problem formulation

The MPC scheme that can be handled with GRAMPC is based on the following optimal control
problem with input constraints and prediction horizon T > 0

min
u(·)

J(u(·),xk) = V (T,x(T )) +
∫ T

0
L(τ,x(τ),u(τ)) dτ (B.1a)

s.t. ẋ(τ) = f(tk + τ,x(τ),u(τ)) , x(0) = xk (B.1b)

u(τ) ∈ U :=
[
u−,u+

]
, τ ∈ [0, T ]. (B.1c)

Note that compared to OCP (2.3), the terminal and integral functions V : R+
0 × Rn → R+

0

and L : R+
0 ×Rn×Rm → R+

0 as well as the system function f : R+
0 ×Rn×Rm → Rn include

an additional time argument in order to consider time-varying problems. The numerical
solution of (B.1) is computed by means of the projected gradient method (cf. Section 2.2)
with a fixed number of iterations to allow for real-time implementations. Additionally, the
adaptive and explicit line search strategies illustrated in Section 2.2.2 are implemented to
determine an appropriate step size.

B.2 Structure of GRAMPC

The aim of GRAMPC is to be portable and executable on different operating systems and
hardware devices without the use of external libraries. To this end, GRAMPC is written in plain

127

http://sourceforge.net/projects/grampc/


128 The gradient-based nonlinear MPC software GRAMPC

C with a user-friendly interface to Matlab/Simulink. The general structure of GRAMPC
including the interfaces, the algorithmic parameters and options as well as the resulting
outputs is illustrated in Figure B.1.

Figure B.1: General structure of GRAMPC (gray – C code, white – Matlab code).

The problem formulation in terms of (B.1) has to be provided to GRAMPC via a C function (cf.
Figure B.1). For illustration purposes, the following double integrator example is considered

min
u(·)

J(u, xk) = x2
1(T ) + x2

2(T ) +
∫ T

0
x2

2(τ) + ru2(τ) dτ (B.2a)

s.t. ẋ1(τ) = cx2(τ) , x1(0) = x1,k (B.2b)

ẋ2(τ) = u(τ) , x2(0) = x2,k (B.2c)

u(τ) ∈ [u−, u+] , τ ∈ [0, T ]. (B.2d)

The problem formulation is then implemented within the C function template below.

void sysdim(typeInt *Nx, typeInt *Nu)
{
*Nx = 2; /* number of states */
*Nu = 1; /* number of controls */

}

void sysfct(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *u, typeRNum *pSys)

{
out [0] = pSys [0]*x[1]; /* x1’ = f1 = c*x2 */
out [1] = u[0]; /* x2 ’ = f2 = u */

}
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void sysjacx(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *u, typeRNum *pSys)

{
out [0] = 0.0; /* df1dx1 */
out [1] = 0.0; /* df2dx1 */
out [2] = pSys [0]; /* df1dx2 */
out [3] = 0.0; /* df2dx2 */

}

void sysjacu(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *u, typeRNum *pSys)

{
out [0] = 0.0; /* df1du1 */
out [1] = 1.0; /* df2du1 */

}

void sysjacxadj(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *adj , typeRNum *u, typeRNum *pSys)

{}

void sysjacuadj(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *adj , typeRNum *u, typeRNum *pSys)

{}

void icostfct(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *u, typeRNum *xdes , typeRNum *udes ,
typeRNum *pCost)

{
out [0] = x[1]*x[1] + pCost [0]*u[0]*u[0]; /*L=x2^2+r*u^2*/

}

void icostjacx(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *u, typeRNum *xdes , typeRNum *udes ,
typeRNum *pCost)

{
out [0] = 0.0; /* dLdx1 */
out [1] = 2*x[1]; /* dLdx2 */

}

void icostjacu(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *u, typeRNum *xdes , typeRNum *udes ,
typeRNum *pCost)
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{
out [0] = 2* pCost [0]*u[0]; /* dLdu1 */

}

void fcostfct(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *xdes , typeRNum *pCost)

{
out [0] = x[0]*x[0] + x[1]*x[1]; /* V = x1^2 + x2^2 */

}

void fcostjacx(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *xdes , typeRNum *pCost)

{
out [0] = 2*x[0]; /* dVdx1 */
out [1] = 2*x[1]; /* dVdx2 */

}

The single functions have the following meaning:

• sysdim: This function contains the system dimension of the considered problem, i. e.
the number of states as well as of controls.

• sysfct: In this function the corresponding system dynamics is included where the
variable pSys contains additional system parameters.

• sysjacx and sysjacu: The jacobians ∂f
∂x

and ∂f
∂u

allow evaluating the optimality con-
ditions (2.7) time efficiently. The jacobians must be implemented in vector form by
arranging the successive rows of the matrix.

• sysjacxadj and sysjacuadj: An alternative to sysjacx and sysjacu is to provide
the product functions (∂f

∂x
)Tλ and (∂f

∂u
)Tλ that appear in the partial derivatives Hx

and Hu. For the double integrator example, these functions would take the form

void sysjacxadj(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *adj , typeRNum *u,
typeRNum *pSys)

{
out [0] = 0.0; /* df1dx1*adj1+df2dx1*adj2*/
out [1] = pSys [0]* adj [0]; /* df1dx2*adj1+df2dx2*adj2*/

}

void sysjacuadj(typeRNum *out , typeRNum t, typeRNum *x,
typeRNum *adj , typeRNum *u,
typeRNum *pSys)

{
out [0] = adj [1]; /* df1du1*adj1 + df2dx2*adj2 */

}
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instead of the empty function templates in the code above. Using sysjacxadj and
sysjacuadj in GRAMPC is of advantage, if the jacobians ∂f

∂x
and ∂f

∂u
are sparsely popu-

lated and an explicit evaluation of (∂f
∂x

)Tλ and (∂f
∂u

)Tλ in the gradient algorithm would
involve unnecessary zero multiplications. Whether the functions sysjacx, sysjacu
or dfdxadjfct, dfduadjfct are provided by the user is indicated to GRAMPC via the
algorithmic options.

• fcostfct and icostfct: The terminal and integral cost terms in (B.1a) can be pro-
vided by means of these functions. The variable pCost contains additional parameters.

• fcostjacx, icostjacx and icostjacu: To further accelerate the computation, the
partial derivatives ∂L

∂x
, dL

du , ∂V
∂x

have to be provided by the user.

B.3 Algorithmic options

The algorithmic options of GRAMPC concern the numerical integrations in the gradient algo-
rithm, the line search implementation as well as further settings. Table B.1 summarizes all
algorithmic options of GRAMPC in terms of the option name and type as well as default and
possible values (if available).

Table B.1: Algorithmic options.

option name type option value

possible values default value

MaxIter integer 2
ShiftControl char on/off on
ScaleProblem char on/off off
CostIntegrator char trapezodial/simpson trapezodial
Integrator char euler/modeuler/ heun

heun/ruku45
IntegratorRelTol double 10−6

IntegratorAbsTol double 10−8

LineSearchType char adaptive/explicit1/ adaptive
explicit2

LineSearchMax double 0.75
LineSearchMin double 10−5

LineSearchInit double 5.5 · 10−4

LineSearchIntervalFactor double 0.85
LineSearchAdaptFactor double 3/2
LineSearchIntervalTol double 10−1

JacobianX char sysjacx/sysjacxadj sysjacxadj
JacobianU char sysjacu/sysjacuadj sysjacuadj
IntegralCost char on/off on
FinalCost char on/off on
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• MaxIter: Denotes the number of gradient iterations Ng per MPC step.

• ShiftControl: Indicates if the initial input trajectory u(0)
k+1(τ) is shifted in each MPC

step, i. e. u(0)
k+1(τ) = u

(Ng)
k (τ + ∆t) for τ ∈ [0, T −∆t], while the last time segment for

τ ∈ (T −∆t, T ] is extrapolated according to u(0)
k+1(τ) = u

(Ng)
k (τ), τ ∈ (T −∆t, T ]. The

control shift is motivated by the principle of optimality for an infinite MPC horizon
and will lead to a faster convergence behavior of the gradient algorithm for most MPC
problems.

• ScaleProblem: Indicates if scaling is activated in GRAMPC. Scaling is recommended for
improving the numerical conditioning when the state and control values of the given
MPC problem (B.1) differ in several orders of magnitude. GRAMPC allows state and
control scaling according to

x̃(t) =
x(t)− xoffset

xscale
, ũ(t) =

u(t)− uoffset

uscale
, (B.3)

where xoffset ∈ Rn and uoffset ∈ Rm denote offset values and xscale ∈ Rn and uscale ∈ Rm

are scaling values. These values are set via the algorithmic parameters of GRAMPC.

• CostIntegrator: Denotes the integration method for the computation of the inte-
gral cost L(t,x(t),u(t)) in (B.1a). The integration is either performed by means of
the trapezodial rule (option value: trapezodial) or the Simpson rule (option value:
simpson).

• Integrator: Specifies which integration scheme is used for the forward and backward
integration of the system and adjoint dynamics. So far, the following integration meth-
ods are implemented: Euler method (Option value: euler), modified Euler method
(Option value: modeuler), Heun method (Option value: heun) and a Runge-Kutta
method of 4-th order (option value: ruku45). The first mentioned integrators use a
fixed step size, whereas the Runge-Kutta method of order 4 is a variable step size
integrator.

• IntegratorRelTol: Denotes the relative tolerance of the 4-th order Runge-Kutta
integrator with variable step size.

• IntegratorAbsTol: Denotes the absolute tolerance of the 4-th order Runge-Kutta
integrator with variable step size.

• LineSearchType: Indicates the computation approach of the step size α as described
in Section 2.2.2. The step size is computed either by using the adaptive line search
(2.14) (option value: adaptive) or the explicit approaches (option value: explicit1/
explicit2), see (2.18) and (2.20).

• LineSearchMax: Denotes the maximum value αmax of the step size α.

• LineSearchMin: Denotes the minimum value αmin of the step size α.

• LineSearchInit: Indicates the initial value αinit > 0 for the step size α. If the adaptive
line search is used, then the sample point α2 is set to α2 = αinit.
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• LineSearchIntervalFactor: This option is only active for the adaptive line search
(LineSearchType option value: adaptive). Using the initialized mid sample point
α2 = αinit, the interval factor β ∈ (0, 1) specifies the interval bounds [α1, α3] for the
adaptive line search according to α1 = α2(1− β) and α3 = α2(1 + β).

• LineSearchAdaptFactor: This option is only available for the adaptive line search
method (LineSearchType option value: adaptive) and specifies the factor κ > 1 for
the adaptation interval (2.14) that determines how much the line search interval is
scaled and shifted in the direction of the minimum step size value.

• LineSearchIntervalTol: This option is only available for the adaptive line search
(LineSearchType option value: adaptive) and specifies the interval tolerance εα ∈
(0, 1) for which the adaptation interval (2.14) is performed.

• JacobianX: Specifies how the jacobian of the system function f w. r. t. the states x is
provided by the user. The jacobian is either provided in matrix form (option value:
sysjacx), i. e. sysjacx =̂ ∂f

∂x
or in vector form as the product with the corresponding

adjoint states λ (option value: sysjacxadj), i. e. sysjacxadj =̂ (∂f
∂x

)Tλ.

• JacobianU: Specifies how the jacobian of the system function f w. r. t. the controls u
is provided by the user. The jacobian is either provided in matrix form (option value:
sysjacu), i. e. sysjacu =̂ ∂f

∂u
or in vector form as the product with the corresponding

adjoint states λ (option value: sysjacuadj), i. e. sysjacuadj =̂ (∂f
∂u

)Tλ.

• IntegralCost: Indicates if an integral cost in the MPC formulation (B.1a) is given.

• FinalCost: Indicates if a final cost in the MPC formulation (B.1a) is given.

B.4 Algorithmic parameters

Besides the algorithmic options, GRAMPC provides several parameter settings. Some of the
parameters are problem dependent and hence are mandatory to specify, whereas for other
parameters the default values can be used. Table B.2 provides an overview of the algorithmic
parameters of GRAMPC.

Table B.2: Algorithmic parameters.

parameter name parameter type default value

u0 double * to be provided
xk double * to be provided
xdes double * to be provided
udes double * to be provided
Thor double to be provided
dt double to be provided
tk double 0
Nhor integer 30
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Table B.2: algorithmic parameters

parameter name parameter type default value

umax double * + inf ·eNu

umin double * − inf ·eNu

xScale double * eNx

xOffset double * 0 · eNx

uScale double * eNu

uOffset double * 0 · eNu

pCost double * NULL
NpCost integer 0
pSys double * NULL
NpSys integer 0

The symbol en = [1, . . . , 1]T ∈ Rn denotes a column vector. The asterisk indicates pointer
notation, NULL represents the null pointer. All parameters that are mandatory to be provided
by the user are listed at the beginning of Table B.2, whereas the remaining parameters are
optional and initialized to the corresponding default values.

• u0: Denotes the initial (constant) control vector u0 that is used by GRAMPC to initialize
the control trajectory in the first MPC step, i. e. u(0)

0 (τ) = u0 = const. for τ ∈ [0, T ].

• xk: Denotes the initial state vector x(0) = xk (initial condition) at the corresponding
sampling time tk of the MPC formulation (B.1).

• xdes: Denotes the desired setpoint vector for the states.

• udes: Denotes the desired setpoint vector for the controls.

• Thor: Denotes the prediction horizon for the optimization.

• dt: Denotes the sampling time of the considered system.

• tk: Denotes the current sampling instance tk that is provided to the time-varying
system dynamics (B.1b) of the MPC formulation (B.1).

• Nhor: Denotes the number of discretization points for the numerical integration.

• umax: Denotes a vector with upper bounds for the control inputs.

• umin: Denotes a vector with lower bounds for the control inputs.

• xScale: Denotes a vector with scaling factors for each state, see (B.3).

• xOffset: Denotes a vector with offset values for each state, see (B.3).

• uScale: Denotes a vector with scaling factors for each control, see (B.3).

• uOffset: Denotes a vector with offset values for each control, see (B.3).

• pCost: Denotes a vector with additional parameters for the cost function (B.1).

• NpCost: Denotes the number of elements of the cost parameter vector pCost.
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• pSys: Denotes a vector with additional parameters for the system dynamics (B.1b).

• NpSys: Denotes the number of elements of the system parameter vector pSys.

B.5 Interface to C

In order to provide a high level of portability of GRAMPC in view of different operating systems
and hardware devices, the main components are written in plain C without the use of external
libraries. As illustrated in Figure B.2, GRAMPC contains initializing as well as running files
(including the gradient algorithm), different integrators for the system and adjoint dynamics
and functions to alter the options and parameters. The following main files are comprised
in GRAMPC.

• grampc init.c: Function for initializing GRAMPC that also includes memory allocation
as well as deallocation.

• grampc run.c: Function for running GRAMPC which includes the implemented gradient
algorithm with the two different line search strategies.

• grampc mess.c: Function for printing information (e. g. errors) regarding the initial-
ization as well as execution of GRAMPC.

• grampc setopt.c: Function for setting algorithmic options.

• grampc setparam.c: Function for setting algorithmic parameters.

• euler1.c: Simple Euler forward integration scheme with fixed step size.

• eulermod2.c: Modified Euler forward integration scheme with fixed step size.

• heun2.c: Heun integration scheme with fixed step size.

• ruku45.c: Runge-Kutta integration scheme of order 4 with variable step size.

B.6 Interface to Matlab/Simulink

Though the main components of GRAMPC are implemented in C, a user-friendly interaction
with Matlab/Simulink is also provided with an additional graphical user interface (GUI)
to allow a convenient MPC design. To this end, each main C function has a related Mex

Figure B.2: Main components of GRAMPC.
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Figure B.3: GRAMPC’s interface to Matlab/Simulink (gray – C, white – Matlab).

routine as it is shown in Figure B.3 that allows running GRAMPC in Matlab/Simulink
as well as altering options and parameters without recompilation. A Matlab/Simulink
integration via an appropriate Simulink block and a related S-function grampc run Sfct.c
is also provided. In addition to the Matlab/Simulink interface functions, a graphical
user interface (GUI) for GRAMPC can be used allowing a convenient way to parametrize the
model predictive controller. A snapshot of the GUI window is given in Figure B.4. The GUI
buttons have the following meaning:

Figure B.4: GRAMPC’s graphical user interface.
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• The button LOAD problem loads the problem formulation including the system
representation and the cost functions.

• The button LOAD par. & opt. reads the initialization file initData.m, where the
options and parameters for the considered problem are set.

• The remaining buttons compile the problem implementation, clean previous built files,
start and stop the MPC simulation and perform single (paused) MPC steps. The
EXIT button closes the GUI.

The GUI is further divided into three blocks (cf. Figure B.4) with regard to GRAMPC’s pa-
rameter and option settings as well as plot properties:

• The block MPC parameters contains all algorithmic parameters such as the pre-
diction horizon (Thor), the sampling time (dt), the number of discretization points
(Nhor) and the remaining parameters.

• The options of GRAMPC are set in the MPC options block. Available choices for the
selected option are depicted.

• The block plot options provides options to illustrate the simulation results. The
current closed-loop results of the MPC (closed-loop traj.) and the MPC predictions
in each MPC step (predicted traj.) can be depicted individually. The fields select
states and select controls allow to select individual components of the states and
controls to be plotted (has to be entered in Matlab vector syntax). The field select
line search iter. provides the additional option to select and plot the approximated
cost value for the corresponding step sizes and gradient iteration. The results are
illustrated within the plot of the predicted trajectories and hence can be displayed by
activating the corresponding plot options. The field plot sample rate can be used
to accelerate the MPC simulation, as it specifies how many MPC steps are computed
before the plots are refreshed. For the default value 10, the MPC results are plotted
for every 10-th sampling instance.
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[3] F. Allgöwer and A. Zheng, editors. Nonlinear Model Predictive Control, volume 26 of
Progress in Systems and Control Theory. Birkhäuser, Basel, 2000.
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[147] M. Reble and F. Allgöwer. Unconstrained model predictive control and suboptimality
estimates for nonlinear continuous-time systems. Automatica, 48(8):1812–1817, 2012.

[148] J. Richalet. Industrial applications of model based predictive control. Automatica,
29(5):1251–1274, 1993.

[149] J. Richalet, A. Rault, J. L. Testud, and J. Papon. Model predictive heuristic control:
Applications to industrial processes. Automatica, 14(5):413–428, 1978.

[150] S. Richter and R. A. deCarlo. Continuation methods: Theory and applications. IEEE
Transactions on Circuits and Systems, 30(6):347–352, 1983.

[151] S. Richter, C. N. Jones, and M. Morari. Computational complexity certification for
real-time MPC with input constraints based on the fast gradient method. IEEE Trans-
actions on Automatic Control, 57(6):1391–1403, 2012.



150 Bibliography
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