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aus Lüneburg

Dezember 2017

Erstgutachter: Prof. Dr. Martin B. Plenio
Zweitgutachter: apl. Prof. Dr. Matthias Freyberger



Dekan der Fakultät: Prof. Dr. Peter Dürre

Erstgutachter: Prof. Dr. Martin B. Plenio

Zweitgutachter: apl. Prof. Dr. Matthias Freyberger
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Abstract

Trapped atomic ions are one of the leading platforms for quantum simulations. Recently, they
have also established themselves as a testbed for classical statistical mechanics and mesoscopic
systems. The challenges in this field are twofold at the moment.

In the endeavor to simulate systems which are beyond the simulation capabilities of currently
available conventional computers, trapped-ion experiments have constantly become more com-
plex. The precise interrogation of the dynamics of the ever more complex experiments remains
a challenge. It is therefore desirable to develop new schemes for the study of the dynamics of
crystals of trapped ions which can be realized with state-of-the-art technology. On the other
hand, there is a demand for simulation protocols that can be implemented in current experi-
ments and, at the same time, are able to simulate physics which cannot be simulated efficiently
on conventional computers. In this thesis we address both of these issues.

In the first part of the thesis, we show how the concepts of multidimensional spectroscopy
can be extended to the interrogation of nonlinear dynamics of crystals of trapped ions. The
scheme we present can be realized with currently available technology and reveals the nonlinear
dynamics of ion crystals. It can be applied to systems with many ions as well as in the presence
of thermal excitations. A further asset of the protocol we present is that different types of noise
can be distinguished in the spectra.

We illustrate the feasibility of our proposal by simulating two trapped-ion experiments which
can be realized in state-of-the-art setups. In particular, we show that two-dimensional spec-
troscopy can be used to detect signatures of a structural phase transition of an ion crystal and
how it can be used to detect resonant energy exchange between normal modes. By including dif-
ferent noise mechanisms into the simulations, we illustrate how two-dimensional spectroscopy
allows us to distinguish these different types of noise.

In the second part of this thesis we present a protocol for the simulation of open quantum
system dynamics with trapped ions. Concretely, we show how the dynamics of spin-boson
models can be simulated with small crystals of trapped ions. In the scheme we develop, the spin
is encoded in the electronic degrees of freedom of one ion whereas the collective vibrational
degrees of freedom of the crystal are used to form a tunable effective harmonic environment.

Our proposal utilizes the result that a damped mode yields an effective Lorentzian spectral
density. Combining several damped modes more complex spectral densities can be tailored
and theoretically arbitrary spectral densities can be constructed. To avoid the experimentally
demanding single site addressing, we propose to work with mixed species crystals. Then, the
electronic degrees of freedom of one species can be used to encode the spin while the ions of the
other species can be used to cool the vibrational degrees of freedom of the crystal and thus to
engineer the environment. The strength of the dissipation can be tuned by adjusting the coupling
between the spin and the cooled vibrational degrees of freedom and thus is under full control of
the experimenter.

We illustrate the protocol and its flexibility by simulating an experiment which can be imple-
mented in currently available setups. We also show that the proposed quantum simulations yield
truly non-Markovian dynamics by computing two recently proposed quantitative measures of
non-Markovianity. Implementations of this simulation protocol beyond this proof-of-principle
experiment have the potential to enter parameter regimes which are intractable on conventional
computers.
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1. Introduction

A quantum computer is a device that uses quantum-mechanical phenomena to solve a compu-
tational task. Quantum computers and their possible physical implementations have received a
lot of attention, because they promise to efficiently solve certain computational tasks which are
believed to be intractable on conventional computers [1].

In order to realize a quantum computer, one needs a so-called universal set of gates which
allows one to perform every possible computation. Interestingly, single- and two-particle gates,
i.e. operations, suffice to obtain such a universal set. It is commonly agreed that these gates
have to be performed with errors of less than 10−4 per operation, in order to be able to obtain a
scalable implementation of a quantum computer [2, 3].

Trapped atomic ions were among the first experimental platforms to be considered for the
implementation of a quantum computer after the seminal proposal by Cirac and Zoller [4], who
showed that the two-particle interactions needed for a quantum computer can be realized with
trapped ions. Universal sets of gates operating with error rates close to the aforementioned
threshold have been demonstrated recently with trapped ions [5, 6], and even first small scale
implementations of programmable quantum computers involving five quantum bits have been
reported [7, 8].

Several other experimental platforms, such as superconductors, photons or quantum dots,
have also been considered for the implementation of a quantum computer, and these have seen
remarkable progress as well [2, 9]. However, despite significant experimental and theoretical
advances the implementation of a scalable quantum computer, which outperforms current off-
the-shelf computers, remains a distant goal for all platforms.

Remarkably, in order to solve problems which are intractable with classical computers, it is
not necessary to build a universal quantum computer. Special-purpose devices called quantum
simulators can achieve this goal and their realization is feasible with available technology. So
what is a quantum simulator?

When it comes to the simulation of quantum systems, classical computers are already chal-
lenged for moderately sized problems. The direct simulation of quantum systems is often not
possible due to the exponential growth of required computational resources in the system size.
An idea to overcome this problem, first suggested by Feynman [10], is to use one quantum sys-
tem which we can control and measure to simulate another quantum system. The advantage
is obvious: The simulator is itself a quantum system and due to its quantum nature naturally
provides the complexity to simulate another quantum system.

Two types of quantum simulators are distinguished [11]: digital and analog quantum sim-
ulators. In a digital quantum simulator, the state of the system to be simulated is encoded in
quantum bits, the basic unit of information in quantum information processing, and the time
evolution is decomposed into a series of gates. Hence, a digital quantum simulator is not much
different from a quantum computer and in essence equally hard to build. An analog quantum
simulator is easier to implement. This type of simulator comprises a quantum system whose
Hamiltonian is tunable to a certain extent. Furthermore, one should be able to control and mea-
sure this quantum system very precisely. For a quantum simulation, one prepares the simulator
in the desired initial state and tunes its Hamiltonian to that of the system to be simulated. After
evolution under the desired Hamiltonian, the relevant information is retrieved from the simulator
by suitable measurements.
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1. Introduction

Quantum simulation is nowadays a thriving field of research and trapped ions are among the
leading platforms of the field [12]. Trapped ions have been proposed as quantum simulators for
models from diverse areas of physics. The proposals include simulators of spin systems [13],
models of friction [14–16], heat transport [17], and even lattice gauge theories [18]. Experimen-
tally impressive results have been achieved: Starting from a proof-of-principle simulation of a
two-spin Ising model [19], spin systems involving around ten ions [20–22] and recently up to
53 ions have been simulated [23]. Intriguing phenomena such as many body localization [24] or
discrete time crystals [25] have been observed and also simulations of a lattice gauge theory have
been implemented [26]. Moreover, trapped ions have also become a testbed for the simulation
of classical statistical mechanics involving, for example, the observation of the Kibble-Zurek
mechanism in a structural phase transition [27–29].

The ever more complex experiments demand the development of new techniques for the in-
terrogation of the dynamics of ion crystals that facilitate to extract the relevant information
efficiently. The first part of the research presented in this thesis is devoted to addressing this
challenge. We consider how two-dimensional spectroscopy, which has been extremely success-
ful in the study of complex spin systems [30] and the electronic dynamics of molecules [31],
can be applied to trapped ions. We focus on the investigation of the motional dynamics of ion
crystals and devise a two-dimensional spectroscopy protocol that detects nonlinear dynamics
in crystals of trapped ions. Nonlinear dynamics play an important role in different realms of
ion trap experiments including structural phase transitions [32] as well as some proposals for
quantum simulation, see e.g. [14–16, 33].

The majority of the quantum simulation proposals and experiments focuses on closed quan-
tum systems. The simulation of open quantum system dynamics has received a lot less attention
with only a few proposals and experiments, e.g. [34, 35]. This is somewhat surprising for the
simulation of open quantum systems is of high practical relevance: Virtually all quantum sys-
tems are open quantum systems. On the other hand, the simulation of open systems faces the
difficulty that a tunable environment, which usually is considered to have an infinite number of
degrees of freedom, has to be engineered.

The second part of the research presented in this thesis addresses this issue. We present a
protocol for the simulation of open quantum systems with trapped ions. We show how the spin-
boson model, an archetypical model of an open quantum system, can be simulated with crystals
of trapped ions and infinite environments can be simulated using only a few ions. Our protocol
is flexible and the effective environment seen by the spin can be tailored. The protocol can be
extended to include more, possibly interacting, spins. This opens interesting future perspectives
for quantum simulations with trapped ions. Trapped ions could then be used to simulate the
physics of photosynthetic pigment protein complexes and contribute to the understanding of the
physical mechanisms participating in photosynthesis.

The thesis is structured as follows. In Chapter 2, we present basic theoretical results for the de-
scription of atomic ions in radio-frequency traps. We also discuss some elementary results from
the theory of open quantum systems and their application to the theoretical description of atomic
ions in radio-frequency traps. In Chapter 3, we develop our protocol of two-dimensional spec-
troscopy with trapped ions and illustrate it by simulating two experiments. Then, in Chapter 4,
we shift our focus to the simulation of open quantum systems using trapped ions. Starting from
a path integral approach, we devise a procedure for the simulation of spin-boson models with
trapped ions which is flexible and facilitates the simulation of the dynamics of complex quantum
systems. We illustrate also this proposal with the simulation of an experiment. In Chapter 5 we
summarize our results and present some future prospects for the techniques developed in this
work.
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2. Trapped atomic ions in radio-frequency
traps

This work is focused on spectroscopy and the quantum simulation of the dynamics of open
quantum systems in the context of trapped atomic ions. The aim of this thesis is to design
protocols for spectroscopy and quantum simulations with crystals of trapped atomic ions, which
can be implemented with currently available technology. On these grounds, it is mandatory
we familiarize ourselves with the basic concepts of ion trapping and the tools available for the
manipulation of ions once they are trapped.

In this chapter we review the mechanism of radio-frequency traps and the description of the
interaction of trapped atomic ions in radio-frequency traps with additionally applied electro-
magnetic fields. For the description of these interactions we will need some theoretical tools and
results which will be presented on the way. This also includes some results from the theory of
open quantum systems. We close the chapter with a brief account of the theory of laser cooling.

Let us finally remark that in this work we will only consider trapped atomic ions. Experiments
with molecular ions are also carried out, see e.g. [36, 37] for recent reviews, but we shall not
be concerned with these here. Furthermore, we only consider ions with a single positive charge.
For brevity we will use the term “trapped ions” from now on and it is understood that we refer
to trapped positive singly-charged atomic ions.

This chapter is organized as follows. We start with the theoretical description of the classical
motion of a single ion and collections of ions in a radio-frequency trap. Thereafter, we quan-
tize the motion and briefly consider the motion of mixed-species crystals. We then discuss the
interaction of the internal degrees of freedom of trapped ions with additionally applied electro-
magnetic fields, as for example laser of microwave radiation. In this context, we introduce the
rotating wave approximation and discuss how electronic and motional degrees of trapped ions
can be coupled. After discussing possible implementations of two-level systems with trapped
ions in some length, we take a little detour to the theory of open quantum systems. We dis-
cuss master equations with a particular emphasis on the weak coupling master equation. In this
context we also discuss the quantum regression theorem and adiabatic elimination. In the final
part of the chapter we use these tools to describe the interaction of trapped ions with lasers in a
stimulated Raman configuration and laser cooling.

2.1. Trapping ions

Due to their electric charge ions can be trapped by a combination of electromagnetic fields.
The two most common architectures for trapping ions are the so-called Paul or radio-frequency
traps [38, 39] and Penning traps [40, 41]. Paul traps, in most cases, use a combination of static
and dynamical electric fields to confine the ions while Penning traps rely on static electric and
magnetic fields.

Both types of traps are widely used and have their advantages and disadvantages. This work
focuses on trapped atomic ions in radio-frequency traps which use a combination of static and
dynamic electric fields to trap the ions because the majority of the quantum simulation exper-
iments is conducted in such traps [12]. The necessity to use time-dependent fields in this type

3



2. Trapped atomic ions in radio-frequency traps

of trap can be understood by considering a result from classical electrodynamics often referred
to as Earnshaw’s theorem. The theorem follows from the Laplace equation of the electrostatic
potential Φ(r) in free space

∆Φ(r) = 0, (2.1)

where ∆ is the Laplace operator. In order to stably trap a charged particle with static electric
fields we would need a minimum or maximum of Φ(r) depending on the charge of the particle.
However, Earnshaw’s theorem tells us that there can only be saddle points of the electrostatic
potential in free space. Accordingly, one cannot stably trap a charged particle by static elec-
tric fields alone. One way to circumvent this problem is to resort to time-dependent potentials
instead.

2.1.1. Radio-frequency traps

We will discuss the mode of operation of a linear Paul trap in this section. Figure 2.1 shows a
schematic picture of a linear Paul trap. It consists of four segmented rods arranged in a quadrupo-
lar configuration. All of the rods have the same distance to the z-axis of the coordinate system in
Fig. 2.1. This axis is also called the trap axis. Throughout this thesis we choose the z-axis such
that it coincides with the trap axis. It is then customary to refer to the z-direction as the axial
direction and to the motion along the trap axis as axial motion. x,y are then called the radial
directions.

Applying a potential of the form

V =Ur +V0 cos(Ωrft) (2.2)

between diagonally opposite rods one approximately obtains a quadrupolar potential near the
z-axis [39, 42]

Φrf =
1
2
[Ur +V0 cos(Ωrft)]

[
1+

x2− y2

R2

]
. (2.3)

Here R is the distance of the z-axis to the surface of the electrodes. The drive frequency Ωrf
typically lies in the radio-frequency (rf) regime, which accounts for the name “radio-frequency
traps”. If the rods do not form equipotentials of Φrf, the right-hand side of Eq. (2.3) has to be
multiplied by a geometric factor of order one [43].

The potential in Eq. (2.3) only provides confinement of ions in the x- and y-directions but
not along z. In order to obtain three-dimensional confinement a dc voltage U0 is applied to the
outer segments of the rods, as indicated in Fig. 2.1, generating a static effective potential of the
form [39]

Φs = κU0

[
z2− 1

2
(x2 + y2)

]
(2.4)

near the center of the trap. Here κ is a geometric factor. Accordingly, the full potential near the
center of the trap reads

Φtr = Φrf +Φs =
1
2
[Ur +V0 cos(Ωrft)]

[
1+

x2− y2

R2

]
+κU0

[
z2− 1

2
(x2 + y2)

]
. (2.5)

The classical equations of motion for an ion of mass m and charge q in the potential Φtr are
found by employing Newton’s second law

r̈ =− q
m

∇Φtr. (2.6)

4



2.1. Trapping ions

rf potential

+DC

-DC
x

z
y

Figure 2.1.: The figure shows a schematic of a Paul trap derived from [42]. An rf potential of
the form in Eq. (2.2) is applied to the gray rods while the remaining rods are held
at rf ground [42]. In order to provide confinement for the positively charged ions
along the z-axis the other two rods are segmented. A potential that is positive with
respect to the inner segments (blue) is applied to the outer (red) segments. The green
spheres in the middle indicate trapped ions.

The resulting equations of motion are decoupled in the spatial coordinates. In the z-direction we
obtain

z̈+
2qκU0

m
z = 0. (2.7)

Accordingly, the ion performs harmonic oscillations of frequency

ωz =
√

2qκU0/m (2.8)

in the z-direction. Using Eq. (2.8) we can write the potential Φs in Eq. (2.4) as

Φs =
m
2q

ω
2
z

[
z2− 1

2
(x2 + y2)

]
. (2.9)

The equations of motion in the x- and y-directions are Mathieu differential equations. After
some algebra, they can be cast into the standard form of the Mathieu differential equation

d2x
dζ 2 +[ax +2qx cos(2ζ )]x = 0, (2.10)

d2y
dζ 2 +[ay +2qy cos(2ζ )]y = 0, (2.11)

where we have introduced the abbreviations

ζ =
Ωrft

2
,

ax =
4q

mΩ2
rf

(
Ur

R2 −κU0

)
, ay =−

4q
mΩ2

rf

(
Ur

R2 +κU0

)
,

qx =−qy =
2qV0

Ω2
rfmR2 .

(2.12)

The Mathieu differential equation can be solved using Floquet theory [39, 42]. The stability of
the solutions depends on the values of aα and qα , α = x,y and the sets {aα ,qα} that yield stable
solutions are called stability regions. Typically, traps are operated in the regime |aα |,q2

α � 1
in the so-called lowest stability region that contains the point (aα ,qα) = (0,0) [39, 42]. For
|aα |,q2

α � 1, the ion trajectory is approximately given by

rα(t) = Aα cos(ωαt)
[
1− qα

2
cos(Ωrft)

]
, (2.13)

5



2. Trapped atomic ions in radio-frequency traps

where the amplitude Aα depends on the initial conditions and

ωα = βαΩrf/2 with βα ≈
√

aα +q2
α/2. (2.14)

Hence, the ion trajectories in the x- and y-directions consist of harmonic oscillations of fre-
quency ωα � Ωrf superposed with oscillations at the drive frequency Ωrf. The oscillations of
frequency ωα are called secular motion. The superposed oscillations at drive frequency Ωrf have
an amplitude smaller by a factor qα/2 and are therefore called micromotion. In most theoretical
treatments of trapped ions, micromotion is neglected and we will do so in the following. This is
justified in most experimental situations if the kinetic energy of the ions is small enough [42].

If we disregard micromotion, the ion behaves as if it were confined in an effective harmonic
potential Φr in the radial directions

Φr =
m
2q

(ω2
x x2 +ω

2
y y2), (2.15)

where ωx,y are given in Eq. (2.14) with the parameters in Eq. (2.12). Note that ωx and ωy, in
general, are different but can be made equal if we choose Ur = 0. Then, we obtain ωx = ωy = ωr.
If additionally aα � qα , we can write the degenerate radial frequency ωr as

ωr ≈
|qα |
2
√

2
Ωrf =

qV0√
2ΩrfmR2

. (2.16)

We see that the radial potential is dependent on the ion’s mass. This is important if one considers
several ions of different masses confined in the same trap.

In summary, for appropriate choices of the trap parameters, the full potential Φtr of a linear
Paul trap can be described by an effective harmonic potential, also called pseudopotential, in all
three spatial directions. Combining Eqs. (2.9) and (2.15), we obtain this effective trap potential
as

Φeff =
m
2q ∑

α=x,y,z
ω

2
αr2

α , (2.17)

where the ωα are given in Eqs. (2.8) and (2.14). In later chapters we always assume trapping
conditions such that the trap potential can be described by the pseudopotential Φeff of Eq. (2.17)
above.

Let us finally note that traps designs other than the macroscopic structure shown in Fig. 2.1
have been explored recently. Many groups are also using miniaturized planar ion traps, where
the electrode structure is embedded on a chip [44, 45]. In these surface electrode traps the ions
also experience nearly harmonic potentials such that the potential of these traps can still be
described by Eq. (2.17). However, the trap potentials in the surface electrode traps are typically
shallower than those in the macroscopic Paul traps [45].

2.1.2. Motion of trapped ions in radio-frequency traps

After we have understood the basic working principle of an ion trap and know the equations of
motion for a single trapped ion, we move on to the description of the dynamics of a collection of
trapped ions held in the same radio-frequency trap. Due to their charge, the ions repel each other
and accordingly their potential energy consists of two contributions now: the potential energy
VT due to the trap confinement and the potential energy VC due to the Coulomb repulsion. Using
the trap potential Φeff in Eq. (2.17) we obtain the potential energy V =VT+VC of N trapped ions
of mass m as

V =
m
2 ∑

α=x,y,z

N

∑
i=1

ω
2
αr2

iα +
N

∑
i, j=1
i6= j

1
8πε0

e2

|ri− r j|
. (2.18)
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2.1. Trapping ions

Here ri denotes the position of ion i, ε0 is the vacuum permittivity and e is the elementary charge.
Adding the kinetic energy T of the ions we obtain the system’s Lagrangian

L = T −V =
m
2 ∑

i,α
ṙ2

iα −
m
2 ∑

i,α
ω

2
αr2

iα −∑
i 6= j

1
8πε0

e2

|ri− r j|
. (2.19)

When the ions are brought to sufficiently low temperatures, they form a spatially ordered struc-
ture known as Coulomb crystal [46]. The ions are then located at well-defined equilibrium
positions and perform only small excursions around these. If we adjust the trapping potentials
such that the confinement in two of the directions is much stronger than in the third direction,
the ions will arrange on a string along the axis of weakest confinement. A typical choice is
ωx,ωy � ωz, in which case the ions arrange along the z-axis. Accordingly, the radial equilib-
rium positions x0

i and y0
i are given by x0

i = y0
i = 0 while the axial equilibrium positions are found

by solving
∂V
∂ zi

∣∣∣∣
z0

i

= 0. (2.20)

Defining the characteristic length scale

lz = 3

√
e2

4πε0mω2
z

(2.21)

we can write Eq. (2.20) in terms of the dimensionless equilibrium positions

u0
i = z0

i /lz, (2.22)

which yields
∂V
∂ zi

∣∣∣∣
z0

i

= u0
i −∑

j 6=i

u0
i −u0

j

|u0
i −u0

j |3
= 0. (2.23)

The advantage of the above representation is that the equation is independent of the specific
ion mass and trapping frequency. The values of the z0

i for a specific setup are easily obtained
from Eq. (2.22).

For the cases of N = 2 and N = 3 ions, Eq. (2.23) can be solved analytically leading to [47]

N = 2 : z0
1 =−

1
3
√

4
lz, z0

2 =−z0
1 (2.24)

N = 3 : z0
1 =−

3

√
5
4

lz, z0
2 = 0, z0

3 =
3

√
5
4

lz. (2.25)

For larger values of N, the u0
i have to be calculated numerically. Values of the u0

i for up to ten
ions can be found in [47].

Let us now assume that the ions are sufficiently cold and form a Coulomb crystal. Denoting
the small amplitude excursions around the equilibrium positions r0

jα by q jα(t) we may express
the ions’ spatial coordinates as

r jα(t) = r0
jα +q jα(t). (2.26)

Due to the small amplitude of the q jα(t) one can approximate the full potential V in Eq. (2.18)
to second order in the small displacements

V ≈V (2) =
1
2 ∑

i, j,α,β

∂ 2V
∂ riα∂ r jβ

∣∣∣∣∣
r0

i, j

qiαq jβ . (2.27)
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2. Trapped atomic ions in radio-frequency traps

Here we omitted the constant zeroth order energy shift, which is immaterial for the dynamics.
Note that the first order contribution vanishes because we are expanding around equilibrium. For
the linear string configuration, the motion in different spatial directions decouples in the second
order approximation, so we can write the potential energy as

V (2) =
mω2

z

2 ∑
i, j

∑
α

V α
i j qiαq jα . (2.28)

In the axial direction the Hessian of the potential evaluated at the ions’ equilibrium positions
reads

V z
i j =

1+2∑p6= j
1

|u0
j−u0

p|3
if i = j

−2
|u0

j−u0
i |3

if i 6= j
. (2.29)

In the radial directions, the Hessians can be written in terms of V z
i j and the trap anisotropies

ξα =

(
ωz

ωα

)2

, α = x,y. (2.30)

We have

V α
i j =

(
1

ξα

+
1
2

)
δi j−

1
2

V z
i j, α = x,y, (2.31)

where δi j is the Kronecker delta. Note that small values of the trap anisotropies ξα imply that
the confinement in the radial directions is much stronger than in the axial direction. Let us also
remark that the second order expansion of the potential energy is a very good approximation in
most experimental situations [39].

We can now write down the Lagrangian of the system in the harmonic approximation. The
generalized coordinates are now the qiα . Using Eq. (2.27) we find

L =
m
2 ∑

i,α
q̇2

iα −
mω2

z

2 ∑
i, j,α

V α
i j qiαq jα . (2.32)

The equations of motion for the q jα are found by evaluating the associated Euler-Lagrange
equations

mq̈iα +mω
2
z ∑

j
V α

i j q jα = 0. (2.33)

Here we used that the V α
i j are symmetric. Let us assume that we are expanding around a stable

equilibrium. This implies that the V α are positive. From Eq. (2.33) we obtain a set of N coupled
differential equations with constant coefficients for each spatial direction. A fundamental set of
solutions for such a system is found by using an ansatz of the form qiα = bieλ t . Since we are
expanding around a stable equilibrium, we expect oscillatory solutions of the form [48]

qiα =C bα
i e−iωt , (2.34)

where C is an overall scaling factor. Substituting this ansatz into Eq. (2.33) yields

−ω
2bα

i +ω
2
z ∑

j
V α

i j bα
j = 0. (2.35)

Using the vector bα = (bα
1 , . . . ,b

α
N)

T, we can write the above equation as a matrix-vector multi-
plication

ω
2
z V αbα = ω

2bα . (2.36)
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2.1. Trapping ions

This is essentially the eigenvalue equation of V α . Since the V α are symmetric and positive,
they have N eigenvalues λn,α > 0 with orthogonal eigenvectors bα

n . The frequency associated to
each bα

n by Eq. (2.36) is ωn,α =
√

λn,αωz. The general solution for qiα is a superposition of all
solutions in the form of Eq. (2.34) that fulfil Eq. (2.36) [48]

qiα =
N

∑
n=1

Cnbα
ine−i
√

λn,α ωzt , (2.37)

where bα
in is the ith component of eigenvector bα

n in direction α , and the scale factors Cn are
complex numbers determined from the initial conditions. Note that finally we only consider the
real part of the solution.

From Eq. (2.37) we see that the general solution for each of the coordinates is a superposi-
tion of oscillations with frequencies

√
λn,αωz whose relative amplitude is determined by the

components bα
in of the eigenvectors of V α . This is a well-known result from the theory of small

oscillations [48]. The system is described by a set of normal modes with frequencies
√

λn,αωz

and the bα
in are the normalized amplitudes of mode n in direction α at ion i.

A different route to arrive at this result is to perform a normal-mode analysis. In every spatial
direction the Lagrangian in Eq. (2.32) is a quadratic form which can be diagonalized by an
orthogonal transformation Bα [48]. The transformations Bα are given by the eigenvectors bα

n of
the V α

Bα = (bα
1 , . . . ,b

α
N). (2.38)

The bα
n are mutually orthogonal and form a complete basis such that

∑
j
(Bα)T

i jB
α
jk = ∑

j
Bα

jiB
α
jk = δik, ∑

j
Bα

i j(B
α)T

jk = ∑
j

Bα
i jB

α
k j = δik (2.39)

and

(Bα)TV αBα = diag(λ1,α , . . . ,λN,α). (2.40)

Let us now introduce the new coordinates Qn,α which are related to the q jα by

q jα =
N

∑
n=1

Bα
jnQn,α . (2.41)

Inserting the definition above into the Lagrangian and using the properties of the Bα in Eq. (2.39)
yields

L =
m
2 ∑

n,α
(Q̇2

n,α −ω
2
n,αQ2

n,α), (2.42)

where we defined

ωn,α =
√

λn,αωz. (2.43)

The system is now described in terms of N uncoupled harmonic oscillators in each spatial direc-
tion. These are called the normal modes. Accordingly, the Qn,α are called the normal coordinates
and the ωn,α the normal mode frequencies. The normal mode frequencies are determined from
the eigenvalues of the V α through Eq. (2.43). The entries Bα

jn of the matrices Bα correspond to
the normalized amplitude of normal mode n at ion j [48].
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2. Trapped atomic ions in radio-frequency traps

Normal-mode structure for linear crystals

It is now worth considering Eqs. (2.29) and (2.31) again. We see that V x and V y only differ from
V z by a term that is proportional to the identity. Accordingly, all Hessians V α are diagonalized
by the same orthogonal matrix B, i.e.

Bα = B, α = x,y,z. (2.44)

This means that the structure of the normal modes is the same for all spatial directions.
Let us first consider the axial direction. According to Eq. (2.43) the axial normal mode fre-

quencies are given by

ωn,z =
√

λn,zωz. (2.45)

We now assume that the λn,z are ordered such that their values increase with increasing n. It can
be shown [47] that the smallest eigenvalue of V z

i j is always λ1,z = 1 with eigenvector

b1 =
1√
N
(1, . . . ,1)T. (2.46)

Accordingly, all ions move in phase in this mode, and we can identify it as the center-of-mass
mode. Since λ1 = 1 is the smallest eigenvalue, the center-of-mass mode is the energetically
lowest lying mode in the axial direction and its frequency coincides with the trap frequency.
Further, it can be shown [47] that the second eigenvalue is λ2,z = 3 with eigenvector

b2 =
1√
∑i u2

i

(u0
1, . . . ,u

0
N)

T, (2.47)

where the u0
i are the scaled equilibrium positions of Eq. (2.23). Accordingly, the second mode is

called stretch or breathing mode. Higher eigenvalues and the corresponding eigenvectors have
to be computed numerically. For up to N = 10 ions, the energetically highest lying mode in the
axial direction, corresponding to the eigenvalue λ

z
N , is the mode where neighboring ions perform

out-of-phase oscillations. Although we are not aware of a general proof, it seems likely that this
is the case for arbitrary N [32].

In the radial directions, the normal mode frequencies read

ωn,α =
√

λn,αωz, α = x,y, (2.48)

where due to Eq. (2.31), we can write the λn,α as

λn,α =
1

ξα

+
1
2
− λn,z

2
, α = x,y. (2.49)

Accordingly, the eigenvalues in the radial directions decrease with increasing n. Note, however,
that the eigenvalues in the axial and radial directions with equal index n have the same associated
eigenvector, and thus the modes with equal index n have the same structure. It follows from
our considerations of the axial modes that the energetically highest lying mode in the radial
directions is the center-of-mass mode. The mode corresponding to the axial breathing mode is
dubbed the rocking or tilt mode in the radial directions and is the energetically second highest
mode. Finally, the energetically lowest lying mode is the mode where neighboring ions move
out of phase and is called the zigzag mode in the radial directions. The mode structure for a
linear crystal of N = 3 ions is illustrated in Fig. 2.2.
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2.1. Trapping ions

0 1 5 6ω/2π (MHz)

ω1,z

ω2,z

ω3,z

ω1,x
ω2,x

ω3,x

a)
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stretch/breathing

Egyptian

axial (z-direction)b)

center-of-mass (com)
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zigzag

radial (x/y-direction)c)

Figure 2.2.: Normal modes for a linear crystal of three trapped 40Ca+ ions. Part a) shows the
normal mode frequencies for {ωx,ωy,ωz} = 2π {4,5,2}MHz. The ordering of the
y-modes is the same as that of the x-modes. Parts b) and c) show the normal mode
structure in the axial and radial directions, respectively, and the names by which the
modes are commonly referred to. Note that the name “Egyptian” mode for the third
mode in the axial directions is only used for N = 3 ions.

2.1.3. Quantized motion of trapped ions in radio-frequency traps

The description of the motion of ions in radio-frequency traps in the previous section was purely
classical. In this section we will quantize the motion. In standard quantum mechanics, one usu-
ally considers the Hamiltonian rather than the Lagrangian. Introducing the generalized momenta

p jα =
∂L

∂ q̇ jα
= mq̇ jα , (2.50)

we can transform the Lagrangian in Eq. (2.32) to the corresponding Hamiltonian

H = ∑
i,α

p2
iα

2m
+

mω2
z

2 ∑
i, j,α

V α
i j qiαq jα . (2.51)

Using the orthogonal matrix B from Eq. (2.44) we can define the normal coordinates Qn,α and
momenta Pn,α analogous to Eq. (2.41)

q jα = ∑
n

B jnQn,α , p jα = ∑
n

B jnPn,α . (2.52)

Inserting the above definitions in Eq. (2.51) and using the orthogonality properties of the matrix
B in Eq. (2.39), the Hamiltonian takes the form

H = ∑
n,α

(
P2

n,α

2m
+

m
2

ω
2
n,αQ2

n,α

)
, (2.53)

which is the Hamiltonian of N independent harmonic oscillators in each spatial directions. We
now quantize each of the oscillators by replacing the generalized coordinates and momenta by
the corresponding operators Q̂n,α and P̂n,α that obey the canonical commutation relation [49]

[Q̂n,α , P̂n′,α ′ ] = ih̄δα,α ′δn,n′ , (2.54)

where h̄ is the reduced Planck constant. Let us now introduce the usual annihilation and creation
operators ân,α and â†

n,α . The destruction operator ân,α annihilates an excitation of mode n in
direction α and the creation operator â†

n,α creates an excitation in the corresponding mode. Using
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2. Trapped atomic ions in radio-frequency traps

these operators we can write the generalized coordinate and momentum operators as [49]

Q̂n,α =

√
h̄

2mωn,α
(ân,α + â†

n,α),

P̂n,α = i

√
h̄mωn,α

2
(â†

n,α − ân,α).

(2.55)

The annihilation and creation operators satisfy the following commutation relations

[ân,α , ân′,α ′ ] = [â†
n,α , â

†
n′,α ′ ] = 0, [ân,α , â

†
n′,α ′ ] = δα,α ′δn,n′ . (2.56)

Substituting Q̂n,α and P̂n,α by the annihilation and creation operators according to Eq. (2.55), we
can cast the Hamiltonian in Eq. (2.53) into the standard form

Ĥ = ∑
n,α

h̄ωn,α(â†
n,α ân,α +

1
2
1), (2.57)

where 1 is the identity operator. Note that from now on we omit the ground state energy of the
Hamiltonian because it has no influence on the oscillator dynamics.

Combining Eqs. (2.52) and (2.55), we write the single ion position and momentum operators
as

q̂ jα = ∑
n

B jn

√
h̄

2mωn,α
(ân,α + â†

n,α), (2.58)

p̂ jα = ∑
n

iB jn

√
h̄mωn,α

2
(â†

n,α − ân,α). (2.59)

2.1.4. Mixed species crystals

As a last point in this section we discuss the motion of mixed-species ion crystals in a trap.
Mixed-species ion crystals consist either of ions of different elements or ions of different iso-
topes of the same element. The diagonalization of the Lagrangian in Eq. (2.32) is somewhat
more complicated in this case because the ions have different masses. In the following we will
again focus on linear crystals and restrict our considerations to the axial direction.

For a collection of N ions with different masses mi, the axial contribution of the potential
in Eq. (2.18) takes the form

V =
N

∑
i=1

1
2

a0z2
i +

N

∑
i, j=1
i 6= j

1
8πε0

e2

|zi− z j|
. (2.60)

The radial equilibrium positions remain at x0
i = y0

i = 0. The axial equilibrium positions of the
ions are determined by Eq. (2.20) which we can cast into the form in Eq. (2.23), if we redefine
the scaled equilibrium positions as

u0
i = z0

i /l̃z, (2.61)

with the characteristic length scale

l̃z =
3

√
e2

4πε0a0
. (2.62)
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2.1. Trapping ions

Note that l̃z reduces to lz in Eq. (2.21) for a0 = mω2
z . Hence, also the axial equilibrium positions

are the same for the mixed-species crystals and the harmonic approximation of the Lagrangian
in Eq. (2.19) reads

L = ∑
i

mi

2
q̇2

iz−
a0

2 ∑
i, j

V z
i jqizq jz, (2.63)

where V z is defined in Eq. (2.29) above. The problem of finding the normal modes of the system
is now hampered by the fact that the masses are not homogeneous. The equation that determines
the normal mode frequencies and amplitudes corresponding to Eq. (2.36) now reads [50]

a0 ∑
j

V z
i jb

z
jn = ω

2
n mibz

in, (2.64)

which is a generalized eigenvalue problem. The eigenvectors bn fulfilling Eq. (2.64) are then
orthogonal with respect to a metric tensor Ti j = miδi j [50]. In order to bring the system to a
diagonal form we perform a change of coordinates. We write all masses mi in terms of some
reference mass m0

mi = µim0, (2.65)

and define the new set of coordinates

q̃iz =
√

µiqiz. (2.66)

In terms of the new coordinates q̃iz the Lagrangian in Eq. (2.63) becomes

L =
m0

2

(
∑

i

˙̃q2
iz− ω̃

2
z ∑

i, j
Ṽ z

i jq̃izq̃ jz

)
. (2.67)

Here, we have introduced ω̃2
z = a0/m0 and

Ṽ z
i j =V z

i j/
√

µiµ j. (2.68)

The matrix Ṽ z
i j is symmetric and positive because V z

i j is symmetric and positive. It thus has N
eigenvalues λ̃n,z > 0 with mutually orthogonal eigenvectors b̃n. Hence, we can diagonalize the
Lagrangian in Eq. (2.67) by an orthogonal transformation

B̃ = (b̃1, . . . , b̃N), (2.69)

as we did with the Lagrangian in Eq. (2.32) above. Note that B̃ has the properties in Eq. (2.39)
and satisfies Eq. (2.40) for Ṽ z. Analogous to Eq. (2.41) we define the normal coordinates Q̃n,z

q̃ jz = ∑
n

B̃ jnQ̃n,z. (2.70)

Inserting the normal coordinates into Eq. (2.67) and using the properties of B̃ we obtain the
Lagrangian

L =
m0

2 ∑
n
( ˙̃Q2

n,z− ω̃
2
n,zQ̃

2
n,z), (2.71)

where
ω̃n,z =

√
λ̃n,z ω̃z. (2.72)

Again, we find the Lagrangian of N independent harmonic oscillators with frequencies ω̃n,z.
We can now quantize the motion following the procedure presented in the previous section.

Introducing the generalized momenta

p̃iz = m0 ˙̃qiz, (2.73)
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2. Trapped atomic ions in radio-frequency traps

we obtain the Hamiltonian corresponding to the Lagrangian in Eq. (2.67)

H =

(
∑

i

p̃2
iz

2m0
+ ω̃

2
z ∑

i, j
Ṽ z

i jq̃izq̃ jz

)
. (2.74)

Next we introduce the normal momenta and coordinates

p̃ jz = ∑
n

B̃ jnP̃n,z, q̃ jz = ∑
n

B̃ jnQ̃n,z (2.75)

to obtain the diagonal form of the Hamiltonian. Replacing the normal-mode momenta and coor-
dinates by the corresponding operators and introducing the annihilation and creation operators
as in Eq. (2.55) yields the standard Hamiltonian of a collection of harmonic oscillators

Ĥ = ∑
n

h̄ω̃n,zâ†
n,zân,z, (2.76)

where we already omitted the ground state energy and â†
n,z creates an excitation in mode n while

ân,z annihilates an excitation in mode n.
Finally, the single ion position and momentum operators ˆ̃q jz and ˆ̃p jz can be written in terms

of the annihilation and creation operators of the normal modes as

ˆ̃q jz = ∑
n

B̃ jn

√
h̄

2m0ω̃n,z
(ân,z + â†

n,z), (2.77)

ˆ̃p jz = ∑
n

iB̃ jn

√
h̄m0ω̃n,z

2
(â†

n,z− ân,z). (2.78)

Note, however, that ˆ̃q jz and ˆ̃p jz are given in the skew coordinates defined by Eq. (2.66) and hence
do not describe the physical single ion position and momentum. Using Eqs. (2.66) and (2.77)
we readily obtain the operator for the physical coordinates

q̂ jz =
1
√m j

∑
n

B̃ jn

√
h̄

2ω̃n,z
(ân,z + â†

n,z). (2.79)

The conjugate momenta p jz are obtained from the Lagrangian in Eq. (2.63) and read p jz =m jq̇ jz.
Combining Eqs. (2.65), (2.66) and (2.73) we find p jz =

√
µ j p̃ jz. Inserting the result of Eq. (2.78)

into this expression yields

p̂ jz =
√

m j ∑
n

iB̃ jn

√
h̄ω̃n,z

2
(â†

n,z− ân,z). (2.80)

Note that, in order to ease notation, we omit operator hats from now on.

2.2. Light-matter interaction

In this section, we review the interaction of trapped ions with electromagnetic fields applied
in addition to the trapping fields. With properly chosen fields the internal levels of the ions
can be coherently manipulated and it is possible to couple the internal degrees of freedom of
the ions to the motional degrees of freedom. These interactions are the standard tools for the
manipulation of trapped ions in current experiments and we discuss both types of interaction
here.We consider the atom-light interaction in the so-called semi-classical approximation, where
the ions are treated quantum mechanically while the radiation is treated classically.
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2.2. Light-matter interaction

2.2.1. Electric dipole Hamiltonian

In classical electrodynamics the electric and magnetic fields E(r, t) and B(r, t) can be derived
from a vector potential A(r, t) and a scalar potential U(r, t) through

E(r, t) =− ∂

∂ t
A(r, t)−∇U(r, t), (2.81)

B(r, t) = ∇×A(r, t). (2.82)

However, the vector and scalar potentials are not uniquely defined. In fact, there is an infinite
set of pairs {A(r, t),U(r, t)} from which the same fields E(r, t) and B(r, t) can be derived. Two
pairs of potentials {A(r, t),U(r, t)} and {A′(r, t),U ′(r, t)} yielding the same fields are connected
by a gauge transformation

A′(r, t) = A(r, t)−∇χ(r, t), (2.83)

U ′(r, t) =U(r, t)− ∂

∂ t
χ(r, t), (2.84)

where χ(r, t) is an arbitrary scalar function.
Let us consider a plane electromagnetic wave of frequency ω and wave vector k. The electric

and magnetic fields then have the form

E(r, t) = E0 cos(ωt−kr+φ), (2.85)

B(r, t) =
ek×E0

c
cos(ωt−kr+φ). (2.86)

Here, E0 is the electric field vector, φ a phase and c the speed of light. The vector ek is a unit
vector along the direction of propagation k of the wave. Working in the so-called Coulomb
gauge, where ∇A(r, t) = 0, we can write the plane wave in terms of the potentials [51]

Ã(r, t) =−E0

ω
sin(ωt−kr+φ), (2.87)

U⊥(r, t) = 0. (2.88)

It can readily be checked that the potentials above yield the correct form for the fields using the
condition k ·E0 = 0.

We now consider the simplest case of an atom interacting with an electromagnetic field, i.e.
the interaction of a hydrogen atom with an externally applied electromagnetic field. More specif-
ically, we consider the interaction of the externally applied field and the electron of the hydrogen
atom. We follow the discussions in [49,51]. The Hamiltonian of the electron is that of a charged
particle interacting with an electromagnetic field

H =
1

2me
(p+ eÃ(r, t))2− eU(r, t)+

e
me

S ·B(r, t), (2.89)

where me is the electron’s mass, p and r its momentum and position operators respectively, and e
the elementary charge. The vector and scalar potentials in Eq. (2.89) describe both the externally
applied field and the potential of the nucleus. The last term on the right-hand side describes the
interaction of the electron’s magnetic moment, i.e. the electron’s spin, S with the magnetic
field component of the plane wave. In the Coulomb gauge, the applied field is described by
the potentials in Eqs. (2.87) and (2.88). For the static electric field of the nucleus, the vector
potential is zero and the scalar potential is the usual Coulomb potential

UC(r) =
1

4πε0

e
|r− r0|

, (2.90)
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2. Trapped atomic ions in radio-frequency traps

where ε0 is the vacuum permittivity and r0 the position of the nucleus. Using that [Ã(r, t), p] = 0
in the Coulomb gauge, we can cast the Hamiltonian in Eq. (2.89) into the form

H = Hat +Hint. (2.91)

Here

Hat =
p2

2me
+VC(r) (2.92)

is the atomic Hamiltonian with VC(r) = eUC(r) the energy due to the Coulomb interaction of the
electron with the nucleus, and

Hint =
e

me
p · Ã(r, t)+

e
me

S ·B(r, t)+ e2Ã(r, t)2

2me
(2.93)

describes the interaction of the electron with the applied field. The third term in Hint can be
neglected unless we are dealing with very intense fields [49] such that

Hint ≈ HI(t)+HII(t) =
e

me
p · Ã(r, t)+

e
me

S ·B(r, t). (2.94)

Let us now inspect the interaction Hamiltonian in Eq. (2.94) in more detail. First, we consider
the relative magnitude of the matrix elements of the operators HI and HII, which we write as
HI/HII. The elements of S are of the order of the reduced Planck constant h̄ and those of B of
order |E0||k|/ω = E0k/ω . This leads us to the estimate

HII(t)
HI(t)

≈ h̄k
p
, (2.95)

where p = |p| is the modulus of the electron’s momentum. The electron is bound to the atom
and therefore confined to a length scale of the order of the Bohr radius a0. With the position-
momentum uncertainty relation we can estimate h̄/p ≤ a0. Writing k = 2π/λ , where λ is the
wavelength of the applied radiation, we obtain

HII(t)
HI(t)

≈ a0

λ
. (2.96)

The typical wavelengths λ in quantum optics experiments are of the order of hundreds of
nanometers while the atomic dimensions for hydrogen are of the order of a0 = 0.053nm. In
this case we have a0

λ
� 1. (2.97)

Therefore, we also neglect HII(t) and approximate the interaction Hamiltonian as

HI(t) =
e

me
p · Ã(r, t). (2.98)

Now, we can write the electron’s position as r = r0 +δr, where r0 is the position of the nucleus
and δr is the distance of the electron to the nucleus, which is of the order of the Bohr radius a0.
If we then write the sine in Ã(r, t), given in Eq. (2.87), in terms of two complex exponentials,
we have

e±ik·r = e±ik·r0e±ik·δr = e±ik·r0(1± ik ·δr− 1
2
(k ·δr)2 + . . .). (2.99)

The terms k · δr are of the order a0/λ � 1 which we neglected in going from Eq. (2.94)
to Eq. (2.98). Hence, for a consistent description we replace the electron’s coordinate r by
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2.2. Light-matter interaction

the coordinate of the nucleus r0 in the applied field. The interaction Hamiltonian then takes the
form

Hint =
e

me
p · Ã(r0, t). (2.100)

The approximation we have performed here is called the electric dipole approximation [49] and
the interaction Hamiltonian Hint we obtained is called the electric dipole Hamiltonian. Phys-
ically, we can understand this approximation in the following way. As we stated above, the
typical wavelengths λ in quantum optics experiments are of the order of hundreds of nanome-
ters while the atomic dimensions are of the order of the Bohr Radius a0 = 0.053nm. Due to this
large difference in length scales, the applied field appears practically constant over the spatial
extent of the atom, such that we can replace the electron’s coordinate by that of the nucleus [51].

A very useful form of the electric dipole Hamiltonian is obtained in the so-called Göppert-
Mayer gauge, which is obtained from the Coulomb gauge by the gauge transformation

χ(r, t) =−(r− r0) · Ã(r0, t). (2.101)

According to Eqs. (2.83) and (2.84), the transformed potentials read

A′(r, t) = Ã(r, t)− Ã(r0, t), (2.102)

U ′(r, t) =UC(r)+(r− r0) ·
∂

∂ t
Ã(r0, t). (2.103)

With the transformed potentials, the Hamiltonian in Eq. (2.89) becomes

H =
1

2me
(p+ eA′(r, t))2 +VC(r)+

e
me

S ·B(r, t)+ e(r− r0) ·E(r0, t), (2.104)

where we used E(r0, t) =− ∂

∂ t Ã(r0, t), see Eqs. Eq. (2.81) and (2.87), (2.88). We now introduce
the electric dipole operator

d =−e(r− r0) (2.105)

such that we can write the Hamiltonian in Eq. (2.104) as

H =
1

2me
(p+ eA′(r, t))2 +VC(r)+

e
me

S ·B(r, t)−d ·E(r0, t). (2.106)

In the electric dipole approximation, we have A′(r, t)→ A′(r0, t) and we neglect the term ∼
S ·B(r, t). Then, the above Hamiltonian simplifies to

H =
1

2me
p2 +VC(r)−d ·E(r0, t) = Hat +Hd. (2.107)

Here we have introduced the electric dipole Hamiltonian

Hd =−d ·E(r0, t). (2.108)

Let us close this section with the remark that the above calculation was performed for hydrogen
but the electric dipole Hamiltonian can be derived for the outer electron of any atom, thus also
involving atoms with more electrons [51].
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2. Trapped atomic ions in radio-frequency traps

2.2.2. Atomic transitions and the rotating wave approximation

By applying an electromagnetic field to an atom or trapped ion we can drive transitions between
internal states of the atom or ion. Transitions that occur due to the coupling of two states through
the electric dipole Hamiltonian in Eq. (2.108) are called (electric) dipole transitions. Let us
consider an atom whose internal states of energy εF we denote by |F〉 leading to the atomic
Hamiltonian

Hat = ∑
F

εF |F〉〈F |. (2.109)

Let us further consider that the atom is irradiated by a plane electromagnetic wave of the form
given in Eq. (2.85) and that the interaction is described by the electric dipole Hamiltonian
in Eq. (2.108). In the atomic basis the electric dipole Hamiltonian reads

Hd = ∑
F,F ′
−〈F ′|d ·E(r0, t)|F〉|F ′〉〈F |= ∑

F,F ′
e〈F ′|r ·E0|F〉cos(ωt +φ)|F ′〉〈F |, (2.110)

where we have assumed r0 = 0. The atomic states |F〉 have a definite parity Π|F〉 = πF |F〉,
where Π is the parity operator and πF = +1,−1 [52]. Since the electric dipole Hamiltonian is
odd under parity, there can only be transitions between states of different parity. This can easily
be seen by considering

〈F ′|r ·E0|F〉= 〈F ′|Π†
Πr ·E0Π

†
Π|F〉=−πF ′πF〈F ′|r ·E0|F〉, (2.111)

from which it follows that 〈F ′|r ·E0|F〉 = −〈F ′|r ·E0|F〉 = 0 for πF = πF ′ . Defining the Rabi
frequencies

ΩF ′F = e
〈F ′|r ·E0|F〉

h̄
(2.112)

we can write the dipole Hamiltonian as

Hd = h̄ ∑
F 6=F ′

ΩF ′F cos(ωt +φ)|F ′〉〈F |. (2.113)

Thus, the Rabi frequencies determine the strength of the coupling between two states. Tran-
sitions which have a vanishing matrix element of the electric dipole Hamiltonian are called
electric dipole forbidden. Yet, a vanishing electric dipole Rabi frequency does not mean that
two states cannot be coupled by electromagnetic radiation. Two such states can be connected by
a magnetic dipole transition, where the magnetic dipole moment of the transition couples to the
magnetic field component of the radiation, or an electric quadrupole transition, where the elec-
tronic quadrupole moment couples to the gradient of the electric field. The magnetic dipole and
electric quadrupole Hamiltonians are obtained from the interaction Hamiltonian in Eq. (2.94)
considering the contributions that are first order in a0/λ [49]. The matrix elements of the two
Hamiltonians are of the same order of magnitude but are much smaller than those of the electric
dipole Hamiltonian [49].

Let us close this section by introducing a very useful approximation called the rotating wave
approximation. To this end, we consider an atom initially in eigenstate |k〉 of Hat which is subject
to laser radiation. We assume that the atom-filed interaction is described by the Hamiltonian Hd
in Eq. (2.113). We now want to calculate the amplitude to make a transition to a different
eigenstate | j〉 that has a non-vanishing electric dipole coupling to state |k〉 in a time t. In first-
order time-dependent perturbation theory this amplitude is given by

c(1)k→ j(t) =−
i
h̄

∫ t

0
dt1〈 j|Hd(t1)|k〉eiω jkt1 , (2.114)

18



2.2. Light-matter interaction

where we have introduced ω jk = (ε j− εk)/h̄. Expanding the cosine in terms of complex expo-
nentials we obtain

c(1)k→ j(t) =−i
Ω jk

2

∫ t

0
dt1
(

ei(ω+ω jk)t1eiφ + e−i(ω−ω jk)t1e−iφ
)

=
Ω jk

2

(
e−i(ω−ω jk)t −1

ω−ω jk
e−iφ − ei(ω+ω jk)t −1

ω +ω jk
eiφ

)
.

(2.115)

Let us now assume that Ω jk�ω jk. Note that actually Ω jk ∈C and possibly both Ω jk and ω jk are
negative. When writing Ω jk� ω jk we actually mean |Ω jk| � |ω jk|. We follow this convention,
which is common in quantum optics, throughout this thesis and omit the modulus operators in
the following. In case Ω jk� ω jk, the above amplitude is negligible unless ω ≈ ω jk. Thus, not
surprisingly, transitions can only be driven if the energy of the applied radiation matches the
energy difference between the two states. We now assume ω,ω jk > 0 and ω ≈ ω jk so that

ω = ω jk +δ jk, where δ jk� ω jk. (2.116)

Then the second term in the last line of Eq. (2.115) will always be only a small correction to the
first one such that we can write

c(1)k→ j(t)≈
Ω jk

2
e−i(ω−ω jk)t −1

ω−ω jk
e−iφ =

Ω jk

2
e−iδ jkt −1

δ jk
e−iφ , (2.117)

which yields the transition probability

P(1)
k→ j = |c

(1)
k→ j(t)|2 =

|Ω jk|2
δ 2

jk
sin2

(
δ jkt

2

)
. (2.118)

This procedure of neglecting the “fast rotating” term with the time dependence ω +ω jk� ω−
ω jk is called the rotating wave approximation. In case δ jk�Ω jk, the probability in Eq. (2.118)
is also negligible. Hence, more generally one can neglect time-dependent terms of the form
Ωeiωt in a Hamiltonian when ω � Ω. This is a more general statement of the rotating wave
approximation, which is a well-known and frequently-used procedure in quantum optics [51].

Let us now assume ω > 0 and ω jk > 0 for all j. For Ω jk � ω jk the eiωt term of the cosine
in the Hamiltonian in Eq. (2.113) always produces only a small correction to the e−iωt term.
Hence, for Ω jk � ω jk we can always apply a rotating wave approximation to this term. With
this knowledge, we neglect this contribution already in the Hamiltonian. In fact, this is what is
commonly done in calculations in quantum optics [53,54]. The Hamiltonian of Eq. (2.113) then
in a rotating wave approximation becomes

Hd = h̄ ∑
j 6=k

Ω jk

2
e−i(ωt+φ)| j〉〈k|+H.c., (2.119)

where the abbreviation H.c. stands for “Hermitian conjugate”.

2.2.3. The two-level approximation

Let us now consider an atom irradiated by an electromagnetic wave. And let us assume that the
detuning of the field is much larger than the Rabi frequency, i.e. δ jk � Ω jk, for all transitions
except for one between two states which we denote |e〉 and |g〉. Then, by Eq. (2.118) only
transitions between states |e〉 and |g〉 will take place and we can neglect all other transitions. Of
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2. Trapped atomic ions in radio-frequency traps

course, the atom needs to be in one of the two states or a superposition thereof, initially. In this
case we can reduce the atomic Hamiltonian in Eq. (2.109) for the internal atomic levels to

Hat = ∑
F=e,g

εF |F〉〈F |= εe|e〉〈e|+ εg|g〉〈g|. (2.120)

To cast the above Hamiltonian into its standard form we use that |e〉 and |g〉 form a basis of
the two-dimensional space of the internal levels, i.e. |e〉〈e|+ |g〉〈g| = 12, and that adding a
contribution proportional to the unit operator 12 to the Hamiltonian only shifts the zero of the
energy. Adding − εe+εg

2 12 to the Hamiltonian in Eq. (2.120) yields

Hat =
h̄ω0

2
σ

z, (2.121)

where we have introduced the Pauli operator

σ
z = |e〉〈e|− |g〉〈g| (2.122)

and the transition frequency

ω0 =
εe− εg

h̄
. (2.123)

The dipole Hamiltonian in Eq. (2.113) for the two-level system in a rotating wave approximation
becomes

Hd =
h̄Ω

2
e−i(ωt+φ)

σ
++

h̄Ω∗

2
ei(ωt+φ)

σ
− =

h̄Ω

2
e−i(ωt+φ)

σ
++H.c., (2.124)

where we omitted the indices of the Rabi frequeny Ω = Ωeg and introduced the Pauli operators

σ
+ = |e〉〈g|, σ

− = |g〉〈e|. (2.125)

Note that σ+ = (σ−)†. Let us, for completeness, introduce the Pauli operators σ x and σ y

σ
x = σ

++σ
−, σ

y =−iσ++ iσ−. (2.126)

If we choose the representation

|e〉=̂
(

1
0

)
, |g〉=̂

(
0
1

)
, (2.127)

then the Pauli operators have the representation

σ
x=̂

(
0 1
1 0

)
, σ

y=̂

(
0 −i
i 0

)
, σ

z=̂

(
1 0
0 −1

)
. (2.128)

2.2.4. Laser-ion interaction in a trap

In this section we will discuss the interaction of trapped ions with externally applied electro-
magnetic fields. In order to keep the presentation as clear as possible we start by considering a
single ion and then extend the analysis to a collection of N ions that form a Coulomb crystal.

The total Hamiltonian of an ion that interacts with an additionally applied electromagnetic
field splits into three parts

H = Hat +Hm +Hint. (2.129)

The Hamiltonian Hat describes the internal degrees of freedom, Hm the motional degrees of
freedom and Hint the interaction with the externally applied field. We assume that the internal
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2.2. Light-matter interaction

levels can be described as a two-level system such that the internal Hamiltonian is of the form
in Eq. (2.121)

Hat =
h̄ω0

2
σ

z. (2.130)

The motional Hamiltonian is given by Eq. (2.57) and for a single ion reads

H = ∑
α=x,y,z

h̄ωαa†
αaα , (2.131)

where we have once more omitted the ground-state energies. The interaction of the ion with
the applied field is of the form given in Eq. (2.124) but now includes the ion’s position r. In a
rotating wave approximation it reads [42]

Hint =
h̄Ω

2
σ
+ei(k·r−ωt+φ)+H.c. (2.132)

The effects of the interaction between the applied electromagnetic field and the ion are most
conveniently studied in an interaction picture with respect to the Hamiltonian

H0 = Hat +Hm. (2.133)

Yet, before we move to the interaction picture we remind ourselves that we can write the ion’s
coordinates as rα(t) = r0

α + qα(t). For a single ion there is only one motional mode in each
spatial direction, which is quantized according to Eq. (2.55). The small oscillations qα(t) can
then be written as qα(t) = qαeα , where eα is a unit vector in direction α and

qα =

√
h̄

2mωα

(aα +a†
α). (2.134)

Inserting this identity into the interaction Hamiltonian in Eq. (2.132) yields

Hint = h̄
Ω

2
σ
+ei(k·r0+φ)ei∑α kα

√
h̄

2mωα
(aα+a†

α )e−iωt +H.c., (2.135)

where kα = k · eα is the component of the wave vector in direction α . For the transformation of
the Hamiltonian Hint to the interaction picture, we use the operator identity [53]

eαABe−αA =
∞

∑
n=0

αn

n!
[A,B]n, (2.136)

where A,B are operators, α ∈ C, [·, ·] denotes the commutator and [A,B]n = [A, [A,B]n−1] with
[A,B]0 = B. Applying the above identity we obtain the following transformations for the spin
and mode operators

eiH0t
σ
−e−iH0t = σ

−e−iω0t , eiH0t
σ
+e−iH0t = σ

+eiω0t , (2.137)

eiH0taαe−iH0t = aαe−iωα t , eiH0ta†
αe−iH0t = a†

αeiωα t . (2.138)

With the help of the identities in Eqs. (2.137) and (2.138), we obtain the interaction Hamiltonian
in an interaction picture with respect to H0 as

H̃int = eiH0tHinte−iH0t = h̄
Ω

2
σ
+ei(k·r0+φ)ei∑α ηα (aα e−iωα t+a†

α eiωα t)e−i(ω−ω0)t +H.c., (2.139)

where we have introduced the Lamb-Dicke factors

ηα = kα

√
h̄

2mωα

. (2.140)
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2. Trapped atomic ions in radio-frequency traps

Let us now inspect the Hamiltonian in Eq. (2.139) in more detail. We follow the treatment
in [42]. For simplicity we assume that the applied radiation propagates along one of the spatial
coordinates, say z, such that kx = ky = 0. For convenience, we write kz = k, ηz = η and a(†)z =
a(†). H̃int then becomes

H̃int = h̄
Ω

2
σ
+ei(kz0

j+φ)eiη(ae−iωzt+a†eiωzt)e−iδ t +H.c., (2.141)

where we have also introduced the detuning δ = ω −ω0 of the applied radiation. Expand-
ing the exponential including the annihilation and creation operators in terms of η we see that
the Hamiltonian contains terms of the form σ+al(a†)m, where l,m ∈ N, which carry a time-
dependence eiωz(m−l)t = eiωzst . Note that the Hamiltonian also contains the Hermitian conjugate
of these terms. If the detuning δ fulfills δ ≈ sωz, then these contributions become resonant
and connect states of the form |g〉|n〉 and |e〉|n′〉, where n′ = n+ s. The Rabi frequencies for
transitions between these states are given by [42]

Ωnn′ = Ωn′n = Ω|〈n′|eiη(a+a†)|n〉|= Ωe−η2/2
η
|s|
√

n<!
n>!

L|s|n<(η
2). (2.142)

Here, n< and n> stand for the smaller and greater of n and n′ and Lγ
n(x) is the generalized

Laguerre polynomial

Lγ
n(x) =

n

∑
m=0

(−1)m
(

n+ γ

n−m

)
xm

m!
. (2.143)

Transitions connecting states with occupation numbers n and n′ = n+ s with a simultaneous
excitation or deexcitation of the internal levels are called the |s|th red sideband for s < 0 and
the |s|th blue sideband for s > 0. In our considerations, as in most quantum information and
quantum simulation experiments, only small values of n and s are relevant.

The interaction Hamiltonian in Eq. (2.141) and the Rabi frequencies in Eq. (2.142) can be
considerably simplified in the so-called Lamb-Dicke regime. In the Lamb-Dicke regime the
spatial extent of the atomic wave function is much smaller than the wavelength of the applied
radiation. This means that at all times we have [42]√

〈k2z2〉= η

√
〈(a+a†)2〉 � 1. (2.144)

If the above Lamb-Dicke criterion is fulfilled, we have η � 1. Note, however, that the converse
is not necessarily true [39]. If the harmonic oscillator describing the motion is in a thermal state
with mean occupation number n̄, the Lamb-Dicke criterion of Eq. (2.144) can also be written as

η
√

2n̄+1� 1. (2.145)

In the Lamb-Dicke regime, we can approximate the interaction Hamiltonian in Eq. (2.141) to
first order in η [42] and obtain

H̃int ≈ HLD = h̄
Ω

2
σ
+ei(kz0

j+φ)
[
1+ iη(ae−iωzt +a†eiωzt)

]
e−iδ t +H.c. (2.146)

This simplified Hamiltonian only contains three resonances which are called the carrier, first
red sideband and first blue sideband transitions. For δ = 0 the first term is resonant and if
ηΩ/ωz � 1 we can neglect the other contributions in a rotating wave approximation. In this
case the Hamiltonian takes the form

H̃int ≈ HC = h̄
Ω

2
ei(kz0

j+φ)
σ
++H.c. (2.147)
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This Hamiltonian induces transitions between states of the form |g〉|n〉 and |e〉|n〉 with Rabi
frequency Ω. These transitions are called carrier transitions.

For δ =−ωz the second term in the Hamiltonian of Eq. (2.146) is resonant. The resonant part
of the Hamiltonian now reads

Hrsb = h̄iη
Ω

2
ei(kz0

j+φ)
σ
+a+H.c. (2.148)

The Hamiltonian connects states of the form |g〉|n〉 and |e〉|n− 1〉 with a Rabi frequency
√

nΩ

and is called the first red sideband Hamiltonian. Note that in order to obtain Hrsb we need to be
able to neglect the other contributions in Eq. (2.146). The carrier transition can be neglected in a
rotating wave approximation if Ω/ωz� 1. If this condition is met, then automatically the third
contribution in HLD will also be negligible.

The last resonance is obtained for δ = ωz. In this case the resonant part of HLD in Eq. (2.146)
is

Hbsb = h̄iη
Ω

2
ei(kz0

j+φ)
σ
+a† +H.c. (2.149)

This Hamiltonian connects states of the form |g〉|n〉 and |e〉|n+1〉with a Rabi frequency
√

n+1Ω.
It is called the first blue sideband Hamiltonian. Again, in order to obtain Hbsb we need to be able
to neglect the other contributions in Eq. (2.146) with the carrier transition being the dominant
contribution. Also, in this case, we can neglect the carrier contribution in a rotating wave ap-
proximation if Ω/ωz� 1, which also renders the red sideband contribution negligible.

It is worth having a brief look at the Lamb-Dicke factor for different types of transitions. In
the field of trapped ions, one mostly deals with either optical or microwave frequency transitions,
Sometimes radio-frequency transition are also considered but we shall neglect these for the mo-
ment. Consider, for instance, 25Mg+ which features a hyperfine structure with electronic ground
states with total angular momentum F = 2 and F = 3. For an applied static magnetic field of
a few Gauss, the magnetic sublevels are sufficiently split such that one can define a two-level
system in the hyperfine ground state manifold [19, 55]. One possible choice is the set of states
|g〉=̂|F = 3,mF = 3〉 and |e〉=̂|F = 2,mF = 2〉 with a transition frequency ω0/2π ≈ 1.8GHz.
The Lamb-Dicke factor for this transition and a mode frequency ωm/2π = 1MHz is

ηmw ≈ 5.4 ·10−7. (2.150)

Thus, for a transition in the microwave regime and a plane wave the Lamb-Dicke factor practi-
cally vanishes. An optical transition, however, can yield a small but still appreciable Lamb-Dicke
factor. 40Ca+ has an optical transition near 729nm. For a trapping frequency ωm/2π = 1MHz
we obtain a Lamb-Dicke factor

ηL ≈ 0.1. (2.151)

Accordingly, in many cases optical fields are used to induce spin-motion coupling also for hy-
perfine and Zeeman qubits. We will discuss a method to do this in Section 2.5. Yet, this does
not mean that optical fields are the only option to achieve spin-motion coupling for microwave
transitions. In fact, spin-motion coupling can be realized using the magnetic field gradient of
the near field of oscillating microwave currents in surface traps [56, 57] or by applying a static
magnetic field gradient in addition to microwave radiation [58, 59].

Let us close this section with two remarks. In our derivation of the sideband transition Hamil-
tonians we have neglected the linewidth of the atomic transitions. In order to implement side-
band transitions one needs that the states |g〉 and |e〉 have a sufficiently small linewidth such that
the sidebands can be resolved. Note, however, that by assuming the states are stable we have
implicitly assumed that they have a sharp energy.
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2. Trapped atomic ions in radio-frequency traps

Second, higher order sidebands than the first may be driven as well. By continuing the expan-
sion of the interaction Hamiltonian in Eq. (2.141) in powers of η operator terms such as σ+a2

or σ+(a†)2 will appear to second order in η . In the Lamb-Dicke regime where η � 1 these
terms can be made resonant but will in general be weak.

2.2.5. Laser-ion interaction for a collection of ions

Let us now move on to consider a collection of N ions interacting with an additionally applied
electromagnetic field. We assume that the ions are of the same species and are sufficiently cold
that they form a Coulomb crystal. The internal Hamiltonian now reads

Hat =
N

∑
j=1

h̄ω0

2
σ

z
j , (2.152)

where σ
z
j acts on ion j, and the motional Hamiltonian is given by, see Eq. (2.57),

Hm = ∑
α=x,y,z

N

∑
n=1

h̄ωn,αa†
n,αan,α , (2.153)

where we have omitted the ground-state energies once more. The interaction with the applied
field is given by the Hamiltonian in Eq. (2.132) for each of the ions. Denoting the position of
ion j by r j we obtain the interaction Hamiltonian

Hint =
N

∑
j=1

h̄Ω j

2
σ
+
j ei(k·r j−ωt+φ)+H.c. (2.154)

Note that the Rabi frequencies Ω j can be different, in general. We also have applied a rotating
wave approximation using Ω j� ω0. As in the previous case, we move to an interaction picture
with respect to

H0 = Hat +Hm (2.155)

to study the interaction of the ions with the applied electromagnetic field. Hat and Hm are now
given by Eqs. (2.152) and (2.153), respectively. The small excursions q j(t) = r j(t)− r0

j of the
ions around equilibrium according to Eq. (2.58) are given by

q jα = ∑
n

B jn

√
h̄

2mωn,α
(an,α +a†

n,α). (2.156)

Inserting r j(t) = r0
j +q j(t) into the interaction Hamiltonian in Eq. (2.154) yields

Hint =
N

∑
j=1

h̄
Ω j

2
σ
+
j ei(k·r0

j+φ)e
i∑n,α B jnkα

√
h̄

2mωn,α
(an,α+a†

n,α )e−iωt +H.c. (2.157)

Moving to an interaction picture with respect to H0 in Eq. (2.155) the spin operators σ
±
j and

mode operators an,α ,a
†
n,α transform as in Eqs. (2.137) and (2.138) and we obtain

H̃int = eiH0tHinte−iH0t =
N

∑
j=1

h̄
Ω j

2
σ
+
j ei(k·r0

j+φ)ei∑n,α B jnηn,α (an,α e−iωn,α t+a†
n,α eiωn,α t)e−i(ω−ω0)t +H.c.,

(2.158)
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where we have introduced the Lamb-Dicke factors

ηn,α = kα

√
h̄

2mωn,α
. (2.159)

We now assume that we are in the Lamb-Dicke regime and expand the exponential containing
the motional ladder operators to first order in the ηn,α

H̃int ≈
N

∑
j=1

h̄
Ω j

2
σ
+
j ei(k·r0

j+φ)

[
1+ i∑

n,α
B jnηn,α(an,αe−iωn,α t +a†

n,αeiωn,α t)

]
e−iδ t +H.c. (2.160)

Here we introduced the detuning of the applied radiation from the carrier transition δ = ω−ω0.
Let us now again consider the case where the radiation is directed along one of the spatial
coordinates defined by the trap. We assume that the laser detuning is chosen such that δ ≈−ωm,α

for a specific mode m. Assuming that the Rabi frequencies Ω j� ωn,α for all mode frequencies
in direction α , we obtain the red sideband Hamiltonian

H̃int ≈ h̄∑
j,n

iB jnηn,α
Ω j

2
ei(k·r0

j+φ)
σ
+
j an,αe−iδn,α t +H.c., (2.161)

where we have introduced the detunings

δn,α = δ +ωn,α = ω− (ω0−ωn,α). (2.162)

It is not immediately clear if the Hamiltonian in Eq. (2.161) is amenable to further simplification.
If the modes are well-separated in frequency, it is possible that ηn,αΩ/δn,α� 1 for all n 6=m such
that we can neglect all terms except the one for mode m. Then, the Hamiltonian in Eq. (2.161)
becomes the red sideband Hamiltonian for a single mode

H̃int ≈ h̄∑
j

iB jmηm,α
Ω j

2
ei(k·r0

j+φ)
σ
+
j am,αe−iδm,α t +H.c. (2.163)

To obtain such a coupling is easier for axial modes. Let us denote a typical distance between
ions by d. The ratio between Coulomb and trapping potentials can be estimated to be of the
order of e2/(4πε0d3mω2

z ) [33]. Taking the typical separation d ≈ lz with lz from Eq. (2.21) we
see that this ratio is of order one for axial modes and the modes are well separated in energy. For
the radial modes of an ion string, however, the ratio between Coulomb and trapping potentials is
smaller by a factor ξα = ω2

z /ω2
α , α = x,y compared to the axial direction. Also the bandwidth

of the phonon branches is smaller, as can be seen from Eqs. (2.43) and (2.48), (2.49). The axial
normal mode frequencies are in the range ωn,z ∈ [ωz,

√
λN,zωz] while the radial frequencies are

in the range ωn,α ∈ [ωα

√
1+ξα

1−λN,z
2 ,ωα ]. For ξα � 1, we may expand the square root in the

lower limit of the interval, yielding the estimate ωα ∈ [ωα(1− ξα λN,z
4 ),ωα ]. Thus, we see that for

ξα � 1 the radial modes have a much smaller bandwidth than the axial phonons. This can also
be appreciated in Fig. 2.2 above. In this case it can happen that the coupling to several modes is
non-negligible such that we cannot simplify the Hamiltonian in Eq. (2.161) further.

2.3. Trapped-ion qubits

In many applications the internal structure of trapped ions is described as a two-level system. In
the previous section, we have seen how this reduction can be achieved . A quantum mechanical
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2. Trapped atomic ions in radio-frequency traps

two-level system is often also referred to as a qubit. The term originates from the field of
quantum information processing, where the qubit is the basic unit of information [1].

The reduction of the many internal states of trapped ions to a two-level system is also common
in applications other than quantum information processing. The reduction to a two-level system
is also used, for example, in frequency standards where one measures a specific atomic transition
frequency very precisely [60] or in quantum simulations where trapped ions are often used to
simulate spin-1/2 systems [12, 55].

In this section, we discuss possible implementations of qubits with trapped ions and their
coherence properties.

2.3.1. Qubit encodings with trapped ions

A popular choice for trapping are alkaline earth metal ions such as Be+, Mg+ and Ca+. After
ionization, these ions only possess a single valence electron such that the ground state is of the
form n2S1/2. Here n is the principal quantum number and we use the notation 2s+1l j, where
2s+1 is the spin multiplicity, l the orbital angular momentum and j = l + s the total electronic
angular momentum.

Since the other, energetically lower lying, electronic shells are fully occupied, the electronic
structure of ionized alkaline earth metals is similar to that of hydrogen. However, there is no l
degeneracy because the probability density of finding the valence electron close to the nucleus
depends on l. The Coulomb energy due to the interaction with the nucleus and the other electrons
therefore varies for different l and lifts the degeneracy [52]. Now, there are different possibilities
to encode a qubit in the energy levels of the valence electron of a trapped ion. These are called
optical, hyperfine and Zeeman qubit and we discuss them in the following.

Optical qubits

In optical qubits the two level system is realized by an electronic ground state and a metastable
excited state with a transition frequency in the optical regime. One realization of an optical qubit
are the 42S1/2 and the 42D5/2 states of 40Ca+ with a transition near 729nm. The 2D5/2 state has
a lifetime T1 ≈ 1.2s [61]. The state of the two level system is usually read out by using so-called
electron shelving [42]. In this method, one uses a third level |r〉 such that the transition |g〉↔ |r〉
can be driven independently of the transition |g〉↔ |e〉. The state |r〉 should have a short lifetime
and decay back directly to the state |g〉. Such a transition is called a closed or cycling transition.
Now, if the ion is initially in a superposition of states |g〉 and |e〉 and one applies radiation to
drive the transition |g〉 ↔ |r〉, the ion is projected either to state |g〉 or to state |e〉 on the first
scattering event. If the electron is projected to state |g〉, many photons can be scattered from the
transition |g〉↔ |r〉, which can then be registered by photomultiplier tubes or CCD cameras [42],
while ideally no fluorescence is detected if the system is projected to state |e〉. In this manner,
one can distinguish the qubit states efficiently. Note that such a cycling transition is also needed
for Doppler laser cooling which we will discuss in Section 2.6.1. A generic level structure of an
optical qubit is shown in Fig. 2.3 a).

Hyperfine qubits

Hyperfine qubits can be encoded with ions that have a non-vanishing nuclear spin. If the ions
possess a nuclear spin I, there are two ground-state hyperfine manifolds with F = I+1/2 where
mF = −(I + 1/2), . . . , I + 1/2 and F = I− 1/2 where mF = −(I− 1/2), . . . , I− 1/2. The de-
generacy of the hyperfine states can be lifted by applying a static magnetic field. The transition
frequencies of hyperfine qubits usually lie in the microwave regime ω0/2π ≈ 1−10GHz [61].
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2.3. Trapped-ion qubits

a) b)

Figure 2.3.: Level structure for trapped-ion qubits: Panel a) schematically shows an optical qubit
where the excited qubit state |e〉 has a finite lifetime τ and is connected to the ground
state |g〉 by an optical transition. |g〉 can be coupled to a fast decaying level |r〉 for
laser cooling and state detection. Decay from state |r〉 is indicated by the curly lines.
Panel b) shows a hyperfine qubit with transition frequency in the microwave regime,
where the qubit levels may be coupled by stimulated Raman transitions (arrows to
dashed line) or directly by a microwave. Here, |e〉 can be coupled to a fast decaying
level |r〉 for readout and cooling. Figure derived from [61].

Again one needs a third level for the qubit readout. Typically, this level is connected to one of
the qubit states by an optical transition. The generic structure of a hyperfine qubit is shown in
Fig. 2.3 b). One example of an ion that allows us to encode a hyperfine qubit is 25Mg+ [55]. It
has a nuclear spin I = 5/2 such that there are two hyperfine manifolds with F = 2 and F = 3.
One choice of a qubit is |g〉 = |F = 3,mF = 3〉 and |e〉 = |F = 2,mF = 2〉 with a transition
frequency of about 1.8GHz at a magnetic field of a few Gauss and the third level in the 32P1/2
or 32P3/2 manifolds, which are separated in energy from the ground state manifold by about
280nm.

Zeeman qubits

For atomic species without a nuclear spin there is no hyperfine structure and the n2S1/2 ground
state manifold consists of the two m j = ±1/2 levels. The degeneracy of the two levels can be
lifted by applying a magnetic field leading to the so-called Zeeman qubit. One option to form
a Zeeman qubit are the n2S1/2 ground states of 40Ca+ that has no nuclear spin. This type of
qubit is often used in Penning traps, which rely on strong static magnetic fields on the order of
a few Tesla to confine the ions [62, 63]. Depending on the applied magnetic field, the transition
frequencies range from a few MHz [61] to GHz [62, 63].

2.3.2. Qubit coherence times

Let us now turn to the coherence properties of the trapped ion qubits. If we consider an optical
qubit with stable state |g〉 and a metastable state |e〉, the coherence time T ∗2 between superposi-
tions of the two states is limited by the lifetime T1 of the upper state T ∗2 ≤ 2T1 [64]. Hence, it is
not surprising that for optical qubits, the finite lifetime of the metastable state can play a role on
experimental time scales [61].

For hyperfine qubits one can make a rough estimate of the decay rate of the qubit levels leading
to Γ ≈ 10−12s−1 [39]. Accordingly, the lifetime of hyperfine qubits is practically infinite. The
same is true for Zeeman qubits.

In most experimental situations, however, the limiting factor of the coherence times are mag-
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2. Trapped atomic ions in radio-frequency traps

netic field fluctuations. They lead to coherence times on the order of milliseconds for all types of
qubits [61]. Other influences that limit the coherence times are, for example, fluctuating laser in-
tensities, frequencies and phases. In a magnetic field B with small fluctuations around a desired
value B0 the shift of the qubit transition frequency usually can be written as [39]

∆ω0 =
∂ω0

∂B

∣∣∣∣
B0

(B−B0)+
1
2

∂ 2ω0

∂B2

∣∣∣∣
B0

(B−B0)
2. (2.164)

In most cases, the first order contributes larger shifts and is thus mostly responsible for dephas-
ing. Hyperfine qubits can be made more robust with respect to fluctuations in the magnetic fields
by using transitions between states of the form |F,mF = 0〉 and |F ′,mF ′ = 0〉, which are insen-
sitive to fluctuations in the magnetic field to first order for B = 0 [65]. For this type of qubit
coherence times exceeding 10 minutes have been observed [66]. However, the degeneracy of
magnetic sublevels at zero magnetic field, hampers the addressability of individual states and it
is more advantageous to work with finite fields.

It turns out that there are first-order field insensitive transitions, i.e. transitions where the first
term in Eq. (2.164) vanishes, for finite magnetic fields. With such transitions coherence times
of T ∗2 ≈ 10s in 9Be+ [65] and T ∗2 ≈ 50s in 43Ca+ [67] have been observed. Magnetic field
insensitive transitions are commonly used for atomic frequency standards, see e.g. [68], and are
therefore dubbed (atomic) clock transitions.

2.4. Master equations, the quantum regression theorem and
adiabatic elimination

In this section we will introduce two theoretical tools that are frequently used in the following
parts of this thesis and in quantum optics in general, namely, (Markovian) master equations and
adiabatic elimination.

Master equations are employed to describe the dynamics of open quantum systems. An open
quantum system is a system whose time evolution cannot be described by the interactions within
the system alone. In order to describe the dynamics of such a system accurately, we have to take
into account the effects of the surroundings on the system’s dynamics. Under certain conditions
it is possible to derive closed dynamical equations for an open quantum system. Here, we will
discuss one such situation, which is the limit of weak coupling between the system and its
environment, where a Markovian master equation can be derived. We will also discuss a result
called the quantum regression theorem. This is a method to calculate correlation functions of
operators of an open quantum system whose time evolution is described by a Markovian master
equation. Finally, we will briefly allude to non-Markovian master equations which describe a
wider class of open quantum systems

Adiabatic elimination, on the other hand, is a procedure to find an effective dynamics for a
system by eliminating one part of the system from the dynamics. This can greatly simplify the
description of the dynamics of a system and in that sense it is not much different from master
equations.

This section is organized as follows. We start with the description of open quantum systems
and present the derivation of a Markovian master equation. Thereafter, we introduce the quantum
regression theorem and then throw a glance at the more general case of non-Markovian master
equations. We close the section with a brief account of adiabatic elimination and illustrate the
procedure with an example.
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2.4. Master equations, the quantum regression theorem and adiabatic elimination

2.4.1. Standard from of the Markovian master equations

For a closed quantum system the time evolution of the system is governed by the Schrödinger
equation

ih̄
d
dt
|ψ(t)〉= H(t)|ψ(t)〉, (2.165)

where |ψ(t)〉 is the state of the system at a given time and H(t) the system’s Hamiltonian. If we
have incomplete knowledge about the system’s state, which is usually the case, it is more con-
venient to work with the density matrix ρ(t) of the system [49]. If, for example, we only know
that the system is in a certain state |ψi〉 with probability pi ≥ 0, ∑i pi = 1, a more convenient
description of the state of the system is the density matrix

ρ = ∑
i

pi|ψi〉〈ψi|. (2.166)

The density matrix has the following properties [49]: It is Hermitian ρ = ρ†, has unit trace
Trρ = 1 and is positive semidefinite ρ ≥ 0.

Using the adjoint of the Schrödinger equation (2.165) one obtains the equation of motion for
the density matrix

d
dt

ρ(t) =− i
h̄
[H(t),ρ(t)], (2.167)

which is also known as the Liouville–von-Neumann equation.
Let us now turn to open quantum systems. For an open quantum system the effects of the

environment on the system’s dynamics cannot be neglected leading to a time evolution different
from Eq. (2.167). In order to derive an equation of motion for the open quantum system, one
usually starts by considering an enlarged system consisting of the system of interest and its
environment. The Hamiltonian of the complete system splits into three parts

H = HS +HE +HI, (2.168)

where HS is the Hamiltonian of the free evolution of the system of interest and HE the free
Hamiltonian of the environment. The third part HI describes the interaction between the system
of interest and its environment.

Our goal now is to obtain an equation of motion for the state of the system of interest, some-
times also referred to as the principal or reduced system. In order to arrive at such equation we
now assume that the full system, consisting of the principal system and its environment, can be
regarded as a closed system and with its density matrix ρ(t) evolving according to the Liouville–
von-Neumann equation (2.167). Accordingly, for an initial state ρ(0) of the combined system,
the state at a later time t reads

ρ(t) =U(t,0)ρ(0)U†(t,0), (2.169)

where U(t,0) = e−iHt is the unitary time evolution operator of the full system. The state of the
reduced system ρS(t) is obtained from ρ(t) by performing a partial trace over the environmental
degrees of freedom [1] indicated by a subscript E

ρS(t) = TrE ρ(t) = TrE[U(t,0)ρ(0)U†(t,0)]. (2.170)

Let us now assume that the principal system and its environment are initially uncorrelated, i.e.
in a product state, such that we may write the initial state as

ρ(0) = ρS(0)⊗ρE(0) (2.171)
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with a fixed state of the environment ρE(0), i.e. the same for any ρS(0). Here ρS(0) and ρE(0)
are the initial states of system and environment, respectively. Since ρE(0) is Hermitian and
positive semidefinite, we can write it in diagonal form

ρE(0) = ∑
j

λ j|e j〉〈e j|, (2.172)

where the λ j ≥ 0, ∑ j λ j = 1 and 〈e j|ek〉= δ jk. The index j runs over all environmental degrees
of freedom which, in principle, can be infinitely many. Inserting ρ(0) from Eq. (2.171) into the
right-hand side of Eq. (2.170) and using Eq. (2.172) we arrive at

ρS(t) = ∑
j,k

K jk(t)ρS(0)K
†
jk(t), (2.173)

where we have introduced the so-called Kraus operators

K jk(t) =
√

λ j〈ek|U(t,0)|e j〉. (2.174)

The Kraus operators satisfy the condition

∑
j,k

K†
jk(t)K jk(t) = 1, (2.175)

as can be verified using their definition in Eq. (2.174).
Considering Eq. (2.173) we can define a map E (t,0) that maps the initial state of the reduced

system ρS(0) to another state at time t according to

ρS(t) = E (t,0)ρS(0) = ∑
j,k

K jk(t)ρS(0)K
†
jk(t). (2.176)

The map E (t,0) is called a dynamical map [69]. More mathematically speaking for fixed t
E (t,0) is a map from the set of operators on the Hilbert space of the reduced system into itself.
Let us briefly consider the properties that we expect for such a map.

The dynamical map should map density matrices to density matrices. It is a crucial feature
of a density matrix that it has a unit trace and, therefore, we expect the dynamical map to be
trace preserving. Furthermore, the density matrix is positive semidefinite and accordingly the
dynamical map should preserve the non-negative character of the density matrix. Thus, we
demand positivity of the map. E (t,0) should also be a convex-linear map on the set of density
matrices [1], i.e. for a set of probabilities and states {pi,ρi}, ∑i pi = 1 we have

E

(
∑

i
piρi

)
= ∑

i
piE (ρi). (2.177)

Finally, it turns out that demanding positivity of the map is not sufficient. Let us consider an
n-level system with Hamiltonian H = 0 far away from the open system such that the two systems
do not interact. The time evolution of the full system in their combined Hilbert space is then
given by E (t,0)⊗1 [70]. Accordingly, the map E (t,0)⊗1 has to be positive for all values of n.
This property is called complete positivity. Summarizing the above considerations, a dynamical
map E (t,0) should have the properties of being

1. trace preserving

2. convex-linear
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3. completely positive.

It can be shown that a dynamical map has a Kraus representation as in Eq. (2.173) if and only if
it satisfies the three conditions above [1].

If we allow for other values of t, the set {E (t,0)|t ≥ 0} constitutes a one-parameter family of
dynamical maps. The dynamical maps can be represented by a generator L if they satisfy the
two following conditions [70]: the map satisfies the semigroup property

E (t2,0)E (t1,0) = E (t2 + t1,0), (2.178)

and Tr[(E (t,0)ρ)A] is a continuous function of t for every ρ from the set of density matrices and
for any bounded linear operator A acting on the system’s Hilbert space. We then have that [70]

d
dt

ρS(t) = L ρS(t), (2.179)

where ρS(t) = E (t,0)ρS(0). Hence, the dynamical map can be represented as

E (t2, t1) = eL (t2−t1), (2.180)

where we assume that the generator L is bounded and we are dealing with a finite dimensional
system. Note that the semigroup property, sometimes also called Markov property, can be un-
derstood physically as the environment being memoryless. The time evolution does not depend
on a particular point in time or on the history of the time evolution. This point should become
clearer in the following section.

Starting from Eq. (2.179) and using Eq. (2.173) one can derive the “diagonal” standard form
of the generator of completely positive (trace preserving) semigroups [69, 70]

L ρS(t) =−
i
h̄
[H̃S,ρS(t)]+∑

k
γk

(
AkρS(t)A

†
k−

1
2

A†
kAkρS(t)−

1
2

ρS(t)A
†
kAk

)
. (2.181)

The first part on the right-hand side describes the unitary part of the evolution due to a Hamil-
tonian H̃S. Note that the Hamiltonian H̃S, in general, does not coincide with the Hamiltonian
HS, because H̃S may include additional contributions due to the interaction with the environ-
ment [69]. The operators Ak appearing in the second part are usually termed Lindblad or jump
operators and the γk are positive rates. For a finite dimensional system of dimension N, there can
be at most N2 Lindblad operators. The second part can account for dissipation and dephasing
processes and is therefore called the dissipator. We denote it by D such that

DρS(t) = ∑
k

γk

(
AkρS(t)A

†
k−

1
2

A†
kAkρS(t)−

1
2

ρS(t)A
†
kAk

)
. (2.182)

The generator L is often called Liouvillian. Using the dissipator we may write it as

L ρS(t) =−
i
h̄
[H̃S,ρS(t)]+DρS(t). (2.183)

Let us finally remark that the Lindblad operators are formally derived from the time evolution of
the full system consisting of the principal system and its environment [69] which is not known
in the vast majority of cases. In a few cases the Lindblad operators can be derived from a
microscopic model for the full dynamics of system and environment but in most cases they are
chosen phenomenologically [69].
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2.4.2. Master equation in the Born-Markov approximation

It is in general not the case that a family of dynamical maps describing the evolution of an open
quantum system constitutes a semigroup dynamics. In this section, we consider one case, the
weak coupling limit, where the derivation of a semigroup generator as in Eq. (2.181) is possible.
It is an instructive example to see which approximations are needed to arrive at the semigroup
dynamics. This example is also illustrative to make the connection between the semigroup
property and Markovian behavior. We follow the treatment in [69].

Let us start from the full Hamiltonian of system plus environment

H = HS +HE +HI. (2.184)

Moving to an interaction picture with respect to HS +HE the Liouville–von-Neumann equa-
tion (2.167) takes the form

d
dt

ρI(t) =−
i
h̄
[HI(t),ρI(t)], (2.185)

where HI(t) and ρI(t) are the transformed interaction Hamiltonian and density matrix. For clarity
of notation we omit the index for the state in the following. We look for an equation of motion
for the reduced density matrix

ρS(t) = TrE ρ(t). (2.186)

Formal integration of Eq. (2.185) yields

ρ(t) = ρ(0)− i
h̄

∫ t

0
dt1[HI(t1),ρ(t1)]. (2.187)

Inserting the above integral form into the right-hand side of Eq. (2.185) and performing a partial
trace over the environmental degrees of freedom we obtain

d
dt

ρS(t) =−
1
h̄2

∫ t

0
dt1 TrE[HI(t), [HI(t1),ρ(t1)]]. (2.188)

Here, we assumed that TrE[HI(t),ρ(0)] vanishes. Note that the right-hand side of the above
equation still contains the state ρ(t1) of the full system.

We will now perform a first approximation called the Born approximation. Assuming that
the environment is much larger than the system and that its coupling to the system is weak, one
expects that the state of the environment is only negligibly affected by the interaction with the
system. Accordingly, we approximate ρ(t) as

ρ(t)≈ ρS(t)⊗ρE(0). (2.189)

The above form for the combined state of system and environment might lead one to the conclu-
sion that at no point in time are there excitations in the bath. This is, however, not the case. It
means that we assume that excitations in the environment have already decayed on the time scale
of our interest and these effects are not resolved. Together with the Markov approximation we
introduce below, we obtain a description of the dynamics on a “coarse-grained” time scale [69].

In the Born approximation Eq. (2.188) becomes

d
dt

ρS(t) =−
1
h̄2

∫ t

0
dt1 TrE[HI(t), [HI(t1),ρS(t1)⊗ρE(0)]]. (2.190)

We now perform the Markov approximation. The evolution of ρS(t) still depends on its history
through ρS(t1). The first step of the Markov approximation is to substitute ρS(t1) by ρS(t). The
evolution of the system then only depends on its present state. The resulting master equation

d
dt

ρS(t) =−
1
h̄2

∫ t

0
dt1 TrE[HI(t), [HI(t1),ρS(t)⊗ρE(0)]] (2.191)
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is called the Redfield equation [69].
In order to achieve a Markovian equation that actually leads to a semigroup dynamics we

substitute t1 by t− t1 in the above equation and extend the upper integration limit to infinity. We
are interested in the dynamics on a typical time scale of the system’s evolution which we call τs.
The above substitution is justified if the integrand on the right-hand side of Eq. (2.191), which
turns out to be proportional to the two-time correlation functions of the environment, disappears
sufficiently quickly for t1� τE. Here τE is a typical time constant for the decay of correlations
in the environment and t1 a typical time scale of the evolution we are interested in. The Markov
approximation is therefore justified if the typical time scale τS of the system’s evolution is much
larger than the time scale of the decay of the environmental correlations τE [69]. This is why the
Markovian master equation is said to provide a description on a “coarse-grained” time axis. The
resulting equation reads

d
dt

ρS(t) =−
1
h̄2

∫
∞

0
dt1 TrE[HI(t), [HI(t− t1),ρS(t)⊗ρE(0)]]. (2.192)

Note that the Born approximation already contains a subtle version of this separation of time
scales. Over a typical time scale of the system evolution τS the environmental state is taken to
have returned to its initial state, which also presupposes τE� τS.

The approximations that we performed so far together are termed the Born-Markov approxi-
mation. These approximations, however, do not guarantee that one obtains a completely positive
semigroup dynamics [69]. In order to obtain a semigroup dynamics a further approximation
called the secular approximation is needed. It is, in essence, a rotating wave approximation. In
the remainder of this section we will study the secular approximation.

Let us consider that HS has a discrete non-degenerate spectrum such that we may define
projectors Π(ε) onto the subspace of energy ε . The interaction Hamiltonian can be written in
the form

HI = ∑
j

A j⊗B j, (2.193)

where A j = A†
j and B j = B†

j are Hermitian operators on the system and environment Hilbert
spaces, respectively. Using the projectors Π(ε) we can define the operators

A j(ω) = ∑
ε ′−ε=h̄ω

Π(ε)A jΠ(ε ′), (2.194)

where the sum extends over all ε and ε ′ that yield ε ′− ε = h̄ω for fixed ω . Obviously, we have

A j = ∑
ω

A j(ω) = ∑
ω

A†
j(ω). (2.195)

Using the definition of the A j(ω) it is easy to see that they obey the following commutation
relations with the principal system’s Hamiltonian

[HS,A j(ω)] =−ωA j(ω), [HS,A
†
j(ω)] = ωA†

j(ω). (2.196)

Using the above identity together with Eq. (2.136) we obtain the operators A j(ω) and A†
j(ω) in

an interaction picture

e
i
h̄ HStA j(ω)e−

i
h̄ HSt = A j(ω)e−iωt , (2.197)

e
i
h̄ HStA†

j(ω)e−
i
h̄ HSt = A†

j(ω)eiωt . (2.198)
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The interaction picture Hamiltonian may thus be written as

HI(t) = ∑
j,ω

A j(ω)e−iωt ⊗B j(t) = ∑
j,ω

A†
j(ω)eiωt ⊗B†

j(t), (2.199)

where we have introduced the interaction picture reservoir operators

B j(t) = e
i
h̄ HEtB je−

i
h̄ HEt . (2.200)

Inserting the interaction picture Hamiltonian Eq. (2.199) into Eq. (2.192) yields [69]

d
dt

ρS(t) =
1
h̄2

∫
∞

0
dt1 TrE {HI(t− t1)ρS(t)ρE(0)HI(t)−HI(t)HI(t− t1)ρS(t)ρE(0)}+H.c.

(2.201)

= ∑
j,k

∑
ω,ω ′

e−i(ω−ω ′)t
Γ jk(ω)

[
Ak(ω)ρS(t)A

†
j(ω
′)−A†

j(ω
′)Ak(ω)ρS(t)

]
+H.c. (2.202)

Here, we have defined the one-sided Fourier transforms

Γ jk(ω) =
1
h̄2

∫
∞

0
dt1eiωt1〈B†

j(t)Bk(t− t1)〉 (2.203)

of the reservoir correlation functions

〈B†
j(t)Bk(t− t1)〉= TrE

(
B†

j(t)Bk(t− t1)ρE(0)
)
. (2.204)

In many cases ρE(0) is a thermal state of the reservoir

ρE(0) = ρβ =
e−βHE

Tre−βHE
(2.205)

at some inverse temperature β = 1/(kBT ), where T is the temperature and kB the Boltzmann
constant. In this case [ρE,HE] = 0 and the correlation functions become independent of t

〈B†
j(t)Bk(t− t1)〉= 〈B†

j(t1)Bk(0)〉. (2.206)

Obviously, in this case the rates Γ jk(ω) are time-independent. Now, if Γ jk � ω −ω ′ for all ω

and ω ′ we may neglect the contributions with ω 6= ω ′ in a rotating wave approximation such
that we arrive at

d
dt

ρS(t) = ∑
j,k

∑
ω

Γ jk(ω)
[
Ak(ω)ρS(t)A

†
j(ω)−A†

j(ω)Ak(ω)ρS(t)
]
+H.c. (2.207)

Further manipulations of the above equation allow us to cast the master equation into the form [69]

d
dt

ρS(t) =−
i
h̄
[HLS,ρS(t)]+DρS(t). (2.208)

The Hamiltonian HLS is called the Lamb shift and takes the form [69]

HLS = ∑
j,k

∑
ω

S jk(ω)A†
j(ω)Ak(ω), (2.209)

where S jk = [Γ jk(ω)+Γ∗k j(ω)]/(2i). Using the properties of the A j(ω) it can readily be seen
that [HLS,HS] = 0. Thus, HLS will also appear in the Schrödinger picture. It represents the
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2.4. Master equations, the quantum regression theorem and adiabatic elimination

additional contributions to the Hamiltonian H̃S in Eq. (2.181) above. The dissipator on the other
hand takes the form [69]

DρS(t) = ∑
j,k

∑
ω

γ jk(ω)

[
Ak(ω)ρS(t)A

†
j(ω)− 1

2
{A†

j(ω)Ak(ω),ρS(t)}
]
, (2.210)

where γ jk(ω) = Γ jk(ω)+Γ∗k j(ω) and {·, ·} denotes the anti-commutator. The above equation
can be brought into the standard form of the Markovian master equation given in Eq. (2.181),
which represents a semigroup evolution [69].

Let us remark in closing this section that environments are usually modeled by collections of
harmonic oscillators. The operators B j in Eq. (2.193) will therefore be given by linear combina-
tions of mode operators and the environmental correlation functions in Eq. (2.204) will contain
mode operators or linear combinations thereof. If these involve a finite number of frequencies,
the functions will decay and have a revival after a finite revival time τrev. Truly decaying func-
tions can only be obtained for environments with a continuum of frequencies, i.e. for infinite
environments [69].

2.4.3. The quantum regression theorem

In the previous sections we have seen the standard form of the Markovian master equation and
a derivation of a Markovian master equation in the weak coupling limit. Once we are equipped
with the master equation, we can compute the time evolution of the reduced system and also
expectation values of operators at different times. But often one is also interested in obtaining
correlation functions, which amounts to evaluating the expectation value of products of oper-
ators with different time arguments. From such calculations one can obtain, for example, the
spectrum of spontaneous emission of a two-level system or the spectrum of a field radiated by
a driven cavity [71]. In this section we will introduce a means of computing two-time correla-
tion functions for operators of an open quantum system whose time evolution is described by a
Markovian master equation in Lindblad form. This result is known as the quantum regression
theorem and was originally developed in [72, 73]. We will follow the treatment in [71].

Let us consider an open quantum system with Hamiltonian H =HS+HE+HI as in Eq. (2.168)
above, whose time evolution is described by a generic Liouvillian L derived in the weak cou-
pling limit

d
dt

ρS(t) = L ρS(t). (2.211)

We move to the Heisenberg picture to compute the correlation functions. Let us consider two
operators F1 and F2 of the principal system. In the Heisenberg picture the operators become time
dependent and read

Fj(t) = e
i
h̄ HtFje−

i
h̄ Ht , j = 1,2. (2.212)

The correlation function between the two operators, i.e. the multi-time average of the operators,
is given by

〈F1(t1)F2(t2)〉= Tr[F1(t1)F2(t2)ρ(0)], (2.213)

where ρ(0) is the initial state of the full system comprising principal system and environment
and the trace is also taken over system and environment. Note that we may write the initial state
in terms of the state of the system at a later time t as

ρ(0) = e
i
h̄ Ht

ρ(t)e−
i
h̄ Ht . (2.214)

Using the above property for t = t1, Eq. (2.212) and the cyclic property of the trace we can write
the two-time average of the operators as

〈F1(t1)F2(t2)〉= TrS{F2(0)TrE[e−
i
h̄ H(t2−t1)ρ(t1)F1(0)e

i
h̄ H(t2−t1)]}. (2.215)
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We now assume that t2 ≥ t1 such that t2− t1 = τ ≥ 0 and define the operator

χ(τ) = e−
i
h̄ Hτ

ρ(t1)F1(0)e
i
h̄ Hτ , (2.216)

which is the term in angular brackets in Eq. (2.215). The new operator satisfies the equation of
motion

d
dτ

χ(τ) =− i
h̄
[H,χ(τ)] (2.217)

with the initial condition
χ(0) = ρ(t1)F1(0). (2.218)

In order to eliminate the explicit appearance of the reservoir in Eq. (2.215) we need to perform
the trace over the environment and define

χS(τ) = TrE[χ(τ)]. (2.219)

For τ = 0 we obtain
χS(0) = TrE[ρ(t1)F1(0)] = ρS(t1)F1(0), (2.220)

where ρS(t1) is the state of the reduced system at time t1. Now, we make the assumption of
weak coupling between system and environment and make a Born approximation assuming that
ρ(t1) = ρS(t1)⊗ ρE(0). Inserting this product state into the initial condition Eq. (2.218) and
using Eq. (2.220) we obtain

χ(0) = χS(0)⊗ρE(0). (2.221)

Now, Eqs. (2.217), (2.219) and (2.221) are completely analogous to Eqs (2.185), (2.186) and (2.189)
which formed the starting point for the derivation of the master equation in the Born-Markov
approximation. Accordingly, following the procedure in the previous chapter one can derive a
weak coupling master equation for the operator χ(τ). The Hamiltonian appearing in Eq. (2.217)
is the same as the one that dictates the dynamics of the full system. Hence, we will obtain the
same Liouvillian for the evolution of χ(τ) as for ρS(t) given in Eq. (2.211) and the evolution of
χS(τ) obeys the equation of motion [71]

d
dτ

χS(τ) = L χS(τ). (2.222)

The solution of the above equation is

χS(τ) = eL τ
χS(0) = eL τ [ρS(t1)F1(0)]. (2.223)

Inserting the above result back into Eq. (2.215) yields the final result

〈F1(t)F2(t + τ)〉= TrS{F2(0)eL τ [ρS(t)F1(0)]}, (2.224)

where we set t1 = t. Similarly one obtains [71]

〈F1(t + τ)F2(t)〉= TrS{F1(0)eL τ [F2(0)ρS(t)]}. (2.225)

One is often interested in stationary state correlation functions. Assuming that the asymptotic
state is a thermal equilibrium state limt→∞ ρS(t) = ρβ , we have

lim
t→∞
〈F1(t + τ)F2(t)〉= 〈F1(τ)F2(0)〉β = TrS{F1(0)eL τ [F2(0)ρβ ]}. (2.226)

Equations (2.224) and (2.225) are the first formulation of the quantum regression theorem that
we present in this section. With these equations, we have found expressions to compute corre-
lation functions for the case when the dynamics of a system is described by a weak coupling
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2.4. Master equations, the quantum regression theorem and adiabatic elimination

master equation. One should note though that the above equations are usually as hard to solve
as the Liouville–von-Neumann equation. We will now obtain another form to compute the two-
time correlation functions if the time evolution is given by a time independent Liouvillian as
in Eq. (2.211).

Let us assume that there exists a set of operators A j , j = 1,2, . . . in the Hilbert space of the
open quantum system that is complete in the sense that for an arbitrary operator F in the open
system’s Hilbert space [71]

TrS[A jL F ] = ∑
k

M jk TrS[AkF ], (2.227)

where the M jk are constants. It follows from the above equation that we obtain a closed system
of equations for the time evolution of the expectation values 〈A j(t)〉= TrS[A jρ(t)]

d
dt
〈A j(t)〉= TrS[A j

d
dt

ρ(t)] = TrS[A jL ρ(t)] = ∑
k

M jk TrS[Akρ(t)] = ∑
k

M jk〈Ak(t)〉. (2.228)

Writing the operators A j as a vector A = (A1,A2, . . .)
T we can write the above equation as a

matrix equation
d
dt
〈A(t)〉= M〈A(t)〉. (2.229)

Let us now consider the correlation function 〈F(t)A j(t+τ)〉, τ ≥ 0 . Differentiating with respect
to τ yields

d
dτ
〈F(t)A j(t + τ)〉= TrS{A j(0)L eL τ [ρS(t)F(0)]}

= ∑
k

M jk TrS{Ak(0)eL τ [ρS(t)F(0)]}

= ∑
k

M jk〈F(t)Ak(t + τ)〉,

(2.230)

where we have used Eq. (2.224) in the first and last steps and Eq. (2.228) in the second step. We
may also write the above equation as

d
dτ
〈F(t)A(t + τ)〉= M〈F(t)A(t + τ)〉, (2.231)

which is the second formulation of the quantum regression theorem. Similarly, one obtains [71]

d
dτ
〈A(t + τ)F(t)〉= M〈A(t + τ)F(t)〉, (2.232)

where τ > 0. This form of the regression theorem tells us that the correlation functions obey
the same equations of motion as the mean values do. This is a rather surprising result and one
would not expect that it is generally true. This expectation is actually correct [74]. Of course,
this is because the master equation itself is an approximate treatment and one can only expect
it to yield quantitatively valid predictions in its domain of applicability. In Chapter 4 we will
discuss in more detail when the regression theorem is applicable.

Finally, one might expect that the second form of the regression theorem in Eqs. (2.231)
and (2.232) can only rarely be applied, because it relies on the existence of a set of operators A j

that satisfies Eq. (2.228). It can be shown, though, that this set of operators always exists if there
is a discrete basis |n〉, n∈ {1, . . . ,N} of the open system’s Hilbert space [71]. Then, the operators
A j = Anm = |n〉〈m|, n,m ∈ {1, . . . ,N} constitute a set of operators satisfying Eq. (2.228). Note
that N might even be infinite here.
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2.4.4. Time-local master equations with memory effects

In the previous sections we have considered the Markovian master equation which is a time
local differential equation that allows us to compute the evolution of a quantum system. An
essential (but not the only) ingredient for the derivation of the Markovian master equation was
that, loosely speaking, the environment relaxes on a time scale that is much faster than the open
system’s time evolution and excitations that have entered the environment once do not act back
on the system. Although Markovian master equations can be applied to a variety of phenomena,
they do not cover a large class of open system dynamics, namely those where there are memory
effects and the system’s dynamics depends on its prior evolution.

At first sight one would expect that a differential equation that incorporates memory effects
is non-local in time including some memory kernel which includes the past evolution of the
system. Indeed, such an equation of motion can be derived from the Liouville–von-Neumann
equation (2.185) and is called the Nakajima-Zwanzig equation [69]. The Nakajima-Zwanzig
equation is exact and is usually as hard to solve as the Liouville–von-Neumann equation itself.

From a computational point of view it is, however, desirable to obtain a time-local master
equation. The following argument [75] illustrates that even in the presence of memory ef-
fects it should be possible to obtain a time-local differential equation for the evolution of a
quantum system. According to Eq. (2.176) the time-evolved state of the open system reads
ρS(t) = E (t,0)ρS(0). Assuming that the map E (t,0) is differentiable with respect to t we obtain

d
dt

ρS(t) =
[

d
dt

E (t,0)
]

ρS(0) = Ė (t,0)ρS(0). (2.233)

Assuming the inverse E −1(t,0) exists, we may invert the first equality in Eq. (2.176) and write
ρS(0) = E −1(t,0)ρS(t). Inserting this identity into Eq. (2.233) the evolution of the reduced state
ρS(t) is given in terms of a time local generator

d
dt

ρS(t) = K(t)ρS(t), (2.234)

where
K(t) = Ė (t,0)E −1(t,0). (2.235)

Writing K(t) as in Eq. (2.235) above presupposes the existence of the inverse E −1(t,0), which
is not always guaranteed. Thus, K(t) might not be defined for all times. In many cases, however,
it does exist or it exists apart from isolated singularities at certain points in time such that the
following results still hold [75].

Let us assume K(t) exists for all times t. Then, interestingly, master equations of the form
Eq. (2.234) can be cast into a form very similar to the standard form of the Markovian master
equation reported in Eq. (2.181). Demanding that the generator K(t) be trace and Hermiticity
preserving one can actually show that it can be written in the form [75, 76]

K(t)ρS(t) =−
i
h̄
[H̃S(t),ρS(t)]+∑

k
γk(t)

(
Ak(t)ρS(t)A

†
k(t)−

1
2
{A†

k(t)Ak(t),ρS(t)}
)
, (2.236)

where now the Lindblad operators and rates are explicitly time dependent. Thus, dynamics in-
cluding memory effects that are not described by a Markovian master equation can be described
by an equation of motion very similar in form.

Two remarks are in order now. First, it is known that the generator in Eq. (2.236) leads to
completely positive dynamics for γk(t) > 0 for all t and for all k. It is, however, still an open
problem to provide necessary and sufficient conditions when the generator in Eq. (2.236) leads
to completely positive dynamics, in general [75, 77]. Second, the generator in Eq. (2.236) can
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describe dynamics that include memory effects. This, however, does not mean that it describes
non-Markovian dynamics, in general. Actually, it turns out that the concept of non-Markovianity
in quantum dynamics is quite subtle and can be defined in different ways as we discuss in
Chapter 4.

2.4.5. Adiabatic elimination

In the previous section, we considered how to obtain an effective description of a system inter-
acting with its surrounding environment. The motivation to seek such an effective description
was that the environment was very large or even infinite and we needed to reduce the complexity
of the problem in order to describe the system’s dynamics. But already for smaller systems it is
usually desirable to obtain a description of the problem under scrutiny in a Hilbert space of the
smallest possible dimension. An example is the effective two-level description that we applied
to the internal degrees of freedom of atoms.

A technique that is commonly used to achieve such a reduction of complexity, also in smaller
systems, is adiabatic elimination. Adiabatic elimination is usually applied if one can divide the
dynamical degrees of freedom of a system in “fast” and “slow” degrees of freedom and provides
a way of eliminating the “fast” degrees of freedom from the dynamics. In atomic physics, adi-
abatic elimination is often applied to disregard states from a multilevel system that are initially
not occupied and only very weakly and off-resonantly coupled to the initially occupied states.
After a more general presentation of adiabatic elimination we will discuss an example of this
kind. In order to introduce adiabatic elimination we follow the presentation in [78].

Let us consider a system with Hamiltonian H that evolves according to the Schrödinger equa-
tion

ih̄
d
dt
|ψ(t)〉= H|ψ(t)〉. (2.237)

Assuming the eigenvalues of H can be separated in two sets that are largely separated in mag-
nitude, we define the projector P and the orthogonal projector Q = 1−P to the two subspaces.
We take P as the projector on the subspace of the slowly evolving degrees of freedom, i.e. the
small eigenvalues, and Q on that of the fast evolving degrees of freedom, i.e. large eigenvalues.
We are interested in finding the dynamics in the subspace associated to P. With the shorthand
notations a≡ P|ψ(t)〉 and b≡ Q|ψ(t)〉, the Schrödinger equation may now be written as

ih̄
d
dt

a = PHPa+PHQb, (2.238)

ih̄
d
dt

b = QHPa+QHQb. (2.239)

Now let τF be a typical time scale in the evolution of the fast subspace, i.e. a typical eigenvalue
of (QHQ)−1. The time scale we are interested in is a typical time scale of the slowly evolving
part of the Hamiltonian τS� τF. Now, loosely speaking the derivative of b varies very rapidly
on the time scale of interest and we can consider its average over many cycles which we set to
zero. This is referred to as adiabatic elimination of b from the dynamics. From Eq. (2.239) we
then obtain

b =−(QHQ)−1QHPa. (2.240)

Inserting this expression back into Eq. (2.238) yields an equation of motion for the degrees of
freedom a

ih̄
d
dt

a =
(
PHP−PHQ(QHQ)−1QHP

)
a. (2.241)

From the above equation we can identify an effective Hamiltonian for the slowly evolving de-
grees of freedom

Heff = PHP−PHQ(QHQ)−1QHP. (2.242)
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Figure 2.4.: Adiabiatic elimination in a three-level system: The left part of the figure shows a
three-level system with coherent couplings of levels |g〉 and |e〉 to a level |r〉 de-
scribed by the Hamiltonian H = H3ls +Hint from Eq. (2.245). For |∆| � |Ω1|, |Ω2|
the upper level may be adiabatically eliminated leading to an effective two-level de-
scription with a coupling between the two levels displayed on the right with effective
Hamiltonian in Eq. (2.253). Here we assume h̄(|Ω1|2− |Ω2|2)/(4∆) > 0. See the
text for details.

Let us remark that in a similar manner effective dynamics can be found if the dynamics is
governed by a Liouvillian if there are two subspaces where one of the two subspaces is rapidly
decaying. Then the argument to set the derivative in Eq. (2.239) equal to zero would be that the
degrees of freedom in b have relaxed so quickly that they can be assumed to be in their stationary
state on the time scale of interest. This is very similar to the coarse-grained description of the
Markovian master equation.

In order to illustrate the procedure let us consider a concrete example. We consider a Λ-type
three-level system as depicted on the left-hand side of Fig. 2.4. The three-level system consists
of the levels |g〉, |e〉 and |r〉 which could, for example represent, three atomic levels.

The free Hamiltonian of the three levels can be written as

H3ls =−h̄ωg|g〉〈g|− h̄ωe|e〉〈e|. (2.243)

Let us assume that the levels |g〉 and |e〉 are coupled to state |r〉 by a Hamiltonian

Hint = h̄
Ω1

2
|r〉〈g|e−iω1t + h̄

Ω2

2
|r〉〈e|e−iω2t +H.c., (2.244)

where the frequencies ω1 and ω2 satisfy ω1 = ωg−∆ and ω2 = ωe−∆. Accordingly, the full
Hamiltonian of the system is

H = H3ls +Hint. (2.245)

Moving to an interaction picture with respect to the Hamiltonian H̃3ls =−h̄ω1|g〉〈g|− h̄ω2|e〉〈e|,
we obtain the Hamiltonian

H̃int =−h̄∆(|g〉〈g|+ |e〉〈e|)+
(

h̄Ω1

2
|r〉〈g|+ h̄Ω2

2
|r〉〈e|+H.c.

)
. (2.246)

Adjusting the zero point of the energy we may write the above Hamiltonian as

H̃int = h̄∆|r〉〈r|+
(

h̄Ω1

2
|r〉〈g|+ h̄Ω2

2
|r〉〈e|+H.c.

)
. (2.247)

We can now write down the Schrödinger equation for the three level system in an interaction
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picture. Expanding the state as |ψ(t)〉= cg(t)|g〉+ ce(t)|e〉+ cr(t)|r〉, we obtain

iċg =
Ω∗1
2

cr,

iċe =
Ω∗2
2

cr,

iċr =
Ω1

2
cg +

Ω2

2
ce +∆cr.

(2.248)

Let us assume that |∆| � |Ω1|, |Ω2|. We are now able to make an analogy to Eqs. (2.238)
and (2.239). Obviously, the state |r〉 has a much faster time evolution than the other two states
due to the large value of ∆ and constitutes the fast degree of freedom. By the above argument
we will now adiabatically eliminate this state from the dynamics setting

ċr = 0. (2.249)

Physically, the situation we consider is that due to |∆| � |Ω1|, |Ω2| the probability of populating
the state |r〉 is very small and the coupling between the states |g〉 and |e〉 to state |r〉 is weak.
Therefore, the dynamics essentially takes place in the subspace |g〉 and |e〉 if we start out in these
states. Setting ċr = 0 in Eq. (2.248) we obtain

cr =−
Ω1

2∆
cg−

Ω2

2∆
ce. (2.250)

Substituting this expression back into the equations for cg and ce we obtain the system

ih̄
d
dt

(
cg

ce

)
= h̄

(
− |Ω1|2

4∆

Ω∗eff
2

Ωeff
2 − |Ω2|2

4∆

)(
cg

ce

)
, (2.251)

where
Ωeff =−

Ω∗2Ω1

2∆
. (2.252)

We can identify the matrix on the right-hand side as a representation of the effective Hamiltonian
in the |g〉, |e〉 manifold

Heff = h̄

(
− |Ω1|2

4∆

Ω∗eff
2

Ωeff
2 − |Ω2|2

4∆

)
. (2.253)

We would have obtained the same effective Hamiltonian applying Eq. (2.242) to the Hamilto-
nian in Eq. (2.247) with the projectors P = |g〉〈g|+ |e〉〈e| and Q = |r〉〈r|. We finally remark
that adiabatic elimination can be performed on more rigorous grounds than presented here, for
example as presented in [79], yielding the same result.

2.5. Stimulated Raman transitions and spin-dependent optical
dipole forces

In this section we study the effects of a so-called stimulated Raman laser configuration on a
Λ-type three-level system. There are two parameter regimes which are of particular inter-
est to us. Namely, the regimes of two-photon stimulated Raman transitions and the so-called
spin-dependent optical dipole forces. The two-photon stimulated Raman transitions couple two
atomic levels using an off-resonant coupling of both levels to a third atomic level. This mech-
anism allows us to drive transitions with frequencies in the microwave and radio-frequency
domain by laser radiation. In particular, this enables one to drive sideband transitions also for
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2. Trapped atomic ions in radio-frequency traps

qubits with transition frequencies in these domains. The spin-dependent optical dipole forces
facilitate the coupling between internal and external degrees of freedom on magnetic-field sen-
sitive qubit transitions. The coupling of the qubit to the motional degrees of freedom is in the σ z

basis and also relies on off-resonant coupling of the qubit states to a third level.
In the above mentioned processes the Λ system is described as an effective two-level system.

The derivation of the effective Hamiltonians of these processes relies on adiabatic elimination
of the upper level of the Λ scheme. In contrast to the previous chapter here we also take into
account spontaneous emission from the upper level.

The three-level system we consider here is, of course, a simplified version of an atomic level
scheme. This treatment, however, captures the essential physics of the stimulated Raman transi-
tions and optical dipole forces. The generalization of the treatment to systems with more excited
states is straightforward.

We employ the adiabatic elimination procedure presented in [80] to obtain expressions for
the effective operators of a stable ground-state manifold that is weakly coupled to a decaying
excited state manifold. The considered situation is depicted in Fig. 2.5 a).

The starting point of the treatment is a master equation of the full system that includes the
ground and excited state manifolds

ρ̇ =− i
h̄
[H,ρ]+∑

k

(
LkρL†

k−
1
2
{L†

kLk,ρ}
)
. (2.254)

Here, H is the Hamiltonian of the full system consisting of the ground state manifold Hamil-
tonian Hg, the excited state manifold Hamiltonian Hex and the interaction Hamiltonian Hint =

∑l[V l
+(t)+V l

−(t)], where each contribution l corresponds to an applied field. The elements V l
+(t)

excite states from the ground state manifold to the excited state manifold and the elements V l
−(t)

deexcite from the excited state manifold to the ground states. Note that, in particular, we have
V l
+(t) = (V l

−(t))
†. Accordingly, the total Hamiltonian reads

H = Hg +Hex +∑
l
[V l

+(t)+V l
−(t)] = Hg +Hex +V+(t)+V−(t). (2.255)

The Lindblad operators Lk represent each a decay process from an excited state to the ground
state and already incorporate the decay rates. Under the assumption that the dynamics is gov-
erned by the master equation (2.254) and the coupling between the ground and excited states is
weak, an adiabatic elimination of the excited states is performed in [80]. Then, one obtains an
effective master equation in the ground state manifold

ρ̇ =− i
h̄
[Heff,ρ]+∑

k

(
Lk,effρL†

k,eff−
1
2
{L†

k,effLk,eff,ρ}
)
. (2.256)

The effective operators are given by [80]

Heff =−
1
2

[
V−(t)∑

l,s
(H(l,s)

NH )−1V (l,s)
+ (t)+H.c.

]
+Hg, (2.257)

Lk,eff = Lk ∑
l,s
(H(l,s)

NH )−1V (l,s)
+ (t). (2.258)

Here, the sum over s runs over all ground states in Hg, and V (l,s)
+ (t) is the component of V l

+(t)
coupling state s of the ground state manifold to the excited states. The H(l,s)

NH are the non-
Hermitian Hamiltonians given by [80]

H(l,s)
NH = Hex−

ih̄
2 ∑

k
L†

kLk− εs1ex− h̄ωl1ex, (2.259)
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2.5. Stimulated Raman transitions and spin-dependent optical dipole forces

ground states

excited states

Figure 2.5.: a) The manifold of ground states with Hamiltonian Hg is coupled to a manifold
of decaying excited states with Hamiltonian Hex by the interaction Hamiltonian
Hint = V++V−. The decay processes are described by Lindblad operators Lk and
are indicated by curly lines. Figure derived from [80]. b) The figure shows an ex-
ample of the scenario in part a), a three-level Λ-system consisting of the ground
states |g〉 and |e〉 and the decaying excited state |r〉. The curly lines in the fig-
ure represent spontaneous emission from the excited to the ground states with rates
Γs, s = e,g. The ground states are separated in frequency by ω0 and both feature a
dipole-allowed transition to the state |r〉. We consider that the transitions are driven
by two laser beams where laser l has Rabi frequency Ωl,s on transition |s〉 → |r〉.
Both lasers are far-detuned from their respective transitions by an amount δl,s ≈ ∆R.
The detuning ∆R satisfies ∆R � Ωl,s,Γ. Note that a red detuning as sketched here
means ∆R < 0. Depending on the effective laser frequency ωL = ω1−ω2 different
effective operations between the ground states can be implemented.

where s labels the ground states in Hg with corresponding energy εs and ωl is the frequency of
field l. 1ex is the identity operator of the excited state manifold.

We will now focus on the situation depicted in part b) of Fig. 2.5. We consider an ion where
the internal levels form a Λ-type three-level system consisting of the ground states |g〉 and |e〉,
which are separated in energy by h̄ω0 and have an electric dipole-allowed optical transition to
a decaying excited state |r〉. The Hamiltonian of the system without additionally applied fields
reads

Hat = ∑
i=e,g,r

εi|i〉〈i|, (2.260)

with εi the energy of the corresponding state. We assume that the dipole transitions are driven
by two laser fields with frequencies ω1 and ω2. In general, both lasers couple to both transitions
and we denote the Rabi frequency of laser l on transition |s〉 ↔ |r〉, where s = e,g, by Ωl,s. The
interaction Hamiltonian then reads

HL(t) = h̄ ∑
l=1,2

∑
s=e,g

Ωl,s

2
e−iωlt |r〉〈s|+H.c., (2.261)

where we have already performed a rotating wave approximation using Ωl,s� ωl . For ease of
notation we have included the phase factors ei(klr+φl) into the Rabi frequencies. Here r is the
ion’s position operator and kl and φl denote the laser wave vectors and phases, respectively.
Finally, we assume that decay from the excited level to the ground states is described by the
dissipator

Dseρ = ∑
s=e,g

(
LsρL†

s −
1
2
{L†

s Ls,ρ}
)
, (2.262)
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2. Trapped atomic ions in radio-frequency traps

where Ls =
√

Γs|s〉〈r| such that Γs is the decay rate from state the excited |r〉 to ground state
|s〉. The subscript “se” stands for “spontaneous emission”. Combining Eqs. (2.260), (2.261)
and (2.262) we obtain the master equation for the evolution of the full three level system

ρ̇ =− i
h̄
[Hat +HL(t),ρ]+Dseρ. (2.263)

Let us now introduce the overall decay rate Γ = Γg +Γe and the detuning δl,s of laser l on
transition |s〉 → |r〉

δl,s = (εr− εs)/h̄−ωl. (2.264)

We will now assume that both lasers are far detuned from both transitions ∆R�Ωl,s,Γ and that
the detunings δl,s are approximately equal for all transitions

δl,s ≈ ∆R. (2.265)

Note that this implies ∆� ω0. Since in this case the lasers are far off resonant for all transitions
the ground states are only weakly coupled to the decaying excited state. This is the situation
where we can apply the adiabatic elimination procedure from [80] to obtain an effective dynam-
ics in the ground state manifold |e〉, |g〉.

Comparing Eqs. (2.254) and (2.255) with Eqs. (2.260)-(2.263), we obtain the following cor-
respondences: Hg = ∑s=e,g εs|s〉〈s|, Hex = εr|r〉〈r| and the interaction Hamiltonian Hint = HL(t).
The Lindblad operators Lk are those from the dissipator Dse in Eq. (2.262).

The non-Hermitian Hamiltonians H(l,s)
NH in our system read

H(l,s)
NH = h̄(δl,s− i

Γ

2
)|r〉〈r|. (2.266)

We can now evaluate the expressions (2.257) and (2.258) for the effective Hamiltonian and
Lindblad operator. The effective Hamiltonian can be written as

Heff = H ′g +Hsr +Hodf. (2.267)

The first part contains the ground state levels whose energy is shifted due to the off-resonant
interaction with the excited level

H ′g = ∑
s=e,g

(εs +∆εs)|s〉〈s|, (2.268)

where the shifts ∆εs are given by

∆εs =− ∑
l=1,2

∑
s=e,g

h̄
|Ωl,s|2δl,s

4δ 2
l,s +Γ2 . (2.269)

These are the well-known ac-Stark shifts [51] of the ground state levels that arise due to the
off-resonant coupling to the excited level through the applied laser beams.

The differential ac-Stark shift between the spin levels leads to a shift of the resonance fre-
quency and could be absorbed into a new resonance frequency. Yet, this is experimentally not
desirable because fluctuating laser intensities would then lead to a fluctuating resonance fre-
quency and thus dephasing. Often the differential ac-Stark shift can be canceled in experiments
by adjusting polarization, detuning and intensity of the applied laser beams [81] and the problem
can be mitigated. Hence, we ignore this contribution in the sequel and take H ′g as

H ′g =
h̄ω0

2
σ

z, (2.270)
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2.5. Stimulated Raman transitions and spin-dependent optical dipole forces

where σ z = |e〉〈e|− |g〉〈g|.
The second part, Hsr, induces couplings between the ground states and can be written as

Hsr = h̄∑
l′,l

Ωsr
l′,l

2
σ
+e−i(ωl′−ωl)t +H.c., (2.271)

where σ+ = |e〉〈g|= (σ−)† and

Ω
sr
l′,l =−

Ω∗l,eΩl′,g(δl′,g +δl,e)

(2δl′,g− iΓ)(2δl,e + iΓ)
. (2.272)

The third part of the effective Hamiltonian induces time-dependent ac-Stark shifts and reads

Hodf = h̄∑
s

Ωs

2
ei(ω1−ω2)t |s〉〈s|+H.c., (2.273)

where

Ωs =−
Ω∗1,sΩ2,s(δ2,s +δ1,s)

(2δ2,s− iΓ)(2δ1,s + iΓ)
. (2.274)

While the action of the first part of the effective Hamiltonian is apparent, the second and third
parts require a more careful consideration. We will study the effects of these two contributions
in the two following subsections. Before that we give the effective Lindblad operators that are
found to read

Leff
g =

√
Γg

(
Ω1,ge−iω1t

2δ1,g− iΓ
+

Ω2,ge−iω2t

2δ2,g− iΓ

)
|g〉〈g|+

√
Γg

(
Ω1,ee−iω1t

2δ1,e− iΓ
+

Ω2,ee−iω2t

2δ2,e− iΓ

)
|g〉〈e|,

(2.275)

Leff
e =

√
Γe

(
Ω1,ee−iω1t

2δ1,e− iΓ
+

Ω2,ee−iω2t

2δ2,e− iΓ

)
|e〉〈e|+

√
Γe

(
Ω1,ge−iω1t

2δ1,g− iΓ
+

Ω2,ge−iω2t

2δ2,g− iΓ

)
|e〉〈g|.

(2.276)

2.5.1. Two-photon stimulated Raman transitions

In this paragraph we study the second contribution of the effective Hamiltonian in Eq. (2.267)

Hsr = h̄∑
l′,l

Ωsr
l′,l

2
σ
+e−i(ωl′−ωl)t +H.c. (2.277)

with the Rabi frequencies

Ω
sr
l′,l =−

Ω∗l,eΩl′,g(δl′,g +δl,e)

(2δl′,g− iΓ)(2δl,e + iΓ)
. (2.278)

in more detail. We will see that this Hamiltonian, if resonant, yields the so-called two-photon
stimulated Raman transitions that coherently couple the states |g〉 and |e〉. For clarity, we now
consider that each laser beam only couples to one of the transitions, say laser 1 to |g〉 ↔ |r〉 and
laser 2 to |e〉 ↔ |r〉 such that Ω1,e = Ω2,g = 0. Experimentally this can be achieved depending
on the transition, for example, by choosing suitable polarizations for the laser beams. The
Hamiltonian in Eq. (2.277) then reduces to

Hsr = h̄
Ωsr

1,2

2
σ
+e−i(ω1−ω2)t +H.c. (2.279)

We further assume laser frequencies ω1,ω2 such that ω1−ω2 = ω0. Then, the above Hamilto-
nian produces a resonant coupling between the states |e〉 and |g〉. This can be seen by moving
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2. Trapped atomic ions in radio-frequency traps

to an interaction picture with respect to H ′g, where Hsr takes the form of the carrier Hamiltonian
in Eq. (2.147)

Hsr = h̄
Ωsr

1,2

2
σ
++H.c. (2.280)

Accordingly, for ω1−ω2 = ω0 the Hamiltonian Hsr induces coherent transitions between the
states |g〉 and |e〉. These transitions are called two-photon stimulated Raman transitions because
we can physically think of the transitions as a two-step process where a photon is absorbed
from one laser beam immediately followed by a stimulated emission into the other beam. This
technique is commonly used to drive Rabi oscillations between hyperfine states, but it can also
be used to drive sideband transitions for hyperfine qubits [39, 42]. To see this we now consider
that the ion is trapped. The Hamiltonian describing the motional degrees of freedom then reads

Hm = ∑
α=x,y,z

h̄ωαa†
αaα . (2.281)

Writing out the phase factors ei(klr+φl) we included into the Rabi frequencies and keeping the
assumption Ω1,e = Ω2,g = 0, the Hamiltonian Hsr becomes

Hsr = h̄
Ωsr

1,2

2
σ
+ei(k1−k2)rei(φ1−φ2)e−i(ω1−ω2)t +H.c. (2.282)

Introducing the effective wave vector keff = k1−k2, effective phase φeff = φ1−φ2 and effective
frequency ωeff = ω1−ω2, the Hamiltonian in Eq. (2.282) takes the form

Hsr = h̄
Ωsr

1,2

2
σ
+ei(keff·r+φeff)e−iωefft +H.c. (2.283)

Comparing with Eq. (2.132) this is exactly the form of the Hamiltonian of a trapped ion interact-
ing with a monochromatic field of wave vector keff, phase φeff and frequency ωeff. We could now
apply the treatment after Eq. (2.132) to Hsr in Eq. (2.283) and obtain the red and blue sideband
Hamiltonians in Eqs. (2.148) and (2.149) after moving to an interaction picture with respect to
H0 = H ′g +Hm.

Recall, however, that we need a non-negligible Lamb-Dicke factor to obtain spin-motion cou-
pling. For this, in turn, we need an optical wave vector keff. Usually, the Raman detuning ∆R
is still small compared to the transition frequencies (εr − εs)/h̄ and the modulus of the wave
vectors k1 and k2 is almost equal |k1| ≈ |k2| = k. Thus, if we direct the two beams k1 and k2
such that they are perpendicular, we obtain an effective wave vector with modulus |keff| ≈

√
2k.

Due to the optical wavelength of the laser radiation this leads to a non-negligible Lamb-Dicke
factor. If, on the other hand, the two wave vectors are parallel, we have keff ≈ 0 and there will
be no coupling to the motion.

Let us finally note that if we have that one laser only couples to one transition, e.g. Ω1,e =
Ω2,g = 0 as above, the third part Hodf of the effective Hamiltonian vanishes. If all Rabi frequen-
cies Ωl,s are non-zero and we are in the regime of the stimulated two-photon Raman transitions,
i.e. ω1−ω2≈ω0, the contributions in Hodf are typically highly off-resonant and can be neglected
in a rotating wave approximation.

2.5.2. Optical dipole forces

In this section we investigate the effects of the third part of the effective Hamiltonian

Hodf = h̄∑
s

Ωs

2
ei(ω1−ω2)t |s〉〈s|+H.c., (2.284)
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where

Ωs =−
Ω∗1,sΩ2,s(δ2,s +δ1,s)

(2δ2,s− iΓ)(2δ1,s + iΓ)
. (2.285)

The contributions of Hodf produce a time-dependent ac-Stark shift of the ground states that can
be used to create the optical dipole forces (“odf”). We can rewrite Hodf using the Pauli operator
σ z = |e〉〈e|− |g〉〈g| to obtain

Hodf = h̄
Ωodf

2
e−i(ω1−ω2)tσ z + h̄

Ωrw

2
e−i(ω1−ω2)t1+H.c. (2.286)

Here have introduced the Rabi frequencies

Ωodf =
1
2
(Ω∗e−Ω

∗
g) and Ωrw =

1
2
(Ω∗e +Ω

∗
g). (2.287)

In order to assess the action of Hodf, we again consider that the ion is trapped and we have an
additional motional Hamiltonian Hm, given in Eq. (2.281). The spin-dependent optical dipole
forces are obtained when the beatnote between the two lasers matches one of the motional fre-
quencies ωα , ω1−ω2 ≈ ωα . Normally ωα � ω0 so that the stimulated Raman processes in Hsr
are highly off-resonant and can be neglected in a rotating wave approximation. Writing out the
phase factors that were absorbed into the Rabi frequencies Hodf becomes

Hodf = h̄
Ωodf

2
ei(keffr+φeff)e−iωefftσ z + h̄

Ωrw

2
ei(keffr+φeff)e−iωefft +H.c., (2.288)

where we have introduced the effective laser frequency ωeff = ω1−ω2, phase φeff = φ1−φ2 and
wave vector keff = k1−k2 as above.

Choosing the coordinate system such that z0 = 0, we can write

(keffr)z = keff,z

√
h̄

2mωz
(a+a†), (2.289)

where a ≡ az and a† ≡ a†
z . Let us now consider that keff is directed along the z-direction

and that we are in the Lamb-Dicke limit. Keeping with our previous analysis we approx-
imate the exponentials containing keffr by a first order expansion in the Lamb-Dicke factor
η = |keff|

√
h̄/(2mωz). This yields

Hodf ≈ h̄
Ωodf

2
eiφeff

[
1+ iη(a+a†)

]
e−iωefftσ z + h̄

Ωrw

2
eiφeff

[
1+ iη(a+a†)

]
e−iωefft +H.c.

(2.290)
If we move to an interaction picture with respect to H0 = H ′g + Hm with H ′g and Hm from
Eqs. (2.270) and (2.281) and choose ωeff = ωz − δ where δ > 0 and δ � ωz, the resonant
part of Hodf reads

H̃odf = h̄iη
Ωodf

2
eiφeffa†

σ
zeiδ t + h̄iη

Ωrw

2
eiφeffa†eiδ t +H.c. (2.291)

In the above equation we have neglected the remaining terms in a rotating wave approximation
relying on Ωodf,Ωrw� ωz. Now we are left with a contribution coupling spin and motion and
a second contribution that only couples to the motion. This second term causes an unwanted
displacement of the harmonic oscillator describing the motion. Going back to Eq. (2.287) we
see that the Rabi frequencies Ωodf and Ωrw are different combinations of the Rabi frequencies
Ωs of (2.285). Choosing the right polarizations, intensities and detunings of the applied laser
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beams one can make Ωrw vanish while obtaining an appreciable Ωodf [81]. Assuming that the
parameters are chosen appropriately we are left with

H̃odf = h̄iη
Ωodf

2
eiφeffa†

σ
zeiδ t +H.c. (2.292)

We can now understand the term “spin-dependent optical dipole forces”. To this end, we move
to yet another interaction picture with respect to the Hamiltonian H̃m = −h̄δa†a. The above
Hamiltonian then becomes

˜̃Hodf = h̄δa†a+ h̄
(

iη
Ωodf

2
eiφeffa† +H.c.

)
σ

z. (2.293)

Let us consider that the system spin plus mode is initially in the state |e〉|0〉, where |0〉 denotes
the vacuum state of the mode. Since the action of σ z on the state |e〉 simply yields |e〉 and
subspaces associated to |g〉 and |e〉 do not interact, we can substitute σ z by 1 in the propagator.
Doing the same in the Hamiltonian we arrive at

˜̃Hodf = h̄δa†a+ h̄(α̃a† + α̃
∗a), (2.294)

where we have defined α̃ = iη Ωodf
2 eiφeff/2. Let us assume for the moment that α̃ is real. We may

then write
˜̃Hodf = h̄δa†a+F0ẑ, (2.295)

where F0 = h̄α̃
√

2mωz/h̄= ih̄Ωodf|keff|eiφeff . Then, ˜̃Hodf in Eq. (2.295) is just the Hamiltonian of
a classical force acting on the harmonic oscillator representing the normal mode [82]. If the state
of the qubit were |g〉 and the state of the total system |g〉|0〉, the action of σ z would yield -1 and
the force would act in the opposite direction. Accordingly, the force is called state-dependent.

It is interesting to note that the time evolution of the state dependent force in Eq. (2.292)
can be solved exactly. The time evolution operator of H̃odf can be computed in a second-order
Magnus expansion [83, 84] and takes the form

U(t,0) = e
α̃∗
δ
(e−iδ t−1)σ za−H.c.ei |α̃|

2

δ
(t− sin(δ t)

δ
). (2.296)

The second term in this case only produces an irrelevant global phase and we neglect it for the
moment. Let us now consider again the situation that the system is initially in the state |e〉|0〉 as
above. We can then again substitute σ z in the propagator by 1 and defining

α(t) =− α̃

δ
(eiδ t −1), (2.297)

we can write the propagator as

U(t,0) = D[α(t)] = eα(t)a†−α∗(t)a. (2.298)

Thus, we realize that the time evolution operator in this case is a displacement operator. D[α(t)]
displaces the motional state in phase space and creates a coherent state of the motion [54]. The
state of the system at time t is then given by [82]

|ψ(t)〉= |e〉|α(t)〉, (2.299)

where

|α(t)〉= e−
|α(t)|2

2

∞

∑
n=0

α(t)n
√

n!
|n〉. (2.300)
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Inspecting the time dependence of α(t) in Eq. (2.297) we see that the motional state is displaced
along circular trajectories in phase space. In particular after a time t = 2π/δ the system returns
to its initial state.

If several trapped ions are subject to a spin-dependent force, interactions between the in-
ternal levels of the ions can be created. Then, the second term in the time evolution oper-
ator of Eq. (2.296) becomes important because spin-spin interaction terms appear here, see
e.g. [85, 86]. We do not discuss the creation of spin-spin interactions in more detail here be-
cause in this thesis we do not analyze models that involve spin-spin interactions.

Let us close this section by summarizing that we obtain three effects on the spin states of the
Λ system irradiated by a stimulated Raman laser configuration. The first is an ac-Stark shift
of the spin levels due to the laser fields, which we normally can ignore because the differential
ac-Stark shift between spin levels can often be canceled in experiments [81]. Depending on the
choice of the laser frequencies there are two regimes. If one chooses the frequency difference
between lasers close to the transition frequency between the spin states ω1−ω2 ≈ ω0, the sec-
ond part of Heff, namely Hsr in Eq. (2.277), is resonant and one can drive coherent two-photon
stimulated Raman transitions between the spin states. In this case, the third contribution Hodf is
usually highly off-resonant and can be neglected in a rotating wave approximation. If, however,
one chooses the frequency difference between lasers close to a motional mode frequency, e.g.
ω1−ω2 ≈ ωz, we are in the regime of the optical dipole forces where the Hamiltonian Hodf
in Eq. (2.284) is resonant. The stimulated Raman transitions are typically highly off-resonant in
this case and Hsr can be neglected in a rotating wave approximation.

Dissipative effects are described by the Lindblad operators in Eqs. (2.275) and (2.276). By
keeping only the dominant contributions, i.e. those parts of the action of the Lindblad operators
that are time independent, and using δl,s ' ∆R we obtain effective operators

Lee =
1
2

√
Γe ∑

l

|Ωl,e|2
4∆2

R
σ

z, Lgg =
1
2

√
Γg ∑

l

|Ωl,g|2
4∆2

R
σ

z (2.301)

and

Leg =

√
Γe ∑

l

|Ωl,g|2
4∆2

R
σ
+, Lge =

√
Γg ∑

l

|Ωl,e|2
4∆2

R
σ
−. (2.302)

The first two terms have the form of pure dephasing noise. They describe so-called Rayleigh
scattering [87] where the spin state is not altered upon a scattering event. These processes can
randomize the phase and introduce dephasing. The other operators describe so-called Raman
scattering [87] where the spin state is changed upon a scattering event which also leads to deco-
herence.

Let us finally estimate the decoherence rates. If we assume the modulus of the Rabi fre-
quencies is approximately equal |Ωl,s| ≈Ω0, we can estimate the effective scattering rate Γeff ≈
ΓΩL/∆R, where ΩL = Ω2

0/(2∆R) is the approximate effective laser Rabi frequency. Hence, de-
coherence can be largely suppressed if we choose ∆R large enough. Note that the above rates
only constitute a worst case estimate. For a realistic level scheme involving more than one ex-
cited state Rayleigh scattering can be largely suppressed by choosing the right parameters for
the applied lasers [87].

2.6. Laser cooling of trapped ions

Cooling nowadays constitutes the first step in basically all experiments with trapped ions. It is
essential for the operation of atomic clocks [60] and quantum information experiments [61] as
well as for quantum simulation experiments [12, 55]. In most cases, it is desirable to initialize
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2. Trapped atomic ions in radio-frequency traps

the ions in the motional ground state. Although perfect preparation of the ground state is not
possible, very low occupation numbers can be achieved. As we will see in Chapter 4, cooling
can also be used for environment engineering.

There are several techniques of laser cooling. Usually, cooling is a two step process, where
the first stage of cooling is so-called Doppler cooling which is then followed by a second stage of
a more sophisticated cooling technique, such as resolved-sideband cooling or EIT cooling [42].
After a brief account of Doppler cooling we will consider the derivation of the equations of
motion for EIT cooling.

2.6.1. Doppler cooling

For Doppler cooling the ions are illuminated with light that is red detuned, i.e. tuned to a fre-
quency slightly smaller than the actual transition frequency, with respect to a dipole-allowed
transition. Usually, dipole transitions have a linewidth that is larger than the motional frequen-
cies and the motional sideband transitions cannot be resolved. Each absorption event transfers a
momentum h̄k in the direction of light propagation to the ion. Here k is the modulus of the wave
vector of the applied light. The following spontaneous emission also transfers a momentum h̄k
to the atom but in a random direction such that the net effect of recoil on the motion is zero in a
first approximation.

Let us now denote the excited state of the dipole transition by |e〉, the transition frequency ω0
and the frequency of the applied light by ω . If the spontaneous emission rate Γ of the excited
state of the dipole transition is much larger than the motional frequency Γ�ωm, one can model
the radiation pressure of the applied field as a velocity-dependent force on the ion [88]. The
rate of the momentum transfer is given by the product of the probability for the ion to be in the
excited state, given by the matrix element ρee, times the rate of spontaneous emission from the
excited state Γ. The force can then be written as [42]

F = h̄kΓρee = h̄kΓ
s0/2

1+ s0 +(2∆eff/Γ)2 , (2.303)

where we have introduced the saturation parameter s0 = 2|Ω|2/Γ2 that includes the Rabi fre-
quency Ω of the applied radiation. The detuning ∆eff is composed of the bare detuning ∆ =
ω−ω0 of the applied radiation and the Doppler shift −k ·v, where v is the ion’s velocity and k
the wave vector of the applied radiation, [42]

∆eff = ∆−k ·v. (2.304)

Towards the end of the cooling process one may expand the force linearly in the ion’s velocity.
For simplicity, we only consider one-dimensional motion from now on such that we substitute
k→ k and v→ v. The force in Eq. (2.303) then becomes [42]

F ≈ F0(1+κv), (2.305)

where

F0 =
h̄kΓs0/2

1+ s0 +(2∆/Γ)2 and κ =
8k∆/Γ2

1+ s0 +(2∆/Γ)2 . (2.306)

The force F0 is the average radiation pressure that displaces the ion from the potential zero of
the trap while κ can be seen as a “friction coefficient”. From Eqs. (2.305) and (2.306) we see
that we obtain cooling of the ionic motion for red detuning, i.e. ∆ = ω −ω0 < 0, while blue
detuning yields heating.

There is an appealing pictorial description for this damping force. In case of a red detuning
the applied radiation appears more resonant to the ion when it travels opposite to the direction
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of propagation of the light. The ion is then more likely to absorb a photon, which will slow
down the ion. On the other hand, the light appears even more detuned when the ion travels in
the direction of propagation of the light and the ion is much less likely to absorb a photon that
increases its momentum. In the same way one can understand the heating effect in case of a blue
detuning.

The average energy loss in the picture that we studied so far is given by [42]

Ėc = 〈Fv〉= F0[〈v〉+κ〈v2〉] = F0κ〈v2〉, (2.307)

where we used the force from Eq. (2.305) and that 〈v〉 = 0 for a trapped ion. Note that if 〈v〉
were not zero, the ion would eventually escape from the trap. Following Eq. (2.307) the motion
would be cooled to its ground state. This is not what happens in practice and is only due to
the simplified picture that is considered here. Taking into account spontaneous emission, one
obtains a better description. The recoil of the emitted photons leads to diffusion in momentum
space with 〈∆p〉= 0 and 〈∆p2〉 6= 0 leading to a finite final temperature [88]. Incorporating the
effects of spontaneous emission, one finds that Doppler cooling will yield final temperatures TD
of the order [42]

TD ≈
h̄Γ

2kB
, (2.308)

where kB is the Boltzmann constant.
Let us consider 40Ca+ as an example. The 42S1/2 to 42P1/2 transition near 397nm with a

natural linewidth Γ/2π ≈ 20MHz can be used for Doppler cooling. Note that the transition is
not closed and in order to avoid optical pumping, another laser has to be applied. The theoretical
Doppler temperature for a single 40Ca+ ion is TD = 0.5mK [89]. If the ion is confined in a trap
with trap frequencies (ωx,ωy,ωz) = 2π×(1.69,1.62,3.32)MHz, the theoretical final occupation
numbers after Doppler cooling are [89]

n̄x,D ≈ n̄y,D ≈ 6 and n̄z,D ≈ 3. (2.309)

In practice, they will be higher due to experimental imperfections.
After Doppler cooling, the ions are often in the Lamb-Dicke regime, Eq. (2.144). It is instruc-

tive to treat the final stages of Doppler cooling in the Lamb-Dicke regime, because it provides
some physical insights that are useful also for the understanding of EIT cooling in the following.
Our treatment is based on those of [42] and [88].

Let us consider a cooled ion and assume we know its scattering rate at rest

W (∆) = Γρee(∆), (2.310)

where ∆ is the detuning of the applied radiation from resonance and ρee(∆) is the probability
of finding the ion in the excited state for a detuning ∆. The interaction of the ion with the ap-
plied radiation is described by the Hamiltonian in Eq. (2.141). This Hamiltonian couples an
initial state |g,n〉 to states of the form |e,n′〉. The ion can also emit on sidebands and thus af-
ter spontaneous emission the system finds itself in a state |g,n′′〉. A complete scattering, i.e.
absorption-emission, cycle hence consists of the transitions |g,n〉 → |e,n′〉 → |g,n′′〉. One could
now calculate the transition rates for all combinations (n,n′,n′′) and write down a set of equa-
tions for the probabilities pn to find the motion in state |n〉. This set could then be solved to find
the populations at the end of the cooling process.

Assuming that the previous cooling process has left the mode in a thermal state in the Lamb-
Dicke regime the absorption and emission processes will be dominated by the carrier and first
red- and blue-sideband transitions. All other processes are of higher order in η and can therefore
be neglected [42]. This is consistent with the Hamiltonian in Eq. (2.146) which we obtained for
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the interaction of an ion with externally applied electromagnetic radiation in the Lamb-Dicke
regime. This Hamiltonian also only features the first red- and blue-sideband transitions.

According to Eq. (2.142) the probability of making a carrier transition from state |g,n〉 will be
proportional to |Ω|2, where Ω is the Rabi frequency of the applied radiation, while the probability
of making a transition on the first red- or blue-sidebands is proportional to η2n|Ω|2 and η2(n+
1)|Ω|2, respectively. Recall that η � 1 in the Lamb-Dicke regime. Also, spontaneous emission
from a state |e,n〉 on the red- and blue-sidebands is suppressed by factors η̃2n and η̃2(n+ 1)
with respect to the carrier. Here, η̃ is the Lamb-Dicke factor of spontaneous emission and is in
general not equal to η because it involves the angle of spontaneous emission with respect to the
direction of motion. This can be seen from Eq. (2.339) below. For simplicity, let us consider
η̃ = η .

The process that is most likely to happen in this situation is absorption on the carrier followed
by emission on the carrier, which does not change the motional state. The only scattering cycles
involving a change of n are those starting in |g,n〉 ending |g,n±1〉 via intermediate states |e,n±
(0,1)〉. These processes are illustrated in Fig. 2.6 a). In total there are four processes, two of
which lead to heating while the other two lead to cooling. The heating processes are: absorption
on the carrier followed by emission on the first blue sideband with rate [42]

R(1)
n→n+1 =W (∆)η2(n+1) (2.311)

and absorption on the blue sideband followed by emission on the carrier with rate [42]

R(2)
n→n+1 =W (∆−ωm)η

2(n+1). (2.312)

Combining the above rates we obtain the overall rate

Rn→n+1 =W (∆)η2(n+1)+W (∆−ωm)η
2(n+1). (2.313)

Note that the second process involves absorption at ∆−ωm because a portion h̄ωm of the energy
of the radiation goes into the motion. Considering the analogous cooling processes involving
the red sideband, we obtain the rate [42]

Rn→n−1 =W (∆)η2n+W (∆+ωm)η
2n. (2.314)

With these rates we can write down an equation of motion for the populations pn [42]

d
dt

pn = Rn−1→n pn−1 +Rn+1→n pn+1− (Rn→n+1 +Rn→n−1)pn. (2.315)

Introducing the n independent coefficients

A∓ = η
2[W (∆)+W (∆±ωm)], (2.316)

we may write the above equation as

d
dt

pn = A−[pn+1(n+1)− pnn]+A+[pn−1n− pn(n+1)]. (2.317)

The processes described by the above equation are depicted in Fig. 2.6 b).
Multiplying Eq. (2.317) by n and summing over all n we obtain an equation of motion for the

mean occupation number n̄(t) = ∑n npn(t) = 〈n(t)〉 from the above equation [88]

d
dt

n̄(t) =−(A−−A+)n̄(t)+A+. (2.318)
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Figure 2.6.: a): Scattering processes leading to cooling and heating in the Lamb-Dicke regime.
Heating processes are depicted in blue because they involve absorption or emission
on the first blue-sideband transition while cooling processes are depicted in red be-
cause they involve absorption or emission on first red-sideband transition. Solid
lines indicate absorption on the carrier and emission on the red or blue sideband.
Dashed lines indicate absorption on the red or blue sideband followed by emission
on the carrier. Their rates are reported in Eqs. (2.313) and (2.314). b): The fig-
ure depicts the rates for the change of populations described by Eq. (2.317). Figure
derived from [88].

In Eq. (2.318) we can identify
Wc = A−−A+ (2.319)

as the cooling rate. For Wc > 0, that is for A− > A+, the processes annihilating quanta of motion
dominate and we obtain cooling. In the opposite case, one obtains heating.

Let us now assume that we are in the cooling regime A− > A+. The final occupation number
is reached when d

dt n̄(t) = 0. From Eq. (2.318) we then obtain the asymptotic occupation number

n̄∞ =
A+

A−−A+
. (2.320)

Inserting the rates A∓ from Eq. (2.316) we can write the asymptotic occupation number as

n̄∞ =
W (∆)+W (∆−ωm)

W (∆+ωm)−W (∆−ωm)
. (2.321)

There are several pieces of information that we can retrieve from the above equation. First, we
see that

A−−A+ =W (∆+ωm)−W (∆−ωm). (2.322)

This means that the most efficient cooling happens if the scattering rate on the red sideband is
much larger than that on the blue sideband. Furthermore, the smallest final occupation numbers
are achieved when W (∆+ωm)�W (∆−ωm),W (∆), i.e. when the scattering rate on the red-
sideband transition is also much larger than that on the carrier. Finally, inserting a Lorentzian
absorption profile with Γ� ωm into Eq. (2.321) we recover the Doppler limit of Eq. (2.308).
We can write this limit in terms of the mean occupation number yielding [42]

kBTD = n̄∞h̄ωm ≈ h̄Γ/2. (2.323)

2.6.2. EIT cooling of a single trapped ion

After Doppler cooling, trapped ions can be cooled to temperatures considerably lower than the
Doppler temperature using more sophisticated cooling techniques [90]. There are two tech-
niques which are commonly used called resolved-sideband cooling and EIT cooling, where EIT
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stands for electromagnetically induced transparency. Here we focus on EIT cooling and give
a brief outline of the derivation of the equations of motion of EIT cooling. This technique has
been realized in different laboratories. It has the advantage of yielding high cooling rates and
allows the cooling of several modes at the same time [91, 92].

We start by considering cooling of a single ion and in one spatial direction. Our treatment fol-
lows that of [93]. The extension to cooling of the normal modes of ion crystals is straightforward
and will be outlined in the next section.

EIT cooling requires a three-level Λ system as depicted in Fig. 2.7 a). We label the three
energy levels |g1〉, |g2〉 and |e〉. Choosing the energy scale in a way that the excited state has
zero energy we can write the Hamiltonian of the three-level system as

Hat =−h̄ω1|g1〉〈g1|− h̄ω2|g2〉〈g2|, (2.324)

where −h̄ωs is the energy of state |gs〉〈gs|, s = 1,2. We consider that the system is illuminated
by two lasers with frequencies ωL,1 and ωL,2 and that each laser couples only one of the ground
states to the excited level. We further assume that both beams are detuned by an amount ∆EIT =
ωs−ωL,s, s = 1,2. Note that by this definition ∆EIT < 0 corresponds to a blue detuning. The
interaction of the atom with the lasers is described by the Hamiltonian

V = ∑
s=1,2

h̄Ωs

2
|e〉〈gs|ei(kszcosθs−ωL,st)+H.c., (2.325)

where ks = |ks| is the modulus of the wave vector of laser s and θs is the angle between the di-
rection of propagation of the lasers and the z-axis. Note that we have set the laser phases to zero.
Moving to an interaction picture with respect to H0 = −h̄∑s=1,2 ωL,s|gs〉〈gs| and performing a
rotating wave approximation, the Hamiltonian of the system can be written as

HEIT = H̃at +Vint, (2.326)

H̃at =−h̄∆EIT ∑
s=1,2
|gs〉〈gs|, (2.327)

Vint = ∑
s=1,2

h̄Ωs

2
|e〉〈gs|eikszcosθs +H.c. (2.328)

We will now consider the evolution of the internal states neglecting spin-motion coupling. To
this end we define

HEIT,0 = H̃at +V0, (2.329)

where V0 is the zeroth order approximation of Vint in the Lamb-Dicke parameter:

V0 = ∑
s=1,2

h̄
Ωs

2
|e〉〈gs|+H.c. (2.330)

Neglecting spin-motion coupling, spontaneous emission from the excited state is accounted
for by the dissipator

D0ρ = ∑
s=1,2

Γs|gs〉〈e|ρ|e〉〈gs|−
Γ

2
{|e〉〈e|,ρ}, (2.331)

where again the total spontaneous emission rate Γ = Γg1 + Γg2 is the sum of the individual
emission rates.

Let us now assume the Ωl are real. The eigenstates of HEIT,0 can be calculated analytically
and are given by [93]

|ψd〉=
1
Ω
(Ω2|g1〉−Ω1|g2〉), (2.332)
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Figure 2.7.: a) Three-level Λ system with the ground states |g1〉 and |g2〉 which feature a transi-
tion to the decaying excited state |e〉. The transitions are driven by two lasers where
each laser only couples to one of the transitions. Ωs denotes the Rabi frequency
on transition |gs〉 → |e〉. The laser frequencies are chosen such that both beams are
detuned by an amount ∆EIT from their respective transitions. Spontaneous emission
from the excited state to the two ground states is represented by the curly lines and Γs

is the decay rate to state |gs〉. Figure derived from [93]. b) Absorption spectrum of a
three-level system as in part a). We assume the system has evolved to the dark state
ρd, Eq. (2.337), and is probed by a weak beam with Rabi frequency Ωp� Ω1,Ω2
on the transition |g1〉 → |e〉. ∆p denotes the detuning of the probe beam. Parameters
are ∆EIT/2π =−100MHz, Ω1/2π = 35MHz, Ω2/2π = 11MHz, Γ/2π = 41.4MHz
and Γ1 = 2Γ2 = 2Γ/3. The parameters are chosen on the basis of energy levels in
24Mg+ which can be used to approximately form a three-level system as in a) [91].

where Ω =
√

Ω2
1 +Ω2

2 and

|ψ+〉= cosϕ|e〉− sinϕ|ψc〉, (2.333)

|ψ−〉= sinϕ|e〉− cosϕ|ψc〉, (2.334)

where |ψc〉= 1/Ω(Ω1|g1〉+Ω2|g2〉). The angle ϕ obeys

tanϕ =

√
∆2

EIT +Ω2−∆EIT

Ω
. (2.335)

The states |ψ+〉 and |ψ−〉 involve the excited state |e〉 and therefore decay. The third eigenstate
|ψd〉 is a dark state of the dynamics generated by the Liouvillian

L0ρ =− i
h̄
[HEIT,0,ρ]+D0ρ, (2.336)

which can easily be checked inserting ρd = |ψd〉〈ψd| into the above equation. Hence, under L0
the internal atomic levels will evolve into the dark state

ρd = |ψd〉〈ψd|. (2.337)

The internal levels evolve to the dark state on a characteristic time scale Γd, which is given by
the smallest decay rate of the other eigenstates of the Hamiltonian.

It is now interesting to inspect the absorption spectrum of the three-level system at rest when
it has evolved into the dark state. We consider the absorption of a weak probe beam with Rabi
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frequency Ωp� Ω1,Ω2 on the |g1〉 → |e〉 transition. In Fig. 2.7 b) we plot the absorption as a
function of the probe beam detuning ∆p = ω1−ωp, where ωp is the probe beam frequency. In
App. B we show how this absorption profile can be calculated. The absorption vanishes for a
detuning ∆p = ∆EIT of the probe beam and there is a resonance on either side of the absorption
null. The resonance on the left is broad while the one on the right is quite narrow. The resonances
can be identified with transitions to the other eigenstates of HEIT,0 [93]. The absorption null tells
us that the ion does not absorb photons from the dressing beams at a detuning ∆EIT when it is in
the dark state.

Summarizing the above discussion, we have seen that a Λ system, which is illuminated by the
laser configuration in Fig. 2.7 a), evolves into the dark state ρd and does not couple to the applied
lasers anymore, when it is at rest. However, if we take into account the motion, ρd will not be
a dark state anymore. In this case, the laser beams are modulated at the motional frequency ωm
in the rest frame of the ion. In the Lamb-Dicke regime the ion will then be probed by sidebands
at frequencies ∆EIT±ωm by the applied lasers, if their k-vectors have a component along the
motional direction. From Eqs. (2.321) and (2.322) we know that the difference in the scattering
rates on the red- and blue-sideband transitions determines the final occupation number of the
mode and the cooling rate. By an appropriate choice of the laser parameters the red-sideband
absorption is located in the narrow feature to the right of the absorption null, and the absorption
of the blue sideband is located in the tail of the broad resonance to the left of the absorption
null. As we pointed out earlier, absorption from the dressing beams on the carrier is suppressed.
Hence, one can achieve much stronger absorption on the red-sideband transition than on the
blue-sideband transition while there are no carrier excitations. Accordingly, high cooling rates
and small final occupation numbers are possible.

After this intuitive approach to the cooling mechanism we proceed to the derivation of the
equations of motion for EIT cooling. To this end. we now take into account the motion of the
ion along the z-direction. HEIT from Eq. (2.326) then becomes

HEIT =−h̄∆EIT ∑
s=1,2
|gs〉〈gs|+ h̄ωza†a+ ∑

s=1,2

(
h̄

Ωs

2
eikszcosθs |e〉〈gs|+H.c.

)
, (2.338)

where we denoted the motional frequency by ωz and a and a† are the ladder operators for the
axial motion. Furthermore, by incorporating the recoil effects of spontaneous emission the dis-
sipator in Eq. (2.331) becomes [94]

Dρ =−Γ

2
{|e〉〈e|,ρ}+ ∑

s=1,2

Γs

2

∫ 1

−1
d(cosθ)N (cosθ)|gs〉〈e|eikszcosθ

ρe−ikszcosθ |e〉〈gs|.

(2.339)
Here eikszcosθ accounts for the recoil due to spontaneous emission and N (cosθ) is the angular
distribution of the spontaneous emission pattern with respect to the z-axis which is normalized
according to

1
2

∫ 1

−1
d(cosθ)N (cosθ) = 1. (2.340)

It is easy to see that eikz imparts a momentum h̄k on a state. Let us consider the momentum
eigenstate |p〉 with p̂|p〉= p|p〉, where p̂ is the momentum operator. The action of p̂ on the state
eikz|p〉 yields

p̂eikz|p〉=
(

h̄
i

∂

∂ z
eikz
)
|p〉+ eikz p̂|p〉= (p+ h̄k)eikz|p〉. (2.341)

Accordingly, eikz|p〉 is a momentum eigenstate with momentum h̄k+ p.
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The Liouvillian L describing the evolution of the full system including the internal and ex-
ternal degrees of freedom is now given by

ρ̇ = L ρ =− i
h̄
[HEIT,ρ]+Dρ, (2.342)

with HEIT and D from Eqs. (2.338) and (2.339), respectively.
We assume that the motion of the ion has been brought to the Lamb-Dicke regime by some

other cooling mechanism such that we can assume ηs = ks
√

h̄/(2mωz)� 1 in the following.
As in the previous sections, we expand the factors eikszcosθs = eiηs cosθs(a+a†) appearing in the
Liouvillian of Eq. (2.342) in powers of ηs, where we used z = z0 + qz and assumed z0 = 0. To
second order we obtain

ρ̇ = (L0 +L1 +L2)ρ, (2.343)

where Li is the i-th order expansion of L in the ηs. L0 is defined in Eq. (2.336). Now we have
to add the motional Hamiltonian Hm = h̄ωza†a such that we obtain

L0ρ =− i
h̄
[HEIT,0 +Hm,ρ]+D0ρ. (2.344)

The first and second order contributions read

L1ρ =− i
h̄
[V1qz,ρ], (2.345)

L2ρ =− i
h̄
[V2q2

z ,ρ]+D2ρ. (2.346)

Here we have used definitions

V1 =
ih̄
2 ∑

s
ks cosθsΩs(|e〉〈gs|− |gs〉〈e|), (2.347)

V2 =−
h̄
4 ∑

s
k2

s cos2
θsΩs(|e〉〈gs|+ |gs〉〈e|) (2.348)

and

D2ρ = ∑
s

α
2k2

s Γs|gs〉〈e|
(

qzρqz−
1
2

q2
z ρ− 1

2
ρq2

z

)
|e〉〈gs|, (2.349)

where α2 = 1
2
∫ 1
−1 d(cosθ)N (cosθ)cos2 θ . For an electric dipole transition N (cosθ) = 3

4(1+
cos2 θ) [94] such that the first moment vanishes. Note the we have not written out the Lamb-
Dicke factors for clarity but remember that products (ksqz)

n are of order ηn
s .

As we pointed out earlier, in this setting ρd is not a dark state of the Liouvillian anymore. The
assumption that we use to proceed is that the timescale of relaxation of the internal levels, which
we call τint, is much smaller than a typical time scale τη of the processes coupling internal and
external degrees of freedom in L1 and L2. These processes are slower due to the smallness of
the ηs. The internal degrees of freedom can then be taken to have relaxed to their stationary state
for a typical time scale of the coupling processes. In this regime, one can adiabatically eliminate
the internal degrees of freedom from the dynamics [88].

More formally, to zeroth order in the ηs the internal and external degrees of freedom are
decoupled. Consider the eigenstates of the Liouvillian L0. These are of the form

L0 (ρd⊗|n〉〈k|) = λn,k (ρd⊗|n〉〈k|) , (2.350)

where the eigenvalues are given by λn,k =−i(n−k)ωz and the subspaces for each of the λn,k are
infinitely degenerate. The different subspaces are coupled by the processes in L1 and L2 that
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couple the internal and motional degrees of freedom. If the energy separation of the subspaces
is much larger than the coupling, i.e. ωz � ηsΩs, an equation of motion for the dynamics in
the λn,k = 0 subspace can be derived in second order perturbation theory in the ηs [88]. Let us
define the projector on the λn,k = 0 subspace

P0 ρ = (PI⊗PE)ρ = ρd⊗PE TrI(ρ) = ρd⊗
∞

∑
n=0
|n〉〈n|〈n|TrI(ρ)|n〉= ρd⊗µ, (2.351)

where TrI denotes the trace over the internal degrees of freedom and the projector to the orthog-
onal subspace is

Q0 = 1−P0. (2.352)

The equation of motion in the λn,k = 0 subspace can now be written as [88, 93, 94]

∂

∂ t
P0ρ(t) =

[
P0L2P0 +P0L1Q0(−Q0L0Q0)

−1Q0L1P0
]

ρ(t)

=

[
P0L2P0 +

∫
∞

0
dτP0L1Q0eL0τQ0L1P0

]
ρ(t).

(2.353)

The second equation can be achieved by assigning a small negative real part −ε, ε > 0 to the
subspaces with a purely imaginary eigenvalue and taking the limit ε→ 0 in the end. Here, it was
already used that P0L1P0 = 0, which can readily be checked.

After considerable algebra which is summarized in App. A, one obtains an equation of mo-
tion for the motional state µ(t) = PE TrI ρ(t). After tracing out the internal degrees of freedom
in Eq. (2.353) this equation reads [93]

µ̇(t) = Λ−[aµ(t)a†−a†aµ(t)]+Λ+[a†
µ(t)a−aa†

µ(t)]+H.c. (2.354)

The coefficients Λ∓ are determined by the fluctuation spectra of V1

S(±ωz) =
1
h̄2

∫
∞

0
dτ〈V1(τ)V1(0)〉sse±iωzτ (2.355)

and read

Λ∓ = z2
0S(±ωz) =

z2
0

h̄2

∫
∞

0
dτ〈V1(τ)V1(0)〉sse±iωzτ , (2.356)

where we have introduced z0 =
√

h̄/(2mωz). Here the subscript “ss” stands for stationary state
and it means that the expectation values are evaluated for the internal degrees of freedom in their
stationary state, which is the dark state ρd in Eq. (2.337).

From Eq. (2.354), we can obtain a master equation for the populations µn,n = 〈n|µ(t)|n〉.
Defining the rates

A∓ = 2Re(Λ∓) (2.357)

this master equation can be written as

d
dt

µn,n = (n+1)A−µn+1,n+1− [(n+1)A++nA−]µn,n +nA+µn−1,n−1. (2.358)

This is actually the same equation as Eq. (2.317) above, which we obtained from the simplified
rate treatment. Completely analogous to Eq. (2.318) we obtain an equation of motion for the
mean occupation number n̄(t) = 〈n(t)〉 of the cooled mode

d
dt
〈n(t)〉= d

dt

∞

∑
n=0

nµn,n =−(A−−A+)〈n(t)〉+A+, (2.359)
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where
W = A−−A+ (2.360)

is the cooling rate. Again we obtain cooling for W > 0 and the final occupation number that is
reached for cooling is given by

〈n〉∞ =
A+

A−−A+
. (2.361)

The fluctuation spectra S(±ωz) from Eq. (2.355) can actually be evaluated analytically for the
three-level system we considered at the beginning of this section. This allows us to obtain an
analytical expression for the A∓ yielding [93]

A∓ =
1
4

(
Ω1Ω2

Ω

)2
η2

effΓω2
z

[Ω2/4−ωz(ωz∓∆EIT)]2 +Γ2ω2
z /4

, (2.362)

where we have introduced the shorthand notation ηeff = η1 cosθ1−η2 cosθ2. The steps of the
evaluation of the rates are sketched in App. A. One can then also evaluate the theoretical asymp-
totic mean occupation number from Eq. (2.361) and obtains [93]

〈n〉∞ =
4[Ω2/4−ωz(ωz−∆EIT)]

2 +Γ2ω2
z

4ωz|∆EIT|(Ω2−4ω2
z )

. (2.363)

Finally, using the rates from Eq. (2.362) we can cast the master equation (2.354) into the form

µ̇(t) =−i[∆ωza†a,µ(t)]+A−[aµ(t)a†− 1
2
{a†a,µ(t)}]+A+[a†

µ(t)a− 1
2
{aa†,µ(t)}].

(2.364)
We see that the cooling not only introduces dissipation on the mode but it also causes a shift of
∆ωz = Im(Λ−)+ Im(Λ+) of the mode’s frequency. This shift can also be evaluated analytically
and yields

∆ωz = η
2
eff

(
Ω1Ω2

Ω

)2 8ω2
z ∆EIT

[
(Ω2−4ω2

z )
2−4Γ2ω2

z −16ω2
z ∆2

EIT
]

[4Γ2ω2
z +(Ω2 +4ωz(∆EIT−ωz))2][4Γ2ω2

z +(Ω2−4ωz(∆EIT +ωz))2]
.

(2.365)
Given that we are in the cooling regime A− > A+ we can write the master equation (2.364)
in terms of the cooling rate W ≡ 2κ and the asymptotic occupation number 〈n〉∞ ≡ n̄ from
Eqs. (2.360) and (2.361), respectively. The resulting equation reads

µ̇(t) =−i[∆ωza†a,µ(t)]+2κ(n̄+1)[aµ(t)a†− 1
2
{a†a,µ(t)}]+2κ n̄[a†

µ(t)a− 1
2
{aa†,µ(t)}].

(2.366)
The dissipator is that of the damped quantum harmonic oscillator [69]. This form of the cooling
master equation is quite instructive since we can extract the final occupation number n̄ and the
rate 2κ at which energy is dissipated directly from the equation. The effect of the dissipator is
that it takes the populations of the state µ(t) to a thermal state with mean occupation n̄ at a rate
2κ . The thermal state of an oscillator with mean occupation number n̄ can be written as [53]

ρβ =
∞

∑
n=0

n̄n

(1+ n̄)1+n |n〉〈n|, (2.367)

where the mean occupation number is given by

n̄ =
1

eh̄βω −1
. (2.368)
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2. Trapped atomic ions in radio-frequency traps

Here β is the inverse temperature β = (kBT )−1 with kB the Boltzmann constant.
It is interesting to note that Doppler cooling in a traveling or standing wave also obeys the

master equation (2.364) but with different coefficients [94].
In order to illustrate the validity of the above derivation, we compare the effective dissipative

dynamics of the mode given by Eq. (2.364) with the dynamics of the full system including the
three-level system given in Eq. (2.343) in a numerical simulation. We consider one mode of
motion of a single trapped 24Mg+ ion with a mode frequency ωz/2π = 5MHz. We consider
24Mg+ because it has a suitable internal structure and EIT cooling has already been successfully
implemented with it [91]. The Λ-system can be realized by the |mJ =∓1/2〉 ≡ |g1,g2〉 states of
the 2S1/2 ground state manifold of 24Mg+ and one of the 2P1/2 states, e.g. |mJ = +1/2〉 [91].
Here, we neglect the |mJ =−1/2〉 P level for simplicity. The branching ratio for the two decay
channels is Γg1 = 2Γg2 and the total decay rate is Γ/2π = 41.4MHz. In part a) of Fig. 2.8 we
set Ω1/2π = 35MHz, Ω2/2π = 11MHz and ∆EIT/2π = −100MHz. The bare Lamb-Dicke
parameter in this case is η ≈ 0.15 for both lasers and we assume the beams to enclose angles
θ1 =

2
5 π and θ2 =

3
5 π with the axis of motion. According to the rates in Eq. (2.362) we expect a

cooling rate 2κ/2π = 4.6kHz. We consider initial conditions ρ(0) = ρd⊗ρβ with the internal
levels in the dark state and the motional degree of freedom in thermal state with mean phonon
number n̄(0) = 1. We truncate the motional Hilbert space at nmax = 15 excitations. The full
line illustrates the full dynamics and the circles the effective dynamics, displaying very good
agreement between the two descriptions.

Figure 2.8.: The figure shows the mean occupation number 〈n̄(t)〉 of a single trapped 24Mg+ ion.
The solid line shows the dynamics of the full system including the internal levels
given by Eq. (2.343), circles show the effective dynamics according to Eq. (2.364).
The remaining parameters are given in the text.

For the parameters of the simulation in Fig. 2.8 the final occupation number of the mode
according to Eq. (2.363) is n̄∞ ≈ 0.07. This is considerably lower than the final occupation
numbers of 40Ca+ after Doppler cooling reported in Eq. (2.309). Indeed, in [89] the y- and
z-mode of the trapped 40Ca+ ion were cooled from their Doppler temperatures, theoretically
n̄y,D ≈ 6 and n̄z,D ≈ 3, to n̄y,EIT ≈ 0.18 and n̄z,EIT ≈ 0.1. Depending on the ion masses and
frequencies these occupation numbers can be even lower.

In addition to the small occupation numbers that can be achieved, EIT cooling can yield higher
cooling rates than other cooling schemes such as resolved sideband cooling [91, 92]. In [91]
and [92] cooling rates of several kHz were reported in the cooling mixed- and single-species
crystals. Another benefit of EIT cooling is that several modes can be cooled at the same time if
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2.6. Laser cooling of trapped ions

their frequencies are close enough to accommodate their red sidebands in the narrow feature of
the absorption spectrum in Fig. 2.7 b).

2.6.3. Sympathetic cooling of mixed species crystals of trapped ions

In this section we want to generalize the description of EIT cooling of the previous section
from a single ion to Coulomb crystals incorporating several ions of possibly different species.
Specifically, we derive the cooling master equation for a crystal of ions and generalize it to the
case of mixed-species crystals. This second form allows us to describe sympathetic cooling of a
mixed-species crystals, where the cooling light only interacts with one species of the crystal and
this species cools the whole crystal.

Let us consider a string of N trapped ions of equal mass and internal structure. We assume the
internal levels of each ion are described by the Hamiltonian in Eq. (2.324) and that they are in-
teracting with the laser configuration depicted in Fig. 2.7 a). Again we restrict the considerations
to the z-direction of motion. Analogous to Eq. (2.342) the starting point is the Liouvillian

ρ̇ = L (N)
ρ =− i

h̄
[H(N)

at +H(N)
m +V (N),ρ]+D (N)

ρ, (2.369)

where the superscript (N) indicates generalization of the Hamiltonians and the dissipator to
N ions. Note that we have already incorporated the motional Hamiltonian into the Liouvil-
lian. Assuming that we have already moved to an interaction picture with respect to H0 =
−h̄∑

N
j=1 ∑s=1,2 ωL,s|gs〉 j〈gs|, where |gs〉 j〈gs| acts on the internal levels of ion j, the internal

levels are described by

H(N)
at =−h̄∆EIT

N

∑
j=1
|gs〉 j〈gs|, (2.370)

generalizing Eq. (2.327) to N ions. According to Eq. (2.57) the motional Hamiltonian reads

H(N)
m =

N

∑
n=1

h̄ωna†
nan, (2.371)

where an and a†
n are the ladder operators of mode n with frequency ωn. The laser-ion interaction

is described by

V (N) =
N

∑
j=1

∑
s=1,2

(
h̄

Ωs

2
|e〉 j〈gs|eiksz j cosθs +H.c.

)
, (2.372)

which is the Hamiltonian of Eq. (2.328) for N ions. The dissipator now takes the form

D (N)
ρ =− Γ

2

N

∑
j=1
{|e〉 j〈e|,ρ}

+
N

∑
j=1

∑
s=1,2

Γs

2

∫ 1

−1
d(cosθ)N (cosθ)|gs〉 j〈e|eiksz j cosθ

ρe−iksz j cosθ |e〉 j〈gs|.
(2.373)

Recalling Eqs. (2.52) and (2.55) we write the z-positions as

z j = z0
j +q jz, where q jz =

N

∑
n=1

B jnQn,z =
N

∑
n=1

B jn

√
h̄

2mωn
(an +a†

n) (2.374)

and follow the same procedure as for the single ion case. Assuming that all modes are in the
Lamb-Dicke regime, we expand the laser-ion interaction and the momentum transfer term in the
dissipator to second order in the Lamb-Dicke parameters

ηs,n = ks

√
h̄

2mωn
� 1. (2.375)
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As in Eq. (2.343) we split the Liouvillian in the zeroth, first and second order contributions in
the Lamb-Dicke parameters

ρ̇ = (L
(N)

0 +L
(N)

1 +L
(N)

2 )ρ. (2.376)

We have
L

(N)
0 ρ =− i

h̄
[H(N)

at +H(N)
m +V (N)

0 ,ρ]+D
(N)
0 ρ, (2.377)

where V (N)
0 and D

(N)
0 are obtained by setting the exponentials in Eqs. (2.372) and Eq. (2.373)

equal to 1 and in the case of D
(N)
0 we additionally use the normalization of N (cosθ), Eq. (2.340).

The first and second order contributions take the form

L
(N)

1 ρ =− i
h̄

N

∑
n=1

[V1,nQn,z,ρ], (2.378)

L
(N)

2 ρ =− i
h̄

N

∑
n,m=1

[V2,nmQn,zQm,z,ρ]+D
(N)
2 ρ. (2.379)

The interaction terms V1,n and V2,nm read

V1,n =
ih̄
2

N

∑
j=1

∑
s=1,2

B jnks cosθsΩs(|e〉 j〈gs|− |gs〉 j〈e|), (2.380)

V2,nm =− h̄
4

N

∑
j=1

∑
s=1,2

B jnB jmk2
s cos2

θsΩs(|e〉 j〈gs|+ |gs〉 j〈e|) (2.381)

and the second order dissipator reads

D
(N)
2 ρ =

N

∑
j=1

∑
s=1,2

α
2k2

s Γs|gs〉 j〈e|
(

q jzρq jz−
1
2

q2
jzρ−

1
2

ρq2
jz

)
|e〉 j〈gs|. (2.382)

Note that the first order terms vanish and that we have not expanded the q jz in terms of the
normal modes in order to keep the expression more transparent.

The scenario is basically the same as in the single ion case: To zeroth order in the Lamb-
Dicke factor there is no coupling between internal levels and motion and the cooling is brought
about by the terms L1 and L2. In order to obtain an equation of motion for the cooling the
internal degrees of freedom are adiabatically eliminated assuming that the cooling dynamics is
much slower than the relaxation of the internal states. In order to apply Eq. (2.353) we define a
projection operator P(N) to the zero eigenvalue subspaces of L

(N)
0

P(N)
0 ρ =

(
P(N)

I ⊗P(N)
E

)
ρ. (2.383)

The operator P(N)
I projects the internal levels of the ions to the dark state

P(N)
I ρ = ρ

(N)
d ⊗TrI ρ =⊗N

j=1|ψd〉 j〈ψd|⊗µ
(N), (2.384)

where TrI again denotes the trace over the internal states of the ions and we defined µ(N) = TrI ρ .
The above equation implies that all ions reach the same stationary state, which assumes that all
ions are equally illuminated. The projector of the external degrees of freedom P(N)

E projects the
motional state onto the populations of the modes

P(N)
E (ρ

(N)
d ⊗µ

(N)) = ρ
(N)
d ⊗N

m=1

[
∞

∑
n=0

m〈n|[Tr modes
6=m

µ
(N)]|n〉m |n〉m〈n|

]
= ρ

(N)
d ⊗µ. (2.385)
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It is easy to check that the states P(N)
0 ρ live in the subspace of the zero eigenvalue of L

(N)
0 .

We are now in a position to use Eq. (2.353) to obtain the dynamics in the “relevant” subspace
P(N)

0 substituting P0→ P(N)
0 , L0→L

(N)
0 and so on. Following the same steps as in the single

ion case as outlined in App. A, a lengthy calculation yields the effective master equation

µ̇(t) =
N

∑
n=1

(
Λ−,n[anµ(t)a†

n−a†
nanµ(t)]+Λ+,n[a†

nµ(t)an−ana†
nµ(t)]

)
+H.c., (2.386)

where the coefficients Λ∓,n read

Λ∓,n =
z2

0,n

h̄2

∫
∞

0
dτ〈V1,n(τ)V1,n(0)〉sse±iωnτ . (2.387)

In the above expression we have introduced z0,n =
√

h̄/(2mωn). Inserting the definition for V1,n
from Eq. (2.380) and realizing that the correlation function between internal levels of different
ions is zero, we actually find that the rates Λ∓,n can be written in terms of the single particle
fluctuation spectra S(±ω) from Eq. (2.355)

Λ∓,n =
z2

0,n

h̄2 ∑
j

B2
jn

∫
∞

0
dτ〈V1(τ)V1(0)〉sse±iωnτ = z2

0,nS(±ωn)∑
j

B2
jn, (2.388)

where we have used V1 from Eq. (2.347).
If all ions participate in the cooling process, we can sum over all j in the above rates and can

substitute ∑ j B2
jn = 1. It is interesting to analyze the cooling rate if not all ions interact with the

cooling laser. Then, the sum on the right-hand side of Eq. (2.388) only extends over those ions
j which are actually subject to the cooling laser. In this case it is still possible to cool a whole
crystal if for each mode, at least one of the ions participating in cooling has a non-vanishing
amplitude. Depending on the amplitudes this might lead to different time scales for the cooling
of the modes.

Let us now comment on the validity of the above treatment. By defining the projector P(N)
0

in Eq. (2.383), which allowed us to derive Eq. (2.386), we are assuming that the normal mode
picture is valid during the cooling process and that the cooling does not introduce correlations
between the modes. We considered cooling in the Lamb-Dicke regime and in this regime it is
usually assumed that the modes are cooled individually [90] such that our treatment is justified.
The underlying assumption is that in the Lamb-Dicke regime the sideband spectrum reduces to
the carrier and first red- and blue-sideband transitions of the individual modes. Then, in a scat-
tering event the occupation number of only one mode is changed by one quantum. Processes
coupling the modes or changing the occupation number of more than one mode are of higher or-
der in the Lamb-Dicke parameter and are neglected. However, cooling broadens the resonances
of the modes in frequency space and if these resonance overlap, we cannot consider the modes
to be independent anymore. Hence, our treatment is restricted to the regime

2κn� |ωn−ωm| ∀n,m, (2.389)

where 2κn = 2Re(Λ−,n)− 2Re(Λ+,n) is the cooling rate of mode n. Satisfying Eq. (2.389) we
make sure the modes can be regarded as isolated from each other. An interesting question is
whether we are strictly bound to the regime in Eq. (2.389). This could be checked by numerically
integrating the full master equation Eq. (2.369). But while this is an interesting topic in its own
right, it is beyond the scope of our treatment here.

Let us finally come to the case of a mixed-species crystal. We consider the case of a crystal
incorporating two species, where one species interacts with the cooling light while the cooling
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2. Trapped atomic ions in radio-frequency traps

light is highly off-resonant with all transitions in the second species. The cooling process then
involves only the ions that interact with the applied light. If the normal mode picture is valid, the
cooling extracts motional energy from the whole crystal due to the nonlocal nature of the normal
modes. In order to achieve efficient cooling for all modes, one has to take care that the cooled
ions have an appreciable amplitude for all modes. On the other hand, the cooling rate cannot be
stronger than the Coulomb interaction between ions, which is weak in comparison to the trap
potential in the radial directions. Cooling a subset of the ions too strongly would decouple the
cooled ions from the rest of the crystal, and a description of the ions in terms of local harmonic
oscillators is then more appropriate [17, 33].

Sympathetic cooling has been applied in several laboratories, see e.g. [91,95,96], also includ-
ing EIT cooling. The cooling and heating rates for sympathetic EIT cooling in a mixed species
crystal are obtained from Eq. (2.388). In this case the normal mode amplitudes B jn of a single
species crystal have to be substituted by that of a mixed species crystal B̃ jn from Eq. (2.69) and
one has to take into account that according to Eq. (2.79) the “ground state wave packet spread”
z0,n now depends on j

z0,n→ z0, jn =

√
h̄

2m jωn
. (2.390)

The rates Λ∓,n from Eq. (2.388) for sympathetic cooling in a mixed-species crystal then become

Λ∓,n = ∑
j

′
B̃2

jnz2
0, jnS(±ωn), (2.391)

where the sum ∑
′
j extends only over those ions interacting with the cooling lasers.

In order to obtain the highest cooling rates for sympathetic cooling, it is desirable to work
with ions of similar masses. Then, the coefficients B̃ jn do not differ too much from those of
a single species crystal. If the difference in masses becomes very large, it can happen that
the coefficients B̃ jn become very small for some mode for one of the species such that motion
of the ions effectively decouples. Then, no effective cooling of the crystal is possible [97].
Furthermore, for sympathetic cooling one has to make sure that the cooling ions possess an
appreciable amplitude B jn for all modes to be cooled since otherwise we are facing the same
effect mentioned before, namely, that cooling becomes inefficient or for a vanishing coupling
cannot be realized at all for some modes.

In this section, we have discussed Doppler and EIT laser cooling. We discussed the cooling
mechanisms as well as the achievable cooling rates and final temperatures. In particular, it
should have become clear that the difference in scattering rates on the red- and blue-sidebands
is decisive for efficient cooling. After reviewing the derivation of the master equation for EIT
cooling of a single ion, we generalized the master equation to the cooling of crystals. Finally, we
generalized the master equation further to mixed-species crystals such that it can also be used
for the description of sympathetic cooling.
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study of Coulomb crystals

Two-dimensional (2D) spectroscopy is a spectroscopic technique originally developed in the
context of nuclear magnetic resonance (NMR) experiments [30, 98, 99], where it was also first
applied successfully. It is an extremely versatile tool for the investigation of complex systems
and therefore has been adapted to various other fields of physics. It has been applied to in-
vestigate anharmonic molecular vibrational spectra in the infrared [100], electronic dynamics
in molecular aggregates [31], a special case of which are the excitonic dynamics in photosyn-
thetic pigment protein complexes [101, 102], structure and dynamics of polymers [103] as well
as photochemical reactions [104].

The popularity of 2D spectroscopy is due to the wealth of information that its methods can
reveal. For example, 2D spectroscopy can witness interactions in complex molecules and thus
allows one to obtain a topology of interactions in the molecule. It facilitates the separation of
interactions due to different physical origin to orthogonal frequency axes, which can be very
helpful in unraveling spectra containing overlapping resonances. And also dynamical processes,
as for example spin diffusion in solids, can be investigated using 2D spectroscopy.

On the other hand, experiments with trapped ions have experienced tremendous progress in
the field of quantum computation and quantum simulation. While quantum computation experi-
ments usually involve only a small number of ions, recent quantum simulations of spin systems
involved up to 53 ions in linear Paul traps [23] and more than one hundred ions in Penning
traps [62]. More than that, trapped ions have also become a testbed for the statistical mechanics
of systems in and out of equilibrium [13,17,20–22,28,29,105], where experiments often involve
of the order of ten or even tens of ions. This increased complexity demands new experimental
tools for the investigation of trapped ions.

As should have become clear from the introductory paragraph, 2D spectroscopy is a very
powerful tool and in this chapter we present a protocol for the application of the technique to
trapped ions. The protocol is designed to investigate nonlinear dynamics of ion Coulomb crystals
and as such represents a new route to the investigation of the dynamics of crystals of trapped
ions. We should remark that the application of 2D spectroscopy has been proposed and studied
also in related work [106–108]. The cited references, however, consider different scenarios for
the application of 2D spectroscopy than we do here.

In the previous chapter we have seen that the Coulomb interaction, which is intrinsically
nonlinear, is usually linearized in the description of the dynamics of ions in a trap. In prac-
tice, this description agrees excellently with the observed dynamics and therefore the question
arises when nonlinear dynamics actually occur in trapped-ion experiments. Nonlinearities can
be added to a trap, for example, by applying a standing wave which induces a position depen-
dent ac-Stark shift [33]. Such added nonlinearities have been proposed for the simulation of
the Bose-Hubbard model [33] and the Frenkel-Kontorova model [14–16]. Nonlinear effects also
play a crucial role in the linear-to-zigzag structural transition, where the ions in a crystal leave
the linear structure and form a two-dimensional zigzag structure [109–111]. In the vicinity of
the transition the usual harmonic treatment of the Coulomb potential breaks down and higher
order terms start to play a role [32,112]. Another example of nonlinear dynamics are cross-Kerr
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type interactions due to third- and fourth order effects of the Coulomb potential that can lead
to effective dephasing [113, 114]. Apparently, there are several instances of nonlinear dynamics
in ion traps. In this chapter we will show how 2D spectroscopy can be used to study nonlin-
ear interactions in ion traps and focus on two examples: the nonlinear interactions appearing in
the vicinity of the linear-to-zigzag structural transition and resonant energy exchange between
modes due to third-order effects of the Coulomb potential.

This chapter is organized as follows. We start with a brief introduction to 2D spectroscopy
in the context of NMR followed by a discussion of the linear-to-zigzag transition of trapped
ion crystals. Thereafter, we will turn to the calculation of nonlinear corrections to the Coulomb
potential in the harmonic approximation. In particular, we study the third- and fourth-order ex-
pansions of the Coulomb potential in the small displacements of the ions from their equilibrium
positions. We then present our 2D spectroscopy protocol that is able to detect nonlinear interac-
tions and illustrate the protocol on the basis of two examples. In the first example, we show how
the onset of the linear-to-zigzag structural transition can be witnessed by 2D spectroscopy and
in the second example, we show how resonant energy transfer between modes due to the third
order-effects in the Coulomb potential can be studied with our protocol. We close the chapter
with a summary of our results and future perspectives for 2D spectroscopy with trapped ions.
The results of this chapter were published in [L1]. Accordingly, the presentation follows that
in [L1].

3.1. Basic principles of Two-Dimensional Spectroscopy

In the introduction we have seen that 2D spectroscopy comes in different flavors and can re-
veal different information. In this section we want to introduce the basic structure of 2D spec-
troscopy experiments and discuss two realizations of 2D spectroscopy in the context of NMR
experiments. In these two examples we will see how couplings between different spins can be
witnessed by 2D spectroscopy and how different contributions of a Hamiltonian can be separated
to different frequency axes, which can be used to unravel information that is contained in 1D
spectra but cannot be retrieved from them. At the end of the section we will discuss the impact
of different sources of noise on 2D spectra.

Before we dive into the analysis of 2D spectroscopy protocols, we should clarify what we
mean by a two-dimensional spectrum. The somehow obvious answer is that we refer to a spec-
trum that has two frequency axes instead of one. The question now is how we obtain these
two frequency axes. For example, one could think of an experiment where we excite a sys-
tem with two fields of frequency ω1 and ω2 and record some signal describing the system’s
response. Scanning the frequencies ω1 and ω2 and plotting the obtained signal we would obtain
a two-dimensional spectrum. The 2D spectroscopy experiments that we want to discuss here are
time-domain 2D spectroscopy experiments. This means we measure some signal s(t1, t2) with
a suitable segmentation of the time axis and then perform a Fourier transformation in both time
variables. In this way we obtain a signal S(ω1,ω2) as a function of two frequency variables.

This type of two-dimensional spectroscopy experiments can be understood as a special case
of multidimensional spectroscopy [30, 103]. The general sequence of a multidimensional spec-
troscopy experiment is depicted in Fig. 3.1 a). After the system is prepared in an initial state ρ0,
it is irradiated by n pulses of electromagnetic radiation separated by intervals of free evolution
of variable length ti, i = 1, . . . ,n. Let us denote the action of pulse i by a superoperator R̂i such
that

R̂iρ = RiρR†
i , (3.1)

where the operator Ri describes the action of the pulse on a state |ψ〉. Similarly we associate a

66



3.1. Basic principles of Two-Dimensional Spectroscopy

preparation evolution mixing detection

a)

b)

Figure 3.1.: The figure shows the protocol of a general multidimensional experiment in part
a) and a typical experimental sequence of an NMR time-domain 2D spectroscopy
experiment in part b). Figure derived from [30].

Liouvillian Li

Liρ =− i
h̄
[Hi,ρ]+Diρ (3.2)

with the free evolution period i with Hamiltonian Hi and a dissipator Di that accounts for dissipa-
tive processes during ti. The state ρ(t1, . . . , tn) after the sequence of n pulses and free evolutions
reads

ρ(t1, . . . , tn) = eLntnR̂n . . .eL1t1R̂1ρ. (3.3)

At the end of the sequence some observable M is measured yielding a signal

s(t1, . . . , tn) = Tr[Mρ(t1, . . . , tn)] (3.4)

that depends on the time variables ti. A spectrum S(ωi) containing spectral information on the
Liouvillian Li is obtained by a Fourier transformation of the signal with respect to time ti. A
two-dimensional spectrum S(ωi,ω j) is obtained by Fourier transforming the signal s(t1, . . . , tn)
in the time variables ti and t j

S(ωi,ω j) =
∫

∞

−∞

dtie−iωiti
∫

∞

−∞

dt je−iω jt j s(t1, . . . , tn). (3.5)

In the same way higher order spectra can be obtained. We will use the short-hand notation
S(ω1,ω2) = F [s(t1, t2)] for the two-dimensional Fourier transform in the following.

Here, we want to focus on two-dimensional spectra. The typical sequence of an NMR time
domain 2D spectroscopy experiment is illustrated in Fig. 3.1 b) [30]. Here, after preparation
of the initial state there is a first evolution period t1 under a Liouvillian L1 which is called
the evolution time. The time interval tm between the free evolution times typically consists of
one or more pulses and possibly free evolutions described by a Liouvillian Lm and is called
mixing time. The last interval of length t2 is called detection time. This is because in NMR
experiments the detected signal is the free induction decay of the magnetization that has built
up in the course of the experiment recorded during t2. Although naming conventions might be
different, this is the general sequence for a 2D spectroscopy experiment. The type of information
that one obtains in the spectrum, neglecting noise for the moment, depends on the Hamiltonians
Hi in the different evolution periods, which we will see in more detail in the next section.
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3. Two-dimensional spectroscopy for the study of Coulomb crystals

3.1.1. Correlation spectroscopy

Correlation spectroscopy (COSY) is a method to identify couplings between nuclear spins com-
monly used in NMR [30]. Here, we will examine the simplest example of COSY which consid-
ers two weakly coupled nuclear spins. We will see that the coupling between the two spins leads
to off-diagonal peaks in the 2D spectrum, which illustrates how 2D spectroscopy can be used to
witness couplings in a system of interacting spins. The case we consider is that of homonuclear
correlation spectroscopy, i.e. we consider two nuclear spins of the same species.

In a magnetic field B0 the levels of a spin are separated in energy by the Larmor frequency
γsB0, where γs is the gyromagnetic ratio of the spin under consideration. Let us consider two
spin-1/2 nuclei in a magnetic field that is directed along the z-direction. Keeping our previous
notation, the bare spin Hamiltonian can be written as

H0 = h̄
ω0

2 ∑
k=1,2

σ
z
k , (3.6)

where ω0 = γsB0 and σ
z
k is the Pauli operator of spin k. In a molecule or solid the spins inter-

act with their surroundings which leads to a local shift of their resonance frequency, so-called
chemical shifts [30, 103]. Their free Hamiltonian therefore becomes

H0 = ∑
k=1,2

h̄
ω0,k

2
σ

z
k , (3.7)

where ω0,k is the shifted resonance frequency of spin k.
Let us now assume that the spins are initially in a thermal equilibrium state

ρβ =
e−βH0

Z
=

e−βH0

Tr[e−βH0 ]
, (3.8)

where Z = Tr[e−βH0 ] is the partition function. We consider the high temperature limit β h̄ω0,k =
h̄ω0,k/(kBT )� 1 and expand the state as

ρβ ≈
1
Z

(
1−∑

k

h̄βω0,k

2
σ

z
k

)
. (3.9)

We will now investigate how this initial state evolves under the typical COSY sequence. Since
the unit operator is invariant under the dynamics, only the second term plays a role for the
dynamics. In order to keep the notation as clear as possible, we adopt the somewhat unfamiliar
convention sometimes used in NMR that the initial state is just written as [30, 103]

ρβ = ∑
k

σ
z
k . (3.10)

Note that writing the state in the above form is consistent with the high temperature limit if we
assume that the chemical shifts are much smaller than the Larmor frequency ω0. The COSY
protocol is illustrated in Fig. 3.2 a). The preparation period consists of a π

2 rotation about the
x-axis applied to the thermal equilibrium state which is followed by the first evolution period t1.
The mixing period consists of a rotation by a variable angle ϕ around the x-axis. It is followed by
the second evolution period t2. The measured quantity in NMR experiments is the free induction
decay. Using quadrature detection the signal is given by [30]

s(t1, t2) = 〈ρ(t1, t2)S+〉= 〈ρ(t1, t2)∑
k

σ
+
k 〉. (3.11)
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Figure 3.2.: Correlation spectroscopy. Part a) shows the simplest COSY pulse sequence. Part b)
shows the positive frequency part of a 2D spectrum of two uncoupled nuclear spins
whose frequencies are separated by the difference of their chemical shifts ω̃1 and
ω̃2. This difference is given by the distance of the peaks along each of the frequency
axes. A non-vanishing coupling J, see Eq. (3.13), between the nuclear spins leads
to the COSY spectrum in part c). The peaks in the multiplets are separated by
2J along each of the frequency axes. The cross-peaks far from the main diagonal
indicate coupling between the two spins. If the resolution is not sufficient to resolve
J, and thus the multiplets, we obtain a spectrum of the form presented in part d). The
cross peaks still witness the coupling between the spins. Figure derived from [30].

Note that although σ
+
k is not Hermitian, we may write it as a linear combination of two Hermitian

operators σ
+
k = σ x

k + iσ y
k which are valid observables. In particular, the measured observable is

a combined measurement of the transverse magnetization in x and y.
The Hamiltonian in the evolution periods is obtained by adding the coupling to H0 in Eq. (3.7).

For weakly coupled spins, i.e. when the coupling J� |ω0,1−ω0,2|, the full Hamiltonian may
be written as [30]

H = ∑
k=1,2

h̄
ω0,k

2
σ

z
k +

h̄J
2

σ
z
1σ

z
2, (3.12)

where interactions between the spins in the transverse directions have been neglected. Note again
that we restrict our analysis to the case of two nuclear spins. The pulses are more conveniently
described in an interaction picture that rotates with the frequency of the applied radiation ωrf
which often lies in the radio frequency domain. We move to an interaction picture with respect
to the Hamiltonian H̃0 = ∑k=1,2 h̄ ωrf

2 σ
z
k such that the Hamiltonian becomes

H = ∑
k

h̄
ω̃k

2
σ

z
k +

h̄J
2

σ
z
1σ

z
2, (3.13)

where ω̃k = ω0,k−ωrf. Note that the weak coupling condition J� |ω0,1−ω0,2| is equivalent to
J� |ω̃1− ω̃2|.

Let us now proceed to analyze the dynamics. After the preparation pulse the state of the spins
reads

ρ(tp) =− ∑
k=1,2

σ
y
k . (3.14)
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3. Two-dimensional spectroscopy for the study of Coulomb crystals

This initial state evolves for a period t1 under the Hamiltonian in Eq. (3.12) and then reads

ρ(t1) =∑
k
[−σ

y
k cos(ω̃kt1)+σ

x
k sin(ω̃kt1)]cos(Jt1)

+∑
k,l

k 6=l

[σ y
k σ

z
l sin(ω̃kt1)+σ

x
k σ

z
l cos(ω̃kt1)]sin(Jt1).

(3.15)

The mixing period only consists of a single rotation around the x-axis by an angle ϕ . Here, we
consider ϕ = π

2 such that the state before the second evolution period reads

ρ(t1) =∑
k
[−σ

z
k cos(ω̃kt1)+σ

x
k sin(ω̃kt1)]cos(Jt1)

−∑
k,l

k 6=l

[σ z
k σ

y
l sin(ω̃kt1)+σ

x
k σ

y
l cos(ω̃kt1)]sin(Jt1).

(3.16)

Considering the signal in Eq. (3.11), we see that the first term in the first sum and the second term
in the second sum do not contribute to the measured signal. We can therefore neglect them. It is
now interesting to analyze the remaining terms. The second term in the first sum only involves
single particle coherences. These will evolve in time with the same frequencies ±ω̃k± J during
the second time evolution as they did during the first, where the previous expression refers to
all four combinations. Restricting our considerations to positive frequencies we obtain four
contributions located at (ω1,ω2) = (ω̃k±J, ω̃k±J) for each value of k. Two peaks appear on the
diagonal and two off the diagonal. Since we consider the weak coupling regime J� |ω̃1− ω̃2|,
the off-diagonal contributions are close to the main diagonal.

The more interesting contribution for us is the first term in the second sum. Comparing
Eqs. (3.15) and (3.16) we see that coherence has been exchanged from spin k to spin l by the
second π

2 -pulse. Thus, the contributions that evolved with±ω̃k±J during the first period evolve
with ±ω̃l± J, where k 6= l, during the second. These terms will produce contributions at points
(ω1,ω2) = (ω̃k ± J, ω̃l ± J), k 6= l, in the spectrum. These peaks are located off the diago-
nal but share each of their coordinates with one of diagonal peaks. Due to the weak coupling
J� |ω̃1− ω̃2| these so-called cross peaks appear well off the main diagonal. The appearance of
these terms is a direct consequence of the coupling term ∼ J in the Hamiltonian in Eq. (3.12).

In order to make the above considerations more quantitative, we compute the state of the
system after the second evolution period. Considering only terms that contribute to the signal
we arrive at the state

ρ(t1, t2) =∑
k

sin(ω̃kt1)cos(Jt1)
[
σ

x
k cos(ω̃kt2)+σ

y
k sin(ω̃kt2)

]
cos(Jt2)

+∑
k,l
k 6=l

sin(ω̃kt1)sin(Jt1)
[
σ

x
l cos(ω̃lt2)+σ

y
l sin(ω̃lt2)

]
sin(Jt2).

(3.17)

According to Eq. (3.11) the measured signal is then given by

s(t1, t2) = ∑
k

sin(ω̃kt1)cos(Jt1)eiω̃kt2 cos(Jt2)+∑
k,l

k 6=l

sin(ω̃kt1)sin(Jt1)eiω̃lt2 sin(Jt2). (3.18)

A two-dimensional Fourier transform of the above signal confirms our previous considerations.
From the first term we obtain contributions at (ω1,ω2) = (±ω̃k± J,±ω̃k± J) which are located
at or close to the main diagonal (J� |ω̃1− ω̃2|) in the positive frequency quadrant. The second
term yields peaks at (ω1,ω2) = (±ω̃k± J,±ω̃l± J) with k 6= l.

We illustrate the above considerations in Fig. 3.2 b) - d) where we schematically show the
absolute value of the positive frequency part of a 2D spectrum given by a signal of the form
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3.1. Basic principles of Two-Dimensional Spectroscopy

in Eq. (3.18). As we discussed, the peak structure consists of multiplets at and close to the
diagonal and the off-diagonal multiplets indicate coupling between the spins.

Note that the obtained spectra are in general complex quantities and contain phase informa-
tion. This can lead to different peak structures. We will not discuss these features here because
we focus on absolute value spectra for the proposed version of 2D spectroscopy with trapped
ions. Furthermore, noise and decoherence will affect the peak structure which we will discuss
later. Detailed treatments of these topics may be found in [30, 103].

3.1.2. Separation of interactions

The second example of a 2D spectroscopy protocol we want to consider is the separation of
interactions. We will show how 2D spectroscopy allows us to separate interactions of different
physical origin to orthogonal frequency axes. In this way one can, for example, separate over-
lapping resonances that cannot be resolved in 1D spectra. Let us again consider the case of weak
homonuclear coupling, i.e. two weakly coupled nuclear spins of the same species. The starting
point is again the Hamiltonian of Eq. (3.13)

H = ∑
k=1,2

h̄ω̃k

2
σ

z
k +

h̄J
2

σ
z
1σ

z
2. (3.19)

One pulse sequence that leads to a separation of interactions is shown in Fig. 3.3 a). As in the
case of correlation spectroscopy the preparation period consists of a single π

2 -pulse along the
x-direction. Accordingly, we obtain the same initial state as before, given in Eq. (3.14). Then
after half of the first evolution period, i.e. t1/2, a π-pulse along the y-direction is added. There
is no mixing pulse or pulse sequence in this case. By adding the π-pulse along y the effective
Hamiltonians in the evolution periods t1 and t2 read

H1 =
h̄J
2

σ
z
1σ

z
2, (3.20)

H2 = ∑
k=1,2

h̄ω̃k

2
σ

z
k +

h̄J
2

σ
z
1σ

z
2. (3.21)

Obviously, during the first evolution period only the scalar coupling J plays a role while both
the chemical shifts and scalar couplings appear in the second time evolution. For an initial state
ρ(tp) as in Eq. (3.14) the pulse sequence in Fig. 3.3 a) leads to a final state

ρ(t1, t2) = ∑
k

[
−σ

y
k cos(Jt1)cos(ω̃kt2)cos(Jt2)+σ

x
k cos(Jt1)sin(ω̃kt2)cos(Jt2)

−σ
x
k sin(Jt1)sin(ω̃kt2)sin(Jt2)+σ

y
k sin(Jt1)cos(ω̃kt2)sin(Jt2)

]
,

(3.22)

where we again only report terms that lead to an observable signal according to Eq. (3.11). The
signal due to the above state reads

s(t1, t2) =−
i
2 ∑

k

[
eiJt1ei(ωk+J)t2 + e−iJt1ei(ωk−J)t2

]
. (3.23)

Hence we obtain peaks at (±J, ω̃k± J).
The spectrum resulting from Eq. (3.23) is obtained using Eq. (3.5). It is schematically shown

in part b) of Fig. 3.3. Part c) of the figure displays the projection of the spectrum to the ω2-
axis. While for this simple case the line structure is obvious, this will, in general, not be the
case for systems including more spins. In such systems there can be overlapping multiplets
where the physical origin of each line is not immediately clear. It should be clear that a 2D
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ω2

ω1

b)

ω̃1 ω̃2

2J

ω2

a.
u.

c)

ω2

ω1

d)

ω̃1 ω̃2

2J

Figure 3.3.: Separation of interactions. Part a) shows a pulse sequence for the separation of
interactions for the Hamiltonian in Eq. (3.19). Part b) shows the schematic 2D
spectrum obtained for two coupled nuclear spins with chemical shifts ω̃1 and ω̃2.
The coupling J can be inferred from the distance of peaks along the ω1-axis and the
difference in chemicals shifts from the distance of the peaks above and below the
diagonal along the ω2-axis. Part c) depicts the 1D spectrum that is obtained by pro-
jecting the 2D spectrum to ω2. Part d) displays a “sheared” version of the spectrum
in part b). This form of the spectrum is convenient as coupling and chemical shifts
can be read off directly from the spectrum. This spectrum is obtained by a suitable
rearrangement of the data matrix [30]. Figure derived from [30].

spectrum can be very helpful for unraveling such spectra. Part d) of the figure shows a tilted
version of the spectrum where the coupling and chemical shifts are given by the distances of the
peaks along the orthogonal frequency axes. This form of the spectrum is obtained by a suitable
rearrangement of the data matrix [30].

Before we close this chapter let us briefly show how the effective Hamiltonian during the first
evolution period arises. The Hamiltonian of the evolution during both periods is given by H
from Eq. (3.19). We include more than two spins in the considerations here to show that the
procedure also works for several spins. For this case the Hamiltonian becomes

H = ∑
k

h̄ω̃k

2
σ

z
k + ∑

j<k

h̄J jk

2
σ

z
j σ

z
k . (3.24)

The evolution operator for the time t1 taking into account the π-pulse in y reads

U(t1) = e−
i
h̄ H t1

2 Ry
πe−

i
h̄ H t1

2 , (3.25)

where Ry
π = Π j(−iσ y

j ). Using that the two parts of the Hamiltonian commute with each other
and inserting 1= (Ry

π)
†Ry

π twice we obtain

U(t1) = e−
i
h̄ H t1

2 Ry
πe−i∑k

ω̃k
4 t1σ

z
k (Ry

π)
†Ry

πe−i∑ j<k J jk
t1
4 σ

z
j σ

z
k (Ry

π)
†Ry

π . (3.26)

In order to see how we can proceed, let us define H12 =
J12
2 σ

z
1σ

z
2 and Hi j accordingly. Then let

us consider the term Ry
πe−i∑ j<k J jk

t1
4 σ

z
j σ

z
k (Ry

π)
† for the case of three spins. We have

Ry
πe−i∑ j<k J jk

t1
4 σ

z
j σ

z
k (Ry

π)
† = σ

y
1 σ

y
2 σ

y
3 e−iH12

t1
2 e−iH13

t1
2 e−iH23

t1
2 σ

y
1 σ

y
2 σ

y
3

= σ
y
1 σ

y
2 e−iH12

t1
2 σ

y
3 e−iH13

t1
2 σ

y
1 e−iH23

t1
2 σ

y
2 σ

y
3 .

(3.27)
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Now, using [σ y
j ,σ

z
k ] = 0 for j 6= k and (σ y

j )
2 = 1, we can insert unity between the e−iHi j

t1
2 , for

example (σ y
1)

2(σ y
2)

2 after e−iH12
t1
2 , to obtain

Ry
πe−i∑ j<k J jk

t1
4 σ

z
j σ

z
k (Ry

π)
† = (σ y

1 σ
y
2 e−iH12

t1
2 σ

y
1 σ

y
2)(σ

y
1 σ

y
3 e−iH13

t1
2 σ

y
1 σ

y
3)(σ

y
2 σ

y
3 e−iH23

t1
2 σ

y
2 σ

y
3).
(3.28)

After this little detour it should be clear that we can write the propagator U(t1) as

U(t1) = e−
i
h̄ H t1

2 Ry
πe−i∑k

ω̃k
4 t1σ

z
k (Ry

π)
†Ry

πe−i∑ j<k J jk
t1
4 σ

z
j σ

z
k (Ry

π)
†Ry

π

= e−
i
h̄ H t1

2 Πk

[
σ

y
k e−i∑k

ω̃k
4 t1σ

z
k σ

y
k

]
Π j<k

[
σ

y
j σ

y
k e−iJ jk

t1
4 σ

z
j σ

z
k σ

y
j σ

y
k

]
Ry

π .
(3.29)

Expanding the exponentials as a power series and using σ
y
j σ

z
j σ

y
j =−σ

z
j yields

U(t1) = e−i∑k
ω̃k
4 t1σ

z
k e−i∑ j<k J jk

t1
4 σ

z
j σ

z
k ei∑k

ω̃k
4 t1σ

z
k e−i∑ j<k J jk

t1
4 σ

z
j σ

z
k Ry

π

= e−i∑ j<k
J jk
2 σ

z
j σ

z
k t1Ry

π .
(3.30)

If we now realize that Ry
πρ(tp)(R

y
π)

† leaves the initial state ρ(tp) from Eq. (3.14) invariant, we
find that we can associate the effective Hamiltonian in Eq. (3.20) to the evolution period t1.

3.1.3. Homogeneous and inhomogeneous broadening

In the previous two sections we have seen on the basis of two examples from NMR how 2D
spectroscopy can witness couplings between nuclear spins and how interactions can be separated
to the orthogonal axes of the spectrum. In both examples we have only considered the unitary
evolution of the system neglecting dissipation and decoherence. In this section we will introduce
the concept of homogeneous and inhomogeneous broadening which distinguish the action of
different sorts of noise on the 2D spectra.

In Section 2.4 we discussed the interaction of a quantum system with an environment. In
particular, we considered that the bath dynamics occurred on time scales much shorter than the
time scale of the system evolution. The interaction of the system with such a fast environment
leads to dephasing and relaxation. Typically, these effects lead to an exponential decay of the co-
herences on a timescale T ∗2 and we associate the decay rate Γ = 1/T ∗2 to it. Including dephasing
the time evolution of a coherence and thus signal during a period ti becomes

s(ti)∼ e−(Γ−iωk)ti . (3.31)

The damping leads to a broadening of the peak in frequency space

S(ωi)∼
1

Γ− i(ωi−ωk)
=

Γ

Γ2 +(ωi−ωk)2 + i
ωi−ωk

Γ2 +(ωi−ωk)2 . (3.32)

It is important to note that the interaction with a “fast” environment leads to broadening of the
line along one of the frequency axes. We can understand this in the following way. The inter-
action with the fast environment causes fluctuations of the system’s evolution frequency on a
time scale faster than the typical time scale of the system’s evolution. Thus, after many repe-
titions of the experiment or an average over a sample with many spins, there is a distribution
of frequencies usually centered at the unperturbed frequency contributing to the spectrum for
the considered evolution period. Hence, fluctuations during a certain evolution period lead to
a distribution of frequencies on the associated frequency axis. This distribution is, however,
uncorrelated to the distribution on the other frequency axis due to the fast time scale of the fluc-
tuations. This broadening of the lines due to dephasing and relaxation is termed homogeneous
broadening [31].

73



3. Two-dimensional spectroscopy for the study of Coulomb crystals

ω1

ω2

a)

ω1

ω2

b)

ω1

ω2

c)

Figure 3.4.: Homogeneous and inhomogeneous broadening. Part a) shows a 2D spectrum of
two uncoupled spins with different Larmor frequencies. Part b) shows the effect of
a “fast” environment leading to dephasing and dissipation during each experimental
run. The peaks are broadened along the frequency axes. This phenomenon is called
homogeneous broadening. Part c) depicts the effect of inhomogeneous broadening.
Here, frequencies are constant during each experimental run but fluctuate from run
to run due to effective static disorder. In the considered case, this leads to broadening
of the peaks along the main diagonal of the spectrum.

On the other hand, it can also happen that the evolution frequency of a spin, or more generally
the system of interest, varies between experimental runs but can be considered constant during
one experimental run. An equivalent situation would be that the local environments of the same
sort of spin in a solid are static but vary slightly. In this case the evolution of each of the spins
will differ but be constant during the evolution periods. In both cases we have a distribution of
effective static frequencies. The signal of a period ti is then given by

s(ti)∼∑
k

e−i(ωk+∆ωk)ti (3.33)

and the frequency space signal feature peaks at locations (ω1,ω2) = (ωl +∆ωl,(ωk +∆ωk)).
The effects of this type of noise are most transparent for diagonal peaks. Here, the peaks will be
spread along the diagonal. For off-diagonal peaks more complicated structures can arise. If the
fluctuations are independent for the different spins, the effective static distribution of frequencies
will lead to a spreading of the off-diagonal peaks on a “square lattice”. This type of broadening
of the lines is called inhomogeneous broadening [31].

Thus, summarizing, the effects of the two considered types of noise are quite different. Fast
fluctuations lead to broadening of the peaks along the frequency axes. Effective static disorder,
on the other hand, leads to broadening of diagonal peaks along the diagonal. The effects of these
two types of noise are illustrated for diagonal peaks in Fig. 3.4. Obviously, 2D spectroscopy is
able to distinguish these two types of noise as can be appreciated in the figure.

3.2. The linear-to-zigzag structural transition

When talking about the motion of ions in a trap, so far we considered harmonic trap potentials
and trapping conditions such that the ions form a linear string. Then a second order approxi-
mation of the Coulomb potential, Eq. (2.28), led us to the description of the motion in terms of
uncoupled sets of normal modes. According to Eqs. (2.48) and (2.49) the normal mode frequen-
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3.2. The linear-to-zigzag structural transition
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Figure 3.5.: Part a) shows the radial x normal mode frequencies of a crystal of three 40Ca+ ions
as a function of the anisotropy ξx. The frequency of the zigzag mode goes to zero
approaching the linear-to-zigzag transition while the other frequencies remain finite.
Part b) shows the effective potential for the zigzag mode for the radial potential ωx

larger then the critical value ωcrit, see Eq. (3.35). There is only one stable minimum
leading to the depicted linear configuration of the ions. Part c) shows the effective
potential for the zigzag mode for radial potential ωx below the critical anisotropy
ξx, see Eq. (3.35). Now there are two minima which correspond to the two stable
zigzag configurations depicted below.

cies in the radial directions are given by

ωn,α =

√
1

ξα

+
1
2
− λn,z

2
ωz, α = x,y, (3.34)

where the λn,z are the eigenvalues of the Hessian of the potential in the axial direction, Eq. (2.29),
and ξα = ω2

z /ω2
α is defined in Eq. (2.30).

Let us now consider that the potential is kept stiff in one of the radial directions, say y, such
that ωy � ωx,ωz but the potential in x, which initially also satisfied ωx � ωz, is relaxed. As
a consequence the normal mode frequencies in the x-direction decrease. Note that decreasing
the anisotropy between the potentials in x and z leads to larger values of ξx for our definition of
the ξα . In Fig. 3.5 we show the normal mode frequencies ωn,x of a crystal of three 40Ca+ as a
function of ξx. We observe the expected behavior in the figure.

The zigzag mode frequency is the smallest mode frequency and, as we would expect from Eq.
(3.34), it eventually tends to zero when we decrease the anisotropy between the potentials in the
x- and z-directions. Decreasing this anisotropy even further would lead to a purely imaginary
frequency of the zigzag mode which indicates that the structure of the crystal becomes unstable
because there is no restoring force for this mode anymore. This is actually what is observed in
the experiment [109–111].

Decreasing the anisotropy between ωz and ωx below a critical value, i.e. ωx < ωcrit, the
ions leave the linear string configuration and form a planar zigzag structure. This behavior
is sketched in parts b) and c) of Fig. 3.5. The figure also shows that there are actually two
degenerate configurations of the zigzag structure. Note that decreasing the anisotropy between
the potentials below a critical value corresponds to ξx being larger than a critical value ξ crit

x .
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3. Two-dimensional spectroscopy for the study of Coulomb crystals

We further remark that a crystal can also be driven to the zigzag phase by increasing the axial
frequency ωz.

Clearly, the description of the motion in terms of uncoupled normal modes in all three spatial
directions does not apply in this planar configuration. For the configuration we have considered,
i.e. for a much stiffer confinement of the ions in one direction, the motion in the planar phase
can be described by two sets of normal modes. One in the plane where the ions form the zigzag
structure and one perpendicular to that plane [32].

The linear-to-zigzag transition has attracted a lot of attention and was investigated from differ-
ent perspectives. In [32] it was shown that the linear-to-zigzag transition is a second order phase
transition in the thermodynamic limit where the zigzag mode is the soft mode and the distance
of the ions from the z-axis is the order parameter. It was also conjectured that the transition is a
quantum phase transition [112, 115].

The critical value of the anisotropy ξ crit
x depends on the number of ions in the trap and dif-

ferent power law scalings connecting the number of ions and the critical anisotropy were pro-
posed, see [111] and references therein. In the cited publication the values of ξ crit

x were de-
termined experimentally and showed very good agreement with the values one would expect
from Eq. (3.34).

Let us try and understand the transition in a bit more detail. In the regime where each direction
of motion can be described by a set of normal modes the overall potential of the ions, consisting
of trap and Coulomb potentials, is treated in harmonic approximation. In this regime also the
potential for each of the normal mode coordinates is harmonic, see Eq. (2.42). Furthermore,
in the string configuration the potential energy due to the Coulomb interaction is much smaller
than the trap potential in the radial directions.

If we now decrease the anisotropy between one of the radial directions and the axial direc-
tion, the Coulomb interaction becomes stronger in comparison with the trapping potential in the
radial direction. Eventually, the harmonic approximation of the Coulomb potential is not valid
anymore and higher order terms becomes important. Close to the critical anisotropy where the
transition takes place the potential of the zigzag mode can be approximated in the form [32]

V (qzz) = v(2)q2
zz + v(4)q4

zz, (3.35)

where qzz is the generalized coordinate of the zigzag mode. At the transition point the coef-
ficient v(2) changes sign from positive to negative [32]. Accordingly, the potential for the soft
mode instead of a single minimum exhibits two degenerate minima which correspond to the two
degenerate configurations of the zigzag structure. The situation is depicted in parts b) and c) of
Fig. 3.5.

Since there are two degenerate configurations of the zigzag phase, driving the system over the
critical point can lead to the formation of defects which in this case are boundaries between the
two possible structures. These were indeed observed [28,29,105]. The rate of production of de-
fects in this transition was modeled using the Kibble-Zurek mechanism [27] and the predictions
were confirmed experimentally [28, 29].

Let us finally note that when we consider the linear-to-zigzag transition in this chapter, we
always assume that we approach the transition but the crystal remains in the linear structure.

3.3. Nonlinear interactions in crystals of trapped ions

Up to this point we have described the motion of ions in a trap by the Hamiltonian

H0 = ∑
n,α

h̄ωn,αa†
n,αan,α . (3.36)
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3.3. Nonlinear interactions in crystals of trapped ions

This Hamiltonian was obtained from the harmonic approximation V (2), Eq. (2.27), of the full
potential V , Eq. (2.18), experienced by the ions in the trap. It is a good description of the motion
of the ions in the string configuration unless nonlinearities are added on purpose, for example
by means of additional optical fields [33]. Now, in the previous section we have seen that close
to the linear-to-zigzag transition the harmonic approximation of the Coulomb potential does
not suffice to describe the dynamics. Here, we report the first two nonlinear corrections to the
harmonic approximation of the Hamiltonian for the case that no nonlinearities are added to the
trap potential. In this case these corrections are the third- and fourth-order expansions of the
Coulomb potential in the small displacements of the ions from their equilibrium positions.

3.3.1. Third-order expansion of the Coulomb potential

In this section we start by reporting the third-order expansion of the Coulomb potential in the
small discplacements of the ions from their equilibrium positions, which is the first correction
to the harmonic approximation. For the evaluation of these contributions we will assume that
the ions are in the linear string configuration. Then, their equilibrium positions are x0

i = y0
i = 0

while the z0
i are obtained from Eq. (2.23) together with Eq. (2.22). The third order expansion of

the Coulomb interaction of a crystal of N ions of equal mass m is given by

V (3) =
1
3!

N

∑
i, j,k=1

∑
µ,β ,γ=
{x,y,z}

∂ 3VC

∂ rkγ∂ riµ∂ r jβ

∣∣∣∣
r0

i, j,k

q jβ qiµqkγ , (3.37)

where the q jµ ,q jβ ,q jγ are the small amplitude displacement from equilibrium in Eq. (2.58).
In order to ease notation, we introduce the notation qiµ = δ µi, µ ∈ {x,y,z}. In this way the
different spatial coordinates are easier to identify. Evaluating the above expression and using the
dimensionless equilibrium positions from Eq. (2.23), we obtain after some algebra [116]

V (3) =
mω2

z

2lz
∑
i, j,k

C(3)
i jk (3δxiδx j +3δyiδy j−2δ ziδ z j)δ zk (3.38)

with the tensor C(3)
i jk

C(3)
i jk =



∑p6=k
sgn(u0

k−u0
p)

|u0
k−u0

p|4
if i = j = k

sgn(u0
k−u0

j)

|u0
k−u0

j |4
if i = j 6= k

sgn(u0
i−u0

k)

|u0
i−u0

k |4
if i 6= j = k

sgn(u0
j−u0

k)

|u0
j−u0

k |4
if i = k 6= j

0 if i 6= j 6= k.

(3.39)

Note that C(3)
i jk is symmetric under exchange of two indices and for i 6= j we have Cii j = −C j ji.

With the help of these two properties we can show that

∑
k

C(3)
i jk = 0. (3.40)

The above identity follows directly from the properties of C(3)
i jk [116]: For i 6= j we have ∑k C(3)

i jk =

C(3)
i ji +C(3)

i j j =C(3)
ii j −C(3)

ii j = 0, while for i = j we have ∑k C(3)
iik =C(3)

iii +∑k,k 6=iC
(3)
iik which is seen

to be zero using the definition of C(3)
iii . We will use the property in Eq. (3.40) in a moment.
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3. Two-dimensional spectroscopy for the study of Coulomb crystals

For a perturbation expansion the third order effects need to be small compared with the har-
monic terms. In this case the normal mode picture is still valid and we can expand the coordi-
nates in terms of the quantized normal modes as in Eq. (2.58). For clarity of notation we use
an,x ≡ an, an,y ≡ bn and an,z ≡ cn. The Hamiltonian associated with the third-order expansion of
the Coulomb potential then takes the form [116]

H(3)
full =

z0

4lz
h̄ωz ∑

n,m,p
D(3)

nmp

[
3(an +a†

n)(am +a†
m)

4
√

λn,xλm,x
+

3(bn +b†
n)(bm +b†

m)
4
√

λn,yλm,y

−2(cn + c†
n)(cm + c†

m)
4
√

λn,zλm,z

]
(cp + c†

p)
4
√

λp,z
,

(3.41)

where we have introduced the tensor D(3)
nmp

D(3)
nmp = ∑

i, j,k
C(3)

i jk BinB jmBkp. (3.42)

Here, B is the matrix diagonalizing the second order expansion of the full potential given
in Eq. (2.44) and z0 =

√
h̄/(2mωz) is the spread of the longitudinal center-of-mass ground state

wave packet of a single ion with frequency ωz. Due to the symmetry of C(3)
i jk under exchange

of indices also D(3)
nmp is symmetric under exchange of indices. Moreover, all elements of D(3)

nmp

involving the center-of-mass modes, i.e. all D(3)
nmp with at least one of the indices equal to one,

vanish. This can be seen using the property of C(3)
i jk in Eq. (3.40). From Eq. (2.46) we know that

Bi1 = 1/
√

N for all i such that we obtain

D(3)
nm1 = ∑

i, j,k
C(3)

i jk BinB jmBk1 =
1√
N ∑

i, j
BinB jm ∑

k
C(3)

i jk = 0. (3.43)

It is interesting to note that we should have expected this property of D(3)
nmp on physical grounds.

For D(3)
nm1 6= 0 quanta of excitation could be transferred from the other modes to the center-of-

mass mode changing the momentum of the crystal as a whole. However, the Coulomb repulsion
of the crystal of the ions is an internal force of the crystal and as such should conserve the
momentum of the crystal. Accordingly, D(3)

nm1 = 0 is an expression of momentum conservation.

3.3.2. Resonant interactions in the third-order Hamiltonian

In order to analyze the effects of the third-order correction Hamiltonian H(3)
full one moves to an

interaction picture with respect to the harmonic Hamiltonian in Eq. (3.36). Note that the energy
scale of the third order processes is smaller than the harmonic contributions by a factor z0/lz. For
a trapping frequency in the MHz range and typical ion masses z0/lz ≈ 10−3 and thus third-order
effects will only be observable if they are resonant. An analysis of possible resonances has been
carried out in [116]. Reporting only terms that can yield a resonance the third-order Hamiltonian
can be approximated as

H(3)
full ≈−3

z0

4lz
h̄ωz ∑

n,m,p
D(3)

nmp

[
2

a†
namcp

4
√

λn,xλm,xλp,z
ei∆−,xnmpωzt +2

b†
nbmcp

4
√

λn,yλm,yλp,z
ei∆−,ynmpωzt

+
a†

na†
mcp

4
√

λn,xλm,xλp,z
ei∆+,x

nmpωzt +
b†

nb†
mcp

4
√

λn,yλm,yλp,z
ei∆+,y

nmpωzt

]
+H.c.,

(3.44)
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3.3. Nonlinear interactions in crystals of trapped ions

where ∆
±,α
nmp =

√
λn,α ±

√
λm,α −

√
λp,z. As is apparent from the above Hamiltonian, there are

only two types of resonances that can occur: In the first type of resonance, due to the first two
terms in the brackets, one radial phonon is created while one axial and one radial phonon are
annihilated. Of course, the reverse process is also possible due to the Hermitian conjugate. In the
second type of resonance two radial phonons are created while one axial phonon is annihilated,
where again the reverse process is included by the Hermitian conjugate.

For one of the processes to be resonant the associated ∆
±,α
nmp needs to vanish. From Eqs. (2.43)

and (2.49) we know that the axial and radial frequencies are not independent but are connected
by the anisotropy ξα . A list of possible resonances reporting the involved modes and associated
values of ξα for strings of up to N = 10 ions is given in [116]. Resonances of the first type
always have to involve two different radial modes since all λn,z > 0. It is interesting to note
that these resonances do not occur in crystals involving six or less ions. Furthermore, there is a
minimal value for ξ res

α such that no resonances occur for ξα < ξ res
α . The difference between the

trapping potentials and thus in mode frequencies between the axial and radial directions is then
so large that it forbids any resonances.

Let us now consider an example of a resonant interaction in the third-order Hamiltonian
H(3)

full, Eq. (3.41). We will investigate the resulting effective Hamiltonian using 2D spectroscopy
below. We consider a crystal with N = 3 ions and assume that the degeneracy between the ra-
dial modes is lifted keeping the y modes sufficiently stiff, ξy < ξ res

y . Accordingly, there are no
resonances involving the y-modes and we focus on the radial x-direction.

For a three ion crystal there can only be what we called a resonance of the second type due
to the last two terms in the brackets in Eq. (3.44). In this type of resonance one axial phonon
is created while two radial phonons are annihilated and due to the Hermitian conjugate also the
reverse process can happen. For ξx = 20/63 there is a resonant coupling between the x-zigzag
mode and the axial stretch mode. The resonant contribution of the third-order Hamiltonian
in Eq. (3.41) is then given by

H(3)
res = h̄ΩT

[
a2

3c†
2 +(a†

3)
2c2

]
, (3.45)

where we have introduced the resonant coupling strength

ΩT = 3z0ωzD
(3)
332/(4lz 4

√
(λ3,x)2λ2,z). (3.46)

To make the association clearer we write a3 ≡ azz, c2 ≡ cstr and ω3,x ≡ ωzz,ω2,z ≡ ωstr in the
sequel. With this notation the resonant part of the Hamiltonian can be written as

H(3)
res = h̄ΩT

[
a2

zzc†
str +(a†

zz)
2cstr

]
. (3.47)

Note that this resonance implies ωstr = 2ωzz. For this Hamiltonian to be the effective Hamilto-
nian all other terms in the third-order Hamiltonian, Eq. (3.41), must be negligible as well as the
effects due to the fourth-order Hamiltonian in Eq. (3.54) below. For the considered parameters
this should be the case and we will, therefore, work with the effective Hamiltonian H(3)

res for the
remainder of this section.

It should be noted, though, that a third-order Hamiltonian can only be an approximation for a
small excitation numbers, i.e. for sufficiently small oscillation amplitudes around equilibrium,
since its energy spectrum is not bounded from below. For larger numbers of excitation the fourth-
order terms have to be taken into account. These render the energy spectrum lower-bounded and
thus restore the stability of the system.
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3. Two-dimensional spectroscopy for the study of Coulomb crystals

Table 3.1.: Eigenvalues and corresponding eigenstates of H(3)
res , Eq. (3.47), in the small occupa-

tion number manifolds of the zigzag and stretch modes.
Manifold |nzz,nstr〉 States Eigenvalues

|0,1〉, |2,0〉 1√
2
(|0,1〉± |2,0〉) ±

√
2ΩT

|1,1〉, |3,0〉 1√
2
(|1,1〉± |3,0〉) ±

√
6ΩT

|0,2〉, |2,1〉, |4,0〉 1√
2
(±1

2 |0,2〉+ |2,1〉±
√

3
2 |4,0〉) ±4ΩT

|0,2〉, |2,1〉, |4,0〉
√

3
2 |0,2〉− 1

2 |4,0〉 0

|1,2〉, |3,1〉, |5,0〉 1√
2
(±
√

3
2
√

2
|1,2〉+ |3,1〉±

√
5

2
√

2
|5,0〉) ±4

√
2ΩT

|1,2〉, |3,1〉, |5,0〉
√

5
2
√

2
|1,2〉−

√
3

2
√

2
|5,0〉 0

Let us now proceed assuming the system is correctly described by H(3)
res from Eq. (3.47). The

eigenvalues and eigenvectors of this Hamiltonian in the manifolds involving only a few excita-
tions in the two modes can be found analytically. To this end note that

[H(3)
res , n̂zz +2n̂str] = 0, (3.48)

where n̂zz and n̂str are the number operators of the zigzag and stretch mode, respectively. Re-
calling that ωstr = 2ωzz, the above equation tells us that H(3)

res only induces transitions between
states which are degenerate with respect to the harmonic Hamiltonian H0 in Eq. (3.36). The
eigenstates and eigenvalues of H(3)

res are then found inserting linear combinations of degenerate
eigenstates of H0 into H(3)

res |ψn〉= En|ψn〉. The eigenvalues and eigenvectors of H(3)
res in the man-

ifolds with only a few excitations in the two modes are reported in Tab. 3.1. Note that the states
|nzz = 0,nstr = 0〉 and |nzz = 1,nstr = 0〉 are eigenstates with eigenvalue zero.

3.3.3. Fourth-order terms in the Coulomb potential

In this section we will present the fourth-order corrections to the harmonic approximation of
the Coulomb potential. The fourth-order expansion of the Coulomb potential is given by the
expression

V (4) =
1
4! ∑

i, j,k,l
µ,β ,γ,δ

∂ 4VC

∂ rlδ ∂ rkγ∂ riµ∂ r jβ

∣∣∣∣
r0

i, j,k,l

q jβ qiµqkγqlδ . (3.49)

Using the equilibrium positions x0
i = y0

i = 0 and writing the z0
i = u0

i lz as in Eq. (2.22), where the
u0

i are determined by Eqs. (2.23), after considerable algebra we obtain

V (4) =
1
4!

3e2

4πε0

1
l5
z

∑
i, j,k,l

C(4)
i jkl [3δxiδx jδxkδxl +3δyiδy jδykδyl +8δ ziδ z jδ zkδ zl

+6δxiδx jδykδyl−24δxiδx jδ zkδ zl−24δyiδy jδ zkδ zl] ,

(3.50)
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where we used qiµ = δ µi for µ ∈ {x,y,z} as above and introduced the tensor

C(4)
i jkl =δi jδ jkδkl ∑

p6=l

1
|u0

l −u0
p|5

+δi jδ jk(1−δkl)
−1

|u0
k−u0

l |5
+δi j(1−δ jk)δl j

−1
|u0

l −u0
k |5

+(1−δi j)δ jkδkl
−1

|u0
l −u0

i |5
+(1−δi j)δikδkl

−1
|u0

j −u0
l |5

+δi j(1−δ jk)δkl
1

|u0
j −u0

l |5

+(1−δi j)δ jkδil
1

|u0
k−u0

l |5
+(1−δi j)δikδ jl

1
|u0

l −u0
k |5

.

(3.51)

From the above equation we see that also C(4)
i jkl is symmetric with respect to exchange of two

indices. With this information we may write C(4)
i jkl more compactly as

C(4)
i jkl =



∑p6=l
1

|u0
l−u0

p|5
if i = j = k = l

−1
|u0

k−u0
l |5

if i = j = k 6= l
1

|u0
j−u0

l |5
if i = j 6= k = l

0 else.

(3.52)

Analogous to the property of C(3)
i jk in Eq. (3.40) C(4)

i jkl satisfies

∑
l

C(4)
i jkl = 0. (3.53)

This can be shown in a similar manner as above: For i 6= j 6= k all elements C(4)
i jkl appearing

in the sum are zero as follows from the definition of C(4)
i jkl in Eq. (3.52); if i = j 6= k, the sum

becomes ∑l C
(4)
iikl =C(4)

iiki +C(4)
iikk = 0 because C(4)

iiki =−C(4)
iikk; finally, if i = j = k, we have ∑l C

(4)
iiil =

C(4)
iiii +∑l 6=iC

(4)
iiil which is again found to be zero by inserting the expressions for C(4)

iiii and C(4)
iiil

from the definition Eq. (3.52).
Under the assumption that the fourth-order contributions are weak in comparison with the

harmonic contributions, we expand the ions’ coordinates in terms of the normal modes as
in Eq. (2.58). Then we can write the fourth-order correction to the harmonic Hamiltonian
in Eq. (3.36) as

H(4)
full =

(
z0

4lz

)2

h̄ωz ∑
n,m,p,q

D(4)
nmpq

[
3

4
√

λn,xλm,xλp,xλq,x
(an +a†

n)(am +a†
m)(ap +a†

p)(aq +a†
q)

+
3

4
√

λn,yλm,yλp,yλq,y
(bn +b†

n)(bm +b†
m)(bp +b†

p)(bq +b†
q)

+
8

4
√

λn,zλm,zλp,zλq,z
(cn + c†

n)(cm + c†
m)(cp + c†

p)(cq + c†
q)

+
6

4
√

λn,xλm,xλp,yλq,y
(an +a†

n)(am +a†
m)(bp +b†

p)(bq +b†
q)

− 24
4
√

λn,xλm,xλp,zλq,z
(an +a†

n)(am +a†
m)(cp + c†

p)(cq + c†
q)

− 24
4
√

λn,yλm,yλp,zλq,z
(bn +b†

n)(bm +b†
m)(cp + c†

p)(cq + c†
q)

]
,

(3.54)

81



3. Two-dimensional spectroscopy for the study of Coulomb crystals

where we have introduced

D(4)
nmpq = ∑

i, j,k,l
C(4)

i jklMinM jmMkpMlq. (3.55)

Note that D(4)
nmpq is symmetric under exchange of two indices because C(4)

i jkl is. From the analysis
of the third order expansion we expect that there are no couplings to the center-of-mass modes,
i.e. D(4)

nmp1 = 0. This is actually the case and easily verified using Ml1 = 1/
√

N, l = 1, . . . ,N
and Eq. (3.53):

D(4)
nmp1 = ∑

i, j,k,l
C(4)

i jklMinM jmMkp
1√
N

=
1√
N ∑

i, j,k
MinM jmMkp ∑

l
C(4)

i jkl = 0. (3.56)

Thus, D(4)
nmpq = 0 if at least one of the indices is one. Again, this is a manifestation of momentum

conservation.

3.3.4. Resonant interactions in the fourth-order Hamiltonian

We now proceed to identify the regimes in which terms in H(4)
full, Eq. (3.54), have an appre-

ciable effect on the motional dynamics. The fourth-order contributions come with a prefactor
[z0/(4lz)]2. As we pointed out previously under typical operating condititons z0/lz ≈ 10−3 and
the fourth-order corrections are roughly a factor 10−6 smaller than the elements of the harmonic
Hamiltonian in Eq. (3.36).

It is interesting to note, though, that even these weak fourth-order corrections can have an
appreciable effect under normal trapping conditions. Terms of the form a†

nanc†
mcm and alike

that appear in H(4)
full, Eq. (3.54), will always be resonant. Let us consider for simplicity that

we have a system of only two modes. If we want to probe one mode and the other one is in
a thermal state, these Kerr-type interactions will act as effective dephasing for the first mode.
Indeed, in Ref. [113] it was found that these Kerr-type interactions were the leading contribution
to dephasing of a motional mode under normal trapping conditions. The reference studied the
coherence of the axial stretch mode of a two-ion crystal and Kerr-type interactions of the above
form, coupling the stretch mode to the radial rocking modes, were found to be the limiting
factor of the stretch mode’s coherence time. This is remarkable because the couplings only led
to shifts of the stretch mode frequency of∼ 10Hz per quantum in the rocking modes. If not taken
care of, such shifts can even limit the achievable fidelities in quantum information processing
experiments [113].

On the other hand, the nonlinear effects can also be quite strong. As we discussed above this
is, for example, the case when approaching the linear-to-zigzag transition. In the vicinity of the
transition the effective potential, at least for the zigzag mode, becomes quartic, see Eq. (3.35).
We can actually see this behavior from Eq. (3.54).

Let us consider that the trapping potential in x-direction is relaxed while the potential in y
is kept stiff. As we have seen in Fig. 3.5 for the case of three ions, approaching the critical
anisotropy the normal mode frequencies in x decrease. Consequently, the terms in H(4)

full involv-
ing the λn,x will increase as one moves towards the transition point and can assume appreciable
values. This decrease is most pronounced for the zigzag mode frequency, which tends to zero
approaching the transition point. Hence, also the eigenvalue λN,x will tend to zero approach-
ing the transition point and especially the terms involving λN,x will increase. It follows from
these considerations that approaching the linear-to-zigzag transition the dominant contributions
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3.3. Nonlinear interactions in crystals of trapped ions

in H(4)
full of Eq. (3.54) are those including the modes of the x-direction

H(4)
full ≈ H(4) =3

(
z0

4lz

)2

h̄ωz ∑
n,m,p,q

D(4)
nmpq

(an +a†
n)(am +a†

m)
4
√

λn,xλm,x[
(ap +a†

p)(aq +a†
q)

4
√

λp,xλq,x
+

2(bp +b†
p)(bq +b†

q)
4
√

λp,yλq,y
−

8(cp + c†
p)(cq + c†

q)
4
√

λp,zλq,z

]
.

(3.57)

However, also the dominant part of the full fourth-order Hamiltonian features many contribu-
tions and therefore demands further consideration to sort out the most important contributions
for the dynamics. In order to structure the analysis, we divide H(4) into three parts

H(4) = Hxx +Hxy +Hxz, (3.58)

where the first term solely involves the interactions between the x-modes and the terms Hxy and
Hxz the interactions of the x-modes with the y- and z-modes, respectively. The simplest case
where a transition to the zigzag phase can occur is for N = 3 ions and therefore we will restrict
our attention to crystals consisting of three ions. Treating more ions follows the same steps but
increases the complexity of the treatment.

We start by considering Hxx which, collecting all terms involving only interactions between
the x-modes from Eq. (3.57), reads

Hxx = 3
(

z0

4lz

)2

h̄ωz ∑
n,m,p,q

D(4)
nmpq

4
√

λn,xλm,xλp,xλq,x
(an +a†

n)(am +a†
m)(ap +a†

p)(aq +a†
q). (3.59)

The resonant terms in Hxx are again found by moving to an interaction picture with respect
to H0, Eq. (3.36). Obviously, there are many resonant cross-Kerr type couplings between two
modes. These arise when two indices are equal, e.g. for n = m and p = q. We then find
resonances of the form a†

nana†
pap and similarly for the cases n = p, m = q as well as n = q,

m = p. These terms will not acquire a time dependence in the rotating frame. As we discussed
earlier, these terms lead to effective dephasing of the motional modes for thermal occupations
of the modes. Terms which are a permutation of a†

nana†
pap will also yield contributions ∼ a†

nan

and ∼ a†
pap when rearranging them into the form a†

nana†
pap. Accordingly, these resonant terms

also cause shifts of the frequencies of the involved modes.
In case all indices are equal, we obtain resonant terms of the form (a†

n)
2a2

n and a†
nan. The

contributions proportional to the number operator arise from commutators when rearranging
other terms to the ordering (a†

n)
2a2

n. Hence, the effects of the terms with all indices equal are
twofold. We obtain a self-interaction of the modes which looks like the on-site interaction of a
Bose-Hubbard model and shifts of the mode frequencies.

To summarize, the resonant contributions in Hxx lead to cross-Kerr couplings between the
x-modes, a self-interaction of the modes and mode frequency shifts. These are the obvious
resonant contributions of Hxx. However, there is a plethora of non-resonant contributions. In
order to make sure that we do not exclude any important contribution, it needs to be checked
that these can be neglected.

In order to assess whether or not the non-resonant contributions can be neglected, we need
to consider a specific set of parameters. Later, we will be interested in measuring the strength
of the self-interaction of the zigzag mode close to the linear-to-zigzag transition because the
self-interaction is a contribution of the fourth-order term in Eq. (3.35) that appears in the neigh-
borhood of the structural transition. The emergence of this term and thus the self-interaction is
a signature of the onset of the structural transition. A set of parameters where the crystal is still
in the linear phase but the self-interaction has an appreciable value is reported in Tab. 3.2 for
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3. Two-dimensional spectroscopy for the study of Coulomb crystals

Table 3.2.: Mode frequencies and trap anisotropies of a linear crystal of three 40Ca+ ions close
to the linear-to-zigzag transition. For this set of parameters fourth-order effects of
the Coulomb potential are already appreciable.

ωx/2π ωy/2π ωz/2π ξx ξy

3.1012MHz 5MHz 2MHz 0.4159123 0.16

a three-ion crystal of 40Ca+. Note that the frequency ωx is rounded and the exact value of the
anisotropy we used was ξx = 0.4159123.

The procedure to analyze which contributions can be neglected is the following. For each
combination nmpq on the right hand side of Eq. (3.59) there are 16 operator terms Onmpq,i, i =
1, . . . ,16 consisting of different combinations of creation and annihilation operators. We denote
their coefficients and time dependencies by cnmpq,i and ωnmpq,i, respectively. Then, we check if
for all energy non-conserving terms, i.e. the terms with ωnmpq,i 6= 0, we have cnmpq,i/ωnmpq,i� 1.
If this is the case, they can be neglected in a rotating wave approximation. For the above param-
eters such an analysis shows that all energy non-conserving terms can be neglected. Denoting
the zigzag mode operator in x a3 ≡ azz the resonant part of Hxx may be written as

Hxx =
h̄Ωzz

SI
2

(a†
zz)

2a2
zz + h̄∆ωzza†

zzazz + h̄Ω
x
d,2a†

zzazza†
2a2 +

h̄Ω
x,2
SI

2
(a†

2)
2a2

2 + h̄∆ωx,2a†
2a2, (3.60)

where we have introduced the self-interactions, frequency shifts and mode couplings

Ω
zz
SI = 12×3

(
z0

4lz

)2 D(4)
3333
λzz

ωz, Ω
x,2
SI = 12×3

(
z0

4lz

)2 D(4)
2222

λ2,x
ωz, (3.61)

Ω
x
d,2 = 24×3

(
z0

4lz

)2 D(4)
2233√

λ2,xλzz
ωz, (3.62)

∆ωzz = Ω
zz
SI +

1
2

Ω
x
d,2, ∆ωx,2 = Ω

x,2
SI +

1
2

Ω
x
d,2. (3.63)

Here we introduced λ3,x ≡ λzz to distinguish the eigenvalue associated to the x zigzag mode.
Later, when we investigate the dynamics of the zigzag mode near the linear-to-zigzag transition
by 2D spectroscopy, the mode coupling Ωx

d,2 will lead to dephasing of the zigzag mode for a
thermal occupation of the rocking mode. Therefore, we call Ωx

d,2 and other Kerr-type coupling
strengths dephasing rates in the following. Note that for the parameters in Tab.3.2 Ωzz

SI/2π ≈
25.5kHz while Ω

x,2
SI /2π ≈ 10Hz. Hence, the self-interaction of the rocking mode is negligible.

More generally, all terms which do not involve the factor 1/
√

λzz are at least one order of
magnitude smaller than the terms featuring this factor. This can be seen in Tab. 3.3 where
we report the values of the normal mode frequencies and those of 1/

√
λn,α for the trapping

parameters of Tab. 3.2. Accordingly, the effects of these terms are very weak and we neglect
them for the remainder of our analysis.

Let us now turn to the remaining parts Hxy and Hxz from Eq. (3.58). Following the same steps
we took to obtain the effective Hamiltonian for Hxx, we find that Hxy can be approximated as

Hxy = a†
zzazz

(
h̄∆ω

′
zz + ∑

n=2,3
h̄Ω

y
d,nb†

nbn

)
+ ∑

n=2,3
h̄∆ωn,yb†

nbn, (3.64)
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3.3. Nonlinear interactions in crystals of trapped ions

Table 3.3.: Normal mode frequencies and magnitude of 1/
√

λn,α . The table lists the values of
ωn,α for N = 3 40Ca+ ions with the parameters in Tab. 3.2. The table also lists the
corresponding values of 1/

√
λn,α appearing in the fourth-order Hamiltonian H(4)

in (3.54). The numerical values are rounded to the second digit.

α\n ω1,α/2π ω2,α/2π ω3,α/2π 1/
√

λ1,α 1/
√

λ2,α 1/
√

λ3,α

x 3.101MHz 2.370MHz 0.132MHz 0.64 0.84 15.16
y 5MHz 4.583MHz 3.924MHz 0.40 0.44 0.51
z 2MHz 3.464MHz 4.817MHz 1.0 0.58 0.42

where the dephasing rates and frequency shifts read

Ω
y
d,2 = 4×6

(
z0

4lz

)2 D(4)
3322√

λzzλ2,y
ωz, Ω

y
d,3 = 4×6

(
z0

4lz

)2 D(4)
3333√

λzzλ3,y
ωz, (3.65)

∆ω
′
zz =

1
2
(Ωy

d,2 +Ω
y
d,3), ∆ωn,y =

Ω
y
d,n

2
, (3.66)

Similarly, for Hxz we find

Hxz = a†
zzazz

(
h̄∆ω

′′
zz + ∑

n=2,3
h̄Ω

z
d,nc†

ncn

)
+ ∑

n=2,3
h̄∆ωn,zc†

ncn, (3.67)

where the dephasing rates Ω
z
d,n are defined analogous to Eq. (3.65) multiplied by an addi-

tional factor of four and the frequency shifts ∆ω ′′zz and ∆ωn,z are defined substituting y by z
in Eq. (3.66).

We have compiled the value for the zigzag mode self-interaction, the mode frequency shifts
and dephasing rates for the parameters of Tab. 3.2 in Tables 3.4 and 3.5. The frequency shift of
the x zigzag mode reported in Table 3.4 is the sum of the shifts in Eqs. (3.59), (3.64) and (3.67).
It should be noted that the self-interaction and thus also the frequency shift of the x zigzag mode
increase fastest approaching the linear-to-zigzag transition since they scale as 1/λzz, while the
mode couplings only scale as 1/

√
λzz.

It turns out, though, that an analysis including only the fourth-order terms is incomplete.
In Ref. [113] the observed mode shifts due to Kerr-type couplings could not be reproduced
theoretically. In this reference only the fourth-order terms of the expansion of the Coulomb
potential were included in the theoretical analysis. A more complete analysis [114] showed that
the off-resonant third-order Hamiltonian causes energy shifts of the same order of magnitude as
the fourth-order terms. Hence, for a complete analysis we need to include the Hamiltonian H(3)

full
from Eq. (3.41) and compute the corrections to self-interactions, mode couplings and frequency
shifts involving x modes. The part of H(3)

full relevant for our analysis reads

H(3)
x = 3

z0

4lz
h̄ωz ∑

n,m,p

D(3)
nmp

4
√

λn,xλm,xλp,z
(an +a†

n)(am +a†
m)(cp + c†

p). (3.68)

The energy shifts induced by the off-resonant third-order terms are found in second-order per-
turbation theory [114]

∆E = ∑
{n′}6={n}

|〈{n′}|H(3)
x |{n}〉|2

En−En′
, (3.69)

where |{n}〉 is a motional Fock state with energy En and |{n′}〉 is any other motional Fock state
with energy En′ . Again we restrict our attention to terms involving the x zigzag mode. The
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3. Two-dimensional spectroscopy for the study of Coulomb crystals

Table 3.4.: Shifts in the normal mode frequencies due third- and fourth-order effects of the
Coulomb interaction for a crystal of three 40Ca+ ions with trapping parameters as
in Tab. 3.2. All quantities are given in kHz.

∆ωx,2/2π ∆ωzz/2π ∆ωy,2/2π ∆ωy,3/2π ∆ωz,2/2π ∆ωz,3/2π

Third -0.5008 -10.0850 0 0 0.5275 0.2821
Fourth 0.4791 25.2874 0.0826 0.2894 -0.4371 -0.9430

Effective -0.0217 15.2025 0.0826 0.2894 0.0905 -0.6609

Table 3.5.: Dephasing rates and self-interaction of the x zigzag mode due to third- and fourth-
order effects of the Coulomb interaction for a crystal of three 40Ca+ ions with trap-
ping parameters as in Tab. 3.2. All quantities are given in kHz.

Ωx
d,2/2π (ΩSI/2)/2π Ω

y
d,2/2π Ω

y
d,3/2π Ω

z
d,2/2π Ω

z
d,3/2π

Third -1.0487 -10.3467 0 0 1.0551 0.5171
Fourth 0.9582 12.9082 0.1652 0.5787 -0.8741 -1.8860

Effective -0.0905 2.5615 0.1652 0.5787 0.1810 -1.3690

non-zero elements of D(3)
nmp that involve the x zigzag mode are D(3)

233, D(3)
323 and D(3)

332. We note that
there are no couplings to the modes in y-direction and as we have seen previously, there are also
no couplings to the center-of-mass modes. Accordingly, the relevant quantum numbers are

nx,2,nx,3,nz,2,nz,3 ≡ nt,nzz,nstr,neg, (3.70)

where the subscripts stand for “tilt”, “zigzag”, “stretch” and “Egyptian”. This should make
clearer which modes we are referring to. The state |{n}〉 ≡ |nt,nzz,nstr,neg〉 is coupled to 14
different states by H(3)

x of Eq. (3.68). These are

|{n′}〉= |nt±1,nzz±1,nstr,neg±1〉, (3.71)

|{n′}〉= |nt,nzz±2,nstr±1,neg〉, (3.72)

|{n′}〉= |nt,nzz,nstr±1,neg〉. (3.73)

Note that for the states |{n′}〉 where more than one ± appears all possible combinations of plus
and minus signs are relevant. The numerical values for the corrections of the self-interaction,
coupling rates and frequency shifts obtained from Eq. (3.69) for the parameters in Tab. 3.2 are
given in Tables 3.4 and 3.5. When they are non-vanishing, the third-order corrections are of
opposite sign than the fourth-order contributions diminishing the effects.

The effective self-interaction, dephasing rates and frequency shifts are obtained from sum-
ming the third- and fourth-order contributions and are displayed in the last rows of Tables 3.4
and 3.5. For the considered parameters we obtain an appreciable self-interaction and frequency
shift of the x zigzag mode despite the cancellations due to the third-order contributions.

Before we close this section, let us briefly comment on the frequency shifts of the normal
modes. Comparing the normal mode frequencies for the parameters in Tab. 3.2 reported in
Tab. 3.3 with the frequency shifts due to higher-order corrections of the Coulomb potential in
Tab. 3.4, we find that the relative frequency shifts are of the order 10−4 or less for all modes
except for the x zigzag mode. Accordingly, we neglect these shifts in the following. Note that
we also neglect the self-interaction of the x tilt mode, as we commented after Eq. (3.63). For
ease of notation, we then write Ωzz

SI ≡ ΩSI in the following, since the self-interaction of the x
zigzag mode is the only self-interaction that appears in our further considerations.
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In summary, the appreciable effects of the fourth-order Hamiltonian in Eq. (3.54) for the
parameters in Tab. 3.2 are a self-interaction and frequency shift of the x zigzag mode as well
as a Kerr-type coupling to other modes. The other effects in Eqs. (3.60), (3.64) and (3.67) are
negligible. A thermal occupation of the modes coupled to the x zigzag mode causes a shift in
the zigzag mode frequency and leads to effective dephasing for a thermal occupation of these
modes. These considerations finally yield the effective fourth-order expansion Hamiltonian

H(4)
eff =

h̄ΩSI

2
(a†

zz)
2a2

zz + h̄∆ωzza†
zzazz + h̄Ω

x
d,2a†

zzazza†
2a2

+a†
zzazz ∑

n=2,3

(
h̄Ω

y
d,nb†

nbn + h̄Ω
z
d,nc†

ncn

)
.

(3.74)

Note again that ΩSI, ∆ωzz as well as the Ωα
d,n, α = x,y,z are the effective values in the last lines

of Tables 3.4 and 3.5, which are obtained by adding the third- and fourth-order effects.

3.4. Population measurement for motional modes of trapped
ion crystals

In the next section we present the 2D spectroscopy protocol that we propose for the investigation
of nonlinear dynamics in crystals of trapped ions. The observable that we propose to measure at
the end of the protocol is the mean occupation number 〈n̂〉 of a motional mode, where n̂ = a†a
and a is the destruction operator of the corresponding mode. In this section we present one
method to determine the population of a motional mode of trapped ions. We will restrict our
attention to the case of a single trapped ion. The method works in the same way for a normal
mode.

Let us consider a single trapped ion whose internal levels can be described as a two-level
system and the motion of the ion along one spatial direction. We assume that we are in the
Lamb-Dicke regime for the corresponding motional mode and that the spin and motional degrees
of freedom are in a product state initially

|ψ(0)〉= |g〉
∞

∑
n=0

cn|n〉=
∞

∑
n=0

cn|g,n〉, (3.75)

where cn is the complex amplitude of the motional number state |n〉. Let us now assume that
the system is driven by a laser tuned to the first red or blue sideband transition for a time t.
The respective Hamiltonians are given in Eqs. (2.148) and (2.149) above. Interestingly, the
dynamics of the red and blue sideband Hamiltonians can be solved analytically by means of a
Laplace transform [39, 42] and the state at time t takes the form

|ψ(t)〉= ∑
n

cn

[
cos
(

Ωn,n±1t
2

)
|g,n〉+ eiφ sin

(
Ωn,n±1t

2

)
|e,n〉

]
, (3.76)

where φ is the laser phase. Now, a measurement of the observable |e〉〈e|⊗1, where 1 is the unit
operator of the motional mode, gives us the probability to find the system in state |e〉

pb/r
e (t) = ∑

n
|cn|2 sin2

(
Ωn,n±1t

2

)
=

1
2

[
1−∑

n
pn cos(Ωn,n±1t)

]
. (3.77)

Measuring pb
e(t) for various times t, we obtain the initial populations pn = |cn|2 by Fourier

transforming pb
e(t) and can infer the mean occupation number from these.
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A procedure especially well suited for thermal states is the following. Consider the probability
to find the ion in the excited state pr

e(t) for the red-sideband excitation. For a thermal initial state
with mean occupation number n̄ the probability to find the system in the number state |n〉 is
given by pn =

n̄n

(1+n̄)1+n such that we have

pr
e(t) =

∞

∑
n=1

n̄n

(1+ n̄)1+n sin2
(

Ωn,n−1t
2

)
=

n̄
(1+ n̄)

∞

∑
n=0

n̄n

(1+ n̄)1+n sin2
(

Ωn+1,nt
2

)
=

n̄
1+ n̄

pb
e(t),

(3.78)

where we used Ωn,n+1 =Ωn+1,n in the last step. Thus we find that the ratio between the excitation
probabilities of the red and blue sideband relates to the mean occupation number n̄

R =
pr

e(t)
pb

e(t)
=

n̄
1+ n̄

. (3.79)

From the above equation we obtain the mean occupation number as

n̄ =
R

1−R
. (3.80)

Thus, the mean occupation number can be obtained from the ratio of the excitation probability
on the red- and blue-sideband transitions for a thermal state.

3.5. Two-dimensional spectroscopy with trapped ions –
protocol and theoretical analysis

In this section we present our 2D spectroscopy protocol for the investigation of anharmonic mo-
tional dynamics in crystals of trapped ions. The results presented in this section were published
in [L1]. Accordingly, our presentation of the material follows along the same lines. Let us note
that other approaches to apply 2D spectroscopy to trapped ions focusing on different aspects
have been developed around the same time [106–108]. This section is organized as follows.
We will first present the proposed 2D spectroscopy protocol for the investigation of nonlinear
dynamics with trapped ions. In this context we will also discuss the concept of coherence trans-
fer pathways that we have not introduced so far but which is of great importance for producing
intelligible 2D spectra. Then, we proceed to show that the scheme yields a vanishing signal for
purely harmonic time evolutions in the limit of weak excitation. While this section is devoted to
the study of the protocol and its properties, the next section is reserved for a numerical study of
possible implementations of the protocol.

3.5.1. 2D spectroscopy protocol for the detection of nonlinear dynamics
with trapped ions

The protocol we propose for 2D spectroscopy is of the general form of a multidimensional
spectroscopy experiment as illustrated in Fig. 3.1 a). After preparation of the initial state this
general form consists of a series of n electromagnetic pulses R̂k and subsequent free evolution
periods tk governed by a Liouvillian Lk, k = 1, . . . ,n. The time evolution is then governed
by Eq. (3.3). In the protocol we propose the pulses are small phase-controlled displacements of
a motional mode

R̂kρ ≡ D̂kρ = D(αk)ρD(αk)
†, (3.81)
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where D(αk) is the displacement operator introduced in Eq. (2.298) and αk is a complex number

αk = |αk|eiφk . (3.82)

The state at the end of the experimental protocol is then given by

ρ(t1, . . . , tn) = eLntnD̂n . . .eL1t1D̂1ρ. (3.83)

The observable to be measured at the end of the pulse sequence is the mean occupation number
n̄ = 〈n̂〉, where n̂ is the number operator of the corresponding mode. One route to measure n̄ for
trapped ions was presented in Section 3.4. The signal for our protocol is thus given by

s(t1, . . . , tn) = Tr[n̂ρ(t1, . . . , tn)]. (3.84)

We should note that each of the displacements can be expanded as a series and contains all
powers of the ladder operators acting on the state. In general, these different actions will lead
to different time dependences during the free evolutions and thus different contributions in the
spectrum. This can lead to overcrowded spectra. To alleviate this problem, we consider small
displacements. Here, small means that we can approximate the displacement operators by ex-
panding them to the first few orders in the αk. But even then there is a multitude of possible
combinations of operators acting on the state during the pulses. It is therefore of vital impor-
tance that the phase of the displacements is controlled. Using phase cycling, which we will
discuss in the next section, one can select contributions to the final signal with a certain phase
signature. In this way one can identify the operators acting during each pulse which allows us to
understand the physical origin of the spectral peaks. Let us remark in closing that the first pulse
only sets a reference for the phase of the subsequent pulses and accordingly we can set the phase
of the first pulse to zero.

3.5.2. Phase cycling and coherence transfer pathways

Phase cycling is a procedure to postselect a specific contribution to a signal in a multidimen-
sional spectroscopy experiment. In this section we will discuss phase cycling and the concept of
coherence transfer pathways which is immediately connected to phase cycling. Here we adopt
the concept of coherence transfer pathways from NMR and the presentation mostly follows the
treatment in [30].

To begin let us consider the simplest 2D experiment for the protocol with trapped ions pro-
posed in Eq. (3.83). It consists of two displacement pulses on a motional mode, each followed
by a free evolution period. Let us assume for the moment that dissipative effects and dephasing
do not play a role during the free evolution periods. The time evolution operator then reads

U0(t1, t2) =Ufree(t2)D(α2)Ufree(t1)D(α1). (3.85)

The state at the final time of the experiment is given by

ρ(t1, t2) =U0(t1, t2)ρ(0)U
†
0 (t1, t2), (3.86)

where ρ(0) is the initial state. This brings us to the concept of coherence transfer pathways.
Each of the displacement pulses in Eq. (3.86) can be expanded as a power series. For each
displacement we pick only one operator term acting on the density matrix from each side. Note
that this also includes the unit operator. Every possible combination of operators acting on
the density matrix during the pulses together with the free evolutions forms a coherence transfer
pathway. In our protocol only coherence transfer pathways that end up in a population contribute
to the measured signal.
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a) b)

Figure 3.6.: Part a) shows a coherence transfer pathway for the simplest pulse se-
quence, Eq. (3.85), yielding a two-dimensional spectrum for the proposed protocol
in Eq. (3.83). In the shown pathway during the first pulse a† acts from the left and
the unit operator from the right. During the second pulse the unit operator acts from
the left and ae−iφ2 from the right imprinting the phase −φ2 on the final population.
Theoretically, |n+ 1〉〈n+ 1| might be depleted during the evolution U(t2) in part
a) but we assume that this does not happen here. In part b) a coherence transfer
pathway for an experiment consisting of four displacements and two free evolutions
as in Eq. (3.92) below is shown. The phase φ2− φ3− φ4 is imprinted onto the fi-
nal population. For both coherence transfer pathways population is transferred to
observable population.

A simple example of a pathway for an experiment described by Eq. (3.86) is depicted in
Fig. 3.6 a). For clarity only non-trivial actions on the state are displayed.

Recall that the first displacement only sets a phase reference for the subsequent displacements
and therefore its phase can be set to zero. In the illustrated sequence, we consider an action of
a† from the left during the first displacement. The second displacement is now applied with a
well defined phase so that α2 can be written as α2 = |α2|eiφ2 . We consider the action of a, which
carries a factor e−iφ2 , from the right during the second pulse. Thus, the displayed coherence
transfer pathway yields a contribution to the final population with a phase e−iφ2 . We say a phase
−φ2 is imprinted on the final population.

Obviously, there are other pathways with different phases that also end up in a population
contributing to the signal. Thus, the observable we measure in the end 〈n̂〉 has contributions
with different phase signatures eipφ2 , where p ∈ Z. If we denote the probability to find the
system in state |n〉 in the final state of the experiment by cn, we may write the measured signal
as

s(t1, t2) = 〈n̂〉= ∑
n

cnn = ∑
n

n∑
p

cn,peipφ2 = ∑
p

eipφ2 ∑
n

cn,pn = ∑
p

sp(t1, t2)eipφ2 . (3.87)

Thus, we have separated the signal into contributions sp(t1, t2) with different phase dependences
eipφ2 . In order to make clear that the signal also depends on the value of φ2, we write the above
equation as

s(t1, t2,φ2) = ∑
p

sp(t1, t2)eipφ2 . (3.88)

Note that the measurement result must be a real number and therefore we must have s−p(t1, t2) =
s∗p(t1, t2). If we now want to obtain the contribution due to a certain coherence transfer pathway,
e.g. the one illustrated in Fig. 3.6 a), we need to extract a certain contribution with phase eiqφ2

from the signal in Eq. (3.88). For the coherence transfer pathway in Fig. 3.6 a) this would be the
q =−1 contribution. In order to be able to isolate this contribution, we apply phase cycling.
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Phase cycling works as follows. One performs Nφ2 experiments varying the phase φ2 system-
ically such that in experiment k it is given by

φ2,k = k
2π

Nφ2

, k = 0, . . . ,Nφ2−1. (3.89)

Each of the experiments yields a signal of the form in Eq. (3.88). The contribution from the
pathways with phase signature qφ2 is obtained from the data collected in the Nφ2 experiments by
a discrete Fourier transform

s(t1, t2,qφ2) =
1

Nφ2

Nφ2−1

∑
k=0

s(t1, t2,φ2,k)e−iqφ2,k

=
1

Nφ2

Nφ2−1

∑
k=0

[
∑
p

sp(t1, t2)eipφ2,k

]
e−iqφ2,k .

(3.90)

However, phase cycling does not only isolate the contribution with phase factor qφ2. It is clear
from Eq. (3.90) that also all contributions with phase (q+ rNφ2)φ2, where r ∈ Z, are extracted.
Hence, the signal we obtain after phase cycling is given by

s(t1, t2,qφ2) = sq(t1, t2)+∑
r

sq+rNφ2
(t1, t2). (3.91)

This might seem problematic at first sight. However, the unwanted but selected contributions
sq+rNφ2

are due to terms of higher orders in the αk in the expansion of the displacements. If the
moduli |αk| are taken sufficiently small, only the first few terms of the expansion of the displace-
ments are non-negligible and only the desired pathways contribute. If the |αk| for some reason
cannot be made smaller than a certain value, one can increase Nφ2 such that the contribution
of the selected but unwanted pathways to the signal is negligible. To summarize, the condition
that only the pathways with a desired phase signature contribute to the signal for a given Nφ2

defines what we mean by small displacements in our protocol. Apparently, what is considered
“small” depends on the context. Finally, phase cycling is a nice asset to isolate only a number of
contributions to the signal but it comes at the cost of increasing the number of experiments that
have to be performed by a factor Nφ2 .

Phase cycling can also be extended to sequences involving more than one phase. The pulse
sequence we propose to investigate the third- and fourth-order effects of the Coulomb potential
is not as simple as the one we considered in Eq. (3.85). It consists of four displacements and
two free evolution periods. This means that we set the free evolution time after two pulses to
zero. Again neglecting noise effects the time evolution operator under this sequence reads

U0(t1, t3) = D(α4)Ufree(t3)D(α3)D(α2)Ufree(t1)D(α1), (3.92)

where we have set t2 = t4 = 0 and

αk = |αk|eiφk , k = 2,3,4. (3.93)

A coherence transfer pathway for the sequence in Eq. (3.92) is illustrated in part b) of Fig. 3.6.
For the displayed pathway the phase φ2− φ3− φ4 is imprinted onto the final population |n+
1〉〈n+ 1|. We can isolate the part of the signal with this phase signature by performing phase
cycling for each of the three phases independently. This means we need to perform Nφi ex-
periments for each phase φi varying φi as in Eq. (3.89). Defining q = (q2,q3,q4) and φφφ k =
(φ2,k2 ,φ3,k3 ,φ4,k4), we obtain the signal with phase signature eiqφφφ through

s(t1, t3,qφφφ) =
1

Npc
∑
k2

∑
k3

∑
k4

s(t1, t3,φφφ k)e
−iq·φφφ k , (3.94)
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where Npc = Nφ2 ·Nφ3 ·Nφ4 . The signal with phase signature φ2− φ3− φ4 is obtained for q =
(1,−1,−1). Note that now the number of experiments one needs to perform is increased by a
factor Npc.

3.5.3. Proof of vanishing harmonic signal

In Eq. (3.92) we have already stated the pulse sequence we propose for the investigation of non-
linear dynamics in crystals of trapped ions. In this section we want to show that this sequence,
under the assumption that the displacements can be approximated by their first order expansion
in the αk, yields a vanishing signal for a purely harmonic time evolution during the free evolution
periods.

We start by considering the dynamics of the addressed mode only and assume a unitary time
evolution. The result we obtain for this case can be extended to cases involving more modes
and non-unitary time evolution due to the interaction with a thermal environment. According
to Eq. (3.92) the time evolution operator of the sequence is given

U0(t1, t3) = D(α4)Ufree(t3)D(α3)D(α2)Ufree(t1)D(α1). (3.95)

We assume that the displacement operators can effectively be written as

D(αk) = 1+ |αk|(eiφk a†− e−iφk a), (3.96)

where a is the annihilation operator of the addressed mode. The argument leading to the above
approximation is that terms of higher order in |αk| are either canceled by phase cycling or yield
a negligible contribution to the spectrum since the Nφi are chosen large enough and |αk| � 1.

The signal at the end of the sequence is given by

s(t1, t3) = Tr[n̂U0(t1, t3)ρ0U†
0 (t1, t3)], (3.97)

where n̂ = a†a is the number operator of the displaced mode and we used t2 = t4 = 0. ρ0 = ρ(0)
is the initial state of the mode. Using the cyclic property of the trace we may write the above
equation as

s(t1, t3) = Tr[ρ0U†
0 (t1, t3)n̂U0(t1, t3)]. (3.98)

We will now focus on the term U†
0 (t1, t3)n̂U0(t1, t3) and split the time evolution operator U0(t1, t3)

in two parts U0(t1, t3) = D(α4)U1, where U1 = Ufree(t3)D(α3)D(α2)Ufree(t1)D(α1). Let us as-
sume that we select the terms with phase e−iφ4 by phase cycling. Expanding the displacement
operator as in Eq. (3.96) and keeping only terms with phase e−iφ4 , we obtain

U†
0 (t1, t3)n̂U0(t1, t3) = |α4|e−iφ4U†

1 [a, n̂]U1 = |α4|e−iφ4U†
1 aU1. (3.99)

Next we write U1 as U1 = Ufree(t3)U2, where now U2 = D(α3)D(α2)Ufree(t1)D(α1). For a har-
monic time evolution, i.e. for a time evolution under a Hamiltonian at most quadratic in a and
a†, we have

U†
free(t3)aUfree(t3) = f (a,a†), (3.100)

where f (a,a†) is a linear function of a and a†. Inserting Eq. (3.100) into Eq. (3.99) yields

U†
0 (t1, t3)n̂U0(t1, t3) = |α4|e−iφ4U†

2 f (a,a†)U2. (3.101)

We now write U2 in Eq. (3.101) as U2 = D(α3)U3, where U3 = D(α2)Ufree(t1)D(α1), and use
the expansion in Eq. (3.96) for the displacement operator. Assuming we select the terms with
phase e−iφ3 we obtain

U†
0 (t1, t3)n̂U0(t1, t3) = |α3||α4|e−i(φ3+φ4)U†

3 [a, f (a,a†)]U3 = |α3||α4|e−i(φ3+φ4)U†
3 c1U3,

(3.102)
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where c ∈ C is a constant. Here, in the second equality we used that f (a,a†) is linear in the
creation and annihilation operators such that [a, f (a,a†)] = c1 for some c ∈ C. We then write
U3 = D(α2)U4, where U4 = Ufree(t1)D(α1). With the expansion in Eq. (3.96) for the displace-
ment operator and assuming that we select the terms with phase eiφ2 , we finally obtain

U†
0 (t1, t3)nU0(t1, t3) =−|α2||α3||α4|ei(φ2−φ3−φ4)U†

4 [a
†,c1]U4 = 0. (3.103)

Thus, under the assumption that the approximation Eq. (3.96) holds there will be no signal for
a purely harmonic time evolution for the 2D spectroscopy protocol in Eq. (3.95). Here, we
considered the coherence transfer pathways with a phase signature φ2−φ3−φ4. The calculation
follows the same steps for coherence transfer pathways with different phase signatures. The key
point is the fact that a harmonic time evolution maps creation and annihilation operators to linear
combinations of creation and annihilation operators, which we used in Eq. (3.100).

The calculation above can be generalized to a system consisting of several modes evolving
under a quadratic Hamiltonian. Then, in general the creation and destruction operators will
be mapped to a linear superposition of creation and annihilation operators of all modes. The
function f (a,a†) then becomes a function f ({ai,a

†
i }). Since the ladder operators of different

modes commute the steps from Eq. (3.101) to Eq. (3.103) remain the same and we recover the
result.

This reasoning can also be extended to the case where the system is in contact with some
environment leading to a possibly non-unitary but linear time evolution. In this case one starts
from the evolution of the full system including the environment whose time evolution is unitary
and the same argument as above can be applied.

3.6. Two-dimensional spectroscopy with trapped ions –
simulations of experimental implementations

After we have introduced the protocol for 2D spectroscopy with trapped ions and discussed
some of its properties, we now proceed to show how it can be applied in practice. To this end
we simulate two experiments for parameters which are realistic for a state-of-the-art trapped-
ion experiment. The resulting spectra reveal nonlinear dynamics due to resonant terms in the
third- and fourth-order expansion of the Coulomb potential, respectively. More generally, the
simulated experiments show that 2D spectroscopy can be applied to trapped ions complementing
standard spectroscopic methods in the trapped-ion toolbox. The first of the two experiments
investigates the self-interaction of the zigzag mode of a crystal approaching the linear-to-zigzag
transition, while the second simulated experiment witnesses resonant energy transfer between
the normal modes. We include different sources of noise in the simulations showing that 2D
spectroscopy provides us with information about the nature of the noise and that it can reveal the
relevant information despite the noise. Finally, we show that the protocol is robust with respect
to another source of experimental noise, which is laser phase fluctuations. Thereafter, we close
this chapter with a discussion of future directions for 2D spectroscopy with trapped ions.

3.6.1. Signatures of the onset of a structural transition from 2D
spectroscopy

The linear-to-zigzag structural transition is a paradigmatic example where nonlinear effects play
a role in the dynamics of trapped ions. In particular, we have seen in Eq. (3.35) that close to the
transition point the potential of the zigzag mode is approximately given by a fourth-order poten-
tial. A fourth-order expansion of the Coulomb potential in the small displacements of the ions
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from equilibrium (see Section 3.3.3) confirmed that for a crystal in the linear phase an apprecia-
ble fourth-order contribution to the potential of the zigzag mode emerges when approaching the
linear-to-zigzag transition. Neglecting energy non-conserving terms this fourth-order contribu-
tion yields a self-interaction of the zigzag mode and a shift of the mode frequency. In this section
we will illustrate how 2D spectroscopy can be used to observe and quantify this self-interaction
which arises close to the structural transition.

The smallest crystal that features a linear-to-zigzag transition is a three-ion crystal. In Sec-
tion 3.3.3 we considered a three-ion crystal of 40Ca+ ions in the linear phase approaching the
linear-to-zigzag transition. We saw that in addition to the fourth-order effects also off-resonant
contributions from the third-order expansion of the Coulomb potential can have appreciable
effects. For the considered parameter regime the third-order effects actually diminished the
fourth-order effects.

In particular, in Section 3.3.3 we assumed that the radial potential in one direction, x, is relaxed
while the other potentials are kept constant. For the trapping potentials reported in Tab. 3.2 we
found the effective Hamiltonian H(4)

eff in Eq. (3.74) which we now write as

H(4)
eff = HSI +Hd. (3.104)

Here, the Hamiltonian HSI accounts for the self-interaction and frequency shift of the zigzag
mode

HSI =
h̄ΩSI

2
(a†

zz)
2a2

zz + h̄∆ωzza†
zzazz (3.105)

and Hd describes the couplings to other modes

Hd = a†
zzazz

[
h̄Ω

x
d,2a†

2a2 + ∑
n=2,3

(
h̄Ω

y
d,nb†

nbn + h̄Ω
z
d,nc†

ncn

)]
(3.106)

that causes dephasing of the zigzag mode for thermal populations of the other modes. Note that
we refer to the x zigzag mode when we write “zigzag mode” here and in the following. If we
refer to the y zigzag mode, we will state it explicitly. Let us recall for completeness that azz and
a†

zz are the ladder operators for the zigzag mode while bn,b†
n and cn,c†

n are those for the y- and
z-modes, respectively.

In order to determine the self-interaction of the zigzag mode we consider the 2D spectroscopy
protocol of Eq. (3.92)

U0(t1, t3) = D(α4)Ufree(t3)D(α3)D(α2)Ufree(t1)D(α1). (3.107)

It consists of four small displacements on the zigzag mode and two free evolution periods. The
displacements of the zigzag mode could be implemented, for example, by applying suitable
fields to the trap electrodes or by optical dipole forces which can also be produced on optical
transitions [117]. For the parameters of Tab. 3.2 the free evolution periods are governed by the
Hamiltonian H(4)

eff in Eq. (3.104). At the end of the sequence the zigzag mode’s population is
measured. The signal for an initial state ρ0 is thus given by

s(t1, t3) = Tr[n̂zzU0(t1, t3)ρ0U†
0 (t1, t3)], (3.108)

where n̂zz is the number operator of the zigzag mode.
For the simulation of an experiment we assume |αk|= 0.25 for all displacements and consider

the signal due to coherence transfer pathways with the phase signature φ2−φ3−φ4. We estimate
that the signal due to these pathways is filtered out by cycling each phase Nφk = 4 times.
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a) b)

Figure 3.7.: Examples of coherence transfer pathways carrying the phase signature φ2−φ3−φ4
for the pulse sequence in Eq. (3.107), which allow us to infer the self-interaction
strength ΩSI of the zigzag mode close to the linear-to-zigzag transition. For clarity
we set azz ≡ a, |n〉zz ≡ |n〉 in the figure. For the path in part a) the coherences os-
cillate with frequency −(ωzz +nΩSI) during both free evolution periods giving rise
to diagonal peaks in the spectrum. For the path in part b) the oscillation frequency
during t3 is shifted by −ΩSI with respect to t1. Accordingly, the peaks due to this
pathway are shifted by −ΩSI along the ω3-axis leading to off-diagonal peaks below
the main diagonal. The distance between diagonal peaks along both frequency axes
as well as the shift along the ω3-axis would allow us to determine ΩSI. Note that
in the last displacement the action of the operator can always act from either side
because both actions lead to a population.

We show two coherence transfer pathways with the phase signature φ2−φ3−φ4 in Fig. 3.7.
The pathway in part a) of the figure shows a coherence transfer pathway which has the same
time dependence −(ωzz + nΩSI) during both free evolution periods t1 and t3. It will thus lead
to peaks on the diagonal of the spectrum separated by ΩSI along each of the frequency axes.
From the separation of these diagonal peaks one could thus infer ΩSI. For the pathway in part b)
of the figure the oscillation frequency during the second evolution period t3 is shifted by −ΩSI
with respect to the oscillation frequency during t1. Thus, we expect off-diagonal peaks. The
shift of these peaks along the ω3-axis with respect to the diagonal of the spectrum also allows
us to determine ΩSI. Note that there is only a contribution of the self-interaction HSI of the
fourth-order Hamiltonian to the time evolution of the coherence transfer pathway in Fig. 3.7 a)
for n≥ 1.

In order to confirm these considerations, we simulated an experiment for a crystal of three
40Ca+ ions with the trapping potentials in Tab. 3.2. For these potentials the free evolution
periods of the pulse sequence in Eq. (3.107) are governed by the effective Hamiltonian H(4)

eff
in Eq. (3.104). The parameters relevant for the simulation are listed in Tab. 3.6 below. The
chosen parameters should be sufficiently far from the linear-to-zigzag transition that the per-
turbative expansion of the Coulomb potential is valid and that the crystal remains in the linear
configuration during the experiment. Note that we have not taken into account micromotion
in our analysis which might alter the values of the parameters in Tab. 3.6 slightly [118]. This,
however, does not affect the general concept we present.

The effective Hamiltonian in Eq. (3.104) incorporates coupling of the zigzag mode to five
other modes by the Kerr-type interactions in Hd. The effective dephasing rates for the considered
parameters are summarized in Tab. 3.5 above. The dephasing rates due to the Egyptian and
y zigzag modes are much stronger than those due to the stretch and the x and y tilt modes.
Therefore, we include only the former two in our simulations. We assume that the modes are
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Table 3.6.: Simulation parameters for the 2D spectrum in Fig. 3.8 probing nonlinear dynamics
of the zigzag mode near the linear-to-zigzag transition. The trap potentials are given
in Tab. 3.2.

ωzz/2π tmax
1/3 ∆t1/3 ∆ωzz/2π ΩSI/2π Ω

y
d,3/2π Ω

z
d,3/2π |αk| Nφk

131.95kHz 2000 µs 25.3 µs 15.20kHz 5.12kHz 0.58kHz -1.37kHz 0.25 4

initialized close to their motional ground states by laser cooling. For the chosen parameters we
obtain a zigzag mode frequency ωzz/2π ≈ 132kHz. Cooling should still be possible for this
frequency. Alternatively, one might cool the mode for a stiffer potential in x and then relax the
potential adiabatically. We assume an initial product state with each of the modes in a thermal
state as given in Eq. (2.367) with mean occupation numbers n̄zz = 1 and n̄y,zz = n̄eg = 4. This
guarantees an appreciable population of levels with n ≥ 1 for the zigzag mode. The motional
Hilbert spaces are truncated including nine energy levels for the zigzag mode and 15 for the
other two. This corresponds to including 99% and 97% of the respective populations. Finally,
we consider maximal evolution times tmax

1 = tmax
3 = 2ms and a time step ∆t1/3 = 25.3 µs. We

estimate dephasing due to the thermal occupation of the y zigzag and Egyptian modes to be
the dominant source of noise and therefore neglect heating of the motional modes during the
experiments. All parameters relevant for the simulation are summarized in Tab. 3.6.

The spectrum resulting from the simulated experiment is presented in Fig. 3.8. We can observe
two dominant lines: one along the principal diagonal and one shifted below it. For the diagonal
peaks the coherences oscillate with the same frequency during t1 and t3. The pathways illustrated
in Fig. 3.7 a) are an example of a family of pathways that leads to such diagonal peaks. The
coupling of the zigzag mode to the other modes through Hd in Eq. (3.106) leads to effective
static disorder that produces shifts of the zigzag mode frequency. These shifts can be taken
to be constant during a single experimental run but fluctuate from one experimental run to the
other. This inhomogeneous broadening leads to the ridge of peaks along the diagonal. We
have seen this effect already in Fig. 3.4 above. Obviously, the same effect leads to the ridges
along the off-diagonals. The pronounced line below the diagonal is shifted by an amount −ΩSI
along the ω3-axis with respect to the principal diagonal. The coherence transfer pathways given
in Fig. 3.7 b) are an example for pathways that lead to these off-diagonal peaks. Here, the
oscillation frequency of the coherences is shifted by −ΩSI during the second free evolution
period t3. Hence, the shift of this line with respect to the main diagonal gives direct access to the
self-interaction strength ΩSI.

The spectrum in Fig. 3.8 illustrates some advantages of 2D spectroscopy. By projecting the
spectrum along one of the two frequency axes we obtain the information a 1D spectroscopy
experiment with only one free evolution period would have yielded. These projections are shown
along the ω1 and ω3 axes. Note that we took the full complex signal to calculate the projections
and only computed the absolute value in the end. Obviously, we would not have obtained ΩSI
from these. The two-dimensional spectrum, however, allows us to access the value of ΩSI despite
the strong dephasing due to the other modes illustrating a clear benefit of 2D spectroscopy.

Let us remark again that the coherence transfer pathways in Fig. 3.7 without dephasing would
produce a series of separated peaks. As we mentioned earlier, the blurring of the maxima along
the diagonal is caused by dephasing due to thermal occupation of the other modes. This de-
phasing could be much reduced by assuming all other modes are ground-state cooled. The
desired information would then be available along the diagonal maybe even in a 1D experiment.

1The displayed figure was published in [L1]. Copyright (2015) by the American Physical Society.
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Figure 3.8.: Central plot: 2D spectrum |S(ω1,ω3)| = |F (s(t1, t3))| obtained for the four-pulse
sequence of Eq. (3.107) probing the nonlinear dynamics of a linear crystal of three
40Ca+ ions in the neighborhood of the linear-zigzag transition. The Hamiltonian
governing the free evolution periods is given in Eq. (3.104) and includes up to
fourth-order terms in the Coulomb potential. The simulation parameters are sum-
marized in Tab. 3.6. The peaks along the diagonal and the pronounced line below
are due to coherence transfer pathways of the type displayed in Fig. 3.7 a) and b),
respectively. The peaks are blurred in diagonal direction due to static dephasing
caused by thermal populations of the spectator modes. The line below the main
diagonal is shifted by −ΩSI along the ω3-axis and thus allows us to extract the self-
interaction strength from the spectrum. Note that the origin of the spectrum was
adjusted such that the diagonal lines are centered in the image. Small plots along
ω1/3: These are the spectra obtained by integrating the full spectrum along the other
frequency direction. They would be obtained by a 1D experiment with only one free
evolution period |S(ω1/3)|= |S(ω1/3, t3/1 = 0)|.1

We considered a thermal occupation for the other modes for two reasons: The first is that the
inhomogeneous broadening in the diagonal direction provides us with information about the
mechanism of the noise. In the present case it shows that we are dealing with fluctuations in
the mode frequency from one experimental run to the other in contrast to fluctuations during
each experimental run. Second, all modes except for the center-of-mass modes contribute to
the dephasing where, of course, some contributions are relatively small. Here we have seen,
however, that already two modes can have quite an impact. Hence, in order to obtain sharp and
well-separated resonances without dephasing in the spectrum, one would need to ground-state
cool all of the modes. This is experimentally very demanding and also very time consuming for
large crystals of trapped ions.

A little extra thought also allows us to find coherence transfer pathways that lead to the weaker
lines in the 2D spectrum in Fig. 3.8. The second line below the diagonal is shifted by −2ΩSI
along the ω3-axis with respect to the main diagonal. Part a) of Fig. 3.9 shows a family of
pathways leading to peaks on this second line below the main diagonal. Note that the action of
the operators during the second displacement is of order |α|3 which leads to a weaker signal but
shows that these contributions are not completely negligible for our choices of |αk| and Nφk . The
line above the main diagonal is shifted by +ΩSI along the ω3-axis. An example for pathways
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a) b)

Figure 3.9.: Coherence transfer pathways with phase signature φ2−φ3−φ4 leading to the weaker
lines in Fig. 3.8. For clarity we set azz ≡ a, |n〉zz ≡ |n〉 here. For both parts of the
figure the time dependence during t1 is −(ωzz + nΩSI). For the coherence transfer
pathways in part a) the time dependence during t3 is −(ωzz +(n− 2)ΩSI) and the
peaks are shifted by −2ΩSI along the ω3-axis with respect to the main diagonal.
Accordingly, these coherence transfer pathways lead to the second diagonal line
below the main diagonal. The pathways in part b) lead to the diagonal line above
the main diagonal. The oscillation frequency during t3 is shifted by +ΩSI with
respect to t1 leading to peaks shifted by +ΩSI along the ω3-axis. Note that for the
pathways in part b) we need n≥ 1.

leading to peaks along the line above the diagonal is given in Fig. 3.9 b).
The results we presented here are dependent on the capability to control the laser phase such

that all pulses can be applied with a well-defined phase with respect to the previous pulses. In our
simulations we assumed that the phases can be controlled arbitrarily well. In practice this is not
the case. The laser phase will inevitably fluctuate in time. We address this issue in Section 3.6.3
below. For the moment we only state that based on our model for laser phase fluctuations we
find that the loss in contrast is as little as 1% for the signal of the coherence transfer pathways
we considered in Fig. 3.7. Consequently, also the spectrum in Fig. 3.8 will be largely unaffected
by this type of noise.

3.6.2. Resonant energy transfer between normal modes due to third-order
effects of the Coulomb potential investigated by 2D spectroscopy

In this section we will study nonlinear dynamics due to resonant third-order terms of the Coulomb
potential by 2D spectroscopy. The effects can be observed using the same experimental setup
and protocol as in the previous section. We again consider a linear crystal of three 40Ca+ ions
where the degeneracy between the radial modes is lifted. We assume that the potential in y is suf-
ficiently stiff that no resonances involving the radial y modes occur. On the other hand we assume
that the anisotropy between the trapping potentials in x and z is tuned to ξx = (ωz/ωx)

2 = 20/63.
For this anisotropy there is a resonant coupling between the x zigzag mode and the axial stretch
mode. This resonant coupling is described by the effective third-order Hamiltonian of Eq. (3.47)

H(3)
res = h̄ΩT

[
a2

zzc†
str +(a†

zz)
2cstr

]
(3.109)

where ΩT = 3z0ωzD
(3)
332/(4lz 4

√
λ 2

zzλ2,z). Note again that we write azz and cstr for the destruction
operators of the x zigzag and stretch modes. As in the previous section we refer to the x zigzag
mode simply as “zigzag mode”. If we refer to the y zigzag mode, we will state it explicitly. For
the regime we consider, all other terms in the third-order Hamiltonian, Eq. (3.41), are negligible

98



3.6. Two-dimensional spectroscopy with trapped ions – simulations of experimental implementations

Table 3.7.: Simulation parameters for the 2D spectrum probing third-order effects of the
Coulomb potential displayed in Fig. 3.10.

ωz/2π ωx/2π ωy/2π ΩT/2π tmax
1/3 ∆t1/3 |αk| Nφk

2MHz 3.55MHz 5MHz 5.9kHz 2000 µs 10.6 µs 0.25 4

as well as the effects due to the fourth-order Hamiltonian, Eq. (3.54). We also note again that a
third-order Hamiltonian can only be an approximation for small excitation numbers. In general,
fourth-order terms have to be taken into account to guarantee stability.

In order to investigate the interaction in Eq. (3.109) with 2D spectroscopy, we rely on the
pulse sequence in Eq. (3.107) we used to investigate the self-interaction of the zigzag mode in
the previous section

U0(t1, t3) = D(α4)Ufree(t3)D(α3)D(α2)Ufree(t1)D(α1). (3.110)

Also in the present case we assume that the displacements are applied to the zigzag mode and
a measurement of the zigzag modes population completes the measurement cycle. The signal
at the end of the sequence is therefore given by Eq. (3.97) with n̂ = n̂zz. Again we choose
|αk| = 0.25 and analyze the contribution to the signal due to pathways with phase signature
φ2 − φ3 − φ4, where each of the phases is cycled Nφk = 4 times. Furthermore, we consider
ωz/2π = 2MHz which leads to ωx/2π = 3.55MHz and ΩT/2π = 5.9kHz for the considered
anisotropy. The maximal times of the free evolution remain tmax

1/3 = 2ms but with a reduced time
step ∆t1/3 = 10.6 µs for the interrogation. The parameters are summarized in Table 3.7.

For the simulation we assume an initial product state for the two modes with each of the
modes in a thermal state, Eq. (2.367), with mean occupation numbers n̄zz = 0.7 and n̄str = 0.2,
respectively. We neglect dephasing due to coupling to other modes in this simulation but now
include heating of the ions in the trap as a source of decoherence. The main reason to neglect
dephasing in this simulations is to illustrate the effect of heating on 2D spectra. On the other
hand, the dephasing rates in the resonant terms of fourth-order Hamiltonian are small for the
considered parameters and by assuming all modes are initialized close to their ground states we
can safely neglect this type of dephasing.

The dynamics of an oscillator coupled to a thermal reservoir is described by the master equa-
tion (2.366) above [69]. Thus, the time evolution of the system during the free evolution periods
is given by

ρ̇ =− i
h̄
[H(3)

res ,ρ]+ ∑
n=str,zz

(
2κn(n̄eq,n +1)[anρa†

n−
1
2
{a†

nan,ρ}]+2κnn̄eq,n[a†
nρan−

1
2
{ana†

n,ρ}]
)
.

(3.111)
In order to solve the dynamics, we need to set the heating rates 2κn and equilibrium mean
occupation numbers n̄eq,n of the modes. We assume that the modes are coupled to a room
temperature reservoir with Tr = 300K. The equilibrium mean occupation numbers are then given
by [69]

n̄eq,n =
1

e
h̄ωn
kBTr −1

. (3.112)

Now, it remains to determine the rates 2κn. If a single mode is subject to a dissipator of the form
on the right hand side of Eq. (3.111), the mean occupation number obeys [69]

n̄n(t) = n̄0,ne−2κnt + n̄eq,n(1− e−2κnt), (3.113)
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a) b)

a)

c)
b) d)

e)

f)

Figure 3.10.: a) 2D spectrum due to the pulse sequence in Eq. (3.110) probing third-order effects
of the Coulomb potential. During the free evolution periods the evolution is gov-
erned by Eq. (3.111) including resonant third-order terms in the Coulomb potential
and heating of the modes. The simulation parameters are reported in Tab. 3.7 and
the text. A strong peak at ω1 = ω3 = −ωzz was removed from the spectrum to
enhance the contrast. The off-diagonal peaks witness resonant energy transfer be-
tween the zigzag and stretch modes and eigenvalues of H(3)

res for states with small
occupation numbers of the modes can be identified in the spectrum. Homogeneous
broadening of the peaks, i.e. broadening of the peaks along the vertical and hori-
zontal frequency axes, due to the heating of the modes is clearly visible. b) Same
as a) with the peaks in the upper right quadrant labeled. The frequency coordi-
nates of the labeled peaks can be identified, see Eq. (3.116) below. The frequency
coordinates of the remaining peaks can be inferred from these values.2

where n̄0,n is the initial occupation number of the mode. Starting from the ground state or close to
it, the heating observed in ion traps usually shows a linear increase in the mean phonon number
˙̄nn(t) = ˙̄nn = const [45]. Linearizing Eq. (3.113) in the limit 2κnt� 1 we find

2κn =
˙̄nn

n̄eq,n− n̄0,n
. (3.114)

Thus, specifying experimentally plausible rates ˙̄nzz and ˙̄nstr all parameters for the model are
fixed.

We set ˙̄nzz = 0.2s−1 and ˙̄nstr = 0.1s−1, which seems to be a rather conservative estimate for
macroscopic Paul traps [95, 119], and truncate the motional Hilbert spaces at nzz,max = 9 and
nstr,max = 6 in our simulations, which leaves out a fraction of 10−4 of the initial populations.

The spectrum resulting for the pulse sequence Eq. (3.110), where the free evolution periods
are described by Eq. (3.111), for the parameters in Table 3.7 is shown in Fig. 3.10 a).

A very bright peak at (−ωzz,−ωzz) has been subtracted from the spectrum to increase the
contrast of the figure. Above and below the central peak there are two bright peaks. These origi-
nate from coherence transfer pathways starting in the ground state and are the most pronounced
since the modes are initialized close to the ground state. We will identify the peaks appearing in

2The displayed figures were published in [L1]. Copyright (2015) by the American Physical Society.
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a) b)

Figure 3.11.: Coherence transfer pathways leading to a signal in the spectrum in Fig. 3.10. States
are in the form |nzz,nstr〉. The figure shows coherence transfer pathways that start in
the motional ground state. The pathway in part a) leads to the central peak labeled
a) in Fig. 3.10 b) with frequency coordinates (−ωzz,−ωzz). The pathway in part
b) leads to the two bright peaks above and below the central peak with coordinates
(−ωzz,−ωzz±

√
2ΩT). The peak involving +

√
2ΩT is labeled b) in Fig. 3.10 b).

the spectrum below. Before we get to this, we should pay attention to a different aspect of the
spectrum. The peaks show homogeneous broadening, i.e. broadening along the two frequency
axes, due to the heating. This broadening is due to fluctuations during each experimental run.
As we have seen in Fig. 3.8, effective static dephasing due to couplings to other modes where
the mode frequency is stable over one experimental run but differs from run to run leads to inho-
mogeneous broadening along the diagonal. Let us therefore note again that the form of the 2D
spectrum provides us with information about the nature of the noise in the system.

Let us now proceed to identify the peaks in the spectrum. In Fig. 3.10 b) we show the spectrum
of part a) with the peaks in the upper right quadrant marked from a)-f). Note that the remaining
peaks in the spectrum can be related by reflections with respect to the origin. Hence, identifying
the peaks a)-f) suffices to infer the coordinates of the remaining peaks.

We start by considering peaks a) and b), which are the most pronounced. Since both modes
are initialized close to the ground state, we start by considering coherence transfer pathway
starting in the ground state. It is then easy to see that the coherence transfer pathways displayed
in Fig. 3.11 lead to the peaks at a) and b) as well as b)’s counterpart below the center of the
spectrum. Both pathways have a time dependence −ωzz during the first free evolution period
t1. Pathway a) also has a time dependence −ωzz during the second free evolution period, while
pathway b) has time dependences −ωzz±

√
2ΩT during t3. The two different time dependences

during the second free evolution period of pathway b) can be understood considering Table 3.1.
The state |nzz = 2,nstr = 0〉 can be expanded in terms of the eigenstates of H(3)

res with eigenvalues
±
√

2ΩT

|nzz = 2,nstr = 0〉= 1√
2
(|ψ+

√
2ΩT
〉− |ψ−√2ΩT

〉), (3.115)

where |ψ±√2ΩT
〉 = 1√

2
(|0,1〉± |2,0〉). The states |nzz = 2,nstr = 0〉 and |nzz = 0,nstr = 1〉 are

the states with the smallest occupation number where transfer of excitations between the modes
happens. Thus, the peak b) and its counterpart directly witness transfer of excitations between
the modes.

Peaks a) and b) were identified by considering the possible coherence transfer pathways that
start in the motional ground state and end in a population. Thus, in order to identify the remain-
ing peaks one has to consider initial motional states which contain excitations. Together with
Tab. 3.1 one is then able to work out the pathways with the corresponding time dependences and
can identify the physical origin of the peaks appearing in the spectrum. Below we list the peaks

101



3. Two-dimensional spectroscopy for the study of Coulomb crystals

a)-f) with their corresponding frequency coordinates

a) :(−ωzz,−ωzz),

b) :(−ωzz,−ωzz +
√

2ΩT),

c) :(−ωzz +(
√

6−
√

2)ΩT,−ωzz +(
√

6−
√

2)ΩT),

d) :(−ωzz +
√

2ΩT,−ωzz +
√

2ΩT),

e) :(−ωzz +(
√

6−
√

2)ΩT,ωzz +(4−
√

6)ΩT),

f) :(−ωzz +(
√

6+
√

2)ΩT,−ωzz +(
√

6+
√

2)ΩT).

(3.116)

Accordingly, one can infer a few of the eigenvalues of H(3)
res summarized in Tab. 3.1 from the

spectrum.

3.6.3. Impact of laser phase fluctuations on phase cycling

The usefulness of the 2D spectra we presented in the previous sections depended critically on our
ability to perform phase cycling. Phase cycling prevented the spectra from being overcrowded
and thus incomprehensible. It also allowed us to identify the physical origin of the peaks appear-
ing in the spectra by associating them to certain coherence transfer pathways. Phase cycling, in
turn, depends on our ability to apply pulses with well-controlled phases. Actually, in the two pre-
vious sections we assumed that the phases of the laser-induced displacements can be controlled
with arbitrary precision. This is not true in practice since a laser will exhibit phase fluctuations
in the course of time. In this section we will analyze how harmful laser phase fluctuations are
for the proposed protocol of 2D spectroscopy and calculate the loss in contrast we expect for the
experiments we simulated.

We start our considerations with the simplest protocol for 2D spectroscopy consisting of a
sequence of only two pulses. In this experiment the only relevant phase is the phase φ2 of the
second laser pulse. According to Eq. (3.88) the recorded signal at the end of the sequence can
be written as

s(t1, t2,φ2) = ∑
p

sp(t1, t2)eipφ2 . (3.117)

In practice the signal is the mean of a series of measurements. In every experiment the phase
φ2 fluctuates and at the time the second pulse is applied, it shows some small deviation from the
desired value. In other words, the phase φ2 becomes a random variable and Eq. (3.117) becomes

s(t1, t2,φ2) = ∑
p
〈sp(t1, t2)eipφ2〉st (3.118)

where 〈. . .〉st denotes the stochastic average.
We now want to determine the effect of the laser phase fluctuations on the signal. To this end

we need to specify a model for the laser phase fluctuations. We start by noting that the sp(t1, t2)
are independent of φ2. They are only determined by the initial populations, the moduli |αk| of
the displacements and the action of the annihilation and creation operators. We further assume
that the phase fluctuation are small on the experimental time scale and that accordingly we can
write the phase of the jth experimental run as φ2, j = φ2 +∆φ2, j, where |∆φ2, j| � 1. For the
number of phase cycles we considered above the phases are of order 1 except for the first phase
which is zero. Hence, |∆φ2, j| � 1 can be considered small. This choice is motivated by the
results of [120] where laser phase drifts were analyzed. There, a drift of 2π in the laser phase
was observed on a timescale τd ≈ 10s, while the time scale for the experiments we consider here
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is of the order τexp ≈ 5ms. Following these considerations we can write Eq. (3.118) as

s(t1, t2,φ2) = ∑
p

eipφ2sp(t1, t2)〈eip∆φ2〉st, (3.119)

where ∆φ2 is the random variable describing the fluctuations in the phase around the desired
value φ2. We assume that ∆φ2 can be modeled as a Wiener process [121]. A Wiener process
X(t) is a Gaussian stochastic process that obeys the stochastic differential equation

dX(t)
dt

=
√

cN(t), (3.120)

where c > 0 is called the diffusion constant and N(t) is the Gaussian white noise process. A
stochastic process is a random variable whose distribution parametrically depends on the time t.
The Wiener process is a Gaussian random variable and therefore at every time t it represents a
Gaussian random variable X(t) characterized by its first and second moments [121]

〈X(t)〉= X(t0), Var[X(t)] = c(t− t0) (t ≥ t0). (3.121)

Note that in the following we will assume t0 = 0. The covariance of the Wiener process for times
s, t is given by [69]

Cov[X(s),X(t)] = c ·min(s, t). (3.122)

In order to model the phase fluctuations as a Wiener process, we need to set the initial value and
find an appropriate value for the diffusion constant. We set the initial value X(0) = 0 such that
also the mean of the Wiener process is zero. For the diffusion constant we use the result of [120]
that the laser phase drifts by 2π over an interval of ∼ 10s. We set the drift of 2π as the standard
deviation σ of the process at t = 10s. The diffusion constant is then given by solving σ =

√
ct

for c. With σ = 2π and t = 10s we find

c = (4π
2/10)s−1. (3.123)

The value of ∆φ2 is then given by the value of the stochastic process at the time the displacement
pulse is applied. Here we have ∆φ2 = X(t1) because the pulse with phase φ2 is applied directly
after the free evolution for t1.

If we now want to evaluate Eq. (3.119) with ∆φ2 being a Wiener process X(t), we have to take
into account that the expansion of the exponential for order k ≥ 1 involves the kth moment of
X(t1). Since X(t1) is a Gaussian random variable with zero mean, all odd moments vanish. The
even moments can be written in terms of the variance in Eq. (3.121)

Var[X(t)] = ct. (3.124)

In particular, using the well-known result that for a standard normal distributed ∆φ2 we have
〈∆φ 2n

2 〉st = (2n−1)!!Var[∆φ2]
n, where !! is the double factorial, we obtain

〈eip∆φ2〉st = e−
1
2 p2Var[X(t)]. (3.125)

Using this result Eq. (3.119) becomes

s(t1, t2,φ2) = ∑
p

eipφ2sp(t1, t2)e−
1
2 p2Var[X(t)]. (3.126)

Inserting the value for c from Eq. (3.123) and t = τexp = 5ms, we find Var[X(t)] ≈ 0.02. Note
that this is a conservative estimate since t1 will be smaller than τexp. Hence, one can approximate
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the exponential containing the phase fluctuations in Eq. (3.126) to second order for not too large
values of p

s(t1, t2,φ2)≈∑
p

eipφ2sp(t1, t2)
(

1− 1
2

p2Var[∆φ2]

)
= ∑

p
eipφ2sp(t1, t2)

(
1− 1

2
p2ct1

)
.

(3.127)

For c from Eq. (3.123) and t1 = 5ms we obtain corrections of about 1% for terms with p = 1
and 4% for p = 2. For these values there is basically no difference between the predictions of
Eqs. (3.126) and (3.127). We will use this result for the four pulse sequence that we discuss in
the following. In brief, we have seen that the phase fluctuations are not too harmful for the two
pulse sequence.

After this instructive example, let us consider the four pulse sequence that we considered in
the previous section. Generalizing Eq. (3.117) to the four pulse experiment with t2 = t4 = 0, we
may write the signal as

s(t1, t3,φφφ) = ∑
p

sp(t1, t3)eip·φφφ = ∑
p2,p3,p4

sp2,p3,p4(t1, t3)e
ip2φ2eip3φ3eip4φ4 . (3.128)

Following our previous considerations we model the phases as stochastic variables φk → φk +
∆φk, k = 2,3,4 with fluctuations ∆φk. Note, however, that the fluctuations of the different phases
φk are not independent. They are samples of the same stochastic process at different instances
of time. With this substitution Eq. (3.128) becomes

s(t1, t3,φφφ) = ∑
p

eipφφφ sp(t1, t3)〈eip2∆φ2eip3∆φ3eip4∆φ4〉st, (3.129)

where we used that the sp(t1, t3) are independent of the fluctuations ∆φk. Motivated by the good
agreement of Eqs. (3.126) and (3.127), we expand the exponentials in the above equation to
second order, which is justified if the fluctuations are not too large. Using 〈∆φk〉st = 0 we obtain

s(t1, t3,φφφ)≈∑
p

eipφφφ sp(t1, t3)〈1−
1
2

4

∑
k=2

p2
k∆φ

2
k −

3

∑
k=2

4

∑
k′=k+1

pk pk′∆φk∆φk′〉st. (3.130)

Using ∆φ2 =∆φ3 =X(t1) and ∆φ4 =X(t1+t3) together with the covariance property Eq. (3.122)
of the Wiener process finally yields

s(t1, t3,φφφ)≈∑
p

eipφφφ sp(t1, t3)
[

1− 1
2

c(p2 + p3 + p4)
2t1−

1
2

cp2
4t3

]
= ∑

p
eipφφφ sp(t1, t3)[1−∆sp(t1, t3)].

(3.131)

With the help of Eq. (3.131) we can now estimate the loss in contrast for the four pulse ex-
periment. For a conservative estimate we set t1 = t3 = 2.5ms. We have summarized values
for ∆sp(t1, t3) for pathways whose contributions scale with |α|4 and |α|6 in Tab. 3.8. For the
pathway with phase signature φ2−φ3−φ4, i.e. (p2, p3, p4) = (1,−1,−1), we estimate a loss of
contrast of only 1%. For the other considered pathways the losses in contrast lie in the range
1-5%. Coherence transfer pathways with contributions ∝ |α|8 or higher are very weak due to
the smallness of |α| and are unlikely to contribute to the signal. Hence, laser phase fluctuations
should not form an obstacle for the implementation of the proposed protocol for 2D spectroscopy
with trapped ions.
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Table 3.8.: Expected loss in signal due to laser phase fluctuations. The table lists the loss in
signal according to Eq. (3.131) for different pathways that can contribute to a 2D
spectrum obtained with the pulse sequence in Eq. (3.107). This pulse sequence was
used for the simulated 2D spectra in Figures 3.8 and 3.10.

p2 p3 p4 ∆sp(t1, t3)
1 -1 -1 1.0%
1 -2 -1 2.5%
1 -1 -2 4.0%
2 -2 1 1.0%
-1 -1 -1 5.0%

3.7. Conclusions and outlook

In this chapter we have developed an extension of 2D spectroscopy for the study of nonlinear
dynamics in crystals of trapped ions. We have illustrated the applicability of the method by
simulating two experiments that can be realized in state-of-the-art setups of trapped ions. In
particular, in the simulated experiments we showed how 2D spectroscopy can be used to detect
signatures of the onset of a structural phase transition and resonant energy transfer between
normal modes. In both cases 2D spectroscopy detects resonant interactions due to nonlinear
corrections to the harmonic approximation of the Coulomb potential.

The scheme we developed has several advantages. In the case of small displacements, it does
not produce a signal for purely harmonic time evolutions. This is a desirable feature because
the harmonic contributions to the spectrum are typically much stronger than those due to the
nonlinear parts of the time evolution.

The proposed protocol also allows us to separate signals that would appear superposed in a
1D spectroscopy experiment. It thus allows us to extract more information about the investi-
gated system with 2D spectroscopy than would be available in a 1D spectroscopy experiment.
Furthermore, the protocol allows us to characterize noise in the system. Effective static disorder,
where frequencies are constant during one experimental run but fluctuate between runs, leads
to inhomogeneous broadening, here broadening of the peaks in the diagonal direction of the
spectrum. Fluctuations leading to dephasing or heating during each experimental run lead to
homogeneous broadening, i.e. broadening of the peaks along the two frequency axes. A fea-
ture that is appealing from the experimental side is that the protocol does not need ground state
cooling, which can become a real asset for the study of larger crystals.

A drawback of 2D spectroscopy is that it needs N2 data points for a spectrum with N points
along each frequency axis, while a 1D spectrum with N points only needs N data points. The fact
that the 2D experiment needs a factor N more data points is not so problematic in the first place.
However, for a trapped-ion experiment each data point is the mean of a series of measurements,
typically of the order of 100, which makes it desirable to generate as few data points as possible.
This problem can be remedied by employing techniques from the field of matrix completion.
These facilitate a significant reduction in the number of measurements that need to be performed
to obtain a 2D spectrum, ideally of the order of N logN instead of N2 [122].

An interesting future direction for 2D spectroscopy with trapped ions would be to apply these
concepts to the study of larger ion crystals. Here, the attention has not to be restricted to lin-
ear crystals, 2D spectroscopy could also be useful for the study of planar crystals in Penning
traps [62,63] or 3D crystals in linear Paul traps [123]. It would be interesting to see whether and
not unlikely that nonlinear effects play a role for the dynamics of these systems.

Another very interesting future direction of 2D spectroscopy with trapped ions would be the
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investigation of interacting spin systems which are encoded in the internal degrees of freedom
of the ions. The study of spin-spin interactions is a prominent field of 2D spectroscopy in NMR
and it seems a natural extension to study these in systems of trapped ions. Nowadays, spin-spin
interactions are routinely implemented both in linear and planar crystals incorporating tens [23]
to hundreds [62] of ions, respectively. A topology of interactions in such systems is one example
where 2D spectroscopy could be useful.

We should note, though, that NMR often relies on the fact that the nuclear spin frequencies
are non-degenerate, because the chemical shifts of the spins depend on their location. In trapped
ion experiments, the transition frequencies of all ions of the same species are in principle the
same. One would thus have to introduce a separation of the spin frequencies “manually”. This
could be done, for example, by introducing a magnetic field gradient along the trap axis in
a linear trap. Interestingly, one scheme to induce spin-spin interactions between the internal
degrees of freedom of trapped ions uses this configuration [58, 59]. The ions are placed in a
static magnetic field gradient to generate interactions between the internal, i.e. spin, degrees of
freedom of the ions. In this configuration all spins have a characteristic transition frequency and
a COSY inspired protocol to study the interactions between ions could be applied. While this
scheme seems to be especially well-suited for an application of 2D spectroscopy to study spin-
spin interactions in crystals of trapped ions, the application of such a protocol should in general
also be feasible for other spin-spin coupling schemes such as a Mølmer-Sørensen interaction [86,
124]. However, here one has to take care that resolving the individual spin frequencies does not
hamper the interactions.

More generally, 2D spectroscopy could be applied to study the electronic or vibrational dy-
namics of many-body models that are simulated with trapped ions. This could also involve
models where the spin and motional degrees of freedom are coupled. For example, if one is
able to engineer models of interacting spins coupled to dissipative environments, as they occur
in the dynamics of photosynthetic pigment protein complexes [125], trapped ions can be used
to simulate 2D spectra of these systems. This is of great interest because these spectra provide
information about the mechanisms underlying energy transport in these complexes and are very
hard to simulate on classical computers [126].

In summary, we have seen that 2D spectroscopy is a versatile diagnostic tool that comple-
ments the available trapped-ion toolbox and has exciting perspectives for future applications
with trapped ions.
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spin-boson models with trapped ions

The spin-boson model is a paradigmatic model of an open quantum system. It considers a single
spin coupled to an environment made up of an infinite set of harmonic oscillators. The model
is used in numerous contexts ranging from solid state physics [127, 128] and the analysis of
chemical reactions [129] to the modeling of photosynthetic pigment protein complexes [125,
130]. Due to its wide range of applicability the model has been intensively studied and is still
under consideration in research today.

Interestingly enough, the effect of thermal oscillator environments on the spin can be fully
described by a single scalar function called the spectral density, also spectral function, of the
environment [127, 128, 131]. However, despite its alleged simplicity no closed solution of the
spin-boson model is known.

In some regions of parameter space analytical solutions for the dynamics and thermodynami-
cal properties of the model are known. In most cases, however, numerical methods are needed to
solve the dynamics or to extract thermodynamical properties of the model. Actually, a whole zoo
of numerical methods that are used to tackle the spin-boson model exists. There are approaches
based on the numerical renormalization group (NRG) [132], the time-dependent density ma-
trix renormalization group (t-DMRG) [133, 134], the quasi-adiabatic path integral propagator
(QUAPI) [135] or path integral Monte Carlo techniques [136, 137] to name a few examples.
Another technique that has been applied to the spin-boson model are the so-called hierarchical
equations of motion (HEOM) [138, 139].

All of the aforementioned techniques were successfully applied to describe the dynamics of
spin-boson models. Yet, all numerical approaches are limited to certain regions of parameter
space. Usually, the crucial feature that limits numerical methods is the environment’s memory
time. In particular, all of the methods are challenged by environments with long memory times.
A class of interesting examples where environments with long memory times are ubiquitous is
the dynamics of photosynthetic pigment protein complexes [140]. A better understanding of the
mechanisms of energy transport in these complexes is not only interesting in its own right but
might also enable the development of new devices inspired by the design principles of Nature,
such as highly efficient solar cells.

Photosynthetic pigment protein complexes are often modeled by spin-boson models consist-
ing of several interacting spins coupled to dissipative environments [125]. Environments in
molecules or photosynthetic pigment protein complexes are typically characterized by spectral
densities that possess sharp peaks at certain frequencies over a broad background [140]. Be-
cause of the sharp peaks, these spectral densities are referred to as structured. Usually each of
the sharp peaks corresponds a long-lived vibrational mode in the environment. If the system
of interacting spins exhibits resonances with the long-lived modes, the effective memory time
of the environment becomes long. In contrast to these structured environments, there are the
unstructured environments such as the Ohmic as well as sub- and super-Ohmic environments
which are characterized by shorter memory times [127].

Analytical approaches for these multi-spin-boson models with structured environments are
rare while numerical methods are severely challenged by the complexity of the models. Yet, for
the aforementioned reasons simulating the dynamics of photosynthetic pigment protein com-
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plexes, or more generally multi-spin-boson models, is highly desirable. Since simulations on
classical computers are exceedingly hard, these systems are an appealing candidate for quantum
simulation. Building a quantum simulator with a high level of control and flexibility for such
systems could be an instance where quantum simulation can outperform classical computation
and achieve truly new insights.

Here, we are interested in finding out if and how one can build a quantum simulator of the
dynamics of spin-boson models with trapped ions as a first step towards a quantum simulator
of the dynamics of photosynthetic pigment protein complexes. The present chapter summarizes
the results.

The basic idea for the construction of a trapped-ion quantum simulator for the dynamics
of spin-boson models is that damping broadens the resonance of modes in frequency space to
Lorentzians. Larger damping causes broader resonances and combining several damped modes
one can theoretically construct arbitrary spectral densities. As we have seen in Chapter 2, all the
needed ingredients are available with trapped ions. The internal degrees of freedom can be used
to encode spins and the motional degrees of freedom can act as the modes of the environment.
Cooling of the modes and spin-motion coupling are standard techniques and thus we see that
trapped ions offer all the prerequisites to build such a simulator.

We should note that there is a previous proposal to build an ion trap simulator of spin-boson
models [34]. In the cited work, the idea is to gather large ion crystals incorporating as many as
50-100 ions. The many normal modes of the crystal are then used to model the environment,
however without the always-on cooling that we propose to use, yielding a discrete set of modes
in the environment. In that way, one obtains mesoscopic environments for the spin. The large
number of ions brings about difficulties in the state preparation for the modes, since they call
for shallow axial potentials with relatively low frequencies. The level of control needed to
implement the simulation proposed in [34] has not yet been demonstrated for such large crystals.

The protocol we describe below offers the advantage that one can simulate non-trivial physics
already with a few ions. A remarkable feature of the protocol is that we obtain continuous
spectral densities, that would usually need an infinite number of oscillators, due to the cooling.
This is interesting because one usually considers continuous spectral densities in the condensed
phase, where the environment is made up of a macroscopic number of particles. Thus, our
protocol opens the perspectives for simulations of spin-boson models with spectral densities as
they occur in the condensed phase. In particular, we will see that the protocol is especially well-
suited for structured environments with long-lived modes, which is the type of spectral densities
that appears for molecules and photosynthetic pigment protein complexes.

In order to illustrate our protocol, we will provide a detailed study of the simplest instance of
a simulation of the spin-boson model with trapped ions, which is a spin coupled to a Lorentzian
spectral density. This simulation only needs two ions. The Lorentzian spectral density is an
instance of a structured environment and thus can yield long environmental memory times. This
is the regime where the Markovian assumption used in the derivation of Markovian master equa-
tions breaks down. We will actually show that the dynamics of the models we study here are
truly non-Markovian by computing two quantitative measures of non-Markovianity.

Note that the main results of this section were published in [L2]. Naturally, we follow the
presentation of the material in [L2].

Finally, in order to construct a trapped-ion simulator of spin-boson models, we have to put
together different pieces which are presented in the remainder of this chapter. First, we need
to familiarize with the spin-boson model. Several analytical and numerical approaches to the
problem are based on the path integral formulation of quantum mechanics. Therefore, after in-
troducing the spin-boson model, we will briefly review the path integral formalism and then see
how it can be applied to the study of open quantum systems. In this context, we will see how the
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4.1. Spin-boson model and spectral densities

spectral density enters the dynamics and how it is intimately connected to the two-time correla-
tion functions of the environment. We then proceed to identify the parameter regimes in which
a damped harmonic oscillator in Lindblad description provides an effective Lorentzian spectral
density. To this end, we analyze its coordinate correlation function and compare it to that of the
harmonic oscillator damped by a bath with Ohmic spectral density. After we have established
the parameter regimes where the identification of the Lindblad oscillator with an environment
with Lorentzian spectral density works, we show how more complex effective spectral densities
can be constructed. We will then explain how these ideas can be implemented with trapped ions
and illustrate the procedure by the simulation of a proof-of-principle experiment including a dis-
cussion of its limitations. In the final part of the chapter, we will discuss possible extensions and
future perspectives of the protocol.

4.1. Spin-boson model and spectral densities

In the first section of this chapter we will briefly introduce the spin-boson model and the concept
of the spectral density. After we have presented the path integral approach and the idea of an
influence functional in the next sections, we will return to the spin-boson model and the concept
of the spectral density. In particular, we will see how the statement that the spectral density
alone determines the influence of the environment arises. In this section, however, we will only
summarize some result from the literature.

4.1.1. Spin-boson model

The spin-boson model is an archetypical model of an open quantum system. The spin consti-
tutes the open quantum system and its environment is modeled, as costumary in open quantum
systems, by an infinite set of harmonic oscillators. The Hamiltonian of the full system is usually
taken to read [127]

Hsb =
ε

2
σ

z− h̄∆

2
σ

x +
1
2

∞

∑
n=1

[
p2

n

mn
+mnω

2
n x2

n− γnq0σ
zxn

]
(4.1)

where σ z = |e〉〈e|− |g〉〈g| and σ x = |e〉〈g|+ |g〉〈e| are the usual Pauli matrices, ε is the energy
splitting of the eigenstates of σ z and h̄∆ is their coupling also called tunnel element. The pn and
xn denote the canonical momenta and coordinates of the environmental modes with associated
frequency ωn. q0 is some characteristic length scale and γn describes the coupling of mode n to
the spin. Introducing the creation and annihilation operators of the harmonic oscillators of the
environment according to

xn =

√
h̄

2mnωn
(an +a†

n), (4.2)

pn = i

√
h̄mnωn

2
(a†

n−an), (4.3)

so that an and a†
n denote the annihilation and creation operators of mode n, we can write the

spin-mode coupling as

h̄λn = γnq0

√
h̄

2mnωn
. (4.4)

The spin-boson Hamiltonian can then be written as

Hsb =
ε

2
σ

z− h̄∆

2
σ

x− 1
2

σ
z

∞

∑
n=1

h̄λn(an +a†
n)+

∞

∑
n=1

h̄ωna†
nan, (4.5)

109



4. Simulations of the dynamics of spin-boson models with trapped ions

Figure 4.1.: Spin-boson model. Part a) of the figure, derived from [128], shows a double well
system where the ground states of the left and right wells, |L〉 and |R〉, are separated
by an energy ε . The first excited states in both wells are separated by some energy
∼ h̄ω0 from the respective ground states. The height of the potential barrier in the
middle is V0. Since we are dealing with a quantum system, tunneling with a rate
∆ between the two wells is possible indicated by the dashed line. If kBT,ε, h̄∆�
h̄ω0� V0, we can reduce the system to a two level system [127]. The situation is
depicted in part b). The figure also illustrates the coupling to an environment of
harmonic oscillators where the spin couples to oscillator α with strength λα .

where we omit the ground state energies of the oscillators.
Thus, the situation we are considering is a spin with an energy splitting ε between the eigen-

states of σ z |g〉 and |e〉 that are coupled with strength h̄∆. The spin interacts with an environment
modeled by an infinite set of modes in the σ z-basis. Note that it is common to denote the cou-
pling between the spin states by ∆ in the spin-boson literature [127, 128], which should not be
confused with the detunings denoted ∆ in the context of trapped ions in Chapter 2.

Let us try to motivate the choice of the spin-boson Hamiltonian in Eq. (4.5). Actually, the open
system does not necessarily need to be a two-state system for the spin-boson Hamiltonian to be
applicable [127, 128]. Consider, for example, a system that is described by a single generalized
coordinate q with an associated potential energy V (q) which features two separate minima. The
situation is depicted in Fig. 4.1 a).

We assume that the energy difference ε between the two minima of the potential is small
as compared to the energy gap to the first excited states which we assume to be of magnitude
∼ h̄ω0 � V0 in both wells. Now, if the temperature is so low that kBT � h̄ω0, then the only
relevant states will be the two ground states and the dynamics is confined to a two-dimensional
space. Since we are dealing with a quantum mechanical system, we have to take into account
the possibility that the system tunnels from one of the minima to the other. Thus, the system
should be properly described by the spin part (ε/2)σ z− (h̄∆/2)σ x of Hsb in Eq. (4.5).

In the condensed phase the system will be in contact with its environment which could be the
phonons in a solid, for example. This situation is sketched in part b) of Fig. 4.1. It is common to
model the environment as a bath of harmonic oscillators. If the spin interacts with a bath different
from the phonons in a solid or the electromagnetic field, then the environment is in most cases
actually not composed of harmonic oscillators. The choice to model environments as harmonic
oscillators is due to the central limit theorem. For a very large number of fluctuating external
forces, for example caused by the surrounding particles in the condensed phase, the joint effect of
all influences will be a fluctuating force with Gaussian statistics on the system of interest [131].
This is also what the infinite set of harmonic oscillators causes on a system of interest with the
advantage that it is much easier to treat theoretically. The free Hamiltonian of the oscillator bath
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4.1. Spin-boson model and spectral densities

together with the coupling to the spin complete the Hamiltonian in Eq. (4.5). The coupling term
is of course a specific choice but the common one in the spin-boson literature [127]. It can be
interpreted as a dipole–local field coupling [127].

There is a variety of physical systems that can be described by a spin-boson model such as the
tunneling of defects in crystalline solids, the tunneling of light particles in metals or chemical
reactions involving electron transfer [127–129]. For the dynamics in biological systems the
model in Eq. (4.5) is extended to include more spins that might also mutually interact and have
a common or individual baths [125].

4.1.2. Spectral densities

As we will see later on, the quantity that determines the influence of the environment on the spin
dynamics is the spectral density. It is usually denoted J(ω) and there are different definitions
used in the literature. We will adopt the convention that for the Hamiltonian in Eq. (4.5) the
spectral density is given by

J(ω) = π ∑
n

λ
2
n δ (ω−ωn), (4.6)

where δ is the Dirac δ -function and can be interpreted as a density of states. Accordingly, the
spectral density has units of frequency. Note that J(ω) used here corresponds to G(ω) in [127]
with an additional factor of π .

In solid state physics, the spectral densities are often taken to be of the form [128, 132]

J(ω) = 2παω
s f (ω,ωc), (4.7)

where α is a constant and ωc a cutoff frequency much larger than all other frequencies involved
in the problem. f (ω,ωc) is a cutoff function and can take different forms. Popular choices are
the exponential cutoff f (ω,ωc) = e−ω/ωc or the hard cutoff f (ω,ωc) = Θ(ω−ωc). Depending
on the exponent s the above spectral densities are called “Ohmic” (s = 1), “sub-Ohmic” (s < 1)
and “super-Ohmic” (s > 1).

The dynamics of the spin under the influence of the environment depends on the shape of the
spectral density and, as stated earlier, is not known in closed form for a general environment.
The above cases, however, have been studied intensively and the behavior of the spin dynamics
is known in many cases. Especially, the Ohmic case has gained a lot of attention and is amenable
to analytic treatment in some parts of parameter space [127, 128]. Let us collect some known
results for the dynamics of 〈σ z(t)〉 in environments characterized by different spectral densities.

For the Ohmic cases the constant in Eq. (4.7) becomes dimensionless and depending on its
value, there are three different dynamical regimes at zero temperature [127,128]. Let us consider
an unbiased spin, i.e. ε = 0, in the scaling limit ωc → ∞, where all other quantities remain
finite, for an initially localized state 〈σ z(0)〉 = ±1. For 0 < α < 1/2, one obtains damped
oscillations with a transition to incoherent (exponential) relaxation at α = 1/2. At α = 1, there is
a further transition where the spin remains in its initial state called the localization transition. For
finite temperatures there is a crossover from damped oscillations to overdamped oscillations, i.e.
exponential relaxation, above a critical temperature [127]. In the subohmic case, NRG methods
predict a localized phase at zero temperature where the critical value of α depends on the tunnel
element ∆ [132]. In the super-Ohmic case with s > 2, one obtains damped oscillations with a
transition to overdamped oscillations above a critical temperature as in the Ohmic case [127].
Obviously, there are many more parameter regimes to be explored.

The collection of results above shows that the of behavior 〈σ z(t)〉 strongly depends on the
properties of the environment or an interplay of the parameters of the spin and the environment.
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This should clearly illustrate that it is hard to predict the dynamical behavior for a general en-
vironment and that a simulator for the dynamics of such a system would be very interesting. In
fact, this is even more so when we consider spin-boson models including several coupled spins.

4.2. Path integrals in quantum mechanics

Before we proceed to consider the spin-boson model further, we take a little detour and briefly
review the path integral formalism [141] which constitutes an alternative approach to quantum
mechanics. Path integrals are widely used in the study of open quantum systems [69, 127, 142]
but also find application in many other areas of physics such as quantum field theory [143,144].
In the path integral formalism, the effect of harmonic oscillator environments on an open quan-
tum system can be described using so-called influence functionals. Influence functionals form
the basis for our further approach to the spin-boson model and we introduce them in Sections 4.3
and 4.4 below. However, before we get to this, we need to familiarize ourselves with the path
integral formalism.

4.2.1. The quantum mechanical propagator as a path integral

In standard quantum mechanics, the quantity that determines the time evolution of a system is
the Hamiltonian as it governs the Schrödinger equation. Classical mechanics, on the other hand,
can be formulated equivalently using the Hamilton function of a system or the Lagrangian and
the associated action of a system, which leads to the Euler-Lagrange equations. In the path in-
tegral formulation of quantum mechanics it is again the action that determines the dynamics of
a system. In this section, we will briefly sketch an intuitive approach to the path integral formu-
lation of quantum mechanics. We follow the treatment of [145]. References for mathematical
details regarding the presentation can be found in [146].

Let us start by considering a classical particle moving from point x0 at time t0 to some point x f

at t f in some potential V (x, t). The classical path x(t) taken by the particle is the one for which
the classical action

S[x(t)] =
∫ t f

t0
L(x, ẋ, t)dt (4.8)

has an extremum [48]. Here, L(x, ẋ, t) = T −V is the Lagrangian of the particle, where T is the
kinetic energy. We note that the classical action is a functional, that is a rule that maps an entire
function to a single number. To make this distinction clear we have written the argument of the
action in angular brackets and shall do so for the remainder of this chapter.

In quantum mechanics we are many times interested in the question what is the amplitude that
a system starting in some state |ψ0〉 at t0 ends up in some state |φ f 〉 at some later time t f . Using
the usual Hamiltonian formalism the transition amplitude reads

〈φ f |ψ(t f )〉= 〈φ f |e−
i
h̄ H(t f−t0)|ψ0〉, (4.9)

where H is the Hamiltonian of the system under consideration and for simplicity we assumed it
to be time independent. Let us consider the time evolution of the initial state

|ψ(t f )〉= e−
i
h̄ H(t f−t0)|ψ0〉. (4.10)

Moving to the coordinate representation and using the completeness relation
∫

∞

−∞
dx0|x0〉〈x0| =

1, we obtain

ψ(x f , t f ) =
∫

∞

−∞

dx0〈x f |e−
i
h̄ H(t f−t0)|x0〉ψ(x0, t0) =

∫
∞

−∞

dx0K(x f , t f ;x0, t0)ψ(x0, t0), (4.11)
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where we have used ψ(xi, ti) = 〈xi|ψ(ti)〉. In the last equality we have introduced a general
propagator K(x f , t f ;x0, t0) taking the system from position x0 at time t0 to x f at t f . Comparing
the second and third expressions we find the equality

K(x f , t f ;x0, t0) = 〈x f |e−
i
h̄ H(t f−t0)|x0〉. (4.12)

From the above equation, we immediately find the following product rule for the propaga-
tor [141]

K(x f , t f ;x0, t0) =
∫

∞

−∞

dxiK(x f , t f ;xi, ti)K(xi, ti;x0, t0) (4.13)

by dividing the time interval [t0, t f ] in two intervals [t0, ti] and [ti, t f ] and inserting a completeness
relation at time ti. If we think of a particle traveling in one dimension, we can physically interpret
this identity as the fact that the particle has to be at some point xi at any chosen time ti.

We will now proceed to obtain a path integral representation for the propagator K(x f , t f ;x0, t0).
Let us assume we are considering a system whose Hamiltonian is of the form

H = H(p̂, x̂) =
p̂2

2m
+V (x̂), (4.14)

where p̂ is the particle’s momentum operator and m its mass. Note that we restrict our attention
to the non-relativistic case and time-independent potentials. In the following we will make use
of the identity [49]

〈x|p〉= 1√
2π h̄

e
i
h̄ px (4.15)

for the product between a position eigenstate x̂|x〉 = x|x〉 and a momentum eigenstate p̂|p〉 =
p|p〉.

Dividing the time interval t f −t0 =N∆t into N equal intervals of length ∆t and applying Eq. (4.13)
N−1 times, we may write the propagator as

K(x f , t f ;x0, t0) =
∫

dxN−1 . . .
∫

dx1K(xN , tN ;xN−1, tN−1) . . .K(x1, t1;x0, t0), (4.16)

where xN = x f and tN = t f and ti = t0 + i∆t. Using the completeness relation of the momentum
states, we may write

K(xi+1, ti +∆t;xi, ti) = 〈xi+1|e−
i
h̄ H(p̂,x̂)∆t |xi〉=

∫
∞

−∞

dpi〈xi+1|pi〉〈pi|e−
i
h̄ H(p̂,x̂)∆t |xi〉. (4.17)

In order to proceed, we assume that ∆t is sufficiently small that it is justified to consider only the
first order expansion of e−iH(p̂,x̂)∆t . We obtain

K(xi+1, ti +∆t;xi, ti)≈
∫

dpi〈xi+1|pi〉〈pi|(1−
i
h̄

H(p̂, x̂)∆t)|xi〉

=
∫

dpi〈xi+1|pi〉〈pi|(1−
i
h̄

H(pi,xi)∆t)|xi〉

≈
∫

dpi〈xi+1|pi〉〈pi|e−
i
h̄ H(pi,xi)∆t |xi〉

=
1

2π h̄

∫
dpie

i
h̄ (pi(xi+1−xi)−H(pi,xi)∆t),

(4.18)

where we used Eq. (4.15) twice in the last step. Substituting this result back into Eq. (4.16), we
obtain

K(x f , t f ;x0, t0)

=
∫

dxN−1 . . .
∫

dx1

∫ dpN−1

2π h̄
. . .
∫ dp0

2π h̄
exp

{
i
h̄

∆t
N−1

∑
i=0

[
pi(xi+1− xi)

∆t
−H(pi,xi)

]}
.

(4.19)
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Note that the appearing pi and xi should be understood as p(ti) and x(ti). Using the explicit form
of the Hamiltonian in Eq. (4.14), we have H(pi,xi) = p2

i /(2m)+V (xi) and we can write the
exponent in the above equation as

pi(xi+1− xi)

∆t
−H(pi,xi) =−

1
2m

(
pi−m

xi+1− xi

∆t

)2

+
m
2

(
xi+1− xi

∆t

)2

−V (xi). (4.20)

We simplify the above equation by performing the integrals over the momenta pi by substitution
and using the identity

∫
∞

−∞
dxe−cx2

=
√

π/c for Re(c)> 0. To ensure convergence of the integrals
one can add a factor −ε p2

i ,ε > 0 to the exponent and let ε→ 0 in the end. After performing the
integrals, we obtain

K(x f , t f ;x0, t0) =
( m

2πih̄∆t

)N/2 ∫
dxN−1 . . .

∫
dx1 exp

{
i
h̄

∆t
N−1

∑
i=0

[
m
2

(
xi+1− xi

∆t

)2

−V (xi)

]}
.

(4.21)
Now we consider the limit N→ ∞ and ∆t→ 0 while keeping N∆t = t f − t0 fixed. The exponent
of the propagator then tends to

i
h̄

∫ t f

t0
dt
(m

2
ẋ2(t)−V (x(t))

)
=

i
h̄

∫ t f

t0
dt L(x, ẋ, t) =

i
h̄

S[x(t)]. (4.22)

Thus, we obtain the action in the exponent.
In the propagator in Eq. (4.21), we divide the path into steps x0,x1, . . . ,xN and integrate over

all of the possible intermediate positions x1, . . . ,xN−1 between the end points x0 and xN . Ac-
cordingly, we are summing over all possible paths x(t) connecting x0 and xN where each of
them contributes with a weight e

i
h̄ S[x(t)]. The common short hand notation for the propagator

in Eq. (4.21) is [141]

K(x f , t f ;x0, t0) =
∫ x(t f )=x f

x(t0)=x0

Dxe
i
h̄ S[x(t)]. (4.23)

Here
∫ x(t f )=x f

x(t0)=x0
Dx is the integral over all paths x(t) connecting x0 and x f and should be under-

stood as a more concise expression for Eq. (4.21) in the limit N→ ∞. The above object is what
we understand as a path integral. The idea is that the physical path taken emerges from the inter-
ference of all possible paths where every path contributes with a phase given by its action [141].

There are some mathematical subtleties with the above formulation because exp{ i
h̄ S[x(t)]}

is not a proper measure in a mathematical sense and the existence of the limit in Eq. (4.21)
is not guaranteed. This problem can be overcome by a so-called Wick rotation which leads
to Euclidean path integrals where this problem can be alleviated [144]. Here, we shall not be
concerned with these subtleties and content ourselves with the observation that path integrals
work and are commonly used, e.g. for the description of dissipative quantum systems [127,
142]. The time evolution of an initial state |ψ0〉 with wave function ψ(x0, t0) in the path integral
formalism is obtained by combining Eqs. (4.11) and (4.23)

ψ(x f , t f ) =
∫

∞

−∞

dx0

∫ x(t f )=x f

x(t0)=x0

Dxe
i
h̄ S[x(t)]

ψ(x0, t0). (4.24)

This result can be generalized to the time evolution of a density matrix [127]

ρ(x f ,x′f , t f ) =
∫

∞

−∞

dx0dx′0K(x f , t f ;x0, t0)ρ(x0,x′0, t0)K
∗(x′f , t f ;x′0, t0)

=
∫

∞

−∞

dx0dx′0

∫ x(t f )=x f

x(t0)=x0

Dx
∫ x′(t f )=x′f

x′(t0)=x′0
Dx′e

i
h̄ (S[x(t)]−S[x′(t)])

ρ(x0,x′0, t0).
(4.25)
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It is understood that integrations over the spatial coordinates always extend over the whole real
line and we will therefore omit the limits for them from now on. Also, we shall use the shorthand
notation

∫ x(t f )=x f

x(t0)=x0
Dx =

∫ x f
x0

Dx if convenient.

4.2.2. Two-time correlation functions with path integrals

In this section we will establish how two-time correlation functions can be calculated within
the path integral formalism. Let us consider a system with a general, again for simplicity time
independent, Hamiltonian H. The treatment follows those in [145, 147].

In order to derive expressions for the two-time correlation functions, it will turn out to be
useful to work in the Heisenberg picture where x̂(t) = e

i
h̄ Ht x̂e−

i
h̄ Ht with x̂ the Schrödinger picture

position operator. We will use operators hat in this section for clarity. Let us also define the
eigenstates |x, t〉 of the Heisenberg picture operators

|x, t〉= e
i
h̄ Ht |x〉 such that x̂(t)|x, t〉= x|x, t〉. (4.26)

The Heisenberg operator eigenstates form a basis for every t, i.e.
∫

dx|x, t〉〈x, t| = 1. Note that
we can also write the propagator of Eqs. (4.12) and (4.23) in terms of the Heisenberg operator
eigenstates as

K(x f , t f ;x0, t0) =
∫ x(t f )=x f

x(t0)=x0

Dxe
i
h̄ S[x] = 〈x f , t f |x0, t0〉. (4.27)

With these results at hand, our goal is to obtain an expression for the two-time correlation func-
tion 〈x̂(t2)x̂(t1)〉β , where we assume t2 > t1 and 〈. . .〉β is the expectation value with respect to
some thermal state at inverse temperature β = 1/(kBT ) where kB is the Boltzmann constant. Ex-
panding the thermal density operator in the Heisenberg eigenstates ρβ =

∫
dx0dx′0ρ(x0,x′0, t0)|x0, t0〉〈x′0, t0|,

we have

〈x̂(t2)x̂(t1)〉β = Tr
[∫

dx0dx′0 ρ(x0,x′0, t0) x̂(t2)x̂(t1)|x0, t0〉〈x′0, t0|
]
. (4.28)

Using the completeness of the Heisenberg eigenstates we obtain

〈x̂(t2)x̂(t1)〉β

=Tr
[∫

dx0dx′0dx1dx2 ρ(x0,x′0, t0) x̂(t2) |x2, t2〉〈x2, t2| x̂(t1) |x1, t1〉〈x1, t1|x0, t0〉〈x′0, t0|
]

=Tr
[∫

dx0dx′0 ρ(x0,x′0, t0)
∫

dx1 x1

∫
dx2 x2 |x2, t2〉〈x2, t2|x1, t1〉〈x1, t1|x0, t0〉〈x′0, t0|

]
,

(4.29)

where we have used Eq. (4.26) from the second to the third line. Performing the trace yields

〈x̂(t2)x̂(t1)〉β
=
∫

dx f . . .dx2 ρ(x0,x′0, t0)x1x2 〈x f , t f |x2, t2〉〈x2, t2|x1, t1〉〈x1, t1|x0, t0〉〈x′0, t0|x f , t f 〉.
(4.30)

Recalling Eq. (4.27) we can write the scalar products 〈x2, t2|x1, t1〉 =
∫ x(t2)=x2

x(t1)=x1
Dxe

i
h̄ S[x] in terms

of propagators. The two time correlation function then becomes

〈x̂(t2)x̂(t1)〉β
=
∫

dx f dx0dx′0 ρ(x0,x′0, t0)
∫

dx1dx2 x1x2∫ x(t f )=x f

x(t2)=x2

Dxe
i
h̄ S[x]

∫ x(t2)=x2

x(t1)=x1

Dxe
i
h̄ S[x]

∫ x(t1)=x1

x(t0)=x0

Dxe
i
h̄ S[x]

∫ x′(t f )=x f

x′(t0)=x′0
Dx′ e−

i
h̄ S[x′].

(4.31)
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Thus, we have a succession of three path integrals taking the coordinate x(t) from x0 at time t0 to
x f at time t f passing through the points x1 at time t1 and x2 at time t2. Since the coordinates x1 and
x2 are arbitrary and we integrate over x1 and x2, the path integral includes all paths connecting
x0 at time t0 to x f at time t f [147]. Hence, we may write a single path integral for x(t) with
initial and final points x0 and x f , respectively. We obtain the factors x1 and x2 above, i.e. the
expectation values of x̂(t) at these times, by taking the factors of x1(t1) and x2(t2) into the path
integral [145, 147]∫

dx1dx2 x1x2

∫ x(t f )=x f

x(t2)=x2

Dxe
i
h̄ S[x]

∫ x(t2)=x2

x(t1)=x1

Dxe
i
h̄ S[x]

∫ x(t1)=x1

x(t0)=x0

Dxe
i
h̄ S[x]

=
∫ x(t f )=x f

x(t0)=x0

Dxx(t1)x(t2)e
i
h̄ S[x].

(4.32)

With this we obtain the final result

〈x̂(t2)x̂(t1)〉β =
∫

dx f dx0dx′0

∫ x(t f )=x f

x(t0)=x0

Dxx(t1)x(t2)e
i
h̄ S[x]

∫ x′(t f )=x f

x′(t0)=x′0
Dx′ e−

i
h̄ S[x′]

ρ(x0,x′0, t0).

(4.33)
Following the same reasoning as above and using the invariance of the trace under cyclic

permutation, we obtain the following expressions for the commutator and anticommutator of x̂
at different times t2 > t1 which will be of use to us later

〈[x̂(t2), x̂(t1)]〉β =
∫

dx f . . .Dx′e
i
h̄ (S[x]−S[x′])

ρ(x0,x′0)
[
x(t2)x(t1)− x′(t2)x′(t1)

]
, (4.34)

〈[x̂(t2), x̂(t1)]〉β =
∫

dx f . . .Dx′e
i
h̄ (S[x]−S[x′])

ρ(x0,x′0)
[
x′(t2)x(t1)− x′(t1)x(t2)

]
, (4.35)

and

〈{x̂(t2), x̂(t1)}〉β =
∫

dx f . . .Dx′e
i
h̄ (S[x]−S[x′])

ρ(x0,x′0)
[
x(t2)x(t1)+ x′(t2)x′(t1)

]
, (4.36)

〈{x̂(t2), x̂(t1)}〉β =
∫

dx f . . .Dx′e
i
h̄ (S[x]−S[x′])

ρ(x0,x′0)
[
x′(t2)x(t1)+ x′(t1)x(t2)

]
. (4.37)

In the above expressions we have used that ρ(x0,x′0, t0) = ρ(x0,x′0) for a thermal state with
respect to H. Let us finally note that by performing a calculation completely analogous to the
one presented above we obtain the following expression for the expectation value of x

〈x̂(t1)〉β =
∫

dx f . . .Dx′e
i
h̄ (S[x]−S[x′])x(t1)ρ(x0,x′0), (4.38)

〈x̂(t1)〉β =
∫

dx f . . .Dx′e
i
h̄ (S[x]−S[x′])x′(t1)ρ(x0,x′0). (4.39)

4.3. Path integrals for open quantum systems – Influence
functionals

In this section we will introduce the concept of influence functionals characterizing the influ-
ence of an environment on the dynamics of a system under consideration. We will follow the
treatment of [131], which relies on the assumption of an initial product state between system
and environment. We note that extensions of the method in order to facilitate the treatment of
arbitrary initial conditions exist [127, 142].

Let us consider a system composed of two subsystems which we will designate as principal
system and environment. We denote the coordinate of the principal system by q while we call
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the environmental coordinates xi. For simplicity, let us start with the case where the environment
consists only of a single constituent with generalized coordinate x. The action of this system can
be split into three parts

S[q,x] = S0[q]+SI[q,x]+SE[x], (4.40)

where S0[q] is the action of the principal system and its precise form is irrelevant for the follow-
ing considerations. The two remaining contributions describe the action of the free evolution of
the environment, SE[x], and the part of the action due to the interaction of system and environ-
ment, SI[q,x]. According to Eq. (4.25) the time evolution for an initial state ρ0(q0,x0,q′0,x

′
0, t0)

reads

ρ(q f ,x f ,q′f ,x
′
f , t f ) =

∫
dq′0dx′0dq0dx0

∫ q f

q0

Dq
∫ x f

x0

Dx∫ q′f

q′0
Dq′

∫ x′f

x′0
Dx′e

i
h̄ (S[q,x]−S[q′,x′])

ρ(q0,x0,q′0,x
′
0, t0).

(4.41)

Here, S[q,x] denotes the action of the full system as specified previously and therefore we have
to sum over all possible paths of both q and x. However, we are only interested in the principal
system alone and therefore want to trace out the environment. In the representation we are using,
the trace operation becomes

TrE ρ =
∫

dx f dx′f δ (x f − x′f )ρ(q f ,x f ,q′f ,x
′
f , t f ) =

∫
dx f ρ(q f ,x f ,q′f ,x f , t f ). (4.42)

Accordingly, the state of the principal system ρS at time t f is given by

ρS(q f ,q′f , t f ) =
∫

dx f dq′0dx′0dq0dx0

∫ q f

q0

Dq
∫ q′f

q′0
Dq′∫ x f

x0

Dx
∫ x f

x′0
Dx′e

i
h̄ (S[q,x]−S[q′,x′])

ρ(q0,x0,q′0,x
′
0, t0).

(4.43)

We will now assume that system and environment are initially in some product state

ρ(q0,x0,q′0,x
′
0, t0) = ρS(q0,q′0, t0)ρE(x0,x′0, t0). (4.44)

Inserting this initial state and using the decomposition of the action in Eq. (4.40), we can
write Eq. (4.43) as

ρS(q f ,q′f , t f ) =
∫

dq′0dq0

∫ q f

q0

Dq
∫ q′f

q′0
Dq′e

i
h̄ (S0[q]−S0[q′])ρS(q0,q′0, t0)[∫

dx f dx′0dx0

∫ x f

x0

Dx
∫ x f

x′0
Dx′e

i
h̄ (SI[q,x]+SE[x]−SI[q′,x′]−SE[x′])ρE(x0,x′0, t0)

]
.

(4.45)

Here, we have collected all terms involving functions other than q and q′ in the brackets. The
resulting term contains all the dynamics of the environment. Since the order of integration is
in principle arbitrary, we can perform the integrals over the x variables first and the resulting
expression will only depend on q and q′. This expression is called the influence functional
F [q,q′] of the environment and captures all effects of the environment on the dynamics of the
principal system [131]. Here, the influence functional reads

F [q,q′] =
∫

dx f dx′0dx0

∫ x f

x0

Dx
∫ x f

x′0
Dx′e

i
h̄ (SI[q,x]+SE[x]−SI[q′,x′]−SE[x′])ρE(x0,x′0, t0). (4.46)
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With the influence functional, the time evolution of the principal system’s density matrix can be
written more concisely as

ρS(q f ,q′f , t f ) =
∫

dq′0dq0

∫ q f

q0

Dq
∫ q′f

q′0
Dq′e

i
h̄ (S0[q]−S0[q′])F [q,q′]ρ(q0,q′0, t0). (4.47)

Accordingly, two environments that have the same influence functional produce the same influ-
ence on the dynamics of the principal system, even if they are physically different. The most
important properties of influence functionals are discussed in [131]. In the following, we will
make use of the following property of influence functionals:

If different, statistically and dynamically independent systems xk interact with the principal
system each with influence functional Fk[q,q′], then the combined influence functional is given
by

F [q,q′] = ΠkFk[q,q′]. (4.48)

Accordingly, the influence functional in Eq. (4.46) is easily generalized to environments con-
sisting of many, possibly infinitely many, constituents.

4.4. Influence functionals for harmonic oscillator environments

The path integral formalism is appealing for the description of open quantum systems because
the influence functional for an environment of independent, lossless harmonic oscillators can be
solved analytically. Note that this, however, does not mean that the dynamics of the principal
system can be solved analytically with the same ease. In this section, we introduce the spectral
density for oscillator environments and how it relates to the two-time correlation functions of
the oscillators comprising the environment. Before we consider an oscillator bath with infinitely
many oscillators, we start by considering a principal system coupled to a single lossless harmonic
oscillator.

4.4.1. Influence functionals and spectral density for oscillator environments

We consider a principal system described by a generalized coordinate q interacting with an en-
vironment consisting of a single harmonic oscillator with mass mn, coordinate xn and frequency
ωn. Let us suppose that the interaction with the environment is described by the interaction
potential

V (q,xn) =−γnqxn, (4.49)

where γn is a coupling constant. γn could, in principle, be time dependent but we take it to be
time independent here. The action of the whole system takes the form in Eq. (4.40) where

SE[xn] =
∫ t f

t0
dt
[

1
2

mnẋ2
n−

1
2

mnω
2
n x2

n

]
, (4.50)

SI[q,xn] =
∫ t f

t0
dt γnqxn. (4.51)

Combining the two contributions to the action we obtain the Lagrangian

L =
1
2

mnẋ2
n−

1
2

mnω
2x2

n + γnqxn (4.52)

for the oscillator xn. This is the Lagrangian of a driven harmonic oscillator. The path inte-
gral propagator for the driven harmonic oscillator in a thermal state can be solved analyti-
cally [127,146]. Thus, for an initial product state of principal system and oscillator, the influence
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functional Eq. (4.46) can be evaluated analytically and yields [127]

F [q,q′] = exp
{
−1

h̄

∫ t f

t0
dt1
∫ t1

t0
dt2[q(t1)−q′(t1)][q(t2)L̃n(t1− t2)−q′(t2)L̃∗n(t1− t2)]

}
, (4.53)

where the function L̃n(t) reads

L̃n(t) =
γ2

n

2mnωn

[
coth

(
h̄βωn

2

)
cos(ωnt)− i sin(ωnt)

]
. (4.54)

Note that we have omitted a potential renormalization term (“counter term”) that is usually
added in Eq. (4.52). This term would lead to an additional contribution in the exponent of the
right-hand side of Eq. (4.53). This contribution, however, disappears if the principal system
is a spin [127]. Since this is the situation we want to study later on, we omit the additional
contribution right away.

Using the property Eq. (4.48) of influence functionals we readily obtain the influence func-
tional for an environment made up of a collection of independent harmonic oscillators from
Eq. (4.53)

F [q,q′] = exp
{
−1

h̄

∫ t f

t0
dt1
∫ t1

t0
dt2[q(t1)−q′(t1)][q(t2)L̃(t1− t2)−q′(t2)L̃∗(t1− t2)]

}
, (4.55)

where the function L̃(t) now reads

L̃(t) = ∑
n

γ2
n

2mnωn

[
coth

(
h̄βωn

2

)
cos(ωnt)− i sin(ωnt)

]
. (4.56)

L̃(t) is sometimes also called the correlation function of the environment and we shall see in the
following section why this is so. It is interesting to note that the influence of the whole, possibly
infinite, environment is contained in a single scalar function L̃(t).

Let us now define the spectral density

J̃(ω) = π ∑
n

γ2
n

2mnωn
δ (ω−ωn). (4.57)

The function L̃(t) can now be written in terms of the spectral density

L̃(t) =
1
π

∫
∞

0
dω J̃(ω)

[
coth

(
h̄βω

2

)
cos(ωt)− i sin(ωt)

]
. (4.58)

In this sense, we can state that the influence of a thermal oscillator environment on the principal
system is determined by the spectral density of the environment alone.

As we stated previously in Section 2.4.2, loss can only truly be modeled by an environment
which contains a continuum of oscillators. Actually, one can show that if the principal system is
also a harmonic oscillator, there will be revivals of the state of the full system after a finite re-
currence time for a finite number of oscillators in the environment [146]. For a sufficiently large
but still finite number of oscillators this so-called Poincaré recurrence time becomes practically
infinite [127, 146].

In practice, therefore, one usually considers that the frequencies in Eq. (4.57) are so closely
spaced that the spectral density becomes a continuous function of ω [127, 128], which we have
already anticipated in Eq. (4.7) above. If we consider a system in the condensed phase where the
open system is surrounded by a practically infinite number of particles (more than 1020), this as-
sumption seems fair. For a continuous environment the function L̃(t) still has the form Eq. (4.58)
with the only difference that the spectral density is now a continuous function of ω .

119



4. Simulations of the dynamics of spin-boson models with trapped ions

Let us finally note that in this section we have considered a principal system described by a
generalized coordinate q. If q is really an extended coordinate, the coupling constant γn has unit
of energy over length squared and accordingly the unit of the spectral density J̃(ω) is frequency
over distance squared. If we now consider the principal system to be a spin such that q(t) =
±1/2, we substitute q(t) by (q0/2)σ z to obtain the interaction between spin and modes, see
the Hamiltonian in Eq. (4.5). This leads to an additional factor q2

0 in J̃(ω). For the spin-boson
model we also absorb the factor 1/h̄ in the influence functional, Eq. (4.55), into the spectral
density such that using Eq. (4.4) the spectral density takes the form

J(ω) = π ∑
n

λ
2
n δ (ω−ωn), (4.59)

which we already introduced in Eq. (4.6) above. The spectral density J(ω) has units of fre-
quency. Finally, the influence functional, Eq. (4.55), for the spin-boson model takes the form

F [q,q′] = exp
{
−
∫ t f

t0
dt1
∫ t1

t0
dt2[q(t1)−q′(t1)][q(t2)L(t1− t2)−q′(t2)L∗(t1− t2)]

}
, (4.60)

where the function L̃(t) is substituted by

L(t) =
q2

0
h̄

L̃(t) (4.61)

determined by J(ω)

L(t) =
1
π

∫
∞

0
dω J(ω)

[
coth

(
h̄βω

2

)
cos(ωt)− i sin(ωt)

]
. (4.62)

4.4.2. The spectral density, two-time correlation functions and the
fluctuation-dissipation theorem

In the derivation of master equations in the Born-Markov approximation in Section 2.4.1 we
have seen that the Lindblad rates are essentially given by a Fourier transform of the two-time
correlation functions of environmental operators obtained under the free evolution of the envi-
ronment.

In the path integral approach the environmental correlation function L̃(t) from Eq. (4.56) de-
termines the influence of the oscillator environment on the principal system. For the interaction
in Eq. (4.49) it is determined by the coordinate correlation function of the environmental oscil-
lators. In particular, for this interaction we have [127]

L̃(t) = ∑
n

γ2
n

h̄
〈xn(t)xn(0)〉β . (4.63)

In this section we want to show how one can arrive at this result starting from the general
expression for the influence functional of an environment that is a linear system in [131]. Once
we have done this, in the second part of this section we try and elucidate that the validity of the
fluctuation-dissipation theorem enables us to write L̃(t) as in Eq. (4.58), i.e. as a function of the
spectral density alone.
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The spectral density and two-time correlation functions

In case the external influence on the principal system is due to a linear system or a definite or
fluctuating classical force, the most general form of the influence functional is given by [131]

F [q,q′] =exp
{

i
∫ t f

t0
dt C1(t) [q(t)−q′(t)]−

∫ t f

t0
dt
∫ t

t0
dsA1(t− s) [q(t)−q′(t)][q(s)−q′(s)]

−i
∫ t f

t0
dt
∫ t

t0
dsB1(t− s) [q(t)−q′(t)][q(s)+q′(s)]

}
.

(4.64)

Accordingly, the influence functional for these types of environments is generally determined by
three functions A1(t),B1(t) and C1(t). Note that the harmonic oscillator is an instance of a linear
system. Comparing with Eq. (4.55), we find that for oscillator environments A1(t) = Re[L̃(t)/h̄]
and B1(t) = Im[L̃(t)/h̄] which are determined by the spectral density, while C1(t) = 0.

Let us now define the coordinates q+≡ q(t)+q′(t) and q−≡ q(t)−q′(t) and write the general
influence functional in Eq. (4.64) in terms of the new coordinates

F [q+,q−] =exp
{

i
∫ t f

t0
dt C1(t)q−(t)−

∫ t f

t0
dt
∫ t

t0
dsA1(t− s)q−(t)q−(s)

−i
∫ t f

t0
dt
∫ t

t0
dsB1(t− s)q−(t)q+(s)

}
.

(4.65)

In order to obtain the functions A1(t), B1(t) and C1(t) we now take functional derivatives of the
above expression with respect to q±. One needs to find the expressions for

δF [q+,q−]
δq−(t1)

,
δF [q+,q−]

δq−(t2)δq−(t1)
,
δF [q+,q−]

δq+(t1)
,

δF [q+,q−]
δq−(t2)δq+(t1)

. (4.66)

The resulting general expressions are quite involved but we find the following identities

δF [q+,q−]
δq−(t1)

∣∣∣∣
q−=q+=0

= iC1(t1), (4.67)

δ 2F [q+,q−]
δq−(t2)δq−(t1)

∣∣∣∣
q−=q+=0

=−A1(|t2− t1|)−C1(t2)C1(t1), (4.68)

δ 2F [q+,q−]
δq−(t2)δq+(t1)

∣∣∣∣
q−=q+=0

=−iΘ(t2− t1)B1(t2− t1). (4.69)

Thus, we have found a recipe to obtain the functions A1(t), B1(t) and C1(t) in terms of functional
derivatives of the influence functional.

The simplest case we can consider now is, again, an environment made up of a single har-
monic oscillator. Inserting the action for an environment of a single harmonic oscillator from
Eqs. (4.50), (4.51) into the general form of the influence functional in Eq. (4.46) yields the in-
fluence functional

F [q,q′] =
∫

dx f dx′0dx0

∫ x f

x0

Dxn

∫ x f

x′0
Dx′ne

i
h̄ (SI[q,xn]+SE[xn]−SI[q′,x′n]−SE[x′n])ρE(x0,x′0) (4.70)

with SE[xn] =
∫ t f

t0 dt
(1

2 mnẋ2
n− 1

2 mnω2
n x2

n
)

and SI[q,xn] =
∫ t f

t0 dtγnqxn. Note that we assume that
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the environment is in a thermal equilibrium state here. Defining x± = xn± x′n we find

δF [q+,q−]
δq−(t1)

∣∣∣∣
q−=q+=0

= i
γn

2h̄

∫
dx f . . .Dx′ne

i
h̄ (SE[xn]−SE[x′n])x+(t1)ρE(x0,x′0), (4.71)

δ 2F [q+,q−]
δq−(t2)δq−(t1)

∣∣∣∣
q−=q+=0

=− γ2
n

4h̄2

∫
dx f . . .Dx′ne

i
h̄ (SE[xn]−SE[x′n])x+(t1)x+(t2)ρE(x0,x′0), (4.72)

δ 2F [q+,q−]
δq−(t2)δq+(t1)

∣∣∣∣
q−=q+=0

=− γ2
n

4h̄2

∫
dx f . . .Dx′ne

i
h̄ (SE[xn]−SE[x′n])x−(t1)x+(t2)ρE(x0,x′0), (4.73)

where it is understood that
∫

dx f . . .Dx′n contains the same integrals as the right-hand side
of Eq. (4.70). Writing the x± in terms of xn and x′n and comparing the resulting expressions
with Eqs. (4.34)-(4.39), we find

δF [q+,q−]
δq−(t1)

∣∣∣∣
q−=q+=0

= i
γn

h̄
〈xn(t1)〉β , (4.74)

δ 2F [q+,q−]
δq−(t2)δq−(t1)

∣∣∣∣
q−=q+=0

=− γ2
n

2h̄2 〈{xn(t2),xn(t1)}〉β , (4.75)

δ 2F [q+,q−]
δq−(t2)δq+(t1)

∣∣∣∣
q−=q+=0

=− γ2
n

2h̄2 Θ(t2− t1)〈[xn(t2),xn(t1)]〉β . (4.76)

Accordingly, the quantities determining the influence of the environment on the principal system
are the expectation value of xn and its two-time correlation function with respect to the evolution
of the environment alone. Comparing the expressions (4.67)-(4.69) and (4.74)-(4.76) we obtain
the following expressions for the functions A1(t),B1(t) and C1(t)

C1(t1) =
γn

h̄
〈xn(t1)〉β , (4.77)

A1(|t2− t1|) =
γ2

n

2h̄2 〈{xn(t2− t1),xn(0)}〉β −
γ2

n

h̄2 〈xn(0)〉2β , (4.78)

B1(t2− t1) =
γ2

n

2ih̄2 〈[xn(t2− t1),xn(0)]〉β . (4.79)

Here, we have assumed that the generator of the environment’s time evolution is time indepen-
dent such that the thermal expectation value 〈xn(t1)〉β = 〈xn(0)〉β is independent of time while
〈[xn(t2),xn(t1)]〉β = 〈[xn(t2− t1),xn(0)]〉β and the same holds for the anti commutator.

Let us check the consistency of the results in Eqs. (4.77)-(4.79) with the results of the previ-
ous paragraph. Denoting the oscillator’s annihilation and creation operators an and a†

n, we can
write its Hamiltonian Hosc = h̄ωna†

nan omitting the ground state energy. The thermal state of a
harmonic oscillator at inverse temperature β was given in Eq. (2.367). We have

ρβ =
e−βHosc

Tre−βHosc
=

∞

∑
k=0

n̄(ωn)
k

(1+ n̄(ωn))1+k |k〉〈k|, (4.80)

where
n̄(ωn) =

1
eh̄βωn−1

. (4.81)

The Heisenberg operator xn(t) reads

xn(t) =

√
h̄

2mnωn
(ane−iωnt +a†

neiωnt). (4.82)
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Using Eqs. (4.80) and (4.82) we find C1(t) = 0 and

A1(|t|) =
γ2

n

2h̄mnωn
(2n̄(ωn)+1)cos(ωnt) =

γ2
n

2h̄mnωn
coth

(
h̄βωn

2

)
cos(ωnt), (4.83)

B1(t) =−
γ2

n

2h̄mnωn
sin(ωnt). (4.84)

Inserting the results for A1(t),B1(t),C1(t) into Eq. (4.64) we recover the influence functional
in Eq. (4.53) with the environmental correlation function L̃n(t) in Eq. (4.54). Furthermore, com-
paring the influence functional in Eq. (4.53) with the general influence functional in Eq. (4.64)
we find

L̃n(t) = h̄[A1(t)+ iB1(t1)] =
γ2

n

h̄
〈xn(t)xn(0)〉β . (4.85)

We can easily generalize the above result to the influence functional of an environment of
independent harmonic oscillators using the property Eq. (4.48) of influence functionals. As-
suming all oscillators in the reservoir are at the same temperature, we recover the influence
functional Eq. (4.55) with L̃(t) given in Eq. (4.56). Generalizing Eq. (4.85) to this case yields

L̃(t) = ∑
n

γ2
n

h̄
〈xn(t)xn(0)〉β , (4.86)

and we thus recover Eq. (4.63) from the beginning of this section. The correlation function of
the environment L̃(t) is determined by the coordinate correlation functions of the environmen-
tal oscillators weighted by their couplings to the principle system. Accordingly, the two-time
correlation functions of the environmental coordinate determine the influence functional.

For the case of an environment consisting of many oscillators it is common to define the
collective coordinate X = ∑n γnxn such that L̃(t) can be written as

L̃(t) =
1
h̄
〈X(t)X(0)〉β =

1
h̄
〈∑

n
γnxn(t)∑

m
γmxm(0)〉β = ∑

n

γ2
n

h̄
〈xn(t)xn(0)〉β , (4.87)

where we used that the oscillators are independent and 〈xn(0)〉β = 0 in the last step.

The spectral density and the fluctuation dissipation theorem

Let us now turn to the spectral representation of the functions A1(t) and B1(t) from Eqs. (4.78)
and (4.79). To this end we will use a few results of linear response theory. Instructive accounts
of linear response theory can be found for example in [127,148]. Let us consider the coordinate
correlation function of a harmonic oscillator in a thermal state at inverse temperature β

Cxx(t) = 〈xn(t)xn(0)〉β −〈xn(t)〉β 〈xn(0)〉β . (4.88)

We can decompose Cxx(t) as
Cxx(t) = S(t)+ iA(t), (4.89)

where

S(t) =
1
2
〈{xn(t),xn(0)}〉β −〈xn(t)〉β 〈xn(0)〉β , (4.90)

A(t) =
1
2i
〈[xn(t),xn(0)]〉β . (4.91)

Realizing that the thermal expectation value 〈xn(t)〉β = 〈xn(0)〉β and comparing with Eq. (4.78),
we see that the function A1(t) is proportional to S(t): A1(t) = (γ2

n/h̄2)S(t). Similarly B1(t) is
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proportional to A(t): B1(t) = −(γ2
n/h̄2)A(t). Thus, in order to avoid the prefactors, we can

consider S(t) and A(t) instead of A1(t) and B1(t). We will also assume 〈xn(t)〉β = 〈xn(0)〉β = 0
in the following.

Let us first realize that the real part S(t) = S(−t) is a symmetric function of time while the
imaginary part A(t) =−A(−t) is an antisymmetric function of time. Furthermore, the function
A(t) is proportional to the quantum mechanical response function χn(t) of a harmonic oscillator
driven by an external force coupling to its coordinate [127]

χn(t) =
i
h̄

Θ(t)〈[xn(t),xn(0)]〉β =−2
h̄

Θ(t)A(t). (4.92)

For a linear system the system’s response is completely determined by the linear response func-
tion. Recall that the harmonic oscillator is a linear system. The Fourier transform of the response
function is a complex function called the dynamical susceptibility

χn(ω) = χ
′
n(ω)+ iχ ′′n (ω) =

∫
∞

0
dt χn(t)eiωt . (4.93)

The imaginary part of the dynamical susceptibility is an odd function χn(ω) = −χn(−ω) and
the power dissipated by the external force is proportional to it [148]. Moreover, we may write
A(t) in terms of the imaginarty part of the dynamical susceptibility [127]

A(t) =
h̄

2πi

∫
∞

−∞

dω χ
′′
n (ω)e−iωt =− h̄

2π

∫
∞

−∞

dω χ
′′
n (ω)sin(ωt), (4.94)

where we used that χ(ω) is an odd function in the last step.
Let us now consider the Fourier transform of the real part S(t)

S(ω) =
∫

∞

−∞

dt S(t)eiωt . (4.95)

The fluctuation spectrum S(ω) is connected to the imaginary part of the dynamical susceptibility
χ ′′n (ω) by the fluctuation-dissipation theorem (FDT) [127]

S(ω) = h̄coth
(

β h̄ω

2

)
χ
′′
n (ω). (4.96)

Inverting the Fourier transform in Eq. (4.95) and using Eq. (4.94), we obtain the frequency space
representation of Cxx(t). Using the fluctuation-dissipation theorem and that χ ′′n (ω) is an odd
function, we arrive at

Cxx(t) = 〈xn(t)xn(0)〉β =
h̄
π

∫
∞

0
dω χ

′′
n (ω)

[
coth

(
h̄βω

2

)
cos(ωt)− i sin(ωt)

]
. (4.97)

According to Eq. (4.85) we obtain the function L̃n(t) for a single oscillator from the above equa-
tion by multiplying by γ2

n/h̄

L̃n(t) =
γ2

n

π

∫
∞

0
dω χ

′′
n (ω)

[
coth

(
h̄βω

2

)
cos(ωt)− i sin(ωt)

]
. (4.98)

For the free harmonic oscillator, χ ′′n (ω) actually reads [127]

χ
′′
n (ω) =

π

2mnωn
(δ (ω−ωn)−δ (ω +ωn)) . (4.99)

124



4.5. Effective spectral densities of damped harmonic oscillators

Substituting χ ′′n (ω) into Eq. (4.98) we recover L̃n(t) from Eq. (4.54). For a bath of independent
oscillators, Eq. (4.98) becomes

L̃(t) =
1
π

∫
∞

0
dω ∑

n
γ

2
n χ
′′
n (ω)

[
coth

(
h̄βω

2

)
cos(ωt)− i sin(ωt)

]
(4.100)

such that with Eq. (4.99) we recover Eq. (4.56). Note that L̃(t) can be written in terms of a single
spectral density

J̃(ω) = Θ(ω)∑
n

γ
2
n χ
′′
n (ω) (4.101)

as in Eq. (4.58). Inserting the susceptibility from Eq. (4.99), indeed we obtain the spectral den-
sity J̃(ω) of Eq. (4.57).

Let us briefly recapitulate the results of this section. First, we have seen in Eqs. (4.63)
and (4.86) that the environmental correlation function L̃(t), and thus also L(t) from Eq. (4.62),
which determines the influence functional of an oscillator environment coupled to a principal
system through the oscillator coordinates, is determined by the two-time correlation function of
the oscillator’s coordinate. Second, we have seen that the validity of the fluctuation-dissipation
theorem ensures that we can write the function L̃(t) in terms of the single spectral density J̃(ω)
as in Eq. (4.58).

4.5. Effective spectral densities of damped harmonic oscillators

So far, we have considered influence functionals for environments comprised by free harmonic
oscillators. We have seen that the influence of these environments on the principal system is
completely determined by the spectral density or, equivalently, by the environmental correlation
function L̃(t), Eq. (4.58), which turns into the function L(t), Eq. (4.62), for spin-boson models.
A further observation that we could make is that each of the free oscillators has a δ contribution
to the spectral density. Thus, one needs theoretically an infinite or in practice a very large number
of oscillators to produce a continuous spectral density.

In [129], it is shown that an oscillator damped by an oscillator bath with Ohmic spectral den-
sity yields a Lorentzian spectral density. The effective spectral density is given by the normal
modes of the coupled system oscillator plus reservoir. The width, height and location of the
Lorentzian depend on the damping rate, coupling and frequency of the damped harmonic oscil-
lator. Hence, if one could implement such a system experimentally, width, height and location
of the Lorentzian could be tunable in an experiment. Moreover, combining several damped os-
cillators with controllable parameters, one can theoretically tailor arbitrary spectral densities.
This might, however, require a large number of modes. Interestingly, already with a few modes
non-trivial spectral densities can be tailored [149]. We want to apply this idea to crystals of
trapped ions. Cooling of trapped ions is, however, described by a Lindblad master equation and
it is not clear that the result of [129] holds for this description of cooling.

Therefore, we will study the influence functional and spectral densities generated by damped
oscillators with different damping models in this section. In particular, we will consider an
oscillator damped by a bath with Ohmic spectral density and the damped oscillator in Lindblad
description. We will see that the result of [129] approximately holds for appropriate parameters
when damping is described by a Lindblad equation.

Let us note here that damped harmonic oscillators in Lindbald description have been proposed
for the simulation of non-Markovian dynamics in oscillator systems [150, 151] and also in the
theory of pseudomodes to describe quantum optical processes, especially the interaction of an
atom with a structured reservoir in a cavity [152, 153].
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4. Simulations of the dynamics of spin-boson models with trapped ions

4.5.1. Two-time correlation functions of damped oscillators

In this section we will study the two-time coordinate correlation function of the damped os-
cillator in Lindblad description, which we also call “Lindblad oscillator”, and the coordinate
correlation function of an oscillator damped by an Ohmic bath (“Ohmic oscillator”). Although
in most cases one characterizes an environment by its spectral density, here we start by compar-
ing the coordinate correlation functions of harmonic oscillators in these two models of damping.
As we have seen above, the two-time correlation function and the spectral density equivalently
specify the influence of the environment on the system. It turns out, however, that it is easier
to establish a connection between the effective environments generated by the two models of
damping in the time domain. The frequency domain will be considered in the next paragraph.
Note that the presentation follows closely the supplemental material of the publication [L2].

Let us first motivate why we consider the correlation functions of damped oscillators. We
have seen in the previous section that the influence of an oscillator environment on a principal
system is determined by the coordinate correlation functions of the environmental oscillators
for a coupling of the form in Eq. (4.51). Now, if we consider an environment consisting of a
single damped oscillator with the same coupling, we could follow the reasoning of the previous
section. Assuming the damping of the oscillator is caused by an oscillator bath we could insert
an influence functional G[x,x′] to model the damping of the oscillator in Eq. (4.70). This would
then also appear in Eqs. (4.71)-(4.73) such that the function L̃(t) determining the influence of the
damped oscillator on the principal system is the coordinate correlation function of the damped
harmonic oscillator.

Now, the final stage of cooling of the normal modes of a trapped-ion crystal is in many cases
well described by a Lindblad master equation (see Section 2.6). Accordingly, the Lindblad
description of damping will be our starting point. In order to characterize the influence of
the Lindblad oscillator on a spin, we have to consider its reservoir correlation function L(t)
from Eq. (4.61). Combining Eqs. (4.61) and (4.85), we write L(t) as

L(t) = q2
0

γ2
n

h̄2 〈xn(t)xn(0)〉β = L′(t)+ iL′′(t). (4.102)

We omit the sum here because we are considering only a single oscillator. For ease of notation
we omit the index n in the following and consider 〈x(t)x(0)〉β avoiding the prefactors in L(t).
We recall from Eq. (4.89) that we may decompose the coordinate correlation function as

〈x(t)x(0)〉β = S(t)+ iA(t), (4.103)

where S(t) and A(t) are defined in Eqs. (4.90) and (4.91), respectively,

S(t) = 1
2〈{x(t),x(0)}〉β , (4.104)

A(t) = 1
2i〈[x(t),x(0)]〉β . (4.105)

Here, we already anticipated that 〈x(t)〉β = 0 for the Lindblad oscillator in a thermal state. The
equation of motion of the Lindblad oscillator is given in Eq. (2.366) and in the Schödinger
picture may be written as

ρ̇ = Llcρ =−i[ωma†a,ρ]+Dκ,n̄ρ, (4.106)

where the subscript lc stands for “laser cooling”, a and a† are the ladder operators of the consid-
ered oscillator and ωm its frequency. We assume that ωm incorporates possible renormalizations
(Lamb shifts) of the mode frequency due to the damping. The dissipator is given by

Dκ,n̄ρ = κ(n̄+1)[aρa†−a†aρ]+κ n̄[a†
ρa−aa†

ρ]+H.c. (4.107)
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We denote the coordinate correlation function of the Lindblad oscillator by

〈x(t)x(0)〉β ,L = SL(t)+ iAL(t). (4.108)

We can readily obtain SL(t) and AL(t) using the quantum regression theorem introduced in
Section 2.4.3. With the help of the identities

Llc(ρβ a†) = (−κ− iωm)ρβ a†, (4.109)

Llc(a†
ρβ ) = (−κ− iωm)a†

ρβ (4.110)

and

Llc(ρβ a) = (−κ + iωm)ρβ a, (4.111)

Llc(aρβ ) = (−κ + iωm)aρβ , (4.112)

where ρβ is a thermal state of the oscillator as in Eq. (4.80), we obtain

SL(t) =
h̄

2mωm
coth

(
β h̄ωm

2

)
cos(ωmt)e−κ|t| (4.113)

and
AL(t) =−

h̄
2mωm

sin(ωmt)e−κ|t|, (4.114)

where m is the mass of the oscillator. Let us recall that a necessary condition for the derivation
of the Lindblad equation with dissipator in Eq. (4.107) is

κ � ωm, (4.115)

which is required for the secular approximation. Thus, this is the regime we consider in the
following.

In order to proceed, let us note that inserting AL(t) into Eq. (4.92) we find that the response
function of the Lindblad oscillator is actually the same as that of the classical damped harmonic
oscillator obeying the equation of motion

mẍ+η ẋ+mω
2
0 x = Fext(t). (4.116)

Here, m is the oscillator’s mass, the friction coefficient η determines the damping of the oscil-
lator κ = η/(2m) and Fext(t) is some external force. The spectral density leading to such an
equation of motion is the Ohmic spectral density [129]

J̃O(ω) = ηωe−ω/ωc . (4.117)

Hence, the Lindblad oscillator has the same response function as an oscillator damped by a
reservoir with Ohmic spectral density. In the light of these considerations, it seems obvious
that we should compare the correlation function LL(t) of the Lindblad oscillator with that of the
oscillator damped by an Ohmic bath. Note that indeed it is shown in [129] that an oscillator
damped by a strict Ohmic spectral density, i.e. an Ohmic spectral density with infinite cutoff
frequency ωc, leads to an effective Lorentzian spectral density.

Let us, therefore, move on to the harmonic oscillator damped by a thermal oscillator bath
with Ohmic spectral density. For a strictly Ohmic spectral density the coordinate correlation
function 〈x(t)x(0)〉β can be evaluated analytically [127,146,154]. We denote the free oscillation
frequency of the oscillator by Ω while we denote the damping rate on the oscillator’s coordinate
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by κohm. The free oscillation frequency of the oscillator is reduced by the damping. In the
underdamped regime κohm < Ω we have [127, 146]

ωr =
√

Ω2−κ2
ohm. (4.118)

Since according to Eq. (4.115) we are bound to the regime κ � ωm for the Lindblad oscillator,
we expect that it suffices to consider the Ohmic oscillator in the underdamped regime. We write
the coordinate correlation function of the Ohmic oscillator as

〈x(t)x(0)〉β ,O = SO(t)+ iAO(t). (4.119)

The real part of the coordinate correlation function SO(t) is composed of two contributions [127]

SO(t) = S1(t)+S2(t) (4.120)

given by

S1(t) =
h̄

2mωr

[
sinh(β h̄ωr)

cosh(β h̄ωr)− cos(β h̄κohm)
cos(ωrt)

+
sin(β h̄κohm)

cosh(β h̄ωr)− cos(β h̄κohm)
sin(ωr|t|)

]
e−κohm|t|

(4.121)

and

S2(t) =−
4κohm

mβ

∞

∑
n=1

νne−νn|t|

(Ω2 +ν2
n )

2−4κ2
ohmν2

n
. (4.122)

Here we have introduced the so-called Matsubara frequencies

νn =
2π

h̄β
n. (4.123)

We already anticipated above that the form of the imaginary part AO(t) is the same as that of
AL(t) in Eq. (4.114) above. Indeed, we have [127, 146]

AO(t) =−
h̄

2mωr
sin(ωrt)e−κohm|t|. (4.124)

It is readily seen that the imaginary parts of the coordinate correlation functions AO(t) and AL(t)
from Eqs. (4.124) and (4.114) coincide for ωr = ωm and κohm = κ . Accordingly, we set ωr = ωm
and κohm = κ . However, also with this substitution, the symmetric parts SO(t) and SL(t) do not
coincide. Hence, we will investigate if the functions SO(t) and SL(t) can be made to coincide
approximately.

Obviously, SL(t) cannot reproduce the contribution S2(t) in SO(t) as well as the sin(h̄βκ) in
S1(t) which yields a contribution that is out of phase with SL(t). In order to achieve that the two
functions coincide, we need to be able to neglect these two contributions.

Let us start with S2(t). The decay of S2(t) is governed by the Matsubara frequencies, the
smallest of which is ν1. SL(t) only features a single decay rate κ which also appears in S1(t) and
consequently, SL(t) cannot reproduce the decay in S2(t). In order to be able to neglect S2(t) we
need it to decay much quicker than SL(t) and S1(t), which leads us to demand

ν1� κ. (4.125)

In this regime S2(t), only causes corrections to S1(t) on a very short time scale and the influence
of S2(t) can be neglected if we are interested in the dynamics on not too short time scales. If,
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moreover, S2(0)� S1(0), we can neglect S2(t) completely [127]. Inserting the definition of the
Matsubara frequencies into Eq. (4.125) we can recast it into the form

κ h̄β

2π
=

κ

ν1
� 1. (4.126)

The above equation tells us that higher temperatures are more favorable if we want S2(t) to decay
quickly. For a given cooling rate κ it provides us with a rough lower bound on the temperature
where we can neglect S2(t). If the condition in Eq. (4.126) is satisfied, it ensures that the smallest
Matsubara frequency is much larger than the decay rate κ so that we can neglect S2(t) on the
time scales of interest. The decay of correlations is then given by S1(t).

Note that the condition in Eq. (4.126) is usually fulfilled unless we are dealing with very low
temperatures. For very low temperatures it is well-known that the Matsubara frequencies in S2(t)
dictate the timescale for the decay of correlations [74, 127, 154]. The Matsubara frequencies
then become very small and in the limit of T → 0 they approximately yield a continuum of
frequencies. The asymptotic decay rate of S2(t) in this case shows a characteristic polynomial
decay [74, 127, 154]

lim
t→∞

S(t)∼ 1
t2 . (4.127)

Let us now assume that we are in the regime Eq. (4.126) and can disregard S2(t). We now want
to find the regime where

SL(t)≈ S1(t). (4.128)

Note that in addition to Eq. (4.126) we also consider κ � ωm because of Eq. (4.115) above. A
first order expansion of the sine and cosine terms in S1(t) in the small parameter β h̄κ� 1 yields

S1(t)≈
h̄

2mωm

[
sinh(β h̄ωm)

cosh(β h̄ωm)−1
cos(ωmt)

+
h̄βκ

cosh(β h̄ωm)−1
sin(ωm|t|)

]
e−κ|t|

≈ h̄
2mωm

sinh(β h̄ωm)

cosh(β h̄ωm)−1
cos(ωmt)e−κ|t|.

(4.129)

Here we have used h̄βκ� sinh(h̄βωm) in the last step, which should hold in the regime κ�ωm.
Applying the identity coth x

2 = sinh(x)/(coshx−1) to the last equation yields

S1(t) =
h̄

2mωm
coth

(
β h̄ωm

2

)
cos(ωmt)e−κ|t|. (4.130)

Now, if the reservoir of the Ohmic and Lindblad oscillators are at the same temperature, we have

S1(t) = SL(t). (4.131)

Summarizing the above considerations, we have established a regime where the coordinate cor-
relation functions of the Lindblad oscillator and the Ohmic oscillator coincide. We expect very
good agreement between the two correlation functions

〈x(t)x(0)〉β ,L ≈ 〈x(t)x(0)〉β ,O, (4.132)

if conditions (4.115) and (4.126) are fulfilled and if the reservoirs are at the same inverse tem-
perature β .

In particular, we have seen that the Lindblad oscillator whose correlation functions we com-
puted using the quantum regression theorem can only be identified with the oscillator damped
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by a reservoir with Ohmic spectral density in a restricted parameter regime. This is connected
to some problems of the quantum regression which we shall allude to in the next section. For
now, we note that the regime we found above is actually the parameter regime where refer-
ences [74, 154] estimate that the quantum regression theorem can yield quantitatively correct
results for the two-time correlation functions of the damped harmonic oscillator.

Finally, inserting Eqs. (4.113) and (4.114) into Eq. (4.102) and using Eq. (4.4), we obtain the
environmental correlation function of the Lindblad oscillator

LL(t) = L′L(t)+ iL′′L(t) (4.133)

with real and imaginary parts

L′L(t) = λ
2 coth

(
β h̄ωm

2

)
cos(ωmt)e−κ|t| (4.134)

and
L′′L(t) =−λ

2 sin(ωmt)e−κ|t|. (4.135)

For the Ohmic oscillator with the help of Eqs. (4.121)-(4.124) we obtain the resevoir correlation
function

LO(t) = L′O(t)+ iL′′O(t) = L1(t)+L2(t)+ iL′′O(t), (4.136)

where

L1(t) =λ
2
[

sinh(β h̄ωm)

cosh(β h̄ωm)− cos(β h̄κ)
cos(ωmt)

+
sin(β h̄κ)

cosh(β h̄ωm)− cos(β h̄κ)
sin(ωm|t|)

]
e−κ|t|,

L2(t) =−λ
2 8κωm

h̄β

∞

∑
n=1

νne−νn|t|

(Ω2 +ν2
n )

2−4κ2ν2
n

(4.137)

and
L′′O(t) =−λ

2 sin(ωmt)e−κ|t|. (4.138)

Before we move on to a more quantitative comparison of LL(t) and LO(t), we remark that in the
context of ion-trap experiments thermal states of the bosonic normal modes are usually char-
acterized by their mean occupation number n̄ rather than a temperature or inverse temperature.
We can associate an effective temperature Teff to a mode of frequency ωm with mean occupation
number n̄(ωm) solving Eq. (4.81) for the temperature, which yields

Teff =
h̄ωm

kB log(1+1/n̄(ωm))
. (4.139)

With the above equation we can also write the condition in Eq. (4.126) in terms of n̄(ωm) yield-
ing

log
(

1+ 1
n̄(ωm)

)
2π

κ

ωm
� 1. (4.140)

In order to underpin the result that the reservoir correlation functions of the damped oscillator in
Lindblad description LL(t) and that of an oscillator damped by an Ohmic bath LO(t) coincide if
the conditions in Eqs. (4.115) and (4.126) are fulfilled, we present a numerical comparison of the
real parts L′L(t), Eq. (4.134), and L′O(t) = L1(t)+L2(t), Eq. (4.137). Recall that the imaginary
parts are identical.
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Figure 4.2 shows L′O(t) (solid lines) including the first 104 Matsubara frequencies and LL(t)
(dashed-line and crosses) for ωm/2π = 100kHz, κ/2π = 1.25kHz and n̄(ωm) = 0.025 – param-
eters that are realistic for an ion trap experiment. Note that this occupation number corresponds
to an inverse temperature h̄β = 5.91 ·10−6 s. Part a) of the figure shows the short time behavior
while part b) shows intermediate time scales. Indeed, we obtain excellent agreement between
the two functions on both time scales.
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Figure 4.2.: The figure shows the real parts L′O(t) = L1(t)+ L2(t) (blue solid lines) and L′L(t)
(dashed-dot line and crosses) of the reservoir correlation functions for the Ohmic
and Lindblad oscillators from Eqs. (4.137) and (4.134). L′O(t) includes the first 104

Matsubara frequencies. The parameters are ωm/2π = 100kHz, κ/2π = 1.25kHz
and n̄(ωm) = 0.025 which corresponds to h̄β = 5.91 · 10−6 s. Panel a) shows
the time evolution for short times, while panel b) illustrates the intermediate time
behavior.

Before we close this section, we present a small survey of the quality of the match between
the correlation functions for different values of κ and n̄(ωm) while keeping the mode frequency
ωm/2π = 100kHz fixed. We choose to quantify the quality of the match by the distance

d =
1

λ 2

∣∣∣∣∫ ∞

0
dt[LO(t)−LL(t)]

∣∣∣∣ (4.141)

between the functions LO(t) and LL(t). Actually, d can be evaluated analytically and yields

d =

∣∣∣∣∣cq
κ

κ2 +ω2
m
+ ccl

ωm

κ2 +ω2
m
− 8κωm

h̄β

∞

∑
n=1

1
(ω2

m +κ2 +ν2
n )

2−4κ2ν2
n

∣∣∣∣∣ , (4.142)

where we introduced

cq =
sinh(β h̄ωm)

cosh(β h̄ωm)− cos(h̄βκ)
− coth

(
h̄βωm

2

)
,

ccl =
sin(β h̄κ)

cosh(β h̄ωm)− cos(h̄βκ)
.

In Fig. 4.3 we plot the values of d for different cooling rates κ and mean occupation numbers
n̄(ωm). Note that the z-axis is − logd such that higher bars indicate smaller values of d. We can
make two observations: For fixed n̄(ωm) larger values of κ increase the difference d between
LO(t) and LL(t). On the other hand, for a fixed cooling rate the distance between the two
functions has a minimum for intermediate values of n̄(ω).
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Both effects can be understood considering Eqs. (4.134) and (4.137). Firstly, for fixed tem-
perature increasing κ increases the ratio κ/ν1 and makes it less favorable. Increasing κ also
increases the term sin(h̄βκ) in L1(t). For fixed cooling rate κ we have the following situation:
in order to neglect L2(t) we favor higher temperatures due to Eq. (4.126). However, in order to
suppress the sine component in L1(t) lower temperatures are more favorable. Accordingly there
is an intermediate temperature regime where we obtain the best match between LO(t) and LL(t).
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Figure 4.3.: The figure depicts the distance d from Eqs. (4.141) and (4.142) between the corre-
lation functions LO(t) and LL(t). We include the first 104 Matsubara frequencies in
the evaluation of LO(t). The distance is shown for different values of κ and n̄(ωm)
for fixed mode frequency ωm/2π = 100kHz. Note that higher bars correspond to
smaller values of d.

4.5.2. Effective spectral density of Lindblad and Ohmic damped oscillator

In the previous paragraph, we have seen that the Lindblad oscillator and the harmonic oscillator
damped by a reservoir with Ohmic spectral density yield the same coordinate correlation func-
tion in an appropriate parameter regime. Let us now consider the spectral densities associated to
the damped oscillators.

We start by considering the oscillator damped by a thermal oscillator environment with Ohmic
spectral density. This model of damping is investigated in [129] . The Ohmic spectral density in
this work is taken to read

J̃O = ηωe−ω/ωc . (4.143)

The final result is obtained in the limit ωc → ∞ of a strict Ohmic spectral density. It is shown
in [129] that in this limit an effective spectral density Jeff,ohm(ω) can be associated to the damped
oscillator. Adapting to our notation conventions, the effective spectral density of the damped
harmonic oscillator takes the form

Jeff(ω) =
q2

0
h̄

Jeff,ohm(ω) =
q2

0γ2

h̄m
2κω

(Ω2−ω2)2 +4ω2κ2 . (4.144)

As before κ is the damping on the coordinate of the oscillator due to the oscillator bath, Ω the

132
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free oscillation frequency and m the oscillator’s mass while γ is the spin-oscillator coupling,
see Eq. (4.49).

Considering again that we are in the underdamped regime κ < Ω, we introduce the reduced
oscillator frequency of Eq. (4.118)

ωm =
√

Ω2−κ2. (4.145)

Using ωm and Eq. (4.4) we can write the effective spectral density in Eq. (4.144) as

Jeff(ω) = λ
2
[

κ

κ2 +(ω−ωm)2 −
κ

κ2 +(ω +ωm)2

]
. (4.146)

We call the effective spectral density Jeff(ω) Lorentzian although it consists of the difference of
two Lorentzians centered at±ωm. Inserting the above spectral density into Eq. (4.62), we obtain

L(t) =
1
π

∫
∞

0
dω Jeff(ω)

[
coth

(
h̄βω

2

)
cos(ωt)− i sin(ωt)

]
, (4.147)

and one recovers LO(t) from Eq. (4.136) by contour integration. Actually, the integral to be
solved is the same as the one used to find the position correlation function of the damped har-
monic oscillator from the imaginary part of its dynamical susceptibility for strict Ohmic damping
as presented in e.g. [127, 154].

Let us now turn to the effective spectral density of the Lindblad oscillator. The Fourier
representation of LL(t) is obtained by considering its real and imaginary parts, Eqs. (4.134)
and (4.135), separately. Since the imaginary part L′′L(t) coincides with L′′O(t), Eq. (4.138), their
spectral representations are the same. However, the real parts L′L(t) and L′O(t), Eq. (4.137), dif-
fer as we have seen in the previous section. Indeed, one finds that the spectral representation of
L′L(t) is not given by Jeff(ω) but can be written as

L′L(t) =
1
π

∫
∞

0
dω J′eff(ω)coth

(
h̄βω

2

)
cos(ωt), (4.148)

where

J′eff(ω) = λ
2

coth
(

β h̄ωm
2

)
coth

(
β h̄ω

2

) [ κ

κ2 +(ω−ωm)2 +
κ

κ2 +(ω +ωm)2

]
. (4.149)

The frequency representation of LL(t) then takes the form

LL(t) =
1
π

∫
∞

0
dω

[
J′eff(ω)coth

(
h̄βω

2

)
cos(ωt)− iJeff(ω)sin(ωt)

]
. (4.150)

In general J′eff(ω) 6= Jeff(ω) and hence LL(t) cannot be written in terms of a single spectral
density as we expect for an oscillator reservoir correlation function from Eq. (4.62). As we
pointed out at the end of Section 4.4.2, the fluctuation-dissipation theorem (FDT) allows us to
write the coordinate correlation function and thus the reservoir correlation function in terms of
a single quantity – the spectral density. In fact, it is known that the quantum regression theorem
is, in general, not compatible with the FDT and the so-called KMS condition which is used in
the derivation of the FDT [74]. Therefore, we cannot expect that the identity Eq. (4.62) also
holds for the regression theorem results. Yet, from our considerations in the previous section we
expect that for appropriate parameters, i.e. when we satisfy Eqs. (4.115) and (4.126), we have

J′eff(ω)≈ Jeff(ω) (4.151)
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such that LL(t) can be written in the form of Eq. (4.62) approximately as

LL(t)≈
1
π

∫
∞

0
dω Jeff(ω)

[
coth

(
h̄βω

2

)
cos(ωt)− i sin(ωt)

]
. (4.152)

In order to illustrate that indeed we obtain very good agreement between J′eff(ω) and Jeff(ω),
we compare the left and right hand sides of Eq. (4.151) in Fig. 4.4. We use the parameters
that yielded a very good agreement between LL(t) and LO(t) in the previous section, namely
ωm/2π = 100kHz, κ/2π = 1.25kHz and n̄(ωm) = 0.025 which corresponds to h̄β = 5.91 ·
10−6 s. In panel a) of the figure we show Jeff(ω) and J′eff(ω) for small frequencies while part b)
shows the behavior for intermediate frequencies and around the resonance ωm/2π = 100kHz.
As expected we obtain very good agreement.
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Figure 4.4.: The figure depicts Jeff(ω), Eq. (4.146), (black solid line) and J′eff(ω), Eq. (4.149),
(blue triangles) from Eq. (4.151) for ωm/2π = 100kHz, κ/2π = 1.25kHz and
n̄(ωm) = 0.025. Part a) compares the two functions for small frequencies while part
b) focuses on the behavior around the resonance of Jeff(ω) at ωm/2π = 100kHz.

Finally, in Fig. 4.5 we plot the relative error

εJ =
|J′eff(ω)− Jeff(ω)|

Jeff(ω)
(4.153)

of the two functions. The error is remarkably small in the range of interest ω/2π ∈ [0,150]kHz.
For higher frequencies the error increases because the spectral density Jeff(ω) tends to zero more
rapidly than the effective one J′eff(ω). However, since both contributions are small the effect of
this difference should be negligible, especially because usually we are not interested in the high
frequency features of the spectral density.

Summarizing the results of this section: for appropriate parameters, i.e. parameters satisfying
Eqs. (4.115) and (4.126), to a very good approximation we obtain the same reservoir correlation
functions for a harmonic oscillator damped by a thermal oscillator bath with Ohmic spectral den-
sity and an oscillator where damping is described by a Lindblad equation. For these parameters
we also obtain very good agreement between the effective spectral densities for the two descrip-
tions of damping. The parameters where the identification is possible are in the regime where
the quantum regression theorem is supposed to yield quantitatively correct two-time correlation
functions for the damped harmonic oscillator [74, 154].

The interesting consequence of this is the following. The oscillator coupled to a bath with
Ohmic spectral density includes an infinite number of oscillators and therefore the oscillator
plus bath system constitutes an environment consisting of a macroscopic number of oscillators.
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Figure 4.5.: The figure shows the relative error εJ from Eq. (4.153) between J′eff(ω), Eq. (4.149),
and Jeff(ω), Eq. (4.146), over the relevant frequency range that is covered by Jeff(ω).
Parameters are ωm/2π = 100kHz, κ/2π = 1.25kHz and n̄(ωm) = 0.025 as before.

Now, if the environment is a Lindblad oscillator and yields the same correlation function and
spectral density as the oscillator damped by the Ohmic bath, the resulting influence functional
is the same. Consequently, the influence on the system is the same for the two descriptions and
we can identify the Lindblad oscillator with a macroscopic reservoir with the spectral density
Jeff(ω) in Eq. (4.146).

In brief, a harmonic oscillator damped by a bath with Ohmic spectral density acts as an effec-
tive macroscopic environment with Lorentzian spectral density. In this section, we have shown
that the Lindblad oscillator produces the same coordinate correlation function and thus influence
functional as the Ohmic oscillator for appropriate parameters. Hence, the Lindblad oscillator can
be identified with a macroscopic environment with Lorentzian spectral density for appropriate
parameters.

4.6. Experimental simulations of the spin-boson model using
trapped ions

With the results that we gathered in the previous sections of this chapter we are now in a
position to develop the scheme for the simulation of spin-boson models with trapped ions. We
will briefly collect the crucial points of the previous sections. Then, we present the simulation
procedure and benchmark it with a numerically exact simulation for the simplest model that we
can simulate: a spin coupled to a bath with Lorentzian spectral density. Thereafter, we will show
how the necessary Hamiltonian is obtained in an ion trap experiment and we will illustrate the
practicality of the protocol with the simulation of an experiment with parameters that can be
achieved in state-of-the-art experiments. The discussion of the impact of experimental noise is
deferred to the next section.

Let us start by recalling that the spin-boson model is described by the Hamiltonian

Hsb =
ε

2
σ

z− h̄∆

2
σ

x− 1
2

σ
z

∞

∑
n=1

h̄λn(an +a†
n)+

∞

∑
n=1

h̄ωna†
nan, (4.154)

where ε is the energy difference of the eigenstates of σ z = |e〉〈e|− |g〉〈g| and they are coupled
with strength h̄∆. The spin interacts with the environmental oscillators of frequency ωn with
coupling strength h̄λn. For an initial product state of the spin and the oscillator environment
where the environment is in a thermal state, the propagator of the full system can be written in
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the path integral formalism as

G(t,0) =
∫ q f

q0

Dq
∫ q′f

q′0
Dq′e

i
h̄ (S0[q]−S0[q′])F [q,q′]. (4.155)

Here
∫ q f

q0
Dq denotes the path integral over all spin state trajectories that connect q(0) = q0 and

q(t) = q f and S0[q] is the action of the free spin evolution. The same holds for the primed
coordinate. F [q,q′] is the influence functional given by

F [q,q′] = exp
{
−
∫ t

0
dt1
∫ t1

0
dt2[q(t1)−q′(t1)][L(t1− t2)q(t2)−L∗(t1− t2)q′(t2)]

}
, (4.156)

where
L(t) =

1
h̄2 〈X(t)X(0)〉β (4.157)

is the reservoir correlation function with

X(t) = ∑
n

h̄λn[an(t)+a†
n(t)]. (4.158)

The influence functional is equivalently determined by the spectral density J(ω) as the reservoir
correlation function may be written as

L(t) =
1
π

∫
∞

0
dω J(ω)

[
coth

(
β h̄ω

2

)
cos(ωt)− i sin(ωt)

]
. (4.159)

For the Hamiltonian in Eq. (4.154) the spectral density takes the form

J(ω) = π ∑
n

λ
2
n δ (ω−ωn). (4.160)

For environments made up of a macroscopic number of constituents the spectral density is taken
to be a smooth function of frequency.

For most spectral densities one cannot solve the dynamics of the spin-boson model exactly
and therefore has to resort to either approximate or numerical treatments. Numerical treatments
are usually limited by the memory time of the environment. Hence, a physical system which
simulates the dynamics of spin-boson models has the advantage that it will not suffer from this
limitation. Of course, in the end there will be experimental limitations that define the range
of applicability of such a device, but a physical quantum simulator could potentially explore
parameter regimes which are inaccessible with nowadays numerical treatments.

The challenge to build such a device with trapped ions is to engineer the environment. As
we pointed out earlier, one could consider a large crystal with 50-100 ions that features many
motional modes and these could serve as the environment. This idea has been studied previously
in [34]. One drawback of this approach is that it is difficult to engineer the shape of the spectral
density of the environment in addition to the fact that it is hard to control such large crystals.

Here, we want to take a different approach inspired by the result of [129] that an oscillator
damped by a bath with Ohmic spectral density yields the effective spectral density

Jeff(ω) = λ
2
[

κ

κ2 +(ω−ωm)2 −
κ

κ2 +(ω +ωm)2

]
. (4.161)

Here, λ is the coupling of the oscillator to the spin as in Eq. (4.154) above, ωm its reduced
oscillation frequency that relates to the free oscillation frequency Ω and the damping rate κ

through ωm =
√

Ω2−κ2. We remark that we consider the underdamped regime κ < Ω.
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The above result was obtained within a path integral approach. Now, if we use that the com-
bined effect of several independent environments is given by the product of their individual
influence functionals, Eq. (4.48), we obtain a reservoir correlation function

L(t) =
1
π

∫
∞

0
dω ∑

n
Jeff,n(ω)

[
coth

(
h̄βnω

2

)
cos(ωt)− i sin(ωt)

]
, (4.162)

where Jeff,n(ω) is the spectral density generated by oscillator n given by Eq. (4.161) with the
corresponding λn,κn,ωn. Thus, we can understand the combined effect of several damped har-
monic oscillators as that of one large environment if all oscillators are coupled to baths of the
same temperature. In practice, it probably suffices to have βn ≈ β for all n. Hence, if we have
several independent damped oscillators in thermal equilibrium with baths at the same tempera-
ture, we may construct arbitrary spectral densities

J(ω) = ∑
n

Jeff,n(ω). (4.163)

The idea of decomposing spectral densities in terms of Lorentzians of the form in Eq. (4.161) has
already been explored in [149] to derive a set of equations similar to the hierarchical equations of
motion for the time evolution of non-Markovian quantum systems [149]. In order to approximate
a certain target spectral density JT(ω) as in Eq. (4.163) the authors of [149] find the values of
the λn,κn and ωn by minimizing the functional

E[{λn,κn,ωn}] =
∫

∞

0
dω |JT(ω)− J(ω)|2. (4.164)

Remarkably, an Ohmic spectral density can be approximated very well by only three Lorentzians
[149]. This procedure theoretically works for all spectral densities if the number of available os-
cillators is large enough. Note that performing the above minimization is a considerable numer-
ical task already for five to ten modes since it involves three parameters for each mode. Hence,
finding a decomposition of a spectral density as in Eq. (4.163) is already a formidable task which
is interesting in its own right.

Due to the results of the previous section, we can adapt this procedure to trapped-ion exper-
iments. After laser cooling, the motion of ions in a Coulomb crystal is described by a set of
independent normal modes in each spatial direction under normal trapping conditions. Each of
the modes is a harmonic oscillator and cooling of the modes is usually described by a Lind-
blad equation (see Section 2.6). In the previous section we have seen that we can associate the
spectral density in Eq. (4.161) to the damped oscillator in Lindblad description if κ � ωm and
h̄βκ � 1. Note that these restrictions make the decomposition in Eq. (4.164) more difficult
and one should expect that more damped oscillators are needed than if the condition κ � ωm is
relaxed. Let us acknowledge once again that the use of damped harmonic oscillators to model
(non-Markovian) environments has been considered previously for oscillator systems [150,151]
and in pseudomode theory [152, 153].

Now that we have presented the general idea, we will present a detailed case study for the
simulation of a spin-boson model with trapped ions. We will investigate the simplest case where
a spin is coupled to a single damped oscillator which corresponds to a spin-boson model with
Lorentzian spectral density as in Eq. (4.161). This system may seem very simple but actually
exhibits an interesting phenomenology and has been studied with a variety of numerical and
analytical approaches, see e.g. [155–158].

For the spin-boson model with Lorentzian spectral density we only need one spin and one
mode. Since laser cooling involves dissipative processes on the internal degrees of freedom of
the ions, we cannot use the same ion to encode the spin and to cool the crystal. Therefore, we
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need at least N = 2 ions. In order to avoid that the cooling lasers interfere with the internal
degrees of freedom of the ion encoding the spin, it seems advantageous to work with mixed
species crystals. In this case we can use one ion to implement laser cooling and the other to
encode the spin. Alternatively we could rely on single site addressing where the lasers are
tightly focused such that they only interact with a singe ion at a time.

For concreteness we consider a 24Mg+−25 Mg+ crystal. 25Mg+ has a nuclear spin and ac-
cordingly features a hyperfine structure. There are two electronic hyperfine ground states man-
ifolds with total angular momentum F = 2,3 whose degeneracy can be lifted by applying an
external magnetic field. The hyperfine splitting between the F = 2 and F = 3 manifolds is
about ω0/2π ' 1.8GHz. A possible choice for a qubit are the states |F = 3,mF = 3〉 ≡ |g〉 and
|F = 2,mF = 2〉 ≡ |e〉. Note that these states are susceptible to magnetic field fluctuations and
thus less resilient to fluctuating ambient magnetic fields. This is the price we have to pay if we
want to use spin-motion coupling in σ z. This kind of coupling cannot be implemented on clock
states because there will be no differential ac-Stark shift for typical parameters of the applied
fields [159]. At a magnetic field of a few Gauss the other hyperfine states are well-separated
from the qubit states due to the Zeeman interaction and we can describe the internal levels of
25Mg+ by the two-state Hamiltonian [19, 55]

Hs = h̄
ω0

2
σ

z. (4.165)

We assume that the trapping potentials are harmonic and chosen such that the ions form a string
along z. Furthermore, we assume that the ions are cold enough that their motion is described by
a set of normal modes in all spatial directions, cf. Eq. (2.57),

Hm = ∑
α=x,y,z

2

∑
n=1

h̄ωn,αa†
n,αan,α , (4.166)

where ωn,α is the frequency of mode n in direction α and an,α and a†
n,α are the associated

annihilation and creation operators. Gathering the motional and spin Hamiltonians, we define

H0 = h̄
ω0

2
σ

z +∑
α,n

h̄ωn,αa†
n,αan,α . (4.167)

The internal states of 24Mg+ do not appear in the above Hamiltonian because we consider it is
used to sympathetically cool the crystal. As we have seen in Section 2.6, the internal levels are
adiabatically eliminated in the description of laser cooling. Accordingly, we omit the internal
levels of 24Mg+ in H0.

The spin transition lies in the microwave regime and accordingly can be driven either by a
microwave field or by two laser fields in a two-photon stimulated-Raman configuration which
we discussed in Section 2.5. Irrespective of the physical realization we will call the field driving
the spin transition the “microwave” in order to avoid confusion with the lasers used to induce
the spin-motion coupling.

Let us now consider that the spin is driven by a microwave with frequency ωd and Rabi fre-
quency Ωd while simultaneously a spin-dependent optical dipole force is applied. The spin de-
pendent forces discussed in Section 2.5 can be applied to 25Mg+, see e.g. [19], by off-resonantly
coupling the spin states to the levels of the P manifold with two laser beams near 280nm whose
beat note is tuned close to one of the motional mode frequencies. In a rotating wave approxima-
tion the interaction of the 25Mg+ ion with the applied fields according to Eqs. (2.124) and (2.288)
is described by the Hamiltonian

Hint = h̄
Ωd

2
σ
+e−iωdt + h̄

Ωodf

2
ei(kLr2+φL)e−iωLt

σ
z +H.c., (4.168)
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where ωL, kL and φL are the effective laser frequency, wave vector and phase, respectively, and
r2 is the position operator of the 25Mg+ ion. In the above equation, we also set the microwave
phase to zero and Ωodf denotes the effective laser Rabi frequency where we assumed that the Rabi
frequency of the running wave contribution to the optical dipole force vanishes Ωrw = 0. Finally,
we used that kd · r2 ≈ 0, where kd is the microwave wave vector. Note that this assumption also
holds if the spin is driven in a two-photon stimulated Raman configuration with copropagating
laser beams.

The full Hamiltonian of the system then reads

H = H0 +Hint. (4.169)

We now assume that the effective laser wave vector kL = kez points along the trap axis such
that the laser only couples to the motion along z. The axial coordinates of the ions read r jz =
z0

j + q jz where the equilibrium positions z0
j are determined from Eqs. (2.22) and (2.23) and the

displacements from equilibrium can be written in terms of the quantized normal modes

q jz = ∑
n

B̃ jn

√
h̄

2m jωn
(an +a†

n), (4.170)

where m j is the mass of ion j while ωn ≡ ωn,z and an ≡ an,z. Note that we are considering a
mixed-species crystal with inhomgeneous masses. Thus, B̃ jn defined in Eq. (2.69) is the matrix
that diagonalizes the harmonic approximation of the full potential Ṽ z from Eq. (2.68) in mass-
weighted coordinates. Accordingly, the B̃ jn are the normalized amplitudes of normal mode n at
ion j in mass-weighted coordinates.

The next step is to transform the Hamiltonian to an interaction with respect to

H̃0 = h̄
ωd

2
σ

z + h̄∑
α,n

ωn,αa†
n,αan,α . (4.171)

This yields the Hamiltonian

H̃int = eiH̃0t(H− H̃0)e−iH̃0t

= h̄
δ

2
σ

z + h̄
Ωd

2
σ

x +

(
h̄

Ω̃odf

2
ei∑n η2n(ane−iωnt+a†

neiωnt)e−iωLt
σ

z +H.c.
)
,

(4.172)

where δ = ω0 −ωd is the detuning of the microwave from the spin transition and Ω̃odf =
Ωodfei(kz0

2+φL). In the above equation, we also assumed that the Rabi frequency Ωd is real and
introduced the Lamb-Dicke factors

η jn = B̃ jnk

√
h̄

2m jωn
. (4.173)

Since the masses of the two ions are almost equal, we expect that the mode structure of the
crystal is basically that of a crystal with ions of equal masses. We thus expect an in- and an
out-of-phase mode of motion that are well separated in frequency similar to the center-of-mass
and stretch modes. We will see below that these assumptions hold.

We now use that the η jn� 1 because kL is an optical wave vector and expand the exponentials
to first order in the η2n to obtain a coupling Hamiltonian of the type in Eq. (2.293). Choosing the
laser frequency close to the out-of-phase mode frequency ωL ≈ ω2 and assuming Ωodf� 2ωL
as well as η1Ωodf � |ω1−ωL|, we can neglect all terms except the one coupling the spin to
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the out-of-phase mode in a rotating wave approximation. The Hamiltonian in Eq. (4.172) then
becomes

H̃int = h̄
δ

2
σ

z + h̄
Ωd

2
σ

x +

(
h̄iη22

Ω̃odf

2
a†

2σ
zeiδmt +H.c.

)
, (4.174)

where we have introduced δm = ω2−ωL which satisfies δm � ω2. Finally, by moving to yet
another interaction picture with respect to

H̃m =−h̄δma†
2a2, (4.175)

we can transform H̃int to the time-independent Hamiltonian

˜̃Hint = h̄
δ

2
σ

z + h̄
Ωd

2
σ

x +

(
h̄iη22

Ω̃odf

2
a†

2σ
z +H.c.

)
+ h̄δma†

2a2. (4.176)

If we now identify

δ = ε/h̄, (4.177)

∆ =−Ωd, (4.178)

λ =−iη22Ω̃odf =−iη22Ωodfei(kz0
2+φL), (4.179)

ωm = δm = ω2−ωL, (4.180)

˜̃Hint can be written as

Hsb,1 =
ε

2
σ

z− h̄∆

2
σ

x− h̄λ

2
σ

z(a+a†)+ h̄ωma†a, (4.181)

where we have omitted the index of the creation and annihilation operators and have taken λ to
be real. We note in passing that in this setting λ may always be taken to be real. This is the
spin-boson Hamiltonian in Eq. (4.154) for a single mode.

Let us remark that the mode frequency in our simulation ωm = δm is given by the detuning of
the spin dependent force from the driven mode ωm = ω2−ωL. For the simulation to be physi-
cally meaningful we need δm > 0. Hence, the spin-dependent force needs to be red-detuned.

The last step is to add the damping on the mode due to the cooling of the 24Mg+ ion. Cooling
is described by the dissipator in Eq. (2.366). The full system then evolves according to

ρ̇ =− i
h̄
[Hsb,1,ρ]+Dκ,n̄ρ, (4.182)

with
Dκ,n̄ρ = κ(n̄+1)[aρa†−a†aρ]+κ n̄[a†

ρa−aa†
ρ]+H.c. (4.183)

Note that the cooling rate on the mode is reduced by a factor B̃2
12 due to Eq. (2.391).

According to our considerations of the previous paragraph the system evolving according
to Eq. (4.182) should produce the same spin dynamics as a spin coupled to a macroscopic oscil-
lator bath with spectral density Jeff(ω), Eq. (4.161), if the conditions κ � ωm and h̄βκ � 1 are
met. Note that in the ion-trap implementation the effective mode frequency is the detuning δm of
the state dependent force and is therefore much smaller than the physical mode frequency. One
has to make sure that the above conditions are met for the effective frequency so that the corre-
spondence to the effective macroscopic harmonic environment holds for the simulation. For the
values of ωm, κ and n̄(ωm) or equivalently h̄β reported in Tab. 4.1, we obtained excellent agree-
ment between the reservoir correlation functions of the oscillator damped by an Ohmic bath and
that of the Lindblad oscillator. Hence, we also consider these parameters when we benchmark
the effective model in Eq. (4.182) with a full many body simulation of the spin-boson model.
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Table 4.1.: Simulation parameters. The table lists the parameters used in the numerical simu-
lations of the spin-boson model comparing the effective theory in Eq. (4.182) and a
full many body simulation using the TEDOPA algorithm. The same parameters are
also used for the simulation of the proposed ion trap experiments. The values of ∆

and λ are not reported because they were varied in the simulations.

ωm/2π κ/2π n̄(ωm) h̄β ε/2π

100kHz 1.25kHz 0.025 5.91 ·10−6 s 0kHz

In order to underpin the considerations of the previous section, we simulated the dynamics
of 〈σ z(t)〉 and 〈σ x(t)〉 for the full spin-boson Hamiltonian of Eq. (4.154) with spectral density
Jeff(ω), Eq. (4.161), using the numerically exact TEDOPA algorithm [133, 134] and compared
them with the dynamics generated by Eq. (4.182) for two sets of parameters. A brief account
of the idea behind the TEDOPA algorithm [133, 134] is given in App. C. Let us remark that the
results were produced together with Dario Tamascelli who conducted the TEDOPA simulations.

For the simulations we considered an initial product state |e〉〈e|⊗ρβ with the environment in
a thermal state at inverse temperature h̄β = 5.91 ·10−6 s. We considered an unbiased system, i.e.
ε = 0, and chose a spin-motion coupling λ/2π = 100kHz. The remaining simulation parameters
are summarized in Tab. 4.1. Note that we have not specified the tunnel element ∆ so far because
it was varied in the simulations.

We simulated the time evolution for spin energies ∆/2π = −50kHz and −100kHz. Smaller
values of ∆ would have led to excessive computation times for the TEDOPA simulations. One
simulation for ∆/2π =−50kHz took 15 days using 16 cores on a computing cluster, which once
more indicates the value of a trapped-ion simulator of spin-boson models.

The results are shown in Fig. 4.6. For both values of ∆ we obtain very good agreement
between the TEDOPA results and Eq. (4.182), which confirms our considerations that the Lind-
blad oscillator can be identified with a macroscopic environment with spectral density Jeff(ω)
of Eq. (4.161) for appropriate parameters. In particular, the results show that this correspondence
holds in a non-perturbative regime and that it also holds when we probe the spectral density away
from the resonance.

With the results shown in Fig. 4.6 we can be confident that the proposed simulation protocol
works. Moreover, we can also explore parameter regimes which are hard to tackle numerically
with the TEDOPA algorithm. In the remainder of this section we present simulations of the
dynamics of ion trap experiments using Eq. (4.182) for realistic parameters. Among these there
will be simulations entering this parameter regime.

We considered a trap with an axial potential that yields a center-of-mass frequency ωcom/2π =
2.54MHz for a single 24Mg+ ion. For the 24Mg+−25 Mg+ crystal the normal modes amplitudes
in mass-weighted coordinates B̃ read

B̃ =

(
0.6925 −0.7214
0.7214 0.6925

)
(4.184)

yielding the real space amplitudes

B =

(
0.6999 −0.7284
0.7143 0.6851

)
. (4.185)

As expected the amplitudes do not differ too much from those of homogeneous crystal, see
Eqs. (2.24), (2.46) and (2.47). For the considered trap potential the in- and out-of-phase mode
frequencies become

ω1/2π = 2.51MHz and ω2/2π = 4.36MHz, (4.186)
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Figure 4.6.: Benchmark of the spin-boson simulation protocol. Part a) shows the time evolu-
tion of 〈σ z(t)〉 in natural time units |∆| · t. The solid lines show the time evolution
under the full spin-boson Hamiltonian in Eq. (4.154) with spectral density Jeff(ω)
from Eq. (4.161). We consider an initial product state |e〉〈e|⊗ρβ with the environ-
ment in a thermal state at inverse temperature h̄β = 5.91 · 10−6 s. The spin-motion
coupling was λ/2π = 100kHz and the spin energies were ∆/2π = −50kHz and
∆/2π =−100kHz. The remaining simulation parameters are summarized Tab. 4.1.
The symbols depict 〈σ z(t)〉 evolving according to Eq. (4.182) describing a spin cou-
pled to a damped oscillator in Lindblad description. b): Same as a) for 〈σ x(t)〉.

which confirms our considerations before Eq. (4.174). The normal mode frequencies together
with Eq. (4.184) yield the Lamb-Dicke parameters

η =

(
0.2012 −0.1592
0.2053 0.1497

)
, (4.187)

where we assumed that the lasers producing the state dependent force are at right angles and the
effective wave vector is directed along the trap axis.

At the beginning of this section we presented a derivation of the Hamiltonian in Eq. (4.181)
for the 25Mg+ ion which encodes the spin. We assumed that the 25Mg+ ion is sympathetically
cooled by EIT cooling on the 24Mg+ ion leading to the evolution in Eq. (4.182) of the whole
system. 24Mg+ has already been used for sympathetic cooling of mixed-species ion crystals [91]
and the cooling rate and asymptotic population of the cooled mode given in Tab. Eq. (4.1) seem
realistic in light of the results of [91].We chose the microwave to be resonant such that ε = 0 for
the Hamiltonian in Eq. (4.181) and considered an initial product state of spin and mode

ρ0 = |e〉〈e|⊗ρβ , (4.188)

where the thermal state ρβ of the environment has a mean occupation number n̄(ωm) = 0.025 as
in Tab. 4.1. In all simulations of Eq. (4.182) that are presented here, the motional Hilbert space
was truncated at nmax = 15 excitations to make truncation errors negligible.

The results of the simulations for different spin energies and spin-motion couplings λ are
depicted in Fig. 4.7. In part a) the figure shows the dynamics of 〈σz(t)〉 for a spin energy
∆/2π = 3kHz and varying spin-motion coupling λ/2π = 10− 200kHz. In this case, the spin
samples the low frequency part of the spectral density. In the limit ω�ωm we can approximate
Jeff from Eq. (4.161) as

Jeff(ω)≈ 4λ 2κωm

(κ2 +ω2
m)

2 ω. (4.189)
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Figure 4.7.: The figure depicts the dynamics of 〈σz(t)〉 under Eq. (4.182) for spin energies
∆/2π = 3kHz [a)] and ∆/2π = 100kHz [b)] for varying spin-motion coupling.
The time axis is given in natural time units ∆ · t. The remaining parameters can
be found in the text. In part a) ∆/2π = 3kHz is much smaller than the mode fre-
quency ωm/2π = 100kHz so that the environment is approximately Ohmic. In part
b) the spin is resonant with the mode frequency.

Thus, for small frequencies the spectral density is approximately Ohmic and we expect that the
dynamics of 〈σz(t)〉 are similar to that of a spin coupled to an environment with Ohmic spectral
density. We observe a transition from underdamped to overdamped oscillations in 〈σz(t)〉 when
the spin-motion coupling is increased. This is indeed expected for a spin coupled to an Ohmic
bath at finite temperatures [127, 128]. We should note, however, that Jeff(ω) yields a different
reservoir correlation function than the Ohmic environment and accordingly, we can only expect
qualitatively similar dynamics of the spin in the low frequency regime where the spectral density
is approximately Ohmic [155, 156]. Note that we could not enter this regime of the dynamics
with the TEDOPA simulations because the time scales of the considered time evolution, which
are determined by ∆/2π = 3kHz in this case, would have led to excessive simulation times, see
also App. C.

In panel b) we show 〈σz(t)〉 for ∆/2π = 100kHz and the remaining parameters as in a). In this
case the spin is resonant with the mode and we observe a very rich behavior in the dynamics of
〈σz(t)〉. While for the weakest spin-motion coupling 〈σz(t)〉 shows damped oscillations, we can
observe a partial revival of the spin-excitation in the case λ/2π = 50kHz. An excitation leaving
into the environment and coming back to the system is actually a paradigmatic example for non-
Markovian behavior of an environment. Motivated by this observation we actually quantified
the degree of non-Markovianity of the dynamics and found that the dynamics is non-Markovian
for both considered values of ∆ for all finite values of λ . The results are presented in detail in
Section 4.8.

In summary, in this section we have shown that a damped oscillator in Lindbald description
can indeed be identified with a macroscopic environment with Lorentzian spectral density. To
this end we compared the dynamics of a spin coupled to a damped harmonic oscillator in Lind-
bald description with a numerically exact simulation of the full many body Hamiltonian and
obtained excellent agreement. We have then further shown how more complex spectral densities
can be tailored with combinations of Lindblad damped oscillators. Finally, we have illustrated
that these ideas can be implemented with trapped ions deriving the relevant Hamiltonian and
simulating an experiment with parameters realistic for a state-of-the-art experiment.
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4. Simulations of the dynamics of spin-boson models with trapped ions

4.7. Impact of experimental sources of noise

Any experiment is inevitably subject to external influences which make the experimental system
an open quantum system. Many times the external influences are weak and the dynamics is
approximately still that of a closed quantum system. Eventually though, the environment will
effect that the quantum system loses its quantum properties.

If we want to simulate the dynamics of a quantum system, we need to ensure that the simu-
lator reproduces the dynamics of the system to simulate, also when subject to external sources
of noise. We note that there are ideas such as quantum error correction that try to minimize
or cancel the effects of the environment but they come at the cost of more experimental over-
head [1]. In the present section we will investigate the impact of typical sources of noise in ion
trap experiments on the quality of our simulation of spin-boson model dynamics. We will focus
on two sources of noise here: The first is dephasing noise which can have different causes, such
as fluctuating ambient magnetic fields or laser phase fluctuations [61] and is ubiquitous in ion
trap experiments. The second source of noise is in a way specific to the implementation of the
spin-boson model we propose. It is the decoherence that is caused implementing the spin-motion
coupling in the σ z-basis.

4.7.1. Dephasing noise

Encoding the qubit in the |g〉 ≡ |F = 3,mF = 3〉 and |e〉 ≡ |F = 2,mF = 2〉 states of 25Mg+

permits to make use of the σ z spin-motion coupling but it has the disadvantage that the |F =
3,mF = 3〉↔ |F = 2,mF = 2〉 transition is magnetic-field sensitive. This means that it is prone to
dephasing due to fluctuations of the ambient magnetic field, see Section 2.3. We do not assume
a particular noise model for the magnetic field fluctuations but rather take a phenomenological
approach. We assume that the qubit levels are subject to a generic dephasing noise which also
includes other possible sources of dephasing.

In order to capture the effects of the noise on the spin, we add a dissipator on the spin
in Eq. (4.182) such that the state ρ of spin and mode obeys the equation of motion

ρ̇ =− i
h̄
[Hsb1,ρ]+ (Dκ,n̄ +Ds)ρ, (4.190)

where Hsb1 and Dκ,n̄ have been introduced in Eqs. (4.181) and (4.183) above. The additional
dissipator Ds accounting for dissipative effects on the spin for dephasing noise reads [160]

Dsρ =
Γ

2
(σ z

ρσ
z−ρ). (4.191)

This dissipator leads to a decay e−Γt of the spin coherences where the decay constant Γ is related
to the qubit coherence time T ∗2 by

Γ = 1/T ∗2 . (4.192)

In order to investigate the effects of dephasing noise, we computed the dynamics of Eq. (4.190)
using the parameters from Tab. 4.1 and the initial condition of Eq. (4.188) for different coherence
times T ∗2 while the spin-motion coupling was varied in the range λ/2π = 10− 200kHz. In
Fig. 4.8 we present the resulting dynamics of 〈σ z(t)〉 together with those given by Eq. (4.182)
for the same parameters but without noise. The noise free dynamics are indicated by solid lines
while symbols depict the noisy time evolutions. In panels a) and b) of Fig. 4.8 we show 〈σ z(t)〉
for a spin energy ∆/2π = 3kHz, where the environment appears approximately Ohmic, for qubit
coherence times T ∗2 = 1ms and T ∗2 = 10ms. We observe that for T ∗2 = 10ms there is already
no visible effect of the dephasing on the dynamics. Let us note that the coherence times we
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Figure 4.8.: Impact of dephasing on the spin-boson model simulations with trapped ions. The
figure shows the dynamics of 〈σ z(t)〉. Solid lines depict the noise free dynamics
generated by Eq. (4.182) and symbols those given by Eq. (4.191) that incorporates
dephasing noise. The simulation parameters, except for the spin-motion coupling
λ , are given in Tab. 4.1. The values of λ/2π in kHz are given in the legends. In
parts a) and b) we consider the quasi Ohmic case with spin energy ∆/2π = 3kHz
and coherence times T ∗2 = 1ms and T ∗2 = 10ms , respectively. Part c) shows the
dynamics for the resonant case ∆/2π = 100kHz and T ∗2 = 1ms.

considered here are a rather pessmistic estimate and have already by far been surpassed even
with magnetic-field sensitive trapped-ion qubits, e.g. in [161] a 1/

√
e decay time of 300ms has

been observed on a magnetic-field sensitive transition in 40Ca+.
In part c) of Fig. 4.8 we depict the dynamics for the resonant case ∆/2π = 100kHz and a

coherence time T ∗2 = 1ms. It can be appreciated in the figure that there is no visible effect on the
dynamics already for this smaller qubit coherence time. Of course, this is because of the much
shorter time scale of the time evolution as compared to the dephasing time in this case.

In the light of the above results it seems fair to neglect dephasing noise.

4.7.2. Decoherence due to σ z spin-motion coupling

The second noise mechanism that we consider is the decoherence introduced by off-resonant
excitations out of the qubit manifold due to the spin-motion coupling. Here, we consider a
simplified level scheme for 25Mg+. We will consider a three-level Λ system as we considered
in Section 2.5. In practice, there are actually different P levels contributing to the optical dipole
forces in 25Mg+. However, our simplified treatment still captures the essential effects.

In Section 2.5 we have seen that the off-resonant coupling of the qubit levels to a decaying
excited state leads to dissipative effects. For the considered model these are given in Eqs. (2.301)
and (2.302) in a rotating wave approximation. The cause of the dissipative effects is residual off-
resonant excitation of the upper level, due to the finite detuning ∆R of the laser beams, followed
by an emission event. The dissipator in Eq. (2.301) describes Rayleigh scattering where the spin
state is not changed upon a scattering event but the state can acquire an unknown phase leading
to dephasing. In the Raman scattering processes described by Eq. (2.302) the spin states is
changed upon photon scattering. Both processes lead to decoherence and are therefore harmful
to the simulation.

Due to the results of the previous paragraph, we do not consider additional dephasing noise
here. Including the noise effects, the spin and mode evolve according to Eq. (4.190). The spin
dissipator now reads

Dsρ = ∑
j,k=e,g

(L jkρL†
jk−

1
2
{L†

jkL jk,ρ}), (4.193)
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Figure 4.9.: Impact of decoherence due to σ z spin-motion coupling on the spin-boson model
simulations with trapped ions. The figure shows the dynamics of 〈σ z(t)〉 for the
simulation parameters in Tab. 4.1. The spin-motion coupling is varied in the range
λ = 10−200kHz and the values of λ/2π in kHz are given in the legends. In parts
a) and b) we show 〈σ z(t)〉 for the quasi Ohmic case ∆/2π = 3kHz and laser de-
tunings ∆R/2π = 100GHz and ∆R/2π = 1THz, respectively. Solid lines represent
the unperturbed dynamics given by Eq. (4.182) and symbols the noisy dynamics
given by Eq. (4.190) with the dissipator of Eq. (4.193). Part c) shows 〈σ z(t)〉 for
∆/2π = 100kHz and a Raman beam detuning ∆R/2π = 100GHz.

where the Lindblad operators L jk are given in Eqs. (2.301) and (2.302). We assume the sponta-
neous emission rate 25Mg+, Γ/2π = 41.4MHz, for the upper level and take η22 ≈ 0.15 from Eq.
(4.187) above. Furthermore, we assume an equal branching ratio for the decay of the excited
level to the spin states, i.e. Γe = Γg = Γ/2 and assume that all laser Rabi frequencies have the
same modulus |Ωl,s|= Ω0.

In Fig. 4.9 we compare the noisy spin evolution generated by Eq. (4.190) incorporating Ds
from Eq. (4.193) with the noise free dynamics given by Eq. (4.182). The parameters we used for
the simulation are those from Tab 4.1 and the initial condition in Eq. (4.188). The spin-motion
coupling was varied in the range λ/2π = 10−200kHz.

Parts a) and b) of Fig. 4.9 depict the dynamics of 〈σ z(t)〉 for the quasi Ohmic case ∆/2π =
3kHz and laser detunings ∆R/2π = 100GHz and ∆R/2π = 1THz, respectively. Again solid
lines represent the unperturbed dynamics while the symbols depict the dynamics incorporating
the noise effects on the spin. For the smaller detuning of 100GHz the dynamics is noticeably
perturbed by the additional decoherence already for weak spin-motion couplings. We note,
however, that the right qualitative behavior of the dynamics is preserved. For the larger detuning
∆R/2π = 1THz there are only appreciable deviations from the unperturbed dynamics for the
strongest spin-motion coupling. Finally, in part c) we show the dynamics for the resonant case
∆/2π = 100kHz with a laser detuning ∆R/2π = 100GHz. In this case there is no appreciable
effect on the spin dynamics. As for the dephasing noise this is due to the much shorter time scale
of the evolution.

The numerical results of this section show that our simulation protocol is robust to the most
common sources of noise in ion traps. The quality of the simulations is largely unaffected by
typical dephasing rates while decoherence due to the σ z spin-motion coupling can be suppressed
by choosing large enough Raman detunings. Note that this source of decoherence can also be
overcome by working in a rotated spin-basis and using a Mølmer-Sørensen type spin-motion
coupling [124].

146



4.8. Quantification of the degree of non-Markovianity of the spin-boson dynamics

4.8. Quantification of the degree of non-Markovianity of the
spin-boson dynamics

Upon inspecting the dynamics in panel b) of Fig. 4.7 we conjectured that the spin dynamics is
non-Markovian when the spin is on resonance with the damped mode constituting the environ-
ment. Although the concept of non-Markovianity is not new [162], the definition of quantitative
measures of non-Markovianity in the quantum realm is quite a recent topic and there is no unique
quantitative measure of non-Markovianity. Several proposals for measures of non-Markovianity
exist, see e.g. [77,163], and we will quantify the non-Markovian character of the time evolution
in the spin-boson model employing two of these measures.

We start this section by reviewing the definitions of the two relevant measures of non-Markovianity,
NRHP and NBLP. Our treatment is based on those in [77, 163]. Thereafter, we present our re-
sults on the non-Markovian character of the time evolution of the spin-boson model dynamics
presented in Section 4.6 as quantified by these two measures.

4.8.1. The RHP measure of non-Markovianity

To begin our considerations we briefly sketch why there is no straightforward generalization
of classical Markov processes to quantum Markov processes. A classical stochastic process
X(t), t > 0, can be understood as a random variable whose distribution depends on time paramet-
rically. The process has to fulfill certain mathematical properties which we will not discuss here,
see e.g. [69]. We only note that a stochastic process that may assume discrete values of some
set {xi} gives rise to a hierarchy of joint probability distributions Pn(xn, tn; . . . ;x1, t1),n ∈N [69].
This expression gives the probability that X(t) assumes the value x1 at time t1, x2 at time t2 and
so on. For a Markovian process, the conditional probability

P(xn+1, tn+1|xn, tn; . . . ;x1, t1) =
P(xn+1, tn+1;xn, tn; . . . ;x1, t1)

P(xn, tn; . . . ;x1, t1)
(4.194)

satisfies the Markov condition

P(xn+1, tn+1|xn, tn; . . . ;x1, t1) = P(xn+1, tn+1|xn, tn). (4.195)

Thus, for a Markov process the probability that the process assumes the value xn+1 at time
tn+1, under the condition that it assumed the values xi at times ti, in fact only depends on the
probability that the process assumed values xn at time tn. In this sense, Markov processes are
said to be memoryless since the probability to assume the value xn+1 at time tn+1 only depends
on the probability to assume the values xn at time tn and all previous times do not play a role.

Let us now consider a quantum system that evolves unitarily such that we may write the
time evolution as ρ(t2) = G(t2, t1)ρ(t1) = U(t2, t1)ρ(t1)U†(t2, t1), where U(t2, t1) is the unitary
time evolution operator and G(t2, t1) a shorthand notation for the propagator. Let us consider
a non-degenerate observable O = ∑x x|ψx〉〈ψx| on the Hilbert space of the open system that is
projectively measured at times ti. With the projector to the state corresponding to measurement
outcome x, Pxρ = |ψx〉〈ψx|ρ|ψx〉〈ψx|, we may write the joint probability to measure xn at time
time tn, xn−1 at time time tn−1 and so on as

Pn(xn, tn; . . . ;x1, t1) = Tr[PxnG(tn, tn−1) . . .Px1G(t1, t0)ρ(t0)]. (4.196)

Obviously, in general the joint probability above does not satisfy the Markov condition in
Eq. (4.195). The projective measurements alter the state of the quantum system and thus in-
fluence its future evolution and measurement outcomes. Also, a different measurement process

147



4. Simulations of the dynamics of spin-boson models with trapped ions

can lead to a different result. Therefore, non-Markovianity should be formulated in terms of
the dynamical map describing the time evolution of a system rather than joint probabilities of
measurement outcomes.

The first measure of non-Markovianity we want to consider is NRHP where “RHP” stands
for “Rivas-Huelga-Plenio”, who introduced the measure. We present the definition that can be
found in [163]. Let us consider an open system of finite dimension d that is initially in a state
ρs(t0) and whose time evolution to a later time t ≥ t0 is given by the dynamical map E (t, t0)

ρs(t) = E (t, t0)ρs(t0). (4.197)

For a physical time evolution we demand that for every t ≥ t0 E (t, t0) is a completely positive
and trace preserving map (see Section 2.4.1). Let us now consider that the time evolution is split
up in two parts: an evolution from t0 to an intermediate time t1 and from t1 to the final time t
such that the full time evolution reads [163]

E (t, t0) = E (t, t1)E (t1, t0). (4.198)

Assuming that the inverse of E (t1, t0) exists, we obtain the time evolution from t1 to t as

E (t, t1) = E (t, t0)E −1(t1, t0). (4.199)

Now Ref. [163] defines non-Markovianity in the following way: the family of dynamical maps
{E (t, t0)|t ≥ t0} describes a Markovian time evolution if and only if the map E (t, t1) exists and
is completely positive for all t ≥ t1 ≥ t0. If a map satisfies Eq. (4.199) for all times and E (t, t1)
is completely positive, the map is also said to be CP divisible. Hence, Markovianity is identified
with CP divisibility of the dynamical map. The degree of non-Markovianity NRHP of a given
time evolution over a time interval I = [t0, t2] is quantified by measuring the departure of the
maps E (t2, t1), t2 ≥ t1 ≥ t0, from complete positivity over that interval.

In order to quantify this departure, [163] considers the so-called Choi matrix of the dynamical
map E (t + ε, t)

[E (t + ε, t)⊗1d]|ψ〉〈ψ|, (4.200)

where ε > 0. Here, |ψ〉= 1√
d ∑

d
n=1 |n,n〉 is a maximally entangled state of the open system with

an ancillary system of the same dimension. The Choi matrix is positive semidefinite if and only
if E (t + ε, t) is completely positive [164]. Moreover, E (t + ε, t) is trace preserving since it is a
composition of trace preserving maps, see Eq. (4.199). Therefore, the trace norm of the Choi
matrix

‖[E (t + ε, t)⊗1d]|ψ〉〈ψ|‖1 (4.201)

can be used to quantify deviations from complete positivity. For a Markovian process it will be
one, since E (t + ε, t) is completely positive and trace preserving for all t and |ψ〉〈ψ| has a unit
trace. If one the other hand E (t +ε, t) is not completely positive, the map E (t +ε, t)⊗1d is still
trace preserving but the Choi matrix has negative eigenvalues leading to a trace norm larger than
one.

The degree of non-Markovianity over an interval I is then defined as [163]

NRHP =

∫
I,ḡ>0 ḡ(t)dt∫

I,ḡ>0 χ[ḡ(t)]dt
, (4.202)

where the integral extends over those intervals in I where ḡ(t)> 0 and

χ[x] =

{
1 for x > 0
0 else.

(4.203)
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4.8. Quantification of the degree of non-Markovianity of the spin-boson dynamics

By definition “0/0”= 0 in Eq. (4.202). The function ḡ(t) is defined as ḡ(t) = tanh[g(t)] where

g(t) = lim
ε→0+

‖[E (t + ε, t)⊗1d]|ψ〉〈ψ|‖1−1
ε

. (4.204)

Note that, by construction, g(t) vanishes if and only if the dynamics is Markovian and is nor-
malized to unity [163].

We evaluated NRHP numerically for the dynamics of the spin-boson dynamics presented in
Fig. 4.7. The numerical evaluation is not completely straightforward and the details are given
in App. D. The results for NRHP are shown in Fig. 4.10 a). We considered the dynamics given
by Eq. (4.182) with the parameters that were used in Fig. 4.7. These are reported in Tab. 4.1
while the initial condition is given in Eq. (4.188). We considered ∆/2π = 3kHz and ∆/2π =
100kHz and a spin-motion coupling in the range λ/2π = 0− 200kHz. For ∆/2π = 3kHz we
considered the final time t = 0.01/∆ and N = 104 steps while for ∆/2π = 100kHz the final time
was t = 0.1/∆ also with N = 104 steps. One might be tempted to use a smaller time steps but
this eventually leads to discontinuous behavior in NRHP. The figure shows that the dynamics of
the simulated spin-boson model is non-Markovian according to NRHP for all λ > 0.

4.8.2. The BLP measure of non-Markovianity

The second measure we consider is NBLP where “BLP” stands for “Breuer-Laine-Piilo”, who
proposed the measure originally [165]. Here, we use the definition of NBLP presented in [77].
While NRHP has a well-motivated mathematical definition, it suffers from the fact that one would
need to perform map tomography to obtain the measure experimentally. This is, of course,
feasible but very time consuming. It is therefore desirable to quantify non-Markovianity by a
more time efficient procedure. The measure NBLP involves a maximization over all possible
initial states of the open quantum system and is therefore theoretically as hard to evaluate as the
map tomography for NRHP. However, with wisely chosen initial states one can provide a useful
lower bound on NBLP that only demands state tomography of the time evolution of two states,
which produces less experimental overhead than map tomography. Let us comment, though, that
also state tomography becomes inefficient very quickly.

For the definition and interpretation of the measure of non-Markovianity NRHP, we need two
properties of the trace distance. The trace distance of two states ρ1 and ρ2 is defined as [1]

D(ρ1,ρ2) =
1
2
‖ρ1−ρ2‖1. (4.205)

The trace distance assumes values 0≤D(ρ1,ρ2)≤ 1. It is 1 if and only if two states are orthog-
onal while it is 0 if and only if two states are equal [77].

The first property of the trace distance that is employed for the interpretation of NRHP is that
the trace distance can be interpreted as a measure of how distinguishable two states are. Consider
that we obtain a system that was prepared in one of two states ρ1 or ρ2 with probability 1/2 each.
Let us further consider that we should find out which of the two states the system is actually in
with a single measurement. It turns out that applying the optimal measurement procedure the
maximal probability of success to identify the right state is [77]

Pmax =
1
2
[1+D(ρ1,ρ2)]. (4.206)

Thus, the trace distance gives a bias in favor of the right decision and can be taken as a measure
of how distinguishable the two states are. In fact, for orthogonal states ρ1 and ρ2 the trace
distance D(ρ1,ρ2) = 1. Then, Pmax = 1 and we can can distinguish the states with certainty,
which is a well known fact for orthogonal states.
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4. Simulations of the dynamics of spin-boson models with trapped ions

The second property of the trace distance important for us is that completely positive and
trace preserving maps are contractions for the trace distance. For a completely positive and trace
preserving map E (t, t0) and states ρ1 and ρ2, we have [1]

D(E (t, t0)ρ1,E (t, t0)ρ2)≤ D(ρ1,ρ2). (4.207)

The combination of properties (4.206) and (4.207) forms the basis for the definition of the
measure of non-Markovianity NRHP. With the interpretation of the trace distance as a measure
of our ability to distinguish two states, Eq. (4.207) tells us that two initial states ρ1(t0) and ρ2(t0)
of an open quantum system can only become less distinguishable under a completely positive
and trace preserving dynamical map E (t, t0)

D(ρ1(t),ρ2(t))≤ D(ρ1(t0),ρ2(t0)), (4.208)

where t ≥ t0 and ρi(t) = E (t, t0)ρi(t0). This can be interpreted as a loss of information about the
state of the system into the environment [77]. On the other hand, an increase in the trace distance
is interpreted as a flow of information from the environment back into the system. This leads to
the definition of non-Markovianity NBLP. A family of dynamical maps {E (t, t0)|t ≥ t0} is called
Markovian if D(ρ1(t),ρ2(t)) decreases monotonically for all times and all pairs of initial states.
A non-Markovian dynamics is then defined as a family of dynamical maps {E (t, t0)|t ≥ t0},
where D(ρ1(t),ρ2(t)) is non-monotonic for some pair of initial states ρ1(t0) and ρ2(t0). The
definition of a measure of non-Markovianity over an interval I according to these considerations
leads to [77]

NBLP = max
ρ1/2(t0)

∫
I,σ>0

σ(t)dt, (4.209)

where σ(t) = d
dt D(E (t, t0)ρ1,E (t, t0)ρ2) and the integral extends over those intervals in I where

σ(t)> 0. It was shown in [166] that optimal initial state pairs ρ1, ρ2 that saturate the maximum
in Eq. (4.209) are orthogonal and lie on the boundary of state space.

Let us note that the above definition can be generalized. If we have an initial pair of states
ρ1 and ρ2 that are prepared with probabilities p1 and p2 that sum up to unity, the maximal
probability to identify the prepared state in a single measurement is given by [77]

Pmax =
1
2
[1+‖∆H‖1], (4.210)

where ∆H = p1ρ1− p2ρ2 is the so-called Helstrom matrix. Thus, for an equal preparation proba-
bility for the two states, the Helstrom matrix gives a bias in favor of distinguishing the two states.
For p1 = p2 = 1/2 we recover Eq. (4.206). One can now define a generalized measure NBLP,
where σ(t) = d

dt ‖E (t, t0)∆H‖1 in Eq. (4.209) and the maximization is also over the weights p1/2.
This generalized definition of non-Markovianity corresponds to P divisibility of the dynamical
map E (t, t0), i.e. E (t, t1) from Eq. (4.199) exists and is positive [77]. Let us note that the inter-
pretation of non-Markovianity representing a flow of information from the environment to the
system does not always hold strictly [163].

After this little detour we remark that our purpose is only to witness non-Markovian dynamics.
Accordingly, we do not need to perform the maximization in Eq. (4.209). It suffices for us to find
a pair of initial states that shows a non-monotonic behavior of the trace distance and we can take
it as a lower bound for NBLP. Due to the knowledge that optimal state pairs are orthogonal and
lie on the boundary of state space, we can provide a useful lower bound on NBLP by computing
the measure taking the states |e〉, |g〉, |±〉x and |±〉y as initial states. Here, |±〉x and |±〉y are the
eigenstates of σ x and σ y corresponding to eigenvalues ±1.

For the numerical computation of NBLP we considered the whole interval [0,20/∆] of the
dynamics shown in Fig 4.7 and took the same parameters as we used there. The parameters
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4.9. Summary and Outlook

are summarized in Tab. 4.1. In addition to these parameters we considered ∆/2π = 3kHz and
100kHz and varied the spin-motion coupling λ/2π = 0− 200kHz. We considered N = 104

equally spaced points ti in the interval and computed the time evolution for the spin starting
in each of the eigenstates of the Pauli matrices. From the time evolved states we computed a
discrete version of NBLP according to

NBLP = ∑
i,D(ti+1)−D(ti)>0

[D(ti+1)−D(ti)]. (4.211)

Here, the sum runs over those i where D(ti+1)−D(ti)> 0 and D(ti) = D(E (ti, t0)ρ1,E (ti, t0)ρ2).
Note that we evaluated the measure only taking the eigenstates of the same Pauli matrix as an
initial pair. We also note that Eq. (4.211) only yields an approximation to the true value of NRHP
due to the finite number of “measurements” [167].

The results of this computation are shown in part b) of Fig. 4.10. The displayed values for the
“Ohmic” case ∆/2π = 3kHz are obtained for the initial spin states ρs(0) = |±〉〈±|x and in the
resonant case ∆/2π = 100kHz for the initial spin states ρs(0) = |e〉〈e|, |g〉〈g|.
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Figure 4.10.: Degree of non-Markovianity of the spin-boson dynamics presented in Fig 4.7:
In panel a) we show the measure of non-Markovianity NRHP, Eq. (4.202), as a
function of the spin-motion coupling λ in the intervals [0.01/∆] and [0.1/∆] for
the “Ohmic” (∆/2π = 3kHz) and resonant (∆/2π = 100kHz) cases, respectively.
The remaining simulation parameters are given in Tab. 4.1 and the initial con-
dition in Eq. (4.188). Panel b) depicts a lower bound for the measure of non-
Markovianity NBLP from Eq. (4.209) for the same cases as in a). For NBLP we
considered the whole interval [0,20/∆].

Fig. 4.10 shows that in both cases both measures NRHP and NBLP are non-zero for all cou-
plings λ/2π > 0. Although NRHP witnesses non-Markovianity for a smaller class of processes
than NBLP [77], both measures witness non-Markovianity in the same regions. The somewhat
discontinuous behavior of NBLP for the resonant case is due to the fact that NBLP is not normal-
ized and because we are only sampling a finite time interval.

4.9. Summary and Outlook

In this chapter, we have developed a scheme for a trapped-ion quantum simulator of the dy-
namics of spin-boson models and have illustrated the feasibility of our protocol by simulating a
proof-of-principle experiment.

The theoretical basis for our protocol was provided by showing in a path integral approach
that a damped harmonic oscillator in Lindblad description yields the same effective environment
as an oscillator damped by a bath with Ohmic spectral density for appropriate parameters. This
investigation was inspired by previous results that were proposing the use of damped oscillators
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4. Simulations of the dynamics of spin-boson models with trapped ions

in Lindblad description for the simulation of open quantum systems [150–153]. The resulting
spectral density is a Lorentzian whose width is given by the cooling rate and its center by the
frequency of the damped harmonic oscillator. The height is determined by the coupling of the
spin to the damped mode.

We benchmarked this result by comparing the dynamics of a spin coupled to a damped har-
monic oscillator in Lindblad description with a full many-body simulation of a spin coupled to
a bath of harmonic oscillators with Lorentzian spectral density. We obtained excellent agree-
ment between the dynamics of the two models both for a non-perturbative coupling between
the spin and the mode and when probing the spectral density away from the resonance, which
corroborates our analytical result. Furthermore, the set of parameters used for the simulations
is realistic for a current ion trap experiment. In order to underpin the idea that the simulation
of the dynamics of spin-boson models can be carried out in a real experiment, we took the most
common experimental errors into account and showed that the dynamics and thus the simulation
of spin-boson dynamics is robust against state-of-the art error rates.

The largest effects on the simulations were those of the decoherence due to the proposed
spin-motion coupling in σ z. If one cannot choose a detuning large enough to suppress photon
scattering by the Raman lasers sufficiently, one could rotate the spin basis and provide spin-
motion coupling in a different basis, e.g. σ x, by a Mølmer-Sørensen interaction [124]. Then,
one could also use clock states to encode the spin.

There are several ways to extend the simulations of the proposed experiment. The most
straightforward of these is to include a finite bias ε by introducing a detuning to the field driving
the spin transition.

While the proposed proof-of-principle experiment easily enters regimes that are almost in-
tractable with the full many-body simulations, for the effective model this is not so. The map-
ping of the spin-boson model with Lorentzian spectral density to a spin coupled to a damped
oscillator in Lindblad description allows us to simulate the dynamics much more efficiently.
Hence, if we use the additional knowledge that we have about the problem, we do not enter
regimes that are hard to tackle on a classical computer. It is important to note, though, that the
numerical simulation of the dynamics of a spin coupled to several Lindblad oscillators quickly
becomes inefficient on a classical computer. Thus, the regime where the spectral density can be
decomposed into, say, 5-10 Lorentzians would be very interesting, because here the numerical
simulation of the full dynamics becomes difficult also for the effective model, especially when
we are dealing with finite temperature. In this regime, one could obtain a quantum simulator
of spin-boson dynamics that truly enters parameter regimes which are out of reach for classical
simulation methods.

Due to the constraint that the cooling rate has to be considerably smaller than the effective
mode frequency, it seems that the proposed method is better suited to model structured envi-
ronments which have pronounced resonances. This may seem to restrict the applicability of a
potential simulator, but structured environments are of interest because of two reasons. Firstly,
the strong resonances are usually caused by long-lived vibrational modes [140] and these lead
to long environmental memory times. As we stated previously, long environmental memory
times usually limit numerical methods and therefore a quantum simulator could be helpful here.
Second and more importantly, structured environments play a crucial role in the dynamics of
photosynthetic pigment protein complexes [125]. Understanding the dynamics of these com-
plexes might help to unravel the physical processes taking place in photosynthesis. Apart from
more complex spectral densities than the one we considered here, models of photosynthetic pig-
ment protein complexes typically involve several interacting spins. This makes the simulation
of these models more demanding than the simulation of the simple model we considered here,
but simulations of such models should in principle be possible.
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Figure 4.11.: Part a) shows a fit of ten Lorentzians to an Ohmic spectral density with exponential
cutoff, where the width of the Lorentzians κn is restricted to be less than one tenth
of the central frequency ωn, κn ≤ ωn/10. The Lorentzians yielding the effective
spectral density in a) are displayed in part b). c): Same as a) but with κn ≤ ωn/5.

In order to tailor more complex spectral densities than the one studied here, one needs to
combine several damped modes each of which is described by three parameters. For several
modes the optimization in Eq. (4.164), which is used to find the right coefficients to model a
certain spectral density, eventually becomes quite a formidable task. This is not only because
of the large number of parameters, but also because the three parameters of each mode are
not completely independent. The cooling rate needs to be considerably smaller than the mode
frequency for each mode. Finally, also the structure of the mode frequencies of the crystal has
to be taken into account.

An interesting route to follow to solve the optimization is probabilistic programming that
performs Bayesian inference using Markov chain Monte Carlo methods [168]. In Fig. 4.11
we show fits of ten Lorentzians to an Ohmic spectral density JO(ω) = ωe−ω/ωc with a cutoff
ωc/2π = 50kHz. The fits were obtained with the Python library PyMC3. The Lorentzians are
subject to the condition that their width is at maximum one tenth [a)] or one fifth [c)] of their
central frequency. In part b) we show the Lorentzians constituting the effective spectral density
of part a). Although the effective spectral density in part a) is a bit ragged, it captures the
structure of the target spectral density. In part c) we can appreciate that to simulate unstructured
environments, it is desirable to have broader Lorentzians available. While the fit to the spectral
density is poor for small frequencies in both cases, it is reasonable above 50kHz. In part c) the
agreement is actually very good. This example shows that simulating unstructured environments
is not completely hopeless if several modes are available. And, secondly, it shows that the
method can be useful if one has the a priori knowledge that the dynamics of an open system
is determined only by a certain part of the spectral density. Then, the method could be used to
reproduce this specific part of a spectral density.

Let us now turn to a few practical aspects. In order to simulate more complex spectral den-
sities, the spin needs to be coupled to more modes of motion. This can be realized by either
coupling the spin to the modes of different spatial directions or embedding more ions into the
crystal and coupling the spin to several modes of the same direction. Note that it is advan-
tageous to add cooling and not spin ions if we only consider one spin, because then cooling
becomes more efficient. Depending on the structure of the spectral density to be simulated, it
might be more advantageous to work with either radial or axial modes of motion.

The radial modes are more closely spaced in frequency and thus coupling to as well as cooling
several modes at the same time is easier. However, addressing several modes with the same laser,
due to the condition that the cooling rates need to be much smaller than the mode frequencies
one will obtain gaps in the spectral density using only one phonon branch. Let us recall that this
restriction arises because if the cooling rates are larger than the spacing between normal modes,
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the cooling can introduce correlations between the modes. Then, the modes cannot be consid-
ered independent anymore, which is an essential assumptions for our proposal. Furthermore,
very strong cooling on one ion can lead to a decoupling of the ion from the rest of the crystal.
Then, cooling has to be described locally and the description of cooling in terms of indepen-
dent normal modes is not valid anymore. Coming back to the problem of tailoring a spectral
density with radial modes: If the gaps in the effective spectral density are undesired, one needs
the phonons of a second direction to fill them. Hence, in order to form a continuous spectral
density involving overlapping Lorentzians, one would need to use the normal modes of at least
two spatial directions.

Another option is to use the axial modes which have a larger bandwidth. Here, one could
address several modes individually using different laser frequencies such that the effective mode
frequencies are independent. This approach requires that the off-resonant coupling to the other
modes is negligible, which puts an upper bound on the coupling strength to the individual modes.
This idea is theoretically also possible for radial modes but harder to implement due to the
smaller bandwidth of the radial phonon frequencies. Finally, which axis is to be preferred,
depends on the distribution of the central frequencies, cooling rates and couplings that need to
be realized.

Before we close, let us come back to the simulation of the dynamics of photosynthetic pigment
protein complexes, which is one of the most exciting perspectives for the simulation of spin-
boson models with trapped ions. First steps into this direction have already been taken [169]. In
order to implement models of photosynthetic pigment protein complexes, we need to incorporate
several interacting spin ions into the crystal. Interactions between the internal levels of different
ions are usually realized by coupling them through the phonons of one spatial direction. Hence,
for the simulation of such models the modes of one direction are reserved for the spin-spin
interactions. The normal modes of the two remaining spatial directions can then be used to
engineer the reservoir(s) in the model. Local reservoirs, as they are typically assumed in these
models, could be realized by coupling each spin ion only to one or a few modes.

In this context, we can also connect the results of this chapter to those of Chapter 3. One
could use trapped ions to simulate higher order spectral responses of the photosynthetic pig-
ment protein complexes, as for example 2D electronic spectroscopy [101]. This is interesting
because 2D spectroscopy is one of the standard interrogation methods for the dynamics in these
complexes and the spectra are extremely hard to compute numerically, even for a few electronic
sites coupled to an environment with structured spectral density [126]. While the simulation
of the dynamics or 2D spectra of photosynthetic pigment protein complexes would generate
formidable experimental effort, it is a very exciting future perspective. Trapped ions could then
contribute to the understanding of the physical mechanisms participating in photosynthesis.

In summary, in this chapter we have presented a method for the simulation of spin-boson
models with trapped ions and illustrated the procedure by simulating a proof-of-principle exper-
iment. The model can be extended to almost arbitrary spectral densities and can, in principle, be
extended to simulate the dynamics of interacting multi-spin-boson models. More generally, the
simulation method offers exciting perspectives for the simulation of so far unexplored parameter
regimes of open quantum systems with trapped ions.

154



5. Summary and outlook

The increasing complexity of trapped ion experiments demands the design of new protocols for
the interrogation of ion Coulomb crystals so that relevant information can be extracted efficiently
from the ever more complex experiments. The first part of this thesis addressed this issue. We
developed a protocol for the investigation of nonlinear dynamics in crystals of trapped ions.

Nonlinear dynamics play a role in different realms of trapped ion experiments. On one hand,
it has been proposed to add nonlinear potentials to ion traps for the purpose of simulating models
of friction [14–16] or many-body models, such as the Bose-Hubbard model [33]. On the other
hand, nonlinear dynamics are intrinsic to ion Coulomb crystals because the Coulomb interaction
between ions is itself nonlinear. Usually, the intrinsic nonlinearities are negligible. However,
they can become important for the dynamics of ion crystals, for example in the vicinity of the
linear-to-zigzag transition [32]. If not taken care of, they can even act as a source of noise in
quantum information experiments [113]. In this work, we have focused on the intrinsic nonlin-
earities of ion Coulomb crystals.

We have adapted two-dimensional (2D) spectroscopy, which has been very successfully ap-
plied in other fields of physics such as nuclear magnetic resonance (NMR) [30] or the investi-
gation of electronic dynamics in molecules [31], to trapped ions. We devised a two-dimensional
spectroscopy protocol for the investigation of nonlinear dynamics of crystals of trapped ions.
We showed that the protocol can be applied in state-of-the-art trapped ion setups by simulating
two experiments with realistic parameters. In the simulated experiments, we considered regimes
where resonant contributions from the third- and fourth-order expansion of the Coulomb poten-
tial contribute to the dynamics and then showed how these resonant effects can be detected with
2D spectroscopy.

In the first simulated experiment, we showed how 2D spectroscopy can be used to detect
resonant interactions due to fourth-order contributions of the Coulomb potential that emerge in
the vicinity of the linear-to-zigzag transition. In the second simulated experiment, we showed
how 2D spectroscopy can detect energy transfer between normal modes due to a resonance in
the third-order expansion of the Coulomb potential.

The protocol we have developed has several assets. We showed that it can reveal information
which is not accessible in a conventional 1D experiment. Furthermore, for suitably chosen
parameters there are no harmonic contributions to the spectrum, which are usually much stronger
than the nonlinear contributions, and hence nonlinear effects are easier to identify. Finally, we
showed that the protocol is robust with respect to the most common sources of experimental
noise and that we can identify different noise mechanisms in the 2D spectra.

The future perspectives of two-dimensional spectroscopy with trapped ions are promising.
The technique could be used to investigate whether nonlinear interactions play a role in the
dynamics of large 2D or 3D crystals. Two-dimensional spectroscopy could also be adapted
to investigate spin-spin interactions in larger ion crystals, an application very similar to NMR
where the technique was developed.

In the second part of the thesis, we devised a protocol for the quantum simulation of the dy-
namics of open quantum systems. As a consequence of the increased level of control and the
larger amount of tools available in trapped ion experiments, the goals of experiments have be-
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come more and more ambitious. Recent quantum simulation experiments aim to access parame-
ter regimes and particle numbers which cannot be simulated on classical computers. Especially
the simulation of spin models has received a lot of attention. Experiments in linear traps probing
spin models have increased the number of spins in the experiments from just two [19] to the
order of ten ions [20, 21] and recently experiments with up to 53 ions have been reported [23].
The simulation of the dynamics of open quantum systems, however, has received much less
attention.

This is rather surprising since the simulation of open quantum systems is of great practical
relevance and offers the potential to reach regimes which are intractable on a classical computer.
Especially when the environments are strongly coupled to the principal system or when they
have long memory times, classical simulations are limited.

In this work, we devised a protocol for the simulation of spin-boson models with trapped
ions. Spin-boson models are archetypical models of an open quantum systems. In these models
a single spin is coupled to an infinite oscillator environment and one is interested in finding the
reduced dynamics of the spin. Although the model is seemingly simple, in general one cannot
find a closed solution for the dynamics of the spin. Since the model finds numerous applica-
tions, for example in condensed matter physics [127], chemical reactions [129] or the modeling
of photosynthetic pigment protein complexes [125], it has been investigated by a plethora of
analytical and numerical methods. Still, many regions of parameter space remain unexplored,
and hence spin-boson models lend themselves as a candidate for quantum simulation.

The protocol for the simulation of spin-boson models that we devised makes use of the knowl-
edge that the influence of thermal oscillator environments on the spin is characterized by a single
scalar function, the spectral density. For macroscopic environments, the spectral density is usu-
ally taken to be a continuous function of frequency. Thus, the question arises how one can
simulate macroscopic environments incorporating infinitely many harmonic oscillators using
only a finite number of ions.

It is known that a harmonic oscillator which itself is damped by an oscillator bath with Ohmic
spectral density yields an effective environment with Lorentzian spectral density [129]. Since
this effective spectral density is a continuous function of frequency, the damped oscillator can
be identified with a macroscopic reservoir. The idea underlying our simulation protocol is that
Lorentzians can serve as a basis to decompose any spectral density. Thus, arbitrary spectral
densities can be generated by combining several damped modes. Since spins are easily encoded
with trapped ions and spin-motion coupling and laser cooling are standard techniques, it seems
that such a simulation is readily implemented.

However, the damping of trapped ions is described by a Lindblad equation and not the damp-
ing model above. Therefore, we showed in a path integral approach that a damped oscillator
in Lindblad description can be identified with the oscillator damped by an Ohmic bath for ap-
propriate parameters. Hence, for appropriate parameters also the damped oscillator in Lindblad
description corresponds to a bath with Lorentzian spectral density. We corroborated these analyt-
ical considerations by comparing numerical simulations of a spin coupled to a damped oscillator
in Lindblad description with simulations of the full many-body dynamics of a spin-boson model
with Lorentzian spectral density. We obtained excellent agreement between the simulations of
the effective and the full many-body models. Based on these results, we concluded that the idea
for the simulation of spin-boson models can be realized using trapped ions.

We then showed that our protocol can be implemented with current ion trap technology by
simulating an experiment with parameters where the above correspondence holds and which
are realistic for current experiments. The simulated experiment corresponds to the model of
a spin coupled to a bath with Lorentzian spectral density. Interestingly, the tunability of the
experimental parameters allows us to enter parameter regimes which are not accessible with
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the full many-body simulation. We should note, though, that the effective model can still be
simulated efficiently on a conventional computer. Finally, we also showed that the proposed
simulation protocol is robust with respect to the most common experimental errors.

Extending the simulations beyond such a proof-of-principle experiment, our protocol could be
used to simulate spin-boson models in parameter regimes which are not accessible with currently
available classical simulations. The model in the simulated experiment is easily extended to spin-
boson models with more complex spectral densities by coupling the spin to more than one mode.
Since the identification of the damped oscillator with the macroscopic bath works best when the
cooling of the mode is considerably smaller than the mode frequencies, our simulation protocol
is well-suited for the simulation of structured environments with pronounced resonances.

In these environments the resonances correspond to long-lived vibrational modes [140], which
can lead to long memory times of the environment. As we remarked earlier, environments with
long memory times are hard to simulate with classical computers. Here, a trapped-ion simulator
could be beneficial. One instance where structured spectral densities are used is the modeling
of photosynthetic pigment protein complexes. The models of these complexes typically involve
several coupled two-level systems which are subject to damping [125]. Interactions between
spins are nowadays routinely implemented in ion trap experiments by coupling the spins through
one or several modes of motion [19–21]. The remaining modes could then serve to model
the environment employing our protocol. Hence, our protocol could be used to simulate the
dynamics of photosynthetic pigment protein complexes.

We can now also make a connection to the results of the first part of the thesis. A standard
tool for the investigation of photosynthetic pigment protein complexes is 2D spectroscopy. The
2D spectra can yield insight into the mechanisms of photosynthesis and are exceedingly hard to
simulate on classical computers [126]. Hence, trapped ions could serve as a quantum simulator
for two-dimensional spectra of pigment protein complexes or, if one is more ambitious, as a
simulator of the dynamics of these complexes. In this way, trapped ions could help to understand
the physical mechanisms participating in photosynthesis.
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A. Derivation of EIT cooling master
equation

This appendix is devoted to the derivation of the master equation for EIT cooling given in Eq. (2.354)
starting from Eq. (2.353). The second line of Eq. (2.353) reads

∂

∂ t
P0ρ(t) =

[
P0L2P0 +

∫
∞

0
dτP0L1Q0eL0τQ0L1P0

]
ρ(t). (A.1)

In order to evaluate the right-hand side of Eq. (A.1) we recall that

L1ρ =− i
h̄
[V1qz,ρ] =−

i
h̄

V1[qz,ρ]−
i
h̄
[V1,ρ]qz, (A.2)

L2ρ =− i
h̄
[V2q2

z ,ρ]+D2ρ =− i
h̄

V2[q2
z ,ρ]−

i
h̄
[V2,ρ]q2

z +D2ρ. (A.3)

We start by evaluating the first term on the right-hand side of Eq. (A.1)

P0L2P0ρ(t) = P0L2ρd⊗µ(t)

= P0

[
− i

h̄
V2ρd⊗ [q2

z ,µ(t)]−
i
h̄
[V2,ρd]⊗µ(t)q2

z +D2ρd⊗µ(t)
]

= ρd⊗
[
− i

h̄
TrI (V2ρd)PE[q2

z ,µ(t)]−
i
h̄

TrI ([V2,ρd])PE(µ(t)q2
z )

]
=− i

h̄
TrI (V2ρd)ρd⊗PE[q2

z ,µ(t)]

= 0.

From the second to the third line we used that D2ρd⊗ µ(t) = 0 since the dark state does not
have any populations in |e〉〈e|, while from the third to the fourth line we used the cyclic property
of the trace. The remaining expression vanishes because it only takes the populations in ρd to
off-diagonal elements which do not contribute to the trace.

Before we move to the second term of the right-hand side of Eq. (A.1), we split L0 from Eq. (2.344)
into its parts acting on the internal and external degrees of freedom

L0 = L0,I +L0,E (A.4)

L0,Iρ =− i
h̄
[HEIT,0,ρ]+D0ρ (A.5)

L0,Eρ =− i
h̄
[Hm,ρ] =−i[ωza†a,ρ]. (A.6)

Using these new Liouvillians, the second term on the right-hand side of Eq. (A.1) can be written
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A. Derivation of EIT cooling master equation

as ∫
∞

0
dτP0L1Q0eL0τQ0L1P0 ρ(t)

=
∫

∞

0
dτP0L1Q0eL0τQ0L1 ρd⊗µ(t)

=− 1
h̄2

∫
∞

0
dτP0

{
V1eL0,IτV1ρd⊗ [qz,eL0,Eτ [qz,µ(t)]]+ [V1,eL0,IτV1ρd]⊗

(
eL0,Eτ [qz,µ(t)]

)
qz

+V1eL0,Iτ [V1,ρd]⊗ [qz,eL0,Eτ
µ(t)qz]+ [V1,eL0,Iτ [V1,ρd]]⊗

(
eL0,Eτ

µ(t)qz

)
qz]
}

=− 1
h̄2

∫
∞

0
dτρd⊗

{
TrI

(
V1eL0,IτV1ρd

)
PE[qz,eL0,Eτ [qz,µ(t)]]

+TrI

(
[V1eL0,Iτ [V1,ρd]]

)
PE[qz,eL0,Eτ

µ(t)qz]
}
.

For the last equality we have used that the second and fourth terms in the penultimate expression
vanish, as can easily be seen using the cycling property of the trace. Using that the evolution of
the external degrees of freedom is unitary and that µ(t) is diagonal, we may write

eL0,Eτ [qz,µ(t)] = [qz(τ),µ(t)] (A.7)

where qz(τ) = e−
i
h̄ Hmτqze

i
h̄ Hmτ . After performing the trace over the internal degrees of freedom

and using the notation above, we can write Eq. (A.1) as

µ̇(t) =− 1
h̄2

∫
∞

0
dτ

{
TrI

(
V1eL0,IτV1ρd

)
PE[qz, [qz(τ),µ(t)]]

+ TrI

(
V1eL0,Iτ [V1,ρd]

)
PE[qz,µ(t)qz(τ)]

}
.

(A.8)

In the above equation we can identify the two-time correlation functions of the internal operator
V1 in the stationary state

〈V1(τ)V1(0)〉ss = TrI[V1eL0,IτV1ρd], (A.9)

〈V1(0)V1(τ)〉ss = TrI[V1eL0,IτρdV1], (A.10)

where the subscript “ss” stands for stationary state. Introducing the two-time correlation func-
tions in Eq. (A.8) and performing the projector PE over the external degrees of freedom, we
arrive at

µ̇(t) =− z2
0

h̄2

∫
∞

0
dτ
{
〈V1(τ)V1(0)〉ss

[
a†a(τ)µ(t)+aa†(τ)µ(t)−a(τ)µ(t)a†−a†(τ)µ(t)a

]
+〈V1(0)V1(τ)〉ss

[
−aµ(t)a†(τ)−a†

µ(t)a(τ)+µ(t)a(τ)a† +µ(t)a†(τ)a
]}

(A.11)

where we have used the decomposition of z in terms of creation and annihilation operators
z = z0(a + a†) with z0 =

√
h̄/(2mωz). Note that here, in contrast to the usual interaction

picture operators, we have a(τ) = eiωzτa and a†(τ) = e−iωzτa†. With the help of the identity
〈V1(τ)V1(0)〉ss = 〈V1(0)V1(τ)〉∗ss we reach the final result

µ̇(t) = Λ−[aµ(t)a†−a†aµ(t)]+Λ+[a†
µ(t)a−aa†

µ(t)]+H.c., (A.12)

where we have introduced the rates

Λ∓ = z2
0S(±ωz) =

z2
0

h̄2

∫
∞

0
dτ〈V1(τ)V1(0)〉sse±iωzτ (A.13)
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that are determined by the fluctuation spectra of V1

S(±ωz) =
1
h̄2

∫
∞

0
dτ〈V1(τ)V1(0)〉sse±iωzτ . (A.14)

Finally, we briefly sketch the evaluation of the fluctuation spectra of V1 in Eq. (2.355). Actually,
by defining 〈V1(τ)V1(0)〉ss and 〈V1(0)V1(τ)〉ss in Eqs. (A.9) and (A.10) we have invoked the
quantum regression theorem, see section 2.4.3. According to the regression theorem the correla-
tions obey the same equations of motion as the mean values. Therefore, we start by considering
the equations of motion for the internal levels, i.e. the optical Bloch equations for the three-level
system in Fig. 2.7 a) that evolves according to Eq. (2.336). Let us define the vector σσσ containing
the nine basis states

σσσ = (|g1〉〈g1|, |g1〉〈g2|, |g1〉〈e|, |g2〉〈g1|, |g2〉〈g2|, |g2〉〈e|, |e〉〈g1|, |e〉〈g2|, |e〉〈e|). (A.15)

The optical Bloch equations resulting from Eq. (2.336) are given by

〈σ̇σσ〉= M〈σσσ〉, (A.16)

where the coefficient matrix M is given by

M =



0 0 −i Ω1
2 0 0 0 i Ω1

2 0 Γ1

0 0 −i Ω2
2 0 0 0 0 i Ω1

2 0
−i Ω1

2 −i Ω2
2 −(i∆EIT +

Γ

2 ) 0 0 0 0 0 i Ω1
2

0 0 0 0 0 −i Ω1
2 i Ω2

2 0 0
0 0 0 0 0 −i Ω2

2 0 i Ω2
2 Γ2

0 0 0 −i Ω1
2 −i Ω2

2 −(i∆EIT +
Γ

2 ) 0 0 i Ω2
2

i Ω1
2 0 0 i Ω2

2 0 0 i∆EIT− Γ

2 0 −i Ω1
2

0 i Ω1
2 0 0 i Ω2

2 0 0 i∆EIT− Γ

2 −i Ω2
2

0 0 i Ω1
2 0 0 i Ω2

2 −i Ω1
2 −i Ω2

2 −Γ


.

(A.17)
According to the regression theorem the correlations obey the equations of motion

d
dt
〈σσσ(τ + t)σi(τ)〉= M〈σσσ(τ + t)σi(τ)〉, (A.18)

where σi is the ith entry of σσσ . Formally, we consider the limit τ → ∞ because we actually
consider the fluctuation spectra in the stationary (asymptotic) state of the dynamics. Hence, we
write Eq. (A.18) as

d
dt
〈σσσ(t)σi(0)〉ss = M〈σσσ(t)σi(0)〉ss. (A.19)

The above equation can be easily solved for its Laplace transform. Applying a Laplace transform
to both sides of Eq. (A.19) yields∫

∞

0
e−st d

dt
〈σσσ(t)σi(0)〉ssdt = M

∫
∞

0
e−st〈σσσ(t)σi(0)〉ssdt, (A.20)

where s = ±iω + ε with ω ∈ R and ε > 0. Performing an integration by parts on the left-hand
side of the above equation we obtain∫

∞

0
e−st〈σσσ(t)σi(0)〉ssdt = (s1−M)−1〈σσσ(0)σi(0)〉ss. (A.21)

Comparing with Eq. (A.14), we note that the quantity we are looking for is the left hand side of
the above equation with s =±iωz. Yet, for the derivation of the above equality we have assumed
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that s = ±iω + ε with ε > 0. The idea is that we consider ε very small such that it ensures
convergence and let it tend to zero in the end of the calculation. Hence, we can solve for the
fluctuation spectra by just computing the matrix inverse (s1−M)−1, once we know the initial
conditions.

It is easy to see that 〈σσσ(0)σi(0)〉ss only contains elements of 〈σσσ〉ss. Thus, in order to solve Eq. (A.21)
and thereafter Eq. (A.14), we need to find the steady state 〈σσσ〉ss. One way to find 〈σσσ〉ss is to
bring the optical Bloch equations in Eq. (A.16) to an inhomogeneous form

d
dt
〈σ̃σσ(t)〉= M̃〈σ̃σσ(t)〉+a, (A.22)

where σ̃σσ is σσσ from Eq. (A.15) without the last entry, |e〉〈e|. One can arrive at Eq. (A.22)
from Eq. (A.16) using |e〉〈e|= 1−|g1〉〈g1|−|g2〉〈g2|. 〈σ̃σσ〉ss is readily obtained from Eq. (A.22)
as

〈σ̃σσ〉ss =−M̃−1a. (A.23)

Using |e〉〈e|= 1−|g1〉〈g1|− |g2〉〈g2| again, we obtain 〈σ̃σσ〉ss from the above expression. Insert-
ing the result into Eq. (A.21) we finally obtain the spectra S(±ωz) from Eq. (A.14), which allow
us to compute the rates A∓ in Eq. (2.362) and the shift ∆ωz in Eq. (2.365).

162



B. Derivation of the absorption spectrum
of the Λ system in the EIT cooling
configuration

In this appendix we show one way to obtain the absorption spectrum displayed in Fig. 2.7 b). It
is the absorption spectrum of a Λ-system irradiated by the laser configuration shown in part a) of
the same figure. In an interaction picture with respect to H0 =−∑s h̄ωL,s|gs〉〈gs|, the interaction
of the Λ-system with the applied lasers is described by the Hamiltonian of Eq. (2.329)

HEIT,0 =−h̄∆EIT ∑
s=1,2
|gs〉〈gs|+

h̄Ω

2
(|e〉〈ψc|+H.c.), (B.1)

where we have introduced the state

|ψc〉=
1
Ω
(Ω1|g1〉+Ω2|g2〉) . (B.2)

Spontaneous emission from the upper level is accounted for by the dissipator of Eq. (2.331)

D0ρ = ∑
s=1,2

Γs|gs〉〈e|ρ|e〉〈gs|−
Γ

2
{|e〉〈e|,ρ}. (B.3)

Let us now consider that additionally a weak probe field is applied on the transition |g1〉 ↔ |e〉.
The interaction of the Λ-system with the probe field is described by

Hp =
h̄Ωp

2

(
e−i∆̃pt |e〉〈g1|+H.c.

)
, (B.4)

where ∆̃p = ∆EIT−∆p and ∆p = ω1−ωp is the detuning of the probe field of frequency ωp. Ωp
is taken to be of order ε times a typical entry of HEIT,0, where ε � 1. We now want to find the
excited state population due to the probe field. Since the probe is assumed to be weak, we work
in first order perturbation theory. Defining the Liouvillians

L0ρ =− i
h̄
[HEIT,0,ρ]+D0ρ, (B.5)

L1ρ =− i
h̄
[Hp,ρ], (B.6)

we may write the time evolution of the system as

ρ̇ = (L0 +L1)ρ. (B.7)

We now proceed in the usual way and expand the density operator in powers of ε: ρ = ρ(0)+
ερ(1) + ε2ρ(2) + . . . . Equating terms of equal powers in ε yields the zeroth and first order
contributions

ρ̇
(0) = L0ρ

(0), (B.8)

ρ̇
(1) = L0ρ

(1)+L1ρ
(0). (B.9)
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B. Derivation of the absorption spectrum of the Λ system in the EIT cooling configuration

We assume that the initial state is the dark state |ψd〉 and ρ(0) = ρ(0)(0) = |ψd〉〈ψd|. We then
find from Eq. (B.8) that ρ̇(0) = 0 and hence ρ(0)(t) = |ψd〉〈ψd|. Inserting this result into the
equation for ρ(1) yields

ρ̇
(1) = L0ρ

(1)+L1|ψd〉〈ψd|. (B.10)

Since ρ(1)(0) = 0 and the homogeneous solution ρ
(1)
hom(t) = eL0tρ

(1)
hom(0), we can disregard the

homogeneous solution. A particular solution of Eq. (B.10) is given by

ρ
(1)
p (t) =

∫ t

0
dt ′eL0(t−t ′)L1(t ′)|ψd〉〈ψd|, (B.11)

where we have written L1 with a time argument to make clear that it is time dependent. Applying
L1 to the dark state, we obtain

ρ
(1)
p (t) = i

ΩpΩ2

2Ω
eL0(t−t ′)

∫ t

0
dt ′eL0t ′

[
ei∆̃pt ′ |ψd〉〈e|−H.c.

]
. (B.12)

In order to solve the above equation, it would be desirable to be able to expand |ψd〉〈e| and its
Hermitian conjugate in terms of eigenstates of L0. We know that |ψd〉〈ψd| is an eigenstate of
L0 with eigenvalue zero and with the ansatz L0A = λA, where A = |ψd〉(a〈ψd|+b〈e|+c〈ψc|),
we find the eigenstates and eigenvectors

A± = |ψd〉
(
〈e|+ iΩ

2λ±
〈ψc|

)
, (B.13)

λ± =
i∆EIT−Γ/2±

√
(i∆EIT−Γ/2)2−Ω2

2
. (B.14)

Now, |ψd〉〈e| can be written in terms of the above eigenvectors and -values as

|ψd〉〈e|=
λ+A+−λ−A−

λ+−λ−
. (B.15)

Inserting the above expansion of |ψd〉〈e| into Eq. (B.12) and solving the integral, we obtain

ρ
(1)
p (t) = i

ΩpΩ2

2Ω

[
λ+

λ+−λ−
A+

ei∆̃pt − eλ+t

i∆̃p−λ+
− λ−

λ+−λ−
A−

ei∆̃pt − eλ−t

i∆̃p−λ−
−H.c.

]
. (B.16)

In the considered regime the eigenvalues have a negative real part and we can write the above
equation for times t where −Re(λ±)t� 1 as

ρ
(1)
p (t) = i

ΩpΩ2

2Ω

[
λ+

λ+−λ−
A+

ei∆̃pt

i∆̃p−λ+
− λ−

λ+−λ−
A−

ei∆̃pt

i∆̃p−λ−
−H.c.

]
. (B.17)

Let us now consider the optical Bloch equations for the time evolution in Eq. (B.7). For the
excited state population we obtain

ρ̇ee = Im(Ω1ρg1,e)+ Im(Ω2ρg2,e)−Γρee + Im(Ωpe−i∆̃pt
ρg1,e), (B.18)

where ρi j = 〈i|ρ| j〉. The first two terms of the above equation represent absorption from the EIT
beams and the third the decay of the excited state. The fourth term describes absorption from
the probe beam. Thus, we have to consider the term

γabs = Im(Ωpe−i∆̃pt
ρg1,e) (B.19)

to obtain the absorption spectrum of the probe beam. Inserting the element ρg1,e from Eq. (B.17)
into the above expression we obtain

γabs =
Ω2

pΩ2
2

2Ω2 Re
[

λ+

λ+−λ−

1
i∆̃p−λ+

− λ−
λ+−λ−

1
i∆̃p−λ−

]
. (B.20)

This is the expression we were looking for.
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C. Linear chain mappings and the
spin-boson model

This appendix gives a brief presentation of the main results that allow us to map the spin-
boson model Hamiltonian in Eq. (4.5) to a semi-infinite linear chain with only nearest neighbor
couplings. The details of this derivation may be found in [134]. The motivation to map the spin-
boson model to the chain configuration is that the chain as a one-dimensional quantum system
is amenable to numerical treatment with techniques based on the time-dependent density matrix
renormalization group (t-DMRG). We shall not be concerned with the details of the t-DMRG
simulations here. A recent review on density renormalization group methods is [170] and details
regarding the simulations presented in the main text may be found in the supplemental material
of [171]. Let us only comment that the employed time evolving density matrix with orthog-
onal polynomials algorithm (TEDOPA) was introduced in [133, 134] and is a certifiable and
numerically exact method to treat open quantum system dynamics [172].

For an environment with a macroscopic number of oscillators with a continuous distribution
of frequencies, the spin-boson Hamiltonian may be written as [134]

H = HS +HE +Hint, (C.1)

HS =
ε

2
σ

z− h̄∆

2
σ

x, (C.2)

HE = h̄
∫

ωmax

0
dω g(ω)a†

ωaω , (C.3)

Hint =−σ
z h̄
2

∫
ωmax

0
dω h(ω)(aω +a†

ω). (C.4)

Here we assumed a hard cutoff Θ(ω−ωmax) for the frequencies of the oscillators in the environ-
ment, g(ω) is the dispersion relation of the oscillators in the environment and h(ω) the coupling
of the spin to the environmental mode of frequency ω . Note that h(ω) is a real quantity. The an-
nihilation and creation operators aω and a†

ω of the environmental modes obey the commutation
relation [aω ,a

†
ω ′ ] = δ (ω−ω ′).

The influence of the environment is determined by the spectral density J(ω). The spectral
density can be written in terms of the functions g(ω) and h(ω) as [132]

J(ω) = πh2[g−1(ω)]
dg−1(ω)

dω
, (C.5)

where dg−1(ω)
dω

may be understood as a density of states [134]. Interestingly, if an environment is
characterized by a certain spectral density, the functions g(ω) and h(ω) are not uniquely defined
which allows us the choice g(ω) = ω .

For this choice of the dispersion relation, we obtain

J(ω) = πh2(ω). (C.6)

We now define new creation and annihilation operators b†
n and bn according to

b†
n =

∫
ωmax

0
dω Un(ω)a†

ω , (C.7)
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where the Un(ω) are unitary transformations given by

Un(ω) = h(ω)pn(ω). (C.8)

The pn(ω), n = 0,1, . . . are orthogonal polynomials with respect to the measure dµ(ω) =
h2(ω)dω induced by the coupling [134]. Writing the Hamiltonian in Eq. (C.1) in terms of the
new operators bn,b†

n from Eq. (C.7) and using the choice g(ω) = ω , we obtain [134]

H = HS− h̄
t0
2

σ
z(b0 +b†

0)+
∞

∑
n=0

h̄ωnb†
nbn +

∞

∑
n=0

h̄tn(b†
nbn+1 +bnb†

n+1), (C.9)

where the coupling t0 is given by

t0 =

√
1
π

∫
∞

0
dω J(ω), (C.10)

while the frequencies ωn and couplings tn are determined by the coefficients of the recursion rela-
tion of the pn. Note that while in some cases it is possible to find these coefficients analytically in
the majority of cases one will have to resort to numerical methods to find the coefficients [134].
Now that the transformation of the Hamiltonian of the spin-boson model to a linear chain is
complete the system can be treated with t-DMRG.

Let us finally comment on the time scales of the simulations. The frequencies and couplings
of the chain become homogeneous very quickly such that excitations traveling away from the
spin (or in general the open system) will not be scattered and reflected once they have entered
this region. For the simulations, the chain of course has to be truncated at some point. At
this “hard end” excitations will be reflected and one has to take care that these excitations do
not come back to the spin during the simulation time. Furthermore, the local Hilbert spaces of
the oscillators along the chain have to be truncated. Obviously, for lower temperatures of the
reservoir, and thus the chain, smaller local dimensions suffice while finite temperatures demand a
higher local dimension. Consequently, at lower temperatures the chains, and thus the simulation
times, can be chosen longer. For the simulations in Chapter 4 the relevant time scale was |20/∆|
and we considered finite temperatures. For the simulation with ∆/2π =−50kHz the chain had
n = 15 sites with a local dimension of the oscillators ∼ 5. This chain length was sufficient to
avoid excitations coming back to the spin during the considered time interval. However, these
simulations took 15 days on the BWfor cluster JUSTUS using 16 cores. The time scale of the
simulated evolution for the “Ohmic” case, where ∆/2π = 3kHz, would be about a factor of 15
larger demanding a chain longer by roughly the same factor. Accordingly, such simulation with
the current method is not available.
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D. Numerical evaluation of the measure of
non-Markovianity NRHP

This appendix describes the details of the numerical evaluation of the measure of non-Markovianity
NRHP. In order to evaluate NRHP for a given internal I = [0, t] we divide the time interval in
equally spaced discrete times ti = i∆t, i = 0, . . . ,N, where ∆t = t/N. We then compute the time
evolution of the basis states |k〉〈 j|, k, j ∈ {e,g} for all ti. We denote the time-evolved states by
|k〉〈 j|(ti) = ρk j(ti). Note that while the |k〉〈 j| are single elements of 2× 2 matrices the ρk j(ti)
are in general full complex 2×2 matrices. We now write the ρk j(ti) as vectors

vk j(ti) =


ρk j,ee(ti)
ρk j,eg(ti)
ρk j,ge(ti)
ρk j,gg(ti)

 , (D.1)

where ρk j,ee(ti) = 〈e|ρk j(ti)|e〉 and so on. Note that this is not the ordering that is usually taken
for the operation of “vectorization”. With the vectors vk j(ti) we can write down a matrix repre-
sentation of the dynamical maps E (ti, t0)

E(ti, t0) = [vee(ti),veg(ti),vge(ti),vgg(ti)]. (D.2)

The matrix representation of the dynamical map E (t2, t1), t2≥ t1≥ t0 is then computed according
to Eq. (4.199) as

E(t2, t1) = E(t2, t0)E−1(t1, t0), (D.3)

where E−1(t1, t0) is the normal matrix inverse of E(t1, t0). Now, we need to construct the Choi
matrix [E (t2, t1)⊗1d]|ψ〉〈ψ| from E(t2, t1). It turns out that the Choi matrix is proportional to
the reshuffled matrix ER(t2, t1) of the matrix E(t2, t1) [173]

[E (t2, t1)⊗1d]|ψ〉〈ψ|=
1
d

ER(t2, t1), (D.4)

where d is the dimension of the considered open quantum system. For the case of a spin
ER(t2, t1) reads

ER(t2, t1) =


E11 E12 E21 E22
E13 E14 E23 E24
E31 E32 E41 E42
E33 E34 E43 E44

 , (D.5)

where Emn is the entry of row m and column n of the 4× 4 matrix E(t2, t1). From the Choi
matrices we obtain a discrete version of g(t) at times ti

g(ti) =
‖[E (ti+1, ti)⊗1d]|ψ〉〈ψ|‖1−1

ti+1− ti
=
‖ 1

d ER(ti+1, ti)‖1−1
∆t

, (D.6)

which allows us to evaluate NRHP on the grid given by the ti. The discrete version of Eq. (4.202)
then becomes

NRHP =
∑

N
i=1,g(ti)>0 tanh[g(ti)]

Ng(ti)>0
(D.7)
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where Ng(ti)>0 is the number of events where g(ti)> 0.
Note that the actual difficulty in evaluating NRHP is the numerical evaluation of g(ti). The

problem is to define a threshold that defines which values of g(ti) count as zero and which are
counted as finite. For example, a value of 10−10 for g(ti) might seem negligible but becomes
appreciable if it is divided by a time step of the same order of magnitude. In order to define
a threshold, we tried to estimate the numerical precision of the calculations. To this end, we
compared the density matrices obtained by using different routines to perform the time evolution.
The numerical calculations were performed in Python using the Numpy and Scipy libraries.
The time evolution was performed by vectorizing the Lindblad equation (4.182) and applying
the matrix exponential of the Liouvillian on the vectorized initial state. Usually we used the
scipy.sparse.linalg.expm multiply routine for this. For a number of parameters we performed
the time evolution by solving the matrix exponential first using the scipy.sparse.linalg.expm
routine and then multiplying the matrix obtained in the first step with the vectorized initial state.
We compared the resulting density matrices by computing the trace distance between them. For
all initial states |k〉〈 j|, k, j ∈ {e,g} the time evolved states typically showed trace distances of
a few times 10−16 and the sum of the largest errors of all the basis states yielded a few times
10−15. We took this value as a rough estimate of the numerical precision and set g(ti) = 0 for
g(ti)< 10−14.
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Diese Arbeit wurde am Institut für Theoretische Physik der Universität Ulm unter Leitung von
Prof. Dr. Martin B. Plenio angefertigt. Die Ergebnisse, die in Kapitel 3 präsentiert werden, sind
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