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Preface

This habilitation thesis is the result of research which I conducted at four different uni-
versities, namely Karlsruhe Institute of Technology (KIT), Aarhus University (Denmark),
TU Kaiserslautern and Ulm University. It consists of the following 9 articles:

[A] J. Kampf, G. Last, I. Molchanov: On the convex hull of stable processes, Proceedings
of the American Mathematical Society 140 (2012), 2527–2535.

[B] J. Kampf, M. Kiderlen: Large parallel volumes of finite and compact sets in d-
dimensional Euclidean space, Documenta Mathematica 18 (2013), 275–295.

[C] J. Ohser, K. Sandau, J. Kampf, I. Vecchio, A. Moghiseh: Improved estimation of fiber
length from 3-dimensional images, Image Analysis & Stereology 32 (2013), 45–55.

[D] J. Kampf, C. Redenbach: Analysis and modelling of the microstructure of ceramic
foams, Conference Proceedings of the FilTech, October 2013, Wiesbaden (Germany).

[E] J. Kampf: A limitation of the estimation of intrinsic volumes via pixel configuration
counts, Mathematika 60 (2014), 485–511.

[F] J. Kampf, A. Schlachter, C. Redenbach, A. Liebscher: Segmentation, statistical anal-
ysis, and modelling of the wall system in ceramic foams, Materials Characterization
99 (2015), 38–46.

[G] J. Kampf: A central limit theorem for Lebesgue integrals of random fields. Statistics
& Probability Letters. 124 (2017), 5–12.

[H] J. Kampf, E. Spodarev: A functional central limit theorem for integrals of stationary
mixing random fields. Revision (second round) at Theory of Probability and Its
Applications.

[I] J. Kampf, G. Shevchenko, E. Spodarev: Nonparametric estimation of the kernel func-
tion of symmetric stable moving average random functions. Preprint.

The articles [A-F] are about random sets, while [G-I] deal with random fields. Most
articles of this thesis [B, E, G-I] affect both computational aspects and asymptotic theory.
However, [C, D, F] treat only computational aspects, while [A] treats only asymptotic
theory.

This thesis is divided into 5 chapters.
Chapter 1 deals with the estimation of geometric properties of a set which is only

observed through a pixel image. We show that a local algorithm for an intrinsic volume
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(other than volume or surface area) cannot have a worst case asymptotic bias of less than
100%. Furthermore, we discuss advantages and problems of the use of 3 × 3 × 3-pixel
configurations. We provide geometric preliminaries for the investigation of the behavoir
of a local algorithm applied to a Boolean model.

In Chapter 2 we analyze and model ceramic foams which are used as filters in foundary
industry. Special attention is paid to the closed facets of these foams.

In Chapter 3 we investigate the paths of d-dimensional α-stable Lévy processes, in
particular the Lebesgue measure of their parallel sets and the intrinsic volumes of their
convex hull.

After this, we turn to central limit theorems for Lebesgue integrals of random fields
in Chapter 4. We derive a central limit theorem of BL(θ)-dependent random fields and a
functional central limit theorem for mixing random fields.

Finally, in Chapter 5 we consider the estimation of the kernel function of a moving
average process.

Note

About 20 % of article [A] is already contained in my PhD thesis. For information on the
content see Chapter 3.



Chapter 1

Estimation of intrinsic volumes from
pixel images

The intrinsic volumes of subsets of Rd are a family of d+ 1 geometric functionals, among
them the Euler characteristic, the surface area and the Lebesgue measure; see [25, Sec.
4.1, 4.2 and 4.4] for a detailed introduction or [26, Sec. 14.2] for a shorter introduction.

Often, one wants to compute the intrinsic volumes of a set K ⊆ Rd, when only a pixel
image of K is observed. There are many competing algorithms for this problem, see e.g.
[11, 15, 19, 20, 27]. In this chapter we focus on local algorithms which are quite popular
since they are computationally fast and easy to implement.

A pixel configuration is a cubiform pattern of 2 × · · · × 2 pixels. Mathematically it
is described by a partition of the set {0, 1}d of vertices of the unit cube in two disjoint
subsets (B,W ), where B represents the black pixels and W represents the white pixels.
Obviously, in dimension d there are 2(2d) pixel configurations. We will enumerate them
as (Bl,Wl), l = 1, . . . , 2(2d). We assume that the set A of black pixels is a subset of the
intersection of the pixel lattice tZd = {(tj1, . . . , tjd) | j1, . . . , jd ∈ Z} with the observation
window C, which is a compact and convex subset of Rd with non-empty interior. The
pixel configuration count of an image A and the l-th configuration at lattice distance t is

Nt,l(A) = #{v ∈ Zd | (A− tv) ∩ {0, t}d = tBl}.

It describes the number of occurrences of the l-th pixel configuration in the image A, see
Figure 1.1.

A local algorithm now approximates the k-th intrinsic volume Vk(K) of a set K ⊆ Rd

from the convex ring by a weighted sums of the pixel configuration counts of an image A
of K,

Vk(K) ≈ V̂k(A) :=
2(2

d)∑
l=1

w
(k)
l (t)Nt,l(A), (1.1)

where w
(k)
l : (0,∞)→ R are appropriate functions called weights.

In the literature, there are several competing proposals on how to choose the weights.
This leads to the question whether there is an optimal way of choosing these weights.
Ziegel and Kiderlen [32] propose an optimality criterion and apply it to the estimation
of the surface area in R3. As a model for the relation between the underlying set K and
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CHAPTER 1. ESTIMATION OF INTRINSIC VOLUMES FROM PIXEL IMAGES 4

The pixel configuration count for the 2× 2-pixel configuration on the left in the image on
the right is eight.

Figure 1.1: Pixel configuration counts

the pixel image A they use the Gauss digitization model in the design-based setting. This
means that the set K is randomly shifted and that the color a pixel obtains depends only
on whether the pixel point lies inside or outside the shifted set, i.e.

A = (K + tU) ∩ tZd,

where U is uniformly distributed in the unit cube [0, 1)d. As optimality criterion they
propose the worst case relative asymptotic bias, i.e.

sup
{ lim supt→0 |EV̂k(K + tU)− Vk(K)|

Vk(K)
| K
}
,

where the supremum is taken over all sets K ⊆ Rd for which the estimator is supposed to
work.

In [E] we show that this optimality criterion does not work properly for the intrinsic
volumes Vk, k = 0, . . . , d− 2. At first we modify the optimality criterion slightly in order
to exclude trivial counterexamples based on extinction effects. We consider the bias of
the estimator not relative to the intrinsic volume Vk(K) but relative to the total variation
of the k-th support measure of K (see again [25, Sec. 4.1, 4.2 and 4.4] or [26, Sec. 14.2]
for an introduction).

As class of sets on which the estimators should work we choose the class P(2) of finite
unions of convex polytopes with interior points in R2 and the class P(d) of cylinder sets
with base in P(2) in Rd.

We let intA denote the interior of a set A ⊆ Rd. The main result of [E] is the following:

Theorem 1.1. For all weights w
(k)
1 , . . . , w

(k)

2(2
d)

and all k = 0, . . . , d − 2 the estimator V̂k
for Vk defined by (1.1) has a worst case asymptotic relative bias of at least 100% on the
set

{K ∈ P(d) | K ⊆ intC}
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for a compact convex set C ⊆ Rd with interior points. The estimator ignoring the data
and returning 0 has a worst case (asymptotic) relative bias of 100%. Hence this estimator
has minimal worst case asymptotic relative bias among all estimators of the form (1.1).

This result has two consequences. First, it tells us to be careful with results of local
estimators since the error may be in the same order of magnitude as the correct value -
even if the correct value is enlarged as explained above. Second, trying to generalize the
approach of Ziegel and Kiderlen fails - the estimator we obtain is obviously useless.

Theorem 1.1 is first proved in the special case d = 2, k = 0. There the ambiguity of
pixel configurations with two white pixels on one diagonal and two black pixels on the
other diagonal is exploited. After this it is extended to higher dimensions by a careful
analysis of the intrinsic volumes and the pixel configuration counts of cylinder sets.

Meanwhile Svane [29] has shown that Theorem 1.1 already holds on the class of convex
polytopes with interior points.

Another way of examining these estimators is not to study their properties in the
design-based setting, but to study their properties when applied to a particular model.
Ohser, Nagel and Schladitz [20] propose to use a Boolean model of balls with deterministic
radius, i.e. the union of balls of fixed radius r > 0 whose midpoints form a stationary
Poisson process of intensity γ; see e.g. [26, Sec. 4.3] or [5, Ch. 3] for an introduction. The
intrinsic volumes are not defined for Boolean models since the realizations of Boolean
models are unbounded a.s., but one can define intrinsic volume densities by

V̄(k)(Ξ) := lim
n→∞

EVk(Ξ ∩ nC)

λd(nC)

for a compact convex set C ⊆ Rd with interior points; see [26, Sec. 9.2] for details. It
seems reasonable to estimate these densities by

V̂k(Ξ ∩ C ∩ tZd)/λd(C),

where V̂k is an estimator for the k-th intrinsic volume. In the following we let V̂k be the
estimator defined by (1.1), again. In order to determine its bias we have to compute the
expected value

E V̂k(Ξ ∩ C ∩ tZd) =
2(2

d)∑
l=1

w
(k)
l (t)ENt,l(Ξ ∩ C ∩ tZd).

The expected value of the pixel configuration counts, in turn, is given by

ENt,l(Ξ ∩ C ∩ tZd) = E
∑
v∈Zd

tv+{0,t}d⊆C

1{((Ξ∩C∩tZd)−tv)∩{0,t}d=tBl}

=
∑
v∈Zd

tv+{0,t}d⊆C

P
(
(Ξ− tv) ∩ {0, t}d = tBl

)
= #{v ∈ Zd | tv + {0, t}d ⊆ C} · P

(
Ξ ∩ {0, t}d = tBl

)
.
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By the inclusion-exclusion formula we know these probabilities if we know P
(
Ξ∩ tBj = ∅)

for all j = 1, . . . , 2(2d). However, Ξ ∩ tBj = ∅ holds if and only if there is no midpoint of
a grain (i.e. of one of the balls mentioned above) in (tBj)⊕r, where

A⊕r := {x ∈ Rd | d(A, x) ≤ r}

is the parallel set of a subset A ⊆ Rd at distance r ≥ 0 and

d(A, x) = inf{‖x− y‖ | y ∈ A}

is the distance from a point x ∈ Rd to a set A ⊆ Rd. Since the midpoint of the grains
form a stationary point process of intensity γ, we get

P
(
Ξ ∩ tBj = ∅) = 1− exp

(
− γλd((tBj)⊕r)

)
= 1− exp

(
− γtdλd((Bj)⊕r/t)

)
.

We are interested in the asymptotics as t → 0, so we have to examine the asymptotic
behavoir of the parallel volume λd((Bj)⊕r) as r →∞.

This is the motivation for Markus Kiderlen and myself [B] to investigate the asymptotic
behavoir of the parallel volume of finite sets as r →∞. We consider, more general, finite
sets B ⊆ Rd which fulfill the following condition:

For any facet G of the polytope K = convB and all faces F of G we have

d(B ∩ F, x) = d(B ∩G, x) for all x ∈ F. (1.2)

If d = 2, 3 this condition is fulfilled for all subsets B ⊆ {0, 1}d; however this does not hold
for d ≥ 4 anymore.

In order to formulate the main result of [B] we define the intrinsic power volumes of
a finite set B ⊆ Rd by

V
(m)
i (B) =

∑
F∈Fi(convB)

γ(F, convB)

∫
F

d(B ∩ F, x)m−i dx,

where Fi(convB) is the set of i-dimensional faces of convB and γ(F,K) is the exterior
angle of K at F ; see e.g. [25] for an introduction of these notions. Let κn := πn/2/Γ(n

2
+ 1)

be the volume of the n-dimensional unit ball.

Theorem 1.2. Let B ⊆ Rd be a finite set satisfying assumption (1.2). Then

λd(B⊕r) =
d∑

n=0

κnVd−n(convB)rn +
∞∑

n=3−d

an(B)r−n

where

an(B) =

min{d−1,n+d−2}∑
i=1,

2|(n+d−i)

(−1)(n+d−i+2)/2

(
(d− i)/2

(n+ d− i)/2

)
κd−iV

(n+d)
i (B).
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Furthermore, in [B] the asymptotic behavior of the parallel volume is also examined for
general compact sets. The coefficients of rd, rd−1 and rd−2 are the same as for finite sets,
as it is clear from results of my PhD thesis. In [B] we derive an integral expression for the
coefficient of rd−3. The error term of the approximation based on these four summands
is not of order O(rd−4) in general. Thus the Laurant expansion of the parallel volume of
a compact set cannot be continued beyond the rd−3-term in general.

The proofs of [B] are based on an analysis of the difference set (convB)⊕r \B⊕r with
help of the metric projection map and the local Steiner formula.

The way back to the original motivating question – the asymptotic behavior of the
bias of local estimators used to estimate the intrinsic volume densities of Boolean models
– is not performed in [B], but in two later papers [29, 12] by Hörrmann and Svane.

A natural question is whether the accuracy of a local estimator can be improved by
considering n × · · · × n-pixel configurations for n > 2. Joachim Ohser, Konrad Sandau,
myself, Irene Vecchio and Ali Moghiseh access this question in [C].

We examine the estimation of the integral of mean curvature V1 in R3 using 3 × 3 ×
3-pixel configuration counts. The definitions generalize in a straight-forward way. In
particular, a 3 × 3 × 3-pixel configuration is a partition of {0, 1, 2}d into two sets B and
W . For a subset T ⊆ {0, 1, 2}d with #T = 3 and a pixel configuration (B,W ) we put

χ0(B, T ) =


1/6 if #(T ∩B) = 1

−1/6 if #(T ∩B) = 2

0 if #(T ∩B) ∈ {0, 3}.

Then we set – motivated by the Crofton formula –

w
(1)
j (t) = t−1

∑
T⊆{0,1,2}3,

#T=3

βT · χ0(Bj, T ). (1.3)

For the 145 parameters βT we consider two choices. The Crofton formula leads not only
the structure of the right-hand side of (1.3), but it gives also values for the βT . This is
our first choice. For the second choice, we use only the structure of (1.3) and choose the
parameters βT according to an optimality criterion described below.

We want to compare these estimators with the analogue estimators based on 2×2×2-
pixel configurations, so we have in total four estimators to compare. We apply each of
these four estimators to a line segment of unit length which is shifted at random (by a
vector distributed uniformly in [0, t)d). Now the bias of the estimator depends on the
direction vector of this line segment and thus it is described by a function δ : S2 → R,
where S2 ⊆ R3 denotes the unit sphere. For the comparison of the estimators we use the
minimal and the maximal value of δ as well as a certain integral. For all four estimators
it is ensured that

∫
S2 δ(θ) dθ = 0, where we integrate w.r.t. the Haar measure on S2, so

this number does not provide information. Thus we consider the integral (
∫
S2 δ(θ)

2 dθ)1/2,
which can be interpreted as the standard deviation of the conditional expected value of
the estimation result, where we randomly shift and rotate the line segment and condition
on the rotation. This is also the optimality criterion mentioned above: We minimize∫
S2 δ(θ)

2 dθ under the constraint
∫
S2 δ(θ) dθ = 0. The resulting values are presented in

Table 1.1.
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βT δmin δmax std
2× 2× 2 Crofton -7,34 2,28 1,618
2× 2× 2 optimal -7,74 2,24 1,613
3× 3× 3 Crofton -1,28 1,19 0,462
3× 3× 3 optimal -1,76 0,39 0,249

Comparison of the bias of estimators based on 2×2×2- and 3×3×3-pixel configurations
with weights motivated by the Crofton formula or with optimal weights (for details see
the text). For each estimator, the minimum δmin, the maximum δmax and the standard
deviation std of the function δ, which is the bias of the estimator under model assumptions
described in the text, are reported.

Table 1.1: Comparison of the bias of four different estimators

We see that all six numbers are much better for 3 × 3 × 3- than for 2 × 2 × 2-pixel
configurations. Optimization w.r.t. the standard deviation of course improves the stan-
dard deviation. The remaining effects of this optimization we cannot explain: Both for
2× 2× 2 and for 3× 3× 3- pixel configurations it improves the maximal value of δ, while
the minimal value of δ get worse. Moreover, all effects of this optimization are much
stronger for 3× 3× 3- than for 2× 2× 2-pixel configurations.

While we gain accuracy, passing to 3× 3× 3-pixel configurations brings along severe
computational problems. For 2 × 2 × 2-pixel configurations the weights can be written
down in the source code of the program, but this is no longer possible for 3 × 3 × 3-
pixel configurations, since there are 227 ≈ 1, 34 · 108 weights. Instead they have to be
calculated at runtime. This increases the computation time from 5, 2 · 10−9 seconds per
pixel to 1, 25 · 10−7 seconds per pixel on an Intel Xeon 5 148 at 2,33 GHz. Moreover, if
one wants to implement a new proposal for the weights for 2× 2× 2-pixel configurations,
then only the list of weights in the source code has to be replaced by the new list. The
implementation of new weights of 3×3×3-pixel configurations, however, can cause serious
problems or might even be impossible on nowadays computers.

While, as described above, the use of n×· · ·×n-pixel configurations can lead to prac-
tical relevant improvements, Svane [29] has shown that there is no theoretically break-
through: Still, a local algorithm for Vd−1 in Rd cannot be asymptotically unbiased and
still local algorithms for Vk, k = 0, . . . , d − 2, have a worst case asymptotic relative bias
of at least 100%.



Chapter 2

Segmentation, statistical analysis
and modeling of ceramic foams

Here we examine ceramic foams which serve as filters in foundry industry.
Foams are two-phase materials in which one phase, the so-called pore space, is sepa-

rated by the other phase into cells. For the foams we are considering here the pore space
is empty, while the other phase consists of a solid ceramic mixture. The pore space is con-
nected and the cellular structure is only implied by a strut system. However, sometimes
neighboring cells are separated by a thin solid structure, a so-called wall.

In [D] we investigate geometric properties of the microstructure of these foams and
perform a preliminary study of their wall system. The full investigation of the wall system
is carried out in [F].

The analysis of these foams is based eight CT-images with a resolution of 33.91 µm.
Since the size of the foams is about 2.1 cm × 5.0 cm × 5.0 cm, the images have a size of
about 700× 1500× 1500 voxels. A visualisation is shown in Figure 2.1, left. Five of the
recorded foams have a pore size of 20ppi, while the other three have a pore size of 30ppi.

In order to describe the microstructure of these foams, we compute various geometric
characteristics for each foam, including volume, specific surface area, mean chord length
and tortuosity. The mean chord length is the average distance one can move from a point
in the pore space in a fixed direction until one hits the solid component. We consider the

Figure 2.1: Left: Visualisation of a foam; Right: The average directional cell diameters
of three directions of eight foams.
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20ppi-filter 30ppi-filter All filters
Weight -0.920 -1.000 -0.877
Volume density 0.907 1.000 0.874
Specific surface area -0.806 -0.987 -0.824
Mean chord length in flow direction 0.961 0.988 0.909
Mean chord length (average over 13 directions) 0.942 0.991 0.890
Tortuosity -0.951 -1.000 -0.931
Mean cell volume -0.334 0.874 0.647
Mean cell surface area -0.398 0.911 0.650

Table 2.1: Empirical correlations between the water flow rate and different characteristics
of the microstructure

mean chord length in the direction in which the metal flows in the casting process as well
as the average of the mean chord lengths over 13 directions. The tortuosity describes a
certain average of ratios between the length of the shortest path within the pore space
connecting two points and the distance of these points. Moreover, also the mean volume
and the mean surface area of the cells are considered in the investigation. Therefore we
reconstruct the cells using the watershed method described in [21, p. 143–148].

Since these foams serve as filters, their permeability properties are of major interest.
Therefore we investigate the correlation between the geometric quantities mentioned above
and experimentally determined water flow rates. We compare them to the correlation
between the weight and the water flow rate. Table 2.1 reports the empirical correlation
coefficient, separately for the five 20ppi- and the three 30ppi-foams and jointly for all
eight foams. It turns out that the mean chord length and the tortuosity have the highest
correlation with the water flow rate – in particular it is higher than the correlation of the
weight with the water flow rate.

The microstructure of these foams is anisotropic. We calculate the mean directional
cell diameter in the three coordinate directions. It turns out that for each foam two of
these three mean diameters are approximately equal, while the third one is about 1.2
times as big; see Figure 2.1, right. This results from the anisotropy of a polyurethane
foam that is used as a frame in the production process of the ceramic foams.

The solid component of the foams consists of struts and walls. We propose two methods
for segmenting the solid component into struts and walls.

The first method uses the fact that struts are tubular, while walls are planar. Therefore
the grey value profile of the CT-image changes rapidly in two orthogonal directions in
struts, while inside a wall there is only one direction in which the grey value changes fast.
This can be seen in the eigenvalues of the Hessian matrix of the convolution of the grey
value profile with a Gaussian kernel: In struts there is a gap between the medium and the
smallest absolute value of the eigenvalues, while in walls the gap is between the largest
and the medium one. The segmentation method based on this effect is called eigenvalue
method.

The second method, called cell reconstruction method, is based on a cell reconstruction
by the watershed method. From such a cell reconstruction one can determine the facets,
i.e. the common boundaries of two neighboring cells. Such a facet is either a wall or it is
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open, i.e. the two adjecent cell are directly connected. In the cell reconstruction method
we declare a facet to be a wall if a certain percentage of its pixels is covered by the solid
phase.

The eigenvalue method also allows to determine the normal vector of a wall and thus
to investigate the directional distribution of the walls. For all foams this distribution
is highly anisotropic, e.g. there are hardly any walls orthogonal to the flow direction.
A Kolmogorov-Smirnov test applied to the longitude of the walls’ normal vectors shows
significant differences between directional distributions of the walls in different filters,
which are well explained by the production process.

These results can be used to improve the model for the ceramic foams from [23]. There
the cell system is modeled by a hardcore-Laguerre tessellation. The struts are modeled
as locally adaptable dilated versions of the edges of the tessellation. Some of the facets
are closed, i.e. they are declared to be walls, where the probability that a facet is closed
depends on the orientation of the facet but not on its size.

One improvement of this model in [F] is that we let the probability that a facet is
closed also depend on the size of the facet. Indeed, when the facets are divided into ten
classes according to their areas, the proportion of closed facets varies from 85% in the
class of the smallest facets to 4% in the class with the largest facets for one exemplary
foam.

Moreover, also the dependence of the closeness probability on the orientation is im-
proved. Both in [23] and in [F] this probability is calculated by the Bayesian formula from
the density of the normal vectors of the closed facets. Obviously this density must be a
symmetric distribution on the sphere. In [23] it is modeled by a mixture of Mises-Fisher
distributions. These distributions are not symmetric and the symmetry has to be ensured
by restrictions on the parameters. In contrast, in [F] Watson distributions, which are (a
priori) symmetric, are used. Watson distributions can be - depending on their parameter
- bipolar or girdle distribution. We consider mixtures of 2 and mixtures of 3 distributions
and use an expectation-maximization (EM) algorithm [28] in order to fit the parameters.
This requires that it is also predescribed how many of the distributions involved in the
mixture are girdle distributions. Here we allow all possible numbers so that in total 7
models are to be considered. After 3 of the models are ruled out due to a certain redun-
dancy, the remaining 4 models are compared using the Bayesian Information Criterion
(BIC) [14]. Figure 2.2 shows a density estimate of walls’ normal directions in one foam
and the densities of the 7 fitted models. We see that the visual impression confirms our
choice of the model.
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Figure 2.2: Densities estimates and fitted densities
Region with high intensities are plotted white, while regions with low intensities are plotted red. A

density estimate of the walls’ normal directions in one real foam is shown in first plot in the upper row.

The second to forth picture in the upper row show the densities of the fitted mixtures of two Watson

distributions with none, one or two girdle distributions. In the lower row we see the densities of the fitted

mixtures of three distributions, with the number of girdle distributions involved increasing from zero to

three. The formal criterion explained in the text selects the second model of the lower row.



Chapter 3

Geometric characteristics of α-stable
Lévy paths

A symmetrically distributed random vector Y in Rd is called symmetric α-stable (SαS) if

Y1 + · · ·+ Yn = n1/αY,

for any n ∈ N, where Y1, . . . , Yn are i.i.d. copies of Y . It is well known that such random
vectors exist iff α ∈ (0, 2] and that they are Gaussian iff α = 2. See [24] for more
information on stable random vectors.

Let Y be an SαS random vector in Rd. Combining [24, Theorem 2.4.3] and [25,
Theorem 1.7.1], we see that there is a uniquely determined compact and convex set
K ⊆ Rd with

E exp(i〈u, Y 〉) = exp(−h(K, u)α),

where 〈·, ·〉 is the Euclidean scalar product on Rd and

h(K, u) := max{〈x, u〉 | x ∈ K}, u ∈ Rd,

is the support function of K. This body K is called associated zonoid of (the distribution
of) Y ; see [18].

Let (X(t))t∈[0,∞) be an Rd-valued Lévy process with SαS marginal distributions and
let

ST = cl{X(t) | t ∈ [0, T ]} (3.1)

be the closure of the path of (X(t))t∈[0,∞). Consider the mixed volume V (B[d− 1], L) of
two compact and convex sets B,L ⊆ Rd, which is a generalisation of the first intrinsic
volume V1(L) (see [25, Sec. 5.1]). The following two theorems are the main results of [A].

Theorem 3.1. Let S1 be the path given by (3.1) for T = 1, let K be the associated zonoid
of X(1) and let B ⊆ Rd be a compact and convex set with interior points. Then

EV (B[d− 1], convS1) =
α

π
Γ
(
1− 1

α

)
V (B[d− 1], K).

In the case that α = 2, d = 2 and B is a Euclidean ball the result was already proven
before [31].

13
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Figure 3.1: A realisation of a symmetric α-stable Lévy path S1 (black) with α = 1.5
together with convS1 (left, grey) and S1 +B for a Euclidean ball B (right, grey).

Theorem 3.2. Let ST , T > 0, be given by (3.1), let K be the associated zonoid of X(1)
and let B ⊆ Rd be a compact and convex set with interior points. Then

lim
T→0

T−1/α
(
Eλd(ST +B)− λd(B)

)
=
α · d
π

Γ
(
1− 1

α

)
V (B[d− 1], K).

My PhD thesis contains the special case of this result that α = 2 and B is
a Euclidean ball.

Realisations of ST , convST and ST +B are shown in Figure 3.1.
The proof of Theorem 3.1 is based on the representation of V (B[d−1], L) as an integral

of h(L, u) w.r.t. the area measure of B, while the proof of Theorem 3.2 relies on the study
of volumes of morphological transformations performed by Kiderlen and Rataj [13].



Chapter 4

Central limit theorems for Lebesgue
integrals of random fields

In this chapter we consider central limit theorems for integrals of the form
∫
Wn

f(X(t)) dt,
where (X(t))t∈Rd is a random field, f : R→ R is a deterministic function and (Wn)n∈N is a
sequence of compact subsets of Rd. As long as only one fixed function f is considered, this
is in fact equivalent to considering central limit theorems for

∫
Wn

X(t) dt, since f ◦X is just

a random field again. However, we will also consider the joint behavoir of
∫
Wn

fi(X(t)) dt

for various functions fi in the following. Central limit theorems for
∫
Wn

X(t) dt have been
considered since the 70’s [16, 4].

Usually, these central limit theorems are derived under mixing assumptions. In [G] we
replace these mixing assumptions by BL(θ)-dependence. In order to define this notion,
put

T (∆) :=
{(z1

∆
, . . . ,

zd
∆

)
| z1, . . . , zd ∈ Z

}
and let ‖ · ‖ denote the Euclidean norm and Lip f the Lipschitz constant of a Lipschitz
continuous function f : Rn → R.

Def. 4.1. Let (X(t))t∈Rd be a random field and let θ = (θr)r∈N be a zero sequence. If
for all ∆ > 1, r ∈ N, any points s1, . . . , sm, t1, . . . , tn ∈ T (∆) with ‖si − tj‖ ≥ r for all
i = 1, . . . ,m, j = 1, . . . , n, and any bounded Lipschitz continuous functions f : Rm → R,
g : Rn → R we have

Cov
(
f(X(s1), . . . , X(sm)), g(X(t1), . . . , X(tn))

)
≤ min{n,m} · Lip f · Lip g ·∆d · θr,

then (X(t))t∈Rd is called BL(θ)-dependent.

We will assume in the sequel that the sequence (Wn)n∈N grows in Van Hove-sense
which is satisfied, for example, if (Wn)n∈N is a sequence of balls or cubes (with arbitrary
midpoints and orientations) whose radii resp. side-lengths converge to infinity; see [2] for
a complete definition. Now we can formulate the central limit theorem.

Theorem 4.2. Let (X(t))t∈Rd be a stationary and measurable random field which is
BL(θ)-dependent for some zero sequence θ = (θr)r∈N. Let f : R → R be a measurable
function such that

σ2
f :=

∫
Rd

Cov
(
f(X(0)), f(X(t))

)
dt

15
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is defined and finite. Let (Wn)n∈N be a Van Hove-growing sequence of compact subsets of
Rd. Then

Φn(f)
d−→ N (0, σ2

f ), n→∞,
where

Φn(f) :=

∫
Wn

f(X(t)) dt− Ef(X(0)) · λd(Wn)√
λd(Wn)

. (4.1)

The proof essentially relies on the analogue result for discrete sums [2]. As corollaries
we obtain multivariate central limit theorems(

Φn(f1), . . . ,Φn(fs)
) d−→ N (0,Σ), n→∞, (4.2)

where Σ is the s× s-matrix with entries

σij =

∫
Rd

Cov
(
fi(X(0)), fj(X(t))

)
dt, i, j = 1, . . . , s. (4.3)

In these corollaries we assume that the integrals in the definition of Σ exist and are finite
and that one of the following assumptions is fulfilled:

• The functions f1, . . . , fs : R→ R are Lipschitz continuous and (X(t))t∈Rd is BL(θ)-
dependent for some zero sequence θ = (θr)r∈N.

• The functions f1, . . . , fs : R→ R are of bounded variation on each compact subset
of R and (X(t))t∈Rd is positively associated.

Meschenmoser and Shashkin [17] derive a functional central limit theorem for the
Lebesgue measure of the excursion sets of a random field, i.e. they consider the asymp-
totic behavior of the sequence of stochastic processes that assign to each point u ∈ R
the Lebesgue measure of the excursion set of (X(t))t∈Rd over level u within Wn. These
random variables equal

∫
Wn

1[u,∞)(X(t)) dt. Our first aim in [H] is to consider more gen-
eral functions f : R → R instead of indicator functions. While the more complicated
analytical structure of these functions provides no problems, we need an entirely different
approach since the index set of the stochastic processes is much larger now. We require
f to be Lipschitz continuous – not because we need the Lipschitz continuity, but in order
to prevent the index set from becoming to large.

We consider the stochastic processes Φn which are indexed by the space V of Lipschitz
continuous functions R→ R and whose random variables are defined by (4.1). It is easily
seen that the random elements Φn take values in the dual space V ∗ of V . In order to
study the convergence of the sequence (Φn)n∈N we consider V ∗ with the weak topology.
Moreover, we put

αγ(r) := sup
{
α(σ(XA), σ(XB)) | A,B ⊆ Rd, λd((A ∪B) +Bd) ≤ γ,

there is u ∈ Sd−1 with min{〈x, u〉 | x ∈ A} −max{〈x, u〉 | x ∈ B} ≥ r
}
,

where σ(XA) is the σ-algebra generated by all random variables X(t), t ∈ A, and

α(F ,G) = sup{|P(A ∩B)− P(A)P(B)| | A,B ∈ F ,G}

for two σ-algebras F and G. For more information on mixing concepts we refer to [1, 6].
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Theorem 4.3. Let (X(t))t∈Rd be a stationary and measurable random field satisfying
E|X(0)|2+δ <∞ for some δ > 0 and

αγ(r) ≤ Cr−mγl, r > 0, γ ≥ 2κd,

for certain constants C > 0, m ∈ N and l > 0 such that

m

d
≥ max

{
l +

δ + 2

δ
,
δ + 2

δ − 2
, 3
}
.

Let (Wn)n∈N grow in Van Hove-sense. Then (Φn)n∈N defined by (4.1) on V converges
weakly in distribution to the centered Gaussian process Φ on V with covariance

Cov
(
Φ(f),Φ(g)

)
=

∫
Rd

Cov
(
f(X(0)), g(X(t))

)
dt, f, g ∈ V.

The proof is essentially based on a result of Oppel [22], which says that it suffices
to establish the convergence of the finite-dimensional distributions and to show that a
process Φ with the desired distribution and continuous paths exists. While the first point
essentially follows from a result of Gorodetskii [10], for the second point the theory of
GB- and GC-sets [7] is employed.

The multivariate central limit theorems from [G] and [H] can be used to construct
statistical tests. Choose functions f1, . . . , fs : R → R such that the matrix Σ defined by
(4.3) is regular. Then, as corollaries of (4.2) and the analogue result in [H], we obtain by
Slutzky’s theorem that

(Φ(f1), . . . ,Φ(fs))Σ̂
−1
n (Φ(f1), . . . ,Φ(fs))

T d−→ χ2
s, n→∞,

where (Σ̂n)n∈N is a weakly consistent sequence of estimators for Σ. Such estimators are
known, cf. [3] and the literature cited therein. So we can consider the following test:

• For given functions f1, . . . , fs calculate

T = (Φ(f1), . . . ,Φ(fs))Σ̂
−1
n (Φ(f1), . . . ,Φ(fs))

T . (4.4)

• If, for a given level α ∈ (0, 1), T exceeds the (1−α)-quantile of the χ2
s-distribution,

then reject the hypotheses, otherwise accept it.

As long as the assumptions of the multivariate central limit theorems of [G] and [H] are
fulfilled under the null hypotheses, this is an asymptotic level-α-test. Tests of this form
can be used to examine hypotheses about the parameters of the marginal distributions.

It is important to choose the functions f1, . . . , fs in such a way that the matrix Σ is
regular. For Gaussian random fields with non-negative covariance and for certain fields
with Gamma-, Pascal- or Poisson-distributed marginals, we provide in [H] a sufficient
criterion for Σ to be regular. On the other hand, we construct - based on a Poisson-
Voronoi tessellation - a non-trivial random field (X(t))t∈Rd such that Σ = 0 for any choice
of the functions f1, . . . , fs.

If we choose f1, . . . , fs (depending on the distribution of (X(t))t∈Rd) such that Σ be-
comes a diagonal matrix, then we need in (4.4) only an estimator for the diagonal entries
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of Σ and not for the entire matrix. This reduces the computational effort of the test
described above and we hope that it also improves its statistical properties. Moreover,
there are also pairs of hypotheses for which it is essential to estimate only the diagonal
entries of Σ. E.g. this modification is necessary if one wants to examine whether a random
field (X(t))t∈Rd with Gaussian marginals has also 2-dimensional Gaussian distributions.
Therefore we investigate in [H] the applicability of the Gram-Schmidt procedure to ob-
tain functions f1, . . . , fs for which Σ is a diagonal matrix. Moreover, we show that if
the field (X(t))t∈Rd is Gaussian with non-negative covariance function or belongs to the
classes of fields with Gamma-, Pascal- or Poisson-distributed marginals mentioned above,
then an appropriate choice of the functions f1, . . . is given by the Hermite-, (generalized)
Laguerre-, Charlier- or Meixner-type-I-polynomials respectively.



Chapter 5

Kernel estimation of moving average
random fields

In this chapter we consider moving average random fields, i.e. random fields of the form

X(t) =

∫
Rd

f(t− s) Λ(ds), t ∈ Rd, (5.1)

where f : Rd → R is a deterministic function called kernel and Λ is a stationary random
measure. The task is now to estimate f from observations of one realization of X at
finitely many points. We would like to derive asymptotic properties of such an estimator
when the distance between the observation points tends to zero and at the same time the
“area covered” by the observation points grows to infinity.

We assume that the random measure Λ is a symmetric α-stable (SαS) random measure
with α ∈ (0, 2) and Lebesgue control measure; see [24, Ch. 3]. While the integral (5.1) is
well-defined as soon as f ∈ Lα(Rd), we need an additional assumption in order to ensure
that the function f is uniquely determined by the distribution of X. We require f to be
positive semi-definite which in particular implies that it is symmetric.

Further, we assume that the observation points are given by

tj,n := (j1 ·∆n, . . . , jd ·∆n), j = (j1, . . . , jd) ∈ {1, . . . , n}d,

for a sequence (∆n)n∈N with ∆n → 0, but n ·∆n → ∞ as n → ∞. Now we consider the
self-normalized periodogram, i.e.

In,X(λ) =

∣∣∑
j∈{1,...,n}d X(tj,n) exp{−i〈tj,n, λ〉}

∣∣2∑
j∈{1,...,n}d X(tj,n)2

, λ ∈ Rd.

Since ∆d
n ·In,X(λ) converges (at least in some situations) to a non-deterministic limit [8], it

cannot be a consistent estimator. Thus we introduce, following [9], its smoothed version.
So let (mn)n∈N be a sequence of integers with mn → ∞, but mn ∈ o(n), as n → ∞, and
let (Wn(m))m∈{−mn,...mn}d be a sequence of filters satisfying

(W1) Wn(m) ≥ 0, m ∈ {−mn, . . . ,mn}d,

(W2)
∑

m∈{−mn,...,mn}d Wn(m) = 1,

19
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(W3) W ∗
n := max{Wn(m) | m ∈ {−mn, . . . ,mn}d} → 0, n→∞,

(W4) W
(2)
n :=

∑
m∈{−mn,...,mn}d ‖m‖

2Wn(m) ∈ o((n∆n)2), n→∞.

Then we put

Isn,X(λ) =
∑

m∈{−mn,...,mn}d
In,X

(
λ+

m

n∆n

)
.

It will turn out that Isn,X(λ) is an estimator for the Fourier transform f̂(λ). However,
one cannot apply the inverse Fourier transform to Isn,X(λ), since this function is neither in
L1(Rd) nor in L2(Rd). Thus we consider the restriction Isn,X(λ)1[−an,an]d(λ), where (an)n∈N
is a sequence in (0,∞) fulfilling

(A1) an →∞, n→∞,

(A2) a2d
n W

∗
n → 0, n→∞,

(A3) a
(3d)/4
n ∈ o((n∆n)1/α), n→∞,

(A4) ad+1
n ∆n → 0, n→∞,

(A5) a2d
n W

(2)
n ∈ o((n∆n)2), n→∞.

Finally we need some regularity assumptions on the kernel function f . Namely, in the
case that f has bounded support, we require

(F2) adnωf (∆n)→ 0, n→∞,

where ωf (∆) := sup{|f(s)− f(t)| | ‖s− t‖ ≤ ∆} is the modulus of continuity of f . If the
support of f is unbounded, we assume that there is some a > max{d+ 1, d/α} such that

(F2’) anωf (∆n)
1
d
− 1

a → 0, n→∞,

(F3’) |f(t)| ∈ O(‖t‖−a), ‖t‖ → ∞,

(F4’) a
3d/4
n ∈ o(ωf (∆n)1/(αa)(n∆n)1/α), n→∞.

Now the main result of [I] is the following.

Theorem 5.1. (i) Let all assumptions mentioned above except the assumption that f
is positive semi-definite be fulfilled. Then

adn ·
∫

[−an,an]d

(
∆d
n · Isn,X(λ)− |f̂(λ)|2

‖f‖2
2

)2

dλ→ 0, n→∞,

in probability, where ‖f‖2 is the L2-norm of f .

(ii) Let all assumptions mentioned above including the positive semi-definiteness be ful-
filled. Then∥∥∥ 1

(2π)d

∫
[−an,an]d

√
∆d
nI

s
n,X(λ)ei〈t,λ〉 dλ− f(t)

‖f‖2

∥∥∥
2
→ 0, n→∞,

in probability.
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Once part (i) is established, part (ii) follows essentially by an application of the inverse
Fourier transform. Part (i) has a long, technical proof using deep results such as the
LePage series expansion. This expansion relies on a limit theorem which says that a
certain functional of a Poisson process tends in distribution to the square of a stable
random variable. Thus squares of stable random variables can be represented as such
limits; see [24].

A simulation study shows that the estimator performs well at finite sample size in the
case d = 1. It also shows that in certain situations not covered by the theory, e.g. for
skewed stable random measure or for Gaussian random measures, the estimator works,
too. However, in other situations, e.g. for gamma random measures, it fails. For d = 2
the estimator still works in principle, but it gets more sensitive to the choice of the
parameters.
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Abstract. Let α ∈ (1, 2] and X be an R
d-valued symmetric α-stable Lévy

process starting at 0. We consider the closure St of the path described by
X on the interval [0, t] and its convex hull Zt. The first result of this paper
provides a formula for certain mean mixed volumes of Zt and in particular
for the expected first intrinsic volume of Zt. The second result deals with the
asymptotics of the expected volume of the stable sausage Zt +B (where B is
an arbitrary convex body with interior points) as t → 0. For this we assume
that X has independent components.

1. Introduction and main results

For fixed α ∈ (1, 2] and fixed integer d ≥ 1 we consider an R
d-valued symmetric

α-stable Lévy process X ≡ (X(t))t≥0 starting at the origin. If α = 2 and the
components of X are independent with variance 1, then X is a standard Brownian
motion.

Let Z be the closure of the convex hull of {X(t) : 0 ≤ t ≤ 1}. A classical result
of [16] for planar standard Brownian motion says that

(1.1) EV1(Z) =
√
2π,

where V1(Z) denotes half the perimeter of Z. Our first aim in this paper is to
formulate and to prove such a result for arbitrary α ∈ (1, 2] and arbitrary dimension
d. In fact we also consider more general geometric functionals; see Theorem 1.1.
To the best of our knowledge our paper is the first dealing with the convex hull Z
in the case α ∈ (1, 2).

Let B ⊂ R
d be a convex body, that is a non-empty compact and convex subset

of Rd. Then the (random) set
⋃

s≤t(X(s)+B) is called stable sausage up to time t.
The asymptotic behaviour of the volume of this sausage as t → ∞ has been studied
intensively; cf. [15] for the case of Brownian motion and [5, 11] for the case of more
general stable processes. The second aim of our paper is to start an investigation
of the asymptotic behaviour as t → 0; see Theorem 1.7. For this, we assume that
the process X has independent components. In the case α = 2 the stable sausage
is known as Wiener sausage. Even then our Theorem 1.7 constitutes a new result;
see Corollary 1.8.
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By definition, the process X has stationary independent increments, and the
distribution of X(t) is symmetric α-stable for each t ≥ 0. By [12, Theorem 2.4.3]
there is a symmetric finite measure Γ (unique in case α < 2) on the unit sphere
Sd−1 in R

d such that

(1.2) E exp[i〈u,X(t)〉] = exp
[
− tα

∫
|〈u, v〉|αΓ(dv)

]
, u ∈ R

d, t ≥ 0,

where 〈·, ·〉 denotes the Euclidean scalar product. The measure Γ is the spectral
measure of X(1). The Minkowski inequality implies that (

∫
|〈u, v〉|αΓ(dv))1/α is

a sublinear function of u. Moreover, this function is also positively homogeneous.
Theorem 1.7.1 in [13] implies that there is a convex body K (uniquely determined
by Γ) such that

(1.3) E exp[i〈u,X(t)〉] = exp[−th(K,u)α], u ∈ R
d, t ≥ 0,

where

h(K,u) := sup{〈u, x〉 : x ∈ K}, u ∈ R
d,

is the support function of K. We remark that K is also determined uniquely by
the distribution of X(1) in the case α = 2. The body K is symmetric and contains
the origin 0. However, 0 does not need to be an interior point of K. The set
K is called the associated zonoid of X(1); see [10]. Zonoids form a subfamily of
convex bodies that are obtained as limits (with respect to the Hausdorff distance) of
Minkowski (or elementwise) sums of segments, where the Minkowski sum is defined
as B + C := {x+ y : x ∈ B, y ∈ C} for two sets B,C ⊂ R

d. The set K from (1.3)
belongs to the family of Lp-zonoids with p = α, which appear as limits for Lp-sums
(or Firey sums) of segments; see [4, 10].

As in [10] it is useful to introduce the polar set

F := {u ∈ R
d : h(K,u) ≤ 1}

of the associated zonoid K. This set is convex, closed and origin-symmetric and
satisfies ‖u‖F = h(K,u) for all u ∈ R

d, where

‖u‖F := inf{s ≥ 0 : u ∈ sF}

is the Minkowski functional of F ; see [13, Sec. 1.6,1.7] for more details in case 0 is
an interior point of K. Therefore,

E exp[i〈u,X(t)〉] = exp[−t‖u‖αF ], u ∈ R
d, t ≥ 0.

If α = 2, then X is a Gaussian process and both F and K are ellipsoids. In
particular, if F (and also K) is a Euclidean ball, then the components of X are

independent Brownian motions, which become standard if the radius of F is
√
2.

Note that the process X is self-similar in the sense that (X(st))s≥0
d
= t1/αX

for any t > 0; see [12, Ex. 7.1.3] and [6, Ch. 15]. For t ≥ 0, let St be the closure
of the path S0

t := {X(s) : 0 ≤ s ≤ t} and let Zt denote the convex hull of St. In
Lemma 2.1 we will show that these are random closed sets; see [9] or [14] for the
notion of a random closed set. We abbreviate Z := Z1. By self-similarity

(1.4) Zt
d
= t1/αZ, t > 0.

In this paper we study geometric functionals of the random convex set Z, namely
intrinsic and mixed volumes. The intrinsic volumes Vj(K), j = 0, . . . , d, of a convex
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body K are the unique real numbers satisfying the Steiner formula

(1.5) Vd(K + tBd) =

d∑
j=0

κd−jt
d−jVj(K), t ≥ 0,

where Bd is the closed Euclidean unit ball in R
d and κj is the j-dimensional volume

of Bj . In particular, Vd(K) is the volume of K (justifying the use of the same
symbol Vd for the Lebesgue measure), Vd−1(K) is half the surface area, Vd−2(K) is
proportional to the integrated mean curvature, V1(K) is proportional to the mean
width of K, and V0(K) = 1. (If d = 2, then the first intrinsic volume V1 appears
in (1.1).) The mixed volumes V (K[j], L[d− j]), j = 0, . . . , d, of two convex bodies
K,L ⊂ R

d are the unique real numbers such that

(1.6) Vd(K + tL) =

d∑
j=0

(
d

j

)
td−jV (K[j], L[d− j]), t ≥ 0.

Taking L := Bd in (1.6) and comparing with (1.5) shows that the intrinsic volumes
are special mixed volumes:

Vj(K) =

(
d
j

)
κd−j

V (K[j], Bd[d− j]), j = 0, . . . , d.(1.7)

A geometric interpretation of the mixed volume V (K[d − 1], L[1]) can be derived
from (1.6):

V (K[d− 1], L[1]) = lim
t↓0

t−1(Vd(K + tL)− Vd(K)).

For more information on intrinsic and mixed volumes the reader is referred to [13].

Theorem 1.1. Let B be a convex body in R
d. Then

(1.8) EV (B[d− 1], Z[1]) =
α

π
Γ

(
1− 1

α

)
V (B[d− 1],K[1]),

where Γ is the Gamma-function and K is the associated zonoid of X(1). In partic-
ular,

EV1(Z) =
α

π
Γ

(
1− 1

α

)
V1(K) .

Remark 1.2. By the scaling relation (1.4) and the homogeneity property of mixed
volumes [13, Eq. (5.1.24)], the identity (1.8) can be generalized to

EV (B[d− 1], Zt[1]) =
α

π
Γ

(
1− 1

α

)
t1/αV (B[d− 1],K[1]).

A similar remark applies to all results of this paper.

Remark 1.3. The mixed volumes V (K1, . . . ,Kd) of d convex bodies K1, . . . ,Kd are
defined as coefficients in the linear expansion of the volume of λ1K1 + · · ·+ λdKd;
see [13, Sec. 5.1]. Since these volumes are linear in each argument, Theorem 1.1
and all further results of this paper hold also for V (K1, . . . ,Kd−1, Z) with arbitrary
convex bodies K1, . . . ,Kd−1, so that (1.8) is recovered if K1 = · · · = Kd−1 = B.

The proof of Theorem 1.1 relies on the fact that

Eh(Z, u) =
α

π
Γ

(
1− 1

α

)
h(K,u),
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for all u from the unit sphere Sd−1 in R
d. Therefore the rescaled K is the mean

body of Z [14, p. 146] or the selection expectation of Z [9, Thm. 2.1.22].
It is known [10, Ex. 3.2] that X(1) has i.i.d. components if and only if F = σBd

α,
where σ > 0 is a scaling parameter and

(1.9) Bd
α := {x ∈ R

d : (|x1|α + · · ·+ |xd|α) ≤ 1}
is the �α-unit ball in R

d. In this case the polar set K to F is σ−1Bd
α′ , where Bd

α′ is
the �α′ -ball in R

d with 1/α+ 1/α′ = 1. For α = 2 and K being the Euclidean ball

of radius 1/
√
2, the following corollary provides a direct generalization of (1.1).

Corollary 1.4. If X is a standard Brownian motion in R
d, then

EV1(Z) =
2
√
2Γ(d+1

2 )

Γ(d2 )
.

A stable random vector is called subgaussian if it appears as a product of a
Gaussian random vector and a power of an independent positive stable random
variable; see [12]. It is noted in [10] that subgaussian stable distributions are char-
acterised by the fact that their associated zonoid K is an ellipsoid. In particular, if
F = K = Bd, then the process X(t) has identically distributed (but not indepen-
dent for α = 2) components and

EV1(Z) =
dα

π
Γ

(
1− 1

α

)
κd

κd−1
=

2α√
π
Γ

(
1− 1

α

)
Γ(d+1

2 )

Γ(d2 )
.

The general subgaussian case is handled in the following lemma by reducing it to
a formula involving the surface area of an ellipsoid.

Lemma 1.5. Let K be an ellipsoid in R
d with semi-axes c1, . . . , cd. Then

V1(K) =
2c1 · · · cd
dκd−1

Vd−1(F ) ,

where Vd−1(F ) is the half surface area of the polar ellipsoid F to K.

Expressions for Vd−1(F ) by means of elliptical integral are given in [2] and [17].
In the case of Brownian motion it is possible to calculate the expectation of the

second intrinsic volume V2(Z) of Z.

Proposition 1.6. Assume that X is a standard Brownian motion in R
d. Then

EV2(Z) = (d− 1)
π

2
.

Now consider a fixed convex body B with non-empty interior and turn to the
asymptotic behaviour of the volume of the stable sausage St + B as t → 0. For
this, we assume that the process X has independent components, i.e. the associated
zonoid of X(1),

(1.10) K = {(c1x1, . . . , cdxd) : (x1, . . . , xd) ∈ Bd
α′},

is a scaled �α′ -ball Bd
α′ ; see (1.9).

Theorem 1.7. Let B be a convex body with non-empty interior. If X is a symmet-
ric α-stable Lévy process with independent components and the associated zonoid
K is given by (1.10), then

lim
t→0

t−1/α(EVd(St +B)− Vd(B)) =
dα

π
Γ

(
1− 1

α

)
V (B[d− 1],K[1]).
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Theorem 1.7 also holds for processes obtained as a linear transformation of a
symmetric α-stable Lévy process with independent components. Even in the case
of a Wiener sausage, Theorem 1.7 yields a new result.

Corollary 1.8. Assume that X is a Brownian motion and let B be a convex body
with non-empty interior. Then

lim
t→0

t−1/2(EVd(St +B)− Vd(B)) =
d
√
2√
π
V (B[d− 1], Bd[1]).

If B = Bd, the limit is 2
√
2π(d−1)/2/Γ(d/2).

Remark 1.9. In the special case d = 3 and α = 2 the classical result from [15] yields
that

(1.11) EV3(St + rB3) =
4

3
πr3 + 4

√
2πr2

√
t+ 2πrt

for any r, t ≥ 0. The constant term in t can be interpreted geometrically as V3(rB
3).

A comparison with Corollary 1.8 yields that the coefficient of
√
t can be interpreted

as

4
√
2πr2 = 3EV (rB3[2], Z[1]) = r2κ2EV1(Z) ,

where we have used (1.7) and the homogeneity property of mixed volumes; see e.g.
[13, Eq. (5.1.24)].

2. Proofs

We need the following measurability property of the closure St of {X(s) : 0 ≤
s ≤ t} and its convex hull Zt, referring to [9, 14] for the notion of a random closed
set.

Lemma 2.1. For any t ≥ 0, St and Zt are random closed sets.

Proof. To prove the first assertion it suffices to show that {St∩G = ∅} is measurable
for any open G ⊂ R

d; see [14, Lemma 2.1.1]. Since X is right continuous with left
limits, it is clear that St ∩ G = ∅ if and only if X(u) /∈ G for all rational numbers
u ≤ t. The second assertion is implied by [14, Thms. 12.3.5, 12.3.2]. �

Lemma 2.1 implies that V (B[d− 1], Zt[1]) and Vd(St+B) are random variables;
see e.g. [13, p. 275] and [14, Thms. 12.3.5, 12.3.6].

Proof of Theorem 1.1. By [13, Eq. (5.1.18) and p. 277],

(2.1) V (B[d− 1],K[1]) =
1

d

∫
Sd−1

h(K,u)Sd−1(B, du)

for all convex bodies B,K ⊂ R
d, where Sd−1(B, ·) is the surface area measure of

B; see [13, Sec. 4.2]. Fubini’s theorem and (2.1) yield that

EV (B[d− 1], Z[1]) =
1

d

∫
Sd−1

Eh(Z, u)Sd−1(B, du).

For any u ∈ Sd−1,

Eh(Z, u) = E sup{〈x, u〉 : x ∈ Z1} = E sup{〈X(s), u〉 : s ∈ [0, 1]}.
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It follows from the definition of α-stability that the one-dimensional Lévy pro-
cess Y = 〈X, u〉 is symmetric α-stable. By [1, Thm. 4a], sup{Y (s) : s ∈ [0, 1]}
has a finite expectation. Differentiating equation (7b) in [1] (Spitzer’s identity in
continuous time), one can easily show that

E sup{Y (s) : s ∈ [0, 1]} = αEY (1)+ = αE(〈u,X(1)〉)+,

where a+ := max{0, a} denotes the positive part of a real number a. It is shown
in [10, Sec. 6.4] that E(〈u,X(1)〉)+ = h(M,u) is the support function of a scaled
variant of the associated zonoid K, namely

M =
1

π
Γ

(
1− 1

α

)
K .

Together with (2.1), this yields assertion (1.8). �

Proof of Corollary 1.4. Since K = Bd/
√
2, Theorem 1.1 and (1.7) give

EV1(Z) = E
d

κd−1
V (Bd[d− 1], Z[1])

=
d

κd−1

2

π
Γ(1− 1

2
)V (Bd[d− 1],

Bd

√
2
[1])

=

√
2

π

dκd

κd−1
,

where we have used the fact that V (Bd[d − 1], Bd[1]) = Vd(B
d). The well-known

formula κd = πd/2/Γ(d/2 + 1) and the obvious identity d/Γ(d/2 + 1) = 2/Γ(d/2)
yield the result. �

Proof of Lemma 1.5. Without loss of generality assume that

K = {(x1, . . . , xd) ∈ R
d :

(x1

c1

)2

+ · · ·+
(xd

cd

)2

≤ 1}.

Consider the linear transform x �→ f(x) = (c−1
1 x1, . . . , c

−1
d xd). Then f(K) = Bd,

while the affine equivariance of the mixed volumes and the fact that the determinant
of f is (c1 · · · cd)−1 yield that

V1(K) =
d

κd−1
V (Bd[d− 1],K[1])

=
dc1 · · · cd
κd−1

V (f(Bd)[d− 1], f(K)[1])

=
dc1 · · · cd
κd−1

V (Bd[1], F [d− 1])

=
dc1 · · · cd
κd−1

κ1

d
Vd−1(F ) ,

where F = f(Bd) is the ellipsoid with semi-axes c−1
1 , . . . , c−1

d , namely the polar
body to K. It remains to note that κ1 = 2. �
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Proof of Proposition 1.6. Kubota’s formula (see e.g. [13, Eq. (5.3.27)]) yields

V2(Z) =
d(d− 1)κd

2κ2κd−2

∫
G2

V2(Z|L) ν2(dL),

where G2 denotes the set of all 2-dimensional linear subspaces of R
d, ν2 is the

Haar measure on G2 with ν2(G2) = 1 and Z|L denotes the image of Z under the
orthogonal projection onto the linear subspace L. By Fubini’s theorem,

EV2(Z) =
d(d− 1)κd

2κ2κd−2

∫
G2

EV2(Z|L) ν2(dL).

The spherical symmetry of Brownian motion implies that EV2(Z|L) does not depend
on L. Assume that L = {(x1, x2, 0, . . . , 0) : x1, x2 ∈ R}. Now it is clear from the
definition of the d-dimensional Brownian motion that the random closed set Z|L
is the convex hull of a Brownian path in L. By Remark (a) in [3, p. 149] (see also
[8]) we have EV2(Z|L) = π/2. Therefore,

EV2(Z) =
d(d− 1)κd

2κ2κd−2

π

2
,

and the result follows by a straightforward calculation. �

Proof of Theorem 1.7. Note that a simple rescaling argument makes it possible to
assume that K = Bd

α′ is the unit �α′-ball. By self-similarity and the dominated
convergence theorem we have

lim
t→0

t−1/α(EVd(St +B)− Vd(B)) = lim
t→0

t−1/α(EVd(t
1/αS1 +B)− Vd(B))

= lim
t→0

t−1(EVd(tS1 +B)− Vd(B))

= E lim
t→0

t−1(Vd(tS1 +B)− Vd(B)).(2.2)

In order to justify the application of the dominated convergence theorem, define

Yj = sup{Xj(s) : s ∈ [0, 1]},
Ỹj = inf{Xj(s) : s ∈ [0, 1]}, j = 1, . . . , d.

As noted in the proof of Theorem 1.1, Yj has a finite expectation. Since −Ỹj has

the same distribution as Yj , Ỹj also has a finite expectation. From (1.6) we obtain
for all t ∈ (0, 1] that

t−1Vd(tS1 +B)− Vd(B) ≤ t−1(Vd(tZ +B)− Vd(B))

=
d−1∑
j=0

(
d

j

)
td−j−1V (B[j], Z[d− j])

≤
d∑

j=0

(
d

j

)
V (B[j], Z[d− j])

= Vd(Z +B).
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Furthermore,

Z +B ⊂
d
×
j=1

[Ỹj − hB(−ej), Yj + hB(ej)],

where ej denotes the jth unit vector. Thus

t−1(Vd(tS1 +B)− Vd(B)) ≤
d∏

j=1

(
Yj + hB(ej)− Ỹj + hB(−ej)

)

for t ∈ (0, 1]. This is a product of integrable independent random variables and
hence has finite expected value.

By [7, Cor. 3.2(2)],

lim
t→0

t−1(Vd(tS1 +B)− Vd(B)) =

∫
Sd−1

h(Z, u)Sd−1(B, du),

and using Theorem 1.1 and (2.1) we conclude from (2.2) that

lim
t→0

t−1/α
E(Vd(St +B)− Vd(B)) = E

∫
Sd−1

h(Z, u)Sd−1(B, du)

= dEV (B[d− 1], Z[1])

= d
α

π
Γ

(
1− 1

α

)
V (B[d− 1],K[1]).

�
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Abstract. The r-parallel volume V (Cr) of a compact subset C in
d-dimensional Euclidean space is the volume of the set Cr of all points
of Euclidean distance at most r > 0 from C. According to Steiner’s
formula, V (Cr) is a polynomial in r when C is convex. For finite
sets C satisfying a certain geometric condition, a Laurent expansion
of V (Cr) for large r is obtained. The dependence of the coefficients
on the geometry of C is explicitly given by so-called intrinsic power
volumes of C. In the planar case such an expansion holds for all finite
sets C. Finally, when C is a compact set in arbitrary dimension, it is
shown that the difference of large r-parallel volumes of C and of its
convex hull behaves like crd−3, where c is an intrinsic power volume
of C.
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1 Introduction

In 1840, Jakob Steiner [10] showed that the r-parallel volume of certain compact
convex sets in R

d are polynomials in r ≥ 0 when d = 2 or d = 3. The
generalization to arbitrary dimensions is now known as the Steiner formula

Vd(Cr) =

d
∑

i=0

κiVd−i(C)ri, r ≥ 0. (1)

1Both authors were supported by the Villum Foundation in the framework of the Centre

for Stochastic Geometry and Advanced Bioimaging, CSGB.
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Here C is any compact convex subset of Rd, Cr is the (outer) r-parallel set
of C consisting of all points of distance at most r from C, Vd is the Lebesgue
measure, κi denotes the volume of the i-dimensional Euclidean unit ball and
Vi(C) are the intrinsic volumes of C, which are defined by this relation. A
possible proof of (1) uses the fact that the intrinsic volumes can be given
explicitly in the case where the set C is a convex polytope P :

Vi(P ) =
∑

F∈Fi(P )

γ(F, P )Vi(F ), (2)

i = 0, . . . , d. Here Fi(P ) is the family of i-dimensional faces of P and γ(F, P ) is
the outer angle of P at F defined in Equation (13) below. There are numerous
generalizations of the Steiner formula, for instance local versions [8, Chapter
4] and even Steiner-type results for arbitrary closed sets C; see [3]. Often,
Steiner-type formulas are only valid for sufficiently small r, e.g. in the case of
sets of positive reach [1]. In the present work we focus on r-parallel volumes
for large r and determine a Laurent series expansion or at least its leading
coefficients. We discuss mainly the parallel volume of finite sets, which turns
out to be already nontrivial, but Theorem 2, below, deals with compact sets
C ⊆ R

d. A first result for large parallel volumes has been obtained in [4] for
compact sets C ⊆ R

d, where it is shown that the volume of Cr is close to the
volume of its convex hull convCr = (convC)r. In fact, there is a constant
c = c(C) such that

0 ≤ Vd(convCr)− Vd(Cr) ≤ crd−3 (3)

for all sufficiently large r. In [4] an example set C was given where this volume
difference behaves like rd−3, so the exponent here is best possible. Indepen-
dently, a weaker version of (3) was shown in [7, Lemma 2], where C was
assumed to be an at most two-dimensional subset of the set {0, 1}d, d ≥ 3, and
the volume difference was shown to converge to zero faster than rd−2. In [7]
this was used to obtain an (incomplete) collection of asymptotic Miles-type for-
mulas for the specific intrinsic volumes of stationary digitized Boolean models
of balls. It was the original motivation for the present research to complete and
generalize these results. One might even ask for similar asymptotic formulas
for the specific intrinsic volumes of digitized standard random sets. (Standard
random sets are stationary, a.s. locally polyconvex random sets, satisfying a
certain integrability condition; see [9, Definition 9.2.1]). While the Boolean
model case only requires (truncated) Laurent expansions for the volume of the
set Cr, being the Minkowski sum of C with the r-scaled Euclidean unit ball
Bd, results for general standard random sets would require such expansions for
the volume of the Minkowski sum of C with an arbitrary r-scaled polyconvex
set. In [6, Corollary 2.2] the first two leading coefficients of such a Laurent
expansion are determined and [6, §5] discusses its application to the theory of
random sets, including the calculation of the one-sided derivative of the contact
distribution function at zero. However, higher order expansions in this general
setting appear not to be known.
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Other applications of our expansions appear to be in reach. For example, in
[4] formula (3) was used to examine the expected value of the parallel volume
of Brownian paths, when the time is small, and to relate analytical properties
of r 7→ W (rK) to geometric properties of K, where W denotes the Wills
functional and K is a fixed compact set.

In the next section, the main results will be stated starting with the definition
of functionals of finite subsets of Rd capturing all geometric properties that are
relevant when considering large parallel volumes. An optimal lower bound for
the constant c in (3) will be given in Theorem 2. For finite sets C, we obtain
an explicit Laurent expansion in the case d = 2 in Proposition 1 and, under an
additional condition on C, in Theorem 5 for all d ≥ 2. Section 3 provides proofs
of the main results and discusses in particular the properties of the coefficients
in the Laurent expansion.

2 Main results

The r-parallel volumes of one-dimensional compact sets are trivially affine func-
tions for sufficiently large r. We therefore assume d ≥ 2 throughout the follow-
ing. In the spirit of (2) define

V
(m)
i (C) =

∑

F∈Fi(convC)

γ(F, convC)

∫

F

d(C ∩ F, x)m−i dx, (4)

where i = 0, . . . , d, m ≥ i, and C is a finite subset of Rd. We call the functionals

V
(m)
i the intrinsic power volumes. Here, integration is understood with respect

to i-dimensional Lebesgue measure in the affine hull of F , and d(C ∩ F, x) is
the smallest Euclidean distance between x and a point in C ∩ F . Due to (2),
we have

V
(i)
i (C) = Vi(convC)

for all i = 0, . . . , d. The functionals V
(m)
i , defined on the family of finite subsets

of Rd, share many properties with usual intrinsic volumes (see Lemma 9) and
are in particular independent of the dimension of the embedding space. The

functional V
(m)
1 (C), where the sum in (4) extends over all edges of convC, is

given more explicitly in (17). In particular, if C is the set of vertices of a convex
polytope,

V
(m)
1 (C) =

1

m2m−1

∑

F∈F1(convC)

γ(F, convC)V m
1 (F ) (5)

m ≥ 1. In the case of planar finite sets, these (and the classical intrinsic
volumes) are the only intrinsic power volumes that occur in a Laurent expansion
of large parallel volumes.
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Proposition 1. Let C ⊆ R
2 be a finite set and put K = convC. Then

V2(Kr)− V2(Cr) = 2

∞
∑

n=1

(2n− 3)!!

(2n)!!
V

(2n+1)
1 (C)r−(2n−1)

for all sufficiently large r. (The definition of the double factorial n!! is recalled
in Equation (12) below.)

Proposition 1 and Corollary 6 follow directly from Theorem 5 below. All other
results in this section will be shown in Section 3. The leading coefficient of the
Laurent expansion in Proposition 1 depends on C through the intrinsic power

volume V
(3)
1 (C). An analogue statement holds when C is only assumed to be

compact, and in all dimensions d ≥ 2. To define V
(m)
1 (C), m ≥ 1, also for

compact C ⊆ R
d, we choose for any x ∈ R

d two points pCx and qCx in C with x
in the line segment [pCx , q

C
x ] and C ∩ [pCx , q

C
x ] = {pCx , qCx }, whenever such points

exist and are unique up to permutation. Otherwise we put pCx = qCx = x. We
then define

V
(m)
1 (C) =

1

κd−1

∫

Rd

d({pCx , qCx }, x)m−1 C1(convC, dx), (6)

where C1(convC, ·) is the first curvature measure of convC. If C is finite, then
the definitions (4) and (6) coincide as will be shown in Remark 7.

Theorem 2. If K is the convex hull of a compact set C ⊆ R
d, then

lim
r→∞

Vd(Kr)− Vd(Cr)

rd−3
= ωd−1

2 V
(3)
1 (C). (7)

Here ωi is the surface area of the (i− 1)-dimensional unit sphere in R
i.

A natural question is whether the speed of convergence in Theorem 2 can be
determined: is there an α > 0 such that, for any compact C ⊆ R

d, there is a
constant c = c(C) with

∣

∣

∣

∣

Vd(Kr)− Vd(Cr)

rd−3
− ωd−1

2 V
(3)
1 (C)

∣

∣

∣

∣

≤ cr−α

for all sufficiently large r? The following proposition (with f(r) = r−α/2) shows
that, already in R

2, such a stability result cannot hold.

Proposition 3. Let f : (0,∞) → (0,∞) be a continuous bijective map with
limr→∞ f(r) = 0. Then there is a compact set C ⊆ R

2 and a number c > 0
such that

cf(r) ≤
∣

∣

∣

∣

V2(Kr)− V2(Cr)

r−1
− V

(3)
1 (C)

∣

∣

∣

∣

for all sufficiently large r. As usual, we have put K = convC.
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However, if the class of compact sets is replaced by the smaller class of all
finite sets, a stability result with α = 1 can be obtained. (That this speed
of convergence is optimal for this class when d ≥ 3 follows from Theorem 5
below.)

Theorem 4. Let C ⊆ R
d be finite and put K = convC. Then there is a

constant c = c(C) such that
∣

∣

∣

∣

Vd(Kr)− Vd(Cr)

rd−3
− ωd−1

2 V
(3)
1 (C)

∣

∣

∣

∣

≤ c

r
, (8)

for sufficiently large r.

In the remainder of this section, C will always be a finite subset of Rd. Under
the following condition on the facets (these are the (d − 1)-dimensional faces)
of convC, we can also obtain a Laurent series expansion of infinite order in
higher dimensions, generalizing Proposition 1.

Condition (A). For all facets G of the polytope K = convC and all faces F
of G we have

d(C ∩ F, x) = d(C ∩G, x) for all x ∈ F. (9)

Clearly (9) holds whenever F is a singleton or F = G. Hence Condition (A)
must only be checked for faces F of dimension between 1 and d − 2, and is in
particular satisfied for all finite sets C in R

2. In R
3, only edges F ∈ F1(K)

must be considered. In particular, if C is the vertex set of a simplicial polytope
in R

3, Condition (A) is violated if and only if at least one facet of convC is a
triangle with a strictly obtuse angle.

For instance, Condition (A) is fulfilled if C ⊆ R
d is the set of vertices of a

rectangular cuboid. If C is the set of the vertices of the standard simplex

Sd = {(x1, . . . , xd) ∈ R
d :

d
∑

i=1

xi ≤ 1, x1, . . . , xd ≥ 0}

in R
d, Condition (A) is satisfied if and only if d ∈ {2, 3}. This can be

shown as follows. We have already seen that Condition (A) is trivially ful-
filled when d = 2, and it also holds for d = 3 as the triangles forming the
facets of S3 do not contain a strictly obtuse angle. For d ≥ 4 the point
x = (1/3, 1/3, 1/3, 0, . . . , 0) ∈ R

d is contained in the face

F = {(y1, y2, y3, 0, . . . , 0) ∈ R
d :

3
∑

i=1

yi = 1, y1, y2, y3 ≥ 0}

of the facet G = Sd−1 × {0}. Hence (9) is violated, as

d(C ∩ F, x) =

√

2

3
>

√

1

3
= ‖x− o‖ = d(C ∩G, x).
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If C ⊆ R
d satisfies Condition (A), a Laurent expansion for large parallel vol-

umes with explicit coefficients can be shown.

Theorem 5. Let K be the convex hull of a finite set C ⊆ R
d that satisfies

Condition (A). Then

Vd(Kr)− Vd(Cr) =

∞
∑

n=3−d

an(C)r−n

for all sufficiently large r with coefficients

an(C) =

min{d−1,n+d−2}
∑

i=1,
2|(n+d−i)

(−1)(n+d−i+2)/2

(

(d− i)/2

(n+ d− i)/2

)

κd−iV
(n+d)
i (C)

which vanish for all even positive n.

As Condition (A) is satisfied for all planar finite sets, Proposition 1 is a direct
consequence of Theorem 5. Indeed, in the case when n > 0 is odd and d = 2
the sum in the definition of an(C) consists only of one summand, namely

an(C) = (−1)(n+3)/2

(

1/2

(n+ 1)/2

)

κ1V
(n+2)
1 (C) = 2

(n− 2)!!

(n+ 1)!!
V

(n+2)
1 (C).

Also for d = 3 the representation in Theorem 5 simplifies considerably. We get
similarly as above

a0(C) = (−1)2
(

1

1

)

κ2V
(3)
1 (C) = πV

(3)
1 (C),

and

an(C) = (−1)(n+3)/2

(

1/2

(n+ 1)/2

)

κ1V
(n+3)
2 (C) = 2

(n− 2)!!

(n+ 1)!!
V

(n+3)
2 (C)

for positive odd n.

Corollary 6. Let K be the convex hull of a finite set C ⊆ R
3 that satisfies

Condition (A). Then, for all sufficient large r,

V3(Kr)− V3(Cr) = πV
(3)
1 (C) + 2

∞
∑

n=1

(2n− 3)!!

(2n)!!
V

(2n+2)
2 (C) r−(2n−1). (10)

This section is concluded by an example where Corollary 6 is applied to the
vertex set

Cd = vert([0, 1]d) =
⋃

F∈F0([0,1]d)

F
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of the unit cube [0, 1]d ⊆ R
d for d = 3. It will be shown in Subsection 3.6

below, that (10) then becomes

V3([0, 1]
3
r)− V3(C

3
r ) =

π

4
+

∞
∑

n=1

bn r
−(2n−1) (11)

with

bn =
6

(2n+ 1)(2n− 1)(n+ 1)4n

n
∑

i=0

(2i− 1)!!

i!
.

3 Proofs and auxiliary results

3.1 Notations and the intrinsic power volumes

The following subsection summarizes the notation and discusses basic proper-
ties of the intrinsic power volumes. For the reader’s convenience we repeat the
most important concepts already named in the previous sections.

The Euclidean norm in R
d is denoted by ‖ · ‖, the closed Euclidean unit ball

by Bd and its boundary, the (d − 1)-dimensional unit sphere by Sd−1. We
write AC, diamA, bdA, and relintA for the complement, the diameter, the
topological boundary, and the relative interior of a set A ⊆ R

d, respectively. Let
d(A, x) = infy∈A ‖x− y‖ be the distance of x ∈ R

d to A ⊆ R
d. Let [x, y] be the

line segment with endpoints x, y ∈ R
d. We denote them-dimensional Hausdorff

measure by Hm and use the volume of the Euclidean unit ball κd = Hd(Bd)
and the surface area of the (d− 1)-dimensional unit sphere ωd = Hd−1(Sd−1).
Often, we will write Vd = Hd for the usual Lebesgue measure. The double
factorial of an integer n ≥ −1 is defined to be

n!! =

{

n · (n− 2) · · · · · 2, if n > 0 is even,

n · (n− 2) · · · · · 1, if n > 0 is odd,
(12)

and the usual convention (−1)!! = 0!! = 1.

We recall some basic notions from convex geometry; see [8] for details. A convex
body is a nonempty compact convex set in R

d. For a convex body K let p(K,x)
be the metric projection of x ∈ R

d onto K, that is the point in K closest to x.
Then d(K,x) = ‖x− p(K,x)‖ is the distance between x and K. If x 6∈ K,

u(K,x) =
x− p(K,x)

d(K,x)
∈ Sd−1

is the negative projection direction. A convex subset F of a convex body K is
called face of K if for any two points x, y ∈ K with x+y

2 ∈ F we have x, y ∈ F .
Let Fi(K) be the family of all i-dimensional faces of K, i = 0, . . . , d. We
denote the normal cone of K at F ∈ Fi(K) by N(K,F ) and put n(K,F ) =
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N(K,F )∩Sd−1. Then n(K,F ) = {u(K,x) ∈ Sd−1 : x 6∈ K, p(K,x) ∈ relintF}.
For a polytope K

γ(F,K) =
Hd−i−1(n(K,F ))

ωd−i
(13)

is the exterior angle of K at F ∈ Fi(K), i = 0, . . . , d− 1. For completeness we
set γ(K,K) = 1 if K is full-dimensional. We recall that the support measures
Θ0(K, ·), . . . , Θd−1(K, ·) of K are the measures on R

d × Sd−1 satisfying

Hd({x ∈ R
d \K : d(K,x) ≤ r, (p(K,x), u(K,x)) ∈ η})

=

d−1
∑

m=0

(

d−1
m

)

d−m
rd−mΘm(K, η)

for all r ≥ 0 and all Borel sets η ⊆ R
d × Sd−1. More generally, for any

measurable function f ≥ 0 on R
d we have

∫

Rd\K
f(x) dx =

d−1
∑

m=0

(

d− 1

m

)
∫

Rd×Sd−1

∫ ∞

0

f(x+ su)×

×sd−m−1 dsΘm(K, d(x, u)). (14)

The support measures are concentrated on the (generalized) normal bundle

N (K) = {(p(K, y), u(K, y)) : y 6∈ K} ⊆ (bdK)× Sd−1.

Their total mass is

Θm(K,Rd × Sd−1) = ωd−m

(

d− 1

m

)−1

Vm(K). (15)

The area measures of K are the projections of the support measures to their
second component:

Sm(K,ω) = Θm(K,Rd × ω)

where ω is a Borel set in Sd−1. The curvature measures are their projections
on the first component given by

Cm(K,β) = Θm(K,β × Sd−1)

for Borel sets β ⊆ R
d. If K is a polytope, then

(

d− 1

m

)

Θm(K, η) =
∑

F∈Fm(K)

∫

F

∫

n(K,F )

1η(x, u) dHd−m−1(u)dHm(x) (16)

for any Borel set η ⊆ R
d × Sd−1; see [8, (4.2.2)].
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Remark 7. If C is finite, then (16) implies

C1(convC, ·) = κd−1

∑

F∈F1(convC)

γ(F, convC)H1(F ∩ ·),

and thus, (6) coincides with the definition (4) when i = 1.

For a convex body K ⊆ R
d we call

FK(u) = {x ∈ K : 〈x, u〉 = hK(u)}

the support set ofK in direction u ∈ Sd−1, where hK : Sd−1 → R is the support
function of K and 〈·, ·〉 denotes the Euclidean scalar product.

Lemma 8. Let K ⊆ R
d be a convex body and m ∈ {0, . . . , d− 2}. Set

Am = {u ∈ Sd−1 : dimFK(u) ≥ m+ 1}.

Then Sm(K,Am) = 0.

Proof. As a straight-forward generalization of [8, Theorem 2.2.9], we obtain

Hd−m−1(Am) = 0.

By [8, Theorem 4.6.5] there is a constant a such that

Sm(K,ω) ≤ aHd−m−1(ω)

for each (Hd−m−1, d − m − 1)-rectifiable set ω ⊆ Sd−1, where we just want
to mention that zero sets are always rectifiable and refer to [2, 3.2.14] for a
complete definition. So, Sm(K,Am) = 0.

We now summarize properties of the intrinsic power volumes as functionals on
the family E of finite subsets C of Rd. In order to get a simplified expression

for V
(m)
1 (C),m ≥ 1, we define the set

F∗
1 (C) = {[x, y] : x 6= y, [x, y] ∩ C = {x, y},

there is e ∈ F1(convC) with [x, y] ⊆ e}

of all refined edges of convC, where every edge in F1(convC) is partitioned
into line segments such that exactly their endpoints are in C. Note that if C =
F0(K) for a convex polytope K, then F∗

1 (C) = F1(convC), but in general this
does not hold. For C ∈ E and e ∈ F∗

1 (C) we put N(convC, e) = N(convC, ẽ)
and γ(e, convC) = γ(ẽ, convC), where ẽ is the unique edge of convC with
e ⊆ ẽ.

Lemma 9 (Properties of V
(m)
i ). Let i = 1, . . . , d, and m ≥ i be given.

(a) V
(i)
i (C) = Vi(convC) for any C ∈ E.
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(b) V
(m)
i is homogeneous of degree m:

V
(m)
i (αC) = αmV

(m)
i (C)

for all α ≥ 0 and all C ∈ E.

(c) V
(m)
i is motion invariant.

(d) V
(m)
i is independent of the embedding space: Let C be a finite set in

R
d′ ⊆ R

d for some d′ < d. Then V
(m)
i (C) for C considered as a subset of

R
d′

coincides with V
(m)
i (C) for the (lower-dimensional) subset C of Rd.

(e) Simplified expression for V
(m)
1 : For finite C ⊆ R

d we have

V
(m)
1 (C) =

1

2m−1m

∑

F∈F∗
1 (convC)

γ(F, convC)V1(F )m. (17)

Thus, V
(m)
i , as a functional on E , has similar properties as the intrinsic volume

on the family of convex bodies. However, in contrast to the latter, V
(m)
i is in

general not a valuation, i.e. it is not additive, and it is not continuous with
respect to the Hausdorff metric. The properties (a)-(d) of Lemma 9 hold for
arbitrary compact sets C if i = 1.

3.2 Proof of Theorem 2

The proof of Theorem 2 is divided into a sequence of lemmas. Several times,
the following analytical lemma will be needed. It can be shown using a Taylor
expansion of order two.

Lemma 10. Let n ∈ N, 0 ≤ a ≤ r, and fn(r) = rn −
√
r2 − a2

n
. Then

1

2
a2r−1 ≤ fn(r) ≤

1

2
a2r−1 +

√
2

4
a4r−3, if n = 1, and a ≤ r

2
,

3

2
a2r − 3

√
2

8
a4r−1 ≤ fn(r) ≤

3

2
a2r, if n = 3, and a ≤ r

2
,

n

2
a2rn−2 − n(n− 2)

8
a4rn−4 ≤ fn(r) ≤

n

2
a2rn−2, if n ≥ 4.

In short,

∣

∣fn(r)−
n

2
a2rn−2

∣

∣ ≤ cna
4rn−4 (18)

where c2 = 0 and cn = n(n − 2)/8 for n ≥ 4. Inequality (18) also holds for
n = 1 with c1 =

√
2/4 and for n = 3 with c3 = 3

√
2/8 if 0 ≤ a ≤ r/2. In

particular, the inequality fn(r) ≤ na2rn−2, which is elementary for n = 1,
holds for all n.
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For compact C ⊆ R
d we now show that the difference between the parallel

volume of K = convC and the parallel volume of C is approximately

IC(r) = (d− 1)

∫

Rd×Sd−1

∫ ∞

0

1Kr\Cr
(x+ su)sd−2 dsΘ1(K, d(x, u)).

Lemma 11. Let C ⊆ R
d be a compact set and put K = convC. Then there is

a constant c = c(C) with

0 ≤ Vd(Kr)− Vd(Cr)− IC(r) ≤ c · rd−4 (19)

for all r ≥ diamC.

Proof. Without loss of generality, we may assume that the diameter of C is
positive. If x ∈ Kr \ Cr, then due to extK :=

⋃

F∈F0(K) F ⊆ C, we have

p(K,x) /∈ extK, (20)

and an application of the Pythagorean theorem implies

d(K,x) >
√

r2 − (diamC)2, (21)

whenever r ≥ diamC; see [5, Example 3.3 and Lemma 3.5]. Since r ≥
diamC implies (Kr \ Cr) ∩ K = ∅ and (20) together with Lemma 8 im-
plies Θ0(K, {(p(K,x), u(K,x)) | x ∈ Kr \ Cr}) = 0, we get from (14) with
f = 1Kr\Cr

that

Vd(Kr)− Vd(Cr) = Vd(Kr \ Cr)

=

d−1
∑

m=1

(

d− 1

m

)
∫

Rd×Sd−1

∫ ∞

0

1Kr\Cr
(x + su)×

× sd−m−1 dsΘm(K, d(x, u)). (22)

The term on the right hand side of (22) corresponding to m = 1 is IC(r). We
now consider the summands of the right hand side of (22) for which m ≥ 2.
For d = 2 no such summands exist. Since all these summands are non-negative
for d ≥ 3, the left inequality of the assertion is shown. The right inequality
follows from the fact that – due to equations (21) and (15) and Lemma 10 –
the right hand side of (22), without the summand for m = 1, is bounded from
above by

d−1
∑

m=2

(

d− 1

m

)
∫

Rd×Sd−1

∫ r

√
r2−(diamC)2

sd−m−1 dsΘm(K, d(x, u))

=
d−1
∑

m=2

ωd−m
1

d−m

(

rd−m − (r2 − (diamC)2)(d−m)/2
)

Vm(K)

≤
d−1
∑

m=2

ωd−m(diamC)2rd−m−2Vm(K)

≤ crd−4,
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where c =
∑d−1

m=2 ωd−m(diamC)4−mVm(K).

An upper bound for IC(r) is obtained easily.

Lemma 12. Let C ⊆ R
d be a compact set and put K = convC. If r ≥

2(diamC), then

IC(r) ≤ ωd−1

2 V
(3)
1 (C)rd−3

for d ≥ 3 and

IC(r) ≤ V
(3)
1 (C)r−1 +

√
2
4 V

(5)
1 (C)r−3

for d = 2.

Proof. Recall A1 := {u ∈ Sd−1 | dimFK(u) ≥ 2}. For any (x, u) ∈ ((bdK \
C) × AC

1 ) ∩ N (K) the set FK(u) is at most 1-dimensional due to u /∈ A1 and
at least 1-dimensional due to x /∈ C. Thus we have pCx 6= x and qCx 6= x, where
pCx and qCx were defined before formula (6). Now

1Kr\Cr
(x+ su) = 1[pC

x ,qCx ]r\Cr
(x+ su) ≤ 1[pC

x ,qCx ]r\{pC
x ,qCx }r

(x+ su)

holds for all (x, u) ∈ ((bdK)×AC
1 )∩N (K) and hence for Θ1-a.a. (x, u) ∈ N (K)

by Lemma 8. Setting ax = d({pCx , qCx }, x), we get

IC(r) ≤ (d− 1)

∫

Rd×Sd−1

∫ ∞

0

1[pC
x ,qCx ]r\{pC

x ,qCx }r
(x + su) sd−2 dsΘ1(K, d(x, u))

= (d− 1)

∫

Rd×Sd−1

∫ r

√
r2−a2

x

sd−2 dsΘ1(K, d(x, u))

=

∫

Rd

(

rd−1 −
√

r2 − a2x
d−1

)

C1(K, dx).

Lemma 10 with n = d− 1 and a = ax yields

IC(r) ≤ d−1
2

∫

Rd

a2xC1(K, dx)rd−3

for d ≥ 3, and

IC(r) ≤ 1
2

∫

Rd

a2x C1(K, dx)r−1 +
√
2
4

∫

Rd

a4x C1(K, dx)r−3

for d = 2. In view of (6) this shows the assertion.

We now derive the corresponding asymptotic lower bound for IC(r)r
−(d−3).

Lemma 13. For any compact C ⊆ R
d we have

lim inf
r→∞

IC(r)

rd−3
≥ ωd−1

2 V
(3)
1 (C). (23)
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Proof. Let K be the convex hull of C. For x ∈ R
d set τx = (qCx −pCx )/‖qCx −pCx ‖

if pCx 6= qCx , and set τx = o, otherwise. The following arguments do not depend
on the orientation of τx. For (x, u) ∈ N (K), ǫ ≥ 0 and δ > 0 we denote the
indicator of the following event by ζ(x, u, ǫ, δ): for any y ∈ C the implication

〈x− y, u〉 ≤ ǫ ⇒ 〈y, τx〉 < 〈pCx , τx〉+ δ or 〈y, τx〉 > 〈qCx , τx〉 − δ

holds. Note that if pCx = qCx (and in particular if x ∈ C), we have ζ(x, u, ǫ, δ) =
1.

Fix (x, u) ∈ N (K) with x /∈ C, and numbers δ > 0, ǫ, s ≥ 0. Put

ax = d({pCx , qCx }, x) ≤
diamC

2

and rǫ = max{(diamC)2/(4ǫ), (diamC)/2}. In order to find a lower bound for
IC(r), we will first show the inequality

ζ(x, u, ǫ, δ)1{
√

r2−((ax−δ)+)2≤s} ≤ 1{d(C,x+su)≥r}, (24)

for all r ≥ rǫ.
So assume ζ(x, u, ǫ, δ) = 1 and

√

r2 − ((ax − δ)+)2 ≤ s. Let y ∈ C. If 〈x −
y, u〉 ≤ ǫ, then ζ(x, u, ǫ, δ) = 1 implies

d(y, x+ su)2 ≥ s2 + 〈x− y, τx〉2 ≥ s2 + ((ax − δ)+)2 ≥ r2.

If 〈x− y, u〉 > ǫ, then

d(y, x+ su)2 ≥ (〈x− y, u〉+ s)2 ≥
(

ǫ+
√

r2 − ((ax − δ)+)2
)2 ≥ r2

for all r ≥ rǫ by Lemma 10. So d(C, x+ su) ≥ r for all r ≥ rǫ, which completes
the proof of (24).
Now let ǫ, δ > 0. For all r ≥ rǫ Lemma 8 and inequality (24) imply

IC(r) = (d− 1)

∫

(bdK)×AC

1

∫ r

0

1{d(C,x+su)≥r}s
d−2 dsΘ1(K, d(x, u))

≥ (d− 1)

∫

(bdK)×AC

1

∫ r

√
r2−((ax−δ)+)2

ζ(x, u, ǫ, δ)sd−2 dsΘ1(K, d(x, u))

=

∫

(bdK)×AC

1

ζ(x, u, ǫ, δ)
(

rd−1 −
√

r2 − ((ax − δ)+)2
d−1

)

Θ1(K, d(x, u)).

Since

lim
r→∞

rd−1 −
√

r2 − ((ax − δ)+)2
d−1

rd−3
= d−1

2 ((ax − δ)+)2

due to Lemma 10, Fatou’s lemma gives

lim inf
r→∞

IC(r)

rd−3
≥ d−1

2

∫

(bdK)×AC

1

ζ(x, u, ǫ, δ)
(

(ax − δ)+
)2

Θ1(K, d(x, u)).

Documenta Mathematica 18 (2013) 275–295



288 J. Kampf and M. Kiderlen

Now we first let ǫ → 0 using limǫ→0 ζ(x, u, ǫ, δ) = ζ(x, u, 0, δ), and the monotone
convergence theorem. Since ζ(x, u, 0, δ)((ax − δ)+)2 ≤ (diamC)2, we can use
the dominated convergence theorem to let δ → 0, and get

lim inf
r→∞

IC(r)

rd−3
≥ d−1

2

∫

(bdK)×AC

1

lim
δ→0

ζ(x, u, 0, δ)a2x Θ1(K, d(x, u)).

For all (x, u) ∈ (bdK)×AC
1 , we have limδ→0 ζ(x, u, 0, δ) = 1, and (23) follows

using (6) and Lemma 8.

Theorem 2 now follows directly from Lemmas 11, 12, and 13.

3.3 Proof of Proposition 3

Without loss of generality, may assume that f(r) ≥ 1
r holds for all r ∈ (0,∞).

Put g : [0, 1] → (−∞, 0], x 7→ −x/(6f−1(x)), and let S = g(1)− 1,

C = {(x, g(x)) : x ∈ [0, 1]} ∪ {(x, g(2− x)) : x ∈ [1, 2]} ∪ {(0, S), (2, S)}

and

C0 = {(0, 0), (2, 0), (0, S), (2, S)}.

For any r ∈ R, large enough that f(r) ≤ 1/3, we have r ≥ 1
f(r) ≥ 3 and

V2(Cr)− V2(C
0
r ) ≥

∫ 1

0

(

max{y ∈ R : (x, y) ∈ Cr}

−max{y ∈ R : (x, y) ∈ C0
r}

)

dx

≥
∫ 1

0

(

max{y ∈ R : ‖(x, y)− (f(r), g(f(r)))‖ ≤ r}

−max{y ∈ R : (x, y) ∈ C0
r}

)

dx

=

∫ 1

0

(

√

r2 − (x− f(r))2 + g(f(r)) −
√

r2 − x2
)

dx

≥
∫ 1

0

(

2xf(r) − f(r)2

2
√

r2 − (x− f(r))2
+ g(f(r))

)

dx

by using Lemma 10 with r, a, and n replaced by
√

r2 − (x− f(r))2,
√

2xf(r) − f(r)2, and 1, respectively. Since g(f(r)) = − f(r)
6r , this integral

can be estimated from below by

∫ 1

0

2xf(r)− f(r)2

2r
− f(r)

6r
dx =

f(r)

2r
− f(r)2

2r
− f(r)

6r
≥ f(r)

6r
.
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Observing that K = convC = convC0 and V
(3)
1 (C) = V

(3)
1 (C0) we conclude

from Proposition 1 that there is a constant c1 ≥ 0 with

V
(3)
1 (C)1r −

(

V2(Kr)− V2(Cr)
)

= −
(

V2((convC
0)r)− V2(C

0
r )− V

(3)
1 (C0)1r

)

+
(

V2(Cr)− V2(C
0
r )
)

≥ − c1
r3

+
f(r)

6r

≥ f(r)

12r

for all sufficiently large r. Hence

V
(3)
1 (C)− V2(Kr)− V2(Cr)

r−1
≥ 1

12f(r)

for all sufficiently large r and Proposition 3 is shown.

Remark 14. In order to show a statement analogous to Proposition 3 in higher
dimensions, one can consider bodies of revolution.

3.4 Proof of Theorem 4

Theorem 4 is a consequence of Lemmas 11, 12 and the following result.

Lemma 15. For any finite set C ⊆ R
d there is a constant c = c(C) > 0 such

that

IC(r) ≥ ωd−1

2 V
(3)
1 (C)rd−3 − crd−4 (25)

for all sufficiently large r.

Proof. We have

IC(r) = (d− 1)

∫

(bdK)×Sd−1

∫ r

0

1(Cr)C(x+ su)sd−2 dsΘ1(K, d(x, u)).

As

1(Cr)C(x+ su) = 1({pC
x ,qCx }r)C(x+ su)

(

1− 1(C\{pC
x ,qCx })r(x+ su)

)

≥ 1({pC
x ,qCx }r)C(x+ su)

(

1−
∑

y∈C

1[0,r](‖x+ su− y‖)
)

,

and
1({pC

x ,qCx }r)C(x+ su) = 1(√
r2−a2

x,∞
)(s)

(with ax = d({pCx , qCx }, x)), we get

IC(r) ≥
∫

(bdK)×Sd−1

(

rd−1 −
√

r2 − a2x
d−1

)

Θ1(K, d(x, u))−
∑

y∈C

JC(r, y).

(26)
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Here,

JC(r, y) = (d− 1)

∫

(bdK)×Sd−1

∫ r

0

1({pC
x ,qCx }r)C(x+ su)× (27)

× 1[0,r](‖x+ su− y‖)sd−2 dsΘ1(K, d(x, u)).

By Lemma 16 below, JC(r, y) = O(rd−4) for all y ∈ C, as r → ∞, and thus
the second term on the right hand side of (26) is O(rd−4). Lemma 10 with
n = d− 1 and a = ax together with (6) shows that the first term on the right
hand side of (26) is bounded from below by

ωd−1

2 V
(3)
1 (C)rd−3 − cd−1κd−1V

(5)
1 (C)rd−5

for all sufficiently large r. Hence (25) follows from (26).

Lemma 16. Let C ⊆ R
d be finite and y ∈ C. Then there is a constant c =

c(C, y) > 0 such that
JC(r, y) ≤ crd−4

for all sufficiently large r, where JC(r, y) is defined by (27).

Proof. From (27) and (16) we get

JC(r, y) =
∑

e∈F∗
1 (K)

∫

e

∫

n(K,e)

∫ r

0

ζ(x + su)sd−2 ds dHd−2(u) dH1(x).

where ζ(z) = 1((relbd e)r)C(z)1[0,r](‖z − y‖). Note that the relative boundary
relbd e of e consists just of the two endpoints of e. Spherical coordinates in
hyperplanes orthogonal to e and Fubini’s theorem give

JC(r, y) =
∑

e∈F∗
1 (K)

∫

Rd

1e(p(K, z))1n(K,e)(u(K, z))ζ(z) dz. (28)

Fix e ∈ F∗
1 (K) and let x1 and x2 be its endpoints. We assume without loss

of generality that e contains the origin. Let g be the affine hull of e and let
L be the affine hull of e and y. We may assume y 6∈ g, since we cannot have
y ∈ relint e and we have 1e(p(K, z))1n(K,e)(u(K, z))ζ(z) = 0 for all z ∈ R

d if
y ∈ g \ relint e. Let H+ be the closed half space containing e in its boundary
with normal vector y−p(g, y), such that y 6∈ H+. Finally let Vy be the Voronoi
cell of y with respect to the set {x1, x2, y}. The planar set

T = L ∩ Vy ∩H+ ∩ (e + g⊥)

is either empty or a bounded triangle. For nonempty T let δ > 0 be the
maximal distance from a point of T to {x1, x2}. If T = ∅ put δ = 0. If we can
show that

1e(p(K, z))1n(K,e)(u(K, z))ζ(z) ≤ 1T (z|L)1(
√
r2−δ2,r](‖z|L⊥‖) (29)
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holds for all r > δ and z ∈ R
d, then

∫

Rd

1e(p(K, z))1n(K,e)(u(K, z))ζ(z) dz

≤
∫

L⊥

∫

L

1T (y1)1(
√
r2−δ2,r](‖y2‖) dy1 dy2

= V2(T ) · κd−2

(

rd−2 −
√

r2 − δ2
d−2)

≤ (d− 2)κd−2V2(T )δ
2rd−4,

for all r > δ. The last inequality is evident in the case d = 2, and follows for
d ≥ 3 from Lemma 10 with n = d − 2 and a = δ. Bounding all summands in
(28) in such a way shows the assertion.

It remains to prove (29). Assume that the left hand side of (29) is one. Then
p(K, z) ∈ e, u(K, z) ∈ n(K, e), ‖z−x1‖ > r, ‖z−x2‖ > r, and ‖z−y‖ ≤ r. The
last three inequalities imply z ∈ Vy and z|L ∈ Vy |L = Vy ∩ L. The convexity
of K and y ∈ K imply 〈z − p(K, z), y − p(K, z)〉 ≤ 0. Since both z − p(K, z)
and y − p(g, y) are perpendicular to g, this gives z ∈ H+. Finally,

z ∈ e+N(K, e) ⊆ e+ g⊥

gives z|L ∈ T . As ‖z|L⊥‖ ≤ ‖z − y‖ ≤ r and

r2 < d({x1, x2}, z)2 = d({x1, x2}, z|L)2 + d(z|L, z)2 ≤ δ2 + ‖z|L⊥‖2,

we have
√
r2 − δ2 < ‖z|L⊥‖ ≤ r, and (29) is shown.

3.5 Proof of Theorem 5

We first show a key observation: If Condition (A) holds, then, for sufficiently
large r, the part of the difference set Kr \ Cr that is projected on a face F is
independent of the points of C outside F .

Lemma 17. Let C ⊆ R
d be a finite set satisfying Condition (A). If K = convC,

m ∈ {0, . . . , d− 1}, and F ∈ Fm(K) then

(Kr \ Cr) ∩ (F +N(K,F )) = (Fr \ (C ∩ F )r) ∩ (F +N(K,F )) (30)

for all sufficiently large r.

Proof. Since
Kr ∩ (F +N(K,F )) = Fr ∩ (F +N(K,F ))

and (C ∩F )r ⊆ Cr, the set on the left-hand side is contained in the set on the
right-hand side. To show the opposite inclusion, let Vy be the Voronoi cell of
y ∈ C with respect to C, let Sy = Vy ∩ (F + N(K,F )) be the set of all the
points in Vy with metric projection in F , and define

r0 = min{r ≥ 0 : Sy ⊆ (C ∩ F )r for all y ∈ C with bounded Sy}.
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Let r > r0 and assume

x ∈ (Fr \ (C ∩ F )r) ∩ (F +N(K,F )).

Then, clearly, x ∈ Kr. Moreover, we have ‖x − y‖ > r for all y ∈ C ∩ F . As
{Vy : y ∈ C} covers Rd, there is a y ∈ C with x ∈ Vy ∩ (F + N(K,F )) = Sy.
The definition of r0 and x /∈ (C ∩ F )r imply that the closed convex set Sy is
unbounded. Hence, there is a ray with direction v, say, completely contained
in Sy. It follows that v ∈ N(K,F ) and, as the ray is contained in Vy, that
〈y, v〉 ≥ hK(v). Hence F and y are contained in a supporting hyperplane of
K (with normal v), and thus they are contained in some facet G of K. As
x′ = p(K,x) ∈ F , Condition (A) implies that there is a point y′ ∈ C ∩ F with
‖y − x′‖ ≥ ‖y′ − x′‖ and thus

d(C, x)2 = ‖y − x‖2 ≥ ‖y − x′‖2 + ‖x′ − x‖2

≥ ‖y′ − x′‖2 + ‖x′ − x‖2 = ‖y′ − x‖2 > r2,

where the first equality is due to x ∈ Vy, the first inequality follows from
〈y, x − x′〉 ≤ 〈x′, x − x′〉 (see [8, Lemma 1.3.1]) and the last inequality is due
to x /∈ (C ∩ F )r. Hence x /∈ Cr, which completes the proof of (30).

We now prove Theorem 5. Let C ⊆ R
d be a finite set that satisfies Condition

(A), and set K = convC. Assume r > diamC. Due to (14) with f = 1Kr\Cr
,

(20), and (16) we have

Vd(Kr)− Vd(Cr) =

d−1
∑

m=1

∑

F∈Fm(K)

IF,m (31)

with

IF,m =

∫

F

∫

n(K,F )

∫ ∞

0

1Kr\Cr
(x+ su)sd−m−1 ds dHd−m−1(u) dHm(x),

m ∈ {1, . . . , d− 1}, F ∈ Fm(K). For all sufficiently large r, Lemma 17 implies

IF,m =

∫

F

∫

n(K,F )

∫ ∞

0

1Fr\(C∩F )r(x + su)sd−m−1 ds dHd−m−1(u) dHm(x)

=

∫

F

∫

n(K,F )

∫ r

√
r2−d(C∩F,x)2

sd−m−1 ds dHd−m−1(u) dHm(x)

=
ωd−m

d−m
γ(F,K)

∫

F

(

rd−m −
√

r2 − d(C ∩ F, x)2
d−m

)

dHm(x).

Put aF,x = d(C ∩ F, x). The binomial series

rd−m −
√

r2 − a2F,x

d−m

= rd−m
∞
∑

k=1

(−1)k+1

(

(d−m)/2

k

)

(aF,x

r

)2k
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converges absolutely as r > diamC ≥ aF,x. Hence

IF,m =
∞
∑

k=1

(−1)k+1

(

(d−m)/2

k

)

κd−mγ(F,K)

∫

F

a2kF,x dHm(x)rd−m−2k

=

∞
∑

n=2−(d−m),
2|(n+d−m)

(−1)(n+d−m+2)/2

(

(d−m)/2

(n+ d−m)/2

)

×

× κd−mγ(F,K)

∫

F

an+d−m
F,x dHm(x) r−n.

Substitution into (31) and definition (4) gives

Vd(Kr)− Vd(Cr) =

d−1
∑

m=1

∞
∑

n=2−(d−m),
2|(n+d−m)

(−1)(n+d−m+2)/2

(

(d−m)/2

(n+ d−m)/2

)

×

× κd−mV (n+d)
m (C) r−n

=
∞
∑

n=3−d

min{d−1,n+d−2}
∑

m=1,
2|(n+d−m)

(−1)(n+d−m+2)/2

(

(d−m)/2

(n+ d−m)/2

)

×

× κd−mV (n+d)
m (C) r−n.

If n is positive and even, the inner sum only involves integers m with the
same parity as d, and (d −m)/2 < (n + d −m)/2 are both integers implying
( (d−m)/2
(n+d−m)/2

)

= 0. Hence all coefficients of r−n vanish for even n > 0.

This concludes the proof of Theorem 5.

3.6 The example of the unit cube.

We show (11). In arbitrary dimension d the number of i-dimensional faces of
[0, 1]d is

#Fi([0, 1]
d) = 2d−i

(

d

d− i

)

.

Using orthogonal projections and symmetry we get

γ(F, [0, 1]d) = γ({o}, [0, 1]d−i) = (#F0([0, 1]
d−i))−1 = 2−(d−i)

for any F ∈ Fi([0, 1]
d), i = 0, . . . , d − 1. Thus definition (4) and a symmetry

argument give

V
(m+i)
i (Cd) =

(

d

d− i

)
∫

[0,1]i
d(Ci, x)mdx

= 2i
(

d

d− i

)
∫

[0,1/2]i
‖x‖mdx

= 2−m

(

d

d− i

)
∫

[0,1]i
‖x‖mdx.
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This implies

V
(m+1)
1 (Cd) =

d

(m+ 1)2m
(32)

for m ≥ 0, and, introducing polar coordinates,

V
(m+2)
2 (Cd) = 2−m

(

d

d− 2

)

2

∫ π/4

0

∫ 1/ cosϕ

0

‖r · (cosϕ, sinϕ)‖mr dr dϕ

=
d(d− 1)

(m+ 2)2m

∫ π/4

0

cos−(m+2)(ϕ) dϕ.

We put dn :=
∫ π/4

0
cos−n(ϕ) dϕ. Integrating

∫ π/4

0
cos−(n+1)(ϕ) cos(ϕ) dϕ by

parts, we obtain the recurrence relation

(n+ 1)dn+2 = 2n/2 + ndn, n ≥ 0,

with starting value d0 = π
4 . Induction gives

d2m = 2m−1 (m− 1)!

(2m− 1)!!

m−1
∑

i=0

(2i− 1)!!

i!
,

and we arrive at

V
(2m+2)
2 (C3) =

3

(m+ 1)4m
d2m+2

=
3(m!)

(2m+ 1)!! (m+ 1)2m

m
∑

i=0

(2i− 1)!!

i!
. (33)

As C3 satisfies Condition (A), (11) follows by substituting (32) with d = 3,
m = 2, and (33) into (10).
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ABSTRACT

A new method is presented for estimating the specific fiber length from 3D images of macroscopically
homogeneous fiber systems. The method is based on a discrete version of the Crofton formula, where local
knowledge from 3× 3× 3-pixel configurations of the image data is exploited. It is shown that the relative
error resulting from the discretization of the outer integral of the Crofton formula amounts at most 1.2%. An
algorithmic implementation of the method is simple and the runtime as well as the amount of memory space
are low. The estimation is significantly improved by considering 3× 3× 3-pixel configurations instead of
2×2×2, as already studied in literature.

Keywords: Crofton formula, image analysis, integral of mean curvature, systematic error.

INTRODUCTION

Fibers in fiber-reinforced materials, fleeces, felts
and paper form systems of non-overlapping and
more or less curved fibers. The characterization of
these fiber systems is a topic of materials science
and technology, where quantities estimated from
image data are used in industrial quality control, as
parameters for geometric models of fiber systems, and
as input for simulating materials properties. Currently,
the development in fiber system characterization is
mainly driven by computed microtomography (µCT)
which has been established as an appropriate source
of three-dimensional (3D) image data of sufficiently
high lateral resolution and contrast between fibers
and the matrix constituents or air in pore spaces
(Weitkamp et al., 2011). Often, simple thresholding
(e.g., using a global threshold level or a hysteresis)
can be used to segment the image data, where the fiber
system is assigned to the foreground and the matrix is
background. Throughout the present article we assume
that the foreground pixels form a sampling of the fiber
system on a cubic primitive point lattice.

Besides the fiber direction distribution, the length
density of the fibers is probably the most important
characteristic of a macroscopically homogeneous (i.e.,
stationary) fiber system. An intuitive method of

estimating fiber lengths is based on skeletonization

of the fibers and counting the number of skeleton

pixels, where the counts are weighted with the lattice

distance a if two neighboring pixels are connected

along an edge of the cubic lattice cells, with
√
2a if

the pixels are connected via a face diagonal, and with√
3a if the pixels are connected via a space diagonal,

respectively. This intuitive estimator can be seen as a

3D analogue of the boundary length estimation based

on the Freeman encoding of a 2D object. It is not

surprising that, depending on the adjacency chosen for

the pixels of the 3D image, the systematic error of

the estimated fiber length can be considerably large,

in particular in the isotropic case.

One should keep in mind that the length of

a fiber (with small cross-section) is approximately

proportional to the integral of the mean curvature of the

fiber. Furthermore, the integral of the mean curvature

of a convex 3D body is (up to a constant factor)

one of the four intrinsic volumes. A further one is

(up to a constant factor) the surface area. Therefore,

the principle behind the estimation of fiber length is

conceptionally the same as for the surface area.

First, we refer to Lindblad and Nyström (2002),

who suggested to estimate the surface area of a body

as the sum of the areas of the surface patches obtained

* The topic of this paper was presented at the S4G Conference, June 25-28, 2012 in Prague, Czech Republic.
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by ordinary surface rendering (Ohser and Schladitz,

2009, sec. 3.6.2). In this approach, the areas of the

surface patches serve as weights for computing the

surface area from local knowledge. Analogously, the

integral of the mean curvature (and thus the fiber

length) can be estimated from a tessellation of the

foreground set into polytopes induced by rendering

data. The corresponding weights are computed via the

inclusion-exclusion principle and Hadwiger’s formula

for the mean width of polytopes (e.g., Hadwiger, 1957,

p. 215; Santaló, 1976, p. 226). However, this estimator

is not multigrid convergent, even not in the isotropic

case, i.e., for decreasing lattice distance the estimated

integral of the mean curvature does not converge to the

true value.

There are alternative approaches of estimating

curve length (or circumference of a 2D set) based

on an explicit approximation of the curve (or

the boundary of the set) but ensuring multigrid

convergence, see Klette and Rosenfeld (2004) for an

overview. In Klette et al. (1999) digital curves are

approximated by piecewise straight lines. However,

such approximations are computationally demanding

since they do not claim locality.

The surface area can be measured directly from

the image data without need to approximate the

surface (e.g., by a surface rendering). For each 2×
2 × 2-pixel configuration we count its occurrences

in the image and approximate the surface area by

a linear combination of these counts. There are

several proposals how to choose the coefficients,

called weights, of the linear combination. The weights

suggested by Lindblad (2005) minimize the estimation

variance of the surface area of a plane with random

normal direction uniformly distributed on the unit

sphere. This idea goes back to Mullikin and Verbeek

(1993), see also the discussion in Windreich et al.

(2003). A further approach is presented in Chapter

4 of Ohser and Mücklich (2000) and in Lang et al.

(2001) where the weights are computed using a

discrete version of one of Crofton’s intersection

formulas (Schladitz et al., 2006a; Ohser and Schladitz,

2009, Chapter 5). We remark that the method of

Ohser and Mücklich (2000) is designed for the general

case of cuboidal lattices, while the restriction on

the particular case of cubic primitive lattices allows

to exploy symmetry properties (Ohser and Schladitz,

2009), and to present the weights in a very

condensed form (depending on representatives of the

22 equivalence classes, as in Table 1).

A comprehensive treatment of the subject of

surface area estimation is given in Ziegel and Kiderlen

(2010). The weights suggested in this article minimize

the worst case asymptotic error for surface area

estimation where asymptotics is understood with

respect to decreasing lattice distances. This approach

is based on a general asymptotic result shown in

Kiderlen and Rataj (2006). It also allows a comparison

of the various methods of surface area estimation.

Unfortunately, Ziegel’s methods can not be extended

to the estimation of the integral of the mean

curvature, since the estimator based on optimal

weights completely ignores the image data (Kampf,

2012). In Svane (2012) the weights for estimating

the intrinsic volumes are designed in such a way

that their estimation is unbiased for Boolean models

or isotropic random closed sets fulfilling certain

smoothness assumptions.

Further approaches of estimating the

intrinsic volumes are based on solving

systems of linear equations deduced from

the extended Steiner formula or the principal

kinematic formula (Schmidt and Spodarev, 2005;

Klenk et al., 2006; Mrkvička and Rataj, 2008; 2009;

Meschenmoser and Spodarev, 2012). These methods

are studied in detail for the 2D case but work in

principle in arbitrary dimensions. However, so far

none of these algorithms has been proven to work

in practice for dimensions ≥ 3. The authors are

claiming multigrid convergence for the resulting

estimators of the intrinsic volumes. Comparisons for

2D Boolean models in Guderlei et al. (2007) and

Mrkvička and Rataj (2008) show, that the accuracy

is sometimes higher than that of the estimators given

in Section 4.2 of Ohser and Mücklich (2000).

We follow the approach of Ohser and Schladitz

(2009) based on a Crofton formula which boils

down the estimation of the integral of the mean

curvature to computing Euler numbers in virtual planar

sections. Discretisation of this formula combined with

an efficient calculation of the Euler numbers in the

planar sections yields a fast algorithm for determining

the integral of the mean curvature from tomographic

images, see, e.g., Vogel et al. (2010) for an application

in the field of characterizing soil structure. The

backbone of the Euler number calculation are thorough

investigations of digital connectivity and consistency

from Nagel et al. (2000); Ohser et al. (2002; 2003). In

the present article it will be shown that the method

of Ohser and Schladitz (2009) can be improved

considerably by finer discretization of the outer

integral in the Crofton formula.

The above approach has certain advantages over

others. First, the method can simply be extended to

arbitrary homogeneous lattices so that we are no longer

restricted to cubic primitive lattices (Ohser et al.,

2009; Ohser and Schladitz, 2009). This is an important

fact since many 3D image acquisition techniques
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produce images on non-cubic lattices. Furthermore,

our approach can be extended to cases of hollow fibers

(or partially hollow fibers, e.g., kinds of cellulose

fibers) where a high fraction of the cross-section is

not simply connected. In fact, the computation of the

Euler number in virtual planar sections can be replaced

by counting connected components or tangent points,

as suggested in Schladitz et al. (2006b). Finally, we

remark that the approach presented in this article has

the capability to involve the estimation of the fiber

direction distribution (Ohser and Schladitz, 2009, sec.

5.4).

The present article is organized as follows: First

we recall the principle of estimating of the integral of

the mean curvature from numbers of 2× 2× 2-pixel

configurations. Then we compute the systematic error

related to the discretization of the outer integral of

Crofton’s intersection formula. It will be shown that

the systematic error can be reduced considerably by

a finer discretization of the outer integral. Finally, we

compute the optimal weights for the quadrature rule of

the applied numerical integration.

FIBERS AND FIBER LENGTH

In our setting a fiber ψ in R
3 with a convex cross-

section of nonempty interior can be defined as follows:

Let f : R 7→ R
3 be an arclength parametrization of a

finite immersed curve φ ⊂R
3 with f (0) 6= f (ℓ), where

f is twice continuously differentiable and ℓ is the curve
length,

φ = { f (s) : 0≤ s≤ ℓ} .
The first derivative of f is the unit tangent vector of

the curve φ at the point f (s). More precisely, let S2+
denote the positive unit half-sphere of R

3, then the

non-orientated direction of the curve at the point f (s)
is defined as θ(s) = f ′(s) if f ′(s) ∈ S2+, and θ(s) =
− f ′(s) otherwise.

Let Br denote the 3D ball of radius r centered at

the origin, and let ⊕ be the Minkowski addition. The

curve φ may be shaped in such a way that the parallel

set φ ⊕Br of φ is morphologically regular, i.e., there

is an ε > 0 such that φ ⊕Br is morphologically closed

as well as morphologically open with respect to Bε . A

necessary condition for the morphological regularity

of φ ⊕Br is that φ is smooth enough, more precisely,

the curvature κ(s) = ‖ f ′′(s)‖ of φ must be smaller than

the inverse radius, κ(s)< 1/r for all s ∈ [0, ℓ].

Let K ⊆ Br be a compact, convex and

morphologically regular set. Then a fiber ψ is defined

as the set ψ = φ ⊕ K. As a consequence of the

morphological regularity of K, the mean curvature

H1 exists for each point on the surface ∂ψ of ψ and,
using the 2-dimensional Hausdorff measure H 2, the
integral of the mean curvature is defined as

M(ψ) =
∫

∂ψ

H1(s)dH
2(s) .

From Theorem 5.9 in Federer (1959) it follows that
M(ψ)→ πℓ(φ) as r ↓ 0. In other words,M(ψ)/π is an
appropriate estimate of the fiber length ℓ as r≪ ℓ.

We remark that in the special case K = Br, the
fibers are similar to the tubular neighborhood of
φ considered in Baddeley and Averback (1983). The
only difference is that the fibers end with half-balls,
while the tubular neighborhoods are cut off by the
planes through the endpoints of the curve.

In order to apply Crofton’s formula (Schneider,
1993, Theorem 4.5.5) we first show that every fiber can
be approximated by a polyconvex set. Let us consider a
piecewise straight approximation φm of the curve φ by
the segments

[
f
(
(k− 1)ℓ/m

)
, f (kℓ/m)

]
between the

curve points f
(
(k−1)ℓ/m

)
and f (kℓ/m),

φm =
m⋃

k=1

[
f
(
(k−1)ℓ/m

)
, f (kℓ/m)

]
, m≥ 1 ,

fulfilling ℓ(φm)→ ℓ(φ) as m→ ∞. The set ψm = φm⊕
K is polyconvex and it follows that M(ψm) → πℓ(φ)
as m→ ∞ and r ↓ 0.

Let now L 2 be the set of 2-dimensional linear
subspaces in R

3 (i.e., the set of planes hitting the
origin). By ⊥L, ν⊥L and µ we denote the orthogonal

space of a plane L ∈ L 2, the Lebesgue measure on
⊥L, and the rotation invariant probability measure on
the unit sphere S2 of R

3, respectively. Then, using
Crofton’s intersection formula, Schneider (1993), the
integral of the mean curvature M(X) of a polyconvex
set X can be written in the form

M(X) = 2π
∫

L 2

∫

⊥L

χ
(
X ∩ (L+ x)

)
ν⊥L(dx)

︸ ︷︷ ︸

µ(dL), (1)

p(X ,L)

where χ
(
X∩(L+x)

)
is the Euler number of the planar

section X ∩ (L+ x) of X and the inner integral p(X ,L)
can be seen as the length of the orthogonal projection
of X onto the straight line ⊥L.

ESTIMATION OF FIBER LENGTH

The sampling of the set X on a homogeneous
point lattice implies a discretization of the Crofton
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formula (Eq. 1), where the plane L is replaced with a 2-
dimensional section lattice, the translations L+ x over
the orthogonal space ⊥L are replaced with a translation
of the section lattice over the corresponding translation
lattice, and the integrals are numerically computed by
quadrature rules.

Let L3 = aZ3 be a homogeneous lattice in R3 with
the lattice distance a > 0, the unit cell C = [0,a]3

and the set {0,a}3 of vertices of C. We consider a
plane L ∈ L 2. Assume now that there is a translation
y ∈ {0,a}3 such that the intersection of the translated
plane hits at least three vertices ofC,

#
(
(L+ y)∩{0,a}3

)
≥ 3 .

Then L
2 = L ∩ L

3 forms a homogeneous 2-
dimensional section lattice of L

3. This means that
there are linearly independent vectors u,v ∈ R

3 with
u+ y,v+ y ∈ {0,a}3 generating the lattice L2,

L
2 = {iu+ jv : i, j ∈ Z} .

Without loss of generality we assume that the
normal direction θ = u × v/‖u × v‖ is on S2+ of

R
3. Furthermore, there exists a vector w ∈ R

3 with
|det(u,v,w)| = a3 generating a 1-dimensional section
lattice ⊥

L
2 = {kw : k ∈ Z} with the property that L3 is

the union of L2+ z over all translations z ∈ ⊥
L
2,

L
3 =

⋃

z∈⊥L2

(L2+ z) ,

(Ohser and Schladitz, 2009). The lattice ⊥
L
2 is called

the translation lattice of L
2. The above results are

summarized in the following lemma:

Lemma 1 Let be given a lattice L
3 = aZ3, a plane

L ∈ L 2 and a vector y ∈ {0,a}3 such that #
(
(L+ y)∩

{0,a}3
)
≥ 3. Then there are three linearly independent

vectors u,v,w ∈ {−a,0,a}3 with L
3 = {iu+ jv+ kw :

i, j,k ∈ Z} and L3∩L= {iu+ jv : i, j ∈ Z}.

As has been pointed out in Ohser and Schladitz
(2009), p. 157, there exist m = 13 section lattices L2

k ,
k = 1, . . . ,m, with pairwise different normal directions
θk of the corresponding section planes Lk = spanL2

k .

Let wk be the basis vector of translation lattice ⊥
L
2
k of

L
2
k . Then dk = |θkwk| is the orthogonal distance of the

neighboring section planes Lk and Lk+wk. Notice that
dk = |C|/|Ck|, where |C| is the volume of C and |Ck|
denotes the area of the unit cell Ck = [0,uk]⊕ [0,vk]
of L

2
k . Now, using a simple rectangular quadrature

rule, the inner integral p(X ,L) of the Crofton formula
(Eq. 1) can be approximated with

p(X ,Lk)≈ dk ∑
z∈⊥L2

k

χ
(
X ∩ (Lk+ z)

)
, (2)

where the dk serve as the weights of the quadrature rule

(Ohser and Schladitz, 2009, p. 154).

When using a 2-dimensional analog of the

rectangular quadrature rule, Eq. 1 yields

M(X)≈
m

∑
k=1

γkp(X ,Lk) , (3)

(Ohser and Schladitz, 2009, p. 156), and summarizing

Eq. 2 and Eq. 3, one obtains an approximation of the

integral of the mean curvature,

M(X)≈
m

∑
k=1

γkdk ∑
z∈⊥L2

k

χ
(
X ∩ (Lk+ z)

)
. (4)

The weights of the quadrature rule applied in Eq. 3 are

defined as follows: Consider the Voronoi tessellation

of the unit sphere S2 with respect to the point field

{θ1, . . . ,θm,−θ1, . . . ,−θm}. By γk we denote the area

of the Voronoi cell with respect to the direction θk, k=
1, . . . ,m. Numerical calculation yields γk = 0.575263
for the three directions parallel to the edges of the unit

cell C, γk = 0.464711 for the directions of the face

diagonals of C, and γk = 0.442280 for the directions

of the space diagonals ofC.

In order to give an estimator of the Euler number

χ
(
X ∩ (Lk+ z)

)
we consider a 6-adjacency system Fk

on the 2-dimensional section lattice L2
k . A 6-adjacency

system is generated by a tessellation of the unit cellCk

into two closed triangles Tk,1 and Tk,2 with Tk,1∪Tk,2 =
Ck. Formally, this can be done as follows: Let convζ
denote the convex hull of a subset ζ ⊆ F 0(Ck), where
F 0(Ck) denotes the set of vertices ofCk. Then the local

adjacency system F
0
k ⊂ {convζ : ζ ⊆ F 0(Ck)} with

respect to the tessellation mentioned above consists of

the unit cell Ck, the triangles Tk,1 and Tk,2, their edges,

their vertices, and the empty set. Finally, the adjacency

Fk is the union of F
0
k + x over all lattice translations,

Fk =
⋃

x∈L2
k

(F0
k + x) ,

(Ohser and Schladitz, 2009, p. 50).

Now we introduce a discretization X ⊓ Fk of

the planar section X ∩ spanLk with respect to the

adjacency system Fk,

X ⊓Fk =
⋃

{F ∈ Fk : F
0(F)⊆ X} .

It is important to see that the discretization X ⊓ Fk

can be obtained from the sampling X ∩L
2
k of X on

the section lattice L
2
k , that is X ⊓Fk and X ∩L

2
k carry

the same information on X . The additivity of the Euler
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number ensures that it can be computed locally. Using

the Euler-Poincaré formula we get

χ(X ⊓Fk) =
2

∑
j=0

(−1) j ∑
F∈F j(Fk)

1
(
F

0(F)⊆ X
)
, (5)

(Ohser and Schladitz, 2009, Eq. 3.5). Here F j(Fk)
denotes the set of the j-dimensional polytopes

belonging to Fk, and 1 is the indicator function.

The Euler number χ(X ⊓ Fk) can be seen as

an approximation of χ(X ∩ Lk), i.e., χ(X ⊓ Fk) →
χ(X ∩Lk) as a ↓ 0 (Ohser et al., 2002). Finally, when

replacing the expression χ(X∩Lk) in Eq. 4 with χ(X⊓
Fk) one gets

M(X)≈
m

∑
k=1

γkdk ∑
z∈⊥L2

k

χ
(
X ⊓ (Fk+ z)

)
. (6)

The right-hand side is a discretization of the Crofton

formula induced by the sampling of X on L3.

ALGORITHMIC IMPLEMENTATION

Our aim is now to present a factorization of the

estimator Eq. 6 in the form

M(X)≈ aqh ,

where the vector q depends on the kind of

discretization of the Crofton formula and h is the

vector of 2× 2× 2-pixel configurations in a binary

image with the foreground pixels X ∩L
3.

As in the previous section, we consider a 6-

adjacency system Fk on L
2
k generated from a

tessellation of the unit cell Ck of L
2
k into two triangles

Tk,1 and Tk,2. Then the system T = {T1,T2, . . .} of

all triangles belonging to Fk forms a face-to-face

tessellation of Lk, i.e., for i 6= j the intersection Ti∩Tj

is either an edge of Ti, a vertex of Ti or empty. Notice

that there are two possible tessellations ofCk. For each

index k we choose one of them arbitrarily.

0 1 · 16 2 · 16 −1 · 12 3 · 16 −3 · 12 +1

Fig. 1. A sketch of the computation for the local

contribution χ0(X ,T ) of X ⊓ F0(T ) to the Euler

number depending on the number of vertices of T

hitting X (full discs).

For each triangle T belonging to the tessellation
T we define F0(T ) =

⋃2
j=0F j(T ) and X ⊓F0(T ) =

⋃{F ∈ F0(T ) : F 0(F) ⊆ X}. Then the (local)
contribution χ0(X ,T ) of X ⊓ F0(T ) to the Euler
number can be expressed as

χ0(X ,T ) =
2

∑
j=0

(−1) j

(3− j)!
#F j(X ⊓F0(T )) (7)

=
1

6







1, if #(F 0(T )∩X) = 1,
−1, if #(F 0(T )∩X) = 2,
0, otherwise,

where the weights 1/(3− j)! in Eq. 7 are due to the
fact that each vertex of X ⊓F0(T ) hits 6 triangles of
T and each edge hits 2 triangles, see Fig. 1 for a
sketch. Notice that Eq. 7 is a special case of Eq. 3.10 in
Ohser and Schladitz (2009). Now, using the inclusion-
exclusion principle for additive functionals one can
prove the following lemma:

Lemma 2 Let T = {T1,T2, . . .} be the tessellation

of Lk generated from a 6-adjacency system Fk. Then

∑∞
i=1 χ0(K

′,Ti) = 1 for all compact and convex sets

K′ ⊂ Lk with the property that K′ ⊓ Fk is connected

and nonempty.

It follows that the Euler-Poincaré formula (Eq. 5)
can be rewritten as

χ(X ⊓Fk) = ∑
y∈L2

k

(
χ0(X − y,Tk,1)+χ0(X − y,Tk,2)

)
.

Furthermore, due to the local structure of this formula,
it is sufficient to consider pixel configurations. By
ξ0, . . . ,ξn−1 ⊆ {0,a}3 we denote the n = 255 local
configurations on L

3, where ξ c
l = {0,a}3 \ ξl is the

complementary configuration of ξl . The numbers hl of
occurrences of the ξl in the sampling X ∩L

3 are

hl = ∑
x∈L3

1(ξl + x⊆ X) ·1(ξ c
l + x⊆ Xc) ,

for ℓ= 0, . . . ,n−1. Let yk,i ∈R
3 be a translation of the

triangle Tk,i such that F 0(Tk,i + yk,i) ⊂ {0,a}3. With
the coefficients

pl(Tk,i) = χ0(ξl ,Tk,i+ yk,i) , i= 1,2 ,

and using the convention 0 ·∞ = 0, one obtains

∑
z∈⊥L2

k

χ
(
X ⊓ (Fk+ z)

)

= ∑
x∈L3

(
χ0(X − x,Tk,1)+χ0(X − x,Tk,2)

)

=
n−1

∑
l=0

(
pl(Tk,1)+ pl(Tk,2)

)
hl .

49



OHSER J ET AL: Improved estimation of fiber length

Finally, we get

M̂(X) =
m

∑
k=1

γkdk
n−1

∑
l=0

(
pl(Tk,1)+ pl(Tk,2)

)
hl

= a
n−1

∑
l=0

qlhl , (8)

as an estimator of M(X) with the weights

ql =
1

a

m

∑
k=1

γkdk
(
pl(Tk,1)+ pl(Tk,2)

)
.

It is important to see that dk/a does not depend on a.
Eq. 8 shows that the integral of the mean curvature
M(X) of X can be estimated from the sampling X ∩L

3

as a scalar product qh of the vectors q = (ql) and
h = (hl) where q is independent of both the data and
the lattice distance a. Numerical values for the ql are
given in Table 1, where the pictograms (full disc for
foreground, empty disc for background) stand for the
representatives of the 22 equivalence classes of the
2× 2× 2-pixel configurations ξl . In this context, two
pixel configurations are said to be equivalent if there is
a rotation or a reflection such that one of them can be
transformed to the other.

Table 1. The weights ql for the estimation of

the integral of the mean curvature M of a set

X sampled on a homogeneous lattices L
3 = aZ3

(Ohser and Schladitz, 2009, p. 160).

conf. ql

0

0.589 849

0.727 768

0.616 231

0.686 796

0.446 035

0.425 548

0.334 497

0

0

0

conf. ql

0

0

0

– 0.334 497

– 0.425 548

– 0.446 035

– 0.686 796

– 0.616 231

– 0.727 768

– 0.589 849

0

The algorithmic core of estimating M(X) is the
computation of the vector h from the image data
by a marching-cube algorithm and, therefore, the
computation time is linear in the pixel number. The
computation time on an Intel Xeon 5 148 at 2.33GHz
is about 5.2 ·10−9 s per pixel.

ERRORS OF ESTIMATION

We consider asymptotic errors of estimating the
fiber length using the estimator Eq. 8 for vanishing

lattice distance, a → 0, and for a width of the fiber

cross sections much smaller than the fiber length. An

estimator ℓ̂(φ) of the length ℓ(φ) of the curve φ can be

deduced from Eq. 4,

ℓ̂(φ) =
1

π

m

∑
k=1

γkdk ∑
z∈⊥L2

k

χ
(
φ ∩ (Lk+ z)

)
.

First, we consider the particular case where φ is a

straight line of length ℓ(φ) = 1, direction θ ∈ S2+ and

having a random offset x0 uniformly distributed on the

unit cellC,

φ = {sθ : 0≤ s≤ 1}+ x0 .

Then it follows that

E ∑
z∈⊥L2

k

χ
(
φ ∩ (Lk+ z)

)
=

|θθk|
dk

,

where the expectation is taken with respect to the

distribution of the random offset x0. From Eq. 4 we get

the difference δ of the estimated and the true lengths

of φ ,

δ (θ) =
1

π

m

∑
k=1

γk|θθk|−1, θ ∈ S2+ .

This error is due to the approximation in Eq. 6, which

is asymptotically identical to the approximation in

Eq. 4, since χ(X ⊓ Fk) = χ(X ∩ Lk) for sufficiently

small a. Notice that
∫

S2+
|θθk|H 2(dθ) = π for all

θk ∈ S2+ which implies that
∫

S2+
δ (θ)H 2(dθ)= 0. This

means that in the isotropic case where θ is a random

direction uniformly distributed on S2+, the estimator

ℓ̂(φ) is unbiased for the fiber length ℓ(φ). Numerical

integration yields

var ℓ̂(φ) =
1

2π

∫

S2+

δ 2(θ)H 2(dθ) = 0.261875 ·10−3 ,

(as a ↓ 0) and thus the standard deviation of the

estimated length of φ is about 1.6%. Furthermore,

we have computed the minimum and maximum

differences

min
θ∈S2

δ (θ) =−7.34% , max
θ∈S2

δ (θ) = 2.28% .

The minimum is taken for directions parallel to

the edges of the unit cell C, which might be

disadvantageous for applications. For example, in

many fiber-reinforced materials such as carbon-fiber-

reinforced polymers (CRP) or glass-fiber-reinforced

polymers (GRP), the fibers are nearly parallel to the
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direction of the expected principal load, and for image

acquisition this direction is usually chosen as one of

the coordinate axes.

As a consequence of the above results, for each

curve φ of length ℓ(φ), the error of the estimator ℓ̂(φ)
is between −7.34% and 2.28%,

0.9266ℓ(φ)≤ ℓ̂(φ)≤ 1.0228ℓ(φ) .

The large error is a consequence of the rough

quadrature of the outer integral in Crofton’s

intersection formula (Eq. 1) induced by considering

2×2×2-pixel configurations ξl in binary images.

Let now Φβ be a random system of non-

overlapping curves, where the realizations are a. s.

locally finite unions of curves and β is a parameter

of its direction distribution. We assume that Φβ is

macroscopically homogeneous, i.e., the distribution of

Φβ is invariant with respect to translations. Then the

specific curve length ℓV of Φβ is defined as the mean

total length of curves in the unit cube, ℓV (Φβ ) =

Eℓ
(
Φβ ∩ [0,1]3

)
. We assume that ℓV (Φβ ) < ∞. The

specific curve length can be estimated using ℓ̂V =
ℓ(φβ ∩W )/|W |, whereW ⊂ R

3 is a closed and convex

window of volume |W |> 0.

✲

β

1

0

−1

−2

−3

−4

−5

−6

−7

✻

δ [%]

1 2 5 10 20 50 100 200

−7.33

— 2×2×2-pixel configs.
(13 directions)

−0.31

— 3×3×3-pixel configs.
(145 directions)

−2.09

— 3×3×3-pixel configs.
(49 directions)

Fig. 2. The relative systematic error δ of estimating

the specific curve length ℓV (Φβ ) of a macroscopically

homogeneous system Φβ of curves with the density fβ
of the direction distribution.

The direction distribution of Φβ is the distribution

of the curve direction θ(s) at the typical point s of Φβ .

Let

fβ (ϑ ,ϕ) =
1

2π

β sinϑ
(
1+(β 2−1)cos2 ϑ

)3/2
, β ≥ 0

be a class of probability density functions of

the direction distribution, where the direction θ =
(sinϑ cosϕ,sinϑ sinϕ,cosϑ) is given in spherical

polar coordinates, i.e., ϑ and ϕ are the altitude and

the longitude, respectively (Schladitz et al., 2006b;

Ohser et al., 2009, sec. 7.5.2). It is easy to see that

for β = 1 the fiber directions are uniformly distributed

on S2+ (isotropy), for β → 0 the curves tend to be

straight and parallel to the z-axis, and for β → ∞
the fiber directions are uniformly distributed on the

positive unit half-circle in the xy-plane. Notice that

β ' 0 for glass fiber systems in GRP, and β ≫ 1 for

cellulose fiber systems in paper. The systematic error

of estimating the specific curve length is Eℓ̂V (Φβ )−
ℓV (Φβ ) and the relative systematic error of ℓ̂V is δ :=

Eℓ̂V (Φβ )/ℓV (Φβ )−1. Fig. 2 (red curve) shows δ as a

function of the anisotropy parameter β .

IMPROVED ESTIMATION

In this section we will show that the estimation

of the fiber length can considerably be improved by

a finer discretization of the outer integral of Eq. 1. For

this purpose we consider the 3× 3× 3- instead of the

2× 2× 2-pixel configurations of 3D images, i.e., the

set {0,a}3 is now replaced with {0,a,2a}3.

Fig. 3. A sketch for the shift of the triangles Tk,i. One

of the vertices of the unit cell Ck does not belong to the

set {0,a,2a}3 (left). Hence, Ck is tessellated into two

triangles (bold). The upper triangle is shifted (right) in

order to compute the Euler number locally.

SELECTION OF 145 SUBSPACES

We consider linear subspaces Lk ∈ L 2 for which a

translation yk ∈ {0,a,2a}3 exists such that Lk+ yk hits

at least three affinely independent points of {0,a,2a}3.
It turns out that the number of subspaces Lk with
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pairwise different normal directions θk increases from
m= 13 to m= 145.

For all section lattices L2
k , the basis vectors uk and

vk of the section lattice L
2
k = L

3 ∩ Lk can be chosen

such that there is a tessellation of the unit cellCk of L
2
k

into triangles Tk,1 and Tk,2 and there are translations

yk,i ∈ R
3 with F 0(Tk,i + yk,i) ⊂ {0,a,2a}3, i = 1,2.

Let Fk be a 6-adjacency system of L2
k generated by

the tessellation of Ck into the triangles Tk,1 and Tk,2
(Fig. 3). Then the integral of the mean curvatureM(X)
of the set X can be estimated using the right-hand side
of Eq. 6 but with m= 145.

As a consequence of the discretization of the
outer integral with respect to the section planes
L1, . . . ,L145, the asymptotic error for the estimator ℓ̂(φ)
is reduced considerably. For a segment φ of length 1,
random direction θ uniformly distributed on S2+ and

random offset uniformly distributed on [0,a]3 we get

var ℓ̂(φ) = 0.021381 ·10−3, i.e., the standard deviation
is about 0.46%. Furthermore, for a curve φ with
random offset it follows,

0.9872ℓ(φ)≤ ℓ̂(φ)≤ 1.0119ℓ(φ) ,

and thus the error is now between−1.28% and 1.19%.
Finally, we remark that in the case of parallel straight
fibers, neither the minimal nor the maximum error
is taken for a fiber direction equal to that of one of
the coordinate axes. The relative systematic error δ
of estimating the specific curve length ℓV (Φβ ) of a
macroscopically homogeneous system Φβ of curves is
shown in Fig. 2 (blue). Notice that the error vanishes
for β → ∞.

It should be noted that most translations yk,i are not
uniquely determined. This means that the coefficients
ql depend on specific choices for the yk,i, but the

estimator M̂(X) is independent of the yk,i.

The step from the 2 × 2 × 2-pixel to the 3 ×
3× 3-pixel configurations involves a huge increase
of the configurations’ number from 28 to 227. This
has consequences for the algorithmic implementation.
It does not seem very reasonable to follow the
algorithmic approach based on Eq. 8 which needs to
allocate memory space for q and h. Alternatively, it is
suggested to compute the vector g= (gk) with

gk = ∑
x∈L3

2

∑
i=1

χ0(X − x,Tk,i+ yk,i) , (9)

for k = 1, . . . ,m. Using this, one obtains an estimate of
the integral of the mean curvature from

M̂(X) =
m

∑
k=1

γkdkgk . (10)

Obviously, the computation of the vector g from 3D

image data is more time consuming than that of h. This

is the price we have to pay. Nevertheless, the algorithm

based on Eq. 10 is linear in the pixel number, too. The

runtime of the algorithm on an Intel Xeon 5 148 at 2.33

GHz is about 0.125 ·10−6 s per pixel.

Notice that the measure M(X) is concentrated

on the surface of the set X . This means, that

only those pixels y ∈ L
3 with 0 < #

(
(X − y) ∩

{0,a,2a}3
)
< 27 contribute to M̂(X). When taking

this into consideration, the runtime of the algorithm is

linear in the number of surface pixels of the image.

This can lead to further speeding-up of the algorithmic

computing of M̂(X). For example, the typical volume

fraction of the fibers in CRP and GRP is 20%. If the

fiber diameter is larger than 10 pixels, then at most

20% of the pixels are surface pixels, i.e., the maximum

computation time is 0.025 ·10−6 s per pixel.

SELECTION OF 49 SUBSPACES

Finally, we remark that the scattering of the

directions θk on S2+ is not very uniform, even

when computing the outer integral of Eq. 1 based

on the discrete set {L1, . . . ,L145} of section planes

(i.e., induced by the 3× 3× 3-pixel configurations).

Therefore, the question is as follows: Is it possible

to select a subset of planes L′1, . . . ,L
′
m without a

substantial loss of accuracy of the estimator ℓ̂(φ)? For
example, we chose all planes L′k from {L1, . . . ,L145}
with the normal directions θ ′

k = ϕk − ϑk ∈ S2+ and

ϕk,ϑk ∈ {0,a,2a}3. There exist only m = 49 section

planes L′k with pairwise different θ ′
k. The θ ′

k are

scattered ‘more uniformly’ on S2+ than the θk.
Therefore, there is only a slight loss of accuracy of the

estimator ℓ̂(φ) obtained from a discretization of Eq. 1

with respect to L′1, . . . ,L
′
49,

0.9791ℓ(φ)≤ ℓ̂(φ)≤ 1.0135ℓ(φ) ,

i.e., the error ranges from −2.09% to 1.35%.

On the other hand, the runtime of an algorithm

computing M̂(X) is reduced considerably (by about

1/3). The relative systematic error δ of estimating

the specific curve length ℓV (Φβ ) of a macroscopically

homogeneous system Φβ of curves is shown in Fig. 2

(green).

OPTIMAL CHOICE OF THE γk

Until now, the weights γk for the quadrature rule

for computing the outer integral of the Crofton formula

(Eq. 1) are chosen more or less empirically as the
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Voronoi areas. But are these weights really the best

ones? As above, let φ be a segment of length 1, a

direction θ uniformly distributed on S2+ and with an

offset x0 uniformly distributed in C. Then optimal

weights γk can be defined as those values that minimize

the variance

var ℓ̂(φ) =

1

2π3

m

∑
j=1

m

∑
k=1

γ jγk

∫

S2+

|θθ j| |θθk|H 2(dθ)−1 , (11)

subject to the normalization constraint. In other words,

we are solving the system

var ℓ̂(φ) → min
m

∑
i=1

γi = 2π






. (12)

This can be done by applying the Lagrange multiplier

method. Define

Λ(γ,λ ) = var ℓ̂(φ)+λ
( m

∑
i=1

γi−2π
)

,

then solving Eq. 12 is equivalent to solving

∇γ,λ Λ(γ,λ ) = 0 ,

that is

∂

∂γ1
var ℓ̂(φ)+λ = 0

...
∂

∂γm
var ℓ̂(φ)+λ = 0

m

∑
i=1

γi = 2π







. (13)

It holds

∂

∂γℓ
var ℓ̂(φ) =

∂

∂γℓ

m

∑
j=1

m

∑
k=1

γ jγka jk = 2
m

∑
k=1

γkaℓk ,

where the coefficients

a jk =
1

2π3

∫

S2+

|θθ j| |θθk|H 2(dθ), j,k = 1, . . . ,m

are computed numerically. Using this, Eq. 13 is

forming the linear equation system







2a11 · · · 2a1m 1
...

. . .
...

...

2am1 · · · 2amm 1

1 · · · 1 0













γ1
...

γm
λ







=







0
...

0

2π







for the unknown vector (γ1, . . . ,γm,λ ).

Numerical values of the optimal γk for the
particular case m = 13 are γk = 0.584340 for the
directions of the edges of C, γk = 0.474428 for the
directions of the face diagonals, and γk = 0.420899
for the directions of the space diagonals. Clearly,
the corresponding minimum variance var ℓ̂(φ) =
0.260182 is smaller than that for the Voronoi areas.
Nonetheless, the results presented in Table 2 are
ambiguous: the estimation variances are reduced only
slightly, while the lower bounds of the estimates
decrease. Thus, we think that for 2 × 2 × 2-pixel
configurations the Voronoi areas are close to optimum.

Table 2. Numerical values of the variance var ℓ̂(φ) and
the relative deviations minδ (θ) and maxδ (θ) for the
optimal weights (bold face) as well as for the Voronoi

areas (normal font).

pixel m var ℓ̂(φ) minδ (θ) maxδ (θ)
configs. ·10−3 [%] [%]

2×2×2 13 0.260 182 – 7.74 2.24

0.261 871 – 7.34 2.28

3×3×3 145 0.006 189 – 1.76 0.39

0.021 381 – 1.28 1.19

3×3×3 49 0.015 572 – 3.26 0.73

0.037 577 – 2.09 1.35

For 3×3×3-pixel configurations one sees again a
decrease in all three numbers (in both cases m = 145
and m = 49), which is now much more pronounced.
This indicates that in these cases the Voronoi areas are
far from the optimum. The reason for the decrease in
the minimum in all three cases is not clear.

DISCUSSION

The approximation of χ(X ∩ Lk) with χ(X ⊓
Fk) used in the right-hand side of Eq. 6 depends
on the lateral resolution of the image. But under
which conditions for X is the approximation good
enough? The following sufficient condition is given
in Ohser et al. (2002): If the set X is morphologically
open as well as morphologically closed with respect
to all elements of the adjacency system Fk, then
χ(X ∩ Lk) = χ(X ⊓Fk), i = 1, . . . ,m. Of course, this
condition is very strong and never fulfilled in practical
applications. For systems Ψ of slightly curved
fibers, however, it is sufficient to suppose that the
fibers’ thickness and spacing are large enough. More
precisely, there must be a lower bound ρ > 0 such
that K is morphologically open with respect to Bρ , and
the minimum distance between neighboring fibers is
larger than ρ , with ρ =

√
3a if the discretization of the
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Crofton formula (Eq. 1) is induced by the 2× 2× 2-

pixel configurations, and ρ = 2
√
3a for 3× 3× 3.

This means that the lateral resolution decreases for

increasing angular resolution (increasing m), and vice

versa. Obviously, it is necessary to find a balance

between high lateral and high angular resolution. In

cases of (approximately) isotropic fiber systemsΨ , the

systematic error ofM(Ψ) is independent of the number

m of the section planes Lk and, hence, it is sufficient

to estimate the fiber length based on the 2× 2× 2-

pixel configurations. In the contrary case, for strongly

anisotropic fiber systems it is necessary to scan the

3D image at a suitably high lateral resolution (small

a), which allows to explore local knowledge from the

3×3×3-pixel configurations.

We recall that the basis vectors uk and vk of the

section lattices Lk are not uniquely defined by the rule

formulated in Lemma 1. Their lengths ‖uk‖ and ‖vk‖
determine the lateral resolution of estimating the Euler

number χ(X ∩Lk). Thus, for further reducing the error
resulting from the approximation of χ(X ∩ Lk) with

χ(X ⊓Fk), the basis vectors uk and vk of the section

lattice Lk should be chosen such that the spectral norm

of the matrix (uk,vk) is minimal, where the minimum

is taken over all possible choices of the lattice basis.

Let R be the direction distribution function of a

macroscopically homogeneous system Φ of curves,

and letW ⊂ R
3 be a compact window with nonempty

interior. The quantity

pV (L) = lim
ρ→∞

Ep(Φ ∩ρW,L)

|ρW | , L ∈ L
2 ,

(known as the rose of intersections of Φ) is the cosine

transform of R, that is pV (L) = ℓV
∫

S2+
|uLθ |R(dθ),

where uL is the normal vector of the section plane

L. Vice versa, if R has a continuous differentiable

density, this density is the inverse cosine transform

of pV (L) (Mecke and Nagel, 1980). For a set of

subspaces L1, . . . ,Lm, the rose of intersections pV (L)
can be estimated by pV (L) ≈ dkgk/|W |, where in

Eq. 9 the set X is replaced with a realization of

Ψ ∩W of the fiber system Ψ observed through a

window W . Discrete versions of the inverse cosine

transform can be based on a series expansion of pV
using spherical harmonics (Ohser and Schladitz, 2009,

sec. 5.4.1). A numerically stable version of the inverse

cosine transform is presented in Louis et al. (2011),

which works well if m is large enough.
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ABSTRACT 

Ceramic foams are used in foundry industry for filtering molten metals during casting 

processes. They remove impurities from the melt and serve as flow smoothers. 

Typically, they are produced by coating polyurethane foams with ceramic slurry which 

is then burned. The pore space of the ceramic filter is formed by a connected system 

of cells which may be separated by single closed walls. 

The microstructure of a filter has an important influence on its permeability. The 

combination of quantitative analysis of tomographic images and stochastic 

microstructure modeling provides a powerful tool for investigating the dependency 

between certain microstructure characteristics and the filtration behavior. 

Tomographic images of a ceramic filter can be analysed in various ways: After 

thresholding the CT-images, the volume fraction, the specific surface area or mean 

chord lengths of the whole pore space are determined. Furthermore, the cells of the 

foam can be separated using a segmentation technique based on the watershed 

algorithm. This allows to estimate distributions of cell characteristics such as volume, 

surface area and directional diameters.   

The wall system of the foam can be segmented using an approach based on the 

eigenvalues of the Hessian matrix of an appropriately smoothened version of the CT 

image’s grey scale profile. Hence, characteristics of the closed walls, e.g. their 

orientations, can be determined.  

In a final step, the estimated geometric characteristics are used to adapt stochastic 

geometry models to the filters. By changing the model parameters and running 

filtration simulations on the modified models physical properties of modifications of 

the original filter can be investigated.  

The techniques described above were applied to eight ceramic filters which were 

provided by Vesuvius GmbH. Among the characteristics determined on the CT image 

the mean chord length of the pore space and the intensity of closed walls had the 

most significant influence on the water flow rate.  
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1. Data and questions 

In this article we are interested in describing and modeling the microstructure of 

ceramic foams used as filters in foundry industry. Our analysis is based on eight 

foams representing two pore sizes – five 20ppi-foams and three 30ppi-foams. They 

were provided by Vesuvius GmbH, Borken, and recorded at the Fraunhofer ITWM, 

Kaiserslautern, using micro-CT with a resolution of 33.91 µm. Since the size of the 

ceramic foam is about 2.1 cm x 5.0 cm x 5.0 cm, the size of the resulting image is 

about 700 x 1500 x 1500 pixels.  

Analysis and modeling steps presented 

in this paper are motivated by the 

special microstructure geometry of the 

filters. Their connected pore space 

consists of a system of more or less 

polyhedral cells which are separated by 

the ceramic struts. The interior of these 

struts contains cavities caused by the 

combustion of the polymer skeleton. 

During the coating process, single 

windows in the polymer foam may be      Figure 1. Visualisation of a ceramic foam.        

closed with slurry such that some cells are separated by walls. A visualization is 

shown in Figure 1 

Our aim is to compute various geometric characteristics of the filters’ microstructure 

and to study their impact on the permeability of the filters. In a second step, 

geometric characteristics of the filters are used to fit a stochastic geometry model to 

their microstructure. For the image processing and analysis, we use the MAVI (MAVI, 

2006) software package. 

 

2. Analysis of the pore space 

To reconstruct the cell system from a CT image of the foam, we segment the matrix 

by simple thresholding. The cavities in the struts are removed from the image by a 

morphological closure. Then the cells are reconstructed by the algorithm described in 

(Ohser & Schladitz, 2009) on pages 145-148. First, for each pixel the distance to the 

foreground is determined using the Euclidean distance transformation. The distance 

map thus obtained is smoothened by a H-maxima correction and inverted. Now the 

watershed algorithm is applied. The idea behind this algorithm is to imagine the 

function (here: the inverted distance map) as a height profile of a mountain region. If 

a raindrop falls onto this mountain region it will run to a local minimum of the function. 

In our case, the local minima are located in the cell centers. Now for each local 

minimum of the function the region from which the raindrops will run to it is 

determined. Thus we obtain a label image and each label of this image represents 



one cell. However, also the pixels belonging to the foreground of the closed binary 

image are attributed to cells. Therefore the label image is masked with the closed 

binary image of the strut system, which yields a division of the pore space into single 

cells (see Figure 2, right). 

   

Figure 2. Sections of the reconstructed CT-image of a ceramic foam (left), its binarization (middle), 

and the reconstruction of the cells (right).  

Now several geometric characteristics of the cells are computed, namely the volume, 

the surface area and the mean width. The width of a cell in a certain direction is the 

maximal distance between two points of a cell, where only the distance in a 

prescribed direction is considered. The mean width is the average over the widths in 

all directions. For each of the eight filters we consider the mean values over all cells. 

To avoid edge effects caused by cells hitting the boundary of the window, the edge 

correction method according to Miles and Lantuejoul (see Section 5.2.6 in (Ohser & 

Schladitz, 2009)) is applied.  

Moreover, the volume fraction, the specific surface area, the tortuosity and the mean 

chord length of the whole pore space of each filter are computed. The mean chord 

length is the mean length of a segment defined in the following way (see Section 

5.3.3 in (Ohser & Schladitz, 2009)). A line with a prescribed direction is thrown 

through a uniformly random point of the filter. This line is divided by the  

 Mean value 
20ppi-filter 

Mean value 
30ppi-filter 

Weight 17.0 g 18.0 g 
Water flow rate 1.96 l/s 1.61 l/s 

Volume density 19.7 %  20.8 % 
Specific surface area 0.794 mm-1 1.045 mm-1 

Mean chord length in flow direction 4.71 mm 3.65 mm 
Mean chord length (average over 13 directions) 4.07 mm 3.06 mm 
Tortuosity 1.021  1.024 

Mean cell volume 29.6 mm³ 12.6 mm³ 
Mean cell surface area 55.1 mm²   30.3 mm² 
Mean cell mean width 5.02 mm 3.56 mm 

Table 1. Mean values of various geometric characteristics of the microstructure. 



microstructure into matrix segments and pore space segments. The mean chord 

length is the  and a randomly chosen pore space segment is now considered. Apart 

from the mean chord length in a fixed direction, we also consider the average of the 

mean chord lengths over the following 13 directions: the three coordinate directions, 

the six coordinate plane diagonals and the four space diagonals. To define the 

tortuosity of the pore space, we consider pairs of one point from the top boundary 

and one point from the bottom boundary of the pore space. For each pair, the ratio 

between the length of the shortest path through the pore space joining the two points 

and the distance of the two points is computed. The average over all ratios thus 

obtained is the tortuosity. The results are shown in Table 1.  

Now we investigate how each of these quantities correlates with the experimentally 

determined water flow rate. The results are shown in Table 2. The highest correlation 

coefficients are attained for the mean chord length and the tortuosity of the whole 

pore space.  

 20ppi-filter 30ppi-filter All filters 

Weight -0.920 -1.000 -0.877 

Volume density 0.907  1.000 0.874 
Specific surface area -0.806 -0.987 -0.824 
Mean chord length in x-direction 0.961 0.988 0.909 
Mean chord length (average over 13 directions) 0.942 0.991 0.890 
Tortuosity -0.951  -1.000 -0.931 

Mean cell volume -0.334 0.874 0.647 
Mean cell surface area -0.398   0.911 0.650 
Mean cell mean width 0.268 0.953 0.714 

Table 2. Pearson’s correlation coefficients between the water flow rate and various geometric 

characteristics of the microstructure.  

In order to quantify the anisotropy of the foams’ microstructure, we examine the 

directional cell diameters. We choose one filter and plot the kernel density estimators 

of the directional cell diameters in the three coordinate directions (Figure 3, left). We 

see that the distributions of the directional cell diameters in two directions are similar, 

while the third one shows a distinct behavior. This is explained by the fact that the 

polyurethane foams used to produce the ceramic filters are anisotropic due to their 

production process. Therefore it is not surprising that we find a similar behavior in all 

filters that were recorded: Figure 3, right, shows that for each foam there are two 

coordinate directions, for which the mean directional cell diameter is similar, while it is 

much bigger in the third direction. Clearly, the directional diameters of the three 

30ppi-filters are smaller than those of the 20ppi-filters. The largest of the three mean 

directional cell diameters is on average 1.2 times as big as the other two.  



 

 Figure 3: Left: Kernel density estimators of the directional cell diameters in the three coordinate 

directions of one filter. Right: Mean values of these diameters for all eight filters.  

 

3. Analysis of the wall system 

As described earlier, some closed walls may form when coating the polymer skeleton 

with the ceramic slurry. Due to the production process, the probability that a facet is 

closed clearly depends on its normal direction. A simulation of the permeability of 

ceramic filters in (Redenbach, Wirjadi, Rief, & Wiegmann, 2011) showed that the 

orientation distribution of the walls is an important factor determining the flow through 

the material. 

To allow for a detailed analysis of the wall system, the solid component of the filter 

has to be split up into struts and walls. This is achieved by either of the following 

approaches. 

The first approach is based on separating walls and struts depending on their shape. 

Walls form a plate-like structure, while struts are tubular. In the grey value image, 

walls are characterized by a slow change of the grey value within the wall and a fast 

change in the normal direction of the wall. In struts we have a slow change of the 

grey value in strut direction and a fast change in the plane orthogonal to it. The 

number of orthogonal directions, in which there is a fast change of the grey value, is 

equal to the number of large eigenvalues the Hessian matrix of the convolution of the 

grey scale profile with the Gaussian kernel 
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see (Frangi, Niessen, Vincken, & Viergever, 1998). Using this information we obtain a 

preliminary segmentation of the solid component into struts and walls. However, the 



walls of this preliminary segmentation are usually not isolated but form a connected 

system. Hence the preliminary struts are dilated in an appropriate way. The 

intersection of this dilation with the solid component is the final strut system, while the 

rest of the solid component is the final wall system. 

The second approach is based on the fact that walls lie at the boundary of two cells, 

while struts lie at the common boundary of three cells. So from the cell reconstruction 

(see Section 2) the facets, i.e. the common boundaries of two cells, are determined. 

Now the image of the facets is masked with the thresholded and closed CT-image in 

order to get -after removing some artefacts- an image of the closed walls.  

For more details on these methods and a discussion of their advantages and 

disadvantages, we refer to (Schlachter, 2012). The results of both methods are 

shown in Figure 4. 

  

Figure 4. The wall system of a foam reconstructed by the two methods. Left: The method based on the 

eigenvalues of the Hessian matrix. Right: The method based on the cell reconstruction. 

Now we investigate whether the distribution of wall orientations differs in different 

foams. In particular, we are interested whether there is a significant difference 

between the 20ppi and the 30ppi foams. To this end, the normal vectors are 

projected onto the plane orthogonal to the flow direction and the angles these 

projections form with a prescribed line are determined. For each pair of filters a  

  A17 B7 C1 C14 C20 D10 E8 F9 

20ppi A17 1.000   0.276 0.207 0.332 0.043 0.180 0.251 0.012 
 B7 0.276 1.000 0.175 0.267 0.074 0.068 0.795 0.009 
 C1 0.207 0.175 1.000 0.909 0.858 0.851 0.062 0.282 
 C14 0.332 0.267 0.909 1.000 0.381 0.999 0.083 0.417 
 C20 0.043 0.074 0.858 0.381 1.000 0.157 0.034 0.143 

30ppi D10 0.180 0.068 0.851 0.999 0.157 1.000 0.011 0.496 
 E8 0.251 0.795 0.062 0.083 0.034 0.011 1.000 0.001 
 F9 0.012 0.009 0.282 0.417 0.143 0.496 0.001 1.000 

Table 3. The p-values of the Kolmogorov-Smirnov-test for the projected normal directions of the walls. 

Results that are significant on the 5%-level are marked red. 



Kolmogorov-Smirnov test is applied in order to test whether the distributions of these 

angles are different in the two filters. 

In Table 3 we see that the distributions of the normal directions of the walls are in 

some cases significantly different in different foams. This is explained by the 

production process: It can be reconstructed that for the foams A17, B7 and E8 the 

direction in which the microstructure is elongated was parallel to the flow direction of 

the assembly line, when the filters were produced. For the remaining filters it was 

orthogonal to the flow direction. So these three foams have another distribution of the 

walls’ directions than the other foams. 

 

4. Stochastic modeling 

Inspired by the production process of the filters we developed a three-step model for 

their microstructure. In the first step, the cell system is modeled by a random 

tessellation. The edges of this tessellation then serve as skeleton for the filter struts. 

Furthermore, some facets of the cells are selected to be closed which yields a 

skeleton for the walls. The resulting system of edges and facets is then dilated to 

form the solid component of the filter. To reproduce the locally varying thickness of 

the ceramic a locally adaptable dilation is chosen. 

4.1 Modeling of the cell system 

The first modelling step consists in fitting a random Laguerre tessellation to the 

observed cell system. This weighted generalization of the well-known Voronoi 

tessellation is defined as follows:  

Denote by        a sphere in    with centre      and radius     and let   be a 

locally finite set of spheres, i.e., each bounded subset of    is intersected only by a 

finite number of spheres. The Laguerre cell             generated by a sphere        

consists of all points      which are closest to        with respect to the power 

distance    (        )            , where        denotes the Euclidean distance. 

That means 

            {        (        )     (          )                   } 

Note that       is not a distance in the mathematical sense, since it can be negative. 

Nevertheless, it can be interpreted as a distance with negative values if   is 

contained in the sphere       . 

The Laguerre cells form a space-filling system of convex polytopes, the Laguerre 

tessellation of S. If all radii are equal, the Laguerre tessellation equals the Voronoi 

tessellation of the set of sphere centres. For modelling cells in open foams, choosing 

the set S as a dense packing of balls with gamma distributed volumes is a suitable 

choice (Redenbach C. , 2009). Here, we consider packings which are simulated 



using the force-biased algorithm. Since the cell intensity, i.e. the mean number of 

cells per unit volume, can be estimated from an image, this results in a two 

parameter model. Its parameters, the volume density of the sphere packing and the 

variance of the sphere volume distribution, are determined using geometric 

characteristics of the foam cells.  

These are estimated from the sample of reconstructed cells in the CT image. Note 

that in this case, the cells should not be masked with the solid component to get 

characteristics which are comparable to those of the cells in a space-filling 

tessellation. Before computing the statistics, the image is scaled by a suitable factor   

in the elongation direction of the cells to obtain an isotropic structure. Here       . 

The deviation of the model from the real foam is measured using the error measure 
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where the entries of            and             are suitable geometric 

characteristics of the original foam and the model, respectively. We have chosen to 

use the first two moments of the volume, surface area, number of facets and mean 

width of the foam cells for the model fit. Since analytic relations between the model 

parameters and these characteristics are not known the model fit is performed using 

Monte-Carlo simulation. For details on the estimation of the model parameters we 

refer to (Redenbach C. , 2009). Once the best fit model has been found, the edge 

system of the Laguerre tessellation, scaled by a factor of     in the elongation 

direction, then yields a skeleton for the strut system of the ceramic foam. 

 

4.2 Modeling of the walls 

In the second step, the closed facets have to be selected in the facet system of the 

tessellation. The analysis of the wall system suggests closing facets with a probability 

depending on their normal direction. Therefore, a parametric distribution is fit to the 

orientation distribution considered in Section 3. For instance, a mixture of Watson 

distributions may be used.  

The Watson distribution is a distribution on the unit sphere with density 

               〈   〉    

where    is a normalizing constant (Fisher, Lewis, & Embleton, 1987). The parameter 

  is a unit vector and   is a concentration parameter. For    , the Watson 

distribution is the uniform distribution on the unit sphere, for     it is a bipolar 

distribution with principal axis  , and for     it is a girdle distribution with polar axis 

 . 



A mixture of Watson distributions is determined by the density ∑         
    

    for 

positive numbers    with ∑   
 
     . Choosing a random point according a mixture of 

Watson distribution can be imagined as a two-step process: First choose one of the 

pairs                   – the pair         with probability   . Then choose a point 

according to the selected Watson distribution.   

We assume that the distribution of the normal vectors of the walls is a mixture of one 

bipolar Watson distribution and one girdle Watson distribution, i.e.    ,      and 

    . For fitting the exact values, we use the approximate maximum-likelihood-

estimator described in (Sra & Karp, 2011).  

For the 20ppi foam A17 the resulting values are 

                                                 

                                                   

Figure 5 shows a comparison of the fitted model with the real data. 

      

Figure 5. Kernel density estimators of the normal directions of the walls. Left: Real data. Right 

Simulation of the model. Directions with a high intensity are plotted white and directions with a low 

intensity are plotted red.  

 For the simulation of a sample of closed facets, we have to assign a probability 

)|( uclosedP  of being closed to each facet of the Laguerre tessellation depending on 

its normal direction  . Using Bayes' theorem, this probability can be written as 

( ) ( | )
( | )

( )

P closed g u closed
P closed u

g u
 ,      (2) 

where )(closedP is the proportion of closed facets in the foam, ( | )g u closed  is the 

density of normal directions of the closed facets, and )(ug is the density of normal 

directions of all (i.e., open and closed) facets in the foam. Since the normal vectors   

and    define the same facet orientation, the density   is assumed to be symmetric 

in the origin.  

If the wall segmentation is performed using the second approach discussed above, 

an estimate for the fraction of closed walls among the facets of the reconstructed 



cells is easily obtained. For the 30ppi foam F9 we found                  The 

density ( | )g u closed is modelled by the Watson mixture described above. In an 

isotropic model, the density      is a uniform distribution on the sphere. Here, the 

scaling of the tessellation model has to be taken into account. Nevertheless, )(ug can 

be computed explicitly (Redenbach, Wirjadi, Rief, & Wiegmann, 2011). 

Now for any tessellation facet the expression in (2) can be evaluated. Then this facet 

is closed with the resulting probability. It seems reasonable that the closeness 

probability should also depend on the size of a facet. However, we assumed 

independence of a facet's size and its probability of being closed to simplify matters. 

Based on this probability, a realisation of the set of closed facets is drawn from the 

set of facets of the Laguerre tessellation. 

 

4.3 Modeling of the ceramic coating 

In the final modelling step, the coating of the polymer foam is created by a dilation of 

the systems of edges and facets obtained in the previous steps. The locally varying 

thickness of the structure is reproduced using locally adaptable morphology 

(Cuisenaire, 2006). For a parameterization and parameter estimation of the size map 

we refer to (Liebscher & Redenbach, 2013) and (Lautensack, Gietzsch, Godehardt, & 

Schladitz, 2008).   

A visualization of the resulting model compared with the original image is shown in 

Figure 6. For model validation, the densities of the intrinsic volumes may be used 

(Redenbach, Wirjadi, Rief, & Wiegmann, 2011).  

 

      

Figure 6. Visualisations of the ceramic foam with closed struts (left) and a model (right). 590  590  

230 voxels are visualised. 

 

5. Discussion 

We have investigated the microstructure of ceramic filters and their influence on the 

permeability.  



It turned out that the mean chord length and the tortuosity of the pore space correlate 

very strongly with the water flow rate. The microstructure of the filters is anisotropic. 

Looking at directional cell diameters we saw that it is elongated by a factor 1.2 in one 

direction.  

There exist two approaches for segmenting the solid phase in struts and walls. One 

is based on the computation of the eigenvalues of the Hessian matrix of an 

appropriately smoothened version of the CT image’s grey value profile. The other 

one is based on a cell reconstruction of the filter. We investigated the directional 

distribution of the walls and found significant differences between different filters. 

These differences are well explained by the production process.  

We proposed a three-step model for the filters. In order to model the cell system, we 

used a Laguerre tessellation. The parameters of the Laguerre tessellation were fitted 

by minimizing an error measure based on various geometric characteristics. The 

directional distribution of the walls was modeled by a mixture of Watson distributions. 

This allows the computation of the probability that a facet is closed given its direction. 

Since the thickness of the struts is not constant, they were modeled using adaptable 

morphology.  

The model reflects several properties of the filters well, but still there is room for 

improvement. The choice of the geometric characteristics used to define the error 

measure as well as the choice of the error measure itself will certainly have an 

influence on the fitted parameters. This is currently under investigation. As mentioned 

above, the probability that a facet is closed does not only depend on its direction, but 

also on its size, which is not incorporated in the model by now.   
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A LIMITATION OF THE ESTIMATION OF INTRINSIC
VOLUMES VIA PIXEL CONFIGURATION COUNTS

JÜRGEN KAMPF

Abstract. It is often helpful to compute the intrinsic volumes of a set of which
only a pixel image is observed. A computationally efficient approach, which is
suggested by several authors and used in practice, is to approximate the intrinsic
volumes by linear combinations of the pixel configuration counts. However, we will
show that when this approach is used for the computation of an intrinsic volume
other than volume or surface area, an asymptotic error of 100% of the correct value
cannot be avoided. As a consequence we derive that estimators which ignore the data
and return constant values are optimal with respect to a natural criterion which has
already been applied successfully for the estimation of the surface area.

§1. Introduction. Intrinsic volumes are a fundamental concept of convex and
integral geometry with many applications, e.g. in the analysis of microstructures.
We denote the intrinsic volumes of a set K ⊆ Rd from the convex ring by Vk(K ),
k = 0, . . . , d; see [9, §§4.1, 4.2 and 4.4] for a detailed introduction or [10, §14.2]
for a shorter introduction. In particular, Vd(K ) equals the volume of K , Vd−1(K )
is half the surface area of K , and V0(K ) is the Euler characteristic of K . The
Euler characteristic is an integer-valued signed topological quantity that plays
an important role in several branches of geometry and topology. If d = 2, then
V0(K ) equals the difference between the number of connected components of
K and the number of bounded connected components of R2

\K . If K is a one-
dimensional set in any dimension, e.g. the edge system of a mosaic, then V1(K )
is the length of K .

In applications often the problem arises to compute intrinsic volumes of a set
(at least approximately), even though only a pixel image of this set is observed.
Several algorithms have been proposed for the computation of arbitrary intrinsic
volumes (see [6] and the literature cited therein) and even more algorithms
exist for the surface area (see [5] and the literature cited therein) and the
Euler characteristic (see [2] and the literature cited therein). A computationally
efficient approach, that was proposed by several authors – e.g. by Gray [1] for
the Euler characteristic in the plane and by Ohser et al [7] for arbitrary intrinsic
volumes – and that is used in practice, is to approximate the intrinsic volumes by
linear combinations of the pixel configuration counts. A 2d -pixel configuration
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is a pattern which is only two pixels long in each direction. Formally, it is a pair
(B,W ) of two disjoint sets whose union is {0, 1}d . The interpretation is that B
is the set of black (foreground) pixels and W is the set of white (background)
pixels. We enumerate the 2d -pixel configurations as (Bi ,Wi ), i = 1, . . . , 2(2

d ).
For a set K ⊆ Rd , a number i ∈ {1, . . . , 2(2

d )
} and lattice distance t > 0 we

let Nt,i (K ) denote the pixel configuration count, i.e. the number of occurrences
of pixel configuration i in an image of K in the observation window [−1; 1]d .
In this paper we always assume that the pixels are the points of the lattice tZd ,

t > 0, and that a pixel is colored black if it lies in the set and it is colored white
if it does not lie inside the set, i.e. the information contained in the image is
equivalent to the information contained in the Gauss digitization of the observed
set. Thus, we can make the definition of Nt,i (K ) precise by putting

Nt,i (K ) := #{z ∈ tZd
∩ [−1; 1− t]d | z + t Bi ⊆ K , z + tWi ⊆ K C

},

where K C denotes the complement of the set K and #S denotes the number of
elements of a finite set S (observe that a 2d -pixel configuration is contained in
[−1; 1]d if and only if its “lower left” corner is in [−1; 1−t]d ). Now we consider
two pixel configurations to be equivalent if there is an isometry mapping one of
them to the other. We let νd be the number of equivalence classes of 2d -pixel
configurations and enumerate the equivalence classes by 0, . . . , νd − 1. We let
Ñt, j (K ) denote the sum over all Nt,i (K ) such that the configuration i belongs to
equivalence class j .

Let R+ denote the set of positive real numbers. As mentioned above, linear
combinations of the pixel configuration counts can be used as computationally
efficient estimators for the intrinsic volumes. The coefficients of this linear
combinations, called weights, depend on the lattice distance and are therefore
modeled as functions λ0, . . . , λνd−1 : R+ → R. So, the estimator for Vk(K )
maps K ⊆ Rd to

νd−1∑
j=0

λ j (t)Ñt, j (K ). (1)

The dependence of the weights λ j (t) on k will be suppressed in the notation.
A geometrically motivated proposal for the weights was made in [7]. This leads
to the question, whether there is an optimal way of choosing these weights. An
optimality criterion was proposed and successfully applied in the special case
k = d − 1 by Kiderlen and Ziegel [4]. They assumed that the set K is shifted
at random and then considered the worst case asymptotic relative bias of the
estimator V̂d−1, that is

sup
K

lim sup
t→0

|E V̂d−1(K + tU )− Vd−1(K )|
Vd−1(K )

,

where U is a random vector distributed uniformly on [0; 1]d and the supremum
is taken over all sets K for which the estimator is supposed to work.

When adapting the notion of the worst case asymptotic bias to other intrinsic
volumes, a problem occurs: the kth intrinsic volume is the total mass of the kth
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support measure 4k (for an introduction see e.g. [10, §14.2]), which is a signed
measure for k < d − 1. Hence extinction effects may occur and thus it does not
seem to be a good idea to measure the bias of an estimator for Vk relative to the
correct value (unless we choose a very small class of sets on which our estimator
should work).

A second idea may be to measure the bias of the estimator for Vk always
relative to Vd−1. However, if one considers µK for a fixed set K , then the
quotient of the bias of V̂k and Vd−1 is proportional to µk+1−d (if V̂k is
homogeneous of degree k) and hence gets arbitrarily large forµ→ 0 if k < d−1.

The solution we will use is based on the following idea: heuristically spoken,
the bias of V̂k is the sum of all errors made in the estimation of the positive part
and all errors made in the estimation of the negative part of 4k . Hence it seems
to be a good idea to measure the bias of V̂k relative to the total variation of 4k ,
which is not zero by Lemma A.4 below. We denote the total variation of 4k ,
k = 0, . . . , d − 1, by |Vk | and put for completeness |Vd | := Vd .

While Kiderlen and Ziegel managed to find weights for which the worst case
asymptotic relative bias of the estimator for V2 in R3 is 4%, we will show
that there are no weights for which the worst case asymptotic relative bias of
the estimator for V0, . . . , Vd−2 is below 100%. Since an estimator that ignores
the data and returns 0 never has a relative bias of more than 100%, such a
useless estimator has the smallest worst case asymptotic relative bias among all
estimators of type (1). This is already true on a quite small class of sets, namely
on

P (2)
:=

{ N⋃
i=1

Pi | Pi is a (convex) polytope in R2 with interior points,

i = 1, . . . , N , N ∈ N
}
,

respectively on the class

P (d)
:= {P × [a1; b1] × · · · × [ad−2; bd−2] | P ∈ P (2), a1, . . . , ad−2 ∈ R,

b1, . . . , bd−2 ∈ R, a1 < b1, . . . , ad−2 < bd−2}, d > 3.

Now we are in the position to give the precise formulations of the main results
of the present paper.

THEOREM 1. For all weights λ0, . . . , λνd−1 and all n ∈ N, n > 2, the
estimator V̂0 for V0 defined by (1) has a worst case asymptotic bias of at least
n − 1 on the set

{K ∈ P (d)
| |V0|(K ) 6 n, K ⊆ (−1; 1)d}.

The estimator ignoring the data and returning 1 has a worst case (asymptotic)
bias of n − 1. Hence this estimator has minimal worst case asymptotic bias
among all estimators of type (1).
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The proof of Theorem 1 will be given in §2. First the assertion will be
established in the two-dimensional case, then it will be extended to the higher-
dimensional case using cylinder sets.

The following corollary is a direct consequence of Theorem 1.

COROLLARY 2. For all weights λ0, . . . , λνd−1 the estimator V̂0 for V0
defined by (1) has a worst case asymptotic relative bias of at least 100% on
the set

{K ∈ P (d)
| K ⊆ (−1; 1)d}.

The estimators ignoring the data and returning 0 or 1 have a worst case
(asymptotic) relative bias of 100%. Hence these estimators have minimal worst
case asymptotic relative bias among all estimators of type (1).

The following theorem is an extension of Theorem 1 to other intrinsic
volumes. The extension from Theorems 1 to 3 uses cylinder sets with a (d − k)-
dimensional base and will be given in §2.

THEOREM 3. For all weights λ0, . . . , λνd−1, all k = 1, . . . , d − 2 and all
real numbers r > 2

(d
k

)
, the estimator V̂k for Vk defined by (1) has a worst case

asymptotic bias of at least r on the set

{K ∈ P (d)
| |Vk |(K ) 6 r, K ⊆ (−1; 1)d}.

The estimator ignoring the data and returning 0 has a worst case (asymptotic)
bias of r . Hence this estimator has minimal worst case asymptotic bias among
all estimators of type (1).

As an immediate consequence of Theorem 3 we obtain the following
corollary.

COROLLARY 4. For all weights λ0, . . . , λνd−1 and all k = 1, . . . , d − 2 the
estimator V̂k for Vk defined by (1) has a worst case asymptotic relative bias of at
least 100% on the set

{K ∈ P (d)
| K ⊆ (−1; 1)d}.

The estimator ignoring the data and returning 0 has a worst case (asymptotic)
relative bias of 100%. Hence this estimator has minimal worst case asymptotic
relative bias among all estimators of type (1).

These results have two consequences. First, they show that the optimality
criterion of having the least worst case asymptotic (relative) bias yields nonsense
in the situation of these theorems. Second, they tell us that estimators which
approximate intrinsic volumes other than volume or surface area by linear
combinations of the pixel configuration counts have a severe shortcoming: the
estimated value may be very far from the true value (even asymptotically).

A possible solution to this limitation is to restrict to certain models.
Svane [11] determines weights for which the estimator of the density of
the Euler characteristic in R2 is asymptotically unbiased, when applied to a
Boolean model. In [12] she determines weights for which the estimator of Vd−2
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is asymptotically unbiased, when applied to an isotropic random compact
set fulfilling certain smoothness assumptions, and she discusses whether the
isotropy is necessary. Ohser et al [8] examine weights such that the estimator for
V1 in R3 is unbiased for all sufficiently small lattice distances, when applied to
an isotropic system of non-overlapping fibers.

The preprint of this paper has already led to some fruitful discussions. In
particular, Svane [13] discovered an alternative way of deriving the main results
of the present paper. She has also shown that the main results of this paper remain
unchanged, when estimators based on n × · · · × n-pixel configurations, n > 2,
are considered.

Another modification one might think about, is not only to shift the set K
randomly before it is discretized, but to rotate it additionally. If d = 2, the
negative results of Theorem 1 and Corollary 2 probably still hold. We think that
a proof could follow the line of the proofs in the present paper and only some
computations would get longer. Also for d > 3 we would guess that the negative
results still hold, but we are not so sure in this case. The proof will require new
ideas: our results from Appendix B hold only for cylinder sets which are “well-
arranged” within the pixel lattice and this cannot be assumed for sets which are
randomly rotated. Also the list of pixel configuration classes that can occur in
images of cylinder sets (see Corollary B.2) gets longer, when the cylinder sets
are not assumed to be “well-arranged” anymore. The numbers of occurrences
of these “new” pixel configuration classes provide valuable information for the
estimation of the intrinsic volumes. If this does not yield good estimators for the
intrinsic volumes, it will at least make the proof that there are no good estimators
more difficult.

This paper is organized as follows: Section 2 contains the proofs of the main
results. Lemmata concerning intrinsic volumes and support measures will be
presented in Appendix A and in Appendix B we deal with pixel configuration
counts.

§2. Proof of the main results. In this section we prove the main results of the
present paper based on the lemmata presented in Appendices A and B.

We now fix the enumeration of the equivalence classes of 2 × 2-pixel
configurations; see Figure 1. Since ν2 = 6, the numbers 0, . . . , 5 will be used
to enumerate these equivalence classes. For j ∈ {0, 1, 3, 4} there is exactly one
equivalence class whose configurations have j black (foreground) pixels and
4− j white pixels. We denote this class by j . There are exactly two equivalence
classes whose pixel configurations have two foreground and two background
pixels. We call the class with two neighboring foreground pixels number 2 and
the class with two opposite foreground pixels number 5.

We let bd A denote the boundary of a set A ⊆ Rd and int A its interior.

LEMMA 5. If the worst case asymptotic bias of an estimator of type

γ̂ =

5∑
j=0

λ j (t)Ñt, j
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Figure 1: Representatives of the equivalence classes in R2.

is finite on {K ∈ P (2)
| K ⊆ (−1; 1)2, |V0|(K ) 6 2}, then, as t → 0,

|λ0(t)|, |λ4(t)| ∈ O(t2), (2)
|λ2(t)| ∈ O(t), (3)

|λ1(t)|, |λ3(t)|, |λ5(t)| ∈ o(1). (4)

It seems to be impossible to write Lemma 5 and its proof in such a way that the
essential ideas become clearly visible and are not covered by technical details.
Hence we comment on the essential ideas before we come to the proof.

The equation (4) is the central point in Lemma 5, while (2) and (3) are
technical details: first (2) and (3) are the conditions that experts would have
expected anyway, while they probably would have conjectured that we get only
O(1) in (4). Moreover, most of the estimators for the Euler characteristic we
found in the literature fulfill (2) and (3) and violate (4).

In the proof below we will show

E Ñt,1(A + tU ) = E Ñt,3(A + tU )+ 4+ 2E Ñt,5(A + tU )

for certain parallelograms A and random vectors U . Using different methods one
could show

Ñt,1(A′) = Ñt,3(A′)+ 4+ 2Ñt,5(A′) (5)

for compact, simply connected sets A′ that fulfill some weak regularity
condition. Pixel configurations of class 1, 2, 3 and 5 can only occur on the
boundary of the observed set K ⊆ Rd . Given K fulfills certain regularity
conditions (which we do not know exactly) and the lattice distance t is
sufficiently small, each pixel configuration of class 1, 2, 3 and 5 belongs to
a uniquely determined connected component of bd K . Obviously, (5) also holds
for the number of occurrences of pixel configurations on the outer boundary of
each connected component of the more complex set K . If we consider a hole of
shape A′ within K , (5) gives

Ñt,3 = Ñt,1 + 4+ 2Ñt,5 (6)

for the number of pixel configurations on the (outer) boundary of that hole, since
black and white pixels are interchanged, hence pixel configurations of class 1
become pixel configurations of class 3 and the other way round, while pixel
configurations of class 5 stay in that class. So Ñt,1(K ) − Ñt,3(K ) equals four
times the Euler characteristic of a set K ⊆ R2, provided that Ñt,5(K ) = 0
and that certain regularity conditions are fulfilled. If, however, the number of
occurrences of pixel configurations of type 5 is large, the difference Ñt,1 − Ñt,3
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may be far from 0, even if |V0|(K ) is small. One could correct for this effect by
adding to Ñt,1− Ñt,3 twice the number of pixel configurations of type 5 lying on
“inner” boundary parts and subtracting twice the number of pixel configurations
of type 5 lying on “outer” boundary parts. However, these numbers are not
observed (only their sum is observed) and hence the only way to prevent the
estimator from returning values whose absolute values are huge compared to
|V0|(K ) is to choose the weights λ1(t), λ3(t) and λ5(t) unnaturally close to 0.

Proof of Lemma 5. We find it convenient to start with the proof of the central
point (4), even though this means that we cannot present the proof in logical
order. So assume we have already shown (2), (3),

|λ1(t)| ∈ O(1) and |λ1(t)+ λ3(t)| ∈ O(t). (7)

For m1 ∈ (0; 1) and m2 ∈ (1;∞) consider the set

A := {(x, y) ∈ R2
| m1(x + 1

3 ) 6 y + 1
3 6 m2(x + 1

3 ),

m2(x − 1
3 ) 6 y − 1

3 6 m1(x − 1
3 )}. (8)

As obviously

sup
m1,m2

lim sup
t→0

E Ñt,0(A + tU )
t−2 <∞, (9)

sup
m1,m2

lim sup
t→0

E Ñt,4(A + tU )
t−2 <∞, (10)

and
sup

m1,m2

lim sup
t→0

E Ñt,2(A + tU )
t−1 <∞, (11)

where U is a random vector distributed uniformly on [0; 1]d , we get

sup
m1,m2

lim sup
t→0

∣∣∣∣E γ̂ (A + tU )−
∑

j=1,3,5

λ j (t)E Ñt, j (A + tU )
∣∣∣∣

= sup
m1,m2

lim sup
t→0

∣∣∣∣ ∑
j=0,2,4

λ j (t)E Ñt, j (A + tU )
∣∣∣∣

<∞. (12)

In order to compute E Ñt,5(A + tU ), we put B := {(0, 0), (1, 1)} and W :=
{(0, 1), (1, 0)} and observe (see Figure 2)

Ct : = {v ∈ R2
| v + t B ⊆ A, v + tW ⊆ AC

}

= {(x, y) ∈ R2
| m1(x + 1

3 ) 6 y + 1
3 6 m2(x + 1

3 ),

m2(x + 1
3 ) < y + 1

3 + t, y + 1
3 < m1(x + 1

3 + t)}

∪ {(x, y) ∈ R2
| m2(x − 1

3 + t) 6 y − 1
3 + t 6 m1(x − 1

3 + t),

m1(x − 1
3 ) < y − 1

3 + t, y − 1
3 < m2(x − 1

3 + t)}
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Figure 2: The set A (white) and the set Ct (grey).

for t ∈ (0; 1
3 min{2 − 2m1, (2m2 − 2)/m2}). Since this union is disjoint for t ∈

(0; 1
3 min{(2− 2m1)/(m1 + 1), (2m2 − 2)/(m2 + 1)}), its area is 2 · t2

·s, where
s := m1/(m2 − m1). Hence [3, formula (28)] gives E Ñt,5(A + tU ) = 2s for
sufficiently small t > 0. Similar arguments yield

E Ñt,1(A+ tU )= 2+ 2
m1((2m2 − 2)/(3t)−m2)+((2− 2m1)/(3t)− 1)+m2

m2−m1

and

E Ñt,3(A + tU ) = 2
m1((2m2 − 2)/(3t)− m2)+ ((2− 2m1)/(3t)− 1)− m1

m2 − m1
.

(13)
Hence

E Ñt,1(A + tU ) = E Ñt,3(A + tU )+ 4+ 2E Ñt,5(A + tU ) (14)

and using (12) one obtains

sup
m1,m2

lim sup
t→0

|E γ̂ (A + tU )− (λ1(t) · (4+ 4s)

+(λ1(t)+ λ3(t))E Ñt,3(A + tU )+ λ5(t) · 2s)| <∞,

which gives

sup
m1,m2

lim sup
t→0

|E γ̂ (A + tU )− (λ1(t) · (4s)+ λ5(t) · (2s))| <∞,

since
sup

m1,m2

lim sup
t→0

E Ñt,3(A + tU )
t−1 <∞.

Because s may be arbitrarily large, the assumption that the worst case asymptotic
bias of γ̂ is finite yields |2λ1(t)+ λ5(t)| ∈ o(1).
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Figure 3: The sets A and A1.

Put A1 := [−1/2; 1/2]2\int A (see Figure 3). Observing that the cells of
tZ2 having (exactly) one vertex in A1 + tU are precisely the cells having three
vertices in A + tU and four cells containing the corners of [−1/2; 1/2]2 + tU ,
that the cells having three vertices in A1 + tU are precisely the cells having one
vertex in A + tU and that the cells having two opposite vertices in A1 + tU are
precisely the cells having two opposite vertices in A+tU , we conclude from (14)
that

E Ñt,3(A1 + tU ) = E Ñt,1(A1 + tU )+ 2E Ñt,5(A1 + tU ).

Similar as above we conclude

sup
m1,m2

lim sup
t→0

|E γ̂ (A1 + tU )− (λ3(t) · (4s)+ λ5(t) · (2s))| <∞

and hence we obtain arbitrarily large asymptotic biases unless |2λ3(t)+λ5(t)| ∈
o(1).

From (7), |2λ1(t)+ λ5(t)| ∈ o(1) and |2λ3(t)+ λ5(t)| ∈ o(1), one concludes
by Lemma 6 below that |λ1(t)| ∈ o(1), |λ3(t)| ∈ o(1) and |λ5(t)| ∈ o(1).

It remains to show (2), (3) and (7).
We let r(t) := #(tZ2

∩ [−1; 1 − t]2) denote the number of 2 × 2-pixel
configurations in our observation window at lattice distance t . Obviously,
limt→0 r(t)/t−2

= 4.
Consider an axes-parallel square Qa ⊆ (−1; 1)2 of side-length a ∈ (0; 1/2).

If then t < a is smaller than half the (minimal) distance between (a point from)
Qa and (a point from) bd([−1; 1]2), one has by [3, formula (28)]

E γ̂ (Qa + tU )=
(

r(t)−
(

a
t
+ 1

)2)
λ0(t)+ 4λ1(t)

+

(
4

a
t
− 4

)
λ2(t)+

(
a
t
− 1

)2

λ4(t)

= a2
[
−1
t2 λ0(t)+

1
t2λ4(t)

]
+ a

[
−2
t
λ0(t)+

4
t
λ2(t)+

−2
t
λ4(t)

]
+ (r(t)− 1)λ0(t)+ 4λ1(t)− 4λ2(t)+ λ4(t).
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Let Q̃a ⊆ (−1; 1)2 denote a set consisting of two disjoint copies of Qa . If then
t < a is smaller than half the distance between Q̃a and bd([−1; 1]2) and smaller
than the distance between the two connected components of Q̃a divided by

√
2,

we get

E γ̂ (Q̃a + tU )= a2
[
−2
t2 λ0(t)+

2
t2λ4(t)

]
+ a

[
−4
t
λ0(t)+

8
t
λ2(t)+

−4
t
λ4(t)

]
+ (r(t)− 2)λ0(t)+ 8λ1(t)− 8λ2(t)+ 2λ4(t).

Since
2E γ̂ (Qa + tU )− E γ̂ (Q̃a + tU ) = r(t)λ0(t)

does not diverge, we get |λ0(t)| ∈ O(t2). Because E γ̂ (Qa+tU ) does not diverge
for any a, we conclude |λ4(t)| ∈ O(t2), |λ2(t)| ∈ O(t) and |λ1(t)| ∈ O(t0).

Now consider a rectangular triangle Da ⊆ (−1; 1)2 with axes-parallel
cathetus both of length a ∈ (0; 1). If t < a is smaller than half the distance
between Da and bd([−1; 1]2), one has

E γ̂ (Da + tU )=
(

5
2
+

a
t

)
λ1(t)+

(
2

a
t
− 3

)
λ2(t)+

(
a
t
−

3
2

)
λ3(t)

+

(
a2

2t2 −
2a
t
+ 2

)
λ4(t)+

(
r(t)−

a2

2t2 − 2
a
t

)
λ0(t).

We conclude ∣∣∣∣(5
2
+

a
t

)
λ1(t)+

(
a
t
−

3
2

)
λ3(t)

∣∣∣∣ ∈ O(1)

and thus |λ3(t)+ λ1(t)| ∈ O(t). 2

LEMMA 6. Let m ∈ Z and f1, f2, f3 : R+ → R be three functions with
| f1(t)+ f2(t)| ∈ o(tm), | f1(t)+ f3(t)| ∈ o(tm) and | f2(t)+ f3(t)| ∈ o(tm) as
t → 0. Then | f1(t)|, | f2(t)|, | f3(t)| ∈ o(tm).

Now we assign names to some equivalence classes of 2d -pixel configurations,
d > 2. If ξ ∈ {0, . . . , d−2} is a number and (B,W ) is a 2×2-pixel configuration
of equivalence class ι ∈ {0, . . . , 5}, we denote the equivalence class to which the
2d -pixel configuration

(B × {0, 1}ξ × {0}d−ξ−2,

W × {0, 1}ξ × {0}d−ξ−2
∪ {0, 1}ξ+2

× ({0, 1}d−ξ−2
\{(0, . . . , 0)}))

belongs by 〈ι : ξ : d〉. We notice that an equivalence class may have one name,
no name or several names. In R3, only nine of the 22 equivalence classes have at
least one name. These are shown in Figure 4.
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Figure 4: Representatives of the equivalence classes which have a name in R3.

LEMMA 7. If the worst case asymptotic bias of an estimator of type

γ̂ =

νd−1∑
j=0

λ j (t)Ñt, j

is finite on{
K ∈ P (d)

| K ⊆ (−1; 1)d , |Vk |(K ) 6 2
(

d
k

)
for all k ∈ {0, . . . , d}

}
,

then |λ〈0:0:d〉(t)| ∈ O(td), |λ〈2:d−2:d〉(t)| ∈ O(td−1), |λ〈4:d−2:d〉(t)| ∈ O(td) and

|λ〈ι:ξ :d〉(t)| ∈ o(tξ ), ι ∈ {1, 3, 5}, ξ ∈ {0, . . . , d − 2}.

Proof. Considering axes-parallel cubes and sets that are the union of two
disjoint axes-parallel cubes one gets

|λ〈0:ξ :d〉(t)| ∈ O(td), |λ〈1:ξ :d〉(t)| ∈ O(tξ ), |λ〈2:ξ :d〉(t)| ∈ O(tξ+1),

|λ〈4:ξ :d〉(t)| ∈ O(tξ+2), ξ ∈ {0, . . . , d − 2},

just like in the proof of Lemma 5. Considering the prism

{(x1, x2, . . . , xd) | x1, . . . , xd > 0, x1 + x2 6 a, x3 6 a, . . . , xd 6 a},

one gets

|λ〈1:ξ :d〉(t)+ λ〈3:ξ :d〉(t)| ∈ O(tξ+1), ξ ∈ {0, . . . , d − 2}.

Since |V2|(A) 6 1, |V1|(A) 6 2 and |V0|(A) 6 1, where A is the set from the
proof of Lemma 5, Corollary A.7 below yields

|Vk |(A × [−h/2; h/2]d−2)

6

(
d − 2

k

)
hk
+ 2

(
d − 2
k − 1

)
hk−1
+

(
d − 2
k − 2

)
hk−2 6

(
d
k

)
for h ∈ (0; 1) (notice that

(d−2
l

)
hl 6

(d−2
l

)
holds for all l ∈ Z; if l > 0 it holds

since h < 1 and otherwise it holds since
(d−2

l

)
= 0). The same way we get

|Vk |(A1 × [−h/2; h/2]d−2)

6 2
(

d − 2
k

)
hk
+ 4

(
d − 2
k − 1

)
hk−1
+

(
d − 2
k − 2

)
hk−2 6 2

(
d
k

)
for h ∈ (0; 1), where A1 is the set from the proof of Lemma 5.
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Hence the asymptotic bias of γ̂ on Ãh
:= A × [−h/2; h/2]d−2 and Ãh

1 :=

A1×[−h/2; h/2]d−2 may not be arbitrarily large. However, from Corollary B.2
we get

E γ̂ ( Ãh
1 + tU )=

d−2∑
ξ=0

∑
ι∈{1,3,5}

λ〈ι:ξ :d〉(t)E Ñt,〈ι:ξ :d〉( Ãh
1 + tU )

+

∑
ι∈{2,4}

λ〈ι:d−2:d〉(t)E Ñt,〈ι:d−2:d〉( Ãh
1 + tU )

+ λ〈0:0:d〉(t)E Ñt,〈0:0:d〉( Ãh
1 + tU )

for sufficiently small t > 0, where U is a random vector distributed uniformly
on [0; 1]d . Since (9)–(11) also hold with A replaced by A1, we get from
Theorem B.3

sup
m1,m2

lim sup
t→0

∣∣∣∣E γ̂ ( Ãh
1 + tU )−

d−2∑
ξ=0

(
d − 2
ξ

)
2d−2−ξ

(
h
t
− 1

)ξ
×

∑
ι∈{1,3,5}

λ〈ι:ξ :d〉(t)E Ñt,ι(A1 + tŨ )
∣∣∣∣ <∞,

where Ũ is a random vector distributed uniformly on [0; 1]2. With s as in the
proof of Lemma 5, we conclude just like in that proof

sup
m1,m2

lim sup
t→0

∣∣∣∣E γ̂ ( Ãh
1 + tU )−

d−2∑
ξ=0

(
d − 2
ξ

)
2d−2−ξ

(
h
t
− 1

)ξ
× (2λ〈3:ξ :d〉(t)+ λ〈5:ξ :d〉(t)) · 2s

∣∣∣∣ <∞.
Hence

o(1) 3
∣∣∣∣d−2∑
ξ=0

(
d − 2
ξ

)
2d−2−ξ

(
h
t
− 1

)ξ
(2λ〈3:ξ :d〉(t)+ λ〈5:ξ :d〉(t))

∣∣∣∣
=

∣∣∣∣d−2∑
ξ=0

ξ∑
k=0

(
d − 2
ξ

)
2d−2−ξ

(
ξ

k

)(
h
t

)k

(−1)ξ−k(2λ〈3:ξ :d〉(t)+ λ〈5:ξ :d〉(t))
∣∣∣∣

=

∣∣∣∣d−2∑
k=0

(
h
t

)k d−2∑
ξ=k

(
d − 2
ξ

)
2d−2−ξ

(
ξ

k

)
(−1)ξ−k(2λ〈3:ξ :d〉(t)+ λ〈5:ξ :d〉(t))

∣∣∣∣.
Since h was arbitrary, we get∣∣∣∣ 1

tk

d−2∑
ξ=k

(
d − 2
ξ

)
2d−2−ξ

(
ξ

k

)
(−1)ξ−k(2λ〈3:ξ :d〉(t)+ λ〈5:ξ :d〉(t))

∣∣∣∣ ∈ o(1),

k ∈ {0, . . . , d − 2},
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Figure 5: Idea of the construction of C1 and C2 for n = 3: both sets have the same area and
the same perimeter.

which yields |2λ〈3:ξ :d〉(t)+ λ〈5:ξ :d〉(t)| ∈ o(tξ ). The same way one gets

sup
m1,m2

lim sup
t→0

∣∣∣∣E γ̂ ( Ãh
+ tU )−

d−2∑
ξ=0

(
d − 2
ξ

)
2d−2−ξ

(
h
t
− 1

)ξ
× (2λ〈1:ξ :d〉(t)+ λ〈5:ξ :d〉(t)) · 2s

∣∣∣∣ <∞
and thus |2λ〈1:ξ :d〉(t)+λ〈5:ξ :d〉(t)| ∈ o(tξ ). Now Lemma 6 implies |λ〈1:ξ :d〉(t)| ∈
o(tξ ), |λ〈3:ξ :d〉(t)| ∈ o(tξ ) and |λ〈5:ξ :d〉(t)| ∈ o(tξ ). 2

Example 8. In the special case d = 3, Lemma 7 yields

|λ〈1:0:3〉(t)|, |λ〈3:0:3〉(t)|, |λ〈5:0:3〉(t)| ∈ o(t0),

|λ〈1:1:3〉(t)|, |λ〈3:1:3〉(t)|, |λ〈5:1:3〉(t)| ∈ o(t).

Representatives of these equivalence classes are shown in Figure 4.

Proof of Theorem 1. We start by proving the theorem in the special case
d = 2.

Consider an arbitrary estimator V̂0 of type (1). Let R1 ⊆ (−1; 1)2 be
an axes-parallel rectangle with side-lengths 0.9 and 1.1 and put C1 :=

R1 ∪
⋃n−1

i=1 (λ[0; 1]
2
+ vi ), where λ :=

√
1/(100 · (2n − 2)) and v1, . . . ,

vn−1 ∈ R2 are vectors such that the union of all n sets is disjoint and
contained in (−1; 1)2. Let R2 be an axes-parallel square of side-length 1 and
set C2 := R2\

⋃n−1
i=1 int(λ[0; 1]2 + wi ), where w1, . . . , wn−1 are vectors such

that λ[0; 1]2 + w1, . . . , λ[0; 1]2 + wn−1 are pairwise disjoint subsets of int R2
(see Figure 5). By Lemma A.3 we have |V0|(C1) 6 n and |V0|(C2) 6 n.

Let U be a random vector distributed uniformly on [0; 1]2 and let t ∈ (0; λ)
be smaller than the smallest distance between two connected components of C1
or (−1; 1)2\C2 divided by

√
2 and also smaller than half the distance between

bd[−1; 1]2 and C1 or C2. Noticing

V2(C1) = 0.9 · 1.1+ 1
200 = 0.995 = 1− 1

200 = V2(C2),

we get

E Ñt,1(C1 + tU ) = 4n,
E Ñt,1(C2 + tU ) = 4,
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E Ñt,2(C1 + tU ) = 4
(

1
t
− 1

)
+ 4(n − 1)

(
λ

t
− 1

)
,

E Ñt,2(C2 + tU ) = 4
(

1
t
− 1

)
+ 4(n − 1)

(
λ

t
− 1

)
,

E Ñt,3(C1 + tU ) = 0,
E Ñt,3(C2 + tU ) = 4n − 4,

E Ñt,4(C1 + tU ) =
0.995

t2 −
2+ 2(n − 1)λ

t
+ n,

E Ñt,4(C2 + tU ) =
0.995

t2 −
2+ 2(n − 1)λ

t
+ 2− n,

E Ñt,5(C1 + tU ) = 0,
E Ñt,5(C2 + tU ) = 0,

E Ñt,0(C1 + tU ) = r(t)−
0.995

t2 −
2+ 2(n − 1)λ

t
− n,

E Ñt,0(C2 + tU ) = r(t)−
0.995

t2 −
2+ 2(n − 1)λ

t
+ n − 2,

where r(t) was defined in the proof of Lemma 5.
Now Lemma 5 yields

lim sup
t→0

|E[V̂0(C1 + tU )− V̂0(C2 + tU )]|

= lim sup
t→0

|(4n − 4) · λ1(t)+ (4− 4n) · λ3(t)

+ (2n − 2) · λ4(t)+ (2− 2n) · λ0(t)|
= 0

if the worst case asymptotic bias of V̂0 is finite. Since V0(C1) = n and V0(C2) =

2 − n, this yields either lim supt→0 |E V̂0(C1 + tU ) − V0(C1)| > n − 1 or
lim supt→0 |E V̂0(C2 + tU ) − V0(C2)| > n − 1. Thus, in any case, the worst
case asymptotic bias of V̂0 is at least n − 1.

On the other hand, consider the estimator that always returns 1. The total
mass of the positive part of 40(K , ·) is at least 1 for any set K ⊆ R2 from the
convex ring by Lemma A.1 below. Hence for all sets K with |V0|(K ) 6 n we
have 2−n 6 V0(K ) 6 n. So the estimator that always returns 1 has a worst case
(asymptotic) bias of n − 1.

Now we turn to the case d > 2.
Let C1 ⊆ R2 and C2 ⊆ R2 be the sets defined above and put Dν := Cν ×

[−
1
2 ;

1
2 ]

d−2, ν = 1, 2. Then D1, D2 ⊆ (−1; 1)d have both a total variation of
the 0th support measure of at most n and V0(D1) = n and V0(D2) = 2 − n by
Corollary A.6.

For sufficiently small t > 0 Theorem B.3 yields

E Ñt,〈3:ξ :d〉(D1 + tU ) = 0,

E Ñt,〈3:ξ :d〉(D2 + tU ) =
(

d − 2
ξ

)
2d−2−ξ

(
1
t
− 1

)ξ
· (4n − 4)
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and

E Ñt,〈1:ξ :d〉(D1 + tU )− E Ñt,〈1:ξ :d〉(D2 + tU )

=

(
d − 2
ξ

)
2d−2−ξ

(
1
t
− 1

)ξ
· [E Ñt,1(C1 + tŨ )− E Ñt,1(C2 + tŨ )]

+

(
d − 2
ξ − 1

)
2d−1−ξ

(
1
t
− 1

)ξ−1

· [E Ñt,2(C1 + tŨ )− E Ñt,2(C2 + tŨ )]

+

(
d − 2
ξ − 2

)
2d−ξ

(
1
t
− 1

)ξ−2

· [E Ñt,4(C1 + tŨ )− E Ñt,4(C2 + tŨ )]

=

(
d − 2
ξ

)
2d−2−ξ

(
1
t
− 1

)ξ
· (4n − 4)

+

(
d − 2
ξ − 2

)
2d−ξ

(
1
t
− 1

)ξ−2

· (2n − 2)

for ξ ∈ {0, . . . , d − 2}, where U is a random vector distributed uniformly on
[0; 1]d and Ũ is a random vector distributed uniformly on [0; 1]2. Moreover,

E Ñt,〈2:d−2:d〉(D1 + tU )− E Ñt,〈2:d−2:d〉(D2 + tU )

= (d − 2)2
(

1
t
− 1

)d−3

· (2n − 2)

and

E Ñt,〈4:d−2:d〉(D1 + tU )− E Ñt,〈4:d−2:d〉(D2 + tU )

=

(
1
t
− 1

)d−2

· (2n − 2).

The equality
E Ñt, j (D1 + tU ) = E Ñt, j (D2 + tU ) = 0

follows from Theorem B.3 for all equivalence classes j of type 〈5 : ξ : d〉,
ξ ∈ {0, . . . , d−2}, and from Corollary B.2 for all remaining equivalence classes
except 〈0 : 0 : d〉. Thus Lemma 7 implies

lim sup
t→0

|E[V̂0(D1 + tU )− V̂0(D2 + tU )]|

6 lim sup
t→0

(d−2∑
ξ=0

((
d − 2
ξ

)
2d−2−ξ

(
1
t
− 1

)ξ
· (4n − 4)

+

(
d − 2
ξ − 2

)
2d−ξ

(
1
t
− 1

)ξ−2

· (2n − 2)
)
· |λ〈1:ξ :d〉(t)|

+

d−2∑
ξ=0

(
d − 2
ξ

)
2d−2−ξ

(
1
t
− 1

)ξ
· (4n − 4) · |λ〈3:ξ :d〉(t)|
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+ (d − 2)2
(

1
t
− 1

)d−3

· (2n − 2) · |λ〈2:d−2:d〉(t)|

+

(
1
t
− 1

)d−2

· (2n − 2) · |λ〈4:d−2:d〉(t)|
)

= 0 (15)

if the worst case asymptotic bias of V̂0 is finite. Hence the worst case asymptotic
bias of V̂0 is at least n − 1 in any case.

The assertion concerning the constant estimator follows the same way as in
the special case d = 2.

Proof of Theorem 3. Let ε ∈ (0; 1). Set Dν := Cν × [−1/2; 1/2]d−k−2,
ν = 1, 2, where C1 and C2 are the sets from the proof of Theorem 1 for some
n > 6r/ε. Put

ρ :=
k

√
r − ε/3

n
,

µ :=
ε

3 max({
∑min{k,d−k}

i=1
(k

i

)
ρk−i |Vi |(Dν)|ν = 1, 2} ∪ {ε})

,

and Eν := µCν × [−µ/2;µ/2]d−k−2
× [−ρ/2; ρ/2]k , ν = 1, 2. Since we have

shown V0(D1) = n and V0(D2) = 2−n in the proof of Theorem 1, Corollary A.7
gives

Vk(E1)=

min{k,d−k}∑
i=0

(
k
i

)
ρk−iµi Vi (D1)

>ρk V0(D1)− µ ·

min{k,d−k}∑
i=1

(
k
i

)
ρk−i
|Vi |(D1)

>
r − ε/3

n
· n −

ε

3
> r − ε

and

Vk(E2)6 ρ
k V0(D2)+ µ ·

min{k,d−k}∑
i=1

(
k
i

)
ρk−i
|Vi |(D2)

6
r − ε/3

n
· (2− n)+

ε

3

=
2r
n
− r −

2ε
3n
+
ε

3
+
ε

3
6−r + ε.

Similar as above, we get for ν = 1, 2

|Vk |(Eν)6
min{k,d−k}∑

i=0

(
k
i

)
ρk−iµi

|Vi |(Dν)
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6 ρk
|V0|(Dν)+ µ ·

min{k,d−k}∑
i=1

(
k
i

)
ρk−i
|Vi |(Dν)

6 r.

Moreover, we get

lim sup
t→0

|E[V̂k(E1 + tU )− V̂k(E2 + tU )]| = 0

the same way as (15), where U is a random vector distributed uniformly on
[0; 1]d . Hence we obtain lim supt→0 |E V̂k(E1 + tU ) − Vk(E1)| > r − ε or
lim supt→0 |E V̂k(E2 + tU ) − Vk(E2)| > r − ε. Since ε > 0 was arbitrary, the
worst case bias of V̂k is at least r .

A. Appendix. Intrinsic volumes and support measures. A compact, non-empty
subset of Rd will be called a body. We let N (K ) denote the normal bundle of a
convex body K ⊆ Rd .

LEMMA A.1. Let K ⊆ Rd be from the convex ring. Then

40(K ,N (conv K )) = 1.

Proof. Using the index function approach for the extension of the support
measures to the convex ring (see e.g. [9, pp. 219–222]), it is easy to see that for
all Borel sets η ⊆ N (conv K ) ∩ ((bd K )× Sd−1) we have

4k(K , η) = 4k(conv K , η), k = 0, . . . , d − 1.

As a consequence of [9, (4.6.1)], 40(conv K , ·) is concentrated on (bd K ) ×
Sd−1. Thus

40(K ,N (conv K ))=40(conv K ,N (conv K ) ∩ ((bd K )× Sd−1))

= V0(conv K ) = 1. 2

The fact that support measures are defined locally, which is well known for
convex bodies, is also true for sets from the convex ring.

LEMMA A.2. Let K , L ⊆ Rd be two sets from the convex ring and let η ⊆
Rd
× Sd−1 be a Borel set. If there is an open set O ⊆ Rd with K ∩ O = L ∩ O

and η ⊆ O × Sd−1, then

4k(K , η) = 4k(L , η), k = 0, . . . , d − 1.

Proof. Under the additional assumption that there are some ε > 0 and some
open set O ′ ⊆ Rd with O ′ + εBd

⊆ O and η ⊆ O ′ × Sd−1, the statement is
easily established using index functions. By standard theorems from measure
theory, the result extends to the general case. 2
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The following lemma is easily established using the formula for support
measures of polytopes and Lemma A.2.

LEMMA A.3. Let L ⊆ Rd be a set from the convex ring, such that there
is a convex body K ⊆ Rd and pairwise disjoint convex bodies K1, . . . , Kn ⊆

int K with interior points fulfilling L = K\
⋃n

i=1 int Ki . Then K1, . . . , Kn are
polytopes and

4k(L , η) = 4k(K , η)+ (−1)d−k+1
n∑

i=1

4k(Ki , η
∗),

for k = 0, . . . , d − 1, where η∗ = {(x,−u) | (x, u) ∈ η}.

The following lemma is a bit unsatisfactory, since it is probably true for
all sets K ⊆ Rd that can be represented as finite unions of convex bodies
with interior points. However, it is not obvious how to prove this more general
statement.

LEMMA A.4. Let K ∈ P (d), d > 2, and k ∈ {0, . . . , d − 1}. Then 4k(K , ·)
is not the zero measure.

Proof. In the case d = 2, k = 1, this statement is obvious, and in the case
d = 2, k = 0, it follows from Lemma A.1. In the case d > 3, it follows by an
induction with respect to d from Lemma A.5 below. 2

We denote by e1, . . . , ed the standard basis in Rd , by κk, k ∈ N, the volume
of the k-dimensional unit ball and by Vd we denote the Lebesgue measure. Since
the Lebesgue measure coincides with the dth intrinsic volume, whenever both
notions are defined, the use of the same symbol is no problem.

Now we will show how the support measures of a cylinder set can be
computed from the support measures of its base.

LEMMA A.5. Let K ⊆ Rd−1 be from the convex ring and h > 0. For any
Borel set η ⊆ Rd

× Sd−1 we have

4d−1(K × [0; h], η)

=
1
2

Vd−1({x ∈ K | ((x, 0),−ed) ∈ η})

+

∫ h

0

∫
Rd−1×Sd−2

1η((x, y), (u, 0))4d−2(K , d(x, u)) dy

+
1
2

Vd−1({x ∈ K | ((x, h), ed) ∈ η})

and

4k(K × [0; h], η)

=
κd−k−1

κd−k

d − k − 1
d − k

∫
Rd−1×Sd−2

∫ π/2

0
cosd−k−2 φ
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× 1η((x, 0), (cosφ · u,−sinφ)) dφ 4k(K , d(x, u))

+

∫ h

0

∫
Rd−1×Sd−2

1η((x, y), (u, 0))4k−1(K , d(x, u)) dy

+
κd−k−1

κd−k

d − k − 1
d − k

∫
Rd−1×Sd−2

∫ π/2

0
cosd−k−2 φ

× 1η((x, h), (cosφ · u, sinφ)) dφ 4k(K , d(x, u)), k = 1, . . . , d − 2,

and

40(K × [0; h], η)

=
κd−1

κd

d − 1
d

∫
Rd−1×Sd−2

∫ π/2

0
cosd−2 φ

× 1η((x, 0), (cosφ · u,−sinφ)) dφ 40(K , d(x, u))

+
κd−1

κd

d − 1
d

∫
Rd−1×Sd−2

∫ π/2

0
cosd−2 φ

× 1η((x, h), (cosφ · u, sinφ)) dφ 40(K , d(x, u)).

Proof. Assume additionally that K is convex. For a convex body L and v ∈
Rd
\L let p(L , v) denote the metric projection of v to L and set u(L , v) :=

(v − p(L , v))/‖v − p(L , v)‖.
Then for r > 0

d−1∑
k=0

κd−krd−k4k(K × [0; h], η)

= Vd({v ∈ (K × [0; h] + r Bd)\(K × [0; h]) |
(p(K × [0; h], v), u(K × [0; h], v)) ∈ η})

=

∫ r+h

−r
Vd−1({x ∈ Rd−1

| (x, y) ∈ (K × [0; h] + r Bd)\(K × [0; h]),

(p(K × [0; h], (x, y)), u(K × [0; h], (x, y))) ∈ η}) dy

=

∫ 0

−r
Vd−1({x ∈ K | ((x, 0),−ed) ∈ η})

+ Vd−1

({
x ∈ (K +

√
r2 − y2 Bd−1)\K

∣∣∣∣(
(p(K , x), 0),

(x − p(K , x), y)
‖(x − p(K , x), y)‖

)
∈ η

})
dy

+

∫ h

0
Vd−1({x ∈ (K + r Bd−1)\K | ((p(K , x), y), (u(K , x), 0)) ∈ η}) dy

+

∫ r

0
Vd−1({x ∈ K | ((x, h), ed) ∈ η})

+ Vd−1

({
x ∈ (K +

√
r2 − y2 Bd−1)\K

∣∣∣∣(
(p(K , x), h),

(x − p(K , x), y)
‖(x − p(K , x), y)‖

)
∈ η

})
dy.
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We get∫ 0

−r
Vd−1

({
x ∈ (K +

√
r2 − y2 Bd−1)\K

∣∣∣∣(
(p(K , x), 0),

(x − p(K , x), y)
‖(x − p(K , x), y)‖

)
∈ η

})
dy

=

∫ 0

−r

d−2∑
k=0

κd−k−1(d − k − 1)
∫
Rd−1×Sd−2

∫ √r2−y2

0
sd−k−2

× 1η((x, 0), (su, y)/‖(su, y)‖) ds4k(K , d(x, u)) dy

=

d−2∑
k=0

κd−k−1(d − k − 1)
∫
Rd−1×Sd−2

∫ r

0

∫ π/2

0
(z · cosφ)d−k−2

× 1η((x, 0), (cosφ · u,−sinφ)) · z dφ dz4k(K , d(x, u))

=

d−2∑
k=0

κd−k−1
d − k − 1

d − k

∫
Rd−1×Sd−2

rd−k
∫ π/2

0
cosd−k−2 φ

× 1η((x, 0), (cosφ · u,−sinφ)) dφ 4k(K , d(x, u)),

and the same way∫ r

0
Vd−1

({
x ∈ (K +

√
r2 − y2 Bd−1)\K |(

(p(K , x), h),
(x − p(K , x), y)
‖(x − p(K , x), y)‖

)
∈ η

})
dy

=

d−2∑
k=0

κd−k−1
d − k − 1

d − k

∫
Rd−1×Sd−2

rd−k
∫ π/2

0
cosd−k−2 φ

× 1η((x, h), (cosφ · u, sinφ)) dφ 4k(K , d(x, u)).

Moreover,∫ h

0
Vd−1({x ∈ (K + r Bd−1)\K | ((p(K , x), y), (u(K , x), 0)) ∈ η}) dy

=

∫ h

0

d−2∑
k=0

κd−k−1(d − k − 1)
∫
Rd−1×Sd−2

∫ r

0
sd−k−2

× 1η((x, y), (u, 0)) ds4k(K , d(x, u)) dy

=

d−2∑
k=0

κd−k−1

∫ h

0

∫
Rd−1×Sd−2

rd−k−11η((x, y), (u, 0))4k(K , d(x, u)) dy

=

d−1∑
k=1

κd−krd−k
∫ h

0

∫
Rd−1×Sd−2

1η((x, y), (u, 0))4k−1(K , d(x, u)) dy.
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Altogether this is

d−1∑
k=0

κd−krd−k4k(K × [0; h], η)

= r · Vd−1({x ∈ K | ((x, 0),−ed) ∈ η})

+

d−2∑
k=0

κd−k−1
d − k − 1

d − k

∫
Rd−1×Sd−2

rd−k
∫ π/2

0
cosd−k−2 φ

× 1η((x, 0), (cosφ · u,−sinφ)) dφ 4k(K , d(x, u))

+

d−1∑
k=1

κd−krd−k
∫ h

0

∫
Rd−1×Sd−2

1η((x, y), (u, 0))4k−1(K , d(x, u)) dy

+ r · Vd−1({x ∈ K | ((x, h), ed) ∈ η})

+

d−2∑
k=0

κd−k−1
d − k − 1

d − k

∫
Rd−1×Sd−2

rd−k
∫ π/2

0
cosd−k−2 φ

× 1η((x, h), (cosφ · u, sinφ)) dφ 4k(K , d(x, u)).

Since r was arbitrary, the claim holds if K is convex. Using the additivity of the
support measures, one sees by induction that the claim holds for sets K that can
be obtained as the union of n convex bodies, n ∈ N. 2

We let R+0 denote the set of non-negative real numbers.

COROLLARY A.6. Let K ⊆ Rd−1 be from the convex ring and h > 0. Then

Vk(K × [0; h]) = Vk(K )+ hVk−1(K ), k = 1, . . . , d − 1, (A.1)

V0(K × [0; h]) = V0(K ), (A.2)

|Vk |(K × [0; h]) 6 |Vk |(K )+ h|Vk−1|(K ), k = 1, . . . , d − 1, (A.3)

|V0|(K × [0; h]) 6 |V0|(K ). (A.4)

Proof. The equalities (A.1) and (A.2) are immediate consequences of
Lemma A.5, since

κl−1

κl

l − 1
l

∫ π/2

0
cosl−2 φ dφ =

1
2
, l ∈ N.

For a signed measure µ we let µ+ denote the positive part with respect to the
Jordan decomposition. We let P ⊆ Rd

× Sd−1 denote the positive set of the
Hahn decomposition of4k(K ×[0; h], ·). Using the facts that4+k (K ×[0; h], η)
= 4k(K×[0; h], η∩P) and that

∫
f (x) dµ(x) 6

∫
f (x) dµ+(x) for any signed

measure µ defined on some measure space (�,A) and any measurable function
f :�→ R+0 and finally employing the monotonicity of measures, one concludes
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from Lemma A.5 that

4+k (K × [0; h], η)

6
κd−k−1

κd−k

d − k − 1
d − k

∫
Rd−1×Sd−2

∫ π/2

0
cosd−k−2 φ

× 1η((x, 0), (cosφ · u,−sinφ)) dφ 4+k (K , d(x, u))

+

∫ h

0

∫
Rd−1×Sd−2

1η((x, y), (u, 0))4+k−1(K , d(x, u)) dy

+
κd−k−1

κd−k

d − k − 1
d − k

∫
Rd−1×Sd−2

∫ π/2

0
cosd−k−2 φ

× 1η((x, h), (cosφ · u, sinφ)) dφ 4+k (K , d(x, u)), k = 1, . . . , d − 2,

and

4+0 (K × [0; h], η)6
κd−1

κd

d − 1
d

∫
Rd−1×Sd−2

∫ π/2

0
cosd−2 φ

× 1η((x, 0), (cosφ · u,−sinφ)) dφ 4+0 (K , d(x, u))

+
κd−1

κd

d − 1
d

∫
Rd−1×Sd−2

∫ π/2

0
cosd−2 φ

× 1η((x, h), (cosφ · u, sinφ)) dφ 4+0 (K , d(x, u))

for any measurable set η ⊆ Rd
× Sd−1. Hence we get (A.3) for k = 1, . . . ,

d − 2 and (A.4). In the case k = d − 1 we have Vk(K × [0; h]) = |Vk |(K ×
[0; h]), Vk(K ) = |Vk |(K ) and Vk−1(K ) = |Vk−1|(K ) and hence (A.3) follows
from (A.1). 2

Applying Corollary A.6 inductively, we get the following result.

COROLLARY A.7. Let K ⊆ Rn be from the convex ring, h > 0 and N ∈ N.
Then for k = 0, . . . , N + n we have

Vk(K × [0; h]N ) =
min{k,n}∑
i=max
{0,k−N }

(
N

k − i

)
hk−i Vi (K ), (A.5)

|Vk |(K × [0; h]N ) 6
min{k,n}∑
i=max
{0,k−N }

(
N

k − i

)
hk−i
|Vi |(K ). (A.6)

B. Appendix. Pixel configuration counts. Now we examine the pixel
configuration counts of cylinder sets.

LEMMA B.1. Let K ⊆ (−1; 1)d−1 be an arbitrary set, −1 < a < b < 1
and 0 < t < min{1 + a, 1 − b} and I ∈ {1, . . . , 2(2

d )
} the number of a pixel

configuration (BI ,WI ). If there is at least one integer multiple of t in [a; b],
then Nt,I (K × [a; b]) equals:
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• Nt,i (K ) if there is a d − 1-dimensional pixel configuration (Bi ,Wi )

fulfilling (BI = Bi × {0} 6= ∅ and WI = Wi × {0} ∪ {0, 1}d−1
× {1})

or (BI = Bi × {1} 6= ∅ and WI = Wi × {1} ∪ {0, 1}d−1
× {0});

• (p − 1) · Nt,i (K ) if BI = Bi × {0, 1} 6= ∅ and WI = Wi × {0, 1}, where
p := #{z ∈ Z | t z ∈ [a; b]};

• (q − p − 2) · (q − 1)d−1
+ (p + 1) · Nt,i (K ) if BI = ∅, WI = {0, 1}d ,

Bi = ∅ and Wi = {0, 1}d−1, where q := #{z ∈ Z | t z ∈ [−1; 1]} is the
number of pixels in [−1; 1];

• 0 otherwise.
If there is no integer multiple of t in [a; b], then we have Nt,I (K × [a; b]) =
(q−1)d if BI = ∅ and WI = {0, 1}d and we have Nt,I (K×[a; b])= 0 otherwise.

Proof. Assume that there is an integer multiple of t in [a; b] and that BI =

Bi × {0, 1} 6= ∅ and WI = Wi × {0, 1}. Then for all x ∈ tZd−1 and y ∈ tZ the
conditions

(x, y)+ t BI ⊆ K × [a; b] ∧ (x, y)+ tWI ⊆ (K × [a; b])C

and
x + t Bi ⊆ K ∧ x + tWi ⊆ K C

∧ {y, y + t} ⊆ [a; b]

are equivalent. Hence

Nt,I (K × [a; b])= #({x ∈ tZd−1
∩ [−1; 1− t]d−1

|

x + t Bi ⊆ K ∧ x + tWi ⊆ K C
}

× {y ∈ tZ | {y, y + t} ⊆ [a; b]})
= Nt,i (K ) · (p − 1).

The other assertions of the lemma follow similarly. 2

In images of cylinder sets with a two-dimensional base only pixel
configurations belonging to equivalence classes which have been given a name
on p. 494 can occur. More precisely, we have the following corollary, which
follows from Lemma B.1 by induction.

COROLLARY B.2. If Ñt, j (K × [a1; b1] × [a2; b2] × · · · × [ad−2; bd−2]) 6= 0
for a set K ⊆ [−1; 1]2, numbers a1 < b1, . . . , ad−2 < bd−2, some t > 0 and
some equivalence class j , then j is one of the following:

〈1 : ξ : d〉, 〈3 : ξ : d〉, 〈5 : ξ : d〉, ξ ∈ {0, . . . , d − 2},
〈0 : 0 : d〉, 〈2 : d − 2 : d〉, 〈4 : d − 2 : d〉.

THEOREM B.3. For t ∈ (0; 1/3), ξ ∈ {−2, . . . , d − 2} there are functions
ct,ξ : (t; 1− 2t)d−2

→ R+0 such that

E Ñt,〈1:ξ :d〉(K × [0; h1] × · · · × [0; hd−2] + tU )

= ct,ξ (h1, . . . , hd−2) · E Ñt,1(K + tŨ )
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+ ct,ξ−1(h1, . . . , hd−2) · E Ñt,2(K + tŨ )

+ ct,ξ−2(h1, . . . , hd−2) · E Ñt,4(K + tŨ ), ξ ∈ {0, . . . , d − 2},

E Ñt,〈2:d−2:d〉(K × [0; h1] × · · · × [0; hd−2] + tU )

= ct,d−2(h1, . . . , hd−2) · E Ñt,2(K + tŨ )
+ ct,d−3(h1, . . . , hd−2) · E Ñt,4(K + tŨ ),

E Ñt,〈4:d−2:d〉(K × [0; h1] × · · · × [0; hd−2] + tU )

= ct,d−2(h1, . . . , hd−2) · E Ñt,4(K + tŨ ),

E Ñt,〈3:ξ :d〉(K × [0; h1] × · · · × [0; hd−2] + tU )

= ct,ξ (h1, . . . , hd−2) · E Ñt,3(K + tŨ ), ξ ∈ {0, . . . , d − 2},

E Ñt,〈5:ξ :d〉(K × [0; h1] × · · · × [0; hd−2] + tU )

= ct,ξ (h1, . . . , hd−2) · E Ñt,5(K + tŨ ), ξ ∈ {0, . . . , d − 2},

for any compact set K ⊆ (−1+ t; 1−2t)2 and h1, . . . , hd−2 ∈ (t; 1−2t), where
U is a random vector distributed uniformly on [0; 1]d and Ũ is a random vector
distributed uniformly on [0; 1]2. These functions are monotonically increasing
in all arguments and fulfill ct,ξ ≡ 0 if ξ < 0 and

ct,ξ (h, . . . , h) =
(

d − 2
ξ

)
2d−2−ξ

(
h
t
− 1

)ξ
for h ∈ (t; 1− 2t) if ξ > 0.

We remark, that replacing K + tŨ by arbitrary random compact subsets of
(−1+ t; 1− 2t)2 is straightforward.

Proof. We define the functions ct,ξ recursively. If d = 2, we put ct,ξ = 1 for
ξ = 0 and ct,ξ = 0 for ξ < 0. If d > 2 we put ct,−2(h1, . . . , hd−2) = 0,

ct,ξ (h1, . . . , hd−2)=

(
hd−2

t
− 1

)
ct,ξ−1(h1, . . . , hd−3)

+ 2ct,ξ (h1, . . . , hd−3), ξ ∈ {−1, . . . , d − 3},

and

ct,d−2(h1, . . . , hd−2) =

(
hd−2

t
− 1

)
ct,d−3(h1, . . . , hd−3).

Now assume d > 3. For fixed ι ∈ {1, . . . , 5} and ξ ∈ {0, . . . , d − 2}, all pixel
configurations that belong to class 〈ι : ξ : d〉 and may occur in images of cylinder
sets K × [a; b], K ⊆ (−1; 1)d−1, −1 < a < b < 1 are of one of the following
types:
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• (B̃×{0}, W̃×{0}∪{0, 1}d−1
×{1}) and (B̃×{1}, W̃×{1}∪{0, 1}d−1

×{0}),
where (B̃, W̃ ) is a pixel configuration of class 〈ι : ξ : d − 1〉, if and only if
ξ < d − 2;

• (B̃×{0}, W̃×{0}∪{0, 1}d−1
×{1}) and (B̃×{1}, W̃×{1}∪{0, 1}d−1

×{0}),
where (B̃, W̃ ) is a pixel configuration of class 〈2ι : ξ − 1 : d − 1〉, if and
only if ι ∈ {1, 2} and ξ > 0 (notice that these configurations were already
mentioned in the first point if and only if ξ < d − 2);

• (B̃ × {0, 1}, W̃ × {0, 1}), where (B̃, W̃ ) is a pixel configuration of class
〈ι : ξ − 1 : d − 1〉, if and only if ξ > 0; and

• (B̃ × {0, 1}, W̃ × {0, 1}), where (B̃, W̃ ) is a pixel configuration of class
〈ι/2 : ξ : d − 1〉, if and only if ι ∈ {2, 4} and ξ < d − 2 (notice that
these configurations were already mentioned in the third point if and only
if ξ > 0).

It is easy to see that all these configurations belong to class 〈ι : ξ : d〉. In order to
prove the reverse statement, let (B,W ) be a pixel configuration of class 〈ι : ξ : d〉.
Then there is an isometry g : Rd

→ Rd with

g(B) = Bι × {0, 1}ξ × {0}d−ξ−2

and

g(W ) = Wι × {0, 1}ξ × {0}d−ξ−2
∪ {0, 1}ξ+2

× ({0, 1}d−ξ−2
\{0}d−ξ−2),

where (Bι,Wι) is a 2 × 2-pixel configuration of class ι. Since g leaves {0, 1}d

invariant, there must be some ` ∈ {1, . . . , d} with g(ed) − g(0) = ±e`.
Distinguishing cases with respect to `, one sees that (B,W ) really is of one
of the four types mentioned above. We demonstrate this for the case ` = 1. By
Lemma B.1 there are sets B̃ ⊆ {0, 1}d−1, B ′ ⊆ {0, 1} with B = B̃ × B ′ and
hence there are sets A(1) ⊆ {0, 1} and A(2) ⊆ {0, 1}d−1 with

A(1) × A(2) = g(B) = Bι × {0, 1}ξ × {0}d−ξ−2.

Thus ι 6= 3 and ι 6= 5. We have to consider several subcases and show here only
the subcase ι = 1, ξ > 0. Then B ′ = {0} or B ′ = {1}. Moreover, let h : Rd

→ Rd

be the map that moves the first component to the dth, the dth component to the
ξ + 2nd, the ξ + 2nd to the first and leaves all other components invariant. We
have (h ◦ g)(ed) − (h ◦ g)(0) = ±ed , w.l.o.g. (h ◦ g)(ed) − (h ◦ g)(0) = +ed .
Then (h ◦ g)(Rd−1) ⊆ Rd−1 and so we can consider the map

f : Rd−1
→ Rd−1, x 7→ (h ◦ g)(x).

Now f (B̃) = {0, 1} × {0} × {0, 1}ξ−1
× {0}d−ξ−2, the 2× 2-pixel configuration

({0, 1} × {0}, {0, 1} × {1}) is of equivalence class 2 and f is an isometry. So
(B̃, W̃ ) is of class 〈2 : ξ − 1 : d − 1〉. Treating all remaining cases in a similar
way, one sees that (B,W ) is of one of the four types mentioned above.

Formula (28) of [3] yields E #{z ∈ Z | t z ∈ [tU2; hd−2 + tU2]} = hd−2/t ,
where U2 is a random number distributed uniformly on [0; 1]. We let U1 denote
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a random vector distributed uniformly on [0; 1]d−1. Now Lemma B.1 gives

E Ñt,〈ι:d−2:d〉(K × [0; h1] × · · · × [0; hd−2] + tU )

= 2 · E Ñt,〈2ι:d−3:d−1〉(K × [0; h1] × · · · × [0; hd−3] + tU1)

+

(
hd−2

t
− 1

)
· E Ñt,〈ι:d−3:d−1〉(K × [0; h1] × · · · × [0; hd−3] + tU1),

ι ∈ {1, 2},

E Ñt,〈ι:d−2:d〉(K × [0; h1] × · · · × [0; hd−2] + tU )

=

(
hd−2

t
− 1

)
· E Ñt,〈ι:d−3:d−1〉(K × [0; h1] × · · · × [0; hd−3] + tU1),

ι ∈ {3, 4, 5},

E Ñt,〈ι:0:d〉(K × [0; h1] × · · · × [0; hd−2] + tU )

= 2 · E Ñt,〈ι:0:d−1〉(K × [0; h1] × · · · × [0; hd−3] + tU1), ι ∈ {1, 3, 5},

E Ñt,〈ι:ξ :d〉(K × [0; h1] × · · · × [0; hd−2] + tU )

= 2 · E Ñt,〈ι:ξ :d−1〉(K × [0; h1] × · · · × [0; hd−3] + tU1)

+

(
hd−2

t
− 1

)
· E Ñt,〈ι:ξ−1:d−1〉(K × [0; h1] × · · · × [0; hd−3] + tU1),

ι ∈ {1, 3, 5}, ξ ∈ {1, . . . , d − 3}.

Now the assertions follow by an elementary induction. 2
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Closed walls in otherwise open foam structuresmay have a great impact onmacroscopic properties of themate-
rials. In this paper, we present two algorithms for the segmentation of such closed walls from micro-computed
tomography images of the foam structure. The techniques are compared on simulated data and applied to tomo-
graphic images of ceramicfilters. This allows for a detailed statistical analysis of the normal directions and sizes of
the walls. Finally, we explain how the information derived from the segmentedwall system can be included in a
stochastic microstructure model for the foam.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Ceramic foams are widely used in casting processes as filters for the
metallic melt. The large amount of filters needed in these applications
asks for quick and cheap production processes. Nevertheless, the micro-
structure of the filter media has to be controlled to achieve the desired
filtration behaviour. An established method to produce ceramic filters is
by covering a template provided by an open cell polymer foam with ce-
ramic slurry. After the ceramic has dried, the foam is burned to improve
itsmechanical strength. A visualisation of amicro-computed tomography
(μCT) image of a typical ceramic filter is shown in Fig. 1. Basically, the fil-
ters can be interpreted as open foamswhose cell system is induced by the
polymer template. Additional characteristics are some closed walls,
which are formedwhenwindows in the polymer foamare closed by slur-
ry during the coating process, and a within-strut porosity resulting from
the combustion of the polymer foam during the firing of the ceramic.

It is well-known that the permeability of a ceramic filter highly
depends on itsmicrostructure. Hence, methods for the analysis and char-
acterisation of the microstructure geometry are important tools helping
to understand and optimize filter media. A common approach is the
quantitative analysis of tomographic images as they carry the full infor-
mation on the 3D microstructure. Methods for the reconstruction and
analysis of the cell system of open foams based on 3D image data can

be found in [18,20]. Analysis andmodelling of the strut system, in partic-
ular the locally varying strut thickness, are discussed in [5,11,22]. In the
current work we are interested in the system of closed walls of the
ceramic filters. In [19] a significant impact of the wall orientation on the
filtration behaviour was observed. Therefore, we introduce techniques
for segmenting the wall system from a μCT image of the filter which
allows for a detailed statistical analysis of wall orientations and sizes.

A detailed study of complex microstructure-property relations
would ask for the production, experimental testing and geometric char-
acterisation of a larger sample of test materials. This approach is time
consuming and costly. An alternative is provided via microstructure
models from stochastic geometry. In a first step, a model is fit to the
observed microstructure using the geometric characteristics obtained
via image analysis. Variation of the model parameters then allows the
simulation of virtual microstructures with altered microstructure ge-
ometry. Prediction of macroscopic material properties in these models
allows drawing conclusions on the effect of certain microstructure fea-
tures on the material behaviour.

A suitable model class for the cell system of foams is provided by
random tessellations [4,6,8]. A common approach is to first fit a random
Laguerre tessellation [9] to the observed cell system. For the model fit,
geometric characteristics estimated from the reconstructed foam cells
are used [18]. In a second step, the strut system of an open foam can
bemodelled by locally adaptive dilation of the edges of the tessellation's
cells [10,11]. A first approach for incorporating closed walls in the
tessellation models has been introduced in [19]. Here, we present tech-
niques for refining this approach by making use of geometric wall char-
acteristics estimated from the segmented wall systems.
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2. Segmentation methods

A first step towards a geometric characterisation of the wall system
is the segmentation of walls from the μCT images. In the following, we
assume that the cell system of a foam consists of a collection of approx-
imately polyhedral cells. The boundary of each cell is formed by a sys-
tem of two-dimensional polygons, which we call the facets of the cell.
Each facet is the common boundary of two cells. While most facets are
open, some facets are covered by ceramic to form closed walls. As men-
tioned in the Introduction, the solid component of the ceramic foams
possesses some internal porosity. The algorithms presented in the
following assume that internal pores are closed. This can be achieved
by a suitable morphological preprocessing (see Section 3.1).

In the present section, we describe two methods for the segmenta-
tion of the closed walls of a foam. The first one is based on the analysis
of intensity variations by means of the Hessian matrix of the smoothed
grey scale profile of the μCT image. The second one checks whether the
facets determined from a cell reconstruction are closed.

2.1. Eigenvalue method

The firstmethod is based on the assumption that the solid component
of the foamcan be decomposed into struts andwallswhich can be detect-
ed from the grey value profile of the image. More precisely, we use the
eigenvalues of the Hessian matrix to locally distinguish between points
of struts and walls. Originally, this technique was proposed in [3] to
enhance blood vessels in μCT images. Here, however, we follow the pre-
sentation given in [12].

We assume that the grey scale profile of a μCT image ismodelled by a
function g : ℝ3 → ℝ. Let us denote by G(x, s) the isotropic Gaussian
kernel with standard deviation s, i.e.

G : ℝ3 �ℝþ→ℝ; x; sð Þ↦ 1ffiffiffiffiffiffi
2π

p 3
s3

e−
xk k2
2s2 :

As in [3], the γ-normalised derivative of g at scale s is defined by

∂
∂x g x; sð Þ ¼ sγ � g xð Þ � ∂

∂xG x; sð Þ; ð1Þ

where γ∈ [0,1] is a normalisation factor and * denotes the convolution.
Note that in the original definition of this quantity given in [13,14] an
exponent of γ/2 was used.

Our approach is based on evaluating the second order partial deriv-
atives given by the Hessian matrix H(x, s) with entries

Hi; j x; sð Þ ¼ sγ � g xð Þ � ∂2

∂xi∂xj
G x; sð Þ; i; j ¼ 1;…;3: ð2Þ

Intuitively, the second derivative of the Gaussian kernel serves as a
probe kernel to analyse the contrast between regions within and out-
side distance s from x.

Geometrically, H(x, s) maps a spherical neighbourhood centred at x
to an ellipsoid that represents the strength of the local grey value varia-
tion around g(x). The directions of its semi-axes correspond to the
eigenvectors of H, their lengths are given by the magnitudes of the cor-
responding eigenvalues.

We denote by λ1(x, s), λ2(x, s), and λ3(x, s) the eigenvalues of H(x, s)
sorted such that |λ1(x, s)|≤ |λ2(x, s)|≤ |λ3(x, s)|. In tubular structures of
diameter swehave local changes of the grey value in two directions and
no change in the third direction, such that we observe two large eigen-
values while the third one is significantly smaller:

0≈jλ1 x; sð Þj≪jλ2 x; sð Þj≈jλ3 x; sð Þj:

By a similar argument, in spherical structures of size s we get

0≪jλ1 x; sð Þj≈jλ2 x; sð Þj≈jλ3 x; sð Þj

and in planar structures of thickness s

0≈jλ1 x; sð Þj≈jλ2 x; sð Þj≪jλ3 x; sð Þj:

The signs of the eigenvalues indicate whether the structure lies in
the foreground or in the background of the image.

To distinguish between spherical and other structures, we consider

RB x; sð Þ ¼ λ1 x; sð Þj jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 x; sð Þλ3 x; sð Þj jp ; ð3Þ

which is close to one in spherical structures and close to zero in tubular
and planar structures.

Tubular and planar structures can be distinguished using the quantity

RA x; sð Þ ¼ λ2 x; sð Þj j
λ3 x; sð Þj j ð4Þ

which is close to one in tubular structures and close to zero in planar
structures.

If a point x has a distance much larger than s from any structural
change, H(x, s) will be close to zero with the exact value depending on
local noise. Thus, the absolute values of all eigenvalues in x are much
smaller than the maximal absolute value of an eigenvalue occurring in
the whole image. Consequently, for testing whether observed changes
in the grey value are structural changes or only noise, we may use the
Frobenius norm

S x; sð Þ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1 x; sð Þ2 þ λ2 x; sð Þ2 þ λ3 x; sð Þ2

q
; ð5Þ

of the Hessian matrix H(x, s) which attains high values only near struc-
tural changes.

Fig. 1. Visualisation of a μCT image of a ceramic filter. Image: Fraunhofer ITWM. The
visualisation shows 230 × 630 × 630 voxels at a voxel edge length of 33.91 μm, i.e.
approximately 7.8 × 21.4 × 21.4 mm of material.
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To check whether a point x is contained in a wall of thickness ap-
proximately s, we combine Eqs. (3)–(5) into a product of exponentials
of scaled versions of RA, RB and S, i.e.

W x; sð Þ ¼
0 λ3 x; sð ÞN0;
e−a x;sð Þe−b x;sð Þ 1−e−c x;sð Þ� �

else;

(
ð6Þ

where

a x; sð Þ ¼ RA x; sð Þ2
α

; b x; sð Þ ¼ RB x; sð Þ2
β

and c x; sð Þ ¼ S x; sð Þ2
η sð Þ : ð7Þ

Its sensitivitywith respect to RA and RB is controlled by the parameters
α, β N 0. Following [3], we set η sð Þ :¼ maxxS x; sð Þ2. Since the thickness of
the wall may vary throughout the sample, we consider

W xð Þ ¼ max
smin ≤ s≤ smax

W x; sð Þ; ð8Þ

where smin and smax are the minimal and maximal wall thickness,
respectively.

Binarisation of W with a suitably selected threshold yields an
approximation W1 of the wall system as shown in Fig. 2. Obviously,
different walls in W1 can still be connected. This problem can be
solved by subtracting the strut system from W1. In analogy to
Eq. (6) and as proposed in [3], elongated structures at scale s can be de-
tected by analysis of

S x; sð Þ ¼
0 λ1 x; sð ÞN0orλ3 x; sð ÞN0;
1−e−a x;sð Þ� �

e−b x;sð Þ 1−e−c x;sð Þ� �
else;

(

ð9Þ

where the functions a, b, and c are defined as in Eq. (7). Again we
consider

S xð Þ ¼ max
s0min ≤ s≤ s0max

S x; sð Þ ð10Þ

for the minimal and maximal strut thickness smin′ and smax′ in the sam-
ple. A segmentation S1 of the strut system is then obtained by
thresholding S(x).

Since the segmented struts might not be thick enough to successful-
ly separate thewalls (see Fig. 3(a) and (b)), we dilate S1 before subtrac-
tion. A simple dilationwith a ball results in concavities at the boundaries
of the walls(see Fig. 3(c) and (d)). To preserve the shape of the walls,
we use line segments as structuring elements for the dilation (see
Fig. 3(e) and (f)). The direction of the line segments is chosen locally
adaptively as follows. Let σ xð Þ ¼ argmaxs0min≤ s≤ s0max

W x; sð Þ which is a
measure for the local wall thickness in a voxel x. Now consider the

eigenvector u3(x) corresponding to the absolutely largest eigenvalue
of the Hessian matrix H(x, σ(x)) of the grey value image in voxel x.
Then u3(x) yields an approximation of the normal direction of the clos-
est wall adjacent to the strut. Hence, a dilation with a line segmentwith
direction u3(x) will expand the struts perpendicular to the walls. The
length ℓ of the line segments is a fixed input parameter which should
be chosen depending on the wall thickness in the material. Subtracting
the dilated strut system from W1 gives an approximation to the wall
system where the individual walls are separated. Since the adaptive
dilation causes a rough boundary structure, the result is smoothed by
a 3 × 3 × 3-median filter.

2.2. Cell reconstruction method

For some of our statistical analyses, it will be necessary to also recon-
struct the full system of facets. As this cannot be obtained by the eigen-
value method, we consider another approach that was proposed by
Redenbach et al. [19].

Its idea is as follows: First the cells are reconstructed using the
watershed transform. See [15] for an introduction to the watershed
transform and [1] or ([16], p. 145–148) for a description how to use
the watershed transform for reconstructing cells. This method turns
the binarised image of a foam into a label image, where each cell of
the foam is given a distinct label. Voxels at the common boundary of
two or more cells are not attributed to any cell so that the reconstruc-
tions of different cells never touch (see Fig. 4). These watershed voxels
are classified as facet, edge and vertex voxels as follows. For eachwater-
shed voxel the number of neighbouring cells is counted. Points which
have four different cells in their neighbourhood become vertices, points
with three cells in their neighbourhood belong to edges, and pointswith
two neighbouring cells belong to facets (see [1]). In the resulting image,
different facets may still touch. Hence, the edge system is dilated with a
cube and subtracted from the facet system to obtain a systemof isolated
facets.

In a second step, we have to determine which of these facets are
closed in the foam. For that purpose we compute the intersection of
each facetwith a binarisation of the μCT image of the foam. A facet is de-
clared to be a wall if more than a certain fraction p of its voxels belongs
to the foreground (the solid component) in the binarisation.

Cells hitting the image boundary are oftenmergedwith neighbouring
cells during cell reconstruction. In this case, the facets separating the cells
cannot be detected. Consequently, the resulting facet or wall systems
should only be analysed in reduced subvolumes which are not affected
by edge effects.

Furthermore, it should be emphasized that the thickness of the
reconstructed walls is just the thickness of the cell boundaries drawn
by the watershed algorithm and does not provide any information
about the real thickness of the walls.

Fig. 2. Original foam (left) and the setW1 (right). The visualisations show 300 × 300 × 150 voxels at a voxel edge length of 33.91 μm, i.e. approximately 10.2 × 10.2 × 5.1mmofmaterial.
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2.3. Comparison of the two methods

Now we evaluate the methods described above on both simulated
and real data.

Themodel for the simulated data is based on a random Laguerre tes-
sellation, aweighted version of thewell-knownVoronoi tessellation [9].
As system of generators we have chosen a random close packing of balls
which was generated using the force biased algorithm. The artificial
strut system is formed by a locally adaptive dilation (see [2]) of the
edge system of the tessellation. Letting the local strut thickness depend
on the distance to the nearest vertex allows for the generation of typical
strut thickness profiles: struts are thick close to the vertices and thinner in
their centres. For a detailed description of themodel see [10]. Additional-
ly, we added closed walls to the foam by including facets of the tessella-
tion cells. Each facet was closed with probability 1/3 independently of
the other facets. The resulting facet system was adaptively dilated as
well to mimic curvature of the walls as observed in the real foam. A visu-
alisation of the model is shown in Fig. 5. By the subtraction of a dilated
version of the strut system from the input image we obtained the system
of closed walls which is used as ground truth in our evaluation.

The walls in the image were segmented using both methods intro-
duced above. Testing various values for the parameter γ in Eq. (2) we
found that 0.75 is a suitable choice. Moreover, setting α = 0.25 and
β = 1 in Eq. (6) yields a good contrast between walls and struts. For
the minimal and maximal wall thickness we chose smin = 2 and
smax = 5. Evaluating W(x, s) in Eq. (8) only for integers s appeared to
be a fine enough discretisation. Asminimal andmaximal strut thickness
we took smin′=2 and smax′=9. The length ℓ of the line segments used
for dilating the strut system was set to 8.

In the cell reconstruction method the edge length of the cube that
was used to dilate the strut system was set to 5 voxels, as a cube of
edge length 3 voxels was not large enough to separate all facets. A suit-
able value for p was determined experimentally as p = 0.98.

While the model was simulated on a cube with an edge length of
630 voxels, the segmentedwall systemswere analysed only on a small-
er cube of 400 voxels edge length centred in the original cube to avoid
edge effects. Small noise objects in the segmentation were excluded
by restricting attention to objects with at least 1400 voxels in the eigen-
value method. Since the original thickness of the facets is not recon-
structed in the cell reconstruction method, the threshold was reduced
to 500 voxels in this case. The number and the total volume of the
walls found by the two algorithms are reported and compared with
the true values in Table 1. Visualisations of the segmented wall systems
are shown in Fig. 5. Both methods produce good results concerning
number and shape of the walls. Differences between the true and the
segmented walls are mainly observed at the edges of the walls which
is due to the fact that the borders between walls and struts are not
found correctly.

To further evaluate the performance of both algorithms they were
applied to an image of a real ceramic filter (see Fig. 5, details on thema-
terial and the image data are given in the next section). Here, it turned
out that the eigenvalue method has problems with very thin walls.
Some voxels from the centre of such a wall may not be recognized as
part of the wall system, resulting in holes inside the walls. Moreover,
sometimes a strut and two adjacent walls form an almost planar struc-
ture. In such a case the post-processing step of the eigenvalue method
may fail because no part of the strut is recognized correctly such that
the walls remain connected. When applying the cell reconstruction
method, it turned out that the fraction p had to be reduced significantly.
In the sample studied here, a value of p = 0.6 yielded the best result.

In conclusion, none of the two methods is clearly better than the
other. In the simulated example both methods slightly overestimated
thenumber ofwalls. In practice, themethod should be chosen according
to the desired information. While the cell reconstruction method only
yields a skeleton of the walls, the eigenvalue method preserves the
shape of thewalls. Hence, only the lattermethod can be used if volumes

(a) S1 (b) W1 minus (a) (c) S1 dilated with a ball (d) W1 minus (c) (e) S1 adaptively dilated
with line segments

(f) W1 minus (e)

Fig. 3. Sectional images of the strut systems and the segmented walls for various choices of the dilation parameters.

Fig. 4. A slice of the input (left) and the output (right) of the watershed method for cell reconstruction.
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or shapes of the walls are of interest. On the other hand, the cell recon-
struction method is able to also reconstruct open facets. Consequently,
it is the method of choice to estimate closeness probabilities (see
Section 4). Edge effects aremore severe in the cell reconstructionmeth-
od than in the eigenvaluemethodwhich implies that a larger part of the
sample has to be discarded.

3. Application

3.1. Data

In the following, we analyse the wall systems of eight samples of sil-
icon carbide filters. The dimension of the samples is 2.1 × 5 × 5 cm. Five
foams with a pore size of 20 ppi (pores per inch) are considered, while
the remaining three samples have 30 ppi. The samples were scanned by
μCT at the Fraunhofer ITWM in Kaiserslautern with a voxel edge length
of 33.91 μm resulting in an image size of approximately 700 × 1500 ×
1500 voxels. A visualisation of one sample is shown in Fig. 1.

Prior to the wall segmentation the porosity in the struts was
removed by a morphological closure. Then the wall systems in the
foams were determined using the eigenvalue method described
above. The parameter γ was set to γ = 0.25 for the 20 ppi foams and

γ = 0.75 for the 30 ppi foams. Only objects with a volume of at least
1600 voxels were counted as walls. The remaining parameters were
chosen as in Section 2.3. In the preparation for the cell reconstruction
method the solid component in the foams was segmented using Otsu's
method [17]. Then the morphological closure was applied to the
binarised image.

During the coating process slurry accumulates along the edges of the
foam sample. In these regions a segmentation of single walls was not
possible. Therefore and to avoid further bias due to edge effects, only a
central cuboid of 500 × 700 × 700 voxels was considered in our analy-
sis. The volume fractions and wall intensities of the eight foam samples
are given in Table 2. The three 30 ppi filters show a clear linear depen-
dence between the solid volume fraction and the wall intensity (corre-
lation coefficient 0.91). For the five 20 ppi filters the linear dependence
is less pronounced (correlation coefficient 0.67).

3.2. Determining the normal vectors of the walls

Our first goal is the analysis of the distribution of wall normal di-
rections. Therefore, the normal direction of each segmented wall has

Fig. 5.Original samples (left), reconstructions of thewall systemby the eigenvaluemethod (middle) and the cell reconstructionmethod (right) for the simulated test foam (top) and a real
ceramic filter (bottom). Visualised are 2003 voxels.

Table 1
Comparison of the true wall system with the ones found by the eigenvalue method (EV)
andby the cell reconstructionmethod (CR). Reported are thenumbers ofwallswith centre
in a cube in of 400 voxels edge length in themiddle of the original cube and the volume of
the intersection of the wall system with the cube of 400 voxel edge length. Since the cell
reconstruction method does not reconstruct the thickness of the walls, a comparison of
the volumes does not make sense in this case.

Method No. of walls Volume (in voxels)

True 226 2.56e6
EV 244 2.71e6
CR 255 –

Table 2
Characteristics of the analysed foam samples.

Sample Cell size
[ppi]

Weight of
complete
filter [g]

Volume
fraction in
window [%]

Wall intensity
[1/500 × 700 × 700 voxels]

A17 20 19.0 17.92 806.79
B7 20 16.7 14.09 713.93
C1 20 16.1 13.85 601.72
C14 20 16.4 14.95 798.95
C20 20 16.3 14.54 758.03
D10 30 22.1 20.35 1739.50
E8 30 18.0 15.86 1682.17
F9 30 13.7 11.61 1265.67
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to be determined. Similar to Section 2.1, we consider the Hessian
matrix H(x, s) of the function

ℝ3 �ℝþ→ℝ; x; sð Þ↦sγ � b xð Þ � G x; sð Þ ð11Þ

for s = 3, where b : ℝ3 → ℝ is the indicator function of the segmen-
tation of the wall system by the eigenvalue method as introduced in
Section 2.1. If a wall was ideally planar, then the normal vector
would be the eigenvector corresponding to the absolutely largest ei-
genvalue of the Hessian. Thus it seems reasonable to consider this
eigenvector as normal vector of the wall. Since this eigenvector is
not the same for all voxels of a wall, we take the average. For this
it is necessary that all eigenvectors point to the same side of the
wall. Thus we change the sign of an eigenvector if the scalar product
with a fixed vector vT is negative. The vector vT is chosen the follow-
ing way: For each voxel x of a wall W a local normal direction vx′ is
computed as the eigenvector of H(x, 3) having the absolutely largest
eigenvalue. Now vT is chosen as the eigenvector corresponding to
the absolutely largest eigenvalue of the matrix

X
x∈W

v0x v0x
� �T

:

We put

vx ¼
v0x if v0x; vT

� �
≥0

−v0x if v0x; vT
� �

b0

(

and approximate the normal vector nW of the wall W by

nW ¼
X

x∈W
vxX

x∈W
vx

			 			 :

3.3. Comparison of the directional distribution in different foams

To account for the difference of the wall normal distributions in
different foams we introduce the following coordinate system: The
x-direction corresponds to the direction of the shortest edge of the cu-
boidal foam sample. The y- and z-directions are given by the two longer
edges of the cuboid. The y-direction corresponds to themotion direction
of the assembly linewhen thefilters are produced. It can easily be deter-
mined, as the volume fraction of ceramics near the filter boundaries is
much higher in z-direction than in y-direction (see Fig. 1). Due to the
production process, there are hardly any walls with normal direction
close to the x-axis. Hence, we decided to reduce the analysis to a one-
dimensional problem by studying only the distributions of longitudes
of normal vectors. By longitude of a vector v ∈ ℝ3 \ {0} we mean the
angle from the (positive or negative) y-axis counter-clock-wise to the
orthogonal projection of v onto the y–z-plane. So the longitude of a vec-
tor is between 0° and 180° and the longitude of v coincideswith the lon-
gitude of −v.

For each pair of foams we test whether the longitudes of the wall
normals have the samedistribution by applying a Kolmogorov–Smirnov
test. The results are reported in Table 3. For some pairs of foams these
distributions are significantly different. This is well explained by the
production process. The cellular system of the foams is not isotropic,
but cells are elongated along one axis (see Fig. 1). Since foams are placed
on the assembly line in a random way, the elongation direction
might either point in the flow direction of the assembly line or or-
thogonal to it. For the filters A17, B7 and E8 the elongation direction
is the z-direction while it is the y-direction for the other filters.
Hence, the distribution of wall normal directions depends on the
orientation of the foam during the coating process.

Kernel density estimates for the longitudes are shown in Fig. 6. For
all foams the longitudes have a mode near 90°, which means that the
projected normal vector points in z-direction. The peak is more pro-
nounced for the filters whose cells are elongated in z-direction. This is
due to the fact that facets with normal vector pointing to the elongation
direction tend to be smaller — hence, are closed more easily — than
facets with normal vectors perpendicular to the elongation direction.

No significant difference of the wall normal distributions in dif-
ferent regions of the sampling window could be detected. Hence,
the distribution of wall normals in the sampling window can be as-
sumed stationary.

4. Stochastic modelling of ceramic foams

In the following, we assume that a random tessellation model has
been fit to the cell system of the foam. A model for the strut system of
the foam is then obtained by a dilation of the edge system of the tessel-
lation. Dilating also (a subset of) the facet system allows to model
(partially) closed foams. The selection of the facets representing the
closed walls requires an estimate of the frequency of closed walls as
well as a decision which of the facets should be closed. A first approach
for incorporating closed walls in the tessellationmodels has been intro-
duced in [19]. Using the wall segmentation methods described above,
this modelling step can be refined.

4.1. Inclusion of closed walls in Laguerre tessellation model

Given a realization of the cell model, we need to determine a set of
facets which should be closed such that the observed distribution of
wall normal directions is reproduced. That means, for each facet in the

Table 3
The p-values of Kolmogorov–Smirnov tests for the equality of the distribution of the
longitudes of the normal vectors of thewalls in different foams. Results that are significant
on the 5%-level are printed in bold.

B7 C1 C14 C20 D10 E8 F9
20ppi A17 0.276 0.207 0.332 0.043 0.180 0.251 0.012

B7 0.175 0.267 0.074 0.068 0.795 0.009
C1 0.909 0.858 0.851 0.062 0.282

C14 0.381 0.999 0.083 0.417
C20 0.157 0.034 0.143

30ppi D10 0.011 0.496
E8 0.001

Fig. 6. Kernel density plots of the longitudes of the normal vectors of the walls for each
foam. A Gauss kernel with a bandwidth of 12° was used.
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tessellation we have to decide whether to close it, where the closing
probability depends on its normal direction u. As in [19] we get

P closedjuð Þ ¼ P closedð Þg ujclosedð Þ
g uð Þ ; ð12Þ

where P(closed) is the proportion of closed walls among the facets in the
foam and g(u|closed) is the density of the distribution of normal direc-
tions of the walls as estimated from the segmentation. In practice, it is
helpful to fit a parametric model to the density g(u|closed) as described
in the next section. Finally, g(u) is the density of facet normal directions
in the tessellation which can be computed analytically (see [19]).

Computing closeness probabilities using Eq. (12) is based on the as-
sumption that the closeness probability solely depends on the normal
direction of a wall and is independent of other characteristics such as
the wall size. This assumption does not seem very realistic as one can
expect that smaller facets are closed with a higher probability. Our seg-
mentationmethods allow to refine themodel fit by including facet sizes
(or other characteristics which can be estimated from the segmented
facet system) into the closeness probabilities. As a size measure for
the facets we use the number of voxels of their reconstruction from
the watershed method. As the reconstructions have constant thickness,
this is proportional to the area of the facets.

Now, we consider the probability that a facet is closed given its
normal direction u and its area s

P closedju; sð Þ ¼ P closedjsð Þ f ujs; closedð Þ
f ujsð Þ : ð13Þ

A practical approach for evaluating Eq. (13) is to divide the support
of the area distribution into n size classes and to consider probabilities

P closedju; kð Þ ¼ P closedjkð Þ f ujk; closedð Þ
f ujkð Þ ; 1≤k≤n; ð14Þ

conditioned on a wall belonging to the kth class. For the computation of
P(closed|k), the normal directions and areas of all facets are determined
from thewatershed reconstruction of the foam cells. Then, for each size
class the fraction of closed walls is determined. An exemplary result,
computed for sample F9, is shown in Table 4. As expected, it turns out
that small facets are closed with a higher probability than large ones.

The densities f(u|k, closed) and f(u|k) of normal directions of closed
walls and facets in size class k are estimated from the segmented wall
and facet systems, respectively. They can be modelled as described in
the next section. In an isotropic cell system, f(u|k) is the uniform
distribution on the sphere, independently of k.

4.2. Modelling the directions of the walls

For computing the values of Eq. (12) or Eq. (14), a parametric model
for the densities g(u|closed) and f(u|k, closed) is helpful. It turns out that

mixtures of Watson distributions are suitable models for the normal di-
rections of the walls.

The Watson distribution is a distribution on the unit sphere S2 with
density

f κ;μ uð Þ ¼ cκ exp κ μ;uh i2
� �

; u∈S2;

where

cκ ¼ 1

4π
Z 1

0
exp κx2

� �
dx

:

Here κ∈ℝ is a concentration parameter and μ∈ S2 describes the di-
rection of the symmetry axis. The Watson distribution is symmetric
about the origin and therefore suitable for directional data. For κ N 0 it
is a bipolar distribution with preferred direction ± μ, for κ = 0 it is
the uniform distribution, and for κ b 0 it is a girdle distribution with
preference plane spanned by the great circle orthogonal to μ.

Mixtures of Watson distributions are distributions with densities

h uð Þ ¼
Xm
i¼1

αi f κ i ;μ i
uð Þ;

where α1,…, αm are positive numberswith∑i = 1
m αi=1, κ1,…, κm∈ℝ

and μ1,…, μm ∈ S2. Sampling a point from this mixture distribution can
be imagined as a two-step-process: First one number I ∈ {1, …, m} is
chosen at random, where each number i is selected with probability
αi. In the second step a direction is sampled from the Watson distribu-
tion with parameters κI and μI.

Now we use the expectation maximization (EM) algorithm de-
scribed in [21] to get approximate maximum-likelihood estimates for
the parameters α1, …, αm, κ1, …, κm, μ1, …, μm. This algorithm requires
that beside the number m of components also the number g of girdle
components, i.e. the number of i ∈ {1, …, m} with κi b 0, is prescribed.
We fit models withm=2, g= 0,1,2 andm=3, g= 0,1,2,3. The results
for sample A17 are reported in Table 5.

The estimated axes μi of all girdle components are almost parallel to
the x-axis. This is explained by the fact that there are hardly any walls
whose normal direction is almost parallel to the x-axis and thus a fitted
distribution cannot have much mass near the x-axis. Therefore it is not

Table 4
Closeness probabilities depending on size classes for sample F9. The area is approximated
by the number of voxels of the walls.

Class Area [voxels] No. of facets No. of walls Ratio [%]

1 [500, 1034] 240 205 85.4
2 [1035, 1551] 241 177 73.4
3 [1552, 1917] 239 140 58.6
4 [1918, 2314] 240 132 55.0
5 [2315, 2639 240 100 41.7
6 [2640, 2988] 240 78 32.5
7 [2989, 3387] 240 58 24.2
8 [3388, 3848] 241 34 14.1
9 [3849, 4458] 239 17 7.1
10 [4459, 9273] 243 9 3.7
total [500, 9273] 2403 950 39.5

Table 5
The fitted parameters of the mixture models for the foam A17. The BIC is enclosed in
brackets if the model is ruled out before the BIC is considered (see text).

m g i αi κi μi BIC

2 0 1 0.593 2.134 (−0.009, −0.180, 0.984)
2 0.407 2.053 (0.059, −0.878, −0.475) 3096

2 1 1 0.777 −3.231 (0.997, 0.079, −0.004)
2 0.223 2.323 (0.054, −0.066, −0.996) 1593

2 2 1 0.512 −3.095 (0.998, 0.058, 0.015)
2 0.488 −3.182 (0.995, 0.097, 0.010) (1501)

3 0 1 0.322 2.236 (0.056, −0.935, −0.349)
2 0.325 2.429 (0.074, −0.172, −0.982)
3 0.353 2.089 (0.051, −0.381, 0.923) 3057

3 1 1 0.526 −3.967 (0.998, 0.066, 0.003)
2 0.254 2.072 (0.082, −0.320, −0.944)
3 0.219 1.687 (0.055, −0.272, 0.961) 1578

3 2 1 0.428 −3.418 (0.998, 0.016, 0.064)
2 0.327 −3.300 (0.981, 0.162, −0.102)
3 0.244 2.306 (0.047, 0.031, −0.998) (1570)

3 3 1 0.501 −3.459 (0.999, 0.019, 0.045)
2 0.340 −3.185 (0.990, 0.139, −0.025)
3 0.159 −2.384 (0.988, 0.155, −0.019) (1488)
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surprising that also in the other foams afitted axis of a girdle component
never deviates more than 15° from the x-axis.

Consequently,we restrict attention to the case g≤ 1 as the girdle dis-
tributions with similar axes are considered redundant (see Table 5). To
select one of the remaining four models, we use the Bayesian informa-
tion criterion (BIC), see [7]. A model is the better the smaller its BIC is.
The values for the BIC are also reported in Table 5.

Thus the best model is obtained form= 3, g=1, i.e. the mixture
of one girdle component and two bipolar components. This is also
supported by the visual impression when comparing the densities
of the models with a kernel density estimate of the real normal
directions, see Fig. 7. For all other foams except E8 we obtain similar
results: In each case the best model is a mixture of one girdle
component whose axis is very close to the x-axis and two bipolar
components of which at least one axis is close to the z-axis. For E8,
a mixture of one girdle component with axis in x-direction and

one bipolar component with axis in z-direction was preferred, see
Table 6.

5. Discussion

The existence of closed walls is a typical feature in ceramic foams
which highly affects the permeability of the materials. To facilitate the
understanding of the influence of closed walls we have developed
tools for analysing the wall systems in tomographic images of the
foams and to include them in stochastic microstructure models for the
filters.

We have proposed two algorithms for segmenting the wall system
of a ceramic foam from a μCT image. The first one is based on the eigen-
values of the Hessian matrix of an appropriately smoothed version of
the grey scale profile of the μCT image. The second one is based on a re-
construction of the cell system of the foam. Only the first method aims
at reconstructing the shape and in particular the thickness of the
walls. However, the second method provides information on all (not
only the closed) facets of the foams. This allows us to compute closeness
probabilities which are needed for including facets in the microstruc-
ture model.

The analysis of several ceramic filter samples has shown significant
differences between the distributions of the wall normal directions in
different filters. These differences are well explained by the production
process.

We have shown how to estimate the fraction of closed walls among
the facets of the foamand how tofit a parametricmodel to the sample of
wall normal directions. Based on this information, closed walls can be
included in establishedmicrostructuremodels for open foams. A combi-
nation of themodel fitting techniques for the cell and strut systems pre-
sented in [10] with the wall model presented here allows to fully cover
specific microstructure features of the filters. Relations between partic-
ular microstructure characteristics and the filtration behaviour could
now be studied by means of flow simulations on models with different
microstructure characteristics.

Finally, it should be mentioned that the methods presented in this
paper are not limited to ceramic filters. Closed walls as described here
are also observed in open cell metal foams [12]. Hence, our techniques
may also help in analysing these materials.
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Fig. 7. Comparison between a kernel density estimate of the real normal directions (top left) and the densities of the seven models considered in this section.

Table 6
Parameters of the fitted models for the normal directions of the walls for each foam.

foam αi κi μ i

A17 0.526 −3.967 (0.998, 0.066, 0.003)
0.254 2.072 (0.082, −0.320, −0.944)
0.219 1.687 (0.055, −0.272, 0.961)

B7 0.470 −4.618 (0.997, 0.043, −0.059)
0.217 2.629 (0.022, −0.256, −0.966)
0.313 2.216 (0.204, −0.429, 0.880)

C1 0.499 −4.845 (0.998, 0.050, 0.028)
0.218 1.812 (0.176, −0.378, −0.909)
0.282 1.935 (0.054, −0.607, 0.793)

C14 0.574 −5.155 (0.999, 0.009, 0.033)
0.204 2.171 (0.151, −0.417, −0.897)
0.221 1.913 (0.043, −0.599, 0.799)

C20 0.538 −4.756 (0.992, −0.127, −0.022)
0.190 2.255 (0.068, −0.288, −0.955)
0.272 2.160 (0.048, −0.676, 0.736)

D10 0.532 −3.585 (0.995, −0.094, 0.013)
0.216 1.643 (0.067, −0.363, −0.929)
0.252 1.302 (0.025, −0.684, 0.729)

E8 0.738 −2.896 (0.984, −0.103, −0.145)
0.262 2.463 (−0.110, 0.054, −0.992)

F9 0.534 −5.477 (1.000, 0.024, 0.014)
0.191 1.955 (0.163, −0.459, −0.873)
0.275 1.938 (0.103, −0.876, 0.471)
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In this paper we show a central limit theorem for Lebesgue integrals of stationary BL(θ)-
dependent random fields as the integration domain grows in Van Hove-sense. Our method
is to use the (known) analogue result for discrete sums.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Random fields are collections of random variables indexed by the Euclidean space Rd. They have applications in various
branches of science, e.g. in medicine (Adler et al., in preparation; Taylor and Worsley, 2007), in geostatistics (Chilés and
Delfiner, 2007; Wackernagel, 2003) or in material science (Mecke and Stoyan, 2002; Torquato, 2002).

The aim of the present paper is to establish a central limit theorem for integrals

Wn

X(t) dt , where (Wn)n∈N is a sequence
of compact subsets of Rd and (X(t))t∈Rd is a random field. The sequence (Wn)n∈N of integration domains is assumed to grow
in Van Hove-sense (VH-sense), i.e.

lim
n→∞

λd((bdWn) + Bd)/λd(Wn) = 0,

where λd denotes the Lebesgue measure, bdW is the boundary ofW ⊆ Rd, A + B := {a + b | a ∈ A, b ∈ B} for two subsets
A, B ⊆ Rd and Bd

:= {x ∈ Rd
| ∥x∥ ≤ 1} is the closed Euclidean unit ball.

The main result of the present paper is the following (the notion of BL(θ)-dependence will be defined in Section 2.1).

Theorem 1. Let θ = (θr)r∈N be a monotonically decreasing zero sequence. Let (X(t))t∈Rd be a measurable, stationary, BL(θ)-
dependent R-valued random field such that

Rd

CovX(0), X(t)
 dt < ∞.

Let (Wn)n∈N be a VH-growing sequence of subsets of Rd. Then
Wn

X(t) dt − E X(0)λd(Wn)
√

λd(Wn)
→ N (0, σ 2), n → ∞,
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in distribution, where

σ 2
:=


Rd

Cov

X(0), X(t)


dt.

We call a random field (X(t))t∈Rd stationary if

(X(t1 + h), . . . , X(tn + h)) d
= (X(t1), . . . , X(tn)), t1, . . . , tn, h ∈ Rd.

Notice that some authors call such a field strictly stationary.
There is a wide literature on similar results, where mixing conditions are assumed instead of BL(θ)-dependence, see e.g.

Leonenko (1974), Bulinski and Zurbenko (1976), Gorodetski (1984) and Ivanov and Leonenko (1989). For BL(θ)-dependent
random fields there are no central limit theorems for Lebesgue integrals up to now. However, there are such results for
discrete sums (Bulinski and Shashkin, 2007) and for Lebesgue measures of excursion sets (Bulinski et al., 2012). In the
latter paper the random field is in fact assumed to be quasi-associated, which is a slightly stronger assumption than BL(θ)-
dependence.

This paper is organized as follows: In Section 2we collect preliminaries about associated randomvariables, random fields
and functions of bounded variation. Section 3 is devoted to the proof of the main theorem. In Section 4 we present several
examples how the main result can be extended to a multivariate central limit theorem. The case that the random field is of
the form (f (X(t)))t∈Rd for some deterministic function f : R → Rs and some random R-valued field (X(t))t∈Rd will be of
particular interest.

2. Preliminaries

2.1. Association concepts and random fields

In this subsection we collect preliminaries about random fields. Mainly, we introduce different association concepts and
discuss their relations.

We start with the concept of BL(θ)-dependence.
For finite subsets I, J ⊆ Rd we put dist(I, J) := min{∥x−y∥1 : x ∈ I, y ∈ J}, where ∥·∥1 is the ℓ1-norm. For two Lipschitz

functions f : Rn1 → R and g : Rn2 → R we put

Ψ (n1, n2, f , g) = min{n1, n2} Lip(f ) Lip(g),

where

Lip(f ) := sup


|f (x) − f (y)|
∥x − y∥1

x, y ∈ Rn, x ≠ y


denotes the (optimal) Lipschitz constant of a Lipschitz function f : Rn
→ R.

For a random field (X(t))t∈Rd , a finite subset I = {t1, . . . , tn} ⊆ Rd with n elements and a function f on Rn we abbreviate
f (XI) := f (X(t1), . . . , X(tn)). If such an abbreviation XI appears more than once within one formula, then always the same
enumeration of the elements of I has to be used.

For a setM let #M denote the number of elements ofM .
Furthermore, for ∆ > 0 we put

T (∆) := {(j1/∆, . . . , jd/∆) | (j1, . . . , jd) ∈ Zd
}.

Def. 2. Let θ = (θr)r∈N be a monotonically decreasing sequence with limr→∞ θr = 0.

(i) An Rs-valued random field (X(t))t∈Rd is called BL(θ)-dependent if for any ∆ > 1 and any disjoint, finite sets I, J ⊆ T (∆)
with dist(I, J) ≥ r and all bounded Lipschitz functions f : Rs·#I

→ R and g : Rs·#J
→ R we have

| Cov(f (XI), g(XJ))| ≤ Ψ (#I,#J, f , g)∆dθr .

(ii) An Rs-valued random field (X(t))t∈Zd is called BL(θ)-dependent if for any disjoint, finite sets I, J ⊆ Zd with dist(I, J) ≥ r
and all bounded Lipschitz functions f : Rs·#I

→ R and g : Rs·#J
→ R we have

| Cov(f (XI), g(XJ))| ≤ Ψ (#I,#J, f , g)θr .

Lemma 3. Let θ = (θr)r∈N be a monotonically decreasing sequence with limr→∞ θr = 0. Let (X(t))t∈T be a BL(θ)-dependent
random field and let f : Rs

→ Rs′ be a Lipschitz function. Then there is a monotonically decreasing sequence θ ′
= (θ ′

r)r∈N with
limr→∞ θ ′

r = 0 such that (f (X(t)))t∈T is BL(θ ′)-dependent.
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Proof. Observing that the composition of two Lipschitz functions is again Lipschitz continuous with Lipschitz constant
not greater than the product of the two individual Lipschitz constants, the assertion follows from the definition of BL(θ)-
dependence. �

An Rs-valued random field (X(t))t∈T is called positively associated (PA) if

Cov(f (XI), g(XJ)) ≥ 0

for any finite sets I, J ⊆ T and functions f : Rs·#I
→ R and g : Rs·#J

→ R which are bounded and monotonically increasing
in every coordinate.

For a Lipschitz function f : Rn
→ R we define coordinate-wise Lipschitz constants by

Lipk(f ) = sup


|f (x1, . . . , xk−1, yk, xk+1, . . . , xn) − f (x1, . . . , xk−1, zk, xk+1, . . . , xn)|
|yk − zk|


× x1, . . . , xk−1, xk+1, . . . , xn, yk, zk ∈ R, yk ≠ zk


, k ∈ {1, . . . , n}.

In the sequel, we will consider Lipschitz continuous functions on spaces like Rs·#I . A coordinate of Rs·#I is given by a pair
(t, k), t ∈ I , k ∈ {1, . . . , s}, so coordinate-wise Lipschitz-constants will look like Lipt,k(f ).

An Rs-valued random field (X(t))t∈T with E[Xk(t)2] < ∞, t ∈ T , k = 1, . . . , s, is called quasi-associated (QA) if

| Cov(f (XI), g(XJ))| ≤


t∈I

s
k=1


u∈J

s
l=1

Lipt,k(f ) · Lipu,l(g)| Cov(Xk(t), Xl(u))|

for any finite sets I, J ⊆ T and Lipschitz continuous functions f : Rs·#I
→ R and g : Rs·#J

→ R.
It is well known that every PA random field is also QA, see e.g. Theorem 5.3 in Bulinski and Shashkin (2007, p. 89) (this

theorem is only formulated in the special case s = 1 and T = Zd, but the proof holds in the present setting).

Lemma 4. Let (X(t))t∈Rd be an Rs-valued QA random field. Assume that there are c > 0 and ϵ > 0 with

| Cov(Xi(t1), Xj(t2))| ≤ c · ∥t1 − t2∥−d−ϵ
∞

for t1, t2 ∈ Rd and i, j = 1, . . . , s. Then (X(t))t∈Rd is BL(θ)-dependent for some monotonically decreasing zero sequence θ .

Proof. Let r > 0, ∆ > 1 and let I, J ⊆ T (∆) be finite with dist(I, J) ≥ r , w.l.o.g. #I ≤ #J . Moreover, let f : Rs·#I
→ R and

g : Rs·#J
→ R be bounded and Lipschitz continuous. Then

| Cov(f (XI), g(XJ))| ≤


t∈I

s
k=1


u∈J

s
l=1

Lipt,k(f ) · Lipu,l(g)| Cov(Xk(t), Xl(u))|

≤ s2 · #I · Lip(f ) · Lip(g) · max
t,k,l


u∈J

| Cov(Xk(t), Xl(u))|

≤ s2 · #I · Lip(f ) · Lip(g) · max
t∈I


u∈J

c · ∥t − u∥−d−ϵ
∞

.

For fixed t ∈ I we get if r > 1
u∈J

∥t − u∥−d−ϵ
∞

≤

∞
s=⌈r∆⌉

 s
∆

−d−ϵ

· #

v ∈ T (∆) | ∥v∥∞ =

s
∆


=

∞
s=⌈r∆⌉

 s
∆

−d−ϵ

·

(2s + 1)d − (2s − 1)d


= ∆d+ϵ

∞
s=⌈r∆⌉

d−1
ι=0

s−d−ϵ


d
ι


(1 + (−1)d−ι−1)(2s)ι

≤ ∆d+ϵ


∞

⌈r∆⌉−1

d−1
ι=0


d
ι


(1 + (−1)d−ι−1)2ιs−d−ϵ+ι ds

≤ ∆d+ϵ
d−1
ι=0


d
ι


(1 + (−1)d−ι−1)2ι (r∆ − ∆)−d−ϵ+ι+1

d + ϵ − ι − 1

≤ ∆d
d−1
ι=0


d
ι


(1 + (−1)d−ι−1)2ι (r − 1)−d−ϵ+ι+1

d + ϵ − ι − 1
.
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Putting

θr :=


c · s2

d−1
ι=0


d
ι


(1 + (−1)d−ι−1)2ι (r − 1)−d−ϵ+ι+1

d + ϵ − ι − 1
for r > 1,

3ds2 · max
i=1,...,s

Var(Xi(0)) + θ2 for r = 1,

we obtain

| Cov(f (XI), g(XJ))| ≤ s2 · #I · Lip(f ) · Lip(g) · c · ∆d
d−1
ι=0


d
ι


(1 + (−1)d−ι−1)2ι (r − 1)−d−ϵ+ι+1

d + ϵ − ι − 1

≤ min{#I,#J} · Lip(f ) · Lip(g) · ∆dθr

for r > 1 and

| Cov(f (XI), g(XJ))| ≤ s2 · #I · Lip(f ) · Lip(g) · max
t,k,l


u∈J

| Cov(Xk(t), Xl(u))|

≤ s2 · #I · Lip(f ) · Lip(g) · max
t,k,l

 
u∈J

∥t−u∥>∆

| Cov(Xk(t), Xl(u))| +


u∈T (∆)

∥t−u∥≤∆

| Cov(Xk(t), Xl(u))|


≤ min{#I,#J} · Lip(f ) · Lip(g) · ∆dθ2

+ s2 · #I · Lip(f ) · Lip(g) · ∆d
· 3d

· max
i=1,...,s

Var(Xi(0))

= min{#I,#J} · Lip(f ) · Lip(g) · ∆dθ1. �

We end with the only result in this section not involving association concepts.

Lemma 5. Let (X(t))t∈Rd and (Y (t))t∈Rd be two stochastically continuous and measurable random fields having the same finite-
dimensional distributions. Let A1, . . . , Am ⊆ Rd be bounded Borel sets. Assume that


Ai
X(t) dt is defined a.s. for i = 1, . . . ,m,

i.e. not both the positive part and the negative part of these integrals are infinite. Then

A1

Y (t) dt, . . . ,

Am

Y (t) dt are defined
a.s. as well and

A1
X(t) dt, . . . ,


Am

X(t) dt


d
=


A1

Y (t) dt, . . . ,

Am

Y (t) dt


.

Proof. By theMonotone Convergence Theorem, wemay assumew.l.o.g. that there is some N ∈ N such that X(t) ∈ [−N,N]

and Y (t) ∈ [−N,N] for all t ∈ Rd.
Now the assertion follows from the Riemannian definition of the integral; see e.g. Gikhman and Skorokhod (2004, p. 220,

Remark 2) for further details. �

2.2. Functions of bounded variation

A function f : R → R is said to be of locally bounded variation if there are amonotonically increasing function α : R → R
and a monotonically decreasing function β : R → R such that f = α + β . We denote the set of such functions α and β by
A resp. B. We put

f +(x) :=

inf{α(x) | α ∈ A, α(0) = f (0)} if x > 0
f (0) if x = 0
sup{α(x) | α ∈ A, α(0) = f (0)} if x < 0.

It is easy to see that f +
∈ A and f −

:= f − f +
∈ B. We put hf := f +

− f −.

Lemma 6. Let f : R → R be a function of locally bounded variation. Then f = g ◦ hf for a Lipschitz continuous function
g : R → R of Lipschitz constant 1.

Proof. For each x ∈ R, for which there is t ∈ Rwith hf (t) = x, define g(x) := f (t). Now g is well-defined, since for t1, t2 ∈ R
with hf (t1) = hf (t2), f is constant on [t1, t2]. Clearly, f = g ◦ hf . Moreover, g – defined on a subset of R so far – is Lipschitz
continuous with Lipschitz constant 1. Indeed, let x1, x2 ∈ R, x1 < x2, be two points for which there are t1, t2 ∈ R with
hf (t1) = x1 and hf (t2) = x2. Then

hf (t2) − hf (t1) = f +(t2) − f +(t1) − (f −(t2) − f −(t1))

≥ |f +(t2) − f +(t1) + (f −(t2) − f −(t1))| = |f (t2) − f (t1)|.

Hence x2 − x1 ≥ |g(x2) − g(x1)|.
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It remains to show that g has a Lipschitz continuous extension to the whole of R. The domain of g is R minus the union of
countable many, disjoint intervals. For a point x lying on the boundary of the domain of g but not in the domain of g , choose
a sequence (xn)n∈N converging to x such that g(xn) is defined for all n ∈ N. Then (g(xn))n∈N is a Cauchy sequence, since g
is Lipschitz continuous, and hence convergent. Since (g(xn))n∈N is convergent for every such sequence (xn)n∈N, the limit is
independent of the choice of the sequence. So we can put g(x) := limn→∞ g(xn). It is easy to see that this extension still has
Lipschitz constant 1. Now all gaps in the domain of g are open intervals. So they can be filled by affine functions. Clearly, the
Lipschitz constant is preserved again. �

3. The univariate CLT

In this section we will prove Theorem 1.

Proof. For j = (j1, . . . , jd) ∈ Zd we put Qj = ×
d
i=1[ji, ji +1) and Z(j) :=


Qj
X(t) dt −E X(0). We will show that this random

field (Z(j))j∈Zd fulfills the assumptions of Theorem 1.12 of Bulinski and Shashkin (2007, p. 178). The collection

Zn(j) :=
1
nd

n
k1,...,kd=1

X

j1 +

k1
n , . . . , jd +

kd
n


− E X(0), j ∈ Zd,

is BL(θ ′)-dependent for any n ∈ N, where θ ′
r := θr−d. Indeed, let I, J ⊆ Zd and let f : R#I

→ R and g : R#J
→ R be bounded

Lipschitz functions. Put Ĩ = I + {1/n, 2/n, . . . , 1}d, J̃ = J + {1/n, 2/n, . . . , 1}d,

f̃ : R#I·nd
→ R, (x1,1, . . . , x#I,nd) → f

 1
nd

nd
ℓ=1

x1,ℓ − EX(0), . . . ,
1
nd

nd
ℓ=1

x#I,ℓ − EX(0)


and

g̃ : R#J·nd
→ R, (x1,1, . . . , x#J,nd) → g

 1
nd

nd
ℓ=1

x1,ℓ − EX(0), . . . ,
1
nd

nd
ℓ=1

x#J,ℓ − EX(0)

.

Then we have f (Zn,I) = f̃ (XĨ), g(Zn,J) = g̃(XJ̃), Lip(f̃ ) = Lip(f )/nd, Lip(g̃) = Lip(g)/nd and dist(Ĩ, J̃) ≥ dist(I, J) − d. So

Cov(f (Zn,I), g(Zn,J)) = Cov(f̃ (XĨ), g̃(XJ̃))

≤ min{#I · nd,#J · nd
} Lip(f̃ ) Lip(g̃)ndθr−d

= min{#I,#J} Lip(f ) Lip(g)θ ′

r .

If we can show that the finite-dimensional distributions of (Zn(j))j∈Zd converge to those of (Z(j))j∈Zd , then it will follow
immediately from the definitions of BL(θ)-dependence and of convergence in distribution that the field (Z(j))j∈Zd is BL(θ ′)-
dependent. First we will show

lim
n→∞

E |Zn(j) − Z(j)|2 = 0, j ∈ Zd. (1)

Let ϵ > 0. Since the field (X(t))t∈Rd is stationary andmeasurable with EX(0)2 < ∞, arguments from the proof of Roy (2010,
Prop. 3.1) show that it is continuous in 2-mean. Hence there is n such that

E |X(0) − X(t)|2 < ϵ for all t ∈ [0, 1
n ]

d.

Since (Xt)t∈Rd is stationary, this implies

E
X 

j1 +
k1
n , . . . , jd +

kd
n


− X(t)

2 < ϵ for all t ∈


j1 +

k1−1
n , j1 +

k1
n


× · · · ×


jd +

kd−1
n , jd +

kd
n


.

Hence E |Zn(j) − Z(j)|2 < ϵ, which finishes the proof of (1).
Now let j(1), . . . , j(r) ∈ Zd and let δ > 0. From the Chebyshev inequality we get

P
 r

l=1

|Zn(j(l)) − Z(j(l))| > δ


≤

E


r

l=1
|Zn(j(l)) − Z(j(l))|

2


δ2

≤

r ·

r
l=1

E[|Zn(j(l)) − Z(j(l))|2]

δ2
→ 0, n → ∞.

So the finite-dimensional distributions of (Zn(j))j∈Zd converge to those of (Z(j))j∈Zd and hence (Z(j))j∈Zd is BL(θ)-dependent.
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By Lemma 5, the assumption that (X(t))t∈Rd is stationary implies that (Z(j))j∈Zd is stationary. Moreover, (Z(j))j∈Zd is
centered, since

E Z(0) = E


[0,1)d
X(t) dt − E X(0) =


[0,1)d

E X(t) dt − E X(0) = 0.

Further,
j∈Zd

Cov

Z(0), Z(j)


=


j∈Zd


[0,1)d


j+[0,1)d

Cov

X(s), X(t)


dt ds

=


[0,1)d


Rd

Cov

X(0), X(t − s)


dt ds

=


[0,1)d


Rd

Cov

X(0), X(t)


dt ds

=


Rd

Cov

X(0), X(t)


dt.

We put Qn := {j ∈ Zd
| j+[0, 1)d ⊆ Wn} andW−

n :=


j∈Qn


j+[0, 1)d


. As explained in the proof of Bulinski et al. (2012,

Theorem 1.2), the assumption that (Wn)n∈N is VH-growing implies that (Qn)n∈N is regular growing. Now Theorem 1.12 of
Bulinski and Shashkin (2007, p. 178) implies that

W−
n
X(t) dt − λd(W−

n )E X(0)
λd(W−

n )
=


j∈Qn

Z(j)

√
#Qn

→ N (0, σ 2), n → ∞.

If we can show that
Wn\W−

n
X(t) dt − λd(Wn \ W−

n )E X(0)
√

λd(Wn)

P
→ 0, n → ∞, (2)

then Slutsky’s theorem will imply the assertion, since, clearly,


λd(W−
n )/

√
λd(Wn) → 1.

We get

Var


Wn\W−
n

X(t) dt


=


Wn\W−

n


Wn\W−

n

Cov(X(s), X(t)) dt ds

≤


Wn\W−

n


Rd

| Cov(X(s), X(t))| dt ds

= λd(Wn \ W−

n )


Rd

| Cov(X(0), X(t))| dt.

Since (Wn)n∈N is VH-growing, we get

Var


Wn\W−
n
X(t) dt

√
λd(Wn)


=

Var


Wn\W−
n
X(t) dt


λd(Wn)

→ 0, n → ∞.

By the Chebyshev inequality this implies (2). �

4. The multivariate CLTs

In this section we extend Theorem 1 in various ways to multivariate central limit theorems.

Corollary 7. Let θ = (θr)r∈N be a monotonically decreasing zero sequence. Let (X(t))t∈Rd be an Rs-valued random field. Assume
that (X(t))t∈Rd is stationary, measurable, BL(θ )-dependent and fulfills

Rd
| Cov(Xi(0), Xj(t))| dt < ∞, i, j = 1, . . . , s.

Let (Wn)n∈N be a VH-growing sequence of subsets of Rd. Then
Wn

X1(t) dt − E X1(0)λd(Wn)
√

λd(Wn)
, . . . ,


Wn

Xs(t) dt − E Xs(0)λd(Wn)
√

λd(Wn)


→ N (0, Σ)
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as n → ∞ in distribution, where Σ is the matrix with entries
Rd

Cov(Xi(0), Xj(t)) dt, i, j = 1, . . . , s.

Proof. Let u = (u1, . . . , us) ∈ Rs. Then (⟨X(t), u⟩)t∈Rd is BL(θ ′)-dependent for a monotonically decreasing sequence
θ ′

= (θ ′
r)r∈N with limr→∞ θ ′

r = 0 due to Lemma 3. Obviously, (⟨X(t), u⟩)t∈Rd is stationary and measurable. We have
Rd

Cov(⟨X(0), u⟩, ⟨X(t), u⟩) dt =

s
i=1

s
j=1

uiuj


Rd

Cov(Xi(0), Xj(t)) dt = uTΣu.

In particular, the integral is defined. So Theorem 1 implies
Wn

X1(t) dt − E X1(0)λd(Wn)
√

λd(Wn)
, . . . ,


Wn

Xs(t) dt − E Xs(0)λd(Wn)
√

λd(Wn)


, u


=


Wn

⟨X(t), u⟩ dt − E ⟨X(0), u⟩λd(Wn)
√

λd(Wn)
→ N (0, uTΣu), n → ∞.

Since ⟨Y , u⟩ ∼ N (0, uTΣu) for a random vector Y ∼ N (0, Σ), the Theorem of Cramér andWold implies the assertion. �

Corollary 8. Let (X(t))t∈Rd be a stationary, measurable R-valued random field and let f1, . . . , fs : R → R be functions. Let
(Wn)n∈N be a VH-growing sequence of subsets of Rd. Assume that one of the following conditions holds:

(i) The field (X(t))t∈Rd is BL(θ)-dependent for a monotonically decreasing zero sequence θ = (θr)r∈N, the maps f1, . . . , fs are
Lipschitz continuous and

Rd

Covfi(X(0)), fj(X(t))
 dt < ∞, i, j = 1, . . . , s.

(ii) The field (X(t))t∈Rd is QA and there are c > 0 and ϵ > 0 with

Cov(X(0), X(t)) ≤ c · ∥t∥−d−ϵ
∞

, t ∈ Rd. (3)

The maps f1, . . . , fs are Lipschitz continuous.
(iii) The field (X(t))t∈Rd is PA with E X(0)2 < ∞. The maps f1, . . . , fs are of locally bounded variation with E[hfi(X(0))2] < ∞,

i = 1, . . . , s, and there are c > 0 and ϵ > 0 with

Cov

hfi(X(0)), hfj(X(t))


≤ c · ∥t∥−d−ϵ

∞
, t ∈ Rd, i, j = 1, . . . , s. (4)

Then 
Wn

f1(X(t)) dt − E f1(X(0))λd(Wn)
√

λd(Wn)
, . . . ,


Wn

fs(X(t)) dt − E fs(X(0))λd(Wn)
√

λd(Wn)


→ N (0, Σ), n → ∞,

in distribution, where Σ is the matrix with entries
Rd

Cov

fi(X(0)), fj(X(t))


dt, i, j = 1, . . . , s.

Part (i) of this corollary is an immediate consequence of Lemma 3 and Corollary 7.

Proof of Corollary 8(ii). The field (X(t))t∈Rd is BL(θ)-dependent by Lemma 4 and thus Lemma 3 implies that the field
(f1(X(t)), . . . , fs(X(t)))t∈Rd is also BL(θ)-dependent.

By the Monotone Convergence Theorem, the relationCovfi(X(0)), fj(X(t))
 ≤ Lip(fi) · Lip(fj) · | Cov(X(0), X(t))|

holds, even if the Lipschitz functions fi, fj : R → R are unbounded. Moreover, (3) implies
Rd

CovX(0), X(t)
 dt < ∞

and hence
Rd

Covfi(X(0)), fj(X(t))
 dt < ∞, i, j = 1, . . . , s.

So part (i) yields the assertion. �
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Proof of Corollary 8(iii). Since (X(t))t∈Rd is PA, (hf1(X(t)), . . . , hfs(X(t)))t∈Rd is also PA, see Theorem 1.8(d) of Bulinski
and Shashkin (2007, p. 7), and therefore QA. By Lemma 4 it is BL(θ)-dependent for some monotonically decreasing zero
sequence θ . Hence (f1(X(t)), . . . , fs(X(t)))t∈Rd is BL(θ ′)-dependent for some monotonically decreasing zero sequence θ ′ by
Lemmas 3 and 6.

Clearly, the field (f1(X(t)), . . . , fs(X(t)))t∈Rd is also stationary and measurable.
Moreover, (4) implies

Rd

Covhfi(X(0)), hfj(X(t))
 dt < ∞, i, j = 1, . . . , s.

Now Lemma 6 and the QA property of (hf1(X(t)), . . . , hfs(X(t)))t∈Rd give
Rd

Covfi(X(0)), fj(X(t))
 dt ≤


Rd

Covhfi(X(0)), hfj(X(t))
 dt < ∞, i, j = 1, . . . , s.

So Corollary 7 yields the assertion. �
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Abstract

We prove a functional central limit theorem for integrals
∫
W
f(X(t)) dt, where (X(t))t∈Rd is a

stationary mixing random field and the stochastic process is indexed by the function f , as the inte-
gration domain W grows in Van Hove-sense. We discuss properties of the covariance function of the
asymptotic Gaussian process.

Keywords: Functional central limit theorem; GB set; Meixner system; Mixing; Random field

1 Introduction

A random field is a collection of random variables, indexed by the points of the Euclidean space. Random
fields have applications in various branches of science, e.g. in medicine [1, 25], in geostatistics [5, 27] or
in materials science [15, 26].

Central limit theorems for Lebesgue integrals have been studied for a long time. In the 1970’s first
central limit theorems for integrals of the form

∫
Wn

X(t) dt were shown [3, 14], where (X(t))t∈Rd is a

random field and the integration domains Wn tend to Rd in an appropriate way (see Section 3).
Meschenmoser and Shashkin [16] showed a functional central limit theorem for Lebesgue measures

of excursion sets of random fields, where the stochastic process is indexed by the level of the excursion
set. The Lebesgue measure of the excursion set equals

∫
Wn

1[u,∞)(X(t)) dt, where u is the level. We will

extend the result of [16] to a functional central limit theorem for
∫
Wn

f(X(t)) dt, where the stochastic
process is indexed by the function f , which is assumed to be Lipschitz continuous. While replacing
indicator functions by Lipschitz continuous functions is straight-forward, we need an entirely different
approach, since the index set of the stochastic process is much larger now (it is the real line in [16] and
the space of Lipschitz continuous functions in the present paper). For a survey on other limit theorems
for random fields, see [22].

We will study the covariance function of the asymptotic Gaussian process. This covariance function
is a symmetric non-negative definite bilinear form. For a certain class of random fields we will present
infinite sequences of functions which are orthogonal w.r.t. this bilinear form. While for this class of fields
we can show that the asymptotic variance vanishes only for functions that are constant a.e. (w.r.t. the
marginal distribution of the random field), we will construct a non-trivial random field for which this
bilinear form vanishes identically.

This paper is organized as follows. In Section 2, we collect preliminaries about mixing random fields
and orthogonal polynomials, in particular Lévy-Meixner systems. We give a multivariate version of the
announced central limit theorem in Section 3. Section 4 is devoted to the examination of the covariance
function of the limiting Gaussian process. Since all results derived in this section can be formulated in
terms of the asymptotic covariance matrix of the multivariate central limit theorem, it is no problem
to do this examination before the functional version is obtained. In Section 5, we derive the functional
central limit theorem.

∗Institute of Stochastics, Ulm University, Helmholtzstr. 18, 89081 Ulm, Germany. E-mail: juergen.kampf@uni-ulm.de,
evgeny.spodarev@uni-ulm.de

1



2 PRELIMINARIES 2

2 Preliminaries

In this section, we introduce tools from the theory of mixing random fields and from the theory of
orthogonal polynomials which we will need in later sections.

2.1 Mixing concepts

Let (Ω,A,P) be a probability space and let F ,G ⊆ A be two sub-σ-algebras. Then we define the α-mixing
coefficient by

α(F ,G) := sup{|P(F ∩G)− P(F )P(G)| | F ∈ F , G ∈ G}.

For an Rs-valued random field (X(t))t∈Rd we put

αγ(r) = sup{α(σ(XI), σ(XJ)) | I, J ⊆ Rd, there is u ∈ Rd with ‖u‖ = 1 such that

min{〈u, t〉 | t ∈ I} −max{〈u, t〉 | t ∈ J} > r, λd((I ∪ J) +Bd) ≤ γ},
r ≥ 0, γ ≥ 2κd.

Here σ(XI) is the σ-algebra generated by the random variables Xt, t ∈ I. The Minkowski sum I + Bd

is defined by I + Bd = {i + b | i ∈ I, b ∈ Bd}, Bd := {x ∈ Rd | ‖x‖ ≤ 1} is the d-dimensional closed
Euclidean unit ball and κd := λd(B

d), where λd is the d-dimensional Lebesgue measure. In words, I and
J lie in halfspaces separated by a strip of width r and the parallel volume of I and J at distance 1 does
not exceed γ.

2.2 Lévy-Meixner systems of orthogonal polynomials

We consider a family of probability measures Ψλ, λ ∈ (0,∞), on R such that all moments of these
probability measures exist. For each λ ∈ (0,∞) we let x 7→ Qn(x;λ), n ∈ N0, where N0 = N∪{0}, denote
the sequence of real-valued orthogonal polynomials w.r.t. Ψλ such that x 7→ Qn(x;λ) has degree n and
its leading coefficient is 1. In particular, Q0(x, λ) ≡ 1. Such a sequence exists if and only if the measure
Ψλ is not concentrated on finitely many points. Indeed, if Ψλ is concentrated on n points, n ∈ N, then
the restrictions of more than n functions to these points cannot be linearly independent and hence more
than n functions cannot be orthogonal. On the other hand, no polynomial but the zero polynomial has
norm 0 if Ψλ is not concentrated on finitely many points. Hence, in this case, the desired sequence can
be obtained e.g. by applying the Gram-Schmidt procedure to 1, x, x2, . . . . Obviously the polynomials
Qn(x;λ) are determined uniquely. For a general introduction to orthogonal polynomials see [24] or [21].

Def. 1. A system x 7→ Qn(x;λ), λ ∈ (0,∞), n ∈ N0, of polynomials is called Lévy-Meixner system if

(i) for each λ ∈ (0,∞) there is a probability measure Ψλ on R such that x 7→ Qn(x;λ), n ∈ N0, are
orthogonal w.r.t. Ψλ,

(ii) there are two open sets U, V ⊆ R containing 0 and analytical functions a : V → U , b : U → R, that
fulfill a(0) = 0, a′(0) 6= 0 and b(0) = 1 such that∑

n∈N0

Qn(x;λ)
zn

n!
= b−λ(a(z)) exp(x · a(z)), x ∈ R, λ > 0, z ∈ V.

The measures Ψλ appearing in this definition are determined uniquely if their moment generating
function exists in a neighborhood of 0. Indeed, two probability measures on R which have the same
system of orthogonal polynomials must also have the same sequence of moments, since the monomials
xn, n ∈ N0, can be written as linear combinations of orthogonal polynomials in a unique way and the
moments can be identified as appropriate coefficients of this linear combinations. It is well known (see e.g.
[10, § II.5]) that a probability measure is uniquely determined by its sequence of moments if its moment
generating function is finite in a neighborhood of 0.

Since the probability measures Ψλ are determined uniquely, we may call the sets {Ψλ | λ ∈ (0,∞)}
Lévy-Meixner systems as well.

By [21, p. 52] we have the following lemma:
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Lemma 2. Under the assumptions of Definition 1, the moment generating function of Ψλ is t 7→ bλ(t).

We conclude from this lemma that probability distributions corresponding to Lévy-Meixner systems
are always infinitely divisible.

Moreover, Lemma 2 implies that
∑
i∈J Vi ∼ ΨλJ for a finite collection of independent random variables

Vi ∼ Ψλi , i ∈ J , where λJ :=
∑
i∈J λi.

The Lévy-Meixner systems will turn out to belong either to one of four well-known families of prob-
ability distributions or to one exotic family. These exotic distributions are called Meixner cosine hyper-
bolic-distribution, Mch(a, µ), a ∈ (−π, π), µ > 0, and their characteristic function is given by

φ(u) =
( cos(a/2)

cosh((u− ia)/2)

)2µ
.

Schoutens [21, p. 57] shows that these distributions have densities

f(x) =
(2 cos(a/2))2µ

2πΓ(2µ)
exp(ax)|Γ(µ+ ix)|2, x ∈ R.

An affine transformation of a Lévy-Meixner system is again a Lévy-Meixner system. More precisely
we have:

Lemma 3. Let x 7→ Qn(x;λ), n ∈ N0, λ ∈ (0,∞), be a Lévy-Meixner system and let m, c ∈ R, m 6= 0,
be constants. Then x 7→ Qn(mx+ cλ;λ), n ∈ N0, λ ∈ (0,∞), is also a Lévy-Meixner system.

Proof: We have

∞∑
n=0

Qn(mx+ cλ;λ)
zn

n!
=

1

b(a(z))λ
exp

(
(mx+ cλ) · a(z)

)
=

1

b̃(ã(z))λ
exp

(
xã(z)

)
,

where ã(z) := ma(z) and b̃(t) := b( 1
m · t) · exp(−ct/m).

The following theorem is shown in [21, Sec. 4.2 and 4.3].

Theorem 4. Up to the shifts and scalings described by Lemma 3 each Lévy-Meixner system is one of
the following:

Distribution Polynomials

Normal N (µ, σ2) (with constant ratio µ/σ, Hermite
parameterized by σ)

Gamma Γ(1, α) (with constant scale factor λ = 1, (generalized)
parameterized by α− 1) Laguerre

Poisson Pois(λ) Charlier

Pascal P (γ, µ) (with constant single-probability-para- Meixner type-I
meter γ, parameterized by the size-parameter µ)

Meixner cosine Mch(a, µ) (with constant a, parameterized by µ) Pollaczek
hyperbolic

3 The multivariate central limit theorem

In this section, we state a multivariate central limit theorem for Lebesgue integrals of random fields.
A sequence (Wn)n∈N of compact subsets of Rd is called Van Hove-growing (VH-growing) if

lim
n→∞

λd(∂Wn +Bd)/λd(Wn) = 0,

where ∂W denotes the boundary of W .

Theorem 5. Let (X(t))t∈Rd be a stationary, measurable R-valued random field. Let f1, . . . , fs : R → R
be measurable functions. Assume that:

(i) There is some δ > 0 with E|fi(X(0))|2+δ <∞, i ∈ {1, . . . , s}.
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(ii)
∫
Rd |Cov(fi(X(0)), fj(X(t)))| dt <∞, i, j = 1, . . . , s.

(iii) There are n ∈ N and C, l > 0 with n/d > l + (2 + δ)/δ such that αγ(r) ≤ Cr−nγl for all γ ≥ 2κd
and r > 0, where aγ(r) is the α-mixing coefficient for (X(t))t∈Rd .

Let (Wn)n∈N be a VH-growing sequence of compact subsets of Rd.
Then (

Φn(f1), . . . ,Φn(fs)
)
n→∞−→ N (0,Σ)

in distribution, where Σ is the matrix with entries σij :=
∫
Rd Cov

(
fi(X(0)), fj(X(t))

)
dt, i, j = 1, . . . , s,

and

Φn(f) =

∫
Wn

f(X(t)) dt− λd(Wn) · E f(X(0))√
λd(Wn)

.

This theorem can be concluded from [11, Remark 1] using the Cramér-Wold device.

4 The asymptotic covariance

In this section we examine the asymptotic covariance matrix Σ appearing in Theorem 5.

4.1 Diagonal form

First we discuss how the functions f1, . . . , fs have to be chosen (depending on the distribution of the
random field (X(t))t∈Rd) such that the asymptotic covariance matrix Σ becomes a diagonal matrix, i.e.
that ∫

Rd
Cov

(
fi(X(0)), fj(X(t))

)
dt = 0, i 6= j. (1)

If Σ is a diagonal matrix, it means that the integrals
∫
Wn

fi(X(t)) dt, i = 1, . . . , s, are “asymptotically
independent”. Moreover, choosing the functions f1, . . . , fs this way reduces the computational effort of
the test from [4] and [12, Sec. 3.5.2] and we hope that this also improves the statistical properties of the
test.

First let us remark that the Gram-Schmidt orthogonalisation procedure is in principle suitable for
this purpose. Consider a space of functions V such that∫

Rd

∣∣Cov
(
f(X(0)), g(X(t))

)∣∣ dt <∞ (2)

for all f, g ∈ V . Then we see from Lemma 6 below that

〈f, g〉 :=

∫
Rd

Cov
(
f(X(0)), g(X(t))

)
dt, f, g ∈ V,

is a symmetric non-negative definite bilinear form. Start with vectors g1, . . . , gs ∈ V that fulfill the
strengthened linear independence condition: If 〈

∑s
i=1 λigi,

∑s
i=1 λigi〉 = 0 for some λ1, . . . , λs ∈ R then

λ1 = · · · = λs = 0. Define inductively

f1 := g1

fj := gj −
j−1∑
k=1

〈gj , fk〉
〈fk, fk〉

fk, j = 2, . . . , s.

The resulting functions fi, i = 1, . . . , s fulfill (1).
The strengthened linear independence condition is the reason why the Gram-Schmidt procedure works

only “in principle”. This condition is hard to check and in Example 10 we construct a random field
(X(t))t∈Rd such that there are no functions g1, . . . , gs fulfilling it.
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Lemma 6. Let (X(t))t∈Rd be a measurable, stationary random field and let f, g : R → R be two mea-
surable functions fulfilling E f(X(0))2 < ∞, E g(X(0))2 < ∞ and (2). Let (Wn)n∈N be a VH-growing
sequence. Then

lim
n→∞

1

λd(Wn)
Cov

(∫
Wn

f(X(t)) dt,

∫
Wn

g(X(t)) dt
)

= 〈f, g〉.

Proof: We have

lim
n→∞

1

λd(Wn)
Cov

(∫
Wn

f(X(t)) dt,

∫
Wn

g(X(t)) dt
)

= lim
n→∞

1

λd(Wn)

∫
Wn

∫
Wn

Cov
(
f(X(s)), g(X(t))

)
dt ds

= lim
n→∞

1

λd(Wn)

∫
Wn

∫
Wn−s

Cov
(
f(X(s)), g(X(t+ s))

)
dt ds

= lim
n→∞

1

λd(Wn)

∫
Wn

∫
Rd

1Wn
(s+ t) Cov

(
f(X(0)), g(X(t))

)
dt ds

= lim
n→∞

1

λd(Wn)

∫
Rd

Cov
(
f(X(0)), g(X(t))

)∫
Wn

1Wn(s+ t) ds dt

= lim
n→∞

∫
Rd

Cov
(
f(X(0)), g(X(t))

)λd(Wn ∩ (Wn − t))
λd(Wn)

dt.

Now the assumption that (Wn)n∈N is VH-growing implies

lim
n→∞

λd(Wn ∩ (Wn − t))
λd(Wn)

= 1;

see [2, Lemma 1.2, p. 172]. Using

λd(Wn ∩ (Wn − t))
λd(Wn)

≤ 1, n ∈ N,

and assumption (2) we can apply the Dominated Convergence Theorem and thus the above expression
equals 〈f, g〉.

Now we will study further examples of functions f1, . . . , fs which make Σ a diagonal matrix. For a
certain class of random fields which are defined using the Lévy-Meixner systems introduced in Section
2.2 we get quite explicit examples.

Example 7. Let Ψλ, λ > 0, be a Lévy-Meixner system. Let Λ be a random signed measure such that

(i) Λ(B) ∼ Ψλd(B) for every Borel set B ⊆ Rd with 0 < λd(B) <∞ and

(ii) Λ(B1) and Λ(B2) are independent, if B1 and B2 are disjoint.

Such a random measure exists by [19, Prop. 2.1(b)] since the family Ψλ, λ > 0, is closed w.r.t.
convolution, cf. [13, Theorem 3.1].

Define a random fieldX byX(t) := Λ(B+t), t ∈ Rd, for a fixed Borel setB ⊆ Rd with 0 < λd(B) <∞.
Let (Qn(·;λ))n∈N0 be the system of orthogonal polynomials w.r.t. Ψλ appearing in Definition 1. Then
[9, Theorem 4.1] implies

Cov
(
Qn(X(t1);λd(B)), Qm(X(t2);λd(B))

)
= 0

if n 6= m and t1, t2 ∈ Rd.

4.2 Non-degenerateness

Now we would like to examine whether the asymptotic variance occurring in Theorem 5 is positive
(more precisely: whether all diagonal entries of the asymptotic covariance matrix Σ are positive). If
this asymptotic variance is zero, we have not chosen the optimal normalization constant in Theorem 5.
Moreover, for the application of the Gram-Schmidt procedure in Section 4.1 it is important to know for
which functions f the asymptotic variance vanishes.
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Proposition 8. Let under the assumptions of Theorem 5 the field (X(t))t∈Rd be

• centered Gaussian with non-negative covariance function or

• one of the fields constructed in Example 7.

Then we have:

1) If Var(
∑s
i=1 uifi(X(0))) > 0 for some u = (u1, . . . , us) ∈ Rs then uTΣu > 0.

2) If Var(fi(X(0))) > 0 then the i-th diagonal entry of Σ is positive.

3) If Var
(∑s

i=1 uifi(X(0))
)

= 0 implies u1 = · · · = us = 0 then Σ is positive definite.

Proof: We only have to show 1), since 2) and 3) are immediate consequences.
Let Ψλ be the distribution of X(0). The system (Qn(x;λ))n∈N0

of orthogonal polynomials of Ψλ is
complete (see Satz 4.2 and Satz 5.2 in [10, § II]). Hence there are constants cn ∈ R, n ∈ N0, with

s∑
i=1

uifi(x) =

∞∑
n=0

cnQn(x;λ),

where the series is L2(Ψλ)-convergent. By [9, Theorem 4.1] we have

Cov
(
Qn(X(0);λ), Qm(X(t);λ)

)
= 0, t ∈ Rd, m 6= n.

So

uTΣu =

∫
Rd

Cov
( s∑
i=1

uifi(X(0)),

s∑
i=1

uifi(X(t))
)
dt

=

∫
Rd

∞∑
n=0

∞∑
m=0

cncm Cov
(
Qn(X(0);λ), Qm(X(t);λ)

)
dt

=

∫
Rd

∞∑
n=0

c2n Cov
(
Qn(X(0);λ), Qn(X(t);λ)

)
dt.

For fixed t ∈ Rd and all n ∈ N0 we have

Cov
(
Qn(X(0);λ), Qn(X(t);λ)

)
≥ 0.

Indeed, there are independent random variables Y1, Y3 ∼ Ψλ1 and Y2 ∼ Ψλ2 for appropriate constants
λ1, λ2 ∈ (0,∞) with λ1 + λ2 = λ such that (X(0), X(t)) = (Y1 + Y2, Y2 + Y3) in distribution. In
case of a Gaussian random field choose Y2 ∼ N (0,Cov(X(0), X(t))) and Y1, Y3 ∼ N (0,Var(X(0)) −
Cov(X(0), X(t))). In the case of a random field constructed in Example 7, put Y1 := Λ(B \ (B + t)),
Y2 := Λ((B + t) ∩B), and Y3 := Λ((B + t) \B), where Λ is the random measure from Example 7. Let
(Qn(x;λi))n∈N0

be the system of orthogonal polynomials of Ψλi , i = 1, 2. From [9, Theorem 3.1] we get

Cov
(
Qn(X(0);λ), Qn(X(t);λ)

)
= Cov

( n∑
i=0

(
n

i

)
Qn−i(Y1;λ1)Qi(Y2;λ2),

n∑
j=0

(
n

j

)
Qn−j(Y3;λ1)Qj(Y2;λ2)

)
=

n∑
i=0

(
n

i

) n∑
j=0

(
n

j

)
E[Qn−i(Y1;λ1)] · E[Qn−j(Y3;λ1)] · Cov(Qi(Y2;λ2), Qj(Y2;λ2))

= Cov(Qn(Y2;λ2), Qn(Y2;λ2))

≥ 0.

Moreover, for n > 0 we have Var(Qn(X(0);λ)) > 0. Since (Qn(X(t);λ))t∈Rd is a measurable, stationary
and square-integrable random field, one can show – using arguments from the proof of [18, Prop. 3.1] –
that it is continuous in 2-mean. So for t sufficiently close to 0 we get

Cov
(
Qn(X(0);λ), Qn(X(t);λ)

)
> 0.
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ξit

ξj

t

The value of the field X in t is the fraction of the volume of the Voronoi cell covered by the grey circle.

Figure 1: The definition of X(t) in Example 10

Since cn = 0 for all n > 0 would imply
∑s
i=1 uifi(x) = c0 for Ψλ-almost all x ∈ R, which contradicts the

assumption, we have cn0
6= 0 for at least one n0 > 0 and hence∫

Rd

∞∑
n=0

c2n Cov
(
Qn(X(0);λ),Qn(X(t);λ)

)
dt

=

∞∑
n=0

c2n

∫
Rd

Cov
(
Qn(X(0);λ), Qn(X(t);λ)

)
dt

≥ c2n0

∫
Rd

Cov
(
Qn0(X(0);λ), Qn0(X(t);λ)

)
dt > 0.

So uTΣu > 0.

Corollary 9. Let (X(t))t∈Rd be a random field fulfilling the assumptions of Proposition 8. Let f1, . . . , fs :
R→ R be polynomials such that f0, . . . , fs are linearly independent together with the constant polynomial
f0(x) := 1. Then Σ is positive definite.

Proof: Let (u1, . . . , us) ∈ Rs \ {0}. Then
∑s
i=1 uifi(x) is a polynomial, but not constant. Thus, for any

fixed c ∈ R there are only finitely many x ∈ R with
∑s
i=1 uifi(x) = c. Since X(0) is not concentrated

on finitely many values (see Section 2.2), we get Var(
∑s
i=1 uifi(X(0))) > 0. Thus Proposition 8 part 3)

implies that Σ is positive definite.

However, the asymptotic variance is not always positive. Indeed, we can construct a non-trivial field
fulfilling the assumptions of Theorem 5, such that the asymptotic variance vanishes for all functions f
simultaneously.

Example 10. Let Y = (ξi)i∈N be a stationary Poisson process on Rd with intensity 1. Consider the
Voronoi mosaic generated by Y , i.e. the system of sets

C(ξi, Y ) := {v ∈ Rd | ‖v − ξi‖ ≤ ‖v − ξj‖, j 6= i}.

Now every point t ∈ Rd is contained in exactly one of the cells C(ξi, Y ) with probability one; we denote
the corresponding point of the point process by ξit . Now we define

X(t) := λd({v ∈ C(ξit , Y ) | ‖v − ξit‖ ≤ ‖t− ξit‖})/λd(C(ξit , Y )), t ∈ Rd.

So each point t ∈ Rd is assigned the proportion of the Voronoi cell it lies in that is closer to the
nucleus than t, see Figure 1. Clearly, 0 ≤ X(t) ≤ 1 for t ∈ Rd.

Now the field (X(t))t∈Rd is obviously measurable and strictly stationary. Also other assumptions of
Theorem 5 are fulfilled for measurable and bounded functions f1, . . . , fs : [0, 1]→ R. Indeed, assumption
(i) is trivial. In order to check assumption (iii), we let I, J ⊆ Rd be two sets lying in halfspaces separated
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by a strip of width r ≥ 15 and fulfilling λd((I ∪ J) + Bd) ≤ γ. Then I ∪ J can intersect at most
N := bγ/dd/2c cells of the lattice 1√

d
Zd, i.e. at most N sets of the form(j1 − 1√

d
,
j1√
d

]
× · · · ×

(jd − 1√
d
,
jd√
d

]
, j1, . . . , jd ∈ Z.

Since such a cell can be covered by one ball of radius R := r/30, there are N balls of radius R covering

I ∪ J . Say I ⊆
⋃M
i=1BR(xi) and J ⊆

⋃N
i=M+1BR(xi). There are configurations of Y|B15R(xi) that fully

determine the field (X(t))t∈BR(xi) and there are configurations for which (X(t))t∈BR(xi) also depends on
Y|Rd\B15R(xi), where X|M and f|M denote the restriction of a stochastic process X and a function f to
a subset M of its index set or its domain. In order to make this precise, we have to observe that every
locally finite counting measure y on Rd induces a function x : Rd → R by the construction explained
in the beginning of this example. So let ER,i denote the event that there is a point configuration y on
Rd with y|B15R(xi) = Y|B15R(xi) for which the induced function x does not coincide with X on BR(xi),
x|BR(xi) 6= X|BR(xi). Notice that this definition only makes sense as long as I, J and γ are fixed. It is
shown in [20, p. 515] that

P(ER,i) ≤ (1 +md)e
−κdRd , i = 1, . . . , N,

for some constant md depending only on d (notice that if we replace the constant 15 in the inequality
r ≥ 15 by any smaller number then [20] does not yield this bound anymore).

Recall that σ(XK) denotes the σ-algebra generated by the random variables Xt, t ∈ K, for K ⊆ Rd.
For any set A ∈ σ(X∪Mi=1BR(xi)) and B ∈ σ(X∪Ni=M+1BR(xi)) the event A∩

(⋃M
i=1ER,i

)c
is σ(Y∪Mi=1B15R(xi))-

measurable, while B ∩
(⋃N

i=M+1ER,i
)c

is σ(Y∪Ni=M+1B15R(xi))-measurable. Since

Y ∩
M⋃
i=1

B15R(xi) ∩
N⋃

i=M+1

B15R(xi) = ∅ a.s.,

the events A ∩
(⋃M

i=1ER,i
)c

and B ∩
(⋃N

i=M+1ER,i
)c

are independent and therefore

|P(A ∩B)− P(A)P(B)|

≤
∣∣∣∣P(A ∩B ∩ ( N⋃

i=1

ER,i

)c)
− P

(
A ∩

( M⋃
i=1

ER,i

)c)
· P
(
B ∩

( N⋃
i=M+1

ER,i

)c)∣∣∣∣
+2NP(ER,1)

≤ 2N(1 +md)e
−κdRd .

Since this inequality holds for all admissible choices of I,J , A and B, we get

αγ(r) ≤ 2 γ
dd/2

(1 +md)e
−κdrd/30d

and thus condition (iii) is fulfilled.
Moreover, we have ∫

Rd

∣∣Cov
(
f(X(0)), g(X(t))

)∣∣ dt <∞ (3)

for any bounded, measurable functions f, g : [0, 1] → R. For any point t ∈ Rd let E(0) and E(t) be the
events ER,i defined above with xi = 0 and xi = t respectively and with R = ‖t‖/30. Put

S := sup{|f(x)|, |g(x)| | x ∈ [0, 1]}.

We have ∣∣Cov
(
f(X(0))1E(0)

, g(X(t))1(E(t))c
)∣∣ =

∣∣E[f(X(0))1E(0)
· g(X(t))1(E(t))c

]
− E

[
f(X(0))1E(0)

]
· E
[
g(X(t))1(E(t))c

]∣∣
≤ E

[
S2 · 1E(0)

]
+ E

[
S · 1E(0)

]
· S

= 2S2 · P(E(0)),



4 THE ASYMPTOTIC COVARIANCE 9

the same way ∣∣Cov
(
f(X(0))1(E(0))c , g(X(t))1E(t)

)∣∣ ≤ 2S2 · P(E(t))

and ∣∣Cov
(
f(X(0))1E(0)

, g(X(t))1E(t)

)∣∣ =
∣∣E[f(X(0))1E(0)

· g(X(t))1E(t)

]
− E

[
f(X(0))1E(0)

]
· E
[
g(X(t))1E(t)

]∣∣
≤ E

[
S2 · 1E(0)

· 1E(t)

]
+ E

[
S · 1E(0)

]
· E
[
S1E(t)

]
= 2S2 · P(E(0)) · P(E(t)).

Moreover, observe that there are measurable functions f̃ and g̃ from the space of finite point configura-
tions on B15R(0) and on B15R(t) respectively such that f̃(Y|B15R(0)) = f(X(0))1(E(0))c and g̃(Y|B15R(t)) =
g(X(t))1(E(t))c . Since Y ∩B15R(0)∩B15R(t) = ∅ a.s., the random variables f(X(0))1(E(0))c and g(X(t))1(E(t))c

are independent and hence we get∣∣Cov
(
f(X(0)), g(X(t))

)∣∣ ≤ ∣∣Cov
(
f(X(0))1(E(0))c , g(X(t))1(E(t))c

)∣∣+ 6S2 · P(E(0))

≤ 6S2(1 +md)e
−κd‖t‖d/30d .

Hence (3) holds and thus all assumptions of Theorem 5 are fulfilled.
However, for any measurable, bounded function f : R→ R the asymptotic variance is zero:∫

Rd
Cov

(
f(X(0)), f(X(t))

)
dt = 0.

At first we derive bounds for
∫
[−r,r]d Cov

(
f(X(0)), f(X(t))

)
dt for any r > 0. Put x1 := 0 and choose

N − 1 balls of radius R := r/30 covering the boundary of [−r, r]d, say BR(x2), . . . , BR(xN ). Clearly, N
can be chosen independent of r. Let Ci denote the union of all cells that lie completely in [−r, r]d and
Cb the union of all cells intersecting the boundary of [−r, r]d. Then∣∣∣ ∫

[−r,r]d
Cov

(
f(X(0)), f(X(t))

)
dt
∣∣∣

≤
∣∣∣Cov

(
f(X(0)) · 1(ER,1)c ,

∫
Ci

f(X(t)) dt · 1(∪Ni=2ER,i)
c

)
+ Cov

(
f(X(0)) · 1(ER,1)c ,

∫
Cb∩[−r,r]d

f(X(t)) dt · 1(∪Ni=2ER,i)
c

)∣∣∣
+2S2 · (2r)dNP(ER,1).

Now f(X(0)) · 1(ER,1)c and
∫
Cb∩[−r,r]d f(X(t)) dt · 1(∪Ni=2ER,i)

c are independent.

In order to compute
∫
Ci
f(X(t)) dt, we calculate

∫
C(ξi,Y )

f(X(t)) dt for every cell C(ξi, Y ) of the

mosaic by algebraic induction. First let f = 1[0,T ], T ∈ [0, 1]. We introduce the function

g : [0,∞)→ R, s 7→ λd({v ∈ C(ξi, Y ) | ‖v − ξi‖ ≤ s}).

By [23, Lemma 5, Lemma 2(i) and Lemma 1], it is continuous and strictly monotonically increasing on
{s ∈ [0,∞) | g(s) < λd(C(ξi, Y ))}. Hence the restriction of g to [0, s∗], where

s∗ := min{s ≥ 0 | g(s) = λd(C(ξi, Y ))},

is bijective. We have
X(t) = g(‖t− ξi‖)/λd(C(ξi, Y )), t ∈ C(ξi, Y ),

and therefore for any T ∈ [0, 1]∫
C(ξi,Y )

1[0,T ](X(t)) dt = λd({t ∈ C(ξi, Y ) | g(‖t− ξi‖) ≤ T · λd(C(ξi, Y ))})

= λd({t ∈ C(ξi, Y ) | ‖t− ξi‖ ≤ g−1(T · λd(C(ξi, Y )))})
= g(g−1(T · λd(C(ξi, Y ))))

= T · λd(C(ξi, Y )).
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The system {
B ∈ B([0, 1])

∣∣∣ ∫
C(ξi,Y )

1B(X(t)) dt = λ(B) · λd(C(ξi, Y ))
}

is clearly a Dynkin system and hence coincides with Borel-σ-algebra B([0, 1]). Now it is easy to see that
the equality ∫

C(ξi,Y )

f(X(t)) dt =

∫
[0,1]

f(x) dx · λd(C(ξi, Y ))

extends to linear combinations of indicator functions, thus to non-negative measurable functions f and
finally to integrable functions f : [0, 1]→ R.

So

Cov
(
f(X(0)) · 1(ER,1)c ,

∫
Ci

f(X(t)) dt · 1(∪Ni=2ER,i)
c

)
= Cov

(
f(X(0)) · 1(ER,1)c ,

∫
[0,1]

f(x) dx · λd(Ci) · 1(∪Ni=2ER,i)
c

)
.

However, if
⋃N
i=2ER,i does not hold, then the boundary of Ci and hence λd(Ci) is completely determined

by Y|∪Ni=2B15R(xi). So f(X(0))·1(ER,1)c and λd(Ci)·1(∪Ni=2ER,i)
c are independent and therefore we conclude∣∣∣ ∫

[−r,r]d
Cov

(
f(X(0)), f(X(t))

)
dt
∣∣∣ ≤ 2S2 · 2drdNP(ER,1)

≤ 2d+1S2rdN(1 +md)e
−κdrd/30d .

Thus ∫
Rd

Cov
(
f(X(0)), f(X(t))

)
dt = 0.

5 Functional central limit theorem

In this section we are going to extend Theorem 5 to a functional central limit theorem.
We let V denote the vector space of all Lipschitz continuous functions R→ R and equip V with the

norm defined by
‖f‖ := Lip f + |f(0)|,

where

Lip f := sup
x,y∈R,x 6=y

|f(x)− f(y)|
|x− y|

is the Lipschitz constant of f .
For a measurable random field (X(t))t∈Rd and a sequence (Wn)n∈N of compact subsets of Rd we define

random functionals by

Φn : V → R, f 7→
∫
Wn

f(X(t)) dt− λd(Wn)E[f(X(0))]√
λd(Wn)

.

Under weak regularity conditions, these functionals take values in the dual space1 V ∗ of V .

Lemma 11. If
∫
Wn
|X(t)| dt < ∞ a.s. for all n ∈ N and E[|X(0)|] < ∞, then Φn, n ∈ N, is a bounded

linear functional on V for each ω ∈ Ω.

Proof: The linearity is readily checked. So let us show that the paths are bounded on the set {f ∈ V |
‖f‖ ≤ 1}. This holds since |f(x)| ≤ ‖f‖ · (|x|+ 1) for all x ∈ R and therefore

|Φn(f)| ≤ ‖f‖ ·
∫
Wn

(|X(t)|+ 1) dt+ λd(Wn)E[|X(0)|+ 1]√
λd(Wn)

.

1As far as it is known to the authors, the problem of characterisation of V ∗ is still open.
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We consider V ∗ with the weak topology, i.e. the topology of pointwise convergence. As usual, we say
that a sequence (Φn)n∈N of V ∗-valued random variables converges in distribution to a V ∗-valued random
variable Φ if

lim
n→∞

Eh(Φn) = Eh(Φ)

for all bounded continuous functions h : V ∗ → R.

Theorem 12. Let (X(t))t∈Rd be a stationary and measurable random field. Assume that there are
constants n ∈ N, δ > 2 and C, l > 0 with

n

d
> max

{
l +

δ + 2

δ
,
δ + 2

δ − 2
, 3
}

such that αγ(r) ≤ Cr−nγl for all γ ≥ 2κd, r > 0 and E|X(0)|δ+2 < ∞. Let (Wn)n∈N be a VH-growing
sequence of compact subsets of Rd. Then (Φn)n∈N converges weakly in distribution to a centered Gaussian
process Φ on V with covariance

Cov(Φ(f),Φ(g)) =

∫
Rd

Cov(f(X(0)), g(X(t))) dt. (4)

The proof of this theorem relies on the following result, which is a special case of Satz 5 of [17]:

Theorem 13. Let V be a locally convex, metrizable space. A sequence of V ∗-valued random elements
(Φn)n∈N converges to a V ∗-valued random element Φ iff for all finite collections {f1, . . . , fm} the sequence
(Φn(f1), . . . ,Φn(fm))n∈N converges in distribution to (Φ(f1), . . . ,Φ(fm)).

So, in order to prove Theorem 12, we have to prove the convergence of the finite-dimensional random
vectors and we have to show that there is a centered Gaussian process Φ with covariance (4) and that
this process has a version with linear and continuous paths.

The first point is simply checking the conditions of Theorem 5. All assumptions of Theorem 5 except
assumption (ii) are directly assumed in Theorem 12. By [6, p. 9, Theorem 3(1)] we have

|Cov(fi(X(0)), fj(X(t)))| ≤ 8 (α2κd(‖t‖∞))
1/3 (E[|fi(X(0))|3]

)1/3(E[|fj(X(t))|3]
)1/3

≤ C ′‖t‖−d−ε∞
(
E[|fi(X(0))|3]

)1/3(E[|fj(X(0))|3]
)1/3

for any Lipschitz continuous functions fi, fj : R→ R and some constants C ′, ε > 0. Since fi is Lipschitz
continuous and E[|X(0)|3] <∞, we get E[|fi(X(0))|3] <∞ and hence we have∫

Rd
|Cov(fi(X(0)), fj(X(t)))| dt <∞,

which is assumption (ii) of Theorem 5. Thus the assumptions of Theorem 5 are fulfilled and therefore
the finite-dimensional distributions converge appropriately.

In order to show the existence of the process Φ, we employ the theory of GB- and GC-sets (see e.g.
[8, Chapter 2]). The isonormal process on a Hilbert space H with scalar product 〈·, ·〉 is the centered
Gaussian process Ψ with covariance function

Cov(Ψ(f),Ψ(g)) = 〈f, g〉, f, g ∈ H.

For a set B ⊆ H and ε > 0 we define N(ε) to be the minimal number n of elements f1, . . . , fn ∈ B
such that for any element f ∈ B there is an index i ∈ {1, . . . , n} with

√
〈f − fi, f − fi〉 < ε. We obtain

combining [8, Theorem 2.6.1, Theorem 2.5.5(g)] and the remark above [8, Lemma 2.5.3]:

Lemma 14. Let H be a Hilbert space and B ⊆ H. If∫ ∞
0

(logN(ε))1/2 dε <∞, (5)

then the isonormal process Ψ has a version with paths that are bounded on B and linear on H.
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We define a symmetric non-negative definite bilinear form 〈·, ·〉 on V by

〈f, g〉 =

∫
Rd

Cov(f(X(0)), g(X(t))) dt.

Now H̃, defined as the quotient space V modulo the functions f ∈ V with 〈f, f〉 = 0, is a pre-Hilbert
space. Its completion H is a Hilbert space, see [7, Theorem 5.4.11]. It is not clear whether H̃ = H holds.

Lemma 15. For the canonical projection of the set B := {f ∈ V | ‖f‖ ≤ 1} onto H inequality (5) holds.

Corollary 16. There is a centered Gaussian process Φ on V with covariance function (4). This process
has a version whose paths are linear and continuous.

Proof: Let π : V → H be the canonical projection and injection map. According to Lemma 15 and
Lemma 14 the isonormal process on H has a version Ψ with paths which are linear on H and bounded
on π(B). So Φ := Ψ ◦ π is a centered Gaussian process with covariance function (4) and linear paths.
Since the paths are bounded on B, they are continuous.

Proof of Lemma 15:
We construct the functions f1, . . . , fn like this: Fix m ∈ N and c > 0. Then there are n = 22m

Lipschitz-continuous functions f with the following properties:

• f(0) = 0

• On each of the intervals [(k − 1)c, kc], k = −m+ 1, . . . ,m, the function f is either increasing with
constant slope 1 or decreasing with constant slope −1.

• On the intervals (−∞,−mc] and [mc,∞), the function f is constant.

Enumerate these functions as f1, . . . , fn. Now for each function f ∈ B with f(0) = 0 there is a function
fi with |f(kc) − fi(kc)| ≤ c for each k = −m, . . . ,m. We will prove this claim by induction for a fixed
function f . Of course, |f(kc)− fi(kc)| = 0 ≤ c for k = 0 and all i = 1, . . . , n. Assume that the existence
of an i ∈ {1, . . . , n} with |f(kc) − fi(kc)| ≤ c for k = −M, . . . ,M has been shown for some M < m.
By the definition of the system {f1, . . . , fn} it is clear that as soon as there is one function fi with this
property, there are four such functions fi1 , . . . , fi4 such that on [Mc, (M + 1)c] the functions fi1 and fi3
are increasing and fi2 and fi4 are decreasing, while on [(−(M + 1)c,−Mc] the functions fi1 and fi2 are
increasing and fi3 and fi4 are decreasing. Hence |f((M + 1)c)− fi(Mc)| < 2c for i = i1, i2, and moreover
fi1((M+1)c) = fi1(Mc)+c and fi2((M+1)c) = fi2(Mc)−c which implies |f((M+1)c)−fi((M+1)c)| ≤ c
either for i = i1 or for i = i2. Of course, this holds also for i = i3 resp. i = i4. Moreover, in the same
way we get |f((−M − 1)c) − fi((−M − 1)c)| ≤ c either for i = i1, i2 or for i = i3, i4. Since there is one
index i for which both inequalities hold, the induction step is completed.

Now choose some r < δ/2 + 1 with n/d > r/(r − 2), which is equivalent to n(1 − 2/r) > d. Put
γ := min{r, δ + 2 − 2r}, c := ε1+γ/(4r) and m := d 1

ε2−γ/(4r)
e, where ε > 0 is sufficiently small. Then for

each f ∈ B there is an index i ∈ {1, . . . , n} with 〈f − fi, f − fi〉 < ε2. Indeed, since the bilinear form
vanishes for constant functions, we may assume f(0) = 0. Now let i be the same index as chosen right
above. We abbreviate g := f − fi. Then [6, p. 9, Theorem 3(1)] implies

〈f − fi, f − fi〉 =

∫
Rd

Cov
(
g(X(0)), g(X(t))

)
dt

≤ 8(E[|g(X(0))|r])2/r ·
∫
Rd
α2κd(‖t‖)(1−2/r) dt.

The integral is finite, since α2κd(‖t‖)(1−2/r) ≤ C(2κd)
l‖t‖−n(1−2/r). Since |g(x)| ≤ 2|x| for all x ∈ R, we

get

E[|g(X(0))|r1{X(0)≤−y}] ≤ E[2r|X(0)|r1{X(0)≤−y}] ≤ D · y−(δ+2−r) ≤ D · y−(r+γ) and

E[|g(X(0))|r1{X(0)≥y}] ≤ E[2r|X(0)|r1{X(0)≥y}] ≤ D · y−(δ+2−r) ≤ D · y−(r+γ)



REFERENCES 13

for D := 2rE[X(0)δ+2] and y ≥ 1. Moreover, |g(kc)| < c for k = −m, . . . ,m and the fact that g is
Lipschitz continuous with Lipschitz constant at most 2 imply |g(x)| < 2c for x ∈ [−mc,mc]. Hence

E[|g(X(0))|r] = E[|g(X(0))|r1{X(0)≤−mc}] + E[|g(X(0))|r1{−mc<X(0)<mc}]

+ E[|g(X(0))|r1{X(0)≥mc}]

≤ D · (mc)−(r+γ) + (2c)r +D · (mc)−(r+γ)

= 2D · (d1/ε2−γ/(4r)e · ε1+γ/(4r))−(r+γ) + 2rεr+γ/4

≤ 2D · ε(1−γ/(2r))(r+γ) + 2rεr+γ/4

=: h(ε).

Since (1 − γ/(2r))(r + γ) = r + γ/2 − γ2/(2r) > r, we get limε→0 h(ε)/εr = 0 and so 〈f − fi, f − fi〉 is
less than ε2 if ε > 0 is small enough.

Thus we have shown N(ε) ≤ 22m ≤ 22/ε
2−γ/(4r)+2 for all ε ∈ (0, E1) for some constant E1 > 0.

Therefore ∫ E1

0

(logN(ε))1/2 dε <

∫ E1

0

(log 2)1/2 · (2/ε2−γ/(4r) + 2)1/2 dε

≤ (log 2)1/2 ·
∫ E1

0

2 ·max{ε−(1−γ/(8r)), 1} dε <∞.

Since
∫∞
E1

(logN(ε))1/2 dε <∞ by [8, p. 52], this completes the proof of the lemma.

Remark 17. It remains an open problem whether the mixing assumptions in Theorem 12 can be replaced
by association assumptions. Another open problem is to enlarge the space V of admissible functions in
Theorem 12 to encompass all measurable functions as in the formulation of Theorem 5.
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Abstract

We use the empirical normalized (smoothed) periodogram of a SαS moving aver-
age random function to estimate its kernel function from high frequency observation
data. The weak consistency of the estimator is shown. A simulation study of the
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1 Introduction

We consider the problem of estimation of a kernel f : Rd → R from observations of the
SαS stationary random function (moving average)

X(t) =

∫
Rd
f(t− s)Λ(ds), t ∈ Rd, (1)

where Λ is a SαS random measure with independent increments and Lebesgue control
measure, 0 < α < 2, f ∈ Lα(Rd). Let f̂ be the Fourier transform of f , and let f̂−1 be its
inverse, whenever these exist. We additionally assume that

(F1) f is positive semidefinite.

It follows from [17, 6.2.1] that f is even (or symmetric), i.e. f(t) = f(−t) for all t ∈ Rd.
Assumptions (F2′)–(F3′) on f introduced in Section 3 imply, in particular, that f is
uniformly continuous and bounded and that f ∈ L1(Rd). Under the condition f ∈
C(Rd) ∩ L1(Rd) it can easily be shown by the Bochner-Khintchine theorem, see e.g. [17,
6.2.3] or [1, p. 54], that (F1) is equivalent to f̂(λ) ≥ 0 for all λ ∈ Rd, i.e. f being of positive
type. In order to show that f being of positive type implies (F1) one also has to use the
inversion formula for Fourier transforms which holds almost everywhere (for short, a.e.)
on Rd by [1, p. 17–18, Corollary 2 and Theorem 2] or by [17, 3.1.10 and 3.1.15].

For simplicity, we set d = 1 in the sequel, whereas all our results stay valid with
obvious modifications also in the case of general d, cf. Remark 5. For d = 1, the class
of stochastic processes (1) includes, e.g., stable CARMA processes which are popular in
econometric and financial applications, cf. [3].
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Notice that the spectral representation (1) of X for 0 < α ≤ 2 is in general not unique,
hence the inverse problem of identifying f out of X is in general ill–posed. However, it is
shown in [14, Example 3.2] for 0 < α < 2 that two functions f1, f2 ∈ Lα(R) fulfilling (1) are
connected by f2(t) = ±f1(t+ t0) for almost all t ∈ R and for some fixed t0 ∈ R. Assuming
(F1), it can be easily shown that f1 = f2 a.e. on R, i.e., f is determined uniquely a.e. on R.
In the Gaussian case α = 2, the existence of the so called canonical kernel can be shown
for a centered purely nondeterministic mean square continuous X, see [7, Theorem 3.4].
The uniqueness of f can not be guaranteed. However, under some additional assumptions
f is unique which can be shown directly by the following covariance–based approach.

Let X in (1) be an infinitely divisible moving average with finite second moments, i.e.,
Λ be an infinitely divisible independently scattered random measure with Lebesgue control
measure, E [ Λ2(B) ] <∞ for any bounded Borel set B ⊂ R, and f ∈ L1(R)∩L2(R). Then
the covariance function of X is given by

C(t) = Cov (X(0), X(t)) =

∫
R
f(t− s)f(−s) ds, t ∈ R

By assumption (F1) we get Ĉ = f̂ 2 , and hence the relation

f = ±
√̂
Ĉ

−1

a.e. on R (2)

proves the uniqueness of f under the assumptions (F1), (F2′) and (F3′) in the Gaussian
case.

Our aim is to provide a non-parametric estimator for the function f . We assume that
the observations are taken at the points {tk,n, k = 1, . . . , n}, where tk,n = k∆n, k ∈ Z,
∆n → 0, n → ∞, and n∆n → ∞, n → ∞. In other words, we have high frequency
observations, and the observation horizon expands to the whole R+. It is worth to mention
that under low frequency observations, it is in general not possible to identify f in a unique
way. Indeed, let ∆n = ∆ be constant. Define for any h ∈ Lα[−∆/2,∆/2] with ‖h‖α = 1

the process Xh(t) =
∫ ∆/2

−∆/2
h(t − s)Λ(ds). Then the observations {Xh(tk,n), k = 1, . . . , n}

are iid SαS with scale parameter 1, so their distribution does not depend on h. Why
the observation interval should expand indefinitely, is less obvious. In the Gaussian case,
on any finite interval [0, t] it is possible to construct stationary processes such that the
corresponding probability measures on C[0, t] are different but the processes have the
same distribution. Therefore, one is not able to identify the kernel function (not even the
distribution) from observations of the process on a finite interval. However, to the best
of our knowledge, there are no such results in the stable case. It still seems quite unlikely
that a consistent estimation of f is possible from observations from a fixed finite interval,
but we do not have a mathematically strict argument here.

Relation (2) can be used to build a strongly consistent estimator of a symmetric
piecewise constant compact supported f if smoothed spectral density estimates are used
(cf. e.g. [8, § 3.3]). The same problem for random process (1) with square integrable
random measure Λ and causal f , i.e., supp f ⊆ R+, was treated in [2]. There a non-
parametric estimator for the kernel function f was proposed and its consistency was
shown under CARMA assumptions. The estimator made use of the Wold expansion of
the sampled process X.

In [13], a moving average time series with innovations belonging to the domain of
attraction of the stable law was considered. For X being α-stable, 1 < α < 2, the
parametric estimation of f via a minimum contrast method for the first–order madogram
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of X is performed in [9]. A non–parametric estimator of a piecewise constant symmetric
f based on the covariation of X was proposed in [11]. However, this procedure is defined
recursively and thus errors made at one step influence all following steps.

Here we extend the ideas of the paper [13] and use the empirical (properly normalized)
periodogram of the random function X to estimate the symmetric uniformly continuous
kernel function f of positive type satisfying some additional assumptions if the stability
index α ∈ (0, 2) is known. The paper is organized as follows. After introducing the
notation and the normed smoothed periodogram in Section 2, the weak consistency of
the kernel estimation is stated in Section 3. There, Theorems 1 and 2 treat the cases of
compact and unbounded support of f , respectively. The consistency of the estimation of
the L2–norm of f is treated in Corollary 1. For the ease of reading, proofs are moved
to Appendices A (Theorems 1 and 2) and B (auxiliary lemmata). A simulation study
shows the good performance of estimation for d = 1, 2 in Section 4. There, the scope of
applicability of this estimation method is studied empirically. The estimator performs well
also for skewed stable, symmetric infinitely divisible and for Gaussian Λ, whereas it fails
to work with some skewed non–stable Λ. We conclude with a summary and conjectures
(Section 5).

2 Preliminaries

We use the following notation: an = oP (bn), n → ∞, means an/bn
P−→ 0, n → ∞;

an
P∼ bn, n → ∞, means an/bn

P−→ 1, n → ∞; we write an = OP (bn), n → ∞, if the
sequence {an/bn, n ≥ 1} is bounded in probability. The symbol C will denote a generic
constant, the value of which is not important.

To estimate the function f in (1), we use the self-normalized (empirical) periodogram
of X, defined as

In,X(λ) =

∣∣∣∑n
j=1 X(tj,n)eitj,nλ

∣∣∣2∑n
j=1 X(tj,n)2

. (3)

It is known [4, Theorem 2.11] that ∆n ·In,X(λ) converges to a random limit as n→∞,
and so it can not be a consistent estimator of any deterministic quantity of interest. Thus,
following [5] we define its smoothed version. Let {mn, n ≥ 1} be a sequence of positive
integers such that mn → ∞ and mn = o(n), n → ∞. Consider a sequence of filters
{Wn(m), |m| ≤ mn, n ≥ 1} satisfying

(W1) Wn(m) ≥ 0;

(W2)
∑
|m|≤mnWn(m) = 1;

(W3) max|m|≤mnWn(m)→ 0, n→∞;

(W4)
∑
|m|≤mnm

2Wn(m) = o
(
(n∆n)2

)
, n→∞.

In the following we will denote W ∗
n = max|m|≤mnWn(m), W

(2)
n =

∑
|m|≤mnm

2Wn(m).

Denote νn(m,λ) = λ + m/(n∆n), m = −mn, . . . ,mn. Then a smoothed periodogram
is defined as

Isn,X(λ) =
∑
|m|≤mn

Wn(m)In,X(νn(m,λ)). (4)
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3 Main results

For the sake of brevity, define the normalized function g(t) = f(t)/‖f‖2, where ‖f‖2 =√∫
R f(x)2 dx is the L2–norm of f whenever it is finite; the Fourier transform of g is

ĝ(λ) =

∫
R
g(t)e−iλtdt, λ ∈ R,

whenever it exists. First, we estimate g and ‖f‖2 separately. If g̃ and ‖̃f‖2 are their

weakly consistent estimators, then f̃ = ‖̃f‖2 · g̃ is a weakly consistent estimator of f .
For the estimation of g we need a number sequence {an, n ≥ 1} with the following

properties:

(A1) an →∞, n→∞;

(A2) a2
nW

∗
n → 0, n→∞;

(A3) a
3/4
n = o((n∆n)1/α), n→∞;

(A4) a2
n∆n → 0, n→∞;

(A5) a2
nW

(2)
n = o

(
(n∆n)2

)
, n→∞.

Remark 1. From (W2) and (W2) it is clear that lim supn→∞W
(2)
n > 0. Therefore, (A5)

implies that an = o(n∆n), n → ∞ (this will be used in the future). In particular, (A3)
follows from (A5) for α ≤ 4

3
. Besides this, the assumptions are rather independent.

Introduce the estimator

g̃(t) =
1

2π

∫
[−an,an]

√
∆nIsn,X(λ)eitλ dλ, t ∈ R, (5)

of g.
Let f satisfy (F1). Further assumptions depend on whether f is compactly supported

or not. In the case of compact support, we assume

(F2) anωf (∆n)→ 0, n→∞,

where ωf (∆n) = sup|t−s|<∆n
|f(t)− f(s)| is the modulus of continuity of f . Clearly,

assumption (F2) implies the uniform continuity of f . Hence, f is bounded, and then
f ∈ Lp(R) for all p ∈ (0,∞]. In the case of non-compact support, we assume (additionally
to (F1)) that for some a > max{2, 1/α}

(F2′) anωf (∆n)1−1/a → 0, n→∞;

(F3′) f(t) = O(|t|−a), |t| → ∞;

(F4′) a
3/4
n = o

(
ωf (∆n)1/(aα)(n∆n)1/α

)
, n→∞.

It follows from (F2′) and (F3′) that f is uniformly continuous and bounded, f ∈ Lp(R)
for p ∈ ( 1

a
,∞] 3 α, 1, 2, so f̂ is bounded too, moreover, it is square integrable.

Explicit examples of kernels and corresponding sequences satisfying the above assump-
tions are given in Section 4.
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Theorem 1. Let f be compactly supported and (F2), (A1)–(A5), and (W1)–(W4) be
satisfied.

(i) The following convergence in probability holds:

an ·
∫ an

−an
(∆nI

s
n,X(λ)− |ĝ(λ)|2)2dλ

P−→ 0, n→∞. (6)

(ii) If additionally (F1) is true then ‖g̃ − g‖2
P−→ 0, n→∞.

Remark 2. The assumptions (F1) and (F2) are needed in order to reconstruct f from the
absolute value of its Fourier transform.

Remark 3. Carefully examining the proof, we can bound the rate of convergence in (6)
by

OP

(
a2
nωf (∆n)2 + a2

nW
∗
n + a2

nW
(2)
n (n∆n)−2 + a4

n∆2
n

)
, n→∞.

Remark 4. Using [3, Lemma 2.3] it can be shown that in CARMA(p, q) models |ĝ(λ)|2
coincides with the power transfer function if p > q + 1. Thus Theorem 1(i) shows that
∆nI

s
n,X(λ) is a weakly consistent estimator for the power transfer function. However, this

is already known [5, Theorem 1] under the weaker assumption p > q.

Theorem 2. The assertion of Theorem 1 holds true also under the assumptions (F1),
(F2′)–(F4′), (A1)–(A5), (W1)–(W4).

Taking into account the evident relation ‖f‖2 = ‖f‖α/‖g‖α, the estimation of the
norm ‖f‖2 is reduced to the estimation of ‖f‖α = σX(0), the scale parameter of X(0)
(see [15, Property 3.2.2]), and ‖g‖α. In the literature, there is a number of estimators
of scale available, see [18, Chapter 4], [19, Chapter 9]. We consider two scale parameter
estimators: moment-based and quantile-based.

To construct a moment-based estimator, we use the relation σpX(0) = c(p, α)E |X(0)|p
(cf. [15, Property 1.2.17]) for X(0) ∼ Sα(σX(0), 0, 0), where 0 < p < α and

c(p, α) =
p
∫∞

0
u−1−p sin2 u du

2p−1Γ(1− p/α)
=

{
Γ(2−p)

(1−p)Γ(1−p/α)
cos(πp/2), p 6= 1,

π
2Γ(1−α−1)

, p = 1,

to get an estimate

σ̃m =

(
c(p, α)

n

n∑
k=1

|X(tk,n)|p
)1/p

. (7)

Obviously, σ̃m is sensitive to outliers, i.e., not robust. This can be fixed by considering
quantile estimators.

The quantile estimator is based on the observation that the quantiles of X(0) are equal
to those of Sα(1, 0, 0), multiplied by σX(0). Taking different quantile levels, this can be
used to construct a variety of estimators. The most popular choice is quartiles, so that
the correspondent estimator is

σ̃q =
x̃3/4;n − x̃1/4;n

x3/4 − x1/4

, (8)

where x̃1/4;n and x̃3/4;n are, respectively, the lower and upper empirical quartiles of the
sample {X(tk,n), k = 1, . . . , n}; x1/4 and x3/4 are, respectively, the lower and upper quar-
tiles of Sα(1, 0, 0).
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Since it is not our main concern here, we will only sketch the proof of consistency of
these estimators and the respective rates of convergence. For simplicity, assume that there
is a positive number T such that for any n ≥ 1, Nn = T/∆n and kn = n/Nn = n∆n/T
are integers. Then

1

n

n∑
k=1

|X(tk,n)|p =
1

kn

kn∑
j=1

∑
k:(j−1)T<tk,n≤jT

∆n

T
|X(tk,n)|p

≈ 1

kn

kn∑
j=1

1

T

∫ jT

(j−1)T

|X(s)|pds→ 1

T
E

[ ∫ jT

(j−1)T

|X(s)|pds
]

= E[|X(0)|p], n→∞,

where we have used the stationarity of X and the ergodic theorem. The ≈ sign can be
justified under some extra regularity assumptions, but we will not go into detail. There
are two useful observations from the above heuristic writing. First, the rate of convergence
of σ̃m is the same as that of

σ̂m =

(
c(p, α)

n

kn∑
j=1

|X(jT )|p
)1/p

.

Thus, extra effort needed to compute σ̃m is not justified: as n grows to infinity, the ratio
of numbers of terms involved in it and in σ̂m grows to infinity as well, while the precision
is only improved by some constant.

Secondly, for suppf = [−T, T ], the sequence involved in the computation of σ̂m is
2-dependent. This means that the rate of convergence of σ̂m (and that of σ̃m, thanks to
the above heuristics) towards σX(0) is given by the central limit theorem, i.e. is equal to

OP (k
1/2
n ) = OP ((n∆n)1/2).

The consistency of σ̃q can be shown in a standard way. Namely, the consistency of
empirical quantiles follows, through the Glivenko–Cantelli argument, from that of the
empirical cumulative distribution function

F̃n(x) =
1

n

n∑
k=1

1{X(tk,n)<x},

which is, in turn, is justified exactly as the consistency of empirical moments. Moreover,
one can define a “low-frequency” version of the estimator:

σ̂q =
x̂3/4;n − x̂1/4;n

x3/4 − x1/4

,

where x̂1/4;n and x̂3/4;n are, respectively, the lower and upper empirical quartiles of
{X(jT ), j = 1, . . . , kn}. As above, it has the same accuracy as σ̃q, but requires less com-
putational effort.

Now let us turn to the estimation of ‖g‖α. In the case where f is supported by [−T, T ]
(and T is known a priori), one can use the estimator

‖̃g‖α,T =

(∫ T

−T
|g̃(t)|α dt

)1/α

.

In the case of unbounded support, we need a number sequence {bn, n ≥ 1} such that
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(B1) bn →∞, n→∞;

(B2) b
2/α−1
n a2

nW
∗
n → 0, n→∞;

(B3) b
2/α−1
n an = o((n∆n)1/α), n→∞;

(B4) b
2/α−1
n a4

n∆2
n → 0, n→∞;

(B5) b
2/α−1
n a2

nW
(2)
n = o

(
(n∆n)2

)
, n→∞;

(B6) b
2/α−1
n a2

nωf (∆n)2−2/a → 0, n→∞;

(B7) b
2/α−1
n

∫
{λ:|λ|>an} ĝ(λ)2dλ→ 0, n→∞.

With this at hand, an estimator for ‖g‖α is constructed as

‖̃g‖α,bn =

(∫ bn

−bn
|g̃(t)|α dt

)1/α

. (9)

Theorem 3. 1. Let f be supported by [−T, T ] and the assumptions of Theorem 1 hold.
Then

‖̃g‖α,T
P−→ ‖g‖α, n→∞.

2. Under the assumptions of Theorem 1 and (B1)–(B7),

‖̃g‖α,bn
P−→ ‖g‖α, n→∞.

Introduce a plug–in estimator ‖̃f‖2 = σ̃X(0)/‖̃g‖α of ‖f‖2 where σ̃X(0) is a scale es-

timator of X(0) (e.g., σ̃m, σ̂m, σ̃q, or σ̂q) and ‖̃g‖α is any of the estimators ‖̃g‖α,T and

‖̃g‖α,bn corresponding to the case of compact or non–compact support of f .

Corollary 1. Let σ̃X(0) be any weakly consistent estimator of scale of X(0). Under
the assumptions of Theorems 1 and 3 for compact–supported f (or Theorems 2 and 3,
otherwise) it holds

‖̃f‖2
P−→ ‖f‖2, n→∞.

Remark 5. The above results stay true also for the case of estimation of the kernel function
f : Rd → R of a stationary random field

X(t) =

∫
Rd
f(t− s)Λ(ds), t ∈ Rd, (10)

where Λ is a homogeneous SαS independently scattered random measure on Rd. Let
(∆n)n∈N, (mn)n∈N and (an)n∈N be real-valued sequences mit ∆n → 0, n∆n →∞, mn →∞
and mn = o(n) as n→∞. Let {Wn(m) | n ∈ N, m ∈ {−mn, . . . ,mn}d} be a sequence of
filters. Denote by ‖ · ‖ the Euclidean norm in Rd. Additionally to (A1) and (W1) above,
assume that the following regularity conditions are fulfilled:

(W2)
∑

m∈{−mn,...,mn}dWn(m) = 1;

(W3) W ∗
n := maxm∈{−mn,...,mn}dWn(m)→ 0, n→∞;
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(W4) W
(2)
n :=

∑
m∈{−mn,...,mn}dWn(m)‖m‖2 = o

(
(n∆n)2

)
, n→∞;

(A2) a2d
n W

∗
n →∞, n→∞;

(A3) a
3d/4
n = o((n∆n)1/α), n→∞;

(A4) ad+1
n ∆n → 0, n→∞;

(A5) a2d
n W

(2)
n = o

(
(n∆n)2

)
, n→∞;

Moreover, assume that the function f satisfies (F1) and that it either has compact support
and fulfills

(F2) adnωf (∆n)→ 0, n→∞,

where ωf (∆n) = sup‖t−s‖<∆n
|f(t)− f(s)| is the modulus of continuity of f , or that there

is some a > max{d+ 1, d/α} such that f fulfills

(F2′) adnωf (∆n)
1
d
− 1
a → 0, n→∞;

(F3′) f(t) = O (‖t‖−a), ‖t‖ → ∞;

(F4′) a
3d/4
n = o(ωf (∆n)1/(aα)(n∆n)1/α), n→∞.

Put

In,X(λ) =

∣∣∣∑j∈{1,...,n}d X(tj,n)ei〈tj,n,λ〉
∣∣∣2∑

j∈{1,...,n}d X(tj,n)2
, λ ∈ Rd,

where tj,n = (j1∆n, . . . , jd∆n) for j = (j1, . . . , jd) ∈ Rd and n ∈ N, and

Isn,X(λ) =
∑

m∈{−mn,...,mn}d
Wn(m)In,X

(
λ+

m

n∆n

)
.

Then for the estimator

g̃(t) :=
1

(2π)d

∫
[−an,an]d

√
∆nIsn,X(λ)ei〈t,λ〉 dλ, t ∈ Rd,

the assertions of Theorem 1 and Theorem 2 hold.

4 Simulation study

In this section, we study the performance and the applicability range of the above es-
timation method empirically, i.e., by estimating f from each of M = 100 Monte Carlo
simulations of the trajectories of X. First, dwell on the particular choice of the weights
Wn and sequences {∆n}, {mn}, and {an}.

Assumptions (W1)–(W4) and (A1)–(A5) are evidently satisfied e.g. for

• uniform weights Wn(m) = 1
2mn+1

,

• ∆n = n−δ, δ ∈ (0, 1),

• mn = nγ, γ ∈ (0, 1− δ),
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• an = log n.

Assumptions (F1)–(F2) hold for all positive semidefinite compact supported Lipschitz
continuous kernels f . For all Lipschitz continuous functions (F2′) holds. Assumption
(F3′) is valid whenever f decays at infinity rapidly enough, e.g., for f(t) = e−|t|, while
(F4′) holds for all non-constant functions f provided δ < a

a+1
, since then ωf (∆) ≥ c ·∆

for an appropriate constant c > 0 and sufficiently small ∆ > 0.
Now let us comment on the choice of Λ. Although the consistency of the estimator

of f was proven only for SαS integrators Λ, α ∈ (0, 2) (see Figures 1, 2 (left)), it seems
to work well also for Gaussian (α = 2, cf. Figure 2 (right)) and skewed Λ with different
values of stability index α ∈ (0, 2) and skewness intensity β ∈ [−1, 1], cf. Figure 3.
Numerical experiments with non–stable infinitely divisible integrators Λ show however
that symmetry is an important assumption that can not be omitted there. We tested
random measures whose marginal distributions are Γ-distributed or defined by (11) and
(12) and saw that estimation method for f does not work (cf. Figure 5) but it works well
for symmetric infinitely divisible measures Λ with or without a finite second moment,
compare Figure 4. In the infinitely divisible case, we have chosen the infinitely divisible
Λ with Lévy density

h(x) =


c1
| log x|
|x|p1 , x > ε,

c2
| log(−x)|
|x|p2 , x < −ε,

0, |x| ≤ ε

(11)

for some ε ≥ 0, c1, c2 > 0, p1, p2 > 0. In more detail, we choose Λ such that for
any bounded Borel set B ⊂ R we have Λ(B) = ξ(|B|) in distribution where |B| is the
Lebesgue measure of B and ξ = {ξ(t), t ≥ 0} is the Lévy process given by

ξ(t) =

t∫
0

∫
R

xQ(dx, ds)− t
∫
|x|<1

xh(x) dx, t ≥ 0, (12)

cf. [16, Theorem 19.2]. Here Q is a random Poisson measure on R+ × R with intensity
measure ν(A,B) = |A|

∫
B
h(x) dx for any bounded Borel subset A × B ⊂ R+ × R. If

p1, p2 ∈ (0, 3) then Λ is not square integrable, cf. [16, Corollary 25.8]. Λ is symmetric
iff h is symmetric, i.e., c1 = c2 and p1 = p2, cf. [16, Exercise 18.1]. It is known that
the distribution of Λ is completely determined by the law of ξ(1). In the case of Γ–
distributed Λ, we set Λ(B) ∼ Γ(1, |B|) for any bounded Borel subset B where a random
variable Y ∼ Γ(λ, p) has the density

p(x) =
λpxp−1

Γ(p)
e−λx1{x≥0}.

For a Gaussian measure Λ, we put Λ(B) ∼ N(0, |B|) for a bounded Borel subset B.
To simulate the realizations of X, we used the algorithms given in [10]. For infinitely

divisible Λ, the Lévy–Ito representation (12) was used to generate ξ(1). There ε was
chosen to be positive in order to avoid exremely high jumps. For d = 1, we set n = 1000,
mn = n1/4, an = 20, ∆ = 2T/N = 0.01, T = 20 with uniform weights as above. As
kernel functions for our simulations, we have chosen the triangular, the spherical and the
exponential kernels

f(t) = c(1− |t|)1[−1,1](t), (13)

9



Figure 1: Estimation results for SαS X with triangular kernel (13), α = 0.3 (left) and
with spherical kernel (14), α = 1.7 (right)

f(t) = c · (1− 1.5|t|+ 0.5|t|3)1[−1,1](t), (14)

f(t) = c exp(−|t|) (15)

with constants c > 0 chosen such that ‖f‖2 = 1. These kernels f satisfy conditions
(F1)–(F2) and (F1), (F2′)–(F4′), respectively. Indeed, assumption (F1) holds since all
these functions are valid covariance functions which are positive semidefinite. One can
check that their Fourier transforms are non–negative also directly, compare [12, Table 4,
p. 245]. (F2) and (F2′) follow from Lipschitz continuity of the functions (13)–(15).

The following numerical results have been obtained for α = 2, 1.7, 1.3, 1, 0.7, 0.3. In
Figures 1 – 5, we concentrated on the estimation of function g = f (which is equivalent
to setting ‖f‖2 = 1). Each figure contains the graph of the real kernel function f used
to simulate X, the mean of 100 estimates of f and their (0.025, 0.975)–quantile envelope,
i.e. the region containing 95% of all estimated curves of f .

If the norm of f is unknown and has to be estimated separately as described in Section
3 then the volatility of the estimates of f increases, compare Figure 6. There, the constant
c in (15) was chosen to be 2.5, and the estimator of scale is the quantile estimator (8).

Not surprisingly, the performance of the estimators of the norm ‖̃f‖2 gets better with
increasing α. Usually, the estimator (8) outperforms the moment estimator (7) which
justifies its choice in the estimation procedure for f . But even for the quantile estimator,
its empirical standard deviation is much higher for small α ∈ (0, 1). This is the reason
why the empirical mean of M estimated values of f in Figure 6 (left) for α = 0.3 had to be
substituted by the empirical median which is robust to outliers. Numerical experiments
with different sampling mesh values ∆n show that the estimation of f performs well for
∆n ∈ (0, 0.1] (high frequency framework).

In order to evaluate the performance of the estimator when d = 2, we examined a
(symmetric) field with α = 1.8 and kernel

f(t) =
1

2π
e−‖t‖

2
2/2, (16)

on a grid with n = 1000 points in each dimension and grid distance ∆n = T 2/(2n) ≈
0.0024. For computational reasons the kernel was restricted to t ∈ [−T, T ]2, where T =
2.2. As parameters for the estimator we used uniform weights Wn(m) = 1/(2mn + 1)2,
mn = b 8

√
nc = 2 and an = log(n)− 4.5 ≈ 2.4. Since the computation time is much higher

10



Figure 2: Estimation results for SαS X with exponential kernel (15), α = 0.7 (left) and
with triangular kernel (13), α = 2 (Gaussian case, right)

Figure 3: Estimation results for skewed X with triangular kernel (13), α = 1.3 and β = 0.7
(left), β = −0.5 (right)

Figure 4: Estimation results for X with infinitely divisible Λ and exponential kernel (15).
Parameters of Lévy density (11) are c1 = c2 = 1, p1 = p2 = 2.5 (left) and p1 = p2 = 4
(right)
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Figure 5: Estimation results for X with triangular kernel (13), Gamma-distributed Λ (left)
and skewed infinitely divisible Λ (right). Parameters of Lévy density (11) are p1 = 2.1,
p2 = 2.7 and c1 = c2 = 1

Figure 6: Estimation results for SαS X with unknown norm of f . Here α = 0.7 and f is
an exponential kernel (15) with c = 2.5 (left) and α = 1.7 and f is a spherical kernel (14)
with c = 4 (right)
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Figure 7: A simulated realization (top left) of SαS random field X (d = 2) with Gaussian
kernel (16) (top right), a realization of the kernel estimator (bottom left) and its difference
to the real kernel (bottom right)

than in the one-dimensional case, we simulated just one realization of the estimator.
Figure 7 (bottom row) shows that our estimation method (with the appropriately chosen
parameters) performs also well in two dimensions.

5 Summary and open problems

The preceding section showed the good performance of the high frequency estimates of
a smooth symmetric bounded rapidly decreasing kernel f of positive type for α–stable
moving averages X (both skewed and symmetric) in the case α ∈ (0, 2]. Additionally,
we verified empirically the applicability of the method to certain non–stable symmetric
infinitely divisible integrators Λ. An open problem is to provide rigorous mathematical
proofs for this experimental evidence. Recall that we were able to show the consistency of
our estimation methods only in the SαS case. Our working hypothesis is that the results
of Theorems 1 and 2 stay true for all stable integrators Λ as well as for symmetric infinitely
divisible Λ without a finite second moment (at least lying in the domain of attraction of
a stable law).

Another open problem is to prove limit theorems for the estimates of g and f in case
of SαS Λ. If f is not symmetric (e.g., it is causal) our estimation ansatz fails to work

13



completely, so new ideas are needed here. This is the subject of future research.
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Appendix A: Proofs

Kernel f with compact support

Proof of Theorem 1. We first show how (ii) follows from (i). Notice that |ĝ(λ)| = ĝ(λ)
for all λ ∈ R, since by (F1) f is symmetric and of positive type. In order to prove∫ an

−an

(√
∆nIsn,X(λ)− ĝ(λ)

)2

dλ
P−→ 0, n→∞,

we use the inequality |
√
a−
√
b| ≤

√
|a− b| for a, b ≥ 0. We get∫ an

−an

(√
∆nIsn,X(λ)− ĝ(λ)

)2

dλ ≤
∫ an

−an

∣∣∆nI
s
n,X(λ)− ĝ(λ)2

∣∣ dλ
≤
√

2an ·

√∫ an

−an

∣∣∆nIsn,X(λ)− ĝ(λ)2
∣∣2 dλ P−→ 0

by (i), where the last inequality is due to Cauchy–Schwarz.
Since ĝ ∈ L2(R) it follows∫

{λ:|λ|>an}
ĝ(λ)2 dλ→ 0, n→∞,

so we get ∫
R

(
1[−an,an](λ) ·

√
∆nIsn,X(λ)− ĝ(λ)

)2

dλ
P−→ 0, n→∞.

Now Plancherel’s equality yields∫
R

∣∣∣∣ 1

2π

∫
[−an,an]

√
∆nIsn,X(λ)eitλ dλ− g(t)

∣∣∣∣2 dt P−→ 0, n→∞,

which is equivalent to the statement.
Now let us prove (i). Write

Isn,X(λ) =
Jsn,X(λ)

Sn,X
,

where Jsn,X(λ) =
∑
|m|≤mnWn(m)

∣∣∣∑n
j=1 X(tj,n)eitj,nνn(m,λ)

∣∣∣2 , Sn,X =
∑n

j=1 X(tj,n)2.

Let f be supported by [−T, T ]. We will assume that N = T/∆n is integer: this will
simplify the exposition while not harming the rigor. The proof is rather long, so we split
it into several steps for better readability. Choose n ≥ 2N + 1.
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Step 1. Denominator. We start with investigating the denominator Sn,X . First we
study the behavior of a similar expression with f replaced by its discretized version.
Specifically, define

Xn(tj,n) =
N−1∑
k=−N

f(tk,n)Λ
(
((j− k− 1)∆n, (j− k)∆n]

)
=

∫
R
fn(tj,n− s)Λ(ds), j = 1, . . . , n,

where fn(x) =
∑N−1

k=−N f(tk,n)1[tk,n,tk+1,n)(x). Denote εl,n = Λ
(
((l − 1)∆n, l∆n]

)
, l ∈ Z.

For fixed n, these variables are independent SαS with scale parameter ∆
1/α
n .

Decompose

n∑
j=1

Xn(tj,n)2 =
n∑
j=1

(
j+N∑

l=j−N+1

f(tj−l,n)εl,n

)2

=
n∑
j=1

j+N∑
l=j−N+1

f(tj−l,n)2ε2
l,n +

n∑
j=1

j+N∑
l1,l2=j−N+1

l1 6=l2

f(tj−l1,n)f(tj−l2,n)εl1,nεl2,n

=

(
n−N∑
l=N+1

l+N−1∑
j=l−N

+
N∑

l=2−N

l+N−1∑
j=1

+
n+N∑

l=n−N+1

n∑
j=l−N

)
f(tj−l,n)2ε2

l,n

+
n∑
j=1

j+N∑
l1,l2=j−N+1

l1 6=l2

f(tj−l1,n)f(tj−l2,n)εl1,nεl2,n =: S1,n + S2,n + S3,n + S4,n.

We are going to show that the last three terms are negligible. We use the shorthand En =∑n−N
l=N+1 ε

2
l,n, as this will be our benchmark term. Observe that S1,n =

∑N−1
k=−N f(tk,n)2En.

Thanks to the boundedness and uniform continuity of f we have∣∣∣∣∣∆n

N−1∑
k=−N

f(tk,n)2 −
∫ T

−T
f(x)2 dx

∣∣∣∣∣ = O(ωf (∆n)).

Thus ∣∣∣∣S1,n −
1

∆n

∫ T

−T
f(x)2dx · En

∣∣∣∣ = O
(
∆−1
n ωf (∆n)En

)
, n→∞. (17)

On the other hand, by [6, XVII.5, Theorem 3 (i)], we have

En

n2/α∆
2/α
n

⇒ Zα, n→∞, (18)

where Zα is some positive α/2–stable random variable. Therefore, by Slutsky’s theorem,

S1,n

n2/α∆
2/α−1
n

⇒ Zα

∫ T

−T
f(x)2dx, n→∞. (19)

Estimate

S2,n + S3,n ≤

(
N∑

l=2−N

+
n+N∑

l=n−N+1

)
ε2
l,n

N−1∑
k=−N

f(tk,n)2 =: S5,n.

15



Similarly to (19),

S5,n

(2N)2/α∆
2/α−1
n

⇒ Z ′α

∫ T

−T
f(x)2dx, n→∞. (20)

Since N∆n = T , we have

S2,n + S3,n = OP (∆−1
n ) = OP

(
(n∆n)−2/αn2/α∆2/α−1

n

)
= OP

(
S1,n(n∆n)−2/α

)
,

n→∞. Now write S4,n as

S4,n =
n+N∑

l1,l2=2−N
l1 6=l2

bl1,l2,nεl1,nεl2,n,

where |bl1,l2,n| ≤ 2N‖f‖2
∞ and bl1,l2,n = 0 whenever |l1 − l2| ≥ 2N . Hence,

n+N∑
l1,l2=2−N
l1 6=l2

|bl1,l2,n|
2 ≤ 16N3n‖f‖4

∞,

so Lemma 3 implies S4,n = OP (N3/2n2/α−1/2∆
2/α
n ) = OP ((n∆n)−1/2S1,n).

Summing up, we have
∑n

j=1Xn(tj,n)2 = S1,n

(
1 +OP ((n∆n)−1/2)

)
, n→∞, and S1,n is

of order n2/α∆
2/α−1
n , in the sense of (19).

Now we get back to the denominator of In,X(λ). For any positive vanishing sequence
{δn, n ≥ 1} write the following simple estimate:∣∣a2 − b2

∣∣ ≤ 2 |a(a− b)|+ |a− b|2 ≤ δna
2 + (1 + δ−1

n ) |a− b|2 . (21)

Then we obtain∣∣∣∣∣
n∑
j=1

Xn(tj,n)2 − Sn,X

∣∣∣∣∣ ≤ δn

n∑
j=1

Xn(tj,n)2 + (1 + δ−1
n )

n∑
j=1

(Xn(tj,n)−X(tj,n))2 .

From Lemma 4 it follows that

n∑
j=1

(Xn(tj,n)−X(tj,n))2 = OP (‖fn − f‖2
∞n

2/α∆2/α−1
n ) = OP (ωf (∆n)2S1,n), n→∞.

By assumption (F2), it holds ωf (∆n)→ 0, n→∞. Putting δn = ωf (∆n), we get that∣∣∣∣∣
n∑
j=1

Xn(tj,n)2 − Sn,X

∣∣∣∣∣ = OP (ωf (∆n)S1,n) = oP (S1,n), n→∞.

We conclude that

Sn,X = S1,n

(
1 +OP ((n∆n)−1/2 + ωf (∆n))

)
= S1,n(1 + oP (1)), n→∞,

whence, using (17),

∆nSn,X =
(
‖f‖2

2 +OP ((n∆n)−1/2 + ωf (∆n))
)
En

P∼ ‖f‖2
2En, n→∞. (22)
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Step 2. Whole expression
We turn to the expression in the left-hand side of (6). Recall that

Jsn,X(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n∑
j=1

X(tj,n)eitj,nνn(m,λ)

∣∣∣∣∣
2

is the numerator of Isn,X(λ) and write

an

an∫
−an

∣∣∆nI
s
n,X(λ)− |ĝ(λ)|2

∣∣2 dλ = an

an∫
−an

∣∣∣∣∣∣∣
∆2
nJ

s
n,X(λ)

∆nSn,X
−

∣∣∣f̂(λ)
∣∣∣2

‖f‖2
2

∣∣∣∣∣∣∣
2

dλ

≤ 2an

an∫
−an

∣∣∣∣∣∣∣
∆2
nJ

s
n,X(λ)

∆nSn,X
−

∣∣∣f̂(λ)
∣∣∣2En

∆nSn,X

∣∣∣∣∣∣∣
2

dλ

+2an

an∫
−an

∣∣∣∣∣∣∣
∣∣∣f̂(λ)

∣∣∣2En
∆nSn,X

−

∣∣∣f̂(λ)
∣∣∣2

‖f‖2
2

∣∣∣∣∣∣∣
2

dλ

= 2an

 an∫
−an

∣∣∣∣∣∣∣
∆2
nJ

s
n,X(λ)−

∣∣∣f̂(λ)
∣∣∣2En

∆nSn,X

∣∣∣∣∣∣∣
2

dλ+

∣∣∣∣‖f‖2
2En −∆nSn,X

∆n‖f‖2
2Sn,X

∣∣∣∣2
an∫

−an

∣∣∣f̂(λ)
∣∣∣4dλ

.
Thanks to (22),

an

an∫
−an

∣∣∣∣∣∣∣
∆2
nJ

s
n,X(λ)−

∣∣∣f̂(λ)
∣∣∣2En

∆nSn,X

∣∣∣∣∣∣∣
2

dλ
P∼ an
‖f‖4

2E
2
n

an∫
−an

∣∣∣∣∆2
nJ

s
n,X(λ)−

∣∣∣f̂(λ)
∣∣∣2En∣∣∣∣2 dλ

and

2an

∣∣∣∣‖f‖2
2En −∆nSn,X

∆n‖f‖2
2Sn,X

∣∣∣∣2
an∫

−an

∣∣∣f̂(λ)
∣∣∣4 dλ = OP

(
an((n∆n)−1 + ωf (∆n)2)

)
= oP (1)

as n→∞. Thus, it remains to prove that

an

∫ an

−an

∣∣∣∣∆2
nJ

s
n,X(λ)−

∣∣∣f̂(λ)
∣∣∣2En∣∣∣∣2 dλ = oP (E2

n), n→∞. (23)

Step 3. Numerator. As with the denominator, we start with examining the discretized
version of Jsn,X(λ):

Rn(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n∑
j=1

Xn(tj,n)eitj,nνn(m,λ)

∣∣∣∣∣
2

=
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n∑
j=1

j+N∑
l=j−N+1

f(tj−l,n)εl,ne
itj,nνn(m,λ)

∣∣∣∣∣
2

.
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We proceed in three substeps, first considering the following expression

R1,n(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n−N∑
l=N+1

l+N−1∑
j=l−N

f(tj−l,n)εl,ne
itj,nνn(m,λ)

∣∣∣∣∣
2

.

Step 3a): We shall show

an

∫ an

−an

∣∣∣∣∣∣∣f̂(λ)
∣∣∣2En −∆2

nR1,n(λ)

∣∣∣∣2 dλ = oP (E2
n), n→∞. (24)

We have for λ ∈ [−an, an] that

R1,n(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n−N∑
l=N+1

εl,ne
itl,nνn(m,λ)

l+N−1∑
j=l−N

f(tj−l,n)eitj−l,nνn(m,λ)

∣∣∣∣∣
2

=
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
N−1∑
k=−N

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2 ∣∣∣∣∣

n−N∑
l=N+1

εl,ne
itl,nνn(m,λ)

∣∣∣∣∣
2

= Fn(λ)
n−N∑
l=N+1

ε2
l,n +

∑
N+1≤l1 6=l2≤n−N

al1,l2,n(λ)εl1,nεl2,n,

where

Fn(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
N−1∑
k=−N

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2

,

al1,l2,n(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
N−1∑
k=−N

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2

ei(l1−l2)∆nνn(m,λ)
1[−an,an](λ).

With the help of Lemma 5, we obtain∣∣∣∣∣∣∣f̂(λ)
∣∣∣2En −∆2

nR1,n(λ)

∣∣∣∣ ≤ O
((
W (2)
n

)1/2
(n∆n)−1 + ωf (∆n) + (1 + |λ|)∆n

)
En

+∆2
n

∣∣∣∣∣ ∑
N+1≤l1 6=l2≤n−N

al1,l2,n(λ)εl1,nεl2,n

∣∣∣∣∣ , n→∞.

Therefore,

an

∫ an

−an

∣∣∣∣∣∣∣f̂(λ)
∣∣∣2En −∆2

nR1,n(λ)

∣∣∣∣2 dλ = O
(
a2
nW

(2)
n (n∆n)−2 + a2

nωf (∆n)2 + a4
n∆2

n

)
E2
n

+an∆4
n

∫
R

∣∣∣∣∣ ∑
N+1≤l1 6=l2≤n−N

al1,l2,n(λ)εl1,nεl2,n

∣∣∣∣∣
2

dλ, n→∞.

By Lemma 2,∫
R

∣∣∣∣∣ ∑
N+1≤l1 6=l2≤n−N

al1,l2,n(λ)εl1,nεl2,n

∣∣∣∣∣
2

dλ = OP (Ann
4/α−2∆4/α

n ),
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where An =
∫ an
−an

∑
N+1≤l1 6=l2≤n−N |al1,l2,n(λ)|2 dλ. By Lemma 6,∑

N+1≤l1 6=l2≤n−N

|al1,l2,n(λ)|2 = O(W ∗
n(K∗nn)2), n→∞,

where

K∗n = sup
|m|≤mn

∣∣∣∣∣
N−1∑
k=−N

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2

≤

(
N−1∑
k=−N

|f(tk,n)|

)2

∼ ∆−2
n ‖f‖2

1, n→∞.

Hence,

an∆4
n

∫
R

∣∣∣∣∣ ∑
N+1≤l1 6=l2≤n−N

al1,l2,n(λ)εl1,nεl2,n

∣∣∣∣∣
2

dλ = OP (an∆4
nanW

∗
n(K∗nn)2n4/α−2∆4/α

n )

= OP (a2
nW

∗
n(n∆n)4/α) = OP

(
a2
nW

∗
nE

2
n

)
, n→∞.

Combining the estimates, we get (24).

Step 3b): We get

an

∫ an

−an

∣∣∣∣∆2
nRn(λ)−

∣∣∣f̂(λ)
∣∣∣2En∣∣∣∣2 dλ = oP (E2

n), n→∞. (25)

Indeed, write

an

∫ an

−an

∣∣∣∣∆2
nRn(λ)−

∣∣∣f̂(λ)
∣∣∣2En∣∣∣∣2 dλ

≤ 2an

∫ an

−an
∆4
n |Rn(λ)−R1,n(λ)|2 dλ+ 2an

∫ an

−an

∣∣∣∣∆2
nR1,n(λ)−

∣∣∣f̂(λ)
∣∣∣2En∣∣∣∣2 dλ

= 2an∆4
n

∫ an

−an
|Rn(λ)−R1,n(λ)|2 dλ+ oP (E2

n), n→∞.

Let us estimate the first expression. Take some positive vanishing sequence {θn, n ≥ 1},
which will be specified later. Using (21), we have

|R1,n(λ)−Rn(λ)| ≤ θnR1,n(λ) + (1 + θ−1
n )

×
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
(

N∑
l=2−N

l+N−1∑
j=1

+
n+N∑

l=n−N+1

n∑
j=l−N

)
εl,ne

itl,nνn(m,λ)f(tj−l,n)eitj−l,nνn(m,λ)

∣∣∣∣∣
2

≤ θnR1,n(λ) + (1 + θ−1
n ) (R2,n(λ) +R3,n(λ)) ,

where

R2,n(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
N∑

l=2−N

εl,ne
itl,nνn(m,λ)

N−1∑
k=1−l

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2

,

R3,n(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n+N∑

l=n−N+1

εl,ne
itl,nνn(m,λ)

n−l∑
k=−N

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2

.
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Hence,

an

∫ an

−an
|Rn(λ)−R1,n(λ)|2 dλ

≤ 2anθ
2
n

∫ an

−an
R1,n(λ)2dλ+ 4an(1 + θ−1

n )2

∫ an

−an

(
R2,n(λ)2 +R3,n(λ)2

)
dλ.

Now

R2,n(λ) =
N∑

l=2−N

ε2
l,n

∑
|m|≤mn

Wn(m)

∣∣∣∣∣
N−1∑
k=1−l

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2

+
N−1∑

l1,l2=2−N
l1 6=l2

bl1,l2,n(λ)εl1,nεl2,n

≤
N∑

l=2−N

ε2
l,n

(
N−1∑
k=−N

|f(tk,n)|

)2

+
N∑

l1,l2=2−N
l1 6=l2

bl1,l2,n(λ)εl1,nεl2,n =: R4,n +R5,n(λ),

where

bl1,l2,n(λ) =
∑
|m|≤mn

Wn(m)ei(l1−l2)∆nνn(m,λ)

N−1∑
k1=1−l1

N−1∑
k2=1−l2

f(tk1,n)f(tk2,n)ei(k1−k2)∆nνn(m,λ).

The functions bl1,l2,n satisfy

|bl1,l2,n(λ)| ≤

(
N−1∑
k=−N

|f(tk,n)|

)2

∼ ∆−2
n ‖f‖2

1, n→∞.

Thus ∫
R

∑
1≤l1<l2≤N

|bl1,l2,n(λ)|2 1[−an,an](λ) dλ = O(anN
2∆−4

n ), n→∞,

and therefore Lemma 2 implies∫ an

−an
R5,n(λ)2dλ = OP (anN

2∆4/α−4
n N4/α−2) = OP (an∆−4

n ), n→∞.

Further,

R4,n ∼ ∆−2
n ‖f‖2

1

N∑
l=2−N

ε2
l,n, n→∞,

so thanks to (20), R4,n = OP (N2/α∆
2/α−2
n ) = OP (∆−2

n ), n→∞. Thus, we get∫ an

−an
R2,n(λ)2 dλ = OP (an∆−4

n ), n→∞.

Similarly,
∫ an
−an R3,n(λ)2 dλ = OP (an∆−4

n ), n→∞.

20



Setting θn = (n∆n)−2/(3α), we get by (A3) that

an(1 + θ−1
n )2

∫ an

−an

(
R2,n(λ)2 +R3,n(λ)2

)
dλ = OP (a2

n∆−4
n (n∆n)4/(3α)) = oP (n4/α∆4/α−4

n )

as n→∞. Therefore, we arrive at

an

∫ an

−an

∣∣∆2
nRn(λ)−∆2

nR1,n(λ)
∣∣2 dλ

≤ 2an(n∆n)−4/(3α)∆4
n

∫ an

−an
R1,n(λ)2dλ+ oP (n4/α∆4/α

n ), n→∞.

Noting that oP (n4/α∆
4/α
n ) = oP (E2

n), n→∞ and by Step 3a)

∆4
n

∫ an

−an
R1,n(λ)2dλ ≤ 2

(∫ an

−an

∣∣∣f̂(λ)
∣∣∣4 dλ · E2

n +

∫ an

−an

∣∣∣∣∣∣∣f̂(λ)
∣∣∣2En −∆2

nR1,n(λ)

∣∣∣∣2 dλ
)

=

(
2

∫ an

−an

∣∣∣f̂(λ)
∣∣∣4 dλ+ oP (1)

)
E2
n, n→∞,

we get by (A3) an
∫ an
−an |∆

2
nRn(λ)−∆2

nR1,n(λ)|2 dλ = oP (E2
n), n → ∞, whence (25)

follows from (24).

Step 3c): Finally we have

an∆4
n

∫ an

−an

∣∣Jsn,X(λ)−Rn(λ)
∣∣2 dλ = oP (E2

n), n→∞. (26)

Using (21) again, write

∣∣Jsn,X(λ)−Rn(λ)
∣∣ =

∣∣∣∣∣∣Rn(λ)−
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n∑
j=1

X(tj,n)eitj,nνn(m,λ)

∣∣∣∣∣
2
∣∣∣∣∣∣

≤ δnRn(λ) + (1 + δ−1
n )

∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n∑
j=1

(Xn(tj,n)−X(tj,n)) eitj,nνn(m,λ)

∣∣∣∣∣
2

= δnRn(λ) + (1 + δ−1
n )

∑
|m|≤mn

Wn(m)

∣∣∣∣∣
∫
R

n∑
j=1

(
fn(tj,n − s)− f(tj,n − s)

)
eitj,nνn(m,λ)Λ(ds)

∣∣∣∣∣
2

=: δnRn(λ) + (1 + δ−1
n )R6,n(λ) (27)

for δn = ωf (∆n)2/3. Hence,

an

∫ an

−an

∣∣Jsn,X(λ)−Rn(λ)
∣∣2 dλ ≤ 2anδ

2
n

∫ an

−an
Rn(λ)2dλ+ 2an(1 + δ−1

n )2

∫ an

−an
R6,n(λ)2dλ.

Define hn,m(s, λ) =
∑n

j=1

(
fn(tj,n − s) − f(tj,n − s)

)
eitj,nνn(m,λ)

1[−an,an](λ). Note that
the summands do not exceed ωf (∆n), and at most 2N of them are not zero. Hence,
‖hn,m(·, λ)‖∞ ≤ 2Nωf (∆n). Applying Lemma 7, we get

an

∫ an

−an
R6,n(λ)2dλ = OP (a2

nN
4ωf (∆n)4(n∆n)4/α) = OP (a2

nωf (∆n)4n4/α∆4/α−4
n ), n→∞.
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Recalling that δn → 0 and anωf (∆n)4/3 → 0 as n→∞, we ultimately obtain

an∆4
n

∫ an

−an

∣∣Jsn,X(λ)−Rn(λ)
∣∣2 dλ

= OP

(
an(ωf (∆n))4/3

(∫
R

∣∣∣f̂(λ)
∣∣∣2 dλ+ oP (1)

)
E2
n + ∆4

n(ωf (∆n))−4/3a2
nωf (∆n)4n4/α∆4/α−4

n

)
= op(E

2
n + n4/α∆4/α

n ) = op(E
2
n), n→∞.

Combining (25) and (26), we come to (23).

Kernel f with unbounded support

Proof of Theorem 2. Part (ii) is derived from part (i) exactly the same way as in Theorem
1.

In order to prove part (i), we need to show that

an

∫ an

−an

∣∣∆nI
s
n,X(λ)− |ĝ(λ)|2

∣∣2 dλ P−→ 0, n→∞.

We start by setting Nn = bωf (∆n)−1/a∆−1
n c, n ≥ 1, so that Tn := Nn∆n ∼ ωf (∆n)−1/a,

n→∞. Recall that εl,n = Λ([(l − 1)∆n, l∆n]), l ∈ Z, and set En =
∑n−Nn

l=Nn+1 ε
2
l,n.

The rest of the proof follows the same scheme as that of Theorem 1. Specifically,
examining Step 2 of the latter, it is enough to show that

(i) Sn,X = 1
∆n

∫
R f(x)2dx·En

(
1+OP

(
ωf (∆n)1−1/(2a)+N

2/α
n n−2/α+(n∆n)−1/2

))
, n→∞;

(ii) an
∫ an
−an

∣∣∣∣∆2
nJ

s
n,X(λ)−

∣∣∣f̂(λ)
∣∣∣2En∣∣∣∣2 dλ = oP (E2

n), n→∞.

We thus split the proof into two steps, establishing these relations.
Step 1.

Define fn(x) =
∑Nn−1

k=−Nn f(tk,n)1[tk,n,tk+1,n)(x), Xn(t) =
∫
R fn(t− s)Λ(ds). Write

Sn,Xn =
n∑
j=1

Xn(tj,n)2 =
n∑
j=1

(
j+Nn∑

l=j−Nn+1

f(tj−l,n)εl,n

)2

=
n∑
j=1

j+Nn∑
l=j−Nn+1

f(tj−l,n)2ε2
l,n +

n∑
j=1

j+Nn∑
l1,l2=j−Nn+1

l1 6=l2

f(tj−l1,n)f(tj−l2,n)εl1,nεl2,n

=

(
n−Nn∑
l=Nn+1

l+Nn−1∑
j=l−Nn

+
Nn∑

l=2−Nn

l+Nn−1∑
j=1

+
n+Nn∑

l=n−Nn+1

n∑
j=l−Nn

)
f(tj−l,n)2ε2

l,n

+
n∑
j=1

j+Nn∑
l1,l2=j−Nn+1

l1 6=l2

f(tj−l1,n)f(tj−l2,n)εl1,nεl2,n =: S1,n + S2,n + S3,n + S4,n.

First note that∣∣∣∣S1,n −∆−1
n

∫
R
f(x)2dx · En

∣∣∣∣ =

∣∣∣∣∣
Nn−1∑
k=−Nn

f(tk,n)2 −∆−1
n

∫
R
f(x)2dx

∣∣∣∣∣En
22



≤

∣∣∣∣∣
Nn−1∑
k=−Nn

f(tk,n)2 −∆−1
n

∫ Tn

−Tn
f(x)2dx

∣∣∣∣∣En + ∆−1
n

∣∣∣∣∫
{x:|x|>Tn}

f(x)2dx

∣∣∣∣En
= OP

(
(Tnωf (∆n) + T 1−2a

n )∆−1
n En

)
= OP

(
ωf (∆n)1−1/an2/α∆2/α−1

n

)
, n→∞,

where we have used that Tnωf (∆n)1/a is bounded away both from zero and from infinity.
Similarly to the finite support case,

S2,n + S3,n = OP (N2/α
n ∆2/α−1

n ) = OP (N2/α
n n−2/αn2/α∆2/α−1

n ), n→∞,

and
S4,n = 2

∑
2−Nn≤l1<l2≤n+Nn

al1,l2,nεl1,nεl2,n,

where

al1,l2,n =

(l1+Nn)∧n∑
j=(l2−Nn)∨1

f(tj−l1,n)f(tj−l2,n).

Estimate

n+Nn∑
l1,l2=1−Nn

l1<l2

|al1,l2,n|
2 ≤

n+Nn∑
l1,l2=1−Nn

l1<l2

 (l1+Nn)∧n∑
j=(l2−Nn)∨1

|f(tj−l1,n)f(tj−l2,n)|

2

∼ ∆−4
n

∫ n∆n+Tn

−Tn

∫ n∆n+Tn

x

(∫ (x+Tn)∧(n∆n)

(y−Tn)∨0

|f(z − x)f(z − y)|dz

)2

dy dx

≤ ∆−4
n

∫ n∆n+Tn

−Tn

∫ n∆n+Tn−x

0

(∫ Tn

y′−Tn
|f(z′)f(z′ − y′)|dz′

)2

dy′ dx = O(n∆−3
n ), n→∞,

since ∫
R

(∫
R
|f(z)f(z − y)|dz

)2

dy = ‖|f | ? |f |‖2
2 = ‖|̂f |

2
‖2

2 <∞,

where ? is the convolution operation. Hence by Lemma 3,

S4,n = OP (n1/2∆−3/2
n n2/α−1∆2/α

n ) = OP ((n∆n)−1/2n2/α∆2/α−1
n ), n→∞.

Collecting the estimates, we get∣∣∣∣Sn,Xn −∆−1
n

∫
R
f(x)2dx · En

∣∣∣∣
= OP

((
ωf (∆n)1−1/a +N2/α

n n−2/α + (n∆n)−1/2
)
n2/α∆2/α−1

n

) (28)

as n→∞.
Further, by (21), for some vanishing sequence {δn, n ≥ 1}

|Sn,Xn − Sn,X | ≤ δnSn,Xn + (1 + δ−1
n )S5,n, (29)

where

S5,n =
n∑
j=1

(Xn(tj,n)−X(tj,n))2 =
n∑
j=1

(∫
R

(
f(tj,n − s)− fn(tj,n − s)

)
Λ(ds)

)2
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≤ 3

 n∑
j=1

(∫ tj,n+Tn

tj,n−Tn

(
f(tj,n − s)− fn(tj,n − s)

)
Λ(ds)

)2

+
n∑
j=1

(∫
{s:|s−tj,n|∈[Tn,n∆n]}

f(tj,n − s)Λ(ds)

)2

+
n∑
j=1

(∫
{s:|s−tj,n|>n∆n}

f(tj,n − s)Λ(ds)

)2
 =: S6,n + S7,n + S8,n,

where Tn = Nn∆n. Since |fn(y)− f(y)| ≤ ωf (∆n) for y ∈ [−Nn∆n, Nn∆n], by Lemma 4,

S6,n = OP

(
ωf (∆n)2Tnn

2/α∆2/α−1
n

)
= oP

(
ωf (∆n)2−1/an2/α∆2/α−1

n

)
, n→∞.

To estimate S7,n, we use Lemma 1. For each n ≥ 1, the process

Yt,n =

∫
{s:|s−tj,n|∈[Tn,n∆n]}

f(t− s)Λ(ds), t ∈ [0, n∆n],

has the same distribution as

Ỹt,n = C1/α
α (3n∆n)1/α

∞∑
k=1

Γ
−1/α
k f(t− ξk)1|ξk−t|∈[Tn,n∆n]ζk, t ∈ [0, n∆n],

where {Γk, k ≥ 1} and {ζk, k ≥ 1} are as in Lemma 1, {ξk, k ≥ 1} are iid uniformly dis-
tributed over [−n∆n, 2n∆n]. Since we are concerned with convergence in probability, we
can freely assume that Yt,n = Ỹt,n. Then, taking into account (F3′),

E

[
n∑
j=1

Y 2
tj,n,n

∣∣∣Γ] ≤ C2/α
α (3n∆n)2/α

n∑
j=1

∞∑
k=1

Γ
−2/α
k E

[
f(tj,n − ξk)2

1|ξk−tj,n|∈[Tn,n∆n]

]
≤ C(n∆n)2/α−1

∞∑
k=1

Γ
−2/α
k

n∑
j=1

∫
{x:|x−tj,n|∈[Tn,n∆n]}

f(tj,n − x)2dx

≤ C(n∆n)2/α−1

∞∑
k=1

Γ
−2/α
k

n∑
j=1

∫
{x:|x−tj,n|≥Tn}

|tj,n − x|−2adx

≤ Cn2/α∆2/α−1
n T 1−2a

n

∞∑
k=1

Γ
−2/α
k .

Since by the strong law of large numbers, Γk ∼ k, k → ∞, a.s., the last series con-
verges almost surely, therefore, given Γ,

∑n
j=1 Y

2
tj,n,n

= OP (T 1−2a
n n2/α∆

2/α−1
n ), n → ∞.

Consequently, S7,n = OP (T 1−2a
n n2/α∆

2/α−1
n ) = OP

(
ωf (∆n)2−1/an2/α∆

2/α−1
n

)
, n→∞.

To estimate S8,n, let Zt,n =
∫
{s:|s−t|>n∆n} f(t − s)Λ(ds) and define for some b > 0 the

positive density over R:

ϕ(x) = Kb|x|−1
(
|log |x||+ 1

)−1−b
, (30)

where Kb =
(∫

R |x|
−1
(
|log |x||+ 1

)−1−b
dx
)−1

is the normalizing constant. As before, we

can assume that

Zt,n = C1/α
α

∞∑
k=1

Γ
−1/α
k f(t− ηk)ϕ(ηk)

−1/α
1{|ηk−t|>n∆n}ζk, t ≥ 0,
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where {Γk, k ≥ 1} and {ζk, k ≥ 1} are as in Lemma 1, {ηk, k ≥ 1} are iid with density ϕ.
Then

E

[
n∑
j=1

Z2
tj,n,n

∣∣∣Γ] = C2/α
α

n∑
j=1

∞∑
k=1

Γ
−2/α
k E

[
f(tj,n − ηk)2ϕ(ηk)

−2/α
1|ηk−tj,n|>n∆n

]
= C2/α

α

n∑
j=1

∫
{x:|x−tj,n|>n∆n}

f(tj,n − x)2ϕ(x)1−2/αdx
∞∑
k=1

Γ
−2/α
k =: C2/α

α Ln

∞∑
k=1

Γ
−2/α
k .

It is enough to study the term Ln:

Ln ≤ C

n∑
j=1

∫
{x:|x−tj,n|>n∆n}

|tj,n − x|−2a ϕ(x)1−2/αdx

∼ C∆−1
n

∫ n∆n

0

∫
{x:|x−t|>n∆n}

|t− x|−2a ϕ(x)1−2/αdx dt

= C∆−1
n

∫
{y:|y|>n∆n}

|y|−2a

∫ n∆n

0

ϕ(t− y)1−2/αdt dy.

(31)

Since ϕ is monotonically decreasing on [1,∞), we have

Ln ≤ C∆−1
n

∫
{y:|y|>n∆n}

|y|−2a n∆n(n∆n + |y|)2/α−1 logr(n∆n + |y|)dy

≤ C∆−1
n

(
n∆n

)2/α+1−2a
logr(n∆n),

(32)

due to L’Hospital’s rule, where r = (2/α− 1)(1 + b). Since a > 2, we get

S8,n = OP

(
(n∆n)−1n2/α∆2/α−1

n

)
, n→∞.

Summing everything up,

S5,n = n2/α∆2/α−1
n ·OP

(
ωf (∆n)2−1/a + (n∆n)−1

)
, n→∞.

Now set δn =
(
ωf (∆n)2−1/a + (n∆n)−1

)1/2
in (29). Clearly, δn → 0, n→∞. Thus, using

(28), we arrive at

Sn,X = ∆−1
n

(∫
R
f(x)2dx+OP

(
ωf (∆n)1−1/(2a) +N2/α

n n−2/α + (n∆n)−1/2
))
·En, n→∞,

as claimed.
Step 2. This goes similar to Step 3 of Theorem 1, so we omit some details. First,

similarly to Step 3a, write

R1,n(λ) :=
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n−Nn∑
l=Nn+1

l+Nn−1∑
j=l−Nn

f(tj−l,n)εl,ne
itj,nνn(m,λ)

∣∣∣∣∣
2

= Fn(λ) · En +
∑

Nn+1≤l1 6=l2≤n−Nn

al1,l2,n(λ)εl1,nεl2,n,

where

Fn(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
Nn−1∑
k=−Nn

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2

,
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al1,l2,n(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
Nn−1∑
k=−Nn

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2

ei(l1−l2)∆nνn(m,λ)
1[−an,an](λ).

Using Lemma 5, we get∣∣∣∣∣∣∣f̂(λ)
∣∣∣2En −∆2

nR1,n(λ)

∣∣∣∣ ≤ O
((
W (2)
n

)1/2
(n∆n)−1 + Tnωf (∆n) + T 1−a

n + |λ|∆n

)
En

+∆2
n

∣∣∣∣∣ ∑
Nn+1≤l1 6=l2≤n−Nn

al1,l2,n(λ)εl1,nεl2,n

∣∣∣∣∣ .
Then, using Lemmas 6 and 2, we get

an

∫ an

−an

∣∣∣∣∣∣∣f̂(λ)
∣∣∣2En −∆2

nR1,n(λ)

∣∣∣∣2 dλ
= O

(
a2
nW

(2)
n (n∆n)−2 + a2

nT
2
nωf (∆n)2 + a2

nT
2−2a
n + a4

n∆2
n

)
E2
n +OP

(
a2
nW

∗
n(n∆n)4/α

)
= oP (E2

n), n→∞. (33)

Secondly, we define

Rn(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n∑
j=1

j+Nn∑
l=j−Nn+1

f(tj−l,n)εl,ne
itj,nνn(m,λ)

∣∣∣∣∣
2

and write, using the above,

an

∫ an

−an

∣∣∣∣∆2
nRn(λ)−

∣∣∣f̂(λ)
∣∣∣2En∣∣∣∣2 dλ

≤ 2an∆4
n

∫ an

−an
|Rn(λ)−R1,n(λ)|2 dλ+ oP (E2

n), n→∞.

In turn, for some positive sequence {θn, n ≥ 1},

an

∫ an

−an
|Rn(λ)−R1,n(λ)|2 dλ

≤ 2anθ
2
n

∫ an

−an
R1,n(λ)2dλ+ 4an(1 + θ−1

n )2

∫ an

−an

(
R2,n(λ)2 +R3,n(λ)2

)
dλ

with

R2,n(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
Nn∑

l=2−Nn

εl,ne
itl,nνn(m,λ)

Nn−1∑
k=1−l

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2

,

R3,n(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n+Nn∑

l=n−Nn+1

εl,ne
itl,nνn(m,λ)

n−l∑
k=−Nn

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2

.

As in Step 3b, these terms are estimated in a similar fashion, e.g.

R2,n(λ) ≤
Nn∑

l=2−Nn

ε2
l,n

(
Nn−1∑
k=−Nn

|f(tk,n)|

)2

+
Nn∑

l1,l2=2−Nn
l1 6=l2

bl1,l2,n(λ)εl1,nεl2,n =: R4,n +R5,n(λ),
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with

bl1,l2,n(λ) =
∑
|m|≤mn

Wn(m)ei(l1−l2)∆nνn(m,λ)

×
Nn−1∑
k1=1−l1

Nn−1∑
k2=1−l2

f(tk1,n)f(tk2,n)ei(k1−k2)∆nνn(m,λ)
1[−an,an](λ).

Then from Lemma 2∫ an

−an
R5,n(λ)2dλ = OP (anN

2
n∆4/α−4

n N4/α−2
n ) = OP (anT

4/α
n ∆−4

n ), n→∞,

and from (20), R4,n = OP (N
2/α
n ∆

2/α−2
n ) = OP (T

2/α
n ∆−2

n ), n→∞. Consequently,

an

∫ an

−an
R2,n(λ)2dλ = OP (a2

nT
4/α
n ∆−4

n ), n→∞,

and similarly for R3,n. Observing

∆4
n

∫ an

−an
R1,n(λ)2dλ = OP (E2

n)

by (33) and putting θn = a
1/4
n N

1/α
n n−1/α yields

an∆4
n

∫ an

−an
|Rn(λ)−R1,n(λ)|2 dλ = OP (a3/2

n N2/α
n n−2/αE2

n), n→∞.

Since a
3/4
n N

1/α
n n−1/α = o(1), n→∞, by (F4′), we get

an∆4
n

∫ an

−an
|Rn(λ)−R1,n(λ)|2 dλ = oP (E2

n), n→∞.

Finally, by upper bound (27), write for any λ ∈ [−an, an] and for some positive vanishing
sequence {δn, n ≥ 1}

∣∣Jsn,X(λ)−Rn(λ)
∣∣ ≤ δnRn(λ) + 3(1 + δ−1

n )

( ∑
|m|≤mn

Wn(m)

∣∣∣∣∫
R
hn,m(s, λ)Λ(ds)

∣∣∣∣2

+
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n∑
j=1

∫
{s:|s−tj,n|∈[Tn,n∆n]}

f(tj,n − s)eitj,nνn(m,λ)Λ(ds)

∣∣∣∣∣
2

+
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
n∑
j=1

∫
{s:|s−tj,n|>n∆n}

f(tj,n − s)eitj,nνn(m,λ)Λ(ds)

∣∣∣∣∣
2)

=: δnRn(λ) + 3(1 + δ−1
n )
(
R6,n(λ) +R7,n(λ) +R8,n(λ)

)
,

where

hn,m(s, λ) =
n∑
j=1

(
fn(tj,n − s)− f(tj,n − s)

)
eitj,nνn(m,λ)

1|s−tj,n|≤Tn1[−an,an](λ).
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Therefore,

an

∫ an

−an

∣∣Jsn,X(λ)−Rn(λ)
∣∣2 dλ

≤ 2anδ
2
n

∫ an

−an
Rn(λ)2dλ+ 54an(1 + δ−1

n )2

∫ an

−an

(
R6,n(λ)2 +R7,n(λ)2 +R8,n(λ)2

)
dλ.

As in Step 3c, noting that ‖hn,m(·, λ)‖∞ ≤ 2Nnωf (∆n) and applying Lemma 7, we get∫ an

−an
R6,n(λ)2dλ = OP (anN

4
nωf (∆n)4(n∆n)4/α)

= OP (anωf (∆n)4T 4
nn

4/α∆4/α−4
n ), n→∞.

To estimate R7,n(λ), define

gn,m(s, λ) =
n∑
j=1

f(tj,n − s)eitj,nνn(m,λ)
1|s−tj,n|∈[Tn,n∆n]1[−an,an](λ),

Gn,m(λ) =

∫
R
gn,m(s, λ)Λ(ds)

so that R7,n(λ) =
∑
|m|≤mnWn(m) |Gn,m(λ)|2. As before, we can assume that

Gn,m(λ) = C1/α
α (3n∆n)1/α

∞∑
k=1

Γ
−1/α
k gn,m(ξk, λ)ζk, t ∈ [0, n∆n],

where {Γk, k ≥ 1} and {ζk, k ≥ 1} are as in Lemma 1, {ξk, k ≥ 1} are iid uniformly dis-
tributed over [−n∆n, 2n∆n]. Then, similarly to the proof of Lemma 7,

E

[ ∫
R
R7,n(λ)2dλ

∣∣∣Γ, ξ ]

≤ C4/α
α (3n∆n)4/α

∫
R

∑
|m|≤mn

Wn(m)E

 ∣∣∣∣∣
∞∑
k=1

Γ
−1/α
k gn,m(ξk, λ)ζk

∣∣∣∣∣
4 ∣∣∣∣Γ, ξ

 dλ
≤ C(n∆n)4/α

∫
R

∑
|m|≤mn

Wn(m)E

 ∣∣∣∣∣
∞∑
k=1

Γ
−1/α
k gn,m(ξk, λ)ζk

∣∣∣∣∣
2 ∣∣∣∣Γ, ξ

2

dλ

= C(n∆n)4/α

∫
R

∑
|m|≤mn

Wn(m)
( ∞∑
k=1

Γ
−2/α
k |gn,m(ξk, λ)|2

)2

dλ.

Now estimate

|gn,m(s, λ)| ≤
n∑
j=1

|f(tj,n − s)|1|s−tj,n|≥Tn ≤ C
∑

j:|s−tj,n|≥Tn

|s− tj,n|−a

≤ C∆−an
∑

k:|k|≥Nn

|k|−a ≤ C∆−an N1−a
n = C∆−1

n T 1−a
n .
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Since gn,m(s, ·) vanishes outside [−an, an], we get

E

[ ∫
R
R7,n(λ)2dλ

∣∣∣Γ ]
≤ C(n∆n)4/α

∫
R

∑
|m|≤mn

Wn(m)
( ∞∑
k=1

Γ
−2/α
k (∆−1

n T 1−a
n )2

1[−an,an](λ)
)2

dλ

= CanT
4−4a
n n4/α∆4/α−4

n

( ∞∑
k=1

Γ
−2/α
k

)2

,

whence, as usual,
∫
RR7,n(λ)2dλ = OP (anT

4−4a
n n4/α∆

4/α−4
n ), n→∞.

To estimate R8,n(λ), define

zn,m(s, λ) =
n∑
j=1

f(tj,n − s)eitj,nνn(m,λ)
1|s−tj,n|>n∆n1[−an,an](λ),

Zn,m(λ) =

∫
R
zn,m(s, λ)Λ(ds).

and let ϕ be as in (30). As before, we can assume that

Zn,m(λ) = C1/α
α

∞∑
k=1

Γ
−1/α
k zn,m(ξk, λ)ϕ(ξk)

−1/αζk, t ≥ 0,

where {Γk, k ≥ 1} and {ζk, k ≥ 1} are as in Lemma 1, {ξk, k ≥ 1} are iid with density ϕ.
As in the proof of Lemma 7,

E

[ ∫
R
R8,n(λ)2dλ

∣∣∣Γ, ξ ]

≤ C4/α
α

∫
R

∑
|m|≤mn

Wn(m)E

 ∣∣∣∣∣
∞∑
k=1

Γ
−1/α
k zn,m(ξk, λ)ϕ(ξk)

−1/αζk

∣∣∣∣∣
4 ∣∣∣∣Γ, ξ

 dλ
≤ C

∫
R

∑
|m|≤mn

Wn(m)E

 ∣∣∣∣∣
∞∑
k=1

Γ
−1/α
k zn,m(ξk, λ)ϕ(ξk)

−1/αζk

∣∣∣∣∣
2 ∣∣∣∣Γ, ξ

2

dλ

= C

∫
R

∑
|m|≤mn

Wn(m)

( ∞∑
k=1

Γ
−2/α
k |zn,m(ξk, λ)|2 ϕ(ξk)

−2/α

)2

dλ

= C

∫
R

∑
|m|≤mn

Wn(m)

( ∞∑
k=1

Γ
−4/α
k |zn,m(ξk, λ)|4 ϕ(ξk)

−4/α

+
∞∑

k1,k2=1
k1 6=k2

Γ
−2/α
k1

Γ
−2/α
k2
|zn,m(ξk1 , λ)|2 ϕ(ξk1)

−2/α |zn,m(ξk2 , λ)|2 ϕ(ξk2)
−2/α

)
dλ.

It follows that

E

[ ∫
R
R8,n(λ)2dλ

∣∣∣Γ ] ≤ C

∫
R

∑
|m|≤mn

Wn(m)

( ∞∑
k=1

Γ
−4/α
k E

[
|zn,m(ξ1, λ)|4 ϕ(ξ1)−4/α

]
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+
∞∑

k1,k2=1
k1 6=k2

Γ
−2/α
k1

Γ
−2/α
k2

E
[
|zn,m(ξk1 , λ)|2 ϕ(ξk1)

−2/α |zn,m(ξk2 , λ)|2 ϕ(ξk2)
−2/α

])
dλ

≤ C

∫
R

∑
|m|≤mn

Wn(m)

( ∞∑
k=1

Γ
−4/α
k E

[
|zn,m(ξ1, λ)|4 ϕ(ξ1)−4/α

]
+

( ∞∑
k=1

Γ
−2/α
k

)2

E
[
|zn,m(ξ1, λ)|2 ϕ(ξ1)−2/α

]2)
dλ.

Similarly to (31) and (32),

E
[
|zn,m(ξ1, λ)|2 ϕ(ξ1)−2/α

]
≤ C

∫
R

(
n∑
j=1

|x− tj,n|−a1|x−tj,n|>n∆n

)2

ϕ(x)1−2/αdx

∼ C∆−2
n

∫
R

(∫ n∆n

0

|t− x|−a 1|t−x|>n∆ndt

)2

ϕ(x)1−2/αdx

≤ C∆−2
n (n∆n)

∫
R

∫ n∆n

0

|t− x|−2a
1|t−x|>n∆ndt ϕ(x)1−2/αdx

≤ C∆−2
n

(
n∆n

)2/α+2−2a
logr(n∆n),

E
[
|zn,m(ξ1, λ)|4 ϕ(ξ1)−4/α

]
≤ C

∫
R

(
n∑
j=1

|x− tj,n|−a1|x−tj,n|>n∆n

)4

ϕ(x)1−4/αdx

∼ C∆−4
n

∫
R

(∫ n∆n

0

|t− x|−a 1|t−x|>n∆ndt

)4

ϕ(x)1−4/αdx

≤ C∆−4
n (n∆n)3

∫
R

∫ n∆n

0

|t− x|−4a
1|t−x|>n∆ndt ϕ(x)1−4/αdx

≤ C∆−4
n

(
n∆n

)4/α+4−4a
logs(n∆n)

where r = (2/α− 1)(1 + b), s = (4/α− 1)(1 + b). Therefore,

E

[ ∫
R
R8,n(λ)2dλ

∣∣∣Γ ] ≤ Can∆−4
n

(
n∆n

)4/α+4−4a
logs(n∆n),

whence
∫
RR8,n(λ)2dλ = OP (an∆−4

n

(
n∆n

)4/α+4−4a
logs(n∆n)), n→∞.

Collecting the estimates and setting δn = ωf (∆n)Tn + T 1−a
n + (n∆n)1−a logs/4(n∆n),

we arrive at

an∆4
n

∫ an

−an

∣∣Jsn,X(λ)−Rn(λ)
∣∣2 dλ

= OP

(
a2
n

(
ωf (∆n)2T 2

n + T 2−2a
n + (n∆n)2−2a logs/2(n∆n)

)
(n∆n)4/α

)
= OP

(
a2
n(ωf (∆n)2−2/a + (n∆n)2−2a logs/2(n∆n))E2

n

)
= oP (E2

n), n→∞,

since combining (F2’) and (F4’) we obtain

a1+3(a−1)/(4α)
n (n∆n)1−a → 0, n→∞.

Hence we conclude exactly as in the proof of Theorem 1.
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Appendix B: Auxiliary statements

Lemma 1. Let (E, E , ν) be a σ-finite measure space, Λ be an independently scattered SαS
random measure on E with the control measure ν, and {ft, t ∈ T} ⊂ Lα(E, E , ν) be a
family of functions indexed by some parameter set T, ϕ be a positive probability density
on E. Then

Xt =

∫
E

ft(x)Λ(dx), t ∈ T,

has the same finite-dimensional distributions as the almost-surely convergent series

X ′t = C1/α
α

∞∑
k=1

Γ
−1/α
k ϕ(ξk)

−1/αft(ξk)ζk, t ∈ T,

where {ζk, k ≥ 1} are iid standard Gaussian random variables, {ξk, k ≥ 1} are iid random
elements of E with density ϕ, Γk = η1 + · · · + ηk, {ηk, k ≥ 1} are iid Exp(1)–distributed
random variables, and these three sequences are independent;

Cα =

(
E [ |g1|α ]

∫ ∞
0

x−α sinx dx

)−1

=

{
(1−α)

√
π

2α/2Γ((α+1)/2)Γ(2−α) cos(πα/2)
, α 6= 1,√

2/π, α = 1.

Proof. The statement follows from [15, Section 3.11] by noting that

Xt =

∫
E

ft(x)ϕ(x)−1/αM(dx),

where M is an independently scattered SαS random measure on E defined by

M(A) =

∫
A

ϕ1/α(x)Λ(x), A ∈ E ,

so that the control measure of M has ν-density ϕ.

Lemma 2. Let, for each n ≥ 1, {εm,n,m = 1, . . . , n} be iid SαS random variables with
scale parameter σn. Let also {aj,l,n, 1 ≤ j < l ≤ n} be a collection of measurable functions
aj,l,n : R→ C such that

An =

∫
R

∑
1≤j<l≤n

|aj,l,n(λ)|2 dλ <∞.

Then ∫
R

∣∣∣∣∣ ∑
1≤j<l≤n

aj,l,n(λ)εj,nεl,n

∣∣∣∣∣
2

dλ = OP (Anσ
4
nn

4/α−2), n→∞.

Proof. W.l.o.g. we can assume that σn = 1. We shall use the LePage series representation.
Clearly, for each n ≥ 1, the variables {εm,n,m = 1, . . . , n} have the same joint distribution
as {Λ([m− 1,m]),m = 1, . . . , n}, where Λ is an independently scattered SαS random
measure on [0, n] with the Lebesgues control measure. By Lemma 1, this distribution
coincides with that of

ε̃m,n = n1/αC1/α
α

∞∑
k=1

Γ
−1/α
k 1[m−1,m](ξk)ζk, m = 1, . . . , n,
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where {Γk, k ≥ 1} and {ζk, k ≥ 1} are as in Lemma 1, {ξk, k ≥ 1} are iid U([0, n]). Since
the boundedness in probability relies only on marginal distributions (for fixed n), we can
assume that εm,n = ε̃m,n. Let Ξn(λ) =

∑
1≤j<l≤n aj,l,n(λ)εj,nεl,n. A generic term in the

expansion of |Ξn(λ)|2 has, up to a non-random constant, the form

Γ
−1/α
k1

Γ
−1/α

k′1
Γ
−1/α
k2

Γ
−1/α

k′2
1[j1−1,j1](ξk1)1[l1−1,l1](ξk′1)1[j2−1,j2](ξk2)1[l2−1,l2](ξk′2)ζk1ζk′1ζk2ζk′2 .

Recall that {ζk, k ≥ 1} are independent and centered. Then, given Γ’s and ξ’s, such term
has a non-zero expectation only if k1 = k2, k′1 = k′2 or k1 = k′2, k2 = k′1 (for k1 = k′1 it is
zero since j1 6= l1), so we must also have j1 = j2, l1 = l2 or j1 = l2, j2 = l1 respectively so
that the product of indicators is not zero. The latter, however, is impossible, since j1 < l1
and j2 < l2. Consequently, the Lemma of Fatou implies

E
[
|Ξn(λ)|2 | Γ

]
≤ C4/α

α n4/α

∞∑
k 6=k′

Γ
−2/α
k Γ

−2/α
k′

n∑
1≤j<l≤n

|aj,l,n(λ)|2 E
[
1[j−1,j](ξk)1[l−1,l](ξk′)

]
= C4/α

α n4/α

∞∑
k 6=k′

Γ
−2/α
k Γ

−2/α
k′

n∑
1≤j<l≤n

|aj,l,n(λ)|2 P (ξk ∈ [j − 1, j])P (ξk′ ∈ [l − 1, l])

≤ C4/α
α n4/α−2

∑
1≤j<l≤n

|aj,l,n(λ)|2
(
∞∑
k=1

Γ
−2/α
k

)2

.

Integrating over λ, we get

E

[ ∫
R
|Ξn(λ)|2dλ

∣∣∣Γ ] ≤ C4/α
α n4/α−2An

(
∞∑
k=1

Γ
−2/α
k

)2

.

By the strong law of large numbers, Γk ∼ k, k → ∞, a.s. Therefore, given Γ’s,∫
R |Ξn(λ)|2dλ = OP (Ann

4/α−2), n→∞, whence the required statement follows.

The following lemma is an immediate corollary of the proof of Lemma 2.

Lemma 3. Let, for each n ≥ 1, {εm,n,m = 1, . . . , n} be iid SαS random variables with
scale parameter σn. Let also {bj,l,n, 1 ≤ j < l ≤ n} be a set of complex numbers with

Bn =
∑

1≤j<l≤n

|bj,l,n|2 .

Then ∑
1≤j<l≤n

bj,l,nεj,nεl,n = OP (B1/2
n σ2

nn
2/α−1), n→∞.

In the following lemmas {∆n, n ≥ 1} is some vanishing sequence, {Nn, n ≥ 1} is a
sequence of positive integers such that Nn → ∞, n → ∞, and Nn = o(n), n → ∞. We
denote tk,n = k∆n, k ∈ Z, Tn = Nn∆n, n ≥ 1.

Lemma 4. Let {hn, n ≥ 1} be a sequence of bounded functions supported by [−Tn, Tn] and
Yt,n =

∫
R hn(t− s)Λ(ds), t ∈ R. Then

n∑
j=1

Y 2
tj,n,n

= OP

(
‖hn‖2

∞Tnn
2/α∆2/α−1

n

)
, n→∞.
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Proof. We can assume that ‖hn‖∞ = 1. As in Lemma 2, we also use the LePage
representation, so small details will be omitted. Namely, for each n ≥ 1, the process
{Yt,n, t ∈ [0, n∆n]} has the same distribution as

Ỹt,n = C1/α
α (n∆n + 2Tn)1/α

∞∑
k=1

Γ
−1/α
k hn(t− ξk)ζk, t ∈ [0, n∆n],

where {Γk, k ≥ 1} and {ζk, k ≥ 1} are as in Lemma 1, {ξk, k ≥ 1} are iid U([−Tn, n∆n +
Tn]). We can assume that Yt,n = Ỹt,n. Then

E

[
n∑
j=1

Y 2
tj,n,n

∣∣∣Γ] ≤ C2/α
α (n∆n + 2Tn)2/α

n∑
j=1

∞∑
k=1

Γ
−2/α
k P (ξk ∈ [tj,n − Tn, tj,n + Tn])

≤ 2C2/α
α nTn(n∆n + 2Tn)2/α−1

∞∑
k=1

Γ
−2/α
k .

It follows that, given Γ,
∑n

j=1 Y
2
tj,n,n

= OP (Tnn
2/α∆

2/α−1
n ), n → ∞, which yields the

statement.

Lemma 5. Let a bounded uniformly continuous function f : R → R satisfy (F3′) and
let mn, Wn(m) and νn(m,λ) be as defined in Section 2 fulfilling (W1), (W2) and (W4).
If the support of f is bounded, let it be contained in [−T, T ] and put Tn := T . If it is
unbounded, then choose a sequence (Tn)n∈N with Tn →∞ and Tnωf (∆n)→ 0 as n→∞.
W.l.o.g. Nn := Tn/∆n is a sequence of integers. Put

Fn(λ) =
∑
|m|≤mn

Wn(m)

∣∣∣∣∣
Nn−1∑
k=−Nn

f(tk,n)eitk,nνn(m,λ)

∣∣∣∣∣
2

.

Then∣∣∣∣∣∣∣f̂(λ)
∣∣∣2 −∆2

nFn(λ)

∣∣∣∣ = O
((
W (2)
n

)1/2
(n∆n)−1 + Tnωf (∆n) + T 1−a

n + |λ|∆n

)
, n→∞.

If f is supported by [−Tn, Tn], then∣∣∣∣∣∣∣f̂(λ)
∣∣∣2 −∆2

nFn(λ)

∣∣∣∣ = O
((
W (2)
n

)1/2
(n∆n)−1 + ωf (∆n) + |λ|∆n

)
, n→∞.

Proof. Start by studying the expression

F1,n(λ) =
∑
|m|≤mn

Wn(m)
∣∣∣f̂(νn(m,λ))

∣∣∣2 .
Using (21), it can be shown that for any δ > 0∣∣∣∣∣∣∣f̂(λ)

∣∣∣2 − F1,n(λ)

∣∣∣∣ ≤ δ
∣∣∣f̂(λ)

∣∣∣2 + (1 + δ−1)
∑
|m|≤mn

Wn(m)
( ∣∣∣f̂(λ)

∣∣∣− ∣∣∣f̂(νn(m,λ))
∣∣∣ )2

.
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By (F3′) f̂ ′ is bounded since obviously f̂(t)
′
= −it̂f(t) and tf(t) is integrable if a > 2. So∑

|m|≤mn

Wn(m)
( ∣∣∣f̂(λ)

∣∣∣− ∣∣∣f̂(νn(m,λ))
∣∣∣ )2

≤ ‖f̂ ′‖2
∞

∑
|m|≤mn

Wn(m)
(
λ− νn(m,λ))

)2

≤ ‖f̂
′‖2
∞

(n∆n)2

∑
|m|≤mn

m2Wn(m) =
‖f̂ ′‖2

∞W
(2)
n

(n∆n)2
.

Setting δ =
(
W

(2)
n

)1/2
(n∆n)−1, we get∣∣∣∣∣∣∣f̂(λ)
∣∣∣2 − F1,n(λ)

∣∣∣∣ = O
((
W (2)
n

)1/2
(n∆n)−1

)
, n→∞.

Further, denote F2,n(λ) =
∑
|m|≤mnWn(m)

∣∣∣f̂n(νn(m,λ))
∣∣∣2 and write for some θ > 0, using

(21),

|F1,n(λ)− F2,n(λ)| ≤
∑
|m|≤mn

Wn(m)
∣∣f̂(νn(m,λ))2 − f̂n(νn(m,λ))2

∣∣
≤ θF1,n(λ) + (1 + θ−1)2

∑
|m|≤mn

Wn(m)

∣∣∣∣∫ Tn

−Tn

(
f(s)− fn(s)

)
eisνn(m,λ)ds

∣∣∣∣2

+(1 + θ−1)2
∑
|m|≤mn

Wn(m)

∣∣∣∣∫
{s:|s|>Tn}

f(s)eisνn(m,λ)ds

∣∣∣∣2
≤ θF1,n(λ) + 8T 2

n(1 + θ−1)ωf (∆n)2 + C(1 + θ−1)

(∫
{s:|s|>Tn}

|s|−ads
)2

≤ θF1,n(λ) + C(1 + θ−1)
(
T 2
nωf (∆n)2 + T 2−2a

n

)
.

Setting θ = Tnωf (∆n) + T 1−a
n , we get

|F1,n(λ)− F2,n(λ)| = O(Tnωf (∆n) + T 1−a
n ), n→∞.

Finally, for κ > 0 ∣∣F2,n(λ)−∆2
nFn(λ)

∣∣
≤ κF2,n(λ) + (1 + κ−1)

∑
|m|≤mn

Wn(m)

∣∣∣∣∣
Nn−1∑
k=−Nn

∫ tk+1,n

tk,n

f(tk,n)
(
eisνn(m,λ) − eitk,nνn(m,λ)

)
ds

∣∣∣∣∣
2

≤ κF2,n(λ) + (1 + κ−1)
∑
|m|≤mn

Wn(m)

(
Nn−1∑
k=−Nn

∫ tk+1,n

tk,n

|f(tk,n)|∆nνn(m,λ)ds

)2

≤ κF2,n(λ) + C(1 + κ−1)
∑
|m|≤mn

Wn(m)‖f‖2
1

(
∆nνn(m,λ)

)2

≤ κF2,n(λ) + C(1 + κ−1)‖f‖2
1∆2

n

∑
|m|≤mn

Wn(m)

(
λ2 +

m2

(n∆n)2

)

= κF2,n(λ) + C(1 + κ−1)‖f‖2
1∆2

n

(
λ2 +

W
(2)
n

(n∆n)2

)
.
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Taking κ = ∆n

(
|λ|+

(
W

(2)
n

)1/2
(n∆n)−1

)
, we obtain∣∣F2,n(λ)−∆2

nFn(λ)
∣∣ = O

(
∆n

(
|λ|+

(
W (2)
n

)1/2
(n∆n)−1

))
, n→∞.

Combining the estimates, we arrive at∣∣∣∣∣∣∣f̂(λ)
∣∣∣2 −∆2

nFn(λ)

∣∣∣∣ = O
((
W (2)
n

)1/2
(n∆n)−1 + Tnωf (∆n) + T 1−a

n + |λ|∆n

)
, n→∞,

as required. The second statement follows easily, since in this case∫
{s:|s|>Tn}

f(s)eisνn(m,λ)ds = 0.

Lemma 6. Let {mn, n ≥ 1} be a sequence of positive integers such that mn → ∞,
mn = o(n), n → ∞, {Wn(m), n ≥ 1,m = −mn, . . . ,mn} be a sequence of filters satis-
fying (W1)–(W2), and {Kn(m), n ≥ 1,m = −mn, . . . ,mn} be a sequence of real numbers.
Then

Sn =
n∑

j1,j2=1

∣∣∣∣∣∣
∑
|m|≤mn

Wn(m)Kn(m)ei(j1−j2)m/n

∣∣∣∣∣∣
2

= O(W ∗
n(K∗nn)2), n→∞

with W ∗
n = max|m|≤mnWn(m), K∗n = max|m|≤mn |Kn(m)|.

Proof. Write

Sn =
n∑

j1,j2=1

mn∑
m,m′=−mn

Wn(m)Kn(m)Wn(m′)Kn(m′)ei(j1−j2)(m−m′)/n

=
mn∑

m,m′=−mn

Wn(m)Kn(m)Wn(m′)Kn(m′)

∣∣∣∣∣
n∑
j=1

ei j(m−m
′)/n

∣∣∣∣∣
2

= n2
∑
|m|≤mn

Wn(m)2Kn(m)2 + 2
∑
m<m′

Wn(m)Kn(m)Wn(m′)Kn(m′)

∣∣∣∣ ei(m−m′) − 1

ei(m−m′)/n − 1

∣∣∣∣2

≤ W ∗
n(K∗n)2

n2
∑
|m|≤mn

Wn(m) + 2
∑

−mn≤m<m′≤mn

Wn(m)

∣∣∣∣ ei(m−m′) − 1

ei(m−m′)/n − 1

∣∣∣∣2


≤ W ∗
n(K∗n)2

n2 + 8
∑
|m|≤mn

Wn(m)
2mn∑
k=1

1

|eik/n − 1|2

 .

Note that for x ∈ [0, 1], |eix − 1| ≥ L |x| with some positive constant L. Since mn = o(n),
n → ∞, for all n large enough it holds mn ≤ n/2. Therefore,

∣∣eik/n − 1
∣∣ ≥ L |k/n| for

k = 1, . . . , 2mn, whence

Sn ≤ W ∗
n(K∗n)2

n2 + 8L−2n2
∑
|m|≤mn

Wn(m)
2mn∑
k=1

1

k2

 ≤ W ∗
n(K∗n)2n2

(
1 + 8L−2

∞∑
k=1

1

k2

)
,

as required.
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Lemma 7. Let {mn, n ≥ 1} be a sequence of positive integers such that mn →∞ as
n → ∞. For a number sequence {Wn(m), n ≥ 1,m = −mn, . . . ,mn} satisfying (W1)–
(W2) and continuous functions hn,m : [−Tn, n∆n+Tn]×R→ C, n ≥ 1,m = −mn, . . . ,mn,

define Rn(λ) =
∑
|m|≤mnWn(m)

∣∣∣∫ n∆n+Tn
−Tn hn,m(t, λ)Λ(dt)

∣∣∣2 . Then∫
R
Rn(λ)2dλ = OP

(
H∗n(n∆n)4/α

)
, n→∞,

where H∗n =
∫
RH(λ) dλ for H(λ) =

∑
|m|≤mnWn(m)‖hn,m(·, λ)‖4

∞.

Proof. By Lemma 1, for each n ≥ 1 the family

Hn,m(λ) =

∫ n∆n+Tn

−Tn
hn,m(t, λ)Λ(dt), |m| ≤ mn, λ ∈ R,

has the same distribution as

H̃n,m(λ) = C1/α
α (n∆n + 2Tn)1/α

∞∑
k=1

Γ
−1/α
k hn,m(ξk, λ)ζk, |m| ≤ mn, λ ∈ R,

where the variables Γk, ξk, ζk, k ≥ 1, are the same as in the proof of Lemma 4. Again, we
can assume that H̃n,m(λ) = H̃n,m(λ). Jensen’s inequality implies (

∑
|m|≤mnWn(m)am)2 ≤∑

|m|≤mnWn(m)a2
m. Thus we estimate

E

[ ∫
R
Rn(λ)2dλ

∣∣∣Γ, ξ ]

≤ C4/α
α (n∆n + 2Tn)4/α

∫
R

∑
|m|≤mn

Wn(m)E

 ∣∣∣∣∣
∞∑
k=1

Γ
−1/α
k hn,m(ξk, λ)ζk

∣∣∣∣∣
4 ∣∣∣∣Γ, ξ

 dλ
≤ C(n∆n)4/α

∫
R

∑
|m|≤mn

Wn(m)E

 ∣∣∣∣∣
∞∑
k=1

Γ
−1/α
k hn,m(ξk, λ)ζk

∣∣∣∣∣
2 ∣∣∣∣Γ, ξ

2

dλ

= C(n∆n)4/α

∫
R

∑
|m|≤mn

Wn(m)

( ∞∑
k=1

Γ
−2/α
k |hn,m(ξk, λ)|2

)2

dλ

≤ C(n∆n)4/α

∫
R

∑
|m|≤mn

Wn(m)

( ∞∑
k=1

Γ
−2/α
k

)2

‖hn,m(·, λ)‖4
∞dλ,

for some generic constant C > 0 where we have used that, given Γ and ξ, the series∑∞
k=1 Γ

−1/α
k hn,m(ξk, λ)ζk has a centered Gaussian distribution. Therefore,

E

[ ∫
R
Rn(λ)2dλ

∣∣∣Γ ]
≤ C(n∆n)4/α

( ∞∑
k=1

Γ
−2/α
k

)2 ∫
R

∑
|m|≤mn

Wn(m)‖hn,m(·, λ)‖4
∞ dλ

= C(n∆n)4/α

( ∞∑
k=1

Γ
−2/α
k

)2

H∗n.

As a result, given Γ,
∫
RRn(λ)2dλ = OP

(
H∗n(n∆n)4/α

)
, n → ∞, which implies the state-

ment.
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