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Abstract

Several multivariate continuous time stochastic volatility models are studied re-

garding the existence of and exponentially fast convergence to a unique station-

ary distribution, which is called geometric ergodicity. The geometric ergodicity

ensures fast convergence to the stationary regime in simulations, implies expo-

nential β-mixing and thereby several Central Limit Theorems. This, in turn,

paves the way for statistical inference.

In particular we investigate the multivariate continuous time GARCH processes,

the class of a�ne processes on the positive semide�nite matrices and CARMA

processes driven by a Lévy-driven COGARCH process.

All the studied processes are Feller processes and therefore we can follow a clas-

sical Markov approach to show the geometric ergodicity.

To this end we have to prove a Foster-Lyapunov drift condition on the gen-

erator of the process. The task at this point is to �nd a suitable test function.

The needed conditions are roughly summarized a su�ciently high mean reverting

speed and the �niteness of certain moments of the jump distributions correspond-

ing to the chosen test function. To show this is the other key task in the proofs

when following this approach. We can prove the irreducibility in the case that the

jumps are of compound Poisson type. For the MUCOGARCH volatility process

another tricky issue is that the jumps are of rank one. We overcome this problem

by summing up enough jumps. For the a�ne processes we reduce the problem

to the well-known Wishart processes and for the CARMA-COGARCH process

we demand that the driving Lévy process has a Brownian Motion component.
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Zusammenfassung

Verschiedene zeitstetige multivariate stochastische Volatilitätsmodelle werden

hinsichtlich der Existenz einer eindeutigen stationären Verteilung sowie der Kon-

vergenz gegen diese mit exponentieller Geschwindigkeit untersucht. Diese expo-

nentiell schnelle Konvergenz gegen die stationäre Verteilung wird geometrische

Ergodizität genannt. Sie garantiert damit auch bei Simulationen eine schnel-

le Konvergenz gegen das stationäre Regime. Auÿerdem impliziert geometrische

Ergodizität, dass der Prozess exponentiell β-mischend ist. Damit wiederum kön-

nen verschiedene zentrale Grenzwertsätze bewiesen werden. Die Gültigkeit von

zentralen Grenzwertsätzen ermöglicht es verschiedene Fragestellungen der ma-

thematischen Statistik anzugehen.

Im Einzelnen untersuchen wir multivariate zeitstetige GARCH Prozesse, A�ne

Prozesse auf den positiv semide�niten Matrizen sowie CARMA Prozesse getrie-

ben von einem Lévy getriebenen COGARCH Prozess.

Da diese Prozesse alle Feller Prozesse sind, können wir die geometrische Er-

godizität durch Anwendung eines klassischen Markov Ansatzes beweisen. Die-

ser Ansatz beinhaltet eine Drift Bedingung an den verallgemeinerten Genera-

tor des Prozesses, die sogenannte Foster-Lyapunov Drift Bedingung. Die erste

Schwierigkeit hierbei ist es eine geeignete Testfunktion zu �nden. Kurz zusam-

mengefasst sind die hinreichenden Bedingungen eine starke Rückkehr zum Mit-

telwert sowie gewisse, den Testfunktionen entsprechende, Momentenbedingun-

gen an die Sprungverteilungen. Diese Momentenbedingungen stellen eine weitere

Schwierigkeit dieses Ansatzes dar. Auÿerdem zeigen wir die Irreduzibilität der be-

trachteten Prozesse unter der Vorraussetzung, dass die Sprünge von einem zusam-

mengesetzten Poisson Prozess stammen. Beim MUCOGARCH Volatilitätspro-
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zess ist dies nicht einfach zu zeigen, da die Sprünge selbst Rang 1 Matrizen sind.

Bei den A�nen Prozessen können wir die Irreduzibilität durch das Wissen über

die bekannten Wishart Prozesse beweisen. Im Falle der CARMA-COGARCH

Prozesse fordern wir zusätzlich, dass der Lévy Prozess eine Brown'sche Bewe-

gung beinhaltet.
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1 Introduction

One of the most famous �nancial models is the classical model of Black and Sc-

holes. It became apparent that this model fails to reproduce important features

of empirically observed price series, the so-called "stylized facts", see [5, 28, 54].

One approach to resolve one of the shortcomings of the Black-Scholes model is

to consider the variance of the model no longer constant but as a stochastic

process. For this reason stochastic volatility models has been established. The

availability of high frequency and irregular spaced data is covered by continu-

ous time models. Furthermore it has been observed that the volatility exhibits

jumps. According to this the classical models driven by Brownian motions have

been extended to those driven by Lévy processes. Continuous time stochastic

volatility models can reproduce the stylized facts as, among others, clusters of

extremes in the volatility, asymmetric and heavy-tailed marginal distributions

and a (quasi)long-range dependent behavior of the returns (although they are

uncorrelated). Some popular continuous time stochastic volatility models are

Ornstein-Uhlenbeck processes introduced by Barndor�-Nielsen and Sheppard,

see [6], continuous time GARCH processes, see [21, 62, 63], and a�ne processes,

see [6, 29, 34, 41, 42, 56].

To understand the behavior of several interrelated time series, like comovements

or spillover e�ects, as well as to price and hedge derivatives on several under-

lyings or to assess the risk of a portfolio, it was needed to investigate multi-

variate models. In particular various multivariate continuous time stochastic

volatility models driven by a Lévy process have been proposed and studied over

the recent years. Some popular multivariate extensions to univarite stochastic

volatility models are the Multivariate COGARCH process introduced in [96] and
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1 Introduction

the multivariate extension of the Ornstein-Uhlenbeck process to positive semi-

de�nite Ornstein-Uhlenbeck type processes, see [7, 73, 87]. A�ne processes are

very popular in various �nancial applications, see [6, 29, 34, 41, 42, 56]. Of

special interest are a�ne processes with values in the positive semide�nite ma-

trices, see [31], They can model the evolution of a covariance matrix and belong

thereby to the class of multivariate continuous time stochastic volatility models.

Some well-known positive-de�nite a�ne processes are the Wishart model, see

e.g. [26, 36, 37, 53, 75], and Ornstein-Uhlenbeck stochastic volatility models.

Another class of continuous time models are CARMA processes, the continuous

time analogue to the well known autoregressive moving avarage (ARMA) pro-

cesses. The classical CARMA processes are Gaussian, see [23] and have been

extended to Lévy driven CARMA processes, see e.g. [22�25]. In particular the

CAR(1) processes are of special interest for �nancial applications, since they are

the non-Gaussian extension of the classical Ornstein Uhlenbeck processes and

thereby belong to the class of stochastic volatility models in continuous time. A

generalization of AMRA processes has been motivated by observing that many

data sets need noise with stationary, uncorrelated but not independent incre-

ments. In discrete time ARMA-GARCH models are used to capture this, see

[27, 51, 68]. In continuous time the appropriate generalization are CARMA pro-

cesses driven by Lévy driven COGARCH processes as introduced in [90]. As

a linear continuous time model with stochastic volatility coming from a COG-

ARCH volatility process they �t in the context of continuous time stochastic

volatility models, which are investigated in this thesis.

A natural question arising when studying these models is how to simulate and

how to draw statistical inference. For this it is of high interest to know whether

these models are geometrically ergodic. In particular, geometric ergodicity im-

plies the existence of and exponentially fast convergence to a unique stationary

distribution. This is fundamental to know for simulations: geometric ergodicity

implies that one can start simulations at an arbitrary point in the state space

and the simulated values behave soon as if coming from the stationary regime.

Further it implies that the process is geometric β-mixing and this in turn entails
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many central limit theorems. Hence it is the basis to obtain the asymptotic dis-

tributions of statistical estimators.

This thesis aims to show criteria for geometric ergodicity for various multivari-

ate continuous time stochastic volatility models, particularly for the MUCOGA-

RCH process, general a�ne processes on the positive semide�nite matrices and

the CARMA-COGARCH process. We follow a classical Markov/Feller approach

based on a Foster-Lyapunov drift condition on the generator. The �rst chal-

lenge of this approach is to �nd an suitable test function and corresponding to

the test function conditions on the parameters of the model which ensure the

Foster-Lyapunov drift condition. The other challenge is to prove irreducibilty. If

the driving Lévy process of the MUCOGARCH volatility process is a compound

Poisson process, we show easily applicable conditions ensuring irreducibility of

the volatility process in the cone of positive semide�nite matrices. Due to the

rank one jumps this is tricky to establish. We obtain the irreducibility with

respect to the Lebesgue measure on the positive semide�nite matrices. For this

we assume that the jump distribution is absolutely continuous and the density

is strictly positive at least in a neighborhood of zero. For the a�ne processes

on the positive semide�nite matrices we can show irreducibilty likewise under

a compound Poisson assumption, which allows us to reduce the claim to the

well-known Wishart case, where explicit density results are available. To estab-

lish irreducibility for CARMA-COGARCH processes we again assume that the

jumps are of �nite activity but here we also assume that the driving Lévy pro-

cess has a di�usion part. This has no impact on the driving COGARCH process.

All in all beyond the same underlying concept the techniques for showing the

Foster-Lyapunov drift condition and the irreducibility are di�erent in all three

considered cases and tailor made arguments are always called for.
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1 Introduction

1.1 Outline of the thesis

Every of the following chapters of the thesis are self-contained. In Section 1.2

we give a summary of the joint notations. Further notations are explained there

where they are needed. In Chapter 2 we repeat brie�y the de�nition of Markov

and Feller processes and give a summary of the classical Markov/Feller approach

we use. The applied stability concepts for Markov processes are established in

[40, 79�82]. Chapter 3 is based on [97]. We consider the multivariate COGA-

RCH(1,1) process as introduced in [96]. Under the assumption of irreducibil-

ity and aperiodicity we deduce an appropriate condition such that the Foster-

Lyapunov drift condition with the test function ‖x‖p + 1 holds. Beyond the

existence of the 2p moments of the driving Lévy process, the condition requires a

su�ciently fast decay of the process as well as irreducibility and aperiodicity. To

show the irreducibility of the volatility process in the cone of positive semidef-

inite matrices, the challenge is to overcome the problem that the jumps are of

rank one. Under the assumption that the driving Lévy process is a compound

Poisson process we consider the skeleton chains of the process. Iteratively we get

the sum of the jumps. Using a measure change we can apply density results on

Wishart distributions, which concludes the proof of irreducibility.

Motivated by the model we consider the more generic class of a�ne processes on

the cone of the positive semide�nite matrices as introduced in [31] in Chapter 4.

This Chapter is based on [78]. A�ne processes are characterized by the so-called

admissible parameter set. According to this the aim is to �nd conditions on this

admissible parameter sets, which ensure the Foster-Lyapunov drift condition. We

show suitable conditions for the exponential test function eηTr(x) + 1 where we

have to require that the corresponding moments of the jump distributions exist

as well as exponential moments of the process exist for all times and that the

linear drift coe�cient ensures su�ciently fast decay. Using the classical trans-

formation formula for a�ne processes we can additionally state conditions such

that the required exponential moments of the process exist for all times. If we

choose instead of the exponential test function the trace Tr(x) + 1 this leads to

18



1.2 Notations

the same decay condition, but of course it is enough to demand a �nite �rst mo-

ment of the jump distribution. Irreducibility is shown by reducing the considered

a�ne processes with jumps to the well known Wishart case without jumps. To

do this we make again a compound Poisson assumption. Chapter 5 covers the

continuous time ARMA model driven by a Lévy driven stationary COGARCH

process, see [90], and is based on [91]. Using the test function ‖x‖r + 1, where

r ≥ 2, we assume that the 2r-th moment of the driving Lévy process is �nite

and that the decay coming from the drift of the CARMA process as well as of

the driving COGARCH process is fast enough. Irreducibility is proven for the

case that the driving Lévy process has jumps of �nite activity but also contains

a Brownian Motion part.

1.2 Notations

The set of real m × n matrices is denoted by Mm,n(R) or only by Mn(R) if

m = n. For the invertible n× n matrices we write GLn(R). Its linear subspace

of symmetric matrices we denote by Sn, by S+
n the closed cone of Sn of positive

semide�nite matrices and the open cone of positive de�nite matrices by S++
n .

Further we denote by In the n× n identity matrix.

We introduce the natural ordering on Sn and denote it by �, that is for A,B ∈ Sn
it holds A � B ⇔ B − A ∈ S+

n . The standard scalar product on the cone

of positive semide�nite matrices is given by the trace of the product, 〈x, y〉 =

Tr(xy). We denote the induced norm (Frobeniusnorm) with ‖.‖ or if we want

to underline it in the context of other norms with ‖.‖F. With ‖.‖2 we denote

both the Euclidean norm for vectors and the corresponding operator norm for

matrices.

The tensor (Kronecker) product of two matrices A,B is written as A⊗B. vec de-

notes the well-known vectorization operator that maps the n×n matrices to Rn2

by stacking the columns of the matrices below another. For more information

regarding the tensor product and vec operator we refer to [16]. The spectrum

of a matrix is denoted by σ(·) and the maximal (resp. minimal) eigenvalue by
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1 Introduction

λmax resp. λmin. Re(x) is the real part of a complex number and in relation to

the spectrum, Re(σ(·)), means the the set of the real parts of the eigenvalues.

Finally, A> is the transpose of a matrix A ∈Mm,n(R).

Furthermore, we employ an intuitive notation with respect to the (stochastic)

integration with matrix-valued integrators referring to any of the standard texts

(e.g. [88]) for a comprehensive treatment of the theory of stochastic integration.

If (Xt)t∈R+ is a semi-martingale in Rm and (Yt)t∈R+ one in Rn then the quadratic

variation ([X, Y ]t)t∈R+ is de�ned as the �nite variation process in Mm,n(R) with

components [X, Y ]ij,t = [Xi, Yj]t for t ∈ R+ and i = 1, . . . ,m, j = 1, . . . , n.

For a Lévy process L in Rn with jump measure µL the discontinuous part of the

quadratic variation is

[L,L]dt :=

∫ t

0

∫
Rn

xx>µL(ds, dx) =
∑

0≤s≤t

(∆Ls)(∆Ls)
>.

As usual we denote byM1(Rn), the set of all probability measures on the Borel-

σ-algebra of Rn.
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2 Markov Processes and

Stability Concepts

In Section 2.1 we give a short introduction to continuous time Markov processes,

semigroups and Feller processes. After that in Section 2.2 we summarize the

stochastic stability concepts for Markov processes as introduced by Meyn and

Tweedie, see e.g. [40, 79�82].

2.1 Markov Processes and Feller Processes

In this section we give a brief introduction to continuous time Markov processes

and quote from [3, Chapter 3]. We use the notations of [3] only in this section.

In the rest of the thesis we follow the notations regarding Markov processes of

[40].

For more details on Markov processes in discrete and continuous time we refer

to [82] and respectively [3, 43].

Let (Ω,F ,P) be a probability space equipped with a �ltration (Ft)t≥0. Let

X = (Xt)t≥0 be an adapted process. X is called a Markov process, if for all

f ∈ Bb(Rd), where Bb(Rd) are all bounded measurable functions from Rd to R,

and all 0 ≤ s ≤ t <∞ it holds that

E(f(Xt) | Fs) = E(f(Xt) | Xs) a.s.. (2.1)

This equation is sometimes called Markov property.
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2 Markov Processes and Stability Concepts

Remark 2.1. Rd can be replaced by any Polish space.

With each Markov process X we associate a family of operators (Ts,t)0≤s≤t<∞

from Bb(Rd) to the Banach space (under the supremum norm) of all bounded

functions on Rd by the prescription

(Ts,tf)(x) = E(f(Xt) | Xs = x)

for each f ∈ Bb(Rd), x ∈ Rd. We call a Markov processX normal if Ts,t(Bb(Rd)) ⊂
Bb(Rd) for each 0 ≤ s ≤ t <∞.

For a normal Markov process X the operator Ts,t is a linear operator and satis�es

Tr,sTs,t = Tr,t whenever 0 ≤ r ≤ s ≤ t <∞.

For each 0 ≤ s ≤ t <∞, A ∈ B(Rd), x ∈ Rd, de�ne

ps,t(x,A) = (Ts,t1A)(x) = P(Xt ∈ A | Xs = x). (2.2)

By the properties of conditional probability, each ps,t(x, .) is a probability mea-

sure on B(Rd). We call the mappings ps,t transition probabilities, as they give

the probabilities of transitions of the process from the point x at time s to the

set A at time t.

If X is an arbitrary Markov process, the Markov property implies

(Ts,tf)(x) =

∫
Rd

f(y)ps,t(x, dy)

for each 0 ≤ s ≤ t < ∞, f ∈ Bb(Rd), x ∈ Rd. With this we see that a Markov

process is normal if and only if the mappings x 7→ ps,t(x,A) are Borel measurable

for each A ∈ B(Rd), 0 ≤ s ≤ t <∞.

Theorem 2.2 (The Chapman-Kolmogorov equations). If X is a normal Markov

process then for each 0 ≤ r ≤ s ≤ t <∞, x ∈ Rd, A ∈ B(Rd),

pr,t(x,A) =

∫
Rd

pr,s(y, A)ps,t(x, dy). (2.3)

We have started with a Markov process X and then obtained the Chapman-
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2.1 Markov Processes and Feller Processes

Kolmogorov equations for the transition probabilities. There is a partial converse

to this.

Let {ps,t : 0 ≤ s ≤ t < ∞} be a family of mappings from Rd × B(Rd) → [0, 1].

We say that they are a normal transition family if for each 0 ≤ s ≤ t <∞:

1. the maps x 7→ ps,t(x,A) are measurable for each A ∈ B(Rd),

2. ps,t(x, .) is a probability measure on B(Rd) for each x ∈ Rd,

3. the Chapman-Kolmogorov equations (2.3) are satis�ed.

Theorem 2.3. If {ps,t : 0 ≤ s ≤ t <∞} is a normal transition family and µ is

a �xed probability measure on Rd, then there exists a probability space (Ω,F ,Pµ),

a �ltration (Ft)t≥0 and a Markov process (Xt)t≥0 on that space such that:

1. P(Xt ∈ A | Xs = x) = ps,t(x,A) (a.s.) for each 0 ≤ s ≤ t < ∞, x ∈
Rd, A ∈ B(Rd),

2. X0 has law µ.

We call the process X constructed in this way a canonical Markov process.

An important subclass of Markov process are time-homogeneous Markov pro-

cesses: A Markov process is said to be (time-)homogeneous if

Ts,t = T0,t−s

for each 0 ≤ s ≤ t <∞. Using (2.2) we obtain that this holds if and only if

ps,t(x,A) = p0,t−s(x,A)

for each 0 ≤ s ≤ t < ∞, x ∈ Rd, A ∈ B(Rd). In the time-homogeneous case we

abbreviate Tt := T0,t respectively pt := p0,t.

In general any family of linear operators on a Banach space that satis�es

Ts+t = TsTt
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2 Markov Processes and Stability Concepts

is called a semigroup. We see that a semigroup e�ectively determines the

process if the transition probabilities are normal.

A homogeneous Markov process X is said to be a C0-Feller proccess if

1. Tt : C0(Rd) ⊂ C0(Rd) for all t ≥ 0,

2. limt→0 ‖Ttf − f‖ = 0 for all f ∈ C0(Rd),

where ‖.‖ stands for the supremum norm.

The semigroup associated with a Feller process X is called Feller semigroup.

Remark 2.4. If we replace in the de�nition of Feller processes the class C0(Rd)

by Cb(Rd) we call the process X a Cb-Feller process.

2.2 Stability Concepts for Markov Processes

In this section we introduce the stability concepts for Markov processes, which

can be found in among others [40, 79�82]. Mostly we follow the notations and

de�nitions of [40, Section 3].

We consider a continuous time Markov process Φ = (Φt)t≥0 on a topological space

X with transition probabilities Pt(x,A) = Px(Φt ∈ A) = P(Φt ∈ A | Φ0 = x) for

x ∈ X,A ∈ B(X).

To de�ne non-explosivity, we consider a �xed family {On|n ∈ Z+} of open pre-

compact sets, i.e. the closure of On is a compact subset of X, for which On ↗ X

as n→∞. With Tm we denote the �rst entrance time to Oc
m and by ξ the exit

time for the process, de�ned as

ξ
D
= lim

m→∞
Tm.

De�nition 2.1 (Non-explosivity, [81, Chapter 1.2]). We call the process Φ non-

explosive if Px(ξ =∞) = 1 for all x ∈ X.

Since the de�nition of a Borel right process is only a technical one and there

exists a result, that every C0-Feller process is a Borel right process (see Section

3.4, Proof of Proposition 3.3.8), we skip this de�nition.
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2.2 Stability Concepts for Markov Processes

We additionally assume that Φ is a non-explosive Borel right process on a locally

compact, separable metric space (X,B(X)), with B(X) the Borel σ-�eld on X.

For the de�nitions and details of the existence and structure we refer to [93].

The operator Pt from the transition semigroup acts on a bounded measurable

function f via

Ptf(x) =

∫
X

Pt(x, dy)f(y) (2.1)

and on a σ-�nite measure µ on X via

µPt(A) =

∫
X

µ(dy)Pt(y, A). (2.2)

De�nition 2.2 (Invariant measure, [40, Chapter 3 ]). A σ-�nite measure π on

B(X) with the property

π = πPt, ∀t ≥ 0 (2.3)

is called invariant.

Notation: By π we always denote the unique invariant measure of Φ, if it exists.

De�nition 2.3 (Exponential ergodicity, [40, Chapter 3 ]). Φ is called exponen-

tially ergodic, if an invariant measure π exists and satis�es for all x ∈ X

‖Pt(x, .)− π‖TV ≤M(x)ρt, ∀t ≥ 0 (2.4)

for some �nite M(x), some ρ < 1 and where ‖.‖TV denotes the total variation

norm.

If this convergence holds for the f -norm ‖µ‖f := sup|g|≤f |
∫
µ(dy)g(y)| (for any

signed measure µ) , where f is a measurable function from the state space X to

[1,∞), we call the process f-exponentially ergodic.

A seemingly stronger formulation of V -exponential ergodicity is V -uniform er-

godicity: We require that M(x) = V (x) ·D with some �nite constant D.
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2 Markov Processes and Stability Concepts

De�nition 2.4 (V -uniform ergodicity, [40, Chapter 3]). Φ is called V-uniformly

ergodic, if a measurable function V : X → [1,∞) exists such that for all x ∈ X

‖Pt(x, .)− π‖V ≤ V (x)Dρt, t ≥ 0 (2.5)

holds for some D <∞, ρ < 1.

To prove ergodicity we need the de�nitions of irreducibility and aperiodicity.

De�nition 2.5 ([40], Chapter 3). For any σ-�nite measure µ on B(X) we call

the process Φ µ-irreducible if for any B ∈ B(X) with µ(B) > 0

Ex(ηB) > 0,∀x ∈ X (2.6)

holds, where ηB :=
∫∞

0
1{Φt∈B}dt is the occupation time.

This is obviously the same condition as∫ ∞
0

Pt(x,B)dt > 0, ∀x ∈ X. (2.7)

If Φ is µ-irreducible, there exists a maximal irreducibility measure ψ such that

every other irreducibility measure ν is absolutely continuous with respect to ψ.

We write B+(X) for the collection of all measurable subsets A ∈ B(X) with

ψ(A) > 0.

Remark 2.6. In [101, Proposition 1.1] it was shown, that if the discrete-time

h-skeleton of a process, the Ph-chain, is ψ-irreducible for some h > 0, then it

holds for the continuous time process. If the Ph-chain is ψ-irreducible for every

h > 0, we call the process simultaneously ψ-irreducible.

One probabilistic form of stability is the concept of Harris recurrence.

De�nition 2.7 (Harris recurrence, [80, Chapter 2.2]).

(i) Φ is called Harris recurrent, if either

• Px(ηA =∞) = 1 whenever φ(A) > 0 for some σ-�nite measure φ, or
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2.2 Stability Concepts for Markov Processes

• Px(τA < ∞) = 1 whenever µ(A) > 0 for some σ-�nite measure µ. τA :=

inf{t ≥ 0 : Φt ∈ A} is the �rst hitting time of A.

(ii) Suppose that Φ is Harris recurrent with �nite invariant measure π, then Φ

is called positive Harris recurrent.

To de�ne the class of subsets of X called petite sets, we suppose that a is a

probability distribution on R+. We de�ne the Markov transition function Ka for

the chain sampled by a as

Ka(x,A) :=

∫ ∞
0

Pt(x,A)a(dt), ∀x ∈ X,A ∈ B. (2.8)

De�nition 2.8 (Petite and small sets, [40, Chapter 3]). A nonempty set C ∈ B
is called νa-petite, if νa is a nontrivial measure on B(X) and a is a sampling

distribution on (0,∞) satisfying

Ka(x, .) ≥ νa(.), ∀x ∈ C. (2.9)

When the sampling distribution a is degenerate, i.e. a single point mass, we call

the set C small.

Remark 2.9. Like in the discrete time Markov chain theory the set C is small,

if there exists an m > 0 and a nontrivial measure νm on B(X) such that for all

x ∈ C,B ∈ B(X)

Pm(x,B) ≥ νm(B) (2.10)

holds.

For discrete time chains there exists a well known concept of periodicty, see for

example [82, Chapter 5.4]. For continuous time processes this de�nition is not

adaptable, since there are no �xed time steps. But a similar concept is the

de�nition of aperiodicity for continuous time Markov processes as introduced in

[40].
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2 Markov Processes and Stability Concepts

De�nition 2.10 ([40], Chapter 3). A ψ-irreducible Markov process is called

aperiodic if for some small set C ∈ B+(X) there exists a T such that Pt(x,C) >

0 for all t ≥ T and all x ∈ C.

Proposition 2.11. When Φ is simultaneously ψ-irreducible then we know from

[101, Proposition 1.2] that every skeleton chain is aperiodic in the sense of a

discrete time Markov chain.

For discrete time Markov processes there exist conditions such that every com-

pact set is petite and every petite set is small:

Proposition 2.12 ([82], Theorem 6.0.1 and 5.5.7).

(i) If Φ, a discrete time Markov process, is a Ψ-irreducible Feller chain with

supp(Ψ) having non-empty interior, every compact set is petite.

(ii) If Φ is irreducible and aperiodic, then every petite set is small.

Remark 2.13. Proposition 2.12(i) is also true for continuous time Markov pro-

cesses, see [80].

To introduce the Foster-Lyapunov criterion for ergodicity we need the concept

of the extended generator of a Markov process.

De�nition 2.14 (Extended generator, [40, Chapter 4]). D(A) denotes the set

of all functions f : X × R+ → R for which a function g : X × R+ → R exists,

such that ∀x ∈ X, t > 0

Ex(f(Φt, t)) = f(x, 0) + Ex
(∫ t

0

g(Φs, s)ds

)
, (2.11)

Ex
(∫ t

0

|g(Φs, s)|ds
)
<∞ (2.12)

holds. We write Af := g and call A the extended generator of Φ. D(A) is

called the domain of A.

The next theorem from [40] gives for an irreducible and aperiodic Markov process

a su�cient criterion to be V -uniformly ergodic. This is a modi�cation of the

Foster-Lyapunov drift criterion of [81].
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2.2 Stability Concepts for Markov Processes

Theorem 2.15 ([40], Theorem 5.2). Let (Φt)t≥0 be a µ-irreducible and aperiodic

Markov process. If there exist constants b, c > 0 and a petite set C in B(X) as

well as a measurable function V : X → [1,∞) such that

AV ≤ −bV + c1C , (2.13)

where A is the extended generator, then (Φt)t≥0 is V -uniformly ergodic.
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3 Geometric Ergodicity of the

MUCOGARCH(1,1) Process

3.1 Introduction

General autoregressive conditionally heteroscedatic (GARCH) time series mod-

els, as introduced in [18], are of high interest for �nancial economics. They cap-

ture many typical features of observed �nancial data, the so-called stylized facts

(see [54]). A continuous time extension, which captures the same stylized facts as

the discrete time GARCH model, but can also be used for irregularly-spaced and

high-frequency data, is the COGARCH process, see e.g. [21, 62, 63]. The use in

�nancial modelling is studied e.g. in [12, 30, 64, 85] and the statistical estimation

in [17, 55, 70], for example. Furthermore, an asymmetric variant is proposed in

[14] and an extension allowing for more �exibility in the autocovariance function

in [13].

To model and understand the behavior of several interrelated time series as well

as to price derivatives on several underlyings or to assess the risk of a portfo-

lio multivariate models for �nancial markets are needed. The �uctuations of

the volatilities and correlations over time call for employing stochastic volatility

models which in a multivariate set-up means that one has to specify a latent

process for the instantaneous covariance matrix. Thus, one needs to consider

appropriate stochastic processes in the cone of positive semi-de�nite matrices.

Many popular multivariate stochastic volatility models in continuous time, which

in many �nancial applications is preferable to modelling in discrete time, are of

an a�ne type, thus falling into the framework of [31]. Popular examples include
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3 Geometric Ergodicity of the MUCOGARCH(1,1) Process

the Wishart (see e.g. [4, 10, 26, 52, 77] ) and the OU type/Barndor�-Nielsen-

Shephard stochastic volatility model (see [84], for example) which also has been

enhanced to the supOU model allowing for possible long memory (cf. [8, 98]).

Thus they have two driving sources of randomness and their tail-behavior is typ-

ically equivalent to the one of the driving noise (see [47, 83]). A very nice feature

of GARCH models is that they have only one source of randomness and their

structure ensures heavily-tailed stationary behavior even for very light tailed

driving noises ([9, 48]). In discrete time one of the most general multivariate

GARCH versions (see [11, 50] for an overview) is the BEKK model, de�ned in

[44], and the MUCOGARCH(1,1) process introduced and studied in [96], is the

continuous time analogue which we are investigating further in this paper.

The existence and uniqueness of a stationary solution as well as the convergence

to the stationary solution is of high interest and importance. Geometric ergod-

icity ensures fast convergence to the stationary regime in simulations and paves

the way for statistical inference. By the same argument as in [73, Proof of The-

orem 4.3, Step 2] geometric ergodicity and the existence of some p-moments of

the stationary distribution provide exponential β-mixing for Markov processes.

This in turn can be used to show a central limit theorem for the process, see

for instance [39], and so allows to prove for example asymptotic normality of

some estimators (see e.g. [17, 55] in the context of univariate COGARCH(1,1)

processes).

In many applications involving time series (multivariate) ARMA-GARCH mod-

els (see e.g. [27, 51, 68]) turn out to be adequate and geometric ergodicity is

again key to understand the asymptotic behaviour of statistical estimators. In

continuous time a promising analogue currently investigated in [90] seem to be

(multivariate) CARMA processes (see e.g. [24, 46, 72]) driven by (multivariate)

COGARCH processes. The present paper also lays important foundations for

the analysis of such models.

For the univariate COGARCH process geometric ergodicity was shown by [45]

and [20] discussed it for the BEKK GARCH process. In [96] for the MUCOG-

ARCH process the existence of a stationary distribution is shown by tightness
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arguments, but the paper failed to establish uniqueness or convergence to the

stationary distribution. In this paper we deduce under the assumption of irre-

ducibility su�cient conditions for the uniqueness of the stationary distribution,

the convergence to it with an exponential rate and some �nite p-moment of the

stationary distribution of the MUCOGARCH volatility process Y . To show this

we use the theory of Markov process, see e.g. [40, 80]. A further result of this

theory is, that our volatility process is positive Harris recurrent. If the driving

Lévy process is a compound Poisson process, we show easily applicable conditions

ensuring irreducibility of the volatility process in the cone of positive semide�nite

matrices.

Like in the discrete time BEKK case the non-linear structure of the SDE will

prohibit us from using well-established results for random recurrence equations

like in the one-dimensional case and due to the rank one jumps establishing irre-

ducibility is a very tricky issue. To obtain the latter [20] actually used techniques

from algebraic geometry (see also [19]) whereas we use a direct probabilistic ap-

proach playing the question back to the well-understood existence of a density for

a Wishart distribution. However, we restrict ourselves to processes of order (1,1)

while in the discrete time BEKK case general orders were considered. The reason

is that on the one hand it turns out that order (1,1) GARCH processes are su�-

cient in most applications and on the other hand multivariate COGARCH(p,q)

processes can be de�ned in principle ([95, Section 6.6]) but no reasonable con-

ditions on the possible parameters are known. Already in the univariate case

these conditions are quite involved (cf. [21, Section 5], [100]). On the other

hand we can look at the �niteness of an arbitrary p-th moment (of the volatility

process) and use drift conditions related to it, whereas [20] only looked at the

�rst moment.

The remainder of the Chapter is organized as follows: In Section 3.2 we recall the

de�nition of the MUCOGARCH(1,1) process and some of its properties of rele-

vance later on. In Section 3.3 we present our main results: su�cient conditions

ensuring the geometric ergodicity of the volatility process Y and the irreducibil-

ity of Y . Furthermore, we compare the conditions for geometric ergodicity to
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3 Geometric Ergodicity of the MUCOGARCH(1,1) Process

previously known conditions for (�rst order) stationarity. In Section 3.4 we prove

our results of Section 3.3.

3.1.1 Preliminaries

Throughout we assume that all random variables and processes are de�ned on

a given �ltered probability space (Ω,F ,P, (Ft)t∈T ) with T = N in the discrete

time case and T = R+ in the continuous one. Moreover, in the continuous time

setting we assume the usual conditions (complete, right continuous �ltration) to

be satis�ed.

3.2 Multivariate COGARCH(1,1) process

In this section we repeat the de�nition of the MUCOGARCH(1,1) process and

some known properties. All de�nitions and properties in this section are taken

from [96].

3.2.1 De�nition of the multivariate COGARCH(1,1)

process

De�nition 3.2.1 (MUCOGARCH(1,1), [96, De�nition 3.1],). Let L be an Rd-

valued Lévy process, A,B ∈ Md(R) and C ∈ S++
d . The MUCOGARCH(1,1)

process G = (Gt)t≥0 is de�ned as the solution of

dGt = V
1
2
t−dLt (3.2.1)

Vt = Yt + C (3.2.2)

dYt = (BYt− + Yt−B
>)dt+ AV

1
2
t−d[L,L]dtV

1
2
t−A

>, (3.2.3)

with initial values G0 ∈ Rd and Y0 ∈ S+
d .

The process Y = (Yt)t≥0 is called MUCOGARCH(1,1) volatility process.

Since we only consider MUCOGARCH(1,1) processes, we often simply write

MUCOGARCH.
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3.2 Multivariate COGARCH(1,1) process

Equations (3.2.2) and (3.2.3) directly give us an SDE for the covariance matrix

process V :

dVt = (B(Vt− − C) + (Vt− − C)B>)dt+ AV
1
2
t−d[L,L]dtV

1
2
t−A

>. (3.2.4)

Provided σ(B) ⊂ (−∞, 0) + iR, we see that V , as long as no jumps occur,

returns to the level C at an exponential rate determined by B. Since all jumps

are positive semide�nite, C is not a mean level but a lower bound.

An equivalent representation is obtained by using the vec operator:

dGt = V
1/2
t− dLt, Vt = C + Yt

dvec(Yt) = (B ⊗ I + I ⊗B)vec(Yt−)dt+ (A⊗ A)(V
1/2
t− ⊗ V

1/2
t− )dvec([L,L]dt )

dvec(Vt) = (B ⊗ I + I ⊗B)(vec(Vt−)− vec(C))dt

+ (A⊗ A)(V
1/2
t− ⊗ V

1/2
t− )dvec([L,L]dt ).

To have the MUCOGARCH process well-de�ned, we have to know that a unique

solution of the SDE system exists and the solution of Y (and V ) does not leave

the set S+
d . In the following we always understand that our processes live on Sd

(not on Md(R)) or in vec representation on vec(Sd), which we can identify with

Rd(d+1)/2. Since S++
d is an open subset of Sd, we now are in the most natural

setting for SDEs and we get:

Theorem 3.2.2 ([96], Theorem 3.2). Let A,B ∈ Md(R), C ∈ S++
d and L be a

d-dimensional Lévy process. Then the SDE (3.2.3) with initial value Y0 ∈ S+
d

has a unique positive semi-de�nite solution (Yt)t∈R+. The solution (Yt)t∈R+ is

locally bounded and of �nite variation. Moreover, it satis�es Yt � eBtY0e
B>t for

all t ∈ R+.

Further we have the following representation for the solution Yt:

Theorem 3.2.3 ([96], Theorem 3.6). The MUCOGARCH(1,1) volatility process

Y satis�es

Yt = eBtY0e
B>t+

∫ t

0

eB(t−s)A(C+Ys−)1/2d[L,L]ds(C+Ys−)1/2A>eB
>(t−s) (3.2.5)
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3 Geometric Ergodicity of the MUCOGARCH(1,1) Process

for all t ∈ R+.

3.2.2 Properties of the MUCOGARCH volatility process Y .

Theorem 3.2.4 (Markov property, [96], Theorem 4.4).

The MUCOGARCH process (G, Y ) as well as its volatility process Y alone are

temporally homogeneous strong Markov processes on Rd×S+
d and S+

d , respectively,

and they have the weak Cb-Feller property.

Some su�cient conditions for the existence of a stationary distribution are al-

ready known. For this we need some notations from [96]: Assume now that B

is diagonalizable and let S ∈ GLd(C) be such that S−1BS is diagonal. Then

we de�ne the norm ‖ · ‖B,S on Md2(R) by ‖X‖B,S := ‖(S−1 ⊗ S−1)X(S ⊗ S)‖2

for X ∈ Md2(R). It should be noted that ‖ · ‖B,S depends both on B and on

the choice of the matrix S diagonalizing B. Observe that ‖ · ‖B,S is an operator

norm, namely the one associated to the norm ‖x‖B,S := ‖(S−1⊗S−1)x‖2 on Rd2 .

Besides, ‖ · ‖B,S actually is simply the norm ‖ · ‖2 provided S is a unitary matrix.

Theorem 3.2.5 ([96], Theorem 4.5). Let B ∈ Md(R) be diagonalizable with

S ∈ GLd(C) such that S−1BS is diagonal. Furthermore, let L be a d-dimensional

Lévy process with non-zero Lévy measure νL, de�ne

λ := max(Re(σ(B))), K2,B := max
X∈S+d
‖X‖2=1

(
‖X‖2

‖vec(X)‖B,S

)

and

α1 := ‖S‖2
2‖S−1‖2

2K2,B‖A⊗ A‖B,S.

Assume that ∫
Rd

log
(
1 + α1‖vec(yy>)‖B,S

)
νL(dy) < −2λ. (3.2.6)

Then there exists a stationary distribution µ ∈ M1(S+
d ) for the MUCOGA-

RCH(1,1) volatility process Y such that∫
Rd

((
1 + α1‖vec(yy>)‖B,S

)k − 1
)
νL(dy) < −2λk (3.2.7)
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3.3 Geometric ergodicity of the MUCOGARCH volatility process Y

for some k ∈ N implies that
∫
S+d
‖x‖kµ(dx) < ∞, i.e. the k-th moment of the

stationary distribution is �nite.

Remark 3.2.6. From [62, Lemma 4.1(d)] it follows that, if (3.2.7) is satis�ed

for k ∈ N then it is also satis�ed for all k̃ ∈ N, k̃ ≤ k.

3.3 Geometric ergodicity of the MUCOGARCH

volatility process Y

In Theorem 3.2.5 the existence of a stationary distribution is shown, but neither

the uniqueness nor that it is a limiting distribution. This is the subject of our

main theorem. Furthermore, we can show, that the convergence in total variation

is exponentially fast, therefore our volatility process is geometrically ergodic.

Theorem 3.3.1 (Geometric ergodicity). Let Y be a MUCOGARCH volatility

process with σ(B) ⊂ (−∞, 0) + iR. Assume

(i) Y is µ-irreducible with the support of µ having non-empty interior and

aperiodic,

(ii) there exists a p ∈ [1,∞) such that∫
Rd

(
2p−1

(
1 + ‖A⊗ A‖2‖vec(yy>)‖2

)p − 1
)
νL(dy) +mBp < 0 (3.3.1)

with mB := max{xT ((B⊗I)+(I⊗B))x : x ∈ Rd2 , ‖x‖2 = 1} the maximum

of the real numerical range.

Then a unique stationary distribution for the MUCOGARCH volatility process

Y exists, Y is positive Harris recurrent, geometrically ergodic and the stationary

distribution has a �nite p-th moment.

Remark 3.3.2. Observe that condition (3.3.1) demands besides the �niteness of

E(‖L1‖2p
2 ) that the driving Lévy process is of �nite activity. We can formulate

another condition, which ensures su�ciently fast decay of the process without

demanding �nite activity.
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Theorem 3.3.3 (Geometric ergodicity). Let Y be a MUCOGARCH volatility

process under the same conditions as in Theorem 3.3.1 but instead of condition

(3.3.1) assume that there exists a p ∈ [1,∞) such that

2p+1‖A⊗ A‖2

∫
Rd

‖vec(yy>)‖2

(
1 + ‖A⊗ A‖2‖vec(yy>)‖2

)p−1
νL(dy) +mB < 0

(3.3.2)

Then a unique stationary distribution for the MUCOGARCH volatility process

Y exists, Y is positive Harris recurrent, geometrically ergodic and the stationary

distribution has a �nite p-th moment.

Theorem 3.3.1 holds also for p ∈ (0, 1) with the additional assumption, that the

2p-variation of L exists.

Theorem 3.3.4. Let Y be a MUCOGARCH volatility process with σ(B) ⊂
(−∞, 0) + iR. Assume

(i) Y is µ-irreducible with the support of µ having non-empty interior and

aperiodic,

(ii) there exists a p ∈ (0, 1) such that∫
Rd

((
1 + ‖A⊗ A‖2‖vec(yy>)‖2

)p − 1
)
νL(dy) +mBp < 0 (3.3.3)

(iii) the 2p moments and variation exist, i.e.∫
Rd

‖y‖2pνL(dy) <∞. (3.3.4)

Then a unique stationary distribution for the MUCOGARCH volatility process

Y exists, Y is positive Harris recurrent, geometrically ergodic and the stationary

distribution has a �nite p-th moment.

These results raise the questions how to easily compute the numerical radius

(at least in special cases) and how the conditions compare to previously known

stationarity conditions.
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Remark 3.3.5. The real numerical range of a matrix A ∈ Rn×n is de�ned by

Ψ1(A) , {x>Ax : x ∈ Rn and x>x = 1},

see e.g. [16, Fact 8.14.8]. Some facts are:

• Ψ1(A) = [λmin(
1
2
(A+ A>)), λmax(

1
2
(A+ A>))],

• if A is symmetric, then Ψ1(A) = [λmin(A), λmax(A)].

Hence if B and thus (B⊗I)+(I⊗B) is symmetric mB = λmax((B⊗I)+(I⊗B)) =

2λmax(B) (see [59, Theorem 4.4.5]). From [96, Remark 4.6] we thus see that

conditions (3.3.1) and (3.2.7) are identical for a symmetric B and p = k = 1.

For a symmetric B and p > 1 that are very similar only that an additional

factor of 2p−1 appears inside the integral in the conditions ensuring geometric

ergodicity. So the previously known conditions for the existence of a stationary

distribution are somewhat weaker than our conditions for geometric ergodicity,

but the di�erence does not appear dramatic. It should be also noted that in

contrast to [96] we do not need to restrict ourselves to B being diagonalizable

and integer moments p.

Remark 3.3.6. According to [96, Theorem 4.20, its proof and Remark 4.9] the

conditions for asymptotic �rst-order stationarity are:

(i) there exists a constant σL ∈ R+ such that
∫
Rd xx

>νL(dx) = σLId.

(ii) σ(B) ⊂ (−∞, 0) + iR

(iii) σ
(
((B ⊗ I) + (I ⊗B)) + (A⊗ A)

∫
Rd xx

>νL(dx)
)
⊂ (−∞, 0) + iR. We use

the notation B̂ := ((B ⊗ I) + (I ⊗B)) + (A⊗ A)
∫
Rd xx

>νL(dx).

In our Theorem 3.3.1 for p = 1 the condition (3.3.1) reduces to∫
Rd

‖A⊗ A‖2‖vec(yy>)‖2νL(dy) + mB < 0. (3.3.5)

Assuming B and thereby B is symmetric, our condition (3.3.5) immediately im-

plies (iii) σ(B̂) ⊂ (−∞, 0) + iR.
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To show this let λ = max{Re(µ) : µ ∈ σ(B̂)}. By a corollary of the Bauer-Fike

theorem, see [58, Corollary 6.3.4], there exists a µ ∈ σ(B) such that

λ− µ ≤ |λ− µ| ≤ ‖(A⊗ A)

∫
Rd

xx>νL(dx)‖2.

Observe that

‖(A⊗ A)

∫
Rd

xx>νL(dx)‖2 ≤ ‖A⊗ A‖2

∫
Rd

‖xx>‖2νL(dy)

≤ ‖A⊗ A‖2

∫
Rd

‖vec(xx>)‖2νL(dy).

Thus

λ ≤ µ+ ‖A⊗ A‖2

∫
Rd

‖vec(xx>)‖2νL(dy)

and since µ ≤ λmax(B) this provides

λ ≤ λmax(B) + ‖A⊗ A‖2

∫
Rd

‖vec(xx>)‖2νL(dy) < 0

by (3.3.5) and so σ(B̂) ⊂ (−∞, 0) + iR.

So also the known �rst order stationarity condition turns out to be implied by

our conditions for geometric ergodicity for B being symmetric. Due to the need

to link the numerical range and the eigenvalues it seems not really feasible to

compare these conditions if B is not symmetric.

For p = 1 and p ≥ 2 it is shown in [96, Proposition 4.7], that the �niteness

of E(‖L1‖2p
2 ) and E(‖Y0‖p2) implies the �niteness of E(‖Yt‖p2) for all t. We can

improve this for all p > 0.

Lemma 3.3.7 (Finiteness of moments). Let Y be a MUCOGARCH volatility

process and p > 0. If E(‖Y0‖p2) < ∞ and E(‖L1‖2p
2 ) < ∞, then E(‖Yt‖p2) < ∞

for all t ≥ 0 and t 7→ E(‖Yt‖p2) is locally bounded.

Further we can show that MUCOGARCH volatility process Y is a C0 Feller pro-

cess. This improves the result of [96, Theorem 4.4], where the Cb-Feller property
is shown.
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3.3 Geometric ergodicity of the MUCOGARCH volatility process Y

Proposition 3.3.8 (Improved Feller Property and Borel right process). The

MUCOGARCH volatility process Y is non-explosive and a weak C0-Feller process.

Thereby it is a Borel right Markov process.

We now establish conditions for the irreducibility and aperiodicity of Y . For this

we have to assume that our driving Lévy process L is of compound Poisson type.

Theorem 3.3.9 (Irreducible and aperiodic). Let Y be a MUCOGARCH volatil-

ity process driven by a compound Poisson process L and with A ∈ GLd(R). If the

jump distribution of L has a non-trivial absolutely continuous component equiv-

alent to the Lebesgue measure on Rd, then Y is irreducible with respect to the

Lebesgue measure on S+
d and aperiodic.

We soften the conditions on the jump distribution of the Compound Poisson

process:

Corollary 3.3.10. Let Y be a MUCOGARCH volatility process driven by a com-

pound Poisson process L and with A ∈ GLd(R). If the jump distribution of L

has a non-trivial absolutely continuous component and the density of the com-

ponent w.r.t. the Lebesgue measure on Rd is strictly positive in a neighborhood

of zero, then Y is irreducible w.r.t. the Lebesgue measure restricted to an open

neighborhood of zero in S+
d and aperiodic.

Remark 3.3.11. If the driving Lévy process is a general Lévy process, whose

Lévy measure has a non-trivial absolutely continuous component and the den-

sity of the component w.r.t. the Lebesgue measure on S+
d is strictly positive in

a neighborhood of zero, we can show that Y is open-set irreducible w.r.t. the

Lebesgue measure restricted to an open neighborhood of zero in S+
d . For strong

Feller processes open-set irreducibility provides irreducibility, but the strong Feller

property is to the best of our knowledge hard to establish for Lévy-driven SDEs.

A classical way to show irreducibility is by using density or support theorems

based on the Malliavin Calculus, see e.g. [35, 66, 94]. But they all require, that

the coe�cients of the SDE have bounded derivatives, which is not the case for

the MUCOGARCH volatility process. So �nding criteria for irreducibility in the
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3 Geometric Ergodicity of the MUCOGARCH(1,1) Process

in�nite activity case appears to be a very challenging question beyond the scope

of the present paper.

Note that the condition that the Lévy measure has an absolutely continuous com-

ponent with a support containing zero is the obvious analogue on the condition

on the noise in [20].

3.4 Proofs of Section 3.3

To prove our results we use the stability concepts for Markov processes, see

Chapter 2.

We prove the geometric ergodicity of the MUCOGARCH volatility process by

using Theorem 2.15. We �rst prove Proposition 3.3.8, to ensure that we are in

the setting of Theorem 2.15.

3.4.1 Proof of Proposition 3.3.8

(i) C0-Feller property: Let f ∈ C0(S+
d ). We have to show that ∀t ≥ 0

Ptf(x)→ 0, for x→∞, (3.4.1)

where we understand x → ∞ in the sense of ‖x‖2 → ∞. Since Ptf(x) =

E(f(Yt(x))), where x denotes the starting point Y0 = x, it is enough to show

that Yt goes to in�nity for x→∞:

‖Yt‖2 ≥‖eBtY0e
B>t‖2

=‖eBt‖2
2‖x‖2 →∞ for ‖x‖2 →∞.

(ii) That a C0-Feller process is a Borel right process, follows from [71]: Combining

the de�nition of strongly continuous contraction semigroups, Theorem 4.1.1 and

the fact, that Feller processes by their de�nition are Borel right.
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3.4 Proofs of Section 3.3

(iii) The non-explosivity property is shown in the proof of Theorem 6.3.7 in [95].

�

Remark 3.4.1. For Rd-valued solutions to Lévy-driven stochastic di�erential

equations

dXt = σ(Xt−)dLt

[65] gives necessary and su�cient conditions for the rich Feller property, which

includes the C0-Feller property, if σ is continuous and of linear growth. But since

our direct proof is quite short, we prefer it instead of adapting the result of [65]

to our state space.

3.4.2 Proof of Theorem 3.3.1, 3.3.3 and 3.3.4: Geometric

ergodicity

The �rst and main part of the proof is to show the geometric ergodicity. After

that we show the positive Harris recurrence, which essentially is a consequence

of the proof of the geometric ergodicity. To prove the geometric ergodicity, and

hence the existence and uniqueness of a stationary distribution, of the MUCOG-

ARCH volatility process, it is enough to show that the Foster-Lyapunov drift

condition of Theorem 2.15 holds. The remaining conditions of Theorem 2.15 are

proved in Proposition 3.3.8 or given by the assumptions.

The proof is structured as follows: According to the assumptions of �nite p-th

moments resp. �nite p-variation we choose u(x) = ‖x‖p2 + 1. We claim that

this test function belongs to the domain of the extended generator and that

the extended generator applied to u has a special form. This claim we show

after the deduction of the Foster-Lyapunov drift condition. For drift condition

we distinguish the cases of Theorem 3.3.1, 3.3.3 and 3.3.4. Then last two cases

follow by a slight variation in the arguments of the �rst case. During this proof

we use the equivalent representation vec(Yt).
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3 Geometric Ergodicity of the MUCOGARCH(1,1) Process

Extended generator:

We assume that the extended generator of the MUCOGARCH(1,1) volatility

process is given by

Au(x) = b(x)>∇u(x) +

∫
Rd2+1

(u(x+ Φ(x)y)− u(x)) ν̃(dy)

=: Du(x) + J u(x),

where we use

• Φ(x) =
(

(A⊗ A)((C + x)
1
2 ⊗ (C + x)

1
2 ), (B ⊗ I + I ⊗B)vec(x)

)
, which is

of the form (a(x), b(x)) with a(x) ∈ Rd2×d2 and b(x) ∈ Rd2 . For ξ ∈ Rd2 it

holds that

Φ(x)>ξ = (a(x)>ξ, b(x)>ξ)>.

• ν̃ is the Lévy measure (νvec, 0)>, where νvec is de�ned by

νvec(B) =
∫
Rd 1{x∈S+d :vec(x)∈B}(yy

>)µ(dy) and µ is the Lévy measure of the

driving Lévy process L.

We abbreviate the �rst addend, the drift part, with Du(x) and the second, the

jump part, with J u(x).

Foster-Lyapunov drift inequality:

Below we consider the drift part D and the jump part J separately. For both

parts we deduce some upper bounds, which we can bring together and get the

upper bound, which is required in the Foster-Lyapunov drift condition.

As test function we choose u(x) = ‖x‖p2 + 1, thus u(x) ≥ 1. Note that the

gradient of u is given by ∇u(x) = p‖x‖p−2x.

Further observe that the state space of Y and with that the domain of u is S+
d .

For p ∈ (0, 2) the gradient of u has a singularity in 0, but in the generator we

look at b(x)>∇u(x), which is continuous in 0.

Moreover by the de�nition of ν̃∫
Rd2+1

(
eiξ
>Φ(x)y − 1

)
ν̃(dy)) =

∫
Rd2

(
eiξ
>A(x)y − 1

)
νvec(dy).
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3.4 Proofs of Section 3.3

Since the inequalities distinguish for p < 1 and p ≥ 1 we now look at both cases

separately:

(I) The case p ≥ 1, Theorem 3.3.1:

J u(x)

=

∫
Rd2

[
u

(
x+

(
(A⊗A)

(
(vec−1(x) + C)

1
2 ⊗ (vec−1(x) + C)

1
2

))>
z

)
− u(x)

]
νvec(dz)

=

∫
Rd2

[∥∥∥∥x+
(
(A⊗A)

(
(vec−1(x) + C)

1
2 ⊗ (vec−1(x) + C)

1
2

))>
z

∥∥∥∥p
2

− ‖x‖p2
]
νvec(dz)

≤
∫
Rd2

[(
‖x‖2 +

∥∥∥∥((A⊗A)((vec−1(x) + C)
1
2 ⊗ (vec−1(x) + C)

1
2

))>
z

∥∥∥∥
2

)p
− ‖x‖p2

]
νvec(dz)

Since ‖vec−1(x)‖2 ≤ ‖vec−1(x)‖F = ‖x‖2 we have∥∥∥∥((A⊗ A)
(

(vec−1(x) + C)
1
2 ⊗ (vec−1(x) + C)

1
2

))>
z

∥∥∥∥
2

≤‖A⊗ A‖2 ‖vec−1(x) + C‖2 ‖z‖2

≤‖A⊗ A‖2 ‖x‖2 ‖z‖2 + ‖A⊗ A‖2‖C‖2‖z‖2 (3.4.2)

and with the inequality ‖x+ y‖p ≤ 2p−1(‖x‖p + ‖y‖p) this yields

J u(x) ≤ ‖x‖p2
∫
Rd2

(
2p−1 (1 + ‖A⊗ A‖2‖z‖2)p − 1

)
νvec(dz)︸ ︷︷ ︸

<−mBp by assumption (3.3.1)

+d (3.4.3)

≤ (−mBp− c)‖x‖p2 + d,

for some constant c > 0 and d := 2p−1‖A ⊗ A‖p2‖C‖
p
2

∫
Rd2 ‖z‖p2νvec(dz), which is

�nite by assumption (iii) and νvec being a Lévy measure.

For the drift part we get

Du(x) = (((B ⊗ I) + (I ⊗B))x)> xp‖x‖p−2
2

= x> ((B ⊗ I) + (I ⊗B))> xp‖x‖p−2
2
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3 Geometric Ergodicity of the MUCOGARCH(1,1) Process

≤ mBp‖x‖p2.

Summarizing we have

Au(x) ≤ −c‖x‖p2 + d. (3.4.4)

For ‖x‖2 > k and k big enough there exists 0 < c1 < c such that

(3.4.4) ≤ −c1(‖x‖p2 + 1).

For ‖x‖2 ≤ k we have in (3.4.4):

−c‖x‖p2 + d ≤ −c1‖x‖p2 + d = −c1(‖x‖p2 + 1) + e,

with e := c1 + d > 0. Altogether we have

Au(x) ≤ −c1u(x) + e1Dk
, (3.4.5)

where Dk := {x : ‖x‖2 ≤ k} is a compact set. By Proposition 2.12(i) this is also

a petite set. Therefore the Foster-Lyapunov drift condition is proved.

(II) The case p ≥ 1, Theorem 3.3.3:

In the deduction of the Foster-Lyapunov drift condition of the �rst case, the

modi�cation of the assumption plays a role only for the jump part. So we have

to replace the deduction of the bound for J u(x) and then the rest follows as

above. To detect the needed bound we use the following elementary inequalities:

Lemma 3.4.2. For x, y ≥ 0, p ≥ 1 it holds that

(x+ y)p − xp ≤ py(x+ y)p−1 ≤ py(2p−1 ∨ 1)(xp−1 + yp−1).

The �rst steps up to (3.4.2) do not change.

J u(x)

≤
∫
Rd2

[
(‖x‖2 + (‖A⊗ A‖2 ‖x‖2 ‖z‖2 + ‖A⊗ A‖2‖C‖2‖z‖2))p − ‖x‖p2

]
νvec(dz)
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3.4 Proofs of Section 3.3

≤
∫
Rd2

[
p (‖A⊗ A‖2 ‖x‖2 ‖z‖2 + ‖A⊗ A‖2‖C‖2‖z‖2)

(‖x‖2 + (‖A⊗ A‖2 ‖x‖2 ‖z‖2 + ‖A⊗ A‖2‖C‖2‖z‖2))p−1
]
νvec(dz)

≤
∫
Rd2

[
p2p−1 (‖A⊗ A‖2 ‖x‖2 ‖z‖2 + ‖A⊗ A‖2‖C‖2‖z‖2)(
(‖x‖2 + ‖A⊗ A‖2 ‖x‖2 ‖z‖2)p−1 + (‖A⊗ A‖2‖C‖2‖z‖2)p−1) ]νvec(dz)

Now we distinguish whether ‖x‖2 ≥ (‖C‖2 ∨ 1) and ‖x‖2 ≤ (‖C‖2 ∨ 1):

‖x‖2 ≥ (‖C‖2 ∨ 1): In this case note that

(‖A⊗ A‖2 ‖x‖2 ‖z‖2 + ‖A⊗ A‖2‖C‖2‖z‖2) ≤ 2 (‖A⊗ A‖2 ‖x‖2 ‖z‖2)

and

(‖A⊗ A‖2‖C‖2‖z‖2)p−1 ≤ ‖x‖p−1
2 (‖A⊗ A‖2‖z‖2)p−1 .

Inserting this above we get

J u(x)

≤ p2p‖A⊗ A‖2‖x‖p2

·
∫
Rd2
‖z‖2

(1 + ‖A⊗ A‖2 ‖z‖2)p−1 + (‖A⊗ A‖2‖z‖2)p−1︸ ︷︷ ︸
≤(1+‖A⊗A‖2 ‖z‖2)p−1

 νvec(dz)

≤ p2p+1‖A⊗ A‖2‖x‖p2 ·
∫
Rd2
‖z‖2(1 + ‖A⊗ A‖2 ‖z‖2)p−1νvec(dz)

< −mBp‖x‖p2,

where in the last step we use assumption (3.3.2).

‖x‖2 ≤ (‖C‖2 ∨ 1): In this case we get

J u(x)

≤ p2p‖A⊗ A‖2(‖C‖2 ∨ 1)
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3 Geometric Ergodicity of the MUCOGARCH(1,1) Process

·
∫
Rd2

[
‖z‖2

(
‖x‖p−1

2 (1 + ‖A⊗ A‖2 ‖z‖2)p−1 + (‖A⊗ A‖2‖C‖2‖z‖2)p−1
) ]
νvec(dz)

≤ p2p‖A⊗ A‖2(‖C‖2 ∨ 1)p

·
∫
Rd2

[
‖z‖2

(
(1 + ‖A⊗ A‖2 ‖z‖2)p−1 + (‖A⊗ A‖2‖z‖2)p−1

) ]
νvec(dz)

≤ p2p‖A⊗ A‖2(‖C‖2 ∨ 1)p
∫
Rd2

[
‖z‖2(1 + 2‖A⊗ A‖2 ‖z‖2)p−1

]
νvec(dz)︸ ︷︷ ︸

<∞

≤ constant.

Thus by combining this distinction of cases with those of the previous case, we

get the Foster-Lyapunov drift condition.

(III) The case p ∈ (0, 1), Theorem 3.3.4:

In the deduction of the bound (3.4.5) the assumption p ≥ 1 was only used for

the inequality (3.4.3). For p ∈ (0, 1) we use instead of the inequality based on

convexity that

(x+ y)p ≤ xp + yp, x, y ≥ 0

holds by a generalization of the Binomial theorem. Together with assumption

(3.3.3) we get that the jump part is bounded by

J u(x) ≤ ‖x‖p2
∫
Rd2

((1 + ‖A⊗ A‖2‖z‖2)p − 1) νvec(dz)︸ ︷︷ ︸
<−mBp

+d (3.4.6)

≤ (−mBp− c)‖x‖p2 + d,

for some constant c > 0 and d := ‖A⊗ A‖p2‖C‖
p
2

∫
Rd2 ‖z‖p2νvec(dz).

Together with the bound of the drift part, which does not change for p ∈ (0, 1),

this yields the Foster-Lyapunov inequality (3.4.4) with new constants.

Test function belongs to the domain:

We have to show that the chosen test function u(x) = ‖x‖p2 + 1 belongs to the

domain of the extended generator and Au has the claimed form. As before we

look at Xt := vec(Yt). So we have to show that for all initial values X0 = x and

48



3.4 Proofs of Section 3.3

all t ≥ 0 it holds that

Ex(u(Xt)) = u(x) + Ex
(∫ t

0

Au(Xs)ds

)
(3.4.7)

and

Ex
(∫ t

0

|Au(Xs)|ds
)
<∞. (3.4.8)

To show (3.4.7) we show that

Mt := u(Xt)− u(x)−
∫ t

0

Au(Xs)ds

is a martingale. For this we apply Itô's formula to u(x) = ‖x‖p2 +1. The gradient

of u is ∇u(x) = p ‖x‖p−2
2 x. The second derivatives are not relevant, since Y

has no Gaussian part. We skip the discontinuity of ∇u in 0 for p ∈ (0, 1) by

considering u on vec(S+
d \ {0}) and clarify the validity for vec(S+

d ) afterwards.

We use Itô's formula

u(Xt)− u(X0) =

∫ t

0+

∇u(Xs−)dXc
s +

∑
0<s≤t

u(Xs)− u(Xs−)

=

∫ t

0+

p ‖Xs−‖p−2
2 X>s−(B ⊗ I + I ⊗B)Xs−ds

+

∫ t

0+

∫
Rd

u(Xs + Φ(Xs)vec(yy>))− u(Xs)µL(dy, ds),

where µL is the random measure associated with the jumps of Y , having compen-

sator νL(dξ)ds and Φ is the coe�cient of the jump term of Xt. To write this in

this form we have required the integrability of
∫ t

0+

∫
Rd u(Xs + Φ(Xs)vec(yy>))−

u(Xs)µL(dy, ds). Thereby we get

Mt = u(Xt)− u(X0)−
∫ t

0

Au(Xs)ds

=

∫ t

0+

∫
Rd

u(Xs + Φ(Xs)vec(yy>))− u(Xs)(µL(dy, ds)− νL(dy)ds).

By the compensation formula (see [67, Corollary 4.5] for the version for con-
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ditional expectations), (Mt)t≥0 is a martingale if the integrability condition is

ful�lled. Observe that the integrand is non-negative: To show this �rst notice

that

‖A+B‖F = (Tr(A+B)(A+B)>)
1
2 =

(
Tr(AA>) + Tr(BB>) + 2 Tr(AB>)

) 1
2

≥
(
Tr(AA>)

) 1
2 = ‖A‖F

if A,B ∈ S+
d since the cone of positive semide�nite matrices is self dual with

the inner product de�ned by the trace: 〈A,B〉 = Tr(AB). Thereby we get ‖x+

Φ(x)y‖2 = ‖vec−1(x+Φ(x)y)‖F = ‖vec−1(x)+vec−1(Φ(x)y)‖F ≥ ‖vec−1(x)‖F =

‖x‖2, which means u(x+ Φ(x)y)− u(x) ≥ 0.

Thus to show the integrability it is enough to show

E
[∫ t

0+

∫
Rd

(
u(Xs + Φ(Xs)vec(yy>))− u(Xs)

)
νL(dy)ds

]
<∞. (3.4.9)

Just like for the bound of J u(x) as we derived in the deduction of the Foster-

Lyapunov drift condition, we get∫
Rd

u(Xs + Φ(Xs)vec(yy>))− u(Xs)νL(dy)ds ≤ c ‖Xs‖p2 + d,

for some constants c, d > 0. By assumption it holds that E(‖(Yt)‖p2) <∞ for all

t ≥ 0 and t 7→ E(‖(Yt)‖p2) is locally bounded. Thus (3.4.9) follows with Fubini's

theorem and the fact that ‖ ‖2 and ‖ ‖F are equivalent.

It remains to proof the validity of Itô's formula on vec(S+
d ). For this note that if

Y0 6= 0 it follows that Yt 6= 0 for all t > 0. Thus we have to assume that Y0 = 0.

If the jumps are of compound Poisson type we de�ne τ := inf{t ≥ 0 : Xt 6= 0},
which is the �rst jump time of the driving Lévy process. For t < τ , Xt = 0 and

t = τ it is obviously ful�lled. For t > τ we can reduce it to the case vec(S+
d \{0}).

Thus Itô's formula stays valid if the driving Lévy process is a compound Poisson

process.

Now we assume that the driving Lévy process has in�nite activity. In [96, Propo-

sition 6.7] it has been shown, that we can approximate Yt by approximating the
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3.4 Proofs of Section 3.3

driving Lévy process. We use the same notation as in [96, Proposition 6.7] but

for Xn,t = vec(Yn,t). We �x ω ∈ Ω and some T > 0. Since ‖Yn,t‖2 is uniformly

bounded on [0, T ], it follows that ‖.‖p2 is uniformly continuous on the state space

of Xn,t. We need to show that

u(Xn,t)− u(Xn,0)

=

∫ t

0+

∇u(Xn,s−)dXc
n,s︸ ︷︷ ︸

(∗)

+

∫ t

0+

∫
Rd

u(Xn,s + Φ(Xn,s)vec(yy>))− u(Xn,s)µLn(dy, ds)︸ ︷︷ ︸
(∗∗)

converges uniformly on [0, T ]. Since ω ∈ Ω and T > 0 was arbitrary this shows

that Itô's formula holds almost surley uniformly on compacts. For (*) the con-

vergence follows by dominated convergence since

‖Xn,s‖p−2
2 X>n,s(B ⊗ I + I ⊗B)Xn,s ≤ |mmin,B| ‖Xn,s‖p2

≤ constant

where mmin,B is the minimum of the real numerical range of (B ⊗ I) + (I ⊗ B)

and the fact that ‖Yn,t‖2 is uniformly bounded on [0, T ]. Thus by dominated

convergence we can use that

‖Xn,s‖p2 → ‖Xs‖p2

uniformly on [0, T ]. For (**) we use again dominated convergence. We use the

triangle inequality and the elementary inequality (x+y)p ≤ xp+yp for p ∈ (0, 1)

and x, y ≥ 0 to get

u(Xs + Φ(Xn,s)vec(yy>))− u(Xn,s) =
∥∥Xs + Φ(Xn,s)vec(yy>)

∥∥p
2
− ‖Xn,s‖p2

≤
∥∥Φ(Xn,s)vec(yy>)

∥∥p
2
.

51
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Since ‖Φ(Xn,s)‖2 ≤ const. on [0, T ] and

∫ t

0+

∫
Rd

‖y‖2p
2 µLn(dy, ds) ≤

∫ t

0+

∫
Rd

‖y‖2p
2 µL(dy, ds),

∥∥Φ(Xn,s)vec(yy>)
∥∥p

2
is an integrable bound.

It remains to show (3.4.8). To show this we �rst deduce a bound for |Au(x)| .
Using the triangle inequality we split |Au(x)| again in the drift part and the

jump part. For the absolute value of the jump part we can use the upper bounds

(3.4.3) resp. (3.4.6) since the jumps are non-negative. The absolute value of the

drift part is bounded as follows

|Du(x)| ≤ |mmin,B| p‖x‖p2.

Adding both parts together we get

|A(u(x))| ≤ |mmin,B| p‖x‖p2 + (−mBp)‖x‖p2 + d ≤ c2u(x) (3.4.10)

for some constant c2 > 0. Notice that this works for p ∈ (0, 1) and p ≥ 1 in the

same way, only the arising constant d and thus also c2 di�ers.

With that (3.4.8) follows by Lemma 3.3.7.

Positive Harris recurrence and �niteness of moments: To show the pos-

itive Harris recurrence of the volatility process Y and the �niteness of the p-

moments of the stationary distribution we use the skeleton chains. In [40, Theo-

rem 5.1] it is shown, that the Foster-Lyapunov condition for the extended genera-

tor, as we have shown, implies a Foster-Lyapunov drift condition for the skeleton

chains. Further observe that petite sets are small, since by the assumption of

irreducibility we can use the same arguments as in the upcoming proof of The-

orem 3.3.9. With that we can apply [20, Theorem 3.12] and get the positive

Harris recurrence for every skeleton chain and the �niteness of the p-moments

of the stationary distribution. By de�nition the positive Harris recurrence for

every skeleton chain implies it also for the volatility process Y . �
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3.4 Proofs of Section 3.3

3.4.3 Proof of Lemma 3.3.7: Finiteness of moments

We apply Itô's formula to u(Yt) = ‖Yt‖p2. That this is valid despite of the

discontinuity of the gradient in zero we have shown above. We �x some T > 0.

Let t ∈ [0, T ]. As in the proof before we get with Itô's formula

u(Yt)− u(Y0) =

∫ t

0+

∇u(Xs−)dXc
s +

∑
0<s≤t

u(Xs)− u(Xs−)

≤
∫ t

0+

c1 ‖Ys‖p2 ds+

∫ t

0+

∫
Rd

u(Ys + Φ(Ys)yy
>)− u(Ys)µL(dy, ds).

So we have

E(‖Yt‖p2)

≤E(‖Y0‖p2) +

∫ t

0

c1E(‖Ys‖p2)ds+ E
(∫ t

0+

∫
Rd

∥∥Ys + Φ(Ys)yy
>∥∥p

2
− ‖Ys‖p2 µL(dy, ds)

)
.

Using the compensation formula and the bounds of the proof of the Foster-

Lyapunov drift condition we get

E
(∫ t

0+

∫
Rd

∥∥Ys + Φ(Ys)yy
>∥∥p

2
− ‖Ys‖p2 µL(dy, ds)

)
=E

(∫ t

0+

∫
Rd

∥∥Ys + Φ(Ys)yy
>∥∥p

2
− ‖Ys‖p2 νL(dy)ds

)
≤
∫ t

0

E(c2 ‖Ys‖p2 + d)ds.

Summarized we have

E(‖Yt‖p2) ≤ E(‖Y0‖p2) +

∫ t

0

cE(‖Ys‖p2)ds+ dT.

Applying Gronwall's inequality this shows that

E(‖Yt‖p2) ≤ (E(‖Y0‖p2) + dT )ect.

Since T > 0 was arbitrary E(‖Yt‖p2) is �nite for all t ≥ 0 and t 7→ E(‖Yt‖p2) is

locally bounded. Further note that this works for all p > 0, only the arising
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3 Geometric Ergodicity of the MUCOGARCH(1,1) Process

constants are di�erent, as explained in the deduction of the Foster-Lyapunov

drift condition, see Section 3.4.2.

3.4.4 Proof of Theorem 3.3.9: Irreducibility and

Aperiodicity

Let ν be the Lévy measure of L. We have ν = νac + ν̃, where νac is the abso-

lute continuous component and ν(R) < ∞. Moreover we can split L into the

corresponding processes L
D
= Lac + L̃, where Lac and L̃ are independent. We set

BT = {ω ∈ Ω | L̃t = 0 ∀t ∈ [0, T ]}. Then ∀T > 0 P(BT ) > 0 and for any event

A it holds that

P(A ∩BT ) > 0⇔ P(A|BT ) > 0

and P(A ∩ BT ) > 0 ⇒ P(A) > 0. So in the following we assume w.l.o.g. L̃ = 0

as otherwise the below arguments and the independence of Lac and L̃ imply that

P(Yt ∈ A | Y0 = x) > 0 results from P(Yt ∈ A | Y0 = x,Bt) > 0.

(I) Irreducibility:

As it was noted in Remark 2.6, to prove the irreducibility of the MUCOGARCH

volatility process it is enough to show it for a skeleton chain.

Let δ > 0 and set tk := kδ,∀k ∈ N0. We consider the skeleton chain

Ytn =eBtnYt0e
B>tn +

∫ tn

0

eB(tn−s)A(C + Ys−)
1
2d[L,L]ds(C + Ys−)

1
2A>eB

>(tn−s).

To show irreducibility w.r.t. λS+d
we have to show that for any A ∈ B(S+

d ) with

λS+d
(A) > 0 there exists an l such that

P(Ytl ∈ A|Y0 = y0) > 0 (3.4.11)

for all y0 ∈ S+
d . With

P(Ytl ∈ A|Yt0 = y0)
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3.4 Proofs of Section 3.3

≥ P(Ytl ∈ A, exactly one jump in every interval (t0, t1), · · · , (tl−1, tl)|Yt0 = y0)

= P(Ytl ∈ A|Yt0 = y0, exactly one jump in every interval (t0, t1), · · · , (tl−1, tl))

· P( exactly one jump in every interval (t0, t1), · · · , (tl−1, tl)),

and the fact that the last factor is strictly positive we can w.l.o.g. assume, that

we have exactly one jump in every time interval (tk, tk+1) ∀k = 0, · · · , l − 1.

We denote by τk the jump time of our Lévy process in (tk, tk+1). With the

assumption, that we only have one jump on every time interval, the skeleton

chain can be represented by the sum of the jumps, where Lt =
∑Nt

i=1 Xi is the

used representation for the Compound Poisson Process L. We �x the number of

time steps l ≥ d and get:

Ytl = eBtlY0e
B>tl

+
l∑

i=1

eB(tl−τi)A(C + Yti−1
)
1
2XiX

>
i (C + Yti−1

)
1
2A>eB

>(tl−τi).
(3.4.12)

First we show that the sum of jumps in (3.4.12) has a positive density on S+
d .

Note that every single jump is of rank one, but due to the discrete time multi-

variate GARCH model, the BEKK GARCH model, see [20], we see, that with

enough jumps we get a positive density and reach every set �above� eB(tl)Y0e
B>(tl).

(Above means in the sense of the order we introduced for symmetric matrices.)

We de�ne

Z
(l)
i := eB(tl−τi)A(C + Yti−1

)
1
2Xi (3.4.13)

and with (3.4.12) we have

Z
(l)
i = eB(tl−τi)A

(
C + eBti−1Y0e

B>ti−1 +
i−1∑
j=1

eB(ti−1−tl)Z
(l)
j Z

(l)
j

>
eB
>(ti−1−tl)

) 1
2
Xi.

X1, X2, · · · are the jump heights of the Compound Poisson process and due to

our assumption they are iid, absolutely continuous w.r.t. Lebesgue measure on
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3 Geometric Ergodicity of the MUCOGARCH(1,1) Process

Rd with a strictly positive density. We see immediately that

Z
(l)
1 |Y0, τ1

is absolutely continuous with a strictly positive density f
Z

(l)
1 |Y0,τ1

. Iteratively we

get that every

Z
(l)
i |Y0, Z

(l)
1 , · · · , Z(l)

i−1, τi (3.4.14)

is absolute continuous with a strictly positive density f
Z

(l)
i |Y0,Z

(l)
1 ,...,Z

(l)
i−1,τi

, for all

i = 2, . . . , l.

We denote with fZ(l)|Y0,τ1,...,τl the density of Z(l) = (Z
(l)
1 , · · · , Z(l)

l )> given

Y0, τ1, . . . , τl. Note that given Z
(l)
j , j < i, Z

(l)
i is independent of τj. By the

rules for conditional densities we get

fZ(l)|Y0,τ1,...,τl = f
Z

(l)
1 |Y0,τ1

· f
Z

(l)
2 |Y0,Z

(l)
1 ,τ2
· · · f

Z
(l)
l |Y0,Z

(l)
1 ,··· ,Z(l)

l−1,τl

is strictly positive on Rdl. Thus an equivalent measure Q, Q ∼ P, exists such that

Z
(l)
1 |Y0, τ1, . . . , τl, · · · Z(l)

l |Y0, τ1, . . . .τl are iid normally distributed. In [2] it is

shown, that for l ≥ d

Γ :=
l∑

i=1

Z
(l)
i |Y0,τ1,....τl · Z

(l)
i

>
|Y0,τ1,....τl (3.4.15)

has a strictly positive density under Q on S+
d w.r.t. the Lebesgue measure on S+

d .

But since Q and P are equivalent, Γ has also a strictly positive density under P

w.r.t. Lebesgue measure on S+
d .

This yields

P(Ytl ∈ A|Y0 = y0) =∫
Rl
+

P(eBtlY0e
B>tl + Γ ∈ A | Y0 = y0, τ1 = k1, . . . , τl = kl)dP(τ1,...,τl)(k1, . . . , kl) > 0

if P(eBtlY0e
B>tl + Γ ∈ A | Y0 = y0, τ1 = k1, . . . , τl = kl) > 0. Here we use

that dP(τ1,...,τl) is not trivial, since τ1, . . . , τk are the jump times of a Compound
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3.4 Proofs of Section 3.3

Poisson Process. Above we have shown that P(eBtlY0e
B>tl +Γ ∈ A | Y0 = y0, τ1 =

k1, . . . , τl = kl) > 0 if

λS+d

(
A ∩ {x ∈ S+

d |x ≥ eBtlY0e
B>tl}

)
> 0.

Further note that we assumed σ(B) ⊂ (−∞, 0)+iR and so eBtY0e
B>t → 0 for t→

∞. Thus we can choose l big enough such that

λS+d

(
A ∩ {x ∈ S+

d |x ≥ eBtlY0e
B>tl}

)
> 0 for every A ∈ S+

d with λS+d
(A) >

0. Since for irreducibility it is enough to have one time point tl such that

P(Ytl ∈ A|Y0 = y0) > 0 holds, the proof is completed.

(II) Aperiodicity:

Since we can show the irreducibility for every skeleton chain, we have simulta-

neously irreducibility, see Remark 2.6 and then by Proposition 2.11 we know

that every skeleton chain is aperiodic. Using Proposition 2.12 we know for every

skeleton chain, that every compact set is also small.

We de�ne the set

C := {x ∈ Sd+| ‖x‖2 ≤ K}, (3.4.16)

with a constant K > 0. Obviously C is a compact set and thus a small set for

every skeleton chain. But then by Remark 2.9 it is also small for the continuous

time Markov Process (Yt)t≥0. To show aperiodicity for (Yt)t≥0 in the sense of

De�nition 2.10 we prove that there exists a T > 0 such that

Pt(x, C) > 0 (3.4.17)

holds for all x ∈ C and all t ≥ T .

Using

Pt(x, C) ≥ P(x, C ∩ "no jump up to time t") (3.4.18)

we consider Yt under the condition "no jump up to time t". With Y0 = x ∈ C
we have

Yt = eBtxeB
>t. (3.4.19)
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3 Geometric Ergodicity of the MUCOGARCH(1,1) Process

Since λ = max(Re(σ(B))) < 0 there exists δ > 0, and C ≥ 1 such that ‖eBt‖2 ≤
Ce−δt and hence we have

‖eBtxeB>t‖2 ≤ Ce−2δt‖x‖2

≤ Ce−2δtK

≤ K

for all t ≥ ln(C)
2δ

. Hence Yt ∈ C for all t ≥ ln(C)
2δ

and thus (3.4.17) holds. �

3.4.5 Proof of Corollary 3.3.10

The proof is similar to that of Theorem 3.3.9 with the di�erence that we now

assume for the jump sizes Xi that they have a density, which is strictly positive

in a neighborhood of zero, e.g. ∃k > 0 such that every Xi has a strictly positive

density on {x ∈ Rd : ‖x‖ ≤ k}. We use the same notation as in the previous

proof, but we disregard the indices (l) to simplify it. By the de�nition of Zi and

the same iteration as in the �rst case we show, that Z := (Z̃1, . . . , Z̃l)|Y0, τ1, . . . , τl

has a strictly positive density on a suitable null-environment.

To show that we introduce the concept of modulus of injectivity. For A ∈Md(R)

we de�ne j(A) := minx∈Rd
‖Ax‖2
‖x‖2 as the modulus of injectivity, which has the

following properties: 0 ≤ j(A) ≤ ‖A‖2 and ‖Ax‖2 ≥ j(A)‖x‖2 as well as for

A,B ∈Md(R) j(A ·B) ≥ j(A) · j(B).

With that we get for Z1

‖Z1‖2 = ‖eB(tl−τ1)A(C + Y0)
1
2X1‖2

≥ j(eB(tl−τ1)A(C + Y0)
1
2 ) ‖X1‖2

≥ j(eB(tl−τ1)) j(A) j((C + Y0)
1
2 ) ‖X1‖2

≥ j(eBtl) j(A) j(C
1
2 ) ‖X1‖2

and thus Z1|Y0, τ1 has a strictly positive density on {x ∈ Rd : ‖x‖ ≤ k̃}, where
k̃ := j(eBtl) j(A) j(C

1
2 ) k. Iteratively get that every Zi|Y0, τi, Z1, . . . , Zi−1 has

a strictly positive density on {x ∈ Rd : ‖x‖ ≤ k̃} and as in the �rst case
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3.4 Proofs of Section 3.3

this shows that Z = (Z̃1, . . . , Z̃l)|Y0, τ1, . . . , τl has a strictly positive density on

{x = (x1, . . . , xl)
> ∈ Rd·l : ‖xi‖ ≤ k̃ ∀i = 1, . . . , l}.

We �x an k̂, 0 < k̂ < k̃ and set K̂ := {x = (x1, . . . , xl)
> ∈ Rd·l : ‖xi‖ ≤ k̂ ∀i =

1, . . . , l}. Now we can construct random variables Z̃i, i = 1, . . . , l, such that

Z̃ := (Z̃1, . . . , Z̃l)|Y0, τ1, . . . , τl has a strictly positive density on Rd·l

and

1K̂ · Z̃|Y0, τ1, . . . , τl
D
= 1K̂ · Z|Y0, τ1, . . . , τl. (3.4.20)

Due to the �rst case we now can choose a measure Q such that the

Z̃i|Y0,τ1,...,τl,Z1,...,Zi−1
are iid normal distributed and the random variable

Γ̃ :=
l∑

i=1

Z̃i|Y0,τ1,...,τl,Z1,...,Zi−1
Z̃>i |Y0,τ1,...,τl,Z1,...,Zi−1

has a strictly positive density on S+
d .

With the equivalence of P and Q also P(Γ̃ ∈ A) > 0 for every A ∈ B(S+
d ).

Further we de�ne E := {x ∈ S+
d : x =

∑l
i=1 ziz

>
i , zi ∈ Rd, ‖x‖2 ≤ k̂} and

K := {x ∈ S+
d : ∃z1, . . . , zl ∈ Rd such that x =

∑l
i=1 ziz

>
i and ‖zi‖ ≤ k̂ ∀i =

1, . . . , l}. Let x =
∑l

i=1 ziz
>
i ∈ E . Then x =

∑l
i=1 ziz

>
i ≥S+d

zjz
>
j for all

j = 1, . . . , l and thus ‖zjz>j ‖2 = ‖zj‖2 ≤ k̂, which means that x ∈ K and thereby

E ⊆ K.
Now let A ∈ B(S+

d ) and note that 1K · Γ̃
D
= 1K · Γ. Finally we get

P(Γ ∈ A ∩ E) = P(Γ ∈ A ∩ E ∩ K)

= P(Γ̃ ∈ A ∩ E)

> 0

if λS+d
(A ∩ E) > 0.

With the same conditioning argument as in the proof of Theorem 3.3.9 and again

using the fact that by assumption there always exists a l such that λS+d
(A∩ E ∩

{x ∈ S+
d |x ≥ eBtlY0e

B>tl}) > 0 if λS+d
(A∩ E) > 0, we get irreducibility w.r.t. the

measure λS+d ∩E
de�ned by λS+d ∩E

(B) := λS+d
(B ∩ E) for all B ∈ B(S+

d ).
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3 Geometric Ergodicity of the MUCOGARCH(1,1) Process

Aperiodicity follows as in the proof of Theorem 3.3.9, since we only used the com-

pound Poisson structure of L and not the assumption on the jump distribution.

�
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4 Geometric Ergodicity of A�ne

Processes on the Positive

Semide�nite Matrices

4.1 Introduction

Due their �exibility and high (analytical) tractability time homogeneous a�ne

processes are very popular. On the canonical state space they have been fully

characterized in the seminal paper [41] after particular instances have been al-

ready popular in various �nancial applications (see e.g. [6, 29, 34, 42, 56]).

Afterwards they have been generalized to the time inhomogeneous case [49] and

to other state spaces [31�33, 61]. Of particular interest is the state space of

positive semi-de�nite matrices (see [31]), as such processes can model the evolu-

tion of a covariance matrix over time. Such processes are again needed to de�ne

multivariate stochastic volatility models which are called for to model �nancial

markets with several assets. Popular models using special positive-de�nite a�ne

processes for the volatility are the Wishart model (see e.g. [26, 36, 37, 53, 75] and

references therein) and the Ornstein-Uhlenbeck type stochastic volatility model

(see e.g. [7, 8, 84, 86, 87]).

For stochastic processes the existence and uniqueness of stationary solutions as

well as convergence to the stationary solution is of high interest. Geometric

ergodicity ensures fast convergence to the stationary regime in simulations and

paves the way for statistical inference. By the same argument as in [73, Proof of

Theorem 4.3, Step 2] geometric ergodicity and the existence of some p-moments
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4 Geometric Ergodicity of A�ne Processes on the Positive Semide�nite Matrices

of the stationary distribution provide exponential β-mixing for Markov processes.

This in turn can be used to show a central limit theorem for the process, see for

example [39], and so allows to prove for example asymptotic normality of some

estimators.

In this paper we show the geometric ergodicity of a�ne processes on positive

semide�nite matrices. We consider a�ne processes as Markov processes and use

the stability concepts for Markov processes, which can be found among others in

[40, 79�81]. According to this one task is to �nd the right test function for the

extended generator. We show the Foster-Lyapunov drift condition for an expo-

nential test function and the trace as test function. Due to this we have to assume

the existence of exponential moments or the �rst moment, respectively, of the

jump distribution. Under the further assumptions of irreducibility, aperiodicity

and a su�ciently fast decay of the linear drift term, we can show the geometric

ergodicity. To ensure that the test functions belong to the domain additionally

the �niteness of exponential (resp. second) moments of the process at all times

is needed. If the driving Lévy process is of some compound Poisson type, we

can show irreducibility and aperiodicity by conditioning on the event, that the

Lévy process has no jump up to the considered time t and reducing the claim

in this way to the Wishart case. Previously in the Wishart case only criteria for

convergence in distribution to the stationary case and ergodicity (in the sense

that all possible laws of large numbers hold) were known (see [1]). Apart from

this to the best of our knowledge only conditions for the geometric ergodcity of

pure jump positive semi-de�nite Ornstein-Uhlenbeck type processes were known

(as implied by the general theory of e.g. [73]).

The remainder of the Chapter is organized as follows: In Section 4.2 we give

the de�nition of a�ne processes on the cone of positive semide�nite matrices

and some properties, which are of relevance later on. In Section 4.3 and 4.4

we present our main results: the irreducibility and the geometric ergodicity. In

Section 4.5 we prove these results.
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4.2 A�ne Processes on the Positive Semide�nite Matrices

4.1.1 Preliminaries

Throughout we assume that all random variables and processes are de�ned on

a given �ltered probability space (Ω,F ,P, (Ft)t∈T ) with T = N in the discrete

time case and T = R+ in the continuous one. Moreover, in the continuous time

setting we assume the usual conditions (complete, right continuous �ltration) to

be satis�ed.

4.2 A�ne Processes on the Positive Semide�nite

Matrices

A�ne processes on the cone of positive semide�nite matrices are investigated

by Cuchiero et. al. in [31]. They gave a full parameteric characterization. In

[74] it is shown that for dimension d > 1 the jumps of a�ne processes on the

space of positive semide�nite matrices have �nite variation. Due to this the

admissible parameter set is de�ned without a truncation function and the com-

plicated admissibility condition as in [31] is dropped. We give a short summary of

a�ne processes on positive semide�nite matrices and follow the notations of [74].

We consider a time-homogeneous Markov process X with state space S+
d and

semigroup (Pt)t≥0 acting on functions f ∈ bS+
d via

Ptf(x) =

∫
S+d

f(ξ)pt(x, dξ), x ∈ S+
d . (4.2.1)

pt(x, dξ) is the (possibly sub-)Markovian transition function of X.

De�nition 4.2.1 (A�ne Process). The Markov process X is called a�ne if

(i) it is stochastically continuous, i.e. lims→t ps(x, ·) = pt(x, ·) weakly on S+
d

for all t and x ∈ S+
d .

(ii) its Laplace transform has exponential a�ne dependence on the initial state,
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4 Geometric Ergodicity of A�ne Processes on the Positive Semide�nite Matrices

i.e.

Pte−〈u,x〉 =

∫
S+d

e−〈u,x〉pt(x, dξ) = e−Φ(t,u)−〈Ψ(t,u),x〉 (4.2.2)

for all t ≥ 0 and u, x ∈ S+
d , for some functions Φ : R+ × S+

d → R+ and

Ψ : R+ × S+
d → S+

d .

Translating the a�ne property into the a�ne drift, di�usion and jump part leads

to the so-called admissible parameter set:

De�nition 4.2.2 (Admissible parameter set). Let d ≥ 2. An admissible param-

eter set

(α, b, B, c, γ,m(dξ), µ(dξ)) consists of

• a linear di�usion coe�cient α ∈ S+
d

• a constant drift term b � (d− 1)α

• a constant killing rate term c ∈ R+

• a linear killing rate coe�cient γ ∈ S+
d

• a constant jump term: a Borel measure m on S+
d \ {0} satisfying∫

S+d \{0}
(‖ξ‖ ∧ 1)m(dξ) <∞

• a linear jump coe�cient: an S+
d -valued, σ-�nite measure µ on S+

d \ {0}
satisfying ∫

S+d \{0}
(‖ξ‖ ∧ 1)µ(dξ) <∞

• a linear drift coe�cient: a linear map B : Sd → Sd such that

〈B(x), u〉 ≥ 0

for all x, u ∈ S+
d with 〈x, u〉 = 0.
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4.3 Irreducibility of a�ne processes with jumps of compound Poisson type

Theorem 4.2.3. Let X be an a�ne process on S+
d for d ≥ 2. Then its Markovian

semigroup (Pt)t∈R+ has an in�nitesimal generator A acting on the space of rapidly

decreasing functions supported on S+
d as

Af(x) = 2〈∇α∇f(x), x〉+ 〈∇f(x), b+B(x)〉 − (c+ 〈γ, x〉)f(x)

+

∫
S+d \{0}

(f(x+ ξ)− f(x))(m(dξ) + 〈µ(dξ), x〉),
(4.2.3)

where (α, b, B, c, γ,m, µ) are an admissible parameter set in the sense of De�ni-

tion 4.2.2.

Remark 4.2.4. An a�ne process is conservative if the transition kernels are

Markov and not only submarkov, e.g. for all x ∈ S+
d it holds supf≤1 Ptf(x) = 1.

A characterization of conservative a�ne processes is given in [41, 76]. For a�ne

processes on positive semide�nite matrices c = 0 and γ = 0 is necessary for

conservativeness. Su�cient for X to be conservative is c = 0, γ = 0 and∫
S+d ∩{‖ξ‖≥1}

‖ξ‖µ(dξ) <∞.

4.3 Irreducibility of a�ne processes with jumps

of compound Poisson type

We consider a conservative a�ne process X on S+
d , d ≥ 2, with the admissible

parameter set

(Q>Q, b,B, 0, 0, F1(dξ),ΛF2(dξ)), (4.3.1)

where Q ∈ Md(R), b � (d − 1)Q>Q and B : Sd → Sd, x 7→ βx + xβ> with

β ∈Md(R). We assume that the jumps are of the form lF1(dξ) + 〈Λ, x〉)F2(dξ),

where l ∈ R+,Λ ∈ S++
d , F1(dξ) is a Borel measure on S+

d \ {0}, F2(dξ) is an S+
d -

valued, σ-�nite measure on S+
d \ {0} and

∫
S+d \{0}

(‖ξ‖∧ 1)Fi(dξ) <∞ for i = 1, 2.

Additionally we assume in this section that the jumps are of compound Poisson

type, i.e. Fi(S+
d ) <∞ for i = 1, 2.
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Proposition 4.3.1. Let X be a conservative a�ne process with admissible pa-

rameter set (4.3.1), where we assume that the constant drift b is of the form

b = δQ>Q, δ > 0 and that the d× d2 matrix

Q>|βQ>| . . . |βd−1Q> (4.3.2)

has full rank d. Then X is λS+d
-irreducible, i.e. ∀A ∈ B(S+

d ) with λS+d
(A) > 0 it

holds ∫ ∞
0

P(Xt ∈ A | X0 = x)dt > 0 ∀x ∈ S++
d , (4.3.3)

and aperiodic, i.e. for some small set C ∈ B+(X) there exists a T such that

Pt(x,C) > 0 for all t ≥ T and all x ∈ C.

Remark 4.3.2. Obviously invertibility of Q is su�cient for (4.3.2) to have full

rank.

4.4 Geometric ergodicity of positive semide�nite

a�ne processes

Now we give two di�erent sets of conditions � one involving exponential and one

involving only �rst moments � implying geometric ergodicity of a�ne processes

with admissible parameter set (4.3.1). Note that the made assumptions on the

moments of F1 and F2 imply conservativeness by Remark 4.2.4.

Theorem 4.4.1. Let X be an a�ne process with admissible parameter set (4.3.1).

Assume that

• X is ν-irreducible with the support of ν having non-empty interior and

aperiodic,

• there exists an η0 > 0 such that∫
{‖x‖≥1}

eη0 Tr(ξ) Fi(dξ) <∞ (4.4.1)
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for i = 1, 2 and

Ex(e3η0 Tr(Xt)) <∞ for all t ≥ 0, (4.4.2)

• for the linear drift coe�cient β it holds that β ∈ −S++
d and

2β + Λ

∫
S+d \{0}

Tr(ξ)F2(dξ) ∈ −S++
d . (4.4.3)

Then X is geometrically ergodic, positive Harris recurrent and there exists an

η > 0 such that the stationary distribution π has �nite η-exponential moment,

i.e.
∫
S+d \{0}

eηTr(ξ)π(dξ) <∞.

The needed condition (4.4.2) is unpleasant, as it demands exponential moments

of the a�ne process at all times and is not formulated in terms of the parameters

characterizing the a�ne process. However, we can give the following su�cient

condition in terms of the original parameters.

Lemma 4.4.2. Let X be an a�ne process with admissible parameter set (4.3.1).

Assume that ∫
{‖x‖≥1}

Tr(ξ)F2(dξ) <∞

and

σ
{

(β ⊗ I) + (I ⊗ β) + vec(Λ)vec(C)>
}
⊂ (−∞, 0) + iR, (4.4.4)

where C :=
∫
S+d
ξF2(dξ). Then there exists a neighborhood of the origin

Uε(0) := {x ∈ S+
d : ‖x‖2 < ε}

such that for all u ∈ Uε(0)

Ex(e〈u,Xt〉) <∞ for all t ≥ 0. (4.4.5)

The two conditions (4.4.3) and (4.4.4) appear to be closely related, but we could

not establish that one implies the other. Yet, we can show, that there exists one

condition, which is su�cient for both.
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Lemma 4.4.3. Let (Q>Q, b,B, 0, 0, F1(dξ),ΛF2(dξ)) be the admissible parameter

set (4.3.1) as before. Assume that β ∈ −S++
d and

2λmax(β) + ‖Λ‖F

∫
S+d \{0}

Tr(ξ)F (dξ) < 0, (4.4.6)

then (4.4.3) as well as (4.4.4) hold.

In the absence of jumps our considered a�ne processes become Wishart pro-

cesses:

Let Q ∈ Md(R), δ > d − 1, β ∈ Md(R) and B be a Md(R)-valued standard

Brownian Motion. A Wishart process with parameters (δQ>Q, β,Q) is the weak

solution of the equation

dXt =
√
XtdBtQ+Q>dB>t

√
Xt + (Xtβ + β>Xt + δQ>Q)dt (4.4.7)

X0 = x ∈ S++
d . (4.4.8)

Note that a strong solution exists in general only on the maximal stochastic

interval [0, Tx), where Tx is naturally de�ned as

Tx = inf{t > 0 : Xt ∈ ∂S+
d }.

If δ > d + 1, one has Tx = ∞. For more details on Wishart processes see

[26, 75, 77]. Note that this is an a�ne process with admissible parameter set

(Q>Q, δQ>Q,B, 0, 0, 0, 0). Thus a direct consequence of Theorem 4.4.1 is the

geometric ergodicity of Wishart processes.

Corollary 4.4.4. Let X be a Wishart process with parameters (δQ>Q, β,Q) as

above. Assume that β ∈ −S++
d and that the d× d2 matrix Q>|βQ>| . . . |βd−1Q>

has maximal rank, then X is geometrically ergodic, positive Harris recurrent and

the stationary distribution has some �nite exponential moments.

As the distribution of Wishart processes is exactly known and the stationary

distribution has to be a Wishart distribution, it is clear that the stationary dis-

tribution has to have some �nite exponential moments. The main implication
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of our approach is that we get geometric ergodicity and thus exponentially fast

convergence in the total variation norm. Based on the explicitly known distribu-

tions/Laplace transforms one could probably directly establish weak convergence.

Theorem 4.4.5. Let X be an a�ne process with admissible parameter set (4.3.1).

Assume that

• X is ν-irreducible with the support of ν having non-empty interior and

aperiodic,

• the �rst moments of the jump distributions exist∫
‖ξ‖>1

Tr(ξ) Fi(dξ) <∞, for i = 1, 2, (4.4.9)

• Ex(Tr(Xt)) <∞ for all t ≥ 0,

• β ∈ −S++
d and

2β + Λ

∫
S+d \{0}

Tr(ξ)F (dξ) ∈ −S++
d . (4.4.10)

Then X is geometrically ergodic, positive Harris recurrent and the stationary

distribution π has �nite �rst moment
∫
S+d \{0}

Tr(ξ)π(dξ) <∞.

In comparison to Theorem 4.4.1 it seems noteworthy that the drift condition is

exactly the same. So the only di�erence is that we just need �rst and second

moments instead of exponential ones and thus, of course, we also only get �rst

moments for the stationary distribution.
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4.5 Proofs

4.5.1 Irreducibility: Proof of Proposition 4.3.1

Before we prove our results of this section, we state the following inequality for

the trace of matrix products:

Lemma 4.5.1 (See [102, Lemma 1]). For A ∈ Sd(R), B ∈ S+
d (R) it holds

λmin(A) Tr(B) ≤ Tr(AB) ≤ λmax(A) Tr(B), (4.5.1)

where λmin and λmax denotes the smallest resp. greatest eigenvalue.

The idea to prove Proposition 4.3.1 is to use that X without jumps is a Wishart

di�usion. We can reduce the irreducibility of the a�ne process given in the

Proposition to the case without jumps by using

Px(Xt ∈ A) ≥ Px(Xt ∈ A, τ > t)

= Px(Xt ∈ A | τ > t) · P(τ > t),

where τ denotes the �rst jump time of X, i.e. τ := inf{t > 0 | ∆Xt 6= 0}. In

the next Proposition we show that X without jumps is distributed as a Wishart

process and then we show in Corollary 4.5.3 that Xt, before the �rst jump occurs,

has strictly positive transition probabilities. This completes the proof of the

irreducibility.

Proposition 4.5.2. Let X be an a�ne process with admissible parameter set

(4.3.1) and �nite jump measure F . For any t > 0, x ∈ S++
d and any A ∈ B(S+

d )

it holds that

Px(Xt ∈ A, τ > t) = Ex
(
e−

∫ t
0 (l+〈Λ,X∗s 〉)ds1{X∗t ∈A}

)
(4.5.2)

with

dX∗t =
√
X∗t−dBtQ+Q>dBt

>√X∗t− + (X∗t−β + β>X∗t− + b)dt. (4.5.3)
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As our a�ne processes are only de�ned in law (and not as strong solutions of

SDEs), also X∗ has to be understood just as a weak solution. Thus we need to

show (4.5.2) to get that up to the �rst jump X is a Wishart process (in law) and

cannot simply stop a strong SDE solution at the �rst jump time.

Proof. In order to show equation (4.5.2) we have to show that the measures

1{τ>t}dPX and e−
∫ t
0 (l+〈Λ,X∗s 〉)dsdPX∗ are equal. But for that it is enough to prove

the identity of the Laplace transformations, i.e. that

Ex
(
e〈u,Xt〉1{τ>t}

)
= Ex

(
e−

∫ t
0 (l+〈Λ,X∗s 〉)ds+〈u,X∗t 〉

)
with u ∈ −S++

d holds.

We consider the S+
d × R+-valued process (X, Y )>, where Y is the process with

the cumulated jumps of X

Yt := y +
∑
s≤t

‖∆Xs‖.

To use the a�ne structure we consider this process with arbitrary initial values

(x, y) and use y = 0 later in the proof. Note that

τ > t ⇔ Yt = y.

For a random variable Z ≥ 0 it holds that P(Z = 0) = limv→−∞ E(evZ), thus for

y = 0 we get P(τ > t) = P(Yt = 0) = limv→−∞ E(evYt).

Observe that (X, Y )> is an a�ne process with Laplace transform

E(x,y)
(
e〈u,Xt〉+〈v,Yt〉

)
= eφ(t,(u,v))+〈x,ψ(t,(u,v))〉+〈y,χ(t,(u,v))〉, (4.5.4)

where φ, ψ and χ are the solutions of the Riccati equations

∂tφ(t, (u, v)) = 〈b, φ(t, (u, v))〉 − l
∫
S+d \{0}

(
e〈ψ(t,(u,v)),ξ〉+χ(t,(u,v))‖ξ‖ − 1

)
F1(dξ)

∂tψ(t, (u, v)) = −2ψ(t, (u, v))Q>Qψ(t, (u, v)) +B(ψ(t, (u, v)))
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− Λ

∫
S+d \{0}

(
e〈ψ(t,(u,v)),ξ〉+χ(t,(u,v))‖ξ‖ − 1

)
F2(dξ)

∂tχ(t, (u, v)) = 0,

with initial conditions

φ(0, (u, v)) = 0, ψ(0, (u, v)) = u, χ(0, (u, v)) = v.

Note that χ ≡ v. We set y = 0 and then consider v → −∞. Due to the

continuity in the initial values, we get a new system of Riccati equations

∂tφ
∞(t, u) = 〈b, φ∞(t, u)〉+ l

∂tψ
∞(t, u) = −2ψ∞(t, u)Q>Qψ∞(t, u) +B(ψ∞(t, u)) + Λ

with initial values

φ∞(0, u) = 0, ψ∞(0, u) = u.

Observe that eψ
∞(t,u)+〈x,ψ∞(t,u)〉 = Ex(e〈u,X

∗
t 〉e−

∫ t
0 (l+〈Λ,X∗s 〉)ds), where X∗ is de�ned

as the weak solution (4.5.3).

Altogether we have

Ex(e〈u,Xt〉1{τ>t}) = lim
v→−∞

eφ(t,(u,v))+〈x,ψ(t,(u,v))〉

= eψ
∞(t,u)+〈x,ψ∞(t,u)〉

= Ex
(
e〈u,X

∗
t 〉e−

∫ t
0 (l+〈Λ,X∗s 〉)ds

)
.

Corollary 4.5.3. Let X be an a�ne process as in Proposition 4.3.1. For any

A ∈ B(S+
d ) with λS+d

(A) > 0 and any t > 0 it holds that

Px(Xt ∈ A, τ > t) > 0 ∀x ∈ S++
d .
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Proof. First note that for any A ∈ B(S+
d ) with λS+d

(A) > 0 it holds that Px(X∗t ∈
A) > 0 ∀x ∈ S++

d , since X∗ is a Wishart process with absolutely continuous,

strictly positive transition density, see [75, Theorem 7.1]. Now we �x t > 0, x ∈
S++
d and A ∈ B(S+

d ) with λS+d
(A) > 0. De�ne ε := 1

2
Px(X∗t ∈ A). Due to the

continuity of the path of X∗ there exists ηε > 0 such that

Px
(

sup
0≤s≤t

‖X∗s‖ ≤ ηε

)
≥ 1− ε.

We set Bε := {sup0≤s≤t ‖X∗s‖ ≤ ηε} and get

Px((X∗t ∈ A) ∩Bε) ≥ 2ε+ 1− ε− Px((X∗t ∈ A) ∪Bε) ≥ ε.

Applying equation (4.5.1) to 〈Λ, X∗s 〉 = Tr(ΛX∗s ) ≤ λmax(X∗s ) Tr(Λ) we get

e−
∫ t
0 (〈Λ,X∗s 〉)ds ≥ e−

∫ t
0 λmax(X∗s ) Tr(Λ)ds. Together with

Px(X∗t ∈ A) ≥ Px((X∗t ∈ A) ∩ Bε) and sup0≤s≤t λmax(X∗s ) ≤ ηε on Bε we can

conclude

Px(Xt ∈ A, τ > t) = Ex(e−
∫ t
0 (l+〈Λ,X∗s 〉)ds1{X∗t ∈A})

≥ e−(l+ηε Tr(Λ))t Ex(1{(X∗t ∈A)∩Bε})

≥ e−(l+ηε Tr(Λ))tε > 0.

To complete the proof of Proposition 4.3.1 we have to show aperiodicity: We

have to show that there exists a small set C such that there exists a time point

T > 0 with

Px(Xt ∈ C) > 0 ∀t ≥ T, ∀x ∈ C.

By Corollary 4.5.3 this holds for any Borel set with positive Lebesgue measure

on S+
d . A small set with positive Lebesgue measure on S+

d exists since every

compact set is small in our case: Since Corollary 4.5.3 holds for any t > 0 every

skeleton chain is irreducible and they are also aperiodic, see [101, Proposition 1.2].

Therefore every compact set is small for every skeleton chain, see Proposition 2.12
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and for X as well. Thus X is aperiodic. �

4.5.2 Geometric ergodicity: Proof of Theorem 4.4.1 and

4.4.5

The proofs of Theorem 4.4.1 and 4.4.5 di�er only in the proof of the Foster-

Lyapunov drift condition and slightly in the proof that the chosen test function

belongs to the domain of the extended generator. Therefore we �rst show the

Foster-Lyapunov drift condition under the corresponding assumptions, that the

test functions belong to the domain and then we conclude the proof of both

theorems together.

Foster-Lyapunov drift condition: Theorem 4.4.1

By Assumption (4.4.3) and continuity we can �x a constant η, 0 < η < η0, such

that

2ηQQ> + 2β + Λ

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F2(dξ) ∈ −S++
d , (4.5.5)

since Tr(ξ)eηTr(ξ) → Tr(ξ) for η → 0. The existence of the integral∫
S+d \{0}

Tr(ξ)eηTr(ξ)F2(dξ) follows since for ‖ξ‖ ≥ 1 it holds that

Tr(ξ)eηTr(ξ)/eη0 Tr(ξ) → 0 for Tr(ξ) → ∞ and for ‖ξ‖ ≤ 1 it is dominated by

Tr(ξ)eη0 . Further observe that due to Assumption (4.4.2) for this η also the

exponential moment Ex(e2ηXt) is �nite for all t ≥ 0. With that η we choose the

test function Vη : S+
d → [1,∞), Vη(x) = eηTr(x) + 1. Note that the gradient of

Vη is given as the linear map de�ned by ∇Vη(x) = ηeηTr(x)Id and the second

derivatives are ∂2Vη/∂xij∂xkl = η2eηTr(x)δijkl. The extended generator applied

to Vη is given by

AVη(x) = eηTr(x)

[
ηTr(b) + 2η2 Tr(QQ>x) + ηTr(βx+ xβ>)

+ Tr(Λx)

∫
S+d \{0}

(
eηTr(ξ) − 1

)
F2(dξ) + l

∫
S+d \{0}

(
eηTr(ξ) − 1

)
F1(dξ)

]
.
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With Tr(βx+ xβ>) = 2 Tr(βx) since x ∈ S+
d and

eηTr(ξ) − 1 =
∞∑
k=1

ηk Tr(ξ)k

k!
= ηTr(ξ)

∞∑
k=0

ηk Tr(ξ)k

(k + 1)!
≤ ηTr(ξ)eηTr(ξ) (4.5.6)

we get

AVη(x) ≤ eηTr(x)

[
ηTr

((
2ηQQ> + 2β + Λ

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F2(dξ)

)
x

)

+ ηTr(b) + ηl

∫
S+d \{0}

(
eηTr(ξ) − 1

)
F1(dξ)

]
.

Applying (4.5.1) and (4.5.5) provides

Tr

((
2ηQQ> + 2β + Λ

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F2(dξ)

)
x

)

≤ λmax

(
2ηQQ> + 2β + Λ

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F2(dξ)

)
Tr(x)

with λmax(2ηQQ> + 2β + Λ
∫
S+d \{0}

Tr(ξ)eηTr(ξ)F2(dξ)) < 0. Therefore we can �x

a constant k > 0 such that

kηλmax

(
2ηQQ> + 2β + Λ

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F2(dξ)

)
+ ηTr(b) + ηl

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F1(dξ) < 0.

We distinguish the cases ‖x‖Tr > k and ‖x‖Tr ≥ 1, where ‖.‖Tr denotes the trace

norm. For x ∈ Sd it holds ‖x‖Tr = Tr(x).

Case ‖x‖Tr > k: Since λmax(2ηQQ> + 2β + Λ
∫
S+d \{0}

Tr(ξ)eηTr(ξ)F (dξ)) < 0 it

holds that

ηTr(x)λmax

(
2ηQQ> + 2β + Λ

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F (dξ)

)

< ηkλmax

(
2ηQQ> + 2β + Λ

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F (dξ)

)

75



4 Geometric Ergodicity of A�ne Processes on the Positive Semide�nite Matrices

and for the generator we have

eηTr(x)

[
ηTr

(
x

(
2ηQQ> + 2β + Λ

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F2(dξ)

))

+ ηTr(b) + ηl

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F1(dξ)

]
≤ eηTr(x)

[
kηλmax

(
2ηQQ> + 2β + Λ

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F2(dξ)

)

+ ηTr(b) + ηl

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F1(dξ)

]
≤ − c1e

ηTr(x)

≤ − c1

2

(
eηTr(x) + 1

)
for some constant c1 > 0.

Case ‖x‖Tr ≤ k:

eηTr(x)

[
Tr(x)ηλmax

(
2ηQQ> + 2β + Λ

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F2(dξ)

)

+ ηTr(b) + ηl

∫
S+d \{0}

Tr(ξ)eηTr(ξ)F1(dξ)

]
≤ − c1

2

(
eηTr(x) + 1

)
+ d,

where d = ηTr(b) + ηl
∫
S+d \{0}

Tr(ξ)eηTr(ξ)F1(dξ) + c1
2

(eηk + 1).

Altogether we have the Foster-Lyapunov drift condition satis�ed:

AVη(x) ≤ −c1

2
Vη(x) + d1Dk

,

where Dk := {x ∈ S+
d : ‖x‖Tr ≤ k} is a compact set in S+

d and thereby a petite

set, see Proposition 2.12.
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Testfunction belongs to domain:

It remains to prove that the test function Vη belongs to the domain of the ex-

tended generator and the extended generator applied to Vη has the claimed form.

So we have to show that for all initial values X0 = x and all t ≥ 0 it holds that

Ex(Vη(Xt)) = Vη(x) + Ex
(∫ t

0

AVη(Xs)ds

)
(4.5.7)

and

Ex
(∫ t

0

|AVη(Xs)|ds
)
<∞. (4.5.8)

The idea is to prove (4.5.7) by using Itô's formula and then showing that

Vη(Xt)− Vη(x)−
∫ t

0

AVη(Xs)ds

is a martingale. For this we use the semimartingale decomposition of X as

established for conservative a�ne processes on S+
d , d ≥ 2 in [74]. Thereby Xt

can be written as

Xt =x+ bt+

∫ t

0

(
βXs +Xsβ

>
)
ds+

∫ t

0

(√
XsdBsQ+Q>dBs

√
Xs

)
+

∫ t

0

∫
S+d \{0}

ξµX(dξ, ds),

(4.5.9)

where B is a d × d matrix of standard Brownian Motions, x ∈ S+
d is the initial

value and µX is the random measure associated with the jumps of X, having

compensator

ν(dξ, ds) = (lF1(dξ) + 〈Λ, x〉)F2(dξ)) ds.

Now we apply Itô's formula for an Sd-valued semimartingale. Using the tech-

niques as in [77, Proof of Theorem 4.3] we get

Vη(Xt)− Vη(x)−
∫ t

0

AVη(Xs)ds

=

∫ t

0

ηeηTr(Xs)
(

vec(Q
√
Xs)

>
)>

vec(dBs) +

∫ t

0

ηeηTr(Xs)
(

vec(
√
XsQ

>)>
)>

vec(dBs)︸ ︷︷ ︸
(∗)
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+

∫ t

0

∫
S+d \{0}

(
eηTr(Xs+ξ) − eηTr(Xs)

) [
µX(dξ, ds)− ν(dξ, ds)

]
.︸ ︷︷ ︸

(∗∗)

Using

(
vec(Q

√
Xs)

>
)>

vec(Q
√
Xs)

> = Tr(Q>QXs)

=
(

vec(
√
XsQ

>)>
)>

vec(
√
XsQ

>)>,

(*) is a martingale if

E
[∫ t

0

(
e2ηTr(Xs)

(
vec(Q

√
Xs)

>
)>

vec(Q
√
Xs)

>
)
ds

]
<∞. (4.5.10)

With the analytic inequality Tr(x) ≤ c1e
ηTr(x), for a constant c1 ≥ e, and Lemma

(4.5.1) we have e2ηTr(Xs) Tr(Q>QXs) ≤ λmax(Q>Q)c1e
3ηTr(Xs). Due to assump-

tion (4.4.2) it follows that for all s ∈ [0, t] there exists a constant c(t) such that

E(e3ηTr(Xs)) ≤ c(t) and thereby (4.5.10).

For (**) we apply the compensation formula (see [67, Corollary 4.5] for the

version for conditional expectations) and get the martingale property if the in-

tegrability condition is ful�lled. Since eηTr(Xs+ξ) − eηTr(Xs) ≥ 0 it is enough to

prove that

E

[∫ t

0

∫
S+d \{0}

(
eηTr(Xs+ξ) − eηTr(Xs)

)
µX(dξ, ds)

]
<∞. (4.5.11)

With

E

(∫ t

0

∫
S+d \{0}

(
eηTr(Xs+ξ) − eηTr(Xs)

)
µX(dξ, ds)

)

=E

(∫ t

0

∫
S+d \{0}

(
eηTr(Xs+ξ) − eηTr(Xs)

)
(lF1(dξ) + 〈Λ, x〉)F2(dξ)) dt

)

we can use the observations as we made for the Foster-Lyapunov drift condition
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to get ∫
S+d \{0}

(
eηTr(Xs+ξ) − eηTr(Xs)

)
(lF1(dξ) + 〈Λ, x〉)F2(dξ))

≤eηTr(Xs)(c1 + c2 Tr(ΛXs)),

for some constants c1, c2 > 0. As above we obtain E(Tr(ΛXs)e
ηTr(Xs) ≤ c(t) and

E(eηTr(Xs)) ≤ c̃(t) for all s ∈ [0, t] by assumption (4.4.2) and thereby the claim

(4.5.11).

It remains to show (4.5.8). First observe the following inequalities by Lemma

4.5.1:

0 ≤ λmin(QQ>) Tr(x) ≤ Tr(QQ>x) ≤ λmax(QQ>) Tr(x)

⇒ |Tr(QQ>x)| ≤ λmax(QQ>) Tr(x),

in the same way |Tr(Λx)| ≤ λmax(Λ) Tr(x) and

λmin(β) Tr(x) ≤ Tr(βx) ≤ λmax(β) Tr(x) ≤ 0⇒ |Tr(βx)| ≤ |λmin(β)|Tr(x).

Further note that
∫
S+d \{0}

(
eηTr(ξ) − 1

)
Fi(dξ) := c(i) ≥ 0 for i = 1, 2 by assump-

tions. Now we can bound |AVη(x)|:

|AVη(x)|

≤eηTr(x)

[
η|Tr(b)|+ 2η2|Tr(QQ>x)|+ η|Tr(βx+ xβ>)|+ |Tr(Λx)|c(2) + lc(1)

]
≤eηTr(x)

[
η|Tr(b)|+ 2η2λmax(QQ>) Tr(x) + η|λmin(β)|Tr(x)

+ λmax(Λ) Tr(x)c(2) + lc(1)

]
=eηTr(x)

(
Tr(x)c3 + c4

)
,

for some constants c3, c4 > 0. By assumption (4.4.2) there exists a constant c(t)

79
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such that E(e2ηTr(Xs)) < c(t) for all s ∈ [0, t] and with c̃3 = max{c3, e} we get

Ex
(∫ t

0

|AVη(Xs)|ds
)
≤ Ex

(∫ t

0

(
c̃3e

2ηTr(Xs) + c4e
ηTr(Xs)

)
ds

)
=

∫ t

0

Ex
(
c̃3e

2ηTr(Xs) + c4e
ηTr(Xs)

)
ds

≤
∫ t

0

(c̃3 + c4)c(t)ds <∞

for all t ≥ 0.

Foster-Lyapunov drift condition: Theorem 4.4.5 We choose the test func-

tion V (x) = Tr(x) + 1 for x ∈ S+
d . Note that the gradient is the linear map

de�ned by ∇V (x) = Id and the second derivatives are all zero. By Theorem

4.2.3 the generator applied to V is

AV (x)

= Tr(xβ + β>x) + Tr(b) + l

∫
S+d \{0}

[Tr(x+ y)− Tr(x)]F1(dy)

+

∫
S+d \{0}

[Tr(x+ y)− Tr(x)] 〈Λ, x〉F2(dy)

= Tr(b) + Tr(xβ + β>x) +

∫
S+d \{0}

Tr(y)lF1(dy) +

∫
S+d \{0}

Tr(y) Tr(Λx)F2(dy).

Using (4.5.1) we get Tr(xβ + β>x) = 2 Tr(βx) ≤ 2λmax(β) Tr(x) and

Tr(Λx) ≤ λmax(Λ) Tr(x). Further note that by assumption
∫
S+d \{0}

Tr(y)Fi(dy) :=

c(i) <∞ for i = 1, 2. Thereby we have

AV (c) ≤ Tr(b) + lc(1) + Tr(x)
(
2λmax(β) + λmax(Λ)c(2)

)
.

By Assumption (4.4.10) it holds that 2λmax(β) +λmax(Λ)c(2) ≤ −c2 < 0 for some

c2 > 0. Using the same idea as in the previous proof, we can �x a constant k > 0

such that we can �nd some constants c, d > 0 such that AV (x) ≤ −cV (x)+d1Dk
,

where Dk := {x ∈ S+
d : ‖x‖ ≤ k}.

Testfunction belongs to domain:
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4.5 Proofs

As in the part for Theorem 4.4.1 we have to prove that the chosen test function

V (x) = Tr(x) + 1 belongs to the domain of the extended generator and that the

generator applied to V has the claimed form. The idea and the main steps are

the same as before. By Itô's formula we get

V (Xt)− V (X0)−
∫ t

0

AV (Xs)ds

=

∫ t

0

(
vec
(
Q
√
Xs

)>)>
vec(dBs) +

∫ t

0

(
vec
(√

XsQ
>
)>)>

vec(dBs)︸ ︷︷ ︸
(∗)

+

∫ t

0

∫
S+d \{0}

(Tr(Xs + ξ)− Tr(Xs))
[
µX(dξ, ds)− ν(dξ, ds)

]
.︸ ︷︷ ︸

(∗∗)

(*) is a martingale since

E

(∫ t

0

(
vec
(
Q
√
Xs

)>)>
vec
(
Q
√
Xs

)>
ds

)

≤
∫ t

0

c E(Tr(Xs))ds <∞

and E(Tr(Xt)) < ∞ for all t ≥ 0 by assumption. For (**) we use again the

compensation formula and get

E

(∫ t

0

∫
S+d \{0}

(Tr(Xs + ξ)− Tr(Xs)) ν(dξ, ds)

)

=E

(∫ t

0

∫
S+d \{0}

Tr(ξ)ν(dξ, ds)

)

=E
(∫ t

0

Tr(Xs)
(
lc(1) + Tr(ΛXs)c

(2)
)
ds

)
≤
∫ t

0

(
lc(1)E(Tr(Xs)) + λmax(Λ)c(2)E(Tr(Xs))

)
ds <∞.

It remains to show condition (4.5.8). Due to x ∈ S+
d and the assumption

β ∈ −S++
d it holds that λmin(β) Tr(x) ≤ Tr(βx) ≤ λmax(β) Tr(x) ≤ 0 and

|Tr(βx)| ≤ |λmin(β)|Tr(x). And in addition |Tr(Λx)| ≤ λmax(Λ) Tr(x) since
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4 Geometric Ergodicity of A�ne Processes on the Positive Semide�nite Matrices

Λ ∈ S++
d . Therefore it holds that

|AV (x)|

≤|Tr(b)|+ 2|Tr(βx)|+ l

∣∣∣∣∣
∫
S+d \{0}

Tr(ξ)F (dξ)

∣∣∣∣∣+ |Tr(Λx)|

∣∣∣∣∣
∫
S+d \{0}

Tr(ξ)F (dξ)

∣∣∣∣∣
≤Tr(x)

(
2|λmin(β)|+ λmax(Λ)c(2)

)
+ |Tr(b)|+ lc(1)

≤d1 Tr(x) + d2,

for some constants d1 > 0 and d2 ≥ 0. With that we get

Ex
(∫ t

0

|AV (Xs)|ds
)
≤ Ex

(∫ t

0

(d1 Tr(Xs) + d2)ds

)
= d1

∫ t

0

Ex(Tr(Xs))ds+ d2t <∞.

Geometric ergodicity

We complete the proof of Theorem 4.4.1 and 4.4.5 by applying Theorem 2.15: By

assumption X is irreducible and aperiodic and we have shown, that the Foster-

Lyapunov drift condition holds. Further we know that X is a C0-Feller process,

see [31, Theorem 2.4]. Thereby it is a Borel right process, see [71].

Since X is conservative by assumption it is non-explosive. Thus all assumptions

of Theorem 2.15 are ful�lled and the geometric ergodicity is proven. It remains

to show that X is positive Harris recurrent and that the stationary distribution

has the demanded moments. For discrete time Markov chains in [20, Theorem

3.12] it is shown that the Foster-Lyapunov drift condition implies besides geomet-

ric ergodicity also positive Harris recurrence and for the stationary distribution

π(V ) <∞, where V is the test function in the Foster-Lyapunov drift condition.

Applying [40, Theorem 5.1] we get that the proven Foster-Lyapunov drift condi-

tion implies the discrete version for every skeleton chain of X. By the de�nition

of positive Harris recurrence it holds also for the process X and with the chosen

test functions in the proof above the demanded moments exist. �
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4.5.3 Exponential moments: Proof of Lemma 4.4.2

To show the existence of the exponential moments we use the so called a�ne

transform formula: The exponential moment E(e〈u,XT 〉) is �nite if the corre-

sponding extended Riccati system with starting point ψ(0) = u has a solution

and exists up to time T . Combining the form of the Riccati equations with-

out truncation function of [74, Theorem 4.1] with the form the extended Riccati

equations in [60, Proposition 2.8] for the real moments and the speci�c form

of the di�usion coe�cient of the semimartingale characteristic, see [31, Section

2.1.1], we give the following de�nition of the extended Riccati system.

De�nition 4.5.4. Let X be an a�ne process with admissible parameter set

(4.3.1). We de�ne the functions F , R

F (y) = 〈b, y〉+

∫
S+d \{0}

(
e〈ξ,y〉 − 1

)
lF1(dξ),

R(y) = 2yQQ>y + βy + yβ> + Λ

∫
S+d \{0}

(
e〈ξ,y〉 − 1

)
F2(dξ)

and the set

Y :=
⋂
x∈S+d

{
y ∈ Sd :

∫
‖ξ‖≥1

e〈ξ,y〉(lF1(dξ) + 〈x,ΛF2(dξ)〉) <∞
}
.

Let T ≥ 0, y ∈ Y and let

φ : t 7→ φ(t, y), ψ : t 7→ ψ(t, y)

be C1-functions mapping [0, T ] to R that satisfy

∂

∂t
φ(t, y) = F (ψ(t, y)), φ(0, y) = 0 (4.5.12a)

∂

∂t
ψ(t, y) = R(ψ(t, y)), ψ(0, y) = y (4.5.12b)

for all t ∈ [0, T ]. Then we call (φ, ψ) a solution (up to time T and with starting

point y) of the extended Riccati system associated to X.
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Solutions of (4.5.12) reaching or starting at the boundary of Y may not be unique,

but the so called minimal solutions are unique.

De�nition 4.5.5 (See [60, De�nition 2.11]). Let X be an a�ne process and let

(φ, ψ) be a solution up to time T starting at y ∈ Y to the associated extended

Riccati system. We call (φ, ψ) a minimal solution, if for any other solution (φ̃, ψ̃)

up to time T̃ ≤ T and starting at the same point ψ(0, y) = ψ̃(0, y) = y it hold

that

φ(t, y) + 〈ψ(t, y), x〉 ≤ φ̃(t, y) + 〈ψ̃(t, y), x〉

for all t ∈ [0, T̃ ] and x ∈ S+
d .

Theorem 4.5.6 (Real moments of A�ne Processes, [60, Theorem 2.14]). Let X

be an a�ne process on S+
d with admissible parameter set (4.3.1) and let T ≥ 0.

(a) Let u ∈ S+
d and suppose that Ex[e〈u,XT 〉] < ∞ for some x ∈ S+

d . Then

u ∈ Y and there exists a unique minimal solution (φ, ψ) up to time T of

the extended Riccati system (4.5.12) such that

Ex
[
e〈u,Xt〉

]
= exp((φ(t, u) + 〈ψ(t, u), x〉) (4.5.13)

holds for all x ∈ S+
d , t ∈ [0, T ].

(b) Let u ∈ Y and suppose that the extended Riccati system (4.5.12) has solu-

tions (φ̃, ψ̃) that start at u and exist up to time T . Then Ex[e〈u,XT 〉] < ∞
and there exist unique minimal solutions (φ, ψ) up to time T of the extended

Riccati system such that (4.5.13) holds for all x ∈ S+
d , t ∈ [0, T ].

To use this result we show that 0 is an asymptotically stable equilibrium for the

ODE
∂Ψ(t, u)

∂t
= R(Ψ(t, u))

with Ψ(0, u) = u. By the de�nition of an asymptotically stable equilibrium, it fol-

lows that there exists an ε > 0 such that for all u ∈ Uε(0) := {x ∈ S+
d : ‖x‖ < ε}

the extended Riccati system (4.5.12) has solutions up to time∞ and thereby the

exponential moments E(e〈u,Xt〉) exist for all t ≥ 0.
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To obtain that 0 is an asymptotic stable equilibrium by the Linearization ap-

proach we have to show that R(0) = 0 and all eigenvalues of ∂R(u)
∂0

∣∣∣
u=0

have

negative real part. The de�nition of an asymptotic stable equilibrium in nonlin-

ear systems and the technique of linearization can be found e.g. in [57, Chapter

8].

The function R has the form

R(u) = 2uQQ>u+ βu+ uβ> + Λ

∫
S+d \{0}

(
eTr(ξu) − 1

)
F2(dξ).

The condition R(0) = 0 is obviously ful�lled. Since R is a mapping from Sd
to Sd for the second condition we �rst have to explain how we understand the

derivative of R: We understand the derivative as the Jacobian matrix we get by

calculating the derivative
dvec(R(u))

dvec(u)
.

For more details see [69, Chapter 9]. The Jacobian matrix of R is given by

DR(u) =2(uQQ> ⊗ I) + 2(I ⊗ uQQ>) + (β ⊗ I) + (I ⊗ β)

+

∫
S+d \{0}

vec(Λ)vec(ξ)>etr(uξ)F2(dξ)

and

DR(0) = (β ⊗ I) + (I ⊗ β) + vec(Λ)

∫
S+d \{0}

vec(ξ)>F2(dξ)︸ ︷︷ ︸
=vec(C)>

.

By Assumption (4.4.4) all eigenvalues of DR(0) have negative real part and so

0 is an asymptotic stable equilibrium. �

4.5.4 Proof of Lemma 4.4.3

To show (4.4.3) and (4.4.4) we show that the real parts of the maximal eigenvalues

of

B(1) := 2β + Λ

∫
S+d \{0}

Tr(ξ)F2(dξ)
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and of

B(2) := (β ⊗ I) + (I ⊗ β) + vec(Λ)vec(C)>

are negative. First note that 2λmax(β) = λmax ((β ⊗ I) + (I ⊗ β)). Set λ(i) =

max{Re(µ) : µ ∈ σ(B(i))}, i = 1, 2. By a Corollary of the Bauer-Fike theorem,

see [58, Corollary 6.3.4], there exist eigenvalues µ(i) ∈ σ(B̃(i)), where B̃(1) = 2β

and B̃(2) = (β ⊗ I) + (I ⊗ β) such that

λ(i) − µ(i) ≤ |λ(i) − µ(i)| ≤
∥∥∥B(i) − B̃(i)

∥∥∥
2
.

For i = 1 we get∥∥∥∥∥Λ

∫
S+d \{0}

Tr(ξ)F2(dξ)

∥∥∥∥∥
2

≤ ‖Λ‖2

∫
S+d \{0}

Tr(ξ)F2(dξ) ≤ ‖Λ‖F

∫
S+d \{0}

Tr(ξ)F2(dξ)

and hence condition (4.4.3). For i = 2 we deduce condition (4.4.4) as follows∥∥∥∥∥vec(Λ)

∫
S+d \{0}

vec(ξ)>F2(dξ)

∥∥∥∥∥
2

≤

∥∥∥∥∥vec(Λ)

∫
S+d \{0}

vec(ξ)>F2(dξ)

∥∥∥∥∥
F

= ‖vec(Λ)‖2︸ ︷︷ ︸
=‖Λ‖F

∥∥∥∥∥
∫
S+d \{0}

vec(ξ)>F2(dξ)

∥∥∥∥∥
2

≤ ‖Λ‖F

∫
S+d \{0}

∥∥vec(ξ)>
∥∥

2
F2(dξ)

= ‖Λ‖F

∫
S+d \{0}

‖ξ‖F F2(dξ)

≤ ‖Λ‖F

∫
S+d \{0}

Tr(ξ)F2(dξ).

The last inequality is valid since for ξ ∈ S+
d it holds that

‖ξ‖F =
√

Tr(ξ2) =

√√√√ d∑
i=1

λ2
i ≤

d∑
i=1

√
λ2
i =

d∑
i=1

λi = Tr(ξ),

where λ1, . . . , λd are the eigenvalues of ξ. �
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5 Continuous time ARMA

Processes driven by

Lévy-driven COGARCH

Processes

5.1 Introduction

Continuous time ARMA processes are the continuous time analogue of the well-

known auto-regressive moving-average (ARMA) processes. The originally stud-

ied CARMA processes, see e.g. [23, 38], are driven by Brownian Motion. By

taking Lévy processes driven CARMA processes, see e.g. [24, 25, 72, 99], it is

possible to reproduce certain features of the data, which can be observed in many

data sets from applications, as for example heavy tails, jumps and positivity. But

it seems that many data sets need noise with stationary, uncorrelated but not

independent increments as e.g. the variance/variability changes over time. In dis-

crete time series the ARMA-GARCH model, an ARMA time series with GARCH

noise, is used to capture this, see e.g. [27, 51, 68]. Since continuous time models

capture beyond these the possibility to model irregular spaced and high frequency

data, it is natural to generalize CARMA processes to the continuous time ana-

logue of ARMA-GARCH processes. In [90] a CARMA(p,q) process driven by a

stationary COGARCH(1,1) process, the so-called CARMA-COGARCH model,

is introduced. It is shown that this model is a Markov process and they pre-

sented some conditions under which the process is strictly stationary. The next
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interesting question for this model is the existence and uniqueness of a station-

ary solution as well as the convergence to it. For discrete time AMRA-GARCH

models geometric ergodicity is the key to understand the asymptotic behaviour

of statistical estimators. Geometric ergodicity ensures fast convergence to the

stationary regime in simulations and paves the way for statistical inference. In

[73, Proof of Theorem 4.3, Step 2] it is shown that geometric ergodicity and the

existence of some p-moments of the stationary distribution provide exponential

β-mixing for a Markov process. This in turn can be used to show a central limit

theorem for the process, see e.g. [39].

In this chapter we show the geometric ergodicity of the CARMA-COGARCH

process by following a classical Markov approach. Under the assumptions of

irreducibility and aperiodicity a weak (C0-) Feller process is geometric ergodic if

the Foster-Lyapunov drift condition for the extended generator is ful�lled. To

show this one task is to �nd the right test function. For the CARMA-COGARCH

process we show this drift condition for the test function ‖x‖r2 + 1 for r ≥ 2.

Corresponding to this test function we have to ensure that the decay of the drift

part of the process is fast enough. Further we need an integrability condition,

which ensures that the test function belongs to the domain of the extended

generator. This test function guarantees the existence of the r-th moment of

the stationary distribution. Under the assumption that the driving Lévy process

has a Gaussian component and the jumps are of �nite activity, we can show

irreducibility and aperiodicity.

This chapter is organized as follows: After a brief repetition of Lévy driven

CARMA processes in Section 5.2, we introduce the CARMA-COGARCH process

in Section 5.3. The main results are the irreducibility in Section 5.4 and the

geometric ergodicity in Section 5.5.

5.1.1 Preliminaries

Throughout we assume that all random variables and processes are de�ned on

a given �ltered probability space (Ω,F ,P, (Ft)t∈T ) with T = N in the discrete

time case and T = R+ in the continuous one. Moreover, in the continuous time
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5.2 Lévy driven CARMA processes

setting we assume the usual conditions (complete, right continuous �ltration) to

be satis�ed.

5.2 Lévy driven CARMA processes

In this section we recall brie�y the de�nition and some key facts. For further

details see e.g. [24, 25].

De�nition 5.2.1 (CARMA(p,q) process). Let (Lt)t∈R be a Lévy process satisfy-

ing ∫
|x|≥1

log(|x|)ν(dx) <∞,

p, q ∈ N0 with p > q and a1, . . . , ap, b0, . . . , bq ∈ R, ap, b0 6= 0 such that all

eigenvalues of the matrix

A :=

 0 Ip−1

−ap −ap−1 . . . − a1


have strictly negative real part. Furthermore let {X(t)}t∈R denote the unique

stationary solution to

dX(t) = AX(t)dt+ eL(dt), t ∈ R,

where e = [0, . . . , 0, 1]. Then the process

Y (t) = b>X(t),

with b> = [bq, bq−1, . . . , bq−p+1], is called a Lévy-driven continuous time autore-

gressive moving average process of order (p, q). If q < p− 1, we set b−1 = . . . =

bq−p+1 = 0.
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5.3 CARMA processes driven by stationary

COGARCH(1,1) processes

We introduce the CARMA-COGARCH process as de�ned in [90]. For this we

extend the COGARCH process to the negative real line by using a two-sided

Lévy process: Let (L
(1)
t )t≥0 and (L

(2)
t )t≥0 be to independent copies of a one-sided

Lévy process. De�ne

Lt :=

L
(1)
t , if t ≥ 0

−L(2)
−t−, if t < 0

(5.3.1)

We assume that the Lévy process L is adapted to F = (Ft)t∈R with Ft = σ((Lt−
Ls)s≤t). Suppose that β, φ > 0 and η ≥ 0 are constants. Under the assumption∫

R
log(1 + φ2)νL(dy) < η, (5.3.2)

where νL is the Lévy measure of L, we extend the COGARCH(1,1) process as

σ2
t = βe−ξt

∫ t

−∞
eξsds, (5.3.3)

where

ξt = ηt+
∑
t<s<0

log(1 + φ(∆Ls)
2)1{t≤0} −

∑
0<s≤t

log(1 + φ(∆Ls)
2)1{t>0}. (5.3.4)

The integrated continuous time process Gt satisfying the SDE

dGt = σdLt

is called COGARCH(1,1) process. Note that the volatility process σ2 satis�es

the following SDE

dσ2
t = (β − ησ2

t−)dt+ φσ2
t−d[L,L]dt , for t > 0. (5.3.5)
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This extension of the COGARCH(1,1) volatility process to the real line is again

a strictly stationary Markov process, see [90].

Now we can de�ne the CARMA(p,q)-COGARCH process as introduced in [90].

Let p, q ∈ N, p > q, a1, . . . , ap, b0, . . . , bp−1 ∈ R, ap, bq 6= 0 and bj = 0 for j > q.

De�nition 5.3.1. If (Xt)t∈R is a strictly stationary solution to the stochastic

di�erential equation

dXt = AXtdt+ epσt−dLt, t ∈ R, (5.3.6)

or equivalently

Xt = eA(t−s)Xs +

∫ t

s

eA(t−u)epσu−dLu, ∀s ≤ t ∈ R, (5.3.7)

where ep denotes the p-th unit vector in Rp and σ2 is a stationary COGA-

RCH(1,1) volatility process. Then the process

Yt := b>Xt, t ∈ R, (5.3.8)

with b = (b0, b1, . . . , bp−1)> is said to be a CARMA-COGARCH process of

order (p,q).

In [90] this de�nition is based on assumption (5.3.2). In contrast to this we con-

sider σ2 and X as the solutions of the SDEs (5.3.5) and (5.3.6) and do not by

default assume that condition (5.3.2) is ful�lled.

In the following we consider the process V := (Vt)t∈R = (X>t , σ
2
t )
>
t∈R, which is a

Markov process w.r.t. F.

In order to apply the stability concepts as introduced in Section 2.2, we show

that V is a weak (C0-) Feller process.

Lemma 5.3.2. The process V = (X>t , σ
2
t )
>
t∈R is a weak C0-Feller process.

Proof. Let f ∈ C0(Rp × R+). To show the weak C0 Feller property, we have to
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5 Continuous time ARMA Processes driven by Lévy-driven COGARCH Processes

show that x 7→ Ptf(x) is a continuous mapping and for all t ≥ 0 it holds that

Ptf(v)→ 0 if v →∞,

where we understand v → ∞ in the sense of the Euclidean norm ‖v‖2 → ∞.

Since every f ∈ C0(Rp × R+) is particularly bounded, the continuity of the map

x 7→ Ptf(x) is obvious by using dominated convergence and the fact that V is

continuous in the initial value. For the second property note that by Pt(f(v)) =

E(f(Vt(v))), where v = (x, σ) denotes the starting point of V, it is enough to

show that ‖Vt(v)‖2 → ∞ if ‖v‖2 → ∞. For points v = (x, σ) ∈ Rp × R+ the

Euclidean norm ‖v‖2 → ∞ if and only if ‖x‖2 → ∞ and ‖σ‖2 stays bounded

or ‖σ‖2 → ∞. If ‖x‖2 → ∞ and ‖σ‖2 stays bounded it follows directly that

‖Xt‖2 → ∞ (by equation (5.3.7)) and if ‖σ‖2 → ∞ it follows that ‖σ2
t ‖2 → ∞

(by the solution of the SDE (5.3.5)). In both cases ‖Vt(v)‖2 →∞.

5.4 Irreducibility of CARMA-COGARCH

processes

In this section we show su�cient conditions for the process V to be irreducible

and aperiodic.

Theorem 5.4.1. Let V = (X, σ2)> be a CARMA-COGARCH process as de�ned

before and assume the condition (5.3.2) be ful�lled. We assume that the driving

Lévy process has a Gaussian component and the jumps are of �nite activity,

therefore L
D
= L̃ + W , where L̃ is a Compound Poisson process and W is a

Brownian Motion. Then V is irreducible w.r.t. a measure µ on B(Rp×R+), the

support of µ has non-empty interior and, furthermore, the process V is aperiodic.

Proof. To show irreducibility we have to show that there exists a measure µ on

B(Rp × R+) such that for all Borel sets B with µ(B) > 0 it holds that

∫ t

0

Ps(v0, B)ds > 0 ∀v0 ∈ Rp × R+.
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5.4 Irreducibility of CARMA-COGARCH processes

This is obviously ful�lled if for all v0 ∈ Rp × R+ there exists some t > 0 such

that Pt(v0, B) > 0.

We de�ne as irreducibility measure µ the product measure µ = λp⊗ π, where λp

is the Lebesgue measure on Rp and π is the stationary distribution of the COG-

ARCH(1,1) volatility process. From [62, 63] we know that the COGARCH(1,1)

volatility process has a stationary distribution, which is self-decomposable, and

thereby absolutely continuous, see [92]. More precisely the support of π is the

interval [β/η,∞) by applying [15, Lemma 2.1]. Furthermore, it is known that

the COGARCH(1,1) volatility process is geometrically ergodic, see [45]. This

implies that for all C ∈ B(R+) with π(C) > 0 and all starting points σ0 ∈ R+

there exists a time T > 0 such that

Pt(σ0, C) > 0 ∀t > T. (5.4.1)

We �x a set B ∈ B(Rp×R+) with µ(B) > 0 and initial values (x0, σ
2
0) ∈ Rp×R+.

By the de�nition of the measure µ it holds

µ(B) > 0 ⇔ π
{
σ ∈ B̄ : λp(Bσ) > 0

}
> 0, (5.4.2)

where B̄ := {σ ∈ R+ : ∃x ∈ Rp with (x, σ) ∈ B} and Bσ := {x ∈ Rp : (x, σ) ∈
B}. As stated above we can �x a time s such that Pt(σ0, B̄) > 0 for all t ≥ s.

Now let t > s and assume that the process L has no jump in the interval [s, t].

Note that P(L has no jump in [s, t]) > 0 since ∆L = ∆L̃ and L̃ is a Compound

Poisson process. Using the probabilistic inequality

P(x0,σ2
0)((Xt, σ

2
t ) ∈ B)

≥P(x0,σ2
0)((Xt, σ

2
t ) ∈ B, L has no jump in [s, t])

=P(x0,σ2
0)((Xt, σ

2
t ) ∈ B | L has no jump in [s, t]) · P(L has no jump in [s, t]).

we can consider our processes under the assumption "no jump in [s, t]". Using
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5 Continuous time ARMA Processes driven by Lévy-driven COGARCH Processes

[62, Theorem 3.2] we get

σ2
t = e−η(t−s)σ2

s +
β

η
− β

η
e−η(t−s)

=: ft(σ
2
s),

where ft(x) = e−η(t−s)x+ β
η
− β

η
e−η(t−s) is de�ned for all t ≥ s. For Xt we get

Xt = eA(t−s)Xs +

∫ t

s

eA(t−u)σu−epdWu

= eA(t−s)Xs +

∫ t

s

eA(t−u)fu(σ
2
s)epdWu.

With this representation one can see that

Px0(Xt ∈ D) > 0 (5.4.3)

if λp(D) > 0, since
∫ t
s
eA(t−u)fu(σ

2
s)epdWu conditioned on σ2

s is Gaussian. We

de�ne the pushforward measure Θ as Θt(C) := Pσ0(ft(σ2
s) ∈ C) for all C ∈

B(R+). Using the principle of Cavalieri (Fubini's Theorem for product measures)

we get

P(x0,σ2
0)((Xt, σ

2
t ) ∈ B | L has no jump in [s, t])

=P(x0,σ2
0)

((
eA(t−s)Xs +

∫ t
s
eA(t−u)fu(σ

2
s)epdWu, ft(σ

2
s)
)
∈ B

)
=

∫
B̄

Px0
(
eA(t−s)Xs +

∫ t

s

eA(t−u)fu(σ
2
s)epdWu ∈ Bσ

)
Θ(dσ)

Using (5.4.3) we see that

Px0
(
eA(t−s)Xs +

∫ t
s
eA(t−u)fu(σ

2
s)epdWu ∈ Bσ

)
> 0 if λp(Bσ) > 0. Further ob-

serve

Pσ0(σ2
t ∈ B̄) = Pσ0(ft(σ2

s) ∈ B̄)

= Pσ0(σ2
s ∈ f−1

t (B̄)).

By (5.4.1) there exists a T > 0 such that Pσ0(σ2
s ∈ f−1

t (B̄)) > 0 if π(f−1
t (B̄)) > 0
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5.4 Irreducibility of CARMA-COGARCH processes

for all s ≥ T . By assumption µ(B) > 0 and (5.4.2) implies π(B̄) > 0. By the

absolute continuity of π we know that π(B̄) > 0 implies λ(B̄) > 0 and there

exists subset B̃ ⊂ B̄ with λ(B̃) > 0 and B̃ ⊂ supp(π). Since the Lebesgue

measure is invariant under translation and scaling, it holds that λ(f−1
t (B̃)) > 0.

Furthermore, observe that x ∈ supp(π) implies f−1
t (x) ∈ supp(π) for all t ≥ s.

So it follows π(f−1
t (B̄)) > 0 for all t ≥ s.

Summarizing the proof we have shown that for all (x0, σ
2
0) ∈ Rp × R+ and

for all B ∈ B(Rp × R+) with µ(B) > 0 there exists a time T > 0 such that

P(x0,σ2
0)((Xt, σ

2
t ) ∈ B) > 0 for all t ≥ T . So we have shown the irreducibility with

respect to µ, which has non empty interior.

To prove aperiodicity we have to show that there exists a small set C ∈ B(Rp ×
R+) such that there exists a T > 0 and

P(x0,σ2
0)((Xt, σ

2
t ) ∈ C) > 0

holds for all (x0, σ
2
0) ∈ C and all t ≥ T . Thus we can apply the reasoning from

above, if we can �nd a small set C on that the proof above holds uniform for

all starting points (x0, σ
2
0) ∈ C. But �rst note that the support of µ contains

a small set: From the proof of irreducibility we can infer that the process is

simultaneously irreducible and then by Proposition 2.11 we know that every

skeleton chain is aperiodic. Using Proposition 2.12 we know for every skeleton

chain, that every compact set is also small. But then by Remark 2.9 it is also

small for the continuous time Markov Process (Vt)t≥0. Due to the de�nition of

the measure µ and the knowledge about the support of π it is obvious that the

support of µ contains a compact set.

Now let C be a compact set with µ(C) > 0. As above we know that π(C̄) > 0,

where C̄ := {σ ∈ R+ : ∃x ∈ Rp with (x, σ) ∈ C}. Since the COGARCH volatility

process σ2 itself is geometrically ergodic, on a compact set it follows that there

exists a T > 0 such that

Pt(σ0, C̄) > 0 ∀t > T and ∀σ0 ∈ C̄.
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5 Continuous time ARMA Processes driven by Lévy-driven COGARCH Processes

Using this we can use the same reasoning as above to get the claim.

5.5 Geometric ergodicity of CARMA-COGARCH

processes

We consider the process V as above as the solution to the SDEs (5.3.5) and

(5.3.6).

Theorem 5.5.1 (Geometric ergodicity of CARMA-COGARCH processes). As-

sume that V is µ-irreducible, the support of µ having non-empty interior, and

aperiodic. Further assume that there exists a constant r ≥ 2 such that

max{mA,−η}r +

∫
R

(
2r−1

(
1 + ‖(ξ, φξ2)‖r2

)
− 1
)
νL(dξ) < 0, (5.5.1)

where mA := max{xTAx : x ∈ Rp, ‖x‖2 = 1} is the maximum of the real

numerical range, νL is the Lévy measure of the driving Lévy process, and for all

t ≥ 0

E

[(∫ t

0

‖Vs‖2r
2 ds

) 1
2

]
<∞. (5.5.2)

Then the process V is geometrically ergodic, positive Harris recurrent and the

r − th moment of the stationary distribution exists.

Remark 5.5.2. Observe that condition (5.5.1) includes besides the �niteness of

E(‖L1‖2r) the condition that the driving Lévy process is of �nite activity. Condi-

tion (5.5.2) ensures that the test function ‖v‖r2 + 1 belongs to the domain of the

extended generator of V.

Remark 5.5.3. In contrast to Theorem 5.4.1 we do not assume that the driving

Lévy process L has a Gaussian component. Quite the converse, if L is a pure

jump process we can allow r ≥ 1 in Theorem 5.5.1 and drop condition (5.5.2).

Remark 5.5.4. For the COGARCH volatility process the �niteness of the log-

moments is su�cient for the convergence to a unique stationary distribution. In
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5.5 Geometric ergodicity of CARMA-COGARCH processes

contrast to that we demand r ≥ 2 in Theorem 5.5.1 to ensure that ‖.‖r2 is twice

di�erentiable. Thereby we need at least the �niteness of the fourth moments of

the driving Lévy process.

To compute the numerical range of a matrix, note the following facts:

Remark 5.5.5. The real numerical range of a matrix A ∈ Rn×n is de�ned by

Ψ1(A) , {x>Ax : x ∈ Rn and x>x = 1},

see e.g. [16, Fact 8.14.8]. Some facts are:

• Ψ1(A) = [λmin(
1
2
(A+ A>)), λmax(

1
2
(A+ A>))],

• if A is symmetric, then Ψ1(A) = [λmin(A), λmax(A)].

Lemma 5.5.6 (Finiteness of moments). Let r ≥ 2. If E(‖V0‖r2) < ∞ and

E(‖L1‖2r
2 ) < ∞, then E(‖Vt‖r2) < ∞ for all t ≥ 0 and t 7→ E(‖Vt‖r2) is locally

bounded.

5.5.1 Proof of Theorem 5.5.1

The main idea of the proof is to use the stability concepts for Markov processes

of Section 2.2. More precisely we show the geometric ergodicity of the process

V by proving the Foster-Lyapunov drift condition, see Theorem 2.15.

The section is organized as follows: The �rst part is the deduction of the Foster-

Lyapunov drift condition for Theorem 5.5.1. In this step we assume that the

chosen test function belongs to the domain and that we know the form of the

generator. This we prove thereafter. The last step is to show the positive Harris

recurrence and the existence of the moments of the stationary distribution. This

are consequences of the proof of the geometric ergodicity and the used stability

concepts for Markov processes.
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5 Continuous time ARMA Processes driven by Lévy-driven COGARCH Processes

Deduction of the Foster-Lyapunov drift condition: Theorem 5.5.1

The dynamics of Vt = (X>t−, σ
2
t−)> can be written as

dVt = ϕ(Xt, σ
2)

 dt

dLt

 .

We assume the extended generator has the form:

Au(v) = ((Ax)>, β − ηy)∇u(v)︸ ︷︷ ︸
Du(v)

+
√
yQ

∂2u(v)

∂x2
p︸ ︷︷ ︸

Bu(v)

+

∫
R
[u

v +

ep
√
yξ

φyξ2

− u(v)] νL(dξ)

︸ ︷︷ ︸
J u(v)

.

(5.5.3)

We choose the test function u : Rp × R+ → [1,∞), u(v) = ‖v‖r2 + 1 with r ≥ 2.

We use the notation v = (x, y)> = (x1, . . . , xp, y)>. Note that the gradient of u is

∇u(v) = r‖v‖r−2
2 v and the second derivative ∂2u(v)

∂x2p
= r(r−2)x2

p‖v‖r−4
2 +r‖v‖r−2

2 .

To deduce the Foster-Lyapunov drift condition, we look at the drift (D), di�usion
(B) and jump (J ) addend one after the other and merge them in the last step.

Du(v) - Drift part:

Du(v) = (Ax)>r‖v‖r−2
2 x+ (β − ηy)r‖v‖r−2

2 y

= x>A>xr‖v‖r−2
2 + βr‖v‖r−2

2 y − ηr‖v‖r−2
2 y2.

We de�ne mA := max{x>Ax : x ∈ Rp, ‖x‖2 = 1}, the maximum of the real

numerical range, see [16, Fact 8.14.8] and get

x>A>xr‖v‖r−2
2 − ηr‖v‖r−2

2 y2 ≤ r‖v‖r−2
2 (mA‖x‖2

2 − ηy2)

≤ r‖v‖r−2
2 max{mA,−η}‖v‖2

2

= max{mA,−η}r‖v‖r2.
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5.5 Geometric ergodicity of CARMA-COGARCH processes

Together with βr‖v‖r−2
2 y ≤ βr‖v‖r−1

2 we have for the drift part

Du(v) ≤ max{mA,−η}r‖v‖r2 + βr‖v‖r−1
2 .

Bu(v) - Di�usion part:

Bu(v) =
√
yQ
(
r(r − 2)x2

p‖v‖r−4
2 + r‖v‖r−2

2

)
≤ √yQ

(
r(r − 2)‖v‖r−2

2 + r‖v‖r−2
2

)
If ‖v‖2 ≤ k, where k ≥ 1 is a constant, we have

Bu(v) ≤ kQ
(
r(r − 2)kr−2 + rkr−2

)
= Qr(r − 1)kr−1.

If ‖v‖2 > k ≥ 1, note that
√
y ≤ ‖v‖2, and thus

Bu(v) ≤ Q
(
r(r − 2)‖v‖r−1

2 + r‖v‖r−1
2

)
.

Ju(v) - Jump part:

J u(v) =

∫
R

∥∥∥∥∥∥v +

ep
√
yξ

φyξ2

∥∥∥∥∥∥
r

2

− ‖v‖r2

 νL(dξ)

≤
∫
R

2r−1

‖v‖r2 +

∥∥∥∥∥∥
ep
√
yξ

φyξ2

∥∥∥∥∥∥
r

2

− ‖v‖r2
 νL(dξ)

=

∫
R

[
2r−1

(
‖v‖r2 +

(
(
√
yξ)2 + (φyξ2)2

)r/2)− ‖v‖r2] νL(dξ)

≤
∫
R

[
2r−1

(
‖v‖r2 +

(
‖v‖2ξ

2 + ‖v‖2
2(φξ2)2

)r/2)− ‖v‖r2] νL(dξ)

≤
∫
R

[
2r−1

(
‖v‖r2 + (‖v‖r/22 ∨ ‖v‖r2)‖(ξ, φξ2)‖r2

)
− ‖v‖r2

]
νL(dξ).
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If ‖v‖2 ≤ k, where k ≥ 1, we have (‖v‖r/22 ∨ ‖v‖r2) ≤ kr and altogether

J u(v) ≤ kr
∫
R

(
2r−1

(
1 + ‖(ξ, φξ2)‖r2

)
− 1
)
νL(dξ) = const. <∞.

If ‖v‖2 > k ≥ 1, we use (‖v‖r/22 ∨ ‖v‖r2) = ‖v‖r2 and get

J u(v) ≤ ‖v‖r2
∫
R

(
2r−1

(
1 + ‖(ξ, φξ2)‖r2

)
− 1
)
νL(dξ).

Adding the three parts together we get for ‖v‖2 ≥ 1:

Au(v) ≤ max{mA,−η}r‖v‖r2 + ‖v‖r−1
2 (βr +Q(r(r − 2) + r))

+ ‖v‖r2
∫
R

(
2r−1

(
1 + ‖(ξ, φξ2)‖r2

)
− 1
)
νL(dξ).

By assumption (5.5.1) there exists a constant c1 ≥ 0 such that

max{mA,−η}r‖v‖r2 + ‖v‖r2
∫
R

2r−1
(
1 + ‖(ξ, φξ2)‖r2

)
− 1 νL(dξ) ≤ −c1‖v‖r2.

Thereby we can �nd a constant K ≥ 1 big enough such that for ‖v‖2 > K we

have

Au(v) ≤ −c1‖v‖r2 + ‖v‖r−1
2 (βr +Q(r(r − 2) + r))

≤ −c(‖v‖r2 + 1),

where c > 0 is an appropriate constant. For ‖v‖2 ≤ K we can �nd a constant

d > 0 such that Au(v) ≤ d. Altogether we can conclude that

Au(v) ≤ −cu(v) + d1DK
,

where DK := {v ∈ Rd × R+ : ‖v‖2 ≤ K}. DK is a compact set and since by

assumption V is µ-irreducible, the support of µ having non-empty interior and

it is a weak Feller chain, it is also a petite set, see Proposition 2.12.
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Test function belongs to the domain:

Now we show that the chosen test function u(v) = ‖v‖r2 + 1, r ≥ 2 belongs to

the domain of the extended generator and Au has the claimed form. So we have

to show that for all initial values V0 = v and for all t ≥ 0 it holds that

Ex(u(Vt)) = u(v) + Ex
(∫ t

0

Au(Vs)ds

)
(5.5.4)

and

Ex
(∫ t

0

|Au(Vs)|ds
)
<∞ (5.5.5)

are ful�lled. We use the same procedure as in Chapter 3, Proof of Theorem 3.3.1,

3.3.3 and 3.3.4. To show (5.5.4) we show that

u(Vt)− u(V0)−
∫ t

0

Au(Vs)ds

is a martingale. Using Itô's formula we get

u(Vt)− u(V0)

=

∫ t

0

r ‖Vs−‖r−2
2 V>s−dV

c
s− +

∑
0<s≤t

u(Vs)− u(Vs)

+
1

2

∫ t

0

(
r(r − s)(X(p)

s− )2 ‖Vs−‖r−4
2 + r ‖Vs−‖r−2

2

)
σs−Qds,

(5.5.6)

where Q is the Gaussian covariance matrix. Thereby

u(Vt)− u(V0)−
∫ t

0

Au(Vs)ds

=

∫ t

0

r ‖Vs−‖r−2
2 X>s−epσs−dWs︸ ︷︷ ︸

(∗)

+

∫ t

0+

∫
Rd

u(Vs + (epσsξ, φσ
2
sξ

2)>)− u(Vs)(µ
V (dξ, ds)− νL(dξ)ds)︸ ︷︷ ︸

(∗∗)

,

where µV (dξ, ds) is the random measure associated to the jumps of V, having
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compensator νL(dξ)ds. This is a martingale, if (*) is a martingale and (**) is

a martingale if
∫ t

0+

∫
Rd [u(Vs + (epσsξ, φσ

2
sξ

2)>)− u(Vs)]µ
V (dξ, ds) is integrable,

because of the compensation formula, see [67, Corollary 4.5]. The integrability

we have already assumed above to write u(Vt)− u(V0) in the form (5.5.6).

(*) is a martingale, if

E
(∫ t

0

r2 ‖Vs‖2(r−2)
2

∥∥X(p)
s

∥∥2

2
‖σs‖2

2Qds

)
<∞.

For the integrand it holds that r2 ‖Vs‖2(r−2)
2

∥∥∥X(p)
s

∥∥∥2

2
‖σs‖2

2Q ≤ r2Q ‖Vs‖2r
2 and

applying the Burkholder-David-Gund inequality, see [89, Chapter IV.4], it is

su�cient to prove

E

[(∫ t

0

‖Vs‖2r
2 ds

) 1
2

]
<∞.

So (*) is a martingale due to the assumptions.

For the integrability condition of (**) we use the compensation formula and the

same observations as for the bound for the Foster-Lyapunov drift condition above

and obtain

E
(∫ t

0+

∫
Rd

[
u(Vs + (epσsξ, φσ

2
sξ

2)>)− u(Vs)
]
µV (dξ, ds)

)
= E

(∫ t

0+

∫
Rd

[
u(Vs + (epσsξ, φσ

2
sξ

2)>)− u(Vs)
]
νL(dξ)ds

)
≤
∫ t

0

c E(‖Vs‖r2)ds+ d t

for some constants c, d > 0. Applying Lemma 5.5.6 this is �nite.

It remains to show condition (5.5.5). By using the triangle inequality we consider

the three parts of the generator one after the other as we did it above:

|Au(v)| ≤ |Du(v)|+ |Bu(v)|+ |J u(v)|.

By assumption (5.5.1) all values of the real numerical range of A are negative

and thus |x>A>x| ≤ |mmin(A)| ‖x‖2
2, where mmin(A) denotes the minimum of the
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real numerical range of A. With that we get for the drift part:

|Du(v)| ≤ |x>Ax|r‖v‖r−2
2 + βr‖v‖r−2

2 y + ηr‖v‖r−2
2 y2

≤ |mmin(A)|‖x‖2
2r‖v‖r−2

2 + βr‖v‖r−2
2 y + ηr‖v‖r−2

2 y2

≤ |mmin(A)|r‖v‖r2 + βr‖v‖r−1
2 + ηr‖v‖r2.

For the di�usion part we combine the distinction of cases regarding ‖v‖2 of the

deduction of the Foster-Lyapunov drift and get

|Bu(v)| ≤ (‖v‖r−1
2 ∨ 1)Q(r(r − 1)

≤ (‖v‖r−1
2 + 1)Qr(r − 1).

Similiar we get for the jump part

|J u(v)| ≤
∫
R

∥∥∥∥∥∥v +

ep
√
yξ

φyξ2

∥∥∥∥∥∥
r

2

+ ‖v‖r2 νL(dξ)

≤
∫
R

2r−1
(
‖v‖r2 + (‖v‖r/22 ∨ ‖v‖r2)‖(ξ, φξ2)‖r2

)
+ ‖v‖r2 νL(dξ)

≤ ‖v‖r2
∫
R

(
2r−1

(
1 + ‖(ξ, φξ2)‖r2

)
+ 1
)
νL(dξ) + k2,

for a constant k2 > 0.

Merging the three parts we conclude

|Au(v)| ≤ c (‖v‖r2 + 1) = c u(v)

for a constant c > 0 and we get

E
(∫ t

0

|Au(Vs)|ds
)
≤ E

(∫ t

0

c u(Vs)ds

)
= c

∫ t

0

(E(‖Vs‖r2) + 1) ds <∞

by Lemma 5.5.6.
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Positive Harris recurrence and existence of demanded moments:

To show the positive Harris recurrence of V and the �niteness of the r-moments

of the stationary distribution we use some results for the skeleton chains. In [40,

Theorem 5.1] it is shown, that the Foster-Lyapunov condition for the extended

generator, as we have shown, implies a Foster-Lyapunov drift condition for the

skeleton chains. By the assumptions of µ-irreducibility and aperiodicity every

petite set is small, see Proposition 2.12. With that we can apply [20, Theorem

3.12] and get the positive Harris recurrence for every skeleton chain and the

�niteness of the r-moments of the stationary distribution. By de�nition the

positive Harris recurrence for every skeleton chain implies it also for V.

5.5.2 Proof of Lemma 5.5.6

Using ‖Vt‖r2 ≤ 2r−1(‖Xt‖r2 + ‖σ2
t ‖

r
2) and Lemma 3.3.7 for E(‖σ2

t ‖
r
2) it su�ces to

consider Xt. Using (5.3.6) we have

Xt = X0 +

∫ t

0

AXsds+

∫ t

0

epσs−dLs

and with that

‖Xt‖r2 = K

(
‖X0‖r2 +

∥∥∥∥∫ t

0

AXsds

∥∥∥∥r
2

+

∥∥∥∥∫ t

0

epσs−dLs

∥∥∥∥r
2

)
for a constant K = K(r) < 0. Applying [88, Theorem V.66] we get

E (‖Xt‖r2) = K

(
E (‖X0‖r2) + ‖A‖r2

∫ t

0

E(‖Xs‖r2)ds+

∫ t

0

E(‖σs−‖r2)ds

)
.

Using the locally boundedness of E(‖σs−‖r2) (see Lemma 3.3.7) and the �niteness

of E (‖X0‖r2) (by assumption) we can summarize this as

E (‖Xt‖r2) ≤ K1 +K2

∫ t

0

E(‖σs−‖r2)ds

104



5.5 Geometric ergodicity of CARMA-COGARCH processes

and we can apply Gronwall's inequality. Thus

E (‖Xt‖r2) ≤ K1e
Kst

and thereby the claim is proven.
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