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1. Introdution
Physicists have been fascinated by the phenomenon of BOSE-EINSTEIN condensation
(BEC1) since its theoretical prediction in 1924/25. In the seminal papers "PLANCKs
Gesetz und Lichtquantenhypothese" [1] as well as "Quantentheorie des einatomigen ide-
alen Gases" [2] S. N. BOSE and A. EINSTEIN, NOBEL Prize (NP) winner in 1921, dis-
cussed the consequences of the statistical indistinguishability of atoms, which affects the
thermodynamical properties of an ideal gas. A. EINSTEIN pointed out the possibility of
a new kind of phase transition that occurs in such a system at ultralow temperatures and
argued that this might lead to a novel state of matter. The rapid development of quantum
theory since the late 1920s led to enormous progress in understanding the properties of
superfluids and superconductors in the following decades. Superconductivity had been
observed in 1911 already by H. KAMERLINGH ONNES (NP 1913) but was not under-
stood at that time. This phenomenon could be explained by J. BARDEEN, L. N. COOPER

and R. SCHRIEFFERin the 1950s (BCS-theory, NP 1972) [3]. Superfluidity of liquid 4He
was discovered in 1937 independently by P. L. KAPITZA (NP 1978) on the one hand and
J. ALLEN and A. D. MISENERon the other hand. In 1938 F. LONDON came up with the
idea that superfluidity could be linked with BEC [4]. L. D. LANDAU (NP 1962) estab-
lished his two-fluid model for helium based on quantum hydrodynamics in 1941 and was
able to explain the spectrum of elementary excitations [3].The first microscopic theory
of interacting BOSE gases was developed by N. N. BOGOLIUBOV in 1947 [5], who pre-
sented a derivation of the corresponding phonon spectrum and introduced the mean-field
description. Quantized vortices in superfluids were predicted by L. ONSAGER as well as
R. P. FEYNMAN (NP 1965), and were observed experimentally in the 1950s [3,6]. With
the derivation of a mean-field equation by E. P. GROSSand L. P. PITAEVSKII in 1961
[7, 8], the dynamics of the macroscopic wave function could be described in terms of a
nonlinear SCHRÖDINGER-like equation.

While the preceding considerations mostly concerned the condensed matter commu-
nity, advanced mechanisms for cooling neutral particles became feasible since the 1970s
in atomic physics. By 1985, atomic beams could be slowed downby laser cooling, which
had been suggested by T. W. HÄNSCH (NP 2005) already in 1975. Thus, physicists were
able to cool down atoms to temperatures below 1 mK, and optical molasses could be
produced. Two years later, the first magneto-optical traps (MOT) for laser-cooled atoms
were established. These developments led to the NOBEL Prize in physics for S. CHU,

1We will use the acronym "BEC" both for the terms "BOSE-EINSTEIN condensation" as well as "BOSE-
EINSTEIN condensate".
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1. Introduction

C. COHEN-TANNOUDJI and W. D. PHILLIPS in 1997. Dilute atomic gases differ from
systems like liquid helium by their lower densities and collisional rates. Using the cool-
ing techniques described above as well as evaporative cooling, spin-polarized hydrogen
seemed to be the natural candidate to condense, as it remainsgaseous down to ultralow
temperatures. In the 1980s, J. T. M. WALRAVEN as well as D. KLEPPNER made large
progress on this area but failed to demonstrate BEC with spin-polarized hydrogen. For a
historical overview of the cooling techniques, see for example [9, 10, 11].

Finally, by the means of evaporative cooling the critical temperature (µK/nK-range)
and phase-space density for the onset of BOSE-EINSTEIN condensation could be reached
in dilute alkali vapors and was demonstrated in the laboratory in 1995 for the first time
by the groups of E. A. CORNELL and C. E. WIEMAN at JILA (87Rb) [12], and W. KET-
TERLE at the MIT (23Na) [13]. "For the achievement of BOSE-EINSTEIN condensation
in dilute gases of alkali atoms, and for early fundamental studies of the properties of the
condensates" CORNELL, KETTERLE and WIEMAN were awarded the NOBEL Prize in
2001. In contrast to superfluid Helium, in dilute atomic vapors BEC is not only observed
in momentum space, but in an inhomogeneous trapped gas in position space, and can
be studied more directly. Nowadays, BEC has been realized with the isotopes1H, 4He,
7Li, 23Na,41K, 52Cr (which has a significant magnetic dipole moment [14]),85Rb,87Rb,
133Cs and174Yb [15]. Typical numbers of particles in a BEC range from a fewhundred
to millions of atoms. Beautiful overviews of BEC in dilute atomic vapors and recent
developments are given in numerous review papers and some textbooks [16, 17, 18, 19].
Moreover, today the trapping and manipulation of condensates can be performed with
magnetic microtraps, which use miniaturized current conductors for generating mag-
netic fields of almost arbitrary geometry, and they can virtually be used as wave guides
[20]. In recent years, large progress has been made in studying various aspects of the
superfluid regime with atomic vapors. The quantum phase transition from a superfluid
state to a MOTT insulator in a gas of ultracold atoms has been predicted theoretically in
[21], and has been demonstrated in an experiment of I. BLOCH and T. W. HÄNSCH, us-
ing optical lattices [22]. Furthermore, effectively one-dimensional confinement has been
achieved, and thus the TONKS-GIRARDEAU regime [23] was reached. In addition to the
realization of ultracold bosonic gases, fermions have beensympathetically cooled down
to quantum degeneracy [24], and have been subject of theoretical studies [25]. By tun-
ing the scattering length via FESHBACH resonances, the investigation of the BEC-BCS
crossover became feasible and molecular condensates (6Li2) were observed [26, 27, 28].
Evidence for superfluidity of ultracold fermions in an optical lattice was reported most
recently [29].

On the one hand, the relevance of the wider subject of BEC is reflected in the fact that
numerous famous physicists, including NOBEL laureates, have dedicated their studies to
this topic. On the other hand, the annual number of publishedpapers which have the
words "BOSE" and "EINSTEIN" in their title, abstracts, or keywords has been increased
almost exponentially since 1995, and by 2002 around 700 articles on this subject were
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published per year [11].
We are now going to draw a bow from ultracold quantum gases to acompletely differ-

ent branch of physics – the theory of gravitation. Dropping toys on the floor is one of the
earliest childhood experiences and remains a source of endless joy. Modern physics, as
we know it today, is also based on the consequent pursuit of this naive amazement about
the gravitational attraction between material bodies. Thecontributions of G. GALILEI ,
I. NEWTON and A. EINSTEIN to the understanding of the free fall have fundamentally
changed the way we understand modern physics.

Figure 1.1.: Sir Isaac NEWTON (1643-1727) was supposed to be inspired for his ideas on gravity
by an apple dropping on his head [30].

Nowadays, the gravitational field of the Earth is under more intense scrutiny than ever
before. One research branch focuses on the complex geodynamics of the classical gravi-
tational field of the Earth. From tidal movements of the oceans and the atmospheric mass
flows to minute wobbling of the instantaneous rotational axis of the Earth due to liquid
core motion, all such effects have become measurable. This is either done with ground-
based gravitometers that measure the time-dependent localaccelerationg [31], Earth’s
rotation [32, 33], or in space where satellite-based geodesic measurements [34, 35, 36]
put tighter limits on the higher multipole moments of the gravitational potential [37].
Another research direction focuses more on the fundamentalaspects of gravity which
follows from general relativity, for example the current measurement of the gravito-
magnetic field with orbiting gyroscopes by the "Gravity probe B" experiment [38]. This
gravitational science on Earth and in space connects different branches of physics – on
the atomic, macroscopic and cosmological level. It is vigorously pursued by American,
Russian, European, as well as Chinese space agencies.

The discovery of BOSE-EINSTEIN condensation and fermionic superfluidity in dilute
atomic vapors has introduced new members to the family of superfluid condensed matter
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1. Introduction

systems. It is an outstanding feature of atomic vapors that they exist at the lowest possible
temperatures, i. e. on the nano- and pico-KELVIN scale, and their dynamic properties
can be engineered externally. These unique features are nowcombined in an experiment
to study BOSE-EINSTEIN condensates in micro-gravity. At the drop tower facility of
ZARM (Center of Applied Space Technology and Microgravity,University of Bremen,
Germany), the QUANTUS collaboration [39] currently focuses on the implementation
of a fully self-contained87Rb-BEC experiment that fits into a small drop capsule and
repeatedly falls over a distance of 100 m. This is performed inside an evacuated drop
tower tube and results in a residual gravitational acceleration of ∆g/g = 10−6. A status
report of the experiment is given in [40]. Recent progress was made within the ATKAT
project (a part of QUANTUS), when a freely falling magneto-optical trap was realized at
ZARM [41]. In order to establish this device, it was necessary to implement a small-sized
and mechanically stable laser system design.

Figure 1.2.: The drop tower of ZARM in Bremen, Germany [42].

The physics that can be explored with the falling BEC naturally splits into two topics.
First, one can consider the extension of atom interferometry [31, 43, 44, 45] for high-
precision inertial and rotational sensing. Due to the long unperturbed free-fall times of
up to 10 seconds, it can be expected that the precision of measurements can be improved
accordingly. Second, fundamental questions regarding thequantum nature of degenerate
gases can be studied. Due to the possibility of decreasing the trapping potential signif-
icantly in a micro-gravity environment without the need of external levitational fields
to compensate for gravity, lower ground state energies thanever reached before should
be accessible and the pico-KELVIN regime could be entered [46]. In the resulting giant
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condensates (10mm), it is possible to gain absolute controlof the macroscopic matter
wave, as optical readout and manipulation can be performed with very high relative spa-
tial resolution. Furthermore, a long-time unconstraint expansion of a BEC allows for a
measurement of the macroscopic wave function, its higher correlations [47] and probes
the very concept of long-range order. Exact symmetries of the system, such as the Kohn
mode [48, 49, 50] or the breathing mode [51], can be studied inunprecedented detail.

In this thesis we are going to provide an efficient theoretical description of cold quan-
tum gases subjected to a free-fall experiment. This requires the mapping between the
different possible reference frames used for observation.If we describe the dynamics of
a BEC on a numerical grid that rests in the comoving frame of the BEC wave packet, this
task becomes most simple. Moreover, we are going to study different aspects of matter
wave interferometry on the basis of a BEC with respect to gravitational and rotational
sensing. In addition, we are going to propose how a number filter for matter waves could
be implemented with an interferometric setup. With this device the uncertainty of the
number of atoms contained in a BEC could be stabilized. It would work efficiently in a
micro-gravity environment. Another important aspect of investigating quantum objects
is scattering. The dynamical response of a BEC has been the subject of intensive exam-
ination during the last decade. One part of this thesis will be devoted to the collective
scattering of a superfluid droplet impinging on a BOSE-EINSTEIN condensate as a target.
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2. Review of basi onepts inBose-Einstein ondensation
This chapter provides a brief theoretical background regarding BOSE-EINSTEIN conden-
sation, which is required in order to understand the main ideas and results presented in
this thesis. It is organized as follows: In the first section,we start from a field theoretical
many-particle description and motivate the mean-field approximation that provides an
effective and basic theory for trapped BECs. In addition, this is established for two-
component BECs. We introduce the THOMAS-FERMI regime in Section 2.2, which is
relevant in many laboratory experiments. In the third section, we demonstrate how a
simplified description of low-dimensional trapped condensates can be obtained. As an
alternative to the GROSS-PITAEVSKII equation, a hydrodynamic approach to the dynam-
ics of a BEC is briefly discussed in Section 2.4. While these considerations have been
made within the mean-field approximation, we explore a quantum-mechanical two-mode
approximation of a two-component BEC in the fifth section. Vorticity lies at the heart
of superfluidity. Section 2.5 is devoted to this topic. Finally, we deal with the linear
elementary excitation spectrum of a BEC within the mean-field approximation. This is
performed within a BOGOLIUBOV perturbational approach and can be applied to scatter-
ing theory, which will be treated later in this thesis.2.1. Quantum �eld theory in the mean-�eld limit
In this thesis, it is not intended to deal with the process of the phase transition of BOSE-
EINSTEIN condensation, nor with its thermodynamical aspects. In contrast, we will
assume that a condensed system is given and study different dynamical properties in-
cluding the manipulation of a condensate with light. This will reveal interesting physical
effects. We start from a field-theoretical description of a BOSE-condensed gas and estab-
lish the approximations that are necessary to handle this complex physical system. One
most suitable approximation will be the mean-field picture.2.1.1. Quantized atomi �elds
Before proceeding to the quantum field theoretical description, which is intrinsically tied
to the picture of second quantization, we will briefly revisit the most prominent relations
of first quantization. In general, the commutator of the position and momentum operators
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2. Review of basic concepts inBOSE-EINSTEIN condensation

r̂ andp̂ is

[r̂ , p̂] = ih̄1. (2.1)

In the remainder of this thesis, we will omit the hats for operators in first quantization,
e. g. writer andp. The derived commutation relation for the components of theangular
momentuml = r ×p satisfies the standard angular momentum algebra

[lk, l l ] = ih̄εklm lm, (2.2)

defined by the completely anti-symmetric LEVI-CIVITA tensorεklm as structure con-
stants. Most of the time, we will use the position representation in this thesis, hence
we will interchangeably refer tor andp = −ih̄∇∇∇ also as the operators of position and
momentum, when acting on HILBERT-space functions.

In order to incorporate the correct quantum statistics according to the PAULI principle,
we use the language of second quantization and introduce thebasic quantities in the
following. The field operator in the position representation will be denoted by ˆa(r), and
it annihilates a particle at the positionr , while its HERMITian conjugate ˆa†(r) creates it
there. In the present discussion, all operators are given inthe SCHRÖDINGER picture,
unless indicated otherwise. Thus, the quantum field satisfies a commutation relation for
bosons(−) and an anti-commutation rule for fermions(+)

[
â(r1), â

†(r2)
]
∓

= δ (r1− r2) , (2.3)

[â(r1), â(r2)]∓ =
[
â†(r1), â

†(r2)
]
∓

= 0.

For commutators, we will drop the "−" in the following.
Now, we can proceed to single-particle operators in FOCK space representing the

center-of-mass coordinatêR, the linear momentum̂P, as well as the angular momen-
tum L̂ and the total atom number̂N as

R̂ =
∫

d3r â†(r) r â(r), P̂ =
∫

d3r â†(r)p â(r),

L̂ =

∫
d3r â†(r) l â(r), N̂ =

∫
d3r â†(r) â(r).

(2.4)

Using the commutation or anti-commutation relation of Eq. (2.3), one can easily verify
that those operators form a closed algebra

[
R̂, P̂

]
= ih̄N̂, (2.5)

[
R̂, N̂

]
=
[
P̂, N̂

]
=
[
L̂ , N̂

]
= 0, (2.6)

[
R̂,ΩΩΩL̂

]
= ih̄ ΩΩΩ× R̂,

[
P̂,ΩΩΩL̂

]
= ih̄ ΩΩΩ× P̂. (2.7)

It is indicated by Eq. (2.6) that this algebra of EUCLIDean transformations can be re-
presented in theN-particle sector, andΩΩΩ represents an arbitrary rotational axis in three-
dimensional EUCLIDean space.
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2.1. Quantum field theory in the mean-field limit

In typical BEC experiments, as well as in recent experimentsinvolving degenerate
fermions, the particle densities are of the order of 1013 cm−3. Thus, we can express the
energy of a dilute atomic gas ofN particles in form of a cluster expansion

H(N)(t) =
N

∑
i=1

Hsp(r i ,pi , t)+
N

∑
i< j

Vp(r i − r j) (2.8)

in terms of single-particle HAMILTON ians Hsp(r ,p, t), pair-wise interaction potentials
Vp(ξξξ ) and, with decreasing relevance, higher order effects, which can be neglected here
[16, 18]. The recently discovered EFIMOV-resonances [52] represent a very unusual
exception to this rule, where genuine three-body effects become important. However, the
principle of translational invariance can still be assumedfor those potentials. However,
for the present discussion, we will disregard such peculiarities. Obviously, we want to
assume in here that the quantum dynamics of theN-particle state follows theN-particle
SCHRÖDINGERequation

ih̄
d
dt
|ψ〉N = H(N)(t) |ψ〉N. (2.9)

Now, if this is translated to the point of view of second quantization, one obtains the
standard HAMILTON operator

Ĥ(t) = Ĥsp(t)+V̂p,

Ĥsp(t) =
∫

d3r â†(r)Hsp(r ,p, t)â(r),

V̂p =
1
2

∫
d6r â†(r1) â†(r2)Vp(r1− r2) â(r2) â(r1).

(2.10)

In low-energy field theory, the pair potentialVp is often modeled not by a finite-range po-
tential, but it is assumed to be proportional to aδ -function. This is called the contact- or
pseudo-potential approximation. It is very useful in certain situations, but needs careful
consideration when going to higher order calculations [53]. For the present discussion,
we can postpone this question and simply demand translational invariance.

In principle, one can represent any state in FOCK space as

|ψ〉 =
∞

∑
N=0

∫
d3Nr |r1, . . . , rN〉〈r1, . . . , rN |ψ〉N,

|r1, . . . , rN〉 = â†(r1) . . . â†(rN) |v〉 ,
(2.11)

as a superposition of differentN-particle states|r1, . . . , rN〉 created out of the vacuum|v〉
and weighted by the properly symmetrized or anti-symmetrized N-particle amplitudes
ψ(N)(r1, . . . , rN) = 〈r1, . . . , rN |ψ〉N.

Proceeding formally, it is also well-known that the complex-valued LAGRANGian for
SCHRÖDINGERfields [54]

L [ψ(t), ψ̇(t), t] = 〈ψ(t)| ih̄ ∂
∂ t

− Ĥ(t) |ψ(t)〉 (2.12)
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2. Review of basic concepts inBOSE-EINSTEIN condensation

finally also leads via an EULER-LAGRANGE variational procedure

Π(t) =
δL

δψ̇
= ih̄ψ(t)∗, Π̇(t) =

δL

δψ
, (2.13)

to the SCHRÖDINGERequation in FOCK space

ih̄
d
dt

|ψ(t)〉 = Ĥ(t) |ψ(t)〉 . (2.14)

With this fundamental equation of motion, we have now established all the basic con-
cepts.

It is impossible to obtain a solution of the full many-body problem as outlined above.
Nevertheless, it is possible to get physical insight into this problem by making the fol-
lowing approximations. On the one hand, within the mean-field approximation field
operators ˆa(r) are replaced by classical complex amplitudesα(r , t). The correspond-
ing semi-classical equation of motion forα(r , t) is called the GROSS-PITAEVSKII (GP)
equation. It will be derived in the next subsection. In there, the statistical character of
the operators is neglected. On the other hand, the operator character can be accounted
for in a quantum mechanical few-mode approximation, where spatial inhomogeneity is
neglected and only the behavior of few modes is considered. We will discuss such a
situation later (Chapter 5).2.1.2. Mean-�eld approximation
In the case of a bosonic gas, the GROSS-PITAEVSKII equation provides a very successful
description of many dynamical and stationary properties ofthe BEC [17]. There are
various possibilities to derive the GP equation. The so-called mean-field description
originates from N. N. BOGOLIUBOV (1947), and the GP equation has been derived first
independently by E. P. GROSSand L. P. PITAEVSKII [7, 8].

The following considerations can be found in various reviewpapers, for example in
[17]. The bosonic field operators ˆa(r) andâ†(r) have been introduced in Eq. (2.3), and
we can decompose ˆa(r) in the form

â(r) = ∑
i
〈r |φi〉 âi, (2.15)

where [
âi, â

†
j

]
= δi, j ,

[
âi, â j

]
=
[
â†

i , â
†
j

]
= 0, (2.16)

and{|φi〉} is an orthonormal basis. In there, ˆai are the corresponding annihilation opera-
tors. Then, the many-particle state is given by|n0n1 . . .ni . . .〉, where the index "0" de-
notes the (one-particle) ground state, "1" corresponds to the first excited state and so
forth. ni is the respective occupation number. The onset of BEC is characterized by the
number of particles in the ground state becoming macroscopic (n0 ≡ N0 ≫ 1). In this

10



2.1. Quantum field theory in the mean-field limit

case,N0 ≈ N0+1 holds, and the operators ˆa0 as well as ˆa†
0 can be approximated by com-

plex numbers, ˆa0 ≈ â†
0 ≈

√
N0. This assumption is called "explicit symmetry breaking".

In there, the broken symmetry is the conservation of particle number, which corresponds
to theU(1)-gauge invariance, whose generators are the global phase transformations
Û = exp{−iN̂φ}. N̂ denotes the number operator andφ is a real-valued phase. At the
onset of BEC, we decompose

â(r) = α(r , t)+δ â(r , t), (2.17)

whereα(r , t) is a complex-valued function andδ â(r , t) is an operator-valued small per-
turbation. α(r , t) is often referred to as the "order parameter" or the "condensate wave
function". It has a well-defined phase, which corresponds toa broken gauge symmetry
of the many-particle system.

In order to derive the GROSS-PITAEVSKII equation, we start from HEISENBERG’s
equation for an operator̂A, which is time-independent in the SCHRÖDINGERpicture

i h̄
d
dt

ÂH(r , t) = [ÂH(r , t), ĤH(t)]. (2.18)

It can be obtained from the SCHRÖDINGER Eq. (2.14) and the Hamiltonian Eq. (2.10).
The representation of operators in the HEISENBERGpicture requires the introduction of
the time-ordered (T ) evolution operator

ÂH(r , t) = T̂†(t,0) Â(r) T̂(t,0), (2.19)

T̂(t,0) = T exp


− i

h̄

t∫

0

dτ Ĥ(τ)


 . (2.20)

In particular, one finds for the field operatorÂH(r , t) = âH(r , t)

ih̄
d
dt

âH(r , t) =
[
Hsp(r ,p, t)

+

∫
d3 ζ â†

H(ζζζ , t)Vp(ζζζ − r) âH(ζζζ , t)

]
âH(r , t).

(2.21)

Now, we apply the approximation Eq. (2.17), which is also consistent with the use of a
pseudo potential for the pair interaction, i. e.

Vp(ζζζ ) =
4π h̄2a

m
δ (ζζζ ) = κ δ (ζζζ ). (2.22)

It uses the s-wave scattering lengtha in vacuo. Furthermore,m denotes the mass of a
single particle. With these assumptions, one arrives at theGP equation

ih̄∂tα(r , t) =
[
Hsp(r ,p, t)+κ |α(r , t)|2

]
α(r , t), (2.23)

11



2. Review of basic concepts inBOSE-EINSTEIN condensation

when neglecting terms ofO(δ â).
We would like to point out that – although the GP equation resembles a nonlinear

SCHRÖDINGER equation – the condensate wave function has a different interpretation
as the SCHRÖDINGER wave function.α describes a collective mean wave function of
the many-particle system. The nonlinearity accounts for the mean-field that arises due
to the collective interaction among the identical bosons. Quantum-kinetic theories that
reach beyond the simplest mean-field theory have been introduced by various groups.
Some of them follow number-conserving approaches, e. g. [55], while others prefer the
assumption of symmetry-breaking as in [56].

The stationary GP equation can be obtained for a static confining potential, and we
make the ansatzα(r , t) = α(r)exp[−iµt/h̄], which yields

[
Hsp(r ,p)+κ |α(r)|2

]
α(r) = µα(r). (2.24)

If one seeks for the ground state,µ is the chemical potential. This can be understood
from a different derivation of the stationary GP equation. Consider the energy functional

E[α] = 〈Ĥ〉 =

∫
d3r

[
h̄2

2m
|∇∇∇α|2+V(r)|α|2+

κ
2
|α|4

]

= Ekin +Epot+Eint,

(2.25)

where the single-particle HAMILTON ian is expressed as

Hsp(r ,p) = Hsp(r ,−ih̄∇∇∇) = − h̄2∇∇∇2

2m
+V(r). (2.26)

In order to obtain the stationary GP equation, we follow the variational principle. We
assume thatα(r) is normalized to the number of particlesN, i. e.

N = 〈N̂〉 =
∫

d3r |α(r)|2. (2.27)

E andN are conserved quantities, and the stationary GP equation isobtained by mini-
mizing the expressionE−µ N,

δE−µ δN = 0. (2.28)

The LAGRANGE parameterµ is the chemical potential, which is well-known from the
relationµ = ∂E/∂N [17]. It corresponds to the amount of energy that the system gains
or loses, when a particle is added to the system, which is in its ground state. The chemical
potential is given by

µ =
Ekin +Epot+2Eint

N
. (2.29)

For the condensate wave function we obtain

α(r , t) = α(r)e−iµt/h̄ (2.30)

in the stationary case. This yields the GP equation
(
− h̄2∇∇∇2

2m
+V(r)+κ |α(r)|2

)
α(r) = µ α(r). (2.31)

12



2.1. Quantum field theory in the mean-field limit2.1.3. The Gross-Pitaevskii equation in saled variables
In most of the experimental situations, the confining potential can be modeled by a har-
monic oscillator potential to a very good approximation, i.e.

V(r , t) =
m
2

r⊤ ω2(t) r , (2.32)

whereω2(t) is a symmetric matrix and its eigenvalues correspond to the angular trap
frequencies in the three spatial directions. Throughout the whole thesis it will be conve-
nient to use scaled variables in order to simplify the notation. Moreover, this is of high
benefit for numerical studies. We devide the GP Eq. (2.23) byh̄ and substituter → r/l ,
t → t/T, ω → ωT, α → α

√
l3 anda→ a/l . In there,l andT imply a suitable length and

time scale, respectively. We illustrate this by means of an isotropic harmonic potential

V(r , t) = V(r) =
mω2 r2

2
(2.33)

with angular trap frequencyω. Then, the natural length scale is the oscillator length
l = aHO =

√
h̄/(mω) and the oscillator periodTHO = 1/ω defines a time scale. The GP

equation then reads

i ∂t α(r , t) =

(
−1

2
∇∇∇2+

r2

2
+4πa|α(r , t)|2

)
α(r , t) (2.34)

in scaled units.
If we consider a harmonic trapping potential with cylindrical symmetry,

V(r , t) = V(r,z) =
mω2

r r2

2
+

mω2z2

2
, (2.35)

we obtain the scaled GP equation

i ∂t α(r,z, t) =

[
−1

2

(
∂ 2

z +∂ 2
r +

1
r

∂r

)
+

1
2

z2+
1
2

γ2 r2 +κ|α(r,z, t)|2
]

α(r,z, t), (2.36)

whereaHO =
√

h̄/(mωz), γ = ωr/ωz, κ = 4π a (scaled). Without loss of generality, we
have expressed the equation in units of the longitudinal oscillator length and frequency,
respectively.2.1.4. Multi-omponent, vetor-valued oupledBose-Einstein ondensates
Atoms have a complex internal structure, arising from the electrons as well as the nucleus
that are interacting. Thus, the state of an atom has numerousdegrees of freedom. In
a BOSE-EINSTEIN condensate the ground state is populated macroscopically.Still, in
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2. Review of basic concepts inBOSE-EINSTEIN condensation

alkali atoms there are a few possible ground states, i. e. different hyperfine states [57,
58]. All these states can be BOSE-condensed. Moreover, they may be coupled by an
electromagnetic field. This can be performed using laser fields. We will here restrict
ourselves to two internal degrees of freedom, which will be denoted by the indiceseand
g, respectively.

Henceforth, the inclusion of these inner states in the definition of the field operators is
required. These operators are denoted by ˆaµ(r), µ ∈ {e,g}, and satisfy the commutation
relation

[âµ(r1), â
†
ν(r2)] = δµ,ν δ (r1− r2). (2.37)

The pair potential̂Vp, which is assumed to be local and exhibits translational invariance,
can be written as [59]

V̂p =
1
2

∫
d6r ∑

µ1..µ4=e,g
Vµ1µ2µ3µ4

p (r1− r2)

â†
µ1

(r1) â†
µ2

(r2) âµ3(r2) âµ4(r1).

(2.38)

The elements ofVµ1µ2µ3µ4
p are linked to the self-species and cross-component scattering

lengths of the atom in the different states. In87Rb these quantities are – to a good approx-
imation – all equal, with a deviation of 3-4% [60], so we can neglect the higher multipole

contributions beyond the monopole (J=0) term,Vµ1µ2µ3µ4
p ≈ δµ1,µ3δµ2,µ4δµ1,µ2V

(J=0)
p .

This leaves us with writinĝVp approximately as

V̂p =
1
2

∫
d6r ∑

µ,ν
â†

µ(r1) â†
ν(r2)V(0)

p (r1− r2) âν(r2) âµ(r1)

=
1
2

∫
d6r n̂(r1)(n̂(r2)−δ (r1− r2))V(0)

p (r1− r2).

(2.39)

We made use of Eq. (2.37), and introduced the total particle density

n̂(r) ≡ ∑
µ=e,g

â†
µ(r) âµ(r). (2.40)

We would like to point out that due to our assumptionsV̂p is now SU(2) invariant [61],
which will turn out to be useful later in Section 3.4.

A slightly more complicated situation arises, if the scattering lengths for atoms in
different states are not identical. Nevertheless, the pairpotential, Eq. (2.38), can be
expressed in a simplified way and reads

V̂p =
1
2

∫
d6r ∑

µ,ν
â†

µ(r1) â†
ν(r2)Vµν

p (r1− r2) âν(r2) âµ(r1), (2.41)

where the different scattering properties of the distinct species are accounted for in
Vµν

p (r1− r2) [59]. In the following, we will use the more general expression Eq. (2.41)
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2.1. Quantum field theory in the mean-field limit

for the pair potential, and point it out explicitly if we makethe approximation as in
Eq. (2.39).

The two internal states can be coupled by a classical, traveling-wave electromagnetic
field (e. g. a laser field) via electric dipole interaction [62]. The strength of the coupling
is determined by the RABI frequencyΩ(t), which may be time-dependent if the laser is
pulsed.∆ denotes the detuning of the laser with respect to the resonant transition between
the two levels. As usual, we have switched to an interaction picture oscillating with the
laser frequency [62]. In Appendix A.1, we briefly review thisapproach.

In order to describe the dipole interaction of identical particles in the language of
second quantization, we introduce the operators

Ŝi = ∑
µ,ν=e,g

∫
d3r â†

µ(r)s(i)
µν âν(r) (2.42)

with the spin-1/2-matricess(i), i ∈ {1,2,3}, Appendix A.2.3. Explicitly, the operators
read

Ŝ1 =
h̄
2

∫
d3r
[
â†

e(r)âg(r)+ â†
g(r)âe(r)

]
,

Ŝ2 = i
h̄
2

∫
d3r
[
â†

e(r)âg(r)− â†
g(r)âe(r)

]
, (2.43)

Ŝ3 =
h̄
2

∫
d3r
[
â†

g(r)âg(r)− â†
e(r)âe(r)

]
.

These operators fulfill the commutation relations of the angular momentum algebra for
spin-1/2-particles and therefore represent the SU(2) symmetry. The relation

[
Ŝi , Ŝj

]
= iεi jkŜk (2.44)

holds. In other words, the properties of the PAULI matrices translate to the picture of
second quantization. Moreover, we can decompose

Ŝ1 =
h̄
2

[∫
d3r â†

e(r)âg(r)+

∫
d3r â†

g(r)âe(r)
]
≡ Ŝ+ + Ŝ−. (2.45)

Note that all the operatorŝR, P̂ andL̂ , Eq. (2.4), commute witĥSi , Eq. (2.43), i. e.
[
Ŝi , N̂

]
=
[
Ŝi, R̂

]
=
[
Ŝi , P̂

]
=
[
Ŝi , L̂

]
= 0. (2.46)

We are now able to write down the full many-body HAMILTON ian, containing the
one-particle external dynamics (Ĥsp), the one-particle internal two-level dynamics (V̂d),
describing the interaction between matter and light, and the two-particle collisions (̂Vp),

Ĥ = (Ĥsp+V̂d)+V̂p. (2.47)

In there,

Ĥsp= ∑
µ=e,g

∫
d3r â†

µ(r)Hspâµ(r). (2.48)

15



2. Review of basic concepts inBOSE-EINSTEIN condensation

Hsp can be chosen as in Eq. (2.26). Note that we assume identical external trapping
potentials for both internal states. This can be realized inoptical traps.V̂d is given by

V̂d = V̂d(t) =
[
Ω(t) Ŝ+ +h.c.

]
+∆ Ŝ3. (2.49)

Now we are in the position to perform the mean-field approximation for this cou-
pled two-component BEC. Proceeding analogously as in Section 2.1.2, we start from the
HEISENBERGequation Eq. (2.18) for the field operator ˆaµ,H(r , t), whereµ ∈ {e,g} and
the indexH gives reference to the HEISENBERG picture. According to Eq. (2.22) we
assume

Vµν
p (ζζζ ) =

4π h̄2aµν

m
δ (ζζζ ) = κµν δ (ζζζ ), (2.50)

whereaµν are the same-species (µ = ν) and cross-component (µ 6= ν) s-wave scattering
lengths,aµν = aνµ . Putting this into HEISENBERG’s equation of motion and performing
the mean-field approximation, we arrive at the coupled two-component GP equation

ih̄∂t

(
αe(r , t)
αg(r , t)

)
= Hmf

(
αe(r , t)
αg(r , t)

)
, (2.51)

Hmf =

(
Hsp(r ,p, t)+ h̄∆+ve(r , t) h̄Ω(t)

h̄Ω∗(t) Hsp(r ,p, t)+vg(r , t)

)
, (2.52)

vµ(r , t) = κµµ |αµ(r , t)|2+κµν |αν(r , t)|2, µ 6= ν. (2.53)

Note that we have deliberately shifted the zero energy byh̄∆/2. Moreover, this equation
can be expressed with scaled quantities accordingly, as shown in Section 2.1.2. Eq. (2.51)
is also known from the internal JOSEPHSONeffect [63]. The formalism given above can
be generalized to position-dependent RABI frequenciesΩ(r , t) straightforwardly.

Again, the stationary GP equation can also be obtained from the corresponding energy
functional, which reads

E[ααα] =
∫

d3r

[
h̄2

2m
|∇∇∇αe|2+(V(r)+ h̄∆)|αe|2+

κee

2
|αe|4

+
h̄2

2m
|∇∇∇αg|2+V(r)|αg|2+

κgg

2
|αg|4+κeg|αe|2|αg|2

+h̄Ω(t)α∗
e αg+c.c.] .

(2.54)

2.2. Healing length and Thomas-Fermi limit
The GP Eq. (2.23) contains three energy contributions, namely a kinetic, a potential and
an interaction part. If a BEC is confined within an infinitely deep square-well potential,
the order parameterα must vanish at the borders. The length scale on which the density
is assuming the value of the bulk density is called the healing lengthξ . The kinetic
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2.3. Low-dimensional condensates

energy per particle is then̄h2/(2mξ 2), and by equating it with the interaction energy
κ|α|2, we obtainξ = 1/

√
8πna [17, 18], wheren is the bulk density.

For repulsive interaction, i. e. positive scattering length, the particles have a larger
mean distance than in a non-interacting gas. For sufficiently high particle numbers and
hence densities, the nonlinearityκ|α|2 becomes dominant with respect to the kinetic
energy that scales inverse to the square of the distance. Forsufficiently high coupling
constants (i. e. scattering lengths) and particle densities, the kinetic energy can be ne-
glected within the bulk. This is known as the THOMAS-FERMI approximation [17]. For
static isotropic potentials, the condensate wave functioncan then be determined easily
and reads

|α(r)| =





√
µ−V(r)

κ , V(r) < µ
0, else

(2.55)

where the equationV(r = RTF) = µ defines the THOMAS-FERMI radiusRTF. This can
be generalized straightforwardly to anisotropic potentials [17].2.3. Low-dimensional ondensates
In many branches of physics low-dimensional systems play animportant role, since par-
ticular degrees of freedom can be effectively frozen and essential physical mechanisms
can be isolated. Theoretical considerations lead to the conclusion that BOSE-EINSTEIN

condensation does not exist in homogeneous two- and one-dimensional gases [64, 65].
Nevertheless, in trapped systems, a quasi one-dimensionalor quasi two-dimensional
situation can be achieved, when making use of highly anisotropic confining potentials
[66, 67]. In the directions of tight confinement, typical trap frequencies are of the order
of 100 Hz up to several 100 kHz, whereas in the directions of low confinement the fre-
quencies are of the order of several Hz. If we assume traps with cylindrical symmetry,
the confining potential can be written in the form

V(r,z) =
mω2

r r2

2
+

mω2
z z2

2
, (2.56)

whereωr andωz denote the angular frequencies in the radial and longitudinal directions,
respectively. Then, a quasi one-dimensional prolate ("cigar-shaped") or a quasi two-
dimensional oblate ("pancake-like") situation is feasible. Yet, the quasi one-dimensional
BEC regime (weakly interacting gas) has to be distinguishedclearly from the strongly
interacting TONKS gas of impenetrable bosons [66, 68].

If Rr andRz denote the radial and the axial half-lengths, respectively, the relations
Rz > ξ > Rr andRr > ξ > Rz hold for extremely prolate and oblate trap configurations,
respectively. In there,ξ is the healing length. In harmonic traps this impliesµ . h̄ωt ,
whereµ denotes the chemical potential andωt is the angular trap frequency in direction
of tight confinement. The considerations of this section canbe directly extended to the
case of a two-component BEC, cf. Section 2.1.4, as well.
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2. Review of basic concepts inBOSE-EINSTEIN condensation2.3.1. Quasi one-dimensional BEC
We consider a highly elongated BEC, i. e.ωr ≫ ωz. To a good approximation, the con-
densate wave function factorizes into the ground state of the two-dimensional harmonic
oscillator in radial direction and the remaining one-dimensional condensed partα(z, t)
in longitudinal direction. Withγ = ωr/ωz and projecting out the radial part, we obtain
the scaled quasi one-dimensional GP equation

i∂tα(z, t) =

(
−1

2
∂ 2

z +
1
2

z2+ κ̄|α(z, t)|2
)

α(z, t), (2.57)

where κ̄ = 2γa. We note that the scattering lengths are renormalized. In the scaled
equation we have 4πā as coupling constants in the three-dimensional case and 2γā in
the quasi one-dimensional situation, i. e. the ratio of the coupling constants (1d:3d) is
γ/(2π). As length scale we choseaHO =

√
h̄/(mωz) and as time scaleTHO = ω−1

z ,
accordingly.2.3.2. Quasi two-dimensional BEC
In a similar way, we assumeωz ≫ ωr for a quasi two-dimensional condensate. By fac-
torizing the one-dimensional harmonic oscillator in longitudinal direction and again pro-
jecting out this degree of freedom, we obtain

i∂tα(r, t) =

(
−1

2
∂ 2

r − 1
2r

∂r +
1
2

r2+βa|α(r, t)|2
)

α(r, t) (2.58)

for the quasi two-dimensional order parameterα(r, t) andβ =
√

8πωz/ωr .2.4. Hydrodynami desription
In this section, we present the hydrodynamic description [17] of the dynamics of a two-
component BEC within the mean-field approximation. Starting from the GP Eq. (2.51),
we decompose the field into density and phase

αµ(r , t) =
√

nµ(r , t)eiφµ(r ,t), µ ∈ {e,g}, (2.59)

wherenµ(r , t) corresponds to the density of particles in theµ-state andφµ(r , t) to the
phase, respectively.

Separating the time evolution of the phases from that of the densities, we obtain the
hydrodynamic equations

∂tφµ(r , t) = −1
h̄

{
V(r , t)+vµ(r , t)+δe,µ h̄∆+ h̄|Ω(r , t)|

√
nν(r , t)
nµ(r , t)

cosδφ(r , t)

− h̄2

2m

[
∇∇∇2√nµ(r , t)√

nµ(r , t)
−
(
∇∇∇φµ(r , t)

)2
]}

, µ 6= ν,

(2.60)
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2.5. Topological excitations – vortices inBOSE-EINSTEIN condensates

and

∂t nµ(r , t) =− h̄
m

∇∇∇
[
nµ(r , t))∇∇∇φµ(r , t)

]
+(−1)δe,µ 2|Ω(r , t)|

√
ne(r , t)ng(r , t) sinδφ(r , t),

(2.61)
whereµ 6= ν, δφ(r , t) = φ(r , t)+φe(r , t)−φg(r , t), andδe,µ denotes the KRONECKER

symbol. In there, we wroteΩ(r , t) = |Ω(r , t)|eiφ(r ,t). Eq. (2.61) is known as the continu-
ity equation. We note that with the velocity

uµ(r , t) =
h̄
m

∇∇∇φµ(r , t) (2.62)

we obtain (µ 6= ν)

m∂t uµ(r , t) = −∇∇∇
[

1
2

muµ(r , t)2+V(r , t)+δe,µ h̄∆+vµ(r , t)

+h̄|Ω(r , t)|
√

nν(r , t)
nµ(r , t)

cosδφ(r , t)− h̄2

2m

∇∇∇2√nµ(r , t)√
nµ(r , t)

]
.

(2.63)

This expression corresponds to the EULER equation of motion of an irrotational super-
fluid [17, 69]. In there, besides the kinetic and potential energy terms,vµ(r , t) cor-
responds to the pressure and the contribution−h̄2/(2m)(∇∇∇2√nµ)/

√
nµ is the so-called

quantum pressure, which does not occur in classical fluid dynamics.2.5. Topologial exitations � vorties inBose-Einstein ondensates
The superfluid properties of a BEC stand out most clearly, when considering its rota-
tional properties. It is well-known that in superfluid helium there are only vortices with
quantized circulation. The same phenomenon can be observedin BOSE-EINSTEIN con-
densates of dilute atomic vapors. R. P. FEYNMAN , E. P. GROSS, L. P. PITAEVSKII , as
well as A. L. FETTER have been pioneers in this subject [6, 7, 8, 70]. Within the mean-
field approach, a quantized vortex along thez-axis can be described with the ansatz
[17, 19]

α(r) = e−il ϕαv(r,z) , (2.64)

whereα(r) satisfies the stationary GP Eq. (2.24),l ∈Z andϕ is the azimuth angle around
the z-axis. In there, we introduced cylindrical coordinates(r,ϕ,z) again. l is required
to be an integer to guarantee the continuity ofα(r). Moreover, the angular momentum
h̄ l can be attributed with the vortex state. Applying the ansatzEq. (2.64) to the GP
Eq. (2.24), we find

[
− h̄2

2m

(
∂ 2

r +
1
r

∂r +∂ 2
z − l2

r2

)
+κ |αv(r,z)|2

]
αv(r,z) = µ αv(r,z). (2.65)
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The termh̄2 l2/(2mr2) gives rise to a centrifugal potential. A vortex state is an elemen-
tary excitation of a BEC, i. e. it has more energy than the ground state. Nevertheless, for
|l |= 1 it is a stable state due to its different topology (winding number6= 0, whereas the
ground state has winding number 0).

After the experimental realization of BEC itself, tremendous efforts have been fo-
cused on the creation of topological and solitary excitations of condensates. Especially,
alternative methods for the creation of vortices have stirred the minds, as the traditional
"rotating-the-squeezed-bucket" procedure was not successful, initially. Thus, the first
fruitful proposal to create a vortex involved a rapidly rotating Gaussian laser beam entan-
gling the external motion with internal state RABI -oscillations [71]. Later, condensates
were stirred up mechanically [72] and evaporative spin-up techniques created vorticity
[73]. Due to larger asymmetries in the trapping potentials that can be achieved nowa-
days, vortices are now predominantly created with the stirring method and fascinating
ABRIKOSOV lattices containing up to 300 vortices have been made [74, 75]. Recently,
vortex lattices of superfluid fermions have been observed [76].

In [77], an alternative scheme of creating a vortex in a superfluid BEC with three
internal states is proposed. This work is originated in the master’s thesis of the author
[78]. We will use this scheme to create a superposition of a vortex state and a non-rotating
state in Chapter 4.3. Thus, a rotational sensor can be established.2.6. Linear response analysis for multi-omponentBECs
In the Section 2.1 we have motivated the mean-field approach and examined the proper-
ties of the ground state of a condensate. In a next step, we would like to study the
linear response of a stationary BEC to small perturbations.This yields the BOGOLIU-
BOV excitation spectrum [5, 18]. The original BOGOLIUBOV quasi-particle approach
in homogeneous systems was performed in momentum space. Fortrapped particles,
the inhomogeneity must be accounted for, and thus a description in coordinate space is
required.2.6.1. One-omponent BEC
We start again from HEISENBERG’s equation of motion for the field operator ˆaH(r , t),
Eq. (2.21), and make the ansatz

âH(r , t) = e−iµt/h̄
[
α(0)(r)+δ âH(r , t)

]
. (2.66)

In there,µ is the chemical potential, corresponding to the ground state of the stationary
GP Eq. (2.24), and we assume thatδ âH(r , t) is a small quantized perturbation to the
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2.6. Linear response analysis for multi-component BECs

ground stateα(0)(r). More explicitly, we write

δ âH(r , t) = ∑
ε j>0

[
β̂H, j(t)u(ε j , r)e−iε j/h̄ t + β̂ †

H, j(t)v∗(ε j , r)eiε j/h̄ t
]
. (2.67)

The particle- and hole-like mode functions are denoted byu(ε j , r)≡ u j andv(ε j , r)≡ v j ,
respectively. Moreover, the quasi-particle field amplitudes β̂H, j(t) fulfill the standard
bosonic commutation relation

[β̂H, j(t), β̂ †
H, j(t)] = δi, j , (2.68)

[β̂H, j(t), β̂H, j(t)] = [β̂ †
H, j(t), β̂

†
H, j(t)] = 0. (2.69)

This yields the normalization condition (εi > 0)
∫

d3r
[
u∗(εi, r)u(ε j , r)−v∗(εi, r)v(ε j , r)

]
= δi, j . (2.70)

Applying the ansatz from Eqs. (2.66) and (2.67) to HEISENBERG’s Eq. (2.21), we
obtain the BOGOLIUBOV-DE GENNES equations1, which can be written in the form

[
− h̄2σ3

2m
∇∇∇2+

(
VB M
−M∗ −VB∗

)](
u j

v j

)
= ε j

(
u j

v j

)
, (2.71)

VB = V(r)+2κ |α0|2−µ, M = κ α0
2, σ3 =

(
1 0
0 −1

)
, (2.72)

if the stationary GP Eq. (2.24) holds forα(0)(r). In order to derive this result, we have
collected terms proportional toe±i ε j/h̄ t. Moreover, we have dropped terms ofO(δ â2).
Thus, we are left with a linear stationary problem. Note thatat this stage the mode
functionsu j andv j are uncoupled. The operator character ofβ̂ j ,H(t) did not play any
role in first order, when deriving the BOGOLIUBOV modes. We could also have started
at the GP level, using a linear response in terms of complex amplitudesβ j(t). More
precisely, we consider the time-dependent GP equation

ih̄∂tα(r , t) =

[
− h̄2

2m
∇∇∇2+V(r)+κ|α(r , t)|2

]
α(r , t). (2.73)

With

α(r , t) = e−iµt/h̄

[
α0(r)+ ∑

ε j>0

(
β j(t)u(ε j, r)e−iε jt/h̄ +β ∗

j (t)v∗(ε j , r)eiε jt/h̄
)]

, (2.74)

we essentially obtain Eq. (2.71), whereβ j(t) are now classical amplitudes. Note that the
modesβ j(t) are time-independent in the linear approximation, i. e.∂tβ j = 0.

Making use of the linear response of a BEC, a stationary elastic scattering process
with a weak perturbation can be studied. There is no exchangeof energy or momentum,
since the quasi-particle modes are not coupled. We will study elastic collective resonance
scattering on a BEC later.

1In the following we will refer to these equations as the BOGOLIUBOV equations for means of briefness.
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2. Review of basic concepts inBOSE-EINSTEIN condensation2.6.2. Two-omponent BEC
For a two-component BEC the linear response can be calculated in the same way as out-
lined in the previous subsection. Starting from the corresponding GP Eq. (2.51), we make
the stationary BOGOLIUBOV ansatz with particle-likeu(ε j , r) = u j =(ue(ε j , r),ug(ε j , r))⊤

and hole-likev(ε j , r) = v j = (ve(ε j , r),vg(ε j , r))⊤ excitations

ααα(r , t) = e−i µ t/h̄

[
ααα(0)(r)+ ∑

ε j>0

(
β j(t)u(ε j , r)e−i ε j t/h̄+β ∗

j (t)v∗(ε j , r)ei ε j t/h̄
)]

,

whereµ is the chemical potential of the spinorial ground stateααα(0) = (α(0)
e ,α(0)

g )⊤ and
ε j is the excitation energy. This perturbation to Eq. (2.51) yields the four-dimensional
BOGOLIUBOV equations

ΣB
(

u j

v j

)
= ε j

(
u j

v j

)
, ΣB =

[
− h̄2σ3

2m
∇∇∇2+

(
VB M
−M∗ −VB∗

)]
, (2.75)

M =

(
κeeα(0)2

e κegα(0)
e α(0)

g

κegα(0)
e α(0)

g κggα(0)2
g

)
, σ3 =

(
1 0
0 −1

)
,

VB =

(
VHF

e (r) Ω(r)+κegα(0)
e α(0)∗

g

Ω∗(r)+κegα(0)∗
e α(0)

g VHF
g (r)

)
,

VHF
e (r) = Ve(r)+2κee|α(0)

e |2+κeg|α(0)
g |2−µ,

VHF
g (r) = Vg(r)+κeg|α(0)

e |2+2κgg|α(0)
g |2−µ,

where the modes for differentj decouple again. Note that we have replaced the external
potentialV(r), which is identical for both internal states, by the two individual stationary
trapping potentialsVe(r) andVg(r). It is possible to implement different confining poten-
tials for the single states in magnetic traps. The detuning∆ is absorbed in the definition
of Ve(r).

The linear response energy matrixΣB in Eq. (2.75) has the same structure as in the
BOGOLIUBOV equations in case of a one-component condensate. It is symplectic and
has a real-valued spectrum of pairwise positive and negative eigenvalues [79, 80]. The
latter fact is realized easily by considering

σ2

[
− h̄2σ3

2m
∇∇∇2+

(
VB M
−M∗ −VB∗

)]
σ2 σ2

(
u j

v j

)
= ε j σ2

(
u j

v j

)
, (2.76)

σ2 =

(
0 1

1 0

)
, σ2

2 = 1,

which yields
[
− h̄2σ3

2m
∇∇∇2+

(
VB∗ M∗

−M −VB

)]∗(
v j

u j

)∗
= −ε j

(
v j

u j

)∗
. (2.77)

Hence, the roles ofu j andv j effectively exchange when changing the sign ofε j .
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2.7. Beyond the mean-field limit –HAMILTON ians with few quantized modes2.7. Beyond the mean-�eld limit � Hamiltonianswith few quantized modes
So far, we have neglected the statistical character of the field operators. Now, we would
like to follow a different approach and establish the quantum mechanical two-mode ap-
proximation of the HAMILTON ian Eq. (2.47). A prominent example for an application
is provided by a BEC trapped in a double-well potential, where two spatially separated
modes can be defined [81]. In our approach, these modes are notnecessarily separated
in space, but they correspond to the two internal states of a two-component BEC. An
overview of BEC in a two-state system is given in [82].

Let us assume that the BEC is spatially homogeneous in the axial directionz, i. e. there
is a very weak confinement in this direction, while there is tight confinement in the radial
directionr (cigar-shaped configuration). Hence, the ground state of the harmonic oscil-
lator factorizes in radial direction (cf. Section 2.3.1). Furthermore, we assume that only
two quantum mechanical modes are significantly populated. We would like to represent
these modes by the operators ˆg andê. We assume that one mode is initially populated by
some physical mechanism and the other mode can be occupied bya coupling laser field,
as in Section 2.1.4. For the RABI frequency, we choose a plane traveling wave ansatz
Ω(r , t) = Ω(t)exp[ikz] with the wave numberk.2.7.1. The Josephson Hamiltonian
If the assumptions made above hold, the ansatz for the field operators reads

âe(z) = êeikez+δ âe(z), (2.78)

âg(z) = ĝeikgz+δ âg(z), (2.79)

where we demand that the coupling to other modes is small at the relevant time scale and
therefore neglectδ âµ , µ ∈ {e,g} from now on.êandĝ satisfy the commutator relations

[
ê, ê†

]
=
[
ĝ, ĝ†

]
= 1, (2.80)

and the commutators of the remaining combinations vanish. We can now express the
HAMILTON ian, Eq. (2.47), via

Ĥ(t) = Ĥ2-mode(t)+δ Ĥ(t) (2.81)

with

Ĥ2-mode(t) =

(
k2

e

2
+∆
)

n̂e+
k2

g

2
n̂g+(Ω(t) ê† ĝ+h.c.)

+
1
2

κ̄een̂e(n̂e−1)+
1
2

κ̄ggn̂g(n̂g−1)+ κ̄egn̂en̂g,

(2.82)
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2. Review of basic concepts inBOSE-EINSTEIN condensation

if kg+k = ke (conservation of momentum). Note that we used accordingly scaled quan-
tities. Moreover, ˆnµ = µ̂†µ̂ ,µ ∈ {e,g} denotes the particle number operators of the two
modes, respectively.δ Ĥ(t) is of O(δ âµ) and is therefore disregarded in the following.
Ĥ2-modeis essentially the JOSEPHSONHAMILTON ian [82], which conserves the particle
number,

[Ĥ2-mode, N̂] = 0, (2.83)

whereN̂ = n̂e+ n̂g. It is acting on a general two-mode state

|ψ〉 =
∞

∑
Ne,Ng=0

ψ(Ng,Ne)
∣∣Ng,Ne

〉
(2.84)

with the two-mode FOCK state
∣∣Ng,Ne

〉
and the amplitudesψ(Ne,Ng). If we assume a

fixed particle numberN in the system, we obtain

|ψ〉 =
∞

∑
Ne,Ng=0

ψ(Ng,Ne)δ (N̂−N)
∣∣Ng,Ne

〉
=

N

∑
n=0

ψN(n) |n,N−n〉 , (2.85)

making use of the relation̂N
∣∣Ng,Ne

〉
= (Ng+Ne)

∣∣Ng,Ne
〉
.2.7.2. Semilassial approximation

We are now interested in the semiclassical or mean-field approximation ofĤ2-mode. This
time, we follow an alternative approach and make use of the expectation value of the
HAMILTON ian in a coherent state|ααα〉 =

∣∣αg,αe
〉

(number symmetry breaking in FOCK

space) withαν ∈ C. |ααα〉 is defined by

ĝ|ααα〉 = αg |ααα〉 , ê|ααα〉 = αe|ααα〉 . (2.86)

The semiclassical HAMILTON ian then reads

Hmf
2-mode(ααα,ααα∗) = 〈ααα| Ĥ2-mode|ααα〉

=

(
k2

e

2
+∆
)
|αe|2+

k2
g

2
|αg|2+(Ω(t)α∗

e αg+c.c.)

+
1
2

κ̄ee|αe|4+
1
2

κ̄gg|αg|4+ κ̄eg|αe|2 |αg|2.

(2.87)

Now, the equation of motion, which will turn out to be the coupled GP equation,
can be obtained by applying the classical HAMILTON formalism [83]. The canonical
momentum is given byπππ = i ααα∗. Hence, we can express

|αe|2 = −i πeαe, |αg|2 = −i πg αg. (2.88)

Then

H̄mf
2-mode(ααα,πππ) = −

k2
g

2
i πgαg−

k2
e

2
i πeαe−

1
2

κ̄ggπ2
g α2

g −
1
2

κ̄eeπ2
e α2

e − κ̄egπeπg αeαg.

(2.89)
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2.7. Beyond the mean-field limit –HAMILTON ians with few quantized modes

The semi-classical HAMILTON ian equation of motion for each mode is given by

∂tαν =
{

αν , H̄mf
2-mode

}
ααα,πππ

≡ ∑
µ=e,g

{
∂αν
∂αµ

∂ H̄mf
2-mode

∂πµ
− ∂αν

∂πµ

∂ H̄mf
2-mode

∂αµ

}
, (2.90)

where we introduced POISSON brackets [83]. This yields the coupled two-component
GP equation

i ∂t

(
αe

αg

)
=

(
k2

e
2 +∆+ v̄e Ω(t)

Ω∗(t)
k2

g
2 + v̄g

)(
αe

αg

)
, (2.91)

v̄µ = κ̄µµ |αµµ |2+ κ̄µν |αν |2, ν,µ ∈ {e,g}, ν 6= µ. (2.92)

This equation corresponds to the accordingly scaled coupled two-component GP Eq. (2.51)
expressed in momentum space, for a vanishing trapping potential.
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3. Cold quantum gases inmiro-gravity
Micro-gravity experiments with ultracold quantum gases provide a basis for extended
interferometric high-precision inertial and rotational sensing, as pointed out in the Intro-
duction. Moreover, we argued that fundamental questions regarding the quantum nature
of degenerate gases can be studied over long durations (5-10seconds). The theoretical
description of any of the previously mentioned topics requires a detailed modeling of the
launch procedure, the subsequent motion of the drop capsule, the dynamics of the comov-
ing condensate and its time-dependent trapping geometry. This requires the numerical
solution of the GROSS-PITAEVSKII equation for the semi-classical field amplitude. If
we describe it on a numerical grid, which rests in the comoving frame of the BEC wave
packet, this task becomes most simple. Obviously, there is the need to describe the map-
ping between this particular non-inertial frame and the other possible reference frames
used for observation. These considerations can be extendedto the quantum depletion
and the pair correlation function [56].

This chapter is organized as follows: In the first section, weshortly review the classical
physics of a single harmonically trapped particle falling within the drop capsule. Sec-
tion 3.2 is dedicated to the quantum mechanical descriptionof a many-particle system,
whether bosons or fermions, trapped in a harmonic potentialand falling within a capsule
in the gravitational field. We consider the unitary representations of the coordinate trans-
formations on many-particle FOCK space. We derive a harmonic potential theorem [49]
and obtain the many-particle quantum evolution in the reference frame of the capsule,
which decouples from the free-fall motion according to the equivalence principle. As
an application, we study the quantum dynamics of a BOSE-EINSTEIN condensate (BEC)
in the GROSS-PITAEVSKII (GP) mean-field approximation. Due to the instantaneous
transformation to the rest-frame of the capsule, the long-distance drop (100m) can be
studied easily on a numerical grid. In these sections, we have deliberately disregarded
the rotation of the Earth. This is rectified in Section 3.3. Inthere, we obtain the main re-
sult of this chapter, i. e. the complete quantum mechanical description of the drop tower
experiment, as well as the transformation rules for observables between the tower- and
the drop capsule frame. In Section 3.4, we extend the theory for structureless particles to
two-level atoms, which can be coupled via an external, off-resonant laser. In the special
case of equal scattering lengths (e. g.87Rb), we show that the internal dynamics decou-
ples from the external motion. The discussion of the whole chapter is performed in the
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3. Cold quantum gases in micro-gravity

lines of [84].3.1. Classial physis of a partile falling withinthe drop apsule
In this section, we review the classical physics of a single harmonically trapped particle
in a free-fall experiment. Therefore, we need to understandthe classical motion of the
drop capsule first.3.1.1. The drop apsule
We briefly present the experimental configuration and then switch to the description of
the dynamics of the drop capsule.Experimental on�guration

Figure 3.1.: The drop capsule for micro-gravity experiments [42].

The drop capsule is a cylindrical container that houses the complete setup studied in
the release experiment [42]. It is shaped like a projectile,with a diameter of 80 cm, a
height of 2.4 m and a gross massM of up to 500 kg. Either, it is lifted 110 m to the top
of the depressurized tower tube (< 10 Pa) and released to fall freely (4.74 s), or it can be
shot up from the ground with a powerful air-gun driven catapult, thus doubling the time
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3.1. Classical physics of a particle falling within the dropcapsule

available for ballistic motion. On impact, it is decelerated smoothly with a container full
of polystyrene pellets. The same experiment can be repeatedup to three times per day.

Irrespective of which specific launch procedure is chosen, it is clearly necessary to
briefly review the basic NEWTONian physics of the drop capsule. In the simplest sce-
nario, we may safely disregard any tumbling micro-motion ofthe capsule along its flight
path, causing gyro-mechanical effects. Thus, we will modelthe capsule solely by its
center-of-mass coordinateρρρ = ∑3

i=1ρ i ei . We assume that a CARTESian coordinate sys-
tem, fixed to the center of the Earth, is a good inertial reference frame with basis vectors
denoted by{e1,e2,e3}. This configuration is shown in Fig. 3.2. For the moment, we will
also "freeze" the rotation of the Earth and consider those effects explicitly in Section 3.3.

In general, the gravitational potential of the EarthVg is not rotational-symmetric, nor
stationary. From a geophysical point of view, Earth resembles a drop of a viscous fluid.
During the past eons, it evolved into an oblate ellipsoid dueto its rotation. Consequently,
the local gravitational accelerationggg is orthogonal to the surface of the Earth, but does
not point towards the center, except for the equator and the poles [83]. Even today, the
geodynamic activity has not subsided but remains noticeable in the form of tidal oscil-
lations and liquid core wobble. Thus, for the purpose of modeling high-precision drop
experiments, one needs to consider the general expression for the gravitational potential

Vg(ρρρ, t) = −G
∫

E

d3r
m♁(r , t)
|ρρρ − r | , (3.1)

whereG = 6.6742× 10−11 m3s−2kg−1 represents the gravitational constant andm♁

denotes the mass density of the Earth. Currently, experimental data in the form of a mul-
tipole expansion to the 360th degree are available [37] and more satellite-based geodetic
measurements are on the way [34, 35, 36]. Despite this remarkable precision in the
gravitometric data, it remains true that the monopole is thedominant contribution to the
gravitational potential. It is proportional the product ofthe gravitational constant and the
total mass of the EarthG

∫
E d3rm♁(r , t) = 3.986×105 km3s−2.Hamiltonian dynamis

In considering the massM of the drop capsule, it is clear that classical mechanics rules
its dynamics. The succinct formulation of analytical mechanics follows from HAMIL -
TON’s principle, which demands that the trajectory defined by position theρρρ and the
orientation of the capsulen, extremizes the classical action

Sc(t, t0) =

t∫

t0

dt ′Lc[ρρρ(t ′), ρ̇ρρ(t ′), ṅ(t ′), t ′], (3.2)
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3. Cold quantum gases in micro-gravity

subject to appropriate boundary conditions [83]. The LAGRANGian for the drop capsule
Lc with respect to an inertial frame is given by

Lc[ρρρ, ρ̇ρρ, ṅ, t] = M

(
ρ̇ρρ2

2
−Vg(ρρρ, t)

)
+

1
2

ṅI ṅ. (3.3)

In there, we have introduced the tensor of inertiaI . The rate of change ofn corresponds
to the angular velocity or spinning of the capsule. As mentioned in the introduction, we
will disregard possible torques, which arise due to weak gravity inhomogeneities. Thus,
the internal angular momentum of the drop capsule is conservedI ṅ = const., in other
wordsn is a cyclic variable in the LAGRANGian Eq. (3.3). To simplify the following
discussion, we will also drop the energy offsetṅI ṅ/2, which has no dynamical conse-
quences.

The global extremum of the actionSc is attained when the trajectory satisfies locally
the EULER-LAGRANGE equations

d
dt

∂Lc

∂ ρ̇ρρ
=

∂Lc

∂ρρρ
. (3.4)

The transition from the LAGRANGian to the HAMILTON ian formulation is based on the
introduction of the canonical momentum

πππ(ρ̇ρρ) =
∂Lc

∂ ρ̇ρρ
= M ρ̇ρρ. (3.5)

Provided the canonical momentum can be expressed uniquely via velocities, then the
LEGENDRE transformation of the LAGRANGian is invertible, Det(∂ 2Lc/∂ ρ̇i∂ ρ̇ j) 6= 0. It
defines a HAMILTON ian function in phase space

Hc(ρρρ,πππ, t) = πππρ̇ρρ(πππ)−Lc, (3.6)

and the HAMILTON ian equations of motion represent the dynamics

ρ̇ρρ =
∂Hc

∂πππ
, π̇ππ = −∂Hc

∂ρρρ
. (3.7)

In particular, applying analytical mechanics to the drop capsule in vacuum, falling in
gravity, we find

ρ̇ρρ =
πππ
M

, π̇ππ = −M
∂

∂ρρρ
Vg(ρρρ, t), (3.8)

or simply NEWTON’s equation

ρ̈ρρ = − ∂
∂ρρρ

Vg(ρρρ, t). (3.9)
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3.1. Classical physics of a particle falling within the dropcapsule

Figure 3.2.: A harmonically trapped particle with positionr and massm falls towards the Earth
in a drop capsule with positionρρρ and massM . The center-of-mass of the drop capsuleρρρ and its
major axes also coincide with the origin of the harmonic trapand its principal axes̃ei .3.1.2. A single lassial partile trapped within the dropapsule
For our considerations, the inertial frame of reference as well as the comoving frame
of the drop capsule are of significance. Therefore, we will briefly discuss them in the
following sections.Inertial frame
The situation considered in Fig. 3.2 is almost analogous to NEWTON’s proverbial ap-
ple dropping in the falling elevator. However, in addition to the gravitational accelera-
tion, our particle with coordinater experiences a linear trapping force, possibly time-
dependent. This force is derived from a harmonic oscillatorpotential

Vtr(ξξξ , t) =
1
2

(ξξξ ⊗ξξξ ) ·v(2)
tr (t), v(2)

tr (t) =
3

∑
i=1

ω2
i (t) ẽi ⊗ ẽi , (3.10)

which is tied to the center-of-mass of the drop capsuleρρρ and is rigidly aligned along the
symmetry axes of the capsule{ẽ1, ẽ2, ẽ3}. In general, the potential can be anisotropic
with time-dependent trap frequenciesωi(t). Both information is incorporated in the def-

inition of the symmetric tensorv(2)
tr (t).
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3. Cold quantum gases in micro-gravity

As before, the equation of motion for the falling, trapped particle follows straight
from the LAGRANGian of the drop capsule, Eq. (3.3), by adding the corresponding LA-
GRANGian of the trapped particle

L[ρρρ , ρ̇ρρ, r , ṙ , t] = Lc[ρρρ, ρ̇ρρ, t]+Lsp[r , ṙ , t], (3.11)

Lsp[r , ṙ , t] = m

(
ṙ2

2
−Vtr(r −ρρρ(t), t)−Vg(r , t)

)
. (3.12)

It almost goes without saying that the back-action of the particle on the drop capsule is
negligible, since the mass of the drop capsuleM is much larger than the massm of the
atomic particle.

In the inertial frame, the atomic canonical momentump is identical with the kinetic
momentum

p =
∂Lsp

∂ ṙ
= mṙ . (3.13)

Thus, the HAMILTON ian function for the single trapped particle is obtained immediately
as

Hsp(r ,p, t) = pṙ −Lsp =
p2

2m
+m[Vtr (r −ρρρ(t), t)+Vg(r , t)], (3.14)

and the equations of motion read as

ṙ =
p
m

, ṗ = −m
∂
∂ r

[Vtr (r −ρρρ(t), t)+Vg(r , t)]. (3.15)

This yields NEWTON’s equation for the particle’s coordinatesr

r̈ = − ∂
∂ r

[
Vtr (r −ρρρ(t), t)+Vg(r , t)

]
. (3.16)Comoving frame

The particle can deviate only a tiny distance from the centerof the drop capsule. It is
of the order of 1 cm, hence much less than the radius of the Earth. Consequently, it is
prudent to make a coordinate transformation to the comoving, accelerated frame and to
introduce relative velocities

r ′ = r −ρρρ(t), ṙ ′ = ṙ − ρ̇ρρ. (3.17)

The LAGRANGian of the particle now reads

L′
sp[r

′, ṙ ′, t] = m

(
(ṙ ′ + ρ̇ρρ)2

2
−Vtr(r ′, t)−Vg(r ′ +ρρρ, t)

)
(3.18)

and induces a canonical momentum as

p′ =
∂L′

sp

∂ ṙ ′
= m(ṙ ′+ ρ̇ρρ). (3.19)
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3.1. Classical physics of a particle falling within the dropcapsule

Now, the HAMILTON ian in the accelerated frame is given by

H ′
sp(r

′,p′, t) = p′ṙ ′−L′
sp =

p′2

2m
+m[Vtr

(
r ′, t
)
+Vg(r ′+ρρρ, t)]−p′ρ̇ρρ (3.20)

and yields the following equations of motion

ṙ ′ =
∂H ′

sp

∂p′ =
p′

m
− ρ̇ρρ, (3.21)

ṗ′ = −
∂H ′

sp

∂ r ′
= −m

∂
∂ r ′

[Vtr
(
r ′, t
)
+Vg(r ′+ρρρ, t)], (3.22)

or NEWTON’s equation

r̈ ′ = − ∂
∂ r ′
[
Vtr
(
r ′, t
)
+Vg(r ′ +ρρρ, t)

]
− ρ̈ρρ. (3.23)

Due to the smallness of the possible deviation of the trappedparticle from the trap
center, we can safely expand the gravitational potential ateach instant in a TAYLOR

series along the trajectory of the drop capsuleρρρ(t),

Vg(r ′+ρρρ, t) = [1+ r ′
∂

∂ρρρ
+

1
2!

(r ′
∂

∂ρρρ
)2+ . . .]Vg(ρρρ, t)

= Vg(ρρρ , t)+V(1)
g (r ′,ρρρ, t)+V(2)

g (r ′,ρρρ, t)+δV(3)
g (r ′,ρρρ, t).

(3.24)

This expansion defines the gradient field and a linear potential contribution,

v(1)
g (ρρρ, t) =

∂
∂ρρρ

Vg(ρρρ, t), V(1)
g (r ′,ρρρ, t) = r ′ v(1)

g (ρρρ, t), (3.25)

the symmetric Hessian tensor and its complete contraction into a quadratic potential
energy

v(2)
g (ρρρ, t) = (

∂
∂ρρρ

⊗ ∂
∂ρρρ

) Vg(ρρρ, t), V(2)
g (r ′,ρρρ, t) =

1
2

(r ′⊗ r ′) ·v(2)
g (ρρρ, t), (3.26)

as well as a residual correctionδV(3)
g , given in Appendix A.2.1. Due to its smallness, we

will tacitly disregard corrections of this order in all of the following considerations.Pre-release dynamis
Prior to the release att0, the capsule is statically attached to the top of the tower, i. e.
ρ̇ρρ(t < t0) = 0, at some hightρρρ0. Please note that the vanishing velocity implies that we
have deliberately frozen the rotation of the Earth. This is rectified in Section 3.3. Then,
we can approximate NEWTON’s equation Eq. (3.23) as

r̈ ′ = − ∂
∂ r ′

Ṽtr(r ′,ρρρ0, t)−v(1)
g (ρρρ0, t) = −ṽ(2)(ρρρ0, t)(r ′− r ′eq(t)). (3.27)
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3. Cold quantum gases in micro-gravity

The equilibrium positionr ′eq reflects the gravitational sag of the particle with respect to
the trap centerρρρ0 at some instant and is given by

ṽ(2)(ρρρ0, t) r ′eq(t) = −v(1)
g (ρρρ0, t). (3.28)

Presumably, its time dependence is very slow. Furthermore,we have gathered all
quadratic potential energy contributions into a renormalized harmonic trapping potential
as

ṽ(2)(ρρρ, t) = v(2)
tr (t)+v(2)

g (ρρρ, t),

Ṽtr(ξξξ ,ρρρ, t) =
1
2

(ξξξ ⊗ξξξ ) · ṽ(2)(ρρρ, t).
(3.29)

It is interesting to note that the trapping force is weakenedin the direction of gravity, as

the curvature coefficientsv(2)
g are negative.Post-release dynamis

After the capsule has been released, i. e. for timest > t0, it falls essentially according to
Eq. (3.9). Due to the previously mentioned sag in the direction of gravity, the equilibrated
atomic particle will be in a positionr ′(t0) = r ′eq(t0) and initiate harmonic oscillations
about the instantaneous trap centerρρρ(t)

r̈ ′ = − ∂
∂ r ′

Ṽtr(r ′,ρρρ(t), t) = −ṽ(2)
tr (ρρρ(t), t) r ′. (3.30)Hamiltonian formulation and anonial transformations

In order to obtain the transformed single-particle HAMILTON function H ′
sp(r

′,p′, t) in
terms of the old HAMILTON functionHsp(r ,p, t) of Eq. (3.14), we used the coordinate
transformation of Eq. (3.17) and stepped through the LAGRANGian procedure. More
elegantly, one can also employ the general approach of canonical transformations [83].
A brief review of the formalism of canonical transformations in classical mechanics is
given in Appendix A.2.2. We will choose a time-dependent generating function

G(r ,p′′, t) = [r −ρρρ(t)]p′′+
m
M

[s(t)+ rπππ(t)] (3.31)

that depends explicitly on the old particle coordinate and the new momentum variable
{r ,p′′}. It also depends parametrically on the coordinate and momentum of the drop
capsule{ρρρ(t),πππ(t)}. For convenience, another, yet undetermined variables(t) has been
introduced. This does not affect the dynamics at all, but canbe used to match the energy-
zero level at some instant. The new coordinater ′′ and the old momentump are obtained
from the generating function as

r ′′ =
∂G
∂p′′ = r −ρρρ(t), p =

∂G
∂ r

= p′′ +
m
M

πππ(t). (3.32)
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3.1. Classical physics of a particle falling within the dropcapsule

Note that besides the displacement of the coordinater , we have also introduced a boost in
momentum space, which differs from the transformation described by Eq. (3.17). With
respect to the transformed frame, the new HAMILTON ian formally reads as

H ′′
sp(r

′′,p′′, t) = Hsp(r ,p, t)+
∂
∂ t

G(r ,p′′, t). (3.33)

By inserting the coordinate transformation as well as employing the TAYLOR expansion
of the gravitational potential, we find the residual harmonic HAMILTON ian

H ′′
sp(r

′′,p′′, t) =
p′′2

2m
+mṼtr(r ′′,ρρρ(t), t), (3.34)

provided the motion of the capsule is externally determinedby the solution of Eq. (3.8)
ands(t, t0) is an action

s(t, t0) =

t∫

t0

dt ′Lc[ρρρ(t ′), ρ̇ρρ(t ′), t ′]−ρρρπ|tt0. (3.35)

By construction, it is clear that we must recover the identical Eq. (3.30) from HAMIL -
TON’s equations in the new coordinates

ṙ ′′ =
∂H ′′

sp

∂p′′ , ṗ′′ = −
∂H ′′

sp

∂ r ′′
. (3.36)

We would like to point out that these considerations are not purely academic but will
enlighten the analogy between the classical treatment and the quantum mechanical de-
scription of the falling, trapped ultracold quantum gas.Order-of-magnitude estimates
In order to estimate the magnitude of the TAYLOR coefficients of the gravitational poten-
tial, one can evaluate them at the surface of the Earth (ρ = R♁ = 6372 km) and obtains

v(1)
g = 9.81 ms−2, v(2)

g =−1.54×10−6 s−2 andv(3)
g = 2.42×10−13 m−1s−2. In there, we

made the approximation of an isotropic gravitational potential. It is worthwhile pointing

out thatv(1)
g is not yet identical to the gravitational accelerationg, which also includes

centrifugal corrections (see Section 3.3).

The important consequence of Eq. (3.30) is that in first orderV(1)
g , the internal har-

monic oscillator motion is decoupled from the center-of-mass motion of the drop cap-
sule. Only when considering the weak quadratic correctionV(2)

g , one can observe a cou-
pling of these motions as a result of the decrease of the harmonic oscillator frequency
along the gradient of the gravitation. The following quantum mechanical calculations
will obviously lead to the same conclusions due to EHRENFEST’s theorem, where in
case of quadratic HAMILTON ians expectation values coincide with the classical trajec-

tories. Only by considering the third order correctionδV(3)
g , we will find an additional

dynamical mixing between the classical trajectory and the quantum mechanical expecta-
tion value.
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3. Cold quantum gases in micro-gravity3.2. Quantum physis of idential atoms fallingwithin the drop apsule
So far, we have considered a single classical particle that is harmonically trapped and
falling in the gravitational field. Actually, we are interested in the behavior of a falling,
trapped atomic BOSE-EINSTEIN condensate (BEC), which requires a quantum field
theoretical description. However, we do not want to constrain our discussion solely
to condensed bosonic gases, but would rather like to treat the general situation of an
ultracold degenerate quantum gas, whether bosonic or fermionic. For the following dis-
cussion cf. also Section 2.1.1. With the concepts established there we will be able to
turn to the transformation of a wave function from an inertial frame of reference to an
accelerated, comoving frame of reference.3.2.1. Stati representation of states in Eulidean frames ofreferene
In this subsection, we will briefly review basic transformation theory for wave functions
under spatial translations and rotations of the coordinatesystem [85, 86, 87].Three-dimensional Eulidean spae
The basic operation of a translation in space is given by

TR [r ] = r +R. (3.37)

The whole set of translational operators forms an ABELian group, i. e.TR1TR2 = TR1+R2.
Each element of this continuous LIE group is indexed by a three-dimensional vectorR.

A rotation around an axisΩΩΩ for a timet is characterized by a total rotational vector
Q = ΩΩΩ t. This operation will be denoted byMQ. The set of all those isometric, linear
transformations forms the infinite-dimensional LIE group SO(3). The entirety of opera-
tions establishes the EUCLIDean group and a particular element is denoted by

r ′ = TR [MQ r ] = MQ r +R. (3.38)

If we represent the basic position vector in CARTESian coordinates asr = ∑3
i=1 r iei , then

one finds a three-dimensional orthogonal rotational matrix

MQ r = e−i/h̄Qℓℓℓ r = r +Q× r + . . . (3.39)

in terms of the generators of the rotation{ℓ1, ℓ2, ℓ3}. For convenience, we have intro-
duced those 3× 3-matrices as complex-valued angular momenta in units ofh̄, which
satisfy the angular momentum algebra of Eq. (2.2). No quantum aspects are implied by
this choice of notation (see also Appendix A.2.3).
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3.2. Quantum physics of identical atoms falling within the drop capsuleSingle-partile Hilbert spae
The action of the translational operator in single-particle HILBERT space

UR = e−i/h̄Rp, (3.40)

can be seen most clearly by applying it to position eigenstates

|r〉′ = UR |r〉 = |TR [r ]〉 = |r +R〉 . (3.41)

Obviously, the operation

UP = ei/h̄Pr (3.42)

is just a boost in momentum space, when acting on momentum eigenstates, i. e.

|p〉′ = UP |p〉 = |TP [p]〉 = |p+P〉 . (3.43)

The unitary representation of the rotation,

UQ = e−i/h̄Ql , (3.44)

is induced by the angular momentum operatorl of Eq. (2.2). When acting on position as
well as momentum eigenstates, one gets

|r〉′ = UQ |r〉 = |MQ r〉 , (3.45)

|p〉′ = UQ |p〉 = |MQ p〉 . (3.46)

Thus, a representation of a general element of the EUCLIDEAN group in HILBERT space
is

U = US UP UR UQ, US = ei/h̄S . (3.47)

This definition of a general group element is not unique, but admits the inclusion of an
arbitrary phase factorUS , such that the transformed position state reads

|r〉′ = U |r〉 = ei/h̄[S +P(MQr+R)] |MQr +R〉 . (3.48)

Such a ray representation will become physically importantwhen considering the dy-
namical evolution of a quantum state, and the accumulated phase will reflect the classical
action.
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3. Cold quantum gases in micro-gravityMany-partile Fok spae
We will now proceed to a wave function|ψ〉 in many-particle FOCK space and transform
it to the wave function|ψ〉′ in another EUCLIDean coordinate system,

|ψ〉 = Û |ψ〉′ . (3.49)

A general element of the EUCLIDean group in FOCK space

Û = Û
S

Û
P

Û
R

Û
Q

, (3.50)

is now given by

Û
R

= e−i/h̄R P̂, Û
P

= ei/h̄P R̂,

Û
S

= ei/h̄S N̂, Û
Q

= e−i/h̄Q L̂ ,
(3.51)

where the single-particle operatorsR̂, P̂, L̂ andN̂ have been introduced in Eq. (2.4).
In the following context, we will not need the action of operators Û on state vec-

tors |ψ〉 in FOCK space, but rather on the scalar amplitudes of the quantum field in the
position representation ˆa(r). This is straightforward using the commutator relations of
Appendix A.2.3 in case of the phase operatorÛ

S
and momentum boost operatorÛ

P

Û†
S

â(r)Û
S

= US â(r), Û†
P

â(r)Û
P

= UP â(r). (3.52)

For the spatial shift operator̂U
R

as well as the rotational operatorÛ
Q

, we need to re-
call that we are dealing with a scalar field. Then one finds thatthe unitary operations
in single-particle HILBERT spaceUR andUQ correspond to the inverse operations in
EUCLIDean spaceT−1

R
andM−1

Q
, i. e.

Û†
R

â(r)Û
R

= UR â(r) = â(T−1
R

r) = â(r −R), (3.53)

Û†
Q

â(r)Û
Q

= U
Q

â(r) = â(M−1
Q

r). (3.54)3.2.2. Dynamis in omoving frames of referene
We establish the frame transformation from the inertial to the comoving frame of refer-
ence of the drop capsule and present the application to the harmonic approximation for
the trapping and gravitational potentials.Frame transformation from the inertial to the omoving frame
The EUCLIDean coordinate transformations of the previous section were determined by
ten static parameters,{S ,R,P,Q}. By considering an arbitrary time-dependence of
these parameters, we can introduce a canonical frame transformation that includes the
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3.2. Quantum physics of identical atoms falling within the drop capsule

GALILE an transformation as a special case [85]. Currently, we willfocus on non-rotating
frames (Q = 0) for simplicity, i. e.

Û (t) = ÛS (t)ÛP(t)ÛR(t) (3.55)

and lift this restriction in Section 3.3.
Our goal is to determine an equation of motion for this comoving, accelerated frame

such that the residual motion of the atomic gas within the frame is free of any non-
inertial forces. Provided that the SCHRÖDINGER equation (2.14) holds in the inertial
Earth-centered frame, we find another realization|ψ〉 = Û (t) |ψ(t)〉′ in an accelerated
frame of reference

ih̄
d
dt

|ψ(t)〉′ = Ĥ ′(t) |ψ(t)〉′ , (3.56)

with the transformed HAMILTON ian

Ĥ ′(t) = Û†(t)(−ih̄
d
dt

+ Ĥsp(t)+V̂p)Û (t). (3.57)

In here, the first contribution to the HAMILTON ian is a gauge potential, in analogy to the
fictitious forces that would appear in the classical HAMILTON ian function in terms of
the time derivative of the generating function, cf. Eq. (3.33). It can be evaluated using
Eqs. (A.43, A.44) and it generates additional gauge forces

Û†(t)(−ih̄
d
dt

)Û (t) = (Ṡ +ṖR) N̂+Ṗ R̂− Ṙ P̂. (3.58)

The second contribution to the HAMILTON ian implements the spatial translation and
momentum boost

Û†(t) Ĥsp(t)Û (t) =
∫

d3r ′ â†(r ′)Hsp(r ′ +R,p′+P, t) â(r ′), (3.59)

where it is implicitly assumed that the one-particle HAMILTON ian Hsp(r ,p, t) can be
expanded into a power series inr andp, respectively.

The third term of the HAMILTON ian Eq. (3.57) is not affected by the frame transfor-
mation,

Û†V̂pÛ = V̂p, (3.60)

as the interaction of Eq. (2.10) is HERMITian (number conserving), a local operator,
and translational invariant by construction in FOCK-, as well as in two-particle HILBERT

space,
[N̂,V̂p] = [R̂,V̂p] = [P̂,V̂p] = 0. (3.61)

This property is also the basis of KOHN’s theorem [48], i. e. the exact decoupling of the
center-of-mass motion and the relative excitations in maximally quadratic single-particle
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3. Cold quantum gases in micro-gravity

HAMILTON ians. It is also known as the harmonic potential theorem [49]and has been
used in the context of cold dilute quantum gases [50].

Combining these results, we find the transformed HAMILTON ian in the accelerated
frame

Ĥ ′(t) =

∫
d3r ′ â†(r ′)H ′

sp(r
′,p′, t) â(r ′)+V̂p. (3.62)

All gauge contributions are contained in the single-particle HAMILTON ian

H ′
sp(r

′,p′, t) = Hsp(r ′+R,p′ +P, t)+ Ṡ +Ṗ R +Ṗ r ′− Ṙ p′. (3.63)Appliation of the frame transformation in the harmoni approximation
We will now apply the preceeding considerations to the falling trapped interacting many-
particle system in the drop tower. The single-particle HAMILTON operator follows from
the classical considerations of Eq. (3.14) and is given by

Hsp(r ,p, t) =
p2

2m
+m[Vtr (r −ρρρ(t), t)+Vg(r , t)]. (3.64)

By splitting the transformed HAMILTON ian Eq. (3.63) into constant, linear and higher
order polynomial contributions in terms of the positionr ′ and the momentump′, one
finds

H ′
sp(r

′,p′, t) = (αααp′ +βββ r ′ + γ)+
p′2

2m
+mVtr

(
r ′, t
)

+m
[
Vg(r ′+R, t)−Vg(R, t)−V(1)

g (r ′,R, t)
] (3.65)

with coefficients

ααα =
P

m
− Ṙ, βββ = Ṗ +m

∂
∂R

[Vtr(R−ρρρ, t)+Vg(R, t)],

γ =
P

2

2m
+m

[
Vtr(R−ρρρ, t)+Vg(R, t)

]
+ Ṡ +Ṗ R.

(3.66)

If the constraints are satisfied identically, i. e.{ααα ,βββ ,γ} → 0, one obtains the single-
particle HAMILTON ian in the accelerated frame,

H ′
sp(r

′,p′, t) =
p′2

2m
+mṼtr

(
r ′,R(t), t

)
, (3.67)

if we disregard again terms of third and higher ordersδV(3)
g , and provided that the frame

parameters as well as the center-of-mass of the drop capsule{R(t),P(t),ρρρ(t)} satisfy
the classical equations of motion

π =
∂Lc

∂ ρ̇ρρ
= M ρ̇ρρ, π̇ =

∂Lc

∂ρρρ
, (3.68)

P =
∂Lsp

∂Ṙ
= mṘ, Ṗ =

∂Lsp

∂R
. (3.69)
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3.2. Quantum physics of identical atoms falling within the drop capsule

We can express the latter line as NEWTON’s equation of motion forR,

R̈ = − ∂
∂R

[Vtr(R−ρρρ, t)+Vg(R, t)]. (3.70)

With Eqs. (3.68) and (3.69), we have recovered the LAGRANGian L[ρρρ , ρ̇ρρ,R,Ṙ, t] of
Eq. (3.11), and one can express the accrued dynamical phase as an action integral

S (t, t0) =

t∫

t0

dt′Lsp[R,Ṙ, t ′]−PR|tt0, (3.71)

like in Eq. (3.2), where we started from, cf. also Eq. (3.35).
The harmonic trapping potential̃Vtr that appears only in the residual HAMILTON ian,

Eq. (3.67), has been modified by quadratic corrections of gravity and was defined in

Eq. (3.29). The third order correction to the gravitationalpotentialδV(3)
g is minuscule.

On the time scale of the free fall experiment, one may safely disregard it. Thus, we are
left with a quadratic, time-dependent HAMILTON operator and the harmonic potential
theorem applies [49].

As before, the motion of the center-of-mass coordinateR, Eq. (3.70), can be under-
stood much more clearly, if we expand the gravitational potential around the center-of-
mass of the drop capsuleρρρ. For the deviationδR(t) = R(t)−ρρρ(t) after the release of
the capsule, one finds a pure harmonic oscillation

δR̈(t) = −ṽ(2)(ρρρ(t), t)δR(t). (3.72)3.2.3. Ehrenfest's theorem
At this point, we would like to confirm the physical interpretation of R(t) andP(t),
i. e. the frame parameters as center-of-mass and momentum coordinates, respectively.
Clearly, they have been introduced as such with dimensions of length and momentum.
Using EHRENFEST’s theorem, we are able to verify this.

The temporal evolution of the expectation value of any time-independent operator̂A,
i. e. 〈Â〉 = 〈ψ(t)| Â|ψ(t)〉 follows from the SCHRÖDINGEREq. (2.14) and reads

ih̄
d
dt
〈Â〉 = 〈[Â, Ĥ(t)]〉. (3.73)

By using Eq. (2.3), we can work out the commutators in the SCHRÖDINGERpicture

i
h̄
[Ĥ(t), R̂] =

P̂
m

, (3.74)

i
h̄
[Ĥ(t), P̂] = −v(1)

g (ρρρ(t), t) N̂− ṽ(2)(ρρρ(t), t)(R̂−ρρρ(t)N̂),
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3. Cold quantum gases in micro-gravity

where we have discarded third order corrections. In analogyto Eq. (3.72), we can define
a deviation from the drop capsule coordinate asδ 〈R̂〉 = 〈R̂〉− ρρρ(t)N and find that it
evolves according to

δ 〈 ¨̂R〉 = −ṽ(2)(ρρρ(t), t)δ 〈R̂〉, 〈P̂〉 = m〈 ˙̂R〉, (3.75)

where we have introduced the particle numberN = 〈N̂〉. Indeed, Eqs. (3.30), (3.72) and
(3.75) are identical in form, which is just EHRENFEST’s theorem. Furthermore, if we
assign the identical initial conditions to the frame parametersR(t0) = 〈R̂(t0)〉/N and
P(t0) = 〈P̂(t0)〉/N, then we can identify them with the center-of-mass coordinate and
total momentum of the atomic ensemble.3.2.4. Appliation of the frame transformation to mean-�eldtheory
All the calculations that were presented so far are generally valid on the many-particle
level using the language of second quantization. We have seen that the underlying
physics of frame transformations in translational invariant systems rests exclusively on
the single-particle level. If furthermore we restrict our scope to harmonic potentials,
everything can be understood in terms of classical physics,in principle.From quantum �elds to lassial �elds
For the practical purpose of studying the internal dynamicsof BOSE-EINSTEIN conden-
sates or superfluid fermionic gases in micro-gravity, it is usually sufficient to restrict
oneself to the mean-field picture. However, the applicationof the presented frame trans-
formations to an extended mean-field approach in the case of bosons [56] or fermions
[88] is straightforward.

In the case of a bosonic gas, the GROSS-PITAEVSKII (GP) equation provides a very
successful description of many dynamical and stationary properties of the BEC, cf. Sec-
tion 2.1.2. In order to derive the GP equation in the accelerated frame, we start from
HEISENBERG’s equation for an operator̂A,

i h̄
d
dt

ÂH(r ′, t) = [ÂH(r ′, t), Ĥ ′
H(t)], (3.76)

which can be obtained from the SCHRÖDINGER equation in the accelerated frame,
Eq. (3.56), and the HAMILTON operator Eq. (3.62). Now we can exactly follow the
derivation of the GP equation performed in Section 2.1.2. Weobtain the GP equation in
the accelerated frame

ih̄∂tα(r ′, t) =
[
H ′

sp(r
′,p′, t)+κ |α(r ′, t)|2

]
α(r ′, t), (3.77)

with the HAMILTON ian of Eq. (3.67) and the classical frame Eqs. (3.68) and (3.69).
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3.2. Quantum physics of identical atoms falling within the drop capsuleNumerial study of the long time evolution of a freely falling ondensate �quasi one-dimensional situation
In order to illustrate the benefit of the transformation to a comoving frame, we present
some simple numerical calculations of a BEC confined in a time-dependent trap. Within
the GP mean-field picture, we have calculated the corresponding time evolution for two
time-dependent quasi one-dimensional trap configurations(γ = ωr/ωz ≫ 1) first. We
considered a BEC of87Rb atoms and solved the corresponding GP equation, cf. Section
2.3.1. The properly scaled equation reads

i∂tα =

(
−1

2
∂ 2

z +
1
2

z2+ κ̄|α|2
)

α. (3.78)

In there,α = α(z, t) is the order parameter corresponding to the quasi one-dimensional
GP equation in the comoving frame of reference (we dropped the primesz′ → z for
simplicity). κ̄ is the coupling constant modified due to the radial integration. In Figs. 3.3
and 3.4, we show the time evolution of a87Rb condensate consisting ofN = 10000
atoms for two situations: In the first case, the free time evolution is studied, i. e. the
trap is switched off instantaneously att = 0, when starting the drop experiment, which
corresponds toωz(t) = ωzΘ(−t), whereΘ denotes the HEAVISIDE function. Due to the
duration of about 5 seconds, the BEC can expand largely. Our chosen set of parameters is
the atomic mass of87Rb (m= 86.9 amu; unified atomic mass units),ωz = 2π/s, andωr =

4π2100/s. We have used scaled quantities, i. e. time is normalized to the longitudinal
oscillator frequency,t ωz → t, lengths are measured in harmonic oscillator unitsaHO =√

h̄/(mωz) = 67.7µm. The scaled coupling constant is given byκ̄ = 2γ(0)a, Section
2.3.1, where the s-wave scattering lengtha = 5.8 nm. For the87Rb parameters see for
example [58]. In the second case, we have simulated the time evolution of a condensate,
which is displaced from its equilibrium in the trap by one scaled length unit at the instant
of release. The oscillator motion (KOHN mode) decouples from the free fall trajectory.
In here, we assumed a constant trap frequencyωz = 1/s.
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3. Cold quantum gases in micro-gravity

Figure 3.3.: Free expansion of an initially trapped quasi one-dimensional BEC over 5 seconds.
Lengthz is measured in harmonic oscillator units (67.7µm). The dashed line shows the density
|α |2 of the BEC at the instant of release, the solid line shows the condensate at the end of the free
expansion.

Figure 3.4.: Oscillatory motion of a condensate that is initially displaced byz0 = 1aHO from
the equilibrium position. The KOHN mode oscillates with the trap angular frequencyωz and
decouples from the free fall dynamics. The solid line shows the density|α |2 of the BEC at
equilibrium, the dashed lines correspond to the turning points.
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3.2. Quantum physics of identical atoms falling within the drop capsuleTime evolution of a freely falling ondensate � three-dimensional situationwith ylindrial symmetry
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Figure 3.5.: Ground state density of a slightly elongated BEC. Lengthsr andz are measured in
units of the longitudinal harmonic oscillator length (14.9µm).

We also considered a three-dimensional trap configuration with cylindrical symmetry
and assumed a slightly elongated condensate. Such a situation will be realized in the
first drop experiments at ZARM. The accordingly scaled GP Eq.(2.36) for this situation
reads

i∂tα(r,z, t) =

[
−1

2

(
∂ 2

z +∂ 2
r +

1
r

∂r

)
+

1
2

z2+
1
2

γ r2 +κ|α(r,z, t)|2
]

α(r,z, t) (3.79)

in the comoving frame of reference (cylindrical coordinates (r,ϕ,z), we dropped the
primes again for means of simplicity). We studied the time evolution for such a conden-
sate released from its trap over a free-fall duration of 5 seconds. We chose again87Rb
and set the parameters toωz = 2 1/s,ωr = 5 1/s (aspect ratio 2.5),N = 1000 particles,
t = 10 (corresponds to 5 seconds), which yieldsaHO = 18.6µm. The density profile of
the ground state and of the condensate after the free expansion is depicted in Figs. 3.5
and 3.6. In addition, we show a series of density plots at different instants of expan-
sion in Fig. 3.7. Note that the BEC, which is initially elongated inz-direction, changes
its aspect ratio while expanding due to the nonlinearity. This effect does not occur in a
non-interacting gas and is an evidence for BEC in experiments. In Chapter 7 we briefly
sketch the procedure of solving the GP equation numerically.
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Figure 3.6.: Free expansion of an initially slightly elongated BEC over 5 seconds. Lengthsr and
z are measured in units of the longitudinal harmonic oscillator length (18.6µm). The density
|α(r,z)|2 of the BEC after the expansion is shown.

Figure 3.7.: Free expansion of an initially slightly elongated BEC overT = 5 seconds. The
density|α(y,z)|2 is shown at the instantst = 0, T/4, T/2 andT (due to the axial symmetry we
depict the density vs.y andz, lengths are measured in units of the longitudinal harmonicoscillator
length, 18.6µm). Note that the initially elongated (inz-direction) BEC changes its aspect ratio
while expanding.
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3.3. Many identical atoms within the drop capsule in a rotating frame3.3. Many idential atoms within the dropapsule in a rotating frame
In the previous sections, we have deliberately omitted the rotation of the Earth from
our discussion in order to simplify the algebra and focus on the essential physics. In
particular, we only considered the transformation from theEarth-fixed inertial frame
{ei}, located at its origin, to the accelerated frame of the freely falling, center-of-mass
coordinateR(t) of the atomic cloud (see Fig. 3.2).3.3.1. Classial physis of the drop apsule in a rotatingframe of the EarthClassi�ation of the three important frames of referene

ρ

r

r′

ℜ̄

inertial frame (r,p)

r̄′

ℜ

ρ̄
′ ρ

′

capsule frame (r′′,p′′)

r′′

rotating drop tower frame (̄r′,p̄′)

Figure 3.8.: Schematic view of the three different reference frames as seen from above the North
pole. In the inertial frame, located at the center of the Earth, a particle is characterized by(r ,p),
and the drop capsule is at positionρρρ . In the corotating drop tower frame, with origin at the bottom
of the tower, these quantities are denoted by(r̄ ′, p̄′) andρ̄ρρ ′, while in the drop capsule frame the
particle coordinate and momentum is given by(r ′′,p′′).

In fact, in our considerations three different frames of reference are of significant im-
portance. Besides the inertial frame, a real experiment obviously requires a description
in a coordinate system that is aligned with the corotating drop tower tube. Moreover, in
the frame comoving with the drop capsule, the experiment canbe described in a most
simple way. In this frame of reference, non-inertial forcescan be eliminated. It is of spe-
cial importance to describe the mapping between the drop tower frame and the capsule

47



3. Cold quantum gases in micro-gravity

frame, since both systems can be used for observation, in principle. In the inertial frame,
a point-like particle is characterized by(r ,p), and the drop capsule is at positionρρρ. In
the corotating drop tower frame, with origin at the bottom ofthe tower, we indicate these
quantities with(r̄ ′, p̄′) and ρ̄ρρ ′, while in the drop capsule frame the particle coordinate
and momentum is given by(r ′′,p′′). A schematic sketch of the three systems is depicted
in Fig 3.8.Charaterization of the drop tower frame
In the rest frame of the drop tower, the coordinate system is aligned with the rotating
tower principal axes denoted by{ēj(t)}. This situation is depicted in Fig. 3.9.θ denotes
the angle between the rotational axis of the Earth and the plummet at the geographic
location(φ ,Θ) of the drop towerℜℜℜ (see also Appendix A.2.4). Due to the ellipsoidal
shape of the Earth, the plummet does not point to the center ofthe Earth. The oblateness
is modeled by the half axesa andb. The instantaneous principal tower axes, as well as
the direction towards the base of the towerℜℜℜ(t),

ēi(t) = M♁(t)Mφe3 Mθe2 ei , ˙̄ei = ΩΩΩ
♁
× ēi , (3.80)

ℜℜℜ(t) = M♁(t)Mφe3 MΘe2 e3, ℜ̇ℜℜ = ΩΩΩ
♁
×ℜℜℜ, (3.81)

are obtained from the inertial axes of the Earth{ei} by aligning theē3-axis of the tower
along the direction of the plummet (Mθe2), followed by a rotationφ to the longitude of
the tower at ZARM/Bremen, as well as the diurnal rotationM♁(t) around the Earth’s axis
ΩΩΩ

♁
= Ω

♁
e3 with an angular frequencyΩ

♁
= 7.2×10−5 1/s. No further time-dependence

caused by geophysical effects, like tidal forces, precession, or wobbling due to the liquid
core motion will be considered.

Now we are in the position to represent all vectors either in the inertial CARTESian
basis of the Earth or the corotating frame, i. e.

q(t) =
3

∑
i=1

qi(t) ei =
3

∑
j=1

q̄ j(t) ēj(t), (3.82)

qi =
3

∑
j=1

ei ēj q̄
j =

3

∑
j=1

Mi j (t) q̄ j , (3.83)

by introducing the matrix representation of the orthogonalrotationM(t)⊤M(t) = 1, de-
fined by Eq. (3.80). It is obvious that the components of the Earth rotation as well as the
pointer to the base of the tower

Ω̄i
♁
= Ω

♁
(−sinθ ,0,cosθ), (3.84)

ℜ̄i = ℜ(sin(Θ−θ),0,cos(Θ−θ)), (3.85)

must be time-independent in this basis.
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3.3. Many identical atoms within the drop capsule in a rotating frame

Figure 3.9.: A harmonically trapped particle with positionr ′ and massm in the drop capsule with
positionρρρ ′ and massM . The position in the capsule frame is denoted byr ′′. The drop tower
axes{ēi} perform a diurnal rotation around the Earth axesΩΩΩ

♁
. θ denotes the angle between the

rotational axis of the Earth and the plummet at the geographic location(φ ,Θ) of the drop tower
ℜℜℜ. The oblate ellipsoidal shape of the Earth is modeled by the half axesa andb.Dynamis of the drop apsule
All distances will be measured relative to the base of the drop towerℜℜℜ(t), i. e.

ρρρ = ρρρ ′ +ℜℜℜ = M(t) ρ̄ρρ = M(t)(ρ̄ρρ ′ + ℜ̄ℜℜ). (3.86)

By differentiation, one finds the relation between the velocities with respect to the two
frames as

ρ̇ρρ = M(t)( ˙̄ρρρ ′+ Ω̄ΩΩ
♁
× ρ̄ρρ). (3.87)

In the rotating frame, the LAGRANGian of Eq. (3.3) for the relative position̄ρρρ ′ as well as
the relative velocitẏ̄ρρρ ′ reads

L̄′
c[ρ̄ρρ

′, ˙̄ρρρ ′, t] = M

(
( ˙̄ρρρ ′+ Ω̄ΩΩ

♁
× ρ̄ρρ)2

2
−Vg(M(t)ρ̄ρρ, t)

)

= M

( ˙̄ρρρ ′2

2
−Vcent(ρ̄ρρ)−Vg(M(t)ρ̄ρρ, t)

)
+ Ω̄ΩΩ

♁
(ρ̄ρρ × ˙̄ρρρ ′

M ).

(3.88)
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3. Cold quantum gases in micro-gravity

Here, we have introduced the centrifugal potential as

v̄(2)
cent= Ω̄ΩΩ

♁
⊗ Ω̄ΩΩ

♁
−Ω

♁

2,

Vcent(ρ̄ρρ) =
1
2
(ρ̄ρρ ⊗ ρ̄ρρ) · v̄(2)

cent.
(3.89)

The canonical momentum̄πππ ′, which is conjugated to the coordinatēρρρ ′, is given by

π̄ππ ′ =
∂ L̄′

c

∂ ˙̄ρρρ ′ = M ( ˙̄ρρρ ′ + Ω̄ΩΩ
♁
× ρ̄ρρ) (3.90)

and implies a HAMILTON ian in the new coordinates

H̄ ′
c(ρ̄ρρ

′, π̄ππ ′) = π̄ππ ′ ˙̄ρρρ ′− L̄′
c =

π̄ππ ′2

2M
+MVg(M(t)ρ̄ρρ, t)− Ω̄ΩΩ

♁
l̄′c, (3.91)

where the angular momentum̄l′c = ρ̄ρρ × π̄ππ ′ has been introduced. Via HAMILTON ’s equa-
tions

˙̄ρρρ ′ =
∂ H̄ ′

c

∂ π̄ππ ′ =
π̄ππ ′

M
− Ω̄ΩΩ

♁
× ρ̄ρρ, (3.92)

˙̄πππ ′ = −∂ H̄ ′
c

∂ ρ̄ρρ ′ = −M
∂

∂ ρ̄ρρ ′Vg(M(t)ρ̄ρρ, t)− Ω̄ΩΩ
♁
× π̄ππ ′, (3.93)

we are led directly to the well-known NEWTONian equations in the rotating frame [83]

¨̄ρρρ ′ = −2Ω̄ΩΩ
♁
× ˙̄ρρρ ′− ∂

∂ ρ̄ρρ ′ [Vcent(ρ̄ρρ)+Vg(M(t)ρ̄ρρ, t)], (3.94)

where the first term is the CORIOLIS force, followed by the centrifugal force of Eq. (3.89)
and the gravitational force as defined before in Eq. (3.9). Byexpanding the gravitational
potential to second order around the base of the drop towerℜℜℜ (see Fig. 3.9), we obtain

¨̄ρρρ ′ = −2Ω̄ΩΩ
♁
× ˙̄ρρρ ′− ḡ(ℜℜℜ)−

(
v̄(2)

g (ℜℜℜ)+ v̄(2)
cent

)
ρ̄ρρ ′. (3.95)

Here, we have introduced the effective gravitational acceleration and rotated TAYLOR

coefficients

ḡ(ℜℜℜ) = v̄(1)
g (ℜℜℜ)+ Ω̄ΩΩ

♁
×
(

Ω̄ΩΩ
♁
× ℜ̄ℜℜ

)
, (3.96)

v̄(1)
g (ℜℜℜ) = M(t)⊤v(1)

g (ℜℜℜ), v̄(2)
g (ℜℜℜ) = M(t)⊤v(2)

g (ℜℜℜ)M(t), (3.97)

at the surface of the Earth.̄g is normal to the surface and takes into account the ellipsoidal
shape of the Earth. In order to obtain a simple solution of Eq.(3.95), one can neglect
the centrifugal term, since it is of the orderΩ

♁

2 ≈ 10−9m/s2, see Appendix A.2.4. An
estimate of the CORIOLIS deviation inē2-direction after a drop distance of 100 m yields
2 cm approximately, which is not negligible.
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3.3. Many identical atoms within the drop capsule in a rotating frame3.3.2. A single lassial partile in the drop apsuleTransformation from inertial- to tower oordinates
Now, let us get back to the harmonically trapped particle atr inside the drop capsuleρρρ
and consider its motion with respect to the rotating base of the tower atℜℜℜ, analogously
to Eq. (3.17). In this case, the coordinates and velocities are given by

r = M(t)r̄ = M(t)(r̄ ′+ ℜ̄ℜℜ), (3.98)

ṙ = M(t)( ˙̄r ′+ Ω̄ΩΩ
♁
× r̄). (3.99)

Note that this description refers to the tower coordinates.
The trap rests in the drop capsule, which is moving on the classical trajectory given

by Eq. (3.94). From the LAGRANGian in the inertial frame, Eq. (3.12), we obtain the
LAGRANGian for the particle coordinates relative to the base of the drop tower

L̄′
sp[r̄

′, ˙̄r ′, t] = m
[1

2
( ˙̄r ′+ Ω̄ΩΩ

♁
× r̄ )2−Vtr(M(t)(r̄ ′− ρ̄ρρ ′), t)−Vg(M(t)(r̄ ′+ℜ̄ℜℜ), t)

]
. (3.100)

The total LAGRANGian, which includes the LAGRANGians both of the drop capsule as
well as the single trapped particle, reads

L̄′ = L̄′
c + L̄′

sp (3.101)

with L̄′
c as defined in Eq. (3.88). The linear canonical momentum is

p̄′ =
∂ L̄sp

∂ ˙̄r ′
= m( ˙̄r ′+ Ω̄ΩΩ

♁
× r̄), (3.102)

and thus one finds for the HAMILTON ian

H̄ ′
sp(r̄

′, p̄′, t) =
p̄′2

2m
+Vtr(M(t)(r̄ ′− ρ̄ρρ ′), t)+Vg(M(t)(r̄ ′+ ℜ̄ℜℜ), t)− p̄′(Ω̄ΩΩ

♁
× r̄
)
. (3.103)

Then HAMILTON ’s equations of motion read

˙̄r ′ =
∂ H̄ ′

sp

∂ p̄′ =
p̄′

m
− Ω̄ΩΩ

♁
× r̄ , (3.104)

˙̄p′ = −
∂ H̄ ′

sp

∂ r̄ ′
= − ∂

∂ r̄ ′
(
Vtr +Vg

)
+ p̄′× Ω̄ΩΩ

♁
, (3.105)

correspondingly. Finally, NEWTON’s equation is given by

¨̄r ′ = − ∂
∂ r̄ ′

(
Vtr(M(t)(r̄ ′− ρ̄ρρ ′), t)+Vg(M(t)(r̄ ′+ ℜ̄ℜℜ), t)

)
− Ω̄ΩΩ

♁
× (Ω̄ΩΩ

♁
× r̄)−2Ω̄ΩΩ

♁
× ˙̄r ′.

(3.106)
If we expand the gravitational potential up to second order,we obtain

¨̄r ′ =−2Ω̄ΩΩ
♁
× ˙̄r ′− ḡ(ρ̄ρρ)− ∂

∂ r̄ ′
ˇ̄Vtr(r̄ ′− ρ̄ρρ ′, ρ̄ρρ, t)

=−2Ω̄ΩΩ
♁
× ˙̄r ′− ˇ̄v(2)(ρ̄ρρ, t)(r̄ ′− r̄ ′eq(t)). (3.107)
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3. Cold quantum gases in micro-gravity

As in the non-rotating situation of Section 3.1.2, we get an equilibrium positionr̄ ′eq(t),
which is defined by

ˇ̄v(2)(ρ̄ρρ, t) r̄ ′eq(t) = −ḡ(ρ̄ρρ)+ ˇ̄v(2)(ρ̄ρρ, t)ρ̄ρρ ′ (3.108)

and a modified, appropriately rotated harmonic trapping potential

ˇ̄v(2)(ρ̄ρρ , t) = v̄(2)
tr (t)+ v̄(2)

g (ρ̄ρρ, t)+ v̄(2)
cent, (3.109)

v̄(2)
tr (t) = M(t)⊤v(2)

tr (t)M(t), (3.110)

ˇ̄Vtr(ξξξ , ρ̄ρρ, t) =
1
2

(ξξξ ⊗ξξξ ) · ˇ̄v(2)(ρ̄ρρ, t). (3.111)

The equilibrium position̄r ′eq(t) is governed by the trajectory of the drop capsuleρ̄ρρ ′.
There is a gravitational sag, however.Hamiltonian formulation of the anonial transformation from tower- toapsule oordinates
In order to obtain the classical HAMILTON ian of a single trapped particle in capsule
coordinates, we introduce the canonical transformation

G(r̄ ′,p′′, t) =
[
M
(
r̄ ′− ρ̄ρρ ′(t)

)]
p′′+

m
M

[
s̄′(t)+ r̄ ′π̄ππ ′(t)

]
, (3.112)

which yields

r ′′ =
∂G
∂p′′ = M

(
r̄ ′− ρ̄ρρ ′(t)

)
, (3.113)

p̄′ =
∂G
∂ r̄ ′

= M⊤(t)p′′+
m
M

π̄ππ ′(t). (3.114)

In this particular gauge, the one-particle HAMILTON ian is given by

H ′′
sp(r

′′,p′′, t) = H̄ ′
sp(r̄

′, p̄′, t)+
∂
∂ t

G(r̄ ′,p′′, t) =
p′′2

2m
+mṼtr(r ′′,ρρρ, t). (3.115)

provided the equations for the capsule, Eqs. (3.92) and (3.93), are satisfied and ¯s′(t, t0)
is an action,

s̄′(t, t0) =

t∫

t0

dt′L̄′
c[ρ̄ρρ

′, ˙̄ρρρ ′, t ′]− ρ̄ρρ ′ π̄ππ ′|tt0. (3.116)

Obviously, this HAMILTON ian is identical to Eq. (3.34).3.3.3. Many idential atoms in the drop apsule
The calculations of Section 3.2 excluded the effects of rotation. In here, we will rectify
this and obtain a general frame transformation that eliminates external forces and torques
from SCHRÖDINGER’s equation. In particular, this is applied to the problem ofgravi-
tational acceleration and Earth’s rotation. In addition, we will study the corresponding
harmonic approximation.
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3.3. Many identical atoms within the drop capsule in a rotating frameFrame transformations between tower- and apsule oordinates
We have already introduced the generic many-particle HAMILTON ian with translation-
ally invariant, binary interactions in Eq. (2.10). However, we have not exploited the
fact that only the s-partial wave contributes to the two-particle scattering at low ener-
gies. Thus, we want to assume that the relative angular momentum is a good quantum
number. This can be modeled by an inter-atomic potential that is only a function of the
relative distance,Vp(|ξξξ |). In the case of fermionic particles, this means there is no s-
wave interaction due to the PAULI exclusion principle and the gas becomes ideal at low
energies.

Let us start with the full many-particle HAMILTON ian

ˆ̄H ′ = ˆ̄H ′
sp(t)+ ˆ̄V′

p, (3.117)

ˆ̄V ′
p =

1
2

∫
d6r̄ ′â†(r̄ ′1)â

†(r̄ ′2)V̄
′
p(|r̄ ′1− r̄ ′2|)â(r̄ ′2)â(r̄ ′1)

in the drop tower frame. We have to transform the SCHRÖDINGER state from the drop
tower frame,|ψ(t)〉, to the rest frame of the drop capsule,|ψ(t)〉 = Û (t) |ψ(t)〉′. This
requires augmenting the unitary frame transformation fromEq. (3.55) of Section 3.2.2,

Û (t) = Û
S̄ ′(t)ÛP̄ ′(t)ÛR̄ ′(t)Û

†
M(t), (3.118)

with

ÛM(t) = e−i/h̄Q(t)L̂ e−i/h̄φ e3L̂ e−i/h̄θe2L̂ . (3.119)

In there, we performed the same rotations as in Eq. (3.80), and in particular, the diurnal
rotation around the Earth’s axis,Q(t) = ΩΩΩ

♁
t, is accounted for. Moreover, we would

like to point out again that we transform from the drop tower frame, which is corotating
with the Earth, to the instantaneous rest frame of the drop capsule, which is not rotating.
Therefore we need to applŷU†

M(t) rather thanÛM(t).
The transformation rule for the HAMILTON operator was given in Eq. (3.57) and con-

sists of three contributions. The first one merely contains the gauge contributions that
arise from the time-dependent frame parameters

Û†(t)(−ih̄
d
dt

)Û (t) = ( ˙̄
S

′+ ˙̄
P

′
R̄

′
) N̂+ ˙̄

P
′(M⊤R̂)− ˙̄

R
′(M⊤P̂)+ΩΩΩ

♁
L̂ . (3.120)

In order to obtain this result, we have used the basic Eqs. (2.6), (A.43) and (A.44). The
second contribution is the transformed single-particle HAMILTON ian

Û†(t) ˆ̄H ′
sp(t)Û (t) =

∫
d3r ′′ â†(r ′′)H̄ ′

sp(M
⊤r ′′+ R̄

′
,M⊤p′′+P̄

′
, t)â(r ′′). (3.121)

Finally, the third contribution is simply the transformed binary interaction potential.

Û†(t) ˆ̄V′
pÛ (t) = ˆ̄V ′

p ≡ V̂p. (3.122)
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It is left unchanged due to particle conservation, the localcharacter of the potential, as
well as the translational and rotational invariance, i. e.

[N̂,V̂p] = [R̂,V̂p] = [P̂,V̂p] = [L̂ ,V̂p] = 0. (3.123)

Combining these results, we find the transformed HAMILTON ian in the accelerated
and non-rotating frame as

Ĥ ′′(t) =
∫

d3r ′′ â†(r ′′)H ′′
sp(r

′′,p′′, t) â(r ′′)+V̂p. (3.124)

All gauge contributions are contained in the definition of the modified single-particle
HAMILTON ian

H ′′
sp(r

′′,p′′, t) = H̄ ′
sp(M

⊤r ′′+ R̄
′
,M⊤p′′ +P̄

′
, t)+ ˙̄

S
′ + ˙̄

P
′
R̄

′
+ ˙̄

P
′ (M⊤r ′′)

− ˙̄
R

′ (M⊤p′′)+p′′ (ΩΩΩ
♁
× r ′′

)
.

(3.125)Appliation of the frame transformation to the many-partile Hamiltonianin harmoni approximation
We will now apply the considerations of the previous subsection to the falling trapped
interacting many-particle system in the rotating frame. The single-particle HAMILTON

operator follows from the classical considerations of Eq. (3.103) and is given by

H̄ ′
sp(r̄

′, p̄′, t) =
p̄′2

2m
+Vtr(M(t)(r̄ ′− ρ̄ρρ ′), t)+Vg(M(t)(r̄ ′+ ℜ̄ℜℜ), t)− p̄′(Ω̄ΩΩ

♁
× r̄
)
. (3.126)

By splitting the transformed HAMILTON ian from Eq. (3.125) into constant, linear and
higher order polynomial contributions in terms of the position r̄ ′ and the momentum̄p′,
one finds

H ′′
sp(r

′′,p′′, t) =
[
ααα
(

M⊤p′′
)

+βββ
(

M⊤r ′′
)

+ γ
]

+
p′′2

2m
+mṼtr

(
r ′′,MR̄

′
+ℜℜℜ, t

)
.

(3.127)
In there, we have neglected terms of third and higher order inthe gravitational potential.
The coefficients read

ααα =
P̄

′

m
− ˙̄

R
′− Ω̄ΩΩ

♁
×
(
R̄

′
+ ℜ̄ℜℜ

)
, (3.128)

βββ = ˙̄
P

′−P̄
′× Ω̄ΩΩ

♁
+m

∂
∂R̄

′ [Vtr(M(R̄
′− ρ̄ρρ ′), t)+Vg(M(R̄

′
+ ℜ̄ℜℜ), t)] (3.129)

and

γ = ˙̄
S

′−
[
L̄′

sp(R̄
′
, ˙̄
R

′, t)− d
dt

(
P̄

′
R̄

′)
]
. (3.130)
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3.4. Two-component atomic gas

If the constraints are satisfied identically, i. e.{ααα ,βββ ,γ} → 0, one obtains the single-
particle HAMILTON ian in the accelerated frame,

H ′′
sp(r

′′,p′′, t) =
p′′2

2m
+mṼtr

(
r ′′,MR̄

′
+ℜℜℜ, t

)
, (3.131)

provided the frame parameters{R̄ ′
(t),P̄

′
(t), ρ̄ρρ ′(t)} as well as the center-of-mass of the

drop capsule satisfy the classical equations of motion

π̄ππ ′ =
∂ L̄′

c

∂ ˙̄ρρρ ′ = M
(

˙̄ρρρ ′ + Ω̄ΩΩ
♁
× ρ̄ρρ

)
, ˙̄πππ ′ =

∂ L̄′
c

∂ ρ̄ρρ ′ , (3.132)

P̄
′
=

∂ L̄′
sp

∂ ˙̄
R

′ = m
(

˙̄
R

′ + Ω̄ΩΩ
♁
× (R̄

′
+ ℜ̄ℜℜ)

)
, ˙̄

P
′ =

∂ L̄′
sp

∂R̄
′ . (3.133)

With Eqs. (3.132) and (3.133), we have recovered the LAGRANGian L′[ρ̄ρρ ′, ˙̄ρρρ ′,R̄ ′
, ˙̄
R

′, t]
of Eq. (3.101), and one can express the accrued dynamical phase as an action integral

S̄
′(t, t0) =

t∫

t0

dt′L̄′
sp[R̄

′
, ˙̄
R

′, t ′]−P̄
′
R̄

′|tt0. (3.134)3.4. Two-omponent atomi gas
Let us now consider identical atoms with two internal electronic degrees of freedom. In
this section, we would like to demonstrate that the dynamicsof these internal states de-
couples from the external motion of the trapped falling ultracold quantum gas, even in
case of binary collisions, if the self-scattering and the cross-component scattering pro-
perties are identical. Moreover, we couple the two states via dipole interaction, i. e. an
external laser field. The description of such a many-particle system in second quantiza-
tion has been given in Section 2.1.4. We explicitly choose

Vµ1µ2µ3µ4
p ≈ δµ1µ3δµ2µ4δµ1µ2V

(J=0)
p (3.135)

for the pair potential and obtain the total HAMILTON ian

Ĥ = (Ĥsp+V̂d)+V̂p (3.136)

as in Eqs. (2.47) ff.Separation of two-level dynamis and enter-of-mass motion
The dynamics of the many-particle system is determined by the SCHRÖDINGERequation

ih̄∂t |ψ(t)〉 = Ĥ |ψ(t)〉 (3.137)
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3. Cold quantum gases in micro-gravity

with Ĥ from Eq. (2.47). As we have seen in the preceeding sections, amore efficient
description of the dynamics can be obtained by performing a frame transformation. In
the present case, we have to account for both external and internal dynamics. Therefore,
it would be favorable to separate both types of motion from each other. We choose

|ψ(t)〉 = ÛdÛ
S̄ ′(t)ÛP̄ ′(t)ÛR̄ ′(t)Û

†
M(t) |ψ(t)〉′ , (3.138)

cf. Eq. (3.118), and

Ûd = T



exp


− i

h̄

t∫

t0

dt′V̂d(t
′)






 , (3.139)

whereT guarantees time ordering. The latter transformation formally eliminates the
two-level dynamics, since it cancels the contributionV̂d. In there, we want to consider
large detunings in order to neglect any mechanical recoil effects of the laser on the atoms.
The decoupling of the transformation̂Ud from the remaining frame transformation results
from the fact that [

V̂d, Ĥsp+V̂p
]
= 0 (3.140)

due to Eq. (2.46) as well as the SU(2)-invariance ofV̂p, cf. Section 2.1.4. In principle,
the propagator̂Ud can be determined from the two linearly independent solutions of the
time-dependent RABI problem [89].3.5. Conlusions
We have described the dynamics of an ultracold quantum gas ina long-distance free-
fall experiment. Starting from the classical mechanics of the drop capsule and a single
trapped particle, we developed the quantum field theoretical description of a trapped,
interacting degenerate quantum gas in a drop experiment in an inertial frame, the coro-
tating frame of the Earth and the comoving frame of the drop capsule. By introducing
suitable coordinate transformations, it was possible to eliminate non-inertial forces and
to focus on effects that take place on the mesoscopic length scale of the BOSE or FERMI

gas. The exact cancellation of non-inertial forces requires translational invariance, the
isotropy of the binary collisional potential and the presence of a quadratic single-particle
HAMILTON ian. This is well satisfied for87Rb, and the harmonic approximation of the
gravitational potential around the center-of mass of the BEC wave packet is an excellent
assumption. Corrections to it could be calculated perturbatively.

If the atoms are two-level systems and coupled by an off-resonant traveling-wave laser
field, this internal dynamics can be separated from the external motion, provided all
scattering lengths are identical (SU(2)-invariance).

This formalism provides us with an efficient way to describe free-fall experiments,
especially for numerical studies. It almost goes without saying that it is in particular
valid and useful on the mean-field level.
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3.5. Conclusions

While we have discussed the EUCLIDean transformations corresponding to translation
and rotation, we have omitted the scaling transformations [51], which are obviously very
useful to model the adiabatic expansion of a BEC from a trap [90]. The consideration
of the complete set of generalized canonical transformations in a time-dependent way
will ultimately separate all "trivial" dynamics, including wave packet spreading, from
the essential many-particle physics. This is work in progress. We also have not touched
questions of relativity. This was done by intention in orderto clarify all non-relativistic
effects first, which by themselves are nontrivial and presumably dominant.
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4. Gravitational and rotationalsensing on the basis of matterwave interferometry
In the 20th century, large progress was made in metrology andvarious physical systems
were exploited to push the frontiers of accuracy farther andfarther. Potential applications
include inertial navigation, geophysical studies and tests of general relativity.

Optical interferometry dates back to the mid of the 19th century and has become
famous with the celebrated MICHELSON-MORLEY experiment (1887), which unex-
pectedly refuted the existence of the aether. Since this time, interferometry has been
used extensively in order to obtain high-precision measurements. Even in space, these
techniques are applied to test general relativity. The Gravity Probe B experiments pro-
vide a famous example, where predictions of general relativity like the curvature of space
and the LENSE-THIRRING effect are under examination [38]. Still, nowadays there are
different physical systems available that supply a possiblity of precision inertial measure-
ments. In the "COW" experiment (performed by R. COLELLA , A. W. OVERHAUSERand
S. A. WERNER), which was carried out in the 1970s, neutron interferometry was applied
to probe the acceleration of fallg0 [91]. The concepts in precision spectroscopy are
based on the work of I. I. RABI (NP 1944) and N. F. RAMSEY (NP 1989) [92].With
the availablity of cold atomic gases, atom interferometry has become most promising to
perform high-precision measurements during the last 15 years. M. A. KASEVICH and
S. CHU studied atomic interferometry using stimulated RAMAN transitions [44, 93] and
probedg0 to high precision. A. PETERS and S. CHU even measured the gravitational
acceleration to a precision of∆g0/g0 = 3 ·10−9 by dropping atoms [31] and determined
gravity gradients [94]. Ch. BORDÉ and coworkers established theoretical tools for atom
optics and interferometry [95]. The developments in atom interferometry also triggered
considerations on the equivalence principle in quantum theory [96].

The most famous ancient example for scientific rotational sensing is the FOUCAULT

pendulum (1851). With this legendary experiment the rotation of the Earth was demon-
strated directly in the Panthéon in Paris [97]. Nowadays, a natural way of probing rota-
tions is using optical methods in a SAGNAC interferometric setup. With the realization
of lasers, ring laser gyroscopes with high accuracy became feasible [32]. Up to now, the
measurement techniques and the size of the experiments has increased significantly. As
an example, we mention the giant ring laser gyroscope in Wettzell (Bavaria, Germany)
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4. Gravitational and rotational sensing on the basis of matter wave interferometry

[33]. Using this device, it has been possible to measure the instantaneous direction of
Earth’s rotation axis to a precision of 1 part in 108 (averaged over several hours) [98].
Since the 1970s, neutron interferometry has developed extensively and S. A. WERNER

et al. (1979) [99] were able to measure an effect of Earth’s rotation on the quantum
mechanical phase of the neutron, making use of a SAGNAC-like interferometer. In the
1990s, probing Earth’s rotation with superfluid bosonic4He as well as fermionic3He
[100, 101] became feasible. Essentially this was achieved with a superfluid analogon of a
superconducting a.c. SQUID. Nowadays, cold-atom interferometers are most promising
for rotational sensing. Using suitable atom-interferometer SAGNAC gyroscopes [102],
rotation-rate sensitivities of 6·10−10 rad/s over 1 s of integration can be achieved. The
latest developments include six-axes inertial sensors to probe both inertial forces and
rotations using three single RAMAN beam pairs in three different orthogonal directions
[103].

In this chapter we will briefly review the ideas of gravitational sensing with the help of
an interferometric setup as used by KASEVICH and CHU [44]. Then we will show, how
this approach applies to a spatially quasi-homogeneous condensate. We will demonstrate
that in this case the same results as in single-atom interferometry can be obtained even
in the presence of a nonlinear time evolution. Spatial inhomogeneities of the BEC re-
duce the contrast of an interferogram, though. Moreover, wewill propose a rotational
sensor based on quantized vortices in a BOSE-EINSTEIN condensate (cf. Section 2.5). It
will be established by creating a superposition of a vortex and a non-rotating state with
the STIRAP method. Both states accumulate a different phasein a rotating frame of
reference.4.1. The atom interferometer experiment ofKasevih and Chu
In this section, we will discuss a RAMSEY-BORDÉ atom interferometer [43]. M. A. KA-
SEVICH and S. CHU from Stanford University first made use of such a setup to perform
high-precision inertial measurements [44]. We will stay ona very basic level in order to
isolate the essential physics. The schematic setup is depicted in Fig. (4.1).

The idea of this interferometer is based on a two-level atom.The state of such an atom
is expressed by the internal electronic (el) degree of freedom and the center-of-mass
motional (com) part, i. e. the corresponding HILBERT space is

Hatom= Hel⊗Hcom. (4.1)

The two internal states are denoted with|g〉el and|e〉el, respectively, while|k〉com denotes
a motional state of momentum̄hk. We assume that initially the atom is prepared in the
state|g〉el ⊗

∣∣kg
〉

com ≡
∣∣g,kg

〉
. The two levels can be coupled via an electromagnetic

field (e. g. a laser), and a pulse of suitable strength and duration can create an equally-
balanced superposition of the ground state and the excited state|e〉el. This pulse is called
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4.1. The atom interferometer experiment ofKASEVICH and CHU

a π/2-pulse and is assumed to be performed instantaneously, which will be discussed
more quantitatively below. The electronic transition to the excited state coincides with
a gain of momentum̄hk of the atom, such that there is a superposition of

∣∣g,kg
〉

and∣∣e,kg +k
〉

after theπ/2-pulse. The next step in this interferometric setup is a free time
evolution of durationT in the gravitational field. Due to their different momentum,
both parts spatially split bȳhkT/m, and it depends on the width of the envelope and the
magnitude ofk, whether there is a significant overlap of both parts att = T. A subsequent
instantaneousπ-pulse gives rise to an inversion of the populations, which goes with an
exchange of momentum as well. If another periodT of free propagation follows, both
parts overlap perfectly again att = 2T, where they are mixed by another promptπ/2-
pulse. This pulse sequence (spin echo) is well-known from nuclear magnetic resonance
(NMR) techniques [104]. Now, the population in one output channel (for example the
g-state) can be measured. As a result, this number will oscillate between zero and one
with the frequencykg0T2, as has been demonstrated before [44, 105]. There are various
approaches that yield the same result and we will review one of them below. We would
like to point out here that this interferometer provides a possibility to measureg0 to high
accuracy. The theoretical approaches include semi-classical path integral methods [105]
as well as full inclusion of the wave packet dynamics [95]. Inaddition, the short-pulse
approximation can be relaxed, and the gravitational potential, which also acts during
the laser pulses, can be takien into account [106]. But we will disregard these effects.
Moreover, gravity gradients can be taken into account, as well as effects that arise, if the
times between the pulses are not exactly identical [94, 95],and this is also the subject of
a forthcoming publication [107].

Experimentally, the transfer between|g〉el and|e〉el is performed via a stimulated three-
state RAMAN transition [44] between two hyperfine ground states, see Fig. 4.2. In there,
the atom is exposed to two counter-propagating laser beams whose frequency difference
approximately fits the hyperfine transition frequency. In addition, each laser is quasi-
resonant with an allowed optical transition, but the detuning from this transition is far
enough to suppress spontaneous emission. In this case, the system can be effectively
treated as a two-level atom coupled by a two-photon RAMAN transition. The momen-
tum of the atom is changed bȳh(k1− k2). In case of counter-propagating beams, the
momenta are effectively added up, while in a co-propagatingcase the transfer of mo-
mentum can be virtually zero. The hyperfine states have to be stable against spontaneous
emission on the time scaleT. Experimentally,T is of the order of a second in an atomic
fountain experiment. In the experiment of A. PETERS, K. Y. CHUNG and S. CHU ce-
sium atoms at 1.5µK were employed. The detection of the final populations is usually
performed by a fluorescence measurement [94]. An overview ofthe experimental tech-
niques can be found in various papers [31, 43, 44, 94]. In an alternative approach, a
beam-splitter could be established with the STIRAP scheme,see Section 4.3.2.
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4. Gravitational and rotational sensing on the basis of matter wave interferometry

Figure 4.1.: Matter wave interferometer in presence of a constant gravitational accelerationg0

(one-dimensional scenario). A two-level atom is initiallyprepared in the state|g,kg〉, whereg de-
notes the internal electronic state andkg is the corresponding wave number. Then, an asymmetric
splitting is performed via a so-called instantaneousπ/2-laser-pulse, where the state|e,kg +k〉 has
gained some additional momentum̄hk from the laser field. After a timeT of free propagation
in the gravitational field, aπ-pulse performs an inversion of the populations of the two states.
Another free evolution of timeT is followed by a final mixing via aπ/2-pulse.

|e〉

|i〉

|g〉

ωp
ωd

∆

ωhf

Figure 4.2.: Energy diagram for RAMAN transitions between ground state hyperfine levels|g〉
and|e〉. The laser frequenciesωp andωd are detuned by∆ from the optical transition to the inter-
mediate state|i〉. Population is resonantly transferred from|g〉 to |e〉 if the frequency difference
ωp−ωd is approximately equal toωhf.
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4.2. Calculation of gravitational phase shifts in a nonlinear atom interferometer4.2. Calulation of gravitational phase shifts in anonlinear atom interferometer
In this section, we quantitatively describe the atomic interferometer that we introduced
above. In addition, we no longer restrict ourselves to a single-particle treatment, but
consider a trapped BOSE-condensed gas of two-level atoms as basis of the interfero-
meter. We calculate the phase shift the BEC accumulates in presence of a homogeneous
gravitational field (one-dimensional situation), i. e.Vg(z) = mg0z. We will follow a path
integral approach as performed for non-interacting atoms by C. COHEN-TANNOUDJI

and co-workers [105]. This is a semiclassical WKB-like ansatz [62]. Thus, it is a crude
approximation, since the spatial shape of the atomic wave packets is disregarded. Com-
pared with experimental results using non-interacting atoms, this approach has turned
out to be valid to high accuracy, though, and full quantum mechanical calculations yield
the same results [44, 95]. In case of an interacting BEC, mean-field shifts impact the visi-
bility of an interferogram negatively. We will examine thiseffect in case of a spatially
homogeneous as well as an inhomogeneous quasi one-dimensional BEC.4.2.1. Theoretial desription of the setup
The dynamics in an atomic interferometer can be treated by a two-component coupled
SCHRÖDINGER equation. In here, we do not merely describe an interferometer based
on non-interacting atoms. In contrast, we study a nonlinearatom interferometer on the
basis of a trapped two-component BEC. The dynamics of this system is governed by the
many-body SCHRÖDINGERequation

ih̄∂t |ψ(t)〉= Ĥ(t) |ψ(t)〉 (4.2)

for a many-particle state|ψ(t)〉 and the HAMILTON ian

Ĥ(t) = Ĥsp(t)+V̂d(t)+V̂p, (4.3)

whereĤsp(t) andV̂d(t) are chosen as in Eqs. (2.48) and (2.49), and

V̂p =

∫
d3r

(
1
2

κeeâ
†
e(r)â

†
e(r)âe(r)âe(r)

+
1
2

κggâ
†
g(r)â

†
g(r)âg(r)âg(r) +κegâ

†
e(r)â

†
g(r)âg(r)âe(r)

)
.

(4.4)

In there, we follow the notation and the considerations of Section 2.1.4, assume con-
tact interaction and allow for an explicitly time-dependent HAMILTON ian Ĥsp(t). In this
chapter, we would like to restrict ourselves to the mean-field approximation, and con-
sider a quasi one-dimensional configuration. The properly scaled GP equation in the
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interaction picture, as introduced in Sections 2.1.4 and 2.3.1, reads

i∂t

(
αe

αg

)
= Hmf(t)

(
αe

αg

)
, (4.5)

Hmf(t) =

(
−1

2∂ 2
z +V(z, t)+∆+ve Ω(t)eikz

Ω(t)e−ikz −1
2∂ 2

z +V(z, t)+vg

)
, (4.6)

wherevµ = κ̄µµ nµ + κ̄µν nν , µ,ν ∈ {e,g}, µ 6= ν andnµ = |αµ(z, t)|2. We point out
again thatvµ is dependent on the densities of the two species. The laser pulses are
described byΩ(t)eikz with the time-dependent RABI frequencyΩ(t) that is suitably
switched on and off, and the wave numberk of the laser.∆ is the detuning and

V(z, t) = Vg(z)+Vtr(z, t) = g0z+Vtr(z, t) (4.7)

is the external potential, where we assumed a linear gravitational potentialVg(z) and
some trapping potentialVtr(z, t). We have chosen a quasi one-dimensional description
and have therefore frozen out the radial motion, as described in Section 2.3.1. Again, we
have used scaled units and expressedg0/(aHOω2

z ) → g0. In there,aHO is the harmonic
oscillator length andωz denotes the corresponding angular frequency (Section 2.3.1). g0

is thez-component of the acceleration of fall, as introduced in Eq.(3.96).
A quasi-instantaneousp-pulse (0≤ p ≤ 1) splits the condensate, which is initially

(t = 0) prepared in theg-state, i. e. (αe(z,0),αg(z,0))⊤ = (0,α(0)
g (z)), with the ratio

Ne : Ng = p : (1− p), whereNe andNg are the populations of the respective states. It acts
as a beam splitter and can be expressed via the unitary transformation

ŪΩτ = Up = exp

[
−i

Ωτ
2

(
eikzσ+ +e−ikzσ−

)]

=

(
cos(Ωτ/2) −i sin(Ωτ/2)eikz

−i sin(Ωτ/2)e−ikz cos(Ωτ/2)

)
=

( √
1− p −i

√
peikz

−i
√

pe−ikz √
1− p

)
,

(4.8)

σ+ =

(
0 1
0 0

)
, σ− =

(
0 0
1 0

)
. (4.9)

In there, we applied the short-pulse approximation, i. e.τ ≪ T (T is the propagation time
between the pulses). Moreover, we assumed that for the duration τ of the laser pulseΩ
dominates the time evolution, hence is sufficiently large, and

Ω(t) =

{
Ω, 0≤ t ≤ τ
0, else.

(4.10)

A π/2- and aπ-pulse are then given by

Ūπ/2 =
1√
2

(
1 −ieikz

−ie−ikz 1

)
, Ūπ =

(
0 −ieikz

−ie−ikz 0

)
, (4.11)
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respectively. With these assumptions, the free time evolution between the laser pulses is
given by

i∂t

(
αe

αg

)
= Hmf(t)

(
αe

αg

)
, (4.12)

Hmf(t) =

(
−1

2∂ 2
z +V(z, t)+∆+ve 0

0 −1
2∂ 2

z +V(z, t)+vg

)
. (4.13)4.2.2. The limit of a homogeneous BEC � hydrodynamidesription

Let us first consider a setup of a spatially homogeneous condensate, i. e. we assume
Vtr(z, t) = 0 in Eq. (4.7). Experimentally, this cannot be realized, butnevertheless spatial
homogeneity can be modeled in the laboratory with very broadconfining potentials of
almost constant magnitude over a significant range to a good approximation. An example
for such a trapping potential would be a simple square-well.In there, the condensate
density is quasi-homogeneous, except for the boundaries, where it rapidly decays and
tends to zero.

In the following, we will study how an initially homogeneously prepared condensate
evolves in a linear gravitational potential (note that for the preparation, a potential that
compensates gravity would be necessary in order to guarantee homogeneity). A suitable
description is provided by the hydrodynamic picture, Section 2.4, since, as we will show,
the density does not change in absence of laser pulses. ForΩ = 0, the GP Eq. (4.5) with
Vtr(z, t) = 0 yields the scaled hydrodynamic equations

∂t φµ = −
{

g0z+vµ +δe,µ ∆− 1
2

[
∂ 2

z
√

nµ
√

nµ
−
(
∂zφµ

)2

]}
, (4.14)

∂t nµ = −
[
nµ ∂ 2

z φµ +(∂zφµ)(∂znµ)
]
, (4.15)

cf. Eqs. (2.60) and (2.61),αµ =
√

nµ eiφµ , µ ∈ {e,g}. The homogeneous GP equation
(no external potential) is satisfied by

(
αe(z, t)
αg(z, t)

)
=

(√
neei(kez−ωet)

√
ngei(kgz−ωgt)

)
, (4.16)

wherenµ = const.,kµ corresponds to the effective momentum of the condensate fractions
(in units ofh̄) and

ωµ =
k2

µ

2
+δe,µ ∆+vµ , µ ∈ {e,g}. (4.17)

Hence, the initial conditions for a homogeneously preparedBEC are given by

∂znµ(t = 0) = 0, ∂zφµ(t = 0) = kµ . (4.18)
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We now prove that in absence of laser pulses the densitynµ remains constant even
in presence of the homogeneous gravitational field by explicitly showing that all time
derivatives ofnµ vanish att = 0 under the conditions Eq. (4.18) and if the hydrodynamic
Eqs. (4.14) f. hold.∂tnµ(t = 0) = 0 is satisfied automatically. We start with showing that
∂ 2

t nµ(t = 0) = 0. Considering Eqs. (4.14) f., we find

∂ 2
t nµ =−∂ 2

z

[
g0z+vµ − 1

2

(
∂ 2

z
√

nµ
√

nµ
− (∂zφµ)2

)]
nµ

− (∂ 2
z φµ)(∂t nµ)−

[
∂t(∂zφµ)

]
(∂znµ)− (∂zφµ)

[
∂t(∂znµ)

]
.

(4.19)

With the initial conditions Eq. (4.18),∂ 2
t nµ(t = 0) = 0 follows immediately. By complete

induction it can be shown that∂ j
t nµ = 0 ∀ j. The equation

∂ j
t nµ = −

j−1

∑
ł=0

(
j −1

l

)[
(∂ l

t ∂ 2
z φµ)(∂ j−1−l

t nµ)+(∂ l
t ∂zφµ)(∂ j−1−l

t ∂znµ)
]

(4.20)

holds. Under the assumption that∂ j−1
t nµ(t = 0) = 0, and taking into account Eq. (4.14),

it follows that∂ j
t nµ(t = 0) = 0. Hencenµ is constant.

With this result, it is sufficient to consider the phase evolution of the condensate. The
corresponding differential equation reads

∂t φµ = −
{

g0z+vµ +δe,µ ∆+
1
2

(
∂zφµ

)2
}

. (4.21)

Note that we can identify this expression with the HAMILTON -JACOBI equation [83].
This is seen more clearly, if we use unscaled units again and write (Sµ = h̄φµ )

∂t Sµ = −
{

1
2m

(
∂zSµ

)2
+mg0z+vµ +δe,µ h̄∆

}
. (4.22)

This is a purely classical expression (h̄∆ gives rise to an energy shift and is expressed in
units ofh̄). If vµ = 0 and∆ = 0, Sµ is merely the classical action of a point-like particle

S=

∫
dtL[z(t), ż(t)], (4.23)

where the classical LAGRANGian is then given by

L =
1
2

mż2−mg0z, (4.24)

andz corresponds to the classical trajectory. For a trajectory with an initial space-time
point (za, ta) and a final point(zb, tb), the action can be expressed as

Sµ(zb, tb;za, ta) =
m

24(ta− tb)

[
g2

0(ta− tb)
4−12(za−zb)

2+12g0(ta− tb)
2(za+zb)

]

+(vµ +δe,µ h̄∆)(tb− ta).
(4.25)
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4.2. Calculation of gravitational phase shifts in a nonlinear atom interferometer

The contributionvµ +δe,µ h̄∆ corresponds to a constant energy shift. Now, we have all
the tools at hand to calculate the gravitational phase shifts after passing the interferome-
ter.4.2.3. Semi-lassial alulation of the gravitational phaseshifts

t0 2TT

A

B

D

C

z

g

e

g

e

g

Figure 4.3.: Classical path followed by an atom in the described interferometric experiment. Ini-
tially, the atom only appears in theg-component. After the first pulse att = 0, the paths of theg-
and thee-component, respectively, are split. The latter componentgains an additional momentum
h̄k (cf. Fig. 4.1). At the instantsT and 2T laser pulses are applied, as well. In absence of gravity
the dashed lines are followed. The solid lines schematically take into account the free-fall motion
in the presence of gravity.

In general, there are two contributions adding up to the total phase shift. On the one
hand, there is a phase shift due to the difference of the classical action along the two
different paths in the gravitational field. We denote this contribution withδφpath. On the
other hand, there are additional phases imprinted by the laser fields when performing the
pulses,δφ laser.Calulation of δφpath
The phase difference along the two different paths, cf. Fig.4.3, is

δφpath=
1
h̄

(SACB−SADB) . (4.26)
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In there, we defined

SACB= Se(zC,T;zA,0)+Sg(zB,2T;zC,T), (4.27)

SADB = Sg(zD,T;zA,0)+Se(zB,2T;zD,T), (4.28)

cf. Eq. (4.25). In the previous subsection we have argued that the densitiesnµ of the
condensate fractions remain constant during the free fall motion. Yet here, we have to
take into account the instantaneous exchange of populations due to the laser pulses. If the
initial pulse corresponds to a symmetric splitting (π/2-pulse), as assumed above, then
ng = ne≡ n/2 after this pulse, and for 0< t < T, we find

ve =
n
2
(κ̄eg+ κ̄ee), vg =

n
2
(κ̄gg+ κ̄eg). (4.29)

After theπ-pulse att = T, which corresponds to an inversion of the populations, these
quantities read (T < t < 2T)

ve =
n
2
(κ̄eg+ κ̄ee), vg =

n
2
(κ̄gg+ κ̄eg), (4.30)

so nothing has changed at all. Note that this is not the case, if there was an asymmetric
splitting at the beginning (ne 6= ng). We will discuss such a situation in Chapter 5. Yet,
in the present configuration the contributions due to the nonlinearity vµ exactly cancel
in δφpath. Since the setup is symmetric, the contributions due to the detuning∆ vanish
as well. In conclusion, we only have to take into account the phase difference along the
classical paths in order to determineδφpath. Hence, the trajectory of a particle subject to
the potentialVg(z) is required explicitly. It is of the form

z(t) = zA +vA(t − tA)− 1
2

g0(t− tA)2, (4.31)

wherevA is the initial velocity at the space-time pointA, and the corresponding velocity
reads

ż(t) = vA−g0(t− tA). (4.32)

In order to calculate the classical action along the two different paths, we have to piece-
wise put in the coordinateszi, i ∈ {A,B,C,D} into Eq. (4.25). In there, we have to
consider instantaneous kicks in the velocityvrec= h̄k/mat the pointsA andD, and−vrec

atC, respectively. Thus, we find

zC = zA+vA T − 1
2

g0T2, (4.33)

zD = zA +(vA−vrec)T − 1
2

g0T2, (4.34)

and

zB = zD +(vD +vrec)T − 1
2

g0T2, (4.35)
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where
żD = vD = vA−vrec−g0T. (4.36)

With these results and Eqs. (4.23) as well as (4.25), we obtain

δφpath= 0. (4.37)

There is no phase difference due to a linear gravitational potential. This fact is not too
surprising, since it corresponds to the equivalence principle.Calulation of δφ laser
In addition to a phase that is accumulated on the classical path, the traveling laser pulses
imprint a phase on the atom. The transitions between the internal atomic states virtually
act like an optical beam-splitter and can be expressed by theunitary matrix

ŪΩτ =

(
cos(Ωτ/2) −i sin(Ωτ/2)eikz

−i sin(Ωτ/2)e−ikz cos(Ωτ/2)

)
, (4.38)

cf. Eq. (4.8). The pulse-matrix̄UΩτ mixes the two components. The non-diagonal terms
impart the transition between the two states, and it stands out clearly that in this process
additional laser phases∝ kzare imprinted. With theπ/2−π −π/2-pulse sequence, we
obtain:

• π
2 -pulse atA (t = 0):

ŪA
π/2 =

1√
2

(
1 −ieikzA

−ie−ikzA 1

)
(4.39)

• π-pulse atC andD (t = T):

ŪC,D
π =

(
0 −ieikzC,D

−ie−ikzC,D 0

)
(4.40)

• π
2 -pulse atB (t = 2T):

ŪB
π/2 =

1√
2

(
1 −ieikzB

−ie−ikzB 1

)
(4.41)

In there, the indicesA–D denote the space-time points, at which the instantaneous pulses
are performed. If we are now interested in the total phase which is imprinted, we calcu-
late

ŪA
π/2ŪC

π ŪB
π/2

(
0
1

)
, ŪA

π/2ŪD
π ŪB

π/2

(
0
1

)
. (4.42)
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If we now consider theg-component only, and focus on the phases imprinted by the
above pulse sequence, we obtain

δφ laser= φ laser
ACB −φ laser

ADB = k(zC−zB+zD −zA). (4.43)

In absence of gravity,zC − zB + zD − zA = 0, sinceABCD is a parallelogram then, see
Fig. 4.3. In a homogeneous gravitational field,zC−zB +zD −zA = kg0T2, which leads
to the well-known result in the gravitational phase shift

δφ laser= kg0T2, (4.44)

which is virtually originated in the DOPPLEReffect.
In summary, the total phase shift of the nonlinear atom interferometer using a homo-

geneous BEC is

δφ = δφpath+δφ laser= kg0T2, (4.45)

which is the same result as obtained in a matter wave interferometer using non-interacting
atoms [44, 95, 105]. The populations (more precisely the number densities) of the two
states att = 2T (after the finalπ/2-pulse) are given by

ne(2T) =
n
2

[
1−cos

(
kg0T2)] , ng(2T) =

n
2

[
1+cos

(
kg0T2)] . (4.46)

If we consider the density on a finite lengthL, the detected number of particles is

Ne(2T) =
nL
2

[
1−cos

(
kg0T2)] , Ng(2T) =

nL
2

[
1+cos

(
kg0T2)] . (4.47)4.2.4. Disussion with respet to drop tower experiments

Eventually, the phase shift Eq. (4.44) is originated in the DOPPLER effect, since the
moving condensate experiences a modified laser frequency. Hence, this effect will be
present in a drop tower experiment only if the laser equipment is fixed to the tower, and
the beams are guided into the drop capsule accordingly. In a drop tower experiment, the
durations of free fall are of the order of 5 seconds and even 10seconds in the catapult
mode. On the other hand, one is not able to perform as many shots as in a laboratory
experiment.

A typical drop tower experiment is designed in a way that all the equipment, including
lasers, will be integrated in the drop capsule. Higher ordereffects can be measured then,
since the main contributionkg0T2 vanishes in this setup. This will be useful in Chapter
5, where gravitational phase shifts might be disturbing. Nevertheless, we keep to the
topic of gravitational phase shifts for the moment and consider an interferometer with an
interacting trapped and therefore inhomogeneous BEC in thefollowing.
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Figure 4.4.: Ground state density of a quasi one-dimensional BEC trapped in a square-well poten-
tial vs. positionz (in scaled units). The solid line corresponds to the density|αg(z)|2, the dashed
line to the THOMAS-FERMI approximation thereof. We chose a spatially very broad square-well
trap as confining potential to model spatial homogeneity within the trap.4.2.5. Inhomogeneous BEC interferometer � numerialresults
In this section we relax the approximation of a spatially completely homogeneous con-
densate and consider trapped BECs. A condensate that is confined in a spatially wide
rectangular potential well, is quasi-homogeneous over a significant range within the trap,
while the density rapidly decays towards zero outside, see Fig. 4.4. In there we depicted
the ground state of a quasi one-dimensional BEC forN = 5000 particles. We switch off
the potential att = 0 (HEAVISIDE functionΘ) and thus release the condensate from its
trap. More precisely, the stationary solution of the GP Eq. (4.5) with

V(z, t) =

{
V Θ(−t), |z| < L,

0, else,
(4.48)

andΩ = 0 is calculated, where the BEC is prepared in the internal state |g〉el. As model
parameters (in scaled units), we choseκ̄gg = κ̄eg = κ̄ee = 0.0341,L = 60, V = −100,
∆ = 1, k = 0.2 andg0 = 1. As a length scale we picked a harmonic oscillator length
(cf. Section 2.1.3) of 3.41µm, as it can be achieved withω = ωz = 2π ·10 1/s,m= 87
amu for87Rb in a prolate trap configuration. We realize that on this oscillator scale, the
condensate is very elongated. A more detailed discussion ofrealistic experimental pa-
rameters is given in Chapter 5. Now, we again perform a pulse sequenceπ/2−π −π/2,
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4. Gravitational and rotational sensing on the basis of matter wave interferometry

as previously discussed, via a numerical integration of theGP Eq. (4.5), and com-
pare the interferogramNg(2T) with the results for the purely homogeneous condensate,
Eq. (4.47). One typical result is shown in Fig. 4.5. We observe an oscillatory behavior
with frequencykg0T2, as expected. Nevertheless, a loss of contrast with increasing
dropping timesT (≤ 9) is found. The inhomogeneity in combination with the mean-field
interaction destroys the visibility. As a way out, we could make use of a very dilute
(less mean-field interaction) and more homogeneous BEC. Large dropping durations in
a micro-gravity experiment, Chapter 3, could be helpful to achieve such configurations.
The advantage of interferometry with condensed gases is that there areN coherent par-
ticles involved. We demonstrated the effect of inhomogeneity on the visibility of the in-
terferogram by starting with a harmonically trapped BEC (ωz = 1, corresponds to 2π ·10
1/s). This setup gives rise to a very inhomogeneous situation. In this case, no clear
oscillations could be observed, and we omit to show the results here. Additionally, we
studied the effect of different scattering lengths in an inhomogeneous condensate with
the same square-well trap as introduced above. In particular, we choseκ̄gg = 0.0341,
κ̄ee= 0.0683, andκ̄eg= 0.0171. The results are depicted in Fig. 4.6.

0 5 10 15
0

5000

10000

kg
0
T2

N
g

Figure 4.5.: Interferogram of a nonlinear atom interferometer with an inhomogeneous (solid line)
vs. a homogeneous BEC (dashed line). We plot the populationsin the output channelNg vs. the
parameterkg0 T2 (in rad), where the timeT between the laser pulses is tuned. Note that there is a
sound agreement between the two curves, especially the frequency is matched well. Nevertheless,
there is a loss of visibility in the inhomogeneous interferometer for increasing timesT. In this
setup, all coupling constants were chosen to be identical.
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Figure 4.6.: Interferogram of a nonlinear atom interferometer with an inhomogeneous (solid line)
vs. a homogeneous BEC (dashed line). We plot the populationsin the output channelNg vs.
the parameterkg0 T2 (in rad), where the timeT between the laser pulses is tuned. In this setup,
all coupling constants were chosen explicitly different toκ̄gg = 0.0341,κ̄ee= 0.0683, andκ̄eg =

0.0171. In this case, there is poor agreement between the two curves, and the loss of visibility in
the inhomogeneous interferometer is significant on the shown time scale.4.3. Rotational sensing with quantized vorties ina BEC
In this section, we propose a rotational sensor based on quantized vortices in a BOSE-
EINSTEIN condensate (cf. Section 2.5). It is established by creatinga superposition of
a vortex and a non-rotating state, where both states accumulate a different phase in a
rotating frame of reference.4.3.1. Using superpositions of states with di�erent angularmomentum as a rotational sensor � basi idea on asingle-partile level
In order to isolate the physical mechanism of this rotational sensor, we will discuss a
simplified version first. Let us consider a harmonically trapped two-level atom (|g〉, |e〉,
we drop the subscript "el" in the following). The confinementis assumed to have a
cylindrical symmetry, where the trapping in thez-direction is so tight that the motion in
this direction is effectively frozen out. In other words, this motion factorizes from the
radial dynamics and can be described by a one-dimensional harmonic oscillator in the
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4. Gravitational and rotational sensing on the basis of matter wave interferometry

ground state. Moreover, we assume that the frame of reference of the trapped atom is
subject to a rotation around thez-axis with the constant frequencyΩext. In this corotating
coordinate system(r,ϕ,z) the scaled two-dimensional SCHRÖDINGERequation takes the
form

i∂t

(
ψe(r,ϕ, t)
ψg(r,ϕ, t)

)
=

(
H2d+∆−Ωext lz Ω(r,ϕ, t)

Ω∗(r,ϕ, t) H2d−Ωext lz

)(
ψe(r,ϕ, t)
ψg(r,ϕ, t)

)
, (4.49)

cf. also the considerations of Section 3.3. This equation isalready expressed in the
interaction picture (Appendix A.1) and

H2d = −1
2

(
∂ 2

r +
1
r

∂r +
1
r2∂ 2

ϕ

)
+

r2

2
, (4.50)

where∆ is the effective detuning andΩ(r,ϕ, t) denotes the coupling RABI frequency.
lz=−i∂ϕ denotes thez-component of the angular momentum operator. This contribution
couples only to states with finite angular momentum, as we will see immediately. The
natural time scale is given by the inverse radial trap frequencyωr , and the length scale is
aHO =

√
h̄/(mωr), cf. Section 2.1.3.

Initially, the atom is supposed to be prepared in the internal g-state and the motional
stateu0,1(r,ϕ), whereup,l (r,ϕ) are the eigenfunctions of the symmetric two-dimensional
harmonic oscillator, explicitly

up,l(r,ϕ) = N L|l |
p (r2) r |l |ei l ϕ e−r2/2. (4.51)

In there,l is an integer, which indicates the angular momentum,L|l |
p denotes the associ-

ated LAGUERRE polynomials, andN is a normalizing factor.u0,0(r) = (1/
√

π)e−r2/2

is the ground state wave function of the two-dimensional harmonic oscillator, while
u0,±1(r,ϕ) = (1/

√
π) re±iϕ e−r2/2 carries the angular momentum 1 (in units ofh̄), hence

we call it "rotating". Starting with the initial condition

(
ψe(r,ϕ, t = 0)

ψg(r,ϕ, t = 0)

)
=

(
0

u0,1(r,ϕ)

)
, (4.52)

we apply a symmetric beam-splitter transformation (π/2-pulse)

Ūπ/2 =
1√
2

(
1 −ie−2iϕ

−ie2iϕ 1

)
(4.53)

by some mechanism. Note that with this pulse angular momentum is imparted on the
atom. This yields a superposition of two counter-rotating states,

ψψψ(0+) ≡
(

ψe(r,ϕ, t = 0+)

ψg(r, t = 0+)

)
=

1√
2

(
u0,−1(r,ϕ)

u0,1(r,ϕ)

)
. (4.54)

74



4.3. Rotational sensing with quantized vortices in a BEC

Then the system evolves freely for the durationT. With the initial condition Eq. (4.54)
and Eq. (4.49), we find

ψψψ(T) =
1√
2π

(
−ie−iϕ e−(2+∆+Ωext)iT

eiϕ e−(2−Ωext)iT

)
re−r2/2. (4.55)

The motional states are mixed by applying anotherπ/2-pulse, and we obtain

ψψψ(T+) =
1

2
√

π

(
−ie−iϕ (e−(2+∆+Ωext)iT +e−(2−Ωext)iT )

eiϕ (−e−(2+∆+Ωext)iT +e−(2−Ωext)iT )

)
re−r2/2. (4.56)

We are only interested in the output of theg-channel. Its population reads

Ng(T+) =

2π∫

0

dϕ
∞∫

0

dr r |ψg(T+)|2

=
1
2

(1+cos[(2Ωext−∆)T]) .

(4.57)

The populationNg is sensitive to the rotational frequencyΩext, and by tuning the time
T we can generate an interferogram, which directly revealsΩext, if ∆ is known. The
dependence on the detuning can be canceled, if the setup is symmetrized by introducing
an intermediateπ-pulse. So far, this is only a simple model and we have not discussed
how to implement it. This will be the subject of the followingconsiderations.

Figure 4.7.: Schematic setup of an interferometer that creates a superposition of two states with
different angular momentum,|u0,1〉 and|u0,−1〉 via aπ/2-pulse. After a durationT anotherπ/2-
pulse is applied and the population in the state|u0,1〉 is detected. In a rotating frame, this setup
can be used to probe the rotational frequency.
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4. Gravitational and rotational sensing on the basis of matter wave interferometrySuperpositions of rotating and non-rotating states as a rotational sensor
Before we turn to the physical implementation of the above described rotational sensor,
we briefly discuss a modification of the scheme, using a superposition of the motional
ground stateu0,0 and the stateu0,1, i. e.

(
ψe(r,ϕ,0+)

ψg(r,0+)

)
=

1√
2

(
u0,1(r,ϕ)

u0,0(r)

)
. (4.58)

With a similar scheme as described above, we obtain

Ng(T+) =
1
2

(
1+

√
π

2
cos[(Ωext−∆−1)T]

)
, (4.59)

or in unscaled variables

Ng(T+) =
1
2

(
1+

√
π

2
cos[(Ωext−∆−ωr)T]

)
, (4.60)

whereωr is the radial trap frequency. The setup discussed earlier isfavorable since it
involves the term 2Ωext, which increases the sensitivity. Moreover, in the presentsetup
the contrast or visibility is

max[Ng(T+)]−min[Ng(T+)]

max[Ng(T+)]+min[Ng(T+)]
=

1
2

(
1+

√
π

2

)
− 1

2

(
1−

√
π

2

)
≈ 0.886< 1. (4.61)

Nevertheless, a realization of this setup can be obtained more directly, as we will see in
the following subsections.4.3.2. Using the STIRAP sheme as a beam-splitter
In the following, we will outline how the rotational sensor established in the previous
considerations could be implemented in a three-component BEC. So far, we have treated
the beam-splitter transformations by instantaneous pulsematrices. In this subsection, we
will present a more realistic configuration, using a three-level scheme and the STIRAP
(stimulated RAMAN adiabatic passage) method [108]. STIRAP allows for a coherent
transfer between different internal states and can thus actas a beam-splitter for an atom.
Moreover, it has been demonstrated in [77] that the transferof external angular momen-
tum to a trapped BOSE-EINSTEIN condensate with an internal three-level structure can
be realized with this method. In here, we will first discuss how STIRAP can be applied
to a trapped BEC. Then, we will outline how superpositions ofa rotating and a non-
rotating state can be generated with this method. In the context of BEC, STIRAP has
been discussed (including stability analyses) in [109, 110].

In order to implement a STIRAP pulse sequence, an internal electronicΛ-configuration
is required with two quasi-degenerate ground states|g1〉 and |g2〉 and an excited state
|e〉. The ground states are, for example, the hyperfine levels of an alkali atom [58, 111].
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ωp

ωd

∆p ∆d

|g2〉

|e〉

|g1〉

λdεd(r, t)e
−i(ωdt−kdz)+c.c.λpεp(r, t)e

−i(ωpt−kpz) + c.c.

Figure 4.8.: AΛ-system exposed to two co-propagating laser pulses in two-photon resonance.
The levels|e〉 and|g1〉 are coupled by a traveling "pump" laser pulse with polarization vectorλλλ p,
frequencyωp and wave numberkp. The time- and space-dependent amplitude is denoted with
εp(r , t). The corresponding quantities of the "dump" laser, which couples|e〉 and|g2〉, are denoted
with the index "d". The individual detunings from the excited state are∆p = ωe−ωg1 −ωp,
∆d = ωe−ωg2 −ωd.

In Fig. 4.8, we have depicted the optical dipole transition scheme for aΛ-type atom.
The Λ-system is exposed to two co-propagating traveling "pump" and "dump" laser
pulses,

Ep(r , t) = λλλ p εp(r , t)e−i(ωpt−kpz) +c.c., (4.62)

Ed(r , t) = λλλ d εd(r , t)e−i(ωdt−kdz) +c.c., (4.63)

whereλλλ p andλλλ d denote the corresponding polarization vectors. The slowlyvarying
laser beam envelopesεp, εd have a non-trivial temporal structure

εp(r , t) ≈ εp(t) = εpe−(t−τ)2/2d2
, (4.64)

εd(r , t) ≈ εd(t) = εd e−t2/2d2
. (4.65)

For both pulses, we choose the fundamental GAUSS-LAGUERRE (GL) laser mode [112]
with a spatial width larger than the BEC size and a temporal GAUSSian turn-on shape
with the widthd. Numerical simulations prove that within this limit the spatial GAUSSian
envelope can be disregarded altogether in Eqs. (4.64) and (4.65). The pump pulse reaches
its maximum intensity at some timeτ > 0. While spatial extension and temporal duration
d can be set equal in both pulses, it is crucial that the dump beam reaches its maximum
intensity att = 0 first. This "counter-intuitive" pulse sequence is the key of the STIRAP
procedure and achieves an efficient adiabatic passage for linear, dissipative quantum sys-
tems [108]. If the system is initially prepared in the internal state|g1〉, a full population
transfer to state|g2〉 can be reached. Moreover, the excited state|e〉 is not populated
significantly at any instant. In order to achieve this situation, the field amplitudes have to
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satisfy the conditions

lim
t→−∞

εp(t)

εd(t)
= 0, (4.66)

lim
t→+∞

εp(t)

εd(t)
= ∞, (4.67)

which is guaranteed by the pulse sequence given in Eqs. (4.64) and (4.65). The idea of
using such a scheme as a beam-splitter has been established in [113], where the transfer
of momentum and ground state population in laser-cooled cesium by adiabatic following
of a slowly evolving light field was observed.

Now, the STIRAP method is applied to a trapped BEC of three-level atoms in aΛ-type
configuration. We describe the dynamics of the condensate within the mean-field picture
and obtain a three-component GP equation, in analogy to the considerations regarding the
two-component case in Section 2.1.4. The condensate is spatially confined by an oblate,
axis-symmetric harmonic potential, which in cylindrical coordinates(r,ϕ,z) reads

V(r,z) =
1
2

m(ω2
r r2+ω2

z z2), (4.68)

wherem denotes the single-particle mass. By choosing the radial trapping frequency
much less than the longitudinal frequency, i. e.,ωr ≪ ωz, one can effectively confine
the motion to the radial component. This virtually "freezes" the longitudinal motion due
to an energy selection argument. We have briefly discussed this in Section 2.3.2. The
optical transitions that are induced by the laser pulses impart linear momentum on the
condensate. Yet, we are dealing with a trapped system, and linear momentum cannot
be conserved in there. A resulting sloshing motion is suppressed by squeezing the trap-
ping potential into a very oblate configuration, as stated above. We immediately present
the scaled quasi two-dimensional three-component GP equation for the order parameter
ααα(r, t) = (αe(r, t),αg1(r, t),αg2(r, t))

⊤ within the rotating-wave approximation and in the
interaction picture, cf. Section A.1 and [62]. It reads (a more detailed derivation is given
in [77])

i∂t ααα(r, t) = Hmf(t)ααα(r, t), (4.69)

Hmf(t) =




h+∆ Ωp(t) Ωd(t)
Ω∗

p(t) h+δ +β an(r, t) 0
Ω∗

d(t) 0 h−δ +β an(r, t)


 , (4.70)

where β =
√

8πωz/ωr and all scattering lengths are equal toa. This assumption
holds well for 87Rb, as mentioned earlier. The RABI frequency, which couples the
states|g1〉 and |e〉el, is denoted withΩp(t) = εp(t)dg1e, |g2〉 and |e〉 are coupled via
Ωd(t) = εd(t)dg2e, wheredg1e anddg2e are the respective atomic dipole moments.∆ =

(∆p+∆d)/2 is called the RAMAN detuning andδ = (∆d−∆p)/2 denotes the two-photon
detuning. In there∆p and∆d are the individual detunings of the corresponding laser and
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4.3. Rotational sensing with quantized vortices in a BEC

DOPPLER-shifted electronic transition frequencies. The particledensity is denoted by
n(r, t) = |αg1(r, t)|2 + |αg2(r, t)|2, andh represents a two-dimensional radial harmonic
oscillator HAMILTON ian

h = −1
2

(
∂ 2

r +
1
r

∂r − r2
)

. (4.71)

We solved the GP Eq. (4.69) numerically. We do not apply a complete STIRAP se-
quence with a temporal pulse sequence as given by Eqs. (4.64)and (4.65). The full
STIRAP sequence acts like a mirror. A 50:50 beam-splitter can be established, if we
stop the STIRAP transfer at an intermediate instant, and a corresponding pulse sequence
(Fig. 4.9) is given by

εp(t) = εpe−(t−τ)2/2d2
Θ(t1/2− t)+ εpe−(t−T−τ)2/2d2

Θ[t− (t1/2+T)], (4.72)

εd(t) = εd e−t2/2d2
Θ(t1/2− t)+ εd e−(t−T)2/2d2

Θ[t− (t1/2+T)], (4.73)

with the HEAVISIDE step function.t1/2 indicates the time where 50% of the transfer has
been completed. At that instant we abruptly stop the STIRAP process and let the system
evolve freely for the durationT, where we switch on the coupling lasers again and thus
complete the STIRAP transfer. In a more refined approach, thepulse shapes could have
been modeled smoothly, as well, yet the qualitative resultswould not change.

t

ε
d

ε
p

T

t
1/2 t

1/2
+T

Figure 4.9.: Schematic sketch of the interrupted "counter-intuitive" temporal pulse sequence. The
"dump" pulseεd (solid line) is switched on before the "pump" pulseεp (dashed line). At the in-
stant of 50% population transfer (t = t1/2) the lasers are switched off (εp = εd = 0) instantaneously
and after another period ofT the pulse sequence is completed.

As a set of parameters we chosea = 110 Bohr radii,ωr = 10s−1 andωz = 1000s−1,
respectively. With an atomic mass ofm = 86.91 amu (87Rb), we find a harmonic os-
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4. Gravitational and rotational sensing on the basis of matter wave interferometry

cillator lengthaHO =
√

h̄/Mωr = 8.55µm. For the scaled coupling constant we obtain
β =

√
8π ωz/ωr a= 0.0855. We will consider an atomic ensemble withN = 6283 parti-

cles. The laser parameters are chosen as follows:τ = 0.3,d = 0.15,Ωp = 200,Ωd = 200,
∆ = 30, andδ = 0 (two-photon resonance). From our numerical simulations,we found
t1/2 = 0.23 (23 ms in real time), and we choseT = 0.6. On the one hand, a 50:50
beam-splitter is realized. Moreover, we show by this procedure that the transfer can be
completed without perturbations. The numerical results are displayed in Figs. 4.10 and
4.11. The transfer efficiency is shown in Fig. 4.10. The individual populations are given
by

Nν(t) = 2π
∞∫

0

dr r |αν(r, t)|2. (4.74)

The figure reveals a symmetric population splitting and no population of the excited
state at any instant. The initial spatial shape of the trapped BEC in state|g1〉 cannot be
distinguished from the final shape, where the transfer to|g2〉 has been performed. No
perturbations occur (Fig. 4.11). The same statement holds for the 50:50-superposition of
both electronic states. Again, the spatial distributions are identical.
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Figure 4.10.: 50:50 beam-splitting of a trapped BEC with three internal states using the STIRAP
method. We demonstrate the transfer efficiency, using an interrupted pulse sequence (abscissa:
time, ordinate: populations). Initially, the condensate is prepared in the internal state|g1〉 (total
populationN = Ng1). The STIRAP pulses create an equally-balanced superposition of the con-
densate in states|g1〉 and|g2〉, then (Ng1 = Ng2). After some time-delay the STIRAP sequence is
completed and all the particles are transferred to state|g2〉. During the whole process no pertur-
bations occur and the excited state is not populated at any instant (Ne ≈ 0). The total number of
particlesN is conserved.
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Figure 4.11.: 50:50 beam-splitting of a quasi two-dimensional trapped BEC with three internal
states using the STIRAP method with an interrupted pulse sequence. We depict the spatial density
|αν(r, t)|2, ν ∈ {g1,g2} for different instants (length scale: natural harmonic oscillator units).
The initial spatial shape of the trapped BEC in state|g1〉 cannot be distinguished from the final
shape, where the transfer to|g2〉 has been performed (|αg1(r, t = −∞)|2 = |αg2(r, t = +∞)|2).
The same statement holds for the 50:50-superposition of both electronic states (|αg1(r, t1/2)|2 =

|αg2(r, t1/2)|2). Again, the spatial distributions are identical.
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4. Gravitational and rotational sensing on the basis of matter wave interferometryCreating vorties and superpositions of a rotating and a non-rotating BECusing STIRAP and Gauss-Laguerre modes
The transfer of angular momentum from an optical field to a macroscopic rigid body or an
atomic particle also has a long-standing tradition in quantum mechanics. The first proof
that circularly polarized light carries angular momentum dates back to BETH’s original
experiment from 1936 [114]. More recently, GAUSS-LAGUERRE laser beams with well
defined external angular momentum have become available [112, 115]. In the context of
a BEC, using the angular momentum of light to create a doubly charged vortex has been
proposed [116],π-pulses in RAMAN -type transitions have been examined [117] and an
adiabatic passage to a vortex state has been investigated bychanging the two-photon
detuning of an effective two-level system [118].

The STIRAP scheme can be exploited to impart orbital angularmomentum on a BEC,
as demonstrated in [77]. By exposing an oblate, axis-symmetric condensate to two co-
propagating laser pulses, one can transfer external angular momentum from the light
field to the matter wave, if one of the beams is the fundamentalGAUSSian mode and the
other is a GAUSS-LAGUERRE mode of angular momentum 1h̄. The optical absorption-
emission cycle imparts angular, as well as linear momentum onto the final state. While
we chose the same pump pulse as above, the dump pulse is modified. In order to transfer
orbital angular momentum from the light beam to the matter wave, we pick the first ex-
cited GL mode that carries external angular momentum, the socalled "doughnut-mode"
(Fig. 4.12), for the dump beam, cf. Eq.(4.63) [115, 116, 117,119]. It now reads

Ed(r,φ ,z, t) = λλλ d εd(r,φ , t)e−i(ωdt−kdz) +c.c., εd(r,ϕ, t)≈ εd reiϕ e−t2/2d2
. (4.75)

This yields the three-component scaled quasi two-dimensional GP equation

i∂tααα(r, t) = H(t)ααα, (4.76)

Hmf(t) =




h(0) +∆ Ωp(t) r Ωd(t)
Ω∗

p(t) h(0) +δ +κn(r) 0
r Ω∗

d(t) 0 h(1)−δ +κn(r)



 , (4.77)

where

h(l) = −1
2
(∂ 2

r +
1
r

∂r −
l2

r2 − r2), l ∈ {0,1}. (4.78)

In there, theϕ-dependence has been eliminated with a suitable ansatz [77,78]. Note
that theg2-component involves a centrifugal potential (l = 1) and corresponds to the
HAMILTON ian of a quantized vortex, as motivated in Eq. (2.65). It has been shown in
[77] that with a the suitable STIRAP pulse sequence, as givenin Eqs. (4.64) and (4.65),
a vortex can be created in a BOSE-EINSTEIN condensate with more than 99% efficiency
and only small perturbations in the final vortex. The vortex state after such a STIRAP
sequence, as well as some intermediate state during the process, are depicted in Fig. 4.13,
where we chose the same numerical parameters as above (differing N = 10000 particles).
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4.3. Rotational sensing with quantized vortices in a BEC

Figure 4.12.: The intensity|εd|2 of a doughnut mode (left plot) as well as the phase windingϕ
(right) are shown schematically via positionx andy. Qualitatively, the density of a vortex state
and the phase winding thereof show the same shapes (picturestaken from [78]).

In addition, the results for an instantaneous TF approximation [77], which agree well
with the exact solution, are depicted there.

Now, the STIRAP transfer can be interrupted at an intermediate instant again, thus
establishing atemporalpulse sequence as in Eqs. (4.72) and (4.73). We point out that
we now have established a beam-splitter similar as the one shown in Fig. 4.7. Since
the spatial wave function of the condensate fraction in|g2〉 has been imparted orbital
angular momentum from the GAUSS-LAGUERRE beam, it is "rotating" now. In contrast,
the residual part, which remained in the internal state|g1〉 still has vanishing orbital
angular momentum. Hence, we are able to create a superposition of a rotating and a
non-rotating state. In other words, the STIRAP scheme provides us with a beam-splitter
as it is desired in Section 4.3.1. In there, it has been motivated how such a superposition
can be used to measure external rotations. Before we switch to this task, we examine the
properties of this vortex beam-splitter.

In Fig. 4.14 we display the results of a numerical calculation that mimics the beam-
splitting in the way as shown above for non-rotating states.After a time delayT = 0.6
the STIRAP sequence is completed. We observe residual excitations and a slightly non-
ideal transfer with a non-vanishing population of the excited state, which can yield spon-
taneous emission. For larger durationsT, this non-ideal behavior becomes more signifi-
cant due to increasing excitations in the intermediate state, and a higher population of the
excited state is observed. This sets a limit to rotational sensing. As outlined in Section
4.3.1, a timeT is required, where the two components acquire a distinct phase due to the
external rotation. Hence, for low rotational frequencies,T has to be sufficiently large,
which implies stronger perturbations. Thus, a rotational sensor based on this vortex-non-
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4. Gravitational and rotational sensing on the basis of matter wave interferometry

vortex superposition state is expected to be able to measurefrequencies on the scale of
the trap frequency only.
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Figure 4.13.: Time evolution of the vortex state density|αg2(r, t)|2 vs. radiusr measured in units
of aHO. The solid lines depict the vortex state at an intermediate instant (t = 0) and after the STI-
RAP process is completed (t = 1). In general, an instantaneous THOMAS-FERMI approximation
(dashed line) compares well with the exact results apart from minor excitations.
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Figure 4.14.: 50:50 beam-splitting of a vortex and a non-rotating state in a quasi two-dimensional
trapped BEC with three internal states using the STIRAP method. A) The density of atoms in
the excited state|αe|2 after the full transfer is shown vs. position (in units ofaHO). B) We depict
the transfer efficiency vs. time (in natural units of the inverse trap frequency). The pulses are
interrupted for a periodT of free evolution. The excited state is populated (Ne) slightly after the
STIRAP sequence. In addition, the populations of the states|g1〉 (Ng1), |g2〉 (Ng2) and the total
populationN are shown. C) Density of particles|αg1|2 in the state|g1〉 vs. position after the
transfer. The dashed line corresponds to the initial density. D) Density of particles|αg2|2 in the
state|g2〉 vs. position after the transfer. Residual excitations remain (dashed line: vortex without
excitations).
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4. Gravitational and rotational sensing on the basis of matter wave interferometry4.3.3. Creating a rotational sensor by using STIRAP
In the following, we combine our considerations on creatingsuperpositions of rotating
and non-rotating states in a rotating frame of reference (Section 4.3.1) with the discussion
of the STIRAP method to create such superpositions in a trapped BEC. In a rotating
frame of reference (Ωext denotes the rotational frequency with respect to thez-axis; other
rotations are assumed to vanish), the GP Eq. (4.76) transforms to

i∂tααα(r, t) = H̄(t)ααα(r, t), (4.79)

H̄mf(t) =




h(0) +∆ Ωp(t) r Ωd(t)
Ω∗

p(t) h(0) +κn(r) 0
r Ω∗

d(t) 0 h(1) +Ωext+κn(r)



 . (4.80)

Note that in the rotational part corresponding to state|g2〉 we obtain an additional con-
tribution due to the angular momentum of the vortex state that couples to the external
rotation. This gives rise to a different phase evolution of the rotating and the non-rotating
state, similar as in the considerations made in Section 4.3.1.

We establish a pulse sequence as in the previous subsection,cf. Eqs. (4.72) and (4.73),
and the dump pulse carries angular momentum again, cf. Eq. (4.75). As outlined before,
the STIRAP method gives us a tool to use this configuration fordetecting and measuring
external rotations within a limited range of frequencies. The considerations of Section
4.3.1 suggest alternating populationsNg1 andNg2, respectively, depending on the time
delayT. If we make repetitive experiments (by tuningT) and detect the populationNg1

after each shot, we finally get a modulation of the populationand read out the frequency
Ωext.Numerial results
In Fig. 4.16 we show the overall result of 50 simulations withvariableT in the range
of 0.68..4.5. We assumed a rotational frequencyΩext = 3 (in units of the transverse
trap frequencyωr ). The remaining parameters were chosen as given above. We observe
a dependence onΩext in all the populations (Ng1, Ng2 andNe). In order to prove this,
we made a control calculation withΩext = 0 and did not find such a behavior in there.
Thus, we have shown that rotational sensing can be performedwith our present device.
Moreover, the magnitude ofΩext can be read out from Fig. 4.16 in principle. We find
that the frequency of the oscillation of the populations is approximately 3.Disussion and outlook
Note that our corresponding considerations in Section 4.3.1, where we dealt with har-
monic oscillator eigenstates, lets us expect a frequencyΩext− δ −1, cf. Eq. (4.60). In
here, the two-photon detuningδ = 0. The additional summand "1" resulted from the dif-
ference of the scaled eigenfrequencies of theu0,0- andu0,1-state. In case of a BEC, the
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4.3. Rotational sensing with quantized vortices in a BEC

values for the corresponding chemical potentials of a vortex and a non-rotating state are
very similar (in hereµ = 16.56,µv = 16.69 for the non-rotating and the vortex state, re-
spectively), so that for the frequency of the oscillation weexpectΩext−(µv−µ) ≈ Ωext.
Therefore, the result that is extracted from Fig. 4.16 is plausible.
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Figure 4.15.: We depict a typical plot of the transfer efficiency in a rotating frame vs. time. The
STIRAP pulses are interrupted for a periodT of free evolution. Due to the external rotation, the
transfer of populationNg1 from |g1〉 to Ng2 (in state|g2〉) is not complete. As an artefact, we
also detect a significant populationNe in the excited state|e〉 after the pulse sequence. The total
populationN is conserved.

Nevertheless, the rotational sensor, as presently established, is not ideal. On the one
hand, it is only sensitive for frequenciesΩext & 1 (in units ofωr ), as pointed out be-
fore. On the other hand, we observe a significant population of the excited state, which
possibly yields spontaneous emission. Such a process coulddestroy the condensate.
Therefore, it is necessary to optimize our rotational sensor. This is work in progress.
A possibility to avoid a population of the excited state could be introducing a time-
dependent two-photon detuning as well as choosing higher RAMAN detunings∆ in order
to guarantee adiabaticity at any instant.

Since the appearance of Ref. [77], the experimental realization of vortices in a BEC us-
ing GL beams has been achieved [120]. Moreover, the possibility of generating arbitrary,
counterrotating, coherent superpositions in BOSE-EINSTEIN condensates via orbital an-
gular momentum beams and applications to vortex phase qubits has been discussed in
[121]. It is hence desirable to carry on the studies of such superposition states, since they
are of theoretical as well as experimental interest.
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Figure 4.16.: Rotational sensing with a superposition of a vortex and a non-rotating state in a
trapped BEC, using STIRAP as a beam-splitter, in a frame of reference rotating withΩext. We ob-
serve a dependence of all the populations (Ng1, Ng2 andNe) on the scaled propagation timeΩextT,
whereT was varied in the range 0.68..4.5 (the overall result of 50 simulations is displayed). In the
simulations, we assumed a rotational frequencyΩext = 3 (in units of the transverse trap frequency
ωr). This value can be extracted from the plot, since it corresponds to the oscillation period of
the individual populations (the interval between the two arrows is 2π to a good approximation).
The total numberN of particles is conserved.
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5. A number �lter for matterwaves
Nonlinear devices are exploited extensively to establish interesting and useful effects in
optics. In nonlinear optics it is well-known that a number-phase minimum-uncertainty
state with reduced photon number uncertainty can be produced by making use of a
MACH-ZEHNDER setup, which includes a nonlinear optical KERR medium in one arm
with a coherent-state input [122]. Moreover, the SAGNAC effect can be enhanced us-
ing a nonlinear ring interferometer [123]. Direct photon number squeezing has been
demonstrated experimentally, using a nonlinear fiber optics interferometer. By launch-
ing solitons into a highly asymmetric SAGNAC loop, the maximum photocurrent noise
reduction was observed to be below shot noise. Thus, squeezing was generated by the
interference of two pulses after nonlinear propagation through a fiber [124]. A similar
suggestion has been made before in [125].

In the dynamics of BOSE-EINSTEIN condensates, nonlinear effects play an impor-
tant role, as well. One aspect is creating many-particle entanglement with condensates
via a single resonant laser pulse applied to all the atoms in the BEC. Due to free time
evolution, where binary collisions take place, entanglement between atoms is produced
[126]. Sub-POISSONian number fluctuations can be observed with a BEC in weakly
linked mesoscopic traps [127]. Theoretically, such atom number fluctuations between
the halves of a double-well trap containing a BOSE-EINSTEIN condensate have been
studied within a two-mode approximation [81]. Depending onthe strength of the two-
particle interaction and on the height of the potential barrier, the fluctuations can show
sub-POISSONian behavior. Interferometric methods to go beyond the standard quan-
tum limit have been developed for an atomic SAGNAC interferometer [128], where joint
squeezing may improve the variance by up to a factor of 2. Theoretically, spin-squeezed
states [129, 130] have been shown to meet such conditions. Aninterferometric proce-
dure to split an atomic condensate into two spatial components with strongly reduced
population fluctuations has been proposed in [131].

The number of atoms in a condensate generated in the laboratory varies from ex-
periment to experiment within a range of about 10%, even if more or less identical initial
conditions are established. This is due to technical uncertainties. In each single ex-
periment, the BEC is characterized by a FOCK state|N〉, whereN is the number of
particles in the BEC, and the probability to find this number in an arbitrary experiment
is pN. Therefore, there is an uncertainty in atom number from experiment to experiment
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5. A number filter for matter waves

and the state of the condensate is characterized by an ensemble description, i. e. a density
operatorρ(t = 0) = ∑N pN |N〉 〈N|, which is totally mixed. This is in contrast to the
optical experiment described in [124], where the initial state is a coherent state.

In this chapter, we will establish an atom number filter for matter waves that allows for
a number stabilization, i. e. after passing the filter the number uncertainty is less than be-
fore, which corresponds to a flat input-output characteristic, as shown in Fig. 5.2. Such a
device could not only be of high interest in standard laboratory experiments but also ap-
ply to micro-gravity experiments that can be performed overlong durations, as outlined
in Chapter 3 and in recent publications of the QUANTUS collaboration [40, 42, 84].
These types of experiments are suitable for high precision measurements, and the long-
time quantum evolution of a system can be studied. Hence, it is relevant that the number
of atoms in a condensate can be controlled accurately. This aim can be achieved by using
a nonlinear matter wave interferometer, which is in anologyto a nonlinear fiber optics
setup discussed in [124]. Our model is based on the same ideasas the interferometer
introduced in 4.2. In particular, a highly asymmetric splitting is required in order to ob-
serve a number stabilization. Due to the asymmetric splitting, the condensate fraction in
one arm of the interferometer experiences a strong nonlinear phase evolution, while the
other part only undergoes a weak nonlinear phase shift.

The ideas presented here are related to the work of POULSEN and MØLMER [131],
since their approach combines ideas for light squeezing in anonlinear optical inter-
ferometer [122] with ideas for spin-squeezing of two-component condensates, where
collisional interactions play an important role [126]. We would like to point out that
our approach explicitly requires an asymmetric splitting.Moreover, it can be understood
within the mean-field approximation.

This chapter is organized as follows: In the first section, a quantitative description of
the number stabilization is given, where we follow a mean-field approach. Within a ho-
mogeneous approximation, we present an analytic expression of the number density at
the interferometer output, which reveals the number-stabilizing behavior. These results
are confirmed by numerical simulations assuming an inhomogeneous trapped conden-
sate. In the second section we verify the mean-field results by a quantum-mechanical
two-mode approximation. Finally, we briefly consider the optimization and further quan-
tification of the number stabilization in the third section,including a short discussion of
squeezing within the WIGNER picture.5.1. Mean-�eld alulation
Let us consider the nonlinear matter wave interferometer, as established in Section 4.2.
The interferometric configuration is sketched in Fig. 5.1. At t = 0, the condensate is
supposed to be prepared in the ground state

∣∣g,kg
〉
, and an instantaneous pulse is now

creating a superposition of the states
∣∣g,kg

〉
and

∣∣e,kg+k
〉
. The overall pulse sequence

is p−π − p̄, where the final pulse may provide an asymmetric mixing, as well. A quasi-
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5.1. Mean-field calculation

instantaneousp-pulse (τ ≪ T, whereT is the propagation time between the pulses),
can be expressed via Eq. (4.8), and the time evolution between the pulses is given by
Eqs. (4.12) and (4.13)

i∂t

(
αe

αg

)
= Hmf(t)

(
αe

αg

)
, (5.1)

where

Hmf(t) =

(
−1

2∂ 2
z +V(z, t)+∆+ve 0

0 −1
2∂ 2

z +V(z, t)+vg

)
. (5.2)

In there,vµ = κ̄µµ nµ + κ̄µν nν , µ,ν ∈ {e,g} (µ 6= ν), nµ = |αµ(z, t)|2. Moreover, we ex-
plicitly assumeV(z, t) = Vtr(z, t), i. e. gravitational effects are not considered. This can
be achieved by rotating the interferometric setup by 90◦ so that thez-direction is now
perpendicular to the direction of the gravitational field. For the present considerations,
effects of gravitational phase shifts might be disturbing and we would like to disregard
them. On the other hand, the experiment could be performed ina micro-gravity environ-
ment (cf. Section 4.2), and we have pointed out above that it could be crucial for such
future experiments to be able to control the number of atoms in a BEC to high accuracy.

Figure 5.1.: Matter wave interferometer, as introduced in Chapter 4. The atoms are initially pre-
pared in the state|g,kg〉, whereg denotes the internal electronic state andkg is the corresponding
wave number. Then, we allow for an asymmetric splittingp : (1− p), which we call ap-pulse,
where the state|e,kg +k〉 has gained some additional momentumh̄k from the laser field. After a
free time evolution of durationT, a π-pulse performs an inversion of the populations (setup I),
and after another time T the final mixing is realized by a possibly asymmetric ¯p-pulse. Without
loss of generality, we have depicted a one-dimensional scenario again.

5.1.1. Homogeneous GP equation
In order to get insight into the problem, we consider the homogeneous GP equation first,
i. e. we assumeVg(z, t) = 0 andVe(z, t) = ∆ in Eq. (5.2). Experimentally, this cannot
be realized, but nevertheless spatial homogeneity can be modeled in the laboratory with
very broad confining potentials of almost constant magnitude over a significant range to a
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5. A number filter for matter waves

good approximation (idealized a simple square-well). In there, the condensate density is
quasi-homogeneous, except for the boundaries, where it rapidly decays and tends to zero,
see Fig. 4.4. The harmonic oscillator trap is experimentally more feasible but guaran-
tees less spatial homogeneity. Later, we will relax this assumption of homogeneous
condensates.

Initially, the BEC is prepared in state
∣∣g,kg

〉
, and it is easily realized that a plane

wave solution is a stationary state of the GP Eq. (5.1). This yields the initial condition
(αe,αg)

⊤ = (0,α eikgz)⊤, i. e. there may be some effective momentumkg. |α|2 ≡ n
corresponds to the constant particle density of the delocalized system. Now, the pulse
sequencep−π − p̄ is performed, and there is free time evolution of durationT between
the pulses. The homogeneous GP Eq. (5.1) with the above pulsesequence can be solved
piecewise in the time domains between the pulses. The analytical solution fort > 0 is
obtained making the ansatz

(
αe(z, t)
αg(z, t)

)
=

(
αaei(kez−ωet)

αgei(kgz−ωgt)

)
, (5.3)

whereke = kg + k. We are only interested in the output particle densitynµ(2T) =

|αµ(2T)|2,µ ∈ {e,g}, which does not depend onz. It can be calculated in a straight-
forward way and reads

nout
e = n

(
1− p− p̄+2pp̄−2

√
pp̄(1− p)(1− p̄) cos[(2p−1) κ̄ nT]

)
, (5.4)

nout
g = n

(
p+ p̄−2pp̄+2

√
pp̄(1− p)(1− p̄) cos[(2p−1) κ̄ nT]

)
, (5.5)

wheren ≡ ne(0) + ng(0), nout
µ ≡ nµ(2T) and κ̄ ≡ κ̄ee+ κ̄gg− 2κ̄eg. For a symmetric

mixing at the output (finalπ/2-pulse, i. e. ¯p = 1/2), we obtain

nout
e = n

(
1
2
−
√

p(1− p)cos[(2p−1) κ̄ nT]

)
, (5.6)

nout
g = n

(
1
2

+
√

p(1− p)cos[(2p−1) κ̄ nT]

)
. (5.7)

The results of Eqs. (5.4) and (5.5) reveal the interesting feature of a number- (density)
stabilizing effect, where a significant variation in the number density of the ingoing BEC
is accompanied by a low variation of the number density in oneof the outcoming chan-
nels. This is shown in Fig. 5.2 for a highly asymmetric splitting (p = 0.1; a discussion
of the remaining parameters used is given below) and a symmetric mixing at the end
(p̄ = 0.5; we will discuss in Section 5.3 that ¯p can be varied slightly in order to optimize
the stabilization scheme). In there, we plotted the number of particlesNout

g (rather than
the number densitynout

g ) leaving the interferometer in theg-channel,

Nout
g ≡ nout

g L, (5.8)
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5.1. Mean-field calculation

cf. Eq. (5.5), and we have introduced the box length L. We notethat the number-
stabilizing effect is due to then-dependence in the cos-term, which gives rise to a non-
linear behavior of the output particle density with varyinginput density. This nonlinear-
ity does not contribute for symmetric splitting (p = 1/2) or when all scattering lengths
are identical, i. e.κ̄ = 0. Then, the output characteristic is a straight line. In contrast,
in Chapter 4 a totally symmetric splitting and mixing was required in order to observe
the same results for the gravitational phase shifts as in a linear interferometer with non-
interacting atoms. In the present setup, we find that explicitly exploiting the nonlinear be-
havior of the interferometer, interesting physical effects occur beyond the linear results.
From Eqs. (5.4) and (5.5) we learn that the oscillation period of the cosine increases with
higher densities. Thus, the oscillatory behavior will dominate for high values ofn, and
flat output characteristics only occur during the first period of oscillation.
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Figure 5.2.: Outgoing particle numberNout
g versus the incoming numberNin

g for homogeneous
(solid line) and inhomogeneous (dashed-dotted) BEC withinmean-field approximation. The bi-
secting line (solid) provides an upper boundary. We observea number-stabilizing effect, i. e.
for a large fluctuation in the number of the incoming particles, the number of the particles that
have passed the nonlinear matter wave interferometer does not differ significantly and is thus
stabilized.

A slightly simplified situation arises, if we omit the intermediateπ-pulse and choose
the final pulse again to be aπ/2-pulse. In this case, for a propagation timeT we obtain

ne(T) = n

(
1
2

+
√

p(1− p)cos[(pκ̄ + κ̄2)nT+(∆+
k2

e

2
)T]

)
, (5.9)

ng(T) = n

(
1
2
−
√

p(1− p)cos[(pκ̄ + κ̄2)nT+(∆+
k2

e

2
)T]

)
, (5.10)
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5. A number filter for matter waves

whereκ̄2 = κ̄eg− κ̄gg. We refer to this scenario as "setup II", see Fig. 5.3. Qualitatively,
a similar behavior of the output characteristic as in the first setup is obtained (see below).

Figure 5.3.: Matter wave interferometer with shortened pulse sequence. The atoms are initially
prepared in the state|g,kg〉 again. Then, an asymmetric splittingp : (1− p) is performed. After
the duration ofT (free propagation), aπ/2-pulse is mixing the two components again (setup II).

The two setups with different pulse sequences show some additional properties of
this nonlinear matter wave interferometer. Note that thereis another degree of freedom
to shift the region where number stabilization occurs in setup II, cf. the contribution
(∆ +k2

e/2)T, ke = kg +k, can be tuned, Eqs. (5.9) and (5.10). The detuning∆ reduces
to the frequency difference of the two involved states, since the laser is switched off in
the period between the pulses. Moreover, this setup is advantageous in case of87Rb,
where the ratios of the coupling constants areκ̄ee : κ̄eg : κ̄gg = 1.03 : 1 : 0.97 [58, 111],
such thatκ̄2 = κ̄eg− κ̄gg does not vanish, whilēκ does. In general, the effect can be
enhanced by spatially separating the condensate fractionsvia a large momentum kick.
Then, scattering between different species vanishes, which enhances̄κ. The first setup
might be more stable in general, since it does not contain thecontribution(∆ +k2

e/2)T,
which provides another degree of freedom and thus uncertainties, if the parameters are
not well-known.
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5.1. Mean-field calculation5.1.2. Inhomogeneous BEC � numerial studies anddisussion of parameters
In order to study a more realistic configuration, we also examined trapped and therefore
inhomogeneous BECs and chose parameters that could be accessible in experiments.
Without loss of generality, we exceptionally studied the full pulse sequence rather than
setup II. In particular, we examined two different situations.

• We considered a square-well potential

Vtr(z, t) =

{
V Θ(−t), |z| < L

2

0, else.
(5.11)

The potential is switched off when the firstp-pulse is applied. The chosen potential
models the inhomogeneity of a trapped BEC on the one hand. On the other hand,
the confining region can be chosen to be very broad inz-direction, which mimics
the borderline to the homogeneous BEC considered above. Thehalf-length of the
square-wellL/2 corresponds to the THOMAS-FERMI radius of the condensate in
z-direction.

• A more realistic configuration is given, when a harmonic potential

Vtr(z, t) =
z2

2
Θ(−t) (5.12)

(scaled units) is considered.

In the following we will specify the parameters we have used for our numerical calcu-
lations. Moreover, we would like to attach a brief discussion of their relation to realistic
experiments and of the scalability of the problem. In Fig. 5.2, we both solved the GP
Eq. (5.1) in the homogeneous case as well as for a square-wellpotential, Eq. (5.11), us-
ing the following set of parameters (in brackets: numbers inscaled units): A very elon-
gated BEC is considered with THOMAS-FERMI radius inz-directionL = 132µm(10),
potential depthVg = −h̄60Hz(−15), detuning∆ = 4 Hz (1), wave vectorsk = 0 (can
effectively be achieved in a RAMAN configuration),kg = 0 (condensate is initially at
rest),m= 87amu,p = 0.1 and propagation time between the pulsesT = 10ms(0.04).
The basis for our time scale is a harmonic oscillator frequency in z-directionωz = 4 1/s.
We chose the oscillator scale in order to have the possibility of comparing these consid-
erations with experiments, where harmonic potentials are usually made use of. The cor-
responding length scale is given byaHO =

√
h̄/(mωz) ≈ 13µm. For some elements, as

23Na, the scattering lengths are explicitly different, whilethey are approximately equal
in 87Rb. We chosēκee = 0.034, κ̄eg = 0.10, andκ̄gg = 0.068 for the scaled coupling
constants. These ficticious numbers match the real experimental orders of magnitude
well, where the s-wave scattering lengths of alkali atoms are crudely of the order of 100
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5. A number filter for matter waves

Bohr radii [18]. If a prolate quasi one-dimensional trap configuration is realized with
ωr/ωz = 10. . .100, cf. also Section 2.3.1, the scaled coupling constants are of the or-
der of magnitude as given above. Experimentally, the singlescattering lengths could
be tuned individually via FESHBACH resonances. With our choice of̄κ, the number-
stabilizing effect is visualized at rather small particle numbers. Recalling Eqs. (5.4) and
(5.5), the product̄κ nT occurs in the argument of the cosine. This implies that smaller
values ofκ̄ are uncritical, since larger inter-pulse durationsT can compensate for that.
For small values of̄κ and smallT, in turn, number stabilization occurs for higher particle
numbers due to the increased oscillation period of the cosine.

The resulting output plots, which were obtained by numerical calculations on basis of
the set of parameters as described above, show similar features as revealed by the cal-
culations within the homogeneous approximation. Particularly, in Fig. 5.2 we compared
both solutions by plotting the outgoing particle number (homogeneous:Nout

g = nout
g L)

versus the incoming number (Nin
g = nin

g L = ng(0)L). It is clearly seen that there is a
number-stabilizing effect both in the homogeneous and inhomogeneous case and there
is great agreement between both calculations. The same parameters have been reused in
Figs. 5.4 and 5.5, with the following exceptions: In Fig. 5.4, we have assumed a more
symmetric splitting (p = 0.4), whereas in Fig. 5.5 we performed the shortened pulse
sequence (setup II) and chosep = 0.02 as well asT = 3.3 ms. Besides, we made calcu-
lations with a harmonic oscillator potential, Eq. (5.12), as well. In there, we fixedωz = 1
(scaled units) and the same parameters as given above. The result is depicted in Fig. 5.6.
Even though the initial condensate is spatially highly inhomogeneous, we still observe
qualitatively the same number-stabilizing behavior. We also confirmed numerically that
the effect is exceptionally due to the difference in the scattering lengths and does not ap-
pear in a linear matter wave interferometer as well as for totally symmetric splitting. We
do not show the corresponding unspectacular plots here. In conclusion, the basic idea
formed in the homogeneous case remains intact in an inhomogeneous condensate.
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5.1. Mean-field calculation
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Figure 5.4.: Outgoing particle numberNout
g versus the incoming numberNin

g for homogeneous
BEC within mean-field approximation. In contrast to Fig. 5.2, the initial splitting was chosen to
be more symmetric (p = 0.4), which does not yield a flat region as shown above in Fig. 5.2.
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Figure 5.5.: Outgoing particle numberNout
g versus the incoming numberNin

g for homogeneous
BEC within mean-field approximation shown for the nonlinearmatter wave interferometer with
the shorter pulse sequenceUp− ŨT − Ūπ/2 (setup II). The number-stabilizing effect is also ob-
served in this configuration.
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Figure 5.6.: Outgoing particle numberNout
g versus the incoming numberNin

g for an initially har-
monically trapped inhomogeneous BEC within mean-field approximation. Again, number stabi-
lization is found, and there is a qualitative agreement withthe previous plots.
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5.2. Beyond the mean-field approximation -HAMILTON ian with two quantized modes5.2. Beyond the mean-�eld approximation -Hamiltonian with two quantized modes
In the following section, we account for the operator character and study the behavior of
the nonlinear interferometer, considering two quantum mechanical modes. The founda-
tions for the theoretical description have been layed in Section 2.7. In there, we made
the ansatz

âe(z) = êeikez+δ âe(z), (5.13)

âg(z) = ĝeikgz+δ âg(z), (5.14)

and applied it to the full many-body quantum HAMILTON ian of the form Eq. (2.47),
which yielded the HAMILTON ian

Ĥ(t) = Ĥ2-mode(t)+δ Ĥ(t) (5.15)

with

Ĥ2-mode(t) =

(
k2

e

2
+∆
)

n̂e+
k2

g

2
n̂g+(Ω(t)ê†ĝ+h.c.)

+
1
2

κ̄een̂e(n̂e−1)+
1
2

κ̄ggn̂g(n̂g−1)+ κ̄egn̂en̂g,

(5.16)

if δ Ĥ(t) was neglected and ˆnµ = µ̂†µ̂ , µ ∈ {e,g} denoted the particle number operators
of the respective modes.̂H2-mode(t) conserves the number of particlesN and therefore
acts on states of the form

|ψ(t)〉N =
N

∑
n=0

ψ(n, t) |n,N−n〉 , (5.17)

where the two-mode FOCK state is given by
∣∣Ng,Ne

〉
= |n,N−n〉 with the number of

particlesNg andNe in the two modes, respectively. Moreover,ψ(n, t) is a time-dependent
complex amplitude. The dynamics is given by the SCHRÖDINGERequation

i∂t |ψ(t)〉N = Ĥ2-mode(t) |ψ(t)〉N . (5.18)

We are now in the position to discuss the effect of number stabilization by the non-
linear interferometer on a full quantum mechanical level. In a single experiment, the
BEC has a well-defined numberN, and it is described by a FOCK state|ψ(t = 0)〉N =

|N,0〉 before passing the nonlinear interferometer. An initial situation (t = 0), where the
number of particles in a BEC is not well defined from experiment to experiment, requires
an ensemble description [62], given by a density operator

ρ(0) = ∑
N

pN |N,0〉〈N,0| . (5.19)
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5. A number filter for matter waves

Again, we assumed that all the particles are prepared in theg-state, and that there is a
probability pN to find the BEC in the number state|N,0〉. After the pulse sequence we
obtain

ρ(2T) = ∑
N

pN |ψ(2T)〉N 〈ψ(2T)| . (5.20)

We are not only interested in the mean particle number

〈n̂g〉t = Tr [ρ(t)n̂g] (5.21)

but also in the varianceσ2
g(t). It reads

σg(t) =
√

Tr
[
ρ(t)n̂2

g

]
−Tr [ρ(t)n̂g]

2. (5.22)

This quantity is a measure for the width of a well-localized distribution. Hence, a number
stabilization by our interferometer will yield a low variance of the resulting distribution.
More precisely, we have to consider the standard deviation,normalized to the mean
particle number in the output channelg after passing the interferometer. We denote this
quantity withsout

g , which is given by

sout
g =

σg(2T)

〈n̂g〉2T
≡

σout
g

Nout
g

. (5.23)

More generally, all first order correlations, including thecoherences, read

G1(t)≡ 〈
(

ĝ†ĝ ĝ†ê
ê†ĝ ê†ê

)
〉t = 〈

(
ĝ†

ê†

)
⊗
(
ĝ ê

)
〉t . (5.24)

Higher moments can be formally obtained by the generating function that contains all
moments,

F[A = (αµν), t]≡ 〈exp

[

∑
µ,ν∈{e,g}

αµν µ̂†ν̂

]
〉t. (5.25)

By differentiating sufficiently often and then setting the parametersαµν to zero, one
obtains every moment that is desired. In our considerations, only moments up to second
order play a role.

In the previous paragraph we have realized that an ensemble description is the correct
one to discuss the effect of number stabilization, since an experimental preparation of a
BEC leaves us with an uncertainty in the number of atoms in thecondensate. Neverthe-
less, it is sufficient to consider the output characteristics for initial FOCK states|N,0〉.
The solution after a pulse sequence as given in the previous subsection, where we dealt
with the mean-field approximation, is

|ψ(2T)〉N = ˆ̃U2T |N,0〉 , (5.26)
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5.2. Beyond the mean-field approximation -HAMILTON ian with two quantized modes

where ˆ̃U2T = T exp
{
−i
∫ 2T

0 Ĥ2-mode(t)dt
}

is the time evolution operator. If we calcu-

late|ψ(2T)〉N for all possible incoming FOCK states and thusNout
g andsout

g is known, we
have obtained the full information required. This is true since the density operatorρ(2T)

is directly obtained via Eq. (5.20), if a certain probability distribution is given. More-
over, with calculatingNout

g , Eq. (5.23), we are able to compare the result of the quantum
mechanical calculation directly with the mean-field results, Eqs. (5.5) ff.

In order to determine the time evolution, Eq. (5.26), we makethe ansatz Eq. (5.17)
and apply it to the SCHRÖDINGER Eq. (5.18). This yields a SCHRÖDINGER difference
equation for the time-dependent amplitudes

i∂t ψ(n, t) = w(n)ψ(n, t)+ p(n, t)ψ(n−1, t)+ p∗(n+1, t)ψ(n+1, t), (5.27)

where

w(n) =

(
k2

e

2
+∆
)

(N−n)+
k2

g

2
n+

1
2

κ̄ee(N−n)(N−n−1)

+
1
2

κ̄ggn(n−1)+ κ̄egn(N−n),

(5.28)

p(n, t) =
√

n
√

N−n+1 Ω(t), (5.29)

and the boundary conditions are

ψ(−1, t) = ψ(N+1, t) = 0[= p(0, t) = p(N+1, t) = w(−1) = w(N+1)]. (5.30)

Now, |ψ(t)〉N can be calculated numerically by solving Eq. (5.27). We haveoutlined
the numerical procedure in Section 7.3.3. We have chosen thesame parameters for the
length and time scales, coupling constants, detuning and wave numbers as used in the
mean-field calculation in order to compare the behavior of the two different approaches,
and assumed a pulse sequencep− π − p̄. In the mean-field calculation, we modeled
the pulses by instantaneous unitary rotations. Here, in contrast, we solve the full time-
dependent problem, i. e. we apply pulses of finite (but short)durationτ = 0.0052≪
T = 0.04. This corresponds toτ = 1.31 ms in real time. Please note that we express all
quantities in scaled units again, if not specially indicated. We chose rectangular pulses
with RABI frequencyΩ(t) = 120 for t ≤ τ, Ω(t) = 600 for t ≤ T − τ/2 ≤ T + τ/2
andΩ(t) = 300 for t ≥ 2T − τ, whereτ = π/(2 ·300). This corresponds to an initial
asymmetric splitting withp = sin2(Ωτ/2) ≈ 0.1, cf. Eqs. (4.8), followed by aπ and
a π/2-pulse. In the time domain between the pulses,Ω(t) = 0, so there is free time
propagation.

Making use of these parameters,|ψ(2T)〉N, Eq. (5.26), is calculated numerically for
a set{|N,0〉} of initial FOCK states. ThusNout

g as well assout
g can be determined. The

results are shown in Figs. 5.7–5.9. A very good agreement of the two-mode approxima-
tion with the homogeneous mean-field calculation has to be acknowledged, see Fig. 5.7.
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5. A number filter for matter waves

Hence, quantum statistics plays a minor role in this case. Please note that small devia-
tions also originate from the relaxation of the instantaneous-pulse approximation in the
two-mode calculation. In Fig. (5.8),Nout

g ±σout
g is shown. We observe that the variance

is minimal around the local minimum in the number-stabilized region. This can also be
recognized in Fig. 5.9. In there, we see thatsout

g has its minimum around the same point.
Before we switch over to a discussion of how to quantify and optimize the effect of

number stabilization, we would like to point out that we followed a different approach
to solve the two-mode problem, in addition. This was performed in order to confirm the
results and show the analogon to the instantaneous-pulse approximation in the two-mode
calculation. We sketch these considerations in Appendix A.3.
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Figure 5.7.: Outgoing particle numberNout
g versus the incoming numberNin

g . Comparison of
homogeneous mean-field approach (dashed-dotted) and two-mode approximation (solid). We
observe good agreement of both approaches.
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Figure 5.8.: Outgoing particle numberNout
g versus the incoming numberNin

g (solid line) in the
two-mode model. The dashed lines showNout

g ±σg, respectively.
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Figure 5.9.: The upper plot showsNout
g versusNin

g . In the second picture the corresponding
normalized standard deviationsout

g is plotted. It has its minimum in the number-stabilized region.
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5. A number filter for matter waves5.3. Optimizing and quantifying the e�et ofnumber stabilization
In the present section, we will discuss some scenarios of quantifying and optimizing the
effect of number stabilization. The homogeneous mean-fieldapproach provided us with
analytical expressions, Eqs. (5.4), (5.5) and (5.9), (5.10), respectively, which are in good
agreement with the assumptions of an inhomogeneous BEC as well as the two-mode
description. Therefore, it is sufficient and prudent to examine these analytical equations,
if one seeks for an optimization of the number-stabilizing scheme.

In the following, we will show how a variation of the final ¯p-pulse changes the output
characteristic. Then, we will propose two criteria that define the range, where number
stabilization takes place. Finally, we will demonstrate how this effect is reflected in the
distribution|ψ(n,2T)|2, cf. Eq. (5.17).5.3.1. Variation of the �nal p̄-pulse and riteria de�ning theregion of stabilization
How should we characterize number-stabilizing behavior more quantitatively? As
pointed out above, we demand a low fluctuation of the number density in the output
over a wide range of the input, i. e. a flat characteristic in the output is required. Such a
condition is met in the region of a saddle point rather than around a local extremum. A
similar condition is met in the vicinity of a local maximum adjacent to a local minimum,
where both do not differ significantly in magnitude (Fig. 5.2). Therefore, we have to
determine a set of parameters and a suitable range of the input density, where such a be-
havior can be observed. In there, we have to take into accountthat the oscillation period
of the cosine increases withn, and therefore a flat region in the output characteristic can
only be obtained for arguments of the cosine that are within the first oscillation period.
The price to pay for the number stabilization is a loss of atoms to the other channel.
For a rather symmetric splitting (e. g.p = 0.4), it is not possible to achieve a significant
number density stabilization (see Fig. 5.4), since the occuring adjacent maximum and
minimum differ too much in magnitude then.

So far, we have assumed symmetric mixing for the final pulses,i. e. π/2-pulses.
Nevertheless, Eqs. (5.4) and (5.5) allow for an asymmetric pulse as well. In Fig. 5.10 we
tunedp̄ in a range[0.3,0.55] (p̄ = 0.5 corresponds to aπ/2-pulse), leaving the remain-
ing parameters constant. For ¯p = 0.5 we identified a local maximum as well as a local
minimum in the number-stabilized region. These extrema areshifted when decreasing
p̄, they move closer together until at ¯p = 0.316 a saddle point is obtained (Fig. 5.11).
Note that the range of the flat region decreases accordingly.Hence, for ¯p < 0.316 the
output characteristics become less suitable for number stabilizing purposes. This exam-
ple shows that we obtain a broad number stabilizing region, if the first adjacent local
minimum and maximum are spaced far from each other, but do notdiffer significantly in
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5.3. Optimizing and quantifying the effect of number stabilization

magnitude.
In Fig. 5.12 we demonstrate this more clearly. The difference of the output numbers at

the local maximum and minimum, respectively, provide a range ∆Nout
g that can be fixed

at a desired value. Then, the parameters can be adapted accordingly, if an uncertainty
∆Nin

g is assumed. Alternatively, a good stabilization is obtained if a saddle point exists.
Eq. (5.5) guarantees these requirements for a suitable choice of parameters.

In a forthcoming publication, we show how it is possible to achieve a higher output
efficiency while still obtaining a reasonable number stabilization by choosing an asym-
metric final pulse [132].

In a different approach, we start from the point of least variance, Fig. 5.9, and fix the
uncertainty inNin

g around this point, for example at 10% or 20%, as shown in Fig. 5.13.
Then, the uncertainty inNout

g is obtained.
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Figure 5.10.: The output characteristicNout
g vs. Nin

g as well as its derivativedNout
g /dNin

g , depicted
in dependence of the final pulse parameter. ¯p is varied in a range[0.3,0.55]. If p̄ > 0.316, a local
maximum and a local minimum are located in the number-stabilized region. For ¯p = 0.316 there
is a saddle point.
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Figure 5.11.: In this plot, we depicted the special case of ¯p = 0.316, cf. also Fig. 5.10. For this
parameter, we get one saddle point instead of two local extrema.
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Figure 5.12.: The difference of the output numbers at the local maximum and minimum, respec-
tively, provide a range∆Nout

g that can be fixed at a desired value. Then, the parameters can be
adapted accordingly, if an uncertainty∆Nin

g is assumed.
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Figure 5.13.: In these graphs we picked the number-stabilized region from Fig. 5.9. It is de-
monstrated that the point of least normalized standard deviation sout

g can be chosen as center
of a range∆Nin

g (in here we set∆Nin
g /Nin

g = 0.2). Then the uncertainty in the output number
∆Nout

g /Nout
g ≈ 0.06 in this example.

107



5. A number filter for matter waves5.3.2. Width of the oupation distribution
Finally, the distribution|ψ(n,2T)|2, cf. Eq. (5.17), provides us with information on how
well the FOCK state contributions of the output state|ψ(2T)〉N are localized around the
mean valueNout

g . In Figs. 5.14 and 5.15 we have depicted|ψ(2T)〉N for the two incoming
FOCK states|910,0〉 as well as|1460,0〉. WhileNout

g lies in the number-stabilized region
in the first case, it is situated in the steep range in the latter one (cf. Figs. 5.7 and
5.9). This is clearly reflected in the occupation distribution |ψ(n,2T)|2 shown in the
corresponding Figs. 5.14 and 5.15.
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Figure 5.14.: This plot shows the probability distribution|ψ(n,2T)|2 after the pulse sequence, if
the initial state was a FOCK state with 910 particles, i. e. in the number-stablized region (cf. also
Figs. 5.7 and 5.9).
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Figure 5.15.: This plot shows the probability distribution|ψ(n,2T)|2 after the pulse sequence, if
the initial state was a FOCK state with 1460 particles (cf. also Fig. 5.7). This distribution is much
broader than the one shown in Fig. 5.14.
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5. A number filter for matter waves5.3.3. Quadrature representation and Wigner funtion
In the following, we would like to introduce a quadrature representation, with the help
of which it is possible to demonstrate that a number-stabilized output state is essentially
a two-mode squeezed state. In Section 5.3.2, we have considered the number statistics
|ψ(n,2T)|2. Figs. 5.14 and 5.15 reveal a GAUSSian-like distribution, and we visualize
that fact by transforming to a quadrature ("position") representation [133]. The transfor-
mation from the FOCK representation reads

ψN(x, t) = 〈x|ψ(t)〉N =
N

∑
n=0

〈x|n〉 ψ(n, t), (5.31)

cf. Eq. (5.17), with

〈x|n〉 =
1

2nn!
√

π
Hn(x)e−x2/2, (5.32)

whereHn(x) is thenth HERMITE polynomial and|x〉 is a quadrature eigenstate. Note
that in here we set|n〉 ≡ |N−n,n〉. 〈x|n〉 is thenth eigenfunction of the one-dimensional
quantum mechanical harmonic oscillator in position representation. Since the FOCK

amplitudesψ(n, t) can be determined numerically, as outlined above, and〈x|n〉 is given
by the recursion relation [134]

〈x|n+1〉 =

√
2

n+1
x 〈x|n〉−

√
n

n+1
〈x|n−1〉 , (5.33)

〈x|0〉 =
1

4
√

π
e−x2/2, 〈x|1〉 =

√
2√
π

xe−x2/2, (5.34)

ψN(x, t) can be obtained directly. In Fig. 5.16 we depict|ψN(x, t)|2 for N = 910, i. e. an
incident FOCK state with 910 particles (region of number stabilization, cf. Fig. 5.9). It
resembles a coherent state, i. e. the displaced (x0 = −5.9) vacuum [62]. Fitting it with a
GAUSSian yields sound agreement, yet the square root of the variance of the GAUSSian
is 3.45, which yields a variance less than 1 in the complementary quadraturêk. This
clearly indicates quadrature squeezing.

The WIGNER function is a quasi-probability distribution that provides an excellent
tool to visualize quantum states in phase space [62]. In order to demonstrate squeezing,
we calculated the corresponding WIGNER function in Fig. 5.17, which reads

WN(x,k, t) =
1

2π

∞∫

−∞

dre−ikr ψ∗
N(x−1/2r, t)ψN(x+1/2r, t) (5.35)

for an initial FOCK state|910,0〉≡ |0〉 at different instants. In particular, we evaluated the
WIGNER function att = 0 (initial situation with all particles in theg-state),t = ε (after
the first p-pulse),t ≈ T and t = 2T (after the full pulse sequence). Fig. 5.17 reveals
that starting with a circle in phase space (which representsthe initial Fock state|0〉), the
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5.3. Optimizing and quantifying the effect of number stabilization

distribution is displaced by the first pulse. Due to the time evolution an ellipsoidal shape
can be observed, and after the full pulse sequence the phase space distribution of the
quadrature states seems to be highly squeezed and deformed to some extent. Again, we
point out that this approach provides one possible visualization of squeezing and gives a
qualitative insight of the problem. For the numerical procedure used, see Section 7.5.

The aspect of number squeezing is brought out more clearly when rewriting the scaled
variance, Eq. (5.23), in the form

s̄out
g =

(σg(2T))2

〈n̂g〉2T
≡

(σout
g )2

Nout
g

. (5.36)

If this quantity becomes less than unity, the state exhibitssub-POISSONian number fluc-
tuations [62], which corresponds to number squeezing. In [132], we demonstrate ex-
plicitly that we produced number-squeezed states with our interferometric scheme.

−30 0 30
0

0.1

0.2

x

|ψ
N

(x
,2

T
)|2

Figure 5.16.: We show|ψN(x,2T)|2 (solid line) forN = 910 vs. the quadrature coordinatex. The
curve can be fitted with the displaced GAUSSian |ψN(x,2T)|2 = 1/(3.45

√
π)exp[−(x−5.9)2/(2·

3.452)] (dashed curve), which yields a variance larger than 1. This implies a variance less than 1
in the complementary quadrature and hence squeezing.
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Figure 5.17.: In this density plot we depict the WIGNER functionWN(x,k, t) for N = 910 vs. the
two complementary quadrature coordinatesx andk at the instantst = 0 (A), t = ε (i. e. after the
first pulse; B),t ≈ T (C), andt = 2T (D). Starting with a circle in phase space, the distributionis
displaced by the first pulse. Due to the time evolution an ellipsoidal shape is observed. Att = 2T
the phase space distribution is highly squeezed and deformed to some extent.
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6. Colletive Feshbah satteringwith a two-omponent BEC
The natural way of investigating quantum objects is scattering. By selecting a convenient
physical "stencil" with a large interaction cross section,one can probe the structure as
well as the excitation properties of a target. It mostly happens that quantum objects
are either microscopically small, like atoms or nuclei, or they are embedded inside a
solid state system like electrons, electronic holes or COOPER pairs. Thus, they have
an elusive character, which usually shuns direct observation. The generic response of
a compound quantum object to bombardment with projectiles is either individual, i. e.
by instantaneously ejecting another single particle of thecompound, or it is collective,
when after some transient period the target responds as a whole. Probably, the most
drastic instance of this collective behavior is nuclear fission, when a heavy nucleus breaks
up into large fragments – unleashing large amounts of kinetic energy. Modeling the
dynamics of the atomic nucleus as a classical liquid drop [135] gave a very intuitive
interpretation of the observed phenomenon.

Superconductivity in metals is another prominent collective effect. One associates a
collective wave function with the BOSE-condensed electronic COOPER-pairs [3], and a
hydrodynamic description is again successful. The quantummechanical nature of the
fluid-like order parameter is usually discussed with the JOSEPHSONeffect. The dis-
covery of superfluidity in bosonic and, most recently fermionic atomic gases was an
amazing achievement and is another manifestation of collective many-particle physics,
as it has been outlined in Chapter 1.

The dynamical response of a BEC has been the subject of intensive investigations,
during the last decade. So far, laser light has mostly been the method of choice to im-
part momentum onto a BEC, to excite collective modes and to measure the dynamic
structure factor [136]. However, light has also been used indirectly to prepare collid-
ing matter wave packets that have exhibited stimulated amplification as a result of their
non-classical bosonic nature [137]. While the collisionalenergy of these wave packets
was rather low in this setup (few times the speed of sound), more recently high energy,
but ultracold thermal [138] and condensed atomic clouds [139] of equal size have been
used to measure the single-particle collisional cross section. Theoretically, scattering of
identical particles off a scalar BEC was already consideredin the limits of low and high
energies [140, 141]. Scattering of vortices was investigated in [142].

Probably, the use of interatomic FESHBACH scattering resonances has been the most
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6. CollectiveFESHBACH scattering with a two-component BEC

fruitful novel concept of the past few years. Apart from determining the scattering phases
and transmission spectra, there are various highly relevant applications. The resonances
provide information on the inter-atomic potentials. Todaythey are the universal tool to
manipulate the binary interaction in an atomic gas [143] in real time and they have paved
the way to fermionic superfluidity [28].

In the first section of this chapter, we will shortly review some important facts of
two-particle scattering theory. We will focus on two-channel scattering, where the phe-
nomenon of FESHBACH resonances arises. The second part is devoted to the collective
scattering of a superfluid droplet impinging on a mesoscopicBOSE-EINSTEIN conden-
sate as a target. We demonstrate that on a collective level phenomena like FESHBACH

resonances can be identified in a similar way as in scatteringtheory with two particles.
The discussion of the second section is performed in the lines of [144].6.1. Sattering theory � a short review
In this section, we shortly review the most important examples of a simple quantum two-
particle scattering process. In here, it is not our aim to give a complete overview of the
rich field of scattering theory. Instead, we would rather like to highlight that scattering on
square-well potentials reveals essential features like phase shifts and resonance behavior,
and it is often sufficient to study one-dimensional scattering. A more profound discussion
of these topics can be found in the Diplomarbeit of Michael GRUPP [145], who largely
contributed to the results of this chapter.

In the first part, we will recall one-channel two-particle scattering, where the interac-
tion potential is modeled by a square-well. Then, we will study two-channel scattering
considering two coupled square-well potentials. This provides the basics for understand-
ing FESHBACH resonances, which will be discussed in the last part of this section.6.1.1. Simple two-partile sattering
The most illustrative example for a scattering process is two-particle scattering. Every-
one has had the possibility of studying this while watching billard matches. The
analogon of this classical elastic scattering in quantum theory is the scattering of two
SCHRÖDINGER particles of massm. The interaction between the two particles will be
modeled in the following simplified way. For large relative distances between the parti-
cles, we want to assume no interaction. The easiest way is to assume a box potential, i. e.
at some distanceL the potential is set to the valueV0. If V0 < 0, the interaction is attrac-
tive, and we will focus on this case in the following. Moreover, we restrict ourselves to
one dimensionz. The full stationary scattering problem is then given by thetwo-particle
SCHRÖDINGERequation for the two-particle wave functionΨ(z1,z2)

[
− h̄2

2m
∂ 2

∂z2
1

− h̄2

2m
∂ 2

∂z2
2

+V(z1−z2)

]
Ψ(z1,z2) = E12Ψ(z1,z2). (6.1)
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6.1. Scattering theory – a short review

In there,z1 andz2 denote the particle coordinates, the scattering potential

V(z1−z2) =

{
V0 < 0, |z1−z2| < L,

0, else,
(6.2)

is only dependent on the distance of the particles and has been specialized to a box
potential already.E12 is the total energy. We can now separate center-of-mass motion
and relative motion

Z =
z1 +z2

2
, z= z1−z2 (6.3)

by making the ansatzΨ(z1,z2) = χ(Z)ψ(z) and arrive at the two uncoupled SCHRÖDINGER

equations

− h̄2

4m
d2

dZ2 χ(Z) = Ecomχ(Z),

[
− h̄2

m
d2

dz2 +V(z)

]
ψ(z) = Eψ(z), (6.4)

whereEcom andE are the energies corresponding to the center-of-mass motion and the
relative motion, respectively. The first equation effectively describes a free particle. With
the second SCHRÖDINGER equation we have isolated the two-particle scattering prob-
lem. In particular, forE > 0 there is a continuous scattering spectrum. In contrast,
for E < 0 there is a discrete spectrum of bound states. In the following considerations,
we would like to use scaled unitsz/L → z (i. e. L → 1 as a natural length unit) and
E(mL2)/h̄2 →E = k2 in order to simplify the notation. The SCHRÖDINGERequation for
the scattering problem now reads

[
− d2

dz2 +V(z)

]
ψk(z) = Eψk(z), (6.5)

where we added the indexk to the wave function for definiteness.
Without loss of generality, the asymptotic scattering solutions can be expressed as

lim
z→−∞

ψk(z) = eikz+Re−ikz, lim
z→+∞

ψk(z) = T eikz (6.6)

with the reflection and transmission amplitudesR(k) andT(k), respectively. By changing
the basis from exponential to trigonometric functions, we can introduce the scattering
phases [146]δev(k) andδod(k),

lim
z→−∞

ψk(z) = eiδev(k) cos(kz−δev(k))+ ieiδod(k) sin(kz−δod(k)), (6.7)

lim
z→+∞

ψk(z) = eiδev(k) cos(kz+δev(k))+ ieiδod(k) sin(kz+δod(k)). (6.8)

In there, the indices "ev" and "od" stand for "even" and "odd". The relation between the
reflection and the transmission coefficients|R(k)|2 and|T(k)|2 and the scattering phases
reads

|R(k)|2 = sin2(δev(k)−δod(k)), |T(k)|2 = cos2(δev(k)−δod(k)). (6.9)
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6. CollectiveFESHBACH scattering with a two-component BEC

For real-valued phases this implies

|T(k)|2+ |R(k)|2 = 1, (6.10)

i. e. the conservation of current. The scattering phases contain all the information on the
scattering process. For a vanishing potentialV(z) = 0, they become zero. Due to the
presence of a scattering potential, an incident plane wave suffers a phase shift, which is
virtually the scattering phase.

1 3 5
0

0.5

1

E

|T
(E

)|2

Figure 6.1.: Typical transmission spectrum of a stationarytwo-particle scattering process with a
square-well interaction potential. We show the transmission coefficient|T̄(E)|2 as a function of
the energyE.

The SCHRÖDINGER Eq. (6.5) involves a symmetric potentialV(z). Hence, the scat-
tering solutions are also characterized by parity and we canmake the asymptotic ansatz

lim
z→±∞

ψk(z) ∝ cos(kz±δev(k)) or sin(kz±δod(k)). (6.11)

SinceV(z) is piecewise constant, this ansatz is valid for|z| > 1 in general. Moreover,

ψq(z) ∝ cos(qz) or sin(qz), q =
√

k2−V0 (6.12)

for |z| < 1, where the potential is not vanishing. We obtain the scattering phase shifts

δev(k) = −k+arctan

[
q(k)

k
tanq(k)

]
, δod(k) = −k+arctan

[
k

q(k)
tanq(k)

]
(6.13)

and thus

|T(k)|2 = cos2(δev(k)−δod(k)) =
1

1+V2
0 sin2(2q)/(4k2q2)

(6.14)
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6.1. Scattering theory – a short review

or

|T̄(E)|2 =
1

1+V2
0 sin2(2

√
E−V0)/[4E(E−V0)]

. (6.15)

The reflection coefficient can be obtained by|R(k)|2 = 1− |T(k)|2 and |R̄(E)|2 = 1−
|T̄(E)|2. A typical transmission spectrum is given in Fig. 6.1. The resonance behavior is
reflected in the fact that the transmission coefficient|T̄(E)|2 assumes the value 1 repeti-
tively.6.1.2. Feshbah resonanes � a simple model

E

closed channel

open channel

x

0

embedded bound state

scattering continuum for g−state

regime of bound states

∆

Ω(x)

Ve(x)

Vg(x)

Figure 6.2.: Principle of a FESHBACH resonance: A bound state in the closed scattering channel
is embedded in the scattering continuum of the open channel.

Binary FESHBACH scattering resonances cannot be described by single-channel poten-
tial scattering. In contrast, the interaction of at least two different state manifolds is re-
quired. This was discussed first in nuclear scattering theory by H. FESHBACH [147, 148]
and in the context of optical spectra of two-electron atoms by U. FANO [149, 150]. The
basic two-channel model discussed in the following provides insight in what is the nature
of a FESHBACH resonance. If there is no coupling between the two states, there are two
independent scattering channels, and we can reduce the problem to two single-channel
scattering situations. In case of a finite couplingΩ, a different situation arises, though.
Imagine that the two scattering channels are separated by some potential difference∆, as
shown in Fig. 6.2. If the energy of an incoming particle in theg-state fulfills 0< E < ∆,
it is in the region of scattering solutions. We denote this situation with the term "open
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6. CollectiveFESHBACH scattering with a two-component BEC

channel". In contrast, a particle in thee-state is in the range of bound states in this ener-
gy regime, since the scattering continuum for this state requiresE > ∆. We call this a
"closed channel". A bound state in the closed channel may therefore be embedded in
the scattering continuum of the open channel. As a consequence, there is a resonance
behavior in the scattering phases in the vicinity of the energy of this embedded bound
state.Sattering with two oupled hannels
In the following, we will present a more quantitative discussion of a situation, where two
particles with two internal states, indicated by the indices "e" and "g", are scattered. This
is the case when we deal with ultracold atoms that can occur intwo different magnetic
hyperfine states [18]. If these internal states are coupled by some mechanism, we arrive
at the two-component SCHRÖDINGERequation

[
− d2

dz2 +V(z)

]
ψψψ(z) = Eψψψ(z) (6.16)

for the scattering problem, wherez is again the relative coordinate of the two particles.
In there,

V(z) =

(
Ve(z) Ω(z)
Ω∗(z) Vg(z)

)
, (6.17)

ψψψ =(ψe,ψg)
⊤ is the two-component wave function, andΩ(z) gives rise to the strength of

the coupling between the two states. Furthermore, we introduced the scattering potentials
Ve(z) andVg(z) for the two channels.1

Now, we specialize our model to two coupled square-well potentials, i. e.

Ve(z) =

{
Ve, if |z| < 1,

∆, else,
Vg(z) =

{
Vg, if |z| < 1,

0, else,
Ω(z) =

{
Ω, if |z| < 1,

0, else.

(6.18)

Ω can be chosen to be real-valued. A solution of Eq. (6.16) can be found in analyti-
cal terms by diagonalizing the potential matrixV(z). In particular, we introduce the
transformation matrix

W =

(
ξ η
1 1

)
, (6.19)

which satisfies

W−1V W =

(
λ+ 0
0 λ−

)
= Λ (6.20)

1Please note that in this chapter the notationVg(z) is not used for the gravitational potential as in the
previous chapters, and in here, we neglect any effects of gravity.
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in the region|z| < 1. We find

λ± =
1
2

(
Ve+Vg±

√
(Ve−Vg)2+4Ω2

)
, ξ =

λ+−Vg

Ω
, η =

λ−−Vg

Ω
. (6.21)

Using these relations, we obtain
[
− d2

dz2 +Λ
]

φφφ(z) = Eφφφ(z) = k2φφφ(z) (6.22)

with φφφ(z) = W−1 ψψψ(z). In order to determine the scattering phase shifts we make the
ansatz

φφφev
in (z) =

(
Acos(k+z)
Bcos(k−z)

)
, φφφod

in (z) =

(
Asin(k+z)
Bsin(k−z)

)
(6.23)

for |z| < 1, and

φφφ ev
out(z) =

(
Ce−kez

Dcos(kz+δev)

)
, φφφod

out(z) =

(
Ce−kez

Bsin(kz+δod)

)
(6.24)

elsewhere. In there, we defined

k+ =
√

k2−λ+, k− =
√

k2−λ−, ke =
√

∆−k2. (6.25)

Note thatke becomes imaginary, if∆ < k2 = E. The focus of our interest will be the
range 0< E < ∆, though, since in this regime FESHBACH resonances occur. With the
boundary conditions

φφφ in(±1) = φφφout(±1),
d
dz

φφφ in(±1) =
d
dz

φφφout(±1), (6.26)

we obtain the phase shifts

δod(k) = −k+arctan

[
Yod(k)
Xod(k)

]
, δev(k) = −k+arctan

[
Yev(k)
Xev(k)

]
, (6.27)

where

Xod(k) = −kek+ ξ (cotk+)+k− (cotk−)
[
k+(η −ξ )(cotk+)+η ke

]
, (6.28)

Yod(k) = k
[
(η −ξ )ke−ξ k− (cotk−)+η k+ cotk+

]
, (6.29)

Xev(k) = k
[
(η −ξ )ke+ξ k− (tank−)−η k+ tank+

]
, (6.30)

Yev(k) = kek−η (tank−)−k+ (tank+)
[
k−(η −ξ ) tank− +ξ ke

]
. (6.31)

The transmission and reflection coefficients are given by

|R(k)|2 = sin2(δev(k)−δod(k)), |T(k)|2 = cos2(δev(k)−δod(k)). (6.32)

A related treatment is given in [151].
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Figure 6.3.: Typical sketch of the scattering phases corresponding to even (solid line) and odd
(dashed) scattering solutions vs. energyE. At the points where the energy of the scattering
solution meets embedded bound states of the closed channel,we observe a resonance behavior in
the scattering phases.Feshbah resonanes with in�nitely high square-well
In order to get more insight into FESHBACH resonances, we make use of the results given
in the preceeding paragraphs, where we calculated the phaseshifts as well as the reflec-
tion and transmission coefficients, Eqs. (6.27) and (6.32).These analytical expressions
are rather complicated and do not reveal the inherent resonance behavior immediately. It
is therefore helpful to make another simplification in orderto get an easy mathematical
understanding of the problem. Let us consider a situation whereVg(z) = 0 and

Ve(z) =

{
0 |z| < 1

∆ else,
(6.33)

where∆ → ∞, i. e. the potential for the upper state is an infinitely high square-well.
For the coupling we make the same assumption as in Eq. (6.18).Then, the preceeding
calculations are simplified significantly and the scattering phases read

δev(k) = −k+arctan
Yev

Xev
, (6.34)

δod(k) = −k+arctan
Yod

Xod
, (6.35)
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where

Xev = Yod = 2k, (6.36)

Yev = k+ tank+ +k− tank−, (6.37)

Xod = k+ cotk+ +k− cotk−, (6.38)

and

k+ =
√

k2+ |Ω|, k− =
√

k2−|Ω|. (6.39)

Recalling Eqs. (6.34) and (6.35), it is now easy to investigate the resonance behavior.
If there is a weak couplingΩ, there are poles in the tan- and zeros in the cot-functions
occurring inδev and δod neark = (2 j − 1)π/2, where j is an integer. This yields a
resonance behavior in the phases (π-jumps). On the other hand, it is well-known that in
an infinitely high potential well the bound states occur fork = jπ/2, i. e. at the poles
of the tan and cot, respectively. Thus, the resonances occurat the bound states of the
e-manifold that are embedded in the scattering continuum of theg-manifold. A similar
argument holds for the more complicated situation discussed above. A typical plot of the
scattering phases is shown in Fig. 6.3.6.1.3. Example for a Feshbah resonane in a physialsystem
Before switching to the main topic of this chapter – thecollectiveFESHBACH scattering
on a BEC – we would like to point out that the concept of FESHBACH resonances, which
has been established by an elementary model in the preceeding considerations, can be
found in physical systems. As an example, we would like to discuss in brief the scattering
of two atoms, which have an internal two-level structure. Inthere, we follow the lines
of [152]. To be more precise, the atoms are assumed to occur intwo distinct hyperfine
states [57], and have one valence electron, as it is the case in alkali atoms. The interaction
potential between the particles then depends on the electronic states of the scattering
atoms. During the scattering process, they can form a singlet or a triplet state (total spin
0 or 1, respectively) [57]. For the singlet state, the orbital wave function is symmetric
with respect to the exchange of two electrons. Thus, there isa non-vanishing probability
of the two electrons being at the same point. This is in contrast to the triplet state. Hence,
the singlet potentialVs is deeper than the triplet potentialVt. Moreover, the hyperfine
interaction couples both states. It is given by

Vhf =
αhf

h̄2 I ·S, (6.40)

whereαhf is the hyperfine constant,I is the total spin of the nucleus andS is the total spin
of the electrons. Another degree of freedom comes into play,if the atoms are exposed to
an external magnetic field. Then the internal states experience a different ZEEMAN shift
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[57]. This yields a SCHRÖDINGERequation of the stationary scattering situation, which
can be expressed as

(
− h̄2∇∇∇2

m +Vs+∆µB Vhf

Vhf − h̄2∇∇∇2

m +Vt

)(
ψs

ψt

)
= E

(
ψs

ψt

)
(6.41)

for the singlet and triplet wave functionsψs andψt, respectively, and the total energy
E > 0. Besides,∆µ is the difference in the magnetic moment andB corresponds to an
external magnetic field. We note that this is in principle identical to the coupled square-
well model discussed in Section 6.1.2, if we assume rectangular potentials forVs and
Vt.

In the following section, we will discover that the concept of FESHBACH resonances
does not only apply on a two-particle level but also on a collective level, when consider-
ing a trapped two-component BOSE-EINSTEIN condensate.6.2. Colletive Feshbah Sattering of a super�uiddroplet on a two-omponent BEC
In this section, we will examine the collective scattering of a superfluid droplet imping-
ing on a mesoscopic two-component BOSE-EINSTEIN condensate as a target. The BEC
consists of an atomic gas with two internal electronic states, each of which is trapped
by a finite-depth external potential, cf. Section 2.1.4. An off-resonant optical laser field
provides a localized coupling between the BEC components inthe trapping region. We
obtain bound and scattering BOGOLIUBOV modes in the first part. In the second part
of the section, we demonstrate that this mesoscopic scenario matches the microscopic
setup for FESHBACH scattering of two particles (Section 6.1.2), when a bound state of
one sub-manifold is embedded in the scattering continuum ofthe other sub-manifold.
Within the mean-field picture, we obtain resonant scattering phase shifts from a linear
response theory. We find an energy-dependent transmission coefficient that is control-
lable between 0 and 100%. Finally, we find that these calculations are in agreement
with an exact numerical solution of the real time scatteringprocess and simple analytical
approximations thereof in the last part of this section.6.2.1. Bound Bogoliubov exitations and sattering solutions
Let us focus on a two-component condensate (Section 2.1.4),confined in finite-depth
wells, and assume a quasi one-dimensional configuration, asoutlined in Section 2.3.1.
In the condensed phase, the system is described by the order parametersαe andαg that
are coupled by an optical laser beamΩ(z) with a sufficiently large detuning∆. Using
suitably scaled variables (Section 2.1.3), the corresponding two-component GP equation
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6.2. CollectiveFESHBACH Scattering of a superfluid droplet on a two-component BEC

reads

i∂t

(
αe(z, t)
αe(z, t)

)
= Hmf

(
αe(z, t)
αg(z, t)

)
, (6.42)

Hmf =

(
−1

2 ∂ 2
z +Ve(z)+ve(z, t) Ω(z)

Ω∗(z) −1
2 ∂ 2

z +Vg(z)+vg(z, t)

)
, (6.43)

ve(z, t) = κ̄ee|αe(z, t)|2+ κ̄eg|αg(z, t)|2, vg(z, t) = κ̄eg|αe(z, t)|2+ κ̄gg|αg(z, t)|2,
(6.44)

cf. also Eq. (2.51), and we established different trapping potentialsVe(z) andVg(z) for
the individual states again, as in Eq. (2.75).Ω(z) corresponds to the RABI frequency, and
κ̄µν denote the effective one-dimensional coupling constants.For definiteness, we pick
square-well potentials forVe(z) andVg(z) for the moment, as this leads to simple, ana-
lytically solvable approximations. The scaled coupling constantsκ̄ee, κ̄eg= κ̄ge, andκ̄gg

are proportional to the self- and cross-component s-wave scattering lengths, as discussed
before.
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Figure 6.4.: Dimensionless ground state densities|α(0)
µ (z)|2 (µ ∈ {e,g}; solid lines) of the cou-

pled quasi one-dimensional two-component BOSE-EINSTEIN condensate trapped in square-well
potentials plotted vs. positionz (in natural units of the trap). The dashed-dotted lines correspond
to the respective THOMAS-FERMI-approximated ground state densities.

For typical experimental values of87Rb see [58], but from the theoretical point of
view the choice of parameters is uncritical. The physical length, energy and time scales
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6. CollectiveFESHBACH scattering with a two-component BEC

are the half-size of the square-well boxL, the energyE = h̄ω = h̄2/mL2 and a time
scaleT = 1/ω. We have determined the ground state of the GP equation numerically
for N = 1000 particles and coupling constantsκ̄ee= κ̄eg = κ̄gg = 0.008. The trapping
potential and the laser coupling were set to

Ve(z) =

{
Ve+∆, if |z| < 1,

0, else,
Vg(z) =

{
Vg, if |z| < 1,

0, else,
Ω(z) =

{
Ω, if |z| < 1,

0, else,

(6.45)

with potential depthsVe = Vg = −15, RABI frequencyΩ = 7, and a detuning∆ = 8.5.
This yields a valueµ ≈ −13.5 for the chemical potential. The corresponding ground

state order parametersα(0)
e (z) andα(0)

g (z) are shown in Fig. 6.4.

∆

z

Ve(z)

Ω(z)

1

µ

−1

E

Vg(z)

Figure 6.5.: Schematic setup of a trapped two-component BECwith square-well potentialsVe(z),
Vg(z) (solid) and a coupling laser beamΩ(z) (long dashed) versus positionz. Scattering occurs
in the openg-channel, while thee-channel is energetically closed with a threshold energy∆. The
chemical potential isµ (heavy solid line), the dashed-dotted lines show the localized excitations,
and the quasi-bound energy levels (dashed) are responsiblefor collective FESHBACH resonances.

It is our aim to describe the scattering of a weak coherent perturbation on the two-
component BEC in order to obtain an analogous situation to two-particle FESHBACH

scattering. In contrast to this well-known scenario, the scattering on a condensate is
a collective phenomenon. In Section 2.6, we have learned that the collective excita-
tions of a BEC are the BOGOLIUBOV modesu j andv j . They provide a natural way of
investigating stationary scattering on a BEC, since we can decompose an arbitray co-
herent perturbation of the condensate into the BOGOLIUBOV modes. In a BEC that is
confined within a potential of finite depth, the BOGOLIUBOV spectrum supports bound
(localized) states and free scattering solutions. This situation is depicted schematically in
Fig. 6.5. When considering a suitable configuration, the localized BOGOLIUBOV excita-
tions of componentecan be embedded in the scattering continuum of the BOGOLIUBOV
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6.2. CollectiveFESHBACH Scattering of a superfluid droplet on a two-component BEC

modes in theg-state. We assume a coupling between both channels and therefore expect
FESHBACH-like scattering resonances, as we have seen in the case of two-particle scat-
tering, cf. Section 6.1.2. The present setup is an analogoussituation as the one shown
in Fig. 6.2, but the occuring resonances have a collective character. We will come back
to this in Section 6.2.2, but concentrate on the BOGOLIUBOV excitations themselves for
the moment.

To be more specific, the respectively scaled quasi one-dimensional BOGOLIUBOV

equation, Section 2.6.2, reads
[
−σ3

2
∂∂∂ 2

zzz +

(
VB M
−M∗ −VB∗

)](
u j

v j

)
= ε j

(
u j

v j

)
, (6.46)

where

M =

(
κ̄eeα(0)2

e κ̄egα(0)
e α(0)

g

κ̄egα(0)
e α(0)

g κ̄ggα(0)2
g

)
, σ3 =

(
1 0
0 −1

)
, (6.47)

VB =

(
VHF

e (z) Ω(z)+ κ̄egα(0)
e α(0)∗

g

Ω∗(z)+ κ̄egα(0)∗
e α(0)

g VHF
g (z)

)
,

VHF
e (z) = Ve(z)+2κ̄ee|α(0)

e |2+ κ̄eg|α(0)
g |2−µ, (6.48)

VHF
g (z) = Vg(z)+ κ̄eg|α(0)

e |2+2κ̄gg|α(0)
g |2−µ,

and
(αe(z, t),αg(z, t))

⊤ = (α(0)
e (z)e−iµt ,α(0)

g (z)e−iµt)⊤. (6.49)

α(0)
g = α(0)

g (z) andα(0)
e = α(0)

e (z) represent the ground state of the quasi one-dimensional
GP Eq. (6.42).

We calculated the BOGOLIUBOV spectrum for a set of parameters as given above,
solving the corresponding eigenvalue problem numerically(see also Section 7.4). We ob-
tained the spectrum of negative excitation energiesε j (cf. Section 2.6.2). In Figs. 6.6 and
6.7 we have depicted a selection of localized as well as scattering BOGOLIUBOV modes.
We omit showing the modes that represent the first localized excitation and are of even
parity. The second localized excitation is depicted in Fig.6.6, where we show the com-
ponents ofu(ε2,z) andv(ε2,z), where|ε2|< |µ| (odd parity). Fig. 6.7 shows a scattering
BOGOLIUBOV solutionu(ε7,z) as well asv(ε7,z). We note that onlyvg(ε7,z) (ε7 < 0,
|ε7| > |µ|) can propagate outside the trapping region, while the remaining components
are localized. This will be explained below. In addition, weproved the completeness of
the modes numerically by decomposing an arbitrary perturbation (in particular, we chose
a GAUSSian wave packet) in the set of BOGOLIUBOV modesu j andv j . The difference
between the original wave packetψ(z) and the reconstructionψreconst(z) is sufficiently
small, and we do not show details here.

We found three localized excitations in theg-state. The corresponding energies are
displayed in Fig. 6.8. The remaining modes in this state lie in the scattering continuum.
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6. CollectiveFESHBACH scattering with a two-component BEC

In general, localized solutions in theg-state satisfy|ε j | < |µ|, and scattering solutions
|ε j | > |µ|, respectively. For 0< |ε j |− |µ| = k2

j /2 = E j < ∆ FESHBACH resonances can
occur. The set of scattering solutions obtained from the numerical eigenvalue problem
is discrete as well, since we cannot choose infinity as a boundary in practice. Instead,
we chose|b| = 10≫ 1 as outer boundary, where the condensate wave function virtually
vanishes.
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Figure 6.6.: Localized (bound) excitationu(ε2,z) = (ue(ε2,z),ug(ε2,z))⊤ and v(ε2,z) =

(ve(ε2,z),vg(ε2,z))⊤ (|ε2| < |µ |) shown as a function of the positionz (in natural units of the
trap length). Clearly, all components are confined to the trapping region|z| < 1, indicated by the
vertical dashed lines.
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6.2. CollectiveFESHBACH Scattering of a superfluid droplet on a two-component BEC
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Figure 6.7.: Scattering excitationu(ε7,z) = (ue(ε7,z),ug(ε7,z))⊤ and v(ε7,z) =

(ve(ε7,z),vg(ε7,z))⊤ (ε7 < 0, |ε7| > |µ |) shown as a function of the positionz (in natural
units of the trap length). Only the componentvg(ε7,z) can propagate for|z| > 1, the remaining
components are localized within the trapping region (|z| < 1, indicated by the dashed lines).Remark on the sattering solutions
In the regime 0< ε j + µ = k2

j /2 = E j < ∆, ε j > 0, the mode componentsue(ε j ,z),
ve(ε j ,z) andvg(ε j ,z) are localized on the condensate and vanish exponentially for |z|> 1.
Only the particle-like componentug(ε j ,z) can propagate outside. This can be easily un-
derstood, considering the BOGOLIUBOV equations of a one-component BEC, Eq. (2.71).
Outside the confining region (|z|> 1), the BOGOLIUBOV equations essentially decouple,
since the ground state is well-localized in the trapping region. Hence, we can write

(
−1

2
∂ 2

z −µ
)

u(ε j ,z) = ε j u(ε j ,z),

(
−1

2
∂ 2

z −µ
)

v(ε j ,z) = −ε j v(ε j ,z) (6.50)

to a very good approximation. Since−µ > 0, this provides a positive-valued potential.
If ε j > 0, u(ε j ,z) is a plane-wave scattering solution forε > −µ, i. e. u(ε j ,z) ∝ e±i k j z,
k2

j /2 = ε + µ > 0. In contrast, forv(ε j ,z) the effective potentialµ < 0 is a tunneling

barrier and it has to vanish exponentially for|z| > 1, i. e. v(ε j ,z) ∝ e−κ j |z|, κ2/2 =

ε −µ > 0. If ε j < 0, the roles ofu andv are exchanged, cf. also last paragraph of Section
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6. CollectiveFESHBACH scattering with a two-component BEC

2.6.2. For a two-component condensate, a similar argument holds, and we have verified
this statement numerically.6.2.2. Colletive Feshbah sattering � stationary approah
In the following, we will demonstrate that the microscopic physics of binary FESHBACH

resonances can also be implemented at the mesoscopic level of an atomic BEC, giving
rise to collective FESHBACH resonances. We will study the scattering properties of a
weak coherent perturbation on a trapped two-component BEC,as already addressed in
the previous considerations. In particular, we will calculate the scattering phases of the
continuum perturbations, based on the BOGOLIUBOV approach. This is compared with
the numerical simulation of the nonlinear wave packet propagation in real time. Finally,
we can explain the appearance of collective FESHBACH resonances qualitatively from
a simple THOMAS-FERMI approximation, cf. Section 2.2, of the BOGOLIUBOV excita-
tions. In addition, we will discuss the same scattering scenario with a two-component
BEC confined in a PÖSCHL-TELLER potential, which gives rise to a more realistic trap
configuration.
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Figure 6.8.: We show again the square-well trapping potentialsVe(z) andVg(z), plotted as a func-
tion of position (in natural units of the trap). In this graphwe depict the exact energies calculated
for the localized (g-state) as well as the quasi-bound (e-state) BOGOLIUBOV modes. We obtain
three modes, which are embedded in the scattering continuumof the lower state and are num-
bered. Moreover, three loacalized excitations were found.

Binary FESHBACH scattering resonances require at least the interaction of two differ-
ent state manifolds, as discussed in Section 6.1.2. Due to the finite-depth of the trap-
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6.2. CollectiveFESHBACH Scattering of a superfluid droplet on a two-component BEC

ping potentials, the spectrum only supports a finite number of localized (bound) states
and has a scattering continuum above a certain excitation energy, which we demon-
strated in the last subsection. This is now the analogous situation as required for the
two-particle FESHBACH scattering resonances. If quasi-bound BOGOLIUBOV modes co-
incide in energy with continuum modes, we will obtain a resonance behavior. These
localized, positive energy modes are depicted in Fig. 6.8. For positive energy solutions
ε j > 0, the resonances appear in the domain 0< ε j +µ = k2

j /2 = E j < ∆ and it has been
outlined previously thatue(ε j ,z), ve(ε j ,z) andvg(ε j ,z) are localized on the condensate
and vanish exponentially for|z| > 1. Only ug(ε j ,z) can propagate there. With these
considerations, we make the ansatz

lim
z→±∞

ug(ε j ,z) = cos(kz±δev), or sin(kz±δod). (6.51)
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Figure 6.9.: Collective FESHBACH resonances in the scattering phasesδev (solid) andδod (dashed)
of a weak perturbation of a two-component BEC versus energyE. Note that theπ-jumps of the
collective FESHBACH resonances occur at excitation energyEi = µ + εi of the even/odd quasi-
bound BOGOLIUBOV modes of Fig. 6.8. The inset shows the LORENTZian behavior of the phase
derivativeδ ′

od(E) close to the resonance as in Eq. (6.52).

Due to the reflection symmetry of the trapping potentials, the excitation can also be
characterized by parity and we define even and odd phase shiftsδev andδod, respectively.
These scattering phases have been evaluated numerically from Eqs. (6.42) and (6.46).
The set of parameters was chosen as above and the result is displayed in Fig. 6.9. The
analogy to the phenomenon of FESHBACH resonances stands out very clearly. Note that
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6. CollectiveFESHBACH scattering with a two-component BEC

theπ-jumps of the collective FESHBACH resonances occur at excitation energyEi = µ +

εi of the even/odd quasi-bound BOGOLIUBOV modes of Fig. 6.8. In there, we depicted
the exact values calculated for the localized (g-state) as well as the quasi-bound (e-state)
modes. We obtained three of these modes embedded in the scattering states of the lower
state.
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Figure 6.10.: A) Transmission coefficient of a weak coherentperturbation in theg-component of
the trapped BEC versus energyE from the linear response BOGOLIUBOV calculation (solid). The
dashed line is the transmission coefficient obtained from propagating a GAUSSian wave packet
in the nonlinear GP Eq. (6.42), in real time. The dotted line represents a crude THOMAS-FERMI

approximation. We assumed square-well trapping potentials. FESHBACH resonances are clearly
observed in all three curves superimposed on a background caused by potential scattering. B)
The same calculations were performed using PÖSCHL-TELLER trapping potentials. Again, the
stationary approach matches the dynamical calculation well. Three scattering resonances are
observed.
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6.2. CollectiveFESHBACH Scattering of a superfluid droplet on a two-component BEC

According to the BREIT-WIGNER parametrization of an isolated resonance [148], one
finds approximately

δ res(E) = arctan

(
Γ/2

ER−E

)
,

2
Γ

=
dδ res

dE

∣∣∣∣
E=ER

. (6.52)

In turn, one can determine the resonance energyER and widthΓ analytically from the
poles of theS-matrix in the vicinity of a FESHBACH resonance [145, 153, 154].

From the phase shifts, one can obtain all scattering information, like reflectionR(E)

or transmission amplitudesT(E), by considering a causal waveu(+)
g (ε j ,z), propagating

to the right (k > 0),

lim
z→−∞

u(+)
g (ε j ,z) = eikz+Re−ikz

= eiδev cos(kz−δev)+ ieiδod sin(kz−δod),

lim
z→∞

u(+)
g (ε j ,z) = T eikz

= eiδev cos(kz+δev)+ ieiδod sin(kz+δod).

(6.53)

The real-valuedness of the scattering phases of Fig. 6.9 implies a current conservation
|R(E)|2 + |T(E)|2 = 1, and we can write the transmission coefficient in terms of the
phases

|T(E)|2 = cos2[δev(E)−δod(E)], (6.54)

in analogy to Sections 6.1.1 and 6.1.2. We have calculated the scattering phases as well
as the transmission spectrum with the stationary BOGOLIUBOV approach numerically
with two different numerical procedures, cf. Section 7.4. The results were obtained in
collaboration with Michael GRUPP, who did some of the simulations. The transmission
coefficient is shown in Fig. 6.10. In the vicinity of the resonance energiesE ≈ µ + εi , it
changes rapidly between 0 and 100%.

In order to isolate the essential physical mechanism responsible for the collective reso-
nance behavior, we approximate the GP Eq. (6.42) in the THOMAS-FERMI limit. Then
ααα(0)

TF(z) = (α(0)
TF,e(z),α

(0)
TF,g(z))

⊤ is constant within the square-wells and exactly vanishes
elsewhere. In an additional approximation, we disregard the matrixM in the BOGO-
LIUBOV self-energy Eq. (6.46). Within this limit, the particle andhole excitations are
decoupled andu satisfies a two-component SCHRÖDINGERequation

(−∂ 2
z

2
+VB

TF)u j = ε j u j , (6.55)

where

VB
TF =

(
VHF

e (z) Ω(z)+ κ̄egα(0)
TF,e(z)α

(0)∗
TF,g(z)

Ω∗(z)+ κ̄egα(0)∗
TF,e(z)α

(0)
TF,g(z) VHF

g (z)

)
,

VHF
e (z) = Ve(z)+2κ̄ee|α(0)

TF,e(z)|2+ κ̄eg|α(0)
TF,g(z)|2−µ,

VHF
g (z) = Vg(z)+ κ̄eg|α(0)

TF,e(z)|2+2κ̄gg|α(0)
TF,g(z)|2−µ.
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6. CollectiveFESHBACH scattering with a two-component BEC

Due to the TF approximation, this equation has again a square-well character and the
solution can be found analytically. In fact, we have calculated the phase shifts and trans-
mission coefficient for the two-particle two-channel scattering problem with square-well
potentials in Section 6.1.2 analytically. Therefore, Eq. (6.32) holds for the transmission
coefficient, where the phase shifts are given analytically according to the expressions
Eq. (6.27). Nevertheless, it is worthwhile noticing that the square-well potentials as well
as the coupling RABI frequencies are redefined

Ve(z) →Ve(z)+2κ̄ee|α(0)
TF,e(z)|2+ κ̄eg|α(0)

TF,g(z)|2−µ, (6.56)

Vg(z) →Vg(z)+2κ̄gg|α(0)
TF,g(z)|2+ κ̄eg|α(0)

TF,e(z)|2−µ, (6.57)

Ω(z) → Ω(z)+ κ̄egα(0)
TF,e(z)α(0)∗

TF,g(z), (6.58)

whereα(0)
TF,e(z) as well asα(0)

TF,g(z) are piecewise constant in the trapping region and
outside this zone, respectively, as mentioned above. We present the results in the dotted
line in Fig. 6.10. A good qualitative agreement needs to be acknowledged, while there are
shifts in the resonance energies that are not accounted for in this simple approximation
scheme.Pöshl-Teller potential
Finally, we choose a more realistic trap configuration considering a modified PÖSCHL-
TELLER potential [155] instead of a square-well. In one dimension,it can be expressed
as

VPT(z,η,λ ) = −η
λ (λ −1)

cosh2(ηz)
(6.59)

with the depthλ and the width 1/η. From a simple TAYLOR expansion one easily
realizes that this potential is harmonic around its minimum. On the other hand, it is
of finite depth. Therefore, it models laboratory potentialsvery well. We have solved
the GP equation as well as the BOGOLIUBOV equations as given in Eqs. (6.42) and
(6.46) with the PÖSCHL-TELLER potentialVg(z) = VPT(z,ηg,λg) as in Eq. (6.59) and
Ve(z)=VPT(z,ηe,λe)+∆. In addition, we assumed a smooth PÖSCHL-TELLER-like laser
coulping, i. e.Ω(z)=VPT(z,ηΩ,λΩ) with a laser beam diameterη−1

Ω wider than those for
the traps. In particular, we choseλe = 3.7, λg = 2.7, λΩ = 2.4, ηe = ηg = 1, ηΩ = 0.7.

The chemical potential then isµ ≈ −0.92. The ground state densities|α(0)
µ (e)|2 and

|α(0)
µ (g)|2 are depicted in Fig. 6.11. We show the corresponding transmission spectrum

in Fig. 6.10 B). Again, we observe three scattering resonances with a rapid change in
the transmission properties. As a conclusion, the existence of the collective FESHBACH

resonances is not restricted to the simple square-well model.
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Figure 6.11.: Dimensionless ground state densities|α(0)
e (z)|2 and |α(0)

g (z)|2 of a coupled quasi
one-dimensional two-component BOSE-EINSTEIN condensate trapped in PÖSCHL-TELLER po-
tentials as a function of positionz (in natural units of the trap).6.2.3. Colletive Feshbah Sattering � dynamialalulations
In a final step of the analysis of the collective FESHBACH resonances, we have also
performed a numerical simulation of the nonlinear, time-dependent GP Eq. (6.42). We
propagated an incident traveling GAUSSian wave packet on top of the stationary BEC
solution depicted in Fig. 6.4,

αg(z, t = 0) = α(0)
g (z)+

4

√
δN2

πσ2 e−
(z−z0)2

2σ2 +ik0z
. (6.60)

It can be seen in Fig. 6.12 that theg-component of the ground state solutionα(0)
g is well

localized in the trap center and initially has no overlap with the weak GAUSSian pertur-
bation if δN ≪ N andz0 ≪−1. The initial momentumk0 > 0 of the wave was varied
to cover the energy range in Fig. 6.10. In order to resolve theresonance structure, one
needs a small momentum spread (σ = 20), and we find that the wave packet transmission
spectrum matches the linear response approach very well. Again, we performed our sim-
ulations with confining square-well potentials as well as PÖSCHL-TELLER potentials and
made use of identical parameters as in the stationary approach.

In Fig. 6.12 A), the momentumk0 ≈ 2.05 corresponds to an energy below the reso-
nance energy, marked asE1 in Fig. 6.10, which leads to full transmission. In contrast,
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6. CollectiveFESHBACH scattering with a two-component BEC

Fig. 6.12 B) shows the total reflection of the wave packet if the incident momentum
k0 ≈ 2.35 exactly corresponds to the resonance energyE1.
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Figure 6.12.: Collective FESHBACH resonance: complete transmission (A) or total reflection (B)
of a small coherent atomic wave packetαg(z, t) with incident momentumk0 = 2.05 (A) or k0 =

2.35 (B), when scattering off a stationary, two-component BEC, trapped around−1< z< 1, with
a maximal density|αg(z, t)|2 ≈ 500, which is off-scale. The dimensionless density|αg(z, t)|2 is
depicted versus positionz (in natural units of the trap) for three instantst: initially ( ti , dotted), on
impact (t0, solid) and finally (t f , dashed).6.3. Conlusions and outlook
In conclusion, we have identified collective FESHBACH resonances in a trapped two-
component BEC. These resonances do not require a binary FESHBACH resonance to
modify the two-particle interaction, but quasi-bound BOGOLIUBOV modes in the linear
response spectrum. We have shown that this can be achieved with the help of an optical
laser beam. In contrast to the microscopic binary FESHBACH resonance, this quantum
mechanical phenomenon exists on a mesoscopic, possibly macroscopic scale and can
be used to control the transmission of matter waves between 0and 100%. For con-
ceptual simplicity, we investigated a quasi one-dimensional geometry with square-well
potentials. None of this is important for the effect and it can be implemented in various
experimental configurations. However, studying this resonance in the mean-field picture
can only be a first step and a proper inclusion of the thermal cloud is still lacking [156].

The collective character of the scattering process on a BEC would become more evi-
dent if one studied inelastic scattering. A situation of inelastic scattering arises, if the per-
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6.3. Conclusions and outlook

turbation is sufficiently strong so that the second order cannot be neglected any longer.
Then there is a coupling of different modesj andk, and hence the amplitudesβ j ex-
perience a non-trivial time-dependence. Thus, an exchangeof energy becomes possible.
Given that Eq. (2.73) is satisfied and Eq. (2.71) holds for allBOGOLIUBOV perturbational
modesu j andv j , one finds a coupled system of differential equations for thedynamics
of the modes. This should be subject of further investigations.
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7. Numerial methods
In this chapter we would like to give a brief overview of the numerical methods that have
been applied to achieve the major results of this thesis. In the first section, we define a
discrete grid, on which the numerical equations can be solved. A crucial issue of this
thesis is solving partial differential equations like the GROSS-PITAEVSKII Eq. (2.23).
This aspect is discussed in the second section of this chapter. Then we will focus on the
solution of first order ordinary differential equations in time. In the fourth section, we
will outline how the BOGOLIUBOV Eq. (2.75) can be solved numerically. We will show
how to implement the WIGNER function numerically in the last section of this chapter.7.1. Disretization of ontinuous problems inposition and momentum spae
Throughout most of this thesis, numerical calculations of the GP equation in position
space are required. In the following, we will outline how we implement a numerical grid
for one-dimensional simulations as well as three-dimensional problems with cylindrical
symmetry.7.1.1. Disretization in one spatial dimension
Let us consider a one-dimensional situation first. In order to obtain numerical solutions
thereof, we need to discretize the continuous variablez∈ (−∞,∞) and thus define a finite
discrete gridz= (z1, ...,zNz),Nz ∈ N, where−L0 ≤ z1 < ... < zNz < L0 andL0 provides
a boundary, which has to be chosen sufficiently large. Since we will make extensive use
of FOURIER methods, see next section, we will need periodic boundary conditions, i. e.
zNz+1 ≡ z1. More explicitly, we set

zn = 2L0

(
−1

2
+

n−1
Nz

)
, 1≤ n≤ Nz, ∆z=

2L0

Nz
, (7.1)

where∆z is the stepwidth. In addition, when using FOURIER transformations, a grid in
momentum space is required. The continuous wave numberk is attributed the discrete

expressionk(z) = (k(z)
1 , ...,k(z)

Nz
), Nz∈N with

k(z)
n =

Nzπ
L0

(
−1

2
+

n−1
Nz

)
, 1≤ n≤ Nz, ∆k(z) =

π
L0

(7.2)

137



7. Numerical methods

(in there,∆k(z) is the stepwidth ink-space). Thus, the periodic boundary conditions are
guaranteed.7.1.2. Disretization of problems with ylindrial symmetry
Besides the discretization inz-direction, in three-dimensional problems with cylindri-
cal symmetry a numerical grid in the radial direction (r > 0) is required. If FOURIER

transformations are applied in the course of the numerical simulations, it is necessary to
extend the grid to negative values ofr in order to provide symmetric intervals that are
essential in the Fast FOURIER transform algorithm (Section 7.2). At the end, only the
regimer > 0 is read out.

We establish a grid ofNr equidistant pointsrn andk(r)
n in position and FOURIER space,

respectively. Thus, vectorsr = (r1, . . . , rNr ) andk(r) = (k(r)
1 , . . . ,k(r)

Nr
) are defined,

rn = 2R0

(
−1

2
+

1
2Nr

+
n−1
Nr

)
, 1≤ n≤ Nr , ∆r =

2R0

Nr
, (7.3)

where∆r is the corresponding stepwidth.R0 defines the maximum radius. Mind that we
shifted the grid by∆r/2 in order to excluder = 0. Thus, we avoid numerical problems
when performing calculations involving∇∇∇ in cylindrical coordinates, since terms of the
form 1/r ∂r are involved there. Moreover,

k(r)
n =

Nrπ
R0

(
−1

2
+

n−1
Nr

)
, 1≤ n≤ Nr , ∆k(r) =

π
R0

, (7.4)

where∆k(r) is the stepwidth in FOURIER-space.7.1.3. Performing alulations on the numerial grid
Now we are able to define functions on the discrete grid and perform numerical calcula-
tions. In particular, a scalar functionf of one spatial variablez is assigned a vector

f = ( f1, . . . , fNz), fn = f (zn), n = 1, . . . ,Nz, (7.5)

andzn as defined in Eq. (7.1). A function of two variables,f (r,z), takes a matrix form,
accordingly, i. e.

f = ( fmn)m=1..Nr ,n=1..Nz, fmn = f (rm,zn), (7.6)

andrm as defined in Eq. (7.3). If there is an additional degree of freedom (e. g. time), we
have to deal with a higher dimensional object

f = ( fmno)m=1..Nr ,n=1..Nz,o=1..Nt , fmno= f (rm,zn, to), (7.7)

wheret = (t1, . . . , tNt) is the discretized time grid. At a fixed instantti, this is again
a matrix. These considerations clearly reveal that manipulations of functions that are
defined on a discrete grid can be performed with standard methods of linear algebra as
well as functional analysis.
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7.2. Numerical determination of the stationary solution ofthe GP equation7.2. Numerial determination of the stationarysolution of the GP equation
In the previous section, we learned how a function can be described on a discrete numeri-
cal grid. In the following considerations, we would like to discuss how derivatives with
respect to space can be performed on functions of compact support on the grid, using the
methods of FOURIER transformation.7.2.1. Disrete Fourier transformation (FT)
Let us consider a one-dimensional discrete FOURIER transformation (FT) first. A 2L0-
periodic functionf (z) = f (z+2L0) can be decomposed as

f (z) =
∞

∑
k=0

f̄k ei(π/L0)kz, (7.8)

which is virtually the discrete inverse FOURIER transformation. On a numerical grid, as
introduced above, this transforms to1

f (n) =
1
Nz

Nz

∑
k=1

f̄ (k)e2π i (k−1)(n−1)/Nz, 1≤ n≤ Nz, (7.9)

where f (n) = f (zn). The direct FOURIER transform reads

f̄ (k) =
Nz

∑
n=1

f (n)e−2π i (k−1)(n−1)/Nz, 1≤ k≤ Nz, (7.10)

accordingly.Fast Fourier transformation (FFT)
Performing a FOURIER transformation with help of the summation described above is
unefficient for practical calculations. The numerical complexity is of the orderN2

z , if
Nz is the number of points for the discretization [157]. The method of Fast FOURIER

Transformation (FFT), developed by J. COOLEY and J. W. TUKEY, provides a more effi-
cient way (orderNz logNz) of calculating the discrete FOURIER transform of a function
[157, 158]. The idea is decomposing the expression of the discrete FOURIER transform,
Eq. (7.10), in sums over the even and odd indicesn, respectively. By repeating this
procedure, one gets a recursive definition of the single sumsthat can be implemented
efficiently. Hence,Nz = 2l , l ∈N is required. Today, every numerical software package
provides FFT routines. It is simply performed byfft(f), where f is a function defined on
a discrete grid, as discussed above. The inverse FFT is givenby ifft(f).

1In here, we have explicitly made use of the definition of the discrete FT as it is used in Matlab.
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7. Numerical methodsEvaluation of derivatives using FT
For the determination of thejth derivative of a functionf (z) suitable FOURIER transfor-
mations can be extremely helpful. According to Eq. (7.9) it can be expressed via

d j

dzj f = ifft
[
(ik) j f̄ (k)

]
= ifft

[
(ik) j fft( f )

]
(7.11)

formally, wheref̄ (k) is the FOURIER transform off (z).
With help of the previous considerations for a discretization scheme as well as the FFT

algorithm provided by simulation programs, differentiation with respect to space can be
implemented numerically in a simple way. Especially, in case of the SCHRÖDINGER

equation or the GP equation this is a suitable method, since the wave functions are usually
smooth and integrable.7.2.2. Stationary solution of the GP equation via imaginarytime propagation
In this paragraph, we will demonstrate the numerical procedure to determine the ground
state of the GP Eq. (2.57) with the method of imaginary time propagation or steepest
descent. For simplicity, we start with a quasi one-dimensional configuration

(
−1

2
d2

dz2 +V(z)+ κ̄|α|2
)

α = µα, (7.12)

whereµ is the chemical potential, and we have established scaled variables, as usual
(Section 2.3.1). We define a numerical grid, as outlined in Section 7.1 and start with a
test functionᾱ(zn), which is normalized to the numberN of particles. The normalization

∞∫

−∞

dz|α|2 = N (7.13)

is realized by a simple discrete trapezoidal summation method [159], which exists as a
routine in Matlab. Then the chemical potential is calculated via

µ =
1
N

∫
dz ᾱ∗

[
−1

2
d2

dz2 +V(z)+ κ̄|ᾱ|2
]

ᾱ. (7.14)

This integration is also performed with the trapezoidal method, and the second derivative
is evaluated as outlined in Section 7.2.1. Sinceᾱ is not a solution of Eq. (7.12), we
evaluate the difference

[
−1

2
d2

dz2 +V(z)+ κ̄|ᾱ|2
]

ᾱ −µ ᾱ = − d
dτ

ᾱ. (7.15)
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7.2. Numerical determination of the stationary solution ofthe GP equation

The stationary solution of this differential equation is the same as the solution of
Eq. (7.12). It is obtained with the EULER method [159]

ᾱ(τ +dτ) =

[
1−
(
−1

2
d2

dz2 +V(z)+ κ̄|ᾱ|2−µ
)

dτ
]

ᾱ(τ). (7.16)

Since the norm is not conserved here,ᾱ has to be normalized again,

N
!
=

∫
dz|ᾱ(τ +dτ)|2. (7.17)

This procedure is now iterated untild
dτ ᾱ → 0.

The extension to two componentsαe and αg follows immediately by implement-
ing a vectorα of 2Nz points and reserving(α1, . . .αNz) for the componentαe and
(αNz+1, . . .α2Nz) for αg, respectively.Three-dimensional GP equation for trap on�gurations with ylindrialsymmetry
A slightly more complicated situation arises, if we consider a three-dimensional conden-
sate with cylindrical symmetry. The stationary GP equationreads

[
−1

2

(
∂ 2

∂z2 +
∂ 2

∂ r2 +
1
r

∂
∂ r

)
+V(r,z)+κ|α|2

]
α = µα, (7.18)

cf. Eq. (2.36). In principle, we can proceed as outlined above in order to obtainα. For
the normalization and the determination ofµ we have to consider integrals of the form

∫
d3r f = 2π

∞∫

0

dr r

∞∫

−∞

dz f(r,z), (7.19)

in particular

N = 2π
∞∫

0

dr r

∞∫

−∞

dz|α(r,z)|2. (7.20)

Numerically, f (r,z) is a matrix f (rm,zn), see Section 7.1.2, and performing the inner
integral with the trapezoidal approximation, a sum over allcolumns is carried out. This
leaves us with a row vector̄f (rm), which can now be integrated with the same method.
In order to realize the derivatives of a matrixf (rm,zn) with respect tor andz, suitable
FOURIER transformations have to be performed.
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7. Numerical methods7.3. Dynamial solution � solving �rst orderordinary di�erential equations numerially
In the previous section, we have demonstrated how the stationary solution of the GP
equation can be obtained. Now, we would like to turn to dynamical problems

i∂tα =

[
−∇∇∇222

2
+V +κ|α|2

]
α. (7.21)

Since spatial derivatives can be performed with FOURIER methods, as outlined above,
we are left with an ordinary differential equation of first order for the timet.

The Matlab software contains different packages which provide solvers for ordinary
differential equations (ODEs). Most of the time, we made useof multi-step solvers,
or more precisely, predictor-corrector routines. They require the solutions at several
preceding time points to compute the current solution. In the first part of this section,
we outline how such an ODE solver works. The numerical implementation of the GP
equation is demonstrated in the second part.7.3.1. Preditor-orretor methods
In the following, we will briefly show how such an ODE solver works [157, 158]. We
consider an ordinary differential equation of the form

d
dt

α(t) = f (α, t). (7.22)

If the solution is known at some instanttn with the valueα(tn), we would like to propa-
gate it to the timet, which formally yields

α(t) = α(tn)+

t∫

tn

dt ′ f (α, t ′). (7.23)

In a single-step method, the valueα(tn+1) only depends onα(tn). In a multi-step ap-
proach, though, we approximatef (α, t) by a polynomial fitting, using several previous
time stepstn, tn−1, . . . and possibly alsotn+1. At t = tn+1 Eq. (7.23) takes the form

α(tn+1) = α(tn)+(tn+1− tn)

(
β0

d
dt

α(tn+1)+β1
d
dt

α(tn)+β2
d
dt

α(tn−1)+ . . .

)
,

(7.24)
where d

dt α satisfies Eq. (7.22) andβ j are coefficients. The order of the method depends
on how many previous steps we have used to get each new value ofα. If β0 = 0, we call
the method explicit, otherwise it is implicit. Eq. (7.24) can be solved using functional
iteration and NEWTON’s method. In the first case, we use some initial guess forα(tn+1),
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7.3. Dynamical solution – solving first order ordinary differential equations numerically

insert it into the right-hand-side and continue iterating.The initial guess is obtained using
some explicit formula of the same form as Eq. (7.24), which isthe predictor step. Then,
an integration is performed using the valueα(tn+1) of the predictor step to interpolate the
derivative. This is the corrector step. The difference of the predicted value and the cor-
rected one provides a measure to estimate the error. The accuracy can be controlled and
the stepsize can be adjusted. Matlab makes use of the ADAMS-BASHFORTH-MOULTON

scheme, where the ADAMS-BASHFORTH part supplies the predictor and the ADAMS-
MOULTON part is the corrector.

In fact, there are three different processes in a predictor-corrector method. The predic-
tor step is usually denoted withP, the evaluation of the derivativeddt α(tn+1) is denoted
with E, andC is the corrector step. Matlab uses the strategyPECE.7.3.2. Numerial implementation of the time-dependent GPequation
We express the quasi one-dimensional GP equation in the formEq. (7.22) and pass over
a function f (α, t) to the ODE routine. Explicitly,

f (α, t) = −i

(
−1

2
d2

dz2 +V(z, t)+ κ̄|α|2
)

α (7.25)

with a possibly time-dependent potentialV(z, t). f can be vectorized as described previ-
ously and passed over to the ODE integration routine at any instant. Thus, a discretized
range of timet = (t1, . . . , tn), i. e. the instants whereα should be evaluated, has to be
defined. In addition, an initial valueα0, which is usually the stationary state, has to be
fixed. Again, the extension to more components follows directly.Three-dimensional GP equation with ylindrial symmetry
In case of a problem of higher dimensionality, e. g. the three-dimensional GP equation
with cylindrical symmetry, we have to take into account the fact that the ODE solvers
in Matlab require vectors rather than matrices. Hence, the matrix α(rm,zn) has to be
transformed into a vector by joining the columns of the matrix one below the other and
thus obtaining a large column vector. For performing calculations as FOURIER transfor-
mations, this vector has to be rearranged as a matrix again.7.3.3. Solving di�erene equations (for two-mode problem)
In Chapter 5, we are faced with a SCHRÖDINGER difference Eq. (5.27), which can be
expressed as

i∂tψ = H(t)ψ, (7.26)
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where

H(t) =




w(0) p∗(1, t) 0 0 . . . 0
p(1, t) w(1) p∗(2, t)

0 p(2, t) w(3)

. . .

0 . . . 0 w(N−1) p∗(N, t)
0 . . . 0 0 p(N, t) w(N)




. (7.27)

This matrix has a tridiagonal band structure, since it is only occupied at its diagonal as
well as its first side diagonals. The matrix can be implemented numerically as a sparse
matrix, i. e. the diagonal as well as the side-bands can be assigned as vectors. Then it
can be passed over to an ODE solver, as outlined above. Matlabsupports working with
sparse matrices, which keeps the size of storage low.7.4. Numerial solution of the Bogoliubovequations
In the following, we briefly outline how the BOGOLIUBOV modesu andv, Eq. (6.46),
can be obtained numerically by solving an eigenvalue problem. The scattering phases,
which are of interest in Section 6.2, can be extracted, if theset of the BOGOLIUBOV

modes is known. Eq. (6.46) can be expressed in the form

W

(
u
v

)
= ε

(
u
v

)
. (7.28)

The expression(u⊤,v⊤)⊤ = (ue,ug,ve,vg)
⊤ can be implemented numerically as a vector

with 4Nz entries, whereNz is the number of grid points. Thez-dependent terms inW, see
Eq. (6.46), become vectors, e. g.V(z)→ (V1, . . . ,VNz). Second derivatives with respect to
zcan be evaluated by FOURIER transformations again. Hence, numericallyW is a matrix
of the dimension(4×4Nz). W can be passed over to an eigenvalue solver in Matlab. It
calculates the eigensystem ofW with the ARNOLDI method [157, 160, 161]. The mode

for ε = 0 (GOLDSTONE mode) readsN (α(0)⊤
e ,α(0)⊤

g ,−α(0)⊤
e ,−α(0)⊤

g ), whereN is a
normalizing factor [79].

In addition, the scattering phases were calculated directly by integrating the BOGO-
LIUBOV Eq. (2.75) twice, using suitable boundary conditions, i. e.plane wave solutions
sin(kz±δod) or cos(kz±δev) for x→±∞. Numerically, the point “∞” can be fixed where
the ground state wave function of the trapped condensate virtually vanishes.
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7.5. Numerical implementation of theWIGNER function7.5. Numerial implementation of the Wignerfuntion
The WIGNER phase space distribution [62] for a pure quantum state|ψ〉 can be expressed
as

W(x,k) =
1

2π

∞∫

−∞

dr exp[−ikr]ψ∗
(

x− 1
2

r

)
ψ
(

x+
1
2

r

)
(7.29)

with the position representationψ(x) = 〈x|ψ〉 of |ψ〉. This can be implemented numeri-
cally, if we recall the discrete FOURIER transformation, cf. Section 7.2.1. First, we can
decomposeψ at an arbitrary pointx j into its FOURIER components,

ψ( j) =
1
N

N

∑
k=1

exp[2π i(k−1)( j −1)/N] ψ̄(k). (7.30)

where ψ( j) ≡ ψ(x j). After putting these expressions into the defining equationof
the WIGNER function, reorganizing the terms and evaluating aδ -function, the discrete
WIGNER function on the gridx = (xl )l=1..N, k = (km)m=1..N can be written as

W(l ,m) = N

2m−1

∑
j=1

exp[−4iπ ( j −m)(l −1)/N] ψ̄∗( j) ψ̄(2m− j), (7.31)

if m≤ N
2 and

W(l ,m) = N

N

∑
j=2m−N

exp[−4iπ ( j −m)(l −1)/N] ψ̄∗( j) ψ̄(2m− j), (7.32)

if m≥ N
2 . In there,N is a normalizing factor andW(l ,m) ≡W(xl ,km).
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8. Conlusions
In this thesis, we studied the dynamics of ultracold quantumgases with respect to micro-
gravity experiments and discussed interferometric applications as well as aspects on col-
lective scattering.

We described the dynamics of an ultracold quantum gas in a long-distance free-fall
experiment. These considerations are of relevance for the present QUANTUS experi-
ment [40]. Starting from the classical mechanics of the dropcapsule and a single trapped
particle, we developed the quantum field theoretical description of a trapped, interact-
ing degenerate quantum gas in a drop experiment in an inertial frame, the corotating
frame of the Earth and the comoving frame of the drop capsule.It was possible to elimi-
nate non-inertial forces and to focus on effects that take place on the mesoscopic length
scale of the BOSEor FERMI gas by introducing suitable coordinate transformations. The
proper cancellation of non-inertial forces requires translational invariance and isotropy
of the binary collisional potential, as well as the presenceof a quadratic single-particle
HAMILTON ian. This is well satisfied for87Rb, and the harmonic approximation of the
gravitational potential around the center-of-mass of the BEC wave packet is an excellent
assumption. Corrections to it could be calculated perturbatively. Assuming a two-level
structure for the atoms and a coupling by an off-resonant traveling-wave laser field, this
internal dynamics could be separated from the external motion, if all scattering lengths
were identical (SU(2)-invariance). This formalism provided us with an efficient way to
describe free-fall experiments, especially for numericalstudies. While we discussed the
EUCLIDean transformations corresponding to translation and rotation, we omitted the
scaling transformations, which are obviously very useful to model the adiabatic expan-
sion of a BEC from a trap. The consideration of the complete set of generalized canonical
transformations in a time-dependent way will ultimately separate all "trivial" dynamics,
including wave packet spreading, from the essential many-particle physics. This is work
in progress. We also have not touched questions of relativity. This was done by intention
in order to clarify all non-relativistic effects first, which by themselves are nontrivial and
presumably dominant.

Moreover, we reviewed the ideas of gravitational sensing with the help of an inter-
ferometric setup as used by M. A. KASEVICH and S. CHU [44] and showed how this
approach applies to a spatially quasi-homogeneous condensate. We demonstrated that in
this case the same results as in single-atom interferometrycan be obtained even in the
presence of a nonlinear time evolution. A decline of the contrast in an interferogram was
found to be a consequence of spatial inhomogeneities of the BEC. In addition, we pro-
posed a rotational sensor based on a superposition of a non-rotating state and a quantized
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vortex in a BOSE-EINSTEIN condensate. As a result, we found that external rotations can
be measured with such a device in principle, but an optimization of the proposed scheme
is still required.

As an application for an interferometric experiment in a micro-gravity environment,
we established a number filter for matter waves. In standard laboratory experiments, the
number of particles contained in a BOSE-EINSTEIN condensate can be controlled within
a range of 10%. Our number filter allows for a number stabilization, i. e. after passing
the filter, the number uncertainty is less than before. This could be achieved by using
a nonlinear matter wave interferometer for a two-componentBEC, which is in anology
to a nonlinear fiber optics setup discussed in earlier work. An asymmetric splitting was
required in order to observe the effect. Our results were based on mean-field theory as
well as a quantum mechanical two-mode approximation.

Finally, we examined the collective scattering of a superfluid droplet impinging on a
mesoscopic two-component BOSE-EINSTEIN condensate as a target. The BEC consisted
of an atomic gas with two internal electronic states, each ofwhich was trapped by a
finite-depth external potential. An off-resonant optical laser field provided a localized
coupling between the BEC components in the trapping region.We obtained bound and
scattering BOGOLIUBOV modes and demonstrated that this mesoscopic scenario matches
the microscopic setup for FESHBACH scattering of two particles. Within the mean-field
picture, we obtained resonant scattering phase shifts froma linear response theory. We
found an energy-dependent transmission coefficient that iscontrollable between 0 and
100%. These calculations were in agreement with an exact numerical solution of the
real-time scattering process and simple analytical approximations thereof.
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A. AppendixA.1. Two-level system
We briefly review the dynamics of a two-level system, coupledvia electromagnetic in-
teraction by a classical field (e. g. a "classical" laser field). A rigorous treatment can be
found in many textbooks, i. e. in [62]. We restrict ourselvesto the formalism of first
quantization here, only the single-particle level is involved.

|e〉
∆

λεe−i(ωt−kz) + c.c.

ω

ωeg

|g〉

Figure A.1.: Two-level atom (|e〉, |g〉) coupled by a classical traveling-wave laser field with fre-
quencyω and wave numberk. The laser frequency is detuned by∆ from the transition frequency
ωeg(= ω + ∆) of the two levels.

Dipole approximation
We denote the electronic states with|g〉 and|e〉, respectively. We neglect center-of-mass
motion first ("infinite atomic mass"). The HAMILTON ian of the system coupled by an
electromagnetic field reads

H = Hel+Vd = (h̄ωe|e〉〈e|+ h̄ωg |g〉〈g|)−E ·d. (A.1)

In there,h̄ωµ (µ ∈ {e,g}) are the energies of the respective electronic states, andE is
the electric field of the laser at the center-of-mass coordinate of the atom. We assume
that the amplitude of the coupling electromagnetic field does not vary significantly over
the spatial extent of the atom (dipole approximation; electron and proton essentially
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experience the same field) and write

E = E(z, t) = λλλ ε(t)e−i(ωt−kz) +c.c. (A.2)

In there, we assumed that the electric field is a traveling wave inz-direction with polariza-
tion vectorλλλ , frequencyω and wave numberk. Its possibly time-dependent amplitude is
denoted withε(t). Moreover,d is the dipole operator that can be expressed in the form

d = q1elδ r 1el = deg |e〉〈g|+h.c. (A.3)

whereq is the elementary charge,deg = 〈e|qδ r |g〉 denotes the dipole matrix element
andδ r is the displacement between nucleus and electron.Rotating wave approximation
The SCHRÖDINGERequation for a state|ψ〉 = ψe(t) |e〉+ψg(t) |g〉 reads

ih̄∂t |ψ〉 = H |ψ〉 , (A.4)

and we transform into an interaction picture|ψ〉 = D |ψ̄〉

ih̄∂t |ψ̄〉 =
(

D†H D− ih̄D†∂tD
)
|ψ̄〉 ≡ H̄ |ψ̄〉 , (A.5)

where

D = e−i(ωe+ωg)t/2
(

e−iωt/2 |e〉〈e|+eiωt/2 |g〉〈g|
)

. (A.6)

With defining the RABI frequencyΩ(z, t) and the detuning∆,

Ω(z, t) = degε(t)eikz, ∆ = ωe−ωg−ω, (A.7)

we obtain

H̄ =
h̄∆
2

|e〉〈e|− h̄∆
2

|g〉〈g|+(h̄Ω(z, t) |e〉〈g|+h.c.) . (A.8)

In there, we applied the rotating-wave approximation and dropped rapidly oscillating
terms [62]. If we substituteD → Dei∆t/(2h̄) in the derivation, we arrive at

H̄ = h̄∆ |e〉〈e|+(h̄Ω(z, t) |e〉〈g|+h.c.) . (A.9)

In matrix notation, we can write

ih̄∂t

(
ψe

ψg

)
=

( h̄∆
2 h̄Ω(z, t)

h̄Ω∗(z, t) − h̄∆
2

)(
ψe

ψg

)
. (A.10)
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A.2. Cold quantum gases in micro-gravity – complementsInluding enter-of-mass motion
If center-of-mass motion is accounted for [78, 89] and a trapped system is considered
(confining potentialV(r , t)), the HAMILTON ian reads

H = Hcom+Hel+Vd, Hcom =
p2

2m
+V(r , t), (A.11)

cf. also Eq. (A.1). In there,p = (px, py, pz)
⊤ is the momentum operator andm denotes

the mass of the atom. Recalling the considerations from above, the frequency of the
excited state is DOPPLERshifted in addition,

ω̄e = ωe+
h̄
m

k2. (A.12)

Then∆ = ω̄e−ωg−ω andH̄ transforms to

H̄ =

(
h̄∆
2

+
p2

2m
+V(r , t)+ h̄k

pz

m

)
+ |e〉〈e|

(
− h̄∆

2
+

p2

2m
+V(r , t)

)
|g〉〈g|

+(h̄Ω(z, t) |e〉〈g|+h.c.) .

(A.13)

In matrix notation, we find

H̄ =

(
p2

2m + h̄kpz
m +V(r , t)+ h̄∆

2 h̄Ω(z, t)

h̄Ω∗(z, t) p2

2m +V(r , t)− h̄∆
2

)
, (A.14)

or with D → Dei∆t/2 (as above)

H̄ =

(
p2

2m + h̄kpz
m +V(r , t)+ h̄∆ h̄Ω(z, t)

h̄Ω∗(z, t) p2

2m +V(r , t)

)
. (A.15)

In the main part of this thesis, we are dealing with HAMILTON ians of a similar form and
drop the overscript to keep the notation as simple as possible.A.2. Cold quantum gases in miro-gravity �omplementsA.2.1. Taylor expansion of the gravitational potential
The TAYLOR expansion of the gravitational potential

Vg(r ′+ρρρ, t) = [1+ r ′
∂

∂ρρρ
+

1
2!

(r ′
∂

∂ρρρ
)2+ . . .]Vg(ρρρ, t)

= Vg(ρρρ, t)+V(1)
g (r ′,ρρρ, t)+V(2)

g (r ′,ρρρ, t)+δV(3)
g (r ′,ρρρ, t)

(A.16)
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around the center-of-mass of the wave packet defines a gradient field, Eq. (3.25), a sym-
metric HESSian tensor, Eq. (3.26), and the remainder forms a residual potential

δV(3)
g (r ′,ρρρ) =

∞

∑
i=3

V(i)
g (r ′,ρρρ), (A.17)

which starts off with a leading third-order correction as

V(3)
g (r ′,ρρρ) =

1
3!

(r ′⊗ r ′⊗ r ′) ·v(3)
g (ρρρ),

v(3)
g (ρρρ) =

∂
∂ρρρ

⊗ ∂
∂ρρρ

⊗ ∂
∂ρρρ

Vg(ρρρ).
(A.18)

In order to obtain estimates for the TAYLOR coefficients at the surface of the Earth, we
use the isotropic gravitational potential and its derivatives

Vg(r) = −GM♁

r
,

dn

drnVg = (−1)n+1n!
GM♁

rn+1 . (A.19)

Now, if this potential is expanded around a pointρρρ, we obtain the well-known multipole
expansion in terms of scalar, dipolar and quadrupolar components

Vg(r) = Vg
(
|r ′+ρρρ|

)
= Vg(ρ)+ r ′

ρρρ
ρ

dVg

dρ
+

1
2
(r ′⊗ r ′)

[
1

1
ρ

dVg

dρ
+

ρρρ ⊗ρρρ
ρ2 (

d2Vg

dρ2 − 1
ρ

dVg

dρ
)

]

= Vg(ρ)

(
1− r ′ρρρ

ρ2 +
1
2
(r ′⊗ r ′)

[
3

ρρρ ⊗ρρρ
ρ4 − 1

ρ2

])
.

(A.20)A.2.2. Canonial transformations in Hamiltonian mehanis
We briefly review the concept of canonical transformations in classical mechanics [83].
With the help of such a transformation, we are able to map the canonical coordinates and
momenta{q,p} to a new set of canonical coordinates and momenta{q′,p′}, where

q′ = q′(q,p, t), p′ = p′(q,p, t), (A.21)

which yields a transformation of the classical HAMILTON ian

H(q,p, t) → H ′(q′,p′, t). (A.22)

We start from the principle of least action for the LAGRANGian L(q̇,q, t),

δ
t1∫

t0

dt L(q̇,q, t) = 0, (A.23)
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A.2. Cold quantum gases in micro-gravity – complements

wheret0 and t1 are some initial and final instants, respectively. The classical HAMIL -
TONian is obtained from a LEGENDRE transformation

H(q,p, t) = pq̇−L(q̇,q, t), (A.24)

where

p(q̇,q) =
∂L(q̇,q, t)

∂ q̇
(A.25)

denotes the canonical momentum, and

det

(
∂ 2L
∂ q̇2

)
6= 0. (A.26)

If a canonical transformation is performed to the LAGRANGian, we demand that the
structure of the HAMILTON ian equations of motion remain form-invariant, such that the
principle of least action has to be fulfilled for the transformed LAGRANGian as well, i. e.

δ
t1∫

t0

dt L′(q̇′,q′, t) = 0. (A.27)

Therefore

pq̇−H(q,p, t) = p′ q̇′−H ′(q′,p′, t)+
d
dt

M. (A.28)

M can be a function of new and old variables and momenta. There are four possibilities,
and we are deliberately considering

M(q,p′, t) = G(q,p′, t)−q′(q,p′)p′. (A.29)

Then

pq̇−H(q,p, t) = p′ q̇′−H ′(q′,p′, t)+
d
dt

(
G(q,p′, t)−q′p′)

= −H ′(q′,p′, t)+∂tG+
∂G
∂q

q̇+
∂G
∂p′ ṗ

′−q′ ṗ′.
(A.30)

Hence

H ′(q′,p′, t) = H(q,p, t)+∂tG(q,p′, t), (A.31)

p =
∂G(q,p′, t)

∂q
, q′ =

∂G(q,p′, t)
∂p

. (A.32)

G(q,p′, t) is called the generating function. There are four possibilities for generating
functions of canonical transformations [83]. In here, we have explictly derivedG(q,p′),
which is often referred to in the literature asF2(q,p′). In a similar way, one can find

F1(q,q′), F3(p,q′), F4(p,p′). (A.33)
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A. AppendixA.2.3. Useful relations for the onstrution of the Lie groupelementsEulidean spae
The angular momentum matricesℓi=1,2,3 (L = 1) satisfy the angular momentum algebra
of Eq. (2.2). In a CARTESian basis, the matrix representation is[ℓl ] jk = −ih̄εl jk or
explicitly

ℓ1 = h̄




0 0 0
0 0 −i
0 i 0



 , ℓ2 = h̄




0 0 i
0 0 0
−i 0 0



 , ℓ3 = h̄




0 −i 0
i 0 0
0 0 0



 . (A.34)

A finite orthogonal rotation is formed from these generatorsby

MQ r = e−i/h̄Q ℓℓℓ r = r +Q× r + . . . . (A.35)

ForL = 1/2, the spin matricess(i) satisfy the angular momentum algebra of Eq. (2.2),
as well. They are given by

s(1) =
h̄
2

σ (1) =
h̄
2

(
0 1
1 0

)
, s(2) =

h̄
2

σ (2) =
h̄
2

(
0 −i
i 0

)
, s(3) =

h̄
2

σ (3) =
h̄
2

(
1 0
0 −1

)
.

(A.36)

In there,σ (i) are the PAULI spin matrices [62].Single-partile Hilbert spae
If the unitary operators act on the position and momentum operator, we find

U†
R

r U
R

= r +R, U†
P

pU
P

= p+P, (A.37)

U†
Q

r U
Q

= MQ r , U†
Q

pU
Q

= MQ p. (A.38)

Please note that we have suppressed hats to distinguish themfrom ordinary vectors in
EUCLIDean space.Many-partile Fok spae
In the course of our calculations, we made use of some more basic commutator relations,

[
â(r), N̂

]
= â(r),

[
â(r), R̂

]
= r â(r), (A.39)

[
â(r), P̂

]
= p â(r),

[
â(r), L̂

]
= l â(r). (A.40)

154



A.3. A number filter for matter waves – instantaneous-pulse approximation

They induce the unitary representations of the translational and rotational group

Û
S

= ei/h̄S N̂, Û
P

= ei/h̄P R̂, (A.41)

Û
R

= e−i/h̄R P̂, Û
Q

= e−i/h̄Q L̂ , (A.42)

and we obtain a representation of the group operations

Û†
R

R̂Û
R

= R̂+R N̂, Û†
P

P̂Û
P

= P̂+P N̂, (A.43)

Û†
Q

R̂Û
Q

= MQ R̂, Û†
Q

P̂Û
Q

= MQ P̂. (A.44)A.2.4. Classial trajetory of the drop apsule in a rotatingframe
In Section 3.3, the free-fall experiment in a rotating framewas discussed. A sketch of
the physical situation is given in Fig. 3.9.θ andΘ are linked via

tanθ =
b
a

tanΘ. (A.45)

The classical trajectory of the drop capsule in the rotatingframe of the Earth is given
by

ρ̄ ′
x(t) = ḡsinθ cosθ

(
t2

2
− 1−cos(2Ω

♁
t)

4Ω
♁

2

)
, ρ̄ ′

y(t) = ḡ
sinθ
2Ω

♁

(t− sin(2Ω
♁
t)

2Ω
♁

), (A.46)

ρ̄ ′
z(t) = h− ḡ

2
t2+ ḡsin2 θ

(
t2

2
− 1−cos(2Ω

♁
t)

4Ω
♁

2

)
, (A.47)

whereΩ
♁
= |Ω̄ΩΩ

♁
| and ḡ = |ḡ|. ρ̄ρρ ′(t) solves Eq. (3.95), if the capsule is released with

the initial conditionsρ̄ρρ ′(t = 0) = (0,0,h)⊤, ˙̄ρρρ ′(t = 0) = 0, and if the centrifugal term is
neglected.

The rotational matrixMQ evolves around the axisΩΩΩ
♁

with an angleQ = Ω
♁
t (see

Fig. 3.9). Explicitly, it is given by

MQ =




cosQcosθ −sinQ cosQsinθ
sinQcosθ cosQ sinQsinθ
−sinθ 0 cosθ


 . (A.48)A.3. A number �lter for matter waves �instantaneous-pulse approximation

In Section 5.2 we demonstrated the effect of number stabilization with a nonlinear mat-
ter wave interferometer within the quantum mechanical two-mode approximation and
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showed the sound agreement with the results obtained withinthe mean-field approxima-
tion. In this appendix, we discuss the approach of applying instantaeous pulses in the
two-mode calculation in order to confirm the previously obtained results and present the
strict analogon to the mean-field calculation.

We start again with a FOCK state|ψ(t = 0)〉= |N,0〉 ≡ |N〉 and consider the simplified
pulse sequence of setup II (cf. Fig. 5.3) for the moment, i. e.an instantaneousp-pulse is
followed by a free time evolution of durationT. Finally aπ/2-pulse is performed. The
output state formally reads

|ψ(T)〉 = Û2ÛT Û1 |N,0〉 . (A.49)

In there,

Û j = exp

[
−i

Ω jτ
2

σ̂x

]
. (A.50)

This transformation is the analogon to Eq. (4.8) and corresponds to an instantaneous or
short and intense pulse. In there,Ω1τ is arbitrary,Ω2τ = π

2 , and

σ̂x = ê†ĝ+ ĝ†ê. (A.51)

The free time evolution is given by

ÛT = exp
[
−iĤ2-modeT

]
, (A.52)

whereĤ2-modewas defined in Eq. (5.16). Then, following a similar notationas in Section
5.2, we find

〈n̂g〉T = 〈ψ(T)| n̂g |ψ(T)〉
= 〈N|Û†

1 Û†
T Û†

2 n̂gÛ2ÛT Û1 |N〉 .
(A.53)

All first order correlations are contained inG1, Eq. (5.24), which we will examine more
explicitly in the following.

G1(T) = 〈N|Û†
1 Û†

T Û†
2

(
ĝ†

ê†

)
Û2Û†

2

(
ĝ ê

)
Û2ÛT Û1 |N〉 , (A.54)

where we inserted unity, where appropriate. Below, we will make use of the relation

Û†
2

(
ĝ ê

)
Û2 =

(
ĝ ê

)(cos
(

1
2Ω2τ

)
i sin

(
1
2Ω2τ

)

i sin
(

1
2Ω2τ

)
cos
(

1
2Ω2τ

)
)
≡
(
ĝê
)

U†
2 . (A.55)

This relation can be shown by considering

exp

[
i
Ω1τ

2
σ̂x

]
ν̂ exp

[
−i

Ω1τ
2

σ̂x

]
, (A.56)
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A.3. A number filter for matter waves – instantaneous-pulse approximation

ν ∈ {e,g}, using the formula

eλ ÂB̂e−λ Â = B̂+
λ
1!

[
Â, B̂

]
+

λ 2

2!

[
A,
[
Â, B̂

]]
+ . . . (A.57)

and recalling
[σ̂x, ĝ] = −ê, [σ̂x, ê] = −ĝ. (A.58)

Eq. (A.55) implies

Û†
2

(
ĝ†

ê†

)
Û2 = U2

(
ĝ†

ê†

)
. (A.59)

Repeating this procedure witĥU1, we obtain

G1(T) = U2U1〈N| ˆ̄U†
T

(
ĝ†

ê†

)(
ĝ ê

) ˆ̄UT |N〉U†
1 U†

2 , (A.60)

where
ˆ̄UT = Û†

1 ÛT Û1 = exp
[
−iÛ†

1 Ĥ2-modeÛ1T
]
≡ exp

[
−i ˆ̄HT

]
. (A.61)

We introduce the basis{|ν) ≡ |ν,N−ν)} as the eigenbasis of̄̂H, i. e.

ˆ̄H |ν) = Eν |ν) . (A.62)

Inserting

1 =
N

∑
n=1

|n〉〈n| =
N

∑
ν=1

|ν)(ν| (A.63)

where appropriate, we arrive at

G1(T) = U2U1 ∑
n,n′,ν,ν ′

eiEνTCNν

(
C†
)

νn
Ann′Cn′ν ′

(
C†
)

ν ′N
e−iEν′TU†

1U†
2 , (A.64)

whereCnν = 〈n|ν) and

Ann′ = 〈n|
(

ĝ†

ê†

)(
ĝ ê

)∣∣n′
〉
. (A.65)

The latter matrix can be expressed as

Ann′ =

(
n′δnn′

√
(N−n′)(n′+1)δn′+1,n√

(N−n′+1)n′ δn′−1,n (N−n′)δnn′

)
. (A.66)

Formally, we can write

G1(T) = U2U1

(
CĒ(T)C†

)
NN

U†
1U†

2 , (A.67)

where
Ēνν ′(T) = exp[i(Eν −Eν ′)T]

(
C†AC

)
νν ′

. (A.68)
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G2, which covers all second moments, can be obtained in a similar way,

G2(T) = 〈N|Û†
1 Û†

T Û†
2

[(
ĝ†

ê†

)(
ĝ ê

)][(ĝ†

ê†

)(
ĝ ê

)]
Û2ÛT Û1 |N〉 . (A.69)

Inserting unity where appropriate and following the lines of the calculation ofG1, we get

G2(T) = ∑
ν,ν ′

CNν ei(Eν−Eν′)T
([

U2U1

(
C†A

)
U†

1 U†
2

]
⊗
[
U2U1(AC)U†

1 U†
2

])
νν ′

(
C†
)

ν ′N

≡
(
CĀC†

)
NN

.

(A.70)

From the previous considerations we have learned that it is crucial to determine the eigen-
basis of ˆ̄H, i. e. to solve Eq. (A.62). Making use of a relation like Eq. (A.55), ˆ̄H takes
the form

ˆ̄H =Aĝ†ĝ+Bê†ê+
(
Cê†ĝ+h.c.

)
+Dĝ†ĝ†ĝĝ+Eê†ê†êê+

(
F ĝ†ĝ†êê+h.c.

)

+Gĝ†ê†êĝ+
(

I ĝ†ĝ†ĝê+h.c.
)

+
(

Jê†ê†êĝ+h.c.
)

.
(A.71)

The coefficients are given by

A =
k2

g

2
cos2(Ω1τ/2)+

k2
e

2
sin2(Ω1τ/2), (A.72)

B =
k2

g

2
sin2(Ω1τ/2)+

k2
e

2
cos2(Ω1τ/2), (A.73)

C = i sin(Ω1τ/2)cos(Ω1τ/2)

(
−

k2
g

2
+

k2
e

2

)
, (A.74)

D = cos4(Ω1τ/2)κ̄gg+sin4(Ω1τ/2)κ̄ee+2sin2(Ω1τ/2)cos2(Ω1τ/2)κ̄eg, (A.75)

E = sin4(Ω1τ/2)κ̄gg+cos4(Ω1τ/2)κ̄ee+2sin2(Ω1τ/2)cos2(Ω1τ/2)κ̄eg, (A.76)

F = −sin2(Ω1τ/2)cos2(Ω1τ/2)(κ̄gg+ κ̄ee−2κ̄eg) , (A.77)

G = 4sin2(Ω1τ/2)cos2(Ω1τ/2)(κ̄gg+ κ̄ee)+2
(
cos2(Ω1τ/2)−sin2(Ω1τ/2)

)2 κ̄eg,

(A.78)

as well as

I =2i
(
sin(Ω1τ/2)cos3(Ω1τ/2)κ̄gg−sin3(Ω1τ/2)cos(Ω1τ/2)κ̄ee

−sin(Ω1τ/2)cos(Ω1τ/2)(cos2(Ω1τ/2)−sin2(Ω1τ/2))κ̄eg
)
,

(A.79)

J =2i
(
−sin3(Ω1τ/2)cos(Ω1τ/2)κ̄gg+sin(Ω1τ/2)cos3(Ω1τ/2)κ̄ee

−sin(Ω1τ/2)cos(Ω1τ/2)(cos2(Ω1τ/2)−sin2(Ω1τ/2))κ̄eg
)
.

(A.80)
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A.3. A number filter for matter waves – instantaneous-pulse approximation

Note that the form ofˆ̄H implies one- and two-particle exchange between the two modes,
but it is still number conserving. In order to diagonalizeˆ̄H, we make the ansatz

|ψ〉 =
N

∑
n=0

ψ(n) |n,N−n〉 =
N

∑
n=0

ψ(n) |n〉 (A.81)

and put it in the SCHRÖDINGERequation
ˆ̄H |ψ〉 = E |ψ〉 . (A.82)

With the help of

ĝ|n,N−n〉 =
√

n|n−1,N−n〉 , ĝ† |n,N−n〉 =
√

n+1|n+1,N−n〉 (A.83)

and

ê|n,N−n〉 =
√

N−n|n,N−n−1〉 , ê† |n,N−n〉 =
√

N−n+1|n,N−n+1〉 ,
(A.84)

we obtain the discrete difference equation

Eψ(n) =w(n)ψ(n)+ p∗(n+1)ψ(n+1)p(n)ψ(n−1)

+q∗(n+2)ψ(n+2)+q(n)ψ(n−2).
(A.85)

In there,

w(n) = nA+(N−n)B+n(n−1)D+(N−n)(N−n−1)E+n(N−n)G, (A.86)

p(n) =
√

n(N−n+1)C∗ +(n−1)
√

n(N−n+1)I +(N−n)
√

n(N−n+1)J∗,
(A.87)

q(n) =
√

n(n−1)(N−n+2)(N−n+1)F. (A.88)

Rewriting this in matrix form,

H̃ΨΨΨ = EΨΨΨ, ΨΨΨ = (ψ(0), ...,ψ(N))⊤ , (A.89)

we obtain a tridiagonal sparse band-matrix

H̃ =




w(0) p∗(1) q∗(2) 0 . . . 0

p(1) w(1) p∗(2)
. ..

q(2) p(2) w(2)
. ..

0
... ...

. . .

. . . w(N−2) p∗(N−1) q∗(N)

. . . p∗(N−1) w(N−1) p∗ (N)

0 . . . 0 q(N) p(N) w(N)




. (A.90)

H̃ can be diagonalized numerically, even for large numbers of particles. This yieldsC
as the matrix of the normalized eigenvectors ofH̃. Thus, we are able to calculateG1 and
G2 explicitly for a given set of parameters. In particular, we can determineNout

g andsout
g .

The results obtained for the parameters chosen as in Section5.2 are almost identical to
the ones of the direct calculation presented there, and we omit the details.

159



A. AppendixA.4. Frequently used symbols and onstants,estimatesFrequently used symbols and fundamental onstants
• âν(r , t): field operator for internal state|ν〉, depending on positionr and timet

• αν(r , t): order parameter in GP equation for internal state|ν〉, depending on posi-
tion r and timet
αν(z, t): quasi one-dimensional order parameter in GP equation for internal state
|ν〉 , depending on positionz and timet

• κ : coupling constant in GP equation;
κ̄: renormalized coupling constant in quasi one-dimensionalBEC

• ∂t ≡ ∂
∂ t : partial derivative with respect tot

• PLANCK ’s constant:̄h = h
2π = 1.05·10−34 Js

• Gravitational constant:G = 6.672·10−11m3kg−1s−2

• BOHR radius:a0 = 5.29177·10−11 m

• atomic mass unit (amu): 1.66053886·10−27 kgOrder of magnitude estimates
• harmonic oscillator lengthaHO =

√
h̄/(mω) : 13.5µm for ω = 41/sand87Rb

• coupling constant:κ = 4πh̄2

m as = 2.85·10−61m6kg−1s−2 (87Rb)

• scaled coupling constantκ = 4πas = 0.00533;
with elongation factorγ = ωr

ωz
= 10: κ̄ = 0.00848 ; withγ = 100: κ̄ = 0.0848

• healing lengthξ = (8πan)−1/2: typically in µm-range

• s-wave scattering lengtha: 110a0 = 110·5.3 ·10−11 m = 5.8 nm für87Rb

• atomic radius: a fewa0 (see above)

• d = n−1/3: typically in µm-range
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Zusammenfassung I'm still onfused, but on ahigher level.(Enrio Fermi, 1901-1954)
Die Fallexperimente von Galileo GALILEI (1564–1642) sowie der sprichwörtliche Apfel,
welcher Sir Isaak NEWTON (1643–1727) der Legende nach zu seinen bahnbrechen-
den Erkenntnissen der Gravitationsphysik inspiriert haben soll, begründeten eine neue
Epoche, die ein naives kindliches Urinteresse am Wesen fallender Gegenstände auf ein
naturwissenschaftliches Fundament stellte. Heutzutage sind Fallversuche Mittel erster
Wahl, um komplizierte physikalische Vorgänge in der Schwerelosigkeit zu untersuchen.

Bietet die Physik der Gravitation auf makroskopischer und kosmologischer Ebene
faszinierende Effekte, so läuft ihr jedoch im Mikrokosmos die Quantenphysik den Rang
ab. Durch die experimentelle Darstellung der BOSE-EINSTEIN-Kondensation im Jahre
1995 ist in den vergangenen 10 Jahren die Physik der ultrakalten Gase mit Temperaturen
von Bruchteilen eines KELVINs über dem absoluten Nullpunkt zu einem der interes-
santesten Bereiche moderner Forschung geworden. Die Quantenwelt ist dadurch in die
Nähe der makroskopischen Physik gerückt, da Kondensate ausMillionen von Atomen
bestehen können, aber dennoch durch eine einzige kollektive kohärente Wellenfunktion
beschrieben werden.

Im QUANTUS-Projekt soll nun am Fallturm des Zentrums für angewandte Raum-
fahrt und Mikrogravitation (ZARM) ein Experiment zur BOSE-EINSTEIN-Kondensation
in der Schwerelosigkeit durchgeführt werden. In einem solchen Experiment herrscht
Mikrogravitation,∆g/g = 10−6. Ziel des Projektes ist zunächst die bloße Realisierung
der Kondensation innerhalb einer Kapsel im Freifall. Letztendlich will man damit
demonstrieren, dass mittelfristig vergleichbare Experimente im Weltraum in die Nähe
des Möglichen rücken.

Die Grundlagen für die theoretische Beschreibung der Dynamik eines Kondensats
werden in Kapitel 2 gelegt. Ein Ziel dieser Arbeit ist die effiziente Beschreibung eines
Fallturmexperiments auf der Erde (Kapitel 3). Dabei genügtes, im Rahmen der nicht-
relativistischen Physik zu verbleiben. Beim fallenden Kondensat handelt es sich um ein
inhomogenes (da gefangenes), wechselwirkendes Vielteichensystem, welches im Rah-
men der zweiten Quantisierung beschrieben wird. Eine numerische Beschreibung des
fallenden Kondensats im Inertialsystem erscheint unangebracht, da die Ausdehung des
kalten Gases maximal im Zentimeterbereich liegt, jedoch eine Fallstrecke von ca. 100
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Metern überbrückt. Daher transformieren wir – ausgehend vom Inertialsystem – ins
mitfallende System der Kapsel. Dies ist möglich, ohne dass Zusatzterme auftreten, unter
folgenden Annahmen: Es wird ein harmonisches Fallenpotential angenommen, und auch
das Gravitationsptential wird nach der zweiten Ordnung abgebrochen. Letzteres stellt
lokal eine sehr gute Näherung dar. Darüberhinaus wird für die Wechselwirkung der
Teilchen vorausgesetzt, sie sei nur vom Relativabstand abhängig. Im weiteren Verlauf
erweitern wir unsere Beschreibung auf das mitrotierende Bezugssystem auf der Erde
und demonstrieren die Transformation von diesem System insKapselsystem.

Kalte Atome eignen sich hervorragend für Präzisionsexperimente. So wurde beispiels-
weise die Fallbeschleunigung in Laborexperimenten mit einer relativen Genauigkeit von
10−9 bestimmt. Dazu wurden nicht-wechselwirkende Teilchen verwendet, welche sich
in zwei inneren elektronischen Zuständen befinden können. Diese werden durch einen
Laser in eine kohärente Superposition versetzt. DerartigeVersuche könnten auch für
Fallexperimente von Interesse sein. In Kapitel 4 untersuchen wir den Effekt der Wech-
selwirkung unter den Atomen in einem Kondensat auf ein Interferogramm. Für ein
räumlich homogenes Gas erhalten wir im Falle eines linearenGravitationspotentials
dasselbe Ergebnis wie für wechselwirkungsfreie Atome. Dies ändert sich jedoch bei
räumlichen Inhomogenitäten, wie sie bei einem gefangenen Kondensat auftauchen. Hier
verschwindet der Kontrast nach einigen Oszillationen, wasdas Interferogramm zerstört.
Die Ergebnisse beruhen aufmean-field-Berechnungen. Des Weiteren diskutieren wir in
diesem Kapitel kurz einen Rotationssensor, den man mit einem Kondensat realisieren
könnte. Er basiert auf der Superposition eines rotierenden(Vortex) und eines nicht-
rotierenden Zustands.

Während ein nichtlineares Interferometer im obigen Fall ähnliche Ergebnisse lieferte
wie ein nicht-wechselwirkendes, also lineares Atominterferometer, bzw. durch die
Nichtlinearität Störeffekte auftraten, stellen wir in Kapitel 5 einen Effekt vor, welcher
ausschließlich auf nichtlinearer Physik beruht. Die Aussage ist dabei, dass sich mit-
tels eines nichtlinearen Atominterferometers die Anzahl der Teilchen, welche sich in
einem Kondensat befinden, experimentell besser stabilisieren lassen dürfte. Da sich
hierbei gravitative Effekte störend auswirken könnten, stellt ein solches Szenario eine
potentielle Anwendung für ein Fallturmexperiment dar. DieErgebnisse dieses Kapi-
tels wurden einerseits erneut in dermean-field-Näherung erzielt, andererseits werden sie
durch eine quantenmechanische Zweimoden-Näherung bestätigt.

Schließlich diskutieren wir das Phänomen der FESHBACH-Resonanzen (Kapitel 6),
welches in der Zweiteilchen-Streutheorie wohlbekannt ist, auf kollektivem Niveau für
ein zweikomponentiges BOSE-EINSTEIN-Kondensat. Auch hier benötigen wir Laser-
licht, welches beide Komponenten koppelt. Wir berechnen die Streuphasen und das
Transmissionsspektrum einer kleinen kohärenten Störung an einem Kondensat. Dies
geschieht mittels eines stationären Störungsansatzes nach BOGOLIUBOV sowie einer dy-
namischen Kalkulation.
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