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Abstract
In this thesis we investigate the dynamics of cold atoms in optical cavities. We study how the
scattering properties of laser driven atoms are modified by the presence of an optical resonator.
This investigation can be divided into two parts. First, we study the scaling of the scattering
properties with the number of atoms, and we show in particular how Bragg scattering by an
atomic lattice is modified by the presence of the resonator. In this case, the atoms are trapped at
the antinodes of the cavity mode function by the mechanical potential induced by the resonator.
In a second part, we show how this modification of the scattering properties can be used for
efficiently cooling single atoms to the ground state of a harmonic trap. In particular, we find that
the motion is critically affected by quantum correlations induced by the mechanical coupling with
the resonator, which may lead to selective suppression of certain transitions for the appropriate
parameters regimes, thereby increasing the cooling efficiency.

Zusammenfassung
In dieser Arbeit untersuchen wir die Dynamik kalter Atome in optischen Resonatoren. Dabei
betrachten wir die Änderung der Streueigenschaften lasergetriebener Atome durch die Wechselwirkung mit dem Resonator. Die vorliegende Arbeit besteht im Wesentlichen aus zwei Teilen.
Im Ersten analysieren wir die Abhängigkeit der Streueigenschaften von der Anzahl der Atome
und zeigen insbesondere, inwieweit die Bragg-Streuung an einem aus Atomen bestehenden Gitter
durch die Anwesenheit eines Resonators modifiziert wird. In diesem Fall werden die Atome durch
das durch den Resonator hervorgerufene mechanische Potential in den Schwingungsbäuchen der
Modenfunktion des Resonators gefangen. In einem zweiten Teil legen wir dar, wie diese Modifikation der Streueigenschaften zur effizienten Kühlung einzelner Atome in den Grundzustand
einer harmonischen Falle verwendet werden kann. Im Besonderen zeigt es sich, daß die Bewegung der Atome durch die Quantenkorrelationen, die durch die mechanische Kopplung mit dem
Resonator hervorgerufen werden, kritisch beeinflußt wird. Dies führt in einem geeigneten Parameterbereich zu einer selektiven Unterdrückung bestimmter Übergänge, wodurch die Effizienz
des Kühlprozesses gesteigert wird.
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Introduction
•

Cavity QED

Cavity quantum electrodynamics (cavity QED) [1] studies the quantum dynamics of atoms
interacting with the modes of the electromagnetic (e.m.) field sustained by a cavity. The
density of the modes, which satisfy the boundary conditions imposed by the cavity structure,
can be very different from the free space case. Consequently the radiative properties of an atom
can be strongly perturbed by a cavity. For example as suggested by Purcell [2] the spontaneous
emission rate of an atomic dipole can be enhanced by the presence of a resonant cavity. Similarly
a cavity can inhibit radiative emission when there is no resonant cavity mode into which the
atom can emit [3].
In general cavity QED offers the possibility to investigate very basic processes in the interaction of atoms and e.m. field. A single two level atom interacting with a mode of a resonator
is the simplest model for field–matter interaction. This model is realizable in cavity QED experiments [1]. Of special interest is the so called strong coupling regime in which atom and
cavity can exchange a photon many times before the photon is lost by dissipative processes. If
we indicate with g the coupling strength between an atomic transition and a mode of the e.m.
field sustained by a cavity, with γ the rate of spontaneous emission of the atom and with κ the
decay rate of the cavity field, then condition for the strong coupling regime is g > γ, κ. In the
strong coupling regime, non–classical coherences can be maintained over long time scales which
allows for experimental control of the coherent quantum dynamics.
Nowdays the name cavity is used to indicate a number of different experimental setup [4].
As for example Fabry–Perot resonators, cavities based on photonic crystals [5] or dielectric
microstructures sustaining whispering gallery modes [6]. In this thesis we mainly refer to Fabry–
Perot resonators made of two high–reflecting mirrors. This kind of cavities are used in many
recent experiments studying the interaction of atoms and resonator field both in the optical and
in the microwave regime [1, 7].
Remarkable experiments with thermal beams of atoms crossing a microwave cavity have
3
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demonstrated the high degree of coherent control of this systems [8–15]. Important achievement,
in the controll of the atom–cavity dynamics with atoms crossing the cavity, have been made in
the optical regime as well [16, 17]. However several drawbacks are associated with experiments
performed with thermal beams of atoms, as for example the limited interaction time, or the
difficulties in the control of the atom number as well as of the atom–cavity coupling which
change according to the atomic position.
Recently important results have been obtained in the optical domain with the integration
of atom–cooling techniques in cavity QED setup in order to control and eventually trap and
cool the atomic motion inside the cavity. In this experiments the atoms are sufficiently cold
so that the effects of cavity light on the atomic motion and, in turn, the effects of the motion
on the cavity field become important. For example in [18, 19] a neutral atom is trapped in
the e.m. field of a single cavity photon. In this experiments the light transmitted through the
cavity permitts to monitor the atom’s position in real time. Moreover the cavity transmission
is used in [20, 21] to design feedback control of the atomic motion. Other experiments [22, 23]
reports the use of dipole traps to transport neutral atoms into the cavity, thereby controlling
the atom–cavity coupling. The cavity cooling, namely the cooling of atomic motion by means
of cavity field, is demonstrated in [24–26]. In the meanwhile, also ion traps have been combined
with optical cavity [27–29].
The previously cited articles report important experimental results which are intended to
improve the control of single–atom cavity QED system. It is of special interest, for example, for
the possible application in quantum information science based on cavity–QED systems [36, 37].
Together with the single–atom experiments, another branch of cavity QED experiments is
investigating collective phenomena in the interactions of an enseble of atoms and the field of
an optical resonator [31–35]. The observed phenomena are the results of interesting collective
atomic dynamics which are not yet fully understood and require a better theoretical description.
Particularly important for the research work presented in this thesis is the article [31] which
reports the evidence of the self–organization of an ensemble of driven atoms into a regular
pattern as predicted by numerical simulations in [42]. This evidence is accompanied by the
observation of a large coherent field in the cavity and weak atomic fluorescence. In this thesis,
among other results, we will discuss a simple model which is able to reproduce these effects.
On the theoretical side one of the main issues is the description of the atomic motion.
Important results have already been obtained in the limit in which atoms are sufficiently hot
so that the center–of–mass dynamics can be parameterized by classical variables. As in the
free atom case, the atomic motion can be described by a Brownian motion model, in which
the classical position and momentum variables for the atomic center–of–mass are subjected to
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forces resulting from the recoil induced by absorption or emission processes of photons. This
model is the so called semiclassical description of atomic motion [39]. The application of this
model to the description of atomic motion in cavity [41] has allowed to predict new atom cooling
mechanisms based on the dissipation of motional energy by cavity decay [43, 47].
The efforts for developing a quantum description of the atomic motion are still confined to
few examples, which are valid under very special conditions. Interesting examples are [51–54],
which describe the deflection, the reflection and the trapping of an atomic wave packet by means
of a standing wave quantum mode of the e.m. field. These models are intended as a quantum
description of the atomic motion in a maser working with single ultracold atoms which one by
one cross the cavity. In fact maser experiments are far from the regime of cold atom required
for the observation of the previous effects. Furthermore the atomic spontaneous emission of an
atomic wave packet moving into a cavity is investigated in [55], whereas the article [56] studies
the effect of the quantized atomic center–of–mass on the cavity transmission, when the motion
is confined by an external harmonic potential. Closely related to some of the results presented
in this thesis are the articles [48, 49] which describe the cavity cooling of an atom trapped in
a harmonic potential in the Lamb–Dicke limit, namely in the limit in which the width of the
atomic wave packet is much smaller than the field wavelength.
•

In this thesis

The aim of the research work presented in this thesis is to provide a step further in the theoretical
understanding of the complex dynamics of atoms interacting with the electromagnetic field into
a cavity. We face both with the problem of collective interaction of atoms and cavity field and
with the problem of control of single atoms strongly coupled to the resonator field. In this
study, the atoms are localized within an optical wavelength by either an external potential or
the mechanical potential of the cavity mode.
A central issue of this thesis is how the scattering properties of a laser-driven atom are
modified by its interaction with a mode of an optical resonator and how we can make use of
these modifications in order to control the dynamics of atoms and cavity field. This is studied
under two main different aspects.
First we study the dynamics of an ensemble of atoms driven by a laser and interacting
with the field of a cavity mode. In our model we take into account dissipation by atomic
spontaneous emission and cavity losses. We characterize the system dynamics with the total
atomic fluorescence and the signal at the cavity output and we show that dipole and cavity field
can approach a pure stationary state.
Secondly we investigate the possibilities of using the modified radiative properties of an atom
interacting with the field of a cavity mode in order to cool the atomic center–of–mass motion to

6
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the motional ground state. We study the situation in which the quantum motion of the atom
is confined by a harmonic potential and a dipole transition is coupled to the cavity field and it
is driven by a laser field. We discuss novel cooling dynamics which are based on the quantum
correlations in the mechanical effects of the resonator
•

Structure

In the first chapter we overview basic ideas of atom-photon interactions with special
attention on the strong coupling regime of an atom-cavity system. The first chapter is intended
to provide a consistent framework for the next chapters which constitute the original part of
this thesis.
The second chapter is devoted to the discussion of collective effects in the dynamics
of driven atoms in a cavity with emphasis on the parameters regime in which the atomic
fluorescence is suppressed by destructive interference between cavity and drive fields. Moreover
in the third chapter we investigate the dipole force experienced by an ensemble of atoms
in a cavity in the condition of fluorescence suppression discussed in the previous chapter.
Chapters 2 and 3 are based on the results presented in [96–98].
In the last chapter we focus on the motion of an atom interacting with a cavity when
the atomic motion is confined into an harmonic trap. This chapter is based on the
articles [99, 100].
In the conclusion we present some outlooks to the present investigations.

Chapter 1

Atoms in an optical cavity: The
model
In this chapter we outline some basic concepts of atom-photon interactions in an optical resonator, which are starting points of the investigations presented in this thesis.
The system we consider consists of atoms, confined inside an optical resonator. The atomic
dipole transition interacts with the cavity field and it is driven by a laser, here a classical field.
We consider dissipation of the atomic dipole by spontaneous decay and losses of the cavity field.
The system is sketched in Fig. 1.1, and it reproduces several salient features of cavity QED
setups of a number of recent experiments [7–29]. In the following sections we introduce the
central ingredients of the system dynamics.
The chapter is organized into two main sections. In the first section we introduce the model
for describing the coherent dynamics of laser-driven atoms inside an optical resonator. In this
section we introduce separately dynamics of the atom, of the cavity mode, their interaction, and
the interaction with the laser field. In the second section we introduce the incoherent dynamics,
due to spontaneous emission and cavity decay, in the framework of a master equation description.
In particular, we review some basic properties of the system dynamics in presence of dissipation,
which are particularly relevant for the following chapters.

1.1
1.1.a

Coherent dynamics
The atom

The basic processes of the dynamics discussed in this thesis are the photon absorption (emission)
accompanied by an excitation (de-excitation) of the bound states of the valence electron of an
atom and by a change of the atomic momentum. Since we will consider situations in which the
7
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γ
κ
g
Ω

Figure 1.1: Driven atom in a cavity. A mode of a cavity couple with strength g to the
an atomic dipole which is driven transversally by a laser at Rabi frequency Ω. The system
dissipate by spontaneous emission of the atomic excited state at rate γ and by cavity decay
at rare κ.

atom interacts with optical radiation at well defined frequency and polarization, we can restrict
to the transitions between the bound states, which couple resonantly with light. We distinguish
between internal and external atomic degrees of freedom. The external degrees of freedom are
the position r̂ and momentum p̂ of the atomic center of mass. The Hamiltonian for the external
degrees of freedom can be expressed as
HE =

p̂2
+ V (r̂)
2M

(1.1)

where p̂2 /2M is the kinetic energy for the center–of–mass motion and V (r̂) is an external
potential confining the atomic motion. 1
The internal degrees of freedom account for the electronic structure of the atom. In our
model only two atomic bound states, coupled by a dipole transition, are considered. We denote
them by the ground state, |gi, and the excited state, |ei, at energies Eg and Ee respectively.
The Hamiltonian for the internal degrees of freedom is given by
H̄a = ~ω0 σ † σ
1

(1.2)

Note that here and in the rest of this thesis the bold style indicates vectors in three dimensional cartesian
space, whereas the symbolˆis used to distinguish between a classical variable (as for example the position r) and
the correspondent quantum operator (r̂).
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where ω0 = (Ee − Eg )/~ is the atomic transition frequency and
σ = e−iϕ |gi he|

(1.3)

and its adjoint σ † are the dipole lowering and rising operators. ϕ is an arbitrary phase which
we introduce for later convenience. The dipole operators fulfill the algebra
[σ † , σ] = σz ,

[σz , σ † ] = 2σ † ,

[σz , σ] = −2σ.

with σz = |ei he| − |gi hg|. In this reduced Hilbert space the electric dipole operator is
d̂ = deg |ei hg| + d∗eg |gi he|

(1.4)

with the dipole matrix element between the two atomic states, deg = he| d̂ |gi.

1.1.b

Cavity field

Let us now consider the cavity. In the volume confined by the mirrors of a resonator the e.m.
field can have a discrete spectrum of modes. Here we are interested in the situation in which
a single mode at frequency ωc interacts resonantly with the atomic dipole, while the coupling
to the other modes can be neglected because far-off resonance. The Hamiltonian for the cavity
mode is given by
H̄c = ~ωc a† a

(1.5)

where a† and a are the creation and the annihilation operators of the cavity field, which satisfy
the canonical commutation relation
[a, a† ] = 1.
Eigenstates of Hamiltonian (1.5) are the Fock states, |nic , at the corresponding eigenvalues
~ωc n, with n = 0, 1, 2, ....
The electric field operator of the cavity mode at position r can be expressed in terms of the
creation and annihilation operators as
r
h
i
~ωc
Êc (r) = i
υ (r) ae − a† e∗
(1.6)
20 V
where e is the polarization of the mode, 0 is the vacuum permittivity, the function υ (r) is the
mode function that depends on the boundary condition of the physical volume considered and V
is the mode volume. The mode function is related to the mode volume according to the relation
R
V = dr |υ (r)|2 .
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1.1.c

Atom–cavity interaction: the Jaynes–Cummings model

The interaction between atom and electromagnetic field is described by the electric dipole interaction [57, 58].
Hac = −d̂ · Êc (r̂)

(1.7)

which is the lowest order term of the interaction between field-matter in the relativistic expansion, and it is valid in the electric-dipole approximation in the dipole gauge [59]. Here
the field operator Êc (r̂) is evaluated at the position r̂, with r̂ position operator for the atomic
center–of–mass.
Substituting (1.4) and (1.6) into (1.7) and performing the rotating wave approximation2 ,
Eq. (1.7) takes the form


Hac = ~gυ (r̂) σ † a + σa†
(1.8)
where g is the coupling strength defined as
r
ωc
g=
|deg · e|
2~0 V

(1.9)

Here g is defined to be real valued, as any complex phase it may exhibit can be included in the
definition of σ (1.3) without loss of generality
The coherent dynamics of the atomic dipole interacting with the cavity field can be described
by the state |ψ(t)i satisfying the Schrödinger equation
i~

∂
|ψ(t)i = HJC |ψ(t)i
∂t

(1.10)

with the Hamiltonian defined as
HJC = H̄a + H̄c + H̄ac

(1.11)

where H̄a , H̄c and H̄ac are given in Eqs. (1.2), (1.5) and (1.8) respectively. Equation (1.11)
defines the Jaynes–Cummings (JC) model [60, 61]. It describes the interaction of a two level
atom with a single quantized mode of the e.m. radiation. Despite of its simplicity this model
has a strong predictive power and has been successfully used to describe a number of cavity
QED experiments [1, 7, 8].
2

In the rotating wave approximation only quasi-resonant radiative processes are considered and terms of the
form aσ + h.c. are neglected. The rotating wave approximation is valid if the strength of the interaction is small
compared to the field frequency. This condition is fulfilled for the conditions of the quantum optical systems
considered here, where the interaction strength is usually of the order of several MHz and the field frequency of
the order of several hundreds THz [57].
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+,2

e,1
g0

2ω c

λ +,1
ω0
ωc
λ −,1

0

g,2

−,2

e,0
∆c

+,1
g0

g,1

−,1

g,0

g,0

bare states

Figure 1.2:
Energy levels of the
atom–cavity system. On the left side
the bare energy levels appear, namely
the levels in absence of interaction. The
arrows connecting the levels |g, ni with
|e, n − 1i indicate the cavity coupling
with coupling strength g. The levels
on the right hand side are the dressed
energy levels of the system. They are
light–shifted by the interaction at the
frequencies λ±,n . On the vertical axes
the frequencies of the atomic transition
ω0 , of the cavity field ωc and of the
dressed states are indicated. ∆c indicate the detuning of the atomic transition frequency from the cavity field frequency.

dressed states

In this section we do not consider the atomic motion, and we neglect the dependence of
the interaction Hamiltonian on the atomic position. We introduce the atom–field coupling
strength at the fixed position r defined as g0 = gυ (r). In this limiting case Eq. (1.10) can
be exactly solved. At first we note that the ground state of the system is constituted by the
atom in the ground state |gia and the cavity in the vacuum state |0ic , which we denote by
|g, 0i ≡ |gia ⊗ |0ic , where subscripts a and c indicate atomic and cavity field states, respectively.
This is an eigenstate of HJC at the eigenvalue λ0 = 0. Apart from this state, HJC couples states
with equal number of excitations, namely states of the form |e, n − 1i ≡ |eia ⊗ |n − 1ic with
states of the form |g, ni ≡ |gia ⊗ |nic . Therefore, the dynamics can be solved by studying the
Hamiltonian in each subspace subtended by the pair of states |g, ni, |e, n − 1i, on which HJC
takes the form
√ !
ω
+
(n
−
1)ω
g
0
c
0 n
(n)
HJC = ~
(1.12)
√
g0 n
nωc
(n)

The eigenstates, of HJC are the dressed states of the atom-cavity system defined as
|+, ni = sin ϑ |g, ni + cos ϑ |e, n − 1i
|−, ni = cos ϑ |g, ni − sin ϑ |e, n − 1i

(1.13)
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for n = 1, 2, ..., where
√
g0 n
p
tan ϑ =
−∆c /2 + 12 ∆2c /4 + g02 n

(1.14)

and the corresponding eigenfrequencies are
λ±,n = nωc −

∆c 1
±
2
2

q

∆2c + 4g02 n.

(1.15)

with cavity–atom detuning ∆c = ωc − ω0 . In figure 1.2 the energy spectrum of the atom–cavity
system is shown. On the left the spectrum of the frequencies of the bare system, that is the
spectrum in absence of interaction, is depicted. On the right the energies of the dressed states
are depicted, showing that the energy levels in each subspace at equal number of excitation repel
one another and are light shifted by the interaction.
Let us now discuss the dynamics of the system, assuming that initially the atom is in the
state |ψ(0)i = |g, ni, i.e. atom in ground state and cavity field in the n photon Fock state. The
state of the system evolves according to
|ψn (t)i = |g, ni cos (Rn t) − i |e, ni sin (Rn+1 t) .

(1.16)

describing the exchange of one excitation between atom and cavity field at the so–called Rabi
frequency
q
1
Rn =
(1.17)
∆2c + 4g02 n.
2
Equations (1.16) and (1.17) describe the so–called Rabi oscillation, namely the oscillatory behavior of the population of |g, ni and |e, n − 1i, at frequency Rn , see Eq. (1.17). For instance,
the population of |g, ni evolves according to the relation Pg,n = cos2 (Rn t). We remark that the
Rabi frequency depends explictly on the photon number n. It means that if we consider the
time evolution of a dipole interacting with a superposition of Fock states, i.e. an initial state of
P
the form |ψ(0)i = n cn |g, ni, then the time evolution is given by
|ψ(t)i =

X
n

cn |ψn (t)i

(1.18)

with |ψn (t)i defined in Eq. (1.16). The corresponding evolution of the atomic ground state
P
population is Pg = n |cn |2 cos2 (Rn t) . This effect gives rise to the well known collapses and
revivals [62, 63] of the Rabi oscillation. In fact after a certain time the components at different
n of the superposition in Eq. (1.18) dephase and the resulting population approaches the value
Pg ∼ 1/2 (collapse). After a longer time the components may rephase and the oscillation
starts again (revivals). Since the ratio between different Rabi frequencies at different n can be
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irrational the rephasing is not perfect and the oscillation of the population does not reach the
initial visibility [64].

Pg

As an example let us consider a coherent state of the field denoted by |αi. The coherent
state is defined as the eigenstate of the annihilation operator of the field a |αi = α |αi. It can
be decomposed in the basis of the Fock states according to the relation
1
0.8
0.6
0.4
0.2
5

15

10

20

25

30

35

40

time (in units of 1/g 0 )
Figure 1.3: Probability Pg to find the atom in the ground state as a function of time in
units of 1/g0 . The dipole interact with a resonant field in a coherent state of amplitude
α = 4.

|αi = e−|α|

2 /2

X αn
√ |ni .
n!
n

(1.19)

with average photon number given by n̄ = |α|2 and fluctuation in the photon number given by
∆n = |α|. Therefore the time evolution of a dipole interacting with a field in a coherent state
(i.e. initial condition |ψ(0)i = |g, αi) is given by
|ψ(t)i = e−|α|

2 /2

X αn
√ |ψn (t)i .
n!
n

(1.20)

The corresponding ground state population evolve according the relation
Pg = e|α|

2

X |α|2n
n

n!

√ 
cos2 g0 nt .

(1.21)

In the case of a coherent field resonant with the dipole transition frequency, the collapse, namely
the dephasing of the components at different n in Eq. (1.20), occurs after a time of the order of
tc ' 1/g0 whereas the revivals occurs at a time tr ' 2π|α|/g0 , where |α| is the amplitude of the
coherent state. The collapse and revivals are evident in Fig. 1.3, where the time evolution of the
population of the atomic ground state for a coherent state |αi of the cavity field is depicted.
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Laser driving the atom

We now consider the description of the interaction between a quasi-resonant monochromatic
external field and the atom, as for example, in the case of the output field of a laser directed on
the atomic sample.
The laser field in free space can be described by a mode of the e.m. field which is in a coherent
state |αi. The time evolution of a dipole driven by a coherent state is given in Eq. (1.20). In the
limit of large average photon number, n̄ = |α|2 → ∞, and small vacuum Rabi coupling, g0 → 0,
with finite g0 |α| ≡ Ω, the e.m. field can be described as a classical field. In fact, in this limit
the fluctuations in the photon number, which are given by ∆n = |α|, are much smaller than the
average number of photons (∆n  n̄), hence in Eq. (1.20) only values of n close to n̄, for which
|n − n̄| . ∆n, are important and we can expand the sine and cosine function in |ψn (t)i as
√ 
g0 (n − n̄)
√
cos g0 nt ' cos Ωt −
t sin Ωt
2 n̄
√

g0 (n − n̄)
√
t cos Ωt
sin g0 n + 1t ' sin Ωt +
2 n̄

(1.22)

which is valid for times sufficiently short so that t  1/g0 . Similar approximations have been
√
discussed in [65]. In Eq. (1.22) we have used Ω = g0 n̄, moreover we are considering a field
resonant with the dipole transition frequencies. Using the relations (1.22) in Eq. (1.20) we obtain


g0 (n̄ − a† a)
√
|ψ(t)i '
|ψ+ (t)i −
t |ψ− (t)i ⊗ |αi
2 n̄
with
|ψ+ (t)i = |gi cos (Ωt) − i |ei sin (Ωt)
|ψ− (t)i = |gi sin (Ωt) + i |ei cos (Ωt) .
Tracing out the field degrees of freedom from the density matrix ρ = |ψ(t)i hψ(t)|, we obtain the
reduced atomic density matrix
ρatom = Trf ield {ρ} = |ψ+ i hψ+ |
describing Rabi oscillations of a dipole driven by a classical field at the Rabi frequency Ω. We
remark that no collapse or revival is observed in this limit.
Now we show that when the field is in a coherent state the effect of the interaction with an
atomic dipole can be described by a classical field driving the dipole and a quantum field in the
vacuum state. We start from the quantum description of the field of a free space mode in the
coherent state |αi (for sake of simplicity, here we assume α real). The field is at frequency ωl
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and wave vector k. The Schrödinger equation for the driven atom in the dipole and rotating
wave approximations takes the form
i~

h

i
∂
|ψi = ~ ω0 σ † σ + ωL a†L aL + g0 aL σ † eik·r̂ + a†L σe−ik·r̂ |ψi .
∂t

(1.23)

where a†L and aL are the creation and annihilation operators for the field. We consider the
initial condition |ψ(0)i = |φa i ⊗ |αi where |φa i is a generic atomic state. Let us define the time
dependent operator
h
i
D(t) = exp αe−iωL t a†L − αeiωL t aL .
(1.24)

which displace the cavity field by the amplitude α exp {−iωL t}, and the field operators transform
according the relation
D † aL D = aL + αe−iωL t .

(1.25)

In the reference frame defined by the transformation
ψ̄ = D † (t) |ψi
the Schrödinger equation becomes
i~

n


∂
ψ̄ = ~ ω0 σ † σ + ωL a†L aL + g0 aL σ † eik·r̂ + a†L σe−ik·r̂
∂t
h
io
+g0 α σ † ei(k·r̂−ωL t) + σe−i(k·r̂−ωL t)

ψ̄

(1.26)

with initial condition ψ̄(0) = |φa i ⊗ |0i. The field is now in the vacuum state and in the
Hamiltonian a new term appears. It describes a classical pump driving the dipole at Rabi
frequency g0 α.
From this transformation it is evident that if g0 is sufficiently small and α sufficiently large,
then the effect of the quantum field, that is in vacuum state, can be neglected for sufficiently
short time. In this limit we can trace out the field degrees of freedom and we obtain the equation
for an atomic dipole driven by a classical field
i~



∂
|φa i = ~ω0 σ † σ + H̄aL |φa i
∂t

(1.27)

with Hamiltonian
i
h
H̄aL = ~Ω σ † ei(k·r̂−ωL t) + σe−i(k·r̂−ωL t)
where Ω = g0 α is the Rabi frequency.

(1.28)
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1.1.e

The system in a rotating reference frame

For later convenience, here we introduce the description of the system in a new reference frame
in which the time dependence appearing in the Hamiltonian (1.28) disappears. Therefore we
define the state in the rotating frame
|ψ̃i = e−iωL (σ

)t |ψi

† σ+a† a

and we introduce the detunings of dipole and cavity frequencies from the laser frequencies
∆ = ωL − ω0

(1.29)

δc = ωL − ωc

(1.30)

The atomic dipole level scheme and the field frequencies are depicted in Fig. 1.4. In the new

Figure 1.4: Sketch of the internal levels |gi and |ei of
the atomic dipole transition, driven by a laser and a cavity
mode with coupling strengths g and Ω, respectively. The
arrows show the cavity and laser frequency with respect to
the dipole frequency. Here ∆ and δc respectively are the
detunings of the atom and the cavity from the laser frequency, ∆c is the detuning of the atomic transition from
the cavity frequency. The frequency of the atomic transition (ω0 ), of the cavity mode (ωc ) and of the laser field (ωL )
are indicated in the vertical scale.

reference frame the dynamics satisfy the Schrödinger equation
E
E
i~∂/∂t ψ̃ = H ψ̃

(1.31)

H = HE + Ha + Hc + Hac + HaL

(1.32)

where the Hamiltonian is given by

with
Ha = −~∆σ † σ

Hc = −~δc a† a


HaL = ~Ω σ † eikj ·r̂ + σe−ikj ·r̂ ,

moreover the operators HE and Hac are given in Eq. (1.1) and (1.8).

(1.33)
(1.34)
(1.35)
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The Schrödinger equation (1.31) is a strong idealization of the dynamics of the atom and the
cavity. The most severe approximation is that it does not include the effects of the coupling to
the external environment, which is unavoidable in the physical systems studied experimentally.
Theoretically, it is impossible to keep track of the coupled evolution between the system and
the environment’s infinite degrees of freedom. Hence, a statistical description is used [66]. In
the systems here considered we use the formalism based on the master equation for the reduced
density matrix ρ of atom and cavity, where the degrees of freedom of the environment have been
traced out in a perturbative expansion. In our system, we identify the environment with the
external modes of the electromagnetic field, which induce spontaneous emission of the atomic
excited state and into which the cavity field decays because of the mirrors finite transmittivity.
The corresponding master equation is
i
(1.36)
ρ̇ = − [H, ρ] + Lγ ρ + Lκ ρ
~
Here, H is the Hamiltonian describing the coherent dynamics of cavity and atom given in
Eq. (1.32). Moreover the last two terms are the Liouvillians accounting for the effect of the
reservoir on the atom and on the cavity field. Lγ describes atomic spontaneous emission at rate
γ and it has the form
 Z

γ
ik0 ·r̂
† −ik0 ·r̂
†
†
Lγ ρ =
2 dnN (n)e
σρσ e
− σ σρ − ρσ σ
(1.37)
2
with n unit vector along the direction of the emitted photon, k0 = nω0 /c and N (n) accounting
for the angular distribution of the emitted photon. The Liouvillian

κ
Lκ ρ =
2aρa† − a† aρ − ρa† a
(1.38)
2
describes cavity decay at rate κ. The derivation of the master equation is reported in Appendix A.
Cavity decay and spontaneous emission effects compete with the coherent dynamics discussed
in the previous chapter, for instance by damping the Rabi oscillations. In general two distinct
regimes are identified in the dynamics of a cavity QED system, strong coupling regime and weak
coupling regime. The situation in which g0 > γ, κ is usually named strong coupling regime. In
this limit the time scale for the coherent atom–cavity dynamics is shorter then the dissipation
time scale and the coherent dynamics described by the JC model are particularly important.
On the other hand in the so called weak coupling regime g0 < γ, κ, the dynamics are dominated
by incoherent processes. The two regimes can be identified through the parameter
C1 =

g02
,
γκ

(1.39)
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called single atom cooperativity in Optical Bistability [67]. The strong (weak) coupling regime
corresponds to C1  1 (C1  1).

1.2.a

Jaynes–Cummings model in presence of dissipation

In this section we extend the study of the JC model including dissipation by spontaneous emission
and cavity decay. In this description we do not consider the atomic motion. The master equation
describing the dissipative JC model can be expressed in the form
ρ̇ = −i~[Hef f , ρ] + Jρ + Kρ,

(1.40)

where the Liouvillians (1.37) and (1.38) for the dissipation have been split into the jump operators Jρ = γσρσ † , Kρ = γaρa† and the complex terms entering the effective Hamiltonian
γ
κ
Hef f = HJC − i~ σ † σ − i~ a† a
2
2

(1.41)

The Jaynes-Cummings Hamiltonian HJC is given in Eq. (1.11). The solution of the master
equation (1.40) can be written in the form

Z t1
∞ Z t

X

dt2 U (−t2 ) (J + K) U (t2 )...
dt1 U (−t1 ) (J + K) U (t1 )
ρ(t) = U (t)
1+

0
j=1 0


Z tj−1
...
dtj U (−tj ) (J + K) U (tj ) ρ(0) ,
(1.42)
0

where we have used the effective evolution superoperator
†

U (t)ρ = e−iHef f t/~ρeiHef f t/~
and the master equation at initial time ρ(0).
Now we show that the only stable solution described by this result is the ground state |g, 0i.
In fact if we choose an initial state ρ(0) = |g, 0i hg, 0|, the time evolution given by Eq. (1.42), is
simply ρ(t) = ρ(0). It is easy to obtain this result by noting that |g, 0i is eigenstate of Hef f with
eigenvalue λ0 = 0 and that (J + K)ρ(0) = 0. On the other hand the two–dimensional subtended
by the states |g, ni and |e, n − 1i are incoherently coupled by the atomic spontaneous emission
and the cavity decay. Consequently the dressed states (1.13) of the atom–cavity system have a
finite life–time and they acquire a finite line–width.
In order to demonstrate that all the states with n 6= 0 are unstable we consider a generic
state in a subspace at fixed n, namely a state of the form |ϕn i = cg |g, ni + ce |e, n − 1i. Using
the solution (1.42) we can evaluate the probability to find the system in the initial subspace at

19

1.2 Open system dynamics: Master equation

given n after a time t, with the density matrix at initial time ρ(0) = |ϕn i hϕn |. The probability
can be expressed as
Pn = hg, n| ρ(t) |g, ni + he, n − 1| ρ(t) |e, n − 1i
2

2

hgn | e−iHef f t/~ |ϕn i + hen − 1| e−iHef f t/~ |ϕn i .

=

(1.43)

where we have used Eq. (1.42) for ρ(t). In order to evaluate Pn we study the eigenstates and
eigenvalues of Hef f . In the 2–dimensional subspace {|g, ni , |e, n − 1i} the effective Hamiltonian
has the form
!
ω0 + (n − 1)ωc − iγ/2
g0
(n)
(1.44)
Hef f = ~
g0
nωc − iκ/2
(n)

and the eigenstates of Hef f are
|ϕ+,n i = a+ |g, ni + b+ |e, n − 1i
|ϕ−,n i = a− |g, ni − b− |e, n − 1i

(1.45)

for n = 1, 2, ..., where
a± =

−∆c /2 + i κ−γ
4

√
g0 n
q
b±
2
±
∆c + i γ2 − i κ2 + 4g02 n

(1.46)

and |a± |2 + |b± |2 = 1. The corresponding eigenfrequencies are
r
∆c
κ+γ 1 
κ 2
γ
λ̃±,n = nωc −
−i
±
+ 4g02 n.
∆c + i − i
2
4
2
2
2

(1.47)

Using these results, we find that the probability Pn , given in Eq. (1.43), evaluated for the initial
state equal to an eigenstate of Hef f , becomes
P±,n =

2

hgn | e−iHef f t/~ |ϕ±,n i + hen − 1| e−iHef f t/~ |ϕ±,n i

= ei(λ̃±,n −λ̃±,n )t
∗

describing the decay of the states |ϕ±,n i with rate
o
n
γ±,n = Im λ̃±,n .

2

(1.48)

(1.49)

Eventually we observe that after a sufficiently long time the population of the states with
n 6= 0 decays to zero and the only populated state is the ground state |g, 0i, which therefore is
the steady state of the dissipative Jaynes–Cummings model.
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Figure 1.5: Atomic excited state population, Πe , as a function of the drive frequency,
ωL , for three different values of the atom cavity coupling g0 . The full line correspond to
g0 = 1.5γ, the dashed line to g0 = 0.5γ and the dotted line to g0 = 0.2γ. In (a) atomic
transition and cavity are resonant. In (b) the detuning of the atomic transition from the
cavity is ωc − ω0 = 0.5γ. Moreover the cavity decay rate is κ = γ.

1.2.b

Cavity induced transparency and suppression of fluorescence

Several peculiar features of these dynamics can be measured in the excitation spectrum w, which
is the rate of photons scattering into the modes external to the cavity when the atom is driven
by a probe field. It is defined as w = γΠe with Πe the population of the atomic excited state.
Its evaluation is presented in Appendix B.1. The result is
ωc − iκ/2 − λ̃+ ωc − iκ/2 − λ̃−
(ωL − ωc )2 + κ2 /4
w = γΩ
−
2
2
(ωc − ω0 + iγ/2 − iκ/2) + 4g0
ωL − λ̃+
ωL − λ̃−
2

2

. (1.50)

As a function of the laser frequency ωL , Eq. (1.50)
n hasotwo poles, the real part of which defines
the frequencies of two resonances at ωL = Re λ̃±,1 = λ±,1 and they corresponds to the
dressed state of the atom–cavity system with one excitation |+, 1i and |−, 1i, see Eq. (1.15).
The imaginary parts γ± = Im{λ̃±, 1} define the widths of the two resonances.
In the weak coupling regime, i.e. when g0 < γ, κ, the distance between the two resonances
is smaller than their widths and they are not distinguishable. In particular for very small g0 we
recover Lorentzian absorption profile of a driven dipole in free space. By increasing g0 , the two
peaks become distinguishable and if g0 is sufficiently large, i.e. in the strong coupling regime, the
spectrum is formed by two distinct Lorentzian curves. This double-peaked structure is known
as vacuum-Rabi doublet [68], [69].
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In Fig. 1.5 we show Πe as a function of ωL for different values of the atom cavity coupling
strength g0 and for different atom–cavity detunings. From this picture it is evident that two
resonances are visible for sufficiently large values of g0 and that the two peaks become asymmetric
if atom and cavity are not resonant.
Finally it is interesting to note that for sufficiently large detuning ∆c the width of the two
resonances have the form
γ+ =

κ−γ
γ
+ g02
,
2
2∆c

γ− =

κ
κ−γ
− g02
.
2
2∆c

Therefore in case of a good cavity, i.e. when κ  γ, the two resonances can have very different
widths. This effect will be discussed in connection with the cavity cooling of trapped atom in
chapter 4.
The plots of figure 1.6 display Πe for different values of the cavity decay rate κ. They exhibits
a minimum when laser and cavity fields are resonant (δc = 0). The minimum approaches zero
for sufficiently small values of the cavity decay rate κ. In fact from equation (1.50) we obtain
Πe
= 0. For this parameters (κ = 0, δc = 0) the atom does not absorb and the system
κ=0,δc =0

behaves as if it were transparent. We note, that in Fig. 1.6 the absorption spectrum exhibit
for κ = 0 a Fino–like structure tipical of interference phenomena [70]. This effect have been
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Figure 1.6: Atomic excited state population Πe as a function of the drive frequency ωL
for three different values of the cavity decay rate κ. The full line corresponds to κ = 0, the
dashed line to κ = 0.2γ and the dotted line to κ = γ. In (a) atomic transition and cavity
are resonant. In (b) the detuning of the atomic transition from the cavity is ωc − ω0 = 0.5γ.
Moreover the atom cavity coupling is g0 = 0, 2γ.

called Cavity induced transparency (CIT) [71] in analogy with the electromagnetic induced
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transparency (EIT) [72], in which the suppression of absorption in a multilevel atom is due
to the destructive interference between excitation path via different energy levels. Here the
transparency is due to the destructive interference between the transition amplitudes for the
excitation of the two dressed states |+, 1i and |−, 1i.
Now we study the dynamics of the system in the limit δc = 0 and κ = 0. The cavity is
assumed to be lossless (κ = 0) and the drive and cavity field are resonant (δc = 0). Moreover
the atomic center–of–mass motion is neglected. We remark that in the following we make no
assumption on the drive intensity. The system dynamics in a reference frame rotating at the
laser frequency (see sec. 1.1.e), is described by the following master equation
ρ̇ = −



 i

ih
−∆σ † σ + g0 a† σ + aσ † + Ω σ † + σ , ρ + L0γ ρ.
~

(1.51)

where L0γ is the Liouvillian for the spontaneous emission of a fixed atom, which is defined by
the relation

γ
L0γ ρ =
2σρσ − σ † σρ − ρσ † σ .
(1.52)
2

In [73] it has been shown that at steady state the system is in a pure state: The atom is in the
ground state and it absorbs no photons. On the other hand the cavity mode field, generated
by atomic scattering, is described by a coherent state whose amplitude is determined by the
intensity of the laser.
Below we summarize the results discussed in [73]. In order to evaluate the steady state
solution of Eq. (1.51) we make use of the field displacement operator [74] defined as
† −β ∗ a

D(β) = eβa

(1.53)

It describes the displacement of the cavity field by the amplitude β, and the cavity operator
transforms according the relation
D† (β)aD(β) = a + β.

(1.54)

Thus we define the the transformation
ρ0 = D † (β)ρD(β).
with
β=−

(1.55)

Ω
.
g0

And in the new reference frame defined by (1.55), the master equation (1.51) becomes
ρ̇0 = −


 i
ih
−∆σ † σ + g0 a† σ + aσ † , ρ0 + L0γ ρ0
~

(1.56)
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that is a Jaynes–Cumming model (sec. 1.1.c) with spontaneous emission. Here no driving term
appears and the energy is dissipated by atomic decay. Therefore, as discussed in section 1.2.a,
the system dissipate energy until it ends up in the state ρ0St = |g, 0i hg, 0| in the new reference
frame. Inverting the transformation (1.55), we obtain the steady state in the original reference
frame
ρSt = D(β)ρ0St D† (β) = |g, βi hg, β|

(1.57)

with β = −Ω/g0 . Here the atom is in the the ground state, but the cavity field is in the coherent
state |βi whose amplitude β can be large, depending on the ratio Ω/g0 . Correspondingly,
the number of photons in the cavity may be large, however the atom remains unexcited. In
particular, although the atom is driven both by laser and cavity field, it is in the ground state
as a result of the destructive interference between laser and cavity field that results in zero total
field at the atomic position. Therefore, there is no atomic fluorescence and consequentely the
only dissipation channel of the system is closed. In other words, as the atom does not scatter
cavity photons and the cavity is assumed to be lossless, the energy of the cavity field at steady
state is conserved.
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Chapter 2

Collective effects in the dynamics of
driven atoms in a cavity
In this chapter we study theoretically the dynamics of coherently driven atoms in a resonator.
Our investigation takes into account the atomic spontaneous emission, the finite transmittivity of
the cavity mirrors and the spatial structure of the cavity mode. The system state is characterized
by the atomic fluorescence rate and the signal at the cavity output and studied as a function
of the system’s parameter. To get further information on the system, we calculate the probe
absorption spectrum and the field distribution in the vicinity of the atoms.
We show that in the strong coupling regime the system dynamics exhibit enhanced cavity
emission accompanied by suppression of fluorescence which occurs, for more than one atom,
when the atoms are spatially localized such that they emit in phase into the cavity mode. This
phenomenon shares several analogies with the behaviour found in the case of a single atom inside
a lossless resonator [73, 93] discussed in section 1.2.b. In fact, this behaviour can be traced back
to destructive interference between the laser and the cavity field generated by atomic scattering,
such that the atoms couple to a vanishing electric field. As a consequence, we show that the
stationary cavity field is independent of the number of atoms and cavity decay becomes the
dominant channel of dissipation. In a good cavity this allows to measure the light dissipated
through cavity decay without destroying the interference, which is vital if one wants to get
information on the cavity field and hence the current atomic positions. In addition, when the
strong coupling regime is achieved by a large number of ordered atoms the dynamics we find are
consistent with the experimental observations by Vuletic and coworkers [31, 32].
This chapter is organized as follows. In section 2.1 we investigate the dynamics of fluorescence
suppression (see sec. 1.2.b) of a single atom when the decay rate of the cavity is finite. In
section 2.2 the field inside the cavity is investigated by means of (sec. 2.2.a) an additional weak
25
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laser coupled to the atom and (2.2.b) an additional atom weakly coupling to the cavity field.
In section 2.3 the scaling of the system dynamics with the number of atoms is studied and the
results are discussed in connection with the experimental observations in [31, 32]. In section 2.4
the results are summarized and discussed.

2.1

Enhanced cavity emission in high-finesse cavities

Before entering the details of the many atom model, we discuss several relevant dynamics of a
single driven atom coupled to a cavity mode. Therefore, here we consider the model discussed
in chapter 1 and we extend the results presented in section 1.2.b. We have shown that the
steady state of a lossless cavity, coupled to a dipole and driven transversally, is a pure state,
such that the energy of the atom and cavity mode is conserved. This regime is accessed when
the driving laser is resonant with the cavity mode. Then, as described by Eq. (1.57), the atom
is in the ground state and the cavity mode field, generated by atomic scattering, is described by
a coherent state whose amplitude is determined by the intensity of the laser.
In any realistic setup an optical resonator has a finite decay rate κ. When the atom is driven
and δc = 0, the field decay induces dephasing at the atomic position and the state (1.57) has a
finite lifetime. However, it is reasonable to expect Eq. (1.57) to approximate the steady state
for κ sufficiently small. In the following, we investigate the intensity of the fluorescence signal
and of the signal at the cavity output in different parameter regimes, thereby verifying under
which conditions energy dissipation through spontaneous decay can be neglected and when the
state inside the cavity can be approximated by a coherent state.
The dynamics of the system is describe by the master equation (1.36). As a first approach,
here we neglect the atomic center–of–mass motion. The atomic motion will be discussed in the
next chapter. The density matrix at time t for κ 6= 0 can be analytically determined by means of
a perturbative expansion in the small parameter κ, where cavity decay is assumed to be slower
than the rate at which the atom reaches the steady state 1 . At this purpose, we rewrite the
master equation (1.36) in the form

1 
∂
†
ρ=
Heff ρ − ρHeff
+ Jρ + κK0 ρ
∂t
i~

where
Heff
1


κ
γ
|eihe| − i~ a† a + ~ḡ(aσ † + a† σ) + ~Ω(σ † + σ)
= −~ ∆ + i
2
2

(2.1)

(2.2)

More precisely, the perturbative expansion is valid when κ, κ̃  |Im{λ± }|, where λ± are the eigenvalues of
Heff in Eq. (2.2) and κ̃ = κ|β|2 . Here, |β|2 = Ω2 /g 2 gives the average number of photons at steady state in the
ideal case κ = 0. The scaling of the perturbative corrections with κ̃ is visible in Eqs. (2.7), (2.8)
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Figure 2.1: Icav (dashed
line) and Iat (solid line) as
a function of κ in units of
γ. Here, Ω = γ, ∆ =
δc = 0 and (a) g0 = γ,
(b) g0 = 10γ. The horizontal dashed-dotted line
gives the rate of fluorescence of the atom in free
space.
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and Jρ = γσρσ † , K0 ρ = aρa† are the jump operators. The formal solution of Eq. (2.1) is [66]
ρ(t) = S(t)ρ(0) +

Z

t

0

dτ S(t − τ )(J + κK0 )ρ(τ )

(2.3)

†
with S(t)ρ(0) = exp(−iHeff t/~)ρ(0) exp(iHeff
t/~). The perturbative expansion of Eq. (2.3) at
second order in κ is reported in Appendix C. The photon scattering rate at time t by the atom
into the modes of the continuum is Iat = γTr{σ † σρ(t)}, and to second order in κ it takes the
form

2
2
ḡ
ḡ
2 Ω
Iat = γκ ¯
+
+ o(κ3 )
(2.4)
2 + ḡ 2
2 + ḡ 2
2
|λ
|
|λ
|
4g
+
−

where
1
λ± = −
2

γ
∆+i ∓
2

r

γ 2
+ 4ḡ2
∆+i
2

!

(2.5)

and we have considered times t  1/|Im{λ± }|. Hence, the fluorescence signal grows quadratically with κ. At the cavity output the rate of photon scattering at time t Icav = κTr{a† aρ(t)}
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Figure 2.2: (a) Mean number of cavity photon and (b) second-order correlation function
g(2) (0) as a function of κ in units of γ. Here, ∆ = δc = 0, Ω = γ and g0 = γ (dashed line),
g0 = 10γ (solid line).

is given by
Icav

Ω2
Ω2
= κ 2 + κ2 2 Im
ḡ
ḡ



ḡ2
ḡ2
+
λ+ (|λ+ |2 + ḡ2 ) λ− (|λ− |2 + ḡ2 )



+ o(κ3 )

(2.6)

Hence, in lowest order Icav is linear in κ and Icav  Iat . An instructive case is found in the limit
∆ = 0 and ḡ  γ. Here, the expressions (2.4) and (2.6) acquire the simpler form
Ω2 1
ḡ2 2C1


Ω2
1
≈κ 2 1−
ḡ
2C1

Iat ≈ κ

(2.7)

Icav

(2.8)

where C1 = 2ḡ2 /γκ is the cooperativity parameter per atom [67]. Thus, the two signals depend
on κ through the cooperativity parameter C1 and the factor κΩ2 /ḡ2 , which is the decay rate of
a cavity with mean photon number hni = Ω2 /ḡ2 . From Eqs. (2.7) and (2.8) it is visible that for
C1  1 the fluorescence signal is orders of magnitude smaller than the intensity at the cavity
output.
Figure 2.1 displays Iat and Icav as a function of κ and for two different values of ḡ. The curves
have been calculated by solving numerically (2.1). Here, for a wide range of values of the cavity
decay rate Icav exhibits a linear behaviour as a function of κ, while Iat is quadratic. Moreover,
when ḡ is increased (and thus when the cooperativity parameter is increased) the relation Iat 
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Icav is fulfilled for a wider range of values of κ, as it is visible by comparing Fig 2.1(a) with
Fig 2.1(b). In particular, for ḡ = 10γ the signal Icav largely exceeds the fluorescence signal Iat
even for κ > γ.
The zero-time correlation function g(2) (0) of the steady-state signal at the cavity mirror gives
further insight into the dynamics of the cavity field. Figure 2.2(b) displays g(2) (0) as a function
of κ and Fig. 2.2(a) displays the corresponding average number of cavity photons ha† ai. From
these figures one sees that the cavity field exhibits a Poissonian behaviour for a fairly wide range
of values of κ, corresponding to large cooperativity parameters. This behaviour is verified even
when the average number of cavity photons is very small (solid line in Fig. 2.2(a) and (b)). It
shows that the cavity mode is in a coherent state, independently of the average energy of the
cavity field. This behaviour contrasts dramatically with the antibunching observed when the
pump is set directly on the cavity [67, 75].

2.2

Probing the system

In this section we investigate the response of the system to a weak probe in the parameter
regime for which the steady state is given to good approximation by state (1.57). We restrict
to the case of one atom, whose dipole transition couples to the driving field and to the cavity
mode, and consider the spatial dependence of the coupling. The resonator’s mode function is
a standing wave with g(x) = g0 cos kx and the atom is assumed to be at position x such that
g(x) = ḡ 6= 0. The laser is a plane wave, and its phase φn depends on the atomic position xn
through the relation φ(x) = kx cos θ, where θ is the angle between the direction of propagation
of the laser and the cavity axis. We assume that laser and cavity are resonant, and analyze the
system’s response to two types of probe: (i) a weak laser field, coupling to the atomic dipole, as
shown in Fig. 2.3; (ii) a second atom of a different species, whose dipole transition frequency is
far–off resonance from the cavity frequency, thereby negligibly perturbing the system.

2.2.a

Excitation spectrum

We consider a probe driving the atom as illustrated in Fig. 2.3(a) and evaluate the excitation
spectrum, namely the rate of photon scattering into the modes external to the cavity, as a
function of the detuning δP = ωP − ωL of the probe frequency ωP from the pump. For δc = 0
and κ = 0, the scattering rate of probe photons is evaluated for a probe Rabi frequency Ω̃P such
that Ω̃P  ḡ, Ω, γ. The details of the calculation are reported in Appendix B.2. The excitation
spectrum is given by
δP2
w(δP ) = γ~Ω̃2P
(2.9)
[δP (δP + ∆) − ḡ2 ]2 + δP2 γ 2 /4
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Figure 2.3: (a) Excitation spectrum: A weak probe is coupled to the atomic dipole and
its frequency is scanned through atomic resonance. The fluorescence signal is measured as
a function of the probe detuning. (b) A second atom of another species, weakly coupled to
cavity and pump fields, probes the cavity field inducing a position-dependent phase shift on
the cavity field. The phase shift can be measured by means of homodyne detection or by
measuring the fluorescence of the second atom.

and it is plotted in Fig. 2.4 for two different values of the detuning ∆ between atom and laser.
From Eq. (2.9) it is evident that w(δP ) vanishes at δP = 0. This behaviour gives rise to a Fano–
like profile of the excitation spectrum as a function of δP [77], which is visible in Fig. 2.4. This
profile is a manifestation of destructive interference between the excitation paths contributing
to the atomic dynamics, which can be identified with the absorption of photons from the laser
and from the cavity field [71]. Interference is at the origin of the two resonances visible in
Fig 2.4 where the rate of photon scattering is maximum. They correspond to values of the
probe detuning δP = δ± , with
δ± =
and have width γ± , which for

p


p
1
−∆ ± ∆2 + 4ḡ2 ,
2

∆2 + ḡ2  γ/2 take the simple form
!
γ
|∆|
γ± ≈
1± p
4
∆2 + 4ḡ2

(2.10)

In the strong coupling regime these resonances correspond to the dressed states of the atomcavity system, and their widths determine the characteristic time–scales of the system’s dynamics. Thus, for κ 6= 0 enhanced cavity emission accompanied by suppression of fluorescence are
achieved when min(γ+ , γ− ) > κ.
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Figure 2.4: Excitation spectrum w(δP ) as a function of the probe detuning δP in units of
γ, for the parameters g(x) = γ, δc = 0, κ = 0 and (a) ∆ = 0, (b) ∆ = −2γ.

It is remarkable that w(δP ) does not depend on Ω and thus does not depend on the average
number of photons inside the cavity. In particular, the position and width of the resonances are
the ones found for an atom in an empty cavity. This result can be simply explained by observing
that the field at the atomic dipole vanishes. In other words, in the reference frame described
by the unitary transformation (1.53) the absorption of a probe photon induces a transition
|g, 0i → |e, 1i, whereby |e, 1i is the superposition of the eigenstates of the system at frequencies
δ± corresponding to the resonances of the excitation spectrum. For κ 6= 0 we have verified that
also the splitting at the cavity output depends on g(x) and not on Ω. This property suggests
a use of this interference effect in order to probe the atomic position inside the cavity without
significantly perturbing the system.

2.2.b

A second atom probing the cavity field

The electric field inside the cavity can be probed by means of an atom which is weakly coupled, as
shown in Fig. 2.3(b). This can be, for instance, an atom of other species whose dipole transition
frequency is far–off resonance from the cavity and the driving laser. This atom thus experiences
a small a.c.–Stark shift δatom , whose intensity is a function of the distance d = x0 − x from the
atom which pumps the cavity. It can be measured with an homodyne detection of the cavity
output field, where the pump field is the local oscillator, or by measuring the fluorescence of the
probe atom. The shift δatom is plotted in Fig. 2.5 as a function of the distance d for different
values κ. We observe that cavity decay tends to cancel the spatial modulation of the total
electric field, which never vanishes inside the cavity for κ 6= 0. If the mechanical effects of light
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Figure 2.5: a.c.–Stark shift δatom of the
probing atom as a function of the distance
from the atom pumping the cavity, which is
at an antinode of the standing wave. Here,
g = Ω = γ, ∆ = δc = 0, and the laser propagation direction is perpendicular to the cavity
axis. The detuning of the probe atom from
the cavity frequency is ∆2 = 1000γ. Solid
line: κ = 0; Dashed line: κ = γ; Dash-Dotted
line: κ = 2γ.
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are considered, then Fig. 2.5 corresponds to the potential that the probing atom experiences.
Hence, the latter may feel a binding or repulsive force in the vicinity of the first atom, depending
on the sign of the detuning ∆2 of the laser from the probing atom resonance.

2.3

Scaling with the number of atoms

2.3.a

The Model

γ
x

κ

g
Ω

Figure 2.6: N identical atoms couple to a 1D optical resonator and are driven transversally
by a laser which illuminate them homogeneously.

We now consider N identical and point-like atoms, whose dipole transitions couple resonantly
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with the standing-wave mode of an optical resonator. The atoms are assumed to be located along
the axis of the resonator, which we denote with the x-axis, and their center–of–mass motion is
neglected. In Chapter 3 we will extend this model taking into account the atomic motion and
in paricular we will investigate the dipole force. The relevant atomic degrees of freedom are
the ground and excited electronic states |gi, |ei of the dipole transition, which is at frequency
ω0 . The transition couples to the resonator’s mode at frequency ωc and wave vector k, and it
is driven by a laser at frequency ωL and Rabi frequency Ω, as shown in Fig. 2.6. The atomic
energy levels scheme and the fields frequencies are depicted in Fig. 1.4. The laser is assumed to
be a classical field. The dynamics of the composite system is described by the master equation
for the density matrix ρ of atoms and cavity mode
∂
1
ρ = [H, ρ] + Lγ ρ + Lκ ρ
∂t
i~

(2.11)

where H is the Hamiltonian for the coherent dynamics, and Lγ , Lκ are the superoperators
describing dissipation due to spontaneous decay and cavity losses. In the reference frame rotating
at the laser frequency ωL the Hamiltonian H has the form
H = −~δc a† a − ~∆

N
X

n=1

|ein he| + ~

N h
X

n=1


i
g(xn )(aσn† + a† σn ) + Ω eiφn σn† + e−iφn σn (2.12)
.

where we follow the notation introduced in chapter 1. The coupling constant between the dipole
at position xn and the cavity mode is g(xn ) = g0 cos kxn , while the coupling with the driving
laser depends on the atomic position through the phase φn = kxn cos θ, where θ is the angle
between the cavity axis and the propagation direction of the laser. Finally, the incoherent
dynamics is described by the superoperators

γ X
Lγ ρ =
2σn ρσn† − σn† σn ρ − ρσn† σn
(2.13)
2 n
κ
Lκ ρ =
(2aρa† − a† aρ − ρa† a)
(2.14)
2
where γ is the rate of spontaneous emission of the dipole into the modes that are external
to the cavity and κ is the cavity decay rate. Collective effects in the spontaneous decay are
neglected here, as the average distance between the atoms is assumed to be of the order of
several wavelengths.

2.3.b

Two atoms inside the resonator

The dynamics of this system is in general non-trivial. Let us start considering the case of two
atoms. For κ = 0 suppression of fluorescence is observed when the atoms are at a distance ∆x
which is an integer multiple of the wave length λ. When this occurs, the two atoms are coupled
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Figure 2.7: (a) mean number of photons and (b) excited state population of atom at x1
(solid line) and at x2 (dashed line) as a function of x2 . Here, x1 is an antinode of the
standing wave g(x) = g0 cos kx. The parameters are κ = 0.2γ, Ω = γ, g0 = 10γ, ∆ = 100γ,
δc = 0, and the laser propagation direction is perpendicular to the cavity axis.

with the same coupling constant ḡ to the cavity mode, and from Eq. (2.11) it can be verified
that the state |g1 , g2 , βi is the steady state of the system with β = −Ω/ḡ. Hence, the total
electric field vanishes at both atoms, while the cavity field is the same as when only one atom
couples to the resonator. In general, one can define the function
β(x) = Ω(x) exp(i(π + kx cos θ))/ḡ,

(2.15)

where ḡ = g(x) 6= 0 and which includes inhomogeneity of the pumping field. Then, the condition
for suppression of fluorescence with two atoms is fulfilled whenever two positions exist such that
β(x1 ) = β(x2 ), where the atoms are located. Clearly, there may exist parameters regimes for
which function (2.15) is not periodic and a non-trivial solution for suppression of fluorescence
with more than one atom does not exist.
Figures 2.7 and 2.8 display the average number of photons and the excited state populations
as a function of the relative distance between the atoms, assuming that one atom is fixed at
the antinode of the standing wave and that both atoms are homogeneously driven by the laser,
which propagates perpendicularly to the cavity axis, i.e. θ = π/2. Here it is visible that the
excited state population of both atoms vanishes at x2 = 0, λ. At these points the field inside the
cavity is different from zero, and it is a local minimum as a function of x2 , as it is particularly
evident in Fig 2.7. The population of the first atom vanishes as well when the second atom is
at a node of the standing wave. In this case, the dynamics of the cavity are determined by the
coupling with the atom at x1 , whereas the population of the second atom is determined by the
laser intensity, as if it were in free space.
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Figure 2.8: Same as Fig. 2.7. Here, κ = 0.01γ, Ω = γ, g = 10γ, ∆ = δc = 0, and the laser
propagation direction is perpendicular to the cavity axis.

Note that Fig. 2.7 displays the situation when the atoms are driven below saturation. Here
both scatter coherently into the cavity mode and a second type of interference effect occurs for
x2 = λ/2: At this point the cavity field vanishes, while the atomic populations are equal and
different from zero. In fact, for x2 = λ/2 and below saturation the atoms scatter coherently into
the cavity mode with opposite phase. At saturation, on the other hand, the scattered light is
mostly incoherent, and the cavity field does not vanish at this point, as shown in Fig. 2.8.
In Fig. 2.9 the ratio between the cavity and fluorescence signal is displayed for the case
illustrated in Fig. 2.7 when the atoms are driven below saturation and the laser is orthogonal
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Figure 2.9: (a) Ratio Γ = Icav /Iat for two atoms as a function of their position x1 and x2
inside the cavity for the same parameters as in Fig. 2.7. (b) Ratio as in (a) as a function
of x2 for x1 = 0. The dashed line shows Γ for the same parameters but κ = γ. Note that
x1 , x2 are plotted modulus λ, and x1 6= x2 .
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to the cavity axis. Here one sees clearly that this ratio is maximum when the atoms are a
wavelength apart, namely where the function (2.15) assumes the same value at the atomic
positions. For κ 6= 0 absolute maxima are found when the atoms are at the antinodes of the
cavity mode, where the cooperativity parameter is largest and the total electric field vanishes.
These considerations can be extended to three dimensions in a straightforward way. The
three-dimensional pattern is found taking into account the phase of the pump, which we always
assume to be orthogonal to the cavity axis. The zeros of the electric field are then distributed
according to a Body-Centered-Cubic lattice with distance λ/2 between adiacent planes [31,
42]. Fluorescence is suppressed when the atoms are localized at these points, thus forming a
stationary pattern.

2.3.c

N atoms inside the resonator

The dynamics of the coupled system for generic parameters and number of atoms are very
complex. Nevertheless, insight can be gained in the limit in which the atoms are driven below
saturation. This assumption enables one to adiabatically eliminate the atomic degrees of freedom
√
√
from the cavity equation, and corresponds to the parameter regime |γ/2 + i∆|  N g, N Ω,
when the collective dipole is driven below saturation. Under these conditions the density matrix
of the field ρf obeys the equation
n
o
∂ρf
1
= iδ0 [a† a, ρf ] − i[(ξa† + ξ ∗ a), ρf ] + (γ 0 + κ) 2aρf a† − a† aρf − ρf a† a
(2.16)
∂t
2

where γ 0 (N ) = N sγ is the cavity decay rate due to photon scattering by spontaneous emission,
δ0 (N ) = δc − N s∆ contains the a.c.-Stark shift due to the medium, and ξ is the cavity drive
mediated by the dipoles,
P

γ  n g(xn )Ωeiφn
P
ξ = Ns ∆ − i
(2.17)
2
2
n |g(xn )|
P
Here, s =
sn /N where sn is defined for the atom n as
sn =

g(xn )2
(γ/2)2 + ∆2

(2.18)

From Eq. (2.16) it is visible that the system dissipates with rate γ 0 + κ, which determines the
rate at which the steady state is reached. The steady state of (2.16) is ρf,ss = |αihα|, where |αi
is a coherent state with amplitude
iξ
+ κ)/2 + iδ0 (N )
P
g(xn )eiφn
(γ/2 + i∆)
= −Ω Pn
2 (N sγ + κ)/2 − i(δ − N s∆)
|g(x
)|
c
n
n

α = −

(γ 0 (N )

(2.19)
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and which is the sum of the electric fields scattered at each atom. In fact, in this regime the
collective dipole is driven well–below saturation and radiation is scattered elastically into the
cavity mode.

2.3.d

The cavity field when the atoms emit in phase

For a large number of atoms the contributions of each atom sum up so that the field amplitude
α exhibits a narrow peak at the maximum value α0 as a function of the mean square deviation of
the phase ∆φn . This maximum corresponds to the case when all atoms scatter in phase, namely
when they are distributed at the points {x1 , . . . , xN } where the function (2.15) acquires the
same value. The necessary condition that this situation is verified is that β(x) is periodic, as we
have previously observed. In the following we assume that the laser propagates perpendicularly
to the cavity axis, i.e. θ = π/2. Hence, β(x) has periodicity equal to λ. Assuming that the
atoms scatter in phase into the cavity mode, the amplitude of the cavity field is given by
α0 = −

N s(γ/2 + i∆)
Ω
ḡ N s(γ/2 + i∆) + κ/2 − iδc

(2.20)

where ḡ = g(x1 ) = . . . = g(xN ) and ḡ 6= 0, namely the atoms are spatially distributed in a
pattern which has spatial periodicity λ. The pattern is here assumed to have low filling factor,
such that sub- and supperradiance effects in the scattering in free space are negligible. Note that
for large filling factors subradiance may give rise to other meta-stable states of the collective
dynamics.
The field amplitude achieves the maximum value as a function of δc for δ0 = 0, corresponding
to the condition δc = N s∆. This is visible in Fig. 2.10, where the average number of photons is
plotted as a function of δc and for two different values of ∆. For ∆ 6= 0 the detuning δc = N s∆ is
the a.c.-Stark shift of the cavity mode frequency due to the coupling with the atomic dipoles. For
this value the classical field drives the system resonantly, and the amount of energy transferred
into the cavity mode is maximum. Note that the position of the resonance δc = N s∆ scales
linearly with N and for |∆|  γ is inversely proportional to ∆. The corresponding linewidth
γ 0 + κ scales as N/∆2 for γ 0  κ. Obviously, large values of κ broaden the resonances.
At the amplitude of the cavity field of Eq. (2.20) the population of the excited state of an
atom in any of the pattern positions is given by
Πe =

Ω2
κ2 /4 + δc2
(γ/2)2 + ∆2 (γ 0 + κ)2 /4 + δ02

(2.21)

and is displayed in Fig. 2.11 as a function of δc for some parameter regimes. Clearly, for κ = 0
and δc = 0 the excited state population vanishes, indicating that the atoms stop fluorescing.
For ∆ 6= 0 the population Πe exhibits a maximum, which is located at δc ∼ N s∆(1 + γ 2 /4∆2 )

38

a a

2 Collective effects in the dynamics of driven atoms in a cavity

5
4
3
2
1

(a)

-0.1

0

δc

0.1

5
4
3
2
1

(b)

-0.1

0

δc

0.1

Πe

Figure 2.10: Mean number of cavity photons as a function of δc in units of γ. The solid
line corresponds to κ = 0, the dotted line to κ = 0.01γ. For N = 1 atom, the parameters
are Ω = ḡ = 0.1γ, and (a) ∆ = 0, (b) ∆ = γ.
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Figure 2.11: Excited state population as a function of δc in units of γ, Same parameters
as in Fig. 2.10.

for |∆|  γ. For κ 6= 0 the center-frequencies of the resonances are shifted by an amount
proportional to the cavity decay rate, the curves are broadened, and the excited states population
does not vanish at δc = 0.
The behaviour of the system as the number of atoms N is varied exhibits remarkable features.
In fact, N appears in the denominator of Eqs. (2.20) and (2.21), scaling the atomic effects in the
cavity dynamics. In particular, a critical value N0 for the number of atoms can be identified,
such that for N  N0 the coupling with the atoms affects relevantly the cavity dynamics,
whereas for N  N0 atoms and cavity are weakly coupled.
For ∆ = δc = 0 one finds the value N0 = κ/sγ = 1/2C1 where C1 = 2g02 /κγ is the
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Figure 2.12: Icav and total Iat as a function of N for Ω = g = κ = 10−3 γ, and ∆ = δc = 0.
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Figure 2.13: Icav and total Iat as a function of N for Ω = ḡ = κ = 10γ, ∆ = −1000γ and
(a) δc = 0, (b) δc = −5γ

one-atom cooperativity parameter [67]. Thus for N  N0 the system is characterized by a
large cooperativity parameter. In particular, when N  N0 the excited states population in
Eq. (2.21) acquires approximately the value as in free space, while the cavity field amplitude
scales linearly with the number of atoms. There is thus no back–action of the cavity on the
atomic dynamics, since the cavity decay rate is faster than the rate at which the atomic degrees
of freedom reach their steady state. On the other hand, when N  N0 the field amplitude
tends to the asymptotic value α → −Ω/g, while Πe |0 ∝ κ2 /N 2 . Thus, the power dissipated by
spontaneous emission scales with 1/N , while the signal at the cavity output is constant and
independent on the number of atoms. Figure 2.12 displays the signal at the cavity output and
the total fluorescence signal evaluated from Eqs. (2.20) and (2.21), respectively as a function for
N . For these parameters N0 ∼ 103 .
An analogous behaviour can be found for large values of ∆, and is illustrated in Fig. 2.13.
For |∆|  γ, κ the critical number of atoms, determining the regime of strong coupling, is given
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by N0,∆ = |∆|κ/g2 , and enhanced cavity emission accompanied by suppression of fluorescence
is observed for N  N0,∆ . This behaviour is also found for values of the detuning δc 6= 0, as
shown in Fig. 2.13(b) for δc = −5γ, provided that N is sufficiently large to fulfill the relation
|δc |  N s|∆|. Note that for values of N such that δc = N s∆, namely when a collective state
of the system is driven resonantly, the signals in Fig. 2.13(b) exhibit a maximum. Nevertheless,
as N increases, Icav tends asymptotically to the value Icav → κ|Ω/g0 |2 which is independent,
among others, of N and of ∆. It should be noted that in this case increasing N corresponds to
increasing the width of the window around the value δc = 0 appearing in the atomic population
as a function of δc , as shown in Fig. 2.11. Thus, the condition |δc |  N s|∆| corresponds to
values of the detuning δc which are much smaller than the a.c.-Stark shift, hence for which the
condition of destructive interference is still (although approximately) fulfilled.

The parameter regimes discussed in Fig. 2.13(b) are consistent with the ones of the experiments by [31, 32], that reported a rate of emission into the cavity modes exceeding by orders of
magnitude the rate of fluorescence into the modes external to the cavity. This observation was
accompanied by the measurement of a coherent cavity field whose characteristic gave evidence
of atomic self-organization. This behaviour has been explained as Bragg scattering of the pump
light by the atomic grating. However, from the results presented in this section we can argue
that Bragg scattering is actually suppressed in this regime, as the experimental regime of [31]
can be classified to be in the region with N  N0 . In fact, in the strong coupling regime a
cavity field establishes when the atoms organize spatially, that cancels out with the pump at
the atomic positions. As a consequence the atoms decouple from the cavity and pump field, and
are in the ground state. Therefore, there is no fluorescence nor superradiant scattering into the
cavity mode. In this regime the main source of dissipation is through cavity decay. We remark
that these dynamics is encountered also in the case of a single atom. In fact for strong coupling
the stationary cavity field is solely determined by pump intensity and cavity coupling at the
atomic position, while the atoms are in the ground state. In particular, the regime of large N in
Figs. 2.12-2.13 corresponds to large cooperativity parameters, while in Fig. 2.1 strong coupling is
achieved for small κ. Note that, differently from optical bistability [78], where bistable dynamics
are observed for large cooperativity, here there is only one steady state, where the atoms are in
the ground state.

In summary, the enhanced cavity emission of [31] can be traced back to an interference
effect between pump and cavity field, which is established for large cooperativity parameters.
In this treatment we have neglected the center-of-mass motion, however in the next chapter we
demonstrate that our results are consistent with a stable pattern of atoms.

2.4 Discussion
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Collective effects play an important role in the dynamics of N coherently driven atoms within
a cavity mode. For a resonant laser and a sufficiently large cooperativity parameter the atomic
scattering of photons into the cavity field may exceed the scattering into the free-space modes by
several orders of magnitude despite weak coupling and low excitation of each individual atom.
In this regime the cavity output exhibits Poissonian photon statistics independent of the mean
cavity photon number. In addition the probe excitation spectra of the atoms reveal the cavity
vacuum-Rabi splitting even for strong pump fields, when the mean number of cavity photons is
large.
The phenomenon can be understood as interference between the transverse pump and the
cavity field, which is established when the coupling between atoms and cavity mode is sufficiently
stronger than other effects determining the system’s dynamics. Remarkably, the establishing of
this regime corresponds to the situation in which the total electric field at the atomic position
vanishes. For two or more atoms inside the cavity these conditions are accessed when the atoms
are distributed according to a spatial pattern with periodicity equal to the mode wavelength.
By means of a simple model we have shown that stable patterns are achieved for suitable laser
and cavity parameters, when the locations of the pattern are at the antinodes of the cavity
standing wave. We have identified two patterns, which correspond to fields inside the cavity
which are shifted by a phase π. The results predicted by this model are in qualitative agreement
with the dynamics reported in [31, 32, 42], and provide a physical picture of the phenomena
observed. It should be noted that the cavity used in [31, 32] is multimode, whereas in this work
we consider a single mode cavity. Nevertheless the dynamics reported in [31] can be reproduced
with a model consisting in a single mode cavity and two level atoms, showing that the basic
physical phenomena can be traced back to the interference effect discussed here.
The phenomenon of interference in the driven Jaynes-Cummings model can be traced back
to the classical dynamics of two coupled damped oscillators [79]. Rice and collaborators have
theoretically investigated the dynamics of a classical dipole coupling resonantly to a cavity
mode when the cavity is driven [75, 76]. In this case the field due to atomic polarization
cancels out with the drive on the cavity. Due to this effect the cavity electric field vanishes.
Thus, the phenomenon is established when the dipole decay rate is smaller than the cavity
decay rate and, once this regime is accessed, energy is dissipated mainly by spontaneous decay.
This situation might seem equivalent in many respects to the case discussed by Carmichael and
coworkers in [73] and reviewed in section 1.2.b, where the role of cavity and atom are exchanged.
Nevertheless, when the cavity is driven quantum noise and saturation effects on the dipole give
rise to deviations from its classical behaviour and thus from interference. Here interference is
recovered for a sufficiently large number of dipoles N , so that the collective dipole is to good
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approximation an oscillator. Another interesting difference between the driven-cavity and the
driven-atom case is the signal at the cavity output. When the cavity is driven and γ  κ, the
g(2) (τ ) function is antibunched at τ = 0 [75, 76]. On the contrary, when the atoms are driven
and κ  γ, we have shown that g(2) (0) = 1 even when the mean energy of the cavity field energy
is very small.
It is instructive to compare the phenomenon of suppression of fluorescence investigated in
this work with the phenomenon of electromagnetically induced transparency manifesting itself in
driven multilevel atomic transitions [72]. The two types of interference arise because of different
dynamics: In EIT the atomic polarization is orthogonal to the field polarization, so that the
atom does not absorb photons. In ”cavity-induced transparency” the laser and the cavity field
cancel out, so that the total electric field at the atom is zero. It is this very property that leads
to the vacuum Rabi splitting observed in the excitation spectrum even when the mean energy
of the cavity field is significantly large.

Chapter 3

Mechanical effects on atoms trapped
in the potential of optical resonators
The investigations presented so far did not include the effect of the atomic motion on the cavity
field as well as the mechanical effects of light on the atomic motion. Indeed, photon scattering
modifies the atomic motion, and hence the refraction index of the medium, thereby affecting
the cavity field. Therefore, the inclusion of the mechanical effects of atom–photon interaction
in cavity QED increases definitely the complexity of the problem. On the other hand, it gives
rise to rich dynamics, as experimental results in [31–35] have shown, which are not yet fully
understood.
In this chapter we study the motion of laser–driven atoms in a resonator, in the regime
in which suppression of fluorescence in a lossy resonator, as discussed in chapter 2, sets. We
consider the atoms moving inside the cavity potential, induced by the field scattered by the
atoms. In particular, we address the question of stability of the atomic lattice discussed in
chapter 2. In our analysis the motion and the cavity field are treated in the framework of a
semiclassical model, developed by Ritsch and coworkers [41].
This chapter is organized as follows. In Section 3.1 we review the semiclassical model for the
center–of–mass motion of an atom in a radiation field. In Section 3.2 we study the dipole force
for an ensemble of atoms inside the cavity and driven transversally by a laser, and in section 3.3
we investigate the dipole force when the atoms are disposed in an atomic array like the one
discussed in sec. 2.3.d in the regime of suppression of fluorescence.
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3 Mechanical effects on atoms trapped in the potential of optical resonators

Semiclassical model of atomic motion

The purpose of this section is to introduce the equations at the basis of the semiclassical description for the center–of–mass dynamics of an atom moving in a radiation field [38–41].
Scattering of photons by an atom gives rise to variations of the atomic momentum that
can be analyzed, for time scales longer then the radiative life time, in terms of radiative force
fluctuating around a mean value. Let us consider a generic master equation
ρ̇ = L(r̂, p̂)ρ

(3.1)

It can correspond, for example, to the model for a driven atom in a cavity discussed in chap

ter 1 and described by the master equation (1.36). In that case L(r̂, p̂)ρ ≡ −i p̂2 /2M, ρ −
i/~ [Ha + Hc + Hac + HaL , ρ] + Lγ ρ + Lκ ρ, where the various terms are introduced in the chapter 1. Following the approach in [38–41] we perform two main approximations. First we assume
that the atoms are sufficiently hot so that their de Broglie wavelength is orders of magnitude
smaller than the cavity wavelength. Moreover, we assume that
~k
 1,
∆p
namely the change in momentum (~k) due to absorption or emission of a single photon is small
with respect to the width of the momentum distribution (∆p). In this regime the position
and momentum operators can be parameterized by their expectation values r and p and the
mechanical effects of the interaction with the cavity field can be treated perturbatively [40, 41].
Hence we perform the substitution L(r̂, p̂) → L(r, p) where now r is the time dependent classical
position r = r0 + vt.
Secondly, we consider sufficiently small atomic velocities, such that in the time scale in which
the atom reaches the internal steady state, it travels a distance which is small compared with
the field wavelength. This corresponds to the limit
k·v
 1,
Γ
where Γ is the rate at which cavity and dipole degrees of freedom reach their internal steady
state, Γ ∼ γ, κ. At leading order in the expansion in this small parameter the internal dynamics
follows adiabatically the external dynamics. The corrections due to the time delayed reaction
of the internal and cavity variables to the atomic motion are here evaluated at first order in the
expansion in the small parameter k · v/Γ [40, 41]. Under this approximations the steady state
solution ρSt of the internal atomic and field variables, which satisfy the relation L(r, p)ρSt = 0,
can be expanded at first order in the atomic velocity v,
ρSt ' ρ0 + v · ρ1

3.1 Semiclassical model of atomic motion
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In this limits the atomic dynamics under the mechanical effect of light can be approximated
by a stochastic Brownian motion model. Here the the Langevin equations
p
m
ṗ = F + β · p + χ
ṙ =

(3.2)

describe the center–of–mass dynamics of an atom subjected to a conservative force F, and a
friction force given by the linear friction matrix β. Here χ is a white noise term giving rise to
diffusion of the atomic momentum, which is related to the diffusion coefficient D according the
relation [40]
χ(t) χ(t0 ) = Dδ(t − t0 ).

(3.3)

The coefficients of the Langevin equations (3.2) are found from the force operator
F̂(r̂) = −∇ (Hatom−f ield )

(3.4)

where Hatom−f ield is the interaction Hamiltonian between the atom and the electromagnetic
field, whose form we do not specify in this section (in the case of the master equation (1.36),
Hatom−f ield = Hac + HaL ).
The conservative force
E
D
F = F̂(r) = Tr{ρ0 F̂(r)}

(3.5)

Fdip = −~∇∆0 (r)

(3.6)

is the steady state average of the force operator on the internal steady state, ρ0 , calculated for
a fixed atom at the position r. The zero velocity radiative force is composed by two parts: The
radiation pressure and the dipole force. The radiation pressure is related to the phase gradient
of the field. It can be interpreted as the result of cycles of absorption–spontaneous emission
processes. In these processes the atom absorbs photons from the driving field and emits them
into the modes of the e.m. field. Then, because of the symmetry in the angular distribution of
the spontaneously emitted photons, the atom experiences a net transfer of momentum on the
direction of the absorbed photon. The dipole force is related to the intensity gradient of the field.
In the low field–intensity limit it can be interpreted in terms of cycles of absorption–stimulated
emission that results in the redistribution of photons among the plane waves composing the
driving field. The dipole force can also be interpreted in terms of position dependent light
shift due to spatially varying light intensity. Here if ∆0 (r) is the position–dependent light shift
experienced by an atom in a driving field then the dipole force is
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Note that if the atom–field detuning ∆a−f (as an example, ∆a−f = ∆ in case of a driven dipole
in free space) is sufficiently large, the dipole force is the dominant contribution on the atomic
motional dynamics. In fact for large detuning Fdip ∝ 1/∆a−f whereas both friction and diffusion
coefficients scale like ∝ 1/∆2a−f . In this way standing–wave field can be used to design potentials
confining neutral atom. This kind of potential is called dipole trap [80, 81].
The friction matrix β is found by evaluating the mean force at first order in the atomic
velocity. Here, the friction arise from the time delayed reaction of the internal and cavity
variables to the atomic motion. It is evaluated in the limit k · v/Γ  1, and it is defined as
β
= Tr{ρ1 × F̂(r)}
m

(3.7)

where × indicates the tensor product between the cartesian coordinate of ρ1 and F̂, and ρ1 is
the internal steady state obtained at first order in v.
Finally the diffusion (3.3),
D = DF + Dvac

(3.8)

is related to the field fluctuation [40]. Here we have decomposed it into two terms. The term
DF denotes the diffusion due to the fluctuations of the force operator
Z ∞ hD
Ei
ED
E D
(3.9)
DF = 2Re
dτ F̂(t)F̂(τ ) − F̂(t) F̂(τ ) ,
0

where the averages are evaluated on the steady state for a fixed atom ρ0 . The term Dvac
indicates the diffusion due to vacuum fluctuations, it is defined as
D
E
Dvac = 2~2 |k|2 γ σ † σ

(3.10)

and it is proportional to the spontaneous emission rate.

3.2

Dipole force on atoms interacting with a resonator

Let us now consider the semiclassical motion when the atoms interact with an optical resonator
according to the setup shown in figure 2.6.
We extend the model of section (2.3.a) taking into account the atomic motion along the
cavity axis. We consider the master equation

N 
h
i
X
i
†
− [HE,j − ~∆σj σ + Hac,j + HaL,j , ρ] + Lγ,j ρ + iδc a† a, ρ + Lκ ρ
ρ̇ =
~
j=1

(3.11)
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where now HE,j = p̂j /2M is the kinetic energy of atom j with momentum p̂j on the direction
of the cavity axes. The interaction Hamiltonians are


HaL,j = ~Ω σj† + σj
(3.12)


Hac,j = ~g cos (kx̂j ) σj a† + σj† a
(3.13)

where we assume a driving laser orthogonal to the cavity axes, hence we neglect the mechanical
effect of the laser on the atomic motion. Finally, in the spontaneous emission term we take into
account the effect of the recoil of the emitted photons, see Eq. (1.37),
 Z 1

γ
† −ik0 x̂j cos θ0
†
†
ik0 x̂j cos θ0
d cos θ0 N (cos θ0 )e
σj ρσj e
− σj σj ρ − ρσj σj (3.14)
Lγ,j ρ =
2
2
−1

where θ0 is the angle between atomic motion and spontaneously emitted photons.
As discussed in sec. 3.1 we define the force operator on the atom j as
F̂j

= −

∂
Hac,j
∂xj



= −~kg sin (kx̂j ) σj a† + σj† a

(3.15)

The force on the atom results only from the radiative coupling with the cavity field since the
laser is assumed to be orthogonal to the direction of the atomic motion.
The dipole force Fj experienced by atom j is given by the adiabatic response of the atomic
motion to the internal dynamics, that is the force on a non-moving atom
D
E D
E
Fj = ~kg sin (kx̂j ) σj a† + σj† a
(3.16)

where the averages are calculated on the internal steady state of the fixed atoms. In order to
obtain analytical results we restrict ourselves to the limit in which the atomic dynamics is much
faster than the cavity dynamics and the atoms are weakly saturated, so that one may assume
a† σj ∼ a† hσj i and use the analytical results of section 2.3.c. Therefore in this limit we can
use the result (2.19) and we obtain
D

E
g cos(kx̂j )α + Ω
a† σj ∼ α∗
.
∆ + iγ/2

(3.17)

The resulting dipole force experienced by the atom j takes the form
"
!#
X
X
∆
|α̃|2
δc + 2
gj
gl −
gl2
Fj = 2~k g sin (kxj ) P
∆ + γ 2 /4
l gl
l

where gl = g cos (kxl ).

l

(3.18)
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In the single atom case the dipole force acquire the simple form
F = 2~k sin (kxj ) |α̃|2 δc

(3.19)

therefore its sign is solely determined by the atomic position and the detuning δc . If the laser
is red detuned with respect to the cavity (δc < 0), the atom can be trapped at antinodes of the
cavity field, whereas for blue detuning the nodes are the trapping sites. For δc = 0 the dipole
force vanishes and the atom can’t be trapped.
When we consider more then one atom the cavity induces interaction between them and
the dipole force can appear also for δc = 0. The force induced by the presence of other atoms
corresponds to the term in the right hand side of Eq. (3.18) proportional to ∆. This term
vanishes when the distances between the atoms are integer multiples of the cavity wavelength,
i.e. if g1 = g2 = .. = gN . Hence in this case the dipole force shows the same spatial dependence
as for a single atom. On the other hand when the interparticle distance is different from a
multiple of the cavity wavelength, then the force depends also on the sign of the detuning ∆
between atoms and laser.

3.3

Stability of atomic patterns in resonators

We address now the question of the stability of a regular atomic distribution, which is the condition for the collective interference effect between pump and cavity discussed in section 2.3.d.
Here, the atoms are spatially distributed in a pattern which has spatial periodicity equal to
the cavity wavelength λ. The self–organization of driven atoms in a cavity into these kind of
patterns has been predicted by numerical simulations in [42] and experimentally demonstrated
in [31]. In [42] it was shown that the atoms can self–organize into two equivalent patterns in
which all the atoms are at the maxima or at the minima of the cavity mode function. However
the investigation reported in [42] are not performed in the regime of suppression of fluorescence discussed in section 2.3.d. Here we show that the patterns which support the regime of
suppression of fluorescence as discussed in section 2.3.d are stable also when the mechanical
effects are considered. Hence the system can spontaneously self–organize and reach the regime
of fluorescence suppression.
First we observe that atoms disposed in these patterns are in equilibrium position. In fact,
at the antinodes of the cavity mode function cos (kx), the force on the atoms vanishes. This is
evident since the dipole force, in Eq. (3.18), is proportional to sin (kx) which is zero for x = 0
or x = λ/2. A necessary condition for the stability is that the dipole force is a restoring force
when the atoms undergo small shifts from the antinodes. Therfore stability is found for small
(but non-vanishing) negative values of δc . From Eq. (3.18) we can estimate the force δFj around
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antinodes when the atoms undergoes a small displacement δxj . At first order in δxj the force
takes the form
δc
(3.20)
δFj = 2~k2 |α0 |2 δxj
N
where α0 is defined in Eq (2.20).The result (3.20) shows that there is no dipole force for δc = 0
and for small fluctuations of the atoms at the antinodes. Morover the force (3.20) is clearly a
restoring force for δc < 0, and it is independent of ∆. Therefore the pattern is stable for δc < 0
irrespective of atom pump detuning ∆. Furthermore, its intensity depends on the mean number
of cavity photons, and thus on the drive intensity. However in the strong coupling regime, i.e.
in the regime where suppression of superradiant scattering may be achieved, the intensity of the
dipole force is reduced by a factor N.
These observations are valid for small fluctuations at the antinodes: For larger deviations
from the equilibrium positions the dipole force also depends on the detuning ∆, as it is visible
from Eq. (3.18). In particular, for δc = 0 the atom-atom interaction stabilizes the pattern for
∆ > 0 with a force which goes quadratically with the atomic displacement x at lowest order in
x.
We remark that the presence of a restoring force at the equilibrium points is only a necessary
condition for pattern stability. In fact, stability is an interplay of diffusion, friction and dipole
force.
The analytical results that we have described are confirmed by numerical simulation of the
master equation (2.11), which allow us to evaluate the field–dipole correlation (3.17), and so the
dipole force, out of the low saturation limit as well. The numerical results are obtained for the
case of two atoms and for parameters regimes in which the atomic fluorescence is suppressed.
In Fig.3.1(a) we plot the semiclassical dipole force on the second atom as a function of its
position x2 for cavity resonant pumping (δc = 0) and for the first atom fixed at an antinode.
As expected there is no force for very small displacements, where fluorescence suppression still
works. However, we see that a force builds up at larger distances, which is able to stabilize
the pattern even at resonance. Interestingly a stable pattern here requires positive atom pump
detuning ∆ > 0 repelling the atom from higher intensity regions. This is consistent with
the observation that the atoms tend to create field intensity minima at their positions. The
situation is changed if we allow for a small negative pump cavity detuning δc < 0. Here we get
the expected trapping force linear in x that stabilizes the pattern both for blue and red detuning
∆ (Fig.3.1(b)). Note that as the force component, which appears for nonzero δc , grows linear
with the displacement from the equilibrium position as predicted by Eq. (3.18), it determines the
behaviour close to antinodes. The restoring force gets even more pronounced for larger negative
values of δc as shown in Fig.3.1(c), where the stability region covers almost a quarter wavelength
irrespective of ∆. Note that in this parameter regime we still find fluorescence suppression for
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Figure 3.1: (a), (b), (c) dipole force on the second atom as a function of the position, x2 ,
of the second atom, when the first atom is at an antinode, for (1) ∆ = 2γ, (2) ∆ = 0 and (3)
∆ = −2γ. In (a) δc = 0, in (b) δc = −0.3γ and in (c) δc = −2γ. (d) dipole force on atom
2 as a function of the positions of both atoms for∆ = γ and δc = −2γ. In all the plots the
other parameters are g = γ, Ω = 0.5γ, k = 0.2γ.

sufficiently strong atom field coupling.
Finally in Fig.3.1(d) one sees that for general positions of both atoms, x1 and x2 , inside the
resonator the dipole force on atom 2 always pushes it towards the antinode (with a distance of a
multiple of the cavity wavelength from the first atom). Hence an array of atoms at interparticle
distance of multiple of the wavelength can form spontaneously from a general distribution, and
the necessary condition for suppression of superradiant scattering can be fulfilled.

3.4

Discussion

We have investigated the mechanical forces on atoms and the mechanical stability of a regular
pattern of atoms in the parameter regime of interference between laser drive and cavity. In this
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limit atomic fluorescence is suppressed and superradiant scattering of the atoms into the cavity
mode cannot occur. For the single atom case we found that the dipole force depends only on the
detuning between cavity and laser. In this regime, interference between cavity and pump can be
established when the atomic motion is sufficiently slow so that the cavity and atom degrees of
freedom follow adiabatically the atomic position and the atom is away from the nodes. Stability
is found for δc < 0, where the atom is drawn to the cavity antinodes. This happens for all pump
atom detunings.
In presence of more than one atom, the forces exhibit a different functional dependence
on the various parameters. This shows, in particular, that several stable configurations may
be possible. Nevertheless, when the atoms are at the antinodes the force they experience is
proportional to the single atom force, such that for δc < 0 the pattern supporting suppression of
superradiant scattering is stable. Its stability, i.e. the amplitude of the restoring force for small
fluctuations, decreases as the number of atoms, and with it the cooperativity, is increased. For
larger fluctuation, stability is guaranteed for a positive value of the detuning ∆ > 0 between
atom and laser.
To conclude, our study shows that the atomic pattern, which is condition for the suppression
of fluorescence and of superradiant scattering discussed in Chapter 2, is mechanically stabilized
by the photons that the atoms scatter collectivelly into the cavity.
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Chapter 4

Mechanical effects of optical
resonators on driven trapped atoms
Atom cooling by photon scattering is achieved by enhancing the rate of scattering processes that
dissipate motional energy, thereby exploiting the conservation of internal and mechanical energy
in the interaction between atoms and electromagnetic field [40]. The atomic scattering cross
section can be significantly modified by the coupling to an optical resonator, which acts both
on the internal as well as on the external degrees of freedom. Hence, the scattering properties
can be tailored, allowing to achieve efficient cooling also for atoms and molecules which may
not offer a convenient configuration in free space [41, 47]. This principle is at the basis of
cooling by means of an optical resonator. Indeed, the mechanical effects on atoms coupled to
an optical resonator are object of several experimental [18–26, 30–35] and theoretical [41–50]
investigations, which aim at developing a systematic understanding of these complex dynamics
both for its fundamental aspects, as well as for the perspective of a high degree of control of
complex systems with scalable number of degrees of freedom.
In this chapter we investigate the cooling dynamics of atoms inside optical resonators, when
their center-of-mass motion is tightly confined by an external potential, like for instance a
dipole [22, 23, 26] or an ion trap [27–30]. We consider the situation where an atomic optical
dipole transition is driven by a laser and by a cavity resonator, as sketched in Fig. 4.1. We mostly
focus onto the good-cavity limit, namely in the limit in which the cavity decay rate is very small,
κ  γ, g. In this regime we discuss when efficient cooling into the potential ground state can
be achieved. In particular, we show that in experimentally accessible parameter regimes one
may obtain almost unit ground state occupation, even when the natural linewidth of the dipole
transition would not allow for ground state cooling in free space. Efficient ground-state cooling
is often found by exploiting interference effects, arising from phase correlation between the laser
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Figure 4.1: An atom is confined by an harmonic potential of frequency ν inside an

optical resonator. A mode of the resonator couples with strength g̃ to the dipole,
which is driven transversally by a laser at Rabi frequency Ω. The system dissipates
by spontaneous emission of the atomic excited state at rate γ and by cavity decay
at rate κ.

and the field scattered by the atom into the resonator. Most of these interference effects are
due to the discrete nature of the spectrum of the center-of-mass motion, which is trapped by
a harmonic potential. Hence, the dynamics here studied differ substantially from the ones of
cooling of free atoms inside cavities [41–45], whose basic mechanically effects have been discussed
in chapter 3. Such interference effects are at the basis of novel cooling schemes.
This chapter is organized as follows: In section 4.1 some preliminary considerations are
made. In sec. 4.2 the model is introduced, and the basic equations for the motion are obtained.
In sec. 4.3 we discuss the dynamics of cooling from the rate equation we obtain and review
previous results presented in the literature. In sec. 4.4 novel cooling schemes are presented,
whose dynamics are due to quantum correlations which are established in the good cavity limit.
In sec. 4.5 the results are reported: The cooling efficiencies in the various parameter regimes are
discussed and compared. In sec. 4.6 the conclusions are drawn.

4.1

Basic processes

Before entering the details of the theory, we make some general remarks on the behaviour of the
atomic scattering cross section, by making use of the dressed state picture.
At this purpose, we first assume that the atom is fixed at the position x, such that the

55

4.1 Basic processes

coupling constant to the cavity mode is g̃ = g(x). We denote by |g, nc i and |e, nc i the states
of the system, where |gi, |ei are the ground and excited state of the atomic dipole and |nc i the
number of photons of the cavity mode. In the situation in which the atom is strongly coupled
to the cavity mode and weakly pumped by the laser, the states which are relevantly involved
into the dynamics are |g, 0c i and the dressed states
|+i = sin ϑ|g, 1c i + cos ϑ|e, 0c i

(4.1)

|−i = cos ϑ|g, 1c i − sin ϑ|e, 0c i

(4.2)

with
tan ϑ = g̃/(−∆c /2 +

p

g̃2 + ∆2c /4)

and ∆c the detuning between cavity mode and atom. Setting the energy of |g, 0c i at zero, the
frequencies of the states |±i are
p
(4.3)
λ± = −∆c /2 ± g̃2 + ∆2c /4

and the respective linewidths are γ+ ∼ κ sin2 ϑ + γ cos2 ϑ, γ− ∼ κ cos2 ϑ + γ sin2 ϑ, where γ is
the linewidth of the dipole transition and κ the cavity decay rate. The weak laser probe couples
the dressed states |g, 0c i and |e, 0c i.
Signatures of the dressed states are for instance the resonances in the rate of photon scattering
as obtained by scanning the probe laser through atomic resonance (see sec.1.2.b). This situation
is depicted in Fig. 4.2. Here, the curve has been evaluated for a good resonator, namely κ  γ, g̃
and ∆c 6= 0. For these parameters the linewidth of one of the two resonances is narrower than
the natural linewidth of the dipole. Moreover, when the probe laser is resonant with the cavity
mode, the spectrum exhibits a minimum, which reaches zero for κ = 0, namely no photons are
scattered. This behaviour is due to an interference effect between laser and cavity resonator,
such that there is no radiation scattered by the atom, as it is at a point where the two fields,
laser and cavity, mutually cancel, see sec. 1.2.b [73, 96, 97].
We now consider the center-of-mass motion of an atom in a harmonic oscillator, and first
assume that the mechanical effects are only due to the laser, while the cavity wave vector is
orthogonal to the motional axis. In this regime, the motion gives rise to a modulation of the laser
frequency at the trap frequency ν. In the regime of strong confinement (Lamb-Dicke regime)
this gives rise to two sidebands of the carrier, i.e. the laser frequency. The carrier and sideband
positions are indicated by the vertical bars in Fig. 4.2 in the reference frame of the atom. The
central bar is the carrier. The bar at the right (left) of the carrier corresponds to a transition
which lowers (rises) the atomic vibrational excitation by one phonon, namely the so-called red
(blue) sideband transition. These two components are out of phase with respect to the carrier.
In the limit in which the atomic motion weakly perturbs the internal and cavity dynamics,
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Figure 4.2: Excitation spectrum as a function of the laser detuning ∆ in the reference

frame of the atom. Here, g̃ = 0.5γ, κ = 0.01γ. In (a) ∆c = −10γ and (b) ∆c = 1.2γ.
The vertical bars indicate the frequency ∆0 of the carrier (central line) and of the
red and blue sideband transitions, ∆0 + ν and ∆0 − ν, respectively, when the laser is
set at ∆ = ∆0 and the trap frequency ν = 0.2γ. In (a) ∆0 ∼ ∆c − ν; In (b) ∆0 = ∆c ,
namely cavity mode and laser are resonant. See text.

the scattering along the sidebands is proportional to the corresponding value of the excitation
spectrum. Cooling is thus obtained by realizing a large gradient between scattering rates along
the sidebands. Figures 4.2(a) and (b) show two possible scenarios, which are discussed in this
paper. Case (a) corresponds to use the narrow resonance for implementing sideband cooling
with the dressed states [48]. This scenario is obtained by choosing a large value of |∆c | and
setting the detuning between the cavity and the laser equal to the trap frequency, such that the
red sideband absorption falls at the center of the narrow resonance. This case has been studied
in [48]. In case (b) a large gradient is achieved by exploiting the interference profile arising
when laser and cavity are resonant (see sec. 1.2.b). This situation is reminiscent of analogous
phenomena encountered in the cooling dynamics of trapped multilevel atoms [90].
The dressed state picture, as obtained by neglecting the motion of the atom, can be also
applied to get some insight into the cooling dynamics when cooling is due only to the resonator
forces or to both laser and resonator. Nevertheless, it does not explain other cooling dynamics,
which we discuss in this article, and which are due to correlations in the gradients of the fields
over the atomic wave packet. At this purpose one has to consider also the quantum motion.
Figure 4.3 summarizes the basic scattering processes determining the cooling dynamics in
the basis |g, 0c ; ni, |±; ni, where n is the number of excitations of the center-of-mass harmonic
oscillator. The process shown in Fig. 4.3(a) describes absorption of a laser photon and sponta-
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Figure 4.3: Scattering processes leading to a change of the vibrational number by one
phonon. The states |g, 0c ; ni, |±; ni are the cavity-atom dressed states at phonon number n.
Processes (a),(b),(c) describe scattering of a laser photon by spontaneous emission. They
prevail in good resonators, for κ  g̃, γ. Processes (d) and (e) describe scattering of a laser
photon by cavity decay. They prevail in bad resonators, for γ  g̃, κ.

neous emission, whereby the change in the center-of-mass state is due to the recoil induced by
the spontaneously emitted photon. The scattering rate is scaled by the geometric factor α and
is found after averaging over the solid angle of photon emission into free space. This contribution is diffusive, as the motion can be scattered into a higher or lower vibrational state with
probabilities depending on the overlap integrals between the initial and the final motional states
after a photon recoil. In section 4.4 we discuss the parameter regime in which this contribution
can be suppressed by an interference effect in the dressed states absorption.
The processes depicted in Figs. 4.3(b) and (c) describe scattering of a laser photon by spontaneous emission where the motion is changed by mechanical coupling to the laser and to the
cavity field respectivelly. Since the final state of the two scattering processes is the same, they
interfere. In addition, each term is composed by multiple excitation paths, and can vanish in
some parameter regimes. In section 4.4 we discuss interference effects in these two terms.
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The processes depicted in Figs. 4.3(d) and (e) describe scattering of a laser photon by cavity
decay, where the motion is changed by mechanical coupling to the laser and to the cavity
field. The scattered photon is transmitted through the cavity mirrors into the external modes,
and therefore these two processes do not interfere with the ones above discussed, but add up
coherently with one another. In section 4.3.c we discuss parameter regimes where interference
effects in these two terms relevantly affect the dynamics. The general dynamics are a competition
of all these processes, and will be discussed in detail in the following sections.

4.2
4.2.a

The Model
Basic Equations

We consider an atom of mass M , which is confined by a harmonic potential of frequency ν inside
an optical resonator. The relevant center-of -mass dynamics are along the x-axis, while the
degrees of freedom of the transverse motion have been traced out, assuming that the transverse
confinement is much steeper. Later on we discuss how the treatment can be generalized to three
dimensional motion. The atom internal degrees of freedom, which are relevant to the dynamics,
are the ground state |gi and the excited state |ei, constituting a dipole transition at frequency
ω0 and linewidth γ. The dipole couples with a cavity mode at frequency ωc and with a laser
at frequency ωL , whose wave vectors kc and kL form the angle θc and θL , respectively, with
the x-axis. The system is sketched in Fig. 2.6.We denote by ρ the density matrix for the atom
and the resonator degrees of freedom in the reference frame rotating at the laser frequency. The
density matrix ρ obeys the master equation
∂
1
ρ = [H, ρ] + Lγ ρ + Lκ ρ ≡ Lρ
∂t
i~

(4.4)

where L is the Liouvillian describing the total dynamics. Here, the Hamiltonian H is
H = HE + Ha + Hc + Hac + HaL

(4.5)

where the terms describing the coherent dynamics in absence of coupling with the e.m.-field are
p2
1
+ M ν 2 x2
2M
2
Ha = −~∆σ † σ
HE =

Hc = −~δc a† a

(4.6)
(4.7)
(4.8)

Here, x, p are position and momentum of the center of mass; σ = |gi he|, and σ † its adjoint; a,
a† are the annihilation and creation operators of a cavity photon; ∆ = ωL − ω0 and δc = ωL − ωc
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are the detunings of the laser from the dipole and from the cavity frequency, respectively, such
that
∆c = ∆ − δc .
The terms
Hac = ~g cos(kx cos θc + φ)(a† σ + aσ † )
HaL = ~Ω(eikx cos θL σ † + H.c.)

(4.9)
(4.10)

describe the radiative couplings of the dipole with the cavity mode and the laser, respectively,
where g is the cavity-mode vacuum Rabi frequency and Ω the Rabi frequency for the coupling
with the laser, φ is a phase, and k is the modulus of the wave vector (|kL | ≈ |kc | ≈ ω0 /c = k).

The superoperators Lκ and Lγ in Eq. (4.4) describe the cavity decay and dipole spontaneous
emission into the modes external to the resonator, respectively. Lκ is defined in Eq. (1.38) and

γ
Lγ ρ =
2σ ρ̃σ † − σ † σρ − ρσ † σ
(4.11)
2
where

ρ̃ =

Z

1
−1

d cos θ0 N (θ0 )e−ik cos θ0 x ρeik cos θ0 x

(4.12)

describes the events in which the atomic motion recoils by emission of a photon at the angle θ0
with the trap axis with probability N (θ0 )d cos θ0 . Note that N (θ0 ) must be evaluated taking
into account the geometry of the setup.
For later convenience we introduce the annihilation and creation operators b and b† of a
quantum of vibrational energy, such that
~/2M ν(b† + b)
p
p = i ~M ν/2(b† − b),
x=

p

and the Hamiltonian term (4.6) can be rewritten as


1
†
HE = ~ν b b +
2

(4.13)
(4.14)

(4.15)

We denote by |ni the eigenstates of Hmec at the eigenvalue (n + 1/2)~ν and introduce the
Lamb-Dicke parameter
r
~
η=k
(4.16)
2M ν
which scales the mechanical coupling of radiation with the atomic motion.

60

4.2.b

4 Mechanical effects of optical resonators on driven trapped atoms

Reduced equation for the center-of-mass dynamics in the Lamb-Dicke
limit

We assume the Lamb-Dicke regime, namely the atom is localized on a length scale which is much
smaller than the light wave length, and identify in the Lamb-Dicke parameter η the perturbative
parameter, that allows us to treat the coupling of the external degrees of freedom with the cavity
and the atom internal degrees of freedom in perturbation theory [39, 83]. We apply the formalism
first applied in [83] and then further developed in [84–86]. Below we summarize some steps.
At zero order in the Lamb-Dicke parameter the center-of-mass is decoupled from the internal
and cavity degrees of freedom. In fact, denoting by L0 = L|η=0 the Liouvillian at zero order in
the expansion, this can be decomposed into the sum of a term acting over the external and over
the cavity and dipole degrees of freedom, namely
L0 = L0E + L0I ,
where
L0E ρ =
L0I ρ =

1
[HE , ρ]
i~
1
[Ha + Ha + H0ac + H0aL , ρ] + Lκ ρ + L0γ ρ
i~

(4.17)
(4.18)

and where the Hamiltonian interaction
H0ac = ~g̃(a† σ + aσ † )

(4.19)

H0aL = ~Ω(σ † + σ)

(4.20)

and the Liouvillian for the atomic spontaneous emission

γ
2σρσ † − σ † σρ − ρσ † σ
L0γ ρ =
2

(4.21)

appear at zero order in the expansion in η. The term
g̃ = g cos φ

(4.22)

is the zero order atom–cavity coupling strength.
The spectrum of L0 is λ = λI + λE , where λI are the eigenvalues of L0I and λE are the
eigenvalues of L0E . The stationary state is a right eigenstate at eigenvalue zero, as it fulfills the
secular equation L0 ρ = 0 [87]. The corresponding eigenspace is spanned, for instance, by the
eigenvectors ρn = ρSt ⊗ |ni hn|, where ρSt fullfills the equation
L0I ρSt = 0
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while the operator |ni hn| is eigenvector of the superoperator L0E at eigenvalue λE = 0. The
corresponding eigenspace is infinitely degenerate. We denote by P the projection operator over
the λ = 0 eigenspace, defined as
P ρ = ρSt ⊗

∞
X

n=0

|ni hn| TrI {hn| ρ |ni}

(4.23)

where TrI is the trace over the dipole and cavity degrees of freedom. At second order in η one
gets a closed equation for the center of mass dynamics of the form
d
µ = η 2 [(S(ν) + D)(bµb† − b† bµ) + (S(−ν) + D)(b† µb − bb† µ) + H.c.]
dt

(4.24)

where µ = TrI {P ρ} is the density matrix for the center-of-mass variables, obtained by tracing
over the dipole and cavity degrees of freedom, and where the coefficients are given by
γ
D = α TrI {σ † σρSt }
2Z
∞
 L τ
1
iντ
S(ν) =
V1 e 0I V1 ρss
dτ
e
Tr
I
~2 0
= −TrI {V1 (L0I + iν)−1 V1 ρSS }

(4.25)

(4.26)

In Eq. (4.25) we used
α=

Z

1

−1

d cos θ0 cos2 θ0 N (cos θ0 ),

which gives the angular dispersion of the atom momentum due to the spontaneous emission of
photons. The operator V1 in Eq. (4.26) is given by
V1 = ϕL VL + ϕc Vc

(4.27)

where
VL = i~Ω(σ † − σ)

Vc = −~g̃(aσ † + a† σ)

(4.28)
(4.29)

describe respectively the mechanical effects of the drive and of the cavity at first order in η, with
the two coefficients
ϕL = cos θL

(4.30)

ϕc = cos θc tan φ

(4.31)

which depend on the geometry of the setup. Operator (4.27) is the gradient of the atom-field
interaction at the center of the trap and corresponds to the mechanical force in the semiclassical
limit [88].
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Rate Equation

From Eq. (4.24) one can directly derive the rate equation for the occupation probability pn =
hn| µ |ni of the phonon number state |ni, namely
d
pn = η 2 [(n + 1)A− pn+1 − ((n + 1)A+ + nA− )pn + nA+ pn−1 ]
dt

(4.32)

where
A± = 2Re {S(∓ν) + D}

(4.33)

are the rate of heating (A+ ) and cooling (A− ). The solution of this type of equation is well
known [39]. The average phonon number obeys the equation
˙ = −η 2 (A− − A+ ) hni + η 2 A+
hni

(4.34)

which, for A− > A+ , has solution
hnit = hni0 e−W t + hniSt 1 − e−W t
Here, hni0 is the initial average phonon number and
hniSt =



A+
A− − A+

(4.35)

(4.36)

is the average phonon number at steady state, while
W = η 2 (A− − A+ )

(4.37)

is the cooling rate.

4.2.d

Discussion

In Eq. (4.32) the internal dynamics enter through the coefficients S(ν) and D, which determine
the rates (4.33). The function S(ν) is the spectrum of the fluctuations of the radiative force on
the atom, namely the Fourier transform of the autocorrelation function of the operator V1 in
Eq. (4.27). For the atom coupled to an optical resonator and driven transversally by a laser, we
use the definition (4.27) in Eq. (4.26), and obtain
S(ν) = ϕ2L SL (ν) + ϕ2c Sc (ν) + ϕL ϕc ScL (ν)
Here,
SL = −TrI {VL (L0I + iν)−1 VL ρSt }

4.3 Cavity cooling of trapped atoms
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is the contribution of the mechanical effect due to the laser, the term
Sc = −TrI {Vc (L0I + iν)−1 Vc ρSt }
the contribution of the mechanical effect due to the resonator, and
ScL = −TrI {Vc (L0I + iν)−1 VL ρSt } − TrI {VL (L0I + iν)−1 Vc ρSt }
the contribution due to correlations between the mechanical effects of laser and resonator. Depending on the geometry of the setup, one term can be dominant over the others.
The coefficient D, Eq. (4.25), gives the diffusion in the dynamics of the center-of-mass motion.
It is the product of two terms: the spontaneous emission rate of the excited state into the modes
of the e.m.-field, and the stationary excited state population, which is determined by the overall
dynamics at zero order in the Lamb-Dicke expansion.

4.3
4.3.a

Cavity cooling of trapped atoms
An explicit form of the rate equation for cooling

An analytical form for the rates entering equation (4.32) can be derived in the limit of a weak
laser drive. The main steps of the derivation are reported in Appendix A. In this limit the
heating and cooling rates take the form
A± = γα|TS |2 + γ|ϕL TLγ,± + ϕc Tcγ,± |2 + κ|ϕL TLκ,± + ϕc Tcκ,± |2

(4.38)

with
δc + iκ/2
f (0)
(δc ∓ ν + iκ/2)
iΩ
f (∓ν)
g̃
iΩ
f (∓ν)
g̃2 (2δc ∓ ν + iκ)
−Ω
f (0)f (∓ν)


g̃ (∆ ∓ ν + iγ/2)(δc + iκ/2) + g̃2
−Ω
f (0)f (∓ν)

TS = Ω
TLγ,± =
TLκ,± =
Tcγ,± =
Tcκ,± =

(4.39)
(4.40)
(4.41)
(4.42)
(4.43)

and
f (x) = (x + δc + iκ/2)(x + ∆ + iγ/2) − g̃2

(4.44)
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The analytic form of Eqs. (4.38)-(4.43) allows one for a more transparent reading of these
complex dynamics, which can be mapped back to the processes shown in Fig. 4.3. The rates are
the incoherent sum of three contributions: The first term, γα|TS |2 , describes a change in the
motional state by mechanical coupling to the modes external to the cavity, namely by the recoil
associated with the spontaneous emission of a photon. It corresponds to the process depicted
in Fig. 4.3(a) and determines the diffusion coefficient through the relation
D = γα|TS |2 /2.

(4.45)

The second term, γ|ϕL TLγ,± +ϕc Tcγ,± |2 , describes scattering of a laser photon into the external
modes by mechanical coupling to the laser (TL ) and to the cavity (Tc ) field. The two transition
amplitudes correspond to the processes depicted in Fig. 4.3(b) and (c), respectively. They add
up coherently and may interfere. Note that these processes, together with the diffusive process,
are dominant for κ  γ.
The third term, κ|ϕL TLκ,± + ϕc Tcκ,± |2 , describes scattering of a laser photon into the external
modes of the electromagnetic field by cavity decay. The two amplitudes, appearing in this term,
correspond to the processes depicted in Fig. 4.3(d) and (e), respectively. Also in this case they
add up coherently and may interfere. This term is dominant for κ  γ.

Equation (4.38) contains the basic features of the dynamics of cavity cooling of trapped
atoms. It has been derived (i) in the Lamb-Dicke regime, (ii) assuming that the electronic states
are bound by the same center-of-mass potential, (iii) in the limit in which the laser is a weak
perturbation to atom and cavity dynamics. Moreover, it has been derived for one-dimensional
motion. However, since at second order in η the rate equations for the three directions of
oscillation decouple in an anisotropic trap, it can be generalized to three-dimensional motion
as it holds for any geometry of the setup. Below we show that this equation reproduces and
generalizes results found in some particular regimes [48, 49].Moreover, Eq. (4.38) allows one for
identifying new parameter regimes characterized by novel dynamics that lead to efficient cooling.
Some of these dynamics will be presented in section 4.4.

4.3.b

Cooling in the bad cavity limit

Cooling in the bad cavity limit, as discussed in [49], is recovered by maximizing the ratio A− /A+
in the limit in which spontaneous emission is negligible. In Eq. (4.38) we set γ = 0 and take
|δc |  ν. The equivalence with the cooling and heating rates reported in [49] is evident by using
the definitions δ̃ = g̃2 ∆c /(κ2 /4 + ∆2c ) and γ̃ = g̃2 κ/(κ2 /4 + ∆2c ), and imposing ϕc = ϕL = 1
(namely, the cavity axes and the laser are parallel to the atomic motion). Below we use this
notation but keep ϕL and ϕc , thereby allowing for a more general geometry. From Eq. (4.38)
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we find
A± '

#
"
∆ − δ̃ + iγ̃/2
Ω2 γ̃
2(δ̃ − iγ̃/2)
ϕc 1 +
− iϕL
2
2
[(∆ − δ̃) + γ̃ /4]
∆ − δ̃ ∓ ν + iγ̃/2
∆ − δ̃ ∓ ν + iγ̃/2

2

(4.46)

Here, two processes interfere, namely the process in which the vibrational number changes by
one phonon by absorbing a laser photon, depicted in Fig. 4.3(d) and described by the term
TLκ in Eq. (4.38), and the process in which the vibrational number changes by one phonon by
scattering a cavity photon, depicted in Fig. 4.3(e) and described by the term Tcκ in Eq. (4.38).
These dynamics are due to correlations between the mechanical effects of laser and the cavity,
and they depends critically on the geometric setup, as it is visible from Eq. (4.46).

4.3.c

Sideband cooling in the good cavity limit

We consider the case where the atom is far-off resonance from the cavity and the laser, |∆| 
γ, g, κ. At leading order in ∆ the rates of heating and cooling take the form


g̃2 κ(ϕ2L + ϕ2c )
Ω2
2
+ O(1/∆3 )
A± = 2 (α + ϕL )γ + 2
∆
κ /4 + (δc ∓ ν)2
(4.47)
In this parameter regime there is no relevant contribution to the mechanical effects from correlations between cavity and laser dipole force. Cooling is found for δc < 0, and the corresponding
average phonon number at steady state is
(∆)
hniSt

=

κ2
4

+ (δc + ν)2
(1 + B)
4(−δc )ν

(4.48)

with
γ
B= 2
g̃ κ



α + ϕ2L
ϕ2L + ϕ2c



κ2
+ (δc − ν)2
4



(4.49)

In the following we do not discuss the solutions leading to Doppler cooling, and focus onto the
parameter regimes that lead to ground state cooling, assuming γ > ν.
For κ  ν Eq. (4.48) reaches the minimum value at δc = −ν,



α + ϕ2L
κ2
1
κ2
(∆)
=
+
1+
hniSt
(4.50)
δc =−ν
16ν 2 4C1 ϕ2L + ϕ2c
16ν 2
where
C1 = g̃2 /γκ
is the one-atom cooperativity [67]. The corresponding cooling rate is

(4.51)
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W

δc =−ν

=η

2

4C1 (ϕ2L

+

Ω2
ϕ2c ) 2 γ
∆



1
1−
1 + (4ν/κ)2



(4.52)

Therefore, large ground-state populations and large cooling rates can be achieved for ν  κ and
C1  1, namely for good cavities and in the limit in which the cavity linewidth is much smaller
than the trap frequency.
Insight into these results can be found by using the dressed state picture discussed in Sec. 4.1:
For κ  ν, large ∆ and δc = −ν the excitation spectrum corresponds to the situation depicted
in Fig 4.2(a), where the the red sideband transition is resonant with the narrow resonance at
frequency λ+ = ν, while the carrier and the blue sideband are driven far-off resonance. Hence,
this condition is analogous to sideband cooling, whereby now the narrow resonance is the dressed
state of the system composed by cavity and atom.
The cavity loss rate sets the lower limit to the width of the narrow resonance, on which
sideband cooling is made, and thus to the efficiency of the process, as it is visible in Eqs. (4.50)
and (4.52). From these equations it is also visible that large cooperativities ensure better
efficiencies.
The results reported in this section have been obtained from rate equation (4.32) with the
coefficients Eqs. (4.38)-(4.43) expanded at leading order in 1/∆. Such expansion is valid in the
limit where the detuning between atom and cavity (respectively, laser) is the largest physical
parameter. We remark that Eq. (4.50) is in agreement with the result reported in [48] in
the corresponding parameter regime, whereby the different numerical factors, as well as the
dependence on the angles, are due to the different laser configuration there considered.

4.4

Cavity cooling by quantum correlations in the good cavity
limit

In this section we present and discuss novel cooling dynamics based on quantum interference
effects, which are dominant in the good cavity limit, when
κ  ν, γ, g̃.
In this regime we focus onto the first two terms of the rates (4.38), corresponding to the processes
in Fig. 4.3(a)-(c), and treat cavity decay, giving rise to the processes depicted in Fig. 4.3(d),(e),
as small perturbations. In the following we assume that
φ 6=

π
(2n + 1)
2
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namely the coupling to the cavity mode does not vanish at zero order in the Lamb-Dicke expansion, and it is given by Eq. (4.22). Comparisons among the efficiencies of the cooling schemes
are presented in Sec. 4.5.

4.4.a

Discussion

Efficient cooling is achieved by maximizing the rate A− together with the ratio A− /A+ . In
this way, ideally one maximizes the cooling rate, Eq. (4.37), and minimizes the average number
of phonons at steady state, Eq. (4.36). In general, by inspection of Eqs. (4.38)-(4.43) one can
identify a strategy for maximizing A− /A+ , consisting in identifying the parameters such that the
heating and/or diffusion processes vanish. In this regime, the optimal parameters that maximize
A− are found whenever
Re{f (ν)} = 0,
(4.53)
thereby minimizing the denominator of A− . Physically, this corresponds to set the red sideband
transition at a resonance of the atom-cavity system. This strategy is effective when the linewidth
of the corresponding resonance is smaller than the trap frequency. Equation (4.53) leads to a
condition that relates the cavity detuning δc with the atom detuning ∆, namely
∆opt (δc ) ≡

g̃2 + γκ/4
−ν
δc + ν

(4.54)

where we assume fixed couplings and decay rates, hence also a fixed cooperativity. For instance,
in the case of sideband cooling discussed in Sec. 4.3.c, the optimal cooling conditions are reached
for δc = −ν, corresponding to the solution of Eq. (4.53) for ∆ → ∞. In this limit, the linewidth
of the dressed state resonance which is used for cooling is infinitely small, and the steady state
occupation vanishes accordingly.
Below we discuss various regimes where ground-state cooling is efficient and which may be
identified, for the corresponding parameter regimes, with an approximate solution of Eq. (4.53).

4.4.b

Suppression of diffusion by quantum interference

In this section we discuss a cooling scheme based on the suppression of diffusion by quantum
interference. The cooling dynamics are based on the suppression of the carrier transition, and
can be understood with the dressed state picture. As discussed in Sec. 4.1, the carrier transition
can vanish in the regime in which laser and cavity are resonant. The sidebands due to the
harmonic motion, however, are weak perturbations in opposition of phase with respect to the
carrier. Thus, they give rise to photon scattering with probability given by the corresponding
value of the excitation spectrum, depicted in Fig. 4.2(b) for some parameter regime. The
cooling strategy is thus to enhance the red sideband over the blue sideband absorption, thereby
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profiting of the suppression of carrier excitations, and thus of diffusion. This idea is reminiscent
of cooling mechanisms based on quantum interference between atomic levels [89, 90], whereby
here the suppression of the carrier transition is due to the destructive interference between the
laser and the light elastically scattered into the resonator by the atom.
Diffusion is suppressed when TS = 0 in Eqs. (4.38), leading to the vanishing of the diffusion
coefficient D, Eq. (4.25). From Eq. (4.38) this occurs when δc = 0 and, ideally, for κ = 0. Let
us first consider the ideal condition of a lossless resonator. In this case, for δc = 0 the steady
state average phonon number is given by
(0)

hniSt =

[ν(ν + ∆) − g̃2 ]2 + γ 2 ν 2 /4
4ν∆(g̃2 − ν 2 )

(4.55)

Cooling is achieved when either the relations ∆ > 0 and g̃ > ν, or the relations ∆ < 0 and
(0)
g̃ < ν, are fulfilled. The minimum for hniSt is obtained when ∆ = ∆opt (δc = 0), see Eq. (4.54).
For these values the minimum number of phonon at steady state is
(0)

hniSt

=

∆opt (0)

=

γ2
16∆opt (0)2
γ 2ν 2
16(g̃2 − ν 2 )2

(4.56)

with the corresponding cooling rate
W

∆opt (0)

= 4η

2

(ϕ2L

+

Ω
ϕ2c )

2

γ


1−

1
1 + (4∆opt (0)/γ)2



(4.57)

(0)

Therefore, ground state cooling, namely hniSt  1, is found when ∆ = ∆opt and |∆|  γ, or
equivalently for |g̃2 /ν − ν|  γ. This condition can be fulfilled (i) when ν  γ and (ii) when
g̃2  γν, which is most interesting as it can give ground state cooling even when ν  γ. Below
we discuss these two cases in detail.
Case (i) corresponds to the so-called strong confinement regime [82], namely when the
linewidth of the dipole transition is smaller than the trap frequency. In this case sideband
cooling is efficient in free space (i.e., in absence of the resonator). Like for sideband cooling in
free space, the implementation inside a cavity resonator requires ∆ = −ν, leading to the final
(0)
occupation hniSt ≈ γ 2 /16ν 2 .
Case (ii) can be fulfilled in the so-called weak confinement regime [82], namely when the
linewidth of the dipole transition is much larger than the trap frequency. Result (4.56) shows
that ground state cooling can be efficiently achieved. This is to our knowledge a novel regime.
Here, ∆ ∼ g̃2 /ν, so that we can rewrite the cooling limit as
(0)

hniSt

∆opt (0)

≈ γ 2 ν 2 /16g̃4 .

(4.58)
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We now discuss how the efficiency is modified for δc = 0 but κ finite. At first order in κ the
diffusion coefficient D = 0. In fact, D = O(κ2 ), being the stationary population of the excited
state of second order in κ in this regime (see section 2.1). At first order in this expansion the
steady state average phonon number is
(0)

hniSt = hniSt (1 + F )

(4.59)

where the term
F

=

κ2 γ
ϕL ϕc
κ
A−
C1 A− − 2
2
ν
2
ν A− − A+ ϕ2L + ϕ2c

(4.60)

is the correction at first order in κ, C1 is the one-atom cooperativity defined in Eq. (4.51), and
A± =

ν 2γ
[ν(ν ∓ ∆) − g̃2 ]2 + ν 2 γ 2 /4

(4.61)

Cavity decay increases the linewidth of the dressed-state resonances, and it thus detrimental.
Nevertheless, for high cooperativities the result we find in Eq. (4.59) approaches the result of
the ideal case, Eq. (4.58). In particular, for g̃  ν its value at ∆ = ∆opt (0) takes the simple
form
1
(0)
+
≈ hniSt
(4.62)
hniSt
∆opt (0) 8C1
∆opt (0)
showing that the corrections scale with 1/C1 .
It must be remarked that the equations presented in this section have been obtained from
Eqs. (4.38) in the limit of weak coupling. Nevertheless, they are also valid when the dipole is
driven by a saturating laser field. In that case, at zero order in the Lamb-Dicke expansion the
atom is in the ground state and the cavity in a coherent state with amplitude βc = −Ω/g̃, such
that the steady state at zero order is (see section 1.2.b)
ρ0St = |g, βc i hg, βc |

(4.63)

The derivation of the rate equation of cooling, obtained by making no assumption regarding
the strength of the laser intensity, is reported in appendix E. The result agrees with the results
reported in this section, which have been evaluated from Eqs. (4.38) under the assumption
of weak laser fields. This agreement is not a casuality: In fact, when the conditions for this
interference effect are fulfilled, the atom is driven well below saturation even for strong laser and
cavity fields, since they mutually cancel at the atomic position, see section 1.2.b and chapter 2.
Nevertheless, the sideband transitions take place since they are out of phase with respect to the
carrier.
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Suppression of heating by quantum interference

In this section we discuss a cooling scheme based on the suppression of heating processes by
quantum interference. This interference phenomenon is found in the good cavity limit, and
corresponds to the situation in which the heating processes depicted in Fig. 4.3(b) and (c)
cancel out. The corresponding parameters are identified in Eq. (4.38) by imposing the condition
ϕL TLγ,+ + ϕc Tcγ,+ =0. This condition can be fulfilled for instance when ϕL = 0, namely when
the laser is orthogonal to the motional axis and therefore exerts no force, and Tcγ,+ = 0, namely
when the transitions to the blue sideband induced by the mechanical effects of the resonator
vanish. Below we discuss this particular case.
We assume ϕL = 0. Condition Tcγ,+ = 0 is fulfilled when δc = ν/2 and, ideally, κ = 0. In
this limit A+ = γα|TS |2 and the average phonon number at steady state is

2
9γ 2 ν 2 /16 + g̃2 − 3ν(∆ + ν)/2
(0)
(4.64)
hniSt = α
16g̃4 ϕ2c
It reaches a minimum for ∆ = ∆opt (ν/2), namely ∆opt (ν/2) = 2g̃2 /3ν − ν, that has the form
(0)

hniSt

∆opt (ν/2)

=

9α γ 2 ν 2
16ϕ2c 16g̃4

(4.65)

with the corresponding cooling rate
W

∆opt (ν/2)

= 16η 2

Ω2
ϕ2c
γ (1 + 3ν 2 /4g̃2 )2 + (3γν/8g̃2 )2
(4.66)

To our knowledge, this is a novel cooling regime. Insight into these dynamics cannot be simply
gained by inspection of the excitation rate at zero order in the Lamb-Dicke parameter. In
fact, the disappearance of the blue sideband transition is due to a quantum interference effect
between the paths of mechanical excitation driven by the resonator. Comparing this case with
cooling by suppression of diffusion, see Sec. 4.4.b, one finds that for δc = ν/2 one can reach
lower temperatures in a faster time, as it is evident from a comparison of Eqs. (4.65) and (4.66)
with Eqs. (4.57), (4.62) and with the results reported in Sec. 4.3.c.
A finite, but small, value of κ leads to the corrected average excitation
(0)

hniSt = hniSt (1 + κF ) + κG

(4.67)

where
F

=

G =

"
#

γ 2 /4 + (∆ + ν)2
g̃2 γ
1
2(∆ + ν)
+
−
2 9γ 2 ν 2 /16 + (g̃2 − 3ν(∆ + ν)/2)2
g̃2 γ
γν


2
9γ 2 ν 2 /16 + g̃2 − 3ν(∆ + ν)/2
4g̃2 γν 2

(4.68)
(4.69)
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are the corrections at first order in κ. They lower the efficiency of the mechanism. In particular,
the optimal final occupation number becomes


1
α/ϕ2c + 9
(0)
=
1+
hniSt
+
(4.70)
hniSt
8C1
64C1
∆opt (ν/2)
∆opt (ν/2)
while the corrections to the cooling rate scale with 1/C1 . Therefore, for large cooperativities
this interference effect is relevant to the cooling dynamics. We remark, that as for δc = ν/2 the
heating transition vanishes, similarly for δc = −ν/2 the cooling transition cancels out.

4.4.d

Suppression of diffusion and heating by quantum interference

We finally discuss a cooling scheme based on the suppression of both diffusion and heating
transitions by quantum interference. Let us first consider suppression of the carrier excitation,
that leads to a vanishing diffusion coefficient. This can be achieved by using a standing-wave
drive, such that the trap center is at one of its nodes. Therefore, at zero order in the Lamb-Dicke
expansion the atom does not scatter any photon and the cavity is thus empty. Photon scattering
originates from the dynamics due to the finite size of the atomic wave packet, and it is thus a
process of second order in the Lamb-Dicke expansion. In order to investigate these dynamics,
we evaluate the heating and cooling rate entering the rate equation (4.32) by considering a new
Hamiltonian, which is given by operator (4.5) with the new laser-dipole coupling
HaL = ~Ω cos(kx cos θL + φL )(σ † + σ)

(4.71)

The condition for which the trap is at a node of the laser standing wave corresponds to choose
φL = π/2,
For this value, the interaction with the laser vanishes at zero order in the Lamb-Dicke expansion
and the steady state is the empty cavity field and the atom in the ground state, namely ρ0St =
|g, 0c i hg, 0c |. Note that no assumption has been made on the value of the Rabi frequency Ω.
By expanding Eq. (4.71) at first order in the Lamb-Dicke parameter, we obtain in place of the
operator (4.27) the new interaction term
VL = −~ΩϕL (σ † + σ)
In the rest of this section we will consider ϕL = 1.
Following the lines of the derivation as in section 4.2.b with the new definitions, we obtain
the equation for the external dynamics, Eq. (4.24), where now
D=0
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and
S(ν) = −TrI {VL L00I + iν

−1

VL ρ0St }

(4.72)

Here, L00I has the same form as L0I in Eq. (4.18), with H0aL = 0. Clearly, the disappearance
of the diffusion term is due to the fact that there is no field at zero order in the Lamb-Dicke
expansion.
The term (4.72), giving the mechanical action on the atomic motion, originates solely from
scattering of laser photons. In fact, the mechanical effects of the resonator field appear at higher
order in the Lamb-Dicke expansion. The cooling and heating rates A0± = 2Re{S(∓ν)} take the
form
γ± 2
κ± 2
A0± = γ|T1L
| + κ|T1L
|

(4.73)

where now
(δc ∓ ν + iκ/2)
f (∓ν)
g̃
= Ω
f (∓ν)

γ,±
T1L
= Ω

(4.74)

κ,±
T1L

(4.75)
(4.76)

and
f (x) = (x + δc + iκ/2)(x + ∆ + iγ/2) − g̃2

(4.77)

Hence, the transition amplitudes do not relevantly differ from the ones in Eqs. (4.39)-(4.43).
However, no low saturation limit is needed in the derivation of these results.
We study now the cooling dynamics in an exemplary limit, namely in the case of a very good
resonator. We first consider an ideal resonator, namely κ = 0. We obtain
A0± |κ=0 =

Ω2 (δc ∓ ν)2 γ

γ 2 (δ ∓ ν)2 /4 + [(δ ∓ ν) (∆ ∓ ν) − g̃2 ]2

(4.78)

Thus, when δc = ν then the heating transition vanishes. Since the diffusion is also zero, then
A0+ = 0 and
(0)
hniSt = o(η 2 ).
The corresponding cooling rate reaches the maximum value for ∆ = ∆opt (ν), namely ∆opt (ν) =
(g̃2 − 2ν 2 )/2ν, and takes the form
Ω2
W = 4η 2 .
γ
This result is exact for κ = 0.
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Finite values of κ introduce corrections to the heating rate, which takes the form
A0+ ' κΩ2 /g̃2 =

Ω2 1
γ C1

Correspondingly, the average number of phonon at steady state is
hniSt '

[2ν(∆ + ν) − g̃2 ]2 + γ 2 ν 2 1
4ν 2 γ 2
C1

(4.79)

the minimum value of the number of excitations at steady state is found at ∆ = ∆opt (ν) and is
given by
= 1/4C1 ,
hniSt
∆opt (ν)

These cooling dynamics are novel, and correspond to the situation in which the excitation pathways of the combined multilevel atom–cavity system interfere destructively, thereby suppressing
the blue sideband excitation. They are reminiscent of cooling schemes for multilevel atoms
discussed in [91], where suppression of the carrier and blue sideband transitions is achieved by
quantum interference between atomic excitations. In the case studied here, however, the mechanism which leads to suppression of the carrier transition is different from the one that leads
to the suppression of the blue sideband transition, and both are due to the composite effect of
cavity and laser on the atom. Moreover, the parameter regime here considered is one of several
possible, that can be identified by imposing the disappearance of the blue sidebands transition.

4.5

Results

In this section we compare the cooling efficiencies in the various regime, as evaluated from the
analytical results, and check the range of validity of the analytical calculations with a quantum
Monte-Carlo wavefunction method, where the full quantum dynamics of master equation (4.4)
is simulated. We focus onto the good cavity limit, in particular onto the parameters κ  ν  γ.

4.5.a

Plot of the analytical results

The plots in Figure 4.4 show the phonon number at steady state and the cooling rate for different
geometries of the setup. In particular, the plots of the first row depict the situation in which the
mechanical effects on the atom are due to both laser and cavity field, the plots of the second row
show the dynamics when the effects are solely due to the resonator, and the ones in the third
row when the effects are solely due to the laser. The contour plots show most evidently the
parameter regions where cooling is effective. Here, the dashed line represents the function (4.54)
which determines the parameters minimizing the steady state temperature. Clearly, in the
neighborhood of this line the lowest temperature is achieved in all three cases. We note that
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Figure 4.4:

Average phonon number at steady state hniSt and corresponding cooling rate W , in units of
ν, in the good cavity limit, for κ  ν  γ and for three possible geometries: in (a)-(d) (first row) both cavity
and laser fields contribute to the cooling: Here θL = θc = π/4. In (e)-(h) (second row) the mechanical effects
of the cavity solely determine cooling: Here θL = π/2 and θc = π/4. In (i)-(l) (last row) the mechanical
effects of the laser solely determine cooling: Here θL = π/4 and θc = π/2. The contour plots show hniSt
and W as a function of δc and ∆ in units of ν. The gradation of grey follows the scale where darkest region
corresponds to the smallest values, the lightest region to the largest values. The corresponding values are
reported at the bottom of the figure. The heating regions are not coded and explicitly indicated by the
label H. The dashed curve appearing in each contour plot represents the curve ∆opt (δc ), Eq. (4.54). The
parameters are η = 0.1, θL = π/4, Ω = ν, g̃ = 7ν, γ = 10ν, κ = 0.01ν. The other plots display hniSt and W
as a function of δc and ∆opt (δc ), for the same parameters as of the contour plot and κ = 0.01ν (solid line),
κ = 0.1ν (dashed line).

the parameter regimes where cooling occurs may differ depending on whether the dipole forces
are due to the resonator or to the laser.
We now discuss the dynamics in detail. Due to the wealth of behaviours, we focus onto the
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parameter regions where ground-state cooling appears efficient.
Figures 4.4(b),(f), and (j) display the value of the average phonon number as a function of
δc and ∆opt (δc ), namely its value along the function (4.54). Figures 4.4(d),(h), and (l) show the
corresponding cooling rates. Each plot displays two curves, which have been evaluated for two
different values of the cavity decay rate κ (solid curve: κ = 0.01ν, dashed curve: κ = 0.1ν).
From these curves it is visible that, as the cavity decay rate increases, the cooling efficiency
decreases, namely the temperature gets higher and the cooling rate lower. Nevertheless, for
the parameter here considered the cooling dynamics remains efficient. Let us now discuss the
behaviour as we vary δc and keep ∆ = ∆opt (δc ).
In all cases the function hniSt exhibits a minimum at δc = −ν at very large values of ∆.
This is the sideband cooling regime, discussed in Sec. 4.3.c. The cooling rate at these points
is very small, since it scales as ∆−2 , as visible from Eq. (4.52) 1 . This cooling scheme exploits
the dressed states of the system at zero order in the Lamb-Dicke expansion, see Sec. 4.1, and
its efficiency is thus relatively independent of whether the cavity or the laser forces determine
cooling. Here, the cooling efficiency is very sensitive to variation of δc , as visible from the contour
plots. This sensitiveness is due to the narrowness of the linewidth of the dressed-state resonance
which is used for cooling the motion.
The curves in Figures 4.4(b),(f) show also a minimum at δc = ν/2. This is due to cooling by suppression of the resonator’s mechanical coupling to the blue sideband transition, see
Sec. 4.4.c. Clearly, this minimum is more enhanced in Fig. 4.4(f), where cooling is solely due to
the mechanical effects of the cavity, and does not appear in Fig. 4.4(j), where the resonator field
has no mechanical effects on the atom. The corresponding cooling rate is relatively large, being
the atom driven close to resonance in this regime. An interesting characteristic, emerging from
the contour plots, is that these cooling dynamics are relatively robust to fluctuations of the parameters, showing that ground-state cooling is efficient even in the regime in which suppression
of the heating transition is partial.
The heating region at δc = −ν/2, appearing in the case in which the mechanical effects of
the cavity solely contribute to cooling, Figs. 4.4(e)-(h), is originated from the same interference
effects that give rise to cooling at the value δc = ν/2, and that for δc = −ν/2 leads to suppression
of the cooling transition, see Sec. 4.4.c.
Another regime where cooling is effective is found at δc = 0 when the mechanical effects are
solely due to the laser. This parameter regime is characterized by small temperatures and large
cooling rates, as visible from Figs. 4.4(i)-(l). This is the regime in which the carrier transition is
suppressed by an interference phenomenon at zero order in the motion, see Secs. 4.1 and 4.4.b.
1

Ideally, for δc = −ν we should take ∆ → ∞. Here, we have taken a large but finite value, consistent with the
expansion in 1/∆ presented in Sec. 4.3.c.
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Cooling efficiency is robust against fluctuations of the parameters, and appear to be relatively
stable as the value of κ is increased, as compared with the sideband cooling case, see Fig. 4.4(j).
In general, we can conclude that in the range of values of δc around the interval [0, ν/2],
and close to atomic resonance, the cooling efficiency is relatively high. We remark that the final
temperature is limited by the ratio κ/ν. This is understood in the dressed state picture, as the
final limit to the narrow dressed state resonance is set by the cavity decay rate κ.

4.5.b

Numerical simulations

The curves reported in Fig. 4.4 have been obtained from the analytical equations, which have
been evaluated assuming that dipole and cavity dynamics reach the steady state on a much faster
time scale than the center-of-mass dynamics. In Fig. 4.5 we verify these results by comparing
them with a full quantum Monte Carlo wave function simulation of Master Equation (4.4). We
see that in general the analytical predictions are in agreement with the numerical results for a
vast range of parameters, which are experimentally accessible. The discrepancies are small and
are due to parameter regimes where the adiabatic evolution is not fulfilled. The discrepancies
affect mostly the cooling rate, which varies by an overall factor, while the final average excitations
of the center-of-mass oscillator are in agreement.

4.6

Discussion

We have presented an extensive study of the cooling dynamics of trapped atoms in optical
resonators. Our study is based on a rate equation, which we derive from the master equation
of the system composed by atom and cavity, and whose validity is supported by numerical
simulations taking into account the full quantum dynamics. Our analytical results are valid in
the Lamb-Dicke regime and when the center-of-mass potential is independent of the internal
state, like in [26–28].
The equations we derive reproduce the results reported in [48, 49] in their specific parameter regimes. Moreover, they allow us to identify new parameter regimes where the dynamics
of the atomic center-of-mass, coupled to a laser and a cavity field, results from a non-trivial
competition of the laser and of the resonator dipole forces, which can mutually interfere. These
interference effects are at the basis of novel cooling schemes, which allow to reach very large
ground-state occupations. The corresponding dynamics are reminescent of cooling schemes exploiting interference in multi-level atomic transitions [90–92].
It must be remarked that the interference effects discussed in this chapter base themselves on
the discreteness of the spectrum of the mechanical excitations, which is the same for the dipolar
ground and the excited states. Dynamics will be substantially modified when the external
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Figure 4.5:
Comparison between
the analytical equations,Eqs. (4.32)
and (4.38), and a full quantum Monte
Carlo simulation of Eq. (4.4). The
curves show the evolution of the average
phonon number as the function of time
in units of ν −1 , the dashed lines correspond to the analytical predictions,
the solid lines to the quantum Monte
Carlo simulation. The parameters are
η = 0.1, θL = θc = φ = π/4, Ω = ν,
γ = 10ν, κ = 0.1ν and (a) g = 10ν,
δc = −1.1ν; (b) g = 10ν, δc = 0;
(c) g = 10ν, δc = 0.5ν; (d) g = 50ν,
δc = −1.1ν; (e) g = 50ν, δc = 0; (f)
g = 50ν, δc = 0.5ν. In all the cases ∆
satisfy Eq. (4.54). The initial motional
√ P4
state is |ψiE = 0.2 n=0 |ni, where
|ni is a Fock state with n excitation of
the harmonic motion.

potential depends on the internal state, as the spectroscopic properties of the atom are changed
and with it the scattering cross section. Preliminary considerations are in [85] for the case
of trapped multilevel atoms, while the effects of state-dependent mechanical potentials on the
cavity field have been discussed in [56].
In this chapter we have focused onto the case of dipole transitions, which in free space do
not allow one for applying sideband cooling. Here, ground-state cooling can be obtained in good
resonators, whereby the final cooling efficiency is limited by the cavity decay rate. The badcavity case is contained in the analytical equations we have derived. In this limit the effect of the
laser seems to be predominant and for a general configuration the optimal cooling corresponds
to standard cavity sideband cooling. This differs strikingly with the good cavity limit, where
correlations between atom and resonator can lead to very efficient cooling. We remark that
these dynamics are largely modified when the drive is set on the resonator.
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Conclusions
In this thesis we have investigated the dynamics of driven atoms in an optical cavity. In particular
we have discussed the possibility to exploit the effects of a resonator on the radiative properties
of the atoms in order to control the dynamics of the system. We have, therefore, demonstrated
that in spite of the dissipative behaviour of the system, it is possible to generate pure states of
atoms and cavity field.
We have shown that quantum correlations induced by the resonator can be used to enhance
the efficiency of the cooling dynamics of an atom trapped by a harmonic potential. In fact, it
is possible by controlling the frequency of a driving laser and the geometry of the system to
selectively suppress certain scattering processes by quantum interference. In particular, one can
suppress processes which induce heating of the atomic motion, therefore, it is possible to take
advantage of the dissipative behaviour of the system in order to optically pump the atom into
its motional ground state.
Moreover we have studied the scaling of the dynamics of atoms and cavity field with the
number of atoms. We have shown that if the number of atoms interacting with the cavity field
is sufficiently large and the atoms are trapped by the cavity field in a regular pattern, then the
dipole and the cavity field can admit a pure stationary state. Despite the dissipative behaviour
of the system a robust coherent state of the cavity field is built and the atoms stop to fluoresce.
Starting from these results several questions are worth investigating. For example, we can
ask if other pure states of the system can be realized and if other stable patterns, corresponding
to different steady states of the cavity field, exist. Another open question regards the effect of the
collective quantum motion of many atoms, confined in a resonator, on the ability in preparing
quantum states of the system in a controlled way. Furthermore the dynamics discussed in this
thesis are based on interference effects which are robust against noise and decoherence. Therefore, these dynamics offer promising perspectives for implementations in quantum information
processing with cavity QED systems.
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Appendix A

Derivation of the dissipative master
equation for atom and cavity
In this appendix we outline the main steps for the derivation of Eqs. (1.37) and (1.38).
The starting point is the von Neumann equation for the density matrix, ρtot describing the
state of the atom–cavity system and of the reservoir,
i
ρ̇tot (t) = − [HS + HR + W, ρtot (t)] ≡ Lρtot
~

(A.1)

where
HS =



p̂2
+ ~ω0 σ † σ + ~ωc a† a + ~gυ (r̂) σ † a + σa†
2M h
i
+~Ω σ † ei(k·r̂−ωL t) + σe−i(k·r̂−ωL t)

(A.2)

is the Hamiltonian for the atom–cavity system alone and
HR = ~

X

ωj a†j aj + ~

j

X

ωk a†k ak

(A.3)

k

is the Hamiltonian for the reservoir degrees of freedom. Note that here with the index j we
indicate the modes coupled with the atomic dipole on the other hand the index k labels the
modes coupled with the cavity field by the finite transmittivity of the cavity mirrors. In fact in
the interaction Hamiltonian
W = Wa + Wc

(A.4)

we distinguish between the atom–reservoir interaction described by Wa and the cavity–reservoir
interaction Wc . The interaction Hamiltonian between reservoir and atom in the dipole and
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rotating wave approximation has the form
Wa = ~

X
j



gj σ † aj eikj ·r̂ + σa†j e−ikj ·r̂

(A.5)

with the coupling strength defined as
gj =

r

ωj
|deg · ej |
2~0 L3

(A.6)

with ej polarization of mode j. The coupling between cavity mode and reservoir has the form
Wc = ~

X
k



fk a† ak + aa†k

(A.7)

Note that in the case of free space it is usual to consider the field as being contained in a
cube of edge L and to impose periodic boundary condition. With this procedure the field has
a discrete spectrum of modes, as expressed by the summations in equations (A.3), (A.5) and
(A.7). The limit of a continuum spectrum of modes is recovered for L → ∞. In this limit all
the physical prediction are independent of L and the sum can be replaced by an integration
X
XZ
... ↔
dk%(k, e)...,
(A.8)
e

j

where we have introduced the density of states of the e.m. field % and we explicitly sum over
the field polarizations.
Let us introduce the interaction picture operator
L0 ρtot = e−i(HS +HR )t/~ρtot ei(HS +HR )t/~
hence the master equation for the density matrix in the interaction picture ρ̃tot = L0 ρtot is
∂ ρ̃tot
∂t

i
ih
W̃ (t), ρ̃tot
~
≡ L(t)ρtot

= −

(A.9)

with W̃ (t) = L0 ρtot W . Now we define the initial state at time t as the uncorrelated density
matrix
ρ̃tot (t) = ρR ⊗ ρ̃(t),

(A.10)

that is a tensor product of a density matrix for the system and one for the reservoir (ρR ). Here
ρR is assumed to be a stationary state for the field. It means that ρR is diagonal in the base
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of eigenstates of the free field Hamiltonian HR . It is the case, for example, of the statistical
mixture describing the field in thermodynamic equilibrium at temperature T
ρR =

e−Hf /kB T

TrR e−Hf /kB T

(A.11)

where TrR indicate the trace over the degrees of freedom of the reservoir.
Starting form the master equation (A.9) and the factorized initial density matrix (A.10) it
is possible to derive a master equation for the reduced density matrix of atom and cavity field
ρ̃ = TrR {ρ̃tot }. In this derivation we make use of a perturbative approach which is base on
two assumptions. Firstly we assume a weak coupling between the atom–cavity system and the
modes of the e.m field constituting the reservoir. Secondly we assume two distinct time scales
in the dynamics of atom, cavity and reservoir. A first long time scale tS is associated with
the atom–cavity dynamics, namely the time scale over which the variables of atom and cavity
change significantly. The other time scale indicated as tR is much shorter and it is related to
the decay time of the correlation functions of the reservoir variables. This approximation is
known as Markov approximation. Thanks to this assumption memory effects induced by the
interaction with the reservoir are neglected. Under this conditions we integrate Eq. (A.9) over
a time ∆t, such that tR  ∆t  tS ,
ρ̃tot (t + ∆t) − ρ̃tot (t) =

∞ Z
X

t+∆t

n=1 t

dt1 L(t1 )...

Z

tn−1
t

dtn L(tn )ρ̃tot (t).

(A.12)

Now we define the coarse grained rate of variation for the reduced density matrix of atom and
cavity
1
1
[ρ̃(t + ∆t) − ρ̃(t)] ≡
TrR {ρ̃tot (t + ∆t) − ρ̃tot (t)}
∆t
∆t

(A.13)

Since in a time ∆t  tS the system variables do not change appreciably we can approximate the
instantaneous rate ∂ ρ̃/∂t with the coarse grained rate (A.13), which using the solution (A.12)
at second order in the strength of the interaction between system and reservoir, and with the
transformation in the integration variables t00 = t1 − t2 , t0 = t1 become
∂
1
ρ̃(t) = − 2
∂t
~

Z

t+∆t

dt
t

0

Z

0

t0 −t

dt00 TrR

nh

h
iio
W̃ (t0 ), W̃ (t0 − t00 ), ρR ⊗ ρ̃(t)
.

(A.14)

Here we have neglected the term at first order in the interaction strength which trivially vanishes. Using the explicit form for the interaction, Eq. (A.4), it is possible to realize that the
trace in Eq. (A.14) isn constituted by correlation
functions of the reservoir variables of the form,
o
† 0
0
00
for example, of TrR aj (t )aj (t − t )ρR with aj (t) = L0 aj . According to the Markov approximation these correlation functions are very sharp in time and they decay on a time tR  ∆t.
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Without entering the details of the calculation, we note that the correlation functions can be
approximate by delta functions in time. As a result the equation A.14 can be expressed as a
linear differential equation with time independent coefficients of the form
Z ∞
nh
h
iio
1
∂ ρ̃(t)
= − 2
dτ TrR W̃ (t), W̃ (τ ), ρR ⊗ ρ̃(t)
(A.15)
∂t
~ 0
where the time integration can be evaluated using
Z ∞
0
1
dt0 e±it = πδ() ± iP( ).

0

(A.16)

Here P( 1 ) denotes the Cauchy principal part. Thus only field modes at frequency close to the
atomic transition frequency are relevant.
After some algebra we obtain, in the original picture ρ = eiHS t/~ρ̃e−iHS t/~, the master
equation
ρ̇ = −


i
¯a + ∆
¯ c , ρ + Lγ ρ + Lκ ρ
HS + ∆
~

(A.17)

with Lγ and Lκ defined in Eqs. (1.37) and (1.38) respectively. Here
γ = 2π%a (ωj )g(ωj )2 δ(ωj − ω0 )
Z ∞
%a (ω)g(ω)2
¯a = P
dω
∆
ω
0

(A.18)
(A.19)

where %a (ω) is the density of modes of the reservoir field coupled to the atom (note that the
desity of modes enter into the derivation when we replace the summation in Eq. (A.5) and (A.7)
by an integration as described by Eq. (A.8)). The decay rate γ expresses the rate at which
¯ a is a shift of the
an atomic dipole decay irreversibly into the modes of the e.m. field, and ∆
atomic transition frequency contributing to the Lamb shift [94]. In the same way we obtain the
dissipation rate of the cavity field and the shift of the cavity field frequency defined as
κ = 2π%c (ωk )f (ωk )2 δ(ωk − ωc )
Z ∞
%c (ω)f (ω)2
¯
∆c = P
dω
ω
0

(A.20)
(A.21)

here %c (ω) is the density of mode of the e.m. field coupled to the cavity.
¯ a and ∆
¯ c redefining the atomic transition frequency
We account for the effect of the shifts ∆
¯ a and the cavity field frequency as ωc → ωc + ∆
¯ c . Thereby we come to the
as ω0 → ω0 + ∆
master equation (1.36).

Appendix B

Evaluation of the excitation
spectrum
B.1

One atom in a cavity

In this appendix we report the evaluation of the excitation spectrum of an atomic dipole coupled
to a mode of a cavity when the atom is driven by a weak laser field, as in Fig 1.1. Here we
propose a derivation which makes use of a method based on the Liouvillians operators. The
excitation spectrum expresses the rate of photons scattering into the modes external to the
cavity when the system is. Let us consider the dissipative JC model introduced in section 1.2.a
with an additional laser driving the atom. We describe the system in a reference frame rotating
at the laser frequency ωL (see sec. 1.1.e). The master equation is
ρ̇ = L0 ρ + LL ρ

(B.1)

where
h

 i
L0 ρ = −i~ Hef f − ~ωL σ † σ + a† a , ρ + Jρ + Kρ,

(B.2)

describes the dissipative JC model (see sec. 1.2.a) in a reference frame rotating at the laser
frequency and
h
i
LL ρ = −iΩ σ + σ † , ρ
(B.3)
describes the classical field driving the dipole transition with Rabi coupling Ω. The excitation
spectrum w is proportional to the steady state population of the excited atomic state Πe ,
w = γΠe .
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The steady state population of the excited state is expressed by the relation
Πe = Tr{σ † σρSt }.
(B.4)
where ρSt is the steady state solution of the master equation (B.1). It satisfies the equation
(L0 + LL ) ρSt = 0,

(B.5)

with L0 and LL given in Eq. (B.2) and (B.3) respectively. We evaluate an explicit formula for
w when the dipole is driven by a weak laser, namely when Ω is the smallest parameter in the
system dynamics. When Ω is much smaller than all the other parameters that characterize the
system dynamics we expand the steady state at second order in Ω as
ρSt = ρ0 + ρ1 + ρ2

(B.6)

where the indeces indicate the order of the expansion in Ω. Substituting Eq (B.6) into Eq (B.5)
we obtain
L0 ρ0 = 0
L0 ρ1 + LL ρ0 = 0
L0 ρ2 + LL ρ1 = 0

(B.7)

thus the zero-order steady state is the ground state of the atom-cavity system ρ0 = |g, 0i hg, 0|,
namely atom in ground state and cavity field in vacuum. The next orders can be expressed as
ρ1 = −L−1
0 L L ρ0

ρ2 = −L−1
0 L L ρ1

(B.8)

−1
In order to evaluate L−1
0 we can use the expansion of the superoperator L0 in power of the
jump operators

= L−1
L−1
0
ef f

∞
X

h
in
(−1)n (K + J)L−1
ef f

(B.9)

n=0

with the effective superoperator Lef f ρ = −i[H 0 ef f ρ − ρH 0 †ef f ]/~, where


†
†
0
σ
σ
+
a
a
Hef
=
H
−
~ω
L
ef f
f

(B.10)

0
in which Hef f is defined in Eq. (1.41). Note that the non–hermitian effective Hamiltonian Hef
f
couples only state with equal number of excitation: state of the form |g, n + 1i with |e, ni. Thus
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we obtain
ρ1 = −L−1
ef f LΩ ρ0
i
h
−1
1
+
(K
+
J)L
ρ2 = −L−1
ef f LΩ ρ1
ef f

(B.11)

Eventually using these results in Eq. (B.4) for the atomic excited state population we obtain
n
o
−1
Πe = Tr σ † σL−1
L
L
L
ρ
(B.12)
ef f Ω ef f Ω 0 .

We note that only three states are involved in this calculation. Namely the ground state |g, 0i
and the two excited states with one excitation, i.e. |g, 1i corresponding to the atom in the
ground state and one photon in the cavity, and |e, 0i corresponding to the atom in the excited
states and cavity in the vacuum. After some algebra we arrive to the result
h
i
Ω2 (ωL − ωc )2 + κ2 /4
(B.13)
Πe =
|D|2
where
D = (ωL − ωc + iκ/2)(ωL − ω0 + iγ/2) − g02

(B.14)

is the determinant of the effective Hamiltonian in the rotating frame
!
1
0
(1)
0
Hef
.
f = Hef f − ~ωL
0 1
evaluated in the subspace with excitation number n = 1, which is subtended by the states |g, 1i
0
and |e, 0i. We define the eigenfrequency of Hef
f as ∆± = −ωL + λ̃±,1 . So we can rewrite the
0 ,
determinant (B.14) as product of the eigenvalues of Hef
f
D = (ωL − λ̃+,1 )(ωL − λ̃−,1 ),

(B.15)

and eventually we obtain the expression for the excitation spectrum given in Eq. (1.50).

B.2

A driven atom in a cavity

In this appendix we evaluate the excitation spectrum for an atom coupled with a laser and a cavity mode as obtained by probing the atom with an additional field as in fig. 2.3(a). We evaluate
the excitation spectrum by calculating the transition amplitude which describes the scattering
of a probe photon into the modes of the electromagnetic field, into which the dipole spontaneously emit. In this derivation we evaluate the transition amplitude by means of the scattering
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matrix. The modes of the electromagnetic field are here treated quantum mechanically. The
Hamiltonian determining the dynamics is
H 0 = H + Hprobe + Hemf

(B.16)

where H is defined in Eq. (1.32), Hprobe = ~δP b† b + V , with b, b† annihilation and creation
operators of a probe photon, δP detuning of the probe from the cavity frequency, and


(B.17)
V = ~ΩP bσn† + b† σn

the interaction of the probe with the dipole, with ΩP vacuum Rabi frequency. The term Hemf
describes the coupling of the dipole to the other external modes of the electromagnetic field ,
P
Hemf = k ~δk b†k bk + W , where k labels the mode at frequency δk (in the reference frame of
the drive) and wave vector k, with corresponding creation and annihilation operators b†k , bk ,
and W describes the interaction with the atomic dipole,


X
W =
~gk σ † bk + σb†k
(B.18)
k

Here, gk is the vacuum Rabi frequency for the coupling of the mode to the dipole.
We assume that at t = 0 the system is in the stationary state of the driven dipole and cavity
system, the probe field is a coherent state of amplitude η such that |η|2  1 and the other modes
of the electromagnetic field are in the vacuum |0k i. As we are interested in the probability that
a probe photon is scattered into the modes of the e.m.f.-field, the initial state is given with
probability |η|2 by
|ψi i = |g, β; 1P , 0k i
(B.19)
and it is at energy Ei = ~∆ + ~δP , while the final state is
|ψf,k i = |g, β; 0P , 1k i

(B.20)

The transition amplitude is the element of the scattering matrix Si,fk ,
Sifk = −2iπ lim δ(T ) (Efk − Ei )Tifk (Ei )
T →∞

(B.21)

where δ(T ) (E) is the diffraction function,
δ(T ) (E) =

1 sin(ET /2~)
π
E

(B.22)

and Tf i (Ei ) is the transition matrix element, which at lowest non-vanishing order has the form
Tifk (Ei ) = hψf,k |W

1
V |ψi i
Ei − Heff

(B.23)
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0 is the effective Hamiltonian,
Here, Heff
0
Heff
= Heff + ~δP b† b

(B.24)

where Heff is given in (2.2). At lowest order in η, the transition matrix element (B.23) has the
form
Tifk (Ei ) = ~2 gk Ω̃P he, β; 0P , 0k |

1
0 |e, β; 0P , 0k i
Ei − Heff

(B.25)

where Ω̃P = ηΩP . The solution of (B.25) can be easily found in the reference frame defined by
0 = H̃ (0) + ~δ b† b, where we have used (C.3). Finally, we obtain
(1.53): Here, Heff
P
eff
Tifk (Ei ) = ~gk Ω̃P

δP
δP [δP + ∆ + iγ/2] − g2

(B.26)

By substituting this result in Eq. (B.21) we find the transition amplitude. The rate (2.9) is found
from (B.21) after summing over all modes of the continuum and taking the modulus squared
divided by the time T [77].
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Appendix C

Evaluation of the perturbative
corrections in κ
In this appendix we present the main steps to determine ρ(t) in (2.3) to second order in κ. In
the displaced frame defined by the unitary transformation (1.53) ρ̃(t) = D(β)† ρ(t)D(β), and
Eq. (2.3) takes the form
ρ̃(t) = S̃(t)ρ̃(0) +

Z

0

t

dτ S̃(t − τ )(κK̃0 + γJ)ρ̃(τ )

where ρ̃(0) = D(β)† ρss D(β) = |g, 0ihg, 0| and
K̃0 X = aXa† −

Ω
(aX + Xa† ) +
g

S̃(t)X = Ueff (t)XUeff (t)†


1
Ueff (t) = exp − H̃eff t
i~

 2
Ω
X
g

Here, K̃0 , S̃(t) are the transformed superoperators defined on a density matrix X and Ueff (t) is
a non–unitary operator, with H̃eff = D(β)† Heff D(β). The operator H̃eff is non–Hermitian. Its
spectrum and eigenvectors are calculated by solving the secular equations for the right and left
†
|vλ i = ~λ∗ |vλ i. The states {|vλ i, |vλ i}
eigenvectors of H̃eff , according to H̃eff |vλ i = ~λ|vλ i, H̃eff
P
constitute a biorthogonal basis, such that λ |vλ ihvλ | = 1. In this basis the operator Ueff (t) can
be written as
X
(C.1)
Ueff (t) =
e−iλt |vλ ihvλ |
λ

(0)

(1)

(2)

We expand now Ueff (t) in second order in the parameter κ, Ueff (t) = Ueff (t)+κUeff (t)+κ2 Ueff (t),
where the superscript indicates the corresponding order in the perturbative expansion. In order
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to evaluate these terms we define
(0)

H̃eff = H̃eff + κV

(C.2)

with
(0)

H̃eff

V


γ
|eihe|
= ~g(aσ † + a† σ) − ~ ∆ + i
2


i~
Ω2
i~ Ω †
= −
a† a + 2 +
(a + a)
2
g
2 g

(C.3)
(C.4)

and solve the eigenvalue equation at second order in κ, obtaining
λ = λ(0) + κλ(1) + κ2 λ(2) + o(κ3 )
(0)

(1)

(2)

|vλ i = N −1/2 (|vλ i + κ|vλ i + κ2 |vλ i + o(κ3 ))
and analogously for the left eigenvectors, where N = hvλ |vλ i. In particular, the solutions at zero
order have the form
!
r
γ 2
1
γ
(0)
∆+i
λn,± = −
∆+i ∓
+ 4g2 n
(C.5)
2
2
2

with the respective right eigenvectors
E
(0)
vn± = an,± |e, n − 1i + bn,± |g, ni

(C.6)

and

−1/2

an,± = λn,± Nn,±
√
−1/2
bn,± = g nNn,±

while the left eigenvectors |vi have the form |vn,± i = a∗n,± |e, n − 1i + b∗n,± |g, ni, where Nn,± =
hvn,± |vn,± i. Using this expansion, the terms of the perturbative expansion of the operator Ueff (t)
are immediately found, and the evaluation of ρ̃(t) = ρ̃(0) (t) + κρ̃(1) (t) + κ2 ρ̃(2) (t) + o(κ3 ), consists
in the evaluation of the integrals
ρ̃(0) (t) = S (0) (t)|g, 0ihg, 0|
Z t
(1)
ρ̃ (t) =
dτ S (0) (t − τ )K0 S (0) (τ )|g, 0ihg, 0|
0
Z t h
(2)
(2)
ρ̃ t) = S (t)|g, 0ihg, 0| +
dτ S (0) (t − τ )JS (2) (τ )
0
i
(0)
(1)
(1)
+S (t − τ )K0 S (τ ) + S (t − τ )K0 S (0) (τ ) |g, 0ihg, 0|

(C.7)

P
(l−p)
(p)
where S (l) (t)X = lp=0 Ueff (t)XUeff (t)† . Note that in (C.7) we have omitted to write the
terms containing JS (j) (τ )|g, 0ihg, 0| (with j = 0, 1), since they vanish.

Appendix D

Cavity cooling of trapped atoms:
Limit of weak driving fields
We consider the limit when the atom is weakly driven, namely when the Rabi frequency Ω is
much smaller than all the other physical parameters that characterize the internal dynamics.
We study the dynamics of the motion in perturbation theory in second order in Ω and η, and
neglect the terms of order η 4 Ω2 , η 2 Ω4 and higher.
At zero order in Ω the laser field is zero. Hence, at steady state the cavity is empty and the
atom is in the ground state. The state of dipole and cavity is described by the density matrix
ρ◦St = |g, 0c i hg, 0c | ,
which is the solution of the equation L◦0I ρ◦St = 0, with
L◦0I ρ = L0I
=

Ω=0

ρ

(D.1)

1
[Ha + Hc + H0ac , ρ] + Lκ ρ + L0γ ρ
i~

and is obtained from L, Eq. (4.4), at zero-order in η and Ω. Following the general procedure
P
described in section 4.2.b, we define the projector P ρ = |g, 0c i hg, 0c | ⊗ n |nihn|TrI {hn|ρ|ni}
into the eigenspace of the superoperator
L◦0 = L◦0I + L0E

(D.2)

namely the Liouvillian at zero order in η and Ω, at the eigenvalue zero. The effect of the
perturbation in η and Ω is described by the equation
P ρ̇ = LP P ρ
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where we have eliminated the coupling with other subspaces, thereby obtaining
∞
X

Ωm
Ln,m
g̃m
n,m=0




4
2
2
2Ω
2Ω
4Ω
= η 2 L2,2 + O η 2 + O η 4
g̃
g̃
g̃

LP

=

ηn

(D.3)
(D.4)

At the lowest non-vanishing order only the term L2,2 is relevant, and
LP

Ω2
L2,2
g̃2
= ϕ2L LL + ϕ2c Lc + ϕc ϕL LcL + Ldiff
' η2

(D.5)
(D.6)

The subscripts L, c and cL label the terms describing processes in which the mechanical effect
on the atoms are due respectively to the laser, the cavity, and to the cooperative action of laser
and cavity. They have the form
LL = −P L1L L◦−1
0 L1L
Lc =
LcL =

(D.7)

◦−1
◦−1
−P L1c L◦−1
0 L1c L0 L0L L0 L0L
◦−1
◦−1
−P L1c L◦−1
0 L0L L0 L1c L0 L0L
◦−1
P L1L L◦−1
0 L1c L0 L0L
◦−1
+P L1c L◦−1
0 L0L L0 L1L
◦−1
+P L1c L◦−1
0 L1L L0 L0L

(D.8)

(D.9)

where the terms which trivially vanish have been omitted. Here,
i
L0L ρ = − [H0aL , ρ]
~

(D.10)

describe the laser-atom interaction at zero order in η where H0aL is defined in Eq. (4.20),
i
L1L ρ = −η [(b† + b)VL , ρ]
~
i
L1c ρ = −η [(b† + b)Vc , ρ]
~

(D.11)
(D.12)

describes respectively the laser-atom and cavity-atom interaction at first order in η where VL
and Vc are defined in Eqs. (4.28)-(4.29). The diffusion due to carrier excitation is given by
Ldiff

◦−1
= P L2γ L◦−1
0 L0L L0 L0L

(D.13)
(D.14)
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where
L2γ ρ =

γα h
σ 2(b + b† )ρ(b + b† )
2
i
−(b + b† )2 ρ − ρ(b + b† )2 σ †

(D.15)

is the Liouvillian at second order in η for the atomic spontaneous emission.
Tracing over the internal degree of freedom we obtain an equation for the density matrix
µ = TrI {P ρ} for the center-of-mass variables,
T rI {Ldiff P ρ} = η 2 [D(bµb† − b† bµ + b† µb − bb† µ) + H.c.]
T rI {Lj P ρ} = η 2 [Sj (ν)(bµb† − b† bµ)

+Sj (−ν)(b† µb − bb† µ) + H.c.]

(D.16)

with j = {L, c, cL}. The coefficients D and Sj are defined as
D=

γα
◦−1
◦
TrI {σ † σL◦−1
0I L0Ω L0I L0Ω ρSS }
2

(D.17)

and
SL (ν) = −TrI {VL (L◦0I + iν)−1 VL ρ◦SS }

Sc (ν) = −TrI {Vc (L◦0I + iν)−1 Vc L◦−1
0I L0L
i
◦
+L0L (L◦0I + iν)−1 Vc L◦−1
0I L0L ρst }
n
◦
ScL (ν) = TrI VL (L◦0I + iν)−1 Vc L◦−1
0I L0L ρst

+Vc (L◦0I + iν)−1 L0L (L◦0I + iν)−1 VL ρ◦st
o
−1
◦
◦−1
◦
+Vc (L0I + iν) VL L0I L0L ρst

(D.18)

Setting S(ν) = ϕ2L SL (ν) + ϕ2c Sc (ν) + ϕc ϕL ScL (ν) we find an equation of the same form as
Eq. (4.24). The real part of these terms are
Re {D} = γα|TS |2 /2


Re {SL (∓ν)} =
γ|TLγ,± |2 + κ|TLκ,± |2 /2

Re {Sc (∓ν)} = γ|Tcγ,± |2 + κ|Tcκ,± |2 /2


∗
∗
Re {ScL (∓ν)} =
γTLγ,± Tcγ,± + κTLκ,± Tcκ,± /2
+c.c.

(D.19)
(D.20)
(D.21)

(D.22)

where the coefficients Tj are given explicitly in Eqs. (4.39)-(4.43). Finally, heating and cooling rates are given by A± = 2Re{S(∓ν) + D} and their explicit dependence on the physical
parameters are reported in Eq. (4.38).
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Appendix E

Cavity cooling of trapped atoms:
Limit of small cavity loss rate
In this appendix we discuss the derivation of the rate equation, in the limit of small cavity loss
and δc = 0, by making no assumption over the laser Rabi frequency Ω, which may saturate the
atomic transition. The results we obtain in this appendix are valid provided that g̃ 6= 0.
In order to derive the rate equation for the atomic motion we closely follow the general
approach described in section 4.2.b, where here we expand at second order in η and at first
order in κ. The limit of applications of the perturbative expansion are found after identifying
the smallest rate determining the internal dynamics for κ = δc = 0. This is the width of the
narrow resonance γ− , which for sufficiently large values of |∆| takes the form
!
γ
|∆|
(E.1)
γ− ∼
1− p
4
∆2 + 4g̃2
Therefore, an expansion in κ and η is possible provided that κ  γ− and ηϕc g̃, ηϕL Ω  γ− .
In this regime, the internal dynamics at zero order are described by the Liouvillian
L00I

= L0I
=

κ=0,δc =0

(E.2)

1
[Ha + H0ac + H0aL , ρ] + L0γ ρ
i~

and the steady state, which is solution of L00I ρ0St = 0, is given by Eq. (4.63). The superoperator
at zero order in η and κ is given by
L00 = L00I + L0E

(E.3)

and the corresponding projector over the eigenspace at eigenvalue zero is P ρ = |g, βc i hg, βc |⊗
n |nihn|TrI {hn|ρ|ni}. The dynamics of this subspace at the lowest relevant order in η and κ/γ−

P
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are P ρ̇ = LP P ρ where
LP =

∞
X

n=0,m=0

ηn

κm
m Ln,m
γ−

(E.4)

κ
L2,1
γ−

(E.5)

At lowest order it has the form
LP ' η 2 L2,0 + η 2
where
η 2 L2,0 = −P L1 L−1
00 L1
κ
−1
η 2 L2,1 = P L1 L−1
00 L1 L00 Lκ
γ−
−1
+P L1 L−1
00 Lκ L00 L1

(E.6)

(E.7)

with
i
L1 = −η [(b† + b)V1 , ρ]
~

(E.8)

Liouvillian at first order in η for the coupling between atom and electromagnetic field, and V1
given by Eqs. (4.27). Note that we have omitted to write the terms which trivially vanish.
Tracing over the internal degree of freedom we obtain the equation
µ̇ = TrI {LP ρ0SS ⊗ µ}
for the center-of-mass variables density matrix µ = T rI {P ρ}, whereby
TrI {L2,` P ρ} = η 2 [S` (ν)(bµb† − b† bµ)

+S` (−ν)(b† µb − bb† µ) + H.c.]

(E.9)

Here the index ` = {0, 1} indicate the order of the expansion in κ. From this equation we can
identify the coefficients of Eq. (4.24), and thus
D=0
and
S(ν) = S0 (ν) + S1 (ν)
where
S0 (ν) = −TrI {V1 (L00I + iν)−1 V1 ρ0SS }

S1 (ν) = TrI {V1 (L00I + iν)−1
h
i
−1
V1 L−1
L
+
L
(L
+
iν)
V
κ
00I
1 ρ0SS }
00I κ

(E.10)
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Note that D = o(κ2 ), as in this system the population of the atomic excited state grows quadratically with κ [96, 97].
Heating and cooling rates are found from the relation A± = 2Re{S0 (∓ν) + S1 (∓ν)}, and
take the form
A± = Ω2 A± ϕ2L + ϕ2c + ξκ±
whereby |ξκ± |  1. In particular,
A± =



ν 2γ
[ν(ν ∓ ∆) − g̃2 ]2 + ν 2 γ 2 /4

(E.11)

(E.12)

with
ξκ± =


κ2 
γ
C
A
1
−
(ϕ2L + ϕ2c )
1
±
ν2
2


ϕ2c
κ ∆ν
−
+
∓ 1 ϕL ϕc
2C1
ν g̃2

(E.13)

Result (E.11) coincides with the one obtained from expanding Eq. (4.38) to the first order
in κ and with δc = 0, from which the results in Eqs. (4.57) and (4.59) have been obtained.
Nevertheless, in deriving rates (E.11) we have made no assumption on the strength of the laser
intensity.
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