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Small-sample performance and
underlying assumptions of a
bootstrap-based inference method
for a general analysis of covariance
model with possibly heteroskedastic
and nonnormal errors
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Abstract

It is well known that the standard F test is severely affected by heteroskedasticity in unbalanced analysis of covariance

models. Currently available potential remedies for such a scenario are based on heteroskedasticity-consistent covariance

matrix estimation (HCCME). However, the HCCME approach tends to be liberal in small samples. Therefore, in

the present paper, we propose a combination of HCCME and a wild bootstrap technique, with the aim of improving

the small-sample performance. We precisely state a set of assumptions for the general analysis of covariance model and

discuss their practical interpretation in detail, since this issue may have been somewhat neglected in applied research so

far. We prove that these assumptions are sufficient to ensure the asymptotic validity of the combined HCCME-wild

bootstrap analysis of covariance. The results of our simulation study indicate that our proposed test remedies the

problems of the analysis of covariance F test and its heteroskedasticity-consistent alternatives in small to moderate

sample size scenarios. Our test only requires very mild conditions, thus being applicable in a broad range of real-life

settings, as illustrated by the detailed discussion of a dataset from preclinical research on spinal cord injury. Our

proposed method is ready-to-use and allows for valid hypothesis testing in frequently encountered settings (e.g.,

comparing group means while adjusting for baseline measurements in a randomized controlled clinical trial).
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wild bootstrap

1 Introduction

1.1 The analysis of covariance model and its assumptions

Consider the frequently encountered situation where several groups of subjects are being compared with respect to
a continuous outcome variable. For the statistical comparison of the group means, the analysis of variance
(ANOVA) is often used. However, in many instances, it is reasonable to account for one or several covariates,
such as baseline measurements or variables which are thought to be related to the outcome. A recently published
EMA guideline for clinical trials recommends adjusting for any variable which is at least moderately associated
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with the primary outcome.1 For this purpose, the analysis of covariance (ANCOVA) is an appropriate tool, which
is used with the aim of increasing the inferential power, and reducing bias and variance of the effect estimators.2

The ANCOVA has been applied in many research disciplines, ranging from studies about Alzheimer’s disease3 to
pharmaceutical issues,4 educational5 and fishery research,6 just to name a few.

There have been controversial discussions concerning the appropriate use and interpretation of ANCOVA in
various settings.5,7–11 Apart from that, it is well known that, as an inference method, it also relies heavily on the
assumptions of homoskedasticity and normality of the errors. It has been shown in simulation studies that the
violation of one or more of these assumptions can seriously affect the ANCOVA F test in terms of maintenance of
the prespecified type I error level and power.2,12

Many of the proposed solutions to tackle this problem can be grouped into one of the following two
approaches. Namely, on the one hand, some authors essentially kept the fully parametric ANCOVA model,
but tried to derive test statistics which are more robust against violations of the above-mentioned assumptions.
This approach had already been considered several decades ago13 and has recently been enriched by different
bootstrap variations.14 On the other hand, leaving the parametric model in favour of a nonparametric approach
has received attention. In this regard, both introductory papers explaining the proper application of ANCOVA to
real-life data,15–17 as well as more theoretic contributions18–22 have been published. However, the latter approaches
still impose some restrictions regarding either the number of groups or the number of covariates. Moreover, only
moderate to large sample size scenarios have been considered so far, with a minimum number of 40 subjects per
group.21 Thus, the small-sample performance of those methods remains unknown. However, group sizes below
that level are encountered quite frequently and there is a need for precise statistical methods for such situations.
Examples cover data from preclinical research as well as studies on rather rare diseases (e.g., spinal cord injury
(SCI) or multiple sclerosis). In one single paper, the authors indeed examined the small-sample performance of the
tests they proposed with respect to the maintenance of the nominal � level. They found that finite-sample
properties also depended on the number of groups.18 Likewise, the enriched parametric ANCOVA approach
lacks sufficient evidence regarding its performance in finite-sample situations. For example, in simulation
studies, only the homoskedasticity assumption was relaxed, but the normality assumption was maintained.14

1.2 Heteroskedasticity-consistent covariance matrix estimation in regression analysis

Relaxing the model assumptions has been an important focus of research in the field of regression analysis for
some decades, too. Especially with regard to heteroskedasticity of the errors, an important contribution was
White’s heteroskedasticity-consistent covariance matrix estimator (HCCME), and the derivation of the
asymptotic distributions of its corresponding test statistics.23 In medical studies, this approach has been used to
some extent, too, both in applied branches such as diffusion tensor imaging24 and genome-wide microarray
analyses,25 as well as in more methodological papers.26,27 However, the statement that HCCMEs are hardly
known outside the statistical audience28 still appears to be a fair assessment. Moreover, the methods discussed
so far either lack sufficient generality, maintaining strong assumptions like the normality of the errors,26 or they do
not consider the assumptions underlying HCCMEs at all.25–28 In addition to that, results of simulation studies
conducted in the context of linear regression indicate that the classical asymptotic HCCME-based tests tend to be
liberal.29 However, it remains an open question whether this holds true for the ANCOVA model, too. Moreover,
proofs are hardly provided, except in one publication, where the authors nevertheless kept the restrictive
assumption of a symmetric error distribution, yet providing some empirical evidence that their approach might
work in a more general setting, too.30

1.3 Objectives

The aim of our work is twofold: Firstly, we state a set of assumptions for the general ANCOVA model and prove
that they are sufficient for the White HCCME approach23 to be applied. Henceforth, we will refer to this approach
as well as to the associated test statistic by the term White-ANCOVA. Moreover, we discuss what these
assumptions actually mean in practice and demonstrate that our approach covers a broad variety of designs
which are frequently used in applied research, including multi-way layouts and models with hierarchically
nested factors. Hopefully, this detailed discussion will lead to an increased awareness and understanding of the
model assumptions, which is of particular importance, since this aspect may have been somewhat neglected in both
applied and theoretical work on the general ANCOVA so far. Secondly, we introduce the wild bootstrap
method,31–33 combine it with the White-ANCOVA and prove the theoretical validity of this approach.
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Moreover, we present the results of an extensive simulation study, where we investigate the impact of various
degrees of nonnormality and heteroskedasticity on the type I error control of the ANCOVA F test, the HCCME-
based test and its wild bootstrap counterpart in several balanced and unbalanced small sample size settings. Such
scenarios may well be encountered in practice, but have not been sufficiently examined in the context of ANCOVA
so far, not to mention the newly proposed method. Moreover, we simulate the empirical power of the ANCOVA F
test and the wild bootstrap version of the HCCME-based test. Finally, we demonstrate the applicability of our
method to a real-life dataset and conclude with some discussions of our results, closing remarks and ideas for
future research. We deliberately put all mathematical proofs into the Online Appendix (Section 1), in order to
ensure that the main body of the paper can be understood by a broad audience. In Sections 2 to 6 of the Online
Appendix, we provide additional simulation results for scenarios with alternative HCCMEs as well as for several
settings that do not address the main focus of the present paper, but nevertheless provide useful empirical evidence
regarding the scope of potential applications (e.g., random covariates, or more severe heteroskedasticity).
Moreover, the R code for the simulations and the real-data example is also part of the online supplementary
material to this paper.

2 White’s HCCME in the one-way ANCOVA model

In the sequel, we shall denote a diagonal matrix diagða1, a2, . . . , anÞ by the more compact notation�n
i¼1ai, with an

analogous notation for a block diagonal matrix (i.e., a matrix consisting of matrices as diagonal elements). At first,
we introduce the HCCME concept. Let us consider the general linear model

Y ¼ Xbþ e ð1Þ

where Y ¼ ðY1, . . . ,YNÞ
0, b ¼ ð�1, . . . ,�cÞ

0. Moreover, let X ¼ ðx1, . . . , xNÞ
0 with xi ¼ ðx

ð1Þ
i , . . . , x

ðcÞ
i Þ
0, 1 � i � N,

denote the regressor matrix, considered as fixed in the sequel. The errors are assumed to be independent, with
Eð�iÞ ¼ 0 and Varð�iÞ ¼ �

2
i 4 0, 1 � i � N. Let b̂ ¼ ðX0XÞ�1X0Y denote the ordinary least squares estimator of b.

Moreover, we define

dCov ffiffiffiffi
N
p

b̂
� �

:¼ ðX0X=NÞ�1N�1X0 �
N

i¼1
u2i

0@ 1AXðX0X=NÞ�1 ð2Þ

where u2i :¼ ðYi � x0ib̂Þ
2, 1 � i � N:

In order to test H0 : Hb ¼ 0, where H 2 R
q,c, rankðHÞ ¼ q, White considered a Wald-type test statistic and

proved that under certain assumptions, which will be precisely stated in Online Appendix 1, the following
asymptotic result holds23

N Hðb̂� bÞ
n o0

HdCov ffiffiffiffi
N
p

b̂
� �

H0
n o�1

Hðb̂� bÞ!
d
�2q ð3Þ

Hence, an asymptotic level � test can be obtained by rejecting the null hypothesis H0 : Hb ¼ 0 if and only if the
value of the test statistic

TðHÞ :¼ N Hb̂
n o0

HdCov ffiffiffiffi
N
p

b̂
� �

H0
n o�1

Hb̂ ð4Þ

exceeds the 1� � quantile of the central Chi-square distribution with q ¼ rankðHÞ degrees of freedom. In previous
papers, it has been recognized that using White’s initial estimator, as defined in (2), makes the corresponding test
statistics liberal.34 Consequently, some refinements of White’s initial estimator had been proposed. For example,
one could replace the squared residuals u2i in (2) by u2i =ð1� piiÞ

34 or u2i =ð1� piiÞ
�i , �i :¼ minð4, pii=ðN

�1
PN

j¼1 pjjÞÞ,
35

where pii denotes the i-th diagonal element of the hat matrix XðX0XÞ�1X0, 1 � i � N. Note that regarding the
proofs provided in Online Appendix 1, this modification does not matter, because limN!1ð1� piiÞ ¼ 1 and
limN!1ð1� piiÞ

�i ¼ 1, uniformly in i, under the assumptions stated in Online Appendix 1. Throughout this
paper, we refer to White’s initial estimator and its modified versions by HC0, HC2 and HC4, respectively.34

Next, to turn to the general one-way ANCOVA model, suppose that we have N ¼ n1 þ n2 þ � � � þ na
observations of individuals from a different groups. We assume that these observations are realizations of
random variables, say, Y11,Y12, . . . ,Yana , which follow the linear model Yij ¼ �i þ

Pr
k¼1 	kz

ðkÞ
ij þ �ij, where �ij

are independent with Eð�ijÞ ¼ 0, Varð�ijÞ ¼ �
2
ij 4 0, and z

ðkÞ
ij are some fixed covariates, i ¼ 1, . . . , a,

3810 Statistical Methods in Medical Research 28(12)



j ¼ 1, . . . , ni, k ¼ 1, . . . , r. Equivalently, in matrix notation

Y ¼ �
a

i¼1
1ni

 !
lþ Zmþ � ð5Þ

where 1ni denotes the ni-dimensional vector of ones, Y ¼ ðY11, . . . ,YanaÞ
0, Z ¼ ðz11, . . . , zana Þ

0, zij ¼ ðz
ð1Þ
ij , . . . , z

ðrÞ
ij Þ
0,

1 � i � a, 1 � j � ni, l ¼ ð�1, . . . ,�aÞ
0, m ¼ ð	1, . . . , 	rÞ

0, � ¼ ð�11, . . . , �anaÞ
0, Eð�Þ ¼ 0, Covð�Þ ¼ diagð�211, . . . , �2ana Þ:

Now, in order to derive a test for

H0 : �1 ¼ � � � ¼ �a ð6Þ

we rewrite the ANCOVA model given in (5) in the form of the linear model (1) by setting
X ¼ ð�a

i¼11ni ,ZÞ, b ¼ ðl
0, m0Þ0 and splitting up the indices in (1), in order to account for the grouped structure of

the data. Accordingly, in order to express the hypothesis stated in (6) as H0 : Hb ¼ 0, we specify
H ¼ ð1a�1, � Ia�1, 0Þ (i.e., H is a ð1� 3Þ block matrix, containing the ða� 1Þ-dimensional vector 1a�1 of ones,
the ða� 1Þ - dimensional identity matrix Ia�1 multiplied by ð�1Þ and the ðða� 1Þ � rÞ matrix containing only
zeroes, respectively, where r denotes the number of covariates). Observe that H has full row rank because
rankðHÞ ¼ a� 1. Furthermore, (6) is indeed equivalent to H0 : Hb ¼ 0, because the latter simplifies to
H0 : �1 � �2 ¼ 0, . . . ,�1 � �a ¼ 0. Now, in the following theorem, we set up some assumptions, which are
required for the White HCCME approach to work.

Theorem 1. In what follows, let Ia, Ja and Pa denote the a-dimensional identity matrix, the a-dimensional square
matrix of 1’s and the so-called a-dimensional centering matrix (i.e., Pa ¼ Ia �

1
aJa), respectively. Let us assume that

the following conditions are fulfilled for model (5):
(GA1) The components of the error vector � are independent, with Eð�Þ ¼ 0, Covð�Þ ¼ diagð�211, �

2
12, . . . ,

�21n1 , . . . , �2a1, . . . , �2anaÞ4 0, and 9d1 4 0, 
4 0 : Eðj�ijj
2þ
Þ � d1 for all i 2 f1, 2, . . . , ag, j 2 f1, 2, . . . , nig.

(GA2) 9d2 4 0 : jz
ðkÞ
ij j5 d2 for all i 2 f1, . . . , ag, j 2 f1, . . . , nig, k 2 f1, . . . , rg.

(GA3) (a) 9d3 4 0,m0 2 N : N
ni
� d3 for all i 2 f1, 2, . . . , ag and N � m0.

(b) 9d4 4 0,m1 2 N : detðN�1
Pa

i¼1 Zi
0PniZiÞ ¼

Qr
s¼1 �s � d4 for all N � m1, where Zi denotes the

regressor matrix of the i-th group, 1 � i � a, and �1, . . . , �r are the eigenvalues of the matrix

N�1
Pa

i¼1 Zi
0PniZi.

(GA4) (a) 9d5 4 0,m2 2 N : d5
Pni

j¼1 �
2
ij � N for all i 2 f1, 2, . . . , ag and N � m2.

(b) Let M :¼ N�1
Pa

i¼1 Zi
0f
P

i�ð
Pni

j¼1 �
2
ijÞ
�1sis

0
igZi, where

P
i ¼ diagð�2i1, . . . , �2ini Þ, si ¼ ð�

2
i1, . . . , �2ini Þ

0,

1 � i � a. Then, 9d6 4 0,m3 2 N: detðMÞ ¼
Qr

s¼1 �s � d6 for all N � m3, where �1, �2, . . . , �r denote
the eigenvalues of the matrix M.

Then, the convergence result (3) holds.
The proof of this theorem is provided in Online Appendix 1. We would like to emphasize that the assumptions

(GA1)-(GA4) are very general, because they either exclude trivial cases or impose only weak assumptions on the
covariates and the errors, which are met in virtually any real-life setting. In particular, observe that the error
distributions may even vary between subjects. So, all in all, the proposed method is potentially useful for a broad
range of applications. This will be further illustrated in the following section.

3 Applicability of the White-ANCOVA model to real-life data

At first, we would like to explain how the assumptions (GA1)–(GA4) can be interpreted. Therefore, we shall
discuss the assumptions stated in Theorem 1 point by point now.

(GA1) The errors �ij are required to be independent with expectation 0. These assumptions can be checked by
standard techniques (e.g., residual plots). Independence of observations is most likely justifiable, unless,
for example, some patients undergo a certain examination in the same room/at the same time point.
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The moment condition as stated in (GA1) holds, for example, for errors from a symmetric distribution,
but also for any distribution with finite skewness, which is uniformly bounded. Thus, our model is not
very restrictive, allowing for a broad range of distributions, including �2, tðdf4 3Þ, exponential, � and
other families of distributions. Even more generally, the case of subject-specific error distributions is
covered, as long as their third moments are uniformly bounded. A typical example would be that the
distributions of the errors are allowed to vary between groups, not only in terms of variances, but also in
terms of the distribution families they belong to.

(GA2) The uniform boundedness condition on the covariates looks rather restrictive at first sight. However,
in real-life settings, most variables do actually satisfy this assumption, because their range of values is
indeed bounded for obvious reasons (e.g., blood pressure measurements are neither negative nor
arbitrarily large).

(GA3) Assumption (a) states that the group sizes ni, 1 � i � a, essentially grow at the same rate (i.e., are not
extremely unbalanced). This assumption is usually needed when doing inferential asymptotics. Apart
from this formal aspect, the condition also makes sense from a practical point of view: If this assumption
was not met, we would, at some point, arrive at a severe underrepresentation of a certain group, and such
a case should be excluded.
To turn to (b), if the covariates had been random, N�1

Pa
i¼1 Z

0
iPniZi would have been the pooled

empirical covariance matrix of the covariates. Now, assumption (b) states that this matrix must not be
singular for sufficiently large N. If the empirical covariance matrix was not regular for sufficiently large N,
this would mean that the variance of either at least one of the covariates or a linear combination of several
covariates would converge to 0. Thus, that covariate (or the linear combination) would have,
asymptotically, a point-mass distribution, which does not make sense from a practical point of view.
So, even in the more general random covariate scenario, it is reasonable to assume (b). When dealing with
fixed covariates, a singular ‘empirical covariance matrix’ would mean that either the values of one
covariate did not differ between subjects or some covariates were linearly dependent, which would
clearly render inclusion of that covariate (these covariates) into the analysis useless.

(GA4) Assumption (a) is met if, for example, the a averages of the error variances within the groups,

n�1i

Pni
j¼1 �

2
ij, do not become too small if N goes to infinity. To see this, observe that under (GA3)(a),

we get N�1
Pni

j¼1 �
2
ij ¼ ni=Nðn

�1
i

Pni
j¼1 �

2
ijÞ � d�13 ðn

�1
i

Pni
j¼1 �

2
ijÞ, 1 � i � a: So, if the latter sum can be

uniformly bounded from below for sufficiently large sample sizes, this would immediately yield that
assumption (a) is met. Obviously, such an assumption is sensible because if at least in one particular
group, the average of the error variances in that group would go to 0, the regression part of the ANCOVA
would not make sense due to the quasi deterministic linear relationship in that group.

To turn to (b), for sake of simplicity, we assume homogeneity of the variances within the groups, that is,
�2ij ¼ �

2
i for all j 2 f1, 2, . . . , nig, 1 � i � a. Then, the matrix from (GA4)(b) can be rewritten as

M ¼
1

N

Xa
i¼1

Zi
0 �i �

Xni
j¼1

�2ij

 !�1
sis
0
i

8<:
9=;Zi ¼

1

N

Xa
i¼1

�2i Z
0
iPniZi

Therefore, as long as neither all group-specific error variances nor all within-group variances of at least
one covariate or a linear combination of several covariates are too close to 0, assumption (GA4)(b) is met.

To close this section, we would like to demonstrate that our model covers a broad range of designs frequently
encountered in practice. In order to keep the notation compact, we use the unique projectionmatrixT ¼ H0ðHH0Þ�1H

to formulate hypotheses about the vector l of adjusted means. Note that Tb ¼ 0, Hb ¼ 0, so, basically, the only
change which has to be made is to replaceH by T in (3) and take the Moore-Penrose inverse instead of the classical
inverse of the covariance matrix. Observe that the asymptotic result (3) still holds, because the corresponding
theorems concerning the distribution of quadratic forms are also valid for the Moore-Penrose inverse.36

Furthermore, due to the fact that H ¼ ðHf, 0Þ, where Hf denotes the hypothesis matrix corresponding to the
factorial part of the parameter vector b ¼ ðl0, m0Þ0, the corresponding projection matrix is a block diagonal matrix
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of the form T ¼ diagðTf, 0Þ. Now, we briefly sketch how hypotheses about factor effects can be tested in several
practically important designs. In what follows, let Ia, Ja and Pa denote the a-dimensional identity matrix, the a-
dimensional square matrix of 1’s and the so-called a-dimensional centering matrix (i.e., Pa ¼ Ia �

1
aJa), respectively.

. One-way layout. Suppose you have observations of subjects in a groups (e.g., treatment arms in a clinical trial).
The hypothesis (6), that is, the null hypothesis of no difference between the adjusted means, can be formulated
by setting Tf ¼ Pa.

. Crossed two-way layout with interactions. Suppose there are two cross-classified fixed factors B and C with levels
i ¼ 1, . . . , b and j ¼ 1, . . . , c (e.g., the levels of B could represent different drugs, whereas the levels of C indicate
several dosages, which are required to be the same for all drugs). So, the total number of factor level
combinations is a¼ bc, and by splitting up the indices, we have l ¼ ð�11,�12, . . . ,�bcÞ

0. Using an additive
notation, �ij ¼ �þ 	i þ �j þ ð	�Þij, with the usual side conditions

P
i 	i ¼

P
j �j ¼

P
i ð	�Þij ¼

P
j ð	�Þij ¼ 0.

The hypotheses of no main effects of the factors B (i.e., 	i ¼ 08iÞ and C (i.e., �j ¼ 08j) can be specified by
Tf ¼ Pb �

1
c Jc and Tf ¼

1
b Jb � Pc, respectively. The hypothesis of no interaction effect (i.e., ð	�Þij ¼ 08i, j) is

given by Tf ¼ Pb � Pc.

. Hierarchically nested two-way design. By contrast to the design above, assume now that C is nested under B
(e.g., for each of the drugs i ¼ 1, . . . , b, there are specific dosages j ¼ 1, . . . , ci being administered). In this

design, the vector of adjusted means is l ¼ ð�11, . . . ,�1c1 , . . . ,�b1, . . . ,�bcb Þ
0. In additive notation, we can

write �ij ¼ �þ 	i þ �ð	Þj ðiÞ, with the side conditions
P

i 	i ¼
P

j �ð	Þj ðiÞ ¼ 0. Then, the hypothesis of no

category effect B (i.e., 	i ¼ 08i) and sub-category effect C(B) (i.e., �ð	Þj ðiÞ ¼ 08i, j) can be formulated via

Tf ¼ Pb � ~Jc and Tf ¼ ~Pc, respectively. Thereby, ~Jc ¼ diagð 1c1 Jc1 , . . . , 1
cb
Jcb Þ and

~Pc ¼ diagðPc1 , . . . ,PcbÞ.

The generalization to factorial designs with more than two cross-classified or nested factors works analogously
and is, therefore, not discussed here.

4 The Wild Bootstrap for the White-ANCOVA model

Especially in small sample size scenarios, the White-ANCOVA test statistic and the corresponding asymptotic
result stated in (3) might not yield satisfactory results in terms of maintaining the prespecified type I error
probability, see our simulation study in Section 5 below. A resampling procedure such as the bootstrap might
remedy this problem. In the context of heteroskedastic regression, various so-called wild bootstrap methods have
been proposed.31–33 The key idea of the wild bootstrap is as follows: Let u2i denote the i-th squared residual of the
linear model (1), 1 � i � N. Furthermore, let pii denote the i-th diagonal element of the hat matrix PX ¼

XðX0XÞ�1X0, 1 � i � N. Now, we repeatedly draw random samples consisting of N observations Y	i ¼ �
	
i , where

�	i ¼ uið1� piiÞ
�1=2Ti, 1 � i � N, ðTiÞ

N
i¼1 are i.i.d. and independently generated from the original data, with

EðT1Þ ¼ 0 and VarðT1Þ ¼ 1. Although for generating the Ti’s, one may choose any distribution which satisfies
the latter two conditions, some particular choices have become popular. In this paper, we use the Rademacher
distribution, which is defined by PðT1 ¼ �1Þ ¼ PðT1 ¼ 1Þ ¼ 1=2.

For each vector Y	 ¼ ðY	1, . . . ,Y	NÞ
0 of bootstrap observations, we calculate the bootstrap OLS estimate

b̂
	
¼ ðX0XÞ�1X0Y	 and the bootstrap version of White’s covariance matrix estimator (2), that is

b�	 :¼ ðX0X=NÞ�1N�1X0 �
N

i¼1
u	2i

0@ 1AXðX0X=NÞ�1 ð7Þ

where u	2i :¼ Y	i � x0ib̂
	

� �2
, 1 � i � N: Finally, we calculate the bootstrap analogon of White’s Wald-type test

statistic (4), namely

T	ðHÞ :¼ NfHb̂
	
g0fHb�	H0g�1Hb̂

	
ð8Þ

To turn to the White-ANCOVA setting, we rewrite the ANCOVA model (5) as a special case of the linear
model (1), as we have already outlined in Section 2. The main idea of any bootstrap procedure is to resemble the
process underlying the generation of the original data reasonably well. In the following theorem, we state that
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given the data, the distribution of the bootstrap test statistic (8) indeed mimics the distribution of the original test
statistic (4) under the null hypothesis.

Theorem 2. Let us assume that model (5) as well as the assumptions (GA1)–(GA4) stated in Theorem 1 hold. Let
PH0
ðTðHÞ � xÞ denote the unconditional CDF of TðHÞ under H0 and PbðT

	ðHÞ � xjYÞ the conditional CDF of T	ðHÞ
if b 2 R

aþr is the true underlying parameter. Then, the following statements hold for any b 2 R
aþr.

(1) supx2R PbðT
	ðHÞ � xjYÞ � �2qð�1,x


��� ���!P 0 in probability, where q ¼ rðHÞ:

(2) supx2R PbðT
	ðHÞ � xjYÞ � PH0

ðTðHÞ � xÞ
�� ��!P 0 in probability.

The proof of this theorem is given in Online Appendix 1. Note that there, we show that in fact, the wild
bootstrap test statistic (8) yields an asymptotically valid test in any heteroskedastic linear model under very weak
assumptions, which are stated in Online Appendix 1.

5 Simulation study

In order to evaluate the finite-sample performance of our proposed tests, we conducted an extensive simulation
study, using R version 3.3.1.37 We assessed the maintenance of a prespecified alpha level of 5%. Hereby, we
considered an ANCOVA model with four groups and small to moderate sample sizes, namely ðn1, n2, n3, n4Þ 2
fð40, 40, 40, 40Þ, ð15, 15, 15, 15Þ, ð5, 5, 5, 5Þ, ð5, 10, 20, 25Þ, ð25, 20, 10, 5Þg. We assumed two fixed covariate vectors
z1, z2. The first one consisted of equally spaced values between �10 and 10. For the second vector, the first and the
second half of the components were equally spaced in ½0, 5
 and [-2, -1], respectively, sorted in descending order.
The regression coefficients corresponding to the two covariates were assumed to be –0.5 and 1.5, respectively.
The vector l of the group means was set to 0, in order to represent an instance of the null hypothesis
H0 : �1 ¼ � � � ¼ �4.

For each of the sample size scenarios from above, the errors were drawn from the standard normal, �25,
lognormal, or double exponential distribution. If required, these errors were appropriately shifted and/or scaled
and subsequently multiplied with the square root of the covariance matrix�a

i¼1�
2
i Ini , in order to make sure that the

variances of the error terms were indeed equal to the values specified as follows: For the group-wise error
variances, we considered the homoskedastic case �2i ¼ 1 (Scenario I) as well as the heteroskedastic setting
�2i ¼ i, i 2 f1, 2, 3, 4g (Scenario II). Note that although we derived the White-ANCOVA tests under the more
general assumption of subject-specific error variances, such a case would hardly be encountered in practice.
Most reasonable studies are designed such that the residual variances are rather homogeneous within groups.
If this is not the case, it is difficult to interpret the results of the ANCOVA meaningfully. Nevertheless, in order to
examine the performance of the White-ANCOVA tests in a more general setting, we also simulated a scenario
where within the first group, we assumed a variance of one for the subjects j ¼ 1, 2, . . . , n1=2

� �
and a variance of

two for the remaining ones, respectively. For the other three groups, we set �2i ¼ iþ 1, where i¼ 2, 3, 4. This
allocation scenario will be referred to as Scenario III.

Finally, the simulated observations were generated according to (5). For each of the 60 scenario combinations,
we repeated the data generation process 10,000 times, which yields a standard error of 0.22% for the type I error
level � ¼ 5 %. Within each simulation run, we drew 5000 bootstrap samples, according to the procedure described
in Section 4.

In addition to the White-ANCOVA test statistic and its wild bootstrap version, we also considered the classical
ANCOVA F test as a third competitor. It should be noted that the HC4 covariance matrix estimator (see Section
2) was used for both the White-ANCOVA test statistic and its wild bootstrap version. However, we also repeated
the simulations for all scenarios using HC0 and HC2, respectively. The results of the latter can be found in Online
Appendix 2. Table 1 contains the simulation results for the HC4 estimator.

The White-ANCOVA test tended to be less liberal when it was based on the HC4 estimator instead of the HC0
or the HC2 estimator, whereas the performances of the respective bootstrap versions were similar to each other.
Therefore, the following discussion is focused only on the HC4-based tests. In balanced group size scenarios, the
classical ANCOVA maintained the prespecified 5% level. In the unbalanced settings, the classical ANCOVA was
hardly affected by nonnormality. However, heteroskedasticity led to either substantially deflated or inflated type I
error rates, depending on the relation between the variances and the group sizes. In case of positive pairing (i.e.,
the smaller groups have the smaller variances), the ANCOVA F test tended to be conservative, whereas negative
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pairing (i.e., the smaller groups have the larger variances) made the test liberal, as suggested by conventional
wisdom. These effects became more pronounced when the differences between the group variances were increased
(see Online Appendix 4). The asymptotic White-ANCOVA test yielded substantially inflated type I error rates,
both in homo- and heteroskedastic settings. Clearly, the wild bootstrap version maintained the prespecified level
well in all scenarios, being superior to the ANCOVA F test in terms of type I error control especially in case of
heteroskedasticity and unequal group sizes. The slight conservatism seen for lognormal errors might be caused by
the underlying method of estimating the covariance matrix, since for the White-ANCOVA, we also observed lower
type I error rates in the lognormal case, compared to the other distributions. Indeed, a closer empirical
examination revealed that the variances of the White covariance matrix estimator and its wild bootstrap
counterpart were larger for lognormal errors than for the other distributions under consideration (for details,
see Online Appendix 6).

Subsequently, we compared the aforementioned tests with respect to their empirical power. However, we only
considered the ANCOVA F test and the wild bootstrap version of the White-ANCOVA, because the asymptotic
White-ANCOVA showed a poor performance in terms of maintaining the type I error rates. Furthermore, in order
to make sure that the prespecified level was maintained by both tests, we only considered a homoskedastic,
balanced setting with �21 ¼ �

2
2 ¼ 1 and n1 ¼ n2 ¼ 15. Moreover, we specified fixed alternatives by setting �1 ¼

0,�2 ¼ �, where � 2 f0, 0:1, . . . , 3:0g. The four error distributions were chosen as described above. For each
scenario, we conducted 10,000 simulations and 5000 bootstrap runs, respectively. The results are displayed in
Figure 1.

For small values of �, the wild bootstrap test appeared to be more powerful than the classical ANCOVA. As �
increased, this relationship was gradually being reversed. However, the power of the ANCOVA F test at most
exceeded the empirical power of the wild bootstrap test by six to seven percentage points. So, the bootstrap version
of the White-ANCOVA never suffered from a substantial power loss compared to the classical ANCOVA test,
even when the assumptions of the latter were met.

Although for ease of presentation, the case of random covariates was not formally considered in the present
paper, some simulation results are provided in Online Appendix 3. All specifications were the same as in the fixed
covariate setting, with the only difference that the observations of the second covariate were generated from one of
the following distributions: the uniform distribution on ½0, 10
, the standard normal, the standard lognormal, and
the Poissonð� ¼ 5Þ distribution. Overall, the results were very similar to those from the fixed covariate settings. The
bootstrap-based method performed even slightly better, being less conservative in case of lognormal errors.

Table 1. Empirical type I error rates (in %) for the ANCOVA F test, the White-ANCOVA test, and its wild bootstrap version (based

on the HC4 estimator).

Standard normal Standard lognormal Double exponential Chi-squared (df ¼ 5)

Var N F test White WB F test White WB F test White WB F test White WB

I n1 5.0 6.2 5.0 4.5 4.9 5.1 5.1 6.2 5.1 4.8 5.9 5.0

n2 5.3 9.2 5.5 4.9 5.6 3.7 5.1 8.4 5.2 5.0 8.0 4.9

n3 4.5 16.6 5.9 4.2 9.9 3.1 4.9 15.9 6.4 5.0 15.7 5.7

n4 5.3 8.2 4.8 4.9 5.9 3.8 4.7 7.5 4.7 5.1 8.3 5.1

n5 4.8 8.2 5.0 4.8 4.9 3.1 4.9 7.7 4.9 5.2 8.1 4.5

II n1 4.5 6.3 5.1 4.5 5.4 5.7 4.9 6.4 5.3 4.4 6.2 5.0

n2 4.8 8.9 5.3 4.7 6.2 4.3 4.9 8.4 5.4 4.9 8.4 5.0

n3 4.5 16.5 5.8 4.1 10.1 3.4 5.0 16.1 6.3 4.9 15.7 5.5

n4 3.2 8.1 4.8 3.2 6.3 4.7 3.0 7.5 4.8 3.3 8.1 5.2

n5 10.1 8.1 5.0 8.2 4.8 3.2 10.0 7.9 4.9 10.5 8.2 4.6

III n1 4.8 6.3 5.1 4.8 5.4 5.6 5.0 6.4 5.4 4.6 6.1 5.0

n2 5.1 9.1 5.4 4.9 6.0 4.3 5.0 8.6 5.3 4.9 8.4 5.0

n3 4.7 16.8 5.7 4.2 10.2 3.1 5.1 16.2 6.3 5.0 16.0 5.5

n4 3.5 8.1 4.8 3.4 6.1 4.2 3.3 7.4 4.7 3.5 8.0 5.0

n5 9.5 8.2 5.1 7.9 4.9 3.1 9.5 7.9 4.9 10.0 8.3 4.5

I: �2
1 ¼ . . . ¼ �2

4 ¼ 1, II: �2
i ¼ i, i 2 f1, 2, 3, 4g, III: �2

11 ¼ . . . ¼ �2
1j ¼ 1 and �2

1ð jþ1Þ ¼ . . . ¼ �2
1n1
¼ 2, j ¼ n1=2

� �
, �2

i ¼ i þ 1 for group i, i 2 f2, 3, 4g.

n1 ¼ ð40, 40, 40, 40Þ, n2 ¼ ð15, 15, 15, 15Þ, n3 ¼ ð5, 5, 5, 5Þ, n4 ¼ ð5, 10, 20, 25Þ, n5 ¼ ð25, 20, 10, 5Þ. The data generation process was repeated

10,000 times. For each simulation run, 5000 bootstrap samples were generated.
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Moreover, the maximum power loss of the bootstrap procedure compared to the classical ANCOVA was slightly
smaller than in the fixed covariate setting. It should be noted that both with fixed and with random covariates, the
somewhat low empirical type I error rates in case of lognormal errors did not translate to an overall loss of power.
In fact, for popular choices of the target power (e.g., 80% or 90%), the bootstrap-based method had basically the
same if not even a slightly better performance (in case of random covariates) compared to the ANCOVA F test
(see the lower left panels of Figures 1 to 4 in Section 3 of the Online Appendix).

Finally, we also considered some rather extreme scenarios, in order to examine potential limitations of
our proposed method. To begin with, especially for the practitioners, it is of interest to give at least
some rough advice about sample sizes which are too small for use of the bootstrap-based approach. It is
obvious from the simulation results reported in Section 5 of the Online Appendix that our proposed
method tended to yield liberal results for total sample sizes of 15 and below. In homoskedastic settings as well
as for balanced heteroskedastic scenarios, the ANCOVA F test is recommended. In cases where the group sizes
are 5 and 10 in groups 1 and 2, respectively, and heteroskedasticity might be present, neither of the three tests
stayed close to the target 5% level. Secondly, we examined the behaviour of the three methods under
consideration when the group allocation ratio was more extreme. Again, from Table 8 in the Online
Appendix, we clearly see that the effects of positive and negative pairing on the ANCOVA F test were
becoming more and more pronounced. The asymptotic White approach and its bootstrap analogue still
performed well, with the latter being slightly closer to the target type I error level. Observe, however, that as
the group allocation ratio increased (i.e., for n1:n2 ¼ 1:8 or even 1:16), there was some tendency towards either
conservative or liberal results, depending on whether positive or negative pairing was present. Still, both White-
based approaches outperformed the ANCOVA F test. We would like to mention that from a practical point of
view, commonly used allocation ratios are less extreme (e.g., 1:2, 1:3). So, actually, the case of severe group size
imbalance might be more interesting from a theoretical rather than from an applied researcher’s perspective,
unless in cases when, for example, the ANCOVA is used for analysing data from observational studies, where
there might be large differences in subgroup sizes.

6 Real-life data example

We illustrate the theoretical considerations from the previous sections by applying the White-ANCOVA as well as
its wild bootstrap counterpart to a dataset from a preclinical study of the urological research group and the

Lognormal Standard normal
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Figure 1. Empirical power for the ANCOVA F test (solid) and the wild bootstrap version of the White-ANCOVA test (HC4

version; dashed). Data were generated for two groups with �1 ¼ 0, �2 ¼ �, �
2
1 ¼ �

2
2 ¼ 1, n1 ¼ n2 ¼ 15.
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Institute of Molecular Regenerative Medicine of the Spinal Cord Injury and Tissue Regeneration Center Salzburg
(SCI-TReCS), Paracelsus Medical University, Salzburg, Austria. The aim of this study was to assess the efficacy of
an anti-inflammatory drug in a rat model of complete SCI. After SCI, the bladder is known to turn into a
pathological state, as indicated by alterations in cystometric variables, such as the voided volume and detrusor
pressure.38 We would like to emphasize that these pathological changes in human urinary bladder function are
among the most serious consequences of SCI, being associated with a substantially decreased quality of life and a
high risk of mortality.39,40 Therefore, the main goal of any pharmacological treatment in SCI is to improve
cystometric characteristics towards the pre-SCI level. However, the low prevalence of SCI most likely translates
to small sample sizes in studies on SCI patients. Moreover, in preclinical research, it is desirable to sacrifice only a
small number of animals, due to ethical reasons. Therefore, in research on SCI, or more generally, on any rare
disease, statistical methods which perform well in small sample sizes are much needed.

We analyse only a subset of the data that was collected. In the sequel, we shall consider a randomized,
parallel two-group design, where the rats received either verum (VER, N¼ 8) or placebo (PLAC, N¼ 14).
The anti-inflammatory drug or the placebo was administered daily, starting at the day of SCI at a standard
dosage. Measurements of the urinary bladder function (besides other parameters the maximum detrusor
pressure during voiding in cmH2O and the voided volume in ml) were taken prior to SCI (baseline) and at
1, 7, 14, 21 and 28 days post injury. For ease of illustration, we shall only consider the maximum detrusor
pressure (Pdet) in the sequel. At each time point, Pdet was obtained as the average over all micturitions
within a single time slot of 1 hour. In the same way, the baseline value for each rat had been determined.
We consider the difference between the maximum detrusor pressure at 28 days post-SCI and baseline as
outcome and Pdet at baseline as a covariate, respectively. This is in line with the recommendations in a
recently published EMA guideline.1

Before we actually conduct the White-ANCOVA and its wild bootstrap counterpart, we take a look at the
assumptions (GA1)-(GA4), which have already been discussed with regard to their interpretation in real-life
settings in Section 3. To begin with, it is reasonable to assume that the errors have expectation 0, because the
means of the within-group residuals are close to 0 ( �uVER ¼ 2:22� 10�16, �uPLAC ¼ 3:17� 10�16). Moreover,
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Figure 2. Residual plot for the analysis of covariance, with the change in maximum detrusor pressure from baseline to four weeks
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although the residuals for the PLAC group seem to be skewed (see Figure 2), the moment condition stated in
(GA1) is most likely met. Note that the skewness itself is not a problem at all, as long as the skewness is uniformly
bounded when the sample size grows. This corresponds to the requirement that the model provides a reasonable fit
to the data, which can be ensured by, for example, adding covariates or transformations thereof to the model.
The independence of the errors, however, cannot be assumed for all subjects, because only one rat each was taken
out of ten cages, but two rats each were taken out of six cages. This issue as well as other potential factors related
to the laboratory environment have to be carefully considered in virtually any preclinical study. However, as this is
not the main focus of the present work, we shall neglect this aspect for now. Nevertheless, it should be emphasized
that our proposed method is not capable of accounting for clustered observations. Therefore, it has to be ensured
by properly designing the study that clustering is present at most to a negligible extent.

For physiological reasons, we may rightfully assume that (GA2) holds. Assumption (GA3)(a) can be imposed
by design, unless unforeseen events in the laboratory environment or in the population occur and lead to a
substantial decrease of observations in one of the groups (e.g., sudden death of a large number of rats in one
group). Furthermore, from Figures 2 and 3, it is apparent that neither the variance of the baseline maximum
detrusor pressure nor the variance of the residuals is 0. So, all in all, the assumptions (GA1)-(GA4) seem justified.

In general, before conducting an ANCOVA, one has to check if the within-group regression slopes are equal.
Indeed, for our data, the regression lines are more or less parallel, because �̂PLAC ¼ �0:89 ðSE ¼ 0:52Þ and
�̂VER ¼ �0:71ðSE ¼ 0:37Þ (also see Figure 3). Therefore, we proceed with the data analysis. Clearly, we have a
heteroskedastic small sample size setting with positive pairing (�̂2VER ¼ 60:1, �̂2PLAC ¼ 558:6). The ANCOVA F test
is not appropriate in such a setting, but the assumptions (GA1)-(GA4) are met. Therefore, we shall compare the
results of the White-ANCOVA and its wild bootstrap version now.

Firstly, the estimated adjusted means in the placebo and verum group are 43.69 and 25.78, respectively. The
White-ANCOVA yields a p value of 0.0078, whereas the p value resulting from the wild bootstrap White-
ANCOVA is 0.0133. This is in line with the findings of our simulation study, where the asymptotic White-
ANCOVA showed a clear tendency towards liberal test decisions. It should be emphasized again that although
both tests are asymptotically valid under one and the same set of assumptions (GA1)-(GA4), they might yield
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substantially different results in practice, not only in terms of concrete p values, but also with respect to keeping
the prespecified type I error rate in small samples, as demonstrated in Section 5. As this is a serious threat to the
validity of the inferential conclusions drawn from the results, caution is apparently needed when applying the
White-ANCOVA in heteroskedastic small-sample settings.

7 Concluding remarks

As outlined in Section 1, the classical ANCOVA and its bootstrap counterpart as well as the HCCME-based
approach have been used in many applied research disciplines. However, the performance of each of these methods
in small samples has not been satisfactory, and their combination has not been systematically studied yet.
Moreover, in the context of an ANCOVA model, the assumptions underlying the White HCCME approach
have neither been thoroughly examined theoretically nor discussed in detail in applied research so far. In this
paper, we have considered a general ANCOVA model and set up the asymptotic White-ANCOVA test statistic as
well as its wild bootstrap counterpart. We have proved that under one and the same set of assumptions, both
approaches yield asymptotic level � tests. Note that actually, our proof for the wild bootstrap inference does not
only cover the ANCOVA, but also the more general case of a heteroskedastic linear model. In contrast to the work
of Mammen, who considered an ANOVA-type statistic in a more general case where the model dimension is
allowed to vary with the sample size,33 our proof for the Wald-type statistic uses relatively straightforward
techniques. Our proposed method relies on rather weak assumptions which are met in virtually any practical
situation. Therefore, it can be utilized in a broad variety of applied research disciplines. Nevertheless, we strongly
encourage applied researchers to check the assumptions (GA1)-(GA4) before doing the actual analyses, as
illustrated in Section 6.

Moreover, the results of the simulations presented in Section 5 indicate that the direct White-ANCOVA test
should not be used in small samples, due to severely inflated type I error rates. However, the wild bootstrap version
of the White-ANCOVA showed a similar performance as the classical ANCOVA F test in balanced settings and
outperformed the latter when group sizes were not equal. The only slight drawback of our proposed test is that it
tends to be a bit conservative for errors from a lognormal distribution. However, all in all, we recommend using
the wild bootstrap version of the White-ANCOVA test when group sizes are small and unbalanced. For example,
such a situation may well be encountered in studies on rare diseases (e.g., SCI) or in preclinical trials. Moreover,
our work might also be of considerable relevance for medical centres of small to moderate size. Conducting a trial
with a small sample of subjects could be an appealing alternative as compared to taking part in a multicentre trial,
because fewer human and financial resources are needed, although limited generalizability due to smaller sample
sizes could remain as an issue.

It should be noted that in the context of heteroskedastic regression models, some authors have considered a
‘restricted bootstrap’ method, where the residuals are calculated for a model under H0.

29 In the ANCOVA setting,
this would mean that at first, a regression model without group indicators is fitted to the data. The estimates and
residuals from that model are used for generating the bootstrap observations, then.29 We have not considered this
approach in the present paper, since our proposed method might be more straightforward and easier to
understand for applied researchers. As already mentioned above, the small-sample performance of the
‘unrestricted’ approach is very good, so we think that our proposed method can be recommended for both
statistical and practical reasons.

Future research will be aimed at extending the approach presented here in several directions: On the one hand,
we will investigate different heteroskedastic multivariate ANCOVA (MANCOVA) methods, particularly focusing
on small-sample performance. Moreover, we want to study ANCOVA for clustered data. In this context, the
adaption of the cluster-robust covariance matrix estimation techniques proposed by Cameron et al.41 together with
an examination of their theoretical properties appears to be a promising line of action.
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