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1 Summary

This thesis contains results obtained during my time as a PhD student. It consists
of two parts. The first part is about characterising t-perfect graphs — the second
part deals with cycle decomposition of graphs and Hajós’ conjecture.

At the beginning of the first part, there is an introduction to the field of t-perfect
graphs (see Chapter 3). There we explain the concepts, give specific definitions
and an overview on related work. Afterwards, each chapter contains the results of
one manuscript I co-authored. The discussion of these results can also be found in
the mentioned research papers and is borrowed from there (see [16], [31] and [30]).

Part I deals with t-perfect graphs. A graph is called t-perfect if its stable set
polytope is fully described by non-negativity, edge and odd-cycle constraints. This
thesis contains several new approaches for characterising t-perfection:
in Chapter 4, we characterise P5-free t-perfect graphs in terms of forbidden t-
minors. Moreover, we show that P5-free t-perfect graphs can always be coloured
with three colours, and that they can be recognised in polynomial time.
Besides, in Chapter 5, we show that every quadrangulation of the sphere can be
transformed into a 4-cycle by deletions of degree-2 vertices and by t-contractions
at degree-3 vertices. We further show that a non-bipartite quadrangulation of
the projective plane can be transformed into an odd wheel by t-contractions and
deletions of degree-2 vertices. As a consequence, we can give a characterisation of
quadrangulations of the projective plane concerning t-perfection. We deduce that
a quadrangulation of the projective plane is (strongly) t-perfect if and only if the
graph is bipartite.
Furthermore, we prove in Chapter 6 that a triangulation of the projective plane
is (strongly) t-perfect if and only if it is perfect and contains no K4.

Part II includes results from [32]. It deals with the problem of finding a decom-
position of the edge set of an Eulerian graph into cycles. Hajós conjectured that a
simple Eulerian graph on n vertices can be decomposed into at most b(n− 1)/2c
cycles. The conjecture is only proved for graph classes in which every element
contains vertices of degree 2 or 4. We develop new techniques to construct cycle
decompositions. They work on the common neighbourhood of two degree-6 ver-
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1 Summary

tices. With these techniques we find structures that cannot occur in a minimal
counterexample to Hajós’ conjecture and verify the conjecture for Eulerian graphs
of pathwidth at most 6.
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2 Notation

In general, we follow the notation of Diestel [23], where also any missing facts and
defintions about graphs may be found. In the following, we give a summary of all
the important definitions in this thesis.

A graph is a pair G = (V,E) of sets with E ⊆ [V ]2. The elements of E are 2-
element subsets of V . The set V contains the vertices of the graph G, the elements
of E are its edges. To be more precise, we sometimes write V (G) and E(G) for
the vertex and the edge set of a graph G. All the graphs in this thesis are finite,
simple and undirected.

The number of neighbours of a vertex v in V is the degree deg(v) of v. If the
degree of a vertex v equals k, we call v a degree-k vertex. A path of length l

between two vertices x0 and xl is a sequence of l + 1 distinct vertices x0x1 . . . xl

such that xixi+1 ∈ E for 0 ≤ i ≤ l− 1. A path on k vertices is denoted by Pk. We
say that a graph is Pk-free if it does not contain a path on k vertices as induced
subgraph. A cycle C is a path x0 . . . xl such that x0xl ∈ E and l ≥ 2. We write
C as x0 . . . xlx0 and call C a l-cycle. The complete graph on n vertices is denoted
by Kn. Moreover, we write G for the complement of a graph G. A graph is called
bipartite if V can be partitioned into two classes such that no two vertices of one
class are adjacent.

A vertex colouring of a graph is a map from V to a set of colours such that
the colours of two adjacent vertices are different. The chromatic number χ(G) of
a graph G is the smallest number of colours needed to colour its vertices. The
colourings considered in Part I are always vertex colourings of graphs. In Part II,
we define and use a specific edge colouring. An independent set or a stable set is
a set of vertices such that no two of its elements are adjacent. A clique K is a
set of vertices such that every two vertices are adjacent in K. The clique number
ω(G) of a graph G is the size of a largest clique in G.

Other important definitions can be found in the following chapters.
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Part I

t-perfection
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3 Perfection and t-perfection
Perfect graphs have been one of the most discussed graph classes in the last 60
years. They were introduced by Berge in [8]. Berge called a graph perfect if for
every induced subgraph the chromatic number and the size of a largest clique
coincide.

For instance, it is easy to prove that bipartite graphs are perfect. Berge observed
that for every already known class of perfect graphs the complementary class is
also perfect. He conjectured that this holds in general. This conjecture was proved
by Lovász, and it is often refered to as the Weak Perfect Graph Conjecture.

Theorem 1 (Lovász [47]). The complement of a perfect graph is perfect.

Furthermore, Berge considered subgraphs that are not contained in perfect
graphs. He thought about a structural characterisation of perfect graphs. He
knew that odd holes are imperfect (since the largest clique in an odd hole is of
size 2, but the chromatic number of an odd hole is 3). An odd hole Ck is an
induced odd cycle on k ≥ 5 vertices. An odd anti-hole Ck is the complement of
an odd hole (see Figure 3.1 for examples).

C5 = C5 C7 C7 = C2
7

Figure 3.1: The odd holes and antiholes on 5 and 7 vertices

He was also able to prove the imperfection of odd antiholes, which is also im-
plied by Theorem 1. Berge’s well-known conjecture was that odd holes and odd
antiholes are the forbidden subgraphs of imperfect graphs. In the celebrated proof
of the so called Strong Perfect Graph Theorem, Chudnovsky, Robertson, Seymour
and Thomas proved Berge’s conjecture.

Theorem 2 (Chudnovsky, Robertson, Seymour and Thomas [18]). A simple graph
G is perfect if and only if G contains no odd hole or odd anti-hole.
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3 Perfection and t-perfection

A remarkable observation of perfect graphs is that there is a relation to poly-
hedra, although the two characterisations mentioned before are graph-theoretical.

The stable set polytope SSP(G) ⊆ RV of G is defined as the convex hull of the
characteristic vectors of stable subsets of V . The characteristic vector of a subset
S of the set V is the vector χS ∈ {0, 1}V with χS(v) = 1 if v ∈ S and 0 otherwise.

Each characteristic vector x ∈ RV (G) of a stable set in a graph G satisfies

x ≥ 0,∑
v∈V (K)

xv ≤ 1 for every clique K in G. (3.1)

Results of Lovász [47], Fulkerson [33] and Chvátal [21] showed that G is perfect
if and only if (3.1) suffices to describe SSP(G).

Summing up, there are three quite different views on perfect graphs — a view
in terms of colouring, a structural and a polyhedral view.

Modification of the inequalities (3.1) leads to generalisations of perfection. In
this thesis, we will consider t-perfect graphs. These are graphs that, similar to
perfect graphs, have a particularly simple stable set polytope. The concept of
t-perfection, due to Chvátal [21], takes its motivation from the polyhedral aspect
of perfect graphs. The corresponding colouring and structural view, however, is
still missing.

Before we can give a definition of t-perfect graphs, we define a further polytope
TSTAB(G) ⊆ RV for G, given by

x ≥ 0,
xu + xv ≤ 1 for every edge uv ∈ E, (3.2)∑
v∈V (C)

xv ≤
⌊
|C|
2

⌋
for every induced odd cycle C in G.

These inequalities are respectively known as non-negativity, edge and odd-cycle
inequalities.

A graph G is called t-perfect if SSP(G) and TSTAB(G) coincide. Equivalently,
G is t-perfect if and only if TSTAB(G) is an integral polytope, i.e. if all its vertices
are integral vectors. Clearly, SSP(G) ⊆ TSTAB(G). It is easy to see that bipartite
graphs are t-perfect. The smallest t-imperfect graph is K4. Indeed, the vector 1

31
lies in TSTAB(K4) but not in SSP(K4).

Perfection is preserved under vertex deletion. The same is true for t-perfection.
Another operation that keeps t-perfection was found by Gerards and Shepherd [35]:
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whenever there is a vertex v whose neighbourhood is stable, we may contract all
edges incident with v simultaneously. We will call this operation a t-contraction
at v. Any graph that is obtained from G by a sequence of vertex deletions and
t-contractions is a t-minor of G. Let us point out that any t-minor of a t-perfect
graph is again t-perfect. The concept of t-minors makes it more convenient to char-
acterise t-perfection in certain graph classes as it allows for more succinct lists of
obstructions. We say that a graph is minimally t-imperfect if it is t-imperfect but
all its proper t-minors are t-perfect. If we find a complete list of minimally t-
imperfect graphs, we will obtain a structural characterisation for t-perfect graphs.
For some graph classes, for instance, claw-free graphs [17], the list of minimal
obstructions for t-perfection is known. We give a complete characterisation for
P5-free graphs (see Chapter 4) and for quadrangulations and triangulations of the
projective plane (see Chapter 5 and Chapter 6). Bruhn and Benchetrit analysed
t-perfection of triangulations of the sphere [7].

The following graphs are known to be minimally t-imperfect (the definitions are
given immediatelly following):

odd wheels, even Möbius ladders, the cycle powers C2
7 and C2

10, (3.3)
C2

10 with some diagonals and two more graphs on ten vertices (D and D+).

In this thesis, we show that C3
13, C

4
13 and C7

19 are also minimally t-imperfect graphs
(Section 4.3).

A p-wheel Wp is a graph consisting of a cycle w1 . . . wpw1 and a vertex v adjacent
to all vertices of the cycle. A wheel Wp is an odd wheel if p is odd. Figure 3.2
shows some odd wheels.

Figure 3.2: The odd wheels W3,W5 and W7

The kth power of the n-cycle Cn is the graph obtained from Cn by adding an
edge between any two vertices of distance at most k in Cn. Denote the kth power
of Cn by Ck

n.
Even Möbius ladders are exactly the graphs Ck

2k+4 with k even (see Figure 3.3
as an example). Even Möbius ladders and odd wheels are minimally t-imperfect.
This can be easily seen by the result of Fonlupt and Uhry [29] that almost bipartite
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3 Perfection and t-perfection

graphs are t-perfect; a graph is almost bipartite if it contains a vertex whose
deletion renders it bipartite. It is easy to check that any proper t-minor of an
even Möbius ladder or an odd wheel is almost bipartite.

Figure 3.3: Two views of the Möbius ladder on 8 vertices

The fact that C2
7 = C7 (see Figure 3.1) is minimally t-imperfect is proved in [17].

The minimality for C2
10 is also shown there. This allows us to verify that the graphs

obtained from C2
10 by adding diagonals of the underlying 10-cycle (Figure 3.4) are

also minimally t-imperfect. We observe that any two vertices directly opposite
in the 10-cycle form a so called odd pair : any induced path between them has
odd length. Minimality now follows from the result of Fonlupt and Hadjar [28],
that adding an edge between the vertices of an odd pair preserves t-perfection.
In particular, C2

10 is minimally t-imperfect since it can be obtained from C2
10 by

adding diagonals of the underlying 10-cycle.

C2
10

C2
10

Figure 3.4: The graph C2
10 and all the graphs obtained from C2

10 by adding diag-
onals of the underlying 10-cycle

Finally, the graphs D and D+ in Figure 3.5 are minimally t-imperfect [15].

The concept of t-minors could give a structural definition of t-perfection. An-
other defining aspect of t-perfect graphs could be colouring — similar to perfect

10



D D+

Figure 3.5: The graphs D and D+

graphs. Shepherd and Sebő conjectured that every t-perfect graph can be coloured
with four colours, which would be tight. For t-perfect P5-graphs and for trian-
gulations of the projective plane, we show (Theorem 25 and Corollary 42) that
already three colours suffice. The conjecture is also known to hold in a number
of other graph classes, for instance in claw-free graphs where also three colours
suffice (see [17]) and P6-free graphs (Benchetrit [6]). Laurent and Seymour as
well as Benchetrit found examples of a t-perfect graph that is not 3-colourable
(see [62, p. 1207] and [5]).

We can restrict t-perfection a bit further. If the system of inequalities defining
TSTAB(G) is totally dual integral, the graph G is called strongly t-perfect. That
is, if for each weight vector w ∈ ZV , the linear program of maximizing wTx

over (3.2) has an integer optimum dual solution. This property implies that
TSTAB(G) is integral. Therefore, strong t-perfection implies t-perfection. It is an
open question whether every t-perfect graph is strongly t-perfect. The question
is briefly discussed in Schrijver [63, Vol. B, Ch. 68]. It is easy to see that all
bipartite graphs are strongly t-perfect (see eg Schrijver [63, Ch. 68]) and that
vertex deletion and t-contraction preserves strong t-perfection. As we have seen
before, a graph is perfect if and only if (3.1) suffices to describe the stable set
polytope SSP(G). This is the case if and only if the system (3.1) is totally dual
integral (see e.g. [63, [Vol. B, Ch. 65.4]). Thus,

G is perfect if and only if (3.1) is totally dual integral. (3.4)

With the help of this observation, we can later deduce strong t-perfection from
t-perfection in Chapter 5 and Chapter 6.

We end the introduction with a brief discussion of the literature on t-perfect
graphs. A general treatment may be found in Grötschel, Lovász and Schrijver [39,
Ch. 9.1] as well as in Schrijver [63, Ch. 68]. A really comprehensive source of
literature references is the PhD thesis of Benchetrit [5]. A part of the litera-
ture is devoted to proving t-perfection for certain graph classes. For instance,
Boulala and Uhry [11] established the t-perfection of series-parallel graphs. Ger-
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3 Perfection and t-perfection

ards [34] extended this to graphs that do not contain an odd-K4 as a subgraph (an
odd-K4 is a subdivision of K4 in which every triangle becomes an odd circuit).
Gerards and Shepherd [35] characterised the graphs with all subgraphs t-perfect,
while Barahona and Mahjoub [2] described the t-imperfect subdivisions of K4.
Wagler [69] gave a complete description of the stable set polytope of antiwebs,
the complements of cycle powers. These are near-bipartite graphs that also play a
prominent role in the proof of Theorem 3. See also Wagler [70] for an extension to
a more general class of near-bipartite graphs. The complements of near-bipartite
graphs are the quasi-line graphs. Chudnovsky and Seymour [20], and Eisenbrand,
Oriolo, Stauffer and Ventura [25] determined the precise structure of the stable
set polytope of quasi-line graphs. Previously, this was a conjecture of Ben Re-
bea [60]. Algorithmic aspects of t-perfection were also studied: Grötschel, Lovász
and Schrijver [38] showed that the max-weight stable set problem can be solved in
polynomial-time in t-perfect graphs. Eisenbrand et al. [24] found a combinatorial
algorithm for the unweighted case.

12



4 t-perfection in P5-free graphs

4.1 Introduction
All the results mentioned in this chapter are joint work with Henning Bruhn and
appear in [16]. In this chapter we will prove the following theorem.

Theorem 3 (Bruhn and Fuchs [16]). Let G be a P5-free graph. Then G is t-perfect
if and only if it does not contain any of K4, W5, C2

7 , C2
10 or C3

13 as a t-minor.

This answers a question of Benchetrit [5, p. 76].

K4 W5

C2
7 C2

10
C3

13

Figure 4.1: Forbidden t-minors in P5-free graphs

The class of P5-free t-perfect graphs is not trivial: it contains, for instance, all
blow-ups of triangles and 5-cycles, the graphs in which the vertices of a triangle
or a 5-cycle are replaced by stable sets of vertices of arbitrary size.

While the main result is about P5-free graphs, the following will provide a step
towards an understanding of general t-perfect graphs. This step consists in new
obstructions to t-perfection, see below, and in a decomposition method that works
in any graph, not only P5-free graphs, see Section 4.4.

The forbidden graphs of Theorem 3 are minimally t-imperfect, in the sense that
they are t-imperfect but any of their proper t-minors are t-perfect. The graph C3

13

13



4 t-perfection in P5-free graphs

appears in [16] for the first time as a minimally t-imperfect graph. We prove this
in Section 4.3, where we also present two more minimally t-imperfect graphs.

A starting point for Theorem 3 was the observation of Benchetrit [5, p. 75]
that t-minors of P5-free graphs are again P5-free. Thus, any occurring minimally
t-imperfect graph will be P5-free, too. This helped to whittle down the list of
prospective forbidden t-minors. We prove Theorem 3 in Sections 4.4 and 4.5.

A graph class in which t-perfection is quite well understood is the class of
near-bipartite graphs; these are the graphs that become bipartite whenever the
neighbourhood of any vertex is deleted. In the course of the proof of Theorem 3 we
make use of results of Shepherd [65] and of Holm, Torres and Wagler [42]: together
they yield a description of t-perfect near-bipartite graphs in terms of forbidden
induced subgraphs. For reasons of completeness, we also give alternative proof to
this result which uses similar techniques. We discuss this in Section 4.2.

As a by-product of the proof of Theorem 3 we also obtain a polynomial-time
algorithm to check for t-perfection in P5-free graphs (Theorem 23).

Finally, in Section 4.6, we turn to the third defining aspect of perfect graphs:
colouring. Shepherd and Sebő conjectured that every t-perfect graph can be
coloured with four colours, which would be tight. For t-perfect P5-graphs we
show (Theorem 25) that already three colours suffice. We, furthermore, offer a
conjecture that would, if true, characterise t-perfect graphs in terms of (fractional)
colouring, in a way that is quite similar as for perfect graphs.

4.2 t-perfection in near-bipartite graphs
Part of the proof of Theorem 3 consists in a reduction to near-bipartite graphs.
We will need a characterisation of t-perfect near-bipartite graphs in terms of for-
bidden induced subgraphs. Such a characterisation can be conclude from results
of Shepherd [65] and of Holm, Torres and Wagler [42].

We need a bit of notation. Examples of near-bipartite graphs are antiwebs: an
antiweb Ck

n is the complement of the kth power of the n-cycle Cn. The antiweb
is prime if n ≥ 2k+ 2 and k+ 1, n are relatively prime. We simplify the notation
for antiwebs Ck

n slightly by writing Ak
n instead. Even Möbius ladders, the graphs

A2t
4t+4, are prime antiwebs; see Figure 3.3 for the Möbius ladder C2

8 . We view
K4 alternatively as the smallest odd wheel W3 or as the smallest even Möbius
ladder C0

4 . Trotter [67] found that prime antiwebs give rise to facets in the stable
set polytope — we only need that prime antiwebs other than odd cycles are t-
imperfect, a fact that is easier to check.

14



4.2 t-perfection in near-bipartite graphs

Shepherd proved:

Theorem 4 (Shepherd [65]). Let G be a near-bipartite graph. Then G is t-perfect
if and only if

(i) G contains no induced odd wheel; and

(ii) G contains no induced prime antiweb other than possibly an odd hole.

Holm, Torres and Wagler [42] gave a characterisation of t-perfect antiwebs. For
us, however, a direct implication of the proof of that characterisation is more
interesting: an antiweb is t-perfect if and only if it does not contain any even
Möbius ladder, or any of A1

7, A2
10, A3

13, A4
13, A4

17 and A7
19 as an induced subgraph.

We may omit A4
17 from that list as it contains an induced A3

13.
For the sake of completeness, we rewrite this proof. For that we use the following

theorem:

Theorem 5 (Trotter [67]). Ak′
n′ is an induced subgraph of Ak

n if and only if

n(k′ + 1) ≥ n′(k + 1) and nk′ ≤ n′k.

Lemma 6. Let Ak
n be a prime antiweb other than an odd hole. Then Ak

n con-
tains an even Möbius ladder, or one of A1

7, A2
10, A3

13, A4
13 and A7

19 as an induced
subgraph.

Proof. As Ak
n is prime, we have n ≥ 2k + 3. This can be easily improved by

observing that the antiweb Ak
2k+3 is an odd hole and that Ak

2k+4 is either an even
Möbius ladder (if k is even) or fails to be prime (if k odd). Thus we may assume
that

n ≥ 2k + 5 (4.1)

On the other hand, we obtain n ≤ 4k+3 as otherwise the vertices 0, k+1, 2(k+
1), 3(k+ 1) form a K4 in Ak

n. Since K4 is the smallest even Möbius ladder, we are
done again.

Let us tighten the upper bound on n a bit further. If n = 4k+ 3 then, checking
the conditions of Theorem 5 for k′ = 1 and n′ = 7

2n = 8k + 6 ≥ 7k + 7 = 7(k + 1) and n = 4k + 3 ≤ 7k,

we see thatA1
7 is an induced subgraph ofAk

n. Thus, we may assume that n ≤ 4k+2.
Next, consider the case when n = 4k+ 2. For k = 1, the resulting antiweb A1

6 is
not prime. For k ≥ 2, we use Theorem 5 again, this time for A2

10. The conditions

15



4 t-perfection in P5-free graphs

of Trotter’s theorem

3n = 12k + 6 ≥ 10k + 10 = 10(k + 1) and 2n = 8k + 4 ≤ 10k.

are satisfied, so that we find A2
10 as an induced subgraph in Ak

n. Consequently, we
may assume n ≤ 4k + 1.

As a last special case, suppose that n = 4k+1. This time we check the conditions
of Trotter’s theorem for n′ = 13 and k′ = 3:

4n = 16k + 4 ≥ 13k + 13 = 13(k + 1) and 3n = 12k + 3 ≤ 13k,

which holds true as long as k ≥ 3. For k = 1, we obtain A1
5, the 5-cycle, and for

k = 2, the antiweb A2
9 is not prime.

Therefore, we are left with the case when n ≤ 4k. Together with (4.1) this gives

2k + 5 ≤ n ≤ 4k (4.2)

We will prove that each such antiweb, except for A4
13 and A7

19, contains an induced
even Möbius ladder A2t

4t+4. Suppose that is false. Then, Theorem 5 states that
there is no integer t for which n(2t + 1) ≥ (4t + 4)(k + 1) and n · 2t ≤ (4t + 4)k
holds. This is equivalent to saying that there is no integer t with

n

2(n− 2k − 2) − 1 ≤ t ≤ n

n− 2k − 1

There is no such t precisely when⌊
n

n− 2k

⌋
<

n

2(n− 2k − 2) (4.3)

We will see that (4.3) leads to a contradiction, which then proves the lemma.
We make a case distinction, and assume first that 3k + 1 ≤ n ≤ 4k. Note that

n
n−2k

= 1 + 2k
n−2k

, so that

2 = 1 + 2k
4k − 2k ≤ 1 + 2k

n− 2k ≤ 1 + 2k
3k + 1− 2k < 3

entails that b n
n−2k
c = 2.

Thus, (4.3) implies

2 < n

2(n− 2k − 2) ⇔ 3n < 8k + 8

16



4.2 t-perfection in near-bipartite graphs

As we are treating the case when n ≥ 3k + 1, we deduce k < 5.
What happens for k ≤ 4? For k = 4, we have to check the antiwebs A4

n with
n = 13, 14, 15, 16. Of these, A4

13 can be discarded right away as it is one of the
subgraphs in the statement of the lemma. Each of the antiwebs A4

14, A4
15 and A4

16,
violate (4.3). (And indeed, they contain the Möbius ladder A2

8.) If k = 3, then
n = 10, 11, 12. However, A3

11 violates (4.3), while the antiwebs A3
10 and A3

12 are
not prime. Observe that (4.2) implies 2k + 5 ≤ 4k, and thus k ≥ 5

2 . This finishes
the case when n ≥ 3k + 1.

Next, we turn to the case when 2k + 5 ≤ n ≤ 3k. Write n = q(n − 2k) + r

with integers q = b n
n−2k
c and r < n − 2k. Using q = n−r

n−2k
, we see that (4.3) is

equivalent to
n− r
n− 2k <

n

2(n− 2k − 2)
Getting rid of the fractions, we obtain

n2 < 2n(2 + k) + 2r(n− 2k − 2)

and, exploiting r ≤ n− 2k − 1, that

n2 < 2n(2 + k) + 2(n− 2k − 1)(n− 2− 2k).

This, in turn, is equivalent to

0 < (n− (3k + 1))2 − k2 + 6k + 3. (4.4)

First, assume n ≥ 2k + 6. Viewed as a function in n with constant k, the
right-hand side of (4.4) is monotonically decreasing for n ∈ [2k + 6, 3k]. Thus, it
attains its maximum in [2k + 6, 3k] at n = 2k + 6. If inequality (4.4) holds then
it holds in particular for the n that maximises the right hand side. Substituting
n = 2k + 6, (4.4) simplifies to k < 7.

On the other hand, it follows from 2k + 6 ≤ n ≤ 3k that k ≥ 6. There is
only one antiweb with k = 6 and 2k + 6 ≤ n ≤ 3k, namely A6

18. However, A6
18

is easily seen to violate (4.3), which means that we have finished with the case of
2k + 6 ≤ n ≤ 3k.

It remains to consider n = 2k + 5. Since we have already dealt with any
n ≥ 3k + 1, we can additionally assume that 2k + 5 = n ≤ 3k, which gives k ≥ 5.
We obtain an upper bound of k < 10 by setting n = 2k + 5 in (4.4).

Thus, we only need to check the antiwebs A5
15, A6

17, A7
19, A8

21 and A9
23. Of these,

A5
15 and A8

21 fail to be prime, while A7
19 is one of the induced subgraphs in the

17



4 t-perfection in P5-free graphs

statement of the lemma. Finally, each of A6
17 and A9

23 can easily be checked to
violate (4.3).

Thus, we have reached a contradiction in every case, which means that any
prime Ak

n with 2k + 5 ≤ n ≤ 4k contains an even Möbius ladder, unless Ak
n ∈

{A4
13, A

7
19}. This finishes the proof.

Combining the theorem of Holm et al. or Lemma 6 with Theorem 4 one obtains:

Proposition 7 (Bruhn and Fuchs [16]). A near-bipartite graph is t-perfect if and
only if it does not contain any odd wheel, any even Möbius ladder, or any of A1

7,
A2

10, A3
13, A4

13 and A7
19 as an induced subgraph.

4.3 Minimally t-imperfect antiwebs
Proposition 7 provides a combinatorial certificate for t-imperfection in near-bipar-
tite graphs: any such graph either contains an odd wheel, an even Möbius ladder or
one of the five graphs, C2

7 , A2
10, A3

13, A4
13 and A7

19, as an induced subgraph t-minor.
These graphs are all minimally t-imperfect (for most of them see ection 3). In this
section, we prove that A3

13, A4
13 and A7

19 are minimally t-imperfect, which was not
observed before [16]. As prime antiwebs these are t-imperfect. This follows from
Theorem 4 but can also be seen directly by observing that the vector x ≡ 1

3 lies
in TSTAB but not in SSP for any of the three graphs.

To show that the graphs are minimally t-imperfect, it suffices to consider the
t-minors obtained from a single vertex deletion or from a single t-contraction. If
these are t-perfect then the antiweb is minimally t-imperfect.

As we have seen in the previous section, Trotter gave necessary and sufficient
conditions when an antiweb contains another antiweb (see Theorem 5).

We fix the vertex set of any antiweb Ak
n to be {0, 1, . . . , n− 1}, so that ij is an

edge of Ak
n if and only if |i− j| mod n > k.

Proposition 8 (Bruhn and Fuchs [16]). The antiweb A3
13 is minimally t-imperfect.

Proof. For A3
13 to be minimally t-imperfect, every proper t-minor A3

13 needs to be
t-perfect. As no vertex of A3

13 has a stable neighbourhood, any proper t-minor is
a t-minor of a proper induced subgraph H of A3

13. Thus, it suffices to show that
any such H is t-perfect.

By Proposition 7, H is t-perfect unless it contains an odd wheel or one of A1
7,

A2
8 or A2

10 as an induced subgraph. Since the neighbourhood of every vertex does
not contain a cycle, H cannot contain any wheel. For the other graphs, we check

18



4.3 Minimally t-imperfect antiwebs

the inequalities of Theorem 5 and see that none can be contained in H. Thus, H
is t-perfect and A3

13 therefore minimally t-imperfect.

05

10

2

7

12
4 9

1

6

11

3

8

10

2

12
4 9

1

11

3

0̃

Figure 4.2: Antiweb A4
13, and its t-minor obtained by a t-contraction at 0

Proposition 9 (Bruhn and Fuchs [16]). The antiweb A4
13 is minimally t-imperfect.

Proof. By Proposition 7, any proper induced subgraph of A4
13 that is t-imperfect

contains one of A1
7, A2

8, or A2
10 as an induced subgraph; note that A4

13 does not
contain odd wheels. However, routine calculation and Theorem 5 show that A4

13
contains neither of these. Therefore, deleting any vertex in A4

13 always results in
a t-perfect graph.

It remains to consider the graphs obtained from A4
13 by a single t-contraction.

By symmetry, it suffices check whether the graph H obtained by t-contraction
at 0 is t-perfect; see Figure 4.2. Denote by 0̃ the new vertex that resulted from
the contraction.

The graph H is still near-bipartite and still devoid of odd wheels. Thus, by
Proposition 7, it is t-perfect unless it contains A1

7 and A2
8 as an induced subgraph—

all the t-imperfect antiwebs of Proposition 7 are too large for the nine-vertex graph
H.

Now, A1
7 is 4-regular but H only contains five vertices of degree at least 4.

Similarly, A2
8 is 3-regular but two of the nine vertices of H, namely 1 and 12, have

degree 2. We see that neither of the two antiwebs can be contained in H, so that
H is t-perfect and, thus, A4

13 minimally t-imperfect.

Proposition 10 (Bruhn and Fuchs [16]). The antiweb A7
19 is minimally t-imperfect.
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4 t-perfection in P5-free graphs
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Figure 4.3: Antiweb A7
19, and its t-minor obtained by t-contraction at 0

Proof. We claim that any proper induced subgraph of A7
19 is t-perfect. Indeed, as

A7
19 does not contain any induced odd wheel, this follows from Proposition 7, unless

A7
19 contains one of A1

7, A
2
8, A

2
10, A

4
12, A

3
13, A

4
13, or A6

16 as an induced subgraph. We
can easily verify with Theorem 5 that this is not the case.

It remains to check that any t-contraction in A7
19 yields a t-perfect graph, too.

By symmetry, we may restrict ourselves to a t-contraction at the vertex 0. Let H
be the resulting graph, and let 0̃ be the new vertex; see Figure 4.3.

The graph H is a near-bipartite graph on 15 vertices. It does not contain any
odd wheel as an induced subgraph. Thus, by Proposition 7, H is t-perfect unless
it has an induced subgraph A that is isomorphic to a graph in

A := {A1
7, A

2
8, A

2
10, A

4
12, A

3
13, A

4
13}.

Since this is not the case for A7
19, we may assume that 0̃ ∈ V (A).

Note that the graphs A1
7, A2

10, A3
13 and A4

13 have minimum degree at least 4.
Yet, 0̃ has only two neighbours of degree 4 or more (namely, 3 and 16). Thus,
neither of these four antiwebs can occur as an induced subgraph in H.

It remains to consider the case when H contains an induced subgraph A that
is isomorphic to A2

8 or to A4
12, both of which are 3-regular graphs. In particular,

A is then contained in H ′ = H − {1, 18} as the vertices 1 and 18 have degree 2.
As H ′ has only 13 vertices, A cannot be isomorphic to A4

12 since deleting any
single vertex of H ′ never yields a 3-regular graph. That leaves only A = A2

8.
Since A2

8 is 3-regular, we need to delete exactly one of the four neighbours of 0̃
in H ′. Suppose this is the vertex 3. Then, 12 has degree 2 and thus cannot be part
of A. Deleting 12 as well leads to vertex 2 having degree 2, which thereby is also
excluded from A. This, however, is impossible as 2 is one of the three remaining
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4.4 Harmonious cutsets

neighbours of 0̃.
By symmetry, we may therefore assume that the neighbours of 0̃ in A are

precisely 2, 3, 16. That 17 is not part of A entails that the vertex 7 has degree 2
and thus cannot lie in A either. Then, however, 16 ∈ V (A) has degree 2 as well,
which is impossible.

4.4 Harmonious cutsets
We investigate the structure of minimally t-imperfect graphs, whether they are
P5-free or not. We hope this more general setting might prove useful in subsequent
research.

A structural feature that may never appear in a minimally t-imperfect graph G
is a clique separator : any clique K of G so that G−K is not connected.

Lemma 11 (Chvátal [21]; Gerards [34]). No minimally t-imperfect graph contains
a clique separator.

A generalisation of clique separators was introduced by Chudnovsky et al. [19]
in the context of colouring K4-free graphs without odd holes. A tuple (X1, . . . , Xs)
of disjoint subsets of the vertex set of a graph G is G-harmonious if

• any induced path with one endvertex in Xi and the other in Xj has even
length if and only if i = j; and

• if s ≥ 3 then X1, . . . , Xs are pairwise complete to each other.

A pair of subgraphs {G1, G2} of G = (V,E) is a separation of G if V (G1) ∪
V (G2) = V and G has no edge between V (G1) \ V (G2) and V (G2) \ V (G1). If
both V (G1) \ V (G2) and V (G2) \ V (G1) are non-empty, the separation is proper.

A vertex set X is called a harmonious cutset if there is a proper separation
(G1, G2) of G so that X = V (G1) ∩ V (G2) and if there exists a partition X =
(X1, . . . , Xs) so that (X1, . . . , Xs) is G-harmonious.

We prove:

Lemma 12 (Bruhn and Fuchs [16]). If a t-imperfect graph contains a harmo-
nious cutset then it also contains a proper induced subgraph that is t-imperfect. In
particular, no minimally t-imperfect graph admits a harmonious cutset.

For the proof we need a bit of preparation.
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4 t-perfection in P5-free graphs

Lemma 13 (Lovász [48]). Let S1 ( . . . ( Sk and T1 ( . . . ( T` be nested
subsets of a finite set V . Let σ := ∑k

i=1 λi
χ

Si
and τ := ∑`

j=1 µj
χ

Tj
be two convex

combinations in RV with non-zero coefficients. If σ = τ then k = `, λi = µi and
Si = Ti for all i = 1, . . . , k.

The lemma is not new. It appears in the context of submodular functions, where
it may be seen to assert that the Lovász extension of a set-function is well-defined;
see Lovász [48]. For the sake of completeness, we give a proof here.

Proof of Lemma 13. By allowing λ1 and µ1 to be 0, we may clearly assume that
S1 = ∅ = T1. Moreover, if two elements u, v ∈ V always appear together in the
sets Si, Tj then we may omit one of u, v from all the sets. So, in particular, we
may assume S2 and T2 to be singleton-sets.

Let s be the unique element of S2. Then ∑k
i=2 λi = σs = τs ≤

∑`
j=2 µj. By

symmetry, we also get ∑k
i=2 λi ≥

∑`
j=2 µj, and thus we have equality. We deduce

that T2 = {s}, and that λ1 = µ1 as λ1 = 1−∑k
i=2 λi = 1−∑`

j=2 µj = µ1. Then

(λ1 + λ2)χS1 +
k∑

i=3
λi
χ

Si\{s} = (µ1 + µ2)χT1 +
∑̀
j=3

µj
χ

Tj\{s}

are two convex combinations. Induction on |Sk| now finishes the proof, where we
also use that λ1 = µ1.

Lemma 14 (Bruhn and Fuchs [16]). Let G be a graph, and let (X, Y ) be a G-
harmonious tuple (with possibly X = ∅ or Y = ∅). If S1, . . . , Sk are stable sets
then there are stable sets S ′1, . . . , S ′k so that

(i) S ′1 ∩X ⊆ . . . ⊆ S ′k ∩X;

(ii) S ′1 ∩ Y ⊇ . . . ⊇ S ′k ∩ Y ; and

(iii) ∑k
i=1 χS′

i
= ∑k

i=1 χSi
.

Proof. We start with two easy claims. First:

For any two stable sets S, T there are stable sets S ′ and T ′ such
that χS + χ

T = χ
S′ + χ

T ′ and S ′ ∩X ⊆ T ′ ∩X. (4.5)

Indeed, assume there is an x ∈ (S ∩X) \ T . Denote by K the component of the
induced graph G[S ∪ T ] that contains x, and consider the symmetric differences
S̃ = S4K and T̃ = T4K. Clearly, χS + χ

T = χ
S̃ + χ

T̃ . Moreover, K meets X
only in S as otherwise K would contain an induced x–(T∩X) path, which then has
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4.4 Harmonious cutsets

necessarily odd length. This, however, is impossible as (X, Y ) is G-harmonious.
Therefore, x /∈ S̃ ∩ X ⊂ S ∩ X. By repeating this exchange argument for any
remaining x′ ∈ (S̃ ∩X) \ T̃ , we arrive at the desired stable sets S ′ and T ′. This
proves (4.5).

We need a second, similar assertion:

For any two stable sets S, T with S ∩X ⊆ T ∩X there are stable
sets S ′ and T ′ such that χS + χ

T = χ
S′ + χ

T ′, S ′ ∩ X = S ∩ X
and S ′ ∩ Y ⊇ T ′ ∩ Y .

(4.6)

To see this, assume there is a y ∈ (T ∩ Y ) \ S, and let K be the component of
G[S∪T ] containing y, and set S̃ = S4K and T̃ = T4K. The component K may
not meet T ∩X, as then it would contain an induced y–(T ∩X) path. This path
would have even length, contradicting the definition of a G-harmonious tuple. As
above, we see, moreover, that K meets Y only in T ; otherwise there would be an
induced odd y–(S ∩ Y ) path, which is impossible. Thus, S̃, T̃ satisfy the first two
conditions we want to have for S ′, T ′, while (T̃ ∩Y )\ S̃ is smaller than (T ∩Y )\S.
Again repeating the argument yields S ′, T ′ as desired. This proves (4.6).

We now apply (4.5) iteratively to S1 (as S) and each of S2, . . . , Sk (as T ) in
order to obtain stable sets R1, . . . , Rk with R1∩X ⊆ Ri∩X for every i = 2, . . . , k
and ∑k

i=1 χSi
= ∑k

i=1 χRi
. We continue applying (4.5), first to R2 and each of

R3, . . . , Rk, then to the resulting R′3 and each of R′4, . . . , R′k and so on, until we
arrive at stable sets T1, . . . , Tk with ∑k

i=1 χSi
= ∑k

i=1 χTi
that are nested on X:

T1 ∩X ⊆ . . . ⊆ Tk ∩X.
In a similar way, we use (4.6) to force the stable sets to become nested on Y as

well. First, we apply (4.6) to T1 (as S) and to each of T2, . . . , Tk (as T ), then to
the resulting T ′3 and each of T ′4, . . . , T ′k, and so on. Proceeding in this manner, we
obtain the desired stable sets S ′1, . . . , S ′k.

Lemma 15 (Bruhn and Fuchs [16]). Let (G1, G2) be a proper separation of a
graph G so that X = V (G1)∩ V (G2) is a harmonious cutset. Let z ∈ QV (G) be so
that z|G1 ∈ SSP(G1) and z|G2 ∈ SSP(G2). Then z ∈ SSP(G).

The lemma generalises the result by Chudnovsky et al. [19] that G = G1 ∪ G2

is 4-colourable if G1 and G2 are 4-colourable.

Proof of Lemma 15. Let (X1, . . . , Xs) be a G-harmonious partition of X. As
z|Gj

∈ SSP(Gj), for j = 1, 2, we can express z|G1 as a convex combination of
stable sets S1, . . . , Sm of G1, and z|G2 as a convex combination of stable sets
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4 t-perfection in P5-free graphs

T1, . . . , Tm′ of G2. Since z is a rational vector, we may even assume that

z|G1 = 1
m

m∑
i=1

χ
Si

and z|G2 = 1
m

m∑
i=1

χ
Ti
.

Indeed, this can be achieved by repeating stable sets.

We first treat the case when s ≤ 2. If s = 1, then set X2 = ∅, so that whenever
s ≤ 2, we have X = X1 ∪X2.

Using Lemma 14, we find stable sets S ′1, . . . , S ′m of G1 so that z|G1 = 1
m

∑m
i=1 χS′

i

and
S ′1 ∩X1 ⊆ . . . ⊆ S ′m ∩X1, and S ′1 ∩X2 ⊇ . . . ⊇ S ′m ∩X2

holds. Analogously, we obtain a convex combination z|G2 = 1
m

∑m
i=1 χT ′

i
of stable

sets T ′1, . . . , T ′m of G2 that are increasingly nested on X1 and decreasingly nested
on X2.

Define S1 ( . . . ( Sk to be the distinct restrictions of the sets S ′i to X1. More
formally, let 1 = i1 < . . . < ik < ik+1 = m+ 1 be so that

St = S ′i ∩X1 for all it ≤ i < it+1

We set, moreover, λt = 1
m

(it+1 − it). Equivalently, mλt is the number of S ′i with
St = S ′i ∩X1. Then z|X1 = ∑k

t=1 λt
χ

St
is a convex combination.

We do exactly the same in G2 in order to obtain z|X1 = ∑k
t=1 µt

χ
T t

, where the
sets T t are the distinct restrictions of the T ′i to X1. With Lemma 13, we deduce
first that St = T t and λt = µt for all t, from which we get that

S ′i ∩X1 = T ′i ∩X1 for all i = 1, . . . ,m.

The same argument, only applied to the restrictions of S ′i and of T ′i to X2, yields
that also

S ′i ∩X2 = T ′i ∩X2 for all i = 1, . . . ,m.

Thus, Ri = S ′i ∪ T ′i is, for every i = 1, . . . ,m, a stable set of G. Consequently,
z = 1

m

∑m
i=1 χRi

is a convex combination of stable sets and thus a point of SSP(G).

It remains to treat the case when the harmonious cutset has at least three parts,
that is, when s ≥ 3. We claim that there are sets S0,S1, . . . ,Ss of stable sets of
G1 so that

(a) z|G1 = 1
m

∑s
j=0

∑
S∈Sj

χ
S and ∑s

j=0 |Sj| = m;

(b) for j = 1, . . . , s if S ∈ Sj then Xj ∩ S is non-empty; and
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4.4 Harmonious cutsets

(c) for j = 0, . . . , s if S, T ∈ Sj then Xj ∩ S ⊆ Xj ∩ T or Xj ∩ S ⊇ Xj ∩ T .

Moreover, there are analogous sets T0, T1, . . . , Ts for G2.

To prove the claim note first that each Si meets at most one of the setsXj as each
two induce a complete bipartite graph. Therefore, we can partition {S1, . . . , Sm}
into sets S ′0, . . . ,S ′s so that (a) and (b) are satisfied. Next, we apply Lemma 14
to each S ′j and (Xj, ∅) in order to obtain sets S ′′j that satisfy (a) and (c) but
not necessarily (b); property (a) still holds as Lemma 14 guarantees ∑S∈S′

j

χ
S =∑

S∈S′′
j

χ
S for each j. If (b) is violated, then only because for some j 6= 0 there is

S ∈ S ′′j that is not only disjoint from Xj but also from all other Xj′ . In order to
repair (b) we remove all stable sets S in ⋃s

j=1 S ′′j that are disjoint from ⋃s
j=1 Xj

from their respective sets and add them to S ′′0 . The resulting sets S0,S1, . . . ,Ss

then satisfy (a)–(c). The proof for the Tj is the same.

As a consequence of (a) and (b) it follows for j = 0, 1, . . . , s that
∑

S∈Sj

χ
S∩Xj

= m · z|Xj
=
∑

T∈Tj

χ
T∩Xj

(4.7)

Now, consider j 6= 0. Then, by (b) and (c), there is a vertex v ∈ Xj that lies in
every S ∈ Sj. Thus, we have ∑S∈Sj

χ
S(v) = |Sj|.

Evaluating (4.7) at v ∈ Xj, we obtain

|Sj| = m · z(v) =
∑

T∈Tj

χ
T (v) ≤ |Tj|.

Reversing the roles of Sj and Tj, we also get |Tj| ≤ |Sj|, and thus that |Tj| = |Sj|,
as long as j 6= 0. That this also holds for j = 0 follows from m = ∑s

j=0 |Sj| =∑s
j=0 |Tj|, so that we get mj := |Sj| = |Tj| for every j = 0, 1, . . . , s.
Together with (4.7) this implies, in particular, that

1
mj

∑
S∈Sj

χ
S∩Xj

= 1
mj

∑
T∈Tj

χ
T∩Xj

We may, therefore, define a vector yj on V (G) by setting

yj|G1 := 1
mj

∑
S∈Sj

χ
S and yj|G2 := 1

mj

∑
T∈Tj

χ
T (4.8)

For any j = 0, . . . , s, define Gj = G − ⋃r 6=j Xr, and observe that Xj is a har-
monious cutset of Gj consisting of only one part. (That is, Xj is Gj-harmonious.)
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4 t-perfection in P5-free graphs

Moreover, as (4.8) shows, the restriction of yj to G1 ∩ Gj lies in SSP(G1 ∩ Gj),
while the restriction to G2∩Gj lies in SSP(G2∩Gj). Thus, we can apply the first
part of this proof, when s ≤ 2, in order to deduce that yj ∈ SSP(Gj) ⊆ SSP(G).

To finish the proof we observe, with (a) and (4.8), that

z =
s∑

j=0

mj

m
yj

As, by (a), ∑s
j=0 mj = m, this means that z is a convex combination of points in

SSP(G), and thus itself an element of SSP(G).

Corollary 16 (Bruhn and Fuchs [16]). Let (G1, G2) be a proper separation of G
so that X = V (G1) ∩ V (G2) is a harmonious cutset. Then G is t-perfect if and
only if G1 and G2 are t-perfect.

Proof. Assume that G1 and G2 are t-perfect, and consider a rational point z ∈
TSTAB(G). Then z|G1 ∈ SSP(G1) and z|G2 ∈ SSP(G2), which means that
Lemma 15 yields z ∈ SSP(G). Since this is true for all rational z it extends to
real z as well.

The corollary directly implies Lemma 12.

4.5 P5-free graphs
Let F be the set of graphs consisting of P5, K4, W5, C2

7 , A2
10 and A3

13 together
with the three graphs in Figure 4.4. Note that the latter three graphs all contain
K4 as a t-minor: for (a) and (b) K4 is obtained by a t-contraction at any vertex
of degree 2, while for (c) both vertices of degree 2 need to be t-contracted. In
particular, every graph in F besides P5 is t-imperfect. We say that a graph is
F-free if it contains none of the graphs in F as an induced subgraph.

(a) (b) (c)

Figure 4.4: Three graphs that t-contract to K4

We prove a lemma that implies directly Theorem 3:
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4.5 P5-free graphs

Lemma 17 (Bruhn and Fuchs [16]). Any F-free graph is t-perfect.

We first examine how a vertex may position itself relative to a 5-cycle in an
F -free graph.

Lemma 18 (Bruhn and Fuchs [16]). Let G be an F-free graph. If v is a neighbour
of a 5-hole C in G then v has either exactly two neighbours in C, and these are
non-consecutive in C; or v has exactly three neighbours in C, and these are not
all consecutive.

(a) 3 (b) 7 (c) 7 (d) 3

(e) 7 (f) 3 (g) 7 (h) 7

Figure 4.5: The types of neighbours of a 5-hole

Proof. See Figure 4.5 for the possible types of neighbours (up to isomorphy). Of
these, (b) and (c) contain an induced P5; (e) and (g) are the same as (a) and (b)
in Figure 4.4 and thus in F ; (h) is W5. Only (d) and (f) remain.

Lemma 19 (Bruhn and Fuchs [16]). Let G be an F-free graph, and let u and v be
two non-adjacent vertices such that both of them have precisely three neighbours
in a 5-hole C. Then u and v have either all three or exactly two non-consecutive
neighbours in C in common.

(a) 3 (b) 7 (c) 3

Figure 4.6: The possible configurations of Lemma 19
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4 t-perfection in P5-free graphs

Proof. By Lemma 18, both of u and v have to be as in (f) of Figure 4.5. Figure 4.6
shows the possible configurations of u and v (up to isomorphy). Of these, (b) is
impossible as there is an induced P5—the other two configurations (a) and (c)
may occur.

A subgraph H of a graph G is dominating if every vertex in G − H has a
neighbour in H.

Lemma 20 (Bruhn and Fuchs [16]). Let G be an F-free graph. Then, either any
5-hole of G is dominating or G contains a harmonious cutset.

Proof. Assume that there is a 5-hole C = c1 . . . c5c1 that fails to dominate G. Our
task consists in finding a harmonious cutset. We first observe:

Let u ∈ N(C) be a neighbour of some x /∈ N(C). Then u has
exactly three neighbours in C, not all of which are consecutive. (4.9)

So, such a u is as in (f) of Figure 4.5. Indeed, by Lemma 18, only (d) or (f) in
Figure 4.5 are possible. In the former case, we may assume that the neighbours of
u in C are c1 and c3. Then, however, xuc1c4c5 is an induced P5. This proves (4.9).

(a) (b)

Figure 4.7: x in solid black.

Consider two adjacent vertices y, z /∈ N(C), and assume that there is a u ∈
N(y)∩N(C) that is not adjacent to z. We may assume that N(u)∩C = {c1, c2, c4}
by (4.9). Then, zyuc2c3 is an induced P5, which is impossible. Thus:

N(y) ∩N(C) = N(z) ∩N(C) for any adjacent y, z /∈ N(C). (4.10)

Next, fix some vertex x that is not dominated by C (and, by assumption, there
is such a vertex). As a consequence of (4.10), N(x) ∩N(C) separates x from C.
In particular,

X := N(x) ∩N(C) is a separator. (4.11)
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Consider two vertices u, v ∈ X. Then, by (4.9), each of u and v have exactly
three neighbours in C, not all of which are consecutive. We may assume that
N(u) ∩ V (C) = {c1, c2, c4}.

First, assume that uv ∈ E(G), and suppose that the neighbourhoods of u and
v in C are the same. This, however, is impossible as then u, v, c1, c2 form a K4.
Therefore, uv ∈ E(G) implies N(u) ∩ V (C) 6= N(v) ∩ V (C).

Now assume uv /∈ E(G). By Lemma 19, there are only two possible configu-
rations (up to isomorphy) for the neighbours of v in C; these are (a) and (c) in
Figure 4.6. The first of these, (a) in Figure 4.7, is impossible, as this is a graph
of F ; see Figure 4.4 (c). Thus, we see that u, v are as in (b) of Figure 4.7, that is,
that u and v have the same neighbours in C.

To sum up, we have proved that:

uv ∈ E(G)⇔ N(u) ∩ V (C) 6= N(v) ∩ V (C) for any two u, v ∈ X (4.12)

An immediate consequence is that the neighbourhoods in C partition X into
stable sets X1, . . . , Xk such that Xi is complete to Xj whenever i 6= j. As X
cannot contain any triangle—together with x this would result in a K4—it follows
that k ≤ 2. If k = 1, we put X2 = ∅ so that always X = X1 ∪X2.

We claim that X is a harmonious cutset. As X is a separator, by (4.11), we
only need to prove that (X1, X2) is G-harmonious. For this, we have to check
the parities of induced X1-paths and of X2-paths; since X1 is complete to X2 any
induced X1–X2 path is a single edge and has therefore odd length.

Suppose there is an odd induced X1-path or X2-path. Clearly, we may assume
there is such a path P that starts in u ∈ X1 and ends in v ∈ X1. As X1 is stable,
and as G is P5-free, it follows that P has length 3. So, let P = upqv.

Let us consider the position of p and q relative to C. We observe that neither
p nor q can be in C. Indeed, if, for instance, p was in C then p would also be a
neighbour of v since N(u) ∩ V (C) = N(v) ∩ V (C), by (4.12). This, however, is
impossible as P is induced.

Next, assume that p, q /∈ N(C) holds. Since p and q are adjacent, we can apply
(4.10) to p and q, which results in N(p) ∩ N(C) = N(q) ∩ N(C). However, as u
lies in N(p) ∩N(C) it then also is a neighbour of q, which contradicts that upqv
is induced.

It remains to consider the case when one of p and q, p say, lies in N(C). As
p is adjacent to u but not to v, both of which lie in X1 and are therefore non-
neighbours, it follows from (4.12) that p /∈ X. In particular, p is not a neighbour
of x, which means that puxv is an induced path.
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4 t-perfection in P5-free graphs

Suppose there is a neighbour c ∈ V (C) of p that is not adjacent to u. By (4.12),
c is not adjacent to v either, so that cpuxv forms an induced P5, a contradiction.
Thus, N(p) ∩ V (C) ⊆ N(u) has to hold. By (4.9), we may assume that the
neighbours of u in C are precisely c1, c2, c4. As u and p are adjacent, p cannot be
neighbours with both of c1 and c2, as this would result in a K4. Thus, we may
assume that N(p)∩ V (C) = {c2, c4}. (Note, that p has at least two neighbours in
C, by Lemma 18.)

To conclude, we observe that pc4c5c1c2p forms a 5-hole, in which u has four
neighbours, namely c1, c2, c4, p. This is in direct contradiction to Lemma 18, which
means that our assumption is false, and there is no odd induced X1-path, and no
such X2-path either. Consequently, (X1, X2) is G-harmonious, and X = X1 ∪X2

therefore a harmonious cutset.

Proposition 21 (Bruhn and Fuchs [16]). Let G be a t-imperfect graph. Then
either G contains an odd hole or it contains K4 or C2

7 as an induced subgraph.

Proof. Assume that G does not contain any odd hole and neither K4 nor C2
7 as

an induced subgraph. Observe that any odd antihole of length ≥ 9 contains K4.
Since the complement of a 5-hole is a 5-hole, and since C2

7 is the odd antihole of
length 7, it follows that G cannot contain any odd antihole at all.

Now, by the strong perfect graph theorem it follows that G is perfect. (Note
that we do not need the full theorem but only the far easier version for K4-free
graphs; see Tucker [68].) Since G does not contain any K4 it is therefore t-perfect
as well.

Lemma 22 (Bruhn and Fuchs [16]). Let G be an F-free graph. If G contains a
5-hole, and if every 5-hole is dominating then G is near-bipartite.

Proof. Let G contain a 5-hole, and assume every 5-hole to be dominating. Suppose
that the lemma is false, i.e. that G fails to be near-bipartite. In particular, there is
a vertex v such that G−N(v) is not bipartite, and therefore contains an induced
odd cycle T . As any 5-hole is dominating and any k-hole with k > 5 contains an
induced P5, T has to be a triangle. Let T = xyz. We distinguish two cases, both
of which will lead to a contradiction.

Case: v lies in a 5-hole C.
Let C = c1 . . . c5c1, and v = c1. Then T could meet C in 0, 1 or 2 vertices. If T
has two vertices with C in common, these have to be c3 and c4 as the others are
neighbours of v. Then, the third vertex of T has two consecutive neighbours in C,
which means that by Lemma 18 its third neighbour in C has to be c1 = v, which
is impossible.
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4.5 P5-free graphs

Next, suppose that T meets C in one vertex, c3 = z, say. By Lemma 18, each
of x, y has to have a neighbour opposite of c3 in C, that is, either c1 or c5. As
c1 = v, both of x, y are adjacent with c5. The vertices x, y could have a third
neighbour in C; this would necessarily be c2. However, not both can be adjacent
to c2 as then x, y, c2, c3 would induce a K4. Thus, assume x to have exactly c3

and c5 as neighbours in C. This means that C ′ = c3xc5c1c2c3 is a 5-hole in which
y has at least three consecutive neighbours, c3, x, c5, which is impossible (again,
by Lemma 18).

Finally, suppose that T is disjoint from C. Each of x, y, z has at least two
neighbours among c2, . . . , c5, and no two have c3 or c4 as neighbour; otherwise we
would have found a triangle in G − N(v) meeting C in exactly one vertex, and
could reduce to the previous subcase. Thus, we may assume that x is adjacent to
c2 and c5. Moreover, since no vertex of x, y, z can be adjacent to both c3 and c4 (as
then it would also be adjacent to c1, by Lemma 18) and no ci ∈ C can be adjacent
to all vertices of T (because otherwise ci, x, y, z would form a K4), it follows that
we may assume that y is adjacent to c2 but not to c5, while z is adjacent to c5 but
not to c2. Then, c1c2yzc5c1 is a 5-hole in which x has four neighbours, in obvious
contradiction to Lemma 18. Therefore, this case is impossible.
Case: v does not lie in any 5-hole.
Let C = c1 . . . c5c1 be a 5-hole. Since every 5-hole is dominating, v has a neighbour
in C, and thus is, by Lemma 18, either as in (f) of Figure 4.5 or as in (d).
The latter, however, is impossible since then v would be contained in a 5-hole.
Therefore, we may assume that the neighbours of v in C are precisely {c1, c2, c4}.
As a consequence, T can meet C in at most c3 and c5, not in both as C is induced.

Suppose T = xyz meets C in x = c3. If y is not adjacent to either of c1

and c4, then c1vc4xy forms an induced P5. If, on the other hand, y is adjacent
to c4 then, by Lemma 18, also to c1. Thus, y is either adjacent to c1 or to
both c1 and c4. The same holds for z. Since y and z are adjacent, they cannot
both have three neighbours in C (otherwise G would contain a K4). Suppose
N(y) ∩ C = {x, c1}. But then xc4c5c1yx forms an induced 5-cycle in which z has
at least three consecutive neighbours; a contradiction to Lemma 18.

Consequently, T is disjoint from every 5-hole. By Lemma 18, each of x, y, z
has neighbours in C as in (d) or (f) of Figure 4.5. However, if any of x, y, z has
only two neighbours in C as in (d) then that vertex together with four vertices
of C forms a 5-hole that meets T—this is precisely the situation of the previous
subcase. Thus, we may assume that all vertices of T have three neighbours in C as
in (f) of Figure 4.5. If we consider the possible configurations of two non-adjacent
vertices which have three neighbours in C (namely v and a vertex of T ) as we
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4 t-perfection in P5-free graphs

have done in Figure 4.6, we see that only (a) and (c) in Figure 4.6 are possible.
But then each vertex of T has to be adjacent to c4, which means that T together
with c4 induces a K4, which is impossible.

Proof of Lemma 17. Suppose that G is a t-imperfect and but F -free. By deleting
suitable vertices we may assume that every proper induced subgraph of G is t-
perfect. In particular, by Lemma 12, G does not admit a harmonious cutset.
Since G is t-imperfect it contains an odd hole, by Proposition 21, and since G is
P5-free, the odd hole is of length 5. From Lemma 20 we deduce that any 5-hole is
dominating. Lemma 22 implies that G is near-bipartite.

Noting that both A4
13 and A7

19, as well as any Möbius ladder or any odd wheel
larger than W5, contain an induced P5, we see with Proposition 7 that G is t-
perfect after all.

By Lemma 17, a P5-free graph is either t-perfect or contains one of eight t-
imperfect graphs as an induced subgraph. Obviously, checking for these forbidden
induced subgraphs can be done in polynomial time, so that we get as immediate
algorithmic consequence:

Theorem 23 (Bruhn and Fuchs [16]). P5-free t-perfect graphs can be recognised
in polynomial time.

We suspect, but cannot currently prove, that t-perfection can be recognised as
well in polynomial time in near-bipartite graphs.

4.6 Colouring
Can t-perfect graphs always be coloured with few colours? This is one of the main
open questions about t-perfect graphs. A conjecture by Shepherd and Sebő asserts
that four colours are always enough. It is straightforward to verify the conjecture
for near-bipartite graphs:

Proposition 24 (Bruhn and Fuchs [16]). Every near-bipartite t-perfect graph is
4-colourable.

Proof. Pick any vertex v of a near-bipartite and t-perfect graph G. Then G−N(v)
is bipartite and may be coloured with colours 1, 2. On the other hand, as G is
t-perfect the neighbourhood N(v) necessarily induces a bipartite graph as well;
otherwise v together with a shortest odd cycle in N(v) would form an odd wheel.
Thus we can colour the vertices in N(v) with the colours 3, 4.
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Near-bipartite t-perfect graphs can, in general, not be coloured with fewer
colours. Indeed, this is even true if we restrict ourselves further to complements
of line graphs, which is a subclass of near-bipartite graphs. Two t-perfect graphs
in this class that need four colours are: L(Π), the complement of the line graph of
the prism, and L(W5). The former was found by Laurent and Seymour (see [63,
p. 1207]), while the latter was discovered by Benchetrit [5]. Moreover, Benchetrit
showed that any 4-chromatic t-perfect complement of a line graph contains one of
L(Π) and L(W5) as an induced subgraph.

How about P5-free t-perfect graphs? Applying insights of Sebő and of Sumner,
Benchetrit [5] proved that P5-free t-perfect graphs are 4-colourable. This is not
tight:

Theorem 25 (Bruhn and Fuchs [16]). Every P5-free t-perfect graph G is 3-
colourable.

For the proof we use that there is a finite number of obstructions for 3-colourabi-
lity in P5-free graphs:

Theorem 26 (Maffray and Morel [50]). A P5-free graph is 3-colourable if and only
if it does not contain K4, W5, C2

7 , A2
10, A3

13 or any of the seven graphs in Figure 4.8
as an induced subgraph.

(Maffray and Morel call these graphs F1–F12. The graphs K4, W5, C2
7 , A2

10, A3
13

are respectively F1, F2, F9, F11 and F12.) A similar result was obtained by Bruce,
Hoàng and Sawada [14], who gave a list of five forbidden (not necessarily induced)
subgraphs.

Proof of Theorem 25. Any P5-free graph G that cannot be coloured with three
colours contains one of the twelve induced subgraphs of Theorem 26. Of these
twelve graphs, we already know that K4, W5, C2

7 , A2
10, A3

13 are t-imperfect, and
thus cannot be induced subgraphs of a t-perfect graph. It remains to consider the
seven graphs in Figure 4.8. These graphs are t-imperfect, too: each can be turned
into K4 by first deleting the grey vertices and then performing a t-contraction at
the respective black vertex.

We mention that Benchetrit [5] also showed that P6-free t-perfect graphs are
4-colourable. This is tight: both L(Π) and L(W5) (and indeed all complements
of line graphs) are P6-free. We do not know whether P7-free t-perfect graphs are
4-colourable.

We turn now to fractional colourings. A motivation for the conjecture that
t-perfect graphs can be coloured with 4 colours was certainly the fact that the
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4 t-perfection in P5-free graphs

(a) (b) (c) (d)

(e) (f) (g)

Figure 4.8: The remaining 4-critical P5-free graphs of Theorem 26; in Maffray and
Morel [50] these are called F3–F8 and F10. In each graph, deleting the
grey vertices and then t-contracting at the black vertex results in K4.

fractional chromatic number χf (G) of a t-perfect graph G is always bounded
by 3. More precisely, if og(G) denotes the odd girth of G, that is, the length
of the shortest odd cycle, then χf (G) = 2 og(G)

og(G)−1 as long as G is t-perfect (and
non-bipartite). This follows from linear programming duality; see for instance
Schrijver [63, p. 1206].

Recall that a graph G is perfect if and only if χ(H) = ω(H) for every induced
subgraph H of G. As odd cycles seem to play a somewhat similar role for t-
perfection as cliques play for perfection, one might conjecture that t-perfection is
characterised in an analogous way:

Conjecture 27 (Bruhn and Fuchs [16]). A graph G is t-perfect if and only if
χf (H) = 2 og(H)

og(H)−1 for every non-bipartite t-minor H of G.

Note that the conjecture becomes false if, instead of t-minors, only induced
subgraphs H are considered. Indeed, in the t-imperfect graph obtained from K4

by subdividing some edge twice, all induced subgraphs satisfy the condition (but
not the t-minor K4).

An alternative but equivalent formulation of the conjecture is: χf (G) > 2 og(G)
og(G)−1

holds for every minimally t-imperfect graph G. It is straightforward to check that
all minimally t-imperfect graphs that are known to date satisfy this. In particular,
it follows that the conjecture is true for P5-free graphs, for near-bipartite graphs,
as well as for claw-free graphs; see [17] for the minimally t-imperfect graphs that
are claw-free.
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5 t-perfect quadrangulations of the
projective plane

5.1 Introduction
In this chapter we will first give some interesting results about graph embedding,
in particular quadrangulations of the sphere and the projective plane. We will first
show how quadrangulations of the sphere can be reduced to 4-cycles. Then, we
will deduce a similar reduction for non-bipartite quadrangulations of the projective
plane to odd wheels. In the end of this chapter we will deduce a characterisation of
t-perfect quadrangulations of the projective plane. All these results can be found
in [31] and are joint work with Laura Gellert.

We start with some general definitions and give afterwards an brief overview of
former results and our results.

For further background on topological graph theory, we refer the reader to Gross
and Tucker [37] or Mohar and Thomassen [55].

An embedding of a simple graph G on a surface is a continuous one-to-one
function from a topological representation of G into the surface. For our purpose,
it is convenient to abuse the terminology by referring to the image of G as the graph
G. The faces of an embedding are the connected components of the complement
of G. An embedding G is even if all faces are bounded by an even circuit. A
quadrangulation is an embedding where each face is bounded by a circuit of length
4.

For characterising quadrangulations of the sphere, it is very useful to transform
a quadrangulation into a slightly smaller one. Such reductions are mainly based
on the following idea: given a class of quadrangulations, a sequence of particu-
lar face-contractions transforms every member of the class into a 4-cycle; see eg
Brinkmann et al. [12], Nakamoto [58], Negami and Nakamoto [59], and Broersma
et al. [13]. A face-contraction identifies two non-adjacent vertices v1, v3 of a 4-face
v1, v2, v3, v4 in which the common neighbours of v1 and v3 are only v2 and v4. A
somewhat different approach was made by Bau et al. [4]. They showed that any
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5 t-perfect quadrangulations of the projective plane

quadrangulation of the sphere can be transformed into a 4-cycle by a sequence of
deletions of degree-2 vertices and so called hexagonal contractions. The obtained
graph is a minor of the previous graph. Both operations can be obtained from
face-contractions.

We provide a new way to reduce arbitrary quadrangulations of the sphere to a
4-cycle. Our operations are minor-operations — in contrast to face-contractions.
We use deletions of degree-2 vertices and t-contractions (see Section 3). Face-
contractions cannot be obtained from t-contractions. We restrict ourselves to
t-contractions at vertices that are only contained in 4-cycles whose interior does
not contain a vertex.

These t-contractions and deletions of degree-2 vertices
can be obtained from a sequence of face-contractions. (5.1)

Figure 5.1 illustrates this. The restriction on the applicable t-contractions makes
sure that all face-contractions can be applied, ie that all identified vertices are
non-adjacent and have no common neighbours besides the two other vertices of
their 4-face.

1 3 1

2 1
2

34
5
6

Figure 5.1: Face-contractions that give a deletion of a degree-2 vertex, a t-
contraction at a degree-3 and a degree-6 vertex

We prove:

Theorem 28 (Fuchs and Gellert [31]). Let G be a quadrangulation of the sphere.
Then, there is a sequence of t-contractions at degree-3 vertices and deletions of
degree-2 vertices that transforms G into a 4-cycle. During the whole process, the
graph remains a quadrangulation.

The proof of Theorem 28 can be found in Section 5.2. It is easy to see that
both operations used in Theorem 28 are necessary. By (5.1), Theorem 28 implies:

Any quadrangulation of the sphere can be transformed
into a 4-cycle by a sequence of face-contractions.
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Via the dual graph, quadrangulations of the sphere are in one-to-one correspon-
dence with planar 4-regular (not necessarily simple) graphs. Theorem 28 thus
implies a method to reduce all 4-regular planar graphs to the graph on two ver-
tices and four parallel edges. Broersma et al. [13], Lehel [46], and Manca [51]
analysed methods to reduce 4-regular planar graphs to the octahedron graph.

In the second part of this chapter, we consider quadrangulations of the projective
plane. We use Theorem 28 to reduce all non-bipartite quadrangulations of the
projective plane to an odd wheel.

Theorem 29 (Fuchs and Gellert [31]). Let G be a non-bipartite quadrangulation
of the projective plane. Then, there is a sequence of t-contractions and deletions of
degree-2 vertices that transforms G into an odd wheel. During the whole process,
the graph remains a non-bipartite quadrangulation.

The proof of this theorem can be found in Section 5.2. It is easy to see that
both operations used in this theorem are necessary.

vv 1
2

Figure 5.2: An even embedding of W5 in the projective plane and face-contractions
that produce a smaller odd wheel. Opposite points on the dotted cycle
are identified.

Negami and Nakamoto [59] showed that any non-bipartite quadrangulation
of the projective plane can be transformed into a K4 by a sequence of face-
contractions. this result can be deduced from Theorem 29: By (5.1), Theorem 29
implies that any non-bipartite quadrangulation of the projective plane can be
transformed into an odd wheel by a sequence of face-contractions. The odd wheel
W2k+1 can now be transformed into W2k−1 — and finally into W3 = K4 — by
face-contractions (see Figure 5.2).

Nakamoto [58] gave a reduction method based on face-contractions and so
called 4-cycle deletions for non-bipartite quadrangulations of the projective plane
with minimum degree 3. Matsumoto et al. [52] analysed quadrangulations of
the projective plane with respect to hexagonal contractions while Nakamoto con-
sidered face-contractions for quadrangulations of the Klein bottle [56] and the
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5 t-perfect quadrangulations of the projective plane

torus [57]. Youngs [72] and Esperet and Stehĺık [26] considered non-bipartite
quadrangulations of the projective plane with regard to vertex-colourings and
width-parameters.

Theorem 29 allows an application to the theory of t-perfection.

Theorem 30 (Fuchs and Gellert [31]). For every quadrangulation G of the pro-
jective plane the following assertions are equivalent:

(a) G is t-perfect

(b) G is strongly t-perfect

(c) G is bipartite

5.2 Reducing quadrangulations of the sphere and
the projective plane

We continue with some basic definitions and general observations.
Let G be a quadrangulations. A cycle C of G is contractible if C separates the

surface into two sets SC and SC where SC is homeomorphic to an open disk in
R2. Note that for the sphere, SC and SC are homeomorphic to an open disk. In
contrast, for the plane and the projective plane, SC is not homeomorphic to an
open disk. For the plane and the projective plane, we call SC the interior of C
and SC the exterior of C. Using the stereographic projection, it is easy to switch
between embeddings in the sphere and the plane. In order to have an interior and
an exterior of a contractible cycle, we will concentrate on quadrangulations of the
plane (and the projective plane). Note that by the Jordan curve theorem,

all cycles in the plane are contractible. (5.2)

A cycle in a non-bipartite quadrangulation of the projective plane is contractible
if and only if it has even length (see e.g. [44, Lemma 3.1]). As every non-bipartite
even embedding is a subgraph of a non-bipartite quadrangulation, one can easily
generalise this result.

Observation 31 (Fuchs and Gellert [31]). A cycle in a non-bipartite even em-
bedding in the projective plane is contractible if and only it has even length.
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An embedding is a 2-cell embedding if each face is homeomorphic to an open
disk. It is well-known that embeddings of 2-connected graphs in the plane are 2-
cell embeddings. A non-bipartite quadrangulation of the projective plane contains
a non-contractible cycle; see Observation 31. The complement of this cycle in the
projective plane is homeomorphic to an open disk. Thus, we observe:

Observation 32 (Fuchs and Gellert [31]). Every quadrangulation of the plane and
every non-bipartite quadrangulation of the projective plane is a 2-cell embedding.

This observation makes sure that we can apply Euler’s formula to all the con-
sidered quadrangulations. A simple graph cannot contain a 4-circuit that is not a
4-cycle. Thus, note that every face of a quadrangulation is bounded by a cycle.

It is easy to see that

all quadrangulations of the plane are bipartite. (5.3)

We first take a closer look at deletions of degree-2 vertices in graphs that are
not the 4-cycle C4.

Observation 33 (Fuchs and Gellert [31]). Let G 6= C4 be a quadrangulation of
the plane or the projective plane that contains a vertex v of degree 2. Then, G− v
is again a quadrangulation.

Proof. Let u and u′ be the two neighbours of v. Then, there are distinct vertices
s, t such that the cycles uvu′su and uvu′tu are bounding a face. Thus, usu′tu
is a contractible 4-cycle whose interior contains only v and G − v is again a
quadrangulation.

We now take a closer look at t-contractions.

Lemma 34 (Fuchs and Gellert [31]). Let G be a quadrangulation of the plane or
a non-bipartite quadrangulation of the projective plane. Let G′ be obtained from
G by a t-contraction at v. If v is not a vertex of a contractible 4-cycle with some
vertices in its interior, then G′ is again a quadrangulation.

Proof. Let G′′ be obtained from G by the operation that identifies v with all its
neighbours but does not delete multiple edges. This operation leaves every cycle
not containing v untouched, transforms every other cycle C into a cycle of length
|C| − 2, and creates no new cycles. Therefore, all cycles bounding faces of G′′
are of size 4 or 2. The graphs G′ and G′′ differ only in the property that G′′
has some double edges. These double edges form 2-cycles that arise from 4-cycles
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containing v. As all these 4-cycles are contractible (see (5.2) and Observation 31)
with no vertex in their interior, the 2-cycles are also contractible and contain no
vertex in its interior. Deletion of all double edges now gives G′ — an embedded
graph where all faces are of size 4.

Lemma 34 enables us to prove the following statement that directly implies
Theorem 28.

Lemma 35 (Fuchs and Gellert [31]). Let G be a quadrangulation of the plane.
Then, there is a sequence of

• t-contractions at degree-3 vertices that are only contained in 4-cycles whose
interior does not contain a vertex.

• deletions of degree-2 vertices

that transforms G into a 4-cycle. During the whole process, the graph remains a
quadrangulation.

Proof. Let C be the set of all contractible 4-cycles whose interior contains some
vertices of G. Note that C contains the 4-cycle bounding the outer face unless G
equals the 4-cycle.

Let C ∈ C be a contractible 4-cycle whose interior does not contain another
element of C. We will first see that the interior of C contains a vertex of degree 2
or 3: deletion of all vertices in the exterior of C gives a quadrangulation G′ of the
plane. As G is connected, one of the vertices in C must have a neighbour in the
interior of C and thus must have degree at least 3. Euler’s formula now implies
that ∑v∈V (G′) deg(v) = 2|E(G′)| ≤ 4|V (G′)| − 8. As no vertex in G′ has degree 0
or 1, there must be a vertex of degree 2 or 3 in V (G′) − V (C). This vertex has
the same degree in G and is contained in the interior of C.

We use deletions of degree-2 vertices and t-contractions at degree-3 vertices in
the interior of the smallest cycle of C to successively get rid of all vertices in the
interior of 4-cycles. By Observation 33 and Lemma 34, the obtained graphs are
quadrangulations. Now, suppose that no more t-contraction at a degree-3 vertex
and no more deletion of a degree-2 vertex is possible. Assume that the obtained
graph is not a 4-cycle. Then, there is a cycle C ′ ∈ C whose interior does not
contain another cycle of C. As we have seen above, C ′ ∈ C contains a vertex v of
degree 3. Since no t-contraction can be applied to v, the vertex v has two adjacent
neighbours. This contradicts (5.3).
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5.2 Reducing quadrangulations of the sphere and the projective plane

In the rest of the chapter, we will consider the projective plane.
A quadrangulation of the projective plane is nice if no vertex is contained in

the interior of a contractible 4-cycle.

Lemma 36 (Fuchs and Gellert [31]). Let G be a non-bipartite quadrangulation
of the projective plane. Then, there is a sequence of t-contractions and deletions
of vertices of degree 2 that transforms G into a nice quadrangulation. During the
whole process, the graph remains a quadrangulation.

Proof. Let C be a contractible 4-cycle whose interior contains at least one vertex.
Delete all vertices that are contained in the exterior of C. The obtained graph is a
quadrangulation of the plane. By Lemma 35, there is a sequence of t-contractions
(as described in Lemma 34) and deletions of degree-2 vertices that eliminates all
vertices in the interior of C. With this method, it is possible to transform G into
a nice quadrangulation.

Similar as in the proof of Lemma 35, Euler’s formula implies that a non-bipartite
quadrangulation of the projective plane contains a vertex of degree 2 or 3. As no
nice quadrangulation has a degree-2 vertex (see Observation 33), we deduce:

Observation 37 (Fuchs and Gellert [31]). Every nice non-bipartite quadrangula-
tion of the projective plane has minimal degree 3.

In an even embedding of an odd wheel W , every odd cycle must be non-
contractible (see Observation 31). Thus, it is easy to see that there is only one
way (up to topological isomorphy) to embed an odd wheel in the projective plane.
(This can easily be deduced from [54] — a paper dealing with embeddings of pla-
nar graphs in the projective plane.) The embedding is illustrated in Figure 5.2.
Noting that this embedding is a quadrangulation, we observe:

Observation 38 (Fuchs and Gellert [31]). Let G be a quadrangulation of the
projective plane that contains an odd wheel W . If G is nice, then G equals W .

Note that every graph containing an odd wheel also contains an induced odd
wheel. Now, we consider even wheels.

Lemma 39 (Fuchs and Gellert [31]). Even wheels W2k for k ≥ 2 do not have an
even embedding in the projective plane.

The statement follows directly from [54]. We nevertheless give an elementary
proof of the lemma.
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5 t-perfect quadrangulations of the projective plane

Proof. First assume that the 4-wheel W4 has an even embedding. As all triangles
of W4 − w3w4 must be non-contractible by Observation 31, it is easy to see that
the graph must be embedded as in Figure 5.3. Since the insertion of w3w4 will
create an odd face, W4 is not evenly embeddable.

Now assume that W2k for k ≥ 3 is evenly embedded. Delete the edges vwi

for i = 5, . . . , 2k and note that w5, . . . , w2k are now of degree 2, ie the path
P = w4w5 . . . w2kw1 bounds two faces or one face from two sides. Deletion of the
edges vwi preserve the even embedding: deletion of an edge bounding two faces
F1, F2 merges the faces into a new face of size |F1|+ |F2| − 2. Deletion of an edge
bounding a face F from two sides leads to a new face of size |F | − 2. In both
cases, all other faces are left untouched.

Next, replace the odd path P by the edge w4w1. The two faces F3, F4 adjacent to
P are transferred into two new faces of size |F3|−(2k−3)+1 and |F4|−(2k−3)+1.
This yields an even embedding of W4 which is a contradiction.

v w4w3

w2w1

Figure 5.3: The only even embedding of W4 − w3w4 in the projective plane. Op-
posite points on the dotted cycle are identified.

Note that a t-contraction at a vertex v is only allowed if its neighbourhood is
stable, that is, if v is not contained in a triangle. The next lemma characterises
the quadrangulations to which no t-contraction can be applied.

Lemma 40 (Fuchs and Gellert [31]). Let G be a non-bipartite nice quadrangula-
tion of the projective plane where each vertex is contained in a triangle. Then G

is an odd wheel.

Proof. By Observation 37, there is a vertex v of degree 3 in G. Let {x1, x2, x3} be
its neighbourhood and let x1,x2 and v form a triangle.

Recall that each two triangles are non-contractible (see Observation 31). Con-
sequently each two triangles intersect. As x3 is contained in a triangle intersecting
the triangle vx1x2v and as v has no further neighbour, we can suppose without
loss of generality that x3 is adjacent to x1. The graph induced by the two triangles
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5.3 (Strong) t-perfection for quadrangulations of the projective plane

vx1x2v and x1vx3x1 is not a quadrangulation. Furthermore, addition of the edge
x2x3 yields a K4. By Observation 38, G then equals the odd wheel W3 = K4.

Otherwise, the graph contains a further vertex and this vertex is contained in
a further triangle T . Since the vertex v has degree 3, it is not contained in T . If
further x1 /∈ V (T ), then the vertices x2 and x3 must be contained in T . But then
x2x3 ∈ E(G) and, as above, v, x1, x2 and x3 form a K4. Therefore, x1 is contained
in T and consequently in every triangle of G. Since every vertex is contained in a
triangle, x1 must be adjacent to all vertices of G−x1. As |E(G)| = 2|V (G)|−2 by
Euler’s formula, the graph G− x1 has 2|V (G)| − 2− (|V (G)| − 1) = |V (G)| − 1 =
|V (G − x1)| many edges. By Observation 37, no vertex in G has degree smaller
than 3. Consequently, no vertex in G−x1 has degree smaller than 2. Thus, G−x1

is a cycle and G is a wheel. By Lemma 39, G is an odd wheel.

Finally, we can prove our second main result:

Proof of Theorem 29. TransformG into a nice quadrangulation (Lemma 36). Now,
consecutively apply t-contractions (as described in Lemma 34) as long as possi-
ble. In each step, the obtained graph is a quadrangulation. By Lemma 36 we
can assume that the quadrangulation is nice. If no more t-contraction can be
applied, then every vertex is contained in a triangle. By Lemma 40, the obtained
quadrangulation is an odd wheel.

5.3 (Strong) t-perfection for quadrangulations of
the projective plane

The proof of Theorem 30 follows directly from Theorem 29.

Proof of Theorem 30. If G is bipartite, G is (strongly) t-perfect.
Let G be non-bipartite. Then, there is a sequence of t-contractions and deletions

of vertices that transforms G into an odd wheel (Theorem 29). As odd wheels are
not (strongly) t-perfect and as vertex deletion and t-contraction preserve (strong)
t-perfection, G is not (strongly) t-perfect.
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6 t-perfect triangulations of the
projective plane

6.1 Introduction
In this chapter we characterise triangulations of the projective plane. This is joint
work with Laura Gellert (see [30]). In particular we prove:

Theorem 41 (Fuchs and Gellert [30]). For every triangulation G of the projective
plane the following assertions are equivalent:

(a) G is t-perfect

(b) G is strongly t-perfect

(c) G is perfect and contains no K4

(d) G contains no loose odd wheel and no C7 as an induced subgraph.

The definition of a loose odd wheel is given in Section 6.2.
As we have mentioned in Chapter 3, one of the main open questions about

t-perfection is, whether a t-perfect graph can always be coloured with few colours.
The verification of the conjecture for triangulations of the projective plane fol-

lows directly from Theorem 41: a t-perfect triangulation is perfect without K4

and thus 3-colourable.

Corollary 42 (Fuchs and Gellert [30]). Every t-perfect triangulation of the pro-
jective plane is 3-colourable.

In order to prove Theorem 41, we mainly study Eulerian triangulations, ie
triangulations where all vertices are of even degree.1 Colourings of Eulerian tri-
angulations were studied by Hutchinson et al. [43] and by Mohar [53]. Suzuki and
Watanabe [66] determined a family of Eulerian triangulations of the projective

1Sometimes, an Eulerian triangulation is referred to as an even triangulation.
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6 t-perfect triangulations of the projective plane

PC,v1−v2,v3 PC,v1−v3,v2

PC,v2−v3,v1

v1

v3v2

Figure 6.1: The paths PC,v1−v2,v3 , PC,v1−v3,v2 and PC,v2−v3,v1 on a cycle C

plane such that every Eulerian triangulation of the projective plane can be trans-
formed into one of its members by application of two operations (see Section 6.4
for more details). Barnette [3] showed that one can obtain each triangulation of
the projective plane from one of two minimal triangulations using two kinds of
splitting operation.

6.2 Loose odd wheels
We continue with some notation. For a cycle C and three vertices v1, v2, v3 ∈ V (C)
we denote by PC,v1−v2,v3 the path connecting v1 and v2 along C that does not
contain v3. Figure 6.1 illustrates this. Note that wiggly lines represent paths.

Let C be an odd cycle and let v /∈ V (C) be a vertex. Three vertices v1, v2, v3 are
called three odd neighbours of v on C, if they are neighbours of v and the paths
PC,v1−v2,v3 , PC,v1−v3,v2 and PC,v2−v3,v1 on C are odd.

A loose odd wheel consists of an odd cycle C and a vertex v /∈ V (C) that has
three odd neighbours on C. Evidently, every odd wheel is a loose odd wheel and
every graph that contains an odd wheel as a subgraph also contains an odd wheel
as an induced subgraph. Furthermore, every loose odd wheel has an odd wheel
as a t-minor. As vertex-deletion and t-contraction preserve t-perfection it follows
directly from (3.3) that

a t-perfect graph contains no loose odd wheel. (6.1)

6.3 Triangulations
A triangulation G of the projective plane is a finite simple graph embedded on
the surface such that every face of G is bounded by a 3-cycle. A cycle C in the
projective plane is contractible if C separates the projective plane into two sets
SC and SC where SC is homeomorphic to an open disk in R2. We call SC the
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6.3 Triangulations

interior of C. A triangulation is nice if no vertex is contained in the interior of a
contractible 3-cycle.

As a contractible cycle separates G, Lemma 11 in Section 4.4 implies that

it suffices to analyse t-(im)perfection of nice triangulations. (6.2)

Ringel [61] pointed out that the neighbourhood of any vertex in a triangulation
contains a Hamilton cycle:

Theorem 43 (Ringel [61]). Let G be a triangulation of a closed surface and
let v be a vertex with neighbourhood {v0 = vd, v1, . . . , vd−1} where vvivi+1v is a
contractible triangle for i = 0, . . . , d − 1. Then, the cycle v0v1 . . . vd−1v0 is a
contractible Hamilton cycle in NG(v).

We denote the contractible Hamilton cycle of v described in Theorem 43 byHC(v)
and note:

Observation 44 (Fuchs and Gellert [30]). Let G be a nice triangulation with a
non-contractible cycle C. Let u, v, w be three consecutive vertices on C. Then the
two paths between u and w along the Hamilton cycle HC(v) are induced.

Proof. Suppose that the path P = v1v2 . . . vk with u = v1 and w = vk on the
Hamilton cycle of v is not induced. Then, there are vertices vi and vi+` of P with
` ≥ 2 that are adjacent in G. As C is non-contractible, the triangle vvivi+`v must
be contractible and its interior contains the vertices vi+1, . . . , vi+`−1. This shows
that G is not a nice triangulation.

A triangulation is called Eulerian if each vertex has even degree. The next
observation implies that a t-perfect triangulation must be Eulerian.

Observation 45 (Fuchs and Gellert [30]). Let G be a triangulation of any surface
and let G contain a vertex whose neighbourhood is not bipartite. Then, G does
not satisfy any of the assertions given in Theorem 41.

Proof. Let the neighbourhood of v ∈ V (G) contain an odd induced cycle C.
Then, C and v form an odd wheel W and G is not (strongly) t-perfect by (6.1).
If C is a triangle, W is a K4; otherwise, C is an odd hole and G is imperfect
(see Theorem 2).

In a triangulation, a vertex of odd degree has a non-bipartite neighbourhood
(Theorem 43). It thus follows from Observation 45 that in order to prove Theo-
rem 41,

we can assume that the triangulation is Eulerian. (6.3)
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6 t-perfect triangulations of the projective plane

x

b a

b′a′
y
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a′ y

x z

w

u v
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u v

Figure 6.2: Even-contraction and deletion of an octahedron

The next theorem follows directly from a characterisation of t-perfect triangu-
lations of the plane given by Bruhn and Benchetrit [7, Theorem 2].

Theorem 46 (Fuchs and Gellert [30]). Every triangulation G of the projective
plane that contains a contractible odd hole also contains a loose odd wheel.

To prove Theorem 41, we thus can assume that in our triangulation

all odd cycles are non-contractible. (6.4)

There is another useful property of a graph that forces a loose odd wheel.

Observation 47 (Fuchs and Gellert [30]). Let G be a triangulation of the projec-
tive plane. If G contains an odd hole with a vertex of degree 4, then G contains a
loose odd wheel.

Proof. Let u, v, w be three consecutive vertices on an odd hole and let v have
neighbourhood NG(v) = {u,w, x, y}. As u and w cannot be adjacent, the Hamil-
ton cycle around v equals uxwyu and C forms a loose odd wheel together with
x.

As we have seen in (6.3), it suffices to analyse Eulerian triangulations of the
projective plane to prove Theorem 41. Suzuki and Watanabe [66] introduced the
following operations that modify Eulerian triangulations.

Definition 48. Let G be an Eulerian triangulation of the projective plane. Let x ∈
V (G) be a vertex with Hamilton cycle aba′b′a where the set of common neighbours
of b and b′ equals {a, a′, x}. An even-contraction at x together with b and b′

identifies the vertices x, b, b′ to a new vertex y and removes loops as well as multiple
edges.
The inverse operation is called an even-splitting at y.
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6.4 Proof of Theorem 41

Figure 6.2 shows an even-contraction. Note that the graph obtained from an
Eulerian triangulation by an even-contraction or an even-splitting is again an
Eulerian triangulation of the projective plane. An even-splitting is always unique:
the embedding directly yields the partition of the neighbours of y into neighbours
of b and of b′.

We note some useful observations.
If we can apply an even-contraction, then

NG(b) ∩NG(b′) = {a, a′, x}. (6.5)

Furthermore, not only the common neighbours of b and b′ are restricted. If bb′ ∈
E(G), then {b, b′, a, x} induces a K4, thus

we may assume that bb′ /∈ E (6.6)

if G does not contain a K4.
Suzuki and Watanabe [66] pointed out that even-contraction and even-splitting

preserve 3-colourability. This leads to the following observation:

Observation 49 (Fuchs and Gellert [30]). Let G′ be obtained from G by an even-
contraction. If G′ is perfect without K4, then G is 3-colourable.

Suzuki and Watanabe [66] defined one more operation:

Definition 50. Let G be an Eulerian triangulation of the projective plane. Let
uvwu be a contractible triangle in G whose interior contains only the vertices
x, y, z and the edges xy, xz, yz, ux, uy, vy, vz, wx, wz. The deletion of the vertices
x, y, z is called a deletion of an octahedron.
The inverse operation is called an attachment of an octahedron.

Figure 6.2 shows a deletion of an octahedron.
We call an Eulerian triangulation irreducible if no deletion of an octahedron

and no even-contraction can be applied. Suzuki and Watanabe [66] listed all
irreducible Eulerian triangulations. These graphs are treated in Section 6.5.

6.4 Proof of Theorem 41
The proof of Theorem 41 is inductive. Lemma 51 provides the induction start.
For the induction step, we consider a nice triangulation with an odd hole to which
we apply an even-contraction. Lemma 52, Lemma 53 and Lemma 54 treat the
different structures of the obtained graph.
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6 t-perfect triangulations of the projective plane

Lemma 51 (Fuchs and Gellert [30]). Every irreducible triangulation G of the
projective plane that contains no loose odd wheel and no C7 as an induced subgraph
is perfect and contains no K4.

This lemma will be shown in Section 6.5.

Lemma 52 (Fuchs and Gellert [30]). Let G be a nice Eulerian triangulation and
let G′ be obtained from G by an even-contraction. If G contains an odd hole and
G′ is perfect, then G contains a loose odd wheel.

The proof of this lemma can be found in Section 6.7. The proofs of the following
two lemmas appear in Section 6.6.

Lemma 53 (Fuchs and Gellert [30]). Let G be a nice Eulerian triangulation and
let G′ be obtained from G by an even-contraction. If G′ contains a loose odd wheel,
then G contains a loose odd wheel.

Lemma 54 (Fuchs and Gellert [30]). Let G be a nice Eulerian triangulation and
let G′ be obtained from G by an even-contraction. If G′ contains an induced C7,
then G contains a C7 or a loose odd wheel as an induced subgraph.

With (3.4) in Chapter 3, it is easy to see one of the implications stated in
Theorem 41.

Lemma 55 (Fuchs and Gellert [30]). Every perfect graph without K4 is (strongly)
t-perfect.

Proof. Let G be perfect with no clique of size at least 4. Then, (3.2) is equivalent
to (3.1). The system is totally dual integral as G is perfect (see (3.4)). This shows
that G is (strongly) t-perfect.

Now, we are able to prove the Theorem 41.

Proof of Theorem 41. If a graph G is perfect without K4, then G is strongly t-
perfect and thus t-perfect by Lemma 55. Therefore, (c) implies (b) and (b) im-
plies (a).

If a graph G is t-perfect, then G contains no loose odd wheel or C7; see (6.1)
and (3.3). Thus, (a) implies (d).

In order to show that (d) implies (c), we now consider an imperfect triangulation
G of the projective plane and prove that G contains C7 or a loose odd wheel as
an induced subgraph. Note that K4 is a loose odd wheel.

We can assume that G is a nice triangulation (see (6.2)). Furthermore, as G is
imperfect, G contains an odd hole or an odd anti-hole (Theorem 2). The Euler
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6.5 Irreducible Triangulations

characteristic of the projective plane implies that 2|E(H)| ≤ 6|V (H)| − 6 for
every embeddable graph H. Thus, no odd anti-hole on nine or more vertices is
embeddable. As the anti-hole C5 is isomorphic to the hole C5, an imperfect graph
in the projective plane contains an odd hole or the anti-hole C7. If G contains an
anti-hole C7, G is t-imperfect by (3.3). Thus, suppose that G contains an induced
odd hole C. If the odd cycle C is contractible, G contains a loose odd wheel
by Theorem 46. As G is a nice triangulation, no deletion of an octahedron can be
applied.

If no even-contraction can be applied to G, then the graph is irreducible and the
claim follows from Lemma 51. Assume that an even-contraction can be applied.
If G′ is perfect, G contains a loose odd wheel by Lemma 52. If the obtained graph
G′ contains an induced C7, then by Lemma 54, G contains a loose odd wheel or
an induced C7. If G′ contains an odd hole then by induction, G′ contains a loose
odd wheel. Thus, G also contains a loose odd wheel; see Lemma 53.

6.5 Irreducible Triangulations
In this section, we analyse irreducible Eulerian triangulations of the projective
plane, ie Eulerian triangulations to which no deletion of an octahedron and no
even-contraction can be applied.

Following Suzuki and Watanabe [66] we define three families of graphs.

D

v

d

b

v

c

a

a

c

e1 e2

E
y x

x y

c1

a1

a2

c2

d

b
h1

e1 e2

h2

e2e1

h3

e1 e2

Figure 6.3: The pieces D, E, h1, h2 and h3

The graph I16[s1, . . . , sn] with si ∈ {1, 2, 3} for i ∈ [n] is obtained from the
graph D by inserting the pieces h1, h2 and h3 (see Figure 6.3) into the hexagonal
region of D as follows: insert hs1 , . . . , hsn one below the other into the hexagon
e1bce2ad (with e1 = e2). Then, identify the paths between e1 and e2 in each
pair of consecutive pieces. Furthermore, identify the path e1bce2 in D with the
path connecting e1 and e2 in hs1 that has not been connected to another piece.

51



6 t-perfect triangulations of the projective plane

Analogously, identify e1, d, a, e2 in D with the path in hsn that has not been
connected to another piece. Figure 6.4 shows I16[1, 2, 3] as an example where the
identified paths are dotted. The graph I1 in Figure 6.5 is isomorphic to I16[1].

I16[s1, . . . , sn] I18[n](n ≥ 1) I19[m](m ≥ 1)

Figure 6.4: The three infinite families of irreducible graphs. Opposite points on
the outer cycles are identified.

The graph I18[n], with n ∈ N, is obtained from the graph E in Figure 6.3 by
inserting the pieces h2 and h3 of Figure 6.3 one below the other a total of n times
alternatingly into the hexagonal region a1bc1a2dc2 (with a1 = a2 and c1 = c2).
The paths between e1 = c1 and e2 = c2 in each pair of consecutive pieces are
identified. Figure 6.4 shows I18[1] as an example.

The graph I19[m] for m ∈ N is obtained from E (see Figure 6.3) by inserting m
copies of h2 and m copies of h3 alternatingly — starting with h2 — and identifying
c1 and e1 as well as c2 and e2. Each pair of consecutive pieces bounds a hexagonal
region. This region may be triangulated. Note that this happens in a unique way
as all vertices are required to be of even degree. Figure 6.4 shows I19[1] as an
example.

Theorem 56 (Suzuki and Watanabe [66]). An Eulerian triangulation G of the
projective plane is irreducible if and only if G is one of the graphs in Figure 6.5
or belongs to one of the families I16[s1, . . . , sn], I18[n], and I19[m].

This characterisation enables us to prove Lemma 51.
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I1 I2 I3

I4 I5 I6

I7 I8 I9

I10 I11 I12

I13 I14 I15

I17 I20

Figure 6.5: Some irreducible Eulerian triangulations of the projective plane. Op-
posite points on the outer cycles are identified.
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6 t-perfect triangulations of the projective plane

Proof of Lemma 51. The graphs I5, I8, I11, I13, I15 and I20 contain no loose odd
wheel (and thus no K4) and no C7. One can check that these graphs are perfect.

Figure 6.5 shows that I1, I2, I3, I4, I6, I7, I9, I10I12, I14 and I17 have a loose odd
wheel as subgraph.

Now consider I16[s1, . . . , sn]. First, suppose that the graph contains an even
number of copies of h1. The graphs D, h1, h2 and h3 are easily seen to be 3-
colourable. The colourings can be combined to obtain a 3-colouring of the vertices
of I16[s1, . . . , sn]. Thus, the graphs contains noK4. One can check easily that every
triangle-free subgraph of G can be coloured with two colours. Therefore, the clique
number and the chromatic number coincide for each subgraph of I16[s1, . . . , sn].
This shows that the graph is perfect.

Second, let I16[s1, . . . , sn] contain an odd number of copies of h1. Consider the
path P from b to d consisting of the dotted edges in each copy of h1 and h2. This
path is induced and odd and forms a loose odd wheel together with v and a.

Next, consider I18[n] for n ∈ N. Each consecutive pair of pieces has exactly one
edge in common that is not adjacent to c1 = c2. The union of these edges forms
an induced odd path between b and d. (For an illustration see Figure 6.6.) This
path together with x and y gives a loose odd wheel.

Last, consider I19[m] for m ∈ N. An induced odd path from b to d together
with the vertices x and y forms a loose odd wheel in I19[m]. Such a path is eg
dotted in Figure 6.6 for I19[2]. For the general case take for the first pair of h1

and h2 the dotted path from v1 to v2 which is odd. For all other pairs take the
dotted path from v2 to v3 which is even. Sticking these paths together gives an
odd induced path from b to d.

6.6 Even-contraction creating a loose odd wheel or
an induced C7

In this section, we prove Lemma 53 and Lemma 54.

Proof of Lemma 53. Let W be a loose odd wheel in G′ with central vertex v and
induced cycle C. Let the even-contraction in G be applied at x together with b

and b′, let NG(x) = {a, a, b, b′} and let V (G′) = V (G) \ {x, a, a, b, b′} ∪ {y}.
Evidently, G still contains W if y /∈ V (W ).
Suppose that y ∈ V (C). Let u, u′ be the two cycle vertices adjacent to y. Let C ′

be the cycle obtained from C by deletion of y and addition of the edges ub, bu′ (if
ub, bu′ ∈ E(G′)) or ub, bx, xb′, b′u′ (if ub, u′b′ ∈ E(G)). C ′ is an odd induced cycle
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6.6 Even-contraction creating a loose odd wheel or an induced C7

v3

v1

v2

Figure 6.6: Two odd paths described in the proof of Lemma 51. Opposite points
on the outer cycles are identified.

x bb′

z1

z2z3

x bb′

z1

z2z3

a

a′

Figure 6.7: The situation after the splitting if y equals the central vertex v

in G′. If C ′ forms a loose odd wheel together with v, we are done. Otherwise, b
is adjacent to u and u′, but not to v. The vertex b′ is adjacent to v and neither
adjacent to u nor to u′ (or vice versa). But then, {u, u′} is different from {a, a′}.
Say u /∈ {a, a′} . Since C ′ together with v does not form a loose odd wheel, there
is a vertex z such that the path PC′,b−z,u′ together with b′, x and v forms an odd
hole. By Observation 47 we obtain a loose odd wheel.

Next, suppose that y equals the center vertex v of W . Let z1, z2 and z3 be three
odd neighbours of y in W . If b respectively b′ is adjacent to all the three vertices
in G, then b respectively b′ forms a loose odd wheel together with C. Assume that
bz1, bz2, b

′z3 ∈ E(G) and b′z1, bz3 /∈ E(G) (see Figure 6.7). The paths PC,z2−z3,z1

and PC,z1−z3,z2 form odd cycles C1 and C2 together with b, x, b′. By Observation 47,
G contains a loose odd wheel if C1 or C2 is induced. Thus, assume that C1 and C2

have chords. Then, Ci yields an induced odd subcycle C ′i. If C ′i contains b, x, b′,
it leads to a loose odd wheel by Observation 47. Thus, x is contained in a chord
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6 t-perfect triangulations of the projective plane

of Ci for i = 1, 2. As x has only four neighbours, the chords are of the form ax

and a′x. Consequently, b and b′ are also contained in chords of C1 and C2. (Note
that it is possible that a and a′ and coincide with vertices in {z1, z2, z3}.) See
Figure 6.7 for an illustration. If PC,a′−z1,z2 or PC,a−z2,z1 is odd, then b has three
odd neighbours on the cycle C and yields a loose odd wheel. Otherwise, the paths
PC,z3−a′,z1 and PC,z3−a,z2 are odd and consequently, b′ has three odd neighbours on
C.

This shows that G contains a loose odd wheel in all cases.

x
u1

u2

u3 v3

v2

v1
b b′
G

y
u1

u2

u3 v3

v2

v1

G′

Figure 6.8: Even-splitting at C̄7

Proof of Lemma 54. Let the even-contraction in G be applied at x together with b
and b′, let NG(x) = {a, a, b, b′} and let V (G′) = V (G)\{x, a, a, b, b′}∪{y}. Assume
that G′ contains an induced C7. Then, either G also contains an induced C7 (and
we are done) or y is one of the vertices of C7 in G′. Let u1u2u3v3v2v1yu1 be a cycle
of C7 in G′. Then, NG′(y) ∩ V (C7) = {u1, u2, v1, v2} (see also Figure 6.8). In G,
the vertices u1, u2, v1, v2 are neighbours of b or b′. If a vertex is adjacent to both,
b and b′, then this vertex equals a or a′. We now assume that G contains no loose
odd wheel and no induced C7 and deduce some useful observations.

At most three of the vertices in {u1, u2, v1, v2} are adjacent to b in G. (6.7)

Otherwise, b induces a C7 in G together with u1, u2, u3, v3, v2, v1.

If u1b and u2b
′ are edges in G, then {u1, u2} ∩ {a, a′} 6= ∅. (6.8)

Otherwise, the edges u1b
′ and u2b are not contained in G. Then, bxb′u2u1b is an

odd hole that forms a loose odd wheel in G together with a.

If u1b and v1b
′ are edges in G, then {u1, v1} ∩ {a, a′} 6= ∅. (6.9)
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6.7 Even-contraction destroying an odd hole

Otherwise, the edges u1b
′ and v1b are not contained in G. Then, bxb′v1u1b forms

a loose odd wheel in G together with a. Next, we note that

{u1, v2} 6= {a, a′}. (6.10)

Otherwise, u1xv2v3u2u1 is an odd hole that forms a loose odd wheel in G together
with b.

If u1 and v2 are adjacent to b′ in G, then u2 is also a neighbour of b′. (6.11)

Otherwise, the vertices b′, u1, u2, u3, v3, v2 form a loose odd wheel in G with center
u3.

Note that in all observations, we can exchange u and v as well as b and b′. We
now use our observations in order to get a contradiction.

First, we assume that u1 and v2 are neighbours of b′. Then, by (6.11), u2 is
adjacent to b′ and by (6.7), v1 is not adjacent to b′. Furthermore, because of (6.8)
and (6.9), {u1, v2} = {a, a′}. This is a contradiction to (6.10). Consequently,

u1 and v2 do not have a common neighbour in {b, b′}. (6.12)

Let u1b and v2b
′ be edges of G, and let u1b

′, v2b /∈ E(G).
First, assume that v1 ∈ NG(b′). Then by (6.9), v1 = a. If u2 is a neighbour of b′,
then u2 equals a′ by (6.8). This is a contradiction to (6.10). Thus, u2 ∈ NG(b)
and v2b ∈ E(G) by (6.11). This contradicts (6.12).
Now let v1 be adjacent to b but not to b′. This contradicts (6.8) because of (6.12).

6.7 Even-contraction destroying an odd hole
This section is dedicated to the proof of Lemma 52.

To prove Lemma 52, let C = v1v2 . . . vkv1 be an odd hole in G and let G′ be
obtained by an even-contraction identifying b, b′ and x. To the even-contraction
applied at x together with b and b′ we associate the map

γ : V (G) 7→ V (G) \ {x, b, b′} ∪ {y}

with γ(x) = γ(b) = γ(b′) = y and γ(v) = v for v ∈ V (G)\{x, b, b′}. We will abuse
notation and will apply γ also to subgraphs of G and G′.

57



6 t-perfect triangulations of the projective plane

Our aim is to show that G′ contains an odd hole or G contains a loose odd
wheel. We split up this proof into several cases concerning {a, b, a′, b′} ∩ V (C).

If x ∈ V (C), then G contains an odd wheel by Observation 47.
If {a, a′, b, b′} ∩ V (C) equals {b, b′}, then γ(C) consists of an odd and an even

induced cycle intersecting each other in the vertex y. G′ still contains an odd hole,
if the odd cycle has length at least 5. Otherwise, the cycle is a triangle yvwy.
Then, bvwb′xb form a 5-cycle. If this cycle is induced, G contains a loose odd
wheel by Observation 47. Otherwise, x has a neighbour among the cycle vertices
v, w. Such a neighbour must equal a or a′. This contradicts the assumption
V (C) ∩ {a, a′, b, b′} = {b, b′}.

If {a, b, a′, b′}V (C) is of size 3, then x has three odd neighbours on C.
If a, b, a′, b′ are all contained in V (C), then C is not an induced odd cycle. This

is a contradiction.

If {a, b, a′, b′} ∩ V (C) ⊆ {a, a′} then C = γ(C) is an odd hole in G′. (6.13)

The cases where {x, a, a′, b, b′} ∩ V (C) equals {a′, b′} or {b′} are treated in Sec-
tion 6.7.1 and Section 6.7.2 respectively.

6.7.1 Even-contraction if a′, b′ are contained in the odd hole

In this subsection, we prove the following lemma.

Lemma 57 (Fuchs and Gellert [30]). Let G be a nice Eulerian triangulation. Let
G′ be obtained from G by an even-contraction at x and let {x, a, a′, b, b′} ∩ V (C)
equal {a′, b′}. If G contains an odd hole C and G′ is perfect, then G contains a
loose odd wheel.

Proof of Lemma 57. Let G and G′ be as described. Appplication of the even-
contraction translates the odd hole C of G into a new odd cycle K in G′ with
vertex set γ(V (C)) = V (C) \ {b′} ∪ {y}.

Suppose that G′ does not contain an odd hole. Then, K is not an odd hole,
ie K has chords. Furthermore, all induced subcycles of K are triangles or even
cycles.

Note that each chord splits an odd cycle into an odd and an even subcycle.
Therefore,

every odd cycle has an induced odd subcycle. (6.14)

If G′ does not contain an odd hole, the induced odd subcycle is a triangle.
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6.7 Even-contraction destroying an odd hole

As a′ and b′ are adjacent and both contained in the induced cycle C, the ver-
tices a′ and b′ consecutively appear on C. We define z, w, b′, a′ and v to be five
consecutive vertices of C.

As C is induced, each chord of K may have y and a vertex that is adjacent to b
in G as end vertices. Thus, the cycle K may only have three different triangles as
a subcycle: the vertex y can be contained in a triangle together with w, z (Case
A) or with a′, v (Case B) or with two other vertices that are adjacent on K (Case
C). Figure 6.9 shows these three cases and the associated configurations in G and
G′. Note that the cases are not exclusive.

G

G′

Case A

z
wb′ a′

C

a b
x

z
wy a′

K

a

Case B

z
wb′ a′ v

C

a b
x

z
wy a′ v

K

a

Case C

w b′ a′

a b
x

C

w
y a′

a

K

Figure 6.9: The three possible constellations in G which lead to triangles in K

In Case A, ie if ywzy is a triangle in G′, the vertices bzwb′a′b form a 5-cycle
in G. This cycle is induced as C is induced and as b can by assumption not be
adjacent to b′ or w. Thus, the 5-cycle forms a loose odd wheel together with x.

For the two other cases, we denote by v0 the vertex contained in a triangle with
y and a further vertex of K for which PK,a′−v0,y is of shortest odd length. This
also implies that

PC,a′−v0,b′ is of shortest odd length. (6.15)

This means that v0 equals v in Case B. In Case C, denote by v1 the neighbour
of v0 on C respectively K that forms a triangle with v0 and y.

Note that b has three odd neighbours on C in G if the neighbour of v0 that is not
contained in PC,a′−v0,b′ is adjacent to y in G′. Thus, we may assume that v0 forms
a triangle together with y and its neighbour v1 that is contained in PC,a′−v0,b′ .
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There are two paths connecting w and a′ on the Hamilton cycle of b′. Both
of these paths are induced (Observation 44) and have the same parity (Observa-
tion 45).

Depending on parity and length of these paths, we prove the statement of this
lemma independently. Claim 58 applies if the paths along HC(b′) connecting a′
and w are even. If the paths are odd, see Claim 59 and Claim 60.

The proof strategy of all the three claims is as follows: starting from the sub-
graph of G described in Case B and Case C, we analyse the surrounding vertices
and edges until we find an odd cycle. We are done if such an odd cycle is an odd
hole that is not destroyed by the even-contraction or if this cycle is part of a loose
odd wheel. If the cycle we found is not induced, the chords lead to a new odd
cycle in G. After some steps, we always find a loose odd wheel or an odd hole
not affected by the even-contraction in G. This means, we show that in every
possible triangulation satisfying Case B or Case C, G contains a loose odd wheel
if G′ contains no odd hole.

Claim 58 (Fuchs and Gellert [30]). Let the two paths along HC(b′) connecting a′
and w be even. If G′ does not contain an odd hole, then G contains a loose odd
wheel.

Proof. We first analyse G. The path PHC(b′),w−a′,a forms an odd cycle together
with the path C − b′ in G. If this cycle is induced, G contains a loose odd wheel
with center b′. If the cycle contains chords, these chords have one end vertex in
PHC(b′),w−a′,a and one endvertex in C − b′. This comes from the fact that C − b′
and PHC(b′),w−a′,a (see Observation 44) are induced. The chords lead to an induced
odd subcycle (see (6.14)). If a longest such cycle C̃ is not a triangle, G contains
an odd hole that is not affected by the even-contraction. Thus, suppose that C̃ is
a triangle with either two vertices of C− b′ and one vertex of PHC(b′),w−a′,a or vice
versa.

If C̃ is a triangle with one vertex p of PHC(b′),w−a′,a and two vertices c, c′ of
C − b′, the vertex p either has three odd neighbours on C (namely the c, c′ and
b′) or one of the two neighbours of p, say c, is of the form c ∈ V (C) \ {b′} where
the path PC,v0−c,a′ is even and does not contain c′.

If p ∈ PHC(b′),w−a′,a and c ∈ C − b′ and pc ∈ E(G) and
PC,v0−c,a′ is even, then G contains a loose odd wheel (6.16)

by the following observations:
if PC,v0−c,a′ is even, then the path cpb′xbv0 together with PC,v0−c,a′ gives an odd
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6.7 Even-contraction destroying an odd hole

cycle C ′. If C ′ is induced, then G contains a loose odd wheel with center a. We will
now see that every possible chord of C ′ also yields a loose odd wheel: since C is
induced, there is no chord between two vertices of C. Furthermore, no chord may
have x as an endvertex. By (6.5) and (6.6), the vertices b and p are not adjacent
and G contains a loose odd wheel if b is adjacent to b′. If b or p is adjacent to a
vertex of PC,v0−c,a′ , then either b respectively p has three odd neighbours on C, or
the corresponding odd subcycle contains x, b, b′. In both cases, we obtain a loose
odd wheel with a.

Let C̃ now be a triangle with two vertices p1, p2 of PHC(b′),w−a′,a and one vertex
c of C − b′. Without loss of generality, select c such that PC,v0−c,b′ is of minimal
length. By choosing p1 = p, it follows from (6.16) that G contains a loose odd
wheel if PC,v0−c,a′ is even. Otherwise, p1 and p2 form odd cycles C1, C2 together
with the path C − PC,c−b′,a′ . If one of these cycles is induced, C − PC,c−b′,a′ ,
p1 and p2 form a loose odd wheel. Assume that pi (i ∈ {1, 2}) is adjacent to
an inner vertex u of C − PC,c−b′,a′ . Choose u in such a way that PC,u−w,b′ is of
minimal length. Again apply (6.16) where pi = p and u = c to see that G either
contains a loose odd wheel or the smallest induced odd subcycle of Ci contains the
vertices w, b′, pi, u. This odd cycle is induced and contains at least five vertices.
As the cycle is not affected by the even-contraction, the graph G′ contains an odd
hole.

Note that we can assume that C is non-contractible (see (6.4)), but do not
know in which way the chords are embedded. Figure 6.10 shows all possible
embeddings up to topological isomorphy. In Case B, there are two ways to embed
the edge bv: the odd cycle ba′vb may be contractible (Case I) or non-contractible
(Case II). Similarly, there are four embeddings in Case C, differing in the (non)-
contractability of the cycles ba′PC,a′−v1,b′v1b and ba′PC,a′−v0,b′v0b.

Claim 59 (Fuchs and Gellert [30]). Let the a′-w-path along HC(b′) that contains
a be odd and of length 3. If G′ does not contain an odd hole, then G contains a
loose odd wheel.

Proof. Note that in this case, the vertices a and w are adjacent.
We first treat Case B, ie we suppose that v0 = v is adjacent to b. The path

PC,z−v,b′ forms a z-b′-path together with the edges vb, bx, xb′. This path and the
path V (C) − w form cycles CQ,x and CQ of different parity together with Q =
PHC(w),b′−z,a. If the arising odd cycle is induced, G contains a loose odd wheel
with center w.
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Figure 6.10: Different ways of embedding the chords of K. (Opposite points on
the dotted cycle are identified.)

We analyse the different types of chords.
First, note that x cannot be an endvertex of a chord and that b /∈ V (Q) by (6.5).
If b is the endvertex of a chord, the chord must be of the form bq with q ∈ V (Q).
(If there is a chord between C and b, then b has three odd neighbours on C and
G has a loose odd wheel, or there is still an induced odd cycle containing b, x and
V (Q).) Then, G contains the 5-cycle qwb′xbq. As bw, b′q /∈ E(G) by (6.5), either
b is adjacent to b′ or qwb′xbq is induced. In both cases, G contains a loose odd
wheel; see (6.6) and Observation 47. If a′ is the endvertex of a chord, the chord
must be of the form a′q with q ∈ V (Q). This gives the 5-cycle waxa′qw. If this
cycle is induced, it forms a loose odd wheel with b. We are done unless aq is a
chord.

In embedding II (Figure 6.10), the cycle obtained from C by replacing the
edge a′v with a′b, bv separates a from q. Thus, a and q cannot be adjacent. In
embedding I, the edge a′q yields the contractible cycle waxa′qw. The interior of
this cycle contains the path Q′ = PHC(b′),w−a′,a. Note that Q′ is odd and that we
are done if q ∈ V (Q′); then {w, b′, a′} is a set of odd neighbours of q on C. Let Q′′
be the path joining w and the other neighbour of z on C along the Hamilton cycle
of z such that q is not contained in V (Q′′). Then, V (C)\{z} and Q′∪V (C)\{z, b′}
form cycles C ′ and C ′′ of different parity together with Q′′.

We will now consider possible chords of the associated odd cycle. The vertices
of Q′ are not adjacent to further vertices of C or to a vertex of Q′′ since they
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6.7 Even-contraction destroying an odd hole

are contained in the interior of the contractible cycle wqa′b′w. If a vertex of Q′′
is adjacent to a vertex of C, take the smallest induced cycle in C ′ and C ′′ that
contains w. Then, again one of the cycles is odd. If the odd and induced cycle
contains at least three vertices of Q′′, then it forms a loose odd wheel with z.
Otherwise, the neighbour q′′1 ∈ V (Q′′) of w is adjacent to a vertex of C and forms
an induced odd cycle. Then, either q′′1 has three odd neighbours on C or the cycle
using Q′ is odd. In both cases, we obtain a loose odd wheel with center vertex b′.

We now treat Case C, ie we assume that v0 is not adjacent to b. Recall that
v1 is the vertex adjacent to v0 on PC,a′−v0,b′ . Let ṽ 6= a′ be adjacent to v on C.
There are two paths between a′ and ṽ along HC(v). In all of the four possible
embeddings of bv0 and bv1 (see Figure 6.10), one of the paths is contained in a
region whose boundary does not contain a. Depending on the embedding, denote
this path by P = w0w1 . . . wk with a′ = w0 and wk = ṽ. Let j ∈ {1, . . . , k} be
the first index such that wj is adjacent to a vertex of C − {a′, ṽ} (if such a chord
exists, otherwise set j = k). Let w′ be the vertex closest to v1 along PC,a′−v1,v0

that is adjacent to wj. Note that the cycles formed by a′ = w0, w1, . . . , wj together
with PC,w′−w,ṽ∪{a, x} respectively with PC,w′−a′,ṽ are of different parity. The only
possible chords of the two cycles are edges between a and V (C). If ac is a chord
with c ∈ V (C), then a has three odd neighbours on C or the arising subcycle
that contains x, a′ = w0, w1, . . . , wj is odd. This cycle yields an odd wheel with
center vertex ṽ if j ≥ 2. If j = 1, the cycle formed by a′ and w1 together with
PC,w′−w,ṽ ∪ {a, x} is odd or w1 has three odd neighbours on C. In both cases, G
contains a loose odd wheel.

Claim 60 (Fuchs and Gellert [30]). Let the a′-w-path along HC(b′) that contains
a be odd and of length at least 5. If G′ is perfect, then G contains a loose odd
wheel.

Proof. The path PHC(b′),a−w,x connecting a and w along HC(b′) is odd and has
length at least 3. First note that we can assume that b is neither contained in
PHC(b′),a−w,x nor adjacent to a vertex of HC(b′) (see (6.6) and (6.5)). The path
PHC(b′),a−w,x together with b and PC,v0−w,b′ forms an odd cycle C ′. If C ′ is induced
in G, it forms a loose odd wheel together with b′.

Thus, suppose that the cycle has chords. With the same arguments as for (6.16)
we can show the following. Let p ∈ V (PHC(b′),a−w,x) \ {a} and c ∈ V (C) \ {b′} be
adjacent in G and let the path PC,v0−c,a′ be even. Then, G contains a loose odd
wheel. As before we can conclude that

G has no triangle with vertices of V (PHC(b′),a−w,x) \ {a} and V (C). (6.17)
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Otherwise, G contains a loose odd wheel.

Suppose there is a chord from a to a vertex of C. Let c be the vertex adjacent
to a that is closest to b′ on PC,b′−v0,a′ . If PC,w−c,a′ is odd, we get an odd cycle with
a, V (PHC(b′),a−w,x) and V (PC,w−c,a′). If the cycle is induced we obtain a loose odd
wheel with center vertex b′. Otherwise, the smallest subgraph is an odd hole or a
triangle, and we are done by (6.17). Thus, we can assume that PC,w−c,a′ is even.

Let R be the path connecting b′ and z along HC(w) such that an edge between
a vertex of R and a always gives a contractible cycle. Let CR,a be the cycle formed
by V (PC,b′−c,a′) \ {w}, V (R) and a, and let CR,x be the cycle formed by V (R), x, b
and PC,v0−z,a′ . One of the cycles CR,a and CR,x is odd. If this cycle is induced, G
contains a loose odd wheel with w as center.
We now consider possible chords in the two cycles. The vertex b cannot be adjacent
to a vertex of R as ac ∈ E(G). Furthermore, a cannot be adjacent to a vertex of
C ∩ CR,a, by the definition of ac. The only possible chords are edges from R to
C, edges from R to a and edges from C to b. If there is a chord between C and b,
then b has three odd neighbours on C (and G has a loose odd wheel) or there is
still an induced odd cycle containing b, x and V (R). A chord from a vertex of R
to C leads to an odd hole either in CR,a or in CR,x. If the odd hole contains three
vertices of R, we are done. Otherwise, the neighbour r1 of b′ on R is contained
in a chord from R to C. But then, either r1 has three odd neighbours in C or G
has an odd hole that contains x. In both cases we obtain a loose odd wheel (see
Observation 47).
Assume that there is a chord from a to a vertex r of R. Recall that G has a 3-
colouring by Observation 49. Thus, in G, the colours of the vertices on a Hamilton
cycle HC(u) alternate for every u ∈ V (G). If PHC(w),r−b′,z is odd, this means that
r and b′ have different colours. As a and w are adjacent to r and b′, the vertices
a and w then have the same colour. This contradicts our assumption that the
a′ − w-path along HC(b′) that contains a is odd and shows that PHC(w),r−b′,z is
even. Consequently, CR,a has an odd induced subcycle that contains a. This cycle
is not affected by the even-contraction and we are done if this cycle is of length
at least five.

Assume that this odd cycle is a triangle. Then, there is a vertex r ∈ R with
ra ∈ E(G) and rc ∈ E(G) where c is the vertex adjacent to a that is closest to b′
on PC,b′−v0,a′ (as described in the beginning of the subcase). Choose r such that
its distance to b′ on the path R is minimal. Since PC,b′−c,w is even, the vertices of
PC,b′−c,w together with the vertices of PR,b′−r,z form an odd cycle Cr,R. If this cycle
is induced, it yields an odd wheel with center vertex w. The vertices of Cr,R ∩ C
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cannot form chords, since C is induced. The vertices of R− r cannot be adjacent
to further vertices of Cr,R ∩C since they lie in a contractible cycle which is closed
by ra. If there is a chord from r to a vertex of Cr,R∩C, then either this edge or the
edge ac form a contractible cycle that includes a part of the Hamilton cycle of z
— the path R′. Thus, in that case no vertex of R′ is adjacent to a or b. We obtain
two cycles of different parity: the cycle with vertices V (R′), b′, x, b and vertices
of C, and the cycle with vertices V (R′), b′, a and vertices of C. Both cycles can
contain chords from R′ to C. But one of the induced cycles that includes b′ is odd
and of length at least 5. As in the cases before, we obtain a loose odd wheel.

Finally, if there is no chord from a to a vertex of C, the only possible chords that
can occur in C ′ are edges from a vertex r ∈ V (PHC(b′),a−w,x) or from b to a vertex
of C. If there is a chord bc with c ∈ V (C), then b has either three odd neighbours
on C or there is still an odd cycle of length at least 5 containing V (PHC(b′),a−w,x), a
and b.

Suppose there is a chord from r ∈ V (PHC(b′),a−w,x) to a vertex of C. If the
induced cycle in C ′ that contains a and b is even, there is an odd cycle with
vertices of PHC(b′),a−w,x and C. Then, as we have seen in (6.17), G contains a
loose odd wheel. If the induced cycle in C ′ that contains a and b is odd and
contains at least three vertices of PHC(b′),a−w,x, then it forms a loose odd wheel
with center vertex b′. Otherwise, there is a vertex r1 ∈ V (PHC(b′),a−w,x) with
ar1 ∈ E(G) that is adjacent to a vertex cr of C such that PC,cr−w,b′ is odd. Choose
cr such that PC,cr−w,b′ is of maximal length. The path PC,cr−v0,b′ is also odd and
forms an odd cycle together with b, a and r1. The vertex r1 cannot be contained in
a chord of this cycle by choice of cr and by (6.5). Furthermore, there is no chord
from a to a vertex of C. The vertex b can be adjacent to vertices of C. But then,
b either has three odd neighbours or there is an odd hole that contains b, a and
r1. If the hole is contractible, Theorem 46 assures that G contains a loose odd
wheel. Otherwise, the edge r1cr closes a contractible cycle containing a part of
the Hamilton cycle of w — the path R′′. Using the fact that the vertices b and a′
do not lie in the interior of this cycle, we get a loose odd wheel with R′′, vertices
of C and a′ (respectively {x, b}) similar to the cases we have seen before.

This finishes the proof of Lemma 57.
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6.7.2 Even-contraction if b′ is contained in the odd hole
Lemma 61 (Fuchs and Gellert [30]). Let G be a nice Eulerian triangulation. Let
G′ be obtained from G by an even-contraction at x and let {x, a, a′, b, b′} ∩ V (C)
equal {b′}. If G contains an odd hole C and G′ is perfect, then G contains a loose
odd wheel.
Proof. Suppose that G′ is perfect. Then, every odd induced subcycle of γ(C) = K

in G′ is a triangle. As all chords of γ(C) contain b, there are two possibilities: the
triangle may contain one or two chords.

If the triangle contains one chord, then b is adjacent to a vertex v1 of distance 2
from b′ on C. The vertices y, v1 and the common neighbour v2 of v1 and y on K

now give a triangle. In this case, the vertices b′, x, b, v1 and v2 form an odd cycle in
G. Since C is induced and b is not adjacent to v2 (see (6.5)), this cycle is induced.
It forms a loose odd wheel together with a.

If the triangle is of the form yc1c2y where yc1 and yc2 are chords of K, then,
bc1 and bc2 are edges in G. Without loss of generality, we choose c1 and c2 in such
a way that PC,b′−c1,c2 is of minimal length. Note that this choice implies that

PC,b′−c1,c2 is odd. (6.18)

Otherwise, PC,b′−c1,c2 forms an odd cycle together with b and x which has an odd
subcycle of length at least 5.

I

b′ c1 c2

xa′ a

b

II

b′ c1 c2

xa′ a

b

III

b′ c1 c2

xa′ a

b

Figure 6.11: The three possible embeddings of the edges bc1 and bc2 in G

There are three ways of embedding the edges bc1 and bc2 (up to switching
the vertices c1 and c2 and the vertices a and a′ and up to topological isomor-
phy). They are shown in Figure 6.11 and treat the (non-)contractabilty of the
cycles PC,b′−c1,c2 ∪ {b′a, ab, bc1} and PC,b′−c2,c1 ∪ {b′a, ab, bc2}. Note that C is non-
contractible by Theorem 46. If a and a′ have no common neighbour besides
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{b, b′, x}, then we can switch the roles of b, b′ with the roles of a, a′. As we have
seen in (6.13), this means C is not affected by the even-contraction. Thus, we can
assume that a and a′ have a common neighbour besides b, x, b′.

Suppose that the graph is embedded as in III (see Figure 6.11). The cycle
PC,b′−c1,c2 ∪ {b′x, xb, bc1} is contractible and contains a in its interior. The cycle
PC,b′−c2,c1 ∪ {b′x, xb, bc2} is contractible and contains a′ in its interior. For this
reason, a common neighbour of a and a′ must be contained in the intersection of
both cycles, ie in {b, b′}. Therefore, it is not possible that a and a′ have a further
common neighbour if the graph is embedded as in III.

Suppose that the graph is embedded as in I (see Figure 6.11). Similar to the
arguments before, one can see that all common neighbours of a and a′ besides
besides b, x, b′ lie on the path PC,b′−c1,c2 .

First assume that there is a vertex v′ in PC,b′−c1,c2 that is adjacent to a and
that there is a vertex w that is adjacent to v′ on PC,v′−b′,c1 and is not adjacent
to a. There are two paths along HC(w) that connect v′ and z ∈ V (C). Let
P ′ be the path that lies in the contractible cycle formed by PC,b′−v′,c1 and a.
Consider the cycle C1 formed by P ′ together with PC,b′−z,w, the vertices x, b and
the path PC,c1−v′,w. Furthermore, consider the cycle C2 formed by P ′ together
with PC,v′−z,w. Notice that either C1 or C2 is odd. If the odd cycle is induced,
we get a loose odd wheel with center vertex x respectively w. Assume that the
odd cycle contains chords. If there is a chord from b to a vertex of PC,b′−c1,c2 (in
the case if C1 is odd), the vertex b has three odd neighbours on C or there still
remains an induced odd cycle containing b, x. If there is a chord from a vertex p
of P ′ to a vertex q of C, consider the induced cycle C ′i in Ci which contains v′ for
i = 1, 2. Either C ′1 or C ′2 is odd. If C ′1 is an odd induced cycle, we get a loose odd
wheel by Observation 47. Otherwise, C ′2 is an odd cycle. If w has at least three
neighbours on C ′2 we get a loose odd wheel. If w has only two neighbours on C ′2,
it directly follows that p has three odd neighbours on C, namely v′, w and q.

Now assume, that no vertex v′ as above exists. Then, either a has three odd
neighbours (and we get a loose odd wheel) or the only vertex in the interior of
PC,b′−c1,c2 that is adjacent to a equals the neighbour v of b′. But then b, a and
PC,v−c1,c2 form an odd cycle C ′. Note that all chords of C ′ have b as an endvertex.
Furthermore, either b has three odd neighbours on C (and G contains a loose odd
wheel) or all chords bw satisfy that PC,c1−w,c2 is of even length. In the second
case, every odd induced subcycle of C ′ contains a and b. If the largest induced
odd subcycle of C ′ is of length at least 5, then G has a further odd hole which
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contains a and b. Then, G contains a loose odd wheel by Lemma 57. Otherwise,
b is adjacent to v which contradicts (6.5).

Next, suppose that the graph is embedded as in II (see Figure 6.11). In this
case, one can see that c1 or c2 are the only possible common neighbours of a and
a′ besides b, x, b′. If c1 is adjacent to a and a′, we obtain an odd cycle formed by a′
and PC,b′−c1,c2 . This means that G has an odd hole which contains a′ and b′. If c2

is the common neighbour of a and a′, we obtain the cycle consisting of PC,b′−c2,c1

and a that contains a and b′. Both cycles are odd (see (6.18)), of length at least 5
(see (6.5)), and induced (as C is induced and the embedding does not allow any
chords). With Lemma 57, the proof is finished.
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7 Cycle decompositions of
pathwidth-6 graphs

In the second part of this thesis, we now turn to cycle decompositions. The results
are borrowed from [32] and are joint work with Laura Gellert and Irene Heinrich.

7.1 Introduction
It is well-known that the edge set of an Eulerian graph can be decomposed into
cycles. In this context, a natural question arises: How many cycles are needed to
decompose the edge set of an Eulerian graph? Clearly, a graph G with a vertex of
degree |V (G)|−1 cannot be decomposed into less than b (|V (G)| − 1)/2c many cycles.
Thus, for a general graph G, we cannot expect to find a cycle decomposition with
less than b (|V (G)| − 1)/2c many cycles. Hajós’ conjectured that this number of cycles
will always suffice.1

Conjecture 62 (Hajós’ conjecture (see [49])). Every simple Eulerian graph G has
a cycle decomposition with at most b(|V (G)| − 1)/2c many cycles.

Granville and Moisiadis [36] showed that for every n ≥ 3 and every i ∈
{1, . . . , b(|V (G)| − 1)/2c}, there exists a connected graph with n vertices and maxi-
mum degree at most 4 whose minimal cycle decomposition consists of exactly i

cycles. This shows that — even if the maximal degree is restricted to 4 — the
bound b(|V (G)| − 1)/2c is best possible.

A simple lower bound on the minimal number of necessary cycles is the maxi-
mum degree divided by 2. This bound is achieved by the complete bipartite graph
K2k,2k that can be decomposed into k Hamiltonian cycles (see [45]). In general, all
graphs with a Hamilton decomposition (for example complete graphs K2k+1 [1])
trivially satisfy Hajós’ conjecture.

Hajós’ conjecture remains wide open for most classes. Heinrich, Natale and
Streicher [41] verified Hajós’ conjecture for small graphs by exploiting Lemma 67,

1Originally, Hajós’ conjectured a bound of b|V (G)|/2c. Dean [22] showed that Hajós’ conjecture
is equivalent to the conjecture with bound b(|V (G)| − 1)/2c.
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69, 71, and 72 of this chapter as well as random heuristics and integer programming
techniques:

Theorem 63 (Heinrich, Natale and Streicher [41]). Every simple Eulerian graph
with at most 12 vertices satisfies Hajós’ Conjecture.

Apart from Hamilton decomposable (and small) graphs, the conjecture has (to
our knowledge) only been shown for graph classes in which every element contains
vertices of degree at most 4. Granville and Moisiadis [36] showed that Hajós’
conjecture is satisfied for all Eulerian graphs with maximum degree at most 4. Fan
and Xu [27] showed that all Eulerian graphs that are embeddable in the projective
plane or do not contain the minor K−6 satisfy Hajós’ conjecture. To show this, they
provided four operations involving vertices of degree less than 6 that transform an
Eulerian graph not satisfying Hajós’ conjecture into another Eulerian graph not
satisfying the conjecture that contains at most one vertex of degree less than 6.
This statement generalises the work of Granville and Moisiadis [36]. As all four
operations preserve planarity, the statement further implies that planar graphs
satisfy Hajós’ conjecture. This was shown by Seyffarth [64] before. The conjecture
is still open for toroidal graphs. Xu and Wang [71] showed that the edge set of
each Eulerian graph that can be embedded on the torus can be decomposed into
at most b(|V (G)|+ 3)/2c cycles. Heinrich and Krumke [40] introduced a linear time
procedure that computes minimum cycle decompositions in treewidth-2 graphs of
maximum degree 4.

We contribute to the sparse list of graph classes satisfying Hajós’ conjecture.
Our class contains graphs without any vertex of degree 2 or 4 — in contrast to
the above mentioned graph classes.

Theorem 64 (Fuchs, Gellert and Heinrich [32]). Every Eulerian graph G of path-
width at most 6 satisfies Hajós’ conjecture.

As graphs of pathwidth at most 5 contain two vertices of degree less than 6,
it suffices to concentrate on graphs of pathwidth exactly 6. All such graphs with
at most one vertex of degree 2 or 4 contain two degree-6 vertices that are either
non-adjacent with the same neighbourhood or adjacent with four or five common
neighbours. We use these structures to construct cycle decompositions.

With similar ideas, it is possible to attack graphs of treewidth 6. As more
substructures may occur, we restrict ourselves to graphs of pathwidth 6.

A cycle double cover of a graph G is a collection C of cycles of G such that each
edge of G is contained in exactly two elements of C. The popular cycle double
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cover conjecture asserts that every 2-edge connected graph admits a cycle double
cover. This conjecture is trivially satisfied for Eulerian graphs. Hajós’ conjecture
implies a conjecture of Bondy regarding the Cycle double cover conjecture.

Conjecture 65 (Small Cycle Double Cover Conjecture (Bondy [10])). Every sim-
ple 2-edge connected graph G admits a cycle double cover of at most |V (G)| − 1
many cycles.

As a cycle double cover may contain a cycle twice, we can conclude the following
directly from Theorem 64.

Corollary 66 (Fuchs, Gellert and Heinrich [32]). Every Eulerian graph G of
pathwidth at most 6 satisfies the small cycle double cover conjecture.

7.2 Reducible structures
All graphs considered in the following are Eulerian, ie all vertices are of even
degree. In order to prove our main theorem, we consider a cycle decomposition of
a graph G as a colouring of the edges of G where each colour class is a cycle. We
define a legal colouring c of a graph G as a map

c : E(G) 7→ {1, . . . , b(|V (G)| − 1)/2c}

where each colour class c−1(i) for i ∈ {1, . . . , b(|V (G)| − 1)/2c} is the edge set of a
cycle of G. A legal colouring is thus associated to a cycle decomposition of G that
satisfies Hajós’ conjecture.

Using recolouring techniques, we show the following lemmas for two degree-6
vertices with common neighbourhood N of size 4, 5 or 6. All proofs can be found
in Section 7.4.

Lemma 67 (Fuchs, Gellert and Heinrich [32]). Let G be an Eulerian graph with
two degree-6 vertices u, v with

N(u) = N ∪ {v} N(v) = N ∪ {u}.

Let all Eulerian graphs obtained from G− {u, v} by addition or deletion of edges
with both end vertices in N have a legal colouring.
If G[N ] contains at least one edge, or if G−{u, v} contains a vertex that is adjacent
to at least three vertices of N then G also has a legal colouring.
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Lemma 68 (Fuchs, Gellert and Heinrich [32]). Let G be an Eulerian graph with
two degree-6 vertices u, v with

N(u) = N ∪ {u, xv} N(v) = N ∪ {v, xu}.

Let P be an xu-xv-path in G − {u, v} − N . Furthermore, let all Eulerian graphs
obtained from G− {u, v} by addition and deletion of edges with both end vertices
in N ∪ {xu, xv} and by optional deletion of E(P ) have a legal colouring.
If G[N ∪ {xu, xv}] contains at least one edge not equal to xuxv, or if G − {u, v}
contains a vertex that is adjacent to at least three vertices of N then G also has a
legal colouring.

Lemma 69 (Fuchs, Gellert and Heinrich [32]). Let G be an Eulerian graph with
two degree-6 vertices u, v with

N(u) = N(v) = N.

Let all Eulerian graphs obtained from G− {u, v} by addition or deletion of edges
with both end vertices in N have a legal colouring.
If G[N ] contains at least one edge, or if G−{u, v} contains a vertex that is adjacent
to at least three vertices of N then G also has a legal colouring.

The next two results are not necessary for the proof of Theorem 64. We never-
theless state them here.

The first lemma is useful for graphs with an odd number of vertices.

Lemma 70 (Fuchs, Gellert and Heinrich [32]). Let G be an Eulerian graph on
an odd number n of vertices that contains a vertex u of degree 2 or 4 with neigh-
bourhood N . Let G′ be obtained from G−{u} by addition or deletion of arbitrary
edges in G[N ]. If G′ has a legal colouring, then G has a legal colouring.

If a graph G contains a degree-2 vertex v with independent neighbours x1, x2,
then it is clear that a legal colouring of G − v + x1x2 can be transformed into a
legal colouring of G. Granville and Moisiadis [36] observed a similar relation for
a degree-4 vertex.

Lemma 71 (Granville and Moisiadis [36]). Let G be an Eulerian graph containing
a vertex v with neighbourhood N = {x1, . . . , x4} such that G[N ] contains the edge
x1x2 but not the edge x3x4. If G−{vx3, vx4}+ {x3x4} has a legal colouring, then
G also has a legal colouring.

Generalising this idea, we analyse the neighbourhood of a degree-6 vertex.
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Lemma 72 (Fuchs, Gellert and Heinrich [32]). Let G be an Eulerian graph that
contains a degree-6 vertex u with neighbourhood NG(u) = {x1, . . . , x6} such that
{x1, x2, x3, x4} is a clique and x5x6 /∈ E(G). If G′ = G−{x5u, ux6}+ {x5x6} has
a legal colouring, then G has a legal colouring.

7.3 Recolouring Techniques
In this section, we provide recolouring techniques that are necessary to prove
Lemma 67, 68 and 69. For a path P or a cycle C we write c(P ) = i or c(C) = i

to express that all edges of P respectively C are coloured with colour i. We start
with a statement about monochromatic triangles.

y1

y2

y3

y

P ′

y1

y2

y3

y

P ′

x1

x2

x3

y
x1

x2

x3

y

Figure 7.1: The two possible cases in Lemma 73 to obtain a colouring in which
a fixed triangle is not monochromatic; paths are drawn with jagged
lines

Lemma 73 (Fuchs, Gellert and Heinrich [32]). Let H be a graph with legal colour-
ing c that contains a clique {x1, x2, x3, y}. Then there is a legal colouring c′ of H
in which the cycle x1x2x3x1 is not monochromatic.

Proof. Figure 7.1 illustrates the recolourings described in this proof. Assume that
x1x2x3x1 is monochromatic of colour i in c. First assume that

an edge of colour j := c(y1y) is adjacent to y2 (7.1)

for two distinct vertices y1, y2 in {x1, x2, x3}. Without loss of generality, the
path P ′ of colour j between y and y2 along the path c−1(j) − {yy1} does not
contain the vertex y3 (where {y3} = {x1, x2, x3}−{y1, y2}). Flip the colours of the
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monochromatic paths y1y2 and y1yP
′y2, ie set c′(y1y2) = j, c′(y1yP

′y2) = c(y1y2)
and c′(e) = c(e) for all other edges e ∈ E(H). The obtained colouring is legal: by
construction, all colour classes are cycles and at most b(|V (H)| − 1)/2c many colours
are used. Furthermore, the cycle x1x2x3x1 is not monochromatic.

If (7.1) does not hold, we can get rid of one colour. Set c′(x1x2y) = c(x1y),
c′(x2x3y) = c(x2y), c′(x3x1y) = c(x3y), and c′(e) = c(e) for all other edges
e ∈ E(H). By construction, all colour classes are cycles and x1x2x3x1 is not
monochromatic.

Figure 7.2 illustrates the following simple observation.

Observation 74 (Fuchs, Gellert and Heinrich [32]). Let P1 be an x1-y1-path that is
vertex-disjoint from an x2-y2-path P2. Then there are three possibilities to connect
{x1, y1} and {x2, y2} by two vertex-disjoint paths that do not intersect V (Pi) −
{xi, yi} for i = 1, 2. Two of the possibilities yield a cycle — the third way leads to
two cycles.

P1 P2 P1 P2 P1 P2

Figure 7.2: The three possible ways to connect the end vertices of two paths P1
and P2; the connection between the end vertices is drawn with jagged
lines

Lemma 75, 76 and 77 are all based on the same elementary fact: Let G and
G′ be graphs with |V (G)| = |V (G′)| + 2. If G′ allows for a cycle decomposition
with at most b(|V (G′)| − 1)/2c cycles, then any cycle decomposition of G that uses
at most one cycle more than the cycle decomposition of G′ shows that G is not a
counterexample to Hajós’ conjecture.

This fact leads us to the following inductive approach: Given a graph G with
two vertices u and v of degree 6, we remove u and v from G and might remove
or add edges to obtain a graph G′. If G′ has a cycle decomposition with at most
b(|V (G′)| − 1)/2c cycles we construct a cycle decomposition of G from it. We reroute
some of the cycles in an appropriate way such that u and v are each touched by
two cycles. Now, there remain some edges in G that are not covered. If those
edges form a cycle, we have found a cycle decomposition of G. If a cycle is not
rerouted to u or v twice, the cycle decomposition of G satisfies Hajós’ conjecture.
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To describe this inductive approach in a coherent way, we regard the cycle
decomposition of G′ as a legal colouring. Then we regard the above reroutings
as recolourings where we have to make sure that no colour appears more than
twice at u or v. If the edges that have not yet received a colour form a cycle, we
associate the new colour b(|V (G′)| − 1)/2c to this cycle. The obtained colouring of
the edges then uses at most b(|V (G′)| − 1)/2c many colours and each colour class is
a cycle. Thus, we have constructed a legal colouring.

Lemma 75 (Fuchs, Gellert and Heinrich [32]). Let G be an Eulerian graph without
legal colouring that contains two adjacent vertices u and v of degree 6 with common
neighbourhood N = {x1, . . . , x5}. Define G′ = G − {u, v} and let c′ be a legal
colouring of G′.

(i) If G[N ] contains a path P ′ = y1y2y3y4 of length 3 then P ′ is monochromatic
in c′.

(ii) Let G[N ] contain an independent set S = {y1, y2, y3} of size 3. If N is not
an independent set or if there is a vertex in G′ that is adjacent to y1, y2 and
y3, then G′′ = G′ + {y1y2, y2y3, y3y1} does not have a legal colouring.

(iii) If G[N ] contains an induced path y1y2y3y4 of length 3 then G′′ = G′−{y2y3}+
{y2y4, y4y1, y1y3} does not have a legal colouring.

(iv) If G[N ] contains a triangle y1y2y3y1, a vertex y4 that is not adjacent to
y1 and y3 and a vertex y5 ∈ N − {y1, y2, y3, y4} adjacent to y4 then G′′ =
G′ − {y1y3}+ {y1y4, y3y4} does not have a legal colouring.

Proof of (i). If y3y4 has a colour different from y1y2 and y2y3, then set

c(y1uy2) = c′(y1y2) c(y2vy3) = c′(y2y3) c(y3uvy4) = c′(y3y4).

If y2y3 has a colour different from y1y2 and y3y4, then set

c(y1uy2) = c′(y1y2) c(y2vuy3) = c′(y2y3) c(y3vy4) = c′(y3y4).

The case distinction makes sure that the modified colour classes remain cycles.
By further setting c(y1y2y3y4uy5vy1) = b(|V (G)| − 1)/2c with y5 ∈ N−{y1, y2, y3, y4}
and c(e) = c′(e) for all other edges e we have constructed a legal colouring c of
G.

Proof of (ii). Set {y4, y5} = N −{y1, y2, y3} and let c′′ be a legal colouring of G′′.
First assume that c′′(y1y2) /∈ {c′′(y2y3), c′′(y3y1)}. Then one can easily check that
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the following is a legal colouring of G.

c(y2uvy1) = c′′(y2y1) c(y2vy3) = c′′(y2y3) c(y3uy1) = c′′(y3y1)
c(y4uy5vy4) = b(|V (G)| − 1)/2c (7.2)

c(e) = c′′(e) for all other edges e

By symmetry, we are done unless the triangle y1y2y3y1 is monochromatic in c′′.
By Lemma 73, we can suppose that there is no vertex y in G′′ that is adjacent to
y1, y2 and y3. Suppose that N is not independent. Without loss of generality, we
can assume that G[N ] contains an edge, say y4y1 incident to one of the vertices of
the independent 3-set. (Otherwise, we can choose another suitable independent
3-set in G[N ]). Then by construction the following is a legal colouring of G.

c(y1uvy4) = c′′(y1y4) c(y2uy3) = c′′(y2y3) c(y2vy3) = c′′(y2y1y3)
c(y1y4uy5vy1) = b(|V (G)| − 1)/2c (7.3)
c(e) = c′′(e) for all other edges e

Proof of (iii). Let G′′ have a legal colouring c′′ and let y5 be the unique vertex in
N − {y1, y2, y3, y4}.
If c′′(y2y4) = c′′(y4y1) = c′′(y1y3), set

c(y1uy2) = c′′(y1y2) c(y2vuy3) = c′′(y2y4y1y3) c(y3vy4) = c′′(y3y4)
c(uy5vy1y2y3y4u) = b(|V (G)| − 1)/2c .

If c′′(y1y3) is different from c′′(y2y4) and c′′(y4y1), set

c(y1uvy3) = c′′(y1y3) c(y4vy1) = c′′(y4y1) c(y2uy4) = c′′(y2y4)
c(uy5vy2y3u) = b(|V (G)| − 1)/2c .

If c′′(y2y4) is different from c′′(y1y3) and c′′(y1y4), the colouring is defined similarly
by relabelling the vertices y1, . . . , y5.
If c′′(y4y1) is different from c′′(y1y3) and c′′(y2y4), set

c(y1vy3) = c′′(y1y3) c(y4vuy1) = c′′(y4y1) c(y2uy4) = c′′(y2y4)
c(uy5vy2y3u) = b(|V (G)| − 1)/2c .

Furthermore, set c(e) = c′′(e) for all other edges e in all cases. Again, the case
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distinction makes sure that all colour classes are cycles and we have constructed
a legal colouring.

Proof of (iv). Let c′′ be a legal colouring of G′′. First assume that c′′(y2y3) /∈
{c′′(y3y4), c′′(y1y4)}. Then set

c(y2vuy3) = c′′(y2y3) c(y1uy4) = c′′(y1y4) c(y3vy4) = c′′(y3y4)
c(uy5vy1y3y2u) = b(|V (G)| − 1)/2c .

If c′′(y1y2) /∈ {c′′(y3y4), c′′(y1y4)}, the colouring is defined as above by interchang-
ing the roles of y1 and y3.

Now assume that c′′(y2y3), c′′(y1y2) ∈ {c′′(y3y4), c′′(y1y4)}. If c′′(y3y4) = c′′(y1y4),
then the cycle y1y2y3y4y1 is monochromatic. Set

c(y4uvy5) = c′′(y4y5)
c(y1vy3y2uy1) = c′′(y1y2y3y4y1) c(y1y3uy5y4vy2y1) = b(|V (G)| − 1)/2c .

If c′′(y3y4) 6= c′′(y1y4), then either c′′(y2y3) = c′′(y3y4) or c′′(y2y3) = c′′(y1y4). If
c′′(y2y3) = c′′(y3y4), set

c(y2uy3vy4) = c′′(y2y3y4) c(y1vuy4) = c′′(y1y4)
c(y1uy5vy2y3y1) = b(|V (G)| − 1)/2c .

If c′′(y2y3) = c′′(y1y4), set

c(y2uy3) = c′′(y2y3) c(y1vy4) = c′′(y1y4) c(y3vuy4) = c′′(y3y4)
c(y1uy5vy2y3y1) = b(|V (G)| − 1)/2c .

By setting c(e) = c′′(e) for all other edges e we have constructed a legal colouring
for G in all cases.

If u and v are adjacent degree-6 vertices that have a common neighbourhood N
of size 4, we call the two vertices that are adjacent with exactly one of u, v the
private neighbours of u and v. Here, we denote them by xu and xv. If there is
a xu-xv-path P in G − {u, v} − N , it is possible to translate all techniques of
Lemma 75. It suffices to delete u, v and E(P ) to obtain another Eulerian graph:
In all recolourings of Lemma 75, the edges uy, vy for one vertex y ∈ N were
contained in the new colour class b(|V (G)| − 1)/2c. If we have two private neighbours
xu and xv it suffices to replace the path uyv by the path uxuPxvv in this colour
class. This means, we can regard xuPxv as a single vertex y.
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Lemma 76 (Fuchs, Gellert and Heinrich [32]). Let G be an Eulerian graph without
legal colouring that contains two adjacent vertices u and v of degree 6 with common
neighbourhood N = {x1, . . . , x4} and NG(u) = N∪{xu, v} as well as NG(v) = N∪
{xv, u}. Let P be an xu-xv-path in G−{u, v}−N . Define G′ = G−{u, v}−E(P )
and let c′ be a legal colouring of G′.

(i) If G[N ∪{xu, xv}] contains a path P ′ = y1y2y3y4 with y2, y3, y4 ∈ N of length
3 then P ′ is monochromatic in c′.

(ii) Let G[N ] contain an independent set S = {y1, y2, y3} of size 3. If G[N ∪
{xu, xv}] contains an edge xixj 6= xuxv or if there is a vertex in G′ that is
adjacent to y1, y2 and y3 then G′′ = G′ + {y1y2, y2y3, y3y1} does not have a
legal colouring.

(iii) If G[N ∪{xu, xv}] does not contain the edges xuy1, y1y2, y2xv for two vertices
y1, y2 ∈ N but G[N ] contains an edge with end vertex y1 or y2 then G′′ =
G− {u, v}+ {xuy1, y1y2, y2xv} does not have a legal colouring.

(iv) If G contains the edges y1y2, y3y4, y1y5 with y1, y2, y3, y4 ∈ N and y5 ∈
{xu, xv} but not the edges y1y3, y2y3 then G′′ = G′ − {y1y2} + {y1y3, y3y2}
does not have a legal colouring.

(v) If G[N ∪ {xu, xv}] contains a triangle y1y2y3y1 with y1, y2, y3 ∈ N , a vertex
y4 ∈ N − {y1, y2, y3} that is not adjacent to y1 and y3 and a vertex y5 ∈
{xu, xv} adjacent to y4 then G′′ = G′ − {y1y3} + {y1y4, y3y4} does not have
a legal colouring.

Proof of (i). The proof is very similar to the proof of Lemma 75.(i) if we regard
xuPxv as one single vertex. We will nevertheless give a detailed proof. By symme-
try of u and v (and thus of xu and xv), we can assume that y1 is either contained
in N or is equal to xu. Suppose that P is not monochromatic.

If c′(y1y2) /∈ {c′(y2y3), c′(y3y4)}, then set

c(y1uvy2) = c′(y1y2) c(y2uy3) = c′(y2y3) c(y3vy4) = c′(y3y4).

If c′(y2y3) /∈ {c′(y1y2), c′(y3y4)}, then set

c(y1uy2) = c′(y1y2) c(y2vuy3) = c′(y2y3) c(y3vy4) = c′(y3y4).

If c′(y3y4) /∈ {c′(y1y2), c′(y2y3)}, then set

c(y1uy2) = c′(y1y2) c(y2vy3) = c′(y2y3) c(y3uvy4) = c′(y3y4).
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7.3 Recolouring Techniques

If y1 ∈ N the following completes by construction a legal colouring c of G:

c(y1y2y3y4uxuPxvvy1) = b(|V (G)| − 1)/2c
c(e) = c′(e) for all other edges e

Now suppose that y1 = xu and that x4, xv are not contained in the path y1y2y3y4.
Then, the following completes by construction a legal colouring c of G:

c(y1y2y3y4ux4vxvPy1) = b(|V (G)| − 1)/2c
c(e) = c′(e) for all other edges e

Proof of (ii). The proof is very similar to the proof of Lemma 75.(ii) if we regard
xuPxv as one single vertex.

Proof of (iii). Assume that c′′ is a legal colouring of G′′ and let {y3, y4} = N −
{y1, y2}. By symmetry of u and v (and thus of y1 and y2) we can suppose that
y1y4 ∈ E(G).
If y1xu has a colour different from the colour of y1y2 and y2xv, set

c(xuuvy1) = c′′(xuy1) c(y1uy2) = c′′(y1y2) c(y2vxv) = c′′(y2xv)
c(y3uy4vy3) = b(|V (G)| − 1)/2c .

An analogous colouring can be defined if xvy2 has a colour different from the colour
of y1y2 and xuy1.
If y1y2 has a colour different from the colour of y1xu and y2xv, then set

c(xuuy1) = c′′(xuy1) c(y1vuy2) = c′′(y1y2) c(y2vxv) = c′′(y2xv)
c(y3uy4vy3) = b(|V (G)| − 1)/2c .

Now suppose that all three edges xuy1, y1y2, y2xv have the same colour. Then,
y1y4 has a different colour. Set

c(xuuy2) = c′′(xuy1y2) c(y1uvy4) = c′′(y1y4) c(y2vxv) = c′′(y2xv)
c(uy3vy1y4u) = b(|V (G)| − 1)/2c .

In all cases, set c(e) = c′′(e) for all other edges e. The case distinction now makes
sure that we constructed a legal colouring for G.

Proof of (iv). Assume that c′′ is a legal colouring of G′′. Without loss of generality
let y5 = xu.
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First suppose that all three edges xuy1, y1y3, y3y2 have the same colour. Then,
y3y4 has a different colour and the following gives by construction a legal colouring
for G:

c(xuuy1) = c′′(xuy1) c(y1vy2) = c′′(y1y3y2) c(y3uvy4) = c′′(y3y4)
c(uy2y1xuPxvvy3y4u) = b(|V (G)| − 1)/2c
c(e) = c′(e) for all other edges e

Now suppose that xuy1, y1y3, y3y2 is not monochromatic.
If xuy1 has a colour different from the colours of y1y3 and y3y2, set

c(xuuvy1) = c′′(xuy1) c(y1uy3) = c′′(y1y3) c(y3vy2) = c′′(y3y2).

If y1y3 has a colour different from the colours of xuy1 and y3y2, set

c(xuuy1) = c′′(xuy1) c(y1vuy3) = c′′(y1y3) c(y3vy2) = c′′(y3y2).

If y3y2 has a colour different from the colours of xuy1 and y1y3, set

c(xuuy1) = c′′(xuy1) c(y1vy3) = c′′(y1y3) c(y3uvy2) = c′′(y3y2).

By setting c(uy2y1xuPxvvy4u) = b(|V (G)| − 1)/2c and c(e) = c′′(e) for all other edges
e, we obtain by construction in all cases a legal colouring for G.

Proof of (v). The proof is very similar to the proof of Lemma 75.(iv) if we regard
xuPxv as one single vertex.

In our last recolouring lemma, we consider two degree-6 vertices that are not
adjacent but have six common neighbours x1, . . . , x6. Some of the recolouring tech-
niques of this lemma need a somewhat deeper look into the cycle decomposition.
They rely on a generalisation of the recolourings used in Lemma 75 and 73. We in-
troduce two pieces of notation. For two distinct vertices xi, xj ∈ N = {x1, . . . , x6},
a path Pxixj

always denotes an xi-xj-path that is not intersecting with N−{xi, xj}.
For a cycle C and two distinct vertices xi, xj ∈ N = {x1, . . . , x6} ∩ V (C) there

are two xi − xj-paths along C. If there is a unique path that is not intersecting
with N − {xi, xj}, we denote this path by Cxixj

.

Lemma 77 (Fuchs, Gellert and Heinrich [32]). Let G be an Eulerian graph without
legal colouring and let G contain two degree-6 vertices u and v with common
neighbourhood N = {x1, . . . , x6}. Define G′ = G − {u, v} and let c′ be a legal
colouring of G′.
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(i) If G′ contains two vertex-disjoint paths Py1y2Py2y3 and Py′
1y′

2
Py′

2y′
3

with {y1, y2,

y3, y
′
1, y
′
2, y
′
3} = N where the four paths Py1y2 , Py2y3 , Py′

1y′
2
, Py′

2y′
3

are monochro-
matic in c′, then at least three of the four paths have the same colour in c′.

(ii) Let G′ contain a path P ′ = Py1y2Py2y3Py3y4Py4y5 with {y1, . . . , y5} ⊂ N where
Pyiyi+1 is monochromatic in c′ for each i ∈ {1, 2, 3, 4}. Then c′(Py1y2) =
c′(Py3y4) or c′(Py2y3) = c′(Py4y5).

(iii) If G[N ] contains an independent set S = {y1, y2, y3} of size 3 and if G[N ]
contains at least one edge or there is a vertex in G′ that is adjacent to y1, y2

and y3 then G′′ = G′ + {y1y2, y2y3, y3y1} does not have a legal colouring.

(iv) If G[N ] contains a path P ′ = y1y2y3y4 of length 3, then P ′ is monochromatic
in c′.

Proof of (i). Suppose that less than three of the paths have the same colour.
Then, without loss of generality c′(Py′

1y′
2
) 6= c′(Py1y2) and c′(Py′

2y′
3
) 6= c′(Py2y3) and

the following is by construction a legal colouring of G:

c(y1uy2) = c′(Py1y2) c(y2vy3) = c′(Py2y3)
c(y′1uy′2) = c′(Py′

1y′
2
) c(y′2vy′3) = c′(Py′

2y′
3
)

c(y1Py1y2Py2y3y3uy
′
3Py′

3y′
2
Py′

2y′
1
y′1vy1) = b(|V (G)| − 1)/2c

c(e) = c′(e) for all other edges e

Proof of (ii). Suppose that c′(Py1y2) 6= c′(Py3y4) and c′(Py2y3) 6= c′(Py4y5) and let
y6 be the vertex of N not contained in P ′. Then, the following is by construction
a legal colouring of G:

c(y1uy2) = c′(Py1y2) c(y2vy3) = c′(Py2y3)
c(y3uy4) = c′(Py3y4) c(y4vy5) = c′(Py4y5)

c(y1Py1y2Py2y3Py3y4Py4y5y5uy6vy1) = b(|V (G)| − 1)/2c
c(e) = c′(e) for all other edges e

Proof of (iii). The proof uses ideas of the proof of Lemma 75.(ii).
Let c′′ be a legal colouring of G′′. First suppose that i := c′′(y1y2) /∈ {c′′(y2y3),

c′′(y3y1)} and let C = c−1(i) be the monochromatic cycle in G′′ with colour i.
If there is a vertex y4 ∈ N−{y1, y2, y3} that is not contained in C set {y5, y6} =

N −{y1, y2, y3, y4} and use the recolouring (7.2) where the edge uv is replaced by
the path uy4v.
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Otherwise, {y4, y5, y6} := N − {y1, y2, y3} is a subset of V (C). Then without
loss of generality Cy3y4 and Cy4y5 exist. By construction, the following is a legal
colouring of G:

c(y2uy3) = c′′(y2y3) c(y1vy2) = c′′(y1y2) c(y1uy4vy5) = c′′(y3y1)
c(y3Cy3y4Cy4y5y5uy6vy3) = b(|V (G)| − 1)/2c

c(e) = c′′(e) for all other edges e.

Assume that the triangle y1y2y3y1 is monochromatic in c′′. By Lemma 73,
there is no vertex y in G′ that is adjacent to y1, y2 and y3. Suppose that N is
not independent. Without loss of generality G[N ] contains the edge y1y4. Set
{y5, y6} = N − {y1, y2, y3, y4}.

If there is a vertex in {y5, y6}, say y6, that is not contained in the cycle C =
c−1(j) of colour j := c′(y1y4), use the recolouring (7.3) where the edge uv is
replaced by the path uy6v.

If y5 and y6 are both contained in C, let S be the segment of C − {y1y4} that
connects y4 with y5. By symmetry of y5 and y6, we can suppose that y6 /∈ S. By
construction, the following is a legal colouring of G:

c(y1vy4) = c′′(y1y4) c(y5uy4) = c′′(S)
c(y2uy3vy2) = c(y1y2y3y1) c(y1y4Sy5vy6uy1) = b(|V (G)| − 1)/2c

c(e) = c′′(e) for all other edges e

Proof of (iv). Suppose that P is not monochromatic in c′ and set {y5, y6} = N −
{y1, y2, y3, y4}.

First assume that c′(y3y4) /∈ {c′(y1y2), c′(y2y3)}. Let C be the cycle of colour
c′(y3y4) in G′.
If there is a vertex in {y5, y6}, say y5, that is not in C, then by construction the
following is a legal colouring of G:

c(y1uy2) = c′(y1y2) c(y2vy3) = c′(y2y3) c(y3uy5vy4) = c′(y3y4)
c(y1y2y3y4uy6vy1) = b(|V (G)| − 1)/2c
c(e) = c′(e) for all other edges e

Now assume that y5 and y6 are contained in C. If Cy5y1 , Cy6y1 , Cy5y4 or Cy6y4

exists then we can apply (ii). Thus, Cy5y6 must exist and by symmetry Cy5y2 and
Cy6y3 exist. We can apply (ii) to y1y2, y2y3, Cy3y6 and Cy5y6 .
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Thus, for the rest of the proof we can assume that

c′(y2y3) =: i /∈ {c′(y1y2), c′(y3y4)}.

Let C ′ = c−1(i) be the cycle of colour i in G′. If there is a vertex in {y5, y6}, say
y5, that is not in C ′, then by construction the following is a legal colouring of G:

c(y1uy2) = c′(y1y2) c(y3vy4) = c′(y3y4) c(y2vy5uy3) = c′(y2y3)
c(y1y2y3y4uy6vy1) = b(|V (G)| − 1)/2c
c(e) = c′(e) for all other edges e

Thus, we can assume that

y5 and y6 are contained in C ′.

Now, there are three cases up to symmetry: y1, y2 both are not contained in C ′,
y1 is contained in C ′ but y4 is not, and y1, y4 are both contained in C ′.

First assume that y1 and y4 are not contained in C ′. Then, by symmetry, C ′ is
the cycle consisting of y2y3, C

′
y3y6 , C

′
y6y5 , C

′
y5y2 . We are done by applying (i) to the

vertex-disjoint paths y1y2, C
′
y2y5 and y4y3, C

′
y3y6 .

Next assume that y1 is contained in C ′ and y4 is not contained in C ′. First
suppose that C ′y6y3 exists. As C ′y5y1 or C ′y5y2 must exist, we are done with (i).

By symmetry, we can now suppose that neither C ′y6y3 nor C ′y5y3 exists. Then
C ′y3y1 exists. We can suppose without loss of generality that C ′ is the cycle con-
sisting of C ′y1y3 , y3y2, C

′
y2y6 , C

′
y6y5 , C

′
y5y1 and by construction the following is a legal

colouring of G:

c(y1uy2) = c′(y1y2) c(y3vy4) = c′(y3y4)
c(y3y2vy1C

′
y1y5C

′
y5y6y6uy4y3) = i

c(y3uy5vy6C
′
y6y2y2y1C

′
y1y3y3) = b(|V (G)| − 1)/2c

c(e) = c′(e) for all other edges e

Last, assume that y1 and y4 are both contained in C ′. First suppose that Cy5y6

does not exist. Without loss of generality, we can suppose that Cy5y1 exists. Now
neither C ′y6y3 nor C ′y6y4 exists; otherwise we are done with (i). Thus, Cy6y1 and
Cy6y2 must exist. Thus, C ′y5y4 exists and we are done with (i).

Now suppose that Cy5y6 exists. First suppose that Cy5y2 exists. Then, we are
done with (i) if Cy6y3 or Cy6y4 exists. As C ′ is a cycle, Cy6y1 and thus also Cy4y1
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and Cy4y3 exist. The following is by construction a legal colouring of G:

c(y3uy4) = c′(y3y4) c(y1vy2) = c′(y1y2)
c(y5vy3C

′
y3y4C

′
y4y1y2uC

′
y6y5y5) = i

c(y2y3y4vy6C
′
y6y1y1uy5C

′
y5y2y2) = b(|V (G)| − 1)/2c

c(e) = c′(e) for all other edges e

Thus, we can suppose that none of Cy5y2 , Cy5y3 , Cy6y2 , Cy6y3 exists. Without loss
of generality, Cy5y1 exists. As Cy6y4 must exist we are done with (i).

7.4 Proofs for the reducible structures
In this section we prove Lemma 67, 68, 69, 70 and 72. In the first three proofs,
we use the following observation:

Observation 78 (Fuchs, Gellert and Heinrich [32]). Let x be a vertex of degree
at least 3 in a graph H with a legal colouring. Then the neighbourhood Nx of x
contains an independent set of size 3 or G [{x} ∪Nx] contains a path of length 3
that is not monochromatic.

Proof of Lemma 67. If G[N ] contains a vertex of degree at least 3 we are done by
applying Observation 78 as well as Lemma 75.(i) and (ii).

Now, suppose that G[N ] contains a vertex, say x1 of degree 0. As we have
seen, G[N ] contains no vertex of degree 3 or 4. Thus, G[N ] − {x1} contains two
non-adjacent vertices, say x2 and x3. Then, {x1, x2, x3} is an independent set and
we are done by Lemma 75.(ii).

We can conclude that all vertices in G[N ] have degree 1 or 2. Consequently,
the graph is isomorphic to C5, K3∪̇P2, P3∪̇P2 or P5. The 5-cycle C5 contains an
induced P4, the graph K3∪̇P2 contains a triangle and a vertex that is not adjacent
to two of the triangle vertices, the latter two graphs contain an independent set
of size 3. Thus, we are done by (iii), (iv), and (ii) of Lemma 75.

Proof of Lemma 68. If G[N ] contains a vertex of degree at least 3 we are done by
applying Observation 78 as well as Lemma 76.(i) and (ii). Thus, G[N ] must be
isomorphic to one of the graphs that we will treat now.

First suppose that the edge set of G[N ] equals the empty set, {x1x2} or {x1x2,

x1x3}. Then, G contains an independent 3-set and has a legal colouring by
Lemma 76.(ii).
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Next suppose that the edge set of G[N ] is equal to {x1x2, x3x4} or to {x1x2, x1x3,

x3x4}. If xu is adjacent to x2, apply Lemma 76.(iv) to get a legal colouring: the
edges xux2, x2x1, x3x4 exist while x4 is neither adjacent to x1 nor to x2. Similarly,
we can apply Lemma 76.(iv) if x3xv ∈ E(G). Thus, we can suppose that nei-
ther x2xu nor x3xv exists in G and we are done with Lemma 76.(iii): the edges
xux2, x2x3, x3xv do not exist while x2x1 ∈ E(G).

Now suppose that the edge set of G[N ] consists of x1x2, x2x3, x3x1. If xu is
adjacent to x1, not all paths of length 3 can be monochromatic and we can apply
Lemma 76.(i). Thus we can suppose that xux1 /∈ E(G). If x4xv /∈ E(G) then we
can apply Lemma 76.(iii) to xux1, x1x4, x4xv /∈ E(G) and x1x3 ∈ E(G) to obtain
a legal colouring of G. If x4xv ∈ E(G) we are done by Lemma 76.(v).

Last suppose that the edge set ofG[N ] consists of x1x2, x2x3, x3x4, x4x1. If the 4-
cycle is not monochromatic, the cycle contains a P4 that is not monochromatic and
we are done by Lemma 76.(i). Suppose that x1xu is an edge of G. Then, xux1x2x3

is a P4 that is not monochromatic. By symmetry, we get that neither xu nor xv

is adjacent to a vertex of N . But then apply Lemma 76.(iii) to xux1, x1x3, x3xv /∈
E(G) and x1x2 ∈ E(G) to obtain a legal colouring of G.

Proof of Lemma 69. If G[N ] contains a vertex of degree at least 3 we are done by
applying Observation 78 as well as Lemma 77.(iii) and 77.(iv).

Now, suppose that G[N ] contains a vertex, say x1 of degree 0. As we have seen,
G[N ] contains no vertex of degree at least 3. Thus, G[N ] − {x1} contains two
non-adjacent vertices, say x2 and x3. Then, {x1, x2, x3} is an independent set and
we are done by Lemma 77.(iii).

We can conclude that all vertices in G[N ] have degree 1 or 2. Thus, G[N ] is
isomorphic to one of the following graphs: C3∪̇C3, C6, C4∪̇P2, C3∪̇P3, P3∪̇P3,
P4∪̇P2, P2∪̇P2∪̇P2.

If G[N ] is isomorphic to C3∪̇C3, we can apply Lemma 77.(i). It is not possible
that all pairs of 3-paths have three edges of the same colour. In all other cases,
we can apply Lemma 77.(iii).

Proof of Lemma 70. The proof is based on the following observation: a legal
colouring c′ of G′ consists of at most b(|V (G)| − 2)/2c = b(|V (G)| − 3)/2c colours while a
legal colouring of G can consist of b(|V (G)| − 3)/2c+1 = b(|V (G)| − 1)/2c many colours.
We will now consider the neighbourhood of u in G.

If u has exactly two neighbours x1 and x2 that are non-adjacent, set G′ =
G− {u}+ {x1x2} and set c(x1ux2) = c′(x1x2).
If u has exactly two neighbours x1 and x2 that are adjacent, set G′ = G− {u} −
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{x1x2} and set c(x1ux2x1) = b(|V (G)| − 1)/2c. Furthermore, set c(e) = c′(e) for all
other edges in both cases to obtain a legal colouring.

If u has exactly four neighbours x1, . . . , x4 such that x1x2, x3x4 /∈ E(G) set
G′ = G−{u}+{x1x2, x3x4} and set c(x1ux2) = c′(x1x2) and c(x3ux4) = c′(x3x4).
If c′(x1x2) 6= c′(x3x4), setting c(e) = c′(e) for all other edges gives a legal colouring.
If c′(x1x2) = c′(x3x4), we again set c(e) = c′(e) for all other edges. Now, c is a
colouring of G where one colour class consists of two cycles intersecting only at u.
We can split up this colour class into two cycles to obtain a legal colouring of G.

By Lemma 71, we are done unless u has four neighbours x1, x2, x3, x4 that form
a clique. In that case, set G′ = G− {u} − {x1x3, x2x4}.
If x1x2 and x3x4 are of different colour, set

c(x1ux2) = c′(x1x2) c(x3ux4) = c′(x3x4) c(x1x2x4x3x1) = b(|V (G)| − 1)/2c .

If the cycle x1x2x3x4x1 is monochromatic , set

c(x1ux2x3x4x1) = c′(x1x2x3x4x1) c(x4ux3x1x2x4) = b(|V (G)| − 1)/2c .

If the cycle is not monochromatic but x1x2 and x3x4 are of the same colour i and
x1x4 and x2x3 are of the same colour j, we need to distinguish two cases. By
Observation 74, there are two ways for the shape of the cycle Ci = c′−1(i) with
colour i. If Ci − {x1x2, x3x4} consists of a x1-x3-path and a x2-x4-path, set

c(x1ux4) = i c(x2x3) = i c(x2ux3) = j c(x1x2x4x3x1) = b(|V (G)| − 1)/2c .

If Ci − {x1x2, x3x4} consists of a x4-x1-path P41 and a x2-x3-path, set

c(x1ux4) = i c(x2ux3) = j c(x1x3x2x4P41x1) = b(|V (G)| − 1)/2c .

By setting c(e) = c′(e) for all other edges e, c is a legal colouring of G.

Proof of Lemma 72. We transform the legal colouring c′ of G′ into a legal colou-
ring c of G. For this, we first note that u has degree 4 in G′, ie {x1, x2, x3, x4}
splits up into two pairs {a, a′} and {b, b′} with c′(ua) = c′(ua′) and c′(ub) = c′(ub′)
and c′(ua) 6= c′(ub).

If the colour c′(x5x6) is not incident with u in G′, set c(x5ux6) = c′(x5x6) and
leave all other edge colours untouched to get a legal colouring.

Now suppose that c′(x5x6) is incident with u (say c′(aua′) = c′(x5x6)), but
the set {c′(ua), c′(aa′), c′(ub), c′(bb′), c′(x5x6)} consists of at least three different
colours. Then, there are two possible constellations. First, let c′(aa′) 6= c′(x5x6)

88



7.4 Proofs for the reducible structures

and c′(aa′) 6= c′(bub′). Then, set c(x5ux6) = c′(x5x6), flip the colours of the edges
aua′ and aa′ and leave all other edge colours untouched to get a legal colouring.

If c′(aa′) = c′(bub′) and c′(bb′) 6= c′(x5x6), set c(x5ux6) = c′(x5x6), flip the
colours of the edges aua′ and aa′ and the colours of the edges bub′ and bb′, and
leave all other edge colours untouched to get a legal colouring.

Thus, without loss of generality c′(x5x6) = c′(aua′) = c′(bb′) and c′(aa′) =
c′(bub′). That is, among the considered edges there are only two colours. We may
assume that c′(a′b) 6= c′(x5x6) and c′(a′b′) 6= c′(x5x6). Because, if eg c′(a′b) =
c′(x5x6), then c′(ab) 6= c′(x5x6) and c′(ab′) 6= c′(x5x6). This is symmetric to the
assumption.

If c′(a′b) = c′(bub′) and c′(a′b′) 6= c′(bub′) the following is a legal colouring for
G:

c(aa′) = c′(aua′) c(a′ub′) = c′(a′b′)
c(auba′b′) = c′(aa′bub′) c(x5ux6) = c′(x5x6)

c(e) = c′(e) for all other edges e

If c′(a′b′) = c′(bub′), c′(a′b) 6= c′(bub′), the following colouring for G is legal:

c(aa′) = c′(aua′) c(a′ub) = c′(a′b)
c(aub′a′b) = c′(aa′b′ub) c(x5ux6) = c′(x5x6)

c(e) = c′(e) for all other edges e

Otherwise by Observation 74, one of the following is a legal colouring for G:

c1(aub′) = c′(aa′) c1(a′b) = c′(aa′)
c1(a′ub) = c′(a′b) c1(aa′) = c′(aua′)

c1(x5ux6) = c′(x5x6)
c1(e) = c′(e) for all other edges e

or

c2(aub) = c′(aa′) c2(a′b′) = c′(aa′)
c2(a′ub′) = c′(a′b′) c2(aa′) = c′(aua′)

c2(x5ux6) = c′(x5x6)
c2(e) = c′(e) for all other edges e
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7.5 Path-decompositions
For a graph G a path-decomposition (P ,B) consists of a path P and a collection
B = {Bt : t ∈ V (P)} of bags Bt ⊂ V (G) such that

• V (G) = ⋃
t∈V (P)

Bt,

• for each edge vw ∈ E(G) there exists a vertex t ∈ V (P) such that v, w ∈ Bt,
and

• if v ∈ Bs ∩ Bt, then v ∈ Br for each vertex r on the path connecting s and
t in P .

A path-decomposition (P ,B) has width k if each bag has a size of at most k + 1.
The pathwidth of G is the smallest integer k for which there is a width-k path-
decomposition of G.

In this chapter, all paths P have vertex set {1, . . . , n′} and edge set {ii + 1 :
i ∈ {1, . . . , n′ − 1}}. A path-decomposition (P,B) of width k is smooth if

• |Bi| = k + 1 for all i ∈ {1, . . . , n′} and

• |Bi ∩Bi+1| = k for all i ∈ {1, . . . , n′ − 1}.

A graph of pathwidth at most k always has a smooth path-decomposition of
width k; see Bodlaender [9]. Note that this path-decomposition has exactly n′ =
|V (G)| − k many bags.

If (P ,B) is a path-decomposition of the graph G, then for any vertex set W of
G we denote by P(W ) the subpath of P that consists of those bags that contain a
vertex of W . Furthermore, if P(W ) is the path on vertex set {s, s+1, . . . , t−1, t}
with s ≤ t we denote s by s(W ) and t by t(W ). For W = {v}, we abuse notation
and denote P(W ), s(W ) and t(W ) by P(v), s(v) and t(v).

We note: in a smooth path-decomposition, for an edge st ∈ E(P), there is
exactly one vertex v ∈ V (G) with v ∈ Bs and v /∈ Bt. We call this vertex v(s, t).
Thus for any vertex v of G, the number of vertices in the union of all bags con-
taining v is at most |P(v)|+ k and

deg(v) ≤ |P(v)|+ k − 1. (7.4)

Consequently,

for every i ∈ {1, . . . , b|V (G)|/2c} there are unique vertices
v(i, i+ 1) and v(n′ + 1− i, n′ − i) with degree at most i (7.5)

90



7.5 Path-decompositions

For the proof of Theorem 64 we last note a direct consequence of a theorem of
Fan and Xu [27, Theorem 1.1]:

Corollary 79 (Fuchs, Gellert and Heinrich [32]). Let G be an Eulerian graph of
pathwidth at most 6 that does not satisfy Hajós’ conjecture. Then there is a graph
G′ of pathwidth at most 6 with |V (G′)| ≤ |V (G)| that contains at most one vertex
of degree less than 6 and does not satisfy Hajós’ conjecture.

Based on (7.5) and on Lemma 67, 68 and 69 we finally show that Hajós’ con-
jecture is satisfied for all Eulerian graphs of pathwidth 6.

Proof of Theorem 64. Assume that the class of graphs with pathwidth at most 6
does not satisfy Hajós’ conjecture. Let G be a member of the class that does not
satisfy the conjecture with minimal number of vertices. By Theorem 63, G has at
least 13 vertices. By Corollary 79

G contains at most one vertex of degree 2 or 4. (7.6)

Thus, the three vertices v(i, i + 1) with i = 1, 2, 3 or the three vertices v(i, i− 1)
with i = n′, n′ − 1, n′ − 2 all have degree at least 6. Without loss of generality,
suppose that

deg(u), deg(v), deg(w) ≥ 6 for u := v(1, 2), v := v(2, 3), w := v(3, 4) (7.7)

As u and v are both of degree 6, there are three possibilities.

(i) u and v have common neighbourhood N = {x1, . . . , x6}, or

(ii) u and v are adjacent with common neighbourhood N = {x1, . . . , x5}, or

(iii) u and v are adjacent with common neighbourhood N = {x1, . . . , x4} and
private neighbours xu and xv.

We will now always delete u and v and optionally some edges. Furthermore, we
optionally add some edges in the neighbourhood of the two vertices. The obtained
graph is still of pathwidth 6 and consequently has a legal colouring.

First assume (i) or (ii). By Lemma 69 and Lemma 67, N is an independent set
and there is no vertex in G−{u, v} that has at least three neighbours in N . This
is not possible as w must have at least six neighbours in N ∪ {u, v} by (7.7).

Last assume (iii) and define u′ = v(n′, n′ − 1), v′ = v(n′ − 1, n′ − 2) and w′ =
v(n′ − 2, n′ − 3). By symmetry of the two sides of the path P of G’s path-
decomposition, we can suppose that
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(I) u′ and v′ are two adjacent degree-6 vertices with common neighbourhood
N ′ = {x′1, . . . , x′4} and private neighbours x′u and x′v and deg(w′) ≥ 6, or

(II) there is a vertex y of degree less than 6 among u′, v′, w′.

Our aim is now to find a path between xu and xv in G−R with R = N ∪{u, v}
(respectively a path between xu′ and xv′ in G−R′ with R′ = N ′ ∪ {u′, v′}). Then
we can use Lemma 68 to see that N is an independent set and there is no vertex
in G − {u, v} that has at least three neighbours in N . This is not possible as w
must have at least six neighbours in R by (7.7).

We assume now that there is no path between xu and xv in G − R with R =
N ∪ {u, v} and denote the set of vertices in the component of xu in G−R by Vu.
Similarly, we define Vv. The vertex z of Vu respectively Vv that maximises s(z) is
denoted by zu respectively zv. Note that the neighbourhood of za (for a = u and
a = v ) satisfies

N(za) ⊆
(
Bs(za) ∩ Va

)
. (7.8)

First assume that t(Vu) = t(Vv). Then, as (P,B) is smooth, t(Vu) = t(Vv) = n′.
By (7.8), the neighbours of zu and zv are contained in the sets Bs(zu) ∩ Vu and
Bs(zv) ∩ Vv that are both of size at most 5. This contradicts (7.6). Thus we can
suppose that

t(Vu) < t(Vv)(≤ n′). (7.9)

Then, zv might have degree 6, but

zu has degree less than 6.

Now, we split up the proof. First assume that (I) holds. By symmetry, we
can apply the previous part of the proof and find a vertex z′u′ in the component
V ′u′ 6= V ′v′ in G−R′ (with R′ = {u′, v′} ∪N ′). By (7.6), zu equals z′u′ .

As zu ∈ Vu, there is a path Pxu,zu from xu to zu in G−R. Furthermore, by (7.9),
there is no xu-x′u′-path Pxu,x′

u′
in G − R − R′. This means that the path Pxu,zu

contains a vertex r′ of R′ ⊂ Bn′ which contradicts (7.9).

Now assume that (II) holds. As we have seen before, we can assume (7.9) and
obtain from (7.6) that y = zu

If zu = y = u′ or zu = y = v′, then all neighbours of zu (ie particularly a vertex
of Vu) are contained in Bn′ . This contradicts (7.9).

Thus suppose that zu = y = w′. Then u′ and v′ must be of degree 6. If u′
and v′ have four common neighbours, then (I) holds and we are done. If u′ and
v′ have five common neighbours then note that v(n′− 3, n′− 4) must have degree
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at least 6 by (7.6). Thus we can apply Lemma 67 to get a legal colouring of G.
Therefore, it remains to consider that u′ and v′ are non-adjacent with common
neighbourhood N ′ of size 6. Then all neighbours of zu (ie a vertex of Vu) are
contained in N ′ ⊂ Bn′ which contradicts (7.9).
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Université de Grenoble, 1981.

[61] G. Ringel. Non-existence of graph embeddings. In Y. Alavi and D. R. Lick,
editors, Theory and Applications of Graphs: Proceedings, Michigan May 11–
15, 1976, pages 465–476, Berlin Heidelberg, 1978. Springer Berlin Heidelberg.

[62] A. Schrijver. Strong t-perfection of bad-k4-free graphs. SIAM J. Discret.
Math., 15(3):403–415, 2002.

[63] A. Schrijver. Combinatorial Optimization. Polyhedra and efficiency. Springer-
Verlag, 2003.

[64] K. Seyffarth. Hajos’ conjecture and small cycle double covers of planar graphs.
Discrete mathematics, 101(1):291–306, 1992.

[65] F. Shepherd. Applying Lehman’s theorems to packing problems. Mathemat-
ical Programming, 71:353–367, 1995.

[66] Y. Suzuki and T. Watanabe. Generating even triangulations of the projective
plane. Journal of Graph Theory, 56(4):333–349, 2007.

99



Bibliography

[67] L. Trotter. A class of facet producing graphs for vertex packing polyhedra.
Discrete Mathematics, 12:373–388, 1975.

[68] A. Tucker. Critical perfect graphs and perfect 3-chromatic graphs. Journal
of Combinatorial Theory, Series B, 23:143–149, 1977.

[69] A. Wagler. Antiwebs are rank-perfect. 4OR, 2:149–152, 2004.

[70] A. Wagler. On rank-perfect subclasses of near-bipartite graphs. 4OR, 3:329–
336, 2005.

[71] B. Xu and L. Wang. Decomposing toroidal graphs into circuits and edges.
Discrete Applied Mathematics, 148:147–159, 2005.

[72] D. A. Youngs. 4-chromatic projective graphs. Journal of Graph Theory,
21(2):219–227, 1996.

100



Erklärung über Zusammenarbeit
Die Ergebnisse meiner Forschung, welche in dieser Arbeit präsentiert werden, sind
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Bedanken möchte ich mich bei allen, die mich bei der Erstellung dieser Arbeit
unterstützt haben. Zuallererst gilt mein Dank meinem Betreuer Henning Bruhn-
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