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Abstract. We investigate the performance of inhomogeneously broadened spin
ensembles as quantum memories under continuous dynamical decoupling. The
role of the continuous driving field is twofold: firstly, it decouples individual
spins from magnetic noise; secondly, and more importantly, it suppresses
and reshapes the spectral inhomogeneity of spin ensembles. We show that a
continuous driving field, which itself may also be inhomogeneous over the
ensemble, can considerably enhance the decay of the tails of the inhomogeneous
broadening distribution. This fact enables a spin-ensemble-based quantum
memory to exploit the effect of cavity protection and achieve a much longer
storage time. In particular, for a spin ensemble with a Lorentzian spectral
distribution, our calculations demonstrate that continuous dynamical decoupling
has the potential to improve its storage time by orders of magnitude for the state-
of-the-art experimental parameters.
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1. Introduction

Ensembles of a large number of emitters, e.g. cold atoms, polar molecules and electronic spins,
are very appealing systems for quantum memory ([1] and references therein) and quantum
repeaters [2] for long-distance quantum communication. Recently, experimental progress led
to the demonstration that hybrid quantum systems composed of superconducting qubits and a
collection of electronic spins represent a promising new route [3–7] that takes advantage of
the long coherence times in spin ensembles and the fast operation of a superconducting qubit.
The large number, N , of spins provides a collective enhancement of the interaction strength
between the spin ensemble and the electromagnetic field, and the collective coupling strength
scales as �= (

∑
k g2

k )
1/2

∼
√

N g. The strong coupling regime for an ensemble of electronic
spins and a superconducting resonator has recently been experimentally demonstrated [3–6],
i.e.

√
N g � γ, κ , where γ and κ are the spin’s and resonator’s damping rates.

Despite these achievements, realizing a quantum memory for microwave photons using
spin ensembles remains a challenge due to both, the linewidth of the resonator and of the
spin ensemble [4]. Apart from the dephasing of individual spins owing to magnetic noise, the
spectral inhomogeneity over the ensemble will lead to decay of the collective superradiant spin
wave mode of the spin ensemble to dark states. The performance of a quantum memory is
largely dependent on the properties of the spectral inhomogeneity [8, 9]. In particular, if the
tails of the spectral distribution decay faster than a Lorentzian profile, the cavity can provide
coherence protection and improve the storage time of a quantum memory due to the collective
enhancement of coupling strength. However, Lorentzian distributions are found in many solid-
state systems, e.g. electronic spin ensembles in diamond and impurities in crystals. In these
systems, the memory time will still be significantly limited due to the spectral inhomogeneity
and would hardly benefit from the strong collective coupling [8, 9].

In this paper, we investigate how continuous dynamical decoupling can be used to construct
a memory based on driven spin ensembles that has a long storage time. It is known that
continuous driving fields can decouple spins from magnetic noise [10–14]. How continuous
dynamical decoupling can improve the performance of quantum memories has not yet been
examined in detail so far. In this paper, we show that besides the protection against magnetic
field noise, continuous driving can have another prominent role in the present context, namely
it can suppress and reshape the spectral inhomogeneity of spin ensembles. For Lorentzian
distributions, continuous driving leads to a much faster decay of the tails of the effective
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Figure 1. The setup of a cylinder-like diamond sample coupled with a high-
Q quantum resonator. The dynamical decoupler drive resonator generates a
continuous microwave driving field. The driving field at a position at a distance
r to the center of the sample is calculated using the Biot–Savart law. The radius
and height of the sample are denoted by d and h, respectively. The distance from
the center of the sample to the drive resonator is R.

spectral distributions. This effect makes all the spin transition frequencies far from the energy
gap induced by the strong collective coupling, and thus the driven spin-ensemble memory can
benefit from the cavity protection [8, 9]. To analyze the performance of the driving system
as a quantum memory, we calculate the decay of the collective Rabi oscillation and the state
fidelity after a certain storage time by solving the Schrödinger equation with the Laplace
transformation. Our numerical calculations demonstrate that the storage time of a driven spin
ensemble can be improved by orders of magnitude with reasonable experimental parameters
even if the continuous driving field itself is inhomogeneous over a finite size of sample.

2. The setup of driven spin ensembles

We consider a cylinder-shaped diamond sample, which is coupled to a superconducting
resonator, see figure 1. The radius and height of the sample are denoted by d and h, respectively.
The amplitude of the microwave driving field at the point with the distance r to the center of
the diamond sample can be estimated using the Biot–Savart law B(r)=

geµBµ0 I
4π

∫
dEl×Ex
|Ex |3

, and we
obtain

B(r)=
geµBµ0 I

4π

∫ 2π

0

R(R − r cos θ)

(R2 − 2Rr cos θ + r 2)3/2
dθ, (1)

which can be written as

B(r)=
geµBµ0 I

2R

[
1 +

3

4

( r

R

)2
]

+ O

[( r

R

)4
]
, (2)

where dEl is the differential element vector of the drive resonator in the direction of the current,
µ0 is the magnetic susceptibility, R is the radius of the dynamical decoupler drive resonator and
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I is the amplitude of the current. It can be seen from equation (2) that when the condition R > 4d
is satisfied, the inhomogeneity of the driving field amplitude will be less than 5% (i.e. the relative
difference between the maximum and the minimum values across the sample). For diamond
samples, it is feasible to achieve a concentration of nitrogen-vacancy (NV) centers of ρ0 =

1015 mm−3 [15]. For a thin diamond film with radius d = 0.1 mm and depth h = 0.1 mm, the
number of NV centers is around 1012. It has been estimated from experiments that the interaction
between an individual spin and a superconducting resonator is of the order of 10 Hz [4] and
thus a collective coupling strength of the order of 10 MHz can be achieved. Assuming that 1
is the value of the width of the spectral distribution (which is of the order of MHz [4]), we
can estimate that the required driving current is about 0.3 (1/MHz) A in order to generate
a microwave field (which creates a Rabi frequency) of 101 on the diamond sample with a
driving source of radius R = 0.5 mm. The required current can be reduced by using several
resonator loops. These parameters are within reach of current experimental technology. Careful
optimization may easily improve homogeneity and strengthen the drive. In the following, our
calculations will use the conservative estimated driving parameters: Bmin =

geµBµ0 I
2R = 101 and

Bmax =
geµBµ0 I

2R [1 + 3
4(

d
R )

2] = Bmin(1 + 0.05). We remark that the design of the ‘8’-shaped high-Q
quantum resonator, see figure 1, is to reduce the effect of the driving fields on the cavity mode
since the total driving field on the resonator should vanish.

3. Effective spectral distribution of driven spin ensembles

As we have discussed in the above section, the minimum and maximum values of the amplitude
of the continuous driving field on the diamond sample are Bmin and Bmax, respectively. We denote
the probability function of the driving amplitude as f (B), and have f (B) dB = ρ0 · (2πr dr)h,
where ρ0 is the concentration of NV center and h is the depth of the diamond sample. We
remark that the actual shape of the diamond sample will not affect the main conclusions of the
following discussions. After some calculations, we can see that the distribution of B actually
has a rectangle profile, namely

f (B) dB = ρ0(2πrh) dr =
4π(ρ0 R2 h)

3Bmin
dB. (3)

Thus, the normalized probability function for B is f̄ (B)= 1/1B for B ∈ [Bmin, Bmax], where
1B = Bmax − Bmin is the inhomogeneity of driving field. The local Hamiltonian of an individual
electronic spin is

Hk =
ωk

2
σ (k)z + Bkσ

(k)
x cos (ω0t), (4)

where ω0 is chosen to coincide with the central value of the energy spectrum (which corresponds
to the zero field splitting of NV center ground state, namely 2.87 GHz, and shifted by the
applied magnetic field) and σ (k)x , σ (k)z are Pauli operators. In the interaction picture, the effective
Hamiltonian is written as

H̄k =
1k

2
σ (k)z +

Bk

2
σ (k)x , (5)

where we denote1k = ωk −ω0. After diagonalizing the above effective Hamiltonian, we obtain
a dressed two-level system with

H̄k =
ω̄k

2
(|↑〉k 〈↑| − |↓〉k 〈↓|), (6)
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with ω̄k =

√
12

k + B2
k > Bmin where |↑〉k and |↓〉k denote the effective spin-up and -down states

(namely the eigenstates of the effective Hamiltonian in equation (5)). The value of Bk is
uniformly distributed within the range [Bmin, Bmax], and we consider a Lorentzian distribution
for 1k , namely

ρ(1k)=
21

π
(
12 + 412

k

) . (7)

Thus, we can calculate the normalized probability distribution of the effective energy spectrum
as follows:

p(ω̄k) dω̄k = 2
∫ ω̄k

Bmin

f̄ (B)

[
ρ

(
1k =

√
ω̄2

k − B2

)
d1k

]
dB, (8)

which leads to

p(ω̄k) dω̄k =
41ω̄k

π

∫ ω̄k

Bmin

f̄ (B)

(
ω̄2

k − B2
)−1/2

12 + 4
(
ω̄2

k − B2
) dB dω̄k. (9)

After performing the integration, we obtain

p(ω̄k)=



0, ω̄k ∈ (−∞, Bmin),

4ω̄k

π1B

π

2 −µ(Bmin, ω̄k)√
4ω̄2

k +12
, ω̄k ∈ [Bmin, Bmax],

4ω̄k

π1B

µ(Bmax, ω̄k)−µ(Bmin, ω̄k)√
4ω̄2

k +12
, ω̄k ∈ (Bmax,∞),

(10)

where µ(B, ω̄k)= tan−1(B1/
√
(4ω̄2

k +12)(ω̄2
k − B2)) and 1B is the inhomogeneity of the

driving field. In the ideal case of perfectly homogeneous driving, namely when Bmax = Bmin,

the distribution function is p(ω̄k)= 4ω̄k1/π

√
ω̄2

k − B2
min[12 + 4(ω̄2

k − B2
min)] for ω̄k > Bmin.

The interaction between individual spins and the field for a resonant cavity is

Hk−c = gk(aσ
k
+ + a†σ k

−
), (11)

where σ (k)± = (σ (k)x ± i σ (k)y )/2 and gk ∼ 10 Hz. With the rotating wave approximation, which is
valid when gk � X0, we can obtain the effective interaction H̄k−c = ḡk(a |↑〉k 〈↓| + a† |↓〉k 〈↑|)

between the cavity field and the dressed two-level system with

ḡk =
1

2
gk

(
1 +

1k

ω̄k

)
. (12)

Taking into account the distribution of 1k , one can show that the correction of 1k
ω̄k

is negligible
when Bk �1k ,6 and thus the effective coupling strength can be approximated as ḡk = gk/2
(i.e. �̄= (

∑
k ḡ2

k )
1/2

=�/2).

6 A spin ensemble can be described by the coupling-density profile as ρg(ω)≡
∑

k ḡ2
k δ(ω− ω̄k)=

∑
k(

gk

2 )
2[1 +

21k
ω̄k

+ (1k
ω̄k
)2]δ(ω− ω̄k). Note that the probability distribution of 1k = ωk −ω0 is symmetric for positive and

negative values of 1k , therefore we have ρg(ω)'
∑

k(
gk

2 )
2[1 + (1k

ω̄k
)2]δ(ω− ω̄k) and the correction is thus the

second order of (1k
ω̄k
), which is negligible when the driving is much stronger than the original spectral broadening.

New Journal of Physics 14 (2012) 093030 (http://www.njp.org/)

http://www.njp.org/


6

Figure 2. Lorentzian spectral distribution (blue) and the one modified by
continuous driving (red). We use the parameters Bmin = 101 and Bmax = 10.51.
In the red curve, the zero of frequency is located at (Bmin + Bmax)/2.

4. Transmission function and collective Rabi oscillation

We consider an ensemble of electronic spins coupled to a resonator, whose frequency and
damping rate are denoted by ωc and κ , respectively. When the number of excitations is
low as compared to the total number of electronic spins, the spins can be described as a
collection of oscillators in the Holstein–Primakoff approximation with σ (k)z = a†

k ak −
1
2 and

σ
(k)
+ = a†

k

√
1 − a†

k ak ≈ a†
k ; thus the total Hamiltonian can be written as

H = ωca
†
c ac +

N∑
k=1

ωka†
k ak +

N∑
k=1

gk(a
†
k ac + aka†

c ). (13)

Under the driving of continuous field, we have a collection of dressed two-level systems coupled
with the resonator, and the effective Hamiltonian is

H̄ = ωca
†
c ac +

N∑
k=1

ω̄k ā†
k āk +

N∑
k=1

gk

2
(ā†

k ac + āka†
c ). (14)

The difference between equations (13) and (14) is that the original Lorentzian distribution of ωk

is now modified to the new distribution of ω̄k , as shown in figure 2. The width of the distribution
depends on the inhomogeneity of the driving field, and most important, the decay of its tail
becomes much faster. This fact will greatly improve the performance of such a quantum memory
as we will show in the rest of this work, although the effective coupling is decreased by half.

We assume that the cavity is in resonance with the spins, namely its frequency is ωc = ω0

for the case with no continuous driving, while the cavity resonant frequency is ωc = ω0 +
(Bmin + Bmax)/2 corresponding to the dressed spin wave mode under continuous driving. The
transmission function of the cavity from the standard input–output theory is given as [9, 16]

t (ω)=
i κ

2

1

(ω0 − i κ/2 −ω)−
∑

k g2
k/ (ωk − i γ /2 −ω)

, (15)
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Figure 3. Transmission of a resonator (as in equation (15)) coupled to a
Lorentzian spectral distribution of spins without (a) and with (b) continuous
driving. The parameters are Bmin = 101 and Bmax = 10.51, and κ = 0.1 MHz,
γ = 10−4 MHz. (c) The collective Rabi oscillation between the cavity and the
superradiant spin wave mode with the initial state |1,G〉. The curves show the
quantity F(t)= | 〈1,G| exp (−i t H) |1,G〉 |

2 as a function of time.

where γ is the damping rate of spins. In the strong coupling regime, namely the collective
coupling is much larger than the decay rates (i.e. �� γ, κ), the excitation is coherently
exchanged between the cavity and the superradiant mode of the ensemble of emitters. The so-
called vacuum Rabi splitting corresponds to the appearance of double peaks in the transmission
spectrum centered at the frequencies around ±�. Inhomogeneous broadening will damp the
collective Rabi oscillation and lead to the line broadening of the transmission peaks. In
figures 3(a) and (b), we show that the linewidth of the transmission peaks is greatly narrowed
with continuous driving field, because the inhomogeneous broadening is suppressed. Once the
effective collective coupling �̄ is larger than the inhomogeneity of the driving field Bmax − Bmin,
the transmission function shows two peaks, the linewidth of which is mainly determined by the
damping rate of the cavity and individual spins. Such a behavior is very similar to the ideal
rectangular spectral distribution [9]. To compare the effect of inhomogeneous broadening on
the collective Rabi oscillation, we assume that the damping rate κ = 0 and γ = 0. In figure 3(c),
it can be seen that the coherence time of the collective Rabi oscillation is greatly improved with
continuous driving.
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5. Long-lived quantum memory

The strong coupling between the cavity and the ensemble induces an energy gap between the
dressed polariton modes, i.e. superpositions of the cavity mode ac and the ensemble superradiant
mode b =

∑
k(gk/�)ak , which are protected from the dephasing caused by the inhomogeneous

broadening. With such an effect of cavity protection, it is possible to build a quantum memory
with a storage time much longer than the lifetime of the cavity mode and the dephasing time
of the spin ensemble. The condition for the cavity protection is that the spectral distribution
should decay sufficiently fast so that all the spin transition frequencies are far from the energy
gap (arising from the collective coupling) [8, 9]. This explains why a Lorentzian distribution of
spin ensemble cannot benefit much from the cavity protection, in particular as compared to the
rectangular spectrum profile.

The other critical factor for a long-lived quantum memory is the damping of the cavity. To
overcome this problem, one can choose the cavity–spin tuning δ such that the effect of cavity
damping is suppressed but the memory can still benefit from the cavity protection [8, 9]. The
microwave photon can be stored to the dressed polariton mode as

|ψ0(δ)〉 = cos

(
θ

2

)
|1,G〉 − sin

(
θ

2

)
|0, S〉 , (16)

where cot (θ)= (δ/2�) and |S〉 = (1/�)
∑

k gk |↑k〉. Thus, if the detuning is large the excitation
is more likely to stay in the spin superradiant mode and suffers less from the damping of the
cavity. While the cavity protection against the inhomogeneous broadening requires a small
detuning so that the effective collective coupling is strong. The storage time of a quantum
memory achieves the best value for an optimal detuning [9]. The performance of a quantum
memory is characterized by the state fidelity F(t)= | f (t)|2 with f (t)= 〈φ0(δ)|φ(δ, t)〉, where
the state at time t is |φ(δ, t)〉 = exp (−it H) |φ0(δ)〉 = α0 |1,G〉 +

∑N
k=1 αk |0,↑k〉. To calculate

the state fidelity, one needs to solve the Schrödinger equation [8, 9] for the coefficients αk ,
namely

α̇0(t)= −i ω̃cα0(t)− i
N∑

k=1

gkαk(t), (17)

α̇k(t)= −i gkα0(t)− i ω̃kαk(t), (18)

where ω̃c = ωc − i κ/2, ω̃k = ωk − i γ /2. By performing the Laplace transformation, we obtain

s A0(s)− A0(0)= −i ω̃c A0(s)− i
N∑

k=1

gk Ak(s), (19)

s Ak(s)− Ak(0)= −i gk A0(s)− i ω̃k Ak(s). (20)

The solutions of A0(s) and Ak(s) are

A0(s)=

[
cos

(
θ

2

)
+

i

�
sin

(
θ

2

)
M(s)

]
T (s), (21)

Ak(s)= −
i gk

s + i ω̃k
A0(s)−

1

�
sin

(
θ

2

)
gk

s + i ω̃k
, (22)
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Figure 4. (a) The state fidelity F at time t = 501−1 as a function of the
cavity–spin detuning δ. (b) The time evolution of the state fidelity F(t) for a
Lorentzian quantum memory without and with continuous driving. The detuning
δ is chosen as the optimal value.

where

M(s)=

N∑
k=1

g2
k

s + i ω̃ j
and T (s)=

1

s + i ω̃c + M(s)
. (23)

The Laplace transformation of f (t)=〈φ0(δ)|φ(δ, t)〉=cos( θ2 )α0(t)−(1/�) sin( θ2 )
∑

k gkαk(t)
is

f̄ (s)= cos
(
θ

2

)
A0(s)− (1/�) sin

(
θ

2

) ∑N
k=1 gk Ak(s), (24)

from which one can calculate the state fidelity F(t) and compare the storage time of a quantum
memory without and with continuous driving.

We have compared the state fidelity for a Lorentzian distribution of spin ensemble with
and without continuous driving, namely calculated the solution in equation (24) for the original
Hamiltonian in equation (13) and the dressed Hamiltonian in equation (14). It can be seen
from figures 4(a) and (b) that: (i) the increasing collective coupling has very little effect on the
state fidelity for Lorentzian distribution if there is no driving as expected; (ii) the storage time
can be improved by orders of magnitude with continuous driving; (iii) the continuous driving
also enables the quantum memory to benefit from the cavity protection, which suppresses
the effect of the inhomogeneity in the driving field and thereby improves the performance
with increasing collective coupling strength. We stress that the parameters in our numerical
simulations are within the state-of-art cavity quantum electrodynamic technologies. Careful
optimization may easily improve homogeneity and strengthen the drive. To be more specific, we
conservatively take the inhomogeneous broadening as 1= 1 MHz and the damping rate of the
cavity κ = 0.1 MHz (i.e. the cavity lifetime is 10µs). The storage time of a Lorentzian quantum
memory is limited by the dephasing of the spin ensemble (about 1µs). With continuous driving
Bmin = 10(20)MHz and Bmax = 10.5(20.5)MHz, the state fidelity can be as high as 0.5(0.7)
even after 50µs.
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6. Summary and discussion

In summary, we have shown that continuous driving can suppress the effect of inhomogeneous
broadening on a quantum memory based on spin ensembles. In addition to the obvious
role of decoupling individual spins from magnetic noise, continuous driving can also reduce
and reshape the spectral distribution. Even though the continuous driving field itself is
inhomogeneous over the ensemble, it can make the tails of the spectral density profile decay
much faster and approach the ideal rectangle distribution. This feature then allows us to take
advantage of the cavity protection in the strong coupling regime and to achieve a much improved
performance of a quantum memory. We consider the Lorentzian spectral distribution as an
example, as it is relevant for many solid-state systems, e.g. a spin ensemble in diamond. Our
results demonstrate that the linewidth of the double peaks in the transmission spectrum is greatly
narrowed by continuous driving. Furthermore, the storage time of a driven quantum memory can
be extended by orders of magnitude as compared with the one without driving. We stress that
the main feature of our scheme is that the effect of the inhomogeneity of a continuous driving
field can be suppressed by strong collective coupling via cavity protection. As a comparison,
one could invert all the spins halfway through the storage period to eliminate inhomogeneous
broadening; nevertheless, the pulse inhomogeneity will inevitably lead to inversion errors over
individual spins, which cannot be directly compensated for by cavity protection as occurs for
continuous driving. We expect that the idea of driven quantum memory can be extended to other
physical systems, e.g. ion Coulomb crystals [17, 18].
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