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A B S T R A C T

Succinct encodings are short descriptions of relations such that the relation
itself may be of size exponential in the size of its description. We can en-
code graphs, which are binary relations over a set of vertices, by circuits,
formulas, OBDDs and other models of computation which store a truth-
table. This dissertation studies two common types of succinct encodings on
graphs:

1. The set of edges and vertices are given by a succinct description. We
call such encodings the standard succinct encoding.

2. The set of vertices is given by a succinct description and the edge-set
is defined by a fixed host-graph. If the host graph is the n-dimensional
hypercube, such encodings are called solution graphs.

For many years, all studied computational problems under the standard
succinct encoding were shown to be exponentially harder than their ex-
plicit counterparts. These complexity blow-ups have been proved using so
called upward-translation theorems, which show that specific low-level re-
ductions between computational problems can be adapted to polynomial-
time reductions between their succinct counterparts.

We extend this work by studying succinct graph problems under more
restricted encodings such as bounded-depth circuits and identify the hid-
den structure of these graphs as the alternating union and intersection of
complete bipartite graphs. This structure can be used to show that CNF-
and DNF-formulas are succinct encodings for which not all computational
problems have an exponential complexity blow-up. We give the first known
examples of decision problems under restricted types of standard succinct
encodings that are not computationally harder than their explicit versions
(STCONN on DNF-encoded graphs) or which get an intermediate blow-up
(Dominating Set on DNF-encoded graphs).

Using these exceptions, there cannot exist upward-translation theorems
for CNF- and DNF-succinct encodings unless the used low-level reduction
separates Clique and CNF-SAT, proving there are no upward-translation
theorems for logarithmic-space reductions and CNF-/DNF-encodings. By
contrast, we prove such upward-translation theorems for circuits of depth
3, yielding a threshold for the existence of such theorems. We further show
how to adapt these results to explicitly given graphs and define a hier-
archy of graph classes for which the second level is strong enough for
all NP-complete graph problems to stay NP-complete on graphs in this
class. Furthermore, for graphs in the first level, Dominating Set has a sub-
exponential time algorithm and the graph isomorphism problem is already
GI-complete on these graphs.
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For solution graphs, we refine the known classification of the complexity
of USTCONN and extend the known structural results on such graphs. We
show that for a class of formulas called CPSS, all connected components of
encoded graphs are partial cubes, while outside of this class this property
does not hold. Still, even for the larger class of so called safely tight for-
mulas, USTCONN can be reduced to the satisfiability problem on related
formulas. Our results imply that USTCONN on 2-CNF solution graphs is
NL-complete.

We apply our structural results to GI on 2-CNF solution graphs and show
that this problem is C=P-complete, using the intermediate result that decid-
ing if two given 2-CNF formulas have the same number of satisfying solu-
tions is C=P-complete. Therefore isomorphism of such succinctly encoded
solution graphs is not harder than deciding if two such graphs have the
same number of vertices.
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Z U S A M M E N FA S S U N G

Succincte Kodierungen sind kurze Beschreibungen von Relationen, sodass
die beschriebenen Relationen exponentiell größer sein können als ihre Be-
schreibungen. Wir können Graphen als binäre Relationen über ihrer Kno-
tenmenge mit Schaltkreisen, Formeln, OBDDs und anderen Modellen ko-
dieren, welche eine Wahrheitstabelle speichern. Diese Dissertation behan-
delt zwei typische Arten von succincten Kodierungen von Graphen:

1. Wenn eine Knoten- und Kantenmenge durch eine succincte Beschrei-
bung gegeben ist sprechen wir von einer standard-succincten Kodie-
rung.

2. Oder es wird die Menge der Knoten succinct beschrieben und die
Kanten werden anhand eines festen Host-Graphen definiert. Ist die-
ser Host-Graph der n-dimensionale Hyperwürfel, so spricht man von
Lösungsgraphen.

Bisher konnte für alle untersuchten standard-succinct-kodierten Entschei-
dungsprobleme gezeigt werden, dass sie exponentiell schwerer werden als
ihre explizit gegebenen Varianten. Dieses Verhalten wird mit sogenannten
Upward-Translation Theoremen gezeigt, welche stark eingeschränkte Re-
duktionen zwischen zwei Entscheidungsproblemen zu Reduktionen in po-
lynomieller Zeit zwischen ihren succincten Varianten übersetzen.

Wir erweitern diese Ergebnisse, indem wir Entscheidungsprobleme auf
succinct-kodierten Graphen betrachten, für die die succincte Kodierung
Schaltkreise beschränkter Tiefe sind. Wir zeigen, dass solche Graphen aus
alternierenden Vereinigungen und Schnitten von vollständigen bipartiten
Graphen konstruiert werden können. Diese Struktur erlaubt es uns für
manche CNF- und DNF-kodierten Probleme effizientere Algorithmen anzu-
geben. Wir geben dadurch die ersten standard-succinct-kodierten Entschei-
dungsprobleme an, welche nicht schwerer als ihre expliziten Varianten sind
(z.B. STCONN auf DNF-kodierte Graphen) oder welche nur etwas schwerer
als ihre expliziten Varianten werden (z.B. Dominating Set auf DNF-kodierte
Graphen).

Anhand dieser Ausnahmen lässt sich beweisen, dass es keine Upward-
Translation Theoreme für CNF- und DNF-kodierte Entscheidungsproble-
me gibt, solange unter der verwendeten Reduktion Clique und CNF-SAT
äquivalent sind. Dies impliziert, dass es keine Upward-Translation Theore-
me für logarithmisch-platz-beschränkte Reduktionen und CNF- und DNF-
kodierte Entscheidungsprobleme gibt. Wir zeigen zudem, dass es für Schalt-
kreise der Tiefe 3 solche Theoreme gibt. Des weiteren transferieren wir die-
se Ergebnisse auf explizite Graphen, indem wir eine Hierarchie von Graph-
Klassen definieren, in der die zweite Ebene bereits Graphen enthält, für wel-
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che alle NP-vollständigen Probleme NP-vollständig bleiben. Ähnlich wie
bereits bei den succinct-kodierten Problemen zeigen wir, dass dies für die
erste Ebene wohl nicht gilt: wir geben einen Algorithmus für Dominating
Set auf Graphen in der ersten Ebene an, welcher nur sub-exponentielle Zeit
benötigt. Für GI ist jedoch bereits die erste Ebene GI-vollständig.

Für Lösungsgraphen verbessern wir die bekannten Ergebnisse bezüglich
der Komplexität von USTCONN und erweitern die bekannten strukturel-
len Ergebnisse dieser Graphen. Wir zeigen, dass Zusammenhangskompo-
nenten in Graphen, die durch CPSS Formeln kodiert werden, sogenannte
Partial-Cubes sind. Wenn diese Formeln nicht mehr CPSS sein müssen, gilt
diese Eigenschaft nicht mehr unbedingt. Wir zeigen zudem, dass für soge-
nannte safely-tight Formeln das USTCONN-Problem auf das Erfüllbarkeits-
problem von verwandten Formeln reduziert werden kann. Dies impliziert
unter anderem, dass USTCONN auf 2-CNF-kodierten Lösungsgraphen NL-
vollständig ist.

Zusätzlich verwenden wir unsere strukturellen Ergebnisse für 2-CNF-
kodierte Lösungsgraphen, um zu zeigen, dass GI auf solche Graphen C=P-
vollständig ist. Für die untere Schranke beweisen wir zuerst, dass zu prü-
fen, ob zwei 2-CNF Formeln gleich viele erfüllende Belegungen haben,
ebenfalls C=P-vollständig ist. Somit ist GI auf solchen Lösungsgraphen ge-
nauso schwer wie zu entscheiden, ob zwei solcher Graphen gleich viele
Knoten besitzen.
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1
I N T R O D U C T I O N

Succinct encodings are descriptions of objects such that the size of the en-
coded object may be exponential in the size of the description. One possi-
bility to give a succinct encoding are circuits: given an arbitrary circuit on
2n variables, we can interpret its truth-table of size (2n)2 as the adjacency
relation of a graph on 2n vertices. Depending on the size of this circuit,
we observe that the encoded graph may be exponentially larger than the
describing circuit itself.

Succinctly encoded objects can of course be used as inputs for decision
problems. We can ask the same questions as for explicitly given graphs in
the case of succinctly encoded graphs. So for every decision problem we
can construct a succinct version of this problem which is given succinctly
encoded instances. But as the uncompressed objects are of size at most
exponential in the size of the input, the succinct decision problems are at
most exponentially harder than their explicit counterparts.

The motivation to study such encodings stems from VLSI-design and
computer-aided verification. The structures occurring in these settings tend
to have a lot of symmetries or regularities, implying that there may exist
descriptions of these structures which are significantly smaller than the
structure itself. Modern GPUs contain sometimes thousands of copies of
the same functional units, which makes them preferable for parallel com-
putations. This implies that a concrete description of a GPU does not have
to specify every such unit on its own, decreasing the necessary size to en-
code such a GPU.

But then, if we want to solve a question about, for example, a processor,
do we need to run an algorithm for this question on the explicit descrip-
tion without any advantage due to these regularities, or can we use such
a smaller description of this processor to gain speed-ups in our algorithm?
Going back to the example of thousand copies of a functional unit in a GPU,
is it not enough to solve this question on one functional unit and reuse the
result for all other instances of this unit?

So the main question is, whether we can devise algorithms for decision
problems on succinctly encoded instances which profit from the smaller de-
scription. For example, if an algorithm runs in time O(n) on a graph of size
n, the same algorithm runs in time O(2n) on a succinctly encoded graph
after extracting it from its succinct description. But if there is a description
of size n3 for this graph, we would like to know whether there is another
algorithm for this problem running in time f(n3) such that f(n3) is a lot
faster than 2n. This would imply that we can gain advantages from small
descriptions.
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2 introduction

The literature mostly answered this question negatively while studying
general circuits, formulas and OBDDs as succinct encodings. We, however,
will identify restricted types of encodings for which there are positive an-
swers. The key to these results is finding appropriate restrictions for the suc-
cinct encodings, which imply structural properties of the encoded graphs.
These properties then imply improved algorithms.

1.1 related work

Galperin and Wigderson [21] first introduced the concept of problems on
succinctly encoded graphs given by a small circuit representation. These
graphs are given by a small circuit encoding the set of vertices and edges.
They studied problems like finding a triangle or a cycle and proved that
these problems are already hard for NP while their explicit counterparts
are relatively easy. For more complicated problems, like NP-complete prob-
lems, they gave non-trivial lower bounds in the polynomial hierarchy.

The first NEXP-completeness results for succinctly encoded versions of
NP-complete problems have been proved by Papadimitriou and Yannakakis
[57]. Their work proved that all graph problems L for which there is a pro-
jection from SAT to L are NEXP-hard. This implies NEXP-completeness for
problems like circuit-encoded Clique. The statement translating projections
to hardness results can be considered to be the first result which we will
later call upward-translation theorem.

Lozano and Balcázar [51] formalised this connection between low-level
reductions (in this case projection reductions) and circuit-encoded prob-
lems, proving the first upward-translation theorem: if there is a (what they
call) projection between two problems, then there is a polynomial-time re-
duction between their circuit-encoded counterparts. We will call such state-
ments upward-translation theorems. Balcázar, Lozano, and Torán [8] and
Eiter, Gottlob, and Mannila [18] improved the result from projections to
polylogarithmic-time reductions. These works implied that all problems
which are NP-complete under polylogarithmic-time reductions get NEXP-
complete under circuit-encodings.

Feigenbaum et al. [19] and Veith [72, 73] extended this work by study-
ing problems succinctly encoded by Boolean formulas and OBDDs, yield-
ing similar results. They gave direct complexity classifications by proving
(for example) that formula- and OBDD-encoded Clique is NEXP-complete
[19, 72]. In addition, Veith [72, 73] proved upward-translation theorems
for quantifier-free reductions and OBDD- and formula-encoded problems,
implying that all NP-complete problems under quantifier-free reductions
become NEXP-complete when encoded by formulas or OBDDs. The combi-
nation of these results seems to crush our hopes of finding improved algo-
rithms for succinctly encoded problems. But we will later see that further
restricting such encodings yields problems which are not always harder.
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There are other types of succinct encodings we only want to mention
briefly. While those models still encode objects of size exponential in the
size of the input, they are significantly different than the circuit-encodings
we want to study. Stockmeyer and Meyer [66] introduced so called integer
expressions, which encode large subsets of the natural numbers. Bentley
and Ottmann [9] introduced the hierarchical input language, a concept to
encode structures in VLSI design. Lengauer [48] encodes layout-structures
of integrated circuits by using hierarchical specifications. Karpinski and
Wagner [45] studied so called vertex multiplicity graphs, graphs which are
encoded by explicitly given graphs where every vertex is labelled with a
binary number. The uncompressed graph can then be constructed by re-
placing each vertex with an independent set of size equal to the number
this vertex is labelled with. Finally, Kowaluk and Wagner [47] introduced
the concept of vector languages, a model to encode graphs which uses for-
mulas on Boolean and arithmetic operations. Wagner [75] studied some of
these succinct encodings and prove that while some types of encodings
can be translated to each other, other types cannot be compared (unless
P = NP).

Recently, the authors Bonsma and Cereceda [12], Hearn and Demaine
[31], Ito et al. [36], Ito, Kaminski, and Demaine [37], and Mouawad et al. [54]
studied sets of problems they call reconfiguration problems. Such problems
want to know, for a given problem L, an instance A for L and two solutions
s, t for A, if there is a sequence of operations (from a fixed set of opera-
tions), which transforms s to t such that every intermediate step is still a
valid solution for A. Therefore reconfiguration problems are just disguised
reachability problems on succinctly encoded graphs: the vertices are the
set of solutions to A and the edges are defined by the allowed operations.
These results often contain, depending on which problem L is used and
which operations are allowed, either PSPACE-completeness results (see for
example Bonsma and Cereceda [12]) or efficient algorithms in P (see for
example Ito et al. [36]).

The last type of work we want to mention here studies the reachability
and connectivity problems on so called solution graphs. Gopalan et al. [27]
introduced solution graphs as graphs where the set of vertices are given as
the set of satisfying solutions of a Boolean formula and two solutions are
connected iff they have Hamming-distance 1. Depending on the expressive
power of the encoding formulas, they classify the reachability problems to
be either in P or to be PSPACE-complete. The classification of the expres-
sive power of formulas uses and extends the work of Schaefer [60], who
classified types of Boolean formulas by the complexity of solving the satis-
fiability problem on such formulas.

While Gopalan et al. [27] did not settle the complexity of the connec-
tivity problem on such graphs, Schwerdtfeger [64] settled this question by
proving a trichotomy: for some formulas this problem is in P, for some it is



4 introduction

coNP-complete and for general formulas this problem is PSPACE-complete.
Some of these results use structural properties of the encoded graphs.

1.2 our work

As we already mentioned, not all problems on structures of size exponential
in the size of the input use the term succinct (for example reconfiguration
problems and solution graphs). Most of the literature uses the term suc-
cinct only for what we will call the standard succinct encoding which has
been introduced by Galperin and Wigderson [21]. We are going to extend
the notion of succinct encodings by developing a general framework for
succinctly encoded relations which can then be tailored to encode graphs.
This framework will be able to implement the standard succinct encodings
[8, 15, 16, 19, 21, 51, 57, 62, 72–74], solution graphs [27, 61, 63, 64] and
reconfiguration problems [12, 31, 36, 37, 54].

We will then study the structure of standard succinctly encoded graphs
and solution graphs. Standard succinctly encoded graphs, which are of-
ten encoded by circuits, can be shown to represent graphs which are con-
structed as alternating unions and intersections of bicliques, where the de-
gree of these operations corresponds to the degree in the encoding circuit.
We will transfer this structure to explicitly given graphs and define a hi-
erarchy of graph classes for which the graphs in level k possess a similar
structure as graphs encoded by depth k+ 1 circuits. For solution graphs,
we improve known structural properties [27, 64] and develop new struc-
tural properties for classes of graphs for which we did not have any such
properties before.

These properties are then used to give more efficient algorithms for suc-
cinctly encoded problems under appropriate restrictions of the encoding
circuits or formulas. For standard succinctly encoded problems, we show
that bounding the depth of the circuit to 2 may yield problems which are
easier than the same problems under encodings of unbounded depth (or
even depth 3). For solution graphs we improve the complexity of the reach-
ability problems encoded by restricted types of formulas and we use some
of the newly developed structural properties of solution graphs to give a
novel algorithm for GI on restricted types of solution graphs.

We also discuss the consequences of these improved algorithms. In the
case of standard succinctly encoded problems, our improvements imply the
non-existence of upward-translation theorems for reductions under which
Clique and CNF-SAT are equivalent. For GI, we observe that this problem
on restricted types of solution graphs is not harder than deciding whether
these graphs have the same number of vertices.
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1.3 organization

Chapter 2 will introduce the basics necessary to understand this thesis. We
will give formal definitions, notations and some required results. In Chap-
ter 3, we introduce the framework in which all studied models of succinctly
encoded graphs fit. We extend this by studying structural properties of suc-
cinctly encoded graphs. This includes some known, as well as some new
structural results.

In Chapter 4, we first recall the known results of so called standard suc-
cinctly encoded problems and then study standard succinctly CNF- and
DNF-encoded graph problems, which will exhibit a different behaviour
than the usual succinctly encoded problems. We use this to study upward-
translation theorems for graph problems succinctly encoded with bounded
depth circuits. These results will be transferred to explicitly given graphs
in Chapter 5. So we transfer these structural properties to general graphs,
defining a graph class hierarchy using alternating unions and intersections
of bicliques, and discuss the power and limits of such graphs.

Chapter 6 will study reachability, connectivity and GI on solution graphs,
as well as the problem of deciding if two such graphs have the same num-
ber of vertices. Finally, Chapter 7 discusses our results and lists open prob-
lems as well as directions for further work on succinctly encoded graphs.





2
P R E L I M I N A R I E S

We will first cover some basic definitions and then introduce useful con-
cepts in the area of descriptive complexity, complexity theory, circuits and
other related structures, as well as decision problems. We will use the stan-
dard literature of Immerman [34] for descriptive complexity, Papadimitriou
[56] for complexity theory and decision problems, Bollobás [11] for graphs,
as well as Jukna [42] and Wegener [76] for circuits, formulas and OBDDs.

With poly(n) (polylog(n)), we denote the set of all functions f : N → N

which can be written as f(n) = cnk (f(n) = c logk(n)) for some c,k ∈N.
Let B be the set {0, 1} and [n] for n ∈ N be the set {1, . . . ,n}. Bn denotes

the set of all strings of length n using elements in B, B6n denotes the set
of all such strings of length at most n and B∗ denotes the set of all finite
strings over B. For x ∈ Bn (n ∈ N), x[i] with i ∈ [n] will be the i-th bit
of x. For two given strings x,y ∈ Bn, the Hamming distance of x and y
will be denoted by ∆(x,y) := |{i ∈ [n] : x[i] 6= y[i]}|. The Hamming weight
of x is ∆(x) := ∆(x, 0n). We include a wildcard character ∗ in a bit-string
to imply that a given string over {0, 1,∗ } represents the set of all strings of
appropriate length which match the given indices with 0 or 1.

While x ∈ Bn is a bit-string of length n, we sometimes associate it with
the subset of [n] of indices i for which x[i] = 1. So for x,y ∈ Bn, z = x \ y

is the set of all elements in x but not in y, or equivalently the string z such
that z[i] = 1 iff x[i] = 1 and y[i] = 0. We use other set operations in a
similar way, for example x∆y as the symmetric difference, implying that
|x∆y| = ∆(x,y).

For a set S,
(
S
k

)
is the set of all subsets of S of size k. On the other hand, Sk

is the set of all ordered k-tuples of elements in S. These tuples may contain
duplicate elements. With |S| we denote the number of elements in S.

For numbers n > 2 and x > 0, let x =
∑
i>0 ain

i = (. . . ,a1,a0)n with
ai ∈ {0, . . . ,n− 1} be the unique n-adic representation of x. If x < nk for
some k ∈ N, we use only the last k positions of (. . . ,a1,a0)n and write
x = (ak−1, . . . ,a0)n.

We define the lexicographic order on strings in Bk as follows: for x,y ⊆
Bk, x < y iff there is some i ∈ [k] such that x[i] < y[i] and for all 1 6 j < i

x[j] = y[j]. The string y is the lexicographic successor of x, iff x < y and
there is no z ∈ Bn such that x < z < y.

For a set of elements U and a subset V ⊆ U, the characteristic function
χV : U→ B is defined as χV(x) = 1 if x ∈ V and χV(x) = 0 if x 6∈ V .

For a set S, let P(S) denote the power set of S, i.e. the set of all subsets of
S.

7
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2.1 graphs

A directed graph G is a set of vertices V (mostly we use V = [n] for some
n) and a set of edges E ⊆ V2. Depending on the context, a vertex i ∈ V
will be denoted by an integer number or as the unique binary string of
length dlog(n)e representing the number i. If G is an undirected graph, E
will instead be a subset of

(
V
2

)
.

For every directed graph G, there is an associated undirected graph G ′

we get by replacing all directed with undirected edges. So for all pairs
(i, j) ∈ E, there is a set {i, j} ∈ E ′.

For a directed graph G = (V ,E), its complementary graph is defined as
G = (V ,V2 \ E). If G is an undirected graph, then G = (V ,

(
V
2

)
\ E).

Given a graph G = (V ,E) and a vertex u ∈ V , ΓG(u) ⊂ V denotes the set
of neighbours of u in the graph G and Γ+G (u) denotes the set of neighbours
of u including u itself, i.e. Γ+G (u) = ΓG(u)∪ {u}.

For a graph G = (V ,E), a sequence of vertices (u1, . . . ,uk) with u1 ∈ V
such that for all i ∈ {1, . . . ,k− 1} (ui,ui+1) ∈ E is called a path in G. The
length of a path in G = (V ,E) is the number of edges it uses. Let dG(u, v)
denote the length of a shortest path between two vertices u, v in a graph G,
i.e. the distance of u and v in G. If there is no path from u to v, we define
dG(u, v) := ∞. If the graph we are talking about is clear from the context,
we omit the index G in dG(u, v).

So if dG(u, v) < ∞, then there exists at least one path between u and v
of shortest length. An undirected graph is connected, iff for all two vertices
u, v ∈ V , dG(u, v) < ∞. If this property holds for a directed graph G,
then G is strongly connected. A directed graph is weakly connected, if its
associated undirected graph is connected. Let IG(u, v) be the set of vertices
in G which lie on a shortest path between u and v.

For a graph G = (V ,E), G ′ = (V ′,E ′) with V ′ ⊆ V and E ′ ⊆ V ′2 ∩ E
is called a subgraph of G. If E ′ = V ′2 ∩ E, then G ′ is called an induced
subgraph of G. An (induced) subgraph G ′ of G is called non-expanding, iff
for all u, v ∈ V ′, dG ′(u, v) = dG(u, v).

Given two (directed or undirected) graphs G = (V ,E) and H = (V ′,E ′),
we say that G is isomorphic to H (G ∼= H), iff |V | = |V ′| and there is a
bijection π : V → V ′ such that for all u, v ∈ V , (u, v) ∈ E⇔ (π(u),π(v)) ∈ E ′.
An automorphism of a graph G = (V ,E) is an isomorphism from G to G.

A k-partite (directed or undirected) graph G = (V ,E) consists of k dis-
joint sets of vertices V = V1 ∪ . . . ∪ Vk and all edges are in the set V2 \⋃
i∈[k] V

2
i . In other words, edges can only occur between two different parts

Vi and Vj of V . A graph which is k-partite for some k ∈ N is sometimes
called a multipartite graph.

We usually talk about bipartite graphs. Such graphs use two sets of
vertices V1,V2 and all edges occur only between V1 and V2. For a bi-
partite graph G = (V ,E), we define its bipartite complement as Gc =

(V1 ∪ V2, (V1 × V2 ∪ V2 × V1) \ E).
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Let Kn denote the complete undirected graph Kn = ([n],
([n]
2

)
). We usu-

ally call such a graph a clique. Similarly, in a directed graph Kn,m denotes
the complete bipartite directed graph using the edge-set U×V for two dis-
joint sets of vertices U and V of size n and m. In an undirected graph, Kn,m

instead uses the edge-set (U× V) ∪ (V ×U). In an undirected graph, Kn,m

is called a biclique. If Kn,m is directed, this graph is called a diclique.
If we drop the restriction in a biclique (or diclique) that the sets of vertices

U,V have to be disjoint, we get a bisimplex (or disimplex). So a bisimplex
(disimplex) is a graph G = (U ∪ V ,E), where U and V may not be disjoint,
such that E = (U×V)∪ (V ×U) (or E = U×V). Especially, bisimplices and
disimplices form cliques on U∩ V .

For an undirected graph G = (V ,E), we define the line graph L(G) =

(V ′,E ′) with V ′ = E and two vertices u, v ∈ V ′ = E ⊆
(
V
2

)
are connected

iff |u∩ v| = 1. In other words, the vertices of L(G) represent edges in G and
two such vertices are connected iff they share a common vertex in G.

Whitney [77] proved that, with two exceptions, two graphs are isomor-
phic iff their line graphs are isomorphic:

Theorem 1 Whitneys Isomorphism Theorem [77]. For two connected graphs
G,H with G,H 6∈ {K3,K1,3}, L(G) ∼= L(H) iff G ∼= H.

For an undirected graph G = (V ,E), a proper k-colouring (or k-vertex-
colouring) for G is a function c : V → [k] such that for all {u, v} ∈ E, c(u) 6=
c(v). Similarly, a proper k-edge-colouring for G is a function c ′ : E → [k]

such that for all pairs of edges {u, v}, {a,b} ∈ E with |{u, v} ∩ {a,b}| = 1,
c ′({u, v}) 6= c ′({a,b}). It is easy to see that proper k-edge-colourings of a
graph corresponds to proper k-vertex-colourings of its line graph:

Proposition 1. For every graph G = (V ,E), c : E → [k] is a proper k-edge-
colouring of G iff c is a proper k-vertex-colouring of L(G).

We use the terms chromatic index to denote the minimum number of
colours k in a proper k-edge-colouring of a graph and chromatic number to
denote the minimum number of colours k in a proper k-vertex-colouring
of a graph.

A well studied regular, bipartite and undirected graph is the hypercube
graph Hn = (Bn,E) with E = {{x,y} : x,y ∈ Bn,∆(x,y) = 1}. Although Hn
contains 2n vertices, its degree is n.

Definition 1 [55]. An undirected graph G = (V ,E) is a partial cube, iff it is
connected and it is the non-expanding induced subgraph of some hypercube graph
Hm. The smallest such m is denoted the isometric dimension of G.

A subclass of partial cubes are median graphs (see for example Ovchin-
nikov [55], Theorem 5.75). A median graph has for every triple of vertices
a unique vertex which lies on shortest paths between all pairs of these ver-
tices.
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Definition 2 [55]. An undirected graph G = (V ,E) is a median graph, iff it is
connected and for all x,y, z ∈ V , I(x,y) ∩ I(x, z) ∩ I(y, z) = {u} for some u ∈ V .
This unique vertex u is called the median m(x,y, z).

An undirected hypergraph G = (V ,E) is a graph in which edges are
not restricted to be subsets of size 2 of V , but in which E is an arbitrary
subset of P(V) \ {∅}. This implies that every edge is a non-empty subset of
vertices. Analogously, in directed hypergraphs the set of edges is a subset
of P(V)2. In contrast to general graphs, where every edge contains exactly
two elements, hypergraphs may contain edges on up to n vertices, implying
there are up to 2n edges (or even 22n edges if the hypergraph is directed).

2.2 logic

We already introduced B to be the set {0, 1} and note that we use 1 and 0 as
true and false in the context of Boolean logic. We say a function f : Bn → B

is an n-ary Boolean function. We use the following standard binary Boolean
functions: conjunction (x∧ y = 1 iff x = y = 1), disjunction (x∨ y = 0 iff
x = y = 0), negation (¬x = 1 iff x = 0), parity (x⊕ y = 1 iff x 6= y) and
implication (x → y = 0 iff x = 1 and y = 0). The negation of a variable ¬x

will sometimes be denoted x. The set of variables and their negations are
called literals. The binary function x∧ y (x∨ y) can for k > 0 of course be
generalised to a k-ary function ANDk (ORk), outputting 1 iff all k inputs
are 1 (iff at least one of the k inputs is 1).

A Boolean k-ary relation R is a subset of Bk. We will identify Boolean
functions f : Bk → B with the Boolean relation Rf = {x ∈ Bk : f(x) = 1} and
use both terms synonymously. For example, we identify the binary Boolean
function x∨ y with the Boolean relation R∨ = {01, 10, 11}:

A Boolean relation R is closed under an l-ary operation g : Bl → B, iff for
all y1, . . . ,yl ∈ R the application of g on y1, . . . ,yl yields another element
in R:

g(y1, . . . ,yl) = (g(y1[1], . . . ,yl[1]), . . . ,g(y1[k], . . . ,yl[k])) ∈ R

Note that we abused the notation of g and applied the l-ary Boolean
function bit-wise to l Boolean strings of length k.

For example, the Boolean relation R = {010, 100, 110} is closed under the
binary operation x ∨ y, i.e. it is closed under the bit-wise application of
disjunctions. To see this, we observe that the bit-wise application of x∨ y
to all pairs of strings in R, which are of length 3, always yields another
string in R: 010∨ 100 = 110, 010∨ 110 = 110 and 100∨ 110 = 110. The
missing cases follow as x∨ y = y∨ x.

We use as closure-operators the Boolean operations ⊕, ∧ and ∨, as well
as the ternary Boolean operators a ∧ (b ∨ c), a ∨ (b ∧ c), a ⊕ b ⊕ c and
maj(a,b, c). The latter function is 1 iff at least two of the given bits are 1.
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For a Boolean relation R ⊆ Bk, identification of variables (or indices)
I ⊆ [k] means that we look at the Boolean relation R ′ = {x ∈ R : ∀i, j ∈ I :
x[i] = x[j]}.

For two Boolean functions f,g : Bn → B, we say f(x1, . . . , xn) and
g(x1, . . . , xn) are Boolean isomorphic (denoted by f ∼= g) iff there is an
automorphism π of Hn such that for all x ∈ Bn, f(x) = 1 iff g(π(x)) = 1.
By Ovchinnikov [55] we know that the automorphism group of Hn can be
considered to be the semidirect product of an elementary abelian 2-group
(usually denoted by Fn2 ) and the group Sn, consisting of all permutations
of the variables. So every automorphism of Hn can be described by first
allowing to negate an arbitrary subset of variables and then applying a per-
mutation on the variables. We call elements π of this automorphism group
signed permutations and use the notation π ∈ {+,−}n × Sn. Here {+,−}n

should denote an element in Fn2 (+ implies the entry will not be negated
and − implies the entry will be negated).

Observe that this definition of a Boolean isomorphism deviates from the
usual definition which only allows such an isomorphism to be a permuta-
tion of the variables (see for example Agrawal and Thierauf [1], Alon and
Blais [3], Arvind and Vasudev [6], and Böhler et al. [10]). So in addition,
our Boolean isomorphisms allow the negation of variables.

2.2.1 Circuits and Other Structures

circuits and formulas A basis B is a set of Boolean functions. A
circuit C on variables x1, . . . , xn over a basis B is a list of m > n+ 2 gates
g1, . . . ,gm such that

• the first n+ 2 gates are labelled with x1, . . . , xn, 0, 1 and

• for every i > n+ 2, gate i is the application f(gi1 , . . . ,gik) of a k-ary
Boolean function f in B where gij (for j ∈ [k]) is a gate occurring
before gi (so ij < i).

The output of C is the gate gm and the Boolean function computed by C
is fC(x1, . . . , xn) where fC(x) for x ∈ Bn is the value computed at gate gm
when assigning x[i] to gate gi (for i ∈ [n]). A Boolean circuit C(x1, . . . , xn)
is satisfiable iff there is some x ∈ Bn such that fC(x) = 1. A formula is a
circuit in which no gate gets used more than once by another gate.

A circuit is called layered, if we can partition the gates into sets of gates
G1, . . . ,Gd with G1 = {x1, . . . , xn, 0, 1, x1, . . . , xn} such that all gates in layer
i ∈ {2, . . . ,d} only apply Boolean functions to gates in the level i− 1. The
size of a circuit using m gates is m. This deviates from some definitions
which do not count the input variables to the size of the circuit (see for
example Jukna [42]). The depth d(C) of a circuit C is the longest path from
a gate labelled with an input variable to the gate gm while ignoring gates
labelled with negations. If the negations should be counted for the depth
differs in a lot of definitions.
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We say a circuit C over the basis B = {AND2, AND3, . . . , OR2, OR3, . . . ,¬}
is alternating, if it is layered and the layers alternate in applying only opera-
tions in {AND2, AND3, . . .} and {OR2, OR3, . . .}. In this thesis, we mostly use
such alternating circuits. i.e. layered circuits where all negations are only
applied to the variables.

It is easy to see that all circuits C(x1, . . . , xn) over the basis B = {AND2,
AND3, . . . , OR2, OR3, . . . ,¬} of size m can be transformed in time poly(m)

to an equivalent alternating circuit C ′(x1, . . . , xn) of size poly(n) and depth
2d(C). This can be achieved by moving negations, which are applied to
non-input gates, downwards to the inputs by using the DeMorgan rules.
In the worst-case, this doubles the number of gates. To enforce that C ′ is
an alternating circuit, we could introduce dummy gates, which may again
double the depth.

Let C be a set of circuits. Then AND ◦C denotes the set of circuits which
can be constructed as a conjunction-gate (a gate computing a function in
{AND2, AND3, . . .}) using circuits in C as input. Dually, OR ◦C denotes the
set of circuits which can be constructed as a disjunction-gate (a gate com-
puting a function in {OR2, OR3, . . .}) using circuits in C as input. Let AND
and OR be the set of circuits which are solely conjunctions or disjunctions
of literals, 0 and 1. We denote a circuit in AND as a term and a circuit in OR
as a clause. Using an index l in this notation, for example ANDl ◦C, should
indicate that the arity of the functions a gate in this (conjunction-)level of
a circuit can use is restricted by l. In this example, the circuits in ANDl ◦C

consist of conjunctions of arity at most l using circuits in C as its inputs.
Then by writing AND ◦OR, we denote the set of all alternating circuits

in which the first level is a function in {AND2, AND3, . . .} and the second
layer uses functions in {OR2, OR3, . . .}. Dually, OR ◦AND denotes circuits in
which the first layer is a disjunction and the second layer consists only of
conjunctions. We use such a notation of k alternating operators in {AND, OR}
to denote arbitrary depth k alternating circuits. For example, ANDpoly(n) ◦
OR3 are all polynomial-sized 3-CNF-formulas. We denote circuits in AND ◦
ORk as k-CNF-formulas1 and circuits in OR ◦ANDk as k-DNF-formulas.

For a 2-CNF-formula F, we can define an implication graph I(F) = (V ,E)
with V = {x1, . . . , xn, x1, . . . , xn} and E = {(u, v) : (u → v) = (u∨ v) is a
clause in F}. So the graph I(F) has two edges for every implication in F.

From now on, if we omit an index and do not explicitly restrict the arity
of the used operations, we assume the arity to be polynomially bounded
(in the number n of variables). For example AND denotes the set of circuits
ANDpoly(n).

AHornk-clause is a conjunction of at most k literals such that at most one
literal is not negated. A Hornk-formula is a conjunction of Hornk-clauses.

1 While this definition allows clauses to have at most k literals, we sometimes require clauses
to have exactly k literals. The same holds for k-DNF-formulas.
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obdds An OBDD is a directed acyclic graph G = (V ,E) with two sinks
0, 1 ∈ V , a source s ∈ V and where every vertex u ∈ V \ {0, 1} has out-
degree exactly 2. Let π ∈ Sn denote a variable-ordering xπ(1), . . . , xπ(n).
Then every vertex in distance i from s is labelled with xπ(i+1) and for
every vertex with out-degree 2, one outgoing edge is labelled with 0 and
one is labelled with 1. The Boolean function fG : Bn → B computed by G
is for all x ∈ Bn defined as follows: fG(x) = 1 iff we can reach the vertex 1
with a path starting from s such that in every intermediate step, if we are
at a vertex u that is labelled with some xi, we follow the unique outgoing
edge labelled with x[i].

For an OBDD on n variables we assume the vertex 1 to be in distance
n of the vertex s. In other words, we assume that every path checks every
variable. The size of an OBDD G = (V ,E) is |V | > n.

Observe that OBDDs are just circuits using the ternary Boolean operation
ite(x,y, z) = (x∧y)∨ (x∧ z). Assume an OBDD contains a non-sink vertex
u, labelled with the variable x, and u has the successors v and w, both
labelled with variable y. Let the edge (u, v) be labelled with 0 and the edge
(u,w) be labelled with 1. Then if we set this variable to 1 we follow the
edge labelled with 1 (i.e. we reach the following node), and if we set this
variable to 0 we follow the edge labelled with 0. In other words, we end
up in v if we were in u and x was set to 0. Assume a circuit Cu is 1 iff the
assignment to the variables of the OBDD lets us reach the vertex u. Then
ite(x, 0,Cu) is 1 iff the variable assignment implies a path to u and we set
x to 0. Similarly, ite(x,Cu, 0) is 1 iff the variable assignment implies a path
to u and we set x to 1. Therefore Cv = ite(x, 0,Cu) (Cw = ite(x,Cu, 0)) is
1 iff the assignment to the variables of the OBDD lets us reach the vertex v
(w).

For a given OBDD, an equivalent circuit can be constructed by applying
this construction to the unique vertex labelled with 1. This circuit is not any
larger than the given OBDD.

Again, by our definitions, formulas, circuits and OBDDs on n variables
are of size at least n. For a circuit, formula or OBDD C, #C denotes the
number of satisfying solutions of the Boolean function of encoded C.

the tseitin transformation We now give a construction which
can transform a circuit C over the basis {AND2, AND3, . . . , OR2, OR3, . . . ,¬}
into a CNF-formula which is satisfiable iff C is satisfiable. For a circuit C on
n variables x1, . . . , xn using m gates, the following CNF-formula F should
implement this construction using the variables x1, . . . , xn of C and m new
variables z1, . . . , zm:

F(x1, . . . , xn, z1, . . . , zm) := tseitin(C(x1, . . . , xn), z1, . . . , zm)

The construction works as follows. For every gate gi which is the con-
junction of k 6 m other gates gi1 , . . . ,gik , we add to F clauses representing
the formula (zi ↔ (zi1 ∧ . . .∧ zik) (where in this case zi should represent
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the output value of the gate gi). Observe that this formula can be repre-
sented by k+ 1 clauses using the fact that (x→ y) = (x∨y), the DeMorgan
rules and distributivity. Clearly, F uses at most m+ n variables and has at
most m2 clauses.

2.3 point-sets , matrices and metric spaces

We assume the reader to be familiar with the basics of linear algebra (in-
cluding matrices, ranks and linear (in-)dependence) and metric spaces. We
mostly use the metric spaces (X,d1) and (X,d∞) with X ⊆ Nn for some
n ∈ N. Hereby, d1 should denote the Manhattan distance and d∞ should
denote the Chebyshev distance both applied to vectors in the usual kind. So
d1(x,y) with x,y ∈ Nn computes the sum of the componentwise absolute
differences and d∞(x,y) computes the maximum of the componentwise
absolute differences.

An n × n matrix V = (vi,j)i,j∈[n] is a Vandermonde matrix, if for all
i, j ∈ [n] vi,j = v

j−1
i for some numbers v1, . . . , vn. If for all i 6= i ′ vi 6= vi ′ ,

then the Vandermonde matrix can be inverted. Valiant [70] states conditions
under which we can compute the inverse of such a matrix. The following
theorem is a direct consequence of his statements.

Lemma 1 [70]. Given a Vandermonde matrix V with entries of length bounded
by poly(n), V−1 can be computed in time poly(n).

2.4 complexity theory

We say a set L ⊆ B∗ is a language. For every language L we can study its
associated decision problem (which we also denote by L), which asks us
to decide, given some x ∈ Bn, if x ∈ L. In other words, given x, we have
to compute the value of the characteristic function χL(x). We will use the
terms language and decision problem (or just problem) synonymously.

To decide such problems we usually fix some computational model, like
a (deterministic or non-deterministic) Turing-machine, and construct a ma-
chine in this model which, given x, computes χL(x). We will omit detailed
definitions of Turing-machines but assume this to be our model of compu-
tation. See Papadimitriou [56] for detailed definitions of deterministic and
non-deterministic Turing-machines.

Further, we will classify languages by the computational power in terms
of space and time a Turing-machine requires to decide if a given string x
is in the language. For a function f : N → N, let dtime(f(n)) be the set of
languages L such that there exists a deterministic Turing-machineMwhich,
given an x ∈ Bn, computes χL(x) in time f(n). We assume that all Turing-
machines we study always halt. Similarly, ntime(f(n)) denotes the set of
all languages L such that there exists a non-deterministic Turing-machine
M which computes χL(x) in time f(n).
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The same can be done for (non-)deterministic space-restricted Turing-
machines: dspace(f(n)) (nspace(f(n))) denotes the set of languages L for
which a (non)-deterministic Turing-machineM computes χL(x) using space
f(n).

We define the following complexity classes:

P =
⋃
k∈N dtime(n

k)

QP =
⋃
k∈N dtime(2

logk(n))

NP =
⋃
k∈N ntime(n

k)

EXP =
⋃
k∈N dtime(2

nk)

NEXP =
⋃
k∈N ntime(2

nk)

L =
⋃
k∈N dspace(k log(n))

NL =
⋃
k∈N nspace(k log(n))

PSPACE =
⋃
k∈N dspace(n

k)

Further, let coNP be the class of all languages L for which L ∈ NP and
let Sparse be the set of languages L such that |L ∩B6n| 6 f(n) for some
function f(n) ∈ poly(n) and all n.

The complexity class C=P contains all languages L for which there exists
a non-deterministic Turing-machine M such that for all x ∈ Bn, x ∈ L
iff exactly half of the non-deterministic paths of M(x) are accepting. A
language is in C 6=P, if L ∈ C=P. In other words, L ∈ C6=P if there exists
a non-deterministic Turing-machine M such that for all x ∈ Bn, x 6∈ L iff
exactly half of the non-deterministic paths of M(x) are accepting.

Finally, PP is the complexity class of all languages L for which there exists
a non-deterministic Turing-machine M such that for all x ∈ Bn, x ∈ L iff at
least half of all non-deterministic paths of M(x) are accepting.

We will use the following theorem, which follows from the so called non-
deterministic time hierarchy theorem (see for example Goldreich [25]).

Theorem 2. NEXP 6= NP.

2.4.1 Reductions and Hardness

Reductions are the standard way to compare the complexity of different
problems by showing that instances for the problem L can be answered by
asking questions of whether some instances y are in L ′. We will introduce
the common types of reductions which will differ in their computational
power and the type of questions they are allowed to ask. We distinguish
between space- and time-restricted reductions (see Section 2.4.1.1) and a
specific type of reductions which originated from descriptive complexity
(see Section 2.4.1.2).

Based on these definitions, we will introduce the concept of hardness and
completeness for complexity classes.
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2.4.1.1 Space- or Time-Restricted Reductions

We will distinguish between many-one, Turing, and truth-table reductions
and the computational power they are allowed to use. Let us first assume
that we restrict the reductions just to be computable in polynomial-time.

For a polynomial-time many-one reduction between two problems L,L ′,
we have to define a function f : B∗ → B∗ that is computable in deterministic
polynomial-time such that for every x ∈ B∗, x ∈ L iff f(x) ∈ L ′. We indicate
the existence of such a reduction by writing L 6P

m L ′.
Further, a logarithmic-space many-one reduction is defined in the same

way with the difference that now the function f has to be computed by a
logarithmic-space algorithm. These reductions will be denoted by L 6L

m L ′.
Many-one reductions can even be restricted to so called logarithmic- and

polylogarithmic-time reductions, denoted by L 6LT
m L ′ and L 6PLT

m L ′. In
such a reduction, every bit of y = f(x) has to be computed in logarithmic- or
polylogarithmic-time. In other words, there has to be an algorithm which,
on input x and i ∈ [log(|y|)], outputs y[i] in time c log(|y|) (for some c ∈
N) or time polylog(|y|) = polylog(|x|). In such reductions we assume to
have some kind of random-access to the input strings (see for example
Papadimitriou [56]).

A polynomial-time Turing-reduction from L to L ′, denoted by L 6P
T L
′, is

not restricted to just one question to L ′. Such a reduction has to decide in
polynomial-time, given access to an L ′ oracle, if a given x is in L. In other
words, the reduction is a polynomial-time algorithm which on input x can
perform any polynomial-time computation and which can ask questions of
the type “is y in L ′?”. But in all such questions, |y| has to be polynomially
bounded by |x|.

A truth-table reduction is a Turing-reduction in which all questions of
the type “is y in L ′?” have to be asked in parallel, i.e. the questions cannot
change depending on the previous answers to other questions.

2.4.1.2 Reductions from Descriptive Complexity

A reduction which is even more restricted than logarithmic-time reductions
comes from the context of descriptive complexity (see for example Immer-
man [34]). We now define the necessary basics of this area and then define
quantifier-free and monotone projection reductions.

We say a relational vocabulary is a tuple τ = (Ra11 , . . . ,Rarr , c1, . . . , cs) of
symbols such that Ri is an ai-ary relation (with ai ∈ N) and c1, . . . , cs
are constants. We say struct(τ) is the set of all possible τ-structures, i.e.
all possible instances A = (U,R1, . . . ,Rr, c1, . . . , cs) ∈ struct(τ) using the
universe U of elements with Ri ⊆ Uai and2 cj ∈ U for all i ∈ [r] and

2 In some cases it seems restrictive to require cj ∈ U instead of, for example, cj ∈ Uk for
some k. As U is enough for our purposes, we restrict ourselves to this case. This implies
that all our constants are bounded from above by the size of the universe.
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j ∈ [s]. We associate for every L ⊆ struct(τ) the decision problem L of,
given A ∈ struct(τ), decide if A ∈ L.

A formula φ(x1, . . . , xn) is in L[τ], the first order logic over the relational
vocabulary τ, if it is of the form φ = (xi1 , . . . , xiar ) ∈ Rj for some j ∈ [r],
xi = xj for i, j ∈ [n], xi = cj for i ∈ [n] and j ∈ [s], ¬φ ′, φ ′ ∧φ∗, φ ′ ∨φ∗, 0,
1, ∃xi : φ ′ or ∀xi : φ ′ for formulas φ ′,φ∗ ∈ L[τ] and i ∈ [n].

A formula φ(x1, . . . , xl) is in Ls[τ], the first order logic over τ with the
successor relation, if we additionally allow all formulas φ of the form
succ((xi1 , . . . , xik), (xj1 , . . . , xjk)) (for 1 6 k 6 l) which is true iff the second
k-tuple is the lexicographic successor of the first k-tuple. This of course as-
sumes an order on the elements in the universe over which the k-tuples are
formed. As we mostly use U = {0, . . . ,n− 1} or U = [n] for some n ∈ N,
we can use the order on the natural numbers. In addition, we include in
Ls[τ] the constants 0 (or 1) and max which denote the smallest and largest
element of U in the lexicographic ordering. If we use U = {0, . . . ,n − 1},
|U| = max+ 1 and every k-tuple (i1, . . . , ik) over U can be interpreted as
a natural number (i1, . . . , ik)n in {0, . . . ,nk − 1}. If we use U = [n] (this is
sometimes more convenient), |U| = max and we can interpret a k-tuple
(i1, . . . , ik) as the number (i1 − 1, . . . , ik − 1)n.

For two relational vocabularies τ = (Ra11 , . . . ,Rarr , c1, . . . , cs) and σ =

(Sb11 , . . . ,Sbtt ,d1, . . . ,du), a k-dimensional L-interpretation (Ls-interpreta-
tion) I of σ-structures into τ-structures is a (t+u+1)-tuple of L[τ]-formulas
(Ls[τ]-formulas) (φ,φ1, . . . ,φt, φ ′1, . . . ,φ ′u). Given some structure A = (U,
R1, . . . ,Rr, c1, . . . , cs) ∈ struct(τ), the interpretation I(A) defines a struc-
ture B ∈ struct(σ). The formulas φ and φ ′i accept elements in Uk and all
φi accept elements in Uksi . Then I(A) = B = (U ′,S1, . . . ,St,d1, . . . ,du) ∈
struct(σ) with universe U ′ = {(a1, . . . ,ak) ∈ Uksi : φ(a1, . . . ,ak) = 1} with
Si = {(a1, . . . ,aksi) ∈ U ′si : φi(a1, . . . ,aksi) = 1} and di as the unique
element (a1, . . . ,ak) ∈ U ′ for which φ ′i(a1, . . . ,ak) = 1.

For two languages L1 ⊆ struct(τ) and L2 ⊆ struct(σ), we say a first
order reduction is a Ls-interpretation I of σ-structures into τ-structures
such that for all A ∈ struct(τ), A ∈ L1 iff I(A) ∈ L2. If all formulas in I are
quantifier-free, we say that I is a quantifier-free reduction (see for example
Stewart [65] and Veith [72]) and write L1 6

qfr
m L2.

If I is a quantifier-free reduction and every formula φ in I is for some
k ∈ N of the form

∨
i∈[k] ai ∧ bi where ai is a quantifier-free formula in

L[∅] and bi is either empty, (xi1 , . . . , xiar ) ∈ Rj for some j ∈ [r] or xi = cj
for i ∈ [n] and j ∈ [r], then I is called a projection reduction.

If I is a projection reduction and all formulas in I use the relations and
constants of τ only positive, then I is called a monotone projection reduc-
tion. In this case we write L1 6mon−proj L2.

a note on the formula for the universe As noted by Immer-
man [34] (p. 20), allowing a quantifier-free reduction I to restrict the uni-
verse U ′ of I(A) may cause complications. For example, determining the
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new maximal element of the lexicographic order on k-tuples requires us to
decide if for a given element u ∈ U ′ ⊆ Uk, all elements larger than u in Uk

are not in U ′. A formula checking if u is the largest element of U ′ there-
fore requires quantifiers. Further, if we cannot restrict the universe, then the
maximum element of the universe corresponds to the number of elements
in the universe, which can be quite convenient.

We can circumvent this complication by using the concept of convex de-
cision problems we will introduce in Section 2.4.2.1. Convex decision prob-
lems are problems for which the addition of isolated elements in the uni-
verse does not change if a given structure belongs to the language or not.
Observe that for convex decision problems we do not need to restrict the
universe in quantifier-free reductions. As for every decision problem there
is a related convex decision problem (differing only in the encoding), we
can safely omit the inclusion of a formula for the restriction of the universe.

Therefore we introduce the convention that all first order and quantifier-
free reductions I use the formula φ = 1 to describe the new universe of
I(A). This introduces complications when giving concrete quantifier-free
reductions for decision problems which are not convex, as we will see in
Section 2.4.4. But for all problems we study in Section 2.4.4 this can be
solved by taking these additional vertices (which would get filtered out by
φ) and handling them using gadgets.

a note on the formulas for constants Further, studying the def-
inition of quantifier-free reductions, we note that formulas for the constants
in interpretations are allowed to use constants as well as input variables for
queries on the relations in the original structure. For example, a formula
φk(a,b) for a constant k can use the subformulas R(a,b) and R(max, 0) for
a relation R of the input structure. But if such a formula is only allowed
to have a single accepting element, and if this formula uses the input vari-
ables (non-trivially) for queries to a relation R (as in the first example), then
we can always construct a different input relation R such that at least two
elements satisfy this formula, therefore violating the definition of formulas
for constants in quantifier-free reductions. We conclude that such formulas
only use constants for queries to relations.

a note on the successor relation While quantifier-free formulas
are allowed to use the successor relation s(x,y) = 1 which is true iff x+ 1 =
y, we can even use for every c ∈ N the relation sc(x,y) which is true iff
x+ c = y. To do this we need to use additional variables in the quantifier-
free formulas. For every application of sc(x,y) in a formula φ we have to
add c− 1 new variables x1, . . . , xc−1. We adapt φ and replace sc(x,y) by
s(xc−1,y) and set φ ′ = φ∧ s(x, x1)∧ . . .∧ s(xc−2, xc−1). Then all tuples
satisfying φ ′ satisfy φ and φ ′ replaced one subformula sc(x,y). We can
use this to replace all applications of some sc(x,y) with c > 1.
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Observe that all satisfying tuples of φ ′ set xi = x+ i. Therefore, if the orig-
inal relation computed by φ was (kd)-ary (if φ was part of a k-dimensional
interpretation and the relation φ computes is d-ary), then applying this con-
struction to all instantiations of some sc(x,y) and adding the same number
of new variables to every one of the d k-tuples, we increase the universe
from k-tuples over the old universe U to k + c ′-tuples over U (for some
c ′ ∈ N). As φ and φ ′ have the same number of satisfying tuples (every
satisfying tuple of φ can be extended to exactly one satisfying tuple of φ ′),
this modification adds (

∑c ′

i=1(n− 1)ni−1) ·nk new isolated elements to the
universe.

Adding isolated elements to the universe is not a problem for convex de-
cision problems (see Section 2.4.2.1), but may introduce complications for
non-convex decision problems. As we will use sc(x,y) in the reductions in
Section 2.4.4, we have to describe how to deal with these isolated elements.
Further, observe that we can use this construction only in the formulas com-
puting the relations. In the formulas computing constants, every variable
of value i encodes a term i ·nl (for some l ∈ N) in the computed constant.
Therefore adding new variables and fixing them modifies the computed val-
ues. As some of our formulas φk, computing the constant k, use terms like
(n− 18), we have to modify these reductions such that these formulas only
use the values 0, 1, (n− 2), (n− 1) (if U = {0, . . . ,n− 1}) or other constants
provided by the input and their successor/predecessor. We can do this by
adding gadgets, of size for example (n− 18), to the relations which subtract
(n− 18) from k. Then computing k is easy, but we introduced another ap-
plication of s18(x,y) in the formula computing the relation. But this again
can be fixed as explained before (by again increasing the universe), yielding
an interpretation which only uses s(x,y).

2.4.1.3 Relations among Reductions

By definition, every monotone projection reduction is a quantifier-free re-
duction and every logarithmic-time many-one reduction is a polylogarith-
mic-time many-one reduction, which is in turn a polynomial-time many-
one reduction. In addition, every logarithmic-time many-one reduction is
a logarithmic-space many-one reduction, which is again a polynomial-time
many-one reduction.

A non-trivial relation between these reductions is that every quantifier-
free reduction is a logarithmic-time reduction. This can be easily proved
by observing that in a k-dimensional interpretation I the value k is a con-
stant and that formulas are of constant size and each formula depends on
constant many inputs. The relations computed by I, for example a c-ary
relation R, can be encoded as a binary string of length nck (where n is the
size of the input universe U), i.e. a c-ary relation over the new universe
of k-tuples over [n]. Then given some i ∈ [ck log(n)], we can interpret this
string as a ck-tuple over elements in the universe U and we have to output
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1 iff this ck-tuple is in the relation R. This corresponds to evaluating the
formula which computes R, which is of constant size and can therefore be
evaluated in logarithmic-time.

We will later use this property stated in the following theorem, which
was proven by Eiter, Gottlob, and Mannila [18].

Lemma 2 [18]. If A 6qfr
m B, then A 6LT

m B.

2.4.1.4 Hardness and Completeness of Problems

For a complexity class C, we say a problem L is hard for C under some
reduction r (for example r can be a polynomial-time many-one reduction),
if for all languages L ′ ∈ C, there exists an r-reduction from L ′ to L, i.e.
L ′ 6rm L. A problem L is complete for a class C, if L is hard for C and in
C. We usually talk about L-,NL-,P-,NP-,PSPACE-,EXP- and NEXP-complete
problems.

Garey and Johnson [22] introduced the concept of NP-completeness in
the strong sense. We say problem L is strongly NP-complete, if it is still
NP-complete when all numerical values occurring in the instance are poly-
nomially bounded in n. The Clique problem is for example a strongly NP-
complete problem. In this problem (see Section 2.4.2 for a definition), we
are given a graph G = ([n],E) and a value k 6 n and we have to decide if
G has a clique of size at least k. The only numerical value in this problem
is k, which is bounded by n. Further note that a polynomial-time reduction
from any problem in NP produces instances for Clique of polynomial size,
which again limits k to be polynomially bounded in the length of the input
of the reduction. For a list of strongly NP-complete problems see Garey
and Johnson [23].

2.4.2 Decision Problems

We will use the following well known decision problems.
SAT: Given a Boolean formula F(x1, . . . , xn). Is there an assignment s :

{x1, . . . , xn}→ B such that F(s(x1), . . . , s(xn)) = 1?
CNF-SAT: Given a Boolean formula F(x1, . . . , xn) in conjunctive normal

form. Is there an assignment s : {x1, . . . , xn} → B such that F(s(x1), . . . ,
s(xn)) = 1?
k-CNF-SAT: Given a Boolean formula F(x1, . . . , xn) in conjunctive nor-

mal form where every clause has length at most3 k. Is there an assignment
s : {x1, . . . , xn}→ B such that F(s(x1), . . . , s(xn)) = 1?

many-CNF-SAT: Given a Boolean formula F(x1, . . . , xn) in conjunctive
normal form and a k ∈ N encoded as a binary number. Does F have at
least k satisfying solutions?

3 Equivalently, we could require every clause to be of length exactly k. This would not change
the computational complexity of this problem. We use, depending on what is more conve-
nient, both of these versions (see Section 2.4.3).
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Dominating Set: Given an undirected graph G = (V ,E) and a k ∈ N. Is
there a set S ⊆ V with |S| 6 k such that for all u ∈ V \ S there is a v ∈ S
with {u, v} ∈ E?

Vertex Cover: Given an undirected graph G = (V ,E) and a k ∈ N. Is
there a set S ⊆ V with |S| 6 k such that for all e = {i, j} ∈ E, e∩ S 6= ∅?

Clique: Given an undirected graph G = (V ,E) and a k ∈N. Is there a set
S ⊆ V with |S| > k such that for all u, v ∈

(
S
2

)
, {u, v} ∈ E?

Independent Set: Given an undirected graph G = (V ,E) and a k ∈N. Is
there a set S ⊆ V with |S| > k such that for all u, v ∈

(
S
2

)
, {u, v} 6∈ E?

Clique-or-IndependentSet: Given an undirected graph G = (V ,E) and a
k ∈N. Is (G,k) ∈ Clique or (G,k) ∈ Independent Set?

k-edge-COL: Given an undirected graph G = (V ,E). Is there a proper
k-edge-colouring for G?

k-COL: Given an undirected graph G = (V ,E). Is there a proper k-vertex-
colouring for G?

Longest-Induced-Path: Given an undirected graphG = (V ,E) and k ∈N.
Is there a list of vertices (v1, . . . , vk) with vi ∈ V such that the induced
subgraph of G on the vertices v1, . . . , vk forms a path?

co-Longest-Induced-Path: Given an undirected graph G = (V ,E) and
k ∈ N. Is there a list of vertices (v1, . . . , vk) with vi ∈ V such that the
induced subgraph of G on the vertices v1, . . . , vk forms the complement of
a path?

STCONN: Given a directed graph G = (V ,E) and s, t ∈ V . Is there a path
from s to t in G?

USTCONN: Given an undirected graph G = (V ,E) and s, t ∈ V . Is there
a path from s to t in G?

CONN: Given an undirected graph G = (V ,E). Is G connected?
GI: Given two undirected graphs G = (VG,EG) and H = (VH,EH). Is G

isomorphic to H?
While the problems SAT, CNF-SAT, k-CNF-SAT (for k > 2), Dominating

Set, Vertex Cover, Clique, Independent Set, Clique-or-IndependentSet, k-
edge-COL (for k > 2), k-COL (for k > 2) and Longest-Induced-Path are
known to be NP-complete [23], the problem co-Longest-Induced-Path is
also known to be NP-complete as this problem is equivalent to deciding
if in the complementary graph there exists a longest induced path. The
problem many-CNF-SAT is PP-complete [56], USTCONN (and therefore
CONN) is L-complete [59], STCONN is NL-complete [56] and GI is known
to be hard for LDET [68]4 and is contained in NP.

exponential time hypothesis (eth) The Exponential time hypoth-
esis is a commonly used assumption on the complexity of k-CNF-SAT. It
was first introduced by Impagliazzo and Paturi [35] and states that for
all k > 2, there exists a value sk > 0 such that k-CNF-SAT cannot be
solved in time faster than 2skn. We will later use an even stronger statement:

4 LDET is the class of problems logarithmic-space reducible to the determinant.
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3-CNF-SAT cannot be solved in time 2o(n). Observe that if this assumption
is violated, then so is the Exponential time hypothesis.

2.4.2.1 Convex Problems

We will consider a special type of problems, originating from descriptive
complexity. Gottlob, Leone, and Veith [28] introduced the concept of convex
problems. A decision problem is convex, if the addition of isolated elements
in the universe of a structure does not influence if this structure is in the
language. Veith [73] proved that all decision problems can be made convex
by adding a new unary relation V over the universe U, indicating which
elements of the universe U are actually relevant. For example, if our prob-
lem L usually only consists of the binary relation E ⊆ U2, then we modify
this problem to additionally contain V ⊆ U and get a related problem L ′.
Then (V ,E) ∈ L ′ iff (E∩V2) ∈ L. So L ′ is basically the same problem with a
modified encoding. Veith [73] proved that the complexity of L ′ is the same
as L.

All graph problems in descriptive complexity can be made convex if we
do not assume that the universe is the set of vertices. Instead, we have to
include a unary relation V ⊆ U which encodes the vertices. Then all edges
in the graph we consider for the decision problem are in E∩ V2.

Observe that the problems STCONN, USTCONN, Clique, Vertex Cover,
k-edge-COL, k-COL and Longest-Induced-Path can even be considered con-
vex if V is the universe. Therefore all quantifier-free reductions to these
problems using V as a unary relation describing the vertices can be trans-
formed to a quantifier-free reduction to the versions of these problems
which do not use a relation V .

We can do something similar for problems like Dominating Set. Assume
a quantifier-free reduction reduces to Dominating Set which uses V as a
relation. Therefore the reduction has a formula φV selecting the vertices
which are included in the constructed graph, a formula φE computing the
edges of this graph and a formula φk computing the size of the required
dominating set. We can omit the formula φV and use ¬φV to select all
unused elements of the universe, divide them arbitrarily into two parts L
and R and add a biclique L× R to the constructed graph. After modifying
φk by increasing the required dominating set by 2, these two formulas form
a new reduction to a version of Dominating Set in which V is the complete
universe.

Section 2.4.4 will provide explicit reductions between graph problems
which do not use a unary relation V .

2.4.3 Descriptive Complexity and 3-CNF-SAT

In Stewart [65], the author proves that the following problem 3-CNF-SAT ′,
which is a version of the 3-CNF-SAT-problem, is NP-complete. If τ ′ =
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(N2,P2), then every instance F = ({0, . . . ,n− 1},N,P) ∈ struct(τ ′) can be
interpreted as a 3-CNF-formula F on n variables x0, . . . , xn−1 and n clauses
C0, . . . ,Cn−1 with xi ∈ Cj iff (i, j) ∈ P and xi ∈ Cj iff (i, j) ∈ N. In his def-
inition, every clause has exactly 3 literals. The relations N and P can be
interpreted as the positive and negative edges of a factor graph encoding a
CNF-formula.

So we define the decision problem 3-CNF-SAT ′: given a 3-CNF-formula
F encoded by a tuple ({0, . . . ,n − 1},N,P) ∈ struct(τ ′), decide if F has a
satisfying assignment.

Theorem 3 [65]. The problem 3-CNF-SAT ′ is NP-complete under quantifier-free
reductions.

We will use a slightly more convenient variant of this problem which
is still NP-complete. If τ = (C3), then every instance F = ({0, . . . ,n −

1},C) ∈ struct(τ) can be interpreted as a 3-CNF-formula F on n variables
x0, . . . , xn−1 and n clauses C0, . . . ,Cn−1 with xi ∈ Cj iff (i, 0, j) ∈ C and
xi ∈ Cj iff (i, 1, j) ∈ C. Again, every clause has size exactly 3. The mid-
dle entry in every triple in C indicates if the variable xi occurs positive or
negative in Cj. If there is some triple where the middle entry is not 0 or 1,
we assume the formula not to be satisfiable. We will use this as the stan-
dard encoding for the problem 3-CNF-SAT in the context of Descriptive
Complexity.

So we define the decision problem 3-CNF-SAT in the context of descrip-
tive complexity: given a 3-CNF-formula F encoded by a tuple ({0, . . . ,n−

1},C) ∈ struct(τ), decide if F has a satisfying assignment.
We show that this problem is indeed NP-complete under quantifier-free

reductions. The following lemma even shows that we can assume, w.l.o.g.,
the second entry in every triple in C to be 0 or 1.

Lemma 3. 3-CNF-SAT ′ ≡qfr
m 3-CNF-SAT

Proof. A reduction from 3-CNF-SAT ′ to 3-CNF-SAT can be given by the
1-dimensional interpretation I = (φC) of τ-structures into τ ′-structures by
defining (i,a, j) ∈ φC iff (a = 0∧ (i, j) ∈ P)∨ (a = 1∧ (i, j) ∈ N).

Observe that a quantifier-free reduction from 3-CNF-SAT to 3-CNF-SAT ′

is given by the 1-dimensional interpretation I = (φN,φP) of τ ′-structures
into τ-structures with φN(i, j) = (i, 1, j) ∈ C and φP(i, j) = (i, 0, j) ∈ C.

Corollary 1. The problem 3-CNF-SAT is NP-complete under quantifier-free re-
ductions.

Usually, we could interpret C in an 3-CNF-SAT-instance as a tripartite hy-
pergraph using hyperedges of size 3: every triple in C encodes a hyperedge
(x,y, z). Lemma 3 implies that C contains no triple where the middle entry
is not 0 or 1. We can transform this view to a bipartite graph on vertices
U∪̇V by collapsing the first two entries: U = {0, . . . ,n− 1, }× {0, 1} the set of
literals and V = {0, . . . ,n− 1, } the set of clauses. Then (u, v) is an edge in
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this graph iff u = (i,a) and v = j such that (i,a, j) ∈ C. In this interpretation
(i, 0) ∈ U represents xi and (i, 1) ∈ U represents xi while j ∈ V represents
the clause Cj. So this interpretation always works and the reduction always
produces such a bipartite graph representing a 3-CNF-formula.

In Section 2.4.4 we reduce 3-CNF-SAT ′ to some problems using quantifier-
free reductions. This implies that these problems (which are in NP) are
NP-complete and that, as quantifier-free reductions are closed under com-
position, these problems are equivalent to 3-CNF-SAT by using Lemma 3.

Additionally, when introducing the succinct version of the satisfiability
problem in Section 4.5.4, we will translate the representation of 3-CNF-SAT
as a graph on clauses and variables, with an additional bit encoding if the
variable occurs positive or negative, to the succinctly encoded problem.

Further, observe that the definitions of 3-CNF-SAT and 3-CNF-SAT ′ im-
ply that these problems are not convex. While adding isolated variables
does not change the satisfiability of a formula, adding an isolated clause
into a formula implies that this formula is unsatisfiable. The version of
this problem Stewart [65] proved to be NP-complete only creates formulas
where every element in the universe represents a non-empty clause by fill-
ing unused clauses with dummy-variables. Therefore we can assume that
every instance of this problem uses its universe as the set of clauses and
every clause is non-empty.

If a quantifier-free reduction would introduce empty clauses by omitting
a formula to restrict the set of used clauses, we could introduce a new
variable x, add a clause (x) and add x to every other clause. This preserves
satisfiability and yields a formula where every clause is non-empty.

2.4.4 Some Reductions

We will now give quantifier-free or logarithmic-time reductions between
some decision problems we will use in later chapters of this thesis. For
some quantifier-free reductions to problems on undirected graphs we will
only give formulas which include one of the two directions of an undirected
edge. For such a formula φ(u, v), we could create a formula φ ′(u, v) =

φ(u, v)∨φ(v,u) encoding both directions of the undirected edges.
Further, we will assume that in all graphs we construct with quantifier-

free reductions, the set of vertices V the graphs use is exactly the universe
of the created structures. Therefore the problems we study here are not
necessarily convex. We will need this property in Section 4.5.

Note that our reductions still work for the convex counterparts of these
graph problems which include the unary relation V to restrict the set of
vertices of the graphs.

Lemma 4 [16]. USTCONN 6qfr
m GI.

Proof. We adapt the standard reduction from USTCONN to GI given by
Jenner et al. [39] and show that it can be implemented as a quantifier-free
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reduction as shown in Das, Scharpfenecker, and Torán [16]. The standard
reduction, given a graph G and two vertices s and t creates two graphs G1
and G2 of which each contains two disjoint copies of the graph G. The two
graphs contain four copies of s and t which will be coloured such that the
two graphs are isomorphic iff there is no path from s to t in G. In a final
step the reduction replaces these colours with graph gadgets such that the
isomorphism status of these graphs does not change.

Figure 1 illustrates this reduction. As the copies of s have the same
colours in both graphs but the copies of t have their colours switched, if
there is a path from s to t in G then there is a black s connected to a grey
t in G1 but G2 contains a black s connected to a uncoloured t. Therefore
G1 and G2 are not isomorphic. But if there is no such path, then the parts
of G containing s and t are not connected and therefore G1 and G2 are
isomorphic.

s

t

(a) Instance (G, s, t) for STCONN

G

s

t

s

t

Ĝ

s

t

s

t

Ĥ

(b) Instance (Ĝ, Ĥ) for GI

Figure 1: Reducing USTCONN to GI [16]. (a) The input for STCONN. (b) The two
computed graphs.

The rest of the proof contains the technical implementation of this re-
duction. Instances of USTCONN are encoded as ({0, . . . ,n − 1},E, s, t) ∈
struct(τ) with τ = (E2, s, t), where E is a binary relation and s, t are con-
stants. We encode GI as the edge-sets of two graphs on n vertices. There-
fore an instance of GI is given as ({0, . . . ,n− 1},E1,E2) ∈ struct(σ) with
σ = (E21,E22). We now give a 2-dimensional interpretation I = (φE1 ,φE2)
of σ-structures into τ-structures which outputs two graphs, each contain-
ing two disjoint copies of E with appropriate graph gadgets as colours. We
assume w.l.o.g. that n > 13.
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φE1(u1,u2, v1, v2) = ((u1 = v1 = 0∨ u1 = v1 = 1)∧ E(u2, v2)) (1)

∨(u1 = 0∧ u2 = s∧ v1 ∈ {3}) (2)

∨(u1 = 1∧ u2 = s∧ v1 ∈ {4, 5}) (3)

∨(u1 = 0∧ u2 = t∧ v1 ∈ {6, 7, 8}) (4)

∨(u1 = 1∧ u2 = t∧ v1 ∈ {9, 10, 11, 12}) (5)

∨(u1 ∈ {3} ∧ v1 ∈ {3}) (6)

∨(u1 ∈ {4, 5} ∧ v1 ∈ {4, 5}) (7)

∨(u1 ∈ {6, 7, 8} ∧ v1 ∈ {6, 7, 8}) (8)

∨(u1 ∈ {9, 10, 11, 12} ∧ v1 ∈ {9, 10, 11, 12}) (9)

φE2(u1,u2, v1, v2) = ((u1 = v1 = 1∨ u1 = v1 = 2)∧ E(u2, v2)) (1)

∨(u1 = 0∧ u2 = s∧ v1 ∈ {3}) (2)

∨(u1 = 1∧ u2 = s∧ v1 ∈ {4, 5}) (3)

∨(u1 = 1∧ u2 = t∧ v1 ∈ {6, 7, 8}) (4)

∨(u1 = 0∧ u2 = t∧ v1 ∈ {9, 10, 11, 12}) (5)

∨(u1 ∈ {3} ∧ v1 ∈ {3}) (6)

∨(u1 ∈ {4, 5} ∧ v1 ∈ {4, 5}) (7)

∨(u1 ∈ {6, 7, 8} ∧ v1 ∈ {6, 7, 8}) (8)

∨(u1 ∈ {9, 10, 11, 12} ∧ v1 ∈ {9, 10, 11, 12}) (9)

As this is a 2-dimensional interpretation and the universe of our input,
the set of vertices of the input graph, is {0, . . . ,n− 1}, the universe of our
output is the set {0, . . . ,n− 1}2. So every pair (u, v) ∈ {0, . . . ,n− 1}2 is now
a vertex and edges are elements of {0, . . . ,n− 1}4. We divide this graph on
n2 vertices in n parts of each n vertices: V0 = {0} × {0, . . . ,n − 1}, V1 =

{1}× {0, . . . ,n− 1}, . . ., Vn−1 = {n− 1}× {0, . . . ,n− 1}.
Our formulas φE1 and φE2 decide for a given tuple (u1,u2, v1, v2) if

((u1,u2), (v1, v2)) is an edge in E1 and E2. Both formulas produce graphs
which coincide with E on V0 and V1 (see line (1) in both formulas). Further,
E1 and E2 both contain Kn on V3, K2n on V4 ∪V5, K3n on V6 ∪V7 ∪V8 and
K4n on V9 ∪ V10 ∪ V11 ∪ V12 (see lines (6) to (9) in both formulas). We use
these four complete graphs as gadgets for the required colours. Lines (2)

to (5) in both formulas show how we connect the four vertices (two copies
of s and t) with these gadgets.

Note that the two formulas φE1 and φE2 differ only in lines (4) and (5):
in φE1 we require u1 to be 1 and 2 and in φE2 we require u1 to be 2 and 1.
This corresponds to the different colours assigned to the t-vertices.

The rest of the graphs (on the vertices of V12 to Vn−1) is empty and does
therefore not change if these graphs are isomorphic. This completes the
proof for this reduction.
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For the following reductions we assume that 3-CNF-SAT ′ is encoded
as defined in Section 2.4.3 using τ ′ = (N2,P2). We define the following
formulas using the binary relations N and P:

isClause(i, j,k, l,N,P) = ((i, l) ∈ P∨ (i, l) ∈ N) (1)

∧((j, l) ∈ P∨ (j, l) ∈ N) (2)

∧((k, l) ∈ P∨ (k, l) ∈ N) (3)

comp(i, j, i ′, j ′,N,P) = i = i ′ ∧ (((i, j) ∈ N∧ (i ′, j ′) ∈ P) (4)

∨((i, j) ∈ P∧ (i ′, j ′) ∈ N)) (5)

Observe that isClause(i, j,k, l,N,P) checks if the clause Cl defined by
N,P contains the variables xi, xj and xk. The formula comp(i, j, i ′, j ′,N,P)
checks if clauses Cj and Cj ′ contain complementary literals of the variable
xi = xi ′ .

Lemma 5. 3-CNF-SAT ′ 6qfr
m Clique.

Proof. We adapt the standard reduction of Karp [44] by constructing a
graph G = (V ,E) from a given 3-CNF-SAT instance F(x0, . . . , xn−1) =

C1∧ . . . Cm where V contains for every clause Cl on the variables xi, xj, xk
the three vertices ul,i,ul,j,ul,k, representing the three literals in Cl. Then
{ul,i,ul ′,i ′} ∈ E iff l 6= l ′ and the variables xi and xi ′ do not represent com-
plementary literals in the clauses Cl and Cl ′ . So for every clause we add 3
vertices which are themselves not connected. All pairs of vertices of differ-
ent clauses are connected iff they do not represent complementary literals
(two literals are complementary iff they represent the same variable with
opposing signs). It is easy to see that G = (V ,E) has a clique of size m iff F,
a 3-CNF-SAT-formula on m clauses, is satisfiable.

As we require this reduction to be quantifier-free, we give a 5-dimensional
interpretation I = (φE,φk) of σ-structures into τ ′-structures, where σ =

(E2,k) and Clique ⊆ struct(σ). Then F = ({0, . . . ,n−1},N,P) ∈ 3-CNF-SAT ′

iff I(F) ∈ Clique. By definition, the number of clauses in F is m = n.
The interpretation I will create a graph G which has for every (i, j,k, l)

three vertices, which we distinguish by using the fifth dimension, repre-
senting the three literals of clause Cl using the variables xi, xj and xk. If
xi, xj or xk does not occur in clause Cl, then these three vertices will be
isolated. If Cl contains exactly these three variables, then we will connect
these three vertices to other vertices representing variables of other clauses
as described in the original reduction. Note that as we will work on tuples
(i, j,k, l), we will cover every clause 6 times, as every permutation of the
first three entries will denote the same clause Cl. So the constructed graph
will have a clique of size 6n iff there is an assignment to the n variables
satisfying all n clauses.
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So for every clause Cl, we add n4 vertices, for which only 6 · 3 will have
edges (3 vertices for every one of the 6 permutations of the three variables in
Cj). So (n− 18) ·n3 of these n4 vertices will be isolated: vertex (i, j,k, l,m)

is isolated if m > 2 or clause Cj does not contain xi, xj or xk.

φE((i, j,k, l,m),

(i ′, j ′,k ′, l ′,m ′)) = m,m ′ ∈ {0, . . . , 2} (1)

∧ isClause(i, j,k, l,N,P) (2)

∧ isClause(i ′, j ′,k ′, l ′,N,P) (3)

∧ ¬((m,m ′) = (0, 0)∧ comp(i, l, i ′, l ′,N,P)) (4)

∧ ¬((m,m ′) = (0, 1)∧ comp(i, l, j ′, l ′,N,P)) (5)

. . .

∧ ¬((m,m ′) = (2, 2)∧ comp(k, l,k ′, l ′,N,P)) (13)

φk(a,b, c,d, e) = (a = b = c = e = 0∧ d = 6)

Observe that line (1) forces us to only add edges to vertices (i, j,k, l,m)

for which the last index is at most 2, indicating that for every (i, j,k, l) we
add 3 vertices. Lines (2− 3) test if the variables xi, xj and xk actually occur
in clause Cl and variables xi ′ , xj ′ , xk ′ occur in clause Cl ′ . We assume the
vertex (i, j,k, l,m) represents for m = 0 the literal of the variable xi in the
clause Cl. Form = 1 (m = 2) this vertex represents the literal of the variable
xj (xk). Then the 9 lines (4− 22) verify that for all (m,m ′) ∈ {0, 1, 2}2, the
vertices (i, j,k, l,m) and (i ′, j ′,k ′, l ′,m ′) do not represent complementary
literals.

Note that φk(a,b, c,d, e) is true iff (a,b, c,d, e)n = 6n. As discussed
in Section 2.4.1.2, the formula φk is not allowed to use constants other
than 0, 1, (n − 2), (n − 1). Therefore the term 6n in φk is a problem. To
compensate for this, we could use (n− 6)n of the unused elements of the
universe, combine them to a clique K(n−6)n and connect them to all other
vertices of the computed graph. This new graph has a clique of size n2 iff
the original graph has a clique of size 6n. Then the formula computing the
edges of this new graph has to use the term (n− 6), which again can be
compensated by adding new variables and applying a chain of successor
relations.

This finishes our proof.

Lemma 6. 3-CNF-SAT ′ 6qfr
m Longest-Induced-Path.

Proof. We adapt the proof of Yannakakis [78] that 3-CNF-SAT can be re-
duced to Longest-Induced-Path in polynomial-time and show that this re-
duction can even be implemented with a quantifier-free reduction. Our
reduction will, given a formula F on m clauses and n variables, construct a
graph G and some k such that G has an induced path of length at least k
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iff F is satisfiable. Our construction for G adds for every clause i a gadget
Gi using 5 vertices and connects these gadgets in series (see Figure 2). Ev-
ery induced path can use at most 3 vertices of every Gi. Every gadget Gi
includes a vertex for every literal in clause i (denoted by ai, bi and ci in
Figure 2) and all pairs of vertices in gadgets Gi and Gj (i 6= j) represent-
ing complementary literals will be connected with an edge. This will force
every path of appropriate length not to use vertices representing comple-
mentary literals (if following the expected path).

ai

bi

ci

di

Gi

ei

ai+1

bi+1

ci+1

di+1

Gi+1

ei+1

Figure 2: Gadgets Gi and Gi+1 for the reduction of 3-CNF-SAT to
Longest-Induced-Path [78].

If the original formula is satisfiable and an induced path uses these gad-
gets in ascending order, it can use 3 vertices of every Gi. In this case, if the
formula had m clauses, the longest induced path will have length 3m. We
show that if the formula is not satisfiable, then every path either uses less
than 3 vertices of some Gi or does not start in G0 or does not end in Gm−1.
Such a violation can only occur if the path deviates from our expected path
by traversing an edge corresponding to complementary literals.

But the overall construction will force the longest induced path to start
at G0 and to end at Gm−1 by attaching to G0 and Gm−1 additional gadgets
P and P ′. So in this case a path will either be shorter on G0 ∪ . . . ∪Gm−1

or miss P or P ′. If P and P ′ each possess longest induced paths of length
l, then the graph G we construct has a longest induced path of length
3m+ 2l iff the original formula F is satisfiable. Setting l = 1 is enough for
our construction to work.

As this has to be a quantifier-free reduction, we have to include even
more: we will include such a gadget Gi for all possible clauses but only
add the satisfiability-checking edges for clauses which are present in the
original formula. So we do not include m gadgets but n4 gadgets Ga,b,c,l

(one for each tuple (a,b, c, l) representing the clause Cl on the variables
with indices a,b, c) and the edges connecting complementary literals will
only occur between gadgets representing clauses which actually occur in F.
Note that as we will work on tuples (a,b, c, l), we will cover every clause 6
times, as every permutation of the first three entries will denote the same
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clause Cl. Therefore gadgets corresponding to non-occurring clauses will
not cause shortcuts in the possible longest induced path. They still con-
tribute to its length by adding 3(n4 − 6m) but are not relevant for the rela-
tion between satisfiability of F and the existence of a longest induced path
of length k = 6 · 3m+ 2+ 3(n4 − 6m) = 3n4 + 2.

We turn our attention to the technical implementation. Let σ = (E2,k),
and Longest-Induced-Path ⊆ struct(σ). We give a 5-dimensional inter-
pretation I = (φE,φk) of σ-structures into τ ′-structures such that F =

({0, . . . ,n − 1},N,P) ∈ 3-CNF-SAT ′ iff I(F) ∈ Longest-Induced-Path. By
definition, n = m and let us assume w.l.o.g. that n > 5. As this is a 5-
dimensional interpretation, the vertices of I(F) are 5-tuples over the uni-
verse of F (i.e. the variables of F). We use the last four dimensions to divide
the set of vertices into n4 sets V0,0,0,0, . . . ,Vn−1,n−1,n−1,n−1. Note that ev-
ery Va,b,c,j contains n > 6 vertices ui,a,b,c,j representing the clause Cj on
variable-indices a,b, c ∈ {0, . . . ,n− 1}. If Cj contains a different set of vari-
ables, then these vertices still exist and will form a gadget Ga,b,c,j, but we
will not add the edges for complementary literals to other gadgets. This
has the effect that gadgets for tuples (a,b, c, j) which form not the clause
Cj will still contribute to the longest induced path but will not be checked
for satisfiability.

We use vertices u0,a,b,c,j, . . . ,u4,a,b,c,j to construct the gadget Ga,b,c,j

such that the first 3 of them represent the variable-indices a, b and c and
the last two represent the two extra vertices per clause. For P and P ′ we use
the extra vertices u5,0,0,0,0 and u5,0,0,0,1. All other vertices are isolated and
do not influence the longest induced path. The following formulas compute
k and the edge-set according to our reduction.

φE((i,a,b, c, j),

(i ′,a ′,b ′, c ′, j ′)) = (i, i ′ ∈ {0, 1, 2, 3} ∧ (a,b, c, j) = (a ′,b ′, c ′, j ′)) (1)

∨(i = 3∧ i ′ = 4∧ (a,b, c) = (a ′,b ′, c ′)) (2)

∨(succ(a,b, c, j) = (a ′,b ′, c ′, j ′) (3)

∧i = 4∧ i ′ ∈ {0, 1, 2})

∨(isClause(a,b, c, j,N,P) (4)

∧isClause(a ′,b ′, c ′, j ′,N,P)∧

( (i = 0∧ i ′ = 0∧ comp(a,a ′, j, j ′,N,P)) (5)

∨(i = 0∧ i ′ = 1∧ comp(a,b ′, j, j ′,N,P)) (6)

∨(i = 0∧ i ′ = 2∧ comp(a, c ′, j, j ′,N,P)) (7)

. . . . . .

∨(i = 2∧ i ′ = 2∧ comp(c, c ′, j, j ′,N,P)) (13)

))

∨((i,a,b, c, j) = (5, 0, 0, 0, 0) (14)

∧(a ′,b ′, c ′, j) = (0, 0, 0, 0)∧ i ′ ∈ {0, 1, 2})

∨((i,a,b, c, j) = (5, 0, 0, 0, 1) (15)
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∧(a ′,b ′, c ′, j ′) = (n− 1,n− 1,n− 1,n− 1)

∧i ′ ∈ {0, 1, 2})

φk(i,a,b, c, j) = (i = 3∧ a = 0∧ b = 0∧ c = 0∧ j = 2)

In φE, lines (1) and (2) add the edges for the gadgets Ga,b,c,j, line (3)

adds the edges between successive gadgets, line (4) adds the edges for
complementary literals only if the gadgets belong to clauses occurring in
the formula F and lines (5)-(13) checks for all these 3 · 3 possible pairs
of vertices representing literals in gadgets Ga,b,c,j and Ga ′,b ′,c ′,j ′ if their
literals are complementary, line (14) adds the edge for P and line (15) adds
the edge for P ′.

To compensate for the use of the values 3 and 2 in φk we could use
n unused vertices and form a path which is connected to P, therefore in-
creasing the size of the longest induced path by n. Then this modified
graph has a longest induced path of size 3n4 + n + 2 iff the unmodified
graph has a longest induced path of size 3n4 + 2. Observe that 3n4 +
n + 2 = (3, 0, 0, 1, 2)n can be computed using the quantifier-free formula
φ ′k(i,a,b, c, j) = (a = b = 0) ∧ s(0, c) ∧ s(c, j) ∧ s(j, i). This finishes our
proof.

Lemma 7. 3-CNF-SAT ′ 6qfr
m Vertex Cover on graphs of degree at most 3.

Proof. We adapt a polynomial-time many-one reduction from 3-CNF-SAT
to Vertex Cover of degree 3 graphs of Garey, Johnson, and Stockmeyer
[24] and show that this reduction can be performed with a quantifier-free
reduction. Given a 3-CNF formula F on n variables x0, . . . , xn−1 and m

clauses C0, . . . ,Cm−1, each consisting of exactly 3 literals, we create a graph
containing n cycles of length 2m using the vertices ui,j,k (0 6 i < n, 0 6 j <
m, k ∈ B) and m triangles using the vertices vj,k (0 6 j < m, k ∈ {0, 1, 2}).
A vertex ui,j,k represents the literal xi if k = 0 and xi if k = 1. We connect
these 2m vertices in a cycle according to the lexicographic ordering on the
pair (j,k) (the first copy of xi is connected to the first copy of xi which
is connected to the second copy of xi . . .). For the triangles vj,k, the three
vertices represent the three literals in the clause Cj.

It is easy to see that the graph which is the disjoint union of these n+m

constructs has a smallest vertex cover of size exactly nm + 2m. We need
to include every second vertex of the n cycles of size 2m and we need
2 vertices of all m triangles. We now add more edges to obtain the final
graph GF = (V ,E) with V = {u0,0,0, . . . ,un−1,m−1,1, v0,0, . . . , vm−1,2} and
therefore know that there cannot be a vertex cover in GF using less than
nm+ 2m vertices. The final set of edges connects every vertex vj,k to the
j-th copy of xi if literal k in Cj is xi or to the j-th copy of xi if literal k in
Cj is xi. So we connect every vertex in a clause-triangle representing the
literal b to a unique copy of a vertex representing this literal b. See Figure 3
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for an illustration of this construction. We note that the maximum degree
of GF is 3.

Copies of xi xi

j+ 1

xi

j+ 1

xi

j

xi

j

Copies of xk

xk

j+ 1
xk

j+ 1

xk

j

xk j

xk

xi xl

Clause Cj

Figure 3: Gadget for clause Cj = (xi ∨ xk ∨ xl) including edges to j-th copies of
literal-vertices xi and xk.

It is easy to see that the smallest vertex cover for GF is of size nm+ 2m

iff F is satisfiable. Given a satisfying assignment x for F, if we include for
all 0 6 i < n all vertices ui,j,x[i] and two vertices of all triangles vj,k (such
that the unused vertex represents a literal satisfied by x), then all edges of
GF are covered: in all cycles we cover all edges by using every other vertex
(all representing the same literal), in all triangles we use two of the three
vertices and cover all triangle-edges and the edges connecting triangles
with cycles are covered as the not-included vertex of the triangle represents
a satisfied literal and therefore the respective vertex on the other side of
this edge (in a cycle) is included in the vertex cover.

On the other hand, if there is a vertex cover of size at most (and therefore
exactly) nm+ 2m, then we know that this cover includes every other vertex
of the cycles and two of all m triangles. But then this cover represents an
assignment to F and has to satisfy F or else for some triangle (and therefore
for some clause) the third and omitted vertex (and therefore literal) would
posses an edge to a cycle which is not covered, a contradiction.

Similar to previous proofs, we now give the technical implementation of
this reduction. We again need to include n4 triangles, one for each tuple
(a,b, c, j) representing that the clause Cj could contain the variables with
indices a,b and c, but connect only triangles to cycles for actually occurring
clauses. In addition, all cycles representing literals have length 2 ·n4. Note,
again, that as we will work on tuples (a,b, c, j), we will cover every clause
6 times, as every permutation of the first three entries will denote the same
clause Cj. The size of the required vertex cover is then n5 + 6 · 2n4.
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Let σ = (E2,k), and Vertex Cover ⊆ struct(σ). We give a 6-dimensional
interpretation I = (φE,φk) of σ-structures into τ ′-structures such that F =

({0, . . . ,n − 1},N,P) ∈ 3-CNF-SAT iff I(F) ∈ Vertex Cover. Let us assume
w.l.o.g. that n > 2. The following formulas compute k = n5 + 12n4 and the
edge-set GF as 12-tuples over {0, . . . ,n− 1}.

φE((k, i,a,b, c, j),

(k ′, i ′,a ′,b ′, c ′, j ′)) = (k = 0∧ k ′ = 1 (1)

∧(i,a,b, c, j) = (i ′,a ′,b ′, c ′, j ′))

∨(k = 1∧ k ′ = 0 (2)

∧(i, succ(a,b, c, j)) = (i ′,a ′,b ′, c ′, j ′))

∨(k = 1∧ k ′ = 0∧ i = i ′ (3)

∧(a,b, c, j) = (n− 1,n− 1,n− 1,n− 1)

∧(a ′,b ′, c ′, j ′) = (0, 0, 0, 0))

∨(k = k ′ = 2∧ (i, i ′) ∈ {(0, 1), (1, 2), (2, 0)} (4)

∧(a,b, c, j) = (a ′,b ′, c ′, j ′))

∨(k ∈ {0, 1} ∧ k ′ = 2∧ (5)

((i ′ = 0∧ i = a ′)

∨(i ′ = 1∧ i = b ′)

∨(i ′ = 2∧ i = c ′)

)∧ (a,b, c, j) = (a ′,b ′, c ′, j ′)∧ (i = 0)

)∧ isClause(a ′,b ′, c ′, j ′,N,P))

φk(a,b, c,d, e, f) = ((a,b, c,d, e, f) = (1, 12, 0, 0, 0, 0))

In φE, lines (1 − 3) add the edges for the n cycles by connecting for
each i the vertices ((0, i, 0, 0, 0, 0), (1, i, 0, 0, 0, 0), (0, i, 0, 0, 0, 1), . . .) in a circle
(the last four indices represent the potentially occurring clause for the tuple
(a,b, c, j)). Note that GF contains these n cycles of length 2n4 for all vertices
with k ∈ {0, 1}. In line (4) we add the edges in the second component of
GF (with (k, i) ∈ {2} × {0, 1, 2} for n4 triangles (for all (a,b, c, j)). Finally,
line (5) connects the three vertices of each triangle with the vertices in the
cycles if (a ′,b ′, c ′, j ′) is a clause in F. Note that φk(a,b, c,d, e, f) = 1 iff
(a,b, c,d, e, f)n = n5 + 12n4.

To compensate for the use of 12n4 in φk we could use 2(n− 13)n4 un-
used vertices and form a matching, therefore increasing the size of a min-
imum vertex cover by (n− 13)n4. Then this modified graph has a vertex
cover of size n5 + (n− 1)n4 iff the unmodified graph has a vertex cover of
size n5 + 12n4. Observe that n5 + (n− 1)n4 = (1,n− 1, 0, 0, 0, 0)n can be
computed using a quantifier-free formula.

Note that in the previous proof, the formula φE (before the last modifi-
cation adding a matching of size 2(n− 12)n4) constructs a graph GF with
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isolated vertices V ′ = {(k, i,a,b, c, j) : k > 2}∪ {(k, i,a,b, c, j) : k = 2∧ i > 2}.
So GF contains |V ′| = (n− 3)n5 + (n− 3)n4 = n6 − 2n5 − 3n4 = n4 · ((n−

3)n+ (n− 3)) isolated vertices. In addition, GF contains 2n5 + 3n4 + 18n
edges: there are n cycles of length 2n4, n4 triangles (each having of course 3
edges) and n clauses, each defining 6 · 3 edges between some triangles and
some vertices in the cycles. Then n4 · ((n− 3)n+(n− 3)) can be represented
as l = (n− 3,n− 3, 0, 0, 0, 0)n and 2n5 + 3n4 + 18n can be represented as
m = (2, 3, 0, 0, 18, 0)n. Therefore, our reduction could even output formulas
φl and φk computing these values.

Lemma 8. 3-CNF-SAT ′ 6qfr
m Dominating Set on bipartite graph of degree at most

3.

Proof. We will reduce 3-CNF-SAT ′ to Dominating Set with an intermediate
step of Vertex Cover given by Lemma 7. We assume, given a formula F on
n variables, that the reduction to Vertex Cover produces a graph GF and
some k, l,m ∈ N such that GF has degree at most 3, l isolated vertices, m
edges and a vertex cover of size at most k iff F is satisfiable. We will reduce
this problem with a quantifier-free reduction to Dominating Set by giving
another graph G ′F and some k ′ ∈ N such that F is satisfiable iff G ′F has a
dominating set of size at most k ′. The composition of these two reductions
(plus some extra modifications we will explain at the end) is the required
reduction.

To achieve the latter reduction we adapt a reduction from Vertex Cover to
Dominating Set given by Chlebík and Chlebíková [13]. They show that by
replacing each edge of a graph G with the gadget G1 illustrated in Figure 4,
the constructed graph G ′ has a dominating set of size at most k ′ = k+m

(wherem is the number of undirected edges in G) iff G has a vertex cover of
size at most k (and if G has no isolated vertices). As the graph constructed
in Lemma 7 has l isolated vertices and we apply this gadget only on edges
and therefore only on non-isolated vertices, the graph we construct will
still have l isolated vertices, increasing the required dominating set by l.
In addition, we are going to add such a gadget G1 for all ordered pairs
of vertices: there will be a different gadget for the pairs (u, v) and (v,u),
although the graphs G and G ′ are undirected. This increases the size of the
dominating set by another m vertices.

We now show that the resulting graph G ′ has a dominating set of size at
most k ′ = k+ l+ 2m iff G has a vertex cover of size at most k (and m edges
and l isolated vertices). In a last step we show how to implement this with
a quantifier-free reduction.

Let us assume that G = (V ,E) has a vertex cover C of size at most k and
l isolated vertices. We can construct a dominating set of size k+ l+ 2m for
G ′ with the property that D contains all vertices C, all isolated vertices and
for all directed edges (u, v) one vertex of the gadget G1 added between u
and v. For every edge (u, v) ∈ E, if C contains u, we add the vertex c of
the gadget for (u, v), if C contains v, we add the vertex a of the gadget for
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c v

Figure 4: Gadget for the reduction from Vertex Cover to Dominating Set: G1 re-
places edges [13].

(u, v) and if C contains both we add one of these two possibilities. It is easy
to see that if C was a vertex cover for G, then D is a dominating set for
G ′: every (non-isolated) vertex u of G has at least one neighbour v (in G)
and therefore is either itself in D or v is in D and therefore the vertex a in
the gadget for (u, v) is in D and dominates u. In addition, every isolated
vertex is included in D and in the fashion we chose the vertices in D of the
gadgets, we can see that all gadget-vertices are dominated.

For the converse, we show that for every dominating set D in G ′, we can
modify D to some D ′ with |D ′| 6 |D| such that D ′ satisfies the same special
property that D ′ contains some vertices in V and for every added gadget
it contains exactly one of its vertices. This implies that |D ′| = k+ l+ 2m

and the k vertices corresponding to non-isolated vertices in G are a vertex
cover of size k in G. So assume that D is an arbitrary dominating set for
G ′ and let (u, v) be an edge in G. Then |D ∩ (G1 \ {u, v})| > 1 and if D
contains u and not v, we replace D ∩ (G1 \ {u, v}) with c and if D contains
v and not u, we replace D ∩ (G1 \ {u, v}) with a. If D contains both, we
replace D∩ (G1 \ {u, v}) with one of these possibilities. If D contains neither
of these vertices, then |D ∩ (G1 \ {u, v})| > 2 and we replace this set with
{u, c} or {a, v}.

But then the resulting D ′ (after all replacements), contains one vertex for
every (directed) edge in G and k+ l vertices corresponding to vertices in G.
By the construction ofD ′ we can observe that these k+ l vertices contain all
isolated vertices of G and therefore contain a vertex cover for G of size k. So
G has a vertex cover of size k iff G ′ has a dominating set of size k+ l+ 2m.

The nature of quantifier-free reductions will force us to include isolated
vertices in G ′. Such vertices will increase the size of a smallest dominating
set and therefore have to be handled with additional care.

Let γ = (E ′2,k ′), and Dominating Set ⊆ struct(γ). As defined before,
for σ = (E2,k), Vertex Cover ⊆ struct(σ). We give a 3-dimensional inter-
pretation I = (φE ′ ,φk ′) of γ-structures into σ-structures such that A =

({0, . . . ,n − 1},E,k) ∈ Vertex Cover iff I(A) ∈ Dominating Set. Let us as-
sume that we can access the values l and 2m and w.l.o.g. that n > 2.
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The universe of I(A), the set of vertices in G ′ = (V ′,E ′), are triples over
{0, . . . ,n− 1}.

φE ′((a,b, c),

(a ′,b ′, c ′)) = (a = b = 0∧ a ′ = 1∧ c = b ′ ∧ (b ′, c ′) ∈ E) (1)

∨(a = 1∧ a ′ = 2∧ (b, c) = (b ′, c ′)∧ (b, c) ∈ E) (3)

∨(a = 1∧ a ′ = 3∧ (b, c) = (b ′, c ′)∧ (b, c) ∈ E) (4)

∨(a = 2∧ a ′ = 4∧ (b, c) = (b ′, c ′)∧ (b, c) ∈ E) (5)

∨(a = 3∧ a ′ = 4∧ (b, c) = (b ′, c ′)∧ (b, c) ∈ E) (6)

∨(a = 4∧ a ′ = b ′ = 0∧ c = c ′ ∧ (b, c) ∈ E) (6)

∨((a > 4)∧ (a ′ = 0∧ b ′ 6= 0)) (7)

φk ′(a,b, c) = ((a,b, c) = n3 + k+ 2l− 6m−n

The set of vertices in G ′ = (V ′,E ′) is divided such that the vertex (0, 0, c)
for c ∈ {0, . . . ,n − 1} denotes the original vertex c ∈ V and (a,b, c) ∈
{1, 2, 3, 4}× V2, where (b, c) is an edge in G, denote the 4 vertices for the
gadget on the edge (b, c). Line (1) in the formula φE ′ adds for all c ∈ V
the edges from (0, 0, c) to the first vertex (1, c,d) in the gadgets for an edge
(c,d) in G. Lines (2− 6) add the rest of the edges of G1. In line (7) the for-
mula φE ′ adds an edge between pairs of unused vertices which have been
divided into two sets (one for which a > 4 and one for which a = 0 and
b 6= 0), implementing the additional biclique.

The graph G ′ has n3 − 8m− n+ 8nl+ l− l2 isolated vertices if G had
m edges and l isolated vertices. All triples (x,y, z) with x > 4 represent
(n− 5)n2 isolated vertices, all triples (0,y, z) with y 6= 0 represent (n− 1)n

isolated vertices and as we include for every directed edge (u, v) in G the
4 isolated vertices {1, 2, 3, 4}× {(u, v)}, which in total sum up to 8m vertices,
we do not use 4(n− l)2 − 8m vertices of the type {1, 2, 3, 4}× {0, . . . ,n− 1}2

on pairs of vertices which are not isolated in G. Further, if G had l isolated
vertices, there are l isolated vertices of the type (0, 0)× {0, . . . ,n− 1} and
4 · (n2 − (n− l)2) vertices {1, 2, 3, 4}× {(u, v)} where u or v is isolated in G.
This sums up to (n− 5)n2 + (n− 1)n+ 4(n− l)2 − 8m+ l+ 4 · (n2 − (n−

l)2) = n3−n− 8m+ l. As G ′ has a dominating set of size k+ l+ 2m when
ignoring isolated vertices, the dominating set we are looking for has a size
of n3 −n− 8m+ l+ k+ l+ 2m = n3 + k+ 2l− 6m−n. So φk ′(a,b, c) = 1
iff (a,b, c)n = n3 + k+ 2l− 6m−n.

Clearly the resulting graph has degree at most 3 and is, due to our gad-
gets, bipartite.

Finally, we have to discuss the fact that computing (a,b, c)n = n3 + k+

2l− 6m−n may not be computable in a quantifier-free reduction from Ver-
tex Cover to Dominating Set. But our proof only requires a reduction from
3-CNF-SAT to Dominating Set and we argued before that the required re-
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duction is the composition of the 6-dimensional interpretation I ′ comput-
ing the reduction from 3-CNF-SAT to Vertex Cover and the 3-dimensional
interpretation I computing the reduction from Vertex Cover to Dominating
Set. The composition then forms an 18-dimensional interpretation I∗ from
3-CNF-SAT to Dominating Set. And in such a interpretation we have access
to l and m, which can be computed with a quantifier-free formula in the
reduction for 3-CNF-SAT ′ 6qfr

m Vertex Cover. Further, I ′ outputs a graph on
n6 vertices with m = 2n5 + 3n4 + 18n edges, l = n6 − 2n5 − 3n4 isolated
vertices and outputs k = n5 + 12n4. If we substitute these values in the
formula k ′ = n3 + k+ 2l− 6m− n and substitute n for n6 (the number of
vertices in the input to I, which is the output of I ′, is n6), then

k ′ = (n6)3 +n5 + 12n4 + 2(n6 − 2n5 − 3n4) − 6(2n5 + 3n4 + 18n) − (n6)

= n18 +n6 − 15n5 − 12n4 − 108n

= n18 + (n− 16)n5 + (n− 13)n4 + (n− 1)n3 + (n− 1)n2 + (n− 108)n

= (1, 0, . . . , 0,n− 16,n− 13,n− 1,n− 1,n− 108, 0)n

Checking if (i = (n − 19)) can be done with a formula which tests if
the 18-th successor of i is n− 1, the given maximum element of our input
universe. Then k ′ can be computed by the formula:

φk ′(i1, i2, . . . , i18) = (i1 = 1)∧ (i2 = 0)∧ . . .∧ (i17 = (n−108))∧ (i18 = 0)

We conclude that the overall reduction, an 18-dimensional interpretation
of γ-structures into τ-structures can be implemented as a quantifier-free
reduction which is the composition of I ′ and I with a special formula for
φk ′ .

Again, we have to compensate the use of terms like (n − 108)n in the
formula φk ′ . For this we could use 2(n− 108)n unused vertices and con-
nect them in a circle, decreasing the size of the minimum dominating set
by (n− 108)n. This technique can remove all non-trivial terms in φk ′ but
forces us to use sc(x,y) with c > 1 in the formula φE ′ . As explained in Sec-
tion 2.4.1.2, this can be compensated by adding new variables and adding
(
∑c ′

i=1(n− 1)ni−1) ·nl new and isolated elements to the universe (for some
c ′ ∈ N), where nl is the number of old elements in the universe. As these
isolated elements represent isolated vertices in the constructed graph, the
formula for k ′ has to add c ′ leading terms of value (n − 1) in the n-ary
representation of k ′, therefore increasing k ′ by (

∑c ′

i=1(n− 1)ni−1) ·nl. But
this modified k ′ can be implemented as a quantifier-free formula, finishing
our proof.

Note that if we would allow quantifier-free reductions to provide a for-
mula for the universe, then we could simplify the proof of Lemma 8. We
could just omit the addition of all these isolated vertices with a formula for
the universe, using parts of φE ′ in line (7), yielding the easier result. But as
this is not easily applicable for succinct encodings, we restrict ourselves to
the more complicated proof of Lemma 8.
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Corollary 2. The problems Clique, Longest-Induced-Path, Vertex Cover on graphs
of degree at most 3 and Dominating Set on bipartite graph of degree at most 3 are
NP-complete under quantifier-free reductions. These problems are quantifier-free
equivalent to 3-CNF-SAT.

Lemma 9. For all k > 2, k-CNF-SAT ′ 6LT
m k-edge-COL.

Proof. We adapt the reduction from 3-CNF-SAT to 3-edge-COL by Holyer
[32] and show that this reduction can be implemented in logarithmic-time.
This means that we have to decide in logarithmic-time, given two vertices
of the graph our reduction construct, if there is an edge between these ver-
tices. Although their result produces cubic graphs (every vertex has degree
exactly 3), we only construct graphs with degree at most 3, allowing us to
skip some of their constructions.

The given reduction [32] encodes Boolean values in the colouring of pairs
of edges. A pair of edges e, e ′ encodes true iff they are coloured with the
same colour. Now the authors give a polynomial-time construction of a
gadget, such that while 3-edge-colouring this gadget, there are 2n edges
divided in n pairs of edges which encode the same Boolean value. So either
all these pairs have pairwise the same colour or not, or this gadget is not
3-edge-coloured.

For this construction to work, they use a negation-gadget with 5 input
edges a,b, c,d, e (see Figure 5 a)). While a,b and c,d form pairs, they show
that all proper 3-colourings of this gadget colour exactly one of these pairs
with the same colour and all other 3 edges are coloured differently. No
other restriction can be made for the set of proper 3-colourings.

We assume our algorithm knows n, the number of variables and clauses
in a given 3-CNF-SAT ′-instance F. The graph G we create contains for each
of the n variables a gadget which produces n output edge-pairs (see the
cycle-construction in Figure 5 b)). In addition, for every of the n clauses in
F we form a gadget as in Figure 5 c). Note that this gadget can be 3-edge-
coloured iff at least one of the input pairs has the same colour. With this
we can easily create a graph which has a 3-edge-colouring iff the formula
is satisfiable.

We now turn to the fact that this reduction needs to decide in logarithmic-
time if a given edge is present or not. The constructions for the variables
and for the clause-validation only depend on n and can, using an appropri-
ate encoding, easily be computed in logarithmic-time. This is similar to the
constructions used for the quantifier-free reductions in this section. We al-
ways gave the vertices an appropriate naming scheme and then used some
of these vertices to construct gadgets for variables and for clauses (see for
example Lemma 7). From now on we assume we have such an appropri-
ate naming scheme without giving any further details. Note that such a
scheme may create a lot of additional isolated vertices. But isolated vertices
do not change the chromatic index of a graph.
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a) Negation Gadget using 7 vertices and its simplified form (in red).

u1

u2

u3

u4

b) Variable Gadget for 4 copies of variable u consisting
of 2 · 4 Negation Gadgets.

uC1 wC1

xC1

c) Clause Gadget for the Clause C1 = (u∨w∨ x)

using the first copies of variables u,w and x.

Figure 5: Gadgets for Edge-Colourings [32].

We need additional work to implement the connections between the
variables and the clauses, including eventual negations of variables. As a
logarithmic-time reduction may not add or remove vertices depending on
the given instance, the number of vertices is fixed by the length of the nam-
ing scheme (similar as for quantifier-free reductions). So we cannot decide
in the reduction if we need a negation gadget or how many copies of a vari-
able we need. Therefore the vertex set contains vertices for each possible
application of a negation-gadget and for each of the n clauses there exists a
copy of every variable. This implies there are 3n negation gadgets as there
are n clauses, each containing exactly 3 literals, and there are n copies of
every variable. So we use the gadget in Figure 5 b) with n instead of 4,
implying we need 2n negation gadgets connected in a circle.

In addition, we need a mechanism to connect variable-gadgets to clause-
gadgets. As we reserved for every clause Ci a copy of each variable u in
the form of two outgoing edges e, e ′, our algorithm has to decide for every
queried edge if it is has to be included in our graph or not. For this the
algorithm just has to know, given an edge belonging to a variable and a
clause, if this variable occurs in this clause, and if so, if it is negated. Then
the algorithm can decide if this edge is present.

Figure 6 shows the different possibilities. In this example, while all vari-
ables have a pair of vertices which can be used for the clause C1, only the
gadgets of the 3 occurring vertices will be connected to the gadget for the
clause C1. In addition, there are 3 negation gadgets which stem from the
clause-gadget and there are n negation gadgets for the n variables which
may occur in this clause which will only be used if this variable occurs
negated.

So for a given edge, the reduction has to check if it matches this scheme
which can be done in logarithmic-time. Note that there will be a lot of
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unused and therefore isolated gadgets and even a lot of isolated vertices,
for example all vertices which do not fit in the naming scheme. But these
vertices do not change the chromatic index of the constructed graph and
therefore this construction is still correct. We conclude that the graph G can
be edge-coloured with 3 colours iff the given formula F is satisfiable.

v1 u1 w1 x1

uC1 wC1 xC1

Figure 6: Connecting Clause Gadgets for the clause C1 = (u∨w∨x) with Variable
Gadgets, both represented by 2 of their (normal) vertices using Nega-
tion Gadgets (large vertices). Clause C1 uses the first copies of variables
u,w, x and applies a Negation Gadget to w. It does not use the first copy
of variable v.

Although the constructed reduction is only given for k = 3, the proof can
be adapted for all k > 3. Therefore, the work of [49] extended this result
by using the same construction with multi-edges and replacing these multi-
edges of multiplicity at most k with regular subgraphs of constant size. As
these multiplicities only depend on the edge-position in the constant sized
gadgets and as the regular subgraphs which replace these multi-edges are
of constant size, these additional constructions can be done in logarithmic-
time (with an appropriate labelling of these edges).
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In this chapter we are going to introduce the concept of succinct encod-
ings of relations and define a framework in which we can describe all usual
succinct encodings using circuits which have been studied in the literature
so far. This includes the succinct representation of graphs originally stud-
ied by Galperin and Wigderson [21] and the solution graphs introduced
by Gopalan et al. [27]. After giving the basic definitions, we will study the
structural properties of such graphs under different restrictions. We con-
clude this chapter by giving connections to other types of encodings of
graphs.

Let C, D be sets of all elements of a specific type of data-structure rep-
resenting Boolean functions as introduced in Section 2.2.1. The sets C, D we
study are usually circuits, bounded-depth circuits, formulas, CNF-formulas,
DNF-formulas and OBDDs.
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Definition 3. A t-ary relation τ over the universe Bn is C-encoded, if a given
element C of C represents τ, i.e. (x1, . . . , xt) ∈ τ (with xi ∈ Bn) iff C(x1, . . . , xt)
evaluates to 1.

For example, a relation V ⊆ Bn is circuit-encoded, iff there is a circuit
encoding the characteristic function χV(x) of V .

This implies we can encode a graph G = (V ,E) by encoding the unary
relation V as a subset of the universe Bn and the binary relation E as a
subset of (Bn)2. We say a graph is (C, D)-encoded iff V is C-encoded and
E is D-encoded. Note that the D-encoding may contain edges on vertices
which are not in V . In this case we only use edges which are defined by
two vertices in V given by the C-encoding1.

Definition 4. A directed graph G = (V ,E) is (C, D)-encoded if V is C-encoded
and E is D-encoded, i.e. for all x,y ∈ Bn, x ∈ V iff C(x) = 1 and for all
(x,y) ∈ V2, (x,y) ∈ E iff D(x,y) = 1.

An undirected graph G = (V ,E) is (C, D)-encoded, if there is a (C, D)-encoded
directed graph G ′ for which G is the associated undirected graph.

For a (C, D)-encoded multipartite graph, the D-encoding for E needs only be
correct on vertices x,y ∈ V which lie in different partitions.

Definition 5. For a computational decision problem L on graphs, succinctC
D(L)

denotes the decision problem L on (C, D)-encoded graphs.

For example, succinctcir
CNF(STCONN) is the decision problem, given some

circuit C encoding V , a CNF-formula D encoding E and s, t ∈ V , decide if
the directed graph G = (V ,E) has a path from s to t.

While every Boolean function, and therefore every finite relation, can be
encoded by a circuit, we are mostly interested in succinct encodings, i.e. the
model describing a relation is usually a lot smaller than the relation itself.
So if a t-ary relation τ is a subset of (Bn)t, the encoding structure may be
of size only poly(tn). In other words, while the encoding structure may
roughly be of size n, the encoded graph is of size exponential in n and
therefore much larger than the encoding. This implies we mostly study
graphs which can be highly compressed.

Usually, different types of succinct encodings apply different require-
ments to the succinct encoding of the two relations V or E defining a graph.
The reason for this is that in the literature, different kinds of succinct en-
codings were developed independently. Combining these different encod-
ings into a single framework and allowing different encodings for V and
E would make the analysis of such problems more difficult. The following
paragraphs will discuss the two most common options and introduce the
terms we use to denote either of them.

If we talk about general decision problems L (and not only about graph
problems) succinctC(L) denotes the problem where every relation in L is
C-encoded.

1 This corresponds to the concept of a convex encoding in descriptive complexity. See for
example Section 2.4.2.1 or Gottlob, Leone, and Veith [28] and Veith [73].
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encoding vertices and edges Galperin and Wigderson [21] suc-
cinctly encode graphs by giving a single circuit C encoding the vertices
and edges of a graph G = (V ,E). If C(i, j) = 1, then (i, j) ∈ E. If C(i, j) = 0,
then (i, j) 6∈ E and if C(i, j) = ?, i or j is not a vertex of the graph. This
implies that C can be considered to represent two circuits, one encoding V
and one encoding E.

Further, Veith [73] considers succinct encodings of decision problems
which are convex (a concept from descriptive complexity, see Section 2.4.2):
the addition of isolated elements to the universe does not change the mem-
bership in the problem. Veith [73] describes that all decision problems can
be made convex by adding a new unary relation describing which ele-
ments of the universe are actually relevant. In the context of graphs this
new relation corresponds to the unary relation V describing the vertices.
Then the only relevant elements in a binary relation E correspond to pairs
(u, v) ∈ V2.

Therefore all succinctly encoded graphs studied by Balcázar, Lozano, and
Torán [8], Das, Scharpfenecker, and Torán [15, 16], Feigenbaum et al. [19],
Galperin and Wigderson [21], Lozano and Balcázar [51], Papadimitriou and
Yannakakis [57], Scharpfenecker [62], and Veith [72–74] can be considered
to be encoded with at most two circuits. For example, all (cir, cir)-encoded
graphs can be given by two circuits C,D on n and 2n variables such that
x ∈ Bn is in V iff C(x) = 1 and (x,y) ∈ E iff D(x,y) = 1 and x,y ∈ V .

This type of encoding will be denoted by the term standard succinct en-
coding. While studying these types of succinct encodings, we will mostly
be interested in the structural properties of the encoded edges concern-
ing different types of restrictions for the encoding circuit. Therefore we
will assume the vertices to be encoded by an arbitrary circuit and write
succinctcir

D (L) for the standard succinctly (cir, D)-encoded instances of graph
problems L.

We will use another restriction on the type of succinct encodings we
consider. Das, Scharpfenecker, and Torán [16] study graph problems where
only the set of edges is succinctly encoded. The set of vertices is fixed by
V = Bn. We denote such problems by writing succinctBn

D (L).

encoding vertices , fixed edges If we instead encode only the ver-
tices V succinctly and use a fixed relation EH, we basically look at induced
subgraphs of a given host graph H (defining the edge relation EH). By writ-
ing succinctC

H(L) we denote the problem L on C-encoded instances of L
using H as a host graph.

The most notable instance of these encodings are solution graphs and
were studied by Gopalan et al. [27], Scharpfenecker [61], Scharpfenecker
and Torán [63], and Schwerdtfeger [64]. For solution graphs where V is
given by an element of C, which can evaluate elements in Bn, the host-
graph we will use is the n-dimensional hypercube graph. We denote deci-
sion problems L on graphs of this category by succinctC

Hn
(L). So a solution
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graph, given by a circuit C, is the induced subgraph of Hn on the set of
satisfying solutions of C.

conventions for succinctly encoded graphs Throughout this
thesis we are going to use the following notation for graphs GF encoded
by a formula (or circuit) F: depending on whether we talk about standard
succinct encodings or solution graphs, GF is either the graph where the
edges are encoded by F or the induced subgraph of Hn where the vertices
are encoded by F. Which case applies will be clear from the context. In
Section 3.1 and Chapter 4 we will talk about the standard succinct encoding
and GF will therefore be the graph where the edges are encoded by F. In
Section 3.2 and Chapter 6 we will talk about solution graphs and GF will
therefore be the induced subgraph of Hn on the vertices encoded by F.

3.1 standard succinct encoding

Now we will study the structural properties of graphs with edges succinctly
encoded by different kinds of circuits. While several authors [8, 19, 21, 51,
57, 72–74] studied graph problems on formula, circuit- and OBDD-encoded
graphs and proved the common exponential complexity increase compared
to the standard-versions of these problems (see Chapter 4), there have not
been any structural results on such graphs. By convention, this section
will consider graphs where V = Bn (as studied by Das, Scharpfenecker,
and Torán [16]). The structural properties we identify here still hold for all
graphs which use a circuit-encoding for V , restricting V to be a subset of
Bn. For transformations of these graphs we give additional statements how
they work when the set of vertices is circuit-encoded.

Instead of studying such powerful encodings right from the start, we re-
strict our analysis to CNF- and DNF-encoded graphs [15, 16] and try to
extend these results to general circuits [62]. We will use the structural re-
sults of this section in Chapter 4 while discussing CNF- and DNF-encoded
graph problems. Later, Chapter 5 will transfer these structural properties
to explicitly given graphs.

3.1.1 Complementing Standard Succinctly Encoded Graphs

At several occasions we need to complement a circuit-encoded edge-set. To
do so, we usually say that complementing the encoded circuit is enough.
But actually, we have to be careful concerning the technical definition of
undirected edges in circuit-encoded edge-sets. Definition 4 declared that
a circuit C, encoding an undirected edge-set, only needs to accept one di-
rection of an undirected edge. But negating such a circuit may not yield
exactly the complementary edge-set: an edge encoded by only one direc-
tion still yields in the negated circuit the same undirected edge (because
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the negated circuit accepts the not accepted direction of this edge in the
original circuit).

For a given circuit C(x,y) (where x and y each represent n variables),
the circuit C ′(x,y) = C(x,y)∨C(y, x) encodes the same undirected graph.
But now all undirected edges are encoded in both directions and a non-
edge is encoded such that both directions are not satisfying C ′. Negating
C ′ yields another circuit satisfying this property and C ′ encodes exactly
the complementary edge-set to the one encoded by C ′. Note that in the
case of two circuits, two CNF- or two DNF-formulas of size m, taking the
disjunction of two such structures yields another structure of the same type
and of size poly(m). In the case of CNF-formulas, this can be achieved by
some post-processing.

If, in the rest of this work, we talk about complementing an undirected
edge-set by negating a circuit or formula, we assume that this technical
issue has already been taken care of.

3.1.2 CNF- and DNF-Encoded Graphs

Let us first study DNF-formulas on 2n variables encoding an undirected
bipartite graph G on the vertex set U ∪ V with |U| = |V | = 2n. For a given
formula F(x1, . . . , xn,y1, . . . ,yn), two vertices u ∈ U and v ∈ V are con-
nected iff F(u, v) = 1. Suppose F consists of m terms t1, . . . , tm and sup-
pose t1 = (x1 ∧ x2 ∧ y1). We can consider the term t1 to be a biclique in
the encoded graph G: all vertices u ∈ U for which u[1] = 1 and u[2] = 1 are
connected to all vertices v ∈ V for which v[1] = 0. Figure 7 illustrates this
biclique in a graph defined with n = 2.

00

01

10

11

U

00

01

10

11

V

Figure 7: An undirected, bipartite graph encoded by F(x1, x2,y1,y2) = (x1 ∧ x2 ∧

y1).

But the DNF-formula is the disjunction of m terms. In the context of
the encoded graph, the disjunction of terms is equivalent to the union
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of bicliques. So every DNF-encoded bipartite graph is the union of m bi-
cliques. Figure 8 illustrates a graph having two bicliques, encoded by a
DNF-formula having two terms.

00

01

10

11

U

00

01

10

11

V

Figure 8: An undirected, bipartite graph encoded by F(x1, x2,y1,y2) = (x1 ∧ x2 ∧

y1)∨ (x1 ∧ y1).

If we study non-bipartite graphs, the structure may become more compli-
cated. While the bipartiteness property enforces that the two sets of vertices
– the source set S defined by all vertices satisfying the literals of xi variables,
as well as the target set T defined by all vertices satisfying the literals of yj
variables – were disjoint, this may not be the case for non-bipartite graphs.
For a given term ti, its source and target sets S and T are disjoint iff there
is some j ∈ [n] such that ti contains both xj and yj or both xj and yj. If
S and T are not disjoint, ti defines a bisimplex. Nonetheless, the following
lemma will prove that it is possible to replace a term defining a bisimplex
by only poly(n) new terms defining bicliques.

Lemma 10 [16]. A bisimplex defined by a term in a DNF-formula on 2n variables
can be replaced in polynomial-time by at most l = O(n2) new bicliques represented
by l terms.

Proof. Suppose we are given a DNF-formula F(x1, . . . , xn,y1, . . . ,yn) =

t1 ∨ . . .∨ tm using m terms encoding an undirected graph G = ([2n],E)
and an arbitrary term ti which defines a bisimplex S× T . If S and T do not
intersect, this bisimplex is actually a biclique and we are done. If S∩ T 6= ∅,
we show how to replace ti with O(n) new terms defining bicliques with-
out changing G. For simplicity, we now represent undirected edges by only
giving one of its directions.

As ti defines a bisimplex, there cannot be any indices j such that ti
contains xj and yj but only exactly one of these literals occurs negative. If
this would be the case, S would contain only vertices with a 1 in the j-th
bit and T would contain only vertices with a 0 in this position (or the other
way around). But then ti would be a biclique, a contradiction.
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Assume this is not the case. Further, we can assume, without loss of
generality, that all variables occur only positive and there is no common
index in J and K, so J ∩ K = ∅. If the latter would be the case we could
just ignore variables which occur positive in both sets. So ti =

∧
j∈J xj ∧∧

k∈K yk for some J,K ⊆ [n]. Then the bisimplex S× T consists of four parts:

• E1: The complete graph on S ∩ T contains all vertices which set all
variables with index in J∪K to 1.

• E2: (S \ T)× (T \ S) where the source set contains all vertices which
set all variables with index in J to 1 but set at least one variable with
index in K \ J to 0. The target set contains all vertices which set all
variables with index in K to 1 but set at least one variable with index
in J \K to 0.

• E3: (S∩ T)× (T \ S) with the sets already used in E1 and E2.

• E4: (S \ T)× (S∩ T) with the sets already used in E1 and E2.

The bisimplex S× T connects all vertices in S to all vertices in T . There-
fore E1 is a complete graph on |S ∩ T | vertices which contains all vertices
1|J∪K|B|[n]\(J∪K)| (assuming J∪K coincides with the first couple of indices
in [n]). But the edges of a complete graph encoded by n − |J ∪ K| free
variables can be covered by n − |J ∪ K| bicliques: for every free variable
b ∈ [n] \ (J ∪ K), we use a biclique where the source-set sets bit b to 0 and
the target-set sets bit b to 1. This can easily be implemented with a term
by adding xb ∧ yb to it. Starting from ti =

∨
j∈J xj ∨

∨
k∈K yk, to cover the

edges E1 in this complete graph, we add for every b ∈ [n] \ (J∪K) the term∧
j∈J∪K(xj ∧ yj)∧ xb ∧ yb.
Left for our construction are the set of edges E2, E3 and E4. First, E2

contains all edges (S \ T)× (T \ S). We can divide the source set into several
sets of vertices: for each b ∈ K \ J there is a set of vertices defined by the
term xb ∧

∧
j∈J xj. Let s1, . . . sr denote this set of terms. Similarly, we can

divide the target set into several sets of vertices: for each c ∈ J \K there is a
set of vertices defined by the term yc ∧

∧
j∈K yj. Let s ′1, . . . , s ′r ′ denote this

set of terms. This construction coincides with the description of the two
sets in item E2 (see above).

But then the set of edges E2 can be covered by the set of all terms {se∧ s ′f :
e ∈ [r], f ∈ [r ′]}. Finally, E3 and E4 can be covered by reusing all source-sets
in the complete graph defining E1 and combining them with the sets using
se and s ′f. E3 can be constructed by adding for all b ∈ [n] \ (J ∪ K) the
terms {s ′f ∧

∧
j∈J∪K xj : f ∈ [r ′]}. E4 can be constructed by adding for all

b ∈ [n] \ (J∪K) the terms {se ∧
∧
j∈J∪K yj : e ∈ [r]}.

Observe that the number of terms for E1, E3 and E4 is bounded by n and
for E2 it is bounded by n2. The whole construction can be implemented
in time O(n2) for a single term defining a bisimplex: all operations are
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basically just comparing and manipulating sets in a straightforward way.

Figure 9 illustrates the bicliques we need to replace a single bisimplex in
a graph on 2n vertices with n > 3. The edge-set E1 of the previous proof
corresponds to the complete graph given on the vertices {111∗∗ . . .}, the
edge-set E2 is given by {{110∗∗ . . .}× ({0∗1∗ . . .} ∪ {∗01∗∗ . . .}), the edge-set
E3 is given by {{111∗∗ . . .}× ({0∗1∗ . . .} ∪ {∗01∗∗ . . .}) and the edge-set E4 is
given by {{110∗∗ . . .}× ({0∗1∗ . . .}∪ {∗01∗∗ . . .}).

111∗∗ . . .

11∗∗∗ . . .

∗∗1∗∗ . . .

D = (x1 ∧ x2 ∧ y3)

(a) A bisimplex encoded with a term D.

110∗∗ . . . 111∗∗ . . .

0∗1∗∗ . . .

∗01∗∗ . . .

(b) Bicliques replacing the bisimplex.

Figure 9: Replacing a bisimplex in (a) with bicliques in (b) [16].

We conclude that even non-bipartite DNF-encoded graphs, where the
formula has n variables and m terms, are the union of poly(n +m) bi-
cliques and note that every CNF-encoded graph is the complement of a
DNF-encoded graph. In other words, a CNF-encoded graph, where the
formula has m clauses, can be represented as the complete graph K2n (or
K2n,2n for bipartite graphs) with the deletion of up to poly(n+m) bicliques.

Corollary 3. Every graph with edge-set encoded by a DNF-formula F on n vari-
ables and m 6 |F| terms is the union of at most poly(n+m) = poly(|F|) bicliques.
Every CNF-encoded graph is the complement of such a graph.

For directed bipartite graphs, U and V should be distinguished by a spe-
cific additional variable xn+1. This is necessary as the encodings of vertices
in U and V are equivalent. So while a bipartite undirected graph is encoded
using 2n variables, the distinction in the sets U and V is solely made by the
variables xi and yj. In a directed graph, such a distinction would imply that
all edges go from U to V . Instead, by using a new additional variable xn+1
to encode the vertex-sides U and V (so to encode edges we now have 2n+ 2

variables), which indicates that a vertex u is either in U by setting un+1 = 0
or in V by setting un+1 = 1, we can encode edges in both directions.

Observe that Lemma 10 and Corollary 3 still apply to directed graphs.
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3.1.3 Formula- and Circuit-Encoded Graphs

We can generalize the previous notion of unions of bicliques or the com-
plement thereof to circuits and formulas of arbitrary depth. So for exam-
ple an AND ◦OR ◦AND circuit C (with a degree bounded by l) is actually
the conjunction of l DNF-formulas. Interpreting the conjunction of l DNF-
encoded graphs G1 = (V1,E1), . . . ,Gl = (Vl,El) as the intersection of their
edge-relations, the encoded graph G = (V ,E) is using the same vertex set
as all Gi, but E = E1 ∩ . . .∩ El.

The same statement is true for OR ◦AND ◦OR ◦AND-encoded graphs:
such a graph can be interpreted as the edge-union of l AND ◦OR ◦AND-
encoded graphs. On the other hand, OR ◦AND ◦OR-encoded graphs are
the union of CNF-encoded graphs. The following theorem is immediate.

Theorem 4. Every graph with edge-set encoded by a circuit of depth k is con-
structed of at most k alternating unions and intersections of bicliques or the com-
plement of such a graph.

While circuit-encoded graphs can be represented with an alternating
union and intersection of bicliques, they may not have a proper CNF- or
DNF-encoding of size polynomial in the size of the encoding circuit. Still,
the line graph2 of every circuit-encoded graph does posses such small CNF-
encoding.

Lemma 11. For every circuit C(x1, . . . , xn,y1, . . . ,yn) encoding the edge-set of
an undirected graph GC on 2n vertices Bn, the edge-set of the line graph L(GC)
with some additional isolated vertices can be encoded by a CNF-formula F ′ of
length poly(|C|), which can be computed in time poly(|C|).

Proof. We adapt the construction of [16] Theorem 7 which transforms a
graph encoded by a circuit C(x,y) to a related graph encoded by a CNF-
formula. Note that in an intermediate step, the proof created the formula
F(x,y, z) which is satisfied iff C(x,y) = 1 and z is the unique evaluation-
witness of C. This can easily be done with the Tseitin-transformation (see
Section 2.2.1). Let m be the number of gates in C. While in the standard
Tseitin-transformation, z encodes the evaluation of all gates in the given
circuit, z may not be unique. To enforce this property, we extend this trans-
formation and add x and y as the first 2n bits to z and the CNF-formula F
we create checks that the beginning of z is equal to xy:

F(x1, . . . , xn,y1, . . . ,yn, z1, . . . , zn, zn+1, . . . , z2n, z2n+1, . . . , z2n+m)

=
∧
i∈[n]((xi ↔ zi)∧ (yi ↔ zi+n))

∧tseitin(C, x1, . . . , xn,y1, . . . ,yn, z2n+1, . . . , z2n+m)

Let us use the shortcuts x, y and z for the sequences of variables in F
with the corresponding names and indices. Then the union over all (x,y, z)

2 See Section 2.1 for a definition of line graphs.
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satisfying F contains all possible edges of the graph GC. For the new sets of
variables x ′,y ′ and z ′ as copies of x,y and z, the formula F ′(xyz, x ′y ′z ′) =
F(x,y, z)∧ F(x ′,y ′, z ′)∧ (x = x ′ ∨ x = y ′ ∨ y = x ′ ∨ y = y ′) is satisfied iff
xyz and x ′y ′z ′ are both edges of GC and they share a common vertex. F ′

can be transformed in polynomial-time to a CNF-formula and GF ′ contains
exactly the line graph L(GC) plus some isolated vertices.

Observe that if the graph GC uses another circuit D to encode its sets
of vertices, then there exists another circuit D ′ encoding the set of vertices
in L(GC). Such a circuit D ′ can even remove the additional isolated ver-
tices. All D ′ has to do is, given a potential vertex xyz of L(GC), check if
F(x,y, z) = 1.

Corollary 4. For every (cir, cir)-encoded graph G, we can construct a (cir, CNF)-
encoding of its line graph L(G) in polynomial-time.

While line graphs are relatively far from their original graph, the follow-
ing lemma shows that, for every circuit-encoded graph G on 2n vertices, we
can construct a polynomially sized CNF-formula, encoding a graph whose
structure is close to G (plus isolated vertices).

Lemma 12. For every circuit C(x1, . . . , xn,y1, . . . ,yn) encoding the edge-set of
a directed graph GC = (V ,E) on 2n vertices Bn, there is a CNF-formula F ′, which
can be constructed in time poly(|C|) and is of length poly(|C|), encoding the edge-
set of a graph GF ′ constructed of GC by replacing each directed edge (a,b) ∈ E
with the gadget Ga,b = ({a,b,ua,b}, {(a,ua,b), (ua,b,b)}) (where ua,b is a new
vertex) and adding some isolated vertices. The new names in GF ′ of the vertices in
GC can be computed in time poly(n).

Proof. We adapt the construction of [16] Theorem 7 which transforms a
graph encoded with a circuit C(x,y) to a related graph encoded with a
CNF-formula. As a first step, we create a formula F(x,y, z) which is satisfied
iff C(x,y) = 1 and z is the unique evaluation-witness of C. This can be done
using the Tseitin-transformation (see Section 2.2.1). Let m be the number
of gates in C. While in the standard Tseitin-transformation, z encodes the
evaluation of all gates in the given circuit, z may not be unique. To enforce
this property, we extend this transformation and add x and y as the first
2n bits to z and the CNF-formula F we create checks that the beginning of
z is equal to xy:

F(x1, . . . , xn,y1, . . . ,yn, z1, . . . , zn, zn+1, . . . , z2n, z2n+1, . . . , z2n+m)

=
∧
i∈[n]((xi ↔ zi)∧ (yi ↔ zi+n))

∧tseitin(C(x1, . . . , xn,y1, . . . ,yn), z2n+1, . . . , z2n+m)

Let us use the shortcuts x, y and z for the sequences of variables in F
with the corresponding names and indices. Then the union over all (x,y, z)
satisfying F contains all possible edges of the graph GC. Using the new
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sets of variables x ′,y ′ and z ′, as copies of x,y and z, and two new vari-
ables x0 and x ′0, we describe the graph encoded by the following formula
F ′(x0xyz, x ′0x

′y ′z ′).

F ′(x0xyz, x ′0x
′y ′z ′) = (x0 ⊕ x ′0)

∧
∧
i∈[n] x0 → yi ∧

∧
i∈[2n+m] x0 → zi

∧
∧
i∈[n] x

′
0 → y ′i ∧

∧
i∈[2n+m] x

′
0 → z ′i

∧(x0 → ((x = x ′)∧ F(x ′,y ′, z ′)))

∧(x ′0 → ((y = x ′)∧ F(x,y, z)))

Exactly one of the two bit strings x0xyz and x ′0x
′y ′z ′ encodes a vertex

a ∈ Bn of GC by setting the first bit to 1 and the following n to a (so x = a
or x ′ = a), as well as the remaining n+ (2n+m) bits to 0. The other string
sets the first bit to 0 and indicates that the remaining n+n+ (2n+m) bits
encode an edge of GC.

We enforce this by allowing exactly one of the variables x0 and x ′0 to be 1
and adding the appropriate clauses which ensure that if one of these two is
0, the variables yi and zi or y ′i and z ′i are set to 0. In addition, if x0 = 1 and
x0xyz represents a vertex in GC, we have to ensure that x ′0x

′y ′z ′ encodes
an edge in GC which starts at x and ends at some other vertex in GC. We
enforce this by the term (x0 → ((x = x ′)∧ F(x ′,y ′, z ′))).

Similarly, if x ′0x
′y ′z ′ encodes a vertex of GC, we have to check if x0xyz

encodes an edge in GC which ends in y. This can be checked by the term
(x ′0 → ((y = x ′)∧ F(x,y, z))).

The formula F ′ can be constructed in polynomial-time, is therefore of
polynomial length, and can easily be transformed to CNF. By our previous
analysis, F ′ encodes the required graph. Finally, we note that for all vertices
u ∈ GC, the corresponding name of u in GF ′ is 1u02n+m and can therefore
be constructed in polynomial-time.

In other words, the construction in this proof replaces each directed edge
(u, v) with a path of length two using a new vertex in between u and v. Ap-
plying such a reduction to an undirected graph G encoded by the directed
graph G ′, where the associated undirected graph of G ′ is G, implies that all
undirected edges encoded by only one directed edge will be replaced by a
single undirected path of length 2, while all undirected edges encoded by
both directed edges will be replaced by two undirected paths of length 2.

Observe that if the graph GC uses a circuitD to encode its sets of vertices,
then there exists another circuit D ′ encoding the set of vertices in GF ′ . Such
a circuit D ′ can even remove the additional isolated vertices. All D ′ has to
do is, given a potential vertex xyz of GF ′ , check if either

• xyz starts with 1, followed by n bits satisfying D, followed by n +

(2n+m) bits which are 0 or



52 succinct encodings of graphs

• xyz starts with 0, followed by two n bit strings a,b which satisfy D,
followed by (2n+m) bits which are a, b andm bits encoding a correct
evaluation of C(a,b).

Corollary 5. For every (cir, cir)-encoded graph G, we can construct a (cir, CNF)-
encoding of a graph which replaces every edge of G by a path of length 2 in
polynomial-time.

3.2 solution graphs

In contrast to the succinctly encoded graphs of Section 3.1, solution graphs,
studied by Gopalan et al. [27] and Schwerdtfeger [64], have a fixed edge-
relation but a variable set of vertices. In this case, the fixed edge-set is given
by the n-dimension hypercube graph Hn which has a degree bounded by
n, and every graph in this class is succinctly encoded by a given formula.
Therefore all solution graphs are bipartite. The studied solution graphs
are classified by the expressive power an encoding formula is allowed to
have. This distinction is similar to the classification in NP-complete and
polynomial-time solvable cases of the satisfiability-problem by Schaefer
[60].

While the standard succinct encoding can, using vertex labels of only n
bits, encode all graphs on 2n vertices (the size of the circuit may have to be
of size about 22n), there are graphs which cannot be represented as induced
subgraphs of any Hk. Those are exactly graphs which are not cubical (see
for example Ovchinnikov [55]). Cubical graphs are defined as the set of
graphs which can be represented as induced subgraphs of some Hk. In
other words, a graph is a cubical graph iff it is an induced subgraph of some
Hn iff it can be represented as a solution graph. Nevertheless, the following
definitions types of formulas we study will place further restrictions on the
set of graphs we can represent (i.e. there has to be a small encoding as the
formulas can only be of size poly(n)).

We will first introduce the proper definitions to distinguish solution
graphs by the expressive power of the encoding formulas and then study
properties on different types of solution graphs. The studied properties will
include the diameter of connected components, the existence of unique lo-
cally minimal/maximal solutions or the classification in terms of being a
partial cube or consisting of partial cubes. These properties will be useful
while studying problems like USTCONN and GI on different types of solu-
tion graphs in Chapter 6.

For a k-ary Boolean relation R, a connected component of R is a set S ⊆ R,
for which the induced subgraph of Hk on the vertices in S is connected.

Definition 6 [27, 64]. A Boolean (k-ary) relation R is

• bijunctive, iff it is closed under maj(a,b, c).

• affine, iff it is closed under a⊕ b⊕ c.
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• Horn, iff it is closed under a∧ b.

• dual-Horn, iff it is closed under a∨ b.

• IHSB-, iff it is closed under a∧ (b∨ c).

• IHSB+, iff it is closed under a∨ (b∧ c).

• OR-free, if it is not possible to construct the relation {01, 10, 11} by fixing
k− 2 variables to a string in Bk−2.

• NAND-free, if it is not possible to construct the relation {00, 10, 01} by fixing
k− 2 variables to a string in Bk−2.

A Boolean relation has such a property componentwise, iff every connected com-
ponent of R is closed under the corresponding operation. A Boolean relation has
such a property safely, iff the property still holds after arbitrary identification of
variables.

Definition 7 [27, 64]. A finite set of Boolean relations S is Schaefer (CPSS), if at
least one of the following conditions is true:

• ∀R ∈ S : R is bijunctive.

• ∀R ∈ S : R is Horn (and safely componentwise IHSB-).

• ∀R ∈ S : R is dual-Horn (and safely componentwise IHSB+).

• ∀R ∈ S : R is affine.

The term CPSS is short for constraint projection separating Schaefer.

Definition 8 [64]. A finite set of Boolean relations S is safely tight, if at least one
of the following conditions is true:

• ∀R ∈ S : R is safely componentwise bijunctive.

• ∀R ∈ S : R is safely OR-free.

• ∀R ∈ S : R is safely NAND-free.

Given an arbitrary finite set of Boolean relations S, we can use S to con-
struct formulas F on n variables x1, . . . , xn as the conjunction of instances
of relations R ∈ S. An instance of a k-ary relation R for the formula F is an
assignment which maps every index in R to a specific variable of F or a con-
stant3 in {0, 1}. As S is a finite set of Boolean relations and all such relations
have a constant arity, there are at most poly(n) different instantiations of
relations in S and therefore all formulas F on n variables are of size at most
poly(n).

3 While Gopalan et al. [27] and Schwerdtfeger [64] distinguish their notation for decision
problems on solution graphs with or without constants, we always assume constants to be
allowed.
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For example, if R = {01, 10, 11} (which is equivalent to the Boolean func-
tion a ∨ b), then R(x1, x6) = x1 ∨ x6 and R(x6, x6) = x6 ∨ x6 would be
possible instances of R in a formula F with n > 6. For S = {{01, 10, 11}}, the
set of formulas F which can be constructed from relations in S is the set of
all monotone 2-CNF-formulas.

Definition 9. A formula F is CPSS, Schaefer or safely tight, if F is the conjunction
of instances of relations from a finite set S of Boolean relations which is CPSS,
Schaefer or safely tight.

Definition 10. A vertex u in a solution graph G of Hn is locally minimal (max-
imal), iff all neighbours v of u in Hn are either not in G or ∆(v) > ∆(u)

(∆(v) < ∆(u)).

3.2.1 CPSS

The first and most restrictive structural property of solution graphs we
discuss is the property of being a partial cube. As introduced in Chapter 2,
a partial cube is a non-expanding induced subgraph of a hypercube graph
Hn. We will now show that all connected components of solution graphs
encoded by CPSS formulas are partial cubes of isometric dimension at most
n.

For affine and bijunctive formulas, this has been proved by Gopalan et
al. [27] and Schwerdtfeger [64] while for the remaining cases of formulas
which are Horn and IHSB-, as well as its dual case, this property has been
proved by Scharpfenecker [61].

affine and bijunctive formulas To show that this property holds
for affine and bijunctive formulas, we will first show that affine and bijunc-
tive formulas are even safely componentwise bijunctive. This property can
be used to show that all connected components in such solution graphs are
partial cubes.

Lemma 13 [27, 64]. Every affine Boolean relation R is safely componentwise bi-
junctive.

Proof. Let R be a k-ary, affine Boolean relation. We prove that R is safely OR-
free and safely NAND-free and then conclude that R is safely component-
wise bijunctive. Suppose R is not OR-free: there are some i, j ∈ [k] such that
fixing all other bits of R to specific values yields the relation R ′ = {01, 10, 11}
on bits i and j. As R is closed under a⊕ b⊕ c, 01⊕ 10⊕ 11 = 00 ∈ R ′ and
therefore R is not OR-free.

By duality, we know that R cannot be NAND-free as 01⊕ 10⊕ 00 = 11.
Using induction on the number of free variables in a connected component
(variables which are not fixed for all solutions in this connected compo-
nent), we can show that every connected component of R is a complete
sub-hypercube and therefore safely componentwise bijunctive.
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We now assume, without loss of generality, that while looking at a single
connected component there are no two variables xi, xj for which xj depends
on xi: by fixing xi to 0 or 1 we fix xj to the same or the negated value of xi.
So there are no purely duplicate variables left.

If the number of free variables in a component C is k ′ 6 2 (and k ′ 6 k),
then using the fact that C is NAND-free and OR-free, C can only be a
complete hypercube graph on 0, 1 or 2 variables. Assume this is true for
all numbers less than k ′. But if C has k ′ free variables, fixing one of these
variables xi to 0 or 1 yields two connected components on less than k ′

free variables which are therefore both connected hypercubes on k1 and k2
free variables for some k1,k2 < k ′. We deduce that k1 = k2 = k ′ − 1 or
else there would be variables which depend only on xi. But then C1 and
C2 (the two connected components we constructed by fixing xi) combined
yield the connected component C on k ′ free variables which is a complete
hypercube on k ′ variables, proving the induction.

Lemma 14 [27, 64]. Every bijunctive Boolean relation R is safely componentwise
bijunctive.

Proof. Given R, for every s, t ∈ R, if there is a path from s to t in R, then
for all a,b ∈ R there is a path from maj(s,a,b) to maj(t,a,b): consider
the path s = u1,u2, . . . ,ul = t and construct the new path (maj(u1,a,b),
maj(u2,a,b), . . . ,maj(ul,a,b)). As R is closed under the majority opera-
tion and the consecutive distances of this new path is at most 1, this state-
ment is true. Observe that while we used the first argument of maj for s
and t, this statement is still true when using the second or third argument
for s and t.

Applying this statement, for every x,y, z in the same connected compo-
nent of R, there is a path from maj(x, x, x) = x to maj(x,y, x) and there is a
path from maj(x,y, x) to maj(x,y, z), proving this lemma.

Theorem 5 [27]. For every affine or bijunctive formula F(x1, . . . , xn), the encoded
solution graph contains only partial cubes of isometric dimension at most n as
connected components.

Proof. Let F be the encoding formula and GF be the encoded solution graph.
By Lemmas 13 and 14 we know that affine and bijunctive formulas, which
are built from either only affine or bijunctive Boolean relations, are safely
componentwise bijunctive. By definition, such a solution graph is compo-
nentwise closed under maj(a,b, c). We show that for all x,y in the same
connected component of GF, dGF(x,y) = ∆(x,y). So GF is a non-expanding
induced subgraph of Hn and by Definition 1 a partial cube of isometric
dimension at most n, proving our statement.

We first show that there exists a shortest path between x and y which
only flips bits i for which x[i] 6= y[i]. Suppose there is an arbitrary path
x = u1,u2, . . . ,ul−1,ul = y. The modified sequence (maj(x,y,u1) = x,
maj(x,y,u2), . . . ,maj(x,y,ul−1),y) is still a path: every two consecutive
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vertices, for example x and maj(x,y,u2) can only differ in the single bit
which is flipped from x = u1 to u2.

Using this, we apply an induction on the number of bits on which x and
y differ and prove our statement. If ∆(x,y) = 1, dGF(x,y) = 1. Suppose
∆(x,y) = dGF(x,y) for ∆(x,y) < l. For every x,y with ∆(x,y) = l, there is
a shortest path which only flips bits i for which x[i] 6= y[i]. Then x has a
neighbour x ′ which flips one of these bits and ∆(x ′,y) = dGF(x

′,y) by in-
duction. Therefore ∆(x,y) = dGF(x,y) and GF is a non-expanding induced
subgraph of Hn.

Such graphs can even be classified as median graphs: for all x,y, z ∈ Bn

in the same connected component, maj(x,y, z) is in the same connected
component and the unique median of these three vertices (see Hammack,
Imrich, and Klavzar [30], Corollary 14.9).

horn and ihsb-, dual-horn and ihsb+ formulas For the re-
maining cases, we have to use the property that connected components
of OR-free or NAND-free solution graphs have unique locally minimal or
locally maximal solutions. This property, combined with the closure prop-
erties of Horn and IHSB- or dual-Horn and IHSB+ formulas, yields in The-
orem 6 the final key to prove that CPSS solution graphs are partial cubes.

Lemma 15 [27, 64]. For every OR-free (NAND-free) formula F, every connected
component of GF contains a unique locally minimal (maximal) solution. Every
other solution in this component is connected to the locally minimal (maximal)
solution with a monotone decreasing (increasing) path.

Proof. Assume that for a given OR-free formula F there is a connected com-
ponent C such that two different x,y ∈ C are locally minimal. Then there
has to be a path (without repetitions) from x to y. Let x = u1,u2, . . . ,ul = t
be one of these path which minimizes the maximum of all ∆(ui) and let
z be one of the intermediate steps with maximum Hamming-weight. So
ui−1 and ui+1 have Hamming-weight ∆(ui) − 1 and therefore there are
two variables xj, xk which imply the relation {ui−1,ui,ui+1} = {10, 11, 01}
on F (after fixing all other variables).

As F is closed under x∧y, ui−1∧ui+1 is a solution of F and in C. There-
fore the path x = u1,u2, . . . ,ui−1,ui−1 ∧ ui+1,ui+1, . . . ,ul = t connects s
and t in C. Applying this to all solutions in this path with Hamming-weight
∆(ui) yields a path with maximum Hamming-weight ∆(ui) − 1, contradict-
ing our assumption. Therefore there is at most one locally minimal solution
in C.

By duality, the same statement follows for NAND-free formulas.

Theorem 6 [61]. For every Horn and IHSB- (or dual-Horn and IHSB+) formula
F(x1, . . . , xn), the connected components in the encoded solution graph GF are
partial cubes of isometric dimension at most n.
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Proof. We will show that for every Horn and IHSB- formula F(x1, . . . , xn)
and all x,y in the same connected component C of GF, dGF(x,y) = ∆(x,y).
The lower bound of ∆(x,y) is obvious as in a solution graph no two vertices
can have a lower distance than their labelling implies. If we can prove this
for Horn and IHSB- formulas, the other case follows by duality.

Let xC be the locally minimal solution in C due to Lemma 15 and z =

x∧ y = x∧ (y∨ xC). The solution z is still in C as GF is componentwise
closed under a∧ (b∨ c) and y∨ xC = y. The latter equality is true because
there is a monotone decreasing path from y to xC and therefore xC is com-
ponentwise not larger than y (see Lemma 15). Proving there are paths from
x and y to z both of length ∆(x, z) and ∆(y, z) proves our statement. Again,
we only consider the first case of ∆(x, z).

Assume by contradiction that dGF(x, z) > ∆(x, z). If z = xC we get a
contradiction. So assume there has to be a path from x to xC 6= z which
bypasses z. Consider the first i ∈ x \ z which is flipped in this path to
xC and let the corresponding solution be u (and therefore u[i] = 0. Then
z ⊆ u∪ {i} and x∧ (z∨ u) = x \ {i} = x2 with dGF(x

2, z) = dGF(x, z) − 1. By
repeating this construction we get a series of xi which, in each step, flip one
variable in x \ z. This new path implies that dGF(x, z) = ∆(x \ z) = ∆(x, z),
a contradiction.

By combining Theorems 5 and 6, the following corollary is immediate.

Corollary 6 [61]. Given a CPSS formula F(x1, . . . , xn), every connected compo-
nent of the solution graph encoded by F is a partial cube of isometric dimension at
most n.

3.2.2 Schaefer

Scharpfenecker [61] and Scharpfenecker and Torán [63] studied connected
components of Horn solution graphs and proved that these graphs may
not be partial cubes of small isometric dimension or partial cubes at all.
We give appropriate examples of graphs violating these properties which
CPSS solution graphs are known to posses. Further, we prove that for the
subgraph induced by all vertices bit-wise smaller than any solution in a
connected component of a Horn solution graph, this subgraph is a partial
cube of small isometric dimension.

partial cubes of large isometric dimension To show that some
Horn-encoded solution graphs contain partial cubes of exponential isomet-
ric dimension, we first need to develop some tools based on matrix-rank
and point-sets in metric spaces. Lemma 16 will show that a specific matrix
M has a high rank while Lemma 17 proves that embeddings of point-sets
in some small-dimensional metric spaces imply that the point sets have a
small rank. Combining these results will imply that a matrix M does not
have such an embedding, while a small isometric dimension of a partial
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cube encoded by a specific Horn3 formula F given in Theorem 7 would
imply that M has such an embedding, proving GF has a large isometric
dimension.

Lemma 16 [61]. The matrix M = (mi,j)i,j∈Bn with mi,j = ∆(i, j) + 2 if i 6= j

and mi,i = 0 has rank at least 2n −n− 1.

Proof. Let M1 = (m1i,j)i,j∈Bn with m1i,j = ∆(i, j) and M2 = (m2i,j)i,j∈Bn with
m2i,j = −2 if i 6= j and m2i,i = 0. So M2 =M+M1 and it is easy to see that
rank(M2) = 2n: all of its rows and columns are linearly independent. We
will further show that rank(M1) = n+ 1 and therefore, by subadditivity,
rank(M2) 6 rank(M)+ rank(M1) implies rank(M) > 2n−n− 1, proving
our statement.

Let m1i be the row-vector of M1 associated with the entry i ∈ Bn. For all
i ∈ Bn with ∆(i) = 1, l(i) := n− log(i) is the position in i with the unique
1-bit in i. To show that rank(M1) = n+ 1 we prove that the set of the n+ 1

row vectors A = {m1i : ∆(i) 6 1} generates all rows m1j for j ∈ Bn with the
following term:

m1j = (Σi∈Bn:∆(i)=1m
1
i · j[l(i)]) − (∆(j) − 1) ·m10n

First note that for all i ∈ Bn (with ∆(i) = 1) m1i,k = ∆(i,k) = ∆(k) + 1 if
k[l(i)] = 0 and m1i,k = ∆(k) − 1 if k[l(i)] = 1. But then, for all k ∈ Bn, it is
easy to see that m1j,k = ∆(j,k), proving that the set A of n+ 1 row-vectors
is a basis for M1 and rank(M1) 6 n+ 1:

m1j,k = (Σi∈Bn:∆(i)=1m
1
i,k · j[l(i)]) − (∆(j) − 1) ·m10n,k

= ∆(j)∆(k) +∆(j \ k) −∆(j∩ k) − (∆(j) − 1) ·∆(k)
= ∆(j)∆(k) +∆(j \ k) −∆(j∩ k) −∆(j)∆(k) +∆(k)
= ∆(j \ k) +∆(k \ j) = ∆(j,k)

Finally, A is a set of linearly independent row-vectors and therefore the
rank of M1 is at least n+ 1, providing the last necessary statement for this
proof.

Lemma 17 [61]. For every point set P with distances M ∈ NP2 , if P can be
embedded into the metric space Bm using the distance norm L1 without distortion,
then rank(M) 6 2m.

Proof. For the point set P, let f : P → Bm be the distance preserving embed-
ding into the metric space using L1 as distance norm. For two points x,y ∈
P, d(x,y) = ∆(f(x), f(y)). Therefore every bit i ∈ [m] of the embedding into
Bm defines a matrixMi = (mix,y)x,y∈P such thatmix,y = f(x)[i]⊕ f(y)[i]. So
Mi has a 1 in position (x,y) iff one of the two following (mutual exclusive)
cases applies:

• f(x)[i] = 0 and f(y)[i] = 1

• f(x)[i] = 1 and f(y)[i] = 0
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Both cases represent a block matrix of rank 1 and Mi is the sum of
these two matrices, implying that rank(Mi) 6 2. Further observe that
M = Σi∈[m]M

i and by subadditivity rank(M) 6 2m, proving our state-
ment.

Corollary 7 [61]. The matrix M = (mi,j)i,j∈Bn with mi,j = ∆(i, j) + 2 if i 6= j
and mi,i = 0 cannot be embedded into the metric space Bm with distance norm
L1 as long as m < 2n−n−1

2 .

Proof. Suppose the contrary: M can be embedded into Bm for some m <
2n−n−1

2 . Due to Lemma 17, M has rank at most 2m < 2n − n− 1 but due
to Lemma 16, M has rank at least 2n −n− 1, a contradiction.

Using this lower bound on the dimension of an embedding of M into a
metric space with distance norm L1, we can give a Horn-encoded solution
graph whose isometric dimension relates to the dimension of an embed-
ding for M, yielding a lower bound for the isometric dimension of this
graph. The following theorem will give details for this construction.

Theorem 7 [61]. For every n there is a Horn3 formula on 2n+ 1 variables encod-
ing a solution graph which contains a partial cube of isometric dimension at least
2n−n−1

2 .

Proof. The formula F(x1, x ′1, . . . , xn, x ′n,y) = y ∨
∧
i∈[n](xi ↔ x ′i) can be

made Horn3 and encodes the following graph G = (V ,E). For y = 0, all
other assignments to the 2n other variables are allowed while for y = 1,
all pairs of variables xi, x ′i have to be the same. Therefore V = {0x : x ∈
B2n}∪ {1x : x = z[1]z[1]z[2]z[2] . . . z[n]z[n] for z ∈ Bn}. Let V0 denote the set
of vertices with y = 0 and V1 denote the set of vertices with y = 1.

The induced subgraph G1 of G on the vertices in V1 is a graph on 2n

vertices without edges and the induced subgraph G0 of G on V0 is H2n.
For all vertices u, v ∈ V0, dG(u, v) = ∆(u, v) while for all vertices u, v ∈ V1,
dG(u, v) = ∆(u, v) + 2 iff u 6= v and dG(u,u) = 0 otherwise. For u ∈ V0 and
v ∈ V1, dG(u, v) = ∆(u, v) + 1.

We show that G is a partial cube of isometric dimension at least 2
n−n−1
2

and therefore prove our statement. First supposeG has isometric dimension
m < 2n−n−1

2 . An isometric embedding implies a distance preserving em-
bedding of the vertices in V1 into the metric space Bm with distance norm
L1. But Corollary 7 states that this is impossible as long as m < 2n−n−1

2 , a
contradiction.

Finally, G is a partial cube of isometric dimension at most 2n + 2n: a
correct isometric embedding into H2n+2n is given by the function f : V →
B2

n+2n with f(u) = 02
n
u for all u ∈ V0 and f(v) = avv for all v ∈ V1

with |av| = 2n where av is the bit-string associated with the set {v} (and
therefore is 1 in position v but 0 everywhere else). As all vertices u, v in V0
have 2n leading 0-bits, their distance ∆(f(u), f(v)) is ∆(u, v). Similarly, for
all vertices u, v ∈ V1 is ∆(f(u), f(v)) = ∆(u, v) + 2 and for mixed sets u ∈ V0
and v ∈ V1, ∆(f(u), f(v)) = ∆(u, v) + 1.
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horn solution graphs which are not partial cubes While
we now know that Horn3 solution graphs may encode partial cubes with
exponential isometric dimension, we now give a Horn4 formula encoding
connected components which are not even partial cubes.

Theorem 8 [61]. There is a solution graph encoded by a Horn4 formula containing
a single connected component which is not a partial cube.

Proof. We show that the solution graph GF = (V ,E) encoded by the formula
F(w, x,y, z) = (y∨ z)∧ (w∨ x∨ y∨ z), as illustrated in Figure 10, is not a
partial cube.

We prove this by contradiction. Assume there is some isometric embed-
ding f : V → Bm in a graph Hm for some m ∈ N. First we note that there
is a cycle of length 8 (containing 8 vertices and 8 edges) in this graph on
the vertices 1111, 1011, 1010, 1000, 1100, 0100, 0110, 0111 and again 1111. Our
assumed (isometrical) embedding of this cycle into some Hm forces us to
use exactly 4 variables: dGF(1111, 1100) = 4. Without loss of generality, the
isometric embedding for 1111 is f(1111) = 1111x in Hm for some x ∈ Bm−4

and f(1100) = 0000x.
Although we may be able to embed this cycle in Hm for m > 4, we

nonetheless get a problem with the distance of vertices 0110 and 1010. The
embedding f has to assign labels to these two vertices such that their dis-
tance is 2. But the 8-cycle enforces that ∆(f(0110), f(1010)) = 4, a contradic-
tion.

00100011

0111

1011

1111

0110

1010

0000

0100

1000

1100

Figure 10: A Horn solution graph which is not a partial cube [61].

horn solution graphs are the union of partial cubes For a
given solution graph G and some y ∈ G, let [y]G be the set of all vertices
which have a monotone increasing path to y. This set contains all x ∈ G for
which x is bit-wise not larger than y and the path from x to y flips in each
step one bit to 1.

As Figure 10 implies, [y]G may not contain all vertices xwhich are bitwise
smaller than y. In this example, the vertex 1100 is bitwise smaller than 1111
but there is no monotone increasing path from 1100 to 1111. So 1100 6∈
[1111]GF (where F is the formula given in the proof of Theorem 8).
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The following theorem characterises all [y]G in Horn-encoded solution
graphs as partial cubes.

Theorem 9 [63]. For every Horn-encoded solution graph G and every vertex
y ∈ G, the induced subgraph [y]G of G is a partial cube of isometric dimension at
most n.

Proof. Given a formula F on n variables which is Horn, encoding the solu-
tion graph G, let C be a connected component in G and y be an arbitrary
vertex in C. Suppose x is the unique locally minimal vertex in C due to
Lemma 15. Then [y]G contains x.

Let a,b be two arbitrary vertices in [y]G. There is a path (a = u1,u2, . . . ,
ul = b) connecting these vertices which first monotonously increases until
it reaches y at index i and then monotonously decreases until it reaches
b. We construct the path u1 ∧ ui = a,u1 ∧ ui+1,u1 ∧ ui+2, . . . ,u1 ∧ ul =
a∧b,u2∧ul,u3∧ul, . . . ,ui∧ul = b. This path still connects a with b, all
consecutive vertices (which are in G due to its closure under the bit-wise
conjunction) have distance at most 1, and it may be shorter than the original
path, some vertices may occur (consecutively) several times.

We show that the length of this path is ∆(a,b). The original path con-
sisted of two halves: one starting at a and one starting at b, both of which
only flipped some variables to 1 until they reach y. This path has length
∆(a,b) + 2∆(y \ (a∩b)). The latter part describes the number of bits which
are 0 in both a and b but are 1 in y: these variables will be flipped to 1 in
both halves of the path.

But in the new path, the first half contains a bit-wise conjunction of all
vertices with a and the second half contains a bit-wise conjunction of all
vertices with b. If there is a variable xj which gets increased in both halves
of the original path, the first preceded by the vertex ue, the second by the
vertex uf, it will lead to two consecutive copies of u1 ∧ ue and uf ∧ ul in
the new path, thereby shortening this new path by 2. The length of the new
path is ∆(a,b) + 2∆(y \ (a∩ b)) − 2∆(y \ (a∩ b)) = ∆(a,b).

By definition, a non-expanding induced subgraph of Hn is a partial cube.

For every connected component C of a Horn solution graph G, {[y]G : y ∈
C is locally maximal} is the set of all maximal partial cubes in C for which
the union is C. The number of partial cubes with small isometric dimension
which is necessary to cover C may be exponential: to cover all vertices we
need [y]G for all maximal solutions y, which could be an exponentially
sized set.

Let (y)G be the set of vertices in a solution graph G which have a mono-
tone decreasing path to a vertex y. While Theorem 9 proved that for Horn-
encoded solution graphs, the subgraph [y]G is a partial cube, the same
statement can be proved for dual-Horn-encoded solution graphs and (y)G.
While the proof of Theorem 9 used the properties that these graphs are
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closed under x∧ y and that y is the unique locally maximal solution in
[y]G, a proof for dual-Horn-encoded solution graphs has to replace the clo-
sure under x∧ y with the closure under x∨ y and the fact that now y is
the unique locally minimal solution of (y)G.

Corollary 8. For every dual-Horn-encoded solution graph G and every vertex
y ∈ G, the induced subgraph (y)G of G is a partial cube of isometric dimension at
most n.

3.2.3 Safely Tight

Using our previous results, we can characterise the solution graphs en-
coded by safely tight formulas. While we cannot give such strong char-
acterisations as for CPSS and Schaefer solution graphs, we at least know
that the diameter of safely tight solution graphs are linearly bounded by
2n (for n the number of variables in the encoding formula).

Theorem 10 [27, 64]. Let S be a set of safely tight relations. Then every S-encoded
solution graph G, encoded by a formula on n variables, has diameter bounded by
2n.

Proof. Safely tight sets of relations are either safely componentwise bijunc-
tive, OR-free or NAND-free. If the relations in S are componentwise bijunc-
tive, then S is CPSS and by Corollary 6 every two vertices x,y ∈ G in the
same connected component have distance ∆(x,y) 6 n.

If all relations in S are OR-free (NAND-free), then by Lemma 15 every
connected component C of G contains a locally minimal (maximal) solution
zC. For every x,y ∈ C there are monotone decreasing (increasing) paths
from x and y to zC both of length at most n. The total distance of x and y
is therefore bounded by 2n.

3.2.4 General

Our last structural result for solution graphs is the weakest and most obvi-
ous: all solution graphs have a small degree of at most n in contrast to their
size of at most 2n. They share this property with all induced subgraphs of
Hn.

Proposition 2. Every solution graph encoded by a formula on n variables has
degree bounded by n.

3.3 representing standard succinct encodings as solution

graphs

While solution graphs encode the vertex-set V of a graph and fix the edge-
set E (the host graph), standard succinct encodings encode V and E. It is
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possible to transform the standard succinct encoding of a bipartite graph
using the two sets of vertices U = Bn and V = Bn with edges E, encoded
by a circuit of bounded depth k ∈N, as the solution graph of specific host
graphs.

Let Imk,n = (B1+m
k+n,Emk,n) be the graph using the edge-set

Emk,n = {{0u, 1v} ∈
(

B1+m
k+n

2

)
: ∀i1 ∈ [m] ∃i2 ∈ [m] . . . :

u[(i1, . . . , ik−1)m] = v[(i1, . . . , ik−1)m] = 1}

Theorem 11. For k ∈N and k odd, let C be a depth-k-AC0-circuit of size poly(n)
with 2n inputs of the form AND ◦ . . . ◦AND. Then the bipartite graph on the two
sets of vertices U = Bn and V = Bn encoded by C can be represented as a
(cir, Ipoly(n)k,n)-encoded graph.

Proof. Assume we are given a depth-k-AC0 circuit C(x1, . . . , xn,y1, . . . ,yn)
encoding the adjacency-relation E of the graph G = (Bn ∪Bn,E). We can
unfold C (whose gates have degree at most poly(n)) into a formula F of
size poly(n)k and degree poly(n), having at most poly(n)k gates in the
lowest level, which consists w.l.o.g. only of conjunctions. Let us interpret
these conjunctions as bicliques B1 = L1 × R1, . . . ,Bm = Lm × Rm (for m 6
poly(n)k and for i ∈ [m], Li,Ri ⊆ Bn). Then F consists of k− 1 alternations
of conjunctions and disjunctions of bicliques. This structure is similar to the
definition of edges in Imk,n and we try to represent every vertex as a string
in Bm

k
where every index i is 1 iff this vertex is in the i-th biclique.

Define, for all u ∈ Bn, au ∈ Bm with au[i] = 1 for i ∈ [m] iff u ∈ Li and
bu ∈ Bm with bu[i] = 1 for i ∈ [m] iff u ∈ Ri. Then G can be represented
as an induced subgraph of Ipoly(n)k,n on the vertices (a, x, l) ∈ B1+m+n

as follows. Assume that every x ∈ Bm represents a subset of bicliques by
including every Bi for which x[i] = 1. Then a vertex (0, x, l) is included, if
the intersection of the left sides of this subset contains at least l+ 1 vertices.
Dually, (1, x, l) is included, if the intersection of the right sides of this subset
contains at least l+ 1 vertices.

Note that computing the intersection of the left- or right-sides corre-
sponds to the set of vertices which satisfies all conjunctions of literals, and
is therefore a conjunction of literals. Such a conjunction is empty iff it con-
tains two complementary literals. The size of such a non-empty intersection
is 2n−o where o is the number of variables which occur in this conjunction.

But as the unfolded formula F has size poly(n)k ∈ poly(n), we can con-
struct a circuit C ′ which, given F and a vertex (a, x, l) ∈ B1+m+n, tests if
the subset of left- or right-sides, given by x, has at least l+ 1 elements. If so,
C ′ accepts. By fixing F in C ′, the graph G is (C ′, Ipoly(n)k,n)-encoded.

3.4 reconfiguration problems

Recently, several authors, including Bonsma and Cereceda [12], Hearn and
Demaine [31], Ito et al. [36], Ito, Kaminski, and Demaine [37], and Mouawad
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et al. [54], studied another model of succinctly encoded graphs in the con-
text of reconfiguration problems. In a reconfiguration problem, we are
given a problem A, defining a feasible set of solutions, two feasible so-
lutions s, t to A, and we want to know if we can successively transform
the solution s to the solution t using only a given set of transformations,
while all intermediate steps have to be feasible solutions. It is easy to see
that such a reconfiguration problem is just the reachability problems on a
graph G = (V ,E), where V is the set of feasible solutions and E is the set of
pairs (x,y) of feasible solutions such that x can be transformed to y using
one of the given transformations. Usually, the allowed transformations are
symmetric, i.e. the edges are undirected.

A simple example can be given with the decision problem Clique (stud-
ied for example by Ito et al. [36]). For a given graphH = (VH,EH), a number
k ∈N and two sets S, T ⊆ VH which form cliques of size at least k in H, we
want to know if we can transform S to T by removing or adding vertices to
S, without ever using an intermediate set X which is of size less than k or
is not a clique in G.

As every X ⊆ VH can be represented as a string s(X) ∈ B|VH| (s(X)[i] = 1
iff i ∈ X), the set of feasible solutions can be represented as the set of all
strings s(Y) in B|VH| of Hamming-weight at least k, for which Y does not
contain two vertices u, v such that {u, v} 6∈ EH. Similarly, a set X can be
transformed to a set Y, iff ∆(s(X), s(Y)) = 1. This implies that the Clique-
reconfiguration-problem is actually a reachability problem in a solution
graph encoded by the circuit CH(x1, . . . , xn) = 1 iff ∆(x) > k and x encodes
a set X which forms a clique in H. The size of CH is at most poly(|H|).

While in this example, the set of edges corresponds to the edges in H|VH|,
this may not necessarily be the case. Some reconfiguration problems only
allow adding and, at the same time, removing a vertex in a set, implying
that the set of edges corresponds to all pairs of binary strings of Hamming-
distance exactly 2.

So all of these problems can be considered to be reachability problems
on standard succinctly encoded graphs, where the set of vertices and the
set of edges may be encoded with a circuit. It could be interesting to study
these succinctly encoded graphs in the context of our structural results or
to provide other relations between reconfiguration problems and general
succinctly encoded problems on graphs.

3.5 biclique-covers and other encodings

Finally, we want to mention that some succinctly encoded graphs can be
nicely represented in other types of encodings. Hammack, Imrich, and
Klavzar [30] and Pinto [58] relate the number of bicliques the complement
of a graph can be covered with to the number of paths we need to embed
this graph in the strong product of these graphs. Then using the characteri-
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sation of DNF-encoded graphs of standard succinct encodings as the union
of bicliques allows us to give an alternative representation of such graphs.

Theorem 12. Given a graph G = (V ,E) whose complementary graph can be
covered by l bicliques such that there are no two non-adjacent nodes in G which
are in exactly the same set of left- and right-sides of bicliques, then there is a
function f : V → {0, 1, 2}l such that for all {u, v} ∈

(
V
2

)
, d∞(f(u), f(v)) = 1 if

{u, v} ∈ E and d∞(f(u), f(v)) = 2 if {u, v} 6∈ E.

Proof. We adapt a proof of Hammack, Imrich, and Klavzar [30] (Theorem
15.5, page 185), which relates the number of bicliques l, which are necessary
to cover a graph G, with the strong product of l path in which G can be em-
bedded. Assume that G can be covered by bicliques B1 = L1× R1, . . . ,Bl =
Ll × Rl. Define for u ∈ V , f(u) = (f1(u), . . . , fl(u)) with fi(u) = 0, if u ∈ Li,
fi(u) = 2, if u ∈ Ri and fi(u) = 1, otherwise.

Then if (u, v) ∈ E, u and v are non-adjacent in G. So there is no biclique
containing u in one side and v in the other side. And by our assumption, u
and v are not in the same set of left- and right-sides, i.e. there is some i such
that u (or v) is in Li or Ri but v (or u) is in neither of these sets. But then
|fi(u) − fi(v)| = 1 and d∞(f(u), f(v)) > 1. But as (u, v) 6∈ E, d∞(f(u), f(v)) <
2, so d∞(f(u), f(v)) = 1.

Similarly, if (u, v) 6∈ E, then there is some i such that u is in Li and v

is in Ri (or vice versa), showing that d∞(f(u), f(v)) > 2. As due to our
construction a larger distance is impossible, d∞(f(u), f(v)) = 2.

Observe that the property of there being no two non-adjacent nodes in
G which are in exactly the same set of left- and right-sides of bicliques can
only occur for two adjacent vertices u, v in G which have exactly the same
set of non-neighbours. In this case, in G, they then may occur in exactly the
same set of biclique-sides as there is no neighbour which separates u and
v. But, if this is the case, additional artificial bicliques could still separate
these vertices.

We note that there is a connection to yet another encoding: Pinto [58]
notes that a graph whose complement can be covered with l bicliques can
be encoded as the intersection graph of complete sub-hypercubes in Hl. We
omit a further analysis of this connection as it seems closely related to the
connection to point-sets using the Chebyshev distance.
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We will now study different decision problems using the standard suc-
cinct encoding introduced in Chapter 3. Recall Definition 5: for every de-
cision problem L on graphs, succinctcir

D (L) is the decision problem L on
graphs for which the vertices are circuit-encoded and the edge-relation is
D-encoded. In the rest of this chapter we call such graphs D-encoded.

Several authors [8, 18, 72, 73] proved the so called upward-translation
theorems, which translate specific low-level reductions between decision
problems to reductions between the succinctly encoded decision problems.
For example, quantifier-free reductions between two problems A and B can
be translated to polynomial-time reductions between the formula-encoded
problems A and B [72]. Such theorems allow us to prove that, using some
few succinctly encoded problems which are known to have an exponen-
tial complexity blow-up, most of the succinctly encoded decision problems
(using circuits, formulas or OBDDs) share the same behaviour and are ex-
ponentially harder than their explicit versions. We will recall the known
upward-translation theorems and the explicit complexity-results for some
succinctly encoded problems, implying for example that all NP-complete
problems (under quantifier-free reductions) become NEXP-complete under
circuit-, formula- or OBDD-encodings.
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4.1 results

Studying CNF- and DNF-encoded problems, we are going to discover a
different and somehow surprising behaviour: some of these problems are
exactly as hard as their explicit counterparts and it might even occur that
a problem only has an intermediate blow-up. Table 1 contains a list of our
complexity classifications. While most of these results were given by Das,
Scharpfenecker, and Torán [15, 16], we improve their results and settle the
computational complexity for k-COL (for k > 2).

Problem Complexity of

L succinctBn

CNF(L) succinctBn

DNF(L)

STCONN PSPACE-complete NL-complete1

GI PSPACE-hard, in NEXP

Longest-Induced-Path NEXP-complete NP-complete

co-Longest-Induced-Path NP-complete NEXP-complete

CNF-SAT2 NEXP-complete NP-complete

Dominating Set NEXP-complete PP-complete

k-COL (for k > 2) NEXP-complete NP-complete3

Table 1: Complexity classifications of CNF- and DNF-encoded problems.

Using these results, we widen the study of upward-translation theorems
by reducing the power of the succinct encodings to a point where no further
upward-translation theorem may exist. The restriction we impose will be
circuits of bounded depth. We prove a threshold of the complexity between
the depth-2-AC0- and depth-3-AC0-encoded problems:

• Some depth-2-AC0-encoded problems do not get harder than their
explicit versions (see Table 1).

• There do not exist upward-translation theorems for CNF- and DNF-
encoded problems (see Corollary 16) using quantifier-free reductions.

• All NP-complete problems (under quantifier-free reductions) encoded
by depth-3-AC0-circuits are always exponentially harder than their
explicit versions (see Corollary 18).

1 If V is circuit-encoded this problem is NP-complete.
2 CNF-SAT is not directly a graph-problem and uses only one relation to encode

its instances (see Section 4.5.4). Therefore succinctBn

C (CNF-SAT) should here denote
succinctC(CNF-SAT), the problem where the single relation encoding the formula is C-
encoded.

3 If V is circuit-encoded this problem is only known to be in ΣP2 .



4.2 a general lower bound 69

These results raise questions about the power of depth-2- and depth-
3-AC0-circuits and imply that the transition between existence and non-
existence of such theorems lies between depth-2- and depth-3-AC0-circuits.

4.2 a general lower bound

Before studying specific succinctly encoded problems, we first want to
point out that for every graph problem L, succinctcir

C (L) for C ∈ {cir, formula,
CNF, DNF, OBDD} is at least as hard as L. We will show this by giving a
simple reduction encoding explicitly given graphs G in the instances for
L to succinctly encoded graphs of size polynomial in the size of G. This
still fits into our definitions of succinct encodings although the encoded
graph is not exponentially larger than the size of the encoding structure
but exponentially larger than the number of used variables.

Theorem 13. For all problems L on graphs with n = 2l vertices (l ∈N) which are
encoded by an adjacency matrix or adjacency list, there exist reductions such that
L 6P

m succinctBn

DNF(L), L 6P
m succinctBn

CNF(L), L 6P
m succinctBn

formula(L), L 6P
m

succinctBn

cir (L) and L 6P
m succinctBn

OBDD(L).

Proof. We will give such a reduction for L 6P
m succinctBn

DNF(L) and L 6P
m

succinctBn

OBDD(L) by encoding the edges of a given graph G on n = 2l ver-
tices with a DNF-formula or OBDD of size poly(n). This additionally im-
plies the reductions for circuits and formulas. For CNF-formulas, we note
that encoding G with a DNF-formula and negating this formula yields
a CNF-formula encoding G, therefore implying this reduction for CNF-
formulas and proving our result.

Given a graph G = (V ,E) with V = Bl and E ⊆ V2 (this works for both di-
rected and undirected graphs), we create a DNF-formula F =

∨
(u,v)∈E Tu,v

on 2l variables x1, . . . , xl,y1, . . . ,yl by adding for each edge (u, v) ∈ E the
term Tu,v.

Tu,v =

 ∧
i:u[i]=1

xi

∧

 ∧
i:u[i]=0

xi

∧

 ∧
i:v[i]=1

yi

∧

 ∧
i:v[i]=0

yi


Note that the only satisfying solution for Tu,v is the bit string uv. The

formula F accepts all assignments which represent edges in E and therefore
the graph encoded by F is G. The size of F is bounded by |E| · 2l ∈ poly(n).

To encode a graph as an OBDD, we fix the order for the variables to be
x1, . . . , xl,y1, . . . ,yl and create an OBDD which branches on all 22l = n2

possible assignments. Such an OBDD is a complete binary tree of depth
2l and n2 leaves. We add the vertices labelled with 0 and 1 and merge all
leaves for which the unique path from the root to this leaf is the bit string
of an edge (u, v) ∈ E with the vertex labelled with 1 and merge all other
leaves with the vertex 0. This OBDD encodes E and is of size at most n2.
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Both, the DNF-formula and the OBDD, can be constructed in polynomial-
time.

This can of course be generalized for all problems as formulas, circuits
and OBDDs of polynomial size can easily encode all polynomially sized
structures. Further, if we let V be circuit-, OBDD-, formula-, CNF- or DNF-
encoded, then Theorem 13 holds for all n ∈N.

4.3 upward-translations for circuits , formulas and obdds

As mentioned before, upward-translation theorems translate low-level re-
ductions between decision problems A and B to polynomial-time reduc-
tions between succinct versions of A and B:

Theorem 14 [8, 18, 72, 73]. Let A,B ⊆ {0, 1}∗ be two languages. If A 6PLT
m B,

then succinctcir(A) 6P
m succinctcir(B). If A 6qfr

m B, then succinctOBDD(A) 6P
m

succinctOBDD(B) and succinctformula(A) 6
P
m succinctformula(B).

The theorem for circuits has been proved by Balcázar, Lozano, and Torán
[8] and was improved by Eiter, Gottlob, and Mannila [18]. The versions for
formulas and OBDDs have been proved by Veith [72, 73]. We will not prove
these statements but mention that the proof of Theorem 31 will adapt the
proof for formulas of Veith [72] to bounded-depth circuits. As all these state-
ments can be proved using similar techniques, we omit individual proofs.

4.4 circuit-, formula- and obdd-encoded graph problems

If A 6
qfr
m B for two decision problems A and B, and if succinctcir(A) is

known to be hard for a complexity class C, then the upward-translations
of Theorem 14 imply that succinctcir(B) is also hard for C. Several authors
used this to prove that all circuit-encoded versions of NP-complete prob-
lems are NEXP-complete by proving the NEXP-completeness for only one
NP-complete problem. So by proving an exponential complexity-increase
for one succinctly encoded problem, the upward-translation theorems im-
ply the same behaviour for all similar decision problems. We recall these
results for complete problems in L, NL and NP.

Theorem 15 [51]. The succinct decision problems succinctcir
cir(STCONN) and

succinctcir
cir(USTCONN) are PSPACE-complete.

Proof. The result for succinctcir
cir(USTCONN) has been proved by Lozano

and Balcázar [51]. The lower bound for succinctcir
cir(STCONN) follows by

the result for succinctcir
cir(USTCONN), the upper bound follows as PSPACE

= NPSPACE.

Theorem 16 [57, 72]. The succinct decision problems succinctcir(3-CNF-SAT)
and succinctcir

cir(Clique) are NEXP-complete.
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Proof. The statement for succinctcir
cir(Clique) has been proved by Papadim-

itriou and Yannakakis [57]. Veith [71] seems to be the first stating that
the circuit-encoded circuit-satisfiability problem is NEXP-complete. In ad-
dition, Veith [72] first mentioned that succinctformula(3-CNF-SAT) is NEXP-
complete, implying that succinctcir(3-CNF-SAT) is NEXP-complete.

The following corollary, which is a combination of Theorems 14 to 16,
then states that basically all circuit-encoded problems of L-/NL-hard prob-
lems are PSPACE-hard, while the versions of NP-hard problems become
NEXP-hard.

Corollary 9. For every L- or NL-hard problem A (under quantifier-free reduc-
tions), succinctcir(A) is PSPACE-hard. For every problem B hard for NP (under
quantifier-free reductions), succinctcir(B) is NEXP-hard.

While Corollary 9 implies that all NP-complete problems become NEXP-
complete when succinctly encoded by a circuit, a similar statement holds
for P-complete problems and EXP (see for example Veith [72]). We omit this
result as we do not need it in this thesis.

As noted in Lemma 2, quantifier-free reductions imply O(log(n))-time
reductions, implying that quantifier-free reductions are enough to give
polynomial-time reductions for OBDD-, circuit- and formula-encoded prob-
lems. In Section 2.4.4 we gave quantifier-free reductions from USTCONN
to GI (Lemma 4) and from 3-CNF-SAT to Clique, Longest-Induced-Path,
Vertex Cover on graphs of degree 3 and Dominating Set on graphs of de-
gree 3 (Lemmas 5 to 8). Additionally, we gave a logarithmic-time reduction
from k-CNF-SAT to k-edge-COL (for k > 2) in Lemma 9. Using Corollary 9,
the mentioned reductions and the fact that succinctly encoded problems
can only become exponentially harder, the following corollary is immedi-
ate. We will need these completeness or hardness statements later in this
chapter.

Corollary 10. The problem succinctcir
cir(GI) is hard for PSPACE. The following

problems are NEXP-complete: succinctcir
cir(Clique), succinctcir

cir(Vertex Cover) (on
graphs of degree 3), succinctcir

cir(Longest-Induced-Path), succinctcir
cir(k-edge-COL)

and succinctcir
cir(Dominating Set) (on graphs of degree 3).

Similarly, these statements also hold for OBDD- or formula-encoded in-
stances of NL-, P- or NP-complete problems [19, 72, 73], implying that
general circuits, formulas and OBDDs are usually powerful enough to give
a full blow-up of the complexity of succinctly encoded problems. In other
words, if we want to find succinct encodings for which the exponential
blow-up may not happen, we have to further restrict these encodings.

4.5 cnf- and dnf-encoded graph problems

While Section 4.4 showed that we have to expect an exponential complexity
increase for circuit-, formula- and OBDD-encoded problems under the stan-
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dard succinct encoding, Das, Scharpfenecker, and Torán [15, 16] gave the
first examples of succinct encodings which do not exhibit this behaviour
by restricting the encoding circuits to have a depth bounded by 2, i.e. the
encodings are CNF- or DNF-formulas. This section will recall and improve
these results. Table 1 (see page 68) gave an overview over what we will
present. We will later use these results to identify the exact threshold for
which k ∈ N circuits of depth bounded by k always encode problems
which get exponentially harder.

Later, Theorem 25 will prove that the problem succinctCNF(3-CNF-SAT)
is NEXP-complete. The definition for 3-CNF-SAT we use in this theorem
is based on Section 2.4.3. Therefore instances are encoded using only one
relation (or circuit) C encoding the presence of literals in the clauses. Based
on the upward-translation theorems (see Theorem 14) and the reductions
in Section 2.4.4, the following corollary is immediate.

Corollary 11. The problems succinctBn

cir (Vertex Cover) (on graphs of degree 6
3), succinctBn

cir (Longest-Induced-Path), succinctBn

cir (Dominating Set) (on graphs of
degree 6 3) and succinctBn

cir (k-edge-COL) are NEXP-complete.

We will use these results in Sections 4.5.3, 4.5.5 and 4.5.6.

4.5.1 Reachability

We study the problems succinctBn

DNF(STCONN), succinctBn

CNF(STCONN) and
succinctBn

CNF(USTCONN) by proving the problems succinctBn

CNF(STCONN)

and succinctBn

CNF(USTCONN) to be PSPACE-complete. Our proofs reduce
the corresponding circuit-encoded problems to the CNF-encoded problems
by using some of the structural transformations from circuit- to CNF-en-
coded graphs of Section 3.1. In contrast to the usual exponential complex-
ity blow-up of succinctly encoded problems, succinctBn

DNF(STCONN) will
be shown to be NL-complete by exploiting the biclique structure of such
graphs. If the encoded graph circuit-encodes V , then this problem is even
NP-complete. We start with this new result and then turn our attention to
the PSPACE-completeness results.

Theorem 17 [16]. The problem succinctBn

DNF(STCONN) is NL-complete.

Proof. The lower bound follows by Theorem 13. For the upper bound, sup-
pose we are given a DNF-formula F on n variables and m 6 |F| terms en-
coding the edge relation E of the directed graph GF = (V ,E) where V = Bn

and two vertices s, t ∈ Bn. Using Lemma 10 and Corollary 3, GF is the
union of at most m · n2 = poly(|F|) bicliques (defined by the formula F ′).
This implies that for all two vertices u, v ∈ V , either dGF(u, v) 6 m · n2 or
dGF(u, v) = ∞: every shortest path from u to v has to use each of the m ·n2
bicliques at most once. To see that this is correct, observe that if a path
uses the same biclique more than once, the first time using the edge (x,y)
and the second time using the edge (x ′,y ′) (for x,y, x ′,y ′ ∈ V), replacing
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the part x,y, . . . , x ′,y ′ of the path with the edge (x,y ′) yields a valid but
shorter path from u to v.

Based on this observation, a correct NL-algorithm can successively guess
bicliques which it wants to traverse and stop after m · n2 steps. Our algo-
rithm starts by guessing one of them ·n2 terms in F ′, let this be the term Ti1
and checks if s is in the source-set of the encoded biclique. This can be done
by checking if s satisfies all xi literals in Ti1 . Note that guessing Ti1 can be
done by guessing i1 6 m ·n2 and therefore |i1| ∈ O(log(nm)) = O(log(|F|)).

We then guess i2 and check if the source-set of Ti2 intersects with the
target-set of Ti1 by comparing the x-literals in Ti2 with the y-literals in Ti1 :
if there is no j ∈ [n] such that the occurrence of yj in Ti1 and xj in Ti2
are complementary (so one is negative and the other one is positive), then
there is some common z ∈ Bn. The next step in this process forgets i1 and
guesses a new term i3 and checks again if the target-set of the last term
and the source-set of the next term intersect. We accept if at one point t is
in the target-set of a guessed term. If we reach im·n2 without finding t, we
reject.

This algorithm uses O(log(|F|)) space: all we have to remember at every
single step are two indices of terms in F ′ and the space we need for checking
if source- and target-sets intersect and if s or t are in some source- or target-
sets. Remembering two terms needs space 2 log(m · n2) ∈ O(log(|F|)) and
checking intersections or containments can be done with another log(n) 6
log(|F|) space by iterating through all of the n variables and checking for
positive/negative occurrences in the terms.

If the encoded-graph uses a circuit C to encode the set of vertices V , then
this problem becomes NP-hard as finding a path requires finding vertices
other than s and t. Further, this problem can be seen to be NP-complete
as the diameter of the encoded-graph is at most poly(n). An NP-algorithm
guesses poly(n) vertices and checks if they are vertices and form a path
from s to t.

Corollary 12. The problem succinctcir
DNF(STCONN) is NP-complete.

As we can interpret an undirected graph as a directed graph, the NL-
algorithm for succinctBn

DNF(STCONN) implies that succinctBn

DNF(USTCONN)

is in NL (and NP-complete if V is circuit-encoded). We conjecture that the
problem succinctBn

DNF(USTCONN) is L-complete.

Theorem 18 [16]. The problem succinctBn

CNF(STCONN) is PSPACE-complete.

Proof. For the lower bound we reduce the problem succinctcir
cir(STCONN),

which is known to be PSPACE-complete (see Theorem 15), to the prob-
lem succinctBn

CNF(STCONN). As succinctBn

CNF(STCONN) is a special case of
succinctcir

cir(STCONN) we know that this problem is in PSPACE, implying
that succinctBn

CNF(STCONN) is PSPACE-complete.
So given a (cir, cir)-encoded graph G = (V ,E) (for two circuits C,D

on n and 2n variables) and s, t ∈ V for succinctcir
cir(STCONN), we can
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transform G into a graph G ′ = (V ′,E ′) = (Bn,E ∩ V2) where the edges
E ′ = E ∩ V2 can be computed by the circuit D ′(x1, . . . , xn,y1, . . . ,yn) =

D(x1, . . . , xn,y1, . . . ,yn)∧C(x1, . . . , xn)∧C(y1, . . . ,yn). ThenG has a path
from s to t iff G ′ has a path from s to t.

But for a circuit C ′(x1, . . . , xn,y1, . . . ,yn) (encoding E ′) and s, t ∈ V ,
deciding if the directed graph G ′ = (Bn,E ′) contains a path from s to t
can be reduced to succinctBn

CNF(STCONN) using Lemma 12. Given C ′ and
s, t ∈ V , after applying the construction of Lemma 12 to C ′ we get a CNF-
formula F∗ encoding a graph G∗ = (Bpoly(n),E∗) in which each directed
edge of G ′ has been replaced by a path of length 2. This preserves reach-
ability but changes the names of all vertices. As described in Lemma 12,
we can, in polynomial-time, translate s and t in V to their corresponding
counterparts s∗, t∗ in Bpoly(n). But then G∗ has a directed path from s∗ to
t∗ iff G has a directed path from s to t. This implies PSPACE-hardness for
succinctBn

CNF(STCONN). The constructed encoding of G∗ can be computed
in time poly(|D1|+ |D2|) and is of size poly(|D1|+ |D2|).

Theorem 19. The problem succinctBn

CNF(USTCONN) is PSPACE-complete.

Proof. We can adapt the proof for Theorem 18 for the problem USTCONN.
Note that we encode undirected graphs G by actually encoding a directed
graph H for which G is the associated undirected graph (see Definition 4).
Due to Theorem 15, succinctcir

cir(USTCONN) is PSPACE-complete. But if we
are given circuits encoding an undirected graph G with a directed graph
H for succinctcir

cir(USTCONN), applying the translation of Lemma 12 to H
yields a directed graph H∗ for which each directed edge is replaced with
a directed path of length two. The undirected graph G∗ associated with
H∗ has therefore for each undirected edge {u, v} either one or two (if either
(u, v) or (v,u) are in H or both are in H) undirected paths between u and v.

Therefore the edges of G∗ are encoded by a CNF-formula and this trans-
formation preserves reachability. Given the original encoding of G and
some s, t, we can compute a formula F∗ ∈ CNF succinctly encoding G∗ =
(Bpoly(n),E∗), and s∗, t∗ ∈ V∗ in polynomial-time such that G has a path
from s to t iff G∗ has a path from s∗ to t∗. Combining this with the triv-
ial upper bound of PSPACE, we conclude that succinctBn

CNF(USTCONN) is
PSPACE-complete.

4.5.2 Graph Isomorphism

Das, Scharpfenecker, and Torán [15, 16] studied the GI problem on suc-
cinctly encoded instances and showed that, in contrast to the results on
DNF- and CNF-encoded STCONN (and similar results for other problems
in the next sections), there is no difference between the circuit, CNF- or
DNF-encodings. So succinctBn

DNF(GI), succinctBn

CNF(GI) and succinctBn

cir (GI)
are equivalent. We will first prove this equivalence and then give a lower
bound of PSPACE for succinctBn

DNF(GI). As Theorem 20 implies that GI on
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graphs of size 2n, having a biclique cover of size poly(n), is complete for
the succinct version of GI, Section 4.5.2.1 will discuss this property and use
it to relate succinctcir

cir(GI) to the isomorphism of point sets in metric spaces,
a GI-related problem studied for example by Arvind and Rattan [5].

Theorem 20 [16]. succinctBn

DNF(GI) ≡P
m succinctBn

CNF(GI) ≡P
m succinctBn

cir (GI)
and succinctBn

OBDD(GI) 6P
m succinctBn

DNF(GI).

Proof. We will prove the following chain of reductions: succinctBn

cir (GI) 6P
m

succinctBn

CNF(GI) 6P
m succinctBn

DNF(GI) 6P
m succinctBn

cir (GI). For the first re-
duction, succinctBn

CNF(GI) 6P
m succinctBn

DNF(GI), we just note that two graphs
are isomorphic iff their complementary graphs are isomorphic and, given
a graph G with edges encoded by a CNF-formula F, F is a DNF-formula en-
coding the edges of a graph complementary to G. The required reduction
with inputs F1 and F2 encoding G1 and G2 just outputs F1 and F2.

The last reduction in this chain is even easier: DNF-formulas are already
circuits and the reduction simply returns its input. For the last statement,
using the claimed reduction-chain and the fact that OBDDs are just special
types of circuits, we follow that succinctBn

OBDD(GI) 6P
m succinctBn

DNF(GI).
What is left to show is that succinctBn

cir (GI) 6P
m succinctBn

CNF(GI). So for
two given circuits C1 and C2, both on 2n variables4 x1, . . . , xn,y1, . . . ,yn
encoding the edges of the graphs G1 = (Bn,E1) and G2 = (Bn,E2), we
construct two CNF-formulas F1 and F2 encoding the graphs G∗1 and G∗2
such that G1 ∼= G2 iff G∗1 ∼= G∗2.

In a first step, given C1 and C2, we introduce two new variables xn+1
and yn+1 into C1 and C2 and form the circuits C ′1 = C1 ∨ xn+1 ∨ yn+1
and C ′2 = C2 ∨ xn+1 ∨ yn+1. The graph G ′1 encoded by C ′1 has vertices
{x0 : x ∈ Bn} ∪ {x1 : x ∈ Bn} and its edge-set on {x0 : x ∈ Bn} is the same
as E2, on {x1 : x ∈ Bn} it is K2n and between those two sets it is K2n,2n .
Observe that as long as n > 2, the graph G ′1 (as well as the graph G ′2) is not
equivalent to K3 or K1,3. As we apply the same operation to G1 and G2 we
can see that G1 ∼= G2 iff G ′1 ∼= G ′2.

But as G ′1 and G ′2 are connected and are not equal to K3 or K1,3, us-
ing Whitneys isomorphism theorem (Theorem 1), G ′1 ∼= G ′2 iff their line
graphs L(G ′1) and L(G ′2) are isomorphic. Using Lemma 11 we can create in
polynomial-time two formulas F1 and F2 encoding L(G ′1) and L(G ′2) plus
some isolated vertices. The number of isolated vertices depends on the num-
ber of new variables in F1 and F2. If both have 2m variables (m > n), then
the encoded graphs contain the same number of isolated vertices iff G ′1 and
G ′2 have the same number of edges.

If F1 has 2m variables and F2 has 2m + 2k variables, we add 2k new
variables xm+i and ym+i (for i ∈ [k]) to F1 and add the unit clauses
(xm+i)∧ (ym+i) to F1, hereby adding 22m+2k − 2m new isolated vertices

4 If C1 and C2 have a different number of variables, they are graphs on a different number
of vertices and therefore not isomorphic.
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to the graph encoded by F1. This ensures that the graphs G∗1 and G∗2 en-
coded by F1 and F2 have the same number of vertices. In addition, if
L(G ′1)

∼= L(G ′2), then G∗1 and G∗2 contain the same number of additional
isolated vertices.

So if G1 ∼= G2, then L(G ′1) ∼= L(G ′2) and G∗1 and G∗2 contain L(G ′1) and
L(G ′2) and the same number of additional isolated vertices and therefore
G∗1

∼= G∗2. If G1 6∼= G2, then L(G ′1) 6∼= L(G ′2) and no matter how many
isolated vertices G∗1 and G∗2 contain, as they also contain the connected
components L(G ′1) and L(G ′2), we follow that G∗1 6∼= G∗2.

All transformations from (C1,C2) to (F1, F2) can be computed in poly-
nomial-time, proving our statement.

We note that these reductions still work if the sets of vertices are circuit-
encoded.

Theorem 21. The problem succinctBn

DNF(GI) is hard for PSPACE.

Proof. By Theorem 19 we know that succinctBn

CNF(USTCONN) is PSPACE-
complete. Combining Lemma 4 and Theorem 14 with this statement we fol-
low that succinctBn

cir (GI) is hard for PSPACE. But as PSPACE is a determinis-
tic class and therefore coPSPACE = PSPACE, it follows that succinctBn

cir (GI)
is hard for PSPACE, and, using Theorem 20, succinctBn

DNF(GI) is hard for
PSPACE [16].

A recent result of Babai [7] claims GI can be solved in time O(2polylog(n))

for graphs on n vertices. Given two circuit-encoded graphs, each on at most
2n vertices, this algorithm implies that succinctcir

cir(GI) can be solved in time
O(2polylog(2n)) = O(2poly(n)). Therefore succinctcir

cir(GI) can even be shown
to be in EXP.

4.5.2.1 Other upper bounds

Let GeometricGIX,d be the geometric graph isomorphism problem on point-
sets in the metric space (X,d) (see for example Arvind and Rattan [5]). This
problem is defined as, given two point sets A,B ⊆ X, decide if there is
a bijection π : A → B such that for all u, v ∈ A, d(u, v) = d(π(u),π(v)).
Using the connection of biclique-covers and representations as point-sets
in a metric space using d∞ (see Section 3.5), we give a characterisation of
succinctcir

cir(GI) in the context of GeometricGI.

Lemma 18. The problem succinctcir
cir(GI) can be reduced using polynomial-space

to coloured-GeometricGI{0,1,2}poly(m),d∞ on point sets of size at most 2n where m is
the size of the encoding circuit.

Proof. First note that, using Theorem 20, we can reduce succinctcir
cir(GI) to

succinctcir
DNF(GI). The size of this instance is poly(m) where m is the size

of the encoding circuits of succinctcir
cir(GI). Then, given two DNF-formulas

F and F ′ of size poly(m), we want to reduce the question if GF ∼= GF ′ to
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GeometricGI{0,1,2}poly(m),d∞ on coloured point sets of size at most 2n. As GF
and GF ′ can be covered by l = poly(m) bicliques. We can transform GF and
GF ′ , using polynomial-space, such that no two vertices are in exactly the
same set of bicliques by replacing all vertices which have the same set of
neighbours with a unique vertex which is labelled with a color representing
the number of vertices which were just replaced. After this transformation,
no two vertices are in the same set of left- and right-sides of bicliques,
as this would imply they have the same set of neighbours. Let these new
graphs be G ′F and G ′F ′

By Theorem 12 G ′F and G ′F ′ , whose complementary graphs can be cov-
ered by l bicliques and where no two vertices are in the same set of left- and
right-sides of bicliques, can be represented by functions f, f ′ : V → {0, 1, 2}l,
where V is the set of vertices of these graphs, such that all edges get
mapped to points of distance 1 and non-edges get mapped to points of
distance 2.

Then f(V) ∼= f ′(V) iff G ′F ∼= G ′F ′ iff G ′F ∼= G ′F ′ iff GF ∼= GF ′ iff (F, F ′) ∈
succinctcir

DNF(GI). Note that the first three of these isomorphisms have to
preserve colours.

This implies that the succinctly encoded GI-problem can be encoded as
the coloured geometric graph isomorphism of point sets of only polynomial
dimension using the Chebyshev distance. So if coloured-GeometricGIZk,d∞
could be solved using only space polylog(n) · poly(k), then succinctcir

cir(GI)
would be PSPACE-complete.

As noted in Section 3.5, we could achieve a similar statement for intersec-
tion graphs of complete sub-hypercubes in Hpoly(m) [58].

4.5.3 Longest-Induced-Path

We will now study the problem Longest-Induced-Path, which is the first
NP-complete problem we study in this thesis which exhibits a different be-
haviour under DNF-encodings compared to general circuit encodings. As
we know that DNF-encoded graphs are the union of poly(n) bicliques, we
use this property to the advantage of succinctBn

DNF(Longest-Induced-Path),
proving that this problem is not harder than Longest-Induced-Path, a some-
what surprising result. On the other hand, graphs whose complement can
be encoded by a DNF-formulas of size poly(n) (where n is the number of
variables, i.e. the graph contains 2n vertices) are strong enough for Longest-
Induced-Path to become exponentially harder than Longest-Induced-Path.
In other words, we show that succinctBn

CNF(Longest-Induced-Path) is NEXP-
complete.

These results imply that the succinct versions of co-Longest-Induced-
Path, which has the same relation to Longest-Induced-Path as Indepen-
dent Set has to Clique, show the same behaviour. But now the problem
succinctBn

DNF(co-Longest-Induced-Path) is NEXP-complete and the problem
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succinctBn

CNF(co-Longest-Induced-Path) stays NP-complete. This yields a first
example of a problem for which the DNF-encoding becomes exponentially
harder but the CNF-encoding does not get a complexity blow-up.

Theorem 22 [16]. The problem succinctBn

DNF(Longest-Induced-Path) is complete
for NP.

Proof. The lower bound follows by Theorem 13. For the upper bound, we
again use the fact that every DNF-encoded undirected graph G = (V ,E),
where the encoding formula is of size at most m and has n variables, is
the union of at most poly(m) bicliques (see Corollary 3). We will prove that
every induced path in G cannot contain more than 2 edges of each biclique
and these two edges have to occur consecutive in the path, implying that
the longest induced path is of size poly(m). If this is true, an NP-algorithm
is immediate: guess poly(m) vertices, check if it is an induced path and of
length at least k. If these conditions are fulfilled, accept, or else reject.

Let P be the induced path in a DNF-encoded undirected graphG = (V ,E)
and let S× T with S, T ⊆ V be the biclique we study. Now assume that
the former statement is not true: P contains two non-consecutive edges
(u, v), (x,y) (occurring in this order in the path) of S× T or P contains 3
(or more) edges (a,b), (u, v), (x,y) (occurring in this order in the path) of
S× T .

For the first part, if the edges are non-consecutive, all four vertices have
to be distinct or else the edges would be consecutive or would imply that P
is not a path. Further, if u and x are both in S (or in T ), then a is connected
to b and y, so P is not an induced path. If u and y are both in S (or in T ),
then u is connected to b and x, so P is not an induced path.

For the second part, if P contains the three edges (a,b), (u, v) and (x,y),
then a has to be connected to x or y, implying there is a shortcut in P which
is therefore not an induced path.

Theorem 23 [16]. The problem succinctBn

CNF(Longest-Induced-Path) is NEXP-
complete.

Proof. By Corollary 11, the problem succinctBn

cir (Longest-Induced-Path) is
NEXP-complete. Clearly, succinctBn

CNF(Longest-Induced-Path) ∈ NEXP as a
CNF-encoded graph is still a circuit-encoded graph. For the lower bound,
we show that succinctBn

cir (Longest-Induced-Path) can be reduced to the prob-
lem succinctBn

CNF(Longest-Induced-Path).
Given a circuit C(x1, . . . , xn,y1, . . . ,yn) encoding the edges of a graph

GC and a k ∈N, we will produce a formula F ′ on 2m 6 poly(|C|) variables
and some k ′ ∈ N such that (C,k) ∈ succinctBn

cir (Longest-Induced-Path) iff
(F ′,k ′) ∈ succinctBn

CNF(Longest-Induced-Path).
In a first step we create a new circuit C ′, which, for all vertices u ∈ 0Bn,

encodes GC and for all vertices u starting with a 1 connects u to all vertices
in 0Bn if u = 1n+1 or leaves it disconnected if u ∈ 1Bn and u 6= 1n+1:
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C ′(x0, . . . , xn,y0, . . . ,yn) = (x0 ∨ y0)∧

((x0 ∧ y0)→
∧
i∈[n] xi)∧

((x0 ∧ y0)→ C(x1, . . . , xn,y1, . . . ,yn))

In other words, GC ′ encodes GC with a new vertex 1n+1, which is con-
nected to all vertices in GC, plus 2n− 1 new and isolated vertices. It is easy
to see that all maximal induced paths P (of length at least 1) in GC stay
maximal induced paths in GC ′ : the only new vertex they could include is
connected to all vertices in P. Further, GC ′ does not include new maximal
induced paths of length more than 1. Then GC has a longest induced path
of length k iff GC ′ has a longest induced path of length k.

We now apply Lemma 12 to C ′ and get a formula F ′ encoding a graph
GF ′ which can be constructed fromGC ′ by replacing all undirected edges by
either one or two paths (in parallel) of length 2. So every edge {a,b} ∈ GC ′ is
replaced by either the edges {{a,uab}, {uab,b}} or {{a,uab}, {uab,b}, {a, vab},
{vab,b}} using the new vertices uab and vab. It is easy to see that every
induced path P may only use both of them if it is a path on 3 vertices (and
therefore of length 2), starting and ending in uab and vab.

Let u∗ be the vertex in GF ′ corresponding to 1n+1 in GC ′ and ΓGF(u
∗)

be the set of neighbours of u∗ in GF. These 2n neighbours are all vertices
introduced by the transformation from C ′ to F ′ and correspond to middle
vertices in the paths of length 2 from u∗ to the vertices in GC.

Further, for all paths P = (u1, . . . ,ul+1) of length l in GC ′ , there is a path
of length 2k+ 2 in GF ′ which includes the original 2k edges (corresponding
to k edges in GC ′) and one edge added at the beginning and end of P. These
two edges will be {ΓGF ′ (u

∗)∩ ΓGF ′ (u1),u1} and {ΓGF ′ (u
∗)∩ ΓGF ′ (ul),ul}.

For the other direction, every induced path which includes u∗ can be
of length at most 2 and is therefore trivial (for k = 2 this problem can be
solved even in NP). Similarly, if a maximal induced path P includes two
vertices of ΓGF ′ (u

∗) it has to be at the beginning and end of P and P cannot
contain more than 2 vertices in ΓGF(u

∗). Using these conditions, it is easy
to see that all maximal induced paths in GF ′ have length 2l+ 2 for some
l ∈N and each one of them implies a path of length l in GC ′ .

In total, (C,k) ∈ succinctBn

cir (Longest-Induced-Path) iff (F ′, 2k + 2) is in
succinctBn

CNF(Longest-Induced-Path). All constructions can be implemented
in polynomial-time.

Observe that these results still apply when V is circuit-encoded.

Corollary 13. The problem succinctcir
DNF(Longest-Induced-Path) is NP-complete.

The problem succinctcir
CNF(Longest-Induced-Path) is NEXP-complete.

By complementation of the graphs and therefore the CNF- and DNF-
formulas, we get complementary results for the co-Longest-Induced-Path
problem.
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Corollary 14. The decision problems succinctBn

CNF(co-Longest-Induced-Path) and
succinctcir

CNF(co-Longest-Induced-Path) are NP-complete and the decision problems
succinctBn

DNF(co-Longest-Induced-Path) and succinctcir
DNF(co-Longest-Induced-Path)

are NEXP-complete.

4.5.4 Satisfiability

Although we only study succinctly encoded graph problems and the sat-
isfiability problem is, in its standard representation, not a graph problem,
we can still represent formulas as graphs and therefore study CNF-SAT us-
ing our models of representation. This will be based on the representation
of 3-CNF-SAT in the context of Descriptive Complexity (see Section 2.4.3).
Recall that a 3-CNF-formula F on n variables and n clauses contains a list
of clauses (i,a, j) ∈ {0, . . . ,n − 1}3 such that (i, 0, j) represents that xi oc-
curs in clause Cj and (i, 1, j) ∈ {0, . . . ,n− 1}3 represents that xi occurs in
clause Cj. Further we can assume there is no triple such that the second
entry is not 0 or 1. In other words, we can interpret this encoding as a bi-
partite graph on 2n×n vertices: 2n vertices represent the 2n literals (given
as {0, . . . ,n − 1} × {0, 1}) and n vertices represent the n clauses (given as
{0, . . . ,n− 1}).

Generalizing this notion, for a given CNF-formula F on n variables x1, . . . ,
xn and n clauses C1, . . . ,Cn, we represent F as a bipartite graph G =

(U ∪ V ,E) such that V = {C1, . . . ,Cn}, U = {x1, . . . , xn, x1, . . . , xn} and
E = {{u, v} : u ∈ U, v ∈ V and literal u occurs in clause v in F} ⊆ U× V .

Using this representation of a formula F as a graph G, we can interpret
every undirected, bipartite graph on 2n and n vertices as a CNF-formula on
n variables and n clauses. By definition, isolated vertices in U (representing
literals) do not occur in the formula and all vertices in V (representing
clauses) have at least one neighbour in U.5.

Now, going back to our notation of succinctly encoded graphs, a cir-
cuit C(x1, . . . , xn+1,y1, . . . ,yn) encodes a bipartite graph6 on the sets U =

Bn+1 and V = Bm. If we interpret the first n bits of u ∈ U as a name of
a variable and the last bit as an indicator if u is negated (u is negated iff
u[n+ 1] = 0), then U is the set of 2 · 2n literals of 2n variables. Similarly, V
is the set of 2n different clauses.

The separation of the first n+ 1 bits into n bits encoding a variable and
1 bit encoding if the variable is a positive or negative literal corresponds to
the encoding of literals as (i, 0) or (i, 1) in the interpretation of 3-CNF-SAT
in the context of Descriptive Complexity. But as the second index in these

5 This deviates from the usual definition that empty clause are allowed but spares us the
existence of empty clauses in encoded formulas. Further, the definition of 3-CNF-SAT in
Stewart [65] states that in such formulas every clause has exactly 3 literals, implying that
empty clauses do not exist. Nevertheless, this version is still NP-complete.

6 This is the only time we allow to use a different number of variables and therefore vertices
in the partitions. This is, of course, only a variation in the definition and allows more
flexibility.
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pairs is not allowed to take values > 1, we can just represent it using only
a single bit.

So every such circuit can be interpreted as a succinct encoding of a CNF-
formula. We use this to study the computational complexity of CNF- and
DNF-encoded CNF-SAT instances.

We write succinctcir(CNF-SAT) to denote CNF-SAT where the formula on
2n variables and clauses is encoded by a single circuit on 2n+ 1 variables.

Theorem 24 [16]. The problem succinctDNF(CNF-SAT) is NP-complete.

Proof. The lower bound follows by Theorem 13. For the upper bound, given
a DNF-formula F on n +m variables, encoding the bipartite, undirected
graph GF = (U∪V ,E) with U = Bn+1, V = Bm, let HF denote the encoded
CNF-formula. As F is a DNF-formula, GF is the union of l ∈ poly(|F|)
bicliques (see Corollary 3). To satisfy HF, there needs to be a satisfying
assignment α : Bn → B such that every clause Ci of HF for i ∈ [Bn]

has one of its literals set to true. But α can be interpreted as the subset of
vertices in U which represent literals which are set to 1 by α. Let this subset
be Uα = {u ∈ U : α(u[1] . . . u[n]) = u[n]}. In other words, α satisfies HF iff
every vertex v ∈ V is either isolated or has a neighbour in Uα.

To find a satisfying assignment α for HF we could instead look for such
a dominating set in GF. If there is a satisfying assignment to HF, then a
minimum subset of U which dominates all non-isolated vertices in V is of
size at most l: if there is an α such that Uα dominates V , then selecting
for each biclique Bi ⊆ U× V one of the vertices of Bi in Uα is still enough
to dominate all non-isolated vertices in V . In conclusion, HF is satisfiable
iff some Uα dominates all non-isolated vertices in V iff there exists a set
U ′ ⊂ U of at most l non-contradicting literals which dominate all non-
isolated vertices in V .

This implies the following NP-algorithm for our problem: guess l vertices
a1, . . . ,al in U = Bn and check that no two of them represent complemen-
tary literals of the same variable and that every biclique contains at least
one of the vertices ai. Accept iff these steps succeed.

Theorem 25 [16]. The problem succinctCNF(k-CNF-SAT) for k > 2 is NEXP-
complete.

Proof. It is easy to see that succinctCNF(k-CNF-SAT) is in NEXP. For the
lower bound, we use a result by Jahanjou, Miles, and Viola [38] which
states that NC0-explicit 3-CNF-SAT is NEXP-complete7. Here NC0-explicit
means that we are given a set of 3n + 3 NC0-circuits Ci(x1, . . . , xm) for
i ∈ [3n+ 3] which encode the 2m clauses, each containing (exactly) 3 literals
of 2n variables, of a CNF-formula. Jahanjou, Miles, and Viola [38] enforce
that every clause has exactly 3 literals by using a unique dummy variable.

7 Theorem 1 (Local reductions) shows how to encode the computation of a non-deterministic
exponential time Turing-machine into the satisfiability problem of an exponentially sized
formula, which can be encoded by poly(n) circuits of constant depth.
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The 3n+ 3 circuits get as input the index of one of these 2m clauses and
the concatenation of their output-bits encode the 3 literals: every literal
consists of a single bit indicating if the literal is positive or negative and n
bits indicating the name of one of the 2n variables.

Let us assume w.l.o.g. thatm = n. Ifm < nwe could add dummy clauses
until the formula has 2m variables and clauses. If m > n, the encoded
formula uses more clauses than variables. Therefore we can assume the
formula to actually have 2m variables of which we only use the original 2n

variables, implying that the encoded formula has 2m variables and clauses.
In this case we have to pad the names of the variables we use by m− n

fixed bits.
We show how to transform this encoding of a CNF-SAT-instance in

polynomial-time to our encoding of CNF-SAT-instances. So given 3n + 3

NC0-circuits encoding a CNF-formula F∗, we construct a CNF-formula F en-
coding a bipartite graph which represents F∗. For j ∈ {0, 1, 2} and i ∈ [n+ 1]

let Cji(x1, . . . , xn) := Cj·(n+1)+i(x1, . . . , xn) be the circuit computing the i-
th bit of the j-th literal of this NC0-explicit encoding of clauses. Define a
new circuit C:

C(x1, . . . , xn+1,y1, . . . ,yn) =
∨

j∈{0,1,2}

∧
i∈[n+1]

(Cji(y1, . . . ,yn)↔ xi)

Then C computes a graph representing F∗ in our encoding. For a literal
u ∈ Bn+1 and a clause v ∈ Bn, (u, v) is an edge in the graph GC iff u is the
j-th literal of the clause v (for some j ∈ {0, 1, 2}).

Observe that the circuit C can be transformed to a CNF-formula F(x1, . . . ,
xn+1,y1, . . . ,yn) of size poly(n): every sub-circuit (Cji(y1, . . . ,yn)↔ xi) is
a constant sized NC0 circuit and can be represented by a CNF-formula
F
j
i of constant size. The conjunction of n + 1 of such CNF-formulas is

a CNF-formula of size O(n). Finally, the disjunction of three such O(n)

sized CNF-formulas can be transformed to a single CNF-formula of size
at most O(n3). F can be constructed in polynomial-time. We conclude that
succinctCNF(k-CNF-SAT) is hard for NEXP.

4.5.5 Dominating Set

We turn our attention to Dominating Set. While Longest-Induced-Path, co-
Longest-Induced-Path and k-CNF-SAT have been proved NEXP-complete
under CNF-encodings but NP-complete under DNF-encodings, Dominat-
ing Set will exhibit a different behaviour. While the CNF-encoding will
still yield a NEXP-complete problem, the DNF-encoding will only yield a
slight complexity increase to PP. We show that the biclique structure of
DNF-encoded graphs can still be exploited for a more efficient algorithm
(better than NEXP), but the isolated vertices of such a graph will increase
the complexity from NP-complete to PP-complete.

Theorem 26 [16]. The problem succinctBn

DNF(Dominating Set) is PP-complete.
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Proof. We first give a PP-algorithm solving succinctBn

DNF(Dominating Set)
and then reduce a PP-complete problem to succinctBn

DNF(Dominating Set),
implying PP-completeness.

For the PP-algorithm we first note that given a graph GF whose edges are
encoded by a DNF-formula F, every dominating set S for GF has to contain
all isolated vertices of GF and vertices which dominate all non-isolated
vertices. Our algorithm has to check, given (F,k), if GF contains less than
k isolated vertices and if, after subtracting the number of isolated vertices
from k, the non-isolated vertices can still be dominated.

Our algorithm will rely on the fact that for a graph G without isolated
vertices for which its edge-set can be covered by at most l bicliques, a min-
imum dominating set is of size at most 2l: using 1 vertex of each biclique-
side of all l bicliques dominates all vertices in G. We know by Corollary 3

that the subgraph of GF on all non-isolated vertices can be covered by
poly(|F|) bicliques.

Then a minimum dominating set for GF consists of all isolated vertices
and at most l ∈ poly(|F|) vertices for the non-isolated part of GF. Our al-
gorithm checks for all i ∈ [l], if GF has at most k− i isolated vertices and
if the non-isolated part of GF can be dominated by at most i vertices. We
show that both of these questions are in PP and accept if for some i both
questions hold. As this describes a truth-table reduction to PP, which is
closed under truth-table reductions (see Fortnow and Reingold [20]), this
algorithm implies that succinctBn

DNF(Dominating Set) is in PP.
The first of these two questions asks whether a given DNF-formula F(x1,

. . . , xn,y1, . . . ,yn) encodes a graph GF with at most i isolated vertices. A
vertex u ∈ Bn is isolated in GF iff F(u,y1, . . . ,yn) and F(x1, . . . , xn,u) are
unsatisfiable. But checking if a DNF-formula is unsatisfiable can be done in
polynomial-time. An NP-machine trying to find isolated vertices guesses
such an u and verifies in polynomial-time that the two resulting DNF-
formulas are unsatisfiable. This implies that verifying that GF has at most i
isolated vertices is in PP.

For the second question, deciding if all non-isolated vertices in the graph
encoded by F(x1, . . . , xn,y1, . . . ,yn) can be dominated by i ∈ poly(n) ver-
tices, there is an NP-algorithm: we guess i elements of Bn and check if each
of the poly(n) biclique-sides (which can be computed in polynomial-time
by Lemma 10) is represented by one of these i vertices. Verifying if a vertex
a ∈ Bn represents the source- or target-set of a biclique defined by a term
can be done by checking if it satisfies all xj or yj literals of this term.

Combining this truth-table reduction with queries to PP- and NP-oracles
yields a PP-algorithm for succinctBn

DNF(Dominating Set).
For the lower bound, we note that many-CNF-SAT is known to be PP-

complete (see for example Papadimitriou [56]) and PP is known to be
closed under complementation and therefore PP = coPP. The problem
many-CNF-SAT, given a CNF-formula F(x1, . . . , xn) and some k ∈ N, de-
cide if F has at most k satisfying solutions, is therefore PP-complete. This
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problem can be reduced to the problem many-DNF-SAT, given a DNF-
formula F(x1, . . . , xn) and some k ∈ N, decide if F has at least k sat-
isfying solutions, by the following reduction: given some CNF-formula
F(x1, . . . , xn) and some k ∈ N, (F,k) ∈ many-CNF-SAT iff (F, 2n − k) ∈
many-DNF-SAT.

We now show how the problem many-DNF-SAT can in turn be reduced
to succinctBn

DNF(Dominating Set). For a given DNF-formula F(x1, . . . , xn)
and some k ∈N we produce the new formula

F ′(x1, . . . , xn, xn+1,y1, . . . ,yn,yn+1) = F(x1, . . . , xn)∧ xn+1∧
∧

i∈[n+1]

yi.

Then F ′ can be made a DNF-formula by adding xn+1∧
∧
i∈[n+1] yi to every

term in F using distributivity. We interpret F ′ as a succinctly encoded graph
GF ′ on 2n+1 vertices Bn+1. All satisfying solutions of F ′ have to satisfy F
on x1, . . . , xn, have to set xn+1 to 0 and all yi (for i ∈ [n+ 1]) to 1. In other
words, all satisfying solutions a ∈ Bn of F yield an edge (a0, 1n) in the
graph defined by F ′. As these are all edges of GF ′ , if F had l satisfying solu-
tions, then GF ′ has 2n − 1+ 2n − l isolated vertices. A minimal dominating
set for all non-isolated vertices consists only of the vertex 1n.

But then F has at least k satisfying solutions iff GF ′ has a dominating set
of size at most 2n − 1+ 2n − k+ 1 = 2n+1 − k. Our reduction outputs for a
given pair (F,k) the pair (F ′, 2n+1 − k). As many-CNF-SAT is PP-complete
and our reductions imply that many-CNF-SAT 6P

m many-DNF-SAT 6P
m

succinctBn

DNF(Dominating Set), we know that succinctBn

DNF(Dominating Set)
is hard for PP.

Similar to the reachability problem, succinctcir
DNF(Dominating Set) might

be harder than succinctBn

DNF(Dominating Set) as the upper-bound of PP does
not seem to work anymore. For this upper bound we had to check if the
non-isolated part of a graph can be dominated by at most i ∈ poly(n)
vertices, which can be done in NP. Now this seems to be harder as some
of these biclique-sides might be empty because a circuit encoding V may
remove all vertices in a biclique-side. Therefore, guessing i vertices and
checking if they dominate all biclique-sides in polynomial-time is not triv-
ially possible: some of these biclique-sides may be empty and therefore may
not need to be dominated. An exact classification of this problem is open.

Theorem 27 [16]. The problem succinctBn

CNF(Dominating Set) is NEXP-complete.

Proof. We will use the fact that succinctCNF(k-CNF-SAT) for k > 2 is NEXP-
complete (see Theorem 25). We note that the encoded k-CNF-formula is rep-
resented as a bipartite graph on 2n+1 literals and 2m clauses. Every clause
contains exactly 3 literals and is therefore non-empty8. On the other hand,
literals may not occur in any clause. We show how this k-CNF-SAT instance,

8 See the proof of Theorem 25, which recalls that the 3-CNF-formula we construct, using the
result of Jahanjou, Miles, and Viola [38], has 3 literals in each clause.
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represented by a graph which is encoded by a CNF-formula F(x1, . . . , xn+1,
y1, . . . ,ym), can be reduced to a graph encoded by a CNF-formula F ′

and some k ∈ N such that F ∈ succinctCNF(k-CNF-SAT) iff (F ′,k) is in
succinctBn

CNF(Dominating Set). Then succinctBn

CNF(Dominating Set) is NEXP-
hard. The upper-bound of NEXP is obvious.

Given a formula F(x1, . . . , xn+1,y1, . . . ,yn) on 2n + 1 variables. We in-
troduce 2 new y-variables without changing F and therefore create 22 = 4

copies of all encoded clause-vertices in the bipartite graph GF (which en-
codes the k-CNF-SAT instance we study).

We want to implement the following basic reduction which is the stan-
dard way of reducing k-CNF-SAT to Dominating Set: for every variable
we create two vertices, each labelled by one of its literals, and a third vertex
and connect these 3 vertices to form the clique K3. For each clause we create
one vertex and connect this vertex to all literals occurring in this clause.

Then the formula (on l variables) is satisfiable iff there is a dominating
set in this graph of size at most l. This can be verified as every minimum
dominating set has to include one vertex of each of the l cliques K3 intro-
duced for the variables. If we take the literal of each variable corresponding
to a satisfying assignment, then all clause-vertices are dominated. So a min-
imum dominating set is of size at most l if the formula is satisfiable. In
the other direction, if the formula is not satisfiable, then including any one
vertex of a triangle cannot dominate all clauses and therefore a dominating
set needs to include at least one more vertex. A minimum dominating set
is therefore larger than l.

As F encodes an undirected bipartite graph, both vertex-sets U for the lit-
erals and V for the clauses are only distinguished by definition and not by
names. So we introduce two new variables x0 and y0 which should indicate
that a vertex is in the literal side (x0 = 0 or y0 = 0) or that it is in the clause
side (x0 = 1 or y0 = 1). The formula F1(x0, x1, . . . , xn+3,y0,y1, . . . ,yn) =
F(x1, . . . , xn+1,y1, . . . ,yn)∧ x0 ∧ y0 ∧

∧n+3
i=n+2 xi encodes the same (undi-

rected) graph as F, but now this graph is not bipartite: the two sides for
literals and clauses get distinguished by the first bit of each vertex-name.
In addition, for each variable in the encoded formula there are now 8 ver-
tices instead of only 2 (one for each literal). But only the first two of these
vertices (where the last 2 bits are 0) still have edges to the clause-vertices
they are contained in. In total, the graph GF1 contains the graph GF but
now without the bipartition and with 2n(8 − 2) new isolated vertices on
the literal-side.

In the base reduction we wanted to add a single new vertex for every
literal-pair in the encoded formula. So we added 2n new vertices and for
every variable, the two vertices corresponding to its two literals and the
third (new) vertex should form the clique K3. Now instead we add for all
2n variables 23 − 2 > 1 vertices to the two vertices representing the literals
of this variable and form a clique K23 . The formula
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F2(x0, . . . , xn+3,y0, . . . ,yn) = F1(x0, x1, . . . , xn+3,y0,y1, . . . ,yn)

∨((x0 = y0 = 0)∧
∧
i∈[n](xi = yi))

adds the required clique K23 for each of the 2n variables in the encoded
formula. In addition, we can transform F2 to an equivalent CNF-formula of
size poly(n).

It is easy to verify that adding a larger clique for each variable in the en-
coded formula instead of only K3 does not change the previous statements
in our base reduction. Therefore the formula F(x1, . . . , xn+1,y1, . . . ,yn) is
in succinctCNF(k-CNF-SAT) iff (F2, 2n) ∈ succinctBn

CNF(Dominating Set). All
steps of the reduction can be performed in polynomial-time.

4.5.6 k-COL

While Das, Scharpfenecker, and Torán [16] studied succinctly encoded k-
COL, they did not settle the exact computational complexity of CNF- and
DNF-encoded k-COL. We improve their work by showing, for k > 2, that
succinctBn

CNF(k-COL) is NEXP-complete (only containment in NEXP has been
known before) and that succinctBn

CNF(k-COL) is even in NP (instead of only
ΣP2 as showed by Das, Scharpfenecker, and Torán [16])9 and therefore NP-
complete. If the set of vertices is instead circuit-encoded we give a ΣP2 -
algorithm for succinctcir

DNF(k-COL).

Theorem 28. The problem succinctBn

DNF(k-COL) for k > 2 is NP-complete.

Proof. The lower bound follows by Theorem 13. For the upper bound, we
adapt the ΣP2 -algorithm given by Das, Scharpfenecker, and Torán [16] and
show that the universal quantification can even be done in P, resulting in
an NP-algorithm.

Given a DNF-formula F on 2n variables encoding the graph G = (V ,E),
let m ∈ poly(|F|) be the number of bicliques in G using Corollary 3. Our
algorithm will guess for every source- and target-set Bi (i ∈ [2m]) of every
biclique in the graph a set Ci ⊆ [k] of colours, such that vertices u ∈ Bi
are only allowed to use colours in Ci. Such a set {C1, . . . ,C2m} will be
denoted as an inconcrete colouring. A concrete colouring f : V → [k] which
is compatible with this inconcrete colouring assigns to every vertex u a
colour f(u) such that for all Bi which contain u, f(u) ∈ Ci. Of course such
a concrete colouring is proper, iff for all two adjacent vertices u, v in V ,
f(u) 6= f(v).

It is easy to see that for every proper concrete colouring f : V → [k],
there exists an inconcrete colouring which is compatible with the concrete
colouring: just let Ci be set containing all f(u) for u ∈ Bi. In the remaining
part we are going to show that it can be verified in polynomial-time if a

9 While not properly defined in this thesis, we note that ΣP2 is the set of all languages which
can be solved by an NP-machine having access to an NP-oracle. See for example [56] for a
definition.
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guessed inconcrete colouring has a compatible proper concrete colouring.
This would imply an NP-algorithm and finish this proof.

A naive approach for verifying that a guessed inconcrete colouring {C1,
. . . ,C2m} possesses a compatible proper concrete colouring f : V → [k] is by
checking if all vertices u ∈ Bn can be assigned a colour in [k] which is not
ruled out by the inconcrete colouring. For a fixed vertex u, let I ⊆ [2m] be
the index-set of all biclique-sides containing u and J ⊆ [2m] be the index-
set of all biclique-sides which form a biclique with some Bi for i ∈ I. Then
(
⋂
i∈ICi) \ (

⋃
j∈JCj) is the set of all colours which are not ruled out by the

inconcrete colouring.
It is safe to say that assigning one of these colours in this set to u does

not yield an improper concrete colouring. So if all vertices u have at least
one colour in this set left, the inconcrete colouring {C1, . . . ,C2m} possesses a
proper concrete colouring for the graph G. This implies that if there exists a
proper concrete colouring f : V → [k], then there exists an inconcrete proper
colouring C = {C1, . . . ,C2m} which is compatible with f and the correctness
of C can be verified in coNP, yielding a ΣP2 -algorithm (including guessing
C).

We now improve the verification of C = {C1, . . . ,C2m} to a P-algorithm,
proving that succinctBn

DNF(k-COL) ∈ NP. Note that the former verification
step is equivalent to the following procedure: accept if for all sets I ⊆ [2m],
(
⋂
i∈ICi) \ (

⋃
j∈JCj) = ∅ implies that (

⋂
i∈I Bi) = ∅. This means that all

vertices in non-empty intersections of biclique-sides have at least one colour
left which is not ruled out by C. As the union of vertices in all non-empty
intersections is V , this is equivalent to the former verification.

This verification can be improved to polynomial-time by only consider-
ing subsets of size at most k: if there is some subset I of biclique-sides
containing at least one vertex u ∈ V where the set of allowed colours for
u is the empty set, then there is a subset J ⊆ I of size at most k which
assigns the empty set as the set of allowed colours to u. For every colour
c ∈ [k], there is one j ∈ J such that either Bj removes the colour c or the
biclique-sides which form bicliques with Bj remove the colour c from the
set of allowed colours for u.

For I ∈
([2m]
k

)
let JI be the set of all biclique-sides which form bicliques

with some Bi. Then a O(2mk) time verification procedure checks for all
sets I ∈

([2m]
k

)
if (
⋂
i∈ICi) \ (

⋃
j∈JI Cj) = ∅ implies that (

⋂
i∈I Bi) = ∅. We

accept iff this is true for all I.

Similar to Section 4.5.1, the problem seems to get harder if we use a
circuit to encode the set of vertices. In this case, checking if the intersection
of k biclique-sides is empty requires us to check if V ∩ (

⋂
i∈I Bi) = ∅. But

checking if the circuit encoding V has no solution in (
⋂
i∈I Bi) seems to be

coNP-hard. Therefore we would need an NP-oracle to solve this question,
implying that our algorithm is only in ΣP2 .

Corollary 15. The problem succinctcir
DNF(k-COL) is in ΣP2 .
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Theorem 29. The problem succinctBn

CNF(k-COL) for k > 2 is NEXP-complete.

Proof. By Corollary 11, succinctBn

cir (k-edge-COL) is NEXP-complete. But then
by using Lemma 11, we can transform the circuit encoded graph G, the
given instance of succinctBn

cir (k-edge-COL), in polynomial-time to a CNF-
formula encoding the edges of its line graph L(G) plus some isolated ver-
tices. But isolated vertices do not change the chromatic number of a graph.

Recall that all proper edge colourings of a graph G correspond exactly
to all proper vertex colourings of its line graph L(G) (see Proposition 1).
Therefore succinctBn

cir (k-edge-COL) 6P
m succinctBn

CNF(k-COL), implying that
succinctBn

CNF(k-COL) is NEXP-complete.

4.6 non-existence of upward-translation theorems

Section 4.5 gave examples of decision problems L for which the complexity
of succinctcir

CNF(L) and succinctcir
DNF(L) differs. This section will consider the

consequences of this disparity. We prove that for the most known reduc-
tions no CNF- and DNF-upward-translation theorems exist.

Lemma 19 will first list the different behaviours of succinctcir
CNF(L) and

succinctcir
DNF(L) for NP-complete problems L: there are problems for which

one gets exponentially harder and the other does not get harder. Most no-
tably, the blow-up does not seem intrinsic to CNF-encodings, as there are
examples where DNF-encodings become harder and CNF-encodings stay
easy.

Lemma 19 [62]. There are problems L1,L2 ∈ NP-complete such that

1. succinctcir
CNF(L1) is NEXP-complete

2. succinctcir
DNF(L2) is NEXP-complete

3. succinctcir
CNF(L2) is NP-complete

4. succinctcir
DNF(L1) is NP-complete

Proof. Let L1 = Longest-Induced-Path and L2 = co-Longest-Induced-Path.
By Corollaries 13 and 14 we know that succinctcir

DNF(L1) and succinctcir
CNF(L2)

are NP-complete and that succinctcir
CNF(L1) and succinctcir

DNF(L2) are NEXP-
complete.

In contrast to these examples, Lemma 20 implies that either both, the
CNF- and DNF-encoded Clique-or-IndependentSet problems are NEXP-
complete or both are not NEXP-complete. So there are even problems where
either both encodings yield NEXP-complete problems or both encodings
yield problems which are easier than NEXP-complete. It would be interest-
ing to see which of these cases is true.

Lemma 20 [62]. The decision problems succinctcir
CNF(Clique-or-IndependentSet)

and succinctcir
DNF(Clique-or-IndependentSet) are equivalent under polynomial-time

many-one reductions.
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Proof. Given (C, F,k) as an input for succinctcir
CNF(Clique-or-IndependentSet),

a reduction to succinctcir
DNF(Clique-or-IndependentSet) is given by (C, F,k):

the edge-set encoded by the CNF-formula F (using the set of vertices en-
coded by C) has a clique or independent set of size at least k iff the comple-
mentary edge-set, encoded by the DNF-formula F, has a clique or indepen-
dent set of size at least k.

By duality, we can use the same construction to prove that the prob-
lem succinctcir

DNF(Clique-or-IndependentSet) can be reduced to the problem
succinctcir

CNF(Clique-or-IndependentSet).

We will now use some of the differences of CNF- and DNF-encoded
problems of Section 4.5 to show that for all reductions under which Clique
and 3-CNF-SAT are equivalent, there cannot be CNF or DNF upward-
translation theorems. In an intermediate step we show that both upward-
translation theorems cannot exist at the same time. This result will be fur-
ther improved by showing that either both theorems exist at the same time
or both do not exist. Let 6rm denote an arbitrary many-one reduction such
as 6L

m or 6
qfr
m which is closed under composition and can complement a

given edge-set (so 6rm supports the operation E→ E).
We further assume that the encoding of Clique only uses the relation E

to encode its edges. Therefore the encoded graphs use the universe as V .
As Clique is a convex problem, this does not matter. Further, Section 2.4.4
proved that this version of Clique is equivalent to 3-CNF-SAT under quan-
tifier-free reductions.

Theorem 30 [62]. If Clique ≡rm 3-CNF-SAT, then there are no CNF and DNF
upward-translation theorems for the reduction 6rm.

Proof. Suppose Clique ≡rm 3-CNF-SAT and there are CNF and DNF up-
ward-translation theorems: if for the problems A,B there exists a reduction
A 6rm B, then succinctCNF(A) 6

P
m succinctCNF(B) and succinctDNF(A) 6

P
m

succinctDNF(B). Note that as 6rm supports the complementation of an edge-
set, if Clique ≡rm 3-CNF-SAT, then Independent Set ≡rm 3-CNF-SAT. We
use these assumptions to construct a contradiction, therefore proving our
statement.

Using the supposed upward-translation theorems, we construct a reduc-
tion from succinctCNF(3-CNF-SAT) to succinctDNF(3-CNF-SAT) by compos-
ing the following reductions:

succinctCNF(3-CNF-SAT) 6P
m succinctBn

CNF(Clique)

6P
m succinctBn

DNF(Independent Set)

6P
m succinctDNF(3-CNF-SAT)

The first reduction follows by the supposed upward-translation theorem
for CNF-encodings and the assumption that Clique ≡rm 3-CNF-SAT. The
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second reduction follows from the fact that succinctCNF(Clique) can be re-
duced to succinctDNF(Independent Set) by negating the CNF-formula en-
coding the edges of the graph for the Clique problem. But negating this
formula yields a DNF-formula encoding the edges of a graph which has
an independent set of size k iff the original graph has a clique of size
k. The last reduction follows by using the supposed upward-translation
theorem for DNF-encodings and the supposed reduction Independent Set
6rm 3-CNF-SAT.

As Theorem 24 states that succinctDNF(3-CNF-SAT) ∈ NP and Theo-
rem 25 states that succinctCNF(3-CNF-SAT) is NEXP-complete, the com-
position of all these polynomial-time many-one reductions yields a non-
deterministic polynomial-time algorithm solving all computational prob-
lems in NEXP. Such an algorithm contradicts the non-deterministic time
hierarchy (see Theorem 2 in Section 2.4), proving our statement.

For the next lemma we will restrict ourselves to problems L of the form
(E,k): L is the set of pairs E (a relation) and k ∈ N, such that E satisfies
a property depending on k. Let dualL be the set of pairs (E,k) such that
(E,k) ∈ L.

This restriction to a single constant and relation is just for our conve-
nience: we could prove the same result on problems L which use an ar-
bitrary number of relations. In such a case, the problem dualL wants to
decide, after complementing all of its relations, if the instance is in L.

Lemma 21. There is an upward-translation theorem for r-reductions and CNF-
encoded problems iff there is an upward-translation theorem for r-reductions and
DNF-encoded graph problems.

Proof. We will need the following tool: L1 6rm L2 iff dualL1 6rm dualL2.
Let the r-reduction between L1 and L2 be given as the function f. Then a
dualL1 instance (E,k) can be transformed to the instance (E ′,k ′) := f(G,k)
for L2 such that (E,k) ∈ dualL1 iff (E ′,k ′) ∈ L2, implying that (E ′,k ′) ∈
dualL2 iff (E,k) ∈ dualL1. The composition of these steps is still an r-
reduction.

Now let us assume there exists a CNF-upward-translation for r-reduc-
tions. We show for every two problems L1 6rm L2 that succinctDNF(L1) 6

P
m

succinctDNF(L2). Given an instance (F,k) for the problem succinctDNF(L1),
where F is a DNF-formula encoding the relation E, (E,k) (with E a CNF-
formula encoding E) is in succinctCNF(dualL1) iff (E,k) is in succinctDNF(L1).
But as L1 6rm L2 iff dualL1 6rm dualL2, using our assumed upward-
translation theorem, succinctCNF(dualL1) 6

P
m succinctCNF(dualL2). Apply-

ing another complementation of the formula in the succinctCNF(dualL2)

instance, and therefore complementing the encoded relation, yields an in-
stance for succinctDNF(L2). This process (complementing a DNF-formula,
applying a polynomial-time many-one reduction from succinctCNF(dualL1)

to succinctCNF(dualL2) and complementing another formula) needs only
polynomial-time.
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The other direction follows by duality.

Clearly, while Theorem 30 requires that both a CNF- and a DNF-upward-
translation theorems exists, Lemma 21 implies that for most reductions the
existence of one of these upward-translation theorems implies the other
one. Further, by Corollary 1 and Lemma 5, 3-CNF-SAT ≡qfr

m Clique (even
for the version where Clique uses the universe as V). Combining these
results yields the following corollary.

Corollary 16 [62]. There is no CNF- or DNF-upward-translation theorem for
quantifier-free, polylogarithmic-time or logarithmic-space reductions.

4.7 upward-translation theorems for circuits of bounded-
depth

Finally, we are going to recall the upward-translation theorem for quantifier-
free reductions and formula-encoded problems of Veith [72]. A detailed
analysis will allow us to apply this upward-translation theorem to bounded
depth circuits while almost preserving the depth of the involved circuits. In
detail, we will show that if we are given AC0-circuits of depth k encoding
an instance of some problem, then applying a quantifier-free reduction to
these circuits yield an instance encoded by depth-(k+ 1)-AC0-circuits (for
k > 2).

This upward-translation theorem (outputting circuits of depth 3) implies
that while CNF- or DNF-encoded problems do not always become exponen-
tially harder, all NP-complete problems (under quantifier-free reductions)
become NEXP-complete when encoded by depth-3-AC0-circuits.

Theorem 31 [62]. For k > 2, if A 6qfr
m B, then succinctdepth-k-AC0(A) 6P

m

succinctdepth-(k+1)-AC0(B).

Proof. Let τ = (Ra11 , . . . ,Rarr , c1, . . . , cs), σ = (Sb11 , . . . ,Sbtt ,d1, . . . ,du), A ⊆
struct(τ) and B ⊆ struct(σ). Let the k-dimensional quantifier-free reduc-
tion from A to B be given as I = (φ = 1,φ1, . . . ,φt,φ ′1, . . . ,φ ′u). We further
assume that an instance x for A is given as x = (n,C1, . . . ,Cr, c1, . . . , cs)
where (for all i ∈ [r]) Ci is a depth-k-AC0-circuit on n · ai bits encoding
the ai-ary relation Ri and the constants c1, . . . , cs are elements in the uni-
verse Bn. We show how to construct, in polynomial-time, circuits C ′j (for all
j ∈ [t]) using knbj input-bits, encoding bj-ary relations Sj, and compute the
constants d1, . . . ,du ∈ Bkn such that I(x) = y = (kn,C ′1, . . . ,C ′t,d1, . . . ,du)
and x ∈ succinctdepth-k-AC0(A) iff y ∈ succinctdepth-(k+1)-AC0(B).

As a first step we explain how to compute the constants in y = I(x) in
polynomial-time. The formula φ ′1(a1, . . . ,ak) computing d1 in y is, as every
other formula in I, of constant size. As noted in Section 2.4.1.2, the formulas
for the constants can query the relations in x. While it cannot use a1, . . . ,ak
in these queries, it can only use constants. In this case we can compute
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in polynomial-time the unique tuple (a1, . . . ,ak) which satisfies φ ′1: if we
replace every atomic formula in φ ′1 involving a1, . . . ,ak with a variable10,
we can iterate over all satisfying assignments of this formula in constant
time and for each satisfying assignment check if there is a satisfying tuple
(a1, . . . ,ak). The unique such tuple we find is the new d1. We can do this
for all d1, . . . ,du in polynomial-time.

The rest of this proof will first show that our statement holds for k > 2
and then proof the special case k = 2. The basic structure to construct a
circuit C on knbj input bits encoding Sj in y will be as follows. The for-
mula φj is a constant sized formula using the relations successor, equality,
R1, . . . ,Rr and constants 0,max, c1, . . . , cs. Then φj can be transformed into
a constant sized CNF-formula using all these relations and constants. We
plug all these circuits into φj and use distributivity on the top level of this
depth k+ 2 circuit to decrease the depth by 1.

To see that this construction works we have to show that the equality
and successor relations can be implemented with depth-3-AC0-circuits and,
preferably, with both a conjunction and disjunction as the root. For the
equality relation, we note that two n-bit strings a and b are equal iff the
formula Feq(a1, . . . ,an,b1, . . . bn) =

∧
i∈[n](ai = bi) is true. As (ai =

bi) ∈ CNF, so is Feq. But then Feq ∈ CNF can be transformed to equivalent
AND ◦OR ◦AND and OR ◦AND ◦OR circuits using dummy gates.

For the successor relation succ(a,b) on two n bit strings a and b, which
is true iff b is the lexicographic successor of a, we give a CNF-formula
Fsucc(a1, . . . ,an,b1, . . . bn) and conclude that there are again equivalent
AND ◦OR ◦AND and OR ◦AND ◦OR circuits.

Fsucc = (a1 ∨ . . .∨ an)∧ (1)∧n
i=1(ai ∧ ai+1 ∧ . . .∧ an) (2)

→ (bi ∧ bi+1 ∧ . . .∧ bn ∧
∧i−1
j=1 aj = bj) (3)

The formula Fsucc(a,b) is true iff a is not 1n (line (1)) and for all i ∈ [n],
if aiai+1 . . . an = 01n−i−1 (line (2)), then bibi+1 . . . bn = 10n−i−1 and
a1 . . . ai−1 = b1 . . . bi−1 (line (3)). This corresponds to the definition of
lexicographic succession of strings in Bn.

We now turn our attention on how to combine φj and these circuits
into a depth k + 1 circuit. Let l be the maximum over the number of
clauses in φj (represented as a CNF) and the number of literals in its
clauses. As R1, . . . ,Rr are given as depth-k-AC0-circuits and the equality
and successor relations can be implemented as depth-3-AC0-circuits, we
plug all those circuits into φj ∈ ANDl ◦ ORl and get the new circuit C ′j.

10 Such atomic formulas can only be the equality (ai = aj or ai = c for a constant c in x like
0, max) and successor (succ(ai,aj) or succ(ai, c)) formulas.
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As some of these circuits we plug into φj start with an AND and some
start with an OR11, the new circuit C ′j is in ANDl ◦ ORlpoly(n) ◦ AND ◦ . . .
and of depth k + 2. We substitute all gates in the second level of C ′j by
variables z1, . . . , zpoly(n) (every ∧-gate gets its own variable) and get a
CNF-formula Fj(z1, . . . , zpoly(n)) ∈ ANDl ◦ ORpoly(n). Using distributivity,
we can multiply the clauses with each other and get an equivalent formula
F ′j ∈ ORpoly(n)lAND. If we re-substitute all zi in F ′j with the ∧-gates they
represent, we can collapse the second and third levels and get a circuit
Cj ∈ OR ◦AND ◦ . . . of depth k+ 1. By construction, Cj encodes the relation
Sj in y = I(x).

Combining these circuits, propagating negations and using distributiv-
ity on the first two levels of the circuits can be done in polynomial-time.
Applying this construction for all formulas φj yields circuits encoding all
relations in the instance y = I(x).

For the missing case of k = 2, we note that now there are AND ◦OR ◦AND
and OR ◦AND ◦OR circuits for equality, successor and for all relations in
x and especially for all their negations. Therefore we can use for all these
atomic formulas or their negations, for example, AND ◦OR ◦AND circuits.
If we represent φj as a DNF-formula and add these AND ◦OR ◦AND cir-
cuits, we get a circuit in ORl ◦ANDlpoly(n) ◦ORpoly(n) ◦ANDpoly(n). Apply-
ing the same substitution and distribution trick as before yields a circuit
in AND(lpoly(n))l ◦ ORlpoly(n) ◦ ORpoly(n) ◦ ANDpoly(n) ⊆ AND ◦OR ◦AND,
proving this special case.

Corollary 17 [62]. For every language A encoded by only a single relation, if,
for an arbitrary language B, A 6mon−proj B, then succinctdepth-k-AC0(A) 6P

m

succinctdepth-max(3,k)-AC0(B).

Proof. For a monotone projection reduction, the formulas φj are DNF such
that the literals are either unnegated queries to the relations Ri or first-
order formulas without queries to the relations Ri. It can be verified that
first-order formulas αm using constants, successor and equality can be
transformed to both AND ◦OR ◦AND and OR ◦AND ◦OR circuits Dm. If
the single relation of A is encoded with a depth-k-AC0-circuit C starting
with a conjunction, we plug C and the AND ◦OR ◦AND circuits for the
αm circuits into φj, yielding a depth k + 1 circuit Cj of the form ORl ◦
ANDlpoly(n) ◦ORpoly(n) . . . (for some constant l) after collapsing the second
and third level. Using the same distribution trick as before, we reduce Cj
to an equivalent depth k circuit.

Dually, if the single relation of A is encoded with a depth-k-AC0-circuit
C starting with a disjunction, we instead use the OR ◦AND ◦OR circuits
Dm for the first-order formulas αm and get a ORl ◦ ANDl ◦ ORpoly(n) ◦

11 Depending on whether the circuit will be used negated or not and on which type of gate
the circuit originally starts. If a circuit is used negated, we propagate this negation down to
the inputs of the circuit. This transforms an alternating circuit starting with a disjunction to
one starting with a conjunction (and vice-versa).
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ANDpoly(n) ◦ . . . circuit Cj of depth k+ 2. If we apply the distribution trick
on the second and third level of this circuit (handling every gate in the
second level as the root of its own circuit), we get a circuit of the form
ORl ◦ ORpoly(n)lANDpoly(n) ◦ ANDpoly(n) ◦ . . . which can be collapsed to a
depth k circuit of the form OR ◦AND ◦ . . . for Cj.

So all Cj encoding the relations Sj and all constants can be computed in
polynomial-time.

Corollary 18 [62]. If A is an NP-complete language under quantifier-free reduc-
tions, then succinctdepth-3-AC0(A) is NEXP-complete. If B is a L- or NL-complete
language under quantifier-free reductions, then succinctdepth-3-AC0(B) is complete
for PSPACE.

Proof. While 3-CNF-SAT is NP-complete, succinctCNF(3-CNF-SAT) is NEXP-
complete. Then for every problemAwhich is NP-complete under quantifier-
free reductions, Theorem 31 implies that succinctdepth-3-AC0(A) is NEXP-
complete.

As both succinctBn

CNF(USTCONN) and succinctBn

CNF(STCONN) are com-
plete for PSPACE (see Theorems 18 and 19), the same holds for L-/NL-
complete problems.

Combining Corollary 18 and the results of Section 4.5 implies that depth-
3-AC0-circuits are, at least for succinct encodings, more powerful than
depth-2-AC0-circuits. A possible reason for this behaviour could be that
every problem L might be exponentially harder under at least one of the
two depth-2-AC0 encodings (so under CNF- or DNF-encodings), implying
that a guaranteed blow-up only occurs if the encoding can represent both
CNF- and DNF-encodings, which is the case for depth-3-AC0 circuits. We
derive the following question: Is it true that for every NP-complete prob-
lem L (under quantifier-free reductions), succinctCNF(L) or succinctDNF(L)

is NEXP-complete?
The results of this section indicate under which conditions quantifier-free

reductions between problems A and B can be translated to polynomial-
time reductions between succinctCNF(A) and succinctCNF(B). First assume
w.l.o.g. that all formulas in the reduction I apply negations only to the
relations in A and the successor and equality relations (the negations can
be propagated down to these “inputs” as usual). We now interpret the
negations to be part of the relations and not as a part of the formulas in I.
So the formulas in I are constant sized monotone circuits which use positive
and negative instantiations of the input, equality and successor relations.

Assume we translate the quantifier-free reduction I to a polynomial-
time reduction with a CNF-encoded input of succinctCNF(A). We say I

uses a CNF-encoded relation if it contains either a CNF-encoded relation
positively or a DNF-encoded relation negatively. Similarly, I uses a DNF-
encoded relation if it contains either a DNF-encoded relation positively or a
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CNF-encoded relation negatively. Then the polynomial-time reduction con-
structed in the proof of Theorem 31 outputs only CNF-encoded relations
if I uses only CNF-encoded relations and it outputs only DNF-encoded
relations if I uses only DNF-encoded relations. In both of these cases, the
quantifier-free reduction I can be seen as a monotone circuit whose inputs
are either all CNF- or all DNF-encoded relations.

Observe that the proof of Theorem 31 constructs CNF-formulas for the
successor and equality relation. Therefore a quantifier-free reduction trans-
forms a CNF-encoded problem to a CNF-encoded problem if it uses all
input relations, as well as the successor and the equality relation only
positively. Similarly, a quantifier-free reduction transforms a DNF-encoded
problem to a DNF-encoded problem if it uses all input relations positively
and the successor and the equality relation negatively.

Similar statements can be constructed for transformations from CNF-
encoded to DNF-encoded problems and the dual case. These observations
imply that CNF-SAT and Clique are not equivalent under such restricted
quantifier-free reductions. Note that the reduction from 3-CNF-SAT ′ to
Clique of Lemma 5 does not fulfil these restrictions.

Further, these restricted quantifier-free reductions are not closed under
composition (if the reduction can use the input relation only negatively,
then the composition of two such reductions may use an input relation
positively) or cannot compute the complement E of a relation E (if the
reduction can use the input relation only positively). So they do not fulfil
the assumptions we imposed on the r-reductions in Section 4.6.





5
A LT E R N AT I N G U N I O N - I N T E R S E C T I O N G R A P H S

This chapter discusses results previously published in the following work.

Patrick Scharpfenecker. “Bounded-Depth Succinct Encodings and the Struc-
ture they imply on Graphs.” In: Theory of Computing Systems (2017). Ac-
cepted for Publication.

While Section 3.1 analysed the structure of standard succinctly encoded
graphs and showed that graphs encoded by circuits of bounded-depth are
the alternating union and intersection of bicliques, we used this structure in
Chapter 4 to give improved algorithms for some succinctly encoded prob-
lems (Section 4.5) and to show that depth-3-AC0-circuits are the shallow-
est encodings of problems for which these improvements are not possible
any more (Section 4.7). The latter result uses the non-existence of upward-
translation theorems for CNF- and DNF-encoded problems and the exis-
tence of such theorems for depth-3-AC0-circuits. In this chapter, we want
to transfer these structural properties of succinctly encoded graphs to ex-
plicitly given graphs.

5.1 results

We are going to define a hierarchy of graph classes based on the alternating
union and intersection of bicliques (see Definition 12). While we can show
that this hierarchy does not contain all graphs in the first polylog(n) many
levels, some interesting classes of graphs, like bounded-degree graphs, are
even contained in the first two levels of this hierarchy. Using a detailed anal-
ysis of quantifier-free reductions and their impact on the encoded graphs
(see Section 4.7), we show that, similar to the upward-translation theorems
on AC0-circuits of depth at least 3, NP-complete problems stay complete
on graphs in the second level of this hierarchy (see Theorem 35).

On the other hand, by further restricting the parameters of this hierarchy,
we give a class of graphs for which Dominating Set is not NP-complete,
unless the exponential time hypothesis is wrong (see Theorem 37). We ex-
tend the study of decision problems in this hierarchy by showing that GI
on graphs in the first level is already GI-complete (see Theorem 39). Finally,
we give relations to other works which study similar graphs.

97
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5.2 definition

Recall the statement of Theorem 4: every graph encoded by a circuit of
depth k can be represented as the alternating union and intersection of
bicliques. The degree of these unions and intersections is the degree of
the conjunction and disjunction gates in the circuit. Then a graph on 2n

vertices, encoded by a poly(n) sized circuit, is the alternating union and
intersection of bicliques where these operations have a degree bounded by
poly(n) = polylog(2n). We transform this structural view on succinctly en-
coded graphs to explicitly given graphs by allowing a graph on n vertices
to be the alternating union and intersection of bicliques where these opera-
tions have a degree bounded by polylog(n). Let us now define a hierarchy
of graph classes where level k contains graphs which can be constructed
using k unions and intersections of bicliques. We will further use a function
l = l(n) which restricts the degree of these operations.

Definition 11 [62]. For a graph class G, define the graph classes

•
⋂
lG to be the set of all graphs which can be constructed as the edge-

intersection of at most l graphs in G and

•
⋃
lG to be the set of all graphs which can be constructed as the edge-union

of at most l graphs in G.

The edge-union and edge-intersection in this definition is the union or
intersection of the sets of edges of the given graphs. We do not require the
sets of vertices of the graphs we use to be disjoint or equivalent. Requiring
the sets of vertices to be disjoint would limit the power of this construction.
So the graphs on which we take the edge-unions or -intersections may have
the same set of vertices.

We give an example to illustrate these operations. Assume we are work-
ing on the two undirected graphs G = ([4], {{1, 2}, {1, 4}}) and H = ([4], {{1, 4},
{2, 3}}). Then the edge-union1 of these graphs is G ∪H = ([4], {{1, 2}, {1, 4},
{2, 3}}) and the edge-intersection of these graphs is G∩H = ([4], {{1, 4}}).

Definition 12 [62]. Let l ∈N and define (bipartite) I0l to be the class of (bipartite)
graphs on n (2n) vertices containing at most one biclique and isolated vertices. For
k > 0, define the (bipartite) graph class

• Ikl :=
⋂
l I
k−1
l if k is even.

• Ikl :=
⋃
l I
k−1
l if k is odd.

Further, let (bipartite) coIkl be the set of (bipartite) graphs G such that G ∈ Ikl
(Gc ∈ Ikl ).

1 In the literature G ∪ H often corresponds to a graph which can be seen as the disjoint
union of the sets of vertices of G and H, while still preserving the edges on both sets of
vertices. We, on the other hand, use G ∪H to denote the edge-union of two graphs which
use (potentially) the same set of vertices.
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If l ∈ O(polylog(n)), we shorten this notation to Ik by dropping the
index l. Further, note that for directed graphs the intersection of two di-
cliques is another diclique and for bipartite graphs the intersection of two
bicliques is another biclique. This property does not necessarily hold for
undirected non-bipartite graphs. In this chapter we mostly assume graphs
to be bipartite.

5.3 graphs in the hierarchy

Now while not all graphs on 2n vertices can be encoded by circuits of size
and depth poly(n), we show that a similar statement holds for IO(log(n)δ):
as long as the depth is bounded by a sub-logarithmic function k(n) and the
degree by polylog(n), there are graphs which are not in Ik(n).

Theorem 32 [62]. For all 0 < δ < 1, there are graphs G on n vertices which are
not in IO(log(n)δ).

Proof. We assume that all undirected n-vertex graphs without self-loops are
in IO(log(n)δ) and show that this implies every such graph can be encoded
using o(n2) bits. This contradicts the fact that there are 2

n(n−1)
2 different

n-vertex graphs, proving our statement.
Given a graph G on n vertices, if G ∈ IO(log(n)δ), there is an alternat-

ing union/intersection representation C of G of depth c log(n)δ and de-
gree d log(n)e. Such a representation, if it forms a tree, can use at most
d log(n)ec log(n)δ = l ∈ o(n) different bicliques in its lowest level. Each bi-
clique B1, . . . ,Bl contains a subset of vertices in its left side and a subset
of vertices in its right side. As these sets need not be disjoint, every vertex
may occur in one if its two sides, in both or in none of them. For each
vertex u we can give a bit-string of length 2l ∈ o(n) encoding in which
biclique-sides u occurs.

Observe that C, the representation of G in IO(log(n)δ), is a graph of size
at most l · c log(n)δ ∈ o(n). Given for each of the n vertices an 2l-bit string,
denoting the biclique-sides in which this vertex occurs, and given C, we can
reconstruct the edges of G. This encoding has size n2l+ o(n) = o(n2).

On the other hand, I1 or I2 even contain interesting classes of graphs
such as graphs of bounded co-degree or bounded degree. We give gen-
eral statements for these cases for bipartite and non-bipartite graphs. These
results imply that computational problems on graphs in I1 or I2 are not
necessarily trivial.

Theorem 33 [62]. For every bipartite graph G of maximum degree O(log(n)i),
G ∈ I2

O(log(n)i+1). For every bipartite graph H of maximum co-degreeO(log(n)i),
H ∈ I1

O(log(n)i+1).

Proof. Using a result of Jukna [41], we know that for a bipartite graph G
of maximum degree d, the bipartite complement Gc can be covered by
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O(d log(n)) bicliques. Then a bipartite graph H of co-degree O(log(n)i)
can be covered by O(log(n)i+1) bicliques and is therefore in I1

O(log(n)i+1).
Reusing this statement, if the bipartite complement Gc of a bipartite

graph G of degree O(log(n)i) is in I1
O(log(n)i+1), then G is in I2

O(log(n)i+1):

if we completement2 the I1
O(log(n)i+1) representation of Gc (a union of bi-

cliques) we get a representation of G as the intersection of O(log(n)i+1)
complements of bicliques. But a biclique U×V with additional isolated ver-
tices U ′ and V ′ in a bipartite graph on vertices (U∪U ′)∪ (V ∪V ′) can be im-
plemented as the union of the two bicliques (U∪U ′)×V ′ and U ′× (V ∪V ′).
Therefore we can represent G as the intersection of O(log(n)i+1) unions of
2 bicliques, implying that G ∈ I2

O(log(n)i+1).

Corollary 19 [62]. Bipartite graphs of bounded degree are contained in I2O(log(n))

while bipartite graphs of bounded co-degree are contained in I1O(log(n)).

Theorem 34 [62]. For every graph G of degree O(log(n)i), G ∈ I2
O(log(n)2i+2).

For every graph H of co-degree O(log(n)i), H ∈ I1
O(log(n)2i+2).

Proof. We reuse the previous proof of Theorem 33 and just note that for
general graphs of degree at most d, Alon [2] showed that their complements
can be covered by O(d2 log(n)) cliques. As a clique of size at most n can
be covered by O(log(n)) bicliques, a graph H of bounded co-degree can be
covered by O(log(n)2i+2) bicliques and is therefore in I1

O(log(n)2i+2).

For a graph G of degree O(log(n)i), we again transform the I1
O(log(n)2i+2)

representation of G to a I2
O(log(n)2i+2) representation by complementing the

union of bicliques into the intersection of O(log(n)2i+2) complements of a
biclique. But as the complement of a biclique U× V with isolated vertices
W in a graph with vertex set U∪V ∪W consists of the edges U×W, V ×W
and cliques on U, V and W, it can be covered with O(log(n)) bicliques.
This implies that G is the intersection of O(log(n)2i+2) unions of O(log(n))
bicliques and therefore in I2

O(log(n)2i+2).

Corollary 20 [62]. Graphs of bounded degree are contained in I2
O(log(n)2) while

graphs of bounded co-degree are contained in I1
O(log(n)2).

5.4 np-complete problems in the hierarchy

Corollary 18 proved all NP-complete problems (under quantifier-free re-
ductions) to be NEXP-complete when encoded by depth-3-AC0-circuits. As
graphs encoded by depth-3-AC0-circuits are the analogue of I2 graphs for

2 Complementation of such a representation works in the same way as negating a circuit. A
complementation can be propagated to the lowest level by turning intersections to unions,
unions to intersections, and bicliques to their complements.
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explicitly given graphs, we try to translate this result and try to show that
all NP-complete problems are already hard on graphs in I2.

We manage this by using a similar construction as for Corollary 18: we
show for one problem, in this case for Dominating Set, that it is already
NP-complete on graphs in I2 and use a detailed analysis of quantifier-free
reductions to show that quantifier-free reductions can only transform I2-
graphs to I2-graphs.

Lemma 22 [62]. Dominating Set on bipartite I2O(log(n)) graphs is NP-complete
under quantifier-free reductions.

Proof. In Lemma 8 we proved that Dominating Set on bipartite graphs of
degree at most 3 is hard (under quantifier-free reductions) for 3-CNF-SAT,
which is known to be NP-complete under quantifier-free reductions (see
Theorem 3, due to [65]). Therefore Dominating Set on bipartite graphs of
degree at most 3 is NP-complete under quantifier-free reductions. By Corol-
lary 19 we know that such graphs are in I2O(log(n)).

Theorem 35 [62]. Every graph problem A which is NP-complete under quantifier-
free reductions is still NP-complete when restricted to graphs in I2.

Proof. We use the fact that all NP-complete problems L (under quantifier-
free reductions) are, due to Lemma 22, hard for Dominating Set on bipartite
I2O(log(n)) graphs, which is NP-complete even under quantifier-free reduc-
tions. Combining this quantifier-free reduction Iwith graph-representations
of all relations used by I and the input-instance of Dominating Set proves
that the resulting graph, as an instance for the problem L, is still in I2. This
implies that all such problems stay NP-complete even when restricted to I2

graphs.
To achieve this result, we have to show that the graph G in an instance

(G,k) for this specific Dominating Set problem, as well as all relations
quantifier-free reductions may use (the successor and equality relations;
constants 0, max and k) are graphs in I2. Theorem 31 analysed the Boolean
functions Feq(x,y) and Fsucc(x,y), encoding the equality and successor re-
lations on two given n-bit strings. The proof presented for both formulas
and their negations AND ◦OR ◦AND circuits of polynomial size. If we in-
stead use log(n)-bit strings, these representations are circuits of depth 3
and degree and size polylog(n). If we interpret Feq(x,y) (Fsucc(x,y)) as a
graph Geq (Gsucc) such that two vertices u, v are connected iff they share
the same label in a bipartite graph on 2n vertices (iff the label of u is the
successor of the label of v), the AND ◦OR ◦AND circuit implies that Geq
(Gsucc) is in I2. The same holds of course for Geq and Gsucc as even the
negations of Feq(x,y) and Fsucc(x,y) have AND ◦OR ◦AND circuits. The
constants, of course, can only be used as inputs in these relations and do
not change this classification.

For the graphs G in the input of this specific Dominating Set problem,
recall that G is a bipartite graph on vertices U∪ V of degree at most 3. The
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set of vertices of G is U∪V . As this graph is bipartite, the bipartite comple-
ment Gc consists of the bipartite complement on U ∪ V . Therefore Gc can
be covered using O(log(n)) bicliques as it is the bipartite complement of a
degree 3 graph (see Theorem 33), implying that G can be represented using
the complement of this I1 representation: G is the intersection of O(log(n))
unions of 3 bicliques (similar to the proof of Theorem 33). This proves that
G ∈ I2O(log(n)).

The quantifier-free reduction I consists of formulas of constant size over
the relations equality, successor, E (the edge-set of G) and constants 0, max,
k. For each such formula φ in I computing a graph H in the instances of
L we can give an equivalent DNF-formula of constant size using the same
inputs, computing the same graph. But if all these inputs are I2-graphs and
the DNF-formula represents the union of intersections of these graphs (as
such a formula is the disjunction of conjunction of its inputs or their nega-
tions), using the same distributivity technique for unions/intersections as
for disjunctions/conjunctions in the proof of Theorem 31, the graph H can
still be represented by the intersection of polylog(n) unions of polylog(n)
bicliques. This proves that the graph computed by the quantifier-free reduc-
tion I is in I2. We conclude that all graph problems complete for NP under
quantifier-free reductions are still complete if their input is restricted to
graphs in I2.

Again, as I2 graphs are strong enough for NP-completeness, we would
like to know if, for every NP-complete problem L, L on I1 ∪ coI1 graphs is
always NP-complete.

While we now know that I2 already contains graph classes for which
all NP-complete problems stay hard, the question occurs at which level Ik

problems may be easy and when exactly they become hard. We can give
a partial answer in the following theorem by showing that, at least for
strongly NP-complete problems, I0 contains graphs which are easy (unless
P = NP). But if I0 is easy and I2 is hard, there has to exist, for every
such problem, one level for which this problem is easy while the next level
contains graphs for which this problem is already NP-complete.

Theorem 36 [62]. Unless P = NP, every (isomorphism invariant) graph-problem
A which is strongly NP-complete under quantifier-free reductions has some j ∈
{0, 1} such thatA on graphs in Ij is not NP-complete under polynomial-time many-
one reductions but A on graphs in Ij+1 is NP-complete under polynomial-time
many-one reductions.

Proof. For a graph problem L, let Li (i ∈N) be the same problem restricted
to graphs in Ii. Using a result of Mahaney [53], stating that a sparse NP-
complete language implies P = NP, we show that graph problems L0 can be
reduced to sparse problems, implying that, unless P = NP, they are not NP-
complete. As due to Theorem 35 for all NP-complete graph problems L, L2

is NP-complete, either L1 is NP-complete but not L0 or L2 is NP-complete
but not L1, proving our statement.
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What remains to show is that for all strongly NP-complete graph prob-
lems L, L0 can be reduced with a polynomial-time many-one reduction to a
sparse set. Assume that instances of L are tuples (G1, . . . ,Gl,k1, . . . ,km) (of
total length n) for l,m ∈N, Gi = (Vi,Ei) (i ∈ [l]) and kj ∈ poly(n) (j ∈ [m])
given in unary. Observe that by Definition 12, graphs G in I0 consist of a
single biclique and isolated vertices. Such a graph G can be described (up
to isomorphism) by the triple (a,b, c) denoting that G is a biclique on a · b
vertices and c isolated vertices. Define the following new language Ls.

Ls := {(0n,a1,b1, c1, . . . ,al,bl, cl,k1, . . . ,km)

: (Ka1,b1 ∪Kc1 , . . . ,Kal,bl ∪Kcl ,k1, . . . ,km) ∈ L,

ai + bi + ci = |Vi|}

As for each ni = |Vi| there are at most n3i ai,bi, ci such that ai + bi + ci =
ni, implying

|Ls ∩ (Bn+3 log(n)l ×B6poly(n)m)| = |Ls ∩ (0n ×B(3 log(n))l × 06nm)|

6 n3·l +nm

6 poly(n)

We can reduce L0 to Ls by deciding if all graphs in an instance for L0 are
bipartite and compute ai,bi and ci for i ∈ [l]. Both of these operations can
be done in polynomial-time: the first corresponds to finding a proper 2-
colouring for these graphs, which can be done in polynomial-time, and the
second corresponds to counting in all l graphs the number of non-isolated
vertices in both partitions, yielding ai and bi, and adding the number of
isolated vertices of both partitions, yielding ci. This implies that L0 can be
reduced to the sparse set Ls.

5.5 restricting the hierarchy

As Theorem 35 proves that I2 is strong enough for all NP-complete prob-
lems to stay NP-complete and Lemma 22 implies that Dominating Set on
I2O(log(n)) graphs is still NP-complete, the question arises which restric-
tion of I2 yields problems that are easier. For Dominating Set, we an-
swer this question by giving sub-exponential time algorithms on graphs in⋂
O(log(n)δ)

⋃
polylog(n) I

0 with δ < 1, i.e. I2 graphs where the intersection is
restricted to have a sub-logarithmic degree. This implies a sharp transition
for Dominating Set: if δ < 1, Dominating Set is not NP-complete (under
usual complexity assumptions), if δ = 1, Dominating Set is NP-complete.

Theorem 37 [62]. For every 0 6 δ < 1, Dominating Set on bipartite graphs
in
⋂
O(log(n)δ)

⋃
polylog(n) I

0 is not NP-complete under polynomial-time Turing-
reductions, unless ETH is false.

Proof. We show that Dominating Set on bipartite ∩O(log(n)δ) ∪polylog(n) I
0

graphs can be solved in sub-exponential time, such that, if this problem



104 alternating union-intersection graphs

is hard for NP, 3-CNF-SAT can be solved in time 2o(n), contradicting the
ETH.

Given an instance (G,k) of Dominating Set, where the graph G is in
∩O(log(n)δ) ∪polylog(n) I

0 for some δ < 1, applying distributivity to the inter-
sections of unions of bicliques (similar as in the proof of Theorem 31), we
observe that G can be represented as the union of polylog(n)O(log(n)δ) =

2O(log(n)δ
′
) (for some δ ′ with δ < δ ′ < 1) intersections of polylog(n) bi-

cliques. But as the intersection of bicliques in a bipartite graph is just an-
other biclique, G is in I1

2O(log(n)δ ′ )
.

In the proof of Theorem 26 we used the fact that the non-isolated ver-
tices in a graph which can be covered by l bicliques has a dominating set
of size at most 2l. Then a minimum dominating set for G ∈ I1

2O(log(n)δ ′ )
con-

sists of all isolated vertices and at most 2 · 2O(log(n)δ
′
) vertices for the non-

isolated vertices. We can enumerate all such sets in time
( n

2·2O(log(n)δ ′ )

)
6

n2·2
O(log(n)δ

′
)
= 22

c log(n)δ
′

(for some c ∈ N). This implies that Dominating
Set on bipartite graphs in ∩O(log(n)δ) ∪polylog(n) I

0 can be solved in time

22
c log(n)δ

′

· poly(n) for some δ ′ < 1 and c ∈N.
If we assume this Dominating Set problem to be hard for NP, then there

is a polynomial-time algorithm reducing 3-CNF-SAT to several Dominating
Set instances, each of which is given by a graph in ∩O(log(n)δ) ∪polylog(n) I

0

and a natural number. Given a formula F for 3-CNF-SAT on n variables, this
algorithm produces in polynomial-time at most poly(n) Dominating Set
instances, each of size at most poly(n). We can solve each of these instances

in time 22
c log(poly(n))δ

′

· poly(n) = 22
c ′ log(n)δ

′

· poly(n) = 2o(n). As there are
at most poly(n) such queries, the algorithm solving 3-CNF-SAT, including
the time an algorithm needs to solve the Dominating Set instances, needs
time at most poly(n)2o(n) = 2o(n), contradicting the ETH.

Theorem 37 implies the following questions. Is Dominating Set on graphs
in
⋂
O(log(n)δ)

⋃
polylog(n) I

0 for δ < 1 in P? Or is this problem maybe NP-
intermediate? A first step towards showing that Dominating Set on re-
stricted versions of I2 is in P (or not) could be to study Dominating Set on
I1 graphs. Using the same techniques as Theorem 37, Dominating Set on I1

graphs has quasi-polynomial-time algorithms. Settling the exact complex-
ity of this problem could yield new insights for computational problems
on I1 graphs.

5.6 gi is already hard in the first level

In contrast to our results of Section 5.4, stating that all NP-complete prob-
lems stay hard on graphs in I2, the GI problem allows us to even prove
such a statement for I1 graphs. By adapting a theorem relating the average
degree of graphs to the clique covering of its complement (see Eaton and
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Rödl [17], Theorem 2), we first show that a similar statement is true for bi-
partite graphs with the bipartite complement and biclique covers. This will
imply that by lowering the average degree in an isomorphism-invariant
way, GI can be reduce to GI on graphs which can be covered by only a few
bicliques. We conclude this section by giving connections to other isomor-
phism problems.

Theorem 38 [17]. Let G be a graph such that every (induced) subgraph of G has
average degree at most d. Then G can be covered by O(d2 log(n)) cliques.

But a clique in G can be interpreted as a biclique on Gc. We can use this
interpretation to transform a set of cliques covering all edges of G into a set
of bicliques covering all edges of Gc, implying the following statement.

Corollary 21. Let G be a bipartite graph such that every (induced) subgraph of G
has average degree d. Then Gc can be covered by O(d2 log(n)) bicliques.

Proof. Given a bipartite graph G, we interpret G as a general graph and ap-
ply Theorem 38 to G, which implies that G can be covered by O(d2 log(n))
cliques. But every clique C of G can be seen as a biclique in Gc: if C uses
vertices of only one side of the bipartition in G, then C vanishes in Gc; if C
uses vertices of both sides, then C is actually a biclique in Gc. The union of
all these bicliques covers all edges between the two partitions of Gc. So Gc

can be covered by O(d2 log(n)) bicliques.

Theorem 39. GI can be reduced in polynomial-time to GI on bipartite I1O(log(n))
graphs.

Proof. Suppose we are given a pair of (connected) graphs G,H each with
n vertices and m edges and n 6= m (this can easily be enforced by gad-
gets). But then by placing a new vertex in the middle of each edge we get
two bipartite graph G ′,H ′ (where the partitions have a different number of
vertices, in this case, n and m) which are isomorphic (by an isomorphism
maintaining the partition of vertices) iff the original graphs were isomor-
phic.

Observe that the average degrees of G ′,H ′ are 2·2m
n+m 6 4. It can easily be

seen that this is still true for all subgraphs. But then G ′c,H ′c can, according
to Corollary 21, be covered by O(log(n)) bicliques. So G ′c,H ′c ∈ I1O(log(n))
and G ′c ∼= H ′c iff G ∼= H.

As G ∼= H iff Gc ∼= Hc, even GI on coI1O(log(n)) graphs is GI-complete.
Then while for NP-complete problems, we wanted to know if every prob-
lem L stays hard on I1 or coI1 graphs, for GI we know that both cases stay
hard (for GI).

We now want to adapt the connection of succinctly encoded GI with
GeometricGI and other isomorphism problems to explicitly given graphs.
Recall the definition of GeometricGIX,d in Section 4.5.2.1: given two point
sets A,B ⊆ X, decide if there is a distance-preserving bijection π : A → B

using the distance-norm d.
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Theorem 40. GeometricGI{0,1,2}O(log(n)),d∞ is GI-complete under randomized poly-
nomial-time reductions.

Proof. We first show that GeometricGI{0,1,2}O(log(n)),d∞ can be reduced to GI
and then give a reduction from undirected GI to this problem.

Given two point sets A,B ⊆ {0, 1, 2}O(log(n)), then for all pairs of vertices
u, v in these sets, their Chebyshev distance is in 0, 1 or 2. If |A| = |B| = n,
we create two graphs GA and GB such that GA (GB) contains for every
point u ∈ A (u ∈ B) one vertex u. Then we add for every pair of vertices
u, v in GA or GB a gadget representing the distance d∞(u, v) in A or B. We
could, for example, use a gadget Kn+i to represent a distance i such that
if d∞(u, v) = i, u and v are connected to all vertices in Kn+i. Clearly, all
vertices u which represent points in A or B have degree at least (n− 1) · n
while all vertices in the gadgets have degree at most (n+ 2− 1)+ 2. Then an
isomorphism π from GA to GB has to map vertices representing points in A
to vertices representing points in B and gadget-vertices to gadget-vertices.
As the gadgets between vertices representing points are Kn+i if the distance
of the points is i, such an isomorphism π is a distance-preserving isomor-
phism from A to B. This reduction can be implemented in polynomial-time.

For the other direction, assume we are given two undirected graphs G,H,
each on n vertices V = [n] where no vertex is isolated3. Further, assume
that G and H consist of only one connected component of size n. Then all
vertices have degree at least 1. By using Theorem 39, we can construct two
new graphs G ′c and H ′c such that G ′c ∼= H ′c iff G ∼= H. Further, G ′c and
H ′c can be covered by at most O(log(n)) bicliques.

Assume the bipartite graphs G ′c and H ′c use the bipartition U × U ′
where U are the original vertices of G and H and U ′ are the vertices added
for the subdivision of edges. Then all bicliques are of the form Bi = Li×Ri
with Li ⊆ U and Ri ⊆ U ′.

We want to apply Theorem 12 to G ′ and H ′. Note that this theorem
additionally requires G ′ and H ′ to have no two adjacent vertices which are
in the same set of left- and right-sides of bicliques. But G ′ and H ′ satisfy
this property for all pairs of vertices. For (u, v) ∈ U×U ′, u is only in left
sides and v is only in right sides of bicliques covering G ′ or H ′. But as
both vertices are in at least one biclique, the set of biclique-sides of the two
vertices has to be different.

Similarly, for (u, v) ∈ U2 or (u, v) ∈ U ′2 we note that there are no two
vertices in U or U ′ which have the same set of neighbours. This is due to
the subdivision of edges we applied. Even if two vertices u, v ∈ U had the
same set of neighbours in G, the subdivision adds for every neighbour w of
u (or v) a new vertex which is only shared by w and u (or v). Then u and v
must have a different neighbour as long as not both of them are otherwise
isolated. If they would be isolated, they would form an otherwise isolated

3 Such vertices can be removed. If we remove a different number of vertices in both graphs,
they are not isomorphic.
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connected component of size 2, violating our assumptions. And all vertices
in U ′ were created for subdivisions and so two vertices in U ′ may only
share at most one common neighbour, they cannot be in the same set of
right-sides.

This implies that, using Theorem 12, G ′ = (V1,E1) and H ′ = (V2,E2) can
be represented by point sets A = f(V1) and B = f(V2) in {0, 1, 2}O(log(n))

such that A ∼= B iff G ∼= H. Therefore GI can be reduced to the problem
GeometricGI{0,1,2}O(log(n)),d∞ . We now have to show that this reduction can
be computed in randomized polynomial-time. The proof of Theorem 12

shows how to transform a biclique-cover to such a function f. It is easy
to see that the construction of f, given such a biclique-cover, can be done
in time polynomial in the number of vertices of the given graph and the
number of bicliques in the biclique cover. While the proof of Theorem 39

uses Corollary 21 to show that such a covering exists, we still have to prove
that such a covering can be computed in randomized polynomial-time.

Observe that the proof of Corollary 21 again uses Theorem 38, which
is a result by Eaton and Rödl [17]. In their work, they show that for the
complement of such graphs, a clique-cover of t ∈ O(log(n)) cliques exists
by using a probabilistic argument: the probability that a randomly chosen
clique-cover in a graph of average degree at most d does not cover all edges
is at most

(
n
2

)
(1− (pe )

2)t < 1 (for some t ∈ O(log(n))) where p = 1
1+d is

the probability of including a vertex in a clique. Observe that in our case
d 6 4 and therefore p > 1

5 . By choosing another t ′ cliques, we get an
error probability of at most (1− 1

c)
t ′ (for some c ∈ N) which is at most

1
n for some t ′ ∈ O(log(n)). Therefore randomly picking t+ t ′ ∈ O(log(n))
cliques is enough for our construction to work. The overall construction can
be implemented in randomized polynomial-time.

First we note that the reduction from GI to GeometricGI{0,1,2}O(log(n)),d∞
could even be applied in the case of succinctcir

cir(GI) (see Lemma 18) as
this construction creates a DNF-encoded graph which can be covered by
poly(m) bicliques where m is the size of the encoding circuits. In the pro-
cess, Lemma 18 uses an isomorphim invariant construction to turn a circuit-
encoded graph into a CNF-encoded graph. We could instead use Lemma 12,
which replaces edges by path of length 2. This is exactly a subdivision of
edges, implying we could perform the same construction as in the proof
of Theorem 40 to circuit-encoded graphs. As this construction, in the case
of succinct graphs, seems a lot more complicated, and only spares us the
colours in Lemma 18, we omit this improved result.

As noted before, we could achieve a similar statement for intersection
graphs of complete sub-hypercubes in Hpoly(m) [58].
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5.7 relations to circuit complexity

Finding an explicit graph-family which is not in some If(n) has conse-
quences in circuit complexity. For example, if a family of graphs {Gi}i=1,2,...

is not in Icloglog(n), then the family of Boolean functions {F2i}i=1,2,... :=

{G2i}i=1,2,... (F2i encodes the edge-relation of G2i) is not in AC1. Other-
wise, if F2n would be in AC1, then G2n would have a graph representation
in Icloglog(n).

Clearly, all graph families with high Kolmogorov complexity yield func-
tions not in AC1. But constructing an explicit family of graphs which is not
in this class seems hard.

In contrast, while we know that parity 6∈ AC0, the graph behind the
parity function (u, v are connected if the number of 1 bits in uv is 1) is in
I12. To represent this graph, we need the union of only 2 bicliques: the first
connects all u and v with ∆(u) ≡ 1 mod 2 and ∆(v) ≡ 0 mod 2 and the
other one all u and v with ∆(u) ≡ 0 mod 2 and ∆(v) ≡ 1 mod 2 (Jukna
[40] already mentioned this connection).

So the concept of alternating unions and intersections of bicliques is more
powerful than ACk-circuits simply because circuits restrict the type of bi-
cliques they use as input. It seems that while all AC0 lower-bounds for
Boolean functions (i.e. for parity) rely mostly on the restricted way circuits
can define bicliques (and how they can combine these bicliques), there are
no known bounds exploiting directly the non-existence of Id representa-
tions for such a Boolean function. It would be interesting to study this
problem and to develop appropriate tools to tackle it.

In contrast to our work in which we study computational problems on
graphs in Ik, Jukna and Kulikov [43] discusses the problem of the existence
of explicit graphs Gn which are not in I2Ω(nε) (or similar classes). Such an
explicit graph class would yield an explicit Boolean function which cannot
be computed with linear circuits of logarithmic depth. To the best of our
knowledge, the only known lower bounds for graphs in a I2l(n) representa-
tion are Hadamard graphs (due to Lokam [50]). For these graphs we can
lower-bound l(n) by Ω(log(n)1.5).
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P R O B L E M S O N S O L U T I O N G R A P H S

This chapter discusses results previously published in the following work.

Patrick Scharpfenecker. “On the Structure of Solution-Graphs for Boolean
Formulas.” In: Fundamentals of Computation Theory - 20th International
Symposium, FCT 2015, Gdańsk, Poland, August 17-19, 2015, Proceedings.
2015, pp. 118–130. doi: 10.1007/978-3-319-22177-9_10.

Patrick Scharpfenecker and Jacobo Torán. “Solution-Graphs of Boolean
Formulas and Isomorphism.” In: Theory and Applications of Satisfiability
Testing - SAT 2016 - 19th International Conference, Bordeaux, France, July
5-8, 2016, Proceedings. 2016, pp. 29–44. doi: 10.1007/978-3-319-40970-
2_3.

We will now study several decision problems using different types of so-
lution graphs introduced in Chapter 3 and Section 3.2. Recall Definition 5:
for every decision problem L on graphs, succinctC

Hn
(L) is the decision prob-

lem L on C-encoded solution graphs.
Based on the uncovered structural properties of solution graphs in Sec-

tion 3.2, we are going to study the reachability, connectivity and graph
isomorphism problem, as well as the problem of deciding if two solution
graphs have the same number of vertices. As introduced by Gopalan et al.
[27] and Schwerdtfeger [64], we use the classification of solution graphs by
the expressive power of the encoding formula, yielding the classes of CPSS,
Horn, safely tight and general solution graphs.

6.1 results

Gopalan et al. [27] and Schwerdtfeger [64] were the first to introduce these
classes and studied their structural properties, yielding a dichotomy for
the complexity of the reachability problem and a trichotomy for the com-
plexity of the connectivity problem. In Sections 6.2 and 6.3 we are going to
recall their complexity results and then give some improvements based on
the publications of Scharpfenecker [61] and Scharpfenecker and Torán [63].
Table 2 summarizes the known complexity classifications of Gopalan et al.
[27] and Schwerdtfeger [64] and integrates our improvements.

In Section 6.4 we are going to recall the results of Scharpfenecker and
Torán [63] on the problem of deciding if two given solution graphs have
the same number of vertices, i.e. deciding if two formulas have the same
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Function Set R succinctRHn(CONN) succinctRHn(USTCONN)

CPSS P P

2-CNF NL-complete† NL-complete†

Schaefer, not CPSS coNP-complete P

Horn3 coNP-complete P-complete†

safely tight, not Schaefer coNP-complete P

not safely tight PSPACE-complete PSPACE-complete

Table 2: Complexity results of Gopalan et al. [27] and Schwerdtfeger [64] and our
improvements (marked with †). The function set 2-CNF (Horn3) is a spe-
cial case of CPSS (Schaefer) function sets.

number of satisfying solutions. Using a recent result of Curticapean [14],
this problem can be shown to be C=P-complete for 2-CNF-formulas. Fi-
nally, Section 6.5 will use this result and study GI on solution graphs: by
adapting the results of Scharpfenecker and Torán [63], we show that for
2-CNF-encoded solution graphs, isomorphism is C=P-complete while for
general formulas this problem is in EXP. This work represents the first non-
trivial results of GI on solution graphs. Table 3 summarizes our results of
Sections 6.4 and 6.5.

Problem L L is hard for. . . L is in. . .

same-2-SAT C=P C=P

succinctSHn(GI), S CPSS ?? C=P

succinct2-CNF
Hn

(GI) C=P C=P

succinctSHn(GI), S Schaefer ?? EXP

succinctSHn(GI), S safely tight PSPACE EXP

Table 3: Our complexity results for comparing the number of satisfying solutions
of 2-CNF-formulas and GI on solution graphs. The function set 2-CNF is
a special case of CPSS function sets.

6.2 reachability

As mentioned before, Gopalan et al. [27] and Schwerdtfeger [64] studied
the reachability problem on solution graphs encoded by CPSS, Horn, safely
tight or general formulas. See Section 3.2 for a definition of these classes.
They proved a dichotomy: as long as the encoding formula is at most safely
tight, the problem can be solved in polynomial-time, else the problem is
PSPACE-complete. They proved the following two theorems.
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Theorem 41 [27, 64]. For safely tight sets of relations S, succinctSHn(USTCONN)

is in P. For every not safely tight set of relations S, succinctSHn(USTCONN) is
PSPACE-complete.

They achieved this using structural results. The PSPACE-completeness
can be proved by showing that, if a set of relations S is not safely tight,
then S can structurally express some relations for which this problem is
known to be PSPACE-complete. On the other hand, for safely tight sets
of relations S, the P-algorithm for succinctSHn(USTCONN) can be achieved
by combining structural results: by Theorem 10 we know that safely tight
solution graphs have a diameter bounded by 2n and as every safely tight
solution graph is either componentwise bijunctive, OR-free or NAND-free,
we can use either Theorem 5 or Lemma 15.

If the solution graph is componentwise bijunctive, Theorem 5 states that
the connected components are partial cubes. But finding a path between
two elements s, t of an n-dimensional partial cube can be done in P by using
the fact that d(s, t) <∞ iff there exists some i ∈ s∆t such that d(s ′, t) <∞,
where s ′ is defined as s with the bit s[i] flipped. But as d(s ′, t) = d(s, t) − 1,
we are one step closer to t (if there is a path). If the distance is at most 2n
(and even n in this case), we can find a path to t in time poly(n).

If the solution graph is OR-free or NAND-free, Lemma 15 guarantees
us that the connected components have either unique locally minimal or
maximal solutions, which can be easily found by trying to successively
decrease all bits set to 1 in s and t. If both s and t lead to the same local
minimal or maximal solution, then we just found a path, implying this task
can be done in P.

6.2.1 Improvements

Starting from the results of Theorem 41, Scharpfenecker [61] further im-
proved the complexity of the tractable cases of succinctSHn(USTCONN). We
recall this work and prove that for up to safely tight sets of relations S,
succinctSHn(USTCONN) can be reduced using only logarithmic-space to
the satisfiability of S-formulas. This yields an improved upper bound for
succinct2-CNF

Hn
(USTCONN) by reducing this problem to 2-CNF-SAT, an NL-

complete problem.
We complement this result by giving a matching lower bound, proving

that succinct2-CNF
Hn

(USTCONN) is NL-complete. The technique we used can
even be adapted for succinctHorn3Hn

(USTCONN), proving that this problem
is P-complete.

Theorem 42 [61]. If S is a safely tight set of Boolean relations, then the problem
succinctSHn(USTCONN) can be reduced using logarithmic-space to the satisfiabil-
ity problem of S-formulas.

Proof. We show, given a formula F(x0, . . . , xn−1) which is built from rela-
tions in S and two satisfying solutions s, t ∈ Bn of F, how to construct a
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formula F ′(x0, . . . , xm) for m ∈ poly(n) such that the solution graph GF
has a path from s to t iff F ′ can be satisfied. Here, F ′ will use relations in
S and the relation (x ↔ y). In this case we can create another formula F∗

which is satisfiable iff F ′ is satisfiable and which only uses relations in S:
for each equivalence relation (x ↔ y) we can replace y by x and remove
the equivalence relation.

We now show how to construct F ′ using logarithmic-space. By Theo-
rem 10 we know that all connected components of the solution graph GF
have diameter at most 2n. The following formula F ′ should test for the exis-
tence of a path between s and t of length at most 2n by using several copies
of the variables x0, . . . , xn−1 to simulate a walk on the solution graph. Let
Xi denote the tuple of variables (xi0, . . . , xin−1) for i ∈ {0, . . . , 2n2}.

F ′(X0, . . . ,X2n
2
) =

∧
06i62n2 F(X

i)∧ (X0 = s)∧ (X2n
2
= t)∧∧

i∈[2n2]
∧
j∈{0,...,n−1}\{i−1 mod n}(x

i−1
j ↔ xij)

This construction works in the following way: we force X0 to be equal
to s and X2n

2
to be equal to t while the intermediate tuples of variables

should represent intermediate steps in a path from s to t, implying that all
2n2 + 1 tuples of variables have to satisfy F. While X0 = s, X1 with i = 1

can only differ from X0 in position 0 as for all j ∈ {0, . . . ,n − 1} \ {i − 1

mod n} = {1, . . . ,n− 1} we add the equivalence (x0j ↔ x1j ). Therefore, in a
satisfying assignment to F ′, d(X0,X1) 6 1: either both strings are the same,
or they differ in position 0. The same statement holds for all i ∈ [2n2]:
d(Xi−1,Xi) 6 1 as they differ at most in position i− 1 mod n.

Assume there is a path (s = a0, . . . ,am = t) of length m 6 2n. Then
setting Xn = a1,X2n = a2, . . . ,Xmn = am = Xmn+1 = . . . = X2n

2

yields a partial assignment where every n-th block of variables is set to
an intermediate vertex in the path. But for every two consecutive vertices
in the path, their distance is exactly 1. This implies that for all i ∈ [2n],
d(X(i−1)n,Xin) 6 1. Assume X(i−1)n and Xin differ in bit j. The partial
assignment can be extended by setting X(i−1)n+0 = . . . = X(i−1)n+j and
X(i−1)n+j+1 = Xin. Then X(i−1)n+j and X(i−1)n+j+1 differ only in bit
j = ((i− 1)n+ j+ 1) − 1 mod n, which corresponds to the omitted equiv-
alence clause for bit j. This partial assignment does therefore not violate
F ′.

If X(i−1)n = Xin, then all intermediate tuples get set to Xin, still not
violating F ′. This implies that if there is a path from s to t, then F ′ is satisfied
using the constructed assignment on X0, . . . ,X2n

2
.

For the other direction, if there is a satisfying assignment for F ′, then the
consecutive blocks Xi and Xi+1 have Hamming-distance at most 1, imply-
ing there is a path of length at most 2n2 from s to t. But as F encodes a
safely tight solution graph, there is a path from s to t iff there is a path
from s to t of length at most 2n. We conclude that GF has a path from s to
t iff F ′ is satisfiable.
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The construction of F ′ is straightforward and consists of several copies
of F and equivalence relations which can be computed using indices i and
j. Therefore F ′ can be constructed using logarithmic-space. The relations F ′

uses can be restricted to relations F uses and the equivalence relation. The
equivalences X0 = s and X2n

2
= t can either be realised by unit-clauses or

by replacing the variables in X0 and X2n
2

by constants. As noted before, we
can even get rid of the equivalence relations, proving our statement.

Theorem 43 [61]. The problem succinct2-SAT
Hn

(USTCONN) is NL-complete.

Proof. We first give an NL algorithm for succinct2-SAT
Hn

(USTCONN) and then
show that the non-reachability problem in directed, acyclic graphs (without
self-loops), an NL-complete problem (see [4]), can be reduced to the prob-
lem succinct2-SAT

Hn
(USTCONN). The lower bound follows as NL = coNL

(see Immerman [33] and Szelepcsényi [67]).
For the upper bound, Theorem 42 implies that succinct2-SAT

Hn
(USTCONN)

can be reduced in logarithmic-space to 2-CNF-SAT, which is in NL. Never-
theless, we give another, more direct, algorithm for this problem:

Note that a solution graph of a given 2-CNF-formula F on n variables
x1, . . . , xn is connected iff the implication graph I(F) is acyclic. This can
be seen as a special case of the following statement: a solution graph GF
has a path between two satisfying solutions a,b ∈ Bn iff no variable xi is
contained in a cycle in I(F) for which a[i] 6= b[i]. The latter statement can
easily be proved. If there is such a cycle, all literals in this cycle have to be
assigned to the same value in all satisfying solutions. So crossing from a

to b implies taking a single step which has Hamming-weight greater than
1, which is impossible. On the other hand, if there is a path, every edge on
this path flips one bit i for which a[i] 6= b[i]. But as every bit i for which
a[i] 6= b[i] has to be flipped at least once, there cannot exist a cyclic series of
implications as they would force at least 2 literals to always take the same
value.

This implies the following NL algorithm: given F(x1, . . . , xn), accept iff
for all i ∈ [n] it holds that if a[i] 6= b[i], then there is no cycle in I(F)

containing a vertex labelled with xi.
While we can enumerate over all i ∈ [n] and check if a[i] 6= b[i] in L,

checking if there is no cycle involving xi is in coNL. Again using NL =

coNL, the complete algorithm is in NL.
We now show how to reduce the complement of directed reachability in

acyclic graphs (a special case of STCONN) to succinct2-SAT
Hn

(USTCONN).
Given a directed and acyclic graph G = (V ,E) with V = [n] and two
vertices s, t ∈ V , we will produce a formula F(x1, . . . , xn) such that F ∈
succinct2-SAT

Hn
(USTCONN) iff G has no directed path from s to t. In a first

step we produce the graph G ′ = (V ,E ′ = E ∪ {(t, s)}. Then G has a path
from s to t iff G ′ has a cycle.

Interpreting each edge (u, v) in G ′ as an implication (xu → xv), we con-
struct a new 2-CNF formula F(x1, . . . , xn) =

∧
(u,v)∈E ′(xu → xv). Observe
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that this construction is similar to the reverse construction of the implica-
tion graph of a 2-CNF-formula. An important aspect of F is that G ′ has a
cycle u1, . . . ,uk,u1 iff F has a series of implications xu1 → . . .→ xuk → xu1 ,
implying that for all satisfying solutions a ∈ Bn for F, a[u1] = a[u2] = . . . =
a[uk]. As G ′ is an implication graph where every vertex u represents a pos-
itive literal xu, F has at least the two satisfying solutions 0n and 1n. We
now show that the solution graph encoded by F has a path from 0n to 1n

iff G ′ has no cycle.
Suppose G ′ has no cycle and is therefore still an acyclic graph. We de-

scribe how to construct a path from 0n to 1n. First note that b ∈ Bn

is a satisfying assignment of F iff there is no edge (u, v) ∈ E ′ such that
(cb(u), cb(v)) = (1, 0) using the labelling cb : V → B with cb(u) = b[u].
Using the notation of implication graphs, b is a satisfying solution if no
implication is labelled with (1, 0), implying that the implication is falsified.
Assuming that we start with the labelling c0n , as G ′ is acyclic, there is al-
ways at least one vertex labelled with 0 such that all successors in G ′ are not
labelled with 0. The path from 0n to 1n successively flips the variable xu
associated with such a vertex u until we reach 1n, proving that the required
path exists.

Suppose G ′ has a cycle. Using the same interpretation of edges in G ′ as
implications in F, a path from 0n to 1n in the solution graph of F has to flip
every variable in F at least once. But as G ′ contains a cycle u1, . . . ,uk,u1,
there is a set of k > 2 variables in F such that a[u1] = a[u2] = . . . = a[uk] in
every satisfying assignment a ∈ Bn of F. This implies that there is no path
in the solution graph of F as such a path has to flip the bits a[u1] = a[u2] =
. . . = a[uk] one by one, which implies the path uses unsatisfying solutions
as intermediate steps.

The formula F can be constructed using only logarithmic-space by enu-
merating over all possible edges and, if an edge is present, adding the
appropriate clause to the output F. This forms a reduction from directed,
acyclic non-reachability to the reachability in a 2-CNF solution graph F,
proving that succinct2-SAT

Hn
(USTCONN) is NL-complete.

Theorem 44 [61]. The problem succinctHorn3Hn
(USTCONN) is P-complete.

Proof. We give a polynomial-time algorithm for succinctHorn3Hn
(USTCONN):

Theorem 42 implies that succinctHorn3Hn
(USTCONN) can be reduced with

logarithmic-space to the satisfiability of Horn3 formulas, which is in P.
Therefore succinctHorn3Hn

(USTCONN) ∈ P.
For the lower bound, we reduce the monotone circuit value problem, a P-

complete problem (see Goldschlager [26]), to succinctHorn3Hn
(USTCONN) by

using the intermediate problem of hypergraph reachability. As the mono-
tone circuit value problem is P − complete and P is closed under com-
plementation, succinctHorn3Hn

(USTCONN) is P-complete under logarithmic-
space reductions.
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We now define directed hypergraph reachability: given a directed hyper-
graph G = (V ,E) (see Section 2.1, page 10), S ⊆ V and t ∈ V , decide if t can
be reached from the set of vertices S? Reachability in this problem is induc-
tively defined as follows. We can reach all vertices in S and for all vertices
u in V , we can reach u if there is a directed hyperedge (v1, . . . , vk) → u

where we can reach v1, . . . , vk. A naive polynomial-time algorithm to solve
this problem would be the following marking-algorithm: mark all vertices
in S and as long as there is an unmarked vertex u ∈ V such that there exists
a hyperedge (v1, . . . , vk) → u with marked vertices v1, . . . , vk, mark u. If
no more vertices can be marked, accept iff t is marked.

Given a monotone circuit C(x1, . . . , xn) on n inputs and m internal gates
and some x ∈ Bn, we want to reduce the question if C(x) = 1 to directed

hypergraph reachability and then to succinctHorn3Hn
(USTCONN). As C is a

circuit using only conjunctions and disjunctions of arity at most 2 (w.l.o.g.),
we create a directed hypergraph G = (V ,E) where V contains vertices ui
for every i ∈ [n], representing inputs to C, and vertices vj for every j ∈ [m],
representing gates in C. Let vm be the vertex representing the root-gate of
C. Now for every gate vj in C, with inputs represented by vertices u and v
(those vertices can either represent other gates in C or inputs of C), labelled
with a conjunction, we add the hyperedge (u, v)→ vj to E. Similarly, if vj is
labelled with a disjunction, we add the two hyperedges u→ vj and v→ vj
to E.

We conclude that C(x) = 1 iff (G,S = {ui : x[i] = 1}, vm) is a positive
instance of the directed hypergraph reachability problem: we start with
all vertices marked which correspond to inputs set to true, we then mark
conjunction-gates if both inputs are marked and mark disjunction-gates if
one of the inputs is marked. This process corresponds to the evaluation
of C(x) by propagating the inputs set to 1 upwards in the circuit until we
reach the root-gate or the process stops before we reach the root-gate. If
we mark the vertex representing the output-gate, we accept. The instance
(G,S, t) can be computed in logarithmic-space.

Further, directed hypergraph reachability can be reduced in logarithmic-

space to succinctHorn3Hn
(USTCONN): given (G = (V ,E),S, t) (V = {v1, . . . ,

vn ′}, w.l.o.g. t = vn ′), we output the instance (F, s ′, t ′) with s ′ = 0n
′
, t ′ =

1n
′

and

F(x1, . . . , xn ′) =
∧

((v1,...,vk)→vl)∈E

((x1∧ . . .∧ xk)→ xl)∧
∧
vj∈S

(xn ′ → xj).

As all hyperedges we used are of the form ((vi1 , vi2) → vl) or (vi → vl),
k will be at most 2, implying F is a Horn3-formula. We show that there is
no path in the solution graph GF encoded by F from 0n

′
to 1n

′
iff (G,S, t =

vm) is a positive instance of the hypergraph reachability problem, i.e. the
marking algorithm can mark t when starting from the set S. We show that
either the marking algorithm on (G,S, t) can mark t, or there is a path from
0n
′

to 1n
′

in GF.
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Observe that, if the marking algorithm can mark t when starting from S,
any intermediate vertex a ∈ Bn

′
on such a path has to set a[m] to 1 iff all

a[i] = 1 for vi ∈ S are set to 1. This is true as if all a[i] = 1 for vi ∈ S, then
the constructed clauses would imply that the marking algorithm marks
vm. The other direction follows as we added the clauses

∧
vj∈S(xn ′ → xj),

implying that if a is a satisfying assignment to F, if a[m] = 1, then a[i] = 1
for all vi ∈ S. But then if the marking algorithm can mark t and assume
there is a path from 0n

′
to 1n

′
, one intermediate edge (a,b) with a,b ∈

Bn
′

and ∆(a,b) = 1 has to flip the variables xi for vi ∈ S and xm, a
contradiction.

On the other hand, if there is a path from 0n
′

to 1n
′
, such a path implies

that there is a sequence of flips of the variables where no intermediate step
violates the formula F, i.e. there is no hyperedge (v1, . . . , vk) → vl where
the vertices v1, . . . , vk are marked but vl is not marked. Therefore there is
either an intermediate step a ∈ Bn

′
for which all a[i] = 1 with vi ∈ S and

a[m] = 0, implying that the marking algorithm, started on S will not mark
t. Or there is an intermediate step b ∈ Bn

′
for which all a[i] = 0with vi ∈ S

and a[m] = 1. Note that the latter is a contradiction and cannot occur as
we have the clauses

∧
vj∈S(xn ′ → xj). Therefore only the former case can

occur, implying that the marking algorithm, started on S, will not mark t.
This proves that either the marking algorithm can mark t, which is equiv-

alent to saying that C(x) = 1, or there is a path from 0n
′

to 1n
′
. The com-

position of the two reductions from (C, x) over (G,S, t) to (F, s ′, t ′) is still
a logarithmic-space reduction and it holds that C(x) = 1 iff (F, s ′, t ′) 6∈
succinctHorn3Hn

(USTCONN).

6.3 connectivity

Gopalan et al. [27] initiated the study of the connectivity problem on solu-
tion graphs. They proved that for general formulas this problem is PSPACE-
complete while for more restricted formulas this problem is at least in coNP.
Schwerdtfeger [64] then improved these results and gave a trichotomy for
succinctSHn(CONN): if S is CPSS, the problem is in P, if S is not CPSS but
safely tight, it is coNP-complete, and if S is not safely tight, the problem is
PSPACE-complete.

Theorem 45 [27, 64]. The problem succinctSHn(CONN) is in P, if S is CPSS and
it is coNP-complete, if S is not CPSS but safely tight. If S is not safely tight, the
problem succinctSHn(CONN) is PSPACE-complete.

The P-algorithm for succinctCPSSHn
(CONN) follows by the fact that if the

encoded solution graph is disconnected, then the projection of the solu-
tion graph to one of the instantiations of relations has to be disconnected
[64]. On the other hand, the case of succinctSHn(CONN) for safely tight
but not CPSS sets of relations S follows by proving that such sets of rela-
tions S can structurally express relations for which this problem is coNP-
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hard and by giving a coNP-algorithm [64]. The PSPACE-completeness of
succinctSHn(CONN) for not safely tight sets of relations S follows by a di-
rect proof that succinct3-CNF

Hn
(CONN) is PSPACE-complete [27].

6.3.1 Improvements

We adapt a result of Scharpfenecker [61] proving succinct2-SAT
Hn

(CONN) is
NL-complete by giving a property for the encoding 2-CNF-formulas which
holds iff the encoded graph is disconnected.

Theorem 46 [61]. The problem succinct2-SAT
Hn

(CONN) is NL-complete.

Proof. We note that the proof of Theorem 43 showed that the solution graph
GF encoded by a 2-CNF-formula F is connected iff the implication graph
I(F) is acyclic. Therefore succinct2-SAT

Hn
(CONN) can be reduced using only

logarithmic-space to the question if a directed graph is acyclic, which is in
NL.

Similarly, the proof of Theorem 43 gave a reduction from directed non-
reachability in acyclic graphs to succinct2-SAT

Hn
(USTCONN). The reduction

created a formula F which has a path from 0n to 1n iff there is no path
from s to t in a given graph G. Observe that the implication graph I(F) of
the constructed formula F is even acyclic iff there is no path from s to t.
Therefore GF is connected iff there is no path from s to t in a given graph
G, reducing non-reachability in logarithmic-space to succinct2-SAT

Hn
(CONN),

proving that the latter is hard for NL.

6.4 counting the number of vertices

We turn our attention to one of the seemingly easier problems on graphs:
counting the number of vertices. More exactly, we want to know if two
given graphs have the same number of vertices. Although this problem is
easy on explicitly given graphs, deciding this problem on succinctly en-
coded graphs corresponds to deciding if two formulas have the same num-
ber of satisfying solutions.

Let same-k-SAT denote the problem of, given two k-CNF formulas, de-
cide if the two formulas have the same number of satisfying solutions. Then
same-k-SAT is basically the problem, given two solution graphs encoded by
k-CNF-formulas, decide if they have the same number of vertices. While
same-3-SAT is known to be C=P-complete, the complexity of same-2-SAT,
i.e. giving a matching lower bound, has been open.

Usually, such problems can be shown to be C=P-complete by adapting
the techniques of Valiant [69, 70]. In this work, the author proves several
counting problems to be #P-complete by giving polynomial-time Turing-
reductions to these problems. For example, they prove #2-SAT, the problem
of counting the number of satisfying solutions of a given 2-CNF-formula, to
be #P-complete. Unfortunately, this reduction cannot easily be adapted for
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same-2-SAT, which requires to decide if two given 2-CNF-formulas have
the same number of satisfying solutions.

The reason for this is that the reduction from a known #P-complete prob-
lem, in this case #PM (counting the number of perfect matchings in a
graph), to #2-SAT is only a Turing-reduction. After asking many #2-SAT-
questions to an oracle, the reduction combines these answers using the Chi-
nese remainder theorem to compute the answer for the #PM-instance. But
such a Turing-reduction cannot be adapted for same-2-SAT as every #2-SAT-
question has an exponential number of possible answers which could lead
to the same answer of the #PM-instance. In other words, we cannot trans-
late the questions of a counting problem to questions of a decision problem.

Recently, Scharpfenecker and Torán [63] proved this problem to be C=P-
complete by giving a polynomial-time many-one reduction from another
C=P-complete problem. This problem, called same-PM, which requires us
to decide if two given undirected graphs have the same number of perfect
matchings, has been shown to be C=P-complete by Curticapean [14].

Theorem 47 [63]. same-PM 6P
m same-2-SAT.

Proof. Given two undirected graphs G = (V ,E1) and H = (V ,E2), each on n
vertices V = [n], we show how to construct in polynomial-time two 2-CNF
formulas F1 and F2, each having poly(n) variables, such that G and H have
the same number of perfect matchings iff F1 and F2 have the same number
of satisfying solutions.

The overall structure of this reduction will be as follows. We will con-
struct several graphs Gk and Hk as modified versions of G and H am-
plifying different types of (non-perfect and perfect) matchings such that
Gk has ck =

∑
06i6n(k + 1)

iai matchings where ai (0 6 i 6 n) is the
number of matchings in G with i unmatched vertices. Similarly, for Hk
the number of matchings will be dk =

∑
06i6n(k+ 1)

ibi using the num-
bers b0, . . . ,bn of matchings with 0, . . . ,n unmatched vertices in H. This
implies two equation systems1 V × (a0, . . . ,an) = (c0, . . . , cn) and V ×
(b0, . . . ,bn) = (d0, . . . ,dn) where V is an (n+ 1)× (n+ 1) Vandermonde
matrix with Vi,j = (i+ 1)j for 0 6 i, j 6 n. Inverting V in polynomial-time
(see Lemma 1), we can express a0 and b0, the numbers of perfect matchings
in G and H as the first entries in V−1× (c0, . . . , cn) and V−1× (d0, . . . ,dn),
implying that a0 = b0 iff (V−1× (c0, . . . , cn))[0] = (V−1× (d0, . . . ,dn))[0].2

In a final step we show that c0, . . . , cn and d0, . . . ,dn can be encoded
as the number of solutions in 2-CNF formulas and the equivalence of
V−1 × (c0, . . . , cn) and V−1 × (d0, . . . ,dn) can be transformed to the test
if two 2-CNF formulas F1 and F2 have the same number of satisfying solu-
tions.

1 For convenience we will use in this proof the convention that a row-vector like (a0, . . . ,an)
actually denotes the column vector (a0, . . . ,an)T . In other words, we omit the T indicating
a transposition.

2 Here we abuse the bit-index notation for accessing the first entry of length n+ 1 vectors.
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As mentioned in the overview, the first step is the construction of graphs
Gk,Hk such that if Gk (Hk) has ai (bi) matchings with i unmatched ver-
tices, then Gk (Hk) has ck =

∑
06i6n(k+ 1)

iai (dk =
∑
06i6n(k+ 1)

ibi)
matchings. To achieve this, let Gk and Hk be the graphs G and H where
we add for every existing vertex u in V k new vertices u1, . . . ,uk which are
only connected to u. Define for 0 6 k 6 n Vk = V ∪

⋂
u∈V

⋂
i∈[k] ui, Gk =

(Vk,E1,k) and Hk = (Vk,E2,k) with E1,k = E1 ∪
⋃
u∈V {{u,u1}, . . . , {u,uk}}

and E2,k = E2 ∪
⋃
u∈V {{u,u1}, . . . , {u,uk}}.

Observe that every matching in G or H with i unmatched vertices can
be extended to (k+ 1)i matchings in Gk or Hk by possibly matching ev-
ery unmatched vertex to one of the k new neighbours in Gk or Hk. All
matchings in Gk and Hk can be uniquely constructed by such a construc-
tion. Therefore, if G has ai matchings with i unmatched vertices, Gk has
ck =

∑
06i6n(k+ 1)

iai matchings. Similarly, if H has bi matchings with i
unmatched vertices, Hk has dk =

∑
06i6n(k+ 1)

ibi matchings.
Let V be the (n+ 1)× (n+ 1) Vandermonde matrix with entries Vi,j =

(i + 1)j for 0 6 i, j 6 n. Therefore V × (a0, . . . ,an) = (c0, . . . , cn) and
V × (b0, . . . ,bn) = (d0, . . . ,dn). Using Lemma 1, we know that V−1 can
be computed in polynomial-time and all entries of V−1 are integers of
length poly(n). Then (a0, . . . ,an) = V−1 × (c0, . . . , cn) and (b0, . . . ,bn) =
V−1× (d0, . . . ,dn), implying that G and H have the same number of perfect
matchings iff (V−1 × (c0, . . . , cn))[0] = (V−1 × (d0, . . . ,dn))[0].

In the next step we show how to construct 2-CNF formulas Fk1 and
Fk2 such that Fk1 has ck satisfying solutions and Fk2 has dk satisfying so-
lutions. Note that ck is the number of matchings in Gk and dk is the
number of matchings in Hk. Given a graph G on n vertices V and m

edges E, the set of satisfying solutions of the formula F(x1, . . . , xm) =∧
e,e ′∈E,|e∩e ′|=1(xe ∨ xe ′) is exactly the set of matchings in G: every match-

ing S ⊂ E can be transformed to a satisfying solution of F by setting every
variable xe to 1 iff e ∈ S and every satisfying solution of F corresponds to
a matching S of G by including every edge e in S for which xe = 1 in the
satisfying assignment. This can be seen as the clauses of F exclude exactly
those satisfying assignments which set the variables xe and xe ′ , represent-
ing two edges sharing a common vertex, both to 1. Clearly, as m ∈ poly(n),
applying this polynomial-time construction to Gk and Hk yields the for-
mulas Fk1 and Fk2 such that Fk1 has ck satisfying solutions and Fk2 has dk
satisfying solutions.

Now as we have formulas encoding the numbers ck and dk, we have to
create two formulas F1 and F2 such that #F1 = #F2 iff (V−1× (c0, . . . , cn))[0]
= (V−1 × (d0, . . . ,dn))[0]. Note that the entries of V−1 are rational num-
bers of length poly(n). As Lemma 1 implies that these numbers can be
computed in polynomial-time, we can even compute every entry Vi,j as
the quotient pi,jqi,j where pi,j and qi,j are integers of polynomial length. Let
ri,j =

∏
k6=j

qi,k be the product over all denominators in the i-th row of V
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without the j-th entry, let c ′i,j = pi,jcj be the product of the numerator
pi,j and the number of matchings cj and let d ′i,j = pi,jdj be the product
of the numerator pi,j and the number of matchings dj. This allows us to
reformulate the equation for #F1 = #F2:

(V−1 × (c0, . . . , cn))[0] = (V−1 × (d0, . . . ,dn))[0]

⇔
∑

06j6n

p0,j
q0,j
cj =

∑
06j6n

p0,j
q0,j
dj

⇔
∑

06j6n
p0,jcjr0,j =

∑
06j6n

p0,jdjr0,j

⇔
∑

j,p0,j>0

c ′0,jr0,j +
∑

j,p0,j<0

−d ′0,jr0,j =
∑

j,p0,j<0

−c ′0,jr0,j +
∑

j,p0,j>0

d ′0,jr0,j

This reformulation eliminated all divisions and subtractions in this equa-
tion: the second transformation was a multiplication with the common de-
nominator

∏
06k6n

qi,k and in the third transformation we moved all neg-

ative terms, defined by p0,j < 0, on the left side to the right side of the
equation and vice versa. The final equation is of size poly(n), uses values
pi,j, qi,j, ci and di of length poly(n) (for i, j ∈ {0, . . . ,n}), as well as addi-
tions and multiplications.

In a final step we show how to construct polynomial sized formulas F1
and F2 with the following property:

#F1 =
∑

j,p0,j>0

c ′0,jr0,j +
∑

j,p0,j<0

−d ′0,jr0,j

#F2 =
∑

j,p0,j<0

−c ′0,jr0,j +
∑

j,p0,j>0

d ′0,jr0,j

Therefore #F1 implements the left side and #F2 implements the right
side of our target equation, implying that #F1 = #F2 iff G and H have
the same number of perfect matchings. As we already have formulas F1,k

and F2,k implementing ck and dk, we will now construct 2-CNF formulas
of size poly(n) implementing the constants pi,j and qi,j and then show
how to combine all these formulas by giving gadgets implementing the
multiplications and additions in the target equation, yielding F1 and F2.
Such gadgets will, given two formulas F and F ′, construct a new formula
F∗ such that #F∗ = #F · #F ′ or #F∗ = #F + #F ′. We assume #F to use n
variables x1, . . . , xn and #F ′ to use m variables y1, . . . ,ym. In all cases, #F∗

will not introduce more than 1 new variable and the size of F∗ will be at
most |F|+ |F ′|+ nm+ n+m. Using these operations and the fact that the
input formulas for ck, dk and the constants pi,j and qi,j are of size poly(n),
the resulting formulas will still be of size poly(n).

In all input formulas and all constructed formulas we assume the all
0 bit-string to be a satisfying solution. We have enforced this property in
the formulas computing the constants pi,j and qi,j and in the formulas we
construct for the multiplication and addition. As the formulas Fk1 and Fk2
implementing ck and dk are anti-monotone they already fulfil this property.
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Given formulas F and F ′ using disjoint sets of variables, the multiplica-
tion can be implemented using the formula F∗ = F ∧ F ′. F∗ has #F · #F ′
satisfying solutions: every solution of F can be extended to a satisfying so-
lution of F∗ by using any satisfying solution of F ′. Therefore #F∗ = #F · #F ′
and |F∗| = |F|+ |F ′|. Note that if 0n and 0m are satisfying solutions of F and
F ′, then 0n+m is a satisfying solution of F∗.

For the addition, given F and F ′ using disjoint sets of variables, the fol-
lowing formula F∗ has #F+ #F ′ solutions, uses 1 new variable and is of size
|F|+ |F ′|+nm+n+m.

F∗(x1, . . . , xn,y1, . . . ,ym, z) = F(x1, . . . , xn)∧ F ′(y1, . . . ,ym)

∧
∧
i∈[n],j∈[m](xi → yj)

∧
∧
i∈[n](xi → z)

∧
∧
j∈[m](yj → z)

Observe that the first line is the same as in the formula for the multipli-
cation but the second line (ignore for now the new variable z) implies that
if x ∈ Bn satisfies F but x 6= 0n, then F∗(x,y) can only be true if y = 0m.
By duality the same holds for y ∈ Bm: if y 6= 0m, then F∗(x,y) can only be
true if x = 0n. The combination of lines 1 and 2 in this construction imply
that F∗ has #F+ #F ′ − 1 satisfying solutions: every solution of F can be ex-
tended with 0m and every solution in F ′ can be extended with 0n, but the
solution 0n+m occurs in both cases. To add another satisfying solution we
use the new variable z. Lines 3 and 4 imply that if x 6= 0n or y 6= 0m then
z = 0. Therefore F∗ contains for z = 0 exactly #F+ #F ′ − 1 solutions but if
z = 1, we have to set x = 0n and y = 0m, adding the solution 0n+m+1. So
#F∗ = #F+ #F ′, F∗ uses n+m+ 1 variables and |F∗| = |F|+ |F ′|+nm+n+m.

For the constants we show how to construct, given an arbitrary number
k ∈ N with log(k) = n a 2-CNF formula on at most n2 variables of size
poly(n) having k satisfying solutions. First, if k is a power of 2, the formula
F(x1, . . . , xlog(k)) = 1 has n = log(k) variables and 2log(k) = k satisfying
solutions.

Now assume k is not a power of 2. Let (kn, . . . ,k0)2 be the binary repre-
sentation of k such that k =

∑
06i6n ki2

i. Therefore k can be implemented
by using formulas on 2i satisfying solutions and combining them with the
addition construction. Then for every k we can construct in polynomial-
time a formula Fk such that #Fk = k, Fk uses at most n2 +n variables3 and
|Fk| = O(n5). For the latter, the total number of variables is bounded by
n2 + n and in each addition step we add (at most) O((n2 + n)2) many
clauses. After n such addition steps we get a formula of size at most
O(n5) ∈ poly(n).

3 The first part comes from
∑
06i6n i which we need to construct formulas having 2i solu-

tions for 0 6 i 6 n and the second part from the naive sequential addition construction:
first combine the first two formulas and add one new variable, then add this formula to the
third formula and add one new variable, and so on.
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Note that the formulas having 2i satisfying solutions have the solution
0i and by applying the construction for the addition we preserve the all 0
bit-string as a satisfying solution.

Finally, observe that all this can be done in polynomial-time. The graphs
Gk and Hk are of size poly(n) and can be constructed in polynomial-
time. Therefore Fk1 and Fk2 , implementing ck and dk can be constructed
in polynomial-time. As all constants pi,j and qi,j are of length bounded by
poly(n) and can be computed in time poly(n) (see Lemma 1), the formulas
implementing pi,j and qi,j are of size poly(n) and can be constructed in
time poly(n). Combining the formulas for pi,j, qi,j, ck and dk with addi-
tion and multiplication gadgets yields poly(n) sized formulas F1 and Fk.
The overall process takes time poly(n) and #F1 = #F2 iff G and H have the
same number of perfect matchings.

Corollary 22 [63]. same-2-SAT is C=P-complete.

Proof. It is easy to see that same-2-SAT is in C=P by using a standard reduc-
tion to exactSAT , the generic C=P-complete problem defined by Wagner
[75]. In this problem, we are given a formula F and a number k and have
to decide if F has exactly k satisfying solutions. Given F1 and F2, each on n
variables, the formula

F(x1, . . . , xn+1) = (xn+1 ∧ F1(x1, . . . , xn))∨ (xn+1 ∧ F2(x1, . . . , xn))

has 2n satisfying solutions iff F1 and F2 had the same number of solutions
because #F = #F1 + (2n − #F2).

Hardness for C=P follows by combining Theorem 47 with the recent
result of Curticapean [14] that same-PM is C=P-complete, implying that
same-2-SAT is C=P-complete.

6.5 graph isomorphism

Finally, we study the graph isomorphism problem on solution graphs by
first giving an improved upper bound of EXP for the general problem, us-
ing the fact that solution graphs, although of size up to 2n, have a degree
bounded by n. Afterwards, we are going to use the structural results of
CPSS solution graphs (see Section 3.2.1), using the fact that such graphs
are partial cubes, which allows us to improve the complexity of GI on CPSS
solution graphs to C=P. In the case of 2-CNF-encoded solution graphs we
can even give a matching lower bound by using the results of Section 6.4.
This implies C=P-completeness for succinct2-CNF

Hn
(GI).

We will conclude this chapter by proving that for safely tight formulas,
GI on the encoded solution graphs is PSPACE-hard. This proof follows the
usual reductions of undirected reachability to GI (see Lemma 4).

W.l.o.g. we assume the two input formulas, for whose solution graphs we
want to decide isomorphism, to have the same number of variables. If this
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would not be the case we could add artificial new variables and add unit-
clauses to the given formula. Note that as long as a k-ary Boolean relation
R is not trivial (i.e. not empty or equal to Bk for some k), we can find some
b ∈ Bk−1 such that fixing k− 1 variables in R to b yields a relation R ′ with
either R ′ = {0} or R ′ = {1}.

Theorem 48 [63]. The problem succinctcir
Hn

(GI) is in EXP.

Proof. Luks [52] proved that GI can be solved in time O(nd) with n the
number of vertices and d the maximum degree of any vertex in the two
input graphs G and H. In the case of solution graphs we know that d 6 n

while the number of vertices is at most 2n. Applying the result of Luks [52]
to these graphs yields a O((2n)n) = O(2n

2
) time algorithm, proving that

succinctcir
Hn

(GI) is in EXP.

Let compGI be the problem of, given two graphs G = (V ,E) and H =

(V ′,E ′), as well as vertices u ∈ V and v ∈ V ′, decide if there is a bijection
π mapping the connected component in G containing u to the connected
component in H containing v such that π(u) = v. For x ∈ Bn, define x−i

to be the bit-string which can be constructed from x by flipping the i-th bit
of x. For x ∈ Bn and I ⊆ [n] define x−I to be the bit-string which can be
constructed from x by flipping the bits on positions i ∈ I.

Lemma 23 [63]. If F(x1, . . . , xn) is a CPSS formula and F(x) = 1, then for every
I ⊆ [n], if for all i ∈ I, F(x−i) = 1 and F(x−I) = 1, then the solution graph
encoded by F has a path from x to x−I.

Proof. Let w.l.o.g. be I = {1, . . . ,k} and assume that for all i ∈ I F(x−i) = 1

and F(x−I) = 1. We further note that we can safely ignore all other indices
in [n] \ I as those indices point to positions j for which x[j] = x−I[j] =

x−i1 [j] = . . . = x−ik [j]. All vertices we study will therefore be bit-strings in
Bk. As we know, all CPSS solution graphs are closed under bitwise majority
if the set of relations is affine or bijunctive, under bitwise x∧ (y∨ z) if it
is Horn and safely componentwise IHSB- or under bitwise x∨ (y∧ z) if it
is dual-Horn and safely componentwise IHSB+. We will now handle these
three cases and therefore prove our statement.

For affine or bijunctive solution graphs,maj(x, x−I, x−1) = x−1 satisfies F
and has distance 1 from x. Similarly, maj(x−1, x−I, x−2) = x−{1,2} satisfies
F and has distance 1 from x−1. Applying this argument until we reach
x−{1,...,k} shows that for all j ∈ [k], F(x−{1,...,j}) = 1 while these k vertices
have successive distances of 1. Therefore there is a path from x to x−I.

We now handle the two remaining cases. Assume w.l.o.g. I = {1, . . . ,k}
can be divided into the two sets I1 = {1, . . . ,k1} and I2 = {k1 + 1, . . . ,k}
with |I1| = k1, |I2| = k2 such that I1 contains the indices of bits which are 0
in x and 1 in x−I and I2 contains the indices of bits which are 1 in x and 0
in x−I. Then x = 0k11k2 and x−I = 1k10k2 .

First, Horn and safely componentwise IHSB- solution graphs are closed
under bitwise x∧ (y∨ z) and therefore under bitwise x∧ y = x∧ (y∨ y).
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We show there exists a path from x to x−I over x−I2 = 0k. The path from
x = 0k11k2 to x−I = 1k10k2 over x−I2 = 0k can be constructed by using the
two closure properties:

Path

0k11k2

0k11k2 ∧ x−(k1+1) = 0k1+11k2−1

0k1+11k2−1 ∧ x−(k1+2) = 0k1+21k2−2

. . .

0k−11 ∧ x−k = 0k

x−I ∧ (0k ∨ x−1) = 10k−1

x−I ∧ (10k−1 ∨ x−2) = 120k−2

. . .

x−I ∧ (1k1−10k2+1 ∨ x−k1) = 1k10k2

As all these vertices have consecutive distances of 1, the constitute a path
in the solution graph of F from x to x−I.

Second, dual-Horn and safely componentwise IHSB+ solution graphs
are closed under bitwise x∨ (y∧ z) and therefore under bitwise x∨ y =

x∨ (y∧ y). We show there exists a path from x to x−I over x−I1 = 1k. The
path from x = 0k11k2 to x−I = 1k10k2 over x−I1 = 1k can be constructed by
using the two closure properties:

Path

0k11k2

0k11k2 ∨ x−(k1) = 0k1−11k2+1

0k1−11k2+1 ∨ x−(k1−1) = 0k1−21k2+2

. . .

01k−1 ∨ x−1 = 1k

x−I ∨ (1k ∧ x−k) = 1k−10

x−I ∨ (1k−10 ∧ x−(k−1)) = 1k−202

. . .

x−I ∨ (1k1+10k2−1 ∧ x−(k1+1)) = 1k10k2

As these vertices have successive distances of 1, they yield a path in the
solution graph of F from x to x−I.

For the next lemma we will use the following theorem given by Ovchin-
nikov [55] (Theorem 5.72).

Theorem 49 [55]. For all isomorphic partial cubes G and H embedded in Hn,
there is a Boolean automorphism of Hn mapping G to H. Additionally, for every
isomorphism π from G to H, there is a Boolean automorphism φ of Hn such that
for all vertices u in G, π(u) = φ(u).
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Lemma 24 [63]. For every CPSS set of relations S, succinctSHn(compGI) 6P
m GI

Proof. Given two S-formulas F(x1, . . . , xn) and F ′(x1, . . . , xn), encoding the
solution graphs GF = (V ,E) and GF ′ = (V ′,E ′) and two vertices u ∈ GF
and v ∈ GF ′ , we want to reduce the problem of deciding if there is an iso-
morphism π : Cu → C ′v to GI, where Cu ⊆ V is the connected component
containing u and C ′v ⊆ V ′ is the connected component containing v. We will
do so by constructing two graphs I, J, both of size poly(n), in polynomial-
time, such that (I, J) ∈ GI iff (F, F ′,u, v) ∈ succinctCPSSHn

(compGI).
First assume that GF and GF ′ contain no other connected components

than Cu and C ′v. Using Theorem 49, we conclude that if Cu ∼= C ′v via
π : Cu → C ′v such that π(u) = v, then there is a Boolean isomorphism φ

between F and F ′ such that φ(u) = v. Observe that this statement may not
be true if the solution graphs contain more than one connected component:
while there may still be a Boolean isomorphism mapping Cu to C ′v, this iso-
morphism may map satisfying assignments in other connected components
of F to unsatisfying assignments of F ′ (or the other way around).

Considering this problem, we first show how to construct new formu-
las whose solution graphs represent isomorphism-invariant walks on the
connected components Cu and C ′v, therefore removing traces of all other
connected components of GF and GF ′ . These new formulas will have a spe-
cific Boolean isomorphism iff the connected components are isomorphic. In
a second step we show how to reduce this Boolean isomorphism problem
to GI.

Similar to the construction of Theorem 42, we are going to construct a
formula whose satisfying solutions represent walks on the connected com-
ponent Cu starting in u. The main difference will be that in this case, we
need the walk to be isomorphism-invariant. Theorem 42 allowed the walk
to first flip bit x1, then x2, up to xn and then starting from x1 again. This
leads to the problem that if we choose this order in the correct way, we may
reach a vertex in distance n to u after n such steps. But if we choose this
order in a bad way, for example if every path leaving u has to flip x1 first
but we chose x1 to be the last of these n flips, then we can only reach a
vertex in distance 1 from u after n steps. As we are looking for a Boolean
isomorphism between Cu and C ′v, we have to omit such an order and have
to offer steps in the solution graph in parallel, i.e. the satisfying solution
can, in every step, choose which bit it wants to flip while still staying in
this connected component.

Let for i ∈ {0, . . . ,n− 1} and j ∈ [n] Xi,j be the tuple of variables (xi,j1 , xi,j2 ,
. . . , xi,jn ) and let for k ∈ {0, . . . ,n} Xk be the tuple of variables (xk1 , xk2 , . . . , xkn).
For F(x1, . . . , xn) and u ∈ Bn, define Fu to be the following formula:
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Fu(X
0, . . . ,Xn,

X0,1, . . . ,Xn−1,n) =
∧
i∈{0,...,n} F(X

i)∧ (X0 = u)∧∧
i∈{0,...,n−1},j∈[n] F(X

i,j)∧∧
i∈{0,...,n−1}

∧
j∈[n]

∧
k∈[n],k6=j(x

i
k ↔ x

i,j
k )∧

i∈[n]
∧
j∈[n](x

i
j ↔ x

i−1,j
j )

The construction of Fu is depicted in Figure 11 for a walk of length 2
using the sets of variables X0, X1, X2 and Xi,j for i ∈ {0, 1} and j ∈ [n]. The
general construction repeats this branch and combine step n times instead
of only 2 times. Observe that a satisfying assignment of Fu has to set X0 = u
and every X0,j for j ∈ [n] may differ from X0 only in position j as for all
k 6= j we use the equivalence relation (x0k ↔ x

0,j
k ). So a satisfying solution

of Fu fixes X0 to u and then has n blocks of variables, where every block
may differ from X0 in exactly one position. The next block of variables, X1,
accumulates all these flips, as we add for every j the equivalence relations
(x1j ↔ x

0,j
j ). We repeat this process n−1 times and get the blocks X2, . . . ,Xn.

Note that all Xi and all Xi,j have to satisfy F, implying that every block
represents a vertex of the solution graph GF.

Further observe that for all i and j, d(Xi,Xi,j) 6 1. As F is a CPSS formula,
Xi, J and Xi+1 = (Xi)−J, with J = {j1, . . . , jk} such that {Xi,j1 , . . . ,Xi,jk} ⊆
{Xi,1, . . . ,Xi,n} is exactly the set of blocks which actually flip a variable of
Xi, satisfy the requirements of Lemma 23, implying that Xi+1 is in the
same connected component as Xi. But if for every Xi, Xi+1 is in the same
connected component as Xi, then every block of variables in Fu is in the
same connected component as u. Further, as every connected component
of a CPSS solution graph has its diameter bounded by n and we use n levels
of this construction in Fu, for every v ∈ Cu there is a satisfying assignment
of Fu such that Xn = v.

We now show that every (a,φ) ∈ {+,−}n× Sn is a Boolean isomorphism
(see Section 2.2, page 11) mapping Cu to C ′v and u to v iff applying (a,φ) to
all variables in the blocks Xi,j and Xi and permuting for every i the blocks
Xi,1, . . . ,Xi,n according to φ is a Boolean isomorphism from Fu to F ′v.

First, assume there is such a Boolean isomorphism f = (a,φ) such that
for all x,y ∈ Cu, (x,y) ∈ Cu iff (f(x), f(y)) ∈ C ′v (and of course |Cu| = |C ′v|).
Let z = (z0, . . . , zn, z0,1, . . . , zn−1,n) be a satisfying assignment of Fu where
every zi and every zi,j is an n-bit string. Using our analysis, z0 = u and
(z0, . . . , zn) is a walk on Cu where some steps have distance > 1 to its pre-
decessor but are still in Cu. Then f(z) := (f(z0), . . . , f(zn), f(z0,φ−1(1)), . . . ,
f(zn−1,φ−1(n))) represents the same walk in C ′v and satisfies all conditions
of F ′v: all f(zi) and f(zi,φ

−1(j)) satisfy F ′ (the strings we apply f to are in Cu,
therefore the result of this application is in C ′v), f(z0) = f(u) = v, f(zi,φ

−1(j))

differs from zi−1 only in position j and zi+1 accumulates all changes of
f(zi,φ

−1(1)), . . . , f(zi,φ
−1(n)). This implies Fu(z) = 1 iff F ′v(f(z)) = 1.
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x01 x02 x03 . . . x0n−1 x0nu =: |= F

x0,1
1 x0,1

2 x0,1
3 . . . x0,1

n−1 x
0,1
n |= F x0,n

1 x0,n
2 x0,n

3 . . . x0,n
n−1 x

0,n
n |= F

x11 x12 x13 . . . x1n−1 x1n |= F

x1,1
1 x1,1

2 x1,1
3 . . . x1,1

n−1 x
1,1
n |= F x1,n

1 x1,n
2 x1,n

3 . . . x1,n
n−1 x

1,n
n |= F

x21 x22 x23 . . . x2n−1 x2n |= F

. . . . . .

. . . . . .

. . .

. . .

. . .

. . .

Figure 11: Constructing a walk of length 2 beginning at the vertex u on a solution
graph defined by a formula F [63].

Second, assume that there is a Boolean isomorphism from Fu to F ′v which
applies the same Boolean isomorphism f = (a,φ) to all blocks of variables
and permutes for every i the blocks Xi,j according to φ. As we noted before,
for every x ∈ Cu, there is a satisfying assignment for Fu which sets Xn = x.
So f maps all x ∈ Cu to some f(x) satisfying F ′. But as f maps all satisfying
assignments for Fu to satisfying assignments for F ′v, f(x) ∈ C ′v. Finally, we
note that f is a Boolean isomorphism from Fu to F ′v, implying both formulas
have the same number of satisfying assignments and for every y satisfying
F ′v, there is some x satisfying Fu such that f(x) = y. This immediately
implies that |Cu| = |C ′v| as otherwise f could not be an isomorphism from
Fu to F ′v. Therefore f = (a,φ) is an isomorphism mapping Cu to C ′v.

We want to reduce the problem of deciding if there is a specific Boolean
isomorphism between Fu and F ′v to GI by adapting methods of Böhler et al.
[10], which showed how to reduce the Boolean isomorphism problem of
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Schaefer-formulas to GI4. Note that we are given two formulas F and F ′,
encoded over a finite set of relations S. Let k be the maximum over the
number of relations in S and the maximum arity of a relation in S. Böhler
et al. [10] reduce Boolean isomorphism of S-formulas to GI by constructing
a normal-form of the given formulas of size O(k(n+ 2)k) using queries to
the satisfiability problem of S-formulas. As long as S is at most Schaefer,
this can be done in polynomial-time. We first describe this normal-form
and how to construct it and then show how to enrich this construction to
enforce the specific properties of the Boolean isomorphism we are looking
for.

The normal-form for a formula F on n variables can be constructed as
follows: as we have at most n variables, 2 constants, k different relations in
S, each of arity at most k, there are at most k(n+ 2)k different instantiations
of S-relations. We enumerate all of these, and for every instantiation U, we
check if F implies U, i.e. if every satisfying assignment of F also satisfies U.
This can be done by checking if, for one of the at most 2k assignments a ∈
Bk violating U, assigning the variables of U in F with a yields a satisfying
formula. If yes, U is not implied by F. The normal-form nf(F) is the set
or conjunction of all U which are implied by F, therefore if F ≡ F ′, then
nf(F) = nf(F ′).

Böhler et al. [10] proved that F and F ′ have an unsigned Boolean isomor-
phism iff there is a permutation π on the variables such that π(nf(F)) =

nf(F ′), i.e. there is a permutation on the variables mapping elements of
nf(F) to elements of nf(F ′). Observe that this statement extends to Boolean
isomorphisms and signed permutations: F and F ′ have a Boolean isomor-
phism iff there is a signed permutation π on the variables such that π(nf(F))
= nf(F ′).

For a formula F(x1, . . . , xn) let g(F) be the graph created by the following
construction. For every variable xi the graph g(F) contains three vertices
uxi ,u+xi ,u−xi (the first representing the variable xi and the latter two rep-
resenting the literals xi and xi) and edges {uxi ,u+xi} and {uxi ,u−xi}. For
the constants 0 and 1 we add vertices u0 and u1. For every U ∈ nf(F), the
graph g(F) contains a vertex uU and we connect uU to every vertex rep-
resenting a literal or constant occurring in U. We additionally colour the
vertices uU with some colour (which can be replaced by gadgets), the ver-
tices representing variables with some other colour and the vertices which
represent literals with yet another colour. Then every automorphism of g(F)
may only permute these three sets of vertices on its own.

Observe that every automorphism π of g(F) corresponds to a Boolean
automorphism of F: π may apply a permutation on the variables x1, . . . , xn,
and for every variable it may flip the two vertices corresponding to its

4 Böhler et al. [10] only studies the isomorphism problem between such formulas, i.e. they
want to find an unsigned permutation between the variables. We, however, want to know
if there is a signed permutation, a permutation between the variables which additionally
allows negations, and show how to adapt their results in this context.
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literals, and this permutation has to be extendible to a permutation on the
vertices uU for U ∈ nf(F).

So given Fu and F ′v, we construct I = g(Fu) and J = g(F ′v) in polynomial-
time. Then the set of Boolean isomorphisms of Fu and F ′v is exactly the set
of isomorphisms between I and J. Both, Fu and F ′v use several copies xik and
x
i,j
k of the variables xk in F and F ′. Therefore I and J have vertices uxik and
u
x
i,j
k

representing variables of Fu and F ′v which all stem from the variable

xk in F or F ′. To enforce that for all xk, the variables xik get mapped to the
same xil, we add a new vertex uxk and connect uxk to all vertices uxik and
u
x
i,j
k

(for all i and j). This implies that in every block Xi (or Xi,j), the literals

xik and xik (or xi,jk and xi,jk ) get mapped to the same pair of literals xil, x
i
l (or

x
i,j
l and xi,jl ).
Finally, a last gadget has to enforce that we apply the same permutation

we apply to {x1, . . . , xn} to the blocks Xi,j (for every i). We enforce this
by connecting for all k ∈ [n] the vertex uxk with all vertices representing
variables in Xi,k (for all i) with an edge using a special colour (which we
can again replace by an uncoloured gadget). This enforces for all i, that we
permute the blocks Xi,1, . . . ,Xi,n in the same way we permute x1, . . . , xn.

Observe that I and J can be constructed in polynomial-time and are of
polynomial size. We conclude that I ∼= J iff Fu ∼= F ′v with our additional
constraints iff there is a Boolean isomorphism mapping Cu to C ′v and u to
v iff (F, F ′,u, v) ∈ succinctCPSSHn

(compGI).

Lemma 25 [63]. For S a CPSS set of relations, succinctSHn(GI) is in C=P.

Proof. Given two formulas F(x1, . . . , xn) and F ′(x1, . . . , xn), we want to know
if their encoded solution graphs GF and GF ′ are isomorphic. By Lemma 24

we know that deciding if two connected components of GF and GF ′ are
isomorphic while mapping one given vertex to another given vertex can be
reduced to GI, implying that isomorphism of single connected components
is easy. What we now need to do is somehow compare for every connected
component C occurring in GF or GF ′ , how many connected components
are isomorphic to C in both graphs. If for every C both graphs contain the
same number of isomorphic components, then there is a bijection mapping
connected components of GF to isomorphic connected components in GF ′ ,
i.e. GF and GF ′ are isomorphic.

For a given connected component C and some u ∈ C, let orbC(u) be the
set of vertices v ∈ C for which there exists an automorphism on C mapping
u to v. Let isoG(C) the the set of connected components C ′ (including C)
in G for which C ∼= C ′. Then for a connected component C of G and some
u ∈ C, the number of pairs (C ′, v) such that C ∼= C ′ via an isomorphism
mapping u to v is exactly |orbC(u)| · |isoG(C)|.

For a vertex x of a graph G, let compG(x) be the connected component of
G containing x. This allows us to reformulate the condition of the solution
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graphsGF andGF ′ being isomorphic asGF ∼= GF ′ iff the following predicate
P is true.

∀x ∈ GF ∪GF ′ : |{y ∈ GF : (GF,GF, x,y) ∈ succinctSHn(compGI)}|

= |{y ∈ GF ′ : (GF,GF ′ , x,y) ∈ succinctSHn(compGI)}|

Note that for all x ∈ GF, |{y ∈ GF : (GF,GF, x,y) ∈ succinctSHn(compGI)}|
is equivalent to the product of the orbit of x and the number of connected
components isomorphic to the one containing x, so this term is equivalent
to |orbGF(x)| · |isoGF(compGF(x))| implying the following equivalence.

|orbGF(x)| · |isoGF(compGF(x))| = |orbGF(x)| · |isoGF ′ (compGF(x))|
⇔ |isoGF(compGF(x))| = |isoGF ′ (compGF(x))|

But to check if P is true is basically an algorithm in ∀C=PGI: we have to
compare for all x if the number of y ∈ Bn satisfying the compGI-property
is the same in GF and GF ′ (which can be reduced to GI). But by a result
of Köbler, Schöning, and Torán [46], GI is low for C=P and by a result of
Green [29], C=P is closed under universal quantification. So this algorithm
is in C=P.

Theorem 50 [63]. The problem succinct2-CNF
Hn

(GI) is C=P-complete.

Proof. By Lemma 25 we know that succinct2-CNF
Hn

(GI) is in C=P. We show
how to reduce same-2-SAT to succinct2-CNF

Hn
(GI), which implies, using Corol-

lary 22 stating that same-2-SAT is C=P-complete, that succinct2-CNF
Hn

(GI) is
C=P-complete.

Note that for two given graphs G = (V ,E) and H = (V ′,E ′), if E = E ′ = ∅,
then G ∼= H iff |V | = |V ′|. The problem same-2-SAT can be interpreted as the
problem: given two 2-CNF formulas F and F ′ encoding two solution graphs
G and H, decide if these two graphs have the same number of vertices.

For general graphs we can reduce such a problem to GI by deleting all
edges. Given G = (V ,E) and H = (V ′,E ′), |V | = |V ′| iff G ′ = (V , ∅) ∼=

H ′ = (V ′, ∅). The graphs G ′ and H ′ can be computed in L. We show how to
perform such a reduction on 2-CNF solution-graphs in polynomial-time.

Given 2-CNF formulas F and F ′ on n and n ′ variables xi (i ∈ [n]) and
x ′j (j ∈ [n ′]), we produce two new formulas F1 and F ′1 on 2n and 2n ′

variables such that F has the same number of satisfying solutions as F1 and
F ′ has the same number of satisfying solutions as F ′1, but for all x,y ∈ B2n

satisfying F1, ∆(x,y) > 1, and for all x ′,y ′ ∈ B2n
′

satisfying F ′1, ∆(x ′,y ′) >
1. This implies that the solution-graphs encoded by F1 and F ′1 have the same
number of vertices but do not posses any edges as the Hamming-distance
between all two satisfying solutions is greater than 1.

For F(x1, . . . , xn), we compute F1(x1, . . . , xn,y1, . . . ,yn) = F(x1, . . . , xn)∧∧
i∈[n](xi = yi) and for F ′(x1, . . . , xn ′), we compute the formula F ′1(x1, . . . ,

xn ′ ,y1, . . . ,yn ′) = F ′(x1, . . . , xn ′)∧
∧
i∈[n ′](xi = yi). This construction adds

for every variable xi in F and F ′ a new variable yi such that xi and yi are
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both assigned with 1 or both assigned with 0 in every satisfying assignment
to F1 or F ′1, implying that all pairs of satisfying solutions have a mutual
Hamming-distance of at least two.

This construction can be performed in time poly(n,n ′). As we assume
for GI on solution graphs that both input formulas use the same number
of variables, we add to F1 or F ′1 new variables until both formulas have
the same number of variables. If we fix these new variables by adding unit
clauses, the number of satisfying solutions and their distances to each other
will not be changed. This shows that (F, F ′) ∈ same-2-SAT iff (F1, F ′1) ∈
succinct2-CNF

Hn
(GI).

This implies that the isomorphism problem of 2-CNF solution graphs is
not harder than counting the number of vertices in such graphs. For more
powerful formulas we can improve the lower bound of C=P to PSPACE,
implying this problem becomes harder.

Theorem 51 [63]. Let S be a set of relations which is not safely tight. Then
succinctSHn(GI) is hard for PSPACE under logarithmic-space reductions.

Proof. We reduce succinctSHn(USTCONN), a PSPACE-complete problem (see
Theorem 41) to succinctSHn(GI) by adapting the reduction from USTCONN
to GI in Lemma 4 in the context of solution graphs. As we know that
PSPACE = coPSPACE, we conclude that succinctSHn(GI) is hard for PSPACE.

For this we first note that if S is safely tight and not Schaefer, it is neither
Horn nor dual-Horn. Then there exist relations R ′1 and R ′2 (possibly the
same relation) in S such that R ′1 is not OR-free and R ′2 is not NAND-free.
So there are partial assignments a1 and a2 to R ′1 and R ′2 yielding the new
relations R1(x,y) = (x∨ y) and R2(x,y) = (x∨ y). We can then express
(x⊕ y) = (x∨ y)∧ (x∨ y).

Recall the proof of Lemma 4: a USTCONN to GI reduction creates, given
a graph G and s, t ∈ G two new graphs, each containing two copies of G
where s and t use different colours (see Figure 1). This can be adapted for
succinctSHn(USTCONN): given a formula F(x1, . . . , xn) and s, t two vertices
inGF, we create the two formulas F1(a,b, x1, . . . , xn) = F2(a,b, x1, . . . , xn) =
(a⊕ b)∧ F(x1, . . . , xn). Note that GF1 = GF2 both contain two copies of GF,
one for ab = 01 and one for ab = 10. Then there are two copies of s and t
in both graphs: 01s, 01t, 10s and 10t.

We show how to implement four different colours for the vertices 01s,
01t, 10s and 10t in both graphs. As mentioned before, we have access to
the relation R2(x,y) = (x∨ y). A second relation we use is R3(x,y, z) =

(x∨ z)∧ (y∨ z) = {001, 100, 101, 110} which we will use as a replacement5

for the (not necessarily available) relation (x∨ y). Note that if xy = 00 in
R3, then z = 1, if xy = 10, then z = 0 or z = 1 and if xy = 11, then z = 0. So
R3 is similar to (x∨ y) but in the case of xy = 10, the variable z may take

5 This replacement stems from the concept of structural expressibility in Gopalan et al. [27].
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any value in B while for all other x,y satisfying (x∨ y), z is fixed to only
one value in B.

As GF is a solution graph on n variables, we will try to attach solution
graphs Hm for different values of m > n to 01s, 01t, 10s and 10t. As S may
not include the relation (x∨ y) but only a related relation R3, we will use
a modified construction compared to the one presented in Scharpfenecker
and Torán [63]. Assume we want to colour a vertex x ∈ Bn in the solution
graph of a formula F ′(x1, . . . , xn). Define the formula F ′x,m, encoding GF ′
with the vertex x coloured by a gadget on m variables, as follows.

F∗(x1, . . . , xn, xn+1, . . . , xn+m, . . . , xn+m+1)

= F ′(x1, . . . , xn)

= ∧
∧
i∈[n],x[i]=0

∧
j∈[m](xi ∨ xn+j)

= ∧
∧
i∈[n],x[i]=1

∧
j∈[m] R3(xi, xn+j, xn+m+1)

Observe that if we assign x1, . . . , xn with a string y 6= x which differs
from x in a position i with x[i] = 0, then the clauses (xi ∨ xn+j) force the
variables xn+1, . . . , xn+m to 0. In this case xn+m+1 can be either 0 or 1.

Further, if we assign x1, . . . , xn with a string y 6= x which differs from x

in a position i with x[i] = 1, then the clauses R3(xi, xn+j, xn+m+1)) force
the variables xn+1, . . . , xn+m to 0 and the variable xn+m+1 to 1.

So if we only differ from x in a 1-position, xn+m+1 will be 1. If we only
differ from x in a 0-position, xn+m+1 will be 0 or 1. If we differ in a 0- and
a 1-position, then xn+m+1 will be 1. This implies that all y 6= x get either
replaced by 1 or 2 vertices, thereby changing the structure of the encoded
graph slightly. Additionally, if we assign the first n bits of F∗ with x, then
xn+1, . . . , xn+m can be assigned by any string z ∈ Bm and if z 6= 0m, then
xn+m+1 = 0, if z = 0m, then xn+m+1 can be either 0 or 1.

The total construction therefore duplicates all vertices which differ in
a 1-position from x, does not change the vertices which only differ in 0-
positions from x and adds a gadget Gm containing Hm (and one additional
vertex) to x. No vertex y 6= x has an edge to Gm and x is a part of the
complete hypercube Hm contained in Gm.

We apply this construction toGF1 andGF2 , implementing the four colours
by adding Gn+1,Gn+2,Gn+3,Gn+4 to 01s, 01t, 10s and 10t in GF1 and to
01s, 10t, 10s and 01t in GF2 , constructing the graphs GF∗1 and GF∗2 . Observe
that adding a gadget to a vertex beginning with 01 does not duplicate ver-
tices beginning with 10 and vice versa, as they differ to each other in a 0-
and a 1-position. While adding a gadget to 01s may duplicate 01t, we just
have to agree which of the two (neighbouring) copies we see as the gen-
uine copy of 01t and apply this convention to both graphs. Note that as
GF1 and GF2 are identical, adding gadgets to the same vertices, which have
the same names in both graphs, yields the same modifications in GF∗1 and
GF∗2 . Therefore, isomorphism of these two graphs may only be prevented
by the different gadgets we added to the different copies of s and t (as
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should be the case in this reduction). Also, these gadgets are unique as the
added hypercube graphs Hm withm > n are larger than GF1 and GF2 itself,
ensuring that these gadgets do not already occur in those graphs.

Finally, as proved in Lemma 4, GF∗1
∼= GF∗2 iff there is no path from s

to t in GF, proving that succinctSHn(GI) is hard for PSPACE. Note that the
described formulas can be computed using logarithmic-space.

We still lack specific results for succinctSHn(GI) where S is a Schaefer set
of relations. For now, we only know that this problem is between C=P and
EXP.





7
D I S C U S S I O N

We will now discuss the results presented in this thesis and list open prob-
lems. Finally, we will discuss how structural restrictions, similar to the ones
we used in this work, could look like for other succinct encodings.

In Chapter 3, we introduced a framework for succinctly encoded rela-
tions which, in the case of graphs, can represent all studied encodings.
Standard succinctly encoded graphs, introduced by Galperin and Wigder-
son [21], can be encoded by using circuits for the vertex- and edge-relation
and solution graphs, studied by Gopalan et al. [27] and Schwerdtfeger [64],
can be encoded by using formulas to encode the vertices and using a fixed
edge-relation. Even reconfiguration problems fit into this framework.

Applying different kinds of restrictions to these graphs yield classes of
graphs with different structural properties. We characterised standard suc-
cinctly encoded graphs, encoded by alternating circuits, as graphs which
can be constructed by using alternating unions and intersections of bi-
cliques. For solution graphs we extended and improved the known struc-
tural properties. For example, we proved that CPSS solution graphs contain
partial cubes.

Studying decision problems on standard succinctly encoded graphs in
Chapter 4, we recalled the known complexity results. These implied that
succinctly encoded problems usually get exponentially harder. We identi-
fied restricted encodings for which the succinctly encoded problems exhibit
a different behaviour. These restricted encodings, namely CNF- and DNF-
encodings, encode graphs whose structure, as studied in Chapter 3, can be
used for improved algorithms, implying intermediate or even no blow-ups
of the computational complexity.

Using this surprising behaviour, we could prove a threshold for the exis-
tence of upward-translation theorems: while most reductions can be proved
not to possess upward-translation theorems for problems succinctly en-
coded by depth-2-AC0-circuits, there are upward-translation theorems for
quantifier-free reductions and depth-3-AC0-circuits.

Chapter 5 translated the structural properties of graphs encoded by alter-
nating circuits to explicitly given graphs, defining the hierarchy of graph
classes Ik for k ∈ N. This allowed us to translate the upward-translation
theorems to completeness results in this hierarchy: while for graphs suc-
cinctly encoded by depth-3-AC0-circuits all NP-complete problems (under
quantifier-free reductions) get exponentially harder, all NP-complete graph
problems (under quantifier-free reductions) stay NP-complete on graphs
in I2. Both, depth-3-AC0-circuit-encoded graphs and graphs in I2 are basi-
cally the intersection of unions of bicliques. These results use the fact that
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quantifier-free reductions preserve this structure: applying such a reduc-
tion to the intersection of unions of bicliques yields a graph which is again
the intersection of unions of bicliques. Moreover, the degree of these opera-
tions increases only slightly. It seems that this structure is essential to prove
that all problems stay hard in this class of graphs.

Finally, in Chapter 6 we studied problems on solution graphs. Originally,
Gopalan et al. [27] and Schwerdtfeger [64] proved a complexity dichotomy
for the reachability problem on such graphs and a trichotomy for the con-
nectivity problem on such graphs, sometimes using structural results. We
extended this study by using improved structural results of Chapter 3,
which allowed us to even give completeness results: reachability on 2-CNF
solution graphs is NL-complete, improving the complexity from P to NL
and giving a matching lower bound.

We settled the complexity of comparing the number of vertices in two
2-CNF-encoded solution graphs, proving that same-2-SAT is C=P-complete.
While this has been known for same-3-SAT for a long time, the same prob-
lem for 2-CNF-formulas has been open.

Extending the study of solution graphs to the GI problem, we proved
that GI on CPSS solution graphs is in C=P, implying that the isomorphism
of such graphs is not any harder than deciding if two solution graphs en-
coded by 2-CNF-formulas have the same number of vertices. On the other
hand, for general solution graphs, GI is at least PSPACE-hard, matching
the known complexity lower bounds for succinctly encoded GI. For solu-
tion graphs, GI can be shown to be in EXP by using the bounded degree GI
algorithms of Luks [52].

7.1 open problems

We list some questions our work points to. As we described in Section 3.4,
reconfiguration problems can be described as the reachability problems on
succinctly encoded graphs. While we often use the structure of such graphs
for improved algorithms, we could try similar methods for reconfiguration
problems. It would be interesting to apply these techniques to such prob-
lems.

We gave several connections between GI on graphs which can be covered
by only a few bicliques and point-sets in a metric space using the Cheby-
shev distance (see Sections 3.5, 4.5.2.1 and 5.6). While there are efficient al-
gorithms for the isomorphism problem on point-sets in some metric spaces
(see for example Arvind and Rattan [5]), there is no known non-trivial algo-
rithm for isomorphism of point-sets using the Chebyshev distance. But due
to Theorem 40, an algorithm for this problem on point-sets of dimension
k using time 2poly(k)2polylog(n) would already imply interesting and fast GI
algorithms.

In addition, it would be interesting to reduce the complexity of the re-
duction in Theorem 40 from randomized to deterministic polynomial-time.
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For the circuits of bounded depth encoding graphs (as studied in Chap-
ter 4), we have to ask why circuits of depth 3 are enough for all NP-
complete problems to become NEXP-complete when succinctly encoded
with such circuits. It seems that the advantage of such circuits is that the
encoded graphs can use both the intersection and union of bicliques. In
contrast, for graphs which use either only unions or only intersections of
limited structures this is not the case. One reason for this behaviour could
be that maybe for every problem L, either the DNF- or the CNF-encoded L
is exponentially harder than L. We conjecture that this is the case.

So we would like to find either a problem where both, the CNF- and DNF-
encodings, are easy or prove that for every problem, at least one of these
two succinctly encoded versions becomes exponentially harder. We can ask
the same question for I1 and coI1: does every NP-complete problem stay
hard under one of those graph classes or is there a problem for which both
graph classes are not NP-complete?

For solution graphs, we would like to know the complexity of GI on
more than just CPSS solution graphs. As Horn-formulas are the smallest
class of formulas for which we do not know the exact complexity of GI
on their solution graphs, we would like to see algorithms which improve
the upper bounds of this problem. The structural properties developed in
Section 3.2.2 could be a promising starting point.

While we proved in Section 6.4 that same-2-SAT is C=P-complete, it is
not known whether deciding, for a given 2-CNF-formula F and a number
k ∈N, if #F = k, is still C=P-complete. For 3-CNF-formulas this problem is
know to be C=P-complete. We would like to see this question settled.

7.2 structural restrictions for other encodings

An open question we would like to give more attention to is the question
of how to get similar structural results for graphs encoded by other encod-
ings, for example OBDDs. Moreover, we would like to find restrictions for
these encodings which imply nice structural properties which again yield
improved algorithms for succinctly encoded problems.

If an OBDD C on 2n variables (encoding a set of edges in the context
of standard succinctly encoded graphs) of size m uses a variable ordering
which alternates k times between xi and yi variables, then the encoded
bipartite graph G (divided into a left and right side of each 2n vertices) is
the disjoint union of at most mk bicliques. To see this, we first observe that
every path from the source of C to the 1 vertex encodes a set of edges. This
set connects all vertices u on the left side which set the bits in u according
to this path with all the vertices v in the right side of G which set the bits
of v according to this path. But as every two such paths differ in at least
one xi or yi, the set of paths represents a partition of the edge-set of G into
bicliques.
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Now first assume k = 1. So the variable ordering of C first checks all xi
variables and then all yi variables. Let us assume w.l.o.g. that the variable
ordering is x1, . . . , xn,y1, . . . ,yn and let A be the set of inner vertices in C
which are labelled with y1. Then |A| 6 m and every path from the source s
of C to a vertex a ∈ A describes a set of vertices Ua on the left side of G. As
for all a,b ∈ A with a 6= b, the set of paths from s to a and the set of paths
from s to b are disjoint, they encode disjoint sets of vertices in G. For every
a ∈ A let Va be the set of right vertices in G which are consistent with a
path from a to the 1 vertex in C. The edges of G can then be divided into
the bicliques

⋃
a∈AUa ×Va. As the Ua are mutually disjoint, the bicliques

Ua×Va are mutually disjoint, i.e. the set of edges they encode are mutually
disjoint.

This implies that for k = 1 the encoded graph can be partitioned into
at most m bicliques. Observe that this argument can be extended to all
k > 1: every k-tuple a1, . . . ,ak of inner vertices of C, such that aj lies on
the j-th alternation between the xi and yi vertices in C, encodes a biclique
Ua1,...,ak × Va1,...,ak where the vertices in Ua1,...,ak satisfy one of the paths
on the xi variables which use the intermediate vertices s,a1, . . . ,ak, 1 in
C and the vertices in Ua1,...,ak satisfy one of the paths on the yi variables
which use the intermediate vertices s,a1, . . . ,ak, 1 in C. As all these bi-
cliques have to be disjoint, the encoded graph can be partitioned into at
most mk bicliques.

So OBDDs with k alternations of size m encode graphs which can be
partitioned into at most mk bicliques. This is an even stronger statement
than the result that DNF-encoded graphs can be covered by at most poly(t)
many bicliques (if t is the size of the encoding formula). For example, ob-
serve that the adjacency matrix of a graph which can be partitioned into
mk bicliques has rank at most mk. Further, note that Jukna and Kulikov
[43] recall that Kn can be covered by dlog(n)e bicliques but the biclique
partition number of Kn, the minimum number of bicliques a graph can be
partitioned into, is n− 1. So there are graphs for which a biclique cover can
be exponentially smaller than the minimum size of all biclique partitions.

We conclude that as long as k ∈ o( n
log(n)), Dominating Set on graphs

which are encoded by OBDDs with at most k alternations of xi and yi vari-
ables can be solved in sub-exponential time. This implies that most of our
efficient algorithms relying on a small biclique cover (see Section 4.5) can be
adapted for such restricted OBDD-encoded graphs and that the exponen-
tial increase of the complexity of OBDD-encoded graphs requires OBDDs
using about n alternations. In addition, the promise of a small biclique
partition may even yield stronger results for such graphs.
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