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Introduction
Motivation
In this thesis we study one-parameter semigroups of linear operators and
their behaviour for large times. As a beginning, let us review some basic ideas
which motivate our analysis and which are present throughout the thesis.
Operator semigroups In analysis, the time evolution of a linear autonomous
system is usually described by a semigroup of linear operators. If E is a
Banach space, usually thought of as the space of all states of our system, then
an operator semigroup on E is a family of bounded linear operators (T (t))t≥0
on E which fulfil the semigroup law T (t + s) = T (t)T (s) for all s, t ≥ 0; for many
applications it is natural to assume in addition that T (0) = IE . If x0 ∈ E is a
given state, then the mapping t 7→ T (t)x0 describes the time evolution of the
system in case that its initial state at the time 0 equals x0 .
This concept is very general and thus operator semigroups occur in abundance in many branches of mathematics. Parabolic partial differential equations, various kinds of transport processes, delay differential equations and
time-continuous Markov processes are only a few examples which fit into
this framework. Semigroups occurring in applications usually satisfy some
kind of continuity condition which makes sure that the underlying evolution
equation is well-posed in a certain sense. One important example of such
a condition is strong continuity: a semigroup (T (t))t≥0 on a Banach space E
which fulfils T (0) = IE is called strongly continuous or a C0 -semigroup if the
mapping
[0, ∞) → E,

t 7→ T (t)x

is continuous with respect to the norm on E for every x ∈ E. Such semigroups
have been extensively studied and their basic theory is well-known. One
important property is that every C0 -semigroup (T (t))t≥0 has a so-called generator A which is a, typically unbounded, linear operator on E and which
relates the semigroup to a certain evolution equation. We will always denote
a C0 -semigroup (T (t))t≥0 by (T (t))t≥0 =: (etA )t≥0 where A is the generator of
the semigroup.
We should point out that there are other important notions of continuity
for operator semigroups which are, for instance, widely used in stochastics.
For many other applications, however, C0 -semigroups are the right notion,
and we entirely focus on them throughout this thesis. We use many basic
properties of such semigroups tacitly, and give references whenever we make
v
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use of results which we consider more advanced or specialised. Standard
references for the theory of C0 -semigroups are for example [Paz83], [EN00]
and [EN06].
Positivity of semigroups A special role in many applications is played by
so-called positive C0 -semigroups. Let (etA )t≥0 be a C0 -semigroup on a Banach
space E on which a sensible notion of “positivity” is defined; for example, E
could be some kind of function space or, from a more abstract point of view,
we simply assume E to be an ordered Banach space. The semigroup (etA )t≥0
is called positive if etA f ≥ 0 for all t ∈ [0, ∞) whenever 0 ≤ f ∈ E. The role of
positive semigroups in applications is, in a sense, twofold. On the one hand,
positivity occurs as a natural requirement in many models from physics or
biology. In such models, the physically or biologically relevant states are often
only the positive ones. In order to yield a plausible description of reality it is
a necessary condition on a semigroup (etA )t≥0 that physically relevant initial
data leads to physically relevant trajectories; thus the semigroup should be
positive. On the other hand, positivity of semigroups is often useful as an
abstract mathematical tool in the analysis of the long term behaviour of the
system; we discuss this in more detail now.
Long time behaviour of semigroups One of the most natural questions that
arise in the study of any kind of dynamical system is the analysis of its long
time behaviour. For example, the trajectories (etA x)t≥0 of a C0 -semigroup
(etA )t≥0 could converge to 0 as t → ∞ or they could tend to a non-trivial
equilibrium. Instead, they could also behave approximately periodic, tend
in norm to ∞, or show instead some kind of completely irregular behaviour.
Moreover, convergence of the semigroup can occur with respect to different
topologies. One efficient tool in the analysis of the long time behaviour (or
“asymptotics”) of C0 -semigroups is the spectral theory of their generators.
Although there are other important and powerful approaches, too (see e.g. the
monograph [Eme07] for an overview), we focus on spectral theoretic methods.
Let us elaborate in a bit more detail on this spectral theoretic approach.
Whenever we want to study the asymptotic behaviour of a C0 -semigroup
(etA )t≥0 , the spectral theoretic approach consists of two steps:
(i) Gather information about the spectrum σ (A) of the generator A, in
particular about those spectral values with maximal real part (the socalled peripheral spectrum).
(ii) Use theorems which relate spectral properties of A to the asymptotic
behaviour of the semigroup (etA )t≥0 .
vi

For many applications, both steps are far from being trivial, and positivity of
the semigroup can come in very handy in both steps.
Let us discuss this in more detail, starting with step (i): to compute the
spectrum of an operator on an infinite-dimensional Banach space is often very
hard, not to say impossible. In some special cases, i.e. for self-adjoint operators
on Hilbert spaces, one has very useful a priori information on the spectrum
(such as σ (A) ⊆ R), but for more general operators such information in not
available. Even if the generator A has compact resolvent, a situation which
occurs frequently in applications and which implies that the spectrum consists
entirely of eigenvalues, it can still be hard to compute those eigenvalues.
One useful approach is to use structural properties of A – e.g. one could
try to decompose A into an “easy” infinite-dimensional and a complicated
finite-dimensional part – in order to describe the spectrum of A by so-called
characteristic equations; see e.g. [Nag97] for a more detailed explanation of
such an approach. Yet, even if this is possible, one often still has to solve
complicated finite-dimensional spectral problems or non-trivial equations
in the complex plane. Positivity of the semigroup, say e.g. with respect to
a Banach lattice cone, can often help to facilitate those tasks be providing
additional a priori information on the spectrum.
Indeed, the fact that positivity has a profound impact on the spectrum of
a positive operator was first observed at the beginning of the 20th century
by Perron [Per07a], [Per07b] and Frobenius [Fro08], [Fro09], [Fro12] who
studied finite-dimensional positive matrices. This is why the spectral theory
of positive operators and semigroups is often referred to as Perron–Frobenius
theory. Pioneering work in the infinite-dimensional setting was done in the
middle of the century by Kreı̆n und Rutman in their seminal work [KR48]
where they considered the spectrum of positive operators on ordered Banach
spaces. Two decades later, much progress was made for the special case of
positive operators on Banach lattices; see [Sch74, Section V.4 and V.5] for
an overview. In the 1980s many spectral results for positive operators were
transferred to generators of positive semigroups, and it was observed that
these results could be efficiently used for the asymptotic analysis of such
semigroups; we refer to the monograph [AGG+ 86] for an overview of the state
of the art at that time.
Let us now give some examples of information about the spectrum of
the generator A that can be obtained by using positivity properties of the
semigroup (etA )t≥0 . It is, for instance, known that the spectral bound s(A)
of the generator A of a positive C0 -semigroup is, unless it equals −∞, always contained in the spectrum σ (A); see [AGG+ 86, Corollary C-III.1.4]. Another useful property of positive semigroups is that the peripheral spectrum
σper (A) := σ (A) ∩ (s(A) + iR) is, under appropriate technical assumptions, a
cyclic subset of the complex plane, meaning that α + inβ ∈ σper (A) for all n ∈ Z
vii
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whenever α +iβ ∈ σper (A) (where α, β ∈ R). If, for some reason, it is known that
σper (A) is bounded (which is for example the case of the semigroup is eventually norm-continuous), it thus follows automatically that σper (A) consists only
of s(A).
Step (ii) in the above scheme for the asymptotic analysis of C0 -semigroups
is a topic on its own, and there are many important theorems which show
how information about the spectrum σ (A) can be used to obtain information
about the long term behaviour of the semigroup (etA )t≥0 . Unfortunately,
the situation for C0 -semigroups is much more complicated than it is, for
example, for (the powers of) single operators. For most relations which one
might expect between the spectrum of A and the asymptotic behaviour of
(etA )t≥0 there exist more or less obscure counterexamples showing that such
a relation is not in general true. This is the reason why most theorems in
this branch of semigroup theory impose some kind of regularity condition on
the semigroup which enables us to infer information about the behaviour of
the semigroup from the shape of σ (A). Typical examples for such theorems
are spectral mapping theorems [EN00, Section IV.3], the Jacobs–deLeeuw–
Glicksberg decomposition (see e.g. [EN00, Section V.2], [Kre85, Section 2.4]
and [EFHN15, Section 16.3]), which is in fact applicable in a much wider
range of situations than only for C0 -semigroups, and certain results which
are related to Tauberian theorems for the vector-valued Laplace transform
[ABHN11, Part II], most prominently the famous ABLP theorem [ABHN11,
Theorems 5.5.5 and 5.5.6].
Sometimes one can also employ positivity in this second step of the analysis. One popular example for this is a theorem of Weis asserting that, for a
positive C0 -semigroup (etA )t≥0 on an Lp -space (1 ≤ p < ∞), the spectral bound
s(A) of the generator coincides with the growth bound ω0 (A) of the semigroup
(see e.g. [ABHN11, Theorem 5.3.6] or [vN96, Theorem 3.5.3]). Thus, positivity
of the semigroup yields the equality s(A) = ω0 (A), a property which is in
general (i.e. without using positivity) only satisfied if some version of the
spectral mapping theorem holds (see e.g. [EN00, Section IV.3]).

Contributions of this Thesis
In this thesis we shed new light on the relation between positivity and asymptotics of semigroups from several directions. More specifically, we discuss
three topics, each of them presented in one of the three parts of the thesis,
which are all motivated by the above discussion.
The geometry of unit balls Geometrically speaking, a positive semigroup is
simply a semigroup which leaves invariant a certain closed convex set, namely
viii

the positive cone. The most striking spectral results of positive C0 -semigroups
can certainly be obtained on Banach lattices. We can thus ask what is so special
about Banach lattice cones and then consider other convex sets K which have
similar properties. If a semigroup (etA )t≥0 leaves K invariant, it is natural
to expect spectral result for A which resemble the corresponding results for
positive semigroups.
In finite dimensions, there is a simple characterisation of lattices cones:
in fact, a closed, pointed and generating cone in Rd (see Definition B.1.1 for
a detailed explanation of those notions) is a lattice cone if and only if it is
spanned by exactly d extreme rays (this follows from [AT07, Theorem 3.21]).
This suggests that lattice cones are, in a sense, particularly non-smooth and
far from being “rotund” in any way.
Let us now consider other convex sets which have similar properties:
for example, for 1 < p < ∞, the unit ball in a finite-dimensional ` p -space is
certainly smooth but, if p , 2, it is not particularly “rotund”. A semigroup
which leaves the unit ball invariant is of course simply a contraction semigroup
and hence, we would expect contraction semigroups on such spaces to have
special spectral properties in case that p , 2. This idea is the leitmotif for the
first part of the thesis.
Of course, we actually go much further and discuss semigroups on infinitedimensional Lp -spaces as well as on several other types of Banach spaces. In order to turn our leitmotif into rigorous spectral results, some work is required:
we borrow some ideas about contractive operators on finite-dimensional
spaces from a paper of Lyubich [Lyu70], reformulate them in an infinitedimensional setting and combine them with several deep results from the
geometric theory of Banach spaces. The work pays off and we are rewarded by
several surprising results about the spectrum and the long term behaviour of
contraction semigroups. We can, for instance, prove the following beautiful
theorem on Lp -spaces:
Theorem. Let (etA )t≥0 be a contractive C0 -semigroup in Lp (Ω, µ; R) for a measure
space (Ω, µ) and p ∈ (1, ∞) \ {2}.
If the set σ (A) ∩ iR is bounded, then it consists at most of 0 and thus, etA is
strongly convergent as t → ∞.
Here, the spectrum of A is understood to be the spectrum of a complex
extension of A; see Appendix C.3 for details. The above theorem is a consequence of Theorem 2.4.1 and Example 1.3.4(a) below. We point out that
the assumption that σ (A) ∩ iR be bounded is automatically fulfilled if the
semigroup (etA )t≥0 is eventually norm-continuous. In particular, the theorem
can be applied if the semigroup (or rather its extension to Lp (Ω, µ; C)) is analytic; here, it is important to note that we do not assume that the semigroup is
ix
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contractive on a complex sector, because otherwise the result is trivial (and
also valid in the case p = 2).
If we employ additional compactness assumptions on the semigroup, then
we can also prove convergence results on L1 and on spaces of continuous
functions; see Sections 1.2 and 2.2 for details. One such result will be employed in Chapter 3 where we analyse the long term behaviour of certain
delay differential equations.
Another interesting phenomenon occurs if we turn to the special case of
sequence spaces. In [Dav05] Davies considered positive contraction semigroups (etA )t≥0 on the space ` p (N; R) for p ∈ [1, ∞) and proved that the point
spectrum of A always fulfils σpnt (A) ∩ iR ⊆ {0}. Using our techniques one can
show that the positivity assumption is not needed for this result in case that
p , 2, i.e. we can prove the following theorem:
Theorem. Let p ∈ [1, ∞) \ {2} and let (etA )t≥0 be a contractive C0 -semigroup on
` p (I; R) (where I is an arbitrary index set). Then σpnt (A) ∩ iR ⊆ {0}.
This is shown in Corollary 2.1.5. The same result remains true if we
replace ` p (I; R) with the space c(N; R) of real-valued convergent sequences or
with any closed subspace of the latter, see Theorem 2.1.1, Example 1.1.5(c)
and Remark 1.1.2.
We note that Davies’ result has an analogue for positive contraction semigroups on Lp -spaces over arbitrary measure spaces in case that the semigroup
contains a so-called kernel operator [Gre82, Korollar 3.11]. Again, it turns out
that this result remains true without the positivity assumption if p , 2, see
Theorem 2.3.4. For a detailed discussion of the relation between Greiner’s
and Davies’ results as well as their interplay with our theory we refer to the
notes at the end of Chapter 2.
The geometry of positive cones In the second part of the thesis we move
back to the original motivation discussed at the beginning of the introduction.
We have mentioned above that a positive semigroup on a Banach lattice
satisfies quite strong spectral properties. In order to study the asymptotic
behaviour of the semigroup, we are mainly interested in the question whether
the (point) spectrum of the generator A fulfils the condition σpnt (A) ∩ iR ⊆ {0}.
On Banach lattices, good sufficient conditions for this property are known
and thus the question arises whether similar conditions can be found in more
general ordered Banach spaces E.
Simple counterexamples such as the classical ice cream cone in three
dimensions show that this cannot be true without an additional geometric
assumption on the positive cone E+ . A very natural assumption is to require
the cone E+ to be a lattice cone, but not necessarily normal, which means that
x

E is lattice ordered, but not a Banach lattice. For positive compact operators
on such spaces, interesting results have already been obtained by Kreı̆n and
Rutman [KR48, Section 8] in the middle of the last century, and it is not
difficult to use such results on single operators in order to infer results for
C0 -semigroups. Of course, the assumption that E be lattice ordered is still
rather strong; one way to get rid of it is to impose some kind of strengthened
positivity assumptions on the operator or the semigroup. To give only one
example, one can assume that the cone E+ has non-empty interior and that
the semigroup maps every non-zero positive vector into the interior of E+ . It
was also observed by Kreı̆n and Rutman [KR48] that such a condition yields
interesting results without any geometric assumption on the cone; we refer to
the introduction of Chapter 4 for a more detailed discussion and for further
references.
Yet, we do not intend to require any strengthened positivity assumptions from our semigroups; instead, we want to stick to the first mentioned
approach and derive convergence results from geometric properties of the
positive cone. An important step in this direction was made by Veı̆tsblit
and Lyubich who considered very general conditions on the cone, but restricted themselves to the finite-dimensional case in [VL85]; one result in
the infinite-dimensional setting is due to Bartoszek [Bar92] who considered
positive operators under the assumption that the underlying Banach space
fulfils the Riesz decomposition property.
Inspired by [VL85] we consider a rather general geometric condition,
but in infinite dimensions and under very mild compactness assumptions
(namely in the weak topology). Our main result in Part II is Theorem 5.1.1;
the theorem is a bit too technical to state it here explicitly, but it can be used
to prove that σpnt (A) ∩ iR ⊆ {0} for generators of sufficiently well-behaved
positive semigroups (etA )t≥0 , and it can be applied on a large class of ordered
Banach spaces, such as: lattice ordered spaces; more generally, spaces with
the Riesz decomposition property; Sobolev spaces with sufficiently high order
of differentiability; spaces of k-times continuously differentiable functions,
and several others. Moreover, we present some consequences of this theorem
for the long term behaviour of positive semigroups.

Eventual positivity In the third and most extensive part of the thesis we
approach the relation between positivity and the long-term behaviour of
semigroups from a completely different angle. Throughout the preceding
discussion we always understood “long-term behaviour” as some kind of
convergence or divergence of the semigroup as time tends to infinity. Now,
let us change the perspective and assume that we are given a C0 -semigroup
(etA )t≥0 on, say, a Banach lattice E, which is not positive. A completely difxi
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ferent aspect of the long-term behaviour of the semigroup is the question
whether it actually becomes positive for large enough time.
Such an eventually positive behaviour, which might at first glance appear
somewhat peculiar, has actually played an increasingly prominent role in
the literature within the last two decades. There are two areas in analysis in
which eventual positivity has become quite important: the first one is finitedimensional matrix theory, where eventually positive powers of matrices
as well as eventually positive semigroups have been studied in great detail.
It seems that the initial motivation for the development of this theory were
inverse spectral problems combined with the desire to prove Perron–Frobenius
type theorems for a larger class of matrices than the positive ones. A lot of
research in this subject has been done during the last 20 years; we refer to the
notes at the end of Chapter 6 for more details and for some references to the
extensive literature.
The second area where eventual positivity has played a role is the study
of certain higher order elliptic differential operators such a the bi-Laplace
operator with Dirichlet boundary conditions. The literature focused mainly
(but not exclusively) on the resolvent of such operators and the question
whether it satisfies certain eventual positivity properties close to the spectral
bound of the operator. Eventual positivity of the semigroups generated by
those operators was also studied in several papers. We refer to Sections 8.3
and 11.4 as well as to the notes at the end of Chapters 8 and 11 for more
information and several references. Moreover, those questions are closely
related to so-called anti-maximum principles for differential operators which
have been extensively studied for several decades now; more details about
this can be found in Remarks 9.2.4 and 9.2.8.
Only very recently, eventual positivity was observed for the semigroup
generated by another differential operator, namely the Dirichlet-to-Neumann
operator on the unit circle in two dimensions [Dan14].
Despite the intensive study of the phenomena mentioned above, until very
recently only little effort has been made to develop a general and abstract
theory of eventual positivity in infinite dimensions. In the third part of this
thesis we present such a theory for C0 -semigroups on Banach lattices in its
current stage of development. Moreover, we give numerous applications to
demonstrate the usefulness of our results as well as the prevalence of the
phenomenon “eventual positivity” in many concrete models. The theory we
present is based on joint work with Daniel Daners and James B. Kennedy. Most
of the material can either be found in the two recent papers [DGK16b] and
[DGK16a] or is part of still ongoing research projects; see the introductions to
the single chapters for details.
We first show that several spectral theoretic results which are well-known
for positive semigroups remain valid for eventually positive semigroups. For
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instance, we prove the following result (for undefined notation or terminology
we refer to the preliminaries of the thesis):
Theorem. Let (etA )t≥0 be a C0 -semigroup on a complex Banach lattice E and
assume that, for every 0 ≤ f ∈ E, there exists a t0 ≥ 0 such that etA f ≥ 0 for all
t ≥ t0 . Then the following assertions hold:
(a) If the spectrum σ (A) is non-empty, then it contains the spectral bound s(A).
(b) If s(A) is, in addition, a pole of the resolvent of A, then it is an eigenvalue of
A and of the adjoint A0 and both eigenspaces ker(s(A)−A) and ker(s(A)−A0 )
contain a positive, non-zero vector.
This result can be found in Theorem 6.2.5 and Proposition 6.2.7.
Afterwards we discuss a slightly weaker form of eventual positivity which
we name asymptotic positivity. We define this notion for semigroups as well
as for resolvents of operators, and it is our major goal to characterise this
property by means of spectral conditions. After we have accomplished this we
will demonstrate the usefulness of our results by proving asymptotic positivity
for a wealth of examples from several areas of analysis: we will apply our
theory to finite-dimensional matrix semigroups, we will consider several
elliptic differential operator as well as the Dirichlet-to-Neumann operator, we
are going to study a large class of one-dimensional delay differential equations
and we will consider a particular example of a network flow with non-positive
mass transition in the vertices.
A related concept which seems to be, both from an applied and from a
theoretical point of view, even more interesting than asymptotic positivity is
what we call eventual strong positivity. Here we fix a vector u ≥ 0 in a Banach
lattice E; for every other vector f ∈ E we write f u 0 if f ≥ εu for some ε > 0.
We then consider the concept of a semigroup (etA )t≥0 which is individually
eventually strongly positive with respect to u, meaning that for every 0 < f ∈ E
there exists a t0 ≥ 0 such that etA f u 0 for all t ≥ t0 . Characterising this
property turns out to be more challenging than characterising asymptotic
positivity, but under appropriate conditions we can prove that eventual strong
positivity is related to certain spectral properties of the generator A, to the
behaviour of the resolvent of A close to the spectral bound, to so-called
anti-maximum principles, as well as to the convergence of the semigroup as
t → ∞. We will also study whether the above-mentioned individual eventual
strong positivity property is in fact a uniform property, meaning that t0 can
be chosen independently of f . We shall see in several counterexamples (see
Section 10.3) that this is not in general the case. However, if we consider
self-adjoint semigroups on L2 -spaces, then it turns out that the individual and
the uniform property are, under appropriate conditions, equivalent; this is
the last theoretical highlight of the thesis, which we prove in Theorem 10.2.1.
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We illustrate our results about eventual strong positivity by a large variety
of examples: we shall see that some of our examples for asymptotic positivity
even exhibit eventual strong positivity if we slightly strengthen our conditions
on the parameters, and we will also discuss several further examples, among
them two different Laplace operators with non-local boundary conditions and
the square of a Robin Laplace operator.

How the Thesis is Organised
After the introduction the reader can find a preliminary chapter where we
introduce most of our notation and where we recall some important notions
from operator theory. As explained above, the main part of the thesis is
divided into three parts. The first of them, consisting of Chapters 1–3, deals
with the spectrum and the convergence of contractive semigroups on Banach
spaces whose unit balls have special geometric properties. The second part,
consisting of Chapters 4 and 5, deals with the spectrum and the long-time
behaviour of positive semigroups on ordered Banach spaces provided that
the positive cone satisfies certain geometric conditions. The third and longest
part of the thesis, consisting of Chapters 6–11, presents a theory of eventually
positive semigroups and gives a large variety of examples for such semigroups.
Finally, the thesis concludes with several appendices in which we collect some
important results from the literature that we use throughout the thesis. Let
us now give a description of the single chapters:

Chapter 1 This chapter treats the geometric foundations for the first part of
the thesis. We discuss several classes of real Banach spaces which behave, in
a sense, rather different from Hilbert spaces. We study certain permanence
properties of those classes and we show that they contain many important
examples of Banach spaces.

Chapter 2 In this chapter we study spectral properties of contractive C0 semigroups on Banach spaces that belong to one of the classes discussed
in Chapter 1. We mainly focus on theorems which ensure that the (point)
spectrum of the semigroup generator intersects the imaginary axis at most in
0, since such results yield interesting convergence theorems as corollaries. We
vary the assumptions on the semigroup as well as on the Banach space several
times throughout the chapter, thereby demonstrating that there is some kind
of trade-off between the geometric assumptions on the underlying Banach
space and the regularity assumptions of the semigroup.
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Chapter 3 This is the last chapter of Part I. It is devoted to the study of
semigroups generated by finite-dimensional delay differential equations. We
give some general results about the long time behaviour of such semigroups,
but our major goal is to demonstrate how the results from Chapter 2 can be
applied in this situation.
Chapter 4 This is the first of two chapters in Part II of the thesis. We first
study a certain class of positive cones in real Banach spaces which we call
centred cones. These are loosely related to what is sometimes called ice cream
cones in the literature. Afterwards, we discuss two classes of ordered Banach
spaces: the first class includes a lot of interesting spaces which are not lattice
ordered but have a somewhat related property; we call them projectively lattice
ordered spaces. The second class is even more general and contains all Banach
spaces whose positive cone is, in a sense, far from being Euclidean shaped; we
call them projectively non-Euclidean spaces.
Chapter 5 In this second chapter of Part II we study positive semigroups on
the previously discussed classes of ordered Banach spaces. We prove a result
on the peripheral point spectrum of their generator and derive convergence
theorems for such semigroups as a consequence. We consider this chapter
mainly as a theoretical study with the objective to understand the geometric
background of some results in Perron–Frobenius theory. Therefore no concrete
applications of our results are discussed.
Chapter 6 This chapter is the starting point for Part III of the thesis. We
give precise definitions of what we mean by an eventually positive and by
an asymptotically positive C0 -semigroup and show that several results from
Perron–Frobenius theory remain true for those semigroups.
Chapter 7 The main objective of this chapter is a characterisation of asymptotically positive behaviour of C0 -semigroups. Yet, we first give sufficient
conditions for certain spectral projections of a linear operator A to be positive. Afterwards, we consider the behaviour of the resolvent R( · , A) in a
right neighbourhood of a spectral value λ0 of A and characterise whether the
resolvent R(λ, A) behaves, in a certain sense, asymptotically positive as λ approaches λ0 . Finally, we consider C0 -semigroups and give, under appropriate
regularity assumptions, a characterisation of whether the semigroup behaves
asymptotically positive. We shall see that this question is closely related to the
behaviour of the resolvent R( · , A) close to the spectral bound s(A) as well as to
the question whether the spectral projection associated with s(A) is positive.
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Chapter 8 This chapter is devoted to applications of our theory developed in
Chapter 7. After a discussion of the finite-dimensional case, which contributes
to the theory of eventually and asymptotically positive matrices, we discuss
several examples of differential equations. Here, we have three different goals
in mind: for some examples, like for the Dirichlet-to-Neumann operator and
the bi-Laplace operator, the observation of eventually positive behaviour is a
few years older than the theory presented in this thesis. Here, it is our goal to
demonstrate that our theory allows a unified treatment of such phenomena
(in fact, we treat asymptotic positivity for those operator in Chapter 8; for
eventual positivity of this operators, which plays a more prominent role in
the literature, we refer to Chapter 11). For other examples, like the delay
differential equations in Section 8.4, it seems that eventual or asymptotic
positivity has previously not been studied in the literature; here, we give rather
general sufficient conditions for asymptotic positivity, which shows that such
behaviour is far from being exotic. Finally, we study a specific network flow
with non-positive mass transitions and a one-dimensional diffusion equation
with non-autonomous boundary conditions at the end of the chapter. Those
latter examples are not very general in nature, and the setting in which we
present those examples is deliberately kept simple; it is our intention here to
give only an introduction to two further settings where asymptotic positivity
may occur and to stimulate further research.
Chapter 9 In this chapter we slightly change the setting; instead of considering the very general but rather weak notion of asymptotic positivity,
we characterise semigroups which indeed become positive (and not only approximately positive) for large enough times. Some spectral properties of
such semigroups have already been discussed in Chapter 6, but it turns out
that things become much more subtle if we look for characterisations of such
semigroups. Indeed, to obtain good results it seems necessary to further
strengthen the notion of eventual positivity: we thus introduce the concept of
eventual strong positivity for resolvents as well as for semigroups. The chapter
is organised similarly to Chapter 7: we first consider strongly positive spectral
projections, then we study resolvents and finally C0 -semigroups.
Chapter 10 In the definition of individually eventually strongly positive
semigroups on page xiii, we allowed the time t0 to depend on the initial value
f ; this explains the word “individual” in the notion. If we can actually choose
t0 to be independent of f , we shall therefore call the semigroup uniformly
eventually strongly positive with respect to u. Taking a closer look at Chapter 7
the reader will find out that such a distinction also played a (small) role in
the theory of asymptotically positive semigroups; yet, one of our results in
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Chapter 7 (Theorem 7.3.6) shows that such a distinction is inessential for a
large class of examples. It might now come as a surprise that the situation is
completely different for eventually strongly positive semigroups; in two counterexamples in Chapter 10 we show that, even under very strong regularity
assumptions, one cannot expect individual eventual strong positivity to imply
uniform eventual strong positivity. On the other hand, we will give sufficient
conditions for the individual property to imply the uniform property for
self-adjoint semigroups on L2 -spaces.
Chapter 11 This final chapter of the thesis is devoted to present an assortment of examples for eventually strongly positive semigroups. After a brief
visit to the finite-dimensional case in the first section of the chapter, we
again consider a large variety of differential operators. In several occasions,
we revisit operators from Chapter 8 which were proven there to generate
asymptotically positive semigroups; we then show that, under additional
assumptions, those semigroups are even (individually or uniformly) eventually strongly positive. Moreover, we consider some new classes of examples,
namely the Dirichlet-to-Neumann operator on graphs, squares of Dirichlet
and Robin Laplace operators on spaces of continuous functions, and two
examples of a one-dimensional Laplace operator with non-local boundary
conditions.
Appendix A In this appendix we collect a few results from spectral theory
which we use throughout the thesis. Most of the material in this appendix can
be found somewhere in the literature, often in well-known monographs about
functional analysis, but we find it convenient to provide a common source of
reference for all those results. As a rule, we give proofs only for results which
we could not find in the exact version we need in the literature; otherwise we
restrict ourselves to providing references for each result. The same applies to
the other appendices, too.
Appendix B In this appendix, we give a brief review of the basic theory of
ordered Banach spaces. In particular, we present some results in the setting
of ordered Banach spaces which are often found in the literature within the
much more general (though, for the unfamiliar reader, less comprehensible)
setting of ordered topological vector spaces. Finally, we recall a few notions
about so-called Hilbert lattices.
Appendix C Here we deal with complexifications of real Banach spaces.
These constructions can be considered to be a kind of folklore within analysis;
they are used very frequently, in particular when spectral theory plays a role,
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and they are certainly considered to be basic equipment within the toolbox of
every mathematician working in functional analysis. Yet, it is hard to find a
comprehensive treatment of them in the literature. In this appendix we treat
only the very basics of complexifications. Moreover, we pay special attention
to the topic of complex Banach lattices, which are special complexfications of
real Banach lattices. Although most textbooks and monographs on Banach
lattices contain sections where complex Banach lattices are defined and briefly
studied, we feel that the prevalence of complex Banach lattices in infinitedimensional Perron–Frobenius theory, and in particular in Part III this thesis,
justifies a thorough review of some of their most important properties.
Main sources for the text The results in Part I of the thesis are due to the
author and many of them can be found in [Glü16d]; yet we have improved
some of the theorems and added some new material which has not been
published, yet. The results in the second part of the thesis are due to the
author and have not been published, yet. Most of the results in Part III are
due to Daniel Daners, James B. Kennedy and the author; many of them are
contained in one of the papers [DGK16b] and [DGK16a]. Though, several
theorems and examples in this part of the thesis have not been published, yet.
Some of them are the result of a further collaboration with Daniel Daners,
while others are based on further joint work with him and James B. Kennedy.
We refer to the introductions of the single chapters for more details.
Notes & Open Problems At the end of each chapter we include a section
called Notes & Open Problems. We use these sections for a couple of purposes:
we discuss the history of some subjects in somewhat more detail and we
mention results which are related to the main text, though not closely enough
to be stated explicitly there. We also provide many additional references
in the notes. As a rule, we quote a reference in the main text in any of the
following four cases: if we employ a result from this reference in a proof; if
we use an idea or inspiration from the reference; if we compare our results to
the results from the reference; and if we want to give a brief overview of the
literature when introducing a new topic. Any further references, which are
intended to provide additional information (historical or recent), are included
in the notes. Finally, we also use the notes to pose several open problems.
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Preliminaries
Some elementary notations By N := {1, 2, 3, ...} we denote the set of strictly
positive integers, and we set N0 := N ∪ {0}. By iR ⊆ C we denote the imaginary
axis and by T := {λ ∈ C : |λ| = 1} we denote the complex unit circle. If S is
a subset of a metric space (M, d) and x ∈ M, then we denote by dist(x, S) :=
infy∈S d(x, y) the distance of x to S. For every non-empty set S we denote by
1S : S → R the constant function with value 1. If the choice of S is clear from
the context, then we shall sometimes use the abbreviation 1 := 1S . Whenever
V is a vector space and S ⊆ V , we denote by span S ⊆ V the linear span (or
linear hull) of S.
A subset S ⊆ C of the complex numbers is called cyclic or, more precisely,
imaginary additively cyclic, if α +iβ ∈ S (for α, β ∈ R) implies that α +inβ ∈ S for
all integers n ∈ Z. We note in passing that there is also a different meaning of
a cyclic subset of C which is important in the spectral theory of single positive
operators; see e.g. [Sch74, p. 324]. The definition above is, however, better
adapted to the study of (generators of) C0 -semigroups and thus more relevant
for this thesis. The other notion of cyclicity that we have just mentioned will
only occur on a few occasions in the notes at the end of some chapters.

Banach spaces Let E, F be (real or complex) Banach spaces. The norm on E
is usually denoted by k · k; if it is, for some reason, necessary to stress the space
E on which our norm is defined, then we shall write k · kE , instead. We denote
by L(E; F) to space of all bounded linear operators from E to F; this space
is, unless stated otherwise, assumed to be endowed with the operator norm,
which is also denoted by k · k. We use the abbreviation L(E) := L(E; E). By
IE ∈ L(E) we denote the identity operator on E. An operator T ∈ L(E; F) is called
contractive if kT k ≤ 1. The rank of an operator T ∈ L(E; F) is defined to be the
dimension of its range T E; here, and everywhere else in the thesis, we consider
the dimension to be either an integer or ∞, i.e. we do not distinguish between
different infinite cardinalities. By K(E; F) ⊆ L(E; F) we denote the subspace of
compact linear operators from E to F, and we abbreviate K(E) := K(E; E). The
dual space of E is denoted by E 0 . We denote the duality of E and E 0 by h·, ·i,
i.e. we write x0 (x) =: hx0 , xi for all x ∈ E and all x0 ∈ E 0 . If T ∈ L(E; F), then we
denote the adjoint operator of T by T 0 ∈ L(F 0 , E 0 ). The domain of a possibly
unbounded linear operator A on E is always denoted by D(A); unless stated
otherwise, the domain of A is always assumed to be endowed with the graph
norm k · kA , given by kxkA := kAxk + kxk for all x ∈ D(A). If A : E ⊇ D(A) → E
T
is a linear operator, then we define D(A∞ ) := n∈N D(An ). If A is, moreover,
densely defined, then we denote its adjoint by A0 : E 0 ⊇ D(A0 ) → E 0 . Let
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H be a real or complex Hilbert space; we denote the inner product on H
by ( · | · ). If A : H ⊇ D(A) → H is a densely defined linear operator, then
A∗ : H ⊇ D(A∗ ) → H denotes the Hilbert space adjoint of A.
If E is a real Banach space, then we use the symbol EC to denote a complexification of E and if A : E ⊇ D(A) → E, then we denote by AC : EC ⊇ D(AC ) → EC
the complex extension of A to EC . We refer to Appendix C for a detailed discussion of complexifications.
Let E be a real or complex Banach space. For any measure space (Ω, µ) and
any p ∈ [1, ∞] we denote the E-valued Lp -space on (Ω, µ) by Lp (Ω, µ; E) (note
that the σ -algebra on Ω is encoded in µ). If the measure µ is clear from the
context, then we write simply Lp (Ω; E) := Lp (Ω, µ; E). In particular, we always
assume open subsets Ω of Rd to be endowed with the Lebesgue measure,
while we assume the boundary ∂Ω of such set (if it is sufficiently smooth) to
be endowed with the surface measure. If I is a non-empty set and p ∈ [1, ∞],
then we define ` p (I; E) := Lp (I, #; E), where # denotes the counting measure on
I.
If L is a locally compact Hausdorff space, then we denote by C0 (L; E) the
space of all E-valued continuous functions on L which vanish at infinity;
this space is, of course, always assumed to be endowed with the supremum
norm k · k∞ given by kf k∞ := supω∈L kf (ω)kE . If K is a compact Hausdorff
space, then we write C(K; E) := C0 (K; E) for short. If I is a non-empty set, then
we define c0 (I; E) := C0 (I; E) where I is endowed with the discrete topology.
We write c(N; E) for the space of all E-valued convergent sequences which
are indexed over N (endowed with the supremum norm), and the notation
c(N0 ; E) is used in a similar way. If Ω ⊆ Rd is a bounded and open set, E
is a Banach space and k ∈ N, then we denote by C k (Ω; E) the space of all Evalued functions on Ω which are k-times continuously differentiable in Ω and
whose derivatives D α f |Ω have, for |α| ≤ k, a (necessarily unique) continuous
extension to Ω which we denote by D α f ; we endow this space with the
norm kf k := max|α|≤k kD α f k∞ which renders it a Banach space. By C ∞ (Ω; E)
T
we denote the vector space k∈N C k (Ω; E). Note that C k (Ω; E) and C ∞ (Ω; E)
depend by definition on Ω and not only on Ω.
Spectral theory Here we introduce the notation that we use for the spectral
theory of operators on complex Banach spaces. The corresponding notions for
operators on real Banach spaces are defined by means of complexifications; if,
for instance, A is a linear operator on a real Banach space, then the spectrum
of A is defined to be the spectrum of a complex extension of A. We refer to
Section C.3 in the appendix for a detailed discussion of this.
Let E be a complex Banach space, let A : E ⊇ D(A) → E be a linear operator
and let T ∈ L(E). By σ (A), σpnt (A) and σappr (A) we denote the spectrum, the
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point spectrum and the approximate point spectrum of A, respectively. The
resolvent set of A is denoted by ρ(A). Recall that if ρ(A) is non-empty, then A
is automatically closed. For each λ ∈ ρ(A), we denote by R(λ, A) := (λ − A)−1 ∈
L(E) the resolvent of A at λ. We refer to Section A.4 in the appendix for a
discussion of the related concept of a pseudo-resolvent. We say that A has
compact resolvent if the resolvent set ρ(A) is non-empty and if the operator
R(λ, A) ∈ L(E) is compact for one (equivalently: all) λ ∈ ρ(A). The number
s(A) := sup{Re λ : λ ∈ σ (A)} ∈ [−∞, ∞]
is called the spectral bounded of A and the number
s0 (A) := inf{c ∈ R : c > s(A), sup kR(λ, A)k < ∞} ∈ [−∞, ∞]
Re λ>c

is called the abscissa of uniform boundedness of the resolvent or the pseudospectral bound of A. By
r(T ) := sup{|λ| : λ ∈ σ (T )} ∈ [0, ∞)
we denote the spectral radius of T . If s(A) ∈ R, then the peripheral spectrum of
A is defined to be the set σper (A) := (s(A) + iR) ∩ σ (A) and the peripheral point
spectrum of A is defined to be the set σper,pnt (A) := σper (A) ∩ σpnt (A). We point
out that for bounded operators T it is sometimes more appropriate to define
the peripheral spectrum as the set {λ ∈ σ (T ) : |λ| = r(T )}. However, since we
are mainly concerned with (generators of) C0 -semigroups, we will never use
this latter definition in the main text; it will sometimes occur in the notes
at the end of a chapter, but it should always be clear from the context what
we mean by the notion “peripheral spectrum”. A number λ ∈ C is called a
dominant spectral value of A if λ ∈ σ (A) and if Re µ < Re λ for all other spectral
values µ of A. Note that if λ is a dominant spectral value of A, then Re λ = s(A)
(but the converse implication is, in general, false).
For some more notions from spectral theory which we need, we refer the
reader to Appendix A. There we discuss spectral projections in Section A.1,
eigenvalue multiplicities in Section A.2 and isolated singularities of the resolvent (in particular, poles of the resolvent) in Section A.3.
C0 -semigroups Let E be a real or complex Banach space. We denote a
C0 -semigroup on E with generator A always by (etA )t≥0 . The number
ω0 (A) := inf{ω ∈ R : ∃M ≥ 1 ∀t ≥ 0 ketA k ≤ Metω } ∈ [−∞, ∞)
is called the growth bound or the type of the C0 -semigroup (etA )t≥0 . Sometimes
we call a C0 -semigroup simply a semigroup. By ωess (A) we denote the essential
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growth bound of (etA )t≥0 , i.e. the growth bound of the induced semigroup in
the Calkin algebra L(E)/K(E); see [EN00, Definition IV.2.9] for details. A
C0 -semigroup (etA )t≥0 is called contractive if each operator etA is contractive,
i.e. if ketA k ≤ 1 for all t ≥ 0.
Ordered Banach spaces and Banach lattices For the precise definition of
an ordered Banach space and for many related notions we refer to Appendix B;
here we only recall the most basic notions. Let E be an ordered Banach
space with positive cone E+ . Let f , g ∈ E; we call f positive if f ∈ E+ and
we denote this by f ≥ 0. We write f ≤ g (or g ≥ f ) to say that g − f ≥ 0.
By the notation f < g (or g > f ) we mean that f ≤ g, but f , g. The set
[f , g] := {x ∈ E : f ≤ x ≤ g} is called an order interval in E. A linear functional
ϕ : E → R is called positive if ϕ(x) ≥ 0 for all x ∈ E+ . Let x0 ∈ E 0 ; we write x0 ≥ 0
to denote that x0 is positive, and we write x0 > 0 if x0 ≥ 0, but x0 , 0. By
(E 0 )+ := {x0 ∈ E 0 : x0 is positive} ⊆ E 0
we denote the dual cone of E+ ; sometimes we also use that notation E+0 := (E 0 )+ ,
instead. Let F be another ordered Banach space with positive cone F+ . A
linear mapping T : E → F is called positive if T E+ ⊆ F+ . If T ∈ L(E; F), then we
write T ≥ 0 to denote that T is positive and we write T > 0 to say that T ≥ 0,
but T , 0. A C0 -semigroup (etA )t≥0 is called positive if each operator etA (t ≥ 0)
is positive.
Let E, F be real Banach lattices; all the above notions and notations in
particular apply to this case. Moreover, we use the following conventions. Let
u ∈ E+ . By
Eu := {f ∈ E : ∃c ≥ 0 |f | ≤ cu}
we denote the principal ideal in E generated by u. If not stated otherwise, we
always assume the principal ideal Eu to be endowed with the gauge norm k · ku
given by
kxku := inf{c ≥ 0 : |x| ≤ cu}
for all x ∈ Eu . It can be proved that (Eu , k · ku ) is not only a Banach lattice,
but even an AM-space with unit u (see [Sch74, Definition II.7.1 and the
corollary to Proposition II.7.2]); hence, (Eu , k · ku ) is isometrically Banach
lattice isomorphic to C(K; R) for some compact Hausdorff space K, and the
corresponding isomorphism maps u to 1K [Sch74, Theorem II.7.4]. We call
u a quasi-interior point of E+ if Eu is dense in E (with respect to k · kE ); this
is denoted by u  0. Let T ∈ L(E; F). We call T strongly positive if T f  0
whenever 0 < f ∈ E. A functional x0 ∈ E 0 is called strictly positive if it is
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strongly positive as an operator from E to R, i.e. if hx0 , xi > 0 for all x > 0. It
is important to note the following ambiguity caused by this definition: let
x0 ∈ E+0 ; then the notation x0  0 could either mean that x0 is a quasi-interior
point of E+0 , or that x0 is strongly positive as an operator from E to R, i.e. that
the functional x0 is strictly positive; however, those two conditions are not
equivalent (if x0 is a quasi-interior point of E+0 , then it is a strictly positive
functional, but the converse implication is not in general true). For this reason,
we never use the notation x0  0 for functionals. Let u ∈ F+ . If g ∈ F, then we
write g u 0 if there exists an ε > 0 such that g ≥ εu; in this case we say that g
is strongly positive with respect to u. An operator T ∈ L(E, F) is called strongly
positive with respect to u if T f u 0 for all 0 < f ∈ E; we denote this by T u 0.
For the convenience of the reader we also sum up a bit of notation for
complex Banach lattices; a more detailed treatment of them can be found
in the Appendices C.4 and C.5. A complex Banach lattice E is by definition
the complexification of a real Banach lattice, which we shall denote by ER and
which we call the real part of E; a vector f ∈ E is called real if f ∈ ER . We use
the notation E+ := (ER )+ . If f and g are two elements of E and if we write
down any property of f or g (or both) which contains some kind of order
relation, then we mean by this that the occurring vectors are contained in
ER and that the relation holds in ER . For example if we write g > f for two
vectors f , g ∈ E, this means that f , g ∈ ER and that g > f in the real Banach
lattice ER ; similarly, if u ∈ E+ and f ∈ ER , then the notation f u 0 means that
f ∈ ER and f u 0 in ER . If u ∈ E+ , then the principal ideal generated by u in
E is, again, defined to be the set
Eu := {f ∈ E : ∃c > 0 |f | ≤ cu}.
We have Eu := (ER )u + i(ER )u ; as in the real case we endow Eu with the gauge
norm k · ku given by
kzku := inf{c ≥ 0 : |z| ≤ cu}
for all z ∈ Eu , which makes Eu a complexification of the real Banach lattice
(Eu , k · ku ). Just as in the real case, there exists a compact Hausdorff space K
and an isometric isomorphism of complex Banach lattices from Eu to C(K; C)
which maps u to 1K , see Proposition C.5.8. Note that Eu is dense in E if
and only if (ER )u is dense in ER . Hence, we can use the notion of a quasiinterior point of E+ = (ER )+ in the complex case without caring whether we
currently argue in the complex space E or in the real space ER . For an operator
T ∈ L(E; F) between to Banach lattices E and F we write T ≥ 0 if E maps ER
to FR and its restriction to ER fulfils T |ER ≥ 0; the notations T > 0, T  0 and
T u 0 for some fixed u ∈ F+ are defined similarly. Those remarks apply, in
particular, to bounded linear functionals on complex Banach lattices.
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Preliminaries
While ordered Banach spaces are discussed in more detail in Appendix B,
we need on very few occasions the more general concept of an ordered vector
space and of a vector lattice (or Riesz space). For those topics we refer the
reader to the literature, e.g. to [Per67], [SW99, Chapter V], [LZ71], [Zaa83]
and [AT07].
Ultra powers In the first part of the thesis we shall need ultra powers of
Banach spaces. Detailed information about this concept can, for example, be
found in the survey article [Hei80]; here, we only recall a few basics in order
to fix the notation. Let E be a real or complex Banach space and let U be an
ultra filter on a set I , ∅. Let c0,U (I; E) denote the closed subspace of ` ∞ (I; E)
of all sequences which converges to 0 along U . Then the quotient space
EU := ` ∞ (I; E)/c0,U (I; E)
is called an ultra power of E. For each family x = (xi ) ∈ ` ∞ (I; E) we denote
by xU the equivalence class of x in EU ; we always have kxU k = limU kxi k.
For each x ∈ E we denote by xU ∈ EU the equivalence class of the constant
family (x)i∈I ∈ ` ∞ (N; E); we have kxU k = kxk, so the mapping E → EU , x 7→ xU
is an isometric linear operator which we call the canonical embedding of E
into EU . Each operator T ∈ L(E) induces an operator TU ∈ L(EU ) given by
TU xU = (T xi )U for each xU = (xi )U ∈ EU . The mapping L(E) → L(EU ), T 7→ TU
is an isometric unital Banach algebra homomorphism.
If E is a real or complex Banach lattice, then c0,U (I; E) is an ideal in the
Banach lattice ` ∞ (I; E). Hence, the ultra power EU is a Banach lattice, too,
and the canonical embedding E ,→ EU is a Banach lattice homomorphism.
Moreover, an operator T ∈ L(E) is positive if and only if the lifted operator
TU ∈ L(EU ) is positive.

xxvi

Part I

Asymptotic Behaviour of
Contraction Semigroups

1

Geometry of the Unit Ball in
Banach Spaces
In this chapter we study three different geometric properties of real Banach
spaces E which describe in some manner how far the space E is from being
a Hilbert space. Those properties are chosen to be very well-adapted to the
spectral analysis of contraction semigroups in Chapter 2. The first notion,
studied in Section 1.1, is that of an extremely non-Hilbert space; this is, as the
name suggests, a rather strong property, and we will see that some classical
sequence spaces fulfil this property. The second class of Banach spaces,
which we name projectively non-Hilbert spaces, is much larger and contains,
for example, all Lp -spaces for p , 2 as well as many spaces of continuous
functions; we consider those spaces in Section 1.2. The third notion, which
we introduce in Section 1.3, is that of a super-projectively non-Hilbert space; a
real Banach space E is said to have this properties if every ultra power of E is
projectively non-Hilbert. Typical examples are, again, all Lp -spaces for p , 2
and certain spaces of continuous functions.
The material in Sections 1.1 and 1.2 is mostly taken from [Glü16d, Sections 2.1 and 3.1]. The material presented in Section 1.3 was inspired by
[Glü16d, Section 4], see in particular [Glü16d, Remark 4.8(ii)], but it is not
explicitly contained in this reference.

1.1

Extremely Non-Hilbert Spaces

In this section we introduce and analyse an, as we shall see, rather small class
of Banach spaces which we call extremely non-Hilbert spaces. Let us start with
the major definition.
Definition 1.1.1 (Extremely non-Hilbert space). A real Banach space E is
called extremely non-Hilbert if it does not contain a two-dimensional subspace
which is isometrically isomorphic to a Hilbert space.
The following observation is obvious but, due to its importance and for
later reference, we state it in a separate remark.
Remark 1.1.2. If a real Banach space E is extremely non-Hilbert, then every
closed subspace of E is extremely non-Hilbert, too.
Some examples of extremely non-Hilbert spaces are constituted by certain
` p -sequence spaces. Note, however, the distinction between the two cases
p ∈ 2N and p < 2N in the following examples.
3
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Examples 1.1.3. Let 1 ≤ p < ∞.
(a) If I , ∅ is an arbitrary index set and p < 2N, then the space ` p (I; R) is
extremely non-Hilbert.
(b) If p ∈ 2N, then the space ` p (N; R) is not extremely non-Hilbert.
(c) The spaces Lp ([0, 1]; R) and C([0, 1]; R) are not extremely non-Hilbert.
Proof. (a) If I is countable, this result can be found in [DJP98, Corollary 1.8].
By Remark 1.1.2 this also implies the assertion if I is finite.
So let I be uncountable and let V ⊆ ` p (I; R) be a two-dimensional subspace
which is spanned by two vectors f and g. There is an at most countable subset
I 0 ⊆ I such that the support of f and g is contained in I 0 . Hence, V is contained
in the subspace ` p (I 0 ; R) of ` p (I; R); since ` p (I 0 ; R) is extremely non-Hilbert, V
cannot be isometrically isomorphic to a Hilbert space.
(b) This is obvious for p = 2, and for p ∈ {4, 6, ...} one can prove that
there exist even finite-dimensional ` p -spaces which isometrically contain a
two-dimensional Hilbert space, see [Mil88, p. 283–294] (where, however, the
necessary dimension increases with p).
(c) It is sufficient to show that Lp ([0, 2π]; R) and C([0, 2π]; R) are not extremely non-Hilbert. First, let E = Lp ([0, 2π]; R) and let V ⊆ E be the span
of the functions cos and sin. Let α, β ∈ R; we show that kα cos +β sin kp =
1

(α 2 + β 2 ) 2 k cos kp .
To this end, choose θ ∈ [0, 2π) such that |α + iβ|eiθ = α − iβ; then we have
|α + iβ| Re ei(θ+ · ) = α cos +β sin. We thus obtain for every p ∈ [1, ∞)
Z
p
p
kα cos +β sin kp = |α + iβ|
| Re ei(θ+x) |p dx
[0,2π]
Z
p
p
= |α + iβ|p
| Re eix |p dx = (α 2 + β 2 ) 2 k cos kp .
[0,2π]
1

Hence, kα cos +β sin kp = (α 2 + β 2 ) 2 k cos kp for all α, β ∈ R, as claimed. This
1
shows that the linear bijection R2 → V , (α, β) 7→ k cos
(α cos +β sin) is an
k
p

isometry between (R2 , k · k2 ) and (V , k · kp ). Hence, V ⊆ Lp ([0, 2π]; R) is a twodimensional Hilbert space.
Now, let E = C([0, 2π]; R) and again, let V ⊆ E be the span of cos and sin.
1
Let α, β ∈ R; we show that kα cos +β sin k∞ = (α 2 + β 2 ) 2 . To this end, choose
θ ∈ [0, 2π) as above, such that α cos +β sin = |α + iβ| Re ei(θ+ · ) . Then we have
kα cos +β sin k∞ = |α + iβ| sup | Re ei(θ+x) |
x∈[0,2π]
1

= |α + iβ| sup | Re eix | = (α 2 + β 2 ) 2 .
x∈[0,2π]
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As above, this proves that the linear bijection R2 → V , (α, β) 7→ α cos +β sin
is an isometry between (R2 , k · k2 ) and (V , k · k∞ ). Hence, V ⊆ C([0, 2π]; R) is a
two-dimensional Hilbert space.
Example 1.1.3(c) is, on the complex unit circle instead of a real interval,
also discussed in [Glü16d, Example 2.11]. This example is also related to
[Gol73, Remark 5]. Moreover, it is worthwhile pointing out that Lp ([0, 1])
actually contains an isometric copy of the infinite-dimensional Hilbert space
` 2 (N; R); this can be shown by probabilistic methods, see [JL01, p. 16].
At the beginning of this section we claimed that the class of extremely
non-Hilbert spaces is rather small. This heuristic assertion is backed up
by Example 1.1.3(c) which shows that many important function spaces on
[0, 1] are not extremely non-Hilbert. Moreover, we can conclude from Examples 1.1.3 that the notion “extremely non-Hilbert space” is not well-behaved
with respect to duality:
Remark 1.1.4. The dual space or a pre-dual space of an extremely non-Hilbert
space need not be extremely non-Hilbert, in general. Indeed, the space
4
` 3 (N; R) is extremely non-Hilbert according to Example 1.1.3(a) while its
dual and pre-dual space ` 4 (N; R) is not, according to Example 1.1.3(b).
A further example of an extremely non-Hilbert space is the space c(N; R)
of convergent real-valued sequences, endowed with the supremum norm.
Indeed, our next example shows that this space is contained in a more general
class of extremely non-Hilbert spaces.
Examples 1.1.5. (a) Let L be a locally compact Hausdorff space. If L is at
most countable, then C0 (L; R) is extremely non-Hilbert.
(b) Let K be a compact Hausdorff space. If K is a most countable, then
C(K; R) is extremely non-Hilbert.
(c) The space c := c(N; R) of convergent real-values sequences is extremely
non-Hilbert.
(d) Let I , ∅ be an arbitrary index set. Then the space c0 (I; R) is extremely
non-Hilbert.
Proof. (a) Assume for a contradiction that V ⊆ C0 (L; R) is a two-dimensional
vector subspace which is a Hilbert space with respect to the norm induced by
C0 (L; R). Then there exist vectors f , g ∈ V such that k cos θf +sin θgk = 1 for all
θ ∈ R. For all l ∈ L we consider the closed set Al := {θ ∈ R : | cos θf (l) +
S
sin θg(l)| = 1}. We have l∈L Al = R, since for every θ ∈ R the function
cos θf + sin θg has norm 1 and the norm is attained (by the modulus of
the function) at at least one point l ∈ L. Since each set Al is closed in R and
5
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since the set L is countable, it follows from Baire’s category theorem that at
least one of the sets Al , Al0 say, has non-empty interior. Thus, there exists
an open interval ∅ , I ⊆ R such that cos θf (l0 ) + sin θg(l0 ) ∈ {−1, 1} for all
θ ∈ I. For continuity reason, we must either have cos θf (l0 ) + sin θg(l0 ) = 1
or cos θf (l0 ) + sin θg(l0 ) = −1 for all θ ∈ I, and we conclude from the identity
theorem for analytic functions that this is even true for all θ ∈ R. This is,
however, a contradiction since the functions cos and sin and the constant
function with value 1 are linearly independent elements of the vector space
RR .
(b) This is an immediate consequence of (a).
(c) This follows from (b) since the Banach space c is isometrically isomorphic to C(N ∪ {∞}; R) where N ∪ {∞} denotes the one point compactification of
the discrete space N.
(d) Let V ⊆ c0 (I; R) be a two-dimensional vector subspace which is spanned
by two vectors f , g. Then there exists an at most countable subset I0 ⊆ I such
that f and g are zero outside of I0 . Hence, V ⊆ c0 (I0 ; R), and so we conclude
from (a) that V is not a Hilbert space.
The fact that for instance the sequence space c0 (N; R) is extremely nonHilbert might suggest that we can, more generally, obtain extremely nonHilbert spaces by considering vector-valued sequence spaces of the kind
c0 (N; E) (where the space E should, of course, be assumed to be extremely
non-Hilbert, as well). Yet, the following example shows that this idea does not
in general work.
Example 1.1.6. There is a two-dimensional real Banach space E with the
following properties:
(a) The space E is not a Hilbert space; in particular, E is extremely nonHilbert.
(b) The space c0 (N; E) is not extremely non-Hilbert.
Proof. Indeed, let E = R2 and let the norm k · k on R2 be such that the unit
sphere S ⊆ R2 is given by
π
3π
] ∪ [π,
]}
2
2
∪ {(x1 , − sgn x1 ) : x1 ∈ [−1, 0) ∪ (0, 1]}

S ={(cos θ, sin θ) : θ ∈ [0,

∪ {(− sgn x2 , x2 ) : x2 ∈ [−1, 0) ∪ (0, 1]}.
The set S can be seen in Figure 1.1. Clearly, S is the boundary of a closed
convex set K ⊆ R2 which contains 0 and which fulfils −K = K. Hence, there is
indeed a norm on R2 such that K is the closed unit ball with respect to this
norm and such that S is the unit sphere with respect to this norm.
6
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x2

x1

Figure 1.1: The unit sphere S ⊆ R2 .

Let us now show the two assertions claimed above:
(a) This is obvious since S is not an ellipse.
(b) Let the set {1, 2} be endowed with the discrete topology. We show that
there is even a two-dimensional Hilbert space isometrically
contained
!
! in F :=
1
0
C({1, 2}; E). To this end, let f ∈ F be given by f (1) =
and f (2) =
and let
0
−1
!
!
0
1
g ∈ F be given by g(1) =
and g(2) =
. We show that k cos θf + sin θgk = 1
1
0
for all θ ∈ [0, 2π). So let θ ∈ [0, 2π). Indeed, we have
!
!




cos θ
sin θ
cos θf + sin θg (1) =
and
cos θf + sin θg (2) =
.
sin θ
− cos θ
Hence,



cos θf + sin θg (1)

E




= 1


< 1

if θ ∈ [0, π2 ] ∪ [π, 3π
2 ]




< 1


= 1

if θ ∈ (0, π2 ) ∪ (π, 3π
2 )

else

and



cos θf + sin θg (2)

E

else.

Since k cos θf + sin θgk is the maximum of both those numbers, it follows
that k cos θf + sin θgk = 1 for all θ ∈ [0, 2π). Thus, the span of f and g is a
two-dimensional Hilbert space.

1.2

Projectively Non-Hilbert Spaces

We have seen in the previous section that many important function spaces
are not extremely non-Hilbert. Yet, such spaces are, of course, much more
7
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prevalent in analysis than those few sequence spaces which turned out to be
indeed extremely non-Hilbert. We will thus show in the present section that,
for instance, Lp -spaces on arbitrary measure spaces also fulfil some (weakened) geometric condition which can be employed in our spectral analysis in
Chapter 2.
Recall that a closed vector subspace F of a Banach space E is called complemented if there exists a projection P ∈ L(E) with range F. The subspace F is
called 1-complemented if exists a contractive projection P ∈ L(E) with range F.
Definition 1.2.1 (Projectively non-Hilbert space). A real Banach space E is
called projectively non-Hilbert if it does not contain a 1-complemented twodimensional subspace which is isometrically isomorphic to a Hilbert space.
The concept of a projectively non-Hilbert space goes back to a paper
of Lyubich [Lyu70] (although he did not use this terminology) who found
out that those spaces constitute the right setting for the spectral analysis of
finite-dimensional and compact contractive operators. Lyubich himself was
motivated by earlier work of Krasnosel’skiı̆ [Kra68] who considered a more
specific class of Banach spaces which he named completely non-Hilbert.
Let us explicitly note the following simple but important observation.
Remark 1.2.2. If a real Banach space E is projectively non-Hilbert and P ∈
L(E) is a contractive projection, then its range P E is projectively non-Hilbert,
too.
The class of projectively non-Hilbert spaces is actually much larger than
the class of extremely non-Hilbert spaces. This is illustrated by the subsequent
example as well as by Examples 1.2.7 below.
Example 1.2.3. Let p ∈ [1, ∞)\ {2} and let (Ω, µ) be an arbitrary measure space.
Then Lp (Ω, µ; R) is projectively non-Hilbert.
Proof. Let V ⊆ Lp (Ω, µ; R) be a two-dimensional vector subspace and let P
be a contractive projection on Lp (Ω, µ; R) with range V . As shown in [Tza69,
Theorem 6], the range of a contractive projection in Lp (Ω, µ; R) is isometrically
isomorphic to another Lp -space (with the same p). Hence, the Banach space
V is isometrically isomorphic to Lp (Ω̃, µ̃; R) for another measure space (Ω̃, µ̃).
Since V is two-dimensional, it follows from the subsequent Remark 1.2.4 that
V is not a Hilbert space.
In the preceding proof we made use of the following simple observation:
Remark 1.2.4. Let p ∈ [1, ∞) \ {2} and let (Ω, µ) be an arbitrary measure space.
If Lp (Ω, µ; R) has dimension ≥ 2, then it is not (isometrically) a Hilbert space.
8
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Proof. Since Lp (Ω, µ; R) has dimension at least 2, it contains two positive
vectors f , g of norm 2 which are disjoint (in the sense of vector lattices).
p
p
p
p
Hence, we have 2 · 2p = kf kp + kgkp = kf + gkp = kf − gkp . If Lp (Ω, µ; R) were a
Hilbert space, then the parallelogram identity would imply
24 = 2kf k2p + 2kgk2p = kf + gk2p + kf − gk2p = 2

3+ p2

,

which is a contradiction since p , 2.
In Remark 1.1.4 we observed that extremely non-Hilbert spaces do not
behave particularly well with respect to duality. Let us now prove that the
situation is much better for projectively non-Hilbert spaces.
Proposition 1.2.5. Let E be a real Banach space. If its dual space E 0 is projectively
non-Hilbert, then so is E itself.
In contrast to the above proposition, the author does currently not know
whether the dual space of a projectively non-Hilbert space is always projectively non-Hilbert itself; compare however Proposition 1.3.3 and see also
the notes at the end of the chapter for a brief discussion. For the proof of
Proposition 1.2.5 we need the following elementary lemma:
Lemma 1.2.6. Let E be a real or complex Banach space and let P ∈ L(E) be a
projection. Then the mapping
i : P 0 E 0 → (P E)0
x0 7→ x0 |P E
is a contractive Banach space isomorphism. If P is contractive, then i is even
isometric.
Proof. The mapping i is obviously linear and contractive. To show that i is
injective, let x0 ∈ P 0 E 0 such that i(x0 ) = x0 |P E = 0. For every x ∈ E this implies
hx0 , xi = hP 0 x0 , xi = hx0 , P xi = hx0 |P E , P xi = 0.
Hence x0 = 0, so i is indeed injective. To show that i is surjective, let x̃0 ∈ (P E)0 .
Due to the Hahn-Banach theorem, x̃0 can be extended to a functional x0 ∈ E 0 .
For every x ∈ P E we then have
hi(P 0 x0 ), xi = h(P 0 x0 )|P E , xi = hP 0 x0 , xi = hx0 , xi = hx̃0 , xi.
Hence, i(P 0 x0 ) = x̃0 , so x̃0 has a pre-image P 0 x0 ∈ P 0 E 0 . This proves that i is
surjective, and hence, i is a contractive Banach space isomorphism.
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Assume now in addition that P is contractive. In order to show that i is
isometric, let x0 ∈ P 0 E 0 and let ε > 0. There exists a vector x ∈ E with norm 1
such that |hx0 , xi| ≥ kx0 k − ε. The vector P x is contained in P E and we have
|hi(x0 ), P xi| = |hx0 |P E , P xi| = |hx0 , P xi| = |hx0 , xi| ≥ kx0 k − ε.
However, since P is contractive we know that kP xk ≤ kxk = 1 and hence,
ki(x0 )k ≥ kx0 k − ε. This shows that actually ki(x0 )k = kx0 k.
Proof of Proposition 1.2.5. Assume for a contradiction that there is a contractive projection P ∈ L(E) such that P E is a two-dimensional Hilbert space.
Then the dual space (P E)0 is a two-dimensional Hilbert space, too. According
to Lemma 1.2.6 the subspace P 0 E 0 ⊆ E 0 is isometrically isomorphic to (P E)0 ;
thus it is a two-dimensional Hilbert space. Since P 0 E 0 is 1-complemented in
E 0 , this contradicts the assumption that E 0 is projectively non-Hilbert.
Now we can use Proposition 1.2.5 to give some further examples of projectively non-Hilbert spaces.
Examples 1.2.7. (a) Let E be a real Banach lattice which is an AM-space
(cf. [Sch74, Definition II.7.1]). Then E is projectively non-Hilbert.
(b) In particular, if K is a compact Hausdorff and L is a locally compact
Hausdorff space, then C(K; R) and C0 (L; R) are projectively non-Hilbert.
(c) If (Ω, µ) is an arbitrary measure space, then L∞ (Ω, µ; R) is projectively
non-Hilbert.
Proof. (a) If E is an AM-space, then its dual space E 0 is an AL-space [Sch74, Definition II.8.1 and Proposition II.9.1] and thus isometrically Banach lattice isomorphic to L1 (Ω, µ; R) for some measure space (Ω, µ) [MN91, Theorem 2.7.1].
Thus, E 0 is projectively non-Hilbert according to Example 1.2.3. Proposition 1.2.5 now yields that E is projectively non-Hilbert itself.
(b) and (c) This follows immediately from (a) since C(K; R), C0 (L; R) and
∞
L (Ω, µ; R) are AM-spaces.
Let us close this section with two further, slightly more exotic, examples
of extremely non-Hilbert spaces.
Examples 1.2.8. (a) Certain Orlicz sequence spaces which fulfil an appropriate technical condition are projectively non-Hilbert. This is discussed
in [Ran04, the last paragraph of Remark 3.5].
(b) Let p, q ∈ (1, ∞) \ {2}. Then the vector-valued sequence space ` p (` q ) :=
` p (N; ` q (N; R)) is projectively non-Hilbert. This follows easily from
[LRvG07, Theorem 5.1].
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1.3

Super Projectively Non-Hilbert Spaces

We will see in our spectral analysis in Chapter 2 that the notions of extremely
non-Hilbert and projectively non-Hilbert spaces are very useful if we intend to
prove results on the points spectrum of (generators of) contraction semigroups.
Yet, in order to obtain even results for the entire spectrum, we need to employ
some kind of ultrapower technique, and to this end we now introduce the
geometric notion of a super projectively non-Hilbert space; this notion is based
on that of a projectively non-Hilbert space and it is well-adapted to the
construction of ultrapowers.
Definition 1.3.1 (Super projectively non-Hilbert space). A real Banach
space E is called super projectively non-Hilbert if for every ultra filter U on any
index set I , ∅ the ultra power EU is projectively non-Hilbert.
Just as the class of projectively non-Hilbert spaces, the class of super
projectively non-Hilbert spaces is stable with respect to taking images of
contractive projections:
Proposition 1.3.2. Let E be a real Banach space and let P ∈ L(E) be a contractive
projection. If E is super projectively non-Hilbert, then so is the range P E of P .
Proof. Let U be an ultra filter on a set I , ∅; then EU is projectively nonHilbert and hence, the range PU EU of the projection PU ∈ L(EU ) is projectively
non-Hilbert, too. On the other hand, one easily checks that the Banach space
PU EU is isometrically isomorphic to the ultra power (P E)U . Thus, (P E)U is
projectively non-Hilbert, too.
It is a natural question how the class of super projectively non-Hilbert
spaces is related to the class of projectively non-Hilbert spaces. The following
proposition answers this question.
Proposition 1.3.3. If a real Banach E is super projectively non-Hilbert, then E,
E 0 and E 00 are projectively non-Hilbert.
Proof. Suppose that E is projectively non-Hilbert. According to [Hei80, Proposition 6.7] we can find an index set I , ∅ and an ultra filter U on I with the
following properties: there exists an isometric embedding i : E 00 ,→ EU and a
contractive projection P ∈ L(EU ) with range i(E 00 ).
Since EU is projectively non-Hilbert, so is i(E 00 ) and hence, so is E 00 . According to Proposition 1.2.5 this implies that E 0 and E are projectively non-Hilbert,
too.
For our purposes in Chapter 2 the most important example class of super
projectively non-Hilbert spaces is constituted by reflexive Lp -spaces for p , 2;
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yet, the following examples show that some further functions spaces fulfil
this property, too.
Examples 1.3.4. (a) If (Ω, µ) is an arbitrary measure space and p ∈ [1, ∞] \
{2}, then Lp (Ω, µ; R) is super projectively non-Hilbert.
(b) If E is a real Banach lattice which is an AM-space, then E is super projectively non-Hilbert. In particular, all spaces listed in Examples 1.2.7
are super projectively non-Hilbert.
Proof. (b) This follows from Example 1.2.7 (a) since every ultra power of an
AM-space is again an AM-space.
(a) For p < ∞ every ultra power of an Lp -space is again an Lp -space, so the
assertion follows from Example 1.2.3. For p = ∞ the assertion follows from
(b).
In order to obtain further examples, it would be desirable to have good
sufficient criteria for a real Banach space to be super projectively non-Hilbert.
Yet, it does not appear to be easy to derive such criteria. Here, we thus
restrict ourselves to the negative criterion in the next proposition. In order
to formulate the proposition, we introduce the following notation: for every
two-dimensional real Banach space F with closed unit ball B we denote by
δ(F) the number
δ(F) := sup kx + yk2 + kx − yk2 − 2kxk2 − 2kyk2 .

(1.1)

x,y∈B

Note that δ(F) is a measure of how far the vectors in F are from satisfying the
parallelogram equality; we have δ(F) = 0 if and only if F is (isometrically) a
Hilbert space.
Proposition 1.3.5. Let E be real Banach space and suppose that there exists a
sequence of rank-2-projections (Pn )n∈N ⊆ E such that
and

lim kPn k = 1

n→∞

lim δ(Pn E) = 0.

n→∞

Then E is not super projectively non-Hilbert.
Proof. Let U be a free ultra filter on N and let PU ∈ L(EU ) be given by PU xU =
(Pn xn )U for all xU = (xn )U ∈ EU ; note that PU is well-defined since the sequence
(Pn ) is bounded with respect to the operator norm. Clearly, PU is a projection
and moreover, PU is contractive since we have
kPU xU k = lim kPn xn k ≤ lim kPn k kxn k = lim kPn k lim kxn k = kxU k
U

for all xU ∈ EU .
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Let us now show that the range PU EU is two-dimensional: for each n ∈ N
we can find, according to Riesz’s lemma, two normalised vectors xn , yn ∈ Pn E
such that yn has distance at last 12 from the span of xn . Now, let xU := (xn )U
and yU := (yn )U . Then xU and yU are both non-zero elements of the range
PU EU , and for every scalar α ∈ R we obtain
1
kαxU − yU k = lim kαxn − yn k ≥ .
2
U
Hence, xU and yU are two linearly independent vectors in PU EU , so dim PU EU ≥
2.
(1) (2) (3)
On the other hand, consider three vectors xU , xU , xU ∈ PU EU . For every
(k)

(k)

k ∈ {1, 2, 3} we can choose representatives (xn )n∈N ∈ ` ∞ (N; E) of xU such
(k)

(k)

that xn is contained in Pn E and has norm kxU k for every n ∈ N. Since Pn E
(k)

has dimension 2 for every n ∈ N, we can thus find scalars αn ∈ R (where
P
(k) (k)
k ∈ {1, 2, 3} and n ∈ N) with the following properties: we have 3k=1 αn xn =
0 for each n ∈ N and, for every n ∈ N, at least one of the three numbers
(1) (2) (3)
αn , αn , αn has modulus 1 and the other tfwo have modulus at most 1. We
(k)
define α (k) := limU αn for all k ∈ {1, 2, 3}. Note that at least one of those three
numbers is not equal to 0 since we have
3
X

|α (k) | = lim

3
X

U

k=1

(k)

|αn | ≥ 1.

k=1

On the other hand, we have
3
X
k=1
(1)

(2)

(k)

α (k) xU =

3
X

(k) (k)

αn xn


U

= 0,

k=1

(3)

so the vectors xU , xU , xU are linearly dependent. This proves that actually
dim PU EU = 2.
Finally, we observe that PU EU is (isometrically) a Hilbert space. Indeed, for
all xU , yU ∈ PU EU with kxU k, kyU k ≤ 1 we can choose representatives (xn ), (yn ) ∈
` ∞ (N; E) such that xn , yn ∈ Pn E for all n and such that xn and yn have at most
norm 1 for all n. Thus, we obtain
kxU + yU k2 + kxU − yU k2 − 2kxU k2 − 2kyU k2
= lim kxn + yn k2 + kxn − yn k2 − 2kxn k2 − 2kyn k2 ≤ lim δ(Pn E) = 0.
U

U

Hence, the parallelogram equality holds on PU EU which proves that this space
is in fact a Hilbert space. Thus, EU is not projectively non-Hilbert and hence,
E is not super projectively non-Hilbert.
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1.4

Notes & Open Problems

Permanence properties As observed in Remark 1.1.2, the class of extremely
non-Hilbert spaces is, of course, invariant with respect to taking closed subspaces. Yet, we have noted in Remark 1.1.4 that the same class of Banach
spaces is not stable with respect to taking dual or pre-dual spaces, so it is
probably not very natural to expect other kinds of permanence properties
from this class. On the other hand, the situation is a bit better for projectively
non-Hilbert spaces; this class of Banach spaces is invariant with respect to
taking pre-dual spaces as shown in Proposition 1.2.5. It is thus natural to
ask whether further permanence properties are fulfilled by this class; let us
formulate two special cases of this question as an open problem:
Problem 1.4.1. Let E be a real Banach space which is projectively non-Hilbert.
(a) Is it always true that the dual space E 0 is also projectively non-Hilbert?
(b) Let F ⊆ E be a closed vector subspace. Under which conditions is it true
that the quotient space E/F of E is projectively non-Hilbert, too?
In connection with question (a) above, we recall from Proposition 1.3.3
that E 0 (and even E 00 ) is always projectively non-Hilbert in case that E is even
super projectively non-Hilbert.
Example spaces Our most prominent examples of extremely non-Hilbert
and projectively non-Hilbert spaces are certain Lp -spaces and spaces of continuous functions. The fact that ` p (N; R) is extremely non-Hilbert if p ∈ [1, ∞)\2N
(from which we derived Example 1.1.3(a)) is based on a thorough analysis
of isometric properties of subspaces of Lp in [DJP98]. For finite-dimensional
` p -spaces the same result was proved much earlier by Lyubich [Lyu70, Proposition 1] by a more direct computation. For more information about the
converse fact that ` p contains a two-dimensional Hilbert space if p ∈ 2N we
refer for instance to [Lyu70, the proof of Proposition 2], [LV93] and [Kön04].
The fact that every Lp -space for p ∈ [1, ∞) \ {2} is projectively non-Hilbert
is based on a general description of the ranges of contractive projections in
those spaces, compare the proof of Example 1.2.3. There, we referred to
a paper of Tzafriri [Tza69] where such a description is given in Lp -spaces
over general measures spaces. Earlier results in this direction had been
obtained by Grothendieck [Gro55] and Douglas [Dou65] on L1 -spaces; in the
special case of σ -finite measure spaces, Tzafriri’s result had been proved by
Ando [And66, Theorem 4] a few years earlier. We point out that in order to
prove that every Lp (Ω, µ; R)-space is projectively non-Hilbert it would suffice
to use Ando’s result even if our underlying measure space (Ω, µ) is non-σ finite. Indeed, if P is a contractive rank-2 projection on our Lp -space, then we
14
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can find a σ -finite measurable subset Ω̃ ⊆ Ω such that all functions within the
range of P have a representative which is supported on Ω̃. Since the range of P
coincides with the range of the restriction P |Lp (Ω̃,µ;R) (and since this restriction
is a contractive projection on Lp (Ω̃, µ; R)), it follows from Ando’s result that
the range of P is isometrically isomorphic to some other Lp -space.
In order to obtain further examples of projectively non-Hilbert spaces, it
would be interesting to understand the structure of contractive projections
in other classes of Banach spaces. One interesting result in this context asserts, for instance, that the Hardy spaces Hp (T), for p ∈ [1, ∞) \ {2}, do not
admit any contractive projections whose range is finite-dimensional but not
one-dimensional [LRR05, Theorem 3.1]; unfortunately, those spaces do, nevertheless, not constitute examples of projectively non-Hilbert spaces since
they are defined over the complex scalar field and, as we shall see in Example 2.1.7(b) below, all the applications that we have in mind break down if we
do not restrict ourselves to real Banach spaces.
An overview of many interesting results about contractive projections in
Banach spaces can be found in [Ran01]; yet, it seems that even until today
many questions still remain open. Let us discuss a few specific examples
of them which are important in our context. In [Ran04, last paragraph of
Remark 3.5] the question was raised under what conditions an Orlicz sequence
space is projectively non-Hilbert. Moreover, a result by Goldstein [Gol73,
the theorem on p. 390] (compare also [FGJ76] where a slight inaccuracy in
Goldstein’s paper was corrected), which is related to our results in Section 2.1
below, also suggests that Orlicz sequence spaces should have some kind of
geometric property related to the notions discussed in this chapter. Thus, the
following question is particularly interesting in our setting:
Problem 1.4.2. Under which conditions is an Orlicz sequence space projectively non-Hilbert? Under which conditions is it even extremely non-Hilbert?
An answer to the first question was conjectured, but not proved, in [Ran04,
last paragraph of Remark 3.5].
A look at Example 1.2.8(b) immediately raises the question whether more
general Lq -valued Lp -spaces are projectively non-Hilbert, too. Let us state this
question explicitly:
Problem 1.4.3. Let (Ω1 , µ1 ) and (Ω2 , µ2 ) be measure spaces and let p, q ∈
(1, ∞) \ {2}. Consider the Lq -valued Lp -space E := Lp (Ω1 , µ1 ; Lq (Ω2 , µ2 ; R)). Is
E always projectively non-Hilbert?
We point out that a description of the range of positive contractive projections on Lp (Lq )-spaces is known [HR07, Theorem 2.8]; however, in order to
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prove that Problem 1.4.3 has an affirmative answer we would need a description of the range of arbitrary contractive projections on such spaces.
Note that if the answer to the above problem is “yes”, then it follows that
the space E := Lp ([0, 1]; Lq ([0, 1]; R)) is even super projectively non-Hilbert.
Indeed, it is known that every ultra power EU of E is isometric to a band B
in another Lp (Lq )-space F, see e.g. [HLR91, Corollary 8.8]. As B is a band in
the order complete Banach lattice F, there exists a band projection P ∈ L(F)
with range B [MN91, Theorem 1.2.9]; since every band projection on a Banach
lattice is contractive, so is P . Now assume that the answer to Problem 1.4.3 is
positive; then F is projectively non-Hilbert and hence, so are B and EU .
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Spectrum and Asymptotics of
Contraction Semigroups
Now we employ the geometric notions introduced in the previous chapter for
the study of contraction semigroups. The main thrust of our argumentation
is, in all four sections of this chapter, the same: we consider a real Banach
space E which has a certain geometric property discussed in Chapter 1, and
a contractive C0 -semigroup (etA )t≥0 . Under appropriate conditions on the
semigroup (which depend on the strength of the geometric assumption on E)
we then derive that the (point) spectrum of E intersects the imaginary axis iR
at most in {0}. Afterwards we use general theorems which relate the spectral
properties of the generator to the long-term behaviour of the semigroup in
order to obtain convergence theorems for (etA )t≥0 .
In the first section we consider semigroups on extremely non-Hilbert
spaces. Since this geometric assumption is rather strong, we obtain results
on the point spectrum of the semigroup generator under very general assumptions on the semigroup; the price for this generality is that only a few
Banach spaces fulfil the assumption of being extremely non-Hilbert, compare
Section 1.1. In Section 2.2 we widen the range of admissible Banach spaces by
considering projectively non-Hilbert spaces, at the cost of an a priori condition
on the point spectrum of the semigroup. In Section 2.3 we consider the special
case of Lp -spaces; we drop the a priori condition on the point spectrum again
and replace it with additional assumptions on the semigroup, one of them
requiring that at least one semigroup operator etA be a regular kernel operator
or, more generally, a so-called AM-compact operator.
In each of the first three sections we need some kind of compactness
condition to turn our results on the point spectrum into convergence results.
This is different in the last section of the chapter, where we derive results
on the spectrum rather than the point spectrum. By a special case of the
ABLP theorem, this yields strong convergence of the semigroup without any
compactness assumption. On the other hand, our results in this section are
only valid on super-projectively non-Hilbert spaces, and only under a few
additional assumptions.
The material presented in Sections 2.1 and 2.2 stems from [Glü16d]. The
material in Section 2.4 was inspired by [Glü16d, Section 4]; however, the main
result of Section 2.4, Theorem 2.4.1, needs only weaker assumptions on the
semigroup than the main result in [Glü16d, Section 4] and we give a rather
different proof here. Both, the theorem in its full generality and its proof
presented below, have not been published yet. The material in Section 2.3 is
17
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also new and has not been published, yet; we point out that the content of
this section was strongly inspired by results about the convergence of positive
semigroups which have been obtained as part of an ongoing collaboration
with Moritz Gerlach.

2.1

The Point Spectrum on Extremely Non-Hilbert
Spaces

If (etA )t≥0 is a C0 -semigroup on a real Banach space E and the generator
A has non-zero eigenvalues on the imaginary axis, then the orbits of the
corresponding eigenvectors behave, in some sense, periodic. If, moreover, the
underlying Banach space E is extremely non-Hilbert, this periodic behaviour
conflicts with the geometry of the unit ball in E. This is the major idea on
which the following theorem, the main result of this section, is based.
Theorem 2.1.1. Let E be a real Banach space which is extremely non-Hilbert and
let (etA )t≥0 be a contrative C0 -semigroup on E. Then σpnt (A) ∩ iR ⊆ {0}.
Proof. Let EC be a complexification of E and let AC be the complex extension
of A to EC . Assume for a contradiction that iβ ∈ σpnt (A) for some β ∈ R \ {0}
and that z = x + iy ∈ EC (with x, y ∈ E) is a corresponding eigenvector. Then x
and y are linearly independent (over C) according to Proposition C.3.2(c); in
particular, x , 0, so we may assume that kxk = 1. Let us compute the orbit of x
under the semigroup: for every t ∈ [0, ∞) we have
etA x = Re etAC z = Re eitβ z = cos(βt)x − sin(βt)y.
Hence, the orbit of x is periodic. Since the semigroup is contractive and
kxk = 1, this implies that we have ketA xk = 1 for all t ≥ 0. Thus, k cos(βt)x −
sin(βt)yk = 1 for all t ≥ 0, which shows that the span of x and y over R is
isometrically isomorphic to the two-dimensional Hilbert space (R2 , k · k2 ). This
is a contradiction since E is assumed to be extremely non-Hilbert.
It follows from Examples 1.1.5(c) and 1.1.3(a) (and that fact that a closed
subspace of an extremely non-Hilbert space is extremely non-Hilbert itself)
that the Banach spaces (Rd , k·k∞ ) and (Rd , k·k1 ) are both extremely non-Hilbert.
Let us briefly discuss the meaning of Theorem 2.1.1 on these spaces:
Remark 2.1.2. Let A ∈ Rd×d .
(a) The semigroup (etA )t≥0 is contractive on (Rd , k·k∞ ) if and only if we have
P
Akk ≤ − j∈{1,...,d}\{k} |Akj | for all k ∈ {1, ..., d}.
In this case we can also use Gershgorin’s circle theorem [HJ90, Theorem 6.1.1] instead of Theorem 2.1.1 to conclude that σpnt (A) ∩ iR ⊆ {0}.
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(b) The semigroup (etA )t≥0 is contractive on (Rd , k · k1 ) if and only if we have
P
Akk ≤ − j∈{1,...,d}\{k} |Ajk | for all k ∈ {1, ..., d}.
Again, we can use either Gershgorin’s circle theorem [HJ90, Corollary 6.1.3] or Theorem 2.1.1 to conclude that σpnt (A) ∩ iR ⊆ {0}.
Proof. (a) If the entries of A satisfy the estimates in (a), then one can readily
check that A is dissipative with respect to the norm k · k∞ and hence, (etA )t≥0
is contractive. On the other hand, if (etA )t≥0 is contractive, then A is strictly
dissipative. Now, let k ∈ {1, ..., d}; define x ∈ Rd by xk = 1 and xj = sgn Akj
for all j ∈ {1, ..., d} \ {k}. Then the k-th canonical unit vector ek , considered
as an element of (Rd , k · k1 ), is a functional on Rd with norm 1 which fulfils
hek , xi = 1 = kxk∞ . Therefore we have
X
0 ≥ hek , Axi = Akk +
|Akj |,
j∈{1,...,d}\{k}

which proves the assertion.
(b) The semigroup (etA )t≥0 is contractive in (Rd , k · k1 ) if and only if the
semigroup generated by the transposed of A is contractive in (Rd , k · k∞ ), so
the assertion follows from (a).
We would like, for example, to apply Theorem 2.1.1 to ` p -spaces; yet,
we have noted in Example 1.1.3(b) that these spaces are not extremely nonHilbert in case that p ∈ 2N, so we cannot apply Theorem 2.1.1 directly. This is
not surprising for p = 2 (compare Example 2.1.7(a) below), but for p ∈ 2N \ {2}
we would like to have a similar result as Theorem 2.1.1. We can indeed achieve
this by observing that, for every p ∈ 2N \ {2}, the dual space of ` p is extremely
non-Hilbert since the number p0 which is conjugate to p is contained in the
interval (1, 2). In situations like this we can apply the following corollary.
Corollary 2.1.3. Let E be a reflexive real Banach space and suppose that E 0
is extremely non-Hilbert. If (etA )t≥0 is a contractive C0 -semigroup on E, then
σpnt (A) ∩ iR ⊆ {0}.
Proof. Since E is reflexive, the adjoint operator A0 generates a C0 -semigroup
on E 0 which is given by ((etA )0 )t≥0 and which is thus contractive. Hence, it
follows from Theorem 2.1.1 that σpnt (A0 ) ∩ iR ⊆ {0}. On the other hand, since
the semigroup generated by A is bounded, we have σpnt (A)∩iR ⊆ σpnt (A0 )∩iR
[AB88, Lemma 2.3], which proves the assertion.
In order to turn the spectral results above into convergence result, we need
some kind of compactness assumption. Recall that a C0 -semigroup (etA )t≥0
on a real or complex Banach space E is said to have relatively compact orbits
if the set {etA x : t ≥ 0} is relatively compact in E (with respect to the norm
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topology) for every x ∈ E. In the literature, semigroups with relatively compact
orbits are sometimes called almost periodic or, more precisely, strongly almost
periodic. Note that if (etA )t≥0 is bounded and A (respectively, any complex
extension of it) has compact resolvent, then (etA )t≥0 has relatively compact
orbits [EN00, Corollary V.2.15]. For contractive semigroups with relatively
compact orbits we obtain the following convergence result:
Corollary 2.1.4. Suppose that the assumptions of Theorem 2.1.1 or of Corollary 2.1.3 are fulfilled. If (etA )t≥0 has relatively compact orbits, then etA converges
strongly as t → ∞.
Proof. This follows from [ABHN11, Theorem 5.4.6] or from [EN00, Theorem V.2.14].
In case that the semigroup (etA )t≥0 is eventually compact, one can show
even operator norm convergence instead of only strong convergence. Actually,
this even holds on projectively non-Hilbert spaces, so we skip this to the next
section, see Corollary 2.2.5 (a).
Let us now state the above results explicitly for ` p -spaces.
Corollary 2.1.5. Let I , ∅ be an arbitrary index set and let p ∈ [1, ∞) \ {2}. If
(etA )t≥0 is a contractive C0 -semigroup on ` p (I; R), then σpnt (A) ∩ iR ⊆ {0}.
If the semigroup has, in addition, has relatively compact orbits, then etA
converges strongly as t → ∞.
Proof. If p is not an even integer, then ` p (I; R) is extremely non-Hilbert according to Example 1.1.3(a). On the other hand, if p is an even integer, then
the conjugate index p0 (given by p1 + p10 = 1) is not an even integer, and hence
0

the dual space ` p (I; R)0 ' ` p (I; R) is projectively non-Hilbert.
Thus, the assertions follow from Theorem 2.1.1 and Corollaries 2.1.3
and 2.1.4.
As already mentioned in the introduction of the thesis, there is an interesting connection between the above corollary and the spectral theory of positive
semigroups:
Remark 2.1.6. In [Dav05, Theorem 9], Davies proved that if (etA )t≥0 is a
contractive and positive C0 -semigroup on ` p (N; R), where p ∈ [1, ∞), then
the point spectrum of A intersects the imaginary axis at most in 0. Our
Corollary 2.1.5 above shows that the positivity assumption is not needed for
this result, unless p = 2.
On the other hand, we should point out that, if the semigroup (etA )t≥0 is
actually assumed to be positive, Davies’ result can be considered as a special
case of more general convergence theorems for positive semigroups; see the
notes at the end of this chapter for more details.
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We close this section with two examples, the first of them illustrating the
special role of the condition p , 2 in Corollary 2.1.5 while the second one
shows that it is essential in all our results that the underlying Banach space is
real.
Examples 2.1.7. (a) To understand what role the geometry of the unit ball
played for the results of this section, it is very instructive to have a look
at the two-dimensional spaces (R2 , k · kp ) where p ∈ [1, ∞]. The matrix
!
0 −1
A :=
1 0
generates a rotation semigroup on R2 , and this semigroup is clearly
contractive in case that p = 2. Yet, we cannot apply Theorem 2.1.1 since
(R2 , k · k2 ) is a Hilbert space and, indeed, the generator A has spectrum
σ (A) = {−i, −i}.
If, on the other hand, p , 2, then (R2 , k · kp ) is extremely non-Hilbert;
this follows from Example 1.1.3(a) if p < 2N ∪ {∞}, but its is even true
for all p ∈ {4, 6, ...} ∪ {∞} since the space under consideration is twodimensional. The spectrum of A is of course still given by {−i, i}. This
time we cannot apply Theorem 2.1.1 because the rotation semigroup
(etA )t≥0 is not contractive with respect to the k · kp -norm due to the low
symmetry of the unit ball of this norm.
(b) For all results in this section (as well as in the subsequent sections) it
is essential that the Banach space under consideration is real. Indeed,
endow Cd with an arbitrary norm and let A ∈ Cd×d be the diagonal matrix whose diagonal entries are all equal to i. Then (etA )t≥0 is obviously
contractive, but we have σ (A) = {i}.
On the other hand, we refer to [Lyu70, Theorem 3(c) and the subsequent
discussion] for some observations which are still true in the complex
case.

2.2

The Point Spectrum on Projectively Non-Hilbert
Spaces

One of the great disadvantages of our results in Section 2.1 is that we always
needed to assume the underlying Banach space, or its dual, to be extremely
non-Hilbert, a property which is only fulfilled by a few spaces. In order
to widen the applicability of our results we now want to show that similar
assertions for the spectrum of A are true on the much larger class of projectively non-Hilbert spaces, provided that the semigroup fulfils two additional
21

2. Spectrum and Asymptotics of Contraction Semigroups
assumptions. The results in this section were inspired by two papers of Krasnosel’skiı̆ [Kra68] and Lyubich [Lyu70] where the spectrum of contractive
compact operators on certain types of Banach spaces was studied. We will use
several techniques from [Lyu70] and adapt them to our setting; see below for
detailed references.
The first additional assumption that we need is some a priori information
about the spectrum; more precisely, we assume that the set σpnt (A) ∩ iR is
already known to be bounded; this is, for example, always the case if the
semigroup (etA )t≥0 is analytic or, more generally, eventually norm continuous;
see [EN00, Theorem II.4.18].
The second assumption that we need is a weak compactness condition
on the semigroup orbits. Recall that a C0 -semigroup (etA )t≥0 on a real or
complex Banach space E is said to have relatively weakly compact orbits if
the set {etA x : t ≥ 0} is relatively compact with respect to the weak topology
in E for every x ∈ E. In the literature, semigroups which have relatively
weakly compact orbits are sometimes called weakly almost periodic. Note
that a bounded C0 -semigroup on a reflexive Banach space automatically
has relatively weakly compact orbits. Moreover, a C0 -semigroup which has
relatively compact orbits has also relatively weakly compact orbits.
Let us now state the main result of this section.
Theorem 2.2.1. Let E be a real Banach space which is projectively non-Hilbert. Let
(etA )t≥0 be a contractive C0 -semigroup on E which has relatively weakly compact
orbits. If σpnt (A) ∩ iR is bounded, then we actually have σpnt (A) ∩ iR ⊆ {0}.
Note that the condition on σpnt (A) ∩ iR to be bounded cannot be dropped
in the above theorem as can be seen by considering the rotation semigroup on
Lp (T; R), where p ∈ [1, ∞) \ {2}: this semigroup is contractive and has relatively
weakly compact orbits, but the point spectrum of its generator equals iZ (or a
multiple of this set, depending on the speed of rotation).
For the proof of Theorem 2.2.1 we need a few auxiliary results. The
first one, which is stated in the following lemma, is based on an idea of
Lyubich from [Lyu70, the proof of Theorem 1]. In this paper, Lyubich studied
projectively non-Hilbert spaces in finite dimensions, as well as contractive
operators on them; he also briefly considered the case of compact operator
in infinite dimensions. Although we are mainly interested in C0 -semigroups,
we point out that one can also use our theorems to derive results for single
operators; see the notes at the end of this chapter for details.
Lemma 2.2.2. Let E be a projectively non-Hilbert space and let A ∈ L(E) be
such that the semigroup (etA )t≥0 is contractive. If EC is a complexification of
E and AC ∈ L(EC ) is the complex extension of A to EC , then we cannot have
EC = ker(i − AC ) ⊕ ker(−i − AC ).
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Proof. Assume for a contradiction that EC = ker(i − AC ) ⊕ ker(−i − AC ). This
implies that the orbit of every z ∈ EC under (etAC )t≥0 is periodic; in particular,
(etA )t≥0 is isometric on E. Now, we define a binary operation ◦ : C × EC → EC
by
λ ◦ (z1 + z2 ) = λz1 + λz2
for all λ ∈ C and all z1 ∈ ker(i − AC ), z2 ∈ ker(−i − AC ). One readily checks
that (EC , +, ◦) is a complex vector space. Moreover, for all r, t ≥ 0 and all
z1 ∈ ker(i − AC ), z2 ∈ ker(−i − AC ) we have
(reit ) ◦ z = reit z1 + re−it z2 = retAC z1 + retAC z2 = retAC z.

(2.1)

In particular it follows from (2.1) that reit ◦ x = retA x ∈ E for all r, t ≥ 0 and all
x ∈ E, i.e. E is a complex vector subspace of (EC , +, ◦).
Moreover, (2.1) implies that kreit ◦ xk = kretA xk = |reit | kxk for all r, t ≥ 0
and all x ∈ E. Hence, the complex vector space (E, +, ◦) is a normed vector
space (and thus a Banach space) with respect to the norm k · k. Now, choose
an element x0 ∈ E with norm kx0 k = 1. By the Hahn-Banach theorem there
is a contractive C-linear (with respect to ◦) projection P : E → E with range
P E = C ◦ x0 . Since we have α ◦ x = αx for all α ∈ R and all x ∈ E (i.e. for real
scalars, the multiplication ◦ coincides with the original multiplication on E),
the projection P is also R-linear with respect to the original multiplication.
Moreover, the vector space (C ◦ x0 , +, ◦) is two-dimensional over the real field
and, again since the restriction of ◦ to the real field coincides with the original
multiplication on E, it follows that C◦x0 is a two-dimensional vector subspace
of the original space E which admits a contractive projection P .
On the other hand, C ◦ x0 is a two-dimensional real Hilbert space since
the mapping C → C ◦ x0 , λ 7→ λ ◦ x0 is an isometric isomorphism between the
two-dimensional real Banach spaces C (with the modulus as its norm) and
C ◦ x0 . This contradicts the assumption that E be projectively non-Hilbert.
The second auxiliary result which we need, Corollary 2.2.4 below, follows
from the following elementary lemma.
Lemma 2.2.3. Let E be a complex vector space and let T : E → E be a linear
mapping. Moreover, let p by a complex polynomial of degree n ∈ N with n distinct
roots λ1 , ..., λn ∈ C. Then we have ker p(T ) = ⊕nk=1 ker(λk − T ).
Proof. Since the kernel ker p(T ) does not change if we multiply p(T ) by a
complex number , 0, we may assume that the leading coefficient of p equals
Q
1. Thus, we have p(z) = nk=1 (z − λk ) for all z ∈ C.
Since the values λ1 , ..., λn are all distinct from each other, it is easy to prove
by induction over n that the sum ⊕nk=1 ker(λk − T ) is indeed direct.
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The inclusion “⊇” is obvious. To prove the converse inclusion, let x ∈
ker p(T ) and let V be the finite-dimensional space V := span{x, T x, ..., T n−1 x}.
Since p(T )x = 0, we have T n x ∈ V and thus, the space V is invariant with
respect to T . Moreover, we have p(T |V ) = p(T )|V = 0. Hence, it follows from
the spectral mapping theorem for polynomials that σ (T |V ) ⊆ {λ1 , ..., λn }.
Let us show that all eigenvalues of T |V are semi-simple. To this end, let
λ ∈ σ (T |V ) ⊆ {λ1 , ..., λn }. According to Proposition A.2.3(b) we only have to
show that there exists no
 generalised
 eigenvector of rank 2 for the eigenvalue
λ of T |V . So, let v ∈ ker (T |V − λ)2 and define a complex polynomial q by
Y
q(z) = (z − λ) +
(z − µ)
µ∈{λ1 ,...,λn }\{λ}

for all z ∈ C. Since p(T |V )v = 0, we obtain
q(T |V )(T |V − λ)v = (T |V − λ)2 v + p(T |V )v = 0.
Moreover, the spectral mapping theorem yields that σ (q(T |V )) = q(σ (T |V )) ⊆
{q(λ1 ), ..., q(λn )}. Since 0 is not contained in this set, the operator q(T |V ) : V →
V is bijective, and we conclude that (T |V − λ)v = 0. Hence, the eigenvalue λ of
T |V has no generalised eigenvectors of rank 2 and thus, it is semi-simple.
Since all eigenvectors of T |V are semi-simple, it follows that V possesses a
basis which consists of eigenvectors of T |V . Thus, we have x ∈ V = ⊕nk=1 ker(λk −
T |V ) ⊆ ⊕nk=1 ker(λk − T ).
If in the situation of the above lemma the polynomial p has only m < n
distinct roots λ1 , ..., λm (some of them with multiplicity ≥ 2), then we do not
2
in general have ker p(T ) = ⊕m
k=1 ker(λk − T ). To see this, simply choose E = C ,
!
0 1
T =
∈ C2×2 and p(z) = z2 .
0 0
Corollary 2.2.4. Let E be a complex vector space and let T : E → E be a linear
operator. For every µ ∈ C \ {0} we have ker(µ2 − T 2 ) = ker(µ − T ) ⊕ ker(−µ − T ).
Proof. Apply Lemma 2.2.3 to the polynomial p(z) = µ2 − z2 .
Now we are ready to give the proof of Theorem 2.2.1. We have already mentioned above that one major ingredient of the proof, Lemma 2.2.2, is adapted
from a paper of Lyubich [Lyu70]; another essential step in the following
proof is the use of the mean ergodic theorem in order to obtain a contractive
projection onto the subspace F; this idea was also employed in [Lyu70, the
proof of Theorem 1]. For the convenience of the reader we recall that an
operator T ∈ L(E) on a real or complex Banach space E is called mean ergodic
P
k
if the sequence ( n1 n−1
k=0 T )n∈N converges with respect to the strong operator
topology. In this case, the limit operator P ∈ L(E) is a projection and it range
coincides with the fixed space ker(1 − T ) of T .
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Proof of Theorem 2.2.1. Let EC be a complexification of E and let AC be the
complex extension of A to EC . Assume for a contradiction that σpnt (A) ∩ iR *
{0}. Replacing A with cA for some c > 0 we may assume that ±i ∈ σpnt (A) and
that σpnt (A) ∩ iR ⊆ i · (−3, 3) (here we used that σpnt (A) ∩ iR is bounded).
π
Define FC := ker(−1 − eπAC ), F := FC ∩ E, Gi := ker(i − e 2 AC ) and G−i :=
π
ker(−i − e 2 AC ). We are going to show that the spaces Gi , G−i , FC and F fulfil
the following properties:
(a) FC = Gi ⊕ G−i .
(b) The real Banach space F is projectively non-Hilbert and FC is a complexification of F.
(c) Gi = ker(i − AC ) and G−i = ker(−i − AC ).
(a) This follows immediately from Corollary 2.2.4.
(b) Since the operator eπAC is real, we clearly have FC = F + iF; hence, FC is
a complexification of F. To see that F is projectively non-Hilbert, first note
that the semigroup (etAC )t≥0 has relatively weakly compact orbits since the
same is true for (etA )t≥0 . Thus, the operator −eπAC is mean ergodic [EFHN15,
Remark 16.17(4)]. Let PC ∈ L(EC ) denote the corresponding mean ergodic
projection. Then the range of P coincides with the fixed space of −eπAC , i.e.
with FC . Since PC is a real operator we have P E = E∩PC EC = F, where P := PC |E
denotes the restriction of PC to E. Since P is the strong limit of the operator
P
πA k
sequence ( n1 n−1
k=0 (−e ) )n∈N we conclude that P is contractive and hence,
F = P E is indeed projectively non-Hilbert.
(c) According to [EN00, Corollary IV.3.8] we have
ker(eµt − etAC ) = spann∈Z ker(µ +
for all µ ∈ C and all t ∈ (0, ∞). Plugging in t =

π
2

2πin
− AC )
t

and µ = ±i, we thus obtain

π

Gi = ker(ei 2 ) = spann∈Z ker(i(4n + 1) − AC ) = ker(i − AC ),
π

G−i = ker(e−i 2 ) = spann∈Z ker(i(4n − 1) − AC ) = ker(−i − AC );
for the last equality in both lines we used that σpnt (AC ) ⊆ i · (−3, 3). Hence, (c)
holds, too.
Let us now use (a), (b) and (c) to derive a contradiction. Since FC =
Gi ⊕ G−i = ker(i − AC ) ⊕ ker(−i − AC ), we have FC ⊆ D(AC ); moreover, AC leaves
FC invariant and we have AC |FC ∈ L(FC ). Hence, A|F ∈ L(F).
The semigroup (etA|F )t≥0 = (etA |F )t≥0 is, of course, contractive on the projectively non-Hilbert space F. Since AC |FC is the complex extension of A|F to
the complexification FC of F and since FC = ker(i − AC |FC ) ⊕ ker(−i − AC |FC ),
this contradicts Lemma 2.2.2.
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Now, we want to use Theorem 2.2.1 to derive convergence theorems for
contractive semigroups. Depending on what kind of compactness assumption
we impose on the semigroup, we obtain convergence with respect to the
operator norm or with respect to the strong topology.
Recall that a C0 -semigroup (etA )t≥0 on a Banach space E is called quasicompact if dist(etA , K(E)) → 0 as t → ∞; here the distance is computed in the
Banach space L(E). Note that a C0 -semigroup (etA )t≥0 is quasi-compact if
and only if the essential growth bound ωess (A) is strictly negative, see [EN00,
Proposition V.3.5].
Corollary 2.2.5. Let E be a real Banach space which is projectively non-Hilbert
and let (etA )t≥0 be a contractive C0 -semigroup on E.
(a) If (etA )t≥0 is eventually compact, then etA converges with respect to the
operator norm topology as t → ∞.
(b) More generally, if (etA )t≥0 is quasi-compact, then etA converges with respect
to the operator norm topology as t → ∞.
(c) If (etA )t≥0 has relatively compact orbits and σpnt (A) ∩ iR is bounded, then
etA converges strongly as t → ∞.
Proof. (b) Let AC be the complex extension of A to a complexification EC of E.
According to [EN00, Theorem V.3.7(i)] the set σ (A) ∩ iR is finite or empty and
all its elements (if any exist) are poles of the resolvent R( · , AC ). Moreover, they
are actually first order pole according to Propositions A.2.4(b) and A.3.2(d).
Hence, it follows from [EN00, Theorem V.3.7(ii)] that (etAC )t≥0 has relatively
compact orbits; in particular, the orbits are relatively weakly compact.
Theorem 2.2.1 now implies that σpnt (A) ∩ iR ⊆ {0}. By applying [EN00,
Corollary V.3.2(iii)], it follows that etAC (and hence, etA ) converges with respect
to the operator norm as t → ∞.
(a) This is a special case of (b).
(c) It follows from Theorem 2.2.1 that actually σpnt (AC ) ⊆ {0}. Hence, the
assertion follows from [EN00, Theorem V.2.14] or [ABHN11, Theorem 5.4.6].
We stress once again that the condition in Corollary 2.2.5 (c) that σ (A) ∩ iR
be bounded is automatically fulfilled if (etA )t≥0 is eventually norm-continuous.

2.3

Semigroups of Kernel Operators

The price we had to pay for allowing projectively instead of extremely nonHilbert spaces in Section 2.2 was that we had to require the set σpnt (A) ∩ iR
a priori to be bounded (we do not consider the second assumption, relative
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weak compactness of the semigroup orbits, to be particularly restrictive). This
resembles to some extend a situation in Perron–Frobenius theory: there one
knows, under rather general assumptions, that peripheral spectrum of the
generator of a positive semigroup is cyclic; in order derive triviality of the
peripheral spectrum on thus has to know for some reason that it is bounded
(see [AGG+ 86, Section C-III.2] for some details).
However, there is another considerable result in the theory of positive
semigroups where the situation is different: a theorem of Greiner [Gre82,
Korollar 3.11] states that a contractive and positive C0 -semigroup on an Lp space is strongly convergent, provided that it has a fixed point which is strictly
positive almost everywhere and provided that one of the operators etA is a
so-called kernel operator. The major point here is that we obtain convergence
(and thus, in particular, triviality of σpnt (A) ∩ iR) without any boundedness
assumptions on the spectrum, merely since one of the semigroup operators is
a kernel operator.
It is our goal in this section to prove that a result quite similar to Greiner’s
theorem holds for contractive, non-positive semigroups on Lp -spaces if p ∈
[1, ∞) \ {2}. On the other hand, if one sticks to the positivity condition, then
Greiner’s result can be generalised in several other respects; see the notes for
some more details. The reader might have noticed that the preceding discussion resembles, to some extend, the discussion in Remark 2.1.6 where we
compared our results on ` p -spaces with a result of Davies. This resemblance
is not a coincidence, as we explain in the notes at the end of this chapter.
At the time of submission of this thesis, the material presented in this
section has not been published in a research article (or in a preprint), yet.
However, we point out once again that many of the ideas presented below,
in particular the use of the Jacobs–deLeeuw–Glicksberg decomposition in
this context and the utilisation of so-called AM-compact operators have been
strongly inspired by an ongoing collaboration with Moritz Gerlach which
aims, among other goals, to a generalisation of Greiner’s above mentioned
theorem. Moreover, the approach used below was, to some extend, inspired
by a paper of Keicher [Kei06, in particular the proof of Corollary 3.8].
We first need to recall a few notions from Banach lattice theory. Let E
be a real Banach lattice. An operator T ∈ L(E) is called regular if T can be
written as the difference of two positive operators, i.e. if there exist operators
0 ≤ T1 , T2 ∈ L(E) such that T = T1 − T2 . We denote the vector subspace of
L(E) consisting of all regular operators by Lreg (E). When ordered by the cone
of positive operators, Lreg (E) clearly becomes an ordered vector space with
generating cone; if we assume, in addition, that E is order complete, then
Lreg (E) can be shown to be an order complete vector lattice (and even a Banach
lattice with respect to an appropriate norm), see [Sch74, Proposition IV.1.4].
This fact is used in part (i) of the following definition.
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Definition 2.3.1 (Kernel operator and AM-compact operator). Let E be an
order complete real Banach lattice and let T ∈ L(E).
(i) The operator T is called a regular kernel operator if T is regular and,
moreover, contained in the band generated by the finite rank operators
in Lreg (E).
(ii) The operator T is called AM-compact if it maps every order interval in E
to a relatively compact set.
We refer for instance to [Sch74, Section IV.1] for more details about regular
operators, to [Sch74, Section IV.9], [MN91, Section 3.3 and Corollary 3.7.3]
and [Ger14, Sections 4.1 and 4.2] for more information about kernel operators
and to [MN91, Section 3.7] for details about AM-compact operators.
As pointed out above, we are particularly interested in kernel operators
on Lp -spaces. Their description in the following example shows that this class
of operators is indeed a very important (and well-known) one.
Example 2.3.2. Let (Ω, µ) be a σ -finite measure space and let p ∈ [1, ∞). An
operator T ∈ L(Lp (Ω, µ; R)) is a regular kernel operator if and only if there
exists a measurable function k : Ω × Ω → R with the following properties:
(a) For each f ∈ Lp (Ω, µ; R) the function k( · , ω)f ( · ) is measurable and contained in L1 (Ω, µ; R) for almost all ω ∈ Ω and the function
Z
|k(ω, · )f (ω)| dµ(ω)
Ω

is contained in Lp (Ω, µ; R).
R
(b) We have T f = Ω k(ω, · )f (ω) dµ(ω) for every f ∈ Lp (Ω, µ; R).
Proof. See e.g. the last assertion in Proposition IV.9.8 and the beginning of
the examples in Section IV.8 of [Sch74].
Whenever we have to deal with regular kernel operators in proofs, it turns
out that their definition is not very handy. In fact, it is another, more general
property of regular kernel operators which, on the one hand, is very easy to
use in proofs and, on the other hand, implies some interesting properties
of them; namely, every regular kernel operator is AM-compact, at least on
sufficiently regular Banach lattices. We make this precise in the following
proposition.
Proposition 2.3.3. Let E be a real Banach lattice with order continuous norm
(e.g. E = Lp (Ω, µ; R) for some measure space (Ω, µ) and p ∈ [1, ∞)). Then every
regular kernel operator on E is AM-compact.
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Proof. This result can for instance be found in [MN91, Corollary 3.7.3].
Now we present the main result of this section.
Theorem 2.3.4. Let (Ω, µ) be an arbitrary measure space and let p ∈ [1, ∞) \ {2}.
Suppose that (etA )t≥0 is a contractive C0 -semigroup on E = Lp (Ω, µ; R) which has
relatively weakly compact orbits. If et0 A is AM-compact for some t0 ≥ 0, then
σpnt (A) ∩ iR ⊆ {0}.
Recall once again that the assumption on (etA )t≥0 to have relatively weakly
compact orbits is automatically fulfilled if p , 1.
For the proof we recall that an element a > 0 of a Banach lattice E is called
an atom if the principal ideal Ea is one-dimensional. The Banach lattice E
is called atomic if there is no non-zero vector in E which is disjoint to all
atoms (equivalently: the band generated by all atoms is the entire space
E). If 1 ≤ p < ∞ and the space Lp (Ω, µ; R) over some measure space (Ω, µ)
is an atomic Banach lattice, then Lp (Ω, µ; R) is isometrically Banach lattice
isomorphic to ` p (I; R) for some index set I. This is easy to see: choose I to be
the set of all atoms of norm 1 and use for instance [Sch74, Exercise 7(b) in
Chapter II].
Proof of Theorem 2.3.4. By means of the Jacobs-deLeeuw-Glicksberg decomposition (see for instance [Kre85, Section 2.4]) we can find a contractive projection P ∈ L(E) which commutes with all operators etA such that (etA |P E )t≥0 =
(etA|P E )P E extends to a contractive C0 -group (etA|P E )t∈R on P E. Moreover, the
point spectrum of the restriction A|P E fulfils σpnt (A|P E ) = σpnt (A) ∩ iR.
Since the projection P is contractive, it follows from [BL74, Theorem 4.1]
that there exists a closed sublattice F of E and a bijective isometry U : P E →
F. Since F is a sublattice of E, the norm on F is p-additive, so F is itself
(isometrically Banach lattice isomorphic to) an Lp -space over some measure
space.
Now, consider the C0 -group (etB )t∈R induced on F by (etA|P E )t∈R via U , (i.e.
tB
e = U etA|P E U −1 for all t ∈ R). The mapping U −1 : F → P E ⊆ E is an isometry
from the Lp -space F to the Lp -space E and thus disjointness preserving since
p , 2 [Fac14, Lemma 4.2.2]; hence, U −1 is order bounded according to [Are83,
Theorem 2.5]. Now, let 0 ≤ f ∈ F and consider the order interval [0, f ]F in F.
Then we have
[0, f ]F = e−t0 B et0 B [0, f ]F = e−t0 B U et0 A U −1 [0, f ]F .
Since U −1 is order bounded, we can find vectors g1 , g2 in E such that U −1 [0, f ]F
is contained in the order interval [g1 , g2 ]E in E. Since et0 A is AM-compact, it
follows that et0 A [g1 , g2 ]E is relatively compact in E and thus, et0 A U −1 [0, f ]F ⊆
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et0 A [g1 , g2 ]E ∩P E is relatively compact in P E. Hence, the set [0, f ]F is relatively
compact (and thus compact) in F.
We have thus proved that all order intervals in the Banach lattice F are
compact. According to [AS87, Satz 1.1] this implies that the Banach lattice F
is atomic. Since F is also an Lp -space, it follows that F is in fact isometrically
Banach lattice isomorphic to ` p (I; R) for some index set I. Thus, we conclude
from Corollary 2.1.5 that σpnt (B) ∩ iR ⊆ {0}. However, we have σpnt (A) ∩ iR =
σpnt (A|P E ) ∩ iR = σpnt (B) ∩ iR, so the assertion is proved.
Let us briefly comment on the relation of the above theorem to our results
in Section 2.1:
Remark 2.3.5. We derived Theorem 2.3.4 from the first assertion in Corollary 2.1.5. On the other hand, at least in the case p , 1, the first assertion of
Corollary 2.1.5 is a special case of Theorem 2.3.4.
Indeed, let I , ∅ be an arbitrary index set, let p ∈ (1, ∞) \ {2} and let
tA
(e )t≥0 be a contractive C0 -semigroup on ` p (I; R); note that this semigroup
has relatively weakly compact orbits since ` p (I; R) is reflexive. As every order
interval in ` p (I; R) is compact, it follows that every bounded linear operator on
` p (I; R) is AM-compact. Hence, Theorem 2.3.4 implies that σpnt (A) ∩ iR ⊆ {0}.
If the orbits of our semigroup are even relatively compact with respect
to the norm topology on Lp (Ω, µ; R) (which is, for bounded semigroups, for
instance fulfilled if the generator has compact resolvent), then we even obtain
convergence in the situation of Theorem 2.3.4:
Corollary 2.3.6. Let (Ω, µ) be an arbitrary measure space and let p ∈ [1, ∞) \ {2}.
Suppose that (etA )t≥0 is a contractive C0 -semigroup on E = Lp (Ω, µ; R) which has
relatively compact orbits.
If et0 A is AM-compact for some t0 ≥ 0, then etA converges strongly as t → ∞.
Proof. This follows from Theorem 2.3.4 and e.g. from [EN00, Theorem V.2.14]
or [ABHN11, Theorem 5.4.6].
This corollary is, of course, a generalisation of the second assertion in
Corollary 2.1.5.

2.4

The Spectrum on Super Projectively Non-Hilbert
Spaces

In each of the previous sections in this chapter we first proved a result on the
point spectrum of the semigroup generator A; we then imposed additional
compactness assumptions on the semigroup in order to obtain convergence
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results. If we want to avoid such compactness assumptions and prove convergence nevertheless, then we need results on the spectrum rather than the
point spectrum. Since by now we have only proved theorems about the point
spectrum, a typical way to obtain information about the spectrum is to employ
ultra power techniques. This is why we assume the underlying Banach space
in this section to be super projectively non-Hilbert.
According to Examples 1.3.4 (a) the following theorem can, for instance, be
applied to Lp (Ω, µ; R) for an arbitrary measure space (Ω, µ) and p ∈ (1, ∞) \ {2}.
In fact, those are the only spaces of which the author currently knows that
they fulfil the assumptions of the theorem. Yet, we state the result in a
more general version in case that further spaces can be identified as super
projectively non-Hilbert in the future.
Theorem 2.4.1. Let E be a real Banach space which is super reflexive and super
projectively non-Hilbert. Let (etA )t≥0 be a contractive C0 -semigroup on E and
assume that σ (A) ∩ iR is bounded.
Then we actually have σ (A) ∩ iR ⊆ {0}. In particular, etA converges strongly
as t → ∞.
Proof. Assume for a contradiction that iβ ∈ σ (A) for some 0 , β ∈ R. Let EC
be a complexification of E and let AC be the complex extension of A to EC .
We fix a free ultra filter U on N and we note that the ultra power (EC )U is a
complexification of the ultra power EU .
If we define RU (λ) := R(λ, AC )U for every λ ∈ ρ(A), then RU ( · ) is clearly a
pseudo-resolvent on (EC )U . Since this space is reflexive and since
sup r kRU (r)k < ∞,
r∈(0,∞)

we can now find a bounded linear projection P on (EC )U with the properties
described in Theorem A.4.5. It follows from those properties that P is the
weak operator limit of rRU (r) as r → ∞, so P is real and acts contractively on
EU . In particular, P EU is projectively non-Hilbert.
Let F denote the range of P and note that F is a complexification of P EU .
Finally, the restriction of RU ( · ) to F is the resolvent of a densely defined
real linear operator B : F ⊇ D(B) → F with ρ(B) ⊇ ρ(AC ). Since rRU (r) acts
contractively on EU (and thus on P EU ), it follows that B generates a bounded
C0 -semigroup on F which acts contractively on the projectively non-Hilbert
space P EU . Hence, σpnt (B) ∩ iR ⊆ {0} according to Theorem 2.2.1.
1
On the other hand, it follows from Proposition A.4.7 that λ−iβ
is an eigenvalue of RU (λ) for each λ ∈ ρ(AC ). Hence, iβ is an eigenvalue of B, which is a
contradiction.
We have thus proved that σ (A) ∩ iR ⊆ {0}. It now follows from [EN00,
Exercise V.2.25 (4)(ii)] that etA converges strongly as t → ∞.
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Let us briefly discuss the assumption on σ (A) ∩ iR to be bounded in
Theorem 2.4.1. Again, the rotation semigroup on Lp (T; R) shows that this
condition cannot in general be dropped. We point out once again that σ (A) ∩
iR is automatically bounded if the semigroup (etA )t≥0 is eventually norm
continuous, see [EN00, Theorem II.4.18]. More generally, σ (A) ∩ iR is always
bounded for semigroups which are norm continuous at ∞; see the notes at the
end of this chapter for a brief discussion of this.
We close the section by restating Theorem 2.4.1 explicitly for the case of
p
L -spaces.
Corollary 2.4.2. Let (Ω, µ) be a measure space and let p ∈ (1, ∞) \ {2}. Let
(etA )t≥0 be a contractive C0 -semigroup on Lp (Ω, µ; R) and assume that σ (A) ∩ iR
is bounded.
Then we actually have σ (A) ∩ iR ⊆ {0}. In particular, etA converges strongly
as t → ∞.

2.5

Notes & Open Problems

Asymptotically contractive semigroups Throughout the chapter we only
considered contractive semigroups. However, it turns out that for most of
our results a somewhat weaker conditions suffices. For example, let us call a
C0 -semigroup (etA )t≥0 on a Banach space E weakly asymptotically contractive if
lim supt→∞ |hx0 , etA xi| ≤ 1 for all x ∈ E, x0 ∈ E 0 with kxk, kx0 k ≤ 1. It then turns
out that our results in Sections 2.1 and 2.2 remain true for weakly asymptotically contractive instead of contractive semigroups; see [Glü16d, Sections 2
and 3] for details. On the other hand, the condition of weak asymptotic
contractivity is not sufficient in Theorem 2.4.1, see [Glü16d, Example 4.9]
for a counterexample. In case that the semigroup in Theorem 2.4.1 is eventually norm continuous we can, however, replace the contractivity assumption with the uniform asymptotic contractivity condition lim supt→∞ ketA k ≤ 1;
cf. [Glü16d, Theorem 4.5].
We have chosen not to include those asymptotic contractivity assumptions
in the main text since they complicate the presentation of some of the proofs
(though only slightly) and since it is not clear how to check such a condition
for a given semigroup (while contractivity can, for example, be checked by
proving that the semigroup generator is dissipative). On the other hand, one
possible motivation to consider such asymptotically contractive semigroups
is provided by Part III of the thesis. There we consider what we call eventually
and asymptotically positive semigroups; their natural analogue in the present
part of the thesis would certainly be asymptotically contractive semigroups.
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2.5. Notes & Open Problems
Regularity assumptions on the semigroup In some of our spectral results
we required an additional regularity assumption. For instance, in Theorems 2.2.1 and 2.3.4 we assumed that the orbits of the semigroup be relatively
compact with respect to the weak operator topology. Although this is not a particularly strong assumption (it is e.g. fulfilled for all bounded C0 -semigroups
on reflexive spaces), it is a natural question whether this condition is really
needed; let us formulate this problem explicitly:
Problem 2.5.1. Do Theorems 2.2.1 and 2.3.4 remain true without the assumption on the semigroup to have relatively weakly compact orbits?
We should point out that this question is mostly of theoretical interest. In
fact, if we want to use the spectral theoretical assertions of those theorems
to derive convergence results for the semigroup, we need even stronger compactness assumptions on the semigroup anyway (compare Corollaries 2.2.5
and 2.3.6).
We note in passing that the above question is also connected to the proof
of the assertion σ (A) ∩ iR ⊆ {0} in Theorem 2.4.1. In this theorem we assumed
the underlying Banach space E to be super reflexive. This assumption, which
implies that the ultra power EU in the proof of the theorem is reflexive, was
needed in order to employ Theorems 2.2.1 and A.4.5. So, if the answer to
Problem 2.5.1 was positive, the application of Theorem 2.2.1 would no longer
require E to be super reflexive. Yet, we would still need super reflexivity of E
in order to use Theorem A.4.5 in the proof.
On the other hand, if we assume the semigroup (etA )t≥0 to be eventually
norm continuous, then the assertion σ (A) ∩ iR ⊆ {0} from Theorem A.4.5
remains true at least on L1 -spaces. The proof of this fact is based on a completely different approach and uses order theoretical properties of L1 -spaces;
see [Glü16d, Remark 4.8(i)] for details. Hence, there seems to be some hope
for the following problem to have a positive answer:
Problem 2.5.2. Does the assertion σ (A) ∩ iR ⊆ {0} in Theorem 2.4.1 remain
true without the assumption that E be super reflexive?
Of course, even if the answer to this question is “yes”, one still needs
some additional regularity assumption on the semigroup in order to conclude
strong convergence from that fact that σ (A)∩iR ⊆ {0}. An assumption which is
sufficient for this conclusion is, for instance, total ergodicity of the semigroup
(this follows from [ABHN11, Theorem 5.5.5(a)]).
Kernel Operators and atomic Banach lattices The typical argument to derive triviality of the peripheral spectrum of a positive C0 -semigroup (etA )t≥0
on a Banach lattice works as follows: under rather weak assumptions it is
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known that the peripheral spectrum σper (A) is cyclic; see [AGG+ 86, Theorem C-III.2.10]. If we know for some reason that σper (A) is bounded, than it
follows that σper (A) = {s(A)}. This argument is, to some extend, resembled by
our Theorems 2.2.1 and 2.4.1 where we replaced positivity with contractivity,
but where we also need to know a priori that σ (A) ∩ iR (or σpnt (A) ∩ iR) is
bounded in order to conclude that it is in fact trivial.
On the other hand, as pointed out at the beginning of Section 2.3, there
are other results in the asymptotic theory of positive semigroups which do not
need priori information about the spectrum. Instead, such theorems usefully
require that the semigroup contains, in some sense, a kernel operator; from
this assumption it can often be derived that σper,pnt (A) ⊆ {s(A)}. Apparently
this was first observed by Greiner [Gre82, Korollar 3.11] who deduced such
a result from a 0-2-law for positive semigroups. Later on, this result was
rediscovered and varied in several respects. For instance, one can show that on
an atomic Banach lattice with order continuous norm every positive operator
is a kernel operator, see for instance [Ger14, Lemma 4.1.5]. Hence, one
would expect similar results as Greiner’s theorem to hold, under appropriate
conditions, on atomic Banach lattices. This is indeed true and, during the last
decade, it was in the focus of several papers by Davies [Dav05], Keicher [Kei06]
and Wolf [Wol08]. Moreover, Greiner’s theorem for semigroups containing a
kernel operator was revisited in a paper by Arendt [Are08] and generalised in
several respects by Gerlach [Ger13]. Very recently, it was proved by Gerlach
and the author that similar results are true even without any continuity
assumptions on the semigroup (a paper with this result is in preparation).
Our theorems in Sections 2.1 and 2.3 correspond to such results, where
we replaced positivity of the semigroup with contractivity; in particular,
Theorem 2.1.1 corresponds to results in atomic Banach lattices (since our most
prominent examples of extremely non-Hilbert spaces are sequence spaces;
compare also Remark 2.1.6) while Theorem 2.3.4 corresponds to those results
which deal with semigroups containing a kernel operator on more general
spaces.

Semigroups which are norm continuous at ∞ In order to apply Theorem 2.4.1 one needs to know that the set σ (A)∩iR is bounded, so one might ask
for simple sufficient conditions for this. As pointed out on several occasions in
this chapter, a typical example of such a condition is eventual norm continuity
of the semigroup. A slightly more general condition is norm continuity at
∞. This notion was introduced by Martinez and Mazon in [MM96, Definition 1.1], and they proved in [MM96, Theorem 1.9] that for a C0 -semigroup
(etA )t≥0 which is norm continuous at ∞ there exists an ε > 0 such that the
set {λ ∈ σ (A) : Re λ ≥ s(A) − ε} is bounded. In particular, the set σ (A) ∩ iR is
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bounded in case that s(A) ≤ 0.
For concepts related to norm continuity at ∞ for also refer to the papers
[NP00] and [Bla01].
Results for single operators All our results in this chapter are formulated
for C0 -semigroups. However, many of them have analogues for contractive
single operators. Actually, those operators were in the focus of Krasnosel’skiı̆’s
paper [Kra68] and Lyubich’s paper [Lyu70] on which some of our techniques
in this chapter are based. However, it seems that proofs run actually more
smoothly for C0 -semigroups than for single operators. Moreover, one can use
our theorems about C0 -semigroups to derive rather general results about the
spectrum of single operators; see [Glü16d, Sections 2.3, 3.3 and 4.3] for details.
Here, we only point out that, for a contractive operator T on real Banach space
E which is, say, projectively non-Hilbert, one cannot expect that 1 is the
! only
0 1
eigenvalue on the unit circle (consider the permutation matrix
); yet,
1 0
under appropriate assumptions, one can prove that all eigenvalues of T on
the unit circle are roots of unity. For, say, compact operators T this implies
that the powers of T behave asymptotically periodic. For related results was
also refer to [LVG03].
Non-linear operators We note that, under sufficiently strong assumptions,
one can even prove asymptotic results for iterates of non-linear contractive
mappings which are similar to the results described in the previous paragraph.
We refer the interested reader for instance to [Sin90] and [LvG09].
Isometries on Lp -spaces In the proof of Theorem 2.3.4 we used the fact that
an isometry between two Lp -spaces is automatically disjointness perserving if
p ∈ [1, ∞) \ {2}. We quoted this from [Fac14, Lemma 4.2.2], but we note that
the result is essentially due to Lamperti [Lam58] who, however, considered
only σ -finite measure spaces in this paper.
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An Application to Delay
Differential Equations
Now we want to give an application of our results from Section 2.2. Although
the results from this section require rather strong compactness assumptions
to obtain convergence, they have the advantage to be applicable on spaces of
continuous functions.
One interesting class of equations which generate C0 -semigroups on spaces
of continuous functions are certain delay differential equations, and those
will be our topic in this chapter. Throughout, we restrict ourselves to finitedimensional delay differential equations (which yield semigroups on infinitedimensional phase spaces, though). We note in passing that it is also possible
to model the phase space of such equations as an Lp -space over a time-interval
(as is e.g. done in the monograph [BP05]), but here we stick to the approach
which is presented for instance in [EN00, Section VI.6] where the phase space
is assumed to be the space of continuous functions over a time interval.
In Section 3.1 we introduce the setting and we make some general observations about the long-term behaviour of the corresponding semigroups;
these observations are mainly based on well-known regularity properties of
the semigroups. Moreover, it is known that, if the semigroup generated by a
delay differential equation is positive, one can give a good characterisation of
whether the semigroup converges to 0 as t → ∞. In Theorem 3.1.2 we briefly
demonstrate that positivity is also very useful to characterise whether the
trajectories of the semigroup converge to a (possibly non-zero) equilibrium.
Afterwards, in Sections 3.2 and 3.3, we drop the assumption of positivity
and assume that the semigroup is contractive, instead. This is not always the
case, but we give some sufficient conditions to ensure that it is. In Section 3.2
we demonstrate, though, that this situation is not particularly interesting for
one-dimensional delay differential equations. In fact if, in such a case, the
corresponding semigroup is contractive but does not converge to 0, then it
is automatically positive. This is no longer true in the higher-dimensional
case which we study in Section 3.3. Here it can happen that the semigroup is
contractive, but not positive, and we use our theory from Section 2.2 to show
that the semigroup is automatically convergent despite its non-positivity in
this case.
The results that we present in this chapter have not been published, or
submitted for publication, yet.
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3. An Application to Delay Differential Equations

3.1

Basics

Let us consider the time evolution of a real-valued vector y(t) ∈ Rd where the
change rate of y(t) depends on its values on the past time interval [t − r, t] for
some r > 0 and is given by the formula
ẏ(t) = Bu(t) + Φ(y(t + ·));

(3.1)

here, B ∈ Rd×d is a fixed matrix and Φ is a fixed bounded linear operator from
C([−r, 0]; Rd ) to Rd . For such a delay differential equation in order to have a
unique solution one would intuitively expect that we have to prescribe the
values y(t) for t ∈ [−r, 0].
This is indeed true and it motivates the formulation of the delay differential equation (3.1) as an abstract Cauchy problem on the Banach space
E = C([−r, 0]; Rd ). Here Rd can, for the moment, be endowed with any norm.
The delay differential equation (3.1) can be rewritten as the abstract Cauchy
problem



f˙ (t) = Af (t) for t ∈ [0, ∞)


f (0) = f0
on E, where f (t)(s) = y(t + s) for all s ∈ [−r, 0] and all t ≥ 0 and where the
operator A : E ⊇ D(A) → E is given by
D(A) = {f ∈ C 1 ([−r, 0]; Rd ) : f 0 (0) = Bf (0) + Φf },
Af = f 0 .

(3.2)

For a derivation of this reformulation and for a precise statement of the
relation between this abstract Cauchy problem and (3.1) we refer to [EN00,
Section VI.6]. There it is also shown that the operator A generates a C0 semigroup (etA )t≥0 on E. Moreover, in this reference the delay differential
equation (3.1) is not only treated for values y(t) ∈ Rd (or Cd ), but, more
generally, for values y in an arbitrary Banach space. Yet, it is not our intention
here to achieve the greatest possible generality, but rather to demonstrate how
our results from the previous chapter can, in principle, be applied. Hence, we
restrict ourselves to the case where y(t) ∈ Rd .
To understand the long-time behaviour of the solution of (3.1) we have
to analyse the long-time behaviour of the C0 -semigroup (etA )t≥0 . Since this
semigroup is eventually compact according to [EN00, Proposition VI.6.9],
the asymptotic behaviour of (etA )t≥0 is closely related to the spectrum of (the
complex extension of) A. More precisely, we have the following characterisation which is true for every eventually compact C0 -semigroup, and which is a
version of [EN00, Corollary V.3.3]; compare also [DvGVLW95, Section IV.2]
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Proposition 3.1.1. Let (etA )t≥0 be an eventually compact C0 -semigroup on a real
or complex Banach space E. Then the following assertion are equivalent.
(i) etA converges with respect to the operator norm as t → ∞.
(ii) etA converges strongly as t → ∞.
(iii) The semigroup (etA )t≥0 is bounded and σ (A) ∩ iR ⊆ {0}.
(iv) We have σ (A) ⊆ {λ ∈ C : Re λ < 0} ∪ {0}; moreover, 0 is either contained in
the resolvent set of A, or it is a first order pole of the resolvent of (a complex
extension of) A.
Proof. We may assume throughout the proof that E is a complex Banach space;
otherwise, we replace E with a complexification of E.
The implication “(i) ⇒ (ii)” is obvious. Due to [EN00, Corollary V.3.2(i)],
the spectrum of A consists of poles of the resolvent of R( · , A) and hence of
eigenvalues of A (cf. Proposition A.3.2(a)). Thus, the implication “(ii) ⇒ (iii)”
is clear, too.
“(iii) ⇒ (iv)” If (iii) is fulfilled, then we clearly have σ (A) ⊆ {λ ∈ C : Re λ <
0} ∪ {0}. Assume now that 0 ∈ σ (A). It follows from Proposition A.2.4(b) that 0
is a semi-simple eigenvalue of A and thus, the pole order of R( · , A) at 0 equals
1 according to Proposition A.3.2(d).
“(iv) ⇒ (i)” This follows from [EN00, Corollary V.3.2(iii)].
We would like to apply the above Proposition to the operator A on E =
C([−r, 0]; Rd ) which is defined by (3.2). It is therefore of major interest to
described the spectrum σ (A) and this can be done by a certain characteristic
equation. To this end, let λ ∈ C and y ∈ C. We define eλ ∈ C([−r, 0]; C) by
eλ (s) := eλs and eλ ⊗ y ∈ C([−r, 0]; C) by (eλ ⊗ y)(s) := eλs y. Finally, let the matrix
Φλ ∈ Cd×d be given by Φλ y := Φ(eλ ⊗ y). Then the spectrum of A can be
described by the condition
λ ∈ σ (A)

⇔

λ ∈ σ (B + Φλ );

(3.3)

see [EN00, Proposition VI.6.7] for a proof. The condition λ ∈ σ (B + Φλ ) is of
course equivalent to the so-called characteristic equation det(λ−B−Φλ ) = 0. The
problem here is that it can be very difficult to determined whether a complex
number λ fulfils this equation. Even if d = 1, this is equivalent to the equation
λ = B + Φ(eλ ) which is, in general, not easy to solve. To get a good impression
of the difficulties which can occur, we refer the reader to Example 8.4.3(a) in
Section 8.4 and Example 11.6.3 in Section 11.6 where we prove by explicit
estimates that σ (A) ⊆ {λ ∈ C : Re λ < 0} ∪ {0} for some concrete choices of Φ in
the case d = 1. On the other hand, we will see in Theorem 8.4.2(a) that it is
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possible to give rather abstract sufficient conditions for this property; yet, the
aforementioned examples show that those conditions are far from optimal.
To obtain more generic results about the asymptotic behaviour of (etA )t≥0 ,
one is therefore lead to the application of structure theoretical results which
yield information about σ (A) without considering the characteristic equation
det(λ − B − Φλ ) = 0. Such structure theoretical results can, for example, be
theorems from Perron-Frobenius theory in case that the semigroup (etA )t≥0 is
positive (note that E is a Banach lattice in case that the norm on Rd is chosen
to be a Banach lattice norm). In the literature the spectral theory of positive
semigroups is often used to give criteria for the operator etA to converge
to 0 as t → ∞; see e.g. [KN84], [KN88] and [EN00, Section VI.6(c)]. In the
subsequent Theorems 3.1.2 and 3.1.3 we briefly demonstrate that PerronFrobenius theory can also be used to prove convergence of the semigroup to a
non-zero equilibrium.
Theorem 3.1.2. Let Rd be endowed with a Banach lattice norm and endow E =
C([−r, 0]; Rd ) with the canonical order (such that E becomes a Banach lattice).
Assume that Φ ∈ L(E; Rd ) is a positive operator and that B ∈ Rd×d generates a
positive C0 -semigroup on Rd (equivalently: that all off-diagonal entries of B are
≥ 0).
For the operator A on E defined by (3.2), the following assertions are equivalent:
(i) etA converges strongly (equivalently: with respect to the operator norm) as
t → ∞.
(ii) (etA )t≥0 is bounded.
Proof. Since (etA )t≥0 is eventually compact (see [EN00, Proposition VI.6.9]), it
follows from Proposition 3.1.1 that strong convergence of etA is equivalent to
convergence with respect to the operator norm.
“(i) ⇒ (ii)” This follows from the uniform boundedness principle.
“(ii) ⇒ (i)” According to Proposition 3.1.1(iii) we only have to show that
σ (A) ⊆ {λ ∈ C : Re λ < 0} ∩ {0} and since (etA )t≥0 is bounded, we clearly have
Re λ ≤ 0 for all λ ∈ σ (A). Assume now that σ (A) ∩ iR is non-empty. Then
s(A) = 0 and the resolvent R( · , A) fulfils, due to the boundedness (etA )t≥0 , the
Abel-type boundedness condition supλ∈(0,∞) kλR(λ, A)k < ∞.
Moreover, it follows from the assumptions on B and Φ that the semigroup
tA
(e )t≥0 is positive [EN00, Theorem VI.6.11]. Hence, we conclude from the
Perron-Frobenius type theorem in [AGG+ 86, Theorem C-II-2.10] that the set
σ (A) ∩ iR is cyclic. On the other hand, the set σ (A) ∩ iR is bounded since
(etA )t≥0 is eventually compact [EN00, Corollary V.3.2(ii)]. Hence, we conclude
that σ (A) ∩ iR is contained in {0}.
The situation is even simpler in case that d = 1:
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Theorem 3.1.3. Let d = 1 and let E = C([−r, 0]; R) be endowed with the canonical
order. Assume that Φ ∈ E 0 is a positive functional and let B ∈ R.
For the operator A on E defined by (3.2), the following assertions are equivalent:
(i) etA converges strongly (equivalently: with respect to the operator norm) as
t → ∞.
(ii) (etA )t≥0 is bounded.
(iii) s(A) ≤ 0.
(iv) B + hΦ, 1[−1,0] i ≤ 0.
Proof. “(i) ⇔ (ii)” This was shown in Theorem 3.1.2.
“(ii) ⇒ (iii)” This is obvious.
“(iii) ⇒ (i)” If s(A) < 0, then the semigroup converges to 0 with respect
to the operator norm (since it is eventually compact and thus eventually
norm continuous). Now assume that s(A) = 0. Since the semigroup (etA )t≥0
is positive according to [EN00, Theorem VI.6.11], it follows that the spectral
bound 0 is contained in σ (A) [AGG+ 86, Corollary C-III-1.4]. Again since
the semigroup is eventually compact, we conclude that 0 is a pole of the
resolvent [EN00, Corollary V.3.2(i)]. It thus follows from Perron–Frobenius
spectral theory, see [AGG+ 86, Corollary C-III-2.13] that σ (A) intersects the
imaginary axis only in 0. According to Proposition 3.1.1(iv) it thus suffices to
show that 0 is a first order pole of the resolvent.
It readily follows from the definition of A that ker A consists of the constant
functions. Moreover, there exists a positive functional ϕ ∈ ker A0 according
to [AGG+ 86, Theorems B-III.1.6 and B-IV.1.1]. Hence, we conclude from
Proposition 7.1.3 below that 0 is indeed a first order pole of the resolvent.
“(iii) ⇔ (iv)” It follows readily from the definition of A that λ ∈ C is an
eigenvalue of A if and only if λ = B + hΦ, eλ· i. Since the semigroup (etA )t≥0
is eventually compact and positive, s(A) is either −∞ or an eigenvalue of A.
Hence, s(A) > 0 if and only A has an eigenvalue in (0, ∞), and this is in turn
fulfilled if and only if the mapping
α : R → R,

α(λ) = B + hΦ, eλ· i − λ

has a zero on (0, ∞). Since α is strictly decreasing on R and tends to −∞ as
λ → ∞, this condition is fulfilled if and only if α(0) > 0, which is equivalent
to B + hΦ, 1[−1,0] i > 0.
In general it might, of course, still be difficult to show that (etA )t≥0 is
bounded; however, if the semigroup is even contractive, then one can try to
prove this by employing the Lumer-Phillips theorem. On the other hand,
if Rd is even endowed with the ∞-norm k · k∞ , then the Banach space E =
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C([−r, 0]; Rd ) is isometrically isomorphic to the space C([−r, 0] × {1, ..., d}; R),
which is projectively non-Hilbert according to Example 1.2.7(b). Hence, if
the semigroup (etA )t≥0 is contractive, then we can obtain convergence results
even without any positivity assumptions. We will demonstrate this in the
next two sections. In Section 3.2 we first consider the one-dimensional case
d = 1, where we will encounter an interesting relation between contractivity
and positivity of the semigroup (etA )t≥0 . In Section 3.3 we analyse the general
case d ∈ N under an additional assumption on the operator Φ.

3.2

Delay Differential Equations in 1 Dimension

We consider the situation from the previous section and assume, in addition,
that d = 1. In this case we have E = C([−r, 0]; R) and Φ ∈ E 0 , i.e. Φ can be
considered as a regular Borel measure in [−r, 0]. We may assume throughout this section that B = 0 because it does not change the delay differential
equation (3.1) or the definition of the operator A in (3.2) if we add B times the
Dirac measure δ0 to Φ and then replace B with 0. We then have the following
result.
Theorem 3.2.1. Let E = C([−r, 0]; R), let Φ ∈ E 0 and define A : E ⊇ D(A) → E by
D(A) = {f ∈ C 1 ([−r, 0]; R) : f 0 (0) = hΦ, f i}
Af = f 0 .
The following assertions are true:
(a) If the semigroup (etA )t≥0 is contractive, then etA converges with respect to
the operator norm as t → ∞.
(b) If the semigroup (etA )t≥0 is contractive and the limit operator P := limt→∞ etA
is non-zero, then the semigroup (etA )t≥0 is positive and P is a rank-1operator.
(c) Consider Φ as a regular Borel measure on [−r, 0]. If Φ({0}) ≤ −|Φ|([−r, 0)).
Then the semigroup (etA )t≥0 is contractive.
Proof. (a) It follows from Example 1.2.7(b) that E is projectively non-Hilbert.
Since the semigroup (etA )t≥0 is eventually compact and contractive, it follows
from Corollary 2.2.5(a) that etA converges with respect to the operator norm
as t → ∞.
(b) The range P E of P consists of fixed points of the semigroup (etA )t≥0 . If
P E , {0}, we conclude that there exists an eigenvector v of A for the eigenvalue
0. Hence, v ∈ C 1 ([−r, 0]; R), v 0 (0) = hΦ, vi and v 0 = Av = 0, from which we
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conclude that v = c1 for some c ∈ R \ {0}. From hΦ, vi = v 0 (0) = 0 we thus
obtain hΦ, 1i = 0.
Moreover, since (etA )t≥0 is contractive, the generator A is strictly dissipative, i.e. whenever f ∈ D(A) and ϕ ∈ E 0 such that kϕk = 1 and hϕ, f i = kf k,
then hϕ, Af i ≤ 0.
We now use this information to show that (etA )t≥0 is positive. To do so, it
suffices to prove that A is dispersive in the sense of [AGG+ 86, p. 249]. To this
end, let f ∈ D(A) with f + , 0 and let s0 ∈ [−r, 0] be such that f (s) is maximal
on [−r, 0] for s = s0 . Consider the Dirac delta functional δs0 ∈ E 0 , which is
given by the point evaluation at s0 , has norm 1 and fulfils hδs0 , f i = kf + k. In
order to show that A is dispersive, we have to prove that hδs0 , Af i ≤ 0, which
is equivalent to f 0 (s0 ) ≤ 0.
In order to do so, choose α ∈ [0, ∞) sufficiently large such that the function
g := f + α 1 is positive. We have g ∈ D(A) since 1 ∈ D(A). Moreover, hδs0 , gi =
kgk since g is positive and attains its maximum at s0 . Using that A is strictly
dissipative, this implies that
hδs0 , Af i = hδs0 , Agi ≤ 0.
Hence, we have shown that A is dispersive and thus, we conclude that the
semigroup (etA )t≥0 is positive.
(c) It suffices to show that A is dissipative. To this end, let f ∈ D(A)\{0} and
choose s0 ∈ [−r, 0] such that |f (s)| is maximal on [−r, 0] at s = s0 . Let α ∈ {−1, 1}
denote the signum of f (s0 ) and let δs0 ∈ E 0 be the Dirac delta functional which
is given by the point evaluation at s0 . Then αδs0 has norm 1 and we have
hαδs0 , f i = kf k. We have to show that hαδs0 , Af i ≤ 0, and to this end, we may
assume that f (s0 ) ≥ 0, since otherwise we can replace f with −f and α with
−α. Thus, α = 1 and we have to show that f 0 (s0 ) ≤ 0. To do so, we distinguish
three cases:
First case: s0 ∈ (−r, 0). Since f attains its maximum at s0 , we conclude in
this case that f 0 (s0 ) = 0.
Second case: s0 = −r. Again, since f attains its maximum at s0 = −r, we
conclude that f cannot be increasing at s0 , so f 0 (s0 ) ≤ 0.
Third case: s0 = 0. In this case we use that f ∈ D(A) and thus obtain
0

Z

f (0) = hΦ, f i ≤ f (0)Φ({0}) +

|f (s)| d|Φ(s)|
[−r,0)



≤ f (0) Φ({0}) + |Φ([−r, 0])| ≤ 0.
Hence, A is indeed dissipative and the semigroup (etA )t≥0 is therefore contractive.
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3.3

Delay Differential Equations in d Dimensions

Now we consider again the situation from Section 3.1, but this time for the
general case d ∈ N. We then have E = C([−r, 0]; Rd ) and Φ ∈ L(E; Rd ). Our main
theorem in this section reads as follows:
Theorem 3.3.1. Endow Rd with the ∞-norm k · k∞ and let B ∈ Rd×d . Let E =
C([−r, 0]; Rd ), let Φ ∈ L(E; Rd ) and let A be the operator on E given by (3.2). The
the following assertions hold.
(a) If the semigroup (etA )t≥0 on E is contractive, then etA converges with respect
to the operator norm as t → ∞.
(b) Assume that there are functionals Φ1 , ..., Φd ∈ C([−r, 0]; R)0 such that Φf =
(hΦ1 , f1 i, ..., hΦd , fd i) for all f ∈ E and consider each functional Φk as a
regular Borel measure on [−r, 0].
If we have Φk ({0}) ≤ −|Φk |([−r, 0)) for every k ∈ {1, ..., d} and if the semigroup
(etB )t≥0 is contractive on (Rd , k · k∞ ), then (etA ))t≥0 is contractive on E.
The condition that Φf = (hΦ1 , f1 i, ..., hΦd , fd i) for appropriate functionals
Φk and all f ∈ E which we assumed in Theorem 3.3.1(b) simply means that
the k-th component of Φf only depends on the k-the component of f . This
means for the delay differential equation (3.1) that information from the
past of the k-th component of y(t) only influences the change rates of the
k-th component of y(t), but not the other components. The only interaction
between the different components of y is then given by the term By(t), i.e.
there is no delayed interaction between the components of y.
To check the condition that (etB )t≥0 be contractive in (Rd , k·k∞ ) we recall the
following criterion from Remark 2.1.2 (a): the semigroup (etB )t≥0 is contractive
P
in (Rd , k · k∞ ) if and only if we have Bkk ≤ − j∈{1,...,d}\{k} |Bkj | for all k ∈ {1, ..., d}.
Proof of Theorem 3.3.1. Throughout the proof, we identify the Banach space
C([−r, 0]; Rd ) with the Banach space C([−r, 0] × {1, ..., d}; R) to which it is isometrically isomorphic.
(a) The space E is projectively non-Hilbert according to Example 1.2.7(b).
Since the semigroup (etA )t≥0 is contractive and eventually compact, it thus
follows from Corollary 2.2.5(a) that etA converges with respect to the operator
norm as t → ∞.
(b) The proof is very similar to the proof of Theorem 3.2.1(c); we therefore
only sketch the major steps:
We have to show that A is dissipative, and to do so, we use that B is strictly
dissipative. Let f ∈ D(A). We can consider f as an element of C([−r, 0] ×
{1, ..., d}; R) or as an element f = (f1 , ..., fd ) ∈ C([−r, 0]; Rd ), where we have
f (s, k) = fk (s) for each k ∈ {1, ..., d} and each s ∈ [−r, 0].
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Choose (s0 , k0 ) ∈ [−r, 0] × {1, ..., d} such that |f (s, k)| becomes maximal at
(s, k) = (s0 , k0 ); without loss of generality, we may assume that f (s0 , k0 ) ≥ 0,
and we then have to show that fk0 (s0 ) ≤ 0. If s0 < 0, this follows from the
0
maximality of f at (s0 , k0 ), so let s0 = 0. Since f ∈ D(A), we then have
fk00 (0) = (Bf (0))k0 + hΦk0 , f i.
Here we used the special form of Φ that we assume in (b). Using the assumption on Φk0 , one shows as in the proof of Theorem 3.2.1(c) that hΦk0 , f i ≤ 0.
On the other hand, |f (0, k)| is maximal on {1, ..., d} at k = k0 and we have
f (0, k0 ) ≥ 0. Since B is strictly dissipative, we must thus have (Bf (0))k0 ≤ 0.
Therefore, we conclude that fk0 (0) ≤ 0.
0

We have shown that A is dissipative, so the semigroup (etA )t≥0 is contractive.
Let us give only one explicit example to demonstrate that Theorem 3.3.1
can sometimes be very useful to obtain convergence of the semigroup (etA )t≥0 .
!
−1 −1
Example 3.3.2. Let d = 2 and r = 1 and define B =
∈ R2×2 . Moreover,
−2 −2
let


 −f1 (0) + f1 (−1) 


R
Φ(f ) = 
0
−f2 (0) + −1 f2 (s) ds
for every f ∈ E = C([−1, 0]; R2 ).
If A is given by (3.2), then the C0 -semigroup (etA )t≥0 describes the solutions of the delay differential equation
!
!
!
!
y1 (t − 1)
d y1 (t)
−2 −1 y1 (t)
R
=
+ t
,
−2 −3 y2 (t)
dt y2 (t)
y (s) ds
t−1 2
where y : [−1, ∞) → R2 .
One easily checks that the assumptions of Theorem 3.3.1(b) are fulfilled
and thus, the semigroup (etA )t≥0 is contractive. Hence, it follows from Theorem 3.3.1(a) that etA converges with respect to the operator norm as t → ∞.
To see this without the theory developed in the previous chapters, we could
try to use the characterisation (3.3) in order to prove that σ (A) ∩ iR ⊆ {0}: it
follows from (3.3) that a complex number λ , 0 is a spectral value of A if and
only if
!
e−λ − 2 − λ
−1
det
= 0.
1−e−λ
−2
λ −3−λ
Proving by elementary methods that this equation does not have a solution
λ ∈ iR \ {0} would not seem to be a particularly inviting task.
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3.4

Notes & Open Problems

Delay differential equations A brief introduction to the treatment of delay
differential equations by means of semigroup methods can, for instance, be
found in [EN00, Section VI.6]. For detailed information about delay differential equations we refer e.g. to the monograph [DvGVLW95]. The latter
reference contains, in particular, many interesting results about the long term
behaviour of delay differential equations.
Delay differential equations and positivity An exposition of the role of
positivity for semigroups generated by delay differential equations can, for
instance, be found in [KN84], [AGG+ 86, Section B-IV.3], [KN88] or [EN00,
Section VI.6(c)]; there, a particular emphasis is put on how positivity can be
used to decide whether the semigroup converges to 0. For more information,
as well as for some remarks on the history of the subject, we refer to those
references and to the references therein.
Delay differential equations on Lp -spaces Throughout this chapter we
have modelled delay differential equations on a phase space consisting of
continuous functions. It is worth mentioning again that there are similar
approaches which use an Lp -space as phase space; for detailed information
we refer, e.g., to the monograph [BP05].
Contractivity and positivity In Proposition 3.2.1(b) we proved that, under certain circumstances, contractivity of the solution semigroup to a onedimensional delay differential equation implies positivity. We did this by
showing that dissipativity of the generator implies dispersivity. Let us point
out that we can also deduce the same result from a more general principle:
indeed, in the situation of Proposition 3.2.1(b) one can first show, as we did in
the proof, that 1 ∈ ker A. This implies that 1 is a fixed vector of etA for each
t ≥ 0. Now, we can employ a general result which asserts that a contractive
operator T on a C(K; R)-space which maps 1K to 1K is automatically positive
(see e.g. [AGG+ 86, Lemma B-III.2.1]). Hence, etA is positive for all t ≥ 0.
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Part II

Asymptotic Behaviour of
Positive Semigroups
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Geometry of Banach Space Cones
Our analysis of the spectral and asymptotic behaviour of contraction semigroups in the first part of this thesis was mainly motivated by spectral results
of Perron–Frobenius type for positive semigroups on Banach lattices. We
replaced the Banach lattice cones with unit balls and the positivity assumption on the semigroup with contractivity. Our results mainly depended on
geometric properties of the unit ball, in combination with some regularity
properties of the semigroup. Now we want to make a step back towards the
original question about the spectrum and the long-term behaviour of positive
semigroups. Yet, in contrast to the theory on Banach lattices discussed in
the introduction of the thesis, we now consider positive semigroups on more
general ordered Banach spaces.
To reach a deeper understanding of what we are going to do, it is necessary to first discuss some important concepts in Perron–Frobenius theory
in a bit more detail: many theorems in Perron–Frobenius theory which deal
with the so-called peripheral spectrum belong to one of two large classes of
results. Let us consider a positive operator T with spectral radius r(T ) = 1
and a positive C0 -semigroup (etA )t≥0 whose generator has spectral bound
s(A) = 0, on an ordered Banach space E with, say, generating cone. The
first class of Perron–Frobenius results essentially deals with the outstanding
role of r(T ) among all spectral values on the unit circle (or of s(A) among
all spectral values on the imaginary axis). For example it is proved, under
appropriate assumptions, that r(T ) and s(A) are themselves spectral values,
and that, if they are poles of the resolvent, they admit a positive eigenvector and their pole order dominates the order of all other poles on the unit
circle (respectively, on the imaginary axis). Such results can, of course, be
proved by many different methods (especially in finite dimensions), but from
a purely functional analytic point of view, most of them can be considered
as consequences of some kind of resolvent estimate. It is characteristic for
such results that they are true under rather weak assumptions on the ordered Banach space; typically, it is sufficient if the cone E+ is normal (see
e.g. [Sch60, Proposition 1], [GVW81, Theorem 3.3], [SW99, Section 2.2 in the
Appendix] or [ABHN11, Theorem 5.3.1]); if the cone is not normal, this can
often be compensated by some kind of compactness assumption on T and
(etA )t≥0 (see e.g. [KR48, Theorem 6.1] or [SW99, Section 2.4 of the Appendix]).
If, however, the cone E+ is not normal and T (or (etA )t≥0 ) fulfils no additional
compactness assumptions, then Perron–Frobenius results of this type may
fail to hold as e.g. shown in [Bon58, Example (iv) in Section 2] (compare
also [ABHN11, Example 5.3.2]).
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The second class of results about the peripheral spectrum is a bit more
delicate. Those result are essentially structural results which prove that the
spectrum of T or A fulfils automatically some kind of restriction in its shape.
Such a result could for instance assert that all spectral values of T on the unit
circle are automatically roots of unity, or that those spectral values form a
group, or that such spectral values, except for 1, do not exist at all. Similarly,
such a result could state that the peripheral spectrum of A is cyclic (see the
preliminaries for a definition of this notion) or that s(A) is a dominant spectral
value of A. In order to prove such results, one needs either stronger positivity
assumptions on T and (etA )t≥0 (for example that the positive cone has nonempty interior and that T maps that cone into its interior), or one needs
some kind of geometric assumption on the cone (or both). Typical examples
of results which require some a strengthened version of positivity can be
found in [KR48, Theorem 6.3], [Sch60, Proposition 5] or [Els70, Satz 4.4].
Results which employ geometric properties of the cone instead are particularly
delicate since they require some kind of technique to transform the geometric
information about the cone into information about the spectrum. Inspired
by the geometric approach in Part I we focus on this latter class of results.
Most known theorems of this types are finite-dimensional in nature (as e.g.
in [Pul71], [VL85], [Veı̆85] or [TS94]) or require the underlying space to
be lattice ordered (see e.g. [KR48, Section 8], [Sch74, Theorem V.4.9] and
[AGG+ 86, Section C-III.2]). A notable exception is [Bar92] where infinitedimensional ordered Banach spaces with the Riesz decomposition property
are considered. Here, we go much further; we use the ideas presented by
Veı̆tsblit and Lyubich in [VL85] (see also [Veı̆85]) in the finite-dimensional
setting and adapt them to prove a result about the triviality of the peripheral
point spectrum on a large class of infinite-dimensional ordered Banach spaces
(see Theorem 5.1.1).
Before we proceed, we want to point out once again that one cannot
expect any non-trivial structural properties of the spectrum of positive operators or semigroups without additional assumptions. This was for instance
demonstrated in [Sch63, Section 1]. Here, we want to give a simple threedimensional example to illustrate what can, for instance, go wrong if the
positive cone of the underlying
Banach space is, in a sense, too “Euclidean”.
q
Let K := {z ∈ R3 : z1 ≥

z22 + z32 } be the classical ice cream cone in R3 and

consider the C0 -semigroup (etA )t≥0 on R3 which is given by




0
0 
0 0 0 
1




A = 0 0 −1 ,
etA = 0 cos t − sin t  for all t ≥ 0.




0 1 0
0 sin t cos t
For each t ≥ 0 the operator etA describes a rotation of angle t about the first
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coordinate axis in R3 . Hence we have etA K ⊆ K for all t ≥ 0, meaning that the
semigroup (etA )t≥0 is positive on the ordered Banach space (R3 , K). Yet, the
spectrum of A is given by σ (A) = {−i, i, 0}. Hence, the peripheral spectrum of
A is not cyclic in any sense, nor is it reduced to 0. This demonstrates that,
if we intend to prove triviality of the peripheral (point) spectrum for the
generator of positive semigroups, we need to impose additional geometric
assumptions on the cone. Moreover, the above example suggests that such
conditions should require the cone not to be “too Euclidean” in a sense. This
is the reason why we begin Part II of the thesis with the present chapter about
the geometry of Banach space cones. The basic notions and properties for
ordered Banach spaces, which we use throughout this part of the thesis, can
be found in Appendix B.
As a foundation we first consider what we call centred cones in Section 4.1.
Loosely speaking, such cones are obtained by fixing a vector subspace H of
co-dimension 1 in a real Banach space E, by fixing furthermore a vector x ∈ E,
not located in H, and by inflating the unit ball of H as we move away from H
in the direction of x.
In Section 4.2 we then come to the heart of the matter and introduce two
classes of ordered Banach spaces whose properties are well-adapted to our
spectral analysis of positive semigroups in Chapter 5. The first notion is that
of a projectively non-Euclidean ordered Banach space; the cone in such a space
is, as we shall see, not rotund enough to allow a positive semigroup to exhibit
a certain kind of periodic behaviour. The second, somewhat smaller class of
ordered Banach spaces that we consider is that of projectively lattice ordered
Banach spaces. We will see that many important function spaces, despite not
being lattice ordered, belong to this class.
None of our results presented in this chapter has been published, or
submitted for publication, yet.

4.1

Centred Cones

In the introduction to this chapter we have seen that the classical ice cream
cone in three dimensions is a prototypical example of how a cone should not
be shaped if we intend to show triviality of the peripheral (point) spectrum
for generators of positive semigroups. More generally, we can also consider
the classical ice cream cone
q
K := {z ∈ Rd : z1 ≥ z22 + ... + zd2 }
in d dimensions and make similar observations. In order to know what exactly
we are dealing with, we use the present section, among other purposes, to
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obtain a better understanding of the geometry of the classical ice cream cone
K.
Clearly, this cone is, in some manner, determined by the vector e1 :=
(1, 0, 0, ...) ∈ Rd , the Euclidean norm k · k2 on Rd and the hyperplane H := {z ∈
Rd : z1 = 0} or, from another point of view, the functional e10 ∈ (Rd )0 given by
he10 , zi = z1 for all z ∈ Rd , whose kernel is H.
In fact, there are several possibilities to write down the cone K by means
of the data e1 , e10 and k · k2 . For example, we have
K = {y + re1 : y ∈ ker e10 , r ≥ kyk2 }
d

= {z ∈ R :

he10 , zi ≥ kQzk2 },

(4.1)
(4.2)

where Q ∈ L(Rd ) denotes the projection onto ker e10 along e1 . On the other
hand, we can also find a representation of K which is rather similar to (4.2)
but avoids use of the projection Q as well as the use of the vector e1 , namely
1
K = {z ∈ Rd : he10 , zi ≥ √ kzk2 }.
2

(4.3)

The representation (4.3) motivates the definition of what is sometimes called
an ice cream cone in the more general context of ordered Banach spaces in the
literature: given a number η ∈ (0, 1) and a normalised functional x0 ∈ E 0 on
some real Banach space E, one defines
{z ∈ E : hx0 , zi ≥ ηkzk}
to be the ice cream cone with parameters x0 and η in E; see e.g. [AT07, Section 2.6]. Here, the parameter η is related to the aperture angle of the
cone. Such cones can be shown to have various interesting properties, see
again [AT07, Section 2.6] for some details.
Yet, despite the intriguing elegance of this concept, we prefer a slightly
different approach here which is based on the formula (4.1) rather than (4.3).
The advantage of the first formula is that it makes explicit use of the vector e1
which we consider to be the “center” (or more precisely: to span the “central
axis”) of the cone. This is why we call the cones in the following definition
centred cones.
Definition 4.1.1 (Centred cone). Let E be a real Banach space and let x ∈ E,
x0 ∈ E 0 such that hx0 , xi = 1. The set
E+,x,x0 := {y + rx : y ∈ ker x0 , r ≥ kyk}
is called the centred cone with parameters x and x0 .
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The idea to consider such cones is not new; for instance, cones of this type
were used by Schaefer in [Sch63, Section 1] to construct a counterexample in
the spectral theory of positive operators. In finite dimensions, a very similar
constructions, which the authors called topheavy cones, was studied in a bit
more detail by Fielder and Haynsworth in [FH73]. See also [Lyu95], [Lyu98]
and [AT07, the last part of Section 2.6]; in the latter reference, a connection
between centred cones and the general ice cream cones described above is
given. Here we are going to prove a few results about centred cones, the most
interesting of them being probably the duality result in Theorem 4.1.5.
The following note on a possible rescaling of x and x0 is interesting:
Remark 4.1.2. Let x and x0 be as in Definition 4.1.1. If α ∈ (0, ∞) is a scalar,
0
0
then the vectors αx and xα still fulfil h xα , αxi = 1. However, the centered cone
E+,αx, x0 is now given by
α

E+,αx, x0 = {y + rαx : y ∈ ker
α

x0
, r ≥ kyk} = {y + rx : y ∈ ker x0 , r ≥ αkyk}.
α

Thus, we can control the aperture angle of the centred cone E+,x,x0 by multiplying x with α and x0 with α1 , respectively, where a larger parameter α
corresponds to a smaller aperture angle of the cone.
In the next proposition we show a representation formula for centred
cones which is similar to (4.2).
Proposition 4.1.3. Let E be a real Banach space and let x ∈ E, x0 ∈ E 0 be such
that hx0 , xi = 1. Let Q ∈ L(E) denote the projection onto ker x0 along span x, i.e.
Qz = z − hx0 , zix for all z ∈ E. Then the centred cone with parameters x and x0 is
given by
E+,x,x0 = {z ∈ E : hx0 , zi ≥ kQzk}.

(4.4)

Proof. This follows from the fact that, for every z ∈ E, we have z = y + xr for
uniquely determined elements y ∈ ker x0 and r ∈ R which are given by y = Qz
and r = hx0 , zi.
It turns out that formula (4.4) is very handy when dealing with centred
cones. Let us now prove some general properties of such cones.
Proposition 4.1.4. Let E be a real Banach space and let x ∈ E, x0 ∈ E 0 be such
that hx0 , xi = 1. Let Q ∈ L(E) denote the projection onto ker x0 along span x, i.e.
Qz = z − hx0 , zix for all z ∈ E.
(a) The centred cone E+,x,x0 is indeed a cone, it is closed and it is pointed. Thus,
(E, E+,x,x0 ) is an ordered Banach space.
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(b) We have hx0 , zi ≥ 0 for z ∈ E+,x,x0 and hx0 , zi > 0 for z ∈ E+,x,x0 \ {0}.
(c) The interior of E+,x,x0 contains the point x and is given by {z ∈ E : hx0 , zi >
kQzk}. Hence, the boundary of E+,x,x0 is given by {z ∈ E : hx0 , zi = kQzk}
(d) The positive cone E+,x,x0 in the ordered Banach space E is generating and
normal. The vector x is an order unit in E.
Proof. Throughout the proof we use the representation (4.4) of E+,x,x0 .
(b) If z ∈ E+,x,x0 , then we have hx0 , zi ≥ kQzk ≥ 0. If z ∈ E+ and hx0 , zi = 0,
then we have
0 = hx0 , zi ≥ kQzk ≥ 0,
so hx0 , zi = 0 and Qz = 0. This shows that z = hx0 , zix + Qz = 0.
(a) It readily follows from the representation (4.4) that E+,x,x0 is a closed
cone. If z and −z are contained in E+,x,x0 , then we have hx0 , −zi ≥ 0. Hence, z is
an element of E+,x,x0 which fulfils hx0 , zi ≤ 0, so z = 0 according to assertion (b).
This shows that the cone E+,x,x0 is pointed.
(c) The set {z ∈ E : hx0 , zi > kQzk} is an open subset of E+,x,x0 and it is
therefore contained in the interior of E+,x,x0 . Moreover, we have hx0 , xi = 1 >
0 = kQxk, so x is contained in this set and thus, x is an interior point of E+,x,x0 .
Now suppose that z ∈ E+,x,x0 and hx0 , zi = kQzk. Let ε > 0. If we define
zε := z − εx, then kzε − zk ≤ εkxk and we have
hx0 , zε i = hx0 , zi − ε = kQzk − ε = kQzε k − ε < kQzε k.
Hence, zε is not contained in E+,x,x0 . This shows that z is a boundary point of
E+,x,x0 .
(d) Since x is an interior point of E+,x,x0 , it is also an order unit according to
Proposition B.1.4(b), and thus E+,x,x0 is generating in E (see Proposition B.1.3).
To show that the cone E+,x,x0 is normal, let 0 ≤ z1 ≤ z2 , i.e. hx0 , z1 i ≥ kQz1 k
and hx0 , z2 − z1 i ≥ kQ(z2 − z1 )k. Then we have hx0 , z1 i ≥ 0 and hx0 , z2 i ≥ 0.
Moreover,
hx0 , z2 i − hx0 , z1 i ≥ kQz1 k − kQz2 k,
and thus
kQz1 k + |hx0 , z1 i| = kQz1 k + hx0 , z1 i ≤ kQz2 k + hx0 , z2 i = kQz2 k + |hx0 , z2 i|.
Since z 7→ kQzk + |hx0 , zi| defines an equivalent norm on E, this proves that the
cone E+,x,x0 is normal.
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We close this section with a theorem which yields very precise information
on how centred cones behave with respect to duality. Let E be a real Banach
space and let x ∈ E, x0 ∈ E 0 with hx0 , xi = 1. Since (E, E+,x,x0 ) is an ordered
Banach space with generating cone, the dual Banach space E 0 is also an
ordered Banach space with respect to the dual cone (E+,x,x0 )0 = {z0 ∈ E 0 : hz0 , zi ≥
0 for all z ∈ E+,x,x0 }; see Section B.2 for details. On the other hand, if we
consider E as subset of E 00 by means of evaluation, then x ∈ E 00 and we can
thus consider the centred cone (E 0 )+,x0 ,x in E 0 with parameters x0 and x. The
following theorem describes the relation between (E+,x,x0 )0 and (E 0 )+,x0 ,x . In
finite dimensions, a related (though not identical) result can be found in
[FH73, Theorem 2].
Theorem 4.1.5. Let E be a real Banach space and let x ∈ E, x0 ∈ E 0 be such
that hx0 , xi = 1. Let Q ∈ L(E) denote the projection onto ker x0 along span x, i.e.
Qz = z − hx0 , zix for all z ∈ E.
(a) The centred cone (E 0 )+,x0 ,x in E 0 is always a subset of the dual cone (E+,x,x0 )0 .
(b) We have (E 0 )+,x0 ,x = (E+,x,x0 )0 if and only if Q is contractive.
Proof. We first note that the projection in E 0 onto ker x along span x0 is given
by Q0 and that we have Q0 z0 = z0 − hx, z0 ix0 for all z0 ∈ E 0
(a) Let z0 ∈ (E 0 )+,x0 ,x and let z ∈ E+,x,x0 . We have to show that hz0 , zi ≥ 0, and
indeed we have
D
E
hz0 , zi = Q0 z0 − hx, z0 ix0 , Qz − hx0 , zix
= hQ0 z0 , Qzi + hx, z0 i hx0 , zi ≥ −kQ0 z0 k kQzk + hx, z0 i hx0 , zi ≥ 0,
where we used that kQ0 z0 k ≤ hx, z0 i and kQzk ≤ hx0 , zi.
(b) “⇒” Suppose that Q is contractive. According to assertion (a) we only
have to show that (E+,x,x0 )0 ⊆ E+,x0 ,x , so let z0 ∈ (E+,x,x0 )0 . This means that we
have hz0 , zi ≥ 0 for all z ∈ E+,x,x0 . We have to show that kQ0 z0 k ≤ hz0 , xi.
Let ε > 0 and choose y ∈ E such that kyk = 1 and hQ0 z0 , yi ≥ kQ0 z0 k − ε. If
we define z := x − Qy, then we obtain
hz0 , xi − kQ0 z0 k ≥ hz0 , x0 i − hQ0 z0 , yi − ε = hz0 , zi − ε.
We show that z is contained in E+,x,x0 . Indeed, we have Qz = −Qy and, using
that Q is contractive, we thus obtain
kQzk = k − Qyk ≤ kyk = 1 = hx0 , xi = hx0 , zi.
Hence, z ∈ E+,x,x0 . This shows that hz0 , zi ≥ 0 and thus, hz0 , xi − kQ0 z0 k ≥ −ε. As
ε > 0 we arbitrary we conclude that hz0 , xi ≥ kQ0 z0 k, as claimed.
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“⇐” Assume that (E+,x,x0 )0 = E+,x0 ,x . It suffices to prove that kQ0 k ≤ 1, so let
∈ E 0 with ky 0 k = 1. We define s := 1 − hy 0 , xi ∈ R and z0 := y 0 + sx0 ∈ E 0 .
We show that z0 is an element of the dual cone (E+,x,x0 )0 : for every z ∈ E+,x,x0
we have
D
E
hx0 , zi ≥ kQzk ≥ −hy 0 , Qzi = − y 0 , z − hx0 , zix = hx0 , zihy 0 , xi − hy 0 , zi.
y0

This shows that hy 0 , zi ≥ hx0 , zi(hy 0 , xi − 1) and hence,


hz0 , zi = hy 0 , zi + shx0 , zi ≥ hx0 , zi hy 0 , xi − 1 + s = 0.
This proves that z0 ∈ (E+,x,x0 )0 . It thus follows from the assumption that we
also have z0 ∈ E+,x0 ,x , i.e. kQ0 z0 k ≤ hz0 , xi. Using that Q0 y 0 = Q0 z0 , we thus obtain
kQ0 y 0 k = kQ0 z0 k ≤ hz0 , xi = hy 0 , xi + s = 1.
This proves that Q0 is contractive and hence, so is Q.

4.2

Projectively Non-Euclidean and Projectively
Lattice Ordered Banach Spaces

Now we are going to consider certain classes of ordered Banach spaces which
turn out to provide a good setting for proving a Perron–Frobenius result for
positive C0 -semigroups. We have already argued above that the positive cones
in such Banach spaces should behave in some manner oppositely to classical
ice creams cones. Let us recall that the three-dimensional classical ice cream
cone K is the centred cone Rd+,e ,e0 , where Rd is endowed with the Euclidean
1 1

norm and where e1 ∈ Rd is the first canonical unit vector and where e10 ∈ (Rd )0
is given by he10 , zi = z1 for all z ∈ Rd . We have
K

= Rd+,e ,e0
1 1

d

= {z ∈ R : z1 ≥

d
X

zk2

1/2

}.

k=2

Recall from Proposition B.1.9(b) that if E is an ordered Banach space and
P ∈ L(E) is a positive projection, then P E together with the cone (P E)+ := E+ ∩
P E = P E+ is an ordered Banach space, too. We now introduce the following
notions which will be very important throughout the rest of Part II.
Definition 4.2.1 (Euclidean cones and projectively non-Euclidean cones).
Let E be an ordered Banach space.
(i) If E has dimension d < ∞, then the positive cone E+ of E is called
Euclidean of the ordered Banach space E is isomorphic to the ordered
Banach space (Rd , Rd+,e ,e0 ) where Rd is endowed with the Euclidean
1 1
norm.
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(ii) The positive cone E+ in E is called projectively non-Euclidean if for every
positive rank-3 projection P ∈ L(E) the cone (P E)+ in the ordered Banach
space P E is not Euclidean.
The ordered Banach space E is called projectively non-Euclidean if the
positive cone E+ in E is projectively non-Euclidean.
Projectively non-Euclidean cones were introduced by Veı̆tsblit and Lyubich
in [VL85] (though they did not use this terminology) in order to analyse
the peripheral spectrum of positive operators on finite-dimensional ordered
Banach spaces.
For later reference we explicitly note the following remark:
Remark 4.2.2. If E is a finite-dimensional ordered Banach space and the
positive cone E+ in E is Euclidean, then the positive cone E+0 in the dual space
E 0 is Euclidean, too.
Proof. This follows readily from Theorem 4.1.5(b).
Let us now introduce a second class of ordered Banach spaces which is a
bit more specific than projectively non-Euclidean spaces but contains, as we
shall see, still a wealth of function spaces.
Definition 4.2.3 (Projectively lattice ordered Banach space). An ordered
Banach space E is called projectively lattice ordered if for every positive finiterank projection P ∈ L(E) the ordered Banach space (P E, (P E)+ ) is lattice ordered.
We will see below that this class a spaces is surprisingly large; on the
other hand, every such space is projectively non-Euclidean as the following
Proposition shows.
Proposition 4.2.4. If an ordered Banach space E is projectively lattice ordered,
then it is projectively non-Euclidean.
Proof. Suppose that E is projectively lattice ordered and let P ∈ L(E) be a
positive projection of rank 3. Then the ordered Banach space (P E, (P E)+ )
is lattice ordered. Let R3 be endowed with the Euclidean norm; since the
ordered Banach space (R3 , R3+,e1 ,e1 ) is not lattice ordered (this follows e.g.
from [Sch74, Corollary 1 to Theorem II.3.9]), it can therefore not be isomorphic
to (P E, (P E)+ ).
Some simple example classes of projectively lattice ordered spaces are
listed in the subsequent examples. Recall that an ordered Banach space E
is said to have the Riesz decomposition property if [0, x] + [0, y] = [0, x + y] for
all x, y ∈ E+ . The Riesz decomposition property is slightly weaker than being
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lattice ordered; indeed, every lattice ordered Banach space has the Riesz decomposition property [AT07, Corollary 1.55], and every ordered Banach space
with a generating and normal cone which has the Riesz decomposition property and is reflexive, is automatically lattice ordered [AT07, Corollary 2.48].
An important example of a space which has the Riesz decomposition property,
but is not lattice ordered, is the space C 1 ([0, 1]; R), see [AT07, Example 1.58].
We note in passing that the Riesz decomposition property can be characterised by a certain interpolation property, see [AT07, Theorem 1.54] for details.
Lattice ordered Banach spaces and ordered Banach spaces with the Riesz
decomposition property are simple, but natural examples for spaces which
are projectively lattice ordered:
Examples 4.2.5. Let E be an ordered Banach space.
(a) If E is lattice ordered, then E is also projectively lattice ordered.
(b) More generally, if the cone in E is generating and E has the Riesz decomposition property, then E is projectively lattice ordered.
Proof. (a) One easily checks that if E is lattice ordered, then, for every positive
projection P ∈ L(E), the space P E is also lattice ordered by the cone (P E)+ .
(b) If E has generating cone and the Riesz decomposition property and if
P ∈ L(E) is a positive projection, then it is easy to check that the ordered Banach space (P E, (P E)+ ) has also the Riesz decomposition property and that the
positive cone (P E)+ is generating in P E. If P E is, moreover, finite-dimensional,
then it follows that P E is lattice ordered since every finite-dimensional ordered
Banach space with generating cone and the Riesz decomposition property is
lattice ordered [AT07, Theorem 3.9].
We point out that an ordered Banach space which is lattice ordered need
not be a Banach lattice, in general; simple examples for this situation are
constituted by first order Sobolev spaces. According to the above example,
such spaces, despite not necessarily being Banach lattices, are examples of
projectively lattice-ordered spaces. We will see below, in Example 4.2.9(b)
that certain higher order Sobolev spaces are also projectively lattice ordered
(though not lattice ordered according to [AN09, Example (d) in Section 2.3]).
Next we give a result about how projectively lattice ordered and projectively non-Euclidean spaces behave with respect to duality; this proposition
and Lemma 4.2.7 below, which is used in the proof of the proposition, resemble in some way Proposition 1.2.5 and Lemma 1.2.6.
Proposition 4.2.6. Let E be an ordered Banach space with generating cone.
(a) If the ordered Banach space E 0 is projectively lattice ordered, then so is E.
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(b) If the ordered Banach space E 0 is projectively non-Euclidean, then so is E.
For the proof we need the following lemma:
Lemma 4.2.7. Let E be an ordered Banach space with generating cone and let
P ∈ L(E) be a positive projection. Then the mapping
i : P 0 E 0 → (P E)0
x0 7→ x0 |P E
is an isomorphism between the ordered Banach spaces P 0 E 0 and (P E)0 .
Proof. It follows from Lemma 1.2.6 that i is a Banach space isomorphism
and obviously, i is positive. Now, let x0 ∈ P 0 E 0 and assume that i(x0 ) = x0 |P E is
positive. For every x ∈ E+ we have
hx0 , xi = hx0 , P xi ≥ 0
since P x ∈ (P E)+ . Thus, x0 ≥ 0, which shows that the inverse mapping of i is
also positive.
Proof of Proposition 4.2.6. (a) Assume that E 0 is projectively lattice ordered
and that P ∈ L(E) is a positive projection of finite rank. Then P 0 ∈ L(E 0 ) is
also a positive projection of finite rank, and the ordered Banach space P 0 E 0 is
isomorphic to the ordered Banach space (P E)0 according to Lemma 4.2.7. We
know that P 0 E 0 is lattice ordered and thus, so is (P E)0 . This in turn implies
that P E itself is lattice ordered, see e.g. [AT07, Theorem 3.9].
(b) Assume that E 0 is projectively non-Euclidean and let P ∈ L(E) be a
positive projection of rank 3. Then P 0 ∈ L(E 0 ) is also a positive projection of
rank 3 and the ordered Banach spaces (P E)0 and P 0 E 0 are isomorphic according
to Lemma 4.2.7. If the cone in the ordered Banach space P E was Euclidean,
then, according to Remark 4.2.2, the same would be true for its dual space
(P E)0 and thus for P 0 E 0 . However, the cone in ordered Banach space P 0 E 0
cannot be Euclidean since E 0 is projectively non-Euclidean.
Next we prove a theorem which will allow us to identify several classes of
ordered Banach spaces as projectively lattice-ordered. The terminology used
in the theorem is explained in Definition B.1.8.
Theorem 4.2.8. Let F be an ordered Banach space and let E be a real Banach
lattice. Suppose that there exists a dense embedding of ordered Banach spaces
j : F → E which is, in addition, dominating. Then F is projectively lattice ordered.
Proof. Let P ∈ L(F) be a positive projection of finite rank and consider the
operator jP j −1 : j(F) → j(F) ⊆ E. Since j(F) is a dense and dominating subspace of E and since we have jP j −1 x ≥ 0 for all 0 ≤ x ∈ E, it follows from
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Corollary B.3.5 that there exists a positive linear operator P˜ : E → E which
extends jP j −1 . We have P˜ ∈ L(E) since P˜ is positive and since the positive
cone E+ is generating in E; cf. Theorem B.3.2. Note that the range (jP j −1 )j(F)
of jP j −1 is finite-dimensional and thus closed in E. Since j(F) is dense in E, it
follows that the range of jP j −1 coincides with the range of P˜ .
Of course we have (jP j −1 )2 = jP j −1 , and again since j(F) is dense in E, it
follows that P˜ is a projection. Since E is a Banach lattice, the range P˜ E of P˜
is thus lattice ordered and, since the range of P˜ coincides with the range of
jP j −1 , it follows that this latter range is lattice ordered, too. Hence, the range
P F of P is a lattice ordered subspace of F.
Theorem 4.2.8 immediately yields several examples for projectively lattice
ordered Banach spaces:
Examples 4.2.9. The following ordered Banach spaces E are projectively
lattice-ordered; in particular they are projectively non-Euclidean. Moreover,
all of them contain an order unit and thus have a generating cone.
(a) The space E = C k (Ω) where ∅ , Ω ⊆ Rd is a bonded domain, k ∈ N0 and
C k (Ω) is endowed with the cone C k (Ω)+ := C(Ω)+ ∩ C k (Ω) and the usual
norm.
(b) The Sobolev space E = W k,p (Ω; R) where ∅ , Ω ⊆ Rd is a bounded
domain with Lipschitz boundary and where k ∈ N and p ∈ [1, ∞] such
that kp > d (here, we endow E with the cone E+ := E ∩ Lp (Ω; R)+ ).
(c) Let ∅ , I ⊆ R be a bounded, open interval and let Ω ⊆ C be a bounded
open set which contains I. Denote by E := HI (Ω) the set of all continuous
functions Ω → C which are analytic on Ω and which take only real
values on I. When endowed with the supremum norm, HI (Ω) is a real
Banach space.
Let HI (Ω)+ := {f ∈ HI (Ω) : f (x) ≥ 0 for all x ∈ I}. Then (HI (Ω), HI (Ω)+ )
is an ordered Banach space which is projectively lattice ordered and
which contains an order unit.
Proof. (a) Obviously, C k (Ω; R) is an ordered Banach space with an order unit.
The canonical embedding C k (Ω; R) ,→ C(Ω; R) is a dense embedding of ordered Banach spaces and it is dominating since 1Ω ∈ C k (Ω; R). Hence, it
follows from Theorem 4.2.8 that C k (Ω; R) is projectively lattice ordered.
(b) Since we have W k,p (Ω; R) ,→ C(Ω; R) and since 1Ω ∈ W k,p (Ω; R), the
ordered Banach space W k,p (Ω; R) contains an order unit. For the same reason,
the dense embedding W k,p (Ω; R) ,→ C(Ω; R) of ordered Banach spaces is
dominating. Thus, Theorem 4.2.8 implies that the ordered Banach space
W k,p (Ω; R) is projectively lattice ordered.
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(c) Clearly, HI (Ω) is a real Banach space when endowed with the supremum norm. The set HI (Ω)+ is obviously a closed cone and it follows from the
Identity theorem for holomorphic functions that this cone is pointed, i.e. it
renders HI (Ω) an ordered Banach space. The vector 1Ω is an order unit in
HI (Ω)+ .
The continuous linear map j : HI (Ω) 7→ C(I; R) is an embedding of ordered
Banach spaces; it is dominating since j(1Ω ) = 1I and it is dense by the Weierstraß approximation theorem. Hence, it follows from Theorem 4.2.8 that
HI (Ω) is projectively lattice ordered.
It is known that the space C k ([0, 1]; R) (where k ∈ N) has the Riesz decomposition property if k = 1 [AT07, Example 1.58], but it can be shown as
in [NR74, Example 1] that C k ([0, 1]; R) does not have the Riesz decomposition
property if k ≥ 3. Hence, for k ≥ 3, Example 4.2.9(a) yields a simple class
of space which are projectively lattice ordered, but do not have the Riesz
decomposition property.
Besides that, note again that a Sobolev space W k,p (Ω; R) is lattice ordered
in case that k = 1. In particular, W k,p (Ω; R) is projectively lattice ordered if
k = 1. On the other hand, if k ≥ 2, then W k,p (Ω; R) is no longer lattice ordered
[AN09, Example (d) in Section 2.3]; yet, it follows from Example 4.2.9(b) that
the same space is projectively lattice ordered for sufficiently large k or p. It
is therefore interesting to ask what happens if k is larger than 1, but still too
small for W k,p (Ω; R) to embed into C(Ω; R). In this case, it does not even seem
to be clear whether the positive cone W k,p (Ω; R)+ is generating in W k,p (Ω; R)
(see however [AN09, Example (d) in Section 2.3] for an interesting observation
in the limit case kp = d).
Let us now present a simple class of finite-dimensional ordered Banach
spaces which are projectively non-Euclidean but, in general, not lattice ordered (and hence, as they are finite-dimensional, not projectively lattice ordered): let E be an ordered Banach space with dim E < ∞; the positive cone E+
in E is called polyhedral if there exist finitely many functionals ϕ10 , ..., ϕn0 ∈ E 0
T
such that E+ = nk=1 ϕk−1 ([0, ∞)) (intuitively speaking, this means that E is
spanned by finitely many “extreme rays”; compare [AT07, Theorem 3.37]).
We have the following simple result (see also [Veı̆85, Theorem 3]):
Proposition 4.2.10. Let E be a finite-dimensional ordered Banach space with a
polyhedral cone. Then E is projectively non-Euclidean.
Proof. Let P ∈ L(E) be a positive rank-3 projection. Then the cone (P E)+ :=
P E ∩ E+ is also polyhedral and hence, it is not Euclidean.
In order to find further examples of projectively non-Euclidean spaces we
use the following proposition:
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Proposition 4.2.11. Let E be a real Banach space and let x ∈ E, x0 ∈ E 0 be such
that hx0 , xi = 1. Endow E with the centred cone E+ := E+,x,x0 and suppose that E
contains a three-dimensional subspace F such that the positive cone F+ := F ∩ E+
in F is Euclidean.
Then there exist vectors a, b ∈ ker x0 \{0} and q ∈ ker x0 which fulfil the equality
kq + cos(t)a + sin(t)bk = 1 for all t ∈ R
Proof. Since ker x0 has co-dimension 1 and since F has dimension 3, it follows
that V := F ∩ ker x0 has dimension 2 or 3. Moreover, if dim V were equal to
3, then F would be a subspace of ker x0 , so F+ := F ∩ E+ = {0}. This cannot be
true since (F, F+ ) is isomorphic to (R3 , R3+,e1 ,e1 ) (where R3 is endowed with the
Euclidean norm) which implies that F+ is a generating cone in F. Hence, we
proved that dim V = 2.
Moreover, the plane V intersects E+ (and thus F+ ) only in 0. Now, let
j : (F, F+ ) → (R3 , R3+,e ,e0 ) be an isomorphism of ordered Banach spaces. Then
1 1

j(V ) is a plane in R3 which intersects the cone R3+,e
find a vector ẽ in the interior of
the boundary of the cone R3+,e

R3+,e ,e0
1 1

0
1 ,e1

0
1 ,e1

only in 0. Hence, we can

such that the plane ẽ + j(V ) intersects

in an ellipse with barycenter ẽ, i.e. there are

two vectors ã, b̃ ∈ j(V ) \ {0} such that ẽ + cos(t)ã + sin(t)b̃ is contained in the
boundary of the cone R3+,e ,e0 for all t ∈ R.
1 1

Now, define ê := j −1 (ẽ), â := j −1 (ã) ∈ V and b̂ := j −1 (b̃) ∈ V . Then, for every
t ∈ R, the vector ê + cos(t)â + sin(t)b̂ is contained in the boundary of F+ in F
and thus in the boundary of E+ in E. According to Proposition 4.1.4(c) this
shows that
kQê + cos(t)â + cos(t)b̂k = kQ(ê + cos(t)â + cos(t)b̂)k = hx0 , êi
for all t ∈ R, where Q ∈ L(E) denotes the projection onto ker x0 along the span
of x. Note that α := hx0 , êi > 0 since ê ∈ E+ \ {0}. Thus, we only have to define
q := Qαê , a := αâ and b := αb̂ to obtain the assertion.
We can use the above result to prove that certain centred cones in finitedimensional ` p -spaces are projectively non-Euclidean; this slightly generalises
a result of Veı̆tsblit and Lyubich from [VL85, Theorem 3]; we note, however,
that our proof is rather similar to theirs.
Example 4.2.12. Endow Rd with the p-norm k · kp for some p ∈ (1, ∞) and let
x ∈ Rd , x0 ∈ (Rd )0 such that hx0 , xi = 1. Endow Rd with the Euclidean norm and
the centred cone Rd+,x,x0 .
(a) If p ∈ (1, 2), then Rd does not contain a subspace F such that the ordered
Banach space (F, F ∩ Rd+,x,x0 ) is isomorphic to (R3 , R3+,e1 ,e1 ).
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In particular, the ordered Banach space (Rd , Rd+,x,x0 ) is projectively nonEuclidean.
(b) If p , 2 and if the projection Q onto ker x0 along span x is contractive,
then the ordered Banach space (Rd , Rd+,x,x0 ) is projectively non-Euclidean.
Proof. (a) Let p < (1, 2) and assume that the assertion is false. Then, according
to Proposition 4.2.11, we can find vectors a, b ∈ Rd \ {0} and q ∈ Rd such that
d
X

|qk + cos(t)ak + sin(t)bk |p = 1

k=1

for all t ∈ R. Let M ⊆ {1, ..., d} be the set of all indices k for which we have
ak = bk = 0 and let K := {1, ..., d} \ M be its complementary set; note that K is
non-empty since a , 0. We have
X
|qk + cos(t)ak + sin(t)bk |p = 1 − q
k∈K

P
for all t ∈ R, where q := k∈M |qk |p . Note that 1 − q > 0; indeed, if we assume
1 − q = 0 then we obtain qk + cos(t)ak + sin(t)ak = 0 for all k ∈ K and all t ∈ R.
This is a contradiction, since for k ∈ K not all coefficients qk , ak , bk are equal to
0, but cos, sin and the constant function with value 1 are linearly independent
as functions from R to R. Hence, 1 − q > 0 as claimed.
1−z2
Now, let z ∈ R and define t := 2 arctan z. Then we have cos t = 1+z
2 and
2z
sin t = 1+z2 . Plugging this into the above equation, we obtain after a short
computation
X

p
p
αk z2 + βk z + γk = (1 − q) 1 + z2
k∈K

for all z ∈ R, where the coefficients αk , βk , γk are defined by
  
 
αk  −1 0 1 ak 
  
 
 βk  =  0 2 0 bk  .
  
  
γk
1 0 1 qk
for all k ∈ K. For no index k ∈ K the vector (ak , bk , qk ) is a multiple of (0, 0, 1)
(this is ensured by the choice of K). Hence, for no index k ∈ K, the vector
(αk , βk , γk ) is a multiple of (1, 0, 1).
Replacing αk , βk , γk with −αk , −βk , −γk for all k ∈ K for which it is necessary,
we may assume that the leading coefficient of the polynomial αk z2 + βk z + γk
is > 0 for all k ∈ K (note however that some of the numbers αk and βk can
be zero, so βk or even γk might be the leading coefficient for some indices k).
We point out that replacing some of the tuples (αk , βk , γk ) with (−αk , −βk , −γk )
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does not change the fact that none of those tuples is a multiple of (1, 0, 1) for
any k ∈ K.
For every k ∈ K we define the polynomial pk : C → C by pk (z) = αk z2 + βk z +
γk . Let s0 ∈ R be an upper bound of the real parts of all complex roots of the
polynomials qk (k ∈ K). Then we have qk (z) > 0 for all z ∈ (s0 , ∞) and all k ∈ K,
and hence we obtain

p
1 X
qk (z)p = 1 + z2
1−q

(4.5)

k∈K

for all z ∈ (s0 , ∞). We will now derive a contradiction by extending equation (4.5) to an appropriate region of the complex plane. First note that the
number 1 + z2 is contained in the sliced plane C \ (−∞, 0] whenever Re z > 0.
Hence, the right side of equation (4.5) extends to an analytic function on the
right half plane {z ∈ C : Re z > 0} if we use the principal part of the logarithm
to define the p-th power. On the other hand, it is easy to see that this analytic
function has singularities at i and −i, meaning that it cannot be analytically
extended to any neighbourhood of i or −i.
Now, let K 0 ⊆ K be the set of all k ∈ K for which the polynomial qk has
degree 2 and two distinct roots in the complex plane. For every k ∈ K \ K 0
p
p
the function qk : (s0 , ∞) → R can be extended to an analytic function qk :
C \ [s0 , ∞) → C. Indeed, if qk has degree ≤ 1, then qk maps the sliced plane
C\(−∞, s0 ] to the sliced plane C\(−∞, 0]; hence, the p-th power of qk (z) can be
defined for every z ∈ C\(−∞, s0 ] by means of the principal branch of logarithm.
If, on the other hand, qk has degree 2, then we have qk (z) = αk (z − zk )2 for
a fixed zk ∈ (−∞, s0 ] and all z ∈ (s0 , ∞). Since the mapping z 7→ z − zk maps
the sliced plane C \ (−∞, s0 ] to the sliced plane C \ (−∞, 0], we can, again,
define qk (z)p for every z ∈ C \ (−∞, s0 ] by means of the principal branch of the
P
logarithm. Hence, the partial sum k∈K\K 0 qk (z)p on the left-hand side of (4.5)
extends analytically to a function on C \ (−∞, s0 ]. Since the right side of (4.5)
P
has a singularity at i while the sum k∈K\K 0 qk (z)p does not, it follows that K 0
is non-empty.
For each k ∈ K 0 we denote by zk , zk ∈ C the two distinct roots of qk ; then
we have qk (z) = αk (z − zk )(z − zk ) for all z ∈ C. Hence, qk maps the half plan
HK := {z ∈ C : Re z > Re zk } to the sliced plane C \ (−∞, 0], so z 7→ qk (z)p
extends from (s0 , ∞) to an analytic function on Hk . On the other hand, this
function has singularities at zk and zk . Now we choose k1 ∈ K 0 such that Re zk1
is maximal among the real parts of all zk (k ∈ K 0 ). Then the entire left side
of (4.5) extends to an analytic function on Hk1 \(−∞, s0 ], but it has singularities
at zk1 and zk1 (note that several of the polynomials qk , k ∈ K 0 , might have zk1
p
and zk1 as roots, but the singularities of these qk cannot cancel out since αk > 0
for all k ∈ K 0 ).
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Using what we have already observed about the right side of (4.5), it
follows that Re zk1 cannot be strictly positive (since the right side of (4.5) is
analytic on {z ∈ C : Re z > 0}) and that Re zk1 cannot be strictly negative (since
the right side of (4.5) has singularities at i and −i). Thus, Re zk1 = 0. Yet, since
none of the tuples (αk , βk , γk ) is a multiple of (1, 0, 1), it follows that none of
the roots zk (k ∈ K 0 ) is equal to i or −i. This implies that the left side of (4.5)
extends to an analytic function on a small neighbourhood of i and −i. This is
a contradiction since the right side of (4.5) has singularities at i and −i.
(b) For p ∈ (1, 2), this follows from (a). Now, let p ∈ (2, ∞). Denote by
0
p ∈ (1, 2) the dual index of p, meaning that p1 + p10 = 1. Since the projection Q is
contractive, we have (Rd+,x,x0 )0 = (Rd )0+,x0 ,x according to Theorem 4.1.5(b). Since
the norm on (Rd )0 is the p0 -norm, we conclude from (a) that ((Rd )0 , (Rd )0+,x0 ,x )
is projectively non-Euclidean and thus, so is (Rd , Rd+,x,x0 ) according to Proposition 4.2.6(b).
Unfortunately, we do currently not know an example where we can apply
Proposition 4.2.11 to a centred cone in an infinite-dimensional space. Yet,
Examples 4.2.9 still provide several interesting classes of infinite-dimensional
spaces which are projectively lattice ordered and thus, in particular, projectively non-Euclidean.
We close this section with an example for a class of ordered Banach spaces
which are not projectively non-Euclidean. First, we need the following simple
observation from linear algebra:
Remark 4.2.13. Consider the self-adjoint 2 × 2-matrix
!
a c
A=
∈ C2×2
c d
where a, d ∈ R and c ∈ C. The matrix A is positively semi-definite if and only
if the inequalities
ad − cc ≥ 0

and

a+d ≥ 0

hold.
Proof. Let λ1 , λ2 ∈ R denote the eigenvalues of A. We have λ1 , λ2 ≥ 0 if and
only if λ1 λ2 ≥ 0 and λ1 + λ2 ≥ 0. On the other hand, we have λ1 λ2 = det A =
ad − cc and λ1 + λ2 = tr(A) = a + d.
Now we can show that the set E of all self-adjoint operators on a Hilbert
space of dimension at least two, ordered by its usual cone, is not projectively
non-Euclidean:
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Examples 4.2.14. (a) Let E be the three-dimensional real Banach space of
all symmetric matrices in R2×2 (endowed with any norm) and let E+ ⊆ E
be the cone of all those matrices in E which are positively semi-definite.
Then the cone E+ is Euclidean.
(b) Let E be the four-dimensional real Banach space of all self-adjoint matrices in C2 (endowed with any norm) and let E+ ⊆ E be the cone of all
those matrices in E which are positively semi-definite. Then the ordered
Banach space (E, E+ ) is not projectively non-Euclidean.
(c) Let H be a complex Hilbert space with 2 ≤ dim H ≤ ∞ and let E ⊆ L(H)
be the real Banach space of all self-adjoint bounded operators on H
(endowed with the operator norm). Let E+ := {A ∈ E : σ (A) ⊆ [0, ∞)}.
Then the ordered Banach space (E, E+ ) is not projectively non-Hilbert.
Proof. (a) We know from Remark 4.2.13 that
!
a c
E+ = {
∈ R2×2 : ad − c2 ≥ 0, a + d ≥ 0}.
c d
Now consider the linear bijection
E → R3 ,
  

! x  1 (a + d)
2




  
a c
7→ y  :=  12 (a − d)
c d

  
c
c
and note that we have ad − c2 ≥ 0 and a + d ≥ 0 if and only if x2 ≥ y 2 + c2 and
x ≥ 0. Hence, the ordered Banach space (E, E+ ) is isomorphic (via the above
mapping) to the ordered Banach space (R3 , R3+,e ,e0 ) where R3 is endowed with
1 1
the Euclidean norm. This proves that the cone E+ in E is Euclidean.
(b) The linear mapping
!
!
a
Re c
a c
7→
Re c d
c d
is a projection from E onto the space considered in (a), and it follows from
Remark 4.2.13 that this projection is positive. This proves the assertion.
(c) Fix a two-dimensional vector subspace V ⊆ H and let Q ∈ L(H) be
the orthogonal projection with range V . Denote by F ⊆ L(V ) the space of all
self-adjoint operators in L(V ) and let F+ := {B ∈ F : σ (B) ⊆ [0, ∞)}. Then
P : E → E,

A 7→ QAQ

is a positive linear projection. Moreover, its range P E, when endowed with
the cone (P E)+ := E+ ∩ P E = P (E+ ), is, as an ordered Banach space, isomorphic
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to the ordered Banach space (F, F+ ) (via the mapping A 7→ A|V ). Since the
latter space is not projectively non-Euclidean according to (b), it follows that
(P E, (P E)+ ) is not projectively non-Euclidean, either; hence, nor is (E, E+ )
The assertion in Example 4.2.14(a) can also be found in [vGK08, Section 4]; moreover, the same reference [vGK08, Section 4] contains several
other examples of three dimenional spaces with Euclidean cones.

4.3

Notes & Open Problems

Cones and ordered vector spaces The theory of cones and ordered vector
spaces, as well as the study of positive operators on them, is quite an old topic
in analysis. Of particular importance are so-called vector lattices (sometimes
also named Riesz spaces), i.e. ordered vector spaces in which any two elements
have a supremum. Those spaces have a very deep and rich theory; see for
example the classical monographs [LZ71] and [Zaa83] as well as [Zaa97].
On the other hand, a large part of the literature about ordered vector spaces
focuses on the interplay between order theoretic and topological properties;
this interplay constitutes the subject of ordered topological vector spaces; we
refer the interested reader for example to [Per67], [SW99, Section V] and to
the more recent monograph [AT07] for an overview. An important special
case of ordered topological vector spaces are ordered Banach spaces, which
we considered in this chapter. A brief introduction to them can be found in
Appendix B. An even more specialised class of spaces is given by the class
of Banach lattices; those are ordered Banach spaces which are lattice ordered
and whose norm is, in a certain sense, compatible with the order. Due to their
prevalence in applications, as well as for intrinsic reasons, an extensive theory
for such spaces (and for positive operators on them) has been developed. We
refer for example to the monographs [Sch74], [AB85, Chapter 4], [MN91] for
more information.
Lattice ordered Banach spaces By a lattice ordered Banach space we mean an
ordered Banach space which is a vector lattice with respect to its canonical
order. It is worthwhile pointing out again that a lattice ordered Banach space
is not the same as a Banach lattice; in fact, a Banach lattice is defined to be
a lattice ordered Banach space E which fulfils the additional condition that
kxk ≤ kyk whenever x, y ∈ E and |x| ≤ |y| (where the modulus |x| is defined by
|x| := x ∨ (−x)). It is not difficult to show that a lattice ordered Banach space
E is a Banach lattice with respect to some equivalent norm if and only if the
positive cone E+ in E is normal (see Definition B.1.5). Prototypical examples of
lattice ordered Banach spaces which do not have a normal cone (and which can
therefore not be renormed as Banach lattices) are first order Sobolev spaces
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(compare [AN09, Example (c) in Section 2.3]). Example 4.2.5(a) shows that
every lattice ordered Banach space, be it a Banach lattice or not, is projectively
lattice ordered.
Positive semigroups and Euclidean cones We have demonstrated at the
beginning of the chapter that positive C0 -semigroups on finite-dimensional
spaces with a Euclidean cone are not particularly well-suited to prove certain
types of Perron–Frobenius theorems. Yet, it is worthwhile pointing out that
such semigroups have quite an interesting structure theory, see for example
[SW91a]; see also [LS75] and [SW91b] for related results about single positive
operators on Rn endowed with an Euclidean cone.
Centred cones and the geometry of unit balls We have seen in Proposition 4.2.4 that every projectively lattice ordered Banach space is also projectively non-Euclidean; hence, Example 4.2.9 yields several classes of projectively non-Euclidean spaces. But conversely, our stock of examples for
projectively non-Euclidean spaces which are not projectively lattice ordered is
very small; in fact we only found two finite-dimensional classes of examples
in Proposition 4.2.10 and in Example 4.2.12. On the other hand, it is very
tempting to assume that a centred cone in a projectively (or even extremely)
non-Hilbert Banach space is automatically projectively non-Euclidean; compare also Proposition 4.2.11. Let us pose this as an open problem:
Problem 4.3.1. Let K be a centred cone in a real Banach space E.
(a) If E is projectively non-Hilbert, under which additional conditions does
it follow that K is projectively non-Euclidean?
(b) If E is extremely non-Hilbert, under which additional conditions does it
follows that K is projectively non-Euclidean?
Finite-dimensional C ∗ -algebras Let A be a finite-dimensional C ∗ -algebra
and let Asa denote the space of self-adjoint elements of A. Then Asa is an
ordered Banach space with respect to its canonical order. One can show that
this space is not projectively non-Euclidean whenever A is not commutative:
indeed, this follows from Example 4.2.14(c) and from the special structure of
finite-dimensional C ∗ -algebras which is, for example, described in [Mur90,
Theorem 6.3.8]. Alternatively, one can also conclude this from Theorem 5.1.1
below and from a “negative” Perron–Frobenius theorem on non-commutative
C ∗ -algebras in [Glü16b, Theorem 2.1].
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Positive Semigroups
Now we use the concepts discussed in Chapter 4 to study the spectral properties of positive C0 -semigroups on ordered Banach spaces. The first section
deals with the point spectrum of the semigroup generator while we derive
convergence theorems for the semigroup in Section 5.2. We should point out
that we consider this part of the thesis mainly a theoretical study with the
objective to comprehend how geometric properties of the cone in an ordered
Banach space influences the validity of Perron–Frobenius type spectral results.
Despite the generality of our results (with respect to the ordered Banach
spaces on which they are applicable), we do not have any specific applications
in mind.
In fact, the ordered Banach spaces which are most important in many
(not all) applications are Banach lattices, and for those spaces a much more
general theory is available (see e.g. [AGG+ 86, Section C-III]). On the other
hand, one class of ordered Banach spaces which is extremely important in
applications, in particular in physics, is constituted by spaces of self-adjoint
elements of C ∗ -algebras. While different types of Perron–Frobenius results
are available for such spaces (see the notes for details), we have indicated
in the notes at the end of Chapter 4 that such spaces do not fall within the
scope of our results; moreover, it has recently been demonstrated by the
author in [Glü16b, Theorem 2.1] that Perron–Frobenius type theorems about
triviality of the peripheral spectrum which exceed a certain generality can
never hold on any non-commutative C ∗ -algebra.
Our results presented in this chapter have not yet been published nor
submitted for publication. They were, as well as the results in the previous chapter, inspired by the paper [VL85] by Veı̆tsblit and Lyubich; see
also [Veı̆85].

5.1

The Point Spectrum

Let E be an ordered Banach space. Inspired by previous work of Krasnosel’skiı̆
[Kra68], Veı̆tsblit and Lyubich [VL85] have analysed the peripheral spectrum
of positive operators on E in case that E is projectively non-Euclidean and
finite-dimensional. We are now going to allow infinite-dimensional spaces,
too, and, as always in this thesis, we are interested in C0 -semigroups rather
than in single operators. As in Chapter 2, dealing with C0 -semigroups instead
of single operators makes things a bit easier to handle. On the other hand,
69

5

5. Spectrum and Asymptotics of Positive Semigroups
the fact that the space E might be infinite-dimensional makes it difficult,
if not impossible, to adapt the arguments of Veı̆tsblit and Lyubich. They
essentially employ a result about contractions on projectively non-Hilbert
spaces from [Lyu70] and combine it with a few geometric arguments, an
approach which does not seem to work in the infinite-dimensional setting.
Instead we perform a careful analysis of the action of the semigroup (and
its dual) on certain two- and three-dimensional subspaces in order to infer a
similar result.
Recall that a C0 -semigroup (etA )t≥0 on E is called positive if etA is a positive
operator for every t ≥ 0. Our main theorem in this section now reads as
follows:
Theorem 5.1.1. Let E be an ordered Banach space whose cone is generating
and projectively non-Euclidean and let (etA )t≥0 be a positive C0 -semigroup on
E. Assume furthermore that (etA )t≥0 has weakly pre-compact orbits, that the set
σpnt (A) ∩ iR is bounded and that at least one of the following assumptions holds:
(a) For each λ ∈ σpnt (A) ∩ iR the eigenspace ker(λ − A) is finite-dimensional.
(b) There exists an order unit in E.
Then σpnt (A) ∩ iR ⊆ {0}.
In the proof of Theorem 5.1.1 we employ the following auxiliary result:
Lemma 5.1.2. Let (etA )t≥0 be a bounded C0 -semigroup on a complex Banach space
E, let t > 0 and γ ∈ R. Assume that the set {β ∈ R : eitβ = eitγ and iβ ∈ σpnt (A)} ⊆
γ + 2π
t Z is finite and consists of n pairwise distinct numbers β1 , ..., βn . Then we
have
ker(eitγ − etA ) = ⊕nk=1 ker(iβk − A).
Proof. According to [EN00, Corollary IV.3.8(ii)], ker(eitγ − etA ) equals the
closure of F := ⊕nk=1 ker(iβk − A); hence, we only have to show that F is closed.
To this end, it suffices to prove that for each k ∈ {1, ..., n} the projection Pk : F →
ker(iβk − A) along the other eigenspaces in the direct sum is continuous (since
this implies that F is complete).
Define M := supRe λ>0 k Re λR(λ, A)k; as the semigroup (etA )t≥0 is bounded,
we have M < ∞ according to the Hille–Yosida theorem. Now, let f1 , ...., fn be
vectors in ker(iβ1 − A), ...., ker(iβn − A), respectively, and let k ∈ {1, ..., n}. Then
we have
kfk k = lim krR(iβk + r)(f1 + ... + fn )k ≤ Mkf1 + ... + fn k.
r↓0

This proves that Pk is indeed bounded.
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An argument very similar to the above proof was, for example, used in the
proof of [MNN71, Theorem 1]. Now we come to the proof of Theorem 5.1.1.
Proof of Theorem 5.1.1. Throughout the proof, let EC be a complexification
of the real Banach space E and let AC denote the complex extension of A to
EC . We assume for a contradiction that σpnt (A) ∩ iR * {0}. After replacing A
with cA for some appropriate c > 0 we may assume that ±i ∈ σpnt (A) and that
σpnt (A) ∩ iR ⊆ i · (−2, 2).
Note that the operators eπA , −eπA and e2πA all have weakly pre-compact
orbits and thus, those three operators are mean ergodic (see [EFHN15, Remark 16.17(4)]). Let R, Q, P ∈ L(E) denote their mean ergodic projections,
respectively. All three projections R, Q and P commute; moreover, R and P
are both positive and a brief computation shows that P = R + Q. The ranges of
their complexifications RC , QC and PC are given by
RC EC = ker AC ,

(5.1)

QC EC = ker(i − AC ) ⊕ ker(−i − AC ),

(5.2)

PC EC = ker AC ⊕ ker(i − AC ) ⊕ ker(−i − AC ).

(5.3)

Indeed, these equalities follow from Lemma 5.1.2 and from the fact that
σpnt (A) ∩ iR ⊆ i · (−2, 2): for equality (5.1) one only needs to observe that RC EC
is the fixed space of eπAC , for equality (5.2) one uses that QC EC is the fixed
space of −eπAC and for equality (5.3) we uses that PC EC is the fixed space of
e2πAC .
We now consider the range of P in more detail: let F := P E and let FC :=
PC EC . Clearly, F is an ordered Banach space with respect to the cone F+ :=
F ∩ E+ = P E+ , and FC is a complexification of F. The semigroup (etA |F )t≥0 on
F is positive; moreover, it is periodic and operator norm continuous according
to (5.3). Due to the periodicity, it extends to a positive, norm continuous
operator group on F.
It is clear from (5.1) that our semigroup (etA )t≥0 acts as the identity on the
range of R. Moreover it rotates all vectors in the range of Q in some sense;
more precisely, the following observation is true:
(∗) For every x ∈ QE there exists exactly one vector y ∈ QE such that
x + iy ∈ ker(i − AC ), and for this vector y we have etA x = x cos t − y sin t for all
3
t ≥ 0. In particular, we have e 2 π x = y and eπA x = −x and thus, no vector in
QE \ {0} is positive.
To prove (∗), let x ∈ QE ⊆ QC EC . According to (5.2) we can thus decompose x
as x = z1 +z2 , where z1 ∈ ker(i −AC ) and z2 ∈ ker(−i −AC ). Since z1 , z2 ∈ QC EC =
QE + iQE, we have z1 = x1 + iy2 and z2 = x2 + iy2 for some x1 , x2 , y1 , y2 ∈ QE.
We have x = x1 + x2 and, as z2 is an eigenvector of AC for the eigenvalue −i
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and AC is real, the conjugate vector z2 = x2 − iy2 is an eigenvector of AC for
the eigenvalue i. Hence, if we choose y := y1 − y2 , then x + iy = z1 + z2 is indeed
an eigenvector of AC for the eigenvalue i.
On the other hand, if ŷ ∈ QE is another vector with this property, then
y − ŷ ∈ QE would also be an eigenvector of AC for the eigenvalue i, which is a
contradiction since AC maps real vectors to real vectors.
Now, let y ∈ QE such that x + iy ∈ ker(i − AC ). Then we obtain for each
t≥0




etA x = Re etAC (x + iy) = Re eit (x + iy) = x cos t − y sin t.
3

This clearly implies that e 2 π x = y and eπA x = −x. Finally, assume that x ∈ QE
is positive, i.e. contained in E+ . Then we have 0 ≤ eπA x = −x ≤ 0, so x = 0. This
proves (∗).
It is now our intention to construct a three-dimensional subspace U of
F which admits a positive projection F → U and whose positive cone U+ is
Euclidean. To this end, we construct three vectors u1 , u2 , u3 ∈ F and three
functionals u10 , u20 , u30 ∈ F 0 with the following properties:
(i) The vector u1 is positive, contained in RE and an order unit of (F, F+ );
the vectors u2 and u3 are contained in QE.
(ii) The functional u10 is positive and contained in the range of (R|F )0 ; the
functionals u20 and u30 are contained in the range of (Q|F )0 .
(iii) We have huk0 , uj i = δkj for all k, j ∈ {1, 2, 3}.
P
(iv) The operator S := 3k=1 uk ⊗ uk0 is a positive projection on F with range
U := spanR {u1 , u2 , u3 }; moreover, S commutes with etA |F for all t ≥ 0.
To construct those vectors, first note that there exists an order unit z in (F, F+ ).
Indeed, this is the point where we need assumption (a) or (b): if (a) is fulfilled,
then it follows from the description of F in (5.3) that F is finite-dimensional.
Since F+ is generating in F, it thus has non-empty interior and therefore,
there exists an order unit z in (F, F+ ) (see Proposition B.1.4). If, instead, (b) is
fulfilled and z̃ is an order unit in (E, E+ ), then z := P z̃ is clearly an order unit
in (F, F+ ).
Now, define u1 := Rz ≥ 0. We show that u1 is still an order unit in (F, F+ ):
let z̃ ∈ F. Then we have εz̃ ≤ u1 for some ε > 0. We have 0 ≤ eπA u1 = eπA (Ru1 +
Qu1 ) = Ru1 −Qu1 , so we conclude that 2Ru1 = u1 +Ru1 −Qu1 ≥ u1 ≥ εz̃. Hence,
Ru1 ≥ 2ε z̃, which shows that u1 is indeed an order unit in (F, F+ ).
Since i is an eigenvalue of A by assumption, it follows from (5.2) that Q , 0
and thus, Q|F is non-zero since the range of Q is contained in F. Hence, we
can find vector 0 , u ∈ QE. Since QE intersects RE only in 0, it follows that
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u1 and u are linearly independent. Now, consider the two-dimensional real
Banach space W which is spanned by u1 and u; let W+ := W ∩ E+ = W ∩ F+ .
Since u1 is an order unit in F, it follows that W+ is generating in W . Thus, W+
is a closed, pointed and generating cone in the two-dimensional vector space
W and hence, W+ is spanned by two extreme rays. Again since u1 and u are
linearly independent, it follows that there exists a scalar α ∈ R \ {0} such that
u1 + αu spans an extreme ray of W+ . Now, we note that the operator eπA |W is
positive on (W , W+ ) and it maps u1 to u1 and u to −u according to (∗). This
shows that u1 − αu spans the other extreme ray of W+ .
We now define u2 := αu. To construct the first two functionals u10 , u20 , we
need a bit of preparation. First, we define auxiliary vectors û1 , û2 ∈ W+ which
are given by û1 := u1 + u2 ∈ W+ and û2 := u1 − u2 ∈ W+ and which span the two
extreme rays of W+ . Note that eπA û1 = û2 and eπA û2 = û1 .
We endow the dual space W 0 of W with the dual cone W+0 := {w0 ∈
W 0 | hw0 , wi ≥ 0 for all w ∈ W+ }. Let ŵ10 ∈ W+0 be a vector which spans one
of the two extreme rays of W+0 . Then ŵ10 annihilates one of the two vectors
û1 and û2 , say û2 . On the other hand we then have hŵ10 , û1 i > 0, and after
rescaling ŵ10 with a positive factor, we may assume that hŵ10 , û1 i = 1. We now
use that W+ contains u1 which is an order unit of (F, F+ ): this implies that ŵ10
can be extended to a positive linear functional û10 ∈ F+0 ; see Corollary B.3.4.
We have hû10 , û1 i = 1 and hû10 , û2 i = 0.
We define a second auxiliary functional û20 by û20 := (eπA |F )0 û10 ∈ F 0 . We are
going to show that û20 is positive, that hû20 , û2 i = 1 and hû20 , û1 i = 0; note that
those properties show that the restriction ŵ20 := û20 |W of the functional û20 to
W spans the second extreme ray of W+0 .
We have hû20 , vi = hû10 , eπA vi ≥ 0 for all v ∈ F+ . Hence, û20 is a positive
functional on F. Moreover, we have
hû20 , û2 i = hû10 , eπA û2 i = hû10 , û1 i = 1
and, on the other hand,
hû20 , û1 i = hû10 , eπA û1 i = hû10 , û2 i = 0.
Thus, all the properties of û20 that we claimed above are indeed true.
We now define the two functionals u10 and u20 : let u10 := 2(R|F )0 û10 and
let u20 := 2(Q|F )0 û10 . Note that u10 is positive since û10 and (R|F )0 are positive.
Moreover, we have (etA |F )0 u10 = u10 for all t ≥ 0, i.e. u10 is a fixed vector of the
adjoint semigroup (etA |F )0t≥0 . Furthermore, we obtain
u10 + u20 = 2(R|F + Q|F )0 û10 = 2(P |F )0 û10 = 2û10
u10 − u20

= 2(R|F − Q|F )0 û10

= 2(e

πA

|F R|F + e

πA

and
|F Q|F )0 û10

= 2(R|F + Q|F )0 û20 = 2û20 .
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We can use this observation to prove that u1 , u2 , u10 and u20 behave indeed as
we would like them to: first recall that we have already proved above that
hûk0 , ûj i = δkj for k, j ∈ {1, 2}. Using the equations
u1 + u2 = û1

and

u10 + u20 = 2û10 ,

u1 − u2 = û2

and

u10 − u20 = 2û20 ,

one readily obtains
1
u1 = (û1 + û2 )
2
1
u2 = (û1 − û2 )
2

and

u10 = û10 + û20 ,

and

u20 = û10 − û20 .

(5.4)

From (5.4) it now easily follows that huk0 , uj i = δkj for k, j ∈ {1, 2}.
Employing ideas from [MP07], we can now prove that the projection
S̃ := u1 ⊗ u10 + u2 ⊗ u20 ∈ L(F) is positive, which is an important preliminary step
to show that the projection S in assertion (iv) is positive. It follows from (5.4)
that S̃ = û1 ⊗ û10 + û2 ⊗ û20 . We show that S̃ 0 ∈ L(F 0 ) is positive. Let x0 ∈ F+0 . Then
the restriction x0 |W of x0 to W is positive, too, i.e. it is contained in W+0 . Hence,
since W+0 is the convex hull of the two extreme rays spanned by û10 |W and
û20 |W , we can find two scalars α1 , α2 ∈ [0, ∞) such that x0 |W = α1 û10 |W + α2 û20 |W .
Thus, we have
S̃ 0 x0 = hx0 , û1 iû10 + hx0 , û2 iû20 = α1 û10 + α2 û20 ∈ F+0 .
Thus, S̃ 0 is positive, and hence, so is S̃.
Now, it is time to introduce the missing vectors u3 and u30 : let u3 :=
3
1
3
e 2 πA u2 and u30 = (e 2 πA |F )0 u20 . Note that u3 ∈ QE since u2 ∈ QE and since e 2 πA
1
leaves QE invariant. Moreover, (e 2 πA |F )0 commutes with (Q|F )0 and since u20 is
contained in the range of (Q|F )0 , it follows that u30 ∈ (Q|F )0 F, too.
Let us now show that property (iii) holds: we already know that huk0 , uj i =
δkj for all k, j ∈ {1, 2}. Moreover, we have the equalities
3

hu10 , u3 i = h(e 2 πA |F )0 u10 , u2 i = hu10 , u2 i = 0,
1

hu30 , u1 i = hu20 , e 2 πA u1 i = hu20 , u1 i = 0,
1

3

hu30 , u3 i = hu20 , e 2 πA e 2 πA u2 i = hu20 , u2 i = 1.
1

1

5

We also obtain hu30 , u2 i = hu20 , e 2 πA u2 i = −hu20 , u3 i since e 2 πA u2 = e 2 πA u2 =
3
−e 2 πA u2 = −u3 . Hence, in order to prove property (iii), it remains to show
that hu20 , u3 i = 0.
3
To this end, we take a look at the observation (∗) and see that u3 = e 2 πA u2
is the unique element of QE for which we have u2 + iu3 ∈ ker(i − AC ). Hence,
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we obtain for every time t ≥ 0
0 ≤ h2û20 , etA û2 i = hu10 − u20 , etA (u1 − u2 )i = 1 + hu20 , etA u2 i




= 1 + hu20 , u2 i cos t − hu20 , u3 i sin t = 1 + Re eit (1 + ihu20 , u3 i)
We can now choose t ∈ [0, ∞) such that the complex number eit (1 + ihu20 , u3 i)
equals minus the absolute value of 1 + ihu20 , u3 i, and for this t we obtain


1 ≥ − Re eit (1 + ihu20 , u3 i) = |1 + ihu20 , u3 i|.
This proves that hu20 , u3 i = 0, as claimed. Hence, property (iii) holds.
Properties (i) and (ii) have already been proved in the process, but we still
have to prove (iv). It follows from (iii) that S is a projection on F with range
U.
Next we show that S commutes with etA |F for all t ≥ 0; so let t ≥ 0. First
note that we have etA |F (u1 ⊗ u10 ) = u1 ⊗ u10 = (u1 ⊗ u10 )etA |F . Hence, it suffices to
show that etA |F commutes with u2 ⊗ u20 + u3 ⊗ u30 . To this end, first observe that
1

3

etA Q = cos(t)Q + sin(t)e 2 πA Q = cos(t)Q − sin(t)e 2 πA Q
according to (∗). Using that Q|F commutes with esA |F for every s ≥ 0, this also
implies that
1

(etA |F )0 (Q|F )0 = cos(t)(Q|F )0 + sin(t)(e 2 πA |F )0 (Q|F )0
3

= cos(t)(Q|F )0 − sin(t)(e 2 πA |F )0 (Q|F )0 .
3

1

Recall that we have u3 = e 2 πA u2 and thus u2 = e 2 πA u3 as well as u30 =
1
3
(e 2 πA |F )0 u20 and thus u20 = (e 2 πA |F )0 u30 . Hence, we obtain the formulas
etA u2 = cos(t)u2 − sin(t)u3

and

etA u3 = cos(t)u3 + sin(t)u2 ,

(5.5)

(etA |F )0 u20 = cos(t)u20 + sin(t)u30

and

(etA |F )0 u30 = cos(t)u30 − sin(t)u20

(5.6)

for all t ≥ 0. Using these formulas, one can now check by a brief computation
that we indeed have etA |F (u2 ⊗ u20 + u3 ⊗ u30 ) = (u2 ⊗ u20 + u3 ⊗ u30 )etA |F .
Now we can finally show that S is positive. We already know that S̃
is positive. To show that S = S̃ + u3 ⊗ u30 is positive, too, first note that we
have (eπA |F )0 u30 = −u30 since u30 is contained in the range of (Q|F )0 . Now, let
x ∈ F+ . Then we have hu30 , eπA xi = −hu30 , xi. Since the mapping t 7→ hu30 , etA xi
is continuous from [0, ∞) to R, it follows that we have hu30 , etA xi = 0 for some
t ∈ [0, π].
As our semigroup is 2π-periodic on F, we can find a time s ≥ 0 such that
sA
e |F etA |F = IF . Using that etA |F commutes with S we thus obtain
Sx = esA |F etA |F Sx = esA |F SetA |F x
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= esA |F S̃etA |F x + esA |F hu30 , etA xiu3 = esA |F S̃etA |F x ≥ 0
since S̃ is positive.
Thus, we have proved all assertions (i)–(iv); in particular, we have constructed a positive projection S ∈ L(F) with range U . Note that all the vectors
u1 , u2 , u3 are linearly independent due to (iii). This shows that U is threedimensional. Since E is projectively non-Euclidean, so is F and hence, the
ordered Banach space (U , U+ ) cannot by isomorphic to the ordered Banach
space (R3 , R3+,e1 ,e1 ) (where R3 is endowed with the Euclidean norm).
However, since u1 + u2 and u1 − u2 span, respectively, the two extreme rays
of the positive cone in spanR {u1 , u2 }, it follows that α1 u1 +α2 u2 (where α1 , α2 ∈
R) is positive if and only if α1 ≥ |α2 |. Moreover, we know that (etA |U )t≥0 is
a positive periodic semigroup on U . Hence, for every u ∈ U we have u ≥ 0
if and only if etA |U ≥ 0 for some or, equivalently, all t ≥ 0. It thus follows
P
from formula (5.5) that 3k=1 αk uk (where αk ∈ R) is positive if and only if
q
α1 ≥ α22 + α32 . Hence, (U , U+ ) is in fact isomorphic to (R3 , R3+,e ,e0 ). This is a
1 1
contradiction.
Note that Theorem 5.1.1 can, in particular, be applied on projectively
lattice-ordered spaces since those are projectively non-Euclidean according
to Proposition 4.2.4. On the other hand one would expect that the proof of
Theorem 4.2.4 becomes a bit simpler for those spaces. In the following remark
we discuss this in more detail:
Remark 5.1.3. Assume that the assumptions of Theorem 4.2.4 are fulfilled
and that, in addition, E is projectively lattice ordered.
(a) If the first one of the assumptions (a) and (b) in Theorem 5.1.1 is fulfilled,
then the proof of the theorem becomes significantly simpler:
First one constructs the subspace F ⊆ E exactly as it is done in the above
proof. Then, however, one observes that F is finite-dimensional due
to assumption (a); since F is the range of a positive projection, this
implies that F is lattice ordered and hence, as an ordered Banach space,
isomorphic to Rd with its usual lattice order. Thus, one can now apply
standard results from Perron–Frobenius theory on Banach lattices (or
even on finite-dimensional spaces) to conclude that the point spectrum
of A|F intersects iR at most in 0.
In the special case of lattice ordered Banach spaces, the fact that certain
finite-dimensionality assumptions on the eigenspaces (or compactness
assumptions on the operator) yield interesting spectral and asymptotic
results for positive operators was already observed by Kreı̆n and Rutman
in [KR48, Section 8].
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(b) Now assume instead that assumption (b) of the theorem is fulfilled.
Then the space F in the proof can still be infinite-dimensional, and
thus it is not necessarily lattice ordered (and even if it is, it is not clear
whether it is a Banach lattice with respect to some equivalent norm). It
thus seems that the assumption on E to be projectively lattice ordered
does not yield any simplification for the proof in this case.
Finally, note that the case where E is projectively lattice ordered and
contains an order unit is particularly interesting since, as the Examples 4.2.9 show, there are many function spaces which have those two
properties.

5.2

Asymptotic Behaviour

We now employ Theorem 5.1.1 in order to obtain convergence results for
positive C0 -semigroups. As pointed out earlier, one can find many results
in the literature where the long-term behaviour of operator semigroups is
analysed with the help of positivity. Many of those results either impose some
strengthened form of positivity assumption on the semigroup, or they focus on
the important special case of Banach lattices; see the introduction to Chapter 4
for some references and see also the notes at the end of the present chapter for
some more details. On the other hand, a particular example for an analysis of
the long-term behaviour on more general spaces, namely on ordered Banach
spaces with the Riesz decomposition property, is due to Bartoszek and can
be found in the paper [Bar92]. It follows from Example 4.2.5(b) that every
ordered Banach space with the Riesz decomposition property is projectively
lattice ordered and thus, in particular, projectively non-Euclidean. Hence,
our results below apply to a much wider range of spaces; we should, however,
point out that the main result in [Bar92] is somewhat different from our
results below, concerning the further assumptions as well as the conclusions.
Theorem 5.2.1. Let E be an ordered Banach space whose cone is generating and
projectively non-Hilbert. Let (etA )t≥0 be a positive and bounded C0 -semigroup on
E.
(a) If A has compact resolvent and σpnt (A) ∩ iR is bounded, then etA converges
strongly as t → ∞.
(b) If (etA )t≥0 is eventually compact or, more generally, quasi-compact, then etA
converges with respect to the operator norm as t → ∞.
Proof. (a) This follows from [EN00, Theorem V.3.7] and Theorem 5.1.1 since
assumption (a) of this theorem is fulfilled.
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(b) This follows from [EN00, Corollary V.3.2] and, again, from Theorem 5.1.1 since assumption (a) of the theorem is fulfilled.
In the above theorem we only considered cases in which all eigenspaces
of the generator are automatically finite-dimensional. In the most important
case where the Banach space E is projectively lattice ordered, this assumption
allows for a much simpler proof of the spectral result in Theorem 5.1.1, as
explained in Remark 5.1.3(a). Hence, at least if the space E is projectively
lattice ordered, the above convergence theorem is not particularly deep.
The situation is different in the following convergence result: there we
assume that E contains an ordered unit, but the eigenspaces of the generator A
are allowed to be infinite-dimensional. Even if E is projectively lattice ordered
Theorem 5.1.1 (on which the following convergence result is based) is much
deeper in this case, as explained in Remark 5.1.3(b).
Theorem 5.2.2. Let E be an ordered Banach space which is projectively nonEuclidean and which contains an order unit. Let (etA )t≥0 be a positive and bounded
C0 -semigroup on E.
If the semigroup (etA )t≥0 has relatively compact orbits and if σpnt (A) ∩ iR is
bounded, then etA converges strongly as t → ∞.
Proof. This follows from, for instance, [EN00, Theorem V.2.14] and from
Theorem 5.1.1 since assumption (b) of the theorem is fulfilled.
We point out once again that the assumptions on E to be projectively nonEuclidean and to contain an order unit are fulfilled by a couple of interesting
spaces, see Examples 4.2.9.

5.3

Notes & Open Problems

Perron–Frobenius theory on Banach lattices As pointed out in the introduction to Chapter 4, there are several types of Perron–Frobenius results
which require different kinds of conditions on the underlying Banach space
and on the operator or semigroup under consideration. A particularly rich
theory is available on Banach lattices; we refer to [Kri69], [Sch74, Sections V.4
and V.5], [MN91, Chapter 4], [Gro95] and [AGG+ 86, Sections B-III and CIII] for an overview. Some recent contributions to the theory, which focus
mainly on symmetry properties (in particular, cyclicity) of the peripheral
spectrum, can be found in [Glü16c] and [Glü16a]. A particularly beautiful
result is available for positive elements of so-called Banach lattice algebras,
see [Sch71, Section 4].
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Perron–Frobenius theory in the setting of C ∗ -algebras Another important
class of ordered Banach spaces where many Perron–Frobenius like theorems have been proved are C ∗ -algebras and related spaces. See for example [EHK78], [AHK79], [Gro83], [AGG+ 86, Section D-III] and [Łuc10] for
some results in this context. On the other hand, we note that our results
from this chapter cannot be applied to positive semigroups on C ∗ -algebras as
indicated in Example 4.2.14(c) and as also explained in the notes at the end of
Chapter 4. Moreover, we recall again that a certain class of Perron-Frobenius
like results can never be true on any non-commutative C ∗ -algebra as was
recently proved in [Glü16b, Theorem 2.1].
Perron–Frobenius theory on ordered Banach algebras During the last two
decades an extensive spectral theory for positive elements of ordered Banach
algebras has been developed. We refer for instance to [Muz12] and to the
references therein for an overview.
Geometric Perron–Frobenius theory In particular in the finite-dimensional
setting there exist many different approaches to Perron–Frobenius theory (see
for instance the survey article [Mac00] for an overview). In our context it is
worthwhile to point out one approach which one could describe as geometric
Perron–Frobenius theory. An early and important contribution to this theory
is a paper by Pullman [Pul71] where the so-called core of a positive linear
operator was introduced. For a detailed overview of large parts of the theory
we refer to the survey article by Tam [Tam01].
Existence of subspaces with Euclidean cones The notion of a projectively
non-Euclidean ordered Banach space corresponds to the notion of a projectively non-Hilbert space from Part I of the thesis. Thus, it would be quite
natural to introduce an analogue for the notion “extremely non-Hilbert space”,
too. For example, we could call an ordered Banach space E extremely nonEuclidean if there is no three-dimensional subspace F ⊆ E for which the cone
F+ := F ∩ E+ is Euclidean in F. On such spaces we could then try to prove
similar spectral results as in Theorem 5.1.1, but without a priori assumptions
on the spectrum (compare Theorem 2.1.1). Yet, we chose not to pursue this
in detail since the discussion after Example 4.2.12 indicates that it might
be difficult to find interesting examples for such spaces (while projectively
lattice ordered spaces, which exist in abundance, provide a natural source of
examples for projectively non-Euclidean spaces).
Eventual and asymptotic positivity It turns out that our main result in this
chapter, Theorem 5.1.1, can also be proved under slightly weaker assumptions.
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In fact, one does not really need to assume the semigroup (etA )t≥0 to be
positive, but some kind of “asymptotic positivity” suffices. This could be
interesting in view of Part III of the thesis where we study eventually and
asymptotically positive semigroup (though, only on Banach lattices). Yet, such
a generalisation of Theorem 5.1.1 does not really contribute to the goal of
Part II of the thesis (which is to study the relation of Perron–Frobenius theory
and the geometry of positive cones). Moreover, the proof of Theorem 5.1.1 is
long enough anyway.
Invariant convex sets Looking at the results presented in Parts I and II of
the thesis, it is natural to assume that some kind of generalisation should
be possible. In fact, if (etA )t≥0 is a C0 -semigroup on a Banach space E which
leaves a certain closed, convex set K ⊆ E invariant, then we would expect
that this has consequences for the spectrum of A in case that K is, in some
sense, large enough (we cannot expect non-trivial results if K consists for
instance only of 0) and if its behaves in some sense “non-Euclidean”. In finite
dimensions this idea was also suggested by Lyubich [Lyu97, Section 3] and
some preliminary results were presented by him in this reference. On the
other hand, despite the generality and elegance of this approach, we find it
somewhat doubtful whether a generalisation to infinite dimensions, though
it would certainly not be trivial, would yield any significant new insights.
Hence, we shall not pursue this here.
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Eventual and Asymptotic Positivity
– Spectral Properties
The third part of this thesis is devoted to semigroups which are not positive
but become, in some sense, positive for large times. In contrast to Part II we
put particular emphasis on applications now (see, in particular, Chapters 8
and 11). Therefore, we restrict our attention to those ordered Banach spaces
which are most important for the applications we have in mind, namely to
Banach lattices. In contrast to the preceding to parts of the thesis, it now
appears that the easiest way to present our results is to work on complex
Banach lattices from the beginning; we refer to Sections C.4 and C.5 in the
appendix for an introduction to the theory of complex Banach lattices.
Two of the most basic notions for this part of the thesis are already defined in the first section of this chapter: eventually positive semigroups and
asymptotically positive semigroups. The rest of this chapter is devoted to
proving that some important Perron–Frobenius type spectral results carry
over from positive semigroups to the case of eventually positive semigroups.
In Section 6.2 we deal with the spectral bound of the semigroup generator:
we give sufficient conditions for the spectral bound to be in the spectrum,
or to be even an eigenvalue which admits a positive eigenvector. Moreover,
we prove that the spectral bound of the generator of an eventually positive
semigroup coincides with the growth bound of the semigroup on a couple of
important spaces. In Section 6.3 we deal not only with the spectral bound,
but with the entire peripheral (point) spectrum of the semigroup generator;
we give, for instance, a sufficient condition for the peripheral point spectrum
to be cyclic.
While some of the Perron–Frobenius type results in this chapter are valid
under rather weak assumptions on the semigroup, we shall see in the subsequent chapters that, under stronger assumptions on the semigroup, Perron–
Frobenius results provide the appropriate setting to even characterise (some
versions of) eventual positivity. Hence, eventually positive semigroups do
not only allow for some generalisations of Perron–Frobenius theory, but, under some assumptions, they provide the most general setting in which such
generalisations can be obtained.
Most of the material in this chapter can be found in the papers [DGK16b]
and [DGK16a]. An exception is Theorem 6.3.2 which has not been published,
or submitted for publication, yet.
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6.1

Some Basic Notions

One of the most essential concepts in Part III of the thesis, and a leitmotif for
the definition of many similar notions throughout the following chapters, is
that of an eventually positive semigroup. In fact, we have to distinguish two
different versions of this notion, an individual one and a uniform one:
Definition 6.1.1 (Eventually positive semigroups). Let E be a complex Banach lattice and let (etA )t≥0 be a C0 -semigroup on E.
(i) The semigroup (etA )t≥0 is called individually eventually positive if for
every 0 ≤ f ∈ E there is a time t0 ≥ 0 such that etA f ≥ 0 for all t ≥ t0 .
(ii) The semigroup (etA )t≥0 is called uniformly eventually positive if there is a
time t0 ≥ 0 such that etA ≥ 0 for all t ≥ t0 .
In finite dimensions, it is easy to see that both the individual and the
uniform version of eventual positivity coincide. Yet, we will see later on,
in Section 10.3, that the distinction between both of them is essential on
infinite-dimensional Banach lattices.
At first glance, the concept of eventual positivity might appear to be a bit
obscure; yet, we will see in numerous examples (see Chapters 8 and 11) that
this and related phenomena occur frequently in the analysis of concrete differential equations. For the moment, however, we restrict ourselves to demonstrating the concept by a simple but quite instructive finite-dimensional
example.
Example 6.1.2. Let E be a finite-dimensional complex Banach lattice with
dimension at least 3. Then there exists a real linear operator A ∈ L(E) such
that s(A) = 0 is a dominant spectral value of A and such that the semigroup
(etA )t≥0 is bounded and individually (equivalently: uniformly) eventually
positive, but not positive.
Due to [Sch74, Corollary 1 to Theorem II.3.9] it suffices to show that this is
true on the three-dimensional space C3 (whose real part R3 is endowed with
any Banach lattice norm). Now, consider the basis (u1 , u2 , u3 ) of C3 which is
given by
 
 
 
1
1
1
1  
1  
1  
u1 = √ 1 , u2 = √  0  , u3 = √ −2 .
3 1
2 −1
6 1 
Let A ∈ L(C3 ) be the operator whose representation matrix with respect to the
basis (u1 , u2 , u3 ) is given by


0 
0 0
0 −1 −1 .




0 1 −1
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Then, for every x ∈ R3 , the orbit (etA x)t≥0 spirals towards the axis spanned by
u1 . It is thus easy to conclude from geometric considerations (or, alternatively,
from an explicit computation) that the semigroup (etA )t≥0 is individually
eventually positive, but not positive. Moreover, the further properties of A
claimed above are clearly fulfilled.
We refer for instance to [NT08, Example 3.5] for a numerical example of
a matrix A ∈ R4×4 which generates an eventually positive semigroup (note
however that the terminology in [NT08] is slightly different from ours).
In the case dim E = 2, it can be shown that no eventually positive real
semigroup exists which is not already positive; see Proposition 8.1.7.
The second concept we introduce in this section is that of an asymptotically
positive semigroup; this notion is somewhat weaker than that of an eventually
positive semigroup. For the definition we need the distance dist( · , E+ ) from
the positive cone in a complex Banach lattice. For several properties of this
distance function, which we used tacitly throughout Part III of the thesis, we
refer to Proposition B.1.7 in the appendix.
Definition 6.1.3 (Asymptotically positive semigroups). Let E be a complex
Banach lattice and let (etA )t≥0 be a C0 -semigroup on E. Assume that s(A) > −∞
and that the rescaled semigroup (et(A−s(A)) )t≥0 is bounded.
(i) The semigroup (etA )t≥0 is called individually asymptotically positive if
dist(et(A−s(A)) f , E+ ) → 0 as t → ∞ for every f ≥ 0.
(ii) The semigroup (etA )t≥0 is called uniformly asymptotically positive if for
every ε > 0 there exists a time t0 ≥ 0 such that dist(et(A−s(A)) f , E+ ) ≤ εkf k
for all t ≥ t0 and all 0 ≤ f ∈ E.
Again, we shall see that the distinction between individual and uniform
behaviour is really necessary, see Example 7.3.5 below.
It is easy to give examples of asymptotically positive semigroups which
are not eventually positive. In two dimensions, we can for instance consider
the semigroup (etA )t≥0 where
!
0
0
A=
,
0 i −1

e

tA

1
0
=
t(i−1)
0 e

!
for all t ≥ 0.

This also shows that asymptotic positivity can occur for semigroups which
are not real. On the other hand, if the semigroup (equivalently: A) is real,
then asymptotic positivity in two dimensions already implies positivity of
the semigroup, see Proposition 8.1.6. Yet, there exist real semigroups in three
dimensions which are asymptotically positive, but not eventually positive. An
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example is the semigroup (etA )t≥0 given by




0 
0
0
0 0
1





A = 0 −1 −1 ,
etA = 0 e−t cos t −e−t sin t 




0 1 −1
0 e−t sin t e−t cos t

for all t ≥ 0.

We refer the reader to Section 8.1 for more information about asymptotically
positive semigroups in finite dimensions, and to the rest of Chapter 8 for
several examples of asymptotically positive semigroups in infinite dimensions.

6.2

The Spectral Bound

In this section we prove various results for the spectral bound of the generator
A of an individually eventually positive semigroup. To this end, we start by
considering the representation of the resolvent R( · , A) as the Laplace transform of the semigroup: it is well-known that, for any C0 -semigroup (etA )t≥0
on a complex Banach space E, the resolvent R(λ, A) can be represented by
means of a Laplace integral whenever Re λ > ω0 (A); see e.g. [EN00, Theorem II.1.10]. Moreover, if E is a Banach lattice and the semigroup (etA )t≥0 is
positive, such a representation of R(λ, A) even holds for Re λ > s(A), where
the Laplace integral has to be understood as an improper Riemann integral;
see [AGG+ 86, Theorem C-III.1.2] or [ABHN11, Theorem 5.3.1]. The first result
in this section shows that the same is true if the semigroup (etA )t≥0 is only
assumed to be individually eventually positive.
Proposition 6.2.1. Let (etA )t≥0 be an individually eventually positive C0 -semigroup
on a complex Banach lattice E. For all f ∈ E and all λ ∈ C with Re λ > s(A) we
then have
Z∞
R(λ, A)f =
e−tλ etA f dλ,
0

where the integral is understood as an improper Riemann integral.
Proof. It suffices to show the assertion for f ≥ 0. By assumption there exists
t0 ≥ 0 such that etA f ≥ 0 for all t ≥ t0 . Now, consider the functions u, v :
[0, ∞) → E which are given by
u(t) = etA f

and

v(t) = e(t0 +t)A f

for all t ≥ 0. Let abs(u) and abs(v) denote the abscissas of convergence of the
Laplace transforms û and v̂ of u and v; see [ABHN11, Section 1.4] for details.
We have abs(u) ≤ ω0 (A) and from the formula
ZT
Z t0
Z T −t0
e−tλ u(t) dt =
e−tλ u(t) dt + e−t0 λ
e−tλ v(t) dt,
0

86

0

0

6.2. The Spectral Bound
which is valid for all T ≥ t0 and all λ ∈ C, we can conclude that abs(u) = abs(v).
According to [ABHN11, Theorem 1.5.1], both Laplace transforms û and v̂ are
analytic on the half plane {λ ∈ C| Re λ > abs(v)}. Moreover, û(λ) coincides with
R(λ, A)f whenever Re λ > ω0 (A); if we can show that s(A) ≥ abs(v), then û(λ)
exists and coincides with R(λ, A) (due to the Identity theorem for analytic
functions) whenever Re λ > s(A), which proves the assertion.
So assume for a contradiction that s(A) < abs(v). Then abs(v) > −∞ and
abs(v) ∈ ρ(A). As v(t) is positive for all t ≥ 0, it follows from [ABHN11,
Theorem 1.5.3] that v̂ has a singularity at abs(v), meaning that v̂ cannot be
extended analytically to any open neighbourhood of abs(v). However, we have
Z

t0

R(λ, A)f = û(λ) =

e−tλ u(t) dt + e−t0 λ v̂(λ)

0

for all λ ∈ C with Re λ > abs(v), which shows that R( · , A)f has a singularity at
abs(v), too. This is a contradiction since abs(v) ∈ ρ(A).
A moment of reflection reveals that the above proof actually shows that
[ABHN11, Theorem 1.5.3] is not only true for positive functions, but for
eventually positive functions, too.
Before we proceed we prove an auxiliary result about eventually positive
operator families. Recall that if T is a positive operator on a complex Banach
lattice E, then we have |T f | ≤ T |f | for all f ∈ E. The following lemma contains
a similar observation for eventually positive operator families, at least if
f ∈ ER .
Lemma 6.2.2. Let E be a complex Banach lattice and let (Tj )j∈J ⊆ L(E) be a net of
operators on E which is individually eventually positive in the following sense: for
every f ∈ E+ there exists j0 ∈ J such that Tj f ≥ 0 for all j ≥ j0 .
Then, for every f in the real part ER of E, there exists j1 ∈ J such that |Tj f | ≤
Tj |f | for all j ≥ j1 .
Proof. We can choose j1 ∈ J such that Tj (|f | − f ) = 2Tj f − ≥ 0 and Tj (|f | +
f ) = 2Tj f + ≥ 0 for all j ≥ j1 . For all those j we thus obtain Tj |f | ≥ Tj f and
Tj |f | ≥ −Tj f , and therefore Tj |f | ≥ Tj f ∨ (−Tj f ) = |Tj f |.
If (etA )t≥0 is a positive C0 -semigroup on a Banach lattice E, the Laplace
representation formula of the resolvent immediately yields the estimate
|R(λ, A)f | ≤ R(Re λ, A)|f | for all f ∈ E whenever Re λ > s(A); this estimate
has many applications in the spectral theory of positive semigroups. In the
next lemma we show, by means of Proposition 6.2.1, a similar estimate for
individually eventually positive semigroups; since the positivity occurs only
eventually, the estimate contains a bounded error term.
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Lemma 6.2.3. Let (etA )t≥0 be an individually eventually positive C0 -semigroup
on a complex Banach lattice E. Then for every f ∈ ER there exists a map rf :
(s(A), ∞) → E which fulfils the following properties:
(a) We have |R(λ, A)f | ≤ R(Re λ, A)|f | + rf (Re λ) for all λ ∈ C with Re λ > s(A).
(b) If s(A) > −∞, then rf is bounded on (s(A), ∞).
(c) If s(A) = −∞, then rf is bounded on (c, ∞) for every c ∈ R.
Proof. Let f ∈ ER . According to Lemma 6.2.2 there exists t0 ≥ 0 such that
|etA f | ≤ etA |f | for all t ≥ t0 . For all λ ∈ C with Re λ > s(A) and all T ≥ t0 we
thus obtain
ZT
ZT
−tλ tA
e e f dt ≤
e−t Re λ |etA f | dt
0

Z

0
T

e

≤

Z

−t Re λ tA

t0

e |f | dt +

0

e−t Re λ (|etA f | − etA |f |) dt.

0

Proposition 6.2.1 asserts that the expressions on the left and on the right in
the above estimate converge as T → ∞ and that we obtain
Z

t0

|R(λ, A)f | ≤ R(Re λ, A)|f | +

e−t Re λ (|etA f | − etA |f |) dt

0

whenever Re λ > s(A). Defining the latter integral as rf (Re λ), we obtain the
assertion.
Let us give a couple of applications of Lemma 6.2.3. Recall that for an
operator A : E ⊇ D(A) → E on a complex Banach space E the abscissa of uniform
boundedness of the resolvent (or the pseudo-spectral bound) s0 (A) of A is defined
as
s0 (A) := inf{c ∈ R : c > s(A), sup kR(λ, A)k < ∞} ∈ [−∞, ∞].
Re λ>c

Obviously, we always have s(A) ≤ s0 (A); for positive semigroups we
even have s(A) = s0 (A), a fact which follows readily from that estimate
|R(λ, A)f | ≤ R(Re λ, A)|f | which is true for all f and whenever Re λ ≥ s(A)
(compare [AGG+ 86, Corollary C-III.1.3] and also [AGG+ 86, formula (2.13) in
the proof of Proposition C-III.2.7]). Using Lemma 6.2.3 we now obtain the
same result for individually eventually positive semigroups:
Corollary 6.2.4. Let (etA )t≥0 by an individually eventually positive C0 -semigroup
on a complex Banach lattice E. Then we have s(A) = s0 (A).
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Proof. Let c > s(A) and f ∈ ER . With rf as in Lemma 6.2.3 we obtain
sup kR(λ, A)f k ≤ sup kR(Re λ, A)|f | k + sup krf (Re λ)k < ∞.

Re λ>c

Re λ>c

Re λ>c

Hence, the assertion follows from the uniform boundedness principle.
A second application of the estimate in Lemma 6.2.3 is the following result
which is well-known for positive semigroups, see [AGG+ 86, Corollary CIII.1.4].
Theorem 6.2.5. Let (etA )t≥0 be an individually eventually positive C0 -semigroup
on a complex Banach lattice E. If s(A) > −∞, then s(A) ∈ σ (A).
Proof. Let s(A) > −∞, i.e. σ (A) , ∅. Choose a sequence a complex numbers
(λn ) such that s(A) < Re λn for all indices n and such that dist(λn , σ (A)) → 0.
We then have Re λn → s(A) and kR(λn , A)k → ∞.
By means of the uniform boundedness principle we can find a vector
f ∈ ER and a subsequence (λnk ) of (λn ) such that kR(λnk , A)f k → ∞. Due to
Lemma 6.2.3, this implies kR(Re λnk , A)|f | k → ∞. Since Re λnk → s(A), we
conclude that s(A) ∈ σ (A).
For a general C0 -semigroup (etA )t≥0 one always has the (trivial) estimates
s(A) ≤ s0 (A) ≤ ω0 (A). For positive semigroups and, according to Corollary 6.2.4, also for individually eventually positive semigroups we even know
that s(A) = s0 (A). Moreover, on certain classes of Banach lattices, one can even
prove the equality s(A) = ω0 (A) whenever the semigroup (etA )t≥0 is positive
(see e.g. [AGG+ 86, Theorem C-IV.1.1(a)] and [ABHN11, Theorem 5.3.6]. Let
us now show that at least on three important classes of Banach lattices, the
same is true for individually eventually strongly positive semigroups:
Theorem 6.2.6. Let (etA )t≥0 be an individually eventually positive C0 -semigroup
on a complex Banach lattice E and assume that one of the following assertions is
fulfilled:
(a) E is a Hilbert space.
(b) E is an AL-space.
(c) E is an AM-space with unit and A is real.
Then s(A) = ω0 (A).
Proof. (a) This follows readily from Corollary 6.2.4 and the Gearhart–Prüss
theorem [ABHN11, Theorem 5.2.1].
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For any of the remaining two assertions it suffices to prove that the inequality s(A) < 0 implies the inequality ω0 (A) ≤ 0, so assume for the rest of
the proof that s(A) < 0.
(b) Let f ∈ E+ and choose t0 ≥ 0 such that etA f ≥ 0 for all t ≥ t0 . Due to the
additivity of the norm on the positive cone we have
Z

T

Z

tA

t0

t0

ke f k dt +

ke f k dt ≤
0

Z

tA

0

tA

Z

T

e f dt +
0

etA f dt

0

for all T ≥ t0 . Since s(A) < 0, it follows from Proposition 6.2.1 that the latter
RT
integral converges to a vector in E as T → ∞. Hence, we have 0 ketA f k dt < ∞
for all f ∈ E+ , and hence for all f ∈ E. It thus follows from the Datko–Pazy
theorem, see [EN00, Theorem 5.1.8], that the semigroup etA converges to 0
with respect to the operator norm as t → ∞. In particular, ω0 (A) < 0.
(c) We may assume that E = C(K; C) for some compact Hausdorff space K.
For every f ∈ E Proposition 6.2.1 shows that the abscissa of convergence for
the Laplace transform of the orbit (etA f )t≥0 is at most s(A). Hence, it follows
from [ABHN11, Proposition 1.4.5(a)] that, whenever Re λ > s(A), the operator
RT
e−λt etA dt converges with respect to the operator norm as T → ∞ (where
0
the integral is understood in the strong sense, of course). In particular, for
RT
λ = 0 we obtain M := supT ≥0 k 0 etA dtk < ∞.
Since the domain D(A) is dense in E and since A is real, we can find a
vector 0 1K u ∈ D(A). For every t ≥ 0 we have
tA

Z

t

ke u − uk = k

esA Au dsk ≤ MkAuk;

0

hence, the orbit (etA u)t≥0 is bounded in E.
Now, let f ∈ E+ . We have 0 ≤ f ≤ cu for some constant c ≥ 0. For all
sufficiently large t ≥ 0 we thus obtain 0 ≤ etA f ≤ cetA u. This shows that the
orbit (etA f )t≥0 is bounded for all f ∈ E+ and hence, for all f ∈ E. Thus, the
semigroup (etA )t≥0 is bounded due to the uniform boundedness principle; in
particular, ω0 (A) ≤ 0.
If the C0 -semigroup (etA )t≥0 is even positive, the assertions of the above
theorem remain valid on Lp -spaces, at least over σ -finite measure spaces; see
e.g. [ABHN11, Theorem 5.3.6] or [vN96, Theorem 3.5.3]. It is an interesting
questions whether this remains true for individually eventually positive semigroups; see the notes at the end of this chapter for a more detailed discussion.
Let (etA )t≥0 be an individually eventually positive semigroup. According
to Theorem 6.2.5, the spectral bound s(A) is then a spectral value, unless it
equals −∞. If the s(A) is, moreover, a pole of the resolvent (which is, e.g.,
always the case if the resolvent R( · , A) is compact), then it is, of course, also
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an eigenvalue of A. The following proposition now shows that it even admits
a positive eigenvector and a positive eigenfunctional. For related results
about positive semigroups, see for instance [AGG+ 86, Corollary B-III.1.4,
Theorem B-III.1.6, Remark B-III.2.15(a), Theorem C-III.1.1(c) and (d) and
Proposition C-III.3.5].
Proposition 6.2.7. Let (etA )t≥0 be an individually eventually positive C0 -semigroup on a complex Banach lattice E and suppose that s(A) > −∞ is a pole of
the resolvent R( · , A). Then s(A) is an eigenvalue of A which admits a positive
eigenvector; moreover, s(A) = s(A0 ) is also an eigenvalue of A0 which admits a
positive eigenvector.
Proof. We may assume that s(A) = 0. Let m ∈ N be the order of 0 as a pole of
R( · , A) and let
R(λ, A) =

∞
X

Qk λk

k=−m

denote the Laurent series expansion of the resolvent R( · , A) about 0. Then
Q−m is non-zero and its range is contained in ker A; see Proposition A.3.2(a).
Since the resolvent of the adjoint operator A0 is given by
R(λ, A0 ) =

∞
X

Qk0 λk

k=−m

for λ close to 0, we conclude, moreover, that the range of the non-zero operator
0
Q−m
is contained in ker A0 .
We have Q−m = limλ↓0 λm R(λ, A), and we intend to show that Q−m is
positive. So let f ∈ E+ . Choose t0 ≥ 0 such that etA f ≥ 0 for all t ≥ t0 .
According to Proposition 6.2.1 we have
Z t0
Z T

−λt tA
dist(R(λ, A)f , E+ ) = lim dist
e e f dt, E+ ≤ k
e−λt etA f dtk
T →∞

0

0

for every λ > 0. Hence, we obtain
dist(Q−m f , E+ ) = lim λm dist(R(λ, A)f , E+ ) = 0,
λ↓0

so Q−m f ≥ 0. This shows that Q−m is positive, as claimed. Since Q−m is
non-zero, its range contains a non-zero positive vector; as the range of Q−m
is contained in ker A, it follows that A admits a positive eigenvector for the
0
eigenvalue 0. Moreover, it follows that the adjoint operator Q−m
is also positive (and non-zero, of course); hence, its range contains a non-zero, positive
0
functional. Since the range of Q−m
is contained in ker A0 , we conclude that A0
admits also a positive eigenvector for the eigenvalue 0.
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6.3

The Peripheral Point Spectrum

After being mainly concerned with the spectral bound of an individually
eventually positive semigroup in the previous section, we now deal with the
eigenvalues located on the line {λ ∈ C : Re λ = s(A)}, i.e. with the peripheral point spectrum. We start with a result about the order of poles in the
peripheral spectrum; compare [AGG+ 86, Corollary C-III.1.5].
Proposition 6.3.1. Let (etA )t≥0 be a C0 -semigroup on a complex Banach lattice E
which is individually eventually positive and assume that s(A) > −∞ is a pole of
the resolvent R( · , A)
If another number λ ∈ σper (A) is also a pole of the resolvent, then the pole order
of λ is at most as large as the pole order of s(A).
Proof. We may assume that s(A) = 0. Let iβ, where β ∈ R, be a pole of the
resolvent R( · , A) and let m ∈ N denote the order of 0 as a pole of R( · , A). It
suffices to show that
sup α m kR(α + iβ, A)k < ∞.

(6.1)

α∈(0,1]

Let f ∈ ER and let rf : (0, ∞) → E be given as in Lemma 6.2.3. We then have
sup α m kR(α + iβ, A)f k ≤ sup α m kR(α, A)|f | k + sup α m krf (α)k.
α∈(0,1]

α∈(0,1]

α∈(0,1]

The latter summand is finite since rf is norm bounded on (0, ∞) and the
first summand is finite since 0 is a pole of R( · , A) of order m. Hence, the
uniform boundedness principle implies the estimate (6.1), thus proving the
assertion.
Our second result in this section deals with a certain symmetry property
of the peripheral point spectrum of the semigroup generator. We recall from
the preliminaries that a subset S ⊆ C of the complex numbers is called cyclic
if we have α + inβ ∈ S for all integers n ∈ Z whenever α + iβ ∈ S (where
α, β ∈ R). We now prove that the peripheral point spectrum of an individually
asymptotically positive semigroup is cyclic provided that a certain regularity
assumption is fulfilled. We refer to [Gre82, Theorem 2.5] and [AGG+ 86, Corollary C-III.4.3] for similar results under slightly weaker regularity assumptions
in case that the semigroup is positive; see also the discussion in the notes.
Theorem 6.3.2. Let (etA )t≥0 be a C0 -semigroup on a complex Banach lattice E,
assume that s(A) > −∞ and that the rescaled semigroup (et(A−s(A)) )t≥0 has weakly
pre-compact orbits (and is thus, in particular, bounded).
If (etA )t≥0 is individually asymptotically positive, then the peripheral point
spectrum σper,pnt (A) is cyclic.
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For the proof we need the following simple lemma:
Lemma 6.3.3. Let (etA )t≥0 be a bounded C0 -semigroup with s(A) = 0 on a complex
Banach lattice E. If (etA )t≥0 is individually asymptotically positive, then
dist(hx0 , etA xi, [0, ∞)) → 0 as t → ∞
for all x ∈ E+ and all x0 ∈ E+0 .
Proof. Let x ∈ E+ and x0 ∈ E+0 . We obtain
dist(hx0 , etA xi, [0, ∞)) ≤ inf |hx0 , etA xi − hx0 , zi|
z∈E+

≤ inf kx0 k ketA x − zk = kx0 k dist(etA x, E+ ) → ∞
z∈E+

as t → ∞, thus proving the assertion.
Proof of Theorem 6.3.2. We may assume that A has spectral bound 0 and that
its peripheral point spectrum σper,pnt (A) = σpnt (A) ∩ iR is non-empty. Our
proof is based on employing the Jacobs–deLeeuw–Glicksberg decomposition
of the semigroup (etA )t≥0 .
Let T := {etA | t ≥ 0} and let S denote the closure of T in L(E) with respect
to the weak operator topology. Since our semigroup has weakly pre-compact
orbits, it follows that S is compact with respect to the weak operator topology,
see [EN00, Lemma V.2.7]. Hence, S is a semitopological compact semigroup
with respect to operator multiplication. Now, let
\
K :=
TS
T ∈S

denote the so-called Sushkevich kernel of S. It is easy to see, but important for
us to note, that actually
\
\
\
w
w
w
K=
TT ⊆
TT =
{e(t+s)A | s ∈ [0, ∞)} ;
(6.2)
T ∈S

T ∈T

t∈[0,∞)

w

here, A denotes the closure of a set A ⊆ L(E) with respect to the weak
operator topology.
It is known that K is a compact group with respect to operator multiplication and the weak operator topology; moreover, it is an ideal in the semigroup
S. The identity element P of K is a projection in L(E); its range P E is invariant
with respect to the semigroup (etA )t≥0 (since P commutes with the semigroup),
and the restriction of the semigroup to P E extends to a C0 -group on P E; for
every t > 0, the operator (etA |P E )−1 can be written as Rt |P E for some Rt ∈ K.
Finally, it is also known that P E is the closed linear span of eigenvectors of
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A belonging to purely imaginary eigenvalues (or to the eigenvalue 0). In
particular, we have σper,pnt (A) = σper,pnt (A|P E ). All those results can be found
e.g. in [Kre85, Section 2.4] and in [EN00, Section V.2].
Let us now show that each operator K ∈ K is positive. Fix K ∈ K, let x ∈ E+ ,
0
x ∈ E+0 and ε > 0. According to Lemma 6.3.3 we have
dist(hx0 , etA xi, [0, ∞)) < ε
for all sufficiently large t, t ≥ t0 say. It follows from (6.2) that we can find a
net of times (tj ) ⊆ [0, ∞) such that e(t0 +tj )A converges to K with respect to the
weak operator topology. Hence,
dist(hx0 , Kxi, [0, ∞)) = lim dist(hx0 , e(t0 +tj )A xi, [0, ∞)) ≤ ε.
j

Since ε > 0 was arbitrary, we conclude that hx0 , Kxi ≥ 0, so K is indeed positive.
In particular, the projection P is positive, so it follows from Proposition C.5.5 that P E is itself a complex Banach lattice with respect to some
equivalent norm. Moreover, we have etA |P E = (etA P )|P E for each t ≥ 0, and
since etA P is contained in K, it follows that etA P , and thus etA |P E , is positive.
Finally, recall that for every t > 0 the inverse operator (etA |P E )−1 is given by
Rt |P E for some Rt ∈ K; hence, the inverse of etA |P E is positive to, so we conclude that the C0 -semigroup (etA |P E )t≥0 extends in fact to a C0 -group of lattice
homomorphism on the complex Banach lattice P E.
According to [AGG+ 86, Theorem C-III.4.2] this implies that the point
spectrum of its generator A|P E is cyclic and thus, so is the peripheral point
spectrum of A.

6.4

Notes & Open Problems

Eventually positive matrices In finite dimensions, the idea to consider
matrices for which some powers, or eventually all powers, are positive and
to prove Perron–Frobenius type results for those matrices is not particularly
new. For instance, in [Bra61] the reader can find results about matrices which
have a positive power; quite recently such matrices were again considered
in [TCDF15]. In [Sen81, pp. 48–54] matrices A are studied for which some
polynomial p(A) is positive. Moreover, several early papers related to eventual
positivity were motivated by inverse spectral problems as e.g. [Fri78] and
[ZT99].
Yet, during the last two decades, the literature concerned with eventually
positive matrices literally exploded; here we can give only some examples for
the countless references one can find: in [TRH01], [JT04], [Nou06], [ES08]
and [ES09] eventually positive matrices were employed in the study of Perron–
Frobenius type properties of matrices with some non-positive entries. Further
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structure result for eventually positive matrices can for instance be found
in [CNM02], [CNM04] and [HTW15]. The relation of eventual positivity
to matrix roots is studied in [MPT14] and an algorithm to test whether a
given matrix is eventually positive is described in [Hog09]. Relations between eventually positive matrices and sign patterns are, for example, studied in [BCD+ 09], [EHT09] and [CEH+ 12]. Eventually positive matrix semigroups rather than eventually positive matrices occur for instance in [NT08],
[OTvdD09], [EHT09, Theorem 2.9] and [Eri15]. We point out that those references are far from being complete; the interested reader can find many more
articles on these topics in the references of the articles quoted above.
Laplace representation of the resolvent In Proposition 6.2.1 we proved
that the resolvent of an individually eventually positive C0 -semigroup can be
represented as Laplace integral whenever Re λ > s(A). The proof presented
here is based on results about vector-valued Laplace transforms on ordered
Banach spaces. For positive semigroups an alternative proof of this result can
be found in [AGG+ 86, Theorem C-III.1.2].
Equality of the spectral and the growth bound The fact that the growth
bound and the spectral bound of positive semigroups coincide on certain
classes of Banach lattices was first observed on the three types of Banach
lattices which we considered in Theorem 6.2.6. On AL-spaces and on Hilbert
lattices the proofs presented for Theorem 6.2.6 are the same as for positive
semigroups, compare [AGG+ 86, Theorem C-IV.1.1(a)]. On AM-spaces several
proofs for the equality s(A) = ω0 (A) for positive semigroups are known: on
AM-spaces with unit, a proof can be found in [Der80, Satz 3.3]; on general
AM-spaces one can prove the result by a different method, see [AGG+ 86,
Theorem B-IV.1.4 and Theorem C-IV.1.1(a)]. The argument for individually
eventually positive semigroups given in Theorem 6.2.6 is different from those
two proofs and was suggested by Arendt. Yet, it leaves the following question
open:
Problem 6.4.1. Let (etA )t≥0 be an individually eventually positive C0 -semigroup on a complex Banach lattice E.
(a) Suppose that E = C0 (L; C) for some locally compact Hausdorff space L;
does it follow that s(A) = ω0 (A)?
(b) Suppose, more generally, that E is an AM-space; does it follows that
s(A) = ω0 (A)?
Another question, no less interesting, concernes the situation on Lp -spaces.
Let (Ω, µ) be σ -finite measure space, let 1 ≤ p < ∞ and let (etA )t≥0 be a positive
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C0 -semigroup on E := Lp (Ω, µ; C). It was proved by Weis in [Wei95] that this
already implies s(A) = ω0 (A). Some years later, Weis published a different
(and somewhat simpler) proof for the same result in [Wei98]. It seems to be
unclear whether the techniques used in [Wei95] and [Wei98] can be adapted
to the case of eventually positive semigroups; hence, the following question
arises:
Problem 6.4.2. Let p ∈ [1, ∞) and let (Ω, µ) be a measure space (assume it
to be σ -finite if necessary). If (etA )t≥0 is an individually eventually positive
C0 -semigroup on Lp (Ω, µ; C), does it follow that s(A) = ω0 (A)?
Cyclicity of the peripheral spectrum The cyclicity of the peripheral (point)
spectrum is an interesting and delicate topic in the theory of positive operators
and semigroups. Motivated by the classical theorem of Frobenius, such
symmetry properties of the spectrum were studied by many authors. Striking
results were achieved by Krieger [Kri69, Folgerung 2.2.1(b)] and Lotz [Lot68,
Theorems 4.7, 4.9 and 4.10] who proved independently that the peripheral
spectrum of a positive operator is cyclic in case that the operator is Abel
bounded (note, however, that the notion “cyclic” has to be defined differently
from the notion considered in this thesis if it is supposed to fit the single
operator case rather than the case of C0 -semigroups). Until today it is an
open problem whether to peripheral spectrum of every positive operator on
a Banach lattice is cyclic; we refer to [Glü16c] and [Glü16a] for an overview
of this topic as well as for some recent partial results. For the generator
of positive C0 -semigroups, cyclcitiy of the peripheral spectrum was proved
under similar assumptions as in the single operator case by Greiner [Gre81,
Theorem 2.4] after a partial result had been obtained by Derndinger [Der80,
Theorem 3.7]; compare also [AGG+ 86, Section C-III.2]. We point out again
that some sufficient conditions for the peripheral point spectrum of positive
semigroup to be cyclic can be found in [Gre82, Theorem 2.5] and [AGG+ 86,
Corollary C-III.4.3]. Note however that there exist examples of positive
semigroups for which the peripheral point spectrum is not cyclic (cf. [AGG+ 86,
Examples B-III.2.13 and C-III.4.4] and [Glü16c, Example 8.2]).
The question whether similar results hold for operators and semigroups
which are only eventually (or asymptotically) positive is not easy since the
classical proofs do not carry over to this case. Using somewhat different
techniques the author recently proved that a power bounded operator T with
spectral radius 1 has cyclic peripheral spectrum if it is uniformly asymptotically positive. A paper containing this result, along with several other
theorems, is in preparation; we chose not to include those results here since
we intend to focus on the theory of C0 -semigroups in this thesis. Yet, it seems
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that the proof of the above mentioned result cannot simply be adjusted to
work for C0 -semigroups. Therefore, the following question remains open:
Problem 6.4.3. Let (etA )t≥0 be a bounded C0 -semigroup on a complex Banach
lattice E with s(A) = 0 and assume that this semigroup (etA )t≥0 is uniformly
asymptotically positive. Does it follow that the peripheral spectrum of A is
cyclic?
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In this chapter we focus on asymptotic positivity and, in particular, on characterisations of this property. Actually, we do not only consider asymptotically
positive semigroups, but also what we are going to call asymptotically positive resolvents. We start our analysis in Section 7.1 by considering spectral
projections associated to isolated spectral values of linear operators; we give
sufficient conditions for such spectral projections to be positive in terms of the
associated eigenvectors and eigenfunctionals. In Section 7.2 we characterise
asymptotically positive behaviour of the resolvent R( · , A) of an operator A in
a right neighbourhood of an isolated spectral value λ0 in terms of positivity
properties of the spectral projection associated with λ0 . Finally, in Section 7.3,
we characterise asymptotic positivity of a C0 -semigroup (etA )t≥0 , under appropriate assumptions, via the positivity of the spectral projection associated
with the spectral bound s(A).
Hence, the question whether the spectral projection P associated with the
spectral bound s(A) of a semigroup generator A is positive relates the existence
of positive eigenvectors and eigenfunctionals to the asymptotic positivity of
the resolvent R( · , A) close to s(A) as well as to the asymptotic positivity of the
semigroup (etA )t≥0 .
Most results in this chapter have been published in [DGK16a]; see also
Proposition 2.3 in [DGK16b] which was the blueprint for Proposition 7.3.1
and Corollary 7.3.2 below.

7.1

Positive Projections and Spectral Projections

We will see later on that positive spectral projections play an important role
in our characterisations of asymptotically positive resolvents and semigroups
(see Theorems 7.2.2, 7.3.3 and 7.3.6). Hence, it will be useful to have a
sufficient criterion for a spectral projection to be positive. We begin with a
simple observation about the positivity of rank-1 projections in general:
Proposition 7.1.1. Let E be a complex Banach lattice and let P ∈ L(E) be a
projection. If P E is one-dimensional and P E and P 0 E 0 both contains positive,
non-zero elements, then P is positive.
Proof. The operator P is given by P f = hϕ0 , f if0 for some f0 ∈ P E \ {0}, some
ϕ0 ∈ P 0 E 0 \ {0} and all f ∈ E. Since P E is one-dimensional, so is P 0 E 0 (this
follows for example from Lemma 1.2.6). Hence, P E and P 0 E 0 are spanned by
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vectors f1 > 0 and ϕ1 > 0, respectively, and therefore we have f0 = αf1 and
ϕ0 = βϕ1 for two appropriate scalars α, β , 0.
This implies that P f = αβhϕ1 , f if1 for all f ∈ E. To conclude that P ≥ 0
it suffices to shows that αβ ≥ 0. We have f1 = P f1 = αβhϕ1 , f1 if1 , so 1 =
αβhϕ1 , f1 i. Since hϕ1 , f1 i ≥ 0, this shows that indeed αβ ≥ 0.
If P is a spectral projection associated to an isolated eigenvalue of an
operator A, which is the most important case for our purposes, then Proposition 7.1.1 takes the following form:
Corollary 7.1.2. Let E be a complex Banach lattice and let A : E ⊇ D(A) → E be a
densely defined linear operator. Let λ0 ∈ σ (A) be a first order pole of the resolvent
R( · , A). Assume that ker(λ0 − A) is one-dimensional and that ker(λ0 − A) and
ker(λ0 −A0 ) both contain a positive, non-zero element. Then the spectral projection
P associated to λ0 is positive.
Proof. Since λ0 is a first order pole of the resolvent R( · , A), the eigenspace
ker(λ0 −A) coincides with the range P E, see Proposition A.3.2(d). Hence, P E is
one-dimensional and contains a positive, non-zero vector. On the other hand,
P 0 is the spectral projection associated to the first order pole λ0 of R( · , A0 ), so
again by Proposition A.3.2(d) the range P 0 E 0 coincides with the eigenspace
ker(λ0 − A0 ); hence, P 0 E 0 contains a positive, non-zero vector. The assertion
thus follows from Proposition 7.1.1.
There exist good abstract criteria to ensure that a spectral value of an
operator A is isolated and even a pole of the resolvent. If, for example, A has
compact resolvent, then every spectral value of A is isolated and, moreover, a
pole of the resolvent. Yet, we do not know in general whether a given pole is
of order 1; in such cases, the following result can be useful.
Proposition 7.1.3. Let E be a complex Banach lattice, let A : E ⊇ D(A) → E be a
densely defined linear operator and let λ0 ∈ σ (A) be a pole of the resolvent R( · , A).
Assume that ker(λ0 − A) is one-dimensional, that ker(λ0 − A) and ker(λ0 − A)0
both contain a positive, non-zero element and that at least one of the following two
conditions is fulfilled:
(a) ker(λ0 − A) contains a quasi-interior point of E+ .
(b) ker(λ0 − A0 ) contains a strictly positive functional.
Then λ0 is a first order pole of R( · , A) and an algebraically simple eigenvalue of A;
moreover, the associated spectral projection P is positive.
Proof. We may assume that λ0 = 0. It suffices to show that 0 is a semi-simple
eigenvalue of A; then 0 is algebraically simple since it is geometrically simple
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by assumption and it is a first order pole of the resolvent according to Proposition A.3.2(d). Moreover, Proposition 7.1.1 then implies that P is positive.
To show that 0 is semi-simple, we only have to show that A has no generalised eigenvector of rank 2 for the eigenvalue 0, see Proposition A.2.3(b). So
assume for a contradiction that there exists an f ∈ ker(A2 ) \ ker A. Then we
have
hϕ, gi = 0

(7.1)

for all g ∈ ker A and all ϕ ∈ ker A0 . Indeed, if g and ϕ are such vectors, then
we have g = αAf for some scalar α since Af ∈ ker A \ {0} and since ker A is
one-dimensional. Hence, hϕ, gi = αhϕ, Af i = αhA0 ϕ, f i = 0, as claimed.
By assumption, condition (a) or (b) is fulfilled. If (a) holds, then we can find
a functional 0 < ϕ ∈ ker A0 and a vector 0 < g ∈ ker A which is a quasi-interior
point of E+ . We then have hϕ, gi > 0; however, this contradicts (7.1).
If, on the other hand, (b) holds, then we can find a vector 0 < g ∈ ker A
and a strictly positive functional ϕ ∈ ker A0 . Again we have hϕ, gi > 0, in
contradiction to (7.1).
The proof of the above proposition uses techniques which are quite standard in Perron–Frobenius theory. For related methods we refer, for example,
to [AGG+ 86, Remark B-III.2.15(a)] or to [Gro95, Theorem 4.12(ii)].

7.2

The Resolvent

Now we turn to the analysis of asymptotically positive resolvents. Note that
if λ0 ∈ R is a spectral value of an operator A and if (λ0 , λ0 + δ] is contained
1
in the resolvent set ρ(A), then the resolvent of A fulfils kR(λ, A)k ≥ λ−λ
for
0
λ > λ0 ; in particular, the resolvent explodes as λ approaches λ0 from above.
On the other hand, in many applications a so-called Abe-type growth condition
is fulfilled, by what we mean that lim supλ↓λ0 (λ − λ0 )kR(λ, A)k < ∞. Hence,
the number (λ − λ0 )kR(λ, A)k remains bounded, but it does not approach 0
as λ ↓ λ0 . In such a case, consider a vector f ≥ 0 and suppose for a moment
that the distance of (λ − λ0 )R(λ, A)f to the positive cone tends to 0 as λ ↓ λ0 .
This means that the distance of R(λ, A)f to the positive cone is, for λ close to
λ0 and positive f , small compared to the norm of R(λ, A); we might thus say
that the resolvent behaves asymptotically positive at 0. This is the motivation
for the subsequent definition.
On the other hand, we should note that the distance of R(λ, A)f to the
positive cone, while it is small compared to the operator norm kR(λ, A)k,
might not necessarily be small compared to the norm of the vector R(λ, A)f ;
this indicates that there are also other possibilities to define an “asymptotically
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positive resolvent”; see the notes at the end of this chapter for a more detailed
discussion.
Definition 7.2.1 (Asymptotically positive resolvent). Let E be a complex
Banach lattice and let A : E ⊇ D(A) → E be a linear operator. Let λ0 ∈ σ (A) ∩ R
such that we have (λ0 , λ0 + δ] ⊆ ρ(A) for some δ > 0 and assume that the
resolvent of A fulfils the growth condition
lim sup(λ − λ0 )kR(λ, A)k < ∞.
λ↓λ0

(i) The resolvent R( · , A) is called individually asymptotically positive at λ0 if
we have (λ − λ0 ) dist(R(λ, A)f , E+ ) → 0 as λ ↓ λ0 for every 0 ≤ f ∈ E.
(ii) The resolvent R( · , A) is called uniformly asymptotically positive at λ0 if
for every ε > 0 there exists a λ1 > λ0 such that (λ0 , λ1 ] ⊆ ρ(A) and such
that (λ−λ0 ) dist(R(λ, A)f , E+ ) ≤ εkf k for all 0 ≤ f ∈ E and all λ ∈ (λ0 , λ1 ].
We recall once again that some properties of the distance dist( · , E+ ) to the
positive cone are collected in Proposition B.1.7; we will use these properties
frequently (and tacitly) in the sequel.
Note that if λ0 ∈ σ (A) is a pole of the resolvent R( · , A), then the growth
condition lim supλ↓λ0 (λ − λ0 )kR(λ, A)k < ∞ is fulfilled if and only if the pole
order of R( · , A) at λ0 equals 1.
We should point out that one can also introduce a slightly stronger notion
of asymptotic positivity for resolvent, which is called asymptotic positivity of
bounded type in [DGK16a, Definition 7.3]. Yet, this notion does not lead to
particularly different concepts, and it does not require new methods to be
handled in proofs. Therefore, we will not discuss this notion in detail, here.
When dealing with semigroups in the next section, as well as in the
applications in Chapter 8, we will see that case λ0 = s(A) is particularly
important in Definition 7.2.1 (and in this case, the assumption (λ0 , λ0 + δ] ⊆
ρ(A) is automatically fulfilled). However, the general theory presented here
works for other choices of λ0 , too.
Our main result in this section is the following characterisation of asymptotically positive resolvents.
Theorem 7.2.2. Let E be a complex Banach lattice, let A : E ⊇ D(A) → E be a
linear operator and let λ0 ∈ σ (A) ∩ R be a first order pole of the resolvent R( · , A).
Then the following assertions are equivalent:
(i) The spectral projection P associated with λ0 is positive.
(ii) The resolvent R( · , A) is individually asymptotically positive at λ0 .
(iii) The resolvent R( · , A) is uniformly asymptotically positive at λ0 .
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Proof. We may assume that λ0 = 0.
“(i) ⇒ (iii)” Assume that P is positive and let ε > 0. Since 0 is an isolated
spectral value of A, we can find a number λ2 > 0 such that the interval (0, λ2 ]
is contained in ρ(A). Let F := (I −P )E. Since 0 is not a spectral value of
A|F , the restriction of R( · , A) to F is uniformly bounded on (0, λ2 ]. Thus,
M := supλ∈(0,λ2 ] kR( · , A)(I −P )k < ∞.
ε
Now, let ε > 0 and choose λ1 ∈ (0, λ2 ] such that λ1 ≤ M
. Since 0 is a
first order pole of the resolvent we have P E = ker A. Hence we obtain for all
λ ∈ (0, λ1 ] and all f ∈ E+
λ dist(R(λ, A)f , E+ ) ≤ λ dist(R(λ, A)P f , E)+λkR(λ, A)(I −P )f k
≤ dist(P f , E+ ) + λMkf k ≤ εkf k.
Thus, R( · , A) is indeed uniformly asymptotically positive at λ0 = 0.
“(iii) ⇒ (ii)” This implication is obvious.
“(ii)” ⇒ (i)” Assume that the resolvent R( · , A) is individually asymptotically positive at λ0 = 0 and let f ∈ E+ . Since 0 is a first order pole of the
resolvent, we have limλ↓0 λR(λ, A) = P with respect the operator norm. Hence,
dist(P f , E+ ) = lim λ dist(R(λ, A)f , E+ ) = 0.
λ↓0

This shows that P f ≥ 0, so P is indeed positive.
Finally, we consider the special case where the underlying Banach lattice
is an L2 -space or, using a more abstract language, a Hilbert lattice. On such
spaces we obtain a particularly simple sufficient condition for asymptotic
positivity of the resolvent:
Theorem 7.2.3. Let H be a complex Hilbert lattice, let A be a densely-defined,
self-adjoint operator and let λ0 ∈ R be an isolated spectral value of A. Moreover,
assume that ker(λ0 −A) is one-dimensional and contains a non-zero positive vector.
Then λ0 is a first order pole of the resolvent R( · , A) and the resolvent is
uniformly asymptotically positive at λ0 .
Proof. We may assume that λ0 = 0. As A is self-adjoint and 0 is an isolated
spectral value of A, it follows that 0 is in fact a first order pole of the resolvent
R( · , A). Since the Hilbert space adjoint A∗ = A of A has a positive non-zero
eigenvector for the eigenvalue λ0 , we conclude from Corollary C.6.4 that the
Banach space adjoint A0 of A has also a positive non-zero eigenvector for the
eigenvalue λ0 . Hence, Corollary 7.1.2 implies that the spectral projection P
associated to the spectral value 0 is positive. According to Theorem 7.2.2 this
implies that R( · , A) is uniformly asymptotically positive at λ0 = 0.
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7.3

The Semigroup

In this section we are going to prove, under appropriate assumptions, characterisations of individually and uniformly asymptotically positive semigroups.
As a preparation, we need the following simple observation about complex
numbers of modulus one:
Proposition 7.3.1. Let λ1 , ..., λm ∈ C have modulus 1. Then there exists a sequence
k
k
of integers 0 ≤ kn → ∞ such that λ1n , ..., λmn → 1 as n → ∞.
Proof. Let T ⊆ C denote the complex unit circle and consider the element
λ := (λ1 , ..., λm ) of the compact topological group Tm . The mapping ϕ : Tm →
Tm , µ 7→ λ · µ is a so-called group rotation on Tm (see [EFHN15, Example 2.9]).
Hence, it follows from topological dynamics that each point in Tm is recurrent
for ϕ (see [Fur81, Theorem 1.2] or [EFHN15, Proposition 3.12(d)]) and hence
even infinitely recurrent [EFHN15, Exercise 6 in Chapter 3]. In particular, the
point 1 := (1, ..., 1) ∈ Tm is infinitely recurrent, meaning that there exists a
sequence of integers 0 ≤ kn → ∞ such that λkn = ϕ kn (1) → 1. This proves the
assertion.
Proposition 7.3.1 yields the following result about C0 -semigroups and
about powers of single operators.
Corollary 7.3.2. Let E be a complex Banach space, let T ∈ L(E) be a power
bounded operator with spectral radius r(T ) = 1 and let (etA )t≥0 be a bounded
C0 -semigroup on E such that s(A) = 0.
(a) Suppose that σ (T ) ∩ T consists of poles of the resolvent R( · , T ) and let Pper
denote the spectral projection associated with σ (T ) ∩ T. Then there exists a
sequence of integers 0 ≤ kn → ∞ such that T kn f → f for each f ∈ Pper E.
(b) Suppose that σper (A) = σ (A) ∩ iR is non-empty, finite and consists of poles
of the resolvent R( · , A); let Pper denote the corresponding spectral projection.
Then there exists a sequence of times 0 ≤ tn → ∞ such that etn A f → f for all
f ∈ Pper E.
Proof. (a) It follows from the assumptions that σ (T ) ∩ T is non-empty, finite
and isolated from the rest of the spectrum. In particular, the spectral projection Pper corresponding to σ (T ) ∩ T is defined. Since every λ ∈ σ (A) ∩ T is a
pole of the resolvent R( · , T ) and since T is power bounded, it follows from
Propositions A.2.4(a) and A.3.2(d) that each such λ is in fact a simple pole of
the resolvent. Thus, the range of the spectral projection corresponding to λ
coincides with the eigenspace ker(λ − T ).
Let σ (T )∩T = {λ1 , ..., λm }; then it follows that Pper E = ⊕m
j=1 ker(λj −T ). Now
choose a sequence of positive integers 0 ≤ kn → ∞ as in Proposition 7.3.1.
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Every f ∈ Pper E can be decomposed as f = f1 + ... + fm , where fj ∈ ker(λj − T )
for each j ∈ {1, ..., m}. We thus obtain
T kn f =

m
X

k

n→∞

λj n fj →

j=1

m
X

fj = f .

j=1

This proves (a).
(b) Let σper (A) = {iβ1 , ..., iβm }, where β1 , ..., βm ∈ R. It follows from Propositions A.2.4(b) and A.3.2(d) that each iβj is a first order pole of the resolvent
R( · , A) and thus, the range of the spectral projection corresponding to iβj
coincides with the eigenspace ker(iβj − A). Hence, Pper E = ⊕m
j=1 ker(iβj − A).
Let λj = eiβj for each j ∈ {1, ..., m} and choose a sequence 0 ≤ tn := kn → ∞
as in Proposition 7.3.1. Every f ∈ Pper E can be decomposed as f = f1 + ... + fm
where fj ∈ ker(iβj − A) for each j ∈ {1, ..., m}. Hence we obtain
e

tn A

f =

m
X
j=1

n→∞
t
λjn fj →

m
X

fj = f .

j=1

This proves (b).
Assertion (b) of the above corollary will be very useful in the proof of
the next theorem. Assertion (a) will be used in the analysis of the finitedimensional case, cf. the proof of Theorem 8.1.3.
We recall that asymptotically positive semigroups were defined in Definition 6.1.3. We are now ready to prove a characterisation of such semigroups.
Our first theorem deals with individual asymptotic positivity; afterwards we
discuss the assumptions of the theorem by means of several examples before
we prove a similar result about uniform asymptotic positivity. While we have
seen in Theorem 7.2.2 above that those notions coincide for resolvents, we
will demonstrate in Example 7.3.5 that it is actually necessary to distinguish
between the individual and the uniform behaviour for semigroups.
Theorem 7.3.3. Let (etA )t≥0 be a C0 -semigroup on a complex Banach lattice E,
suppose that s(A) > −∞ and that the rescaled semigroup (et(A−s(A)) )t≥0 is bounded.
Assume moreover that σper (A) is non-empty, finite and consists of poles of the
resolvent. Then the following assertions are equivalent:
(i) s(A) is a dominant spectral value of A and the associated spectral projection
P is positive.
(ii) The semigroup (etA )t≥0 is individually asymptotically positive.
(iii) The rescaled semigroup (et(A−s(A)) )t≥0 converges strongly to a positive operator as t → ∞.
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Proof. We may assume throughout the proof that s(A) = 0.
“(i) ⇒ (iii)” Since 0 is a dominant spectral value of A, it follows that the
restriction of A to the space (I −P )E has no spectral values on the imaginary
axis. As (etA )t≥0 is bounded, it follows from [vN96, Corollary 5.2.6] that
(etA )t→0 converges strongly to 0 on (I −P )E. On the other hand we have P E =
ker A since 0 is a first order pole of R( · , A) according to Propositions A.2.4(b)
and A.3.2(d). Hence, P E consists of fixed vectors of the semigroup and we
thus obtain for each f ∈ E+
etA f = P f + etA (I −P )f → P f
as t → ∞. This shows that the semigroup converges strongly to the positive
operator P as t → ∞.
“(iii) ⇒ (ii)” Assume that etA converges strongly to an operator Q ≥ 0 as
t → ∞. For every f ∈ E+ we then obtain
dist(etA f , E+ ) ≤ dist(Qf ) + ketA f − Qf k = ketA f − Qf k → 0
as t → ∞. This proves that (etA )t≥0 is individually asymptotically positive.
“(ii) ⇒ (i)” Assume that (etA )t≥0 is individually asymptotically positive and
let Pper denote the spectral projection associated to the peripheral spectrum
σper (A). According to Corollary 7.3.2(b) we can find a sequence of times
0 ≤ tn → ∞ such that etn A f → f for all f ∈ Pper E. For every t ≥ 0 and every
f ∈ E+ we conclude that
dist(etA Pper f , E+ ) = lim dist(e(t+tn )A Pper f )
n→∞

≤ lim dist(e(t+tn )A f ) + lim ke(t+tn )A (I −Pper )f k = 0;
n→∞

n→∞

here we used that (etA )t≥0 converges strongly to 0 on (I −Pper )E, a fact which
follows from [vN96, Corollary 5.2.6]. Hence, etA Pper ≥ 0 for all t ≥ 0. Using
t = 0, we see that this in particular implies Pper ≥ 0. Hence it follows from
Proposition C.5.5 that, with respect to an equivalent norm, the range Pper E
is itself a complex Banach lattice with positive cone (Pper E)+ := E+ ∩ Pper E =
Pper E+ . For each f ∈ (Pper E)+ we have etA f = etA Pper f ≥ 0 for every time t ≥ 0.
Thus, the restricted semigroup (etA |Pper E )t≥0 is positive on the complex Banach
lattice Pper E.
Note that σ (A|Pper E ) = σper (A), and since the latter set is non-empty by assumption, we conclude that s(A|Pper E ) = s(A) = 0; thus, σper (A|Pper E ) = σ (A|Pper E ) =
σper (A). It follows from Perron–Frobenius theory that the spectral bound
of A|Pper E is contained in its spectrum [AGG+ 86, Corollary C-III.1.4] and,
since the semigroup (etA |Pper E )t≥0 is bounded, that the peripheral spectrum
of A|Pper E is cyclic [AGG+ 86, Theorem C-III.2.10]. Since the peripheral spectrum of A|Pper E is also bounded, we conclude that it consists of 0 only. This
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proves that s(A) = 0 is a dominant spectral value of 0. In particular, we have
P = Pper ≥ 0.
It is natural to ask whether the technical assumptions in Theorem 7.3.3
are really needed. Let us demonstrate by two counterexamples that some of
them cannot be dropped:
Examples 7.3.4. (a) In Theorem 7.3.3 the assumption that σper (A) be nonempty cannot be dropped.
Indeed, let B ∈ R2×2 be a matrix with spectrum σ (B) = {−i, i} and set
An := nB − n1 for each n ∈ N. Endow C2 with the Euclidean norm, set
E := ` 2 (N; C2 ) and let A : E ⊇ D(A) → E be the matrix multiplication
operator with symbol (An ), meaning that
D(A) = {(xn ) ∈ E| (Axn ) ∈ E},

A(xn ) = (An xn ).

Then σ (A) = {±ni − n1 | n ∈ N}, so the spectral bound of A equals 0 and the
peripheral spectrum of A is empty.
It is easily seen that A generates a bounded C0 -semigroup on E which
converges strongly to 0.
Hence, (etA )t≥0 is individually asymptotically positive for trivial reasons.
Yet, the conclusion of Theorem 7.3.3 that s(A) is a dominant spectral
value does not hold since s(A) is not a spectral value of A at all.
(b) The assumption that σper (A) consist of poles of the resolvent cannot be
dropped in Theorem 7.3.3.
To construct a counterexample we proceed similarly as in (a). This
time, let B ∈ R3×3 be such that for each t ≥ 0 the operator etB is the
rotation of angle t about the line in the direction (1, 1, 1) ∈ R3 . Let P
denote the spectral projection for the eigenvalue 0 of B. Then I −P is
the projection along the span of (1, 1, 1) onto its orthogonal complement.
We set An := B − n1 (I −P ) for each n ∈ N.
Endow C3 with the euclidean norm and set E = ` 2 (N; C3 ). Let A : E ⊇
D(A) → E be the multiplication operator with symbol (An ). Then A generates a bounded C0 -semigroup (etA )t≥0 which is individually asymptotically positive. The spectrum of A is given by
σ (A) = {0, ±i} ∪

[
n∈N

1
{±i − },
n

so s(A) = 0 is an isolated point in the spectrum and it can readily be
checked to be even a first order pole of the resolvent. However, the
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spectral values i and −i are not isolated in the spectrum; in particular,
they cannot be poles of the resolvent. Hence the only assumption of
Theorem 7.3.3 which fails is that the peripheral spectrum of A consist
of poles of the resolvent. Yet, despite the semigroup being individually
asymptotically positive, assertion (i) from Theorem 7.3.3 does not hold
since s(A) is not a dominant spectral value.
One might wonder whether, under the assumptions of Theorem 7.3.3,
individual asymptotic positivity of the semigroup does already imply uniform
asymptotic positivity. Our answer to this question is twofold: first we show in
the following Example 7.3.5 that the answer is “no”, in general. Afterwards,
in Theorem 7.3.6, we show that the answer is “yes” under an additional
assumption on the semigroup.
Example 7.3.5. There are semigroups, fulfilling the assumptions of Theorem 7.3.3, which are individually asymptotically positive but not uniformly
asymptotically positive.
The counterexample we are going to construct is rather similar to the
semigroup in Example 7.3.4(b). Let B ∈ R3×3 be such that for each t ∈ R
the operator etB is the rotation of angle t about the line in the direction
(1, 1, 1) ∈ R3 . Let P denote the spectral projection for the eigenvalue 0 of
B. Thus, I −P is the projection along the span of (1, 1, 1) onto its orthogonal
complement. We now set An := nB − n1 (I −P ) for each n ∈ N.
Endow C3 with the Euclidean norm, let E := ` 2 (N; C3 ) and denote by
A : E ⊇ D(A) → E the matrix multiplication operator with symbol (An ). Then
it can be readily checked that A generates a bounded C0 -semigroup (etA )t≥0
which is individually, but not uniformly asymptotically positive. Moreover,
the spectrum of A is given by
1
σ (A) = {0} ∪ {±ni − | n ∈ N};
n
hence, s(A) = 0 is a dominant spectral value of A and one can easily see that
it is also a first order pole of the resolvent R( · , A). Thus, all assumptions
of Theorem 7.3.3 are fulfilled and we conclude that individual asymptotic
positivity of the semigroup does imply uniform asymptotic positivity under
the assumptions of Theorem 7.3.3.
Yet, it is worthwhile recalling that the situation is somewhat different
for resolvents. Since, according to Theorem 7.3.3, the spectral projection of
A associated to 0 is positive, we can conclude from Theorem 7.2.2 that the
resolvent R( · , A) is not only individually, but even uniformly asymptotically
positive at s(A) = 0.
To obtain a characterisation for uniformly asymptotically positive semigroups, we have to make an additional assumption on the long time behaviour
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of the semigroup; this additional assumption is automatically fulfilled if the
semigroup is sufficiently regular, see Remark 7.3.7 below. Our characterisation of uniform asymptotic positivity reads as follows:
Theorem 7.3.6. Let (etA )t≥0 be a C0 -semigroup on a complex Banach lattice E,
suppose that s(A) > −∞ and that the rescaled semigroup (et(A−s(A)) )t≥0 is bounded.
Assume moreover that σper (A) is non-empty, finite and consists of poles of the
resolvent and let Pper be the spectral projection associated with σper (A). If the
restriction of the rescaled semigroup (et(A−s(A)) )t≥0 to (I −Pper )E converges to 0 with
respect to the operator norm as t → ∞, then the following assertions are equivalent:
(i) s(A) is a dominant spectral value of A and the associated spectral projection
P is positive.
(ii) The semigroup (etA )t≥0 is individually asymptotically positive.
(iii) The semigroup (etA )t≥0 is uniformly asymptotically positive.
(iv) The rescaled semigroup (et(A−s(A)) )t≥0 converges with respect to the operator
norm to a positive operator as t → ∞.
Proof. We may assume that s(A) = 0.
“(i) ⇒ (iv)” Suppose that 0 is a dominant spectral value of A and that
P ≥ 0. Then we have Pper = P . Moreover, since the semigroup (etA )t≥0 is
bounded, 0 is a simple pole of the resolvent and hence the range of P coincides
with the kernel of A. Thus, etA P = P for all t ≥ 0. By assumption, etA (I −P )
converges to 0 with respect to the operator norm as t → ∞, so we conclude
that etA = P + etA (I −P ) converges to the positive operator P with respect to the
operator norm as t → ∞.
“(iv) ⇒ (iii)” Assume that etA converges to an operator Q ≥ 0 with respect
to the operator norm as t → ∞ and let ε > 0. For all sufficiently large times
t, t ≥ t0 say, we then have ketA − Qk ≤ ε. Thus, we obtain for all t ≥ t0 and all
f ∈ E+ the estimate
dist(etA f , E+ ) ≤ dist(Qf , E+ ) + ketA f − Qf k ≤ ketA − Qk kf k ≤ εkf k.
This shows that (etA )t≥0 is uniformly asymptotically positive, as claimed.
“(iii) ⇒ (ii)” and “(ii) ⇒ (i)” The first of these implications is obvious and
the second has already been proved in Theorem 7.3.3.
In case that the semigroup (etA )t≥0 is eventually norm continuous some
of the assumptions of Theorem 7.3.6 are automatically fulfilled or easier to
check. Let us sum this up in the following remark:
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Remark 7.3.7. Let (etA )t≥0 be an eventually norm continuous C0 -semigroup
on a complex Banach space E and assume that s(A) > −∞. Then the following
assertions hold:
(a) The peripheral spectrum σper (A) is non-empty and compact.
(b) If σper (A) consists of pole of the resolvent, then it is finite. If Pper denotes the corresponding spectral projection, then the restriction of the
rescaled semigroup (et(A−s(A)) )t≥0 to the space (I −Pper )E converges to 0
with respect to the operator norm.
(c) If σper (A) consists of poles of the resovlent, then the rescaled semigroup
(et(A−s(A)) )t≥0 is bounded if and only if all these pole are of order 1.
Proof. We may assume that s(A) = 0.
(a) For eventually norm continuous semigroups the set {λ ∈ σ (A)| Re λ ≥ s}
is compact for every s ∈ R, see [EN00, Theorem II.4.18]. This easily implies
the assertion.
(b) Since σper (A) is compact and consists of isolated points, it must be
finite. Since set {λ ∈ σ (A)| Re λ ≥ s} is compact for every s ∈ R, the spectral
bound of the restriction of A to (I −Pper )E is strictly negative. As the semigroup
(etA |(I −Pper )E )t≥0 is eventually norm continuous, we conclude that its growth
bound is strictly negative, too [EN00, Corollary IV.3.11]. This proves the
assertion.
(c) If (etA )t≥0 is bounded, then all poles of the resolvent on iR are of order
one according to Propositions A.2.4(b) and A.3.2(d).
On the other hand, we conclude from (b) that the peripheral spectrum
σper (A) is finite and that the semigroup (etA )t≥0 operator norm converges to 0
on the space (I −Pper )E. In particular, (etA )t≥0 is bounded on (I −Pper )E. Now,
if σper (A) = {iβ1 , ..., iβm } consists of first order poles of the resolvent, then we
tA
have Pper E = ⊕m
j=1 ker(iβj −A) and hence, (e )t≥0 is also bounded on Pper E.
We close the section with a result on the special case of self-adjoint semigroups on L2 -spaces. For this specal case, we obtain the following sufficient condition for uniform asymptotic positivity as a consequence of Theorem 7.3.6:
Theorem 7.3.8. Let H be a complex Hilbert lattice and let A be a densely-defined,
self-adjoint operator such that s(A) is not ∞ and an isolated point of the spectrum
σ (A). Moreover, assume that ker(s(A) − A) is one-dimensional and contains a
non-zero positive vector.
Then the rescaled semigroup (et(A−s(A)) )t≥0 is bounded and the semigroup
(etA )t≥0 is uniformly asymptotically positive.
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Proof. First note that A generates a C0 -semigroup since s(A) < ∞ and since A
is self-adjoint; for the same reason, the semigroup (et(A−s(A)) )t≥0 is bounded.
Since s(A) is an isolated spectral value, and again since A is self-adjoint, we
conclude that s(A) is even a first order pole of the resolvent.
Since the Hilbert space adjoint A∗ = A of A contains a non-zero positive
eigenvector for the eigenvalue s(A), it follows from Corollary C.6.4 that the
Banach space adjoint A0 of A has also a non-zero positive eigenvector for the
eigenvalue s(A). Hence, the spectral projection P corresponding to s(A) is
positive according to Corollary 7.1.2. Since the semigroup (etA )t≥0 is analytic, it fulfils the assumptions of Theorem 7.3.6 according to Remark 7.3.7.
Theorem 7.3.6 thus implies that the semigroup is uniformly asymptotically
positive.

7.4

Notes & Open Problems

On the definition of asymptotic positivity When trying to find an appropriate definition of the notion asymptotic positivity, the following question
arises immediately: the positivity property we are interested in should occur
“asymptotically” compared to what? Our definition of an individually asymptotically positive semigroup is based on the idea that, for a positive initial
value f , the distance dist(etA f , E+ ) becomes, for large time, small compared
to the operator norm ketA k. However, this raises the following question:
Problem 7.4.1. It can happen that for some f ≥ 0 the vector etA f tends
to 0 as t → ∞, while the operator norm ketA k does not. So, is our definition of asymptotic positivity appropriate, or should we rather call a C0 semigroup individually asymptotically positive if, for every f > 0, the quotient
dist(etA f , E+ )/ketA f k tends to 0 as t → ∞?
A similar question arises, of course, for the definition of individually
asymptotically positive resolvents. The Theorems 7.2.2 and 7.3.3 suggest that
our definition of asymptotic positivity is the right one if we seek to prove
characterisations for positive spectral projections. Yet, it is possible that the
alternative definition suggested above yields an interesting theory, too.
Let us also pose a second question which is loosely related to the first one:
Problem 7.4.2. Let (etA )t≥0 be a C0 -semigroup on a complex Banach lattice E
with s(A) > −∞. How should asymptotic positivity of (etA )t≥0 be defined if the
rescaled semigroup (etA )t≥0 is not bounded?
This question can be considered on several levels of generality: if, for instance, ω0 (A) = s(A), then it follows that ketA k can grow only sub-exponentially
faster then es(A) . For general semigroups it may, however, happen that even
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ω0 (A) > s(A), which means that the rescaled semigroup (et(A−s(A)) )t≥0 grows
even exponentially fast. In both cases it does not seem to be clear what would
be an appropriate notion of asymptotic positivity.
More general characterisation theorems All our characterisation results
for asymptotically positive resolvents and semigroups impose rather strong
conditions on the peripheral spectrum of the semigroup generator; namely, it
has to be finite and it has to consist of poles of the resolvent. This raises the
following question:
Problem 7.4.3. How can asymptotic positivity of a semigroup (etA )t≥0 be
characterised if σper (A) is infinite or even unbounded?
Asymptotically positive operators While we dealt with characterisations
of asymptotically positive C0 -semigroups in this chapter, on cane also consider single operators with asymptotically positive powers. In this context
it is interesting to note that, if A : E ⊇ D(A) → E is a linear operator on a
complex Banach lattice E, asymptotic positivity of the resolvent R( · , A) at the
spectral bound s(A) can, under appropriate assumptions, be characterised
by asymptotic positivity of the powers of R(λ, A) for any fixed λ ∈ (s(A), ∞);
see [DGK16b, Theorem 7.6] for details.
Topological dynamics and the Jacobs-de-Leeuw-Glicksberg decomposition
We briefly note that Corollary 7.3.2, whose proof relies on arguments from
topological dynamics, is related to the famous Jacobs-de-Leeuw-Glicksberg decomposition of a semigroup (see e.g. [EN00, Section V.2], [Kre85, Section 2.4]
and [EFHN15, Section 16.3] for details about this decomposition). Since,
however, a thorough discussion of this relation would lead to far away from
the main thrust of the thesis, we leave the details to the interested reader.
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Applications of Asymptotic
Positivity
While eventual positivity of certain differential operators has been studied for
several years in the literature, it seems that asymptotic positivity has played
a less prominent role. Nevertheless, we shall see in the present chapter that
this phenomenon also occurs in many concrete applications. We are going
to demonstrate the applicability of our results from Chapter 7 by presenting
a large variety of examples for asymptotically positive behaviour. We begin
in Section 8.1 where we show that interesting results for finite-dimensional
matrix semigroups can be derived with the help of our general theory. In Section 8.2 we consider the semigroup generated by the Dirichlet-to-Neumann
operator on the boundary of a smooth domain Ω ⊆ Rd and give sufficient
conditions for this semigroup to be asymptotically positive in terms of the
eigenfunctions corresponding to the spectral bound. In Section 8.3 we consider the bi-Laplace operator on domains close to the unit ball and prove that
its resolvent behaves asymptotically positive at its spectral bound; we are not
going to consider the semigroup generated by the bi-Laplace operator here,
since for the semigroup much stronger results will be available in Chapter 11
after we have presented a general theory for what we are going to call eventually strongly positive semigroups. In Section 8.4 we consider delay differential
equations and prove that they generate asymptotically positive semigroups
under rather general assumptions. A network flow with non-positive mass
transition in the vertices of the network is considered in Section 8.5. Again, we
will see that the corresponding semigroup behaves asymptotically positive. In
the final Section 8.6 we consider a diffusion process on an interval under the
influence of non-autonomous boundary conditions. We indicate how such a
model can actually be treated by semigroup methods and we prove asymptotic
positivity of the corresponding semigroup under appropriate assumptions.
Some of our examples, namely the finite-dimensional case, the Dirichlet-toNeumann operator, the bi-Laplace operator and delay differential equations,
will be revisited in Chapter 11 below; there we will see that under some
additional assumptions we can even prove much stronger forms of eventually
positive behaviour.
The results presented in Sections 8.2, 8.3 and 8.5, as well as many of the
results from Section 8.1, have been published in [DGK16a, Section 9]. An exception is Proposition 8.1.7 which is contained in [DGK16b, Proposition 6.2];
further exceptions are Theorem 8.1.3 and Corollary 8.1.4 which have not
been stated explicitly in [DGK16a, Section 9], though large parts of their
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proofs are implicitly contained in the proof of [DGK16a, Theorem 9.1]. A
special case of the results presented in Section 8.4 (namely the one discussed
in Example 8.4.3(a)) has also been published in [DGK16a, Section 9]. The
other, more general results from Section 8.4, as well as the results discussed
in Section 8.6, have not been published or submitted for publication, yet.

8.1

The Finite-Dimensional Case

Let us begin by applying our general theory from Chapter 7 to the special
case of finite-dimensional Banach lattices. On such Banach lattices, the phenomenon of eventual positivity has been observed and studied for a bit longer
in the literature than the infinite-dimensional case; see the notes at the end of
Chapter 6 for more details and some historical remarks.
We point out that our definition, as well as our characterisations, of asymptotically positive semigroups do not assume the semigroup generator A to be
real. Hence, our results below are also a contribution to the Perron–Frobenius
theory of matrices with some complex entries which was, from various perspectives, also studied in [Rum03], [NV12] and [TCDF15].
Recall that a finite-dimensional real Banach lattice is always Banach lattice
isomorph to Rd , endowed with its standard cone and some lattice norm
[Sch74, Corollary 1 to Theorem II.3.9]; hence, a finite-dimensional complex
Banach lattice is always isomorphic to Cd . This is why we restrict ourselves
to considerations on Cd throughout this section. Moreover, we identify each
operator A ∈ L(Cd ) with its representation matrix with respect to the canonical
basis. Similar to the definition E+ := (ER )+ for general complex Banach lattices
E, we use the convention Cd+ := Rd+ .
Let A ∈ Cd . It is well-known that the semigroup (etA )t≥0 is positive if
and only if A is real and all off-diagonal entries of A are ≥ 0, i.e. there exists
of good description of positivity of the semigroup in terms of the generator
A. Similarly, it is known that certain eventual positivity properties of the
semigroup (etA )t≥0 can be described by what one might call eventual positivity
properties of the powers (A + c I)n (for some appropriate choice c ∈ R); see
e.g. [NT08, Theorem 3.3] and also Section 11.1 below. It is thus natural
to expect that we can obtain a characterisation for asymptotic positivity
of (etA )t≥0 in terms of the powers of (a shift of) A. To this end, we define
asymptotic positivity for powers of single matrices, first:
Definition 8.1.1 (Asymptotically positive matrices). Suppose that T ∈ Cd×d
T
has positive spectral radius r(T ) > 0 and that r(T
is power-bounded.
)
(i) The matrix T is called individually asymptotically positive if we have
T n
dist(( r(T
) f , Cd+ ) → 0 as n → ∞ for every 0 ≤ f ∈ Cd .
)
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(ii) The matrix T is called uniformly asymptotically positive if for every ε > 0
T n
there exists n0 ≥ 0 such that we have dist(( r(T
) f , Cd+ ) ≤ εkf k for all
)
n ≥ n0 and every 0 ≤ f ∈ Cd .
Of course, eventual positivity can also be defined and studied for powers
of single operators on infinite-dimensional Banach lattices; see the notes at
the end of Chapter 7 for more details.
Since the underlying space is finite-dimensional in this section, it turns out
that individual and uniform asymptotic positivity of operators are the same
(this is also true for C0 -semigroups: see the discussion after the following
proposition):
Proposition 8.1.2. Suppose that T ∈ Cd×d has positive spectral radius and that
T
is power-bounded. Then T is individually asymptotically positive if and only
r(T )
if T is uniformly asymptotically positive.
Proof. “⇐” This implication is obvious.
“⇒” We may assume that r(T ) = 1 and that Cd is endowed with the k · k1 norm. Assume that T is individually asymptotically positive and let ε > 0. If
e1 , ..., ed ∈ Cd denote the canonical unit vectors, then we have
dist(T n ej , Cd+ ) ≤ ε
for all j ∈ {1, ..., d} and all sufficiently large n ∈ N, n ≥ n0 say. Thus we obtain
for each n ≥ n0 and each f ∈ Cd+
dist(T n f , Cd+ ) ≤

d
X
j=1

fj dist(ej , Cd+ ) ≤

d
X

fj ε = εkf k1 .

j=1

Hence, T is indeed uniformly asymptotically positive.
According to the above proposition it is justified to simply speak of asymptotically positive matrices instead of individually or uniformly asymptotically
positive matrices. Similarly, if A ∈ Cd×d is a matrix such that the semigroup
(et(A−s(A)) )t≥0 is bounded, then it follows from Theorem 7.3.6 that the semigroup (etA )t≥0 is individually asymptotically positive if and only if it is uniformly asymptotically positive. Therefore we may simply speak of asymptotically positive semigroups in finite dimensions.
Before we give our characterisation of asymptotically positive matrix semigroup, we prove a characterisation and several properties of asymptotically
positive matrices:
Theorem 8.1.3. Suppose that T ∈ Cd×d has positive spectral radius and that
is power-bounded. Then the following assertions are equivalent:

T
r(T )
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(i) The matrix T is asymptotically positive.
(ii) If Pper denotes the spectral projection associated to {λ ∈ σ (T )| |λ| = r(T )},
then T Pper is positive.
If the equivalent conditions (i) and (ii) are fulfilled, then Pper is positive, too;
moreover, r(T ) ∈ σ (T ) and the spectral projection P associated to r(T ) is also
positive.
Proof. We may assume that r(T ) = 1.
“(i) ⇒ (ii)” Assume that T is asymptotically positive. According to Corollary 7.3.2(b) we can find a sequence of integers 0 ≤ kn → ∞ such that T kn f → f
for each f ∈ Pper Cd . Thus we obtain for every k ∈ N0 and every f ∈ Cd+
dist(T k Pper f , E+ ) = lim dist(T k+kn Pper f , E+ )
n→∞

≤ lim dist(T k+kn f , E+ ) + lim kT k+kn (IE −Pper )f k = 0.
n→∞

n→∞

T k Pper

Thus,
≥ 0 for each k ∈ N0 . In particular we obtain Pper ≥ 0 and T Pper ≥
0.
“(ii) ⇒ (i)” Assume that T Pper ≥ 0; then we have T n Pper = (T Pper )n ≥ 0 for
each n ∈ N.
Let ε > 0. We clearly have T n (I −Pper ) → 0 as n → ∞, so we obtain
n
kT (I −Pper )k ≤ ε for all sufficiently large n, n ≥ n0 say. We thus obtain for
every n ≥ n0 and every f ∈ Cd+
dist(T n f , E+ ) ≤ dist(T n Pper f , E+ ) + kT n (I −Pper )f k ≤ εkf k.
Hence, T is asymptotically positive.
Now assume that the equivalent assertions (i) and (ii) are fulfilled. We
have already seen in the proof of the implication “(i) ⇒ (ii)” that Pper is then
positive. Moreover, this implies that the range Pper Cd of Pper is also a complex
Banach lattice with respect to an equivalent norm and with positive cone
(Pper Cd )+ := Cd+ ∩ Pper Cd = Pper Cd+ ; see Proposition C.5.5. Since T Pper ≥ 0, it
follows that the restriction T |Pper is a positive operator on the complex Banach
lattice Pper Cd . Hence, the spectral radius of T |Pper is contained in its spectrum.
On the other hand we have r(T |Pper ) = r(T ) = 1 and σ (T |Pper ) ⊆ σ (T ). This shows
that 1 = r(T ) ∈ σ (T ), as claimed.
It remains to show that the spectral projection P associated to the spectral
value r(T ) = 1 is positive. Note that 1 is a first order pole of the resolvent
R( · , T ) since T is power bounded; see Propositions A.2.4(a) and A.3.2(d).
Hence, we have P = limλ↓1 (λ − 1)R(λ, T ). Let f ∈ Cd+ . Using the Neumann
series representation of the resolvent we obtain for λ > 1
dist((λ − 1)R(λ, T )f , Cd+ ) ≤ (λ − 1)

∞
X
dist(T n f , Cd )

+ λ↓1

n=0

116

λn+1

→ 0;

8.1. The Finite-Dimensional Case
P
1
n
d
here we used that (λ−1) ∞
n=0 λn+1 = 1 for each λ > 1 and that dist(T f , C+ ) → 0
as n → ∞. Hence, dist(P f , Cd+ ) = 0, proving that P is positive.
As a consequence of Theorem 8.1.3 we obtain the following result:
Corollary 8.1.4. Let T ∈ Cd×d be a matrix with spectral radius r(T ) > 0. Assume
that r(T ) is a first order pole of the resolvent R( · , T ), let P denote the corresponding
spectral projection and assume that |λ| < r(T ) for all other spectral values λ ∈
σ (T ) \ {r(T )}.
T
Then r(T
is power bounded. Moreover, T is asymptotically positive if and only
)
if P ≥ 0.
Proof. We may assume that r(T ) = 1.
The powers of T clearly converge to 0 on (I −P )Cd . On the other hand, the
range P Cd coincides with the fixed space of T since r(T ) is a first order pole of
the resolvent. Hence, the powers of T are bounded on P Cd . This shows that T
is power bounded.
Note that P is the spectral projection associated to σ (T ) ∩ T since the latter
set consists only of {r(T )}. Hence, it follows from Theorem 8.1.3 that T is
asymptotically positive if and only if T P ≥ 0. Since, however, the range of
P consists of fixed points of T , we have T P = P . This proves the asserted
equivalence.
Now we can finally give a characterisation of asymptotically positive
matrix semigroups, our main result in this section:
Theorem 8.1.5. For every matrix A ∈ Cd×d the following assertions are equivalent:
(i) The rescaled semigroup (et(A−s(A)) )t≥0 is bounded and the semigroup (etA )t≥0
is asymptotically positive.
(ii) There is a number c > 0 such that A + c has strictly positive spectral radius,
A+c
is power-bounded and A + c is asymptotically positive.
r(A+c)
(iii) For all sufficiently large numbers c > 0 the matrix A + c has strictly positive
A+c
spectral radius, r(A+c)
is power-bounded and A + c is asymptotically positive.
Proof. “(i) ⇒ (iii)” Assume that the rescaled semigroup is bounded and that
(etA )t≥0 is asymptotically positive. Then s(A) is a dominant spectral value
of A and the corresponding spectral projection P is positive according to
Theorem 7.3.3. Let D denote the closed unit disk and T the unit circle in C.
If we choose c > 0 sufficiently large, then the closed disk (s(A) + c)D contains
the set σ (A) + c and the circle (s(A) + c)T intersects σ (A) + c only in s(A) + c > 0.
Hence s(A + c) = s(A) + c equals the spectral radius r(A + c) of A + c and every
other spectral value of A + c has modulus strictly smaller than s(A + c).
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Since the rescaled semigroup (et(A−s(A)) )t≥0 is bounded, s(A) is a first order
pole of the resolvent R( · , A). Hence, r(A + c) = s(A + c) is a first order pole of
the resolvent R( · , A + c); the corresponding spectral projection is also given by
A+c
P ≥ 0. Thus, according to Corollary 8.1.4, r(A+c)
is power bounded and A + c is
asymptotically positive.
“(iii) ⇒ (ii)” This implication is obvious.
A+c
“(ii) ⇒ (i)” If r(A+c)
is power bounded and A + c is asymptotically positive,
then, according to Theorem 8.1.3, the spectral radius r(A+c) is a spectral value
of A + c and the corresponding spectral projection P is positive. It follows
from r(A + c) ∈ σ (A + c) that the spectral bound s(A + c) equals r(A + c) and is a
dominant spectral value of A + c. Hence, s(A) is a dominant spectral value of
A and the corresponding spectral projection is also given by P ≥ 0.
Note that r(A + c) = s(A + c) is a first order pole of the resolvent R( · , A +
A+c
c) since r(A+c)
is power bounded; this follows from Propositions A.2.4(a)
and A.3.2(d). Thus, s(A) is a first order pole of R( · , A) and hence, the rescaled
semigroup (et(A−s(A)) )t≥0 is bounded according to Remark 7.3.7(c). Theorem 7.3.6 therefore implies that the semigroup (etA )t≥0 is asymptotically
positive.
Let us finally take a closer look at the two-dimensional case. In this case we
can show that an asymptotically positive semigroup is automatically positive,
at least if the generator is real:
Proposition 8.1.6. Let A ∈ R2×2 and suppose that (et(A−s(A)) )t≥0 is bounded. If
the semigroup (etA )t≥0 is asymptotically positive, then it is positive.
Proof. We distinguish two cases. In the first cast, A has only one eigenvalue
λ ∈ C. Since A is real, it then follows that λ ∈ R and thus λ = s(A). Moreover,
the eigenvalue λ is semi-simple since (et(A−s(A)) )t≥0 is bounded by assumption.
Hence, A = λ I and it follows that (etA )t≥0 = (etλ I)t≥0 is positive.
In the second case, A has two different eigenvalues λ1 , λ2 . According
to Theorem 7.3.3 we have s(A) ∈ σ (A), so λ2 = s(A), say; moreover, the corresponding spectral projection P is positive, again according to Theorem 7.3.3.
Since A is real, it follows that λ1 is real, too and hence, λ1 < λ2 . For every
t ≥ 0 we thus obtain
etA = etλ2 P + etλ1 (I −P ) = (etλ2 − etλ1 )P + etλ1 I ≥ 0.
This proves the assertion.
Note that the conclusion of the above proposition does not in general
hold if the matrix A
! is allowed to have complex entries. For instance, the
0
0
matrix A =
, which we have already briefly considered in Section 6.1,
0 i −1
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has spectral bound 0 and generates a bounded and asymptotically positive
semigroup (etA )t≥0 ; yet, this semigroup is not positive.
Finally, we briefly consider eventually positive semigroups: since, in finite
dimensions, a C0 -semigroup is individually eventually positive if and only if
it is uniformly eventually positive, we shall call such semigroups simply eventually positive. Suppose that (etA )t≥0 is an eventually positive semigroup on C2
with real generator A. If we assume that the rescaled semigroup (et(A−s(A)) )t≥0
is bounded, then the semigroup (etA )t≥0 is obviously asymptotically positive
and hence Proposition 8.1.6 implies that the semigroup is actually positive.
If, however, the rescaled semigroup (et(A−s(A)) )t≥0 is not bounded, then the
notion is asymptotic positivity is not even well-defined for our semigroup, so
we cannot apply Proposition 8.1.6. Yet, as similar result as in this proposition
holds; this is our final result in this section.
Proposition 8.1.7. Let A ∈ R2×2 . If the semigroup (etA )t≥0 is eventually positive,
then it is even positive.
Proof. We may assume that s(A) = 0 and, according to Theorem 6.2.5, we
then have s(A) = 0 ∈ σ (A). If the eigenvalue 0 of A is semi-simple, then
the semigroup (etA )t≥0 is bounded and hence asymptotically positive; the
assertion thus follows from Proposition 8.1.6. If, on the other hand, the
eigenvalue 0 of A is not semi-simple, then A2 = 0. Hence, 0 ≤ etA = I +tA for
sufficiently large t ≥ 0. This shows that A ≥ 0 and thus the semigroup (etA )t≥0
is positive in this case, too.

8.2

The Dirichlet-to-Neumann Operator in High
Dimensions

In this Section we consider the semigroup generated by the so-called Dirichletto-Neumann operator on the boundary of a bounded domain Ω in Rd . In
the case where d = 2 and Ω is the uni disk, an analysis of eventual positivity
properties for this semigroup was performed in [Dan14]; this was one of the
motivations to develop the general theory presented in Part III of this thesis.
In this section we deal with the asymptotic positivity of the semigroup
and consider domains in arbitrary dimensions; in the case d = 2, eventual
positivity of the semigroup is studied in Section 11.2.
Let ∅ , Ω ⊆ Rd be a bounded domain; for simplicity, we assume that Ω
has C ∞ -boundary. Let ∆D : L2 (Ω; C) ⊇ D(∆D ) → L2 (Ω; C) denote the Dirichlet
Laplacian and fix a number λ ∈ R \ σ (∆D ). For any given boundary data
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g ∈ L2 (∂Ω; C) we solve, whenever possible, the equation



∆f = λf in Ω,


f = g
on ∂Ω
∂
for a function f ∈ H 1 (Ω; C); then we map f to its normal derivative ∂ν
f on
2
∂Ω, in case that this normal derivative exists and is contained in L (∂Ω; C).
∂
f yields a linear operator Dλ : L2 (∂Ω; C) ⊇ D(Dλ ) →
The mapping g 7→ ∂ν
L2 (∂Ω; C) which is called the Dirichlet-to-Neumann operator. For a precise definition of this operator we refer to [AM12] or [AtEKS14]. The operator − Dλ is
densely defined, self-adjoint, has finite spectral bound and compact resolvent;
in particular, it generates a C0 -semigroup on L2 (∂Ω; C). In [Dan14, Section 4]
the special case of the Dirichlet-to-Neumann operator on a two-dimensional
disk was analysed and it was shown that, for some parameters λ, the semigroup generated by − Dλ exhibits eventually positive behaviour. Using our
theory developed in Section 7.3 we can now give a sufficient criterion for the
Dirichlet-to-Neumann semigroup to be asymptotically positive:

Theorem 8.2.1. Let ∅ , Ω ⊆ Rd be a bounded domain with C ∞ -boundary and let
λ ∈ R \ σ (∆D ). Consider the Robin problem



in Ω,
∆f = λf
(∗) 

 ∂ f = s(− Dλ )f on ∂Ω.
∂ν
for f ∈ H 1 (Ω; C).
(a) If the Robin problem (∗) has a solution which is unique up to scalars and
which has non-zero positive trace on ∂Ω, then the semigroup (e−t Dλ )t≥0 is
uniformly asymptotically positive.
(b) If the semigroup (e−t Dλ )t≥0 is individually (equivalently: uniformly) asymptotically positive, then the Robin problem (∗) has at least one solution with
non-zero positive trace on ∂Ω.
Proof. (a) First note that each eigenvector of − Dλ for the eigenvalue s(− Dλ )
is the trace of a solution of the Robin problem (∗). Hence, if this
 solution is unique up to scalars, then the eigenspace ker s(− Dλ ) + Dλ is onedimensional. Thus, assertion (a) follows from Theorem 7.3.8.
(b) It follows from Theorem 7.3.6 and Remark 7.3.7 that the semigroup
−t
(e Dλ )tge0 is individually asymptotically positive if and only if it is uniformly
asymptotically positive. Moreover, the range of the spectral projection associated with s(− Dλ ) consists of eigenvalues, so assertion (b) is a consequence of
Theorem 7.3.3(i).
Much more about the Dirichlet-to-Neumann operator can be said in two
dimensions, i.e. if Ω ⊆ R2 ; for this we refer to Section 11.2 below.
120

8.3. The bi-Laplace Operator with Dirichlet Boundary Conditions

8.3

The bi-Laplace Operator with Dirichlet Boundary
Conditions

Eventual positivity properties of the resolvent as well as the semigroup associated to the bi-Laplace operator with Dirichlet-Boundary conditions have
been studied quite extensively for the last two decades; see e.g. [GS96], [GS97]
and [FGG08]. For more information, we also refer to the notes at the end of
this chapter, to Section 11.4 below and to the notes at the end of Chapter 11.
Let ∅ , Ω ⊆ Rd be a bounded domain with C ∞ -boundary. Let p ∈ (1, ∞).
We consider the bi-Laplace operator Ap : Lp (Ω; C) ⊇ D(Ap ) → Lp (Ω; C) which
is given by
2,p

D(Ap ) = W 4,p (Ω; C) ∩ W0 (Ω; C),
Ap f = −∆2 f .

(8.1)

As pointed out above, eventual positivity properties of the resolvent of this
operator have been the topic of many research papers, see the notes for some
details. We will discuss eventually positive behaviour for the resolvent of Ap ,
as well as for the semigroup generated by Ap , in Section 11.4. In the current
section we focus on asymptotic positivity.
Let us first sum up a few properties of the operator Ap .
Proposition 8.3.1. Let ∅ , Ω ⊆ Rd be a bounded domain with C ∞ -boundary and
let p ∈ (1, ∞). The operator Ap is a closed, densely defined linear operator on
Lp (Ω; C); it has compact resolvent and generates an analytic C0 -semigroup on
Lp (Ω; C). If p = 2, then the operator Ap = A2 is self-adjoint.
Moreover, the (point) spectrum σ (Ap ) = σpnt (Ap ) and the eigenspaces of Ap are
independent of p and the resolvent operators are consistent on the Lp -scale.
Proof. Obviously, Ap is densely defined. It follows from [GGS10, Corollary 2.21] that 0 ∈ ρ(Ap ); in particular, Ap is closed and, since D(Ap ) embeds
compactly into Lp (Ω; C), Ap has compact resolvent. It is proved in [Tan97, Theorem 5.6 on p. 189] that Ap generates an analytic semigroup on Lp (Ω; C). The
operator A2 is clearly symmetric and, as it generates an analytic C0 -semigroup,
it is self-adjoint.
Now, let 1 < p1 < p2 < ∞. For each λ ∈ C we have ker(λ−Ap2 ) ⊆ ker(λ−Ap1 )
as D(Ap2 ) ⊆ D(Ap1 ). If, on the other hand, v is contained in ker(λ − Ap1 ),
then [GGS10, Corollary 2.21] together with a bootstrapping argument shows
that v ∈ C ∞ (Ω; C) and hence, v ∈ ker(λ − Ap2 ). This shows that the point
spectrum of Ap does not depend on p, and neither do the corresponding
eigenspaces. Since each operator Ap has compact resolvent, its spectrum
consists of eigenvalues, so we also conclude that σ (Ap ) is p-independent.
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Finally, assume that 1 < p1 < p2 < ∞ and let λ ∈ ρ(Ap1 ) = ρ(Ap2 ). For each
f ∈ Lp2 (Ω; C), the function w = R(λ, Ap2 )f is contained in D(Ap2 ) ⊆ D(Ap1 ) and
we have (λ − Ap1 )w = (λ − Ap2 )w = f . This shows that R(λ, Ap1 ) and R(λ, Ap2 )
coincide on Lp2 (Ω; C).
The following result on the first eigenfunction of Ap is due to Grunau and
Sweers [GS98, Theorem 5.2].
Theorem 8.3.2. Let ∅ , Ω ⊆ Rd be a bounded domain and let p ∈ (1, ∞). Let u be
the quasi-interior point of Lp (Ω; C)+ given by u(ω) = dist(ω, ∂Ω)2 for all ω ∈ Ω.
If Ω is sufficiently close to the unit ball in Rd in the sense of [GS98, Theorem 5.2], (where m = 2), then ker(s(Ap ) − Ap ) is spanned by a function v u 0.
Combining this theorem with Proposition 9.1.1 below we obtain the following result about the spectral bound of Ap and the associated spectral
projection:
Corollary 8.3.3. Let p ∈ (1, ∞) and let ∅ , Ω ⊆ Rd be a bounded domain with
C ∞ -boundary such that the conclusion of Theorem 8.3.2 holds. Then s(Ap ) is a
dominant spectral value of Ap and a first order pole of the resolvent R( · , Ap ); the
corresponding spectral projection P satisfies P u 0.
Proof. As σ (Ap ) = σ (A2 ) and A2 is self-adjoint, it follows that s(Ap ) is a dominant spectral value. Since Ap has compact resolvent, we also know that
s(Ap ) is a pole of R( · , Ap ). By assumption, ker(s(Ap ) − Ap ) is one-dimensional
and contains a function v u 0. Since the eigenspaces of Ap do not depend
on p, it follows that we also have v ∈ ker(s(Ap ) − A2 ). Using that A2 is selfadjoint, we obtain v ∈ ker(s(Ap ) − A∗2 ) and, as v is real, it follows from the
discussion before Corollary C.6.4 that v ∈ ker(s(Ap ) − A02 ). Moreover, it follows
from [GGS10, Corollary 2.21] together with a bootstrapping argument that
v ∈ C ∞ (Ω; C). Hence, v ∈ ker(s(Ap ) − A0p ).
Proposition 9.1.1 below now implies that P u 0 and that s(Ap ) is a first
order pole of the resolvent R( · , Ap ).
The assertion of the above corollary is stronger than needed in this section;
we chose to prove the stronger version above because we will need this version
in Section 11.4. For the current section we only need that s(Ap ) is a dominant
spectral value and a first order pole of the resolvent and that P ≥ 0. This
weaker assertion follows from Theorem 8.3.2 and Proposition 7.1.3 without
employing Proposition 9.1.1
Combining Corollary 8.3.3 with Theorem 7.2.2, we now immediately
obtain the following result on asymptotic positivity of the resolvent R( · , Ap ):
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Proposition 8.3.4. Let ∅ , Ω ⊆ Rd be a bounded domain with C ∞ -boundary and
let p ∈ (1, ∞). Let u be as in Theorem 8.3.2.
If Ω as such that the conclusion of Theorem 8.3.2 holds, then the resolvent
R( · , Ap ) is uniformly asymptotically positive at s(Ap ).
Of course, we could also prove a similar result for the semigroup (etAp )t≥0 ;
however, we do not state this explicitly here as we are going to prove of much
stronger result for the semigroup in Section 11.4. In the same section we will
also prove a stronger result for the resolvent in case that p > n2 .

8.4

Delay Differential Equations

Delay differential equations have already been considered in Chapter 3. Here
we show that, under quite general assumptions, asymptotic positivity occurs
for the semigroup associated with such equations. Since our theory of asymptotic positivity was developed on complex Banach lattices we always consider
the case of complex scalars now.
Let us briefly recall the most important facts about delay differential
equations in one dimension: we consider the time evolution of a complex
value y(t) ∈ C whose change rate is given by
ẏ(t) = hΦ, y(t + ·)i,
where Φ ∈ C([−r, 0]; C)0 and where r > 0 is a fixed number. This equation is
closely related to the abstract Cauchy problem f˙ = Af on the Banach space
E = C([−r, 0]; C), where A is given by
D(A) = {f ∈ C 1 ([−r, 0]; C) : f 0 (0) = hΦ, f i},
Af = f 0 .

(8.2)

This operator generates a C0 -semigroup (etA )t≥0 on E whose orbits describe in
some sense the solutions of the delay differential equation considered above,
see [EN00, Section VI.6(a)].
If Φ maps constant functions to 0, then 0 ∈ σ (A), and in this case we
can prove the following theorem about asymptotic positivity of the resolvent
R( · , A) at 0. In order to state the theorem, let us agree on the following
terminology: if S1 , S2 are two subsets of the real numbers, then we say that
S1 is located on the left of S2 if s1 ≤ s2 for all s1 ∈ S1 and all s2 ∈ S2 . Moreover,
recall that the support of a positive Borel measure µ on a topological space X
is defined to be the set
{x ∈ X : µ(U ) > 0 for every open neighbourhood U of x}.
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It is easy to see that this set is always closed. If K is a compact Hausdorff space
and ϕ ∈ C(K; C)0 is a positive functional, then we define the support of ϕ to be
the support of the positive regular Borel measure associated to ϕ.
Theorem 8.4.1. Let E = C([−r, 0]; C) for some r > 0, let Φ ∈ E 0 be real and let A
be the operator on E defined in (8.2). Suppose that hΦ, 1[−r,0] i = 0 and assume that
the support of Φ + is located on the left of the support of Φ − . Then the following
assertions hold:
(a) A has compact resolvent and 0 is an eigenvalue of A with eigenvector 1 :=
1[−r,0] .
(b) The eigenvalue 0 is algebraically simple; in particular, it is a first order pole
of R( · , A).
(c) The resolvent R( · , A) is uniformly asymptotically positive at 0.
Proof. (a) Since hΦ, 1i = 0, the function 1 is an eigenvector of A for the eigenvalue 0. Moreover, the embedding D(A) ,→ E is compact by the Arzelà–Ascoli
theorem and, as A has non-empty resolvent set, it follows that A has compact
resolvent. In particular, all spectral values of A are poles of the resolvent
R( · , A).
(b) Clearly, the eigenvalue 0 is geometrically simple. Hence, it suffices
to show that it is a first order pole of the resolvent R( · , A). For each λ ∈ C,
let eλ ∈ E be given by eλ (s) := eλs for every s ∈ [−r, 0]. Moreover, for each
R0
λ ∈ C, define Hλ ∈ L(E) by (Hλ f )(s) := s eλ(s−τ) f (τ) dτ for all f ∈ E and all
s ∈ [−r, 0]. According to [EN00, Proposition VI.6.7], the spectrum of A is given
by σ (A) = {λ ∈ C| λ = hΦ, eλ i} and the resolvent of A is given by
R(λ, A)f =

f (0) + hΦ, Hλ f i
eλ + Hλ f
λ − hΦ, eλ i

for each λ ∈ ρ(A) and each f ∈ E. It suffices to show that lim supλ↓0 λkR(λ, A)k <
∞, so let λ > 0. Note that we have kΦ + k = kΦ − k since hΦ, 1i = 0. Using
that the support of Φ + is located on the left of the support of Φ − and that
eλ is increasing, we conclude that hΦ, eλ i ≤ 0. Hence, (0, ∞) ⊆ ρ(A) and
1
1
1
| λ−hΦ,e
i | = λ−hΦ,e i ≤ λ for each λ > 0. We thus obtain for each such λ
λ

λ

kR(λ, A)k ≤

1 + kΦk kHλ k
1 + kΦk
keλ k∞ + kHλ k ≤
+ 1;
λ − hΦ, eλ i
λ

here we used that the operator Hλ ∈ L(E) has norm kHλ k ≤ 1 whenever λ > 0.
This proves that lim supλ↓0 λkR(λ, A)k ≤ 1 + kΦk < ∞, so 0 is indeed a first
order pole of the resolvent R( · , A).
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(c) For every λ > 0 and every f ∈ E+ we have −hΦ, eλ i ≥ 0, f (0) ≥ 0 and
Hλ f ≥ 0. Hence,
λ dist(R(λ, A), E+ ) ≤

λ
dist(hΦ, Hλ f ieλ , E+ ) ≤ hΦ, Hλ f i− .
λ − hΦ, eλ i

It is easy to see that Hλ f converges to H0 f with respect to k · k∞ as λ ↓ 0, so
hΦ, Hλ f i− → hΦ, H0 f i− as λ ↓ 0. However, the function H0 f is decreasing, so
the properties of Φ imply that hΦ, H0 f i ≥ 0. Thus, hΦ, Hλ f i− → 0 as λ ↓ 0, so
we have proved that R( · , A) is indeed asymptotically positive at 0.
If we want the semigroup (etA )t≥0 , and not only the resolvent, to be asymptotically positive, we need a criterion which implies that the 0 is the spectral
bound of A and, moreover, a dominant spectral value; such a criterion, together with information about asymptotic positivity of the semigroup, is given
in the following theorem.
Theorem 8.4.2. Assume that the assumptions of Theorem 8.4.1 are fulfilled. Then,
in addition to the assertions (a)–(c) from Theorem 8.4.1, the following properties
hold:
π
(a) If r ≤ 2kΦk
, then the spectral bound s(A) equals 0 and is a dominant spectral
value of A.

(b) If the spectral bound s(A) equals 0 and is a dominant spectral value, then
the semigroup (etA )t≥0 is uniformly asymptotically positive.
(c) The semigroup (etA )t≥0 is not positive, unless the support of Φ − equals {0}.
Proof. (a) We know from Theorem 8.4.1 that 0 is a spectral value. If Φ = 0 (in
π
which case we interpret the number 2kΦk
as ∞), a short computation shows
that 0 is the only eigenvalue, and thus the only spectral value of A. Hence, we
assume for the rest of the proof that Φ , 0.
Let λ = α + iβ ∈ C be a spectral value of A (where α, β ∈ R) and assume
that α ≥ 0; we have to show that λ = 0. Since A is real, all spectral values of A
occur in complex conjugate pairs, so we may also assume that β ≥ 0.
Since λ is a spectral value, we have λ = hΦ, eλ· i; see e.g. [EN00, Proposition VI.6.7]. Splitting this equation into its real and imaginary part, we
obtain
α = hΦ, eα· cos(β·)i,

(8.3)

β = hΦ, eα· sin(β·)i.

(8.4)

Since α ≥ 0, equation (8.4) yields that β ≤ h|Φ|, 1i = kΦk. It thus follows from
π
the assumption that r ≤ 2β
. This shows that the function cos(β·) has no zeros
on the interval (−r, 0]; in particular, cos(βx) ≥ 0 for all x ∈ [−r, 0].
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Now, assume for a contradiction that λ , 0. This implies that the function
eα· cos(β·), which is ≥ 0 on [−r, 0], is also strictly increasing on this interval.
Indeed, if β = 0, then α > 0, so the claim is true. If, on the other hand, β , 0,
then eα· is non-decreasing and cos(β·) is strictly increasing on [−r, 0] (since it
has not zeros on (−r, 0]); hence, in this case the claim holds, too.
Yet, our assumption on Φ now implies that hΦ, eα· cos(β·)i < 0, and equations (8.3) thus shows that α < 0. This is a contradiction, so λ = 0.
(b) Assume that s(A) equals 0 and is a dominant spectral value of A. Since
0 is a first order pole of the resolvent according to Theorem 8.4.1(b) and since
the semigroup (etA )t≥0 is eventually compact, it follows that the semigroup is
bounded (in fact, it is even convergent with respect to the operator norm, see
Proposition 3.1.1).
It follows from Theorems 8.4.1 and 7.2.2 that the spectral projection P
associated with the first order pole s(A) = 0 is positive. Hence we conclude
from Remark 7.3.7 and Theorem 7.3.6 that the semigroup (etA )t≥0 is uniformly
asymptotically positive.
(c) This follows from [AGG+ 86, Example B-II.1.22]; actually, the result is
only proved for the case r = 1 in this reference, but it is, of course, also true
for arbitrary r ∈ (0, ∞).
One might ask whether, under the conditions of Theorem 8.4.1, the spectral bound of A is always equals to 0 and even a dominant spectral value.
We will see in the subsequent example that this is not true, in general. On
the other hand, we will also see that it can sometimes happen that s(A) is
π
equal to 0 and a dominant spectral value even if the estimate r ≤ 2kΦk
from
Theorem 8.4.2(a) is not fulfilled.
Example 8.4.3. Let r > 1, c > 0 and E = C([−r, 0]; C), let Φ ∈ E 0 be given by
hΦ, f i = cf (−r) − cf (−r + 1) for all f ∈ E and let the operator A on E be defined
by (8.2). Then all assumptions of Theorem 8.4.1 are fulfilled. Moreover, the
following assertions hold:
(a) Let r = 2 and c = 1. Then the estimate r ≤

π
2kΦk

is not fulfilled.

Nevertheless, the spectral bound of A equals 0 and is a dominant spectral
value.
(b) The numbers r > 1 and c > 0 can be chosen such that 1 + i ∈ σ (A); hence,
we have s(A) > 0 in this case.
Proof. Obviously, the assumptions of Theorem 8.4.1 are fulfilled.
π
(a) Let r = 2 and c = 1. Then we have kΦk = 2 and thus, 2kΦk
= π4 < 1 < r.
Note that 0 is a spectral value of A according to Theorem 8.4.1(a). To show
that s(A) equals 0 and is a dominant spectral value, let λ = α + iβ ∈ C be a
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spectral value of A with α ∈ [0, ∞) and β ∈ R; we have to show that λ = 0.
Since A is real, all spectral values of A occur in complex conjugate pairs, so
we may assume that β ≥ 0. Since λ ∈ σ (A), we have λ = hΦ, eλ· i = e−2λ − e−λ
(this follows from [EN00, Proposition VI.6.7]). Splitting the equation for λ
into real and imaginary part, we obtain
α = e−2α cos(2β) − e−α cos(β)

(8.5)

β = −e−2α sin(2β) + e−α sin(β).

(8.6)

We first show that β = 0, and to do so we use the following observation:
(∗) Let δ > 0 with 2δ ∈ [π, 32 π] and suppose that we know for some reason that
β ∈ [0, δ]. Then we also have β ∈ [0, 1 − sin(2δ)].
Indeed, if 2δ ∈ [π, 23 π] and β ≤ δ, then sin(2β) ≥ sin(2δ) since the sine function
is positive on [0, π] and negative and decreasing on [π, 32 π]. Hence, (8.6)
implies that
β ≤ −e−2α sin(2δ) + e−α sin(β) ≤ − sin(2δ) + 1,
where we used that − sin(2δ) ≥ 0 and e−2α ≤ 1. Thus, (∗) holds.
Now we argue as follows: it is immediate from (8.6) that β ≤ 2. If we
set δ = 2, then 2δ ∈ [π, 23 π]. Thus, we may apply (∗) to obtain β ≤ 1 − sin(4).
Now define δ = 1 − sin(4); again, we have 2δ ∈ [π, 32 π], so (∗) now yields


β ≤ 1 − sin 2(1 − sin 4) . The latter number is smaller then π2 , so we have
sin(2β) ≥ 0 and sin(β) ≥ 0. Hence, equation (8.6) now yields β ≤ sin β. Thus
β = 0, as claimed.
Now we can show that we have α = 0, too. Indeed, equation (8.5) yields
α = e−2α − e−α ≤ 0, so α = 0. This proves λ = 0, so the spectral bound s(A) is
indeed equal to 0 and a dominant spectral value.
(b) Let λ = 1 + i and let θ ∈ [0, 2π) be the
argument of the complex number
√ r
2e
7
λ
1 − e . We define r = θ + 4 π > 1 and c = |1−eλ | > 0. Let us show that we have
λ ∈ σ (A) for these choices of r and c.
According to [EN00, Proposition VI.6.7] we have to prove that the characteristic equation λ = hΦ, eλ· i is fulfilled. Since
√

λ·

hΦ, e i = ce

−λr

λ

(1 − e ) =

2er −(1+i)r
e
|1 − eλ |eiθ
|1 − eλ |
√
√
7
= 2e−ir eiθ = 2e−i 4 π = λ,

this is indeed fulfilled.
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8.5

Network Flows with Non-Positive Mass Transition

Transport equations on networks have been intensively studied by means of
semigroup methods during the last decade; we refer, for instance, to [KS05],
[DKS09] and [DKFNR10] for some contributions to the theory.
In all the models considered in the literature, it seems to be a natural
assumption that the mass which flows through the network is distributed with
positive weights in the vertices of the network, so the associated semigroup
becomes positive. In this section we demonstrate by means of a concrete
example that, if we allow some of the weights in the vertices to be negative,
asymptotic positivity can occur.
It is certainly justified to ask whether such model as particularly relevant
for applications; in fact, already the above use of the word “mass” suggests
that positivity of the transition weights, and thus of the semigroup, is a very
natural assumption for such a model. Yet, we consider our example with nonpositive mass transition as some kind of “toy example” in order to study how
asymptotic positivity can occur instead of positivity if one changes certain
assumptions in a known model.
Let us consider a directed graph G consisting of two vertices v−1 and v0
and three edges e1 , e2 , e3 , where e1 points from v−1 to v0 , where e2 is a loop
from v0 to v0 and where e3 is another loop from v0 to v0 . We assume that e1
and e2 both have length 1 while the third edge e3 has a number L > 0 as its
length. The graph G is shown in Figure 8.1.
e3

e2
v0
e1
v−1

Figure 8.1: The graph G.
The edges e1 and e2 are modelled as the real interval [0, 1] where 0 is
supposed to be the starting point and 1 is supposed to be the end point
of the edge. Similarly, the edge e3 is modelled as the interval [0, L], where
again 0 is the starting point and L is the end point. Assume that an initial
mass distribution f on the graph G is given; f is modelled as an element
f = (f1 , f2 , f3 ) of the space E = L1 ([0, 1]; C) ⊕ L1 ([0, 1]; C) ⊕ L1 ([0, L]; C), where fk
describes the mass distribution on the k-th edge. Here, the space E is endowed
with the norm k(f1 , f2 , f3 )k = kf1 k1 + kf2 k1 + kf3 k1 .
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We want to model a transport process on the graph G which moves the
mass distribution f according to the following laws:
- On each edge, the mass is shifted with velocity 1 from the starting point
of the edge to its end point.
- When some mass from e1 arrives at v0 , then two thirds of this mass are
diverted to e3 . The remaining third of the mass is diverted to e2 , but
with a flipped sign.
- When some mass from e2 arrives at v0 , then half of it is diverted to e3
and half of it re-enters e2 at its starting point. Similarly, half of the mass
arriving at v0 from e3 is diverted to e2 , the other mass re-enters e3 at its
starting point.
- No mass enters the system at the starting point of e1 , i.e. at v−1 .
Note that the mass diversion in the vertex v0 is subject to a slightly finer
condition than is usually considered in the literature: there, it is assumed in
most cases that the mass arriving at a vertex is summed up, and then diverted
to the outgoing edges according to some prescribed weight. In our model, we
assume that how the mass is diverted depends on the edge it arrives from.
The transport process specified above can be described by the abstract
Cauchy problem



u̇(t) = Au(t)


u(0) = f
on the space E, where the operator A is given by
D(A) = {(f1 , f2 , f3 ) ∈ W 1,1 ((0, 1); C) ⊕ W 1,1 ((0, 1); C) ⊕ W 1,1 (0, L); C) :
1
1
1
f2 (0) = f2 (1) + f3 (L) − f1 (1),
2
2
3
1
2
1
f3 (0) = f2 (1) + f3 (L) + f1 (1), f1 (0) = 0}
2
2
3
0 0 0
A(f1 ,f2 , f3 ) = −(f1 , f2 , f3 ).

(8.7)

Now we prove that the above Cauchy problem is well-posed; moreover, if
the length L of e3 is irrational, then the semigroup generated by A is individually asymptotically positive:
Theorem 8.5.1. Let L > 0, let E = L1 ([0, 1]; C) ⊕ L1 ([0, 1]; C) ⊕ L1 ([0, L]; C) and
let A : E ⊇ D(A) → E be given by (8.7). Then A is a closed and densely defined
operator, and the following assertions hold:
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(a) A complex number λ ∈ C is a spectral value of A if and only if it is an
eigenvalue of A if and only if 0 is an eigenvalue of the matrix
!
e−λ − 2
e−λL
S(λ) :=
.
e−λ
e−λL − 2
Moreover, A has compact resolvent and for every eigenvalue of A the corresponding eigenspace is one-dimensional.
(b) The operator A is dissipative and generates a contractive C0 -semigroup on E.
(c) The kernels of A and A0 are given by ker A = span{(0, 1[0,1] , 1[0,L] )} and
ker A0 = span{( 13 1[0,1] , 1[0,1] , 1[0,L] )}.
(d) The spectral bound s(A) equals 0; if L is irrational, then s(A) is, moreover, a
dominant spectral value of A.
(e) The semigroup (etA )t≥0 is not positive. However, if L is irrational, then the
semigroup is individually asymptotically positive.
Proof. Clearly, A is closed and densely defined.
(a) A simple computation shows that the matrix S(λ) is singular if and
only if ker(λ − A) is non-zero, and that in this case the eigenspace ker(λ − A)
is one-dimensional. Another straightforward, though somewhat tedious,
computation proves that λ − A is surjective if the matrix S(λ) is invertible.
One readily checks that the function λ 7→ det S(λ) is not constantly 0. Hence,
the resolvent set ρ(A) is non-empty, and since D(A) embeds compactly into E,
it follows that A has compact resolvent.
(b) Since A has compact resolvent, its spectrum is countable, so we have
λ ∈ ρ(A) for some λ > 0. Note that A is a real operator. Using the boundary
conditions in the definition of D(A) one can readily check that the restriction
of A to the real part ER of E is dissipative. Hence, A|ER generates a contractive
C0 -semigroup on ER , and thus A generates a bounded C0 -semigroup on E.
Moreover, as E is an L1 -space, it follows e.g. from [Fen98, Proposition 2.1.1]
that even the complex C0 -semigroup (etA )t≥0 is contractive; in particular, A is
dissipative.
(c) The first assertion is obvious and the fact that ( 13 1[0,1] , 1[0,1] , 1[0,L] ) ∈
ker A0 follows by a short computation from the definition of the adjoint A0
and from the boundary conditions satisfied by functions on D(A). Since
A has compact resolvent, 0 is a pole of R( · , A) and the associated spectral
projection has finite rank. Thus, it follows from Proposition A.3.3(d) that
dim ker A = dim ker A0 . This proves the assertion.
(d) Since A generates a contractive C0 -semigroup we clearly have s(A) ≤ 0
and it follows from (c) that actually s(A) = 0.
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Now, assume that L is irrational. Let us show that there is no other spectral
value except 0 on the imaginary axis. Indeed, if we assume that iβ ∈ σ (A) for
some β ∈ R \ {0}, then
0 = det S(iβ) = −2(e−iβ + e−iβL ) + 4
according to (a). Taking the real part of this equation we obtain cos(β) +
cos(βL) = 2, so cos(β) = cos(βL) = 1. We conclude that β and βL are both
contained in π(Z + 12 ). This is, however, a contradiction since L was assumed
to be irrational.
(e) The semigroup (etA )t≥0 is contractive; hence, in order to show that
it is not positive, it suffices to show that the generator A is not dispersive;
cf. [AGG+ 86, Theorem C-II.1.2]. To this end, consider a vector f = (f1 , f2 , f3 ) ∈
D(A) with the properties f1 , f3 ≤ 0, f2 ≥ 0 and
1
2
f2 (0) = , f3 (0) = − ,
3
3
and f1 (1) = −1, f2 (1) = 0, f3 (L) = 0;
f1 (0) = 0,

clearly, such a vector 0 ≤ f ∈ D(A) exists. Let g ∈ E 0 be given by g = sgn f + . If
A was dispersive, we would have hg, Af i ≤ 0. However, we obtain hg, Af i =
f2 (0) = 13 > 0. Hence, A is not dispersive, so the semigroup (etA )t≥0 is not
positive.
Now, assume again that L is irrational. The spectral bound s(A) = 0 is a pole
of the resolvent R( · , A) since the resolvent of A is compact. The description
of ker A and ker A0 in (c) allows us to employ Proposition 7.1.3; hence, 0 is
a first order pole of R( · , A) and the spectral projection P corresponding to
0 is positive. Since 0 is also a dominant spectral value, we conclude from
Theorem 7.3.3 that the semigroup (etA )t≥0 is individually asymptotically
positive.

8.6

A Diffusion Equation with Non-Autonomous
Boundary Conditions

Suppose that a function fb : [0, ∞) → C is given which is supported on [0, r]
for some r > 0. We want to consider the diffusion equation



f˙ (t, x)
= ∆f (t, x)
for x ∈ (0, 1)



 0
(8.8)
−f (t, 0) = β1 fb (t)





f 0 (t, 1)
= −β2 fb (t)
on L1 ((0, 1); C), where β1 , β2 ≥ 0 are constants with β1 + β2 ≤ 1 and where,
of course, an initial function f (0, · ) ∈ L1 ((0, 1); C) is given. Hence, the outer
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normal derivatives of the solution are prescribed to be multiples of fb , where
the factor −β2 at the boundary point 1 is negative!
Since the boundary conditions are non-homogeneous, the problem (8.8)
can, at first glance, not be analysed by semigroup methods. However, we
can use a similar approach as in [EN00, Section VI.7] to rewrite the above
problem in a semigroup setting nevertheless. To this end, we let the left shift
d
semigroup (et ds )t≥0 on L1 ((0, r); C) act on the given boundary function fb and
d
we transmit the value (et ds fb )(0) = fb (t) in an appropriate way to the boundary
values of the wanted solution of (8.8) on L1 ((0, 1); C).
More precisely, we reformulate the diffusion equation (8.7) as the abstract
Cauchy problem
d
(f , fb ) = A(f , fb )
dt
on the space E := L1 ((0, 1); C) × L1 ((0, r); C) where the operator A is given by
D(A) = {(f , fb ) ∈ W 2,1 ((0, 1); C) ⊕ W 1,1 ((0, r); C) :
− f 0 (0) = β1 fb (0),
A(f , fb ) = (f

00

f 0 (1) = −β2 fb (0),

fb (r) = 0}

(8.9)

, fb0 ).

Let us prove that the abstract Cauchy problem associated to the operator
A is well-posed and that, under an appropriate condition on β1 and β2 , the
C0 -semigroup (etA )t≥0 is asymptotically positive. To the best of our knowledge, asymptotic positivity properties of such a semigroup have not been
studied before; we mention, however, the loosely related paper [Chu15] where
it is studied whether a positive forcing term results in eventually positive
behaviour of a harmonic oscillator.
Theorem 8.6.1. Let E = L1 ((0, 1); C) ⊕ L1 ((0, r); C) be endowed with the norm
given by k(f , fb )k = kf k1 + kfb k1 , let β1 , β2 ≥ 0 such that β1 + β2 ≤ 1 and let
A : E ⊇ D(A) → E be given by (8.9). Then the following assertions hold:
(a) The spectrum of A coincides with the spectrum of the Neumann–Laplace
operator ∆N on L1 ((0, 1); C), i.e. σ (A) = {−k 2 π2 | k ∈ N0 }.
(b) The operator A is dissipative and generates a contractive C0 -semigroup on E.
Moreover, A has compact resolvent.
(c) The kernel of A is spanned by (1(0,1) , 0) and the kernel of the adjoint A0 is
spanned by the functional (1(0,1) , (β1 −β2 )1(0,r) ) ∈ L∞ ((0, 1); C)⊗L∞ ((0, r); C).
(d) The semigroup (etA )t≥0 is individually asymptotically positive if and only if
β1 ≥ β2 .
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(e) The semigroup (etA )t≥0 is positive if and only if β2 = 0.
According to assertions (d) and (e) in the above theorem, the semigroup
(etA )t≥0 is individually asymptotically positive but not positive if we have
0 < β2 ≤ β1 .
Proof of Theorem 8.6.1. (a) Let ∆N : L1 ((0, 1); C) ⊇ D(∆N ) → L1 ((0, 1); C) be the
Neumann-Laplace operator, i.e.
D(∆N ) = {u ∈ W 2,1 ((0, 1); C)| f 0 (0) = f 0 (1) = 0},

∆N u = u 00 .

It is well-known that σ (∆N ) = {−k 2 π2 | k ∈ N0 }. Let λ ∈ C. If λ − ∆N is not
bijective, then λ − ∆N is in fact not even injective, so we have (λ − ∆N )f = 0
for some 0 , f ∈ D(∆N ). It now immediately follows that (f , 0) ∈ D(A) is an
eigenvector of A for the eigenvalue λ. We have thus shown that σ (∆N ) ⊆ σ (A).
On the other hand, assume now that λ−∆N is bijective. If λ was an eigenvalue
of A with eigenvector (f , fb ), then we could immediately verify that fb = 0,
and thus, f , 0 would be contained in D(∆N ) and we would therefore obtain
(λ − ∆N )f = 0; this cannot be true. Hence, λ − A is injective. Moreover, using
that λ − ∆N is bijective, it is easy to see that the boundary value problem



(λ − ∆)u = f


 ∂ u=g
∂ν

has a solution u ∈ W 2,1 ((0, 1); C) for each f ∈ L1 ((0, 1); C) and each g ∈ C2 .
From this fact we can immediately derive that λ − A is surjective. Thus,
ρ(∆N ) ⊆ ρ(A).
(b) The operator A is clearly real. We first show that the restriction of A
to the real part ER of E is dissipative. So let (f , fb ) ∈ D(A) be a real-valued
function and let (g, gb ) ∈ ER0 = L∞ ((0, 1); R) ⊕ L∞ ((0, r); R) be given by (g, gb ) =
(sgn f , sgn fb ). We have to show that hg, Af i ≤ 0. One easily computes that
h(g, gb ), A(f , fb )i ≤ |f 0 (1)| + |f 0 (0)| + |fb (r)| − |fb (0)|
= β2 |fb (0)| + β1 |fb (0)| − |fb (0)| ≤ 0,
as β1 + β2 ≤ 1. Hence, A|ER is indeed dissipative. It now follows from the
description of the spectrum σ (A) in (a) that A|ER generates a contractive C0 semigroup on ER and thus, A generates a bounded C0 -semigroup (etA )t≥0 on
E. Moreover, since E is an L1 -space, it follows from [Fen98, Proposition 2.1.1]
that the semigroup (etA )t≥0 is even contractive; thus, A is dissipative.
Since the resolvent set ρ(A) is non-empty and the embedding D(A) ,→ E is
compact, we also conclude that A has compact resolvent.
(c) Obviously, the kernel of A is spanned by (1(0,1) , 0). Moreover, it follows
easily from the definition of the adjoint A0 and from the boundary conditions
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satisfied by functions in D(A) that (1(0,1) , (β1 − β2 )1(0,r) ) is an eigenvector of A0
for the eigenvalue 0. Since A has compact resolvent, the number 0 is a pole
of R( · , A) and the corresponding spectral projection has finite rank. Hence,
we have dim ker A = dim ker A0 according to Proposition A.3.3(d). This proves
the assertion.
(d) The spectral bound s(A) = 0 is a dominant spectral value and, as A has
compact resolvent, a pole of R( · , A). In fact, it is even a first order pole since
the semigroup (etA )t≥0 is bounded.
Now assume that β1 ≥ β2 . Then ker A and ker A0 both contain positive,
non-zero vectors according to (c); since ker A is one-dimensional we can
conclude from Corollary 7.1.2 that the spectral projection P associated with
0 is positive. Hence, the individual asymptotic positivity of (etA )t≥0 follows
from the characterisation in Theorem 7.3.3.
On the other hand, assume now that the semigroup (etA )t≥0 is individually
asymptotically positive. Then it follows again from Theorem 7.3.3 that the
spectral projection P associated with s(A) = 0 is positive. The spectral value 0
is a first order pole of the resolvent R( · , A) since the resolvent is compact and
since the semigroup generated by A is bounded; hence, 0 is also a first order
pole of R( · , A0 ). The corresponding spectral projection is given by P 0 . Since 0
is a geometrically simple eigenvalue of A0 , it is also an algebraically simple
eigenvalue of A0 , so the range of P 0 is one-dimensional. As P 0 is positive, its
range contains a non-zero, positive vector and thus, all real elements of P 0 E 0
are either positive or negative. As (1(0,1) , (β1 − β2 )1(0,r) ) ∈ ker A0 = P 0 E 0 , we
conclude that β1 ≥ β2 .
(e) If β2 = 0 one can readily show that A is dispersive and hence (etA )t≥0
is positive (cf. [AGG+ 86, Theorem C-II.1.2]). Assume now that (etA )t≥0 is
positive. Since the semigroup is also contractive, it follows that A is dispersive.
Choose a vector (f , fb ) ∈ D(A) such that fb ≤ 0, fb (0) = −1 as well as f (x) < 0
for all x ∈ [0, 12 ), f (x) > 0 for all x ∈ ( 12 , 1] and f 0 ( 12 ) = f ( 12 ) = 0. It is easy to see
that such a vector exists in D(A). Let (g, gb ) = (sgn f + , sgn fb+ ) = (1( 1 ,1) , 0) ∈ E 0 .
2
Since A is dispersive we obtain
1
0 ≥ h(g, gb ), A(f , fb )i = f 0 (1) − f 0 ( ) = f 0 (1) = β2 ≥ 0.
2
Hence, β2 = 0.

8.7

Notes & Open Problems

The finite-dimensional case Some remarks on the history of the finitedimensional theory can be found in the notes at the end of Chapter 6. Here we
restrict ourselves to noting that the concepts of eventual positivity and eventual
strong positivity seem to be somewhat more prevalent in the literature than
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the notion of asymptotic positivity. For example, we could not find a result
close to Theorem 8.1.5 in the literature. Hence, our theory seems to add some
new aspects even to the finite-dimensional case.
The bi-Laplace operator One reason why the bi-Laplace operator with
Dirichlet boundary conditions is, for example in two dimensions, of some
importance, is the fact that it appears in a mathematical model for clamped
plates. The theory of eventually and asymptotically positive resolvents for this
operator has quite a long history (although the notion “eventual positivity”
was used only seldom in the literature). In fact, it was conjectured by Boggio
and Hadamard at the beginning of the 20th century that on every convex
domain and for every f ≥ 0 the so-called clamped plate equation
−Au = f
(where A denotes the bi-Laplace operator with Dirichlet boundary conditions)
has a positive solution u; see e.g. the introduction of [GS96] for some details.
We point out that, if the equation is realised on an appropriate function space,
this means that the resolvent R( · , A) is positive in 0 and from this one can
conclude eventual positivity properties of the resolvent at s(A) < 0 (compare
Proposition 10.1.1 below). The above conjecture, as natural as it might appear,
has later been found out to be wrong on many important domains; we refer
again to the introduction of [GS96] for several references. On the other hand,
of the underlying domain is a ball, then the conjecture is indeed true; this
follows from an explicit solution formula for the clamped plate equation on
balls which is due to Boggio [Bog05]. Those observations have inspired a lot
of research concerned with the question on which domain the resolvent of
the bi-Laplace operator exhibits some kind of eventual positivity property
as well as with the related question whether the first eigenfunction can be
chosen to be positive; see e.g. the references quoted in Section 8.3 as well
as [Swe01], [DS04], [DS05], [Dal05] and [LW15]. Our results in Section 8.2
can be seen as a contribution to this theory. Note, however, that concrete
properties of the underlying domain are related to our results only by means
of Theorem 8.3.2 which was proved by Grunau and Sweers in [GS98]. Hence,
we only applied our abstract theory; the hard analysis related to the concrete
equation is due to Grunau and Sweers. Moreover, it is worthwhile pointing
out again that we focused on asymptotic positivity in Section 8.2 while most
of the results quoted above deal with eventual positivity. We treat eventual
positivity properties of the bi-Laplace operator in Section 11.4 below.
Let us briefly quote some results about the bi-Laplace operator which are
related to the above discussion: in [GS97] the reader can find some results
about positivity properties of biharmonic equations with inhomogeneous
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(Dirichlet) boundary conditions and in [RG12] conditions on f are given
to ensure positivity of the solution to ∆2 u = f on more general domains.
Moreover, it is worthwhile pointing out that there are several results in the
literature which show that, on rather general domains, the negative part of the
corresponding Green function is, in a sense, small compared to the positive
part; see for example [DMS05], [GR09], [GR10] and [GRS11]. We also note
that similar questions as for the bi-Laplacian can be asked for higher order
elliptic operators and indeed, many results in the papers quoted above also
deal with such higher order problems. For some negative results concerning
this case we refer, for instance, to the recent paper [Swe16] and the references
therein.
Delay differential equations We note that in Example 8.4.3(a) it is actually
possible to explicitly compute an eigenvector of the adjoint A0 for the eigenvalue 0, see [DGK16a, Section 9]. Using this one can readily determine the
spectral projection P of A associated to 0.
Diffusion equations with non-autonomous boundary conditions We note
that the model discussed in Section 8.6, as simple as it is, suggests some
possible generalisations. First of all we could, of course, consider a diffusion
process in higher dimensions; moreover, one would probably be interested in
a vector-valued boundary function fb such that the inhomogeneous boundary
term does not only depend on one (time-dependent) parameter fb (t). Yet, for
such vector-valued functions, it does not seem to be clear which conditions
can still ensure asymptotic positivity of the semigroup.
Beside this, it would certainly be worthwhile allowing for boundary functions fb which do not have compact support, meaning that the inhomogeneous
boundary term does not disappear after a finite period of time. This, however,
causes considerable problems in the analysis presented above. In fact, if we
replace the “boundary space” L1 ((0, r); C) with, say, the space L1 ((0, ∞); C),
then we can no longer expect the peripheral spectrum of our semigroup generator A to be finite or to consist of poles of the resolvent. Hence, we can no
longer apply our characterisation results in this situation. This indicates that
it is worthwhile seeking for generalisations of our theorems which do not
require such strong assumptions on the peripheral spectrum of A; compare
Problem 7.4.3 above.

136
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Positivity – Criteria and
Characterisation
Let us now slightly change our topic and consider a form of eventual positivity
which is somewhat stronger than the asymptotic positivity properties from the
previous chapters. Again, we are aiming mainly for characterisations, but it
turns out that the notion of eventual positivity introduced in Definition 6.1.1
is not particularly well-suited for this task; compare Example 9.2.1 below.
Instead, we will consider a slightly stronger notion which we call eventual
strong positivity; see Definitions 9.2.2 and 9.3.1. We will see that it is possible
to find good characterisations for this property.
The present chapter is organised analogously to Chapter 7. First, we
consider spectral projections which are now, in an appropriate sense, strongly
positive instead of only positive. We characterise this property by the existence
of certain positive eigenvectors and eigenfunctionals. Then, in Section 9.2,
we deal with eventual strong positivity of resolvents and characterise this
property by means of a certain spectral projections. We shall see that there is
also an interesting related property of resolvents which we call eventual strong
negativity and which is closely related to what is known as anti-maximum
principles in the literature. In the final Section 9.3 we characterise eventual
strong positivity of C0 -semigroups, again by means of the spectral projection
associated to the spectral bound of the generator A.
Hence, we have a similar situation as in Chapter 7: the existence of positive
eigenvectors and eigenfunctionals for s(A), the eventually strongly positive
behaviour of the resolvent close to s(A) and the eventually strongly positive behaviour of the semigroup are all related via the spectral projection P
associated to s(A).
We should, however, point out that all the properties considered in this
section are in fact individual eventual positivity properties; this means that,
for instance, the time t0 from which on the semigroup trajectory (etA f )t≥0
for a positive initial value f becomes positive depends, in general, on f . The
counterpart of this property, where t0 can be chosen independently of f , is
called uniform eventual strong positivity and is studied in Chapter 10.
Most of the results presented Sections 9.1 and 9.3, as well as Example 9.2.1
and Theorem 9.2.6 have been published in [DGK16a]; moreover, many of
those results have predecessors on spaces of continuous functions which were
published in [DGK16b]. On the other hand, Theorem 9.2.5, Proposition 9.2.9,
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Corollary 9.3.6 and the auxiliary results to prove them have not been published, nor submitted for publication, yet. Theorem 9.2.5 is part of an ongoing
research project with Daniel Daners; the other results just mentioned are
based on joint work with Daniel Daners and James B. Kennedy.

9.1

Strongly Positive Spectral Projections

In this section we are, again, interested in positive projections and, more specifically, positive spectral projections. Yet, we consider a somewhat stronger
form of positivity here. Let E be a complex Banach lattice and let u ∈ E+ .
Recall from the preliminaries that a vector f ∈ E is called strongly positive with
respect to u if f ∈ E+ and if there exists a number ε > 0 such that f ≥ εu; in this
case we write f u 0. Also recall that an operator T ∈ L(E) is called strongly
positive with respect to u if T f u 0 for all 0 < f ∈ E. Of course, an operator T
which is strongly positive with respect to u is also positive.
In what follows we are only interested in the case where u is a quasiinterior point of E+ . Let us now characterise when a given spectral projection
P , associated with a pole of the resolvent of an operator A, is strongly positive
with respect to a fixed quasi-interior point u of E+ .
Proposition 9.1.1. Let E be a complex Banach lattice and let A : E ⊇ D(A) → E
be a real and densely defined linear operator. Let λ0 ∈ σ (A) ∩ R be a pole of the
resolvent R( · , A) (and thus an eigenvalue of A) and let P be the spectral projection
associated to λ0 . For every quasi-interior point u of E+ the following assertions are
equivalent:
(i) P u 0.
(ii) The eigenvalue λ0 of A is geometrically simple, ker(λ0 − A) contains a vector
v u 0 and ker(λ0 − A0 ) contains a strictly positive functional.
(iii) The eigenvalue λ0 of A is algebraically simple, ker(λ0 − A) contains a vector
v u 0 and the range of λ0 − A intersects the positive cone E+ only in 0.
If the equivalent assertions (i)–(iii) are fulfilled, then λ0 is a first order pole of
the resolvent R( · , A) and λ0 is the only eigenvalue of A which has a positive
eigenvector.
Proof. “(i) ⇒ (ii)” If (i) is true, then the range P E is one-dimensional. Indeed,
as P is positive, its range P E is again a Banach lattice with respect to some
equivalent norm, see Proposition C.5.5. Since u is a quasi-interior point of
E+ , one readily checks that P u is a quasi-interior point of the positive cone
(P E)+ := E+ ∩ P E = P E+ . Moreover, we actually have P f P u 0 for every
0 < f ∈ E. Hence, every 0 < f ∈ P E fulfils f P u 0 and is thus a quasi-interior
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point of (P E)+ . Yet, a Banach lattice whose positive cone contains only quasiinterior points except 0 has to be one-dimensional, see [Lot68, Lemma 5.1].
As the range P E is one-dimensional, it follows that λ0 is in fact an algebraically simple eigenvalue of A; in particular, it is geometrically simple.
We have ker(λ0 − A) = P E and thus, ker(λ0 − A) contains a vector v u 0
(namely v := P f for any 0 < f ∈ E). On the other hand, let 0 < ϕ ∈ E 0 . For
every 0 < f ∈ E the vector P f is a quasi-interior point of E+ and thus we have
hP 0 ϕ 0 , f i = hϕ, P f i > 0. Hence, P 0 ϕ 0 is a strictly positive functional. According
to Proposition A.3.3(d), λ0 is also an algebraically simple eigenvalue of the
adjoint A0 . Moreover, λ0 is clearly an isolated spectral value of A0 and P 0 is the
corresponding spectral projection. Hence, we conclude that P 0 E 0 = ker(λ0 −A0 ),
which proves assertion (ii).
“(ii) ⇒ (iii)” If (ii) is fulfilled, then it follows from Proposition 7.1.3 that
λ0 is in fact an algebraically simple eigenvalue of A. Let ϕ ∈ ker(λ0 − A) be
strictly positive. If g ∈ E+ ∩ (λ0 − A)D(A), then g = (λ0 − A)f for some f ∈ D(A)
and hence we have hϕ, gi = h(λ0 − A0 )ϕ, f i = 0. Thus, g = 0.
“(iii) ⇒ (i)” If (iii) holds, then the range P E of P is one-dimensional
and spanned by a vector v u 0. Let 0 < f ∈ E; we then have P f = αv for
some α ∈ C. Since λ0 and A are real, so is P ; hence, α ∈ R. Assume for a
contradiction that α ≤ 0. Then we have 0 < f − αv = f − P f ∈ ker P . Yet, as λ0
is an algebraically simple eigenvalue and therefore a first order pole of the
resolvent, we conclude that ker P coincides with the range of λ0 − A according
to Proposition A.3.2(c). Thus, f − αv is a non-zero positive vector in the range
of λ0 − A, which contradicts (iii). Hence α > 0, which implies that P f u 0.
Now assume that the equivalent assertions (i)–(iii) are fulfilled. Since
λ0 is an algebraically simple eigenvalue according to assertion (iii) of A, it
is a first order pole of the resolvent R( · , A). Assume that λ ∈ C \ {λ0 } is
another eigenvalue of A which admits an eigenvector w > 0. Then we have
0 < w = λ 1−λ (λ0 − A)w, and the latter vector is contained in the range of λ0 − A;
0
this contradicts assertion (iii).

9.2

The Resolvent

It is our major objective in this chapter to study eventually positive resolvents
and semigroups. However, it turns out that the notion of an eventually
positive semigroup from Definition 6.1.1 is not particularly well-suited for
a characterisation. Let A : E ⊇ D(A) → E be a linear operator on a complex
Banach lattice E and let λ0 ∈ σ (A)∩R ∪ {−∞}. We say that the resolvent R( · , A)
is individually eventually positive if there exists λ2 > λ0 with the following
property: we have (λ0 , λ2 ] ⊆ ρ(A) and for all 0 ≤ f ∈ E there exists λ1 ∈ (λ0 , λ2 ]
such that R(λ, A)f ≥ 0 for all λ ∈ (λ0 , λ1 ]. Similarly, we say that the resolvent is
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uniformly eventually positive if there exists λ1 > λ0 with the following property:
we have (λ0 , λ1 ] ⊆ ρ(A) and R(λ, A) ≥ 0 for all λ ∈ (λ0 , λ1 ].
The next example demonstrates that individual eventual positivity of a
semigroup (etA )t≥0 cannot, in general, be characterised be individual eventual
positivity of the resolent R( · , A) at s(A) (even of s(A) is a dominant spectral
value of A and the underlying space is finite-dimensional):
Example 9.2.1. There exists a finite-dimensional complex Banach lattice E
and a real operator A ∈ L(E) with the following properties:
(a) The spectral bound s(A) equals 0 and is a dominant spectral value of A.
(b) The semigroup (etA )t≥0 is individually eventually positive.
(c) The resolvent R( · , A) is not individually eventually positive at s(A).
To construct such an example, let E0 be a finite-dimensional complex Banach
lattice of dimension dim E0 ≥ 3. Then it is easy to see that there exists an
eventually positive C0 -semigroup (etA1 )t≥0 on E1 which is not positive, which
is bounded and which fulfils s(A1 ) = 0; see Example 6.1.2. Theorems 6.2.5
and 7.3.3 imply that s(A1 ) = 0 is a dominant spectral value of A1 .
Now, consider the set U := {λ ∈ (0, ∞) : R(λ, A1 ) 6≥ 0}. Then U is open
in (0, ∞) and, moreover, U is non-empty since the semigroup (etA1 )t≥0 is
not positive. Choose λ1 ∈ U and define an operator A on E := E1 × C by
A = (A1 − λ1 ) ⊕ 0C .
Obviously, s(A) equals 0 and is a dominant spectral value of A. Moreover,
the semigroup (etA )t≥0 = (e−tλ1 etA1 ⊕ IC )t≥0 is individually eventually positive.
Yet, we have R(λ, A) = R(λ1 +λ, A1 )⊕ λ1 IC for each λ ∈ (0, ∞), and this operator
is, of course, not positive for λ close to 0 since U is open.
Another example where the semigroup is individually eventually positive,
while the resolvent is not, can be found in [DGK16b, Example 8.2]; however,
the Banach lattice in that example is infinite-dimensional and we have s(A) =
−∞.
Since we have now seen that eventually positive semigroups and resolvents
are presumably not easy to characterise, we focus on a slightly stronger notion
of eventual positivity, namely eventual positivity with respect to a given
quasi-interior point u of E+ . The precise definitions are, for resolvents, as
follows:
Definition 9.2.2 (Eventually strongly positive resolvents). Let E be a complex Banach lattice, let A : E ⊇: D(A) → E be a linear operator and let
λ0 ∈ [−∞, ∞) be a spectral value of A or −∞. Let u be a quasi-interior point of
E+ .
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(i) The resolvent R( · , A) is called individually eventually strongly positive
with respect to u at λ0 if there exists λ2 > λ0 with the following properties:
(λ0 , λ2 ] ⊆ ρ(A) and for every 0 < f ∈ E there is a number λ1 ∈ (λ0 , λ2 ]
such that R(λ, A)f u 0 for all λ ∈ (λ0 , λ1 ].
(ii) The resolvent R( · , A) is called uniformly eventually strongly positive with
respect to u at λ0 if there exists λ1 > λ0 with the following properties:
(λ0 , λ1 ] ⊆ ρ(A) and R(λ, A) u 0 for all λ ∈ (λ0 , λ1 ].
Instead of considering the behaviour of the resolvent in a right neighbourhood of a given spectral value λ0 , we can also study its behaviour in a left
neighbourhood. If the resolvent is positive in a right neighbourhood of λ0 , it
seems natural to presume that it might behave, in a sense, negatively on the
left of λ0 . This motivates the following definition:
Definition 9.2.3 (Eventually strongly negative resolvents). Let E be a complex Banach lattice, let A : E ⊇: D(A) → E be a linear operator and let
λ0 ∈ (−∞, ∞] be a spectral value of A or ∞. Let u be a quasi-interior point of
E+ .
(i) The resolvent R( · , A) is called individually eventually strongly negative
with respect to u at λ0 if there exists λ2 < λ0 with the following properties:
[λ2 , λ0 ) ⊆ ρ(A) and for every 0 < f ∈ E there is a number λ1 ∈ [λ2 , λ0 )
such that −R(λ, A)f u 0 for all λ ∈ [λ1 , λ0 ).
(ii) The resolvent R( · , A) is called uniformly eventually strongly negative with
respect to u at λ0 if there exists λ1 < λ0 with the following properties:
[λ1 , λ0 ) ⊆ ρ(A) and −R(λ, A) u 0 for all λ ∈ [λ1 , λ0 ).
We point out that we could have also defined the notion “asymptotically
negative resolvent” in Section 7.2; yet, such a notion would not have lead
to many new insights and it would, presumably, not have been particularly
significant in applications. The notion of an eventually strongly negative
resolvent is, by contrast, rather interesting from an applied point of view
since it is closely related to what is known as anti-maximum principles in the
literature:
Remark 9.2.4. Consider for example the Dirichlet Laplace operator ∆D on
Lp (Ω; C) where Ω ⊆ Rd is a sufficiently smooth domain and where p ∈ (1, ∞).
It is well-known that, for any λ > s(A) and any 0 < f ∈ Lp (Ω; C), the unique
solution v ∈ D(∆D ) of the problem
(λ − ∆D )v = f

(9.1)
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fulfils v  0. This is a consequence of the maximum principle and it is
equivalent to the fact that the semigroup (et∆D )t≥0 on Lp (Ω; C) is positive and
irreducible.
Assume now that p > d. Then, on the other hand, Clément and Peletier
proved in [CP79, Section 3] that for every 0 < f ∈ Lp (Ω; C) there exists
λ1 < s(∆D ) such that (λ1 , s(∆D )) ⊆ ρ(∆D ) and such that, for any λ ∈ (λ1 , s(∆D )),
the solution v of the problem (9.1) fulfils −v  0 (in fact, they proved such
a result for a more general class of elliptic operators, see [CP79] for details).
They named this result an anti-maximum principle; in order to highlight the
dependence of λ1 on f , we might in fact call it an individual anti-maximum
principle. Adapting our terminology from Definition 9.2.3 we would rather
refer to this property of ∆D by saying that the resolvent R( · , ∆D ) is individually eventually strongly negative at s(∆D ) (note, however, that we considered
individual eventual strong negativity with respect to a fixed quasi-interior point
u).
Anti-maximum principles were in the focus of many research papers; here
we refer only to a few examples: in [Bir95] versions of the anti-maximum
principle for general domains where given; in [Tak96] anti-maximum (and
maximum) principles were discussed in a rather abstract setting of ordered Banach spaces; in [GS01] anti-maximum principles for polyharmonic operators
were studied.
We will see in Theorem 9.2.6 below that anti-maximum principles (in our
terms: eventual strong negativity of the resolvent) can be studied within our
general framework of eventual positivity. Yet, before we come to this theorem,
we first prove that operators with eventually strongly positive (or negative)
resolvents satisfy a certain Perron–Frobenius type property:
Theorem 9.2.5. Let E be a complex Banach lattice and let A : E ⊇ D(A) → E be a
densely defined and real linear operator. Suppose that λ0 ∈ σ (A) ∩ R is a pole of
the resolvent R( · , A) and let P be the corresponding spectral projection. Let u be a
quasi-interior point of E+ .
If R( · , A) is individually eventually strongly positive with respect to u at λ0 or
if R( · , A) is individually eventually strongly negative with respect to u at λ0 , then
we have P u 0.
The subsequent proof of Theorem 9.2.5 has been inspired by the proof
of [AGG+ 86, Proposition B-III-3.5].
Proof of Theorem 9.2.5. We may assume that λ0 = 0. Suppose that R( · , A) is
individually eventually strongly positive with respect to u at 0; we intend
to use the implication “(ii) ⇒ (i)” in Proposition 9.1.1. Denote by m ≥ 1 the
142

9.2. The Resolvent
order of 0 as a pole of the resolvent R( · , A) and let
R(λ, A) =

∞
X

Qk λk

(9.2)

k=−m

be the Laurent series expansion of R( · , A) for λ close to 0. Then 0 , Q−m =
limλ↓0 λm R(λ, A); hence, Q−m is non-zero and positive.
We show that ker A contains a non-zero positive element, and each such
element v fulfils v u 0; in particular, each such v is a quasi-interior point
of E+ . Indeed, since the non-zero positive operator Q−m maps into ker A
according to Proposition A.3.2 (a), we conclude that ker A contains a non-zero
positive vector. On the other hand, since R( · , A) is individually eventually
strongly positive with respect to the quasi-interior point u, it follows that every
0 < v ∈ ker A fulfils v = λR(λ, A)v u 0, where λ > 0 is chosen sufficiently
small.
0
Let us show next that the range of Q−m
contains a strictly positive functional ϕ. By taking adjoints, the series representation (9.2) yields the Lau0
rent series expansion of R(λ, A0 ) about 0. Hence, the range of Q−m
is a sub0
0
set of ker A and it contains a functional ϕ > 0 since Q−m > 0. For every
0 < f ∈ E we can find λ > 0 such that R(λ, A)f u 0; in particular, R(λ, A)f
is a quasi-interior point of E+ . Since ϕ is contained in the fixed space of
λR(λ, A0 ) = λR(λ, A)0 we obtain
hϕ, f i = hϕ, λR(λ, A)f i > 0,
as claimed.
To conclude from Proposition 9.1.1 that P u 0, it remains to show that
ker A is one-dimensional. To this end, we first show that ER ∩ ker A is a sublattice of the real part ER of E. Let f ∈ ER ∩ ker A. According to Lemma 6.2.2 we
obtain for all sufficiently small λ > 0
|f | = |λR(λ, A)f | ≤ λR(λ, A)|f |.
Now, let ϕ ∈ ker A0 be a strictly positive functional; for all such λ as above we
thus conclude that
hϕ, λR(λ, A)|f | − |f |i = hλR(λ, A0 )ϕ, |f |i − hϕ, |f |i = 0.
Hence, λR(λ, A)|f | − |f | = 0, so |f | is indeed contained in ker A. Hence, ER ∩
ker A is a sublattice of ER , as claimed.
We have already observed above that every non-zero positive element of
ker A is a quasi-interior point of E+ . Hence, every non-zero positive element
of the sublattice ER ∩ ker A of ER is also a quasi-interior point of the cone
(ER ∩ ker A)+ := (ER )+ ∩ ker A; see [Sch74, Corollary 2 to Theorem II.6.3].
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According to [Lot68, Lemma 5.1], this implies that ER ∩ A is one-dimensional
over the real field. As A is real, we conclude that ker A = ER ∩ker A+iER ∩ker A
is one-dimensional over the complex field. Now, Proposition 9.1.1 finally
yields that P u 0.
If we assume instead that the resolvent R( · , A) is individually eventually
strongly negative with respect to u at 0, then the resolvent R( · , −A) of −A
is individually eventually strongly positive with respect to u at 0. Since the
spectral projection P of A associated to 0 coincides with the spectral projection
of −A associated to 0, we conclude from what we have already shown that
P u 0.
It is natural to ask whether the converse implication in Theorem 9.2.5
does also hold, i.e. whether the condition P u 0 implies that the resolvent
R( · , A) is individually eventually strongly positive with respect to u at λ0 .
Example 9.3.7 below shows that this is not in general true. However, the
converse implication is indeed true if we impose an additional domination
assumption on the domain of the generator A; moreover, under the same
additional assumption, we can prove that individual eventual strong positivity
is equivalent to individual eventual strong negativity:
Theorem 9.2.6. Let E be a complex Banach lattice and let A : E ⊇ D(A) → E be a
densely defined and real linear operator. Suppose that λ0 ∈ σ (A) ∩ R is a pole of
the resolvent R( · , A) and let P be the corresponding spectral projection. Moreover,
let u ∈ E+ and assume that D(A) ⊆ Eu . Then u is a quasi-interior point of E+ and
the following assertions are equivalent:
(i) P u 0.
(ii) The resolvent R( · , A) is individually eventually strongly positive with respect
to u at λ0 .
(iii) The resolvent R( · , A) is individually eventually strongly negative with respect to u at λ0 .
Certainly, some comments on the domination condition D(A) ⊆ Eu in the
above theorem are in order.
Remark 9.2.7. Assume that the assumptions of Theorem 9.2.6 are fulfilled.
(a) As pointed out above, the condition D(A) ⊆ Eu cannot be dropped in
Theorem 9.2.6; a counterexample can be found in Example 9.3.7 below.
(b) If we endow, as usual, the space D(A) with the graph norm and the space
Eu with the gauge norm with respect to u, then the canonical embedding
D(A) ,→ Eu is continuous. This follows from the closed graph theorem
and will be used several times in the sequel.
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(c) In case that E = C(K; C) for some compact Hausdorff space K, the condition D(A) ⊆ Eu is automatically fulfilled: indeed, as u is a quasi interior
point of E+ , it follows that u 1K 0 and hence, Eu = E. On the other hand,
if the Banach space E is, in some sense, sufficiently regular (e.g. an Lp space for some p ∈ [1, ∞)), then the condition D(A) ⊆ Eu is quite strong
(though it is still fulfilled in many applications) as Proposition 9.2.9
below suggests.
(d) If the equivalent conditions of Theorem 9.2.6 are fulfilled, then it follows
from Proposition 9.1.1 that A has an eigenvector v for the eigenvalue λ0
which is unique up to scalar multiplication and which can be chosen
such that v u 0. On the other hand, since v ∈ D(A) ⊆ Eu , it follows that
u v 0. This shows that the two vectors u and v dominate each other in
some sense. In particular, we have Eu = Ev .
Hence, we might always think of the vector u in Theorem 9.2.6 as
some kind of substitute for the eigenvector v (note that, in concrete
applications, we may not know v exactly and, moreover, v might be
rather complicated while u can often be chosen to be quite simple;
compare the concrete applications in Chapter 11).
(e) One might wonder how to check the domination condition D(A) ⊆ Eu
in applications. A prototypical situation is as follows: E is an Lp -space
(1 < p < ∞) over some bounded domain Ω ⊆ Rd , A is a differential
operator defined on some Sobolev space D(A) and u is the constant
function 1 := 1Ω . In this case, the principal ideal Eu is equal to L∞ (Ω; C).
Hence, the inclusion D(A) ⊆ Eu is fulfilled if an appropriate Sobolev
embedding theorem holds.
Before we prove Theorem 9.2.6, we make a few further comments on the
relation of assertion (iii) in the theorem to anti-maximum principles:
Remark 9.2.8. Here we continue the discussion from Remark 9.2.4: Theorem 9.2.6 shows that certain spectral properties of the operator A are sufficient
to conclude that A fulfils an individual anti-maximum principle in case that
the domination condition D(A) ⊆ Eu is fulfilled.
This explains on an abstract level why the condition p > d is needed
in the result of Clément and Peletier quoted in Remark 9.2.4: in this case,
we know from Sobolev embedding theorems that the domain D(∆D ) of the
1,p
Dirichlet Laplace operator, which is given by D(∆D ) = W 2,p (Ω; C)∩W0 (Ω; C),
embeds into C 1 (Ω; C). Hence, every function in D(∆D ) is 0 on ∂Ω in the
classical sense and we conclude that D(∆D ) is contained in the principal ideal
Lp (Ω; C)u , where u(x) := dist(x, ∂Ω) for all x ∈ Ω. On the other hand, the
first eigenvalue of ∆D admits an eigenvector v u 0 (this follows for instance
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from [Dav89, Lemma 4.6.1]) as well as a strictly positive eigenfunctional.
Thus, we can conclude the validity of the individual anti-maximum principle
from Theorem 9.2.6.
If, on the other hand, p ≤ d, then we cannot conclude that D(∆D ) is
contained in Lp (Ω; C)u , so the theorem is not applicable; in fact, the antimaximum principle turns out to fail in this case as shown in [Swe97].
Let us now prove Theorem 9.2.6. It is worthwhile pointing out that some
ideas that we employ in the proof are related to the abstract approach to
anti-maximum principles in [Tak96].
Proof of Theorem 9.2.6. We may assume that λ0 = 0.
“(ii) ⇒ (i)” According to Theorem 9.2.5 this implication is true even under
weaker assumptions.
“(i) ⇒ (ii)” Assume that (i) is true; according to Proposition 9.1.1, 0 is then
a first order pole of the resolvent, so we have limλ↓0 λR(λ, A) = P is L(E). Now,
fix an arbitrary element µ ∈ ρ(A). We have R(µ, A) ∈ L(E; D(A)). Using the
resolvent identity we therefore obtain
λR(λ, A) = λR(µ, A) + (µ − λ)R(µ, A) λR(λ, A) → µR(µ, A)P = P
in L(E; D(A)) as λ ↓ 0. Moreover, it follows from the closed graph theorem
that the canonical embedding D(A) ,→ Eu is continuous; hence, we also have
λR(λ, A) → P in L(E; Eu ) as λ ↓ 0. Now, let 0 < f ∈ E. Since A is real, so is
λR(λ, A)f for all λ ∈ R ∩ ρ(A). Since we have λR(λ, A)f → P f u 0 in Eu as
λ ↓ 0, it follows that λR(λ, A)f u 0 for all sufficiently large λ > 0.
“(i) ⇔ (iii)” Note that P is also the spectral projection of −A associated
to the spectral value −λ0 = 0. Hence, according to what we have just shown,
we have P u 0 if and only if R( · , −A) is individually eventually strongly
positive with respect to u at 0, and this is in turn true if and only if R( · , A) is
individually eventually strongly negative with respect to u at 0.
While the domination condition D(A) ⊆ Eu is, for instance, always fulfilled
on C(K; C)-spaces (see Remark 9.2.7(c)), it is a rather strong condition on many
other important Banach lattices, namely on Banach lattices with order continuous norm. We refer to [Sch74, Definition II.5.12] or [MN91, Definition 2.4.1]
for a definition of those spaces and more information about them (and we
point out that a complex Banach lattice is said to have order continuous norm
if the same is true for its real part); here we only recall that all Lp -spaces for
1 ≤ p < ∞ and, for instance, the space c0 (N; C) of sequences which converge
to 0 have order continuous norm. On such Banach lattices the following
proposition holds:
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Proposition 9.2.9. Let E be a complex Banach lattice with order continuous norm,
let A : E ⊇ D(A) → E be a linear operator with non-empty resolvent set and let
u ∈ E+ such that D(A) ⊆ Eu . Then all spectral values of A are poles of the resolvent
R( · , A); moreover, the generalised eigenspace corresponding to each spectral value
of A is finite-dimensional.
The proof is based on the following observation from Banach lattice theory:
Lemma 9.2.10. Let E be a real or complex Banach lattice with order continuous
norm and let T1 , T2 , T3 ∈ L(E). If u ∈ E+ and Tk E ⊆ Eu for all k ∈ {1, 2, 3}, then
T3 T2 T1 is compact.
Proof. First assume that the scalar field is real; as usual, we endow Eu with
the gauge norm with respect to u.
We have Tk ∈ L(E; Eu ) for all k ∈ {1, 2, 3} due to the closed graph theorem.
In particular, the restriction T3 |Eu is a bounded linear operator from Eu to
Eu . Thus T3 maps the unit ball of Eu to an order interval in E. Since E has
order continuous norm, every order interval in E is weakly compact [MN91,
Theorem 2.4.2], so T3 |Eu is a weakly compact operator from Eu to E. The space
Eu is an AM-space and thus, it has the Dunford–Pettis property, meaning
that every weakly compact operator from Eu into any Banach space F is a
Dunford–Pettis operator (see [MN91, Proposition 3.7.9]); in particular, the
operator T3 |Eu : Eu → E is a Dunford–Pettis operator, i.e. we have kT3 xn kE → 0
for every sequence (xn ) ⊆ Eu which converges weakly to 0 in Eu .
As T1 is continuous from E to Eu , it maps the unit ball of E into an order
interval of E; thus, T1 is weakly compact as an operator from E to E. Since T2
is continuous from E to Eu we know that T is also weakly continuous from E
to Eu . Thus, T2 T1 is weakly compact as an operator from E to Eu .
Now, let (xn ) ⊆ E be a bounded sequence. By the Eberlein-Šmulian theorem [DS58, Theorem V.6.1], (T2 T1 xn ) has a subsequence (T2 T1 xnk ) which
weakly converges in Eu to a vector y ∈ Eu . Since T3 |Eu is a Dunford–Pettis
operator from Eu to E, it follows that T3 (T2 T1 xnk − y) norm converges to 0 in E.
Hence, (T3 T2 T1 xnk ) is norm convergent to T3 y in E. This proves that T3 T2 T1 is
compact.
Now assume that the scalar field is complex. For each k ∈ {1, 2, 3} we can
write Tk = Rk +iSk , where R, S ∈ L(E) are real operators (see Proposition C.1.7).
Let k ∈ {1, 2, 3} and f ∈ ER . There exists c > 0 such that |Tk f | ≤ cu. Hence,
|Rk f | = | Re(Tk f )| ≤ |Tk f | ≤ cu and |Sk f | = | Im(Tk f )| ≤ |Tk f | ≤ cu. This shows
that Rk ER ⊆ (Eu )R = (ER )u and, similarly, Sk ER ⊆ (Eu )R = (ER )u . Hence, if
we multiply three (possibly identical) operators out of the set {Rk |ER : k ∈
{1, 2, 3}} ∪ {Sk |ER : k ∈ {1, 2, 3}}, we obtain a compact operator from ER to ER ;
and thus, if we multiply three (possibly identical) operators out of the set
{Rk : k ∈ {1, 2, 3}} ∪ {Sk : k ∈ {1, 2, 3}}, then we obtain a compact operator from
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E to E. As the operator T3 T2 T1 is a linear combination of such products, it is
compact, too.
For the proof of Proposition 9.2.9 we are actually interested in the following corollary which is an immediate consequence of Lemma 9.2.10
Corollary 9.2.11. Let E be a real or complex Banach lattice with order continuous
norm and let T ∈ L(E). If u ∈ E+ and T E ⊆ Eu , then T 3 is compact.
From the above corollary we can now conclude the assertion of Proposition 9.2.9:
Proof of Proposition 9.2.9. Fix λ ∈ ρ(A). Then we have R(λ, A)E = D(A) ⊆ Eu ,
so R(λ, A)3 is compact according to Corollary 9.2.11. Theorem A.3.5(b) in the
appendix thus implies the assertion.

9.3

The Semigroup

Let us now turn, again, from resolvents to semigroups. As we did for resolvents we are going to consider eventual strong positivity with respect to a
fixed quasi-interior point u of the Banach lattice cone E+ .
Definition 9.3.1 (Eventually strongly positive semigroups). Let E be a complex Banach lattice, let (etA )t≥0 be C0 -semigroup on E and let u be a quasiinterior point of E+ .
(i) The semigroup (etA )t≥0 is called individually eventually strongly positive
with respect to u if for every 0 < f ∈ E there exists a time t0 ≥ 0 such that
etA f u 0 for all t ≥ t0 .
(ii) The semigroup (etA )t≥0 is called uniformly eventually strongly positive
with respect to u if there exists a time t0 > 0 such that etA u 0 for all
t ≥ t0 .
Let us formulate right away the main theorem of this section, namely a
characterisation of semigroups which are individually eventually strongly
positive with respect to a given quasi-interior point u. While we needed the
domination condition D(A) ⊆ Eu to characterise eventual strong positivity
of resolvents in Theorem 9.2.6 (which is equivalent to R(λ, A)E ⊆ Eu for
some λ ∈ ρ(A) ∩ R), we now assume that et0 E ⊆ Eu for some t0 ≥ 0; in the
prototypical special case E = Lp (Ω, µ; C) (for a finite measure space (Ω, µ)
and some p ∈ [1, ∞)) and u = 1Ω , this can be interpreted as some kind of
“smoothing condition”; compare also Corollary 9.3.6 below. We point out that,
for a large class of semigroups, the condition et0 A ⊆ Eu turns out to be weaker
than the condition D(A) ⊆ Eu , see Remark 9.3.4 below.
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Theorem 9.3.2. Let E be a complex Banach lattice and let (etA )t≥0 be a real C0 semigroup on E with s(A) > −∞. Suppose that the peripheral spectrum σper (A) is
finite and consists of pole of the resolvent R( · , A). Let u be a quasi-interior point of
E+ and assume that there exists a time t0 ≥ 0 for which we have et0 A E ⊆ Eu . Then
the following assertions are equivalent:
(i) The rescaled semigroup (et(A−s(A)) )t≥0 is bounded, s(A) is a dominant spectral
value of A and the spectral projection P associated to s(A) fulfils P u 0.
(ii) The semigroup (etA )t≥0 is individually eventually strongly positive with
respect to u.
(iii) et(A−s(A)) converges strongly to an operator Q u 0 as t → ∞.
The comments that we made in Remark 9.2.7 concerning the condition
D(A) ⊆ Eu apply, of course, in a similar way to the condition et0 A E ⊆ Eu ; see,
however, also Remark 9.3.4 below.
For the proof of Theorem 9.3.2 we need the following lemma:
Lemma 9.3.3. Let E be a complex Banach lattice and let u be a quasi-interior
point of E+ . Let (J, ) be a non-empty, totally ordered set and let (Tj )j∈J ⊆ L(E) be
a family of operators whose fixed space F is defined as
F := {f ∈ E : Tj f = f for all j ∈ J}.
Assume that (Tj )j∈J is eventually strongly positive with respect to u in the sense
that for every 0 < f ∈ E there exists j0 ∈ J such that Tj f u 0 for all j  j0 .
(a) Suppose that the family (Tj |Eu )jj0 is bounded in L(Eu ; E) for every j0 ∈ J
and assume that F contains a non-zero positive element. Then the entire
family (Tj |Eu )j∈J is bounded in L(Eu ; E).
(b) Let 0 < P ∈ L(E) be a projection whose range P E is contained in F and
suppose that every operator Tj (j ∈ J) leaves ker P invariant. Then P u 0.
Proof. (a) It suffices to show that the orbit (Tj f )j∈J is bounded in E for every
0 < f ∈ Eu . Due to our assumption, F contains a vector v > 0. For some j ∈ J
we have 0 u Tj v = v, so v ≥ εu for some c > 0. Since f is contained in Eu ,
we can thus find a constant c > 0 such that 0 ≤ f ≤ cv. As cv − f ≥ 0, we
conclude for all sufficiently large j, j  j0 say, that Tj f ≥ 0 and Tj (cv − f ) ≥ 0;
hence, 0 ≤ Tj f ≤ Tj cv = cv for all such j. This shows that the orbit (Tj f )j≥j0 is
bounded in Eu and thus in E. Since (Tj f )jj0 is bounded in E be assumption,
we conclude that the entire orbit (Tj f )j∈J is bounded in E.
(b) Let f > 0. If P f , 0 we have P f = Tj P f u 0 for some sufficiently large
index j ∈ J; thus, it suffices to show that P f , 0. Since P is non-zero and Eu
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is dense in E, we can find a vector 0 < g ∈ Eu such that P g > 0. We can find
j ∈ J such that Tj f u 0 and thus, we have cTj f − g ≥ 0 for a sufficiently large
number c > 0. Hence, cP Tj f ≥ P f > 0 and, in particular, P Tj f , 0. As Tj leaves
the kernel of P invariant by assumption, we conclude that P f , 0.
Let us now prove Theorem 9.3.2:
Proof of Theorem 9.3.2. We may assume that s(A) = 0.
“(i) ⇒ (iii)” If (i) is fulfilled it follows from [vN96, Corollary 5.2.6] that
tA
e converges strongly to 0 on the kernel of P . On the other hand, we have
P E = ker A since the boundedness of the semigroup implies that 0 is a first
order pole of the resolvent R( · , A). Thus, etA P = P for all t ≥ 0. Therefore, etA
converges strongly to the operator P u 0 as t → ∞.
“(iii) ⇒ (ii)” Assume that (iii) holds. Then Qf is a fixed vector of the
semigroup for every f ∈ E. Hence, etA Q = Q for all t ≥ 0. Since et0 A E ⊆ Eu , the
closed graph theorem implies that et0 A ∈ L(E; Eu ). Now, let 0 < f ∈ E. Since
our semigroup is real, so is etA f for every t ≥ 0. We have
etA f = et0 A e(t−t0 )A f → et0 A Qf = Qf u 0
in Eu as t → ∞. Hence, etA f u 0 for all sufficiently large t.
“(ii) ⇒ (i)” Assume (ii). According to Proposition 6.2.7, 0 is an eigenvalue
of A with an eigenvector v > 0. Thus, we can apply Lemma 9.3.3(a) to the operator family (Tj )j∈J := (etA )t∈[0,∞) and conclude that (etA |Eu )t∈[0,∞) is bounded in
L(Eu ; E). Since et0 A ∈ L(E; Eu ) due to the closed graph theorem, we conclude
that the operator family (etA )t≥t0 is bounded in L(E) and this readily implies
that the entire semigroup is bounded in L(E).
Theorem 7.3.3 now yields that s(A) = 0 is a dominant spectral value of
A and that the associated spectral projection P is positive (and non-zero as
0 ∈ σ (A)). Since the semigroup (etA )t≥0 is bounded, 0 is a first order pole
of the resolvent and hence, the range of P coincides with ker A and thus
with the fixed space of the semigroup. Therefore, we can finally employ
Lemma 9.3.3(b) to conclude that P u 0.
Let us briefly comment on the question when the condition et0 A E ⊆ Eu
is fulfilled for some t0 ≥ 0. Of course, it is automatically fulfilled if E =
C(K; C) for some compact Hausdorff space K. We can also give more abstract
conditions which are sufficient for et0 E ⊆ Eu to hold for at least one t0 ≥ 0.
Recall that a C0 -semigroup (etA )t≥0 on a Banach space E is called eventually
differentiable if there exists t0 ≥ 0 such that mapping (t0 , ∞) → L(E), t 7→ etA
is differentiable; it is called immediately differentiable if we can choose t0 = 0
(compare [EN00, Definition II.4.13 and Exercise II.4.16(1)]).
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Remark 9.3.4. Let E be a complex Banach lattice and let u be a quasi-interior
point of E+ . Let (etA )t≥0 be a C0 -semigroup on E.
(a) If the semigroup (etA )t≥0 is eventually differentiable and if there is an
integer n ∈ N such that D(An ) ⊆ Eu , then we have etA E ⊆ Eu for one
(hence all) sufficiently large t > 0.
(b) If the semigroup (etA )t≥0 is immediately differentiable (which is in particular fulfilled if (etA )t≥0 is analytic) and if we have D(A∞ ) ⊆ Eu , then
etA E ⊆ Eu for all t > 0.
Proof. (a) Since the semigroup is eventually differentiable, we have et1 A E ⊆
D(A) for some t1 ≥ 0. This readily implies that ent1 A E ⊆ D(An ) ⊆ Eu .
(b) If the semigroup is immediately differentiable, then we have etA E ⊆
D(A∞ ) ⊆ Eu for all t > 0.
Let us give several corollaries of Theorem 9.3.2. In the first corollary we
show that a weakened version of assertion (i) in the theorem is still equivalent to the other assertions in case that the semigroup is eventually norm
continuous.
Corollary 9.3.5. Let E be a complex Banach lattice and let (etA )t≥0 be a real,
eventually norm-continuous C0 -semigroup on E with s(A) > −∞. Suppose that the
peripheral spectrum σper (A) consists of poles of the resolvent R( · , A). Let u be a
quasi-interior point of E+ and assume that there exists a time t0 ≥ 0 for which we
have et0 A E ⊆ Eu . Then the following assertions are equivalent:
(i) s(A) is a dominant spectral value of A and the spectral projection P associated
to s(A) fulfils P u 0.
(ii) The semigroup (etA )t≥0 is individually eventually strongly positive with
respect to u.
(iii) et(A−s(A)) converges strongly to an operator Q u 0 as t → ∞.
Proof. Since the semigroup is eventually norm continuous, the peripheral
spectrum of A is automatically bounded, see [EN00, Theorem II.4.18]. Moreover, since σper (A) is assumed to consist of poles of the resolvent, and thus
of isolated spectral values, it follows that σper (A) is in fact finite. Hence, the
assumptions of Theorem 9.3.2 are fulfilled and, according to the theorem we
only have to show that if assertion (i) is fulfilled, then the rescaled semigroup
(et(A−s(A)) )t≥0 is automatically bounded.
So assume that (i) holds. Then 0 is a first order pole of the resolvent according to Proposition 9.1.1. Since the semigroup is eventually norm continuous,
Remark 7.3.7(c) thus asserts that (et(A−s(A)) )t≥0 is bounded.
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Our second corollary is an analogue of Corollary 9.2.9 for semigroups
instead of resolvents. As in Corollary 9.2.9 we consider the important case
where the Banach lattice E has order continuous norm; in this case we can use
the “smoothing condition” et0 A E ⊆ Eu together with Corollary 9.2.11 to show
that many assumptions of Theorem 9.3.2, respectively of Corollary 9.3.5, are
automatically fulfilled.
Corollary 9.3.6. Let E be a complex Banach lattice with order continuous norm
and let (etA )t≥0 be a real C0 -semigroup on E with s(A) > −∞. Let u be a quasiinterior point of E+ and assume that there exists a time t0 ≥ 0 for which we have
et0 A E ⊆ Eu . Then the semigroup is eventually compact (in particular, all spectral
values of A are poles of the resolvent) and the following assertions are equivalent:
(i) s(A) is a dominant spectral value of A and the spectral projection P associated
to s(A) fulfils P u 0.
(ii) The semigroup (etA )t≥0 is individually eventually strongly positive with
respect to u.
(iii) et(A−s(A)) converges strongly to an operator Q u 0 as t → ∞.
Proof. Since E has order continuous norm, the condition et0 A E ⊆ Eu implies
that e3t0 A is compact, see Corollary 9.2.11. Thus, our semigroup is eventually
compact. This implies in particular that the semigroup is eventually norm
continuous and that all spectral values of A are poles of the resolvent, see
[EN00, Lemma II.4.22 and Corollary V.3.2(i)]. Hence, the assumptions of
Corollary 9.3.5 are fulfilled, which implies the assertion.
We close the section with a counterexample showing that that the domination condition D(A) ⊆ Eu in Theorem 9.2.6 and the smoothing condition
et0 A E ⊆ Eu in Theorem 9.3.2 cannot in general be dropped.
Example 9.3.7. Let p ∈ [1, ∞) and let E = Lp ((−1, 1); C). There is a bounded
real operator A ∈ L(E) with the following properties:
(a) The semigroup (etA )t≥0 is bounded, 0 is a dominant spectral value of
A and a first order pole of the resolvent and the associated spectral
projection P fulfils P 1 0, where 1 := 1(−1,1) .
(b) The semigroup (etA )t≥0 is not individually eventually positive; in particular, it is not individually eventually strongly positive with respect to
1.
(c) Similarly, the resolvent R( · , A) is not individually eventually positive at
0; in particular, it is not individually eventually strongly positive with
respect to 1 at 0.
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(d) The smoothing condition et0 A E ⊆ E1 is not fulfilled for any t0 ≥ 0, nor is
the domination condition D(A) ⊆ E1 .
R
Proof. To construct A, let ϕ ∈ E 0 be given by hϕ, f i = (−1,1) f (ω) dω for all
f ∈ E and consider the decomposition E = span 1 ⊕ F, where F := ker ϕ. We
denote by S ∈ L(F) the reflection operator which is given by (Sf )(ω) = f (−ω) for
all f ∈ F and almost all ω ∈ (−1, 1). Using that S 2 = IF , we obtain σ (A) = {−1, 1}.
Now, let us define A ∈ L(E) by
A = 0span 1 ⊕ (−S − 2 IF ).
Then A is a real operator, we have σ (A) = {−3, −1, 0}, the number 0 is a first
order pole of the resolvent and the corresponding spectral projection P is
given by P f = 12 hϕ, f i1. Moreover, the semigroup (etA )t≥0 is clearly bounded.
Thus, assertion (a) is fulfilled.
Let us now show that assertions (b) and (c) are fulfilled, to. Using again
that S 2 = IF one easily computes that the semigroup (etA )t≥0 and the resolvent
R( · , A) are given by


etA = Ispan 1 ⊕e−2t cosh(t) IF − sinh(t)S ,
(9.3)


1
1
R(λ, A) = Ispan 1 ⊕
(λ + 2) IF −S
(9.4)
2
λ
(λ + 2) − 1
for all t ≥ 0 and all λ ∈ C \ {−3, −1, 0}.
−1
Now, let f ∈ E be given by f (ω) = (1 − ω) 2p for all ω ∈ (−1, 1). The
function f is bounded outside any neighbourhood of 1, but it is unbounded
in any neighbourhood of 1. Decomposing f as f = P f + (IE −P )f and using
formulas (9.3) and (9.4) we can thus see that R(λ, A)f is not positive for any
λ ∈ (0, ∞) and that etA f is not positive for any t ∈ (0, ∞). This proves (b)
and (c).
Finally, observe that D(A) = E * L∞ ((−1, 1); C) = E1 and, since et0 A is
bijective from E to E, et0 A E = E * L∞ ((−1, 1); C) = E1 for any t0 ≥ 0. Of course,
we could alternatively conclude from Theorem 9.2.6 that D(A) * E1 and from
Theorem 9.3.2 that et0 A E * E1 for any t0 ≥ 0 since all other assumptions of
these theorems are fulfilled by our example, but the conclusions of those
theorems are not.

9.4

Notes & Open Problems

Eventual strong positivity Throughout the chapter we always considered
strong positivity with respect to a given quasi-interior point u ∈ E+ . It would,
of course, also be interesting to consider strong positivity in a more general
sense; we could, for instance, call a C0 -semigroup (etA )t≥0 on a complex
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Banach lattice individually eventually strongly positive if, for every f > 0, there
exists a time t0 > 0 such that etA f is a quasi-interior point of E+ for every
t ≥ t0 . It is natural to ask for characterisations of such semigroups:
Problem 9.4.1. How can individual eventual strong positivity of a semigroup
(as defined in the previous paragraph) be characterised (under sufficiently
strong regularity assumptions, say)?
This seems to be a difficult question since, if we do not fix a vector u ∈ E+ ,
no domination or smoothing condition such as D(A) ⊆ Eu or et0 A E ⊆ Eu can
be formulated; yet, we have seen in Example 9.3.7 that the characterisations
in Theorems 9.2.6 and 9.3.2 fail without such a condition.
Perron–Frobenius results without a domination or smoothing condition
Note that the implication “(ii) ⇒ (i)” in Theorem 9.2.6 also holds without
the domination condition D(A) ⊆ Eu (this is the content of Theorem 9.2.5)
while the converse implication is in general false without this assumption
(see Example 9.3.7). The observation that we do not need a domination
condition for the first mentioned implication was not known yet when the
paper [DGK16a] was written; it was obtained later as part of an ongoing
collaboration with Daniel Daners. It would be interesting to know whether a
similar result holds for semigroups, i.e. whether the implication “(ii) ⇒ (i)” in
Theorem 9.3.2 (or, say, in Corollary 9.3.5) remains true without the smoothing
assumption et0 A E ⊆ Eu .
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Criteria for Uniform Eventual
Strong Positivity
While, in the preceding chapter, we focussed on individually eventually
strongly positive behaviour of resolvents and semigroups, we are now going to study uniform eventual strong positivity. Section 10.1 contains some
simple criteria for a resolvent to be uniformly eventually strongly positive.
For semigroups, however, it seems quite difficult to give good criteria for
uniform eventual strong positivity. We study this problem in Section 10.2;
actually, we merely consider the special case of self-adjoint semigroups on
L2 -spaces since in this situation it turns out that individual eventual strong
positivity is, under appropriate assumptions, equivalent to uniform eventual
strong positivity. In the third section we provide two counterexamples which
show that, in more general situations, it is necessary to distinguish between
individual and uniform eventual behaviour even under very strong regularity
assumptions.
The results presented in Section 10.1 have, in the special case of C(K; C)spaces, been published in [DGK16b, Section 4]. The only result in Section 10.2,
Theorem 10.2.1, has not been published or submitted for publication, yet. It is
based on joint work with Daniel Daners and part of an ongoing collaboration
with him. The counterexamples in Section 10.3 have both been published
in [DGK16b, Section 5].

10.1

The Resolvent

The following sufficient condition for uniform eventual strong positivity of
a resolvent is based on the Taylor series expansion of R( · , A) around a point
λ1 ∈ ρ(A) where it is already known that the resolvent is strongly positive.
Due to the Taylor series expansion, the strong positivity extends to an interval
on the left of λ1 until a spectral value λ0 gets in the way.
Proposition 10.1.1. Let E be a complex Banach lattice, let u be a quasi-interior
point of E+ and let A : E ⊇ D(A) → E be a real linear operator. Let λ0 ∈ [−∞, ∞)
be a spectral value of A or −∞ and suppose there exists a number λ1 > λ0 such
that (λ0 , λ1 ] ⊆ ρ(A), R(λ1 , A) ≥ 0 and R(λ1 , A)n u 0 for some integer n ∈ N0 .
Then the resolvent R( · , A) is uniformly eventually strongly positive with respect
to u at λ0 ; more precisely, we have R(λ, A) u for all λ ∈ (λ0 , λ1 ).
Proof. Let I := {λ ∈ (λ0 , λ1 )| R(λ1 , A) u 0}. We have to show that I = (λ0 , λ1 ).
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Let us first show that (λ1 − ε, λ1 ) ⊆ I for some ε > 0. To this end, choose
ε > 0 so small that the open ball with radius ε and center λ1 is contained in
the resolvent set ρ(A). Then we have
R(λ, A) =

∞
X

(λ1 − λ)n R(λ1 , A)n+1 u 0

n=0

for all λ ∈ (λ1 − ε, λ1 ). Hence, ∅ , (λ1 − ε, λ1 ) ⊆ I, as claimed.
Now, let J ⊆ I be the largest subinterval of I which contains (λ1 − ε, λ1 ). It
suffices to show that inf J = λ0 , so assume for a contradiction that inf J > λ0 .
Choose a δ > 0 such that the open ball around inf J with radius δ is contained
in the resolvent set ρ(A) and such that inf J + δ ≤ λ1 . Then the number inf J + 4δ
is contained in J and the ball of radius 2δ with center inf J + 4δ is contained in
the resolvent set ρ(A). Using again the series expansion of the resolvent, this
time about inf J + 4δ , we obtain for all λ ∈ (inf J − 4δ , inf J]
R(λ, A) =

∞
X
n=0

(inf J +

δ
δ
− λ)n R(inf J + , A)n+1 u 0
4
4

Thus, (inf J − 4δ , inf J] ⊆ I and hence, (inf J − 4δ , λ1 ) ⊆ J, which is a contradiction.
A simple but interesting consequence of Proposition 10.1.1 is the following
result about squares of operators:
Corollary 10.1.2. Let E be a complex Banach lattice, let u be a quasi-interior
point of E+ and let A : E ⊇ D(A) → E be a linear operator. Let λ0 ∈ [−∞, 0) be a
spectral value of A or −∞ and assume that (λ0 , 0] ⊆ ρ(A). Moreover, assume that
there is a closed linear operator B : E ⊇ D(B) → E such that A = −B2 .
If R(0, B) u 0, then the resolvent R( · , A) is uniformly eventually strongly
positive with respect to u at λ0 .

2
Proof. We have R(0, A) = (B2 )−1 = − B−1 = R(0, B)2 u 0. Hence, it follows
from Proposition 10.1.1 that R(λ, A) u 0 for all λ ∈ (λ0 , 0].
Corollary 10.1.2 has nice applications if B is a second order elliptic differential operator with spectral bound s(B) < 0. For such operators it follows,
under rather general conditions, from the strong maximum principle that the
resolvent R(0, B) is, in some sense, strongly positive. Hence we can conclude
from Corollary 10.1.2 that the resolvent of −B2 is eventually strongly positive
at its spectral bound. This can sometimes be used to derive (at least individ2
ual) eventual strong positivity of the semigroup (e−tB )t≥0 ; on the other hand,
this semigroup cannot be positive since the differential operator −B2 has order
> 2 (see e.g. [MO86, Theorem 3.6], [Miy86, Section 2] and [ABR90, Proposition 2.2]). We refer to Section 11.5 for some concrete examples of this.
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10.2

The Semigroup

We have seen in the preceding section that it is easy to obtain uniform eventual
strong positivity of a resolvent R( · , A) if it is known that R(λ, A) is strongly
positive at at least one point λ ∈ ρ(A) ∩ R. On the other hand, it seems to
be quite difficult to give criteria for uniform eventual strong positivity of
R( · , A) at a point λ0 in terms of spectral properties. A similar difficulty
occurs when we look for criteria for uniform eventual strong positivity of
C0 -semigroups. One special case where it is possible to give such a criterion
is that of self-adjoint semigroups on L2 -spaces:
Theorem 10.2.1. Let H , {0} be a complex Hilbert lattice and let (etA )t≥0 be a real
C0 -semigroup on H with self-adjoint generator A. Let u be a quasi-interior point
of H+ and assume that we have D(A∞ ) ⊆ Hu . Then the semigroup is immediately
compact (in particular, all spectral values of A are poles of the resolvent) and the
following assertions are equivalent:
(i) The spectral projection P associated with s(A) fulfils P u 0.
(ii) ker(s(A) − A) is one-dimensional and contains a vector v u 0.
(iii) The semigroup (etA )t≥0 is individually eventually strongly positive with
respect to u.
(iv) The semigroup (etA )t≥0 is uniformly eventually strongly positive with respect
to u.
(v) et(A−s(A)) converges strongly to an operator Q u 0 as t → ∞.
Proof. We may assume that s(A) = 0. Since the semigroup (etA )t≥0 is analytic, it follows from D(A∞ ) ⊆ Hu that etA H ⊆ Hu for all t > 0, compare Remark 9.3.4(b). Moreover, since the generator A is self-adjoint, it has non-empty
spectrum. Finally, the Banach lattice H is, of course, reflexive and hence, it
has order continuous norm (this follows for example from [MN91, Theorem 2.4.2(v)]). Thus, our semigroup is immediately compact due to Corollary 9.2.11 and hence, all spectral values of A are poles of R( · , A). Moreover,
all assumptions of Corollary 9.3.6 are fulfilled.
Since σ (A) ⊆ R, the spectral bound s(A) is of course a dominant spectral
value and thus, it follows from Corollary 9.3.6 that assertions (i), (iii) and (v)
of our theorem are equivalent.
The implication “(i) ⇒ (ii)” follows from Proposition 9.1.1. If, conversely,
asssertion (ii) holds, then it follows from the self-adjointness of A and from
Corollary C.6.4 that ker A0 contains a strictly positive functional. Hence, we
can employ again Proposition 9.1.1 to conclude that (i) is true.
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The implication “(iv) ⇒ (iii)” is obvious. Hence it only remains to show,
say, “(i) ⇒ (iv)”, and this is, of course, the most interesting part here. Assume
that P u 0
We note that, for every t > 0, the operator etA is a Hilbert-Schmidt operator on H. Indeed, since etA HR ⊆ (Hu )R = (HR )u , the operator etA |HR is a
so-called majorizing operator on the real Hilbert lattice HR , see [Sch74, Definition IV.3.1]. Hence, etA |HR is a Hilbert–Schmidt operator on the real Hilbert
space HR according to [Sch74, Theorem IV.6.9]; this readily implies that etA is
a Hilbert–Schmidt operator on the complex Hilbert space H.
Since the semigroup (etA )t≥0 is immediately compact, it follows that A has
compact resolvent [EN00, Theorem II.4.29]; in particular, H is separable. As
A is self-adjoint, there exists on orthonormal basis (en )n∈N0 of eigenvectors of
A, and we may choose each vector en to be real. Let 0 = −λ0 ≥ −λ1 ≥ λ2 ≥ ... be
the corresponding eigenvalues. Note that we have λ0 , λ1 since the eigenspace
ker A is one-dimensional according to assertion (ii). Due to the same assertion
we may assume that e0 u 0 after replacing e0 with −e0 if necessary; so
e0 ≥ cu for some fixed constant c > 0. For every t ≥ 0 and every n ∈ N0 , en is an
eigenvector of etA for the eigenvalue e−λn t .
Now, let 0 < f ∈ H. For every t ≥ 0 we obtain
∞
∞
X
X
−tλn
2
(f |en )e
en ≥ c (f |u)u +
(f |en )e−tλn en ,
e f =
tA

n=0

n=1

where the series converge in H. Due to the closed graph theorem we have
eA ∈ L(H, Hu ); let M > 0 denote the operator norm of eA as an operator from
H to Hu . We then have ken ku = eλn keA en ku ≤ eλn Mken k = Meλn for every n ∈ N0 .
Thus, we obtain for t > 0
∞
X
n=1

k(f |en )e

−tλn

en ku ≤

∞
X

(f | |en |)e

(−t+1)λn

≤ (f |u)M

n=1

2

∞
X

e(−t+2)λn .

n=1

For every n ∈ N, the number e(−t+2)λn decreases to 0 as t → ∞ since λn > 0. Now
we use that eA is a Hilbert–Schmidt operator: this implies that the eigenvalues
P
−2λn < ∞. The dominated convergence
of eA are square summable, so ∞
n=1 e
P∞ (−t+2)λ
n converges to 0 as t → ∞. In particular,
theorem now implies that n=1 e
2
c
the series is smaller then 2M
2 for all sufficiently large t, t ≥ t0 say. For all those
P
−tλn e converges absolutely in
t ≥ t0 and all 0 < f ∈ H the series ∞
n
n=1 (f |en )e
P∞
2
c
Hu and we have k n=1 (f |en )e−tλn en ku ≤ 2M
.
Thus,
2
etA f ≥ c2 (f |u)u − k

∞
X

(f |en )e−tλn ku u

n=1

≥ c2 (f |u)u − (f |u)M 2
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c2
c2
=
(f |u)u u 0.
2
2M 2
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Hence, the semigroup (etA )t≥0 is indeed uniformly eventually strongly positive
with respect to u.
It does not seem to be completely clear what causes the uniform eventual
strong positivity in Theorem 10.2.1 on an abstract level. A better understanding of this would be important to obtain criteria for uniform eventual strong
positivity in more general situations.

10.3

Counterexamples

In Theorem 10.2.1 we showed, under very special assumptions, that individual
eventual strong positivity of a semigroup is equivalent to the uniform property.
On the other hand, we could not prove such an equivalence in the more general
setting of Theorem 9.3.2; similarly, the characterisation theorem for resolvents,
Theorem 9.2.6, did not contain any assertions about uniform eventual strong
positivity. It is thus natural to ask for counterexamples which show that
individual eventual strong positivity with respect to a quasi-interior point u
does not in general imply uniform eventual strong positivity with respect to
u.
We are going to give two such counterexamples in this section. The first
counterexample is rather simple, but the generator in this example is bounded,
so we cannot expect the semigroup to have any compactness properties. The
second example is technically a bit more involved; in this example, the semigroup generator has compact resolvent and the semigroup itself is analytic and
thus immediately compact. Both examples are constructed on C(K; C)-spaces
and we choose u := 1 := 1K . Thus, the domination and smoothing conditions
D(A) ⊆ Eu and et0 A E ⊆ Eu are automatically fulfilled in those examples.
For the convenience of the reader we recall that the resolvent of a linear
operator A : E ⊇ D(A) → E on a complex Banach lattice E is called uniformly
eventually positive at a number λ0 ∈ σ (A)∩R∪{−∞} if there exists a λ1 > λ0 with
the following properties: (λ0 , λ1 ] ∈ ρ(A) and R(λ, A) ≥ 0 for all λ ∈ (λ0 , λ1 ].
Example 10.3.1. There exists a real C0 -semigroup (etA )t≥0 on E = C([−1, 1]; C)
with bounded generator A ∈ L(E) which has the following properties:
(a) The semigroup (etA )t≥0 and its generator A fulfil all assumptions of the
Theorems 9.3.2 and 9.2.6 (with u = 1).
(b) The semigroup (etA )t≥0 is individually eventually strongly positive with
respect to 1, but not uniformly eventually positive (in particular, it is
not uniformly eventually strongly positive with respect to 1).
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(c) The resolvent R( · , A) is individually eventually strongly positive with
respect to 1 at s(A), but not uniformly positive at s(A) (in particular, it
is not uniformly eventually strongly positive with respect to 1 at s(A)).
Proof. The construction of A is very similar to our construction in Example 9.3.7, except for the underlying Banach lattice being a different one. We
set E := C([−1, 1]; C).
R1
Let ϕ ∈ E 0 be given by hϕ, f i = −1 f (ω) dω and consider the decomposition
E = span 1 ⊕ F, where F = ker ϕ. As in Example 9.3.7 we let S ∈ L(F) be
the reflection operator given by (Sf )(ω) = f (−ω) for each f ∈ F and each
ω ∈ [−1, 1] and, again, we let
A = 0span 1 ⊕ (−S − 2 IF ) ∈ L(E).
The operator A is real and we have σ (A) = {−3, −1, 0}, 0 is a first order pole of
the resolvent and the corresponding spectral projection P is given by P f =
1
2 hϕ, f i1 for all f ∈ E; clearly, P 1 0. One can easily see that the semigroup
(etA )t≥0 is bounded. Moreover, we have etA E ⊆ E = E1 and D(A) = E = E1 for
all t ≥ 0 and all λ ∈ ρ(A).
So all assumptions of Theorems 9.3.2 and 9.2.6 are fulfilled and, since
P 1 0, the first of the equivalent assertions in these theorems also hold.
Hence, we conclude from these theorems that the semigroup (etA )t≥0 is individually eventually strongly positive with respect to 1 and that the resolvent R( · , A) is individually eventually strongly positive with respect to 1 at
s(A) = 0.
Using that S 2 = IF we can easily check that the semigroup (etA )t≥0 and the
resolvent R( · , A) are given by the formulas (9.3) and (9.4) in Example 9.3.7.
Now we show that the semigroup (etA )t≥0 is not uniformly eventually
positive. For each ε > 0 we choose a function 0 < fε ∈ E which fulfils kfε k∞ = 1,
hϕ, fε i = ε, fε (1) = 1 and fε (−1) = 0. We can decompose fε as fε = 2ε 1 +(fε − 2ε 1) ∈
h1i ⊕ F. Using this and formula (9.3), a straightforward computation shows
that

ε
(etA fε )(−1) = 1 − e−2t cosh(t) + e−2t sinh(t) − e−2t sinh(t).
2
for all t ≥ 0. Thus, for each t > 0 we can choose ε > 0 sufficiently small such
that etA fε 6≥ 0. Actually, this even shows that etA is not a positive operator for
any t > 0.
By a similar computation, one can also show that for any λ > 0 there
exists a ε > 0 such that (R(λ, A)fε )(−1) < 0. Hence, the resolvent R( · , A) is not
uniformly eventually positive.
Our second example, although being technically a bit more involved, is
based on the same idea as Example 10.3.1 above. Our main point is that
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the resolvent of the generator is now compact; moreover, the semigroup
(etA )t≥0 is analytic and thus immediately compact (this follows from [EN00,
Theorem II.4.29]).
Example 10.3.2. Let E := c := c(Z; C) be the space of all complex valued
sequences x = (xn )n∈Z , such that the limits limn→∞ xn and limn→−∞ xn both
exist and coincide. We endow E with the k · k∞ -norm and we denote the
constant sequence with value 1 in E by 1. Note that E ' C(K; C), where K
denotes the one-point compactification of the discrete space Z.
There exists a real, analytic C0 -semigroup (etA )t≥0 on E such that A has
compact resolvent and such that the following properties hold:
(a) The semigroup (etA )t≥0 and its generator A fulfils all assumptions of
Theorem 9.3.2.
(b) The semigroup (etA )t≥0 is individually eventually strongly positive with
respect to 1, but not uniformly eventually positive (in particular, it is
not uniformly eventually strongly positive with respect to 1).
Proof. The main idea of the construction is the same as in Example 10.3.1,
although the details are a bit more involved, now. We decompose E = c as
c = span 1 ⊕ c0 = span 1 ⊕ c0s ⊕ c0a ,
where c0 := {x ∈ c| limn→±∞ xn = 0} and where c0s and c0a are the symmetric and
the anti-symmetric part of c0 , given by
c0s := {x ∈ c0 | xn = x−n for all n ∈ Z},
c0a := {x ∈ c0 | xn = −x−n for all n ∈ Z}.
If S ∈ L(c0 ) denotes the reflection operator, given by (Sx)n = x−n for all x ∈ c0
and all n ∈ Z, then c0s is the eigenspace of S for the eigenvalue 1 and c0a
is the eigenspace of S for the eigenvalue −1. Note that for each x ∈ c0 the
decomposition in its symmetric and anti-symmetric part is given by
1
1
x = (x + Sx) + (x − Sx) ∈ c0s ⊕ c0a .
2
2
We now choose symmetric sequences α = (αn )n∈Z , β = (βn )n∈Z of real numbers
which fulfil 0 < αn < βn for all n ∈ Z and αn , βn → ∞ as n → ±∞. It is easy to
see that we can find another symmetric sequence g = (gn )n∈Z ∈ ` 1 (Z; C) which
fulfils gn > 0 for all n ∈ Z, as well as h1, gi = 1 and
2gn + e−nβn − e−nαn < 0

(10.1)
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for all n ∈ Z \ {0}. Consider the Banach space isomorphism B ∈ L(c) and its
inverse B−1 ∈ L(c) which are given by




B(c1 + x) = c + hg, xi 1 + x, B−1 (c1 + x) = c − hg, xi 1 + x
for all x ∈ c0 and all c ∈ C. Now, let Mβ be the multiplication operator with
symbol β on c0s and let Mα be the multiplication operator with symbol α on
c0a . Then −Mβ and −Mα are closed operators with compact resolvents and
generate analytic semigroups on c0s and c0a , respectively. Now, consider the
C0 -semigroup (Ispan 1 ⊕e−tMβ ⊕ e−tMα )t≥0 on c = span 1 ⊕ c0s ⊕ c0a . By means of
the Banach space isomorphism B ∈ L(c), we apply a similarity transformation
to this semigroup and thus obtain a C0 -semigroup (etA )t≥0 on c given by


etA := B−1 Ispan 1 ⊕e−tMβ ⊕ e−tMα B.


This semigroup has the generator A = −B−1 0span 1 ⊕ Mβ ⊕ Mα B. Clearly, A
has compact resolvent, 0 is a dominant spectral value of A and one can easily
check that the spectral projection P is given by P (c1 + x) = (c + hg, xi)1 for all
c ∈ C and all x ∈ c0 . Hence, P 1 0. Moreover, the semigroup generated by A
is bounded.
We also have D(A) ⊆ c = c1 and etA c ⊆ c = c1 for all t ≥ 0. Hence, all
assumptions of Theorem 9.3.2 are fulfilled and assertion (i) of the theorem
holds, too. We thus conclude that the semigroup (etA )t≥0 is individually
eventually strongly positive with respect to 1.
Let us now show that the semigroup (etA )t≥0 is not uniformly eventually
positive. Using the formulas for B and B−1 given above, we can compute the
orbit (etA x)t≥0 for every x ∈ c0 : for each such x and each t ≥ 0 we obtain after
a short computation
etA x =


1
hg, 2x − e−tMβ (x + Sx)i1 + e−tMβ (x + Sx) + e−tMα (x − Sx) .
2

For x ≥ 0, this yields
etA x ≤


1
2hg, xi1 + e−tMβ (x + Sx) + e−tMα (x − Sx)
2

for all t ≥ 0. Now, fix t0 > 0 and choose an integer n ≥ t0 . We define x := 1{n}
and thus, we obtain for the −n-the component of etA x the estimate
(etAx )−n ≤


1
2gn + e−tβn − e−tαn .
2

According to the estimate (10.1), this number is strictly negative if we choose
t = n. Hence, for each t0 ≥ 0 we can find a time t := n ≥ t0 such that etA is not
a positive operator. This proves, as claimed, that the semigroup (etA )t≥0 is not
uniformly eventually positive.
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Notes & Open Problems

Uniform anti-maximum principles In Section 9.2 we have already pointed
out that individual eventual strong negativity of resolvents corresponds to socalled individual anti-maximum principles. On the other hand, uniform eventual
strong negativity of the resolvent corresponds to uniform anti-maximum
principles. Unfortunately, we do at the moment not have an analogue of
Theorem 9.2.6 for uniform eventual strong positivity available; even in the
setting of self-adjoint operators on Hilbert lattices the technique presented in
Theorem 10.2.1 to prove uniform eventual strong positivity for semigroups
does not seem to work for resolvents. Moreover, the results from Section 10.1
cannot be used to derive uniform anti-maximum principles, either, since they
only work on the right side of a given spectral value λ0 .
On the other hand, we should point out that one can find some results
about uniform anti-maximum principles in the literature, see e.g. [Tak96, Section 5], [CS00] and [CS01]; the first reference contains some abstract theorems,
while the latter two references focus on elliptic differential operators. It is
an interesting task for future research to find more results which help to
understand uniform anti-maximum principles on an abstract level.
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Positivity
In this final chapter we give a large variety of examples for semigroups which
behave eventually strongly positive. In Section 11.1 we revisit the finitedimensional case and show that our general theory does not only yield known
theorems as special cases, but it is even able to strengthen some results known
from the finite-dimensional literature. In Section 11.2 we revisit the Dirichletto-Neumann operator, but this time in two dimensions. We demonstrate that
one can even obtain results about eventual strong positivity instead of only
asymptotic positivity in this setting. In Section 11.3 we make a brief detour
to the Dirichlet-to-Neumann operator on graphs, though only in a simple
special case. Our results in this section are somewhat different from our
other applications in that we show that, under some circumstances, eventual
positivity does not occur for the corresponding semigroup. The question
whether it does occur under different assumptions seems to be difficult to
answer, given the current state of the theory. In Section 11.4 we come back
to the bi-Laplace operator with Dirichlet boundary conditions. We show
under rather weak assumptions that the resolvent as well as the generated
semigroup behaves eventually strongly positive. This does not only resemble
some results from the literature but, again, it even strengthens some of them,
merely by the use of our abstract theory. Another type of bi-Laplace operator,
namely the square of the Dirichlet– and the Robin–Laplace operator, are
considered in Section 11.5. In contrast to the preceding sections we do not
work on Lp -spaces now, but on spaces of continuous functions instead. This
demonstrate that our theory is well-adapted to applications on such spaces,
too. Delay differential equations are revisited in Section 11.6. While we
have already given sufficient conditions for the generated semigroup to be
asymptotically positive in Chapter 8, we now show that the semigroup is
even eventually strongly positive under slightly stronger assumptions. In the
final Section 11.7 we consider two examples of a (one-dimensional) Laplace
operator with non-local boundary conditions. While it is well-known that the
Laplace operator with several kinds of local boundary conditions generates
a positive semigroup, the situation seems to be much more involved for
non-local boundary conditions. We give two concrete examples where the
generated semigroup is not positive, but eventually strongly positive.
Most of the results presented in this chapter have been published in
[DGK16b, Section 6] or [DGK16a, Section 6], some of them only in weaker
versions since Theorem 10.2.1 was not yet available when those papers were
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written. The results in Section 11.3 have not been published yet and are part
of an ongoing research project in collaboration with Daniel Daners and James
B. Kennedy. Only a special case of the results from Section 11.6 was published
in [DGK16b], namely the special case presented in Example 11.6.3.

11.1

The Finite-Dimensional Case

As in Chapter 8 we start our grand tour of applications by considering the
finite-dimensional case. We have already explained in Section 8.1 that every
finite-dimensional complex Banach lattice is isomorphic to Cn , so we assume
for the rest of the section that Rd is endowed with some Banach lattice norm
and that Cd is endowed with the Banach lattice compexification of this norm.
Let 1 ∈ Rd denote the vector whose entries are all equal to 1. We have
f  0 for a vector f ∈ Rd if and only if f 1 0; hence, we have A  0 for a
matrix A ∈ Rd×d if and only if A 1 0. Obviously, f  0 (respectively, A  0)
if and only if all entries of f (respectively, of A) are > 0.
It is easy to see that for every A ∈ Rd×d the semigroup (etA )t≥0 is individually eventually strongly positive with respect to 1 if and only if it is uniformly
eventually strongly positive with respect to 1. In this case we shall simply say
that (etA )t≥0 is eventually strongly positive.
It is again our intention to describe eventual positivity properties of the
semigroup by considering the powers of (a shift of) its generator. We therefore
start with the following definition:
Definition 11.1.1 (Eventually strongly positive matrix). A matrix A ∈ Rd×d
is called eventually strongly positive if there is an integer n0 ∈ N such that
An  0 for all n ≥ n0 .
Let us proceed right away by giving the main result of this section; a similar
result has been obtained by Noutsos and Tsatsomeros in [NT08, Theorem 3.3]
by using only finite-dimensional theory; in fact, their theorem is stated in
a slightly different way, but it is not difficult to see that it is, with a small
exception, equivalent to our result below. The only major difference is that,
in our theorem, it suffices to assume that the eigenvalue s(A) is geometrically
(instead of algebraically) simple in assertion (ii) and that we then obtain
algebraic simplicity for free.
Theorem 11.1.2. For every matrix A ∈ Rd×d the following assertions are equivalent:
(i) The semigroup (etA )t≥0 is eventually strongly positive.
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(ii) The spectral bounded s(A) is a dominant and geometrically simple eigenvalue
of A; moreover, ker(s(A)−A) and ker(s(A)−AT ) both contain a vectors which
are  0.
(iii) There exists a number c ∈ R such that the matrix A + c is eventually strongly
positive.
(iv) For all sufficiently large c ∈ R the matrix A + c is eventually strongly positive.
If the equivalent assertions (i)–(iv) are fulfilled, then s(A) is even an algebraically
simple eigenvalue of A and, moreover, the only eigenvalue of A which admits a
positive eigenvector.
Proof. “(i) ⇔ (ii)” This follows from the equivalence “(i) ⇔ (ii)” in Theorem 9.3.5 and the equivalence “(i) ⇔ (ii)” in Proposition 9.1.1. Moreover, the
same proposition yields that s(A) is even an algebraically simple eigenvalue
of A, and moreover the only eigenvalue with a positive eigenvector, if the
equivalent conditions of the current theorem are fulfilled.
“(ii) ⇒ (iv)” If assertion (ii) holds, then the spectral projection P associated
with s(A) is strongly positive according to Proposition 9.1.1. Since s(A) is a
dominant spectral value of A, we conclude for all sufficiently large c ∈ R that
the spectral bound of the matrix A + c is strictly positive, that it is even equal
to the spectral radius of A + c and, moreover, that it is the only eigenvalue of
A+c
A+c
A + c with maximal modulus. For such c ∈ R, let T := r(A+c)
= s(A+c)
.
The matrix T has spectral radius 1, and 1 is the only eigenvalue of T
on the unit circle; the associated spectral projection is still given by P 
0. In particular, 1 is a first order pole the resolvent R( · , T ) according to
Proposition 9.1.1, so the range of P coincides with the fixed space of T . Hence,
T n converges to P  0 is n → ∞, so we conclude that T n  0 for all sufficiently
large n. Thus, (A + c)n  0 for all sufficiently large n.
“(iv) ⇒ (iii)” This is obvious.
“(iii) ⇒ (i)” Assume that the matrix B := A+c is eventually strongly positive
for some c ∈ R. We have etA = e−tc etB for all t ≥ 0, so it suffices to show that
the semigroup (etB )t≥0 is eventually strongly positive.
Choose n ∈ N0 such that Bn  0 for all n ≥ n0 . For t > 0 we have
t

−n0 tB

e

n0

≥B +

nX
0 −1

t k−n0 Bk → Bn0  0

n=0

as t → ∞. Hence, t −n0 etB  0 for all sufficiently large t > 0 and this proves
that etB  0 for all sufficiently large t > 0, too.
In Proposition 8.1.6 we showed that a real, asymptotically positive semigroup in two dimensions is automatically positive and in Proposition 8.1.7
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such a result was proved for eventually positive semigroups. In the following
proposition we prove a similar result, namely that an eventually strongly
positive semigroup in two dimensions is automatically strongly positive:
Proposition 11.1.3. Let A ∈ R2×2 . The semigroup (etA )t≥0 is eventually strongly
positive if and only if it is strongly positive, meaning that etA  0 for all t > 0.
Proof. “⇐” This implication is obvious.
“⇒” Assume that (etA )t≥0 is eventually strongly positive. According to
Theorem 11.1.2, λ0 := s(A) is an algebraically simple eigenvalue of A. Moreover, the corresponding spectral projection P is strongly positive according to
Theorem 9.3.2.
Since R2 is two-dimensional, the second eigenvalue λ1 of A is also algebraically simple; moreover, it is real since A is so, and of course we have
λ1 < λ0 . The spectral projection corresponding to λ1 is I −P , and its range
coincides with the eigenspace ker(λ1 − A). Hence, we have
etA = etλ0 P + etλ1 (I −P ) = etλ1 I +(etλ0 − etλ1 )P  0
for all t > 0 since λ0 > λ1 .

11.2

The Dirichlet-to-Neumann Operator in
Dimension 2

Now we revisit the Dirichlet-to-Neumann operator Dλ discussed in Section 8.2, but this time in the two-dimensional case Ω ⊆ R2 . Considering
the two-dimensional case has the advantage that the boundary of Ω, if assumed to be sufficiently smooth, is a one-dimensional compact manifold.
Since it is known that the domain of the Dirichlet-to-Neumann operator is a
first order Sobolev space over ∂Ω (see [BtE15, Theorem 5.2]), it thus follows
that it embeds into L∞ (∂Ω; C) which gives us exactly the kind of domination condition which we need to prove eventual strong positivity instead of
asymptotic positivity. Our main result reads as follows.
Theorem 11.2.1. Let ∅ , Ω ⊆ R2 be a bounded domain with C ∞ -boundary and
let λ ∈ R \ σ (∆D ). Then the following assertions are equivalent:
(i) The Dirichlet-to-Neumann semigroup (e−t Dλ )t≥0 is individually eventually
strongly positive with respect to 1∂Ω .
(ii) The Dirichlet-to-Neumann semigroup (e−t Dλ )t≥0 is uniformly eventually
strongly positive with respect to 1∂Ω .
(iii) The spectral bound s(− Dλ ) is a geometrically simple eigenvalue of − Dλ and
the corresponding eigenspace contains a function which is 1∂Ω 0.
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(iv) The resolvent R( · , − Dλ ) is individually eventually strongly positive with
respect to 1∂Ω at s(− Dλ ).
(v) The resolvent R( · , − Dλ ) is individually eventually strongly negative with
respect to 1∂Ω at s(− Dλ ).
We note in passing that the eigenvector of − Dλ belonging to s(− Dλ ) can be
described by a corresponding Robin problem as was done in Theorem 8.2.1.
Proof of Theorem 11.2.1. We have D(Dλ ) = H 1 (∂Ω; C) according to [BtE15,
Theorem 5.2]. Since Ω is a bounded two-dimensional domain with C ∞ boundary, its boundary is a one-dimensional smooth and compact manifold.
Thus, we have
D(Dλ ) = H 1 (∂Ω; C) ⊆ L∞ (∂Ω; C) = L2 (∂Ω; C)1∂Ω .
Since the above domination condition is fulfilled and since the Dirichletto-Neumann operator is self-adjoint, we note the all assumptions of Theorem 10.2.1 hold. Hence, this theorem immediately implies the equivalence
of assertions (i), (ii) and (iii). Moreover, the same theorem yields that s(A) is
a pole of the resolvent and that the assertions (i)–(iii) are equivalent to the
condition P 1∂Ω 0; this latter condition is in turn equivalent to assertions (iv)
and (v) according to Theorem 9.2.6.
We point out that the above theorem is far from giving a complete answer to the question whether the semigroup generated by the Dirichlet-toNeumann operator is eventually strongly positive. In fact, the major achievement in Theorem 11.2.1 is to show that the problem can be completely reduced
to a spectral theoretic question. Yet, it does not seem to be clear at all under
which conditions on Ω the spectral condition (iii) in the theorem is fulfilled.
One special case in which this is understood quite properly is that of the
unit disk in R2 . This example as studied by Daners in [Dan14] where he
proved by means of concrete computations that condition (iii) is fulfilled
for certain choices of the parameter λ. Since the abstract characterisation
in Theorem 10.2 was not known by then, he used more explicit properties
of Fourier series on the unit circle in order to conclude that the semigroup
is uniformly eventually positive. In this context it is worthwhile recalling
that, in the proof of Theorem 10.2, we employed the spectral theorem for
compact self-adjoint operators and the series expansion of vectors along an
orthonormal basis of the underlying Hilbert space. This can, of course, be
considered as some kind of abstract Fourier series argument.
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11.3

The Dirichlet-to-Neumann Operator on Finite
Graphs

As explained in the preceding section it seems, in general, to be difficult to
find out for a given domain Ω ⊆ R2 whether the spectral condition (iii) in
Theorem 11.2.1 is fulfilled. Seeking for a better understanding of eventual
positivity phenomena related to Dirichlet-to-Neumann operators, it is therefore natural to study similar operators in different settings. Thus, we use
the current section for a brief look at the Dirichlet-to-Neumann operator on
finite graphs and its eventual positivity properties. Our results are rather elementary; we study only graphs without interior vertices (i.e. without vertices
where Kirchhoff conditions are imposed on the graph) and our main result
actually states that, for many choices of the paramater λ, eventual positivity
does not occur. The question whether it occurs for different choices of λ seems
to require some kind of perturbation theory for eventually positive semigroup
which is not yet available at the current state of the theory. We point out,
however, that the development of such a theory is part of an ongoing project
with Daniel Daners; moreover, the results presented in this section are part
of a collaboration with Daniel Daners and James B. Kennedy where we also
intend to generalise those results below to graphs with interior vertices.
For our analysis we only need some elementary properties of metric
graphs; for a more detailed discussion of analysis on metric graphs (often referred to as “quantum graphs”) we refer to the extensive literature on the topic,
e.g. to the monograph [Mug14] and to the survey article [Kuc08]). Throughout
the section, assume that the following data is given:
- A undirected, connected graph G = (V , E) with vertex set V and a finite
set of edges E; we assume that V has at least two elements.
Moreover, we assume that each two vertices are connected by at most
one edge and that there are no loops in G, i.e. that no vertex is connected
to itself by a single edge.
- Despite the fact that G is undirected, assume that for each edge e ∈ E
one of the vertices connected by e is called the left endpoint of e and is
denoted by el , while the other vertex is called the right endpoint of e and
is denoted by er .
The assignment of el and er is arbitrary and is only needed to assign
each edge to a real interval later on.
- A function L : E → (0, ∞); for every e ∈ E we interpret Le := L(e) as the
length of the edge e.
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Whenever two vertices v and w are connected by a (necessarily unique) edge
e, we use the notation Lv,w := Le . We define Lv,w := ∞ whenever there is no
1
edge between v and w. If we define ∞
:= 0, then the matrix ( L1 )v,w∈V ∈ RV ×V
v,w
is called the weighted adjacency matrix of the graph G.
Throughout the section we assume CV to be endowed with the Euclidean
norm which renders it a complex Hilbert lattice.
The Dirichlet-to-Neumann operator on G is an operator on CV = L2 (V ; C)
which is defined in a similar fashion as the Dirichlet-to-Neumann operator on
(the boundary of) domains in Rd .
Definition 11.3.1 (Dirichlet-to-Neumann operator on graphs). Let f ∈ CV
2
and let λ ∈ R \ {−( πk
Le ) : k ∈ N e ∈ E}. For every e ∈ E let ue,f be the function in
H 2 ((0, Le ); C) solving the equation



u 00
= λu in (0, Le )




u(0) = f (el )





u(Le ) = f (er )
(which exists and is uniquely determined due to the choice of λ). We then
define gf ∈ CV by
gf (v) =

X

0
−ue,f
(0) +

e∈E: el =v

X

0
ue,f
(Le ),

e∈E: er =v

i.e. for every edge e which meets v we compute the outer normal derivative of
ue,f at v and sum up all those derivatives.
Then the linear operator Dλ : CV → CV , f 7→ gf is called the Dirichlet-toNeumann operator on the graph G with spectral parameter λ.
In our simple setting, it is not difficult to compute the Dirichlet-to-Neumann
operator explicitly:
2
Proposition 11.3.2. Let λ ∈ R \ {−( πk
Le ) : k ∈ N, e ∈ E}. Then the representation
matrix of the Dirichlet-to-Neumann operator Dλ with respect to the canonical
basis of CV is given by the following formulas:

(a) If λ = 0, then

−1



 Lv,w


(Dλ )v,w = 
0

P


 u∈V : L

if v , w and Lv,w , ∞
if v , w and Lv,w = ∞
1
v,u ,∞ Lv,u

if v = w.
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√
(b) If λ < 0 and µ := −λ, then
 −µ



sin(µLv,w )



(Dλ )v,w = 
0


P


 u∈V : L

if v , w and Lv,w , ∞
if v , w and Lv,w = ∞

µ cos(µLv,u )
v,u ,∞ sin(µLv,u )

if v = w.

√
(c) If λ > 0 and µ := λ, then

−µ



sinh(µLv,w )



(Dλ )v,w = 
0


P


 u∈V : L ,∞ µ cosh(µLv,u )
v,u

sinh(µLv,u )

if v , w and Lv,w , ∞
if v , w and Lv,w = ∞
if v = w.

Proof. The proof is a straightforward computation, so we omit the details.
Let us now state the main result of this section which makes a positive
assertion about certain positivity properties of the semigroup (e− Dλ )t≥0 and a
partially negative assertion about eventual positivity properties.
2
Theorem 11.3.3. Let σ := {−( πk
Le ) : k ∈ N e ∈ E}. The semigroup generated by
minus the Dirichlet-to-Neumann operator has the following properties:

(a) If λ > max σ , then the semigroup (e−t Dλ )t≥0 is strongly positive, meaning
that e−t Dλ  0 for all t > 0.
(b) Let λ0 ∈ R. Then there exists a number λ ∈ R \ σ , λ ≤ λ0 such that the
semigroup (e−t Dλ )t≥0 is strongly positive.
(c) Let λ0 ∈ R. Then there exists a number λ ∈ R \ σ , λ ≤ λ0 such that the
semigroup (e−t Dλ )t≥0 is not eventually positive.
Proof. (a) If λ > max σ , then it follows from Proposition 11.3.2 that (− Dλ )v,w >
0 if v , w and Lv,w , ∞, and that (− Dλ )v,w = 0 if v , w and Lv,w = ∞. Hence,
all off-diagonal entries of − Dλ are ≥ 0, so − Dλ generates a positive semigroup.
Choose c ≥ 0 such that − Dλ +c is positive. Since the graph G is connected,
it follows that − Dλ +c is irreducible, so et(− Dλ +c)  0 for all t > 0 and hence,
e−t Dλ  0 for all t > 0.
To show the remaining two assertions, we first make the following observation: if λ < 0, then the Dirichlet-to-Neumann operator is given by Proposition 11.3.2(b). Then signs of the off-diagonal
entries of − Dλ are determined
√
by the values sin(µLe ), where µ = −λ and e ∈ E. We now show the following
claim:
Claim: For every µ0 ≥ 0 there exist µ1 , µ2 ≥ µ0 such that sin(µ1 Le ) > 0 and
sin(µ2 Le ) < 0 for all e ∈ E.
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To prove the claim, first note that if we choose two fixed numbers µ̃1 > 0
and µ̃2 < 0 which are sufficiently close to 0, then sin(µ̃1 Le ) > 0 and sin(µ̃2 Le ) < 0
for all e ∈ E. Now, consider the complex numbers λe := exp(iLe ) for e ∈ E.
Those numbers are contained in the complex unit circle T, and the vector
λ := (λe )e∈E is an element of the compact group TE . It follows from Proposition 7.3.1 that we can find a sequence of integers 1 ≤ nk → ∞ such that
λnk → (1, ..., 1) ∈ TE . Hence, we obtain for all e ∈ E




n
sin((µ̃1 + nk )Le ) = Im exp(i µ̃1 Le )λe k → Im exp(i µ̃1 Le ) = sin(µ̃1 Le ) > 0
for all e ∈ E and, similarly,
sin((µ̃2 + nk )Le ) → sin(µ̃2 Le ) < 0
for all e ∈ E. Hence, we only have to choose µ1 := µ̃1 + nk and µ2 := µ̃2 + nk for
some sufficiently large index k and thus obtain the claim.
Now we can prove the remaining two assertions:
√
(b) We may assume that λ0 ≤ 0. Let µ0 := −λ0 , choose µ1 ≥ µ0 as in the
above claim and set λ := −µ21 . Since sin(µ1 Le ) > 0 for all e ∈ E, it follows that
all off-diagonal entries of − Dλ are ≥ 0 and that (− Dλ )v,w is even > 0 whenever
v , w and Lv,w < ∞. As in the proof of assertion (a) we conclude that e−t Dλ  0
for all t > 0.
√
(c) Again, we may assume that λ0 ≤ 0 and we set µ0 := −λ0 . Choose
µ2 ≥ µ0 as in the above claim and set λ := −µ22 . Since sin(µ2 Le ) < 0 for all e ∈ E,
it follows that all off-diagonals entries of Dλ are ≥ 0 and that (Dλ )v,w is even
> 0 whenever v , w and Lv,w < ∞. With a similar argument as in the proof of
the previous assertion we now conclude that the semigroup generated by plus
the operator Dλ is strongly positive.
Let ηmax and ηmin denote the largest and the smallest eigenvalue of Dλ ,
respectively. We conclude from Theorem 11.1.2 that ηmax is an algebraically
simple eigenvalue of Dλ and that it is the only eigenvalue of Dλ which admits
a positive eigenvector.
Now, assume for a contradiction that the semigroup generated by − Dλ is
eventually positive. Then it follows from Theorem 6.2.5 and Proposition 6.2.7
that the spectral bound of − Dλ , which coincides with −ηmin , admits of a positive eigenvector. Thus, the eigenvalue ηmin of Dλ admits a positive eigenvector.
However, we have observed before that ηmax is the only eigenvalue of Dλ with
this property. Hence, ηmax = ηmin , and we thus conclude ηmax is the only
eigenvalue of Dλ . Yet, we have already seen that the eigenvalue ηmax of D is
algebraically simple, so the underlying space CV is one-dimensional. This is a
contradiction since we assumed that our graph has at least two vertices.
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11.4

The bi-Laplace Operator with Dirichlet
Boundary Conditions

In this section we revisit the bi-Laplace operator with Dirichlet boundary
conditions which we have already considered in Section 8.3 and which is
given by (8.1). But this time, we focus on eventual strong positivity instead of
asymptotic positivity.
The following result strengthens the assertion of Proposition 8.3.4 considerably in case that p > n2 . It is a generalisation of a result contained in [GS98,
Proposition 5.3] where a similar assertion was proved under the additional assumption that p > 2 (note, however, that [GS98, Proposition 5.3] also contains
information about higher order polyharmonic operators).
Proposition 11.4.1. Let 1 < p < ∞, let ∅ , Ω ⊆ Rd be a bounded domain with
C ∞ -boundary and let u ∈ Lp (Ω; C) be given by u(ω) = dist(ω, ∂Ω)2 for all ω ∈ Ω.
If the conclusion of Theorem 8.3.2 holds and if p > d2 , then the resolvent R( · , Ap ) is
individually eventually strongly positive with respect to u at s(Ap ) and individually
eventually strongly negative with respect to u at s(Ap ).
Proof. According to Corollary 8.3.3, the spectral bound s(Ap ) is a first order
pole of the resolvent and the corresponding spectral projection P fulfils
P u 0. Due to Theorem 9.2.6 it thus suffices to prove that the domination
condition D(Ap ) ⊆ Lp (Ω; C)u is fulfilled.
Since p > n2 we have D(Ap ) ⊆ W 4,p (Ω; C) ,→ C 2 (Ω; C). By the definition of
2,p

D(Ap ) we thus obtain D(Ap ) ⊆ C 2 (Ω; C) ∩ W0 (Ω; C), and it follows that the
trace and the gradient of every f ∈ D(Ap ) are 0 on ∂Ω in the classical sense.
Thus, D(Ap ) ⊆ Lp (Ω; C)u .
Let us now also give a result about the semigroup generated by Ap . It
seems that results in the literature about eventual positivity of bi-harmonic
heat equation focus mainly on the case Ω = Rn ; see e.g. [FGG08] and [GG08].
On the other hand, it is not difficult to prove quite strong results on bounded
domains which are sufficiently close to the unit ball; this is due to the fact
that our general theory directly relates eventual positivity properties of the
elliptic problem to eventual positivity properties of the parabolic problem.
It is interesting that we do not need the above assumption p > n2 if we
consider the semigroup instead of the resolvent. This is due to the fact that our
characterisation of eventually strongly positive semigroups in Theorem 9.3.2
only needs the assumption et0 A E ⊆ Eu which is, in many cases, weaker than the
assumption D(A) ⊆ Eu needed in our result about resolvents in Theorem 9.2.6
(compare Remark 9.3.4).
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Theorem 11.4.2. Let 1 < p < ∞, let ∅ , Ω ⊆ Rd be a bounded domain with C ∞ boundary and let u ∈ Lp (Ω; C) be given by u(ω) = dist(ω, ∂Ω)2 for all ω ∈ Ω. If
the conclusion of Theorem 8.3.2 holds, then the C0 -semigroup (etAp )t≥0 on Lp (Ω; C)
is individually eventually strongly positive with respect to u.
Proof. It follows from Corollary 8.3.3 that s(Ap ) is a dominant spectral value
of Ap and that the corresponding spectral projection P fulfils P u 0. Hence,
the assertion follows from Corollary 9.3.5 if we can prove that et0 Ap Lp (Ω; C) ⊆
Lp (Ω; C)u for some t0 ≥ 0. Since the semigroup (etAp )t≥0 is analytic, this
condition is fulfilled, according to Remark 9.3.4(b), if we have D(A∞
p ) ⊆
Lp (Ω; C)u .
The latter domination condition is indeed fulfilled: we conclude from [GGS10,
Corollary 2.21] that D(Anp ) ⊆ W 4n,p (Ω; C) for each n ∈ N. Hence, for sufficiently large n, we obtain D(Anp ) ⊆ C 2 (Ω; C) and, by the definition of D(Ap ),
2,p

thus D(Anp ) ⊆ C 2 (Ω; C) ∩ W0 (Ω; C). Hence, the trace and the normal derivative of every f ∈ D(Anp ) are 0 on ∂Ω in the classical sense, so we have indeed
D(Anp ) ⊆ Lp (Ω; C)u if we choose n ∈ N sufficiently large.
In the case p = 2 we can, due to Theorem 10.2.1, even prove uniform
eventual strong positivity of the semigroup:
Theorem 11.4.3. Let p = 2, let ∅ , Ω ⊆ Rd be a bounded domain with C ∞ boundary and let u ∈ L2 (Ω; C) be given by u(ω) = dist(ω, ∂Ω)2 for all ω ∈ Ω. If
the conclusion of Theorem 8.3.2 holds, then the C0 -semigroup (etA2 )t≥0 on L2 (Ω; C)
is uniformly eventually strongly positive with respect to u.
Proof. The proof is the same as the proof of Theorem 11.4.2, except for the
fact that we can now employ the stronger Theorem 10.2.1 since the underlying
space is a Hilbert lattice and since A2 is self-adjoint.

11.5

Squares of Laplace Operators

In this section we study eventual positivity for another class of bi-Laplace
operators. We consider a Laplace operator ∆ with Dirichlet or Robin boundary
conditions and analyse eventual positivity properties of its negative square
A := −∆2 . This operator is, of course, also some kind of bi-Laplace operators, but with very different boundary conditions than those considered in
Section 11.4. Moreover, we now study the operator on a space of continuous
functions rather than on an Lp -space which shows that our theory is also
well-adapted to such spaces.
Our strategy is as follows: we use that the Laplace operator ∆, endowed
with appropriate boundary conditions, has strictly negative spectral bound
and that its resolvent in 0 is, in some sense, strongly positive. We then employ
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Corollary 10.1.2 to derive information about the resolvent of the negative
square A = −∆2 and from this we finally obtain, by means of our general theory,
eventual positivity properties of the semigroup generated by A. Compare also
the discussion after Corollary 10.1.2.
Before we discuss our two examples, we need to recall a few facts from
the theory of analytic semigroups. We use the notions of an analytic C0 semigroup and of a bounded analytic C0 -semigroup in the usual sense, see
e.g. [EN00, Definition II.4.5]. We shall need the following simple observation:
if a C0 -semigroup (etA )t≥0 on a complex Banach space E extends to an analytic
C0 -semigroup of angle π2 and if σ (A) ⊆ (−∞, 0), then (etA )t≥0 actually extends
to a bounded analytic semigroup of angle π2 . This is not difficult to see; we
refer to [DGK16b, Lemma 6.5] for details. By using a generation theorem for
bounded analytic semigroups as e.g. given in [EN00, Theorem II.4.6] we can
thus conclude that −A2 generates a bounded analytic C0 -semigroup of angle
π
2 , too.
Let us now give our first example, the square of the Dirichlet-Laplace
operator:
Theorem 11.5.1. Let ∅ , Ω ⊆ Rd be a bounded domain with C 2 -boundary and
define the Dirichlet Laplace operator ∆D on the Banach lattice C0 (Ω; C) by
D(∆D ) := {f ∈ C0 (Ω; C) : ∆f ∈ C0 (Ω; C)},

∆D f := ∆f ,

where ∆f is understood in the sense of distributions. Define u ∈ C0 (Ω; C) by
u(x) := dist(x, ∂Ω) for every x ∈ Ω. Then the operator A := −∆2D has the following
properties:
(a) The operator A generates a bounded analytic C0 -semigroup of angle π/2
on C0 (Ω; C) and we have ∅ , σ (A) ⊆ (−∞, 0). Moreover, A has compact
resolvent.
(b) The resolvent R( · , A) is uniformly eventually strongly positive with respect
to u at s(A) and individually eventually strongly negative with respect to u
at s(A).
(c) The semigroup (etA )t≥0 is individually eventually strongly positive with
respect to u.
(d) The semigroup (etA )t≥0 is not positive.
Proof. (a) The operator ∆D generates an analytic C0 -semigroup of angle π2
on C0 (Ω; C) according to [AB99, Theorem 2.3]. Since σ (∆D ) ⊆ (−∞, 0), it thus
follows from the discussion preceding to this theorem that A = −∆2D generates
an bounded analytic C0 -semigroup of angle π2 on C0 (Ω; C). Moreover, we have
∅ , σ (A) ⊆ (−∞, 0) since ∅ , σ (∆D ) ⊆ (−∞, 0).
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We note that we have D(A) ⊆ W 2,p (Ω; C) ∩ C0 (Ω; C) for every p > n by
classical regularity theory. Hence, D(A) ⊆ C 1 (Ω; C), which implies that the
embedding D(A) ,→ C0 (Ω; C) is compact, so we conclude that A has compact
resolvent.
(b) We first show that R(0, ∆D ) u 0: let f ∈ D(∆D ) and assume that
g := −∆D f > 0. Since we have f ∈ C 1 (Ω; C), it follows from a Sobolev space
version of the maximum principle (see e.g. [Bon67] or [Ama83, Theorem 6.1])
that the outer normal derivative is strictly negative everywhere on ∂Ω. Hence,
f u 0.
Now, as we have shown R(0, ∆D ) u 0, it follows from Corollary 10.1.2
that R( · , A) is uniformly eventually strongly positive with respect to u at s(A).
Moreover, the mapping u is C 2 in a neighbourhood of ∂Ω (see [KP81, Theorem 3]) and the outer normal derivative of u is strictly negative everywhere
on ∂Ω; hence, we conclude that the domination condition D(A) ⊆ C0 (Ω; C)u
is fulfilled. Thus, Theorem 9.2.6 shows that the resolvent R( · , A) is also
individually eventually strongly negative with respect to u at s(A).
(c) We first conclude from Theorem 9.2.5 and from assertion (b) above that
the spectral projection P associated to s(A) fulfils P u 0. Since the semigroup
(etA )t≥0 is analytic, the domination condition D(A) ⊆ C0 (Ω; C)u implies that
etA C0 (Ω; C) ⊆ C0 (Ω; C)u for every t > 0, see Remark 9.3.4(b). We can thus
apply Theorem 9.3.2 and conclude that the semigroup (etA )t≥0 is individually
eventually strongly positive with respect to u.
(d) Since A acts as a fourth-order differential operator on the test functions
on Ω, this follows e.g. from [ABR90, Proposition 2.2].
In our second theorem in this section we consider the square of the Robin
Laplace operator. Again, we intend to work on a space of continuous functions
and hence, the appropriate space for these boundary conditions is C(Ω; C).
Theorem 11.5.2. Let ∅ , Ω ⊆ Rd be a bounded domain with C 2 -boundary and let
β ∈ C(∂Ω; C) a function which fulfils β 1∂Ω 0. Let ∆β denote the realisation of
the Laplace operator, subject to the Robin boundary conditions
∂
u + βu = 0,
∂ν
on the Banach lattice C(Ω; C). Then the operator A := −∆2β has the following
properties:
(a) The operator A generates a bounded analytic C0 -semigroup of angle π/2 on
C(Ω; C) and we have ∅ , σ (A) ⊆ (−∞, 0). Moreover, A has compact resolvent.
(b) The resolvent R( · , A) is uniformly eventually strongly positive with respect
to 1 := 1Ω at s(A) and individually eventually strongly negative with respect
to 1 at s(A).
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(c) The semigroup (etA )t≥0 is individually eventually strongly positive with
respect to 1.
(d) The semigroup (etA )t≥0 is not positive.
Proof. (a) Since β 1Ω 0, we have ∅ , σ (∆β ) ⊆ (−∞, 0) and thus, ∅ , σ (A) ⊆
(−∞, 0). Moreover, it is shown in [War06, Theorem 3.3] that ∆β generates an
immediately compact, analytic C0 -semigroup of angle π2 on C(Ω; C). Hence, it
follows from the discussion preceding to Theorem 11.5.1 that A generates a
bounded analytic C0 -semigroup of angle π2 on C(Ω; C). Moreover, since the C0 semigroup (et∆β )t≥0 is compact, it follows that ∆β has compact resolvent [EN00,
Theorem II.4.29] and thus, so has A.
(b) It is shown in [Ama83, Theorem 6.1] that R(0, ∆β ) 1 0. Hence, it follows from Corollary 10.1.2 that the resolvent R( · , A) is uniformly eventually
strongly positive with respect to 1 at s(A). Theorem 9.2.6 thus implies that
the resolvent is also individually eventually strongly negative with respect to
1 at s(A).
(c) Theorem 9.2.5 and assertion (b) above imply that the spectral projection
P associated with s(A) fulfils P 1 0. Theorem 9.3.2 thus yields that the
semigroup (etA )t≥0 is individually eventually strongly positive with respect to
1.
(d) Here we can argue as in the proof of Theorem 11.5.1: as A acts as a
fourth-order differential operator on the test functions, it follows from [ABR90,
Proposition 2.2] that the semigroup (etA )t≥0 is not positive.

11.6

Delay Differential Equations

In this section we revisit delay differential equations which have already been
in the focus of Section 8.4. However, instead of asymptotic positivity we now
concentrate on eventual strong positivity.
As before, we let r > 0, E = C([−r, 0]; C) and Φ ∈ E 0 . We define
D(A) = {f ∈ C 1 ([−r, 0]; C : f 0 (0) = hΦ, f i},
Af = f 0 ,

(11.1)

and we want to analyse the eventual positivity properties of the resolvent
R( · , A) and of the semigroup (etA )t≥0 . In Thereom 8.4.1 we gave a sufficient
criterion for the asymptotic positivity of the resolvent at 0; let us now show
what condition we need in addition to ensure R( · , A) is individually eventually
strongly positive with respect to 1 := 1[−r,0] at 0.
Theorem 11.6.1. Assume that the assumptions of Theorem 8.4.1 are fulfilled.
Then, of course, the assertions of Theorem 8.4.1 are fulfilled. Moreover, the
following assertions are equivalent to each other:
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(i) The resolvent R( · , A) is individually eventually strongly positive with respect
to 1 at 0.
(ii) The resolvent R( · , A) is individually eventually strongly negative with respect to 1 at 0.
(iii) The support of Φ − contains the number 0.
Proof. The equivalence “(i) ⇔ (ii)” follows readily from Theorem 9.2.6. It
thus remains to show the equivalence of (i) and (iii).
For each λ ∈ C, let eλ ∈ E and Hλ ∈ L(E) be defined as in the proof of
R0
Theorem 8.4.1, i.e. eλ (s) = eλs and (Hλ f )(s) := s eλ(s−τ) f (τ) dτ for all f ∈ E
and all s ∈ [−r, 0]. Recall that we have σ (A) = {λ ∈ C| λ = hΦ, eλ i} and that the
resolvent of A is given by
R(λ, A)f =

f (0) + hΦ, Hλ f i
eλ + Hλ f
λ − hΦ, eλ i

for each λ ∈ ρ(A) and each f ∈ E.
“(iii) ⇒ (i)” Let 0 < f ∈ H and λ > 0. Then f (0) ≥ 0 and Hλ f ≥ 0; moreover,
since eλ is an increasing function, the condition on Φ from Theorem 8.4.1
implies hΦ, eλ i ≤ 0.
We have hΦ, Hλ f i → hΦ, H0 f i as λ ↓ 0. Clearly, H0 f is a positive, nonzero and decreasing function which fulfils (H0 f )(0) = 0. It thus follows from
assertion (iii) that hΦ, H0 f i > 0. Hence, hΦ, Hλ f i > 0 for all sufficiently small
hΦ,Hλ f i
λ > 0. For all those λ we thus have R(λ, A)f ≥ λ−hΦ,e
eλ 1 0.
λi
“(i) ⇒ (iii)” Assume that R( · , A) is individually eventually strongly positive with respect to 1 at 0, and let P denote the spectral projection associated
to the spectra value 0. Then we have P 1 0 according to Theorem 9.2.5.
Since 0 is a first order pole of R( · , A), we thus obtain for every f > 0
0 1 P f = lim λR(λ, A)f
λ↓0
h
i
≤ lim (f (0) + hΦ, Hλ f i)eλ + λHλ f = (f (0) + hΦ, H0 f i)1.
λ↓0

Hence, f (0)+hΦ, H0 f i > 0 for every f > 0. Now, assume that 0 is not contained
in the support of Φ − . Since the support of Φ − is closed, there exists δ > 0
such that (−δ, 0] is contained in [−r, 0] and does not intersect the support of
Φ − ; hence, (−δ, 0] does not intersect the support of Φ + , either. Now choose a
function 0 < f ∈ E whose support is contained in (−δ, 0). Then H0 f is constant
on [−r, −δ]; this implies that hΦ, H0 f i = 0 since hΦ, 1i = 0. As we also have
f (0) = 0, this contradicts the fact that f (0) + hΦ, H0 f i > 0.
As in Theorem 8.4.2 we now consider the semigroup generated by A.
Moreover, we recall assertion (a) of Theorem 8.4.2 in the following result for
the convenience of the reader.
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Theorem 11.6.2. Assume that the assumptions of Theorem 8.4.1 are fulfilled.
Then the following assertions hold:
π
, then the spectral bound s(A) equals 0 and is a dominant spectral
(a) If r ≤ 2kΦk
value of A.

(b) Suppose that the spectral bound s(A) equals 0 and is a dominant spectral
value. Then the semigroup (etA )t≥0 is individually eventually strongly positive with respect to 1 if and only if the support of Φ − contains 0.
Proof. (a) This has already been shown in Theorem 8.4.2(a).
(b) Suppose that s(A) equals 0 and is a dominant spectral value of A. Then
it follows from Theorem 9.2.6 and Corollary 9.3.5 that the semigroup (etA )t≥0
is individually eventually strongly positive with respect to 1 if and only if the
resolvent R( · , A) is individually eventually strongly positive with respect to 1
at 0. The asserted equivalence therefore follows from Theorem 11.6.1.
π
Again, the condition r ≤ 2kΦk
is by no means necessary for s(A) to be
equal to 0 and a dominant spectral value. We close this section with an
example where the above estimate is not fulfilled but where the semigroup is
nevertheless individually eventually strongly positive with respect to 1:

Example 11.6.3. Let r = 2, E = C([−2, 0]; C) and let Φ ∈ E 0 be given by hΦ, f i =
R −1
R0
f
f (s) ds for all f ∈ E. Let the operator A on E be defined
(s)
ds
−
−2
−1
by (11.1).
π
Then the estimate r ≤ 2kΦk
is not fulfilled. Yet, the spectral bound s(A)
equals 0 and is a dominant spectral value of A. Hence, the semigroup (etA )t≥0
is individually eventually strongly positive with respect to 1, but not positive.
π
π
Proof. We have kΦk = 2 and thus, 2kΦk
= π4 < 1 < r, so the estimate r ≤ 2kΦk
is
indeed not fulfilled.
Since 0 is an eigenvalue of A with eigenvector 1, we have to show that
A has no other eigenvalue in the right half plane. To this end, assume that
λ = α + iβ ∈ σ (A), where α ∈ [0, ∞) and β ∈ R. We have to show that λ =
0. Recall that we have λ = hΦ, eλ· i since λ is an eigenvalue of A. A short
computation, using the definition of Φ, yields that this is equivalent to the
equation −λ2 = (1 − e−λ )2 , and this equation is is turn satisfied if and only if
one of the following to equations if fulfilled:

iλ = 1 − e−λ ,
−iλ = 1 − e

−λ

.

(11.2)
(11.3)

Since λ fulfils (11.3) if and only if λ fulfils (11.2), it suffices to show that λ = 0
if λ fulfils (11.2). So assume that λ fulfils (11.2); by splitting this equation
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into its real and imaginary part we obtain
−β = 1 − e−α cos(β),
α = e−α sin(β).

(11.4)
(11.5)

Since α ≥ 0, we conclude from (11.4) that β ∈ [−2, 0]. However, (11.5) shows
us that sin(β) ≥ 0, so actually β = 0. Employing again equation (11.5) we
conclude that α = 0, too.
According to Theorem 11.6.2(b) it now follows that the semigroup (etA )t≥0
is individually eventually strongly positive with respect to 1. Moreover, the
semigroup is not positive since the support of Φ − is not equal to {0}; cf.
Theorem 8.4.2(c).

11.7

Laplace Operators with Non-Local Boundary
Conditions

Let us close the thesis with two examples of a somewhat surprising phenomenon. In many important cases it is known that the Laplace operator
with local boundary conditions, when realised on an appropriate function
space, generates a positive semigroup. This is essentially a consequence of
the maximum principle. Yet, the situation changes considerably if we impose
non-local boundary conditions on the operator, instead. Indeed, it can happen
in such a situation that the generated semigroup is no longer positive, but
still eventually positive. In this section we demonstrate this by two examples,
the first of them being subject to symmetric boundary conditions while the
boundary conditions in the second example are non-symmetric.
We start with some general observations. Let ∅ , Ω ⊆ Rd be a bounded
domain; since we are only interested in the basic principles, and since later
on we are going to restrict ourselves to the one-dimensional case anyway,
we assume for simplicity that Ω has C ∞ -boundary. Let B ∈ L(L2 (∂Ω; C)) and
consider the sesquilinear form
Z
a : H 1 (Ω; C) × H 1 (Ω; C) → C, a(u, v) =
∇u∇v dx − (Bγ(u)|γ(v)), (11.6)
Ω

where γ(u), γ(v) ∈ L2 (∂Ω; C) denote the traces of u and v on the boundary
of Ω. We note in passing that we chose the sign of the term −(Bγ(u)|γ(v))
differently than in [DGK16a, Section 6]. This has some advantages for the
formulation of the following proposition, where we collect a few properties
of the operator on L2 (Ω; C) associated to a. For more information about such
operators we refer to [GMN14].
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Proposition 11.7.1. Let ∅ , Ω ⊆ Rd be a bounded domain with C ∞ -boundary, let
B ∈ L(L2 (∂Ω; C)) and let −∆B : L2 (Ω; C) ⊇ D(−∆B ) → L2 (Ω; C) be the operator
associated with the form a in (11.6). Then ∆B has the following properties:
(a) We have
D(∆B ) ⊇ HB2 (Ω; C) := {u ∈ H 2 (Ω; C) :
∆B u = ∆u

∂
u = Bγ(u)},
∂ν

for all u ∈ HB2 (Ω; C),

where ∂u
∈ L2 (∂Ω; C) denotes the outer normal derivative of u and where
∂ν
2
γ(u) ∈ L (∂Ω; C) denotes trace of u on ∂Ω.
(b) The operator ∆B generates an analytic C0 -semigroup on L2 (Ω; C) and has
compact resolvent.
(c) If B is real, then so is ∆B ; if B is self-adjoint, then so is ∆B .
(d) The semigroup (et∆B )t≥0 is positive if and only if the semigroup (etB )t≥0 on
L2 (∂Ω; C) is positive (if and only if B + c is positive for some c ∈ [0, ∞)).
Proof. (a) This follows from the divergence theorem.
(b) We clearly have Re a(u, u) + ckuk2L2 ≥ kuk2H 1 for some constant c > 0 and
all u ∈ H 1 (Ω; C), i.e. a is H 1 (Ω; C)-elliptic. Hence, ∆B generates an analytic
semigroup.
Since D(∆B ) ,→ H 1 (Ω; C) ,→ L2 (Ω; C) and since the latter embedding is
compact, it follows that ∆B has compact resolvent.
(c) If B is self-adjoint, then the form a is symmetric and hence ∆B is
self-adjoint. Moreover, if B is real, then so is a and hence, so is A; see Proposition C.6.5 for details.
(d) Let γ : H 1 (Ω; C) → L2 (Ω; C) denote the trace operator. Employing the
Beurling–Deny criterion and assertion (c), we see that the semigroup (er∆B )t≥0
is positive if and only if B is real and a(u + , u − ) ≤ 0 for all u ∈ H 1 (Ω; R). This
is true if and only if B is real and (−Bv + |v − ) ≤ 0 for all v ∈ γ(H 1 (Ω; R)). Since
the latter space is dense in L2 (∂Ω; R), this condition is in turn equivalent to
B being real and the condition (−Bv + |v − ) ≤ 0 for all v ∈ L2 (∂Ω; R). Again by
the Beurling–Deny criterion, this is equivalent to the semigroup (etB )t≥0 on
L2 (∂Ω; C) being positive.
Finally, it follows e.g. from [AGG+ 86, Theorem C-II.1.11] that the semigroup (etB )t≥0 is positive if and only if the operator B + c is positive for some
c ∈ [0, ∞).
Let us now discuss two concrete one-dimensional examples where eventual positivity occurs. A two-dimensional, though technically more involved
example which is related to the modelling of Bose condensation can be found
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in [DGK16a, Theorem 6.13]. Note that if Ω ⊆ R is a bounded interval, then
L2 (∂Ω; C) may be identified with C2 where the first component of a vector
v ∈ C2 denotes its value on the left boundary point of Ω and where its second
component denotes its value on the right boundary point of Ω. Thus an
operator B ∈ L(L2 (Ω; C)) is given by a matrix B ∈ C2×2 .
We also point out that, in the one-dimensional case, the description of
the operator ∆B from Proposition 11.7.1(a) can be improved; indeed, one can
easily check that the following remark is true:
Remark 11.7.2. If, in the situation of Proposition 11.7.1, the dimension d
equals 1, then we have D(∆B ) = HB2 (Ω; C).
We now come to our first example. In this example, the matrix B is selfadjoint.
!
1 1
Theorem 11.7.3. Let Ω = (0, 1) ⊆ R, let B = −
∈ C2×2 and let −∆B :
1 1
L2 (Ω; C) ⊇ D(−∆B ) → L2 (Ω; C) be the operator associated with the form a in
(11.6). Define 1 := 1(0,1) . Then ∆B has the following properties:
(a) We have ∅ , σ (∆B ) ⊆ (−∞, 0) and R(0, ∆B ) 1 0. In particular, the resolvent
R( · , ∆B ) is uniformly eventually strongly positive with respect to 1 at s(∆B ).
(b) The resolvent R( · , ∆B ) is individually eventually strongly negative with
respect to 1 at s(∆B ).
(c) The semigroup (et∆B )t≥0 is uniformly eventually strongly positive with respect to 1.
(d) The semigroup (et∆B )t≥0 is not positive.
Proof. (a) Since B is self-adjoint, so is A. Moreover, we have a(u, u) ≤ 0 for all
u ∈ H 1 (Ω; C) since −B is positively semi-definite. Thus, σ (∆B ) ⊆ (−∞, 0]. Since
∆B has compact resolvent, it suffices to show that ∆B is injective in order to
prove that 0 ∈ ρ(∆B ). So let u ∈ ker ∆B . Then we have u ∈ D(∆B ) ⊆ H 1 (Ω; C)
and
a(u, u) = 0. Again since −B is positively semi-definite, it follows that
R
0
|u |2 dx = 0, so u is constant. Finally, since −(B1{0,1} |1{0,1} ) > 0, it follows
Ω
that u = 0. Hence, ∆B is injective, so σ (∆B ) ⊆ (∞, 0), as claimed. Moreover, the
spectrum of ∆B is non-empty since ∆B is self-adjoint.
Using Remark 11.7.2, one can check by a straightforward computation
that R(0, ∆B ) is given by
1
(R(0, ∆B )f )(x) =
2

1

Z xZ
0

y

1
f (z) dz dy +
2

Z 1Z

y

f (z) dz dy
x

for all x ∈ (0, 1),

0
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for every f ∈ L2 ((0, 1); C). From this, one can easily see that R(0, ∆B ) 1
0. Hence, it follows from Proposition 10.1.1 that the resolvent R( · , ∆B ) is
uniformly eventually strongly positive with respect to 1 at s(∆B ).
(b) Note that, as Ω is one-dimensional and bounded, D(∆B ) ⊆ H 1 (Ω; C) ⊆
L∞ (Ω; C) = L2 (Ω; C)1 . Hence, assertion (b) follows from (a) and Theorem 9.2.6.
(c) It follows from assertion (a) and Theorem 9.2.5 that the spectral projection P associated to s(∆B ) fulfils P 1 0.
As the semigroup is analytic, the domination condition D(∆B ) ⊆ L2 (Ω; C)1
implies the smoothing condition et∆B L2 (Ω; C) ⊆ L2 (Ω; C)1 for all t > 0, see
Remark 9.3.4(b). Since ∆B is self-adjoint and P 1 0, we can conclude from
Theorem 10.2.1 that the semigroup (et∆B )t≥0 is uniformly eventually strongly
positive with respect to 1.
(d) This follows from Proposition 11.7.1(d) since B has some strictly negative off-diagonal entries.
We close this section, as well as the entire thesis, with our second example.
Here, we consider a parametrised family of non-symmetric matrices B. A
similar example was considered e.g. in [GM97] and [GM00] as a simple model
for a thermostat (actually, in those papers the sign of the parameter β is
chosen differently and the transposed matrix of B is considered – which
simply interchanges the role of the two boundary points of the interval; we
prefer this choice of B since it seems to facilitate some computations).
!
0 0
∈ C2×2 . Let
Theorem 11.7.4. Let Ω = (0, π) ⊆ R, let β ∈ R and define B =
β 0
−∆B : L2 (Ω; C) ⊇ D(−∆B ) → L2 (Ω; C) be the operator associated with the form a
in (11.6). Define 1 := 1(0,π) . Then ∆B has the following properties:
(a) The semigroup (et∆B )t≥0 is positive if and only if β ≥ 0.
(b) All eigenvalues of A are geometrically simple.
(c) Let β < 0. Then σ (A) ∩ R is non-empty and the largest real eigenvalue λ1 of
A fulfils λ1 < 0; moreover, the corresponding eigenfunction can be chosen to
be 1 0 if and only if β ∈ (− 21 , 0).
(d) Let β < 0. The semigroup (et∆B )t≥0 is individually eventually strongly
positive with respect to 1 if and only if β ∈ (− 21 , 0).
Proof. (a) This follows from Proposition 11.7.1(d).
(b) According to Proposition 11.7.1(a) and Remark 11.7.2 the operator ∆B
is given by
D(∆B ) = {u ∈ H 2 ((0, π); C)| u 0 (0) = 0, u 0 (π) = βu(0)},
∆B u = u 00 .
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Assertion (b) follows from this by a straightforward computation.
(c) Let β < 0. It is easy to check that 0 is not an eigenvalue, and hence not
a spectral value, of ∆B . Now let λ ∈ C \ {0} and choose µ ∈ C such that µ2 = −λ.
Then an easy computation shows that λ ∈ σ (A) if and only
µ sin(µπ) = −β,

(11.7)

and in this case the corresponding eigenfunction (which is unique up to scalar
multiples) is given by by u(x) = cos(µx).
We show that ∆B has no real eigenvalues > 0: assume for a contradiction
that λ > 0. Then µ = iη for some η ∈ R, so equation (11.7) yields 0 < −β =
−η sinh(η) ≤ 0, which is a contradiction.
On the other hand, assume now that λ < 0. Then µ ∈ R, and we may
assume that µ > 0. Since −β > 0, equation (11.7) has a solution µ ∈ (0, ∞), so
σ (∆B )∩R , ∅. Moreover, the corresponding eigenfunction, which is a multiple
of u(x) = cos(µx), can be chosen to be 1 0 if and only if µ < 12 . Now, note that
the function
f : [0, ∞) → R,

µ 7→ µ sin(µπ)

fulfils f (0) = 0 and f ( 12 ) = 12 , and it is strictly increasing on the interval [0, 12 ].
√
Hence, the first solution µ > 0 of (11.7), which equals −λ1 , fulfils µ < 12 if
and only if β > − 12 . This proves (c).
(d) First of all we note that
D(∆B ) ⊆ H 1 ((0, π); C) ⊆ L∞ ((0, π); C) = L2 ((0, π); C)1 .
Since the semigroup (et∆B )t≥0 is analytic, it thus follows that et∆B L2 ((0, π); C) ⊆
L∞ ((0, π); C)1 for all t > 0, see Remark 9.3.4(b).
Now, assume that (et∆B )t≥0 is individually eventually strongly positive with
respect to 1. Then it follows from Theorem 9.3.2 and Proposition 9.1.1 that
s(∆B ) is a dominant spectral value of ∆B and that we can find a corresponding
eigenfunction u 1 0. Hence, s(∆B ) = λ1 and it follows from assertion (c) that
β ∈ (− 12 , 0).
Assume now on the other hand that β ∈ (− 12 , 0). Then it follows from
assertion (c) that the eigenvalue λ1 admits an eigenfunction u 1 . Moreover,
interchanging A with its Hilbert space adjoint A∗ is equivalent to interchanging the matrix B with B∗ , and this is in turn equivalent to interchanging the
role of the boundary points of the interval (0, π). Hence, A∗ has the same
spectrum as A with correspondingly reflected eigenfunctions. In particular,
the eigenvalue λ1 of A∗ possesses an eigenfunction ũ 1 0. Thus, the Banach
space adjoint A0 of A posses a strictly positive eigenvector for the eigenvalue
λ1 (see Corollary C.6.4), and therefore it follows from Proposition 9.1.1 that
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the spectral projection P of A corresponding to the spectral value λ1 fulfils
P 1 0.
Finally, it is noted in [GM97, Section 3] that the equation (11.7) has only
real solutions as long as β is contained in the interval (βr , 0) for some appropriately chosen βr < − 12 (note that the sign of β, and thus of βr , in [GM97] is
opposite to the sign our parameters). Thus, as β > − 21 , the spectrum of ∆B is
real and, in particular, the spectral bound s(∆B ) equals λ1 and is a dominant
spectral value of ∆B . Hence, it follows from Corollary 9.3.5 that the semigroup
(et∆B )t≥0 is individually eventually strongly positive with respect to 1.

11.8

Notes & Open Problems

The finite-dimensional case For some historical remarks about the finitedimensional theory of eventual positivity we refer, again, to the notes at the
end of Chapter 6.
The Dirichlet-to-Neumann operator The reason why we need Ω to be a twodimensional domain in Theorem 11.2.1 is that this implies that the Sobolev
space H 1 (∂Ω; C), which is the domain of Dλ , is contained in L∞ (∂Ω; C) since
the boundary ∂Ω is a one-dimensional manifold. On the other hand, if one
could prove in higher dimensions d that D(Dnλ ) ⊆ L∞ (∂Ω; C) for some (ddependent) integer n, then we could still employ Theorem 10.2.1 (due to Remark 9.3.4) to derive the equivalence of conditions (i)–(iii) in Theorem 11.2.1.
Using this, one could for instance try to generalise some results on the twodimensional disk which were obtained in [Dan14] to higher-dimensional
balls.
The bi-Laplace operator We have already made some comments about eventual positivity of the resolvent of the bi-Laplace operator (with Dirichlet
boundary conditions) in the notes at the end of Chapter 8. As pointed out in
Section 11.4 some of the results from the literature can even be improved by
using our abstract theory.
In the notes of Chapter 8 we focussed on references related to eventual
positivity of the elliptic biharmonic problem. Some result about the parabolic
problem can be found in the papers [FGG08] and [GG08], which have already
been quoted before Theorem 11.4.2; see also [GG09] some related results.
A comparison of our results in Sections 11.4 and 11.5 shows that eventual
positivity properties of bi-Laplace operators strongly depend on the boundary
conditions. While, for the bi-Laplacian with Dirichlet boundary conditions,
eventual positivity properties only hold on very specific domain, the negative
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square of the Dirichlet (or Robin) Laplace operator exhibits eventual positivity
properties on every bounded domain with sufficiently regular boundary.
Finally, we point out that for the bi-Laplace operator A in one dimension,
endowed with different sets of boundary conditions, one can explicitly compute the largest number λ0 for which the resolvent R(λ0 , A) is still positive;
see [Ulm99] for details.
Delay differential equations As in the notes at the end of Chapter 8 we
point out that it is possible in Example 11.6.3 to explicitly compute an eigenvector of the adjoint operator A0 for the eigenvalue 0; see [DGK16b, Section 6.5]. From this one can easily derive a formula for the spectral projection
of A associated to 0.
Laplace operators with non-local boundary conditions Laplace operators
with non-local boundary conditions are for example studied in a rather general
setting in [GM09], [GMN14] and [GMNO15]. Besides the two one-dimensional
examples presented in Section 11.7 one can also prove eventual positivity
results in a certain two-dimensional model; see [DGK16a, Theorem 6.13] for
details.
The operator which we studied in Theorem 11.7.3 was also considered by
Arendt and Warma in [AW03, Example 4.5] where it was claimed, among other
things, that the generated semigroup is positive. Theorem 11.7.3 shows that
this is not true, but that the semigroup exhibits a weaker form of positivity,
namely it is uniformly eventually strongly positive.
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Some Aspects of Spectral Theory
In Appendix A we collect some results from spectral theory which we use
throughout the thesis. All the material in this appendix (some of it maybe in
a slightly different version) can be found in the literature, mostly in textbooks
and monographs about functional analysis and operator theory; see for instance [Kat95, Section III.6], [Yos95, Chapter VIII], [Tay58, Chapter 5], [HP57,
Section 5.2], and also [EN00, Section IV.1 and IV.2] and [CD13]. Yet, we prefer
to summarise the material in this appendix. On the one hand, this allows us
to use a common source of reference throughout the main text; on the other
hand, we can write all results down in exactly the version we need.
Some very elementary notions from spectral theory, which we use throughout in the thesis and in this appendix, are recalled in the preliminaries of the
thesis. In Appendix A we only deal with spectral theory on complex Banach
spaces. Most of the concepts can be carried over to operators on real Banach
spaces by means of complexifications, see Section C.3 in Appendix C.

A.1

Spectral Projections

Spectral projections are a very common – and very useful – tool in operator
theory. They are defined by means of contour integration over the resolvent
of an operator. We use the notion of a contour in the complex plane in a
rather broad sense as it is defined for instance in [Sar07, Section IX.6], i.e.
we consider a contour as a formal sum of closed piecewise C 1 -curves in C,
weighted by integers.
Let S ⊆ C be a closed set. Recall that a subset σ ⊆ S is called an isolated
subset of S if σ and S \ σ are both closed in C (or, equivalently, in S). A number
λ0 ∈ S is called isolated in S if {λ0 } is an isolated subset of S, i.e. if S \ {λ0 } is
closed.
Definition A.1.1 (Spectral projection). Let E be a complex Banach space, let
A : E ⊇ D(A) → E be a linear operator and let σ ⊆ σ (A) be a bounded isolated
subset of σ (A). Let γ be a contour in ρ(A) ⊆ C whose winding number around
each point of σ equals 1 and whose winding number around each point of
σ (A) \ σ equals 0 (note that such a contour always exists). The linear operator
I
1
P :=
R(λ, A) dλ ∈ L(E)
2πi γ
is called the spectral projection of A associated to σ ; here the integration is
performed in the Banach space L(E). If σ = {λ0 } for some λ0 ∈ σ (A), then we
call P the spectral projection associated to λ0 .
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Note that the spectral projection is independent of the choice of the contour γ according to Cauchy’s integral theorem. The reason why spectral
projections are very useful in operator theory is the subsequent theorem. To
formulate it, we need the following notion: let A : E ⊇ D(A) → E be a linear
operator on a real or complex Banach space E; let P ∈ L(E) be projection and
let Q := IE −P . We say that P reduces A if the sum of the spaces D(A) ∩ P E and
D(A) ∩ QE equals D(A) and if A maps the first of those space to P E and the
second to QE.
Theorem A.1.2. Let E be a complex Banach space, let A : E ⊇ D(A) → E be a
linear operator and let σ ⊆ σ (A) be a bounded isolated subset of σ (A). Let P be the
spectral projection of A associated to σ , define σ̃ := σ (A) \ σ and Q := IE −P . Then
the following assertions holds:
(a) The projection P reduces A; moreover, we have P E ⊆ D(A).
(b) The operator A|P E ∈ L(P E) has spectrum σ (A|P E ) = σ and the operator
A|QE : QE ⊇ QE ∩ D(A) → QE has spectrum σ (A|QE ) = σ̃
(c) The operator P is the only projection in L(E) which fulfils properties (a)
and (b).
(d) If A ∈ L(E), then Q is the spectral projection of A associated with σ̃ .
Proof. Assertions (a) and (b) follow for instance from [Kat95, Theorem III.6.17]
(a brief look at the proof of this theorem shows that the projection which
reduces the operator there is indeed the spectral projection). Assertion (d)
follows from that fact that we have
I
1
IE =
R(λ, A) dλ
2πi γ
for every operator A ∈ L(E) if the contour γ circumvents the entire spectrum
of A (see [Yos95, Section VIII.7]).
To prove assertion (c), let P˜ ∈ L(E) be another projection for which (a)
and (b) hold (where we replace Q with Q̃ := IE −P˜ , of course). Let γ be
a contour in C such as in Definition A.1.1. The projection P˜ reduces the
resolvent R(λ, A) for every λ ∈ ρ(A) and R( · , A|Q̃E ) is holomorphic on ρ(A) ∪ σ ;
hence,
I
1
R(λ, A)Q̃ dλ = 0.
2πi γ
On the other hand, A|P˜ E is by assumption a bounded linear operator on P˜ E.
Hence
I
1
R(λ, A|P˜ E ) dλ = IP˜ E
2πi γ
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and therefore,
1
2πi

I

R(λ, A)P˜ dλ = P˜ .
γ

This prove that P = P˜ + 0 = P˜ .
It is important to note that the roles of P and Q are not symmetric in the
above theorem. Obviously, we cannot simply define Q to be the spectral projection associated to σ̃ since the latter set is, in general, unbounded. However,
even if σ̃ is bounded, the roles of P and Q are still not symmetric! Indeed,
suppose that the spectrum of A is bounded and can be split into to closed
parts as σ (A) = σ ∪˙ σ̃ . Then we can define a spectral projection P associated to
σ and a spectral projection P˜ associated to σ̃ ; moreover, we define Q := IE −P
as in the above theorem. If we have A ∈ L(E), then Q = P˜ ; this is the content of
part (d) of the theorem. However, if A is not a bounded operator (there exist, of
course, unbounded operators with bounded spectrum), then it can in general
happen that Q , P˜ (more precisely, the range of P˜ might be smaller than the
range of Q). There is also a second reason why the roles of P and Q cannot be
interchanged even if σ (A) (and thus σ̃ ) is bounded: according to assertion (a)
we have P E ⊆ D(A), but this is not in general true for QE. We also point
out that the assertion P E ⊆ D(A) in (a) is essential for the characterisation in
assertion (c) to be true.
We also recall from the proof of Theorem A.1.2(d) that the spectral projection associated with the entire spectrum of A equals IE in case that A ∈ L(E).
In the following simple proposition we note how several spectral projections belonging to different parts of the spectrum sum up.
Proposition A.1.3. Let E be a complex Banach space, let A : E ⊇ D(A) → E be
a linear operator and let σ1 , ..., σn ⊆ σ (A) be isolated subsets of σ (A) which are
bounded and pairwise disjoint. Let P1 , ..., Pn denote the spectral projections of A
associated to σ1 , ..., σn , respectively, and let P denote the spectral projection of A
S
P
associated to nk=1 σk . Then P = nk=1 Pk .
Proof. This is clear since the spectral projection P does not depend on the
choice of the contour in its definition.

A.2

Eigenvalue Multiplicities and Generalised
Eigenspaces

In this section we consider multiplicities of eigenvalues for linear operators;
those notions play an important role in Part III of the thesis. Let us start right
away with the major definitions. We recall that, throughout the thesis, we
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always understand the dimension of a vector space to be either an integer or
∞, i.e. we do not distinguish between different infinite cardinalities.
Definition A.2.1 (Eigenvalue multiplicities and generalised eigenspace).
Let E be a complex Banach space and let A : E ⊇ D(A) → E be a linear operator
with an eigenvalue λ ∈ C.
(i) The number dim ker(λ − A) ∈ N ∪ {∞} is called the geometric multiplicity
of the eigenvalue λ.
The eigenvalue λ is called geometrically simple if it has geometric multiplicity 1.


S
(ii) The space n∈N ker (λ − A)n is called the generalised eigenspace of A for
the eigenvalue λ. Its dimension (which is contained in N ∪ {∞}) is called
the algebraic multiplicity of the eigenvalue λ.
The eigenvalue λ is called algebraically simple if it has algebraic multiplicity 1.
(iii) Let n ∈ N. A vector x ∈ E is called a generalised
eigenvector
of rank n for


n
n−1
the eigenvalue λ if x ∈ ker (λ − A) \ ker (λ − A)
.
(iv) The eigenvalue λ is called semi-simple if its generalised eigenspace coincides with its eigenspace ker(λ − A).
Note that a vector x ∈ E is an eigenvector of A for the eigenvalue λ if
and only if it is a generalised eigenvector of rank 1 for the eigenvalue λ. Of
course the generalised eigenspace of an eigenvalue λ always contains the
eigenspace and thus, the algebraic multiplicity is at least as large as the
geometric multiplicity. In particular, an algebraically simple eigenvalue is
always geometrically simple, too, and thus semi-simple.
In finite dimensions the algebraic multiplicity of an operator can be found
out by means of the following remark:
Remark A.2.2. Let A ∈ Cn×n and let λ ∈ C be an eigenvalue of A. Then the
algebraic multiplicity of λ equals the order of λ as a root of the characteristic
polynomial z 7→ det(z − A).
Proof. This can easily be seen by using the Jordan normal form of A.
Assertion (b) of the following proposition, as simple as it is, can sometimes
be very useful to find out whether an eigenvalue is semi-simple.
Proposition A.2.3. Let E be a complex Banach space and let A : E ⊇ D(A) → E
be a linear operator with an eigenvalue λ.
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(a) Suppose that we have ker (λ − A)m = ker (λ − A)m+1 for some m ∈ N.






Then ker (λ − A)m = ker (λ − A)n for all n ≥ m and hence ker (λ − A)m
is the generalised eigenspace of λ.
(b) The eigenvalue λ is semi-simple if and only if it has no generalised eigenvector
of rank 2.
Proof. (a) This can easily be seen by induction.
(b) If λ has a generalised eigenvector of rank 2, then λ is obviously not
semi-simple. On the other hand, if λ has no
 generalised eigenvector of rank
2, then we have ker(λ − A) = ker (λ − A)2 and it thus follows from (a) that
ker(λ − A) is the generalised eigenspace of λ. Hence, the eigenvalue λ is
semi-simple.
Two sufficient conditions for the semi-simplicity of an eigenvalue are given
in the following proposition.
Proposition A.2.4. Let E be a complex Banach space.
(a) If T ∈ L(E) is power bounded and λ ∈ C is an eigenvalue of T with modulus
|λ| = 1, then λ is semi-simple.
(b) If A : E ⊇ D(A) → E generates a bounded C0 -semigroup and λ ∈ C is an
eigenvalue of A with real part Re λ = 0, then λ is semi-simple.
Proof. (a) If λ is not semi-simple then we can find, according to Proposition A.2.3 (b), a generalised eigenvector x of rank 2 for λ. Define y :=
(T − λ)x , 0. We have T y = λy and it is easy to prove via induction that
T n x = nλn−1 y + λn x for every n ∈ N0 . Since |λ| = 1 and y , 0 this contradicts
the power boundedness of T .
(b) Again, if λ is not semi-simple then we can find, according to Proposition A.2.3 (b), a generalised eigenvector x of rank 2 for λ. As above we define
y := (A − λ)x , 0. We have y ∈ D(A) and Ay = λy; using this, one easily checks
that the mapping u : [0, ∞) → D(A), u(t) = tetλ y + etλ x solves the abstract
Cauchy problem



u̇(t)


u(0)

= Au(t),
= x.

Hence we have etA x = u(t) for all t ≥ 0. Since λ ∈ iR and y , 0, this contradicts
the boundedness of the C0 -semigroup (etA )t≥0 .
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A.3

Isolated Singularities of the Resolvent

In this section we deal with isolated points of the spectrum of a linear operator.
Since the resolvent of an operator is an analytic function, such points are
isolated singularities of the resolvent. Of particular importance are spectral
values which are even poles of the resolvent; those occur frequently in Part III
of the thesis. We shall see in Proposition A.3.2 that such poles are always
eigenvalues and that it is particularly easy to obtain certain information about
the corresponding eigenvalue multiplicities.
We start by having a closer look at the Laurent series expansion of the
resolvent about an isolated spectral value:
Proposition A.3.1. Let E be a complex Banach space, let A : E ⊇ D(A) → E be a
linear operator and let λ0 ∈ σ (A) be an isolated point of σ (A). If
R(λ, A) =

∞
X

Qk (λ − λ0 )k

k=−∞

is the Laurent expansion of the analytic function R( · , A) : ρ(A) → L(E) about λ0 ,
then the coefficients Qk ∈ L(E) fulfil the following properties:
(a) The residuum P := Q−1 is the spectral projection of A associated to λ0 .
(b) If Qk0 = 0 for an integer k0 ≤ −1, then Qk = 0 for all k ≤ k0 and hence, λ0 is
a pole of R( · , A) of order < −k0 .
(c) If P E = Q−1 E is finite-dimensional, then λ0 is a pole of R( · , A) of order
≤ dim Q−1 E.
Proof. (a) Assertion (a) is obvious. Assertion (b) follows for example from
[Yos95, Theorem 1 in Section VIII.8] and assertion (c) can be found in [EN00,
assertion (ii) at the end of Section IV.1.17].
The following result shows that every pole of the resolvent is in fact an
eigenvalue; it gives us also a possibility to compute a corresponding eigenvector and it provides some information about semi-simplicity of the eigenvalue.
We use this result, often tacitly, in many proofs throughout Part III of the
thesis.
Proposition A.3.2. Let E be a complex Banach space, let A : E ⊇ D(A) → E be a
linear operator and let λ0 ∈ σ (A) be an isolated point of σ (A) and a pole of R( · , A)
of order k0 ∈ N. If
R(λ, A) =

∞
X
k=−k0
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is the Laurent expansion of R( · , A) about λ0 and P := Q−1 denotes the spectral
projection of A associated to λ0 , then the following assertions hold:
(a) {0} , Q−k0 E ⊆ ker(λ0 − A) ⊆ P E. In particular, λ0 is an eigenvalue of A.


(b) We have P E = ker (λ0 − A)k0 , and this space is the generalised eigenspace
of A for the eigenvalue λ0 .
(c) For all k ≥ k0 the range of (λ0 − A)k does not depend on k and coincides with
the kernel ker P .
(d) The eigenvalue λ0 of A is semi-simple if and only if ker(λ0 − A) = P E if and
only if λ0 is a first order pole of R( · , A) (i.e. if and only if k0 = 1).
Proof. Assertion (a) follows from [Yos95, Theorem 2 in Section VIII.8] and assertions (b) and (c) can be found in [Yos95, Theorem 3 in Section VIII.8]. Assertion (d) is a consequence of (b) and of [Yos95, Theorem 2 in Section VIII.8].
Let us also collect a few facts about isolated spectral values of the adjoint
of an operator:
Proposition A.3.3. Let E be a complex Banach space, let A : E ⊇ D(A) → E be a
densely defined linear operator and let λ0 ∈ σ (A) be an isolated point of σ (A) and
a pole of R( · , A). If
R(λ, A) =

∞
X

Qk (λ − λ0 )k

k=−∞

is the Laurent expansion of R( · , A) about λ0 and P := Q−1 denotes the spectral
projection of A associated to λ0 , then the following assertions hold:
(a) The number λ0 is also an isolated singularity of the resolvent R( · , A0 ) =
R( · , A)0 of the adjoint operator A0 . The Laurent series expansion of R( · , A0 )
about λ0 is given by
0

R(λ, A ) =

∞
X

Qk0 (λ − λ0 )k .

k=−∞

Moreover, the spectral projection of A0 associated to λ0 equals P 0 .
(b) The number λ0 is a pole of R( · , A) if and only if it is a pole of R( · , A), and
in this case the pole orders coincide.
(c) Suppose that λ0 is a pole of R( · , A) (equivalently: of R( · , A0 )). Then the
generalised eigenspaces of λ0 for the operator A and for the adjoint operator
A0 have the same dimension; in particular, λ0 is an algebraically simple
eigenvalue of A if and only if it is an algebraically simple eigenvalue of A0 .
197

A. Some Aspects of Spectral Theory
(d) If P has finite rank, then the dimensions of the eigenspaces ker(λ0 − A) and
ker(λ0 − A0 ) coincide.
Proof. (a) This is obvious since σ (A) = σ (A0 ) and R(λ, A0 ) = R(λ, A)0 for all
λ ∈ ρ(A) = ρ(A0 ).
(b) This follows readily from (a).
(c) According to Proposition A.3.2(b) the generalised eigenspaces we are interested in are given by P E and P 0 E 0 . It follows for instance from Lemma 1.2.6
that those spaces have the same dimension.
(d) For this result we refer, for instance, to [Kat95, Remark III.6.23].
Finally, we need criteria to check whether a spectral value of a given
operator is a pole of the resolvent. We sum up such criteria in the next
proposition and the subsequent theorem.
Proposition A.3.4. Let A : E ⊇ D(A) → E be a linear operator on a complex
Banach space E, let λ0 ∈ ρ(A) and define T := R(λ0 , A). For each λ ∈ C the
following assertions hold:
(a) The number λ is an isolated point of σ (A) if and only if (λ0 − λ)−1 is an
isolated point of σ (T ); in this case the spectral projection of A associated to
λ coincides with the spectral projection of T associated to (λ0 − λ)−1 .
(b) The number λ is a pole of R( · , A) if and only if (λ0 − λ)−1 is a pole of R( · , A),
and in this case the pole orders coincide.
Proof. This proposition is taken from [EN00, Proposition IV.1.18].
The following theorem is a part of what is sometimes called analytic
Fredholm theory. For a related result we refer the reader to [Ste69].
Theorem A.3.5. Let E be a complex Banach space, let T ∈ L(E) and let A : E ⊇
D(A) → E be a linear operator.
(a) If T n is compact for some n ∈ N, then all spectral values of T , except possibly 0, are poles of the resolvent R( · , T ) and the corresponding generalised
eigenspaces are all finite-dimensional.
(b) Suppose that there exist λ0 ∈ ρ(A) and n ∈ N such that R(λ0 , A)n is compact.
Then all spectral values of T are poles of the resolvent and the corresponding
generalised eigenspaces are all finite-dimensional.
Proof. (a) This is a special case of [Tay58, Theorem 5.8-F].
(b) This also follows from [Tay58, Theorem 5.8-F]. Alternatively, one can
derive the assertion from (a) and from Proposition A.3.4 (since the generalised
eigenspace of a pole of the resolvent is the range of the corresponding spectral
projection according to Proposition A.3.2(b)).
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Note that assertion (b) of the above theorem includes in particular the wellknown result that all spectral values of an operator with compact resolvent are
poles of the resolvent and have a finite-dimensional generalised eigenspace.

A.4

Pseudo-Resolvents

Pseudo-resolvents are a technical tool which we need in the proof of Theorem 2.4.1. They resemble resolvents of linear operators in the sense that they
also satisfy the resolvent identity and they share many analytic properties
with them. In fact, it can even by shown that every pseudo-resolvent is the
resolvent of a so-called multi-valued operator, see e.g. [Haa06, Appendix A]
for details. One of the reasons why pseudo-resolvents are a useful tool in
spectral theory is their stability with respect to ultra powers: an unbounded
linear operator A : E ⊇ D(A) → E on a complex Banach lattice cannot in general be lifted to an ultra power EU of E. However, the resolvent operators
R(λ, A) (λ ∈ ρ(A)) can be lifted, and we thus obtain a mapping ρ(A) → L(EU ),
λ 7→ R(λ, A)U which might no longer be a resolvent of an operator, but which
is still a pseudo-resolvent.
After this motivation we give the definition of a pseudo-resolvent:
Definition A.4.1 (Pseudo-resolvent). Let E be a complex Banach space and
let ∅ , Ω ⊆ C be an open set. A mapping R : Ω → L(E) is called a pseudoresolvent if it fulfils the equation
R(λ) − R(µ) = (µ − λ)R(λ)R(µ)
for all λ, µ ∈ Ω; this equation is known as the resolvent equation or the resolvent
identity.
Note that if R : Ω → L(E) is a pseudo-resolvent, then R(λ) commutes
with R(µ) for all λ, µ ∈ Ω. The following property shows that several operator
theoretical properties of R(λ) do in fact not depend on λ:
Proposition A.4.2. Let E be a complex Banach space, let ∅ , Ω ⊆ C be open and
let R : Ω → L(E) be a pseudo-resolvent. Then the kernel ker R(λ) and the range
R(λ)E are independent of λ.
Proof. See e.g. [EN00, Lemma III.4.5].
The following proposition characterises whether a pseudo-resolvent is in
fact the resolvent of a linear operator.
Proposition A.4.3. Let E be a complex Banach space, let ∅ , Ω ⊆ C be open
and let R : Ω → L(E) be a pseudo-resolvent. Then the following assertions are
equivalent:
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(i) There is a λ ∈ Ω such that the operator R(λ) : E → E is injective.
(ii) For every λ ∈ Ω the operator R(λ) : E → E is injective.
(iii) There is a linear operator A : E ⊇ D(A) → E such that ρ(A) ⊇ Ω and such
that R(λ, A) = R(λ) for all λ ∈ Ω.
Proof. “(iii) ⇒ (ii)” This implication is clear since the inverse of a (singlevalued) linear operator is always injective.
“(ii) ⇒ (i)” This is obvious.
“(i) ⇒ (iii)” Let λ0 ∈ Ω be such that R(λ0 ) is injective. We define D(A) :=
D(B) := R(λ0 )E, B : E ⊇ D(B) → E, B = R(λ0 )−1 and A : E ⊇ D(A) → E, A =
λ0 − B.
According to Proposition A.4.2 the range of R(λ) is independent of λ, so
we have D(A) = R(λ)E for every λ ∈ Ω. Moreover, the resolvent equations
yields
R(λ)(λ − A) = R(λ)(λ − λ0 ) + R(λ)B = (λ − λ0 )R(λ)R(λ0 )B + R(λ)B


= R(λ0 ) − R(λ) B + R(λ)B = R(λ0 )B = ID(A)
for each λ ∈ Ω; note that these equalities are indeed true since all the operators
have the correct domain, namely D(B) = D(A). A similar computation shows
that
(λ − A)R(λ) = IE
for all λ ∈ Ω. Hence, each λ ∈ Ω is contained in the resolvent set of A and
fulfils R(λ) = R(λ, A).
We point out once again that a pseudo-resolvent can always be interpreted
as the resolvent of a multi-valued operator A, see e.g. [Haa06, Appendix A];
hence, the above Proposition A.4.3 gives equivalent conditions for A to be
single-valued. The following analytic properties of pseudo-resolvents can be
derived from the resolvent equation:
Proposition A.4.4. Let E be a complex Banach space, let ∅ , Ω ⊆ C be open and
let R : Ω → L(E) be a pseudo-resolvent. Then the following assertion are fulfilled:
(a) The mapping R : Ω → L(E) is analytic and its derivatives are given by
R(n) (λ) = (−1)n n!R(λ)n+1 for every n ∈ N0 and every λ ∈ Ω.
(b) If λ0 ∈ Ω and r := dist(λ0 , ∂Ω), then we have
R(λ) =

∞
X

(λ0 − λ)n R(λ0 )n+1

n=0

for every λ ∈ C with |λ − λ0 | < r, where the series converges absolutely in
L(E).
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Proof. (a) This can be found for instance in [HP57, Theorem 5.8.2 and formula (5.8.5)].
(b) This follows readily from (a) and from the Taylor series expansion of
analytic functions.
If a pseudo-resolvent on a reflexive Banach space E satisfies a certain
boundedness condition, then it can always be restricted to a complemented
subspace of E where it becomes the resolvent of a linear operator. Moreover,
this complemented subspace can be chosen large enough to conserve most
of the information about the pseudo-resolvent. This was proved by Kato
in [Kat59]; in the subsequent theorem, we state the result in a slightly different
way.
Theorem A.4.5. Let E be a reflexive complex Banach space and let ∅ , Ω ⊆ C be
an open set which contains the line (r0 , ∞) for some r0 ≥ 0. Let R : Ω → L(E) be a
pseudo-resolvent such that supr∈(r0 ,∞) krR(r)k < ∞. Then there exists a projection
P ∈ L(E) which has the following properties (and which is uniquely determined by
property (b)):
(a) P commutes with R(λ, A) for all λ ∈ Ω; hence, R(λ) leaves the kernel and
the range of P invariant for every λ ∈ Ω.
(b) For every λ ∈ Ω we have ker P = ker R(λ) and P E = R(λ)E.
(c) Let F := P E be the range of P . There exists a densely defined linear operator
A : F ⊇ D(A) → F such that ρ(A) ⊇ Ω and such that R(λ, A) = R(λ)|F ∈
L(F) for every λ ∈ Ω.
Moreover, rR(r) converges to P with respect to the weak operator topology as
r → ∞.
Proof. If such a projection P exists, then it clearly is uniquely determined
by (b). The operator family (r(R(r))r∈(r0 ,∞) is a bounded net in L(E) (where the
index set (r0 , ∞) is endowed with the order induced by R). We now proceed in
several steps.
Step 1: We prove that whenever a subnet (rj R(rj ))j∈J of (r(R(r))r∈(r0 ,∞)
converges to an operator P˜ ∈ L(E) with respect to the weak operator topology,
then P˜ is a projection which fulfils the assertions (a), (b) and (c).
We first show that P˜ R(λ) = R(λ) for all λ ∈ Ω. Indeed, we have
rj R(rj )R(λ) − R(λ) =


rj 
R(λ) − R(rj ) − R(λ)
rj − λ

for all λ ∈ Ω and all j ∈ J with rj , λ. The left-hand side of the above equation
converges to P˜ R(λ) − R(λ) with respect to the weak operator topology. The
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r

j
fraction r −λ
converges to 1 and the operator R(rj ) converges to 0 with respect
j
to operator norm; hence the right-hand side of the above equation converges
to 0 with respect to the operator norm. This shows that P˜ R(λ) = R(λ) for
every λ ∈ Ω. In particular, we have P˜ rj R(rj ) = rj R(rj ) for each index j and
therefore P˜ 2 = P˜ , so P˜ is indeed a projection.
Obviously P˜ fulfils (a). We show that (b) holds for P˜ , too. Since ker R(λ)
is independent of λ according to Proposition A.4.2 and since P˜ is the weak
operator limit of (rj R(rj ))j∈J it follows that ker R(λ) ⊆ ker P˜ for all λ ∈ Ω. On
the other hand we have R(λ) = R(λ)P˜ and thus ker P˜ ⊆ ker R(λ) for every
λ ∈ Ω.
We know that R(λ) = P˜ R(λ) and hence R(λ)E ⊆ P˜ E for every λ ∈ Ω; since
P˜ E is closed we even conclude that even R(λ)E ⊆ P˜ E. On the other hand, the
range of R(λ) does not depend on λ according to Proposition A.4.2 and P˜ is
the weak operator limit of (rj R(rj ))j∈J . Therefore P˜ E is contained in the weak
closure, and thus also in the norm closure, of R(λ)E for every λ ∈ Ω.
Now we prove that assertion (c) is fulfilled for P˜ . Indeed, ker R(λ)|F = {0}
for every λ ∈ Ω since ker R(λ) = ker P˜ intersects F = P˜ E only in {0}. Hence,
R(λ) is injective for each λ ∈ Ω and it thus follows from Proposition A.4.3
that there is an operator A : F ⊇ D(A) → F such that ρ(A) ⊇ Ω and such that
R(λ, A) = R(λ)|F . To see that A is densely defined, fix λ ∈ Ω and note that
we have D(A) = R(λ, A)F = R(λ)|F F = R(λ)P˜ E = R(λ)E, and the latter space is
dense in F according to (b).
Step 2: We show that there exists a uniquely determined projection
P ∈ L(E) which fulfils (a), (b) and (c). Indeed, we have already observed
at the beginning at the proof that such a projection is, if it exists, uniquely
determined by property (b). To show existence note that the net (rR(r))r∈(r0 ,∞)
is bounded in L(E) and since E is reflexive, there exists a subnet (rj R(rj ))j∈J
which converges to an operator P ∈ L(E) with respect to the weak operator topology. As shown in Step 1, P is a projection which has the required
properties.
Step 3: We finally prove that rR(r) converges to P with respect to the
weak operator topology as r → ∞. To this end, let (rk R(rk ))k∈K be an arbitrary
subnet of (rR(r))r∈(r0 ,∞) . Then there exists another subnet (rkj R(rkj ))j∈J of
(rk R(rk ))k∈K which converges to an operator P˜ ∈ L(E) with respect to the weak
operator topology. It follows from Step 1 that P˜ is a projection which fulfils
assertions (a), (b) and (c). Hence P˜ = P . We have thus shown that every subnet
of (rR(r))r∈(r0 ,∞) has a subnet which converges weakly to P . This proves the
assertion.

The following proposition shows that, for a pseudo-resolvent R : Ω →
L(E), the eigenvalues of all operators R(λ) (for λ ∈ Ω) are closely related.

202

A.4. Pseudo-Resolvents
Proposition A.4.6. Let E be a complex Banach space, let ∅ , Ω ⊆ C be open and
let R : Ω → L(E) be a pseudo-resolvent. For every x ∈ E \ {0} and every α ∈ C the
following assertions are equivalent:
(i) There exists λ ∈ Ω such that λ , α and such that
R(λ) with corresponding eigenvector x.

1
λ−α

(ii) We have α < Ω; moreover, for every λ ∈ Ω the number
of R(λ) with corresponding eigenvector x.

is an eigenvalue of

1
λ−α

is an eigenvalue

Proof. See e.g. [AGG+ 86, Proposition C-III.2.6(a)].
We close this section with a result that shows how certain spectral values
of a linear operator can be lifted to eigenvalues of a pseudo-resolvent on an
ultra power of the underlying Banach space.
Proposition A.4.7. Let E be a complex Banach space, let A : E ⊇ D(A) → E be a
linear operator and assume that α ∈ σ (A) is located on the topological boundary of
the spectrum σ (A) in C. If U is a free ultra filter on N, then


ρ(A) → L(EU ),
λ 7→ RU (λ) := R(λ, A)
U

defines a pseudo-resolvent on the ultra power EU . Moreover,
of RU (λ) for all λ ∈ ρ(A).

1
λ−α

is an eigenvalue

Proof. Obviously, RU ( · ) is a pseudo-resolvent on EU . Choose a sequence
(µn ) ⊆ ρ(A) which converges to α and observe that kR(µn , A)k → ∞. Hence,
we can find a sequence of normalised vectors (xn ) ⊆ E such that even rn :=
kR(µn , A)xn k → ∞. Now, let
zn :=

1
R(µn , A)xn
rn

for each index n. Then z := (zn ) is a sequence of normalised vectors in E and
the vector zU = (zn )U is a non-zero element of the ultra power EU .
Now let λ ∈ ρ(A) be an arbitrary element. Then we obtain
1
R(µn , A)xn + (µn − α)R(λ, A)zn
rn

1
=
R(µn , A)xn − R(λ, A)xn + (µn − α)R(λ, A)zn
rn
1
= zn − R(λ, A)xn + (µn − α)R(λ, A)zn
rn

(λ − α)R(λ, A)zn = (λ − µn )R(λ, A)

for each n ∈ N. Hence, the difference of (λ − α)R(λ, A)zn and zn converges to 0
which proves that (λ − α)RU (λ)zU = zU , as claimed.
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Ordered Banach Spaces
In Appendix B we briefly recall those concepts from the theory of ordered
Banach spaces which we need in Part II of the thesis. We point out that
there is an extensive literature about ordered topological vector spaces; see
e.g. [Per67], [SW99, Chapter V] and [AT07]. Ordered Banach spaces can be
seen as a simple special of those spaces; despite (or maybe because) of this
fact, it is difficult to find a comprehensive treatment of ordered Banach spaces
in the literature (although some monographs about ordered topological vector
spaces contain important results about ordered Banach spaces as special cases;
see e.g. [AT07, Section 2.5]). Therefore, and in order to fix our terminology,
we collect all the material that we need in this appendix. We quote most of
our results from different sources in the literature.

B.1

Basics

The notion ordered Banach space is used ambiguously in the literature. Here,
we agree on the following definition:
Definition B.1.1 (Ordered Banach space). An ordered Banach space is a pair
(E, E+ ) where E is a real Banach space and E+ is a subset of E with the following
properties:
(i) E+ is closed.
(ii) E+ is a cone, i.e. E+ , ∅ and for all x, y ∈ E+ and all scalars α, β ≥ 0 we
have αx + βy ∈ E+ .
(iii) The cone E+ is pointed, i.e. we have (−E+ ) ∩ E+ = {0}.
The subset E+ ⊆ E is called the positive cone in E. The positive cone E+ is called
generating if E+ − E+ = E. The positive cone E+ is called total if E+ − E+ is dense
in E.
What we named a cone above is for example called a wedge in [AT07]; in
the same reference the notion “cone” is used to described a “pointed wedge”
(i.e. a set which we would call a pointed cone in our terminology). Moreover,
some authors (as e.g. in [AT07]) do not require the cone in an ordered Banach
space to be closed; yet, this assumption is required for most of the deeper
theorems about ordered Banach spaces. Anyway, the above definition seems
to fit our purposes best.
205

B

B. Ordered Banach Spaces
Let (E, E+ ) be an ordered Banach space. We shall often suppress the
positive cone E+ in the notation and merely say that E is an ordered Banach
space. There is a canonical order ≤ on E which is given by
x≤y

if and only if

y − x ∈ E+ .

We write x < y to indicate that x ≤ y, but x , y. An element x ∈ E is called
positive if x ∈ E+ or, equivalently, if x ≥ 0.
If the ordered Banach space E has generating cone, then every vector x ∈ E
can be written as a difference of two positive vectors y and z. It is not obvious
that y and z can be chosen such that their norm is, in a sense, bounded by the
norm of x. This is the content of the subsequent theorem:
Theorem B.1.2. Let E be an ordered Banach space with generating cone. Then
there exists a constant M > 0 with the following property: for every x ∈ E we can
find y, z ∈ E+ such that kyk, kzk ≤ Mkxk and x = y − z.
Proof. See for instance [AT07, Theorem 2.37].
Let E be an ordered Banach space. An element u of E is called an order unit
if for every x ∈ E there is a real number ε > 0 such that εx ≤ u; note that an
order unit is automatically positive. Not very ordered Banach space contains
an ordered unit, but the space C(K; R) of all real-valued continuous functions
on a compact Hausdorff space K does, for example. Let us prove a few facts
about order units in the following two propositions.
Proposition B.1.3. Let E be an ordered Banach space and let u ∈ E. Then the
following assertions are equivalent:
(i) The vector u is an order unit in E.
(ii) The positive cone E+ is generating in E and for every x ∈ E+ there exists ε > 0
such that εx ≤ u.
Proof. “(i) ⇒ (ii)” Let u be an order unit in E. If x ∈ E, then we can find ε > 0
such that x ≤ 1ε u. Hence, x = 1ε u − ( 1ε u − x) ∈ E+ − E+ , so E+ is indeed generating
in E. The second assertion of (ii) is obvious.
“(ii) ⇒ (i)” Suppose that (ii) holds. Let x ∈ E. Then we can find x1 , x2 ∈ E+
such that x = x1 −x2 and, moreover, there exists ε > 0 such that εx1 ≤ u. Hence,
εx = εx1 − εx2 ≤ εx1 ≤ u. This proves that u is indeed an order unit in E.
Proposition B.1.4. Let E be an ordered Banach space and let u ∈ E.
(a) The vector u is an order unit in E if and only if there exists ε > 0 such that
x ≤ u for all x ∈ E with kxk ≤ ε.
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(b) The vector u is an order unit in E if and only if u is contained in the interior
of E+ .
(c) The cone E+ has non-empty interior if and only if E contains an ordered
unit.
(d) Suppose that E is finite-dimensional. Then the cone E+ is generating in E if
and only if it has non-empty interior.
Proof. (a) “⇒” Let u be an order unit. We first show that there exists ε > 0
such that x ≤ u for all positive x with kxk ≤ ε: assume for a contradiction that
this is not true. Then we can find a sequence of vectors (xn ) ⊆ E+ such that
P
kxn k ≤ n21 n but xn 6≤ u for all n ∈ N. We define x := ∞
n=1 nxn ∈ E+ . For every
1
n ∈ N we then have n x ≥ xn ; as xn 6≤ u, this implies that n1 x 6≤ u for any n ∈ N.
This is a contradiction since u is an order unit.
Now let ε > 0 such that x ≤ u for all x ∈ E+ with kxk ≤ ε. Recall that E+ is
generating in E since u is an order unit. Hence we can choose M > 0 as in
ε
Theorem B.1.2. Let x ∈ E with norm kxk ≤ M
. We can find two vectors y, z ∈ E+
such that x = y − z and such that kyk, kzk ≤ ε. Hence, x = y − z ≤ y ≤ u.
“⇐” This implication is obvious.
(b) “⇒” Suppose that u is an order unit in E. According to assertion (a)
there exists ε > 0 such that x ≤ u for all vectors x ∈ E with norm kxk ≤ ε. Now,
assume that y ∈ E and ku − yk ≤ ε. Then we have u − y ≤ u and thus y ≥ 0.
This proves that the ball with radius ε and center u is contained in E+ , so u is
indeed an interior point of E+ .
“⇐” Now assume in turn that u is an interior point of E+ and let ε > 0
such that the closed ball with radius ε and center u is contained in E+ . For
every x ∈ E with kxk ≤ ε we have k(u − x) − uk ≤ ε and thus u − x ≥ 0. Hence,
u ≥ x for all x ∈ E with norm kxk ≤ ε, which shows that u is indeed an order
unit in E.
(c) This follows immediately from (b).
(d) This result can, for instance, be found in [AT07, Lemma 3.2].
The first of the following notions is important when we deal with duality
(compare Theorem B.2.5), and the second one is closely related to the first one
(compare Proposition B.1.6 below).
Definition B.1.5 (Normal cone and monotone norm). Let E be an ordered
Banach space.
(i) The positive cone E+ is called normal if there is a constant C > 0 such
that we have kxk ≤ Ckyk for all x, y ∈ E with 0 ≤ x ≤ y.
(ii) The norm on E is called monotone if we have kxk ≤ kyk for all x, y ∈ E
with 0 ≤ x ≤ y.
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For the convenience of the reader we quote a non-trivial characterisation
of normal cones in the following proposition. To do so, we need to recall the
notion of an order interval: if x, y are elements of an ordered Banach space,
then the set [x, y] := {v ∈ E : x ≤ v ≤ y} is called an order interval in E. Clearly,
[x, y] is non-empty if and only if x ≤ y. Note that an order interval in an
ordered Banach space is always closed.
Proposition B.1.6. Let E be an ordered Banach space. Then the following assertions are equivalent:
(i) The positive cone E+ is normal.
(ii) There is an equivalent norm on E which is monotone.
(iii) Every order interval in E is norm bounded.
Proof. These assertions can for instance be found in [AT07, Theorems 2.38
and 2.40].
When dealing with asymptotic positivity in Part III of the main text we
frequently need the distance of a vector x in an ordered Banach space to
the positive cone. In the next proposition we collect some elementary but
important properties of this distance function; we omit the simple proofs of
those properties.
Proposition B.1.7. Let E be an ordered Banach space. The distance function
dist( · , E+ ) fulfils the following properties:
(a) dist(x + y, E+ ) ≤ dist(x, E+ ) + dist(y, E+ ) for all x, y ∈ E.
(b) dist(αx, E+ ) = α dist(x, E+ ) for all x ∈ E and all α ∈ [0, ∞).
(c) dist(x, E+ ) ≤ kxk for all x ∈ E.
(d) A vector x ∈ E fulfils dist(x, E+ ) = 0 if and only if x ∈ E+ .
The same assertions remain true if we replace E with a complexification EC of the
real Banach space E (cf. Appendix C), where we define (EC )+ := E+ ; in particular
the assertions remain true on complex Banach lattices.
We also discuss some notions related to positive operators. Let E, F be
ordered Banach spaces. A linear map T : E → F is called positive if T E+ ⊆ F+ ;
if T ∈ L(E; F), then we write T ≥ 0 to say that T is positive. A linear map
T : E → F is called bi-positive if T E+ ⊆ F+ and T −1 (F+ ) ⊆ E+ , i.e. T is bi-positive
if and only if for all x, y ∈ E the inequality x ≤ y is equivalent to the inequality
T x ≤ T y. If a linear map T : E → F is bijective, then it is bi-positive if and
only if T and T −1 are both positive.
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The following notions are needed in Part II of the thesis. Since they are
possibly not completely standard we introduce them in a separate definition.
Definition B.1.8 (Special classes of positive operators). Let E, F be to ordered Banach spaces and let T : E → F be a linear map.
(i) T is called an embedding of ordered Banach spaces if T is continuous,
injective and bi-positive.
(ii) T is called a dense embedding of ordered Banach spaces if T is an embedding of ordered Banach spaces and if, in addition, T E is dense in
F.
(iii) T is called an isomorphism of ordered Banach spaces if T is continuous,
bijective and bi-positive.
(iv) Assume that T is positive. The map T is called dominating if for every
y ∈ F there exists an x ∈ E such that T x ≥ y.
If T is an isomorphism of ordered Banach spaces, then T −1 is, of course, an
isomorphism of ordered Banach spaces, too (continuity of T −1 follows from
the open mapping theorem; this is why we did not require it in the definition).
Two ordered Banach spaces E and F are said to be isomorphic if there exists an
isomorphism of ordered Banach spaces from E to F.
We close this section with the following simple but important result about
closed subspaces of ordered Banach spaces.
Proposition B.1.9. Let E be an ordered Banach space, let V ⊆ E be a closed vector
subspace and define V+ := V ∩ E+ .
(a) (V , V+ ) is an ordered Banach space, too, and the canonical injection V ,→ E
is an embedding.
(b) Suppose that there exists a positive projection P ∈ L(E) with range P E = V .
Then we have V+ = P (E+ ). In particular, V+ is generating in V if E+ is
generating in E.
Proof. This is an easy exercise.

B.2

Duality

An important concept in the theory of ordered Banach spaces is duality. In
the previous section we defined the notion of positivity for a linear map
between two ordered Banach spaces. If we endow the real field R with the
cone R+ := [0, ∞) and make it thus an ordered Banach space, then we obtain
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the notion of a positive linear functional; more precisely, a linear mapping
ϕ : E → R (on an ordered Banach space E) is called positive if ϕ(x) ≥ 0 for all
x ∈ E+ . This definition in particular applies to continuous linear functionals
x0 ∈ E 0 ; for x0 ∈ E 0 we write x0 ≥ 0 to say that x0 is positive; we write x0 > 0
if x0 is positive and non-zero. The set of all positive x0 ∈ E 0 is of particular
importance:
Definition B.2.1 (Dual cone). Let E be an ordered Banach space. The set
(E+ )0 := E+0 := {x0 ∈ E 0 : x0 is positive} is called the dual cone of E+ .
Note that the dual cone E+0 is indeed a cone, i.e. αx0 + βy 0 ∈ E+0 for all
∈ E+0 and all scalars α, β ≥ 0. Moreover it is easy to see that E+0 is closed in
E 0 . In order for the dual space E 0 to be an ordered Banach space with respect
to the dual cone E+0 , we also need that the cone E+0 is pointed. The following
proposition describes under which circumstances this happens.
x0 , y 0

Proposition B.2.2. Let E be an ordered Banach space. The following assertions
are equivalent:
(i) The dual cone E+0 is pointed, i.e. (−E+0 ) ∩ E+0 = {0}.
(ii) The dual space E 0 is an ordered Banach space with respect to the dual cone
E+0 .
(iii) The positive cone E+ is total on E.
Proof. The equivalence “(i) ⇔ (ii)” is obvious; the equivalence “(i) ⇔ (iii)”
follows for example from [AT07, Theorem 2.13].
The next proposition shows that the question whether a vector in an
ordered Banach space is positive can be answered by testing against positive
functionals.
Proposition B.2.3. Let E be an ordered Banach space. A vector x ∈ E is positive
if and only if hx0 , xi ≥ 0 for every positive functional x0 ∈ E 0 .
Proof. This follows from the Hahn-Banach theorem; see for example [MP07,
Lemma 1] for details.
As a corollary we obtain the following correspondence between positivity
of a bounded linear operator and its adjoint:
Corollary B.2.4. Let E, F be ordered Banach spaces. An operator T ∈ L(E, F) is
positive if and only if T 0 F+0 ⊆ E+0 .
Proof. The implication “⇒” is obvious and the converse implication “⇐”
follows from Proposition B.2.3.
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Note that if (E 0 , E+0 ) and (F 0 , F+0 ) are ordered Banach spaces (which is fulfilled if and only if E+ and F+ are total in E and F, respectively), then the
condition T 0 F+0 ⊆ E+0 in the above corollary simply means that T 0 is positive.
The following theorem is one reason why normality of positive cones is
an important concept. Although we do not need this theorem in the main
text, we chose to include it here in order to demonstrate the importance of the
concept “normality”.
Theorem B.2.5. Let E be an ordered Banach space. Then the following assertions
are equivalent:
(i) The positive cone E+ is normal.
(ii) The dual cone E+0 is generating in E 0 , i.e. E+0 − E+0 = E 0 .
Proof. This theorem can, for instance, be found in [AT07, Theorem 2.40].

B.3

Automatic Continuity and Extension Theorems

It is an outstanding property of ordered Banach spaces that, under rather
weak assumptions, positivity of linear mappings automatically implies their
continuity. This is the content of the following two theorems.
Theorem B.3.1. Let E be an ordered Banach space with generating cone. Then
every positive linear functional ϕ : E → R is continuous.
Proof. See e.g. [AN09, Lemma 2.3].
More generally, we have:
Theorem B.3.2. Let E, F be ordered Banach spaces and suppose that the positive
cone E+ is generating in E. Then every positive linear map T : E → F is continuous.
Proof. This result can, for instance, be found in [AN09, Theorem 2.8].
We need one more important concept, namely the extension of positive
linear mappings. One can find rather general theorems on this topic in the
literature, even in the setting of ordered vector spaces. Here, we list only
some important special cases which we use in Part II of the thesis. To state
them we need the following notion: let E be an ordered Banach space. A (not
necessarily closed) vector subspace V ⊆ E is called dominating if for every
y ∈ E there exists a vector x ∈ V with x ≥ y. Note that if E possesses an order
unit u ∈ E+ and this order unit is contained in V , then the subspace V is
dominating.
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Theorem B.3.3. Let E, F be ordered Banach spaces and suppose that F is an
order complete vector lattice. Let V ⊆ E be a dominating vector subspace and let
T : V → F be a positive linear mapping, meaning that T x ≥ 0 for all x ∈ V ∩ E+ .
Then there exists a positive linear mapping T̃ : E → F which extends T .
Proof. This is a special case of [AT07, Theorem 1.30].
What we actually need are the following two corollaries of Theorem B.3.3:
Corollary B.3.4. Let E be an ordered Banach space with generating cone and
let V ⊆ E be a dominating vector subspace. If ϕ : V → R is linear and positive,
meaning that ϕ(x) ≥ 0 for all x ∈ V ∩ E+ , then there exists a positive functional
x0 ∈ E 0 which extends ϕ.
Proof. Since the ordered Banach space R is an order complete vector lattice,
follows from Theorems B.3.3 and B.3.1.
Our second corollary of Theorem B.3.3 states that, if the cone in E is
generating, if V is dense in E and if the space F is even a Banach lattice, then
we can drop the condition of order completeness on F:
Corollary B.3.5. Let E be an ordered Banach space with generating cone and let F
be a real Banach lattice. Suppose that V ⊆ E is a dominating vector subspace and
let T : V → F be a positive linear mapping, meaning that T x ≥ 0 for all x ∈ V ∩ E+ .
If V is dense in E, then there exists an operator T̃ ∈ L(E; F) which extends T .
Proof. The bi-dual space F 00 of a F is an order complete Banach lattice; we
consider F as sublattice of F 00 by means of evaluation. Then, due to Theorem B.3.3, the mapping T : V → F ,→ F 00 can be extended to a positive linear
mapping T̃ : E → F 00 . Since the cone in E is generating, the mapping T̃ is
continuous according to Theorem B.3.2. Moreover, T̃ maps the dense subset
V of E into F ⊆ F 00 . Since F is closed in F 00 , this implies that T̃ E ⊆ F. Hence,
we have indeed T̃ ∈ L(E; F).
Note that in Corollary B.3.4 we only assumed E+ to be generating for
convenience reasons (this is the version that we need in the main text); nevertheless, if E+ is not generating, the corollary still holds except for the fact
that x0 might no longer be continuous. By contrast, the assumption that E+ be
generating is essential in Corollary B.3.5; we need it to derive continuity of T̃ ,
and this continuity is in turn needed to prove that the range of T̃ is contained
in F.
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Banach Lattices and Hilbert Lattices

Banach lattices are an important special case of ordered Banach spaces; we
freely use their theory throughout the thesis. Even a basic introduction to
this field would lead way too far here, so we refer the reader to the extensive
literature about Banach lattices, instead; see for instance the monographs
[Sch74], [AB85, Chapter 4], [MN91] and [Zaa97]. Most of the notation that we
use is described in the preliminaries of the thesis. Moreover, we give a concise
introduction to the theory of complex Banach lattices and Sections C.4 and C.5
of the appendix.
In the present section we restrict ourselves to a brief discussion of so-called
Hilbert lattices, a concept which we employ on a few occasions in the main
text and with which the reader might no be completely familiar. For some
additional information we refer for example to [Sch74, Section IV.6]. Complex
Hilbert lattices will be briefly discussed in Section C.6.
Definition B.4.1 (Hilbert lattice). A Hilbert lattice is a (real) Banach lattice
H whose norm is induced by an inner product.
The structure theory of Hilbert lattices is not particularly rich since the
following proposition says that they are in fact nothing else but L2 -spaces.
Proposition B.4.2. For every Hilbert lattice H the following assertions hold:
(a) There exists a measure space (Ω, µ) and an isometric (and thus unitary)
Banach lattice isomorphism H → L2 (Ω, µ; R).
(b) The canonical mapping H → H 0 , x 7→ ( · |, x) is an isometric Banach lattice
isomorphism.
Proof. Assertion (a) can for example be found, along with some additional
properties, in [Sch74, Theorem IV.6.7]. Assertion (b) is an immediate consequence of (a).
The above proposition shows that, in all our theorems which deal with
Hilbert lattices, we could simply restrict ourselves us to L2 -spaces without
any loss of generality. Yet, at least in Part III of the thesis, we prefer to use
L2 -spaces only in concrete examples and applications and to formulate all
general theorems in the language of Hilbert lattices, instead. In fact, we find
that this better fits into the main thrust of third part, where the entire theory
is formulated in the setting of Banach lattices.
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Complexifications of real Banach spaces are an essential tool in functional
analysis; they are, for example, needed to apply spectral theory on real Banach
spaces. There can be several reasons why one insists on working with real
Banach spaces and using complexifications of them instead of working with
complex Banach spaces right from the beginning. For example, our main
reason to do this in Part I of the thesis is that our results are actually only
true on real Banach spaces (cf. Example 2.1.7(b)). Another reason becomes
important if we work on Banach lattices as we do throughout Part III of the
thesis: the theory of Banach lattices is intrinsically real, so one has no choice
but to start with real Banach lattices and complexify them in order to obtain
the concept of a complex Banach lattice. Moreover, for many complex-valued
function spaces there is a canonical object which we might consider to be the
“real part” of the space, namely the subset of all real-valued functions in this
space. This suggests the definition of what we might call a “real operator”
on such a space, namely an operator which maps real-valued functions to
real-valued functions. Such a notion cannot be defined in a canonical way on
an abstract complex Banach space, but it can be defined on a complexification
of a real Banach space.
In Section C.1 we define complexifications of real Banach spaces and
consider some elementary properties of them. In Section C.2 we demonstrate
that complexifications are quite well-behaved with respect to certain standard
constructions of Banach spaces (such as quotient spaces). In Section C.3 we
show how complexifications can be used to employ spectral theoretic notions
on real Banach spaces. Sections C.4 and C.5 deal with the important special
case of complex Banach lattices and in Section C.6 briefly discusses complex
Hilbert lattices and sesqui-linear forms on them.
Most of the results in this appendix are very elementary and we thus omit
their proofs. The major task here is not to prove or discuss deep results, but to
find the right notions in order to build a general and abstract framework for
complexifications which can be used in the main text of the thesis. Yet, a few
of the results that we need are not completely elementary (in particular in the
theory of complex Banach lattices); for those results we include a reference to
the literature or we briefly indicate the major steps of the proof.
Most concepts which we introduce here are used tacitly in the main text.
Whenever the reader encounters an unfamiliar result about complexifications
in the thesis, the result can be looked up in this appendix.
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C.1

Complexifications of Real Banach Spaces

It seems to be difficult to find a comprehensive treatment of complexifications
of real Banach spaces in the literature. A paper which contains quite a
wealth of information about this topic is [MST99]; the following definition is
also taking from this paper (what we call a complexification here is called a
reasonable complexification in [MST99]).
Definition C.1.1 (Complexification of a real Banach space). Let E be a real
Banach space. A complexification of E is a tuple (EC , ϕ) with the following
properties:
(i) EC is a complex Banach space and ϕ : E → EC is an isometric R-linear
map.
(ii) We have ϕ(E) + iϕ(E) = E and ϕ(E) ∩ iϕ(E) = {0}.
(iii) We have kϕ(x) + iϕ(y)k = kϕ(x) − iϕ(y)k for all x, y ∈ E.
In [Glü16d] we used a slightly weaker definition of complexifications, but
it seems that the above definition comes closest to what one would expect
intuitively from such a notion.
Let (EC , ϕ) be a complexification of a real Banach space E. By means of
the mapping ϕ we may, of course, consider E as a subset of EC . If we do so,
we simply say that EC is a complexification of E, thereby suppressing ϕ in the
notation. Although we shall do this frequently, it is important to always keep
in mind that whatever we say about complexifications can be restated more
precisely by invoking the mapping ϕ.
If EC is a complexification of a real Banach space E, then every vector
z ∈ EC can be decomposed as z = x + iy, where x and y are two uniquely
determined elements of E. The vector x is called the real part of z and is
denoted by x =: Re z; the vector y is called the imaginary part of z and is
denoted by y =: Im z. The vector z := x − iy is called the complex conjugate of z.
Property (iii) in Definition C.1.1 means that kzk = kzk for every z ∈ EC . Note
that we have iz = −iz as well as Re(iz) = − Im z and Im(iz) = Re z for all z ∈ EC .
We shall often say that E is the real part of EC .
Whenever one introduces a certain mathematical concept, it is a good idea
to make sure that we are not talking about the empty set. This is ensured by
the following proposition.
Proposition C.1.2. Let E be a real Banach space. Then there exists a complexification (EC , ϕ) of E.
Proof. Such a complexification can be easily constructed by endowing an
algebraic complexification of the real vector space E with the norm given
in [MST99, Proposition 3].
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The question whether the complexification of a real Banach space is
uniquely determined is settled by the following proposition; its proof follows
right from the definition of a complexification, so we omit the details.
Proposition C.1.3. Let E be a real Banach space and let (EC,1 , ϕ1 ) and (EC,1 , ϕ2 )
be two complexifications of E. Then there exists exactly one isomorphism of complex
Banach spaces ψ : EC,1 → EC,2 which fulfils ψϕ1 = ϕ2 .
If we consider E as a subspace of EC,1 and EC,2 by means of ϕ1 and ϕ2 ,
then the equality ψϕ1 = ϕ2 simply means that ψ acts as the identity on E. We
call the isomorphism ψ in the above proposition the canonical isomorphism
between the complexifications (EC,1 , ϕ1 ) and (EC,2 , ϕ2 ) of E. Note that the
canonical isomorphism need not be isometric, in general, but its restriction
to ϕ1 (E) is isometric. If ψ is the canonical isomorphism between (EC,1 , ϕ1 )
and (EC,2 , ϕ2 ), then ψ −1 is the canonical isomorphism between (EC,2 , ϕ2 ) and
(EC,1 , ϕ1 ).
If EC is a complexification of a real Banach space E, then the mappings
Re : EC → E and Im : EC → E are contractive; this is the content of the
following proposition which is taken from [MST99, Proposition 1].
Proposition C.1.4. Let EC be a complexification of a real Banach space E. Then
we have k Re zk ≤ kzk and k Im zk ≤ kzk for all z ∈ EC .
Proof. This follows readily from property (iii) in Definition C.1.1.
Now we want to discuss how a linear operator between two Banach spaces
can be extended to complexifications of those Banach spaces; the answer is
given by the following simple, but important result. Again, we omit the proof.
Proposition C.1.5. Let EC and FC be complexifications of real Bananch spaces
E and F, respectively. Let A : E ⊇ D(A) → F be a linear operator and define
D(AC ) := D(A) + iD(A) ⊆ EC . Then there exists a uniquely determined linear (over
C) operator AC : EC ⊇ D(AC ) → FC such that AC |D(A) = A.
The operator A is closed if and only if AC is closed and we have A ∈ L(E; F) if
and only if AC ∈ L(EC ; FC ).
In the situation of Proposition C.1.5 the operator AC is called the complex
extension of the operator A to the complexifications EC and FC of E and F.
Here, we point out again that, by abuse of notation, we suppressed the
embeddings ϕE : E → EC and ϕF : F → FC in the above proposition. If we
intend to be more precise, we have have to restate, for instance, the first part
of the proposition as follows:
Let (EC , ϕE ) and (FC , ϕF ) be complexifications of real Banach spaces E and
F, let A : E ⊇ D(A) → F be a linear operator and define D(AC ) := ϕE (D(A)) +
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iϕE (D(A)) ⊆ EC . Then there exists a uniquely determined linear operator
AC : EC ⊇ D(AC ) → FC such that AC |ϕE (D(A)) = ϕF A.
Such formulations are of course a bit cumbersome, so we avoid them
whenever possible; nevertheless, whenever we suppress the embedding of a
real Banach space into a complexification in our notation, we encourage the
reader to recall that this is actually a bit imprecise and can be rephrased in a
rigorous way.
In the context of Proposition C.1.5 we point out that the complex extension
AC of A is only uniquely determined since the complexifications EC and FC
are already chosen. If we choose other complexifications, then we obtain
another complex extension of A. On the other hand, all complex extensions
of A are, of course, essentially the same in the following sense: let EC,1 and
EC,2 be two complexifications of E, let FC,1 and FC,2 be two complexifications
of F and let
AC,1 : EC,1 ⊇ D(AC,1 ) → FC,1

and

AC,2 : EC,2 ⊇ D(AC,2 ) → FC,2

be the complex extensions of a linear map A : E ⊇ D(A) → F, respectively.
Then AC,1 and AC,2 are intertwined by the canonical isomorphisms EC,1 → EC2
and FC,1 → FC,2 . In particular, AC,1 and AC,2 are similar in case that E = F,
EC,1 = FC,1 and EC,2 = FC,2 .
Let us now briefly deal with the question whether a given operator between two complexifications is in fact the complex extension on an operator
between the corresponding real spaces. The answer is given by the following
proposition whose proof is, again, elementary.
Proposition C.1.6. Let EC and FC be complexifications of real Bananch spaces
E and F, respectively. Let Ã : EC ⊇ D(Ã) → FC be a linear operator. Then the
following assertions are equivalent:
(i) There exists a linear operator A : E ⊇ D(A) → F such that Ã = AC .
(ii) We have D(Ã) = D(Ã) ∩ E + iD(Ã) ∩ E and Ãx ∈ F for all x ∈ D(Ã) ∩ E.
If the equivalent assertions (i) and (ii) are fulfilled, then the operator A is uniquely
determined and we have D(A) = D(Ã) ∩ E and A = Ã|D(A) .
Suppose that the assumptions of Proposition C.1.6 are fulfilled. The
operator Ã is called real if it fulfils the equivalent assertions (i) and (ii). Note
that an operator Ã ∈ L(E; F) is real if and only if ÃE ⊆ F.
Every bounded linear operator between the complexifications of two real
Banach spaces can be decomposed into a (complex) linear combination of two
real operators. More precisely, we have the following result:
218

C.2. Standard Constructions for Complexificiations of Real Banach Spaces
Proposition C.1.7. Let EC and FC be complexifications of real Bananch spaces
E and F and let T̃ ∈ L(EC ; FC ) Then there exist two uniquely determined real
operators R̃, S̃ ∈ L(EC ; FC ) such that T̃ = R̃ + i S̃.
Proof. The uniqueness of R̃ and S̃ is easy to see. To prove the existence, one
defines operators R, S ∈ L(E; F) by
1
Rx := (T̃ x + T̃ x)
2

and Sx :=

1
(T̃ x − T̃ x)
2i

for all x ∈ E. We let R̃ := RC and S̃ := SC . Then we have T̃ x = R̃x + i S̃x for all
x ∈ E and hence for all x ∈ EC .
We close this section with the following two simple propositions about
C0 -semigroups which are needed on several occasions in the main text. Again,
we omit the straightforward proofs.
Proposition C.1.8. Let EC be a complexification of a real Banach space E and
let A : E ⊇ D(A) → E be a linear operator. Then A generates a C0 -semigroup on
E if and only if AC generates a C0 -semigroup on EC , and in this case we have
(etA )C = etAC for all t ≥ 0.
Proposition C.1.9. Let EC be a complexification of a real Banach space E and let
(et Ã )t≥0 be a C0 -semigroup on EC . Then Ã is real if and only if the operator et Ã is
real for every t ≥ 0.
If the above equivalent assertions are fulfilled and A is the unique linear
operator on A with Ã = AC , then A generates a C0 -semigroup on E and we have
et Ã = (etA )C for all t ≥ 0.

C.2

Standard Constructions for Complexificiations of
Real Banach Spaces

As a first standard construction for Banach spaces we consider taking the
dual space. The Banach space C is a complexification of the real Banach
space R, so everything which was said in the previous section about bounded
linear operators in particular applies to bounded linear functionals. If EC is a
complexification of a real Banach space E, then every functional x0 ∈ E 0 has
a unique complex extensions (x0 )C ∈ (EC )0 . On the other hand, according to
Proposition C.1.6, a linear functional x̃0 ∈ (EC )0 is real (i.e. the complexification
of a functional x0 ∈ E 0 ) if and only if hx̃0 , xi ∈ R for all x ∈ E. Moreover, every
functional x̃0 ∈ (EC )0 can be decomposed into a (complex) linear combination
of two real fuctionals in (EC )0 .
If we identify E 0 with a subset of (EC )0 via the mapping x0 7→ (x0 )C then,
using what was said above, it is not difficult to prove the following consistence
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property which one might briefly (but inaccurately) sum up as (EC )0 = (E 0 )C
and (AC )0 = (A0 )C :
Proposition C.2.1. Let EC be a complexification of a real Banach space E and let
A : E ⊇ D(A) → E be a densely defined linear operator.
Then (EC )0 is a complexification of E 0 ; moreover, AC is also densely defined
and, with respect to the aforementioned complexification, we have (AC )0 = (A0 )C .
More precisely, if (EC , ϕ) is a complexification of a real Banach space E
and we define
η : E 0 → (EC )0 ,

x0 7→ (x0 )C ,

then ((EC )0 , η) is a complex extension of E 0 .
Let us now come to subspaces and quotient spaces of complexifications.
Again, everything turns out to work as expected; the only difficulty in the
proof is not to get lost in the notation.
Proposition C.2.2. Let EC be a complexification of a real Banach space E and let
V ⊆ E be a closed vector subspace. Let T ∈ L(E) be an operator which leaves V
invariant.
(a) The space VC := V + iV is a closed vector subspace of EC and a complexification of V . Moreover, VC is invariant with respect to TC and the restriction
(TC )|VC is the complex extension of the restriction T |V .
(b) If we identify E/V with a subspace of EC /VC via the mapping x+V 7→ x+VC ,
then EC /VC is a complexification of E/V . Moreover, the mapping induced by
TC on EC /VC is the complex extension of the mapping induced by T on E/V .
We now leave it to the reader to rephrase the above result in a more precise
way which explicitly uses the embedding ϕ of a real Banach space into a given
complexification.
In view of the above proposition it is natural to ask under what conditions
a given subspace Ṽ ⊆ EC can be written in the form V + iV for some V ⊆ E.
The answer to this question is easy. We state it, even for non-closed subspaces,
in the following proposition.
Proposition C.2.3. Let EC be a complexification of a real Banach space E and
let Ṽ ⊆ EC be a vector subspace. If we define V := VC ∩ E, then the following
assertions are equivalent:
(a) Ṽ = V + iV .
(b) There exists a subset W of E such that Ṽ = W + iW .
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(c) Ṽ is invariant with respect to taking real parts, i.e. we have Re z ∈ Ṽ whenever z ∈ Ṽ .
(d) Ṽ is conjugation invariant, i.e. we have z ∈ Ṽ whenever z ∈ Ṽ .
If these equivalent assertions are fulfilled, then we have V = W .
An important special case of subspaces of a given Banach space are ranges
of continuous projections. In the subsequent proposition we collect a few
results about this special case. To state the proposition we need to recall the
following notion: let E be a real or complex Banach space, let A : E ⊇ D(A) → E
be a linear operator and let P ∈ L(E) be a projection; define Q := IE −P . We
say that P reduces A if we have D(A) = D(A) ∩ P E + D(A) ∩ QE and if A maps
D(A)∩P E to P E and D(A)∩QE to QE. In this case, we can define the restricted
operators
A|P E : P E ⊇ D(A|P E ) := D(A) ∩ P E → P E,

x 7→ Ax

A|QE : QE ⊇ D(A|QE ) := D(A) ∩ QE → QE,

x 7→ Ax.

and

It is not difficult to see that this construction is compatible with complexifications. More explicitly, the situation is as follows:
Proposition C.2.4. Let EC be a complexification of a real Banach space E, let
A : E ⊇ D(A) → E be a linear operator and let P , Q ∈ L(E) be projections such that
P + Q = IE .
(a) We have P E = E ∩ PC EC and QE = E ∩ QC EC ; moreover, PC EC is a complexification of P E and QC EC is a complexification of QE.
(b) The projection P reduces A if and only if PC reduces AC ; in this case,
(AC )|PC EC is the complex extension of A|P E , and the analogous result for
Q is also true.
Finally, we formulate a result about the compatibility of complexifications
with ultra powers; this is a simple consequence of Proposition C.2.2 above.
Proposition C.2.5. Let EC be a complexification of a real Banach space E and let
U be an ultra filter on an index set I , ∅. Let T ∈ L(E). If we identify EU with a
subspace of (EC )U via the mapping
(xi ) + c0,U (I; E) 7→ (xi ) + c0,U (I; EC ),
then (EC )U is a complexification of EU . Moreover, the lifted operator (TC )U is the
complex extension of the lifted operator TU .
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C.3

Spectral Theoretic Aspects

Using complexifications, we can now define the most important spectral
theoretic notions for operators on real Banach spaces. We start right away
with the major definition.
Definition C.3.1 (Spectrum of operators on real Banach spaces). Let E be
a real Banach space and let A : E ⊇ D(A) → E be a linear operator. We define
the spectrum, the point spectrum and the approximate point spectrum of A as
σ (A) := σ (AC ),

σpnt (A) := σpnt (AC ),

σappr (A) := σappr (AC )

where AC is the complex extension of A to any complexification EC of E.
It follows from the discussion before Proposition C.1.6 that the above
notions do not depend on the choice of the complexification of E. Let A be a
linear operator on a real Banach space E and let T ∈ L(E). The spectral bounded
s(A) and the pseudo-spectral bound s0 (A) of A as well as the spectral radius r(T )
of T are also defined to be the corresponding values for any complex extension
of A and T .
In the main text we need the following simple observations about the
spectrum and the eigenvalues of an operator on a real Banach space. As usual
in this appendix we omit the simple proof.
Proposition C.3.2. Let E be a real Banach space and let E : E ⊇ D(A) → E be a
linear operator. Let AC by the complex extension of A to some complexification EC
of E. Let λ ∈ C. Then the following assertions hold:
(a) We have λ ∈ σ (A) if and only λ ∈ σ (A).
(b) We have λ ∈ σpnt (A) if and only if λ ∈ σpnt (A).
Moreover, if λ ∈ σpnt (A) = σpnt (AC ) and z ∈ EC is an eigenvector of AC for
the eigenvalue λ, then z is an eigenvector of AC for the eigenvalue λ.
(c) If λ ∈ C\R is an eigenvalue of AC with eigenvector z = x+iy (where x, y ∈ E),
then x and y are linearly independent elements of EC .

C.4

Complexifications of Banach Lattices

In this section we discuss an important special case of complexifications,
namely complexifications of Banach lattices. An introduction to this topic can
also be found in [Sch74, Section II.11] or [MN91, Section 2.2]. We refer also
to [MW74] where an axiomatic theory of complex vector lattices is developed.
Before we start with the major definitions, we need the following observation:
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Remark C.4.1. Let E be a real Banach lattice and let x, y ∈ E. Then the
supremum supθ∈[0,2π] (cos θ x + sin θy) exists in E.
Proof. This can, for instance, be found in [Sch74, Section II.11] (more precisely,
it is shown in this reference that the supremum supθ∈[0,2π] | cos θ x + sin θy|
exists, but it is easy to see that this is equivalent to the existence of the above
supremum and that both suprema actually coincide).
Now we define complexifications of real Banach lattices. The main idea is
very similar to Definition C.1.1; the only difference is that we now require a
stronger property of the norm on the complexification:
Definition C.4.2 (Complexification of a Banach lattice). Let E be a real
Banach lattice. A Banach lattice complexification of E is a tuple (EC , ϕ) with the
following properties:
(i) EC is a complex Banach space and ϕ : E → EC is an R-linear map.
(ii) We have ϕ(E) + iϕ(E) = E and ϕ(E) ∩ iϕ(E) = {0}.
(iii) We have kϕ(x) + iϕ(y)k = k supθ∈[0,2π] (cos θ x + sin θy)k for all x, y ∈ E.
Note that in the situation of the above definition the mapping ϕ is automatically isometric due to property (iii). The fact that every real Banach lattice
possesses a complexification follows from the following simple observation:
Remark C.4.3. Let E be a real Banach lattice, let V be a complex vector space
which contains E as a real vector subspace and assume that E ∩ iE = {0} (it is
easily seen that such a space V exists). Define EC = E + iE ⊆ V and endow EC
with the norm kx+iyk = k supθ∈[0,2π] (cos θ x+sin θy)k (note that the supremum
is contained in E, so the norm of the supremum is defined). Then (EC , k · k) is a
complex Banach space and, with respect to the canonical embedding E ,→ EC ,
a Banach lattice complexification of the real Banach lattice E.
We call the norm defined on E + iE in the preceding remark the complexification of the norm on E.
One can readily verify that a complexification of a real Banach lattice E in
the sense of Definition C.4.2 is also a complexification of the Banach space
E in the sense of Definition C.1.1 (while, on the other hand, one should note
that a Banach space complexification of a real Banach lattice need, in general,
not be a Banach lattice complexification). This shows that such notions as the
real and the imaginary part or the complex conjugate of a vector, which are
defined for Banach space complexifications in Section C.1, can also be used for
Banach lattice complexifications. In particular, the notion of a real operator,
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and the complex extension of operators are also defined in the setting of
complexifications of Banach lattices.
Note that if EC,1 and EC,2 are two complexifications of a real Banach lattice
E, then the canonical isomorphism between them (which exists since EC,1 and
EC,2 are also Banach space complexifications of E) is isometric; this follows
from property (iii) in Definition C.4.2.
We often use the same notational simplification as in the previous sections:
if (EC , ϕ) is a Banach lattice complexification of a real Banach lattice E, then
we may consider E as a subset of EC by means of ϕ and we may thus simply
say that EC is a Banach lattice complexification of E, thereby suppressing the
map ϕ.
Let EC be a Banach lattice complexification of a real Banach lattice E. For
all z = x + iy (where x, y ∈ E) we define |z| := supθ∈[0,2π] (cos θ x + sin θy) to
be the complex modulus of z. Then |z| ∈ E+ and, according to property (iii)
in Definition C.4.2, we have k |z| k = kzk. It is worthwhile pointing out that,
for z ∈ E, this definition of |z| coincides with the usual definition of |z| in
the real vector lattice E. As for instance pointed out in [Sch74, p. 134], the
complex modulus has the following useful properties: for each z ∈ EC we
have |z| = 0 if and only if z = 0; we have |αz| = |α| |z| for all α ∈ C and all
z ∈ EC ; and we have |z1 + z2 | ≤ |z1 + z2 | for all z1 , z2 ∈ C. Moreover, we note
that | Re z| ≤ |z| and | Im z| ≤ |z| for all z ∈ EC . Finally, we point out that the
following norm estimates are sometimes useful: if z ∈ EC , then we have
kzk ≤ k Re zk + k Im zk ≤ 2kzk.
In Part III of the thesis we work on complexifications of real Banach lattices
throughout. It is thus convenient to switch the notation and denote the real
Banach lattice by ER and its complexification simply by E. Moreover, we shall
call E a complex Banach lattice; more precisely, we use the following definition:
Definition C.4.4 (Complex Banach lattice). A complex Banach lattice is a
tuple (E, ER , ϕ) where ER is a real Banach lattice and (E, ϕ) is a Banach lattice
complexification of ER .
By abuse of notation we shall often simply say that E is a complex Banach
lattice, thereby suppressing the real Banach lattice ER as well as the embedding ϕ in the notation. We call the space ER the real part of E. As mentioned
above, it is often most convenient to simply consider ER as a subset of E by
means of the embedding ϕ : ER → E, and we shall use this simplification
almost throughout this appendix and the main text. The set (ER )+ is thus a
subset of E, too, and we use the notation E+ := (ER )+ . We write z ≥ 0 for an
element z ∈ E to say that z ∈ E+ . Similary, we write z1 ≤ z2 for two elements
z1 , z2 ∈ E to say that both elements z1 and z2 are contained in ER and that
z1 ≤ z2 . As in the real case we write z1 < z2 to indicate that z1 ≤ z2 , but z1 , z2 .
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It turns out that the Banach lattice complexification seems to be the natural
choice of a complexification for many important function spaces. Let us list a
few examples explicitly:
Examples C.4.5. (a) Let (Ω, µ) be a measure space and let p ∈ [1, ∞]. Then
Lp (Ω, µ; C) is a complex Banach lattice with real part Lp (Ω, µ; R).
(b) Let K be a compact Hausdorff space. Then C(K; C) is a complex Banach
lattice with real part C(K; R).
(c) More generally, let L be a locally compact Hausdorff space. Then C0 (L; C)
is a complex Banach lattice with real part C0 (L; R).
Proof. This follows, for instance, from the uniqueness result in [MW74, Korollar 2.3].
Let E be a complex Banach lattice. An operator T ∈ L(E) is called positive
if T E+ ⊆ E+ . Note that a positive operator is always real. An operator in
L(ER ) is positive if and only if its complex extension to E is positive. An
operator T ∈ L(E) is called a lattice homomorphism if T is real and if the
restricted operator T |ER ∈ L(ER ) is a lattice homomorphism. Clearly, a lattice
homomorphism on E is positive. An operator T ∈ L(E) is called an isomorphism
of complex Banach lattices (or a complex Banach lattice isomorphism) if T is real
and if the restricted operator T |ER ∈ L(ER ) is a Banach lattice isomorhism. It
is easy to see that T is a complex Banach lattice isomorphism if and only if
T is bijective and T and T −1 are both positive. Two complex Banach lattices
are called (isometrically) Banach lattice isomorphic if there exists an (isometric)
isomorphism of complex Banach lattices between them. Two complex Banach
lattices are (isometrically) Banach lattice isomorphic if and only if their real
parts are (isometrically) Banach lattice isomorphic.
We have the following characterisation of complex lattice homomorphisms:
Proposition C.4.6. Let E be a complex Banach lattice and let T ∈ L(EC ). The
following assertions are equivalent:
(a) T is a lattice homomorphism.
(b) We have |T z| = |z| for all z ∈ E.
Proof. See for instance [Sch74, p. 136]; a few more details are given in [Lot68,
Satz 1.8].
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C.5

Standard Constructions for Complexifications of
Banach Lattices

In Section C.1 we have seen that Banach space complexifications are compatible with many standard constructions. Next we will demonstrate that the
same is true for Banach lattice complexifications. To state those results, it is
best to return to the notation that we used at the beginning of Section C.4, i.e.
we denote the real Banach lattice under consideration by E and its complexification by EC . The constructions in most of the subsequent propositions can
be considered to be special cases of the constructions in Section C.2; the two
major points are that the underlying real Banach space that we construct (e.g.
a dual or a quotient space) is still a real Banach lattice, and that the complex
Banach space which we construct is not only a Banach space complexification
of the real space (which follows in most cases immediately from the results
in Section C.2), but also a Banach lattice complexification, meaning that the
norm fulfils property (iii) from Definition C.4.2.
In this section, we only state results about complexifications of spaces.
The corresponding results for operators on those spaces are immediate consequences of the corresponding propositions in Section C.2. We begin again
with dual spaces:
Proposition C.5.1. Let EC be a Banach lattice complexification of a real Banach
lattice E and consider E 0 as a subspace of (EC )0 by means of the embedding x0 7→
(x0 )C . Then (EC )0 is a Banach lattice complexification of the real Banach lattice E 0 .
Moreover, we have h|x0 |, xi = sup|z|≤x |hx0 , zi| for all x0 ∈ (EC )0 and all x ∈ E+
Proof. This result can be found in [Sch74, Corollary 3 to Theorem IV.1.8].
We want to recall how an ideal and a sublattice of a complex Banach lattice
are defined. The definition of an ideal relies on the following observation:
Remark C.5.2. Let EC be a Banach lattice complexification of a real Banach
lattice E, let I ⊆ E be a vector subspace (not necessarily closed) and define
IC := I + iI. Then the following assertions are equivalent:
(i) I is an ideal in E.
(ii) If z1 , z2 ∈ IC with |z1 | ≤ |z2 | and z2 ∈ IC , then z1 ∈ IC .
Proof. “(ii) ⇒ (i)” This implications is obvious.
“(i) ⇒ (ii)” Assume that I is an ideal in E and let z1 , z2 ∈ EC such that z2 ∈ IC
and |z1 | ≤ |z2 |. It follows that Re z2 , Im z2 ∈ I and hence, | Re z2 | + | Im z2 | ∈ I. On
the other hand, we have | Re z1 | ≤ |z1 | ≤ |z2 | ≤ | Re z2 | + | Im z2 | and thus Re z1 ∈ I.
For the same reason we have Im z1 ∈ I, so z1 ∈ IC , as claimed.
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Let EC be a complexification of a real Banach lattice E and let I˜ ⊆ EC be a
vector subspace. We call I˜ an ideal if I˜ is conjugation invariant and if z1 , z2 ∈ EC
˜ According to Proposition C.2.3
with |z1 | ≤ |z2 | and z2 ∈ I˜ implies that z1 ∈ I.
and Remark C.5.2 this is fulfilled if and only if there exists an ideal I in E
such that I˜ = I + iI.
A similar equivalence as in Remark C.5.2 also holds for sublattices, at
least under the additional assumption that the subspace we consider is closed.
Recall that a vector subspace V of a real Banach lattice E is called a sublattice
of E if |x| ∈ V for all x ∈ V ; equivalently, V is stable with respect to all finite
lattice operations. We now make the following observation which indicates
how we should define a (closed) sublattice of a complex Banach space.
Remark C.5.3. Let EC be a Banach lattice complexification of a real Banach
lattice E, let V ⊆ E be closed vector subspace of E and define VC := V +iV ⊆ EC .
Then VC is a closed vector subspace of EC and the following assertion are
equivalent:
(i) V is a sublattice of E.
(ii) For all z ∈ VC we have |z| ∈ VC .
Proof. Clearly, VC is closed.
“(ii) ⇒ (i)” This implication is obvious.
“(i) ⇒ (ii)” If V is a sublattice of E, then it is a Banach lattice with respect
to the norm induced by E. Hence, it follows from Remark C.4.3 that there
exists an norm k · k1 on the complex vector space VC which renders it a Banach
lattice complefication of V . For each z ∈ VC , let |z|VC denote the modulus of z
in the complex Banach lattice VC .
Now, denote by j : VC → EC the canonical embedding. Obviously, j is a
lattice homomorphism between the two complex Banach lattices VC and EC .
If we denote by | · | the complex modulus on EC , the we obtain according to
Proposition C.4.6
|z|VC = j(|z|VC ) = |j(z)| = |z|
for all z ∈ VC ; in particular, |z| ∈ VC .
We point out that the above proof also shows that we have kzk1 = kzk for
all z ∈ VC .
The above remark motivates the following definition: let EC be a complexification of real Banach lattice E. A closed vector subspace Ṽ ⊆ EC is called a
sublattice of EC if it is conjugation invariant and if we have |z| ∈ Ṽ for all z ∈ Ṽ .
According to Proposition C.2.3 and Remark C.5.3 this is fulfilled if and only
if there exists a closed sublattice V of E such that Ṽ = V + iV .
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Now we can state the following proposition about sublattices and quotient
spaces:
Proposition C.5.4. Let EC be a Banach lattice complexification of a real Banach
lattice E, let V ⊆ E be a closed sublattice and let I ⊆ E a closed ideal in E; we
define VC := V + iV and IC := I + iI. Then VC and IC are closed and the following
assertions hold:
(a) The space VC is (with respect to the norm induced by EC ) a Banach lattice
complexification of the real Banach lattice V ; the canonical embedding
VC ,→ EC is a lattice homomorphism.
(b) If we identify E/I with a subset of EC /IC by means of the mapping x + I 7→
x + IC , then EC /IC is (with respect to the quotient norm) a Banach lattice
complexification of the Banach lattice E/I; the quotient map EC  EC /IC is
a lattice homomorphism.
Proof. (a) This follows from the same arguments used in the proof of Remark C.5.3; see in particular what we noted immediately after the proof.
(b) See e.g. [Sch74, Proposition II.11.4].
There is another important concept of subspaces of Banach lattices: a
closed vector subspace V of a real Banach lattice is called a lattice subspace of
E if V is a vector lattice with respect to the order induced by E (equivalently:
with respect to the order induced by the cone V+ := E+ ∩ V ). It can be shown
with the help of an automatic continuity theorem (for instance [SW99, assertion V.5.6]) that a closed lattice subspace of a real Banach lattice is always a
Banach lattice with respect to an equivalent norm (a result which, surprisingly,
we could not find in the literature). However, we will not discuss this in detail
here, and we do not need complexifications of general lattice subspaces, either.
Instead, we are interested in the following special case:
Proposition C.5.5. Let EC be a complexification of a real Banach lattice E and let
P ∈ L(E) be a positive projection.
(a) The range P E is lattice ordered with respect to the order induced by E and
for every x ∈ P E the modulus of x in P E is given by P |x|.
Moreover, x 7→ kxkP E := kP |x| k defines a norm on P E which is equivalent to
the norm induced by E and which renders P E a real Banach lattice.
(b) The mapping z 7→ kzkPC EC := kP |z| k defines a norm on PC EC which is equivalent to the norm induced by EC and with respect to which PC EC is a Banach
lattice complexification of the real Banach lattice P E.
Moreover, the complex modulus of any vector z ∈ PC EC in the complex
Banach lattice PC EC is given by |z|PC EC = P |z|.
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Proof. (a) This assertion is straightforward to prove; compare [Sch74, Proposition III.11.5] for some details.
(b) It is easy to check that whenever a subset S ⊆ P E has a supremum
supE S in E, then S has also a supremum in P E and this supremum is given
by P (supE S). Hence, the assertion follows from Remark C.4.3.
Next, we state the following result about ultra powers of complex Banach
lattices which is an immediate consequences of Proposition C.5.4(b).
Proposition C.5.6. Let EC be a complexification of a real Banach lattice E and let
U be an ultra filter on an index set I , ∅. If we identify EU with a subset of (EC )U
by means of the embedding
(xi ) + c0,U (I; E) 7→ (xi ) + c0,U (I; EC ),
then (EC )U is a complexification of the real Banach lattice EU ; the canonical
embedding EC 7→ (EC )U is lattice homomorphism.
Another important concept in a Banach lattice is the construction of a
principal ideal. Let E be a real Banach lattice and let u ∈ E+ . We call the set
Eu := {x ∈ E : ∃c ≥ 0 |x| ≤ cu}
the principal ideal generated by u in E; it is easy to see that Eu is indeed an
ideal in E. Moreover, for each x ∈ Eu we define
kxku := inf{c ≥ 0 : |x| ≤ cu};
then k · ku can be shown to be a complete norm on Eu which is called the
gauge norm on Eu . It is known that (Eu , k · ku ) is a real Banach lattice and, in
fact, even an AM-space with unit u [Sch74, the corollary to Proposition II.7.2]
(see [Sch74, Definition II.7.1] for the definition of an AM-space with unit).
Moreover, the canonical embedding Eu ,→ E is a lattice homomorphism (and
thus, in particular, continuous).
Now, let EC be a complexification of a real Banach lattice E and let u ∈ E+ .
As above we define
(EC )u := {z ∈ EC : ∃c ≥ 0 |z| ≤ cu}
to be the principal ideal generated by u. It is not difficult to see that Eu is
indeed an ideal in the complex Banach lattice EC . Finally, we also define
kzku := inf{c ≥ 0 : |z| ≤ cu}
for all z ∈ (EC )u . The mapping z 7→ kzku is called the gauge norm on (EC )u .
Using what we have said above about the real case, one can now immediately
prove the following result:
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Proposition C.5.7. Let EC be a complexification of a real Banach lattice E and
let u ∈ E+ . Then the gauge norm k · ku is a complete norm on (EC )u with respect
to which (EC )u is a complexification of the real Banach lattice (Eu , k · ku ) and the
canonical embedding (EC )u ,→ EC is a lattice homomorphism.
Motivated by the above discussion we close the section with the following
complex version of Kakutani’s representation theorem for AM-spaces with
unit:
Proposition C.5.8. Let EC be a complexification of a real Banach lattice E; assume
moreover that E is an AM-space with unit u. Then there exists a compact Hausdorff
space and an isometric isomorphism of complex Banach lattices EC → C(K; C)
which maps u to 1.
Proof. Since, for every compact Hausdorff space K, the space C(K; C) is a complexification of the real Banach lattice C(K; R), the assertion follows readily
from Kakutani’s representation theorem for AM-space with unit in the real
case, which can e.g. be found in [Sch74, Theorem II.7.4] and [MN91, Theorem 2.1.3].

C.6

Complex Hilbert Lattices

In Part III of the main text we use the concept of a complex Hilbert lattice on a
few occasions. Here we sum up a bit of information about them. We are going
to need what has been said in Section B.4 about real Hilbert lattices. Let us
begin with the definition:
Definition C.6.1 (Complex Hilbert lattice). By a complex Hilbert lattice we
mean a complex Banach lattice whose real part is a Hilbert lattice.
Hence, a complex Hilbert lattice HC is simply a complexification of a
real Hilbert lattice H. We first point out that the inner product on H can be
extended to HC in a way compatible with the norm on HC :
Proposition C.6.2. Let H be a real Hilbert lattice and let HC denote a Banach
lattice complexification of H. Let ( · | · ) denote the inner product on H and define
(z1 |z2 ) := (Re z1 | Re z2 ) + (Im z1 | Im z2 ) − i(Re z1 | Im z2 ) + i(Im z1 | Re z2 )
for all z1 , z2 ∈ HC . Then ( · | · ) is an inner product on the complex vector space HC
and we have kzk2 = (z|z) for all z ∈ HC ; in particular, the complex Banach space
HC is a Hilbert space.
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Proof. It is straightforward to check that ( · | · ) defines indeed an inner product
on HC . According to Proposition B.4.2(a) there exists a measure space (Ω, µ)
and an isometric Banach lattice isomorphism φ : H → L2 (Ω, µ; R). Since
L2 (Ω, µ; C) is a complexification of the real Banach lattice L2 (Ω, µ; R), it follows
that φ extends to an isometric isomorphism of complex Banach lattices φC :
HC → L2 (Ω, µ; C). Since φ is isometric, it is unitary, i.e. we have
(φx1 |φx2 ) = (x1 |x2 )
for all x1 , x2 ∈ H and from this one readily concludes that the same formula
holds for φC and for all z1 , z2 ∈ HC . Since φC is isometric, this implies that
kzk2 = (z|z) for all z ∈ HC , as claimed.
We will always assume that any complex Hilbert lattice HC is endowed
with the inner product described in the Proposition C.6.2 (which is, according
to the proposition, automatically compatible with the norm on HC )). The
above proof also shows the representation result in assertion (a) of the following proposition.
Proposition C.6.3. Let HC by a complex Hilbert lattice with real part H. Then
the following assertions hold:
(a) There exists a measure space (Ω, µ) and an isometric (hence, unitary) isomorphism of complex Banach lattices HC → L2 (Ω, µ; C).
(b) Let z ∈ HC and define z0 ∈ (HC )0 by hz0 , wi := (w|z) for all w ∈ HC . Then z0 is
a positive element of the complex Banach lattice (HC )0 if and only if z is a
positive element of the complex Banach lattice HC .
Moreover, z0 is a strictly positive functional on HC if and only if z is a
quasi-interior point of H+ .
Proof. As pointed out above, assertion (a) is a consequence of the proof of
Proposition C.6.2. Assertion (b) can be concluded either from (a) or from
Proposition B.4.2(b).
Let HC by a complex Hilbert lattice with real part H and consider the
conjugate linear mapping HC → (HC )0 , z 7→ z0 := ( · |z). For every densely
defined linear operator A : HC ⊇ D(A) → HC we have z ∈ D(A∗ ) if and only
if z0 ∈ D(A0 ), and in this case A0 z0 = (A∗ z)0 . This observation, together with
Proposition C.6.3(b) yields the following corollary:
Corollary C.6.4. Let HC be a complex Hilbert lattice with real part H, let A :
HC ⊇ D(A) → HC be a densely defined linear operator and let λ0 ∈ C.
(a) If λ0 is an eigenvalue of A∗ with a positive eigenvector, then λ0 is an eigenvalue of A0 with a positive eigenvector.
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(b) If λ0 is an eigenvalue of A∗ with an eigenvector which is a quasi-interior
point of H+ , then λ0 is an eigenvalue of A0 with an eigenvector which is a
strictly positive functional.
Finally, we briefly discuss the question whether a linear operator on complex Hilbert lattice which is induced by means of a form is real. Let VC be a
complex Hilbert lattice with real part V . A sesqui-linear form a : VC × VC → C
is called real if a(x, x) ∈ R for all x ∈ V .
We have the following simple result:
Proposition C.6.5. Let V and H be real Hilbert lattices and suppose that V
is a dense subset of H such that the canonical embedding V ,→ H is a lattice
homomorphism. Let VC and HC denote Banach lattice complexifications of V and
H, respectively; then we can also consider VC as a dense subset of HC and the
canonical embedding VC ,→ HC is a lattice homomorphism.
Let a : VC × VC → C be a continuous sesqui-linear form and let A : HC ⊇
D(A) → HC be the linear operator induced by a on HC . If ã is real, then so is A.
Proof. First, let x ∈ D(A) ∩ H = D(A) ∩ V . For every v ∈ V we have (Ax|v)HC =
a(x, v) ∈ R. Since V is dense in H, this implies that we even have (Ax|v)HC ∈ R
for all v ∈ H and hence, Ax ∈ H.
Thus, it only remains to show that D(A) ∩ H + iD(A) ∩ H = D(A) ∩ H;
according to Proposition C.2.3 this is equivalent to the condition that Re z ∈
D(A) for each z ∈ D(A). So, let z ∈ D(A). Then we obtain (Az|x) = a(z, x) for all
x ∈ VC and in particular for all x ∈ V . Hence, we have
(Re(Az)|x) + i(Im(Az)|x) = a(Re z, x) + ia(Im z, x)
for all x ∈ V . Since a is real, we have a(Re z, x) ∈ R and a(Im z, x) ∈ R and thus,
the above equation implies that (Re(Az)|x) = a(Re z, x) for all x ∈ V ; since both
sides of this equation are conjugate linear with respect to x, the equation even
holds for all x ∈ VC . This proves that Re z ∈ D(A).
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Nomenclature
Elementary notation

1S

The constant function S → R with value 1 on a given set S.

1

The function 1S if the set S is clear from the context.

dist(x, S)

Distance of an element x in a metric space to a subset S of the
same metric space.

iR

Imaginary axis in the complex plane.

N

Strictly positive integers, N = {1, 2, 3, ...}.

N0

Non-negative integers, N0 = {0, 1, 2, ...}.

span S

The linear span of a set S in a vector space.

T

Complex unit circle.

Banach spaces
C(K; E)

Space of all continuous, E-valued functions on a compact Hausdorff space K (where E is a Banach space).

C0 (L; E)

Space of all continuous, E-valued functions on a locally compact
Hausdorff space L which vanish at ∞ (where E is a Banach space).

c0 (I; E)

The space C0 (I; E), where I is a non-empty set endowed with the
discrete topology.

c(N; E)

The space of all convergent E-valued sequences, indexed over N
(where E is a Banach space).

c(N0 ; E)

The space of all convergent E-valued sequences, indexed over
N0 (where E is a Banach space).

C k (Ω; E)

Space of all E-valued functions on Ω which are k-times continuously differentiable in Ω and whose derivatives of order ≤ k all
admit continuous extensions to Ω (where E is a Banach space
and Ω ⊆ Rd is a bounded open set).
T
The vector space k∈N C k (Ω; E), where E is a Banach space and
Ω ⊆ Rd is a bounded open set.

C ∞ (Ω; E)
h·, ·i

Duality between a Banach space and its dual space.
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E0

The dual space of a Banach space E.

EC

Complexification of a real Banach space E.

H k (Ω, C)

Abbreviation for W k,2 (Ω, C).

H0k (Ω, C)

Abbreviation for W0k,2 (Ω, C).

(·|·)

Inner product on a Hilbert space.

Lp (Ω, µ; E)

Lebesgue space over some measure space (Ω, µ) with values in a
Banach space E.

Lp (Ω; E)

Lebesgue space with values in a Banach space E, if the σ -algebra
and the measure on Ω are clear from the context.

` p (I; E)

` p -sequence space over a non-empty index set I, with values in a
Banach space E.

W k,p (Ω, C) Sobolev space of complex-valued functions of differentiability
order k.
k,p

W0 (Ω, C) Closure of the test functions in W k,p (Ω, C).
Operators and operators spaces
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A0

The adjoint of a densely defined linear operator A on a Banach
space.

A∗

The Hilbert space adjoint of a densely defined linear operator A
on a Hilbert space.

AC

For an operator A : E ⊇ D(A) → E on a real Banach space E, AC
denotes the complex extension to a complexification EC of E.

D(A)
D(A∞ )

Domain of a linear operator A on a Banach space.
T
The space n∈N D(An ), where A is an operator on a Banach space.

IE

The identity operator on a Banach space E.

K(E; F)

The space of all compact linear operators between two Banach
spaces E and F.

K(E)

The space of all compact linear operators on a Banach space E.

L(E; F)

The space of bounded linear operators between two Banach
spaces E and F.

Bibliography
L(E)

The space of bounded linear operators on a Banach space E.

T0

The adjoint of a bounded linear operator T between two Banach
spaces.

Spectral theory
ρ(A)

Resolvent set of (a complex extension of) an operator A on a
Banach space.

R(λ, A)

Resolvent of an operator A on a complex Banach space at a point
λ ∈ ρ(A); given by R(λ, A) := (λ − A)−1 .

r(T )

Spectral radius of (a complex extension of) a bounded linear
operator T on a Banach space.

σ (A)

Spectrum of (a complex extension of) an operator A on a Banach
space.

σpnt (A)

Point spectrum of (a complex extension of) an operator A on a
Banach space.

σappr

Approximate point spectrum of (a complex extension of) an
operator A on a Banach space.

σper (A)

Peripheral spectrum of (a complex extension of) an operator A
on a Banach space.

σper,pnt (A)

Peripheral point spectrum of (a complex extension of) an operator A on a Banach space.

s(A)

Spectral bound of (a complex extension of) an operator A on a
Banach space.

s0 (A)

Abscissa of uniform boundedness of the resolvent of (a complex
extension of) an operator A on a Banach space; sometimes also
called the pseudo-spectral bound of A.

C0 -semigroups
(etA )t≥0

C0 -semigroup with generator A on a Banach space.

ω0 (A)

Growth bound, also called the type, of a C0 -semigroup with
generator A on a Banach space.

ωess (A)

Essential growth bound of a C0 -semigroup with generator A on
a Banach space.
253

Bibliography
Ordered Banach spaces and Banach lattices
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E+

Positive cone in an ordered Banach space E.

(E 0 )+

Dual cone of a positive cone E+ in an ordered Banach space E;
alternative notation: E+0 .

E+0

Dual cone of a positive cone E+ in an ordered Banach space E;
alternative notation: (E 0 )+ .

E+,x,x0

Centered cone in a real Banach space E with parameters x ∈ E
and x0 ∈ E 0 (where hx0 , xi = 1).

ER

Real part of a complex Banach lattice E.

EC

Complefixication of a real Banach lattice E.

Eu

Principal ideal generated by an element u ∈ E+ in a real or complex Banach lattice E.

≥

Order relation in an ordered Banach space E, defined by: f ≥ g
iff f − g ∈ E+ .

≥0

Notation for linear functionals x0 ∈ E 0 on an ordered Banach
space E; we write x0 ≥ 0 iff hx0 , xi ≥ 0 for all 0 ≤ x ∈ E.

≥0

Notation for a bounded linear operator between to ordered Banach spaces E and F; we write T ≥ 0 iff T E+ ⊆ F+ .

>

Order relation in an ordered Banach space E, defined by: f > g
iff f ≥ g and f , g.

>0

Notation for linear functionals x0 ∈ E 0 and an ordered Banach
space E; we write x0 > 0 iff x0 ≥ 0, but x0 , 0.

>0

Notation for a bounded linear operator between two ordered
Banach spaces E and F; we write T > 0 iff T ≥ 0 and T , 0.

0

Notation in a real or complex Banach lattice E: for f ∈ E we write
f  0 iff f is a quasi-interior point of E+ .

0

Notation for a bounded linear operator operator T between two
real or complex Banach lattices E and F: we write T  0 if
T f  0 for each 0 < f ∈ E.

u 0

Notation in a real or complex Banach lattice E: for f ∈ E and
u ∈ E+ we write f u 0 iff f is real and there exists ε > 0 such
that f ≥ εu.

Bibliography
u 0

Notation for a bounded linear operator T between two real or
complex Banach lattices E and F: if u ∈ E+ is fixed, then we write
T u 0 if T f u 0 for each 0 < f ∈ E.

Lreg (E)

The space of all regular linear operators on a Banach lattice E.

≤

Order relation in an ordered Banach space E, defined by: f ≤ g
iff g − f ∈ E+ .

<

Order relation in an ordered Banach space E, defined by: f < g
iff f ≤ g and f , g.

Ultra powers
c0,U (I; E)

The subspace of ` ∞ (I; E) of all families of vectors which converge
to 0 along a given ultra filter U on I (where E is a Banach space).

EU

Ultra power of a Banach space E with respect to an ultra filter U
on an index set I , ∅.

TU

For an operator T ∈ L(E) this denotes the operator induced by T
on the ultra power EU .

xU

For a family x = (xi ) ∈ ` ∞ (I; E) this denotes the equivalence class
of x in the ultra power EU .

xU

For a vector x in a Banach space E this denotes the equivalence
class of the constant family (x)i∈I in the ultra power EU .
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194
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individually –, 102
uniformly –, 102
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uniformly –, 85
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space into an ultra power,
xxvi
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characteristic equation for the
spectrum, 39
characteristic polynomial, 194
compact
quasi-, 26
compact operator
AM-, 28
compact orbits
relatively –, 19
relatively weakly –, 22
compact resolvent, xxiii
complemented subspace, 8
completely non-Hilbert space, 8
complex Banach lattice, 224
complex Banach lattice isomorphism, 225
complex conjugate vector, 216
complex extension of a linear operator, 217
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complex modulus, 224
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Banach lattice algebra, 78
257

Index
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pointed –, 205
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57
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total –, 205
conjugate vector
complex –, 216
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a complexification, 221
contractive C0 -semigroup, xxiv
contractive operator, xxi
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decomposition property
Riesz –, 57
delay differential equation, 38,
123, 178
dense embedding of ordered Banach spaces, 209
differentiable C0 -semigroup
eventually –, 150
immediately –, 150
diffusion with non-autonomous
boundary conditions, 131
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dimension of a vector space, xxi,
194
Dirichlet Laplace operator
square of the, 176
Dirichlet-to-Neumann operator,
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Dirichlet-to-Neumann operator
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dominant spectral value, xxiii
dominating operator, 209
dominating subspace, 211
dual cone, 210
eigenspace
generalised –, 194
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algebraically simple –, 194
geometrically simple –, 194
semi-simple –, 194
eigenvector
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embedding of ordered Banach
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Euclidean cone, 56
eventually differentiable C0 -semigroup,
150
eventually positive C0 -semigroup,
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eventually positive resolvent
individually —, 139
uniformly –, 140, 159
eventually positive semigroup
individually –, 84
uniformly –, 84
eventually strongly negative resolvent
individually –, 141
uniformly –, 141
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gauge norm, 229
gauge norm on a complex Banach
lattice, 229
generalised eigenspace, 194
generalised eigenvector, 194
generating cone, 205
geometric multiplicity, 194
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194
growth bound of a C0 -semigroup,
xxiii
essential –, xxiv

imaginary part, 216
immediately differentiable C0 semigroup, 150
individually asymptotically positive matrix, 114
individually asymptotically positive resolvent, 102
individually asymptotically positive semigroup, 85
individually eventually positive
resolvent, 139
individually eventually positive
semigroup, 84
individually eventually strongly
negative resolvent, 141
individually eventually strongly
positive resolvent, 141
individually eventually strongly
positive semigroup, 148
interpolation property, 58
interval
order –, 208
isolated element of a set, 191
isolated subset, 191
isomorphic complex Banach lattices, 225
isomorphic ordered Banach spaces,
209
isomorphism of complex Banach
lattices, 225
isomorphism of ordered Banach
spaces, 209

Hilbert lattice, 213
complex –, 230

kernel operator
regular –, 28

ice cream cone, 52
ideal
principal –, 229
ideal in a complex Banach lattice,
227
principal –, 229

Laplace operator
square of the –, 175
Laplace operator with non-local
boundary conditions, 181
lattice homomorphism on a complex Banach lattice, 225

eventually strongly positive matrix, 166
eventually strongly positive matrix semigroup, 166
eventually strongly positive resolvent
individually –, 141
uniformly –, 141
eventually strongly positive semigroup
individually –, 148
uniformly –, 148
extension of a linear operator
complex –, 217
extremely non-Hilbert space, 3
form
real –, 232
Fredholm theory
analytic –, 198
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lattice ordered Banach space
projectively –, 57
located on the left, 123
maximum principle
anti-, 141
mean ergodic operator, 24
measure
support of a –, 123
modulus of a vector in a complex
Banach lattice, 224
monotone norm, 207
multiplicity
algebraic –, 194
geometric –, 194
network flow, 128
non-autonomous boundary conditions
diffusion with –, 131
non-Euclidean cone
projectively –, 57
non-Euclidean ordered Banach
space
projectively –, 57
non-Hilbert space
completely –, 8
extremely –, 3
projectively –, 8
super projectively –, 11
non-local boundary conditions
Laplace operator with –, 181
norm
gauge –, 229
monotone –, 207
norm on a complex Banach lattice
gauge –, 229
normal cone, 207
order continuous norm
Banach lattice with –, 146
order interval, 208
order unit, 206
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ordered Banach space, 205
projectively lattice –, 57
projectively non-Euclidean –,
57
periodic
almost –, 20
strongly almost –, 20
weakly almost –, 22
peripheral point spectrum, xxiii
peripheral spectrum, xxiii
point spectrum on a real Banach
space, 222
pointed cone, 205
polyhedral cone, 61
positive C0 -semigroup, xxiv
positive cone, 205
positive element of an ordered
Banach space, 206
positive functional, 210
positive operator, 208
bi-, 208
strongly, xxiv
positive operator on a complex
Banach lattice, 225
positive operator semigroup, 70
principal ideal, 229
principal ideal in a complex Banach lattice, 229
projection
reducing –, 192, 221
spectral –, 191
projectively lattice ordered Banach space, 57
projectively non-Euclidean cone,
57
projectively non-Euclidean ordered Banach space, 57
projectively non-Hilbert space, 8
super –, 11
pseudo-resolvent, 199
pseudo-spectral bound, xxiii
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real linear operator, 218
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real part of a complex Banach
lattice, 224
real part of the complexification
of a Banach space, 216
real sesqui-linear form, 232
reducing projection, 192, 221
regular operator on a Banach lattice, 27
relatively compact orbits, 19
relatively weakly compact orbits,
22
resolvent equation, 199
resolvent identity, 199
Riesz decomposition property, 57
Robin Laplace operator
square of the –, 177
semi-simple eigenvalue, 194
sequi-linear form
real –, 232
simple eigenvalue
algebraically –, 194
geometrically –, 194
semi-, 194
spectral bound on a real Banach
space, 222
pseudo-, 222
spectral projection, 191
spectral radius on a real Banach
space, 222

spectrum on a real Banach space,
222
approximate point –, 222
point –, 222
square of a Laplace operator, 175
square of the Dirichlet Laplace
operator, 176
square of the Robin Laplace operator, 177
strictly positive functional, xxiv
strongly almost periodic, 20
strongly positive matrix semigroup, 168
strongly positive operator, xxiv
strongly positive operator with
respect to u, xxv
strongly positive vector with respect to u, xxv
sublattice of a complex Banach
lattice, 227
subspace
1-complemented –, 8
complemented –, 8
dominating –, 211
super projectively non-Hilbert
space, 11
support of a functional, 124
support of a measure, 123
thermostat, 184
topheavy cone, 53
total cone, 205
transport process on a metric
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type of a C0 -semigroup, xxiii
ultra power of a Banach space,
xxvi
uniform boundedness of the resolvent
abscissa of –, xxiii
uniformly asymptotically positive
matrix, 115
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resolvent, 140, 159
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positive resolvent, 141
uniformly eventually strongly
positive semigroup, 148
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order –, 206
vector space
dimension of a –, xxi, 194
weakly almost periodic, 22
weakly compact orbits
relatively –, 22
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Zusammenfassung in deutscher
Sprache
In der vorliegenden Arbeit studieren wir den Zusammenhang zwischen dem
Langzeitverhalten von C0 -Halbgruppen auf Banachräumen und invarianten konvexen Mengen. Unsere Untersuchungen sind durch die sogenannte
Perron–Frobenius–Theorie positiver Halbgruppen motiviert. In dieser Theorie betrachtet man positive C0 -Halbgruppen (etA )t≥0 auf einem geordneten
Banachraum, meist einem Banachverband, und untersucht, welche Auswirkungen die Positivität der Halbgruppe auf das Spektrum des Generators A
und somit auf das Langzeitverhalten der Halbgruppe hat. Ausgehend von
dieser Theorie leiten wir drei Fragestellungen ab, die im Zentrum der drei
Hauptteile unserer Arbeit stehen.
In Teil I untersuchen wir Halbgruppen (etA )t≥0 auf reellen Banachräumen,
insbesondere auf Funktionenräumen, die nicht positiv, sondern stattdessen
kontraktiv sind. Es stellt sich heraus, dass diese vermeintliche schwache Voraussetzung genügt um äußerst überraschende Spektralresultate zu beweisen,
falls die Einheitskugel des Banachraumes sich hinreichend von der eines
Hilbertraumes unterscheidet. Diese Eigenschaft – in geeignetem Sinne “nicht–
Hilbertsch” zu sein – präzisieren wir, indem wir eine Reihe unterschiedlich
starker geometrischer Bedingungen an einen Banachraum definieren. Aufbauend auf einer Arbeit von Lyubich zeigen wir anschließend, dass solche
Bedingungen zusammen mit der Kontraktivität der Halbgruppe (etA )t≥0 (und
unter geeigneten Regularitätsvoraussetzungen) erhebliche Konsequenzen für
das Spektrum von A haben. Aus unseren spetraltheoretischen Resultaten
leiten wir schließlich Konvergenzsätze für die betrachteten Halbgruppen her.
Die geometrischen Bedingungen an die Einheitskugel, welche wir benutzen, werden von einer Reihe von wichtigen Funktionenräumen erfüllt,
darunter einige klassiche Folgenräume und Lp -Räume für p , 2. Eines unserer Hauptresultate in Teil I lautet wie folgt: Auf einem reellen Lp -Raum
(p ∈ (1, ∞) \ {2}) ist jede schließlich Norm-stetige, kontraktive C0 -Halbgruppe
stark konvergent. Am Ende des ersten Teils der Arbeit zeigen wir, wie ein anderes unserer Resultate zur Analyse des Langzeitverhaltens von retardierten
Differentialgleichungen benutzt werden kann.
In Teil II wenden wir uns wieder den positiven Halbgruppen zu, welche
die ursprüngliche Motivation für diese Arbeit sind. Wir schränken uns nun
aber nicht mehr auf Banachverbände ein, sondern betrachten positive C0 Halbgruppen auf allgemeinen geordneten Banachräumen. Ähnlich wie in
Teil I stellt sich heraus, dass wir nicht-triviale spektraltheoretische Resultate
263

Zusammenfassung in deutscher Sprache
nur unter zusätzlichen Voraussetzungen an die Geometrie des positiven Kegels
erwarten können – dieser sollte sich in geeignetem Sinne “nicht-Euklidisch”
verhalten. Wir beschäftigen uns deshalb zunächst ausführlich mit der Geometrie von positiven Kegeln. Anschließend beweisen wir, inspiriert durch
eine Arbeit von Veı̆tsblit und Lyubich, ein spektraltheoretisches Resultat über
die Generatoren positiver Halbgruppen auf geordenten Banachräumen mit
solchen “nicht-Euklidischen” Kegeln. Außerdem sprechen wir kurz einige
Konsequenzen dieses Resultats für das Langzeitverhalten der Halbgruppe an.
Wir betrachten den kompletten zweiten Teil der Arbeit vornehmlich als
theoretische Studie. Wir wollen einerseits den Zusammenhang zwischen
Perron–Frobenius–Theorie und der Geometrie von Kegeln herausarbeiten;
andererseits möchten wir die Grenzen der Perron–Frobenius–Theorie ausloten
und darlegen, dass man sich für viele Resultate nicht auf verbandsgeordnete
Räume beschränken muss. Aufgrund dieser Sichtweise gehen wir in Teil II
nicht weiter auf potentielle Anwendungen ein.
Es sollte betont werden, dass wir unter dem „Langzeitverhalten“ einer
Halbgruppe in den ersten beiden Teilen der Arbeit stets die Frage verstehen, ob die Halbgruppe in einer geeigneten Topologie für t → ∞ konvergiert.
Die Invarianz konvexer Mengen (genauer: des positiven Kegels oder der Einheitskugel) dienten uns vornehmlich als Mittel zum Zweck um spektraltheoretische Resultate und auf diesem Wege Konvergenzaussagen beweisen zu
können. Andererseits sollte man nicht vergessen, dass gerade Positivität auch
eine wichtige intrinsische Bedeutung in vielen Anwendungen besitzt.
Aus diesem Grund wechseln wir in Teil III der Arbeit die Perspektive und
widmen uns anstelle von bloßen Konvergenzuntersuchungen einem anderen Aspekts des Langzeitverhaltens von Halbgruppen: Wir studieren solche
C0 -Halbgruppen, die womöglich nicht für kleine, wohl aber für genügend
große Zeiten positiv werden; genauer gesprochen betrachten wir Halbgruppen (etA )t≥0 mit der Eigenschaft, dass für jeden Anfangszustand f ≥ 0 eine
Zeit t0 existiert, von der an die Trajektorie (etA f )t≥0 ebenfalls im positiven
Kegel liegt. Da der Zeitpunkt t0 hier von f abhängen kann, umschreiben
wir dieses Verhalten als individuelle schließliche Positivität der Halbgruppe;
von gleichmäßiger schließlicher Positivität sprechen wir hingegen, wenn wir
t0 unabhängig von f wählen können. Mehrere Gegenbeispiele zeigen, dass
individuelle und gleichmäßige schließiche Positivität nicht gleichbedeutend
sind.
Unser Ziel im dritten Teil der Arbeit ist es eine Theorie von schließlich
positiven Halbgruppen zu entwickeln, die einerseits Auskunft über wichtige, inbesondere spektraltheoretische Eigenschaften solcher Halbgruppen
gibt und die uns andererseits Mittel zur Verfügung stellt um in konkreten
Anwendungen zu entscheiden, ob eine – oft nur durch ihren Generator gegebene – Halbgruppe schließlich positiv ist. Aufgrund unseres Interesses an
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konkreten Anwendungen in diesem Teil der Arbeit konzentrieren wir uns
hierbei auf solche geordneten Banachräume, die in Anwendungen besonders
häufig auftreten, namentlich auf Banachverbände. Wir führen verschiedene
Variationen der oben beschriebenen Konzepte ein, die wir alle unter dem
Begriff Schließliche Positivität zusammenfassen. Nachdem wir zunächst beweisen, dass zahlreiche Resultate aus der Perron–Frobenius–Theorie positiver
Halbgruppen für schließlich positive Halbgruppen richtig bleiben, konzentrieren wir uns im Rest des dritten Teils auf Charakterisierungen schließlich
positiven Verhaltens. Diese Charakterisierungen beruhen einerseits auf spektraltheoretischen Eigenschaften des Halbgruppengenerators, welche sich in
konkreten Anwendungen häufig nachprüfen lassen. Andererseits spannen
unsere Charakterisierungen auch den Bogen zurück zu den ersten beiden Teilen der Arbeit, denn wir zeigen, dass das dort betrachtete Langzeitverhalten,
also die Konvergenz der Halbgruppe, eng mit dem nun betrachteten Langzeitverhalten, also der schließlichen Positivität, zusammenhängt. Neben der
schließlichen Positivität der Halbgruppe untersuchen wir zudem schließlich
positives Verhalten der Resolvente des Halbgruppengenerators.
Unsere Hauptresultate in Teil III sind mehrere Theoreme, die verschiedene Arten von schließlicher Positivität einer Halbgruppe spektraltheoretisch
charakterisieren. In zwei eigenen Kapiteln stellen wir zahlreiche Anwendungen dieser Resultate auf konkrete Beispiele von Differentialoperatoren
und anderen Halbgruppengeneratoren vor. Wir verfolgen hierbei drei Ziele:
Erstens möchten wir aufzeigen, dass einige konkrete Beispiele von Differentialoperatoren, bei denen in der Literatur bereits schließlich positives
Verhalten beobachtet wurde, sich innerhalb unserer allgemeinen Theorie
einheitlich behandeln lassen. Bei diesen Beispielen handelt es sich um biLaplace-Operatoren und um Dirichlet-zu-Neumann-Operatoren. Eine von
Daners veröffentlichte Fallstudie über das schließlich positive Verhalten des
letzteren lieferte die ursprüngliche Motivation für die Entwicklung einer
allgemeinen Theorie schließlich positiver Halbgruppen. Zweitens ist es unser
Ziel zu zeigen, dass schließliche Positivität in einigen Modellen unter sehr
allgemeinen Bedingungen auftritt. Dies belegt, dass es sich hier keineswegs
um ein sonderbares oder rein akademisches Phänomen handelt. Stattdessen
kann schließliche Positivität als ein Verhalten gesehen werden, welches unter
Umständen deutlich häufiger auftritt als Positivität der Halbgruppe. Unser
drittes Ziel ist es, Anregungen für weitere Forschung auf diesem Gebiet zu
liefern. Zum Beispiel zeigen wir anhand zweier konkreter Beispiele, dass
schließliche Positivität bei bestimmten Laplace-Operatoren mit nicht-lokalen
Randbedingungen auftritt. Dieses und weitere Beispiele legen nahe, dass
weitere Untersuchungen erforderlich sind um ein noch besseres Verständnis
sowohl der abstrakten Theorie als auch konkreter Beispiele zu erlangen.
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