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Zusammenfassung der Doktorarbeit

”Die Effekte der Selbstorganisation in Polyelektrolytlosungen”

Die von Roman E. Limberger verfasste Doktorarbeit ”Die Effekte der Selbstorgan-

isation in Polyelektrolytlösungen” ist wie folgt gegliedert: Einleitung, Literaturüberblick,

zwei Originalteile, Resultate, Schlußfolgerung, Glossar und vier Anhange.

In der Einleitung wird die Bedeutung der vorliegenden Arbeit erklärt. Der Liter-

aturüberblick ist in zwei Teile unterteilt. Der erste Teil befaßt sich mit den wichtigsten

theoretischen Modellen und Ergebnissen der Untersuchung der flüssig-kristallinen Anord-

nung in Lösungen steifer Polyelektrolyte. Erwähnt werden auch einige interessante ex-

perimentelle Ergebnisse. Der zweite Teil ist der Analyse von Ergebnissen der Studie von

Mikrostrukturformationen in Lösungen von assoziierenden Elektrolyten gewidmet.

Kapitel 2 (Erster Originalteil) widmet sich der Studie von flüssig-kristallinen Anord-

nung in Lösungen von steifen stabähnlichen Polyelektrolyten. Die meisten der existieren-

den Theorien über die nematische Anordnung in Polyelektrolytlösungen gründen sich auf

die Betrachtung der paarweisen Coulombwechselwirkung zwischen den starren Stäben

(Makroionen). Entsprechend dieser Theorien wird der Beitrag der Coulombwechsel-

wirkungen zur freien Energie der Lösung positiv und die führt Abstoßung zwischen zwei

gleichgeladenen Stäben und dazu, daß diese sich senkrecht zueinander orientieren, d.h.

Elektrostatik verhindert flüssig-kristalline Anordnung. Die Theorie aus Kapitel 2 berück-

sichtigt die elektrostatische Vielteilchenwechselwirkung zwischen den Ladungen der Makro-

ionen und Gegenionen. Das Polyelektrolytregime in Lösungen in denen sich die Gegenio-

nen frei bewegen können wurde studiert, aber weder die Manning Gegenionenkondensation

noch die Bildung von Ionenpaaren wurde berücksichtigt.

Verglichen mit den oben erwähnten wird ein komplett anderes Verhalten der Lösung

vorhergesagt. Untersuchungen ergaben, dass vielteilchen Coulombwechselwirkungen zur

Verringerung der freien Energie und dadurch zur Zunahme der Polymerkonzentration

mitführen, d.h. Vielteilchen-Coulombwechselwirkungen begünstigen die nematische Anord-

nung der gleichgeladenen Stäbe. Diese Abnahme der freien Energie ist umso größer, je

größer die Polymerkonzentration ist. Jedoch besteht keine Möglichkeit der Aggregation

durch die Anziehung der Stäbe, da die Gegenionen dieses verhindern. Eine interessante

Vorhersage ist eine nematische Anordnung wegen der Vielteilchen-Coulombwechselwirkung

in sehr geringer Polymerkonzentration. Der physikalische Grund der Ordnung bei sehr

geringer Polymerkonzentration ist die ”Konkurenz” von zwei Arten von elektrostatischen

Feldsymmetrien: die zylinderförmige Symmetrie eines einzelnen Stabes in seiner Nähe und

die kugelförmige Symetrie des Feldes der restlichen Stäbe und aller Gegenionen (isotroper
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Teil der Lösung) neben dem ”ausgewählten” Stab. Ebenfalls wurde herausgefunden, dass

die gleichzeitige Existenz von zwei verschiedenen Phasen mit verschiedenen Werten des

Ordnungsparameters, möglich ist. Entsprechende Diagramme für die verschiedenen Werte

der Ordnungsparameter werden erstellt.

Kapitel 3 (Zweiter Originalteil) beschäftigt sich mit der Theorie der Mikrophasen-

trennung in Lösungen von assoziierten Polyelektrolyten. Es wird gezeigt, dass neben

der Makrophasentrennung, physikalischen Gelformation und der Möglichkeit der Stabil-

isierung von kugelförmigen Cluster in Optimalgröße, es Stabilitätsbereiche von unendlich

langen zylinderförmigen Clustern mit der Symmetrie eines hexagonalen Gitters und von

Lamellen gibt. Die Stabilität dieser Strukturen ist durch das Gleichgewicht zwischen der

Oberflächenspannungsenergie einerseits und der elektrostatischen Energie und der Trans-

lationsentropie der Gegenionen andererseits gegeben. Erwähnenswert ist, dass ähnliche

Strukturen für Polyelektrolytelösungen mit konstanter Verteilung der hydrophoben Grup-

pen in der Näherung der schwachen Segregation (in der Nähe des kritischen Punktes)

vorhergesagt waren. Diese Autoren zeigten, dass nur zylindrische Phasen nach der Min-

derung der Lösungsmittelsqualität, überlebten. Anders wieder, können alle möglichen

Strukturen (kugelförmig, zylinderförmig, lamellenförmig) unter Bedingungen der starken

Segregation im untersuchten Falle von Polyelektrolyten mit lokalisierten hydrophobischen

Gruppen stabil sein. Die entsprechenden Phasendiagramme sind in Kapitel 3 aufgeführt.

Die Ergebnisse von Untersuchungen des Einflusses der Ionisationsgrade und der Makro-

molekülenflexibilität auf das Phasenverhalten werden auch in diesem Kapitel vorgesehen.

Es wird gezeigt, dass die Erhöhung der Anzahl geladener monomerischen Einheiten zur

Stabilisierung von BCC (body-centered cubic) Mikrostrukturen und zur Destabilisierung,

zuerst der hexagonalen und dann der lamellaren Mikrostrukturen führt. Laut Autor,

führt die Zunahme der Kettensteifigkeit zur Abnahme der relativen Breite des Phasen-

trennungsbereichs und zur simultanen Zunahme der relativen Größe des Stabilitätbereichs

der hexagonalen und lamellaren Mikrostrukturen. Auffallendere analoge Effekte konnen

bei der Verkleinerung der Anzahl der assoziirenden Gruppen (stickers) beobachtet werden.

Es gibt Skalierungsabschätzungen, die diesen Unterschied ausdrücken.

Die wichtigsten Ergebnisse der Arbeit sind im Teil ”Schlußfolgerung” zusammenge-

fasst. Einige Kalkulationen sind im Anhang aufgeführt.
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Introduction

Polyelectrolytes are usually referred to as polymers containing charged

monomeric units. These charged units are the result of dissociation in the

solution as a rule. A special class of polyelectrolytes, which contains both

acidic (cationic) and basic (anionic) functional groups, is called polyam-

pholytes.

Great attention is drawn nowadays to the study of polyelectrolytes. The

large interest to the research in the field of polyelectrolytes is due both to

relations of polyelectrolytes with biological systems (for example, DNA can

be considered as a polyelectrolyte macromolecule) and to their practical

applications. Polyelectrolytes find applications as thickeners, dispersants,

water conditioners, waste treatment agents, soap and detergent additives,

soil conditioners, ion-exchange resins, and enhanced oil recovery agents.

Polyampholytes are utilized in petroleum recovery, various drilling fluids,

cements, flocculants and in the field of drag reduction. Nowadays organic

solid state batteries based on polymer electrolytes are widely used in ev-

eryday life. These devices are light-weight and non-toxic.

The effects of self-assembly can be found in various kinds of polyelec-

trolyte macromolecules. Liquid-crystalline ordering is one of phenomena

of this type. This effect is the basis for building liquid crystal displays

with the usage of polyelectrolytes. Polymer light emitting diodes (PLED)

displays spread widely last years.

Some polyelectrolytes contain insoluble (hydrophobic) groups-stickers

distributed along the chain capable of aggregating with one another with

the formation of thermoreversible bonds. This class of polymers is usually

called ”associating polyelectrolytes”. Numerous studies established that

the phase behavior in solutions of associating polyelectrolytes are deter-

mined by a competition between the attraction of stickers and the intra-
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and intermolecular repulsion related to the excluded volume of monomeric

units, the long-range Coulomb repulsion of charges and the translational

mobility of chains. This mechanism is operative in a wide range of polymer

concentration in the system. The most remarkable property of associating

polyelectrolytes is the shear-thickening behavior when the viscosity of the

solution is increased drastically with the increase of shear rate. Associat-

ing polyelectrolytes are known as very efficient stabilizers of oil in water

macroemulsions.

The theoretical investigation of polyelectrolyte solutions is an exciting

and complex problem, the solution of which involves various techniques

and methods of statistical physics. Both the complexity of the theoretical

analysis of polyelectrolytes and the great variety of properties of polyelec-

trolyte solutions arise from the combination of the long-ranged nature of

the Coulomb interactions and short-range van der Waals interactions.

The above-mentioned facts precondition the relevance of the present the-

sis, which is dedicated to the theoretical consideration of the conditions of

the liquid-crystalline ordering in solutions of rod-like polyelectrolytes, and

of the formation of microstructures in associating polyelectrolyte solutions.

The studies are held in the framework of the mean-field theory.

This work is organized as follows. The first chapter consists of two sec-

tions. The first section is dedicated to the consideration of the main theo-

retical methods which are applied in the study of liquid-crystalline ordering

in solutions of polyelectrolytes and results of several experiments and com-

puter simulations which are especially interesting in the sense of the theory

presented in the second chapter. The second section gives the historical

background of the studies of hydrophobic polyelectrolytes and brings the

main results achieved in the field of investigation of microstructures for-

mation by dilute solutions of hydrophobic and associating polyelectrolytes.

A theory describing the nematic ordering of rod-like polyelectrolytes can
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be found in the second chapter. The effect of many-body Coulomb in-

teractions is taken into account. It is shown that the contribution to the

total free energy from many-body Coulomb interactions in the system of

similarly charged macromolecules surrounded by freely floating monova-

lent counterions is negative. This effect favors the weak nematic ordering

at very small concentrations. The presence of two nematic phases (weakly

and strongly ordered) is predicted as well. The third chapter contains the

theory of formation of the microstructures in solutions of associating poly-

electrolytes. To the author’s knowledge this theory is the first to consider

both micro- and macrophase separations in solutions of polyelectrolytes in

the limit of strong segregation.

The results of the present work have been presented on five Russian and

five International conferences and have been published in the corresponding

abstract books. Three reviewed articles based on the results of this PhD

thesis have been published.
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1 Literature review

1.1 Liquid-crystalline ordering of rigid macromolecules

The properties of matter in a liquid-crystalline (LC) state are interjacent

between the properties of a liquid and of a crystalline solid body. Similarly

to the liquids, liquid crystals demonstrate the absence of true long-range

translational order. At the same time, molecules in a LC-phase do keep

long-range orientational order, i.e. liquid crystals are anisotropic like crys-

talline solid bodies. It is well known that the tendency for LC-phase forma-

tion appears mostly in those matters whose molecules are elongated [1,2]. It

is obvious from this point of view that rigid rod-like macromolecules should

easily form an LC-phase. And it is true; the examples of macromolecules

which are capable of LC-phase formation are any spiral macromolecules (α-

spiral polypeptides, macromolecules of DNA etc.), aromatic polyamides, a

number of cellulose ethers and some of the polyisocianates [2–4].

Among the LC-phases several types are distinguished: nematic phase,

where all the macromolecules are oriented with some dispersion around

a preferable direction, cholesteric phase (it is usually formed by chiral

molecules dissolved in a nematic liquid), in which the preferable direction

in the space is not constant, and smectic phase, which is usually referred

to as layered media with well defined distance between layers. The first

molecular theory of the nematic ordering was proposed by Onsager more

than half a century ago [5] for the athermal solution of long rigid rods of

length L and diameter d (L À d). In such a system only the repulsive

forces act between the rods due to their mutual impenetrability, and the

LC ordering is caused by steric reasons. Onsager used an approximation

according to which the free energy of the solution of rods as a functional
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of the orientation distribution function f(n) can be written as follows:

F (T ) = F0(T ) + NT ln
(c

e

)
+ NT

∫
f(n) ln(4πf(n))dΩn +

+
1

2
NTc

∫
f(n1)f(n2) B(γ) dΩn1

dΩn2
. (1.1)

Here c is concentration of rods, the first term is the energy of the pure

solvent, the second term is responsible for the contribution from the trans-

lational entropy of rods and the third term shows the losses in the ori-

entational entropy due to the ordering. The last term is the energy of

excluded volume interactions. The fundamental part of the Onsager’s ap-

proximation is the consideration of interacting rods in the second virial

approximation: B(γ) = 2L2d · sin γ in the last summand in the formula

(1.1) is the second virial coefficient of the interaction of rods, whose long

axes given by unit vectors n1 and n2 form an angle γ (as it is well known

from literature [6], the second virial coefficient arises from the virial expan-

sion of the free energy in the powers of concentration [7] and is responsible

for binary interactions of the particles).

The next step in the method proposed by Onsager was the search for

the equilibrium distribution function f(n) which minimizes (1.1). Straight

minimization leads to an integral equation which can be solved only nu-

merically. That is why the method with the trial function

f(n) =
α

4π sinh(α)
cosh(α cos(ϑ)),

∫
f(n) dΩn = 1, (1.2)

was used in ref. [5], where ϑ is the angle between the vector n and the

direction of the anisotropic axis, and α is the variational parameter (the

value α = 0 corresponds to the isotropic phase). This trial function (1.2)

was substituted into the expression (1.1) and afterwards the total free en-

ergy was minimized with respect to α. Extrema found after minimization

corresponded to the possible phases (isotropic and LC). The transition

between these two phases was investigated in the usual way equating pres-
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sures p = c2

N
∂F
∂c

and chemical potentials µ = 1
N

(
F + c∂F

∂c

)
of the two

phases.

It was found out that:

a) orientational ordering in the solution of long rods is a first order phase

transition, that takes place at low values of the concentration of rods in the

solution (volume fraction of the rods in solution Φ = c · πLd2

4 ∼ d
L ¿ 1),

when the second virial approximation is still applicable;

b) the solution is isotropic at Φ < Φi, anisotropic at Φ > Φa and these

phases coexist at Φi < Φ < Φa where

Φi =
3.34d

L
, Φa =

4.49d

L
,

Φa

Φi
= 1.34, α = 18.584. (1.3)

Since the publication of ref. [5] great attention was drawn to the study

of the liquid-crystalline phase in the solution of rod-like polymers [8–11]

and of molecules with various flexibility mechanisms [12–15]. For instance,

ref. [10] by Lasher is also dedicated to a consideration of the system of

hard rods as a model for nematic liquid crystals. The author used the

partition function of a classical fluid of N hard rods in a volume V , from

which he obtained expressions for the chemical potential and the pressure.

The standard method of equating chemical potentials and pressures gives

the polymer concentration in the coexisting phases. The main distinction

of this method from the one used in ref. [5] is the usage of the straight

expression for the free energy (without second virial approximation used

by Onsager) and the numerical solution of the non-linear integral equation

for the molecular orientation distribution function without usage of a trial

function. This method corrects the solutions of the system of equations

of equal chemical potentials and pressures for the isotropic-nematic tran-

sition, i.e. Φi and Φa. As a result, the order parameter and density ratio

at the transition point predicted by Onsager shift in the direction of the

experimental values.
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In ref. [13] the model of interaction of rod-like molecules was qualified

by the introduction of the attraction: if the angle γ between the axes is

grater than ν−1 (ν = L/d), the authors consider the attraction energy to

be equal to

U = − E

sin γ
at γ >

1

ν
, (1.4)

where −E is the characteristic energy of the contact of perpendicular rods;

if the rods are almost parallel (γ < 1/ν), then

U = −Eq at γ <
1

ν
, (1.5)

where qd is the ”length” of the contact. It is worth mentioning that the

energy of attraction is assigned only to those rods which are in close contact

(minimal distance between two rods could vary in the range from d to 2d).

The second virial coefficient B(γ) corresponding to the interaction of the

rods forming an angle γ was defined according to the formula

B(γ) =
1

2

∫ {
1− exp

[
−U(~r, γ)

T

]}
d3r, (1.6)

where U(~r, γ) was the energy of interaction of the rods whose centers are

connected by the vector ~r; this energy could be found in (1.4) and (1.5).

For convenience, the authors represented B(γ) in the following way:

B(γ) = Br(γ) + Ba(γ), (1.7)

where Br(γ) = 2L2d. And the contribution to B(γ) from the integration

over that part of space where the attraction energy is different from 0,

Ba(γ) was evaluated in two limit cases:

(a) sin γ ∼ 1, i.e. rods intersect at a large angle:

Ba(γ) ∼ −L2d| sin γ| ·
{

exp

(
E

T | sin γ|
)
− 1

}
; (1.8)

(b) γ ¿ 1/ν, i.e. molecules are almost parallel:

Ba(γ) ∼ Ba(0) ∼ −Ld2 ·


−1 +

1

ν
·
1− exp

(
E
T · ν

)

1− exp
(

E
T

)


 . (1.9)
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As soon as the function Ba(γ) entered the expression (1.1) only as an

integrand and the main contribution to the free energy was brought by

almost parallel rods, the authors proposed to substitute Ba(γ) by the step-

like function

Ba(γ) =

{
Ba(0), at γ < λ

0, at γ > λ.
(1.10)

As a result, the summand, new in comparison with the expression (1.1),

was obtained
1

2
· c ·Ba(0) · g(α), (1.11)

where

g(α) =
α2ν−2

4 sinh2(α)
·
[
1 +

sinh(2α)

2α

]
· 1

1 + αν−2

4

.

It was shown that the appearance of the two terms, which are responsible

for repulsion and attraction, respectively, leads two the coexistence of two

anisotropic phases.

The method proposed by Onsager is applicable at low polymer concen-

trations in solution. A number of publications [16–21] was dedicated to the

attempts of generalization of this method to the case of high concentrations

(Φ ∼ 1). It follows from the [15] that the Parsons’s angle [18] stands out

because of its major simplicity and commonality from the point of view

of applicability to the solutions of rod-like macromolecules. The central

approximation of the work [18] is the representation of pair correlational

function g(r, n1, n2) of two rods with orientations n1 and n2 and the vector

r connecting their centers in the form (mean field approximation)

g(r, n1, n2) = g
( r

σ
; Φ

)
, (1.12)

where σ is the minimal distance between two rods. Then, the free energy

of the steric interaction of the rods Fster can be written as

Fster = NTJ(Φ) · 2

πd2L

∫
f(n1)f(n2) B(γ) dΩn1

dΩn2
, (1.13)
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where

J(Φ) =

Φ∫

0

g
( r

σ
; Φ

)
dΦ ≈ |ln (1− Φ)| . (1.14)

Thus the method proposed by Onsager can be consistently generalized to

the description of the solutions of arbitrary concentration.

In most of above-mentioned references non-charged macromolecules were

considered, however polyelectrolyte macromolecules make up a significant

part of the polymers capable of LC-phase formation. Introduction of

charges into a system brings additional species, namely counterions, whose

presence obviously influences the behaviour of a studied system not only

through the input of electrostatic interactions, but also by means of the

effect of their translational entropy. Usually, one distinguishes the follow-

ing regimes in solutions of polyelectrolytes: polyelectrolyte regime, when all

counterions move in the solution, and ionomer regime, when all counteri-

ons form ion pairs with the polymer charges. The intermediate situation

can be described in terms of the Manning counterion condensation mecha-

nism [22–24] for the case of relatively high charge of macromolecules or in

terms of ion pair formation [25–27] for relatively weakly charged polymers.

Studies of nematic ordering in the solutions of rigid-rod polyelectrolytes

(including biological objects such as DNA, tobacco mosaic viruses, fd-

viruses, etc.) have been started more than two decades ago [28–41] (it

is worth mentioning that according to Onsager the effect of the Coulomb

interactions resulted only in a small correction to the second virial coeffi-

cient). In contrast with non-charged solutions, there is a wide spectrum of

models, theories and predictions in the field of polyelectrolytes. Most of

the approaches were based on the consideration of only pair-wise Coulomb

interactions of the chains in the second virial approximation [28–31]. It

is seen from these works that the choice of the virial approach excludes

correlation effects of low-molecular ions from consideration and postulates
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electrostatic repulsion between two similarly charged macroions. As a re-

sult, the net second virial coefficient increases due to electrostatic interac-

tions. In particular, in ref. [31] the authors investigated the influence of the

electrical charge of macromolecules on the parameters of the LC-ordering

of the solution of absolutely rigid cylindrical rods of length L, diameter d

and with linear charge density σ (the average concentration and the va-

lence of ions of i-type were ni and Zi, correspondingly). The electrostatic

interactions were taken into account in the Debye-Hückel linearized approx-

imation of the Poisson-Boltzmann equation [32]. The authors introduced

a characteristic length of screening of the Coulomb interactions, the Debye

radius rD

r2
D ≡

εT

4πe2

1∑
i

Z2
i ni

, (1.15)

where ε is the dielectric constant, e is the charge of a counterion, and

afterwards used the following expression for the potential of interaction of

two charged rods whose axes are separated by the distance R and lean on

the angle γ:

Uel =
σ2

ε

y2∫

y1

z2∫

z1

exp
(
− r

rD

)

r
dzdy. (1.16)

Here r is the distance between the current points of integration (see Fig-

ure 1). Hence, the second virial coefficient corresponding to the interaction

of two rods can be found according to the formula (1.6). It was shown that

the form of the free energy is conserved if one uses the renormalized quan-

tity dD which depends strongly on the parameters of the system under

consideration instead of the physical diameter of a molecule d. For exam-

ple, at high molecular charge density

dD = rD · ln
(

2πσ2rD

εT

)
(1.17)

and B ∼ L2dD sin(γ). Finally, the authors built a full family of phase dia-
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Figure 1. Two interacting rods

grams for orientational transitions in solutions of polyelectrolytes with any

charge density as a function of the low-molecular-weight salt concentration.

In ref. [38] authors consider a system of polyelectrolytes, counter ions,

ions of species from dissolved salt and solvent molecules. In the frame-

work of this model a bare inter-rod interaction, that is anisotropic due to

the conformation of the macromolecules and can be derived from a Debye-

Hückel potential, is constructed. This bare potential energy couples the

excluded volume and electrostatic interactions (the effective potential en-

ergy between two segments of various rods is calculated in the Maier-Saupe

approximation [42]). It is invariant under rotations of the whole system

and inversion of any rod (n → −n, where n is the director of the rod). It

is also valid for rods of any length (in their work [43] authors consider a

solution of semi-flexible polyelectrolytes applying the same bare potential

energy). The main results of this work can be formulated as follows:

(i) the bare potential used in the calculations is repulsive due to the

Debye-Hückel potential used to construct it; this potential is anisotropic

favouring the perpendicular orientation between the rods;

(ii) the tendency towards the perpendicular configuration induced by

the electrostatic interactions is opposed by the excluded volume effect that
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orients the rods parallel to each other;

(iii) upward shift of the phase diagram χ vs. φ (Flory-Huggins param-

eter vs. polymer volume fraction) with respect to the one of neutral rods

is predicted;

(iv) under semidilute conditions, the effective interaction between any

pair of rods is defined as the potential of mean force;

(v) the effective attraction is maximized when the rods are perpendicular

to each other and to the vector between the mass centers of the rods.

Paper [39] was one of the first works where authors took into consid-

eration many-body Coulomb interactions in the system of charged rods.

In this work the partition function for the electrically neutral system with

volume V , of N rods of length l and charge per unit length σ in a fluid

of counterions has been constructed. Authors obtained the contribution

to the free energy from the Coulomb interactions, however they have not

considered the self energy neither of rods nor of counterions. It prevented

them from obtaining the classical Debye’s result for the case of an ideal

plasma. And the theory presented in the next chapter is free from this

fault.

Another attempt to account for the effect of many-body correlations of

charged rods on the isotropic-nematic transition was undertaken in [40].

Authors studied the transition from an isotropic to a nematic liquid crys-

tal phase in a solution of charged rod-like molecules under conditions in

which the characteristic interaction energy between two rods is small com-

pared with the thermal energy. A solution of N rod-like polyelectrolytes

with length L, diameter d, and charge Q contained also supporting elec-

trolytes, which screened the long-range electrostatic interaction potential

of the charged rods. The electrolytes were treated as an effective medium

described by the linearized Poisson-Boltzmann equation. In the framework

of this model the contribution from electrostatic interactions was reduced
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to the form of a virial expansion [5] when the rod concentration is small

enough, so that the correlations between more than two rods do not play

a significant role. It was shown in the paper that electrostatic interac-

tions resulted in an additional repulsion in comparison with the case of

non-charged macromolecules

∆Fe

V kBT
=

2πn2Q2λ2

εkBT
− 1

4

∫
dk

(4πnQ2J/εkBT )2

[(2πk)2 + λ−2]2
, (1.18)

where n is the number density, λ is the Debye screening length for the

small counterions, ε is the permittivity of the solution, kB is Boltzmann’s

constant, T is the absolute temperature, J is a multiplier depending on

the degree of order in the solution.

It was shown in the paper that electrostatic interactions cause a small

perturbation to the phase transition for hard rods as long as w ¿ λ/d

(w = Q2λ/εkBTL2), i.e. when the intensity of electrostatic interactions is

relatively low. In the region of parameter values, defined by d/λ ¿ w ¿
λ/L, the orientation-independent component of the electrostatic repulsion

leads to a lowering of the concentration difference between the phases and

a decrease in the molecular alignment in the nematic phase relative to the

results for solutions of uncharged rods. Within this region, the many-rod

correlations incorporated in the DebyeHückel theory decrease the impor-

tance of the anisotropic electrostatic interactions and prevent a transition

to a highly aligned phase predicted by the virial theory.

The work [44] is dedicated to the long-time Brownian dynamics simu-

lations of electrostatic interactions between two rigid polyelectrolyte rods.

Two parallel, uniformly charged rods with compensating counterions of

valency Z = 2 and no added salt have been considered. Periodic boundary

conditions have been used also. Authors checked for finite size effects by

repeating the simulations for N = 80 and N = 160 with no detectable

difference between the results of the two simulations. The consideration
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Figure 2. (a) A negatively charged rod with the condensed counterions. (b) The cor-

responding configuration according to the model, with the dimensionless charge q(s) on

each monomer s as labelled. The circle marks the dipole, which consists of two monomeric

units, one carrying a condensed counterion.

revealed that in a minimal model of electrostatic interaction between stiff

polyelectrolytes, attractive interactions appear at higher counterion va-

lencies. Authors underlined that the results for minimal model can not

be directly applied to biopolymers, since they had included in the model

neither the actual molecular architecture of biopolymers, nor interactions

other than electrostatics, nor a proper model for the structure of water,

etc.

A systematic theoretical approach to counterion-mediated interactions

between like-charged rigid polymers, by treating condensed and free coun-

terions as separate species in chemical equilibrium has been presented in

ref. [45]. Two infinitely long, like-charged rods and their corresponding

counterions have been considered. Each rod was negatively charged (with

the backbone charge uniformly distributed along each rod) and consisted
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of N cylindrical monomers of length a and radius r0, as shown in Fig-

ure 2. f0 was the fraction of charged monomeric units, each carrying the

charge −e. Based on Oosawa’s model [22] the counter ions of valency Z

were divided into two classes, condensed and free. With the assumption

of small charge fluctuations the expression for the electrostatic interac-

tions contribution to the free energy has been calculated. It consist of two

terms, the first of which is repulsive having logarithmic dependence on the

distance between rods, and the second is attractive describing multipole-

multipole and multipole-monopole attractive interactions. The physical

origin of this attraction can be seen from the Figure 2, where a dipole is

marked by a circle (multipoles can be constructed in the same way). The

authors have shown in [45] that the considered model leads to a quantita-

tive agreement with computer simulations [44]. At the end they concluded

that the attractive interactions predicted for two rods should persist at

non-zero concentration and may lead to aggregation or phase separation,

as predicted for polyampholytes [46].

In ref. [47] Stilck et al. continue their earlier work [48] aiming at the

description of the effect of attraction between like-charged macromolecules

in solutions containing multivalent counterions. In contrast to [45], rotat-

ing like-charged rods are studied. The investigation results in the following

conclusions. First, it is shown that in spite of the equal net charge on the

two macromolecules the correlations between the condensed counterions

can produce an effective attraction, but this attraction is of extremely short

range, comparable to the monomer separation along the macromolecules.

Second, it is found that at large distances monopolar repulsion between the

charge densities forces the polyions to accept perpendicular configuration.

At short distances the correlations between the condensed counterions can

become sufficient to produce a macromolecular alignment. Third, the en-

ergy barrier associated with the transition from perpendicular to the paral-

20



lel configuration might be relevant for the kinematics of bundle formation

in solutions of stiff polyelectrolytes.

Experimental investigations of rod-like macromolecules have a rich his-

tory. Methods of preparation of oriented tobacco mosaic virus sols suit-

able for study by X-ray diffraction have been formulated almost forty years

ago [49]. Relatively recent studies used static and dynamic light scattering

(SLS and DLS) [50, 51], small-angle neutron scattering (SANS) [51] and

small-angle X-ray scattering (SAXS) [52] for the purpose of structure de-

tection in dilute and semidilute solutions of rod-like polyelectrolytes. A

series of investigations [37, 53–55] was dedicated to the consideration of

the solutions of amphiphilic poly-(p-phenylene)sulfonates (PPPs) which

are rod-like polyelectrolytes. Bockstaller et al. studied the PPPs with

molar mass M = 27 kg/mol (PPP27) in methanol and water [53, 54]. As

far as the reduced viscosity of polymer solution yields information about

the dissipative characteristics of a solute related to hydrodynamic shape

and interactions potentials of the particles, viscosimetry was applied to

the study. The results of the measurements for the PPP27 dissolved in

methanol indicated domination of the repulsive interactions. This effect

was related by the authors to light scattering studies of Liu et al. [37], who

had investigated the structure formation properties in methanol and who

had concluded that PPPs in methanol exists essentially as single macro-

molecules. But the concentration dependence on the reduced viscosity

ηred of sample PPP27 in aqueous solution strongly deviated from the one

expected for dominating repulsive interactions; in this case the light scat-

tering from dilute solution PPP27 displayed a negative second virial coef-

ficient. The dependence of the absolute viscosity for aqueous solutions of

PPP27 of different concentrations was found to be non-Newtonian. This

result corresponds to the formation of a nematic phase which can be ob-

served in the optical microscope with crossed polarizers. Another result
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Figure 3. Chemical structure of the polyelectrolyte and schematic representation of the

hierarchical structure formation of PPP27 in aqueous solution. PPP27 forms first cylin-

drical micelles (A), which associate upon the concoction to form ellipsoidal clusters with

internal lyotropic order (B), a nematic phase (C), and, finally, a triangular lattice (D).

obtained from the static light scattering was the value of critical concentra-

tion ccrit = 0.02 g/L which marks the onset of the formation of ellipsoidal

clusters consisting of cylindrical micelles (see Figure 3). The next step in

the system study was the application of photon correlation spectroscopy.

This method permits the structure analysis of different aggregates (which

correspond to different levels of association) coexisting in the solution. The

presence of self-assembled micellar aggregates of cylindrical shape consist-

ing of about 80 polymer chains (the first level of association) was detected

both at c > ccrit and at c < ccrit. The existence of the cylindrical micelles

with constant strand aggregation number below and above ccrit was also
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confirmed by electron microscopy after cryofixation [53]. Above ccrit a dis-

tinct type of aggregates, ellipsoidal clusters with a lyotropic ordering of the

cylindrical micelles which fill the interior, was detected.

The assumption of cylindrical micelles was confirmed by X-ray scatter-

ing of aqueous solutions of PPP27. This effect has been also reported by

Rulkens et al. [56], who studied the structure formation of PPPs in aqueous

solution for c > 10 g/L and concluded that at these high concentrations

PPPs form a hexagonal phase of cylindrical micelles which were assumed

to have infinite length (this regime is schematically depicted in Figure 3,

(D)).

As was mentioned, the alignment of optically anisotropic molecules can

be detected by polarization microscopy. A preferential orientation of the

mesogens along the director leads to birefringence due to a directional

dependence of the refractive index, which results in characteristic textures

observable in an optical microscope using polarizers. Bockstaller et al.

observed Schlieren textures indicating the formation of a nematic phase

starting from the concentration c ≈ 1.1 g/L. The critical concentration

for a transition from the isotropic to the nematic phase estimated for the

mesogens being cylinders of length L = 500 nm and diameter d = 3.4 nm

using Onsager’s theory [5] occurred to be ten times greater than the one

determined experimentally, φnemat ≈ 12 g/L.

The authors pointed out that the formation and the structure of the

nematic clusters found experimentally are in accordance with the predic-

tions of a recent condensation theory for univalent counterions [57] and the

results of fluctuation theory [45] and Brownian dynamics simulations [44]

in the presence of divalent counterions. However, this explanation is only

one among several possible. The results of [53, 54] can be also explained

by means of the theory presented in the next chapter.
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1.2 Hydrophobic polyelectrolytes.

As it was mentioned in the Introduction, the behaviour of associating

polyelectrolytes is determined by the competition between the long-range

electrostatic repulsion between charged groups and short-range attraction

between hydrophobic groups. Hydrophobic interactions stimulate the col-

lapse of a chain while the Coulomb interactions prevent collapse. It is

well known that a neutral chain in a poor solvent collapses to a spherical

globule. In the case of a hydrophobic polyelectrolyte (a polymer chain in a

poor solvent with a fraction of groups carrying electric charge) the presence

of Coulomb interactions influences the conformation of a globule. That is

why the analysis of associating polyelectrolytes under poor conditions is a

matter of great interest.

A first attempt to describe theoretically the collapse in the macro-

molecule of a weakly charged polyelectrolyte was undertaken by Khokhlov

in ref. [58]. The macromolecule of a weakly charged polyelectrolyte was

considered as a sequence of blobs forming an extended conformation (end-

to-end distance was proportional to the degree of polymerization,
〈
R2

〉 ∼
N 2), where the chain inside the blob assumed a globular conformation

unperturbed by the Coulomb interactions. This model was developed by

Raphael and Joanny [59] for the case of mobile charges on the chain and

by Higgs and Raphael [60] for the study of the salt effect. A different

scenario was proposed by Dobrynin et al. [61]. They studied the config-

uration of a polyelectrolyte chain as a function of temperature (solvent

quality) and charge on the chain. The authors considered a dilute poly-

electrolyte solution of chains with degree of polymerization N , monomer

size b, and fraction f of charged monomers in a poor solvent with permit-

tivity ε. The monomer density ρ ≈ τ/b3 inside this globule is defined by the

balance of the two-body attraction and the three-body repulsion between
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the monomers of the chain, and the size R of the globule with density ρ

is equal to R ≈ bτ−1/3N 1/3, where τ = (Θ − T )/Θ stands for the reduced

temperature. Another characteristic length in the globule was the size ξT

of the density fluctuations (thermal blob size). Using this model the au-

thors calculated the free energy for the case of a globule necklace (compact

beads joined by narrow strings) first considered by Kantor and Kardar for

the case of a polyampholyte [62], and compared it with the free energy of

the cylindrical globule considered in papers [58–60]. It was shown that the

free energy of the globule necklace is lower than that of a polyelectrolyte

in the cylindrical configuration in the regime of poor solvent,

Fnec

Fcyl
≈

(
ξT

D

)1/2

,

where D ≈ b(uf 2)−1/3 is the width of cylindrical globule. It resulted in the

appearance of a significant area in the phase diagram where a polyelec-

trolyte chain in a poor solvent underwent a cascade of abrupt transitions

between necklace states with different numbers of beads.

Upon the concoction of the polymer solution interchain aggregation

can result in microstructure formation what is an alternative scenario to

the precipitation. This effect was first predicted by Borue and Erukhi-

movich [63] and then studied by Joanny and Leibler [64]. Microphases

comprise density modulations: alternate polymer-enriched and polymer-

depleted regions of the solution which have a symmetry of a crystalline

lattice. The phase diagram of microphase separation of the hydrophobic

polyelectrolyte was constructed by Dormidontova et al [65] in the weak seg-

regation approximation, i.e., when the density modulations are weak (in the

vicinity of the critical point). The lamellar, hexagonal and bcc structures

as well as macrophase separation were found to be stable in this regime.

Article [66] brings more precise calculations based on the free energy di-

rect minimization. The obtained expression is used to calculate the phase
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Figure 4. Phase diagrams for a poor solvent solution of a weekly charge polyelectrolyte:

NA = 1000, NS = 1, lA = b, f = 0.01, and τ = 1 (a), 4 (b), 10 (c), and 30 (d). Areas of

microphase separation are dashed and regions of macrophase separation are dotted.

diagrams with macrophase separation transition and lamellar microphase

separation for a mixture of weakly charged polyelectrolyte and of neutral

polymer, and for a weakly charged polyelectrolyte under poor conditions.

The calculations are done in the framework of the lattice Flory-Huggins

model.

The final phase diagrams from the paper [66] in variables χ−〈Φ〉 (Flory-

Huggins interaction parameter vs. average polymer volume fraction) are

presented in the Figure 4. It is seen that the true microdomain structure

can be formed only in the closed region ”above” the critical point in the
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Figure 5. Phase diagram of hydrophobic polyelectrolytes from the paper [68]. Logarithmic

scales

χ−〈Φ〉 diagram. The authors also underline that contrary to monodisperse

block copolymer systems, the macroscopic phase separation is possible for

the case under their consideration. The corresponding regions in the phase

diagram are wide enough. The authors consider the coupling of macro-

and microphase separation to be one of the main characteristic features

of the calculated phase diagrams for polyelectrolyte systems. It is worth

mentioning that there is a very good agreement with the weak segregation

theory [65] for the case of lamellar microstructure.

Ref. [67] continues the investigations in the area of hydrophobic polyelec-

trolytes and extends the results of the previous paper [61] to the semidilute

regime. The authors consider also the effects of added salt on the properties

of the solution. They show that there are several regimes connected with

the presence of necklace conformation and the necklace conformation sur-

vives upon the concoction of the solution. And the article [68] is dedicated

to the consideration of the solution of necklaces. In this paper the authors

show that solutions of hydrophobic polyelectrolytes in the conformation of
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necklace can be unstable with respect to macrophase separation. This sep-

aration is triggered by the concentration induced counterion condensation.

The resulting phase diagram in variables cb3 vs. −τ (dimensionless con-

centration vs. reduced temperature) is presented in Figure 5. The shaded

area corresponds to a region where single chains in the conformation of

necklace coexist with the phase of precipitant. And above the critical tem-

perature for the values of the parameter τ < (f/u)1/3, a polyelectrolyte

chain is stable with respect to the macrophase separation.

An important thing in the problem of charged macromolecules is the

charge distribution along the chain. The most simple model is obviously

the uniformly charged macromolecule. Paper [69] is dedicated to the in-

vestigation of the equilibrium charge distribution along a single annealed

polyelectrolyte chain under different conditions. The authors consider a

flexible polyelectrolyte whose charge is distributed uniformly along the

chain. Also the assumption of a weak charge is used. For the case of a

salt-free solution in a theta or good solvent the proposed model leads to

self-consistent equations coupling the conformation of the chain and the

charge distribution. Using scaling estimations the authors predict quan-

titatively different but qualitatively the same charge accumulation at the

ends of the chain for the quenched and annealed charge distributions along

the chain. It is shown also that the effect of added salt is to produce

a faster decay of the inhomogeneity in the charge distribution along the

chain. The last case considered in the paper is the solution in a poor sol-

vent. It was shown that the qualitative description of the instability of an

annealed polyelectrolytes with respect to charge fluctuations is still correct

if the starting conformation is a necklace (in ref. [61] Dobrynin et al. con-

sidered cylindrical globule conformation as a starting one). This instability

is associated with the divergence of the charge distribution inhomogeneity

along the chain.
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A hydrophobic polyelectrolyte can be considered as a particular case

of a traditional associating polyelectrolyte which usually refers to macro-

molecules comprising soluble charged chain segments (hydrophilic blocks)

and insoluble (hydrophobic) groups-stickers distributed along the chain.

Associating polyelectrolyte solutions are very sensitive to the change of

external conditions due to high lability of the junctions. One of the most

striking examples of this sensitivity is the giant shear thickening effect: the

viscosity of the solution of associating polyelectrolytes can be increased by

few orders of magnitude under applied shear flow [70–72]. Associating

polyelectrolytes are also known as very efficient stabilizers of emulsions of

oil in water [73, 74]; the solutions of associating polyelectrolytes can be

used to obtain very stable free-standing films [75]. Theoretical studies of

the phase behavior of associating polyelectrolyte solutions were initiated

quite recently [76–80]. In ref. [76] Vasilevskaya et al. considered the solu-

tion of associating telechelic polyelectrolyte, i.e. macromolecules carrying

associating end-groups only. The regime, where the association of single

chains into physical gel is accompanied by the macrophase separation, has

been considered. Within these assumptions a simple theory for swelling

and collapse of the physical gels formed by associating telechelic polyelec-

trolytes was developed. The authors showed that their approach allows

to describe of the dependence of the associative gel swelling on the fol-

lowing three parameters of the system: degree of polymerization, degree

of ionization of telechelic polyelectrolytes, and the strength of attraction

between stickers. It was found that the introduction of charges into the

chain of telechelic molecules made the formation of associative gel ther-

modynamically less favorable. The effect of added low molecular weight

salt has also been considered. It was found that the addition of salt to the

solution facilitates the aggregation of telechelic molecules with the physical

gel formation and the contraction of the gel upon the further addition of
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salt.

The same system (the solution of associating telechelic polyelectrolyte)

was considered in the ref. [77] in order to generalize the theory taking into

account the possibility of the existence of finite size thermodynamically

stable clusters in the solutions. The chains were supposed to consist of

N monomeric units with a characteristic size a and degree of ionization

of the chains f = 1/σ, where σ is a number of neutral monomeric units

between two nearest charged groups (the limit of f ¿ 1, i.e. the case of

weakly charged chains, was considered). The authors considered salt-free

solution. The attraction of stickers was assumed to be strong (ε À 1,

where ε is the association energy per chain). Also the assumption of a

good (or, θ) solvent was used, when the chains are swollen with respect

to their Gaussian size. Within this model a single cluster consisting of m

chains could be represented as a set of elastically active chains forming a

gel-like spherical structure (see Fig. 6).

For the solution of the clusters the authors denoted the fraction of clus-

ters consisting of m chains as cm. This quantity satisfies the following

natural normalization: ∞∑
m=1

mcm = φ/N, (1.19)

where φ is the average polymer volume fraction in the solution. The free

energy of the solution, F , was represented as a sum of self-energies of the

clusters and the energies of translational motion of the clusters:

F =
∞∑

m=1

cm ln
cm

e
+

∞∑
m=1

cm
Fm

kBT
+ µ

(
N

∞∑
m=1

mcm − φ

)
, (1.20)

where the last term with the Lagrange multiplier µ takes into account

normalization (1.19). The equilibrium distribution function cm was found

thus by minimization of the expression (1.20) with respect to cm:

cm = exp

(
− Fm

kBT
− µNm

)
. (1.21)
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Figure 6. Schematic representation of a shape and internal structure of clusters having

finite size.

Substitution of this function into the condition (1.19) gave the dependence

of µ on the volume fraction φ.

In order to determine cluster sizes the authors considered the expres-

sion for the distribution function (1.21), which could have maximum at

m = m∗ > 1 at some certain conditions (values of φ, ε/kBT , and σ). The

existence of such a maximum means that the formation of clusters consist-

ing of m∗ chains (so-called optimum clusters) is most probable while the

probability of the formation of clusters with significantly different sizes was

exponentially small. The values of the volume fraction φ and parameters

ε/kBT and σ, for which the maximum of the distribution function appears

for the first time, are determined from the condition for the appearance of

the inflection point of the distribution function cm,

∂cm

∂m

∣∣∣∣
m=m∗

= 0,
∂2cm

∂m2

∣∣∣∣
m=m∗

= 0, (1.22)

what means the onset of the aggregation process (see Figure 7(a)). The
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Figure 7. Volume fraction of clusters cm as a function of the number of consistent chains

m for different values of the association energy. (a) The onset of aggregation process at

ε/kBT = 10.7, (b) optimum clusters at ε/kBT = 11, 12, 15. The horizontal arrow shows

the direction of the increase of ε/kBT ; m∗ is the coordinate of the inflection point.

increase of the association energy ε/kBT with respect to the value for the

inflection point at fixed values of φ and σ led to a further growth of the

optimum size clusters; the maximum of the distribution function shifted

towards the larger values of m, Figure 7(b).

The authors considered the conclusion that the existence of clusters of

optimum size (for which further aggregation stops) is possible in the so-

lution of associating polyelectrolytes to be one the main results of their

paper. They explained that the physical reason of the finite size cluster

stabilization is the competition between the attraction energy of the stick-

ers and the energy of Coulomb interactions of charges of a cluster. The

latter contribution depends on the distribution of counterions in the sys-

tem (in particular, on the fraction of counterions released by the cluster

to the outer solution); therefore the stabilization mechanism becomes pos-

sible. This situation is analogous to the classical Rayleigh problem of the

instability of charged droplets [81]: once the charge of a droplet exceeds a
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certain critical level (determined by the surface energy of the droplet), the

droplet splits into several parts of equal size with the charges below the

critical value.

Another result of the paper was the possibility of two scenarios of the

gel formation upon the change of the degree of ionization 1/σ. With the

increase of σ at a fixed value of the association energy both the charge of

the chains and entropy of the counterions decreased and the gel formation

became possible. With the decrease of σ the increase of Coulomb energy

of the chains led to the absorbtion of part of the outer counterions by the

chains. As a consequence, the fraction of the outer counterions preventing

the association process became smaller and this also stimulated the gel

formation.

In ref. [79] a solution of linear chains containing N/l stickers and N/σ À
1 charged groups with elementary charge e was considered, where N was

the degree of polymerization, l was the number of monomeric units between

two neighbouring stickers along the chain (these parts of the chains were

called spacers or subchains) and σ À 1 was the average number of non-

charged monomeric units between two neighbour charges along the chain.

Authors used the assumption that all the charged groups were completely

dissociated and counterions were floating in the solution. The spacers were

considered to be swollen with respect their Gaussian state. Thus, the main

difference between this scientific investigation and that from ref. [77] was

the larger number of associating groups per chain in ref. [79]. The free

energy was written in the same way as for example in paper [77].

In order to calculate the contributions to the free energy from Coulomb

interactions and counter-ion translational entropy, the authors used the

two-zone approximation [22] according to which all counterions are divided

into outer and inner. Inner counterions localize nearby the molecules of

polymer and can move only in the immediate neighborhood of the polymer
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chains while outer counterions move in the part of the volume not occupied

by macroions. The fraction β of inner counterions trapped within a cluster

was introduced.

Using the assumption of small magnitudes of interactions between clus-

ters and of entropy of their motion in comparison with their self-energy,

the authors wrote self free energy of the clusters Fclus as a sum of the free

energies Fm of each of the clusters and obtained the following form for the

Fclus per unit of volume V :

fclus =
Fclus

kBTV
=

φ

NkBT

Fm

m
. (1.23)

At high attraction energy of the stickers (all stickers form physical junc-

tions) the internal structure of a single associating chain was gel-like and,

thus, the free energy of dilute solution of single chains was written in the

form of eq. (1.23), where the aggregation number m was set equal to unity,

m = 1,

fsingle =
φ

NkBT
F1. (1.24)

The equilibrium values of the free energy densities fclus and fsingle as func-

tions of the average polymer volume fraction φ were found by their mini-

mization with respect to three parameters: overlap polymer volume frac-

tion of the cluster φ∗, fraction β and aggregation number of the cluster

m. Dimensionless chemical potential and osmotic pressure of the dilute

solution of clusters and single macromolecules were found in a standard

way. According to the results of ref. [77], critical concentration of associ-

ation (CCA) (a concentration at which the onset of association of single

chains occurs) in the solution of clusters with certain size distribution can

be found from the conditions for the inflection point of the distribution

function at m∗ > 1. In the approach of monodisperse clusters used by the

authors that concentration was estimated from the conditions [64, 82],

Ωm = 0,
∂Ωm

∂m
, Ωm = Fm −mF1 + m ln(φ∗/φ), (1.25)
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where Ωm was the difference of the free energies of the cluster and m non-

aggregated chains.

Single chains were considered as one limit case of clusters (m = 1),

and a physical gel of crosslinks was another limit. The expressions for

the chemical potential µgel and the osmotic pressure πgel can be found in

this case if the thermodynamic limit m → ∞, V → ∞, m/V → const

is considered (also, φ∗ = φ and β = 1). To determine stability regions

of the various phases (solution of single chains, solution of clusters and

physical gel phase) the authors equated the chemical potentials and osmotic

pressures of corresponding phases as well as to use the conditions (1.25) for

the CCA. However, the considered solutions of single chains and clusters

were diluted and the osmotic pressures were small πclus,single ¿ 1, and thus,

the conditions of the phase equilibrium in main approximation took the

form,

Ωm =
∂Ωm

∂m
= 0,

µgel = µclus,

µgel = µsingle, (1.26)

πgel ≈ 0.

One of the phase diagrams (in variables: distance between the stickers

along the chain l vs. average polymer volume fraction, for various val-

ues of degree of ionization of the chains 1/σ and fixed value of attraction

energy between stickers, parameter τ) calculated in ref. [79] is presented

in Figure 8. It is seen that at a fixed value of l the increase of polymer

concentration leads first to the formation of optimum clusters and then

to macrophase separation. This scenario of associating polyelectrolyte be-

haviour is intuitively predictable. Another phase behaviour, which seemed

to be much more interesting and counterintuitive (at the first glance), was

extracted by the authors from the diagram, Figure 8, by the polymer con-
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Figure 8. Phase diagram in variables dis-

tance between stickers along the chain l

vs. polymer volume fraction φ.

Figure 9. Schematic representation of two

mechanisms of gelation.

centration fixation and variation of the value of l. The increase of the

number of stickers (decrease of l) at volume fractions φ < φmax in the re-

gion of phase separation (line DC in Figure 8) leads first to the compaction

of the physical gel due to shortening of the subchains. However, upon the

further decrease of l (line CB) the gel can dissolve with the formation

of several finite size clusters. The described effect can be illustrated by

Figure 9. The authors explained the effect in the following way: because

counterions localized within the gel undergo large losses in entropy, and

the increase of the number of stickers should require the decrease of the

gel volume and stimulate further counterion entropy losses, the gel can

dissolve with the formation of finite size clusters and release of the part of

counterions to the outer solution; only when the number of stickers is too

large (line BA in Figure 8) and the surface energy of the clusters dominates

over the entropy of counterions, the coalescence of the clusters is possible.

Thus, two types of the reversible gelation in dilute solution of associating

polyelectrolytes were formulated: the clusters can form (i) dense gel with
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the increase of the number of associating groups (normal gelation mech-

anism) and (ii) loose gel with the decrease of the number of associating

groups (so-called anomalous gelation mechanism).

Another method was used by Kudlay et al. in the ref. [80]. A solution

of homopolymer chains containing small fractions of charged groups and

groups capable of forming thermoreversible cross-links has been considered.

The authors applied the Lifshitz approach [83] to write the free energy of

the system as a functional of ”smoothed” densities {ρ(r)}. According to

this approach the free energy functional can be represented as a sum,

F [{ρ(r)}] = F0[{ρ(r)}] + F ∗[{ρ(r)}], (1.27)

where the first term is the energy of the polymer system having the same

distribution of the chemical bonds between the residues as in the origi-

nal system, and the second term is the contribution of the ”system of the

broken units”. In other words, F0 accounts for a nontrivial entropic con-

tribution due to connectivity of monomer units in chains and includes also

entropy of ideal gas of the counterions and solvent molecules, and the effect

of all other interactions is incorporated into F ∗. The latter contribution

was considered by the authors as the sum

F ∗ = FFH + Fel + FA (1.28)

of the following terms: the contribution of the short-range interactions in

the framework of the conventional Flory-Huggins lattice theory, FFH ; the

electrostatic contribution, Fel; and the contribution due to the presence

of associating groups, FA. Also, the authors used the random phase ap-

proximation (RPA) for the calculation of the entropic contribution F0. It

was shown within the above-described assumptions that the system is un-

stable with respect to the microphase separation under the good solvent

conditions.
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Some kinds of real polymers can be described in terms of the above-

mentioned theoretical models. For examples, microgels or crew-cuts can

play a role of structural units, capable of formation of supramolecular ag-

gregates. Usually, the crew-cuts are considered to be micelles with the cores

formed by long insoluble blocks surrounded by a thin shell of short soluble

blocks. The results of experiments aimed on the achievement of control

on morphology in crew-cut aggregates of amphiphilic diblock copolymers

were published in [84–86]. According to the authors the morphologies as-

sumed by the crew-cut aggregates are mainly controlled by a force balance

involving the stretching of the hydrophobic blocks in the core, the repul-

sive interaction among the corona chains, and the surface tension at the

core-corona interface at the onset of micellization. The morphology of the

aggregates is also a function of the initial polymer concentration in the so-

lution. In the ref. [85] authors report that the solvent induced changes in

the core dimensions can also induce morphological changes in aggregates

of an identical block copolymer, due to changes in the dimension of the

hydrophobic coils and in the volume fraction of solvent in the core during

self-assembly. According to the authors, the control of repulsive interac-

tion in corona chains composed of ionic segments, by varying the dielectric

constant of the solvent at nearly constant core dimensions, allows further

morphological fine-tuning such that various morphologies can now be ob-

tained from block polyelectrolytes, in particular spheres, cylinders, vesicles

and large compound micelles.

Ref. [87] is dedicated to the SANS study of the structure of D2O-swollen

polyelectrolyte gels based on copolymers of acrylic acid (hydrophilic units)

and n-alkylacrylates with different length of n-alkyl chains. Emphasis was

given to the effect of charging on the structure of the gels. First, au-

thors studied uncharged hydrophobically modified (HM) poly(acrylic acid)

(PAA) gels. Authors suggested that the peak observed in the dependences
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of neutron scattering intensity I on the scattering vector Q was due to

a correlation between hydrophobic domains formed by self-assembled n-

alkyl side chains. Because the peak position was independent of the way

of sample preparation, it was concluded that the hydrophobic domains,

which form was very close to a spherical, were equilibrium structures. Dif-

ferent types of arrangement of hydrophobic domains, namely, simple cubic

(SC), body-centered cubic (BCC), face-centered cubic (FCC), and densely-

packed hexagonal (DPH) lattices, were considered since the character of

distribution of the domains was not known exactly. Second, charged gels

obtained by addition of a calculated amount of sodium hydroxide solution

to HM PPA gels in acidic form were investigated. In this case, the form

of hydrophobic domains was also very close to spherical. The comparison

of the data obtained for uncharged and charged gels revealed that the val-

ues of aggregation number increase with increasing content of n-alkyl side

chains both for uncharged and charged gels. Also, it was found out that

charged gels contain a higher concentration of smaller hydrophobic domains

and that charging leads to the decrease of the aggregation number. But

the main peculiarity was the presence of two peaks found in the scattering

curve of the slightly charged gels (2-6 mol%). It meant the existence of

two distinct types of the scattering objects. Additional analysis allowed

authors to state that besides hydrophobic domains clusters consisting of

densely packed hydrophobic domains exist in the system. It was concluded

that some kind of microphase separation, which arose as a result of com-

petition of hydrophobic association and electrostatic repulsion, when the

electrostatic repulsion was rather weak, has been observed. The introduc-

tion of salt into the system led to suppression of microphase separation

and to homogenization of the arrangement of hydrophobic domains, what

can be due to screening of the electrostatic repulsion by salt molecules.

It is seen from the above-observed papers that there is the large variety
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of methods which are applied to study of associating polyelectrolytes. A

lot of results have been obtained in this area. However, there is still no

clear picture of association processes taking place in solutions of associat-

ing polyelectrolytes. Hopefully, the theoretical investigation presented in

Chapter 3 will partly brighten this problem.
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2 Nematic ordering in solutions of rod-like polyelec-

trolytes

In this chapter the theory of liquid-crystalline ordering in solutions of

rod-like polyelectrolytes, which considers properly the many-body Coulomb

interactions of charged groups (both macro- and counterions) as well as the

effect of the translational motion of counterions, will be developed. The

polyelectrolyte regime of the salt free solution with freely floating mono-

valent counterions at high temperatures (or, high permittivity) will be

considered. In other words, the counterion condensation according to the

Manning mechanism [22, 23] and ion pair formation [25–27] will not be

taken into account in the present theory.

2.1 Electrostatic Interactions in the Solutions of Rod-like

Molecules

Let us consider a solution of charged rod-like molecules and their low

molecular mobile counterions. Let us denote by L and m the length and

the number of monomer units for each molecule, respectively; L = am

where a is linear size of monomer units. The monomer unit density in a

solution of N rods can be written as

ρ(x) = m

N∑
i=1

L/2∫

−L/2

dsi

L
δ (x− n̂i · si −Ri) , (2.1)

where x is the current spatial coordinate; si and n̂i are the current lon-

gitudinal length and the unit vector directed along the axis of ith cylin-

der, respectively; Ri is the coordinate of its center. The total number of

monomer units in the system can be found by integration of ρ(x) over the
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whole volume of the system, V :∫

V

d3xρ(x) = mN, (2.2)

The fourier component for the density (2.1) takes the form

ρq = m

N∑
i=1

L/2∫

−L/2

dsi

L
exp (−iq · (n̂i · si + Ri)) =

= 2m ·
N∑

i=1

sin(q · n̂iL/2)

q · n̂iL
exp (−iq ·Ri) . (2.3)

Let us denote by f(û, n̂i) the orientational distribution function of the

molecules. Here û is the unit vector of preferential orientation of the

molecules (director) and the function f is normalized as follows:
∫

dn̂if(û, n̂i) =

1. The contribution to the partition function of the solution coming from

the density fluctuations of the monomer units of rods ψq = ρq−(2π)3ρδ(q)

with respect to the average value ρ = mN/V can be written as follows

Zstr(ψ) =
1

N !

∫ N∏
i=1

dRidn̂if(û, n̂i)δ

(
ψq −

− 2m
N∑

i=1

sin(q · n̂iL/2)

q · n̂iL
exp (−iq ·Ri) +

+ (2π)3ρδ(q)

)
(2.4)

Introducing the conjugate field ϕ, the partition function (2.4) can be pre-

sented as

Zstr(ψ) =
1

N !

∫ N∏

i=1

dRidn̂if(û, n̂i)

∫
Dϕ×

× exp

{
i

∫
dq

(2π)3ϕ−qψq − i

∫
dq

(2π)3ϕ−q × (2.5)

×
(

2m
N∑

i=1

sin(q · n̂iL/2)

q · n̂iL
exp (−iq ·Ri)− (2π)3ρδ(q)

)}
,
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where Dϕ ≡ ∏
q

dϕq is the product of differentials. Expanding the ex-

ponent in eq. (2.5) into a series in powers of small density fluctuations,

ρq − (2π)3ρδ(q), up to square terms and integrating over the coordinates

Ri and the orientation vectors n̂i, one can obtain

Zstr(ψ) =
V N

N !

∫
Dϕ exp

(
i

∫
dq

(2π)3ψqϕ−q

)
×

×
{

1− mρ

2

∫
dq

(2π)3 tqϕqϕ−q + . . .

}
,

tq =

∫
dn̂f(û, n̂)

4 sin2(q · nL/2)

(q · n)2L2 . (2.6)

Reconstructing the exponent in eq. (2.6) using the Gaussian approxima-

tion, 1− ϕ2 ≈ exp(−ϕ2), we find

Zstr(ψ) = const
V N

N !
exp

(
− 1

2mρ

∫
dq

(2π)3 t
−1
q ψqψ−q

)
(2.7)

after integration over the field ϕ. Here the constant const is independent

of the density fluctuations ψ.

Let us consider the case of monovalent charged groups of the rods and

their mobile counterions (possessing elementary charges +e and−e, respec-

tively) without salt: counterions are the only mobile low molecular ions in

the solution. Let us denote as ∆ the distance between charged groups of

the rod; then τ = a/∆, 0 < τ < 1, is the fraction of the charged groups

and their density is defined as τρ(x). Counterions provide macroscopic

electrical neutrality of the solution and their density c(x) is subjected to

the condition cq=0 =
∫

dxc(x) = τ
∫

dxρ(x) = τρq=0.

Local violation of electrical neutrality in the solution contributes to the

Coulomb energy as

δFCoul(ψ, ξ)

kBT
=

l

2

∫
dq

(2π)3

(τψq − ξq) (τψ−q − ξ−q)

q2 , (2.8)

where the parameter l = 4πlB is proportional to the Bjerrum length lB =

e2/(εkBT ); ε is the dielectric constant of the solution; and ξq is the Fourier
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component of the density fluctuations of counterions ξq = cq−(2π)3δ(q)τρ,

ξq=0 = 0.

To calculate the contribution of electrostatic interactions to the free

energy of the solution we follow the Debye-Hückel theory [7] and consider

small density fluctuations in ”ideal gas” of rod molecules with counterions.

Free energy functional of such a system can be written as a sum of three

terms

F (ψ, ξ) = kBT

∫
dxc(x) ln(c(x)) − kBT ln Zstr(ψ) +

+ δFCoul(ψ, ξ), (2.9)

where the first term is the energy of translational motion of counterions,

the second term is the structural contribution of rod-like molecules, see

eq. (2.7), and the third term is the Coulomb energy, eq. (2.8). Expansion

of the first term in eq. (2.9) into a series in powers of the variable ξ up to

the quadratic term enables us to write eq. (2.9) in the following form

F (ψ, ξ) = kBTτmN ln(τρ) + kBTN ln(ρ/m) +

+ δF (ψ, ξ),

δF (ψ, ξ)

kBT
=

1

2

∫
dq

(2π)3

[
ξqξ−q

τρ
+

ψqψ−q

mρtq
+

+
l

q2 |τψq − ξq|2
]

. (2.10)

The first two terms in F correspond to the energies of translational motion

of counterions and rod molecules, respectively, in spatially homogeneous

solution while δF describes small density fluctuations. The contribution

of fluctuating charges to the total free energy of the solution, ∆Fel, can be

found following a standard way:

∆Fel = − kBT

(
ln

∫
DψDξ exp

{
−δF (ψ, ξ)

kBT

}
−

− ln

∫
DψDξ exp

{
− δF (ψ, ξ)

kBT

∣∣∣∣
l=0

})
, (2.11)
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where DψDξ ≡ ∏
q

dψqdξq is a product of differentials. The calculation of

the Gaussian integrals in eq. (2.11) is done in Appendix A. The result is

∆Fel = kBT
V

2

∫
dq

(2π)3 ln

(
1 + τρl

1 + mτtq
q2

)
. (2.12)

This expression diverges at q → ∞ because self energies of counterions

and rod-like molecules contribute to ∆Fel according to the form of the

Coulomb energy, eq. (2.8). Therefore, to derive the electrostatic energy of

interactions of the macromolecules with each other and the counterions we

have to subtract the corresponding self energies from eq. (2.12). The total

self energy of the rod-like molecules ∆F sr
el is the sum of the energies of each

molecule

∆F sr
el = kBT

N∑
i=1

∫
dn̂if(û, n̂i)×

× l

2

∫
dq

(2π)3

τ 2vq(n̂i)v−q(n̂i)

q2 ,

vq(ni) = 2m
sin(q · n̂iL/2)

q · n̂iL
exp (−iq ·Ri) , (2.13)

where vq(n̂i) is the Fourier component of the density of ith molecule (see

eq. (2.3), where ρq =
∑
i

vq(n̂i)). The result of the calculations in eq. (2.13)

can be written as

∆F sr
el = kBT

Nm2τ 2l

2

∫
dq

(2π)3

tq
q2 . (2.14)

Correspondingly, the self energy of Nmτ counterions has the form

∆F sc
el = kBT

Nmτl

2

∫
dq

(2π)3

1

q2 . (2.15)

The correlation electrostatic energy of fluctuating charges, i.e. the energy

of rods-rods, rods-counterions and counterions-counterions many-body Coulomb
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interactions, takes the form

∆Fcorr = ∆Fel −∆F sr
el −∆F sc

el =

= kBT
V

2

∫
dq

(2π)3

[
ln

(
1 + τρl

1 + mτtq
q2

)
−

− τρl
1 + mτtq

q2

]
. (2.16)

To check the validity of our approach let us reproduce first the classical

result of the Debye-Hückel theory for ideal plasma with point-like positive

and negative charges having valency z1 = τm and z2 = 1, respectively. For

this purpose we have to consider the limit L → 0 in eq. (2.6) leading to

tq = 1. For this limit the integral (2.16) is calculated exactly and has the

form

∆Fcorr

V
= −kBT

12π
[lτρ(1 + τm)]3/2 =

= −kBT
2π1/2

3

[
e2

εkBT

(
c1z

2
1 + c2z

2
2
)]3/2

,

c1 =
ρ

m
, c2 = ρτ, (2.17)

which coincides with the classical result [7].

The opposite limit of rods with well defined shape can be obtained at

L →∞. Two important cases will be analyzed: (i) disordered state of the

solution when all orientations of the molecules are equally probable and

(ii) completely ordered state when all molecules are oriented in parallel to

each other.

2.1.1 Disordered state

In the disordered state of the solution the distribution function f(û, n̂)

in eq. (2.6) is constant, namely f(û, n̂) = 1/(4π), thus the structural func-

tion takes the form

tq =
1

qL

qL/2∫

−qL/2

dx
sin2(x)

x2 . (2.18)
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The calculation of the free energy (2.16) with the structural function (2.18)

as well as the corresponding contributions to the osmotic pressure and

the chemical potential of the solution is presented in Appendix B (see

eqs. (B.9), (B.10)). An interpolation form of the osmotic pressure of

charged groups can be written as

∆pdis ≈ − lτ 2ρ

12πa
− (lρτ)3/2

24π
. (2.19)

One can see that electrostatic interactions give a negative contribution to

the osmotic pressure of the solution for all analyzed regimes (see eqs. (B.7),

(B.8)). It means that the many-body Coulomb interaction of fluctuating

charges shows an influence as if there were an attraction between the macro-

molecules: ∆pdis decreases with the increase of polymer concentration.

Let us estimate the range of applicability of the derived expression. The

main limitation of our approach is the assumption of small density fluc-

tuations: electrostatic interactions only weakly perturb the homogeneous

densities of rods and counterions. It means that the correlation free en-

ergy should be smaller than the energy of translational motion of rods and

counterions which results in

lτ/a < 1 at lρa2/τ ¿ 1 (mτ À 1),

τρl3 < 1 at lρa2/τ À 1 (mτ À 1),

τ(mτ)2ρl3 < 1 at mτ ¿ 1,

In the considered polyelectrolyte regime, l ≤ a, these inequalities are al-

ways valid (τ ≤ 1).

2.1.2 Completely Ordered State

In the completely ordered state of the solution, when all molecules

are oriented in parallel to each other, the distribution function f(û, n̂)
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in eq. (2.6) has the form f(û,n) = δ(n̂− û) and

tq = 4
sin2(q · ûL/2)

(q · ûL)2 . (2.20)

The calculation of the correlation free energy with this function as well as

the corresponding chemical potential and the osmotic pressure is presented

in Appendix C. The pressure takes the form

∆pord ≈ −lτ 2ρ

8πa
− (lρτ)3/2

24π
. (2.21)

This contribution is also negative for all analyzed regimes. This means

that independently of the molecular orientation many-body charge inter-

actions act as an attraction of similarly charged molecules (but cause no

aggregation). The free energy of the completely ordered state, eq. (C.8),

is smaller than the free energy of the disordered state, eq. (B.10): the

larger the argument of logarithm (length of rods), the larger the differ-

ence between the energies. If we assume that the free energy as a function

of molecular orientation is monotonous, we can conclude that Coulomb

attraction favours ordering of the molecules.

The physical reason of Coulomb attractive-like interactions of the molecules

in the completely ordered state at small polymer concentrations is the fol-

lowing. A system of infinitely long parallel rods has cylindrical symmetry

and symmetry of electric field of each individual molecule is close to a

cylindrical one if their volume fraction φ is small, φ ¿ 1. Then the total

Coulomb energy of N rods is approximately equal to the sum of energies of

individual molecules. It is well known that the energy of a cylinder logarith-

mically diverges and depends on the outer radius R which is determined

by the volume fraction φ, R = a/φ1/2. Neglecting charge fluctuations,

the Coulomb energy in main approximation (with respect to small volume

fraction φ) takes the form

Ucyl

kBT
= N

(emτ)2

kBTL
ln(R/a) = Nm

lτ 2

8πa
ln(1/φ). (2.22)
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The calculation of the osmotic pressure with this formula gives exactly

the same expression as the first term in eq. (2.21). Therefore, the driving

force of Coulomb attractive-like interactions at small concentrations is the

tendency to reduce the energy of the cylinder by increasing the volume

fraction. Note that the alternative decrease of the Coulomb energy of the

cylinder via the Manning mechanism of counterion condensation [22, 23]

becomes possible only at l > a.

2.2 Free energies of isotropic and nematic phases

To describe non-Coulomb interactions at liquid-crystalline ordering in

the solution of rod-like molecules let us use the Onsager approach [5] with

the orientational distribution function

f(û, n̂) =
α

4π sinh(α)
cosh(αû · n̂),

∫
dn̂f(û, n̂) = 1, (2.23)

where α is the variation parameter, 0 ≤ α < ∞; α = 0 and α > 0

correspond to isotropic (disordered) and nematic phases of the solution,

respectively. Complete nematic ordering is attained in the limit α → ∞
when f(û, n̂) → δ(û − n̂). The Onsager approach, developed initially for

neutral rod-like molecules, is based on the consideration of two contribu-

tions to the free energy characterizing different phases: entropic losses of

rods because of their orientation and pairwise excluded volume repulsion

of the molecules which is orientation-dependent

FOnsager(α) =
ρ

m

∫
dn̂f(û, n̂) ln (4πf(û, n̂)) +

+
ρ2

2m2

∫
dn̂1dn̂2f(û, n̂1)f(û, n̂2)B(γ) =

=
ρ

m

{
ln(α coth(α))− 1 +

arcsin(tanh(α))

sinh(α)

}
+

+
π

2
· ρ2a3 I2(2α)

sinh(α)2 ,

FOnsager(0) =
π

4
ρ2a3, (2.24)
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where B(γ) = 2L2a sin(γ) is the second virial coefficient of rods making an

angle γ with respect to each other; I2 is the Bessel function.

To describe Coulomb interactions of the molecules in the nematic phase,

where the order parameter

S =

∫
dn̂f(n̂, û)

3(n̂ · û)2 − 1

2
= 1− 3

α2

(
α cosh(α)

sinh(α)
− 1

)
(2.25)

can be less than unity (parameter α has some finite value), it is necessary

to calculate the correlation free energy, eq. (2.16), with the orientational

distribution function, eq. (2.23).

2.2.1 Instability of disordered state toward nematic ordering at small poly-

mer concentrations

In this section it will be shown that already at small polymer concentra-

tions the isotropic phase becomes unstable with respect to weak orientation

of the molecules. For this purpose let us calculate the spinodal of isotropic-

nematic ordering. It can be done using a general approach (independent

of the particular choice of the trial function, eq. (2.23)) which is based on

the expansion of the distribution function f(û,n) of the weakly ordered

state into a series of Legendre polynomials

f(û, n̂) ≈ 1

4π

(
1 +

5S

2
(3(û · n̂)2 − 1) + . . .

)
, S ¿ 1. (2.26)

The first two terms in eq. (2.26) of the series due to weak orientation

of the molecules will be considered. Then the structural function can be

presented in the following form

two
q = tq + δtq, (2.27)

δtq =
15

2
S

(
3
(û · q)2

q2 − 1

)
×

×
[

1

q2L2

(
1− sin(qL)

qL

)
− tq

6

]
,
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where tq is the structural function of the disordered state, eq. (2.18). Ex-

pansion of the correlation free energy (2.16) with the structural function

of weakly ordered molecules, two
q , into a series in powers of δtq results in

Fwo = Fdis + δF , (2.28)

δF = − 1

4(2π)3

∫
du

∞∫

0

dqq2 (lρm)2τ 4δt2q

[q2 + lρτ(1 + mτtq)]
2 .

For the most interesting case of a large number of charged units on the

chain, mτ À 1, we can use asymptotic forms of the functions tq and δtq

at qL À 1 (see Appendix B). In this limit the integral in eq. (2.28) takes

the form

δF = − 5

96π

lρτ 2

a
S2. (2.29)

Similarly, calculation of the orientational entropy of rod molecules (first

term in eq. (2.24)) with distribution function (2.26) gives

δForient =
5ρ

2m
S2. (2.30)

Neglecting the contribution of excluded volume repulsion of rods at small

polymer concentrations, which is proportional to ρ2, we can write the excess

energy of the weakly ordered state in the following form

δFtot = δForient + δF =
5

2
ρ

(
1

m
− lτ 2

48πa

)
S2. (2.31)

Therefore, if the fraction of charged groups of rod molecules, τ , exceeds a

certain value, τ >
√

48πa/(lm), the isotropic state of the solution becomes

unstable even at very small polymer concentrations: the longer the polymer

chain, the smaller the threshold value of τ .

2.2.2 Approximation for anisotropic Coulomb free energy

The calculation of the correlation free energy of Coulomb interactions

for arbitrary values of the order parameter S (α) can be given only nu-

merically. To overcome computational difficulties and to get qualitatively
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correct results we use a simple interpolation form assuming monotonous

dependence of the correlation free energy on α:

Fcorr(α) =
1

1 + α
Fdis +

α

1 + α
Ford. (2.32)

It decreases from Fdis at α = 0 up to the value Ford at α = ∞.

The resulting free energies of the isotropic (Fi) and nematic (Fn) phases

of the solution have the form

Fi = Fcorr(0) + FOnsager(0) + Ftr,

Fn = Fcorr(α) + FOnsager(α) + Ftr, (2.33)

Ftr = τρ ln(τρa3) +
ρ

m
ln

(
ρa3

m

)
,

where Ftr is the energy of the translational motion of counterions and

rods. The chemical potentials (µi,n) and osmotic pressures (πi,n) of various

phases of the solution are derived following a standard way

µi,n =
∂Fi,n

∂ρ
, πi,n = ρ2 ∂

∂ρ

(Fi,n

ρ

)
. (2.34)

Thus, the system described by the free energies (2.33) favors liquid-

crystalline ordering due to excluded volume repulsion of the molecules

and their Coulomb attraction while losses in orientational entropy of the

molecules counteract this ordering.

2.3 Results and discussions

The analysis of the free energy (2.33) of the nematic phase as a function

of the parameter α shows that at certain conditions this function may

reveal two minima at finite values of α. It means that two nematic phases

(I and II) differing in the value of the order parameter can be stable. To

construct the phase diagram of such a solution we have to solve the set of
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the following equations




µi(ρ0) = µn(ρ1)

πi(ρ0) = πn(ρ1)
∂Fn(ρ1)

∂α1
= 0

,





µi(ρ0) = µn(ρ2)

πi(ρ0) = πn(ρ2)
∂Fn(ρ2)

∂α2
= 0

, (2.35)





µn(ρ1) = µn(ρ2)

πn(ρ1) = πn(ρ2)
∂Fn(ρ1)

∂α1
= 0,

∂Fn(ρ2)

∂α2
= 0

giving the binodals for isotropic/nematic I, isotropic/nematic II, and ne-

matic I/nematic II phases, respectively.

Phase diagrams of the solution in variables: renormalized polymer vol-

ume fraction φ ·L/a, φ = ρa3 and the fraction of charged groups of the rod

τ are presented in Figure 10 for various values of aspect ratio of rod-like

molecule, L/a = m. Figure 10(a) depicts the diagram at L/a = 50. In ac-

cordance with the analysis of the spinodal of the order-disorder transition,

the isotropic phase remains stable only below a certain value of τ . Above

this value the weakly ordered nematic phase I appears already at very

small polymer concentrations. The width of the phase separation region

between these phases is very small and is not distinguishable at the length

scale of the diagram. In contrast, the width of the phase separation region

between the isotropic and highly ordered nematic phase II is significant.

It narrows with the increase of τ from the maximum value at τ = 0 corre-

sponding to neutral rod chains. Such behavior is caused by the increase of

a number of counterions with τ : the contribution of translational motion

of counterions, which is proportional to τ , dominates over the Coulomb

term ∼ τ 2 at small values of τ . Phase separation is always accompanied by

entropy losses of those counterions, which are localized in the denser phase

to compensate its macroscopic charge. Therefore, the larger the number of

counterions, the smaller the concentration jump at the phase separation.
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Figure 10. Phase diagrams (w = 4πe2/(aεkBT ) = 1) of the solution of the rigid-rod

polyelectrolyte in variables: polymer volume fraction φ and the fraction of charged groups

of the rods τ for different values of the aspect ratio of the molecules: L/a = 50 (a),

L/a = 100 (b), and L/a = 10 (c).

The coexistence of two nematic phases at certain intermediate values of

the degree of ionization of rod molecules, τ , is the result of two stabilizing

factors: weakly ordered nematic phase I and highly ordered nematic phase

II are stabilized by Coulomb and excluded volume interactions, respec-

tively. When these two kinds of interactions become comparable (with the

increase of τ) the difference between the nematic phases vanishes at the

critical point.

The influence of the aspect ratio of rod-like molecules on the phase be-
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Figure 11. Values of α on the separating curve φa for different values of aspect ratio.

havior of the solution is demonstrated in Figures 10 b,c. These figures

correspond to L/a = 100 and L/a = 10, respectively. The increase of

the length of the molecules leads to an expansion of the stability region

of the nematic phase in both directions: its boundaries are shifted toward

smaller polymer volume fractions φ (as for the case of neutral solutions)

and smaller values of τ (compare Figures 10 a and b). The formation of

weakly ordered nematic phase I at smaller values of τ (weaker Coulomb

attraction), Figure 10 b, is caused by smaller losses of orientational entropy

of longer rods which is in accordance with the condition for the spinodal;

at the spinodal there should be τ ∼ 1/m1/2. The phase diagram for short

enough rod molecules can exhibit phase separation and two different ne-
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Figure 12. Order parameter of the nematic phase S as a function of polymer volume

fraction φ at different values of the volume fraction of charges τ : τ =0.05 (a), 0.15 (b),

0.2165 (c), 0.4 (d). The horizontal lines in figures (a) and (b) correspond to coexistence

regions.

matic phases within the whole range of values of τ , Figure 10 c. It is

interesting also to examine the influence of aspect ratio on the parameter

α. Figure 11 demonstrates the same type of behaviour of the equilibrium

value of α when the value of φa changes from α ¿ 1 to the Onsager’s

value α ≈ 18.58. The break in the green curve corresponds to the phase

separation area (Figure 10()), which extends for the full range of possible

values of τ .

In contrast to athermal and lyotropic liquid-crystalline solutions [13,15],

where both concentration and temperature variations can result in a phase
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separation with an abrupt jump of the order parameter, for a polyelec-

trolyte solution the variation of the order parameter can be continuous,

starting from a very small value. In Figure 12 the order parameter S,

eq. (2.25), is plotted as a function of the polymer volume fraction φ, at

different fractions of charged groups τ and fixed values of the aspect ratio

and of the parameter w. At small values of τ , where only the isotropic and

highly ordered nematic phase II are stable, the order parameter is constant

in the coexistence region; then it grows with φ, Figure 12 a. In the weakly

ordered nematic phase I, which is stable at intermediate values of τ , the

order parameter can vary within a rather small interval, Figure 12 b. Grad-

ual variation of the order parameter becomes possible at high fractions of

charged groups, exceeding the critical value, Figure 12 c,d.

2.4 Conclusions

In the present chapter the theory of liquid-crystalline ordering in a so-

lution of charged rod-like molecules was proposed. The polyelectrolyte

regime of the solution, i.e. when the parameter w is small enough, w/4π <

1, was studied. Assuming that in this regime counterion condensation does

not occur and that charge fluctuations are small, a theory of the Debye-

Hückel type to take into account rod-rod, rod-counterion, and counterion-

counterion many-body Coulomb interactions was developed. The energy

of these interactions was calculated for two states of the solution: (i) disor-

dered and (ii) completely ordered (the order parameter is equal to unity).

It was found that for all analyzed regimes many-body Coulomb interactions

of similarly charged rods are attractive independent of their mutual orien-

tation. The Coulomb energy of the completely ordered state was shown

to be lower than the Coulomb energy of the disordered state. It means

that electrostatic attraction of the molecules promotes liquid-crystalline

ordering in addition to the usual excluded volume driven mechanism. As
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Figure 13. Schematic representation of the force lines of the electric field in the isotropic

state of the solution of rod-like molecules. The red lines depict the electric field of the

selected (red) molecule. This field has cylindrical symmetry. The superposition of the

electric fields of all the rod molecules and counterions, except the field of the selected

molecule, is depicted by the black lines. It has spherical symmetry. E1 and E2 are the

intensities of the fields making the angle θ with respect to each other.

a result, the existence of two nematic phases differing in the value of the

order parameter is predicted. We found that the weaker ordered nematic

phase is stabilized by Coulomb interactions already at very small poly-

mer concentrations. Recent experiments confirm this early nematic phase

formation: in ref. [54] a ten-fold lower concentration at which isotropic-

nematic transition proceeds compared to that predicted by Onsager was

experimentally determined for solutions of PPP27, and in paper [88] exper-

imentally determined transition concentration for the case of 200-base-pair

DNAs was 2.2-fold smaller than Onsager’s value. This effect is not con-

nected with the fluctuation mechanism (at least for small concentrations).
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It is a consequence of the “competition” between (i) intrinsic cylindrical

symmetry of the electric field of single rod-like molecules and (ii) spherical

symmetry of electric fields of all rod molecules and counterions (except the

field of the selected molecule) in isotropic phase of the solution, Figure 13.

In dilute solutions the Debye screening length of counterions, rD = 1/
√

lτρ,

is large and interactions between rod molecules are long range. Let us se-

lect one molecule in the solution, Figure 13. The force lines of the electric

field, obtained by superposition of the electric fields of all rods and coun-

terions except for the selected molecule, are drawn in black. This field has

spherical symmetry because all rod molecules in the isotropic phase of the

solution are oriented in an arbitrary way. Red lines depict the cylindrical

field of the selected molecule. It is well known [89], that the energy of the

electric field per unit of volume is proportional to the square of the total

intensity of the field, Uel ∼ (E1 + E2)
2. Therefore, this energy depends

on the mutual orientation of the force lines, Uel ∼ E2
1 + E2

2 + 2E1E2 cos θ,

and the minimum of the energy can be attained at anti-parallel orientation

of the lines (at θ = π). Because charges of rigid rod molecule can not

change the configuration, the orientation of the molecules is the only way

to minimize the free energy.

Therefore, we arrive at a fundamental conclusion: long-range electro-

static interactions in very dilute solutions of rigid rods should induce a

very weakly ordered nematic phase. In other words, isotropic solutions of

this type are intrinsically unstable with respect to orientational ordering.
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3 Microstructure formation in solutions of associat-

ing polyelectrolytes

In this chapter a theory of microphase separation in solutions of associ-

ating polyelectrolytes in the strong segregation approximation will be de-

veloped, i.e. when the attraction between associating groups is very strong

and domains with well-defined shape and narrow interfaces are formed. In

addition to the optimum-size spherical clusters, stability of spherical (body-

centered cubic, or BCC), cylindrical (hexagonal) and lamellar structures is

predicted. Phase diagrams of the solution with the coupling of micro- and

macrophase separations are plotted for different values of the parameters.

3.1 Model

Let us consider a dilute solution of associating polyelectrolyte with aver-

age volume fraction of the polymer φ. We denote the number of monomeric

units in a chain by N . The monomeric units of all kinds are considered

to be of the same size a (see Figure 14). The flexibility of the macro-

molecules is characterized by λ, the Kuhn segment length (λ > a). Two

stickers neighbouring along the chain are separated by subchains containing

l monomeric units (or, spacers of the contour length al). The subchains are

flexible, i.e. spacers comprise few Kuhn segment lengths, λ < al. The sol-

vent will be considered to be good for the neutral unassociating monomeric

units, and thus, the spacers are swollen with respect to the Gaussian size.

Stickers can associate and form both intra- and intermolecular junctions

(or, bondings). The model of optimum and non-optimum physical junc-

tions of the stickers, which are formed within the core and in the surface

layer of the cluster, respectively [77,79], will be used. In the framework of

this model, the energy −εkBT is assigned to each of the stickers partici-

pating in formation of optimum junctions, with ε > 0 (kB — Boltzmann
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Figure 14. Model of a molecule of associating polyelectrolyte.

constant, T — temperature), and the stickers forming non-optimum junc-

tions possess the energy −ε0kBT , ε0 > 0; the interrelation ε > ε0 is valid.

We consider the limit of large values of ε, ε0 À 1, when almost all asso-

ciating groups form bonds and the existence of non-aggregated stickers is

extremely unfavorable. Even single chain should have a gel-like internal

structure in this regime.

Each macromolecule contains N/σ À 1 charged groups and the charge

is distributed uniformly along the length of the chain; σ À 1 is the aver-

age number of neutral monomeric units between two charges neighbouring

along the chain. We consider the case of polar solvent and we apply the

two-zone approximation to the counterion consideration [22]. In the frame-

work of this assumption the fraction of trapped counterions is introduced,

β. Trapped counterions are localized inside the chain (or cluster), and

the rest of the counterions (free) move in the outer (with respect to the

macromolecule or cluster) region. For simplicity, we consider the case of

monovalent counterions carrying a charge equal to the elementary one, e.

Also, it is convenient to introduce the polymer volume fraction within the

cluster, ψ, as long as the whole solution is divided into zones: one part
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is occupied by clusters (i.e., areas enriched with polymer), and another is

occupied by free counterions.

Using this model we will describe the formation of clusters of different

shapes ordered with the symmetry of crystalline lattices, and physical gela-

tion in dilute solution (φ < ψ) as well as transitions from one structure to

another.

3.2 Free energy of the microstructures

Ordered spheres, cylinders and lamellae form microstructures which

can be characterized by periods (or intercluster distances) and the sizes of

the aggregates. The following notations will be used:

• lamellae — 2 ·R1 is the width of a polymer layer, S is the surface area

of a lamella;

• cylinders — R2 and L are the radius and the length of a cylinder,

respectively;

• spheres — R3 is the radius of a sphere.

For every structure Dd is the period, where the index d identifies the type

of an aggregate: d = 1 — lamella, d = 2 — cylinder, d = 3 — sphere. It is

necessary to mention here, that the length of a cylindrical aggregate and

the square of a lamellar cluster are considered to be infinitely large.

Suppose md chains form an aggregate. The free energy of such a cluster

can be written as follows:

Fmd
= Fster + Felast + Fassoc + FCoulomb + F

c/i
trans + F clust

trans + F chains
trans . (3.1)

In this expression Fster is the contribution of the excluded volume inter-

actions of monomeric units, Felast stands for the elastic energy of swollen

subchains, Fassoc describes gain to the free energy which is due to the ag-

gregation of stickers into junctions, FCoulomb represents the contribution of
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the Coulomb interactions. The last three terms in formula (3.1) are due

to the translational motion of counterions (both inner and outer), clusters

as whole objects and chains within the clusters. Let us consider each term

separately. The excluded volume interactions can be described in terms of

the second virial approximation:

Fster a3

kBT
= mdNBψ, (3.2)

where B = a3 is the second virial coefficient.

In analogy with the model of reference [79], we use the conventional

Flory form to introduce the elastic free energy of the clusters of various

form. Owing to the strong association of the stickers, we assume that

the clusters possess gel-like structure in which each spacer is elastically

active. The contribution of each subchain to the elastic free energy can

be estimated as R2
ete/R

2
ete0

, where Rete and Rete0
are the characteristic sizes

(the end-to-end distances) of the subchain in the swollen state, R2
ete ∼

l2/3a2/ψ2/3, and when the spacer’s conformation is Gaussian, R2
ete0

= laλ.

Hence, the elastic free energy of the clusters takes the form

Felast

kBT
=

3

2
· mdN

l
· R2

ete

Rete0

2 =
3

2
· mdN

ψ2/3l4/3 ·
a

λ
. (3.3)

Also, the expression for entropy of translational motion of inner and

outer counterions will be the same for clusters of different forms:

F
c/i
trans

kBT
=

mdN

σ
·
{

β · ln
(

β

σ
ψ

)
+ (1− β) · ln

(
(1− β)φψ

σ(ψ − φ)

)}
, (3.4)

as well as for translational motion of single chains within a cluster

F chains
trans

kBT
= md · ln

(
ψ

N

)
. (3.5)

The translational motion of clusters as whole objects can be written as

follows
F clust

trans

kBT
= ln

(
φ

mdN

)
. (3.6)

63



3.2.1 Surface energy

The contributions to the total free energy from the surface energy of the

clusters of various shapes are calculated in the same way as it has been done

in reference [79]. As was mentioned above, the optimum bonding approx-

imation is used. We suppose that the stickers which form inner junctions

have the lowest possible energy of association per sticker (−εkBT ) with

some optimal their number. In contrary, junctions from the surface layer

have a smaller aggregation number and the negative energy of association

per sticker (−ε0kBT ) is higher than that for inner junctions, i.e. ε0 < ε.

In other words, outer junctions always have free vacancies to accept free

neighbour stickers in order to form optimal junctions. Let us denote by

k the number of stickers which form junctions in the surface layer. If the

attraction energy is strong (almost all stickers form junctions) then the

energy gain Fassoc due to sticker association can be represented as a sum

of two contributions: F surf
assoc and F bulk

assoc, energies of junctions formed in the

surface layer of a cluster and in the volume of a cluster, respectively. The

size of this surface layer is of the same order of magnitude as the sub-

chain length. Thus, we can write the contribution to the free energy in the

following way:

F surf
assoc

kBT
= −ε0Ck,

F bulk
assoc

kBT
= −ε

(
mdN

l
− Ck

)
, (3.7)

Hence,
Fassoc

kBT
= C · (ε− ε0) · k − ε ·

(
mdN

l

)
, (3.8)

where C is a constant, which is different for various types of clusters. The

expression (3.8) can be represented in more conventional form

Fassoc

kBT
= γ · Sd − ε · mdN

l
, (3.9)

where γ is the surface tension coefficient, and Sd denotes the surface area

of the aggregate of d type. The last term in (3.9) is proportional to N and
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thus gives no contribution to the pressure and constant addition to the

chemical potential; hence, it can be omitted in the following calculations.

In order to estimate the value of k, we assume that sticker densities in

the outer and inner areas are of the same order of magnitude, k/Sd∆ ∼
mdN/lVd where Vd is the volume of a cluster, Sd is the cluster’s surface area,

and ∆ is the width of surface layer. The quantities Vd and ∆ are connected

via space filling condition mdN∆3/l ∼ Vd. It is seen that the surface energy

contribution to the free energy depends on the type of the cluster. And

now it is necessary to stress that C in eq. (3.8) is not an arbitrary constant

but it has to be evaluated from the condition of equality of surface tension

coefficients γ for the clusters of various types. We choose C for spherical

clusters to be 1. Then, the surface tension coefficient (in kBT units) can

be written in the following form

γ =
1

(36π)1/3

τ

a2

(
ψ

l

)2/3

, τ = ε− ε0. (3.10)

Using the expression (3.8), the estimate of the k value, the space filling

condition and (3.10), one can obtain the final expressions for corresponding

contributions to the free energy. The expressions for Sd take the form:

S1 = 2S, S2 = 2πR2L, S3 = 4πR2
3. (3.11)

In the following calculations we will use the conditions L →∞ and S →∞
in the cases of cylindrical aggregates and lamellar clusters, respectively.

3.2.2 Coulomb interactions

The fourth term in formula (3.1) is the contribution from the Coulomb

interactions which is derived in the framework of the two-zone Oosawa

model [22]. In this model, the volume related to a cluster is divided into

two zones. The first zone of volume Vd is occupied by the cluster itself

and the second zone is the volume Vout free of polymer. These volumes are
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connected via the space filling condition Vdψ = (Vd + Vout)φ. It is assumed

that the total electrical neutrality of the volume related to a cluster is

maintained but the charge is distributed inhomogeneously between the

two zones, and hence, the distribution of counterions is inhomogeneous as

well. The fraction β of the counterions related to a cluster is confined in the

volume Vd, while the rest move in the outer volume Vout. The contribution

to the free energy can be calculated in a standard way1 [90]. The counterion

concentration distribution can be approximated with a step-like function:

n(r) =





β

σ
ψ, inside the cluster,

(1− β)φψ

σ(ψ − φ)
, outside the cluster.

(3.12)

The electrostatic energy has a form [90]:

FCoulomb =

∫

Vi+Vout

E2(r)

8πε
d~r,

div ~E(r) =
4πe

a3

(
ψ(r)

σ
− n(r)

)
, (3.13)

where ε is a dielectric constant, ~E(r) is an intensity of the electric field,

and ψ(r)/σ represents the distribution of volume fraction of co-ions

ψ(r) =





ψ, in Vd,

0, in Vout.

(3.14)

In the calculations we suppose that the intensity of electric field on the

outer border of volume Vout is equal to zero. The result of the calculations

takes the following form

FCoulomb

VdkBT
=

ρ2R2
d

εkBT
td(θ), θ =

φ

ψ
< 1, (3.15)

1It is possible to calculate the electrostatic energy for the lamellar structure in a different way but

with exactly the same result. See details in Appendix D.
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where

ρ =
eψ(1− β)

σa3 , td(θ) =





2π

3θ
, d = 1;

π

2
· θ − 1− ln(θ)

(1− θ)2 , d = 2;

2π

5
· 2− 3θ1/3 + θ

(1− θ)2 , d = 3.

(3.16)

The radius of an aggregate Rd is connected with the aggregation number

through the space filling condition:

m1 = 2R1S
ψ

Na3 , m2 = πR2
2L

ψ

Na3 , m3 =
4

3
πR3

3
ψ

Na3 . (3.17)

3.2.3 Aggregation numbers and periods

We assume that under strong association conditions different clusters

in a microphase are not connected by chains because it would require the

existence of non-associated stickers. In other words, space between the

clusters is filled by the solvent only. The free energy of a set of clusters can

be written as a sum of energies of single clusters because the inter-cluster

interaction energy is small in comparison with the self energy of clusters.

Therefore, the volume density of the free energy of the system under study

can be written as follows:

fd =
φ

NkBT
· Fmd

md
. (3.18)

It is seen that the contribution which arises from the term (3.6)

f clust
trans =

φ

mdN
ln

(
φ

mdN

)
(3.19)

differs from zero only in case of spherical aggregates because the aggrega-

tion number goes to infinity for lamellae and cylinders. As a result, the

systems of cylindrical and lamellar clusters form microstructures (these sets

of clusters are ”frozen” by definition, see Figure 15), and thus the nota-

tions of microstructure and system of clusters in the cases of cylinders and
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lamellae are equivalent. If a solution of spherical aggregates is considered,

an additional analysis has to be performed in order to figure out whether

the microstructure is formed, Figure 15 B, or the clusters move freely in

the solution, Figure 15 A, (the contribution to the total free energy from

the Coulomb interactions of the system of freely moving clusters and of

spherical clusters in the BCC microstructure can both be described by the

same expression (3.15)). To carry out this analysis, the contributions to

the osmotic pressure from the electrostatic energy of a cluster and from the

translational entropy of cluster’s motion have to be compared; if the con-

tribution due to electrostatic energy is greater then one can speak about

microstructure, in opposite we consider no microstructure to be formed.

It is convenient to introduce specific aggregation numbers in the cases

of lamellar and cylindrical structures

m̃1 =
m1a

2

S
, m̃2 =

m2a

L
, (3.20)

i.e., we consider the thermodynamic limit:

md →∞, L →∞, S →∞, m̃d = const (d = 1, 2). (3.21)

The free energy (3.18) has to be minimized with respect to three parame-

ters in order to obtain the equilibrium value of the free energy: the polymer

volume fraction inside the cluster ψ, fraction of trapped counterions β and

aggregation number md. For lamellae and cylinders the minimization with

respect to the specific aggregation number can be performed analytically

(for d = 1, 2). The equilibrium size of the clusters and the periodicity of

the structure can be derived using the space filling condition:

R3
d =

dγεkBT

2ρ2td(θ)
, Dd = 2R

(
ψ

φ

)1/d

. (3.22)

In the case of spherical clusters these expressions are also applicable, be-

cause the term (3.19) gives only small correction to the equilibrium value

of the aggregation number.
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A B

DC

Figure 15. Schematic representation of the system stated formed by the clusters of various

form: freely moving spherical clusters (A), BCC (B), hexagonal (C), and lamellar (D)

microstructures.
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The dimensionless chemical potential µ(φ) and pressure π(φ) are found

in a standard way:

µ(φ) =
∂f ∗clust(φ)

∂φ
,

π(φ) = φ · ∂f ∗clust(φ)

∂φ
− f ∗clust(φ), (3.23)

where f ∗clust is the minimized expression of the function (3.18).

3.2.4 Single macromolecules

It is obvious that the above-described microstructures can be stable at

some intermediate values of the polymer concentration while at smaller

concentrations single chains do not aggregate. We will consider below the

case of weakly charged chains when the equilibrium shape of a single chain

corresponds to a sphere. At high attraction energy of the stickers (all stick-

ers form physical junctions) the internal structure of a single associating

chain is gel-like, too. In the considered case of long chains, N À l, we can

also use the assumption of internal (optimum) and surface junctions of the

stickers to describe their association energy. As a result, the free energy of

a dilute solution of single chains can be written in the form identical to the

one for a set of spherical clusters where the aggregation number m3 (see

eq. (3.17)) should be set equal to unity, m3 = 1. Similar to the case of the

clusters, the equilibrium value of the free energy of single chains is found

by its minimization with respect to two independent variables: polymer

volume fraction within the chain ψ and fraction β of inner counterions.

The critical concentration of association (CCA, a concentration at which

the onset of association of single chains occurs) can be estimated from the

following reasoning [64, 82]. Whenever the concentration of the clusters is

small, each cluster might be considered independently as being in equilib-

rium with a reservoir composed of the free chains in solution. Thus the
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number of chains in a cluster m3 minimizes the grand canonical free energy

Ω = Fm3
−m3 · µr, (3.24)

where the chemical potential µr imposed by the reservoir is simply the free

energy of single chains Fm3|m3=1. The equilibrium value of m3 is obtained

by minimizing the grand canonical free energy Ω at chemical potential µr.

The association of single chains into clusters starts when the value of Ω

at the minimum becomes negative. These two conditions determine the

CCA. In our notations these conditions take the form

f3 = f3|m3=1 ,
∂f3

∂m3
= 0. (3.25)

The first condition in eqs. (3.25) is an equality of the free energies of the

chain within the cluster and a non-aggregated chain at CCA, while the

second condition determines the equilibrium aggregation number for the

clusters at CCA.

3.2.5 Physical gel

The free energy of the physical gel (infinite cluster) can be obtained

from eq. (3.1), if we consider the thermodynamic limit, md →∞, Vd →∞,

md/Vd = const. In this case the contributions of the surface tension and

Coulomb energies to the total free energy vanish. The latter is due to

the condition of macroscopic electric neutrality of the gel: all counterions

should enter into the gel, β = 1, to compensate its charge. Also, the last

term in eq. (3.1) becomes equal to zero. Taking into account that in the

gel-phase φ = ψ, we can find

fgela
3 = φ2 +

3

2

φ1/3a

l4/3λ
+

φ

σ
ln

(
φ

σ

)
+

φ

N
ln

(
φ

N

)
. (3.26)
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Figure 16. Phase diagram of the associating polyelectrolyte solution (N = 104, u =

e2/(εakBT ) = 1, λ/a = 10, l = 500, σ = 103).

3.3 Results and discussions

The boundaries of the stability regions of single chains, various mi-

crophases and the gel are determined by the equality of the chemical po-

tentials and the osmotic pressures of the corresponding phases as well as

from the conditions on CCA, eq. (3.25). Among the obtained diversifica-

tion of curves we choose the most advantageous one from the point of view

of the free energy of the system.

First, let us consider a phase diagram calculated for the following val-

ues of the parameters: N = 104, u = e2/(εakBT ) = 1, λ/a = 10, l = 500,

σ = 103 (Figure 16). The phase diagram variables are the average poly-

mer concentration φ and the parameter τ , which enters the expression for
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the surface tension coefficient γ (3.10) and determines the strength of the

attraction between the clusters (the larger τ the higher the tendency for

coalescence). The left black line is the CCA curve. The area of stable sin-

gle macromolecules lies in the area of polymer volume fraction values less

than CCA, and stable spherical clusters can be found at values of polymer

concentration larger than CCA. The right border of the system of stable

spheres is drawn in black, too. The closed red line embounds the area of

stable cylindrical clusters (or, hexagonal microstructure). The green line

is the border of the region where we predict the presence of the lamellar

structure (from the bottom this area is embounded by the considered lim-

iting value τ = 1). The blue curve is the left border of the solution in

which the physical gel of crosslinks is stable. And the area between the

right black and the blue curves stands for the macrophase separation in

the solution. As one can see from the diagram there are three special val-

ues of the parameter τ at which the significant changes in the behaviour

of the system under study occur. If we consider the solution at a very

low concentration when only single macromolecules are stable, and then

we start to increase the concentration at a fixed value of τ , there will be

four possible scenarios of changes in the solution. The system of stable

finite-size spherical clusters will form in all these four cases. The difference

lies in the further behaviour:

• τ < τ1 First, the concentration increase leads to the demixing of

the solution on spherical clusters and lamellar microstructure; after-

wards, lamellae are stable throughout the solution; then, physical gel

is formed and the system demixes on lamellae and gel; at last, physical

gel occupies all the volume.

• τ1 < τ < τ2 Upon the concoction of the solution, the demixing on

spherical clusters and hexagonal structure occurs, then all polymer
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molecules participate in hexagonal structure formation, afterwards,

solution demixes on the hexagonal and lamellar structure, then lamel-

lar structure only is stable, and through the coexistence with lamellae,

the physical gel remains in the system only.

• τ2 < τ < τ3 As in the previous case, the concoction leads first to the

demixing of the solution under study on the spheres and cylinders and

then all spherical clusters rearrange into stable cylinders; but after-

wards, cylinders begin to coexist with the gel passing the formation

of lamellar microstructure.

• τ > τ3 Only spherical clusters are formed in this range of the values

of τ , and upon the concoction demixing on the spherical clusters and

gel occurs, at last, physical gel is formed by all the macromolecules.

It is necessary to point out that throughout the region of stable spherical

clusters the contribution to the osmotic pressure from the translational

entropy of clusters as wholes exceeds the one from the electrostatic inter-

actions. Thus, it can be said that no microstructure is formed when the

spherical aggregates are stable.

Now let us pass to the consideration of the diagram for N = 104, u = 1,

λ/a = 10, l = 500, σ = 500 presented in the Figure 17. It is seen that

the general structure of the diagram is the same as the one of the diagram

in Figure 16: there are areas of stable single macromolecules, clusters of

spherical form, hexagonal and lamellar microstructures, physical gel; sta-

ble cylindrical and lamellar clusters are separated from spherical aggregates

and gel by the regions of macrophase separation. The differences are the

following. First, the region of stable spherical clusters can be divided into

two parts: the dotted curve is the line where the contributions to the os-

motic pressure from the Coulomb interactions and translational entropy of

the clusters as wholes are equal. Below this curve, no microstructure is
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Figure 17. Phase diagram of the associating polyelectrolyte solution (u = e2/(εakBT ) = 1,

N = 104, λ/a = 10, l = 500, σ = 500).

formed (as in case of the previous diagram), and we can speak about the

formation of the body-centered cubic lattice above the curve. Second, the

area of stable cylindrical clusters becomes very small. The region in the

phase diagram corresponding to the lamellar microstructure extends to the

greater range of values of τ and narrows simultaneously. The CCA curve

and the right border of stable spherical clusters shift to larger values of the

concentration, while the gel is stable at lower polymer volume fractions.

It results not only in a narrowing of the areas of stable microstructures

(hexagonal and lamellar), but also in a narrowing of the macrophase sep-

aration region.

The physical reason of the microphase separation in associating polyelec-
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fassoc fCoulomb

Spherical cluster 3
γ

R3

∼ ρ2R2
3

εkBT
· (2− 3θ1/3

)

Cylindrical cluster 2
γ

R2

∼ ρ2R2
2

εkBT
· ln

(
1

θ

)

Lamella
γ

R1

∼ ρ2R2
1

εkBT
· 1

θ

Table 1. The comparative table of volume densities of surface and electrostatic energies

for clusters of various morphologies (θ = φ/ψ ¿ 1).

trolyte solutions is similar to the mechanism of microstructure formation

at the collapse of polyelectrolyte gel in poor solvent [91]. To minimize

the attraction energy of the stickers single chains should aggregate into

the gel occupying small volume in the dilute solution. However, in this

case counterions, which are trapped within the gel to compensate macro-

scopic charge, should undergo large entropic losses. A compromise can

be attained when the single chains aggregate into the clusters getting a

moderate penalty in the surface energy and gain in entropy due to released

counterions (β < 1). Also, the energy of Coulomb interactions is differ-

ent for microstructures of various types. The table (1) brings the volume

densities of the surface and Coulomb energies for all considered types of

aggregates. It is seen that at small values of θ = φ/ψ spherical aggregate

has the lowest Coulomb energy among all the structures, then the energy

of a cylinder comes, and lamella is most unfavorable. On the other hand,

the opposite relations are kept for the surface energy. The combination

of these opposite tendencies makes all the microstructures stable. A more
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Figure 18. Comparison of the reduced free energies for various microstructures.

explicit explanation of the sequence of the phase transitions can be given

by minimization of the sum of the surface and Coulomb energies per unit

of volume of the cluster f = fassoc + fCoulomb with respect to Rd:

f = f0
[
d2td(θ)

]1/3
, f0 =

3

2

(
2

γ2ρ2

εkBT

)1/3

. (3.27)

Figure 18 demonstrates the dependence of the reduced free energy ω = f/f0

on the parameter θ. It is seen that the cylinders can be stable in the interval

θ1 < θ < θ2; the spheres dominate below θ1 = 0.215 and the formation of

lamellae is favorable above θ2 = 0.355. Note that this result is identical

to the result of Ohta and Kawasaki obtained for the case of microphase

separation in the melt of diblock copolymers [92].

In the next Figure 19 the set of the diagrams (two of these diagrams were

presented as separate figures, Fig. 16 and Fig. 17, and described above)

built for different values of the fraction of charged monomeric units ξ = 1/σ
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Figure 19. Phase diagrams with changing number of monomeric unit between two neigh-

bouring charges along the chain: a) σ = 1000, b) σ = 500, c) σ = 250, d) σ = 150.

at fixed values of the other parameters (N = 104, u = 1, λ/a = 10, l = 500)

is presented. This set reveals the effect of increase of the number of charged

monomeric units: upon the decrease of σ (increase of ξ), the CCA curve

and the curve embounding the area of stable physical gel shift towards

each other. This effect is accompanied by the displacement of the areas of

stable hexagonal and lamellar microstructure to larger values of parameter

τ . As a result of the superposition of these effects, first the area of stable

cylindrical clusters and then of lamellar microstructure vanish from the

phase diagram. These changes are due to the increase of the Coulomb

energies (decrease of σ means increase of charge density) of the hexagonal
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Figure 20. Phase diagrams with changing length of the Kuhn segment: a) λ/a = 5,

b) λ/a = 10, c) λ/a = 20.

and lamellar microstructures which are higher than those of the spherical

clusters; because of this, spherical clusters survive upon the decrease of σ.

Another effect, which is also due to the increase of the Coulomb energy, is

the extension of the BCC area upon the increase of the fraction of charged

monomeric unit.

Another set of diagrams is presented in Figure 20. Here, the length of the

Kuhn segment changes only. In spite of the narrowing of the macrophase

separation region upon the increase of the rigidity of spacers the cylindrical

clusters remain stable and the relative area of their stability widens. This

effect can be explained in the following way. Let us consider a cluster

of an arbitrary form (spherical, cylindrical or lamella). We can write the
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following estimate

fclust ∼ φψ +
3φ

2ψ2/3l4/3 ·
a

λ
(3.28)

and hence, the value of ψ at which fclust reaches its minimum is equal to

ψ =
1

l4/5 ·
(a

λ

)3/5
. (3.29)

It is seen from the Table 1 and estimation (3.29) that changes in λ influence

the electrostatic interactions through the fraction θ: the higher the value

of λ is, the lower the Coulomb energy of a structure will be; on the other

hand, surface energy depends on the quantity ψ in the same way for all

microstructures. Because the dependences of the electrostatic energy for

the cases of the lamellar and hexagonal structures are much stronger than

the one for spherical clusters, the increase of the rigidity of spacers should

stabilize the cylinders and lamellae. The described effect is somewhat

suppressed by the general narrowing of the area of the phase separation,

however the square of stable microstructure areas related to the square of

the phase separation region increases.

The influence of the size of spacers can be illustrated by means of Fig-

ure 21, where one can find diagrams built for various values of the number

of monomeric units in a spacer, l, at fixed values of all other parameters

(N = 104, u = 1, λ/a = 10, σ = 500). The superposition of two tenden-

cies described in the previous paragraph can be observed here as well: the

areas of stable hexagonal and lamellar microstructures extend in a wider

range of values of τ and are significantly more narrow for higher values of l.

And the decrease of the size of spacers stabilizes the crystallized spherical

clusters (BCC structure) and widens the region of macrophase separation.

The estimate (3.29) shows that besides the stronger dependence of ψ on l

in comparison with λ, the changing size of the spacers effects stronger the

surface tension coefficient γ (see eq. (3.10)). That is why the influence of

l is more pronounced.
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Figure 21. Phase diagrams with changing parameter l: a) l = 250, b) l = 500, c) l = 750.

The thickness of the clusters 2Rd and the period of the microstructures

Dd, eq. (3.22), as functions of polymer volume fraction φ are presented in

Figure (22). These two parameters have a similar dependence on φ. With

the increase of the average polymer volume fraction both the size of the

spheres and the characteristic distance between them grow. It means that

the growth of the clusters is accompanied by a decrease of their number.

In the phase separation region ”big” clusters coexist with ”thin” cylinders

which are packed densely (smaller period as compared to the period of

the spheres). A further increase of polymer concentration leads to the

thickening of the cylinders and to the increase of the distance between

them. In contrast to the spheres and cylinders, lamellae are characterized
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Figure 22. Graphics of dependences of cluster thickness 2Rd and period D on the average

polymer volume fraction for various microstructures.
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by very high values of the thickness and the period.

Our theoretical predictions have some qualitative agreement with recent

experimental data. The phase behavior of hydrophobically modified chi-

tosan in dilute solution was investigated by Esquenet and Buhler [93] using

viscosity, static and dynamic light scattering. The phase diagram of the so-

lution was plotted in the variables polymer concentration and length of the

hydrophobic tails. The latter parameter can be related to our parameter τ .

The authors observed three regions on the phase diagram of the associating

polymer in aqueous solution: (i) a supernatant phase (single chains) at low

polymer concentration, (ii) solutions of intermolecularly bridged micelles

at intermediate polymer concentration, and (iii) an associative gel phase

at high polymer content. The aggregation process was investigated using

combined static and dynamic light scattering. They found that with the

increase of the length of the hydrophobic tails the CCA and concentration

in the gel shift toward smaller values. This is in agreement with our pre-

dictions. However, the structure of the solution of the micelles could not

be detected using the above-mentioned techniques and clarification of the

structure of the solution requires further investigations.

3.4 Conclusions

In the present chapter the phase behavior of associating polyelectrolyte

solutions has been studied. It is shown that in addition to the optimum-

size spherical clusters, predicted before [77,79], infinite cylindrical clusters

arranged with the symmetry of hexagonal lattice and lamellae can be sta-

ble. These structures appear when the fraction of the charged units is

very small. It should be reminded that similar structures were predicted

in solutions of polyelectrolytes with uniform distribution of hydrophobic

groups in the vicinity of the critical point (weak segregation approxima-

tion) [65]. The authors have shown that while the solvent quality becomes
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poorer only the cylindrical phase survives. On the other hand, all possible

structures (spherical, cylindrical and lamellar) can be stable even under

strong segregation conditions in the present case of polyelectrolytes with

localized hydrophobic units. It is shown also that the system under study

is also capable of macrophase separation.
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4 Consequences

The results of the PhD-thesis can be summarized as follows:

• The theory of liquid-crystalline ordering of rod-like charged macro-

molecules in a salt-free solution in the absence of counterion con-

densation has been developed. It has been shown that electrostatic

many-body interactions are attractive and stimulate nematic ordering

of macromolecules at very small polymer concentrations. This effect

explains recent experimental results. The presence of two nematic

phases (weakly and strongly ordered) has been predicted. The corre-

sponding phase diagrams with the areas of disordered, weakly ordered

and strongly ordered phases in variables polymer volume fraction —

degree of ionization have been built.

• A theoretical study of the associating polyelectrolyte solution has

been performed. Microstructures of various types (Bcc, hexagonal

and lamellar lattices) have been found to be stable. The coupling of

micro- and macrophase separations has been observed what is done in

the strong segregation regime for the first time, to the authors knowl-

edge. Phase diagrams in the variables polymer volume fraction —

efficiency of association of stickers, which contained regions of stabil-

ity of single macromolecules, various microstructures and physical gel

separated by areas of macrophase separation have been presented.
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A Correlation free energy

One of the possible ways to calculate the Gaussian integrals in eq. (2.11)

is substitution of continual integration over the wave vector q in the fluctu-

ating free energy δF , eq. (2.10), by discrete summation over wave numbers

k, q = 2π{kx/Lx, ky/Ly, kz/Lz}, kx, ky, kz = 0,±1,±2, . . ., where Lx,y,z are

linear dimensions of the system, LxLyLz = V

δF (ψ, ξ)

kBT
=

1

2V

∑

k

[
ξkξ−k

τρ
+

ψkψ−k

mρtk
+

+
l

q2
k
|τψk − ξk|2

]
, (A.1)

q2
k ≡ (2π)2

(
k2

x

L2
x

+
k2

y

L2
y

+
k2

z

L2
z

)
.

Then the expressions in logarithms of eq. (2.11) are infinite products of

integrals over variables ψk and ξk. Diagonalization of the square form,

eq. (A.1), can be done via the following variable substitution

ξk = ξ̄k + ψk
τ 2ρl

τρl + q2
k
,

δF (ψ, ξ̄)

kBT
=

1

2V

∑

k

[
ψkψ−k

(
1

mρtk
+

τ 2l

τρl + q2
k

)
+

+ ξ̄kξ̄−k

(
1

τρ
+

l

q2
k

)]
. (A.2)

Using the well-known result for the Gaussian integral

∞∫

−∞
dx exp(−βx2) =

√
π

β
, (A.3)
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and integrating the exponents over ψk and ξ̄k, we obtain

∆Fel

kBT
= − ln

∏

k

√√√√√√√

1

mρtk

1

τρ(
1

mρtk
+

τ 2l

τρl + q2
k

)(
1

τρ
+

l

q2
k

) =

=
1

2

∑

k

ln

(
1 + τρl

1 + mτtk
q2
k

)
=

=
V

2

∫
dq

(2π)3 ln

(
1 + τρl

1 + mτtq
q2

)
, (A.4)

where in the last equality we have returned from summation to integration.
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B Disordered state

The calculation of the correlation free energy, eq. (2.16), in the disor-

dered state (with structural function (2.18)) can be performed via inte-

gration by parts over the dimensionless variable y = qL, 0 < y < ∞,

dq = 4πq2dq = 4πy2dy/L3:

Fdis =
∆Fcorr

kBTV
=

=
1

(2π)2L3

[
y3

3
ln

(
1 + τρlL21 + mτty

y2

)∣∣∣∣
∞

0
−

− τρlL2

3

∞∫

0

dy
mτy3t′y − 2y2(1 + mτty)

y2 + τρlL2(1 + mτty)
−

− τρlL2

∞∫

0

dy(1 + mτty)


 , (B.1)

ty =
2

y

y/2∫

0

dz
sin2(z)

z2 ,

where t′y is the derivative of the function ty. Using the relation

t′y = −ty
y

+
4 sin2(y/2)

y3 , (B.2)

we represent eq. (B.1) as

F dis =
τρl

(2π)2L

[
πmτ

3
− 1

3
× (B.3)

×
∞∫

0

dy
4mτ sin2(y/2) + τρlL2(1 + mτty)(2 + 3mτty)

y2 + τρlL2(1 + mτty)


 .

The contribution of electrostatic interactions to the chemical potential of

the solution can be found from eq. (2.16)

∆µdis =
∂Fdis

∂ρ
= −ρτ 2l2L

(2π)2

∞∫

0

dy
(1 + mτty)

2

y2 + τρlL2(1 + mτty)
. (B.4)
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Combining eqs. (B.3) and (B.4) one can obtain the corresponding contri-

bution to the osmotic pressure of the solution in the following form

∆pdis = ∆µdisρ−Fdis = − lτ 2ρ

12πa
+

+
lτ 2ρ

3π2a

∞∫

0

dy
sin2(y/2)

y2 + τρlL2(1 + mτty)
− (B.5)

− l2τ 2ρ2L

3(2π)2

∞∫

0

dy
(1 + mτty)

y2 + τρlL2(1 + mτty)
.

Now let us consider two limiting cases.

Large number of charged units per chain, mτ À 1.

In this case the second term in eq. (B.5) is small and can be neglected.

Also, the asymptotic form of the function ty at y À 1, ty ≈ π/y, can be

used

∆pdis ≈ − lτ 2ρ

12πa
− l2ρ2τa

3(2π)2

∞∫

0

dz
z + π

z3 +
lρa2

τ (z + π)

. (B.6)

One can distinguish two regimes depending on lρa2/τ

∆pdis ≈ − lτ 2ρ

12πa
−





√
3

54π2/3

(lρ)4/3τ 5/3

a1/3 , at
lρa2

τ
¿ 1

1

24π
(lρτ)3/2 , at

lρa2

τ
À 1

(B.7)

The first regime corresponds to the case when the distance between

charged groups of the molecule, ∆ = a/τ , is smaller than the Debye screen-

ing length of counterions, rD = 1/
√

lτρ, ∆2/r2
D = lρa2/τ ¿ 1. In the con-

sidered limit of the large number of charged groups, mτ À 1, and l ∼ a this

regime is realized at small enough polymer volume fractions, a3ρ ¿ τ . The

linear term in eq. (B.7) gives main contribution to pressure at lρa2/τ ¿ 1

in comparison with the upper term in the curly bracket. From physical
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viewpoint it means that interchain attraction dominates over the chains-

counterions attraction and the structure of the molecule determines the

interaction law.

The second regime in eq. (B.7) corresponds to small Debye screening

length rD, rD ¿ ∆, at high concentrations, τ ¿ a3ρ < 1. In this case

the structure of interpenetrating chains does not play a role and the main

contribution to the osmotic pressure has the same form as for pointlike

molecules (lower term in the curly bracket).

Small number of charged units per chain, mτ ¿ 1.

For the considered rod-like chains with well defined shape, m À 1, the

condition τ ¿ 1/m means vanishing values of τ , τ → 0. In this limit the

third term in eq. (B.5) gives the dominant contribution to the pressure at

finite values of the polymer concentration ρ:

∆pdis ≈ − 1

24π
(lρτ)3/2 . (B.8)

Obviously, this result coincides with the corresponding pressure of point-

like charges of density τρ because the molecular structure does not play a

role in this limit.

Comparison of eqs. (B.7) and (B.8) enables us to choose the contribution

of charge interactions to pressure in the following form

∆pdis ≈ − lτ 2ρ

12πa
− (lρτ)3/2

24π
, (B.9)

which unifies both limits of τ and ρ. We will use in the following this

interpolation form for the description of liquid-crystalline transitions. The

corresponding free energy and chemical potential in this approximation
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take the form

Fdis ≈ − lτ 2ρ

12πa

[
ln(ρla2τ 2m3)− C1 − 1

]− (lρτ)3/2

12π
,

C1 =
12

π

∞∫

0

dy ln(y)
sin2(y/2)

y2 − ln(π) ≈ 0.12,

∆µdis ≈ − lτ 2

12πa

[
ln(ρla2τ 2m3)− C1

]−

− (lτ)3/2 ρ1/2

8π
. (B.10)

The first term in Fdis can be derived from eq. (2.16) in the limit mτ À 1,

if we set ty ≈ π/y in the logarithmic term.
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C Completely ordered state

Integration of eq. (2.16) with the structural function of the completely

ordered state, eq. (2.20), over the angle between vectors û and q results in

Ford =
4

(2π)2L3

∞∫

0

dyy2
[
ω

1 + mτty
y2 −

−
(

1 + ω
1 + mτty

y2

)
ln

(
1 + ω

1 + mτty
y2

)]
,

ty =
sin2(y)

y2 , ω = lτρL2/4. (C.1)

It is worthwhile first to calculate the derivative of Ford with respect to the

parameter ω:

∂Ford

∂ω
= − 4

(2π)2L3

∞∫

0

dy (1 + mτty)×

× ln

(
1 + ω

1 + mτty
y2

)
. (C.2)

Large number of charged units per chain, mτ À 1.

It is clear that the completely ordered state of the solution cannot be at-

tained at very low polymer concentrations. Therefore, we confine ourselves

to consideration of the case ωmτ À 1. It means that for the polyelectrolyte

regime, l ∼ a, the polymer volume fraction φ ∼ ρa3 should be larger than

1/(m3τ 2), φ À 1/(m3τ 2). In the limit of the large number of charged units

per chain, mτ À 1, such an assumption does not reduce the generality of

our approach and covers a very wide concentration range including even

the dilute regime, 1/(m3τ 2) ¿ φ < φ∗ ∼ 1/m2. The derivative in eq. (C.2)
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can be written as

∂Ford

∂ω
≈ − 1

π2L3


mτ

ξ∫

0

dyty ln

(
1 + ωmτ

ty
y2

)
+

+

∞∫

ξ

dy ln

(
1 +

ω

y2

)

 , (C.3)

where ξ ∼ √
mτ À 1. Depending on ω one can distinguish two regimes. At

ω < ξ2 the first integral in the square brackets of eq. (C.3) can be written

as the sum of two terms

ξ∫

0

dyty ln

(
1 + ωmτ

ty
y2

)
≈ (C.4)

≈
ω1/4ξ1/2∫

0

dyty ln

(
ωmτty

y2

)
+ ωmτ

ξ∫

ω1/4ξ1/2

dy
t2y
y2

≈ π

2
ln(ωmτ) +

∞∫

0

dyty ln

(
ty
y2

)
+ O

(
1

ω1/4ξ1/2

)

and the second integral takes the form

∞∫

ξ

dy ln

(
1 +

ω

y2

)
=

√
ω

(
π − 2 arctan

ξ√
ω

)
−

−ξ ln

(
1 +

ω

ξ2

)
= O

(
ω

ξ

)
at ω < ξ2. (C.5)
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The other regime, ω > ξ2, is analyzed in a similar manner. The result in

the main order of magnitude can be presented as

∂Ford

∂ω
≈ − 1

2πL3 × (C.6)

×





mτ [ln (4ωmτ) + C2] + . . . at ω < ξ2

mτ [ln (4ωmτ) + C2] + 2
√

ω + . . . at ω > ξ2

,

C2 =
2

π

∞∫

0

dyty ln

(
ty
4y2

)
≈ −1.69.

Small number of charged units per chain, mτ ¿ 1.

In this case eq. (C.2) takes the form

∂Ford

∂ω
≈ − 1

π2L3

∞∫

0

dy ln

(
1 +

ω

y2

)
= −

√
ω

πL3 . (C.7)

Comparing eqs. (C.6) and (C.7) one can choose the value of ∂Ford/∂ω

at ω > ξ2 as the interpolation form covering all the considered limits. In

this approximation the contribution of Coulomb interactions to the free

energy, chemical potential and osmotic pressure of the completely ordered

state of the solution have the form

Ford ≈ −lτ 2ρ

8πa

[
ln(ρla2τ 2m3) + C2 − 1

]− (lρτ)3/2

12π
,

∆µord ≈ − lτ 2

8πa

[
ln(ρla2τ 2m3) + C2

]− (lτ)3/2 ρ1/2

8π
,

∆pord ≈ −lτ 2ρ

8πa
− (lρτ)3/2

24π
. (C.8)
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D Coulomb energy of the infinite lamellar layer

Let us consider the case of the infinite (in two directions) ordered

sandwich-like structure where areas enriched with polymer are separated by

the areas filled with counterions (see Figure 15). The electrostatic energy

can be evaluated precisely in the case of Oosawa’s two zone approxima-

tion [22]. If we introduce the electrostatic potential ϕ(x), the energy of

Coulomb interactions of lamellae will be:

FC =
S

8π

L∫

0

dx(∇ϕ(x))2, (D.1)

where x is the linear coordinate (one dimension problem), S is the square

of the surface of a single lamella and L is the linear size of the system. The

potential ϕ is connected with the charge density ρ through the Poisson

equation

∇2ϕ(x) = −4πρ(x). (D.2)

Our previous assumptions include the one about the presence of the clear

border between the areas filled with polymer and free of macromolecules.

It means that we work in the framework of the strong segregation limit.

Thus, we can choose the step-like periodical function as a trial for the

charge density

ρ(x) =

{
ρ1, 0 < x ≤ 2R1

−ρ2, 2R1 < x < D1
, (D.3)

where D1 is the periodicity of the structure and d is the width of the area

enriched with polymer. The quantities ρ1 and ρ2 are also not independent

because the electroneutrality condition 2R1ρ1 = (D1 − 2R1)ρ2 has to be

satisfied.

We will prosecute Fourier transformation for both of the functions ϕ(x)
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and ρ(x) in order to calculate the energy (D.1)

ϕ(x) =
−1∑

n=−∞
ϕn exp

(
2πnx

D1
· i

)
+

∞∑
n=1

ϕn exp

(
2πnx

D1
· i

)
. (D.4)

Then we substitute the latter expression to the (D.1) and obtain

FC =
SL

4π
·
∞∑

n=1

(
2πn

D1

)2

ϕnϕ−n, (D.5)

and if we use interconnecting condition (equation (D.2) with applied Fourier

transformation) (
2πn

D1

)2

ϕn = 4πρn (D.6)

we get

Fc =
D2

1SL

π
·
∞∑

n=1

ρnρ−n

n2 . (D.7)

The value of ρn can be found from the equation (D.3) by means of inverse

Fourier transformation

ρn =
1

L
·

L∫

0

dxρ(x) exp

(
2πnx

D1
· i

)
=

ρ1 + ρ2

i2πn
·
(

1− exp

(
4πnR1

D1
· i

))
.

(D.8)

Finally, the energy of the Coulomb interactions takes the following form:

FC =
D2

1SL(ρ1 + ρ2)
2

2π3

∞∑
n=1

1− cos(4πnR1/D1)

n4 =

=
2π

3
SLρ2

1R
2
1,

where we used the condition of electroneutrality in the last equality. This

is the expression for the Coulomb energy of the whole structure. If we

divide this expression by V1 = SD1θ (volume of the single lamellar cluster)

and by the total number of lamellar clusters, K = L/D1, we will obtain

the expression (3.15).
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