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Abstract

Cycles obey a packing-covering duality, as Erdős and Pósa proved in their now classic
1965 paper [15]: every graph contains k disjoint cycles, or a vertex set of size O(k log k)
that meets every cycle. More succinctly, we might say that cycles have the vertex-Erdős-
Pósa property. Here, a class of graphs has the vertex-Erdős-Pósa property if there is a
function f : N→ N such that in every graph there are either k vertex-disjoint subgraphs
belonging to the class or a vertex set X of size |X| ≤ f(k) that intersects all subgraphs
that lie in the class.

Probably the most famous result in this field, after the theorem by Erdős and Pósa, is
due to Robertson and Seymour [38]. They showed that the set of expansions of a fixed
graph H has the vertex-Erdős-Pósa property if and only if H is planar. In particular,
this implies that the cycles have the vertex-Erdős-Pósa property. One of the main results
of this work is a generalization of the theorem by Robertson and Seymour to labelled
graphs.

Gallai [42] proved that A-paths, that is for a vertex set A in a graph, paths with
distinct endvertices in A that are otherwise disjoint from A, have the vertex-Erdős-Pósa
property. Bruhn, Heinlein and Joos [6] showed that the A-paths of length ≡ 0 (mod m)
have the vertex-Erdős-Pósa property if m = 2 and they do not have it if m is a non-
prime integer such that m 6= 4. Then Bruhn et al. asked whether such paths have the
vertex-Erdős-Pósa property when m = 4 or when m is an odd prime. In this work, it will
be proven that such paths have the vertex-Erdős-Pósa property when m = 4. A more
general result will be proven as well. To that end, let the edges of a graph G be weighted
with elements of an abelian group Γ. We say that a path P in G is zero (with respect
to Γ) if the sum of the weights of the edges of P is 0 ∈ Γ, where 0 is the neutral element
of Γ. The groups for which the zero A-paths have the vertex-Erdős-Pósa property will
be characterized, which also answers the question by Bruhn et al. for odd primes m.

When we replace ”vertex/vertices” by ”edge/edges” in the definition of the vertex-
Erdős-Pósa property, we obtain the edge-Erdős-Pósa property. Generally, much less is
known about the edge-Erdős-Pósa property than about the vertex-Erdős-Pósa property.
In particular, there is no edge-equivalent of the theorem by Robertson and Seymour.
In this work, it will be shown that expansions of the house graph, the ladder with
three rungs as well as long cycles have the edge-Erdős-Pósa property (these graphs
will be defined later). None of these are new results, however, the proofs obtained are
simpler and with a slightly better bound on the size of an edge set that intersects all the
corresponding graphs.

Lastly, it will be proven that A–B-paths, that is for vertex sets A,B in a graph, paths
with one endvertex in A and one in B that are otherwise disjoint from both A and B,
of some minimum length have the edge-Erdős-Pósa property.
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1 Introduction

Packings and coverings are problems that occur often in mathematical fields like graph
theory, optimisation and also topology. Given a container and some target objects, in a
packing problem, one asks how many disjoint target objects fit into the container. The
answer to this question is the packing number of the container (with respect to the target
objects). Imagine uniform packages being packed into shipping containers that are to
be shipped somewhere. Clearly, one wants to pack as many packages into a container as
possible so that overall fewer containers have to be shipped. Conversely, in a covering
problem also hitting objects are given and one asks what is the smallest number of hitting
objects that cover all target objects in the container, that is, the chosen hitting objects
intersect all target objects. However, such a number does not exist for every choice
of containers, target objects and hitting objects. We define the covering number of the
container (with respect to the target and hitting objects) to be the smallest such number
if it exists and ∞ otherwise. Think of radio towers that each cover a small circular area
around them and a large given area needs to be covered by radio towers. For obvious
reasons, one wants to build the smallest number of towers.

There are many packing and covering problems, obvious ones like bin packing, vertex
cover or feedback vertex set but there also many problems where it is not immediately
obvious that they may also be viewed as such. For instance, maximum matching is
nothing else than packing a maximum number of disjoint edges into a graph. Whereas
a perfect matching is a covering of the vertex set by edges in a graph. In min makespan
one packs jobs into machines and colouring a graph is just covering its vertex set by
independent vertex sets. There are numerous problems that fit into these two categories
and many of them are hard to solve, in fact, nearly all of the stated ones above are
NP-complete, which makes these sort of problems very interesting to study.

Throughout this thesis, we will look at packings and coverings in graphs and, in
particular, how they relate to each other. Let G be a graph and let H be a class of
graphs. A packing of H in G is a maximum set of vertex-disjoint subgraphs of G that
are each isomorphic to graphs in H. A covering of H in G is a minimum set of vertices
of G that intersects each subgraph of G that is isomorphic to a graph in H. When H is
fixed, the packing number of G is the maximum size of a packing in G while the covering
number of G is the minimum size of a covering of H in G. As the set of all vertices of G
is a covering of H, the covering number of G is finite.

Fix a class of graphs H and a graph G. The two problems of finding a maximum
packing and a minimum covering in G are dual to each other. This implies that the
covering number of G bounds the packing number of G from above. (Although this is
obvious since any vertex in a covering of H in G can intersect at most one element of
a packing in G.) Can we also bound the covering number from above by the packing
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1 Introduction

number? That is, is there a strong duality between the two problems? In general the
answer is no. If H is the set of all cycles and G is the graph in Figure 1.1, then there is
no packing of size two in G (no two disjoint cycles) but a covering of H in G needs to
contain at least two vertices (no single vertex intersects all cycles).

Figure 1.1: The packing number of this graph is 1 while its covering number is 2 (when
H is the set of all cycles).

However, while equality does not hold, the following is true.

Theorem (Erdős and Pósa [15]). There is a function f ∈ O(k log k) such that for any
graph G and any k ∈ N, there are either k disjoint cycles in G or a set of at most f(k)
vertices that intersects all cycles in G.

If packcyc(G) is the maximum number of cycles in a graph G and if covcyc(G) is the
minimum number of vertices that intersect all cycles, then this theorem implies that
covcyc(G) ≤ f(packcyc(G) + 1). For the class H that consists of all cycles, Erdős and
Pósa obtained a function such that the covering number of any graph G can be bounded
from above by this function of the packing number of G.

Does that work for all classes of graphs? For any class of graphs H, is there a function
f : N→ N such that the covering number of any graph G is bounded from above by f of
the packing number of G? No, it turns out that already requiring the cycles to have an
odd length breaks this property [21]. Let H be the set of all odd cycles. We construct
graphs Gi for i ∈ N by taking a grid of size 2i and adding edges that wrap around this
grid as seen in Figure 1.2. For any i ∈ N, the graph Gi contains no two disjoint odd
cycles, but any covering of H in Gi has size at least i (see for example [37]). Hence,
even if we assume the packing number to be 1, there is an arbitrarily large gap between
the packing number and the covering number of a graph. This implies that a function f
with the desired properties cannot exist.

Now, the distinction between classes of graphs for which there is such a bounding
function and for which there is not, leads us to the Erdős-Pósa property. We say that
a class of graphs H has the vertex-Erdős-Pósa property if there is a function f : N→ N
such that for any graph G and any k ∈ N there are either k vertex-disjoint subgraphs
of G that belong to H or a set of at most f(k) vertices that intersects all subgraphs in G
that belong to H. We refer to f as a vertex-Erdős-Pósa function for H and we call any
set of vertices that intersects all subgraphs of G that belong to H a vertex hitting set
for H in G (in other words, a covering of H in G).

The result by Erdős and Pósa on cycles that was stated above shows that cycles have
the vertex-Erdős-Pósa property (the Erdős-Pósa property was named after Erdős and
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Figure 1.2: The graph G3 is drawn here. There are no two disjoint odd cycles in this
graph but any covering of the odd cycles has to contain at least 3 vertices.
An odd cycle as a dashed line.

Pósa because of this result). In contrast, we have seen that odd cycles do not have
the vertex-Erdős-Pósa property. There are numerous results on cycles and the vertex-
Erdős-Pósa property: Cycles of some fixed minimum length [3, 40, 30], cycles with
modulo length constraints [21, 44, 48] and cycles through prescribed vertex sets [18, 20,
23, 31] and also combinations of these [18, 7].

Menger’s theorem is one of the very few results that achieves a strong duality between
a packing problem and the corresponding covering problem in a graph. Menger has
shown that for vertex sets A,B in a graph, the maximum number of disjoint A–B-paths
is equal to the minimum number of vertices that intersect all these paths. This means
that the A–B-paths have the vertex-Erdős-Pósa property. (Though technically, A–B-
paths are not a class of graphs, which is why we have to extend the definition of the
vertex-Erdős-Pósa property in the obvious way.) For a vertex set A in a graph, an A-path
is a path with two distinct endvertices in A that is otherwise disjoint from A. A result
by Gallai [42] implies that also the A-paths have the vertex-Erdős-Pósa property.

Several length-constrained variants of the A-paths and the A–B-paths were investi-
gated on the vertex-Erdős-Pósa property. Both A-paths [19] and A–B-paths [29] of some
fixed minimum length have the vertex-Erdős-Pósa property. Moreover, paths with mod-
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1 Introduction

ulo length constraints were researched, most importantly, paths of length ≡ 0 (mod m)
and also paths that are not of length ≡ 0 (mod m) for a fixed m ∈ N. Modifying a
counterexample in [19] shows that the A–B-paths with any kind of modularity con-
straint do not have the vertex-Erdős-Pósa property. Wollan [49] proved that A-paths
that are not of length ≡ 0 (mod m) have the vertex-Erdős-Pósa property for any fixed
m ∈ N (actually, what he proved was more general than that). Furthermore, Bruhn,
Heinlein and Joos [19] showed that A-paths of even length have the vertex-Erdős-Pósa
property, that is, A-paths of length ≡ 0 (mod 2). Additionally, they found out that for
non-prime m ∈ N with m 6= 4, the A-paths of length ≡ 0 (mod m) do not have the
vertex-Erdős-Pósa property. Bruhn et al. then asked whether the A-paths of length ≡ 0
(mod m) have the vertex-Erdős-Pósa property when m = 4 or when m is an odd prime.

Together with Henning Bruhn, we were able to answer this question when m = 4.

Theorem (Bruhn, U. [8]). The A-paths of length ≡ 0 (mod 4) have the vertex-Erdős-
Pósa property.

Later I managed to answer the question fully. Even more, I was able to characterize
the abelian groups for which the zero A-paths have the vertex-Erdős-Pósa property. For
an abelian group Γ, a Γ-labelled graph is a graph where all edges are weighted with
elements of Γ; a path in this graph is zero if the sum of the weights of its edges is zero.
In Chapter 8, this will be defined in detail.

Theorem (U. [46]). Let Γ be an abelian group. The zero A-paths have the vertex-Erdős-
Pósa property if and only if all following statements apply:

(i) Γ is finite and

(ii) for all x, y ∈ Γ with y 6= 0, there is an n ∈ Z such that 2x+ ny = 0.

This theorem implies that for odd primes m, the A-paths of length ≡ 0 (mod m) have
the vertex-Erdős-Pósa property, see Section 8.6.

Probably the most famous result in the Erdős-Pósa field, after the result by Erdős and
Pósa, is the result on the characterization of the graphs that have the vertex-Erdős-Pósa
property. We say that a graph H has the vertex-Erdős-Pósa property if and only if the
set of expansions of H has the vertex-Erdős-Pósa property (a graph G is an expansion
of H if H is a minor of G). Robertson and Seymour [38] proved that a graph H has
the vertex-Erdős-Pósa property if and only if H is planar. In particular, this implies
that the cycles have the vertex-Erdős-Pósa property since the set of cycles is exactly the
set of expansions of C3 (assuming some minimality conditions), where C3 is the cycle
with three vertices. The vertex-Erdős-Pósa function they obtained was exponential.
Later Chuzhoy and Chekuri [9] improved this bound to O(k logc(k)) where the hidden
constant factor is depending on the graph H while c is universal to all planar graphs.
Just recently, Batenburg, Huynh, Joret and Raymond [2] showed that O(k log(k)) is the
optimal bound.

Bruhn, Joos and Schaudt [18] generalized the notion of expansions to labelled graphs.
For a set Γ, a Γ-label in a graph H is a function that maps a subset of Γ to each vertex
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of H (not to be confused with a Γ-label when Γ is a group). A Γ-labelled graph G
is an expansion of a Γ-labelled graph H if G is an expansion of H that in some sense
respects the label (mainly, the branch set of a vertex v ∈ V (H) should contain all
elements of Γ that were assigned to v), the specifics will be explained later. Through
these expansions, it is possible to retrieve many known results on the vertex-Erdős-Pósa
property. For instance, there is a labelled graph such that its expansions are, with a slight
abuse of notation, exactly the A–B-paths. Similarly, there is a graph whose expansions
are exactly the A-paths. However, we also obtain many new results depending on which
types of labelled graphs have the vertex-Erdős-Pósa property.

Bruhn et al. characterized the 2-connected labelled graphs that have the vertex-Erdős-
Pósa property. In joint work with Henning Bruhn and Felix Joos, we finished the charac-
terization of the labelled graphs that have the vertex-Erdős-Pósa property. For labelled
graphs that are connected, we obtain the following result, the details and definitions can
be found in Chapter 9.

Theorem (Bruhn, Joos, U. [16]). Let H be a connected labelled graph. Then the labelled
H-expansions have the vertex-Erdős-Pósa property if and only if all following statements
apply:

(i) H has label homogeneity at most 2 and

(ii) every proper trunk of H is feasible.

We have the following characterization of unconnected labelled graphs that have the
vertex-Erdős-Pósa property. An explanation and the definitions will be introduced in
Chapter 10.

Theorem (Bruhn, Joos, U. [17]). Let H be a labelled graph. Then H has the vertex-
Erdős-Pósa property if and only if all following statements apply:

(i) the components of H that are maximal with respect to �` have the vertex-Erdős-
Pósa property and

(ii) no two components of H form a bad linkage.

I have spent a considerable amount of time working on an edge-variant of the vertex-
Erdős-Pósa property. Instead of vertex-disjoint packings and vertex-coverings, one can
also consider edge-disjoint packings and edge-coverings. A class of graphs H has the
edge-Erdős-Pósa property if there is a function f : N → N such that for any k ∈ N and
any graph G there are either k edge-disjoint subgraphs of G that belong to H or a set
of at most f(k) edges that intersects all subgraphs of G that belong to H.

A lot less is known about the edge-Erdős-Pósa property than about the vertex-version.
Typically, proving that a class of graphs has the edge-Erdős-Pósa property is much harder
than proving that it has the vertex-Erdős-Pósa property. Undoubtedly, the main reason
for this is that for the vertex-version, there are very powerful tools from the minor series
of Robertson and Seymour. Through the use of walls and tangles, see Chapter 6, it
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1 Introduction

is often possible to immediately prove that a class of graphs has the vertex-Erdős-Pósa
property without any effort. In contrast, there are no such tools for the edge-Erdős-Pósa
property (yet).

Interestingly, as far as I know, there are no classes of graphs that have the edge-Erdős-
Pósa property but not the vertex-Erdős-Pósa property. This may indicate that the edge-
Erdős-Pósa property implies the vertex-Erdős-Pósa property, which makes sense as it
is harder to prove the edge-Erdős-Pósa property. On the other hand, there are many
classes of graphs that have the vertex-Erdős-Pósa property but not the edge-Erdős-Pósa
property. Most prominently, the sets of expansions of some fixed graphs. We say that a
graph H has the edge-Erdős-Pósa property if and only if the set of its expansions has it.
We already discussed that a graph H has the vertex-Erdős-Pósa property if and only if
H is planar. While it is still true that non-planar graphs do not have the edge-Erdős-
Pósa property [34], there are many planar graphs that do not have the edge-Erdős-Pósa
property. Bruhn, Heinlein and Joos [6] found out that trees of large pathwidth as well
as ladders with many rungs do not have the edge-Erdős-Pósa property (a ladder with n
rungs consists of two paths P = u1 . . . un and Q = v1 . . . vn and edges uivi for i ∈ [n]).
If even simple graphs like trees and ladders do not have the edge-Erdős-Pósa property,
then what type of graphs do have the edge-Erdős-Pósa property? There are actually
only a handful graphs that are known to have the edge-Erdős-Pósa property [4, 5, 11,
33]. In my master’s thesis [45], I proved that two very small graphs, the house graph
(see Chapter 5) and the ladder with three rungs, have the edge-Erdős-Pósa property.
However, the proof was very long-winded and a lot of cases had to be analyzed. I was
able to streamline the proof substantially and even lower the bound on the edge hitting
set.

Theorem (U. [41]). The house graph and the ladder with three rungs have the edge-
Erdős-Pósa property with edge-Erdős-Pósa function in O(k2 log(k)) and in O(k3 log(k))
respectively.

Bruhn, Heinlein and Joos [6] showed that C`, the cycle with ` vertices, has the
edge-Erdős-Pósa property. The bound on an edge hitting set that they found lies in
O(k2 log(k) + k`). Together with Gwenaël Joret and Wouter Cames van Batenburg, we
managed to give a very simple proof that C` has the edge-Erdős-Pósa property with a
slightly better bound on the edge hitting set.

Theorem (van Batenburg, Joret, U. [1]). For ` ∈ N, the cycle C` has the edge-Erdős-
Pósa property with an edge-Erdős-Pósa function in O(k` · log(k`)).

Finally, in joint work with Matthias Heinlein, we proved that A–B-paths of a fixed
minimum length ` have the edge-Erdős-Pósa property.

Theorem 1.1 (Heinlein, U. [27]). For ` ∈ N, the A–B-paths of length at least ` have
the edge-Erdős-Pósa property.
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Many more results can be found on the regularly updated website of Raymond [35]
that is a great list of most Erdős-Pósa results.

This dissertation is organized as follows. In the next chapter I will provide the most
important notions and notation. Then in the following three chapter the three edge-
Erdős-Pósa results will be proven. In Chapter 6, I define walls and tangles and with
these I proceed to prove the remaining results on the vertex-Erdős-Pósa property in the
last four chapters.

7





2 General Notation and Definitions

The definitions and notation in this chapter will be used throughout this thesis. For
general graph-theoretic notation I refer to Diestel [32]. All graphs are undirected, finite
and simple unless specified otherwise.

The length of a path or cycle is equal to the number of edges it contains. A path
or cycle is even/odd if its length is even/odd. A path is trivial if its length is 0, that
is, it contains exactly one vertex, otherwise it is non-trivial. The endvertices of a path
are its vertices of degree at most 1 and the interior vertices of a path are its vertices of
degree 2. The interior of a path is the set of its interior vertices.

Let A,B be two vertex sets in a graph. An A-path is a non-trivial path with both
endvertices in A such that its interior is disjoint from A. Similarly, an A–B-path is a
path with one endvertex in A, the other in B such that its interior is disjoint from A
and B.

When P is a path and x, y ∈ V (P ), we denote by xPy the subpath of P between x
and y. For a path Q that contains the vertices y and z such that xPy and yQz intersect
only in y, denote by xPyQz the concatenation of xPy and yQz. The result is a path
from x to z in P ∪ Q. We generalize this notion in the obvious way when we want to
concatenate more than two paths.

Let A ⊆ V (G) and let H be a subgraph of G. We write G[A] for the induced subgraph
of G on A. We denote by G − A the subgraph G[V (G) \ A]. If v is a single vertex we
write G− v for G− {v} Furthermore, we write G−H for G− V (H) and G[A ∪H] for
G[A ∪ V (H)].

Let G,H be two graphs. An H-expansion in G is a tuple (H ′, π) with H ′ ⊆ G and
π : V (H)∪E(H)→ 2H

′ ∪E(H ′), where 2H
′

is the set of subgraphs of a graph H ′, such
that the following holds:

� π(v) is a tree in G for each v ∈ V (H), and two such trees π(u), π(v) for distinct
u, v ∈ V (H) are disjoint; and

� π(uv) is an edge of G between π(u) and π(v) for each uv ∈ E(H).

We call the set π(v) the branch set of v.
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3 Long cycles (originally published in [1])

For a fixed integer `, we say that a cycle is long if its length is at least `. It has long been
known that long cycles have the vertex-Erdős-Pósa property; this follows for instance
from the result of Robertson and Seymour that was discussed in the introduction [38].
The first polynomial vertex-Erdős-Pósa function is due to Birmelé, Bondy, and Reed [3],
who obtained a O(k2`) bounding function. Then Fiorini and Herinckx [40] improved this
to a O(k` log k) bounding function. Using a different approach, this has been refined
by Mousset, Noever, and Škorić, and Weissenberger [30] to a O(k log k + k`) bounding
function, which is best possible.

After this, Bruhn, Heinlein and Joos [5] established that cycles of length at least `
also have the edge-Erdős-Pósa property. They obtained an edge-Erdős-Pósa function in
O(k2 log k + k`). Among other ingredients, they used the vertex-Erdős-Pósa property,
a reduction which roughly costs them a multiplicative factor k. In contrast, we do not
require this reduction step; our technique is self-contained and can simultaneously yield
the vertex- and edge-Erdős-Pósa property. This is the main reason we are able to prove
an O(k` · log(k`)) bound:

Theorem 3.1 (van Batenburg, Joret, U. [1]). Long cycles have the edge-Erdős-Pósa
property with edge-Erdős-Pósa function in O(k` · log(k`)).

We remark that all our proofs technically also work in multigraphs. A sketch of the
general proof scheme is given below and also how this might be useful to prove the
edge-Erdős-Pósa property for other graph classes as well.

Suppose we are given a fixed graph J and we want to prove the edge-Erdős-Pósa
property for the class of J-expansions, with an edge-Erdős-Pósa function in O(k log k).
Let k ∈ N and let G be a graph. The first step is to apply induction on the number of
edges of G. If G has a subgraph H which is a small J-expansion, that is of size at most
O(log k), then one can apply a straightforward induction to the graph G−E(H). Hence,
we may assume that each J-expansion in G is large, that is of size Ω(log k). Similarly,
if we can apply a reduction operation on G, then we are done by induction, so we may
assume that G is reduced. Here, the reduction operations depend on J (for instance,
removing vertices of degree 1 and suppressing vertices of degree 2 if J is C3). Finally,
we partition the vertex set V (G) of our reduced graph G into sets that induce connected
subgraphs of diameter proportional to log k; in fact these subgraphs can be chosen to
approximately equal balls of some uniform radius r = O(log k). For simplicity, we call
them balls in the remainder of this proof sketch. Using that small J-expansions do not
occur as a subgraph, we then need to derive that each ball grows exponentially, in the
sense that the number of vertices on its boundary is exponential in r. This ensures that
the boundary of each ball has size Ω(k1+ε), for some ε depending on the size of J but
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3 Long cycles (originally published in [1])

independent of k. We also need that sufficiently many vertices on the boundary have
a neighbour in some other ball, and that between any two balls there are only ‘few’
edges. This will ensure that every ball sends an edge to Ω(k1+ε) distinct other balls.
Once this has been established, we can contract each ball to a vertex, thus obtaining a
minor of G with minimum degree Ω(k1+ε) after removing parallel edges. This in turn
implies that G has a large clique minor (a clique of order at least k · |V (J)|) and hence G
contains k vertex-disjoint (and thus also edge-disjoint) J-expansions, as desired. This
concludes the sketch of the general method.

Finding adequate reduction operations is of course problem dependent (i.e. it depends
on J). The main challenge with this method seems to be proving that the ball bound-
aries are uniformly increasing as a function of their radius once the graph is reduced;
ideally exponentially in the radius. This is not difficult in the case of J = C3, because
then one can deduce that the balls must induce trees where each internal vertex has
degree at least 3, see Section 3.1. In the case where J is some larger cycle C`, the balls
do not necessarily induce trees, but it is still possible to reduce to the case where all
balls globally possess some tree-like structure, yielding the desired growth behaviour.
This step is the bulk of the proof of Theorem 3.1.

We wish to reiterate that if this method works for a given graph J , then essentially the
same proof also yields the vertex-EP property. Moreover, if the balls exhibit exponential
growth, then this method yields the optimal O(k log k) bound. If the balls grow slower,
e.g. polynomially in the radius, then the method will still yield the edge-Erdős-Pósa
property, albeit with a larger edge-Erdős-Pósa function.

3.1 Classic Erdős-Pósa

In this section, we present a proof of the Erdős-Pósa theorem for cycles, as a warm-up
for the proofs presented in Section 3.2. It is along the lines of the proof given in [34].
Our main tool is the following powerful lemma of Kühn and Osthus [25], see also Diestel
and Rempel [14]. Its short proof is included for completeness.

Given two vertices u, v in a graph G, we let dG(u, v) denote the distance between u
and v in G.

Lemma 3.2 (Kühn and Osthus [25]). Let m ≥ 0 and d ≥ 3 be integers. Then every
graph G of girth at least 8m + 3 and minimum degree d contains a minor of minimum
degree at least d(d− 1)m.

Proof. This proof is taken over literally from [25]. The lemma is obvious if m = 0,
so let us assume m ≥ 1. For each x ∈ V (G) and integer r ≥ 0, let Br(x) :=
{u ∈ V (G) | dG(x, u) ≤ r} denote the ball of radius r centered at x. Let X be a maximal
set of vertices of G that have pairwise distance at least 2m+1 from each other. Thus, for
distinct x, y ∈ X, the balls Bm(x) and Bm(y) are disjoint. Extend the (Bm(x))x∈X to
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disjoint connected subgraphs of G by first adding each vertex at distance m+ 1 from X
to one of the Bm(x) to which it is adjacent. Then add each vertex at distance m + 2
from X to one of the subgraphs constructed in the previous step to which it is adjacent.
Continue like this until each vertex of G is contained in one of the constructed subgraphs
and denote the subgraph obtained from Bm(x) in this way by T (x). The choice of X
implies that each vertex of G has distance at most 2m from X, so each vertex of T (x)
has distance at most 2m from x in T (x). Therefore, as G has girth at least 4m + 2,
each T (x) is an induced subtree of G. In particular, Bm(x) is a tree in which every
vertex that is not a leaf has degree at least d and in which every leaf has distance m
from x. So Bm(x) and T (x) have at least d(d − 1)m−1 leaves. Hence T (x) sends at
least d(d − 1)m edges to vertices outside T (x). Because G has girth at least 8m + 3,
two distinct trees T (x), T (y) are joined by at most one edge. Thus the graph obtained
from G by contracting the trees (T (x))x∈X has minimum degree at least d(d − 1)m, as
desired.

We will also need the following lemma.

Lemma 3.3. Let k be a non-negative integer and let G be a graph of minimum degree
at least 3k. Then G contains k vertex-disjoint cycles.

Proof. We proceed by induction on k. The statement is clearly true for k = 0. Sup-
pose k ≥ 1. Since G has minimum degree at least 3, it has a cycle. Let C be a shortest
cycle in G. Every vertex in V (G)\V (C) has at most three neighbours in V (C) since
otherwise there would be a shorter cycle. Thus, the minimum degree of G − V (C) is
at least 3(k − 1) and so, by induction, there exists a collection of at least k − 1 vertex-
disjoint cycles in G − V (C). Adding C to this collection, we deduce that G contains k
vertex-disjoint cycles.

Now everything is ready for the proof. We provide it for the vertex-version and then
remark which small changes need to be made for the edge-version. We define g(0) := 0
and g(k) := 8dlog2(k)e+ 2, for every positive integer k.

Theorem 3.4. The cycles have the vertex-Erdős-Pósa property with vertex-Erdős-Pósa
function k · g(k).

Proof. We proceed by induction on |V (G)|, the base case |V (G)| = 0 being clearly true
for any k. Let k ≥ 1 and let G be a non-empty graph. Suppose first that G has girth
at most g(k). Let C be a shortest cycle in G and consider the graph G′ := G − V (C).
Note that |V (C)| ≤ g(k). By induction, either G′ contains k − 1 vertex-disjoint cycles
or there exists a set F ′ ⊆ V (G′) of size at most (k − 1) · g(k − 1) such that G′ − F ′ has
no cycles. In the former case we can add C to the collection to obtain k vertex-disjoint
cycles, as desired. In the latter case G−F has no cycles, where F := F ′ ∪V (C) has size
at most |F ′| + |V (C)| ≤ (k − 1) · g(k − 1) + g(k) ≤ k · g(k), as desired. Thus, we may
assume from now on that G has girth at least g(k) + 1.

If G has a vertex v of degree at most 1, then no cycle visits v, so we are done by
induction applied to G−v. If G has a degree-2 vertex v with neighbour u, then (since G
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is triangle-free) we are done by induction applied to the graph obtained by contracting
the edge uv.

Thus, we may assume that G has minimum degree at least 3 and hence, by Lemma 3.2,
G has a minor G∗ of minimum degree at least 3 · 2(g(k)−2)/8 ≥ 3k. Therefore Lemma 3.3
yields k vertex-disjoint cycles in G∗. Lifting these cycles to G yields k vertex-disjoint
cycles in G, as desired.

The proof of the edge-variant of Theorem 3.4 is verbatim the same, apart from the
canonical replacements of vertex sets with edge sets. In particular, in this case the
induction goes on the number of edges. At the end of the proof, we still obtain k
vertex -disjoint cycles in G; note that they are edge-disjoint as well.

3.2 Edge-Erdős-Pósa for Long Cycles

In this section we prove the edge-Erdős-Pósa property for long cycles. First we prove
two auxiliary lemmas. The first of these lemmas provides a minimum degree condition
for finding many vertex-disjoint long cycles:

Lemma 3.5. Let k ≥ 1 and ` ≥ 3 be integers and let G be a graph of minimum degree
at least k`−1. Then G contains k vertex-disjoint cycles that are each of length at least `.

Proof. We proceed by induction on k. Starting with the base case k = 1, let G be a
graph of minimum degree at least ` − 1. Then a maximal path P in G has at least `
vertices. Since all neighbours of the first vertex of P are on P , we know that G has a
cycle of length at least `, as desired. Now let k > 1 and assume that the lemma holds
true for all values smaller than k. Let G be a graph of minimum degree at least k`− 1
and let C be a shortest cycle of length at least `. Suppose for a contradiction that some
v ∈ V (G)\V (C) has at least `+ 1 neighbours on C := c1, c2, . . . , c|C|. In particular, we
must have |C| ≥ `+ 1. Without loss of generality, c1 is a neighbour of v. Furthermore,
ci is a neighbour of v, for some i ∈ {`− 1, `, . . . , |C| − 2}, since otherwise v would have
less than ` + 1 neighbours on C. But then c1, c2, . . . , ci, v is a cycle of length at least `
and at most |C|−1, contradicting the minimality of C. We conclude that every vertex of
V (G)\V (C) has at most ` neighbours in V (C). Hence the minimum degree of G−V (C)
is at least (k−1)`−1 and so, by induction, G−V (C) contains k−1 vertex-disjoint cycles
of length at least `. Together with C, these cycles yield the desired subgraph of G.

We remark that by the main result of [12], in fact the conclusion of Lemma 3.5 also
holds for every graph with average degree larger than k(`+ 1)− 2, which is sharp.

The following auxiliary lemma will be applied in the main theorem to show that certain
subgraphs of a minimum counterexample contain only short cycles.

Lemma 3.6. Let ` and g ≥ 2` − 1 be positive integers. Let G be a multigraph with
diameter < g/2 such that every cycle of G has either length < ` or length > g. Then
every cycle of G in fact has length < `.
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Proof. For a contradiction, assume that G has a cycle of length at least `, and let C
denote such a cycle of minimum length. Note that |C| > g. Consider two vertices
u, v ∈ V (C) that are at maximum distance with respect to the subgraph C. Let P be
a shortest path in G joining u and v. Starting from p1 := u, let pi denote the i−th
vertex of P that is on C. Observe that for all i, the subpath Pi of P joining pi and pi+1

contains no internal vertex on C.

Suppose that Pi has strictly less than dC(pi, pi+1) edges, for some i ≥ 1. Then
Pi ∪ C contains two cycles that are smaller than C, the largest of which has length
at least |C|2 > g/2 ≥ ` − 1

2 . This contradicts the minimality of C. We conclude that
dP (pi, pi+1) ≥ dC(pi, pi+1), for all i ≥ 1. Combining this with the triangle inequality,
we obtain dC(u, pj) ≤

∑j−1
i=1 dC(pi, pi+1) ≤

∑j−1
i=1 dP (pi, pi+1) = dP (u, pj), for all j ≥ 2.

In particular, it follows that g/2 ≤ b |C|2 c = dC(u, v) ≤ dP (u, v) ≤ diam(G) < g/2;
contradiction.

For all integers ` ≥ 2 and k ≥ 1, we define g(k, `) := 8(` − 1) · (dlog2(k`)e + 2) and
g(0, `) := 0. We are now ready to prove our main theorem.

Proof of Theorem 3.1. Let k ≥ 1, ` ≥ 2 be integers. We claim that the long cycles have
the edge-Erdős-Pósa property with edge-Erdős-Pósa function k · g(k, `). Throughout,
we abbreviate g(k) := g(k, `). Aiming for a contradiction, we assume the theorem to be
false; let G be a counterexample minimizing |E(G)|+|V (G)| and let k ≥ 1 be such that G
contains neither k edge-disjoint long cycles, nor an edge hitting set of size at most k ·g(k).

Suppose first that G contains a long cycle C of length at most g(k) and consider
the graph G′ = G − E(C). Since G′ is not a counterexample, it either contains k − 1
edge-disjoint long cycles or a set F ′ ⊆ E(G′) of size |F ′| ≤ (k − 1) · g(k − 1) such that
G′ − F ′ has no long cycles. In the former case we can add C to obtain k edge-disjoint
long cycles in G; contradiction. In the latter case, F := F ′ ∪E(C) is an edge hitting set
for long cycles in G, while F has size |F ′|+ |E(C)| ≤ (k− 1) · g(k− 1) + g(k) ≤ k · g(k);
contradiction. Therefore, we may assume from now on that every long cycle in G in fact
has length larger than g(k). Since a vertex of degree at most 1 is not visited by any long
cycle, we may also assume that the minimum degree of G is at least 2.

Next, we partition V (G) into a collection of sets such that each of those sets induces
a connected subgraph, as follows. Let X be a maximal collection of vertices that are
pairwise at distance at least g(k)/4. For each x ∈ X and s ∈ N, let Bs(x) denote the
set of vertices that are at distance at most s from x. We will refer to Bs(x) as the ball
of radius s centered at x. Of particular interest are the balls of radius r := g(k)/8. The
balls (Br(x))x∈X are disjoint but do not necessarily partition V (G), however, we will
fix this by extending them. First add each vertex at distance r + 1 of X to one of the
balls to which it is adjacent. After that, add every vertex at distance r + 2 from X to
one of the sets constructed in the previous step to which it is adjacent. This process is
continued until every vertex is covered. For each x ∈ X, we denote by H(x) the graph
induced by the final set that is obtained from Br(x) in this way.
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By construction, every vertex of H(x) is at distance less than g(k)/4 from x; other-
wise such a vertex could have been added to X, contradicting its maximality. Hence,
the diameter of H(x) is less than g(k)/2 and so by Lemma 3.6, H(x) contains no long
cycle. This in turn implies that every block of H(x) has diameter at most (`− 1)/2.

We now analyse the block-tree structure of H(x). First, we recall and introduce a few
definitions. Given a graph H, a block is a maximal connected subgraph of H without a
cut-vertex; in particular, an edge can be a block. A leaf-block of H is a block of H that
contains at most one cut-vertex of H.

Given a block L of H(x), an ancestor-block of L is a block of H(x) that is distinct
from L and which shares at least one edge with a shortest path between V (L) and x.

For a correct analysis, we will also need to consider a subgraph H∗(x) which consists
of those blocks that are ‘not too close to the boundary of H(x)’. More formally, we
define H∗(x) to be the graph induced by the union of all blocks of H(x) that have non-
empty intersection with the ball Br−`(x). Note that each block of H∗(x) is also a block
of H(x). Each leaf-block of H∗(x) will be called a pre-leaf.

The pre-leaves play an important role in our analysis, because these are the objects
that we will actually count. A useful fact to keep in mind is that every vertex in a
pre-leaf of H(x) has no neighbour in H(y) for any y ∈ X, y 6= x, since the pre-leaf has
diameter at most (`− 1)/2 and hence is contained in Br−d `−1

2
e(x), while H(y) does not

intersect Br(x).

We will prove the following four claims, which together imply the theorem.

Claim 1. Let x ∈ X. Each pre-leaf is an ancestor-block of at least one leaf-block
of H(x). Conversely, if a leaf-block L of H(x) has an ancestor-block which is a pre-leaf,
then this pre-leaf is unique and we call it the pre-leaf of L.

Claim 2. Let x ∈ X and let L be a leaf-block of H(x). Then there exists an y ∈ X
such that L and H(y) are joined by an edge of G.

Claim 3. Let x, y ∈ X be distinct and let L1, L2 be two leaf-blocks of H(x) that have
distinct pre-leaves. Then at most one of L1, L2 is joined to H(y) by an edge of G.

Claim 4. Let x ∈ X. Then H(x) has at least k`− 1 distinct pre-leaves.

Before proving these four claims, we first show how they imply the theorem. Let x ∈ X.
By Claims 1 and 4, H(x) has at least k`− 1 leaf-blocks that have pairwise distinct pre-
leaves. Therefore Claim 2 and 3 yield at least k` − 1 distinct vertices y ∈ X such that
H(x) is joined to H(y) by an edge of G. Now let G∗ denote the graph obtained from G
by contracting H(x), for each x ∈ X. It follows that the minimum degree of G∗ is at
least k` − 1 and hence, by Lemma 3.5, G∗ contains k vertex-disjoint long cycles. This
in turn implies that G contains k edge-disjoint long cycles; contradiction.
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It remains to prove Claims 1, 2, 3 and 4. For that, the following two auxiliary claims
are useful.

Claim 5. Let x ∈ X. No block of H(x) is a leaf-block of G.

Proof. Suppose for a contradiction that some block L of H(x) is a leaf-block of G. Then
every cycle in G that visits an edge of L must in fact be a subgraph of L. However, L is
a subgraph of H(x) and thus contains no long cycle. We conclude that every long cycle
of G must be edge-disjoint from L. Hence, the graph obtained from G by contracting L
to a vertex must also be a counterexample, contradicting the minimality of G. ♦

Claim 6. Let x ∈ X and let T1 and T2 be two blocks of H(x) that both intersect the
ball Br−`(x). Suppose furthermore that V (T1) ∩ V (T2) = {v} for some cut-vertex v
of H(x) whose neighbours are in V (T1)∪ V (T2). Then at least one of T1, T2 contains at
least three cut-vertices of H(x).

Proof. Suppose for a contradiction that T1, T2 both contain at most two cut-vertices
of H(x). First we deal with the case that one of them, say T1, contains at most one
cut-vertex of H(x). Since T1 has diameter at most (` − 1)/2 and intersects Br−`(x),
it follows that T1 has no neighbours outside H(x) and is thus a leaf-block of G. This
contradicts Claim 5.

We may thus assume that both T1 and T2 in fact contain exactly two cut-vertices
of H(x), one of which must be their common vertex v. Let ti ∈ V (Ti) denote the cut-
vertex of H(x) which is not v, for each i ∈ {1, 2}. Observe that t1 6= t2, for else T1

and T2 would not be blocks.

For i ∈ {1, 2}, we write pi for the maximum number of edge-disjoint paths in Ti be-
tween ti and v. Without loss of generality, p1 ≤ p2. Next, let G∗ be the graph obtained
from G by contracting T2 to a vertex (which we will call v∗). Note that G∗ has fewer
edges than G. This means that G∗ either contains k edge-disjoint long cycles or a small
edge hitting set. We will now analyse these two cases separately.

First suppose that G∗ contains a collection C of k edge-disjoint long cycles. To obtain
a contradiction, it suffices to derive that then G also has k edge-disjoint long cycles. To
that end, we partition C into three subcollections C1, C2 and C3. We define C1 as the set
of long cycles that visit at least one edge of T1 (and thus in particular visit v∗), while C2

contains the long cycles that visit v∗ but are not already in C1 and, finally, C3 contains
the long cycles that do not visit v∗. Decontracting v∗ back to T2 yields the following
natural bijection σ from C to edge-disjoint cycles in G. If C ∈ C3, then the decontraction
does not affect C, so we just take σ(C) = C. If C ∈ C2, then σ(C) is the cycle obtained
from C by identifying v∗ with t2 (in particular, this ensures that σ(C) is edge-disjoint
from T1 and T2). The last case is slightly more elaborate. Using that T1 contains no
long cycle, it follows that each C ∈ C1 must have a subpath that traverses T1 from t1
to v∗. Since there are at most p1 edge-disjoint such paths, it follows that |C1| ≤ p1 ≤ p2.
In turn, this implies that we can associate each C ∈ C1 with a unique subpath PC of T2
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that joins v and t2, such that these paths are edge-disjoint. Here we use that the neigh-
bours of v lie in V (T1) ∪ V (T2). Now fix C ∈ C1. The decontraction of v∗ naturally
maps C to a path P (on the same edges) which joins v and t2 in G − E(T2). Since P
and PC have the same endpoints and are internally vertex-disjoint, we can combine
them into a cycle; we define σ(C) to be that cycle. This concludes the definition of the
mapping σ. Note that for all C, the length of σ(C) is at least the length of C, so we in-
deed obtain a collection of long cycles. Moreover, edge-disjointness is preserved because
we did not modify the edge-sets outside T2, while inside T2 we added edge-disjoint paths.

Second, suppose that G∗ − F has no long cycles, for some F ⊆ E(G∗) of size at
most k · g(k). To obtain a contradiction, it suffices to derive that then G − F also has
no long cycles. (With slight abuse of notation, we refer to F as a subset of both E(G)
and E(G∗).) Suppose for a contradiction that G − F has a long cycle C. Then C
must use an edge of T2. Since T2 has no long cycle, we know that C consists of two
internally disjoint paths P1, P2 that each join v and t2, where P1 is a path in the graph
G−(V (T2)\ {v, t2}), while P2 is a path in T2. Here we use again that v is only adjacent to
vertices in T1 and T2. Moreover, because Br(x) ⊆ H(x) has no long cycle, P1 must pick
up a vertex outside of Br(x). Together with the fact that V (T2) is contained in Br−l/2(x),
this implies that P1 has length at least `. It follows that the cycle obtained from C by
contracting P2 is a long cycle in G∗. Hence F intersects P1. But then C cannot be a
subgraph of G− F ; contradiction. ♦

At last, we are ready to prove Claims 1, 2, 3 and 4.

Proof of Claim 1. Each pre-leaf is the ancestor-block of some leaf-block of H(x), for
otherwise G would have a leaf-block, contradicting Claim 5.

The uniqueness of the pre-leaf of L follows because of the following two reasons. First,
given a shortest path P between V (L) and x, at most one leaf-block of H∗(x) can share
an edge with P . Second, any two shortest paths between V (L) and x must visit the
same set of blocks of H(x); otherwise there would be a cycle in H(x) visiting at least
two distinct blocks, contradicting the maximality of those blocks. ♦

Proof of Claim 2. If some leaf-block L of H(x) has no neighbour in G −H(x), then L
is also a leaf-block of G, contradicting Claim 5. ♦

Proof of Claim 3. Suppose for a contradiction that an edge ei joining Li with H(y)
would exist for both i ∈ {1, 2}. A shortest path P in H(x) between e1 and e2 has length
at least `. Indeed, P must visit a common ancestor-block of L1 and L2. This common
ancestor-block C must intersect Br−`(x), since the pre-leaves of L1 and L2 are distinct.
Together with the fact that the diameter of C is at most (` − 1)/2, it follows that the
distance between ei and C is at least `

2 , for both i ∈ {1, 2}. Furthermore, the length of P
is strictly less than g(k)/2, because every vertex of H(x) is at distance less than g(k)/4
from x. For the same reason, a shortest path Q in H(y) joining e1 and e2 also has length
less than g(k)/2. Thus (noting that g(k)/2 is an integer) the cycle P ∪ e1∪Q∪ e2 would
be a long cycle of length at most g(k); contradiction. ♦
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Proof of Claim 4. Fix x ∈ X. We define an auxiliary tree T whose vertices are those
blocks of H(x) that intersect the ball Br−`(x). Two blocks B1, B2 are adjacent in T if
they have a common vertex and either B1 is an ancestor-block of B2 or vice versa.

By construction, the leaves of T represent the pre-leaves of H(x), so we need to prove
that T has at least k` leaves. From Claim 5 and the fact that every block of H(x)
has diameter at most (` − 1)/2, it follows that every leaf of T is at distance at least

2
`−1 · (r− `) from the root. Moreover, by Claim 6, T does not have any adjacent degree 2

vertices that are within distance 2
`−1 · (r− `) from the root. It follows that T has at least

2
1
2
· 2
`−1

(r−`) ≥ k`− 1 leaves, as desired. ♦
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4 Long A–B-paths (originally published
in [27])

Menger’s theorem implies that A–B-paths have the vertex-Erdős-Pósa property. When
we apply the vertex-Erdős-Pósa property of A–B-paths to line graphs with suitable
vertex sets A′, B′ (the edges incident to A and B respectively), we see that the A–B-
paths also have the edge-Erdős-Pósa property. Now Montejano and Neumann-Lara [29]
proved that also long A–B-paths have the vertex-Erdős-Pósa property. (As in the last
chapter, for a fixed integer `, a path is long if its length is at least `.) What happens
if we apply the theorem of Montejano and Neumann-Lara to the line graph with vertex
sets A′ and B′ (or any other vertex sets for that matter)? The following problem occurs.
Let v be a vertex in a graph G with degree at least `. In the line graph L(G), the edges
incident to v form a complete graph of size at least `. A long A′–B′-path P in L(G) may
pick up any number of edges incident to v. Although the subgraph H of G corresponding
to P contains an A–B-path — which is the reason why Menger’s theorem applied to the
line graph gives us the desired result — it does not necessarily contain a long A–B-path
as all edges of H may be incident to v. As an aside, this is the reason why it is generally
not possible to obtain edge-Erdős-Pósa results by simply applying the vertex-Erdős-Pósa
property to line graphs. A vertex of high degree induces a large clique in the line graph
that contains essentially everything. As far as we know, except for the A–B-paths, the
only edge-result that can be derived in this way is the result on A-cycles [31], these are
cycles that intersect a vertex set A.

To prove that the A–B-paths have the edge-Erdős-Pósa property we tried another very
simple idea. We denote by N(A) the union of the neighbours of vertices in a vertex set A.
Any long A–B-path contains a path of length at least `−2 between N(A) and N(B). By
doing an induction on `, we either find many edge-disjoint N(A)–N(B)-paths of length
at least ` − 2 or an edge set X of bounded size that intersects all these paths. In the
first case, we can extend the N(A)–N(B)-paths to A and B respectively to obtain many
edge-disjoint long A–B-paths. Unfortunately in the latter case, we cannot construct an
edge hitting set for the long A–B-paths by using X. While any long A–B-path contains
a path of length at least ` − 2 between N(A) and N(B) respectively, such a path may
contain vertices of N(A) or N(B) in its interior (which is not allowed in an N(A)–N(B)-
path by definition). After considering A–B-paths that contain vertices of A or B in its
interior, we were able to prove the following theorem.

Theorem 4.1 (Heinlein, U. [27]). The long A–B-paths have the edge-Erdős-Pósa prop-
erty.

The edge-Erdős-Pósa function we obtain is defined through a lot of recursions and
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maxima. We will not compute it but it is quite large as it lies in Ω(k2``!). In contrast,
the vertex-Erdős-Pósa function found by Montejano and Neumann-Lara is 3k`. We
strongly believe that there should be an edge-Erdős-Pósa function that is linear in k
and ` as well.

The way our proof is set up, we are also able to answer a question by Bruhn, Heinlein
and Joos [19]. They showed that long A-paths have the vertex-Erdős-Pósa property and
asked whether the same remains true for the edge-variant. We answer this question
affirmatively.

Theorem 4.2 (Heinlein, U. [27]). Long A-paths have the edge-Erdős-Pósa property.

We want to remark here that Montejano and Neumann-Lara claim that their proof
for the vertex-Erdős-Pósa property of long A–B-paths also works for the edge-version.
We very much disagree. Their proof relies on removing vertices to construct a subgraph
in which all A–B-paths are long and then applying Menger’s theorem. However, this
fails when one looks at the edge-version. When we are not allowed to remove vertices
anymore, the A–B-paths in the constructed subgraph may contain shortcuts from A
to B. Therefore, the edge-version of Menger’s theorem may output A–B-paths that are
not long, which breaks the proof.

4.1 Edge-Erdős-Pósa Property of Long A–B-paths

Recall that an A–B-path does not contain vertices of A or B in its interior. However as
we already mentioned, when we prove that long A–B-paths have the edge-Erdős-Pósa
property, we need to consider paths from A to B that allow vertices of A and/or B to
be contained in their interior. We add an asterisk to a set if we allow that set to be
contained in the interior. That is, an A∗–B-path is a path with one endvertex in A
and one endvertex in B whose interior may contain vertices of A but not of B. An
A∗–B∗-path is a path with one endvertex in A and one endvertex in B where vertices of
both A and B may be contained in the interior.

In this section, we show that long A–B-paths have the edge-Erdős-Pósa property
when A and B are disjoint. In the next section, various corollaries will be proven. In
particular, we show that long A–B-paths also have the edge-Erdős-Pósa property when
A and B are not disjoint. We remark that all proofs in this and the next section apply
to multigraphs as well.

We proceed by induction on ` to show that the long A–B-paths have the edge-Erdős-
Pósa property. From a simple observation and Menger’s theorem, we deduce that long
A–B-paths have the edge-Erdős-Pósa property when ` ∈ [2]. So let ` ≥ 2 such that the
A–B-paths of length at least ` have the edge-Erdős-Pósa property. We prove that then
the A-paths of length at least `−1 as well as the A∗–B-paths of length at least `−1 have
the edge-Erdős-Pósa property. From these two results, we deduce that the A∗–B∗-paths
of length at least `− 1 have the edge-Erdős-Pósa property. Finally with this last result,
we are able to prove that the A–B-paths of length at least ` + 1 have the edge-Erdős-
Pósa property, which finishes the induction. See Figure 4.1 for a visualization of these
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implications. Clearly, it follows then that also long A-paths, long A∗–B-paths and long
A∗–B∗-paths have the edge-Erdős-Pósa property.

A–B-paths of
length at least `

A-paths of
length at least `− 1

A∗–B-paths of
length at least `− 1

A∗–B∗-paths of
length at least `− 1

A–B-paths of
length at least `+ 1

Figure 4.1: In this way we can deduce that if A–B-paths of length at least ` have the
edge-Erdős-Pósa, then also A–B-paths of length at least `+ 1 have it [27].

Before we start we want to talk about a common technique in Erdős-Pósa-problems.
Let H be a class of graphs (or something like the set of all long A–B-paths) and
let f : N → N be a function. For integers k ≥ 2, let ck be a constant such that
f(k) ≥ f(k − 1) + ck. If G is a graph and if we want to show that there are either k
edge-disjoint subgraphs of G that belong to H or a set of at most f(k) edges that meets
all these subgraphs, then we may assume that:

there is no subgraph of G that belongs to H with at most ck edges. (4.1)

The idea here is to remove the edges of such a subgraph, if it exists, and applying
induction for k − 1 on the remaining graph. We may always assume that the induction
start is true since for k = 1, any graph contains either k edge-disjoint subgraphs that
belong to H or a set of at most zero edges that meets all these subgraphs. We remark
that (4.1) also holds true for the vertex-Erdős-Pósa property when we replace edges by
vertices.

Let us prove the induction start ` ∈ [2] now. First we need the edge-version of Menger’s
theorem.

Theorem 4.3 (Menger). Any graph G with disjoint vertex sets A,B contains either k
edge-disjoint A–B-paths or a set of at most k − 1 edges that intersects all A–B-paths.

Lemma 4.4. Let ` ∈ [2] and let G be a graph with disjoint vertex sets A and B. There
are either k edge-disjoint A–B-paths of length at least ` in G or a set of at most k − 1
edges that intersects all these paths.

Proof. First let ` = 1. We use the edge-version of Mengers theorem to either find k
edge-disjoint A–B-paths or a set of at most k − 1 edges that intersects all those paths.
Note that since A and B are disjoint, every A–B-path has length at least 1, which means
we are done.
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4 Long A–B-paths (originally published in [27])

Now let ` = 2. We can remove all edges incident to two vertices of A ∪ B since they
cannot be part of any A–B-path of length at least 2. As the A–B-paths of length 1 are
exactly the edges between A and B, all remaining paths have length at least 2. Applying
Menger’s theorem means we are done.

We will inductively define a function f(·, `) such that it is an edge-Erdős-Pósa function
for A–B-paths of length at least `. By Lemma 4.4, we already know that f(k, 1) =
f(k, 2) = k − 1 are feasible values.

From now on let ` ≥ 2 be fixed. Our induction hypothesis is:

For all n ∈ {1, . . . , `} and for any k ∈ N and any graph G, there are
either k edge-disjoint A–B-paths of length at least n in G or a set of
at most f(k, n) edges that intersects all those paths.

(4.2)

Similarly to the function f(·, `), we inductively define a function g(·, ` − 1) to be an
edge-Erdős-Pósa function for A-paths of length at least `− 1. Note that we may choose
g(k, 1) = 2k − 2 by Mader’s theorem [28]. In the following theorem we prove that:

g(k, `− 1) = max{g(k − 1, `− 1) + 2(`− 1), f(k, `− 1) + 2g(k − 1, `− 1), 3f(k, `− 1)}.

Note that all of the values in the maximum are known by induction on k and `.

Theorem 4.5. The A-paths of length at least `−1 have the edge-Erdős-Pósa with edge-
Erdős-Pósa function g(·, `− 1).

Proof. In the following, a long A-path is an A-path of length at least `− 1. Let G be a
graph and k ≥ 2. We may assume that G does not contain k edge-disjoint long A-paths.
Furthermore, by (4.1), in G there are no long A-paths of length less than 2(` − 1). By
a bipartition of A we mean a tuple (A1, A2) of two disjoint non-empty subsets A1, A2

of A such that A1 ∪A2 = A.

If there is a bipartition (A1, A2) of A such that there are k edge-disjoint long A1–A2-
paths, they form a set of k edge-disjoint long A-paths, which contradicts our assumptions.
Hence, by (4.2), for every bipartition (A1, A2), there is a set X(A1, A2) of at most
f(k, ` − 1) edges such that G − X(A1, A2) contains no long A1–A2-path. Therefore,
every long A-path in G−X(A1, A2) has both ends in A1 or both ends in A2. For i ∈ [2],
define graphs Gi as

Gi = G−X(A1, A2)−A3−i.

We observe that

if P1 is a long A1-path in G1 and P2 is a long A2-path in G2, then P1

and P2 are disjoint.
(4.3)

Otherwise follow P1 from one of its endvertices u until we first meet P2 in a vertex v.
Then, since each long A-path has length at least 2(` − 1), one endvertex w of P2 has
at least distance ` − 1 from v on P2. The path uP1vP2w is a long A1–A2-path in
G1∪G2 = G−X(A1, A2). This contradicts the choice of X(A1, A2), which proves (4.3).
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Consider first the case that there is a bipartition (A1, A2) of A such that for i ∈ [2],
there is a long Ai-path Pi in Gi. If there were k − 1 edge-disjoint Ai-paths in Gi for
either i ∈ [2], then together with P3−i in G3−i we find k edge-disjoint long A-paths.
Note that we use (4.3) here. By induction on k, we may assume that for i ∈ [2], there
is an edge hitting set Xi for the long Ai-paths in Gi such that |Xi| ≤ g(k − 1, ` − 1).
Then, X = X(A1, A2) ∪X1 ∪X2 is an edge hitting set for the long A-paths in G of size
at most f(k, `− 1) + 2g(k − 1, `− 1) ≤ g(k, `− 1).

Next, if there is a bipartition (A1, A2) of A such that for i ∈ [2], Gi contains no
long Ai-path, then X(A1, A2) is an edge hitting set for the long A-paths of size at most
f(k, `− 1) ≤ g(k, `− 1).

Summing up, we may assume that for every bipartition (A1, A2) of A, either

G1 contains at least one long A1-path and G2 contains no long A2-path (4.4)

or the other way round. In the following, we always think of G1 as the subgraph with a
long A1-path.

Among all bipartitions of A choose (A1, A2) such that A1 has minimal size. Because
G1 contains a long A1-path, A1 consists of at least two vertices. Consider an arbitrary
bipartition (A3, A4) of A1. We will show that

X = X(A3, A2 ∪A4) ∪X(A4, A2 ∪A3) ∪X(A1, A2)

is an edge hitting set for the long A-paths in G.
Because (A3, A2 ∪A4) is a bipartition and |A3| < |A1|, the set X(A3, A2 ∪A4) meets

every long A-path with at least one endvertex in A3. By symmetry between A3 and A4,
the set X(A4, A2 ∪ A3) meets every long A-path with at least one endvertex in A4.
Similarly, by the definition of X(·, ·) and (4.4), the set X(A1, A2) meets every long A-
path with at least one endvertex in A2. Hence, the union X of these three sets meets
every long A-path in G as A is the union of A2, A3 and A4. The size of X is bounded
by 3f(k, `− 1) ≤ g(k, `− 1), which means we are done.

In the next lemma we prove that the function f1(·, `− 1) with

f(k, `− 1) = f(k, `)

is an edge-Erdős-Pósa function for the A∗–B-paths of length at least `− 1.

Lemma 4.6. If the vertex sets A and B are disjoint, then the A∗–B-paths of length at
least `−1 have the edge-Erdős-Pósa property with edge-Erdős-Pósa function f1(·, `−1).

Proof. Let k ∈ N and let G be a graph with disjoint vertex sets A,B. For each
vertex a ∈ A, add as many new vertices to G as there are edges incident to a, and
make each of these vertices adjacent to only a. Let G′ be the graph that we obtain from
this operation and let C = V (G′) \ V (G) be the set of all new vertices.

Let P ′ be a C–B-path of length at least ` in G′. Note that the interior of P ′ is disjoint
from both B and C. Let c be the endvertex of P ′ in C. As the vertices of C are adjacent
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only to vertices in A, the unique neighbour of c on P ′ has to lie in A. The path P = P ′−c
is then an A∗–B-path of length at least ` − 1 in G. Thus, if there are k edge-disjoint
C–B-paths of length at least ` in G′, we obtain k edge-disjoint A∗–B-paths of length at
least `− 1 in G.

Therefore, by (4.2), we may assume that there is an edge hitting set of size at
most f(k, `) for all C-B-paths of length at least ` in G′. Let X ′ be a minimum sized
edge hitting set.

Suppose there is an edge ac in X ′ for a ∈ A and c ∈ C. We claim that then all edges
between a and C are part of X ′. Suppose otherwise. There is an edge ac′ for c′ ∈ C
that does not lie in X ′. Since X ′ was chosen minimum, there should be a C–B-path of
length at least ` in G′− (X ′ \ {ac}) that contains ac. In this path, replace ac by ac′ and
observe that this yields a C–B-path of length at least ` in G′ that is disjoint from X ′,
which is a contradiction.

We construct an edge hitting set X in G as follows. Take the union of the edges in
X ′ ∩ E(G) and all edges in G incident to a vertex a ∈ A such that for some c ∈ C,
the edge ac lies in X ′. By the previous observation and since the degree in G of any
vertex a ∈ A is equal to the number of neighbours of a in C in G′, the size of X is at
most the size of X ′.

Suppose there is still an A∗–B-path P of length at least `− 1 in G−X. Let a ∈ A be
one of its endvertices. Clearly, the degree of a in G is at least 1 and thus by construction
of G′, the vertex a has a neighbour c ∈ C in G′. If the edge ac was in X ′, then all edges
incident to a in G should be contained in X, in particular, the edge incident to a on P .
As this edge is not contained in X, the path P ∪ac is a long C-B-path in G′−X ′, which
is a contradiction. This concludes the proof.

In the following lemma we prove that the function f2(·, `− 1) with

f2(k, `− 1) = max{4f1(k, `− 1) + g(k, `− 1), `(`− 2) + f2(k − 1, `− 1)}.

is an edge-Erdős-Pósa function for the A∗–B∗-paths of length at least `− 1.

Lemma 4.7. The A∗–B∗-paths of length at least `− 1 have the edge-Erdős-Pósa with
edge-Erdős-Pósa function f2(·, `− 1).

Proof. In the following, we say that a path is long if its length is at least `−1. It is short
if it is not long. Let k ∈ N and let G be a graph with vertex sets A and B. By (4.1), we
may assume that there is no long A∗–B∗-path of length at most `(`−2) in G. Otherwise,
we either obtain k edge-disjoint long A∗–B∗-paths or an edge hitting set of size at most
`(`− 2) + f2(k − 1, `− 1) ≤ f2(k, `− 1). We are done in both cases.

Any long (A \B)∗–B-path is also a long A∗–B∗-path (note that A \B and B are dis-
joint). Hence, if there are k edge-disjoint long A∗–B-paths, we are done. By Lemma 4.6,
we may assume that there is an edge-set X1 of size at most f1(k, `− 1) intersecting all
those paths. Analogously, we find edge-sets X2, X3, X4 each of size at most f1(k, `− 1)
that intersect all (B\A)∗–A-paths, A∗–(B\A)-paths, and B∗–(A\B)-paths, respectively.
With the same argument and by Theorem 4.5, we find an edge hitting set X5 of size at
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most g(k, ` − 1) for the (A ∩ B)-paths. Let X = ∪5
i=1Xi. We claim that X is an edge

hitting set for the A∗–B∗-paths of size at most 4f1(k, `− 1) + g(k, `− 1) ≤ f2(k, `− 1).
Suppose there is a long A∗–B∗-path P in G − X. The idea is to partition P into

subpaths between A an B that have to be short by construction of X, that is, of length
at most `− 2. If we have `− 1 subpaths (or ` depending on the parity of `), we obtain
a long A∗–B∗-path of length at most `(`− 2), which is a contradiction.

Let a1 ∈ A and b ∈ B be the endvertices of P . We follow P from its endvertex a1

until we come across a vertex b1 ∈ B such that b1 6= a1. Note that because P ends in
b ∈ B, the vertex b1 exists. First, if a1 ∈ A \B, then the subpath a1Pb1 is an (A \B)∗-
B-path and hence, has to be short. Likewise, if a1 ∈ A ∩B and b1 ∈ B \A, then a1Pb1
is an A∗–(B \ A)-path and therefore, has to be short. And lastly if a1 ∈ A ∩ B and
b1 ∈ A ∩ B then a1Pb1 is an (A ∩ B)-path and thus, is short. Therefore, a1Pb1 has
length at most `− 2. As the length of P has to be at least `(`− 2), the path P has to
continue after b1.

Suppose that P does not intersect A anymore after b1. If b1 ∈ B \ A, let x be the
last vertex of A on P before b1 when going in the direction of b. Otherwise, set x = b1.
In either case x ∈ A and xPb is an A–(B \ A)∗-path, which means it is short. Now
P = a1Pb1 ∪ xPb and therefore, the length of P is at most the sum of the lengths of
a1Pb1 and xPb. It follows that the length of P is bounded by 2(`− 2) ≤ `(`− 2), which
is a contradiction. Thus, let a2 be the first vertex of A that P intersects after b1 when we
follow P in the direction of b. Similar to before we see that b1Pa2 has to be short. Again,
P cannot end in a2 as the length of a1Pa2 is at most 2(`− 2) so there is a vertex b2 ∈ B
after a2. Repeat this process until a1, b1, a2, . . . , ad `

2
e, bd `

2
e are found such that the paths

aiPbi as well as the paths biPai+1 are short. The path a1Pbd `
2
e contains between `− 1

and ` non-trivial and edge-disjoint subpaths of length at most `− 2. Therefore, a1Pbd `
2
e

is a long A∗–B∗-path of length at most `(` − 2). This is a contradiction, which means
that X is indeed an edge hitting set of size at most f2(k, `− 1) and we are done.

Finally, we are able to proof the induction step. We claim:

f(k, `+ 1) = max{f2(2k(2`+ 5)(k − 1), `− 1), f(k − 1, `) + (2`+ 5)k}.

Theorem 4.8. If A and B are disjoint, then the A–B-paths of length at least `+ 1 have
the edge-Erdős-Pósa property with edge-Erdős-Pósa function f(k, `+ 1).

Proof. In the following a path is long if its length is at least ` + 1. We do induction
on k. For k = 1 the statement is obviously true so let k ≥ 2 and let G be a graph with
disjoint vertex sets A and B. We may assume that there are no edges in G[A∪B] since
any such edge is not part of any long A–B-path as ` ≥ 2. Clearly, if either A or B has
no incident edges, we are done. Thus, the vertex set A1 that contains the neighbours
of A and the vertex set B1 that contains the neighbours of B are non-empty and both
are disjoint from A and B since G[A ∪B] is edgeless.

By Lemma 4.7, there are now either 2k(2` + 5)(k − 1) edge-disjoint A∗1–B∗1-paths of
length at least `− 1 in G− (A ∪B) or an edge-set X of size f2(2k(2`+ 5)(k− 1), `− 1)
that intersects all these paths. Note that the set X is an edge hitting set of size at most
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f(k, `+ 1) for the long A–B-paths in G. Indeed, any long A–B-path contains a subpath
that is an A∗1-B∗1-path of length at least `−1 in G− (A∪B). Thus, we may assume that
there is a set Q of 2k(2` + 5)(k − 1) edge-disjoint A∗1–B∗1-paths of length at least ` − 1
in G− (A∪B). Observe that each path in Q can be extended so that it becomes a long
A–B-path. Indeed, one of its endvertices lies in A1, which means it has a neighbour
in A, and its other endvertex lies in B1, which means it has a neighbour in B. Since A
and B are assumed to be disjoint, these neighbours in A and B respectively have to be
distinct. Now just add the edges to these neighbours to the path in Q to obtain a long
A–B-path. Note that we need to use here that the paths in Q are disjoint from both A
and B.

We may assume that:

there is one vertex v ∈ A1 ∪B1 in which at least (2`+ 5)(k − 1) paths
of Q end.

(4.5)

Let G′ be a multigraph with vertex set A1 ∪B1. For each path Q∈Q with endvertices
a1 ∈ A1 and b1 ∈ B1, add an edge from a1 to b1 in G′. Now suppose there is a matching
of size k in G′, say e1, . . . , ek. Every edge ei corresponds to a path Qi ∈ Q and as we
have remarked Qi can be extended so that it becomes a long A–B-path Pi. Since the
endvertices of the edges in a matching are distinct, also the endvertices of the paths
Q1, . . . , Qk are distinct. Therefore, also the edges that are used to extend the paths
Q1, . . . , Qk to obtain the paths P1, . . . , Pk are distinct. As the paths in Q are edge-
disjoint, the paths P1, . . . , Pk are edge-disjoint long A–B-paths. Since this would finish
the proof, we may assume that this does not happen.

As the edge set of any (multi-)graph can be covered by twice the number of vertices
as the size of a maximum matching, there are 2k vertices in G′ such that each edge of G′

is incident to one of these 2k vertices. Since there are 2k(2` + 5)(k − 1) edges in G′,
by pigeon hole principle, at least (2` + 5)(k − 1) edges of G′ are incident to a vertex
v ∈ V (G′) = A1 ∪B1. By construction at least (2`+ 5)(k− 1) paths of Q end in v. This
proves (4.5).

Now remove all paths from Q that do not end in v. For each path Q ∈ Q, put two
edges into a set X1 such that Q can be extended by these two edges to be a long A–B-
path. As v is an endvertex of each path in Q, we may assume that the size of X1 is at
most 2 + (2`+ 5)(k − 1).

By induction on k, there are either k − 1 edge-disjoint long A–B-paths in G−X1 or
an edge hitting set X of size at most f(k − 1, `) for all of these paths. In the second
case clearly X ∪ X1 is an edge hitting set in G of size at most f(k − 1, `) + (2` + 5)k.
Therefore, let P = {P1, . . . , Pk−1} be a set of edge-disjoint long A–B-paths in G − X1

such that:
k−1∑
i=1

|{non-trivial components of Pi ∩Q : Q ∈ Q}|

is minimum. We say a component is non-trivial if it contains at least two vertices (and
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thus, an edge). Additionally, we choose P such that then:∑
Q∈Q

distQ(v,E(P))

is minimum as well. Here distQ(v,E(P)) is the minimum distance on Q from v to an
endvertex of an edge in E(Q ∩ (P1 ∪ . . . ∪ Pk−1)). We will see that these distances are
finite. We claim:

There is a path in Q that is edge-disjoint from P1, . . . , Pk−1. (4.6)

Suppose this is true. Let Q ∈ Q be the path that is edge-disjoint from P1, . . . , Pk−1.
By construction of X1, there are two edges in X1 that extend Q to a long A–B-path P .
Since P1, . . . , Pk−1 are contained in G −X1, they are edge-disjoint from P and, hence,
there are k edge-disjoint long A–B-paths in G, which means we are done.

Now we only need to show that the claim is true to finish the proof. Suppose the claim
is false. Each path in Q has an edge in common with at least one path in P. For each
path Q ∈ Q, let e be the edge in E(Q ∩ (P1 ∪ . . . ∪ Pk−1)) such that the distance on Q
from v to an endvertex of e is minimum. In particular, the distance on Q from v to e is
distQ(v,E(P)) <∞. We call e the closest edge of Q and we call Pi the closest path to Q
if e ∈ E(Pi). As the paths in P are edge-disjoint, there is only one closest path to each
path in Q. By pigeon hole principle, there is one path in P, say P1, that is the closest
path to at least (2` + 5) paths in Q. Let a ∈ A and b ∈ B be the endvertices of P1.
Enumerate the paths of Q to which P1 is the closest path according to the occurence of
their closest edges on P1 (starting in a). We obtain the paths Q1, . . . , Qm ∈ Q for some
m ≥ 2`+ 5 such that on P1 the closest edge of Q1 appears before the closest edge of Q2

which comes before the closest edge of Q3 and so on. Let e be the closest edge of Q`+2

and let s be the endvertex of e that is closer to v on Q`+2.

First, suppose that P1 and sQ`+2v− s are not disjoint. Starting in s, let x be the first
vertex in the intersection of sQ`+2v and P1 that is distinct from s. Replace the subpath
sP1x by sQ`+2x and let P ′1 be this new path. It is easy to check that P ′1 is an A–B-path.
Its length is at least `+ 1 because if s comes before x on P1 starting in a, then P ′1 still
contains the closest edges of Q1, . . . , Q`+1. Otherwise, if x comes before s on P1 starting
in b, then P ′1 still contains the closest edges of Q`+3, . . . , Qm. Moreover, since P1 was
the closest path to Q`+2, the path P ′1 is edge-disjoint from each path P2, . . . , Pk−1.

The edge e was already part of some non-trivial component in P1 ∩ Q`+2 and in
P ′1∩Q`+2 this component was just enlarged by sQ`+2x. The other non-trivial components
in the intersection of P ′1 and Q`+2 were already non-trivial components in the intersection
of P1 and Q`+2. Therefore, replacing P1 by P ′1 is a valid choice for P. Now if P ′1 does
not contain the closest edge of one of the paths Q1, . . . , Qm anymore, then P ′1 is not
only a valid choice for P1 but a better one since P ′1 has lost the non-trivial component
containing that closest edge. This is a contradiction. Hence, when we replace P1 by P ′1
in P, we see that for this new set of paths, the closest edges got closer to v (at least
on Q`+2). This is a contradiction to the choice of P.
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4 Long A–B-paths (originally published in [27])

Therefore, it holds that sQ`+2v − s is disjoint from P1. Let e′ be the closest edge
of Q`+4 and s′ the endvertex of e′ that is closer to v on Q`+4. With the exact same
argument, also s′Q`+4v − s′ is disjoint from P1.

With this in mind, we obtain a path R between s and s′ that is contained inQ`+2∪Q`+4

whose interior is disjoint from P1. Indeed, just choose R as a shortest path between s
and s′ in sQ`+2v ∪ vQ`+4s

′. As a last step, replace the subpath sP1s
′ of P1 by R. By

construction, this yields a path P ′1 whose length is at least ` + 1 as it still contains the
closest edges of Q1, . . . , Q`+2, Q`+4, Qm. Moreover, the path P ′1 is edge-disjoint from the
path P2, . . . , Pk−1 since sQ`+2v and s′Q`+4v are edge-disjoint from these paths. Observe
that P ′1 does not contain the closest edge on Q`+3 anymore and thus, the non-trivial
component of P1 ∩ Q`+3 that contains this closest edge is no more. The path R only
enlarges the components of Q`+2 ∩ P1 and Q`+4 ∩ P1 that contain the closest edges
e and e′ respectively but it does not create new non-trivial components. Hence, the
path P ′1 would have been a better choice than P1 for P. This is a contradiction, which
proves (4.6) and concludes the proof.

4.2 Corollaries

In this section, we prove various corollaries. As we already mentioned, we still need to
show that the long A–B-paths have the edge-Erdős-Pósa property when A and B are
not necessarily disjoint.

Theorem 4.9. For ` ∈ N, the A–B-paths of length at least ` have the edge-Erdős-Pósa
property with edge-Erdős-Pósa function 2f(·, `) + g(·, `).

Proof. Let k ∈ N and let G be a graph. We may assume that there are neither k
edge-disjoint long A–(B \A)-paths nor k edge-disjoint long B–(A \B)-paths. Hence by
Theorem 4.8, there are edge hitting sets X1 and X2 each of size f(k, `) that meet all
of these paths. Similarly, there are no k edge-disjoint long (A ∩ B)-paths and, thus by
Theorem 4.5, there is an edge hitting set X3 of size at most g(k, `) that meets all these
paths. As any long A–B-path is one of these three types, the set X1 ∪ X2 ∪ X3 is an
edge hitting set for the long A–B-paths of size at most 2f(k, `) + g(k, `).

From the fact that the long A-paths have the edge-Erdős-Pósa property we can eas-
ily deduce that also long S-paths have the edge-Erdős-Pósa property. For a partition
S = {A1, . . . , An} of a set A, an S-path is an A-path with endvertices in two distinct
partition sets in S. By contracting the vertex sets A1, . . . , An to single vertices a1, . . . , an
and applying Theorem 4.5 on the resulting multigraph with A = {a1, . . . , an}, we obtain:

Theorem 4.10. The S-paths of length at least ` have the edge-Erdős-Pósa property with
edge-Erdős-Pósa function g(·, `).

A similar approach also yields the vertex-Erdős-Pósa property of long S-paths when
we use the fact that the long A-paths have the vertex-Erdős-Pósa property [19].
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Theorem 4.11. For ` ∈ N, the S-paths of length at least ` have the vertex-Erdős-Pósa
property with vertex hitting set bound

(
4k`
2

)
· 3k`.

In [45] it was proven that the long A∗-paths have the edge-Erdős-Pósa property if and
only if the long A-paths have the edge-Erdős-Pósa property. We obtain the following
lemma.

Lemma 4.12. The A∗-paths of length at least ` have the edge-Erdős-Pósa property
with edge-Erdős-Pósa function g(·, `).

31





5 Small Ladder (originally published in [41])

Robertson and Seymour [38] showed that a graph H has the vertex-Erdős-Pósa property
if and only if H is planar. For the edge-version though, this looks quite differently. While
it is still true that non-planar graphs do not have the edge-Erdős-Pósa property [34],
there are also planar graphs that do not have the edge-Erdős-Pósa property, most promi-
nently, trees of large pathwidth and ladders with many rungs [6] (a ladder with n rungs
consists of two paths P = u1 . . . un and Q = v1 . . . vn and edges uivi for i ∈ [n]). Con-
versely, there are only a handful of graphs of which it is known that they have the
edge-Erdős-Pósa property. These are Θr [33] (the multigraph with two vertices and r
parallel edges between these two vertices, see Figure 5.1c), Θt,t′ [11] (this is just a Θt

and a Θt′ glued together), K4 [4] and C` as seen in Chapter 3.

(a) The house graph.
(b) The ladder

with three
rungs.

(c) The multigraph Θ4

Figure 5.1: From [41].

In my master’s thesis [45], I was able to prove that the house graph and the ladder with
three rungs have the edge-Erdős-Pósa property, see Figures 5.1a and 5.1b. However, the
proofs were quite long and tedious. I was able to streamline the proofs and also obtain
a better edge-Erdős-Pósa function for both graphs. In this chapter, I will prove the
following two results.

Theorem 5.1 (U. [41]). The ladder with three rungs has the edge-Erdős-Pósa property
with edge-Erdős-Pósa function in O(k3 log(k)).

Theorem 5.2 (U. [41]). The house graph has the edge-Erdős-Pósa property with edge-
Erdős-Pósa function in O(k2 log(k)).

While the basic idea for the proofs is the same as in [45], most of the arguments have
been reworked. I will only prove Theorem 5.1 formally as Theorem 5.2 can be obtained
by similar arguments.

Interestingly, all graphs that are known to have the edge-Erdős-Pósa property are
minors of sufficiently large condensed walls, see [6] for a definition, while the graphs that
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are known to not have the edge-Erdős-Pósa property are not minors of any condensed
wall. A similar thing can be observed with the vertex-Erdős-Pósa property as well. A
graph has the vertex-Erdős-Pósa property if and only if it is planar and a graph is planar
if and only if it is a minor of a sufficiently large wall (see Chapter 6 for the definition of
a wall).

Researching the ladders with 3 < n < 14 rungs may give clues as to whether the
characterization of the edge-Erdős-Pósa property through condensed walls is likely to
be true. Indeed, in [41] it was shown that already ladders with 14 rungs or more do not
have the edge-Erdős-Pósa property while ladders with at most 13 rungs are minors of a
condensed wall. Still, at this time there is a lot of mystery surrounding the edge-Erdős-
Pósa property of graphs.

In the following, any subdivision of a ladder with three rungs will be called a ladder.
Note that as the ladder with three rungs is subcubic, any expansion of this graph also
contains a ladder.

5.1 Techniques

There are a few helpful techniques when dealing with the edge-Erdős-Pósa property. Let
H,G be classes of graphs such that G is closed under taking subgraphs and let f : N→ N
be a function. Suppose we do induction on k ∈ N to show that for any graph G ∈ G,
there are either k edge-disjoint subgraphs of G that belong to H or a set of at most f(k)
edges that intersects all these subgraphs. Note that the induction start k = 1 is always
true.

Let m1,m2, . . . be a sequence of positve integers. If f(k) ≥ f(k − 1) +mk,

we only need to consider G ∈ G that contain no subgraph that belongs
to H with at most mk edges.

(5.1)

This has already been used in the last two chapters. The basic idea is to remove the
edges of such a subgraph if it exists and apply induction for k − 1 on the remaining
graph.

For i ∈ [2], if all members of H are i-connected and f is a polynomial where all
coefficients are non-negative and each term with a positive coefficient has degree at
least 2,

we only need to consider G ∈ G that are i-connected. (5.2)

Otherwise, if G is not i-connected we consider each component respectively block of G
separately. Although, a calculation from [45] is necessary.

The following is a technique that was introduced in [4]. Suppose thatH has the vertex-
Erdős-Pósa property with vertex-Erdős-Pósa function g and let f = g · f0. If we want
to show that H has the edge-Erdős-Pósa property with edge-Erdős-Pósa function f , it
is enough to show that:

for any k ∈ N and any graph G that contains a vertex hitting set for H
of size at most 1, there are either k edge-disjoint subgraphs of G that
belong to H or an edge hitting set for H of size at most f0(k).

(5.3)
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The class of graphs that contain a vertex hitting set of size at most 1 is closed under
taking subgraphs. Hence, when we want to show that a class of graphs has the edge-
Erdős-Pósa property, we may combine (5.1),(5.2) and (5.3). Note that any graph that
contains a vertex hitting set of size 0, also contains an edge hitting set of size 0. Therefore,
we only need to consider graphs that contain a vertex hitting set of size 1; a single vertex
hitting set.

5.2 (A,m)-Trees

Throughout this section, A will be assumed to be a subset of the vertices of a graph.
By Mader’s theorem [28], A-paths have the edge-Erdős-Pósa property. These paths are
trees that contain exactly two vertices of the vertex set A. For the proof of the main
theorem, we need to generalize this notion to trees that contain more than two vertices of
the vertex set A. An (A,m)-tree is a tree that contains m vertices of A. In this section,
I will prove that these trees have the edge-Erdős-Pósa property. The proof relies on
A-Steiner-trees, which are trees that contain all vertices of A. Kriesell [24] conjectured
that if no edge set of size at most 2k − 1 separates two vertices of A in a graph G, then
there are k edge-disjoint A-Steiner-trees in G. In other words, the A-Steiner-trees have
the edge-Erdős-Pósa property with edge-Erdős-Pósa function 2k − 1. There have been
multiple advances on this conjecture. First, Lau [26] proved Kriesell’s conjecture when
there is no edge set of size at most 26k−1 that separates A. West and Wu [47] improved
this bound to 6.5k − 1. Finally as of now, the best known bound is 5k + 3, which was
proven by DeVos, McDonald and Pivotto [13].

Theorem 5.3 (DeVos, McDonald and Pivotto [13]). A-Steiner-trees have the edge-
Erdős-Pósa property with edge-Erdős-Pósa function 5k + 3.

In order to prove that the (A,m)-trees have the edge-Erdős-Pósa property, a few more
lemmas are necessary. The first one is a very basic lemma and, as far as I know, has not
been written down anywhere else. A segment of a tree T is a non-trivial path P in T
between two vertices whose degree in T is distinct from 2 and such that all the interior
vertices of P have degree 2 in T .

Lemma 5.4. The number of segments of a tree is at most 2 times the number of its
leaves.

Proof. Through a simple induction, we obtain that the number of branch vertices in a
tree, that is, vertices of degree at least 3, is at most the number of its leaves. Let T
be a tree with ` leaves and r branch vertices; it follows that r ≤ `. Clearly, we may
assume that T contains at least two vertices and thus, a segment. Contract all seg-
ments of T to single edges and denote by T ′ the resulting tree. Observe that the
number of segments of T coincides with the number of edges in T ′ and that the ver-
tex set of T ′ is exactly the set of leaves and branch vertices of T . We deduce that
|E(T ′)| = |V (T ′)| − 1 = r + `− 1 < 2`.
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For a graph G, a mark is a function f : V (G)→ {0, 1}; a vertex v ∈ V (G) is marked
if f(v) = 1. When we decompose G into edge-disjoint subgraphs G1, . . . , Gk such that
G =

⋃k
i=1Gi, we say that this decomposition is m-good if for i ∈ [n], there is a mark fi

for Gi such that m vertices in Gi are marked and additionally, for any v ∈ V (G), it
holds that

∑n
i=1 fi(v) = f(v). The last condition means that each marked vertex of G

is marked in exactly one graph Gi.
Raymond, Sau and Thilikos [36] showed that for any m ∈ N and any tree T with

sufficiently many marked vertices, there is an m-good decomposition of T into two
subtrees. Through an induction, one obtains a generalization of this.

Lemma 5.5. Let k,m ∈ N, let T be a tree and let f : V (T ) → {0, 1} be a mark
in T . Suppose there are 2mk marked vertices in T . There exist edge-disjoint subtrees
T1, . . . , Tk of T with T =

⋃k
i=1 Ti such that this decomposition is m-good.

Note that a marked vertex of T may be contained in multiple subtrees Ti but it counts
as a marked vertex only for one of those subtrees.

Now we are ready to prove that the (A,m)-trees have the edge-Erdős-Pósa property.

Theorem 5.6. Let m ≥ 2 be an integer. The (A,m)-trees have the edge-Erdős-Pósa
property with edge hitting set bound 2m2k2.

Proof. Let k ∈ N and let G be a graph and A ⊆ V (G). By (5.2), we may assume that G
is a connected graph. We do induction on the size of A to show that

G contains either k edge-disjoint (A,m)-trees or an edge hitting set of
size at most (m− 1)k|A| for these trees.

(5.4)

If |A| < m, the empty set intersects all (A,m)-trees since there are no (A,m)-trees
in G. Thus, the induction start is true. Now assume that |A| ≥ m and let a ∈ A. For
each vertex v ∈ A\{a}, add a vertex set Av of k new vertices to G such that each vertex
in Av is adjacent only to v. Let G′ be the resulting graph.

Suppose there is a set P of (m− 1)k edge-disjoint paths in G′ from a to the vertices
in A∗ =

⋃
v∈A\{a}Av. Order the vertices v ∈ A by the number of paths that end in Av,

that is, let v1 ∈ A such that the most paths of P end in Av1 , v2 ∈ A the second most and
so on. By construction, at most k paths of P may end in any given set Av. Therefore,
there are at least m − 1 distinct sets Av such that a path of P ends in Av. Thus, for
i ∈ [m − 1], at least one path Pi ∈ P ends in Avi . Since all paths in P contain a, the
union ∪m−1

i=1 Pi is a connected graph and moreover, it contains the vertices a, v1, . . . , vm−1.
Any spanning tree of this union restricted to G is an (A,m)-tree T1 in G. Remove the
paths P1, . . . , Pn from P and observe that at most k − 1 of the remaining paths in P
end in any given set Av. Inductively, we can deduce that there are k − 1 edge-disjoint
(A,m)-trees T2, . . . , Tk in the union of the remaining paths of P. Together with T1, these
are k edge-disjoint (A,m)-trees in G and we are done.

Therefore by the edge-version of Menger’s theorem, there is an edge hitting set of size
at most (m− 1)k − 1 for the paths from a to A∗ in G′; let X ′ be an edge hitting set of
minimum size. Note that for v ∈ A and u ∈ Av, if uv ∈ X ′, then all edges incident to
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Av lie in X ′. Indeed, as X ′ is minimum, X ′ \ {e} is not an edge hitting set. Thus, there
is a path from a to u in G′ − (X ′ \ {e}), in particular, there is a path P from a to v
in G′ − X ′. If there was an edge f /∈ X ′ incident to Av, then P ∪ f would be a path
in G′ from a to Av that is not met by X ′. This would be a contradiction.

It follows that either all edges incident to a given set Av lie in X ′ or none. As the
number of edges incident to Av is k and as the size of X ′ is less than (m − 1)k, there
is a set A′ ⊆ A of size at most m − 2 that contains the vertices v such that the edges
incident to Av are contained in X ′. Let X = X ′ ∩ E(G); clearly, |X| ≤ |X ′|. In G−X,
only the vertices in A′ may lie in the same component as a, however, as |A′ ∪ {a}| < m,
there is no A–m-tree in G−X that contains a or any vertex in A′.

Apply induction on G − X with vertex set A∗ = A \ (A′ ∪ {a}). There are either
k edge-disjoint (A∗,m)-trees in G − X or a set Y of at most (m − 1)k|A∗| edges that
intersect all A-m-trees in G −X. Observe in the first case that any (A∗,m)-tree is an
(A,m)-tree and in the latter case that X∪Y is an edge hitting set for the (A,m)-trees of
size at most (m− 1)k + (m− 1)k|A∗| ≤ (m− 1)k|A|. This concludes the proof of (5.4).

This almost finishes the proof of the theorem, we just need to bound the size of A.
Suppose the size of A is at least 2mk. Since G is connected, there is a spanning tree T
in G, which contains all vertices of A. Introduce a mark f on T such that exactly the
vertices in A are marked. Apply Lemma 5.5 to T to find an m-good decomposition
T1, . . . , Tk of T . Since each tree Ti contains m marked vertices, it is an (A,m)-tree. As
the trees T1, . . . , Tk are edge-disjoint, we are done.

Therefore, we may assume that the size of A is bounded by 2mk. Together with (5.4)
this implies that the size of an edge hitting set may be bounded by 2m2k2. This concludes
the proof of the Theorem.

When we choose m = 2, this is actually a very simple proof that shows that the
A-paths have the edge-Erdős-Pósa property, admittedly, with a worse edge-Erdős-Pósa
function than Mader obtained.

5.3 Graphs without Ladders

In this section, I am going to characterize the graphs that do not contain a ladder. We
call a subdivision of Θr where each edge has been subdivided at most once a short Θr

or just short Θ, see Figure 5.2a. Let H be a short Θ. The endvertices of H are the two
vertices that are not inside a subdivided edge. We call the other vertices of H interior
vertices and the order of H is the number of its interior vertices, that is, |V (H)| − 2.
For technical reasons, we also call a diamond (see Figure 5.2b) a short Θ2, where the
endvertices are the vertices of degree 2.

A circular ordering of short Θ’s consists of short Θ’s, say Θ1, . . . ,Θm, such that the
endvertices of Θi are vi1, v

i
2 where for i ∈ [m − 1], we identify vi2 and vi+1

1 and also vm2
and v1

1, see Figure 5.3. Circular orderings of Θ’s are exactly the 2-connected graphs that
do not contain a ladder.
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endverticesinterior
vertex

(a) A short Θ6.
(b) The diamond graph.

Figure 5.2: From [41].

Figure 5.3: A circular ordering of short Θ’s [41].

Lemma 5.7. Let G be a 2-connected graph with at least six vertices. Then G does not
contain a ladder if and only if G is a circular ordering of short Θ’s. Additionally, if the
length of a longest cycle in G is at most 4, then if G does not contain a ladder, the graph
G is also a short Θr.

Proof. Assume that G is a circular ordering of short Θ’s and suppose that G contains a
ladder L. The ladder L contains a cycle C of length at least 6. Since the longest cycle in
any short Θ has length at most 4, C has to intersect all the endvertices of the short Θ’s
in G. Moreover, in L there is a path between two vertices at distance at least 3 on C
and whose interior is disjoint from C. However, any path that is disjoint from C in G
connects two vertices at distance at most 2 on C (the endvertices of a short Θ or any two
vertices in a diamond). This is a contradiction, which means that G does not contain a
ladder.

Now assume that G is a graph on at least six vertices that does not contain a ladder.
During the proof we will find several ladders if G does not satisfy certain requirements.
As G does not contain any ladders, this would be a contradiction, which immediately
implies that G does have to satisfy those requirements. Usually, when we say that there
is a ladder, we will only specify which the two vertices of degree 3 are. One only has to
check that there are three disjoint paths between these two vertices, two of which have
length at least 3. The following observation is useful for finding ladders.

A cycle C of length at least 5 together with a V (C)-path of length at
least 3 is a ladder.

(5.5)

38



5.3 Graphs without Ladders

Let C be a longest cycle in G. We start by proving a few structural properties of G.
We say that a vertex v lies outside of C if v /∈ V (C).

Claim 1: All neighbours of a vertex outside of C lie in C.

Suppose otherwise. Let w1, w2 /∈ V (C) be adjacent vertices in G. As G is 2-connected,
for i ∈ [2], there is a path Pi from wi to ci ∈ V (C) such that P1 and P2 are disjoint.
The path P = P1 ∪w1w2 ∪P2 has length at least 3. If the length of C is at most 4, then
there is a path in C between c1 and c2 of length at most 2. Replacing this path by P ,
yields a cycle of length at least 5, which is a contradiction to the maximality of C. If
the length of C is at least 5, then by (5.5), P ∪ C is a ladder. This is a contradiction,
which proves Claim 1.

Claim 2: The degree of every vertex outside of C is exactly 2. Additionally, any vertex
outside of C is adjacent to two vertices at distance 2 in C.

Let u be a vertex outside of C. As G is 2-connected, the degree of u has to be at least 2
and by Claim 1, all of its neighbours have to be in C. Let v, w be two neighbours of u. If
the distance in C between v and w is 1, that is, vw ∈ E(C), it is possible to increase the
length of C by additionally visiting u. This is a contradiction. If the distance between
v and w is at least 3, then C together with the two edges uv, uw is a ladder. Here the
two vertices of degree 3 are v and w. Again, we obtain a contradiction, which implies
that the distance in C between each pair of neighbours of u is exactly 2.

Suppose u has three neighbours v1, v2, v3 in C. Take any path P in C that contains
these three vertices and without loss of generality assume that v2 is in inbetween v1

and v3. Then P together with uv1, uv2, uv3 is a ladder where the vertices of degree 3
are u and v2; a contradiction. Note that we use here that any path in C between the
neighbours of u has length at least 2. This finishes the proof of Claim 2.

Claim 3: All chords of C are between vertices at distance exactly 2 in C.

An edge between two vertices at distance at least 3 in C together with C is a ladder
and hence, not present. This implies Claim 3.

Claim 4: If v1, v2, v3, v4 are vertices in C and occur in this order in C (after picking any
orientation on C), then there are no vertices z1, z2 outside of C such that z1 is adjacent
to v1 and v3 while z2 is adjacent to v2 and v4.

Otherwise, this would yield a ladder with v2 and v3 as the vertices of degree 3.

Now we are ready to prove the statement of the lemma. Let v1v2 . . . vn be an ordering
of the vertices of C in some direction of C. Let E be the set of chords of C. We want to
show that G′ = G− E is a circular ordering of short Θ’s. For now we will work in G′.

If there is no vertex of degree 3 in G′, then G′ is a cycle and therefore, a circular
ordering of short Θ’s (each short Θ is a Θ1 of order 0). Hence, we may assume that
there is a vertex of degree 3, which by Claim 2, has to be contained in C, say v1. By
Claim 2 again, the neighbourhood of v1 can be partitioned into vertices that are adjacent
to only v1 and v3 and into vertices that are adjacent to only v1 and vn−1. Without loss
of generality assume that v1 and v3 have at least one common neighbour outside of C.
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By Claim 2 and Claim 4, v2 cannot be adjacent to vertices other than v1 and v3 in G′.
Now the vertices v1, v3 and their common neighbours induce a short Θ that is separated
from the rest of G′ by v1 and v3.

We proceed with v3. All neighbours of v3 outside of C are adjacent only to v1 and v3

or only to v3 and v5. If v3 and v5 have any common neighbours, then by the same
argument as before, we obtain a short Θ between v3 and v5 that is separated from the
rest of G′ by v3 and v5. Otherwise, if v3 and v5 do not have any common neighbours
there is a short Θ1 of order 0 between v3 and v4. In any case, continue with v5 or v4

respectively until we get back to v1. Note that as v2 is adjacent only to v1 and v3, there
cannot be a short Θ such that v1 is in its interior. Therefore, we obtain that G′ is a
circular ordering of Θ’s. By construction, this circular ordering contains no short Θ1 of
order 1.

Now we need to deal with the chords of C. First, suppose the length of C is 3. Then
G = C since every vertex outside of C would allow us to increase the length of C. This
means that G contains fewer than six vertices, which is a contradiction. Now suppose
the length of C is 4. By Claim 2, all vertices outside of C are adjacent to either v1 and v3

or v2 and v4. By Claim 4, all vertices outside of C have the same neighbourhood, say v1

and v3. As |V (G)| ≥ 6, there is at least one vertex u outside of C. If the chord v2v4

exists, we obtain the cycle v1v2v4v3u whose length is 5, which is a contradiction to the
maximality of C. It follows that G is a short Θ between v1 and v3. Note that any
short Θr where r ≥ 2 is also a circular ordering of short Θ’s.

Hence, we may assume that the length of C is at least 5. Let e be a chord of C. By
Claim 3, the distance of the endvertices of e in C is exactly 2, say e = vivi+2. We add
the edge e to G′. First, supppose that vi and vi+2 are endvertices of short Θ’s (possibly
the same one). The vertices vi and vi+2 cannot simultaneously also lie in the interior of a
short Θ and therefore, vi+1 is adjacent only to vi and vi+2. After adding the edge vivi+2

to the graph, there is a short Θ between vi and vi+2 with interior vertex vi+1. The
resulting graph still is a circular ordering of short Θ’s where no short Θ is a short Θ1 of
order 1.

Now suppose that one endvertex of e, say vi, is a vertex in the interior of a short Θ
of order at least 2. By construction, there is a short Θ of order at least 2 between vi−1

and vi+1 with interior vertex vi. Then there is a ladder with vi−1 and vi as vertices of
degree 3, which is a contradiction.

Next suppose that exactly one of the endvertices of e, again say vi, is in the interior
of a short Θ of order 1. The endvertices of this short Θ are vi−1 and vi+1 and since this
short Θ cannot be a short Θ1, the vertices vi−1 and vi+1 are adjacent. Moreover, vi+2

is the endvertex of some short Θ; otherwise we land in the last case, which resulted in
a contradiction. Hence, there is a short Θ between vi+1 and vi+2, which means it is a
short Θ1 of order 0. We obtain a diamond between vi−1 and vi+2, which is a short Θ2.
The resulting graph is still a circular ordering of short Θ’s and any short Θ1 has order 0.

Lastly, suppose that both endvertices of e are vertices in the interior of a short Θ of
order 1. Again we deduce that vi−1 and vi+1 are adjacent as well as vi+1 and vi+3. If the
length of C is at least 6, then we obtain a ladder where the vertices of degree 3 are vi−1

and vi+1 (vi+1 and vi+3 is also a possible choice). So suppose the length of C is exactly 5.
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The graph induced by the vertices in C contains a 4-wheel with center vertex vi+1 (a
cycle of length 4 together with a center vertex that is adjacent to all vertices on that
cycle). There is a Hamiltonian path between any two vertices in the 4-wheel. Suppose
there is a vertex u outside of C, then u has two neighbours v, w on C. However, the edges
uv, uw together with a Hamiltonian path between v, w in G[C] yield a cycle of length 6.
This is a contradiction. Now we obtain another contradiction as |V (G)| = |V (C)| < 6.

We have now dealt with all possible cases for the chord e. Inductively, add all chords
of C to G′. Observe that after adding a chord we either obtained a contradiction or the
resulting graph was still a circular ordering of short Θ’s where no short Θ is a short Θ1

of order 1. This finishes the proof.

Using a similar approach it is not that hard to see that the following characterization
is also true.

Lemma 5.8. Let G be a 2-connected graph with at least five vertices. Then G does not
contain a house-expansion if and only if G is a cycle or a short Θ.

5.4 Proof of Theorem 5.1

Finally, we can prove that the ladder with three rungs has the edge-Erdős-Pósa property.

Proof of Theorem 5.1. In [2] it was shown that there is a vertex-Erdős-Pósa function g
for the ladders that lies inO(k log k). Let f0(k) = 131k2. We prove that f = g · f0 ∈ O(k3 log(k))
is an edge-Erdős-Pósa function for the ladders. Let k ∈ N and let G be a graph. By
(5.3), we need to show that if G contains a vertex v that intersects all ladders in G, then
there are either k edge-disjoint ladders in G or at most f0(k) edges that intersect all
ladders. By (5.2), we may assume that G is 2-connected and by (5.1) that all ladders in
G contain at least eight edges. Note that f0(k) ≥ f0(k − 1) + 7 and f0 is a polynomial
where all coefficients are non-negative and the terms with positive coefficients are of
degree at least 2. In the following, we assume that there are no k edge-disjoint ladders
in G. Clearly, we would be done otherwise.

For a tree T , define a pre-leaf as a vertex that is adjacent to at least one leaf. The
order of a pre-leaf is the number of leaves it is adjacent to. Let PT be the set of pre-
leaves and P 1

T ⊆ PT the set of pre-leaves of order 1 in T . A leaf ` belongs to the unique
pre-leaf p it is adjacent to. We also say that ` is a leaf of p.

Since G is 2-connected, we immediately obtain that G− v is connected and therefore,
we know that there is a tree in G− v that contains all neighbours of v and such that all
of its leaves are neighbours of v. Indeed, take any spanning tree of G− v and gradually
remove leaves of this tree that are not neighbours of v. Consider all trees in G− v with
this property and let T be the one that maximizes |PT | and then minimizes |P 1

T |. First
we want to bound the size of PT .

Claim 1: The size of PT is bounded by 6k, that is, |PT | ≤ 6k.

Suppose otherwise. Define a mark on T such that exactly the vertices in PT are
marked; there are at least 2 · 3k marked vertices in T . Use Lemma 5.5 to find a 3-good
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partition of T into k edge-disjoint trees T1, . . . , Tk. Thus, there are distinct marked
vertices aji ∈ V (T ) where i ∈ [3] and j ∈ [k] such that aji is marked in Tj .

For j ∈ [k], let P be the unique path in Tj from aj1 to aj2 and let Q be the unique path

in Tj from aj3 to V (P ). Let the endvertex of Q on P be r. By construction, the paths

in Tj from r to aj1, to aj2 and to aj3 are disjoint outside of r. At least two of those paths

have length at least 1 since the vertices aj1, a
j
2 and aj3 are distinct, say the paths from r

to aj1 and aj3. As each marked vertex in T is a pre-leaf, each vertex aji is adjacent to a

leaf of T . The graph induced by the vertices V (P ), V (Q)v and one leaf of each vertex aji
is a ladder, see Figure 5.4. Recall that all leaves of T are neighbours of v.

v

aj1 r aj3

aj2

Figure 5.4: This graph is a ladder even if r = aj2 [41].

As the vertices aji are distinct, also the leaves of T that belong to them are distinct.
Since the trees T1, . . . , Tk are edge-disjoint, we obtain k edge-disjoint ladders from these
k trees and are done. This proves Claim 1.

Claim 2: For n ∈ N, if P is a path in G − v that contains 5n neighbours of v, then
there are n ladders in G[P ∪ {v}].

Let p1, .., p5 be the first five neighbours of v on P (starting in any endvertex of P ).
Let Q = p1Pp5. In G[Q ∪ {v}] there is a ladder, as seen in Figure 5.5. We proceed
with the next five neighbours of v on P to find another ladder that is edge-disjoint from
the first one since they intersect only in v. As there are 5n neighbours of v on P , we
inductively obtain n edge-disjoint ladders in G[P ∪ {v}], which proves Claim 2.

p1 p2 p3 p4 p5

v

Figure 5.5: A ladder where v and p3 are the vertices of degree 3 [41].

Claim 3: The number of neighbours of v that are not leaves of T is less than 80k.

Let T ′ be the subtree of T that we obtain by removing all leaves of T . We immediately
deduce that all leaves of T ′ are pre-leaves of T . Hence by Claim 1, the number of leaves
of T ′ is bounded by 6k and by Lemma 5.4, the tree T ′ contains at most 12k segments. If
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there are any edges from v to endvertices of segments of T ′, remove them; these are at
most 24k edges. For each segment S of T ′, let `S be the number of remaining neighbours
of v on S and let nS = b `S5 c be the number of full sets of five neighbours of v on S. If the
sum of the nS over all segments S is at least k, then applying Claim 2 to each segment
of T yields at least k ladders. These ladders are edge-disjoint since no two segments
share a neighbour of v. Therefore, we may assume that the sum of the nS is smaller
than k. The number of edges from v to T ′ is at most

24k +
∑

S segment
of T ′

`S ≤ 24k +
∑

S segment
of T ′

5nS + 4 < 24k + 5k + 4 · 12k < 80k.

As T ′ contains all neighbours of v that are not leaves of T , this proves Claim 3.

Let E1 be the set of edges from v to vertices of T that are not leaves. From now on
assume that E1 has been removed from G. All remaining edges incident to v are incident
to leaves of T . Note that G − E1 is still 2-connected. Indeed, the graph G[T ∪ {v}] is
2-connected and so is G[T ∪ {v}] − E1. Then also G − E1 has to be 2-connected as
E1 ⊆ G[T ∪ {v}].

The next thing we want to prove is that leaves of T belonging to pre-leaves of order
at least 4, collectively, do not have many neighbours.

Claim 4: There are at most 6k leaves of T belonging to pre-leaves of order at least 4
that are adjacent to vertices other than v and their pre-leaf.

First we show that:

If a leaf ` of a pre-leaf w of order at least 4 has a neighour x /∈ {v, w},
then there is a path from x to T that does not meet `. All paths from x
to T that are disjoint from ` end in a leaf of a pre-leaf of order 1 and
do not intersect v.

(5.6)

We start by proving that there is a path from x to T that is disjoint from `. Clearly,
we are done if x ∈ V (T ) already. If x /∈ V (T ), by 2-connectedness of G− E1, there are
two disjoint paths from x to T and at most one of them meets `. Note that no path
from x to T may intersect v as all neighbours of v lie in T .

Now let P be a path from x to a vertex t ∈ V (T ) that does not contain `. Add P
and the edge x` to T and remove the edge w`. It is easy to see that this yields again a
tree T ′ that contains all neighbours of v such that all its leaves are neighbours of v. We
want to prove that t has to be a leaf of a pre-leaf of order 1 by doing a case analysis,
which then proves (5.6).

We start by evaluating two cases when t = x. First, suppose that t = x is a pre-leaf
of order at least 2. There is a ladder in G with at most 7 edges, see Figure 5.6. By the
assumptions in the beginning of the proof, this is a contradiction. Next suppose that
t = x is a pre-leaf of order 1. In T ′ the vertex x is a pre-leaf of order at least 2 and so
is w as its order in T was at least 4. No pre-leaf of T other than w lost any leaves and
thus, the amount of pre-leaves of T ′ is the same as in T but there is one fewer pre-leaf
of order 1, which is a contradiction to the choice of T .
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v

`

x w

Figure 5.6: This is the ladder with seven edges we find [41].

Now suppose that t is not a leaf of T and suppose that x is no pre-leaf of T . The
vertex x now becomes the pre-leaf of ` in T ′ while it was no pre-leaf in T . Again all
pre-leaves of T are still pre-leaves of T ′ and hence, T ′ has more pre-leaves than T , which
is a contradiction to the choice of T .

Lastly, suppose that t is a leaf of T that belongs to a pre-leaf w0 of order at least 2.
The vertex w0 is still a pre-leaf in T ′ (even if w0 = w) while x again becomes a pre-leaf
of T ′. Hence, T ′ has more pre-leaves than T , which is a contradiction. This finishes the
proof of (5.6).

The next thing we want to do is to bound the number of paths that go into a leaf of
a pre-leaf of order 1. The paths that we look at are constructed as in (5.6).

There are no two distinct leaves `1, `2 of pre-leaves of order at least 4
such that there is a leaf `∗ of a pre-leaf w0 of order 1 and for i ∈ [2], a
path Pi from `i to `∗ that is internally disjoint from T and v.

(5.7)

Suppose otherwise. For i ∈ [2], let wi be the pre-leaf of `i. Follow P1 from `1 until it
intersects P2 for the first time in a vertex x. Add P2 and `1P1x to T and remove the
edges `1w1 and `2w2 from T . Let T ′ be the resulting tree and observe that all neighbours
of v lie in T ′ and all leaves of T ′ are neighbours of v. The vertex w0 is not a pre-leaf
anymore in T ′ while w1 and w2 are still pre-leaves of order at least 2 in T ′ since their
order in T was at least 4 (even if w1 = w2). If x is adjacent to both `1 and `2, then x
becomes a pre-leaf of order 2 in T ′. Now the tree T ′ has the same number of pre-leaves
but fewer pre-leaves of order 1.

So we may assume that x is not adjacent to both `1 and `2. For i ∈ [2], let pi be the
unique neighbour of `i on Pi. It follows that p1 6= p2 and that both of these vertices
become pre-leaves in T ′. Then the number of pre-leaves in T ′ is larger than in T . This
is a contradiction and thus, proves (5.7).

By Claim 1, there are at most 6k pre-leaves of order 1 in T and, thus, at most 6k
leaves belonging to pre-leaves of order 1. Combining this with (5.6) and (5.7), we obtain
that there are at most 6k leaves of pre-leaves of order at least 4 that are adjacent to
vertices other than v and their pre-leaf, thus, proving Claim 4.

Let E2 be the set of edges from v to leaves belonging to pre-leaves of order at least 4
that are adjacent to vertices other than v and their pre-leaf. And let E3 be the set of
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edges from v to leaves belonging to pre-leaves of order at most 3. It holds that |E2| ≤ 6k
and |E3| ≤ 3 · 6k. In the following, we consider the graph G−E1 −E2 −E3. Iteratively
remove all leaves of T that are not adjacent to v anymore; we obtain a minimal subtree
that contains all remaining neighbours of v such that all its leaves are adjacent only to
their pre-leaf and v.

Let w1, . . . , wn be the remaining pre-leaves of T . Split v into vertices v1, . . . , vn such
that vi is adjacent to all common neighbours of wi and v and let Av = {v1, . . . , vn}.
Let T0 be an (Av, 3)-tree that contains the vertices vi1 , vi2 , vi3 ∈ Av. Identify the vertices
vi1 , vi2 , vi3 again and see that we obtain a ladder from T0. Indeed, as all neighbours of v
are adjacent only to v and their pre-leaf, the pre-leaves wi1 , wi2 , wi3 have to be contained
in T0. Then we obtain a ladder in the same way as in Claim 1 in Figure 5.4. Now apply
Theorem 5.6 on G−E1−E2−E3 to either find k edge-disjoint (Av, 3)-trees or a set E4 of
at most 18k2 edges that intersects all such trees. In the first case we immediately obtain
k edge-disjoint ladders. In the second case remove E4 from G. Identify all vertices in Av
to the vertex v again. Let G′ = G− E1 − E2 − E3 − E4.

Claim 5: For each ` ∈ N, in every block of G′ there are either ` edge-disjoint ladders
or a set of at most 5`− 1 edges that intersects all ladders.

Assuming this claim is true, we want to show that this proves the theorem. As every
ladder in G′ has to be entirely contained in a block of G′ and as blocks are edge-disjoint,
we can look at each block separately. First, remove each block that does not contain a
ladder. Thus, as each ladder contains v, we remove all blocks that do not contain v. For
each of the remaining blocks B1, . . . , Bn, count the maximum number of edge-disjoint
ladders `1, . . . , `n ≥ 1. If the sum of the `i exceeds k − 1, there are k edge-disjoint
ladders in G′ ⊆ G and we are done. Hence, we may assume that the sum of the `i is at
most k − 1. Then as `i ≥ 1 for i ∈ [n], it holds that n < k. By Claim 5, we can find a
set of at most 5(`i + 1) − 1 edges that intersects all ladders in Bi. Altogether, there is
an edge set E5 of size at most

∑n
i=1(5`i + 4) ≤ 5(k − 1) + 4n ≤ 9(k − 1) that intersects

all ladders in G′. Then E1 ∪E2 ∪E3 ∪E4 ∪E5 is an edge hitting set for the ladders in G
of size at most 18k2 + 113k ≤ f0(k), which concludes the proof.

Let us prove Claim 5 now. Clearly, the statement is true if ` = 1, so we may assume
that ` ≥ 2. Any block of G′ that does not contain a ladder, contains a set of zero edges
that intersects all ladders. Thus, the claim is true in this case as well. Hence, let B be a
block of G′ that contains a ladder and therefore, B also has to contain v. Let P ∗T ⊆ PT
be the set of pre-leaves of T that in G′ still have a common neighbour with v.

Recall that in G′ the neighbours of v are not adjacent to vertices other than v and
their pre-leaf in T . For any preleaf w ∈ P ∗T , there is a short Θ between v and w that is
separated from the rest of G′ by v and w. This is the beginning of a circular ordering of
short Θ’s. Remember that by Lemma 5.7, circular orderings of short Θ’s do not contain
ladders.

We claim that:

there are exactly two vertices of P ∗T that are contained in B. (5.8)
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If no vertex of P ∗T lies in B, then B is just an edge. Clearly, then B does not contain
a ladder, which is a contradiction. If there is exactly one vertex w ∈ P ∗T ∩V (B), then B
is a short Θ between v and w. Again, we obtain a contradiction since there is no ladder
in a short Θ. Lastly, suppose there are at least three vertices of P ∗T in B. Let T0 ⊆ B be
a tree in B − v that contains three vertices of P ∗T ; such a tree exists by 2-connectedness
of B. Each of these three vertices has a common neighbour with v in B. This, however,
means that when we split v into the vertices of Av again, we obtain an (Av, 3)-tree that
is disjoint from E4. This is a contradiction and proves (5.8).

Let w1, w2 be the two vertices in P ∗T ∩V (B). As B is 2-connected and as all neughbours
of v are of degree 2, the subgraph B′ ⊆ B that results from removing v and its neighbours
from B is connected. We call the blocks of B′ and also the two short Θ’s in B between
v, w1 and also between v, w2, the parts of B. Observe that no part contains a ladder.
Indeed, any part that does not contain v cannot contain a ladder. On the other hand,
the parts that contain v are short Θ’s and hence, do not contain a ladder.

By 2-connectedness of B, the parts of B can be ordered cyclically as seen in Figure 5.7,
that is, every part can be separated from the rest of B by two vertices that we call passing
points of that part. Every passing point is contained in exactly two parts. Note that
the passing points of B are v, w1, w2 and the cutvertices of B′.

v

w1 w2

passing
points

parts

Figure 5.7: This shows the parts and passing points [41].

Suppose there are two passing points p1, p2 belonging to the same part R such that
there are fewer than 5` edge-disjoint paths between p1 and p2 in R. By the edge-version
of Menger’s theorem, there is a set E of at most 5` − 1 edges that intersects all paths
in R between p1 and p2. Because of the cyclical structure of B, every block of B−E is a
subgraph of a part of B. However, we already observed before that no part of B contains
a ladder. Hence, E is an edge hitting set for the ladders in B of size at most 3`− 1; we
are done.

So we may assume that in any part there are at least 5` edge-disjoint paths between its
two passing points. As ` ≥ 2, there are at least six vertices in each part and each passing
point has more than three neighbours in any part that it lies in. Clearly, each part of B
that is a block of B′ is 2-connected. For i ∈ [2], the part Ri of B that contains v and wi
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is a short Θ and as there are at least 5` ≥ 6 edge-disjoint paths in Ri between v and wi,
the part Ri is 2-connected. Hence, we are able to apply Theorem 5.7 to see that each
part of B is a circular ordering of short Θ’s. Moreover, if the longest cycle in a part has
length at most 4, then that part is also a short Θ. Since the degree of a passing point p
is larger than 2 in any part R that contains p, it follows that p has to be an endvertex
of a short Θ in R.

Suppose there are ` edge-disjoint cycles C1, . . . , C` of length at least 5 such that Ci
is contained entirely inside a part Ri. As the length of a longest cycle inside a short Θ
is at most 4, for i ∈ [`], the cycle Ci has to pass through all endvertices of short Θ’s
in Ri. In particular, the cycle Ci passes through the passing points of Ri. The parts that
contain v are short Θ’s, which means that v /∈ V (Ri) for each i ∈ [`]. Any cycle in Ri
can intersect at most two paths in a short Θ in Ri between the endvertices of this short
Θ. By construction of a circular ordering of short Θ’s, this implies that for every cycle
in Ri whose edges are removed, the maximum number of edge-disjoint paths between
the passing points of Ri decreases by at most 4.

Since in each part of B there are 5` edge-disjoint paths between its passing points,
there are at least ` edge-disjoint paths between the passing points of each part of B
that are edge-disjoint from C1, . . . , C`. For i ∈ [`], merge Ci with one path between
the passing points of each part of B that is distinct from Ri. The result is the cycle
Ci together with a V (Ci)-path that passes through v and as v /∈ V (Ri), has length at
least 4. (We use here that v is not adjacent to w1 and w2 in G′.) We already remarked
in the proof of Lemma 5.7 that a cycle of length at least 5 together with a path of length
at least 3 is a ladder. As there are ` edge-disjoint cycles C1, . . . , C` and as there are `
edge-disjoint paths between the passing points of each part that are disjoint from the
cycles C1, . . . , C`, we obtain ` edge-disjoint ladders.

So we may assume that there are fewer than ` edge-disjoint cyles of length at least 5 in
the parts of B. Recall that a circular ordering of short Θ’s that does not contain a cycle
of length at least 5 is also a short Θ. Let n be the maximum number of edge-disjoint
cycles of length at least 5 in a part R and suppose that n ≥ 1. It is not that hard to
see that n coincides with the minimum r such that there is a short Θr in the circular
ordering of short Θ’s that is R. Removing all edges in the short Θn, yields a subgraph
of R where all blocks are short Θ’s (or subgraphs thereof). Note that a short Θn contains
at most 2n edges.

As the number of cycles of length at least 5 in the parts of B is less than `, we find
a set E of at most 2` edges such that for each part R of B, the blocks of R − E are
short Θ’s. Because of the cyclic structure seen in Figure 5.7, the block of B − E that
contains v is a circular ordering of short Θ’s now, which by Lemma 5.7, implies that
there are no ladders in B−E anymore. This finishes the proof of Claim 5 and thus, the
proof of the theorem.

By modifying this proof in some places, we obtain the following result.

Theorem 5.9. The house graph has the edge Erdős-Pósa property with edge-Erdős-Pósa
function in O(k2 log k).
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The idea goes as follows. First, observe that any ladder is also a subdivision of
the house graph. Then follow the proof of Theorem 5.1 until the set Av is defined.
Instead of considering (Av, 3)-trees, we consider Av-paths. If there are 2k edge-disjoint
Av-paths, then these can be made into k edge-disjoint house-expansions. Otherwise by
Mader’s theorem, there is a set of at most 4k edges that intersects all these paths. After
removing these edges, all remaining blocks that contain v are short Θ’s and therefore,
do not contain a house-expansion by Lemma 5.8.
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6 Walls, Linkages and Tangles (parts of
this chapter appeared in [8] and [46])

In the following chapters, a number of tools from the graph minors project of Robertson
and Seymour are necessary and will be defined here. The two most important concepts
to understand are walls and tangles. Walls are graphs similar to grids while tangles
are essentially pointers in a graph and both are highly related to the vertex-Erdős-Pósa
property. Walls are also helpful for the edge-Erdős-Pósa property if only for constructing
counterexamples. At the end of this section, the relationship of walls and tangles to the
vertex-Erdős-Pósa property is explained.

An elementary wall W of size n is a graph with vertex set

{vi,j : i ∈ [n+ 1], j ∈ [2n+ 2]} \X,

where X = {v1,2n+2, vn+1,2n+2} if n is odd and X = {v1,2n+2, vn+1,1} if n is even. We
consider vi,jvk,` to be an edge of W , where i ≤ k such that either i = k and |j− `| = 1 or
i = k−1 and j = ` have the same parity as i, see Figure 6.1. For i ∈ [n+1], the i−th row
or i − th horizontal path of W is the induced subgraph of W on {vi,1, . . . , vi,2n+2} \X;
this is a path. Usually, we refer to the first row of W as the top row of W . We can
order the vertices in the top row of W from left to right: The vertex v1,i lies to the left
of the vertex v1,j if i < j and to the right if i > j. Now there are exactly n+ 1 disjoint
paths between the top row and the last row of W , that is, the (n+ 1)− th row. These
are the columns or vertical paths of W . Order the columns according to the order of
their endvertices in the top row: For j ∈ [n + 1], the j − th column or j − th vertical
path of W is the j − th column in this order. For i ∈ [n], we say that the i− th and the
(i+ 1)− th row respectively column are adjacent.

The corners of W are the endvertices of the first and last row. A vertex of degree 2
in W that lies in the top row is called a nail of W if it is not a corner. Two nails are
consecutive if in the top row of W , there is no nail inbetween these two nails. The branch
vertices of W are the vertices of degree 3. A brick is a cycle of length 6 in W and the
outer cycle of W is the union of the first and last row and column of W .

A wall of size n or n-wall is a subdivision of an elementary wall of size n. Except for
nails and corners, all the definitions for elementary walls can be extended to walls in a
natural way. In some special cases, the nails can be chosen in a natural way, too. We
will explain that in a moment. If B is the set of branch vertices of a wall, we refer to
B-paths inside that wall as subdivided edges. Note that B-paths do not contain vertices
of B in their interior.
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top rownailsvertical path

horizontal
path

brick

Figure 6.1: An elementary 8-wall [8].

We say that a wall W0 is a subwall of another wall W if each row of W0 is a subpath of
a single row of W and each column of W0 is a subpath of a single column of W . A cycle
C in W that is disjoint from W0 encapsulates W0 if in each row or column of W that
intersects W0, there are two disjoint paths from W0 to C. For t ∈ N, the subwall W0

is t-contained if it is disjoint from the first and last t rows and columns of W . Note
that if W0 is t-contained, then there are t disjoint cycles that encapsulate W0. Now if
W0 is at least 1-contained, we can choose the nails of W0 in a natural way: Between
each two consecutive branch vertices in the top row of W0, there is at least one branch
vertex of W that is an endvertex of a subdivided edge of W whose other endvertex lies
in a row that is disjoint from W0. (Essentially, there is a path from this branch vertex
that goes outside of W0.) For each two consecutive nails, we choose one such vertex as
a nail of W0. In a t-contained subwall we will always assume that the nails are chosen
in this way. Otherwise, if W0 is not 1-contained (or not even a subwall of some other
wall), choose the nails arbitrarily so that they are consistent with the notion of nails
in elementary walls (the specifics are not that important since we consider nails almost
exclusively in t-contained subwalls).

A linkage L of a wall W is a set of disjoint paths such that each path in L starts and
ends in two distinct nails of W and is otherwise disjoint from W . As the vertices in
the top row of a wall can be ordered from left to right, we can define a left endvertex
and a right endvertex for each path in a linkage. For two vertices `, r in the top row
of W , we denote by ` < r that ` lies to the left of r. Let L be a linkage of a wall W
and let P1, P2 ∈ L such that for i ∈ [2], the left and right endvertex of Pi is `i and ri
respectively. Then L is in series if for all choices of P1, P2 ∈ L, it holds that `1 < `2
implies `1 < r1 < `2 < r2. It is crossing if for all choices of P1, P2 ∈ L, it holds that
`1 < `2 implies `2 < r1 < r2. Lastly, it is nested if for all choices of P1, P2 ∈ L, it holds
that `1 < `2 implies `1 < `2 < r2 < r1. The linkage L is pure if it is nested, crossing or
in series.

As pointed out by Huynh et al., every sufficiently large linkage contains a large pure
linkage:

Lemma 6.1 (Huynh, Joos and Wollan [20]). Let L be a linkage of a wall W of size t3.
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Figure 6.2: The three types of pure linkages [8].

Then L contains a pure linkage L′ ⊆ L of size t.

Now we will define the notion of tangles. An ordered pair (A,B) of edge-disjoint
subgraphs A,B of a graph G such that A ∪ B = G is a separation of G. The order of
the separation is |V (A) ∩ V (B)|.

A tangle of order r in G is a set T of separations of G so that the following assertions
hold:

(T1) Every separation (A,B) ∈ T has order less than r.

(T2) For all separations (A,B) of G of order less than r, exactly one of (A,B) and (B,A)
lies in T .

(T3) V (A) 6= V (G) for all (A,B) ∈ T .

(T4) A1 ∪A2 ∪A3 6= G for all (A1, B1), (A2, B2), (A3, B3) ∈ T .

For any tangle T and (A,B) ∈ T , we refer to A as the T -small side and to B as the
T -large side of the separation (A,B). A tangle T0 is a truncation of a tangle T if T0 ⊆ T .
Suppose T has order r ≥ 3 and let Z be a vertex set of size at most r − 2. Then G− Z
contains a unique block U such that V (U)∪Z is not contained in any T -small side of a
separation in T ; see for instance [20]. We call the block U the T -large block of G− Z.

Every n-wall in a graph induces a tangle of order n. For a wall W of size n in a
graph G, define TW as the set consisting of all separations (A,B) of G of order at
most n − 1 such that B contains an entire row of W . That TW is a tangle has already
been proven in [39]. If W0 is a subwall of a wall W , then TW0 is a truncation of TW (for
a proof see for instance [20]).

Conversely, a large tangle T implies the existence of a large wall W . Even more, the
tangle TW is a truncation of T .

Theorem 6.2 (Robertson and Seymour [39]). For every positive integer t, there is an
integer f6.2(t) such that if there is a tangle T of order f6.2(t) in a graph G, then there
is a t-wall W in G such that TW is a truncation of T .

From now on, a number of functions, such as f6.2, will be used where the reader
is reminded that their index refers to the theorem or lemma in which the function is
defined.

To connect walls and tangles to the vertex-Erdős-Pósa property we need one more
definition. Let H be some class of connected graphs and let f : N→ N be some function.
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If f is not a vertex-Erdős-Pósa function for H, there is a k ∈ N and a graph G such
that G contains neither k disjoint subgraphs belonging to H nor a set of f(k) vertices
intersecting all of these subgraphs. We say that (G, k) is a counterexample to f being a
vertex-Erdős-Pósa function for H. The counterexample (G, k) is minimal if there is no
counterexample (G′, k′) to f being a vertex-Erdős-Pósa function for H with k′ < k.

The next lemma, explicitly proved in this form in [18], shows that there is a natural
tangle induced by a minimal counterexample.

Lemma 6.3. Suppose H is a class of connected graphs. Suppose (G, k) is a minimal
counterexample to the function f : N → N being a vertex-Erdős-Pósa function for H.
Suppose that t ≤ min{f(k) − 2f(k − 1), f(k)

3 }. Let T be the collection of all separa-
tions (A,B) of order less than t such that B contains a subgraph that lies in H. Then T
is a tangle.

In Chapter 10, a similar lemma will be proven for classes H that may contain uncon-
nected graphs with a bounded number of components.

Now we obtain a general strategy for solving vertex-Erdős-Pósa problems. Let H be
some class of graphs and let f be a very large function that satisfies the conditions of
Lemma 6.3. Suppose that f is not a vertex-Erdős-Pósa function for H. Then there
is a minimal counterexample (G, k) to f being a vertex-Erdős-Pósa function for H.
By Lemma 6.3, there is a large tangle T in G and then by Theorem 6.2, G contains
a large wall W such that TW is a truncation of T . Walls have a very nice structure
that may be helpful for constructing subgraphs of G that belong to H. Additionally by
tangle properties, the wall W is linked very well to subgraphs of G that belong to H,
which we may be able to exploit. Obviously, it depends on H if this approach is sensible
and one has to accept that the obtained vertex-Erdős-Pósa function will be quite large.
Note that similar arguments have been made, for instance, by Liu [10] and Wollan [48].

6.1 Connecting Vertex Sets to a Wall

In this section, various lemmas on connecting prescribed vertex sets to a wall will be
proven. This will help us tremendously to construct subgraphs that belong to some class
of graphs H.

Let W be a wall in a graph G with nails N and let A ⊆ V (G). A set P of disjoint
A–V (W )-paths nicely links A to W if each path P ∈ P is contained in G − (W − N)
and ends in a (distinct) nail of W .

Lemma 6.4. Let r, t be positive integers with r ≥ t. Let H be a graph containing
a wall W of size at least 4tr, and let A ⊆ V (H) be disjoint from W . Then W has a
subwall W1 of size at least r such that there is either a vertex set X of size |X| < 3t2

that separates A from W1 or there is a set P of t disjoint paths that nicely links A to W1.

Proof. Let W0 be a t-contained subwall of size at least 2tr of W , and let B be the set
of branch vertices of W0. Assume first that there is a vertex set X of size |X| ≤ 3t2 − 1
that separates A from B. As W0 has size at least 2tr, it follows that W0 has 4t2 disjoint
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subwalls of size r. One of these, W1 say, is disjoint from X. Then W1 is separated
from A by X.

Thus, assume that there is no such set X. By Menger’s theorem, we find a set Q1 of
3t2 disjoint A–B paths. Choose Q1 such that

∑
Q∈Q1

|E(Q)\E(W0)| is minimal. Denote
by B1 the set of endvertices in W0 of the paths in Q1.

By choice of Q1, whenever a path Q ∈ Q1 meets a branch vertex of W0 it ends there;
and if a path Q ∈ Q1 meets a subdivided edge in its interior then at least one of the
endvertices of the subdivided edge, which are branch vertices, must be in B1. (Otherwise,
we can reroute.) Thus, if a subwall of W0 is disjoint from B1 then it is disjoint from any
path in Q1.

Since W0 has size at least 2tr there is a subwall W1 of size r that is disjoint from B1,
and then from any path in Q1. Let N1 be the set of nails of W1 (with respect to W ). We
claim that A cannot be separated from N1 in H − (W1 −N1) by fewer than t vertices.

For this, let Y be a vertex set in H − (W1 − N1) of size at most t − 1. As W0

is t-contained in W there is a cycle C in W − W0 that is disjoint from Y and that
encapsulates W . Moreover, as |Q1| = 3t2, there is a subset Q2 of Q1 of size at least 2t2

that is disjoint from Y . Let B2 be the set of endvertices in W0 of the paths in Q2.
By construction of a wall, each vertex in B2 lies in a horizontal and in a vertical path of

W0 and at most two lie in the same pair of vertical and horizontal path. Since, moreover,
|B2| ≥ 2t2 there is a horizontal or vertical path P of W that meets some vertex from B2

and is disjoint from Y . As C encapsulates W0, it has to intersect at least as many rows
and columns as the size of W0. One of these is disjoint from X and intersects P without
intersecting W1. Thus, we find a B2–C path P ′ that is disjoint from W1 and X. Finally,
there are at least r ≥ t disjoint subpaths of vertical paths of W that link C to N1. One
of these, R say, is disjoint from Y . Then Q2, P ′ and R show that N1 cannot be separated
from A in H − (W1−N1) by fewer than t vertices. Thus, by Menger’s theorem, there is
a set P of t disjoint paths that nicely links A to W1.

We continue by proving lemmas on making paths disjoint.

Lemma 6.5. Let t be a positive integer, and let H be a graph containing three vertex
sets A,B,X. If H contains 2t disjoint A–X paths Q1, . . . , Q2t and t disjoint B–X paths
R1, . . . , Rt then H contains 2t disjoint paths P1, . . . , P2t such that Pi is a A–X path for
i ∈ [t] and a B–X path for i ∈ [2t] \ [t]. Moreover, {P1, . . . , Pt} ⊆ {Q1, . . . , Q2t} and
Pi ⊆

⋃
j∈[2t]Qj ∪

⋃
j∈[t]Rj for all i ∈ [2t].

Proof. Set Q = {Q1, . . . , Q2t} and R = {R1, . . . , Rt}, and let H ′ =
⋃
j∈[2t]Qj∪

⋃
j∈[t]Rj .

Let S = {S1, . . . , St} be t disjoint B–X paths in H ′ such that

t∑
i=1

|E(Si) \ E
( ⋃
Q∈Q

Q
)
|

is minimal. Suppose there is a path Q ∈ Q such that a path in S intersects Q, but
there is no path in S which shares the endvertex x ∈ X of Q. Let y be the first vertex
from x on Q that belongs to a path in S; let S ∈ S be the path containing y. Let S′ be
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6 Walls, Linkages and Tangles (parts of this chapter appeared in [8] and [46])

the path obtained from S by deleting the subpath from y to X and adding yQx. Then
(S ∪ {S′}) \ {S} contradicts the choice of S.

Therefore, if Q ∈ Q has a nonempty intersection with a path in S, it also shares its
endvertex in X with a path in S. Hence at most t paths in Q intersect a path in S and
so there exist t paths in Q that are disjoint from paths in S. These paths together with
S give rise to the desired 2t paths.

The following generalization of Lemma 6.5 can be obtained easily by induction. More-
over, the proof shares many similarities with the proof of Lemma 9.6. Hence, we omit
the proof.

Lemma 6.6. Let n, t ∈ N, let G be a graph, and let A1, . . . , An, X ⊆ V (G). If, for every
i ∈ [n], there is a setQi of at least f6.5(i, t) = 2i−1t disjoint Ai–X-paths in G, then G con-
tains nt disjoint paths P1, . . . , Pnt such that for every i ∈ [n] the paths P(i−1)t+1, . . . , Pit
are Ai–X-paths. Moreover,

⋃nt
i=1 Pi ⊆

⋃t
i=1

⋃
Q∈Qi Q and P(n−1)t+1, . . . , Pnt ∈ Qn.

We remark that when n = 2 and we increase the size of Q2 by some positive inte-
ger s, then the number of A2–X-paths that we find increases by s, too. This follows
immediately from the proof of Lemma 6.5 and will play a role in the next corollary.

Corollary 6.7. Let n, s, t ∈ N, A1, . . . , An sets of vertices in a graph G and W a wall
in G. For every i ∈ [n], let Pi be a set of paths of size f6.7(n, t) = 2nt that nicely links
Ai to W and let L be a linkage for W of size s. Then there is a linkage L′ ⊆ L of size
at least s− nt and sets P ′i of t disjoint paths that nicely link Ai to W . Moreover, each
two paths in L′ ∪

⋃n
i=1 P ′i are disjoint.

Proof. We only give a quick idea of the proof since nothing surprising is happening
here. Apply Lemma 6.6 on P1, . . . ,Pn to obtain nt disjoint paths. Then apply the same
lemma (or Lemma 6.5) again to the union of the nt paths we found and L. Together
with remark above, we find sets of paths of the right sizes. That they link the correct
vertex sets can be deduced easily.

Next we want to prove that we can make paths that nicely link some vertex set A to
some wall W and a linkage of W disjoint and such that their endvertices are ordered
nicely along the top row of W .

Lemma 6.8. Let t ≥ 2 be a positive integer, and let H be a graph, let A ⊆ V (H) and
let W be a wall. Let P be a set of 3t disjoint A–W paths that nicely link to W , and
let L be a linkage of W of size 6t. Then there is a set P ′ of t disjoint A–W paths that
nicely link to W, and a subset L′ of L of size t such that the paths in P ′∪L′ are pairwise
disjoint. Moreover, there is an edge e in the outer cycle C of W such that the endvertices
of the paths in P ′ precede the endvertices of the paths in L′ in the path C − e.

Proof. We apply Lemma 6.5 to P and L with the set of nails of W in the role of X. We
obtain a subset L1 of L of size 3t, and a set P1 of 3t A–W paths that nicely link to W
such that the paths in L1 ∪ P1 are pairwise disjoint.
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There are three disjoint subpaths P1, P2, P3 of C such that each contains the endver-
tices of t of the paths in P1. For i = 1, 2, 3, let Ji be the set of those paths in L1 that do
not have an endvertex in Pi. Pick i such that Ji is largest, which implies |Ji| ≥ 1

3 |L1| = t,
and set L′ = Ji. We also choose as P ′ the set of those paths in P1 with an endvertex
in Pi. Clearly, |P ′| = t. To finish the proof, it remains to pick an edge e of C and an
orientation of C such that C − e has Pi as initial segment.
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7 A-paths of Length ≡ 0 (mod 4) (originally
published in [8])

That theA-paths have the vertex-Erdős-Pósa property follows from a result of Gallai [42].
Wollan [49] proved that for a fixed m ∈ N, also the A-paths of length 6≡ 0 (mod m) have
the vertex-Erdős-Pósa property1. Then Bruhn, Heinlein and Joos [19] investigated the
A-paths of length ≡ 0 (mod m). They proved that even A-paths have the vertex-Erdős-
Pósa property, that is, A-paths of length ≡ 0 (mod 2). Moreover, they constructed
counterexamples that show that the A-paths of length ≡ 0 (mod m) do not have the
vertex-Erdős-Pósa property when m is a non-prime integer distinct from 4. These coun-
terexample are formed in a standard way: For a class of planar graph H, start with a
wall and attach simple gadgets to the wall such that all subgraphs of this graph that
belong to H have to go from the left side to the right side of the wall and intersect the
top row of the wall inbeween (left and right side of a wall are informal terms that are
meant to specify the vertices on the left and right border in a canonical drawing of a
wall, see Figure 6.1). Although for the sake of convenience, these walls are often replaced
by grids.

Bruhn et al. observed that this approach does not seem to work if m = 4 or when m
is prime. Clearly, it should not work for m = 2 as the even A-paths have the vertex-
Erdős-Pósa property. So then they asked whether the A-paths of length ≡ 0 (mod m)
have the vertex-Erdős-Pósa property when m = 4 or when m is an odd prime. In joint
work with Henning Bruhn, we were able to show that:

Theorem 7.1 (Bruhn, U. [8]). The A-paths of length ≡ 0 (mod 4) have the vertex-
Erdős-Pósa property.

In the next chapter, I will prove that the A-paths of length ≡ 0 (mod m) have the
vertex-Erdős-Pósa property when m is an odd prime. It seems like if the standard
way of constructing counterexamples does not work, then the vertex-Erdős-Pósa prop-
erty should hold. This idea is further reinforced by the results that will be proven at
the end of this chapter. We show, through standard counterexamples, that A-paths
of length ≡ 1 (mod 4) and of length ≡ 3 (mod 4) do not have the vertex-Erdős-Pósa
property. This does not work for A-paths of length ≡ 2 (mod 4) and, as expected, we
are able to prove that these paths have the vertex-Erdős-Pósa property. This makes
us believe that the standard way to construct counterexamples may be ”the” way to
construct counterexamples.

1Actually, Wollan’s result is more comprehensive; see Section 7.2.
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7.1 A Flat Wall Theorem

The principal tool for the proof of Theorem 7.1 is a powerful structural result by Huynh,
Joos and Wollan [20]. We present here a simplified version that is adapted to our needs.
The original formulation covers graphs in which edges are endowed with two directed
group-labellings.2 Moreover, the conclusion of the theorem is stronger: in the original
version the obtained wall W0 is flat, that is, embedded in an essentially planar part of
the graph. We never use the flatness of W0 and therefore omit it from the statement.
We need a few more definitions before we can state the theorem.

In the following, we refer to a Kt-expansion (K ′t, π) as just π. A Kt-expansion π is odd
if the unique cycle in π(u) ∪ π(v) ∪ π(w) ∪ {π(uv), π(vw), π(wu)} is odd for all distinct
u, v, w ∈ V (Kt). We define a tangle of order n = d2t

3 e induced by a Kt-expansion π in a
graph G: For any separation (C,D) of order at most n−1 in G, there is one side, D say,
which intersects π(v) for each v ∈ V (Kt). Putting all such (C,D) into a set T defines a
tangle [39].

An odd linkage of a bipartite wall W is a linkage of W such that for every path P in
the linkage, every cycle in P ∪W that passes through P is odd, or equivalently, P ∪W
is not bipartite.

Theorem 7.2 (Huynh, Joos and Wollan [20]). For every t ∈ N, there exist an integer
f7.2(t) with the following property. Let G be a graph that contains a f7.2(t)-wall W .
Then one of the following statements holds.

(i) There is an odd Kt-expansion π in G such that Tπ is a truncation of TW .

(ii) There is a 100t-wall W0 in G such that TW0 is a truncation of TW and such that

a) every brick of W0 is an odd cycle; or

b) W0 is bipartite, and there is a pure odd linkage P of W0 of size t.

(iii) There is a set Z of vertices of G such that |Z| ≤ f7.2(t) and the TW -large block of
G− Z is bipartite.

7.2 Bipartite case

The vertex hitting sets we will construct later have a very large size. It is possible,
though, to get much smaller hitting sets if we assume the graph G to be bipartite. In
fact, it suffices that G−A is bipartite. This is what we do in this section. At the same
time, we here lay some ground work for the main theorem, by dealing with the last case
of Theorem 7.2. For the proof of the bipartite case we need the theorem by Wollan on
A-paths that we already mentioned in the introduction.

An undirected Γ-labelling in a graph G is an assignment γ that assigns to every edge
of G a value from an abelian group Γ. If P is a path in G then its weight γ(P ) is defined
as γ(P ) =

∑
e∈E(P ) γ(e). We say that P is a zero path with respect to γ if γ(P ) = 0,

2Our version arises by working in the group Z2 and labelling every edge with 1.
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and it is a non-zero path if γ(P ) 6= 0. If we do not explicitly specify a group labelling,
we assume implicitly a labelling of 1 on every edge in the group Z4, which means that
a path is a zero path if and only if its length is 0 modulo 4.

Theorem 7.3 (Wollan [49]). For every graph G, every abelian group Γ, every undirected
Γ-labelling γ, every set A ⊆ V (G) and every integer k, the graph G contains k disjoint
non-zero A-paths with respect to γ or a set X ⊆ V (G) of size O(k4) such that G − X
does not contain any non-zero A-path with respect to γ.

Lemma 7.4. Let G be a graph, and let A ⊆ V (G) be a set such that G−A is bipartite.
Then, for every integer k the graph G either contains k disjoint zero A-paths or there is
a set X ⊆ V (G) of size O(k4) such that G−X does not contain any zero A-path.

Proof. Let V1, V2 be a bipartition of G − A. Starting with G we define a graph G′

by replacing each vertex a ∈ A by two vertices a1, a2, where we make ai adjacent to
N(a) ∩ V3−i for i = 1, 2. Set Ai = {ai : a ∈ A}, and observe that the graph G′ is
bipartite.

Clearly, if for one i ∈ {1, 2} we find k disjoint zero Ai-paths in G′ − A3−i then there
are also k disjoint zero A-paths in G. On the other hand, if for i = 1, 2 we find vertex
sets Xi such that every zero Ai-path in G′ −A3−i meets Xi then

{a ∈ A : a1 ∈ X1 or a2 ∈ X2} ∪
(

(X1 ∪X2) \ (A1 ∪A2)

)
meets every zero A-path of G. (Here, we use that zero A-paths have even length.)

Thus, when proving the statement of the lemma, we may assume that G is bipartite
and that A is completey contained in one of the bipartition classes of G. That means
that every A-path has even length.

We define an undirected Z4-labelling on G by setting γ(e) = 0 if e is an edge that is
incident with a vertex in A, and by setting γ(e) = 1 otherwise. Let P be an A-path.
Then

γ(P ) = 0 · 2 + 1 · (|E(P )| − 2) = |E(P )| − 2,

where we calculate in Z4. Thus γ(P ) ∈ {0, 2} as every A-path has even length. Moreover,
if γ(P ) = 2 then |E(P )| ≡ 0 mod 4, and if γ(P ) = 0 then |E(P )| ≡ 2 mod 4. Thus the
A-paths of length congruent to 0 modulo 4 are precisely the non-zero A-paths with
respect to the labelling γ. An application of Theorem 7.3 finishes the proof.

Let B be a block of a graph G and let b1, .., bl be the cutvertices of G that are contained
in B. A component of G− (V (B) \ {b1, ., , bl})− E(B) is a B-bridge.3

Lemma 7.5. There is a function f7.5 such that: If A is a vertex set in a graph G, if B
is a bipartite block of G−A, if B1, . . . , B` are the B-bridges in G−A, and if there does
not exist any zero A-path whose interior is contained in one of the B-bridges B1, . . . , B`
then, for every integer k, the graph G either contains k disjoint zero A-paths or a set
X ⊆ V (G) of size |X| ≤ f7.5(k) such that G−X does not contain any zero A-path.
3Normally, the definition of a bridge is a bit different; see for instance Bondy and Murty [22, Chap-

ter 10.4].
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Proof. Let f7.5 be the size of the hitting set X in Lemma 7.4. As no zero A-path
intersects a component of G − A that is disjoint from B, we may assume G − A to be
connected. For every i, let bi be the common vertex of B and Bi.

Starting from G[A ∪ B] we form a graph G∗ as follows. For every Bi take a disjoint
copy Ti of the tree in Figure 7.1 on the left, and identify its root r with bi. Now, for
every a ∈ A make a adjacent to the copy of tp, p ∈ {0, 1, 2, 3}, in Ti if there is an a–bi
path Qpa,i contained in G[Bi ∪ {a}] that has length congruent to p modulo 4. Observe
that G∗ −A is bipartite.

r

t1

t3

t2

t0

a1

a3

a2

a0

Figure 7.1: Left: the tree we use to replace the Bi. Right: the tree with some vertices
from A attached to its leaves. Note that no zero A-path lies in the tree
(plus A) [8].

We first observe that

for every zero A-path P in G there is a zero A-path P ∗ in G∗, and vice
versa, such that P ∩G[B ∪A] = P ∗ ∩G[B ∪A].

(7.1)

Indeed, let P be a zero A-path with endvertices a, a′. Assume that a neighbour b of a
in P lies in some Bi. Then, as P meets B by assumption, the path P passes through bi.
Let the subpath aPbi have length p modulo 4. Then we replace in P the subpath bPbi
by the path in the copy Ti between the copy of tp and bi. We do this at both ends, if
necessary, of P and obtain P ∗ in this way. That P ∗ is indeed a path is due to the fact
that if P meets bi then it leaves Bi there, as the interior of P cannot be contained in Bi
by assumption. Observe that the length modulo 4 did not change. The other direction
is similar but uses the paths Qpa,i and the observation that also in G∗ the interior of a
zero A-path cannot be contained in any Ti. (See Figure 7.1 on the right.)

Next we claim that

if P ∗1 , P
∗
2 are disjoint zero A-paths in G∗ then P1, P2 are also disjoint. (7.2)

By (7.1), P1 and P2 do not intersect in B. Moreover, as both need to meet B by
assumption they cannot meet in any Bi either as then they would both need to contain
bi ∈ V (B). This proves (7.2).

As a consequence of (7.1) and (7.2), we see that if G∗ has k disjoint zero A-paths then
so does G. By Lemma 7.4, we may therefore assume that G∗ admits a vertex hitting set
X∗ of size |X∗| = f7.5(k). We define

X = (X∗ ∩ V (G)) ∪ {bi : X∗ ∩ V (Ti) 6= ∅, i ∈ [`]}
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and observe that |X| ≤ |X∗|.
Consider a zero A-path P of G that does not meet X ∩ V (B). As its corresponding

path P ∗ is a zero A-path in G∗, by (7.1), it is met by X∗. Thus X∗ contains some vertex
from Ti ∩ P ∗ for some i. Then bi ∈ X. Moreover, as P must meet B, it follows from
P ∩ B = P ∗ ∩ B that P ∗, and thus P as well, passes through bi. This implies that P
meets X. Consequently, X is a vertex hitting set in G.

7.3 Proof of Theorem 7.1

We prove Theorem 7.1 over the course of this section. Before we start, we specify
the vertex-Erdős-Pósa function f . One of the functions necessary to define f will be
introduced later. We will make sure that it only depends on k.

First, for every positive integer k, define t∗(k) such that

t∗(k) ≥ 2600k3 and t∗(k) ≥ f7.14(k). (7.3)

Next, define g(k) such that

g(k) ≥ f7.2(t∗(k)) + 2 and g(k) ≥ f6.2(f7.2(t∗(k))). (7.4)

Third, we define f(k), the size of the vertex hitting set, such that

f(k) ≥ f7.5(k) and f(k) ≥ 3g(k) + 2f(k − 1) + 10. (7.5)

Suppose there is a counterexample to f being a vertex-Erdős-Pósa function for the
zero A-paths. For the rest of this section, we fix a minimal counterexample (G, k). It
holds that

every graph H contains either k − 1 zero A-paths or a vertex hitting
set of size at most f(k−1), but G does not contain k zero A-paths and
does not contain a vertex hitting set of size at most f(k) either.

(7.6)

We start the proof of Theorem 7.1 by showing that G − A admits a large tangle. In
the last chapter, we already saw that a minimal counterexample should contain a tangle.
However, the important difference here is that we obtain a tangle in G − A instead of
in G.

Lemma 7.6. The graph G − A admits a tangle TEP of order g(k) such that for each
separation (C,D) ∈ TEP every zero A-path has to intersect D − C. Additionally, the
graph G[A ∪ (D − C)] contains a zero A-path.

Proof. Consider a separation (C,D) in G−A of order at most g(k)− 1. We first prove:

Exactly one of the graphs G[A∪C] and G[A∪D] contains a zero A-path. (7.7)

We define an auxiliary graph H on the vertex set A, where a1, a2 ∈ A are adjacent if
there is a zero A-path in G− (C ∩D) with endvertices a1 and a2. If H has no matching
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of size five then there exists a vertex cover X of at most ten vertices (actually, eight will
suffice, but let us go with ten). In that case, X ∪ (C ∩D) would combine to a hitting
set for G, which is impossible as 10 + |C ∩D| ≤ g(k) + 10 ≤ f(k) by (7.5).

Thus, H has a matching of size five, which implies that at least one of G[A∪ (C−D)]
andG[A∪(D−C)], say the latter, contains three zero A-paths such that their endvertices,
{a1, a2}, {a3, a4} and {a5, a6} are all distinct.

Now, contrary to (7.7), suppose that also G[A ∪ C] contains a zero A-path P . Then,
the endvertices a, a′ of P are disjoint from one of the pairs {a1, a2}, {a3, a4} and {a5, a6},
let us assume from {a1, a2}. We form two subgraphs G1 = G[(A − {a1, a2}) ∪ C] and
G2 = G[(A − {a, a′}) ∪ (D − C)] of G that are disjoint outside A, and use (7.6) for
each of them. If G1 contains k− 1 disjoint zero A-paths then we find, together with the
zero A-path contained in G[{a1, a2} ∪ (D − C)], k disjoint zero A-paths, which we had
excluded in (7.6). Similarly, G2 cannot contain k − 1 disjoint zero A-paths. Thus, for
i = 1, 2 there must be a vertex hitting set Xi of size at most f(k − 1) in Gi. But then,
the set X1 ∪X2 ∪ (C ∩D) ∪ {a1, a2, a, a

′} is a hitting set for G of size at most

2f(k − 1) + g(k) + 4 ≤ f(k),

by (7.5), which means that we are done. Therefore, (7.7) is proved.

We use (7.7) to define a tangle TEP of order g(k): if (C,D) is a separation of G−A of
order less than g(k) then include (C,D) in TEP if G[A∪D] contains a zero A-path. If TEP

defines a tangle, we are done: indeed, note that for (C,D) ∈ TEP any zero A-path needs
to meet D−C as otherwise there would be a zero A-path contained in G[A ∪ (C ∩D)],
in contradiction to (7.7). Moreover, C ∩ D cannot be a hitting set as it is too small,
which means there must be a zero A-path that avoids C ∩ D and thus is contained in
G[A ∪ (D − C)].

To see that TEP is a tangle, we still have to verify that conditions (T3) and (T4) of
the tangle definition are satisfied. For (T3) suppose that V (C) = V (G − A) for some
(C,D) ∈ TEP. By (7.7), there is a zero A-path in G[A∪ (D−C)]. As, on the other hand,
D − C = ∅, it follows that this path has to be completely contained in G[A], which is
impossible as the only A-paths in G[A] have length 1.

Suppose that (T4) is false, i.e. suppose that there are (C1, D1), (C2, D2), (C3, D3) ∈
TEP with C1 ∪ C2 ∪ C3 = G − A. Consequently, every zero A-path must meet Ci for
some i, which implies that the set

⋃3
i=1(Ci ∩Di) is a vertex hitting set of size at most

3g(k) ≤ f(k), by (7.5), which again means that we are done.

A windmill is a graph consisting of the union of three paths P1, P2, P3 and of three
cycles C1, C2, C3 such that
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� the paths P1, P2, P3 share an endvertex x, but are otherwise disjoint;

� the cycles C1, C2, C3 have odd lengths;

� Ci ∩ Pi is a path of length at least 1 for i = 1, 2, 3; and

� Ci is disjoint from
⋃
j 6=i Pj ∪ Cj .

If ai is the endvertex of Pi that is not equal to x, then a1, a2, a3 are the tips of the
windmill.

x

a1

a2a3

C1

C2

C3

Figure 7.2: A windmill [8].

Lemma 7.7. Let W be a windmill with tips a1, a2, a3. Then W contains a zero
{a1, a2, a3}-path.

Proof. For i = 1, 2, 3 the windmill contains two distinct ai–x paths Pi1, Pi2, each using
a different path along the cycle Ci. Since the length of Ci is odd it follows that one
of Pi1, Pi2 has odd length and the other has even length. In particular, the lengths are
different modulo 4.

Let α, β ∈ Z4 be the lengths of P11, P12 modulo 4. Then α 6= β. If W contains a zero
a1–{a2, a3} path then we are done. So assume that is not the case. Thus none of the
paths P21, P22, P31, P32 has length congruent to −α or to −β. If {γ, δ} = Z4 \ {−α,−β}
then the paths P21, P22 have lengths congruent to γ, δ modulo 4, and this is also the
case for P31, P32. Since the paths Pi1, Pi2 have different parity, either γ or δ, say γ,
is one of 0, 2. By combining the two paths of length congruent to γ we obtain a zero
a2–a3 path.

By Lemma 7.6 and Theorem 6.2, the graph G−A contains a large wall such that its
induced tangle is a truncation of TEP. Thus, one of the four cases of Theorem 7.2 will
apply to G−A.

We first consider the case where there is a large odd Kt-expansion in G− A. Equiv-
alently, this means that G contains an odd Kt-expansion that is disjoint from A. We
say a collection of disjoint paths nicely links to a Kt-expansion π if each path intersects
exactly one branch set of π and different paths intersect different branch sets. Moreover,
a path from A to a branch set of π is called an A-π-path.

We also need the notion of subexpansions. If H ′ is a subgraph of H and there is an
H-expansion π in G, then the H ′-subexpansion of π is the restriction of π to H ′.
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Lemma 7.8. Let `, t ∈ N and t ≥ 3` and let π be a Kt-expansion in a graph H. For
a set of vertices A ⊆ V (H) there is a Kt−2`-subexpansion η such that there are either
` disjoint A–η paths that nicely link to η or a set X of at most 2` − 1 vertices that
separates A from η.

Proof. Let the vertex set of the underlying Kt of π be {v1, . . . , vt}. For every vertex vi,
we select a vertex ui ∈ V (π(vi)). Let U = {u1, . . . , ut}. By Menger’s theorem, there are
either 2` disjoint A–U -paths or a set X of size less than 2` that separates A from U .

Assume first that there is a set X of size |X| < 2` that separates A from U . Then,
every branch set π(vi) of π that is not separated from A by X has to meet X — this
is because branch sets are connected. Thus, at least t − 2` of the branch sets of π are
separated from A by X; taking these yields the desired Kt−2`-subexpansion η.

Second, we treat the case when there is a set P of 2` disjoint A–U paths. We say that
a path P ∈ P with endvertex ui ∈ U has a private end vi if π(vi) meets no path in P−P .
Let PE(P) be the set of private ends of the paths in P. We can partition the vertex set
of any path P ∈ P into vertex sets of disjoint subpaths Q1, . . . , Qk such that Qj only
intersects exactly one branch set of π. If k is minimal with respect to this property, we
say P visits π (exactly) k times and write vis(P ) = k. Let vis(P) =

∑
P∈P vis(P ).

We next choose P such that

(i) the paths in P intersect at most 2`+ |PE(P)| branch sets of π

(ii) subject to (i), |PE(P)| is maximal, and

(iii) subject to (ii), vis(P) is minimal.

We may assume that if ui is not contained in any path in P, then π(vi) is disjoint from
any path in P. Otherwise reroute one of the paths in P that intersects π(vi) to ui. This
is why there is a set of 2` disjoint A–U paths satisfying (i). Suppose that |PE(P)| < `,
i.e. that P has fewer than ` private ends. As t ≥ 3`, we may assume that no path in P
intersects π(v1).

Denote by PE−(P) the set of vertices vj such that there is a path P ∈ P with a private
end vi 6= vj such that P meets π(vj), in a vertex u′j say, and such that the end segment
u′jPui of P is disjoint from any branch set of π, except for π(vi) and π(vj). That is,
P passes through π(vj) and then ends in π(vi), its private end, without meeting other
branch sets in between.

Obviously |PE−(P)| ≤ |PE(P)|. Thus, |PE−(P)|+ |PE(P)| < 2`. As, in addition, P
meets at least 2` branch sets, it follows that there is a vertex in {v1, . . . , vt}\ (PE−(P)∪
PE(P)) such that its branch set meets a path in P. We may assume that v2 is like that.

Let Q be a path in π(v1)∪π(v2)∪π(v1v2) that starts in u1 and intersects the paths in P
in exactly one vertex. Let P ∈ P be the path that Q intersects and let x ∈ V (P )∩V (Q).
Let a be the endvertex of P in A. Observe that replacing P by P ′ = aPqQu1 contradicts
the choice of P. Indeed, by choice of v1, the path P ′ has a private end. This means we
may assume that P had a private end as well, since otherwise |PE(P)| increases. On the
other hand, v2 /∈ PE−(P), which implies that vis(P) decreases while |PE(P)| stays the
same. This is a contradiction. It follows that the paths in P have ` private ends.
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We obtain the desired set of paths by selecting ` paths from P that each have a private
end. Indeed, by (i), the ` paths intersect at most 2` branch sets besides the ones of their
private ends. Omitting these from π leads to a Kt−2`-subexpansion η such that the paths
nicely link to it.

Lemma 7.9. Let t ≥ 16k. If G contains an odd Kt-expansion π that is disjoint from A
and whose induced tangle is a truncation of TEP then G contains k disjoint zero A-paths.

Proof. We apply Lemma 7.8 with ` = 3k to π and A in G. As t ≥ 3 · 3k, we find a
Kt−6k-subexpansion η of π such that there are either 3k disjoint A–η paths that nicely
link to η, or a set X of 6k − 1 vertices that separates A from η. Since t− 6k ≥ 10k, we
deduce that η has at least 10k branch sets.

Suppose first that Lemma 7.8 yields such a set X. Denote by C ′ the set of all vertices
that can be reached from A in G−X, and let D′ be the set of those vertices that cannot
be reached. Put C = G[C ′ ∪ X] and D = G[D′ ∪ X] and observe that (C,D) is a
separation of order |X| ≤ 6k − 1. In particular, either (C,D) ∈ Tπ or (D,C) ∈ Tπ as
6k − 1 < 6k = d3·6k

3 e ≤ d
2·t
3 e. Pick one of the at least 10k branch sets Y of η that is

disjoint from X (which has size less than 6k), and observe that Y ⊆ D′ = D − C by
definition of X. As Tπ is a tangle based on a complete graph, it follows that (C,D) ∈
Tπ. On the other hand, Tπ is a truncation of TEP, which means, by Lemma 7.6, that
G[A ∪ (D − C)] contains a zero A-path. This is impossible, however, as X separates
D − C from A.

Therefore, Lemma 7.8 yields a set P of 3k disjoint A–η paths that nicely link to η.
Choose 10k of the branch sets of η so that they include the ones in which the paths end,
and partition them into groups of ten branch sets each, such that always exactly three
of them in each group contain an endvertex of one of the paths. Consider such a group
Y1, . . . , Y10, where we assume that for i = 1, 2, 3 the path Pi ∈ P ends in Yi. We will
construct a windmill with its tips in A in the (induced graph on the) union of Y1, . . . , Y10

together with the paths P1, P2, P3. Note that such a windmill meets A only in its tips
as π and thus η is disjoint from A. In total, we will thus find k disjoint windmills that
meet A precisely in their tips. Lemma 7.7 then yields k disjoint zero A-paths.

To construct such a windmill, observe that η is (or rather contains) an odd K10k-
expansion. Thus, there is an odd cycle C1 contained in the induced graph on Y1∪Y4∪Y5.
There is, moreover, a P1–C1 path Q1 starting in the endvertex of P1 in C1 contained in
Y1, and there is a C1–Y10 path R1 that is contained in Y4 ∪Y10, and that then meets Y10

only in its final vertex, which we denote by r1. Note that the endvertices of both these
paths on C1 are distinct. Set T1 = P1∪Q1∪C1∪R1 and observe that T1−r1 is contained
in the induced graph on Y1 ∪Y4 ∪Y5 ∪P1. Using Y2, Y6, Y7, P2 and Y3, Y8, Y9, P3, we find
similar graphs T2, T3 such that T1, T2, T3 meet at most in their final vertices in Y10. Pick
a subtree T of Y10 with leaves r1, r2, r3 and observe that T1 ∪ T2 ∪ T3 ∪ T is a windmill
with tips in A.

Next, we treat outcome (b) of Theorem 7.2. This is split into two subcases: first we
deal with the case when there is a large wall whose bricks are all odd, and then with the
case when there is a bipartite wall with an odd linkage.
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Before that we need to see that A is linked well to any wall W such that TW is a
truncation of TEP .

Lemma 7.10. Let r, t be positive integers such that r ≥ 3t2, and let W be a wall of size
at least f7.10(r, t) = 4tr in G−A such that its induced tangle TW in G−A is a truncation
of TEP. Then, there is an r-subwall W1 of W and a set of t disjoint A–W1 paths that
nicely link to W1.

Proof. Applying Lemma 6.4 yields a subwall W1 of W of size r. Suppose there is a set X
of fewer than 3t2 vertices that separates W1 from A in G. We construct a separation of
G−A by putting all vertices that are reachable from A in G−X into C ′ and those that
are not into D′. Set D = G[D′ ∪X]− A and C = G[C ′ ∪X]− A. Since the size of W1

is r ≥ 3t2 > |X|, it follows that either (C,D) or (D,C) lies in the tangle TW1 that W1

induces in G − A. As r ≥ 3t2, some horizontal path of W1 is disjoint from X and thus
lies in D′, as X separates A from W1. Thus (C,D) ∈ TW1 , which implies (C,D) ∈ TW
and then (C,D) ∈ TEP. Lemma 7.6, however, states that some zero A-path is contained
in G[A ∪ (D − C)], which is impossible as X separates A from D − C.

This contradiction shows that the subwall W1 given by Lemma 6.4 comes with a set
of t disjoint A–W1 paths that nicely link to W1.

Lemma 7.11. Let W be a wall of size 2600k3 in G − A such that its bricks are odd
cycles and such that TW is a truncation of TEP. Then there are k disjoint zero A-paths.

Proof. We start by using Lemma 7.10 on W with t = 6k and r = 3t2. As a result, we
obtain a subwall W1 of W of size at least r > 6k and a set of 6k disjoint A–W1 paths
that nicely link to W1. By choosing a subset P of 3k of these paths we can ensure that
the bricks BP , for P ∈ P, in which their ends are, are pairwise disjoint. Note that
a subwall that is returned by Lemma 6.4 and thus, also the subwall that is returned
by Lemma 7.10, may be chosen such that its bricks are also bricks of the input wall.
Therefore, we may assume that the bricks of W1 are odd cycles.

Let Q be the third horizontal path in W1 from the top. In particular, Q is disjoint
from each of the bricks BP , P ∈ P. For each P ∈ P connect BP to Q via a subpath
QP of a vertical path, such that all QP are pairwise disjoint, and also disjoint from all
BP ′ for P ′ ∈ P with P ′ 6= P . Then, if we order the paths in P with respect to their
endvertex in the top row of W1, for each three consecutive paths in P, the union of the
sets P ∪ BP ∪ QP together with a subpath of Q forms a windmill with tips in A (note
that BP is an odd cycle). That windmill, moreover, does not meet A outside its tips as
W1 is disjoint from A. In this way, we obtain k disjoint such windmills, and then, by
Lemma 7.7, k disjoint zero A-paths.

Now we deal with outcome (b.ii) of Theorem 7.2. We need a result of Thomassen
that any large enough wall contains a large wall in which all its subdivided edges have
a length that is divisible by m, for any fixed positive integer m.

Proposition 7.12 (Thomassen [44]). For all positive integers m and `, there is an
integer f7.12(`,m) such that every f7.12(`,m)-wall contains an `-wall such that all its
subdivided edges have length 0 modulo m.
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Lemma 7.13. Let k be some positive integer and s = 200k. Let f7.13(k) be an integer
with f7.13(k) ≥ f7.12(4s · 2 · 3s2, 4) + 400k + 2. If G contains a bipartite wall W0 of size
f7.13(k) that has a pure odd linkage L of size 48(k+1), and if there is a set P of 24(k+1)
disjoint A–W0 paths that nicely link to W0, then there are k disjoint zero A-paths.

Proof. Let W1 be a 200k-contained subwall of W0 of size f7.13(k)− 400k. Let A1 be the
set of nails of W1 and let W2 be the 1-contained subwall of W1 of size f7.13(k)−400k−2.
By Proposition 7.12 and choice of f7.13(k), W2 contains a wall W3 of size 4s · 2 · 3s2 such
that all subdivided edges of W3 have length 0 modulo 4. Note that A1 is disjoint from
W2 and therefore also W3. We use Lemma 6.4 on A1 and W3 and thus find a subwall
W4 of W3 of size 2 · 3s2 such that there is either a set of s disjoint paths from A1 to the
nails of W4 or a set X of fewer than 3s2 vertices that separate A1 from W4.

Assume there is such a separator X. Each branch vertex of W4, with the possible
exception of the vertices of degree 2, is a branch vertex in W2. Since W4 has size 2 · 3s2

and since |X| < 3s2, we find a horizontal or a vertical path P of W1 that is disjoint
from X such that at least one branch vertex of W4 is contained in this path. Since the
number of vertices in A1 is larger than 3s2, we also find a path starting in a vertex of
A1 and ending at the bottom of the wall W1 (an extension of a vertical path of W1) that
is disjoint from X. Either it intersects the path P or we find a horizontal path of W1

that intersects both these paths and is also disjoint from X. In any case we obtain a
path from A1 to a branch vertex of W4 that is disjoint from X — this contradicts that
X separates A1 from W4. Thus, Lemma 6.4 yields a set R of s disjoint paths starting
in A′1 ⊆ A1 that nicely link to W4. Note that, by applying the lemma in W1, we can
ensure that each path in R is contained in W1.

Recall that the linkage L has size 48(k + 1), and that thus the set of endvertices of
the paths in L has cardinality 2 · 48(k + 1) ≤ 200k = s. As W1 is 200k-contained in
W0 we can extend the pure linkage L through W0 to a pure linkage of W1 such that all
endvertices are in A′1. We now use the A′1–W4 paths in R to extend the linkage of W1 to
one of W4. We denote the linkage by L1, and observe that L1 is still an odd linkage as
W0 is bipartite and as every path we used to extend the paths in L is contained in W0.

Moreover, as all branch vertices of W4 are in the same bipartition class, we deduce
that every path in the linkage L1 has odd length. In a similar way, we extend P first
through W0 and then via the paths in R to a set P1 of 24(k + 1) disjoint A–W4 paths
that nicely link to W4.

Let Q denote the top row of W4. Next, we apply Lemma 6.8 to P1 and L1 with
t = 8(k + 1). We obtain a set P2 of 8(k + 1) disjoint A–W4 paths that nicely link to
W4 and a subset L2 ⊆ L1 of size 4(k + 1) such that the paths in P2 ∪ L2 are pairwise
disjoint. Moreover, there is a subpath of Q that contains all endvertices of the paths in
P2 but no endvertex of any path in L2.

Now, as the paths in L2 have odd length, there are at least 2(k + 1) paths in L2

that have the same length modulo 4, namely either 1 or 3. Let these linkage paths
be L3 = {L1, . . . , L2(k+1)}, where we assume the paths to be ordered according to the
order of their first endvertex on the top row Q. If L3 is crossing or nested, then for
i ∈ [2(k+ 1)], denote the first endvertex of Li on Q by ai and the other endvertex by bi.
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If L3 is in series, then let the endvertices of Li be ai and bi, where we choose them such
that ai is the first endvertex on Q if and only if i is odd. In both cases the subpaths
b2j−1Qb2j for j ∈ [k + 1] are disjoint. In particular, at most one of these subpaths may
contain an endvertex of any path in P2. If that happens, for j∗ say, we delete the two
paths L2j∗−1 and L2j∗ from L3. To keep notation simple, we rename, in that case, the
remaining paths in L3 so that L3 consists of L1, . . . , L2k, ordered according to their
endvertices in Q.

We get:

for j ∈ [k], the only endvertices of any path in L3 ∪ P2 contained in
b2j−1Qb2j are b2j−1 and b2j.

(7.8)

P ′1

P ′2

. . .

A

W4

L1 L2

Q
b1 b2

Figure 7.3: How the zero A-paths are pieced together in the proof of Lemma 7.13 [8].

Of the paths in P2 at least 2k have the same length modulo 4. Let the set of these
be P3 = {P1, . . . , P2k}, and assume them to be ordered according to their endvertices
p1, . . . , p2k on Q. If the paths in P3 have length 0 or length 2 modulo 4 then for j ∈ [k]
the path Qj = P2j−1p2j−1Qp2jP2j has length 0 modulo 4: indeed, as p2j−1 and p2j are
nails of W4 it follows that p2j−1Qp2j has length 0 modulo 4. As, moreover, the paths
Q1, . . . , Qk are all pairwise disjoint, we have found k disjoint zero A-paths.

Thus, assume the paths in P3 to have length 1 or 3 modulo 4. Following the outer
cycle in the right direction (right with respect to the top row) let a` be the first vertex
after p2k. We start by relabelling this vertex a` (and the respective linkage path) as
a2k and then relabel all following vertices ai with decreasing index such that we get
a2k, . . . , a1 if we follow the outer cycle.

We extend each path Pi in P3 through W4 to an A–ai path P ′i and note that, as W4

has size 10k, we can do that in such a way that P ′1, . . . , P
′
2k are pairwise disjoint, such

that they meet none of the subpaths b2j−1Qb2j for j ∈ [k], and such that they also meet
the paths of L3 only in their endvertices. By choice of W2 the paths P ′i still all have the
same length modulo 4, namely 1 or 3. Define Qj as

Qj = P ′2j−1a2j−1L2j−1b2j−1Qb2jL2ja2jP
′
2j ,

and observe that Qj is a zero A-path as the sum of the lengths of L2j−1 and L2j is 2
modulo 4. See Figure 7.3 for an illustration. By choice of the P ′i and and by (7.8), the
paths Qj are pairwise disjoint, and thus disjoint zero A-paths.
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7.4 Conclusion

Lemma 7.14. There is an integer f7.14(k) such that: if W0 is a bipartite wall in G−A
of size at least f7.14(k) whose induced tangle is a truncation of TEP, and that has a pure

odd linkage L of size at least f7.14(k)
100 then G contains k disjoint zero A-paths.

Proof. Set t = 24(k + 1), and choose r such that r ≥ 3t2 and r ≥ f7.13(k). Next, define
f7.14(k) such that f7.14(k) ≥ 100 · 48(k + 1) and f7.14(k) ≥ 4tr + 400k. Note that f7.14

only depends on k.
ChooseW1 to be a 200k-contained subwall ofW0 of size 4tr. We first apply Lemma 7.10,

and obtain a subwall W2 of W1 of size at least r and a set of t = 24(k+1) disjoint A–W2-
paths that nicely link to W2 (here we use that the tangle induced by W0 is a truncation
of TEP).

We extend 48(k + 1) ≤ f7.14(k)
100 of the linkage paths in L through W0 to a linkage L0

of W2 of the same size (this is possible since W2 is a subwall of W1 that is 200k-
contained in W0). As W0 is bipartite, L0 is still odd. We conclude the proof by applying
Lemma 7.13 to W2.

Now we can finally finish with the proof of Theorem 7.1. Recall that the tangle TEP

of G− A that we obtain from Lemma 7.6 has order g(k). In particular, it follows from
Theorem 6.2 and (7.4) that G−A contains a wall W ⊆ G−A of size f7.2(t∗(k)) whose
induced tangle is a truncation of TEP. We apply Theorem 7.2 to the wall W .

In the first three outcomes of Theorem 7.2 we get k disjoint zero A-paths: for out-
come (a), this is proved in Lemma 7.9 — note that t∗(k) ≥ 16k by (7.3); for outcome (b.i)
this is proved in Lemma 7.11 — note that t∗(k) ≥ 2600k3 by (7.3); and for (b.ii) this is
done in Lemma 7.14 — note that t∗(k) ≥ f7.14(k) by (7.3).

It remains to treat outcome (c), i.e., when there is a vertex set Z of size |Z| ≤ f7.2(k)
such that the TW -large block B of G−A is bipartite. If there is no zero A-path such that
its interior is contained in a B-bridge in G−A− Z then Lemma 7.5 finishes the proof,
where we note that the hitting set size there is bounded by f7.5(k) ≤ f(k), by (7.5).

So, suppose there is some zero A-path P in G−Z that meets B at most in a cutvertex x
of G − A − Z. Then Z ∪ {x} is a set of size at most f7.2(k) + 1 < g(k), by (7.4), that
separates P from the TW -large block B in G − Z. As TW is a truncation of TEP, we
obtain a contradiction to Lemma 7.6. This concludes the proof of Theorem 7.1.

7.4 Conclusion

We have proved that A-paths of length ≡ 0 (mod 4) have the vertex-Erdős-Pósa prop-
erty. What happens when we fix d ∈ {1, 2, 3} and considerA-paths of length≡ d (mod 4)
instead? The answer for d = 2 is an easy consequence of Theorem 7.1.

Proposition 7.15. A-paths of length≡ 2 (mod 4) have the vertex-Erdős-Pósa property.

Proof. Given a graph G with a vertex set A ⊆ V (G), we first observe that we may assume
that G has no edge with both endvertices in A. Indeed, any such edge is an A-path of
length 1 and not contained in any A-path of any other length. Next, we subdivide every
edge incident with a vertex in A once. Call the resulting graph G′. Then, each A-path
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7 A-paths of Length ≡ 0 (mod 4) (originally published in [8])

of length ≡ 0 (mod 4) in G′ corresponds to an A-path of length ≡ 2 (mod 4) in G, and
vice versa. Applying Theorem 7.1 to G′ finishes the proof.

For d = 1 or d = 3, on the other hand, the vertex-Erdős-Pósa property does not hold.
This can be seen by constructing a standard counterexample that is very similar to one
developed for A-paths of length ≡ 0 (mod m), for non-prime m ≥ 6; see [6].

Proposition 7.16. For d ∈ {1, 3}, A-paths of length ≡ d (mod 4) do not have the
vertex-Erdős-Pósa property.

2 2 2 2 2 2

3

3

3

3

3

3

3

A A

Figure 7.4: All unlabeled edges have length 4; an A-path of length ≡ 1 (mod 4) in
grey [8].

Proof. Suppose that every graph either contains two disjointA-paths of length≡ d (mod 4),
or a set of at most f(2) many vertices that meet every such A-path.

Consider a grid of size 10f(2), and subdivide every edge in the grid, except for those in
the top row, three times, such that they become paths of length 4. Subdivide the edges
in the top row once, so that they turn into paths of length 2. Add a set A of 20f(2)
new vertices, pick half of the vertices in A, and connect each in the half to a distinct
branch vertex on the left boundary of the (subdivided) grid, via pairwise disjoint paths
of length 4. We connect the other half of A in the same way to the branch vertices on
the right boundary of the (subdivided) grid, only we use paths of length d + 2 instead
of 4; see Figure 7.4.

Any A-path that starts and ends on the left, or starts and ends on the right, has even
length, and in particular not length ≡ d (mod 4). Any A-path that starts on the left
and ends on the right but is disjoint from the top row has length ≡ d+2 (mod 4). Thus,
the only A-paths of length ≡ d (mod 4) are those that start on the left, traverse at least
one edge in the top row and then end on the right. Clearly, there cannot be two disjoint
such paths.

Thus, by assumption, there should be a set of at most f(2) vertices that meets every
A-path of length ≡ d (mod 4). This, however, is easily seen to be false. Therefore, the
A-paths of length ≡ d (mod 4) do not have the vertex-Erdős-Pósa property.

What about odd primes m?
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7.4 Conclusion

Problem 7.17. For an odd prime m, do the A-paths of length ≡ 0 (mod m) have the
vertex-Erdős-Pósa property?

Unfortunately, it is not possible to easily adapt the methods we used to the odd prime
case. The reason for this lies in our main tool, Theorem 7.2 of Huynh, Joos and Wollan.
Clearly, our simplified version of the theorem is useless for odd prime m but also the
original version will probably not help. This is because the original, stronger version
assumes a group labelling on the edges of an orientation of the graph. That is, if an
edge e is traversed in one direction we will pick up a group element α (perhaps 1), but
if e is traversed in the opposite direction then we pick up −α. This feature makes it
difficult to work out whether a certain path has length 0 modulo m, as the length is
inherently undirected: the length stays the same in whatever direction we traverse the
edges.
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As was already mentioned in the introduction of the last chapter, I will prove that the
A-paths of length ≡ 0 (mod m) have the vertex-Erdős-Pósa property when m is an odd
prime. In fact, I prove a more general theorem. For the rest of this chapter let Γ be a
fixed abelian group. Let G be a graph. A mapping γ : E(G)→ Γ is a Γ-labelling in G.
We fix some Γ-labelling γ in G and say that G is Γ-labelled. Every graph in this chapter
is assumed to be Γ-labelled. The weight of an edge e ∈ E(G) is γ(e) and the weight
of a path is the sum of the weights of its edges. A path is zero (with respect to Γ) if
its weight is 0 ∈ Γ and non-zero (with respect to Γ) otherwise. For γ ∈ Γ, we define a
γ-path as a path of weight γ. The weight of a trivial path, i.e. an edgeless path, is set
to 0 ∈ Γ.

Theorem 8.1 (U. [46]). Let Γ be an abelian group. The zero A-paths have the vertex-
Erdős-Pósa property if and only if all following statements apply:

(i) Γ is finite and

(ii) for all x, y ∈ Γ with y 6= 0, there is an n ∈ Z such that 2x+ ny = 0.

This implies that the A-paths of weight ≡ 0 (mod m) for odd primes m have the
vertex-Erdős-Pósa property, see Section 8.6. Moreover, from Theorem 8.1, one can quite
easily deduce the following corollary:

Corollary 8.2 (U. [46]). Let Γ be an abelian group and let γ ∈ Γ. The A-paths of
weight γ have the vertex-Erdős-Pósa property if and only if:

(i) Γ is finite and

(ii) for all x, y ∈ Γ with y 6= 0, there is an n ∈ Z such that 2x+ ny = γ.

I want to remark that Thomas and Yoo [43] proved Theorem 8.1 independently at
the same time (although with a different statement). At the end of the last chapter,
it was discussed that Theorem 7.2 does not help with odd primes. Thomas and Yoo
actually went ahead and proved a generalized version of Theorem 7.2 that circumvents
the stated problems, which is quite nice. Hence, their proof is very similar to the proof
of Theorem 7.1. In contrast, the proof I obtained for Theorem 8.1 does not share many
similarities with either of these proofs.

8.1 Notation and Definitions

We think of the group Γ as an additive group, that is, its binary operation is ”+” and
its neutral element is 0. We denote by −x the inverse of x in Γ. For a positive integer n
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and y ∈ Γ, we define ny :=
∑n

i=1 y. For a negative integer n, we define ny := |n|(−y).
Lastly, we define 0Z · y := 0Γ, where 0X is the neutral element of the group X. In the
following we write 0 for both 0Z and 0Γ since it will be clear from the context which
neutral element ist meant (we only use 0 = 0Z in multiplications, for instance, 0 · y).
The order of an element x ∈ Γ is the smallest positive integer n such that nx = 0.
If there is no such n, we say that the order of x is infinite. Note that this may only
happen if Γ is infinite. We denote by Γ2 the subgroup of Γ that contains all elements of
Γ of order at most 2. Hence, Γ2 contains exactly the elements γ ∈ Γ such that 2γ = 0.
We denote by Zm the group with elements {0, . . . ,m − 1} and with binary operation
x+ y = x+ y (mod m).

The following theorem by Wollan on non-zero A-paths was already used in the previous
chapter.

Theorem 8.3 (Wollan [49]). The non-zero A-paths have the vertex-Erdős-Pósa property
with vertex-Erdős-Pósa fucntion f8.3(k) = 50k4.

Surprisingly, here the vertex-Erdős-Pósa function is independent of Γ. This is not true
for the vertex-Erdős-Pósa function that I obtain in Theorem 8.1.

Let A and B be two vertex sets in a graph G. An A-A–B-path is a path with one
endvertex in A, the other in B and one vertex of A in its interior. It may contain more
vertices of A or B in its interior. In the next chapter, a characterization of the labelled
1-connected graphs will be proven. This implies the following result.

Proposition 8.4. A–A–B-paths have the vertex-Erdős-Pósa property with some vertex-
Erdős-Pósa function f8.4.

8.2 Wall Theorem

As a result of Theorem 7.2 not being of any help for odd primes m, we need a new wall
theorem, in particular, one for undirected graphs. We say that a wall is zero if all its
subdivided edges are zero (recall that a subdivided edge is a path). A non-zero linkage
is a linkage such that all paths in it are non-zero. The following theorem will be proven
in this section.

Theorem 8.5. Let Γ be a finite abelian group such that m = |Γ| and let r, s be some
positive integers. There are integers f8.5(m, r, s) and g8.5(s) such that if a graph G
contains a wall W of size at least f8.5(m, r, s), then there is a zero wall W0 ⊆W of size
at least r and either

(i) W0 has a pure, non-zero linkage P of size s or

(ii) there is a vertex set X of size at most g8.5(s) that is disjoint from W0 such that all
paths in G−X between the branch vertices of W0 have weight zero.

Additionally, the tangle TW0 is a truncation of TW .
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8.2 Wall Theorem

We start with a generalization of Proposition 7.12 by Thomassen. He showed that for
any m ∈ N, a sufficiently large wall also contains a large wall where all subdivided edges
have length ≡ 0 (mod m). In other words, any sufficiently large wall contains a large
zero wall in a graph where all edges are labelled with 1 ∈ Zm. The proof of Thomassen
actually does not necessitate this special case. We can use it in a more general sense.

Proposition 8.6 (Thomassen). LetG be a graph and assume that Γ is finite with m = |Γ|.
For every positive integer t, there is an integer f8.6(m, t) such that if G contains a wall W
of size f8.6(m, t), then G also contains a zero wall W0 of size t. Additionally, TW0 is a
truncation of TW .

Although, Thomassen did not prove that TW0 is a truncation of TW , it is not that
hard to deduce this from the construction of W0 in his proof.

We proceed with a lemma that tells us about the weight of paths to vertex sets B
such that all paths between vertices of B are zero. This will also come in handy when
we prove the main theorem later. When we say that there are n disjoint paths from a
vertex v to a vertex set B, then these n paths should intersect only in v.

Lemma 8.7. Let G be a graph that contains a vertex set B such that each B-path is
zero. Let M contain each vertex v that has three disjoint paths to B \ {v}. Then for
each v ∈M , there is a γv ∈ Γ2 such that all paths from v to B are γv-paths. Moreover,
for v, w ∈M such that γv = γw = 0, each path from v to w is zero.

Proof. First, we prove the following general observation.

Let v be a vertex of G and assume there are three disjoint paths P1, P2

and P3 from v to vertices in B \{v}. There is a γv ∈ Γ2 such that each
path Pi has weight γv.

(8.1)

If v ∈ B, it immediately follows from the assumptions of the lemma that each path Pi
is zero. As 0 ∈ Γ2, we may assume that v /∈ B. Define γv as the weight of P1. The paths
P1 ∪ P2 and P1 ∪ P3 are B-paths since v /∈ B, which means they are zero. Hence, the
weight of P2 and P3 is −γv. Again, P2 ∪ P3 is a B-path and thus a zero path. Since the
weight of P2 ∪ P3 is also −2γv, we deduce that −2γv = 0, which implies that γv ∈ Γ2.
This concludes the proof of (8.1).

We continue with another observation. Let v ∈ M and let P1, P2 and P3 be three
disjoint paths from v to B \ {v}. Let w be some vertex such that all paths from w to
B are zero and let P be a path from v to w such that P intersects each path P1, P2, P3.
We claim that:

there is a path P ′ from v to B of the same weight as P that contains
less edges of E(G) \ E(P1 ∪ P2 ∪ P3) than P does.

(8.2)

For i ∈ [3], let wi 6= v be an endvertex of Pi and let ui be the vertex in Pi ∩ P that is
closest to wi on Pi. We may assume that, starting in v, P passes through u1, u2 and u3 in
this order; otherwise rename the paths P1, P2 and P3. See Figure 8.1 for an illustration.
It is important to note that P does not intersect uiPiwi − ui for i ∈ [3].
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Now w1P1u1Pu2P2w2 is a B-path and thus, a zero path and w1P1u1Pw is a zero path
by choice of w. It follows that the weight of u2P2w2 and the weight of u2Pw coincide.
In P , we replace u2Pw by u2P2w2 and obtain the path P ′ = vPu2P2w2 that has the
same weight as P and that is a path from v to B. Moreover, the path u2Pu3 contains at
least one edge in E(G) \E(P1 ∪ P2 ∪ P3) since P2 and P3 intersect only in v and u2Pu3

is disjoint from v. This proves (8.2).

v

w

w1 w2 w3

u1 u2 u3

Figure 8.1: The path P as a dashed line and the paths P1, P2 and P3 as solid lines.

With these two observations in mind it is very easy to prove the lemma. Let v ∈ M
and let P1, P2 and P3 be three disjoint paths from v to B \ {v}. By (8.1), there is a
γv ∈ Γ2 such that each path Pi has weight γv. Let W be the set of vertices w such that
all paths from w to B are zero. In particular, it holds that B ⊆W . We claim that:

all paths from v to W have weight γv. (8.3)

If true, this finshes the proof. Indeed, as B ⊆ W , this implies the first statement of
the lemma. Let v, w ∈ M such that γv = γw = 0. Then as w ∈ W , also any path
between v and w has to have weight γv = 0, which is the second statement.

Suppose (8.3) is not true. There is a vertex in W and there is a path between this
vertex and v that is not of weight γv. As all paths between vertices of W are zero, we may
assume that the interior of such a path does not intersect W . Choose w ∈W and a path
P between v and w of weight distinct from γv that minimizes |E(P ) \E(P1 ∪ P2 ∪ P3)|.
If P is disjoint from a path Pi, then P ∪Pi is a path from w to B which by assumption,
has to be zero. As the weight of Pi is γv ∈ Γ2, also the weight of P is γv. This is a
contradiction to the choice of P .

Now suppose that P intersects each path Pi. By (8.2), there is a path P ′ from v to B ⊆
W that has the same weight as P but that intersects fewer edges of E(P )\E(P1∪P2∪P3)
than P . This is a contradiction to the choice of P , which proves (8.3).

With this we ready to prove Theorem 8.5. The idea is very simple: Start with a
sufficiently large wall W in a graph G and with Theorem 8.6, find a large zero wall W ′

inside of W . Then we apply Theorem 8.3 to the set B of branch vertices of W ′ to either
find a vertex set X of bounded size such that all B-paths in G−X are zero or we find
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many non-zero B-paths that can be made into a non-zero linkage of a subwall of W ′. In
either case we are done.

Proof of Theorem 8.5. Fix r, s ∈ N and let:

� xs = f8.3(s3) and

� ps = 2
(

2 (3xs + 3)2 + 3xs + 2
)2

+ xs.

Now set

� g8.5(s) = f8.3(ps) and

� f8.5(m, r, s) = f8.6 (m,max {2rg8.5 (ps) , 20ps max {r, 4xs}+ 10xs}).

Let W be a wall of size at least f8.5(m, r, s) in a graph G. We need to show that there
is a zero wall W0 ⊆ W of size at least r such that W0 has a pure non-zero linkage of
size s or there is a set X of size at most g8.5(s) that is disjoint from W0 such that all
paths between the branch vertices of W0 in G−X are zero and additionally, we need to
show that TW0 is a truncation of TW . By Theorem 8.6, there is a zero wall W ′ ⊆ W of
size at least max {2rg8.5 (ps) , 20ps max {r, 4xs}+ 10xs}. Furthermore, the tangle TW ′ is
a truncation of the tangle TW . We remark that W0 will be a subwall of W ′. Therefore,
we immediately obtain that W0 ⊆W and that TW0 is a truncation of TW .

Now apply Theorem 8.3 to the set B of branch vertices of W ′. There are either ps
disjoint non-zero B-paths in G or a set X of at most g8.5(s) = f8.3(ps) vertices that
intersects all these paths. In the latter case there is a subwall W0 of W ′ that is disjoint
from X. Indeed, as the size of W ′ is at least 2rg8.5(ps), it contains more than g8.5(ps)
disjoint subwalls of size r (in fact, more than g2

8.5(ps)), each being a zero wall. One of
them has to be disjoint from X. Then, since all branch vertices of W0 are also branch
vertices of W ′, all paths in G − X between branch vertices of W0 are zero. So we are
done in this case.

Hence, we may assume that there is a set P of ps disjoint non-zero B-paths. We
choose P such that

∑
P∈P |E(P ) \ E(W ′)| is minimum. Remember that, by definition,

there are no vertices of B in the interior of any B-path. We claim:

the paths in P do not intersect more than 10|P| subdivided edges of W ′. (8.4)

Suppose otherwise. For each subdivided edge e of W ′ that is being intersected by a
path in P, there is a path in P that intersects e closest to one of the two endvertices of e
(there is one such path for each endvertex of a subdivided edge but it may be the same).
By pigeonhole principle, there is a path P ∈ P that intersects 10 distinct subdivided
edges of W ′ closest to one of their endvertices. For i ∈ [10], let ei be a subdivided edge
of W ′ that is intersected by P in ui closest to the endvertex wi of ei. Observe that
for i ∈ [10], uiPwi − ui is disjoint from all paths in P. As the paths in P are disjoint,
this implies that uiPwi is disjoint from all paths in P \ {P}.

As every branch vertex lies in exactly 3 subdivided edges, at most 6 subdivided edges ei
contain an endvertex of P . Without loss of generality let e1, . . . , e4 be disjoint from the
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endvertices of P . Again, because every branch vertex lies in 3 subdivided edges, of the
four vertices w1, . . . , w4 at least two are distinct vertices, say w1 and w2. Let a, b be the
endvertices of P . We may assume that starting in a, the vertex u1 comes before u2 on P .
Otherwise swap the roles of a and b. The vertices a, b, w1, w2 are distinct by choice.

We want to show that we can reroute P along e1 or e2 to find a non-zero B-path P ′

that contains fewer edges of E(G) \E(W ′) than P . This implies that replacing P by P ′

would yield a better choice for P (assuming that P ′ is still disjoint from all other paths
in P), which is a contradiction. So let γ1 be the weight of aPu1, γ2 the weight of u1Pu2

and γ3 the weight of u2Pb. For j ∈ [2], let αj be the weight of the path ujejwj . See
Figure 8.2 for a sketch. Observe that the weight of P is γ1 +γ2 +γ3 and as P is non-zero,
it follows that γ1 + γ2 + γ3 6= 0.

a bu1 u2

w1 w2

γ1 γ2 γ3

α1 α2

Figure 8.2: A sketch of P as a solid line and for j ∈ [2], the subpath of ej from uj to wj
as a dashed line [46].

Since a and b are disjoint from e1 and e2 and because P does not contain branch
vertices of W ′ in its interior, it follows that the paths aPu1 and u2Pb contain an edge
of E(G) \ E(W ′). Thus, we can construct three B-paths that contain fewer edges of
E(G) \ E(W ′) than P . These are aPu2e2w2 and w1e1u1Pb and w1e1u1Pu2e2w2. Since
for j ∈ [2], the path ujPwj is distinct from all paths in P \ {P}, the constructed paths
do not intersect any paths in P except P . If one of these three paths was non-zero, we
could replace P by this path in P to obtain a better choice for P. This would be a
contradiction. Thus, we obtain the following equations:

γ1 + γ2 + α2 = 0

α1 + γ2 + α2 = 0

α1 + γ2 + γ3 = 0

From the first two equations we obtain α1 = γ1 and from the last two equations we
obtain α2 = γ3. It follows that

0 = α1 + γ2 + α2 = γ1 + γ2 + γ3 6= 0.

This is a contradiction, which proves (8.4).

By (8.4) and since the size of W ′ is at least 20ps max {r, 4xs}+10xs, there is a subwall
W0 of W ′ of size max{r, 4xs} that is 4xs-contained and that is disjoint from all paths
in P. We claim:

there are s3 disjoint non-zero N0-paths in G− (W0 −N0). (8.5)
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Note that this is a non-zero linkage L of W0. Then by Lemma 6.1, there is a pure
linkage L′ ⊆ L of W0 of size s. Thus, if the claim is true, this concludes the proof.
Suppose it is not. By Theorem 8.3, there is a set X containing at most xs = f8.3(s3)
vertices that intersects all non-zero N0-paths in G− (W0 −N0).

For each path in P, arbitrarily select one endvertex to be the first endvertex and the

other one to be the second endvertex. In P there are ps−xs = 2
(

2 (3xs + 3)2 + 3xs + 2
)2

paths that are disjoint from X; remove the other ones. By pigeonhole principle and
as at most two branch vertices may lie in the same pair of row and column, there are
2(3xs+3)2 +3xs+2 paths in P such that their first endvertices either lie in different rows
or they lie in different columns of W ′. At least 2(3xs + 3)2 of these first endvertices lie
in a row/column such that this row/column has two adjacent columns that are disjoint
from X. In particular, each of these rows/columns in which first endvertices lie has
two adjacent rows/columns, that is, they are neither the first nor the last row/column.
Remove all but these 2(3xs + 3)2 (or more) paths from P. Applying the same argument
to the second endvertices of the paths in P, yields a path P such that both its endvertices
lie in a row/column such that this row/column has two adjacent rows/columns that are
disjoint from X.

As W0 is 4xs-contained, there are three cycles in W ′ that encapsulate W0 and that are
disjoint from X. Since the size of W0 is 4xs, there are three columns D1, D2, D3 of W ′

that are disjoint from X and that intersect N0. Each column Di contains a path from
N0 to each cycle Ci that is disjoint from W0 −N0 since the cycles Ci are encapsulating
W0. Lastly, as the cycles Ci intersect each row of W that intersects W0, there are three
rows R1, R2, R3 that intersect each Ci and are disjoint from X. Again, as the cycles Ci
are encapsulating W0, there is a path from each vertex in Rj \W0 to a vertex in Ci for
all i, j ∈ [3]. Let v be an endvertex of P . The row/column in which v lies and the two
adjacent rows/columns are disjoint from X and they each either intersect each cycle Ci
or each column Di or each row Ri by construction. In either case there are three disjoint
paths from v to N0 in W ′− (W0−N0)−X through all these paths. As W ′ is a zero wall,
these three paths from v to N0 are zero. Then by Lemma 8.7, all paths from v to N0 are
zero; the same is true for the other endvertex w of P . Now the second part of Lemma
8.7 implies that all paths in G − (W0 − N0) − X between v and w are zero. This is a
contradiction to P being a non-zero path, which proves (8.5) and concludes the proof.

8.3 Obstructions to the Erdős-Pósa Property

In this section, I will construct counterexamples that show if Γ is infinite or if there are
x, y ∈ Γ with y 6= 0 such that for all integers n ∈ N it holds that 2x+ny 6= γ, then the A-
paths of weight γ do not have the vertex-Erdős-Pósa property. This, in particular, implies
the necessity of Theorem 8.1 and Corollary 8.2. The counterexamples are constructed
in the standard way.

Let G be a grid (or an elementary wall) of size m and label all edges that are in the
top row of G with α1 ∈ Γ and label all other edges with 0. Add m new vertices that are
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W0

W ′

Figure 8.3: The cycles Ci in black and the columns Di and the rows Ri in gray. As
a simplification, we assume that these cycles, rows and columns lie next to
each other in W ′ which is why they are drawn thicker. The column that
contains the endvertex v and its adjacent columns are disjoint from X and
drawn as a dashed line.

adjacent to distinct vertices on the left boundary of G and label their incident edges with
a`,1, . . . , α`,m ∈ Γ from top to bottom. Proceed analogously on the right side with labels
ar,1, . . . , αr,m ∈ Γ. Let A be the set of the 2m new vertices. We refer to the resulting
graph as the counterexample graph of size m, see Figure 8.4 for a drawing.

Depending on Γ and γ, the values for a1, a`,i, ar,j will be chosen such that for any c ∈ N,
there is an m ∈ N such that the counterexample graph of size m contains neither two
disjoint A-path of weight γ nor a set of at most c vertices that meets all these paths.

For S ⊆ Γ, we define < S > to be the subgroup of Γ that contains all elements that are
finite sums of elements in S or their inverses. For x ∈ Γ, we shorten < {x} > to < x >.

Lemma 8.8. Let γ ∈ Γ. If Γ is infinite or if there are x, y ∈ Γ with y 6= 0 such that for
all integers n, it holds that 2x+ ny 6= γ, then the A-paths of weight γ do not have the
vertex-Erdős-Pósa property.

Proof. We deal with each case separately. Let c ∈ N. Suppose that there are x, y ∈ Γ
with y 6= 0 such that for all integers n, it holds that 2x+ny 6= γ. Recall the construction
of the counterexample graph of size m described above. Set m = 10c, α1 = y, α`,i = x
and αr,i = −x − y + γ for all i ∈ [10c]. Any A-path with both endvertices on the left
has weight 2x+ ny for some n ∈ N. By assumption, this is not equal to γ. Any A-path
with both endvertices on the right has weight −2x+ (n− 1)y+ 2γ for some n ∈ N. This
is not equal to γ as otherwise 2x− (n− 1)y = γ would hold, which is a contradiction. If
an A-path goes from left to the right without intersecting the top row, then its weight
is x − x − y + γ, which is distinct from γ as y 6= 0. It follows that any A-path of
weight γ goes from the left to the right and intersects the top row. Now exactly like in
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α1 α1 α1 α1 α1

α`,6 αr,6

α`,5 αr,5

α`,4 αr,4

α`,3 αr,3

α`,2 αr,2

α`,1 αr,1

Figure 8.4: The counterexample for m = 6. All unlabelled edges are labelled with 0.
The coloured vertices are the vertices of A [46].

Lemma 7.16, we deduce that there are no two disjoint A-paths of weight γ nor a set of
c vertices that intersects each such path.

Now suppose that Γ is infinite. We claim that

there is an infinite sequence (x1, x2, . . .) of distinct elements xi ∈ Γ
such that for all i, j ∈ N, it holds that xi + xj , xi − xj , xj − xi 6= γ.

(8.6)

Let x = (x′1, x
′
2, . . .) be any sequence of distinct elements x′i ∈ Γ. Let x1 = x′1 and

remove the elements x′j that lie in {−x1 + γ, x1 + γ, x1 − γ} from the sequence x. As γ
is fixed, we remove at most three elements that come after x′1 in x. Let x2 = x′i2 be the
next element after x′1 in x that has not been removed. Remove the elements x′j that lie
in {−x2 + γ, x2 + γ, x2− γ} from x. It is easy to see that x′1 ∈ {−x2 + γ, x2 + γ, x2− γ}
implies that x′i2 = x2 should have been removed from x in the previous step, which would
be a contradiction to the choice of x2. In particular, this means that x′1 does not get
removed and therefore, at most three elements after x′i2 in x are removed. Proceed with
the next element x3 = x′i3 after x′i2 and continue. This yields a sequence (x1, x2, x3, . . .)
with the desired properties, which proves (8.6).

Let c ∈ N. Again look at the counterexample graph of size m = 10c above and set
α1 = 0 and α`,i = xi and αr,i = −x10c+1−i + γ. If the endvertices of an A-path are both
on the left, then there are i 6= j such that this path has weight xi + xj , which is distinct
from γ by assumption. For any A-path with both endvertices on the right, there are
i 6= j such that its weight is −xi− xj + 2γ, which is distinct from γ as xi + xj 6= γ. Any
A-path with an endvertex on the left and one on the right has weight xi − xj + γ. If
this yields γ, then xi = xj and as the elements of (x1, x2, . . .) are distinct, it follows that
i = j. Thus, the only way to construct an A-path of weight γ is to connect the vertex in
A on the left side that is incident to the edge with weight xi to the vertex in A on the
right side that is incident to the edge with weight −xi + γ. The values of x1, . . . , x10c
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were assigned to the edges on the right side in an inverted order compared to the left
side. This means that any two A-paths of weight γ intersect since the grid is a planar
graph. Now let X be any set of c vertices. As the grid has size 10c, there is an i ∈ [10c]
such that the two rows that are incident to the edges with weight xi and −xi + γ are
disjoint from X. There is also one column of the grid that is disjoint from X. Together
these three paths contain an A-path of weight γ. This concludes the proof.

8.4 Constructing zero A-paths

Before we start with the proof of the main theorem, we need two more lemmas on how
to construct zero A-paths. In the following, let TEP be a tangle of sufficiently large size
such that for (C,D) ∈ TEP , any zero A-path has to intersect D − C.

When we apply Theorem 8.5, one of the outcomes is a zero wall with a non-zero
linkage. In the next lemma we deal with that case.

Lemma 8.9. Let Γ be a finite abelian group with m = |Γ| and such that for any x, y ∈ Γ
with y 6= 0, there is an n ∈ Z such that 2x+ny = 0. Let G be a graph and let A ⊆ V (G).
For any positive integer k, there are integers f8.9(m, k) and g8.9(m, k) such that if W is
a zero wall of size f8.9(m, k) in G − A such that TW is a truncation of TEP and L is a
pure non-zero linkage of size g8.9(m, k) for W , then there are k disjoint zero A-paths in
G.

Proof. The proof works very similarly to the proof of Lemma 7.13. Define:

� f8.9(m, k) = f7.10(50m2k, 6m2k) + 100mk

� g8.9(m, k) = 12m2k.

First observe that we may apply Lemma 7.10 here since TEP is defined in the exact
same way as in the last chapter (we just replace A-paths of length ≡ 0 (mod 4) by zero
A-paths with respect to Γ). When we apply Lemma 7.10 to a 50mk-contained subwall
of W of size f7.10(50m2k, 6m2k), we obtain a 50mk-contained subwall W0 of W of size
at least 50m2k and a set of paths P of size 6m2k that nicely link A to W0. Let N0 be
the nails of W0.

At least |P|m = 6mk paths in P have the same weight x; remove all paths from P but

6mk paths of weight x. Also in L, at least |L|m = 12mk many paths have the same non-
zero weight, say y; remove all paths in L but 12mk paths of weight y. By assumption,
there is an n such that 2x+ ny = 0. Since |Γ| = m, the order of any element of Γ is at
most m. Hence, we may choose n such that 1 ≤ n ≤ m.

As W0 is 50mk-contained, there is a set of disjoint paths in W − (W0 − N0) that
connects the endvertices of L to N0 while retaining the order of the endvertices in the
top row of W . This yields a pure linkage L′ for W0 of size 12mk that has the same type
as L (crossing, nested or in series). Moreover, as W is a zero wall, all paths in L′ have
the same weight as the paths in L, that is, y.

Now apply Lemma 6.8 to P and L to obtain a set P ′ of size at least 2k that nicely
links A to W0 and a set L′ ⊆ L of size at least mk such that all paths in P ′ ∪ L′ are
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pairwise disjoint. Furthermore, there is an edge e in the outer cycle C of W0 such that
all endvertices of P ′ come before L′ in C − e. Basically, there are two outcomes here: In
the top row of W0, all endvertices of P ′ come before/after all endvertices of paths in L′

or inbetween two consecutive endvertices of paths in L′. The way we construct the zero
A-paths now goes as follows: Start with a path from P ′, then pick up n of the linkage
paths in L′ through W0 and end with another path in P ′. Since W0 is a zero wall, the
weight of this path is 2x+ ny = 0, which means it is a zero A-path, see Figure 8.5 for a
sketch of this construction.

In the following we assume that the endvertices of P ′ come before the endvertices of
paths in L′ in the top row of W0 and that L is in series. All the other cases can be done
by slightly adjusting the argument. Let P1, . . . , P2k be the paths in P ′ ordered according
to their endvertices in the top row of W0 and let L1, . . . , Lmk be the paths in L′ ordered
according to their left endvertex.

Let Q be the set of disjoint paths from the nails of W0 to the last row of W0 that
are constructed as follows. Starting in a nail, follow the top row of W0 to the left until
meeting the first branch vertex, then follow the column in which this branch vertex lies to
the last row. Now for i ∈ [k], connect the endvertices of P2(k+1−i) and L(i−1)n+1 through
the two paths in Q that intersect the endvertex of P2(k+1−i) and the left endvertex of
L(i−1)n+1 and also the (2i− 1)− th row of W0. Connect the right endvertex of L(i−1)n+1

to the left endvertex of L(i−1)n+2 through the top row of W0 and then the right endvertex
of L(i−1)n+2 to the left endvertex of L(i−1)n+3. Continue this until n linkage paths are
connected to P2(k+1−i). Lastly, connect the right endvertex of Lin to the endvertex of
P2(k+1−i)−1 through the two paths in Q that start in the endvertex of P2(k+1−i)−1 and

in the right endvertex of Lin and the (2i)th row of W0. This yields an A-path P ′i and
as mentioned before, it is zero. The paths P ′1, . . . , P

′
k are disjoint by construction and

therefore, we are done.

Figure 8.5: This is how we construct the zero A-paths in Lemma 8.9 [46].

In the next lemma we deal with the other case of Thereom 8.5, that is, all paths
between the branch vertices of a zero wall are zero.

Lemma 8.10. Let G be a graph and let A ⊆ V (G). Let W be a wall in G − A with
branch vertices B and let γ ∈ Γ. Suppose that all B-paths in G−A are zero and that TW
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is a truncation of TEP . Moreover, suppose there is a function h : N → N such that for
each subset B′ ⊆ B and for each subgraph G′ ⊆ G, it holds that G′ contains either k
disjoint A–B′-paths of weight γ or a set of at most h(k) vertices that intersects all these
paths.

For any positive integer k, there are integers f8.10(k, h) and g8.10(k, h) such that if the
size of W is at least f8.10(k, h), then G contains either k disjoint zero A-paths or a vertex
set with at most g8.10(k, h) vertices that intersects either all A–B-paths of weight γ or
all A–B-paths of weight −γ.

Proof. Let k ∈ N and set:

� hk = h(100k2)

� pk = 2(3hk + 3)2 + hk

� g8.10(k, h) = h(pk)

� f8.10(k, h) = 20pk(20pk · 4hk + 8hk) + 8hk.

Let M be the set of vertices v such that v has three disjoint paths to B \ {v} in G−A.
Observe that B ⊆ M . By Lemma 8.7, for all v ∈ M , there is a γv ∈ Γ2 such that all
paths from v to B in G − A have weight γv. Next by assumption, there are either pk
disjoint A–B-paths of weight γ or a set of at most g8.10(k, h) = h(pk) vertices intersecting
all these paths. Clearly, we are done in the latter case. Let Pγ be the set of pk disjoint
A–B-paths of weight γ such that

∑
P∈Pγ E(P ) \ E(W ) is minimum. We claim:

The set Pγ intersects at most 10|Pγ | subdivided edges of W . (8.7)

Suppose otherwise. In the exact same way as in the proof for (8.4), we can prove
that there is a path P ∈ Pγ with endvertices a ∈ A and b ∈ B that for j ∈ [2],
intersects a subdivided edge ej in a vertex uj /∈ B closest to one of the endvertices wj
of ej . Additionally, the vertices a, b, w1, w2 are distinct and a, b are not endvertices of
e1 and e2. We may assume that starting in a, the vertex u1 comes before u2 on P . See
Figure 8.2.

The path w1e1u1Pb and w1e1u1Pu2e2w2 are B-paths and thus by assumption, zero
paths. This implies that the weight of u2Pb equals the weight of u2e2w2. Let P ′ =
aPu2e2w2 and observe that the weight of P ′ is the same as the weight of P , which is γ.
Additionally, the path P ′ is disjoint from all paths in Pγ except P . Again this can be
argued in the same way as in (8.4). Lastly, as b is not an endvertex of e2, the path u2Pb
contains an edge of E(G) \E(W ), which means that replacing P by P ′ would have been
a better choice for Pγ . This is a contradiction, which proves (8.7).

Now there is a subwall W1 of W of size 20pk ·4hk +8hk that is 4hk-contained and that
is disjoint from all paths in Pγ . We claim:

There is a set P ′γ of 100k2 disjoint γ-paths that nicely link A to W1. (8.8)
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Suppose otherwise. Let N1 be the nails of W1. By assumption, the A–N1-paths of weight
γ have the vertex-Erdős-Pósa property in G − (W1 − N1) have the vertex-Erdős-Pósa
property. Hence, there is a set Xγ ⊆ G− (W1 −N1) of size at most hk = h(100k2) that
intersects all A–N1-paths of weight γ in G− (W1−N1). In the same way as in the proof
of (8.5), one can show that there is a path P ∈ Pγ that is disjoint from Xγ and such
that from the endvertex v of P in B there are three disjoint paths P1, P2, P3 to N1 in
G− (W1−N1)−Xγ . One only has to make sure that all sizes are chosen correctly here
as well, which I did. Note that for each i ∈ [3], the path Pi is a path between vertices of
B and therefore, a zero path.

Suppose P is disjoint from Pi − v for some i ∈ [3]. The path P ∪ Pi is a path from
A to N1 in G − (W1 − N1) − Xγ of weight γ + 0 = γ. This is a contradiction to the
property of Xγ .

Now suppose that P intersects each path Pi. For i ∈ [3], let wi be the endvertex of Pi
and let ui be the vertex of Pi∩P that is closest to wi on Pi, see Figure 8.1. Let v ∈ A and
w ∈ B be the endvertices of P . We may assume that u1, u2, u3 appear on P in this order
when starting in v. As all paths between vertices of B are zero, the paths w1P1u1Pw
and w1P1u1Pu2P2w2 are zero. It follows that the weights of u2Pw and u2P2w2 are the
same. Then the path vPu2P2w2 is a path from A to B and has the same weight as P ,
which is γ, and lies in G− (W1 −N1)−Xγ . This is a contradiction, which proves (8.8).

When we apply these arguments again for W1 and −γ, we obtain a 4hk-contained
subwall W2 of W1 of size at least 4hk and a set P ′−γ of 100k2 (−γ)-paths that nicely link
A to W2. Since 4hk ≥ 100k2, we can extend the paths in P ′γ to W2 so that they nicely
link A to W2 instead now. Since W is a zero wall, these extended paths are still γ-paths.

Let a ∈ A be an endvertex of a path P from A to B and let m be the first vertex
of M that P intersects, we call aPm the starting segment of P . As B ⊆M , the starting
segment of any such path is well-defined. If P,Q ∈ P ′γ ∪ P ′−γ such that P intersects the
starting segment of Q, then as the sets P ′γ and P ′−γ contain disjoint paths, one of the
two paths has to lie in P ′γ and the other one in P ′−γ . We claim:

for y ∈ {γ,−γ}, at most three paths of P ′y may intersect the starting
segment of a path P ∈ P ′−y

(8.9)

Let S be the starting segment of P with endvertices a ∈ A and m ∈ M . All vertices
of S − a can be separated from M in G − A by at most two vertices m1,m2 ∈ M ,
whereby m ∈ {m1,m2}. Otherwise a vertex in the interior of S − a would have three
disjoint paths to M , which would imply that it has three disjoint paths to B, that is, it
lies in M contradicting the definition of a starting segment. Let V be the set of vertices
that are separated from M by m1 and m2 in G − A. In particular, S − a ⊆ V and
as B ⊆M , the set V is separated from B by m1 and m2 in G−A. Now since all paths
in P ′y end in B, any path in P ′y that intersects S − a has to intersect m1 or m2. Clearly,
then at most two paths in P ′y may intersect S−a. This implies that at most three paths
in P ′y may intersect S, which means (8.9) is true.

For y ∈ {γ,−γ}, remove any path from P ′y that intersects more than 5k starting

segments of paths in P ′−y. By (8.9), each set P ′y now contains at least |P ′y|−3
|P ′−y |

5k ≥ 40k2
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paths. Pick 2k paths P1, . . . , P2k ∈ P ′γ and remove the paths from P ′−γ whose starting
segments are intersected by a path Pi for i ∈ [2k], these are at most 10k2 since each path
Pi intersects fewer than 5k starting segments of paths in P ′−γ . Also remove the paths
from P ′−γ that intersect the starting segments of P1, . . . , P2k, which by (8.9) are at most
6k paths. Let Q1, . . . , Qk be k of the remaining paths in P ′−γ . Note that if Pi and Qj
intersect, they do not intersect in either of their starting segments.

Now apply Lemma 6.5 to these two path systems to obtain a set of paths Pγ ⊆ {P1, . . . , P2k}
of k paths and a set P−γ of k paths such that the paths in Pγ and P−γ are paths that
nicely link A to W2 and all the paths in Pγ ∪ P−γ are pairwise disjoint. Furthermore,
in Lemma 6.5 the paths in P−γ are constructed by following the paths Q1, . . . , Qk until
they intersect the paths P1, . . . , P2k and then following these paths to B. Hence, as
two paths Pi and Qj intersect only after their starting segments, we obtain that for any
Q ∈ P−γ , there is an i ∈ [k] such that Q and Qi have the same starting segment.

Clearly, all paths in Pγ are γ-paths. Now we need to see that all paths in P−γ are
(−γ)-paths. Let Q ∈ P−γ and i ∈ [k] such that Q and Qi have the same starting
segment S. Let a ∈ A and m ∈ M be the endvertices of S and let b and bi be the
endvertices of Q and Qi in N2 ⊆ B respectively, where N2 are the nails of W2. By
Lemma 8.7 and as m ∈M , any two paths from m to B have the same weight and thus,
mQibi and mQb have the same weight. It follows that the weight of Q and Qi is identical
and therefore, Q is a (−γ)-path.

Now connect the k endvertices of paths in Pγ to the k endvertices of paths in P−γ
through disjoint paths in W2 (note that this is possible as the size of W2 is at least k
and the paths link nicely to W2). As W2 is a zero wall, this results in k disjoint zero
A-paths.

8.5 Proof of Theorem 8.1

With this we are now ready to prove the main theorem of this chapter.

Proof of Theorem 8.1. We need to show that the zero A-paths with respect to Γ have the
vertex-Erdős-Pósa property if and only if Γ is finite and for any x, y ∈ Γ with y 6= 0, there
is an n ∈ Z such that 2x+ ny = 0. We already saw in Section 8.3 that these conditions
are necessary. Hence, from now on we assume that Γ satisfies these properties. Let
m = |Γ|. We define for k ∈ N:

� h : N→ N such that h(k) = 3k(4k2 + (4k + 2)2k) + f8.4(k · 2k)

� xm,k = g8.5(g8.9(m, k))

� wm,k = max {f8.9(m, k), f8.10 (k, h) , 2 (xm,k +m · g8.10 (k, h) + 3)}

We claim that the minimal function f satisfying the following conditions is a vertex-
Erdős-Pósa function for the zero A-paths.
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(I) f(k) ≥ 3f6.2 (f8.5 (m, 2xm,kwm,k, g8.9 (m, k))) + 2f(k − 1) + 10

(II) f(k) ≥ m · g8.10(k, h) + xm,k

For a contradiction, suppose that this is not true. Let (G, k) be a minimal counterex-
ample to f being a vertex-Erdős-Pósa function for the zero A-paths. First observe that
we may apply Lemma 7.6 here since in its proof the A-paths of length ≡ 0 (mod 4) can
easily be replaced by zero A-paths with respect to Γ. (If f(k) ≥ 3g(k) + 2f(k− 1) + 10,
then the tangle that is returned by this lemma has size g(k).) By Lemma 7.6, there is
a tangle TEP of order at least f6.2(f8.5(m, 2xm,kwm,k, g8.9(m, k))) in G−A such that for
any separation (C,D) ∈ TEP , any zero A-path in G has to intersect D−C. Now we apply
Lemma 6.2 on TEP to find a wall W in G−A of size f8.5(m, 2xm,kwm,k, g8.9(m, k)) such
that TW is a truncation of TEP . Next apply Theorem 8.5 on G−A and W to find a zero
wall W0 of size at least 2xm,kwm,k in G−A such that either there is a non-zero linkage
for W0 of size g8.9(m, k) or there is a vertex set X of size at most xm,k = g8.5(g8.9(m, k))
that is disjoint from W0 such that all paths in G −X − A between the branch vertices
of W0 have weight zero. Additionally, the tangle TW0 is a truncation of TW . In the first
case, with Lemma 8.9, we can find k disjoint zero A-paths in G. This is a contradic-
tion to (G, k) being a counterexample. So we may assume that the latter case occured.
Let B0 be the set of branch vertices of W0. It holds that:

There is a vertex set X ⊆ V (G − A −W0) of size at most xm,k such
that in G−X −A all B0-paths have weight zero.

(8.10)

Let G′ = G − X. Let M be the set of vertices v that have three disjoint paths to
B0 \ {v} in G′−A. Note that B0 ⊆M . We apply Lemma 8.7 to M in G′−A. It follows
that:

For each vertex v ∈M , there is a γv ∈ Γ2 such that all paths in G′−A
from v to B0 have weight γv.

(8.11)

We call the vertices in M anchors. Every vertex v ∈ V (G′−A−M) can be separated
from M by at most two anchors. We call a minimal set of anchors that separates v
from B0 the separating anchors of v. Note that by the properties of TEP , any vertex
that lies in a different component than B0 cannot be part of any zero A-path, thus, can
be removed from G′. Therefore, the set of separating anchors of any vertex is non-empty.
We define a superedge e̊ between two anchors v and w as the subgraph induced by v, w
and all vertices for whom {v, w} are their separating anchors. We allow v and w to be
the same vertex in case there are vertices that are separated from M by only one anchor.
We call v and w the anchors of the superedge e̊. The graph e̊ − {v, w} is the interior
of e̊. The intersection of any two superedges is exactly one anchor (if they intersect at
all).

Now we claim:

There is no vertex set Y of size at most m ·g8.10(k, h)+3 that separates
a zero A-path P from B0 in G′.

(8.12)
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Suppose otherwise. First obeserve that the size of W0 is at least

2xm,kwm,k ≥ wm,k ≥ 2(xm,k +m · g8.10(k, h) + 3).

Let C ′ be the union of the components of G′ − Y that contain vertices of B0 − Y . Now
the set X ∪ Y induces a separation (C,D) in G of order at most

|X ∪ Y | ≤ xm,k +m · g8.10(k, h) + 3

such that B0 lies in C and P in D. Indeed, define C = G[C ′ ∪ X ∪ Y ] and define
D = G[V (G) − C ′] − E(X) − E(Y ). As |X ∪ Y | is smaller than the order of TEP and
as P does not intersect C −D, it follows that (C,D) ∈ TEP . On the other hand, since
|X ∪ Y | is smaller than the size of W0 and since C contains all branch vertices of W0,
it holds that (D,C) ∈ TW0 . This is a contradiction because TW0 is a truncation of TEP .
This proves (8.12).

We want to show that:

Suppose for every γ ∈ Γ, for every subset B∗ of B0 and for every
subgraph G∗ ⊆ G′, it holds that G∗ contains either k disjoint A–B∗-
paths of weight γ or a set of at most h(k) vertices that intersects all
these paths. Then there are either k disjoint zero A-paths in G or a
set of size at most f(k) that intersects all those paths.

(8.13)

Provided that this is true and we can show that the A–B∗-paths of weight γ have the
vertex-Erdős-Pósa property, this would be a contradiction to (G, k) being a counterex-
ample, which then finishes the proof. We will first show that (8.13) is indeed true.

Suppose that for each γ ∈ Γ, there is a set Yγ of g8.10(k, h) vertices that intersects
either all γ-paths or all (−γ)-paths from A to B0 in G′. Let Y = ∪γ∈ΓYγ ; the size of Y
is at most m · g8.10(k, h). Since |X ∪ Y | ≤ xm,k + m · g8.10(k, h) ≤ f(k), the set X ∪ Y
cannot intersect all zero A-paths in G. Let P be a zero A-path in G that is disjoint
from X ∪ Y . By (8.12) and Menger’s Theorem, there are three disjoint paths Q1, Q2

and Q3 from P to B0 in G′ − Y . Let the endvertices on P of Q1, Q2 and Q3 be a1, a2

and a3 respectively and let the endvertices of P itself be v and w. We may assume that
starting in v and following P , we come across a1, a2 and a3 in this order. Note that
for each i ∈ [3], the interior of the path Qi is disjoint from P . We obtain three disjoint
paths from a2 to B0: These are a2Pa1 ∪Q1, Q2 and a2Pa3 ∪Q3. It follows that a2 ∈M
and by (8.11), it holds that there is a γa2 ∈ Γ2 such that all paths from a2 to B0 have
weight γa2 . In particular, it holds that P2 has weight γa2 . Let the weight of vPa2 be x.
As P has weight zero, the path a2Pw has weight −x. We obtain the (x + γa2)-path
vPa2∪P2 from A to B0 and, since γa2 ∈ Γ2, also the (−x−γa2)-path wPa2∪P2 from A
to B0 in G′ − Y . This is a contradiction because Yx+γa2

⊆ Y intersects one of these two
paths.

Hence, we may assume that there is some γ ∈ Γ such that there is no set Yγ of at
most g8.10(k, h) vertices that intersects all γ-paths or all (−γ)-paths from A to B0. As
the size of W0 is at least wm,k ≥ f8.10(k, h) and as W0 is disjoint from X, we may
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apply Lemma 8.10 to W0, which yields k disjoint zero A-paths in G′ ⊆ G. This is a
contradiction and finishes the proof of (8.13).

Now we only need to show that:

For every γ ∈ Γ, for every subset B∗ of B0 and for every subgraph
G∗ ⊆ G′, it holds that G∗ contains either k disjoint A–B∗-paths of
weight γ or a set of at most h(k) vertices that intersects all these paths.

(8.14)

Let γ ∈ Γ. As there is virtually no difference whether we look at a subgraph of G′ or
at G′ itself or a subset of B0 or B0 itself, we therefore assume that G∗ = G′ and B∗ = B0.
We may assume that there are no k disjoint A–B0-paths of weight γ in G′.

First of all, we remark that any γ-path P with one endvertex in A and the other in B0

that contains vertices of B0 in its interior (but not of A), also contains an A–B0-path of
weight γ. Indeed, let a ∈ A and b ∈ B0 be the endvertices of P . If b0 is the first vertex
in P after a that lies in B0, then as b0Pb is a zero path by (8.10), the path aPb0 is an
A–B0-path of weight γ. In the following, it might happen that vertices of B0 are in the
interior of such a path (however no vertices of A). With the previous observation, we
may ignore them.

Recall that by (8.11), for each anchor v in G′, there is a γv ∈ Γ2 such that all paths
from v to B0 have weight γv. For a path P from a ∈ A to B0 such that v ∈ M is the
first vertex of M that comes after a in P , we refer to aPv as the starting segment of P .
Let e̊ be a superedge with anchors v, w. We say there is a (γ, a, v)-path in e̊ if there
is a (γ − γv)-path from a to v in G′[{a} ∪ V (̊e)}] that intersects the interior of e̊ and
if v 6= w, then this path should be disjoint from w. Moreover, if the edge e = av exists
and is of weight γ − γv such that v is an anchor and a ∈ A, we say that e is a direct
(γ, a, v)-path. It is important to note that the weights are chosen to be γ − γv because
when we merge a (γ, a, v)-path with a path from v to B0 in G′−A that intersect only in
v, we obtain a γ-path from A to B0 (any path from v to B0 has weight γv). This fact will
be used often and will not be explained again. Also note that the starting segment of
any A–B0-path P of weight γ is a (γ, a, v)-path for some a ∈ A and v ∈M . Indeed, let
a ∈ A be an endvertex of P and let v be the first vertex of M that P intersects after a.
By definition, aPv is the starting segment of P . Then since the weight of P is γ, the
path aPv has to be a (γ − γv)-path. Additionally, the neighbour of a in P either is v
and then aPv is a direct (γ, a, v)-path or it lies in the interior of some superedge e̊ and
then aPv is a (γ, a, v)-path in e̊.

Let X ⊆ V (G′) be a set of vertices. We introduce the following definitions in G′ −X.
We say that v is a γ-anchor for a, if there is a (γ, a, v)-path from a ∈ A to v. If there is
a (γ, a, v)-path in a superedge e̊ or a direct (γ, a, v)-path to one of the anchors v of e̊, we
say that e̊ is a γ-superedge and we say that v is a γ-anchor of e̊. A closest γ-superedge
is a γ-superedge such that there is a path from one of its anchors to B0 that does not
intersect the interior of another γ-superedge. Note that while we redefine γ-anchors and
(closest) γ-superedges every time we remove some vertices, the anchors and superedges
are not changed ever. That is, if e̊ is a superedge in G′, then e̊ − X is a superedge
in G′ −X.
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We define Cγ(X) to be the set of closest γ-superedges in G′−X. Let I(X) be the union
of the interior vertices of superedges in Cγ(X). We refer to the union of the components
of G′ −A−X − I(X) that contain a vertex of B0 as the B0-side. We say that a vertex
lies opposite the B0-side if it lies in any other component of G′−X. We define G′(X) as
the induced subgraph of G′ on the union of A, the B0-side of G′−X −I(X) and I(X).
Let Bγ(X) be the set of γ-anchors of superedges in Cγ(X) that lie on the B0-side and
let Aγ(X) be the remaining γ-anchors of superedges in Cγ(X), that is, they lie opposite
the B0-side. See Figure 8.6 for an illustration. Observe that any superedge in Cγ(X)
has an anchor that lies in Aγ(X) ∪Bγ(X).

⊇ Aγ(X)Bγ(X) ⊆

B0

B0-side

the closest γ-superedges
in Cγ(X)

opposite side of
the B0-side;

all other γ-superedges and
γ-anchors lie here

Figure 8.6: A drawing of G′ −X − A. The interior of the closest γ-superedges, that is,
I(X), separates all γ-anchors that do not lie in Bγ(X) and all γ-superedges
that do not lie in Cγ(X) from B0 inG′−X. The anchors in Aγ(X) and Bγ(X)
are subsets of the vertices in rectangles on the right and left respectively.

Let X ⊆ V (G′). We claim:

there are vertex sets X1, X2 such that |X1|, |X2| ≤ 2k2 + 2k ·2k and X2

separates Bγ(X ∪X1) from B0 in G′ −X −X1.
(8.15)

To that end, we want to construct disjoint vertex sets Y1, . . . , Yk each of size at
most 2k + 2 · 2k such that for n ∈ [k], the set Yn intersects all A–B0-paths of weight γ in
G′(X ∪

⋃n−1
i=1 Yi). Additionally, there should be a vertex an ∈ Yn ∩ A such that there is
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a set Pn of 2k disjoint paths from an to B0 of weight γ in G′(X ∪
⋃n−1
i=1 Yi) such that Yn

separates the interior of starting segments of paths in Pn from B0.

We will see that if we are unable to construct these sets, vertices and paths, that (8.15)
is true. Otherwise, we obtain a contradiction, which we will prove first. Suppose that for
n ∈ [k], we already constructed Yn, an and Pn. We apply Lemma 6.6 to the path systems
P1, . . . ,Pn to obtain a set of k disjoint paths P1, . . . , Pk such that Pn is a path from an
to B0. (Technically for n ∈ [k], we need to remove the vertex an from each path in Pn
so that each path system contains only disjoint paths before applying the lemma and
then adding the vertex an again.) Since Yn separates the interior of starting segments
of paths in Pn from B0, there is no path in P` for ` 6= n such that this path intersects
the starting segment of a path in Pn. A similar argument as at the end of Lemma 8.10
yields that the paths P1, . . . , Pk are γ-paths from A to B0. This is a contradiction, which
means we are done.

Let n ∈ [k]. Suppose Y1, . . . , Yn−1 are already constructed with the required properties
and define Yn−1 = X ∪

⋃n−1
i=1 Yi. Let H = G′(Yn−1) − I(Yn−1) and remove all edges

incident to A in H. For each a ∈ A and v ∈ Bγ(Yn−1), add an edge in H (of any weight)
from a to v if there is a (γ, a, v)-path in G′ − Yn−1. These (γ, a, v)-paths are either in
superedges of Cγ(Yn−1) or direct (γ, a, v)-paths.

Suppose there are 2k disjoint A–B0-paths P1, . . . , P2k in H. For i ∈ [2k], let ai ∈ A be
an endvertex of Pi and let vi ∈ Bγ(Yn−1) be the neighbour of ai in Pi. By construction,
the edge aivi ∈ E(H) represents a (γ, ai, vi)-path Ri in G′−Yn−1. Note that the interior
of Ri lies in I(Yn−1), which is disjoint from H (this is true by default if Ri does not
contain any interior vertices). Then Qi = Ri ∪ (Pi − ai) is an A–B0-path with starting
segment Ri. Its weight is γ since Ri is a (γ, ai, vi)-path.

As the paths P1, . . . , P2k are disjoint and as V (Qi)\V (Pi) is the interior ofRi, whenever
two paths Qi and Qj intersect, the intersection lies in the interior of Ri (and Rj), which
lies in the interior of a superedge in Cγ(Yn−1). Thus, since any A–B0-path ends in an
anchor and as superedges contain at most two anchors, it follows that any path Qi may
intersect at most one other path Qj . Hence, when we remove one path of any pair of
intersecting paths Qi, we obtain a set of at least k disjoint γ-paths from A to B0. This
is a contradiction.

Therefore by Menger’s theorem, there is a vertex set Vn of size at most 2k that inter-
sects all A–B0-paths in H. Then Vn intersects all A–B0-paths of weight γ in G′(Yn−1)
(otherwise we could construct an A–B0-path in H). Suppose there is a vertex an ∈ Vn∩A
with 2 · 2k disjoint paths from an to B0 in H. Then, with the same argument as before,
there is a set Pn of at least 2k disjoint γ-paths from an to B0 in G′(Yn−1). Let Wn be
the set of anchors of superedges that intersect the interior of starting segments of paths
in Pn; observe that Wn separates the starting segments of paths in Pn from B0 since the
vertices in B0 are anchors. The size of Wn is at most 2 ·2k. Let Yn = Vn∪Wn. It follows
that Yn, an and Pn have the desired properties, which means we are done by induction.

Hence, suppose there is no such vertex an. Then for each a ∈ Vn∩A, there is a set Xa

of at most 2 · 2k vertices (which does not contain a) that separates a from B0 in H −Vn.
In particular, the set Xa separates the neighbours of a from B0 in H −Vn; note that the
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neighbours of a in H lie in Bγ(Yn−1). Then for X1 = Yn−1, the set X2 = Vn∪
⋃
a∈Vn∩AXa

separates all vertices of Bγ(X1) from B0 in G′(X1). As |X1|, |X2| ≤ k(2k + 2 · 2k), this
finishes the proof of (8.15).

Let X1, X2 such that X2 intersects all A–B0-paths of weight γ from Bγ(X1) to B0

in G′(X1). We define Cγ(X1, X2) as the superedges e̊ ∈ Cγ(X1) such that there is a
path from one of its anchors to B0 and a path between its anchors in e̊ in G′−X1−X2.
Let I(X1, X2) be the interior of superedges in Cγ(X1, X2). Let Aγ(X1, X2) be the
vertices v ∈ Aγ(X1) such that v is a γ-anchor of a superedge in Cγ(X1, X2). Note that
by choice of X1 and X2 every superedge in Cγ(X1, X2) has a γ-anchor in Aγ(X1, X2)
and is disjoint from Bγ(X1). Moreover, all A–B0-paths of weight γ in G′ − X1 − X2

intersect Aγ(X1, X2) and also I(X1, X2).

Now recall that an A–A–B-path is a path with one endvertex in A, the other in B
and that contains a vertex of A in its interior. It may contain further vertices of A or B
in its interior.

Next we claim:

there are vertex sets Z1, Z2 such that Z2 intersects all paths from
Bγ(Z1) to B0 in G′(Z1) and no two vertices of Aγ(Z1, Z2) lie
in the same component of G′ − Z1 − Z2 − I(Z1, Z2). Moreover,
|Z1| ≤ 2k(4k2 + (4k + 2)2k) and |Z2| ≤ 2k2 + 2k · 2k + f8.4(k · 2k).

(8.16)

We proceed similarly to (8.15). We construct disjoint vertex sets Y1, . . . , Yk each of
size at most 4k2 + (4k + 2) · 2k such that for n ∈ [k], there is a vertex an ∈ Yn ∩ A and
a set Pn of 2k disjoint paths from a′n to B0 of weight γ in G′ −

⋃n−1
i=1 Yi such that Yn

separates the starting segments of paths in Pn from B0.

That this is a contradiction follows in the same way as in (8.15).

Let n ∈ [k]. Suppose we already constructed Y1, . . . , Yn−1 with the desired properties.
Let Yn−1 =

⋃n−1
i=1 . We apply (8.15) to G′ − Yn−1. There are sets X1, X2 such that X2

separates all vertices in Bγ(Yn−1 ∪X1) from B0 in G′(Yn−1 ∪X1). In the following let
Aγ = Aγ(Yn−1 ∪ X1, X2) and Cγ = Cγ(Yn−1 ∪ X1, X2). Let P be an Aγ–Aγ–B0-path
in G′ − Yn−1 − X1 − X2 − A with endvertex v ∈ Aγ . We say that P passes through a
vertex v0 ∈ Aγ in the right direction of e̊0 if e̊0 ∈ Cγ and v0 is a γ-anchor of e̊0 such that,
starting in v, P intersects the interior of e̊0 only before it intersects v0 (if it intersects
the interior at all). We claim that P passes through a vertex v0 in the right direction
of some superedge e̊0. To prove this, we may assume that P does not pass through v
in the right direction of some superedge e̊ ∈ Cγ with γ-anchor v. Since P ends in an
anchor and since e̊ has at most two anchors, the path P has to intersect the interior of e̊
immediately after v and then intersect the other anchor w of e̊ before leaving e̊. As e̊
lies in Cγ ⊆ Cγ(Yn−1 ∪ X1), it follows that w lies on the B0-side of G′ − Yn−1 − X1.
Let v0 be the first vertex of Aγ after v. The union of the interiors of the superedges
in Cγ separates Aγ from B0, which means that P has to intersect the anchor w0 of a
superedge e̊0 ∈ Cγ before intersecting v0. As P ends in an anchor and as P already
intersects v0 and w0, the path P cannot intersect the interior of e̊0 after v0 anymore.
This, however, means that P passes through v0 in the right direction of e̊0.
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v

v0

A0

B0

all γ-anchors of G′ −X1 −X2

lie here

the superedges in C0

Figure 8.7: Aγ separates all γ-anchors from B0 in G′ −X1 −X2. An Aγ–Aγ–B0-path is
drawn in black. It does not pass through v in the right direction but it does
so for v0. Replace the dashed part by the red part to obtain an A–B0-path
of weight γ.

Now suppose there are k · 2k disjoint Aγ–Aγ–B0-paths P1, . . . , Pk·2k . Let i ∈ [k · 2k]
and let xi be the endvertex of Pi in Aγ . As we observed, the path Pi passes through a
vertex vi ∈ Aγ in the right direction of some superedge e̊i ∈ Cγ . Then there is an ai ∈ A
and a (γ, ai, vi)-path in e̊i or a direct (γ, ai, vi)-path. Let Ri be such a (γ, ai, vi)-path.
In Pi, we replace xiPivi by Ri. As Pi does not intersect the interior of e̊i after vi anymore
and as Pi is disjoint from A, it follows that Qi = Ri ∪ (Pi − xiPiv0) is an A–B0-path.
Additionally, its weight is γ by choice of Ri. As the paths P1, . . . , Pk·2k are disjoint and
since Qi \ Pi = Ri − vi, whenever two paths Qi and Qj intersect, then the intersection
lies in Ri−vi and Rj−vj . Suppose that it lies in the interior of Ri (or Rj). The interior
of Ri lies in the interior of e̊i (again this is true by default if Ri contains no interior
vertices). For every superedge in Cγ , there is a path from one of its anchors to B0,
which implies that this anchor cannot lie in Aγ . Hence, every superedge in Cγ contains
only one vertex of Aγ . Thus, if Qj intersects the interior of e̊i, it also intersects both
anchors of e̊i, in particular vi. By construction, then also Pj intersects vi, which means
that Pi and Pj are not disjoint, which contradicts the assumptions. Hence, Qj has to
intersect ai. This implies ai = aj if Qi and Qj intersect.

Now if there are more than k distinct vertices in {a1, . . . , ak·2k}, with the previous
observation, we obtain k disjoint A–B0-paths, which is impossible. Thus by pigeonhole
principle, there are at least 2k paths that intersect a vertex ai. Let a′n = ai and let Pn
be the subset of {P1, . . . , Pk·2k} of size at least 2k that contains the paths with endver-
tex an′ = ai. We define Wn to be the set of anchors of superedges that contain the
starting segment of one of the paths in Pn. Then Yn = X1 ∪X2 ∪Wn and a′n satisfy all
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the desired properties, which means we are done by induction.

Therefore by Lemma 8.4, we may assume that there is a vertex set X of size at
most f8.4(k · 2k) that intersects all Aγ–Aγ–B0-paths in G′ − X1 − X2 − Yn−1. We set
Z1 = Yn−1 ∪X1 and Z2 = X2 ∪X. First by choice of X1 and X2, the set Z2 intersects
all paths from Bγ(Z1) to B0 in G(Z1). Suppose v1, v2 ∈ Aγ(Z1, Z2) lie in the same
component of G̃ = G′ − Z1 − Z2 − I(Z1, Z2). There is a path in G̃ from v1 to v2. By
definition of Cγ(Z1, Z2), there is a path from v2 to the other anchor of e̊2 within e̊2 and
from this anchor to B0 in G(Z1)−I(Z1)−Z2. This, however, yields an Aγ–Aγ–B0-path
in G− Z1 − Z2 that avoids X ⊆ Z2; a contradiction. This finishes the proof of (8.16).

Let Z1, Z2 be the two vertex sets we obtain from (8.16). Let Aγ = Aγ(Z1, Z2) and
Cγ = Cγ(Z1, Z2). We already mentioned that all A–B0-paths of weight γ in G−Z1−Z2

have to pass through a vertex of Aγ and through the interior of a superedge in Cγ .
Let v ∈ Aγ and let Cv be the component of G′ − Z1 − Z2 − I(Z1, Z2) that contains v.
Let Qv be the set of paths from A to v of weight γ such that either this path is contained
in Cv or it is a (γ, a, v)-path and such that Qv is a subpath of an A–B0-path of weight γ.
We define A∗γ ⊆ Aγ to be the set of vertices v such that Qv 6= ∅. By choice of Z1, Z2

and A∗γ , all remaining A–B0-paths of weight γ have to contain a path of
⋃
v∈A∗γ Qv. Now

for each vertex v ∈ A∗γ , remove Cv−v from G′−Z1−Z2 and in the resulting graph G∗ we
look for A∗γ–B0-paths. Note that every superedge in G∗ that contains v is a superedge
in Cγ(Z1, Z2).

Let P be an A∗γ–B0-path with endvertex v ∈ A∗γ . There is a superedge e̊ ∈ Cγ(Z1, Z2)
such that v ∈ V (̊e) and such that the neighbour of v on P lies in e̊. Let w 6= v be an
anchor of e̊, then P has to pass through w. Additionally, w is the first vertex of M that
comes after v. First suppose that there are two superedges in Cγ(Z1, Z2) that contain v,
say e̊ and e̊0. Then there is a (γ, a, v)-path R in e̊0 for some a ∈ A. Now P ∪ R is an
A–B0-path of weight γ. Observe that if P is disjoint from an A∗γ–B0-path Q, then Q
has to be disjoint from the interior of e̊0 as otherwise Q would need to intersect v, that
is, Q would not be disjoint from P .

Now suppose that the only superedge that contains v is e̊. There is an A–B0-path Pv
of weight γ that contains a path Qv ∈ Qv. Since e̊ is the only superedge that contains v,
it follows that Pv has to pass through e̊ and intersect w. In P we replace vPw by
aPvw; as Pv is a γ-path also the resulting path is a γ-path. Therefore, we can construct
an A–B0-path of weight γ from any A∗γ–B0-path. As all vertices of A∗γ lie in distinct
components of G′−Z1−Z2−I(Z1, Z2), any two disjoint A∗γ–B0-path yield two disjoint
A–B0-path of weight γ. Hence, we are done if we find k disjoint A∗γ–B0-path.

By Menger’s theorem, then there has to be a vertex set Z3 of size at most k that
intersects A∗γ–B0-paths. As any A–B0-path of weight γ has to intersect A∗γ , any vertex
set that intersects all A∗γ–B0-paths intersects all A–B0-paths of weight γ. Thus, the
vertex set Z1 ∪Z2 ∪Z3 is a vertex hitting set for the A–B0-paths of weight γ. Its size is
at most 3k(4k2 + (4k + 2)2k) + f8.4(k · 2k) = h(k). This finishes the proof of (8.14) and
hence, concludes the proof of the whole theorem.
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8.6 Corollaries

With the main theorem proved, we can prove Corollary 8.2 that characterizes the A-
paths of weight γ that have the vertex-Erdős-Pósa property.

Proof of Corollary 8.2. We need to show that the A-paths of weight γ ∈ Γ have the
vertex-Erdős-Pósa property if and only if Γ is finite and for x, y ∈ Γ with y 6= 0, there is
an n ∈ Z such that 2x+ ny = γ. In Section 8.3, we have seen that these conditions are
necessary. So we may assume that Γ satisfies both conditions and in view of Theorem 8.1,
that γ 6= 0.

Suppose γ is the only non-zero element in Γ. Then the A-paths of weight γ are exactly
the non-zero A-paths and with Theorem 8.3, these have the vertex-Erdős-Pósa property.

Now we may assume that there are non-zero elements besides γ. We claim:

there is a δ ∈ Γ such that 2δ = −γ. (8.17)

Suppose γ ∈ Γ2 and let y 6= γ be a non-zero element of Γ. The order of y has to be
larger than 2, as otherwise 2γ + ny ∈ {0, y} is not equal to γ for any n ∈ Z. It follows
that 2y 6= 0 and then 2y+nγ ∈ {2y, 2y+ γ} equals γ only if 2y = γ. This means we are
done when we set δ = −y.

Thus, let the order of γ be m > 2. If m is odd, then 2(m+1
2 γ) = γ +mγ = γ and we

choose δ = −m+1
2 γ. Otherwise, if m is even, as the order of γ is larger than 2, it follows

that m
2 γ 6= γ. Then for every n ∈ Z, it holds that 2

(
m
2 γ
)

+ n
(
m
2 γ
)
∈ {0, m2 γ} does not

equal γ. This is a contradiction, which proves (8.17).

We may remove each edge incident to two vertices of A that does not have weight γ
as any such edge is never part of an A-path of weight γ. Thus, any edge in G[A] is an
A-path of weight γ. If there is a matching of size k in G[A], the edges in this matching
are also disjoint A-paths of weight γ, which means we are done. Otherwise, we find a
set X1 of at most 2k vertices that intersects all edges in G[A]. Remove X1 from G and
observe that there are no edges incident to two vertices of A in G−X1.

We claim:

for x, y ∈ Γ with y 6= 0, there is an n ∈ Z such that 2x+ ny = 0. (8.18)

In particular, this would imply that the zero A-paths (with respect to Γ) have the
vertex-Erdős-Pósa property. Let x, y ∈ Γ such that y 6= 0. Let m be the order of γ. By
assumption, there is an n1 such that 2x+ n1y = γ and an n2 such that 2 · 0 + n2y = γ.
Then if we choose n = n1 + (m− 1)n2, it follows that

2x+ ny = 2x+ n1y + (m− 1)n2y = γ + (m− 1)γ = 0.

This proves (8.18).

Let H = G −X1 where we add δ to the weight of each edge in H that is incident to
a vertex of A. Next we prove that:

any A-path of weight γ in G−X1 is a zero A-path in H and the other
way around.

(8.19)
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8 Zero A-paths (originally published in [46])

Any A-path in G − X1 is also an A-path in H and the other way round. Let P be
any A-path in G − X1 and in H. As there are no edges incident to two vertices of A,
the path P contains exactly two edges incident to A. If the weight of P in G−X1 is γ,
then its weight in H is γ + 2δ = γ − γ = 0. On the other hand, if P is a zero path in H,
then its weight in G−X1 is 0− 2δ = γ. This proves (8.19).

Clearly, if we now apply Theorem 8.1 to H, we are done.

Now we can check whether the A-paths of length d modulo m have the Erdős-Pósa
property.

Corollary 8.11. The A-paths of length ≡ d (mod m) have the vertex-Erdős-Pósa prop-
erty if and only if for any x, y ∈ {0, . . . ,m− 1} with y 6= 0, there is an n ∈ Z such that
2x+ ny ≡ d (mod m).

Proof. First of all if the conditions are satisfied, then the A-paths of weight d ∈ Zm have
the vertex-Erdős-Pósa property. When we label all edges in a graph with 1 ∈ Zm, then
the weight of any path equals its length. Thus, the A-paths of weight ≡ d (mod m)
have the vertex-Erdős-Pósa property as well.

On the other hand, if the conditions are not satisfied, then the A-paths of weight
d ∈ Zm do not have the vertex-Erdős-Pósa property. In a counterexample subdivide each
edge e exactly γ(e)−1 times, where γ(e) is the weight of e. This yields a counterexample
for the A-paths of length ≡ d (mod m).

We obtain the known results for the A-paths of weight ≡ d (mod m), but we are now
also able to check what happens when m is an odd prime.

Corollary 8.12. Let d,m ∈ N such that m is an odd prime. The A-paths of length
≡ d (mod m) have the vertex-Erdős-Pósa property.

Proof. Let x, y ∈ {0, . . . ,m − 1} with y 6= 0. A generator of a group Γ is an element
x ∈ Γ such that < x >= Γ; all elements in Γ are multiples of a generator. For primes m,
all non-zero elements in Zm are generators of Zm, which is why for any z ∈ Zm, there is
an n ∈ N such that ny = z. In particular, there is an n such that ny = −2x + d. This
implies that 2x+ ny = d, which means we are done by Corollary 8.11.

Since multiple modulo constraints can always be written as a single modulo constraint
(if there is a solution), this also characterizes all A-paths that have multiple modulo
constraints.

All the proofs that I made, technically, also work when one looks at the corresponding
long version of the A-paths of weight γ, that is, for a fixed positive integer `, A-paths of
weight γ that additionally need to have length at least `.

Proposition 8.13. Let γ ∈ Γ. The long A-paths of weight γ have the vertex-Erdős-Pósa
property if and only if the A-paths of weight γ have the vertex-Erdős-Pósa property.
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8.6 Corollaries

The counterexamples in Section 8.3 already force the paths to be arbitrarily long.
Hence, the long version does not have the vertex-Erdős-Pósa property if the normal
version does not. On the other hand, the proofs in Sections 8.4 and 8.5 can be adapted
to the long version by extending all A-paths of weight γ in Lemmas 8.9 and 8.10 through
zero walls so that they have length at least ` (although that is quite tedious).

As far as I know, the following result has not been written down anywhere else. It is
an immediate consequence of the generalization of the theorem by Thomassen, that is,
Theorem 8.6.

Theorem 8.14. Let Γ be a finite abelian group. The cycles of weight zero with respect
to Γ have the vertex-Erdős-Pósa property.
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9 Labelled Expansions of 1-Connected
Graphs

Menger’s theorem implies that the A–B-paths, that is, paths that contain a vertex in
A and a vertex in B, have the vertex-Erdős-Pósa property. Similarly, the A-paths, that
is, paths that contain two vertices of A, have the vertex-Erdős-Pósa property [42]. The
A-cycles, that is, cycles that contain a vertex of A, have the vertex-Erdős-Pósa property,
too [23, 31]. It is very natural to think of A–B-paths, A-paths and A-cycles as some sort
of expansions of the graphs in Figure 9.1. For instance, let H be the graph that is an
edge between a vertex of A and a vertex of B. An expansion G of H should be a graph
such that after contracting some edges of G we obtain H. It follows that the expansions
of H are exactly the A–B-paths (or graphs that contain A–B-paths).

Figure 9.1: Black circular nodes are vertices in A while black rectangular nodes are
vertices in B. The A–B-paths, A-paths and A-cycles may be viewed as
expansions of these graphs from left to right.

Bruhn, Joos and Schaudt [18] formalized this approach by labelling the vertices of a
graph with subsets of some alphabet Γ. They then introduced expansions of labelled
graphs and characterized the 2-connected graphs that have the vertex-Erdős-Pósa prop-
erty. (A labelled graph H has the vertex-Erdős-Pósa property if and only if the set of
its expansions has the vertex-Erdős-Pósa property.) We will define these expansions in
the next section.

In joint work with Henning Bruhn and Felix Joos, we were able to complete the
characterizitaion of the labelled graphs that have the vertex-Erdős-Pósa property. This
generalizes the theorem of Robertson and Seymour on (unlabelled) graphs that have
the vertex-Erdős-Pósa property. In this chapter we consider 1-connected labelled graphs
and in the next chapter unconnected labelled graphs.

Theorem 9.1 (Bruhn, Joos, U. [16]). Let H be a connected labelled graph. Then the
labelled H-expansions have the Erdős-Pósa property if and only if all following statements
apply:

(i) H has label homogeneity at most 2; and

(ii) every proper trunk of H is feasible.

99



9 Labelled Expansions of 1-Connected Graphs

We will define all necessary objects later. However, there are few nice results that
we obtain through this characterization. For vertex sets A and B we obtain that the
(A,m)-trees (see Section 5.2), trees with m leaves that lie in A or trees with m+n leaves
where m leaves lie in A and n leaves lie in B have the vertex-Erdős-Pósa property. This
also implies that A-`-combs (see [19]) have the vertex-Erdős-Pósa property, but also a
variation of this where we may arbitrarily choose whether a leaf should be contained in
A or B. We also retrieve the results on A-paths, A–B-paths and their long versions,
albeit with a much worse vertex-Erdős-Pósa function.

9.1 Labelled Expansions

In this section we define labelled expansions as they were introduced in [18].

Let Γ be some set and let H be a graph. We fix some function ` : V (H) → 2Γ, and
we say that H is Γ-labelled (with `). For Γ = {a1, . . . , an}, we also refer to H as an
(a1, . . . , an)-labelled graph. A vertex v ∈ V (H) is labelled if `(v) 6= ∅ and it is γ-labelled
if γ ∈ `(v). The label of v is `(v); sometimes we also refer to a single element of `(v) as
a label of v. If k = |

⋃
v∈V (G) `(v)|, then we say that H is k-labelled. The graph H is

unlabelled if none of its vertices are labelled.

We repeat the definition of an expansion. Suppose H and G are graphs. An H-
expansion in G is a tuple (H ′, π) with H ′ ⊆ G and π : V (H) ∪ E(H) → 2H

′ ∪ E(H ′),
where 2H

′
is the set of subgraphs of a graph H ′, such that the following holds:

� π(v) is a tree and π(v) and π(w) are vertex-disjoint for every v 6= w ∈ V (H),

� and π(vw) is an edge joining π(v) and π(w) for every vw ∈ E(H).

The set π(v) is called the branch set of v. We denote by T πv the tree π(v) together
with the edges π(vw) (and their endvertices) of all neighbours w of v.

Let H be a labelled graph. A labelled H-expansion is an H-expansion such that if
v ∈ V (H) is γ-labelled, then on every leaf-to-leaf path in T πv there is a γ-labelled vertex.
If v has multiple labels, then there has to be a vertex of each label on such paths. The
tree T πv may only be an isolated vertex if v is isolated. In this case π(v) has to be a
single vertex that is labelled with each label of v. If there is a labelled H-expansion in
G, we say H is a labelled minor of G and we write H �` G. Then the labelled minor
relation is transitive: if G1 �` G2 and G2 �` G3, then also G1 �` G3.

9.2 Labelled wall theorem

Our most important tool is Theorem 9.2 below. When we apply Lemma 6.3 and The-
orem 6.2 to a minimal counterexample for the Erdős-Pósa property we see that the
labelled graph contains a large wall. It is not clear, however, how the wall interacts with
the labels. Theorem 9.2 gives an answer to that: after deleting a bounded number of
vertices, we will find a still large wall such that some of the labels appear many times
in it, while the other labels do not occur at all in the block the wall sits in.
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9.2 Labelled wall theorem

Let A′ be a set of labels, s ∈ N and W be a wall. Let B1, . . . , Bn be disjoint subsets of
the vertices in the top row of W . We say that (B1, . . . , Bn) is clean (with respect to W )
if there are n disjoint subpaths P1, . . . , Pn of the top row of W such that Bi ⊂ Pi for
all i ∈ [n]. We say that W is (A′, s)-top-labelled if there are disjoint sets Ba that each
contain s nails with label a ∈ A′ such that these sets are clean.

Theorem 9.2. Let A be a set of n labels, and let G be an A-labelled graph. For every
s ∈ N, there exist integers t′ = t′9.2(n, s) and t = t9.2(n, s) with t′ > t > s such that the
following holds: If W is a t′-wall in G, then there is a vertex set Z with |Z| ≤ t, a wall
W ′ of size at least 2t and a subset A′ ⊆ A of labels such that

(i) W ′ is contained in the TW -large block of G− Z;

(ii) TW ′ is a truncation of TW ;

(iii) W ′ is (A′, s)-top-labelled; and

(iv) no vertex in the TW -large block of G− Z has a label in A \A′.

This is a generalized version of the labelled wall theorem by Bruhn et al. [18]. Their
theorem is based on the main theorem of Huynh, Joos and Wollan [20] and works only
when A contains at most two distinct labels. For the purposes of this chapter two labels
would actually be enough. However, for the unconnected case more than two labels are
necessary.

9.2.1 B–A–B paths

To make a wall (A′, s)-top-labelled we need to somehow put labelled vertices into the
top row of W . This can be done very easily through B–A–B-path: For sets of vertices
A and B, a B–A–B-path is a B-path that contains a vertex of A. Recall that a B-path
is a path of length at least 1 with endvertices in B whose interior is disjoint from B.
Note that if one of the endvertices of a B-path lies in B ∩ A, then we already say that
this is a B–A–B-path. Kakimura, Kawarabayashi and Marx [23] have shown that these
paths have the vertex-Erdős-Pósa property, as long as A and B are disjoint.

Theorem 9.3 (Kakimura, Kawarabayashi and Marx [23]). Let A,B be two disjoint
vertex sets in a graph G, and let k be a positive integer. Then there are either k disjoint
B–A–B-paths in G or a set of at most 2k − 2 vertices that intersects all B–A–B paths.

Using Menger’s and Gallai’s theorem we can easily generalize this to non-disjoint sets
A and B. We state Gallai’s theorem first.

Theorem 9.4 (Gallai [42]). Let A be a vertex set in a graph G, and let k be a positive
integer. Then there are either k disjoint A-paths in G or a set of at most 2k− 2 vertices
that intersects all A-paths.

Corollary 9.5. Let A,B be two vertex sets in a graph G, and let k be a positive integer.
Then there are either k disjoint B–A–B-paths in G, or a set of at most 5k − 5 vertices
that intersects all B–A–B-paths.
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9 Labelled Expansions of 1-Connected Graphs

Proof. Our strategy is to distinguish between B–A–B-paths with zero, one or two end-
vertices in A. Apply Theorem 9.3 to A and B \ A. If there are k disjoint (B \ A)–A–
(B \ A)-paths, we are done since any such path contains a B–A–B-path. Hence, there
is a set of at most 2k − 2 vertices that intersects all such paths. Now apply Menger’s
theorem to (A∩B) and B \A. Again, if we find k disjoint (A∩B)–(B \A)-paths, then
we are done as these paths are also B–A–B-paths. Note that the paths we find with
Menger’s theorem end have length at least 1 because the chosen sets are disjoint. So we
may assume that there is a set of at most k− 1 vertices intersecting all (A∩B)–(B \A)-
paths. Finally, we apply Gallai’s theorem to (B ∩ A). Any (B ∩ A)-path also contains
a B–A–B-path and hence, we may assume that there is a set of at most 2k − 2 vertices
that intersects all such paths.

As any B–A–B-path is either a (B \A)–A–(B \A)–path, an (A∩B)–(B \A)-path or a
(B∩A)–path, we found a set of at most 5k−5 vertices intersecting all B–A–B-paths.

The strategy for the proof of Theorem 9.2 goes as follows. Let B be the set of branch
vertices of a wall W in a graph G and let Aa be the set of a-labelled vertices in G for
some label a. By Corollary 9.5, there are either many disjoint B–Aa–B-path in G or a
vertex hitting set X of bounded size for these paths. In the latter case, no vertex with
label a lies in the same block of G−X as W .

Let A′ be the set of labels a for which there is a set Pa of many disjoint B–Aa–B-
paths. For some subwall W ′ of W and all a ∈ A′, we extend all the paths in the path
system Pa to the nails of W ′. Then the resulting path systems are linkages of W ′ that
each pick up some labelled vertices. If we are able to make these linkages disjoint, clean
and in series, we obtain an (A′, s)-top-labelled wall after integrating these linkages into
the top row of W ′. This is what we will prove in the rest of this section. First we will
show how to make such linkages disjoint.

Lemma 9.6. Let t be a positive integer, let G be a graph, and let B,A1, . . . , An ⊆ V (G).
For each i ∈ [n], let Qi be a set of f9.6(i, t) = 3i−1t disjoint B–Ai–B-paths. Then there
are nt disjoint paths P1, . . . , Pnt such that for each i ∈ [n], the paths P(i−1)t+1, . . . , Pit
are B–Ai–B-paths. Furthermore,

⋃nt
i=1 Pi ⊆

⋃n
i=1

⋃
Q∈Qi Q.

Proof. We prove the statement by induction on n. For n = 1, the statement is clearly
true. So let n ≥ 2. For i ∈ [n] \ {1}, the set Qi contains 3i−2(3t) paths. With a simple
index shift we can apply the induction to Q2, . . . ,Qn in order to find sets Ri of size 3t
consisting of B–Ai–B-paths for i ∈ [n] \ {1} such that all paths in

⋃n
i=2Ri are pairwise

disjoint and contained in
⋃n
i=2

⋃
Q∈Qi Q.

Let Q1 = {Q1, . . . , Qt} and let a1, . . . , at ∈ A1 such that a` ∈ V (Q`) for ` ∈ [t]. Let
{Q1

` , Q
2
` : ` ∈ [t]} be a set of internally disjoint paths such that

� Qj` is an a`–B-path for j ∈ [2] and ` ∈ [t].

� any two distinct paths Qj` and Qj
′

`′ may meet only in a` and only if ` = `′.

� for every ` ∈ [t] at least one of Q1
` or Q2

` is non-trivial.
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9.2 Labelled wall theorem

� Qi` ⊆
⋃n
i=1

⋃
Q∈Qi Q.

Note that splitting each path Q` ∈ Q1 at a` into two subpaths yields such a set.
Among all such sets, choose a set R1 = {Q1

` , Q
2
` : ` ∈ [t]} such that

∑
Q∈R1

|E(Q) \
n⋃
i=2

⋃
R∈Ri

E(R)| (9.1)

is minimum. Observe that the size of R1 is 2t. We want to show that for i ∈ [n] \ {1},
there are t paths in Ri that are disjoint from R1. We proceed as follows.

Suppose there is a path in R1 that intersects a path R ∈
⋃n
i=2Ri but there is no path

in R1 that shares an endvertex with R. Let x be the vertex of R ∩
⋃
T∈R1

T that is

closest to one the two endvertices y of R. Let Qji ∈ R1 be the path that contains x. By

the choice of x, the subpath xRy is disjoint from any path in R1\{Qji} and Qji intersects
this subpath only in x.

By definition, the vertex ai has to be an endvertex of Qji . Consider the concatenation

P = aiQ
j
ixRy. It follows that P is a path from ai to B and, additionally, the only path

in R1 \ {Qji} that P intersects is Q3−j
i and only in ai. As x is not an endvertex of R,

the subpath xRy contains an edge, which means P is non-trivial.

Now we want to show that replacing Qji by P in R1 contradicts the minimality of

(9.1). First of all, we have previously seen that replacing Qji by P yields a feasible set.

Let b ∈ B be an endvertex of Qji . As no path in R1 intersects the endvertices of R and

since the paths in
⋃n
i=2Ri are pairwise disjoint, the subpath xQji b contains at least one

edge that does not lie in any path in
⋃n
i=2Ri. In P , this edge was replaced by a subpath

of R and, therefore, choosing P instead of Qji in R1 would have been a better choice,
which is a contradiction.

It follows that whenever a path in R1 intersects a path in
⋃n
i=2Ri, then one of the

paths in R1 shares an endvertex with this path. This means that, as there are only 2t
paths in R1, at most 2t paths in

⋃n
i=2Ri are intersected by paths in R1. Recall that for

i ∈ [n] \ {1}, it holds that |Ri| = 3t and choose a subset Pi ⊆ Ri of size t such that each
path in Pi is disjoint from the paths in R1. Let P1 be the set of paths Pi = Q1

i ∪Q2
i . Note

that these are non-trivial paths as Q1
i and Q2

i intersect only in ai and one of these two
paths is non-trivial. Furthermore, both of their endvertices are in B and they contain
the vertex ai ∈ A1. So P1 contains t disjoint B–A1–B-paths and we are done.

For i ∈ [n], let Li be a pure linkage of a wall W and if Li is nested or crossing let
B1
i , B

2
i be the set of left respectively right endvertices and if Li is in series let B1

i be the
set of all its endvertices. We say that (L1, . . . , Ln) is clean if each Li is pure and if the
sets Bj

i are clean with respect to W .

For a vertex set A, an A-linkage L is a linkage such that each path in L contains a
vertex of A. Observe that if N is the set of nails of a wall W and L is an A-linkage for
W , then each path in L is an N–A–N -path. For linkages L1, . . . , Ln of W , we say that
the tuple (L1, . . . , Ln) is path-disjoint if for all distinct i, j ∈ [n] no path in Li intersects
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9 Labelled Expansions of 1-Connected Graphs

any path in Lj . We continue by showing how to make multiple linkages clean if they are
already disjoint.

Lemma 9.7. Let t ∈ N and A1, . . . , An be vertex sets in a graph G. Let W be a wall in
G, and for each i ∈ [n], let Li be an Ai-linkage of W of size f9.7(i, n, t) = (20n ·92(i−1)t2)3

such that (L1, . . . , Ln) is path-disjoint. Then, for each i ∈ [n], there is a linkage L′i ⊆ Li
of size t such that (L′1, . . . , L

′
n) is clean and path-disjoint.

Proof. We proceed by induction on n. For n = 1, we apply Lemma 6.1 to L1 and obtain
a pure linkage of size t. As any pure linkage by itself is clean, this solves the case n = 1.

Suppose now that n ≥ 2. By induction, for i ∈ [n] \ {1}, we can find linkages L∗i ⊆ Li
of size 9t such that (L∗2, . . . , L

∗
n) is clean and path-disjoint. We apply Lemma 6.1 to L1

to find a linkage L∗1 ⊆ L1 of size 20nt2 that is pure. We will show the statement of this
lemma only if L∗1 is nested or crossing. It is quite easy to apply similar arguments if it
is in series.

There are two disjoint subpaths P `1 , P
r
1 of the top row of W that contain the left and

right endvertices of the paths in L∗1 respectively. Let Q1 be the smallest subpath of
P `1 that contains the first t left endvertices of L∗1, Q2 the smallest subpath of P `1 that
contains the next t left endvertices and so on. We construct Q1, . . . , Q20nt in this way.
Analogously we define subpaths R1, . . . , R20nt of P r1 that each contain t right endvertices
of paths in L∗1. The paths Q1, . . . , Q20nt, R1, . . . , R20nt are disjoint because P `1 and P r1
are disjoint.

Since L∗1 is nested or crossing it holds that for two consecutive left endvertices of paths
in L∗1, also the corresponding right endvertices are consecutive. This means for any path
Qi, there is an index ji such that Rji contains the right endvertices of paths in L∗1 with
left endvertex in Qi. (The mapping i→ ji is bijective.) As there are 20nt pairs (Qi, Rji)
but only 18nt endvertices of paths in L∗2, . . . , L

∗
n, we find one pair (Qm, Rjm) such that

Q`∪Rj` does not contain any endvertex of any path in L∗2, . . . , L
∗
n. Let L′1 be the subset

of L∗1 containing the paths with endvertices in Qm and Rjm .
Since (L∗2, . . . , L

∗
n) is clean, each of the linkages L∗2, . . . , L

∗
n is pure. Consider some

i ≥ 2. If L∗i is in series let P `,ri be the smallest subpath of the top row of W that contains
all endvertices of the paths in L∗i . Otherwise, that is, L∗i is nested or crossing, let P `i
and P ri be the smallest subpaths of the top row of W that contain the left respectively
right endvertices of the paths in L∗i . As (L∗2, . . . , L

∗
n) is clean, for distinct i, j ∈ [n] \ {1},

the paths P `i , P
r
i , P

`,r
i , P `j , P

r
j , P

`,r
j are pairwise disjoint (if they are defined).

Let i ∈ [n] \ {1} and assume, for the moment, the linkage L∗i to be nested or crossing.
Removing Qm ∪ Rjm from the top row of W yields at most three components in the
top row of W . Since neither Qm nor Rjm contain endvertices of paths in L∗2, . . . , L

∗
n and

as |L∗i | ≥ 9t, there is one such component that contains 3t left endvertices of paths in
L∗i . Hence, there is a subpath T `i of P `i that contains 3t left endvertices of paths in L∗i
and that is disjoint from Qm and Rjm . Analogously we find a subpath T ri of P ri that
is disjoint from Qm and Rjm and that contains t right endvertices of paths whose left
endvertex lies in T `i . Let L′i be the set of t paths in L∗i whose right endvertex lies in T ri .

If L∗i is in series, we can argue very similarly to obtain a subpath T `i of P `i that contains
the endvertices of t paths in L∗i and that is disjoint from Qm and Rjm .
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9.2 Labelled wall theorem

For distinct i, j 6= 1, the paths T i` , T
r
i , T

`
j , T

r
j are pairwise disjoint since they are

subpaths of disjoint paths. Furthermore, by our construction, they are also disjoint
from Qm and Rjm . Hence, we have found pure linkages L′i ⊆ Li each of size t such that
(L′1, . . . , L

′
n) is clean, which means we are done.

In the last lemma of this section we are going to prove that we find the desired linkages
that are disjoint, clean and in series.

Lemma 9.8. Let A1, . . . , An be vertex sets in a graph G, let W be a wall of size at least
t′ > 50nt, and let W have linkages L1, . . . , Ln each of size f9.8(n, t) = f9.6(n, f9.7(n, n, 2t))
such that Li is an Ai-linkage for each i ∈ [n]. Then, there is a subwall W ′ of W of size
at least t′− 25nt and linkages L′1, . . . , L

′
n of W ′ that are in series each of size t such that

(L′1, . . . , L
′
n) is clean and path-disjoint. Furthermore, each path in a linkage Li ends in

consecutive nails of W ′.

Proof. We first apply Lemma 9.6 to L1, . . . , Ln and W to obtain a path-disjoint n-tuple
of linkages of size f9.7(n, n, 2t) such that for each i, one of them is an Ai-linkage. To the
resulting linkages we apply Lemma 9.7 to obtain a tuple (L∗1, . . . , L

∗
n) of linkages that

is clean and path-disjoint and such that each L∗i is an Ai-linkage of size 2t. For any
linkage L∗i that is in series, remove t paths in L∗i so that there are exactly t paths left
over. Let X be the vertex set containing the left endvertices of linkages in {L∗1, . . . , L∗n}
that are nested or crossing and both endvertices of linkages that are in series. It holds
that k := |X| ≤ 4nt.

Let W ′ be a 10nt-contained subwall of W of size t′−25nt > 10nt. There are k disjoint
paths Q1, . . . , Qk in W that nicely link X to W ′. These paths can be chosen such that
they do not intersect any subpath of the top row of W between two right endvertices
of paths in a linkage L∗i that is nested or crossing and, moreover, such that the order
of the endvertices of these paths in the top row of W is the same as the order of their
endvertices in the top row of W ′ and such that the endvertices in W ′ are consecutive
nails of W ′.

Let i ∈ [n] and suppose that L∗i is nested or crossing. Merge the first two paths in L∗i
(first with respect to their left endvertices) together with the path between their right
endvertices in the top row of W and the paths from the left endvertices of the chosen
paths in L∗i to W ′. Continue with the next two left endvertices until all paths in L′i
have been used. Let P i1, . . . , P

i
t be the paths we constructed. As L′i is nested or crossing,

the paths between consecutive right endvertices in the top row of W do not intersect
any other left or right endvertices of paths in L′i. Since the right endvertices we connect
through the top row of W are consecutive, the paths P i1, . . . , P

i
t are pairwise disjoint.

Each path P ij contains two paths in L′i and, hence, also two vertices in Ai. Now the set

Li = {P i1, . . . , P it } is an Ai-linkage for W ′. Furthermore, it is in series since the order of
the endvertices of the paths Q1, . . . , Qk in the top row of W is the same as the order of
the endvertices in the top row of W ′.

Now if L′i is in series already, then merging each path P ∈ L′i with the corresponding
paths Qi and Qj from the endvertices of P to the top row of W ′, already yields an
Ai-linkage Li that is in series.
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9 Labelled Expansions of 1-Connected Graphs

As (L′1, . . . , L
′
t) is clean, the linkages (L1, . . . ,Ln) are path-disjoint. Then the linkages

L1, . . . ,Ln satisfy the statement of the lemma, which means we are done.

9.2.2 Proof of Labelled Wall Theorem

Before we prove Theorem 9.2 we need a bit more notation and a small lemma. Let us call
the induced subgraph of two consecutive columns of an elementary wall a brick column
of the elementary wall, and let us call the induced subgraph of two consecutive rows a
brick row ; see Figure 9.2. A brick column or brick wall in a wall is just the subdivision
of a brick column or brick wall in the underlying elementary wall.

Figure 9.2: A brick row and a brick column in a wall

Lemma 9.9. Let U be a subset of the set of branch vertices in a wall W , and assume
U to have size at least |U | ≥ 10m2 for some integer m ≥ 9. Then W either contains
at least m disjoint brick rows that each meet U or it contains at least m disjoint brick
columns that each meet U .

Proof. Assume first that no brick row of W contains at least 8m+ 2 many vertices from
U . The branch vertices of the wall can be covered by disjoint brick rows plus, potentially,
one (ordinary) row. As that simple row also contains fewer than 8m + 2 vertices from
U , it follows that among the set of disjoint brick rows at least the following number of
brick rows meet U :

|U | − (8m+ 2)

8m+ 2
≥ 9m2 +m2 − 9m

9m
≥ m,

where we have used that m ≥ 9.
Second, assume that some brick row, R say, meets at least 8m + 2 vertices from U .

The branch vertices of the wall W can be covered by disjoint brick columns, except
for possibly the last (ordinary) column. As the last (ordinary) column meets R in two
branch vertices, it follows that there is a set C of disjoint brick columns such that at least
8m+ 2− 2 = 8m of the vertices in U lie in the intersection of R and some brick column
in C. Since any brick column meets R in eight branch vertices of the wall, it follows that
at least m of the disjoint brick columns in C contain some vertex from U .

Proof of Theorem 9.2. Let a1, . . . , an be an enumeration of A and let f = 5f9.8(n, s).
Let mn+1 = 0 and recursively define mi = f +

∑n
j=i+1 5 · 107m4

j for i ∈ [n]0. Set

t = t9.2(n, s) =
∑n

j=1 5 · 107m4
j . Let wn+1 = max{20m1, 5t + 50ns} and recursively

define wi = 3 · 108m4
i (2wi+1) + 10mi for i ∈ [n]0. Set t′ = t′9.2(n, s) = w0, clearly,

t′ > t > 0. Let Ai be the set of vertices that are labelled with ai.
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9.2 Labelled wall theorem

Let W0 = W and observe that its size is at least w0 and let W1 be any 4m0-contained
subwall of W0 of size at least w1. We will inductively construct nested subwalls W1 ⊃
W2 ⊃ . . . ⊃ Wn+1, sets P1, . . . ,Pn of paths as well as vertex sets Z1, . . . , Zn such that
for all i ∈ [n]:

(a) either |Pi| = 107m4
i and Zi = ∅, or Pi = ∅ and |Zi| ≤ 5 · 107m4

i ;

(b) each path in Pi is an Si–Ai–Si-path in G −
⋃i−1
j=1 Zj , where Si is the set of branch

vertices of Wi, and the paths in Pi are pairwise disjoint;

(c) if Pi = ∅, then Zi meets every Si–Ai–Si-path in G−
⋃i−1
j=1 Zj ;

(d) Wi+1 has size at least wi+1, is disjoint from Pi and from Zi, and no brick row or
brick column of Wi containing an endvertex of a path in Pi intersects Wi+1;

(e) Wi+1 is 4mi-contained in Wi.

Before we prove the claims, a quick word how this construction will help us. We will
pick A′ as the set of labels ai for which Pi 6= ∅. Then, we will show that for each ai ∈ A′,
the paths in Pi allow us to find a large Ai-linkage for Wn+1. These linkages will later be
integrated into the top row of Wn+1, which yields the desired (A′, s)-top-labelled wall.
We will pick Z as the union of all the Zi, and then argue that no label ai with Zi 6= ∅
can appear in the block of G− Z that contains Wn+1.

We now prove claims (a)–(e). Let i ∈ [n] and assume we have already built Wi, and
found Pi−1, Zi−1 and that for j < i the claims (a)–(e) above are true. Thus, our aim is
to construct Pi, Zi and a subwall Wi+1 of Wi.

By Corollary 9.5, there is either a set Pi of 107m4
i disjoint Si–Ai–Si-paths in G −⋃i−1

j=1 Zj or a set Zi of at most 5 · 107m4
i vertices that intersect all Si–Ai–Si-paths in

G−
⋃i−1
j=1 Zj . In the first case choose Pi such that |E(Pi) \ E(Wi)| is minimal, and put

Zi = ∅. The choice of Pi implies that

whenever a path in Pi intersects a subdivided edge of Wi, then at least
one of the endvertices of that subdivided edge is an endvertex of a path
in Pi.

(9.2)

(Otherwise, the path could be rerouted such that it uses fewer edges outside Wi, which
contradicts the choice of Pi.) In the case that Corollary 9.5 yields a set Zi that intersects
all Si–Ai–Si-paths, put Pi = ∅. In any case, Pi and Zi already satisfy (a),(b),(c).

As wi = 3 ·108m4
i (2wi+1)+10mi, the wall Wi contains a setWi of (3 ·108m4

i )
2 disjoint

4mi-contained subwalls of size wi+1. Indeed, the set Wi can easily be found by splitting
the rows and columns of Wi in a grid-like fashion. This choice, furthermore, implies that
we may assume that

each row and column of Wi meets at most 3 · 108m4
i of the subwalls in Wi. (9.3)

First, consider the case when Zi 6= ∅. Since |Wi| > 5 · 107m4
i ≥ |Zi|, there is a subwall

in Wi that is disjoint from Zi; and we pick one of these as Wi+1 — this ensures (d)
and (e).
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9 Labelled Expansions of 1-Connected Graphs

Second, consider the case when Pi 6= ∅. Let U be the set of endvertices of paths in Pi.
By (d), we need to find a subwall Wi+1, which we will choose from Wi, that is not only
disjoint from Pi but also from all brick rows and brick columns containing one of the at
most 2 · 107m4

i vertices in U . With (9.3), each vertex in U makes at most 2 · 3 · 3 · 108m4
i

of the subwalls in Wi unavailable to choose as Wi+1. As |Wi| > (18 · 108m4
i )(2 · 107m4

i ),
we can pick Wi+1 ∈ Wi such that no vertex in U lies in a brick row or brick column of
Wi that meets Wi+1. That Wi+1 is also disjoint from Pi follows from the fact that if a
path in Pi intersects a subdivided edge of Wi, then at least one of the endvertices (that
is, branch vertices of Wi) of that subdivided edge lie in U , see (9.2). Thus, the brick
rows and brick columns in which these endvertices lie, are disjoint from Wi+1. Note that
we do not need to worry about Zi in this case as Zi = ∅. This finishes the construction
and the claims (a)–(e).

Having proved (a)–(e), we set Z =
⋃n
i=1 Zj . Note that, by (a), the size of Z is at most

|Z| =
n∑
j=1

|Zj | ≤
n∑
j=1

5 · 107m4
j = t.

Let A′ be the set of labels ai for which Pi 6= ∅. We claim that

no vertex in the same block of G− Z as Wn+1 has a label in A \A′. (9.4)

Indeed, if there was a vertex with a label ai ∈ A \ A′ in the same block of G − Z as
Wn+1 then there would also be an Si–Ai–Si-path in G−

⋃i−1
j=1 Zj that avoids Zi, which

is impossible by (c) as Pi = ∅.
Next, we claim that

for each ai ∈ A′, there is an Ai-linkage of Wn+1 of size f9.8(n, s) in
G− Z.

(9.5)

Suppose that the claim is false for a certain index i with ai ∈ A′. Let N be the
set of nails of Wn+1. Recall that an Ai-linkage consists of disjoint N–Ai–N -paths in
G− (Wn+1−N)−Z. Thus, by Corollary 9.5, there is a set X of vertices of size at most
f = 5f9.8(n, s) that intersects every N–Ai–N -path in G − (Wn+1 − N) − Z. We will
show that, nevertheless, there is such a path that avoids X, which then, by contradiction,
shows (9.5) to be true.

Set Z(1) =
⋃i−1
j=1 Zj and Z(2) =

⋃n
j=i+1 Zj , and note that Z = Z(1) ∪ Z(2) as ai ∈ A′

and thus Zi = ∅ by (a). Moreover, we observe that

|X ∪ Z(2)| =

∣∣∣∣∣∣X ∪
n⋃

j=i+1

Zj

∣∣∣∣∣∣ ≤ mi. (9.6)

Next, we note that Wn+1 has size wn+1 ≥ 20m1. Since Wn+1 is a subwall of Wi,
there is thus a brick column C ′ of Wi that, restricted to Wn+1, is also a brick column
of Wn+1 and that is disjoint from X ∪ Z(2) (note (9.6)). In the graph obtained from C ′
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9.2 Labelled wall theorem

by removing all of Wn+1 except for the first row, let C be the component that meets N .
Observe that C is 2-connected and contains two nails of Wn+1; see Figure 9.3.

Since Wn+1 is 4mi-contained in Wi by (e), there is because of (9.6) a brick row R of
Wi contained in the first 4mi rows of Wi that is also disjoint from X ∪ Z(2). Then, the
union of R and C is 2-connected. We also pick a brick column D of Wi that is disjoint
from Wn+1 and from X ∪ Z(2). Again this is possible because of (e) and (9.6). Set
F = C ∪R ∪D and observe that

F ⊆Wi is 2-connected, disjoint from X ∪Z and from Wn+1 −N , and
meets every brick row and every brick column of Wi in at least two
vertices, and F contains two nails of Wn+1.

(9.7)

Why is F also disjoint from Z(1)? Because F ⊆Wi and (d).

P ai

D

R
C

L1

L2

Wi

Z(1)

X ∪ Z(2)
Wn+1

Figure 9.3: We construct an N–Ai–N -path in G− (Wn+1−N)−Z that is disjoint from
X.

As a convenience, let us subsume brick rows and brick columns under the common
name brick lines. For each path in Pi, pick one of the endvertices and call it the first
endvertex ; the other endvertex then becomes the second endvertex. Let U1 be the set
of all first endvertices of the paths in Pi, and note that |U1| = |Pi| = 107m4

i . We
apply Lemma 9.9 to U1 and Wi, and obtain a set of at least 103m2

i disjoint brick lines
B1 that each meet U1. For each brick line L in B1 choose a path in Pi such that L
contains the first endvertex of the path; let the set of these paths be P(1) and note that
|P(1)| = 103m2

i .
Defining U2 to be the set of second endvertices of the paths in P(1), we apply Lemma 9.9

again, and obtain a set B2 of 10mi disjoint brick lines that each meet U2. Let P(2) be
the set of those paths in P(1) whose second endvertex is met by some brick line in B2.
Of the (disjoint) brick lines in B1 at most mi meet X ∪ Z(2), by (9.6), and equally at
most mi of the brick lines in B2 meet X ∪ Z(2). As |B2| − 2mi ≥ 1 there is thus a
path P in P(2) (and thus in Pi) such that there is a brick line L1 that contains its first
endvertex, a brick line L2 that contains its second endvertex and such that neither L1

nor L2 meets X ∪ Z(2). By (d), L1 and L2 cannot meet Z(1) either so that L1, L2 are
disjoint from X ∪ Z. Moreover, it also follows from (d) that L1, L2 do not intersect
Wn+1; see Figure 9.3 again.
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9 Labelled Expansions of 1-Connected Graphs

By (9.7), F ∪L1∪L2 is 2-connected and this then also holds for F ′ = F ∪L1∪L2∪P .
Moreover, F ′ is disjoint from X ∪ Z and from Wn+1 − N . The graph F ′, however,
does contain two nails of Wn+1 and a vertex labelled with ai — as this is the case for
P ∈ Pi. Thus, F ′ contains an N -path that passes through a vertex labelled with ai.
This contradicts that X hits all such paths. We have proved (9.5).

For each ai ∈ A′, there is, by (9.5), a set Qi of f9.8(n, s) disjoint N -Ai-N -paths in
G − (Wn+1 − N) − Z. Recall that the size of Wn+1 is at least 5t + 50ns. Now apply
Lemma 9.8 to find a subwall W ′ of Wn+1 of size at least 5t and, for each ai ∈ A′, clean
Ai-linkages Ri of size s where each linkage path ends in consecutive nails. We remove
the vertices v of W ′ that lie in columns of W ′ that have an endvertex in the top row
between the two endvertices of a path in a linkage Ri such that v does not lie in a row
of W ′. Essentially, we remove the columns between endvertices of linkage paths without
interfering with the rest of the wall. We replace the subpath of the top row between
two nails that are linked by a linkage path by said linkage path. It follows that W ′ is
(A′, s)-top-labelled and of size at least 2t, which means that we have proved iii. Now,
if the tangle induced by W ′, the tangle TW ′ , is a truncation of TW then also i follows,
and (9.4) implies iv.

Let (A,B) be a separation in G of order at most 2t− 1. We need to show that there
is one side of this separation that contains both a row of W and a row of W ′. As the
order of (A,B) is small enough, there is one side that contains a row R of W and one
side that contains a row R′ of W ′. If they are on the same side, we are clearly done.
So suppose that they lie on opposite sides, say A contains a row of W and B a row of
W ′. Suppose R′ is not the top row of W ′. By construction, R′ is a subpath of a row in
W and there are at least 2t + 1 columns of W that intersect R′. As each column of a
wall intersects each row, there are 2t + 1 disjoint paths from R′ to R. However, these
two paths are separated by fewer than 2t vertices. This is a contradiction. Now suppose
that R′ is the top row of W ′. Let R∗ be any other row of W ′. Again there are 2t + 1
disjoint paths from branch vertices in R∗ to R. Moreover, there are 2t+ 1 disjoint paths
in W ′ from R′ to these branch vertices in R∗ (the columns of W ′). This implies that
there are 2t+ 1 from R′ to R, which again is a contradiction. Thus, TW ′ is a truncation
of TW , which finishes the proof.

9.3 Trunks

Let H be a labelled graph. For any wall W such that only the nails of W are labelled and
such that each nail is labelled with exactly one label, let sW be the minimum number of
disjoint subpaths of the top row of W that cover all the nails and that are 1-labelled. We
define the label homogeneity of H to be the minimum sW over all walls W such that H
is a labelled minor of W . If there is no such wall W , then we set the label homogeneity
of H to ∞. The label homogeneity of H is finite if and only if H is a graph that has a
drawing where all labelled vertices are on the boundary of the outer face. If the label
homogeneity of H is finite, then it essentially corresponds to the number of times that
the labels of H switch on the outer boundary, see Figure 9.4.
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α

β

γ

Figure 9.4: A planar drawing of a C3 where the vertices have labels α, β and γ respec-
tively. On the outer boundary the labels switch from α to β to γ and back
to α. The labels switch three times and 3 is also the label homogeneity of
this graph.

Now characterizing the 2-connected graphs that have the vertex-Erdős-Pósa property
is very simple – Bruhn, Joos and Schaudt [18] proved that a 2-connected labelled graph
H has the vertex-Erdős-Pósa property if and only if its label homogeneity is at most 2. If
H is a graph whose label homogeneity is at least 3 but finite, the counterexample can be
constructed by simply taking the wall that defines the label homogeneity of H and then
scale its size. Indeed, let W be a wall such that sW coincides with the label homogeneity
of H and such that H is a labelled minor of W . Then there are sW disjoint paths
P1, . . . , PsW that partition the vertex set of the top row of W and that are 1-labelled.
By choice of sW , any labelled H-expansion has to intersect each path Pi for i ∈ [sW ].
Now in W any two subgraphs that meet each path Pi for i ∈ [sW ] have to intersect
since sW ≥ 3, which implies that there are no two disjoint H-expansions in W ; also see
Figure 9.5. Additionaly, it can be proven that the size of a vertex hitting set scales with
the size of W . It follows that H does not have the vertex-Erdős-Pósa property.

W

H-exp.

P1 P2 P3

Figure 9.5: AnyH-expansion intersects P1, P2 and P3 but after removing anH-expansion
there is no component that contains a vertex of P1, P2 and P3. Hence, there
are no two disjoint H-expansions.

Clearly, this counterexample also works when H is only 1-connected since we do not
need to use the 2-connectedness of H (Bruhn et al. already observed this). However,
there are 1-connected graphs with label homogeneity at most 2 that do not have the
vertex-Erdős-Pósa property. Hence, there are more properties that influence the vertex-
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9 Labelled Expansions of 1-Connected Graphs

Erdős-Pósa property for 1-connected graphs. For that we need to define trunks of H,
which are essentially maximal subgraphs of H that are minors of an unlabelled wall (or
γ-labelled walls for some γ ∈ Γ). Everything of H that does not lie in a trunk, lies in
bridges of this trunk, which are some kind of attachments to the trunk. Then we start
with an unlabelled (or γ-labelled) wall W and for some trunk T of H we attach copies of
the bridges of T to the nails of W in any order and let W ′ be the resulting graph. Then
we proceed very similarly to the label homogeneity. Let P1, . . . , PnW ′ be a minimum
number of subpaths of the top row of W that partition the top row of W such that for
any i ∈ [nW ′ ], there is a bridge Bi of T such that only copies of Bi are attached to the
nails in Pi.

Again we are interested in the minimum nW ′ over all graphs W ′ constructed like this
that contain an H-expansion. If this number is ever at least 3, then exactly like when
the label homogeneity is at least 3, we can construct counterexamples (although the
details will be more complicated.) We will see that this is the only obstruction to the
vertex-Erdős-Pósa property other than the label homogeneity being at least 3.

Clearly, a graph that contains at least three distinct labels also has label homogeneity
at least three and thus, does not have the vertex-Erdős-Pósa property; see Bruhn et
al. [18]. Therefore, we will concentrate on graphs labelled with at most two labels.

Let H be a labelled graph, and let γ be a label, where we do not require that the
label actually occurs in H. (This is a matter of convenience that allows us to treat an
unlabelled and a labelled case in one definition.) Let T be a subgraph of H, where only
the label γ is retained; that is, any label other than γ is removed from the vertices of T .
The graph T is a trunk of H (with respect to γ) if

(Tr1) T is the connected union of blocks of H, or T consists of a single vertex that is a
cutvertex of H;

(Tr2) if x ∈ V (T ) has a label distinct from γ in H, then x has degree at most 1 in T ;
and

(Tr3) T is ⊆-maximal subject to (Tr1) and (Tr2).

If T contains a labelled vertex then it is a labelled trunk or, if we want to specify the
label, a γ-labelled trunk ; otherwise T is an unlabelled trunk. Note that it is possible that
two trunks are the same as graphs but differ in the labels; see Figure 9.8.

Suppose T is a subgraph of H. We denote by ∂T the set of all vertices of T that
are adjacent to vertices outside T , that is, vertices in V (H) \ V (T ). If T is an induced
subgraph of H, a T -bridge is a subgraph B of H such that B is the induced subgraph of
a component K of H − T together with all neighbours of K in T . If T is an unlabelled
trunk, then we additionally refer to labelled vertices b ∈ V (T ) \ ∂T as artificial bridges.
Similarly, if T is a γ-labelled trunk, then b ∈ V (T ) \ ∂T is an artificial bridge if it has
a label that is distinct from γ. In particular, artificial bridges are labelled vertices that
do not already appear in other T -bridges.
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9.3 Trunks

Let T be the connected union of blocks or a single cutvertex in a graph H and let B be
a T -bridge. There is a unique vertex c that is contained in the intersection of B and T
that we call anchor of B. We denote by B+

T the graph obtained by taking B and adding
a vertex with label t, which is different from the labels in H, that is adjacent to c . We
will refer to B+

T as B+ if T is clear from the context. Let M+
T be the set of elements in

B+
T := {B+ : B is T -bridge} that are maximal with respect to �`. Clearly, B+

T equipped
with the minor relation is a poset. We call the T -bridges B with B+ ∈ M+

T maximal
bridges of T .

(a)

(b)

B+
1

tB+
2

t t
B+

4

B+
3

t

(c)

Figure 9.6: (a) A graph H with a single label (grey vertices). (b) An unlabelled trunk
T in H. (c) The set B+

T . Note that B+
2 �` B

+
1 and also B+

2 �` B
+
3 , while

B+
1 and B+

3 are incomparable and thus make up the set M+
T . The T -bridge

B4 is an artificial bridge.

We extend the minor relation to finite sets G1,G2 of labelled graphs. We say G1 �` G2

if for each G1 ∈ G1, there is a G2 ∈ G2 such that G1 �` G2. An unlabelled trunk T is
proper, if M+

T ′ �`M
+
T implies that M+

T ′ =M+
T or T ′ is a labelled trunk. A γ-labelled

trunk T is proper, if M+
T ′ �`M

+
T implies that M+

T ′ =M+
T and T ′ is a γ-labelled trunk

or T ′ is a δ-labelled trunk, for δ 6= γ. Roughly speaking, this means M+
T is minimal

(with respect to �`) when T is proper and vice versa.

Figure 9.7 shows three different unlabelled trunks, two of which are proper and one
that is not. The slightly more complicated interplay between labelled and unlabelled
trunks is illustrated in Figure 9.8. In (a) there are two trunks that both consists of
the edge uv. The unlabelled trunk T1 has two bridges, the artificial bridge {u} and
the bridge consisting of the 4-cycle. In contrast, the labelled trunk only has the 4-cycle
as bridge. Both trunks are proper. In (b) both trunks, T1 and T2, have two bridges,
the triangle and the 4-cycle. Because M+

T1
�`M+

T2
holds for an unlabelled trunk T1 it

follows that T2 is not proper.

Let H be a connected labelled graph and T a trunk of H. Denote by B+
γ , a vertex that

is labelled with γ and t. Let S = B+
1 , . . . , B

+
` be a sequence such that B+

i ∈ M
+
T for

i ∈ [`] if T is unlabelled or such that B+
i ∈M

+
T ∪{B+

γ } if T is γ-labelled. We say that S
is a bridge sequence (with respect to H and T ), and we define an (H,T,S)-wall W of
size r as follows: It arises from an elementary wall of size r` with nails v1, . . . , vr` and r
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T1

T2

T3

(a) (b) T1-bridges

t t

t

(c) T2-bridges

t t

t

(d) T3-bridges

t t

Figure 9.7: (a) A graph H with a single label (grey vertices) and three trunks. (b)–(d)
The sets B+

Ti
and the labelled minor relations between the bridges. There are

two maximal T1-bridges and two maximal T3-bridges, but only one maximal
T2-bridge. Moreover, M+

T1
�`M+

T3
and M+

T2
�`M+

T3
but M+

T1
6=M+

T3
and

also M+
T2
6= M+

T3
. Therefore, T3 is not proper. The trunks T1 and T2 are

proper.

disjoint copies B1+
i , . . . , Br+

i of B+
i for each i ∈ [`] by identifying the vertex with label t

of Bj+
i and v(i−1)r+j for all i ∈ [`] and j ∈ [r] and removing the label t. We refer to the

wall of size r` in W as the body of W , to B1+
i , . . . , Br+

i as a part of W , and to a single

Bj+
i as a spike of W . An H-expansion π in an (H,T,S)-wall W is T -nice if π(u) meets

the body of W only if u ∈ V (T ).
A bridge sequence S with respect to H and T is admissible if there is an R ∈ N such

that for all r ≥ R, all (H,T,S)-walls of size r contain a T -nice H-expansion. For a
trunk T , we define adm(T ) = minS |S| where the minimum is taken over all admissible
bridge sequences with respect to H and T ; if there is no admissible bridge sequence,
we set adm(T ) = ∞. A trunk T is feasible if adm(T ) ≤ 2, and infeasible otherwise.
This property of a trunk is one of the deciding factors whether a given graph has the
Erdős-Pósa property. If a graph contains a proper infeasible trunk, then it does not have
the Erdős-Pósa property.

We can show that there is an admissible bridge sequence for every trunk T . This
implies that adm(T ) <∞.

Lemma 9.10. Let H be a connected labelled graph that has a plane drawing in which all
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vu
(a)

vu
(b) vu

T1

vu
T2

(c)

Figure 9.8: (a),(b) Two graphs H with two labels. (c) Two trunks, one unlabelled and
one labelled. Trunks T1, T2 are both proper in (a) but T2 is not proper in (b).

spike

part

Figure 9.9: An (H,T,S)-wall, where H and T are as in Figure 9.6. Also shown: an
embedding of H in the (H,T,S)-wall.

labelled vertices are on the boundary of the outer face, and let T be a trunk of H. Then
there is an admissible bridge sequence with respect to H and T . That is, adm(T ) <∞.

Proof. Consider the drawing of T that is induced by a drawing of H in which all labelled
vertices are contained in the boundary of the outer face. Let A be the union of the set
of anchors of T with the set of vertices that are labelled in T (if T is a labelled trunk).
As every anchor of T lies in a T -bridge, which in turn contains a labelled vertex, every
vertex in A lies in the boundary of the outer face. Thus, in a sufficiently large wall
W where every second nail is labelled with a label in T (if such a label exists), there
is a labelled T -expansion. Furthermore, we may choose this T -expansion such that for
each a ∈ A, every vertex in the branch set of a, except possibly for degree 2 vertices,
is contained in the boundary of the outer face of the wall. From here it is not hard to
deduce that there also is a T -expansion (T ′, π′) in W , provided that W is sufficiently
large, such that for each a ∈ A every vertex in the branch set of a, except possibly for
the vertices of degree 2, lies in the top row of W , and such that each branch set of each
a ∈ A contains at least 6|V (T )| consecutive nails of W .

Let a be an anchor of T , and let B1, . . . , B` be the T -bridges incident with a. Pick `
unlabelled nails n1, . . . , n` that are contained in the branch set of a in T ′ and that are of
degree 2 in π′(a). This is possible as there 3|V (T )| such nails and π′(a) contains at most
2degH(a) many vertices of degree 6= 2 For each i = 1, . . . , ` we add a copy of Bi to W
and make ni adjacent to the copy of a in Bi. The bridges we attached to W and (T ′, π′)
combine to a labelled H-expansion. As (T ′, π′) was already a labelled T -expansion and
each Bi that we attached to the wall is a labelled Bi-expansion, we only need to check
for the anchors if the label condition is satisfied as well. However, we made sure by
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feasible
trunks

infeasible
trunk

Figure 9.10: Feasible and infeasible trunks (as unlabelled trunks)

putting labelled vertices inbetween all degree 1 and 3 vertices that this is fulfilled.

The next lemma confirms our intuition of trunks and is a key element of the proof of
our main theorem. Trunks are maximal subgraphs of a graph that can be embedded in
an unlabelled (or γ-labelled) block of a graph while its bridges can be found outside.

Let H,G be two labelled graphs. Suppose B is a bridge of a trunk T of H and X
a bridge of a block L of G and let (H ′, π) be a labelled expansion of H in G that
intersects L. We say B+ �` X+ in H ′, if in X ∩H ′ there is an expansion of B together
with a path from the branch set of the anchor of B to the anchor of X that is interiorly
disjoint from the expansion of B.

A labelled H-expansion (H ′, π′) is inclusionwise minimal if there is no labelled H-
expansion (H ′′, π′′) such that H ′′ ( H ′ and π′′(x) ⊆ π′(x) for all x ∈ V (H) ∪ E(H).
This ensures that branch sets are only as large as necessary. It implies that for a vertex
v ∈ V (H) of degree at least 2 and for each leaf a in a branch set π(v), there is a vertex
w such that a is the endvertex of π(vw). Observe that any labelled H-expansion can be
made inclusionwise minimal by removing some vertices.

Lemma 9.11. Let G be a labelled graph, and let L be a block of G such that all the
labelled vertices in L are labelled only with the label γ. Let H be a connected labelled
graph, and let (H ′, π) be a ⊆-minimal labelled H-expansion in G that intersects E(L).
If S is the subgraph of H induced by all vertices whose branch sets intersect L, where
only the label γ is kept, then there is a trunk T with respect to γ such that S ⊆ T and
such that for every T -bridge B, there is an L-bridge X with B+ �` X+ in H ′.

We point out that the lemma does not require any vertex in L to be labelled, and thus
covers unlabelled blocks L, too.

Proof. We start with the following claim:

S is a connected union of blocks of H or a single vertex that is either
a cutvertex or has degree 1.

(9.8)

The intersection H ′ ∩ L is connected as H is connected and L is a block. Since S is
obtained from H ′ by contracting branch sets, the graph S must be connected, too.

First, we consider the case when S consists of a single vertex s. Suppose that s is
neither a cutvertex nor a vertex of degree 1. Since s is not a cutvertex, it lies in a unique
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block D of H, which is not an edge, as well as all its neighbours. By our assumptions
E(H ′)∩E(L) 6= ∅ and because s is the only vertex whose branch set intersects L, there is
an edge e in π(s)∩E(L). Since (H ′, π) is an inclusionwise minimal labelled H-expansion,
there is a path between two leaves of T πs that passes through e. Since the degree of s
is not 1, the endvertices of that path have to lie in branch sets π(v) and π(w), for two
neighbours v 6= w of s. There is a cycle in H that contains the edges vs and sw and
the expansion of this cycle in H ′ passes through e. This is a contradiction since π(v)
and π(w) would have to intersect the block L (each branch set has two disjoint paths to
the edge e ∈ E(L)).

Next, assume S contains more than one vertex. Since S is connected, we only need
to ensure that whenever S contains at least two vertices, s1, s2 say, of a block D of H,
then it contains all vertices of D. So, let t be another vertex of D. Then there are two
disjoint paths from t to {s1, s2} in H that meet only in t, and consequently there are
also two disjoint paths from (π(s1) ∪ π(s2)) ∩ L to π(t) in H ′ that meet only in π(t), if
at all. As L is a block, this means that π(t) meets L. This proves (9.8).

We proceed with another claim:

There is an S′ ⊇ S that satisfies (Tr1) and (Tr2) with respect to γ. (9.9)

First assume that S consists of a single vertex of degree 1. Then its unique incident
edge is a block of H that we take for S′. Thus the degree of every vertex is 1 in S′,
and S′ therefore satisfies (Tr2). It clearly also satisfies (Tr1).

Thus, by (9.8), we may assume that S is either a connected union of blocks or a single
cutvertex. In particular, S′ = S already satisfies (Tr1) and we only need to show (Tr2)
for S. Assume for a contradiction that S contains a vertex s labelled with α 6= γ that
has two neighbours x, y ∈ S. In particular, as L is a block, there is then a path P in
π(xs) ∪ π(s) ∪ π(sy) with first edge π(xs), last edge π(sy) and that passes through an
α-labelled vertex in π(s). As L is a block, P is entirely contained in L. However, P
contains a vertex labelled with α, which contradicts that the only label that may occur
in L is γ. Therefore, (9.9) is proved.

Since S′ ⊇ S satisfies (Tr1) and (Tr2), there is at least one trunk with respect to γ
that contains S. Consider such a trunk T , and let B be a T -bridge with anchor c. If B is
not an artificial bridge, then π(B− c) is contained in a unique L-bridge X of H ′. If B is
an artificial bridge then π(c) contains a vertex u of some label α 6= γ, and this vertex u
lies outside L as every labelled vertex in L bears only label γ. In this case, let X be
the L-bridge of H ′ that contains u. In any case, we say that B is a bad T -bridge if
B+ 6�` X+ in H ′. Clearly, if a trunk T ⊇ S with respect to γ has no bad bridges then
the lemma is proved.

We prove:

If T ⊇ S is a trunk with respect to γ and if B is a bad T -bridge, then
a block of B intersects S, and that block must be an edge.

(9.10)

Let B be a T -bridge with anchor c; let X be the L-bridge in H ′ that contains π(B − c)
if B is not artificial, and let X be the L-bridge of H ′ that contains the vertex of label
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6= γ in π(c) if B is artificial. We aim to show that B is not bad, unless c lies in S and
the block of B incident with c is an edge.

The reader may wonder what there actually is to prove. Indeed, π(B− c) maps B− c
into X and obviously, π guarantees that π(B) is an expansion of B — so all is good?
No. An issue may arise if c is labelled as we cannot always ensure that the branch set
of c in X+ is also labelled. This is the case when the branch set π(c) always picks up
the label outside X.

However, this cannot happen if c lies outside S as then all of π(B) must be contained
in X. Thus, we may assume that c lies in S.

Next, assume that B is an artificial bridge. Then B = {c}, and c must be labelled with
some α 6= γ. In particular, π(c) contains a vertex u labelled with α that lies outside L
in X. Then B+ �` X+.

Next, we treat the case that c lies in a cycle of B. Then, π(c) intersects X since any
cycle through c in B must be represented by a cycle in π(B) that meets π(c). We amend
the mapping π|B by removing all vertices of π(c) that do not lie on a path between two
branch sets in B. This yields a labelled expansion (B′, µ) of B in X. We only need to
check that µ(c) still satisfies the label condition. This is true because all leaves of µ(c)
are leaves of π(c) and µ(c) ⊆ π(c). As there is also a path from µ(c) to the anchor of X
in H ′ we obtain B+ �` X+. This proves (9.10).

Next, we claim that:

If T ⊇ S is a trunk with respect to γ and if B is a bad T -bridge with
anchor c, say, then c is labelled with some α 6= γ and for any path P
between π(B − c) and π(T − c) in H ′ it holds that P ∩ π(c) does not
contain any vertex labelled with α.

(9.11)

By (9.10), the block of B that meets c is an edge, cd say. Moreover, by (Tr3) including
the edge cd in the trunk T must violate a trunk axiom, which means with (Tr2) that c
has to be labelled with a label α 6= γ. Let c∗ be the endvertex of the edge π(cd) in π(c).
Then there cannot be any α-labelled vertex on the path from c∗ to L in H ′ as this would
mean that c is α-labelled in X+ and thus B+ �` X+ in H ′. As L does not contain any
α-labelled vertices, this proves (9.11).

Now pick some trunk T ∗ ⊇ S with respect to γ and assume that there is some bad
T ∗-bridge B∗. (If there are not any bad bridges, we are done.) By (9.10) the anchor c
of B∗ lies in S, and by (9.11) the vertex c is labelled with some α 6= γ. Then:

S consists of a single vertex c. (9.12)

Suppose there is a second vertex v 6= c in S. Let P be a shortest path in H ′ that
starts in π(v) ∩ V (L) and ends in π(B∗ − c). As no vertex in L is labelled with α, it
follows from (9.11) that the path P does not contain any α-labelled vertex except for,
possibly, its endvertex in π(B∗ − c). The path P , however, does contain a leaf-to-leaf
path in π(T πc ), which contradicts that c is labelled with α. This proves (9.12).

By (9.11), the block of B∗ incident with S = {c} is an edge cd. In particular, there is
a trunk T ′ with respect to γ that contains cd (and thus also S). Suppose that there is a
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bad T ′-bridge B′. By (9.10), it follows that the block of B′ incident with S = {c} must
be an edge, cd′ say. Since cd lies in T ′ we get that d′ 6= d. Moreover, c is labelled with
α 6= γ but the leaf-to-leaf path in π(T πc ) contained in the path between π(d) and π(d′)
through π(c) cannot contain any vertex labelled with α, by (9.11). This contradiction
finishes the proof.

9.4 Proper Infeasible Trunks are Obstructions

In this section we will prove that any graph H that has a proper infeasible trunk does
not have the vertex-Erdős-Pósa property. Note that in [18] it was already shown that the
label homogeneity being at most 2 is a necessary condition for every connected graph. In
view of Lemma 9.10, in the following we will always implicitly assume that adm(T ) <∞
for any trunk T .

Lemma 9.12 (Bruhn, Joos and Schaudt [18]). If H is a connected labelled graph such
that its label homogeneity is larger than 2, then it does not have the vertex-Erdős-Pósa
property.

When proving that graphs with proper infeasible trunks do not have the Erdős-Pósa
property we need to apply Lemma 9.11 to an (H,T,S)-wall, with its body in the role
of L. Each L-bridge is then a spike; that is, the L-bridge consists of a maximal T -bridge
of H plus an edge linking its (copy of the) anchor to a nail of the body. First we want
to show that H cannot be embedded into a single spike unless adm(T ) = 1. As T will
be infeasible, this case will not occur anyway.

Lemma 9.13. Let H be a labelled connected graph, and let T be a trunk of H with
adm(T ) ≥ 2, and let S be an admissible bridge sequence. If (H̃, π) is a labelled H-
expansion in an (H,T,S)-wall W , then H̃ contains an edge of the body of W .

Proof. Suppose that H̃ does not contain any edge of the body of W . Thus, there must
be a spike S such that H̃ ⊆ S.

The spike S arises from a maximal T -bridge B. Indeed, S consists of a copy of B plus
an edge between the (copy of the) anchor of B and the body. This implies |V (S)| =
|V (B)| + 1. As otherwise there is simply not enough space to embed all of H in S, it
must hold that |V (H)| = |V (B)|+ 1. Then, H consists of B, its anchor v and only one
more vertex, u say, that lies outside B. As H is connected, u is adjacent to v, and only
to v.

The T -bridge B contains ` labelled vertices, and as the vertex s of S that lies in
the body of W is not labelled, the spike S also contains exactly ` labelled vertices.
Therefore, u cannot be labelled. But now S is isomorphic to H, and moreover, the map
that maps every vertex in B to its copy in S, and u to s is a T -nice H-expansion. Thus,
adm(T ) = 1, in contradiction to assumption.

Now we would like to deduce that whenever some part of an H-expansion is embedded
in a spike S, then that part also embeds in the maximal bridge that gave rise to the
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spike. While that might seem trivial at first, it is not: in fact, the spike contains an
extra edge that is not present in the maximal bridge.

Lemma 9.14. Let T, T ′ be trunks of H with respect to some label γ. Let S be a bridge
sequence with respect to T and let S be some spike of an (H,T,S)-wall W . Let B be
the underlying T -bridge of S and let B′ be some T ′-bridge. If B′+ �` S+, then it also
holds that B′+ �` B+.

Proof. First of all, observe that there are vertices v, w, x ∈ V (W ) such that S+− v = S,
S − x = B and B′+ − w = B′. Let c be the anchor of B′ and let (B̃′+, π) be a B′+-
expansion in S+. We claim:

there is a B′+-expansion (B̃′+, µ) in S+ such that µ(B′+−w) is disjoint
from x.

(9.13)

Suppose this is true. As (B̃′+, µ) is a B′+-expansion in S+, there is a path P in B̃′+

from µ(c) to v that is interiorly disjoint from µ(B′− c). Contracting the edge vx in S+,
implies that B′+ �` B+ and we are done.

So we may assume that π(B′) intersects x. As x is the only vertex adjacent to the
vertex v with label t in S+, it holds that x has to be contained in either π(c) or π(w).
Clearly, we are done if x is contained in π(w) and, hence, the vertex x is contained
in π(c). If π(c) contains vertices other than x, we add x to π(w) instead. As x is
unlabelled and has degree 2 in S+, this still is a labelled B′+-expansion in S+, which
means we are done.

Now suppose that π(c) = {x}. Since π(c) contains only an unlabelled vertex, it follows
that also c is unlabelled in H. Therefore, B′ has to contain at least one vertex other
than c. As the degree of x is two in S+, the vertex c has exactly one neighbour d in B′.
The graph T ′ ∪ cd satisfies (Tr1) and (Tr2) of the trunk definition. However, this means
that T ′ did not satisfy (Tr3), which is a contradiction. This finishes the proof of (9.13)
and, thus, of the lemma.

Recall that our main theorem states that if H has the vertex-Erdős-Pósa property,
then all proper trunks are feasible. A recurring element in our proofs will be a proper
trunk T and another trunk T ′ with the property that M+

T ′ �` M
+
T . As trunks are

proper if they are minimal with respect to �`, it immediately follows that M+
T ′ =M+

T

(assuming both T and T ′ are trunks with respect to the same label γ). In Lemma 9.17,
we show that such trunks have the same admissible number. To this end, we first prove
Lemmas 9.15 and 9.16 which further elaborate on the properties of trunks.

Lemma 9.15. Let H be a labelled connected graph, and let T, T ′ be two distinct trunks
of H with respect to some label γ. Then T 6⊆ T ′, and T ∩ T ′ is either empty or consists
of a single cutvertex of H that is labelled with a label distinct from γ.

Proof. The fact that T ⊆ T ′ cannot happen is a direct consequence of (Tr3) in the trunk
definition. Now, assume that T and T ′ meet. By (Tr3) again, T ∪T ′ cannot be a trunk,
and thus, as T ∪T ′ satisfies (Tr1), this implies that there is a labelled vertex v of degree
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at least 2 in T ∪ T ′ that is not γ-labelled. As T and T ′ each satisfy (Tr2), the vertex v
has to have precisely one neighbour in T and precisely one neighbour in T ′ (and these
are distinct). That, however, means that v separates T from T ′ in H.

Lemma 9.16. Let H be a labelled connected graph, and let T, T ′ be two distinct trunks
of H with respect to some label γ. Let B be the T -bridge that contains T ′ and B′ the
T ′-bridge that contains T . If M+

T =M+
T ′ , then one of the following statements holds.

(i) T and T ′ intersect in a vertex v that is labelled with some label distinct from γ
and the anchor of every maximal bridge of T and of T ′ is v; or

(ii) T and T ′ are disjoint, B+ = B′+ and M+
T = {B+}

The situation described in the lemma can actually occur; see Figure 9.11.

T

T ′

(a)
t

t

(b)

Figure 9.11: Two trunks T, T ′ with the same maximal bridges, shown in (b)

Proof. We first prove:

if B0 is a maximal bridge of T , then B0 6⊆ B′. (9.14)

For a contradiction, suppose that B0 ⊆ B′, which implies B0 ( B′ as T ⊆ B′. Indeed,
B0 = B′ would imply that T ⊆ B0, which means that T is equal to the anchor of B0.
However, by Lemma 9.15, B0 then cannot contain the anchor of B′.

There is a path P from T to T ′ in B. As B0 ⊆ B′, it follows that B0 6= B and,
hence, P is disjoint from B0 − T . In T there is also a path from the anchor of B0

to P and, therefore, B+
0 �` B′+. Consequently, there is an element M ′ ∈ M+

T ′ with
B′+ �` M ′+ and, thus, B+

0 �` M ′+ but B+
0 6= M ′+ as B0 6= B′. This is a contradiction

to M+
T =M+

T ′ as B0 was chosen to be a maximal bridge. Therefore, (9.14) holds.
Next, suppose that T and T ′ are disjoint. Any T -bridge other than B is contained

in B′. Thus, if T has at least two maximal bridges, we obtain a contradiction to (9.14).
However, if T has only one maximal bridge, it follows that B is a maximal bridge of T .
Analogously, we may proceed for T ′. Together with the fact that M+

T = M+
T ′ , this

implies (ii).
So we may assume that T and T ′ are not disjoint. By Lemma 9.15, the intersection

of T and T ′ is a single cutvertex v that is labelled with some label distinct from γ.
Suppose that some maximal bridge B0 of T is not anchored at v, the common vertex
of T and T ′. This implies B0 ⊆ B′; again, we have a contradiction to (9.14). This
means (i) holds and we are done.
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Lemma 9.17. Let H be a connected labelled graph, and let T, T ′ be two proper trunks
with respect to some label γ such that M+

T =M+
T ′ . Then adm(T ) = adm(T ′).

Proof. The goal of our proof is to show that adm(T ′) ≤ adm(T ). Then, by symmetry, it
follows that adm(T ) = adm(T ′). Let ST be an admissible bridge sequence with respect
to T and H of size adm(T ). Note that asM+

T =M+
T ′ holds, ST is also a bridge sequence

for T ′. Obviously, if T = T ′, then adm(T ) = adm(T ′), so we may assume that T and T ′

are distinct.

We apply Lemma 9.16 to T and T ′. Suppose (ii) applies. Let B be the T -bridge that
contains T ′ and B′ the T ′-bridge that contains T . It follows that T and T ′ are disjoint,
B+ = B′+ and M+

T = {B+}. As T and T ′ are disjoint, B and B′ cover all of H. Let Θ
be an isomorphism between B+ and B′+. Note that Θ has to map the vertex with
label t in B+ to the one in B′+. Then restricting Θ to V (B+ ∩B′+) is an isomorphism
from V (B+ ∩ B′+) to itself where the anchor of B is mapped to the anchor of B′ and
the other way around. Now we want to map V (B+ \ B′+) to V (B′+ \ B+) through Θ
and the other way around through Θ−1. This means that V (T ) is mapped to V (T ′)
while V (T ′) is mapped to V (T ). The function f : V (H)→ V (H) that maps v to θ(v) if
v ∈ V (B) and to θ−1(v) otherwise is an isomorphism in H.

Let (H ′, π) be a T -nice H-expansion in an (H,T,ST )-wall. Define µ(v) = π(f(v)),
then (H ′, µ) is still an H-expansion and as f maps T to T ′ (and the other way around),
this is a T ′-nice expansion. Thus, adm(T ′) ≤ adm(T ).

Therefore, we may assume that (i) of Lemma 9.16 holds. This means that there is a
vertex v that is labelled with δ 6= γ and T and T ′ intersect in v. Moreover, all maximal
bridges of T and T ′ are anchored in v

First, suppose that T and T ′ are labelled trunks. There is an unlabelled trunk T ∗

such that v ∈ T ∗ ⊆ T . Indeed, the vertex v has a single neighbour w in T . Hence, the
edge vw is part of an unlabelled trunk T ∗. However, as all maximal bridges of T are
anchored in v and as M+

T =M+
T ′ , it follows that M+

T ∗ =M+
T . This is a contradiction

to T being proper.

So we may assume that T and T ′ are unlabelled trunks of H. If we can show that ST
is also admissible for T ′, then adm(T ′) ≤ adm(T ) follows and we are done. There
is an R ∈ N such that any (H,T,ST )-wall of size at least R contains a T -nice H-
expansion. Let r be the number of T -bridges. Consider an (H,T,ST )-wall W of size at
least max{r + 1, R}. Let (H̃, π) be a T -nice H-expansion in W .

From Lemma 9.13, we obtain that H̃ contains an edge of the body of W . Consider
some maximal T -bridge B. Then, π(B − v) is completely contained in some spike S
of W . As (H̃, π) is T -nice and there are at least two maximal T -bridges anchored in v,
it follows that:

π(v) contains at least one edge of the body of W . (9.15)

Now we may apply Lemma 9.11. We see that there is an unlabelled trunk T ∗, such
that for each B+ ∈ M+

T ∗ , there is a spike S of W such that B+ �` S+ in H̃. Applying
Lemma 9.14, implies thatM+

T ∗ �`M
+
T . As T is proper, we conclude thatM+

T ∗ =M+
T .
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Therefore,

for each B+ ∈M+
T =M+

T ′, there is a S ∈ ST with S = B+. (9.16)

Since v is a cut vertex, we can cover H by {v}-bridges B1, . . . , Bn. Except for one,
every {v}-bridge is also a T -bridge. The last remaining {v}-bridge is the T ′-bridge that
contains T . Therefore, n ≤ r + 1. Now for each i ∈ [n], there is an M+

i ∈ M
+
T such

that B+
i �` M

+
i , where we use thatM+

T =M+
T ′ . Consequently, for each i ∈ [n], there is

a B+
i -expansion (B̃i, µi) in a spike Si of W with underlying bridge Mi (where we label

all nails of the body of W with t). As W is an (H,T,ST )-wall of size at least r + 1,
these expansions can be found in distinct spikes. Let ti be the vertex in B+

i with label t.
Note that, by definition of a labelled expansion, on any path from µi(ti) to any leaf of
Tµiv \ µiti, there has to be an α-labelled vertex in µi(v) if v is α-labelled. In particular,
this holds for any path that starts in a nail of the body of W .

Now let V be a minimal subgraph of W that connects the sets µ1(t1), . . . , µn(tn). For a
vertex u 6= v in Bi, we define π(u) = µi(u) and set π(v) = V ∪

⋃n
i=1(µi(v)∪µi(ti)∪µi(vti).

We want to see that (
⋃n
i=1 B̃

+
i ∪ V, π) is a labelled H-expansion. If that is true, since

v is the only vertex whose branch set intersects the body of W , we obtain a T ′-nice
H-expansion. Hence, ST is admissible for T ′, which means we are done. It is easy to see
that this is an H-expansion, so we only need to check if the label condition is satisfied.

By construction, the tree T πu coincides with the tree Tµiu for u ∈ V (Bi) \ {v}. Hence,
the label condition is satisfied if u 6= v. Clearly, we may assume that v is labelled with α,
say. Let P be a leaf-to-leaf path in T πv . By construction, the endvertices of P have to
lie in sets µi(u1) and µj(u2). If i = j, then P is also a leaf-to-leaf path in Tµiv and, thus,
has to contain an α-labelled vertex that lies in µi(v) ⊆ π(v). Otherwise, if i 6= j, then
P contains a path from a nail of the body of W to a leaf of Tµiv \ µi(ti), which, by the
observation previously, contains an α-labelled vertex in µi(v) ⊆ π(v). This finishes the
proof.

Now we are ready to prove that proper infeasible trunks are obstructions to the Erdős-
Pósa property.

Lemma 9.18. Let H be a planar connected labelled graph such that all labels lie on
the boundary of the outer face and with label homogeneity at most 2. If H has an
infeasible proper trunk, then the family of labelled H-expansions does not have the
vertex-Erdős-Pósa property.

Proof. Let C be any positive integer. We need to find a graph G that contains neither
two disjoint H-expansions nor C vertices that intersect all labelled H-expansion.

Let T be an infeasible proper trunk of H with respect to some label γ. By Lemma 9.10,
it holds that adm(T ) < ∞ and, thus, there is a bridge sequence ST of length adm(T ).
There is an integer R such that every (H,T,ST )-wall of size at least R contains an H-
expansion. Let G be the (H,T,ST )-wall of size C2R2. Whenever we remove at most C
vertices from G, the (H,T,ST )-wall of size R is still a minor of G. As the �`-relation
is transitive, this means also H is still a minor of G. Hence, we cannot find a set of C
vertices in G that intersects all H-expansions.
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9 Labelled Expansions of 1-Connected Graphs

We claim the following statement:

Every H-expansion (H ′, π) in the (H,T,ST )-wall intersects one spike
of each part.

(9.17)

Indeed, let S be the set of vertices of H whose branch sets in (H ′, π) intersect the body
L of the (H,T,ST )-wall. By Lemma 9.13, H ′ contains some edge of the body L. Now
we apply Lemma 9.11 to obtain a trunk T ′ of H with respect to γ that contains S and
such that for each T ′-bridge B′ there is a spike K with B′+ �` K+. With Lemma 9.14
it follows that M+

T ′ �` M
+
T and as T is proper, we obtain M+

T ′ =M+
T . Therefore, ST

is also a bridge sequence for T ′ and because (H ′, π) is a T ′-nice expansion, it is also
admissible. By Lemma 9.17, it holds that adm(T ) = adm(T ′).

Assume for a contradiction that (H ′, π) does not intersect a spike of each part. There
is a part P such that (H ′, π) avoids each spike of P. Observe that removing each spike
of P, does not affect (H ′, π). Hence (H ′, π) is still a T ′-nice expansion. Therefore, the
bridge sequence ST − P is still an admissible bridge sequence for T ′, but its size is less
than adm(T ). This is a contradiction, which proves (9.17).

As T is infeasible, the size of ST is at least 3. Hence, by (9.17), if we delete the
vertices of any H-expansion, then all remaining components contain spikes of at most
two distinct parts. Consequently, each pair of H-expansions intersect.

9.5 Connecting Vertex Sets to a Wall with Labels

To motivate the result of this section, we will give a quick sketch of the proof of the main
theorem. In a hypothetical counterexample, we may apply the labelled wall theorem,
Theorem 9.2, to obtain a nicely labelled wall W that lies in the T -large block L where T
is the tangle induced by the H-expansions. Let T be a proper feasible trunk of H. As T
is feasible, the trunk has at most two maximal bridges B+

1 , B
+
2 . For i ∈ [2], let Bi be the

set of anchors of L-bridges X such that B+
i �` X+. We want to simultaneously connect

the vertex sets B1 and B2 to W . Lemma 6.4 now tells us that either this is possible or
there is a small set of vertices intersecting all paths from Bi to W for some i ∈ [2]. If for
any trunk the first case occurs, we obtain a sufficiently large (H,T,S)-wall that, since T
is feasible, contains many disjoint H-expansions. Otherwise, if for all trunks the second
case occurs, we obtain a hitting set. This concludes the sketch.

For vertex sets A1, . . . , An in a graph G and for i ∈ [n], let Qi be a collection of
paths that nicely link Ai to a wall W in G. We say that (Q1, . . . ,Qn) is clean (with
respect to W ) if the sets B1 . . . , Bn are clean where Bi is the set of endvertices in W
of Qi. Recall that subsets B1, . . . , Bn of the top row of W are clean if there are disjoint
subpaths P1, . . . , Pn of the top row of W such that, for every i, the path Pi contains Bi.

If (Q1, . . . ,Qn) is clean and all paths in
⋃n
i=1Qi are pairwise disjoint, then we say

that (Q1, . . . ,Qn) is an (A1, . . . , An,W )-connector. The size of this (A1, . . . , An,W )-
connector is min{Q1, . . . ,Qn}. It is non-trivial if each path in each set Qi is non-trivial.

If A = {a1, . . . , am} and W is an (A, s)-top labelled wall, there are sets C1, . . . , Cm
of nails of W that are clean and such that all vertices in Ci are ai-labelled. An
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9.5 Connecting Vertex Sets to a Wall with Labels

(A1, . . . , An,W )-connector (Q1, . . . ,Qn) ends cleanly inW if the setsB1, . . . , Bn, C1, . . . , Cm
are clean where, again, Bi is the set of endvertices of Qi in W .

Lemma 9.19. Let m,n, r, t ∈ N and A′ be a set of at most m labels (we allow A′ = ∅).
There are integers t′ = t′9.19(m,n, r, t), s′ = s′9.19(m,n, t) and f9.19(m,n, t) such that if
W is an (A′, s′)-top labelled wall of size at least t′ in a graph G and A1, . . . , An ⊆ V (G)
are vertex sets in G, then either

1. there is a vertex set X of size |X| < f9.19(m,n, t) that separates some Ai from the
branch vertices of W or

2. W contains an (A′, t)-top-labelled wall W ′ of size at least r and there is a non-trivial
(A1, . . . , An,W

′)-connector (P1, . . . ,Pn) of size t that ends cleanly in W .

Proof. We fix some m,n, t ∈ N and in the following let c = f6.7(m+ n, f9.7(m+ n, 2t)).
We define t′ = 3nc(10mnc+ r + 1) and f9.19(m,n, t) = 4c2. Let B be the set of branch
vertices of W . In view of the statement we may assume that there is no vertex set X
of size |X| < f9.19(m,n, t) that separates some Ai from B. Thus, by Menger’s theorem,
we find a set Qi of 4c2 disjoint Ai–B paths for each i ∈ [n]. Choose each Qi such that∑

Q∈Qi |E(Q) \ E(W )| is minimal. Denote by Bi the set of endvertices of Qi in W .

Let i be fixed. By choice of Qi, whenever a path Q ∈ Qi meets a branch vertex of
W it ends there; and if a path Q ∈ Qi meets a vertex u of degree 2 in W , then at least
one of the two vertices in B that can be reached from u in W without meeting another
vertex in B, must be in Bi. (Otherwise, we can reroute.) Thus, if a subwall of W is
disjoint from Bi, then it is disjoint from any path in Qi.

Since the size of W is at least 3nc(10mnc+ r+ 1), it contains more than 4nc2 disjoint
subwalls of size 10mnc+ r that are 10mnc-contained. At least one of these subwall, say
W0, then is disjoint from B1 ∪ . . . ∪Bn, and thus, from any path in ∪ni=1Qi. Let N0 be
a set of nails of W0 (with respect to W ). We claim that:

Ai \N0 cannot be separated from N0 in G− (W0 −N0) by fewer than
c vertices.

(9.18)

For a contradiction, assume that there is a set Y consisting of fewer than c vertices
that separates N0 from Ai \ N0 in G − (W0 − N0). As W0 is c-contained, there is a
cycle C intersecting only the first and last c rows and columns of W , that is disjoint
from Y and such that any row or column that intersects W0 intersects C before and after
intersecting W0 (the cycle C encapsulates W0 in a planar drawing of W ). By our choice,
this cycle is disjoint from W0 and intersects all but at most 2c rows and columns of W .
Moreover, as the size of W0 is larger than c there is a column of W that is disjoint from Y
and intersects N0. This column contains a path C1 from C to N0 in W − (W0 − N0).
The union C ∪C1 is a connected subgraph of W − (W0−N0)−Y that contains a vertex
of N0, so if we can connect Ai to this subgraph in G− (W0 −N0)− Y , then we obtain
a contradiction to Y separating Ai \N0 from N0 in G− (W0 −N0).

To this end, since |Qi| = 4c2, there is a subset Q∗i of Qi of size at least 3c2 that is
disjoint from Y . Let B∗i be the set of endvertices in W of the paths in Q∗i . Each vertex
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9 Labelled Expansions of 1-Connected Graphs

in B∗i lies in a row and a column of W , and at most two lie in the same pair of row and
column. By pigeonhole principle, there are either c vertices of B∗i that lie in different
rows of W or the same amount of vertices that lie in different columns. In either case
there exists one row or column R, which contains a vertex v of B∗i , is disjoint from Y .
Let Q ∈ Q∗i contain the vertex v. As C intersects at least t′ − 2c rows and columns
of W , there is a row or column P that intersects both C and R and that is disjoint
from Y . Through P,Q,R we can connect Ai to C while intersecting neither W0 nor Y .
This gives us a path from Ai to N0 in G− (W0−N0)−Y . This is a contradiction, which
proves (9.18).

Thus, by Menger’s theorem and (9.18), for all i ∈ [n], there is a set Ri of c =
f6.7(m+ n, f9.7(m+ n, t)) disjoint paths from Ai \N0 to N0 in G− (W0 −N0). Observe
that for i ∈ [n], the paths in Ri are non-trivial since they start in Ai \N0. Let s′ = 4nc
and let A′ = {a1, . . . , ak} for some k ≤ m. We claim:

for each i ∈ [k], there is a Ti-linkage Li for W0 of size 2nc that is in
series such that (L1, . . . , Lk) is clean and path-disjoint. Furthermore,
the linkage Li is an ai-linkage and each path in Li ends in consecutive
nails of W0.

(9.19)

As W is (A′, s′)-top labelled, for i ∈ [k], there is a set Ti of nails of W that contains s′

vertices labelled with ai such that (T1, . . . , Tk) are clean. Since W0 is at least 10mnc-
contained in W and of size at least 10mnc, any set of x ≤ 10mnc nails of W0 can be
connected through x disjoint paths in W to any x nails of W . Additionally, the order of
the x nails in the top row of W0 is the same as the order of the x nails of W that these
are connected to. This is very straightforward, which is why we will omit the proof here.
Very similarly, one can also find x

2 interiorly disjoint paths from the x nails of W0 to x
2

nails of W such that no two of those nails are consecutive such that in any nail of W
exactly two paths end. Clearly, this yields a linkage for W0 that picks up the specified
nails of W and is in series. In the top row of W , remove from T1, . . . , Tk every second
nail. Each set Ti still contains at least 2nc nails. Now apply the observation before to
find a linkage L for W0 that picks up all the vertices in T1 ∪ . . .∪ Tk and is in series and
such that the endvertices of the paths in L are the first 4mnc nails of W0. Now split L
into k path-disjoint linkages L1, . . . , Lk that are in series such that the paths in Li pick
up the vertices in Ti and, hence, are ai-linkages. Furthermore, (L1, . . . , Lk) are clean
because T1, . . . , Tk are clean and each path in a linkage Li ends in consecutive again by
the observation before. This proves (9.19).

Let L =
⋃k
i=1 Li and apply Corollary 6.7 to L and R1, . . . ,Rn. For i ∈ [n], there are

sets R′i of f9.7(m+ n, t) disjoint paths that nicely link Ai \N0 to W and a set L′ ⊆ L of
size at least 2mnc−nf9.7(m+n, t) ≥ 2mnc−nc such that all paths in R′1∪ . . .∪R′n∪L′
are pairwise disjoint. As the size difference between L′ and L is only nc, for each j ∈ [k],
it holds that |Lj ∩L′| ≥ nc ≥ f9.7(m+n, t). Let L′j = Lj ∩L′. Now we apply Lemma 9.7
to R′1, . . . ,R′n, L′1, . . . , L′k to make all sets of endvertices clean. The resulting sets have
size at least t. Note that we may use that lemma since paths that nicely link to a wall
are less restrictive than linkages with respect to being clean. Note that each linkage Li
is still in series and each path in Li ends in consecutive nails.
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9.6 Proof of Theorem 9.1

As a last step we remove columns of W0 that have an endvertex in the top row of W0

that lies between the two endvertices of a path in a linkage Li. By that we mean to
remove the vertices in these columns that do not lie in any row of W0. These are at
most mc columns of W0. Afterwards, remove any mc rows of W0 that are not the top
row (remove the rows analogously). When we replace the paths between in the top
row between nails that are endvertices of a path P ∈ Li by P , we obtain an (A′, t)-top
labelled wall W0. It holds that (R′1, . . . ,R′n) is an (A1, . . . , An,W )-connector of size t
that ends cleanly in W0. The size of W0 then is at least 10mnc + r − mc ≥ r. This
finishes the proof.

9.6 Proof of Theorem 9.1

We will finally, in this section, prove our main theorem. We already gave an outline of
the proof in the last section.

Before we prove this, we need the result by Bruhn et al. on 2-connected labelled
graphs.

Theorem 9.20 (Bruhn, Joos, Schaudt [18]). Let H be a labelled 2-connected graph.
Then H has the vertex-Erdős-Pósa property if and only if its label homogeneity is at
most 2.

We will also use the following lemma that was used to prove Theorem 9.20.

Lemma 9.21 (Bruhn, Joos, Schaudt [18]). Let A be a set of labels and H an A-
labelled graph with label homogeneity at most 2. For every k ∈ N, there is a positive
integer f9.21(k,H) such that any (A, f9.21(k,H))-top labelled wall contains k disjoint
labelled H-expansions.

Now we are ready to prove Theorem 9.1.

Proof of Theorem 9.1. Let H be a fixed connected labelled graph. In view of Lem-
mas 9.12 and 9.18, we only need to show that these conditions are sufficient for the
Erdős-Pósa property. Clearly, if H is 2-connected, then Theorem 9.20 implies the state-
ment. Therefore, we may assume that H contains at least one trunk. Let α, β be the
labels occurring in H, where we allow α = β should only one label occur. For each
trunk T of H, let ST be a bridge sequence of length adm(T ). First of all, we claim the
following:

For each feasible trunk T and integer k, there is an rT,k such that
the (H,T,ST )-wall of size at least rT,k contains k disjoint labelled H-
expansions.

(9.20)

Indeed, since T is feasible, it follows that |ST | ≤ 2. Let R be an integer such that
every (H,T,ST )-wall of size at least R contains one T -nice expansion. Observe that
for rT,k ≥ 10Rk, the (H,T,ST )-wall of size rT,k contains k disjoint ((H,T,ST )-wall)-
expansions of size R. This can easily be verified by induction and works in a similar way
as the proof of Lemma 9.21. This proves (9.20).
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9 Labelled Expansions of 1-Connected Graphs

Denote by T the set of proper feasible trunks of H. Let cH be the number of feasible
trunks of H, and set for every positive integer k:

� rk = maxT∈T{rT,k, f9.21(k)}

� t′k = t′9.19(1, 2, 5rk, rk)

� s′k = s′9.19(1, 2, rk)

� sk = 4 max{t′k, s′k, cHf9.19(1, 2, rk)}.

We claim that the minimal function f that satisfies the following conditions is an
Erdős-Pósa function for H:

(I) f(k)− 2f(k − 1) ≥ f6.2(t′9.2(2, sk))

(II) f(k)
3 ≥ f6.2(t′9.2(2, sk))

(III) f(k) ≥ t9.2(2, sk) + sk

For a contradiction, assume that this is not true. Let (G, k) be a minimal counterex-
ample to f being an Erdős-Pósa function for H having the Erdős-Pósa property. Let
T be the set of all separations (A,B) of order smaller than f6.2(t′9.2(2, sk)) such that B
contains a labelled H-expansion. Using (I) and (II), we deduce from Lemma 6.3 that
T is a tangle of order f6.2(t′9.2(2, sk)). In turn, by Theorem 6.2, there is a wall W of
size t′9.2(2, sk) such that the tangle TW induced by W is a truncation of T .

Now we can apply Theorem 9.2 to G and W with parameter sk. As the size of W is
at least t′9.2(2, sk), we obtain a set Z with

|Z| ≤ t9.2(2, sk) (9.21)

and a wall W0 of size at least 2t9.2(2, sk) that is contained in the TW -large block L of
G− Z such that TW0 is a truncation of TW and there is a set of labels A′ ⊆ {α, β} such
that W0 is (A′, sk)-top-labelled and there are no vertices in L labelled with any label in
{α, β} \A′. That means one of the following three cases occurs:

(i) W0 is ({α, β}, sk)-top-labelled; or

(ii) there are two distinct labels γ, δ such that {γ, δ} = {α, β} and such that W0 is
({γ}, sk)-top-labelled and there are no δ-labelled vertices in L; or

(iii) L is devoid of labels.

Before we continue, let us fix what we need from the tangle TW0 :

any vertex set Y that separates a labelled H-expansion from the branch
vertices of W0 in G− Z has size |Y | > t9.2(2,sk)

2 .
(9.22)

Suppose there is a vertex set Y of size |Y | ≤ t9.2(2,sk)
2 that separates a labelled H-

expansion H ′ from the branch vertices of W0 in G− Z. Then, by (9.21), Z ∪ Y induces
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9.6 Proof of Theorem 9.1

a separation (A,B) of order |Z ∪ Y | ≤ 3t9.2(2,sk)
2 such that H ′ ⊆ A and such that

the branch vertices of W0 are contained in B. As TW0 has order 2t9.2(2, sk) it follows
that (A,B) ∈ TW0 . On the other hand, TW0 is a truncation of T , which means that
(B,A) ∈ TW0 . This, however, contradicts the tangle axiom (T2). Consequently, (9.22)
is proved.

Next, consider the cases (i), (ii) and (iii). Since sk > f9.21(k), we can immediately
exclude the first case, as, by Lemma 9.21, such a wall contains k disjoint labelled H-
expansions. Therefore, (ii) or (iii) must hold.

If (iii) holds, define T′ ⊆ T to be the set of proper unlabelled trunks of H. If (ii)
holds, define T′ to be the set of proper trunks of H that are unlabelled or γ-labelled.
Note that as there is some label that occurs in H but not in L, the set T′ does not
contain H. In particular, every trunk in T′ has at least one bridge.

We claim:

For every feasible trunk T of H, either T /∈ T′ or there is a vertex
set XT of size |XT | < f9.19(1, 2, rk) and an M+ ∈ M+

T such that XT

separates every L-bridge B with M+ �` B+ from the branch set of W0

in G− Z.

(9.23)

For a contradiction let T ∈ T′ be a feasible trunk that does not satisfy (9.23). As
T is feasible, the admissible bridge sequence ST has at most two elements. Thus, we
can write ST = {M1,M2} with possibly M1 = M2. For i = 1, 2, let Bi be the set of
L-bridges B such that M+

i �` B+. Let Ci be the set of anchors (in L) of the bridges in
Bi.

Recall that W0 has size at least 2t9.2(2, sk) ≥ sk ≥ t′k ≥ t′9.19(1, 2, 5rk, rk), and in
case (ii) it is (γ, sk)-top-labelled, where sk ≥ s′9.19(1, 2, rk), by choice of t′k and sk. (Here
we use that t9.2(n, t) ≥ t for all t ∈ N.) Apply Lemma 9.19 to C1, C2 and W0 where Ci
play the role of Ai. By assumption, there is no vertex set of size smaller than f9.19(1, 2, rk)
separating C1 or C2 from the branch vertices of W0 and, thus, there is a wall W1 of size
at least rk contained in W0, and a non-trivial (C1, C2,W1)-connector P of size rk to W1.
Additionally, in case (ii), the wall W1 is ({γ}, rk)-top-labelled and P ends cleanly in W1

For each path P ∈ P, there is an i such that P ends in a vertex in Ci which is an
anchor of a bridge B ∈ Bi. It follows that M+

i �` B+ and thus there is an expansion
(M, π) of Mi in B together with a path Q from the branch set of the anchor of Mi

to the anchor of B that is internally disjoint from M. When we label all nails of W1

with t, then M∪ Q ∪ P is a labelled expansion of M+
i that is attached to W1. Each

path in P is disjoint and hence the M+
i -expansions are disjoint as well. The graph that

is induced by W1 and the attached M+
i -expansions is an expansion of an (H,T, ST )-wall

of size rk. By (9.20) and by choice of rk ≥ rT,k, this is a contradiction to (G, k) being a
counterexample, which proves (9.23).

Next we claim the following:

The set
X =

⋃
T∈T′

XT ∪ Z

is a hitting set of size |X| ≤ f(k).

(9.24)
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9 Labelled Expansions of 1-Connected Graphs

The claim is enough to finish the proof of the theorem. Indeed, X is then a hitting
set of size |X| ≤ f(k), which is impossible as G was chosen to be a counterexample for
the vertex-Erdős-Pósa function f .

Thus, it remains to prove (9.24). By (9.23)⋃
T∈T′

|XT | ≤ cHf9.19(1, 2, rk) ≤
1

4
sk ≤

1

4
t9.2(2, sk),

where we have used the definition of sk as well as the fact that s < t9.2(2, s) for all s;
see Theorem 9.2. For later use we note

|X \ Z| ≤ 1

4
t9.2(2, sk). (9.25)

With (9.21) we therefore obtain |X| ≤ sk+|Z| ≤ sk+t9.2(2, sk), which implies |X| ≤ f(k),
by (III).

Now suppose there is a labelled H-expansion (H ′, π) in G−X; clearly, we may choose
(H ′, π) to be inclusionwise minimal. By (9.22), there is no single vertex that separates H ′

from the branch vertices of W0 in G−Z, and therefore also no vertex that separates H ′

from L in G − Z. As H ′ and L are connected, also the intersection of H ′ and L is
connected. Hence, the intersection contains at least two vertices and, thus, an edge. So
the conditions for applying Lemma 9.11 are satisfied and we find a trunk T ∈ T′ of H
such that for each T -bridge B, there is an L-bridge D such that B+ �` D+ in H ′.

There is a proper trunk T ′ ∈ T′ such that M+
T ′ �` M

+
T . Note that by (ii) of the

assumptions of the theorem, the trunk T ′ is feasible. FromM+
T ′ �`M

+
T we deduce that

for each T ′-bridge B′, there is an L-bridge D with B′+ �` D+ in H ′.
Let M ′ be some maximal T ′-bridge, and let D be an L-bridge with M ′+ �` D+ in H ′.

As the size of X \Z is at most t9.2(2,sk)
2 by (9.25), the set X \Z cannot separate H ′ from

the branch vertices of W0 in G − Z, by (9.22). It follows that we can also connect D
to some branch vertex of W0 in G − (X ∪ Z). As this is possible for every T ′-maximal
bridge, we obtain a contradiction to (9.23). This finishes the proof of (9.24) and thus of
the theorem.
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10 Labelled Expansions of Unconnected
Graphs

In this last chapter we are going to finish characterizing the labelled graphs that have
the vertex-Erdős-Pósa property.

For (labelled) families H1, . . . ,H` write ×`i=1Hi for the set of all H = H1∪. . .∪H` that
are disjoint unions of Hi ∈ Hi for i ∈ [`]. As an example, let us denote by C2 the family
of all even cycles, and by C3 the family of all cycles whose length is divisible by 3. Then
H = C2 × C3 is the set of all graphs that consist of the disjoint union of an even cycle
and a cycle whose length is divisible by 3. Both C2 and C3 have the vertex-Erdős-Pósa
property. It turns out that H as well has the vertex-Erdős-Pósa property (this is not
obvious, and needs a little bit of arguing). Let Hi be the set of expansions of a fixed
graph Hi and let H = ×`i=1Hi. Then H has the vertex-Erdős-Pósa property if and only
if each set Hi has the vertex-Erdős-Pósa property, that is, each graph Hi is planar.

Strikingly, for labelled graphs the situation is different. Consider the labelled graph H
on the left in Figure 10.1. It consists of two components C1, C2, and for i ∈ [2], the set
of labelled Ci-expansions has the Erdős-Pósa property (this follows from Theorem 9.1).
Yet, the set of H-expansions does not.

Indeed, for a given upper size c of a potential vertex hitting set, we scale the graph G
on the right of Figure 10.1 so that the grid has size 10c × 10c. Then, if at most c
vertices are removed from G, there will still be an H-expansion. On the other hand,
every H-expansion in G is easily seen to contain two disjoint paths P and Q such that
P links a vertex in the top row to a vertex in the last row, while Q connects a vertex
in the first column to one in the penultimate column. One may check that there cannot
be a second pair P ′, Q′ of such paths that is disjoint from P,Q, which implies that G
does not contain two disjoint H-expansions. This is not surprising at all considering
that (A,B)-(C,D)-linkages do not have the vertex-Erdős-Pósa property. For vertex sets
A,B,C,D, an (A,B)-(C,D)-linkage is a set of two disjoint paths that connect A to B
and C to D respectively. As we have already noted any H-expansion in Figure 10.1
forces an (A,B)-(C,D)-linkage when A is the top row, B the last row, C the leftmost
column and D the penultimate column.

On the other hand, we can replace one of the cycles of C2 with one of the cycles
in C1 and obtain a graph that does have the vertex-Erdős-Pósa property (this is not
obvious). These two components do not force a linkage anymore. We will see that two
components forcing a linkage is one of the two obstructions to the vertex-Erdős-Pósa
property of unconnected labelled graphs.
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H

�`

Figure 10.1: The H-expansions do not have the Erdős-Pósa property, in contrast to the
expansions of the components of H. On the right: an H-expansion (grey)
in the graph G.

We again construct (H,T,S)-walls to help us characterize the unconnected labelled
graphs that have the vertex-Erdős-Pósa property. Although for the sake of convenience,
we instead call them S-walls now. A multitrunk of an unconnected labelled graph H is
a set containing exactly one trunk of each 1-connected component of H. A multitrunk
is said to be proper if each trunk inside of it is proper. The set of maximal bridges of
a multitrunk T is M+

T = ∪T∈TM+
T . A bridge sequence S for an unconnected labelled

graph H is a sequence S = B+
1 , . . . , B

+
n such that for each i ∈ [n], either B+

i = B+
γ for

some label γ or B+
i ∈M

+
T for a trunk T of some component of H. Note that we define

bridge sequences for H and not for trunks (or multitrunks) of H. This slightly differs
from the definition in the last chapter as we may put maximal bridges of distinct trunks
of one component into the same bridge sequence. Then an S-wall of size r is constructed
in the same way as an (H,T,S)-wall of size r. Note that both H and T actually do not
play any role when constructing an (H,T,S)-wall.

A labelled expansion of a component of H in an S-wall is said to be nice if it intersects
at most two parts. A labelled H-expansion in this wall is nice if the expansion of each
component is nice. We say that a bridge sequence S for T is an H-candidate if there is
an R such that every S-wall of size at least R contains a nice labelled expansion of each
component of H; these do not have to be disjoint.

Two components C1, C2 of a graph H form a bad linkage if there is a bridge sequence S
of H such that any sufficiently large S-wall contains both a nice C1-expansion and a nice
C2-expansion but no (C1∪C2)-expansion. Observe that the components of the graph H
in Figure 10.1 form a bad linkage. Indeed, choose S to be the bridge sequence that
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10.1 Tangles for Families of Unconnected Graphs

contains the bridges attached to the grid (in the same figure) ordered like they are
around the outer cycle of the grid. If S = B+

1 , . . . , B
+
4 , then any expansion of one of

the components has to intersect the two parts corresponding to B+
1 and B+

3 and any
expansion of the other component the two parts corresponding to B+

2 and B+
4 . Any

sufficiently large S-wall does contain an expansion of each component but not of both
of them together.

Now we are ready to state the main theorem.

Theorem 10.1 (Bruhn, Joos, U. [17]). Let H be a labelled graph. Then H has the
vertex-Erdős-Pósa property if and only if all following statements are true:

(i) the components of H that are maximal with respect to �` have the vertex-Erdős-
Pósa property and

(ii) no two components of H that are maximal with respect to �` form a bad linkage.

For graphs that consist only of 2-connected graphs we obtain a nice characterization.
They have the vertex-Erdős-Pósa property if and only if all their maximal components
have the vertex-Erdős-Pósa property and there are no two components containing four
distinct labels.

The proof is very similar to the proof of Theorem 9.1 in the last chapter. If the
conditions of Theorem 10.1 are satisfied, we reach a contradiction by assuming that
there is a minimal counterexample. Otherwise, constructing counterexamples is very
straightforward.

10.1 Tangles for Families of Unconnected Graphs

For a class of graph H, we have already seen that a minimal counterexample induces an
arbitrarily large tangle, however, only when H is comprised of connected graphs. In this
section, we generalize this to also include classes H that contain unconnected graphs.

Lemma 10.2. Let H1, . . . ,Hm be families of connected graphs, and assume that for
every I ( [m] the function g : N → N is a vertex-Erdős-Pósa function for ×i∈IHi.
Suppose that (G, k) is a minimal counterexample to f : N → N being a vertex-Erdős-

Pósa function for H = ×mi=1Hi. Let t ∈ N such that t < f(k)−8·2mg(k)−2f(k−1)
3 , and let

T be the set of all separations (A,B) of G of order less than t such that B contains a
subgraph that lies in H. Then T is a tangle of order t in G.

Proof. We check the definition of a tangle. Observe that by construction (T1) holds.

We continue with the following claim:

Suppose X ⊆ V (G) is a set of size at most 3t+ 2f(k− 1) and suppose
A1, . . . , Ar are collections of components of G′ = G−X that partition
G′ for some r ∈ {2, . . . , 8}. Then there is an i ∈ [r] such that Ai
contains a subgraph in H.

(10.1)
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For I ⊆ [m], we set HI = ×i∈IHi. We, moreover, fix the convention that every graph
contains k disjoint subgraphs from H∅. By assumption, for each I ( [m] and i ∈ [r],
the graph Ai contains at least k disjoint subgraphs from HI , or a vertex set Xi

I of size
|Xi

I | ≤ g(k) such that Ai \Xi
I does not contain any subgraph in HI . (If the latter case

does not apply, we set Xi
I = ∅.)

We refer to a graph H ∈ H that lies in G′ but for which H * Ai for all i ∈ [r] as
crossing. Clearly, as G does not contain k disjoint subgraphs in H, there are also not k
disjoint crossing such subgraphs.

For all i ∈ [r], let

A′i = Ai \
⋃
I([m]

Xi
I .

Observe that if A′i contains a single subgraph in HI for any I ( [m], then Ai contains k
disjoint subgraphs in HI .

The set

X ∪
⋃

i∈[r], I([m]

Xi
I

has size at most 8 · 2mg(k) + 3t + 2f(k − 1) ≤ f(k) (recall that r ≤ 8). As (G, k) is a
counterexample to f being a vertex-Erdős-Pósa function for H, the graph A′1 ∪ . . . ∪A′r
contains a subgraph H ∈ H. Assume for a contradiction that H intersects at least
two distinct A′i. Then there is a non-trivial partition (I1, . . . , Ir) of [m] such that for
each i ∈ [r] the graph A′i ∩H lies in HIi , which means that each Ai contains k disjoint
subgraphs in HIi . Their union yields k crossing graphs in H, which is impossible. This
proves (10.1).

Consider a separation (A,B) of order at most t − 1 of G. We apply (10.1) with
2, A − V (B), B − V (A), V (A) ∩ V (B) in the roles of r,A1, A2, X, and conclude that at
least one of A or B contains a subgraph in H.

Suppose now that both A and B contain a subgraph in H. Then neither of A−V (B)
and B−V (A) contains k−1 disjoint subgraphs inH. Thus, there are sets XA, XB of sizes
|XA|, |XB| ≤ f(k−1) that meet all subgraphs in H in A−V (B), B−V (A), respectively.
Again, we apply (10.1) with 2, A−(V (B)∪XA), B−(V (A)∪XB), (V (A)∩V (B))∪XA∪XB

playing the roles of r,A1, A2, X, and obtain a contradiction. Thus exactly one of A,B
contains a subgraph in H. This shows (T2) and (T3).

Suppose now that there are three separations (A1, B1), (A2, B2), (A3, B3) ∈ T such
that A1∪A2∪A3 = G. Observe that then B1∩B2∩B3 is edgeless. LetX =

⋃
i∈[3](V (Ai)∩

V (Bi)). We define CD1,D2,D3 = D1 ∩ D2 ∩ D3 for all i ∈ [3] and Di ∈ {Ai, Bi}. We
apply (10.1) with 8, {CD1,D2,D3} in the roles of r, {Ai}i∈[8]. Then there is some choice
of Di ∈ {Ai, Bi} such that CD1,D2,D3 contains a subgraph in H. Clearly, this cannot be
B1∩B2∩B3 as B1∩B2∩B3 is edgeless. This implies, however, that there is some i ∈ [3]
such that Ai contains a subgraph in H, which is a contradiction. Thus, (T4) holds and
T is indeed a tangle.

We obtain the following proposition.

134



10.1 Tangles for Families of Unconnected Graphs

Proposition 10.3. Let H1, . . . ,Hm be families of graphs, and let there be an integer
w such that every graph G with treewidth tw(G) ≥ w contains a subgraph that lies in
H = ×mi=1Hi. Then H has the vertex-Erdős-Pósa property.

As a consequence, we see that the family C2×C3 has the vertex-Erdős-Pósa property.
Compare the proposition to the result by Thomassen for classes of graphs that contain
only connected graphs.

Theorem 10.4 (Thomassen [44]). Let H be a class of connected graphs. If there is a
function w : N → R+ such that for every positive integer k, every graph G of treewidth
tw(G) ≥ w(k) contains k disjoint subgraphs that lie in H, then H has the Erdős-Pósa
property.

Proposition 10.5. Let H1, . . . ,Hm be families of connected graphs and suppose that
for every I ( [m], the function g : N → N is a vertex-Erdős-Pósa function for ×i∈IHi.
Let H = ×mi=1Hi and let k, t ∈ N. Let TW be a tangle induced by a wall W in a graph G
such that for every separation (A,B) ∈ TW , only B contains a member of H.

Then there are integers f10.5(k,m, t), g10.5(k,m, t) such that the following holds. Sup-
pose G contains neither k disjoint members of H nor a set of at most f10.5(k,m, t)
vertices that meets all these members and suppose the size of W is at least f10.5(k,m, t).
Then there is a vertex set Y of size at most g10.5(k,m, t) such that for all members
H = ×mi=1Hi ∈ H that lie in G − Y and for i ∈ [m], there are t disjoint paths from Hi

to the branch vertices of W in G− Y .

Proof. Let tm = t and t′m = tm+2mg(k) and recursively define ti =
∑m

`=i+1(2mg(k) +mkt′`) + t
and t′i = ti + 2mg(k) for each i ∈ [m− 1]. Moreover, we set

� f10.5(k,m, t) =
∑m

`=1(2mg(k) +mkt′`) + 1

� g10.5(k,m, t) =
∑m

`=1(2mg(k) +mkt′`).

Let B be the branch vertices of W .
We start by proving the following claim:

For all i ∈ [m], there is a vertex set Yi of size at most 2mg(k) + mkt′i
such that in G−

⋃i
`=1 Y` there is no graph H = ×m`=1H` ∈ H such that

Hi can be separated from B by fewer than ti vertices.

(10.2)

Let i ∈ [m]. Suppose we have already constructed the sets Y1, . . . , Yi−1 such that
(10.2) holds for them. We define G′ = G −

⋃i−1
`=1 Y`. Let V1, . . . , Vn be a maximum

number of vertex sets of size at most t′i such that for j ∈ [n], the set
⋃j
`=1 V` separates

a subgraph Cj ⊆ G′ −
⋃j−1
`=1 V` from B such that Cj ∈ Hi and moreover Cj lies in a

different component of G′ −
⋃j−1
`=1 V` than C` for ` ∈ [j − 1]. Let V =

⋃n
`=1 V`, let C

be the union of the components of G′ − V that meet a subgraph Cj and let D be the
union of the other components. Note that at least one row of W has to be contained
in D if the size of W is larger than |V | since V separates C from B (rather it separates
some subgraphs of C from B). Observe that all members of Hi that lie in D, cannot
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10 Labelled Expansions of Unconnected Graphs

be separated from B by fewer than t′i vertices. Otherwise, this would contradict the
maximality of n.

Suppose that n ≥ mk. In G′−
⋃mk
`=1 V`, there are either k disjoint subgraphs belonging

to ×m`=1,` 6=iH` or a set X of at most g(k) vertices that meets all these subgraphs. In the

latter case,
⋃i−1
`=1 Y` ∪X ∪

⋃mk
`=1 V` is a vertex hitting set for H of size at most

i−1∑
`=1

(mkt′` + 2mg(k)) + g(k) +mkt′i ≤ f10.5(k,m, t),

which is a contradiction. So assume there are k disjoint subgraphs F1, . . . , Fk belonging
to ×m`=1,`6=iHi in G−

⋃mk
`=1 V`. Observe that any subgraph belonging to ×m`=1,` 6=iH` meets

at most m− 1 components of G′−
⋃mk
`=1 V` since the families Hj contain only connected

subgraphs. In particular, F1, . . . , Fk intersect at most (m−1)k components ofG−
⋃mk
`=1 V`

that contain a subgraph Cj . Hence, there are subgraphs C`1 , . . . , C`k that are disjoint
from F1, . . . , Fk. Then F1 ∪ C`1 , . . . , Fk ∪ C`k are k disjoint subgraphs of G that belong
to H. This is a contradiction.

Thus, we may assume that n ≤ mk. If for any I ( [m], there are k disjoint members
of ×j∈IHj in C and k disjoint members of ×j∈[m]\IHj in D, these can be combined into
k disjoint members of H, which is a contradiction. Hence, there is a set XI of at most
g(k) vertices in G′ − V that intersects all of either of those members for every I ( [m].
Let X = ∪I([m]XI and note that X ≤ 2mg(k).

Now for Yi = X ∪ V , it holds that |Yi| ≤ 2mg(k) + mkt′i. Let H = ×m`=1H` ∈ H
be a subgraph of G′ − Yi. Suppose H is a subgraph of C. It follows that

⋃i
`=1 Y`

separates H from B. Note that the size of W is larger than |
⋃i
`=1 Y`|. Then

⋃i
`=1 Y`

induces a separation of G such that on one side we have H and on the other side B.
Now however, both sides should be the TW -large side in this separation by assumption.
One side contains B, in particular an entire row of W , while the other side contains a
subgraph that belongs to H. This is a contradiction.

Next suppose that for some j ∈ [m], Hj lies in C but not all of H lies in C. Let
I ( [m] such that ×`∈IH` is contained in C while ×`∈[m]\IH` is contained in B. This is
a contradiction as XI should intersect either H ∩ C or H ∩D.

Therefore, H has to lie completely within D. In particular, there is no vertex set of
at most t′i vertices that separates Hi from B in G′ − V (again this would contradict the
maximality of n). It follows that there is no vertex set of size at most t′i − |X| ≥ ti that
separates Hi from W in G′ − Yi. This finishes the proof of (10.2).

Now let Y =
⋃m
`=1 Y` and H = ×m`=1H` ∈ H be a subgraph of G− Y . Let i ∈ [m]. In

G−
⋃i
`=1 Y` there is no vertex set of size at most ti that separates Hi from B. Then in

G− Y there is no vertex set of size at most ti − |
⋃m
`=i+1 Y`| ≥ t that separates Hi from

B. This concludes the proof.
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10.2 Components Forming a Bad Linkage are Obstructions

In this section we prove the necessity of Theorem 10.1. By a slight abuse of notation
we refer to an element of a bridge sequence S as the part corresponding to this element
in an S-wall and vice versa. We define an order < on the elements of a bridge sequence
S according to their order in S. When A,B,C,D are elements of a bridge sequence
S such that A < B and C < D, we say that (A,B) and (C,D) form a bad linkage if
A < C < B < D or C < A < D < B. If (A,B) and (C,D) form a bad linkage, then
in any S-wall there cannot exist two disjoint paths, one connecting the part A to the
part B and another one connecting the part C to the part D, in particular, there is no
(A,B)–(C,D)-linkage.

It is really important to think that top rows are ordered from left to right. For instance,
this allows us to order parts of an S-wall from left to right. Note that in this way, the
order of the parts in the top row of an S-wall coincides with the order in S.

Lemma 10.6. Let C1, . . . , Cm be components of some graph H and let S be a bridge
sequence for H. Let (A1, B1), . . . , (Am, Bm) be tuples of elements of S such that either
Ai = Bi or Ai < Bi and let r be an integer such that for i ∈ [m], there is a nice
Ci-expansion in any S-wall of size at least r that intersects no parts other than Ai
and Bi. Then there are expansions of C1, . . . , Cm in an S-wall of size 2m(r + 1) such
that the expansions of Ci and Cj intersect only if (Ai, Bi) and (Aj , Bj) form a bad
linkage.

Proof. We say that a component Ci encompasses another component Ck if Ai ≤ Ak ≤
Bk ≤ Bi. Visually you may think of this as a nested linkage which does not lie outside
wall but instead inside. In case that Ai = Ak and Bi = Bk, technically, it holds that Ci
encompasses Ck and the other way round. As this is slightly invonvenient, in this case
we arbitrarily fix an ordering C`1 , . . . , C`n of all components C`k such that A`k = Ai and
B`k = Bi for k ∈ [n]. Then we say that C`i encompasses C`k if and only if i > k. It
follows that the relation of ”encompassing another component” between components is
transitive. For each component Ci, let mi be the number of components that encompass
Ci and ni the number of components that Ci encompasses. Let `i be the number of
components Ck such that Bk = Ai and ri the number of components Ck such that
Ak = Bi.

Let W be an S-wall of size R = 2m(r + 1). We will decompose W into expansions of
(Ai, Bi)-walls Wi of size r for i ∈ [m] such that the walls Wi and Wj intersect only if
(Ai, Bi) and (Aj , Bj) form a bad linkage. Note that Ci �` Wi and hence, we are done if
we are able to do this.

Split the body of W into m|S| disjoint vertical slices such that each vertical slice
contains exactly 2r spikes of one part in S. As W is an (H,T,S)-wall of size 2m(r+ 1),
for each i ∈ [m], there are m vertical slices that contain exactly 2r spikes of the i − th
part. Similarly, split W into m disjoint horizontal slices such that each slice contains at
least 2r+ 1 rows. The vertical and horizontal slices yield a grid like structure of disjoint
subwalls of the body of W each of size at least 2r. We call each of these subwalls a
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wall-block. Order the horizontal slices from top to bottom and the vertical slices from
left to right.

For i ∈ [m], we construct Wi as follows: Take the (mi + `i + 1)− th vertical slice Ṽ 1
i

that contains spikes of the part Ai and the (m−mi − ri − 1)− th vertical slice Ṽ 2
i that

contains spikes of the part Bi and lastly the ni − th horizontal slice H̃i. Then Wi is the
subgraph of these three slices that contains the minimum amount of wall-blocks (and
the edges between these wall blocks) such that Ai is connected to Bi. Let V 1

i = Ṽ 1
i ∩Wi,

V 2
i = Ṽ 2

i ∩Wi and Hi = H̃i ∩Wi.

First of all, Wi is an expansion of an (Ai, Bi)-wall of size r. Indeed, V 1
i and V 2

i contain
r disjoint paths from Ai and Bi to the top row of Hi and Hi is an expansion of a wall
of size 2r. Now we need to show that Wi and Wk are disjoint if Ci and Ck do not form
a linkage. Note that by choice, the vertical slices Ṽ j

i and Ṽ `
k are distinct if i 6= j and in

particular, V j
i and V `

k are disjoint if i 6= k. Suppose that Wi and Wk intersect. Then
either Hi intersects Wk or Hk intersects Wi, say the former. The graphs Hi and Hk

intersect only if Hi and Hk are part of the same horizontal slice. If Hi ⊆ Hk (or the
other way round), then the component Ci would encompass the component Ck and as
encompassing components is transitive, Hi and Hk should not have been part of the
same horizontal slice. Therefore, by choice of V j

i and V `
k for j, ` ∈ [2], the part Ak or Bk

is inbetween Ai and Bi while the other one is not inbetween Ai and Bi. This means that
(Ai, Bi) and (Ak, Bk) form a bad linkage. We can argue similarly when Hi intersects V `

k .
This finishes the proof.

Clearly, whenever (Ai, Bi) and (Aj , Bj) form a bad linkage, then any Ci-expansion
that intersects both Ai and Bi and any Cj-expansion that intersects both Aj and Bj
have to intersect.

We obtain two corollaries. This first one is necessary for the main theorem later. It
says that if we already have a nice H-expansion in some S-wall there are also k disjoint
H-expansion in a sufficiently large S-wall. Compare this to (9.20) in the last chapter.

Corollary 10.7. Let k be a positive integer. If an S-wall of size r contains a nice
H-expansion, then there is an integer f10.7(r, k) such that any S-wall of size at least
f10.7(r, k) contains k disjoint H-expansions.

Proof. Let C1, . . . , Cm be the components of H. As there is a nice H-expansion in an
S-wall W , for each i ∈ [m], there are nice Ci-expansions (C ′i, πi) in W that are disjoint.
Let (Ai, Bi) be the parts that C ′i intersects (where we allow Ai = Bi). If (Ai, Bi) and
(Aj , Bj) were to form a bad linkage, then the expansions C ′i and C ′j would intersect.
Thus, this does not happen.

Let H ′ = k ·H be the union of k copies of H. Clearly, if there is an H ′-expansion in
a sufficiently large S-wall, we are done. As (Ai, Bi) and (Aj , Bj) do not form a linkage
for any choice of i and j, when we apply Lemma 10.6 to the components of H ′, we see
that any S-wall of size at least f10.7(r, k) = 2mk(r + 1) contains nice expansions of the
component of H ′ that do not intersect. This is an H ′-expansion.

The next corollary states that if there is a nice H-expansion in an S-wall, then we
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can embed one more connected graph C disjointly from H in a sufficiently large S-wall
if there is a nice C-expansion intersecting specific parts.

Corollary 10.8. Let r ∈ N and let H be a labelled graph and S a bridge sequence
for H. Let C1, . . . , Cm be the components of H and for i ∈ [m], let (Ai, Bi) be tuples of
elements of S such that there is a nice Ci-expansion in any S-wall of size at least r that
intersects no parts other than Ai and Bi. Additionally, let C be a connected graph such
that there is a nice C-expansion in an S-wall of size r

� that intersects no parts other than Ai and Bi for some i ∈ [m] or

� that intersects at most one part or

� that intersects two consecutive parts in S.

If there is a nice H-expansion in an S-wall of size r, then there is a nice expansion of
H ∪ C in an S-wall of size 2(m+ 1)(r + 1).

Proof. The parts (Ai, Bi) and (Aj , Bj) do not form a bad linkage for any choice of
i, j ∈ [m] as there is a niceH-expansion in a S-wall of size at least r. Observe that a single
part and two consecutive parts can never form a bad linkage. Thus, by Lemma 10.6,
there is a nice (H ∪ C)-expansion in an S-wall of size at least 2(m+ 1)r.

Now we can prove that components forming a bad linkage as well as maximal compo-
nents that do not have the vertex-Erdős-Pósa property are obstructions to the vertex-
Erdős-Pósa property.

Lemma 10.9. If H has a maximal component (with respect to �`) that does not
have the vertex-Erdős-Pósa property or if there are two maximal (with respect to �`)
components of H that form a bad linkage, then H does not have the vertex-Erdős-Pósa
property.

Proof. First, suppose there is a maximal component C of H with respect to �` that
does not have the vertex-Erdős-Pósa property. Let c be any positive integer. We want
to construct a graph G that contains neither two disjoint labelled H-expansions nor c
vertices that intersect all H-expansions. Since c ∈ N is arbitrary, this would imply that
the labelled H-expansions do not have the vertex-Erdős-Pósa property. Let m be the
number of components of H that are isomorphic to C. As C does not have the vertex-
Erdős-Pósa property, there is a graph G′ that contains neither two disjoint labelled
C-expansions nor a set of c vertices that intersects all these expansions. Take m copies
of G′ and add c+ 1 copies of each component of H not isomorphic to C. Let G be the
resulting graph.

The m copies of G′ in G contain at most m disjoint C-expansions. Moreover, no
component of H not isomorphic to C contains a C-expansion since C was maximal.
Therefore, in G there are at most m disjoint C-expansions. However, any two disjoint
H-expansions contain 2m disjoint C-expansions, which means that there are no two
disjoint H-expansions in G.
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10 Labelled Expansions of Unconnected Graphs

On the other hand, let X be any set of at most c vertices in G. By choice of G′,
we find m disjoint C-expansions that are disjoint from X in the m copies of G′. Since
we added c + 1 copies of each component of H not isomorphic to C, one copy of each
of these components is disjoint from X. This yields an H-expansion in G − X, which
means we are done.

From now on we may assume that

each maximal component of H has the vertex-Erdős-Pósa property. (10.3)

Now suppose there are two maximal components C1, C2 of H that form a bad linkage.
Let S be a bridge sequence of minimum size such that a sufficiently large S-wall contains a
nice C1-expansion and a nice C2-expansion but no S-wall contains a (C1∪C2)-expansion.
For i ∈ [2], let Ai, Bi be elements of S such that there is a nice Ci-expansion in a
sufficiently large S-wall that intersects the parts Ai and Bi.

We claim that:

S contains only A1, B1, A2 and B2. (10.4)

Observe that the bridge sequence S ′ = A1, A2, B1, B2 satisfies everything that S sat-
isfies. Then the minimality of S proves (10.4).

Using these four parts we construct a counterexample to the vertex-Erdős-Pósa prop-
erty. Let c ∈ N be arbitrary. There is an r ∈ N such that for i ∈ [2], any wall of size at
least r′ with parts Ai and Bi contains a nice Ci-expansion. For the sake of convenience,
we replace walls by grids and attach copies of the bridges corresponding to A1, B1, A2

and B2 to the four sides on the outer cycle of a grid. Note that any grid of size r = 2r′+2
contains a wall of size r′. Take a grid of size 10r2c2 and attach 10r2c2 spikes correspond-
ing to each part A1, B1, A2, B2 to the top, bottom, left and right of the grid respectively
(in this order). We extend the grid by adding a minimum number n of columns to the
right of the grid so that there is a labelled expansion of C1 ∪ C2. Such a number does
exist as we may add r columns and obtain two disjoint grids of size r, one with parts
A1, B1 and the other with parts A2, B2. Let R be the resulting graph; compare this
to the graph in Figure 10.1. We keep the notion of spikes and parts to refer to single
bridges corresponding to A1, B1, A2 and B2 that are attached to the grid respectively
the union thereof. Similarly, the body of R is the underlying grid of size 10r2c2 together
with the extra columns.

As C1 and C2 form a bad linkage, the underlying bridges of A1, B1, A2, B2 have to
be pairwise distinct and non-comparable, that is, they are not labelled minors of one
another. Moreover for i ∈ [2], any nice Ci-expansion has to intersect Ai and Bi.

We claim:

Let (C̃1 ∪ C̃2, π) be an expansion of C1 ∪ C2 in R. There is a path
between the parts A1 and B1 in C̃1 and a path between A2 and B2

in C̃2.

(10.5)

We will show this for C̃1 by contradiction; the proof for C̃2 works in the same way.
Suppose that C̃1 is disjoint from either A1 or B1. As any nice C1-expansion intersects A1
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10.2 Components Forming a Bad Linkage are Obstructions

and B1 (and thus contains a path between A1 and B1), it holds that C̃1 is not nice and
therefore, has to intersect three parts of W . This means either A1, A2, B2 or B1, A2, B2,
say the former.

First suppose that C1 is 2-connected. As no C1-expansion can be contained in a
single spike (this would be a nice C1-expansion that intersects only one part), it follows
that any C1-expansion has to be contained entirely in the body of R. By (10.3) and
Theorem 9.20, the label homogeneity of C1 is at most 2 and thus, there are at most
two distinct labels γ1, γ2 in C1. Therefore, A1 = B+

γ1 and B1 = B+
γ2 (or the other

way around). We observed before that A1, B1, A2, B2 are distinct, which means that
A2, B2 6= B+

γ1 , B
+
γ2 . This however, means that C̃1 has to intersect both A1 and B1, which

contradicts the assumptions.

Now suppose that C1 is not 2-connected. Again, no C1-expansion is contained entirely
in a spike and hence, there is at least one edge in the intersection of the body of W with
the C1-expansion C̃1. Let S be the set of vertices of C1 whose branch set intersects the
body of W0. Apply Lemma 9.11 here to obtain a trunk T ′ ⊇ S of C1 such that for
each T ′-bridge B, there is a spike K that belongs to A1, A2 or B2 such that B+ �` K+.
Additionally, if T ′ is a γ-labelled trunk, then there should be a part P ∈ {A1, A2, B2}
such that P = B+

γ . Otherwise, we could have chosen T ′ to be an unlabelled trunk. Let

T be a proper trunk of C1 such that M+
T �` M

+
T ′ . It follows that for each maximal

T -bridge B, there is a spike K that belongs to A1, A2 or B2 such that B+ �` K+.

As C1 is a maximal component of H, by (10.3), it has to have the vertex-Erdős-Pósa
property. By Theorem 9.1, this means that T is feasible, which implies |M+

T | ≤ 2. If T
is a γ-labelled trunk, then we even obtain |M+

T | ≤ 1 and any admissible bridge sequence
of minimum size for T contains B+

γ . (Otherwise, there would be an unlabelled trunk T ∗

with M+
T ∗ �`M

+
T , which is a contradiction to T being proper.)

Now the parts {A1, A2, B2} contain each maximal bridge of T as a labelled minor and
additionally, if T is a γ-labelled trunk, then B+

γ ∈ {A1, A2, B2}. This means that any
bridge sequence for T can be built by using only the parts in the parts {A1, A2, B2}.
As T is feasible, there should be two of those parts such that there is a C1-expansion
intersecting only these two parts. This, however, implies that there is a nice C1-expansion
in an S-wall that does not intersect A1 orB1, which is a contradiction. This proves (10.5).

We will show that:

The graph R contains neither n+ 1 disjoint C1 ∪C2-expansions nor a
set of c vertices that intersects all C1 ∪ C2-expansions.

(10.6)

There is no set of at most c vertices that intersects all C1∪C2-expansions. The reason
for this is that after removing c vertices in R, the remaining graph is an expansion of
a slightly smaller version of R, which still contains a (C1 ∪ C2)-expansion (with the
same amount of extra columns to the right). On the other hand, any expansion of
C1 ∪ C2 contains an (A1, B1) − (A2, B2)-linkage by (10.5). Then as there are only n
extra columns, there are no n + 1 disjoint (C1 ∪ C2)-expansions. (Actually, because of
the minimal choice of n, there should not be even two disjoint such expansions.) This
proves (10.6), which implies that C1∪C2 does not have the vertex-Erdős-Pósa property.
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Finally, we need to show that also H does not have the vertex-Erdős-Pósa property.
Take the counterexample graph for C1∪C2 and add c+1 copies of each other component
of H. This graph contains neither n + 1 disjoint H-expansions nor a set of at most c
vertices that intersect all these expansions. (This works in the exact same way as in the
beginning of this proof.) This concludes the proof.

10.3 Proof of Theorem 10.1

In this section we are going to proof the main theorem of this chapter.

Lemma 10.10. Let H be a graph that does not contain two maximal components that
form a bad linkage. There is an integer f10.10(H) such that for any H-candidate S, any
S-wall of size at least f10.10(H) contains a nice H-expansion.

Proof. Suppose the statement is not true. Any expansion of a component of H can
intersect at most as many spikes as the maximum number of bridges that are attached
to one of its trunks. Hence, we may assume that any H-candidate has a bounded
size. Thus, there are only finitely many bridge sequences that we need to consider and
therefore, there is a bridge sequence S and an r ∈ N such that any S-wall of size at
least r contains a nice expansion of each component of H but no S-wall of any size
contains a nice H-expansion. We will show that there are two components of H forming
a bad linkage, which contradicts the assumptions of the lemma.

First of all, we may assume that:

all components of H are maximal. (10.7)

Suppose we already showed the statement for graphs where all components are maxi-
mal. Let H ′ be the union of the maximal components of H. Any H-candidate is also an
H ′-candidate, which means that there is some integer s such that for any H-candidate S,
any S-wall of size at least s contains a nice H ′-expansion. Now with Corollary 10.8, we
also obtain a nice H-expansion in any S-wall of a slightly larger size. This proves (10.7).

Let H ′ ⊆ H be the union of some components of H such that that there is an H ′-
candidate S ′ but there is no nice H ′-expansion in any S ′-wall. Clearly, H ′ = H satisfies
these conditions. Choose H ′ such that the amount of components of H ′ is minimum and
then choose S ′ to be minimum, too.

Let C be any component ofH ′. By minimality ofH ′, there is a nice expansion ofH ′−C
in an S ′-wall of sufficiently large size. Choose a nice (H ′−C)-expansion (H̃ ′C , π

′
C) and a

nice C-expansion (C̃, µC) such that C̃ intersects the minimum number nC of components
of H̃ ′C (again in a sufficiently large S ′-wall). If nC = 0, then the union of these two
expansions is a nice H ′-expansion in an S ′-wall, which is a contradiction. So we may
assume there to be at least one component ofH ′−C whose expansion in H̃ ′C intersects C̃.
Now choose C0 as the component of H ′ that minimizes nC over all components C of H ′.
Set H̃ ′ = H̃ ′C0 and let W be a sufficiently large S ′-wall that contains both H̃ ′ and C̃0

such that nC0 reaches its minimum (observe that this minimum can also be reached in
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any larger wall). The component C0 is the first of the two components that will form a
bad linkage.

Observe that by Corollary 10.8, nice expansions of components in H ′ have to intersect
at least two parts of an S ′-wall and hence, exactly two parts (otherwise we would obtain
a nice H ′-expansion in a sufficiently large S ′-wall). We view each nice expansion of
a component in H ′ as a path between the two parts of the wall that the expansion
intersects. We call these two parts endparts of the nice expansion of the component in
H ′.

Let A0 and B0 be the two endparts of C̃0 such that A0 < B0 in S ′. We say that a
component C surrounds A0 (or B0) if one endpart is inbetween A0 and B0 and the other
one is to the left of A0 (or to the right of B0) while none of them are A0 or B0. In other
words, the part A0 (or B0) is inbetween the two endparts of the expansion of C. If the
expansion of a component in H̃ ′ intersects C̃0, then it has to surround A0 or B0. That
its endparts are distinct from A0 or B0 follows since by Lemma 10.6, we otherwise find
expansions of C0 and H ′ − C0 that are better than H̃ ′ and C̃0. As nC0 > 1, there has
to be a component surrounding A0 or B0. Let C0, . . . , C` be the components of H ′ and
for i ∈ [`], let (Ai, Bi) be the two parts that the Ci-expansion in H̃ ′ intersects such that
Ai < Bi in S ′.

Now we will show that:

in H ′ there are no components other than C0 and the components sur-
rounding A0 or B0.

(10.8)

Note that (Ai, Bi) and (Aj , Bj) do not form a bad linkage if i, j 6= 0 as there is a
nice H ′ − C0-expansion where the Ci-expansion intersects Ai and Bi. Suppose there is
a component C 6= C0 of H ′ that does not surround either of A0 and B0. Choose C such
that the two parts A and B that the expansion of C in H̃ ′ intersects are as close together
as possible in S ′. If A and B are consecutive parts in S ′, by minimality of H ′, there is a
nice expansion of H ′−C in a sufficiently large S ′-wall and then by Corollary 10.8, there
is a nice H ′-expansion in a sufficiently large S ′-wall. This is a contradiction. Hence,
A and B are not consecutive. There is at least one part D inbetween A and B that is
distinct from both A and B, which by minimality of S ′, has to be intersected by the
expansion of at least one component C ′ of H ′ in H̃ ′. As the expansions of C and C ′ do
not intersect, the other endpart of the expansion of C ′ in H̃ ′ is also inbetween A and B.
However, this means that C ′ cannot surround either of A0 and B0 but the endparts of
its expansion are closer together than the ones of C. This is a contradiction to the choice
of C and then proves (10.8).

Next, we prove that:

any nice C0-expansion has to intersect A0 and B0. (10.9)

By (10.8), the expansion of C0 intersects the expansion of each component of H ′−C0.
Suppose there is a C0-expansion that intersects Ai or Bi for i 6= 0, say Ai. Let X be
the other part that this expansion intersects. The parts (Ai, X) and (Ai, Bi) do not
form a bad linkage. After applying Lemma 10.6, there is a nice C0-expansion and a nice
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H ′−C0-expansion such that the C0-expansion does not intersect the Ci-expansion while
the expansions of the components of H ′ − C0 are still disjoint from each other. This is
a contradiction to the choice of C̃0, which proves (10.9).

As we already noted before, there has to be a component Ci of H ′−C0 that surrounds
A0 or B0, say A0. Thus, the part Ai comes before A0 in S ′. We claim that there is a
component in H ′−C0 such that any nice expansion of this component has to intersect Ai.
Suppose otherwise. Remove Ai from S ′ and observe that a sufficiently large (S ′ − Ai)-
wall is an H ′-candidate and as S ′ − Ai ⊆ S ′, there still is no nice H ′-expansion in such
a wall of any size. Since S ′ −Ai is shorter than S ′, this is a contradiction to the choice
of S ′. Let C1 be the component such that any nice C1-expansion has to intersect Ai.
For the sake of simplicity assume that Ai = A1.

We want to show that:

no nice C1-expansion intersects A0 or B0. (10.10)

We argue similarly as for (10.9). Suppose the statement is false. So there is a nice
C1-expansion that intersects either A0 or B0, say A0. Again, C̃0 has to intersect the
expansion of each other component of H ′ in H̃ ′. By minimality of H ′, there is a nice
(H ′ − C1)-expansion in a sufficiently large S ′-wall. The parts (A0, B0) and (A1, A0) do
not form a bad linkage and by (10.9) any nice C0-expansion intersects both A0 and B0.
Therefore by Lemma 10.6, there are nice expansions of C1 and H ′ − C1 such that the
C1-expansion and the C0-expansion do not intersect. This would imply that C1 would
have been a better choice for C0, which is a contradiction and proves (10.10).

It follows that any nice expansions of C0 and C1 that may only use the partsA0, B0, A1, B1

can only be embedded such that the C0-expansion intersects A0 and B0 while the C1-
expansion intersects A1 and B1. Therefore, the bridge sequence A0, A1, B0, B1 veri-
fies that C0 and C1 form a bad linkage. This is a contradiction, which concludes the
proof.

Now we will prove the main theorem of this chapter.

Proof of Theorem 10.1. Let H be a labelled graph. With the previous section in mind,
we only need to show the following. If all maximal components of H with respect to �`
have the vertex-Erdős-Pósa property and if no two maximal components of H form a
bad linkage, then H has the vertex-Erdős-Pósa property.

We do induction on the number m of components of H. When m = 1 then obviously
the single component of H is maximal, which by assumption means that it has the
vertex-Erdős-Pósa property. In particular, also H has the vertex-Erdős-Pósa property.
So let m ≥ 2.

Suppose that all components of H are maximal. We will deal with the other case
at the end of the proof. It follows that if H ′ is the union of some components of H
such that H ′ 6= H, then H has the vertex-Erdős-Pósa property by induction. Indeed,
all maximal components of H ′ are maximal components in H, which implies that they
have the vertex-Erdős-Pósa property. On the other hand, if two components of H ′ were
to form a bad linkage, they would do so in H as well, which would be a contradiction.
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Let C1, . . . , Cm be the components of H. For I ( [m], let gI be a vertex-Erdős-Pósa
function for ∪i∈ICi. Then define g(k) = maxI([m] gI(k). We introduce the following
integers:

� ` is the number of distinct labels in H

� n is be the maximum of |M+
T| over all proper multitrunks T of H

� t is the number of proper multitrunks of H

� t = f10.7(f10.10(H), k)

� s′ = s′9.19(`, n, 1, t)

� r = max{`nt, f10.5(k,m, t′), t′9.19(`, n, 1, t)}

� t′ = r + ntf9.19(`, n, t) + 1

Any S-wall of size at least t contains k disjoint H-expansions if S is an H-candidate.

We claim that the minimal function fH satisfying the following conditions is a vertex-
Erdős-Pósa function for H.

� fH(k)−8·2mg(k)−2fH(k−1)
3 > f6.2(t′9.2(r, s′))

� fH(k) ≥ r + t′

� fH(k) ≥ r + g10.5(k,m, t′) + nTf9.19(`, n, t)

� fH(k) ≥ f10.5(k,m, t′)

Assume that there is a counterexample to fH being a vertex-Erdős-Pósa function
for H. Let (G, k) be a minimal counterexample and let {a1, . . . , an} be the set of labels
in H. By Lemma 10.2, there is a tangle TEP of order f6.2(t′9.2(r, s′)) in G with the
property that there is no H-expansion on the T -small side for any separation in TEP .
By Theorem 6.2, there is a wall W in G of size at least t′9.2(r, s′) such that the tangle
induced by W is a truncation of TEP . By Theorem 9.2, there is a set Z of size at most r
and a set A′ ⊆ {a1, . . . , an} such that there is an (A′, s′)-top labelled wall W0 of size
at least 2r that lies in the TW -large block L of G − Z. Moreover, there are no vertices
labelled with labels in {a1, . . . , an} \A′ in L and TW0 is a truncation of TW .

The idea of the proof goes as follows. We want to construct an S-wall of size at least t
for some bridge sequence S that is an H-candidate. Then we apply Lemma 10.10 and
Corollary 10.7 to find k disjoint H-expansions, which would be a contradiction. If we
cannot construct an S-wall, then we obtain a vertex hitting set.

By Proposition 10.5, there is a set Y of size at most g10.5(k,m, t′) such that in G− Y
the expansion of every component of H in an H-expansion cannot be separated from
the branch vertices of W0 by fewer than t′ vertices. As |Y ∪ Z| ≤ fH(k), there is an H-
expansion (H ′, π) in G−Y −Z. Let C be a 2-connected component of H and let (C ′, π′)
be the C-subexpansion of (H ′, π). In G− Y − Z there are at least t′ − |Z| ≥ 2 disjoint
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paths from C ′ to branch vertices of W0. By 2-connectivity of C, this implies that C ′ is
contained entirely within L. In particular, any label γ that occurs in C also occurs in
L, which implies that γ ∈ A′. As the component C has the vertex-Erdős-Pósa property,
its label homogeneity is at most 2. Consequently, any wall of size at least `nt that is
(A′, t)-top labelled contains a nice C-expansion. Keep this in mind when we construct
an S-wall and we want to show that some bridge sequence S is an H-candidate.

Let T̃ be the set of proper multitrunks of H such that each trunk inside of this
multitrunk is either unlabelled or γ-labelled for some γ ∈ A′. For a multitrunk T ∈ T̃
with M+

T = ∪T∈TM+
T = {M+

1 , . . . ,M
+
` } and i ∈ [`], define Bi to be the set of L-

bridges B such that M+
i �` B+. Let Ai be the set of anchors of bridges in Bi. As in

the 1-connected case we apply Lemma 9.19 to A1, . . . , A` and W0. Either there is a set
of at most f9.19(`, n, t) vertices that separates some Ai from the branch vertices of W0

or there is a subwall W1 of W0 and an (A1, . . . , An,W1)-connector of size t that ends
cleanly in W0. Note that W1 is (A′, t)-top labelled since W0 is (A′, s′)-top labelled.

Assume first that there is an (A1, . . . , An,W1)-connector P of size t that ends cleanly
in W0. It follows that W1 together with P and the bridges of L that W0 is connected to
through P, create an expansion of an S-wall W ∗ of size t. The bridge sequence S contains
for each γ ∈ A′, the bridge B+

γ and for each maximal bridge M+
i , a part corresponding

to this bridge. We will show that S is an H-candidate. This means we need to show that
for any component C of H, there is a nice C-expansion in a sufficiently large S-wall.

We do not need to check this when C is 2-connected because of a previous remark. Let
C be a 1-connected component and let T ∈ T be a trunk of C. As T is proper, it holds
that T is proper and since each component of H has the vertex-Erdős-Pósa property
T has to be feasible. If T is γ-labelled, then |M+

T | ≤ 1 and any admissible bridge
sequence of minimum length contains B+

γ , otherwise |M+
T | ≤ 2. Now S contains B+

γ by
choice of T to contain only those γ-labelled trunks such that γ ∈ A′. Furthermore, for
each maximal bridge B ∈ M+

T , there is a part P in S such that B+ �` P+. Then, a
sufficiently large S-wall also contains a C-expansion.

It follows that S is an H-candidate. By Corollary 10.7 and Lemma 10.10 and as W ∗

is a S-wall of size at least t, there are k disjoint H-expansion in W ∗ and thus, in G. This
is a contradiction as (G, k) was a counterexample.

Therefore for each proper trunk T ∈ T̃ , we may assume that there is a vertex set XT

of size at most f9.19(`, n, t) such that there is an M+ ∈ M+
T such that XT separates all

L-bridges B with M+ �` B+ from the branch vertices of W0. Observe that this cannot
be true if H contains only 2-connected component (there are no bridges to separate
from the branch vertices of W0). Let X = Z ∪ Y ∪

⋃
T∈T̃ XT. The size of X is at most

r + g10.5(k,m, t′) + ntf9.19(`, n, t) ≤ fH(k).

As |X| ≤ fH(k), there is still a labelled H-expansion (H ′, π) in G−X. Let C1, . . . , Cn
be the 1-connected components of H and for i ∈ [n], let (Ci, πi) be the Ci-subexpansion
of (H ′, π). By property of Y , for i ∈ [n], there are at least t′ disjoint paths from C ′i to
branch vertices of W0 in G− Y . Consequently, in G−X there is at least one path from
C ′i to a branch vertex of W0. For i ∈ [n], apply Lemma 9.11 to C ′i to find a trunk Ti of
Ci such that the set Si of vertices in H whose branch sets in C ′i intersect L is a subset
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of Ti. Furthermore, for all bridges M of Ti there is an L-bridge B such that M+ �` B+.
For each i ∈ [n], let T ′i be a proper trunk of Ci such that M+

T ′i
�`M+

Ti
and such that it

is unlabelled if T is unlabelled, and γ-labelled if T is γ-labelled. Similar to the proof for
the 1-connected case, for T’ = {T ′1, . . . , T ′m} at least one of the bridges of L containing
the expansion of a maximal bridge of T’ should have been separated from the branch
vertices of W0. But this is not the case, which is a contradiction. Therefore, X is a vertex
hitting set of size at most fH(k). This means that (G, k) was not a counterexample to
fH being a vertex-Erdős-Pósa function for H, which is a contradiction and finishes the
proof when H contains only maximal components.

Finally, we will show that the theorem is also true when H does contain components
that are not maximal. Let H ′ be the union of maximal components of H. For any
component C in H − H ′, there is a component C ′ of H ′ such that C �` C ′. First,
we need to check that H ′ also satisfies the requirements of Theorem 10.1. Since all
components of H ′ are maximal in H ′ and in H, all maximal components of H ′ have the
vertex-Erdős-Pósa property. Additionally, no two components of H ′ may form a bad
linkage since these maximal components would form a bad linkage in H as well. By
assumption, it follows that H ′ has the vertex-Erdős-Pósa property with vertex-Erdős-
Pósa function fH′ .

Let m be the number of components in H. Let k be any positive integer and let G be
any graph. There are either mk disjoint H ′-expansions in G or a set of at most fH′(mk)
vertices intersecting all these expansions. Suppose there are mk disjoint H ′-expansions.
In other words, there are k expansions of m · H ′. Clearly, H ⊆ m · H ′ as H ′ contains
all maximal components of H and m copies of each at that. This means that in this
case there are k disjoint labelled H-expansions in G. Otherwise, if there is a set of at
most fH′(mk) vertices intersecting all H ′-expansions, then this set also intersects all
H-expansions since each H-expansion contains an H ′-expansion. It follows that H also
has the vertex-Erdős-Pósa property with vertex-Erdős-Pósa function fH(k) = fH′(mk)
and we are done.
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nected minors”. manuscript.

[17] H. Bruhn, F. Joos, and A. Ulmer. “Erdős-Pósa property for labelled minors: dis-
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[30] F. Mousset et al. “A tight Erdős-Pósa function for long cycles”. In: J. Combin.
Theory (Series B) 125 (2017), pp. 21–32.

[31] M. Pontecorvi and P. Wollan. “Disjoint cycles intersecting a set of vertices”. In:
J. Combin. Theory (Series B) 102 (2012), pp. 1134–1141.

150

https://doi.org/https://doi.org/10.1016/S0095-8956(02)00013-8
http://www.sciencedirect.com/science/article/pii/S0095895602000138
http://www.sciencedirect.com/science/article/pii/S0095895602000138
https://doi.org/https://doi.org/10.1016/0095-8956(84)90026-1
http://www.sciencedirect.com/science/article/pii/0095895684900261
http://www.sciencedirect.com/science/article/pii/0095895684900261


Bibliography

[32] R. Diestel. Graph Theory (5th edition). Springer-Verlag, 2017.

[33] J.-F. Raymond, I. Sau, and D. M. Thilikos. “An edge variant of the Erdős–Pósa
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