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Abstract

This thesis will discuss the application of numerical methods to different complex
quantum systems. We will present the successful application of the chopped ran-
dom basis optimal control algorithm (CRAB) to these systems. This includes the
optimization of the dynamics of quantum many body systems. For this purpose the
possibility of the application of modern tensor network algorithms such as DMRG
with the CRAB algorithm is exploited. In all these cases a direct connection to
experimental implementations is important to keep. Furthermore, we use these nu-
merical methods to implement a very generic formulation of quantum gauge theories
and perform ground state calculations as well as, for the first time, extended dy-
namical simulations.
The CRAB algorithm is employed in the experimental creation of spin squeezed
states. These states allow for measurements with improved precision and has many
applications in the field of metrology, for example in atomic clocks. We show how
the effect of different sources of noise can be reduced in experiments using optimal
manipulation of the system parameters. At the same time the optimization allows
to achieve the best squeezed states achievable.
The successful implementation of optimal pulses is presented in an optical lattice
experiment realizing the Bose-Hubbard model. The dynamical transfer from the
superfluid to the Mott insulator phase exhibited by the model is typically achieved
by an adiabatic ramp of the relevant system parameters. We show that an optimal
pulse, entirely obtained by numerically simulating the experimental setup, can dir-
ectly be used allowing to perform the transition an order of magnitude faster than
with the adiabatic approach.
Finally, we show how one can describe quantum electrodynamics in a lattice for-
mulation with finite local Hilbert space. This formulation can be implemented in
tensor network algorithms allowing for detailed ground state calculations as well
as simulations of out-of equilibrium dynamics. We show the real-time dynamics of
string breaking using the property of quantum electrodynamics to show confinement
in one spatial dimension. Additionally, we investigate the scattering properties of
dynamical mesons under the viewpoint of quantum information concepts.
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1 Introduction

It’s been a bit more than 100 years since the first ideas of quantized radiation have
revolutionized the basic understanding of nature. Moving from a continuous world
towards a discretized one needed a lot of effort from the early quantum physicists.
Such a deep change in a fundamental paradigm of physics was not of everyones taste,
but the striking elegance and the early successes in experimental works [1, 2] were
hard to ignore. More and more theoretical work was put into this approach giving
enlightening explanations for long-standing problems in physics [3, 4, 5].
A theory for a new mechanics was built, putting all these ideas into a consistent
framework. Then, a quantum theory of electrodynamics was formulated and finally,
a theory for the description of the nature of matter and energy down to the scales
of the nuclei of atoms which forms the standard model of particle physics. In the
course of time, this explosion of knowledge has given a lot of new technology to
humanity, such as the laser [6], the transistor [7] or magnetic resonance imaging [8].
But more importantly, a whole new world for scientific and technological exploration
was opened and we are just on the verge to exploit its full potential.
The last decades have brought new, exciting experimental possibilities for the direct
control and manipulation of single quantum objects, which allow the study of many
aspects of fundamental quantum physics and the technical realization and control
of complex quantum systems. So phenomena like quantum teleportation, squeezing
or Bose-Einstein condensation could directly be observed.
Simultaneously, the development of computers launched a new branch of physics,
computational physics. Many problems unsolvable in analytic calculations such as
the differential equation in fluid dynamics and plasma physics can be efficiently
simulated on a computer. But also in quantum physics numerical methods were
developed to address complex problems. Energies and wavefunctions of quantum
mechanical systems can be straightforwardly obtained providing a matrix represent-
ation of the Hamilton operator. Time evolutions can be simulated using appropriate
matrix exponent algorithms, such as Runge-Kutta [9].
These methods, however, break down on larger quantum systems. Typically, the
Hilbert space growths exponentially with the system size so that direct computa-
tion methods struggle with the finite processing power of modern computers. More
clever approaches have then be developed, most notably the quantum Montecarlo
algorithms [10] and density matrix renormalization group (DMRG) [11], which it-
self opened a wider range of research on related algorithms, called tensor network
algorithms. In this thesis we will also adopt such a method for many-body calcula-
tions, as introduced below in Section 2.1.
By the present day, the precise control of quantum systems has reached a level on
which one can mimic complex quantum systems, which still go beyond numerical
possibilities, by using an experimental setup where the necessary dynamics gets arti-
ficially implemented through external control tools. Such a quantum simulator, first
envisioned by Richard Feynman [12], was already realized for instance in the analog
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1 Introduction

simulation of the Bose-Hubbard model with cold atoms in an optical lattice [13] or
in a digital way with ion chains as one application of a quantum computer. More
complex setups for quantum simulators have been proposed which will ultimately
form a versatile tool for a large range of physical models [14, 15].
Towards the realization of more advanced quantum simulators, however, more gen-
eral problems will play a role, such as decoherence or the implementation of exotic
interactions. In order to tackle such problems, optimal control theory has been
studied and applied to different quantum systems throughout the past decades. As
presented in more detail below in Section 2.2, quantum optimal control has evolved
a lot through time and it is successful to realize processes and artificial states which
would be difficult, or even impossible, to achieve with standard methods.
With the introduction of the chopped random basis algorithm (CRAB), also the ef-
ficient optimization of quantum many-body systems became feasible [16]. It allows
to directly use the advanced methods of the tensor network ansatz to perform the
optimization efficiently. This is achieved by performing a direct search optimization
algorithm, such as the Nelder-Mead algorithm, on a pulse which is represented by
a small set out of a complete set of basis functions. Furthermore, this makes it
straightforward to replace the numerical simulation with the output of an experi-
ment [17]. Recent investigations have shown the conceptual reasons for its success
allowing for further improvements on the method which has led to an enhanced
version introduced as the dressed-CRAB algorithm [18, 19].
In Chapter 3 and 4 we apply the CRAB algorithm to two very distinct models,
squeezing in a collective spin and the creation of a bosonic Mott-insulator state,
showing the versatile applicability of the method. In both cases we perform numeric
calculations simulating the physical setup and use especially tailored quantities to
control the desired outcome.
Spin squeezing allows for a very precise measurement of one collective spin compon-
ent by relaxing the precision on an orthogonal degree of freedom. It has been used
already to improve the precision of the readout of Ramsey spectroscopy as it is used
in modern atomic clocks [20]. Current methods to create a spin squeezed state suffer
from different disadvantages. Some take a lot of time making the process sensitive
to noise and decoherence, others are hard to implement or don’t reach high degrees
of squeezing.
Optimal control can be used to tailor the desired interactions to provide the perfect
trade-off between different methods to create the best achievable squeezing for a
given system. Here, we study the two most suitable protocols for the creation of
spin squeezing and optimize its parameters using a pulse maximizing the degree
of squeezing by minimizing the effect of different sources of noise. The presented
method is generally applicable for different experimental setups and serves as a mo-
tivation for its potential especially when directly applied in an experiment.
The bosonic Hubbard model provides rich possibilities for future experiments in
the fields of condensed matter physics, quantum information or high energy physics
[21]. An important process for such experiments is the superfluid to Mott-insulator
quantum phase transition. It is usually studied by loading a Bose-Einstein con-
densate into an optical lattice. The lattice depth gets increased slowly so that the
single atoms of the condensate localize and form an artificial crystal-like structure
(the Mott-insulator). It has first been realized in the ground-breaking experiment
by Greiner et. al. [13] implementing the Bose-Hubbard model as proposed in Ref.
[22].
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The larger the system becomes, the slower the transition to the Mott-insulator has to
be performed as the energy gap between the ground state and the first excited state
closes towards the thermodynamic limit at the phase transition point. This leads
to problems, as the longer the transition takes, the more heating and decoherence
processes affect the fidelity achievable at the final state. This makes it important to
find faster pulses for this process.
It has been shown that using optimal control can perform a dynamical process in
a non-adiabatic way and with the CRAB algorithm such a control can also be per-
formed in many body-systems such as the Bose-Hubbard model [16]. Here, we show
how with numerical simulations of an experimental setup one can speed up the
phase transition process by an order of magnitude. The numerically obtained pulse
was successfully implemented into the experiment and it has been shown that the
reached time-scale even saturates the quantum speed limit [23].
One proposal for a possible application of a quantum simulator is presented in this
thesis in Chapter 5. It presents a lattice model of a quantum gauge theory which is
usually a topic of high energy physics. The approach presented here shows how one
can treat a gauge model within the framework commonly used in AMO physics and
examples of interesting physics revealed already in the most basic of such models.
We present a full investigation of the ground state phase diagram as well as out-
of-equilibrium calculations exhibiting the interesting dynamics of string breaking of
a quark-antiquark pair, the spreading of field and matter into the vacuum as well
as the collision of dynamical mesons. Furthermore, we use the possibilities of the
tensor network method to study the dynamics and creation of entanglement in gauge
theories.
In addition to the presentation of the physics and possible applications, the presented
study serves also as a benchmark and a quantitative measure for quantum simulat-
ors implementing such models. Possible quantum simulators in two, and especially
three dimensions go beyond the current computational possibilities. In expansions
of the models used here, one could imagine similar models simulating the whole
physics of quantum electrodynamics in three dimensions.
In summary, in the present thesis we investigate three complex quantum mechan-
ical models with advanced numerical methods and study their static and dynamical
properties. We present a detailed analysis of the state-of-the-art methods for the cre-
ation of spin-squeezed states and a promising method to improve currently achieved
squeezing strengths. Then, we present the applicability of the CRAB optimal control
algorithm on the Bose-Hubbard model with a direct connection to its real experi-
mental realization. Finally, we introduce a deep numerical investigation of a lattice
gauge model linking the methods of high energy physics with methods of quantum
optics and benchmarking future quantum simulators.
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2 Background methods

2.1 Tensor network algorithms

Tensor network algorithms are a set of lately developed numerical methods for the
treatment of strongly correlated quantum systems mainly in one dimension. They
exploit a certain approach to represent quantum states which allow for a meaningful
truncation of the Hilbert space. As in a quantum many-body system the Hilbert
space grows exponentially in general, such a truncation can reduce the numerical
cost a lot.
We will introduce the matrix product state (MPS) representation as a major ex-
ample for such a method below, including the main algorithms used in this thesis.
Further important examples are matrix product operators (MPO), tree tensor net-
works (TTN), multiscale entanglement-renormalization ansatz (MERA) and pro-
jected entangled-pairs states (PEPS) which represent efficient ways to investigate
open quantum systems, implement periodic boundary conditions or to treat higher
dimensions.

2.1.1 Matrix product states

Matrix product states (MPS) are the most widely used tensor network ansatz for the
solution of numerical problems, and historically the first one. They were introduced
first in analytical studies under a variety of different names [24]. In numerical physics
they became interesting after realizing the connection of MPS to the very successful
DMRG method [25, 26]. It turned out that DMRG variationally optimizes over a
set of states which can be represented as MPS.
An MPS is defined as follows. Assuming some pure quantum many-body state with
a local Hilbert space dimension d

|ψi =
d�

s1,...,sL

cs1,...,sL |s1, . . . , sLi (2.1)

one can reformulate the constants cs1,...,sL using matrices of dimension (χ× χ) as

cs1,...,sL =

χ�

a1,...,aL−1

As1
a1
As2

a1,a2
. . . AsL−1

aL−2,aL−1
AsL

aL−1
. (2.2)

The sums represent matrix multiplications, thus the name matrix product state.
The parameter χ ≤ D, where D = dL is the dimension of the full Hilbert space,
serves as the size of the truncated Hilbert space. We will discuss below, how the
truncation is carried out.
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2 Background methods

First, we show how the MPS representation can be obtained starting from the state
|ψi in Eq. 2.1. In general there are several ways to create an MPS-state [24]. But
for our purposes it is enough to describe a method which leads to left-canonical
matrix product states. Here we decompose the state from the left to the right with
the help of the singular value decomposition (SVD). The SVD can be applied to any
rectangular matrix M with dimensions (dA×dB) resulting in three matrices denoted
as

M = USV †, (2.3)

with the two unitary matrices U (dimension dA ×min(dA, dB)) and V † (dimension
min(dA, dB)×dB) and the diagonal matrix S (dimension min(dA, dB)×min(dA, dB)).
The entries of S are the singular values, non-negative real numbers, and we assume
them to be in descending order.
Now we reshape the vector cs1,...,sL into a matrix Ψs1,(s2,...,sL). On this matrix we
perform the SVD

cs1,...,sL = Ψs1,(s2,...,sL) =
d�

a1

Us1,a1Sa1,a1V
†
a1,(s2,...,sL)

=
d�

a1

As1
a1
ca1,s2,...,sL , (2.4)

where we reformulated Us1,a1 as a set of row vectors As1
a1

and reshaped the product

of the remaining two matrices back into a vector ca1,s2,...,sL = Sa1,a1V
†
a1,(s2,...,sL)

. In a
next step, this vector is reshaped again into a matrix ca1,s2,...,sL = Ψ(a1,s2),(s3,...,sL) on
which another SVD is performed. This procedure can be repeated until the whole
state is decomposed into A-matrices.
This decomposition alone gives no advantage for its need for computational re-
sources. The dimension of the A-matrices will grow exponentially with each decom-
position step for the matrix product to cover the complete Hilbert space. Here we
use the singular values to identify the subset of basis states which represent the ex-
act state up to a small error �. As all singular values are normalized as

�
n S

2
n,n = 1

one can neglect all states which combined only contribute � to the total norm. In
practice one can fix a number χ < D for which in any case

�
n>χ S

2
n,n ≤ � holds.

With the definition of this number, sometimes in literature also called m or D and
named the bond dimension, we conclude the derivation of Eq. 2.2.
Sometimes it is useful to keep track of the singular values after each decompos-
ition step. This can be done by a matrix division for each A-matrix so that
Asl

al−1,al
= Sal−1,al−1

Γsl
al−1,al

, introducing the Γ-matrices. One has to be careful to
avoid numerical problems during this operation, as one might need to make a divi-
sion with very small numbers. Though keeping these aside one gets an alternative
matrix product representation [27]:

cs1,...,sL =

χ�

a1,...,aL−1

Γs1
a1
Sa1,a1Γ

s2
a1,a2

. . .ΓsL−1
aL−2,aL−1

SaL−1,aL−1
ΓsL
aL−1

, (2.5)

with Γs1
a1

= As1
a1

and ΓsL
aL−1

= AsL
aL−1

.
This representation allows direct access to the singular values which are closely
related to the eigenvalues of the reduced density matrix ρA = TrB={l+1,...,L}(|ψi�ψ|)
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2.1 Tensor network algorithms

as

ρA = TrB(|ψi�ψ|) (2.6)

= TrB


�

al,a
�
l

Sal,alSa�l,a
�
l
|aliA|aliB B�a�l|A�a�l|


 (2.7)

=
�

al

(Sal,al)
2|aliA A�al|, (2.8)

where we denoted

|aliA =
�

s1,...,sl

�

a1,...,al

(Γs1
a1
Sa1,a1Γ

s2
a1,a2

. . .Γsl−1
al−2,al−1

Sal−1,al−1
Γsl
al−1,al

)al |s1, . . . , sli (2.9)

and |aliB accordingly.
This relation allows us to directly calculate the von Neumann entropy

S = −TrρA log2 ρA = −
�

n

(Sn,n)
2 log2

�
(Sn,n)

2
�
, (2.10)

where we already used the expression λn = (Sn,n)
2 for the eigenvalues of the reduced

density matrix ρA. The von Neumann entropy not only is a fundamental quantity
in quantum information, where it is also known as entanglement entropy, it is also
used to understand the reason why the truncation of the Hilbert space as it is done
here works well for numerical simulations of quantum many body systems.
The so-called area laws predict for gapped ground states of short-ranged Hamiltoni-
ans that the von Neumann entropy grows proportionally to the surface of the subset
used to create the reduced density matrix [24]. In one dimension the von Neumann
entropy is a constant, independent of the size of the subset itself. For 2D-systems the
entropy grows linearly, for 3D with a cubic law and so on. In a simplified picture, as
the maximum value of the von Neumann entropy for a D-dimensional Hilbert space
is Smax = log2 D, in general one can say that 2S basis states are needed to represent
an entangled state with entropy S. Making use of the area law, in one dimension
one would need 2const basis states, so a very small fraction of the total Hilbert space.
This property is exploited in MPS algorithms, and tensor network algorithms in
general. For 2D systems the necessary Hilbert space would scale exponentially as
2L, which makes the application of the same methods challenging.
For gapped systems we can therefore well describe the ground states using a very
small Hilbert space. The most interesting physics, however, often happens in critical
systems with a gapless ground state. Also for those cases we have an area law; in
one dimension the von Neumann entropy scales as S ∼ log2 L leading to a linearly
rising amount of states in our truncated Hilbert space. Obviously, this scaling is less
favorable as in the non-critical regime, but it turned out that for most cases this
scaling doesn’t limit us too much in many-body simulations using MPS algorithms.

2.1.2 Time evolution using matrix product states

One big advantage of tensor network algorithms is the possibility to perform ima-
ginary or real time evolutions. Imaginary time evolutions are an appropriate way for
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2 Background methods

the investigation of ground states whereas real time evolution is crucial to study the
complex dynamics in and out of equilibrium of quantum many body systems. Several
approaches are possible to implement in the MPS-framework, using matrix product
operators (tMPS), an adjusted version of DMRG (tDMRG) or time-evolving block
decimation (TEBD) [24, 28]. Here we present TEBD as it was used throughout the
many-body calculations performed in this thesis.
For TEBD we use a matrix product state representation as shown in Eq. 2.5.
This representation, in addition to the straightforward computation of the von Neu-
mann entropy, allows for an easy block-building needed for the implementation of
the algorithm. Additionally, we assume that our Hamiltonian of interest contains
only interactions between neighboring lattice sites so that we can write the total
Hamiltonian like

H =
n�

l=1

K
[l]
1 +

n−1�

l=1

K
[l,l+1]
2 . (2.11)

This allows us to split the whole Hamiltonian in two parts, such that H = F + G
with

F =
�

even l

F [l] =
�

even l

K
[l]
1 +K

[l,l+1]
2 , (2.12)

G =
�

odd l

G[l] =
�

odd l

K
[l]
1 +K

[l,l+1]
2 (2.13)

so that [F [l], F [l�]] = 0, [G[l], G[l�]] = 0 and [F [l], G[l]] 6= 0.

The time-evolution operator U = e−iHt can be expressed as a product U =
�
e−iHδ

�T/δ
.

This allows us to use a Trotter expansion to decompose U into independent two-
body operators e−iF [l]δ for even l and e−iG[l]δ for odd l [28].
The Trotter expansion in first order is just a naive factorization e−i(F+G)δ = e−iF δe−iGδ,
in second order it becomes e−i(F+G)δ = e−iF δ/2e−iGδe−iF δ/2. Higher orders are pos-
sible to reduce the error in using this expansion further, but a balance has to be
found between an appropriate order and the numerical effort for the increasing num-
ber of matrix multiplications.
Having put the time evolution operator in the desired shape, we need to perform
its action on the matrix product state. This is done by performing each two-body
operation successively. One operation on site l is performed by reshaping the all the
relevant matrices into one large vector

Θsl,sl+1 =
�

al−1,al,al+1

Sal−1,al−1
Γsl
al−1,al

Sal,alΓ
sl+1
al,al+1

Sal+1,al+1
, (2.14)

on which we act the evolution operator, e.g. e−iF [l]
, by matrix multiplication. After-

wards, the altered Θ-vector hast to be reshaped back into S and Γ matrices. This
is done by an SVD on Θ being rehaped into a matrix. The SVD leads to the new
diagonal values for Sal,al , the Gamma matrices are obtained by dividing U by the
original Sal−1,al−1

, and V † by the original Sal+1,al+1
. One has to be careful though,

the number of new singular values is generally higher than χ. This means that all
the smaller singular values, with the according rows and columns in U and V have to
be truncated. After this restoration process, the next pair of sites can be calculated.
As imaginary time evolution, with an evolution operator Ui = e−Ht with sub-

8



2.2 Quantum Optimal Control

sequent normalization, this algorithm can efficiently calculate the ground state of
the Hamiltonian. For an out-of-equilibrium real time-evolution, this algorithm is
limited by a linear build up of entanglement according to the Lieb-Robinson the-
orem [24]. For many instances, this limitation is not too serious and one can perform
good time-evolutions for comparably long time-scales, as we will also show in this
thesis.

2.2 Quantum Optimal Control

Quantum physics has evolved a lot since the early years of Planck, Heisenberg
and Schrödinger. Today, engineering quantum states with atoms, ions, molecules,
photons and other setups are reality in experiments. They pave the ground for
technical applications in the field of material science, information technology, met-
rology and others. As experiments become more evolved and as those technologies
get closer to practical implementations, quantum optimal control (QOC) plays an
important role in the improvement and realization of the necessary tools.
Since three decades, the application of optimal control theory to problems in quantum
physics has evolved. Initially, enhanced control was created through manual guess
and intuitive pulse sequences in NMR-imaging and site-specific manipulation of
polyatomic molecules. This was given a more solid base when the numeric search
for optimal pulses was introduced [29, 30]. The idea was to formulate a problem of
a desired quantum mechanical process in the language of classical optimal control
theory and apply the corresponding methods, such as Krotov’s algorithm [31].
QOC problems were then formulated and investigated in several fields, first for ap-
plications in NMR and molecule manipulations [32, 33, 34, 35]. Then its potential
was understood in the context of quantum information theory, where optimal pre-
paration schemes and improved realizations of quantum gates in atomic quantum
computation setups were proposed [36, 37, 38, 39]. The methods for quantum op-
timal control where refined and improved in the process [40] which lead to the
concept of the quantum speed limit and a deeper understanding in the controllab-
ility of quantum systems from an information analytical point of view [23, 18].
One obstacle was common, though, in all the methods used for quantum control
so far. The algorithms became practically unsuitable when applied to the complex
problem of quantum many-body systems. The gradients which were used in the
standard algorithms in quantum optimal control need a huge computational effort
to be calculated in the high dimensional spaces in a system with many quantum
objects. A way out of this problem was proposed in a gradient-free algorithm em-
ploying a direct search method for the minimization problem and was named the
chopped random basis algorithm (CRAB) [16, 41].
Below, we will introduce the CRAB algorithm in more detail and how it can be
applied to quantum optimal control problems. In this thesis, the CRAB algorithm
is the key method to address the optimization of the creation of spin squeezed states
in Chapter 2 and the optimal phase transition crossing in the Bose-Hubbard model
presented in Chapter 3.

9



2 Background methods

2.2.1 The chopped random basis algorithm

The chopped random basis algorithm (CRAB) aims to find the optimal dynamics of
a quantum system to reach a quantum state with a certain desired set of properties.
For this procedure it is not required to assume a closed quantum system and one can
easily implement constraints on the dynamics required because of experimental lim-
itations or underlying properties of the studied model. The concept of the algorithm
consists of a quantum dynamics governed by external, time-dependent parameters
whose strengths can be varied in such a way that the required set of properties for
the final state are met, and the time to reach such a state is minimized.
For the following discussion we assume only one time-dependent external parameter
to be optimized, the extension to more parameters can be trivially achieved. Fur-
thermore, we assume the dynamics to be governed by a Hamiltonian

H(t) = H0 + γ(t)H1 (2.15)

with the time-dependent parameter γ controlling the contribution of the Hamilto-
nian H1 in the time interval t ∈ [0, T ] in addition to the independent term H0. The
function γ(t) can have any shape in general and there is a function, which doesn’t
need to be unique, which leads to an optimal result in the end of the time evolution
[29].
Like for any function, one can find a basis of functions fn(t) and expand γ(t) on to
that basis

γ(t) =
∞�

n=0

anfn(t), (2.16)

with the parameters an. However, it is possible to solve the optimal control problem
even for a small set of basis functions, setting the upper bound of the sum in Eq.
2.16 to a value N < ∞ [18]. This allows to reduce the optimization problem to a
minimization problem in an N -dimensional parameter space. This minimization can
be carried out with any direct search minimization algorithm such as the Nelder-
Mead simplex algorithm [42].
In practice one chooses the Fourier-basis fn(t) = an sin(ωnt) + bn cos(ωnt) with ran-

domized frequencies ωn = 2πn(1+rn)
T

around the principal harmonics with a random
value rn ∈ [−0.5, 0.5] which improves the convergence properties [41]. This random-
ization, however, creates pulses which may not satisfy the boundary conditions as
one wants to ensure that γ(0) and γ(T ) fulfill values compatible with the system of
interest. This condition can be easily enforced, however, by introducing a weight
function

λ(t) = Ae−at + Beb(t−T ) + 1, (2.17)

with appropriately chosen parameters A, B, a and b. This leads us to the complete
chopped random basis representation of the control pulse γ(t) as

γ(t) = b0 +
1

λ(t)

N�

n=1

an sin(ωnt) + bn cos(ωnt). (2.18)

By fixing the constant offset b0 one has to perform a minimization with 2N paramet-
ers. We have to feed the minimization algorithm with a certain figure of merit (FOM)
which describes in one number the resulting state after the evolution. This FOM
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2.2 Quantum Optimal Control

could be the infidelity F̃ = 1 − |�ψT |ψfi|2 setting in direct comparison the desired
final state |ψfi with the state obtained through the time evolution |ψT i. Sometimes
this value might be difficult to obtain, though. In that case one can choose a FOM of
any kind which represents the final state and is easy to calculate with the numerical
method used to perform the time evolution, or easy to extract from an experiment
which is directly implemented with the CRAB algorithm [41, 17].
The CRAB algorithm has been successfully applied throughout the past years in
many quantum systems, including many body problems and has shown to give
results at the quantum speed limit, which is the theoretical limit achievable in a
quantum evolution, for time-crucial problems [43, 44, 45, 46, 47, 48]. Recent devel-
opments have also addressed the problem of local traps when a control with con-
straints is used [49]. These adjustments create an important improvement upon the
CRAB algorithm and were introduced under the name dressed CRAB (DCRAB)
which removes local traps and allows to reach the optimal solution for the given
system with the allowed constraints [19].
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3 Optimal creation of spin squeezed
states

3.1 Introduction

First discussed in the context of gravitational wave detection [50], squeezed states,
which allow a very precise measurement of a certain set of observables, were soon
described as a broader concept [51]. A lot of interest has developed in this field
as the concept exploits the physical possibilities determined by Heisenberg’s uncer-
tainty principle. In the popular description, the simultaneous measurement of the
position and velocity of a particle is limited. But this limitation is also true for the
phase and amplitude of an electromagnetic wave or two orthogonal components of
a spin.
It will be this last example on which this chapter will be focusing on. While the
simultaneous measurement of both spin components is limited, the measurement of
one component can be squeezed, while the other is stretched improving the precision
on measuring the first. Such spin squeezed states give the possibility to overcome
standard limitations in spectroscopy and quantum metrology [52, 53].
As all the advantages of spin squeezed states are known in theory, the practical real-
ization of them is a challenging task. Different proposals have been developed in the
following, the most important ones were introduced by Kitagawa and Ueda [54] and
by Sørensen and Mølmer [55]. Kitagawa and Ueda proposed two different methods
which allow the production of squeezing by the application of a static Hamiltonian.
Sørensen and Mølmer on the other hand introduced a time-dependent Hamiltonian
which adiabatically builds up spin squeezing.
In this chapter we will introduce squeezed states in the framework of a harmonic
oscillator and discuss their basic properties. In Section 3.3 we will describe how
squeezed states are described as a density matrix and introduce useful representa-
tions thereof. Then we discuss spin squeezing, how it can be defined and how it can
be used.
In the last section of this chapter we will describe two of the techniques for spin
squeezing production and discuss how quantum optimal control can be used to ef-
ficiently improve current methods. The improvements shown reflect both, maximal
spin squeezing as well as the stability of the method under the influence of different
sources of noise.
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3 Optimal creation of spin squeezed states

3.2 Squeezing in a harmonic oscillator

We define the Hermitian quadrature phase operators for a harmonic oscillator

a = X + iY (3.1)

a† = X − iY. (3.2)

From the commutator of the annihilation and creation operators [a, a†] = 1 we get
for the commutator of the quadrature phase operators

1 = [a, a†]

= [X + iY,X − iY ]

= [X,X]− i[X, Y ] + i[Y,X] + [Y, Y ]

= 2i[Y,X]

=⇒ [X, Y ] =
i

2
. (3.3)

Using the general expression for Heisenberg’s uncertainty principle [59] ΔAΔB ≥
1
2
|�[A,B]i| we obtain for the quadrature phase operators

ΔXΔY ≥ 1

4
. (3.4)

The standard quantum limit is defined as the case of both variances being of the same
size, namely ΔX = ΔY = 1/2, limiting all measurements in their possible precision.
However, the uncertainty principle doesn’t restrict possible measurements to this
special case. In fact, one could consider reducing the variance of the operator X to
an arbitrarily small value just as long as ΔY is large enough to ensure ΔXΔY ≥ 1

4
.

Quantum states which satisfy this condition are called squeezed states.
The harmonic oscillator satisfies the standard quantum limit in the case of a coherent
state. Coherent states are considered as those quantum states which resemble the
behavior of a classical particle in a harmonic potential as close as possible. This
behavior includes the time-constant variances of position and momentum.
One example of a coherent state is the ground state of the harmonic oscillator. That
state can be written in its space representation as

φ0(x) =
�mω

π�

�1/4

e−
1
2

mω
� x2

. (3.5)

The operators for space and momentum are defined in analogy to the quadrature
phase operators as

x̂ =

�
�

2mω
(a† + a) (3.6)

p̂ = i

�
m�ω
2

(a† − a) (3.7)

and the corresponding commutator holds

[x̂, p̂] = i� (3.8)
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3.2 Squeezing in a harmonic oscillator

with the uncertainty relation

ΔxΔp ≥ �
2
. (3.9)

We can show that the equality sign holds for the ground state calculating the re-
spective variances as

Δ2x̂ = �x̂2i − �x̂i2 = �
2mω

(3.10)

Δ2p̂ = �p̂2i − �p̂i2 =
�mω

2
. (3.11)

In general, we can create coherent states with the displacement operator

D(α) = eαa
†−α∗a (3.12)

acting on the vacuum |αi = D(α)|0i, where α is the eigenvalue of the operator a on
the coherent state |αi. All these states satisfy Eq. 3.8 or Eq. 3.4 in the case of the
quadrature phase operators.
Squeezed states, just as coherent states, satisfy the equality sign in the uncertainty
relation. But with those states the variance of one quadrature phase operator is far
reduced with respect to the other, which has just a corresponding increase of its
variance. They can be generated with the squeezing operator

S(ξ) = e
1
2
ξ∗a2− 1

2
ξa†2 (3.13)

acting on the vacuum before displacing it with the displacement operator:

|α, ξi = D(α)S(ξ)|0i. (3.14)

The parameter ξ = reiφ defines the amount of squeezing as it can be seen from the
calculation of the variances of the quadrature phase operators for a squeezed state.
The variance of the operator X is defined as Δ2X = �X2i − �Xi2. Rewriting the
quadrature phase operators using the annihilation and creation operators Eq. 3.1
and Eq. 3.2, the variance for the operator X takes the form

Δ2X = �X2i − �Xi2

=

��
a+ a†

2

�2
�

−
�
a+ a†

2

�2

=

�
a2

4

�
+

�
aa†

4

�
+

�
a†a

4

�
+

�
a†2

4

�
−
�
a+ a†

4

�2

. (3.15)

We calculate these expectation values using the property of the displacement oper-
ator that

D†(α)aD(α) = a+ α (3.16)

D†(α)a†D(α) = a† + α∗, (3.17)
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3 Optimal creation of spin squeezed states

which can be found after rewriting Eq. 3.12 using the Baker-Campbell-Hausdorff
formula eA+B = eAeBe−[A,B]/2 (in the case of [A, [A,B]] = [B, [A,B]] = 0) as

D(α) = e−|α|2/2eαa
†
e−α∗a. (3.18)

Furthermore, we use the equivalent condition for the squeezing operator,

S†(ξ)aS(ξ) = a cosh r − a†e2iφ sinh r (3.19)

S†(ξ)a†S(ξ) = a† cosh r − ae−2iφ sinh r, (3.20)

where we used the notation ξ = re2iφ. We find

�α, ξ|a2|α, ξi = �0|S†(ξ)D†(α)a · aD(α)S(ξ)|0i
= �0|S†(ξ)D†(α)aD(α)D†aD(α)S(ξ)|0i
= �0|S†(ξ)(a+ α)(a+ α)S(ξ)|0i
= �0|S†(ξ)(a+ α)S(ξ)S†(ξ)(a+ α)S(ξ)|0i
= �0|(a cosh r − a†e2iφ sinh r + α)(a cosh r − a†e2iφ sinh r + α)|0i
= �0|− aa†e2iφ cosh r sinh r|0i+ α2

= −e2iφ cosh r sinh r + α2 (3.21)

�α, ξ|a†2|α, ξi = −e−2iφ cosh r sinh r + α∗2 (3.22)

�α, ξ|aa†|α, ξi = �0|(a cosh r − a†e2iφ sinh r + α)(a† cosh r − ae−2iφ sinh r + α∗)|0i
= cosh2 r + αα∗ (3.23)

�α, ξ|a†a|α, ξi = �0|(a† cosh r − ae−2iφ sinh r + α∗)(a cosh r − a†e2iφ sinh r + α)|0i
= sinh2 r + αα∗ (3.24)

�α, ξ|a|α, ξi = �0|(a cosh r − a†e2iφ sinh r + α)|0i
= α (3.25)

�α, ξ|a†|α, ξi = �0|(a† cosh r − ae−2iφ sinh r + α∗)|0i
= α∗. (3.26)
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Putting these results in Eq. 3.15 we get

Δ2X =
1

4

�
−e2iφ cosh r sinh r + cosh2(r) + sinh2(r)− e−2iφ cosh r sinh r

�

+
1

4
(α + α∗)2 − 1

4
(α + α∗)2

=
1

4

�
− e2iφ

1

4

�
er + e−r

� �
er − e−r

�
+

1

4

�
e2r + 2 + e−2r

�

+
1

4

�
e2r − 2 + e−2r

�
− e−2iφ1

4

�
er + e−r

� �
er − e−r

� �

=
1

4

�
− 1

4

�
e2r − e−2r

� �
e2iφ + e−2iφ

�
+

1

2

�
e2r + e−2r

� �

=
1

4
(cosh 2r − cos 2φ sinh 2r) (3.27)

=
1

4

�
e−2r

�
1

4

��
e2iφ + 2 + e−2iφ

�
+ e2r

�
−1

4

��
e2iφ − 2 + e−2iφ

��

=
1

4

�
e−2r cos2 φ+ e2r sin2 φ

�
. (3.28)

From the parameter representation of the ellipse

�
x
y

�
=

�
a cos t
b sin t

�
(3.29)

we can derive a polar representation of the ellipse using r2 = x2+y2 and ϕ = arctan y
x

leading to

r2(ϕ) = a2 cos2
�
arctan

�a
b
tanϕ

��
+ b2 sin2

�
arctan

�a
b
tanϕ

��
. (3.30)

Interpreting a = e−r, b = er and ϕ = arctan (e2r tanφ) one finds that Eq. 3.28
describes an ellipse with φ being equivalent to the parameter t in Eq. 3.29. In Fig.
3.1 some examples of such ellipses are shown.
This ellipse defines the possible variance of the quadrature phase operator X for
every parameter φ. One could also transform the quadrature phase operators in a
rotating frame writing X + iY = (X̄ + iȲ )eiφ keeping the semi-minor axis of the
ellipse parallel to the X̄-axis with the length ΔX̄ = 1

2
e−r and the semi-major axis

parallel to the Ȳ -axis with the length ΔȲ = 1
2
er. A coherent state would be realized

for r = 0 and represented as a circle with radius ΔX = ΔY = 1
2
as described above

as the criterion to satisfy the standard quantum limit.
An equivalent calculation for Y brings us to the corresponding variance Δ2Y =
1
4
(cosh 2r + cos 2φ sinh 2r) and therefore not to a minimum uncertainty value for

ΔXΔY . This condition is only satisfied for φ being a multiple of π/2 where the
major axis of the ellipse is parallel to either ΔX or ΔY . This is always true for the
rotated quadrature phase operators X̄ and Ȳ . Note that the minimal achievable
variance is directly dependent on the parameter ξ introduced with the squeezing
operator Eq. 3.13.
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Figure 3.1: Variance for a squeezed state using the parameter representation Eq.
3.29 with a = 1

2
e−r and b = 1

2
er. The plot shows the transformation of

a coherent state with rmin = 0 (circle) to the elliptic form of a squeezed
state for rmax = 0.25.

3.3 Phase-space representations

In the previous section we looked at perfect coherent and squeezed states and their
properties in phase space. But one might deal with states which require a full dens-
ity operator description, as we will see later in this chapter. Therefore it is required
to have a representation of such density operators which allows us to understand
the properties of such a state in comparison to coherent states and squeezed states
respectively. For the purpose of finding a suitable representation we first have to
discuss a few more properties of coherent states.
A coherent state can be represented in terms of number states by using the com-
pleteness condition of the number states, by writing |αi = � |ni�n|αi. The coeffi-
cients �n|αi can be calculated using the recursive formula �n|αi = �n − 1| a√

n
|αi =

α√
n
�n− 1|αi. Therefore the full expansion can be written as

|αi = �0|αi
�

n

αn

√
n!
|ni. (3.31)

The remaining factor �0|αi can be found using the normalization condition

1 = |�α|αi|2 = |�0|αi|2
�

n

|α|2n
n!

|ni = |�0|αi|2e|α|2 . (3.32)

as �0|αi = e−|α|2/2. Further, we find the completeness relation of the coherent states
by writing the integral

�
|αi�α|d2α =

�

n,m

|ni�m|√
n!m!

�
e−|α|2α∗mαnd2α (3.33)
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where d2α = dRe(α)dIm(α). Changing to polar coordinates we can write

�
|αi�α|d2α =

�

n,m

|ni�m|√
n!m!

∞�

0

rdre−r2rn+m

2π�

0

dθei(n−m)θ =
�

n

π
|ni�n|
n!

∞�

n

d�e−��n

where we used r = |α|, θ = arg(α),
� 2π

0
ei(n−m)θ = 2πδnm and � = r2. Noticing that

the last integral equals n! and using the completeness relation of the number states
we get the completeness relation of the coherent states as

1

π

�
|αi�α|d2α = 1. (3.34)

We use Eq. 3.34 to expand a random operator B in terms of coherent states,

B =

�
|αi�α|B|βi�β|d

2αd2β

π2
, (3.35)

and Eq. 3.31 to express �α|B|βi with number states,

�α|B|βi =
�

n,m

Bnm
α∗nβm

√
n!m!

e−
|α|2
2

− |β|2
2 , (3.36)

where Bnm = �n|B|mi.
By setting α = β we see that the operator B, which is fully described by the
coefficients Bnm, can be expressed by the diagonal elements �α|B|αi. Indeed, the
function BQ(α) = �α|B|αi is known as the Q-representation of the operator B.
Setting the density operator ρ in place of the random operator B we get one of the
most common phase-space representations as

Q(α) =
1

π
�α|ρ|αi, (3.37)

where we included the parameter 1/π to satisfy the normalization condition 1 =
Tr{ρ} = Tr

�
1
π

�
d2α|αi�α|ρ

�
= Tr

�
1
π

�
d2α�α|ρ|αi

�
.

The Q-function can be found explicitly for the states of our interest. The density
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Figure 3.2: Left panel: Q-function of a coherent state according to Eq. 3.39. Right
panel: Q-function of a squeezed state with r = 1, φ = π/4 state accord-
ing to Eq. 3.41.

operator of a coherent state is ρβ = |βi�β|. This gives a Q-representation of

Qβ(α) =
1

π
�α|ρβ|αi

=
1

π
|�α|βi|2

=
1

π
|�0|D†(α)D(β)|0i|2

=
1

π
e−|α|2−|β|2

����0| e−αa†

� �� �
=1

eα
∗aeβb

†
e−β∗b
� �� �
=1

|0i
���
2

=
1

π
e−|α|2−|β|2

���
�

n,m

α∗nβm

n!m!
�0|anb†m|0i

���
2

=
1

π
e−|α|2−|β|2

���
�

n

(α∗β)n

n!2
�0|(ab†)n|0i� �� �

n!

���
2

=
1

π
e−|α|2−|β|2+α∗β+αβ∗

=
1

π
e−|α−β|2 . (3.38)

This function can be rewritten using the explicit complex notation α = αr + iαi for
the complex parameters in the exponent. Doing so we get

Qβ(α) =
1

π
e−|α−β|2

=
1

π
e−|(αr−βr)+i(αi−βi)|2

=
1

π
e−(αr−βr)2−(αi−βi)

2

, (3.39)

20



3.3 Phase-space representations

which is a Gaussian in two variables centered at (βr, βi) in the complex plane (see
Fig. 3.2).
For squeezed states there is a similar computation to get the Q-function. Using the
factorization of the squeezing operator [60]

S(r,φ) =
1�

cosh(r)
e−

1
2
e2iφ tanh(r)a†2 [cosh(r)]−a†a e

1
2
e−2iφ tanh(r)a2 (3.40)

we can calculate the Q-function as [61]

Qβ,r,φ(α) =
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This function describes a Gaussian in two variables with different broadness defined
by r and a rotation angle φ (see Fig. 3.2). The expression becomes more clear when
setting the rotation to φ = 0 where we have

Qβ,r,φ(α) =
1

π cosh(r)
e
− 2(αr−βr)

2

1+e−2r − 2(αi−βi)
2

1+e2r . (3.42)

Note that in the non-squeezed case of r = 0 we find again the expression for the
coherent states (Eq. 3.39). The contours of the Q-function describe ellipses for
squeezed states and circles for coherent states. These compare therefore directly
to the variances we found in the previous section but the Q-function will help us
describe more complex states in a very pictorial way.
As indicated in the introduction of this section there are more usable representations
of density operators related to the Q-function. For completeness reasons I want to
mention them shortly. The best way to put all of them into one picture is to define
the characteristic function

χ(η) = Tr
�
ρeηa

†−η∗a
�
, (3.43)

the normally ordered characteristic function

χN(η) = Tr
�
ρeηa

†
e−η∗a

�
(3.44)

and the antinormally ordered characteristic function

χA(η) = Tr
�
ρe−η∗aeηa

†
�
. (3.45)

These functions define the density operator as the Q-function does. In fact, the Q-
function is the Fourier transform of the antinormally ordered characteristic function,

Q(α) =
1

π2

�
eαη

∗−α∗ηχA(η)d
2η. (3.46)

Other representations can now be found by calculating the Fourier transform of the
other characteristic functions. Using Eq. 3.43 one can define the Wigner function
as

W (α) =
1

π2

�
eαη

∗−α∗ηχ(η)d2η. (3.47)

The Wigner function was historically the first phase-space representation but has
the disadvantage that, unlike the Q-function, it can become negative.
The last representation playing an important role in quantum optics can be defined
as the Fourier transform of the normally ordered characteristic function (Eq. 3.44)

P (α) =
1

π2

�
eαη

∗−α∗ηχN(η)d
2η (3.48)

and is called the P-function. The big disadvantage of this representation is that it
is not defined in all cases. As it has, just as the Wigner function, advantages for
certain purposes we will use the Q-function for the mentioned disadvantages of the
other two representations [56, 57, 58].
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3.4 Spin Squeezing

Squeezed states were firstly and most extensively studied for harmonic oscillator
states, or equivalently for modes of the electromagnetic field. The basis of the
existence of squeezed states was found in Heisenberg’s uncertainty relation of the
product of the variance of two quadrature phases are always larger or equal a certain
value defined by the commutator of the two quadrature phase operators.
In this section we look at another set of operators with a nonzero commutator.
Therefore also for that set of operators we can define an uncertainty principle and
states with properties of a coherent state and a squeezed state, respectively. These
operators are the three components of the angular momentum operator �J . More
precisely, we will define this operator as a collective spin of spin-1/2 particles defined
as

�J =
1

2

N�

i=1

�σi, (3.49)

where �σi = (σx
i , σ

y
i , σ

z
i ) are the Pauli operators

σx =

�
0 1
1 0

�
(3.50)

σy =

�
0 −i
i 0

�
(3.51)

σz =

�
1 0
0 −1

�
. (3.52)

Let’s consider a collective spin state where all the spins point to the x-direction so
that �Jxi = N/2, then we can define the uncertainty relation

ΔJyΔJz ≥ 1

2
|�[Jy, Jz]i|

=
1

2

���
� �1

2

�
σy,

1

2

�
σz

�����

=
N

8
|�[σy, σz]i|

=
1

2
|�iJxi|

=
N

4
. (3.53)

3.4.1 Squeezing parameters

We have seen in Eq. 3.53 the condition for a collective spin state with a minimum
uncertainty. A straightforward, but naive, definition for a spin squeezed state could
then be that for such a state either ΔJz <

√
N/2 or ΔJy <

√
N/2. But we assumed

to know the spins all showing in one specific direction choosing the uncertainty rela-
tion accordingly. In order to have a reliable definition for spin squeezing we want to
define a parameter with the property that squeezed states assume a value of ξ2 < 1
and ξ2 ≥ 1 otherwise. Such parameters are called spin squeezing parameters [63].
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3 Optimal creation of spin squeezed states

As a special case we define the situation of all spins pointing in one direction as
a coherent spin state (CSS) with ξ2 = 1. These states share the property with
bosonic squeezing that they satisfy the uncertainty principle with equal variances
perpendicular to the direction they point in. In the example above this would be
ΔJx = ΔJy.
As we discussed above, the mean spin direction is important to consider when de-
fining a spin squeezing parameter. Therefore we define the mean spin direction
as

�n� =
� �Ji
|� �Ji|

(3.54)

and call any perpendicular direction to �n� as �n⊥. This way we can define a squeezing
parameter as

ξ2S =
min

�
Δ2J�n⊥

�

N/4
, (3.55)

where N/4 is Δ2J�n⊥ for a CSS and the minimization is over all directions �n⊥.
This definition is a valid spin squeezing parameter, first introduced by Kitagawa
and Ueda [54]. For practical purposes, as in Ramsey spectroscopy, this definition is
not entirely satisfying though. The important effect provided by spin squeezing in
such experiments is the improvement of the sensitivity when measuring a rotated
collective spin. Therefore it is reasonable to define a squeezing parameter as the
ratio of the fluctuations of a certain collective spin state and a CSS [53].
In the derivation of this squeezing parameter we assume, without loss of generality, a
spin state with a mean spin direction along the z-direction and consider fluctuations
in the y-direction. Then we rotate this state around the x-axis to get for the y-
component of the spin vector

Jy
out = eiφJ

x

Jye−iφJx

= cos(φ)Jy − sin(φ)Jz. (3.56)

From this result we can calculate

�Jy
outi = − sin(φ)�Jzi (3.57)

Δ2Jy
out = cos2(φ)Δ2Jy + sin2(φ)Δ2Jz − 1

2
sin(2φ)�[Jy, Jz]+i. (3.58)

Then we use the error propagation formula Δx = Δf(x)/|∂�f(x)i/∂x| to write the
phase sensitivity Δφ as

Δφ =
ΔJy

out

| cos(φ)�Jzi| , (3.59)

which we can simplify by assuming φ ≈ 0 to

Δφ =
ΔJy

|�Jzi| . (3.60)

As we want the phase sensitivity of a CSS as reference for the definition of a new
squeezing parameter, we use the values ΔJy

CSS =
√
N/2 and |�Jz

CSSi| = N/2 to get

ΔφCSS =

√
N/2

N/2
=

1√
N
. (3.61)
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3.4 Spin Squeezing

Now we can write down the definition of a spin squeezing parameter suitable for
Ramsey spectroscopy experiments (assuming now the general case of a collective
spin with the mean spin direction along �n�) [63, 53]:

ξ2R =
Δ2φ

Δ2φCSS

=
NΔ2J�n⊥

|� �Ji|2
. (3.62)

This parameter is equal to unity for a CSS by definition but reduces to a value
smaller than one whenever the collective spin state is spin squeezed and allows an
improved phase-measurement.
We can also find a minimum possible value for ξ2R. From the uncertainty principle
Δ2J�n⊥Δ2J�n�

⊥ ≥ 1
4
|�J�n�i| and the relation N2/4 ≥ �(J�n�)2i ≥ Δ2J�n� we can write

ξ2R
4Δ2J�n�

N
≥ 1

⇒ ξ2R ≥ 1

N
. (3.63)

3.4.2 Ramsey spectroscopy

We have mentioned Ramsey spectroscopy above in the context of the definition of a
spin squeezing parameter suitable for a practical purpose. Ramsey spectroscopy is a
common example where the concept of spin squeezing leads to immediate improve-
ments of the measurement and is a key tool for techniques used in atomic clocks
[53, 20]. In this section we want to give a short description of the method and how
it benefits from spin squeezing.
In our example, the final goal of the spectroscopy is the determination of an external
magnetic field �B0 = −�ω0/µ0ẑ which acts on the spins as

H = −�µ · �B0 = �ω0J
z. (3.64)

As an adjustable external source we add classical radiation with a frequency ω. After
moving into a rotating frame and neglecting the counter-rotating term we have an
external magnetic field of Br = B0(ω0 − ω)/ω0.
To our initial setup we’re adding a time-dependent magnetic field B1 perpendicular
to Br so that the total magnetic field takes the form

�B = ẑBr + ŷB1 (3.65)

This field gets applied to a collective spin in a CSS with a mean spin direction along
the negative z-axis. As in the derivation of ξ2R this leads to rotations of the spin
vector. The Ramsey method consists of three such rotations, using different times
and values for B1. The steps are illustrated in Fig. 3.3.
Step 1 — B1 is set to a very large value so we can assume �B ≈ ŷB1 and kept
constant for a time tπ/2 to bring the collective spin into the x-y-plane. This rotation
can be written as

J1 = eiΩRtπ/2J
y

(−Jẑ)e−iΩRtπ/2J
y

= Jx̂, (3.66)

where we have used the Rabi-frequency ΩR.
Step 2 — During this step we set B1 to zero and slow precession of the spin vector
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3 Optimal creation of spin squeezed states

around the z-axis sets in. This evolution goes on for a time T � tπ/2 after which
the spin has rotated by an angle φT = (ω0 − ω)T ,

J2 = eiφT Jz

J1e
−iφT Jz

= cos(φT )Jx̂+ sin(φT )Jŷ. (3.67)

Step 3 — In the last step we perform another π/2-rotation around the y-axis as in
the first step. This gives a final orientation of the collective spin of

J3 = eiΩRtπ/2J
y

J2e
−iΩRtπ/2J

y

= cos(φT )Jẑ + sin(φT )Jŷ. (3.68)

After the third step we measure �Jzi which we find to be a function of (ω0 − ω),

�Jzi = N

2
cos [(ω0 − ω)T ] . (3.69)

We see that this function is symmetric around ω0 and assumes a maximum for
ω = ω0. In general cases the signal of the spectroscopy might be asymmetric, but
the principle follows the steps described here.
Here we used a CSS which was rotated around different axes until a measurement is
made along a specific axis. The error of this measurement is determined by the phase
sensitivity Δφ as seen in Eq. 3.60. As discussed above, we can improve the phase
sensitivity above the limit set by a CSS by spin squeezing. Current experiments
are reaching the limit of precision where the standard quantum limit becomes the
limiting factor and squeezing directly allows to overcome this limitation.

3.4.3 The Q-function in a spin system

We have discussed the Q-function in the context of squeezing in a harmonic oscil-
lator. It was introduced allowing to describe squeezed and coherent states in a very
pictorial way. Here we describe how the Q-function can be used in a spin system,
allowing to describe spin squeezed states.
Here, we define the Q-function on a generalized Bloch sphere with an azimuth angle
ϕ and a polar angle ϑ. The radius of this sphere is defined by the number of spin-
1/2 particles in the system defining the maximum length of the collective spin. A
CSS could then be described by a long vector with length N/2 pointing in a specific
direction and the variances of the perpendicular axes would be described by a circle
of radius ΔJ�n⊥ just in analogy to the results in Section 3.2.
For the derivation of the Q-function we need the density operator of our state of
interest and a representation of the coherent spin states in the same basis as the
density operator. The natural basis for a collective spin is provided by the Dicke
states |j,mi which are the eigenstates of Jz with eigenvalue m. A CSS |ηi is expan-
ded in terms of the Dicke states by [63]

|ηi = |ϕ,ϑi = (1 + |η|2)−j

j�

m=−j

�
2j

j +m

�1/2

ηj+m|j,mi, (3.70)
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A B

C D

Figure 3.3: Schematic evolution of the collective spin vector using the Ramsey
method. The spin vector gets rotated around the y-axis until it points
towards the x-axis (A). Then it precesses around the z-axis for a given
time T (B). Another π/2-pulse around the y-axis concludes the process
(C). Finally, the measurement of �Jzi (D) contains the information of
how much the vector precessed during (B). Also, panel (D) depicts the
error-cone of a CSS determined by the phase sensitivity. Spin squeezing
allows to improve the precision of the last measurement.

where η = − tan(ϑ/2)e−iϕ.
Following Eq. 3.37 we can define a Q-function for a collective spin state as

Q(ϕ,ϑ) = �η|ρ|ηi = �ϕ,ϑ|ρ|ϕ,ϑi. (3.71)

3.5 Creation of spin squeezed states

For the practical creation of spin squeezed states there exist several possibilities.
Early ideas addressed pairs of spin-1/2 particles or used already squeezed light to
create squeezing in a cloud of atoms [53]. Direct approaches for the creation of spin
squeezed states were firstly introduced by Kitagawa and Ueda [54] and called one-
axis twisting and two-axis countertwisting. Sørensen and Mølmer showed that the
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3 Optimal creation of spin squeezed states

Figure 3.4: Q-functions of squeezed states for N=30 on the generalized Bloch-sphere.
The squeezed states were created using the one-axis twisting protocol
(left panel), the adiabatic protocol up to χ = 35 for ω = −1 (center) and
the two-axis countertwisting protocol (right). The achieved squeezing
parameters were ξ2R = 0.147 for the one-axis twisting, ξ2R = 0.0727 for
the adiabatic protocol and ξ2R = 0.115 for the two-axis countertwisting.

eigenstates of the Hamiltonian used for the one-axis twisting method correspond to
the maximally squeezed states and suggested an adiabatic method for their creation
[55].
In this section we will describe these techniques for direct spin squeezing creation.
Newer methods also include the possibility of using quantum nondemolition meas-
urements for efficient squeezing creation [63]. Those methods allow large squeezing
but yield randomized states and are therefore not reproducible. Also, the measure-
ments lead to a shorter spin vector which affects the possible squeezing strength
in a negative way. For practical purposes the previously mentioned methods by
Kitagawa and Ueda are the most suitable ones to date.

3.5.1 One-axis twisting

The idea for the one-axis twisting protocol is to evolve the spin vector of a CSS
under a nonlinear interaction as linear Hamiltonians only perform rotations of the
vector. The lowest-order nonlinear interaction is H1 = χ(Jx)2 with a constant χ
[54]. This Hamiltonian twists the uncertainty circle of the initial CSS reducing the
variance in one direction and increasing it in the orthogonal one. After a certain
time of evolution the squeezing reaches a maximum before becoming oversqueezed,
which means that the twisting reaches a point where the curvature of the Bloch
sphere becomes relevant.
It was shown later [64] that an additional magnetic fieldH0 = ωJz enhances the time
of maximal squeezing so that we define the complete one-axis twisting Hamiltonian
as

HOAT = H0 +H1 = ωJz + χ(Jx)2. (3.72)

The left panel of Fig. 3.4 shows the Q-functions of squeezed states created by the
one-axis twisting Hamiltonian. The twisting turns the uncertainty ellipse around
with time, which makes it important for this technique to know at which angle the
squeezing is maximum. It can be shown for the bare twisting-Hamiltonian H1 that
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3.5 Creation of spin squeezed states

the optimal angle behaves as δ ∼ 1
2
arctan(N−1/3) [54], therefore it approaches zero

for very large N .
The squeezing reachable using the one-axis twisting method is not optimal compared
to the theoretical minimum discussed with Eq. 3.63. For the bare Hamiltonian H1

it can be shown that for larger N it behaves like ξ2R ∼ N−2/3 [63]. But the main
advantage is the relatively easy implementation of this Hamiltonian in many ex-
perimental setups like in cavity QED [67, 66, 68], trapped ions [69, 70] or in a
two-mode Bose-Einstein condensate [71, 72]. It is also fast in squeezing a collective
spin: using just the bare Hamiltonian H1, the optimal squeezing is achieved in a
time tmin ∼ 1

χN2/3 [63].

3.5.2 Adiabatic protocol

It was shown by Sørensen and Mølmer that the eigenstates of Eq. 3.72 are optimally
squeezed states [55]. They proposed a method which allows to evolve a CSS in one
of these eigenstates. The protocol requires a CSS which is an eigenstate of H0. Then
one evolves the state under HOAT with a time-dependent parameter χ(t) and ω < 0.
The parameter χ(t) gets ramped up adiabatically so that the spin vector stays in
an eigenstate. This way we evolve the state in an optimally squeezed state. An
example of a squeezed state created with the adiabatic protocol is displayed in the
center panel of Fig. 3.4. The downside of this approach is the long evolution times
required which makes the protocol vulnerable to noise, as we will see below.

3.5.3 Two-axis countertwisting

The two-axis countertwisting protocol is an extension to the one-axis twisting.
Where we added one nonlinearity creating a deformation in the uncertainty-ellipse
of the initial CSS before, now we use two orthogonal axes [54]. A possible formula-
tion of the two-axis countertwisting Hamiltonian is

HTAT = χ

�
1

2
(Jx + Jy)2 − 1

2
(Jx − Jy)2

�

= χ (JxJy + JyJx)

=
χ

2i

�
J2
+ − J2

−
�
, (3.73)

where we used the diagonal axes between the x-axis and the y-axis. The choice of
the axes defines the orientation of the uncertainty ellipse created by the two-axis
countertwisting Hamiltonian. Note that the twisting of one axis is counterrotating
to the other axis, whence the name.
The choice of the axes taken here leaves the semi-major axis of the uncertainty ellipse
parallel to the x-axis (see Fig. 3.4, right). This behavior of a constant squeezing
angle is an advantage of the two-axis countertwisting with respect to the one-axis
twisting and is shared with the adiabatic protocol.
Another advantage to the one-axis twisting is a better squeezing achievable including
a better scaling with N . For very large N it even reaches a scaling ξ2R ∼ 1/N
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[63]. This allows the two-axis twisting to create optimally squeezed states for N →
∞. The implementation of the two-axis countertwisting Hamiltonian is difficult to
realize though [63].

3.6 Noise-resistant optimal spin squeezing via
quantum control

This section is reprinted with permission from T. Pichler, T. Caneva, S. Montangero,
M. D. Lukin, and T. Calarco, Noise-resistant optimal spin squeezing via quantum
control, Phys. Rev. A 93, 013851 (2016). Copyright (2016) by the American
Physical Society. The author of this thesis was responsible for the results concerning
controlled squeezing creation in the presence of quantum noise.

3.6.1 Introduction

Spin squeezed states are among the most interesting examples of entangled states.
In quantum metrology they allow for measurements with an improved precision, ul-
timately limited only by the Heisenberg limit. Since the early theoretical proposals
to realize them with non linear interactions [52, 54], spin squeezed states have been
implemented in several experiments. Specific examples include generation of spin
squeezed states in cavity QED [67, 66, 68], in trapped ions through shared motional
modes [69, 70] or using a Bose-Einstein condensate [71, 72].
In this Letter we demonstrate that optimal control can be effectively employed to
produce highly squeezed spin states in many-body quantum systems, drastically re-
ducing the impact of relaxation and decoherence. Other approaches applied control
techniques creating spin squeezing as a succession of unitary pulses of a constant
Hamiltonian [73, 74, 75]. We employ the Chopped Random Basis (CRAB) technique
[76, 77] to optimally control the evolution of a collection of N two-level systems mu-
tually coupled through a time-dependent non linear (i.e. quadratic) interaction. We
calculate optimized evolutions occurring on time scales several orders of magnitude
shorter than the corresponding adiabatic evolutions, with a speed-up increasing with
the system size. Such a speed-up translates directly into an enhanced robustness
of the squeezing in the presence of noise, as schematically depicted in Fig. 3.5. We
illustrate this enhanced robustness by modeling two practical experimental imple-
mentations of squeezed state preparations: cavity QED and trapped ions [68, 70].
We will focus on two methods realizing spin squeezed states, both with advantages
in different situations. The first is based on the so called one-axis twisting protocol,
consisting in letting a collection of two-level systems evolve under the effect of a
collective non linear interaction [54], described by a Hamiltonian of the form

HSM = ωJz + χJ2
x (3.74)

Where ω is the precession frequency and χ is the strength of the nonlinear inter-
action and J is a collective spin operator (defined below). The relative simplicity
of the one-axis twisting scheme has been at the basis of its ubiquitous presence in
squeezing experiments; however such a scheme is known to be non optimal [54],
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Figure 3.5: Left panel: initial state (left) and final highly squeezed state (right) for
a system of N = 100 spins. Right panel: adiabatic (red) and optimal
(black) driving fields χ generating the maximally squeezed state shown
above; the effect of the noise (big blue arrow) increases with the total
evolution time.

the spherical nature of the angular momentum phase space limiting the maximal
squeezing achievable. Such a bound is intrinsic for the one-axis twisting protocol
with fixed χ. It nevertheless allows to achieve spin squeezing on comparably short
time scales which makes it less sensitive with respect to noise. The second protocol,
proposed by Sørensen and Mølmer, is based on adiabatic evolution to steer a system
into maximally squeezed states squeezing the variance Δ2Jx under the constraint
that �Jzi is nonzero. [55].
This procedure has been implemented experimentally in small systems, see for in-
stance Ref. [78]. Unfortunately the required evolution time, which is proportional
to the inverse square of the minimum spectral gap Δ encountered during the evolu-
tion, Tad ∝ Δ−2 [79], scales unfavorably with the system size. This makes adiabatic
evolution significantly exposed to external noise: typically in many-body systems
the gap closes with increasing system size N , which implies a dramatic increase of
the time required for adiabatic evolutions for large N .
Previous studies have demonstrated that optimal control is a powerful tool to
drastically reduce the time needed to perform a many-body quantum evolution [80,
77]. In particular the Chopped Random Basis (CRAB) technique offers an efficient
way to implement optimal control, based on an expansion of the control field onto a
truncated basis [76, 77]. Recently it has been shown that optimal control allows for
reaching the Quantum Speed Limit (QSL), the minimal time required by physical
constraints to perform a given transformation, in spin chains [80, 81], cold atoms
in optical lattices [82], Bose-Einstein condensates in atom chip experiments and in
crossing of quantum phase transitions [84]. Indeed, CRAB control makes it pos-
sible to reduce the time of the transformation down to the QSL, which scales as
1/Δ, obtaining a quadratic speedup of the protocol with respect to the adiabatic
one. In this work we show that this method is successful also in drastically reducing
the preparation time for maximally spin squeezed states, as illustrated in Fig. 3.5,
thereby significantly enhancing the process’ robustness to realistic noise sources even
compared to the one-axis twisting protocol.
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3.6.2 Model

A collection of N two-level atoms having (pseudo)spin �Si can be described in terms

of the global spin variable �J =
�N

i=1
�Si, with | �J | = N/2 and z-component Jz

representing the population imbalance between the two atomic internal states. In
Ramsey spectroscopy experiments, the measured signal M yields the mean global
angular momentum pointing along the z-axis, M ≡ �Jzi, while the noise is given
by the uncertainty in one of the orthogonal components ΔJi =

�
�J2

i i − �Jii2, i =
x, y. In spin squeezed states, the latter is below the standard quantum limit, i.e.
ΔJi

2 < |�Jji|/2 for i 6= j ∈ {x, y, z}. The squeezing parameter ξ is defined through
the signal to noise ratio as

ξ =

√
2JΔJx

|�Jzi|
. (3.75)

Squeezed states satisfy the condition ξ < 1, which implies entanglement in the
system. The ideal states for spectroscopy experiments are those minimizing ΔJx
for sufficiently large values of the signal, i.e. M ∝ N . The problem of finding the
optimal squeezed state can be recast into the search for the ground state |ψ0(χ, N)i
of the Hamiltonian Eq. 3.74, where ω is constant and negative and the non-linear
interaction χ(t) is now taken to be tunable in time 1. (From now on we set � = 1 and
time is measured in units of 1/|ω|.) Adiabatic evolution under HSM automatically
produces optimal squeezed states, as follows: At the time t = 0 one takes χ(0) = 0
and the system is prepared in its initial ground state |ψ0(0, N)i, the coherent state
|Jz = Ji with ξ = 1. Then adiabatically increasing χ(t), the system evolves following
the instantaneous ground state |ψ0(χ(t), N)i of HSM , yielding exactly the family of
states with optimal squeezing at a given value of M (see Fig. 3.5).

3.6.3 Optimization in the absence of noise

We first investigate the properties of the Hamiltonian HSM in Eq.(3.74) to identify
target squeezed states that can be reached via adiabatic evolution. We calculate
the time required to perform an adiabatic transformation from the initial state into
the target and its scaling with the system size N . Subsequently, we apply optimal
control to determine the dynamics (neglecting for the moment decoherence effects)
leading to the same target state in a much shorter time. Finally, we compare the
optimized evolution with the adiabatic one.
As previously mentioned, squeezed states suitable for quantum metrology should
have sufficiently strong signal M . To fulfill this requirement we choose (throughout
the whole work) M̄ = J/

√
2 = 0.707J , i.e. M̄ ∝ N . Then we find the value

χM̄(N) of the interaction such that |ψ0(χM̄ , N)i has �Jzi = M̄ for a given N . The
inset of Fig. (3.6) shows the corresponding value of the ground-state squeezing for
varying N : a power-law fit ξ2 = A/NB for 30 ≤ N ≤ 150 yields A = 2.1 ± 0.05
and B = 0.94 ± 0.01, compatible with the Heisenberg limit ξ2 ∝ N−1. This means
that we have identified a class of states |ψ0(χM̄ , N)i with the desired characteristics.
We can now take those states as a target for the optimization, to achieve constant

1Indeed the problems are equivalent for J integer; instead for J half-integer the procedure is
allowed only if �Jzi/J is above a certain threshold, see [55].
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Figure 3.6: Scaling with the size of the total evolution time T for the adiabatic
(Iad = 7·10−3, red triangles) and the optimized dynamics (Iopt = 5·10−4,
black circles). Numerical fits for 30 ≤ N ≤ 150 (dashed lines) result in
Tad ∝ N1.95 and Topt ∝ N0.93. Inset: Scaling of ξ2; a fit gives ξ2 ∼
2.1/N0.94.

intensity of the signal M̄ and maximal squeezing ξ for any given system size N .
As discussed above, the system is initially prepared in the coherent state |ψ0(0, N)i
where all spins are polarized along the positive z-direction and ξ2 = 1, and we aim
at reaching the goal state |ψGi ≡ |ψ0(χM̄ , N)i after an evolution time T . The initial
and target state for the case N = 100 are depicted in Fig. 3.5 (upper panels). For the
adiabatic case, evolution is computed using a linear ramp χ(t) = χM̄ t/T . Comparing
the resulting final state |ψ(T )i with the goal state yields the infidelity I = 1 −
|�ψ0(χM̄ , N)|ψ(T )i|2. Fig. 3.6 shows, as a function of the size N , the time Tad needed
to reach a given infidelity value Iad via adiabatic evolution (red triangles). A fit
T = ANB for 30 ≤ N ≤ 150 gives A = 0.31±0.01 and B = 1.95±0.01, in agreement
with the prediction of the adiabatic theorem Tad ∼ 1/Δ2 ∼ N2. We then apply the
quantum optimal control CRAB algorithm [76, 77] to find the time Topt needed by an
optimal transformation to reach an infidelity Iopt. More precisely we write the driving
field in the form χ(t) = χM̄ [1 + λ(t)

�nf

j=1 aj sin(ωjt) + bj cos(ωjt)]t/T , where λ(t)
ensures constant boundary conditions, ωj = 2π/T (1 + rj), rj is a random number,

and nf ∼ O(10), and we look for the optimal correction (i.e. the coefficients �a,�b)
such that the infidelity is minimized for a given time (for details on the algorithm
and of its complexity see [77, 85]). A typical result is shown in Fig. 3.5 (lower panel),
while the scaling of the optimized evolution time Topt as a function of the size N is
shown in Fig. 3.6 (black circles). A power-law fit Topt = ANB for 30 ≤ N ≤ 150
gives A = 0.06 ± 0.01 and B = 0.93 ± 0.04, consistent with our conjecture about
the QSL (see above). This shows that optimal squeezing preparation results in a
quadratic improvement in the scaling of the preparation time as a function of the
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Figure 3.7: Final squeezing ξ2 as a function of the size N , for ν = 500 for the
adiabatic (red triangles) and optimal (black circles) dynamics, subject
to random telegraph noise with amplitude Kα = Kβ = 0.05 (empty
symbols) and Kα = Kβ = 0 (full symbols). Data have been averaged
over 24 instances of disorder.

system size, while additionally reducing the total evolution time by at least two
orders of magnitude. Our discussion up to this point neglected completely the effect
of noise, which of course is a major concern in a real experiment. Therefore, in order
to test the robustness of the protocol, we simulate the dynamics of the system in
the presence of noise. We will consider two noise models, as different experimental
implementations of squeezed spin states are affected by different kinds of noise. We
will show that optimized protocols work also in the presence of these types of noise,
and that they are much more resilient to noise than adiabatic protocols.

3.6.4 Effect of classical noise

A typical situation in which classical fluctuations of an external field occur, reflecting
in random fluctuations of the interaction strength, is found in trapped ions, also
relevant for metrological applications [70]. In trapped ion systems, a global random
magnetic noise is expected to be the most relevant source of disturbance [83]. We
include it in our simulations by adding random classical telegraph noise to the control
field. We then study the evolution induced by the Hamiltonian

H = χ(t)[1 +Kαα(t)]J
2
x + ω[1 +Kββ(t)]Jz (3.76)

where α(t), β(t) are random functions of the time with a flat distribution in [−1, 1],
changing random value on average with frequency ν. The case Kα = Kβ = 0
corresponds to a noiseless evolution of Eq.(3.74). In Fig. 3.7 we compare the effect
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of the noise on the final squeezing obtained by varying χ(t) either linearly in time
(empty red triangles) or according to the optimized protocol (empty black circles).
The squeezing ξ2 is plotted as a function of the size N , for ν = 500 and for an
intensity of the noise Kα = Kβ = 0.05. As shown in Fig. 3.7, the noise effect is
stronger for larger system sizes, very quickly destroying the squeezing for the slow
linear (adiabatic) protocol. The reason is simple: as shown in Fig. 3.6, for large sizes,
e.g. N ≥ 100, the adiabatic evolution time is three orders of magnitude larger than
the optimized one. Vice versa the fast optimal driving turns out to be robust even
at large sizes and relatively high intensities of the noise, resulting in a final squeezing
almost equivalent to that obtained via the adiabatic process in the absence of noise
(full red triangles).

3.6.5 Effect of quantum noise

Recently, techniques in evolving interactions of spin ensembles with nano-mechanical
resonators have investigated the possible implementation of the one-axis twisting
protocol, showing comparable results to ours in a similar range of the collective co-
operativity [90].
Finally we discuss a noise model suitable for the description of QED experiments
[68], in which the effect of the noise is treated through the formalism of the mas-
ter equation. In cavity QED, relaxation of the atomic levels towards the ground
state and leakage of photons outside the cavity are the most relevant source of dis-
sipation [66]. In order to estimate the effect of the noise in a realistic system, we
derive the Hamiltonian of Eq. (3.74) from a microscopical model. We consider a
collection of N three level atoms with two stable ground states |ai and |bi and an
excited state |ei, in an optical cavity; the ground state energy splitting is given by
ωab and the relevant cavity mode has a frequency ω0. The stable ground state |ai
(|bi) is coupled to the excited state with a Rabi frequency Ω1 (Ω2) and a frequency
ω1 (ω2) which is detuned from the excited state by Δ1 (Δ2). In the regime of weak
laser power, the excited level is almost not populated and it can be adiabatically
eliminated, leading to an effective photon-mediated interaction between the two
ground state levels |ai and |bi. By introducing the total angular momentum oper-
ators J+ =

�N
k=1 |aik�b|k, J− =

�N
k=1 |bik�a|k and Jz = (

�N
k=1 |aik�a|k − |bik�b|k)/2,

and by further assuming the strength of the two Raman processes to be identical,
Ω1g

∗
b/Δ1 = Ω2g

∗
a/Δ2 = Ωg∗/Δ, after adiabatically eliminating also the cavity field,

we obtain the following master equation for the density matrix 2:

ρ̇ = −i[H̃eff , ρ] + Lρ, (3.77)

with unitary part given by

H̃eff = ωJz + χJ2
x , (3.78)

where χ = |Ω|2|g|2/δΔ2 and δ = ω1 − ω0 − ωab, and nonunitary part described by
the Linbladian

Lρ = γ̃[2J †ρJ− − J−J†ρ− ρJ−J†], (3.79)

2see the Supplementary Material for details
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Figure 3.8: Squeezing ξ2 as a function of the collective cooperativity Nη in the case
of one-axis twisting (blue circles), optimal (red squares) and adiabatic
(yellow) protocols withN = 30. Inset: ξ2 as a function ofNη for the one-
axis twisting (blue) compared to the optimized pulse obtained at Nη =
105 (full square) and applied for different values of the cooperativity
(empty squares).

where, from a microscopical derivation of the model, the most relevant contribution
to the relaxation rate is γ̃ = χ(t)γδ/|g2|.

3.6.6 Experimental implications

As discussed above, the Hamiltonian Eq. (3.74) is relevant e.g. for the experiment
of Ref. [68]. Here, squeezing of the collective spin of atoms in a cavity is used to
improve the measurement precision of an atomic clock. With a realistic estimate of
the parameters [68] we haveΔ = 780 nm∼ 3·1014 Hz, δ ∼ 2π·3 GHz, γ ∼ 2π·5 MHz,
g ∼ 2π · 0.4 MHz, κ ∼ 2π · 1 MHz. The dominant part for the relaxation is thus
proportional to the intensity of driving field χ with a proportionality constant given
by γδ/|g|2 ∼ 105. Our estimate of relaxation rate can be also expressed in terms of
cooperativity η = g2/(γκ), leading to γ̃ = χ(t)δ/(2κη), where κ is the decay rate
of the cavity. In Fig. 3.8 the squeezing parameter is shown as a function of the
collective cooperativity Nη, for a system of size N = 30. We compare optimized
results directly obtained for different values of the cooperativity with values achieved
with the one-axis twisting protocol which is known to be robust with respect to noise.
We found that for values higher than Nη = 104 we can achieve better results for
the squeezing parameter improving further as the value of the cooperativity gets
increased, a behavior we observe also in simulations with different N .
Additionally, we compared the results of the optimized pulses with the adiabatic
protocol of Sørensen and Mølmer [55] which achieves optimal squeezing for long
time-scales and high cooperativities. In Fig. 3.8 some comparative results of the
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3.6 Noise-resistant optimal spin squeezing via quantum control

adiabatic protocol are shown. Further results of our simulations have shown that
with optimized pulses the same results are achievable as with the adiabatic protocol
at a cooperativity seven orders of magnitude higher. This is a large improvement
towards optimal squeezing at practical accessible values of the cooperativity.
The inset of Fig. 3.8 displays the stability of of a certain optimal pulse in the high-
noise regime. Here we used the pulse obtained for a cooperativity of Nη = 105 and
applied it for a wide range of different values of Nη. Throughout these values the
same optimal pulse improves the squeezing in comparison to the one-axis-twisting
protocol.

3.6.7 Conclusions and outlook

We have shown that optimal control can be used to speed up the dynamics for
the production of squeezing with an additional improvement in the scaling of the
preparation time as a function of the system size. Also we have demonstrated that
optimized evolutions scale better with noise than the one-axis twisting protocol
providing the best values of squeezing known in this context. In fact, in comparison
with the adiabatic protocol, we were able to achieve maximally squeezed states
a lot more robust with respect to the noise than with the adiabatic protocol. The
implementation of optimized protocols in spin squeezing experiments could therefore
have a great impact in the field of quantum metrology.
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4 Optimal Control of a Quantum
Many Body System

4.1 Introduction

During the last decades many experimental methods have been developed to control
the small constituents of light and matter which obey the laws of quantum physics.
Continuous improvements and new developments allowed a degree of control which
now forms a basis for new technologies explicitly exploiting the laws of quantum
mechanics. On the way to bring these technologies to general access, new methods
of quantum optimal control allow improved implementations and to overcome gen-
eral limitations [29, 92].
Many applications for quantum optimal control have been found in NMR-systems
[93], spin chains [94] or NV centers [95, 45]. Of special difficulty is the applica-
tion of standard optimal control techniques to many-body systems. These systems,
however, lie in the focus of interest of quantum information, quantum optics or
quantum condensed matter. Numerically, these topics are successfully treated in
quantum Montecarlo calculations or with tensor network algorithms. These meth-
ods were not suitable for optimal control, quantum Montecarlo calculations in gen-
eral have problems with the real-time dynamics of quantum systems, and tensor
network algorithms become numerically challenging when connected with gradient-
based optimization algorithms. After the development of the chopped random basis
(CRAB) algorithm, however, tensor network algorithms could be merged with op-
timal control theory [96, 97].
The CRAB algorithm (see 2.2.1) uses a direct search instead of a gradient towards
the optimal result. This allows the direct application of the results of a real-time
evolution in the shape of a figure of merit describing the quality of the obtained
result compared to the desired final state. This approach is versatile enough to even
use experimental data as figure of merit applying the optimization directly in the
lab.
The first proof of the applicability of the CRAB algorithm for quantum many-body
systems was given by optimizing the ramp from the superfluid state to the Mott-
Insulator in the Bose-Hubbard model [98]. The Bose-Hubbard model has gained
wide interest in quantum information and solid state physics and the transition to
the Mott-insulator realized in optical lattices using cold atoms has opened up a large
range of possible experiments.
In this chapter we will discuss the numerical optimization of the superfluid - Mott
insulator transition using real experimental parameters which could be successfully
implemented reducing the necessary ramp time by one order of magnitude. In the
next section we will introduce the Bose-Hubbard and its implementation in optical
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lattice experiments. In section 4.3 we present the results of the optimization and
the corresponding experimental results.

4.2 The Bose-Hubbard Model

The Bose-Hubbard model describes dynamical bosons in a periodic potential and
interacting only with other bosons on the same lattice site. This model has become
very widely discussed, from the early descriptions on [98, 99, 100], but mainly since
the model was theoretically proposed for [22, 21] and experimentally implemented
in optical lattices [13, 101]. It was used as a paradigmatic example of an analog
quantum simulation and a very suitable setup for the study of a quantum phase
transition. Furthermore, there are a large variety of future experiments possible
based on the methods introduced to study the Bose-Hubbard model [14, 15, 21]
Numerically it was treated successfully in Monte-Carlo [102, 103, 104] as well as in
tensor network algorithms [105, 106, 107, 108, 109].
In this section we will introduce the Bose-Hubbard Hamiltonian, its phase diagram
and discuss how it is studied in optical lattices.

4.2.1 The Hamiltonian of the Bose-Hubbard model

The Bose-Hubbard model describes interacting bosons in a potential using a few as-
sumptions to allow for an easier treatment but still keeping the possibility to study
some rich physics. Most importantly, it allows for the investigation of a quantum
phase transition at zero temperature between an insulating phase (Mott insulator)
and a conducting phase (Superfluid).
The detailed phase diagram will be discussed later. First we derive the Bose-
Hubbard Hamiltonian from the many-body description of bosons in second quant-
ization, which in one dimension can be written as

H =

�
dxΨ†(x)

�
− �2

2m
∇2 + V (x)

�
Ψ(x)

+
1

2

�
dxdx�Ψ†(x�)Ψ†(x)U(x− x�)Ψ(x)Ψ(x�)

= H1 +H2. (4.1)

This Hamiltonian includes the kinetic energy of the bosons, an external potential
V (x) and the particle-particle interaction U(x− x�). The external potential at this
point could be of any type, but for our discussion we will need a lattice which allows
a periodic ordering like in a crystal. Then the field operators can be expanded in a
complete orthogonal set of functions Ψ(x) =

�
i aif(x− xi), where ai is the atomic

destruction operator at site i and f(x−xi) is a complete set of orthogonal functions.
Each of those functions is centered on the i-th lattice site and dependent on the exact
shape of the lattice potential which is considered.
A simple solution can be found using f(x − xi) = δx,xi

as in Ref. [99] for a lattice
consisting of uniform cells. However, more natural, and more important in our later
discussion is the case of a sinusoidal lattice which is well described in the context of
solid state physics [110]. The wavefunction of a particle in such a lattice is usually
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4.2 The Bose-Hubbard Model

described in terms of Bloch functions ψn,k(x) = eikxun,k(x) for each band n and
momentum k, but these functions are not spatially localized. Therefore we will use
the Wannier functions which can be defined in terms of the Bloch functions as [111]

wn(x− xi) =

�
b

2π

π/b�

−π/b

ψn,k(x)e
ikxidk, (4.2)

where b is the lattice spacing.

Assumption 1: For the following discussion we consider all the energies involved
in our system being as small compared to the band gap between the lowest and first
excited Bloch band.

The Bose-Hubbard model is defined in the lowest Bloch band only. It is possible to
go beyond that restriction for discussions of the validity of the Bose-Hubbard model
in experimental setups or for the introduction of more complex models. For our
discussion in the rest of the chapter, however, we will not need such expansions.
Under this condition we expand the field operators using the Wannier functions of
the lowest Bloch band as

Ψ(x) =
�

i

aiw0(x− xi). (4.3)

Because of the complexity of the terms of the Hamiltonian Eq. 4.1, when carrying
out the following calculations we treat H1 and H2 separately.
The term H1 is the local part of the Hamiltonian and for each lattice site i it can
be written as

H1,i =
�

j

a†iaj

�
dx w0(x− xi)

�
− �2

2m
∇2 + V (x)

�
w0(x− xj). (4.4)

For j > 0 it describes dynamical hopping from lattice site i to lattice site j. Onsite
hopping is forbidden by the orthogonality properties of the Wannier functions.
For j = 0 it describes an energy offset. In general V (x) contains, additional to the
periodic potential, also site-dependent potentials which shift the energy by a value
�i for each lattice site so that H1a =

�
i �ia

†
iai with

�i =

�
dx |w0(x− xi)|2V (x− xi). (4.5)

A constant offset �i = −µ ∀ i takes the role of a chemical potential which fixes the
particle number in the system.
The remaining non-diagonal terms are simplified by only allowing next neighbor
hopping which is the content of our second assumption.

Assumption 2: We assume that hopping of a boson localized at xi to a lattice site
xj with |j − i| > 1 is largely suppressed.
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This is mainly achieved by the property of Wannier functions to fall off expo-
nentially at large distances so that the overlap of two Wannier functions local-
ized at large distances is small [111]. This way we can define a hopping term
H1b = −J

�
i a

†
iai+1 + h.c. with

J =

�
dx w0(x)

�
− �2

2m
∇2 + V0 sin

2
�π
b
x
��

w0(x− b). (4.6)

Nevertheless, one has to make sure that the particles are sufficiently localized within
the three lattice sites considered which requires a lattice deep enough. We will dis-
cuss below what ’deep enough’ means in the context of optical lattices.
For the final form of the Bose-Hubbard Hamiltonian we are only left with the
particle-particle interaction term. In principle, this term allows for long-range inter-
actions like the Coulomb interaction when considering charged bosons. For neutral
atoms, however, we can formulate a third assumption.

Assumption 3: We assume that the bosons in the lattice only interact at short
distances, i.e. U(x− ib) ⌧ J for i > 0.

This assumption allows us to simplify H2 in such a way that it can be formulated
as H2 =

U
2

�
i a

†
ia

†
iaiai =

U
2

�
i ni(ni − 1) with ni = a†iai where

U =

�
dx |w0(x)|4. (4.7)

With this last ingredient we can write down the complete Bose-Hubbard Hamilto-
nian:

HBH =
U

2

�

i

ni(ni − 1)− J
�

i

�
a†iai+1 + h.c.

�
+
�

i

�i ni. (4.8)

From the initial Hamiltonian Eq. 4.1 we restricted the movement of the bosons to
a lattice potential with the only possible movement to adjacent lattice sites and on-
site particle-particle interaction. Nonetheless, the model exhibits some interesting
physics which we will discuss in the next sections.

4.2.2 The phase diagram of the Bose-Hubbard model

The three system parameters present in Eq. 4.8 determine the ground-state state
properties. For a dominating hopping term J � U and vanishing chemical potential,
µ = 0, the bosons delocalize over the whole lattice while the ground state becomes
[21]

|ΨSFi ∼
��

i

a†i

�N

|vaci, (4.9)

with N the total number of bosons. This is a superfluid state with long range order
and finite compressibility ∂N/∂µ > 0.
For the opposite case where U � J the bosons localize on single lattice sites and
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Figure 4.1: Phase diagram of the Bose-Hubbard model obtained by minimizing the
mean-field Hamiltonian Hmf = −Jα(a + a† − α) + Un(n − 1)/2 − µn.
The Mott-insulator is indicated by the lobes Var(n) = 0.

form a Mott insulator
|ΨMIi ∼

�

i

a†i |vaci, (4.10)

at commensurate filling of one boson per lattice site.
In the intermediate regime a phase transition can be observed between these two
states at U/J ≈ 3.4 [106]. A complete picture can be obtained by a phase diagram
which displays an order parameter for a range of the parameters µ and J in terms
of the interaction strength U . A simple, but qualitatively correct, phase diagram
obtained using a mean-field approximation can be seen in Fig. 4.1.
The figure shows the mean particle number variance, which is zero for a Mott insu-
lator where each lattice site has an exactly determined number of particles. We see
three lobes where this condition is satisfied, one for �ni = 1, one for �ni = 2 and one
for �ni = 3. There would be more lobes for larger values of the chemical potential,
one for each integer number.
The superfluid state has a nonzero variance and is represented in the remaining
space of the phase diagram. Note that for a lattice with a mean particle number
which is not an integer, the system is in the superfluid state in any case. Even for
a very deep lattice, the exceeding, or missing, particles will delocalize through the
whole lattice and not condense at a certain lattice site. The exact phase diagram
for the thermodynamic limit is difficult to investigate, but using finite size scaling
with DMRG results allows to give a more complete picture and good quantitative
results [105, 106]. Fig. 4.2 shows the the first lobe of the phase diagram obtained
using tensor network calculations for a system with open boundary conditions and
16 lattice sites. In panel C the variance is shown as in Fig. 4.1. We see the clear
change of shape of the lobe and a smooth transition between the Mott-insulator and
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C D

Figure 4.2: Phase diagram of the Bose-Hubbard model obtained by exact results
from a tensor network algorithm. The system size used here was 16
lattice sites with open boundary conditions and a bond dimension of
χ = 16. The different panels represent the mean particle number (A),
the mean particle number deviation from an integer number (B), the
particle number variance (C) and the von Neumann entropy (D).

the superfluid state. The reason for this smoothness is the small system size we’re
using here. The system undergoes a sharp phase transition only in the thermody-
namic limit of infinite system size and constant density of bosons.
Panels A and B show the mean particle number in the system. For reasons of better
visibility we display in panel B only the difference of the particle number to the next
integer value. This allows us to highlight the Mott-insulator lobe with the localized
bosons which occupy exactly one lattice site each. Here we see a line pointing to
the bottom right with the same mean number of bosons per lattice site. Comparing
this regime with panel C we notice that this line clearly lies within the superfluid
region. This line shows the chemical potential necessary to fix the particle num-
ber when moving from the Mott-insulator to the superfluid regime. In cold atoms
experiments, this is the interesting path, as during the experiment the number of
bosons is fixed. In numerical calculations one either adjusts the chemical potential
according to the desired particle number, or moves from a grand canonical to a
canonical representation, which in tensor network algorithms can be achieved by
explicitly allowing only those states with the desired particle number in the system
as we will do later on.
Panel D shows the phase diagram using the bipartite von Neumann entropy SvN =
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−tr {ρ log2(ρ)} using the reduced density matrix ρ of exactly half the lattice. The
von Neumann entropy has been successfully applied in characterizing the superfluid-
to-Mott-insulator phase transition [109] and this is also indicated here. In the Mott
insulator regime the von Neumann entropy is zero but smoothly increases towards
the superfluid phase, pretty similar to panel C where the mean particle variance is
shown. But here we observe an additional feature. The phase diagram shows stripes
with varying magnitude in the superfluid regime. In comparison with panel B one
sees that there are exactly 16 stripes between a mean particle number of one and a
mean particle number of two, therefore the same number as lattice sites. It looks
like this behavior is closely related to the finite size of the lattice we’re investigating.
Each stripe indicates the addition of one full particle to the system.
The lobe-like structure of the Mott insulator phase is explained by the energy cost
in adding a particle to the system. In the Mott insulator regime is defined by com-
mensurate filling of the lattice where an additional particle would raise the total
energy because of the onsite interaction. An increasing chemical potential would
eventually allow the creation of an additional particle hopping through the lattice.
The kinetic energy would compensate the potential energy in this context. As the
kinetic energy becomes larger for increasing J , the thickness of the lobe decreases
in that direction [98].
A special point in the phase diagram therefore is found at lines with constant mean
integer particle number. In those cases we can not explain the phase transition in
the same way. Here, the potential energy defined by U directly competes with the
kinetic energy J . This phase transition has been identified to be of the type of a
Berezinskii-Kosterlitz-Thouless (BKS) transition [105]. These transitions are classi-
fied by an exponentially diverging correlation length ξ =

�
(
�

r r
2Γ(r)) / (

�
r Γ(r))

as
ξ ∼ eC/

√
Jc−J , (4.11)

with a constant C, the critical value of the hopping parameter Jc and the correlation
function

Γ(r) = �a†(0)a(r)i. (4.12)

Furthermore, the superfluid regime can be described as a Luttinger liquid [105] with
algebraically decaying correlations

Γ(r) ∼ r−K/2, (4.13)

where the Luttinger parameter K = 1/2. Also, according to conformal field theory
one finds a central charge of c = 1 in the critical superfluid regime [109].
The BKT-transition in the Bose-Hubbard model for �ni = 1 is of special interest in
quantum optics and quantum information as it is used in optical lattice experiments
to create Mott-insulator states suitable for the creation of quantum simulators or
even quantum computers. The key process in these experiments is the coherent
transition from the superfluid to the Mott-insulator phase, which is adiabatically
possible for finite systems [22, 13]. We will address this process by applying optimal
control on it in the next main section after introducing briefly the background of
optical lattice experiments.
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4.2.3 Optical Lattices

Standing waves are characterized by a constant amplitude at a certain position in
space. The points with zero amplitude are called nodes and accordingly those points
with maximum amplitudes are called antinodes. A simple way to create a standing
wave is by considering two waves moving in opposing direction. This can also be
done with electromagnetic waves created by a laser, for instance by pointing it on a
mirror so that the original wave gets overlapped with the reflected one. The spatial
periodic ordering of the nodes can then be interpreted as a lattice which is called
optical lattice when created by light [110, 112].
Such lattices can trap atoms by an energy shift induced by the ac-Stark effect
[110, 113, 114]. This can be described by an induced electric dipole moment �d =

α(ω) �E(�x) with the frequency-dependent polarizability α(ω). The electric field of
the standing wave created by two counter-propagating laser beams can be written
as

�E(�x, t) = êE0 cos(kz) cos(ωt)e
−x2+y2

2w2 , (4.14)

where the laser beam is assumed to be a Gaussian beam with a waist w which is
assumed to be constant for our purposes. The polarization of the electric field is
defined by ê and k = 2π/λ (ω = 2πc/λ) is the wavenumber (frequency) for the
wavelength λ and the speed of light c.
We consider two-level atoms interacting with this electric field, described by the
Hamiltonian

H = −�d · �E. (4.15)

We can treat this interaction in perturbation theory where we denote the energy of
the ground state as Eg = ωg and the energy of the excited state as Ee = ωe. First,
we expand the Hamiltonian in terms of the basis states as

H = �dgg �E|gi�g|+ �deg �E|ei�g|+ �dge �E|gi�e|+ �dee �E|ei�e|, (4.16)

with �dij = �i|�d|ji. We consider the atoms to be in the ground state in the beginning
so that we can neglect the last two terms of Eq. 4.16.
The first matrix element proportional to �g|H|gi is zero since the s-wave ground
state is symmetrically distributed around the nucleus. So we need the second order
correction of the energy-term, which generally is written as

E(2)
g =

|�e|H|gi|2
Eg − Ee

. (4.17)

As we discuss a time-dependent electric field, this formula, which is derived for
dc-fields, has to be adjusted. One can do that in the framework of dressed states
[114, 115]. The states associated with the correct energy values in an ac-field are
the solutions of the Schrödinger equation

iΨ̇ = HΨ = (−�d · �E)Ψ. (4.18)

As we consider a periodic varying electric field �E ∼ cos(ωt) we can apply Floquet’s
theorem (in the context of solid state physics this theorem is known as the Bloch
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theorem). It allows us to write the solution of the Schrödinger equation as

Ψ(�x, t) = e−iωitφ(�x, t), (4.19)

where the function φ(�x, t) has the same periodicity as the electric field. A Fourier
expansion φ(�x, t) =

�∞
n=−∞ Cn(�x)e

−inωt then leads to

Ψ(�x, t) = e−iωit

∞�

n=−∞
Cn(�x)e

−inωt, (4.20)

which represents a whole range of dressed states with the energies En = ωi + nω
(also called spectrum of quasi-harmonics [114]). These states represent the process
of the absorption (or emission) of n photons by the atom. We consider frequencies
close to the energy gap between the states |gi and |ei so that ω ≈ Ee − Eg. This
way we can neglect all dressed energies for which |n| 6= 1. The energy shift in second
order perturbation theory then gets the form

E(2)
g = |�e|H|gi|2

�
1

Eg − Ee + ω
+

1

Eg − Ee − ω

�
. (4.21)

We use the rotating wave approximation to neglect the non-resonant second term
of the energy shift, the definition of the Rabi frequency Ω = |�deg · ê|E0 and the
definition of the detuning δ = ω − (Ee − Eg) to obtain the ac-Stark shift of the
two-level atom in the optical lattice as

E(2)
g =

Ω2

δ
cos2(kz)e−

x2+y2

w2 . (4.22)

The energy shift imposes an attraction or a repulsion, depending on the sign of
the detuning. When the detuning is negative, the atoms get attracted to the points
of maximum field intensity at kz = nπ for n ∈ Z. So the potential felt by the
atoms here indeed has a sinusoidal shape as discussed above in the derivation of the
Bose-Hubbard model.
Optical lattices allow to implement the Bose-Hubbard model in a very controlled
way. The lattice depth can be controlled directly by the laser intensity Ω ∼ E0

and the wave function of the atoms become confined enough to fulfill the necessary
assumptions for a potential depth V0 � 2Er with the recoil energy Er = 2π2�2/mλ2

as a typical energy scale in the context of optical lattices. It can be seen as the
kinetic energy gained by the atom after the absorption of a single photon.
Typical values for the hopping parameter J in optical lattices can be obtained in
the tight binding limit as

J =
4√
π
Er

�
V0

Er

�3/4

e−2( V0
Er
)
1/2

. (4.23)

The onsite interaction U can be calculated using a pseudopotential approximation
where the periodic potential gets approximated by

V (x) =
4πa�2

m
δ(x). (4.24)
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Figure 4.3: Typical values of the system parameters U (solid blue) and J (dashed
blue) of sodium atoms in an optical lattice with λ = 514nm. The green
solid line shows the quotient U/J .

With the s-wave scattering length as, the length equivalent to the scattering length
of a hard sphere with radius as, one gets [116]

U = 4

�
V0

Er

�3/4 √
2πasEr

λ
. (4.25)

Typical values for a Sodium experiment are λ = 514nm, as = 5.5 · 10−3λ and
m = 3.82 · 10−26kg [22]. We can use these values to obtain typical values for the
system parameters at different values of the potential depth. The result is shown
in Fig. 4.3. Note that for a one-dimensional lattice the phase transition at fixed
�ni = 1 takes place at U/J ≈ 3.4 [106].
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4.3 Optimal control of complex atomic quantum
systems

This section presents the results published in the paper Optimal control of complex
atomic quantum systems, SciRep 6, 34187 (2016), where the author of this thesis
was responsible for the realization of the numerical results of the second part.

4.3.1 Introduction

The last two decades have seen exceptional progress in the ability to engineer, manip-
ulate and probe complex quantum systems. The concepts of quantum computation,
quantum simulation or precision measurement beyond the classical limit have been
validated in the laboratory and quantum sensing and metrological devices have been
developed for specific applications [117, 118, 119, 120, 121, 122]. Another important
challenge to meet in order to fully exploit the potential of complex quantum systems
is to design more robust and efficient experimental protocols. Most of the protocols
developed so far in research laboratories rely on analytic or simple empirical solu-
tions. In the paradigmatic example of a superfluid-to-Mott-insulator transition in a
lattice, adiabatic manipulations are generally applied. Although maintaining adia-
baticity is impossible in the thermodynamic limit, almost adiabatic transformations
can become feasible for finite size systems. However, they are – by definition – slow
compared to the typical timescales of the system. Thus, they are highly sensitive to
decoherence and experimental imperfections. Speeding up the transformation can
lead to a significant gain in that regard. In another common case, the driving of
a transition between two energy levels of a system, an adiabatic solution does not
necessarily exist. The transition can, under certain constraints, be driven by a Rabi
pulse at the frequency of the level splitting. However, in the presence of other ac-
cessible levels or loss processes, this option has a strongly limited efficiency. It would
therefore be desirable to have at our disposal a method to design fast and arbitrary
complex manipulations. In addition, to be experimentally sound, such a method
would have to be robust with respect to system perturbations. This challenge can
be met by means of optimal control theory, that is, the automated search of an op-
timal control field to steer the system towards the desired goal [123, 124]. Quantum
Optimal Control (QOC) has been applied very successfully in the case of (effective)
few-body quantum systems: it has been shown that QOC can steer the dynamics in
the minimum allowed time and that the optimal protocols are robust with respect
to noise [124]. In particular, it has been experimentally demonstrated, for quantum
dynamics taking place in an effective two-level system, that QOC allows to saturate
the Quantum Speed Limit (QSL) – the minimal time necessary to transform one
state into another for a given energy of the driving [125, 126, 127, 128, 129, 130].
However, only recently QOC has been extended to embrace many-body quantum
dynamics in non-integrable quantum systems [96, 131, 132, 133, 134].

In this paper, we apply QOC to two ultracold atom systems undergoing com-
plex transitions in the non-perturbative regime and we show that it is possible to
speed up their dynamics at timescales comparable with the QSL theoretical es-
timate (Fig. 4.4a). The two selected experiments are prime examples of quantum
systems in which the dynamics is affected by interactions between particles and
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Figure 4.4: a) The CRAB optimal control applies a first control field Vguess(t) to
a numerically simulated experiment. Taking into account experimental
constraints, it optimizes the control field relying on the figure of merit
F after time evolution. The final control field obtained after optimiza-
tion, VOPT(t), optimally steers the system in the minimal possible time
TOPT compatible with the theoretical and experimental limitations. b)
Vienna atomchip experimental setup: illustration of the experimental
setup with the atomchip (top) used to trap and manipulate the atomic
cloud (middle) and the light sheet as part of the imaging system (bot-
tom). The trapping potential, centered on a DC wire, is made slightly
anharmonic by alternating currents in the two radiofrequency (rf) wires.
It is then displaced (black arrow) along the optimal control trajectory
VOPT(t), using an additional parallel wire located far away from the DC
wire and carrying a current proportional to VOPT(t). By this mechan-
ical displacement of the wavefunction, a transition is realized from the
ground to the first excited state of the trap. The atomic cloud is imaged
after a 46ms time-of-flight. c) Garching lattice experiment setup: an
optical lattice is applied along an array of tubes and drives the super-
fluid to Mott-insulator transition with one atom per site (top) following
the optimized control field VOPT(t) (black arrows). The distribution of
atoms in the Mott regime is probed by fluorescence imaging through
a high-resolution microscope objective with single-site resolution and
single-atom sensitivity (bottom right).

where much is to be gained from speeding up the attempted transformation. In the
first experiment, we demonstrate a fast control scheme for the motional state of a
quasi-condensate on an atom chip (Fig. 4.4b). The complexity of this system arises
from the multiplicity of accessible motional states and the non-linearities induced
by atom-atom interactions. We show that, using a mean-field Gross-Pitaevskii rep-
resentation of the system, QOC is successful at optimizing state transformations
or state preparation, making it a versatile tool for potential quantum information
processing applications. Following an optimized non-trivial trajectory, we achieve
theoretical and experimental infidelities below 1% on a timescale on the order of
the QSL. In the second experiment, we experimentally speed up the crossing of
the one-dimensional superfluid Mott-insulator (SF-MI) quantum phase transition of
cold atoms in an optical lattice (Fig. 4.4c). This experiment is the first example of
QOC applied to quantum phase transitions and might have implications to improve
the efficiency of future adiabatic quantum computation protocols. It also shows
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the power of QOC to efficiently treat many-body dynamics: the optimal quantum
phase transition crossing is about one order of magnitude faster than the adiabatic
protocol while maintaining the same final state fidelity.

As we will show, the optimal transformations we engineer are in general robust
with respect to moderate fluctuations of the systems’ parameters, finite temper-
ature and atom number fluctuations, a fundamental requirement for a successful
application of optimal protocols to experimental systems.

4.3.2 Optimal control and quantum speed limit

A typical optimal control problem is defined as follows: given a dynamical law
which defines the time evolution of the system state ρ and depends explicitly on an
external control field V (t), one looks for the optimal control field VOPT(t) such that a
quantity of interest — the figure of merit F (V (t)) — is extremized (Fig. 4.4a). In the
following, among the different algorithms that have been successfully developed to
perform QOC processes [124, 135], we will exploit an approach recently introduced
by some of us [96, 97]: the Chopped RAndom Basis (CRAB) optimization. This
approach has been specifically designed to solve optimal control problems where the
access to the knowledge of the system properties is limited and/or the computation
of the figure of merit is highly demanding (see appendix A for details): for example
when using tensor network methods [136, 137], multi-configuration time-dependent
Hartree Fock methods [138, 139, 140], or in a closed-loop setting whenever the
optimization is performed directly as part of the experimental cycle [131].

Despite the successes of QOC, there are fundamental limitations that clearly
cannot be overcome. One of the most fundamental ones is related to the energy-time
uncertainty – the QSL. It accounts for the fact that the system’s finite energy defines
a minimal time-scale needed for the system to react [125]. The simplest instance of
such fundamental limit is, in a two-level system, given by the Rabi frequency which
provides a lower bound for the time needed to perform a transition between the
levels. More generally, it can be proven that the time needed to perform a given
transformation between two states is bounded by T ≥ d(ρi, ρf )/Λ, where d(ρi, ρf )
is the distance between the initial and the final states, and Λ is the time-averaged
p-norm of the Liouvillian [125, 126, 127, 128, 129]. Whenever the previous bound is
saturated, the system is said to be driven at the QSL [141]. An independent heuristic
estimate of the QSL can be provided by solving the (constrained) optimal control
problem at different total times T for fixed control field strength: the minimal time
needed to reduce the figure of merit below some critical threshold can be defined as
the QSL of the process. It has been shown in a few cases that these two definitions
coincide [140, 141, 142].

The functional dependence with the total time T of the final figure of merit
depends on the specific system considered: if the time-optimal transformation fol-
lows the geodesic in the Hilbert space between the initial and the final (ortho-
gonal) state at maximum constant speed, the final figure of merit is given by
F (T )/F (T = 0) = cos2(πT/(2TQSL)) [140, 141, 142] for T ≤ TQSL. This simple
formula allows then to estimate the QSL by means of a one-parameter fit according
to the previous definition. It can be either directly applied or adapted, as we will
show in the two optimal processes studied. Finally, when applying this approach
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Figure 4.5: a) Theoretical prediction of the infidelity F1 as a function of the trans-
formation time T achieved by optimal driving of the ground-to-first-
excited state transfer for N = 700 (blue squares). The blue solid lines
are fits of the numerical results according to α cos2(βT ) with α � 1, 0.56
and β � 7.35, 1.18 (left and right curve respectively). The green region
represents the minimum measurable infidelity in our present experiment.
Insets: modulus squared of the evolved wave function (orange area) at
T = 0.15ms and at the final time T = 1.09ms (upper and lower panels),
initial and goal states probability distributions are shown as reference
(dashed blue and red lines). b) Optimal control fields for transforma-
tion times T = 1.09ms for N = 1, 700 and 7000 atoms obtained via
full CRAB optimization (respectively red, blue, and yellow line). In-
set: Fourier spectrum of the optimal control field for T = 1.09ms and
N = 700 (blue solid line). The vertical lines correspond to single particle
transitions from the ground state (red).

to describe any experimental setup, one should take into account the deviations
from the idealized theoretical model and the concrete measurement capabilities,
which introduce a limited distinguishability between states (in terms of any meas-
urable quantity): hereafter we choose as optimal total duration of our experiments
TOPT < TQSL, the minimal time where the figure of merit reaches the minimum
compatible with the experimental resolution.

In summary, in the following we perform a numerical CRAB optimization for
different final times T of two complex dynamical processes (illustrated in Fig. 4.4b-
c), from which we obtain a theoretical estimate of TOPT and the corresponding
optimal control fields, which we use successfully to experimentally manipulate the
system at a timescale compatible with the QSL.

4.3.3 Fast manipulation of the motional state of a BEC on an
atom chip

The first system for which we demonstrate time-optimized driving is a one-dimensional
(1D) Bose-Einstein condensate (BEC) of Rubidium 87 atoms on an atom chip, per-
formed at the Technische Universität Wien. Optimal control is used to perform
coherent transfers between eigenstates of the transverse confining potential. Such
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transfers are tools for probing non-equilibrium quantum dynamics and studying
decay processes from excited eigenstates, for example the emission of twin-atom
beams [143]. Furthermore, coherent manipulation of non-classical motional states
allows performing interferometric sequences with these states [144], and opens per-
spectives for quantum information operations. For the useful implementation of
such operations, as well as to separate the timescales of state initialization and of
decay processes, the duration of the optimal control transfers is key. We characterize
here the QSL for a full population transfer from the ground to the first excited state,
and implement experimentally the predicted shortest possible transfer which allows
keeping high transfer efficiency.

The atom chip used in this experiment consists of setups of micro-fabricated
structures on a surface, generating magnetic fields to trap neutral atoms [145]. They
can produce strongly confining potentials and allow for very precise manipulation
of the atoms. These capacities [145] are here exploited to produce a well-defined
transversally anharmonic potential and to accurately displace the trapping potential
along the anharmonic direction, following a trajectory designed by QOC. To realize
transfers between the BEC motional states, the anharmonicity is necessary as it lifts
the degeneracy between the levels and allows transfers to specific eigenstates of the
trap or superpositions thereof. It also induces a coupling between center-of-mass
motion and intrinsic motion of the BEC [146]. There is no trivial way to perform
these transfers fast, due to the presence of interactions and higher energy levels. In
order to constrain the dynamics into the two-level system formed by the initial and
target states, the minimum duration for a Rabi driving field — a weak amplitude,
sinusoidal displacement at the level spacing frequency — should be defined by the
detuning between the level spacings, which is on the order of 0.6 kHz. This simple
picture is complicated by the interactions, which shift the energy levels and are also
responsible for population transfers between eigenstates. The required driving time,
obtained from numerical simulations, exceeds 9ms. This is much longer than the
timescale of interaction-induced decay into twin-atom beams, about 3ms for our
typical atom number [143]. Therefore, although the initial and final states can be
described in a two-level model, the time-optimal transfer trajectory is expected to
involve higher motional states. Designing the necessary complex driving fields thus
requires the use of QOC.

As long as the decay processes can be neglected, there is no coupling between
the different axes of the potential and the steering dynamics can be described by
considering only the transverse y-direction along which the potential is displaced.
Thus, in a mean-field approach, the dynamics of the condensate can be described
by an effective 1D Gross–Pitaevskii equation (GPE):

i�
∂ψ(y, t)

∂t
= Ĥgp[ψ]ψ(y, t),

Ĥgp[ψ] =

�
− �2

2m

∂2

∂y2
+ V (y, t) + g1DN |ψ(y, t)|2

�
, (4.26)

with N being the number of atoms in the quasi-condensate and g1D = g1D(N) an ef-
fective 1D coupling constant for the displacement direction y (see appendix B) [157].
The potential along y can be well approximated by V (y, t) = p2 [y − λ(t)]2+p4 [y − λ(t)]4+
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Figure 4.6: a) Theoretical predictions for the final infidelity F1 as a function of the
atom number when using the control fields optimized for 700 atoms.
The shown numerical results are obtained for total transformation times
T = 1.09, 5.01 ms (blue and red lines) and are compared to experimental
results (circles) obtained with the optimal control field for T = 1.09ms.
b) Transverse distribution after time-of-flight during the optimal process
(t < TOPT) and after (TOPT < t < 2ms) for N = 700: experiment
(center), corresponding GPE simulation (left) and residual difference
(right). The gray horizontal line highlights TOPT.

p6 [y − λ(t)]6 , where λ(t) is the control field and p2, p4, p6 are fitting parameters of
the trapping potential (see appendix C).

The system is initially prepared in the ground state φ0(y) of the trap V (y, 0)
with N interacting bosons, and the target state is chosen as the corresponding
first excited state φ1(y). The relevant figure of merit is the infidelity F1 = 1 −���

R dy φ
∗
1(y)ψ(y, T )

��2, where ψ(y, T ) is the final state of the system.

We perform a CRAB optimization including the limited bandwidth of the electron-
ics and the maximum possible trap displacement λmax = 1 �m. Similar approaches
have been developed using gradient based optimal control techniques [143, 147, 148].
The results for different transformation times T are reported in Fig. 4.5. The infi-
delity F1 decays monotonically with one inflexion point, which we interpret as the
crossover between two characteristic timescales. Indeed, within the fastest timescale
(about 0.15ms) the optimal solution is to perform an almost rigid translation of the
initial wave packet, which maximizes the overlap with one of the two lobes of the
first excited state of the trap (see upper inset in Fig. 4.5a). This results from the
fact that simply displacing the initial ground state already yields a figure of merit
of about 60%. Solving the full problem obviously requires to modify the wavefunc-
tion shape (lower inset in Fig. 4.5a) by means of more complex manipulations of
the system parameters, over a longer time. This optimal dynamics has also a geo-
metric interpretation: it is composed by two optimal transitions, the first between
the initial state and the intermediate one depicted in Fig. 4.5a (upper inset), and
the second between the latter and the goal state. Each transformation displays a
monotonic decay of the final figure of merit F1 as a function of the transformation
time T , which can be fitted via a cos2(T ) decay (blue lines in Fig. 4.5a), that is,
they are compatible with two concatenated optimal transformations at the QSL.
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In summary, the optimal process taking into account experimental constraints and
finite measurement precision (on the order of 1%, indicated by the green interval
in Fig. 4.5a) lasts TOPT � 1.09ms and reaches an infidelity F1 � 0.005. This time-
optimal transfer is about five time shorter than previously achieved [143, 147]. The
corresponding optimal control field for N = 700 atoms is shown in Fig. 4.5b (blue
line). This control field was used as an initial guess for optimizing two other pulses,
for different atom numbers N = 1 and 7000. As shown in Fig. 4.5b, the resulting
pulses have similar shape but with clear deviations.

To investigate the composition of the optimal transfer control field and gain some
physical insight into it, we performed a Fourier analysis of the optimal control field
for TOPT and N = 700 atoms, shown in the inset of Fig. 4.5b. Frequencies beyond
∼ 25 kHz do not play any relevant role. For lower frequencies, the spectrum has
a rather continuous behavior with some prominent peaks. We compared the struc-
ture of the spectrum with the transitions of the single particle Hamiltonian (vertical
lines in the inset). It appears that the main peaks are close to single-particle trans-
itions from ground state to excited states, showing that many eigenstates of the
potential are involved in the transfer dynamics. However, not all peaks could be
clearly matched with a single physical transition, either single particle or a collective
Bogoliubov excitation, see Eq. 4.28 in appendix B (not shown in the inset of Fig.
4.5). This analysis emphasizes the complexity of the optimized control field and
also the difficulty of engineering and understanding these optimized control fields in
intuitive ways.

The optimal control field obtained above, although promising, would be useless if
it were not stable against experimental fluctuations. In the present experiment, atom
number fluctuations are the main source of perturbation. In normal conditions, fluc-
tuations of the order of 10%−20% of the atom number are unavoidable. Therefore,
we checked the stability of the optimal process described above against fluctuations
of the number of atoms N . The numerical results are reported in Fig. 4.6a, for dif-
ferent atom numbers and different transformation times T , one corresponding to the
optimal time TOPT and another one about five times as long, comparable with the
transformation time used in the experiment of Ref. [143]. As can clearly be seen, the
slower process results in a better theoretical infidelity F1 at N = 700; however its
sensitivity against atom number fluctuations is much higher, due to the fact that the
effects of atom interactions are integrated over a longer time. Eventually, for atom
number fluctuations above 20%, the performances of the slower optimal protocols
become even worse than those of the faster ones. In order to further investigate the
effects of atom interactions, we also simulated the application of the optimal control
field computed for N = 1 to the interacting system. We obtained for the optimal
time an infidelity F1 = 0.07, an effect that becomes much worse for the long pulse,
with F1 = 0.25. This result reflects again the fact that the effects of interactions ac-
cumulate with time, but also that interactions must be taken into account to obtain
good results, including at the optimal time.

Experiments

We describe the experimental test of the optimal process engineered theoretically in
the previous section. A BEC is prepared in the transverse ground state of an elong-
ated potential. As illustrated in Fig. 4.4b, the BEC is trapped and manipulated
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Figure 4.7: a) Theoretical prediction of the optimal figure of merit F2 as a function
of the control field duration T (blue squares). The blue solid line is a fit
determining the QSL, the crossing point between the numerical result
and the green region (estimated experimental limitations) defines the
optimal time TOPT = 12.0(2)ms (gray vertical line). The red square
displays the final F2 for the fast linear control field. b) Theoretical
prediction for the final atom number fluctuation in the center of the
trap Δn2

L/2(T ) for different atom numbers N for the linear (red) and

optimal (blue) control fields. The optimized control field works best for
16 atoms, but a small deviation only slightly decreases the figure of merit
(blue). The linear ramp results in a higher figure of merit for all atom
numbers (red). c) Lattice ramps used in the experiment. Top: the lattice
is first slowly ramped to 3Er (grey) before either the fast linear control
field (red) or fast optimized control field (blue) is applied. The typical
adiabatic control field (yellow) is much longer. Bottom: magnification
of the comparison between the linear (red) and the optimal control field
(blue).

by current-carrying wires on an atom chip. At any point during the manipulation
sequence or after it, the atomic ensemble can be released from the trap and imaged
when it crosses a light sheet after a time-of-flight (for details on the experimental
setup and sequence, see appendix C) [149]. The profiles of the transverse atomic
distribution after time-of-flight are then stacked to construct an image of the time
evolution of the transverse momentum distribution during the transfer to the first
excited state (Figure 4.6b, middle panel). Figure 4.6b shows a typical experimental
result and comparison to simulations: the image in the middle represents the ex-
perimental transverse momentum distribution (fluorescence measurement results)
as it evolves in time, starting from the beginning of the transfer field. This can
be qualitatively compared with the GPE numerical simulation (left panel), or more
quantitatively by plotting their difference (right panel). The transfer efficiency is
inferred from the evolution of the momentum distribution after the application of
the control field, e.g. after TOPT = 1.09ms. This distribution is fitted with Gross-
Pitaevskii equation simulations, where the fit parameter of interest is the population
in the first excited state. Finally, this analysis yields a transfer efficiency of 99.3(6)%,
corresponding to an estimated figure of merit F1 = 0.7%± 0.6%, in excellent agree-
ment with the theoretical prediction. We also repeated the experiment with the
same control field for different atom numbers, obtaining a good agreement between
theory and experiment over one order of magnitude of different atom numbers N ,
as shown in Fig. 4.6a.
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4.3 Optimal control of complex atomic quantum systems

We therefore demonstrated that applying QOC to the atom chip system provides a
fast, robust, and efficient method for state initialization and manipulation. This fast
state manipulation allowed performing a Ramsey interferometer with motional states
[144]. In the next section, we apply the same optimization algorithm to a different
system, showing that the optimal steering demonstrated here is not dependent on
this particular experimental setup or process, but it shall be expected in general.

4.3.4 Mott-insulating ground state of bosonic atoms in an
optical lattice

The phase transition between the superfluid (SF) and the Mott-insulating (MI)
phase in cold atoms has been studied in different experiments [122], and nowadays
the MI state with typically unit filling is used, for instance, as a well-defined initial
state for experiments simulating the dynamics of effective spin systems [150, 151,
152]. These experiments start with a BEC and cross the phase transition to the de-
sired MI state by slowly increasing the depth of the optical lattice. In an infinite-size
homogeneous system these two states are separated by a quantum critical point and
therefore cannot be adiabatically connected by varying the lattice depth. In typical
experimental systems, however, the finite number of atoms and the presence of an
additional confining potential turn the phase transition into a crossover, thereby
opening the possibility for an adiabatic preparation of the MI ground state. Here
we demonstrate that a faster, non-adiabatic optimal steering across the 1D SF-MI
crossover, is possible. The optimized control field we engineer speeds up most of
the ramp of the system by a factor of ten compared to the adiabatic protocol, from
120ms to 12ms, without measurable additional distortion of the final state.

The system we use is composed of parallel tubes containing on average 16 Rubid-
ium 87 atoms each. An optical lattice of depth V (t) is applied along these tubes.
Each tube is described by the one-dimensional bosonic Hubbard Hamiltonian [21]

ĤBH = −J
�

i

�
b̂†i b̂i+1 + b̂†i+1b̂i

�
+

U

2

�

i

n̂i(n̂i − 1)

+
1

2
mω2a2lat

�

i

(i− i0)
2n̂i , (4.27)

where the index i = 1, . . . , L labels the lattice sites and i0 = (L − 1)/2 the center
of the trap, J is the tunnel coupling between neighboring sites, U is the on-site
interaction strength, ω denotes the harmonic confining potential, and alat the lattice
spacing. The operator b̂i (b̂

†
i ) annihilates (creates) an atom at site i while n̂i = b̂†i b̂i

counts the number of atoms at that site. In the absence of the harmonic confinement
(ω = 0), the critical point of the SF-MI transition is located at U/J ≈ 3.4 [106],
corresponding to a lattice depth Vc = 4.5Er, where Er = (2π�)2/(8ma2lat) is the
recoil energy of the lattice and m the atomic mass of the atoms. All the presented
theoretical results are obtained in the presence of a trapping frequency ω = 2π×63.5
Hz equal to the frequency measured in the experimental setup, and unless stated
otherwise, simulating N = 16 atoms in a lattice of L = 32 sites.

The dynamics of the Hamiltonian (4.27) is simulated via the time-dependent
density matrix renormalization group algorithm (t-DMRG, see appendix D). The
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Figure 4.8: a) Experimental mean parity profiles Pi resulting from the adiabatic
(yellow points), optimized (blue points) and linear (red points) lattice
ramps compared to the rescaled numerical results (blue and red lines).
The short linear lattice ramp has a dip in the parity profile at the center
due to non-adiabatic effects. Inset: magnification of the central part of
the main panel. Standard deviations of the measured data are smaller
than data points in the main plots and therefore only shown in the inset.
b) The red and blue shaded areas display the numerically computed atom
number fluctuations for the linear and the optimized ramps.

time-dependent tunnel coupling J(t) and the on-site interaction energy U(t) are de-
rived from the lattice depth V (t) by calculating the overlap integrals of the Wannier
functions for the single-particle problem [21]. The bosonic Hubbard Hamiltonian,
provided by Eq. (4.27), is only a good description of the system for sufficiently large
lattice depths (typically V > 3Er). We therefore assume the system to be initialized
at a lattice depth of 3Er and we optimize the functional dependence in time of the
lattice depth for a ramp ranging from 3Er to 14Er driving the SF-MI crossover.

The shape of the lattice depth V (t) is optimized for different transformation times
T using the CRAB algorithm. The figure of merit we minimize is the rescaled average
variance of the site occupancy in the center of the trap where we expect that the
effect of the harmonic potential will be negligible and we could observe a MI state.

That is, F2(T ) =
1

8

�L/2+4
i=L/2−4Δn2

i (T )/Δn2
i (0) where Δn2

i (t) = �n̂2
i (t)i− �n̂i(t)i2 and

the sum runs over the eight sites at the center of the harmonic trap. The numerical
figure of merit ranges from F2(T = 0) = 1 to F2 = 0 for a perfect Mott-insulator,
while any residual excitations at the final time will increase F2(T ). Figure 4.7a
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4.3 Optimal control of complex atomic quantum systems

displays the resulting optimal figure of merit F2 as a function of the transformation
time T . As expected for an optimal crossing of a quantum phase transition [141],
the numerical results are accurately described by the curve F2(T ) = cos2(T/TQSL),
resulting in TQSL = 17.3(2)ms. However, due to experimental limitations arising
from the non zero temperature of the 1D tubes (green region in Fig. 4.7a) the
optimal verifiable figure of merit corresponds to an optimal time TOPT ∼ 12ms.

Before proceeding with the experimental verification of the optimal process, we
investigate the robustness of the optimal process with respect to total atom number
fluctuations. We show in Fig. 4.7b the final density fluctuations at the center of the
trap Δn2

L/2(T ) under deviations ΔN of the atom number up to more than 10% (i.e.

ΔN ± 2) in the system for the optimized lattice ramp (blue). For comparison, we
also show the result of a linear lattice ramp of same duration (red). As before, the
optimal process displays a rather high level of robustness: the density fluctuations
remain similar for all atom numbers, however larger atom numbers lead to a larger
amount of defects in the density distribution. The corresponding optimal lattice
ramp V (t), together with a linear ramp and the adiabatic one for reference, is
displayed in Fig. 4.7c. The optimal protocol has been computed only for a system
prepared in the ground state of the initial Hamiltonian, but we show below that the
insensitivity to atom number fluctuations also provides a certain immunity against
a finite initial temperature of the system.

Experiments

The experimental implementation of the theoretically predicted optimal protocol
presented in the previous section was performed on the quantum gas microscope
experiment at the Max-Planck Institut für Quantenoptik in Garching. At the begin-
ning a two-dimensional degenerate gas of polarized Rubidium 87 atoms is produced
in a single anti-node of a vertical optical lattice (period alat = 532 nm) [153, 154] (see
appendix E). By slowly ramping up an additional optical lattice along the y-axis,
the system is divided into about 10 decoupled one-dimensional tubes (both lattices
had a depth of 20Er). A third optical lattice (x-axis), perpendicular to the other
two, is used to drive the system from the SI to the MI phase by varying its depth
V (t) over time. The initial number of atoms is tuned to result in a lattice filling of
one in the insulating phase, corresponding to about N = 16 atoms in the central
tubes. At the end of this ramp, the density distribution is ‘frozen’ by rapidly raising
all three lattice depths to ∼ 80Er. Finally, the on-site parity projected atom density
is detected by fluorescence imaging [153].

The usual adiabatic crossing of the phase transition in two dimensions to the
MI phase uses a double s-shaped ramp where the slope is minimum at the phase
transition. Here we use a similar ramp for the one-dimensional systems as a reference
point (see yellow line in the upper panel of Fig. 4.7c). Each s-shaped ramp has a
duration of 75ms and the step is centered around the critical lattice depth of Vc.
This adiabatic preparation leads to an average parity of the site occupancy of 0.80(1)
in the center of the trap. This means that 80% of the sites are filled initially with
one atom, the rest being either empty or filled with two atoms (the probability for
a triple occupancy can be neglected). We attribute the 20% defects mostly to the
finite temperature of the initial state (we note that in a 2D geometry average final
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parities of >96% are typical) because this fraction does not significantly vary as
we increase the duration of the lattice ramp. The theoretically predicted optimal
steering field is implemented in the experimental setup by increasing the lattice
depth first from 0 to Vi = 3Er over 30ms and then from Vi to Vf = 14Er over
11.75ms following the optimal control field. In order to reduce the atom number
fluctuations in the experimental sample, we restrict the analysis to the central 5
tubes in two-dimensional samples having a diameter of 16 lattice sites (see appendix
E).

The measured parity of the site occupancy in the final state is plotted in Fig. 4.8,
where we compare the result of the optimal protocol to those of the adiabatic state
preparation and of a linear fast control field of the lattice performed in 11.75ms.
We observe no significant difference between the optimal and adiabatic protocols
(yellow and blue data sets): the optimal control technique therefore leads to a factor
of ten speed up of the state preparation without loss of fidelity. The performance
of the optimized protocol is better appreciated when comparing with the final state
reached using a linear control field of the same duration. Here the parity of the
site occupancy displays a dip in the center, surrounded by narrow bands of high
parity. Such a distribution indicates that the redistribution of atoms across the
system that is necessary to build an extended insulating region could not take place.
Instead, insulating regions that formed locally around the points where the initial
site occupancy was close to one have confined the excess particles in the center of
the trapping potential [155]. Note that, as displayed in the inset of Fig. 4.8, the
difference between the optimized and the linear control field — especially in the
center of the trap — differs by more than three standard deviations. Moreover,
in Fig. 4.8 we compare the experimental results with the numerical simulations for
the optimal control fields: both experimental and numerical results feature a flat
top profile of comparable width, but the maximum parity of the site occupancy
achieved in the experiment yields Pmax = 0.80(1), compared to Pmax = 0.96(1) in
the numerical simulation. This difference is a consequence of the simulation being
performed at zero temperature, whereas the experimental system has a finite initial
temperature. However, if rescaled by the experimental value of Pmax, there is a good
agreement between them, that is, their difference can be parametrized with a single
parameter corroborating the fact that their discrepancy originates most likely from
the different temperature (purity) of the states.

4.3.5 Conclusions

We theoretically engineered and experimentally implemented two fast optimally con-
trolled processes for different paradigmatic complex cold atom systems: the optimal
preparation of a non-classical motional state of a BEC in a magnetic trap and the
1D superfluid-to-Mott-insulator crossover of cold atoms in an optical lattice. In
particular, the latter is the first experimental demonstration of optimal control of
a crossover related to a quantum phase transition in a finite system. We demon-
strated that optimal processes can be engineered and implemented for many-level
systems with non-linearities as well as for many-body quantum systems, and that
the theoretical estimate of the QSL can be experimentally reached. We have shown
numerically that the optimal processes are robust with respect to experimental im-
perfections, stable against atom number fluctuations (that are unavoidable without
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4.3 Optimal control of complex atomic quantum systems

post-processing of the data) and finite temperature corrections, paving the way to a
systematic utilization of optimal control in experiments with quantum many-body
systems.

The optimal preparation of excited states of cold atoms on an atom chip, per-
formed with an unprecedented fast process, open new perspectives for the develop-
ment of accurate and sophisticated protocols for sensing, interferometry and cold
atom manipulations. The numerical and experimental results on the SF-MI crossing
demonstrate that the purity of the state reached by the fast optimal protocol is the
same as the one obtained by means of the adiabatic protocol. This experiment indic-
ates that, along the same lines, the generic adiabatic quantum computation scheme
can be in principle performed in a fast and optimal way (i.e. not adiabatically).
Finally, the speedup of these processes naturally reduces the detrimental effects of
decoherence in the system and thus paves the way to the experimental realization
of protocols of increasing complexity in the near future.

4.3.6 Appendix

Appendix A: CRAB optimal control

Optimal control theory is devoted to find the solution to functional minimizations
of the form minV (t) F (V (t)), where V (t) is the control field and F a figure of merit
to be computed via a dynamical law that describes the time evolution of the sys-
tem. In QOC problems, the dynamical law is given by a Liouvillian equation for
the system density matrix, which for pure states reduces to the time-dependent
Schrödinger equation. Typical figures of merit are the overlap fidelity of the final
state with respect to some given target state, the final energy of the system or some
other interesting properties of the final state or of the path followed between the
initial and the final state. Finally, figures of merit might include also constraints
as the maximal power used to drive the system, the limited band-width of the con-
trol field or any other experimental constraints to be satisfied. In this work we
employ the CRAB optimal control approach, that is, the optimization is implemen-
ted by looking for an optimal control field of the form V (t) = V0(t) f(t), where
V0(t) is some guess function we can use to include our physical intuition on the
problem, or a preexisting solution to a simplified version of the complete optimal
control problem, and f(t) is a correction expressed in a truncated and random-
ized basis. For example, one could work in a truncated Fourier series of the form
f(t) = 1+

�
k[Ak sin(νkt)+Bk cos(νkt)]/Γ(t) where k = 1, ..., nf , νk = 2π(k+ rk)/T

are randomized Fourier harmonics with T the total time evolution, rk ∈ [−1/2, 1/2]
are random uniformly distributed, and Γ(t) is a normalization function to keep the
initial and final control field values fixed. The optimization problem is then reformu-
lated as the extremization of a multivariable function F (Ak, Bk, νk), which can be
performed with standard numerical algorithms, also gradient-free to improve their
efficiency [142]. This approach has been successfully applied to different systems
and protocols and it has been shown that it allows to achieve an efficient control of
many-body quantum system dynamics [96, 131, 132, 156]. It has also been theoret-
ically shown that the minimal value of the final figure of merit drops exponentially
with the number of optimization parameters nf , property that guaranties in most
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cases of interests an efficient and quick convergence to optimal control fields that
results in errors comparable to experimental ones [133].

Appendix B: Effective one-dimensional Gross-Pitaevskii equation

The displacement of the trap, needed to excite a quasi-1D BEC as discussed in the
first experiment of the paper, occurs along one of the two transverse directions,
where the confinement is much stronger than in the axial direction (the frequency
ratio between the transverse and the axial confinements is about 102). Usually, see
for instance Ref. [157], a quasi-1D GPE for the axial motion is derived under the
assumptions that the motion is effectively frozen to the ground state of the transverse
confinement and that the atomic interactions can be described by a contact potential.
Nonetheless, we shall now show that an effective GPE for the motion along one
of the two transverse directions (hereafter the y axis) can be obtained, since the
dynamics along the y-direction is much faster than in the axial one (hereafter the x
axis), and therefore phononic (axial) excitations can be neglected during the transfer
process. To this end, we first compute the Heisenberg equation of motion for the
atomic quantum field operator Ψ̂(r). Then, we perform the replacement Ψ̂(r) �→
Ψ(r) =

√
Nψ(x)ψ(y)ψ(z) with N being the atom number, ψ(x) =

�
n1(x), ψ(z) =�

mωz

π�

�1/4
e−

mωz
2� z2 , whereas the axial atomic density of the quasi condensate is given

by n1(x) = α[1 − (x/L)2]{α[1 − (x/L)2] + 4}/(16as3D) such that
� L

−L
dxn1(x) =

N [158] (as3D is the three dimensional s-wave scattering length). Herem is the atomic
mass, ωz the trap frequency of the harmonic confinement in the z direction, 2L =
2a2x

√
α/a⊥ the size of the condensate along the axial direction with ax =

�
�/mωx,

a⊥ =
�

�/mω⊥, and ω⊥ =
√
ωyωz. The parameter α is obtained by solving the

algebraic equation α3(α + 5)2 − (15Na⊥as3D)
2/a4x = 0. Now, by integrating over x

and z the equation of motion of the matter-wave field Ψ(r), we obtain the effective
GPE reported in Eq. (4.26), with g1D(N) = g3DIx/(

√
2πaz), g3D = 4π�2as3D/m,

and Ix = α2L(α2 + 9α + 21)/[315(as3DN)2]. Hence, contrary to the usual coupling
constant for a quasi-1D trapped atomic Bose gas [159], in our scenario the coupling
constant relies on the atom number as well. We also note that for a fixed atom
number the nonlinearity in Eq. (4.26) is smaller than in a genuine quasi-1D quantum
Bose gas, and therefore a multiorbital description of the dynamics does not provide
any significant improvement to our mean field theory, as we have checked via the
multi-configurational time-dependent Hartree method for bosons [138].

Finally, we note that in order to analyze the structure of the spectrum of the
optimal control field, we have solved the Bogoliubov–de Gennes equations [157] for
the GP ground (φ0) and first excited (φ1) states, that is, we solved the eigenvalue
equations L0,1(uk, vk)

T = �ωk(uk, vk)
T , with the Bogoliubov–de Gennes operator

given by [160]

L0,1 =

�
Ĥgp[2|φ0,1|2]− µ0,1 g1Dφ

2
0,1

−g1Dφ
∗2
0,1 −Ĥgp[2|φ0,1|2] + µ0,1

�
. (4.28)

Here µ0 (µ1) is the chemical potential corresponding to φ0(y) [to φ1(y)]. For more
details, we refer to Ref. [160].
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Appendix C: BEC on atom chip experimental setup

The experimental setup consists in a quantum degenerate Bose gas of Rubidium
87 atoms trapped on an atom chip. The atom chip is a square multilayer structure
covered in current-carrying gold wires. The central DC wire together with homogen-
eous external magnetic fields form a strongly confining anisotropic Ioffe-Pritchard
trap of aspect ratio of ∼ 200. Transversally, the trap is dressed by radio-frequency
fields to form an effective slightly anharmonic potential [161]. As we outlined in the
main text, the exact anharmonic potential has been approximated with a polyno-
mial V (y, t) = p2 [y − λ(t)]2+p4 [y − λ(t)]4+p6 [y − λ(t)]6, whose fit parameters are:
p2 = 2π�× 310/r20 J/m

2, p4 = 2π�× 13.6/r40 J/m
4, and p6 = 2π�× 0.0634/r60 J/m

6

with r0 = 172 · 10−9m. This experiment was performed with the potential described
in Ref. [144]. The measured frequency in the y direction is ν = 1.77 kHz. The
atomic gas is cold enough (T < 50 nK � h/kB × 1 kHz) and the chemical potential
small enough (µ/h � 0.6 kHz for N ∼ 700) that the system sits in the ground state
of this potential.

To realize transfers between motional states, the potential is displaced according
to the optimized control field using an external wire, located as far away from
the trapping wires as possible. This simple scheme leads to a close-to-horizontal
displacement, with, however, a 19� tilt with respect to the y direction. Excitations
in the z-direction are anyway limited by the anisotropy of the potential but, to
avoid them more completely, the angle can also be compensated for by tilting the
axes of the trapping potential using the radio-frequency dressing. This configuration
has been used to take the present data. However, an alternative scheme using an
offset current on the radio-frequency wires has been implemented as well, enabling
a purely horizontal displacement and leading to similar results.

Following the displacement in real time is not possible, but recording the evolution
of the momentum distribution in the trap is. For this, the atomic cloud is released
from the trap at different times during and after the transfer process, and imaged
after 46ms time of flight. These images are integrated to obtain the density distri-
bution along the y direction as illustrated on Fig. 1b, and stacked to construct and
represent the time evolution of the density after time-of-flight as shown on Fig. 3b.
Due to the fast expansion of the cloud after the strongly confining trap is switched
off, the interactions become rapidly negligible and the imaged density is homothetic
to the in-trap momentum distribution. The atomic cloud is imaged by fluorescence
when it falls through the light sheet, which is a very thin (∼ 40 �m) layer of laser
light formed by two counter-propagating laser beams, slightly detuned from reson-
ance. Part of the emitted photons are then captured by an objective located below
the light sheet, and the atom imaged with an EMCCD camera [149].

The efficiency of the transfer and the errorbars on it are extracted from these
density evolution patterns by comparison to GPE simulations, as in Ref. [144].
The 1D GPE evolution of the momentum distribution in the transverse potential is
calculated starting from an initial superposition of states |Ψinitiali =

�
k

√
pke

iθk |ki
where k ∈ 0, 1, 2 corresponds to the ground, first excited and second excited states
in the transverse direction of interest. A fit to the experimental data with the
GPE simulation of the momentum distribution evolution, using the pk’s and θk’s
as fit parameters, yields the ratio of population in the first excited state, p1, which
corresponds to the fidelity as defined for the optimization.
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Appendix D: Density matrix renormalization group

The Density Matrix Renormalization Group (DMRG) is a numerical technique
tailored to one-dimensional, correlated quantum many-body systems on a lattice [136,
137]. In its modern formulation, it exploits a tensor-network ansatz (namely a Mat-
rix Product State) – dependent on an auxiliary dimension χ – to efficiently represent
a many-body state with a polynomial number of free parameters as a function of the
number of lattice sites. By means of different minimization techniques it is possible
to obtain a faithful representation of the eigenstate properties of the system and
exploiting the few-body short-range nature of the interaction among different sites
and the Suzuki-Trotter formalism, it is possible to numerically simulate the time
evolution of many-different setups. In particular, the process considered here can be
efficiently simulated with up to tens of sites L and particles N . Recently, t-DMRG
has been merged with optimal control theory by means of the CRAB optimal control
technique described in appendix A. All simulations have been made with auxiliary
dimension of up to χ = 24, Trotter step Δt = 10−2�/Er and truncation error below
� ≤ 10−5.

Appendix E: Cold atoms in the optical lattice experimental setup

For preparing a Rubidium 87 gas in a 1D geometry, we first prepare a two-dimensional
(2D) gas by loading a three-dimensional BEC in a red-detuned optical lattice along
the vertical z direction, which is the imaging direction. We then single out one of
the filled lattice nodes and remove all the others by combining a strong magnetic
field gradient along the lattice axis, a microwave transfer between two hyperfine
states and a resonant optical pulse, as described in Ref. [153]. Once a single 2D
gas is isolated, we adiabatically switch on (200ms) a second optical lattice in the
horizontal y direction, thereby forming an array of 1D tubes. The remaining tunnel
coupling strength between neighboring tubes is estimated to be J/h = 5.05Hz using
standard band structure calculations, which has a negligible effect over the duration
of the experiment. The lattice along the 1D gas (x-axis), which drives the transition
from the superfluid to the Mott-insulating state, is turned on and slowly ramped up
to 3Er within 30ms. This is the initial state for the ramps to 14Er described in the
main text.

Due to the presence of an external harmonic confinement in each direction of
space, the length of the 1D gas is bound to at most 16 sites in order to maintain
a filling of one atom per site in the Mott-insulating regime. For the data analysis
we focused on the central 5 tubes so as to ensure that the harmonic confinement
along the tubes was approximately constant. The experiment was repeated 176
times for each control field profile (linear, adiabatic and optimal), therefore yielding
a statistical ensemble of 880 independent samples. Because the imaging process
only gives access to the parity of the density distribution we could not sort the
samples according to their atom number. We therefore included all available data
in the analysis. However, based on the measured radius of the 2D gas, we are
confident that the atom number in the central 5 tubes was close to 16 in average
with fluctuations of the order of ±1 atom. The temperature of the gas in the Mott-
insulating regime can be extracted from the measured density profile [153]. We find
typically T ∼ 0.1 U/kB, where kB is the Boltzmann constant. We were unable to
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achieve lower temperatures with the protocol used in this study, where the inital 2D
gas is first loaded in the optical lattice along the y-direction (instead of the x- and
y-lattices to be ramped simultaneously).
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5 Simulating lattice gauge theories
with tensor networks

5.1 Introduction

Gauge theories form the backbone of fundamental physics, as the theories of the
standard model belong to that category. But also attempts for a quantum descrip-
tion of gravity are made in the framework of gauge theories [162]. Despite their
huge success in high energy physics, cosmology, quantum optics and other fields of
physics, their analytical treatment is challenging and only few exact solutions are
known. Mainly, they have to be treated in perturbation theory using the path in-
tegral techniques [163].
Numerical attempts at developing non-perturbative solutions have therefore been
made already in an early stage of computational physics. The lattice formulation
by Wilson [164, 165, 166] was an important step in that direction. It allowed the
spatial discretization needed in the implementation and treatment on a computer. It
followed the large success of Monte Carlo simulations of the equilibrium properties
of gauge theories [167, 168, 169, 170].
The dynamical properties of gauge models, however, were mainly inaccessible to
Monte Carlo simulations due to a severe sign problem. The sign problem appears
in the calculation of observables in a quasi-classical formulation using a statistical
interpretation of the density matrix. In fermionic systems, however, the quasi-
probabilities can have negative values leading to errors in the integrals calculated
by Monte Carlo algorithms.
In the last years, new numerical methods based on density matrix renormalization
group (DMRG) were developed and successfully applied to problems in solid state
physics and quantum many-body systems in general [11, 171, 24, 172, 173, 174, 175,
176, 177]. These methods could recently be extended to treat gauge theories in the
Tensor network formalism [178, 179, 180, 181, 182] with the advantage that the sign
problem does not appear. This made it possible not only to study ground state
properties of gauge theories with this new toolbox, but also the real-time dynamics.
In this chapter we will investigate the Schwinger model, which describes quantum
electrodynamics in one spatial dimension [183, 184, 185, 186, 187], with these nu-
merical methods and describe its ground state and dynamical properties. First we
will introduce the concept of gauge theories which leads to the description of the
Schwinger model in its lattice formulation.
Then we will introduce quantum link models [181, 188] as a suitable formalism to
implement the Schwinger model in tensor network algorithms before presenting the
results of our numerical simulations of the ground state of the S = 1/2 and S = 1
quantum link model as well as of the dynamics of the S = 1 quantum link model.
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5.2 Electrodynamics and gauge symmetry

5.2.1 Classical electrodynamics

Before deriving a lattice Hamiltonian for quantum electrodynamics (QED) we review
a few properties of classical electrodynamics which will be useful afterwards. Here
we will see how gauge invariance is defined and how one finds an appropriate gauge
to satisfy the relevant conditions.
We start our discussion with the Maxwell equations. One possible representation of
them is

�∇ · �E = ρ (5.1)

�∇× �E = −∂t �B (5.2)

�∇ · �B = 0 (5.3)

�∇× �B = ∂t �E +�j, (5.4)

where we defined the electric field �E, the magnetic field �B, the charge density ρ and
the current density �j and used natural units. Now we see that we can easily satisfy
the third equation when we introduce a vector potential �A which satisfies �B = �∇× �A.
Similarly, we can introduce the scalar potential Φ so that �E = −�∇Φ− ∂t �A. For the
moment these ’gauge’ potentials are introduced for convenience. In the quantum
theory of electrodynamics they will be the fundamental quantities. But as convenient
or as important they are, they are not uniquely defined. As can easily be checked,
the physics of the electric and magnetic field are unchanged when we change the
potentials with arbitrary gauge transformations α as

Φ → Φ+ ∂tα (5.5)

�A → �A− �∇α, (5.6)

where α = α(�x, t) is an arbitrary time-dependent scalar field. In this case we talk
about local gauge symmetry, whereas a constant α is called global gauge symmetry.
In order to get a unique definition of Φ and �A we have to determine another condition
which defines the gauge fixing of the description of electrodynamics. Very common
gauge fixings are the Coulomb gauge which is chosen such that �∇ �A = 0 or the Lorentz
gauge where �∇ �A+∂tΦ = 0. Another one is the Weyl gauge (also called Hamiltonian
or temporal gauge). In that case the scalar potential is set to zero (Φ = 0) and it will
be of importance in the next section. These gauges simplify practical calculations
in electrodynamics, each for different situations, moreover they do not affect the
observable physics.

5.2.2 Gauge invariance in quantum theory

In quantum mechanics the dynamics of a system is defined by the Schrödinger
equation

i
∂

∂t
Ψ(�x, t) =

�
− �2

(2m)2
�∇2 + V (�x)

�
Ψ(�x, t) (5.7)
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5.2 Electrodynamics and gauge symmetry

with a wave function Ψ(�x, t). We see directly that the dynamics is invariant under
a global phase change Ψ(�x, t) → eiαΨ(�x, t). However, one can raise the question
whether a local phase change eiα(�x,t) also leaves the dynamics invariant as in the
local gauge transformations in classical electrodynamics. By a simple calculation
one can see that this is not possible without changing the dynamics accordingly,
since

i
∂

∂t
eiα(�x,t)Ψ(�x, t) = i

�
∂

∂t
eiα(�x,t)

�
Ψ(�x, t) + ieiα(�x,t)

∂

∂t
Ψ(�x, t)

= −eiα(�x,t)
�

∂

∂t
α(�x, t)

�
Ψ(�x, t) + ieiα(�x,t)

∂

∂t
Ψ(�x, t)

6= ieiα(�x,t)
∂

∂t
Ψ(�x, t) (5.8)

−i
�
2m

�∇eiα(�x,t)Ψ(�x, t) = −i
�
2m

�
�∇eiα(�x,t)

�
Ψ(�x, t)− i

�
2m

eiα(�x,t)�∇Ψ(�x, t)

=
�
2m

eiα(�x,t)
�
�∇α(�x, t)

�
Ψ(�x, t)− i

�
2m

eiα(�x,t)�∇Ψ(�x, t)

6= −ieiα(�x,t)
�
2m

�∇Ψ(�x, t). (5.9)

The way out of this local gauge-variance is the explicit change of the derivatives
in the Schrödinger equation in a way that the additional terms cancel out. By
comparison one can immediately write down the conversion

�∇ → �∇− i�∇α (5.10)

∂

∂t
→ ∂

∂t
− i

∂

∂t
α, (5.11)

which by comparison with Eq. 5.6 leads to the interpretation

�∇ → �∇− e �A (5.12)

∂

∂t
→ ∂

∂t
+ eΦ, (5.13)

introducing the coupling constant −e as the negative electric charge [189]. This
representation coincides with the minimal coupling of a charged quantum mechanical
particle with a classical electromagnetic field. Demanding local gauge invariance
therefore naturally includes electromagnetic fields into the theory.
Following from this derivation we call electromagnetism a local gauge theory being
invariant under local phase changes. Formally, this corresponds to a U(1) gauge
symmetry where U(1) represents the circular Lie-group of rotations in the complex
plane. The exponential map of this Abelian group is iα �→ eiα,α ∈ [0, 2π) which is
a phase factor for a wave function.
Under this point of view, more symmetries are possible to consider. For example one
can demand the theory to be SU(N) symmetric. In fact, such symmetries are used to
describe the weak interaction of the β-decay (via a SU(2) gauge theory) or the strong
interaction in the nuclei of atoms (via quantum chromodynamics (QCD) which is
a SU(3) gauge theory). These symmetry groups, however, are not abelian which
makes their description more complicated than for the U(1) theory electrodynamics.
Additionally, they are quantum field theories. This means that in that case also the
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5 Simulating lattice gauge theories with tensor networks

fields are quantized and represented by operators acting in a Hilbert space. Also
electrodynamics can be treated as a quantum field theory, quantum electrodynamics
(QED). In the remainder of this chapter we will study QED in one spatial dimension
as the Schwinger model.

5.3 The massive Schwinger model on a lattice

Quantum electrodynamics in one spatial dimension was first studied and solved by
Schwinger in 1962 [183] whose name now is used for the model. Further solutions to
the model were provided for the massless [184, 187] and the massive case [185, 186],
whereas the massive Schwinger model only is solvable in perturbation theory. A
complete analytical solution is still not known, therefore there have been already
early attempts to treat the Schwinger model numerically using Monte Carlo methods
[169, 170]. Recently, semiclassical methods have been successful in describing the
real-time dynamics of quantum field theories, including the massive Schwinger model
[190, 191, 192].
We will address the massive Schwinger model including all quantum correlations
with tensor network methods [178, 179, 180, 181] which first requires to regularize
the Schwinger model on a lattice. First, we write down the Lagrangian of QED in
its covariant form,

L = −1

4
F µνFµν + Ψ̄ (iγµDµ −m)Ψ, (5.14)

where the electromagnetic tensor F µν = ∂µAν − ∂νAµ includes the field degrees
of freedom, namely the magnetic field �B and the electric field �E. In its covariant
form, the field potential is defined as a four-vector A = [Φ, �A] including the scalar

potential Φ and the vector potential �A we discussed in the previous section.
Further, the Lagrangian includes the Dirac matrices γµ and the covariant derivative
Dµ = ∂µ + ieAµ which includes the minimal coupling term to ensure local U(1)
gauge invariance. The mass is denoted as m, the functions Ψ are four-spinors and
we define Ψ̄ = Ψ†γ0.
This Lagrangian is defined in a quite generic way and in particular it describes QED
in the fully four-dimensional space-time. But as mentioned in the introduction, we
want to describe QED in only one spatial dimension. This already simplifies the
representation of the four-spinors to two-spinors which we can denote by

Ψ =

�
ψp

ψh

�
, (5.15)

where ψp and ψh describe a fermion and its anti-fermion, as for electrodynamics
they describe an electron and a positron.
Also the description of the field degrees of freedom simplifies as in one spatial di-
mension no magnetic field is defined. Indeed, for the first term of the Lagrangian
the product of the two electromagnetic tensors gives

F µνFµν = 2Ȧ2 = −2E2, (5.16)

where we work in the temporal gauge A0 = 0 and denote A1 = A.
Also, instead of four four-dimensional Dirac-matrices we only need two two-dimensional
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5.3 The massive Schwinger model on a lattice

ones which fulfill the Dirac-algebra {γµ, γν} = 2gµν , where the metric tensor is
defined as

g =

�
1 0
0 −1

�
. (5.17)

There are several possible choices for the Dirac matrices, we will define them in
forms of Pauli-matrices �σ = [σ1, σ2, σ3]. Specifically, we define the Dirac matrices as
[178]

γ0 = σ3 =

�
1 0
0 −1

�
(5.18)

γ1 = iσ2 =

�
0 1
−1 0

�
, (5.19)

where it is convenient to define

γ0γ1 = σ1 =

�
0 1
1 0

�
. (5.20)

5.3.1 Hamiltonian formulation of the Schwinger model

For our purposes, we want to define a Hamiltonian description of the Schwinger
model. Using the usual definition of the Hamiltonian density H as the Legendre
transformation of the Lagrangian, this is done by first calculating the canonical
conjugate momentum π = ∂L/∂Ψ̇ and a following subtraction H = πΨ̇− L.
We therefore first need the canonical momentum, which gives in our case

π =
∂L
∂Ψ̇

=
∂

∂Ψ̇

�
−1

2
Ȧ2 + iΨ̄γ0∂0Ψ− eA0Ψ̄γ0Ψ+ iΨ̄γ1∂1Ψ− eA1Ψ̄∂1Ψ−mΨ̄Ψ

�

= iΨ̄γ0. (5.21)

Then we calculate the Hamiltonian density including the temporal gauge A0 = 0

H = πΨ̇− L

=
1

2
Ȧ2 − Ψ̄iγ1D1Ψ+mΨ̄Ψ

=
1

2
Ȧ2 − i

2
Ψ†γ0γ1

�−→
D 1 −

←−
D 1

�
Ψ+mΨ†γ0Ψ

=
1

2
Ȧ2 − i

2
Ψ†(x)σ1

�
U †
x+dx,xΨ(x+ dx)−Ψ(x)

�

+
i

2dx

�
Ψ(x+ dx)†Ux+dx,x −Ψ(x)†

�
σ1Ψ(x)−mΨ†(x)σ3Ψ(x)

=
1

2
Ȧ2 − i

2dx
Ψ†(x)σ1U

†
x+dx,xΨ(x+ dx)

+
i

2dx
Ψ(x+ dx)†Ux+dx,xσ1Ψ(x) +mΨ†(x)σ3Ψ(x), (5.22)
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where we introduced the symmetrized derivative D1 = 1
2

�−→
D 1 −

←−
D 1

�
and the par-

allel transporter Ux+dx,x which is closely related to the covariant derivative [166].
Formally, a parallel transporter Uyx maps a vector φ(x) from a vector space Vx to
the shifted vector space Vy such that

Uyxφ(x) ∈ Vy. (5.23)

and it has to satisfy the following conditions:

Uxx = I (5.24)

Uyx = UyzUzx for y ≤ z ≤ x (5.25)

Uxy = U−1
yx . (5.26)

For an infinitesimally small shift y = x+dx we can then write Ux+dx,x = I−F (x)dx
with F (x) ∈ C. When we now look at the covariant derivative Dx = ∂x + ieAx

acting on the vector φ(x) we get

Dxφ(x) = (∂x + ieAx)φ(x)

=
φ(x+ dx)− φ(x)

dx
+ ieAxφ(x) (5.27)

Dxφ(x)dx = φ(x+ dx)− (I− ieAxdx)φ(x) (5.28)

= (I+ ieAxdx)φ(x+ dx)− φ(x). (5.29)

Interpreting F (x) = ieAx, we recover Ux+dx,x on the right side of Eq. 5.28 and

U †
x+dx,x on the right side of Eq. 5.29. For a general shift, the parallel transporter

can be written as [166]

Uyx = e−ie
� y
x A(ξ)dξ. (5.30)

Finally, we can derive the discretized Hamiltonian of the (1+1)-dimensional massive
Schwinger model using

Ψ(x) → Ψx (5.31)�
H(x)dx →

�

x

aHx (5.32)

dx → a, (5.33)

with a lattice constant a as

H =
�

x

aHx

=
a

2

�

x

Ȧ2
x −

i

2

�

x

�
Ψ†

xσ1U
†
x+1,xΨx+1

−Ψ†
x+1Ux+1,xσ1Ψx

�
+ma

�

x

Ψ†
xσ3Ψx (5.34)
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5.3 The massive Schwinger model on a lattice

5.3.2 Fermion doubling problem

This discretized Hamiltonian is not completely satisfying yet. When looking closer
at the physics described by it, we find that it leads to unphysical results. We find
more than one solution for fermions satisfying the discretized Hamiltonian which is a
direct result of transferring from continuous space to discretized space. Let’s discuss
this phenomenon, commonly called the Fermion doubling problem [166], shortly in
this section.
Let’s assume that we have no field A = 0 as the problem also appears in this case
and the discussion is easier to carry out. In this case our Hamiltonian simplifies to

Hf =
i

2

�

x

�
Ψ†

x+1σ1Ψx −Ψ†
xσ1Ψx+1

�
+ma

�

x

Ψ†
xσ3Ψx. (5.35)

Now we perform a Fourier transformation to the conjugate variable q such that

Ψ̃q =
�

x

ae−iqxΨx (5.36)

Ψx =
�

q

1

aL
eiqxΨ̃q. (5.37)

Now we write our Hamiltonian in terms of the new spinors Ψ̃q,

Hf =
i

2

�

x

��

q

1

aL
e−iq(x+1)Ψ̃†

q

�
σ1

��

q�

1

aL
eiq

�xΨ̃q�

�

−
��

q

1

aL
e−iqxΨ̃†

q

�
σ1

��

q�

1

aL
eiq

�(x+1)Ψ̃q�

�

+ma
�

x

��

q

1

aL
e−iqxΨ̃†

q

�
σ3

��

q�

1

aL
eiq

�xΨ̃q�

�
, (5.38)

and simplify the expression using the identity δqq�
1
L

�
x e

ix(q−q
�
) for the Dirac-delta

function,

Hf =
i

2

�

qq�

1

a2L

� 1

L

�

x

eix(q
�−q)

� �� �
=δqq�

�
e−iq�Ψ̃†

qσ1Ψ̃q�

− i

2

�

qq�

1

a2L

� 1

L

�

x

eix(q
�−q)

� �� �
=δqq�

�
eiq

�
Ψ̃†

qσ1Ψ̃q�

+m
�

qq�

1

aL

� 1

L

�

x

eix(q
�−q)

� �� �
=δqq�

�
Ψ̃†

qσ3Ψ̃q�

=
1

aL

�

q

� 1

2ia

�
eiq − e−iq

�
Ψ̃†

qσ1Ψ̃q +mΨ̃†
qσ3Ψ̃q

�
. (5.39)
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A final trigonometric transformation gives the final representation of the free-particle
Hamiltonian in the Fourier-space,

Hf =
1

aL

�

q

Ψ̃†
q

�1
a
sin(q)σ1 +mσ3

�
Ψ̃q. (5.40)

This representation of the Hamiltonian allows us to discuss the eigenvalues by simply
diagonalizing the part in the square brackets:

Eq = Eig

�
m 1

a
sin(q)

1
a
sin(q) −m

�
= ±

�
1

a2
sin2(q) +m2. (5.41)

Because of sin(q + π) = − sin(q) we have Eq = Eq+π so that another fermionic
solution is appearing on the same Brillouin zone. This is not wanted and only a
consequence of the lattice discretization.
A first way out of this problem was proposed by Wilson [164]. His idea was to add
an artificial additional term of the form

HW = − r

2a

�
Ψ†

x+1σ3Ψx +Ψ†
xσ3Ψx+1

�
, (5.42)

with the Wilson parameter r ∈ (0, 1]. This additional term leads to an infinite mass
in the continuum limit of all unwanted fermionic degrees of freedom.
By now other solutions to the fermion doubling problems have been presented.
One of the most successful ones was introduced by Kogut and Susskind in 1975 as
staggered fermions [165]. We will use that approach in the remainder of this chapter
and will discuss it briefly in the next section.

5.3.3 Staggered fermions

The idea of staggered fermions is giving up translational invariance in order to reduce
the number of fermionic degees of freedom. In one spatial dimension this can be
achieved in the following way.
We explicitly write down the lattice Hamiltonian of free fermions (Eq. 5.35) for a
certain lattice site x:

Hf,x =
i

2

�
ψ†
1,x+1, ψ†

2,x+1

��0 1
1 0

��
ψ1,x

ψ2,x

�

− i

2

�
ψ†
1,x, ψ†

2,x

��0 1
1 0

��
ψ1,x+1

ψ2,x+1

�

+ma
�
ψ†
1,x, ψ†

2,x

��1 0
0 −1

��
ψ1,x

ψ2,x

�
(5.43)

=
i

2

�
ψ†
1,x+1ψ2,x − ψ†

2,xψ1,x+1

�

+
i

2

�
ψ†
2,x+1ψ1,x − ψ†

1,xψ2,x+1

�

+ma
�
ψ†
1,xψ1,x − ψ†

2,xψ2,x

�
. (5.44)
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Here we see that one spinor component is only coupled to the other spinor component
on the next site. The reduction of the fermion degrees of freedom is then performed
by using one of two possible configurations, for example only using the first spinor
component ψ1,x for even sites and the other spinor component ψ2,x only for odd
sites. This way we can define one field parameter ξx only by writing

ξx = ψ1,x if x = even (5.45)

ξx = ψ2,x if x = odd. (5.46)

In this interpretation the fermions, which are located on even lattice sites, are locally
separated from the anti-fermions on the odd lattice sites. To conclude this trans-
formation we have to take into account the different signs for the mass term of the
Hamiltonian by introducing a factor (−1)x to that part. This allows us to write
down the Hamiltonian of free staggered fermions,

Hf =
i

2

�

x

�
ξ†x+1ξx − ξ†xξx+1

�
+ma

�

x

(−1)xξ†xξx, (5.47)

and then the complete staggered fermion Hamiltonian with the electric field

H =
a

2

�

x

Ȧ2
x +

i

2

�

x

�
ξ†x+1Ux+1,xξx − ξ†xU

†
x+1,xξx+1

�
+ma

�

x

(−1)xξ†xξx. (5.48)

As a final remark we want to note that the second fermion degree of freedom arising
from the fermion doubling problem in the staggered representation is identified as
a left-moving wave with the original fermion representing the right-moving wave.
These two waves together form a single Dirac fermion species as intended for solving
the fermion doubling problem.

5.4 Quantum Link Models

The aim for this chapter is the derivation of a model that we can implement in a
tensor network algorithm for efficient simulation of a quantum field theory. In the
previous section we have seen the transformation of a theory defined in the spatial
continuum to a theory defined on a lattice. This transformation is essential for a
numerical treatment of the problem. But for the treatment of the problem in a
tensor network algorithm we need a finite dimensional Hilbert space on every lattice
site.
At the moment (Eq. 5.48) the local Hilbert space is infinite dimensional because of
the parallel transporter

Ux+1,x = e−ie
� a(x+1)
ax A(ξ)dξ (5.49)

which defines a phase degree of freedom and the electric field E = −Ȧ which can be
an arbitrary scalar field. In this section we will introduce a way to describe these
continuous variables in terms of spin degrees of freedom retaining the local gauge
invariance in a non-perturbative way. Models which are described in such a way are
called quantum link models (QLM) [188].
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5.4.1 Construction of the U(1) quantum link model

The continuous degrees of freedom shall be replaced by discrete operators retain-
ing all properties of a U(1) gauge invariant theory. The component of the QED-
Hamiltonian ensuring gauge invariance is the parallel transporter. For our discussion
we rewrite the parallel transporter Eq. 5.49 in its real and imaginary part

Ux+1,x = Cx + iSx (5.50)

U †
x+1,x = Cx − iSx, (5.51)

with up to now unknown operators Cx and Sx.
A general U(1) gauge transformation is defined by the unitary operator

�
x e

iαxGx

with Gx being the generators of infinitesimal gauge transformations. Also this oper-
ator will be defined explicitly later. However, under the most general gauge trans-
formation, the parallel transporter has to transform like

U
�
x+1,x =

��

y

eiαyGy

�
Ux+1,x

��

z

eiαzGz

�

= eiαx Ux+1,x e−iαx+1 . (5.52)

This is ensured by assuming the commutation relations

[Gx, Cy] = i(δx,y+1 − δx,y)Sy (5.53)

[Gx, Sy] = i(δx,y − δx,y+1)Cy (5.54)

from which follow the commutation relations

[Gx, Uy] = [Gx, Cy + iSy]

= [Gx, Cy] + i[Gx, Sy]

= i(δx,y+1 − δx,y)Sy + i2(δx,y − δx,y+1)Cy

= δx,y+1(Cy + iSy)− δx,y(Cy + iSy)

= (δx,y+1 − δx,y)Uy (5.55)

[Gx, U
†
y ] = [Gx, Cy − iSy]

= [Gx, Cy]− i[Gx, Sy]

= i(δx,y+1 − δx,y)Sy − i2(δx,y − δx,y+1)Cy

= δx,y+1(Cy − iSy)− δx,y(Cy − iSy)

= (δx,y − δx,y+1)U
†
y , (5.56)

where we used the short notation Uy = Uy+1,y.
For completeness reasons we want to check if these commutation relations indeed
ensure Eq. 5.52. To do so, we perform an arbitrary gauge transformation e−iαyGy
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on the parallel transporter, so that

e−iαxGxUy =
�

n

(−iαx)
n

n!
Gn

x Uy

=
�

n

(−iαx)
n

n!
[(δx,y+1 − δx,y)

nUy + Uy G
n
x]

= Uy

�

n

�
(−iαy+1)

n + (iαy)
n + (−iαxGx)

n

n!

�

= eiαxUye
−iαy+1e−iαxGy . (5.57)

When multiplying both sides with eiαxGx we recover Eq. 5.52.
One can easily show now that necessary commutation relations are satisfied when
identifying

Cx = S1
x (5.58)

Sx = S2
x (5.59)

Gx = S3
x−1 − S3

x, (5.60)

so that

Ux = S1
x + iS2

x = S+
x (5.61)

U †
x = S1

x − iS2
x = S−

x , (5.62)

with Si
x being standard spin operators obeying the known commutation relations

[Si
x, S

j
y] = iδx,y�ijkS

k
x .

We want to show the corresponding calculations for the simplest case of S = 1/2,
where

S1 =
1

2

�
0 1
1 0

�

S2 =
1

2

�
0 −i
i 0

�

S3 =
1

2

�
1 0
0 −1

�
. (5.63)

Then we get the commutator of Gx and Uy as

[Gx, Uy] = [S3
x−1 − S3

x, S
1
y + iS2

y ]

= [S3
x−1, S

1
y ] + i[S3

x−1, S
2
y ]− [S3

x, S
1
y ]− i[S3

x, S
2
y ]

= iδx−1,yS
2
y − i2δx−1,yS

1
y − iδx,yS

2
y + i2δx,yS

1
y

= δx−1,y(S
1
y + iS2

y)− δx,y(S
1
y + iS2

y)

= (δx−1,y − δx,y)Uy. (5.64)

After finding a spin representation for the parallel transporter, we still need it for
the electric field. This will be possible when discussing Gauss’ law within our lattice
gauge framework. Gauss’ law commonly is written as �∇ �E = ρ. As we are not
using a continuous theory, the divergence is not defined. We can rather use a simple
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discretization �∇ �E → Ex − Ex−1.
In the case of the charge density ρ we have to carefully consider the staggered
nature of our Hamiltonian (Eq. 5.48). For the moment we only consider the mass
term, where the staggering factor (−1)x appears. The ground state can easily be
identified by a fermionic occupation of every odd lattice site. This however refers
to the charge-less Dirac-vacuum. Therefore, every missing fermion on an odd site
refers to a charge and every fermion on an even site refers to an opposite charge.

This allows us to write down the charge density as ρ →
�
ξ†xξx +

(−1)x−1
2

�
.

In QED the electric field and the charge density are operators. Gauss’ law then has
to be defined by this operator acting on a wave function. This way we can define a
physical Hilbert space which only includes gauge invariant states |Ψi as

�
ξ†xξx +

(−1)x − 1

2
− Ex + Ex−1

�
|Ψi = 0. (5.65)

This condition can be satisfied when identifying Ex = S3
x and Gx = ξ†xξx+

(−1)x−1
2

−
Ex + Ex−1 as the gauge generators in the presence of fermions.
Including now all transformations into Eq. 5.48, we can write down the Hamiltonian
of the massive Schwinger model as a quantum link model:

H =
g2

2

�

x

(S3
x)

2 − t
�

x

�
ξ†x+1S

+
x ξx + ξ†xS

−
x ξx+1

�
+m

�

x

(−1)xξ†xξx, (5.66)

where we also introduced the system parameters g as the electric coupling, t as the
hopping parameter and m as the mass including the lattice spacing. These system
parameters will allow us to investigate a whole range of phenomena of the statics
and dynamics of the massive Schwinger model (see Fig. 5.1).

a)

t

b)

�Em� = −m �Em� = 0

�Em� = 0 �Em� = m

c)

�Eg� = g2/2

�Eg� = g2/2

Figure 5.1: Schematic picture of a gauge invariant process as described with a S =
1/2 quantum link model. a) A fermion hops from the first lattice site
to the second lattice site (blue circle). Simultaneously the electric flux
changes its sign. b) The total energy of the fermionic degree of freedom
is calculated with the staggered mass. After the hopping process we
gained an energy of ΔE = 2m. c) In the S = 1/2 - representation the
energy of the electric field is independent of its configuration. For larger
spins this will not be the case (cf. Section 5.6).

5.4.2 Symmetries of the Hamiltonian

Quantum gauge theories exhibit, in addition to the gauge symmetry, a range of
other symmetries. Also quantum link models allow the study of these symmetries.
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Here we want to present briefly those symmetry transformations.

Chiral symmetry A chiral symmetry transformation in its discrete form, also
known as discrete axial symmetry, can be written as γ0γ1Ψ of the original spinor,
before moving to staggered fermions. For staggered fermions this transformation
simply refers to a translation by one lattice site:

χ(ξx) = ξx+1 (5.67)

χ(Ux) = Ux+1 (5.68)

χ(Ex) = Ex+1 (5.69)

This symmetry is obviously broken by the mass term of the Hamiltonian. For the
massless case however, the Hamiltonian is invariant under this symmetry transform-
ation.

Charge conjugation This transformation changes the charge of the fermions. this
is represented by

C(ξx) = (−1)x+1ξ†x+1 (5.70)

C(Ux) = U †
x+1 (5.71)

C(Ex) = −Ex+1 (5.72)

and leaves all terms of the Hamiltonian invariant.

Parity The parity transformation is a mirror operation centered on a fermionic
lattice site and acts as

P (ξx) = ξ−x (5.73)

P (Ux) = U †
−x−1 (5.74)

P (Ex) = −E−x−1. (5.75)

Also this transformation leaves the Hamiltonian invariant.
Another important transformation is the simultaneous charge conjugation and parity
transformation, generally called the CP symmetry.

5.4.3 Implementation of the Quantum Link Model in a Tensor
Network Algorithm

Quantum link models are perfect candidates for numerical simulation in tensor net-
work algorithms. Because of the discretization of all continuous variables in the
lattice version of the Schwinger model, the local Hilbert space is finite on each
lattice site and on the links between lattice sites. However, there are still some
important considerations to be made before running the first simulations.
The main issue still remaining is the definition of computational lattice sites. In
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the Hamiltonian we have a clear distinction between lattice degrees of freedom (the
fermions) and link degrees of freedom (the electric field and the related parallel
transporters). We have to combine fermions and links into single sites with finite
local dimension dependent on the chosen spin representation.
For our discussion we choose the simplest representation, namely a spin-1/2 quantum
link model using the matrices Eq. 5.63 for the representation of Ex and Ux. In that
case we have two possible values of the electric flux, namely �Exi = �S3

xi = ±1/2.
The parallel transporters S±

x then switch the electric field from one configuration to
the other whenever the hopping of a fermion creates or annihilates a pair of charges
so that Gauss’ law is satisfied.
Now we want to combine the link degrees of freedom with the fermions on the phys-
ical lattice sites. One could think of just combining the whole link (x, x + 1) with
the lattice site x. To keep every computational lattice site of the same shape, one
had to introduce a ”ghost”-link after the last lattice site. This, however is not a
very elegant solution. As we have seen above, our Gauss’ law includes the electric
field on both sides of a fermion including the local charge density ξ†xξx + (−1)x−1

2
.

The definition of local states satisfying Gauss’ law would then be challenging.
Therefore, a much more appropriate way is the redefinition of the links in terms of
Schwinger bosons, or rishons [193], cx,L and cx+1,R such that a spin-1/2 would be
represented by one boson located in a double well. The two spin representations
would then refer to the boson being located in the left well or in the right well.
This way we can split the link in the middle of the double well and include the left
well into the lattice site x and the right well into the lattice site x + 1. Using this
definition we can directly express the link operators in terms of the new bosonic
creation and annihilation operators:

S3
x,x+1 =

1

2

�
c†x+1,Rcx+1,R − c†x,Lcx,L

�
(5.76)

S+
x,x+1 = cx,Lc

†
x+1,R. (5.77)

The number of rishons per link N = c†x+1,Rcx+1,R+c†x,Lcx,L is conserved and depends
on the spin representation. As discussed, for a spin-1/2 representation we have
N = 1, for spin-1 it is N = 2, and so on. This condition allows us to rewrite Gauss’
law using

−Ex,x+1 + Ex−1,x = −1

2

�
c†x+1,Rcx+1,R − c†x,Lcx,L

�
+

1

2

�
c†x,Rcx,R − c†x−1,Lcx−1,L

�

= −1

2

�
N − 2c†x,Lcx,L

�
+

1

2

�
2c†x,Rcx,R −N

�

= c†x,Lcx,L + c†x,Rcx,R −N (5.78)

as �
ξ†xξx +

(−1)x − 1

2
−N + c†x,Lcx,L + c†x,Rcx,R

�
|Ψi = 0. (5.79)

This provides us with a local form of Gauss’ law on which we can build the structure
of local computational lattice sites with a clear definition of the local Hilbert space.
The staggered term in Eq. 5.79 makes it necessary to distinguish between odd and
even lattice sites to define the gauge invariant local basis states. For N = 1 the
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basis states can be defined as

odd : ξ†xξx + c†x,Lcx,L + c†x,Rcx,R = 2 :





|1oi = |0, 1, 1i
|2oi = |1, 0, 1i
|3oi = |1, 1, 0i

(5.80)

even : ξ†xξx + c†x,Lcx,L + c†x,Rcx,R = 1 :





|1ei = |1, 0, 0i
|2ei = |0, 1, 0i
|3ei = |0, 0, 1i.

(5.81)

The local Hilbert space is thereby clearly defined and its dimension for N = 1 is
only d = 3. For larger spin representations one can easily build the according basis
states using the same conditions. Then the dimension of the local Hilbert space only
grows moderately as d = 2N + 1 [182].
The only ingredients left now are the operators appearing in the Hamiltonian rep-
resented in the basis introduced above (Eq. 5.80, 5.81). For N = 1 the complete set
of operators is given by

odd sites even sites

ξ†xξx



0 0 0
0 1 0
0 0 0






1 0 0
0 0 0
0 0 1




c†x,Rcx,R



0 0 0
0 1 0
0 0 1






1 0 0
0 0 0
0 0 0




c†x,Lcx,L



1 0 0
0 1 0
0 0 0






0 0 0
0 0 0
0 0 1




c†x,Lcx,L



1 0 0
0 1 0
0 0 0






0 0 0
0 0 0
0 0 1




odd sites even sites

ξ†xcx,L



0 0 0
0 0 0
0 1 0






0 0 0
0 0 1
0 0 0




ξxc
†
x,L



0 0 0
0 0 1
0 0 0






0 0 0
0 0 0
0 1 0




c†x,Rξx



0 0 0
1 0 0
0 0 0






0 1 0
0 0 0
0 0 0




cx,Rξ
†
x



0 1 0
0 0 0
0 0 0






0 0 0
1 0 0
0 0 0




5.5 Tensor Networks for Lattice Gauge Theories and
Atomic Quantum Simulation

This section is reprinted with permission from E. Rico, T. Pichler, M. Dalmonte, P.
Zoller, and S. Montangero, Tensor Networks for Lattice Gauge Theories and Atomic
Quantum Simulation, Phys. Rev. Lett. 112, 201601 (2014). Copyright (2014) by
the American Physical Society. The author of this thesis was responsible for the
realization of the numerical results.

5.5.1 Introduction

Lattice gauge theories (LGTs) play a key role in our understanding of quantum many
body systems. In high energy physics they provide non-perturbative approach to
Abelian and non-Abelian continuum gauge models like quantum electrodynamics
(QED) or quantum chromodynamics (QCD) [194, 195]. In condensed matter con-
text, they emerge as the low-energy description of some strongly correlated quantum
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systems [196]. While Monte Carlo techniques provide a well-established and highly
successful framework to simulate LGT for equilibrium phenomena, the problem of
real-time evolution and overcoming the Fermion sign problem remain key challenges
in this field [189]. These questions can be addressed by both novel classical and
quantum simulation techniques. In a classical context, quantum information the-
ory has provided new insights into the efficient description of quantum many body
systems, for example in terms of tensor networks [197]. It is the purpose of the
present work to develop a description of a Hamiltonian formulation of LGT in terms
of tensor networks, with emphasis on a natural implementation of gauge constraints
in the formalism. This is of interest not only from the perspective of quantum
many-body physics, in particular for low dimensional (1D) systems, but also in the
ongoing quest to develop a quantum simulator for Abelian and non-Abelian LGTs
with cold atoms in optical lattices [198]. The techniques developed in the present
paper provide the basis for an efficient and reliable calculation for phase diagrams
and real time dynamics (quenches) of simple lattice gauge models, which will allow
the verification of the first generation of atomic quantum simulator of LGTs. We
will demonstrate this below for a (1+1)-d quantum link version of the Schwinger
model representing a model of QED.

The efficient simulation of quantum states by classical methods and in particular
parametrized by a set of tensor-networks has been a major effort in recent years
[172, 197]. On one hand, tensor networks are an exact description of ground states
of paradigmatic Hamiltonians, e.g., 2D toric code that is an Ising gauge theory
[173, 174]. On the other hand, this framework is at the core of many successful sign-
problem free numerical tools [11, 171] which have been successfully applied to LGT
related problems [175, 176, 177, 178, 179, 199]. A particular class of tensor networks,
called matrix product state (MPS) is a common description for one dimensional
systems [200]. In this context, we show that MPS and tensor networks in higher
dimensions are exact descriptions of the Gauss’ law constraint of quantum link
models with Abelian and non-Abelian local symmetries and we use them to describe
different phases that can appear in these models.

Quantum link models (QLM) provide an ideal playground to establish the con-
nection between Abelian and non-Abelian LGT [201, 202, 188] and atomic lattice
experiments [203]. In these models of LGT the dynamical gauge fields are repres-
ented by discrete degrees of freedom, e.g. spin operators, which have a natural
mapping to a Hubbard-type Hamiltonian dynamics, which can be realized with cold
atoms in optical lattices [198, 204, 205, 206, 207, 208, 189].

The starting point for our discussion are LGTs in the Hamiltonian formulation,
where gauge degrees of freedom Ux,x+1 are defined on links of a lattice, and are
coupled to the matter ones ψx, defined on the vertices. In what follows, we specialize
to a U(1) quantum link model, although the theoretical analysis can be generalized
to any gauge symmetry group U(N) or SU(N) and space-time dimension d (see SI
[209]). The simplest non-trivial Hamiltonian is of the form, H =

�
x ψ

†
xUx,x+1ψx+1+

h.c. which describes the coupling between the “photon” field Ux,x+1 and the electrons
ψx. In the quantum link formulation, the gauge degrees of freedom are described
by bilinear operators Ux,x+1 = cx,lc

†
x+1,r recasting the interaction term in a four-

body Hubbard-type Hamiltonian. As we will see, this feature allows us to solve
exactly, within the tensor network representation, the constraints imposed by the
local symmetries of this model.
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Figure 5.2: Ground state of the spin-1
2
quantum link model in the limiting cases of

|µ| � |�| : in the upper (lower) panel the fermion and the gauge field
states are represented for µ ⌧ � (µ � �) resulting in zero electric flux,
E = 0, and C and P invariant state (non-zero electric flux, E 6= 0, C and
P symmetry broken).

Quantum link models have two independent local symmetries:

(i) Gauge models are invariant under local symmetry transformations. The local
generators of these symmetries, Gx, commute with the Hamiltonian, [H,Gx] = 0.
Hence, Gx are constant of motion or local conserved quantities, which constraint the
physical Hilbert space of the theory, Gx|physi = 0, ∀x, and the total Hilbert space
splits in a physical or gauge invariant subspace and a gauge variant or unphysical
subspace: Htotal = Hphys⊕Hunphys. In QED, this gauge condition is the usual Gauss’
law.

(ii) The quantum link formulation of the gauge degrees of freedom introduces
an additional constraint at every link, that is, the conservation of the number of
link-particles, c†x,lcx,l+ c†x+1,rcx+1,r = Nx,x+1. Hence, [H,Nx,x+1] = 0 which introduce
a second and independent local constraint in the Hilbert space.

In the following, first, we present the theoretical characterization of the local
constraint (i) and (ii) in terms of tensor networks. Secondly, we exploit this exact
representation to implement a MPS-based approach which allows us to characterize
the full phase diagram of non-trivial gauge invariant models. In particular, we study
a quantum link version of the Schwinger model identifying the different phases and
the universality class of the phase transition in the presence of a background field.

5.5.2 The gauge invariant model

Gauge theories in (1+1) dimensions, and in particular the Schwinger model describ-
ing quantum electrodynamics in one space and one time dimension [183, 186, 210],
are non-trivial interacting models of fermions and gauge fields. They provide a
playground to compute and understand many interesting phenomena with surpris-
ing analogies with non-abelian gauge theories in higher dimensions as, to name a few,
the confinement of fermionic degrees of freedom and the appearance of a massive
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Figure 5.3: a) Electric flux E as a function of µ for L = {40, 60, 80, 100, 120, 140}
from top to bottom, S = 1/2 and D = 30. b) Finite size scaling
of the electric flux E shown in panel a, resulting in the critical point
µc = 0.655± 0.003 and critical exponents ν ∼ 1 and β ∼ 1

8
. c) Uniform

part of the entanglement entropy (green circles, first order approxima-
tion, i.e. ux,L = 1

2
(ux,L + ux+1,L), and blue squares, third order approx-

imation [223]). Inset: fit of ux,L as a function of the system size logL: a
linear fit results in the central charge c = 0.49± 0.01.

boson in the spectrum, chiral symmetry breaking through the axial anomaly, screen-
ing of external charges, and a topological θ-vacuum. In particular, we consider a
U(1) gauge invariant model in (1 + 1) dimensions defined by the Hamiltonian

H =
g2

2

�

x

(Ex,x+1 − (−1)x E0)
2

+µ
�

x

(−1)x ψ†
xψx − �

�

x

ψ†
xUx,x+1ψx+1 + h.c.,

(5.82)

where ψx are spin-less fermionic operators (matter fields with a staggered mass term
µ) living on the vertices of the one dimensional lattice, i.e., {ψx,ψ

†
y} = δx,y, usually

denoted as staggered fermions [165, 211]. The vacuum of the staggered fermions is
given by a quantum state at half-filling describing the Fermi-Dirac sea. The bosonic
operators Ex,x+1 and Ux,x+1 (electric and gauge field) live on the links of the one
dimensional lattice, such that [Ex,x+1, Uy,y+1] = δx,yUx,x+1. The coupling constant
that measures the strength of the electric energy term is from now on set to one, i.e.,
g2

2
= 1 while � describes the interaction between the matter and gauge fields. Finally,

E0 corresponds to a classical background field which at E0 =
1
2
, the ground state at

every link is two-fold degenerate. In the Wilson formulation, the lattice Schwinger
model has been numerically investigated using Monte Carlo techniques [167, 168],
strong coupling expansion [212, 213, 214] and MPS-based methods [178, 179].

The quantum link [201, 202, 188] representation of the gauge degrees of freedom

is given by the SU(2) spin operators if we identify: Ex,x+1 ≡ S
(z)
x,x+1 and Ux,x+1 ≡

S+
x,x+1. We use Schwinger bosons (cx,l, cx+1,r) to represent the spin algebra such

that Ux,x+1 ≡ S+
x,x+1 = cx,lc

†
x+1,r where we have introduced a local set of states given

by the occupation numbers of bosons on the right (x, r), on the fermion (x) and
on the bosons on the left (x, l) as follows |nx,r, nx, nx,li. The number of bosons per
link Nx,x+1 determines the representation of the spin. In this work, we use the two
smallest integer and half-integer representations, i.e., S = 1

2
for Nx,x+1 = 1 and

S = 1 for Nx,x+1 = 2.
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With these definitions, the Hamiltonian is invariant under local U(1) symmetry
transformations, and also it is invariant under the discrete parity transformation P
and charge conjugation C (see SI [209]). Due to the Z2 discrete nature of these
symmetries, they can be broken in one dimensional systems, allowing critical points
between a CP broken phase and an unbroken one. The order parameter, the total
electric flux, E =

�
x�Ex,x+1i/L =

�
x�S

(z)
x,x+1i/L locates the transition. It is zero

in the disordered phase, non-zero in the ordered phase and changes the sign under
the C or P symmetry, i.e., PE =C E = −E .
Representative states of the different phases appear at the strong coupling limit

|µ| � |�| where the Hamiltonian is given by Hstr = µ
�

x (−1)x ψ†
xψx (sketched

in Fig. 5.2). For µ � �, due to the gauge invariance, the Hamiltonian has two
possible ground states where the configuration of the fermions is staggered (leftmost
occupied site) and the configuration of the bosons is also staggered with two possible
patterns. This phase is two-fold degenerate, the vacuum states break charge and
parity symmetry and they have non-zero electric flux. For µ ⌧ �, the vacuum is
unique and the staggered fermion has the rightmost site occupied. This phase is C
and P symmetric and it has a net zero electric flux.

5.5.3 The “physical” subspace

The number of bosons per link Nx,x+1 = N is a local conserved quantity of the
model written in terms of Schwinger bosons. Due to gauge invariance of the model,
i.e., [H,Gx] = 0, the gauge generator of the local U(1) symmetry Gx is a second
local conserved quantity. The usual convention is to define the “physical” subspace
as the one that fulfills Gx|physicali = 0, ∀x [165]. In a quantum link model, we can
solve the gauge invariance or Gauss’ law locally, that is, in terms of the Schwinger
bosons the constraint is given by

c†x,rcx,r + ψ†
xψx + c†x,lcx,l

��
phys

= N − (−1)x − 1

2
. (5.83)

Due to this feature, we can show that the gauge invariant condition and the con-
served number of bosons per link can be written exactly in a MPS form. Indeed,
the Gauss projection can be done locally defining the local Hilbert space {|sxi},
while the link representation is implemented by the product between the MPS
matrices. Recently, the action of global symmetries on MPS-like wave function
has been considered[215, 216, 217], what follows can be seen as the counterpart of
this for local (gauge) symmetries.

For concreteness, we build the MPS for a case with S = 1
2
on the link, but a

similar discussion can be carried out for any representation S, gauge symmetry
group, Abelian or non-Abelian, and space-time dimensions for the QLM (see SI
[209]).

For N = 1 bosons per link, there are just three local gauge invariant states
|nx,r, nx, nx,li which configurations depend in the site, if it is odd (n2x−1,r + n2x−1 +
n2x−1,l = 2) or even (n2x,r + n2x + n2x,l = 1). Being a spin-1/2 the representation
of the quantum link variable implies that on every link, there is only one boson
present, i.e., nx,l+nx+1,r = 1. These two conditions are fulfilled if the wave function
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has a general MPS form

|physi =
�

s1,··· ,sx,···
a (s1, · · · , sx, · · · )

Tr {A[s1] · · ·A[sx] · · · } |s1, · · · , sx, · · · i
(5.84)

with A[1] =

�
0 0
1 0

�
, A[2] =

�
1 0
0 0

�
, A[3] =

�
0 1
0 0

�
, this MPS structure codifies

both the gauge invariance and the representation of the link variable; a (s1, · · · , sx, · · · )
is a general amplitude, in principle non-local that could also be represented by a
MPS.

5.5.4 MPS as a variational set

To get the thermodynamical properties of this model, we use an imaginary time
evolution algorithm with a MPS decomposition of the ground state [218, 219]. We
show results for chains with up to L = 140 sites and bond dimension D up to 30.

We use open boundary conditions (see Fig. 5.2) fixing the occupation of the
first boson to one, �c†1,rc1,ri = 1, and the occupation of the last boson to zero,

�c†L,lcL,li = 0. With these boundary conditions, we observe the transition between
both phases and we avoid the double degeneracy of the CP broken phase.

The parameter that controls the transitions between the different phases is the
staggered mass µ of the fermions. From the behavior of the order parameter E
we extract an estimate of the critical point and of the critical exponents. Due to
the Z2 parity and charge conjugation symmetries, the critical point belongs to the
Ising universality class, as confirmed by the following numerical analysis. Indeed,
the finite size scaling hypothesis predicts the order parameter E behavior close to
a critical point µc as: E ∼ L−β/νf

�
L1/ν (µ− µc)

�
, with a scaling function f(x) and

critical exponents β and ν [220, 199]. In Fig. 5.3, we show how the behavior of the
electric field density goes to zero in the disordered phase, when µ ⌧ �, and to a
finite value in the ordered phase, when µ � �. We computed the critical value of
the staggered mass µc = 0.655±0.003 and found critical exponents compatible with
ν ∼ 1 and β ∼ 1

8
.

We use the entanglement entropy as an order parameter to detect the phase trans-
ition [221]. The first thing to notice is the oscillatory behavior of the entanglement
entropy due to the constraint on the number of bosons per link (see SI [209]). To de-
couple the uniform from the oscillatory behavior, we define two auxiliary functions,
Sx,L = ux,L + (−1)x ox,L. Conformal field theory analysis proved that the uniform
part of the entanglement entropy is given by ux,L = c

6
log

�
2L
π
sin

�
πx
L

��
+ a where c

and a are constants to be fitted [222, 223]. In the continuum limit c corresponds
to the central charge and determines the universality class of the model. In our
calculations, we obtain c = 0.49± 0.01, consistent with an Ising transition (see Fig.
5.3 and SI [209]). In conclusion, the central charge is in very good agreement with
an Ising universality class at the phase transition.

Once we have characterized the behavior of the quantum link model with S = 1/2
representation on the links, we compare it with the S = 1 one case (see Fig. 5.4
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Figure 5.4: a) Electric flux E for S = 1, L = {40, 60, 80, 100}, D = 30 and � = 0.5 as
a function of µ. The estimated critical point is µc = −0.2173±0.0005. b)
Phase diagram of the S = 1 representation. The critical line is fitted via
µc ∼ µ0+µ 1

2

√
�+µ1� resulting in µ0 = −0.04± 0.03, µ 1

2
= −0.20± 0.03

and µ1 = −0.113± 0.005.

and SI [209]). The main difference in the Hamiltonian of both models is that with
the integer representation, we apply a background electric field E0 = 1

2
. With this

value of the background field, the Hamiltonian is still C and P invariant, nonethe-
less the vacuum can spontaneously break these symmetries as in the S = 1/2 link
representation. We find critical line (µ, �) fitted as µc ∼ µ0 + µ 1

2

√
� + µ1�, with

µ0 = −0.04 ± 0.03, µ 1
2
= −0.20 ± 0.03 and µ1 = −0.113 ± 0.005, belonging again

to the Ising universality class. Hence, the thermodynamical properties and phase
diagram of a quantum link model with a half integer link representation are the
same as a quantum link model with integer representation in a classical background
field E0 =

1
2
.

5.5.5 Observability in synthetic systems

The (1+1)-d quantum link model investigated in this manuscript has been discussed
in relation to different atom, ion and solid state platforms [204, 205, 206, 208, 207].
The figure of merit to access the ground state physics of the model is the order
parameter E that can be measured in the different platforms as described below.

Different implementation schemes using ultra cold atomic gases have introduced
various ways of realizing the Abelian gauge fields. In Ref. [205], the spin degrees of
freedom are realized in terms of Schwinger bosons in arrays of double well potentials,
Sz
x,x+1 =

1
2
(n

(a/b)
x+1 −n

(a/b)
x ). Here, two species a and b are used for odd/even - even/odd

links, with respective number operators n
a/b
x , and the spin representation is given

by the number of bosons in each double well (i.e., one and two bosons per well
for S = 1/2, 1 representations, respectively). In this case, the expectation value
of the order parameter can be measured in two possible ways. The first one is, to
employ the recently developed quantum gas microscope [224, 225] to perform in situ
imaging measurement of the bosonic particle distribution. Since in real experiments
local parity (−1)n

α
is accessible, this provides an exact measure of the local value of

S
(z)
x,x+1 as long as S ≤ 3/2 is considered. Alternatively, one can utilize band mapping

techniques to measure the difference between the number of bosons on each side of
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the double well: this provides a global probe accessing directly the order parameter
E . Within this setup, for S > 1/2, the background electric field can be implemented

by applying a local off-set λ
�

x even n
(a,b)
x to the double wells, created by, e.g., a

small imbalance of the superlattice potential. The corresponding E0 value reads
E0 = λ/g2. Notice that, as g2 can be tuned to small values, E0 can reach large
values within the perturbative regime assumed in Ref. [205].

Other implementation schemes realize spin degrees of freedom by means of dif-
ferent internal states of an atom sitting on the link sites [226, 227]. In these cases,
the global order parameter can be accessed via a Stern-Gerlach-type measurement,
where one can selectively measure the global occupation number of each of the spin
states.

5.5.6 Conclusions

We have shown that MPS and tensor networks in higher dimensions are exact de-
scriptions of the Gauss’ law and the “physical” gauge invariant subspace of quantum
link models with Abelian and non-Abelian local symmetries. Here we have char-
acterized the thermodynamical properties and phase diagram of a one-dimensional
U(1) quantum link model, concluding that the model with half-integer link repres-
entation has the same physical properties as the model with integer link represent-
ation in a classical background electric field E0 =

1
2
. Moreover, we have shown how

the phase diagram can be probed in various synthetic systems, and how the electric
background field can be engineered in cold atomic gases. This work constitute a
relevant step towards a systematic understanding of lattice gauge theories in low-
dimensional systems by employing numerical variational methods, and which could
serve as a ideal benchmark for atomic platforms for either Abelian and non-Abelian
lattice gauge theories.

5.5.7 Supplementary Material: Tensor networks and gauge
invariance in quantum link models

In the following, we show that the MPS decomposition that we have just presented
in the main text for a U(1) quantum link model in (1 + 1) dimensions can be
extended to U(N) and SU(N) quantum link models in higher dimensions. The case
of orthogonal groups O(N) is also subjected to a similar description. We follow the
quantum link description from [193], starting with the degrees of freedom (gauge
and matter fields) and showing how gauge invariance and link representation can be
formulated with a tensor network generalization of the MPS.

In a fermionic Schwinger representation of a non-Abelian U(N) quantum link
model, the gauge operators U ij

x,y that live on the links �x, yi of a d dimensional lattice,
with color indices i, j is expressed as a bilinear of fermionic operators, U ij

x,y = cixc
j†
y .

In this link representation, the number of fermions per link is a constant of motion
Nx,y =

�
i c

i†
y c

i
y + ci†x c

i
x = N . In models with matter, at every vertex x of the lattice,

there is a set of fermionic modes ψi
x with color index i.

Within this representation, we can define left and right generators of the SU(N)
symmetry, La

x,y =
�

i,j c
i†
x λ

a
i,jc

i
x and Ra

x,y =
�

i,j c
i†
y λ

a
i,jc

i
y, with λa

ij the group structure
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constants. Hence, the non-Abelian generators of the gauge symmetry is given by

Ga
x =

�
i,j ψ

i†
x λ

a
ijψ

j
x +

�
k

�
La
x,x+k̂

+Ra
x−k̂,x

�
, with k̂ the different directions in the

lattice. There are also similar expressions for the Abelian part of the group Gx [193].

Once we have defined the gauge generators, we define the “physical” Hilbert sub-
space as the one that is annihilated by every generator, i.e., Gx|physi = Ga

x|physi =
0, for all x and a. A particular feature of quantum link models is that, being these
operator of bosonic nature (they are bilinear combinations of fermionic operators),
the spatial overlap between operators at different vertices x or y is zero, even between
nearest neighbors, i.e., Ga

x ∩Gb
y = 0, ∀a, b and x 6= y. In this way, we can define loc-

ally a projection A[sx] on the “physical” subspace {|sxi} with A[s]nc,nψ
= �s|ni

c, n
j
ψi,

where ni
c, n

j
ψ is some configuration of occupation of fermionic modes ci and ψj.

Finally, the fermionic number on the link is ensured by the product of the nearest
neighbor projectors A[sx], being non-zero only when N =

�
i n

i
c,y + ni

c,x.

As an example, it is straightforward to check the non-Abelian case U(2) in one
spatial dimension where the gauge invariant subspace is spanned by the basis:

|1i = |0, ↑↓, 0i

|2i = 1√
2
[| ↑, ↓, 0i − | ↓, ↑, 0i]

|3i = 1√
2
[| ↑, 0, ↓i − | ↓, 0, ↑i]

|4i = 1√
2
[|0, ↑, ↓i − |0, ↓, ↑i]

(5.85)

and A[1] =

�
0 0
1 0

�
, A[2] =

�
1 0
0 0

�
, A[3] =

�
0 1
0 0

�
and A[4] =

�
0 0
0 1

�

5.5.8 Supplemetary Material: Symmetries of the U(1) quantum
link model

In this section, we briefly review the basic symmetry properties of the U(1) quantum
link model of eq. (1) of the main text.

1. As in any gauge theory, the Hamiltonian is invariant against local symmetry
transformations. In this case, it commutes with the infinitesimal U(1) gauge
generators

Gx = ψ†
xψx +

1

2
[(−1)x − 1]− Ex,x+1 + Ex−1,x. (5.86)

2. The parity transformation P is implemented as

Pψx = ψ−x,
Pψ†

x = ψ†
−x,

PUx,x+1 = U †
−x−1,−x,

PEx,x+1 = −E−x−1,−x, (5.87)
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Figure 5.5: a) Gauge invariant and link configurations for U(1) quantum link model
with spin-1/2 representation (notation as in Fig. 1 main text). b) Exact
matrix product state description of the gauge constraint and represent-
ation on the links.

3. while charge conjugation C acts as

Cψx = (−1)x+1ψ†
x+1,

Cψ†
x = (−1)x+1ψx+1,

CUx,x+1 = U †
x+1,x+2,

CEx,x+1 = −Ex+1,x+2. (5.88)

4. For m = 0 the Hamiltonian also has a Z(2) chiral symmetry which shifts all
fields by one lattice spacing,

χψx = ψx+1,
χψ†

x = ψ†
x+1,

χUx,x+1 = Ux+1,x+2,
χEx,x+1 = Ex+1,x+2. (5.89)

However, this symmetry is explicitly broken when one imposes the Gauss law
Gx|Ψi = 0.

5.5.9 Supplementary Material: Physical or gauge invariant
states

The local states are given by occupation numbers of bosons on the right (x, r), on
the fermion (x) and on the bosons on the left (x, l) as follows |nx,r, nx, nx,li.

Spin-1/2 on the link: N = 1

For N = 1, the gauge invariant states are different, depending on the sites, if they
are odd, (2x− 1), or even, (2x), and they are given by

(2x− 1) : |1oi = |0, 1, 1i; |2oi = |1, 0, 1i;
|3oi = |1, 1, 0i;

(2x) : |1ei = |1, 0, 0i; |2ei = |0, 1, 0i;
|3ei = |0, 0, 1i;

(5.90)
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Figure 5.6: Fermion and boson configurations. C and P invariant candidate vacuum
state of the spin-1

2
model for µ ⌧ 0. Competing vacua of the spin-1

2

model, which are C and P partners of each other for µ � 0.
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Figure 5.7: Results for the model with spin-1/2 on the links: a) Electric flux
density E as a function of the parameter µ for systems length L =
{40, 60, 80, 100, 120}. b) Entanglement entropy at the phase transition.
c) Uniform part of the entanglement entropy as a function of the scaling
function 1

6
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�
L
π
sin

�
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��
for several lengths L ∈ {40, 60, 80, 100, 120}

and parameters µ ∈ {0.66, 0.655, 0.65}. The maximum overlap happens
at the critical point µc ∼ 0.655.

With these definitions, the strong coupling limit Hamiltonian, i.e., |µ| � |�|, is
given by

Hstr = µ
�

x

(−1)x ψ†
xψx

+ 2U
�

x

�
c†x,lcx,l −

1

2

��
c†x+1,rcx+1,r −

1

2

� (5.91)

where U � 1 constraints the state on the links to have just one boson.

For µ � 0 and due to the gauge invariance, this Hamiltonian has only two possible
ground states where the configuration of the fermions is staggered 1-0-1-0 and the
configuration of the bosons is also staggered by with two possible patterns: 0-1-0-1-
0-1-0-1 or 1-0-1-0-1-0-1-0. This phase is two fold degenerated and the vacuum states
break charge and parity symmetry.
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For µ ⌧ 0, the staggered fermion configuration is given by 0-1-0-1 and the bosons
configuration is unique, given by 1-1-0-0-1-1-0-0. This phase has a unique vacuum
state that is C and P symmetric.

In the Fig. 5.7, we can see the behavior of the electric flux density E as a function
of the parameter µ, with an estimate of the critical point µc = 0.655± 0.003. Also,
we can appreciate the oscillatory behavior of the entanglement entropy, due to the
constraint on the number of bosons per link. To decouple the uniform from the oscil-
latory behavior of the entanglement entropy, we define two auxiliary functions such
that Sx,L = ux,L + (−1)xox,L, where u describes the uniform part and o, the oscil-
latory one. The uniform part follows the scaling relation ux,L = c

6
log2

�
L
π
sin

�
xπ
L

��
,

with an estimation of c = 0.49 ± 0.01 which corresponds to an Ising universality
class.
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Figure 5.8: Fermion and boson configurations. C and P invariant candidate vacuum
state of the spin-1 model for µ � 0. Competing vacua of the spin-1
model, which are C and P partners of each other for µ ⌧ 0.
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Figure 5.9: Results for the model with spin-1 on the links: a) Electric flux E for
L = {40, 60, 80, 100} and � = 0.5, with an estimate of the critical expo-
nents ν ∼ 1 and β ∼ 1

8
where the overlap among the different curves

is maximal. b) Uniform part of the entanglement entropy (green plot,
first order approximation, i.e. ux,L = 1

2
(ux,L + ux+1,L), and blue plot

third order approximation [223]). c) Fit to ux,L = c
6
log

�
2L
π
sin

�
πx
L

��
+a,

where c = 0.49 ± 0.04. Both, critical exponents and central charge are
consistent with an Ising universality class at the phase transition.
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Spin-1 on the link: N = 2

For N = 2, the gauge invariant states are given by

(2x− 1) : |1oi = |1, 1, 1i; |2oi = |2, 1, 0i;
|3oi = |0, 1, 2i; |4oi = |1, 0, 2i;
|5oi = |2, 0, 1i;

(2x) : |1ei = |1, 0, 1i; |2ei = |2, 0, 0i;
|3ei = |0, 0, 2i; |4oi = |1, 1, 0i;
|5oi = |0, 1, 1i;

(5.92)

With these definitions, at the strong coupling limit and with E0 =
1
2
, the Hamilto-

nian is given by

Hstr = µ
�

x

(−1)x ψ†
xψx

+ U
�

x

�
c†x+1,rcx+1,r + c†x,lcx,l − 2

�2

+
1

4

�

x

�
c†x+1,rcx+1,r − c†x,lcx,l − (−1)x

�2

(5.93)

For µ ⌧ 0 and due to the gauge invariance, this Hamiltonian has only two possible
ground states where the configuration of the fermions is staggered 0-1-0-1 and the
configuration of the bosons is also staggered by with two possible patterns: 1-2-0-1-
1-2-0-1 or 2-1-1-0-2-1-1-0. This phase is two fold degenerated and the vacuum states
break charge and parity symmetry.

For µ � 0, the staggered fermion configuration is given by 1-0-1-0 and the bosons
configuration is unique, given by 1-1-1-1-1-1-1-1. This phase has a unique vacuum
state that is C and P symmetric.

The thermodynamical properties, phase diagram, critical behavior in the system
with a spin-1 representation on the links at a background electric field E0 = 1

2
is

equivalent to the model with spin-1/2 link representation. In Fig. 5.9, we can see
one particular instance where the value of the hopping term � = 0.5, at this value
the estimate of the critical point µc = −0.2173 ± 0.0005 and the central charge
c = 0.49± 0.04.

5.6 String Breaking in a U(1) Quantum Link Model

The history of gauge theories uncovered many striking features of the smallest con-
stituents of nature. One of the most striking ones was the description of the nuclear
particles, the proton and the neutron, as a combination of three elementary particles
named quarks. Quarks, however, were never observed as independent particles, al-
ways as combinations of two or three of them [228]. Quarks, when separated from
each other, build up a large amount of energy between them. This energy, eventu-
ally, becomes large enough at a certain distance to spontaneously create a new pair
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of particles which combine with the original ones to two new independent quark
pairs.
This mechanism, called confinement, was subject of vast discussions in numerical
physics using Wilson loops or Monte-Carlo algorithms [229, 230, 231, 232, 233, 234].
Although these methods are very successful to treat the static properties of confine-
ment, the real-time dynamics is not accessible due to the sign problem which limits
the precision of calculating integrals of strongly correlated fermionic systems.
However, confinement is not only known in quantum chromodynamics, the theory
of quarks and gluons, but also in (1+1)-dimensional quantum electrodynamics, the
Schwinger model [229]. There, a string of electric flux builds up when pulling apart a
charge-anticharge pair until the string breaks creating new charges and anticharges.
This allows us to use our numerical methods to study the real-time dynamics of
string breaking in a QLM. The smallest spin representation allowing for these simu-
lations is S = 1 where the electric flux can have the configurations �Exi = {−1, 0, 1},
including the possibility to represent the absence of electric flux which is not possible
for S = 1/2.
String breaking is a process highly dependent on the ratio between mass m and
electric coupling g, as the energy stored in the string of electric flux is proportional
to g2 and the energy required to create a pair of fermions is Emeson = 2m. We want
to consider t = 0 for the moment which allows us to discuss the spectrum of the
QLM explicitly excluding the kinetic energy.
The vacuum, the ground state without any charges or electric field, is a half filled lat-
tice with a fermion on every odd lattice site, each of them contributing E0,odd = −m
to the system energy. The total vacuum energy can then be written as

E0 = −mL/2, (5.94)

where L is the total number of lattice sites.
When studying string breaking, as an initial state we need a string of electric field.
One can imagine to extend the string over the whole lattice, which requires to impose
the boundary conditions in a way that they act as two charges needed according to
Gauss’ law �∇ �E = ρ. Such a string contains the electric flux �Exi = 1 or �Exi = −1
on every link of the lattice, which leads to an energy of the string of

Estring − E0 =
g2

2
(L− 1). (5.95)

The conditions to break this string are not only limited by energetic considerations,
we also have to take into account the gauge symmetry. All changes of the electric
flux are connected with jumps of fermions according to the hopping term in the
QLM-Hamiltonian. Some simple step-by-step analysis of allowed processes starting
from the string will help us to understand the short-time dynamics which can be
expected to be observed in a full simulation.
Let’s start with the many-body state of the string, represented with the possible
basis states for the S = 1 representation. The local Hilbert space has a dimension of
d = 5 with the possible basis states |ψx,oi = {|111i, |210i, |012i, |102i, |201i} for odd
sites and |ψx,ei = {|101i, |200i, |002i, |210i, |012i} for even sites. Using this basis,
the string is represented by |ψstringi = |012i⊗ |002i⊗ · · ·⊗ |012i⊗ |002i. Represented
in a picture this state, for L = 8, looks like
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|0, 1, 2� |0, 1, 2� |0, 1, 2� |0, 1, 2�|0, 0, 2� |0, 0, 2� |0, 0, 2� |0, 0, 2�

where the blue circles represent occupied fermionic sites and the arrows represent
the electric flux on the links.
What happens with this state if we want to perform a gauge invariant hopping
process? On the first link simultaneous hopping of a fermion and a Schwinger
boson is not possible, as the process |012i ⊗ |002i → |001i ⊗ |112i violates gauge
invariance. On the second link, however, the process |002i ⊗ |012i → |011i ⊗ |102i
is allowed, as it is on every second link. After all these possible processes the string
would transform into a state with the highest density of fermionic excitation, namely
charge-anticharge pairs throughout the lattice. Our picture from above changes
according to

|0, 1, 2� |0, 1, 1� |1, 0, 2� |0, 1, 1� |1, 0, 2� |0, 1, 1� |1, 0, 2� |0, 0, 2�

and the bare energy in the system changes to

Epairs − E0 =
g2

4
L+m(L− 2).

Most of the created fermions, however are not stable. Infact, the pairs in the bulk
of the lattice annihiliate each other by a second hopping process |102i ⊗ |011i →
|111i ⊗ |101i. This leads to the state

|0, 1, 2� |0, 1, 1� |1, 1, 1� |1, 0, 1� |1, 1, 1� |1, 0, 1� |1, 0, 2� |0, 0, 2�

which has an energy of

Emeson − E0 = 2

�
g2

2
+m

�
. (5.96)

This state represents the final string-broken state where the whole energy stored in
the electric field has been transferred into the creation of a new pair of particles.
Using the energies of the initial string and the final string-broken state we can find
the necessary condition for string breaking, namely a system length of

Lc =
4m

g2
+ 3. (5.97)

Alternatively, for numerical simulations it is more favorable to keep the system
length constant and eventually change the mass instead of investigating the dynam-
ics during a ramp past the string breaking point. Here the critical mass is found to
be

mc =
g2

4
(L− 3). (5.98)

95



5 Simulating lattice gauge theories with tensor networks

These static considerations will help us to interpret the complex dynamics observable
in the real-time simulations which will be presented in the next sections. First, we
will see how the string can be adiabatically broken when the system parameters
are slowly ramped across the critical mass. Then, we will discuss briefly how the
string breaks after a sudden quench of the system parameters before presenting a
comprehensive discussion of the observable dynamics in the next main section.

5.6.1 Adiabatic string breaking

According to Eq. 5.98 one can change the mass of the fermions adiabatically to
reach a level crossing at mc. A more complete picture of the mass-dependent level-
structure is shown in Fig. 5.10. One can see there that the lowest eigenvalue above
mc is connected to the string state. At mc we see the level crossing with the string-
broken meson state which then becomes the state with the lowest eigenenergy. The
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Figure 5.10: Energy-level scheme in numerical units for a chain of 8 sites and g = 1
neglecting the hopping-term in the Hamiltonian Eq. 5.66

string, however, as we have seen, has to evolve through a two-step hopping process
into the meson-state. The transition is therefore expected to require a very careful
treatment if made adiabatically. The transition from the string to the intermediate
pairs state at a much lower mass would be easier to realize, but it would include
excitations in the system (see Fig. 5.10). This advantage will be exploited in the
next section using sudden quenches.
Because of the expected difficulties we want to perform the adiabatic crossing with
a comparably small lattice of eight lattice sites. For this case we can estimate the
crossing point as mc =

g2

4
(L − 3) = 5

4
, where we chose g = 1 for the electric coup-

ling. Then we prepare the string as the initial state for the adiabatic transfer. As we
need the hopping term of the Hamiltonian Eq. 5.66 and m 6= ∞ to allow the system
to evolve from one state to the other, the string is not an exact eigenstate of the
Hamiltonian. It is a good enough approximation, though, when using a moderate
hopping parameter t = 0.5 and an initial mass well above mc.
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In Fig. 5.11 the results are presented using an initial mass mi = 1.5 which is then
reduced adiabatically to m = 1 in N = 1250000 time steps with one step of δt = 0.01
which result in a total evolution time of τmax = Nδt = 12500. The figures show a
zoom into the time-range τ = 6000 to τ = 9000 to emphasize the details of the ob-
served dynamics. The figures show the electric flux for each link and the excitations

0 1000 2000 30001

2

3

4

5

6

7

τ

x

 

 �Ex�

0

0.2

0.4

0.6

0.8

1

0 1000 2000 30001

2

3

4

5

6

7

8

τ

x

 

 m
∗

0

0.2

0.4

0.6

0.8

1

Figure 5.11: Adiabatic string breaking during a ramp of the mass δm = 0.12 during a
time of τ = 3000 in numerical units and g = 1. The hopping parameter
is t = 0.5 and the expected level crossing in the static level scheme (Fig.
5.10) is at τc = 1500. Left panel: Electric flux at each link during the
ramp. Right panel: Excitations of the mass term during the ramp.

of the mass term on each site. Initially, the electric flux is �Exi = 1 on each link,
representing the string. Small fluctuations on every second link display already the
larger hopping probability on these links according to the first of the two necessary
hopping processes for the string breaking.
As the mass approaches mc = 1.2, which in measures of time is at τc = 1500 in
the figures, the electric flux reduces to zero up to some fluctuations only leaving
the electric flux at the boundaries as expected from the static considerations above.
The electric field in the center of the lattice is shielded by an additional charge by
the boundaries which appear on the right panel of Fig. 5.11 as mass excitations on
lattice sites x = 2 and x = 7.

5.6.2 String breaking after a sudden quench

The adiabatic state transfer we just discussed is equivalent to slowly increasing the
distance between a charge-anticharge pair until the energy in the string collapses
into newly created charges. In experiments with high energies, where quarks collide
and get separated on a short time-scale, the distance is increased suddenly above
the critical value.
We want to simulate this behavior by encoding the string in our algorithm and then
perform a real-time evolution at a static value of the system parameters. The system
evolves much faster in this case, therefore we can study a larger system on a shorter
time-scale. A typical result of such an evolution is shown in Fig. 5.12 for a system
with twenty lattice sites. The quench was performed at m = 0, g = 1 and t = 3.
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Equivalent to the adiabatic ramp we present the electric flux and the mass excita-
tions during the evolution. The dynamics is much richer in this case. We see the
string collapse in a time-frame τ < 1 by the typical two-step process. The initial
state is the string with no mass excitations and constant, nonzero electric flux (in-
dicated with the letter A in the figure). Then the system performs a first hopping
process and we can clearly identify the pairs state by the alternating electric flux
and the large mass excitations throughout the system (B). A second hopping pro-
cess evolves the system into the string-broken meson state with zero electric flux and
only two mass excitations at the boundaries (C). But the evolution does not stop

0 1 2 3 41
3
5
7
9

11
13
15
17
19

τ

x

 

 �Ex�
A↓ B↓C↓

−1

−0.5

0

0.5

1

0 1 2 3 41
3
5
7
9

11
13
15
17
19

τ

x

 

 m
∗

A↓ B↓C↓

0

0.2

0.4

0.6

0.8

1

Figure 5.12: Evolution of a string of electric flux after a quench to m = 0, g = 1 and
t = 3 for a time of τ = 4 and 20 lattice sites. The letters on top of the
figures indicate the appearance of the string (A), the pairs state (B)
and the meson state (C) in the beginning of the evolution. Left panel:
Electric flux at each link during the ramp. Right panel: Excitations of
the mass term during the ramp.

there. Two more hopping processes of a similar fashion cause the creation of a string
of negative electric flux, from now on called the anti-string. There, another pair of
charges at x = 4 and x = 17 induce the large negative flux to the system. The
later evolution starts to be more complex, though we see that a positive string gets
restored completing a whole oscillation from string to anti-string and back again.
Up to now we encoded the charges building the string into the boundary conditions.
In the next section we will see how much richer the dynamics becomes when the
charges are dynamically included into the lattice and the string becomes surrounded
by a large vacuum. There we will also investigate the collision of dynamical charge-
anticharge pairs as well as the long time behavior when the system equilibrates.

5.7 Real-time Dynamics in U(1) Lattice Gauge
Theories with Tensor Networks

This section presents the results published in the paper Real-time Dynamics in U(1)
Lattice Gauge Theories with Tensor Networks, Phys. Rev. X 6, 011023 (2016),
where the author of this thesis was responsible for the realization and interpretation
of the numerical results and method to create dynamical mesons for scattering.
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5.7.1 Introduction

The mechanism of quark confinement stands as a key concept in our understanding
of the fundamental interactions in high energy physics [235, 236, 237, 238]. As a
quark and an anti-quark are pulled apart, the energy stored in the gluon string
connecting them grows linearly with distance, due to the confining nature of strong
nuclear forces described by quantum-chromodynamics (QCD). In gauge theories
hosting dynamical charges, there exists a critical length scale at which the confining
string breaks, creating particle-antiparticle pairs which reduce the energy density in
the string and give rise to the hadrons at the string edges [239].

The static properties of string breaking have been widely explored using a variety
of lattice methods, wherein the effective string potential separating static charges
can be extracted by the Polyakov or Wilson loops [230, 231, 232]. However, the real-
time dynamics of gauge theories are usually biased by a severe sign problem, and
as such cannot be accessed using lattice Montecarlo simulations [229, 233, 234]. In
this paper, we apply tensor network (TN) methods in order to study the real-time
dynamics of a lattice gauge theory (LGT) with dynamical charges and quantum
gauge degrees of freedom in one dimensional systems. In particular, we investigate
the real-time string-breaking dynamics in Abelian U(1) LGTs in (1+1)d, which
share with QCD the basic feature of confinement.

In recent years, efficient numerical methods based on TNs have found widespread
application to the real-time dynamics of strongly correlated low-dimensional sys-
tems [171]. They are nowadays routinely used to tackle a variety of condensed matter
and atomic physics problems, such as the evaluation of spectral functions of low-
dimensional magnets and the quench or controlled dynamics of ultra-cold quantum
gases in optical lattices [11, 200, 240, 241, 24, 172, 223, 243, 246, 242, 244, 245, 247,
199]. While TN methods have been extensively applied to spin and Hubbard-type
models, only recently it has been shown how TNs can provide an ideal platform for
the investigation of gauge theories, for example in the study of the static properties of
the Schwinger model, the low-energy mass excitation spectrum, and the dynamics of
deconfinement in 2D Z2 LGTs [178, 248, 179, 249, 181, 180, 250, 182, 251, 252, 253].
In particular, the quantum link model (QLM) formulation of LGT [201, 202, 188]
– gauge theories whose link Hilbert space is finite-dimensional – has been used to
develop efficient general-purpose TN algorithms to describe static and real-time
dynamical properties of Abelian and non-Abelian LGTs including generic forms
of matter fields, and to present different possible quantum simulator implementa-
tions on different platforms: trapped ions, cold atoms in optical lattices and circuit
quantum electrodynamics (QED) [254, 255, 256, 204, 205, 257, 207, 208, 206, 226,
258, 227, 259, 260, 261] (see also [262, 263] for recent reviews and references therein).

TN methods are based on variational tensor structure ansatze for the many-body
wave function of the quantum system of interest: the tensor structure is chosen to
best accommodate some general system properties, e.g., dimensionality, boundary
conditions and symmetries, while a controlled approximation is introduced in such a
way that one can interpolate between a mean field and an exact representation of the
system. Being a wave function based method, one has direct access to all relevant
information of the system itself, including quantum correlations, i.e., entanglement.
In one-dimensional systems, an efficient tensor structure is given by the Matrix
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Figure 5.13: Left panel: Hilbert space and gauge invariant states of the QLM. (i)
In the quantum link formulation, the gauge fields defined on the links
are described by spins (in our case, S=1). (ii) Staggered fermions rep-
resent matter and antimatter fields on a lattice bipartition: on the
even (odd) bipartition, a full (empty) site represents a particle (anti-
particle). (iii) Hilbert space and gauge invariant states of the QLM.
The Gauss law, Eq. (5.101), constrains the number of possible states
at each lattice site. Notice that the Gauss law depends on the lattice
site due to the staggered fermions. Middle panel: cartoon states for
the different stages of the string breaking dynamics (see text). Here
the leftmost site is an odd one. Right panel: sample simulation for the
electric field dynamics when quenching an initial string state (B region)
connecting two charges, and surrounded by the vacuum (A regions) for
m = 0 = g. Primary string breaking takes place in four stages (C-F),
until an anti-string is created in place of the original string. The latter
also decays during the secondary string breaking. The shaded areas
represent the wave-fronts estimated from entanglement entropies (see
Sec. 5.7.4), which are directly related to the electric field evolution.

Product State (MPS) ansatz [200, 24], defined as,

|ψMPSi =
�

�α

Aβ1
α1
Aβ1,β2

α2
. . . AβN−1

αN
|�αi, (5.99)

where the tensor A contains the variational parameters needed to describe the system
wave-function, αi = 1, . . . , d characterize the local Hilbert space, and βi = 1, . . . ,m
account for quantum correlations or entanglement (Schmidt rank) between different
bipartitions of the lattice. Indeed, setting m = 1 results in a mean field description,
while any m > 1 allows for the description of correlated many-body states. Given
the tensor structure, the tensor dimensions and coefficients are then optimized to
efficiently and accurately describe the system properties by means of algorithms that
scale polynomially in the system size and m. Usually, these algorithms exploit the
system Hamiltonian tensor structure, naturally arising from the few-body and local
nature of the interactions, to efficiently describe the system ground state or low-lying
eigenstates, or to follow the real- or imaginary-time evolution of the system itself.
Indeed, in the TN approach, real- and imaginary-time evolution have no fundamental
differences at the computational level as there is no sign problem, and limitations
arise – only in some scenarios depending on the specific dynamics of interest as
witnessed by the fast increasing literature appearing based on this approach [24] –
from the amount of quantum correlations present in the system wave function.
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Here, we show how TN algorithms allow for the study of the real-time dynamics
of LGTs, focusing on the string breaking in a paradigmatic confining theory - the
Schwinger model [264, 265, 183] in a quantum link formulation. We characterize
the real-time dynamics of the primary and secondary string breaking and show
that string breaking is intimately related to entanglement production in the system.
A qualitative picture for string breaking in our models, together with a typical
result for our time-dependent simulations on a system of L = 100 lattice sites,
is illustrated in Fig. 5.13. Even more importantly, our simulations allow us to
track the entanglement evolution during string breaking: as we will show below,
string breaking and the so-called Schwinger mechanism are intimately connected
to entanglement propagation, which we address by evaluating the so called von
Neumann entanglement entropy. Finally, we show that TN methods can be used to
study scattering processes between bound states of LGTs: we develop a scheme to
engineer meson collisions [266], and we show how, very surprisingly, the scattering
not only reflects into an enhanced rate of particle-antiparticle creation, but it does
affect drastically the entanglement properties of the system, which stays significantly
correlated well beyond the scattering time-window.

The paper is structured as follows: in Sec. 5.7.2 we present the system Hamilto-
nian and recall the TN algorithm we are using throughout this work. In Sec. 5.7.3
we present the results on string breaking and mass production dynamics, including
a discussion on how this phenomenon can be observed using a quantum simulation
platform. In Sec. 5.7.4 we show how entanglement follows the string breaking dy-
namics, providing a quantitative picture which underlines how entanglement entrop-
ies are directly tied to string-breaking. Finally, we present our result on scattering
in Sec. 5.7.5, and draw a summary of our results in Sec. 5.7.6.

5.7.2 Model and Methods

Model Hamiltonian: QED in (1+1)d

QED in (1+1)d, also known as the Schwinger model [264], represents an ideal testing-
ground for the benchmarking and development of new computational methods. Des-
pite its relative simplicity, this model captures fundamental aspects of gauge theories
such as, e.g., the presence of a chiral symmetry undergoing spontaneous symmetry
breaking [264, 265, 183, 267, 268, 186, 269, 270, 271, 272, 210]. Even more import-
antly, this theory, like QCD, displays confinement: differently from (3+1)d QED,
in (1+1)d electrons and positrons are confined, and interact via a long-range poten-
tial which increases linearly with distance. Due to the large energy cost associated
with the electric flux between charges at large inter-charge distances, the electric
flux string is unstable to particle-antiparticle creation, as in QCD, and string break-
ing takes place [192]. While this phenomenon, directly connected to the Schwinger
mechanism of mass production out of a vacuum, has long been debated, and notable
insights have been provided using a variety of approximate methods, a full quantum
mechanical understanding of the complex real-time dynamics taking place during
string breaking is lacking due to the computationally complexity of the many-body
problem [273, 192, 274, 275].
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In the Hamiltonian formulation, its dynamics are defined by the following form:

H = −t
�

x

�
ψ†
xU

†
x,x+1ψx+1 + ψ†

x+1Ux,x+1ψx

�

+m
�

x

(−1)xψ†
xψx +

g2

2

�

x

E2
x,x+1. (5.100)

where ψ†
x,ψx are fermionic creation/annihilation operators describing Kogut-Susskind

(staggered) fermions (see Fig. 5.13), Ux,x+1 are the gauge fields residing on the
(x, x + 1) link, and we denote the strength of fermion-hopping (the kinetic energy
of electrons and positrons) with t, the staggered mass of the fermions with m, and
the electric coupling strength with g, where Ex,x+1 is the electric-field operator. The
gauge generator is given by

G̃x = ψ†
xψx + Ex,x+1 − Ex−1,x +

(−1)x − 1

2
, (5.101)

so that [H,Gx] = 0 and all physical states |Ψi satisfy the Gauss law G̃x|Ψi = 0.
While in the Wilson formulation Ux,x+1 are parallel transporters acting on an infinite
dimensional Hilbert space, we focus here on a formulation based on QLMs, where
the gauge fields are represented by spin-1 operators, Ux,x+1 = S+

x,x+1, Ex,x+1 = Sz
x,x+1

and, as such, act on a finite-dimensional link Hilbert space [205]. In particular, the
electric field operator allows three possible states for the electric flux, constraining
the physical states per site as described in Fig. 5.13. A detailed discussion of the
quantum link formulation can be found in Ref. [201, 202, 188], while in Ref. [181] it
was shown how such quantum link formulation reproduces the phase diagram and
quantum criticality of the continuum theory.

String breaking and classical cartoon states

String breaking is the process of cutting and shortening the electric flux string that
connects a particle-antiparticle pair by creating a new charge-anticharge pair [205].
Within our framework, a string consists of two charges creating non-zero electric
flux between them. The charges are represented by appropriate boundary condi-
tions (static charges) or by excitations of the mass field at the site of the fermion
(dynamical charges). This is realized by an effective jump of a fermion from the
site of one charge to the site of the second charge satisfying the Gauss law. The
string of electric flux then follows from Gauss’ law. The charges force the links into
a non-zero flux state, according to the configuration of the charges in either one
direction or the other. Before embarking in a full quantum mechanical investigation
of string breaking, we now discuss the classical (t = 0) static picture which provides
a simple yet informative illustration of the different stages of the string breaking
mechanism. A set of cartoons of the classical states is provided in Fig. 5.13:

Vacuum.- In the vacuum (A), neither mass nor electric field excitations are present.
The vacuum energy is thus E0 = −L

2
m.

String.- In the string state (B), two mass excitations are present at the boundaries,
and all electric fields connecting the two are also in the | + 1i state. The resulting

102



5.7 Real-time Dynamics in U(1) Lattice Gauge Theories with Tensor Networks

string energy then takes the form

Estring − E0 =
g2

2
(L− 1) + 2m. (5.102)

Pairs.- In the pairs state (C) all the masses are excited forming charge-anticharge

pairs with an energy Epairs =
g2L
4

+mL.

Mesons.- In a confined phase, particle-antiparticle pair production can favor the
establishment of a vacuum state between two static charges, with a pair of mesons
at the boundary of the string (see (D)). The resulting energy is:

Emesons − E0 = g2 + 4m. (5.103)

At the static level, string breaking takes place at a critical distance Lc, above which
the meson state is energetically favored over the string state (Estring(Lc) = Emesons):

Lc =
4m

g2
+ 3. (5.104)

Antipairs and Antistring.- The antipair-state (E) and the antistring (F) denote
the pair-state and the string with the electric flux having the opposite sign.

At a dynamical level, string breaking takes place as a consequence of the Schwinger
mechanism: in (1+1)d, the vacuum between two charges of opposite sign is unstable
against particle-antiparticle creation [273, 192, 274, 275], eventually leading to the
electric field in the system flipping sign and to mass production. In real-time, this
process develops following intermediate consecutive steps, and is schematically illus-
trated in Fig. 5.13: at very short timescales, particle-antiparticle creation takes place
in the middle of the string, creating the pair state depicted in (C). Subsequently,
the electric field in the center of the string relaxes to 0, and the external charges get
screened, effectively forming mesons (D). At this point the process reverses, first es-
tablishing a state with anti-pairs (E), which finally decays into a string of oppositely
signed electric field with respect to the initial state, an anti-string (F).

String-breaking is a direct consequence of confinement: while in a deconfined
phase such as QED in (3+1)d, it is possible to separate opposite charges at large
distances due to Coulomb’s law, in a confined phase the corresponding electric field
string breaks due to the effective potential between charges increasing as a function of
distance. However, the exact real-time dynamics of string breaking are inaccessible
to classical simulations based on Montecarlo sampling due to a severe sign-problem.
While classical-statistical approaches can provide remarkable insights in some para-
meter regimes [273, 192, 274, 275] such as small masses, unbiased numerical sim-
ulations for arbitrary parameter regimes have been lacking. In the following, we
present a systematic study of the string breaking dynamics using MPS techniques.

Tensor networks for lattice gauge theories

Tensor network algorithms are one of the paradigms for simulating quantum many-
body systems in low-dimensions, both in and out of equilibrium, via a representation
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Figure 5.14: Tensor network representations of a many-body quantum system. a)
Any quantum state can be described via a tensor Ψ of exponential di-
mension dN , where d is the dimension of the local Hilbert space and
N the number of sites. b) In a MPS representation, the wave func-
tion is characterized by N local tensors A, each one of dimensions m2d,
wherem is the maximum Schmidt rank allowed between different bipar-
titions. c) Gauge-invariant tensor network: the gauge invariant state
can be represented via a tensor network state where a MPO imposes
the gauge invariance while a variational MPS accommodates for the
detailed description of the wave function.

of the quantum state with a variational ansatz for wave-functions and/or density
matrices [24].

For one-dimensional pure states, on which we focus here, the starting point is to
consider a class of states of the form given in Eq. (5.99) and depicted in Fig. 5.14
with some fixed auxiliary dimension m and physical dimension d: for example,
for spin one-half systems one has d = 2, while the dimension m depends on the
states studied and on the desired accuracy. For ground states of one-dimensional
gapped Hamiltonians, m is in general independent of the system size N , while for
critical systems, due to area-law logarithmic violations, the auxiliary bond dimension
scales as m ∝ c logN , where c is the central charge of the system (see Ref. [223]
for a review). The case of out-of-equilibrium dynamics as considered here is more
challenging, and no general picture is known, thus the bond dimension m has to
be adapted to each specific case and convergence has to be checked comparing the
results at increasing bond dimension [218, 219].
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Global symmetries of the system of interest, such as particle number or global
magnetization and even more complex non-Abelian global symmetries, can be em-
bedded in the wave function ansatz given in Eq. (5.99) in an elegant way by

promoting each tensor A
βj ,βj+1
αj to a symmetry-sector-preserving tensor; that is,

every index of the tensor is dressed with the corresponding symmetry charge num-
ber [277, 215, 216, 217]. This symmetric formulation of tensor networks allows one
to describe wave functions exactly and more efficiently with the desired quantum
numbers, addressing each symmetry sector separately. Recently, it has also been
shown that local symmetries – namely gauge symmetries – can be embedded in
such description by generalizing the wave function ansatz to a gauge invariant
one [181, 180, 182, 251, 252]. We briefly recall such a construction in the rest
of this Section, and tailor it to the model we will study in the rest of the paper.

The Hilbert space of a gauge invariant system is given by the direct sum of
every sector with different values of the ”Gauss law”, G̃x|ΨQLMi = gx|ΨQLMi and
H = ⊕gxHgx . Due to the gauge symmetry, there is no physical (e.g., gauge invari-
ant) operator, including the Hamiltonian, that connects any two different sectors.
Hence, starting with a quantum state partially defined by the values of the Gauss
law, or a set of local (gauge) constants of motion, the time-evolved wave-function
will remain in this sector under the action of the Hamiltonian. In the QLM formula-
tion of LGTs, a gauge invariant tensor description is immediately obtained if we use
a ”rishon” [188] or Schwinger representation of the gauge degrees of freedom (inde-
pendent of the nature of the local continuous symmetry - Abelian or non-Abelian -
and the dimensionality of the lattice [181]).

In our case, the U(1) QLM in (1+1)-d with a spin-1 per link, the spin operator or

electric field Ex,x+1 = S
(z)
x,x+1 is represented by a pair of Schwinger bosons Ex,x+1 =

1
2
(nR,x+1 − nL,x) with a total occupation of two bosons per link, i.e. nR,x+1+nL,x =

2. The first step to build an efficient tensor network representation of such states
is to identify a local Hilbert space spanned by the states |αi defined on the tensor
product of the fermionic matter field on a lattice site and of the rishon states on
its left and right, that is |αi = |nR,x, nΨ,x, nL,xi. This allows for the projection of
the state into the gauge invariant subspace, restricting the local bases only to the
”physical” states: in our model, this process results in the five gauge invariant states
(uniquely identified in terms of the Schwinger rishons for even and odd lattice sites
respectively and depicted in Fig.5.13 left) given by [205]:

odd: |1i = |1, 0, 2i, |2i = |2, 0, 1i,
|3i = |1, 1, 1i, |4i = |2, 1, 0i, |5i = |0, 1, 2i,

even: |1i = |1, 1, 0i, |2i = |0, 1, 1i,
|3i = |1, 0, 1i, |4i = |2, 0, 0i, |5i = |0, 0, 2i.

(5.105)

These are the only states allowed locally by gauge invariance (notice that the local
Hilbert space is different on even and odd sites as a consequence of the staggered
nature of the fermions). A gauge invariant many-body state clearly exists in the
tensor product of such local basis states. However, not all tensor product combin-
ations are compatible with the spin representation S: with our choices, only the
states with nR,x+1 + nL,x = 2 are allowed. This additional constraint can be sat-
isfied by modifying the tensor structure of the many-body state ansatz, that is by
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Figure 5.15: Real-time evolution of a string of electric flux of length L = 20 embed-
ded in a larger lattice (of length N = 100) in the vacuum state (the
initial cartoon state is sketched on the left side of the figure with the
notation of Fig.5.13). The electric flux real-time evolution (Column A)
is shown with the evolution of the mass excitations (Column B) and
the evolution of the bipartite von Neumann entropy (Column C) for
m = 0, g = 0 (Line 1), m = 0.25, g = 1.25 (Line 2), and m = 3, g = 3.5
(Line 3). The von Neumann entropy is calculated using a bipartition
of the system defined via a cut between lattice sites x and x+ 1.

introducing a projector which acts on nearest-neighbor lattice sites and enforces the
correct number of rishons on the link [181, 182].

Hence, the gauge structure of systems with a local continuous symmetry can be
encoded in a Matrix Product Operator (MPO) as depicted in Fig. 5.14, such that:

|ΨQLMi =
�

�α

Aβ1
α1
Aβ1,β2

α2
. . . AβN−1

αN
(5.106)

Bγ1
α1,α�

1
Bγ1,γ2

α2,α�
2
. . . B

γN−1

αN ,α�
N
|α1α2 . . .αNi, .
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For the model we study, the MPO has bond dimension three (γ = 1, 2, 3) and the
non-zero elements of the tensors B for the odd sites can be expressed as:

B
γı,γı+1

1,1 =



0 0 0
0 0 1
0 0 0


 B

γı,γı+1

2,2 =



0 1 0
0 0 0
0 0 0


 ;

B
γı,γı+1

3,3 =



0 0 0
0 1 0
0 0 0


 B

γı,γı+1

4,4 =



0 0 0
0 0 0
0 0 1


 ;

B
γı,γı+1

5,5 =



1 0 0
0 0 0
0 0 0


 .

(5.107)

The tensors for the even sites can be computed in a similar way. Given the gauge
invariant tensor structure introduced above, one can reformulate the standard al-
gorithms for tensor networks to compute the ground state of the model, or, as we
will do in the next Sections, compute the real time evolution of some initial state,
e.g., by means of a Suzuki-Trotter decomposition of the time evolution operator act-
ing on a pair of neighboring sites [218, 219]. The parameters used in our calculation,
together with a discussion of the errors involved in the approximations, are presen-
ted in Appendix 5.7.7. Finally, we mention that one can further simplify the tensor
structure in Eq. 5.106 to increase the algorithmic efficiency and that this construc-
tion is completely transparent with respect to the Abelian or non-Abelian nature
of the gauge symmetry, resulting in a drastic simplification of numerical analysis of
non-Abelian lattice gauge theories [181, 182].

5.7.3 String Breaking

In this section we present our results of the lattice gauge TN numerical simulations
for the real-time dynamics of string breaking: we focus on the time evolution of the
electric and matter fields, quantitatively studying the properties of string breaking
and of the Schwinger mechanism. In the following section we analyze the time
evolution of quantum correlations during this process – an analysis enabled by the
TN approach – and show that the two figures of merit are intimately related.

The setup for our simulations is a dynamical string surrounded by the vacuum.
The total lattice length N = 100 is chosen such as boundary effects are negligible for
the timescales we investigate. Some typical results of the electric field time evolution
are shown in the left column of Fig. 5.15 (Column A) for different values of the
fermion mass m and electric field coupling strength g (hereafter we set t = � = 1
and times are given in units of �/t). In the top row, the string freely breaks as
for g = m = 0 no energy-cost is needed for such process to occur and the system
evolves according to the free hopping Hamiltonian: the electric field starts to oscillate
between string and anti-string displaying primary, secondary (marked by vertical
lines) and subsequent string breakings. Moreover, the string propagates into the
vacuum creating two diverging electric field excitation wavefronts. In the middle
row, representing the same scenario for non-zero mass and electric field coupling
strengths, string breaking still occurs; however, the string evolution is damped and
stabilizes the mean electric flux around zero. Finally, for large mass m and g, the
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Figure 5.16: Mean electric field of the central six lattice sites as
a function of time τ for the electric coupling g =
0.00, 0.25, 0.50, 0.75, 1.00, 1.05, 1.10, 1.15, 1.20, 1.25, 1.50 (orange to
light blue) for m = 0 (top) and m = 0.25 (bottom). Primary
(secondary) string breaking occurs when the mean electric field crosses
the zero-line from positive (negative) values.

large mass suppresses vacuum fluctuations while the large electric coupling prevents
the occurrence of string breaking and thus the string does not decay. However,
some dynamics still occur as we will see in more details in subsection 5.7.3, as
fermion-antifermion pairs are created using the energy of the electric field and then
annihilated, thus restoring the electric field excitations.

To perform a quantitative analysis of string breaking, we repeat the same simula-
tion for different values of m and g and analyze the mean electric field of the central
six lattice sites of the string as a function of time. The results are reported in Fig.
5.16 where one can clearly see that different scenarios might occur: either the string
breaks when the mean electric field drops below zero, or the electric flux remains
positive throughout the whole evolution and no string breaking occurs. In the limit
of m = g = 0 the oscillations show the highest amplitude, which is reduced by
changing at least one of the two parameters; as previously noticed, for high values
of either system parameter the string never breaks. In the regime between these
two extreme cases, we observe a third type of behavior: the electric flux tends to
zero, however no anti-string is formed: the oscillation is strongly damped and the
system remains in the broken string state (compare with the middle row in Fig.
5.15). These findings are summarized in Fig. 5.17: For g,m � 1 we observe the full
string breaking dynamics with at least the partial formation of a string with oppos-
ite electric field flux after reaching the broken string state (red area). For g,m � 1
string breaking was not observed and the dynamics are dominated by the interplay
of the state of maximum pair creation and the original string (green area). Finally,
the white area inbetween represents the region of parameters where we observe the
string breaking with over-damped oscillations.
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Figure 5.17: State diagram of string breaking. The red area shows the para-
meters where the string breaks and evolves into a negative string
(Emean < −0.15Emax). The white area represents the parameters where
the mean electric field approaches zero and stays around that value
(|Emean| < 0.15Emax). And finally, the green area represents the para-
meters without string breaking (Emean > 0.15Emax).

String wavefront spreading

During the string breaking process, a wavefront of electric flux spreads outwards, as
can be clearly seen in Fig. 5.15 (Panel A1 and A2). In this Section, we quantitatively
characterize the wavefront spreading by analyzing its spreading velocity and the
oscillation intensity.

In Fig. 5.18, we show the wavefront propagation as a function of time for different
electric coupling g for the zero mass case. The lower inset illustrates how we calcu-
lated such propagation: we follow the electric field excitation on one side of string
by means of tracking the difference ΔE between the gauge field at some position
x and the next nearest neighbor site x + 2. Further, we define the time when this
difference displays a maximum s arrival of the wave front 1. As can be seen from
the lower inset of Fig. 5.18, where different colors represent different coordinates x,
a wave-like propagation can be clearly identified.

Following this scheme, we plot the position of the wavefront as a function of time
in the main panel of Fig. 5.18. The result shows an approximatively linear spreading
after an initial transient time of about τ ≈ 2, with a velocity almost independent
of the values of the electric coupling for g < 1. Increasing g starting from g = 1,
the velocity increases as well, until for g > 1.5, where the results are inconclusive as
increasing g leads to smaller wavefront amplitudes and consequently the errors bars
prevent an accurate analysis to be carried out. However, for small g, the spreading
velocity can be extracted directly from Fig. 5.18. By fitting the values for τ > 2/t
and m = 0 we obtain a value of vE = 1.96± 0.02.

1In order to avoid even-odd effects due to the staggered nature of the fermion fields, we have used
odd sites here for the sake of clarity

109



5 Simulating lattice gauge theories with tensor networks

0 2 4 6 8 100

4

8

12

16

Δx

τ

0 4 8 −0.5
0
0.5
1

ΔE

τ

0 5 10 150
10
20
30

m

τ

Figure 5.18: Spreading of the wavefront of the electric field for m = 0 and g increas-
ing from g = 0 (blue) to g = 1.5 (orange). A linear fit for τ > 2 results
in a velocity of vE = 1.96 ± 0.02 (dashed green line). Inset (top left):
Time needed for the wavefront to spread one lattice site as a function
of m for g = 0. Inset (bottom right): Wavefront as a function of time
evolving from the last site of the original string (x = xi, blue) to the
lattice site x = xi + 16 (orange) for g = 0. The wavefront is calculated
using the electric field difference ΔE = E(x+ 2)− E(x).

Finally, in the upper inset of Fig. 5.18, we repeated this analysis for different
masses and g = 0. The results clearly show that, for sufficiently large m/t � 4, the
wave front spread velocity has an inverse linear dependence on the mass. All these
results are in agreement with a theoretical estimate obtained assuming the ends
of the string as sources of excitations: in a quasi-free or weak coupled model, the
speed is related with the band-width of the kinetic term resulting on an excitation
spreading velocity proportional to vth = 2/m.

Schwinger mechanism

During string breaking, the Schwinger model dynamics exhibit particle-antiparticle
pair production as a consequence of the energy released from the external electric
field string. This phenomenon is usually referred to as the Schwinger mechanism,
and has been studied extensively since its first presentation in 1951 [264]. In the
following, we provide a systematic investigation of the Schwinger mechanism in the
context of the U(1) QLM.

In our analysis, in the initial state defining the string, the only two mass excita-
tions present are the two dynamical charges which create the string itself. However,
during the dynamics, the energy of the string is transformed into mass excitations.
When the maximum mass production is reached, the particles start to annihilate,
either to break the string or to restore it. The time needed to reach the maximum
mass production τmax depends on the mass and electric coupling as shown in Fig.
5.19. It clearly displays two different behaviors, depending whether the electric
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Figure 5.19: Time needed for the maximal mass production caused by the Schwinger
mechanism as a function of the mass for g = 0, 0.5, 1, 1.5, 2, 2.5, 3, 3.5
(orange to light blue).

coupling g is greater or less than one. For small-g, τmax is maximal for m = 0 and
decreases monotonically with m. This occurs, recalling the results of Fig. 5.17, in
the regime where string breaking is observable. Indeed, these are the cases compar-
able to the top row in Fig. 5.15. On the contrary, for larger values of g, we observe
the maximum to occur for m > 0. In particular, the maximum is obtained at a point
where the energy of the electric field matches approximately the energy needed to
fully convert the string into particle pairs, i.e., m = g2/4. This corresponds to the
dynamics as displayed in the bottom row in Fig. 5.15. In the regime of high masses
we can use second-order perturbation theory to estimate the mass-dependence of
the mass-production time-scale analytically, as the model can be approximated as
decoupled double-wells potentials, resulting in τmax = π/2

m
≈ 1.57

m
. We checked this

approximation comparing the analytical estimate with the numerical results in Fig.
5.20: The best fit results in τmax = (1.54 ± 0.02)/m, in good agreement with the
theoretical prediction.

Observability of string breaking in synthetic platforms

Recently, the implementation of Abelian quantum link models has been envisaged on
different platforms, such as ultra cold atom gases in optical lattices [205, 257, 227],
trapped ions [208], and circuit QED architectures [207, 258]. In this context, the
possibility of investigating the real-time dynamics using TN methods provides an
invaluable tool to benchmark experiment against theory in (1+1)d, and to address
the role of possible imperfections in quantum simulators.

Unavoidable imperfections which will be present in any implementation can be
detrimental to the observation of both ground state physics properties and real-time
dynamics. The former case has recently been investigated in the context of adia-
batic state preparation, where it was shown how gauge-variant perturbations weakly
affect the fidelity of the loading process [250]. Here, we focus instead on the effect
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Figure 5.20: Large-mass behavior of the mass-production time-scale for g = 0. The
black line fits the data points with τmax = (1.54 ± 0.02)/m. Inset:
Log-log plot of the same data.

of gauge-invariant imperfections on the string-breaking dynamics. Different from
gauge-variant terms, the role of gauge-invariant imperfections cannot be systemat-
ically addressed in an experiment using, e.g., post-selection over the experimental
data.

Following the implementation schemes in Ref. [205, 208, 207], one of the most com-
mon form of gauge-invariant imperfections are nearest-neighbor interactions between
matter and gauge fields:

HI = ξ
�

x

nx

�
Sz
x−1,x + Sz

x,x+1

�
. (5.108)

with nx = ψ†
xψx. This form of the imperfection is usually generated as a resonant

term in perturbation theory to next-to-leading order with respect to t. While this
implies t � ξ, for realistic implementations the difference in magnitudes between
these two terms cannot be made arbitrary large: this will require small absolute
energy scales, thus making other sources of more detrimental imperfections such as
temperature (for the cold atom implementation) and disorder (in the circuit QED
implementation) dominant. At a qualitative level, this interaction term can freeze
the system into a configuration where the matter fields remain pinned. This is due
to the effective attraction generated by the nearby electric field configuration.

To estimate the effects of these imperfections on a quantum simulation of the
dynamics considered in this work, we repeat the numerical simulations including
realistic imperfections expected in a first generation of experiments. In the top row
of Fig. 5.21 we show the string breaking evolution of the electric field, in the presence
of HI , with the same system parameters as used for Fig. 5.15, with imperfections
of the order of 10% ξ = 0.1. The results including the imperfections still clearly
exhibit the physics observed in the imperfection-free results. In general, even the
quantitative dynamics is very well captured up to long-timescales, as illustrated in
the bottom row of Fig. 5.21. The only exception are intermediate g and m values,
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Figure 5.21: Time evolution of the electric field including imperfections of the type
HI = ξ

�
x nx(S

z
x−1,x + Sz

x,x+1) with ξ = 0.1 at the system parameters
m = 0, g = 0 (left), m = 0.25, g = 1.25 (center) and m = 3, g = 3.5
(right). The bottom row shows the difference to the result obtained
without imperfection.

where significant discrepancies (up to 50%) are observed for intermediate timescales
(middle panel of the last row). In all other regimes, we could observe deviations up
to a maximum of 15% caused by typical imperfections ξ = 0.1.

5.7.4 Entanglement dynamics

One of the key aspects of MPS-based methods is that they give full access to
the wave-function during the real-time dynamics. By considering the dynamics
of quantum correlations embodied by entanglement, this enables us to tackle the
string-breaking problem from a fully complementary viewpoint with respect to the
electric field and mass generation studies undertaken in the previous sections. The
main question we want to address in this section is whether and to what extent
entanglement plays a role in the string-breaking dynamics.

In the last decade it has been shown that entanglement play a fundamental role
in many-body quantum processes, from quantum critical phenomena, to quantum
information theory and other fundamental aspects of quantum physics. Moreover,
several aspects of quantum field theories, such as the static properties of conformal
field theories, have also been extensively studied using entanglement measures [276,
223]. Additionally, entanglement was shown to play a crucial role in the limits of
classical simulations of quantum systems calling for the need of the development of
quantum simulators to overcome such limitations [24].

A common way to quantify entanglement for pure quantum states is by using
the so-called Renyi entanglement entropies, and, in particular, the von Neumann
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entropy. Given a pure state with the density matrix ρ = |ψi�ψ|, the entanglement
entropy is given by the von Neumann entropy of the reduced density matrix ρ(x) =
TrL−xρ [223]:

S(x) = −Tr {ρ(x) log2 ρ(x)} . (5.109)

S(x) is a measure of the entanglement of a bipartition at the lattice site x. The
entanglement entropy takes values between S(x) = 0 for a separable state (product
state) and S(x) = log2 d, with d being the size of the Hilbert space, for a maximally
entangled state.

Von Neumann entropy after string breaking

In Fig. 5.15 (Column C) we plot the time evolution of the entanglement entropy
for the three different cases considered before (Panels 1-3): as it can be clearly
seen, the entanglement evolution resembles the mass and electric field excitations,
indicating how the two phenomena are related. Firstly, the vacuum fluctuations for
small g and m generate not only mass and electric field fluctuations, but also a high
amount of correlations. Moreover, the electric field wavefront is mimicked by the
entanglement behavior, once again showing that not only do excitations propagate
from the string, but also correlations do as well. Secondly, the string breaking
process is clearly a two-steps process: first a correlated pair is created in between
odd-even sites, and later in between the even-odd sites (blue-yellow checkerboard
pattern inside the string in Panels C1 and 2). Finally, for large g and m, when the
string does not break, the correlations behavior drastically changes as well. There,
within the string, the correlations are built periodically only between odd-even sites,
while in the vacuum the correlations are drastically suppressed (Panel C3).

A transparent picture on how entanglement is generated during the quench dy-
namics can be gathered by monitoring the entanglement growth at different points
in space. In Fig. 5.22 we show the entanglement time evolution for a set of system
bipartitions and parameters, e.g., cutting the system in the middle of the string or
in the vacuum.

The solid lines are results obtained for m = 0 and g = 0, while the dashed lines
correspond to the case m = 3 and g = 3.5. The orange line represents the entan-
glement growth for a partition at lattice site x = 20, therefore in the center of the
lattice region starting in the vacuum. In the zero-mass case, one can see that the
entanglement entropy grows almost linearly for most part of the evolution - signaling
the vacuum instability against resonant particle-antiparticle pair production. To-
wards the end of the evolution, the linear growth breaks down as boundary effects
start to play a role. The remaining solid lines in Fig. 5.22 represent the behavior of
a partition between an even-odd lattice site (violet) and between an odd-even lattice
site (blue) and display a more complex behavior. These results were obtained in
the center of the string while it breaks up: the counter-phase oscillations indicate
the competition of two states, together with an overall growth of the entanglement
entropy, though not as fast as in the vacuum. As we have seen, in this regime the
string breaking is a result of consecutive hopping processes: fermions hop on the
lattice creating mass excitations followed by annihilations, which result in the string
breaking with two remaining dynamical mesons. This dynamical process goes on
and after two hopping processes the anti-string is created. Fig. 5.22 shows that these
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Figure 5.22: Bipartite von Neumann entropy S(x) atm = 0, g = 0 (solid), m = 0.25,
g = 1.25 (dot-dashed) and m = 3, g = 3.5 (dashed). Partition at the
center of the initial string (x = 51−blue, x = 50−violet) and in the
vacuum (x = 20−orange).

dynamics are well captured by the oscillations of the entanglement entropy. Each
maximum represents one hopping process: at the first maximum of the blue line the
fermions are about to hop for the first time, while at the first maximum of the violet
line the second hopping process is at its peak resulting in the string broken state.
At around τ ≈ 4, the blue line does not display a maximum: this ’depleted region’
signals the anti-string state, where the last hopping event creating the anti-string is
again the first hopping to break the negative string (and thus, it takes twice as long
for the entropy to reach the next maximum).

Differently from before, in the massive scenario (dashed lines), we see that the
entanglement entropy for the vacuum stays close to zero as the large mass and
electric coupling strongly suppress the particle-pair creation that triggered the strong
growth of the entropy in the previous case. Moreover, in the middle of the string the
entanglement entropy is drastically affected: the blue dashed line initially behaves
as the solid line in the massless case, reflecting the same mass excitation by pair
creation. However, the violet dashed line always remains close to zero as further
evolution into the string broken state is energetically forbidden: the state evolves
back into the string and the correlations between the even-odd sites cannot be
created. The system is then oscillating between two almost degenerate states: the
initial string state and the state made out of pairs. This results in the oscillating
behavior of the entanglement entropy between zero and one. Finally, the third
case with m = 0.25 and g = 1.25 (dot-dashed lines) lies between the two previous
limiting cases: here the string breaks, but does not evolve into an anti-string. In
the vacuum, the entanglement evolution is very similar to the first case (m = 0 = g)
as the entropy grows almost linearly after a transient regime. However, the slope
is reduced by the nonzero mass. The entanglement in the center of the string
initially evolves as for the massless case, but after the first two hopping processes
for τ � 2, the oscillation turns into vacuum-like growth. This is a strong indication
for non-periodic string breaking: the dynamics, although being unitary, resemble
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Figure 5.23: Estimation of the spreading velocity v from the entanglement entropy
S. The wavefront is defined as when the entropy drops below a certain
threshold value with respect to the vacuum. The resulting fit using
v = vS − a/[log10(ΔS) − S0]

2 gives us an estimate for the spreading
velocity of vS = (2.0 ± 0.2). Inset: Log-log plot of the same data
adjusted by vS and S0.

a dissipative process where the electric field energy irreversibly disperses into the
vacuum. This irreversible behavior directly resembles what we observe in the electric
field dynamics, which does not display any clear periodic signature.

Entanglement propagation and wavefront

Even more remarkably, the real-space particle creation and the entanglement dy-
namics are quantitatively tied. We concentrate on the signatures of the wavefront
of the string imprinted on the evolution of the entanglement entropy. We consider
the case m = g = 0 as it is characterized by the most pronounced wavefront, where
the string with its slow entanglement growth is embedded in the fast growing va-
cuum (see Fig. 5.15, panel C1). To characterize the entanglement spreading due
to the wavefront, we exploit the fact that the entanglement entropy in the vacuum
is constant in space even though it evolves in time. Therefore, far enough from
both sides of the string there is a plateau of constant entropy much higher than the
entropy in the middle of the string. Thus, to define the wavefront of entanglement
spreading due to the string, one can look for the lattice site at which the entropy
plateau starts to decrease. We identify this point computing the difference of en-
tropy between nearest neighbor bipartitions: tracking when this quantity become
bigger than a given threshold allows us to characterize the entanglement wavefront
spreading.

In Fig. 5.23 we show the estimated spreading velocity for different values of the
threshold: the limit for the threshold value going to zero gives an estimate of the
spreading velocity. A power law fit results in a spreading velocity of vS = 2.0± 0.2
in very good agreement with the analytic estimate of vT � 2 and the result from
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Figure 5.24: Scattering of two dynamical mesons using the system parameters
m = 0, g = 8. The plot illustrates the time evolution of the elec-
tric field E(x) as a function of the position x. Lower panel: number
of charges NB =

�
x∈B nx in the system during the evolution (blue:

B = {1, . . . , 32}), number of particles present in the center (purple:
B = 16), number of charges on either side of the center (coinciding
lines red: B = {1, . . . , 15} and orange: B = {17, . . . , 32}).

the electric field of vE = 1.96±0.02 demonstrating the intimate connection between
entanglement and electric field spreading.

5.7.5 Meson scattering and entanglement generation

Bound states are a fundamental component of gauge theories, and understanding
their complex internal structure is one of the most ambitious goals of computational
physics [278]. In experiments, such internal structure is usually explored by col-
liding heavy ions, so that the energy released during the process can be released
via particle-antiparticle creation. This makes the ab initio numerical simulations of
such scattering processes challenging, as MC simulations suffer from a severe sign
problem when tackling real-time dynamics.

Here, we show how TN simulations allow to investigate meson scattering for the
(1+1)d QLM using TNs. First, we present a general procedure to implement scat-
tering processes between composite particles, and discuss the electric field dynamics
after the collision. Then, we present results for the entanglement dynamics dur-
ing and after the collisions showing that the meson collision is accompanied by the
creation of entanglement between the mesons themselves. Indeed, as we will show,
the entanglement is bounded by the propagation wavefronts of the particles after
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Figure 5.25: Scattering of two dynamical mesons. Main panel: Entanglement en-
tropy S(x) using a bipartition between sites x and x+ 1 as a function
to time. After the scattering, the entropy significantly increases in the
system: this is a direct signature of enhanced quantum correlations.
Right panel: S(x) at different times (see color bar), showing a clear
plateau after the collision, which enlarges as a function of time. The
empty circles show the current position of the maxima of the electric-
field which follow approximately the mesons center of mass. The dashed
line represents S(x) generated by a single meson, while the green bar
highlights the difference ΔS to the entropy of the colliding mesons (dif-
ference between full and dashed line at τ = 120, xi = 17).

collision, and is characterized by a constant plateau of the entanglement entropy
within the region.

Electric field patterns during meson collisions

In order to produce the scattering process, we shall start with two comppsite
particles. Each particle is charge/anti-charge pair, and divided only by one link,
namely a meson, with opposite momentum. For the two-meson problem, there is
a simple picture in the strong coupling limit: the massless theory is a free massive
boson (meson) theory that is expected to become weakly interacting once a small
mass term is included. Hence, in the strong coupling region, a possible two-meson
bound state is loosely bound, while in the weak coupling region it is tightly bound.

We start the numerical simulation with the state represented in the cartoon (D)
in Fig. 5.13: two mesons separated by a vacuum state of ten sites, which can be
straightforwardly be written in a simple, separable matrix product state with t =
0. We provide momentum to the mesons by adiabatically moving them from the
boundaries toward the center of the system: this is done by introducing a deep box-
shaped potential that decouples the mesons from the rest of the system, with the
only dynamics allowed being the oscillate between its position and a neighboring site.
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The box-potential is removed at time τi = 17.4 when the meson is exactly at half
oscillation: from that point on the mesons evolve freely with an effective momentum
mostly in one direction, one towards the other and eventually colliding 2. In order
to avoid vacuum fluctuations during the process, we choose a large value of g = 8.
Fig. 5.24 shows an example of such a scattering process. In particular, it shows the
absolute value of the electric field of two mesons approaching each other, colliding in
the center and there parting again. While before the collision the meson are tightly
bound, after the scattering process the electric field diffuses, and the corresponding
wavefront has a significantly attenuated signal. In the lower panel of Fig. 5.24, we
monitor the time-evolution of the total particle number (blue), clearly indicating
that this quantity is approximately conserved over the entire time-evolution, due to
the large electric field strength, which suppresses particle-antiparticle creation.

Post-collision entanglement generation

A classical-like picture of the scattering process presented above, would have that
two particles move against each other and then bounce back as there is not enough
energy available to generate a more complex inelastic scattering. However, this
picture is oversimplified, as this is a fully quantum process. Indeed one can, once
more, monitor the quantum correlations generated during the scattering process.
This is done in Fig. 5.25, where we show the evolution of the bipartite entanglement
entropy: one sees that entanglement is created and that it is mostly carried by the
two mesons. In this parameter regime, the vacuum does not generate entanglement
due to the very large value of g2. Studying the bipartite entanglement entropy for
different bipartitions and times, one clearly sees that there are two regimes: before
the scattering occurs, the entanglement is present only in the bipartition that cuts
the mesons wave packets, indicating two electron-positron wave packets internally
correlated but not sharing any quantum correlations among them. To the contrary,
after the scattering, the two wave packets become highly correlated even when their
two centers of mass are clearly separated (see Fig. 5.24 for times τ > 100).

The values of the entanglement entropy indicate that one ebit of quantum inform-
ation has been created during the scattering process. In the right panel of Fig. 5.25,
we present various cuts of the entanglement entropy profile taken at different times,
together with a comparison with the entanglement generated by a single meson
moving through the lattice (dashed line). The difference of ΔS ≈ 1 between the
two cases (highlighted in Fig. 5.25, green bar) clearly shows that one additional
ebit of entanglement has been generated during the scattering process: that is, that
a singlet state has been created between the two indistinguishable mesons. The
entropy has increased as the information on which process occurs (either mesons
bouncing and moving back, or each one moving freely through the other one and
keeping moving with its own momentum) is completely lost. Notice that this is a
direct consequence of the wave nature of the mesons: the classical case of two scat-
tering particles in one dimension - with the constraint that no double occupancy
might occur in a single matter site - would necessary results only in backscattering,
since the two hard classical particles cannot pass through each other.

2As can be seen from Fig. 5.24, the meson wave packets still spread slightly in both directions:
however the centers of mass of the two mesons are clearly propagating with constant and
opposite momentum until the scattering process occurs and the particles bounce back.
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5.7.6 Conclusions

We presented a detailed tensor network study on the real-time dynamics of a lat-
tice gauge theory in the presence of dynamical charges and quantum gauge fields.
Within this approach, we have shown that one has direct access to all local quantit-
ies of interests - the time evolution of the mass, charge and gauge fielda - and to the
quantum correlation between bipartitions of the system by means of the von Neu-
mann entropy. We investigated the primary and secondary string breaking in QED
in (1+1)d represented by an S = 1 quantum link model with staggered fermions. In
this context, we studied the real-time evolution of the Schwinger mechanism leading
to mass creation and annihilation by means of the interplay with the electric energy
released by the string. We quantified key properties of these effects such as the mass
production rate of the Schwinger mechanism and the velocity of the electric field
spreading. Moreover, we unveiled the relation between string breaking dynamics
and the entanglement spreading in the systems and we showed that it is possible
to study scattering dynamics, characterizing not only mass and charge real-time
evolution but also the creation of quantum correlations among scattered particles.
Finally, we showed that the presented results can be in principle verified experi-
mentally in possible future quantum simulations, as they appear to be robust with
respect to the most common sources of gauge-invariant imperfections appearing in
most of the proposed implementations.

This work paves the way to systematic studies of real time dynamical phenom-
ena in Abelian and non-Abelian LTGs in low dimensional systems. Indeed, the
present approach can be straightforwardly generalized to more complex LGT and
geometries, e.g., ladders or cylinders, and also can be studied in presence of an ex-
ternal environment by means of, for example, the tensor network approach presented
in [279]. Moreover, one can also study the continuum limit of the LGT (as already
discussed for Wilson theories [249]): for QLMs, this can either be done using dimen-
sional reduction [262], or by increasing the quantum link representation, similarly to
what has been done in [179]. Notice that the gauge invariant tensor network formu-
lation behaves favourably as the speed-up it grants scales as the number of rishons
per link squared [182]. The unprecedented access to the entanglement dynamics
in LGTs will allow investigations on the role of quantum correlations in different
contexts enabling a deeper understanding of the quantum real-time dynamics of
lattice gauge theories. Finally, exploiting the capability to prepare a wide class of
complex states granted from recent developments in quantum optimal control of
many-body quantum systems [280, 281], more complex dynamics could be invest-
igated. One example would be to perform extensive studies of the scattering at
different energies.

Alongside, these methods can also be applied to study condensed matter systems
to compute, e.g., response functions of antiferromagnets described by LGT (spin
ices, Resonanting Valence Bond models, etc.) which are very hard to evaluate
using MC due to analytic continuation [282]. Moreover, real time dynamics of
gauge theories is fundamentally interesting to ab initio investigations of scattering
equilibration and pre-thermalization [262]. Finally to benchmark and verify small
quantum simulations whose proposal have recently appeared for different platforms
(ranging from cold atoms to superconducting circuits and trapped ions) and that
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Figure 5.26: Convergence tests of the electric field E for the cases m = 0, g = 0
(blue) and m = 0.25, g = 1.00 (orange). Left panel: Difference of the
computed electric field from the offset E−Elim at τ = 8 as a function of
the inverse bond dimension χ.The offset is obtained via a fit according
to E ∝ (1/χ)b+Elim. Inset: Truncation error during the time evolution
for χ = 200. Right panel: Difference of the computed electric field from
the offset E−Elim at τ = 2 as a function of the time step δt. The offset
electric field is obtained via a fit according to E ∝ δtb + Elim. The
exponent b is in perfect agreement with the expected value of 2.

can be foreseen to be experimentally implemented in the next years [254, 255, 256,
204, 205, 257, 207, 208, 206, 226, 258, 227, 259, 260, 261].

5.7.7 Appendix A: Convergence checks of the MPS simulations

We investigated String-breaking in a one-dimensional system with up to 100 lattice
sites. The simulation was performed using a matrix-product-state (MPS) algorithm
using a second order Suzuki-Trotter decomposition for the time-evolution. In this
appendix we present the parameters we used for our simulations and provide a
discussion on the relative errors.

The main sources of numerical error in our calculations are the finite bond di-
mension of the MPS-state representation and the Suzuki-Trotter time-step. As a
bond dimension we used a value up to χ = 200, which ensures a truncation error
on the corresponding wave function of maximum order 10−8 and 10−3 for τ = 5
and 9 respectively for the string breaking calculations, and 10−5 for τ = 250 for
the scattering processes. Examples of the change of the truncation error during the
evolution can be seen in the inset of the left panel in Fig. 5.26.

In order to make sure that these errors lead to small changes in our main observ-
ables, we tested the convergence of the mean electric field in the center of the chain
(cf. Fig. 5.16) for different values of χ and typical system parameters. The results
can be seen in the left panel of Fig. 5.26 where we plot the mean electric field at
the end of the evolution (τ = 8) as a function of the inverse bond dimension 1/χ.
The mean electric field was subtracted by a fitted offset Elim to allow a better com-
parison between the two sets of system parameters. As we see from the plot, even
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Figure 5.27: Screening of external static charges after a time τ = 400 usingm = 0.05,
g = 1, and χ = 80 (blue squares). Two numerical lattice sites are
combined to form one physical lattice site due to our staggered fermions
formulation. The dynamical charge density decays exponentially with
the distance from the charges, the black line represents the theoretical
model with q(x) = a exp(−bx) − a exp(bx) where the decay parameter
is b = g/

√
π and the scale parameter is a = exp(b)− 1.

for rather small bond dimensions χ < 100 the change to the largest bond dimension
used (χmax = 220) is in the order of 0.1 − 0.01%. For the bond dimension used in
our simulations (χ = 200) the difference to the extrapolated correct value is in the
order of E − Elim ∼ 10−5.
As said before, we used a second order Suzuki-Trotter decomposition with a time-
step of δτ = 0.01 to simulate the time-evolution. In the right panel of Fig 5.26 we
report the convergence test obtained repeating the same simulation with different
time-steps. As expected, we find a clear E − Elim ∼ δτ 2 dependence: This clean
power-law behavior allows us to give a very good estimate of the correct value of
Elim. In summary, the error from the Suzuki-Trotter decomposition using a time-
step of δτ = 0.01 is of the order of E − Elim ∼ 10−5, that is, of the same order as
the error introduced by the truncated bond dimension.

5.8 Screening of Charges

From the earliest discussion of the Schwinger model, the screening of static charges
due to vacuum polarization has attracted a lot of interest [183, 268]. Recent semi-
classical calculations have reproduced this process including also finite masses where
it could be shown that the main dynamics for m < g is mostly independent from the
mass [284]. Here, we show that it is possible to study such process using quantum
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link models implemented in a tensor network algorithm, already with very small
spin representation, e.g. S = 1. As the screening of charges can be observed only
in asymptotically large times, the large correlations building up during the process
have carefully to be kept under control, otherwise they would undermine the effi-
ciency of our approach. Thus, here we limit our system size to 20 lattice sites and
encode the two static charges which build up the initial string in the boundary con-
ditions on both sides of the lattice. In such a way, we avoid to simulate the vacuum
regions where quantum correlations build up very quickly (see Fig. 5.15) and are less
interesting for the phenomena under study. Thus, we simulate the time evolution
of the string of electric field among the charges with a small, but finite mass: after
a long time compared to other timescales of the system (τ = 400) when the largest
fluctuations in the lattice damped out, and report the final charge distribution qx
(averaged over the last τ = 10 to remove remaining oscillatory effects) in Fig. 5.27.
The net results is an exponential decay of the charge density with the distance from
the charges, as discussed in Ref. [284] where the authors showed that the screen-
ing also at m 6= 0 is equal to that experienced by the massless Schwinger model,
as qx = a exp(−bx) with a decay rate b = g/

√
π ≈ 0.5642 [183]. The parameter

a = exp(b)− 1 is derived from the normalization condition
�∞

x=1 qx = 1. It can be
clearly seen that our findings are compatible with the theoretical results from Ref.
[284] (black solid line in Fig. 5.27).

We stress that the goal of the presented analysis is to show that it is possible to
perform a study of the screening of charges using tensor networks, not to perform a
thorough discussion which will be presented elsewhere. Indeed, an extensive numer-
ical analysis is needed to individuate or rule out possible deviations of the massive
from the massless case in a full quantum mechanical model, the influence of the spin
representation in the quantum link formulation, possible finite size effect, and also
more challenging regimes of parameters, e.g. m ∼ 1 as shown in [284]. However, the
agreement between the presented results and the semiclassical approach, indicates
that both analysis are capable of describing the physics of the system and might be
alternative approaches which can complement and benchmark each other.
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6 Conclusion

In the present thesis we were investigating three complex quantum models and
their implications for state-of-the-art computational methods and for possible ex-
perimental implementations. As two of the setups, the spin squeezing and the
Bose-Hubbard model, are already experimental reality, the third one, gauge models
in the framework of quantum link models, is envisioning possible applications for
future quantum simulators.
We presented these three distinct complex quantum setups on how computational
simulations bridge theoretical considerations with experiments. We used efficient
algorithms to implement every model in ways to consider experimental sources of
noise and decoherence. With the squeezed states this was done by considering clas-
sical background noise as well as quantum noise in a full master equation formalism.
The optimization of the superfluid to Mott insulator phase in the Bose-Hubbard
model was performed with the exact parameters used in a follow-up experiment
which proofed the validity and efficiency of the numerical methods as well as the
optimization algorithm applied in this thesis.
The possibility to perform quantum simulations of gauge models is a rather new
concept. The methods presented here to describe them on a lattice with finite
dimensional local Hilbert spaces could successfully be implemented into numerical
algorithms building another bridge to future experiments using optical lattices build-
ing on the technology developed during the past two decades [21, 205].
We have shown the applicability of optimal control theory to the creation of spin
squeezed states. Assuming a time-dependent coupling in the one-axis twisting
Hamiltonian one can achieve optimal squeezing results reducing the effects of dif-
ferent sources of noise. The time-dependency has been optimized using the CRAB
algorithm which allowed an efficient numeric implementation and the use of the
squeezing parameter directly as figure of merit for the quality of the achieved squeez-
ing.
The work presented here allows for improved squeezing of collective spin systems
under real experimental conditions. It discusses a method ready to implement in
current experiments allowing for more precise measurements exploiting the benefits
provided by squeezed states. The experiments which apply this method need a cer-
tain control of the system parameters though. Close collaboration with experimental
physicists would allow to attack this issue and improve the technique further.
Possible developments in this direction involve closed-loop optimization procedures
where the CRAB algorithm gets implemented directly within the experiment which
itself creates the output processed by the algorithm. This would ultimately lead to
optimal spin squeezing protocols which take into account all the technical constraints
apparent in experimental setup. Future atomic clocks could be further improved in
their precision improving time and frequency measurements as they are important
in many fields of science and technology [285].
The optimization of the superfluid to Mott-insulator phase transition is a paradig-
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matic example of the possibilities created by the CRAB algorithm. We used a tensor
network algorithm to simulate the dynamics of the transition in this complex many-
body quantum system and used an appropriate figure of merit to be processed by
the optimization algorithm. In the present thesis we performed the optimization
using real experimental parameter and applied the obtained optimal pulse in the
according experiment. We could show a clear speed-up of the transition process by
an order of magnitude and saturated the limits described by the quantum speed
limit.
We could show that it is possible to apply optimal control theory to many-body
quantum systems and that the according result can be used directly in an corres-
ponding experiment. The optimization was performed in a numerical lattice of 32
sites as the experimental parameters restrained the suitable size to this rather small
lattice size. Other experimental setups might ask for larger lattices making it more
difficult and time-consuming to perform the numerical optimization. However, we
have opened the path for further applications of optimal control in many body sys-
tems. The speed-up achieved in the presented results clearly reduce decoherence
induced by heating effects and collisions. Furthermore, the finite number of defects
could be reduced in a very robust way. The method is very versatile, such that it
allows for an ideal trade-off between time-optimality and high fidelity.
This approach, just as for the squeezed spin states, could gain when implemented as
a closed-loop optimization. Numerical simulations can not include all the imperfec-
tions present in the experiment which would naturally be covered in a closed-loop
approach. This will help to find the ideal trade-off for a given experiment directly
where it matters. However, future numerical simulations could include finite tem-
perature and dissipation improving the numerical approach and getting a step closer
to real experimental conditions [286].
We have shown that optimal control can be applied to create high-fidelity Mott-
Insulators in a short time which is of key importance for the feasible implement-
ation of quantum computation and quantum simulation setups in optical lattices
[287, 288]. One newly arising field which could gain from such technologies is presen-
ted in Chapter 4 of the present thesis. A quantum link model is the ideal candidate
for quantum simulating gauge theories, from quantum electrodynamics, as presen-
ted here, to more complex non-Abelian gauge models as quantum chromodynamics
[182].
We have investigated the ground state of the simplest quantum link model, the spin
1/2 representation of one-dimensional quantum electrodynamics, which exhibits a
phase transition of the Ising model type. Furthermore, we simulated the ground
state and the dynamics of the spin 1 representation. We could show the feasibility
of tensor network algorithms to perform computational simulations of lattice gauge
models. By exploring the ground state phase diagram of the simplest quantum link
representations we could gain insight in their basic properties.
The next step was achieved by showing for the first time the dynamics of a quantum
gauge model using a full quantum description implemented with advanced numer-
ical methods. This allowed us to study the real time dynamics of string breaking
and how it is connected to the Schwinger mechanism. We investigated the short
time regime exhibiting multiple string breaking and its dependence on the system
parameters as well as the long time behavior, ultimately resulting in exponential
charge screening. More exciting effects could be observed such as the spreading of
an electric field wavefront an a related spreading of entanglement into the surround-
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ing vacuum.
A possible field of further investigations was presented with the implementation of
bound charge-anticharge pairs with finite momentum. As a first interesting applic-
ation of this tool we simulated the scattering of two such mesons. We could observe
the conservation of the particle number and the spreading of the wavepacket as they
are moving through the lattice. Furthermore, most interestingly, we observed the
creation of an ebit of information during the scattering which creates a correlation
between the two mesons throughout the following dynamics.
Future work in this field offers many possibilities. One approach includes the invest-
igation of larger spin representations. One could research the change of the observed
physics ultimately reaching the continuous limit of the Wilson lattice gauge theory.
A better quantitative comparability of the Wilson theory with low spin quantum link
representations could allow to interpret better the results with continuous quantum
electrodynamics. Another important point is the expansion of the model to higher
dimensions. This would include the description of magnetic fields leading to a fuller
description of electrodynamics with quantum link models.
Additionally, the numerical simulation of non-Abelian quantum link models as men-
tioned above will allow the investigation of the exotic phases and dynamics apparent
in quantum chromodynamics in a non-perturbative way which is problematic with
current theoretical and experimental methods. This field will gain most by quantum
simulators based on quantum link models.
In conclusion, we have shown exciting new possibilities in numerical physics in de-
scribing new approaches in physics as well as in aiding experimental technology
in the challenges ahead. Improved optimal control algorithms allow to address
problems in modern experiments and solving technical as well as fundamental is-
sues. Furthermore, they allow to propose entirely new approaches in the context
of quantum technology. The numerical methods presented in the context of gauge
theories open a hole new field for the discussion and investigation of gauge theories
in computational as well as in quantum simulations.
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[109] A. M. Läuchli and C. Kollath, Spreading of correlations and entanglement
after a quench in the one-dimensional Bose-Hubbard model, J. Stat. Mech.
P05018 (2008)

[110] H. T. C. Stoof, K. B. Gubbels, and D. B. M. Dickerscheid, Theoretical and
Mathematical Physics: Ultracold Quantum Fields, Springer, Canopus (2009)

[111] W. Kohn, Analytic Properties of Bloch Waves and Wannier Functions, Phys.
Rev. 115, 809 (1959)

[112] I. Bloch, Ultracold quantum gases in optical lattices, Nat. Phys. 1, 23 (2005)

[113] S. H. Autler and C. H. Townes, Stark Effect in Rapidly Varying Fields, Phys.
Rev. 100, 703 (1955)

[114] N. B. Delone and V. P. Krainov, AC Stark shift of atomic energy levels, Phys.-
Usp. 42, 669 (1999)

[115] J. H. Shirley, Solution of the Schrödinger Equation with a Hamiltonian Peri-
odic in Time, Phys. Rev. 138, B979 (1965)

[116] W. Zwerger, Mott-Hubbard transition of cold atoms in optical lattices, J. Opt.
B: Quantum Semiclass. Opt. 5, S9 (2003)

[117] G. Rosi, F. Sorrentino, L. Cacciapuoti, M. Prevedelli, and G. M. Tino, Preci-
sion measurement of the Newtonian gravitational constant using cold atoms,
Nature 7506, 518 (2014)

[118] N. Poli, F.-Y. Wang, M. G. Tarallo, A. Alberti, M. Prevedelli, and G, M. Tino,
Precision Measurement of Gravity with Cold Atoms in an Optical Lattice and
Comparison with a Classical Gravimeter, Phys. Rev. Lett. 3, 038501 (2011)

[119] P. Neumann, I. Jakobi, F. Dolde, C. Burk, R. Reuter, G. Waldherr, J. Hon-
ert, T. Wolf, A. Brunner, J. H. Shim, D. Suter, H. Sumiya, J. Isoya, and J.
Wrachtrup, High-Precision Nanoscale Temperature Sensing Using Single De-
fects in Diamond, Nano Lett. 6, 2738 (2013)

[120] B. J. Bloom, T. L. Nicholson, J. R. Williams, S. L. Campbell, M. Bishof,
X. Zhang, W. Zhang, S. L. Bromley, and J. Ye, An optical lattice clock with
accuracy and stability at the 10−18 level, Nature 506, 7486 (2014)

135



Bibliography

[121] I. Bloch, J. Dalibard, and S. Nascimbène, Quantum simulations with ultracold
quantum gases, Nat. Phys. 4, 267 (2012)

[122] I. M. Georgescu, and S. Ashhab, and F. Nori, Quantum simulation, Rev. Mod.
Phys. 1, 153 (2014)

[123] D. E. Kirk, Optimal Control Theory: An Introduction, Dover Pubn Inc, Min-
eola, N.Y. (2004)

[124] C. Brif, R. Chakrabarti, and H. Rabitz, Control of quantum phenomena: past,
present and future, New J. Phys. 7, 075008 (2010)

[125] K. Bhattacharyya, Quantum decay and the Mandelstam-Tamm-energy inequal-
ity, J. Phys. A: Math. Gen. 13, 2993 (1983)

[126] N. Margolus and L. B. Levitin, The maximum speed of dynamical evolution,
Physica D: Nonlinear Phenomena 1, 188 (1998)

[127] L. B. Levitin and T. Toffoli, Fundamental limit on the rate of quantum dy-
namics: The unified bound is tight, Phys. Rev. Lett. 16, 160502 (2009)

[128] S. Deffner and E. Lutz, Quantum Speed Limit for Non-Markovian Dynamics,
Phys. Rev. Lett. 1, 010402 (2013)

[129] A. del Campo, I. L. Egusquiza, M. B. Plenio, and S. F. Huelga, Quantum
Speed Limits in Open System Dynamics, Phys. Rev. Lett. 5, 050403 (2013)

[130] M. G. Bason, M. Viteau, N. Malossi, P. Huillery, E. Arimondo, D. Ciampini,
R. Fazio, V. Giovannetti, R. Mannella, and O. Morsch, High-fidelity quantum
driving, Nat. Phys. 2, 147 (2012)

[131] S. Rosi, A. Bernard, N. Fabbri, L. Fallani, C. Fort, M. Inguscio, T. Calarco,
and S. Montangero, Fast closed-loop optimal control of ultracold atoms in an
optical lattice, Phys. Rev. A 2, 021601 (2013)

[132] T. Caneva, T. Calarco, and S. Montangero, Entanglement-storage units, New
J. Phys. 9, 093041 (2012)

[133] S. Lloyd and S. Montangero, Information Theoretical Analysis of Quantum
Optimal Control, Phys. Rev. Lett. 1, 010502 (2014)

[134] D. Burgarth, K. Maruyama, M. Murphy, S. Montangero, T. Calarco, F. Nori,
and M. B. Plenio, Scalable quantum computation via local control of only two
qubits, Phys. Rev. A 4, 040303 (2010)

[135] D. D’Alessandro, Introduction to Quantum Control and Dynamics, CRC Press
(2007)

[136] S. R. White, Density matrix formulation for quantum renormalization groups,
Phys. Rev. Lett. 19, 2863 (1992)
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