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Abstract

In this thesis, we examine steady-state entanglement in bipartite systems. In the
uprising field of quantum technologies, entanglement is a vital resource. Many
problems of contemporary research on quantum computers, sensors and networks,
amongst many other subjects, are intimately connected to this notion. In general,
environmental effects are thought to be detrimental for entanglement. Therefore,
entanglement is usually prepared in a controlled way disregarding environmental in-
fluences. Counterintuitively, the interaction with an environment can also generate
entanglement in special situations. The idea to prepare entanglement dissipatively
in the steady-state by exploiting this interaction poses an alternative approach for
creating entanglement.

We focus on the influence of non-Markovian environments on the steady-state
entanglement in this thesis. We show how a dissipative ancilla system can be used to
increase the entanglement in the steady-state of a bipartite system. By engineering
the ancilla, this setup can be used to prepare an almost maximally entangled steady-
state. We treat the interaction with the ancilla without approximations. Hence, we
establish a dissipative state preparation scheme in a non-Markovian environment.
Furthermore, we find that measurements on the ancilla can be used to increase the
entanglement contained in the steady-state slightly. The dissipative preparation
scheme for an entangled steady-state in a non-Markovian environment is the key
result of our work.

Furthermore, in a different setup we establish a connection between the spectral
density of a non-Markovian environment and the steady-state entanglement in a bi-
partite system. We examine a cavity as a possible realization of this environment.
Beyond that, we find an engineered environment that can be used to stabilize the
entanglement contained in the initial states. The connection we derive allows in-
fluencing the entanglement in the steady-state by tailoring the interaction of the
bipartite system with the environment.

Finally, we examine steady-state entanglement in a continuous-variable bipartite
system that is interacting with a non-Markovian environment. In the process, we
devise an analytical method to solve the dynamics for a non-Gaussian initial state.
We find a non-Gaussian, entangled steady-state that is prepared by the interaction of
the bipartite system with the non-Markovian environment. The methods we provide
are suitable for further studies of continuous-variable systems.

To sum up, we contribute to the interesting and technologically relevant research
on the dissipative preparation of entanglement. This subject is of importance in the
progressing field of quantum technologies, where preparation of entanglement is a
critical issue.
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1. Introduction

Around hundred years have passed since the field of quantum physics has been es-
tablished in the natural sciences [1, 2]. Beyond its instant success, for example in
the description of atomic properties, it has become even more successful in modern
times. Today quantum physics is a cornerstone of physics and our physical view of
the world cannot be imagined without it.

Besides its fundamental importance, nowadays applications of this theory can be
found in a plethora of devices used by millions of people every day. For example,
the transistors contained in any modern computer chip are based on semiconductor
physics that relies on quantum physics [3]. In this case, the quantum properties are
hidden in the description of how charges behave in semiconductors. However, con-
temporary research also focuses on more direct applications. The interdisciplinary
fields of quantum biology, quantum chemistry and quantum electrical engineering
deal with direct consequences of quantum physics in different settings. This is possi-
ble because quantum effects become more and more observable to us as technology
advances.

Quantum effects and how to harness them are also a central goal of study in the
evolving field of quantum technologies [4]. Especially the effort to build a universal
computer that directly exploits the laws of quantum physics to perform otherwise
impossible tasks is a major objective of research since decades [5]. In connection
with the question how such a quantum computer can be built, many adjacent fields
of study have emerged. For example, the research on quantum networks, quantum
sensors, quantum metrology and quantum simulators is intimately connected to this
question.

These modern lines of research are about to produce even more applications of
quantum physics in our everyday life. The applicability of quantum physics is quite
surprising if one regards the basic statements this theory makes about our reality.
It is fair to say that quantum physics is one of the most unsettling physical the-
ories ever discovered [6]. For example, uncertainty is postulated as a principle of
nature, particles may move along all possible trajectories at the same time and mea-
surements determine the reality of physical properties. Many of these in everyday
life unthinkable characteristics are connected to the concept of superposition. In
quantum physics, the state of a system can be in a superposition of two classically
contradicting states. For example, an atom can be in the ground and the excited
energy state at the same time. In contrast, a classical object always has a defined
state of energy and is never observed in a superposition.

If one extends the concept of superposition to the collective state of many particles,
so-called entangled states are possible in quantum physics. An example of an entan-
gled state is the state of two atoms that are both in the same excited energy state
and in their energetic ground state at the same time. Such entangled states, which
have already been noticed in the early days of quantum mechanics [7, 8], have very
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1. Introduction

strange consequences for our notions of realism and locality. However, besides their
unintuitive nature, significant portions of the mentioned modern lines of research on
quantum physics deal with entangled quantum states. For example, the research on
quantum networks amongst other things deals with the question of how to distribute
entanglement over large distances. Furthermore, many physicists are convinced that
the problem-solving power of a quantum computer is intimately connected to the ef-
fect of entanglement. In modern quantum information theory entanglement is a key
resource and is used for many applications like quantum teleportation or quantum
cryptography. Until today, a comprehensive theory of entanglement, especially for
multipartite systems, is yet to be established [9–12].

The effect of entanglement, as well as superposition states in general, are predic-
tions of quantum physics that have been tested in laboratories around the world with
remarkable precision. This raises the question why we never observe such quantum
effects for macroscopic objects in our classical everyday lives. A possible answer
is connected to the notion of decoherence. Decoherence describes the effect of the
interaction of a quantum system with its environment. In general, decoherence has
a detrimental effect on the quantum properties of a system [13]. This means that
superposition states or entangled states decay if subject to interactions with an en-
vironment. A modern interpretation of this behavior is that our classical view of the
world only arises from the intrinsically quantum mechanical world due to this effect
of decoherence that disguises the quantum effects in the macroscopic world we can
observe [14, 15].

Beyond these foundational questions about the nature of our reality, decoherence
in quantum systems is also profoundly examined in the field of quantum technolo-
gies. For example, decoherence is a major obstacle to building a working quantum
computer because it destroys the states necessary for it to function. Hence, in this
context the first ideas of protecting entangled states against decoherence have been
devised [16–21]. These ideas have also inspired studies of the dynamics of entangle-
ment in the presence of decoherence [22–24]. These lines of research connect the two
notions of entanglement and decoherence. In the course of these considerations, it
has been found that counterintuitively decoherence can also lead to entanglement in
specific cases [25, 26]. Situations have been identified in which a quantum system
can relax into an entangled steady-state by interacting with an environment for some
time [27–33]. This phenomenon of steady-state entanglement in the presence of an
environment is what we are about to examine in this thesis.

Many studies have already been performed that have approximated the interaction
between system and environment to render this problem tractable [34–36]. In this
work, we focus on non-Markovian environments, which include quantum correlations
between system and environment. Systems in such non-Markovian environments can
also show effects other than steady-state entanglement and are subject to ongoing
research in the context of quantum technologies [37].

In this thesis, we investigate the entanglement in the steady-state of systems under
the influence of non-Markovian environments. Hence, all setups we examine can in
principle be used for the dissipative preparation of entanglement. Obviously, there
are many ways to prepare entangled states. Most of them control the quantum
systems so well that decoherence can be neglected. Therefore, these schemes function
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by regarding a unitary time evolution [38]. This ansatz works very well and with
remarkable precision. However, high-precision control of the systems is mandatory.

We study an alternative approach. We regard the creation of entanglement by the
relaxation of a system into its steady-state. The amount of entanglement that can
be obtained this way is not yet on the same level as with unitary schemes. However,
in contrast to these procedures, less control over the quantum system is necessary
to obtain entanglement. The dissipative time evolution prepares the entangled state
without the need to manipulate the system precisely. This kind of dissipative prepa-
ration of entanglement has already been demonstrated in experiment [39, 40] using
Markovian engineered environments.

For this alternative way of preparing entanglement, some applications are imme-
diately apparent. For example, in the context of quantum networks it has been
suggested to use quantum repeaters to create entanglement over large distances [41,
42]. These repeaters use the technique of entanglement swapping. To succeed many
repeater stations are needed, which create entangled states along the way. For such
a purpose, a dissipative preparation scheme could be an implementable option for
the repeater stations. Compared to unitary schemes less control about the quantum
systems is necessary rendering the whole setup simpler.

Beyond that, there exist many examples where alternative technologies have been
examined with a distinct purpose to end up being used for something completely
else. An alternative way of preparing entanglement could be useful in ways we can
not survey at the moment.

In conclusion, entanglement is a vital resource in modern quantum information
theory. Using decoherence to prepare it in the steady-state is a technologically rele-
vant alternative approach. In this thesis, we examine in what ways non-Markovian
environments can be used to influence entanglement in the steady-state of bipartite
systems.

Outline

We present a pictorial outline of the central chapters of this thesis in Fig. 1.1. In
more detail, the organization of our work is as follows.

We start by defining and explaining the notions of entanglement and decoherence
in chapter 2. Furthermore, we introduce physical systems that could be used to
realize the setups, which we propose later, in an experiment.

In chapter 3, we review the essential results from contemporary literature on which
we found this thesis. In the process, we retrace the roots of research around the term
steady-state entanglement in literature. Also, we present free and interacting bipar-
tite systems under the influence of environments in Born-Markov approximation.

Subsequently, we introduce our contribution to the examination of steady-state
entanglement in non-Markovian environments in chapter 4. We investigate a bipartite
system that is modified by coupling it to a dissipative ancilla. This ancilla effectively
realizes an engineered non-Markovian environment. We examine if this approach
can be beneficial for the bipartite steady-state entanglement. Also, we research if
measurements on the ancilla system can be used to enhance the entanglement.

In chapter 5, we investigate a bipartite system that couples to a collective non-
Markovian environment. We derive an analytical expression that connects the spec-
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1. Introduction

tral density characterizing the environment to the steady-state entanglement of the
bipartite system. As an explicit example, we examine a cavity realizing this com-
mon environment. Subsequently, we investigate the steady-state entanglement in an
engineered common environment. We finish with a discussion of our notion of the
term environment.

In chapter 6, we examine a bipartite system of cavity modes. These modes are
coupled to an environment, which we treat without the Born-Markov approximations.
We present our ansatz to calculate the entangled steady-state for a non-Gaussian
initial state. This first step establishes the possibility of further research on such
systems.

Finally, in chapter 7 we sum up and conclude our work.

Figure 1.1: In chapter 3 we review results for the steady-state entanglement in the bipartite
system A and B in a Markovian environment. In chapter 4 we extend this model by
coupling A and B to another two-level system realizing a non-Markovian environment.
In the following, we study two-level systems embedded in a collective environment in
chapter 5 and two cavity modes interacting with a common environment in chapter 6.
In our contribution in chapters 4, 5 and 6 we examine the influence of non-Markovian
environments on the steady-state entanglement in bipartite systems.

4



2. Basic Methods and Notions

In this chapter, we introduce the basic methods and notions used throughout this
work. We start with a short explanation of the term entanglement and how we can
understand it from an operational point of view. Moreover, we discuss its mathemat-
ically exact definition in modern quantum information theory. Also, we introduce the
negativity, which we use in the following chapters to measure the amount of entangle-
ment in a quantum state. Afterwards, we turn to the effect of decoherence present in
all open quantum systems. After clarifying the notions, we give an explicit derivation
of the Born-Markov master equation frequently used to model environments.

In the next step, we discuss the physical systems that form the basis for the
theoretical explorations in this work. First, we explain what we understand to be an
artificial atom and how its quantum evolution can be described by a Hamiltonian.
The form of the Hamiltonian of two coupled artificial atoms appears again in chapters
3 and 4. Second, we examine a single two-level system in a cavity, which can be
described by the famous Jaynes-Cummings-Paul model. Here we lay the foundations
for the model used in chapter 5, where we examine the entanglement properties of
two-level systems in a cavity in different regimes. Beyond that, we extend this model
to a continuous-variable system in chapter 6 and study the entanglement properties
of two cavities indirectly coupled by a common environment.

In this introductory chapter, we pave the way for the following chapters of our
work. Obviously, the basic notions and methods we present can be found in contem-
porary literature in much more detail. Modern reviews about entanglement are for
example given by Plenio & Virmani [10], Horodecki et al. [11] and Gühne & Tóth
[12]. Decoherence and open quantum systems are covered by the books of Breuer &
Petruccione [43] and Weiss [44]. Especially decoherence is the central issue in the
reviews by Zurek [15] and Schlosshauer [45]. For a synopsis about artificial atoms
we refer to the Les Houches lectures of Devoret [46] and Girvin [47]. The Jaynes-
Cummings-Paul model is explained very well in the book of Schleich [48], which is
also worth reading as a general introduction to the topic of quantum optics.

2.1. Entanglement

In the following, we approach the term entanglement by recalling the Einstein-
Podolsky-Rosen (EPR) paradox [7]. Afterwards, we study a more operational point
of view on the effect of entanglement, namely the Bell inequalities [8]. Subsequently,
we proceed to a formal definition of entanglement in a quantum state [9] prevailing in
modern quantum information theory. Here entanglement is no longer viewed merely
as a curious effect contained in quantum mechanics but as a resource that may be
used to perform certain tasks that arise in the context of modern quantum informa-
tion theory [38]. Finally, we discuss the negativity [49], which is an entanglement
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2. Basic Methods and Notions

measure that we use throughout this work.

2.1.1. The EPR Paradox

Entanglement is one of the hallmarks of quantum mechanics and entangled quantum
states can show remarkably unintuitive behaviors. In the early days of quantum
mechanics, this has lead to the discussion of the EPR paradox [7]. At the heart of
it lies the idea that we have two spatially separated particles that are described by
a common, entangled quantum state. In an adaption [50] we consider the entangled
spin state

|ψ〉AB =
| ↑〉A| ↑〉B + | ↓〉A| ↓〉B√

2
(2.1)

of two atoms A and B that are in a collective superposition of two states. The spins
of the individual atoms are aligned in the same direction, i.e. upwards for the state
| ↑〉 and downwards for the state | ↓〉. In the next step, measurements are performed
on the two separated particles.

The measurement of the spin in the z-direction on atom A corresponds to the
measurement of the spin observable σAz = | ↑〉A〈↑ | − | ↓〉A〈↓ |, in this example in
units of h̄/2. h̄ is the Planck constant divided by 2π. Such a measurement on the
state in Eq. (2.1) yields the eigenvalue +1 if we find atom A in the state | ↑〉 and −1
if we find atom A in the state | ↓〉. If we repeat the measurement for the same initial
state many times, we obtain these two results with equal probability p↓ = p↑ = 1/2.

First, we are interested in the case of a single outcome, for example +1. The
collective state after this measurement outcome is |ψ〉(+1)

AB = | ↑〉A| ↑〉B. Hence, a
sequential measurement of the spin observable σBz = | ↑〉B〈↑ | − | ↓〉B〈↓ | on atom B
gives the result +1 corresponding to the state | ↑〉B with unit probability. For many
repetitions of this measurement scheme, always starting with the same initial state
in Eq. (2.1), whenever we find the state | ↑〉A for atom A we will also find the state
| ↑〉B for atom B.

Up to this point, there is no paradox because we could think of a scenario where
the atoms are probabilistically either prepared both in the up or both in the down
state of spin. This would yield identically correlated results. However, our state in
Eq. (2.1) involves no probabilistic element of preparation because it is a pure state.
That is also the reason why we can rewrite it into

|ψ〉AB =
|+〉A|+〉B + |−〉A|−〉B√

2
, (2.2)

where we have used the eigenstates |±〉 = 1/
√

2(| ↑〉 ± | ↓〉) of the x-component of
the spin observable σx = |+〉〈+| − |−〉〈−|. The spin in x and z-direction is described
by two conjugate observables because [σz, σx] = 2iσy, where i is the imaginary unit.
Furthermore, Eq. (2.2) tells us that a measurement of the spin in x-direction on atom
A as well as on atom B results in the same outcome.

Hence, we have the paradoxical situation that the outcome of the measurement
on atom B seems to depend on the measurement on atom A. Suppose we measure
σAz on atom A and obtain the result that it is in the state | ↑〉A. If we measure σBx
on atom B afterwards, we get either |+〉B or |−〉B with equal probabilities because
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2.1. Entanglement

the spin state of B is | ↑〉B after the measurement on A. Hence, for the measured
observable σx the result is completely random. However, if we had measured σx on
A in the first place, we would have got the same result as in A with unit probability.
Therefore, it seems as if the measurement on A determines what will happen for a
measurement on B. Because this happens instantly after the measurement on A, we
have a kind of action at a distance that seems unphysical.

Hence, the authors of the EPR paper argued that quantum mechanics cannot be a
complete theory, but there have to be hidden parameters that resolve this paradox. In
the next section, we turn to the Bell inequalities, which disclose that no local hidden
variable theory can reproduce such results. Rather, we have to rethink the notion
of locality and/or reality of an observable in quantum mechanics. Most physicists
today stick to the assumption that quantum mechanics is a local theory. Hence,
the resolution of the paradox relies on the notion of the reality of the measured
observables. One has to accept that physical properties, like the spin of an atom,
are only determined by measurement in quantum mechanics but are no elements of
reality in the sense that they have a meaningful value before they are measured.

2.1.2. The Bell Inequalities

After reviewing the EPR paradox, we turn to the Bell inequalities [8]. We have seen
that a measurement on system A can somehow influence the collective AB state in
such a way that the results in system B are predetermined by the outcome mea-
sured in A. However, no information is transferred faster than light. For example,
if A and B both probabilistically measure σx or σz on many copies of the shared
entangled state in Eq. (2.1) their corresponding results viewed separately appear to
be completely random. Only if both A and B meet and compare the results of their
individual measurements, they notice that if they have measured the same directions
by chance, their results are perfectly correlated. Hence, no classical transfer of infor-
mation faster than light is possible, because both have to meet or at least share the
information about the measurement choice to unveil the correlations. Unfortunately,
the paradox is not resolved in that way and we still need a falsifiable test that tells
us if this instantaneous change of state has any measurable effect.

Thus, we turn to the Bell inequalities or more precisely a single Clauser-Horne-
Shimony-Holt inequality [51] derived after the influential idea of Bell to construct
an experimental test if quantum mechanics is a local and/or realistic theory or not.
The line of argumentation is here that we first forget everything we know about
quantum mechanics and think what would happen in a classical world. In relation to
the presented example of atomic spin we can for example think of a classical dipole
moment induced by a ring conductor in which a current flows. This classical dipole
moment has a definite value and a definite direction in the three-dimensional space
no matter if we measure it or not. This is what we call an element of reality or a
realistic observable. At the same time, we assume that if we have two such magnetic
moments the measurement on the first cannot influence the measurement on the
second if both are separated by a large distance. This assumption is what we call
locality because we assume that a spatial separation between the two hinders any
instantaneous mutual influence. Henceforth, spatially separated measurement cannot
influence each other if the distance is far enough. This assumption is in agreement
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2. Basic Methods and Notions

with general relativity, where the speed of such a mutual influence cannot exceed the
speed of light.

These statements about realism and locality are not only true for magnetic mo-
ments but for any physical object in a classical world on which measurements are
performed. We regard two objects A and B in spatially separated laboratories and
measure some not further specified physical property a1 or a2 of the object A in
one laboratory and at the same time the property b1 or b2 of object B in the other
laboratory. The results are used to determine the expectation value

E = 〈a1b1〉+ 〈a2b2〉+ 〈a2b1〉 − 〈a1b2〉 = 〈a1(b1 − b2)〉+ 〈a2(b1 + b2)〉. (2.3)

Here 〈aibj〉 is calculated by multiplying the results of the local measurements of the
property ai of A and bj of B and afterwards averaging over many different realiza-
tions, where the initial physical state of the objects A and B is always the same.
Furthermore, we choose to perform measurements with only two distinct outcomes.
We assign the values +1 or −1 to these possible outcomes of the measurement of a
property ai of A or bj of B. Consequently, from Eq. (2.3) it is clear that |E| ≤ 2
because b1 and b2 can only have either equal or different signs.

In the quantum version of this experiment we regard two atoms A and B located in
spatially separated labs. The physical property we measure is the spin of the atoms A
and B. We choose a1 = σAx , a2 = σAz , b1 = 1/

√
2(σBx + σBz ) and b2 = 1/

√
2(σBz − σBx ).

These observables of the spin in different directions can be used to calculate the
expectation value in Eq. (2.3). For the initial state

|ψ〉 =
| ↑〉A| ↑〉B + | ↓〉A| ↓〉B√

2
, (2.4)

we evaluate Eq. (2.3) according to the rules of quantum mechanics. This way we
obtain

E =
1√
2
〈ψ|σAx (σBx +σBz )+σAz (σBz −σBx )+σAz (σBx +σBz )−σAx (σBz −σBx )|ψ〉 = 2

√
2. (2.5)

Hence, in the quantum version of this experiment the expectation value E can be
larger than in the classical case. This is not only true in theory but has also been
observed in experiments [52, 53]. These confirm that outcomes of the expectation
value E > 2 are possible for specific initial states, like the one in Eq. (2.4).

Therefore, some of the assumptions we have made to derive the classical result
cannot be true in the quantum case. These assumptions are that we have a local
theory and that the observables of our systems are realistic. Hence, from the violation
of the Bell inequalities we can conclude that quantum mechanics cannot be a local
and/or realistic theory in the sense we have explained these notions before.

This illustrates that there are states with non-classical features in quantum me-
chanics. These states can lead to experimental results that cannot be explained by
a theory that is local and realistic. The state in Eq. (2.4) is such a state and beyond
that it is also an entangled state. However, entanglement is a more rich feature of
a quantum state. For example, there are quantum states that are entangled but do
not violate a Bell inequality. Hence, we emphasize that the exclusion of a local and
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2.1. Entanglement

realistic explanation for an experiment is a distinct, non-classical feature of some
entangled states but not of all.

Nonetheless, this section gives a first impression of the peculiar quantum effect
entanglement that is intricately connected to non-locality and non-realism. Mea-
surements on entangled states can show this strange effect but do not have to. To
get a more elaborate definition of the term entanglement, we turn to modern quan-
tum information theory. We approach a mathematical definition that defines an
entangled state precisely.

2.1.3. Entanglement in Modern Quantum Information Theory

Previously, we have reviewed the strange effects an entangled state can show. How-
ever, we have not yet given an exact definition of the term entanglement. In modern
quantum information theory [38] an entangled state is defined as a non-separable
state [9]. Any bipartite separable state can be written in the form

ρAB =
∑
k

pkρ
A
k ⊗ ρBk (2.6)

with the probabilities pk and the corresponding density matrices ρAk and ρBk , which
are valid states on the sub-Hilbert spaces HA and HB that form the product space
H = HA ⊗HB.

Besides its mathematical clarity, this definition can also be understood as a recipe
how to obtain a separable state. Let us assume that we have two laboratories A
and B that can communicate classically. This means that lab A may call lab B
using a telephone, for example. Now both want to prepare a separable state. Lab
A prepares some local state ρAk with probability pk. Afterwards, A informs B what
state ρAk it has prepared and B furthermore prepares the corresponding state ρBk .
These steps are repeated for many equivalent systems. If one of these systems from
A and B is given to a third party, who does not know what state has been prepared
in which step, this third party has to describe the state of the system it has obtained
by Eq. (2.6). This means all quantum states of a system that can be prepared by
only local operations and classical communication (LOCC), as in our example, are by
definition separable states. This also means that everything beyond the correlations
that can be prepared this way, i.e. all quantum correlations or all entanglement in
a state, can only be prepared by non-local operations corresponding to quantum
mechanical interactions acting collectively on A and B.

Eq. (2.6) is a mathematically exact definition and also allows for an operational
interpretation. Unfortunately, it does not help us very much if we are given some
state ρAB and are to decide if it is entangled or not. Even if we have enough copies
of the state ρAB, such that we can reconstruct the state from many measurements, it
is not trivial to decide if the state is entangled or not. If we can find a decomposition
like in Eq. (2.6), the state is separable. If we have to show that no such decomposition
exists for the given state, we face an involved problem.

Fortunately, for small dimensional systems and bipartite entanglement scenarios
rigorous and computable criteria exist, which tell us if a state is entangled or not.

9
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PPT Criterion

A possible criterion to verify if a bipartite state of two two-level systems is entangled
or not is the positive partial transpose (PPT) criterion [54–56]. To gain some insight
into how it works we first have to recall the quantum map formalism [38]. This
formalism states that every physical process that describes the change of the initial
state ρ into some final state ρ′ can be expressed by a quantum map

ρ′ = M(ρ) =
∑
k

EkρE
†
k, (2.7)

where the Ek are called Kraus operators [57]. Besides being mathematical pleasing,
one can further elucidate this definition by viewing it from a more operational point
of view, which tells us how such a map could in principle be implemented in an exper-
iment. Therefore, we regard some environment that is attached to our system where
the collective initial state is given by ρ⊗|0〉E〈0|. If we perform a unitary operation U
acting on the combined Hilbert space of system and environment, we obtain the state
Uρ ⊗ |0〉E〈0|U †. A projective measurement performed on the environment in some
orthogonal basis {|k〉} projects this state to 1/pk〈k|Uρ ⊗ |0〉E〈0|U †|k〉|k〉〈k|, where
pk is the corresponding probability. Now we examine only the system by tracing over
the environment. Furthermore, we assume to have no knowledge of the measurement
outcome k in the system and therefore average over all possibilities. This way we
obtain the final state of the system

ρ′ =
∑
k

pktrE
[
1/pk〈k|Uρ⊗ |0〉E〈0|U †|k〉|k〉〈k|

]
=
∑
k

〈k|U |0〉ρ〈0|U †|k〉, (2.8)

where 〈k|U |0〉 = Ek is the Kraus operator.
Such a quantum map can describe all physical processes. This means that a

reasonable quantum map takes the initial density operator of the system to a valid
final density operator. Hence, it has to preserve the trace, which is true because

tr[ρ′] =
∑
k

tr
[
E†kEkρ

]
= tr

[
〈0|U †

∑
k

|k〉〈k|U |0〉ρ

]
= tr[ρ] = 1. (2.9)

It has to be hermitian, which is true because

ρ′† =

(∑
k

EkρE
†
k

)†
=
∑
k

Ekρ
†E†k = ρ′. (2.10)

Furthermore, it should be positive, i.e. ρ′ ≥ 0. Any physically reasonable map M
should not only map positive states to positive states but should also leave all of
the environment in a physically reasonable state. This property is called complete
positivity and means that the trivial expansion of M to some environment E should
also be positive, i.e.

M ⊗ 1(ρSE) ≥ 0, (2.11)

where ρSE is the combined state of the system and the environment.

10



2.1. Entanglement

It is this complete positivity that serves us to detect entanglement between two
systems A and B. Therefore, we consider the transpose map on A MT (ρA) = ρTA,
which is trace preserving, hermitian and positive. The positivity can most easily
be seen if we rewrite ρA in its diagonal basis ρA =

∑
k λk|k〉〈k|. This expression is

obviously invariant under transposition. Hence, all eigenvalues λk of ρA remain the
same and in particular positive and thus ρA ≥ 0. If we apply the trivial expansion
of this transpose map to the separable state from Eq. (2.6) for systems A and B, we
obtain

MT ⊗ 1(ρAB) =
∑
k

pk
(
ρAk
)T ⊗ ρBk , (2.12)

where the state ρBk remains unaltered but ρAk is transposed. Hence, the state ρAB
is partially transposed with respect to the subsystem A, which we denote by ρΓA

AB.
Obviously in the case of a separable initial state ρΓA

AB ≥ 0 because it is given by a
convex combination of tensor products of positive density matrices.

For an entangled state, no such decomposition into a convex sum of product states
is possible. One can show that for two two-level systems, i.e. a Hilbert space of
dimension 2 × 2, all states with a positive partial transpose (PPT) are separable
and all states with a negative partial transpose (NPT) are entangled [54, 56]. This
statement is in general not true in higher dimensional systems. In these entangled
states with PPT may appear such that all NPT states are entangled but not all PPT
states are separable. For a bipartite two-level system scenario the PPT criterion is
unambiguous.

Negativity

After we have encountered a criterion that tells us if a state is entangled or not, we
turn our attention to measures of entanglement. A measure of entanglement should
not only determine if a state is entangled or not but also how strongly entangled
it is. Therefore, it is constructive to think of some basic properties that a measure
should fulfill [10]. First of all, it should be non-increasing under LOCC operations.
As we have seen in the definition of separable states, these operations cannot be
used to prepare entanglement. Therefore, it must not be possible to increase the
entanglement content of a state by such operations. Second, a state that is more
entangled than another state can be transformed into this state by LOCC operations.
These two properties together tell us that a proper entanglement measure has to be
monotonically decreasing under LOCC operations.

It can be shown [49] that the sum of the negative eigenvalues of the partial trans-
pose with respect to either subsystem A or B has this property of being an entan-
glement monotone and therefore is a candidate for an entanglement measure. Thus,
we define the negativity

N(ρAB) =
||ρΓB

AB|| − 1

2
=

∑
k |λk| − 1

2
(2.13)

as the sum of the negative eigenvalues of the partial transpose of the state ρAB. The
trace norm || · || is an alternative way of writing this expression.

The negativity for a maximally entangled Bell state is exactly 1/2. In 2×2 dimen-
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sions it is only zero for separable states. Beyond that, it is computable with little
effort for mixed states because no optimizations are involved but only eigenvalues
have to be determined.

2.2. Decoherence in Open Quantum Systems

In this section, we clarify what we mean by decoherence in open quantum systems.
First of all, we define what we understand to be an open quantum system. Af-
terwards, we introduce the notion of decoherence. Both notions reappear in the
derivation of the Born-Markov master equation that can be used to describe the ef-
fects of decoherence in an open quantum system. In contemporary literature, there
exist many reviews of decoherence in open quantum systems [14, 15, 45]. In the
following, we present our own very pragmatic point of view.

2.2.1. Notions

Elementary courses in quantum mechanics usually introduce the Schrödinger equa-
tion [2]

d

dt
|ψ(t)〉 = − i

h̄
H|ψ(t)〉, (2.14)

which tells us how the quantum state |ψ(t)〉 of some system evolves in time according
to the Hamiltonian H. In quantum mechanics, we usually deal with small systems,
for example with an atom. If we prepare it in the initial state |ψ(0)〉 we can theoret-
ically predict its time evolution for all future times. However, if we consider a real
atom we have to control it in an actual laboratory. Even if we manage to prepare it
in the initially pure state |ψ(0)〉, after some time the predicted time evolution will
deviate from the real time evolution due to the influence of the environment. These
environmental influences arise because our atom is not an isolated system but inter-
acts with its surroundings. To account for this interaction, we have to extend our
model by introducing an environment into our equations affecting the time evolution
of our system. This can be understood as the definition of an open quantum system,
namely a system interacting with the surrounding environment. Later, we derive a
master equation in the Born-Markov approximation for an explicit open quantum
system. This leads us to the prominent Lindblad master equation [58, 59] frequently
used to describe open quantum systems.

The effect of decoherence appears whenever we regard a system that is not com-
pletely isolated from the environment. Hence, interactions between system and en-
vironment influence the dynamics of the system. The most general way to include
the effects of decoherence would obviously be the description of the complete sys-
tem formed by system and environment in terms of a many-particle Schrödinger
equation. By tracing out the environmental degrees of freedom, we would obtain
the reduced dynamics of the system alone under the influence of an environment.
However, in many cases the environment is far too large or complicated to include
its exact dynamics into the calculation. Hence, usually assumptions like the Born-
Markov approximation are made to simplify the calculation of the reduced dynamics
of the system.
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In this work we especially focus on the loss of quantum correlations, i.e. entan-
glement between two-level systems, due to the interaction of the system with an
environment. However, we also find situations in which this interaction establishes
quantum correlations between our two-level systems. Nonetheless, we call the in-
fluence of the environment decoherence even if in some sense coherences are rather
established than diminished. Generally speaking the interaction of a system with an
environment leads to decoherence effects. These can influence the state of the system
in many variate ways.

2.2.2. Born-Markov Master Equation

Throughout this work, we come across many different situations in which we examine
the dynamics of a system coupled to a reservoir. The most general and widely known
approach to model a generic reservoir is the Lindblad equation [58, 59] in Born-
Markov approximation, see e.g. [43]. Because we utilize it to model parts of the
environments in this thesis, we give a derivation illustrating the assumptions that
are included. Also, we discuss why these assumptions are reasonable. Beyond that,
this is the somewhat easiest model of a decohering heat bath. Therefore, it is very
useful for theoretical studies.

Our derivation follows [60] very closely. We consider a two-level atom as our system
S that interacts with the modes of the quantized electromagnetic field surrounding it.
These modes define the reservoir R. This problem is described by the Hamiltonian

H = HS +HR +HSR, (2.15)

where the free evolution of the system

HS =
h̄ωS

2
σz (2.16)

is determined by the eigenfrequency ωS of our two-level atom. σz = |e〉〈e| − |g〉〈g|
denotes the Pauli spin matrix with the excited state |e〉 and the ground state |g〉 of
the atom. The reservoir evolves freely according to

HR =
∑
k

h̄ωka
†
kak, (2.17)

where ωk describes the eigenfrequency of mode k and ak and a†k are the annihilation
and creation operators, respectively. The coupling between system and reservoir in
this case is given by

HSR = h̄σx
∑
k

(
gkak + g∗ka

†
k

)
, (2.18)

where gk is the coupling strength between system and mode k of the reservoir. This
is the fundamental quantum mechanical Hamiltonian describing the interaction of a
two-level atom with an electromagnetic field, see e.g. [48].

If we further assume that the coupling strengths gk � ωS and gk � ωk for all modes
k, we can perform the rotating-wave approximation. In a hand-waving explanation of
this approximation we rewrite σx = σ+ +σ−, where σ+ = |e〉〈g| and σ− = |g〉〈e|. We
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neglect all terms that include σ+a
†
k or σ−ak. Intuitively these terms correspond to the

part of the Hamiltonian that describes the simultaneous creation and annihilation of
an excitation in system and bath. This is very unlikely at small coupling strengths.
Hence, we drop these terms and arrive at the coupling Hamiltonian in rotating-wave
approximation

HSR = h̄σ+

∑
k

gkak + h̄σ−
∑
k

g∗ka
†
k. (2.19)

To calculate the time evolution of the collective system-reservoir state ρSR we have
to solve the von Neumann equation [61]

d

dt
ρSR(t) = ρ̇SR(t) = − i

h̄
[H, ρSR(t)] , (2.20)

where [·, ·] denotes the commutator. First, we change into the interaction picture by
using the transformation

ρISR(t) = exp [i/h̄(HS +HR)t] ρSR(t) exp [−i/h̄(HS +HR)t] . (2.21)

Applying it we arrive at

ρ̇ISR(t) = − i

h̄

[
HI
SR(t), ρISR(t)

]
, (2.22)

where
HI
SR(t) = h̄σ+

∑
k

gkake
i(ωS−ωk)t + h̄σ−

∑
k

g∗ka
†
ke
−i(ωS−ωk)t. (2.23)

We continue by integrating both sides, which results in

ρISR(t) = − i

h̄

t∫
0

ds
[
HI
SR(s), ρISR(s)

]
. (2.24)

Reinserting this result into Eq. (2.22) yields

ρ̇ISR(t) = − 1

h̄2

t∫
0

ds
[
HI
SR(t),

[
HI
SR(s), ρISR(s)

]]
. (2.25)

Because later on we are only interested in the dynamics of the system, we trace over
all reservoir degrees of freedom and obtain

ρ̇IS(t) = − 1

h̄2

t∫
0

ds
{

trR[HI
SR(t)HI

SR(s)ρISR(s)−HI
SR(t)ρISR(s)HI

SR(s) +

−HI
SR(s)ρISR(s)HI

SR(t) + ρISR(s)HI
SR(s)HI

SR(t)]
}
. (2.26)

To simplify this expression, we use of the first major approximation, which is
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sometimes called Born approximation. We assume that

ρISR(t) = ρIS(t)⊗ ρR, (2.27)

where ρIS(t) is the time-dependent state of the system in the interaction picture
and ρR is the time-independent state of the reservoir. The physical content of this
approximation is the assumption that the system and the reservoir stay uncorrelated
at all times. Hence, the collective state can be written as a direct product and is
separable by assumption. Additionally, the state of the reservoir does not change in
time. This is only reasonable if the reservoir is very large and its state is therefore
hardly influenced by the interaction with the system. Because we assume that the
state is always a product state, it is clear that no correlations with the environment
can arise in this approximation.

Next, we examine each of the four terms in Eq. (2.26). Using the abbreviations
σ+(t) = eiωStσ+, σ−(t) = e−iωStσ−, A(t) =

∑
k gkak and A†(t) =

∑
k g
∗
ka
†
k we calculate

1

h̄2 trR
[
HI
SR(t)HI

SR(s)ρISR(s)
]

= σ+(t)σ+(s)ρIS(s)trR [A(t)A(s)ρR] +

+ σ−(t)σ−(s)ρIS(s)trR
[
A†(t)A†(s)ρR

]
+

+ σ+(t)σ−(s)ρIS(s)trR
[
A(t)A†(s)ρR

]
+

+ σ−(t)σ+(s)ρIS(s)trR
[
A†(t)A(s)ρR

]
. (2.28)

We assume that our bath is in a thermal state

ρR =
⊗
k

∑
n

Zk exp

[
− h̄ωkn
kBT

]
|n〉k〈n|, (2.29)

where Zk = 1 − exp[−h̄ωk/(kBT )], T is the temperature and kB is Boltzmann’s
constant. Hence, we can explicitly calculate the expectation values

trR [A(t)A(s)ρR] = trR
[
A†(t)A†(s)ρR

]
= 0 (2.30)

because for every k and l the expectation value trR[akalρR] = trR[a†ka
†
lρR] = 0 van-

ishes. The other two expectation values yield

trR
[
A(t)A†(s)ρR

]
=
∑
k

|gk|2eiωk(t−s)(1 + trR[a†kakρR]) (2.31)

and
trR
[
A†(t)A(s)ρR

]
=
∑
k

|gk|2eiωk(t−s)trR[a†kakρR], (2.32)

where we have used the commutation relation [ak, a
†
k] = 1 and that for any k 6= l the

expectation value trR[aka
†
lρR] = trR[a†kalρR] = 0 vanishes.

The expectation values in Eqs. (2.31) and (2.32) are complicated expressions. To
simplify them we use the Markov approximation, which is the second major approxi-
mation in this derivation. We assume that the bath expectation values decay so fast
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that we can approximate∑
k

|gk|2eiωk(t−s)(1 + trR[a†kakρR]) = (γ + nth)δ(t− s) (2.33)

and ∑
k

|gk|2eiωk(t−s)trR[a†kakρR] = nthδ(t− s) (2.34)

by Dirac delta functions δ(t− s).
Furthermore, we assume that γ and nth are real. In a more detailed derivation, it

can be shown that this is not the case. However, imaginary parts will just shift the
frequency of our atom which is later of no importance to us. Therefore, we skip this
detail here.

Inserting these two relations for the first term in Eq. (2.26), we obtain

− 1

h̄2

t∫
0

ds trR
[
HI
SR(t)HI

SR(s)ρISR(s)
]

= (γ+nth)σ+(t)σ−(t)ρIS(t)+nthσ−(t)σ+(t)ρIS(t).

(2.35)
Analogously, for the fourth term in Eq. (2.26) we get

− 1

h̄2

t∫
0

ds trR
[
ρISR(s)HI

SR(s)HI
SR(t)

]
= (γ+nth)σ+(t)σ−(t)ρIS(t)+nthσ−(t)σ+(t)ρIS(t).

(2.36)
Next, we examine the second and third term in Eq. (2.26). One more time we use
that for any k 6= l the expectation value trR[aka

†
lρR] = trR[a†kalρR] = 0 and that for

any k and l the expectation value trR[akalρR] = trR[a†ka
†
lρR] = 0. This results in

1

h̄2 trR
[
HI
SR(t)ρISR(s)HI

SR(s)
]

= σ+(t)ρIS(s)σ−(t)trR
[
A(t)ρRA

†(s)
]

+

+σ−(t)ρIS(s)σ+(t)trR
[
A†(t)ρRA(s)

]
. (2.37)

If we use the approximations in Eqs. (2.33) and (2.34) again, we arrive at

1

h̄2

t∫
0

ds trR
[
HI
SR(t)ρISR(s)HI

SR(s)
]

= nthσ+(t)ρIS(t)σ−(t) + (γ + nth)σ−(t)ρIS(t)σ+(t)

(2.38)
and analogously

1

h̄2

t∫
0

ds trR
[
HI
SR(s)ρISR(s)HI

SR(t)
]

= nthσ+(t)ρIS(t)σ−(t) + (γ+nth)σ−(t)ρIS(t)σ+(t).

(2.39)
Combining Eqs. (2.35), (2.36), (2.38) and (2.39) according to Eq. (2.26) yields

ρ̇IS(t) = (2γ + 2nth)σ−(t)ρIS(t)σ+(t)− (γ + nth)σ+(t)σ−(t)ρIS(t)+
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−(γ + nth)ρ
I
S(t)σ+(t)σ−(t) + 2nthσ+(t)ρIS(t)σ−(t)− nthσ−(t)σ+(t)ρIS(t) +

−nthρIS(t)σ+(t)σ−(t). (2.40)

If we transform back from the interaction picture and introduce the abbreviations
γ0/2 = γ + nth, γ1/2 = nth, L0 = σ− and L1 = σ+, we obtain the master equation in
Lindblad form [58, 59]

ρ̇S(t) = − i

h̄
[HS, ρS(t)] +

∑
i

γi

(
LiρS(t)L†i −

1

2
L†iLiρS(t)− 1

2
ρS(t)L†iLi

)
. (2.41)

Notice that for a zero-temperature reservoir with T = 0 we get nth = 0 and hence
the simpler equation

ρ̇S(t) = − i

h̄
[HS, ρS(t)] + γ

(
σ−ρS(t)σ+ −

1

2
σ+σ−ρS(t)− 1

2
ρS(t)σ+σ−

)
(2.42)

holds. It describes a two-level atom under the influence of a heat bath, which contains
no excitations.

In this section, we have derived the master equation for a two-level atom coupled
to a bath that consists of the modes of the electromagnetic field surrounding it. In
Born-Markov approximation the state of the bath never changes. Throughout this
work, we will occasionally use this simple model of an environment. It is a versatile
tool to investigate a two-level system under the influence of a general environment.

Beyond that, we focus on environments where we do not use the Born-Markov
approximations to simplify the interaction between system and bath. Pragmatically
we call these non-Markovian environments. Obviously, it is not that simple to decide
if an environment influences the system in a way that can only be described by
considering the full interaction between system and environment. The notion of
non-Markovianity is much more involved [37]. In this thesis, whenever we speak of
a non-Markovian bath we mean an environment for which we have not assumed the
Born-Markov approximations.

A Simple Example

To give a first impression how an environment can influence the dynamics of the
system we solve the master equation

ρ̇S(t) = γ

(
σ−ρS(t)σ+ −

1

2
σ+σ−ρS(t)− 1

2
ρS(t)σ+σ−

)
, (2.43)

where we have assumed a zero-temperature bath. Projecting both sides on the excited
state |e〉 and the ground state |g〉 leads to the differential equations

〈e|ρ̇S(t)|e〉 = −γ〈e|ρS(t)|e〉 (2.44)

and

〈g|ρ̇S(t)|e〉 = −1

2
γ〈g|ρS(t)|e〉, (2.45)
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where we have used the representations σ+ = |e〉〈g| and σ− = |g〉〈e|. We solve
these differential equations using the normalization condition tr[ρ] = 1 as well as the
hermitian property ρ† = ρ and obtain

ρS(t) = 〈e|ρS(0)|e〉e−γt|e〉〈e|+ (1− 〈e|ρS(0)|e〉e−γt)|g〉〈g|+
+ 〈g|ρS(0)|e〉e−

γ
2
t|g〉〈e|+ 〈e|ρS(0)|g〉e−

γ
2
t|e〉〈g|. (2.46)

In this result we notice a decoherence effect. The coherences 〈g|ρS(t)|e〉 and
〈e|ρS(t)|g〉 as well as the population in the excited state 〈e|ρS(t)|e〉 decay expo-
nentially due to the influence of the environment.

2.3. Artificial Atoms

Throughout this work, we study the dynamics of two-level systems immersed in more
or less complicated environments. These two-level systems could be realized in an
experiment by artificial atoms. In this section, we explain how the Hamiltonian
we assume for the two-level systems can be derived. After a short introduction of
the term artificial atom, we explain how to obtain the Hamiltonian for free and for
interacting systems. However, we keep our arguments very brief and simplified and
just outline the general idea. More detailed derivations can be found in [62], for
example.

2.3.1. The Cooper-Pair Box

In the course of modern semiconductor technology, electrical circuits are more and
more miniaturized. Quantum mechanics describes the microscopic world of small
things like atoms or molecules. Hence, it is not surprising that nowadays it is possible
to build electrical circuits that obey the laws of quantum mechanics. One such
circuit is depicted schematically in Fig. 2.1(a). It is a parallel circuit that consists
of a capacitor with capacity C and a Josephson junction with critical current Ic.
Without going into the details, we just use the Josephson junction as a non-linear
inductor. The underlying Josephson effect leads to the Josephson equation describing

(a) single (b) coupled

Figure 2.1: The schematic circuits of a single and two capacitively coupled Cooper-pair
boxes [63, 64]. Artificial atoms are electrical circuits operated in the quantum regime.
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2.3. Artificial Atoms

the current through the Josephson junction

IJ = Ic sin(Φ) . (2.47)

Here Φ is the superconducting phase, which is connected to the voltage UJ over the
junction via the relation

UJ = mΦ̇, (2.48)

where m = h̄/(2e) is the magnetic flux quantum and e the elementary charge. These
basic relations together with the definition of the capacity C = QC/UC , which is the
ratio of the charge QC on the capacitor to the applied voltage UC , are sufficient to
derive equations of motion for the circuit. We apply Kirchhoff’s laws, which yield

UC + UJ = 0 (2.49)

and
IJ = IC = Q̇C . (2.50)

After differentiating Eq. (2.49) we obtain

U̇C + U̇J =
Q̇C

C
+mΦ̈ = 0. (2.51)

Combining this result with Eq. (2.50) yields

Cm2Φ̈ +mIc sin(Φ) = 0. (2.52)

This equation can be identified as the equation of motion of a pendulum. Moreover,
it is the Euler-Lagrange equation

d

dt

(
∂L

∂Φ̇

)
− ∂L

∂Φ
= 0 (2.53)

corresponding to the Lagrangian

L(Φ, Φ̇) =
1

2
Cm2Φ̇2 +mIc cos(Φ). (2.54)

This Lagrangian is equivalent to the Hamiltonian

H = EC
P2

h̄2 − EJ cos(Φ), (2.55)

which describes the evolution of the phase Φ and the conjugate momentum P =
Cm2Φ̇. Here we have introduced the charging energy EC = 2e2/C and the Josephson
energy EJ = h̄Ic/(2e). If our circuit is built very small and operated at very low
temperatures, such that we enter the regime of quantum mechanics, we have to
quantize this Hamiltonian. First, we use the relation

P2

h̄2 =

(
Cm2Φ̇

h̄

)2

=

(
QC

2e

)2

= n2, (2.56)
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i.e. that we can interpret P/h̄ effectively as the number n of charges 2e present on
the capacitor. If we postulate the commutation relation [Φ, n] = i, our Hamiltonian
operator reads

H = ECn
2 − EJ cos(Φ). (2.57)

We use the diagonal representation

n =
∑
k

k|k〉〈k| (2.58)

of the number operator and the property

eiΦ|k〉 = |k + 1〉 (2.59)

for the conjugate observables Φ and n to rewrite the expressions

n2 =
∑
k

k2|k〉〈k| (2.60)

and

cos(Φ) =
eiΦ + e−iΦ

2
=

1

2

∑
k

(|k + 1〉〈k|+ |k〉〈k + 1|), (2.61)

where we have inserted the completeness relation 1 =
∑

k |k〉〈k| in the last step.
Additionally, we assume that only the two lowest lying states contribute to the dy-
namics of the system. Hence, we can neglect all terms in the sum for which k ≥ 2.
This way, from Eq. (2.57) we obtain

H = EC |1〉〈1| −
EJ
2

(|1〉〈0|+ |0〉〈1|) . (2.62)

With the identifications |1〉 → |e〉, |0〉 → |g〉 and by using |e〉〈e| = (σz + 1)/2 we
arrive at

H =
EC
2
σz −

EJ
2
σx, (2.63)

where we have dropped constant terms. Hence, the circuit we describe here effectively
behaves as a two-level system. In fact, for small EJ we can neglect the σx term and
obtain the free evolution of a two-level system.

If we include an additional external voltage in our setup, the charging energy
EC depends on this voltage. Analogously, an external magnetic field applied to a
modified circuit influences the Josephson energy EJ . Hence, the values of these
energies are not fixed but can be designed tunable. Because the circuitry that allows
for such tunable parameters is much more involved, we will not discuss it in this
thesis.

In this section, we have presented the Cooper-pair box because it is simple and
can be realized in experiment [63, 64]. Obviously, this is not the only possible imple-
mentation of an artificial atom. Nowadays a plethora of implementations exists that
can roughly be categorized in flux, charge and phase qubits [65]. For our purpose
of motivating the Hamiltonian, the Cooper-pair box serves as a simple, descriptive
example.
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2.3. Artificial Atoms

2.3.2. Coupled Artificial Atoms

In the previous section, we have explained what an artificial atom is and in which way
its Hamiltonian arises. In this section, we examine the Hamiltonian of two coupled
artificial atoms. We derive a Hamiltonian with an interaction of σx type between the
artificial atoms. We assume such an interaction in chapters 3 and 4.

We consider the electrical circuit depicted in Fig. 2.1(b). The artificial atoms A
and B are coupled by a capacitor with capacity Ci. Using Kirchoff’s laws we obtain

IAC + IAJ = Ii = IBC + IBJ , (2.64)

UAC + UAJ = 0 = UBC + UBJ (2.65)

and
UAC + UiC + UBC = 0. (2.66)

By combining the last two equations and using UAJ = mΦ̇A, UBJ = mΦ̇B and
UiC = Qi/Ci, we arrive at

−mΦ̇A −mΦ̇B +
Qi

Ci
= 0. (2.67)

After a differentiation this yields

Ii = mCi(Φ̈A + Φ̈B). (2.68)

At the same time, we can rewrite Eq. (2.64) into

2Ii = IAC+IAJ+IBC+IBJ = −mCAΦ̈A−mCBΦ̈B+IAc sin(ΦA)+IBc sin(ΦB), (2.69)

where we have used the Josephson equations IAJ = IAc sin(ΦA) and IBJ = IBc sin(ΦB)
as well as Eq. (2.65) to obtain IAC = U̇ACCA = −U̇AJCA = −mCAΦ̈A and IBC =
−mCBΦ̈B. If we combine both equations for the current Ii we arrive at

m2CAΦ̈A +m2CBΦ̈B + 2m2Ci(Φ̈A + Φ̈B)−mIAc sin(ΦA)−mIBc sin(ΦB) = 0. (2.70)

This is again the Euler-Lagrange equation corresponding to a Lagrangian. This
Lagrangian is equivalent to a Hamiltonian, which we can rewrite in terms of the
numbers nA and nB of charges 2e. If we quantize this Hamiltonian by postulating
[ΦA, nA] = i and [ΦB, nB] = i, we obtain the Hamiltonian operator

H = ẼCAn
2
A + ẼCBn

2
B + Ẽi(nA + nB)2 + ẼJA cos(ΦA) + ẼJB cos(ΦB) (2.71)

for our coupled system. If we additionally neglect all higher states and expand
(nA + nB)2, where we use

nAnB =
∑
k,l

kl|k〉A〈k| ⊗ |l〉B〈l| =
1+ σAz

2
⊗ 1+ σBz

2
(2.72)
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together with Eqs. (2.60) and (2.61) for the free part of the Hamiltonian, we obtain

H = ECAσ
A
z + ECBσ

B
z + EJAσ

A
x + EJBσ

B
x + Eiσ

A
z σ

B
z . (2.73)

Here we have hidden the details in the abbreviations ECA,ECB,EJA,EJB and Ei and
we have again dropped constant terms.

The σAz σ
B
z coupling is only a choice of basis. We can understand this by rewriting

the Hamiltonian in a different basis. To simplify further calculations we assume equal
systems A and B, i.e. EC = ECA = ECB and EJ = EJA = EJB. We introduce the
eigenstates of the single two-level Hamiltonian from Eq. (2.63)

|+〉 = cos(θ)|e〉 − sin(θ)|g〉 (2.74)

and
|−〉 = sin(θ)|e〉+ cos(θ)|g〉 (2.75)

with the abbreviation θ = arctan(−EJ/EC)/2. Using them we can rewrite the full
Hamiltonian, Eq. (2.73), like

H = E(σAz + σBz ) + Ei

(
EJ
E
σAx +

EC
E
σAz

)(
EJ
E
σBx +

EC
E
σBz

)
, (2.76)

where E =
√
E2
J + E2

C . Hence, in the regime where EC � EJ we can neglect parts
of the interaction and arrive at

H = EJ(σAz + σBz ) + Eiσ
A
x σ

B
x . (2.77)

We assume this type of Hamiltonian in chapters 3 and 4. Obviously, our calculations
in this section have been very simplified. Realistic circuits are much more involved.
Otherwise readout or control of the two-level systems would be impossible. However,
the derivations of the Hamiltonian associated with these circuits follow the same key
steps that we have presented in this section. By using different setups, a plethora
of spin type Hamiltonians can be realized. Beyond that, in more involved schemes
parameters like the energies EC , EJ or Ei can be designed to be tunable by applying
an external voltage or magnetic flux to the circuit.

2.4. Atom in a Cavity

In the last section, we have investigated artificial atoms. In this section, we recall
very briefly the interaction between an atom and the quantized electromagnetic field
in a cavity. The Jaynes-Cummings-Paul model [66, 67], which describes this inter-
action, is a central model in quantum optics. Beyond that, it can also be applied in
connection to artificial atoms. Artificial atoms can be placed in engineered structures
like a transmission-line resonator acting as a cavity [47]. Such a system can also be
described using the Jaynes-Cummings-Paul model.
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2.4.1. Light-Matter Interaction

In quantum optics, the Jaynes-Cummings-Paul model is used to describe the inter-
action of a two-level atom with a single mode of the quantized electromagnetic field.
The strength and the form of the interaction can be deduced from the fundamental
interaction of light and matter. In principle, it follows from the combination of the
minimal coupling interaction of a charged particle in an electromagnetic field with
the gauge invariance in quantum mechanics, see e.g. [48]. The quantum mechanical
version of the minimal coupling Hamiltonian can be further simplified. For a two-
level atom interacting with a single mode of the electromagnetic field, we obtain the
interaction

Hint = h̄gσx(a+ a†), (2.78)

where g characterizes the interaction strength, the Pauli matrix σx = |e〉〈g| + |g〉〈e|
describes transitions between the excited state |e〉 and the ground state |g〉 of the
atom and a and a† are the annihilation and creation operators of the field mode,
respectively.

2.4.2. Jaynes-Cummings-Paul Hamiltonian

The full Hamiltonian also includes the free evolution of the atom HA = h̄ωSσz/2,
where ωS is the eigenfrequency of the atom, and the free evolution of the field mode
HF = h̄ωa†a, where ω is the frequency of the mode. This Hamiltonian reads

H =
h̄ωS

2
σz + h̄ωa†a+ h̄gσx(a+ a†). (2.79)

If we change into the interaction picture by eliminating the free evolution, we obtain

HI(t) = h̄g
(
σ+ae−i(ω−ωS)t + σ−a

†ei(ω−ωS)t + σ+a
†ei(ω+ωS)tσ−ae−i(ω+ωS)t

)
. (2.80)

The formal solution of the Schrödinger equation for this Hamiltonian reads

|ψ(t)〉 = T

exp

− i

h̄

t∫
0

HI(s)ds

 |ψ(0)〉, (2.81)

where T is the time ordering operator. The integration can be performed and we
arrive at

t∫
0

HI(s)ds = h̄g
[ i

(ω − ωS)
σ+ae−i(ω−ωS)t +

−i

(ω − ωS)
σ−a

†ei(ω−ωS)t +

+
−i

(ω + ωS)
σ+a

†ei(ω+ωS)t +
i

(ω + ωS)
σ−ae−i(ω+ωS)t

]
. (2.82)

Hence, in the case of near resonance the detuning ∆ = ω − ωS is tiny. In this case,
terms that involve g

ω−ωS
are large and have to be retained. If at the same time the

interaction strength g � ω and g � ωS terms of the form g
ω+ωS

are very small and
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can be neglected. This approximation is called the rotating-wave approximation.
If the above conditions are satisfied, we can start directly with the approximate
Jaynes-Cummings-Paul Hamiltonian

H =
h̄ωS

2
σz + h̄ωa†a+ h̄g(σ+a+ σ−a

†). (2.83)

In chapter 5 we focus on an extension of this Hamiltonian describing two two-level
systems that interact with many modes of a common cavity. The original Jaynes-
Cummings-Paul model serves us as a cornerstone for our extended model.

2.4.3. Dynamics

After discussing the basic building blocks of the Jaynes-Cummings-Paul model, we
examine the dynamics. To solve the dynamics, we transform the Hamiltonian in
Eq. (2.83) into the interaction picture

HI(t) = h̄g
(
σ+ae−i∆t + σ−a

†ei∆t
)

(2.84)

with the detuning ∆ = ω − ωS. Next, we choose the ansatz

|ψ(t)〉 = c1(t)|g1〉+ c2(t)|e0〉, (2.85)

which describes a superposition of the state |g1〉 = |g〉A⊗ |1〉F , where one excitation
is in the field and the atom is in its ground state and the state |e0〉, where the
excitation is in the atom and the field is in the vacuum state. To determine the
time-dependent coefficients c1(t) and c2(t) we use

HI |g1〉 = h̄ge−i∆t|e0〉, (2.86)

HI |e0〉 = h̄gei∆t|g1〉 (2.87)

to obtain the differential equations

ċ1(t) = −igc2(t)ei∆t, (2.88)

ċ2(t) = −igc1(t)e−i∆t (2.89)

by projecting the Schrödinger equation ˙|ψ〉 = −i/h̄HI |ψ〉 on the corresponding states.
The formal solutions

c1(t) = −ig

∫ t

0

dt′ c2(t′)ei∆t′ + c1(0), (2.90)

c2(t) = −ig

∫ t

0

dt′ c1(t′)e−i∆t′ + c2(0) (2.91)

are inserted in the differential Eqs. (2.88) and (2.89). This way we obtain

ċ1(t) = −g2

∫ t

0

dt′ c1(t′)ei∆(t−t′) − igc2(0)ei∆t, (2.92)
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ċ2(t) = −g2

∫ t

0

dt′ c2(t′)e−i∆(t−t′) − igc1(0)e−i∆t. (2.93)

Reordering the Laplace transforms of these equations we arrive at

C1(s) = c1(0)
s+ i∆

s(s+ i∆) + g2
− c2(0)

ig

s(s+ i∆) + g2
, (2.94)

C2(s) = c2(0)
s− i∆

s(s− i∆) + g2
− c1(0)

ig

s(s− i∆) + g2
, (2.95)

where we have used the abbreviations Ci(s) = L [ci(t)] for the Laplace transformed
functions. By performing the inverse Laplace transform, we arrive at the solution for
the coefficients

c1(t) = e−i ∆
2
t

[
c1(0)

(
cos(Ωt) + i

∆

2Ω
sin(Ωt)

)
− c2(0)

ig

Ω
sin(Ωt)

]
, (2.96)

c2(t) = ei ∆
2
t

[
c2(0)

(
cos(Ωt)− i

∆

2Ω
sin(Ωt)

)
− c1(0)

ig

Ω
sin(Ωt)

]
, (2.97)

where we have introduced the abbreviation Ω =
√

4g2 + ∆2/2.
Particularly for the case of a resonant interaction with ∆ = 0 the oscillatory

behavior of the probabilities |c1(t)|2 to find the excitation in the cavity and |c2(t)|2
to find it in the atom is evident. In a physical picture, a single excitation in the system
can jump back and forth between the cavity mode and the two-level atom. The key
ingredient used in the derivation of this result is that the number of excitations
N = (1 + σz)/2 + a†a is a conserved quantity. The number of excitations is also
preserved in the model that we discuss in chapter 5. Hence, we can transfer the
physical picture to this extended model and we can apply all methods used to solve
the Jaynes-Cummings-Paul model as well.
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3. Environmental Influence on
Entanglement

In the previous chapter, we have introduced the notions of entanglement and deco-
herence. In this chapter, we connect both concepts and examine their interplay in
a physical system. Therefore, we investigate the bipartite entanglement in a simple
system under the influence of an environment.

The unpreventable interaction of any quantum system with its surroundings di-
minishes quantum mechanical properties like coherence. This fact has been noticed
in the examination of the dynamics of dissipative quantum systems, see for example
the review of Leggett et al. [13]. The diminishing effect of the environment has been
picked up again by Unruh [16], Shor [17] and Steane [18] in the context of quantum
computing when they have engaged the problem of decoherence in the context of
quantum computation and have devised error correcting codes [17, 18] to circumvent
this influence. This research has also spawned the examination of decoherence-free
subspaces by Palma et al. [19], Duan & Guo [20], Zanardi & Rasetti [21] and Lidar et
al. [68]. They have identified certain classes of states that are immune to dissipation
due to the symmetries involved in the examined models.

These lines of research have investigated quantum properties like coherence of
systems under the influence of an environment. The first examinations of decoherence
effects on entanglement as a quantum property of a system are rooted in the studies
of the robustness of quantum entanglement against noise by Vidal & Tarrach [22]
and Briegel & Raussendorf [23]. In their works, the authors have determined the
influence of local quantum operations on entanglement. In a sense, these surveys are
the precursor to the examinations of the dynamics of entanglement under quantum
operations modeling decay by Życzkowski et al. [24]. This idea has been furthered by
Simon & Kempe [69] and Yu & Eberly [70] laying the groundwork for detailed studies
of the dynamics of entanglement by Yu & Eberly [71] and Dür & Briegel [72]. In these
works, the notion of entanglement sudden death [73–75] has been coined describing
the decay of entanglement in a finite amount of time. More modern works on this
subject have also reported revival and creation or birth features of entanglement, see
for example the reviews of Mintert et al. [76] and Aolita et al. [77].

All the mentioned studies have examined the effect of an environment on entan-
glement dynamics after a finite time. In our work, we focus on the steady-state
properties of the systems we investigate. This very adjacent line of research, which
makes predictions about the steady-state of a system and the entanglement contained
in it, is founded on the examinations of thermal entanglement by Nielsen [25]. In
this work the author has calculated the entanglement in a thermal state of two spins,
which can be regarded as the steady-state of a system embedded in an appropri-
ate environment. Arnesen et al. [27] and Wang [28] have also reported this kind of
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thermal entanglement for a two site Heisenberg spin model.
Independently, Plenio et al. [26] have noticed that dissipation can be useful to

prepare entangled states of atoms. If they are located in lossy cavities and the
decay is observed, the dynamics can result in an entangled state. This idea has later
evolved into the examination of steady-state entanglement in the quantum state of
two cavities coupled by a common atom by Plenio & Huelga [29]. In this context
entangled steady-states have been calculated by Schneider & Milburn [30], Basharov
[31] and Jakóbczyk [32]. An examination of steady-state entanglement created by
the interaction of a two-qubit system with a common heat bath beyond the Born-
Markov approximation has been performed in the seminal work of Braun [33]. Later
the case of a Markovian heat bath has been detailed by Benatti et al. [78].

These foundational works have spawned more directed research of the possibil-
ity to prepare entanglement in the steady-state using a dissipative environment on
which we focus in chapter 4. In this chapter, we review some of the results of the
dynamical behavior of the entanglement and study the steady-state entanglement
that arises. The most simple system that can show entanglement consists of two
two-level systems, see Fig. 3.1. If we put both in contact with a heat bath, we can
observe decoherence effects in the dynamics of the bipartite entanglement present in
the system. To model our bath, we start with the most simple approach and use a
master equation in the Born-Markov approximation, which we have derived in sec-
tion 2.2.2. To measure the entanglement we make use of the negativity, see section
2.1.3.

We study the steady-state and its entanglement properties in this chapter. These
examinations shall serve as a first step and provide us with a basic intuition for the
observed effects in entanglement dynamics and the arising steady-state entanglement,
when in later chapters we turn to more involved environments.

Figure 3.1: We regard two two-level systems A and B with equal eigenfrequencies ω.
Both couple to independent but identical reservoirs characterized by γ. The coupling
J between them is optional and assumed to be inexistent at first. We are particularly
interested in the bipartite entanglement between A and B, how it evolves in time and
what happens when we approach the steady-state of our system.
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3.1. Free Systems

Our model consists of two two-level systems A and B, which evolve freely according
to

Hf =
h̄ω

2
σAz +

h̄ω

2
σBz , (3.1)

see Fig. 3.1. The Pauli matrices σAz and σBz describe the individual free evolutions.
We assume the eigenfrequency ω to be identical for systems A and B. At first, there
is no interaction and the coupling strength J = 0.

If we couple the two-level systems to independent but identical heat baths, we
obtain a master equation in Lindblad form

ρ̇(t) = − i

h̄
[Hf , ρ(t)] +

1∑
i=0

γi

(
Liρ(t)L†i −

1

2
L†iLiρ(t)− 1

2
ρ(t)L†iLi

)
, (3.2)

where ρ(t) = ρAB(t) describes the time-dependent collective state of A and B. Fur-
thermore, we have used the abbreviations

L0 = σA−, γ0 = γ, L1 = σB− and γ1 = γ. (3.3)

Also, we introduce the dimensionless time

t̃ = ωt (3.4)

to simplify our calculation. This effectively rescales all eigenfrequencies and deco-
herence parameters in the Liouvillian, Eq. (3.2), like x̃ = x/ω. In the following, we
drop the tilde and continue in these dimensionless variables.

We have assumed zero-temperature baths leaving us with the simplified equation
analog to Eq. (2.42). For this most simple case of an environment, we can give an
explicit analytic solution of Eq. (3.2). The method we introduce also paves the way
for the numerical treatment of master equations in Lindblad form in later chapters.

3.1.1. Solution of Dissipative Dynamics

To solve Eq. (3.2) we rewrite the density matrix

ρ =


ρ11 ρ12 ρ13 ρ14

ρ∗12 ρ22 ρ23 ρ24

ρ∗13 ρ∗23 ρ33 ρ34

ρ∗14 ρ∗24 ρ∗34 1− ρ11 − ρ22 − ρ33

 (3.5)

by joining the columns to a single vector

~ρ(t) = (ρ11, ρ12, ρ13, ρ14, ρ
∗
12, ρ22, ρ23, ρ24,

ρ∗13, ρ
∗
23, ρ33, ρ34, ρ

∗
14, ρ

∗
24, ρ

∗
34, 1− ρ11 − ρ22 − ρ33)T , (3.6)
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where we have used the normalization tr[ρ] = 1 and hermitian property ρ† = ρ.
Likewise, we rewrite the right-hand side of Eq. (3.2), where we use the mapping

XρY = X ⊗ Y T ~ρ (3.7)

valid for any operator X and Y . We obtain the linear matrix equation

~̇ρ = M~ρ, (3.8)

where M is the 16 × 16 dimensional matrix representing the Liouvillian, i.e. the
right-hand side of Eq. (3.2). The solution of Eq. (3.8) reads

~ρ(t) = exp [Mt] ~ρ(0). (3.9)

The initial state at time t = 0 is denoted by ~ρ(0). The explicit form of the matrix
M as well as all the elements of the density matrix ρ(t) are given in appendix A.

Equipped with the solution of the dynamics of the density matrix, we calculate
the resulting entanglement dynamics. If we choose an initial state of X-type [73],
i.e. ρ12 = ρ13 = ρ24 = ρ34 = 0, ρ(t) is a X state at all times t, see Eqs. (A.10-A.18).
This simplifies the calculation of the negativity because for the partially transposed
state

ρΓB(t) =


ρ11(t) 0 0 ρ23(t)

0 ρ22(t) ρ14(t) 0
0 ρ∗14(t) ρ33(t) 0

ρ∗23(t) 0 0 1− ρ11(t)− ρ22(t)− ρ33(t)

 (3.10)

we can compute the eigenvalues

λ1 =
1

2

(
1− ρ22(t)− ρ33(t)−

√
4|ρ23(t)|2 + (2ρ11(t) + ρ22(t) + ρ33(t)− 1)2

)
,

(3.11)

λ2 =
1

2

(
1− ρ22(t)− ρ33(t) +

√
4|ρ23(t)|2 + (2ρ11(t) + ρ22(t) + ρ33(t)− 1)2

)
,

(3.12)

λ3 =
1

2

(
ρ22(t) + ρ33(t)−

√
4|ρ14|2 + (ρ22(t)− ρ33(t))2

)
(3.13)

and

λ4 =
1

2

(
ρ22(t) + ρ33(t) +

√
4|ρ14|2 + (ρ22(t)− ρ33(t))2

)
(3.14)

explicitly. Using the normalization condition tr[ρ(t)] = 1 we deduce that only λ1 and
λ3 may become negative. Hence, the negativity reads

N [ρ(t)] = max

0,
∑
i∈{1,3}

|λi| − λi
2

 . (3.15)
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3.1.2. Different Initial States

After we have solved the dynamics of the negativity N , we examine it for different
initial X-type states. Therefore, we choose the initial state [9, 79]

ρ(0) =
1− p

4
1+ p|ψ+〉〈ψ+|, (3.16)

where p characterizes how strongly the Bell state |ψ+〉 = 1/
√

2 (|eg〉+ |ge〉) con-
tributes in this mixture.

In Fig. 3.2 we show how the entanglement, which is measured by the negativity N ,
decays in time for the initial states parameterized by p. We identify three interesting
regions. For a pure Bell state, i.e. p = 1, we observe an exponentially decaying
negativity N . For mixed states with some entanglement in the initial state, i.e. p ≈
0.5, the entanglement decays and vanishes exactly at a finite time t. If the initial
state contains no entanglement, i.e. p ≤ 1/3, nothing decays and due to the lack of
interactions between A and B in our current model no entanglement is created. For
all initial states, we observe a purely decaying behavior of the entanglement between
A and B.

This is essentially a reproduction of the result obtained by Yu & Eberly [71], who
examine two atoms that are located in individual cavities into which excitations
can decay. They study the dynamics of the concurrence [80] between the atoms for

Figure 3.2: We show the negativity N = N [ρ(t)] for the decoherence parameter γ = 10−3

as a function of time t and the parameter p. This parameter p determines the initial state
according to Eq. (3.16). The gray-tiled area marks the region where no entanglement is
present. For all initial states, the negativity N shows a purely decaying behavior.
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3. Environmental Influence on Entanglement

different initial states and find essentially the result presented in Fig. 3.2. Some initial
states show a finite time of disentanglement famously referred to as entanglement
sudden death [75].

The decay is the somewhat expected behavior. From a naive point of view interac-
tion with a decohering environment diminishes all kind of coherences in a system, as
in our simple example in section 2.2.2. Hence, also the entanglement in our bipartite
system decays. Obviously, we have not shown the dynamics of every initial state
because the number of possible initial states is infinitely large. However, we expect
that the dynamics of every entangled state exhibits a decaying behavior for the model
we consider. After all, correlations can only be established by an interaction between
systems A and B. If both are decaying into individual heat baths, which due to the
approximations we have made annihilate all correlations during the evolution, we do
not expect a build up of correlations.

3.2. Interacting Systems

In the last section, we have seen that for free systems, which only interact with
decohering reservoirs but not with each other, the dynamics of entanglement shows
a decaying behavior. In this section, we examine what happens if we additionally
consider interactions between system A and B. We find that this changes the entan-
glement dynamics. Also, it allows for entanglement in the steady-state reached by
the system after a sufficiently long time has elapsed.

3.2.1. Dynamics

We extend our model and introduce the interaction

Hint = h̄JσAx σ
B
x (3.17)

of strength J between system A and B as depicted in Fig. 3.1. It is a spin type
interaction described by the corresponding Pauli σx matrices similar to what we
have encountered for artificial atoms in section 2.3.2. The resulting master equation
reads

ρ̇(t) = − i

h̄
[Hf +Hint, ρ(t)] +

1∑
i=0

γi

(
Liρ(t)L†i −

1

2
L†iLiρ(t)− 1

2
ρ(t)L†iLi

)
, (3.18)

where we have assumed a zero-temperature bath. Once again we rescale all param-
eters in the Liouvillian by using Eq. (3.4) and continue in dimensionless variables.

We can solve this master equation by using the same technique as in section 3.1.1.
However, this time expressions for eigenvalues of the Liouvillian in matrix represen-
tation cannot be given in an analytical form because we have to calculate zeros of
higher-order polynomials. Therefore, we fix the numerical value of every parameter
in the Liouvillian and the initial state ρ(0) to calculate the full time evolution of this
state and the corresponding negativity numerically.
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3.2. Interacting Systems

First, we choose the parameters

γ = 10−3 and J = 1 (3.19)

to show some typical behaviors of this model. We have chosen the coupling J to be
of the same order of magnitude as the eigenfrequencies of the systems A and B. In
this strong-coupling regime [81–83] the interaction dominates the dynamics and the
influence of the decoherence parameter γ is only established for long times t.

If we extend the parameterization of the initial state in Eq. (3.16) to

ρ(0) =
1− p

4
1+ p|η〉〈η|, (3.20)

where |η〉 =
√
η|eg〉+

√
1− η|ge〉, we obtain a versatile class of initial states [9, 79].

The parameter p characterizes how mixed our initial state is ranging from pure for
p = 1 to maximally mixed for p = 0. At the same time, the parameter η determines
how much entanglement is contained in the initial state. For η = 1/2 we get the
original initial state from Eq. (3.16). For η = 0 we get the product state |eg〉.

In Fig. 3.3 we show the dynamics of the entanglement N for different initial states,
i.e. different parameters η and p in Eq. (3.20). For the pure but non-entangled
(p = 1, η = 1) initial state the entanglement oscillates fast as illustrated in the
inset. Afterwards, it decays to rise ultimately up to a constant value. For the
completely mixed state (p = 0) no such oscillations in the transcend phase of the
dynamics appear. Finally, the same plateau of entanglement is reached. If we look
at a maximally entangled state (p = 1, η = 0.5) initially, we observe an almost
exponential decay of the entanglement followed by the resurrection of entanglement
for later times. Last but not least, an initial state that is mixed and to some degree
entangled (p = 0.8, η = 0.1) combines all the features of oscillation, again enlarged
in the inset, and decay of entanglement. Finally, for long times t it also reaches the
plateau of entanglement.

All states have in common that they start with a more or less rich transcend
dynamic to then reach a steady-state that is entangled. This steady-state is inde-
pendent of the initial conditions because the decay operators σ− are present in every
subsystem and therefore a unique steady-state exists [34, 84]. The revivals we observe
in the dynamic are a special feature, which can arise if interactions between system
A and B are present. Such revivals have been reported by Życzkowski et al. [24]. In
their work, the authors study the effect of certain quantum maps like the amplitude
damping channel on the entanglement between two qubits that also interact with
each other and find an oscillating behavior of the entanglement. Also the creation of
entanglement from initially separable states and dynamical rebirth of entanglement
after complete decay are diagrammed. We have reviewed these dynamical behaviors,
i.e. the oscillations and the decay and rebirth phenomenon, in our model.

For the set of parameters in Eq. (3.19) we obtain an entangled steady-state. How-
ever, for different parameters a non-entangled steady-state may also appear. We will
study the steady-state of our system in more detail in the following section.
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3. Environmental Influence on Entanglement

(a) p = 1, η = 1 (b) p = 0

(c) p = 1, η = 0.5 (d) p = 0.8, η = 0.1

Figure 3.3: The dynamics of the entanglement N = N [ρ(t)] for different initial states,
i.e. p and η, according to Eq. (3.20). The transcend dynamics of the initially mixed and
entangled state (p = 0.8, η = 0.1) combines the oscillatory features, diagrammed in the
insets, visible for a pure initially non-entangled state (p = 1, η = 1) and the clean decay
visible for the pure initially maximally entangled state (p = 1, η = 0.5). The maximally
mixed state (p = 0) shows no oscillatory behavior at all. Finally, for all initial conditions
an entangled steady-state emerges forming the plateau visible for long times t.

3.2.2. Steady-State Entanglement

In the previous section, we have seen that for certain parameters, like those given
in Eq. (3.19), every initial state finally reaches an entangled steady-state. To under-
stand this effect in more detail, we calculate the steady-state solution of Eq. (3.18)
analytically. Therefore we rewrite the right hand side of Eq. (3.18) into a matrix M ,
see section 3.1.1. However, we do not solve the complete differential equation but
only search for the steady-state solution

~̇ρ(t) = 0 = M~ρ(t). (3.21)

This means, instead of a differential equation we only have to solve an ordinary linear
equation. Alternatively, we can understand Eq. (3.21) as the problem of finding the
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3.2. Interacting Systems

eigenvector corresponding to the eigenvalue 0. The vector ~ρ(t) we obtain is rewritten
according to Eq. (3.6). The resulting steady-state reads

ρst = ρ(t→∞) =


J2

γ2+4J2+4
0 0 J(−2−iγ)

γ2+4J2+4

0 J2

γ2+4J2+4
0 0

0 0 J2

γ2+4J2+4
0

J(−2+iγ)
γ2+4J2+4

0 0 γ2+J2+4
γ2+4J2+4

 (3.22)

and is again of X-type. Hence, we can calculate the eigenvalues of the partially
transposed density matrix and furthermore the negativity

N [ρst] = max

[
0,

√
J2 (γ2 + 4)− J2

γ2 + 4J2 + 4

]
(3.23)

of the steady-state that now obviously depends on the model parameters J and γ
expressed in units of ω.

In Fig. 3.4 we show the dependence of the steady-state entanglement N [ρst] on
the interaction strength J for a fixed decoherence parameter γ = 10−3. This choice
is physically motivated because in experiments decoherence parameters of artificial
atoms can be in the range of MHz for systems with eigenfrequency in the range of
GHz [85, 86].

The whole plot is symmetric with respect to the sign of J because in Eq. (3.23)
the interaction strength enters only as a square. If the interaction strength vanishes,

-1-2 0 1 2

0
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0.15

J

N

Figure 3.4: The steady-state entanglement N = N [ρst] as a function of the interaction
strength J for a fixed decoherence parameter γ = 10−3. It is clearly visible that the steady-
state entanglement is maximized for an optimal interaction strength J independent of
the sign. Beyond that, for J being too small or too large no steady-state entanglement
can be observed.
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no steady-state entanglement is present. If the interaction strength is too large, the
steady-state entanglement also disappears. In between there exists a region where a
maximum steady-state entanglement is obtained for an optimal interaction strength.
Obviously, this maximum depends on the value of the decoherence parameter γ.
However, for small values γ < 1 this dependence is weak and hence we only show
this example with a fixed γ. For our choice of the decoherence parameter γ = 10−3

the coupling strength
|J | = 0.618 (3.24)

leads to the optimal entanglement of N = 0.155 in the steady-state of the interacting
two-level systems that we examine.

Steady-state entanglement in a system of two interacting spins has first been re-
ported by Nielsen [25], who has calculated the entanglement of a bipartite spin system
in a thermal state. Later the entanglement in a two site Heisenberg spin model has
been examined by Arnesen et al. [27] and Wang [28]. An explicit model of a Marko-
vian heat bath that leads to an entangled steady-state of two interacting qubits has
been considered by Zhang et al. [87]. In this work the authors examine coupled
two-level systems physically motivated by artificial atoms. They calculate explicit
expressions for the steady-state and also its entanglement properties. We have re-
viewed these results in a related model, which is also motivated by artificial atoms.

3.2.3. Non-Vanishing Temperature

Up to now we have studied the entanglement between A and B in zero-temperature
environments. In a realistic scenario T = 0 can only be reached approximately.
Hence, to validate this approximation we study the influence of a non-vanishing
temperature on the steady-state entanglement in this last section. Therefore, we
solve the Liouvillian equation

ρ̇ = − i

h̄
[Hf +Hint, ρ] + L(ρ) (3.25)

with the Lindblad operator

L(ρ) =
3∑
i=0

γi

(
Liρ(t)L†i −

1

2
L†iLiρ(t)− 1

2
ρ(t)L†iLi

)
, (3.26)

where we have introduced the abbreviations

L0 = σA−, γ0 = γ + nth, L1 = σA+, γ1 = nth,

L2 = σB− , γ2 = γ + nth, L3 = σB+ and γ3 = nth. (3.27)

Hence, our Liouvillian in Eq. (3.25) describes two equal but independent baths for the
interacting systems A and B where we have included effects of a non-vanishing tem-
perature. The parameter nth can be linked to the temperature T of the environment
by the relation [60]

nth =
1

exp(1/T )− 1
. (3.28)
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Figure 3.5: The value of steady-state entanglement N depends on the temperature of
the environment. At the critical temperature of Tc = 0.1 the steady-state entanglement
starts to decrease considerably. For a smaller temperature, we can safely neglect the
influence of a non-vanishing temperature in the environment.

With this formula, we study the influence of a non-zero temperature bath on the
entanglement N in the steady-state. We keep the intra-system coupling strength
J = 0.618 as well as the decoherence parameter γ = 10−3 constant.

In Fig. 3.5 we show how the steady-state entanglement decreases with increasing
temperature T . The temperature is scaled in units of h̄ω/kB. Hence for an exemplary
artificial atom system, see e.g. [85], with an eigenfrequency of ω = 5 GHz the ap-
proximate critical temperature Tc = 0.1 corresponds to the temperature Tch̄ω/kB =
0.024 K. For a typical artificial atom with this eigenfrequency the steady-state en-
tanglement vanishes due to the non-zero temperature of the environment at around
20 mK. With modern dilution refrigerator systems cooling well below this value is
possible [88] and hence the steady-state entanglement should be observable even in
an environment with non-vanishing temperature.

We conclude that an environment with non-vanishing temperature is detrimental
for the steady-state entanglement of our system. However, for small temperatures
an entangled steady-state is predicted. This result has also essentially been found
by Nielsen [25], Arnesen et al. [27] and Wang [28] in their examinations of thermal
entanglement. In their works small temperature is a requirement for steady-state
entanglement. This is also the result of our review of their findings using an explicit
environmental model.

3.3. Outlook

In this chapter, we have reviewed the vital results in literature for the steady-state
entanglement in an interacting bipartite two-level system under the influence of an
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environment. The connection between entanglement and decoherence exposed in
this chapter serves as the cornerstone for all following chapters, where we present
our contribution to this field.

The works we have featured so far are footed on the foundational papers of Schnei-
der & Milburn [30], Braun [33] and Plenio & Huelga [29] on the one hand and Nielsen
[25], Arnesen et al. [27] and Wang [28] on the other. In these works the circumstances
necessary for entanglement in the presence of an environment have been unveiled.
These seminal works have also inspired a directed research of the possibility to pre-
pare entanglement in the steady-state by exploiting the coupling to an environment.

The first schemes that describe dissipative state preparation connect these foun-
dational works with the idea of environmental engineering introduced by Poyatos
et al. [89] and Lütkenhaus et al. [90]. In their work they engineer interactions of
two-level systems and trapped ions with their surroundings to influence the dissi-
pative dynamics. This idea has been picked up by Clark & Parkins [91] and Clark
et al. [92] to devise a first scheme that uses environmental engineering to prepare an
entangled steady-state. Further schemes have been devised by Kraus & Cirac [93],
Paternostro et al. [94] and Tanaś & Ficek [95] using squeezed light to drive atoms
into an entangled steady-state. Wang et al. [96] have enhanced the system of atoms
coupled to a common bosonic mode introduced by Schneider & Milburn [30] using
measurements and feedback. Nicolosi et al. [97] and Oh & Kim [98] have examined
a similar system of two-level systems interacting with a quantized bosonic mode.
Conversely Hartmann et al. [99] have examined steady-state entanglement of qubits
under the influence of a more abstract noise channel. However, continuous-variable
schemes have also been considered. Parkins et al. [100] have devised a scheme to cre-
ate steady-state entanglement in the effective mode of an ensemble of atoms. Pielawa
et al. [101] have demonstrated entanglement in the steady-state of modes prepared
by the interaction with atoms passing through cavities.

These preparation schemes have been further formalized by the studies of Kraus
et al. [34], who have theoretically investigated how to prepare entanglement in the
steady-state by engineering Lindblad operators in Born-Markov approximation. This
has been advanced in the works of Diehl et al. [35], who have examined the prepara-
tion of quantum phases and Verstraete et al. [36], who have studied the possibilities
of environmental engineering for quantum computing. Moreover, Vacanti & Beige
[102] have connected the idea of dissipative state preparation with the technique of
ground-state cooling. Theoretical studies of stability and uniqueness of the steady-
state linked to the subject of Markovian dissipative state preparation have been
performed by Schirmer & Wang [84]. Together this set of papers, spawned by the
studies of Kraus et al. [34], has stimulated a plethora of dissipative state preparation
schemes. The setup we present in chapter 4 can also be regarded as a dissipative
state preparation scheme relating our contribution to these works. However, our
approach uses an ancilla system to engineer the environment and hence goes beyond
the realm of Markovian dissipative state preparation.

We also examine environments beyond the Born-Markov approximations in our
contributions in chapters 5 and 6. Non-Markovian environments have also been
investigated in literature extensively. In the seminal work of Braun [33] a non-
Markovian environment is studied. Together with the dynamical examinations of Yu
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& Eberly [71] this has inspired Maniscalco et al. [103] to examine two qubits located
in a common cavity and to study the properties of the entanglement in the steady-
state. Founded on these examinations, in chapter 5 we contribute an analytical
calculation of how to use a modified spectral density to influence the entanglement
in the steady-state.

In chapter 6 we also treat a non-Markovian environment. We present an entan-
gled steady-state of two cavity modes coupled by a bath of infinitely many modes.
Such continuous-variable systems have also been researched in literature. The foun-
dational examinations of Prauzner-Bechcicki [104], who essentially has identified a
decoherence-free subspace [19–21, 68] for a two-mode system, spawned the investi-
gation of entanglement dynamics in such systems by An & Zhang [105]. This idea
together with the knowledge that interaction with a common bath can create entan-
glement, shown by Braun [33], has been used by Hörhammer & Büttner [106] and
Paz & Roncaglia [107] to study the entanglement properties in the steady-state of
two modes coupled by a bath of many modes. In their work, they use the Feynman-
Vernon influence functional technique [108, 109] to calculate the steady-state entan-
glement of Gaussian states [110–113]. In our contribution in chapter 5, founded on
the examinations of Hörhammer & Büttner [106] and Paz & Roncaglia [107], we
present an analytical calculation of a non-Gaussian state and show that this leads to
an entangled steady-state.

In this outlook, we have presented the foundations of our work in literature. Ob-
viously, there exist much more to some extent related branches of research we do
not cover here. Only those lines of research to which we contribute in the upcoming
chapters have been sketched. We discuss additional contemporary and related works
in the introductions of the individual chapters. After we have introduced the notions
of entanglement and decoherence in the previous chapter, we have connected these
two concepts in the present chapter by reviewing relevant results. Furthermore, we
have arranged our work in contemporary literature and are now prepared to present
our contributions.
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4. Steady-State Entanglement
Enhanced by a Dissipative Ancilla

In the previous chapter, we have examined two interacting two-level systems under
the influence of an environment. We have found that they can show involved entan-
glement dynamics. For appropriate parameters, we have observed that the systems
evolve into an entangled steady-state. At this stage, the environment of the two-level
systems has been modeled using the Born-Markov approximations.

In this chapter, we examine the influence of a more involved bath on our two-
level systems. Therefore, we introduce a third two-level system, see Fig. 4.1, that
is subject to decoherence as well. It interacts with our two two-level systems and
will later be traced out. Hence, we regard this dissipative ancilla system as a part of
the environment that is now able to interact with our systems in an intricate way.
Furthermore, we assume that we can engineer this environment to some degree. This

Figure 4.1: [114] The two two-level systems A and B are not only coupled to each other
with coupling strength J but additionally interact with the ancilla system C with coupling
strength JC . Beyond that, all three systems are subject to decoherence because they
couple to independent reservoirs that are characterized by the decoherence parameters γ
and γC , respectively. We assume A and B to have the same eigenfrequencies ω while
the dissipative ancilla evolves with eigenfrequency ωC . This ancilla acts as an intricate,
engineered environment for A and B. We are especially interested in what way we can
influence the bipartite entanglement in the steady-state of A and B by engineering the
dissipative ancilla C.
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ansatz and the central results that we present in this chapter have been published in
[114].

The idea of using an engineered environment to prepare entangled states has been
discussed in many dissipative state preparation schemes in literature. We portray
the two main lines of research, which examine schemes for artificial atoms and atoms
in cavities. The work of Zhang et al. [87] is intimately connected to our approach
because they examine the dissipative preparation of steady-state entanglement in
bipartite artificial atoms. We have partially reviewed these results in chapter 3 on
which we build in this chapter. Very adjacent and thematically related are the works
of Li & Paraoanu [115] and Xia et al. [116] who also examine dissipative preparation
of entanglement in directly coupled artificial atoms. The more modern approaches
by Bellomo & Antezza [117] and Brask et al. [118] examine two qubits that become
entangled by embedding them in heat baths of different temperatures. Studies of
dissipative preparation of entanglement between atoms in optical cavities have been
performed by Zhang et al. [119] and Kastoryano et al. [120]. Related schemes have
been devised by Reiter et al. [121] and Su et al. [122] in which the authors study
the preparation of an entangled steady-state of two atoms in a common cavity. The
steady-state entanglement of atoms in separate cavities has been investigated by
Shen et al. [123] and Aron et al. [124]. Beyond that, the preparation of W states
[125] in optical cavities has been examined by Chen et al. [126] and Sweke et al. [127].
Combining the research on artificial atoms and atoms in cavities, Leghtas et al. [128],
Reiter et al. [129] and Shankar et al. [40] have devised dissipative state preparation
schemes for artificial atoms in cavities.

However, other physical systems have also been researched in the context of dis-
sipative state preparation. Entanglement in ensembles of atoms has been examined
by Muschik et al. [130], Krauter et al. [131] and Dalla Torre et al. [132]. Two level
system coupled by a plasmonic waveguide have been investigated by Gonzalez-Tudela
et al. [133], Mart́ın-Cano et al. [134], Zheng & Baranger [135] and Hou et al. [136].
Furthermore, steady-state entanglement of trapped ion qubits has been discussed by
Barreiro et al. [137], Cormick et al. [138] and Lin et al. [39].

All these works have in common that they apply dissipative state preparation
techniques. They engineer the environment such that the system decays into an
entangled steady-state. This is also the fundamental idea of our approach in this
chapter. However, by introducing an ancilla system, we engineer the environment
differently. Because we trace out this ancilla without further approximations, we
keep the full quantum dynamics that takes place between ancilla C and systems A
and B. This way we construct a simple non-Markovian heat bath.

In the upcoming chapter, we study how our approach can enhance the bipartite
entanglement between systems A and B. First of all, we show that by engineering
the environment, i.e. the parameters of the dissipative ancilla, we can increase the
amount of bipartite entanglement in our system. After a full optimization of all pa-
rameters of the two-level systems and the dissipative ancilla, we arrive at an almost
maximally entangled steady-state. Furthermore, we try to enhance the bipartite en-
tanglement by performing measurements on the dissipative ancilla instead of tracing
it out. Last but not least, we develop a physical picture and explain which eigenstates
predominantly contribute to the steady-state. This way the entanglement proper-
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ties of the steady-state are explained in terms of the eigenstates of the underlying
Hamiltonian.

4.1. Model of Two-Level Systems and Ancilla

Our model consists of the two two-level systems A and B and the ancilla C, which
is also a two-level system. These three systems are coupled symmetrically by a σxσx
interaction, as depicted in Fig. 4.1. This type of interaction is often found in artificial
atom systems, see section 2.3.2 or [87]. All three systems are located in thermal baths
into which excitations can decay. We choose systems A and B to be equal, i.e. they
have the same eigenfrequencies ωA = ωB = ω and couple with the same interaction
strength JC to the third system C. This construction allows us to study the bipartite
entanglement between A and B in an environment that consists of independent heat
baths and the dissipative ancilla C.

The Hamiltonian
H = Hf +Hint (4.1)

of all three systems combines the free Hamiltonian

Hf =
h̄ω

2

(
σAz + σBz

)
+
h̄ωC

2
σCz , (4.2)

where the Pauli spin matrix σz describes the free evolution of the systems A,B and
C with their corresponding eigenfrequencies ω and ωC and the interaction part

Hint = h̄JσAx σ
B
x + h̄JC

(
σAx σ

C
x + σBx σ

C
x

)
, (4.3)

which realizes the σxσx coupling with strength J between A and B and strength JC
between A and C as well as B and C. We model the heat baths by a coupling of
the individual systems to a continuum of harmonic oscillators. After applying the
standard Born-Markov approximations, see section 2.2.2, we obtain the Lindblad
operator

L(ρ) =
∑

k∈{A,B,C}

γk

(
σk−ρσ

k
+ −

1

2
σk+σ

k
−ρ−

1

2
ρσk+σ

k
−

)
, (4.4)

where σk− describes spontaneous decay from the excited level |e〉 into the ground state
|g〉 of system k. We assume zero-temperature baths as well as identical decoherence
parameters γA = γB = γ. The full master equation of our model thus reads

ρ̇ = − i

h̄
[H, ρ] + L(ρ). (4.5)

One more time we introduce the dimensionless time t̃ = ωt. This effectively rescales
all frequencies, interaction strengths and decoherence parameters x in units of ω,
i.e. x̃ = x/ω. We drop all tildes and continue in these dimensionless variables.

The steady-state solution ρ̇st = 0 is unique due to the presence of the decay opera-
tors σ− in every subsystem [34, 84]. We have shown in chapter 3 that we can obtain
the steady-state solution by rewriting the Liouvillian in Eq. (4.5) in matrix form
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and solving the corresponding linear matrix equation. However, because this time
an additional two-level system is involved, the dimension of the Liouvillian matrix
M is 64 × 64. That is the reason why an analytical solution is extremely lengthy
and why we cannot obtain properties of the resulting steady-state from this solution
in an easy way. Therefore, we determine the steady-state solution numerically using
the QuTiP library [139, 140]. The details of our approach can be found in appendix
B. To determine the bipartite entanglement contained in the steady-state we trace
out the ancilla C to obtain

ρAB = trC [ρst] (4.6)

and calculate the negativity N = N(ρAB), see Eq. (2.13).

4.2. Enhancement Effect

To examine if and how the entanglement can be enhanced by a dissipative ancilla,
we use the parameters from section 3.2.2. These parameters lead to a maximal
bipartite entanglement between A and B in the absence of ancilla C, i.e. for a coupling
JC = 0. In the next step we increase the coupling JC with the ancilla and vary the
eigenfrequency ωC as well as the decoherence parameter γC to examine the influence
on the bipartite entanglement N = N(ρAB).

N

0

0.05

0.10

0.15

-6-4-20246

Figure 4.2: [114] For a positive interaction strength J = 0.618 we observe no enhancement
of bipartite entanglement N in the steady-state. With increased coupling JC to the ancilla
system the steady entanglement decays regardless of the eigenfrequency ωC we choose.
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4.2.1. Starting Parameters

At first, we keep the decoherence parameters fixed. We choose γA = γB = γC =
10−3 as starting parameters. This choice is reasonable because all three two-level
systems can be thought to be embedded in similar environments. Furthermore,
in experiments with solid state qubits decoherence parameters are in the range of
MHz while eigenfrequencies are in the range of GHz [85, 86] justifying this choice.
The interaction strength |J | = 0.618 is of almost the order of magnitude of the
eigenfrequencies of A and B. Hence, we are in a strong coupling regime in which
steady-state entanglement may be observed [81–83].

In Fig. 4.2 we show the dependence of the bipartite entanglement N on the cou-
pling strength JC and the eigenfrequency ωC of the dissipative ancilla for a positive
interaction strength J = 0.618. It is clearly visible that the entanglement is maximal
for JC = 0, i.e. in the case of a decoupled ancilla. Neither varying the coupling
strength JC nor the eigenfrequency ωC of the dissipative ancilla leads to an enhance-
ment. For all parameters where the dissipative ancilla couples to systems A and B
the steady-state entanglement is decreased.

In Fig. 4.3 we depict the dependence of the bipartite entanglement N on the cou-
pling strength JC and the eigenfrequency ωC of the dissipative ancilla for a negative
interaction strength J = −0.618. We observe that for a correctly tuned eigenfre-
quency ωC = 0.55 and coupling to the dissipative ancilla JC = 0.01 the entanglement
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Figure 4.3: [114] For a negative interaction strength J = −0.618 we can clearly observe
an enhancement in bipartite steady-state entanglement N . In the red colored regions an
appropriate choice of eigenfrequency ωC and coupling strength JC of the ancilla system
leads to an enhancement in entanglement compared to the uncoupled JC = 0 case. For
negative ωC local maxima are visible. These turn out to be important later when we vary
all parameters to obtain an almost maximally entangled steady-state.
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4. Steady-State Entanglement Enhanced by a Dissipative Ancilla

can be increased compared to the uncoupled case. By coupling a dissipative ancilla to
our two-level system, we can enhance the bipartite entanglement in the steady-state.

It is astonishing that this effect depends on the sign of the intra-system coupling
strength J . In contrast, it appears to be symmetric for the system-ancilla coupling
strength JC , as visible from Figs. 4.2 and 4.3. Unfortunately, we have no closed
expression for the entanglement N like in the case of two qubits, see Eq. (3.23),
where only the square of the coupling strength J entered the equation. However,
from our numerical survey we have learned that the sign of J is of importance if we
try to enhance the steady-state entanglement by coupling our systems A and B to
a dissipative ancilla. In the next step, we study how the decoherence parameter γC ,
which characterizes the environment of the ancilla C, influences the magnitude of
the enhancement visible in Fig. 4.3.

In both Figs. 4.2 and 4.3 we have plotted negative frequencies ωC . We can under-
stand this negative frequency by regarding it as an exchange of excited and ground
state in our dissipative ancilla. Therefore, we regard the example of a physical real-
ization of the dissipative ancilla by an artificial atom, see section 2.3.

In an artificial atom the energy that determines the eigenfrequency can be designed
tunable [63, 64]. For example, by applying an external voltage the energy gap between
excited and ground state can be varied. In such an implementation excited and
ground state correspond to different charge states of the artificial atom. Depending on
the external voltage an additional charge can be either favorable or disadvantageous
for the energy of the artificial atom. Hence, the energy gap between excited and
ground state can be tuned by varying this voltage and can even become negative.
Obviously, one could argue that in the case where the excited state has a lower energy
than the ground state we have to rethink our nomenclature. In fact, we can simply
introduce a new notation in which the renamed excited state is called ground state
and vice versa. By introducing this notation for all operators in the Liouvillian we
can get rid of negative eigenfrequencies. The results for the entanglement in the
steady-state are unchanged. Instead of this renaming procedure, we continue with
negative frequencies in this chapter.

4.2.2. Influence of the Decoherence Parameter

To examine how the enhancement effect is influenced by the decoherence parameter
γC , we fix the parameters

J = −0.618, γ = 10−3, ωC = 0.55 and JC = 0.01, (4.7)

for which we have found the maximal enhancement in the previous section. In the
following, we vary the decoherence parameter γC and examine the influence on the
entanglement N between A and B in the steady-state.

In Fig. 4.4 we see that for the fixed parameters in Eq. (4.7) there is a maximal
entanglement of N = 0.203 for a decoherence parameter γC = 0.04. For smaller and
for larger γC the entanglement in the steady-state decreases. This means, just the
right amount of dissipation in our ancilla system C is needed to obtain an optimal
entanglement enhancement. If there were no dissipation in our ancilla system C,
the effect would not appear at all, which is quite counter-intuitive. However, as one
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Figure 4.4: [114] The bipartite entanglement N in the steady-state depends on the deco-
herence parameter γC of the ancilla. The optimal entanglement is obtained for γC = 0.04.
Moreover, the enhancement effect is present for a broad range of decoherence parameters.
Even if we are not able to tune it in experiment, we might be in the range where the en-
hancement effect is observable and the steady-state entanglement is enhanced compared
to the uncoupled ancilla (JC = 0, dashed line).

would expect, too much dissipation is detrimental for the steady-state entanglement.
In an actual experimental realization, it would be hard to vary the decoherence

parameter γC because it is a constant determined by the surroundings of ancilla C
on which we have little influence. Of course, on could think of ways to increase
the decoherence parameter γC . For example, we could place the ancilla system in
a leaky cavity that is on resonance with ωC . This could boost the spontaneous
decay. However, even if we are not able to vary the decoherence parameter, Fig. 4.4
exemplifies that a dissipative ancilla is necessary to obtain an enhancement effect at
all.

Up to now we have kept the eigenfrequency ωC and the coupling strength JC fixed
and have just varied γC . However, the point of maximal entanglement can also move
in the ωC − JC parameter space. In the next section, we examine this motion of the
point of maximal entanglement.

4.2.3. Movement of the Maximum in Parameter Space

In this section, we examine how the maximum of steady-state entanglement behaves
if we vary the characteristics of the dissipative ancilla C. Throughout this section,
we fix the system parameters

J = −0.618 and γ = 10−3. (4.8)

For every possible γC we optimize over the remaining parameters ωC and JC of the
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Figure 4.5: The point of optimized entan-
glement Nopt moves in the ωC−JC param-
eter space along the depicted trajectory.
The highlighted points (circle, rectangle,
diamond) correspond to the values of the
decoherence parameter γC in Fig. 4.6.
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Figure 4.6: The optimized entanglement
Nopt depends on the decoherence param-
eter γC . The progression is qualitatively
equivalent to Fig. 4.4. The highlighted
values (circle, rectangle, diamond) corre-
spond to the positions in parameter space
depicted in Fig. 4.5.

ancilla. Thus, we determine the dependence of this optimized negativity Nopt(γC) on
the decoherence parameter γC . This is different from the dependence of the negativity
N on γC for fixed ωC and JC , see Fig. 4.4.

In Fig. 4.5 we show how the optimized steady-state entanglement Nopt moves in the
ωC−JC parameter space when we change γC . In Fig. 4.6 we depict the corresponding
steady-state entanglement Nopt between A and B as a function of γC . The highlighted
spots (circle, rectangle, diamond) correspond to one set of parameters for which we
have optimized the entanglement.

In Fig. 4.6 we observe that the dependence of the optimized entanglement Nopt on
the decoherence parameter γC is qualitatively the same as in Fig. 4.4. The maximum
is also at γC = 0.04 because the quantitative effect of optimizing over ωC and JC
instead of keeping them fixed is rather small. The rectangle marks the point of
maximal entanglement in the combined ωC−JC−γC parameter space. It has moved
slightly because we have considered variable eigenfrequency ωC and coupling strength
JC instead of keeping these parameters fixed.

From our investigations, we are reminded that the maximum of entanglement
depends on all parameters of the system. Whenever we keep some of the parameters
constant while varying others, we possibly move away from the overall maximum
in parameter space. In the next section, we determine this overall maximum by
optimizing all parameters that enter in the Liouvillian.

4.2.4. Overall Maximum

To find the overall maximal entanglement between A and B we have to consider all
system and ancilla parameters. We vary all parameters except γ = 10−3. We explain
the details of this restriction at the very end of this section. All other parameters,
i.e. J, JC , ωC and γC are optimized. We constrain these parameters by

−1 ≤ J ≤ 0, 0 ≤ JC ≤ 1, −1 ≤ ωC ≤ 1 and 0 < γC ≤ 1, (4.9)
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4.2. Enhancement Effect

which is reasonable because we consider two-level systems with similar eigenfrequen-
cies and decoherence parameters. Also, the interaction strengths are bounded to stay
in a physically plausible regime. Performing this optimization results in the set of
parameters

J = −0.313, JC = 0.012, ωC = −0.735 and γC = 0.029, (4.10)

which we depict in Fig. 4.7 as a cut in the ωC − JC parameter space. The maxi-
mal entanglement of N = 0.413 is a large enhancement compared to the case of a
completely decoupled ancilla, where we have found only a bipartite entanglement of
N = 0.155, see section 3.2.2. Furthermore, compared to the maximal possible bipar-
tite entanglement N = 0.5 realized by a Bell state, see e.g. [38], we have enhanced
the bipartite entanglement significantly. By coupling our two-level systems with a
dissipative ancilla we can almost obtain a maximally entangled steady-state.

In this optimization we have kept the decoherence parameter γ of the systems A
and B fixed. The reason for this is twofold. First of all, from a physical perspective
it is hard to vary this parameter because one would have to control the environment
of A and B at least to some degree. Obviously, this reasoning is also true for the
decoherence parameter γC . The second more compelling part of the reason to keep
γ fixed is rather technical. In Fig. 4.8 we show how the optimized entanglement
Nmax depends on the systems decoherence parameter γ. It is clearly visible that
with decreasing γ the entanglement increases. If we had not fixed γ to the physically
motivated choice γ = 10−3, our optimization would have run into a vanishingly small
γ. However, for a vanishing decoherence parameter γ different problems arise. First,
this would describe a system where only the ancilla is subject to decoherence while
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Figure 4.7: The point of maximal entanglement N = 0.413 (black dot) in the ωC − JC
parameter plane. For the set of parameters in Eq. (4.10) an almost maximally bipartite
entangled state can be obtained.
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Figure 4.8: The maximal entanglement Nmax between A and B increases if we decrease
the decoherence parameter γ. This is the expected behavior because more decoherence
destroys the entanglement. For the optimization we have fixed the physically reasonable
value γ = 10−3. Otherwise, the optimization would have run into the unreasonable value
γ = 0.

systems A and B are not, which is an unrealistic model. Second, for vanishing γ
no decay operators are present in the Lindblad operator for systems A and B and
therefore no defined steady-state must exist. Decoherence in the ancilla system alone
does not necessarily guarantee that a unique steady-state is reached. Mathematically
speaking, the dimension of the null-space of the Liouvillian operator for vanishing γ
can be different from one. To circumvent these problems we have fixed γ = 10−3 and
performed an optimization of the remaining parameters.

We have established that a dissipative ancilla can enhance the bipartite entangle-
ment significantly. In the following sections we try to enhance the entanglement even
further by performing measurements on the dissipative ancilla instead of tracing it
out. Furthermore, we elucidate the physical picture behind the enhancement effect
by examining the steady-state in terms of eigenstates of the underlying Hamiltonian.
This will help us to understand the enhancement in more detail.

4.3. Improvement by Measurement

We have seen that coupling a dissipative ancilla with the two-level systems A and B
can lead to an enhanced entanglement. The procedure to prepare the steady-state
with enhanced entanglement properties is always the same. We start our tripartite
system in some arbitrary initial state, choose the right parameters in the Hamiltonian
and let the system evolve until it reaches the steady-state. Next, we trace out the
dissipative ancilla and regard systems A and B alone. However, as we assume to
have control over ancilla C we could also manipulate it. One way is to perform
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4.3. Improvement by Measurement

a measurement on system C. In the following, we elude the idea of entanglement
enhancement by a measurement and investigate how we can use it to enhance the
entanglement in the steady-state.

4.3.1. Idea of Measurement Enhancement

In our setup, we effectively prepare a tripartite state by taking our systems and
letting them evolve into the steady-state. The entanglement in a tripartite system
can be much more involved than in bipartite systems [11, 12]. In an introductory
example, we consider the effect of a measurement on a tripartite system. We examine
the W state [125]

|W 〉ABC =
1√
3

(|gge〉+ |geg〉+ |egg〉), (4.11)

in which a single excitation is delocalized over the three systems A, B and C. If we
perform a measurement on subsystem C in the basis {|e〉, |g〉}, systems A and B will
either end up in a product state or a maximally entangled state. This becomes clear
if we calculate the state of A and B after the measurement resulting in state |g〉 on
system C

|ψg〉AB =
1
√
pg
〈g|W 〉 =

1√
2

(|ge〉+ |eg〉), (4.12)

where pg = 〈W |g〉〈g|W 〉 = 2/3 is the probability of measuring the outcome associated
with the state |g〉 in system C. This is indeed a maximally entangled Bell state. In
contrast, if we measure the outcome associated with state |e〉 in system C, we obtain

|ψe〉AB =
1
√
pe
〈e|W 〉 = |gg〉, (4.13)

where pe = 〈W |e〉〈e|W 〉 = 1/3 is the probability for this outcome. This state is a
product state and not entangled at all.

Our simple example demonstrates that a projective measurement on one part of
a tripartite system can change the bipartite entanglement in the remaining systems
decisively. If we only trace over system C without performing a measurement, we
obtain the state

ρAB = pg|ψg〉〈ψg|+ pe|ψe〉〈ψe|, (4.14)

which has a bipartite entanglement of N(ρAB) = 0.206. With a probability of pg =
2/3 we get the maximal entanglement

Ng = N(|ψg〉) = 0.5 (4.15)

by measuring on system C in an appropriate basis. This is only the optimal im-
provement if we measure the correct result. Thus, it is fair to define the median
entanglement [141]

N = pgNg + peNe, (4.16)

where Ne = N(|ψe〉) = 0. The median entanglement measures how much entan-
glement is contained on average in the state after performing the measurement on
ancilla C for a given basis {|g〉, |e〉}. Notice that this is different from the state where
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4. Steady-State Entanglement Enhanced by a Dissipative Ancilla

we trace over system C because the negativity is a nonlinear measure and

N

(∑
i

piρi

)
6=
∑
i

piN(ρi). (4.17)

Additionally, we define the increase in entanglement

∆N = N −N(ρAB). (4.18)

We can obtain it by performing a projective measurement on the ancilla C in a given
basis.

Our goal of enhancing the bipartite entanglement in the steady-state consist of two
parts. First, we can try to find an optimal basis to measure system C. Optimality
means that the resulting state in system A and B is entangled as much as possible.
Second, the probability to measure the eigenvalue associated with this basis state
should be relatively large. Otherwise, in a realistic scenario we cannot perform our
improvement scheme. However, it is hard to define a large probability in this case.
Therefore, we combine both statements and try to find a basis for which the average
entanglement in the state after the measurement is enhanced, i.e. where ∆N > 0.

However, we have to keep in mind in which way this can happen. It can mean that
both outcomes are equally probable and both constitute only a marginal improve-
ment. Or it can mean that an improbable outcome with a high improvement is paired
with a probable outcome with only a marginal improvement or even a small decrease
in bipartite entanglement. In the next section, we examine different measurement
bases for the ancilla C and also further explain this point.

4.3.2. Measurement in the Steady-State

Equipped with the underlying idea of how a projective measurement on ancilla C
may improve the bipartite entanglement between A and B, we study how to improve
the entanglement in the actual steady-state of our systems A and B. At first, we
choose no fixed basis for the measurement on ancilla C but construct the projectors

P0 = |ψ〉〈ψ| and P1 = 1− P0 (4.19)

from the pure state
|ψ〉 = cos(θ/2)|e〉+ eiφ sin(θ/2)|g〉. (4.20)

It is determined by the two Bloch angles θ and φ. The state of the systems A and B
after communicating the measurement result m ∈ {0, 1} from system C is thus given
by

ρABm =
1

pm
trC [Pmρst] , (4.21)

where
pm = trABC [Pmρst] (4.22)
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quantifies the success probability of obtaining outcome m. Subsequently, the nega-
tivity

Nm = N
(
ρABm

)
(4.23)

of the post-measurement state ρABm can be calculated.
We start with the fixed set of parameters

J = −0.313, γ = 10−3, ωC = −0.735, JC = 0.012 and γC = 0.029 (4.24)

from section 4.2.4, for which the systems A and B show a bipartite entanglement of
N(ρAB) = 0.413, where we have traced over the ancilla C. When we perform a mea-
surement we restrict ourselves to purely projective measurements on the ancilla C.

(a) Entanglement for the outcome m = 0 (b) Probability of the outcome m = 0

(c) Entanglement for the outcome m = 1 (d) Probability of the outcome m = 1

Figure 4.9: For an appropriately chosen measurement basis, i.e. θ and φ, the entanglement
Nm in the post-measurement state ρABm can be increased probabilistically compared to
N(ρAB) = 0.413 that we obtain by tracing out ancilla C. The probabilities pm of
measuring outcome m ∈ {0, 1} are rather small for the bases that are most useful to
increase the entanglement in the post-measurement state.
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In appendix C we find that generalized measurements are not superior to projective
measurements for our purpose.

In Fig. 4.9 we can see that there are measurement bases, defined by the angles
θ and φ, for which the negativity Nm of the post-measurement state ρABm can be
increased probabilistically. Particularly for the outcome m = 0, we can observe an
increased entanglement of over N0 = 0.44. However, this enhancement comes at
the price of a small probability p0 associated with this outcome. In this case, it is
much more likely that a measurement decreases the entanglement, as visible from
the probabilities p1 for the outcome m = 1 in Fig. 4.9. In this case N1 is smaller
than the value N = 0.413 of the unmeasured system.

In this example, an improvement in entanglement in the post-measurement state
comes at the cost of low probability of obtaining the outcome m with increased en-
tanglement properties. In the next section, we take this into account and investigate
the average entanglement N and how it compares to the entanglement if we simply
trace out ancilla C. Therefore, we regard the improvement in entanglement ∆N .

Figure 4.10: The improvement in entanglement ∆N , Eq. (4.18), is the median entan-
glement N shifted by the value N(ρAB) = 0.413 for the optimized set of parameters in
Eq. (4.24). For an appropriately chosen measurement basis, i.e. angles θ and φ, a small
average improvement ∆N can be obtained by performing a measurement.
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4.3.3. Average Improvement in Entanglement

The entanglement between systems A and B in the steady-state for the parameters in
Eq. (4.24) can be boosted by measuring in an appropriately chosen basis on system C.
This increases the entanglement probabilistically. To find the optimal measurement
basis we consider the increase in entanglement ∆N = N−N(ρAB). Because N is non-
linear, N does not quantify the entanglement in the post-measurement state before
communicating the outcome m but is just a tool to find an optimal measurement
basis. It measures how much entanglement we will get from the post-measurement
state on average.

In Fig. 4.10 we observe that for a quite broad range of measurement bases θ, φ
the negativity is on average increased. Because the average negativity N includes
the probability of obtaining an outcome by definition, the maxima of the individual
post-measurement negativities N0 and N1, see Fig. 4.9, are shifted and form ridges of
optimal measurement bases. Unfortunately, for the set of parameters from Eq. (4.24)
the average increase in entanglement ∆N obtained by measuring on subsystem C is
not very high.

Hence, we will not pursue the approach of increasing the entanglement between
A and B by performing a measurement on ancilla C further because the additional
effort of performing a measurement in an optimal basis is not rewarded with a sig-
nificant increase in entanglement. In the next section, we rather focus our attention
on the physical picture behind the enhancement that occurs without performing a
measurement.

4.4. Role of Eigenstates

So far, we have investigated which physical parameters are critical to enhance the
steady-state entanglement of our bipartite system using a dissipative ancilla. Fur-
thermore, we have tried to boost this effect by taking advantage of measuring on the
ancilla. In this section, we examine the enhancement effect when we trace over the
dissipative ancilla.

We study the dynamics in terms of the eigenstates |En〉, which satisfy

H|En〉 = En|En〉 (4.25)

for the full Hamiltonian H of systems A and B as well as ancilla C, see Eq. (4.1).
We expect to gain some knowledge about the dynamics using the energy eigenstates
because the decoherence parameters γ and γC are small compared to the frequencies
and interaction strengths in our Hamiltonian. To some extent, we can interpret
them as a disturbance in the dynamics of the closed system that is determined by
the eigenstates. To investigate how the steady-state is reached dynamically, we solve
the Lindblad equation Eq. (4.5) numerically. In particular, we examine how the
fidelities

Fn(t) = 〈En|ρ(t)|En〉 (4.26)

between the time dependent state ρ(t) of systems A, B and ancilla C and the energy
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eigenstates |En〉 evolve. As an initial state we choose

ρ = |e〉〈e|A ⊗ |g〉〈g|B ⊗ |g〉〈g|C , (4.27)

where a single excitation is located in system A. Because annihilation operators are
present in every subsystem in our Liouvillian, the steady-state is unique [34, 84] and
therefore the actual choice of the initial state is arbitrary. However, here we want
to showcase the explicit dynamics of the transformation from an initial state to the
steady-state.

In Fig. 4.11 we show how the fidelities Fn(t) evolve in time for the set of parameters

ωC = 0.55, γ = 10−3, J = 0.618, γC = 10−3 and JC = 0.01, (4.28)

for which we have found no enhancement effect, see Fig. 4.2. In contrast, Fig. 4.12
depicts the set

ωC = 0.55, γ = 10−3, J = −0.618, γC = 0.04 and JC = 0.01, (4.29)

with the negative intra-system coupling strength J and optimized γC . This set of
parameters leads to an increased entanglement of N = 0.203, see Fig. 4.4.

We have to keep in mind that changing parameters in the Hamiltonian H alters
the corresponding eigenstates |En〉. Hence, all fidelities we depict in Figs. 4.11 and
4.12 are implicitly dependent on the given parameters. Comparing both we observe
that they have common features. The fidelities Fn(t) initially oscillate to later merge
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Figure 4.11: [114] For a positive intra-system coupling strength J = +0.618 and the
parameters from Eq. (4.28) the eigenstate fidelities Fn(t) perform transient oscillations
and merge into their steady-state values for later times t. The contribution of the ground
state F0 is dominant but also F2 and F4 have significant steady-state values.

56



4.4. Role of Eigenstates

æ

æ

æ

æ æ æ æ æ

à à à à à à à àì ì ì ì ì ì ì ì

ò

ò ò ò ò ò ò òô

ô

ô
ô ô ô ô ô

ç

ç ç ç ç ç ç çá á á á á á á áí í í í í í í í

0 2000 4000 6000
0

0.2

0.4

0.6

0.8

1

t

F
n

HtL

à à à à à à àì ì ì ì ì ì ì
ò ò ò ò ò ò ò

ô ô ô ô ô ô ô

ç ç ç ç ç ç ç
á á á á á á á
í í í í í í í0

0.05

æ F0

à F1

ì F2

ò F3

ô F4

ç F5

á F6

í F7

Figure 4.12: [114] For a negative intra-system coupling strength J = −0.618, optimized
γC = 0.04 and the parameters from Eq. (4.29) the eigenstate fidelities Fn(t) also initially
perform oscillations and merge into their steady-state values for later times t. In contrast
to Fig. 4.11 the steady-state fidelity F0 of the ground state is elevated at the expense
of F2. This explains the enhanced bipartite entanglement properties of the steady-state
with respect to systems A and B.

into their steady-state values. However, in Fig. 4.12 we notice that the steady-state
value of the fidelity F0 is increased at the expense of F2. This changes the bipartite
entanglement properties of systems A and B. If we approximate the steady-state by

ρst =
∑

n∈{0,4}

Fn|En〉〈En|, (4.30)

we can calculate the negativity

N(ρAB) = 0.206 with ρAB = trC [ρst]. (4.31)

Hence, we regard the steady-state as an approximately diagonal mixture of en-
ergy eigenstates |En〉, where we only take into account the largest fidelities Fn, see
Fig. 4.12. This serves as a useful approach to estimate the entanglement between A
and B in the steady-state because it is almost identical to the exact value N = 0.203
found in section 4.2.2.

In this case, the bipartite entanglement properties with respect to A and B of
the tripartite steady-state ρst are altered by changing the weights, i.e. the fidelities
Fn, of the eigenstates |En〉 in its mixture. Because we trace out system C and
because the negativity N is a nonlinear function, it is far from obvious to tell directly
how the mixture of the steady-state has to be changed to obtain enhanced bipartite
entanglement between A and B. In Fig. 4.12 enhancing the fidelity F0 at the expense
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Figure 4.13: [114] We examine the fidelities Fn(t) for the optimized set of parameters in
Eq. (4.32). After transient oscillations, they merge into their steady-state values for later
times t. Unlike before F4 is the dominant contribution in the steady-state explaining the
significant enhancement in bipartite entanglement in systems A and B.

of lowering F2 leads to the increase in entanglement.
In section 4.2.4 we have performed an optimization to obtain the set of parameters

ωC = −0.74, J = −0.313, γ = 10−3, γC = 0.029 and JC = 0.01, (4.32)

for which the bipartite entanglement between A and B in the steady-state shows a
maximal value of N = 0.413. To understand how this huge enhancement can be
explained, we regard the fidelities Fn(t) of the eigenstates |En〉 of the Hamiltonian
H with the parameters from Eq. (4.32). In Fig. 4.13, apart from the transient oscil-
lations, we recognize a very different behavior. The eigenstate |E4〉 is the dominant
contribution in the steady-state. If we approximate the steady-state by

ρst =
∑

n∈{1,2,4,5,7}

Fn|En〉〈En|, (4.33)

we obtain the negativity

N(ρAB) = 0.422 with ρAB = trC [ρst]. (4.34)

Hence, our approximation also works in this case. However, here the whole picture
in the steady-state is different. We have a dominant contribution of the eigenstate
|E4〉. This state has almost maximal bipartite entanglement with respect to systems
A and B, i.e.

N(trC [|E4〉〈E4|]) = 0.499. (4.35)
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Consequently, we can understand the enhancement of the bipartite entanglement to
this degree due to the contribution of the eigenstate |E4〉 in the steady-state.

It is surprising that a higher-lying energy eigenstate is populated to such an ex-
tent. Usually, we would suspect a system to fall into its ground state if brought in
contact with a zero-temperature reservoir. However, in our system we have strong
interactions and we also have assumed heat baths that couple individually to every
two-level system and not to all of them collectively. Hence, the systems can interact
in such a way that a higher-lying energy eigenstate can be predominantly populated.

The approximation we have used, i.e. regarding the steady-state as a diagonal
mixture of energy eigenstates of the full tripartite Hamiltonian H, achieves to ap-
proximate the bipartite entanglement between systems A and B after tracing out
the ancilla C. However, it is not obvious how the weights of the different eigenstates
in this mixture have to be altered to enhance the bipartite entanglement. Tracing
over the ancilla C and more importantly the inherent nonlinearity of the negativity
N disguises a direct connection.

In this section, we have studied how the composition of the steady-state is altered
when we change the parameters of the system and the dissipative ancilla. This
explains the enhancement in bipartite entanglement between A and B to some degree.
Obviously, a more direct interpretation or physical picture of how the enhancement
happens would be pleasant. Unfortunately, in the present formulation of our problem
this is beyond reach. To complete our examination of how a dissipative ancilla can
enhance bipartite entanglement, we study the influence of a non-zero temperature
environment on the enhancement effect in the next section.

4.5. Influence of Non-Vanishing Temperature

In the previous sections we have always assumed zero-temperature baths. This has
simplified the calculations because we have only included the zero-temperature terms
in the Lindblad operator. In the following, we study how a non-zero temperature en-
vironment influences our result, i.e. the enhancement effect we have found. Therefore,
we use the full Lindblad operator from Eq. (2.41)

L(ρ) =
∑
k

(γk + nkth)

(
σk−ρσ

k
+ −

1

2
σk+σ

k
−ρ−

1

2
ρσk+σ

k
−

)
+

+
∑
k

nkth

(
σk+ρσ

k
− −

1

2
σk−σ

k
+ρ−

1

2
ρσk−σ

k
+

)
. (4.36)

To simplify the calculation, we assume that all three baths have the same temperature
T , such that [60]

nkth =
1

exp(1/T )− 1
(4.37)

for all systems k ∈ {A,B,C}.
In Fig. 4.14(a) we study how the steady-state entanglement is influenced if we
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Figure 4.14: The enhanced entanglement N between systems A and B decreases with
rising temperature T for the set of parameters in Eq. (4.38). Below the critical tem-
perature of Tc = 0.1 we can safely neglect the influence of the non-zero temperature
environment. For the optimized set of parameters in Eq. (4.39) the enhanced entangle-
ment N is also quite robust regarding the influence of a heat bath of temperature T . For
high temperatures T the entanglement vanishes eventually, but for small temperatures
the influence of the non-zero temperature environment can also be neglected.

increase the temperature T for the fixed set of parameters

J = −0.618, γ = γC = 10−3, JC = 0.01 and ωC = 0.55, (4.38)

for which we have found the first signs of the enhancement effect, see Fig. 4.3. It is
clearly visible that at around a temperature of Tc = 0.1 the influence of the non-zero
temperature bath starts to suppress the steady-state entanglement. As mentioned
in section 3.2.3, for a two-level system with an eigenfrequency ω = 5 GHz this would
correspond to a temperature of Tch̄ω/kb = 23 mK. This means, the enhancement
effect should be observable below this temperature that is within the reach of con-
temporary dilution refrigerators [88]. When we study the overall maximum, which we
have found in section 4.2.4, we find a quite similar behavior, depicted in Fig. 4.14(b).
For the fixed set of parameters

J = −0.313, γ = 10−3, γC = 0.029, JC = 0.01 and ωC = −0.74 (4.39)

the influence of the non-zero temperature bath starts at an even higher tempera-
ture. This is due to the higher, optimized decoherence parameter γC for which small
variations by nth are not that influential as for the smaller γC in the previous ex-
ample. Hence, the more significant enhancement should also be observable in a real
experiment with a non-zero temperature environment.

In conclusion, we have found that non-zero temperature baths suppress the steady-
state entanglement, as we have already found in section 3.2.3. Fortunately, this only
happens at temperatures beyond 20 mK and therefore in an experiment at a small,
non-zero temperature the enhancement effect should in principle be observable.
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4.6. Outlook

In this chapter, we have investigated how to enhance the bipartite entanglement
between two systems A and B by coupling them to a dissipative ancilla C. If the
parameters of the ancilla and the system are properly engineered, an almost max-
imally bipartite entangled steady-state can be obtained. A measurement on the
ancilla leads to a small enhancement in the bipartite entanglement but comes at the
cost of having to perform a measurement in an optimal basis. Furthermore, we have
studied the role of eigenstates in the enhancement, which is a first step to a deeper
understanding of the enhancement effect.

Throughout this chapter at one or the other point we have implied an experimental
realization of the proposed setup by artificial atoms. In section 2.3 we have shown
that we can realize the basic Hamiltonian by coupling two artificial atom systems.
Henceforth, coupling three systems with this type of interaction might be a realizable
option. However, the coupling strengths we need in our setup lead us well into the
regime of strong coupling [81–83]. Strongly coupled artificial atoms exist but often
have short decoherence times. This suggests that the noise in this systems is not yet
limited to the inevitable spontaneous decay that we model, but other noise effects
caused by the technical implementation have to be considered. In contrast, state
of the art artificial atoms, see e.g. [85, 86], show longer decoherence times. These
systems are more probably candidates to implement our proposed setup regarding
the environmental modeling.

Altogether, to realize our setup in experiment one has to combine strongly coupled
artificial atoms with low noise implementations. Beyond that, to explore more than
one point in the parameter space a tunable implementation of coupling strength
[142, 143] or eigenfrequency [63, 64] is thinkable. All elements that we suggest in an
experimental realization, i.e. low noise, strong coupling and tunable parameters, are
individually realizable. However, combining them in one system is still a challenge to
be met. Fortunately, our setup is not only a scheme for the dissipative preparation of
entangled states but can also be understood as a theoretical toy model to examine the
influence of an involved, non-Markovian quantum environment on the steady-state.

Extending this thought, if we regard the whole chapter not as a scheme for dissi-
pative state preparation, the predicted enhancement effect could be used to test the
modeling. In our setup, we have assumed individual heat baths for every of our three
subsystems A, B and C. We have modeled spontaneous decay, which describes the
loss of an excitation localized at A, B or C into the corresponding bath. However,
at the same time all three systems are interacting with each other, what finally leads
to the bipartite entangled steady-state we have found. Hence, one could argue that
excitations cannot decay into individual heat baths in such a system because they
are delocalized over A, B and C at all times.

Modeling a common heat bath for all three systems would change our results.
Therefore, the enhancement effect we predict can also be used to test the modeling
of the environment in our simple system. How the environment has to be modeled
is not obvious because on the one hand the systems interact and excitations are
delocalized over all three systems, but on the other hand the two-level systems are
separated physical entities. If one thinks of them as artificial atoms on a chip, they
could be placed at macroscopic distances supporting the model of individual heat
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baths.
Only an experiment can resolve such a controversy in modeling the physical sys-

tems. Our setup predicts an intricate quantum enhancement effect that could be a
good candidate to test. An experiment could decide if it is just an artifact of model-
ing or an actual, beneficial enhancement effect that can be applied for the dissipative
generation of bipartite entanglement in the steady-state.
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5. Steady-State Entanglement in an
Engineered Environment

In the previous chapter, we have examined the influence of an engineered environ-
ment on the entanglement between two two-level systems. In the process, we have
engineered the environment consisting of a dissipative ancilla coupled to our bipartite
system.

In this chapter, we substitute this dissipative ancilla by another involved envi-
ronment. We assume that both two-level systems are immersed in a common envi-
ronment, see Fig. 5.1. A cavity could realize this environment, for example. The
two-level systems interact with all the modes present in the environment but not di-
rectly with each other. We only perform the rotating-wave approximation but do not
apply the Born-Markov approximations. Furthermore, we investigate how to engi-
neer the common environment to influence the steady-state entanglement properties
of the two-level systems.

The entanglement properties of bipartite two-level systems in a common environ-
ment have also been researched in literature. A detailed examination of the steady-
state entanglement properties of two two-level systems in a multi-mode cavity envi-
ronment beyond the Born-Markov approximations has been presented by Maniscalco

Figure 5.1: The two-level systems A and B of identical eigenfrequency ω are located in a
common environment, which could be realized by a cavity. The interaction with the mode
of frequency ωk is characterized by the strength gk. In the continuum approximation the
characteristics of these interactions are determined by the spectral density. We establish
a connection between the spectral density and the steady-state entanglement of systems
A and B. By engineering the environment, we can influence the entanglement in the
steady-state.
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et al. [103]. In their work the authors examine the dependence of the steady-state
entanglement on the initial state and try to stabilize it by performing measurements.
Interestingly, no properties of the Lorentzian spectral density, which models the in-
teraction between two-level systems and environment, enter in the steady-state. In a
related work Bellomo et al. [144] have investigated how a modified spectral density of
a photonic band gap material alters the entanglement in the steady-state. Similar ex-
aminations of structured environments beyond the Born-Markov approximation have
been conducted by Giraldi & Petruccione [145], who have focused on gapped ohmic
and superohmic spectral densities. Furthermore, Yang et al. [146] have proposed a
possible experimental realization using nitrogen-vacancy centers in a photonic crys-
tal. In addition Ma et al. [147] and Altintas & Eryigit [148] have investigated the
role of the rotating-wave approximation in the model studied by Maniscalco et al.
[103]. An et al. [149] have presented an extension of this model to three two-level
systems.

In our contribution, we derive an expression that connects the spectral density,
which characterizes the interaction of our bipartite system with the common envi-
ronment, and the steady-state entanglement. Using this connection we examine a
Lorentzian spectral density, which could be realized by a common cavity environ-
ment. We review the results obtained by Maniscalco et al. [103] and clarify why
the steady state is independent of the width of the spectral density. Beyond that,
we research a modified spectral density and how it can influence the steady-state
entanglement. We find that this engineered environment can stabilize the entangle-
ment present in the initial state. Last but not least, we discuss our notion of an
environment that is challenged in this chapter.

5.1. Two-Level Systems in a Common Environment

We examine two two-level system immersed in a common environment, which could
be realized by a cavity, see Fig. 5.1. This system is described by the Hamiltonian

H = Hf +Hint. (5.1)

The first part

Hf =
h̄ω

2

(
σAz + σBz

)
+
∑
k

h̄ωka
†
kak (5.2)

describes the free evolution of the two-level systems of same eigenfrequency ω and
the environmental modes of frequency ωk. The interaction

Hint =
∑
k

[
h̄gkak

(
σA+ + σB+

)
+ h̄g∗ka

†
k

(
σA− + σB−

)]
(5.3)

that we assume between modes and two-level systems is the straightforward extension
of the Jaynes-Cummings-Paul Hamiltonian from section 2.4 and already makes use
of the rotating-wave approximation.
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Therefore, the number of excitations

N = σA+σ
A
− + σB+σ

B
− +

∑
k

a†kak (5.4)

in the complete system is a constant of motion because

[H,N ] = 0. (5.5)

This property has allowed us to find an analytical solution of the Jaynes-Cummings-
Paul model in section 2.4. Adapting this solution enables us to choose an ansatz
for which the whole dynamics of the complete system happens between few states.
In the following, we assume that only one excitation is present in the full system,
i.e. N = 1. This is the simplest non-trivial case that shows interesting dynamics.

5.1.1. Evolution in a General Environment

To calculate the time evolution of the model, we switch into the interaction picture
using the transformation

V = exp

(
− i

h̄
Hf t

)
. (5.6)

In this picture the Hamiltonian reads

HI(t) =
∑
k

[
h̄gkak

(
σA+ + σB+

)
ei(ω−ωk)t + h̄g∗ka

†
k

(
σA− + σB−

)
e−i(ω−ωk)t

]
. (5.7)

For the state of the complete system we choose the ansatz

|Ψ(t)〉ABC = c0(t)|gg~0〉+ c1(t)|eg~0〉+ c2(t)|ge~0〉+
∑
k

dk(t)|gg~k〉, (5.8)

where |g〉 and |e〉 are ground and excited state of system A and B, respectively.
|~0〉 = |01, ...0n〉 describes the vacuum state with no excitations in any mode and

|~k〉 = |01...0k−11k0k+1...0n〉 the state with one excitation in mode k.
The action of HI(t) on the single excitation state in our ansatz is used to obtain

the system of differential equations

ċ0(t) = 0, (5.9)

ċ1(t) = −i
∑
k

gke
i(ω−ωk)tdk(t), (5.10)

ċ2(t) = −i
∑
k

gke
i(ω−ωk)tdk(t), (5.11)

ḋk(t) = −ig∗ke
−i(ω−ωk)t(c1(t) + c2(t)). (5.12)

They originate from projecting the Schrödinger equation on the single excitation state
in the ansatz, Eq. (5.8). From this set of equations it is evident that c0(t) = c0(t = 0).
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To solve the remaining equations we use the formal solution

dk(t) = −ig∗k

t∫
0

dt1e−i(ω−ωk)t1(c1(t1) + c2(t1)) (5.13)

of Eq. (5.12) and insert it into the differential Eqs. (5.10) and (5.11). This results in

ċ1(t) = −
t∫

0

dt1
∑
k

|gk|2ei(ω−ωk)(t−t1)(c1(t1) + c2(t1)), (5.14)

ċ2(t) = −
t∫

0

dt1
∑
k

|gk|2ei(ω−ωk)(t−t1)(c1(t1) + c2(t1)). (5.15)

In the next step, we apply the continuum approximation, see e.g. [43]. We perform
the transition

∑
k

|gk|2ei(ω−ωk)(t−t1) →
∞∫

0

dΩ J(Ω)ei(ω−Ω)(t−t1), (5.16)

where we have introduced the spectral density function J(Ω) that characterizes the
interaction with the environmental modes.

A Lorentzian line shape is a realistic assumption for a cavity. We have used a cavity
to motivate a realization of a common environment, see Fig. 5.1. However, before we
insert any specific spectral density, we examine a general common environment with
a general spectral density J(Ω).

We define the formal correlation function

f(t− t1) =

∞∫
0

dΩ J(Ω)ei(ω−Ω)(t−t1). (5.17)

With this function Eqs. (5.14) and (5.15) read

ċ1(t) = −
t∫

0

dt1f(t− t1)(c1(t1) + c2(t1)), (5.18)

ċ2(t) = −
t∫

0

dt1f(t− t1)(c1(t1) + c2(t1)). (5.19)

Next, we perform the Laplace transform of the Eqs. (5.18) and (5.19), where we use
the convolution property

L

 t∫
0

a(u)b(t− u)du

 = A(s)B(s). (5.20)
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Here A(s) = L (a) and B(s) = L (b) are the Laplace transforms of the initially
convoluted functions. Using the abbreviations Cx(s) = L (cx) and F(s) = L (f), we
obtain

sC1(s)− c1(0) = −(C1(s) + C2(s))F(s), (5.21)

sC2(s)− c2(0) = −(C1(s) + C2(s))F(s). (5.22)

Reformulating these two equations leads us to the general solution for the Laplace
transformed functions

C1(s) =
(s+ F(s))c1(0)−F(s)c2(0)

s2 + 2sF(s)
, (5.23)

C2(s) =
(s+ F(s))c2(0)−F(s)c1(0)

s2 + 2sF(s)
. (5.24)

Taking apart the fractions we can perform a partial inverse Laplace transform and
obtain

c1(t) =
c1(0)− c2(0)

2
+
c1(0) + c2(0)

2
p(t), (5.25)

c2(t) =
c2(0)− c1(0)

2
+
c2(0) + c1(0)

2
p(t), (5.26)

where

p(t) = L −1

[
1

s+ 2F(s)

]
. (5.27)

These expressions are the central finding of our general solution. The dependence of
the coefficients c1(t) and c2(t) on the initial conditions is clearly visible. The function
p(t) determines the complete time-evolution of the coefficients and can also influence
their steady-state value.

With the function p(t) we have established a connection between the spectral
density J(Ω), which characterizes the interaction between system and environment,
and the steady-state into which our system evolves. This is apparent if we remember
that the function F(s) that appears in p(t) is the Laplace transform of the correlation
function f . Furthermore, f is the Fourier transform of the spectral density J(Ω).
This connection is highly non-linear and we cannot invert it in an easy way.

Nonetheless, we have found an analytical expression for the intricate connection
between the steady-state and the spectral density of a common, non-Markovian en-
vironment. Obviously, the entanglement in the steady-state is also determined by
these expressions. We examine this relation in the next section.

5.1.2. Entanglement in the Steady-State

To calculate the bipartite entanglement in the steady-state, we have to determine
the state of system A and B. We transform back into the Schrödinger picture and
trace over all cavity modes

ρAB(t) = trC
[
V −1|Ψ(t)〉〈Ψ(t)|V

]
(5.28)
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to obtain

ρAB(t) =


0 0 0 0
0 |c1(t)|2 c1(t)c2(t)∗ c1(t)c∗0eiωt

0 c1(t)∗c2(t) |c2(t)|2 c2(t)c∗0eiωt

0 c1(t)∗c0e−iωt c2(t)∗c0e−iωt 1− |c1(t)|2 − |c2(t)|2

 (5.29)

in the basis {|ee〉, |eg〉, |ge〉, |gg〉}.
For initial conditions with c0 = 0 a simplified expression for ρAB(t) holds such that

the negativity N [ρAB(t)], see Eq. (2.13), reduces to the expression

N(t)=max

[
0,
|c1(t)|2 + |c2(t)|2 − 1 +

√
(1− |c1(t)|2 − |c2(t)|2)2 + 4|c1(t)|2|c2(t)|2

2

]
.

(5.30)
Hence, in the limit t → ∞ the steady-state entanglement is also determined by the
expressions in Eqs. (5.25-5.27) because the coefficients c1(t) and c2(t) solely determine
the negativity N(t).

In the following, we investigate with our expressions from Eqs. (5.25-5.27) how
different spectral densities J(Ω) influence the steady-state entanglement. First, we
choose a Lorentzian spectral density to model a common cavity. We review the
results found by Maniscalco et al. [103] for the dependence of the steady-state on the
initial conditions. In the course of this, we focus on the generation of entanglement
in the steady-state. Second, we examine a modified spectral density that leads to
a non-vanishing contribution of p(t) in the steady-state. This way by engineering
the environment we can influence the steady-state. We examine how this influence
translates into the entanglement of the steady-state and how this ultimately can be
used to stabilize the initial entanglement.

5.2. Cavity Environment

The common environment of the two two-level systems can be realized by a cavity,
as initially suggested in Fig. 5.1. We model the cavity by the Lorentzian spectral
density

J(Ω) =
1

2π

γ0λ
2

(Ω− ω)2 + λ2
(5.31)

of center frequency ω and width λ. The height of the peak is determined by γ0,
which can be interpreted as the coupling strength between the resonant mode and
the two-level systems. In the following, we express all relevant quantities in units of
this interaction strength γ0 to obtain dimensionless parameters.

Lorentzian line shapes are frequently used to model the interaction of atoms with
to some extent lossy cavities, see e.g. [43]. For a small width λ/γ0 they essentially
describe the interaction of the atoms with a single resonant mode. For a large width
λ/γ0 the interaction of a multitude of modes with the atoms is considered. In the
case of a very large width λ/γ0 a Markovian environment is established that could be
modeled using the Born-Markov approximations. Therefore, Lorentzian line shapes
are not only relevant because they can be realized in an experiment but also because
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they can be used to study environments with varying characteristics.
Using Eq. (5.27), we can explicitly calculate

p(t) = e−
λt
2

[
λ

∆
sinh

(
∆t

2

)
+ cosh

(
∆t

2

)]
, (5.32)

where

∆ = γ0

√(
λ

γ0

)2

− 2
λ

γ0

. (5.33)

The function p(t) resembles the motion of a damped harmonic oscillator. It vanishes
for large times t and therefore the steady-state values of c1(t) and c2(t) are given by
the first summands in Eqs. (5.25) and (5.26). This is the mathematical explanation
why the steady-state is independent of the width of the Lorentzian spectral density
λ/γ0, which has already been noticed by Maniscalco et al. [103].

In the following, we examine the steady-state entanglement of the two-level systems
located in the cavity. Because p(t) also determines the complete time evolution, we
briefly examine the crossover from a Markovian to a non-Markovian environment in
the dynamics.

5.2.1. Initial Conditions and Steady-State Entanglement

In this section, we examine the dependence of the steady-state entanglement on the
initial conditions. Therefore, we choose the initial state

|ψ(0)〉AB = cos(θ/2)|eg〉+ sin(θ/2)eiφ|ge〉, (5.34)

which corresponds to the initial conditions

c0 = 0, c1(0) = cos(θ/2) and c2(0) = sin(θ/2)eiφ. (5.35)

This state has exactly one excitation distributed between the two-level systems ac-
cording to the weights determined by θ and φ. For certain combinations of θ and φ
it is entangled, see Fig. 5.2.

In the next step, we calculate the steady-state entanglement arising from this set
of single excitation initial states. We insert the initial conditions, Eq. (5.35), in the
expressions in Eqs. (5.25) and (5.26) with p(t) from Eq. (5.32). The time dependent
coefficients we obtain determine the negativity N(t), Eq. (5.30). By performing the
limit t→∞ we calculate the steady-state entanglement.

From Fig. 5.3 it is evident that for suitable initial conditions a maximally entangled
steady-state with N(t → ∞) = 0.5 can be obtained. In this case, the initial state
already possesses maximal entanglement, see Fig. 5.2. If we want to prepare an
entangled state dissipatively, using an initially already maximally entangled state is
obviously pointless. Therefore, we regard the entanglement that we have to invest in
the initial state as a resource and consider the increase in entanglement

∆N = N(t→∞)−N(t = 0). (5.36)
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Figure 5.2: The initial state entanglement
Nin = N(t = 0) as a function of θ and φ.
The central ridge for θ = π/2 marks the
region of maximal initial entanglement.

Figure 5.3: The steady-state entangle-
ment Nst = N(t → ∞) depends on the
initial conditions, i.e. θ and φ. The central
maximum is due to entanglement present
in the initial state.

In Fig. 5.4 we show this increase in entanglement that compares the entanglement in
the steady-state to the initial entanglement. The maximal increase of ∆N = 0.104
is obtained for initial conditions at the border, i.e. for θ = 0 or θ = π and arbitrary
φ. The area where ∆N is positive is highlighted by the white curtain marking
the zero level. In the negative regions, the entanglement is decreased. Especially
initially entangled states with θ = π/2 and φ 6= π get disentangled while the initial

Figure 5.4: The increase in entanglement ∆N in the steady-state as a function of the
initial conditions, i.e. θ and φ. For initially separable states at the borders, i.e. θ = 0 and
θ = π, entanglement is dissipatively generated in the steady-state.
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5.2. Cavity Environment

entanglement for states in proximity to φ = π is preserved.
Different than in the chapters before, the entanglement in the steady-state crucially

depends on the initial conditions we choose. This happens because we are not dealing
with a master equation in Lindblad form that has a steady-state solution independent
of the initial conditions. This dependence of the steady-state entanglement on the
initial conditions has also been reported by Maniscalco et al. [103]. In our review, we
have focused on the increase of entanglement compared to the initial state because we
are interested in the generation of steady-state entanglement from initially separable
states.

Before we investigate how to alter the spectral density to influence the entangle-
ment properties of the steady-state, we take a small detour and briefly examine the
dynamics of the entanglement in our system.

5.2.2. Dynamics of Entanglement

Since we have derived an explicit, time-dependent expression for the entanglement
N(t) between the two-level systems, we can illustrate the different possible dynamics
of the bipartite entanglement.

Our environment is characterized by the width λ/γ0 of the Lorentzian spectral
density function J(Ω), Eq. (5.31). When we increase the width, we can observe
the crossover from a non-Markovian to a Markovian environment. This is visible
from Figs. 5.5 and 5.6, where we depict the entanglement dynamics for different
initial states and different parameters λ/γ0. In the case of a broad λ/γ0 our two-
level systems interact with many modes of the cavity. Once the entanglement has
decayed, we see no revivals for later times. For a smaller width λ/γ0 we observe
such revivals. This is due to the coherent interaction between our two-level systems

0 25 50
0

0.1

Γ0t

N

Figure 5.5: The dynamics of the entan-
glement N(t) for the initial state with
c1(0) = 1 and c2(0) = 0, i.e. θ = 0 and
φ = 0. The increase of the width from
λ/γ0 = 0.1 (blue) to λ/γ0 = 10 (red)
suppresses all oscillations and leads to an
exponential decay into the steady-state,
which is entangled for the chosen initial
conditions.

0 15 30
0

0.25

0.5

Γ0t

N

Figure 5.6: The dynamics of the entan-
glement N(t) for the initially maximal en-
tangled state with c1(0) = c2(0) = 1/

√
2,

i.e. θ = π/2 and φ = 0. Here the increase
of the width from λ/γ0 = 0.1 (blue) to
λ/γ0 = 10 (red) also suppresses all oscil-
lations and leads to an exponential decay
of the entanglement. The steady-state for
these initial conditions is not entangled.
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and few modes of the cavity. This behavior is a key feature of a non-Markovian
environment. Correlations are not lost in this type of environment but can come
back into the system. This is illustrated by the revivals in the dynamics of the
entanglement that we observe despite the lack of a direct interaction between A and
B.

To capture the crossover in a quantitative way, we would have to calculate measures
that quantify the non-Markovianity involved in our dynamics [150, 151]. We will not
go into further detail but are satisfied with this qualitative discussion.

5.3. Engineered Environment

For the cavity environment that we have investigated in the last section the expression
of p(t) has vanished in the steady-state. Therefore, the steady-state entanglement
has been determined completely by the initial state. In this section, we examine a
modified spectral density, which describes the interaction with an engineered envi-
ronment. We choose a spectral density such that the steady-state value of p(t) is
non-zero. This way the steady-state entanglement can be influenced by engineering
the environment.

5.3.1. Steady-State Entanglement

Motivated by the general expression for the time evolution of the probability ampli-
tudes c1(t) and c2(t), Eqs. (5.25) and (5.26), we try to find a physically reasonable
J(Ω) such that p(t), Eq. (5.27), has a non-vanishing steady-state value.

We start with the spectral density

J(Ω) =
γ0√
π

λ2(Ω− ω)2

λ4 + (Ω− ω)4
, (5.37)

which has two peaks at Ω = ω±λ and a root in between them at Ω = ω, see Fig. 5.7.
The peak separation can be controlled by tuning λ.

This spectral density is physically motivated by the investigations of gapped spec-
tral densities in literature [144–146]. Strictly speaking, it is not a gapped spectral
density because J(Ω) does not involve a vast region where it is exactly zero. How-
ever, in the broader sense a gap between the two peaks is clearly visible. If such a
spectral density can be realized in an experiment involving a cavity is questionable.
Therefore, we regard the cavity just as initial motivation for our examinations and
replace it with a structured environment that is specifically engineered to realize a
spectral density resembling Eq. (5.37). Furthermore, with the assumed type of spec-
tral density we stick to the mathematical form of a Lorentzian curve, which enables
us to obtain analytical results in the following.

If we insert J(Ω) form Eq. (5.37) into Eq. (5.17), we can calculate the correlation
function

f(t− t1) =
γ0λ

2
e
− λ√

2
(t−t1)

[
cos

(
λ(t− t1)√

2

)
− sin

(
λ(t− t1)√

2

)]
. (5.38)
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Figure 5.7: The spectral density J in
Eq. (5.37) has a single root at the center
and two peaks separated by 2λ. We show
the scaled peak separation λ/γ0 = 2.
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Figure 5.8: The steady-state value pst,
Eq. (5.41), depends on the peak separa-
tion λ/γ0. Therefore, by tuning the peak
separation we can influence the steady-
state.

We have extended the lower bound of integration in Eq. (5.17) to −∞, which is
justified because our spectral density is centered around ω � 0. Proceeding with
this result, we can explicitly calculate the Laplace transform F = L (f) and the
inverse Laplace transform in Eq. (5.27) to obtain

p(t) =
λ/γ0

1 + λ/γ0

+ e
− λt√

2

[
λ/η

1 + λ/γ0

sin

(
ηt√

2

)
+

1

1 + λ/γ0

cos

(
ηt√

2

)]
, (5.39)

where we have introduced the abbreviation

η = γ0

√(
λ

γ0

)2

+ 2
λ

γ0

. (5.40)

This expression for p(t) determines the dynamics of c1(t) and c2(t) according to
Eqs. (5.25) and (5.26).

Now p(t) has the beneficial property that its steady-state value

pst = p(t→∞) =
λ/γ0

1 + λ/γ0

(5.41)

is a function of the peak separation λ/γ0 and varies between zero and one, see Fig. 5.8.
This allows us to vary the steady-state in which our two-level systems decay by
varying a characteristic property of the environment.

Equipped with these results, we examine the dependence of the steady-state en-
tanglement on the peak separation λ/γ0. Because the steady-state entanglement is
a function of the initial state

|ψ(0)〉AB = cos(θ/2)|eg〉+ sin(θ/2)eiφ|ge〉, (5.42)

which contains exactly one excitation, it depends on the angles θ and φ. In Fig. 5.9
we show how the entanglement in the steady-state N = N(t → ∞) varies if we
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(a) λ/γ0 = 0.1 (b) λ/γ0 = 0.1

(c) λ/γ0 = 2 (d) λ/γ0 = 2

(e) λ/γ0 = 10 (f) λ/γ0 = 10

Figure 5.9: The steady-state entanglement N and the increase in entanglement ∆N
depend on the value of the peak separation parameter λ/γ0 and the initial conditions,
i.e. θ and φ. With increasing peak separation the steady-state entanglement becomes
more and more identical to the initial distribution of entanglement, see Fig. 5.2. Hence,
the environment can stabilize the entanglement for the set of initial states in Eq. (5.42).

change the peak separation.
The steady-state entanglement that we show in the left column of Fig. 5.9 is

deformed. For small peak separation λ/γ0 = 0.1 almost the result of a Lorentzian
curve is reproduced, see Fig. 5.3. With increasing λ/γ0 more and more initial states
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show steady-state entanglement. For the large peak separation λ/γ0 = 10 the steady-
state value of p(t) approaches one and the initial distribution of entanglement, see
Fig. 5.2, is almost reestablished. Hence, the initial entanglement contained in the set
of single excitation states, Eq. (5.42), is stabilized in our engineered environment.

However, when we compare the entanglement in the initial state with the entangle-
ment in the steady-state by regarding ∆N = N(t→∞)−N(t = 0), which we show
in the right column of Fig. 5.9, we observe that the generation of entanglement is
suppressed. The region where the entanglement increase ∆N is positive, highlighted
by the white curtain that marks the level of zero increase, shrinks with growing peak
separation λ/γ0. Furthermore, the maximal increase in entanglement also declines if
we approach a large peak separation.

Therefore, states with a high initial entanglement are protected from decaying into
a separable steady-state by enlarging the peak separation λ/γ0 of our engineered
environment. However, the environment we examine is not beneficial for our interest
in dissipative state preparation. Unfortunately, the generation of entanglement for
initially separable states is suppressed.

Beyond that, one could argue that the stabilization is only due to the gap in the
spectral density located at the eigenfrequency of the two-level systems. Increasing
the peak separation improves the stabilization. This way the interaction with modes
closer to the resonance frequency is suppressed while the interaction with off-resonant
modes is increased. Hence, the two-level systems are not coupled resonantly with
this engineered environment but are stabilized in their initial state. In a realistic
setup, this would not obstruct other parts of the environment from destabilizing the
entanglement.

Furthermore, the experimental realization of the engineered spectral density is
questionable. On one hand, it is not an overly complicated function but only consists
of two peaks with a root in the center. Hence, in an environment with a more or less
gapped spectral density it could be realized approximately. On the other hand, it
is not clear how to engineering the spectral density of an environment in general or
how to find an environment with exactly the spectral density that we assume.

Fortunately, the engineered environment we have considered is only one example.
Our general ansatz enables us to examine other spectral densities and their influence
on the steady-state entanglement. The presented results are a first step for further
investigations how a non-Markovian environment can be used to prepare bipartite
entanglement in the steady-state.

5.4. Outlook

In this chapter, we have investigated two-level systems in a common environment.
The spectral density characterizes the interaction of the two-level systems with the
environment. We have derived a connection between the spectral density and the
steady-state entanglement in the two-level systems. Furthermore, we have used this
relation to review the results for a cavity environment. With our general expressions,
we have examined an engineered environment, which allowed us to alter the steady-
state entanglement by tailoring the spectral density. In this environment the initial
entanglement can be stabilized but at the same time the generation of entanglement
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5. Steady-State Entanglement in an Engineered Environment

in the steady-state is suppressed.
Fortunately, our general approach opens up the possibility for further studies of

additional spectral densities with the goal of finding physically reasonable ones that
can also be used to generate entanglement in the steady-state. However, it is not
obvious how the spectral density has to be chosen such that the steady-state is en-
tangled. The connection between steady-state and spectral density we have found
involves Laplace and Fourier transforms. Furthermore, the entanglement is measured
using the negativity. This adds another layer of non-linear calculations to the prob-
lem. Because of this, it is hard to find spectral densities that generate entanglement
in the steady-state.

5.5. Notion of Environment

In the previous chapter and even more pronounced in this chapter we have considered
engineered environments. Whenever we engineer an environment, we assume to have
some control over it. In some sense, this contradicts the traditional understanding of
an environment as the experimentally uncontrollable surroundings that disturb the
system. This leads us to the question how to define the notion of an environment
properly.

A very rigorous way to define it is by mathematically drawing a border between
system and environment. Every subsystem beyond this border is traced out. Hence,
indifferent of the fact if we can experimentally control it or not, it is denoted as the
environment. This is a proper definition of the term environment. Unfortunately, it
is not physically motivated.

In a physically motivated definition, we have to take into account that the system
can interact with a multitude of different systems in its surrounding in an uncontrol-
lable way. By considering all interactions of the system with the rest of the universe,
we could try to calculate the steady-state that is reached after a very very long or
physically infinite time. Obviously, this calculation is impossible.

Hence, to find a practical solution we neglect some of the possible interactions of
our system with its surroundings. A good parameter to decide if we can neglect
the interaction with an environment is the strength of the coupling between our
system and this environment. If the coupling is strong, we expect an influence of
this environment on our system on a short time scale. If the coupling is weak, this
influence happens on a longer time scale. In this sense, all steady-states we calculate
in this thesis are not meant as steady-states for an infinitely large time, i.e. at the
end of the universe, but as steady-states on the time scale as long as no other, weaker
interactions with additional environments have an effect on our system.

Therefore, a more physical definition of an environment depends on the interaction
strengths of the system with its surroundings. Beyond that, in this thesis we speak of
an environment if a steady-state is established although we neglect interactions with
parts of the surroundings. This discriminates our understanding of a dissipative time
evolution from unitary systems in which no steady-state is reached. We understand
an environment to be a fraction of the surroundings that leads to the evolution of our
system into a state with no further time evolution. We expect to find this steady-
state in the system on a time scale determined by the interaction strengths of our
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system with those parts of the surroundings we have not considered.
In our understanding, the notion of the term environment is indifferent of the level

of experimental control but relies on the existence of a steady-state.
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6. Entanglement in a non-Gaussian
Steady-State

So far, in the present work we have investigated the steady-state entanglement prop-
erties of finite dimensional two-level systems embedded in different environments.
In chapter 5 we have examined two-level systems coupled to the modes of a com-
mon cavity. In this chapter, from a theoretical point of view, we extend these finite
two-level systems to infinite dimensional or continuous-variable systems.

A physical implementation of this model could consist of two single-mode cavity
systems that are coupled to an optical fiber constituting the common environment.
This setup is visualized in Fig. 6.1. The two cavity modes are assumed to have
identical frequency and to interact with the modes in the fiber in a symmetric way.
We study the steady-state that is reached when initially only a single excitation is
present in one of the cavity modes. Due to this initial state, we have to handle the
time evolution of a non-Gaussian state. We examine its dynamics and in particular
the entanglement properties of the steady-state we obtain. In the process, the inter-
action of the two modes with the common environment is treated in an analytical
way and we do not apply the Born-Markov approximations.

Systems like this have also been regarded in literature. Hörhammer & Büttner [106]
and Paz & Roncaglia [107] have discussed a setup where two harmonic oscillators
are interacting with a common bath of harmonic oscillators. This is mathematically
equivalent to our setup involving quantized modes of light. In their works the authors
have shown that initially separable Gaussian states [110–113] of the two harmonic
oscillators become entangled and can eventually end up in an entangled steady-state.
The authors lean on the foundational examinations of Prauzner-Bechcicki [104], who

Figure 6.1: The two cavity modes 0 and 1 of identical frequency ω0 couple to a fiber
acting as a common environment. The exchange interaction between the two modes and
the mode of frequency ωk of this fiber is characterized by the coupling strength gk. We
are interested in the entanglement properties of the non-Gaussian steady-state that arises
if we place a single excitation in mode 0 initially.

79



6. Entanglement in a non-Gaussian Steady-State

essentially has identified a decoherence-free subspace [19–21, 68] in a related two-
mode system. These investigations have also spawned the first examinations of en-
tanglement dynamics in such systems by An & Zhang [105]. Combining those with
the result of Braun [33], i.e. the knowledge that interactions with a common bath can
create entanglement in principle, Hörhammer & Büttner [106] and Paz & Roncaglia
[107] have studied the steady-state entanglement in a bipartite continuous-variable
system.

In their work they utilize that Gaussian states [110–113] are especially well un-
derstood and also that computable entanglement measures for this class of states
are known [49, 152, 153]. Many adjacent works in literature also exploit this fact.
Amongst other things, these works deal with steady-state entanglement properties
of Gaussian states. In this context, Gaussian steady-state entanglement has been
examined in the follow-up work by Paz & Roncaglia [154]. Furthermore, Zell et al.
[155] have investigated the distance dependence of entanglement generation for a
special environmental model. Galve et al. [156] have examined the possibility to
create steady-state entanglement by driving the system. This idea is also found in
the work of Schmidt et al. [157], who have applied techniques of optimal control to
manipulate this entanglement. Wolf et al. [158] and Kajari et al. [159] have discussed
entangling two distant modes coupled by a chain-like arranged bath of modes. Tan
et al. [160] have examined a photonic crystal setup where nanocavities that are cou-
pled by a waveguide can show steady-state entanglement. The possibility of creating
multi-party entanglement in the steady-state has been proposed by Valido et al. [161].

In our contribution, we examine a non-Gaussian initial state with only one exci-
tation present in the complete system. Furthermore, we do not use the Feynman-
Vernon influence functional [108, 109] that relies on path integrals [162, 163]. We
pursue a methodically different approach to solving the dynamics. In the following,
we start our exploration of the proposed setup by detailing the model. After sketch-
ing our method of solution, we discuss the time evolution of the systems. Finally, we
investigate the steady-state and its entanglement properties.

6.1. Model

Our model consists of two cavities coupled to a common fiber, see Fig. 6.1. We
number the modes of the cavities by 0 and 1. The modes of the fiber are numbered
starting from 2. This fiber acts as a common environment for both cavities. We
treat this environment in a non-Markovian way. The formal numbering of the modes
becomes useful later when we introduce a notation to collect all modes.

The Hamiltonian
Ĥ = Ĥf + Ĥint (6.1)

describes the evolution of our system, where hats indicate operators in this chapter.
The Hamiltonian consists of two parts the first being the free evolution

Ĥf = h̄ω0

(
â†0â0 + â†1â1

)
+

n∑
k=2

h̄ωkâ
†
kâk, (6.2)

where ω0 is the frequency of the modes 0 and 1, which we assume to be identical.
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Accordingly the modes of the fiber evolve freely with their corresponding eigenfre-
quencies ωk. The interaction is modeled by the second part

Ĥint =
n∑
k=2

h̄gk

[
(â0 + â1) â†k +

(
â†0 + â†1

)
âk

]
, (6.3)

which describes the coupling between the modes 0 and 1 and the mode k of the
fiber. The interaction constant gk characterizes the strength of this interaction. It
is assumed to be real and identical for the two couplings of the modes 0 and 1 with
the mode k. The creation and annihilation operators â†k and âk satisfy the bosonic
commutation relations

[âk, â
†
j] = δkj and [âk, âj] = [â†k, â

†
j] = 0. (6.4)

In a simplified picture the exchange interaction they describe can be understood
as the hopping of an excitation. If an excitation is located in cavity mode 0 or 1
it can hop into mode k of the fiber environment and vice versa. This is the naive
physical interpretation of the combinations of creation and annihilation operators in
the interaction Hamiltonian in Eq. (6.3), which states that every time an excitation
is annihilated in one mode an excitation is created in another mode. This leaves
the overall number of excitations constant and leads to the described hopping. We
return to this point later when we discuss the solution of the dynamics. First, we
present how to obtain this solution.

6.2. Solution of the Dynamics

Equipped with the Hamiltonian that models the physical properties of our system
we solve the dynamics. Because the Hamiltonian operator in Eq. (6.1) is at most
quadratic in the annihilation and creation operators of the modes, the corresponding
dynamics can be solved analytically [164]. Therefore, we introduce the operators

x̂k =
âk + â†k√

2
and p̂k =

âk − â†k
i
√

2
. (6.5)

In this step, we have introduced scaled variables disposing our equations of h̄. Addi-
tionally, we collect all operators of the modes we regard in the vector

~̂r = (x̂0, . . . , x̂n, p̂0, . . . , p̂n)T . (6.6)

In this notation, the commutation relations read

[r̂i, r̂j] = iσij, (6.7)

where

σ =

(
0 1n+1

−1n+1 0

)
(6.8)
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is called symplectic matrix. The Hamiltonian, Eq. (6.1), can be cast into the matrix
form

Ĥ =
1

2

∑
i,j

r̂iMij r̂j, (6.9)

where

M =

(
A 0
0 A

)
and A =


ω0 0 g2 · · · gn
0 ω0 g2 · · · gn
g2 g2 ω2 0
...

...
. . .

gn gn 0 ωn

 . (6.10)

The complicated notation pays off when we regard the Wigner function [165, 166]

W (~r) =
1

(2π)2(n+1)

∫
d~ξ exp

[
i~rTσ~ξ

]
tr
[
ρ(t)D̂

(
~ξ
)]

(6.11)

of the time dependent multi-mode state ρ(t). Here we have introduced the abbrevi-

ation
∫

d~ξ =
∫ ∫

dv0du0 · · ·
∫ ∫

dvndun and the vectors

~r = (x0, . . . , xn, p0, . . . , pn)T and ~ξ = (v0, . . . , vn, u0, . . . , un)T (6.12)

to gather the phase-space variables. Also, we have introduced the displacement
operator

D̂
(
~ξ
)

= exp
[
−i~ξTσ~̂r

]
=
∏
k

exp [i(ukx̂k − vkp̂k)] . (6.13)

After this somewhat tedious introduction of notation, we close in on the calculation
of the time evolution of an initial state represented by a Wigner function. In appendix
D.1 we show that calculating the Wigner function of the time-dependent state ρ(t)
for the phase-space variables ~r is equivalent to calculating the Wigner function of
the initial state ρ0 in the transformed phase space variables

~r(t) = e−σMt~r. (6.14)

This means we can shift the time evolution into a time-dependent coordinate trans-
formation of the phase-space variables. To explicitly determine the dynamics of our
system, we solve the differential equation associated with Eq. (6.14) in appendix
D.2.1. In the process, we perform the step to an infinitely large environment. We
take n→∞ and introduce the continuum approximation

∑
k

g2
ke

i(ωk−ω0)τ →
∞∫

−∞

dωJ(ω)ei(ω−ω0)τ . (6.15)

In this approximation, the spectral density J(ω) replaces the interaction strengths
gk of our individual modes and determines the properties of the environment we
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examine. We choose a Lorentzian spectral density

J(ω) =
γ0

π

λ2

(ω − ω0)2 + λ2
(6.16)

of width λ and peak height γ0 centered around ω0 [167]. The resulting time-dependent
transformation formulas for the phase-space variables x0(t), p0(t), x1(t) and p1(t)
are rather lengthy. Still, as already visible from Eq. (6.14), they are only linear
transformations of the form

rk(t) =
∑
k

ck(t)rk, (6.17)

where ck(t) are some time dependent coefficients.
By using the calculated transformation formulas, we can determine the time evo-

lution of the initial state

ρ = |1〉0〈1| ⊗ |0〉1〈0|
⊗
k

|0〉k〈0|, (6.18)

which has only a single excitation in the mode 0 while mode 1 as well as all the other
modes are in the vacuum state. We show the explicit calculation in appendix D.2.2
and sketch only the most important ideas in the following. We consider the initial
state in Wigner representation

W ({xk, pk}) =
1

4π
e−x

2
0−p2

0 [2H2(p0) + 2H2(x0) + 4]
1

π
e−x

2
1−p2

1

∏
k

1

π
e−x

2
k−p

2
k , (6.19)

where we have rewritten the more commonly used Laguerre polynomial L1(2x2
0 +2p2

0)
for the state |1〉 by the Hermite polynomials H2 of second order. When we start
to insert the time-dependent phase-space variables, we use that we only have to
insert them into the Hermite polynomials H2. The Wigner function of the state
where all modes of our two cavities and the fiber are in the vacuum state involves
only exponential functions exp [−x2

k − p2
k]. This state shows no time evolution and

therefore our linear transformation cancels in these terms. Hence, we are left with
expressions of the form

H2

(∑
k

ck(t)rk

)
. (6.20)

In appendix D.2.2 we explicitly show how to split these Hermite polynomials and
how to excerpt factors such that we obtain expressions of the form∑

k,l

c̃kl(t)Hl(rk). (6.21)

This allows us to trace out the modes of the environment one by one using the
orthogonality properties of the Hermite polynomials. By proceeding in a complete
induction like manner, we obtain an expression for the time-evolved Wigner function
of our two cavity modes. In the final step, we use that we have only a single excitation
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in our system. We know that the detection probabilities to find this excitation in the
individual cavity modes or the fiber environment have to sum up to one. With this
normalization condition, we arrive at the two-mode Wigner function

W (x0, p0, x1, p1, t) =
1

4π2
e−x

2
0−p2

0−x2
1−p2

1

{1

2
(f(t) + 1)2 [H2(x0) +H2(p0)] + 4 +

+
1

2
(f(t)− 1)2 [H2(x1) +H2(p1)] +

+(f(t)2 − 1) [H1(x0)H1(x1) +H1(p0)H1(p1)]
}
. (6.22)

The time dependence is determined by the function

f(t) = e−
λt
2

[
λ

∆
sinh

(
∆t

2

)
+ cosh

(
∆t

2

)]
, (6.23)

where

∆ = γ0

√(
λ

γ0

)2

− 2
λ

γ0

. (6.24)

The time evolution of f resembles the motion of a damped harmonic oscillator. It
arises because we assume a Lorentzian line shape for the spectral density when we
perform the continuum approximation. For large times f → 0, see Eq. (6.23), and
we can derive the steady-state Wigner function

Wst(x0, p0, x1, p1) =
1

4π2
e−x

2
0−p2

0−x2
1−p2

1

{1

2
[H2(x0) +H2(p0)] + 4 +

+
1

2
[H2(x1) +H2(p1)]− [H1(x0)H1(x1) +H1(p0)H1(p1)]

}
.

(6.25)

The steady-state and the full time evolution in Eq. (6.22) are the central results of
this section.

The time-dependent state in Eq. (6.22) and the steady-state in Eq. (6.25) are of
non-Gaussian form. In our contribution, we have omitted the frequent assumption
of Gaussian states by choosing a Fock state initially. Such a single excitation state
has remarkable quantum features and is relevant because it can be prepared in ex-
periment [168, 169]. Furthermore, we obtain our result without using the Feynman-
Vernon influence functional technique [108, 109] based on path integrals [162, 163].
Undoubtedly our results also could have been calculated with this technique. Our
approach is less general but in return more direct because we trace over the envi-
ronment step by step. This opens the possibility for further examinations of finite
environments, where we do not take the number of modes to infinity, on the same
conceptually simpler footing.

In the following, we discuss the details of the derived time evolution. We present
a visualization in terms of a probability distribution. Afterwards, we examine the
entanglement properties in the steady-state.
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6.3. Evolution into the Steady-State

In this section, we investigate the time evolution of the two-mode Wigner function
given in Eq. (6.22). Before we turn to a visualization, we focus on the function f(t),
Eq. (6.23), which determines the properties of the time evolution.

Probability to Detect an Excitation

The function f(t) resembles the motion of a damped harmonic oscillator. For a
Lorentzian environment of scaled width λ/γ0 < 2 we obtain a purely imaginary
discriminant ∆, see Eq. (6.24), and hence f performs damped oscillations of period
T = 4π/|∆|. Furthermore, f appears in the probabilities

p10 =
1

4
(f + 1)2, p01 =

1

4
(f − 1)2 and p00 = 1− p10 − p01 (6.26)

to find the excitation in mode 0, in mode 1 or in the environment. They are obtained
by calculating the expression

pjk = 4π2tr
[
W (x0, p0, x1, p1, t)W|jk〉〈jk|

]
, (6.27)

where we have introduced the Wigner representation W|jk〉〈jk|. This representation
can be calculated by inserting ρ = |jk〉〈jk| into the definition of the Wigner function,
Eq. (6.11).

From the expressions for the probabilities in Eq. (6.26) we can immediately deduce
characteristics of the time evolution. Initially f = 1 and the probability p10 to find
the excitation in mode 0 is one. At half the period T/2 the function f is minimal
and only due to the damping it is not exactly equal to minus one. At this time
the probability p01 to find the excitation in mode 1 is extremal. After one period
T the initial probabilities are almost reestablished. They are only decreased by the
damping involved. Hence, we expect a revival of the initial state after the time T .
Furthermore, in the steady-state f → 0 but the probabilities p10 and p00 to find the
excitation in one of the two cavity modes approach 1/4. Therefore, in the steady-
state we expect the excitation to be delocalized over the collective system of cavities
and the fiber environment.

Visualization Using EPR States

To illustrate this formal discussion of the time evolution we visualize the dynamics
of the two-mode Wigner function given in Eq. (6.22). Because we deal with a four
dimensional, time-dependent object, we have to introduce a suitable representation
to visualize it. In the following, we show the dynamics in terms of the probability
distribution

F (X,P ) = 〈X,P |ρ(t)|X,P 〉 = 4π2tr[W (x0, p0, x1, p1, t)W|X,P 〉〈X,P |], (6.28)

where we have used the Wigner representation

W|X,P 〉〈X,P | =
1

4π2
δ(p0 + p1 − P )δ(x0 − x1 −X) (6.29)
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6. Entanglement in a non-Gaussian Steady-State

of the EPR state |X,P 〉 [7] and δ denotes the Dirac delta function. The state |X,P 〉
is a simultaneous eigenstate of the collective operators

X̂ = x̂0 − x̂1 and P̂ = p̂0 + p̂1. (6.30)

Hence, by construction the observables X̂ and P̂ can be measured simultaneously
without disturbance because [X̂, P̂ ] = 0. In an optical setup where two modes are
examined a measurement resulting in the probability distribution F (X,P ) can be
performed using an eight-port interferometer [170]. The fact that such a measurement
is in principle possible motivates our presentation of the dynamics in terms of F (X,P )
instead of some other probability distribution for a joint measurement on the two
modes we investigate.

In Fig. 6.2 we depict the dynamics of the probability distribution

F (X,P, t) =
1

4π
e−

1
2(X2+P 2) [f(t)2

(
P 2 − 1

)
+X2 + 1

]
(6.31)

calculated according to Eq. (6.28) for the two mode Wigner function derived in
Eq. (6.22). In the course of time, the basin in the rotationally symmetric initial state
moves upwards to form a double peaked structure most pronounced at t = T/4.
Afterwards, the central basin is partially reestablished as visible for t = T/2. In the
second half of the period T = 4π/|∆| the qualitatively same behavior is repeated.
Therefore, it is not depicted.

During the evolution the displacements of individual points of the probability
distribution decrease in a damped fashion. Mathematically this can be understood
as a consequence of the dependence of the visualized expression on the function f(t),
Eq. (6.23), which determines the complete time evolution. Due to the Lorentzian
form of the spectral density we have chosen, it resembles the movements of a damped
harmonic oscillator. This explains the damped oscillating motion of the probability
distribution F in Fig. 6.2.

To give a little more physical insight into the dynamics, we interpret it in a simpli-
fied picture as the movement of the excitation initially located in mode 0. The initial
probability distribution corresponds to the situation where the excitation is localized
in mode 0. In the course of time, it evolves into a superposition where the excitation
is delocalized over all modes, i.e. the two modes we regard and the environment.
Afterwards, the excitation is relocalized in mode 1 in an incomplete way. Because a
whole environment of modes is involved in this motion, the relocalized version of the
probability distribution is washed out and not complete. However, it resembles the
features of the initial probability distribution although the excitation is now localized
in mode 1. This is because the probability distribution is symmetric with respect to
the exchange of excitations between the two modes regarded. Because f determines
the time evolution of the collective Wigner function, see Eq. (6.22), we know that
only after a full period T the initial state is partially reestablished.

The described damped hopping motion of the excitation from one cavity to the
other is the expected behavior when we remember the structure of our Hamiltonian
and its interpretation in this excitation picture. Also, the initial discussion of the
probabilities is consistent with this interpretation.

In our discussion, we have noticed that the excitation is relocalized in the initial
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(a) t = 0 (b) t = 0.2 T
2

(c) t = 0.4 T
2

(d) t = 0.6 T
2

(e) t = 0.8 T
2

(f) t = T
2

Figure 6.2: The time evolution of the probability distribution F = F (X,P, t), see
Eq. (6.31), shows a damped oscillating behavior in general. The depicted time frame
corresponds to half the period T = 4π/|∆| of the motion for a Lorentzian environment
of width λ/γ0 = 0.01. The initially distinct basin at the origin is smoothened out by the
dissipative time evolution. In the intermediate distribution the formation of two peaks
can be observed. These fade away when finally a smoothened distribution is established
that resembles the distribution at initial times.
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6. Entanglement in a non-Gaussian Steady-State

mode 0 to some degree after one period. This is a characteristic of a non-Markovian
environment as the initial state seems to be washed out in time but later is partially
reestablished. In a sense, the information about the initial state is transported into
the environment by the dissipative time evolution. Because it is a non-Markovian
environment, this information is not lost but can flow back into the system to reestab-
lish the initial state. To express this quantitatively, we would have to calculate some
measure of the degree of non-Markovianity [150, 151]. However, we are satisfied by
this qualitative discussion.

Of more interest to us is the actual steady-state into which the system evolves. In
Fig. 6.3(a) we show the steady-state probability distribution

F (X,P ) =
1

4π
e−

1
2(X2+P 2) (X2 + 1

)
(6.32)

corresponding to the steady-state Wigner function in Eq. (6.25). We compare it with
the probability distribution

F (X,P ) =
1

2π
e−

1
2(X2+P 2)X2 (6.33)

of the two-mode entangled state |ψ〉 = 1/
√

2(|01〉 − |10〉) in Fig. 6.3(b).
As already visible from the formulas Eq. (6.32) and Eq. (6.33) both probability

distributions look quite similar. The probability distribution of the steady-state
shows the same double peaked structure that we have observed in the dynamics in
Fig. 6.2. In a simplified picture, we can interpret it as a sign of delocalization of the
excitation over all modes. This interpretation is also consistent with the probability
distribution for the entangled state in Fig. 6.3(b), where the excitation is delocalized
over two modes. The double peaked structure is even more pronounced in this state
and additionally there is no overlap between both peaks.

Our comparison suggests that the steady-state of our Wigner function is somehow
similar to the entangled state because the corresponding probability distributions

(a) Steady-state (b) Entangled state

Figure 6.3: The probability distribution F (X,P ) in the steady-state, Eq. (6.32), shows
a double-peaked structure with partially overlapping peaks. It resembles features of the
distribution for the entangled state from Eq. (6.33), which we show for comparison.
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show similar features. However, we have to be very careful with statements about
the underlying state associated with the probability distributions we show. We only
regard probability distributions and have therefore reduced the full state information
contained in the actually four dimensional steady-state Wigner function in Eq. (6.25).
No definite statements about the entanglement properties of our steady state can be
obtained in this way. More explicitly, it is thinkable that a non-entangled state could
produce a similar double-peaked structure and trick us into a false statement about
properties of the state from which the examined probability distribution arises.

In this section, we have presented the time evolution of the Winger function into
the steady-state. Therefore, we have depicted the probability distributions F since
they are in principle directly measurable in an experiment. In this representation,
the steady-state shows similarities to an entangled state. To prove this indication of
entanglement in the steady-state we calculate an entanglement witness in the next
section.

6.4. Entanglement in the Steady-State

After we have found first indications of entanglement, in this section we are to decide
if the steady-state in Eq. (6.25) is entangled or not. Therefore, we construct an
entanglement witness [12]. An entanglement witness W is an object that is positive
for all separable states but at least for one entangled state ρ

tr[ρW ] < 0. (6.34)

Unfortunately, it can only tell us if the state is entangled or not but not the amount of
entanglement contained in it. In infinite dimensional multi-mode systems easily com-
putable measures of entanglement only exist for the special class of Gaussian states
[49, 152, 153]. We cannot use these measures because the initial state, Eq. (6.18),
we have chosen is not of Gaussian shape.

Nonetheless, we can construct a witnessW using our knowledge about the steady-
state of a similar system. In this chapter, we deal with a system of two modes
coupled to a common bath with only one excitation in the complete system. Hence,
the idea to regard an entangled state of two two-level systems coupled to a common
environment is apparent. In chapter 5 a steady-state like

ρAB =


0 0 0 0
0 1

4
−1

4
0

0 −1
4

1
4

0
0 0 0 1

2

 (6.35)

can be calculated with the initial condition that we have exactly one excitation in
one of the systems while no excitations are present anywhere else. The state ρAB is
represented in the basis {|ee〉, |eg〉, |ge〉, |gg〉} of the two-level systems. This state is
entangled and we can calculate the negativity to measure its entanglement. Instead,
we construct an entanglement witness detecting this state. Therefore, we calculate
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6. Entanglement in a non-Gaussian Steady-State

the eigenvalues of the partial transpose ρΓA
AB. The eigenvector

|η〉 =

√
2 +
√

2

2
|ee〉+

1√
2(2 +

√
2)
|gg〉 (6.36)

corresponds to the negative eigenvalue λ = 1/4(1−
√

2) and can be used to construct
an entanglement witness [12].

W = (|η〉〈η|)ΓA =
2 +
√

2

4
|ee〉〈ee|+ 1

2(2 +
√

2)
|gg〉〈gg|+ 1

2
√

2
(|eg〉〈ge|+ |ge〉〈eg|)

(6.37)
detects the entanglement in the state ρAB because tr[WρAB] = −1/2.

In the next step, we adapt the constructed witness to our physical system. We
replace the excited state |e〉 of the two-level system by the first Fock state |1〉 and
the ground state |g〉 by the vacuum state |0〉. The witness W constructed in this
way is essentially an educated guess. We try if it succeeds in detecting entanglement
in the two-mode steady-state we examine.

To calculate the witness for the steady-state given in Eq. (6.25), we introduce the
Wigner representations of the projectors

W|00〉〈00| =
1

π2
e−x

2
0−p2

0−x2
1−p2

1 , (6.38)

W|11〉〈11| =
1

π2
e−x

2
0−p2

0−x2
1−p2

1
[
1− 2(p2

0 + x2
0)
] [

1− 2(p2
1 + x2

1)
]
, (6.39)

W|10〉〈01| =
1

π2
2e−p

2
0−p2

1−x2
0−x2

1(p0 + ix0)(p1 − ix1), (6.40)

W|01〉〈10| =
1

π2
2e−p

2
0−p2

1−x2
0−x2

1(p0 − ix0)(p1 + ix1), (6.41)

which we obtain by inserting the projectors in the definition of the Wigner function,
Eq. (6.11). Subsequently, we calculate

tr[ρW ] = 4π2tr

[
Wst

(
(2 +

√
2)W|11〉〈11|

4
+

W|00〉〈00|

2(2 +
√

2)
+
W|10〉〈01| +W|01〉〈10|

2
√

2

)]
= 1/4(1−

√
2) < 0. (6.42)

Because the witness yields a value smaller than zero, the steady-state is indeed en-
tangled.

This result proofs the indication of entanglement in the steady-state we have found
in the previous section. Steady-state entanglement in continuous-variable systems
has been reported in the literature before. Hörhammer & Büttner [106] and Paz &
Roncaglia [107] have calculated the steady-state and its entanglement properties in
their works for a Gaussian state. Our contribution extends these studies because we
have calculated a non-Gaussian entangled steady-state. Furthermore in our method
of solving the dynamics we have not applied the Feynman-Vernon influence functional
technique [108, 162, 163] that is used in these works but an alternative approach.
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Regarding the underlying physical system, the work of Tan et al. [160] is to be men-
tioned. In their work, the authors study a photonic crystal system where nanocavities
are coupled by a waveguide. This setup is possibly realizable in an experiment and
related to our proposition to couple cavities via a common fiber. With a different
coupling Hamiltonian for the environment solutions beyond Gaussian initial states
could be obtained for such a setup by applying our method of calculation.

6.5. Outlook

In this chapter, we have calculated the time evolution of the state of two cavity modes
coupled by a fiber that constitutes the common bath. We have obtained an analytical
expression for the two-mode Wigner function for a non-Gaussian initial state, where
only one excitation is present in the system. Afterwards, we have visualized the
dynamics and shown that the steady-state is entangled.

In addition to being used to obtain the results, the methods applied in this chapter
also open the door for further research. For example, systems of linearly coupled
massive particles can be solved using the same techniques we have applied. Hence,
we could calculate the steady-state of such a system and examine its entanglement
properties. The entangled steady-state could be used to validate the underlying
dynamical equation, which in this case is the Schrödinger equation. In the course of
this, collapse theories [171–173] that predict a non-entangled steady-state for massive
particles could be excluded. This idea presumes lots of calculations yet to be made
to see if such a test is possible at all. Still, the formalism and the calculations in this
chapter can be thought to be a first step in this direction.

Furthermore, in the method we present we perform the step to an infinite en-
vironment explicitly. One could try to omit this step and calculate the resulting
multi-mode Wigner function. In the following, one could study how an initial state
evolves in a finite environment. In this case, we would not expect a steady-state
because the evolution is entirely unitary and the system should evolve back to its
initial state after some time. The limiting behavior for large environments and the
properties of the mesoscopic crossover are very promising areas of research particu-
larly in relation to the question how or if a steady-state in such a system can arise.
This chapter could be the point of origin for examinations into this direction.

Also, more conservative approaches are thinkable. For example, the engineering
of the environment we have conducted in chapter 5 could also be examined for the
system presented in this chapter. Obviously, the whole setup is far more involved
and to stabilize entanglement or to research the dependence of the entanglement on
the initial state would be much more complicated. Because the system is in principle
analytically solvable, interesting results may be obtained.
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7. Conclusion

We have opened this thesis by the introductory chapter 2, where we have described
the foundational notions of entanglement and decoherence as well as some basic
methods.

The origin of the idea to examine steady-state entanglement has been detailed
in chapter 3. There we have also reviewed results from literature to exemplify the
connection between the topics of entanglement and decoherence that are interwoven
in this field of research.

In the next three chapters, we have presented our contributions concerning the
steady-state entanglement in bipartite systems under the influence of non-Markovian
environments.

In chapter 4 we have shown how a dissipative ancilla system can be used to increase
the entanglement in the steady-state. Our numerical approach has provided us with
the insight that by engineering the parameters of the ancilla this system can be used
to prepare an almost maximally entangled steady-state. In the course of these con-
siderations, we have noticed that the dissipative nature of this ancilla is necessary
for the enhancement effect. In our treatment of the ancilla we have not performed
any approximations but merely traced it out when regarding the bipartite system of
interest. Hence, we have established a dissipative state preparation scheme with an
environment beyond the Born-Markov approximations. Furthermore, we have found
that measurements on the ancilla can be used to increase the entanglement contained
in the steady-state, unfortunately only to a small extent. In the last part of this chap-
ter, we have provided a physical interpretation of the investigated enhancement effect
by regarding the eigenstates of the underlying Hamiltonian and their contribution in
the steady-state. In summary, the presented dissipative preparation scheme for an
entangled steady-state in a non-Markovian environment is the central result of our
work.

Beyond that, we have also presented other contributions to the same topic. In
chapter 5 we have established a connection between the spectral density of a non-
Markovian environment with the steady-state entanglement in a bipartite system.
We have examined a cavity as a possible realization of this environment. Moreover,
we have found that tailoring the interaction of the bipartite system with this envi-
ronment can be used to stabilize the entanglement contained in the initial states.
Also, we have discussed our understanding of the term environment shaped by our
investigations. The key finding of this chapter is the connection between spectral
density and steady-state entanglement. This connection provides the possibility to
engineer the environment and to influence the steady-state entanglement.

Steady-state entanglement has also been our most important interest in chapter 6,
where we have calculated the dynamical evolution of a continuous-variable bipartite
system embedded in an environment for which we have not applied the Born-Markov
approximations. Furthermore, we have devised an analytical method of solving the
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7. Conclusion

dynamics adapted to our interest in a non-Gaussian initial state. Afterwards, we
have shown that the steady-state is indeed entangled, which is a non-trivial task for
non-Gaussian states. Beyond that, the methods we have provided in this chapter
are suitable for further examinations of continuous-variable systems. The central
result of this chapter is the non-Gaussian and entangled steady-state prepared by
the interaction of the bipartite system with a non-Markovian environment.

Throughout this work, we have examined steady-state entanglement in bipartite
systems under the influence of different non-Markovian environments. This topic is
not only of foundational interest but also offers practical advantages. The dissipative
preparation of entanglement constitutes an alternative way to prepare entanglement.
This alternative technology is of importance to prepare entanglement as a key re-
source in the uprising field of quantum technologies.
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A. Matrix Representation of
Liouvillian

The explicit form of the matrix M representing the Liouvillian in Eq. (3.8) is given
by

M = D +R (A.1)

with the diagonal part

D = diag
(
−2γ, −3

2
γ − i, −3

2
γ − i, −γ − 2i, −3

2
γ + i, −γ, −γ, −γ

2
− i,

3

2
γ + i, −γ, −γ, −γ

2
− i, −γ + 2i, −γ

2
+ i, −γ

2
+ i, 0

)
(A.2)

and the remaining part

R =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
γ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 γ 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
γ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 γ 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 γ 0 0 0 0 0 0 0
0 0 0 0 γ 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 γ 0 0 0 0 γ 0 0 0 0 0



. (A.3)

Because most of the entries are zero, we can calculate the eigenvalues

λ1 = 0,
λ2 = −γ,
λ3 = −2γ,
λ4 = −γ,
λ5 = −γ

2
− i,

λ6 = −3
2
γ − i,

λ7 = −γ
2

+ i,
λ8 = −3

2
γ + i,

(A.4)

95



A. Matrix Representation of Liouvillian

λ9 = −γ + 2i,
λ10 = −γ,
λ11 = −γ

2
− i,

λ12 = −3
2
γ − i,

λ13 = −γ
2

+ i,
λ14 = −3

2
γ + i,

λ15 = −γ,
λ16 = −γ − 2i

(A.5)

and eigenvectors

~e1 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1)T ,
~e2 = 1√

2
(0, 0, 0, 0, 0,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1)T ,

~e3 = 1
2
(1, 0, 0, 0, 0,−1, 0, 0, 0, 0,−1, 0, 0, 0, 0, 1)T ,

~e4 = 1√
2
(0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−1, 0, 0, 0, 0, 1)T ,

~e5 = (0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0)T ,
~e6 = 1√

2
(0, 0,−1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0)T ,

~e7 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, )T ,
~e8 = 1√

2
(0, 0, 0, 0, 0, 0, 0, 0,−1, 0, 0, 0, 0, 1, 0, 0)T ,

~e9 = (0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0)T ,
~e10 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0)T ,
~e11 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0)T ,
~e12 = 1√

2
(0,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0)T ,

~e13 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0)T ,
~e14 = 1√

2
(0, 0, 0, 0,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0)T ,

~e15 = (0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)T ,
~e16 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0)

(A.6)

of M analytically.
To obtain the solution of Eq. (3.8)

~ρ(t) = exp [Mt] ~ρ(0), (A.7)

where the initial state at time t = 0 is given by ~ρ(0), we need the matrix exponential
exp[Mt]. It can be computed using the diagonal representation

S−1MS = diag(λ1, ..., λ16), (A.8)

where S = (~e1, ..., ~e16). Hence, we get

exp [Mt] = S diag(eλ1t, ..., eλ16t)S−1. (A.9)

The explicit form of this expression is quite lengthy and we omit it here.
In the next step, we rewrite the vectorized state ~ρ(t) into its original density matrix

form according to Eq. (3.6). The explicit solution for the complete dynamics of all
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elements of the density matrix reads

ρ11(t) = ρ11(0)e−2γt, (A.10)

ρ12(t) = ρ12(0)e−
3
2
γt+it, (A.11)

ρ13(t) = ρ13(0)e−
3
2
γt+it, (A.12)

ρ14(t) = ρ14(0)e−γt+2it, (A.13)

ρ22(t) = ρ22(0)e−γt + ρ11(0)e−γt(1− e−γt), (A.14)

ρ23(t) = ρ23(0)e−γt, (A.15)

ρ24(t) = [ρ13(0) + ρ24(0)] e−
1
2
γt−it − ρ13(0)e−

3
2
γt−it, (A.16)

ρ33(t) = ρ33(0)e−γt + ρ11(0)e−γt(1− e−γt), (A.17)

ρ34(t) = [ρ12(0) + ρ34(0)] e−
1
2
γt−it − ρ12(0)e−

3
2
γt−it. (A.18)
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B. Details of the Numerical Solution

In this appendix, we present the essential details of the numerical solution of the
Liouvillian in chapter 4. We use the QuTiP library [139, 140], which provides many
routines and classes to solve master equations numerically.

We present the essential source code, using the QuTiP routines, to calculate the
steady-state solution of the Liouvillian in Eq. (4.5). The documentation of the QuTiP
routines can be found at http://qutip.org. The core Python script that we use to
calculate the negativity in the steady-state for a given set of parameters reads

# load QuTiP l i b r a r y
from qut ip import ∗
# load l i b r a r y f o r s c i e n t i f i c computing
from s c ipy import ∗

# d e f i n e o p e r a t o r s :
# sigma minus in system A B and C

smA = tenso r ( sigmam ( ) , qeye ( 2 ) , qeye ( 2 ) )
smB = tenso r ( qeye ( 2 ) , sigmam ( ) , qeye ( 2 ) )
smC = tenso r ( qeye ( 2 ) , qeye ( 2 ) , sigmam ( ) )

# sigma z in system A B and C
szA = tenso r ( sigmaz ( ) , qeye ( 2 ) , qeye ( 2 ) )
szB = tenso r ( qeye ( 2 ) , sigmaz ( ) , qeye ( 2 ) )
szC = tenso r ( qeye ( 2 ) , qeye ( 2 ) , sigmaz ( ) )
# sigma x in system A B and C

sxA = tenso r ( sigmax ( ) , qeye ( 2 ) , qeye ( 2 ) )
sxB = tenso r ( qeye ( 2 ) , sigmax ( ) , qeye ( 2 ) )
sxC = tenso r ( qeye ( 2 ) , qeye ( 2 ) , sigmax ( ) )

# s e t parameters
# of systems A and B

omega = 1 .0
J = − 0 .618
gamma = 0.001

# of a n c i l l a C
omegaC = 0.55
JC = 0.01
gammaC = 0.001

# d e f i n e the Hamiltonian
H = + omega / 2 ∗ szA + omega / 2 ∗ szB + J ∗ ( sxA ∗ sxB ) \

+ omegaC / 2 ∗ szC + JC ∗ ( sxB ∗ sxC + sxA ∗ sxC )
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# d e f i n e the Lindb lad o p e r a t o r s
c o p l i s t = [ ]
# decay opera tor o f system A

c o p l i s t . append ( s q r t (gamma) ∗ smA)
# decay opera tor o f system B

c o p l i s t . append ( s q r t (gamma) ∗ smB)
# decay opera tor o f a n c i l l a C

c o p l i s t . append ( s q r t (gammaC) ∗ smC)

# f i n d the steady−s t a t e s o l u t i o n
rhoABC = st ea dy s t a t e (H, c o p l i s t )

# t r a c e out the a n c i l l a to o b t a i n the s t a t e o f
# systems A and B

rhoAB = ptrace (rhoABC , ( 0 , 1 ) )

# c a l c u l a t e the n e g a t i v i t y
neg = n e g a t i v i t y ( rhoAB)

The only routine not included in the QuTiP library is negativity used to calculate
the same of a given density matrix. Its code reads

def n e g a t i v i t y ( sigma ) :

# c a l c u l a t e the p a r t i a l t ranspose
sigmapt = p a r t i a l t r a n s p o s e ( sigma , ( 0 , 1 ) )

# determine the e i g e n v a l u e s
e v a l s = sigmapt . e i g e n e n e r g i e s ( )

# add up a l l n e g a t i v e e i g e n v a l u e s
nev = 0
for i in range ( 0 , 3 ) :

nev = nev + abs ( ( e v a l s [ i ] − abs ( e v a l s [ i ] ) ) / 2 . 0 )

# return the n e g a t i v i t y o f sigma
return nev

Furthermore, in the course of chapter 4 we try to enhance the entanglement be-
tween A and B by measuring on the ancilla C. The core Python code we use for the
calculation of the results reads

# s e t Bloch a n g l e s
theta = 0
phi = 0

# c o n s t r u c t measurement b a s i s s t a t e
m = cos ( theta /2) ∗ b a s i s ( 2 , 0 ) \
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+ exp ( s q r t (−1) ∗ phi ) ∗ s i n ( theta /2) ∗ b a s i s ( 2 , 1 )

# c o n s t r u c t the corresponding p r o j e c t o r s
P0 = tenso r ( qeye ( 2 ) , qeye ( 2 ) , ket2dm (m) )
P1 = tenso r ( qeye ( 2 ) , qeye ( 2 ) , qeye (2)−ket2dm (m) )

# c a l c u l a t e the p r o b a b i l i t i e s o f the measurement outcomes
prob0 = expect (P0 , rhoABC)
prob1 = expect (P1 , rhoABC)

# c a l c u l a t e the s t a t e o f system AB a f t e r the measurement
rhoABm0 = ptrace (P0 ∗ rhoABC , ( 0 , 1 ) ) / prob0
rhoABm1 = ptrace (P1 ∗ rhoABC , ( 0 , 1 ) ) / prob1

# c a l c u l a t e the corresponding n e g a t i v i t i e s
n0 = n e g a t i v i t y (rhoABm0)
n1 = n e g a t i v i t y (rhoABm1)

The optimizations that we perform in chapter 4 essentially apply the routine
minimize. It is included in the library for scientific computing SciPy and we choose
the Nelder-Mead algorithm [174] by setting the option method=’Nelder-Mead’. This
standard algorithm is often used to find local extrema of a nonlinear function.

We have presented the essential details of our numerical calculations in this ap-
pendix. Obviously, this core code is embedded in more complex scripts to generate
the results presented in chapter 4.
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C. Generalized Measurements

In section 4.3 we use a projective measurement on subsystem C to enhance the bipar-
tite entanglement between A and B. In this appendix, we examine if a generalized
measurement, see e.g. [38], can outperform a projective measurement in this task.

In a generalized measurement the projectors Pm are generalized to effect operators
Em = M †

mMm, which are positive semidefinite and hermitian, i.e.

Em ≥ 0 and E†m = Em (C.1)

and satisfy the completeness relation∑
j

Ej = 1. (C.2)

The state of the system AB after performing a generalized measurement with out-
come m on subsystem C is given by

ρABm =
1

pm
trC
[
Mmρ

ABCM †
m

]
=

1

pm
trC
[
Emρ

ABC
]
, (C.3)

where
pm = trABC

[
Mmρ

ABCM †
m

]
= trABC

[
Emρ

ABC
]

(C.4)

quantifies the probability of obtaining outcome m.

C.1. Construction of Effect Operators

Our goal is to find the optimal generalized measurement, i.e. the effect operator Em
that maximizes the negativity Nm in the post-measurement state. Therefore, we
have to solve the optimization problem

max
Em

[
N(ρABm )

]
. (C.5)

To calculate it numerically we construct all possible effect operators. Since Em
is positive semidefinite and hermitian it is unitary diagonalizable and has positive
eigenvalues, i.e.

Em = UDU †, D = diag(e1, e2) and e1, e2 ≥ 0. (C.6)

We can construct every effect operator by scanning through all possible unitary
matrices U and all positive semidefinite diagonal matrices D. Because all effect op-
erators have to satisfy the completeness relation, we obtain the additional restriction
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C. Generalized Measurements

∑
j 6=m

Ej = 1− Em ⇔ e1, e2 ≤ 1, (C.7)

since all other effect operators have to be positive semidefinite as well. Every unitary
operator U in our two dimensional subsystem C can be constructed like

U = exp

[
i
δ

2
(σxnx + σyny + σznz)

]
, (C.8)

which is nothing else than the rotation by the angle δ around the axis pointing in
direction (nx, ny, nz) on the Bloch sphere. We choose the spherical coordinates

nx = sin(θ) cos(φ), ny = sin(θ) sin(φ) and nz = cos(θ) (C.9)

for the unit vector. An arbitrary choice of the axis of rotation allows connecting
every two points on the Bloch sphere by a rotation of δ = π, if points and axis lie
symmetrically on a geodesic. Therefore, we can reduce the number of parameters
that we have to scan to 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π for the unitary matrix U .

As a last simplification we exclude the case e1 = 0, which corresponds to performing
a projective measurement in some basis defined by the angles θ and φ. We can rewrite

D = diag(e1, e2) = e1diag(1, e2/e1) = e1diag(1, e) (C.10)

and notice that if we insert it into the post measurement state the scalar e1 cancels.
If e = e2/e1 = 0 we optimize over all projective measurements, i.e. all measurement
bases characterized by the two Bloch angles θ and φ, which are now parameterizing
all unitaries we scan. For e = 1 we arrive at the limiting case of performing no
measurement at all on system C because D is the identity matrix. This is a useless
but proper generalized measurement. Thus the restriction e1 6= 0 just excludes the
null projector, which is in some sense orthogonal to this measurement.

C.2. Numerical Optimization

The numerical optimization of the negativity for the steady-state according to the
parameters in Eq. (4.24) and with the restrictions

0 ≤ e ≤ 1, 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π (C.11)

yields a maximal negativity for e = 0. Thus, generalized measurements are not able
to outperform projective measurements but projective measurements, as a special
case of a generalized measurement, are the optimal measurements to increase the
bipartite entanglement of systems A and B by measuring on system C. This result
is of course only verified for one special state ρABC = ρst which is the steady state
with the optimal bipartite entanglement parameters from Eq. (4.24).

It is an open question if this is also true for other states. However, numerical tests
with random density matrices support that projective measurements are the optimal
choice in general.
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D. Explicit Calculation of the Wigner
Function

In this appendix, we show the explicit calculation of the time evolution of the two-
mode Wigner function examined in chapter 6. First, we show that the time evolution
of the Wigner function can be cast into a transformation of the phase space variables.
In the next step, we derive the time evolution of the phase-space variables. Subse-
quently, these are used to determine the resulting dynamics of the Wigner function.

D.1. Transformed Phase-Space Variables

In this section we show that calculating the Wigner function of the time-dependent
state ρ(t) for the phase-space variables ~r is equivalent to calculating the Wigner
function of the initial state ρ0 with transformed phase-space variables.

We start by examining the time evolution of an operator r̂i, which reads

r̂i(t) = eiĤtr̂ie
−iĤt. (D.1)

Using the Baker-Campbell-Hausdorff formula, see e.g. [175], we obtain

eiĤtr̂ie
−iĤt =

∞∑
k=0

(it)k

k!

[
Ĥ, r̂i

]
k
, (D.2)

where the k-th commutator is given by [x̂, ŷ]k = [x̂, [x̂, ŷ]k−1]. With Eq. (6.7) and
Eq. (6.9) we deduce

[Ĥ, r̂i]k = (−i)k
∑
j

[
(σM)k

]
ij
r̂j . (D.3)

Inserting it into Eq. (D.2) results in

r̂i(t) =
∑
j

(eσMt)ij r̂j ⇔ ~̂r(t) = eσMt~̂r. (D.4)

This time evolution of the phase-space operators is a symplectic transformation of
the initial phase-space operators because S = exp[σMt] is a symplectic matrix. This
means, it fulfills

SσST = σ. (D.5)

Consequently, we know that

1 = det(σ) = det(SσST ) = det(S)2 (D.6)
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D. Explicit Calculation of the Wigner Function

and
σeσMt = eMσtσ, (D.7)

where we have used σ2 = 1, σ−1 = −σ and S−1 = σSTσ−1. These relations will be
useful in the following.

In the next step, we show that the time dependence in the Wigner function

W (~r) =
1

(2π)2(n+1)

∫
d~ξ exp

[
i~rTσ~ξ

]
tr
[
ρ(t)D̂(~ξ)

]
(D.8)

can be shifted from the state ρ(t) to the phase-space variables. The time evolution
of the initial density matrix ρ0 reads

ρ(t) = e−iĤtρ0eiĤt. (D.9)

We notice that

tr
[
ρ(t)D̂(~ξ)

]
= tr

[
ρ0eiĤt exp

[
−i~ξTσ~̂r

]
e−iĤt

]
= tr

[
ρ0 exp

[
−i~ξTσ~̂r(t)

]]
, (D.10)

where we have pulled the unitary time evolution into the exponential and applied
Eq. (D.1). We rewrite

~ξTσ~̂r(t) = ~ξTσeσMt~̂r =
(

e−σMt~ξ
)T

σ~̂r (D.11)

using Eq. (D.7). If we introduce ~ξ′ = e−σMt~ξ, we can perform an integral transform

from ~ξ to ~ξ′. Because
∂ξ′i
∂ξk

= (e−σMt)ik (D.12)

we know that the absolute value of the Jacobian determinant is equal to one, see
Eq. (D.6). Hence, we arrive at

W (~r) =
1

(2π)2(n+1)

∫
d~ξ′ exp

[
i~rTσeσMt~ξ′

]
tr
[
ρ0D̂(~ξ′)

]
. (D.13)

If we use Eq. (D.7) once again and drop the primes we obtain the time-dependent
expression for the Wigner function

W [~r(t)] =
1

(2π)2(n+1)

∫
d~ξ exp

[
i~r(t)Tσ~ξ

]
tr
[
ρ0D̂(~ξ)

]
(D.14)

with
~r(t) = e−σMt~r. (D.15)

Hence, the time evolution under a quadratic Hamiltonian corresponds to a symplec-
tic transformation of the initial phase-space variables. We can calculate the time
evolution of the Wigner function by inserting these phase-space variables into the
Wigner function for the initial state.
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D.2. Explicit Calculation of the Dynamics

Equipped with the formal solution of the time evolution of the phase-space variables
of a Wigner function, we can now turn to the explicit solution. Here two modes are
coupled to a common environment of many modes. We calculate the time evolution
of the phase-space variables and the Wigner function explicitly for this setup.

D.2.1. Dynamics of Phase-Space Variables

We start by solving the differential equation

~̇r(t) = −σM~r(t) (D.16)

associated with Eq. (6.14), where M and A are given according to Eq. (6.10). The
relations

xi =
αi + α∗i√

2
and pi =

αi − α∗i
i
√

2
(D.17)

are used to change into the phase-space variables α and α∗. In this notation the
differential Eq. (D.16) reads

α̇0(t) = iω0α0 + i
n∑
k=2

gkαk,

α̇1(t) = iω1α1 + i
n∑
k=2

gkαk,

α̇k(t) = iωk + igk(α0 + α1). (D.18)

If we change into a rotating frame using

α̃j(t) = e−iωjtα0(t), (D.19)

we can eliminate the first summands in this system of differential equations and
obtain

˙̃α0(t) = i
∑
k

gke
i(ωk−ω0)tα̃(t),

˙̃α1(t) = i
∑
k

gke
i(ωk−ω0)tα̃(t),

˙̃αk(t) = igk(α̃0(t) + α̃1(t))ei(ω0−ωk)t. (D.20)

The formal solution for the third equation is given by

α̃k(t) =

t∫
t1=0

dt1 igk(α̃0(t1) + α̃1(t1))ei(ω0−ωk)t1 + α̃k(0). (D.21)
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Inserting this result into the first two differential equations yields

˙̃α0(t) = −
t∫

t1=0

dt1
∑
k

g2
ke

i(ωk−ω0)(t−t1)(α̃0(t1) + α̃1(t1)) + i
∑
k

gke
i(ωk−ω0)tα̃k(0),

˙̃α1(t) = −
t∫

t1=0

dt1
∑
k

g2
ke

i(ωk−ω0)(t−t1)(α̃0(t1) + α̃1(t1)) + i
∑
k

gke
i(ωk−ω0)tα̃k(0).

(D.22)

In the next step, we take the number of modes n→∞ and perform the continuum
approximation

∑
k

g2
ke

i(ωk−ω0)(t−t1) →
∞∫

−∞

dωJ(ω)ei(ω−ω0)(t−t1). (D.23)

We assume a Lorentzian spectral density

J(ω) =
γ0

π

λ2

(ω − ω0)2 + λ2
(D.24)

of width λ and peak height γ0 centered around ω0. Inserting it yields

∞∫
−∞

dωJ(ω)ei(ω−ω0)(t−t1) =
γ0λ

2
e−λt. (D.25)

This approach leaves us with infinite sums for the terms in which gk appears only
linearly. However, we will see that they disappear in the final result. We proceed by
differentiating ˙̃α0(t) and ˙̃α1(t). This results in the coupled second order differential
equations

¨̃α0(t) + λ ˙̃α0(t) +
γ0λ

2
(α̃0(t) + α̃1(t)) =

∑
k

gk(ω0 − ωk + iλ)ei(ωk−ω0)tα̃k(0),

¨̃α1(t) + λ ˙̃α1(t) +
γ0λ

2
(α̃0(t) + α̃1(t)) =

∑
k

gk(ω0 − ωk + iλ)ei(ωk−ω0)tα̃k(0).

(D.26)

We decouple these equations by introducing

ζ(t) = α̃0(t) + α̃1(t) and ν(t) = α̃0(t)− α̃1(t) (D.27)

leading us to the equations

ζ̈(t) + λζ̇(t) + γ0λζ(t) = 2
∑
k

gk(ω0 − ωk + iλ)ei(ωk−ω0)tα̃k(0),

ν̈(t) + λ ˙ν(t) = 0. (D.28)
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A Laplace transform L (ν(t)) = N(s) converts the second equation into the algebraic
equation

N(s) =
1

s
ν(0) +

1

s2 + λs
ν̇(0). (D.29)

Performing the inverse Laplace transform yields

ν(t) = ν(0) +
ν̇(0)

λ
(1− e−λt). (D.30)

With the initial conditions

ν(0) = α̃0(0)− α̃1(0) and ν̇(0) = ˙̃α0(0)− ˙̃α1(0) = 0 (D.31)

the full solution is the constant function

ν(t) = α̃0(0)− α̃1(0). (D.32)

Analogously, performing the Laplace transform L (ζ(t)) = Z(s) for the remaining
equation yields the algebraic equation

Z(s) =
s+ λ

s2 + λs+ γ0λ
ζ(0) +

1

s2 + λs+ γ0λ
ζ̇(0) +

∑
k

Hk(s)α̃k(0), (D.33)

where we have introduced the abbreviation

Hk(s) =
2gk(ω0 − ωk + iλ)

(s+ i(ωk − ω0))(s2 + λs+ γ0λ)
. (D.34)

By computing the inverse Laplace transform we obtain

ζ(t) = f(t)ζ(0) + g(t)ζ̇(0) +
∑
k

hk(t)α̃k(0), (D.35)

where we have introduced

f(t) = e−
λt
2

(
λ

∆
sinh

(
∆t

2

)
+ cosh

(
∆t

2

))
, (D.36)

g(t) =
2

∆
e−

λt
2 sinh

(
∆t

2

)
(D.37)

with

∆ =
√
λ(λ− 2γ0). (D.38)

If we insert the initial conditions and use the abbreviation

mk(t) = 2ig(t)gke
i(ωk−ω0)t + hk(t), (D.39)

we get

ζ(t) = f(t)(α̃0(0) + α̃1(0)) +
∑
k

mk(t)α̃k(0). (D.40)
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This leaves us with

α̃0(t) =
1

2
(f(t) + 1)α̃0(0) +

1

2
(f(t)− 1)α̃1(0) +

∑
k

mk(t)

2
α̃k(0),

α̃1(t) =
1

2
(f(t)− 1)α̃0(0) +

1

2
(f(t) + 1)α̃1(0) +

∑
k

mk(t)

2
α̃k(0). (D.41)

In the next step we transform out of the rotating frame according to Eq. (D.19) and
back to the original phase-space variables pi and xi. After a lengthy calculation, we
obtain

x0(t) =
cos(ω0t)

2

[
(fr + 1)x0 − fip0 + (fr − 1)x1 − fip1 +

∑
k

mr
kxk −

∑
k

mi
kpk

]
+

− sin(ω0t)

2

[
fix0 + (fr + 1)p0 + fix1 + (fr − 1)p1 +

∑
k

mi
kxk +

∑
k

mr
kpk

]
,

(D.42)

where we have dropped all time arguments and have introduced the short-hand no-
tation xi = Im[x] and xr = Re[x] for the imaginary and the real part of an expression
x. Likewise we get

p0(t) =
cos(ω0t)

2

[
fix0 + (fr + 1)p0 + fix1 + (fr − 1)p1 +

∑
k

mr
kpk +

∑
k

mi
kxk

]
+

+
sin(ω0t)

2

[
(fr + 1)x0 − fip0 + (fr − 1)x1 − fip1 +

∑
k

mr
kxk −

∑
k

mi
kpk

]
,

(D.43)

x1(t) =
cos(ω0t)

2

[
(fr − 1)x0 − fip0 + (fr + 1)x1 − fip1 +

∑
k

mr
kxk +

∑
k

mi
kpk

]
+

− sin(ω0t)

2

[
fix0 + (fr − 1)p0 + fix1 + (fr + 1)p1 +

∑
k

mi
kxk +

∑
k

mr
kpk

]
(D.44)

and

p1(t) =
cos(ω0t)

2

[
fix0 + (fr − 1)p0 + fix1 + (fr + 1)p1 +

∑
k

mr
kpk +

∑
k

mi
kxk

]
+

+
sin(ω0t)

2

[
(fr − 1)x0 − fip0 + (fr + 1)x1 − fip1 +

∑
k

mr
kxk −

∑
k

mi
kpk

]
.

(D.45)
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These expressions still contain infinite sums but because we are not primarily inter-
ested in the phase-space variables their explicit form is not of interest to us.

D.2.2. Evolution of the Wigner Function

To obtain the time evolution of the Wigner function we insert the time-dependent
expressions for the phase-space variables pi(t) and xi(t) into the Wigner function

W ({xk, pk}) =
1

4π
e−x

2
0−p2

0 [2H2(p0) + 2H2(x0) + 4]
1

π
e−x

2
1−p2

1

∏
k

1

π
e−x

2
k−p

2
k

=
1

4

[
H2

(√
2p0

)
+H2

(√
2x0

)]
Wvac ({xk, pk})

(D.46)

of the initial state, see Eq. (6.19). We have rewritten it in terms of the vacuum state

ρvac = |0〉0〈0| ⊗ |0〉1〈0|
⊗
k

|0〉k〈0|, (D.47)

which has the Wigner representation

Wvac ({xk, pk}) =
1

π2
e−x

2
0−p2

0−x2
1−p2

1

∏
k

1

π
e−x

2
k−p

2
k . (D.48)

Fortunately, we know that the vacuum state shows no time evolution at all. Hence,
we only have to insert the time dependence into the Hermite polynomials H2 in
Eq. (D.46). With the abbreviation

x0(t) = ax0 + bp0 + cx1 + dp1 +
∑
k

(ekxk + fkpk) (D.49)

we can split the Hermite polynomials using [176]

Hn(x+ y) = 2−
n
2

n∑
k=0

(
n

k

)
Hn−k

(√
2x
)
Hk

(√
2y
)

(D.50)

like

H2

[√
2x0(t)

]
=

1

2

{
H2 [2(ax0 + bp0 + cx1 + dp1)] +H2

[
2
∑
k

(ekxk + fkpk)

]
+

+2H1 [2(ax0 + bp0 + cx1 + dp1)]H1

[
2
∑
k

(ekxk + fkpk)

]}
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=
1

2
H2 [2(ax0 + bp0 + cx1 + dp1)] +

1

4

{
H2

[√
2
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Applying the product formula for Hermite polynomials [176]

Hn(ax) =

bn
2
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i=0
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(
n
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)
(2i)!

i!
Hn−2i(x) (D.52)

we arrive at
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Using the orthogonality relations for Hermite polynomials [176]

∞∫
−∞

dx Hn(x)Hm(x)e−x
2

=
√
π2nn!δn,m (D.54)

allows us to integrate over mode 2 in the expression of the Wigner function, which
effectively means tracing it out. We obtain∫
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In the following, we can split off the phase-space variables of mode number 3 and
integrate it out as well. If we perform these steps n → ∞ times in a complete
induction-like manner we are left with the result∫

dp2 · · · dp∞
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Likewise, we repeat all steps for H2

[√
2p0(t)

]
. With the abbreviation

p0(t) = a′x0 + b′p0 + c′x1 + d′p1 +
∑
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(e′kxk + f ′kpk) (D.57)

we obtain ∫
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These calculations provide us the time-dependent Wigner function
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for the two remaining modes. In the last step, we simplify this equation once again
using Eqs. (D.50) and (D.52) to split the Hermite polynomials and to pull out factors.
This results in
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We reinsert the abbreviations to obtain

a2 + a′2 =
1

4
(f 2
i + (fr + 1)2), (D.61)

b2 + b′2 =
1

4
(f 2
i + (fr + 1)2), (D.62)

c2 + c′2 =
1

4
(f 2
i + (fr − 1)2), (D.63)

d2 + d′2 =
1

4
(f 2
i + (fr − 1)2), (D.64)

a2 + a′2 + b2 + b′2 + c2 + c′2 + d2 + d′2 = |f |2 + 1, (D.65)

e2
k + f 2

k + e′2k + f ′2k =
1

2
|mk|2, (D.66)

ab+ a′b′ = 0, (D.67)

cd+ c′d′ = 0, (D.68)

ac+ a′c′ =
1

4
(|f |2 − 1), (D.69)

ad+ a′d′ = −1

2
fi, (D.70)

bc+ b′c′ =
1

2
fi, (D.71)

bd+ b′d′ =
1

4
(|f |2 − 1). (D.72)

Furthermore, because we know the number of excitations in our system, we can
calculate the probabilities p10 to have one excitation in mode 0 and zero excitations
in mode 1, p01 to have zero excitations in mode 0 and one excitation in mode 1 and
p00 to have no excitation in mode 0 or mode 1. Also, we know that

p00 + p01 + p10 = 1. (D.73)

We use this to get rid of the infinite sum
∑

k |mk|2, which appears when we insert
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the abbreviation from Eq. (D.66). First we calculate

p10 = 4π2tr
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and

p01 = 4π2tr
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Thus, we deduce that

p00 =
1

2
− 1

2
|f |2. (D.76)

If we perform the calculation for the probability p00, we obtain

p00 = 4π2tr
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(D.77)

and hence the relation ∑
k

2|mk|2 = 4− 4|f |2. (D.78)

With this relation, we can state the closed expression for the two-mode Wigner
function
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(D.79)

Up to now we have treated the function f very general. We can further simplify the
two-mode Wigner function if we notice that f resembles the motion of a damped
harmonic oscillator and is purely real. Thus we obtain
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1
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(D.80)

This expression is the final result of this section and discussed in detail in chapter 6.

115





References
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