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Abstract

Many metallic materials used in industry are initially produced as large castings. They

are further processed by deformation and annealing to obtain the final product. During

the annealing step, the phenomena of recovery, recrystallization and grain growth take

place. This work focuses on the final stage of annealing—grain growth—which is a key

process for controlling the microstructure and achieving the desired materials properties.

Although grain growth has been studied in polycrystalline materials for many years,

our understanding of its underlying mechanisms remains incomplete. Even in the case

of normal grain growth, computer simulations di↵er significantly from experimental

findings. For example, the grain size distributions observed in real materials tend to be

less symmetric than those predicted by simulations operating under the assumption of

isotropic boundary properties, and discrepancies between the measured and simulated

evolution of individual grains can be particularly pronounced.

Instead of modeling grain growth in the conventional manner using boundary param-

eters derived from physical principles, we elected to try the opposite approach: i.e.,

to work backwards from experimental measurements to the kinetics of individual grain

boundaries. A reverse engineering type of analysis was established, allowing the bound-

ary reduced mobility (the product of boundary mobility and energy) to be extracted

from 3D microstructural evolution. Employing synchrotron-based 3D x-ray di↵raction

(3DXRD) microscopy, we investigated thermally induced coarsening in two di↵erent

Al-based alloys. We collected and reconstructed a series of microstructural snapshots

between isothermal annealing steps. In these time-resolved 3D datasets, we followed the

morphology, misorientation, inclination and migration of thousands of boundaries in a

single sample, forming the basis for a robust statistical analysis of local growth kinetics.

In an Al-1wt%Mg specimen, the microstructural evolution and the associated grain

statistics demonstrated that abnormal grain growth took place. In comparison, the

coarsening of an Al-5wt%Cu specimen resembled normal grain growth. On the grain

boundary level, many low-angle grain boundaries were found in AlMg. Through the

reverse engineering procedure, the reduced mobility of grain boundaries was extracted

and related to the boundary misorientation and inclination. The results show that the

reduced mobility manifests a clear trend with respect to misorientation. Beyond this

general trend, the data spreads reveal that grain boundaries of similar misorientation

may vary significantly in their reduced mobility. Such spreads were found to be larger in

the AlMg sample, for which the extreme values in reduced mobility were often associated

with the boundaries of abnormal grains. From an analysis of the extracted reduced

mobility, we determined that factors beyond the usual capillary force must have altered

the migration of grain boundaries in AlMg, facilitating the abnormal grain growth.

Moreover, in both samples the mobility of individual grain boundaries was found to

vary over time (rather than maintaining a constant value), suggesting that the reduced

mobility depends on atomic-scale details of the growth mechanism that are overlooked

by mesoscale grain growth simulations.
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Chapter 1

Introduction

Most solid, structural materials used in industry are polycrystalline, which means that

they are composed of a collection of many small crystals—namely, grains. When grains

of di↵erent orientations impinge on each other, they form grain boundaries (GBs). Grain

boundaries are considered to be the most dominant defects in polycrystalline materi-

als [1]. These microscopic defects have a great influence on a material’s macroscopic

properties, including strength, toughness, corrosion resistance, electrical conductivity,

magnetic susceptibility, etc. [1–3]. For example, grain boundaries block the movement

of dislocations, owing to the orientation discontinuity of the adjacent grains; in turn,

this blockage hinders the onset of plastic deformation. Hall and Petch observed that the

yield strength of a material is inversely correlated with the square root of the average

grain size [4, 5]. Consequently, the strength of a material can be increased by reducing

its average grain size, which corresponds to incorporating a larger area of GBs into a

given sample volume. Finer grain size leads to an increase in the total area of GBs,

therefore resulting in a higher strength. Understanding GBs in polycrystalline materials

is vital for obtaining the optimal processing parameters that lead to desired properties.

Grain boundaries store excess free energy. When a kinetic driving force is applied to a

material, such as a stress or a thermal load, the thermodynamically favored minimization

of this excess energy will occur via the reduction in GB area of the system. Known as

grain growth, the latter process leads to a decrease in the total number of grains and

an increase in the mean grain radius. Grain growth is one of the most fundamental

phenomena in metallurgy. During grain growth, atoms di↵use from one grain to another,

resulting in the migration of GBs. In an early theoretical treatment of the topic from

1952, Burke and Turnbull proposed a model for GB migration [6]:

v = M�H, (1.1)

1



2 Chapter 1. Introduction

Figure 1.1: (a) Illustration of the crystal lattice orientation of two grains meeting
at a GB. The misorientation between the crystal lattices of Grain A and B can be
quantified by a 3D rotation matrix, �gAB . (b, c) Along the GB between Grains A
and B, the direction of the boundary normal may vary. At location i of the bound-
ary, the boundary inclination can be specified by the local unit normal ni. Panel (b)
was reprinted by permission from Springer Nature: Springer Nature, JOM Journal of
the Minerals, Metals and Materials Society, 59(9), The distribution of grain boundary
planes in polycrystals, G. S. Rohrer, 38–42, Copyright 2007.

where v denotes the migration velocity of a GB, and M , � and H are the boundary mo-

bility, energy and mean curvature, respectively. Although the form of Eq. 1.1 appears

to be simple, an abundance of subsequent research shows that one of the di�culties

in understanding the migration of GBs in polycrystalline materials is the multidimen-

sional space describing the structure of a given GB. At the macroscopic level, a GB

can be characterized by five degrees of freedom, including three to specify the boundary

misorientation (the misalignment between two crystal lattices) and two to specify the

boundary inclination (the direction of the boundary normal) [7]. In Fig. 1.1, the defini-

tions of boundary misorientation and inclination are illustrated schematically. Two of

the parameters appearing in Eq. 1.1, M and �, are known to vary in their values with

respect to these five parameters [1, 8].

According to Eq. 1.1, it is not the dependence of M or � separately on the GB de-

grees of freedom that is important to grain growth, but rather the product of M and �,

which is often called the reduced GB mobility M 0. Unfortunately, knowledge of how M 0
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depends on boundary macroscopic properties is lacking [9]. In this area of research, one

of the most successful measurement strategies is based on the so-called bicrystal tech-

nique [1]. Among various bicrystal arrangements, the Sun-Bauer configuration is most

notable [10–13]. From an experimental observation of bicrystal boundary migration,

one can extract a value for M 0 with respect to a specific combination of GB misori-

entation and inclination. In other words, one measurement yields a single point in the

five-dimensional GB parameter space; as a result, an impractically large number of mea-

surements would be necessary to characterize the entire parameter space. Additionally,

bicrystal experiments are quite tedious to carry out, requiring fabrication of a bicrystal,

measurement of the boundary location, and pre-treatment of thermal grooves. The mi-

gration of a bicrystal GB is also found to be very sensitive to the bicrystal quality, e.g.,

to the sample surface roughness, which complicates the interpretation of experimental

results [14].

In order to apply Eq. 1.1 to a real polycrystalline material, we need to determine

M 0 throughout the five-dimensional boundary space, as any polycrystalline sample will

contain hundreds of thousands of GBs, each with its own combination of misorientation

and inclination. Three-dimensional microstructural characterization is necessary to re-

cover the full information regarding GB misorientation and inclination. Additionally,

M 0 is accessible only when a 3D microstructure is mapped in a time-resolved manner, as

illustrated in Fig. 1.2. For properly chosen combinations of annealing temperature and

time, a GB located at time t
i

is trackable at later time t
i+1

. From the migration distance

�R between times t
i

and t
i+1

, the migration velocity v can be estimated. Meanwhile,

the boundary curvature H can be evaluated from the GB morphology. Knowing these

quantities, we can calculate M 0 simply by rearranging Eq. 1.1. From additional informa-

tion provided by the mapping procedure, we can compute the boundary misorientation

and its various inclinations. In this way, the dependency of M 0 on �g and n—i.e.,

M 0(�g, n)—can be investigated.

Such time-resolved 3D datasets are provided only by a nondestructive 3D character-

ization technique. Conventional 3D characterization methods like serial sectioning are

able to reconstruct 3D microstructure, by they do not permit the same surface/volume

to be re-observed in a time series, as the measurement technique destroys the observed

region [15–19]. Owing to this limitation, e↵orts have been devoted to the develop-

ment of nondestructive 3D characterization techniques. Since its first demonstration in

1997 [20], 3D x-ray di↵raction (3DXRD) microscopy has gained steadily in popularity.

This synchrotron-based x-ray imaging technique allows for the characterization of grain

volume, grain shape, crystallographic orientation and elastic strain in single/multi-phase

materials [21–24]. Prior to the start of this thesis work, only a limited number of mea-

surements had focused on investigating grain growth in 4D (3D + time). The spatial
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Figure 1.2: Illustration of the process to retrieve the reduced GB mobility from time-
resolved mappings of 3D microstructure. At time ti, the locations of GBs are mapped
(left). During annealing, the grain boundaries migrate; afterwards, the location of
individual GBs at ti+1 is determined. For example, the boundary in red of the blue
grain migrates by a distance �R between ti and ti+1. With the curvature H estimated
from the measured boundary morphology, M 0 can be computed for the GB from the
relationship given in Eq. 1.1.

and temporal resolution that had been achieved in 3DXRD studies was not on the level

of bicrystal experiments and therefore insu�cient for retrieving grain boundary prop-

erties. For example, in Ref. [25], Schmidt et al. recorded grain growth taking place in

an Al-0.1%Mn specimen, in which the number of grains dropped from 483 to 27 in a

single annealing step. Such a drastic change makes it di�cult to track the migration

of individual GBs in a well-defined local environment. A more recent study performed

by Syha et al. utilized a comparable synchrotron-based technique (di↵raction contrast

tomography), measuring the evolution of 849 grains in strontium titanate before and

after one annealing step [26, 27]. Nevertheless, the analysis of these data focused on the

general statistics of the grain ensemble rather than on the behavior of individual GBs.

1.1 Open questions

Aiming to extract reduced GB mobility directly from time-resolved mappings of 3D

microstructure and to relate the resulting M 0 values to macroscopic GB parameters, my

research was guided by the following open scientific questions:

1. Is it possible to retrieve the reduced GB mobility from measurements of the coars-

ening of grains in a polycrystalline material?
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As demonstrated in Fig. 1.2, one can in principle “reverse engineer” the reduced

GB mobility if a time-resolved dataset capturing the 3D evolution of microstructure is

available. Nevertheless, the main challenge lies in extracting the necessary boundary

parameters with su�cient accuracy. Literature shows that the estimation of boundary

curvature from voxelized data is strongly a↵ected by the pre-smoothing procedure [28,

29]. Additionally, upon annealing, grain boundaries evolve hand in hand with a change in

grain size and shape, which leads to di�culty in the determination of boundary migration

velocities. Therefore, the reverse engineering analysis carried out in this thesis focused

on addressing these issues.

Before such an analysis can be applied to a real polycrystalline material, however, the

method needs to be validated by checking it against a system in which the result (M 0) is a

known quantity. From this perspective, a computer simulation of grain growth is an ideal

starting point, as M 0 is usually an input parameter that governs the evolution of grains

during the simulation. Moreover, validation against a simulated “ground truth” makes it

possible to assess the limitations of the reverse engineering method, which mainly can be

traced to the fact that certain types of GBs are not suitable for such an analysis. Unlike

the boundaries in the bicrystal experiments, which can be pre-designed for convenient

and accurate measurement, GBs in polycrystalline materials vary in size, curvature,

shape, etc. For example, if a boundary is small in area, its curvature estimation can

exhibit rather large uncertainty. Therefore, certain general conditions must be fulfilled

by the GBs that go into the analysis, along with requirements placed on the spatial and

temporal resolution of the experimental measurements. Finally, new 3D microstructural

mappings had to be carried out in order to obtain the large number of data points needed

for a proper statistical analysis.

2. Is GB curvature the primary driving mechanism for boundary migration in poly-

crystalline materials?

As described in Eq. 1.1, each location along a GB migrates toward the local center of

curvature [6]. Computer simulations show that when GB migration is driven solely by

curvature, and M 0 takes on the same value for all boundaries, the resulting grain growth

is invariably “normal,” in the sense that the grain size distribution is unimodal, and it

evolves in a self-similar manner [30]. However, the GBs of real materials do not all share

the same M 0 value. In addition, other factors beyond the capillary force could influence

GB migration. For example, second-phase particles may exert a pinning force on GBs [3].

The relationship between the pinning force and the particle characteristics (e.g., particle

size and volume fraction) is described by the Zener equation [31]. Surface grooves and

the concentration of solute elements in a material are also known to influence the speed of

GB migration [32, 33]. By examining thousands of GBs in polycrystalline materials, we
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will be able to determine which mechanism or mechanisms govern boundary migration

in a given experimental specimen.

3. Is the reduced GB mobility determined uniquely by the macroscopic GB properties?

In the field of materials science, computer simulations play a major role in under-

standing materials properties and developing new materials. Compared to experiments,

simulations provide a convenient foundation for testing theoretical ideas, because simu-

lations o↵er the possibility for characterization and control at shorter length scales than

what is experimentally accessible. In simulations of microstructural coarsening, such

as vertex models [34, 35] and phase field simulations [36, 37], microstructural evolution

takes place as a result of migrating grain boundaries. The boundary migration velocity

is directly controlled by the GB energy and mobility, which depend on the boundary

misorientation and inclination. Nevertheless, the dependency inserted into a simulation

is often unphysically simplistic, which can lead to huge discrepancies between simulation

results and experimental observations [38]. Even approximate models suggest that the

M 0 of real-world materials is generally quite complex [1, 39]. Whether or not M 0 is

a well-defined function of a GB’s macroscopic degrees of freedom is thus a fundamen-

tal question that needs to be answered before computer simulations can be carried out

with predictive accuracy. By reverse engineering the migration of thousands of GBs in

experimental specimens, we aim to resolve this issue.

1.2 Structure of the thesis

In the next chapter, GB structure and the phenomenon of coarsening in polycrystalline

materials are explained before the approaches to measuring GB energy and mobility are

reviewed. Chapter 3 introduces various computational techniques that are used to sim-

ulate microstructural coarsening. The focus here is on the underlying theory as well as

on the implementation of a phase field model with isotropic/anisotropic grain boundary

properties. In Chapter 4, I review the working principles of 3DXRD microscopy, together

with the experimental procedure and the associated data reconstruction routines. The

reverse engineering Ansatz for retrieving reduced GB mobility from time-resolved 3D

datasets is described in Chapter 5. Detailed considerations concerning the accurate

estimation of boundary curvature and migration velocity are addressed, followed by

validations performed on computer simulations. In Chapters 6 and 7, I present mea-

surements of the coarsening that took place in two Al-based alloys (Al-1wt%Mg and

Al-5wt%Cu), and I analyze the results at both the grain and grain boundary levels.

The corresponding reverse engineering extraction of reduced GB mobilities is discussed
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accordingly. Based on these findings, I give answers in the last chapter of the dissertation

to the three open questions listed above.





Chapter 2

Coarsening in Polycrystalline

Materials

2.1 Grain boundaries in polycrystalline materials

In polycrystalline materials, grains with di↵erent crystallographic orientations are sepa-

rated by grain boundaries (GBs). Those boundaries play an important role in governing

various mechanical and functional properties of the materials. For example, GBs serve

as barriers for the movement of dislocations; thus, the more boundaries there are in a

material, the higher the mechanical strength tends to be [4, 5]. Therefore, one may

achieve or improve the desired properties of a polycrystalline material by manipulating

the frequency or even arrangement of di↵erent types of grain boundaries. This “design

and control” process is often called “grain boundary engineering” [40–44].

Nonetheless, one of the di�culties in understanding boundaries is that the parame-

ter space describing the structure of a GB is multidimensional. Macroscopically, a GB

is characterized by five degrees of freedom, involving three parameters to describe the

misalignment between the two adjacent crystal lattices (misorientation) and two param-

eters to specify the direction normal to the boundary plane (inclination). The structure

and properties of a GB are found to vary significantly with misorientation and inclina-

tion [2, 45]. On a microscopic level, there are additional degrees of freedom associated

with the structure of a given GB at the atomic length scale; however, these are not the

focus of this thesis.

9
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2.1.1 Five-parameter description of grain boundaries

2.1.1.1 Misorientation

It is vital to understand the concept of orientation before discussing misorientation, as

the misorientation of a GB can be derived from the orientations of the adjacent crystals.

The orientation of a crystal lattice is described by means of rotation with respect to

a reference frame. It is often presented using various descriptors, such as a rotation

matrix, Euler angles, axis-angle pair or Rodrigues vectors [46, 47].

However, in a research paper written by Rowenhorst et al., the authors drew attention

to the fact that a number of di↵erent conventions appear in textbooks or are used

by research groups, which makes the interpretation of orientation data troublesome,

especially when converting one representation into another [48]. From my own working

experience, it is very easy to make sign errors in such conversions, leading to conflicting

results. Therefore, this section specifies the conventions used in this thesis and the

definitions of various orientation representations. In this manner, a consistent orientation

(misorientation) description is developed to describe grains measured experimentally,

treated analytically or simulated on a computer.

In all orientation representations, the reference frame C
r

is chosen to be right-handed

and Cartesian. A rotation U brings the reference frame onto the crystal frame C
c

:

C
c

= U · C
r

. (2.1)

In three dimensions, U can be represented by a 3 ⇥ 3 matrix. This rotation matrix is thus

defined as the orientation of the crystal [46]. The rotation matrix is the fundamental way

to denote the crystal orientation. Since only three entries of this matrix are independent,

one can deduce other orientation representations that have more compact forms.

The most naturally intuitive representation is the axis-angle pair. Here, the corre-

sponding rotation is described by a rotation angle ✓ around a specific axis a (|a| = 1).

The rotation angle is taken to be positive for counterclockwise rotation. A drawback of

this representation is that degeneracy exists when the rotation angle approaches 0; in

the latter situation, the rotation axis is ambiguous [49].

The axis-angle representation utilizes four parameters to describe an orientation.1 The

number of parameters can be reduced to three when considering the Rodrigues vector

representation proposed by Frank [50]. Rodrigues vectors r can be derived from the

1In a Cartesian coordinate system, a rotation axis is described by a three-component vector, and one
parameter is necessary to describe the rotation angle around the axis.
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axis-angle pair, expressed as

r = a tan

✓
✓

2

◆
. (2.2)

Using Rodrigues vectors, the axis of rotation is represented by the direction of r in

the Rodrigues-Frank space. Hence, rotations that have the same rotation axis lie on a

straight line that passes through the origin of Rodrigues-Frank space. Meanwhile, the

magnitude of r represents the rotation angle [51]. When close to the origin, rotation

angles are smaller. Since the three components of Rodrigues vectors are independent,

each contains distinct orientation information. When these components are mapped

onto the RGB color space, di↵erent colors denote unique orientations. Owing to its

convenience, this approach is adopted to represent grain orientations for the figures in

this thesis.

Another commonly-used representation is provided by Euler angles. The latter are

defined as three subsequent rotations around fixed axes. In this thesis, the Bunge con-

vention is used—i.e., the first rotation is around the z axis, the second rotation is around

the x axis and the third rotation is around the z axis. The associated rotation angles

'
1

,�,'
2

are the three Euler angles [52]. According to this convention, '
1

,� and '
2

lie

in the ranges [0, 2⇡], [0,⇡] and [0, 2⇡], respectively [52, 53].

In some cases, for example, in a computer simulation of coarsening where grain ori-

entation plays a role, it is necessary to apply a uniform distribution of orientations to

the microstructure. Such a process—namely, the generation of a random distribution of

orientations—can utilize the approach described in Refs. [46, 54] based on Euler angles.

The main steps are listed as follows:

1. Generate random numbers x
i

(i = 1, 2, 3) in the range [0,1].

2. Transform the first two numbers by '
i

= 2⇡x
i

(i = 1, 2) to the range [0, 2⇡].

3. Transform the third by � = arccos(2x
3

� 1) to the range [0,⇡].

4. '
1

,�,'
2

are the Euler angles of the randomly generated orientation.

Once the grain orientations are defined, the misorientation between grains can be

calculated. A misorientation �g is defined as a rotation that brings the orientation of

grain A (U
A

) into the orientation of grain B (U
B

). Mathematically,

U
B

= �g · U
A

. (2.3)

Thus, �g is calculated as

�g = U
B

· U�1

A

. (2.4)

Similarly, besides the rotation matrix, misorientations can be expressed in di↵erent rep-

resentations, as in the case of orientation. Nevertheless, it is worth mentioning that
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Figure 2.1: The histogram shows the misorientation distribution calculated from 1000
randomly generated orientations. It closely matches the theoretically derived Mackenzie
distribution for the cubic symmetry system [56].

when calculating misorientations, the crystal symmetries of grain A and B must be con-

sidered. When both grains have cubic symmetry, which has 24 symmetry elements, there

are 24⇥ 24 = 576 equivalent expressions for the misorientation [55]. The misorientation

angle ✓—sometimes called disorientation in the literature—is defined as the minimum

angle calculated from the 576 misorientation matrices. It can be extracted from the

maximum trace of all misorientation matrices using the following equation [55]:

✓ = arccos

✓
tr

max

(�g)� 1

2

◆
. (2.5)

Taking symmetry operations into consideration, Mackenzie [56] derived the misorienta-

tion distribution for a random grain assembly. In the case of cubic symmetry, the mis-

orientation distribution is described by the piecewise function plotted in Fig. 2.1. The

misorientation angle has maximum probability at 45�. On the same plot, the misorien-

tation distribution of orientations generated randomly following the procedure described

above is compared. It is clear that the algorithm successfully generates the desired ran-

dom distribution. For other crystal symmetries, the misorientation distributions have

been derived in Refs. [57–59].

2.1.1.2 Inclination

Misorientation describes the misalignment of the crystal lattices of two adjacent grains,

but it says nothing about how the boundary is oriented between the grains. In Figs. 2.2

(a) and (b), the upper and lower grains have orientations U
A

and U
B

, respectively. The

boundary misorientation is the same, �g
AB

, in both cases; however, the boundaries are

oriented di↵erently. The boundary plane orientation—namely, inclination (n)—can be
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(a) (b) (c)

Figure 2.2: Boundaries with the same misorientation �gAB in (a) and (b) have
di↵erent inclinations n. The inclination varies along the boundary in (c).

specified by the boundary’s normal vector. It is worth mentioning that the inclination

may exhibit a greater complexity in a real microstructure than in the case of Figs. 2.2

(a) or (b), as a single grain boundary may consist of many di↵erently oriented plane

segments. In the two-dimensional case shown in Fig. 2.2 (c), the inclination n varies

with location along the boundary.

A complete description of boundary inclination must take into account the fact that

the boundary orientation has di↵erent indices when described in the coordinate systems

of the grains on either side of the GB [60]. Hence, the calculation of boundary inclination

requires the following procedure:

1. The boundary plane normal is acquired in the specimen reference coordinate system

C
r

.

2. The orientations of the grains that abut the boundary are acquired in the same C
r

.

3. The boundary inclination is calculated from the normal vector expressed in the

coordinate systems of the two adjacent grains, yielding two di↵erent expressions for the

same inclination.

Fig. 2.3 illustrates a simple example for such calculations. A cubic grain is embedded

in a spherical grain. The reference coordinate system is Cartesian, and the x, y, z-axes

are shown in red. The orientation of the cubic grain is defined as 0, as the coordinate

system of the cubic grain is perfectly aligned with the reference frame. The orientation

of the spherical grain is constructed by rotating the reference frame by �45� about the

[001] direction. The resulting coordinate system of the spherical grain is shown in green

in Fig. 2.3 (a). Now we consider one of the boundaries between the cubic grain and the

spherical grain: the (100) plane. For calculation of its inclination, the normal direction

of the boundary, [100], is expressed in both crystal frames. The result is shown in the

[001] pole figure of Fig. 2.3 (b) using an equal-area projection. It has two poles: the [100]

pole comes from the plane normal with respect to the cubic grain’s frame; the [110] pole

is the plane normal expressed in the spherical grain’s coordinate system.
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(a) (b)

Figure 2.3: (a) A cubic grain embedded in a spherical grain having a di↵erent ori-
entation. The inclination of the (100) plane boundary is calculated and shown in (b)
with respect to the cubic grain’s frame (red axes) and the spherical grain’s coordinate
system (green axes).

Figure 2.4: Representation of a low-angle tilt grain boundary between grains with
misorientation angle ✓. The dislocations (red) with Burgers vector b are separated by
the distance D given by Eq. 2.6.

2.1.2 Structure of grain boundaries

2.1.2.1 Low/High-angle grain boundaries

Based on the five-parameter description of grain boundaries, boundaries in polycrys-

talline materials can be categorized into di↵erent types. One of the most common

categorizations is low vs. high misorientation angle ✓. For low-angle grain boundaries
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(LAGBs), since the misorientation angle between two adjacent grains is small, the bound-

ary can be treated as an array of dislocations [61, 62]. The simple case of a symmetric tilt

boundary is shown in Fig. 2.4. When the crystal lattices on either side of the boundary

are misoriented with angle ✓, the distance between the dislocations D can be derived

from the Burgers vector b and the angle ✓ [63]:

D =
kbk

2 sin

✓
✓

2

◆ . (2.6)

When ✓ is small, the above equation can be rearranged into,

b

D
⇡ ✓. (2.7)

The energy of LAGBs is proposed by Read and Shockley [61]. In their dislocation

model, as the boundary misorientation increases, the spacing between dislocations be-

comes smaller, according to Eq. 2.7. This leads to a higher dislocation density and,

consequently, a higher boundary energy. The relation between the boundary energy �

and the misorientation angle ✓ is given as

� = �
0

· ✓ (A� ln ✓) , (2.8)

where �
0

and A are constant values dependent on the elastic properties of the given

material.

The Read-Shockley model does not hold when ✓ is too large, as the dislocation cores

begin to overlap under this circumstance. Such boundaries are termed high-angle grain

boundaries (HAGBs). Compared to LAGBs, HAGBs are often found to have higher

energy [3, 8]. A simple approximation for the boundary energy as a function of ✓ is

� =

8
><

>:

�
m

✓

✓
m

✓
1� ln

✓

✓
m

◆
✓ < ✓

m

,

�
m

✓ > ✓
m

.

(2.9)

When ✓ < ✓
m

, the equation is just Eq. 2.8 rewritten in terms of the maximum boundary

energy �
m

= �
0

✓
m

. From Eq. 2.8, ✓
m

at this point is exp(A � 1). The angular limit

for LAGBs, ✓
m

, is usually estimated to be 15� [3, 61, 64–66]. The piecewise equation

(2.9) is plotted in Fig. 2.5, demonstrating the Read-Shockley relationship between the

boundary energy and misorientation for both LAGBs and HAGBs.

Although HAGBs exhibit relatively high energy, some special HAGBs are reported to

have significantly lower energies than general HAGBs [67, 68]. These special HAGBs

are found to have higher symmetry at the atomistic level, which is described by the
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Figure 2.5: Grain boundary energy with respect to the boundary misorientation angle
✓ in the Read-Shockley approximation.

concept of the coincidence site lattice (CSL) [69]. Consider the two crystal lattices on

either side of a grain boundary: one crystal lattice is now brought onto the other by

translation (but not rotation) so that a maximum number of lattice points coincide.

Depending on the crystallographic relation between the two crystals, the coincidence

level may vary. This can be quantified by the so-called ⌃ value, which is defined as

the ratio between the volume enclosed by a unit cell of the coincidence sites and the

lattice unit cell. An example in 2D illustrating such a calculation is shown in Fig. 2.6.

The lattice points of the two neighboring grains (blue and orange) are overlaid. The

resulting coincidence sites are marked in green. Thus, the solid black square shows the

unit cell of the coincidence sites with side length
p
m2 + n2 (m = 3, n = 1). The ⌃

value is calculated as the ratio between the area of the solid black square and the area

of the lattice unit cell; in this example, ⌃ is 10. However, we see that there is a smaller

unit cell marked by the dashed black square. Using this unit cell, ⌃ is calculated to be

5. It is worth noting that, for cubic symmetry, there is always a coincidence lattice site

in the center of the m ⇥ n cell when ⌃ is even [70]. In this circumstance, the actual ⌃

value is reduced by a factor of 2:

⌃ =

8
><

>:

m2 + n2

2
when m2 + n2 is even

m2 + n2 when m2 + n2 is odd
(2.10)

From Eq. 2.10, it is clear that ⌃ can only be odd for cubic lattice symmetry.

All boundaries can be associated with a ⌃ value. However, when a general boundary

manifests no special symmetry of atomic arrangements, ⌃ can be extremely large. For

this reason, only small ⌃ boundaries are considered, as they are the only ones that

potentially exhibit special boundary properties. In this thesis, I consider CSL boundaries
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Figure 2.6: Schematic of a ⌃5 boundary between 2D grains having a square lattice.
The coincident sites between the blue and orange lattice are marked in green.

with ⌃ up to 23. From its construction, each type of CSL boundary can be associated

with one (or more) misorientation(s). For example, a ⌃3 boundary can be described by

the angle-axis pair 60�/[111]. For the detailed correspondence of CSL boundaries with

their misorientation representations, readers are referred to Ref. [3]. Note that certain

types of CSL boundaries can be achieved by more than one type of misorientation. Up

to ⌃23, the following boundaries have two di↵erent misorientation types: ⌃13,⌃17,⌃19

and ⌃21.

A boundary that deviates from the exact CSL definition by a small angle �✓ may still

exhibit the same properties as those of the CSL boundary. This proximity is expected

to be related to the periodicity of the CSL boundary. In 1966, Brandon [71] quantified

the notion of proximity, which is nowadays known as the Brandon criterion:

�✓ =
✓
m

(⌃)1/2
, (2.11)

in which ✓
m

is the angular limit for LAGBs in Eq. 2.9. Within the angular range of

±�✓ with respect to the specified ⌃ boundary, such boundaries are also considered to be

CSL-type boundaries.

Although CSL boundaries are a special kind of HAGB, CSL boundaries still exist in

a random grain assembly. The frequencies of their occurrence in a system where the

misorientation distribution follows the Mackenzie type were calculated by Morawiec [72].

If the orientation-space volume of a CSL boundary that is confined by the Brandon
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Figure 2.7: Frequencies of occurrence of CSL boundaries up to ⌃ = 23 in a random
grain assembly.

criterion is divided by the volume of the entire orientation space, the fraction of each

possible CSL boundary can be calculated and plotted as in Fig. 2.7.

2.1.2.2 Tilt/twist grain boundaries

The classification of boundaries based on misorientation was discussed in the previous

section. When boundary inclinations are taken into consideration, boundaries can be

categorized into tilt and twist type. If the boundary plane normal is parallel to the

misorientation axis, the boundary is a twist type; if the boundary plane normal is

perpendicular to the misorientation axis, the boundary is a tilt type. Most boundaries

in a polycrystal manifest a mixed character of both types. Decomposition of a mixed

boundary into tilt/twist components can follow from the routine described in Refs. [2,

73].

It is worth noting that the classification of CSL boundaries into coherent/incoher-

ent types is also related to the boundary inclination. The term coherent refers to the

complete match of atoms at the boundary. For example, consider a twin boundary (⌃3

boundary) whose misorientation is 60�/[111] in angle/axis notation.2 When the bound-

ary normal is parallel to the misorientation axis [111], such twin boundaries are found

to be coherent, whereas all other types of twin boundaries are incoherent. The coherent

twins are reported to have extremely low boundary energy [8].

2A twin boundary can be considered to be a twist boundary (60�/[111] in angle-axis representation)
or a tilt boundary (70.53�/[110] in angle-axis representation) [3]. Here, I consider the angle-axis pair
that has the minimal misorientation angle, namely, 60�/[111].
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2.1.3 Grain boundary energy and its measurement

Grain boundary energy is defined as the excess free energy (per unit area) associated

with the presence of a grain boundary. As discussed in Sec. 2.1.2.1, the energy of

LAGBs is well described by the Read-Shockley model. In this model, a grain boundary

is represented by a collection of dislocations; thus, the boundary energy is the sum of the

energy of the individual dislocations. The energy of LAGBs increases with increasing

misorientation. Compared to LAGBs, HAGBs usually have higher energy. However, for

CSL boundaries, Brandon [71, 74] suggested that they have lower energies than general

boundaries, owing to symmetries. Some experimental studies [67] have reported the

presence of “cusps” in the energy profile corresponding to CSL boundaries. Nevertheless,

Rohrer [8] claimed in a review paper that the CSL ⌃ value is not a reliable criterion

for predicting the boundary energy, judging from various experimental results. This

view is also supported by calculations of boundary energy from atomistic simulations.

In Refs. [75, 76], the authors found that there is no correlation between the boundary

energy and the ⌃ value for their calculations of boundary energy in both FCC and BCC

materials.

To measure grain boundary energy experimentally, it often necessary to measure the

spatial arrangement of boundaries. Specifically, at thermodynamic equilibrium, the

interfacial force at a triple line should fulfill the Herring equation [77],

�
i

~t
i

+
@�

i

@✓
~n
i

= 0 for i = 1, 2, 3. (2.12)

The parameters in the above equation can be understood from the schematic boundary

geometry shown in Fig. 2.8 (a), in which three boundaries GB 1, GB 2 and GB 3 meet

at a triple line that extends perpendicular to the plane of the schematic. �
i

in Eq. 2.12

refers to the boundary energy of GB i (i = 1, 2, 3), respectively. Force balance must be

fulfilled in both the tangential ~t
i

and normal ~n
i

directions with respect to the boundaries.

The normal force, often called a torque, results from boundary energy anisotropy, which

can be quantified by the derivative of the energy with respect to the misorientation angle

✓.

When boundary energies are nearly isotropic, the torque terms are small enough to

be ignored. In this case, Eq. 2.12 can be simplified into the following form,

�
1

sin↵
1

=
�
2

sin↵
2

=
�
3

sin↵
3

, (2.13)

where ↵
1

,↵
2

and ↵
3

denote the dihedral angles between the boundaries, as shown in

Fig. 2.8 (a). This simplified form is usually referred to as Young’s equation [78, 79].
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Figure 2.8: (a) Three grain boundaries meet at the triple line that is perpendicular
to the plane of the diagram. ~ni and ~ti (i = 1, 2, 3) denote the normal and tangential
vectors to GB i. When �1 = �2 = �3, the corresponding dihedral angles ↵1,↵2 and ↵3

are equal to 120�. (b) When �1 > �2 = �3, the angle between GB 2 and GB 3, ↵1, is
smaller than 120�. (c) When �1 < �2 = �3, ↵1 is larger than 120�.

Figure 2.9: A thermal groove forms when a grain boundary meets a free surface.
From the opening angle of the groove  and the free surface energy �s, a value for the
grain boundary energy �gb can be estimated.

When the three boundaries have the same boundary energy (�
1

= �
2

= �
3

), ↵
1

= ↵
2

=

↵
3

= 120� (Fig. 2.8 (a)). The dihedral angles change when the energy relationship

between the boundaries changes. For example, when �
1

> �
2

= �
3

, ↵
1

calculated from

Eq. 2.13 is smaller than 120� (Fig. 2.8 (b)); when �
1

< �
2

= �
3

, ↵
1

is larger than 120�

(Fig. 2.8 (c)). From a thermodynamic perspective, if one boundary has higher energy, it

will pull the triple line along its tangent to reduce its contribution to the force balance

at the triple line. If the energy of this boundary is high enough, it will eventually be

replaced by the other two boundaries of lower energies. A phenomenon called solid-state

wetting takes place when the boundary energies fulfill �
1

> �
2

+ �
3

[80, 81].

Employing Young’s equation, we can retrieve the relative energies of the boundaries

meeting at a triple line if the dihedral angles are known. The dihedral angles can

be extracted from the measured triple junction geometry. One of the most common

approaches takes advantage of thermal grooving. A schematic of a thermal groove is

shown in Fig. 2.9, where a grain boundary meets a free surface; such grooves form upon

the heat treatment of a material. If the surface energy is known to be �
s

, the boundary
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energy can be derived from Eq. 2.13 as

�
gb

= 2�
s

cos

✓
 

2

◆
, (2.14)

where  is the opening angle of the groove, which can be estimated from the groove

geometry as measured by atomic force microscopy [82]. Correlating such grooves with an

EBSD map of the surface microstructure, Saylor et al. [83] observed that grain bound-

aries with small misorientation angles tend to have shallow thermal grooves and, accord-

ingly, relatively low boundary energies.

However, it is not possible to evaluate the energy anisotropy accurately without using

the complete form of Eq. 2.12 [8]. Morawiec [84] has developed an approach using the

Ho↵man-Cahn formalism of the capillarity vector to solve the Herring equation numer-

ically on every segment of the triple lines of a boundary network. Using this technique,

the relative boundary energy has been extracted for various metals and ceramics, for

example in steel [85, 86], Ni [87], MgO [88] and Y
2

O
3

[89]. More recently, an improved

technique based on Morawiec’s approach using a non-parametric reconstruction method

was proposed in Ref. [90]. The authors claim that the new method is better able to deal

with the situation in which only a small number of triple junctions lie within one bin of

the five-parameter space, generating smaller errors compared to Morawiec’s method.

It is worth mentioning that one of the main findings of boundary energy calculations

based on 3D maps has been that the boundary energy is inversely correlated with the

boundary-type population [7, 8, 88, 91, 92]. That is to say, boundary types that occur

with higher relative frequency have lower energies, and vice versa. Nevertheless, in

Refs. [93, 94], the authors compare the energy calculated by Morawiec’s method with

the results from their atomistic simulations, concluding that such an inverse relationship

is strong for boundary types that have a high frequency of occurrence, but the inverse

relationship is not apparent for infrequent boundary types, owing to poor statistics.

2.1.4 Grain boundary mobility and its measurement

In the classic model of boundary migration proposed by Burke and Turnbull, the grain

boundary energy � together with the boundary curvature H generate a net pressure P

that drives boundary migration [6]:

P = �H. (2.15)
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The boundary velocity v is assumed to be linearly proportional to P , v = MP . Com-

bining the latter with Eq. 2.15, we obtain

v = M�H, (2.16)

in which the proportionality factor M is called the boundary mobility. Generally, M is

found to exhibit an Arrhenius-type dependence on temperature,

M = M
0

exp

✓
� Q

RT

◆
, (2.17)

where M
0

is a temperature-independent prefactor, Q is the activation energy for bound-

ary migration, R is the universal gas constant and T is the absolute temperature. The

activation energy Q varies from boundary to boundary, depending on boundary proper-

ties like crystallographic misorientation and chemical composition, which, in turn, leads

to anisotropy in boundary migration. For example, in Ref. [95] the authors measured a

discrete step-change in Q at the transition from LAGBs to HAGBs.

Di↵ering from the measurement of boundary energies, which is carried out on static

structures, the experimental measurement of boundary mobility is usually complicated,

as it requires tracking a boundary over time. Boundary migration is a function of three

parameters, as given in Eq. 2.16. While watching a boundary migrate at a velocity v,

one can extract the product of M and � if the boundary curvature H is known from the

boundary morphology. The product of M and � is usually referred to as the “reduced

mobility” and denoted by M 0.

In this section, I describe techniques that allow for e�cient determination of the

reduced mobility from measurements of boundary migration. One of the most successful

methods is the so-called bicrystal technique [1], where two single crystals are fabricated

in such a way that the boundary between them can migrate under either an internal

driving force or an external driving force. Di↵erent types of bicrystal configurations are

discussed in the following section.

2.1.4.1 Capillary-driven boundary migration technique

Owing to the curvature exhibited by the grain boundary inside a bicrystal, the boundary

moves toward its center of curvature. Di↵erent configurations are presented in the

2D schematics of Fig. 2.10. Fig. 2.10 (a) shows the simplest “wedge” configuration.

Considering Eq. 2.15, Grain 2 shrinks under the driving force P = �/R, where R is the

radius of curvature of the grain boundary. This simple and direct relationship between

the driving force and the displacement is easy to handle for analysis. However, as
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Figure 2.10: Di↵erent kinds of bicrystal configurations in research: (a) capillary con-
figuration, (b,c) constant-driving force configuration, and (d) reverse capillary configu-
ration (also known as the Sun-Bauer configuration).

R is initially large, the driving force is usually small, which often results in pinning

of the microstructure. Once migration is triggered, the driving force increases with

displacement of the grain boundary. Therefore, this type of bicrystal design is often

named the capillary configuration.

The pinning issue is addressed by the constant-driving force configuration (Figs. 2.10

(b) and (c)). The grain boundary is designed to have a half-loop or quarter-loop shape.

With the driving force �/R, such boundaries retain their shape during steady-state

motion [96]. This, in turn, keeps the driving force constant.

Another configuration is shown in Fig. 2.10(d), which has grown in popularity owing

to its simpler design than the half-loop or quarter-loop, which can be di�cult to achieve

experimentally. First proposed by Sun and Bauer [10, 11], this bicrystal design is also

named the Sun-Bauer configuration. Owing to the high curvature at the sharp point

of Grain 2, the bicrystal boundary moves to the position indicated by the red curve

in Fig. 2.10(d) at a later time t
1

. The driving force is given by f(↵)�/x, where f(↵)

is an amplification factor [1]. This driving force decreases as the displacement of the

grain boundary increases. Because of its simplicity in sample preparation and the large
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initial driving force, this method has been used widely to investigate grain boundary

migration [10–13].

2.1.4.2 Bicrystal in a magnetic field

The driving force for boundary migration in the bicrystal configurations mentioned above

is the capillary force of the structure itself. External driving forces can be applied to

materials to induce boundary migration, provided the material behaves anisotropically

under such a force. Bismuth (Bi) has di↵erent magnetic susceptibilities parallel and

perpendicular to the trigonal axis (c-axis or h111i-axis); thus, Bi is suitable for such an

investigation. A free energy di↵erence in the adjacent crystals will be created under an

applied magnetic field, serving as the driving force for boundary migration.

Investigations on Bi were first carried out by Mullins [97]. A high-purity Bi (99.999%)

bicrystal was grown by directional crystallization in a horizontal mold under Ar. The

misorientation angle between the axes of two crystals was set to be 90� in order to ob-

tain the maximal magnetic driving force. Although the misorientation has a fixed value

in bicrystal-based capillary-driven techniques, the boundary inclination varies along the

bicrystal boundary. In contrast, the magnetic force driven method o↵ers an approach

to investigating boundary migration with a fixed misorientation and a fixed inclination.

Such a boundary exhibits no curvature, which means that no capillary force acts on it.

Investigating symmetrical and asymmetrical tilt boundaries in Bi, Molodov et al. [98]

discovered that the grain boundary mobility varied with the boundary inclination. Sim-

ilar investigations were carried out in Zn under a magnetic field [99–102].

2.1.4.3 Observation of boundary migration in bicrystals

All of the techniques mentioned above require tracking the bicrystal boundary migration

during heat treatment. One of the most common methods is to measure the thermal

grooves that form during sample cooling, which mark the position of the grain boundary.

But it is necessary to remove the grooves by mechanical polishing each time in order to

suppress their influence on further boundary migration. Other measurement techniques

involve utilizing the reflection of polarized light, photoemission microscopy, EBSD, XRD

and x-ray topography [1].

Although the bicrystal method is popular in the investigation of boundary migration—

in particular, the Sun-Bauer configuration provides valuable information on how certain

types of boundaries migrate in polycrystalline materials—it is worth mentioning that the

bicrystal method often requires a considerable amount of experimental e↵ort, ranging
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from the fabrication of a bicrystal with given misorientation and inclination to the mea-

surement of grain boundary migration by microscopy. Moreover, the kinetic properties

of a bicrystal boundary are reported to be quite sensitive to the bicrystal quality [14].

In some cases, grain boundaries move in a “jerky” manner purely due to surface rough-

ness [14]. On the other hand, considering the fact that one bicrystal experiment o↵ers

insight into the behavior of boundaries with a single misorientation and certain inclina-

tion(s), using bicrystal studies to cover the entire five-parameter boundary orientation

space is highly impractical. Therefore, in Chap. 5, a new approach is proposed and

validated for extracting the reduced mobility directly from measurements of boundary

migration in polycrystalline materials.

2.2 Grain growth

Section 2.1 describes the characteristics and migration of individual grain boundaries in a

polycrystalline material. Grain growth is a collective result of grain boundary migration.

In a polycrystalline material, the total free energy G is the sum of the free energy of the

material when it is in the single-crystalline state, G
0

, and the excess energy contributed

by the boundaries,

G = G
0

+ �A
GB

, (2.18)

where A
GB

is the total area of the boundaries in the system and the prefactor � is

the associated boundary energy per unit area. From a thermodynamic perspective, the

driving force for grain growth is the reduction of the boundary energy term in Eq. 2.18.

Understanding individual boundary migration is vital to gaining deeper insight into

grain growth. The basics of individual boundary migration are discussed in Sec. 2.1.4.

As shown in Eq. 2.16, a grain boundary migrates toward its center of curvature at a

velocity v [6]. When the mean curvature H is expressed as the sum of the two principal

curvatures, Eq. 2.16 can be rewritten as

v = M�

✓
1

R
1

+
1

R
2

◆
, (2.19)

where R
1

and R
2

are the local radii of curvature. Burke and Turnbull [6] averaged

Eq. 2.19 over the grain ensemble of a polycrystal, arguing that hR�1

1

+ R�1

2

i can be

approximated by hRi�1, which gives

dhRi
dt

=
2M�

hRi . (2.20)



26 Chapter 2. Coarsening in Polycrystalline Materials

(a) (b)

Figure 2.11: (a) Parabolic relationship between the average grain radius hRi and the
time t during normal grain growth. (b) Grain size distribution derived from mean-field
theory [103]. In normal grain growth, the distribution remains time-invariant when
plotted against R scaled by the average grain size hRi.

The integrated form of Eq. 2.20 is

hRi2 � hR
0

i2 = 4M�t, (2.21)

where hR
0

i denotes the average grain radius at time t = 0. Plotted in Fig. 2.11 (a), it

is clear that hRi2 increases linearly with time. This relation is known as the parabolic

law of grain growth.

In 1965, Hillert derived a mathematical description of the curvature-driven growth

of grains in a polycrystal in which each grain is embedded in the same mean environ-

ment [103], also known as the mean-field approximation. In this approach, the growth

rate of a grain of radius R is given by

dR

dt
=

M�

R

✓
R

R
c

� 1

◆
, (2.22)

in which R
c

is a critical grain radius for grain growth. That is to say, when a grain is

larger than R
c

, the grain grows; when a grain is smaller than R
c

, the grain shrinks. For

grain growth in 3D, R
c

= (9/8)hRi, where hRi is the mean grain radius. For this growth

expression, Hillert derived the distribution of grain sizes f to be

f = (2e)3
3u

(2� u)5
e6/(u�2), (2.23)

assuming self-similar evolution of the microstructure. In this equation, u is the normal-

ized grain radius R/R
c

. This distribution is plotted in Fig. 2.11 (b), showing a unimodal

shape. If all grain boundaries in a polycrystal are isotropic in mobility and energy, mi-

crostructural evolution is purely the result of curvature flow. Such a type of growth is



Chapter 2. Coarsening in Polycrystalline Materials 27

Figure 2.12: Evolution of the grain size distribution during abnormal grain growth
(t0 < t1 < t2).

sometimes called ideal grain growth, which is the simplest form of normal grain growth

(NGG). Upon annealing, some grains grow by consumption of their smaller neighbors,

leading to an increase in the average grain size hRi. However, the grain size distribution

retains its shape when normalized by hRi [104, 105]. The time-invariant grain size distri-

bution is another key feature of NGG besides the parabolic growth behavior mentioned

above.

2.2.1 Abnormal grain growth

During grain growth, a few grains can sometimes grow much faster than the rest. This

type of growth is termed abnormal grain growth (AGG) [3]. An abnormally growing

grain of radius R should fulfill the following growth rate requirement [3]

hRidR
dt

�R
dhRi
dt

> 0, (2.24)

where hRi is the mean grain radius of the grain assembly. Owing to the presence of

fast-growing abnormal grains, the time-invariant property of the grain size distribution

in NGG is lost. The peak position may shift, and the peak width may broaden. Indeed,

sometimes a bimodal size distribution can develop, provided a su�cient number of grains

grow abnormally. Upon further heat treatment, the distribution can revert to a unimodal

shape when large abnormal grains eventually impinge on each other (Fig. 2.12) [3].

Depending on the particular application, AGG might be desired or something to be

avoided in the microstructure. For example, the abnormal growth of 110h001i cube-

oriented grains in silicon transformer steels improves the material’s magnetic proper-

ties [106]. On the other hand, thanks to the large size of the abnormal grains, the
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(a) (b)

Figure 2.13: Microstructure of a high-purity Al foil in (a) the as-rolled state and (b)
after 1000 s annealing at 360�C, revealed by optical microscopy [110]. Reprinted from
Materials Science and Engineering: A, 271, O. Engler and M.-Y. Huh, Evolution of the
cube texture in high purity aluminum capacitor foils by continuous recrystallization
and subsequent grain growth, 371-381, Copyright 1999, with permission from Elsevier.

yield strength may be reduced according to the Hall-Petch relation. Therefore, for con-

trolling the final microstructure, it is important to understand the physics underlying

the formation of abnormal grains. The key to the latter lies in the anisotropy of grain

boundary energy and mobility [107–109]. In the remainder of this section, I will discuss

two main factors (texture and second-phase particles) that give rise to large anisotropy

in boundary properties, which can eventually lead to the occurrence of AGG.

During the processing of materials, grains in the final microstructure may exhibit

preferred crystallographic orientations. Inside one texture component, the boundaries

between grains have low misorientation. These boundaries often manifest low energy

and mobility. If some grains are present with another texture component, the associated

boundaries have high misorientation, resulting in higher boundary energy and mobility,

which can promote the occurrence of abnormal grain growth. For example, the authors

of Ref. [110] investigated the grain growth in high-purity aluminum foils. The samples

were cold-rolled, of which the as-deformed state shows a typical banded microstructure

(Fig. 2.13 (a)). Upon annealing at 360�C for 1000 s, numerous larger grains were found

in the microstructure (Fig. 2.13 (b)). Abnormal grain growth took place, as a large

number of LAGBs were found in the sample due to the retained rolling texture [110].

AGG can also take place when no strong texture is present in a material, such as when

AGG is induced by the presence of second-phase particles [3]. Second-phase particles can

exert pinning forces that hinder the migration of grain boundaries. The first quantitative

analysis of this phenomenon was carried out by Zener in 1948 [31]. In his model, a

relationship between the final grain size, the volume fraction and the size of the second-

phase particles is proposed. A pinning pressure P
z

arising from the particles is introduced
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into the kinetics of boundary migration,

dR

dt
= M (P � P

z

) = M

✓
�

R
� 3F

v

�

2r

◆
, (2.25)

where F
v

denotes the volume fraction of second-phase particles of radius r. Owing to the

presence of the pinning particles, grain growth will eventually stagnate when P = P
z

.

The Zener limiting grain size R
Zener

is thus estimated to be

R
Zener

=
2r

3F
v

. (2.26)

The pinning e↵ect of particles will have a significant influence on the kinetics of

grain growth when the driving pressure for grain growth is comparable to the pinning

pressure. Zener pinning describes the situation where the second-phase particles are

well-dispersed in a material, which eventually stabilizes the grain boundary network.

However, the spatial distribution of particles, the pinning strength and the dissolution

of particles may all influence the growth kinetics dramatically [111]. If the particles are

inhomogeneously distributed in a material, the pinning e↵ect varies from location to

location. This results in two populations of fast and slowly migrating boundaries. For

example, in Refs. [38, 112], AGG was reported to occur in an Al-3.5wt%Cu specimen

at the annealing temperature of 480�C. The authors found that the sample was free

of texture, but the fraction of the pinning phase (Al
2

Cu) was much lower at abnormal

grain boundaries than at matrix grain boundaries. Thanks to the weaker pinning force,

the boundaries of the abnormal grains were able to reach higher migrating velocities.

It is also reported that the pinning pressure may undergo a localized reduction due

to the dissolution and coarsening of pinning particles [113]. Consequently, the pinned

boundaries in those locations become more mobile than the rest of the boundaries,

leading to the occurrence of AGG.

2.3 Ostwald Ripening

Grain growth describes coarsening in a single-phase material (or a single-phase matrix

surrounding a low volume fraction of inert second-phase particles). When coarsening

takes place in a multiphase system, this phenomenon is known as Ostwald ripening. In

the simplest case of a binary system, particles of one phase are embedded in a matrix

of a second phase. An example is shown in Fig. 2.14, in which Sn-rich solid particles

are surrounded by a Sn-Pb liquid at a temperature above the eutectic. At this elevated

temperature, the larger solid particles grow at the expense of the smaller particles;

meanwhile, the volume fraction of the solid phase (V
V

) stays constant. At the atomistic
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Figure 2.14: Example of Ostwald ripening taking place in a binary system. At
185�C, the Sn-Pb alloy consists of Sn-rich solid particles (light gray) and Sn-Pn liquid
(dark gray). The average particle size of the coarsening phase increases with time,
while its volume fraction remains constant at 0.64. Figures taken from Ref. [117]
and reprinted by permission from Springer Nature: Springer Nature, Metallurgical and
Materials Transactions A, 19, Ostwald ripening in a system with a high volume fraction
of coarsening phase, S. C. Hardy and P. W. Voorhees, 2713–2721, Copyright 1988.

level, due to the Gibbs-Thomson e↵ect, the solute concentration at the surface of smaller

particles is greater than at the surface of larger particles when local equilibrium with

the matrix has been established [114]. Thanks to these concentration gradients, the

solute atoms from more highly curved particles dissolve into and through the matrix

and attach to the less-curved (i.e., larger) particles. Ostwald ripening leads to a drop

in the number of particles in the system over time and to an increase in the average

size of the particles. An analytic model for Ostwald ripening was developed in 1961

independently by Lifshitz, Slyozov [115] and Wagner [116]. Their model is nowadays

referred to as LSW theory.

Under the assumption of a vanishing volume fraction of the coarsening phase (V
V

!0),

the LSW model describes the coarsening of a multiphase system in which the coarsen-

ing particles remain spherical, and there is no interaction between them. Under these

conditions, the model derives a linear relation between the mean particle radius cubed

and the coarsening time t,

hRi3 � hR
0

i3 = k(t� t
0

), (2.27)

where hR
0

i is the mean particle radius at time t
0

, and k is a positive growth constant.

The kinetics of Ostwald ripening di↵er from the parabolic growth law derived for grain

growth. A cubic growth law has been observed in various experimental studies of coars-

ening in multiphase systems [117]. In the LSW model, the particle size distribution f is

given by

f =
1

h
0

u2

(u+ 3)7/3 (3/2� u)11/3
e3/(2u�3), (2.28)
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Figure 2.15: The distribution of particle sizes induced by Ostwald ripening, as pre-
dicted by the LSW model (Eq. 2.28).

Figure 2.16: Microstructure of Sn-Pb alloys at various volume fractions VV of the
coarsening phase. Figures taken from Ref. [120] and reprinted by permission from
Springer Nature: Springer Nature, Metallurgical and Materials Transactions A, 30,
Investigation of microstructural coarsening in Sn-Pb alloys, S. K. Kailasam, M. Glicks-
man, S. S. Mani, and V. E. Fradkov, 1541–1547, Copyright 1999.

in which u denotes the normalized mean particle radius R/hRi, and h
0

is a normalization

factor equal to 0.014419 [118, 119]. This distribution is plotted in Fig. 2.15, showing

a unimodal shape and a sharp drop in the frequency of large particles. Moreover, the

distribution takes on a time-invariant shape during coarsening.

However, when V
V

is high, the assumptions of LSW theory are no longer valid, as

the interaction between particles in this situation cannot be ignored. In addition, the

particle shape deviates from spherical and often exhibits a certain amount of shape

accommodation, owing to geometric constraints. Figure 2.16 shows micrographs of Sn-

Pb alloys at di↵erent V
V

[120]. It can be seen that particles tend to have flattened

interfaces with increasing V
V

.

A large number of investigations have determined that the volume fraction of the

coarsening phase has a great influence on the coarsening kinetics [120–124]. It is found

that the resulting microstructural characteristics di↵er considerably from the prediction

of LSW theory. For example, Rowenhorst et al. [122] collected 3D coarsening data in a
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Pb-Sn alloy at two V
V

(78% and 52% of the Sn-rich particles) using serial sectioning. The

authors concluded that the particle size distributions did not follow the LSW prediction,

but were in good agreement with the grain size distribution obtained from the grain

growth simulation performed in Ref. [125]. Bender and Ratke [126] observed similar

coarsening results in a Cu-Co system with V
V

of the Co particles ranging from 0.25 to

0.7. With increasing V
V

, the peak of the particle size distribution shifted to smaller

sizes, resulting in a broader distribution.



Chapter 3

Computer Simulation

In addition to experimental investigations into the coarsening of polycrystalline mate-

rials, extensive e↵orts have been made utilizing computer simulations. This chapter

first presents an introduction to simulation methods for modeling the coarsening of mi-

crostructure in three dimensions. This is followed by a detailed description of the phase

field technique that is employed in this thesis to simulate microstructural evolution. De-

tails on the implementation of this method to simulate various coarsening scenarios and

the associated choice of simulation parameters are also discussed in this chapter.

3.1 Introduction to simulation methods

Many models have been developed to simulate the microstructural coarsening that occurs

during recrystallization and grain growth. They mainly fall into the following categories:

vertex models, Monte Carlo Potts models and phase field models [39]. Other important

simulation techniques include cellular automata [127, 128] and the recently developed

level set method [129–137].

Vertex models, also known as front-tracking models, are intuitively straightforward,

because the model itself directly incorporates the equation for curvature-driven growth.

The growth equation is directly applied to the nodes that separate a boundary into

segments. However, when dealing with the vanishing of grains and the associated nodes,

the vertex method runs into ambiguities that can be resolved only by implementing a

complicated set of rules for reattaching boundary segments to the remaining nodes [34].

Extending the vertex method to 3D is possible but even more complicated, since tessel-

lated surfaces must be constructed to represent grain boundaries [35, 138, 139].

33
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(a) (b)

Figure 3.1: (a) Sharp grain boundary in vertex models, Monte Carlo Potts models,
etc. (b) Di↵use grain boundary in the phase field model.

In Monte Carlo Potts models [140–143], grain boundaries are implicitly described by

the spatial extent of individual grains. The model simulates grain boundary migration

by the movement of kinks along the boundaries. It is a biased random walk process that

gives boundary motion in agreement with the curvature-driven growth equation.

Unlike vertex and Monte Carlo models, a boundary in the phase field method is

di↵use rather than sharp (Fig. 3.1 (a)). The di↵use boundaries are described by order

parameters that vary smoothly across the boundary (Fig. 3.1 (b)). Moreover, instead

of explicitly tracking the migration of individual boundary positions, the phase field

method solves the energy-based equation that governs microstructural evolution for all

positions in the system. This has an intrinsic advantage when using voxel (pixel)-based

structures, avoiding pre-processing steps like the extraction of boundary locations [22].

Therefore, data from experiments such as EBSD and 3DXRD measurements, the as-

collected data of which is pixel or voxel-based, can easily be incorporated into the phase

field model. Owing to this feature, modeling of microstructural evolution is performed

in this thesis using the phase field approach.

3.2 Phase field simulation of ideal grain growth

In the phase field model, the order parameters ⌘
i

(r, t) are functions of the spatial coor-

dinates r and the time t, which may relate to the crystal structure, orientation, com-

position, etc. As shown in Fig. 3.1 (b), the order parameters within grains take nearly

constant values, whereas they change gradually in value at the places where two neigh-

boring grains are in contact. The position of the boundary is implicitly defined by a

contour of constant values of the order parameters.
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The temporal evolution of the order parameters is described by a set of partial dif-

ferential equations. Di↵erent driving forces can be considered in the model, such as a

reduction in bulk energy, interfacial energy or elastic energy [144]. Phase field simula-

tion is nowadays a prevalent model that has been applied to various phenomena, such

as solidification [145], recrystallization [146], grain growth [36, 37], etc. Recent improve-

ments in computational speed and capacity allow the model to be extended to three

dimensions [125, 147, 148].

The implementation of grain growth using a phase field model in this thesis is based on

the method proposed by Fan and Chen [36, 37]. In a polycrystalline material, p number

of grains are distinguished by the non-conserved order parameters, ⌘
i

(i = 1, 2, ..., p). The

free energy F of the system is defined as the sum of the bulk energy and the interfacial

energy. In Fan and Chen’s model, F takes on the form

F =

Z

V

"
mf

0

+
pX

i=1



2
|r⌘

i

|2
#
dV. (3.1)

In this equation, V denotes the total volume of the system, and f
0

is the local free energy

density of the bulk phase, associated with a strictly positive prefactor m. The energy

coe�cient  is also positive, such that the gradient part yields a positive interfacial

energy. In Fan and Chen’s approach, f
0

is constructed in such a way that it has multiple

degenerate minima at ⌘
i

= ±1 and ⌘
j 6=i

= 0:1

f
0

=
pX

i=1

✓
⌘4
i

4
� ⌘2

i

2

◆
+ �

pX

i=1

pX

j 6=i

⌘2
i

⌘2
j

, (3.2)

in which � is chosen to be 3/2 to ensure a symmetric interfacial profile [149].2 The

evolution of order parameters follows the time-dependent Ginzburg Landau (TDGL)

equation,
@⌘

i

@t
= �L

�F

�⌘
i

, (3.3)

where L is a positive kinetic parameter.

3.3 Numerical solution of the phase field equations

Temporal and spatial discretization are both necessary to solve the TDGL equation

numerically. We adopt a forward-di↵erence approach for temporal discretization, owing

1In the phase field simulations implemented in this thesis, ⌘ is strictly non-negative. Hence, the
minima of Eq. 3.2 are at ⌘i = 1 and ⌘j 6=i = 0.

2The symbol � should not be confused with grain boundary energy, which, in the phase field literature,
is represented by the symbol �.
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to its simplicity. In this case, the left-hand side of Eq. 3.3 can be written as

⌘ (r, t
n+1

)� ⌘ (r, t
n

)

�t
s

. (3.4)

In an explicit approach like this one, the time step �t
s

must be kept small in order to

maintain numerical stability. In the simulations implemented in this thesis, �t
s

was set

to the value 0.01.

Spatially, the continuous order parameters must be projected onto a finite grid. The

Laplace operator in F on the right-hand side of Eq. 3.3 is calculated using the first-order

central di↵erence. In the end, the discretized form of Eq. 3.3 is

[⌘(r, t
n+1

)� ⌘(r, t
n

)]/�t
s

=

� L{@f
0

/@⌘(r, t
n

)� [⌘(r
x�1,y,z

, t
n

) + ⌘(r
x+1,y,z

, t
n

) + ⌘(r
x,y�1,z

, t
n

) + ⌘(r
x,y+1,z

, t
n

)

+ ⌘(r
x,y,z�1

, t
n

) + ⌘(r
x,y,z+1

, t
n

)� 6⌘(r
x,y,z

, t
n

)]/(�h)2} (3.5)

For the spatial discretization, �h should be chosen fine enough to resolve the boundary

profile. Literature sources have reported that the boundary width should be at least

four times �h to yield reasonable simulation results [150, 150, 151]. Following this rule

of thumb, �h in this study was set equal to one-fourth of the boundary width used in

the simulations.

In the phase field model, each grain ideally has a unique order parameter. If this is not

the case, coalescence will occur when two grains of the same order parameter come into

contact, thereby forming a single large grain almost instantaneously. This phenomenon

leads to incorrect growth kinetics and unphysical grain shapes [125]. In light of the fact

that the simulation allocates memory for p order parameters at each grid point in the

simulation cell, if p is set to equal to the total number of grains, the simulation will

require an enormous amount of the memory simply to store the order parameters. In

addition, computing the order parameters for the TDGL is time-consuming. In order to

address these issues, several methods have been proposed, including local reassignment

of grain labels [125], a sparse data structure [147, 152, 153], and the implementation of

a bounding-box algorithm [154]. The sparse data structure was adopted for the phase

field algorithm used in this thesis. As there are only a few order parameters that take on

value close to 1 in the vicinity of any given grain boundary, the TDGL equations need

only to be solved for the order parameters whose values exceed a small threshold. In

the current work, a threshold of 0.001 resulted in a suitable trade-o↵ between obtaining

the correct growth kinetics and reducing memory requirements for data storage.



Chapter 3. Computer Simulation 37

As mentioned above, �t
s

should be set small enough to maintain stability of the calcu-

lation. Consequently, the phase field method usually requires a large amount of compu-

tational time to simulate significant growth in the microstructure. In order to lower the

overall run time, simulations are nowadays carried out on high-performance clusters that

exploit parallel computing techniques using Message Passing Interface (MPI) [155] and a

graphics processing unit (GPU) [151, 156–161]. In this thesis work, a CUDA-accelerated

simulation was implemented on a GPU (GeForce GTX TITAN X) [162].

3.4 Grain growth with anisotropic boundary properties

In the phase field model, the boundary energy and mobility are defined implicitly by the

phenomenological parameters that appear in Eqs. 3.1, 3.2 and 3.3. The main di�culty

for implementing the phase field method with anisotropic boundary properties is that the

di↵use boundary width does not stay constant when the phenomenological simulation

parameters are changed [163]. A non-constant boundary width results in nonuniform

stability and accuracy conditions for the numerical solution. Starting from Fan and

Chen’s model, Moelans [149] proposed a method that can vary the phenomenological

parameters according to desired values for the boundary mobility and energy while

keeping the boundary width constant. In this section, I present the main quantities

and computations that must be carried out to implement Moelans’s approach. The

relationship between the phase field phenomenological parameters m, �, and L on the

one hand, and the boundary energy and boundary mobility on the other, is thereby

revealed. Using such a relationship, some aspects of the macroscopic description of

grain boundaries can be incorporated into the simulation, such as the misorientation

angle. Nevertheless, the boundary inclination cannot be considered by the phase field

model used in this thesis due to infeasibility of tracking the local boundary normal.

For the sake of simplicity, the derivation is based on a two-grain system. As shown

in Fig. 3.2, grains i and j form a grain boundary. The boundary energy �
i,j

can be

calculated from Eq. 3.1:

�
i,j

=

Z
+1

�1

(
mf

0

(⌘
i

, ⌘
j

) +

i,j

2

"✓
d⌘

i

dx

◆
2

+

✓
d⌘

j

dx

◆
2

#)
dx, (3.6)

where x denotes the direction perpendicular to the grain boundary. The order parame-

ters ⌘
1

and ⌘
2

take on the profiles shown in Fig. 3.2 when the boundary is in equilibrium.

Under such a condition, the functions ⌘
i

(x) and ⌘
j

(x) that minimize the right-hand side
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Figure 3.2: In a two-grain system, the order parameters ⌘i and ⌘j change gradually
across the boundary.

of Eq. 3.6 can be calculated according to the Euler-Lagrange equation:

m
@f

0

@⌘
i

� 
i,j

✓
d2⌘

i

dx2

◆
= 0, (3.7)

m
@f

0

@⌘
j

� 
i,j

✓
d2⌘

j

dx2

◆
= 0. (3.8)

Integration of both equations yields

mf
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dx
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✓
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dx

◆
2

#
= 0. (3.9)

Combining Eq. 3.6 and 3.9, the boundary energy can be expressed as

�
i,j

= 2m

Z
+1

�1
f
0

(⌘
i

, ⌘
j

) dx. (3.10)

The independent variable x can be changed to ⌘. The above equation then takes the

form [149]

�
i,j

= g (�
i,j

)
p

i,j

m. (3.11)

The analytical solution of g(�
i,j

) in the above equation is rather complicated [149]. Thus,

in order to solve g(�
i,j

) numerically, various �
i,j

values are tested for coarsening of the

two-grain system. The quantity g(�
i,j

) can be extracted from the calculated boundary

energy using Eq. 3.10 and the simulation input parameters 
i,j

andm. Fig. 3.3 shows the

resulting values of g as a function of �. These values are fit by a high-order polynomial

for further usage.

When � is varied, boundary profiles change accordingly. In Fig. 3.4 (a), boundary

profiles are plotted for di↵erent values of �. Note that only when � = 1.5 is the boundary



Chapter 3. Computer Simulation 39

Figure 3.3: Numerically calculated function g of � is fitted by a high-order polynomial.

(a) (b)

Figure 3.4: (a) Boundary profiles for the coarsening of two grains for di↵erent values
of �. The intersection ⌘int is marked by a solid dot. (b) ⌘int expressed as a function of
�, as derived from (a).

profile symmetric, as shown by the intersection of the two order parameters, ⌘
int

, at the

value 0.5. Figure 3.4 (b) demonstrates the dependence of ⌘
int

on �. The associated

energy f
0,int

is calculated from Eq. 3.2,

f
0,int

= 2

✓
⌘4
int

4
� ⌘2

int

2

◆
+ �⌘4

int

+
1

4
. (3.12)

In Moelans’ approach, the boundary width l
gb

is defined as

l
gb

=
1

|(d⌘
i

/dx)
x=0

| =
1��(d⌘

j

/dx)
x=0

�� =
r


i,j

mf
0,int

. (3.13)

When � = 1.5 (the case of symmetric boundary profile), l
gb

is calculated to be

r
8

i,j

m
.

From the boundary migration velocity in the Hillert grain growth model and the phase
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field model, Fan and Chen [36, 37] derived the connection between the grain boundary

energy �, the mobility M and the phenomenological phase field parameters  and L:

�M = 
i,j

L
i,j

. (3.14)

Combination of Eqs. 3.10, 3.13 and 3.14 gives

 = �l
gb

p
f
0,int

(�)

g (�)
, (3.15)

L =
M

l
gb

g (�)p
f
0,int

(�)
(3.16)

and m =
�

l
gb

1

g (�)
p
f
0,int

(�)
. (3.17)

Using these equations, the phenomenological phase field parameter values for arbitrary

values of boundary energy and mobility can be calculated using the algorithm described

below [149]. After assigning the desired boundary width to l
gb

and random values to the

initial guesses for �
init

and �
init

, g(�
init

) is solved using the fitted polynomial of Fig. 3.3,

and f
0,int

(�
init

) is solved from the fitted polynomial of Fig. 3.4 (b) and Eq. 3.12. The

phenomenological parameter m can be thus calculated from Eq. 3.17.

For convenience, a new parameter a is employed and defined as a =
p

f
0,int

(�)/g(�).

The initial value of a, a
init

, can be calculated from
p

f
0,int

(�
init

) and g(�
init

). For

every combination of boundary energy � and mobility M , the other phenomenological

parameters can calculated iteratively using the following procedure:

1. From Eq. 3.15 calculate ⇤ = �l
gb

a
init

2. From Eq. 3.11 calculate g(�⇤) = �/
p
⇤m

3. From g(�⇤) in Step 2 calculate �⇤ using Fig. 3.3

4. Calculate f
0,int

(�⇤) from Fig. 3.4 (b) and Eq. 3.12

5. Calculate the intermediate value of a (denoted as a⇤) and compare to a
init

. If the

two values are equal, then  = ⇤, � = �⇤, a = a⇤. If not, redo the calculation from step

1 using a
init

= a⇤.

6. L is calculated from Eq. 3.16.

The calculated phase field parameters m,L, �, are stored in lookup tables that are

read by the phase field simulation when anisotropic boundary energy and mobility are

employed.
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Figure 3.5: Schematic of Ostwald ripening in a binary system. The �-phase particles
are embedded in the ↵-phase matrix. In the phase field model for Ostwald ripening, the
order parameter ⌘ describes di↵erent particles, and a new phase field C distinguishes
one phase from the other.

3.5 Phase field simulation of Ostwald ripening

In Sec. 2.3, multiphase coarsening, namely Ostwald ripening, was introduced. Phase

field simulation is a perfect choice to model such coarsening, as multiple phases are intu-

itively distinguished by di↵erent phase fields. Furthermore, the driving force for Ostwald

ripening can easily be incorporated into the model. Pioneering work for modeling Ost-

wald ripening using the phase field method was carried out by Fan and Chen [164–167].

Recent developments in computational power have made it feasible to extend the model

from 2D to 3D [168–171]. In this thesis, phase field simulations of Ostwald ripening

were made available by the courtesy of Dr. Nan Wang of Penn State University. His

implementation followed the description given in Refs. [167, 172].

Similar to the phase field simulation of grain growth, the particles undergoing Ostwald

ripening are distinguished by an order parameter ⌘(r, t). Additionally, a new phase field

C is introduced to describe the local concentration, which is also a function of space

and time, represented by C(r, t). A simple case of binary-phase Ostwald ripening is

shown in the schematic diagram of Fig. 3.5. The �-phase particles are embedded in the

↵-phase matrix. Within a given particle i, ⌘
i

= 1 and ⌘
j 6=i

= 0. In the matrix phase,

all ⌘ components take on the value 0. C equals C
↵

and C
�

within the matrix phase and

the �-phase particles, respectively. At the interfaces between the two phases, C takes

on intermediate values. The concentration field C di↵ers from the order parameter ⌘ by

the fact that C is a conserved field, owing to the requirement of mass conservation [167].
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The total free energy of the system is a function of both ⌘ and C,
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where p is the number of distinct particles, 
C

and 
i

are gradient energy phenomeno-

logical parameters, and f
0

is the local free energy density, which is given as
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The exact forms of f
1

, f
2

and f
3

are described in Ref. [167]. They are constructed in

such a way that f
0

has its degenerate minima for ⌘
i

= 1 and ⌘
j 6=i

= 0 at the equilibrium

concentration C
�

.

The evolution of the order parameters ⌘
i

follows the same TDGL equation (Eq. 3.3) as

in the simulation of grain growth. For the conserved concentration field C, its evolution

is governed by the Cahn-Hilliard equation,

@C

@t
= r

⇢
Dr


�F

�C

��
, (3.20)

in which D is a kinetic coe�cient related to atomic di↵usion [167].

In Sec. 2.3, I highlighted the coarsening kinetics of Ostwald ripening when the volume

fraction (V
V

) of the coarsening phase is high. In Fan and Chen’s model, the interaction

between particles is automatically taken into consideration, regardless of how high V
V

may be. In the low volume fraction regime, the interaction between particles can be

ignored; hence, in this case, the evolution of the sample microstructure is governed

primarily by the Cahn-Hilliard equation for the concentration field C.



Chapter 4

4D Characterization of

Microstructure

New techniques have been developed in recent decades to characterize the microstructure

of materials in 3D. Depending on whether or not the characterized material is destroyed

during characterization, these techniques are categorized into two types: destructive or

nondestructive methods.

The destructive methods can be traced back to the serial sectioning of samples by

mechanical polishing [173, 174], in which the top layer of a specimen is removed by

polishing after characterization (e.g., using optical microscopy or scanning electron mi-

croscopy), revealing a new surface ready for the next characterization step. In this way,

the 3D microstructure can be reconstructed if the spacing between the layers is known.

Later e↵orts led to serial sectioning automated by a FIB-EBSD. In this technique, a

conventional SEM is combined with a focused ion beam (FIB), which allows in situ

serial sectioning without moving the sample between polishing and imaging stations.

FIB-EBSD yields a more precise 3D reconstruction of the characterized material, repre-

senting a new opportunity for materials scientists to investigate materials in 3D [15–19].

In nondestructive techniques, sample characterization often relies on x-rays. When in-

teracting with a material being characterized, transmitted or scattered x-ray beams can

reveal the material’s internal microstructure. For example, computed tomography (CT)

takes advantage of the intensity di↵erence of transmitted x-rays when the latter pass

through di↵erent phases, e.g., participates, voids or inclusions. Owing to the di↵erence

in x-ray absorption of di↵erent phases, the corresponding microstructure can be distin-

guished. This technique, however, becomes less useful when investigating single-phase

materials. X-ray di↵raction (XRD) methods are often used to probe such materials.
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Information like crystal symmetry, strain and texture can be obtained, and the aver-

age grain size can be estimated. However, morphological information is absent from

conventional XRD characterization. Considering the merits of both CT and XRD, a

combination of both techniques o↵ers a new avenue toward characterizing microstruc-

ture in 3D. This includes successful new methods like three-dimensional x-ray di↵raction

(3DXRD) microscopy [20] and x-ray di↵raction contrast tomography (DCT) [21, 175].

Only the nondestructive techniques allow for the investigation of microstructure in 4D

(3D plus the temporal dimension), as microstructural evolution cannot be followed in

destroyed layers. In this thesis, the time-resolved 3D characterization of microstructure

relies on a synchrotron-based 3DXRD technique. In the following sections of the chapter,

I present the principles of this technique, the details of the experimental setup and the

associated reconstruction procedures.

4.1 3DXRD and other comparable 3D characterization tech-

niques

In 3DXRD measurements, materials are irradiated by hard x-rays from a synchrotron

source. The typical x-ray energy is in the range of 20–100 keV. For an incident x-ray

beam of wavelength �, constructive interference of x-rays is possible only when the Bragg

condition is fulfilled for the crystallites,

2d sin ✓ = n�, (4.1)

where d denotes the spacing between lattice planes, ✓ is the angle between the incident

x-ray beam and the scattering lattice planes, and n is an integer giving the order of the

reflection.

Two types of modes are proposed for the collection of di↵raction spots in 3DXRD [20,

176]. The first mode, grain center mapping, allows fast determination of phases, center-

of-mass positions and volumes, as well as the average characteristics of grains, such as

orientations and strain tensors. In this mode, however, the locations of grain boundaries

are ambiguous. Nevertheless, it is worth noting that with the knowledge of grain center-

of-mass locations and the associated volumes, boundary locations can be estimated using

post-processing techniques like Laguerre tessellation [177–179]. The second mode for

collecting di↵raction spots makes it possible to perform a complete volumetric mapping

of the microstructure. High-spatial-resolution detectors are essential for this purpose.

Under this mode, boundary positions can be determined with good confidence, and

individual grain orientations or even orientation spreads inside individual grains can be
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probed. Therefore, this mode is ideal for investigating grain boundary properties as well

as for characterizing deformed materials, in which the lattice orientation varies within

individual grains. The compromise for the precise characterization provided by this

mode is its lower time-e�ciency compared to the first mode.

Using the two operation modes of 3DXRD, di↵erent physics phenomena can be in-

vestigated. In Refs. [23, 180], the authors explored the e↵ect of heterogeneities in

recrystallization using 3DXRD. The latter technique is also used in the study of solid-

ification [181, 182] and plastic deformation [183, 184]. Moreover, the internal stresses

of materials can be calculated from strain tensors measured by 3DXRD. From the first

feasibility studies performed on a single grain [185, 186], this technique has shown its ca-

pability to characterize strains in multigrain systems simultaneously [187–189]. 3DXRD

has also been used to measure grain rotations during deformation processes [190, 191]

and during Ostwald ripening [192]. Concerning the focus of this thesis—grain growth—

the first successful experimental investigation using 3DXRD was carried out by Schmidt

et al. [25]. In the latter study, 483 grains were mapped in an Al-0.1%Mn specimen. A

second map made after annealing showed that significant grain growth had taken place,

as there were only 27 grains left. In this initial investigation, the spatial resolution was

not su�cient to accurately determine the local curvature of grain boundaries [25].

It is worth mentioning another technique, x-ray di↵raction contrast tomography (DCT),

as it shows great similarity to 3DXRD microscopy. DCT was first proposed in Refs. [21,

175]. With only one near-field detector, extinction spots are observed in the transmitted

beam when a grain fulfills the Bragg condition. Meanwhile, the outer regions of the same

detector are used to record near-field di↵raction spots. Reconstruction is based on the

near-field di↵raction patterns, taking advantage of the use of Friedel pairs [193]. For the

detailed working principal and experimental setup, readers are referred to the review by

Reischig et al. [194]. DCT yields good results for grain growth investigation. As shown

in Ref. [26, 27], Syha et al. successfully measured the evolution of 849 grains in SrTiO
3

before and after one annealing step with a spatial resolution of 0.7 µm.

Instead of using synchrotron radiation, new technology has been developed to per-

form similar measurements with a laboratory x-ray source. The so-called laboratory

x-ray di↵raction contrast tomography (LabDCT) technique was demonstrated first in

the research paper of King et al. [195]. Using a W-target x-ray tube source operated at

90 kV and 350 µA, the authors were able to map the grain shapes and orientations of 42

grains in a titanium sample (with average grain size around 170 µm). Compared to the

synchrotron radiation approach, however, the di↵raction spots collected in LabDCT may

be magnified and distorted simply because of the cone-beam geometry of the laboratory

x-ray source. This increases the complexity of data reconstruction. Moreover, owing to
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Figure 4.1: Schematic of the 3DXRD experimental setup. An x-ray box beam irra-
diates a cylindrical sample that is mounted on an ! rotation stage. Di↵racted beams
are collected by the near-field (NF) detector and the far-field (FF) detector. Note that
the two detectors were not operated simultaneously in the experiments; rather, the
di↵raction patterns were collected one after the other. The image was adapted from
Ref. [198] with kind permission by Jules Dake.

the lower intensity of the laboratory x-ray beam, the exposure time for each projection is

considerably longer than with a synchrotron radiation source. It was reported that the

exposure time of one projection was 60 s in Cu [196] and 300 s in a titanium alloy [197].

Although it has some drawbacks, LabDCT has grown in popularity, as it makes 3D (or

4D) microstructural characterization possible in a laboratory setting. This makes 3D

characterization much more accessible to materials scientists, considering the fact that

3DXRD microscopy and the DCT technique are available nowadays only at a limited

number of synchrotron facilities around the world.

4.2 Data collection

The 3DXRDmeasurements carried out in this thesis were performed at beamline BL20XU

of the synchrotron radiation facility SPring-8 in Japan. The experimental setup is shown

schematically in Fig. 4.1, in which the sample being characterized is mounted on a rota-

tion stage. The sample preferably has a cylindrical shape, and its size is limited by the

width of the x-ray beam. In our experiments at SPring-8, the sample diameter had to

be 1.4 mm or smaller.

The ! rotation stage is rotated around an axis oriented perpendicularly to the incom-

ing beam. The specimen is rotated up to 360� with a step size of �! in order to map

out the complete microstructure. During rotation, grains that fulfill the Bragg condition

generate di↵raction beams, which are collected by the detectors. The detectors consist
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(a) (b)

Figure 4.2: Di↵raction spots collected by (a) the far-field detector and (b) the near-
field detector.

of a scintillator screen that converts x-rays to visible photons and a CCD camera that

detects those photons. To enable both measurement modes as mentioned in Sec. 4.1,

two separate detectors are necessary. A near-field (NF) detector with a spatial reso-

lution around 1–5 µm is placed close to the sample (usually 2–20 mm) for volumetric

mapping; a far-field (FF) detector with a lower spatial resolution (around 50–200 µm)

is located 10–50 cm away from the sample, enabling fast crystallographic mapping [20].

Figure 4.2 shows an example of the di↵raction spots collected by both detectors. The FF

di↵raction pattern (Fig. 4.2 (a)) is similar to the Debye-Scherrer rings that are collected

in powder di↵raction experiments. In contrast, the NF di↵raction spots are located at

more random positions. The shapes of the latter spots reveal the grain morphology.

Prior to carrying out 3DXRD measurements, a number of important parameters,

such as the x-ray energy, the exposure time at each �! and the detector distances,

must be estimated. The x-ray energy is chosen according to the x-ray attenuation

property of the sample material. For aluminum alloys, a beam of 32 keV was used in the

measurements of this thesis. The 1/e attenuation distance is calculated to be around

3.3 mm, according to the Beer-Lambert Law [199], which is larger than the maximum

allowed sample diameter of 1.4 mm. Accordingly, the exposure time at each �! had

to be tuned so that the intensity of the di↵raction spots is in the detectable range of

the detector channels. In addition, a determination of the distances between the sample

and the NF detector/FF detector must be carried out. Depending on the areal density

of di↵raction spots for a given crystal lattice, 3–5 di↵raction rings are ideal for data

reconstruction [200]. The optimal detector distances can then be estimated from Eq. 4.1

after inserting the detector dimensions, the x-ray energy and lattice parameter of the

sample material.
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When there is too much overlap of the di↵raction spots in the di↵raction patterns, de-

termination of crystallographic information is rather challenging. To avoid illuminating

too many grains at once, the scanning of samples can follow the box-scanning method

described in Refs. [20, 176]. In this thesis work, sample scans were divided into ten

layers, with each having a height of 300 µm. An overlap of 50 µm was set between the

layers in order to overcome reconstruction di�culties close to the beam edge.

In order to investigate the coarsening of materials, ex situ annealing must be carried

out. After each annealing step, the microstructure is remapped by 3DXRD microscopy.

As the heat treatment takes place outside the beam hutch, care must be taken to replace

experimental specimens in the same position in the sample holder for the convenience

of data reconstruction. From practical experience, a (physical) marker on the specimen

that can survive the annealing procedure is helpful for this purpose.

4.3 Data reconstruction and post-processing

After the collection of di↵raction data, the crystallographic and volumetric reconstruc-

tion of microstructure is carried out using the software packages FABLE (Fully Auto-

matic BeamLine Experiments) [201] and GrainSweeper [202]. The mathematical as-

pects of the individual programs in FABLE are discussed in separate references (Im-

ageD11 [203] and GrainSpotter [204]). Once reconstructed, the data must go through

necessary post-processing procedures to ensure its full utilization in a 4D manner. In

Fig. 4.3, I summarize the complete procedures for reconstruction and post-processing in

a flow chart. In the remainder of this section, I present the details of each step shown

in Fig. 4.3.

4.3.1 Far-field data reconstruction

An example of a raw FF di↵raction image has already been shown in Fig. 4.2 (a). In

this image, the positions of the di↵raction spots contain the crystallographic orienta-

tion of the grains. Additionally, the intensities of the spots are related to the grain

volumes. Segmentation of hundreds of di↵raction spots is the first step of the FF data

reconstruction. Thresholds in both spot size and spot intensity are implemented in or-

der to separate the signals from noise. Note that in the current reconstruction routine,

the FF spot intensity is not used for the estimation of grain volume, as a more precise

volumetric reconstruction is carried out by near-field data reconstruction. In the end,

the segmented spots in Fig. 4.2 (a) are shown by the marked red circles in Fig. 4.4 (a).

Figure 4.4 (b) shows the overlain results of all FF images that were collected at each !
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Figure 4.3: A summary of the reconstruction and post-processing procedures for raw
3DXRD datasets.

(a) (b)

Figure 4.4: (a) Segmentation of the FF pattern of Fig. 4.2 (a). The di↵raction spots
identified using both size and intensity thresholds are marked with red circles. (b)
Overlay of FF patterns collected at all ! angles.
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Figure 4.5: The Debey-Scherrer rings in Fig. 4.4 (b) are “unrolled” (i.e., plotted as
azimuth angle versus 2✓). The detector parameters are tuned iteratively in ImageD11
until the di↵raction spots are arranged symmetrically about the theoretical peak posi-
tions marked by the red lines.

angle; this image contains all of the di↵raction spots collected from the specimen. The

resulting pattern shows great similarity to the Debey-Scherrer rings obtained by x-ray

powder di↵raction.

Before indexing the segmented spots to crystallographic orientations, it is essential

to tune the detector parameters with great precision in ImageD11, including the de-

tector distance, the x-ray beam center, the detector tilts, etc. [203]. In ImageD11, the

Debey-Scherrer rings in Fig. 4.4 (b) are unrolled. After inserting the correct crystal

lattice constant, crystal symmetry, x-ray wavelength and other associated parameters,

the software fits detector parameters iteratively until the di↵raction spots are centered

about the theoretical peak positions marked by the red lines in Fig. 4.5.

GrainSpotter [204] indexes the di↵raction spots to individual grains. Each spot is

transformed into a scattering vector in reciprocal space: namely, a G vector [204]. Ran-

dom trials are performed in orientation space to match the theoretical G vectors with the

experimental ones. According to the desired completeness (e.g., the minimum number

of reflections per grain), a list of detected grains is generated. These grains are then

used to retune the far-field detector parameters in a subsequent step in ImageD11. With

improved detector parameters, GrainSpotter can identify more grains. These procedures

are repeated iteratively until no more grains are identified. FF reconstruction yields a

list of grains with indexed center-of-mass positions and crystallographic orientations, as

shown in Fig. 4.6.
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(a) (b)

Figure 4.6: (a) The center-of-mass plot of grains indexed by FF reconstruction and
(b) the associated crystallographic orientations.

4.3.2 Near-field data reconstruction

Near-field data reconstruction starts from di↵raction spots segmented on the raw di↵rac-

tion images, similarly to the FF data reconstruction. Afterward, the NF detector pa-

rameters are optimized by the software package ImageD11. The complete volumetric

mapping of samples works on a voxel-by-voxel basis using GrainSweeper [204]. The

seed grains, which were generated by the FF reconstruction, are dilated until they

form boundaries. In this manner, a possible orientation is assigned provisionally to

each voxel in the reconstructed volume from the associated seed grain orientation. In

GrainSweeper, the reconstruction algorithm simulates the di↵raction of x-rays from each

individual voxel, projecting di↵raction spots onto the simulated detectors with the opti-

mized detector parameters [204]. If more than 70% percent of the simulated di↵raction

spots match those found in the experimental di↵raction patterns, the voxel is assigned

to the provisionally chosen orientation. The completeness of a given voxel is defined to

be the ratio between the number of experimentally-detected di↵raction spots associated

with this voxel and the number of simulated di↵raction spots. A typical completeness

map is shown in Fig. 4.7 (a) for an xy cross-section of the reconstructed volume, with

the white color indicating higher completeness. The corresponding volumetric mapping

along the same cross-section is shown in Fig. 4.7 (b). In Fig. 4.7 (b), the color denotes

the local grain orientation using Rodrigues vectors. A successful NF reconstruction re-

quires not only high completeness at grain interiors but also reasonable values at grain

boundaries, which constitute the information concerning grain crystallography and grain

morphology that are input into investigations of microstructure at the grain and grain

boundary levels.
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(a) (b)

Figure 4.7: (a) Completeness map of a NF reconstruction shown in an xy cross
section. White indicates a high completeness value. (b) Grain mapping for the cross
section of (a). Colors denote the grain orientation.

4.3.3 Post-processing

4.3.3.1 Stitching

As discussed in Sec. 4.2, a box-scanning method was employed for di↵raction signal

collection to avoid the presence of too many di↵raction spots on the detectors. A scan is

divided into multiple layers, and a certain vertical overlap is set between the layers. This

overlap makes it possible to stitch multiple layers together using the algorithm described

in Ref. [198]. In brief, grains in the overlap region of two successive layers that have

misorientation angles below 1� are considered to be the same grain. These grains are

assigned the same label after stitching.

4.3.3.2 Registration

Data registration is essential for the accurate investigation of coarsening, as the specimen

must be alternately mounted for 3DXRD measurement and then removed for ex situ

annealing. Although careful realignment is carried out following the practical suggestions

mentioned in Sec. 4.2, minor misalignment between volumetric mappings performed at

di↵erent annealing times is unavoidable. The misalignment mostly lies in a rotation

about the z-axis and translations in the x- and y-direction. Suggestions from Ref. [198]

were adopted for the data registration carried out in this thesis. Considering the fact

that grain orientations measured at di↵erent timesteps are defined in the same reference

frame, a change in orientation of the same grain between two timesteps must reflect

a change in the sample coordinate system (assuming that grains do not rotate during
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coarsening). Therefore, the global rotation of the sample coordinate system can be

estimated from the average orientation change of grains identified to be the same in each

mapping. After sample rotation has been addressed, the remaining misalignment arises

mainly from translation in the x- and y-direction. These translations are addressed

using the Image Processing Toolbox in MATLAB by matching the network of grain

boundaries at di↵erent timesteps.

4.3.3.3 Tracking

For easy analysis of time-dependent features of grains, it is suggested to give all grains

the same grain label if the grains are identified to be the same at di↵erent timesteps.

Termed as tracking, this process uses the backward routine described in Ref. [198].

Because new grains do not appear during coarsening, every grain that is present at a

later time step t
i

(i � 1) must have a counterpart at time step t
i�1

. Therefore, tracking

considers the match in both real space and orientation space: for a grain labeled as X at

t
i

(i � 1), any grain at t
i�1

that overlaps more than half of the volume of grain X at t
i

is

considered to be a candidate for the tracked grain X at t
i�1

. Furthermore, the distances

between the candidate grains and the grain X in orientation space are considered. A

properly tracked grain should manifest a short distance in orientation space. Typically,

a misorientation angle below 1� is a good threshold for e�cient tracking. Nevertheless,

grains sometimes yield multiple matchings or no matching whatsoever, necessitating

manual examination and relabeling.

4.3.3.4 Smoothing

As discussed in Sec. 4.3.2, the quality of a NF reconstruction is quantified by the com-

pleteness, which typically drops in the vicinity of grain boundaries (e.g., Fig. 4.7 (a)).

Owing to the low completeness, the reconstructed boundary morphology may be some-

what irregular or poorly defined. Figure 4.8 (a) shows a reconstructed slice where this

issue is severe. Some boundaries manifest a zigzag shape, like those indicated by the

white arrows. Such boundaries rarely result from a physical coarsening process, as grain

boundaries tend to migrate so as to eliminate locations of high curvature, which cer-

tainly includes the zigzag corners. This reconstruction artifact should be eliminated

before attempting to relate the measured boundary migration to the microstructure.

To correct such problems, I impose a 3D phase field grain growth model on the recon-

structed microstructure for a very short time, which allows the irregular boundaries to

relax according to the physics governing coarsening (Sec. 3.2). Figure 4.8 (b) shows the

result of the correction routine applied to the cross section of (a). After 25 iterations of
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(a) (b)

Figure 4.8: (a) Grain boundaries may manifest roughness (white arrows) arising
from the lower value of reconstruction completeness near boundaries. (b) A phase
field simulation is utilized to smooth the boundaries: after 25 iterations, most of the
roughness has vanished, while the boundaries remain in the same position as in the raw
NF reconstruction.

the simulation, most of the boundary roughness has been damped. At the same time,

the boundaries remain more or less at their initial positions. After this smoothing step,

the resulting datasets are considered to be the final output of microstructural mapping

by 3DXRD microscopy.
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Reverse Engineering Method

In Sec. 2.1.3 and 2.1.4, I discussed two important properties of grain boundaries—

boundary energy � and boundary mobility M—and their experimental measurement.

The product of both parameters, the reduced mobility M 0, can be quantified experimen-

tally by the bicrystal technique. However, literature shows that this technique requires

a considerable amount of e↵ort, and migration of the bicrystal boundary is quite sen-

sitive to the bicrystal quality [14]. Furthermore, it is practically impossible to cover

the entire parameter space for grain boundaries using results of bicrystal experiments.

Therefore, in this chapter I present a method to measure M 0 directly from time-resolved

3D datasets of microstructural evolution. We call this approach the reverse engineering

method. Similar to its usage in electronics engineering, reverse engineering is a way to

extract and reveal the internal features of a system. In the case of grain growth, I aim

to extract the reduced mobility of thousands of grain boundaries in a polycrystalline

material and then determine the dependency of M 0 on macroscopic boundary properties

like misorientation and inclination.

As shown in Eq. 2.16, the boundary migration velocity v is a function of M 0 and the

curvature H. Rearrangement of this equation gives

M 0 =
v

H
. (5.1)

In principle, both quantities on the right-hand side of Eq. 5.1 can be extracted from a 4D

dataset, allowing us to calculate M 0 directly. Furthermore, the boundary misorientation

�g and the inclination n are available from the crystallographic and morphological

information contained in 3DXRD datasets. This means that, in the end, the dependency

M 0(�g,n) can be acquired and investigated experimentally.
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It should be noted, however, that the extraction of v and hHi from a 4D dataset is

not trivial. In this chapter, details of the necessary procedure are discussed. Also, the

validity of the reverse engineering method and its many approximations are examined.

At the end of the chapter, I give suggestions for the experimental design of time-resolved

3D measurements, which can help yield suitable datasets for the reverse engineering

method.

5.1 Measurement of boundary migration velocity

In a 4D dataset, the 3D microstructure at timestep t
i

may contain hundreds to thou-

sands of grain boundaries, depending on the sample size and average grain size. From

the discrete measurement of boundary position at timesteps t
i

and t
i+1

, the boundary

velocity can be estimated. However, between t
i

and t
i+1

the boundaries change not

only their positions but also their sizes and shapes. Thus, extraction of local velocity at

each location of a boundary is a rather complicated issue, as it is unclear how to find

a one-to-one mapping that takes the boundary locations at t
i

to boundary locations at

t
i+1

. Here, only the average boundary migration velocity hvi is considered. Specifically,
hvi is estimated from the boundary’s average displacement �R over the annealing time

�t,

hvi = �R

�t
. (5.2)

Two grains from a 4D dataset are shown in Fig. 5.1 to illustrate the estimation of hvi.
In Fig. 5.1 (a), the boundary between the two grains at t

i

is highlighted in red. The

corresponding boundary area is denoted as A
i

. At timestep t
i+1

(Fig. 5.1 (b)), both

grains have changed their morphologies upon annealing, resulting in migration of the

boundary. As indicated in red, it moves upwards, and the associated area changes to

A
i+1

. This is more clearly depicted in Fig. 5.1 (c), in which the boundaries at both

timesteps are shown together. The boundary sweeps through part of the volume of

the original upper grain. The swept volume V
swept

is defined to be the volume that

is exchanged from one grain to the other during the time interval (t
i

, t
i+1

]. With the

boundary areas at both timesteps, A
i

and A
i+1

, the average migration distance �R of

the boundary can be estimated as

�R =
V
swept

(A
i

+A
i+1

)/2
. (5.3)

Combining Eq. 5.2 and Eq. 5.3, we obtain

hvi = 2V
swept

(A
i

+A
i+1

)�t
. (5.4)



Chapter 5. Reverse Engineering Method 57

(a) (b)

(c)

Figure 5.1: (a) The boundary between two grains at timestep ti has an area of Ai. (b)
Upon annealing, the boundary moves upwards. The resulting boundary area is Ai+1

at ti+1. (c) The boundary positions at ti and ti+1 are shown. The volume exchanged
between the two boundaries is termed the swept volume Vswept. From the indicated
boundary positions, the average boundary migration distance �R can be estimated.

Note that in Eq. 5.4, the sign of hvi follows the sign of V
swept

. When a boundary

moves outwards with respect to the chosen “reference grain,” the sign of V
swept

is positive

because the reference grain gains volume; an inward-moving boundary yields a negative

V
swept

. In the example of Fig. 5.1, if the bottom grain is considered to be the reference

grain, V
swept

is positive, but when the top grain is chosen as the reference, the sign of

V
swept

is negative. Nevertheless, when taking into account the sign of the boundary

curvature (described in the following section), both cases yield the same value for M 0.

In addition, V
swept

is defined to be the net swept volume: that is to say, if part of a

boundary has a positive V
swept

and other parts migrate in the opposite direction (i.e.,

having negative V
swept

), the final V
swept

of the boundary is the sum of the positive and

negative contributions.

Between two discrete timesteps grains may vanish. In other words, a grain surrounded

by its first-nearest neighbors at t
i

may come into contact with second-nearest neighbors
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at t
i+1

. In this situation, the exact time when a first-nearest neighbor vanishes is am-

biguous. Thus, �t in Eq. 5.4 would be undefined. Such cases are neglected in the

analysis by adding a restriction to the allowable change in boundary area between time

steps: ����
A

i+1

�A
i

A
i

���� < 100%. (5.5)

Under this restriction, the area of a boundary considered at t
i+1

is not permitted to be

0. Such a threshold also filters out the situation in which a boundary area increases

dramatically over the course of the annealing interval such that A
i+1

> 2A
i

. On the

other hand, when a boundary undergoes only a minor migration, the determination of

�R may be inaccurate, since then the relative error of the measurement of V
swept

is

larger (at fixed spatial resolution). The lower threshold for V
swept

is set to 300 voxels.

Further remarks concerning this threshold are given in the next section. To conclude,

the application of area and volume thresholds results in only the grain boundaries of

moderate migration being selected for reverse engineering analysis.

5.2 Measurement of boundary curvature

In this section, a method for determining the boundary integral mean curvature hHi
is presented. One of the main challenges of computing boundary curvature is that

the 3D reconstructed microstructure is usually extracted in the form of a voxel-based

representation. Owing to this fact, two di�culties arise: on the one hand, the grain

boundaries are specified implicitly—as interfaces between grain volumes; on the other

hand, these interfaces exhibit roughness as a result of the underlying grid, which leads

to large errors in the curvature estimation.

The software DREAM.3D (D3D) [205] is an excellent tool for overcoming these prob-

lems. The built-in function “Quick Surface Mesh” is employed to mesh interfaces be-

tween grain volumes. After a surface mesh is generated, the boundaries are represented

by a collection of discrete triangles. Nevertheless, the mesh retains vestiges of the stair-

step morphology from the underlying grid. Laplacian smoothing is applied to the mesh

to recover the intrinsic shape of each boundary [206]. The smoothing power is controlled

by the product of the number of smoothing iterations N and the smoothing factor �,

which governs how far a vertex is permitted to move from its original location during

one smoothing iteration. For each triangle of the smoothed mesh, the mean curvature

H can be calculated in D3D following the algorithm given in Ref. [207].

However, an accurate curvature estimation is highly dependent on the applied smooth-

ing procedure [28, 29, 208]. In Ref. [28], the authors concluded from their investigation of
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(a) (b)

Figure 5.2: (a) A Reuleaux tetrahedron has four spherical surfaces. The curvature
of each surface is equal to �1/R, where R is the distance between vertices. (b) The
Reuleaux tetrahedron is embedded in a cubic box, with the surrounding space divided
into four regions of equal volume by planar boundaries. At the triple lines formed by
the intersection of these planes with the surface of the tetrahedron, the dihedral angles
are 120�. First published in: [209].

simulated spherical grains that smaller grains were better smoothed with smaller smooth-

ing parameters, while larger grains required greater smoothing parameters. Nonetheless,

for a real microstructure the optimal smoothing parameters for a given grain boundary

were found not to be correlated directly with the grain size. In light of these contradic-

tory findings, the authors of Ref. [28] used a single set of smoothing parameters for all

grains in their 3D reconstruction.

In this work, the smoothing parameters were optimized on a boundary-by-boundary

basis to improve the accuracy of curvature estimation. Instead of the spherical grain

used in Ref. [28], a test grain having the shape of a Reuleaux tetrahedron was used

to validate the curvature analysis routine. The Reuleaux tetrahedron is defined as the

intersecting interior region of four spheres of radius R, which are centered at the vertices

of a regular tetrahedron of side length R (Fig. 5.2 (a)). Hence, the curvature of each

surface is �1/R. Furthermore, the surrounding space is divided into four equal regions,

as shown in Fig. 5.2 (b). In this configuration, all dihedral angles between boundaries

meeting at triple lines are 120�, which resembles the dihedral angles observed in real

microstructures.

This structure was mapped to a cubic grid (with voxel side length set equal to 1) and

imported into D3D. After meshing, Laplacian smoothing was applied to the mesh; the

parameter � was set to 0.2 at vertices of the surface triangles and reduced to 0.1 for
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Figure 5.3: Influence of smoothing power on curvature estimation for a Reuleaux
tetrahedron with R = 40. The smoothing parameter N takes on values of 25, 100 and
800 from left to right. Images in the top row show curvature values for one of the
curved surfaces. The corresponding curvature distributions are plotted in the bottom
row (after the exclusion of surface triangles adjacent to triple junctions); the red curves
are least-squares fits of Gaussian functions to the histograms. First published in: [209].

vertices of a triple junction or quadruple point, in order to prevent the structure from

shrinking during smoothing.

While keeping � at the above-specified values, we tested the influence of smooth-

ing power on the structure by varying the number N of smoothing iterations (N =

25, 50, 100, 200, 400, 800). Figure 5.3 shows the calculated curvatures for di↵erent values

of N applied to one curved surface of the tetrahedral structure with R = 40. In the top

row of the figure, the patch is colored green when the numerically extracted curvature

is close to the true value (�1/R = �0.025), while white and red patches denote under-

or over-estimations of the absolute value of the curvature, respectively. The curvature

estimation is highly inaccurate close to triple lines, as evidenced by the predominance

of red patches at the edges of the surfaces. This inaccuracy is to be expected, given

the fact that abrupt changes in surface orientation occur at triple lines. For this reason,

such values are eliminated from the calculation of boundary curvature. It is also obvious

that di↵erent N values yield di↵erent smoothing results: when N = 25, the smoothing

is inadequate, as patches with strongly negative curvature (indicated by the red color)

are still present in the boundary interior. Raising N to 100 improves the uniformity

of the extracted curvature values, but progressing to still higher values of N results in

an oversmoothing that causes an increasing fraction of boundary segments to take on

curvatures close to zero.
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Figure 5.4: Absolute value of the relative error (RE) in curvature plotted against N
for di↵erent sizes R of the tetrahedral test structure. For each R, the position where
the minimum RE is obtained is marked by a filled black circle. First published in: [209].

These observations are quantified by the histograms of mean curvature of individual

patches in the bottom row of Fig. 5.3. Gaussian functions are fit to the histograms. Using

the Gaussian mean value, the average boundary curvature hHi is found to be �0.0256,

�0.0250 and �0.0163 for N = 25, 100 and 800, respectively; the corresponding relative

errors are 2.4%, 0% and �34.8%. Thus, for the smoothing of a Reuleaux tetrahedron

with R = 40, the optimal smoothing parameter N
opt

is 100.

As shown in Ref. [28], N
opt

is expected to be related to the resolution of the surface—

e.g., the ratio between the size R and the voxel size. This notion was tested on tetra-

hedral structures with various R values (20, 40, 80, 160 and 320), varying N in each

case from 25 to 800. Figure 5.4 plots the absolute value of the relative error (RE) in

curvature against N for each R. Similar to the example shown in Fig. 5.3, the RE is

found to be large when N is either too small or too large. The optimal choice for N

in each case is marked by a black dot in Fig. 5.4. N
opt

tends toward larger values with

increasing R, which is consistent with the findings of Ref. [28] derived from simulated

spherical grains.

Nevertheless, Ref. [28] also demonstrated that the smoothing e↵ect on a specific

boundary is not directly correlated with the grain size in a real microstructure, as the

particular boundaries of a given grain could be highly curved or nearly flat. Owing to

this, N
opt

is chosen using a di↵erent strategy based on individual grain boundaries rather

than grain sizes. Re-examining the results shown in Fig. 5.3, we find that N
opt

generates

not only the smallest RE but also the narrowest distribution of curvature values. The

spread of a histogram can be quantified by the coe�cient of variation (CV), which is

defined as the ratio of the standard deviation of the distribution to the absolute value

of the distribution mean, as extracted from a Gaussian fit. In Fig. 5.5, CV is plotted

against RE for di↵erent sizes of the test structure. The black dots mark the position
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Figure 5.5: Coe�cient of variation (CV) plotted against the relative error for various
sizes R of the tetrahedral test structure. Points of minimum CV are marked by the
black circles. First published in: [209].

at which the minimum CV is obtained. These points coincide with the points of lowest

RE in Fig. 5.4. Therefore, it is concluded that the minimum-CV criterion identifies

smoothing conditions that lead to curvature estimation with a relative error below 5%.

To implement the proposed method, we apply di↵erent smoothing parameters N to

each grain boundary after they are meshed. The various CV values calculated for a

given boundary are compared, and the boundary curvature is set to the value given by

the calculation having the smallest CV. Notably, some types of boundaries are elimi-

nated from consideration by the reverse engineering method, as the associated curvature

estimations tend to yield low accuracy. Firstly, as shown in Fig. 5.3, owing to the pres-

ence of extreme values close to triple lines, up to second-nearest neighbors of triangles

located along triple lines are excluded. Following this step, the boundaries must still

be large enough for reliable curvature analysis. Boundaries with areas larger than 100

(voxel side length)2 are considered in the current analysis. Secondly, the threshold ap-

plied to the swept volume (V
swept

> 300 voxel) allows for the analysis of boundary

migration distances beyond three voxel side lengths. Finally, extremely flat boundaries

should also be eliminated from consideration, as small errors in the curvature estimation

of such boundaries lead to massive errors in the resulting M 0. A direct threshold is there-

fore applied to the absolute value of the curvature, restricting the reverse engineering

analysis to boundaries with |hHi| > 0.002 (voxel side length)�1.
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Figure 5.6: (a) Initial synthetic microstructure generated by DREAM3D. Phase field
simulation of grain growth at (b) t = 175 and (c) t = 535.

5.3 Method validation

In both the measurement of boundary migration velocity and the determination of

boundary curvature, many approximations are involved. Whether or not the result-

ing M 0 represents the boundary’s true reduced mobility must be validated, and this

validation step has to be carried out on a system for which M 0 is known. Computer sim-

ulations of grain growth are ideal candidates for this purpose, as they treat the boundary

energy and mobility as explicit input parameters.

To generate the initial microstructure for a grain growth simulation, I utilized the

“StatsGenerater” filter in D3D, in which the desired grain size distribution was set to

the lognormal type. Such a microstructure was mapped to a 3003 grid (voxel side length

= 1), and no periodic boundary conditions were applied. Figure 5.6 (a) shows a synthetic

microstructure containing 2001 grains, with the average grain size estimated to be 14.55.

Coarsening of the synthetic microstructure was simulated using a phase field method,

as described in Sec. 3.2. I set the boundary M 0 to 0.25 for all boundaries by choosing

M = 1 and � = 0.25. The corresponding phase field parameters were calculated ac-

cording to the procedure described in Sec. 3.4. The discretization parameters for the

TDGL equation were set to �x = 0.3 and �t
s

= 0.01. The simulation was run long

enough to ensure that significant grain growth took place in the system. The simulated

microstructure at t = 175 and t = 535 is shown in Figs. 5.6 (b) and (c), respectively.

In Fig. 5.7 the change in grain number and the squared average grain size are plotted

against simulation time. Similar to the observations of other phase field simulations

(e.g., Ref. [210]), we observe a transient state at the beginning of the simulation, during

which the grain number remains nearly stable, and the squared mean radius does not

follow a linear relationship with time. This simulation artifact was excluded, and the

reverse engineering analysis was applied only to grain growth starting from t = 175. At

that timestep, the grain number was equal to 973, and the corresponding average grain
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Figure 5.7: Number of grains and mean radius squared plotted against time for the
grain growth simulation of Fig. 5.6. Reverse engineering of the boundaryM 0 was carried
out with the microstructures marked by the solid and dashed black lines from t = 175
to 535. The time interval (space between dashed vertical lines) was 60.

radius was 16.74. Although a simulation can generate coarsened microstructures with

excellent time resolution, a time interval of �t = 60 was selected between two sequential

snapshots of the microstructure to better match the annealing duration used in exper-

iments. In total, six time intervals were taken for the analysis, with the last snapshot

captured at t = 535, in which 234 grains were left, and the mean grain radius equaled

26.29.

Between all sequential timesteps, I applied the methods described in Sec. 5.1 and 5.2

to estimate the migration velocity and curvature of individual grain boundaries. After-

wards, each boundary can be associated with a M 0 calculated from Eq. 5.1, except for

the boundaries that violate the thresholds imposed on the boundary migration velocity

or the curvature. Since M 0 remains constant throughout the entire simulation, the M 0

values extracted from di↵erent time intervals should be indistinguishable. A histogram

of M 0 for all boundaries is shown in Fig. 5.8. The histogram manifests a strong peak

close to its median of 0.2535 (marked by the solid red line), which is very near to the

simulation input of M 0 = 0.25. The relative error of the median value is only 2.5%.

Nevertheless, the histogram shows a certain spread, which can be quantified by the

boundaries of the second and third quartiles of the data. Marked by the dashed red lines

in Fig. 5.8, the 25th percentile is located at 0.2129 and the 75th percentile at 0.2947. It

is also noteworthy that the histogram exhibits high counts when M 0 is close to 0. This

can be explained by the fact that under the current spatial resolution (voxel side length

= 1)1 and temporal resolution (time interval = 60), boundaries that migrate very short

1When extracting M 0 from voxelized data, we set voxel side length = 1 in order to remove an explicit
dependence on length scale from analysis.
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Figure 5.8: Histogram of boundary M 0 values extracted from the time steps shown
in Fig. 5.7 by the reverse engineering method. The solid red line indicates the data
median, and the dashed red lines mark the boundaries of the second and third quartiles
of the data, respectively.

distances yield close-to-zero M 0 values. Owing to this, calculations of the data median

and the quartile boundaries ignore the data in the first bin.

The reduced mobility M 0 of grain boundaries in real materials is rarely isotropic, usu-

ally varying with misorientation and inclination. The question of whether our reverse

engineering method is able to resolve such dependencies is vital to the analysis of exper-

imental datasets. A new type of simulation is proposed for such a validation, in which

the boundary energy and mobility take on anisotropic values.

The initial microstructure for the anisotropic simulation was the same as in the

isotropic case. Values for M 0 were set to depend on the boundary misorientation as

plotted in Fig. 5.9, where the dependency has a triangle shape and a peak at 30�. In

order to utilize the boundary misorientation in the determination of M 0 values, addi-

tional information—grain orientation—must be assigned to individual grains. Such an

assignment followed the algorithm described in Sec. 2.1.1.1. The resulting boundary

misorientation distribution manifests a shape close to that of the Mackenzie distribution

(Fig. 5.10 (a)). The simulation with anisotropic M 0 values began only after a transi-

tional stage with isotropic M 0 from t = 0 to 175. The changes in grain number and

average grain size during the simulation are plotted in Fig. 5.10 (b).

Just as before, microstructures at seven timesteps were selected for the reverse en-

gineering analysis, with the time interval remaining at 60. For each interval, the M 0

of individual grain boundaries was calculated. Because the input M 0 depends on grain

boundary misorientation, I plotted the calculated M 0 values against misorientation. In

the histogram of Fig. 5.11, the bin height shows the value of the median M 0 of data



66 Chapter 5. Reverse Engineering Method

Figure 5.9: Dependence of M 0 on boundary misorientation, which served as the input
to a phase field simulation of anisotropic grain growth.

(a) (b)

Figure 5.10: (a) The distribution of boundary misorientations in the synthetic mi-
crostructure follows closely the Mackenzie distribution [56]. (b) Grain number and
mean radius squared vs. simulation time. The anisotropic simulation began at t = 175,
following an initial run of isotropic grain growth.

points lying within the bin range. The results manifest a triangular shape for the de-

pendency of M 0 on misorientation. When compared with the simulation input, the two

plots show great similarity, as evidenced by the fact that the solid line passes through

most of the bin centers. The fifth bin (center at 27.9�) has the highest M 0 at 0.2352,

which is close to the peak of the input M 0. The agreement is less pronounced for the

first two bins and the last bin. This can be attributed to the poor statistics in these

bins. As shown in Fig. 5.10 (a), boundary populations are low for the misorientation

ranges of these bins. This validation of the simulation for anisotropic M 0 demonstrates

that the reverse engineering method is able to extract possible dependencies of M 0 on

grain boundary parameters during grain growth.
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Figure 5.11: Values of M 0 extracted from the anisotropic grain growth simulation of
Fig. 5.10 (b) and mapped against misorientation. The result reproduces the triangular
shape of the simulation input M 0 (solid black lines).

5.4 A guide to experimental design

At the end of this chapter, I comment on the design of time-resolved 3D data mea-

surements so that such experiments can yield suitable datasets for a reverse engineering

analysis of the boundary M 0. This is an important practical issue, as experimental time

is limited by the available beamtime at synchrotron sources. Additionally, for optimal

use of each dataset, complex and time-consuming reconstructions must be carried out.

Careful design of the 4D measurements in advance helps to maximize the amount of

information that they provide.

Intuitively, both temporal and spatial resolution play a role in the final data quality.

For example, if the time interval between two measured microstructures is too long, we

lose information regarding the exact time when a boundary vanishes; however, when

the time intervals are too short, the boundary migration distances are so small that we

must spend a considerable overall amount of beamtime to record adequate growth in one

sample. The evolution of microstructure in a computer simulation can be considered

to be continuous.2 Also, the spatial resolution of the synthetic microstructure can be

adjusted. Hence, the influence of both parameters can be evaluated before carrying out

experimental studies.

During method validation, we set the time interval �t for reverse engineering of the

isotropic simulations to 60. To evaluate the influence of �t, such results are compared

to cases where �t was set to 5, 30, 120 and 180. For all tests, the reverse engineering

method was applied starting from the microstructure captured at t = 175, with the first

2In simulations, the temporal discretization parameter can be set much smaller than the shortest
annealing interval that is feasible to achieve experimentally.
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two time intervals after t = 175 being used to estimate the boundary M 0. For each �t,

the histogram of boundary M 0 values is plotted in Fig. 5.12. The data median, the 25th

percentile and the 75th percentile are marked in each histogram.

The e↵ect of the choice of �t is quantified in Fig. 5.13 (a), where the median and

data spread are plotted against �t. For di↵erent �t, the median remains close to the

simulation input of 0.25, ranging from 0.2157 to 0.3066. Nevertheless, there is a trend

that M 0 decreases with greater �t, while the spread in data slightly increases. This can

be explained by considering the number of data points that enter into each histogram.

Figure. 5.13 (b) plots the number of grain boundaries (GBs) being analyzed by the

reverse engineering method for di↵erent values of �t. The number of GBs decreases

dramatically for larger �t due to the fact that, when �t is large, more boundaries

vanish within one time interval and are left out of the analysis. It is worth noting

that the number of GBs is even smaller for �t=5. At such a high temporal resolution,

many GBs undergo fairly small displacements, and are, therefore, eliminated from the

analysis because they violate the swept volume threshold. Considering both factors, we

conclude that a moderate temporal resolution is optimal for experiments in order to

capture significant boundary migration, while avoiding the disappearance of too many

grains.

For a given temporal resolution, if an experiment is performed at higher spatial res-

olution (by lowering the grid spacing �x), the estimation of M 0 for boundaries that

undergo small migrations is more accurate. In a sense, this is equivalent to an in-

crease in the temporal resolution. However, the spatial resolution is usually restricted

by the experimental technique and setup (e.g., in 3DXRD microscopy, the �x value of

a measurement is determined by the spatial resolution of the near-field detector). To

qualitatively demonstrate the influence of �x on the analysis, we consider the case when

�x is doubled for a simulation of isotropic grain growth, with �t set to 60. The results

of the boundary M 0 values for �x = 2 are plotted in the histogram of Fig. 5.14. Com-

pared to the results obtained when �x = 1 (Fig. 5.12 (c)), the histogram has a higher

first bin, because more boundaries fall into the bin of smallest migration when �x = 2.

The data median shifts from 0.2535 to 0.3158 for �x = 2, which is further away from

the simulation input of 0.25. In addition, a broader distribution is observed for �x = 2.

It is noteworthy that �x plays a role not only in the estimation of boundary migration

velocity but also in the determination of boundary curvature. At low spatial resolution,

boundaries exhibit sharp corners arising from the underlying grid. These lead to a

less accurate estimation of the mean curvature, which, in turn, results in errors in the

estimation of the boundary M 0. A good spatial resolution is one of the key parameters

for the reverse engineering extraction of boundary M 0 values. Since the absolute spatial
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(a) (b)

(c) (d)

(e)

Figure 5.12: Histograms of boundary M 0 values calculated by the reverse engineering
method using �t = 5, 30, 60, 120 and 180. In each histogram, the solid red line
indicates the data median. The spread of the data is quantified by the boundaries of
the second and third quartiles (dashed red lines).
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(a) (b)

Figure 5.13: (a) Comparison of the data median and spread of the histograms of
Fig. 5.12 plotted against �t. (b) The number of GBs analyzed as a function of �t.

Figure 5.14: Histogram of grain boundary M 0 values extracted from the synthetic
microstructure when �x is set to 2. The results can be compared to the histogram
of Fig. 5.12 (c), which was obtained at the same temporal resolution but at a higher
spatial resolution (�x = 1). The data median, 25th percentile and 75th percentile are
marked with red lines.

resolution is limited by the experimental setup, one often aims to improve the relative

spatial resolution by increasing the average grain size in the specimen so that the grain

boundaries can be better resolved by 3DXRD microscopy. From a practical standpoint,

the latter strategy must consider the fact that a reasonable number of grain boundaries

must remain in the irradiated sample volume in order to yield a statistically significant

number of data points for later analysis.



Chapter 6

Coarsening in an Al-Mg Alloy

In the previous chapter, a method to retrieve the reduced grain boundary mobility

M 0—namely, the reverse engineering method—was established. This method was tested

against simulations with isotropic and anisotropic boundary properties, and the results

confirmed that, when implemented correctly, the method is capable of extracting M 0

for individual GBs from sequential snapshots of a 3D microstructure. In this chapter,

I apply the reverse engineering method to experimental grain growth occurring in an

Al-1wt%Mg specimen. The sample preparation and the experimental details are pre-

sented at the beginning of this chapter, followed by the extraction of microstructural

characteristics at the grain and grain boundary levels. In the end, the dependency of

M 0 on the mesoscopic properties of grain boundaries is investigated.

6.1 Sample preparation and 4D data acquisition

The Al-1wt%Mg specimen (referred to as AlMg) was prepared by Prof. Dmitri Molodov

from RWTH Aachen. Cylindrical samples were cut out via spark erosion of an Al-

1wt%Mg plate, which had been cold-rolled to 50% reduction in thickness. Before grain

growth experiments, the specimen was recrystallized at 350�C for 75 min. The final

sample for measurements had a diameter of 1.4 mm and a height of 6 mm.

The 3D microstructure of the AlMg specimen was mapped using 3DXRD microscopy

on beamline BL20XU at the Japanese synchrotron radiation facility SPring-8. These

measurements were carried out and published by Dake et al. [198]. Some important

experimental parameters are summarized here: The incident box beam had a size of

1600 µm in width and 300 µm in height. The x-ray energy was set to 32 keV. The

angular step �! was 0.48� for the collection of far-field and near-field di↵raction peaks.

71
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Figure 6.1: 3D microstructural evolution in an AlMg specimen annealed at 400�C for
the indicated times. Grains are colored according to the Rodrigues representation of
their orientation.

The illumination time for each �! was 1 s for far-field images and 0.1 s for near-field

images. In total, ten adjacent layers were collected, with a layer height of 300 µm and

an overlap between layers of 50 µm. The total measured height of the specimen was

1.55 mm.

The AlMg sample underwent several annealing sequences during previous investiga-

tions of grain growth. For a detailed annealing history, readers are referred to Ref. [198].

In this thesis, I focus on the final sequence of annealing at 400�C that was carried out by

Dake et al., because the temporal and spatial resolution of this final dataset is suitable

for reverse engineering analysis. The 3D microstructure of the sample was mapped by

3DXRD microscopy after each 30 min ex situ heat treatment. In total, four snapshots

of the sample were available as reconstructed datasets.

6.2 Microstructural evolution at the grain level

In this section, I focus on the microstructural characteristics of the AlMg sample at the

grain level. Figure 6.1 shows the reconstructed 3D microstructure at di↵erent timesteps.

After 90 min of annealing, significant grain growth took place, as seen in the change in

the number of grains (Fig. 6.2 (a))—the number drops from 1320 at t = 0 to 618 at

t = 90 min. In Fig. 6.2 (b), the square of the mean grain size hRi2 is plotted against

annealing time t. In Sec. 2.2, we discussed that a linear relationship between hRi2 and

t is expected for normal grain growth. A clear deviation from this linear prediction is

observed for grain growth in the AlMg specimen, as shown in Fig. 6.2 (b). Here, growth

seems to slow down, as the data point at t = 90 min lies well below a linear extrapolation

of the first three data points.
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(a) (b)

Figure 6.2: (a) Plot of the number of grains in the AlMg specimen during an isother-
mal anneal at 400�C. (b) Square of the mean grain size plotted against annealing time.
The dashed red line is a least-squares fit of a straight line to the first three data points
in the plot.

Figure 6.3: Evolution of the grain size distribution (GSD) in the AlMg specimen
annealed at 400�C. The GSDs are compared to the mean-field prediction of Hillert
[103].

From the volume of individual grains, the grain size distribution (GSD) of the AlMg

sample can be calculated for each timestep. The radius R of an individual grain is

calculated as the radius of a sphere of equal volume. The resulting GSDs are plotted in

Fig. 6.3. Considering that the x-axis is the normalized grain radius R/hRi, the GSDs

should exhibit a time-invariant shape for normal grain growth. However, in Fig. 6.3, the

GSD peaks are found to shift to the left with increasing annealing duration.

All deviations mentioned above point to the possibility of the occurrence of abnormal

grain growth in the AlMg specimen. Examination of the time-resolved microstructure

reveals the coarsening of individual grains. Figure 6.4 shows the microstructural evolu-

tion that occurs in an xy cross section (z = 430). For clarity, grain boundaries in the

micrographs are marked in black. On the right side of the cross section, changes in grain
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Figure 6.4: Microstructural evolution in the AlMg at 400�C, shown in a single xy
cross-section (z = 430). Grain boundaries are marked in black.

size appear to correspond more-or-less to normal grain growth, whereas some grains on

the left side of the cross section grow unexpectedly large. It is clear that, after 90 min

of annealing, the green grain indicated by the red arrow grew to a much larger size than

the other grains.

To quantify this observation, the radii of the grains that appear in these images are

plotted against annealing time in Fig. 6.5 (a). Note that R is calculated from the

spherical equivalent radius of the grain volume in 3D, rather than from the grain area

visible in the cross section. Growth of the green grain is marked in green in Fig. 6.4. The

black data points and line illustrate the mean grain size hRi in the sample. According to

the mean-field model for grain growth in 3D, a grain that is smaller than R
c

= (9/8)hRi
ought to shrink [103]. This is true for most of the grains in the AlMg specimen; however,

some grains with sizes larger than R
c

also shrink and eventually vanish, as shown by

trajectories that start out well above the black line and then cross other ones while

dropping to zero.

For a given grain size trajectory, the growth rate of an individual grain, dR/dt, can

be estimated from discretized data points using a central di↵erence approach:

dR

dt
=

R
i+1

�R
i�1

t
i+1

� t
i�1

, (6.1)
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(a) (b)

Figure 6.5: (a) Size trajectories of the grains shown in the cross section of Fig. 6.4.
The green trajectory corresponds to the large green grain marked by the red arrow.
The black data points denote the evolution of the mean grain radius of the sample. (b)
The scaled growth rate R · dR/dt of the individual grains in (a), plotted against the
normalized grain radius R/hRi.

in which R
i

, R
i�1

and R
i+1

denote the grain radius at timesteps t
i

, t
i�1

and t
i+1

,

respectively. If both sides of Eq. 2.22 are multiplied by R and R
c

is replaced by (9/8)hRi,
we obtain

R
dR

dt
=

8

9
M�

✓
R

hRi �
9

8

◆
. (6.2)

The scaled growth rate R ·dR/dt is a linear function of R/hRi passing through the point

(9/8,0). Since the prefactor M� in Eq. 6.2 is positive, if R > (9/8)hRi, R · dR/dt is

positive—thus the grain grows; if R < (9/8)hRi, R · dR/dt is negative and the grain

shrinks.

We investigate this relationship in Fig. 6.5 (b) by plotting R · dR/dt for individual

grains against the corresponding value of R/hRi. We separate the plot into four quad-

rants using R · dR/dt = 0 and R/hRi = 9/8. If the relationship predicated by Eq. 6.2

holds, the scattered data points should lie in quadrants I and III, and a linear regression

through the data points should go through the point R ·dR/dt = 0 and R/hRi = 9/8. In

Fig. 6.5 (b), the red dashed line indicates a least-squares linear fit of the data points. It

intersects R · dR/dt = 0 at R/hRi = 1.23, which is close to the theoretical value of 9/8.

However, a considerable number of points lie in quadrant IV, indicating that some large

grains that ought to have grown, according to the mean-field model, have in fact shrunk

in the experiments. We also notice that the data points are rather scattered about the

linear fit. This is especially true for the grains with large R, for which the scaled growth

rates are well beyond their linear predictions. From the growth of individual grains, it

is concluded that the mean-field theory alone cannot explain the grain growth that took

place in the AlMg specimen.
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(a) (b)

Figure 6.6: (a) Grain boundary misorientations for the first cross section shown in
Fig. 6.4. Grain boundaries are colored by their misorientation angles. (b) Misorienta-
tion distribution of GBs in AlMg for di↵erent timesteps. The distributions are compared
to the Mackenzie distribution derived from a random assembly of crystallites.

6.3 Microstructural evolution at the grain boundary level

Grain growth in the AlMg specimen can be investigated at the grain boundary (GB)

level, as the boundaries and their associated properties can be extracted from the time-

resolved 3D microstructure. For the microstructures shown in 3D (Fig. 6.1) and 2D

(Fig. 6.4), the colors of grains are found to be far from randomly distributed—there

are regions where nearby grains share similar colors. Since the color denotes the grain

orientation derived from the Rodrigues vector, grains of similar colors ought to have

similar orientations. The misorientation of each GB is calculated from the orientations

of the two adjacent grains. In Fig. 6.6 (a), the same microstructure is shown as in

Fig. 6.4, but here the GBs are colored by the misorientation angle. It is found that

boundaries in blue are dominant in the cross section. To visualize the misorientation

of all boundaries in the specimen, we plot the misorientation distribution in Fig. 6.6

(b). Note that the contribution of each boundary to the distribution is weighted by the

corresponding boundary area. Compared to the Mackenzie distribution, which describes

a random assembly of grains, the results demonstrate a much higher frequency of low-

angle grain boundaries (LAGBs) in the AlMg specimen. In addition, the distributions

are shown for all timesteps in Fig. 6.6 (b). The distributions follow a similar pattern, even

though the microstructure changes dramatically over the course of the heat treatment.

Although high-angle grain boundaries (HAGBs) are not dominant in the sample, we

examine the population of some special HAGBs, i.e., CSL boundaries, as they may

possibly exhibit rather di↵erent behavior during boundary migration. The criterion for

proximity to a CSL boundary is given by the Brandon criterion of Eq. 2.11. In Fig. 6.7,

the frequencies of CSL boundaries in AlMg are plotted against ⌃ up to 23. Values
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Figure 6.7: Relative frequency (in multiples of a random distribution) of CSL bound-
aries in AlMg at di↵erent annealing steps. The measured values for most CSL types
lie well below the expected value of unity. The labels “a” and “b” distinguish between
di↵erent CSL boundary types having the same ⌃ value.

on the y-axis are quoted in multiples of a random distribution (MRD), showing the

relative frequency compared to that of a random assembly of grains (Fig. 2.7). The

MRD vales are plotted in di↵erent colors for di↵erent annealing timesteps. Except for

⌃13a and ⌃17a boundaries, the frequencies of all CSL types are smaller than those of

a random assembly.1 By summing up the total number of all CSL types, we find that

CSL boundaries make up only 5.16%, 5.38%, 5.69% and 5.98% of the overall boundary

population at t=0, 30 min, 60 min and 90 min, respectively. Based on this analysis,

we expect CSL boundaries to play at most a minor role during coarsening in the AlMg

specimen, for which most boundaries are LAGBs and general HAGBs.

In addition to boundary misorientation, the boundary inclination can be estimated

from the extracted network of grain boundaries in the specimen. In Sec. 5.2, I presented

an approach to estimating GB curvature from a surface mesh of grain volumes. The

same software DREAM3D gives the normal direction of each patch in the mesh. Ignoring

the normal vectors for patches that are on or close to triple lines, we calculate the area-

weighted average boundary inclination hni as

hni =
P

n
i

A
iP

A
i

, (6.3)

where n
i

denotes the normal vector of patch i, and A
i

is the corresponding patch area.

Following the routine described in Sec. 2.1.1.2, the inclination of each boundary can be

specified in coordinate systems attached to the two adjacent grains. The results are

plotted in the [001] pole figures of Fig. 6.8.

1Even for the CSL boundaries of highest frequency—⌃13a and ⌃17a—the absolute frequency of
occurrence is quite low: 0.62% for ⌃13a and 0.28% for ⌃17a.
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(a) (b)

(c) (d)

Figure 6.8: Grain boundary inclination distribution in AlMg annealed at 400�C for
the indicated times, plotted on a [001] pole figure. The colors are indexed to the
frequency of planes for an ensemble of randomly oriented FCC crystallites.

At t = 0, the pole figure shows peaks located at h111i poles. According to the

equilibrium phase diagram [211], Al-1wt%Mg has a face-centered cubic (FCC) crystal

structure. For FCC materials, the {111} planes are close-packed planes that are known

to have the lowest surface/interfacial energies. Considering the inverse relation between

the GB energy and the GB population revealed in various references [7, 8, 88, 91, 92], the

h111i peaks in the pole figures are expected. Such peaks in the inclination distribution

coincide with findings in other FCC materials, such as pure Al [7, 92] and MgAl
2

O
4

[7].

Moreover, the MRD values of the overall inclination distribution are distributed between

0.85 and 1.15, which is close to the ranges of [0.86, 1.25] in pure Al [7, 92] and [0.7, 1.78]

in MgAl
2

O
4

[7]). In Fig. 6.8, we can also follow the change in inclination distribution

of the specimen during the 90-min anneal. The peaks for {111} planes are found to

decrease somewhat in intensity with the annealing duration.



Chapter 6. Coarsening in an Al-Mg Alloy 79

Figure 6.9: Reduced grain boundary mobility M 0 as estimated by the reverse engi-
neering method for three annealing intervals of the AlMg specimen at 400�C.

6.4 Reverse engineering the grain boundary M 0

Using two sequential 3D microstructural mappings, we are able to extract the reduced

mobility of individual grain boundaries in the AlMg specimen. With the reverse en-

gineering method proposed in Chap. 5, reduced mobilities are calculated for all three

30-min annealing intervals, and the results are plotted in the histograms of Fig. 6.9.

All three histograms show a similar trend: Around 80% of the boundaries have reduced

mobility in the range from 0 to 200 µm2/min. The similarity between di↵erent anneal-

ing intervals is expected, because the sample was annealed at the same temperature

in each interval. In this analysis, therefore, I focus on the common features instead of

the insignificant di↵erences between various intervals. This approach also provides for a

more robust analysis, since the statistics are improved.

As presented in the previous section, grain boundaries in the AlMg specimen show

large variations in misorientation. The predominance of LAGBs may result in an inho-

mogeneous distribution of M 0 for the boundaries of AlMg. In order to investigate the

dependency of M 0 on misorientation, the M 0 of each grain boundary is indexed to the

corresponding boundary misorientation. Instead of plotting individual data points, I

plot the data in the form of a histogram (Fig. 6.10) in which data points are grouped by

their misorientations. The height of each bin represents the median M 0 value recorded

within the corresponding bin’s range.

The histogram shows that M 0 tends toward higher values for larger misorientation

until reaching a peak around 35�. According to the Read-Shockley model for LAGBs [61],

the dislocation density at a boundary increases as its misorientation increases, which

results in a higher boundary energy. This relationship is reflected in the dependency

of M 0 on misorientation. Nevertheless, the angular limit ✓
m

for this increase (which
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Figure 6.10: Reduced boundary mobilityM 0 in the AlMg specimen indexed to bound-
ary misorientation.

equals the upper misorientation limit of LAGBs) in the AlMg specimen (35�) is larger

than the value (15�) commonly quoted in the literature ([3, 61, 64–66]). From Eq. 2.9,

boundaries are expected to have constant energy �
m

at misorientations greater than

✓
m

. In AlMg, however, M 0 surprisingly decreases above ✓
m

and continues to drop with

increasing misorientation.

A similar decrease in boundary energy was measured for HAGBs in Cu, as presented

in Refs. [8, 212, 213]. The authors attributed the drop to the presence of coherent twin

(⌃3) boundaries. However, since the stacking fault energy in Al in higher than in Cu [3],

twinning should be rather limited in the AlMg sample; this agrees with the low frequency

of ⌃3 boundaries plotted in Fig. 6.7. In addition, the possibility of low M 0 arising from

CSL boundaries is unlikely, as the bin height of the histogram represents the data median

(rather than, say, the average). This notion is confirmed in the histogram of Fig. 6.11,

in which CSL boundaries are excluded. Compared to the original histogram shown in

Fig. 6.10, the two histograms manifest no significant di↵erences. Thus, we can conclude

that the drop in M 0 for HAGBs in the AlMg specimen is not due to the presence of CSL

boundaries.

In Fig. 6.12, the dependency of M 0 on boundary inclination is presented. Plotted

on a [001] pole figure, M 0 is found to have relatively low values at the h111i poles.

Considering the high frequency of {111} planes in the boundary population (Fig. 6.8),

the local minima in M 0 at {111} in Fig. 6.12 are consistent with an inverse relationship

between boundary energy and boundary population [7, 8, 88, 91, 92]. The values for

the normalized M 0 range from 0.8 to 1.15 (an increase of only 44% from the minimum

to maximum value), suggesting that the reduced mobility in AlMg is not very strongly

dependent on boundary inclination. In contrast, M 0 varies greatly with respect to the
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Figure 6.11: The dependencies of M 0 on misorientation are compared for all bound-
aries in the AlMg specimen (blue) and general boundaries (red), from which CSL bound-
aries ⌃3 and higher have been excluded.

Figure 6.12: Values for M 0 (normalized such that the area weighted average is equal
to unity) indexed to the GB inclination in AlMg and plotted in a [001] pole figure.

grain misorientation—as shown in Fig. 6.10, where the bin height ranges from a low of

around 50 µm2/min to a high of over 150 µm2/min.

Figure 6.10 clearly illustrates the general dependence of M 0 on the boundary misori-

entation, but, because the median is used to represent the bin height, the actual data

spread of each bin is absent. In order to show this data spread, I utilize a combination of

violin and box plots. In a violin plot, the data distribution in each bin is estimated by a

kernel density function. By plotting the estimated distribution vertically and reflecting

the frequency across the midline of the bin, one can present the spreads in di↵erent bins

simultaneously. In a box plot, the bottom and the top line of a box (also known as the

lower and upper hinge) mark the 25th and 75th percentiles of the data, respectively.
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Figure 6.13: The distribution of data in the histogram of Fig. 6.10, represented by a
superposition of violin and box plots.

In Fig. 6.13, I superpose a box plot on the violin plot calculated from the histogram

of Fig. 6.10. The spread of the data is quite large—all violins have long necks, and in

some bins the 75th percentile is twice as large as the median. We quantify the spread

by defining the relative data spread to be the distance from the lower/upper hinge to

the median divided by the median value. When averaged across all bins, the relative

spread of M 0 in the AlMg specimen is calculated to range from �52.4% to 102.3%.

6.5 Discussion and final remarks

6.5.1 A case study

An example of an abnormally growing grain is presented in the micrographs of Fig. 6.4.

The green grain marked by the red arrow (Grain ID = 1017) manifests rapid growth

during annealing, as evident by its grain size trajectory plotted in Fig. 6.5 (a). Fig-

ure 6.6 (a) gives a glimpse of the boundary misorientation of this grain in a 2D cross

section. All boundary misorientations of Grain 1017 are summarized in Table 6.1. Neigh-

boring grains and the associated misorientations are listed in the first two columns. In

the third column, the reduced mobilities are presented. If a boundary survives more

than one annealing interval, M 0 is assigned to the average value of all intervals. In

Fig. 6.14, I plot M 0 against misorientation using the data given in Table 6.1. It is clear

that the grain boundaries of Grain 1017 are separated into two populations: boundaries

with misorientations smaller than 10� with small M 0, and boundaries with misorien-

tations larger than 30� and typically large values of M 0. On the same plot, the 25th,

50th and 75th percentiles shown in the box plot of Fig. 6.13 are marked in red. It is

noteworthy that the large-misorientation boundaries of Grain 1017 have M 0 values that
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lie well beyond the top hinge of the corresponding box. Such fast-migrating boundaries

are responsible for the rapid growth of Grain 1017 at the grain level.

Grain ID
misorientation

(�)

M 0

(µm2/min)

distance to

38.2�/h111i (�)
distance to

40.5�/h111i (�)
956 40.4 392.7 9.9 9.9

998 4.5 61.1 35.4 37.7

1171 41.4 2468.3 26.1 26.6

950 41.7 632.2 7.3 6.6

952 24.3 618.2 19.5 21.5

970 42.7 824.3 23.5 23.8

1008 4.2 134.3 34.2 36.5

1011 33.7 292.7 8.3 9.9

1084 43.1 1017.0 12.9 12.5

1097 3.9 108.2 34.6 36.9

1104 32.9 265.4 15.6 16.8

1197 37.5 2140.9 25.6 26.5

862 38.0 1472.9 16.2 16.8

1012 34.8 156.5 16.5 17.5

1143 32.6 408.6 23.4 24.7

1153 32.5 55.5 21.7 23.0

1169 32.6 605.6 23.4 24.6

1222 34.6 388.7 27.6 28.8

1226 41.2 1710.1 14.7 14.8

1249 34.2 317.7 28.2 29.4

Table 6.1: Misorientations and estimated M 0 values for the grain boundaries of Grain
1017 (green grain marked with a red arrow in Fig. 6.4). Columns 4 and 5 list the distance
from the boundary misorientation to ⌃7 (38.2�/h111i) and 40.5�/h111i, respectively.

In Refs. [1, 3, 214, 215], the authors measured the boundary mobility against the

boundary misorientation in high-purity aluminum alloys. A maximum in the vicinity

of ⌃7 (38.2�/h111i) boundaries for mobility was observed. The peak was found to shift

to 40.5�/h111i at a high temperature. The misorientation angle of this reported fast

boundary is close to what was measured for the boundaries of Grain 1017. Thus, I

evaluated the proximity to these reported boundary types by calculating the distances

(in orientation space) from each GB’s misorientation to 38.2�/h111i and 40.5�/h111i.2

2We calculate this distance in the spirit of the Brandon criterion (to which the distance will be
compared) by holding one of the two crystals fixed that form the boundary and then rotating the other
crystal until the desired fast-moving boundary is formed. The angle of this rotation is defined to be the
distance.
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Figure 6.14: M 0 for the individual grain boundaries of Grain 1017. The red markings
indicate the 25th, 50th and 75th percentiles of the box plot in Fig. 6.13.

The results are shown in Columns 4 and 5 of Table 6.1. Considering the Brandon

criterion for a ⌃7 boundary (5.7�), no boundaries of Grain 1017 are close to either

of the specified boundary misorientations found in the literature. Therefore, the ⌃7

boundary is not responsible for the high value of M 0. Furthermore, the population of

⌃7 boundaries is less than expected for a random assembly (the corresponding MRD

value is smaller than unity in Fig. 6.7), which again suggests that ⌃7 boundaries do not

explain the unexpectedly large values for M 0 of some grain boundaries in AlMg.

6.5.2 Final remarks

Microstructural evolution in an Al-5wt%Mg specimen was captured by 3DXRD mea-

surements. The reconstructed microstructure shows that significant growth took place

in the sample. Nevertheless, the growth seems somewhat abnormal: the square of the

mean radius is not linearly proportional to the annealing time, and the normalized grain

size distributions are not time-invariant during coarsening.

By examinating individual grains, we see that some grains are observed to grow more

rapidly than the rest. This is confirmed by the scaled growth rate plot of Fig. 6.5.

The scatter of the data points is consistent with the abnormality of grain growth in

the specimen. At the grain boundary level, we found a large number of boundaries to

have misorientations below 10�. According to the texture-induced AGG mechanism,

these LAGBs should be rather immobile, whereas HAGBs in the sample are expected to

manifest relatively high migration rates, which could account for some grains growing

abnormally large. Besides boundary misorientations, inclinations were also investigated.
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Although the boundary inclination is rather homogeneously distributed, the correspond-

ing pole figure shows weak peaks for {111} planes, which is consistent with other such

measurements performed on FCC materials.

The texture-induced growth mechanism is supported by the M 0 values computed by

the reverse engineering method. LAGBs are demonstrated to manifest low M 0, and their

reduced mobilities increase with greater boundary misorientation. However, a surprising

result is that the M 0 of HAGBs was found to decrease above a misorientation of about

35�. We ruled out the possibility that certain types of CSL boundaries are predominant

in the sample. Nonetheless, the reason for the drop in M 0 for HAGBs remains unknown.

In addition to the dependency of M 0 on boundary misorientation, M 0 was also indexed

to boundary inclination. An inverse relationship between the boundary population and

the M 0 value was observed for the AlMg specimen.

The aforementioned dependencies of M 0 on misorientation and inclination are, in a

certain sense, average characteristics for the boundaries in the sample. When referenced

to individual grain boundaries, the results may show a rather di↵erent picture: the violin

and box plots of Fig. 6.13 demonstrate that M 0 exhibits a large spread even within a

narrow range of misorientations. Moreover, from the study of individual grains that

grew abnormally in experiment, it is found that the GBs of such abnormal grains may

have rather extreme values in M 0 that lie well beyond the 75th percentile of the data.

Such fast-migrating boundaries were evidently responsible for the abnormal growth of

certain grains in the AlMg specimen.





Chapter 7

Coarsening in an Al-Cu Alloy

In the previous chapter, the grain growth that took place in an Al-1wt%Mg specimen

was discussed. From microstructural characteristics recorded at the grain and grain

boundary levels, considered together with the extracted M 0 values of these grain bound-

aries, it was concluded that the growth occurring in this sample was abnormal in nature.

In this chapter, I intend to establish a control experiment in which normal grain growth

is investigated. With these results, the abnormal growth mechanisms observed in the

AlMg specimen can better be identified and understood.

In an earlier study [119], a previous doctoral student in the Krill group found that,

at high volume fractions of the coarsening phase, coarsening in semisolid Al-5wt%Cu

(referred to as AlCu) resembled normal grain growth. For this reason, this AlCu alloy

was chosen as a specimen for the control experiment. From reconstructed time-resolved

3D microstructures, I show that the coarsening in AlCu di↵ers from that in AlMg at both

the grain and grain boundary levels. Using the reverse engineering method, I extract

boundary M 0 values from the 4D mappings, and, at the end of this chapter, I discuss

the dependencies of M 0 on boundary misorientation and inclination.

7.1 Sample preparation and 4D data acquisition

All measurements were performed on cylindrical specimens of Al-5wt%Cu, cut to a

diameter of 1.4 mm by spark erosion from a plate that had been cold-rolled to a total

thickness reduction of 50% and then homogenized at 500�C for 24 h in air. A pre-

annealing at 600�C for 10 min was conducted on the samples. At this temperature, the

alloy consists of Al-rich solid particles and a surrounding liquid matrix. Heating into

the semisolid state is reportedly capable of weakening the texture that arises from the

87
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rolling process [192]. Upon cooling, the liquid phase crystallizes into a mixture of Al

and ✓ phase, the latter of which contains a significant concentration of Cu. Owing to

the di↵erence in x-ray absorption of the two phases, it is possible to distinguish them

by computed tomography (CT).

3D reconstructions of the sample microstructure were captured using both CT and

3DXRD microscopy at the Japanese synchrotron radiation facility SPring-8. For CT

scans, the incident box beam had a size of 800 µm in height and 1600 µm in width. With

the overlap between layers set to 50 µm, a total height of 3050 µm was measured after

four layers of scans. The spatial resolution for the CT scans was 0.75 µm. Regarding the

3DXRD measurements, the settings for the incident beam and the detector parameters

were identical to those described in Sec. 6.1.

We performed our investigations of coarsening in AlCu at a temperature slightly above

the single-phase region (575�C), where a small amount of liquid wets the boundaries of

the solid aluminum grains. According to the Al-Cu phase diagram [211], the volume

fraction of the solid phase (V
V

) is calculated to be 0.98. The advantage of two-phase

coarsening is the potential homogenization of boundary properties by the thin liquid

layer, through which atoms can quickly di↵use to equalize variations in boundary energy

or mobility. In total, the sample was annealed six times at this temperature, with each

annealing interval set to 10 min.

7.2 Microstructural evolution at the grain level

The recorded 3DXRD di↵raction patterns were segmented and fed into appropriate re-

construction programs. The reconstructed grain volumes and associated crystallographic

orientations are shown in Fig. 7.1 for di↵erent annealing steps. The corresponding num-

ber of grains is calculated and plotted against time in the same figure. After 60 min of

annealing, the grain number had dropped from 937 to 271.

An example of a cross section that is reconstructed from a CT scan is shown in

Fig. 7.2. After cooling from the annealing temperature, the liquid surroundings solidify

to a mixture of the Al ↵ phase and the ✓ phase, which has a higher x-ray absorption

compared to the solid ↵ phase grains. However, the volume fraction of the liquid phase

is low, as confirmed by the small thickness of the ✓ phase between the grains in the

micrograph. In some places, the ✓ phase is ambiguous or even undetectable with the

current CT setup.

In Sec. 2.3, we discussed the coarsening mechanism in multiphase systems, namely

Oswald ripening. Instead of directly migrating from one grain to another as in grain
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Figure 7.1: 3D coarsening in the AlCu specimen, visualized through 3DXRD recon-
structions. Colors denote the Rodrigues vector representation of grain orientation. At
lower right, the number of grains in each mapping is plotted against the cumulative
annealing time.
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Figure 7.2: Cross section of a CT reconstruction of the AlCu specimen at t = 0. At
the annealing temperature of 575�C, the volume fraction of the liquid phase (light gray
color) is only 2%.

growth, the atoms from highly-curved grains must first di↵use into and through the ma-

trix phase during Ostwald ripening. Despite this di↵erence in the transport of atoms, at

very high volume fractions of the coarsening phase, Ostwald ripening exhibits significant

similarities to grain growth, as noted in the literature [122, 126].

Here, we first consider the grain size distribution (GSD) of the sample. Estimated

from a kernel density function, the GSD for steady-state growth in AlCu is plotted

in Fig. 7.3. The distribution is compared to the prediction of LSW theory, for which a

vanishing volume fraction of the coarsening phase is assumed. The GSD in AlCu is much

broader and shows a considerably lower maximum. In many regards, the AlCu GSD

more closely resembles the distribution predicted by Hillert’s mean-field grain growth

model [103], plotted as the dashed line in Fig. 7.3. This result is consistent with findings

reported in Ref. [122].

The similarity in high-V
V

shape of the GSD between grain growth and Ostwald ripen-

ing is supported by our computer simulations. I used a phase field model to simulate

these two di↵erent kinds of coarsening in the AlCu sample. For both simulations, the

initial input was the 3DXRD reconstruction of AlCu at t = 0. In this 3D mapping,

voxels in the proximity of grain boundaries are assigned as liquid to mimic the 2 vol%

of liquid phase at the experimental annealing temperature. Grain growth was simulated

using constant boundary energy and mobility, following the implementations described

in Sec. 3.2. The Ostwald ripening simulation was performed by Nan Wang at Penn State

University. For implementation details, readers are referred to Sec. 3.5.

Both simulations were run long enough so that the remaining number of grains lay

below the total at the end of the experiment. In order to match the time scale of the

simulation of that of experiment, I considered both the number of grains and individual



Chapter 7. Coarsening in an Al-Cu Alloy 91

Figure 7.3: Grain size distribution in the AlCu specimen as calculated from the
steady-state growth region (total of 6 timesteps, t = 0 is excluded). The result is
compared to the distributions predicted by LSW theory and the mean-field grain growth
model.

voxels. The 10-min annealing interval of the experiment was found to be equivalent to

3700 iterations for the grain growth simulation and 4 simulation outputs for the Ostwald

ripening simulation. After this rescaling, the number of grains in experiment, in the grain

growth simulation and in the Ostwald ripening simulation are plotted against a common

time axis in Fig. 7.4 (a). All three curves manifest similar trajectories.

Grain size distributions can be calculated at each annealing timestep for the three

datasets. Averaged distributions computed for the steady-state growth regime for each

case are compared in Fig. 7.4 (b). Both simulated GSDs show a striking resemblance to

the experimental one. None of the three show a sharp peak and rapid drop in frequency

with larger particle size, as predicted by LSW theory. On the other hand, a slightly

closer similarity to the mean-field prediction is observed. Evidently, although two dif-

ferent phases were involved in the coarsening of the AlCu specimen, the microstructural

evolution shows no obvious statistical di↵erence compared to that of grain growth. For

this reason, the recorded 4D dataset of AlCu ought to constitute a fair comparison to

the grain growth observed in the AlMg specimen presented in Chap. 6.

In Fig. 7.5 (a), we examine the GSD at individual timesteps during the annealing of

AlCu. If the GSD at t = 0 is excluded, the remaining GSDs are quite similar, which is

indicative of steady-state growth. Such time-invariance is characteristic of normal grain

growth, but it was not observed in the AlMg specimen (Fig. 6.3). Moreover, a linear

relation is found to hold between the square of the mean grain radius and the annealing

time (Fig. 7.5 (b)), which is also typical of normal grain growth.

The same speculation can be made based on the evolution of 2D microstructures

presented in Fig. 7.6. We find no evidence that certain grains grow much faster than the
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(a) (b)

Figure 7.4: (a) Number of grains in the AlCu experiment and in the grain growth
and Ostwald ripening simulations after rescaling the simulation time. The grain size
distributions for the three cases are plotted in (b) and compared to curves of LSW
theory and the mean-field grain growth model.

(a) (b)

Figure 7.5: (a) Grain size distributions at di↵erent timesteps for the AlCu specimen.
(b) Square of the mean grain radius plotted against annealing time in AlCu. The
dashed red line is a least-squares fit of a linear function to the data points.

rest. We can follow the corresponding grain size trajectories plotted in Fig. 7.7 (a) and

see that most grains that were larger than R
c

grew, while grains that were smaller than

R
c

shrunk during annealing. From the grain size trajectories, the growth rate dR/dt

can be calculated for the intermediate data points of the trajectories using a central

di↵erence approach. As demonstrated by Eq. 6.2, the scaled growth rate R · dR/dt

of a grain of size R is expected to depend linearly on R/hRi. We investigate such a

relationship in AlCu by constructing the scatter plot of Fig. 7.7 (b). Most of the data

points lie in quadrants I and III of the plot and are concentrated around the dashed red

line, which is the least-squares fit of a straight line to the data points. This regression

line intersects R ·dR/dt = 0 at R/hRi = 1.05, which is close to the value of 9/8 predicted

by the Hillert grain growth model.
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Figure 7.6: Microstructural evolution in the AlCu specimen as seen in an xy cross-
section (z = 200). Grain boundaries have been marked by black lines in these images.

(a) (b)

Figure 7.7: (a) Grain size trajectories of the grains that appear in the cross sections
of Fig. 7.6. The mean grain radius of all grains in the sample is shown by the black
dots. (b) The scaled growth rate R · dR/dt plotted against the normalized grain radius
R/hRi. The dashed red line indicates a linear fit to the data points.

In order to compare the data points of Fig. 7.7 (b) to their counterparts in AlMg,

a normalization is required, since coarsening of the two samples took place at rather

di↵erent overall rates. The normalized R·dR/dt is defined to be the ratio of an individual

grain’s R · dR/dt to the global growth rate, hRidhRi/dt, extracted from the slope of the

linear regression line. For both samples, the normalized R ·dR/dt plots are compared in

Fig. 7.8. It can be seen that the data points of AlCu are more concentrated around the

regression line, whereas the data points of the AlMg sample display much more scatter.
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(a) (b)

Figure 7.8: Normalized R · dR/dt plotted against R/hRi in (a) AlCu and (b) AlMg.

The residual standard error is used to quantify this scatter.1 The residual standard

error is calculated to be 0.3506 for AlCu and 0.6648 for AlMg. From such a comparison,

it is concluded that the growth of individual grains in AlCu is better described by the

mean-field model of grain growth than is the coarsening of individual grains in AlMg.

This is consistent with the global statistics for AlCu.

7.3 Microstructural evolution at the grain boundary level

In this section, we focus on grain boundary characteristics and how these change during

annealing of the AlCu specimen. In Fig. 7.9 (a), the same cross section shown in Fig. 7.6

is presented again for t = 0. This time, grain boundaries are colored to indicate their

misorientation angle. In the 2D cross section, many fewer blue boundaries are seen

compared to the results of AlMg (cf. Fig. 6.6 (a)). Misorientation distributions of all

boundaries in the AlCu sample are plotted in Fig. 7.9 (b) for the di↵erent annealing

timesteps. These distributions do not change significantly over time, and they closely

resemble the Mackenzie distribution derived from a random assembly, although a weak

peak is seen around 10� for all annealing steps. The grain boundaries in the AlCu

specimen are thus more-or-less randomly distributed in misorientation space.

Considering the large fraction of high-angle grain boundaries (HAGBs)s, it is worth-

while to examine the population of CSL boundaries in the sample. Figure 7.10 plots

the relative frequency in multiples of a random distribution (MRD) for the various CSL

boundaries of ⌃ values up to 23. For clarity, only the results at t = 0 and t = 60 min

are shown. Note that at t = 0, two types of ⌃17 have the same MRD value, leading to

1Residual standard error is defined as
p

RSS/(n� 2), where RSS is the residual sum of squares of
the linear fit, and n is the number of data points.
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(a) (b)

Figure 7.9: (a) Grain boundaries in a cross section (z = 200) of the reconstructed
AlCu sample at t = 0. Colors indicate the boundary misorientations. (b) Misorientation
distributions for all GBs in AlCu at di↵erent timesteps. The distributions are compared
to the Mackenzie distribution (dotted black line).

Figure 7.10: Relative frequency (in multiples of a random distribution, MRD) of CSL
boundaries in the AlCu specimen at t = 0 and t = 60 min.

a single dot on the plot. The same applies to ⌃21 at t = 60 min. On the plot, the MRD

values for most of the data points are smaller than one. Only a few points, e.g., ⌃3,

⌃5, ⌃7 and ⌃9, have an MRD slightly larger than one. We also calculated the actual

occurrence frequency of all CSL boundaries in the sample. The results of 8.92% at t = 0

and 8.93% at t = 60 min are somewhat lower than the 9.75% expected for a random

assembly.

Inclination distributions were also calculated for the boundaries of the AlCu sample.

The results at t = 0 and t = 60 min are plotted in the [001] pole figures presented in

Fig. 7.11. The color bar is set to have the same range as the plot in Fig. 6.8, so that

the inclination distributions for AlCu and AlMg can be directly compared. As shown in

Fig. 7.11, AlCu exhibits no strong peak at either the beginning or end of the measured

coarsening, considering the fact that there are no reddish colors in the pole figures.
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(a) (b)

Figure 7.11: Grain boundary inclination distribution in the AlCu specimen at t = 0
and t = 60 min. The color bar is set to the same range as in Fig. 6.8.

Compared to the AlMg sample, the boundary inclinations in the AlCu specimen are more

homogeneously distributed, i.e., the grain boundary normals manifest no predominant

direction.

7.4 Reverse engineering the grain boundary M 0

Using the reverse engineering method, I was able to extract the grain boundary M 0 from

sequential 3D microstructural mappings of the AlCu specimen. The resulting M 0 values

for all six annealing intervals are plotted in the histogram of Fig. 7.12 (a). The median

value is 345.69 µm2/min. In Fig. 7.12 (b), the reduced grain boundary mobility is further

analyzed and indexed to the boundary misorientation. Inside each bin of the bar chart,

the median was used to set the bin height. In the AlCu specimen, M 0 increases with

greater misorientation for LAGBs. The angular limit ✓
m

for LAGBs is around 20�. This

value is close to the commonly used threshold angle found in the literature [3, 61, 64–

66]. Additionally, for boundaries of misorientation larger than ✓
m

, the reduced mobility

remains at a more-or-less constant value. Although the grain boundary energy is only

one of the two factors contained in M 0, the dependency of energy on misorientation

described by Eq. 2.9 is qualitatively consistent with the trend seen in Fig. 7.12 (b).

Figure 7.13 displays the boundary M 0 with respect to the GB inclination in a [001]

pole figure. In order to compare with the inclination dependency of the AlMg specimen,

the color bar in Fig. 7.13 takes the same range as in Fig. 6.12. Compared to the valleys

at h111i poles present in AlMg, AlCu shows a rather homogeneous dependency of M 0

on inclination. In AlMg, we also found an inverse relationship between the boundary
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(a) (b)

Figure 7.12: (a) Grain boundary reduced mobility M 0 estimated by the reverse engi-
neering method for the six annealing intervals of the AlCu specimen. (b) Dependency
of the median M 0 value on GB misorientation in AlCu.

Figure 7.13: Normalized M 0 in AlCu plotted against grain boundary inclination in a
[001] pole figure. The color bar has the same range as in Fig. 6.12.

M 0 and the boundary population, whereas such a relationship is not apparent in AlCu

because of the homogeneity exhibited in both the inclination population distribution

and the dependency of M 0 on inclination.

At the end of this section, we examine the spread of the data underlying the bar chart

of Fig. 7.12 (b), which displays only the median value for each bin. The corresponding

violin and box plots are shown in Fig. 7.14. The stretched shape of the violins in each bin

indicates that grain boundaries of a similar misorientation in the AlCu specimen vary

in their M 0 values to a great extent. Nevertheless, compared to the results of AlMg, the

box plot in Fig. 7.14 has shorter distances between the upper and lower hinges. I used

the 25th, 50th and 75th percentiles of the data to calculate the relative data spread in

each bin: the average relative data spread in AlCu ranges from �40.6% to 71.3%, which

is smaller than the values determined for AlMg (from �52.4% to 102.3%).
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Figure 7.14: Spread of M 0 data points underlying the bar chart of Fig. 7.12 (b),
represented by superposed violin (blue) and box (black) plots.

7.5 Final remarks

The goal of the experimental work presented in this chapter was to collect time-resolved

3D data that displayed normal grain growth. Such a dataset was achieved by taking

3D snapshots of the coarsening in an Al-5wt%Cu specimen using 3DXRD microscopy.

The annealing temperature (575�) was set slightly above that of the single-phase re-

gion. From the reconstruction of CT scans, the microstructure (Fig. 7.2) manifests solid

grains surrounded by a thin layer of liquid (2% in volume fraction). Although the coars-

ening mechanism is Ostwald ripening, the resulting grain size distribution di↵ers greatly

from the theoretical model for Ostwald ripening derived for a vanishing fraction of the

coarsening phase. Comparing phase field simulation results for a model that assumes

Ostwald ripening to those for normal grain growth, we see that the thin liquid layer

has only a slight e↵ect on the predicted outcome when starting from the same initial

microstructure. More importantly, however, this liquid layer is found to homogenize the

grain boundary properties in the AlCu sample, a finding that is backed by analysis at

both the grain and grain boundary levels.

At the grain level, the square of the mean grain radius is linearly proportional to the

annealing time. Moreover, the grain size distributions take on time-invariant shapes.

Neither of these features were observed during grain growth in the AlMg specimen.

The linearity is also more pronounced between the scaled instantaneous growth rate of

individual grains and the normalized grain radius. That is to say, the growth of in-

dividual grains in AlCu is closer to the mean-field prediction. This indicates that the

main prerequisite for normal grain growth could be fulfilled: the grain boundary energy

and mobility are isotropic (or nearly so) in the two-phase region of AlCu. At the grain

boundary level, we found no predominant types of CSL boundaries in the sample. The
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distributions of boundary misorientation and inclination are both homogeneous: indeed,

the misorientation distribution is close to the Mackenzie distribution for a random as-

sembly, and the inclination distribution shows very weak peaks for {111} planes when

compared to AlMg.

The reduced mobility M 0 of individual boundaries was determined by the reverse en-

gineering method. When indexed to the boundary misorientation, the reduced mobility

was found to increase with larger misorientation until reaching a plateau for HAGBs.

Moreover, the spread in M 0 was less than in AlMg. Pole figures of boundary inclination

showed a weak dependency on this parameter. All of these observations support the

original supposition that a thin layer of liquid can equalize the boundary energy and

mobility. In general, the boundary migration exhibited by the AlCu specimen is much

steadier and more uniform than in AlMg.





Chapter 8

Discussion and Conclusions

In the previous two chapters, I presented the coarsening that took place in two speci-

mens measured experimentally. Through growth statistics measured at the grain and

grain boundary (GB) levels, grain growth in Al-1wt%Mg is revealed to be abnormal,

whereas a rather normal type of growth is observed in the Al-5wt%Cu specimen. These

two di↵erent growth modes can be related to the dependency of the reduced GB mo-

bility on boundary misorientation and inclination, which was obtained from the reverse

engineering analysis of boundary migration. Armed with this knowledge, in this chapter

I answer the scientific questions posed in Introduction.

8.1 Validity of the reverse engineering method

Grain boundaries are demonstrated to be an important component in polycrystalline

materials [3], as they play an essential role in governing the mechanical and other func-

tional properties of the materials. This significance of grain boundaries is exploited, for

example, in the field of “grain boundary engineering” [40–44]. In particular, the bound-

ary mobility and energy are critical for understanding the phenomenon of coarsening in

polycrystalline materials.

In Sections 2.1.3 and 2.1.4, the conventional approach toward obtaining values for

these two quantities is discussed. The bicrystal technique is demonstrated to be the

most successful method for measuring the reduced mobility of a grain boundary under

capillary/external driving forces [10–13]. Nevertheless, the main disadvantage of the

bicrystal approach lies in its experimental complexity. On the one hand, the migration

of a bicrystal boundary is sensitive to the bicrystal quality. On the other hand, fabri-

cating enough samples to cover the entire five-parameter boundary space is practically

101
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impossible. Hence, the urgency of extracting boundary reduced mobilities directly from

polycrystalline materials, as addressed in the first question of Chap. 1:

1. Is it possible to retrieve the reduced GB mobility from measurements of the coars-

ening of grains in a polycrystalline material?

Being able to record the migration of individual grain boundaries in a polycrystalline

material is a necessity to answer the question. In order to capture the 3D microstructure

of a material in a time-resolved manner, 3DXRD microscopy was utilized in our investi-

gations. Exploiting the interference of x-rays scattering from a crystal lattice, 3DXRD

measurements are capable of distinguishing between grains of di↵erent crystallographic

orientation in a single-phase material. After the indexing and evaluation of the various

di↵raction peaks, the method is able to reconstruct grain volumes and determine their

lattice orientations. In such datasets, grain boundaries are implicitly defined by the

grain volumes. By remapping the microstructure after each interval of heat treatment,

we are thereby able to capture the migration of thousands of grain boundaries in a given

sample.

In order to retrieve the reduced GB mobility for such a dataset, we proposed a reverse

engineering type of analysis in Chap. 5. Two quantities—the boundary integral mean

curvature hHi and the boundary migration velocity v—must be estimated with great

care in order to obtain accurate values for the reduced mobility M 0. For details of

these procedures, readers are referred to the respective sections in Chap. 5. It is worth

mentioning that the method is limited to certain types of boundaries in the dataset. This

can be easily understood from a static/dynamic point of view. At a given timestep, a

boundary being analyzed should not be too small (in area) or too flat, as both of these

characteristics lead to huge uncertainties in the estimated boundary curvature. When

considering the migration of a boundary between two sequential timesteps, one should

avoid cases in which the boundary moves a short distance or disappears. In both of

these cases, the estimated boundary migration distance has a large relative uncertainty.

Therefore, thresholds have to be imposed in the reverse engineering method on the

quantities hHi, GB area and swept volume so that su�ciently precise values for M 0 are

obtained (Secs. 5.1 and 5.2).

In addition, through computer simulations we were able to vary both the spatial and

temporal resolution of a 4D dataset in order to investigate their influence on the reverse

engineering method. Readers are referred to Sec. 5.4 for details. It is concluded that the

annealing duration between two 3D mappings should be moderate—on the one hand,

significant boundary migration should be recorded, but, on the other hand, individual

GB migrations must be trackable, avoiding situations in which a GB changes greatly

in size or even vanishes. High spatial resolution is an important factor for successful
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data collection, as it a↵ects not only the estimation of boundary migration but also

the boundary curvature. Nevertheless, in the 3DXRD setup, the spatial resolution is

limited by the resolution of the near-field detector. Therefore, the proper relative spatial

resolution should be established by preparing experimental specimens with a su�ciently

large average grain size.

The validity of the reverse engineering method was tested on computer simulations

of grain growth that were carried out with known values for the boundary M 0. Two

types of simulations were employed: in one case, all boundaries were set to have the

same M 0 (referred to as the NGG simulation); in another case, M 0 was set to depend on

boundary misorientation (referred to as the AGG simulation). For both simulations, we

found that the reverse-engineered data for M 0 were clustered tightly around the value(s)

input to the simulation. In the NGG case, the median of the M 0 values had a relative

error of only 2.5% with respect to the simulation input (Fig. 5.8). In the AGG case,

the median representation of bin height in the bar chart of Fig. 5.11 was determined

to be good enough to retrieve the orientation dependency that was assumed during the

simulation.

An equally important aspect of the results was the spread in estimated M 0 values,

which was considered to be a measure for the intrinsic error of the reverse engineering

method. In this study, such spreads were quantified by the 25th and 75th percentiles of

the data. We replot the results of the NGG simulation in Fig. 8.1, where the boundary

M 0 is normalized by the simulation input (i.e., the true value for M 0). The relative

spread about the median is marked by the dashed red lines, ranging from �16.0% to

16.3%. For the AGG simulation, the spread in data is hidden in the bars of the bar chart

shown in Fig. 5.11. This is remedied in Fig. 8.2, in which violin and box plots depict the

spreads of M 0 values in each bin. From the upper and lower hinges of the boxes, we can

estimate the global relative spread (averaged over all the bins) to extend from �16.9%

to 22.8%. This range is similar in size to the spread in the NGG simulation. Based

on these results, the reverse engineering method proves to be capable of retrieving the

boundary reduced mobility from the coarsening of an ensemble of grains, even though

certain errors and uncertainties remain in the estimated values for M 0.

Using the reverse engineering method, we successfully extracted the reduced mobility

of boundaries from the GB migration recorded by 3DXRD microscopy in two Al-based

specimens. A clear dependency of boundary M 0 on misorientation was observed, as

plotted in Fig. 8.3. Direct comparison of the datasets in Fig. 8.3 is made possible by using

normalized values for M 0, as the two samples were annealed at di↵erent temperatures.

In this case, the normalization factors were computed from the respective medians of

the absolute M 0 values found by reverse engineering. In both samples, M 0 was observed
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Figure 8.1: Histogram of normalized M 0 values for grain boundaries in the NGG
simulation. The dashed red lines mark the 25th and 75th percentiles of the data, and
the solid red line denotes the median.

Figure 8.2: Violin and box-plot representations of the spread in M 0 values for the
AGG simulation. The solid red line indicates the simulation input M 0. (In Fig. 5.11
the same data are plotted as a bar chart showing only the median.)

to increase with misorientation for low-angle grain boundaries. This result is physically

understandable in terms of the Read-Shockley model for the boundary energy �, in which

� is predicted to increase with the misorientation between two neighboring grains.

8.2 Validity of the curvature-driven mechanism of bound-

ary migration

According to Burke and Turnbull’s description of boundary migration [6], the driving

pressure P is a function of boundary energy and curvature (Eq. 2.15). Because the

boundary energy and mobility are strictly positive terms in Eq. 2.16, the boundary
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Figure 8.3: Dependency of the median boundary M 0 on the GB misorientation in
AlMg and AlCu. To allow a direct comparison of these datasets, the absolute M 0

values were normalized by the respective median value for each sample.

velocity ought to have the same sign as the curvature: i.e., a boundary migrates toward

its center of curvature. Nevertheless, other forces may a↵ect the speed and direction of

boundary migration in polycrystalline materials. For example, second-phase particles are

demonstrated to be capable of exerting a pinning pressure on grain boundaries [3, 31].

As described in Sec. 2.2.1, the driving force from second-phase particles is primarily

determined by the particle size, volume fraction and distribution. Since the particles

have a strong influence on the growth kinetics, some boundaries in the vicinity of particles

may possibly migrate in a direction that is not aligned with the direction of the center

of curvature. This kind of behavior can be detected and studied using the reverse

engineering method, which brings us to the second question raised in Chap. 1:

2. Is GB curvature the primary driving mechanism for boundary migration in poly-

crystalline materials?

As described by Eq. 5.1, if curvature-driven migration takes place, the boundary

velocity and the boundary integral mean curvature ought to share the same sign, which

yields a positive value for M 0. By searching for and examining only boundaries with

negative M 0, we are able to determine whether mechanisms besides curvature play an

important role in the boundary migration observed in various materials.

Before taking a closer look at the experimental datasets, we first examined the bound-

aries in the NGG and AGG simulations. The total number of grain boundaries analyzed

by the reverse engineering method and the percentage of boundaries that were found

to have negative M 0 values are listed in Table 8.1. With more than seven thousand

boundaries analyzed, only 2.5% of the boundaries in the NGG simulation manifest neg-

ative values for M 0. In a phase field simulation of grain growth, the grain boundaries

migrate according to the minimization of the energy described in Eq. 3.1. Since there is
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number of GBs analyzed
percentage of GBs

with negative M 0

NGG simulation

(isotropic M 0)
7520 2.5%

AGG simulation

(anisotropic M 0)
8964 2.9%

Al-1wt%Mg 4404 24.1%

Al-5wt%Cu 6375 12.0%

Table 8.1: The total number of grain boundaries (GBs) analyzed by the reverse
engineering method and the percentage having a negative value for M 0. The first
two rows come from computer simulations, whereas the remaining rows correspond to
experimental datasets.

no external driving force involved, the boundaries ought to migrate solely toward their

centers of curvature. This is also true for the AGG simulation with anisotropic M 0.

Only 2.9% of the total boundaries show negative M 0, as the capillary force remains the

sole driving force in the simulation. Considering that M 0 should be strictly positive in

both simulations, we view the 3% of the total boundaries that exhibit negative M 0 to be

a measure for the intrinsic error associated with the reverse engineering method itself.

The third and fourth rows of Table 8.1 show the results for the two experimental

datasets. The percentage of boundaries having negative M 0 takes on considerably larger

values than in the simulations. This increase may result from several factors. First,

the data quality has a large impact on the results. Specifically, the accuracy of an esti-

mated boundary M 0 value is highly dependent on the accuracy in boundary position and

tracked migration. In these regards, the simulation dataset should represent the ideal

case. In an experimental dataset, the boundary positions are influenced by the recon-

struction routine of the 3DXRD measurements. Additionally, the measured boundary

migration distances are sensitive to the alignment of 3D mappings at di↵erent timesteps.

In a computer simulation the situation is quite di↵erent: the spatial resolution can be

adjusted more or less freely, and between di↵erent iterations no registration issues are

encountered. However, data quality alone cannot explain the significant di↵erence be-

tween the two experimental datasets, where around a quarter of the boundaries exhibit

negative M 0 in AlMg, but only half as many in AlCu. This di↵erence can be understood

by considering the fact that rather di↵erent types of grain growth took place in the two

specimens. As discussed in Chap. 6, coarsening in AlMg exhibits abnormal characteris-

tics. Apparently, factors other than the capillary force facilitate the migration of some

boundaries in AlMg in a quite di↵erent manner than in the isotropic growth model.

From 3D mappings of the microstructure, we obtained evidence that some of the AlMg

boundaries with negative M 0 manifested irregularity in morphology, even for boundaries

of large area.
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Figure 8.4: Examples of boundaries with negative M 0 in the AlMg specimen. Some
boundaries are found to have irregular shapes: saddle shape (top row), wavy shape
(bottom row). In both cases, the direction of local curvature varies along the boundary.
The final calculated integral mean curvature hHi is opposite in sign to the observed
boundary migration velocity v. Some important characteristics of these boundaries are
listed in Table 8.2.

Figure 8.4 shows two examples of boundaries exhibiting negative M 0 values in the

AlMg specimen. In the top row of images, we focus on the boundary between Grain

#300 and Grain #357. The left and right figures show the grain morphology at t = 30

min and 60 min, respectively. Some important intermediate results that flow into the

reverse engineering computation of M 0 are listed in Table 8.2. From the shape of the

boundary at t = 30 min (middle column), it is found that the boundary has taken on a

clear saddle shape: the two principal curvatures point in di↵erent directions. Therefore,

the final sign of the integral mean curvature hHi of the boundary depends on the balance

between patches of boundary area having positive vs. negative curvatures. For this

boundary, the sign of hHi di↵ers from the sign of the migration velocity v, leading to a

negative value for M 0.

In the bottom row of Fig. 8.4, a boundary in AlMg manifests a wavy shape. Indicated

by the dashed red line superimposed on the boundary at t = 30 min, the sign of the

mean curvature of individual boundary patches varies with location, which also leads to

hHi having a di↵erent sign than that of the direction of boundary migration.
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quantity
saddle shape

(Fig. 8.4, top row)

wavy shape

(Fig. 8.4, bottom row)

M 0 (µm2/min) �207.72 �119.47

hHi (µm�1) �1.82 ⇥10�3 �6.86 ⇥10�3

V
swept

(µm3) 9.26⇥105 7.39⇥105

A
30min

(µm2) 7.46⇥105 3.20⇥104

A
60min

(µm2) 8.81⇥105 2.82⇥104

Table 8.2: The computed reduced mobility M 0, the integral mean curvature hHi,
the swept volume Vswept, and the areas A30min and A60min of the boundaries shown in
Fig. 8.4.

From the discussions detailed above, I conclude that boundary curvature is the domi-

nant driving force for boundary migration in the AlCu specimen, in which grain growth

manifested all of the hallmarks of normal grain growth. In contrast, boundary migra-

tion in AlMg must be a↵ected—at least in part—by factors other than curvature, as

24% of the boundaries migrated against the direction dictated by curvature. Moreover,

these boundaries tended to exhibit rather irregular morphologies. These findings are

consistent with the abnormality observed at both the grain and grain boundary levels

in AlMg.

8.3 Dependency of boundary reduced mobility on macro-

scopic boundary properties

In the previous section, we examined the origin of negative M 0 values for individual

boundaries according to the reverse engineering analysis. In this section, we consider

the proper interpretation of positive values for M 0 and their relationship to macroscopic

boundary properties (boundary misorientation and inclination). In so doing, we address

the last question raised in the Introduction:

3. Is the reduced GB mobility determined uniquely by the macroscopic GB properties?

In Chaps. 6 and 7, we briefly discussed the dependency of M 0 on the boundary misori-

entation and inclination in AlMg and AlCu, respectively. In both cases, the dependency

on boundary inclination was found to be weak, whereas clear trends were observed in

the relationship between M 0 and misorientation. A comparison of the latter dependency

already appears in Fig. 8.3. However, in both samples we found that boundaries of

similar misorientation usually varied significantly in their M 0 values: within a given bin

of misorientation angle, the violin plots of Fig. 8.5 encompass a wide range of M 0 values,



Chapter 8. Discussion and Conclusions 109

Figure 8.5: Comparison of the distribution in boundary M 0 values in AlMg and AlCu.
The corresponding violin and box plots are drawn in split form with AlMg on the left
and AlCu on the right. (The M 0 values were normalized as in Fig. 8.3.)

indicating that the boundary misorientation alone is insu�cient to determine a precise

value for the reduced mobility.

The box plots of Fig. 8.5 demonstrate that the spread of M 0 values is larger in AlMg

than in AlCu. We recall the average relative spread calculated for these two samples:

from �52.4% to 102.3% in AlMg and from �40.6% to 71.3% in AlCu. Both ranges are

significantly greater than the spread computed for the NGG simulation (from �16.0%

to 16.3%), which can be viewed as the intrinsic error of the reverse engineering method.

Consequently, the larger spreads in the experimental datasets imply that other factors

modified the measurement of reduced mobility for the GBs in the experimental speci-

mens.

For the results presented in Fig. 8.5, the reverse engineering analysis combined the

data from various annealing intervals—in other words, data from di↵erent time steps

were included in the sample figure. In order to better understand the origin of the

data spread, we decompose M 0 into a time-independent, intrinsic part of the reduced

mobility, M 0
intrinsic

, and the change in M 0 over time, �M 0(t):

M 0 = M 0
intrinsic

+ �M 0(t). (8.1)

These two components can be distinguished by plotting trajectories of the reduced mo-

bility of individual GBs. In Fig. 8.6 (a), we show a schematic plot of M 0 values for a

GB that appears in five sequential microstructural mappings, which leads to four data

points in the plot. For a given trajectory, we estimate M 0
intrinsic

by the data mean, and

we quantify the fluctuation term �M 0(t) by the distance between M 0 and M 0
intrinsic

at the
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(a) (b)

(c) (d)

Figure 8.6: (a) Schematic illustration of the quantification of components M 0
intrinsic

and �M 0(t) for the M 0 trajectory of a single GB. (b) Trajectories of normalized M 0 in
the NGG simulation. The quantities M 0

intrinsic and �M 0(t) for the trajectories of (b)
are plotted in the histograms of (c) and (d), respectively.

time t. Figure 8.6 (b) shows the M 0 trajectories for all boundaries in the NGG simula-

tion. It is found that most trajectories are concentrated around a value of 1 (normalized

M 0). From these trajectories we calculate M 0
intrinsic

values for each boundary and plot

them in a histogram (Fig. 8.6). Using the same method to quantify the data spread

as above, we calculate the relative spread in M 0
intrinsic

to range from �13.4% to 13.2%.

The trajectories in Fig. 8.6 (b) are also rather flat, since the boundaries in the NGG

simulation should not change their M 0 value over time. Nevertheless, small fluctuations

with time are found by the analysis. The quantity �M 0(t) for each GB is calculated and

plotted in the histogram of Fig. 8.6 (d), and the spread of the �M 0(t) term extends from

–0.11 to 0.10.

The same decomposition procedure was applied to both experimental datasets. In

Figs. 8.7 (a) and (b), trajectories of normalized M 0 are plotted for GBs in AlMg and

AlCu. Since both figures share the same vertical axis, it is apparent that the trajectories

of GBs in AlMg are more scattered than the trajectories in AlCu, which are more densely
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(a) (b)

Figure 8.7: Trajectories of normalized reduced mobility plotted for GBs in (a) AlMg
and (b) AlCu.

bunched around 1. After decomposition ofM 0, the relative spreads arising fromM 0
intrinsic

and �M 0(t) are summarized in Table 8.3.

spread in M 0
intrinsic

spread in �M 0(t)

NGG simulation –13.4%, 13.2% –0.11, 0.10

Al-1wt%Mg –48.6%, 115.0% –0.34, 0.27

Al-5wt%Cu –36.5%, 63.8% –0.34, 0.29

Table 8.3: The relative spread in M 0
intrinsic and �M 0(t) computed for the NGG simu-

lation and two experimental datasets.

In order to understand the spread in both components, we compare to results ob-

tained in the literature. A number of theoretical calculations of grain boundary energy

and mobility are available [75, 76, 216–218]. For example, Refs. [75, 218] focus on a

wide range of boundary types, rather than concentrating on special boundaries or only

a limited number of boundaries, as in most of the literature. In their research, Olmsted

et al. [75, 218] investigated the GB energy and mobility in Ni using atomistic simu-

lations. The grain boundaries were constructed as CSL boundaries for computational

convenience, since any non-CSL boundary can be approximated arbitrarily by a nearby

CSL boundary [75]. The ⌃ values considered in their work ranged as high as 385. In

this manner, a set of 388 grain boundaries was generated. The corresponding boundary

energy was calculated using embedded-atom-based interatomic potentials [75], and the

boundary mobility was obtained using a synthetic driving force coupled with molecular

dynamics [218].

These authors investigated the relationship between both parameters (� and M) and

boundary misorientation separately. We replot their results in Fig. 8.8. In order to study

the trends followed by more general boundaries, some special boundaries—including ⌃3,
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(a) (b)

Figure 8.8: The computed boundary energy and mobility using atomistic simulations
for Ni plotted against boundary misorientation in (a) and (b), respectively. The plots
are regenerated from the data of the general boundaries in Ni in Refs. [75, 218].

h111i twist, and h100i twist boundaries—were excluded from in the plots of Fig. 8.8. At

low misorientation angles, the boundary energy increases with misorientation (Fig. 8.8

(a)). Interestingly, a drop in energy is observed when the misorientation angle rises above

about 45�. This is consistent with the results we obtained for AlMg (Fig. 6.10). However,

the authors of Refs. [75] did not specify the reason for the drop. The same publication

concludes that HAGBs show a significant spread in energy at fixed misorientation angle;

thus, the GB energy cannot be treated as a single-valued parameter. We quantify

the relative spread in the boundary energy values of (Fig. 8.8 (a)) using the 25th and

75th percentiles, finding a range of �10% to 7%. In Ref. [218], the relationship between

boundary mobility and misorientation is determined. The computed mobility for general

boundaries is plotted against misorientation in Fig. 8.8 (b). The boundary mobility is

found to vary over a wide range, taking on values from 40 to 2000 (m/s)/GPa [218].

According to our quantification method, the relative spread in boundary mobility ranges

from �16% to 26%.

From the computed spreads in boundary energy and mobility, the expected spread

in the reduced mobility M 0 = M · � can be estimated. Using the formula for the

propagation of uncertainty, the relative spread in M 0 is estimated to cover the range of

�19% to 27%. As discussed in Ref. [75], materials with similar crystal structure obey

a scaling relation with respect to boundary properties, suggesting that the results for

Ni in Refs. [75, 218] are applicable to our Al-based alloys, as Al and Ni share the same

FCC crystal symmetry.

The spread in M 0
intrinsic

for the AlCu specimen (Table 8.3) is considered to be roughly

similar to the computed range for Ni, after taking into account the additional broadening

of M 0
intrinsic

that can be attributed to the analysis method itself. (The latter can be
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quantified by the spread in M 0
intrinsic

for the NGG simulation, which ranged from �13.4%

to 13.2%.) For AlMg, however, the spread in M 0
intrinsic

is still considerably larger. That

is to say, the spread arising from intrinsic properties of a GB (plus measurement e↵ects)

cannot explain the spread that was actually observed for GBs in this sample. There must

be additional factors that lead to significant variations in the boundary M 0 in AlMg.

This is consistent with the conclusion drawn in the previous section regarding the higher

percentage of boundaries with negative M 0 in AlMg. In this material, a potential source

of variation could be the local concentration of solute atoms (Mg), which could modify

the driving force for migration of an individual GB or exert a drag force on it.

Our finding of scattered values in M 0
intrinsic

is supported by investigations performed

at the atomistic scale. Recent research has revealed the existence of metastable grain

boundary structures [219, 220]. Such metastability influences mesoscale boundary prop-

erties, such as the boundary energy and mobility. For example, based on atomistic

bicrystal simulations of various materials, Han et al. [219] concluded that the depen-

dency of the GB energy on misorientation is better described as an energy band than

as a single curve, even for an individual grain boundary. Again, this is consistent with

the findings of our analysis.

Reexamining the values listed in Table 8.3, we see that the spreads in the fluctuation

term �M 0(t) are comparable for the two experimental datasets. However, both are larger

than the spread for GBs in the NGG simulation (–0.11 to 0.10). The similarity between

the two experimental datasets suggests that the spread in �M 0(t) originates from the

same source. We must bear in mind, however, that several factors may contribute to

this term. First, as we have already seen in previous chapters, experimental datasets

exhibit errors in GB positions and migration distances, which can be traced to the

3DXRD technique and its reconstruction procedure. Additionally, during the migration

of a given GB, its local inclination can vary with time, although the boundary misori-

entation remains unchanged. In light of the general dependency of M 0 on boundary

inclination, a temporal change in GB inclination would manifest itself in our analysis

as a fluctuation in the �M 0(t) term. Furthermore, recent theory [221], simulations [222]

and experiments [223] demonstrate that GB migration occurs via the motion of discon-

nections along the interface.1 During boundary migration, the disconnection state of

the boundary varies, which leads to a change in the mesoscale properties of the grain

boundary with time.

In light of the measured spreads in the M 0
intrinsic

and �M 0(t) terms of Eq. 8.1, we

conclude that the reduced mobility M 0 is not a single-valued function of the mesoscopic

1Disconnections are topological line defects constrained to an interface between two crystals, with
both step and dislocation character [220, 224, 225].
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GB properties (misorientation and inclination), but it rather depends in a complicated

manner on additional microscopic properties, such as the local concentration of so-

lute/impurity atoms and the metastable distribution of disconnections in the GB itself.

8.4 Conclusions

In this thesis work, a reverse engineering type of analysis was established to determine

the reduced mobility of grain boundaries (GBs). Through accurate estimation of the

boundary mean curvature and its migration velocity, the reduced mobility M 0 can be

obtained directly for thousands of GBs in a polycrystalline specimen. The proposed

method was validated against computer simulations of microstructural coarsening, in

which M 0 was set to both isotropic and anisotropic values. In each such scenario, the

reverse engineering method was found capable of extracting the ground truth value for

M 0 to within about ±10%.

Employing synchrotron-based 3DXRD microscopy, we recorded the 3D microstruc-

tural evolution that took place in an Al-1wt%Mg specimen and in an Al-5wt%Cu

specimen. The resulting time-resolved 3D datasets were suitable for analysis at both

the grain and grain boundary levels after data reconstruction and other necessary post-

processing steps had been carried out. The grain growth that took place in the AlMg

specimen was rather abnormal, as evidenced by the fact that neither a parabolic growth

law nor time-invariance of the grain size distribution, which are the signature features

of normal grain growth, were observed. Moreover, the scaled growth rates of individ-

ual grains manifested considerable scatter instead of being linearly proportional to the

normalized grain radius. In contrast, experimental evidence demonstrated that grain

growth in AlCu was of the normal type.

At the grain boundary level, the distribution of GB inclinations in AlMg showed a

minor peak at {111} planes, which is commonly observed in FCC materials. Such peaks

were weaker in AlCu. In general, in both specimens there was no strong dominant direc-

tion of the boundary inclination. However, the two samples showed a clear discrepancy

in the GB misorientation distribution. A near Mackenzie distribution was found for the

GB misorientation in AlCu, while an overabundance of low-angle grain boundaries was

present in AlMg.

By applying the reverse engineering method to both datasets, we obtained values for

the reduced mobility M 0 for grain boundaries during various annealing intervals. Relat-

ing the results to the boundary macroscopic properties, we determined that M 0 shows a

weak inverse dependency on the boundary inclination population, but M 0 varies strongly



Chapter 8. Discussion and Conclusions 115

with the boundary misorientation. In both polycrystalline samples, M 0 increases with

greater misorientation for LAGBs, but behaves di↵erently in the high-angle regime.

Examining individual data points for M 0 in both experimental samples, we note that

the reduced mobility varies significantly even for GBs of similar misorientation. The

spread in M 0 values was found to be statistically significant after the subtraction of

errors arising from the reverse engineering method itself. To understand the origin of

these spreads, a decomposition of M 0 into an intrinsic component and a time-dependent

fluctuation term was made. For AlMg, the values for M 0
intrinsic

were more widely dis-

tributed than for AlCu, indicating that additional factors, such as a variation in the

local concentration of solute atoms, might a↵ect the migration of GBs in AlMg. The

similar spread of the temporal fluctuation term in both samples can be understood as

a consequence of the shared mechanism for GB migration at the atomistic scale: in the

boundaries of both AlMg and AlCu, the disconnection content varies over time, resulting

in a stochastic modification of M 0. This nondeterministic feature of the reduced mobil-

ity suggests that the current state of the art in simulations of microstructure evolution,

which typically employ only simplified models of mesoscale boundary properties, might

be fundamentally unable to predict the grain-boundary-level evolution of polycrystalline

microstructures, expect in a statistical sense. Additional information from atomistic in-

vestigations will have to be incorporated into such simulations if they are ever to gain

true predictive power for the migration of GBs in real materials. In addition, the grain

boundary connectivity might also need to be taken into consideration, as a network

of grain boundaries need not evolve such that all boundaries necessarily move toward

their centers of curvature; rather, the only stringent constraint on the network of grain

boundaries is that its evolution must lower the total energy of the system.
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[134] Matt Elsey and Selim Esedoḡslu and Peter Smereka. Di↵usion generated motion

for grain growth in two and three dimensions. Journal of Computational Physics,

228:8015–8033, 2009.

[135] Y. Jin, N. Bozzolo, A. Rollett, and M. Bernacki. 2D finite element modeling of

misorientation dependent anisotropic grain growth in polycrystalline materials:

Level set versus multi-phase-field method. Computational Materials Science, 104:

108–123, 2015.



128 Bibliography

[136] C. Mießen, M. Liesenjohann, L. Barrales-Mora, L. Shvindlerman, and

G. Gottstein. An advanced level set approach to grain growth—Accounting for

grain boundary anisotropy and finite triple junction mobility. Acta Materialia, 99:

39–48, 2015.

[137] J. Fausty, N. Bozzolo, and M. Bernacki. A 2D level set finite element grain coars-

ening study with heterogeneous grain boundary energies. Applied Mathematical

Modelling, 2019.

[138] E. A. Lazar, J. K. Mason, R. D. MacPherson, and D. J. Srolovitz. A more accurate

three-dimensional grain growth algorithm. Acta Materialia, 59:6837–6847, 2011.

[139] M. Syha and D. Weygand. A generalized vertex dynamics model for grain growth in

three dimensions. Modelling and Simulation in Materials Science and Engineering,

18:015010, 2010.

[140] D. Srolovitz, G. Grest, and M. Anderson. Computer simulation of recrystalliza-

tion—I. Homogeneous nucleation and growth. Acta Metallurgica, 34:1833–1845,

1986.

[141] M. Miodownik, J. W. Martin, and A. Cerezo. Mesoscale simulations of particle

pinning. Philosophical Magazine A, 79:203–222, 1999.

[142] N. Ono, K. Kimura, and T. Watanabe. Monte Carlo simulation of grain growth

with the full spectra of grain orientation and grain boundary energy. Acta Mate-

rialia, 47:1007–1017, 1999.
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