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Introduction
In this thesis we study classification problems in algebraic geometry. In the context of algebraic
geometry these classification problems are called moduli problems. In an informal way, a moduli
problem is that of classifying of families of algebraic objects with certain extra structure. In our
case, the algebraic objects are abelian varieties with complex multiplication (CM). In order to solve
certain (algorithmic) algebraic problems, we give a detailed description of the linear-algebraic
data of abelian varieties with CM.

Setting

Given a positive number g, we consider moduli problems for abelian varieties, that is that of
parametrizing pairs

(A,η),

where A is an abelian variety of dimension g over some field k, and where η : A → At is a
principal polarization.

In the first part of this thesis, especially in the Chapters 7 and 8, we restrict to the case
where g = 3. It is known that in this case (A,η) isomorphic over k to the Jacobian of a (possibly
reducible) algebraic curve X of genus g. In the case where k = C and the curve X is a smooth
projective curve of genus g, we describe abelian varieties by pairs

(Cg /Λ,E),

where Cg /Λ is a complex torus of dimension g, and where E is the Riemann form on the
lattice Λ inducing a principal polarization on the torus. In this thesis, we consider complex
multiplication (CM) points in the moduli space of principally polarized abelian varieties of
dimension g. An abelian variety has CM if its endomorphism ring is "as large as possible". For
abelian varieties A over C this means that their endomorphism ring End(A) is an order in a
CM field. A CM field is an imaginary quadratic extension of a totally real number field. In
this thesis we restrict consideration to CM by the maximal order OK , where K is a CM field
of degree 2g. After considering CM points in the moduli space, these points can instead be
described by pairs

(Cg /Φ(a),ξ),

where Φ is a primitive CM type on K , where a is a fractional OK-ideal, and where ξ is an
element in K with some additional properties, inducing a Riemann form E = Eξ on the lattice
Φ(a). Another piece of data attached to abelian varieties with CM are their CM types. If A is
an abelian variety of dimension g over C with CM by K , then a CM type Φ on K is a set of g
embeddings of K into C, pairwise not complex conjugate to each other. Given the principally
polarized abelian variety A of dimension g over C with CM by K , then only the equivalence class
of the CM type Φ is well-defined. An explicit moduli problem in this case is to classify (and to
determine algorithmically) points in the CM-by-OK locus inside the moduli space of principally
polarized abelian varieties of dimension g.

In our research we often aim to explicitly find an algebraic equation of curves X with
additional properties. It is known that in the genus-3 case there are two types of algebraic
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curves, namely hyperelliptic and non-hyperelliptic curves. These types can be distinguished by
the form of their algebraic equations. Given a principally polarized abelian variety (A,η) of di-
mension g = 2,3 over C described by pairs (Cg /Φ(a),ξ), we want to describe the corresponding
curve by an explicit equation. Moreover, we would like to find an equation over the smallest
possible number field, and not merely over C. The key step here is to find so-called invariants
of the curve. In the hyperelliptic case we consider the Rosenhain and Shioda invariants. In the
non-hyperelliptic case, we use instead the Dixmier-Ohno invariants.

In order to introduce moduli problems related to the last part of this thesis, see Chapter 9, we
change the scene. Let k be an algebraically closed field of char(k) = p > 0. Let E be a supersingular
elliptic curve over a finite field k ⊃ Fp. An abelian variety A in positive characteristic is called
supersingular if it is isogenous to a product of supersingular elliptic curves. It is known that this
is equivalent to the condition that A is isogenous to Eg for a fixed supersingular elliptic curve.
The supersingular locus inside the moduli space of principally polarized abelian varieties of
dimension g forms a (reducible) locus of dim = [g2/4], see [46]. Li and Oort described in [46]
the points of this locus in terms of linear-algebraic data. In Chapter 9 we provide more details
on their results for genus g = 2,3, making the linear-algebraic data completely explicit.
We notice that in Chapters 7 and 8, the construction of the Jacobian played a key role in the
explicit construction of the algebraic equation of the curve. We expect that the linear-algebraic
data from Li-Oort plays a similar role for explicit constructions of curves of genus g. We now
describe the linear algebra of Li-Oort in somewhat more detail. We refer to Section 9.2 for
a precise definition. We consider polarized flag type quotients (pftq’s) over k with respect to a
polarization ηg−1, given by((

Yg−1 = Eg ,ηg−1

) %g−1
−−−→

(
Yg−2,ηg−2

) %g−2
−−−→ . . . −→ (Y1,η1)

%1−−→ (Y0,η0)
)

where (Yi ,ηi) are polarized abelian varieties of dimension g over k, where η0 is an isomorphism,
where ker(ηi) ⊂ Yi[Fi] for 0 ≤ i ≤ g −1, where F is the relative Frobenius, together with isogenies
%i such that ker(%i) is an α-group of rank i for 1 ≤ i ≤ g − 1. Given a pair

(g,p),

where g ≥ 2 is a positive integer, p ≥ 2 a prime number and E a supersingular elliptic curve over
a finite field k ⊃ Fp, our goal is to classify the pairs (A,η) such that

(A,η) � (Y0,η0) ,

for some pftq’s with respect to (Eg ,ηg−1).

Main results

The main results in this thesis discussed in the Chapters 7 and 8 are about principally polarized
abelian varieties of dimension 3 with CM. We will call a curve X of genus g over an algebraically
closed field a CM curve, if the endomorphism ring of its Jacobian Jac(X) is an order in a number
field of degree 2g. If a curve X has CM by a number field K , then there exists an embedding

ι : K ↪→ End0(A).
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Such a field K is called a CM field. Let OK be the ring of integers of K . We say X has CM by OK
if ι−1(End(A)) = OK .

The main results in Chapter 7 are given by the following three theorems. Before stating these, a
motivating question for the paper [19] = Chapter 7 was: Do there exist sextic CM fields for which
there are both hyperelliptic and non-hyperelliptic Jacobians of dimension 3 with CM by the maximal
order of this field? One such CM field has been already well known.

Theorem 0.0.1 (Theorem 7.2.1). Heuristically, there are at least 14 sextic CM fields K for which
there exist both a hyperelliptic and a non-hyperelliptic curve whose Jacobian has primitive complex
multiplication by the maximal order OK of K . All these fields have Galois group

Gal(K |Q) ' C3
2 o S3.

The "L-functions and Modular Forms Database" (LMFDB) is a catalog of mathematical objects
together with connections between them. In order to get our Main Results in Theorems 0.0.1
and 0.0.2, we used all of the 547,156 sextic CM fields included in the LMFDB ([73]) for our
computations.
Let K be a CM field of degree 6. The possibilities for the Galois group Gal(K |Q) are known;
there are 4 possibilities (see [20]). The following theorem is an alternative version of the
Theorem 0.0.1.

Theorem 0.0.2 (Theorem 7.2.3). Heuristically, including the fields mentioned in Theorem 0.0.1,
there are 3,422 CM fields K for which there exists a hyperelliptic curve whose Jacobian has primitive
complex multiplication by the maximal order OK of K . Of these fields, 348 (resp. 3,057, resp. 17)
have Galois group isomorphic to C6 (resp. D6, resp. C3

2 o S3). We have Q(i) ⊂ K for all but 19 of
these fields K . Among the exceptional cases, 2 (resp. 17) have Galois group isomorphic to C6 (resp.
C3

2 o S3).

Besides determining the fields involved, we can also find corresponding invariants. Our final
theorem in this chapter even gives a defining equation for the field in the Main Theorem 0.0.1
with the smallest discriminant.

Theorem 0.0.3 (Theorem 7.2.6). Let K be a CM field with smallest absolute absolute discriminant
among the fields from Theorem 0.0.1, defined by the polynomial t6 +10t4 +21t2 +4. Equations (7.2.1)
and (7.2.2) give a hyperelliptic curve X and a non-hyperelliptic curve Y such that heuristically Jac(X)
and Jac(Y ) both have CM by OK . Moreover, heuristically there exists an isogeny of degree 2 between
Jac(X) and Jac(Y ).

In Chapter 8, we consider the computation of the Shioda and Rosenhain class polynomials of
hyperelliptic curves of genus 3 by using Shimura’s reciprocity law. The main result in this
Chapter is given by the following theorem.

Theorem 0.0.4 (Theorem 8.5.9). Given the Jacobian Jac(X) of a marked hyperelliptic curve X of
genus 3 over C with CM by the maximal order OK of a CM field K , we can use Shimura’s reciprocity
law to explicitly compute (approximations of) the Galois conjugate Rosenhain invariants of the Galois
conjugate hyperelliptic curve of X over the reflex field Kr of K .

The descriptions in Chapter 9 serve as an introduction, and a preparation in the theory of
supersingular polarized abelian varieties of dimension g over fields of positive characteristic. In
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this chapter we introduce Li and Oort’s construction of polarized flag type quotients (pftq’s). In
the main part of this chapter we explicitly describe the linear-algebraic data related to the finite
commutative group schemes of pftq’s of dimension 2 and 3. The explicit description of pftq’s
using linear-algebraic data enables algorithmic questions to be answered in this area.

The algorithms

Let K be a sextic CM field and Φ a primitive CM type of K . We give in the first main part of the
thesis, especially in the Chapters 7 and 8 explicit algorithms for the construction of principally
polarized abelian varieties A(Φ ,a,ξ) of dimension 3 overCwith CM. We give further algorithms
for the computation of the Rosenhain and Shioda class polynomials by using Shimura’s reciprocity
law. The construction of the algorithms in this thesis are based in part on the construction of
principally polarized abelian surfaces with CM by M. Streng, see [69].

In order to answer the motivating question for the paper [19], we focused our search
on the "L-functions and Modular Forms Database" (LMFDB). It contains 547,156 sextic CM
fields. To achieve our goal, the third author in [19] and I developed and implemented effective
computational methods that, given a CM field K and a primitive CM type Φ , determine a small
set of period matrix representatives of the corresponding isomorphism classes of principally
polarized abelian threefolds up to Galois conjugation over the reflex field. A calculation with
theta-null values (using [38]) then allows us to see which of these representatives correspond to
hyperelliptic or non-hyperelliptic curves.

In order to compute Rosenhain and Shioda class polynomials, we computed Galois conjugate
Rosenhain and Shioda invariants of CM hyperelliptic curves over the reflex field Kr of K in
Theorem 0.0.4. I developed and implemented computational methods that, given a CM field K ,
determine the set of all primitive CM types of K up to conjugacy. Then determine a (small) set
of representatives of elements in the Shimura class group of K , corresponding to isomorphism
classes of principally polarized abelian threefolds with CM by OK up to Galois conjugation over
the reflex field. A calculation with theta-null values (using the method from [2]) then allows us
to see which of these representatives correspond to hyperelliptic or non-hyperelliptic curves.
Then finally compute Galois conjugate Rosenhain invariants using the representation of these
in Theorem (0.0.4).

Outline

This thesis is divided into three main parts.
In the first part, we introduce the (algebraic and analytic) theory of polarized abelian vari-
eties. Since in the genus-3 case, polarized abelian varieties are Jacobian of (possibly reducible)
algebraic curves of genus 3, we introduce the analytic construction of the Jacobians, and we
discuss the two different types of algebraic curves in genus 3. Then we introduce Shimura and
Taniyama’s construction of polarized abelian varieties with CM.

The second part contains the paper [19] and a revised version of the paper [17]. We begin
Chapter 7 with the theory on CM fields, their reflex CM types, and their Shimura class groups.
More precisely, we give an explicit description of (reflex) CM types of sextic CM fields, followed
by the classification of CM types up to Galois conjugation. In order to determine a small set
of period matrix representatives of the isomorphism classes of principally polarized abelian
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threefolds, up to Galois conjugation over the reflex field, we study the image of the reflex
type norm. In particular, we prove general results on the transitivity of the Galois action on
CM types and on the image of the reflex type norm. In Section 7.9 we use these results and
further speedups to check the 547,156 sextic CM fields in the LMFDB for the existence of
a corresponding hyperelliptic curve, which leads to Main Theorems 0.0.1 and 0.0.2. In the
Sections 7.10 and 7.11 we discuss techniques for determining explicit defining equations, and
includes the proof of the Main Theorem . We conclude the chapter by some discussions around
the relevance of the André–Oort conjecture to our considerations in Section 7.12.
We begin Chapter 8 with a brief introduction to class field theory. In the Sections 8.2 and 8.3,
we recall the definition of the ray class field of a modulus m. Then we define the Shimura class
group for a modulus m of a sextic CM field K , and the reflex type norm map with respect to
the modulus m. In order to compute the Rosenhain and Shioda class polynomials, we recall
Shimura’s Second Main Theorem of complex multiplication in Section 8.4. We begin Section
8.5 by introducing the Shioda invariants of hyperelliptic curves of genus 3. Then, by using
Shimura’s Second Main Theorem of complex multiplication, we give an explicit description
of the Galois conjugate Shioda and Rosenhain invariants of hyperelliptic curves of genus 3
over the reflex field Kr of K . This section includes the proof of the Theorem 0.0.4. We finish
this chapter with an explicit example of the computation of the coefficients of the Shioda and
Rosenhain class polynomials.

In the third part of this thesis, in Chapter 9, we discuss the theory in [46]. We begin this
chapter with the definition of supersingular abelian varieties of dimension g. In Section 9.2
we introduce polarized flag type quotients (pftq’s) with respect to polarizations. In Section 9.3
we recall the Dieudonné-Cartier-Oda-classification and the definition of Dieudonné modules
of supersingular elliptic curves. This classification allow us to identify pftq’s as linear-algebra
objects in terms of Dieudonné modules. In section 9.4 we define polarized flag type quotients
of supersingular Dieudonné modules and introduce the concept of quasi-polarization on
Dieudonné modules. In Section 9.5 we give an explicit description of the linear-algebraic data
of supersingular elliptic curves. This serves as a preparation for the last sections of this thesis.
In the Sections 9.6 and 9.7, we give a detailed description of pftq’s of Dieudonné modules
of genus g = 2,3. We finish these sections by considering the moduli spaces of supersingular
principally polarized abelian varieties of dimension 2 and 3.
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1Abelian Varieties
There are several approaches to introduce the concept of the main objects in this thesis, abelian
varieties: A purely algebraic concept and an analytic concept.

The first book that I have read about abelian varieties with complex multiplication was the
book of Shimura [63]. I remember that at this time, it was during the preparation for my paper
in [17], that one of the biggest difficulties I had was to understand the concept of polarizations.
It would stay something "miraculous" to me for a while. Studying Shimura and Taniyama’s
construction of (principally) polarized abelian varieties with complex multiplication (CM), and
having in mind elliptic curves as an example of abelian varieties with CM, does not necessarily
explain immediately the need for polarization, especially because elliptic curves are always
(principally) polarized. Another difficulty for me in connection with polarizations came from
the multitude of descriptions for these objects. In order to try to better understand polarizations,
especially in its multifaceted description, I began to study the book of Birkenhake and Lange
[4]. Here I could get a better understanding for the several descriptions of polarizations, and
maybe most of all the need to consider this structure, since not every complex torus admits a
complex-analytic embedding into some projective space Pn

C
.

Another difficulty I had at the beginning of my complex multiplication (CM) "journey",
were the different equivalent ways of looking at the same objects. In my case in this thesis,
these objects are simple (principally) polarized abelian varieties of dimension 2 and 3. The
different perspectives on these objects are at the one side given by the construction of CM
abelian varieties by Shimura and Taniyama in [63], and at the other side by their pure analytic
construction of abelian varieties explained in [4, Chapters 1–4]. By a theorem of Ueno and Oort
(see [57]), these objects are Jacobians of smooth projective curves of genus 2 and 3.

Another point where I "struggled" during my PhD was to understand the concept of invari-
ants of smooth projective curves. The main focus in the paper [17] was to construct (so-called)
class polynomials. In the case of elliptic curves with CM, this polynomial is the so-called Hilbert
class polynomial. It is a monic polynomial whose roots are the j-invariants of all elliptic curves
with CM by the maximal order OK where K is a given CM field of degree 2 over Q. In the case
of Chapter 8 in this thesis , in order to compute class polynomials, I needed to understand the
construction of the (so-called) Rosenhain and Shioda invariants of hyperelliptic curves of genus
3. In the non-hyperelliptic case, which we will also consider in Chapter 7 , we use instead the
(so-called) Dixmier-Ohno invariants.

Based on my difficulties of understanding the concept of (principally) polarized abelian
varieties (with CM), as well as the concept of invariants of smooth projective curves, I will try
to give in the first 6 chapters of this thesis a brief introduction into this elegant and fascinating
theory. At this moment, I will try as best I can to relate these chapters to each other, and to
explain their need for the last 3 chapters of this thesis. I am sure that in a few years I will have
a much deeper insight into these structures and that I will be able to describe them better than
today.

In this chapter we discuss some basic properties of abelian varieties and their polarizations
in a purely algebraic concept. We follow here [76, Chapters 2–7, 11, 14], respectively [49].
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1.1 Definitions

For the rest of this chapter we denote by k an arbitrary field that we assume to be algebraically
closed.

Definition 1.1.1. An abelian variety over k is a complete abelian group variety. We call an
abelian variety A over k simple if A has no non-zero proper subvarieties. If A is a (simple)
abelian variety over k then the set A(k) of k-rational points naturally inherits the structure of an
abelian group. See [49, Page 8 and Corollary 1.4] or [76, Definition 1.3], respectively.

Before continuing our discussion, we consider the main examples of abelian varieties in this
thesis.

Example 1.1.2. (i) Elliptic curves are abelian varieties of dimension one. Over the complex
numbers this follows e.g. from [65, Chapter 6, Corollary 5.1.1].

(ii) The Jacobian Jac(X) of a smooth projective curve X of genus g is an abelian variety of
dimension g, see e.g. [57].

(iii) A product of elliptic curves E1 × . . .×Eg is an abelian variety. For the case where the Ei are
supersingular elliptic curves, see [46].

As usual in algebra, where morphisms between algebraic structures are considered, we
consider in our case homomorphisms (isogenies, more precisely) between abelian varieties.

Definition 1.1.3. A homomorphism % : A→ A′ between abelian varieties is called an isogeny if
% is surjective and ker(%) is finite. The degree of an isogeny is the degree of the function field
extension k(A) over k(A′).

Remark 1.1.4. In a more general context, the right notion is for ker(%) to be a finite group
scheme. We will consider this in the context of polarized supersingular abelian varieties over
algebraically closed fields k in positive characteristic. See Chapter 9.

Remark 1.1.5. In this thesis we consider the following polarized abelian varieties:

(i) In the Chapters 3, 7 and 8: Jacobian of smooth projective curves curves of genus 3.

(ii) In Chapter 9: Polarized flag type quotients (see Definition 9.2.1)((
Yg−1 = Eg ,ηg−1

) %g−1
−−−→

(
Yg−2,ηg−2

) %g−2
−−−→ . . . −→ (Y1,η1)

%1−−→ (Y0 = Y ,η0)
)

where (Yi ,ηi) are polarized abelian varieties of dimension g over algebraically closed fields
of positive characteristic p > 0, together with isogenies %i such that ker(%i) is an α-group
(see Definition B.1.1) of rank i for 1 ≤ i ≤ g − 1, and where E is a supersingular elliptic
curve over Fp.

1.2 The dual abelian variety and polarizations

In this section we recall the notion of the dual abelian variety of A, and of the polarization on A.
In order to define polarizations on abelian varieties A of arbitrary dimension g over alge-

braically closed fields k, we recall here the following special case:
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Let (E,O) be an elliptic curve over k and let Pic0(E) = Pic0
k(E) be the group of equivalence

classes of degree-0 line bundles on E. Then

η : E(k)
∼−→ Pic0(E)

P 7→ ([O]− [P ])

defines an isomorphism between the group of k-rational points E(k) and Pic0(E). We call η a
principal polarization on E.

Definition 1.2.1. Let A be an abelian variety of dimension g over k and let Pic0(A) = Pic0
k(A) be

the group of equivalence classes of degree-0 line bundles on A. It is an abelian variety over k,
we call it the dual (abelian) variety of A and denote it by At. See [76, Theorem 6.18].

Remark 1.2.2. Any homomorphism % : A→ A′ of abelian varieties induces an homomorphism
%t : (A′)t→ At between the dual abelian varieties, see [76, Definition 6.19].

For any line bundleL on an abelian variety A over k, we define the map

ϕL : A→ At

x 7→ [t∗xL ⊗L −1],
(1.2.1)

where tx corresponds to the translation by x-map on A(k). IfL is ample then ϕL is an isogeny,
see [76, Theorem 6.18].

Definition 1.2.3. We define a polarization on an abelian variety A over an algebraically closed
field k as an isogeny η = ϕL where L is a certain class of ample line bundle on A modulo
algebraic equivalence, see [76, Chapter 11.1]. If η is an isomorphism then we call it a principal
polarization.

Definition 1.2.4. A tuple (A,η) where A is an abelian variety over k and η a polarization on A
is called a polarized abelian variety. If η is a principal polarization on A, then we call (A,η) a
principally polarized abelian variety.

1.3 Pairings

Notation 1.3.1. We denote by Gm =Gm,k = Spec(k[x,x−1]) the multiplicative group scheme over
k, see Example B.0.5.

Notation 1.3.2. If % : A→ A′ is an isogeny with finite k-group scheme ker(%), then we denote
by ker(%)D the Cartier dual of ker(%), see [76, Chapter 3.21].

Notation 1.3.3. If % : A→ A′ is an isogeny then we denote by %t : (A′)t→ At the dual isogeny. It
is induced by % and it is given by pullback of line bundles. See [76, Chapter 7.2].

Definition 1.3.4. Let % : A→ A′ be an isogeny of abelian varieties over k. Then there is an
isomorphism of finite k-group schemes β : ker(%t)

∼−→ ker(%)D , and we define a non-degenerate,
skew-symmetric perfect pairing to %, which is on points given by

〈,〉% : ker(%)×ker(%t)→Gm

(x,y) 7→ 〈x,y〉% := β(y)(x).
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If n is a positive integer and if ker(%) is killed by n, then 〈,〉% has values in the affine group
scheme of the n-roots of unity, µn,k ⊂Gm,k .

If A′ = A and % = n : A→ A, then the assigned pairing to the multiplication by n-map

〈,〉n : A[n]×At[n]→ µn

is called the Weil pairing. It is a perfect pairing.
If A′ = At and % = η : A→ At is a polarization, then we obtain (with this additional structure)

a pairing

〈,〉ηn : A[n]×A[n]→ µn

(x,y) 7→ 〈x,y〉ηn := 〈x,η(y)〉n.

If n is relatively prime to deg(η) then it is a perfect pairing. See [76, Definition 11.11].

Proposition 1.3.5. If η : A→ At is a polarization and if % : A→ A′ is an isogeny, then there is a
unique polarization η′ : A′→ (A′)t that makes the following diagram commute

A A′

At (A′)t

η

%

η′

%t

if and only if ker(%) ⊂ ker(η) is totally isotropic with respect to the pairing 〈,〉η in Definition 1.3.4.

Proof. See [76, Prop. 11.25].
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2Abelian Varieties over C
In the next chapter we discuss the analytic perspective on abelian varieties and their polariza-
tions. We follow [4, Chapter 1–4, 11].

2.1 Complex tori

In this chapter we fix our ground field to be the field of complex numbers C.1 A g-dimensional
complex torus is a quotient of a complex vector space V of dimension g by a lattice Λ ⊂ V . This
means that Λ is a discrete subgroup of V such that

Λ �Z2g , and ΛR = V .

Remark 2.1.1. The analytic perspective on abelian varieties includes some restrictions which
we will elucidate in the follows, since not every complex torus admits a complex-analytic
embedding into some projective space Pn

C
, see i.e. [29, Example A.5.0.3.b]. The complex tori

admitting such an embedding possess an extra structure.

Definition 2.1.2. Let A = V /Λ be a complex torus, where V is a complex vector space of
dimension g and Λ a lattice in V . Choose a basis e1, . . . , eg for V , and a basis λ1, . . . ,λ2g for Λ.
We write λi =

∑g
j=1λj,iej . Consider the matrix

Π =


λ1,1 . . . . . . λ1,2g
...

...
λg,1 . . . . . . λg,2g

 (2.1.1)

in Matg,2g (C). We callΠ a big period matrix for the complex torusA. The former fully determines
the latter, but given A, the matrix Π depends on the choice of the bases for V and Λ, see [4,
page 9].

In the previous chapter we discussed some properties of morphisms (especially isogenies)
of abelian varieties in the "algebraic language". We discuss here the analogue in the "analytic
language" by using holomorphic maps between complex tori.

Definition 2.1.3. Let A = V /Λ and A′ = V ′/Λ′ be complex tori over C of dimensions g and g ′. A
homomorphism of A to A′ is a holomorphic map % : A→ A′, compatible with the additive group
structure of A and A′. The translation by an element x ∈ A is defined to be the holomorphic map
tx : A→ A, y 7→ y + x. See [4, page 10].

Proposition 2.1.4. Let A = V /Λ and A′ = V ′/Λ′ be complex tori over C of dimensions g and g ′. Let
% : A→ A′ be a homomorphism. Then there exists a unique C-linear map T% that makes the following
diagram commute:

V V ′

A A′

T%

πA πA′

%

(2.1.2)

1Also for abelian varieties over number fields, we will often need to consider these over C in order to apply
complex-analytic techniques as in Chapters 7 and 8.
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Here πA,πA′ are the canonical projection maps. Moreover, T%(Λ) ⊂Λ′ and the restriction T% |Λ :Λ→
Λ′ is a Z-linear map between Λ and Λ′. See [4, Proposition 1.2.1].

Definition 2.1.5. Let A = V /Λ and A′ = V /Λ′ be complex tori of dimensions g over C. A
homomorphism % : A→ A′ is called an isogeny if % is surjective and ker(%) is finite. The degree
of an isogeny % is the cardinality of the kernel of %. See [4, page 12].

Example 2.1.6. Let [n] : A = V /Λ→ A, x 7→ nx be the multiplication by n ∈Z≥1-map. Then [n]
is an isogeny of degree n2g , with kernel given by

ker([n]) =
(1
n

)
Λ/Λ � (Z/2Z)2g .

See [4, Proposition 1.2.5].

Proposition 2.1.7. Let % : A = V /Λ→ A′ = V /Λ′ be an isogeny between complex tori. If deg(%) = d,
then there exists a unique isogeny ψ : A′→ A, such that the multiplication by d-map factors as

[d]A = (A
%
−→ A′

ψ
−→ A)

[d]A′ = (A′
ψ
−→ A

%
−→ A′).

We call ψ the dual isogeny and denote it by ψ := %t.

Proof. See [4, Proposition 1.2.6].

2.2 Line bundles on complex tori

As mentioned in the introduction of this chapter, not every complex torus gives rise to an
abelian variety over C. An abelian variety A over C is a complex torus V /Λ admitting an ample
line bundle. Then A comes equipped with an algebraic embedding ι : A ↪→ P

n
C

. The embedding
ι is associated to an ample line bundleL on V /Λ. In order to understand which complex tori
admit an embedding into a projective space we need to describe (ample) line bundles on V /Λ.

Lemma 2.2.1. Let V be a complex vector space. There is a bijection between the set of hermitian
forms H on V and the set of real valued alternating forms E on V with E(iv, iw) = E(v,w), given by

E(v,w) = Im H(v,w)

H(v,w) = E(iv,w) + iE(v,w),

where Im H is the imaginary part of the hermitian form H .

Proof. See [4, Lemma 2.1.7].

Definition 2.2.2. Let A = V /Λ be a complex torus and let H be a hermitian form on V with
real alternating form E = Im H with E(Λ,Λ) ⊂ Z. Let χ : Λ→ C1 = {z ∈C : |z |= 1} be a map
satisfying

χ(λ+µ) = χ(λ)χ(µ) · e(πiE(λ,µ))

for all λ,µ ∈Λ. There is a well-defined action of Λ on V ×C given by

aλ(v, t) = (v +λ,t ·χ(λ) · e(πH(v,λ)+ π
2H(λ,λ))). (2.2.1)

for λ ∈Λ and (v, t) ∈ V ×C. We define byL (H,χ) to be the line bundle given by the quotient
(V ×C)/Λ for the action in Equation (2.2.1). See [4, Chapter 2.2] or [53, page 20–21], respectively.
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Theorem 2.2.3 (Appell-Humbert). Let A = V /Λ be a complex torus. Any line bundle L on A is
isomorphic to anL (H,χ) for a unique tuple (H,χ) as in Definition 2.2.2. Furthermore the class of
L (H,χ) modulo algebraic equivalence only depends on the choice of the hermitian form H .

Proof. See [4, Theorem 2.2.3].

2.3 The Riemann relations

By the Appell-Humbert Theorem we have identified line bundles on complex tori A = V /Λ
by equivalence classes of line bundlesL (H,χ), which are uniquely determined by hermitian
forms H on V with Im H(Λ,Λ) ⊆Z. We relate the ampleness condition on line bundles on A to
properties of the hermitian forms H on V . In this subsection we follow the discussion in [4,
Chapters 3.1 and 4.2] or [53, Chapter 1], respectively.

Definition 2.3.1. An abelian variety A = V /Λ of dimension g overC, is a g-dimensional complex
torus V /Λ admitting an ample line bundle.

Theorem 2.3.2. Let A = V /Λ be a g-dimensional complex torus and let Π ∈Matg,2g(C) be the big
period matrix for some bases of V respectively of Λ (see Definition 2.1.2). Then A is an abelian
variety if and only if there is a non-degenerate alternating matrix M ∈Mat2g(Z) such that

(i) ΠM−1Πt = 0,

(ii) iΠM−1Π
t
> 0,

where Π corresponds to the complex conjugate matrix.

Proof. See [4, Theorem 4.2.1].

It turns out that the matrix M ∈Mat2g(Z) in Theorem 2.3.2 is the matrix of the alternating
form defining the polarization.

Lemma 2.3.3. Let A = V /Λ be g-dimensional complex torus. Let Π ∈Matg,2g (C) be a big big period
matrix for some bases e1, . . . , eg of V and λ1, . . . ,λ2g of Λ. Let E be a non-degenerate alternating form
on Λ and let ME be the matrix representation of E with respect to the basis λ1, . . . ,λ2g . Extend E to a
map H : V ×V →C by

H(v,w) = E(iv,w) + iE(v,w).

Then:

(i) H is a hermitian form on V if and only if ΠM−1
E Πt = 0,

(ii) H is positive definite if and only if iΠM−1Π
t
> 0.

Proof. See [4, Lemmas 4.2.2 and 4.2.3].

Theorem 2.3.4 (Lefschetz). Let A = V /Λ be a g-dimensional complex torus, H an hermitian form
on V such that E = Im H and E(Λ,Λ) ⊂ Z. Let aλ be the function in Definition 2.2.2 and let
L (H,χ) the associated line bundle on A. ThenL (H,χ) is ample if and only if H is positive definite.

Proof. Follows from [53, page 29].
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Lemma 2.3.5 (Frobenius). Let A = V /Λ be a g-dimensional complex torus, H an hermitian form on
V such that E = Im H and E(Λ,Λ) ⊂Z. There exists a basis λ1, . . . ,λg ,µ1, . . . ,µg of Λ and positive
integers d1, . . . ,dg satisfying di | di+1 and such that if we set D = diag(d1, . . . ,dg ) then the matrix
representation of E with respect to this basis is given by the matrix[

0 D
−D 0

]
. (2.3.1)

Proof. See [29, Lemma A.5.3.1].

Definition 2.3.6. Let A = V /Λ be a g-dimensional complex torus, H an hermitian form on V
such that E = Im H and E(Λ,Λ) ⊆Z. Let λ1, . . . ,λg ,µ1, . . . ,µg be a basis of Λ and let d1, . . . ,dg be
positive integers satisfying di |di+1. We call the basis λ1, . . . ,λg ,µ1, . . . ,µg with these properties a
symplectic basis of Λ for H (for E, respectively). We call the coefficients di elementary divisors,
and we call D = diag(d1, . . . ,dg ) the type of the line bundle L on A associated to H . See [4,
Chapter 3.1].

2.4 The dual abelian variety and polarizations

In order to define polarizations on complex abelian varieties, we begin this section by discussing
properties of the dual abelian variety At of an abelian variety A = V /Λ over C. We follow [4,
Chapter 2.4] or [53, Chapter 2.9], respectively.

Definition 2.4.1. If V is a complex vector space, then a function f : V → V is calledC-antilinear
if

f (αu + βv) = αf (u) + βf (v)

for all u,v ∈ V and α,β ∈C where (∗) denotes complex conjugation.

Let A = V /Λ be an abelian variety of dimension g over C. By following [4, page 34]
we consider the dual vector space V t = Hom

C−antilinear(V ,C) of V , together with a canonical
non-degenerate R-bilinear form

〈,〉 : V t ×V →R

(l,v) 7→ 〈l,v〉 := Im l(v).

Then the dual lattice Λt of Λ is given by

Λt = {l ∈ V t : 〈l,v〉 ⊆Z}.

We define the dual torus as the quotient

At = V t/Λt . (2.4.1)

It is a complex torus of dimension g over C. We identify At with Pic0(A) (see Definition 1.2.1)
via the isomorphism

` 7→L
(
0,v 7→ e2πi〈`,v〉

)
,
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see [4, Proposition 2.4.1].
In Chapter 1, we have defined (see Equation (1.2.1)) for any line bundleL on an abelian

variety A over an arbitrary field k = k, the map

ϕL : A→ At

x 7→ [t∗xL ⊗L −1],

where tx corresponds to the translation by x-map on A(k), and where ϕL is an isogeny ifL is
ample. We defined a polarization on A over k (see Definition 1.2.3) as an isogeny η = ϕL where
L is a certain class of ample line bundle on A modulo algebraic equivalence.

We briefly explain the analytic correspondence of the map ϕL and refer here to [4, Chapter
2].

Lemma 2.4.2. Let A = V /Λ be an abelian variety over C and letL =L (H,χ) be a line bundle on
A, where H is a hermitian form on V such that E = Im H and where E(Λ,Λ) ⊆Z. The map

ϕH : V → V t

x 7→ ϕH (x) =H(x, ·)

is the analytic representation of ϕL , and for x ∈ A(C) with representative x ∈ V we get

t∗xL ⊗L =L
(
0,v 7→ e2πiE(x,v)

)
=L

(
0,v 7→ e2πi〈ϕH (x),v〉

)
.

Further ϕL is an isogeny if the hermitian form H (or equivalently E) is positive definite.

Proof. See [4, Lemma 2.4.5].

Definition 2.4.3. We define a polarization on an abelian variety A = V /Λ over C as an isogeny
η = ϕL , whereL =L (H,χ) is a certain ample line bundle on A modulo analytic equivalence,
see [4, page 39]. The degree of a polarization η is the determinant det(E) of the positive definite
form E = Im H with E(Λ,Λ) ⊆ Z. In this case we call E a Riemann form to Λ. If η is an
isomorphism, then we call it a principal polarization.

Definition 2.4.4. If η is a principal polarization on an abelian variety A = V /Λ over C, then by
Lemma 2.3.5 there is a symplectic basis λ1, . . . ,λg ,µ1, . . . ,µg for Λ such that the representation
matrix of the Riemann form E with respect to this basis is given by the matrix

Jg =
[

0 Ig
−Ig 0

]
, (2.4.2)

where Ig is the identity matrix. A basis of Λ with this properties is called a standard symplectic
basis.

Definition 2.4.5. A tuple (A,η) where A = V /Λ is an abelian variety over C and η a polarization
on A is called a polarized abelian variety over C. If η is a principal polarization on A, then we
call (A,η) a principally polarized abelian variety over C.

Remark 2.4.6. In the further course of this thesis, depending on the context, we describe
polarized abelian varieties over C by tuples

(A,E) (2.4.3)

instead, where A = V /Λ is a complex torus for some complex vector spaces V of dimension g
and some full lattices Λ in V , and where E = Im H for some ample line bundleL =L (H,χ).
By the above, E determines a polarization η on A.
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2.5 Pairings

To connect the theory in this Chapter to the one in Chapter 1, we give an explicit description of
bilinear forms attached to isogenous abelian varieties over C.

Notation 2.5.1. If % : A→ A′ is an isogeny of complex tori then we denote by %t : (A′)t → At

the dual isogeny of %, see [4, Chapter 2.4]. We denote by ker(%)D the Cartier dual of ker(%), see
Notation 1.3.2.

Proposition 2.5.2. Let % : A = V /Λ→ A′ = V /Λ′ be an isogeny and let %t : (A′)t → At be its dual.
If β : ker(%t)

∼−→ ker(%)D is the C-group schemes isomorphism in Definition 1.3.4, then the analytic
representation of β is given by (

0, e2πiω
)
7→

(
λ 7→ e2πi·ω◦%(λ)

)
,

where ω : V ′→C is an anti-linear map with ω(Λ′ ,Λ′) ⊆Z.

Proof. See [28, Proposition 3.1.18].

Let (A = V /Λ,η) be a polarized abelian variety of dimension g over C. The analytic descrip-
tion of the pairing 〈,〉ηn in Definition 1.3.4 is given by〈1

n
λ1,

1
n
λ2

〉η
n

= e2πi 1
nE(λ1,λ2)

for λi ∈Λ, see [28, Proposition 3.1.20].

2.6 Endomorphisms of abelian varieties

In this section, we follow [4, Chapters 1 and 5] and discuss some basic properties of homomor-
phisms between complex abelian varieties. Then, we restrict to the structure of the algebra
End0(A) respectively to the ring End(A) of abelian varieties A of dimension g over C.

Let A = V /Λ and A′ = V ′/Λ′ be abelian varieties over C of dimensions g and g ′. Let

% : A→ A′

be an element in Hom(A,A′), where the latter is the set of all homomorphisms from A to A′

equipped with the operation given by the addition. Then by Proposition 2.1.4, % uniquely
determines a C-linear map

T% : V → V ′

that makes the Diagram 2.1.2 commute. We obtain an injective homomorphism of abelian
groups

ιa : Hom(A,A′)→Hom
C

(V ,V ′)

% 7→ T%
(2.6.1)

called the analytic representation of Hom(A,A′). Moreover, since T%(Λ) ⊂Λ′ and the restriction
T% |Λ :Λ→Λ′ is a Z-linear map between Λ and Λ′, there is an injective homomorphism

ιr : Hom(A,A′)→Hom
Z

(Λ,Λ′)

% 7→ T% |Λ
(2.6.2)
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called the rational representation of Hom(A,A′), and where the latter is (as abelian group) free of
rank m ≤ 4gg ′, see [4, Proposition 1.2.2].

Let Π and Π′ be big period matrices of A = V /Λ and A′ = V ′/Λ′ with respect to some
bases of V ,Λ and V ′ ,Λ′ respectively. Let % : A→ A′ be a homomorphism. Then the linear
transformation ιa(%) in Equation (2.6.1) is given by a matrix Ma ∈Matg ′ ,g (C) with respect to the
chosen bases. Similarly the representation of ιr(%) is given by a matrix Mr ∈Mat2g ′ ,2g(Z). In
terms of matrices the condition ιa(%)(Λ) ⊂Λ′ corresponds to

MaΠ =Π′Mr . (2.6.3)

Conversely, any two matrices Ma ∈Matg ′ ,g(C) and Mr ∈Mat2g ′ ,2g(Z) satisfying the relation in
Equation (2.6.3) define a homomorphism A→ A′. The matrices Ma and Mr determine one
another.

By following the discussion in [4, Chapter 5], we describe the endomorphism algebra of
polarized abelian varieties over C. Let A be an abelian variety of dimension g over C. Then ιa
and ιr (see Equations (2.6.1) and (2.6.2)) are representations of the endomorphism ring End(A).
The latter is the set of all isogenies % : A→ A (see Definition 2.1.5) with ring structure given by
addition and composition. Let

End0(A) = End(A)⊗
Z
Q (2.6.4)

be the endomorphism algebra of A.

Proposition 2.6.1. If A and A′ are isogenous abelian varieties, then End0(A) � End0(A′).

Proof. See [4, Chapter 5].

We recall (see introduction to Chapter 1), that an abelian variety A is called simple, if A has
no non-zero proper subvarieties. In other words, the only subvarieties of A are A itself, and 0.

Theorem 2.6.2 (Poincaré’s Complete Reducibility Theorem). Given an abelian variety A there is
an isogeny

A→ An1
1 × . . .×A

nr
r

where the Ai are simple abelian varieties that are pairwise non-isogenous to each other, and where the
ni are uniquely determined up to permutations, and where the Ai are determined up to isogeny.

Proof. See [4, Theorem 5.3.7].

Corollary 2.6.3. End0(A) is a finite dimensional semisimple Q-algebra, i.e. if A→ An1
1 × . . .×A

nr
r is

an isogeny as in Theorem 2.6.2, then

End0(A) �Mn1
(F1)⊕ . . .⊕Mnr (Fr ),

where the Mni are matrix algebras over Fi , where the Fi = End0(Ai) are skew fields of finite dimension
over Q.

Remark 2.6.4. From the corollary above, the classification of endomorphism algebras of abelian
varieties reduces to the classification of simple abelian varieties. We consider in this thesis
simple principally polarized abelian varieties A = Jac(X), where Jac(X) is the Jacobian (variety)
of a smooth projective curve of genus 3 over C (respectively over number fields), see Chapter 3.
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Let (A = V /Λ,E) = (A,η) be a simple polarized abelian variety of dimension g over C, as
in Equation (6.2.5). By Proposition 2.1.7, there is a unique isogeny ηt : At→ A corresponding
to the multiplication by an integer d on A and At respectively. Then η has an inverse in
Hom(At ,A)⊗Q, namely

η−1 = d−1ηt .

Every %̃ ∈ End0(A) can be uniquely (up to isomorphism) written as %̃ = r% with r ∈ Q and
% ∈ End(A). Then the dual of %̃ is defined as %̃t = r%t ∈ End0(At).

Definition 2.6.5. We define the Rosati involution (with respect toL (or with respect to η)) to
be

%̃† = η−1 ◦ %̃t ◦ η. (2.6.5)

It is an anti-involution on End0(A), see [4, page 114].

Notation 2.6.6. In the rest of this chapter, (F,†) denotes a pair with F = End0(A) is the endo-
morphism algebra of a simple polarized abelian variety A = V /Λ of dimension g over C with
polarization η, and where † is a Rosati involution on F with respect to η.

Notation 2.6.7. Let (F,†) be a pair as in Notation 2.6.6. The anti-involution † : F→ F restricts
to an involution on the center K of F, whose fixed field under the involution we denote by K0.

Lemma 2.6.8. K0 is a totally real number field, i.e. any embedding K0 ↪→C factorizes via R.

Proof. See [4, Lemma 5.5.2].

Definition 2.6.9. We say (F,†) is of the first kind if K = K0, and of the second kind otherwise.

For the rest of this thesis we restrict to tuples (F,†) of the second kind. The reason here for
is based on the following lemma.

Lemma 2.6.10. Let (F,†) to be of the second kind. Then the center K is totally complex, i.e. there
is no embedding K ↪→ C which factors via R, and the restriction of the involution † |K is complex
conjugation.

Proof. See [4, Lemma 5.5.4].

Example 2.6.11. If (A,E) is a principally polarized abelian variety of dimension g over C
(respectively over some number fields) with complex multiplication by a number field K , then
there is an embedding

ι : K ↪→ F = End0(A)

and ι(K) ⊂ F is the center of F in Lemma 2.6.10. By the same lemma, the restriction of the
Rosati involution † |K is complex conjugation on K .

12



2.7 The Siegel upper half space

In this section we recall the identification of principally polarized abelian varieties of dimension
g over C by points in the Siegel upper half space Hg . Further we define the (analytic) moduli
space Ag of principally polarized abelian varieties of dimension g over C.

Let (A = V /Λ,E) be a principally polarized abelian variety of dimension g over C. Let Π
be a big period matrix of A (see Definition 2.1.2) with respect to a standard symplectic basis
λ1, . . . ,λg ,µ1, . . . ,µg of Λ, such that the representation matrix of E with respect to this basis is
given by the matrix in Equation (2.4.2). With respect to these basis the big period matrix of A is
of the form

Π = (Z,Ig ) (2.7.1)

for some Z ∈Matg (C) such that Zt = Z and Im Z > 0, and where Ig is the identity matrix, see [4,
page 210]. We call the matrix Z a (small) period matrix of A.

Definition 2.7.1. We define the Siegel upper half space by

Hg =
{
Z ∈Matg(C) : Zt = Z, Im(Z) > 0

}
. (2.7.2)

Definition 2.7.2. We say that a principally polarized abelian variety (A = V /Λ,E) of dimension
g over C has period matrix Z ∈ Hg , if

A(C) � V /(ZZg +Zg ),

and the matrix representation for Riemann form E with respect to a standard symplectic basis
of Λ is given by Equation (2.4.2).

In order to define equivalence classes of principally polarized abelian varieties of dimension
g over C, we give the following definition.

Definition 2.7.3. We define the symplectic group by

Sp2g(Z) =
{
M ∈GL2g(Z) :MT JgM = Jg

}
,

where Jg is the matrix in Equation (2.4.2). There is an action (from left) of Sp2g (Z) on the Siegel
upper half-space Hg given by

Z 7−→M.Z = (aZ + b)(cZ + d)−1

for all Z ∈ Hg and M =
[
a b
c d

]
∈ Sp2g(Z).

In the further course of this thesis (especially in Chapter 4), we need an explicit description
of the n≥2-torsion points on A(C).

Lemma 2.7.4. If (A = V /Λ,E) is a (principally) polarized abelian variety of dimension g over C
with a small period matrix Z ∈ Hg , where Λ =ΠZg and Π = (Z,Ig ), then for any positive integer n,
the group of n-torsion points of A is given by

A[n](C) =
{
ξ = Z · ξ1 + Ig · ξ2 (mod ZZg +Zg ) : ξi ∈

1
n
Z
g
}
.
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Proof. Clear from Example 2.1.6, together with the identification of points on the torus A =

V /(ZZg +Zg ), given by ω = (Z,Ig )ξ = Z · ξ1 + Ig · ξ2 for ξ =
[
ξ1
ξ2

]
∈R2g .

Proposition 2.7.5. Let (A,EZ) and (A′ ,EZ ′ ) be (principally) polarized abelian varieties of dimen-
sion g over C for some period matrices Z,Z ′ ∈ Hg . Then (A,EZ) and (A′ ,EZ ′ ) are isomorphic as
(principally) polarized abelian varieties if and only if Z ′ =M.Z for some M ∈ Sp2g(Z).

Proof. See [4, Chapter 8.2].

The above proposition motivates the following definition and remark.

Definition 2.7.6. The (analytic) moduli space of principally polarized abelian varieties of dimension
g over C is given by the quotient Ag = Sp2g(Z)\Hg .

Remark 2.7.7. Via the association

Z 7→C
g /(Z,Ig )Zg

the points of Ag are in bijective correspondence with the isomorphism classes of principally
polarized abelian varieties over C.

Remark 2.7.8. As mentioned in Remark 2.6.4, in the further course of this thesis (especially in
the Chapters 8 and 7) we consider the explicit (computational) identification and the classifi-
cation of a certain locus, the so-called (hyperelliptic) Jacobian locus inside Ag , for g = 3. Points
in the latter space correspond to isomorphism classes of simple principally polarized abelian
varieties of dimension g over C.

In Chapter 9 we consider Ag a as moduli space of principally polarized abelian varieties of
dimension g over algebraically closed fields k of char(k) = p > 0. We restrict in this chapter to
the supersingular locus Sg ⊂ Ag for g = 2,3.
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3Jacobian Varieties
It is well known that for g > 4 most Z ∈ Hg does not gives rise to a small period matrix of a
Jacobian of a smooth projective curve of genus g. The identification of these period matrices is
an old problem in arithmetic geometry known as the Schottky problem. We briefly recall in this
chapter the (analytic) construction of the Jacobian and the Abel-Jacobi map on X. We follow
the discussion in [4, Chapter 11] and [51], respectively.

3.1 Definitions

In this chapter we fix our ground field to be C (for the reason, see Footnote 1). A special type
of simple polarized abelian varieties (A,E) of dimension g over C are Jacobians of smooth
projective curves X of genus g. In this chapter we construct for a given smooth projective curve
X of genus g over C a principally polarized abelian variety of dimension g over C, called the
Jacobian of X and denoted by

(Jac(X),E). (3.1.1)

3.2 The analytic construction of the Jacobian

Let X be a smooth projective curve of genus g over C. Let λ1, . . . ,λ2g be a basis of the first
homology group

H1(X,Z).

It is free of rank 2g. Let ω1, . . . ,ωg be a basis of the C-space of holomorphic differentials

V :=H0(ωX)

on X and let V ∗ be the dual space with respect to this basis. There is a canonical way to embed
H1(X,Z) ↪→ V ∗ by

γ 7→
{
ω 7→

∫
γ
ω

}
for any γ ∈ H1(X,Z), see [4, Lemma 11.1.1]. In this way H1(X,Z) is a lattice in V ∗ and the
quotient

Jac(X) = V ∗/H1(X,Z)

is a complex torus of dimension g, called the Jacobian of X.

If l1, . . . , lg is a dual basis of V ∗ with respect to ω1, . . . ,ωg , then we describe λ1, . . . ,λ2g of

H1(X,Z) as linear forms in V by λi =
∑g
j=1

(∫
λi
ωj

)
lj for 1 ≤ i ≤ 2g. With respect to Definition

2.1.2, the big period matrix to the complex torus Jac(X) is given by

Π =


∫
λ1
ω1 . . . . . .

∫
λ2g
ω1

...
...∫

λ1
ωg . . . . . .

∫
λ2g
ωg

 . (3.2.1)
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We choose a standard symplectic basis λ1, . . . ,λg ,µ1, . . . ,µg for H1(X,Z), such that the in-
tersection matrix with respect to this basis is given by the matrix Jg in Equation 2.4.2. Then
λ1, . . . ,λg ,µ1, . . . ,µg is a basis of the dual space V ∗ as an R-space, see [4, page 317]. Denote by

E : V ∗ ×V ∗→R

the non-degenerate alternating form on V ∗ with matrix representation Jg with respect to this
basis. Use it to define a form

H : V ∗ ×V ∗→C

(v,w) 7→H(v,w) = E(iv,w) + iE(v,w).

Then H is a positive definite hermitian form on V ∗ with Riemann form E, which induces an
ample line bundleL =L (H,χ) on Jac(X), see [4, Proposition 11.12].

Let (Jac(X),E) be the Jacobian of a smooth projective curve of genus g. Let Π be a big period
matrix for Jac(X) as in Equation (3.2.1), with respect to a basis ω1, . . . ,ωg of H0(ωX) and to a
standard symplectic basis λ1, . . . ,λg ,µ1, . . . ,µg of H1(X,Z), such that the representation matrix
of E with respect to this basis is given by the matrix in Equation (2.4.2). We write

Π = (Π1,Π2) (3.2.2)

to denote by Π1 the first half formed by the first g columns of Π, and by Π2 the second half. By
considering a second basis of H0(ωX), the new big period matrix to Jac(X) with respect to this
basis is given by

Π = (Z,Ig ) (3.2.3)

for some small period matrices Z in the Siegel upper half-space Hg (see Definition 2.7.2), and
where Ig is the identity matrix (see Section 2.7).

Regarding to Definition 2.7.2, we get the following definition.

Definition 3.2.1. We say that a Jacobian variety (Jac(X),E) of dimension g over C has small
period matrix Z ∈ Hg , if

Jac(X) �Cg /(ZZg +Zg ),

and where the matrix representation of Riemann form E with respect to a standard symplectic
basis for H1(X,Z) is given by Equation (2.4.2).

3.3 The Abel-Jacobi map

Theorem 3.3.1 (Abel-Jacobi). Let Pic0(X) be the group of equivalence classes of degree-0 divisors
modulo principal divisors (or line bundles, respectively) on X. Then the Abel-Jacobi map yields a
canonical isomorphism

AJ : Pic0(X)
∼−−→ Jac(X)∑

i

[Qi − Pi] 7→

∑
i

∫ Qi

Pi

ωj


j

.
(3.3.1)
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Proof. See [4, Theorem 11.1.3].

Corollary 3.3.2. For any g ≥ 1 the Abel-Jacobi map α : X→ Jac(X) is an embedding.

Proof. See [4, Corollary 11.1.5].

Theorem 3.3.3 (Torelli’s Theorem). Let (Jac(X),EX) and (Jac(X ′),EX ′ ) be Jacobians of smooth
projective curves of genus g. If (Jac(X),EX) and (Jac(X ′),EX ′ ) are isomorphic as polarized abelian
varieties, then X is isomorphic to X ′.

Proof. See [4, Theorem 11.17].

3.4 The genus-3 case

Most of the time in this thesis we restrict to principally polarized abelian varieties of dimension
3. In Chapter 5 we give necessary and sufficient conditions on the matrix Z ∈ H3 to be a small
period matrix of a Jacobian of a hyperelliptic curve of genus 3 over C (or over some number
fields, respectively). This identification is based on the theta constants (see Theorem 5.4.14) of Z
which determines hyperelliptic small period matrices among all period matrices in H3.

The general characterization of principally polarized abelian varieties of dimension 3 is
based on the following theorem.

Theorem 3.4.1. Simple principally polarized abelian varieties of dimension 3 are Jacobian of smooth
projective curves of genus 3.

Proof. See [57].
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4Smooth Projective Curves
4.1 Definitions

For the rest of this chapter we denote by k an arbitrary field that we assume to be algebraically
closed and of char(k) , 2. We follow the discussion in [50, 76].

Definition 4.1.1. A smooth projective curve is a irreducible non-singular closed subvariety of
dimension 1 in some projective space Pnk .

There are several methods to define the (topological, arithmetic, and the analytic) genus
of smooth projective curves, see e.g. discussion before Theorem 3.11 in [50, Chapter 6 ]. All
of these genera are equal. Since in the Chapters 7 and 8, our curves are all defined over C (or
over some CM fields, respectively), we restrict in this thesis to the definition of their topological
genus.

Definition 4.1.2. If X is a smooth projective curve over C, then we define the genus of X to be
the number of handles in the Riemann surface X(C).

In this thesis, especially in the Chapters 7 and 8, we are interested in certain models
describing (smooth projective) curves of genus g. Given an affine equation for a curve (which
we will specify in the next sections), we will identify it with the smooth projective curve that
has the same function field.

4.2 Smooth projective curves of genus 3

The theory (and the algorithms) we will develop in the Chapters 7 and 8, restricts to Jacobians
of smooth projective curves of genus 3. It is well known that the genus-3 case is the first case
where there are two types of smooth (projective) curves of genus 3 over k, namely hyperelliptic
curves and non-hyperelliptic curves.

We give here the following classification of smooth projective curves of genus 3 over k.

Proposition 4.2.1. Let X be a smooth projective curve of genus 3 over k. Then:

(i) Either X is hyperelliptic over k defined by an equation of the form y2 = f (x) where f has degree
7 or 8, or

(ii) There is an injective map ϕ : X ↪→ P
2
k , that embeds X into the projective plane P2

k as a smooth
curve defined by the vanishing of a quartic polynomial.

Proof. See [50, Chapter 7, Proposition 2.5].

4.3 Hyperelliptic curves of genus 3

In this section we consider hyperelliptic curves X of genus 3 over k. We introduce the Rosenhain
model for X.
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Let X be a hyperelliptic curve of genus 3 over k. Then X is fully determined by the canonical
map

π : X(k)→ P
1
k

(x,y) 7→ x.
(4.3.1)

The map π is ramified in 2g+2 points. Any automorphism ofP1
k permutes the 2g+2 ramification

points, see [50, Page 243].

Definition 4.3.1. If X is a hyperelliptic curve, then we call the ramification points of the map
π in Equation 4.3.1, the Weierstrass points of X. See [50, Pages 204 and 243].

Remark 4.3.2. Let X be a hyperelliptic curve of genus 3 over an algebraically closed field k. By
Proposition 4.2.1, X is given by an affine model of the form X : y2 = f (x) where deg(f ) = 7,8. If
deg(f ) = 8, then there are fractional linear transformations, P1

k → P
1
k that sends the set of brach

values {a1, . . . , a8} ⊂ P1
k with (ai ,0) ∈ X(k) the Weierstrass points on X, to a set of branch values

{a′1, . . . , a
′
7,∞} ⊂ P

1
k with (a′i ,0) ∈ X ′(k) the Weierstrass points on a hyperelliptic curve X ′ over k

for 0 ≤ i ≤ 7 with an affine model X ′ : y2 = g(x) where deg(g) = 7, and where as hyperelliptic
curves X and X ′ are isomorphic. See e.g. [26, Example 1.83].

More general, we get the following explicit expression for isomorphisms ϕ : X→ X ′ between
hyperelliptic curves of genus 3 over k (see [42], for general genus g > 1).

Proposition 4.3.3. Let X : y2 = f (x) and X ′ : y2 = g(x) be hyperelliptic curves of genus 3 over k.
Every isomorphism ϕ : X→ X ′ is given by an expression of the form

(x,y) 7→
(
ax+ b
cx+ d

,
ey

(cx+ d)4

)

for some
[
a b
c d

]
∈GL2(k) and e ∈ k∗. The pair (M,e) is unique up to some multiplications given by

(λM,λ4e) for λ ∈ k∗. The composition of the isomorphisms (M,e) and (M ′ , e′), is (M ′M,e′e).

Proof. See [42].

In Chapter 8, one of our focus is the computation of a certain model for hyperelliptic curves,
the so-called normalized Rosenhain form.

Definition 4.3.4. Let X be a hyperelliptic curve of genus 3 over k. We say that X is in generalized
Legendre form if

X : y2 = x(x − 1)
7∏
i=3

(x −λi) (4.3.2)

where λ1 = 0,λ2 = 1,λ∞ =∞. The coefficients λi ∈ k\{0,1,∞} are called Rosenhain invariants of
the curve X.

Remark 4.3.5. A normalization as in Definition 4.3.4 is not unique. That is due to the choice of
some indices in the formula of Takase (see Equation (5.5.1)). In the paper [17], we have chosen
a different normalization, see Remark 8.5.8.
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Remark 4.3.6. We will see in Chapter 5, (see Proposition 5.5.5) that the coefficients λi in the
normalized Rosenhain form for X are (modular) invariants of (hyperelliptic) curves.

Example 4.3.7. Let X : y2 = f (x) be a hyperelliptic curve of genus 3 over C, where f (x) ∈ k[C]
is a non-singular and separable polynomial given by the equation f (x) = x7 − x. A normalized
Rosenhain model for X is given by

X : y2 = x(x − 1)(x+λ)(x −λ)(x+λ2)(x −λ2)(x+λ3),

where λ = ζ3 is a primitive third root of unity. We can descend X to be the cyclotomic field
k =Q(ζ3) ⊂C. There is an automorphism X→ X given by

(x,y) 7→
(
ζ2

3x,ζ3y
)
.

Remark 4.3.8. In Chapter 7, we introduce general methods for descending (non)-hyperelliptic
curves of genus 3 (with complex multiplication).

We give an example of a hyperelliptic curve of genus 3 defined over number fields after
descending. The information about the field of definition of the curve is based on the knowledge
of complex multiplication theory. See Chapters 6 and 7.

4.4 Non-hyperelliptic curves

Let X be a smooth projective curve of genus g over k. If X is non-hyperelliptic, then by
Proposition 4.2.1, there is a map ϕK : X ↪→ P

2
k , depending on a canonical divisorK on X, such

that ϕK embeds X into the projective plane P2
k , and X is a smooth plane quartic curve defined

by the vanishing of a quartic polynomial. We give here some examples of non-hyperelliptic
curves of genus 3 over C and over some number fields, respectively.

Example 4.4.1. Let X : y3 = f (x) be a non-hyperelliptic curve of genus 3 over C, where f (x) ∈
k[x] is a non-singular and separable polynomial given by the equation f (x) = x4 − x. By
computing the roots ri of f , we find out that r1 = 0, r2 = 1, r3 = ζ3

9 , and that r4 = −(1 +ζ3
9), where

ζ9 is a primitive ninth root of unity. We get a model of the curve given by

X : y3 =
4∏
i=1

(x − ri)

There is a (3 : 1)-map π : X(C)→ P
1
k , (x,y) 7→ x, ramified in the 4-Weierstrass points, (ri ,0) ∈

X(C). By looking at the roots of f , there is an automorphism X→ X given by

(x,y) 7→
(
ζ3

9x,ζ9y
)
.

This is an example of an CM curve where k is a CM field (see Definition 6.1.3) of degree six
given by the cyclotomic polynomial x6 + x3 + 1 and with maximal ring of integers OK =Z[ζ9].
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5The Hyperelliptic Locus
The Schottky problem is the problem of characterizing Jacobian varieties among all abelian vari-
eties. Another Schottky-type problem which we consider in this chapter, is the characterization
of hyperelliptic Jacobian varieties among all abelian varieties. We give a brief introduction in the
latter characterization. We will use this theory in the Chapters 7 and 8, where we (computation-
ally and heuristically) identify hyperelliptic (CM) points inside the moduli space Ag for g = 3.
In this chapter we follow the theory described in the articles [55, 61, 1].

5.1 Definitions

In this chapter we consider principally polarized abelian varieties of dimension g over C given
by tuples (A =Cg /Λ,E) together with some (small) period matrices Z ∈ Hg . By Definition 2.7.2
(and after identifying the complex vector space V by Cg ), we get

A(C) �Cg /(ZZg +Zg ), (5.1.1)

and where the matrix representation of Riemann form E with respect to a standard symplectic
basis of Λ is given by Equation (2.4.2).

5.2 Riemann theta functions

If (A,E) is a polarized abelian abelian variety of dimension g over C, and if L is a class of
ample line bundle on A (see Definition 2.4.3) determining E, then there is an embedding of A
into some projective space Pn

C
given by

ιL (ω) = (ϑ0(ω) : . . . : ϑn(ω))

for any ω ∈ A(C), and where ϑi are so-called canonical theta functions evaluated at the point
zero on A(C). See [4, Chapters 3.2, 7.5 and 8.5]. In the further course of this thesis it is more
convenient, in order to determine hyperelliptic period matrices instead to work with so-called
Riemann theta functions.

Definition 5.2.1. Let Z ∈ Hg . The Riemann theta function is a holomorphic function on Cg ×Hg ,
given by

ϑ(ω,Z) =
∑
n∈Zg

exp(πintZn+ 2πiωtn)

for any ω ∈Cg . See [4, Page 223 and Proposition 8.5.4].

5.3 Theta functions with half-integer characteristics

In order to to determine hyperelliptic points in Ag , we introduce in this section theta functions
with half-integer characteristics evaluated at the point ω = 0. After Lemma 2.7.4, any point
of the form ξ = Zξ1 + Igξ2 (mod ZZg +Zg ) with ξi ∈ 1

2Z
g is a point of order two on A(C).

Therefore, we focus on studying the equivalence class [ξ] ∈ 1
2Z

2g /Z2g of ξ.
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Definition 5.3.1. Let Z ∈ Hg and ξ =
[
ξ1
ξ2

]
∈ 1

2Z
2g . We define the Riemann theta function with

half-integer characteristic ξ by

ϑ[ξ](0,Z) = exp(πiξt1Zξ1 + 2πiξt1ξ2)ϑ(0,Z). (5.3.1)

In this context we call ξ an even (an odd, respectively) theta characteristic if e∗(ξ) = 1 (e∗(ξ) = 0,
respectively), where

e∗(ξ) = exp(4πiξT1 ξ2). (5.3.2)

If ξ is an even (respectively an odd) theta characteristic we call the value of ϑ[ξ](0,Z) an even
(respectively an odd) theta constant.

Lemma 5.3.2. For any positive integer g there are 2g−1(2g + 1) even theta (and 2g−1(2g − 1) odd
theta) functions with half-integer characteristics ξ.

Proof. See e.g. [61].

Example 5.3.3. If g = 3, then there are (up to equivalence modulo Z6) exactly 36 even theta
characteristics and 28 odd theta characteristics to a matrix Z ∈ H3.

Proposition 5.3.4. For any ξ ∈ 1
2Z

2g and ω ∈Cg we have

ϑ[ξ](−ω,Z) = e∗(ξ)ϑ[ξ](ω,Z). (5.3.3)

Proof. See [54, Chapter 2, Proposition 3.14].

Because of the following Corollary, we turn our attention on even theta characteristics.

Corollary 5.3.5. If ξ is an odd theta characteristic, then the theta constant ϑ[ξ](0,Z) vanishes on Z.

Proof. Follows from Equation (5.3.3).

At the end of this section we describe an action of the symplectic group Sp2g(Z) on theta
characteristics, and the theta transformation formula. We will use this formula, especially in
Chapter 8, in order to compute Rosenhain class polynomials (see Equation 8.5.8).

Definition 5.3.6. There is an action of the symplectic group Sp2g(Z) on theta characteristics
ξ ∈ 1

2Z
2g given by

M.ξ =M∗ · ξ +
1
2
δ0 (5.3.4)

for M =
[
a b
c d

]
∈ Sp2g(Z), M∗ = (M−1)t, and δ0 =

[
(ctd)0
(atb)0

]
where (ctd)0 and (atb)0 are the

diagonal vectors of ctd and atb, respectively. See [4, Chapter 8].

Formula 5.3.7 (Theta transformation formula). For any Z ∈ Hg and characteristics ξ ∈ 1
2Z

2g we
have

ϑ[M.ξ](0,M.Z) = ζ(M) · exp(k(M,ξ)) ·
√

det(cZ + d) ·ϑ[ξ](0,Z), (5.3.5)

where:

(i) ζ(M) is an eighth root of unity depending on M with the same sign as
√

det(cZ + d).

(ii) k(M,ξ) = πi (dξ1 − cξ2)t
(
−bξ1 + aξ2 −

(
atb

)
0

)
− ξt1ξ2,

and where M.Z corresponds to the action of M on Z in Equation (2.7.3). See [4, Formula 8.6.1].
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5.4 η-maps

In this section we turn our attention on a certain class of maps, so-called η-maps. These maps
are crucial in order to understand hyperelliptic Jacobian varieties. Let

Jac(X) �Cg /(ZZg +Zg )

be a hyperelliptic Jacobian variety with (small) period matrix Z ∈ Hg . In order to introduce the
main theorem in this chapter (see Theorem 5.4.14), we recall here the basis properties of these
maps, by following the papers [55, 61, 1, 17].

We begin this section with the following abstract construction of an symplectic F2-vector
spaces.

Proposition 5.4.1. Let B be a set with 2g + 2 elements. For any subsets S1,S2 of B, let

S1 + S2 = (S1 ∪ S2)\(S1 ∩ S2)

Let Sc ⊂ B be the complement of S in B. There is an equivalence relation ∼ on subsets S in B given
by S1 ∼ S2 if S2 = Sc1. Then the set

GB = {S ⊂ B : #S ≡ 0 (mod 2)} / ∼ (5.4.1)

forms an (g + 1)-dimensional F2-vector space under the operation +. There is a bilinear pairing on
GB given by

〈S1,S2〉GB = #(S1 ∩ S2) (mod 2) (5.4.2)

which turns (GB ,〈,〉GB ) into a symplectic vector space. See [55, Lemma 2.4 and Proposition 6.3].

Lemma 5.4.2. Let X : y2 = f (x) be a hyperelliptic curve of genus g, where f is a monic polynomial of
degree 2g + 1. Let {λ1, . . . ,λ2g+1} be the roots of f and let λ∞ =∞. Define B = {λ1, . . . ,λ2g+1,λ∞} and
take let O = (λ∞,0). Let GB be the group to B in Proposition 5.4.1. Let ψ : GB → Pic0(X) be given by

[S] 7→ eS = ψ(S) :=
∑
i∈S

[(λi ,0)]− [(#S)O] . (5.4.3)

Then ψ is an isomorphism of symplectic vector spaces (GB ,〈S1,S2〉GB ) and (Pic0(X),〈,〉2).

Proof. See [55, Lemma 2.2, Corollary 2.11 and Proposition 6.3] or [61, Lemma 1.4.4], respec-
tively.

Remark 5.4.3. A similar statement can be made for the case where deg(f ) = 2g + 2, see [61,
Page 822].

The following lemma gives a parametrization of the 2-torsion points on Pic0(X) as elements
in the abstract group GB , and equivalence classes of theta characteristics.

Lemma 5.4.4. Let Jac(X) be the Jacobian of a hyperelliptic curve

X : y2 = f (x)

of genus g, where deg(f ) = 2g + 1. Let B = {λ1, . . . ,λ2g+1,λ∞} where λi , 1 ≤ i ≤ 2g + 1 are the roots
of f and λ∞ =∞. For any λi ∈ B, define ei = [(λi ,0)−O] in Pic0(X). Then by the Abel-Jacobi map

ηi = AJ(ei),

and where ηi = Z · (ηi)1 + Ig · (ηi)2 is a vector in 1
2Z

2g , where Z ∈ Hg is a small period matrix to
Jac(X). For any subset S ⊂ GB , define ηS =

∑
i∈T ηi . Then:

25



(i) 2ηS = 0.

(ii) ηS1
+ ηS2

= ηS1+S2
.

(iii) ηS1
= ηS2

if and only if S1 ∼ S2.

(iv) A group isomorphism GB
∼−→ 1

2Z
2g /Z2g , given by the map S 7→ ηS .

Proof. See [61, Definition 1.4.5 and Lemma 1.4.6].

Remark 5.4.5. Similar statements can be made for the case where deg(f ) = 2g + 2, see [61].

Definition 5.4.6. We define by Ξg to be the set of equivalence classes of maps

η : P (B)→ 1
2
Z

2g , (5.4.4)

where P (B) is the power set of B, satisfying the following properties:

(i) η∞ = ~0.

(ii) For any S ⊆ B, ηS =
∑
i∈S ηi .

(iii) η induces an symplectic isomorphism η : GB
∼−→ 1

2Z
2g /Z2g , given by the map S 7→ ηS .

(iv) There is a set Uη ⊂ B such that #Uη ≡ g+1 (mod 2) and for all even subsets S ⊂ B we have

e∗(ηS ) = (−1)
1
2 (g+1−#(S+Uη ))

and where e∗ was defined in Equation (5.3.1).

We call two maps in Ξg equivalent if they are equal as maps into 1
2Z

2g /Z2g . See [61, Definition
1.4.11].

Remark 5.4.7. The set Uη in the above definition plays a crucial role in theorem 5.4.14. It has
beed explicitly computed by the authors in [1], for the case where g = 3.

Any hyperelliptic curve X of genus g is fully characterized by the ramification points of
the map π : X(C)→ P

1
C
, (x,y) 7→ x (see Equation 4.3.1). After fixing λ∞ =∞, there are (2g + 1)!

different ways to order the 2g + 1 branch values of the map π, which leads to the following
definition.

Remark 5.4.8. Because of the several combinatorial possibilities of of the ordering of the branch
values of the map π, there are several ways to assign a class of maps in Ξg to a matrix Z ∈ Hg ,
see [61, Page 825].

Definition 5.4.9. Let X : y2 = f (x) be a hyperelliptic curve of genus g overC, where f is a monic
polynomial of degree 2g + 1. Let λ1, . . . ,λ2g+1 be the roots of f as branch values of the map
π : X → P

1
C

. By a marking of X we understand a certain ordering of the set {λ1, . . . ,λ2g+1,λ∞}
where λ∞ =∞. If a hyperelliptic curve X of genus g admits a marking, then we call X a marked
hyperelliptic curve of genus g.

By following [61, Pages 823 and 825], we consider in the rest of this section marked
hyperelliptic curves X of genus g.

26



Definition 5.4.10. We say that the class of maps [η] ∈ Ξg is associated to a matrix Z ∈ Hg if
there is a marking B of the hyperelliptic curve X to Z, such that for all S ⊆ B even, we have
ηS = AJ(eS ) (mod 1

2Z
2g /Z2g ).

Before stating the main theorem of this chapter, we introduce the action of some subgroups
of Sp2g(Z) on the set equivalence classes of maps Ξg . It is induced by the action on theta
characteristics in Definition 5.3.6.

Definition 5.4.11. For any positive integer n, we define the principal congruence subgroups

Γn =
{
M ∈ Sp2g(Z) :M ≡ I2g (mod n)

}
, (5.4.5)

where I2g is the identity matrix, and the Igusa intermediate normal subgroups

Γn,2n =
{
M =

[
a b
c d

]
∈ Γn : (atb)0 ≡ (ctd)0 ≡ 0 (mod 2n)

}
, (5.4.6)

where (atb)0 and (ctd)0 are the diagonal vectors of atb and ctd, respectively. For any positive
integer n we have Γ2n ⊂ Γn,2n ⊂ Γn, see [61, Page 813].

Proposition 5.4.12. The group Sp2g(F2) � Sp2g(Z)/Γ2 acts freely and transitively on the set of
equivalence classes of maps in Ξg by

η′ =M∗ · η

for [η] ∈ Ξg and M∗ = (M−1)t, and M ∈ Sp2g(F2).

Proof. See [61, Page 826].

Remark 5.4.13. Knowing about the free and transitive action of the group Sp2g(F2) on the set
Ξg , together with the explicit computation of Mumford’s equivalence class of maps [η] ∈ Ξg in
[55, Chapter 5], and with the description of these η-maps in [2, Chapter 5.2], we have computed
with the code in [2] equivalence classes of maps [η′] ∈ Ξg to Galois conjugate hyperelliptic
curves of genus g = 3. For a detailed description, see Chapter 8.

Theorem 5.4.14 (The Vanishing Criterion). Let Z ∈ Hg and let [η] ∈ Ξg . The following two
statements are equivalent:

(i) Z is the period matrix of a simple principally polarized abelian variety of dimension g over C
satisfying the following equations for a map η:

For S ⊆ B, #S ≡ 0 (mod 2), ϑ[ηS ](0,Z) = 0 if and only if #(S ◦Uη) , g + 1.

(ii) There is a marked hyperelliptic curve of genus g over C whose Jacobian has period matrix Z
and [η] ∈ Ξg is one of the equivalence classes of maps associated to Z.

Proof. See [61, Main Theorem 2.6.1].
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5.5 The genus-3 case

We restrict in this section to the main case we mostly consider in this thesis, the case where
g = 3. By following Theorem 5.4.14, given a hyperelliptic (small) period matrix Z ∈ Hg and
one of its associated equivalence classes of maps [η] ∈ Ξg , we can construct a (normalized
Rosenhain) model for the hyperelliptic curve via Thomae’s formulae. Conversely, if Z ∈ Hg is a
matrix satisfying the criteria in Theorem 5.4.14 for some [η] ∈ Ξg , then Z is a (small) period
matrix of a hyperelliptic Jacobian.

For the case where g = 3, Theorem 5.4.14 reduces to the following theorem. It was stated
and proven by Igusa, (see [31, Lemmata 10 and 11]) and proven by the authors in [1, Theorem
4].

Theorem 5.5.1 (Igusa). If Z ∈ H3 is (small) period matrix of an Jacobian (variety) of dimension 3
over C, then Z is a (small) period matrix of an hyperelliptic Jacobian (variety) if and only if ϑ[ξ](0,Z)
vanishes on Z for a single equivalence class [ξ] ∈ 1

2Z
6/Z6 with e∗(ξ) = 1.

Proof. See [1, Theorem 4].

To state the formula of Takase-Vincent-Somoza, we set up some notation. We follow here
the notation in the articles [1, 17]. We define a set

T = {1, . . . ,2g + 1,∞}.

As stated in [17, Page 5], Poor defined for an equivalence class of maps [η] ∈ Ξg , the set Uη (see
Definition 5.4.6) to be the set of indices i ∈ T such that ηi is even (as a theta characteristic, see
Lemma 5.4.4).

Theorem 5.5.2 (Takase). Let Z ∈ Hg be a (small) period matrix and [η] ∈ Ξg such that the Vanishing
Criterion in Theorem 5.4.14 is satisfied. Then with notation as above, for any disjoint decomposition
T − {∞} = V tW t {k,`,m} where #V = #W = 2 we have:

λm −λ`
λm −λk

= exp(4πi(ηk + η`)1(ηm)2)

ϑ[ηUη◦(V∪{m,`})] ·ϑ[ηUη◦(W∪{m,`})]

ϑ[ηUη◦(V∪{k,m})] ·ϑ[ηUη◦(W∪{k,m})]
(Z)

2

. (5.5.1)

Proof. See [72, Theorem 1.1]. For a generalization of the formulae in Equation (5.5.1), see [40,
Appendix] .

Remark 5.5.3. In [17], we have chosen the period matrix Z ∈ Γ2\H3. We restricted to these
period matrices in [17], since in this case one can choose the same equivalence classes of η-maps
for the computation of equivalence classes of η-maps attached to hyperelliptic Galois orbits
under the action of the absolute Galois group Gal(Q |Q).

Remark 5.5.4. We can fix a normalized Rosenhain model (see Definition 4.3.4) of the hyperellip-
tic curve X to the (small) period matrix Z ∈ Hg in Theorem 5.5.2, by using e.g. a normalization
given by λ1 = 0,λ2 = 1. Then

X : y2 = x(x − 1)
7∏
l=3

(x −λ`),

where λ` for 3 ≤ ` ≤ 7 are computed by the formula in Equation (5.5.1) for k = 1 and m = 2.
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Proposition 5.5.5. The Rosenhains coefficients of hyperelliptic curves of genus g are modular invari-
ants with respect to the modular group Γ4,8.

Proof. This follows from the fact that theta constants are modular forms of weight 1/2 for the
modular group Γ4,8. See e.g. [61, Theorem 1.1.7].
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6Abelian Varieties with Complex
Multiplication
In this chapter we recall the construction and some basic properties of principally polarized
abelian varieties with complex multiplication (CM), due to Shimura and Taniyama. We follow
here the discussion in [63, Chapter 2] and in [39, Chapter 1], respectively. Further we restrict
our attention to simple principally polarized abelian varieties with CM. More precisely, a
restriction to dimension 3 simple principally polarized abelian varieties with CM is, according
to Theorem 3.4.1, equivalent to considering Jacobian varieties of smooth projective curves of
genus 3 with CM. By Shimura and Taniyama’s theory of CM, the invariants of these curves
generate certain abelian extensions of CM fields.

6.1 Definitions

Let V be a g-dimensional complex vector space. To conform to the literature in [39, Chapter 1],
we define V = Cg . Let (A = Cg /Λ,E) be a principally polarized abelian variety of dimension g
over C. From the discussion in Chapter 2.7, there exist a basis of V and a standard symplectic
basis of Λ, such that the matrix representation of the Riemann form E with respect to the basis
of Λ is given by matrix in Equation (2.4.2). Further by discussion in the same chapter there are
matrices Z in the Siegel upper half space Hg , such that A(C) � V /(ZZg +Zg ).

In this chapter we construct for a given triple (Φ ,a,ξ) related to a CM field K a principally
polarized abelian variety of dimension g over C,

A(Φ ,a,ξ). (6.1.1)

Let End0(A) = End(A)⊗
Z
Q be the endomorphism algebra of A (see Definition 2.6.4).

Definition 6.1.1. Let A = C
g /Λ be a an abelian variety of dimension g over C. We say that A

has complex multiplication (CM) by a number field K if there exists an embedding

ι : K ↪→ End0(A). (6.1.2)

Let OK be the ring of integers of K . We say A has CM by OK (or maximal CM, respectively), if
ι−1(End(A)) � OK .

Remark 6.1.2. Let (End0(A),†) be a tuple where † is the Rosati involution on End0(A) (see
Definition 2.6.5). If (End0(A),†) is of the second kind then K is an CM field and the restriction
of the Rosati involution to K is complex conjugation (see Lemma 2.6.10).

Definition 6.1.3. A Complex Multiplication (CM) field K is a totally imaginary quadratic exten-
sion of a totally real number field K0.

Example 6.1.4. The simplest example of CM fields are imaginary quadratic extensions of Q as,
e.g. K =Q(i) where i is a roof of the polynomial f (x) = x2 + 1.

Definition 6.1.5. Let K be a CM field. A CM type of K is a subset Φ ⊂Hom(K,C) such that

Hom(K,C) = Φ qΦ% (6.1.3)

31



where % ∈ Aut(K) is a unique element such that ι(%(x)) = ι(x) for all x ∈ K0 the totally real
subfield of K , for all embeddings τ : K ↪→ C. We call % the complex conjugation on K . We call
a CM type primitive if it is not induced by a proper CM subfield. We call two CM types Φ ,Φ ′

equivalent if there exists an automorphism α ∈ Aut(K) such that Φ ′ = Φα. See [39, Page 6].

Definition 6.1.6. A CM type is a tuple (K,Φ) if K is a CM field and Φ is a CM type of K .

Remark 6.1.7. We can see by the above definition that for any CM field K where e.g. Q(i) ⊂ K ,
there are some non-primitive CM types Φ on K which are induced by CM subfield Q(i). In
Chapter 7 we will give a complete description of (non) primitive CM types of sextic CM fields
up to (Galois) equivalence.

6.2 Ideals and polarizations

In this section we briefly recall the construction of principally polarized abelian varieties with
complex multiplication due to Shimura and Taniyama. It is well known (see Chapter 2) that
any complex abelian variety A(C) is a complex torus A = V /Λ admitting a Riemann form E on
the lattice. Let (K,Φ) be a CM type where K is a CM field of degree 2g. We can use Φ to define
a map K →C

g given by

x 7→ Φ(x) = (ϕ1(x), . . . ,ϕg(x)).

Then any fractional OK-ideal a gives rise to a full lattice Φ(a) ⊂ Cg , and C
g /Φ(a) is a g-

dimensional complex torus of type (K,Φ). More precisely, the following theorem gives a
correspondence between g-dimensional complex tori of type (K,Φ) and fractional OK -ideals.

Theorem 6.2.1. Let (K,Φ) be a CM type and let a be a fractional OK -ideal. Then

(i) Φ(a) is a full lattice in Cg for any g ≥ 1 and Cg /Φ(a) is a complex torus of type (K,Φ).

(ii) Two complex tori Cg /Φ(a) and Cg /Φ(a′) of type (K,Φ) are isomorphic if and only if a′ = (α)a
for some α in K∗.

(iii) For any g-dimensional complex torus (A,ι) of type (K,Φ) there exists some fractional OK -ideal
a such that A is isomorphic to Cg /Φ(a).

Proof. See [39, Theorem 4.1].

According to Definition 2.4.3, a polarization is a certain class of ample line bundle L =
L (H,χ) on Cg /Λ. Let (K,Φ) be a CM type. To be consistent with the literature, we denote by

(a,ξ) (6.2.1)

a pair where:

(i) a is a fractional OK -ideal.

(ii) ξ is an element in K such that −ξ2 is totally positive in the totally real subfield K0 of K ,
ϕ(ξ) is an positive imaginary element for any ϕ ∈ Φ , and

(ξ) = (aaDK |Q)−1

where D−1
K |Q = {α ∈ K : TrK |Q(αOK ) ⊆Z} is the different of K |Q.
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Define E = EΦ ,ξ : Φ(K)×Φ(K)→Q by

E(Φ(v),Φ(w)) = TrK/Q(ξvw) (6.2.2)

for any v,w ∈ K . Then E is a positive definite Riemann form on the lattice Φ(a) and it can be
uniquely extended to a positive definite hermitian form H = E(iv,w) + iE(v,w) on Cg , see [39,
Theorem 4.5].

Theorem 6.2.2. Let (K,Φ) be a CM type where K is a CM field of degree 2g over Q. Then the
following holds.

(i) Any triple (Φ ,a,ξ) as above defines a principally polarized abelian variety

A(Φ ,a,ξ) = (Cg /Φ(a),E) (6.2.3)

of dimension g over C with CM by OK of type (K,Φ).

(ii) Any principally polarized abelian variety of dimension g over C with CM by OK of type (K,Φ)
is isomorphic to A(Φ ,a,ξ) for some triples (Φ ,a,ξ) as in (i).

(iii) The abelian variety A(Φ ,a,ξ) is simple if and only if Φ is primitive. In this case the embedding
ι : K → End0(A) in Equation (6.1.2) is an isomorphism.

(iv) For any pair of triples (Φ ,a,ξ) and (Φ ,a′ ,ξ ′) as above, A(Φ ,a,ξ) and A(Φ ,a′ ,ξ ′) are isomorphic
as principally polarized abelian varieties with CM if there is an element γ ∈ K∗ such that
(a′ ,ξ ′) = (γa, (γγ)−1ξ). Is Φ primitive, then the converse holds.

Proof. See [69, Chapter 1, Theorem 5.2].

This section corresponds to the section of the same name in the paper [19], apart from a few
changes that are appropriate for this thesis, such as definitions and some other explanations.

Let (A,E) = A(a,ξ) = A(Φ ,a,ξ) be a principally polarized abelian variety of dimension g
over C of type (K,Φ) whose endomorphism ring is isomorphic to OK . We can consider the
representation of K on the tangent space after choosing some isomorphism

ι : K → End0(A)

as in Theorem 6.2.2. The set of embeddings that thus appear yield a primitive CM type Φ of
K . It is important to note that the representation of K depends on the chosen isomorphism ι,
which means that given the principally polarized abelian variety A, only the equivalence class of
the CM type Φ is well-defined. We characterize in Section 7.5, CM types of sextic CM fields K
up to (Galois) equivalence. This characterization in connection with an explicit description of
the image of the mapNΦr (see Definition 7.6.5) in the Shimura class group CK (see Definition
7.6.1) of K , is crucial in order to determine a minimal set of representatives of of principally
polarized abelian varieties of dimension 3 over C with primitive CM up to Galois conjugation
over the reflex field Kr (see Definition 7.5.1) of K with respect to a primitive CM type Φ . We
will discuss this in detail in the Sections 7.5, 7.6, and we describe explicit algorithms which
determine such minimal sets in Section 7.9.

Proposition 6.2.3. Let K be a CM field of degree 2g, and let Φ be a primitive CM type of K . Then
the association

(a,ξ) 7→ A(a,ξ) = (Cg /Φ(a),E)
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defined above yields a bijection between the set of pairs (a,ξ) up to the equivalence given by

(a,ξ) ∼ (a′ ,ξ ′) (6.2.4)

if (a′ ,ξ ′) = (γa, (γγ)−1ξ) for γ ∈ K∗, and the set of isomorphism classes of principally polarized
abelian varieties that admit CM by OK of type Φ up to equivalence.

Proof. See [70, Theorem 4.2].

Definition 6.2.4. We say that two pairs (a,ξ) and (a′ ,ξ ′) are equivalent if there exists an element
α ∈ Aut(K) such that (α−1(a),α(ξ)) and (a′ ,ξ ′) are equivalent in the sense of Proposition 6.2.3.

Proposition 6.2.5. Two pairs (a,ξ) and (a′ ,ξ ′) are equivalent if and only if A(a,ξ) and A(a′ ,ξ ′) are
isomorphic as principally polarized abelian varieties.

Proof. See [70, Proposition 4.11].

Notation 6.2.6. In the rest of this thesis we denote the Galois closure of a CM field K by L.
Further we denote by ιL : L→C a fixed embedding.

Proposition 6.2.7. Let A be a principally polarized abelian variety over C with CM by K of type
(K,Φ) up to equivalence, and let σ ∈ Aut(C). Denoting the restriction of σ to L by σ again, we
have that the conjugate principally polarized abelian variety σA has CM by K of type (K,σΦ) up to
equivalence.

Proof. This follows from the fact that the formation of the tangent space is functorial. Alter-
natively, if T ∈Mg(C) is the tangent representation of a given endomorphism α with respect
to a basis of differentials B of A, then σT is a representation of an endomorphism of σA with
respect to σB. This means that if after our choice of embedding K ↪→ End0(A) we can write the
representation % of K on the tangent space of A as a direct sum

% � ϕ1 ⊕ · · · ⊕ϕg ,

we also obtain a representation σ% of K on the tangent space of σA given by

σ% � σϕ1 ⊕ · · · ⊕ σϕg ,

which proves the proposition.

Remark 6.2.8. In the further course of this thesis we identify depending on the context, simple
principally polarized abelian varieties of dimension g over C of type (K,Φ) whose endomor-
phism ring is isomorphic to OK by tuples

(A,E) � A(a,ξ) = A(Φ ,a,ξ) (6.2.5)

for some pairs (Φ ,a,ξ), where:

(i) (a,ξ) is a pair up to equivalence as in Equation (6.2.1). It is uniquely determined by a CM
type Φ . As mentioned above, it consists of those embeddings ϕ : K ↪→ C for which the
imaginary part of ϕ(ξ) is positive. Therefore, in what follows, we will consider the pairs
(a,ξ) and the corresponding triples (Φ ,a,ξ) interchangeably.

(ii) A = Cg /Φ(a) is a complex torus of dimension g and where E = EΦ ,ξ is the Riemann form
in Equation 6.2.2 induced by the element ξ.

34



7Isogenous Hyperelliptic and
Non-Hyperelliptic Jacobians with Maximal
Complex Multiplication
This chapter corresponds to the paper in [19], apart from some changes that are appropriate
for this thesis, such as definitions and some further explanations. We analyze in this chapter
complex multiplication (CM) for Jacobians of smooth projective curves of genus 3 overC, as well
as the resulting Shimura class groups and their subgroups corresponding to Galois conjugation
over the reflex field. In this chapter, we give a list of all sextic CM fields K in the L-functions
and modular forms database (LMFDB) for which (heuristically) Jacobians of both types of smooth
projective curves of genus 3 with CM by OK exist. It turns out that there are 14 such fields
among the 547,156 sextic CM fields that the LMFDB contains. We determine invariants of the
corresponding curves, and in the simplest case we also give an explicit defining equation.

Because of their arithmetic properties and their cryptographic applications, curves of low
genus whose Jacobian admits CM have historically been at the forefront of research on algebraic
curves. By Shimura and Taniyama’s theory of CM, it is well known that the invariants of these
curves generate certain abelian extensions of CM fields.

In order to achieve our goals, the third author in [19] and I developed and implement
calculation methods that given a CM field K and a primitive CM type Φ , determine a small
set of period matrix representatives of the corresponding isomorphism classes of principally
polarized abelian threefolds, up to Galois conjugation over the reflex field Kr of K with respect
to Φ . A calculation with theta-null values (using [38]) then allows us to determine with the
computer which of these representatives correspond to hyperelliptic or non-hyperelliptic curves.
A full implementation of these techniques in Magma [6] is an essential part of these results. It
is available online at [18].

Chronologically, this chapter (the paper [19], respectively) is a further development of the
Chapter 8 (the paper [17], respectively) in this thesis. It arose from the observation I made
during the preparation of the paper [17]. There are some sextic CM fields K (apart from the
cyclotomic field what was already known, given by the minimal polynomial x6 + x5 + x4 +
x3 + x2 + x + 1), where (heuristically) exists a hyperelliptic curve whose Jacobian variety has
endomorphism ring isomorphic to the maximal order OK , and where K does not include Q(i).
Further we asked ourselves whether there are sextic CM fields K for which there exist both a
hyperelliptic and a non-hyperelliptic curve whose Jacobian variety has endomorphism ring
isomorphic to OK . Based on this observation, I discussed at this time with the third author of
[19] a possible joint project. This developed into the current chapter of this thesis.

7.1 Definitions

Let K be a CM field of degree 2g and let % ∈ Aut(K) be the unique element identifying complex
conjugation on K (see Definition 6.1.5). For the rest of this chapter, we denote by L the Galois
closure of K and we fix once for all an embedding

ιL : L→C. (7.1.1)
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The main objects in this chapter are simple principally polarized abelian varieties of dimension
3 over C of type (K,Φ) whose endomorphism ring is isomorphic to the maximal order OK .
According to Remark 6.2.8, these are given by tuples (triples, respectively)

(A,E) � A(a,ξ) = A(Φ ,a,ξ), (7.1.2)

where Φ is a primitive CM type of K , where a is a fractional OK -ideal and where ξ is an element
in K such that −ξ2 is totally positive in the totally real subfield K0 of K and where ϕ(ξ) is an
positive imaginary element for any ϕ ∈ Φ , and where (ξ) = (aaDK |Q)−1. By Theorem 3.4.1, (A,E)
is as a simple principally polarized abelian variety with CM by OK isomorphic to the Jacobian
variety (Jac(X),E) of a smooth projective curve of genus 3. In order to be compliant with the
paper in [19], we say in this case that (Jac(X),E) is a Jacobian variety with primitive CM by OK .
In this chapter, projective curves X are (as in Definition 4.1.1) defined over some algebraically
closed fields k, where char(k) , 2.

Definition 7.1.1. Let K be a CM field of degree 6. We call K hyperelliptic, if there exists
(heuristically) a hyperelliptic curve whose Jacobian variety has primitive CM by OK . We call
a hyperelliptic CM field K that does not include Q(i) exceptional hyperelliptic. We call a CM
field K of degree 6 a mixed CM field if there (heuristically) exists both a hyperelliptic and a
non-hyperelliptic curve whose Jacobian has primitive CM by OK .

Remark 7.1.2. As was already known, and as can be deduced from the classification in [47],
if a CM field K contains Q(i), then any curve whose Jacobian has primitive CM by OK is
automatically hyperelliptic.

7.2 The main results

Theorem 7.2.1. Heuristically, there are 14 sextic CM fields K in the LMFDB for which there exist
both a hyperelliptic and a non-hyperelliptic curve whose Jacobian has primitive complex multiplication
by the maximal order OK of K . All these fields have Galois groups Gal(K |Q) ' C3

2 o S3.

CM field hK dK
x6 + 10x4 + 21x2 + 4 4 −28 · 3592

x6 − 3x5 + 14x4 − 23x3 + 28x2 − 17x+ 4 4 −33 · 23512

x6 − 2x5 + 12x4 − 31x3 + 59x2 − 117x+ 121 4 −73 · 112 · 672

x6 − 3x5 + 9x4 + 4x3 + 12x2 + 84x+ 236 4 −26 · 36 · 313

x6 − 2x5 + x4 − 4x3 + 5x2 − 50x+ 125 4 −28 · 32 · 8392

x6 − 3x5 + 10x4 + 8x3 + x2 + 90x+ 236 4 −112 · 172 · 473

x6 + 21x4 + 60x2 + 4 4 −28 · 32 · 232 · 672

x6 + 30x4 + 169x2 + 200 4 −29 · 38472

x6 + 26x4 + 177x2 + 128 4 −29 · 54 · 1992

x6 + 29x4 + 226x2 + 252 4 −26 · 32 · 73 · 2812

x6 − 2x5 − 7x4 + 45x3 − 63x2 − 162x+ 729 4 −73 · 123472

x6 − 2x5 + 11x4 + 42x3 − 11x2 + 340x+ 950 8 −29 · 32 · 33912

x6 − 2x5 + 12x4 − 44x3 + 242x2 − 672x+ 1224 12 −28 · 52 · 13672

x6 − 3x5 + 29x4 − 53x3 + 200x2 − 174x+ 71 12 −74 · 233 · 432

Table 7.1: CM fields in Theorem 7.2.1, where hK is the
class number of K , and where dK is its discriminant.
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Remark 7.2.2. Though we cannot seriously formulate a conjecture in this direction for lack of
mathematical rigor, circumstantial evidence does to some extent suggest that the sextic CM
fields obtained in Theorem 7.2.1 are in fact all of their kind. Indeed, the largest absolute value
of the discriminant of the fields in Theorem 7.2.1 equals 5.40 ·1010, whereas the largest such
value for the 494,386 sextic CM fields in the LMFDB with Gal(K |Q) ' C3

2 oS3 equals 1.78 ·1017.
Sorted by discriminant, the index of the field with largest discriminant in Theorem 7.2.1 equals
35,447.

Our result on the second goal concerning hyperelliptic curves is as follows. For more
detailed information, see Section 7.9, and in particular Table 9.1.

Theorem 7.2.3. Heuristically, including the fields mentioned in Theorem 7.2.1, there are 3.422 CM
fields K in the LMFDB for which there exists a hyperelliptic curve whose Jacobian has primitive
complex multiplication by the maximal order OK of K . Of these fields:

(i) 348 have Galois group isomorphic to C6.

(ii) 3,057 have Galois group isomorphic to D6.

(iii) 17 have Galois group isomorphic to C3
2 o S3.

We have Q(i) ⊂ K for all but 19 of these fields K . Among the exceptional cases, 2 (resp. 17) have
Galois group isomorphic to C6 (resp. C3

2 o S3).

Remark 7.2.4. Considering the Galois groups in Theorem 7.2.3, and comparing these groups
with the groups in Theorem 7.3.1, we notice that for the case where Gal(K |Q) � C3

2 oC3, there
are no sextic CM fields K, for which there exists a hyperelliptic curve whose Jacobian has
primitive complex multiplication by the maximal order OK of K. One of the possible further
works based on this thesis is to examine these Galois group more detailed, in order to determine
whether we can specify necessary and sufficient conditions which exclude this Galois group in
our case. Also, another possible task related to this phenomena could be to extend the genus to
be g = 4,5 and to examine for these cases the corresponding Galois groups for which there exists
a hyperelliptic curve whose Jacobian has primitive complex multiplication by the maximal
order OK of K , where deg(K |Q) = 8,10 in these cases.

Remark 7.2.5. Note that the classification of possible automorphism groups of hyperelliptic
and non-hyperelliptic curves of genus 3 (for example in [47]) shows that if the sextic CM
field K contains Q(i), then any curve whose Jacobian has primitive CM by K is automatically
hyperelliptic. This was already used in [79]. Moreover, families of such fields are quickly found,
for example by considering those defined by polynomials of the form x6 + d2. In this sense the
exceptional cases with Q(i) 1 K are also the more interesting ones. For the 2 cyclic cases among
them, equations for corresponding hyperelliptic curves were already determined in [1]. By
contrast, our 3 new exceptional cases with Galois group C3

2 o S3 are completely new, as are the
fields in Theorem 7.2.1.

Besides determining the fields involved, we can also find corresponding invariants (see
Chapter 7.10). Our final main result even gives a defining equation for the field in Theorem
7.2.1 with the smallest discriminant.
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Theorem 7.2.6. Let K be the CM field of discriminant −1 · 28 · 3592 defined by the polynomial
t6 + 10t4 + 21t2 + 4, and let r be a zero of the polynomial t4 − 5t2 − 2t + 1. Consider the hyperelliptic
curve

X : y2 = x8+(−28r3−4r2+132r+84)x7+(−600r3−160r2+2920r+2044)x6

+(−3532r3−940r2+17224r+11944)x5+(9040r3+2890r2−44860r−31460)x4

+(167536r3+49480r2−824532r−576212)x3+(−226976r3−64932r2+1113648r+776872)x2

+(−244204r3−69572r2+1197716r+835300)x+(319956r3+94725r2−1575062r−1100801)

(7.2.1)

and the smooth plane quartic curve

Y : (14106r3−150652r2+185086r+292255)x4+(−171112r3+44200r2+916008r+93360)x3y

+(−120788r3+49032r2+382244r+300708)x3z+(467744r3−209864r2−2160704r+183416)x2y2

+(−72248r3+64768r2+347488r−362984)x2yz+(5720r3−12378r2−15628r+50692)x2z2

+(−512608r3+349824r2+2423616r−580448)xy3+(202192r3−151024r2−1180320r+403568)xy2z

+(6512r3−11272r2+178120r−71336)xyz2+(−11832r3+12268r2−844r+1376)xz3

+(263424r3−176880r2−1159232r+335040)y4+(−201216r3+100448r2+856096r−249632)y3z

+(62112r3+1984r2−226512r+71624)y2z2+(−12520r3−13112r2+27736r−5360)yz3

+(1526r3+2411r2−658r+197)z4 = 0.

(7.2.2)

Heuristically, there exists an isogeny of degree 2 between the Jacobians of X and Y , and both have CM
by the maximal order OK .

7.3 Structure of sextic CM fields

In this section we recall the possible Galois groups of sextic CM fields. For all these possible
groups, we give examples of minimal polynomials generating CM fields with smallest absolute
discriminant in the LMFDB with corresponding Galois groups.

Theorem 7.3.1. Let K be sextic CM field, with Galois closure L. Then G = Gal(L |Q) is isomorphic
to one of the following groups:

(i) C6.

(ii) D6.

(iii) C3
2 oC3.

(iv) C3
2 o S3.

In the latter two cases, the action of C3 and S3 on C3
2 is given by permutation of the indices. Each

possible group G above admits a unique embedding ι : G→ S6 up to conjugation in S6
under which they become the groups 6T1, 6T3, 6T6, 6T11 from [3].

Proof. The first part follows from [20, Sec. 5.1.1] (see also [7, Proposition 2.1]). The second is a
one-off calculation with the conjugacy classes of subgroups of S6, for example by using GAP
[3].

Remark 7.3.2. The notation 6TX for the groups in Theorem 7.3.1 can be used when searching
for corresponding fields in the LMFDB [73].
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Remark 7.3.3. The second part of Theorem 7.3.1 in combination with Galois theory shows that
we may assume that under the chosen embedding ι : G→ S6 the subgroup H = Gal(L |K) is the
stabilizer of 1.

Example 7.3.4. The following are the sextic CM field of smallest absolute discriminant in the
LMFDB with given Galois group:

(i) C6 is Q(ζ7).

(ii) D6 is x6 − 3x5 + 10x4 − 15x3 + 19x2 − 12x+ 3.

(iii) C3
2 oC3 is x6 − 2x5 + 5x4 − 7x3 + 10x2 − 8x+ 8.

(iv) C3
2 o S3 is x6 − 3x5 + 9x4 − 13x3 + 14x2 − 8x+ 2.

7.4 CM types

In this section we restrict to the identification and classification of CM types of (sextic) CM
fields K . If Φ is a CM type of K , then by Definition 6.1.5, Φ is characterized by the property

Hom(K,C) = Φ qΦ%

where % ∈ Aut(K) the unique element identifying complex conjugation on K . In the further
course of this thesis it is more convenient (from the computational point of view for the
algorithms in this chapter, and in Chapter 8) to consider CM types on K with values in the
Galois closure L of K .

Definition 7.4.1. A CM type of K (with values in L) is a subset Φ ⊂Hom(K,L) such that

Hom(K,L) = Φ qΦ%.

As in the classical case, we call a CM type of K primitive if it is not induced by a CM type
of a strict CM subfield. Similarly, we call two CM types Φ ,Φ ′ equivalent if there exists an
automorphism α ∈ Aut(K) such that Φ ′ = Φα.

Definition 7.4.2. As in the classical case, we call a tuple (K,Φ) a CM type if K is a CM field and
Φ is a CM type of K .

Remark 7.4.3. Our choice of an embedding ιL : L→C yields a map

Φ 7→ {ιL ◦ τ : τ ∈ Φ}

which furnishes a bijection between the CM types in Definition 7.4.1 and the CM types in
Definition 6.1.5.

Lemma 7.4.4. Let (K,Φ) be a CM type with values in the Galois closure L of K . There is a unique
CM subfield F ⊂ K and a unique CM type Φ ′ of F with values in L, such that Φ ′ is primitive, and Φ
is lifted from Φ ′. Then

Gal(L |F) = {σ ∈Gal(L |Q) : σΦ ′L = Φ ′L}.

Proof. See [39, Lemma 2.2] or, alternatively [69, Lemma 3.5].
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Remark 7.4.5. Let N =NG(H) be the normalizer of H in G. Then N acts on the set of sections

s : 〈%〉\G/H → G/H

via right multiplication, and using the natural isomorphism N/H � Aut(K) induced by restric-
tion, we see that the corresponding quotient is in bijection with the set of CM types up to
equivalence. We determine this normalizer in the following proposition.

Proposition 7.4.6. Let G = Gal(L |Q) be one of the Galois groups in Theorem 7.3.1 and let H =
Gal(L |K). Let N =NG(H) be the normalizer of H in G. Then we have

N =
{

G, if G = C6,
〈H,%〉, else.

Proof. We have realized our Galois groups as the explicit subgroups 6T1, 6T3, 6T6, 6T11 of
S6, and Remark 7.3.3 shows that we may take H to be the stabilizer of 1. We can choose our
embeddings G→ S6 in such a way that we have the following

(i) G = C6 = 〈σ〉: H = 1, % = σ3.

(ii) G =D6 = 〈σ,τ〉: H = 〈τ〉, % = σ3, where e ∈D6 is the identity.

(iii) G = C3
2 oC3: H = 〈((1,0,0), e), ((0,1,0), e)〉, % = ((1,1,1), e), where e ∈ C3 is the identity.

(iv) G = C3
2 oS3: H = 〈((1,0,0), e), ((0,1,0), e), ((0,0,0), (1,2))〉, % = ((1,1,1), e), where e ∈ S3 is the

identity.

The result is now a straightforward calculation.

Definition 7.4.7. There is a natural left action of the Galois group G = Gal(L |Q) on CM types
Φ of K , given by:

(i) As subsets Φ ⊂ G/H , we have σΦ = {σϕ : ϕ ∈ Φ}, for σ ∈ G.

(ii) On CM types considered as sections s of the projection map G/H → 〈%〉\G/H , the action
is defined by (σs)(〈%〉cH) = σ · s(〈%〉σ−1cH) for c ∈ G. Note that this action is well-defined
since % is central in G.

We call the resulting equivalence on the set of CM types of K the Galois equivalence.

In the following three propositions, we give an explicit description of (Galois) equivalent
CM types of sextic CM fields K , depending on their Galois groups (see Theorem 7.3.1).

Proposition 7.4.8. Let K be a sextic CM field with Galois group C6. Then K admits:

(i) 2 CM types up to equivalence, 1 primitive and 1 imprimitive.

(ii) 2 CM types up to Galois equivalence, 1 primitive and 1 imprimitive.

Proof. We can identify a CM type on K with a subset S ⊂ C6 =Z/6Z of cardinality 3 such that
S and 3 + S cover Z/6Z. By Proposition 7.4.6, two such CM types S,S ′ are equivalent if they
are related by a translation, so that S ′ = i + S for some i ∈Z/6Z, and the same is true for Galois
equivalence. As is readily verified, representatives up to equivalence are given by {0,1,2} and
{0,2,4}. The latter CM type is imprimitive, since it is induced from the quotient Z/2Z of Z/6Z
that corresponds to the unique CM quadratic subfield of K . The former type is primitive. See
[7, §3.1] for a different point of view.
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Proposition 7.4.9. Let K be a sextic CM field with Galois group D6. Then K admits:

(i) 4 CM types up to equivalence, 3 primitive and 1 imprimitive.

(ii) 2 CM types up to Galois equivalence, 1 primitive and 1 imprimitive.

Proof. In this case we can choose a standard representation D6 = 〈σ,τ〉. As mentioned in
Remark 7.3.3, we embed D6 it into S6 by identifying σ with (123456) and τ with (26)(35). As
we have seen in Proposition 7.4.6, the complex conjugation % is given by the central element
σ3 and Gal(L |K) = 〈τ〉. The embeddings of K into L can therefore be identified with powers
σ i , or for that matter with elements i of Z/6Z. We are in a similar situation as Proposition
7.4.8, except that the notion of equivalence is stricter. As Proposition 7.4.6 shows, this time the
only other CM type equivalent to a given type {a,b,c} is {a+ 3,b+ 3, c+ 3}, which corresponds to
applying complex conjugation.

(i): Up to equivalence, we obtain the 4 CM types {0,1,2}, {0,1,5}, {0,2,4}, {0,4,5}. Of these
types, {0,2,4} is induced by the unique quadratic CM subfield of K and is therefore imprimitive,
while the other types are primitive.

(ii): Applying Galois equivalence allows us to multiply with σ , so as in Proposition 7.4.8
we can apply arbitrary shifts to our subsets of Z/6Z to our CM types. Once more this reduces
us to the two types {0,1,2} and {0,2,4}, the former primitive and the latter imprimitive. See [7,
§3.2] for a different point of view.

Proposition 7.4.10. Let K be a sextic CM field with Galois group C3
2 oC3 or C3

2 oS3. Then K admits:

(i) 4 CM types up to equivalence, which are all primitive.

(ii) 1 CM type up to Galois equivalence.

Proof. (i): The statement follows as in Proposition 7.4.9, since in light of Proposition 7.4.6
applying equivalence once again comes down to identifying complex conjugate CM types,
leaving 4 equivalence classes of the original 8 types. All of these types are primitive because
the group H corresponding to K in the notation of Proposition 7.4.6 is not contained in any
subgroup of G of index 2, or in other words because K has no proper quadratic subfields, let
alone proper CM subfields.

(ii): As for working up to Galois equivalence, in the case G = C3
2 oC3 we have that

H = {((∗,∗,0), e)} , σH = {((0,∗,∗), (123))} , σ2H = {((∗,0,∗), (132))} ,
%H = {((∗,∗,1), e)} , σ%H = {((1,∗,∗), (123))} , σ2%H = {((∗,1,∗), (132))} ,

(7.4.1)

where ∗ denotes an element of C2 that can be chosen freely, and where σ = ((0,0,0), (123)). We
see that Φ0 =

{
H,σH,σ2H

}
is a CM type. Moreover, the definition of the Galois action along

with that of the group structure on G implies that for n1 = ((1,0,0), e) we have

n1H =H = {((∗,∗,0), e)} n1σH = σ%H = {((1,∗,∗), (123))} n1σ
2H = σ2H = {((∗,∗,0), (132))} .

(7.4.2)

Similarly, n2 = ((0,1,0), e) sendsΦ0 to
{
H,σH,σ2%H

}
and n0 = ((0,0,1), e) sendsΦ0 to

{
%H,σH,σ2H

}
.

Combining the action of these three elements is enough to obtain transitivity of the Galois
action on the full set of CM types

{
%∗,σ%∗,σ2%∗

}
.
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The considerations for G = C3
2 o S3 are completely identical, with the small difference that

H = {((∗,∗,0), e or (12))} , σH = {((0,∗,∗), (123) or (13))} , σ2H = {((∗,0,∗), (132) or (23))} ,
%H = {((∗,∗,1), e or (12))} , σ%H = {((1,∗,∗), (123) or (13))} , σ2%H = {((∗,1,∗), (132) or (23))} .

(7.4.3)

7.5 Reflex CM types

Let (K,Φ) be a CM type, where Φ is a CM type of K with values in the Galois closure L of K. In
this section we recall the construction of the reflex CM type (Kr ,Φr ), where Kr is the reflex field
of (K,Φ) and where Φr is the reflex CM Type of (K,Φ).

Let ΦL be the unique CM type on L induced by Φ , where elements in ΦL are identified by
elements in Gal(L|Q). Inverting elements in ΦL gives rise to a unique CM type on L given by

Φ−1
L = {ϕ−1 : ϕ ∈ ΦL}.

One can show that Φ−1
L is a CM type if and only if ΦL is a CM type. By Lemma 7.4.4 there is a

unique primitive CM type (Kr ,Φr ) that induces (L,Φ−1
L ).

Definition 7.5.1. The CM field Kr is the fixed field of the group

H r = {σ ∈Gal(L |Q) : σΦL = ΦL}

and

Φr = Φ−1
L |K r =

{
ϕ |K r : ϕ ∈ Φ−1

L

}
is the unique CM type on Kr that induces Φ−1

L . We call (Kr ,Φr ) the reflex CM type of (K,Φ). See
[39, Chapter 1.5]or, alternatively [69, Page 30].

Proposition 7.5.2. Let (K,Φ) be a CM type with reflex CM type (Kr ,Φr). Then Φr is a primitive
CM type on Kr . If (Krr ,Φrr ) is the reflex CM type of (Kr ,Φr ) then :

(i) Krr ⊂ K , and Φ is induced by Φrr .

(ii) If Φ is primitive, then (Krr ,Φrr ) = (K,Φ).

Proof. See [39, Theorem 5.2] or [69, Lemma 7.2], respectively.

A characterization of the reflex CM types (Kr ,Φr ) of (K,Φ) depending on the Galois groups
of K (see Theorem 7.3.1), is given by the following propositions.

Proposition 7.5.3. Let (K,Φ) be a sextic CM type where K has Galois group isomorphic to C6. Then:

(i) If Φ is primitive, then (Kr ,Φr ) = (K,Φ).

(ii) If Φ is imprimitive, then (Kr ,Φr ) is the restriction of (K,Φ) to the quadratic CM subfield of K .

Proof. As we have seen in Proposition 7.4.8, there are 2 equivalence classes of CM types, namely
{0,1,2} and {0,2,4} and where the latter is imprimitive. An easy calculation shows that in case
(i), H r =H = {1}, in case (ii), H r = {1,σ2,σ4}, and this shows the claim.
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To deal with the case G =D6, we first prove the following general statement.

Proposition 7.5.4. Let Φ ,Ψ be two CM types of a given field K , and suppose that Ψ = σΦ for
σ ∈ G = Gal(L |Q). Let (Kr ,Φr ) be the reflex CM type of (K,Φ). Then the reflex CM type of (K,Ψ ) is
given by

(σ (Kr ),Φrσ−1),

where

Φrσ−1 =
{
(ϕσ−1)|σ (K r ) : ϕ ∈ Φr

}
.

Proof. For the extensions of Φ and Ψ to L we have ΨL = σΦL. For the corresponding left
stabilizers HΦ and HΨ we therefore have HΨ = σHΦσ−1, which already shows that the reflex
field of Ψ equals σ (K). By construction, we have

Φ−1
L =

∐
ϕ∈Φr

ϕHΦ ,

so that

Ψ −1
L = Φ−1

L σ−1 =
∐
ϕ∈Φr

ϕHΦσ
−1 =

∐
ϕ∈Φr

ϕσ−1HΨ .

Restricting to the reflex field of Ψ , we obtain the statement of the proposition.

Proposition 7.5.5. Let (K,Φ) be a sextic CM type where K has Galois group isomorphic to D6.

(i) If Φ is primitive, then write Φ = σΦ0, where Φ0 corresponds to the set {0,1,5} in the notation
of Proposition 7.4.9. Then (Kr ,Φr ) = (σ (Kr ),Φr0σ

−1).

(ii) If Φ is imprimitive, then (Kr ,Φr ) is the restriction of (K,Φ) to the quadratic CM subfield of K .

Proof. This follows from 7.5.4 because the left stabilizer of Φ0 is again generated by the element
τ in Proposition 7.4.9.

The reflex fields for the remaining Galois groups are described in the upcoming propositions.

Proposition 7.5.6. Let K be a sextic CM field with Galois group C3
2 oC3, and let σ = ((0,0,0), (123))

and % = ((1,1,1), e) as in Proposition 7.4.6. Let

Φ1 = {id |K ,σ |K ,σ2|K }, Φ2 = {id |K ,σ%|K ,σ2|K }, Φ3 = {id |K ,σ |K ,σ2%|K }, Φ4 = {id |K ,σ%|K ,σ2%|K }

be representatives of the primitive CM types of K up to equivalence. Then the reflex field Kr of (K,Φi)
is fixed by the group H r

i ⊂Gal(L|Q), where

H r
1 = 〈σ〉, H r

2 = 〈σn0n1〉, H r
3 = 〈σn1n2〉, H r

4 = 〈σn0n2〉,

with ni as defined in the proof of Proposition 7.4.10. We have

Kr2 = n1(Kr1), Kr3 = n2(Kr1), Kr4 = n1n2(Kr1).

The reflex CM types Φri are all given by

Φr1 = Φr2 = Φr3 = Φr4 = {id |K ri ,n1|K ri ,n2|K ri ,n1n2|K ri }.
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Proof. Let H = {e,n1,n2,n1n2} be the subgroup of the Galois group corresponding to K . First
consider the CM type Φ1. The induced CM type Φ1,L on L is the union

H ∪ σH ∪ σ2H = {((∗,∗,0), e)} ∪ {((0,∗,∗), (123))} ∪ {((∗,0,∗), (132))} .

From this explicit presentation, one obtains that the left stabilizer H r
1 of Φ1,L is generated by

σ . Using equalities similar to (7.4.2) shows that Φ2 = n1Φ1, Φ3 = n2Φ1, and Φ4 = n1n2Φ1. The
corresponding stabilizers are therefore given generated by n1σn

−1
1 = σn0n1, n2σn

−1
2 = σn1n2,

and n1n2σ (n1n2)−1 = σn0n2.
The embeddings in the reflex CM type of Φ1 are in bijective correspondence with the

elements of
Φ−1

1,L =H−1 ∪H−1σ−1 ∪H−1σ−2 =H ∪Hσ−1 ∪Hσ−2

up to the action of the right stabilizer H r
1 = 〈σ〉. These are therefore represented by the elements

of H , which yields the second statement of the proposition for Φ1. Since Φ2 = n1Φ1, Φ3 = n2Φ1,
and Φ4 = n1n2Φ1, representatives of the corresponding inverse CM types up to the right action
of the corresponding stabilizers are furnished by n1H,n2H , and n1n2H . These are all equal to
H , and therefore we obtain the second statement for all CM types Φi .

Proposition 7.5.7. Let K be a sextic CM field with Galois group C3
2 oS3, let σ = ((0,0,0), (123)), let

τ = ((0,0,0), (12)), let % = ((1,1,1), e), and let

Φ1 = {id |K ,σ |K ,σ2|K }, Φ2 = {id |K ,σ%|K ,σ2|K }, Φ3 = {id |K ,σ |K ,σ2%|K }, Φ4 = {id |K ,σ%|K ,σ2%|K }

be representatives of the primitive CM types of K up to equivalence. Then the reflex field Kr of (K,Φi)
is fixed by the group H r

i ⊂Gal(L|Q), where

H r
1 = 〈σ,τ〉, H r

2 = 〈σn0n1, τn1n2〉, H r
3 = 〈σn1n2, τn1n2〉, H r

4 = 〈σn0n2, τ〉,

with ni as defined in the proof of Proposition 7.4.10. We have

Kr2 = n1(Kr1), Kr3 = n2(Kr1), Kr4 = n1n2(Kr1).

The reflex CM types Φri are all given by

Φr1 = Φr2 = Φr3 = Φr4 = {id |K ri ,n1|K ri ,n2|K ri ,n1n2|K ri }.

Proof. The proof is similar to that of the previous proposition.

Corollary 7.5.8. Let K be a sextic CM field. Then all primitive CM types of K are Galois equivalent.

Proof. We proved this result in Propositions 7.4.8, 7.4.9, and 7.4.10, which cover all individual
cases in Theorem 7.3.1.

Remark 7.5.9. In genus 4, it is no longer true that all primitive CM types are Galois equivalent.
Let K be an octic CM field with Galois group C8, for example Q(ζ32 + ζ15

32). Then (with notation
as in the case C6 above) the CM types {0,1,2,3} and {0,1,2,6} are primitive, yet they are not
related even when combining the two equivalences.

Remark 7.5.10. Depending of the possible Galois groups of sextic CM fields (see Theorem
7.3.1), the next lemma gives a description of the so-called field of moduli of principally polarized
abelian varieties A over C with primitive CM by K . In a naive way, the field of moduli of A is
the average of all fields of definition of A. For a detailed discussion about fields of moduli, see
e.g. [39, Chapter 5].
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Lemma 7.5.11. Let A be a principally polarized abelian variety over C with primitive CM by K up
to equivalence, and let G = Gal(L |Q), Then:

(i) If G �D6, then the degree of the field of moduli of A over Q is a multiple of 3.

(ii) G � C3
2 oC3,C

3
2 o S3, then the degree of the field of moduli of A over Q is a multiple of 4.

Proof. This follows because the subgroup of Aut(C) that fixes the field of moduli has to fix the
primitive CM type up to equivalence of A by Proposition 6.2.7, combined with the transitivity
of the Galois action which we will prove in Corollary 7.5.8.

7.6 The Shimura class group and the Galois action

A crucial role in understanding one of the main structures in this chapter, the locusMOK (Φ) ⊂
A3(Q) (see Definition 7.7.1) of principally polarized abelian varieties with primitive CM by OK
of type (K,Φ), is to understand the Shimura class group CK of K , as well as the image of the
map NΦr (see Definition 7.6.5) inside CK . By the Main Theorem of CM (see Theorem 7.8.1),
orbits ofMOK (Φ) under the action of the Galois group Gal(Q |Kr) correspond to the elements
of the quotient CK / im(NΦr ). We start this section with the following definition.

Definition 7.6.1. Let K be a CM field. The Shimura class group CK of K is the abelian group of
equivalence classes

CK =
{
(b,β) : b is fractional OK -ideal, β ∈ K∗0 totally positive with bb = βOK

}
/ ∼ (7.6.1)

where (b,β) ∼ (b′ ,β′) if (b′ ,β′) = (xb,xxβ) for x ∈ K∗. The multiplication of two equivalence
classes (b,β) and (b′ ,β′) is given by

(b,β) · (b′ ,β′) = (bb′ ,ββ′)

and the identity element is given by (OK ,1). See [63, Page 107].

Notation 7.6.2. Let K be a CM field with totally real number field K0 ⊂ K . We denote by Cl+(K0)
the narrow class group of K0, where elements in Cl+(K0) correspond to equivalence classes of
fractional K0-ideals modulo totally positive principal fractional K0-ideals, for any embedding
of K0 into R.

The structure of CK is given by the sequence

1 −→ (O∗K0
)+/NK |K0

(O∗K )
u 7−→ (OK ,u)
−−−−−−−−−−−→ CK

(b,β) 7−→ b
−−−−−−−−−→ Cl(K)

NK |K0−−−−−→ Cl+(K0), (7.6.2)

where (O∗K0
)+ ⊂ O∗K0

is the group of totally positive units, and Cl+(K0) is the narrow class group
of K0. See [9, Theorem 3.1].

Remark 7.6.3. As is discussed in [9], the final map in (7.6.2) is surjective if a finite prime
ramifies in the extension K |K0. This turns out to be the case for all fields considered in [17, 19],
as follows by checking that the relative different DK|K0

= {α − %(α) : α ∈ OK } is a proper ideal
(also see the proof of [70, Proposition 4.4]). Under this hypothesis, denoting h(K) = |Cl(K)| and
h+(K0) = |Cl+(K0)|, we have

|CK | =
h(K)
h+(K0)

·
∣∣∣(O∗K0

)+/NK |K0
(O∗K )

∣∣∣ . (7.6.3)
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Definition 7.6.4. Let (K,Φ) be a CM type with reflex CM type (Kr ,Φr). The reflex type norm
map is given by

NΦr : Cl(Kr )→ Cl(K)

[a] 7→

OK ∩ ∏
ϕ∈Φr

ϕ(a)OL

 . (7.6.4)

Definition 7.6.5. Let N =NK r |Q be the extension of the absolute norm-map to fractional OK r -
ideals. Combining this map with the reflex type norm in Equation (8.3.2), we obtain a map
from the regular class group of Kr to the Shimura class group of K , namely

NΦr : Cl(Kr )→CK
[a] 7→ (NΦr (a),N (a)).

(7.6.5)

7.7 Torsor and moduli spaces

Definition 7.7.1. We define byMOK the set of isomorphism classes of principally polarized
abelian varieties with primitive CM by OK . Given a primitive CM type Φ , we define byMOK (Φ)
the set of isomorphism classes of principally polarized abelian varieties that admit CM of type
Φ .

Proposition 7.7.2. There is a disjoint union MOK =
⋃
ΦMOK (Φ), where Φ runs over a set of

representatives of the equivalence classes of primitive CM types of K .

Proof. This follows from the fact that given a principally polarized abelian variety (A,E) with
primitive CM by K , the CM type of (A,E) is uniquely determined up to equivalence, as recapit-
ulated at the end of Section 6.2.

Definition 7.7.3. We define the abelian group

C =
{
(b,β) : b is fractional OK -ideal, β ∈ K∗ with bb = βOK

}
/ ∼

where (b,β) ∼ (b′ ,β′) if (b′ ,β′) = (xb,xxβ) for x ∈ K∗. The multiplication of two equivalence
classes (b,β) and (b′ ,β′) is given by

(b,β) · (b′ ,β′) = (bb′ ,ββ′)

and the identity element is given by (OK ,1). There is an inclusion of groups CK ↪→ C induced
by the identity-map. The group C acts (from left) on pairs

(a,ξ), (7.7.1)

where a is a fractional OK -ideal and where ξ is an element in K such that −ξ2 is totally positive
in the totally real subfield K0 of K , and where ϕ(ξ) is an positive imaginary element, for any
ϕ ∈ Φ and any CM type Φ of K , and where (ξ) = (aaDK |Q)−1 (see Section 6.2), via

(b,β) · (a,ξ) = (b−1a,βξ).

Proposition 7.7.4. Let c = (b,β) ∈ C, and let

(b,β) · (a,ξ) = (a′ ,ξ ′),

for (a,ξ) as in Equation (7.7.1) (Section 6.2, respectively). Let Φ ′ be the CM type of (a′ ,ξ ′). Then
Φ ′ = Φ if and only if c ∈ CK .
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Proof. This follows because the imaginary parts of ξ and ξ ′ have positive signs at the same
complex embeddings if and only if β is totally positive.

Remark 7.7.5. Let c = (b,β) ∈ C and (a,ξ) be as in Equation (7.7.1). If b is integral, then b−1a

properly contains a. Proposition 7.7.4 shows that if c ∈ CK , the pairs (a,ξ) and c(a,ξ) have the
same CM type Φ . This means that for c ∈ CK the inclusion Φ(a) ⊂ Φ(b−1a) furnishes a canonical
isogeny

A(a,ξ)→ A((b,β) · (a,ξ))

between principally polarized abelian varieties with primitive CM by OK given by

(a,ξ) 7→ A(a,ξ) = (Cg /Φ(a),Eξ )

and

((b,β) · (a,ξ)) 7→ A((b,β) · (a,ξ)) = A(b−1a,βξ) = (Cg /Φ(b−1a),Eβξ ).

Notation 7.7.6. Let K be a CM field with totally real subfield K0 ⊂ K . We denote by H the
Hilbert class field of K and, by H+

0 the narrow Hilbert class field of K0, respectively. Then H+
0 ⊂H

by construction, H is the maximal unramified abelian extension of K , and H+
0 is the maximal

unramified abelian extension outside the set containing of all the real infinite primes of K0
corresponding to the set of real embeddings K0 ↪→R. See e.g. [16, Chapters 2 and 8].

Proposition 7.7.7. Let K be a sextic CM field, and let Φ be a fixed primitive CM type. Then the set
MOK (Φ) is a torsor under the action of CK .

Proof. Proposition 6.2.3 shows that MOK (Φ) is a torsor if it is non-empty. Since MOK =⋃
ΦMOK (Φ), where Φ runs over the primitive CM types of K up to equivalence, and since

the Galois action on the components is transitive by Corollary 7.5.8, it suffices to prove that
MOK , ∅ in order to show that that one, and hence all, of theMOK (Φ) with Φ primitive are
torsors under CK .

For this, let (a0,ξ0) be the pair explicitly constructed in [70, Proposition 4.4], which has
CM by OK . If the CM type Φ0 associated to (a0,ξ0) is primitive, then we are done. So suppose
that Φ0 is imprimitive. Then we consider the narrow Hilbert class field H+

0 of the totally real
subfield K0 of K and the Hilbert class field H of K . The final map in the sequence in Equation
(7.6.2) fits into a commutative diagram

Cl(K) Cl+(K0)

Gal(H |K) Gal(H+
0 |K0)

∼

NK |K0

∼

res

(7.7.2)

where the map on the bottom is restriction. The inclusionKH+
0 ⊂H yields a surjective restriction

map Gal(H |K)→ Gal(KH+
0 |K). By Galois theory, the latter group is isomorphic to Gal(H+

0 |
K ∩H+

0 ). Since K ∩H+
0 is an at most quadratic extension of K0, we see that the image N of NK |K0

is of index at most 2 in Cl+(K0).
Let Id(K0) be the group of fractional OK0

-ideals. Fix an enumeration of the real embeddings
of K0, and given an element α ∈ K∗0, let sgni(α) denote the sign of α under the ith embedding.
Then under the map

[a] 7→ [(a, (1,1,1))]
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the narrow class group Cl+(K0) becomes isomorphic to the group Id(K0)× 〈−1〉3 modulo the
equivalence relation

(a, (s1, s2, s3)) ∼ (a′ , (s′1, s
′
2, s
′
3))

if there exists α ∈ K∗0 such that a′ = αa and s′i = sgni(α)si . The exact sequence

0→ 〈−1〉3→ Id(K0)× 〈−1〉3→ Id(K0)→ 0

induces
0→ S→ Cl+(K0)→ Cl(K0)→ 0 (7.7.3)

where S is the quotient of 〈−1〉3 by the image of O∗K0
under the sign maps.

As before, let N be the image of Cl(K) in Cl+(K0) under the norm map. Since [77, Theorem
10.1] shows that the norm map Cl(K)→ Cl(K0) is surjective, and N is of index at most 2 in
Cl+(K0), we see that N ∩ S is of index at most 2 in S. By (7.7.3) this implies that there exists a
OK-ideal b such that bb is generated by an element β ∈ K0 whose signs at the infinite places of
K0 do not all coincide.

Now let (a,ξ) = (b,β) · (a0,ξ0). Then because of the sign property of β, the CM type Φ
corresponding to (a,ξ) differs from both Φ0 and Φ0. Our classification of the CM types of sextic
CM fields in Section 7.4 then shows that Φ is primitive. ThereforeMOK is non-empty, since it
contains the ppav corresponding to (a,ξ).

Definition 7.7.8. We define the number of pairs (Φ ,A), where Φ is a CM type of K (not
necessarily primitive), and where A is an isomorphism class of principally polarized abelian
varieties that admits Φ as a CM type, by the quotient

sK =
Cl(K)
Cl(K0)

∣∣∣O∗K0
/NK |K0

(O∗K )
∣∣∣ ,

where K0 is the totally real subfield of K and where NK |K0
is the relative norm-map on fractional

OK -ideals. See [70, Proposition 4.4].

Proposition 7.7.9. Let K be a sextic CM field with Galois closure L. Then we have

∣∣∣MOK ∣∣∣ =


|CK | = 1

8sK if K is Galois,

3 |CK | = 3
8sK if Gal(L |Q) �D6,

4 |CK | = 1
2sK if Gal(L |Q) � C3

2 oC3 or C3
2 o S3.

Proof. The first equalities involving |CK | follow by combining Proposition 7.7.2, 7.4.8, 7.4.9,
and 7.4.10.

As for the second equalities, if Gal(L |Q) is isomorphic to either C3
2 oC3 or C3

2 o S3, then all
CM types Φ of K are primitive and Proposition 7.7.7 shows that sK = 8 |CK |.

If Gal(L |Q) is isomorphic to C6 or D6, then Proposition 7.7.7 shows that |MK (Φ)| = |CK | for
all 6 primitive CM types of K . If |MK (Φ)| = 0 for one (and hence both) of the imprimitive CM
types of K , then we would have sK = 6 |CK |. On the other hand, comparing the exact sequence in
[70, Proposition 4.4] with (7.6.2) shows that sK / |CK | is a power of 2. This contradiction shows
that sK = 8 |CK | for all cases, which yields the statement.

Corollary 7.7.10. The statement of Proposition 7.7.7 also holds for imprimitive CM types Φ of sextic
CM fields.

Proof. This follows from the proof of Corollary 7.7.9.
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7.8 Representatives up to Galois conjugacy

For the rest of this section we fix a primitive CM type Φ of K . The setMK (Φ) of isomorphism
classes of principally polarized abelian varieties with primitive CM by OK of type Φ (see
Definition 7.7.1) is stable under the action of Gr = Gal(Q |Kr ) (see [69, Chapter 3, Lemma 1.1]),
and the orbits ofMOK (Φ) under the action of the group Gr correspond to the elements of the
quotient CK / im(NΦr ). More precisely, we have the following result.

Theorem 7.8.1 (Main Theorem of Complex Multiplication). Let (A,E) � A(a,ξ) inMOK (Φ), and
let σ ∈ Gr . Suppose that under the Artin map, the element σ correspond the class of the ideal b. Then

σ (A(a,ξ)) � A(NΦr (b)(a,ξ)). (7.8.1)

Proof. See [39, Theorem 6.1].

Remark 7.8.2. We will use this reciprocity law to prove Theorem 7.8.10, which shows that
given A(a0,ξ0) inMOK (Φ), we can obtain any other isomorphism class A(a,ξ) inMOK (Φ) as a
Galois conjugate of an abelian variety

A(ba0,η0),

where b runs through a fixed (small) set of representatives of the quotient

G2

eG2
,

where G2 = ker(NK |K0
) ⊂ Cl(K) and where e|4. The usefulness of this result stems from the fact

that G2/eG2 is usually far smaller than G2 itself. We start with a general observation.

Proposition 7.8.3. Let Φ and Ψ be Galois equivalent CM types. Then there is an equality of double
reflex maps

NΦr ◦NΦ =NΨ r ◦NΨ .

Proof. Let Ψ = σ (Φ) for σ ∈Gal(L |Q). Then we have

NΨ (a) =
∏
ψ∈Ψ

ψ(a) =
∏
ϕ∈Φ

σ (ϕ(a)) = σ (
∏
ϕ∈Φ

ϕ(a)) = σ (NΦ (a))

for all ideals a of OK . Moreover, by Proposition 7.5.4 we have

NΨ r (b) =
∏
ψ∈Ψ r

ψ(b) =
∏
ϕ∈Φr

ϕ(σ−1(b))

for all ideals b of ZK r . Therefore

NΨ r (NΨ (a)) =NΨ r (σ (NΦ (a))) =
∏
ϕ∈Φr

ϕ(σ−1(σ (NΦ (a)))) =
∏
ϕ∈Φr

ϕ(NΦ (a)) =NΦr (NΦ (a))

for all ideals a of OK , which proves our claim.

Lemma 7.8.4. Let K be a sextic CM field with Galois group isomorphic to C6 or D6. Then there
exists a primitive CM type Ψ such that for all primitive CM types Φ and for all fractional OK -ideals
a we have an equality of fractional ZL-ideals

NΦr (NΦ (a)) =NK |Q(a)aa−1NΨ (a).

If Φ is imprimitive, then NΦr (NΦ (a)) =NΦ (a).
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Proof. We prove the statement for the case where the Galois group is isomorphic to D6. The
Galois case is similar. Using the notation in Proposition 7.4.9, let H = Gal(L |K) = 〈τ〉, and let σ
be the generator of the set of embeddings of K into L. By Proposition 7.8.3, it suffices to consider
the case ΦL = {0,1,2} where the entries in ΦL are the exponents i of σ i in the representation
of the extension of the primitive CM type Φ to L. Then ΦrL = {0,5,4}, and the double norm
computation gives rise to the element

(1 + σ5 + σ4)(1 + σ + σ2) = 3 + 2σ + σ2 + σ4 + 2σ5

in the group algebra of Gal(L |Q). If we consider the elements in this sum up to right multipli-
cation by elements of the group H , we get

3H + 2σH + σ2H + σ4H + 2σ5H = (H + σH + σ2H + σ3H + σ4H + σ5H)

+ (H − σ3H) + (H + σH + σ5H).

The first two terms correspond to NK |Q(a) and aa−1, respectively. The last sum corresponds to
the CM type ΨL = {0,1,5}, and is independent of the choice of ΦL.

In the imprimitive case we can takeΦL = {0,2,4}. The reflex field is then the unique quadratic
CM subfield of K , and the reflex type its canonical inclusion, which shows our claim.

Proposition 7.8.5. Let K be a sextic CM field with Galois group isomorphic to C6 or D6, and let Φ
be a primitive CM type of K . If [b] ∈ Cl(K) satisfies bb = βOK for β ∈ K∗0, then [b2] is in the image of
the reflex type norm NΦr : Cl(Kr )→ Cl(K) in Equation (8.3.2).

Proof. First let Ψ be the distinguished primitive CM type in Lemma 7.8.4. If a =NΨ (b)ZL, then
by Lemma 7.8.4 we have an equality of fractional ZL-ideals

NΨ r (a) =NΨ r (NΨ (b)) =NK |Q(b)bb
−1
NΨ (b) =NK |Q(b)β−1NΨ r (b)b2. (7.8.2)

We therefore have thatNΨ r ([a]) =NΨ r ([b])[b2] and [b2] =NΨ r ([ab−1]) ∈ im(NΨ r ). But Proposition
7.5.4 implies that if Φ = σ (Ψ ), then Φr = Ψ rσ−1, so that NΦr and NΨ r have equal images in
Cl(K). (Indeed, if b = NΨ r (c), then b = NΦr (σ (c)).) Since all primitive CM types are Galois
equivalent, we obtain our claim.

Proposition 7.8.6. Let K be a sextic CM field with Galois group isomorphic to C6 or D6. For
any primitive CM type Φ of K and any equivalence class (b,β) in CK the equivalence class of
(NΨ (b)b2,N (b)β2) is in the image of the mapNΦr : Cl(Kr)→CK in Equation (8.3.3). Furthermore,
if NΨ (b) = µOK is a principal OK -ideal, then said image (NΨ (b)b2,N (b)β2) is equivalent to (b2,β2).

Proof. With a =NΦ (b)ZL and Proposition 7.8.5 we get that

NΦr (a) = (NΦr (a),N (a)) = (NΦr (NΦ (b)),N (NΦ (b)))

= (N (b)β−1NΨ (b)b2,N (b)β−1NΦ (b)b2N (b)β−1NΦ (b)b2)

= (N (b)β−1NΨ (b)b2,N (b)2NΦ (b)NΦ (b))

= (N (b)β−1NΨ (b)b2,N (b)3),

where

NK |K0
(N (b)β−1NΨ (b)b2) =N (b)β−1NΨ (b)b2N (b)β−1NΨ (b)b2

=N (b)2(bb)−1(bb)−1NΨ (b)NΨ (b)b2b
2

=N (b)3OK .
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Then since β ∈ K0, the equivalence relation (7.6.1) yields

(N (b)β−1NΨ (b)b2,N (b)3) ∼ (β−1NΨ (b)b2,N (b)) ∼ (NΨ (b)b2,N (b)β2),

This shows the first claim. If NΨ (b) = µOK is a principal ideal, then

(NΨ (b)b2,N (b)β2) ∼ (µb2,N (b)β2) ∼ (b2, (µµ)−1N (b)β2) ∼ (b2,β2)

which shows the second claim.

Lemma 7.8.7. Let K be a sextic CM field with Galois group isomorphic to C3
2 oC3 or C3

2 oS3, and let
Φ be a CM type of K . Then for all fractional OK -ideals a we have an equality of fractional ZL-ideals

NΦr (NΦ (a)) =NK |Q(a)2(aa−1)2.

Proof. We prove this for the CM type Φ1 and Galois group C3
2 oC3 (see Proposition 7.5.6): The

statement for the other CM types follows from Proposition 7.8.3, and the argument for the
group C3

2 oS3 is similar. Using the notation in Proposition 7.5.6, the extensions of Φ1 and Φr1 to
L are given by

{
1,σ ,σ2

}
and {1,n1,n2,n1n2}, respectively. Considering the given double norm

comes down to studying the element

(1+n1+n2+n1n2)(1+σ+σ2) = 1+n1+n2+n1n2+σ+n1σ+n2σ+n1n2σ+σ2+n1σ
2+n2σ

2+n1n2σ
2

in the group algebra of Gal(L |Q), where we consider the elements in this sum up to right
multiplication by elements of the subgroup H = 〈n1,n2〉 corresponding to the field K . In terms
of the cosets in (7.4.1), this yields

H +n1H +n2H +n1n2H + σH +n1σH +n2σH +n1n2σH + σ2H +n1σ
2H +n2σ

2H +n1n2σ
2H

=H +H +H +H + σH + σ%H + σH + σ%H + σ2H + σ2H + σ2%H + σ2%H

=4H + 2σH + 2σ2H + 2σ%H + 2σ2%H

=(2H + 2σH + 2σ2H + 2%H + 2σ%H + 2σ2%H) + (2H − 2%H),

which shows the claim.

Proposition 7.8.8. Let K be a sextic CM field with Galois group isomorphic to C3
2 oC3 or C3

2 o S3,
and let Φ be a CM type of K . If [b] ∈ Cl(K) satisfies bb = βOK for β ∈ K∗0, then [b4] is in the image of
the reflex type norm NΦr : Cl(Kr )→ Cl(K) in Equation (8.3.2).

Proof. Once more we only give the proof for the Galois group C3
2 oC3. If a =NΦ (b)ZL, then by

Lemma 7.8.7 we have an equality of fractional ZL-ideals

NΦr (a) =NΦr (NΦ (b)) =NK |Q(b)2
(
bb
−1

)2
=NK |Q(b)2β−2b4. (7.8.3)

We therefore have that NΦr ([a]) = [b4], which shows the claim.

Proposition 7.8.9. Let K be a sextic CM field with Galois group isomorphic to C3
2 oC3 or C3

2 o S3.
For any CM type Φ of K and any equivalence class (b,β) in CK , the equivalence class of (b4,β4) is in
the image of the mapNΦr : Cl(Kr )→CK in Equation (8.3.3).
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Proof. With a =NΦ (b)ZL and Proposition 7.8.8 we get

NΦr (a) = (NΦr (a),N (a)) = (NΦr (NΦ (b)),N (NΦ (b))) = (N (b)2β−2b4,N (b)2(bb
−1

)2N (b)2(bb
−1

)2)

= (N (b)2β−2b4,N (b)4),

Since β ∈ K0, using the equivalence relation in the Shimura class group yields that

(N (b)2β−2b4,N (b)4) ∼ (β−2b4,1) ∼ (b4,β4),

which shows the claim.

We can state the main result of this section.

Theorem 7.8.10. Let G2 = ker(NK |K0
) ⊂ Cl(K) be the subgroup of classes [b] with the property that

bb is generated by a totally positive element of K0. Let B be a set of ideals that furnishes representatives
of the quotient

Q =
G2

eG2
,

(i) where e = 2 if Gal(K) ∈ {C6,D6} and

(ii) where e = 4 if Gal(K) ∈
{
C3

2 oC3,C
3
2 o S3

}
.

Similarly, let V be a set of units that furnishes representatives of the quotient

(O∗K0
)+/NK |K0

(O∗K ).

Fix A(a0,ξ0) inMOK (Φ), and let A(a,ξ) inMOK (Φ) be given. Then the Galois orbit of A(a,ξ) under
the action of Gr = Gal(Q |Kr ) contains an abelian variety isomorphic to

A(ba0,vβ
−1ξ0),

where b ∈ B, where β ∈ K0 generates bb, and where v ∈ V .

Proof. Proposition 7.7.7 along with (7.6.2) shows that A(a,ξ) is isomorphic to A(ba0,vβ
−1ξ0) for

some ideal b with [b] ∈ G2 and for some v ∈ V . Propositions 7.8.5 and 7.8.8 show that the first
component of the mapNΦr surjects onto eG2. Applying a corresponding Galois conjugation to
A(a,ξ) if needed, we may therefore assume that b ∈ B, after which another invocation of (7.6.2)
shows our claim.

7.9 The algorithms

In this section we present the main algorithms in [19, Chapter 3.1]. Let K be a sextic CM field.
The considerations in chapter 8.4 give rise to a method to determine representatives of the
set of principally polarized abelian threefolds with CM by OK up to isomorphism and Galois
conjugacy.

We split up the steps of this method into several algorithms. Throughout, we fix a primitive
CM type (K,Φ). It is in fact not essential that Φ be primitive, but this is the case that interests
us in the article [19]. Similar algorithms were considered in lower genus in the previous works
[22] and [70]. We discuss differences in our approach in passing. For a better understanding, we
split this section in several subsections corresponding to the algorithms in the these subsections.
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The precomputation step

Let (K,Φ) be a primitive CM type. Regarding to the discussion in Chapter 8.4, in order to
compute representatives of isomorphism classes in

MOK (Φ)

up to Galois conjugacy over the reflex field, we need to identify equivalence classes in the
quotient

CK / im(NΦr ).

Following the discussion after Theorem 7.8.1, given A(a0,ξ0) inMOK (Φ), we obtain any other
isomorphism class A(a,ξ) inMOK (Φ) as a Galois conjugate abelian variety

A(ba0,η0),

where b runs through a fixed small set of representatives of the quotient G2/eG2, where G2 =
ker(NK|K0

), and where e is a power of 2 (see Theorem 7.8.1). The following algorithm determines
the data from the discussion in Chapter 8.4.
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Algorithm 1
Input: A sextic CM field K .
Output: Precomputed data used in the later Algorithms 2, 3, and 4.

(i) Determine:

(a) The class group and unit group Cl(K), O∗K of K , and

(b) The class group, narrow class group and unit group Cl(K0), Cl+(K0), O∗K0
of the

totally real subfield K0 ⊂ K .

(ii) Determine the subgroup G1 ⊂ Cl(K) of classes [a] ∈ Cl(K) with the property that aa is
generated by an element of K0.

(iii) Determine the subgroup G2 ⊂ Cl(K) of classes [a] ∈ G1 with the property that aa is
generated by a totally positive element of K0;

(iv) Let Q = G2/eG2, where:

(a) e = 2 if Gal(K) ∈ {C6,D6}, and

(b) e = 4 if Gal(K) ∈
{
C3

2 oC3,C
3
2 o S3

}
.

(v) Determine set of ideals:

(a) C of OK that furnishes representatives of the quotient G1/G2, and

(b) B of OK that furnishes representatives of the quotient Q = G2/eG2.

(vi) Determine the subgroup U1 ⊂ O∗K0
of totally positive units in O∗K0

;

(vii) Determine the subgroup U2 ⊂U1 of units in O∗K0
that are norms from O∗K ;

(viii) Determine set of units:

(a) W that furnishes representatives of the quotient O∗K0
/U1, and

(b) V that furnishes representatives of the quotient U1/U2.

Remark 7.9.1. The steps in Algorithm 1 can be performed by using classical algorithms for
class and unit groups.

We restrict ourselves to some remarks on steps that are somewhat less standard.

Remark 7.9.2. (i) Under the generalized Riemann hypothesis, the calculation of the class
und unit group of K and K0 in Step (1) speeds up tremendously. We have therefore used
this assumption while performing our calculations.

(ii) We can determine the subgroup G1 in Step (2) as the kernel of the homomorphism
Cl(K)→ Cl(K0) given by

[a] 7→ [aa],
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and G2 as the kernel of a similar homomorphism to Cl+(K0). Similar considerations apply
to the determination of U1 and U2 in Steps (6) and (7).

(iii) It is important that the representatives returned by Algorithm 1 be minimized, since
otherwise large precision loss will occur in later steps. In [22, §4.1], this minimization is
also mentioned as being useful when working with the Shimura class group in the genus-2
case. For our purposes this is not merely useful, but also indispensable in practice, as
the class groups involved are of considerable size and working with large powers of ideal
class generators without reducing these already causes unacceptable precision loss when
determining the corresponding lattices in C3 in Algorithm 4. We therefore spend a few
lines on this reduction step.

For an ideal representative in B and C, this observation means that it should be multiplied
with a principal ideal in such a way that the norm of the resulting product is smaller
than the Minkowski bound M of K . This can be done as follows. Given an ideal ra to be
minimized, one computes the lattice Γ in C3 that is the image of ra−1 under the complex
embeddings of K . One then determines a short vector α in Γ , and the corresponding
element α of ra−1 will satisfy NK |Q(α) ≤MNK |Q(ra−1). Therefore the norm of the ideal
αra is at most M, and we use this product as a minimized ideal representative.

For a unit that furnishes a representative in V , resp. W , being small means the following.
Let ` : O∗K0

→ R
2 be the log map whose image is the Dirichlet lattice of the unit group

O∗K0
. Then given an element u of V (resp. W ) to be minimized, we can use closest vector

algorithms to find an element u1 (resp. u2) of U1 (resp. U2) such that that `(u) + `(u1)
(resp. `(u) + `(u2)) is small, and we use the corresponding product u ·u1 (resp. u ·u2) as a
minimized unit representative.

(iv) Note that in contrast to the methods in [22], our precomputation does not require the
computation of the Shimura class group or the image of the reflex norm, which simplifies
its description.

Determining an initial triple (Φ ,a,ξ)

After following the discussion before Algorithm 1, the next algorithm determine a triple (Φ ,a,ξ)
which represents an isomorphism class inMOK (Φ).
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Algorithm 2
Input: A sextic CM field K and a primitive CM type Φ of K .
Output: A single triple (Φ ,a,ξ), with a a fractional OK -ideal and with ξ ∈ K totally imaginary,
such that (Φ ,a,ξ) represents a principally polarized abelian threefold A with CM by OK of type
Φ .

(i) Determine a pair (a0,ξ0) such that (ξ0) = (a0a0DK |Q)−1. If the imaginary part of ξ0 is
positive for all embeddings in Φ , then return (Φ ,a0,ξ0). Otherwise, proceed to the next
step.

(ii) Let C be the set computed with Algorithm 1. Run through the elements c ∈ C, and let
γ ∈ K0 be a generator of cc.

(iii) Within the previous loop, let W be the set computed with Algorithm 1. Run through
the elements w ∈W , and consider

(a,ξ) = (ca0,wγ
−1ξ0).

If (a,ξ) admits Φ as a CM type, or in other words, if ξ has positive imaginary part for
the embeddings in Φ , then return (Φ ,a,ξ).

Theorem 7.9.3. Algorithm 2 terminates and the output is correct.

Proof. If the algorithm returns a triple, then it is correct by construction. It therefore remains
to show that the algorithm does always furnish an output.

First note that the existence of a triple (Φ ,a,ξ) as in the Output step follows from Proposition
7.7.7. Now suppose that we have determined a pair (a0,ξ0) as in Step (1) of the algorithm. Then
since both aaD−1

K |Q and a0a0D
−1
K |Q are principal, and generated by totally imaginary elements

of K , we have that the class of aa−1
0 belongs to G1. Let c ∈ C be an element representing this

class, and let γ ∈ K0 be the chosen generator of cc. We can then write a = δca0 with δ ∈ K∗. Let
b = ca0. Then

(δδξ) = ((δδ)−1aaDK |Q)−1 = (bbDK |Q)−1

and
(γ−1ξ0) = ((cc)a0a0DK |Q)−1 = (bbDK |Q)−1,

so since ξ and ξ0 are totally imaginary, we have δδξ = uγ−1ξ0 for a unit u ∈ Z∗K0
. Let w ∈W

be a representative of the class corresponding to u. Then (ca0,wγ
−1ξ0) has the property that

the imaginary parts of wγ−1ξ0 has the same signs as δδξ, and hence as ξ. These are exactly the
signs compatible with Φ . Therefore since the algorithm encounters this triple as it runs, it is
indeed guaranteed to return the requested output.

Remark 7.9.4. (i) Finding a pair (a0,ξ0) as in Step (1) of Algorithm 2 is possible by using the
methods of [70, Proposition 4.4]: In fact the pair (a0, yz) in loc. cit. can be used.

(ii) For all cases in the LMFDB, Algorithm 2 did in fact find a triple (Φ ,a,ξ). This is the case
because the final condition in Corollary 7.5.8 is satisfied for all sextic CM fields in the
LMFDB.

Determining all triples (Φ ,a,ξ)

Given an initial triple (Φ ,a,ξ) returned by Algorithm 2, the others can be determined by using
the precomputed data from Algorithm 1
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Algorithm 3
Input: A sextic CM field K and a primitive CM type Φ of K .
Output: A set S of triples (Φ ,a,ξ) as in [70, Theorem 4.2], so that (a,ξ) represents a principally
polarized abelian threefold A that admits CM by K of Φ . Moreover, S satisfies the following
property: Up to Galois conjugacy over the reflex fieldKr , any pair (Φ ,A), whereA is a principally
polarized abelian threefold that admits CM by OK , is isomorphic over C to an abelian variety
corresponding to one of the elements of S.

(i) Let (Φ ,a0,ξ0) be the triple from Algorithm 2.

(ii) Run through the elements a of B, and let β ∈ K0 be a generator of aa.

(iii) Within the previous loop, run through the elements v of V , and add (a,ξ) = (aa0,vβ
−1ξ0)

to S.

(iv) Return S once the loops above have terminated.

Theorem 7.9.5. Algorithm 3 terminates and the output is correct.

Proof. Since the set B is finite, Algorithm 3 terminates. The correctness of Algorithm 3 follows
from Theorem 7.8.10.

Remark 7.9.6. (i) We do not claim that the given set S is in actual bijection with the set of
isomorphism classes of pairs

(A,Φ)

up to Galois conjugacy, and indeed this is not the case in general. For our purposes, it
suffices that the abelian varieties associated map surjectively to the latter set of equivalence
classes, and we do not impose additionally that this natural map be injective.

(ii) As was shown in Equation (7.6.3), the size ofMOK (Φ) is well approximated by h(K)/h+(K0).
When G = C3

2 o S3, the largest size of the quotient h(K)/h+(K0) in (7.6.3) was 11287,
whereas the largest size of the group Q was 128, thus showing the speed gain that our
taking into account Galois conjugacy provides.

Determining period matrices

Regarding to one of the initial questions in this chapter: Given a primitive CM type (K,Φ),
determine a small set of period matrix representatives of the corresponding isomorphism
classes of principally polarized abelian threefolds, up to Galois conjugation over the reflex field
Kr of K with respect to Φ . By a calculation with theta-null values, using [38], then identify
these representatives correspond to hyperelliptic or non-hyperelliptic curves.
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Algorithm 4
Input: A sextic CM field K and a primitive CM type Φ of K .
Output: The small period matrices τ corresponding to the elements of the set S in Algo-
rithm 3, sorted into two sets TH and TN that (heuristically) give rise to hyperelliptic and
non-hyperelliptic curves, respectively.

(i) Determine the set S from Algorithm 3, and initialize TH and TN to be empty sets.

(ii) Let (Φ ,a,ξ) be in S. Calculate the corresponding principally polarized abelian threefold
(A,E) in the usual manner [70, §4], setting A = C

3/Φ(a) and letting E be the R-linear
extension of the trace pairing (α,β) 7→ TrK |Q(ξαβ).

(iii) Determine a Frobenius alternating form of E to find some big period matrix P ∈M3,6(C)
for A, and from it, a small period matrix τ ∈M3,3(C).

(iv) Reduce τ by using the methods from [37, §2].

(v) Use algorithms, for example those by Labrande [38], to determine whether τ has 1 or 0
vanishing even theta-null values to some high precision (typically 100 digits). In the
former case, add τ to TH ; in the latter, add it to TN .

Theorem 7.9.7. If Algorithm 4 terminates, then the output is (computationally) correct.

Proof. First of all we notice, that computing theta-null values as in step (v) of the Algorithm
4 is valid, only in the case where τ is small period matrix of a non-hyperelliptic Jacobian. In
the case where τ is small period matrix of a hyperelliptic Jacobian, the exactness of the result
in step (v) has its limitation, which is bounded by the precision of the computation. We have
noticed in passing that the available implementation of the algorithm in [38] does not always
function, but still managed to get by in the cases that interested us, either by using the naive
method from [38] to lower precision, or by determining the even theta-null values for only a
single element of a given Galois orbit and conjugating afterwards.

Under these assumptions, and by the finiteness of the set S in step (i), this shows the
claim.

Remark 7.9.8. (i) Note that our algorithms differ from those in [70], as we fix our primitive
CM type Φ throughout. When considering CM curves up to Galois conjugacy, we are
justified in doing so because of Corollary 7.5.8.

(ii) Because we have insisted that Φ be a primitive CM type, the associated abelian threefolds
are indeed Jacobians of genus-3 curves. The criterion for said Jacobian to be hyperelliptic
in terms of even theta-null values is [31, Lemmata 10 and 11].

(iii) Like the minimization of representatives in Algorithm 1, Steps (4) of Algorithm 4 is
essential to keep its running time short.

(iv) Our own run of Algorithm 4 used the native Magma implementation in Step (5) instead
of the algorithms from [38]. The even theta values were computed to 100 digits of
precision, and decided to be numerically equal to zero when their absolute value is
at most 10−50. Setting Labrande := true in the implementation at [18] allows for an
alternative verification of these results using [38] instead.
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(v) Using interval arithmetic or the fast decay of the terms intervening in the sum that define
a even theta-null value, it is in principle possible to prove rigorously that all such values
are non-zero. This enables one to prove that a ppav A that Algorithm 4 suspects to come
from a non-hyperelliptic indeed comes from such a curve. By contrast, showing that A
comes from a hyperelliptic curve is more involved. For the moment, we see no other
rigorous method to check this than to calculate an equation for a corresponding curve X
as in Section 7.11 and to show that Jac(X) has CM using the algorithms in [15]. We discuss
some further sanity checks in the next section.

Fields

With the algorithms from Section 7.9 in hand, we considered the sextic CM fields in the LMFDB
[73]. We list our results, which imply the Theorems 7.2.1 and 7.2.3, Table 9.1. Its first column
lists the possible Galois groups, whereas its second column gives the corresponding number of
sextic CM fields in the LMFDB.

We have applied our algorithms, implemented in Magma [6] and available at [18], to all of
these 547,156 fields, except for 2 fields with Galois group D6 whose root discriminant exceeds
1012 and for which the calculation of the class and unit group did not finish in a timely fashion
even when assuming the generalized Riemann hypothesis. The total computation required 4
days on 20 cores when working to relatively high precision to absolutely exclude rounding
errors.

The second column of Table 9.1 indicates the number of CM fields K in the database whose
Galois group is isomorphic to that indicated in the first column. The third column of Table
9.1 indicates the number of CM fields K considered for which the set TH from Algorithm 4 is
non-empty, or in other words those fields K are hyperelliptic CM fields (see Definition 7.1.1),
i.e. the sextic CM fields K for which there (heuristically) exists a hyperelliptic curve whose
Jacobian has primitive CM by OK .

Further, the fourth column of Table 9.1 lists the number of hyperelliptic fields K that are
exceptional (see Definition 7.1.1), i.e. the hyperelliptic CM fields K that does not include Q(i).

The fifth column of Table 9.1 indicates the number of mixed sextic CM fields (see Defini-
tion 7.1.1) fields, i.e. sextic CM fields for which both sets H and N from Algorithm 4 there
heuristically exists both a hyperelliptic and a non-hyperelliptic curve whose Jacobian has CM
by OK .

Galois group #K # hyp. K # exc. hyp. K # mixed K
C6 10,067 348 2 0
D6 32,544 3,057 0 0
C3

2 oC3 10,159 0 0 0
C3

2 o S3 494,386 17 17 14
Total 547,156 3,422 19 14

Table 7.2: CM fields in the LMFDB

7.10 Invariants

Let Z ∈ Mg(C) be a small period matrix. This section briefly recapitulates what is known
on calculating and algebraizing the invariants of the curve over X associated to Z, as well as
verifying the correctness of the resulting curve.
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Algorithm 4 shows that we can calculate an approximation to Z to a given high precision,
as all that we need to do is to determine the image of a basis of a (minimized) representative a
under the given CM type Φ . What is considerably more complicated is to calculate the even
theta-null values associated to Z. Here it is in general essential to use the more sophisticated
algorithms by Labrande [38] to keep the running time within reasonable bounds. We have
noticed in passing that the available implementation of this algorithm does not always function,
but still managed to get by in the cases that interested us, either by using the naive method
from [38] to lower precision or by determining the even theta-null values for only a single
element of a given Galois orbit and conjugating afterwards.

Given the even theta-null values, we can determine a model of X over C to the given preci-
sion, either by using the Rosenhain invariants as in [1] or by using the Weber model from [37].
We can then calculate a normalized weighted representative I of the corresponding invariants
(using the Shioda invariants in the hyperelliptic case and the Dixmier–Ohno invariants in the
non-hyperelliptic case). The field of moduli of X then coincides with the field generated by the
entries of I .

Algebraization.

It remains to algebraize the invariants I . A first possible method is the usual application of the
LLL algorithm to determine putative minimal polynomials of the entries of I over Q and thus
to obtain I as elements of a number field.

One corresponding implementation is NumberFieldExtra in [14].
A second method is to symmetrize and use class polynomials, as in [17, 22]. Both of these

methods became prohibitive in the cases that we considered because of the large heights of
the algebraic numbers that were involved. Indeed, one of the mixed fields, defined by the
polynomial x6 − 2x5 + 11x4 + 42x3 − 11x2 + 340x + 950, gives rise to a tuple of normalized
Dixmier–Ohno invariants whose first non-trivial entry I6 has height ≈ 2.94 · 10431, with I27
having a height that larger by an exponential factor of about 27/6. Another reason for us not to
use the class polynomial method from [22] is that this would necessitate later factorization to
determine the Galois orbits, which is superfluous when algebraizing the individual I directly.

Instead we exploited the fact that that the Shimura reciprocity law implies that the entries
of I are the complex embeddings of elements of Hilbert class field H of the reflex field Kr .
This replaces the problem of determining minimal polynomials to the more tractable one of
trying to algebraize the elements of I in H or its subfields, which also reduces to an application
of LLL (for example in the form of the routine AlgebraizeElementsExtra in [14]). In the
aforementioned complicated case we needed 20,000 digits of precision for our algebraization,
but usually around 3,000 digits were enough. Incidentally, note that while the reflex Kr itself
can be costly to determine via the usual Galois theory, since the closure L becomes quite large,
it can still be quickly recovered numerically as a subfield of C, namely by applying the methods
from the previous paragraph.

Verification.

Once we have algebraized the elements of I , we have applied heuristic numerical methods
twice, both in the determination of I itself and in the algebraization of its elements. One may
well ask why one should trust the algebraic invariant values thus obtained to be correct. Here
are several reasons:
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(i) For all algebraizations I that we found, the resulting invariants satisfy the known algebraic
dependencies between the Shioda invariants (which can be found in [44]) or the Dixmier–
Ohno invariants (which can be found in [45]). There is no reason whatsoever for this to
hold in the case of incorrect or badly algebraized I .

(ii) Reducing the values of I modulo various large primes, one can apply the reconstruction
algorithms from [42] or [43] and then calculate Weil polynomials to check that the
resulting curves indeed have CM by an order in K for all these primes.

(iii) Conversely, one can bound the primes of bad reduction from I and check that the set thus
obtained contains the primes found in [32].

(iv) In principle one can verify all results obtained over Q by using [15]. That said, these
algorithms still need substantial speedups for these verifications to be feasible for plane
quartic curves over number fields.

This is why we do not harbor any doubts about our results being correct, even though they are
by no means mathematically rigorous yet.

The mixed cases

Table 7.3 describes the results for the 17 fields K from Table 9.1 with Galois group C3
2 × S3

that are exceptional. Note that there are also 2 exceptional hyperelliptic fields with Galois
group C6, but these were already considered in [33]: Corresponding polynomials are given by
x6 − x5 + x4 − x3 + x2 − x+ 1 and x6 − 14x3 + 63x2 + 168x+ 161.

The first column of Table 7.3 gives the polynomial defining the CM field K ; this column is
sorted by the absolute discriminant of the ring of integers OK . The second column describes the
length of the various hyperelliptic Galois orbits under conjugation by Gal(Q |Q); for example,
an entry 4281 stands for 2 Galois orbits of length 4 along with single Galois orbit of length 8.
Similarly, the third column describes the length of the non-hyperelliptic Galois orbits under
Gal(Q |Q). An empty entry means that there does not exist such a curve for the field K . Note
that Corollary 7.5.11 shows why the length of the Galois orbits in the table are all a multiple of
4. The final column describes the quotient

CK / im(NΦ )

of the Shimura class group by the image of the reflex type norm. Note that this independent of
the chosen primitive CM type Φ because of Proposition 7.5.4 and Corollary 7.5.8.

The invariants obtained for the fields in Table 7.3 are available at [18]. As mentioned above,
they are occasionally on the gargantuan side.
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CM field hyp. orbits non-hyp. orbits CK / im(NΦ )
x6 + 10x4 + 21x2 + 4 41 41

Z/2Z
x6 − 3x5 + 14x4 − 23x3 + 28x2 − 17x+ 4 41 41

Z/2Z
x6 − 2x5 + 12x4 − 31x3 + 59x2 − 117x+ 121 41 4181

Z/4Z
x6 + 14x4 + 43x2 + 36 41 1
x6 − 3x5 + 9x4 + 4x3 + 12x2 + 84x+ 236 41 4181

Z/4Z
x6 − 2x5 + x4 − 4x3 + 5x2 − 50x+ 125 41 43 (Z/2Z)2

x6 + 29x4 + 246x2 + 512 41 1
x6 − 3x5 + 10x4 + 8x3 + x2 + 90x+ 236 41 41

Z/2Z
x6 + 21x4 + 60x2 + 4 41 41

Z/2Z
x6 + 30x4 + 169x2 + 200 41 41 (Z/2Z)2

x6 + 23x4 + 112x2 + 36 41 1
x6 − 2x5 + 12x4 − 44x3 + 242x2 − 672x+ 1224 121 123 (Z/2Z)2

x6 + 26x4 + 177x2 + 128 41 41
Z/2Z

x6 + 29x4 + 226x2 + 252 41 4181
Z/4Z

x6 − 2x5 − 7x4 + 45x3 − 63x2 − 162x+ 729 41 41
Z/2Z

x6 − 2x5 + 11x4 + 42x3 − 11x2 + 340x+ 950 81 81161
Z/4Z

x6 − 3x5 + 29x4 − 53x3 + 200x2 − 174x+ 71 41 41
Z/2Z

Table 7.3: Generic hyperelliptic and mixed fields with
Galois group C3

2 oS3 and the lengths of the corresponding
Galois orbits

7.11 Explicit defining equations

In this section we further consider the mixed CM field K defined by x6 + 10x4 + 21x2 + 4, which
corresponds to the first entry of Table 7.3. Our goal is to indicate how to obtain the (heuristic)
explicit defining equations from Theorem 7.2.6. The actual calculations are performed in [18].

There are two Galois orbits in this case, one containing 4 hyperelliptic curves, and one
containing 4 non-hyperelliptic curves. Moreover, Corollary 7.5.8 shows that once we fix a CM
type Φ , which we do throughout this section, there is exactly one corresponding hyperelliptic
curve X and one non-hyperelliptic curve Y . We start by finding an equation for X.

Hyperelliptic simplification

As in Section 7.10, we determine a normalized tuple S of Shioda invariants corresponding
to the curve X, which is defined over the quartic field L corresponding to the polynomial
x4 − 5x2 − 2x+ 1. The field L is in fact the totally real subfield of the reflex field Kr of K .

One can try to apply the generic reconstruction algorithms in genus 3 that are available in
Magma, but this turns out not to be optimal, as the resulting hyperelliptic curve is returned
over a random quadratic extension of L with large defining coefficients. Instead, we directly
construct the Mestre conic and quartic C and Q over K from the invariants S, as in [42], and
then check whether the conic C admits a rational point. This turns out to be the case. Choosing
a parametrization P1→ C over K and pulling back the divisor C∩Q on C, we obtain a degree-8
divisor on P1 that corresponds to a monic octic polynomial f with the property that

X : y2 = f (7.11.1)
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is a curve with CM by OK . This is still far from satisfactory, however, as the coefficients of f are
extremely large, namely of height up to 4.92 ·101126. We show how to obtain a simpler equation.
Our approach is essentially ad hoc; while there are minimization and reduction algorithms in
Magma over the rationals due to Cremona–Stoll [68], and over real quadratic number fields
due to Bouyer–Streng [8], we do not find ourselves in one of these cases, so that we are forced to
use other methods.

The octic polynomial f factors as
f = f1f2f3,

where f1 and f2 are quadratic, both defined over a pleasant quadratic extension M of L with
defining polynomial x8 − 4x7 + 10x5 + 7x4 − 10x3 − 18x2 − 6x+ 1 over the rationals. (That this
extension is so agreeable is of course no surprise; the extended version of the Main Theorem of
Complex Multiplication, applied to the 2-torsion of Jac(X), shows that we should expect it to be
related to the Hilbert class field of L ramifying at its single even prime.)

We now consider f over the quadratic extension M of L, over which field we will construct a
simpler polynomial defining the same hyperelliptic curve, which we will the descend back to L.
To start our simplification over M, we apply a Möbius transformation in the x-coordinate that
sends the roots of f1 to 0 and∞ and one of the roots of f2 to 1. This maps the divisor defined
by the octic polynomial f to that defined by a septic polynomial g that additionally satisfies
g(0) = g(1) = 0. We normalize g in such a way that the coefficient of x4 equals 1, for reasons that
will become clear, so that

g = c7x
7 + c6x

6 + c5x
5 + x4 + c3x

3 + c2x
2 + c1x. (7.11.2)

Now inspecting the norms of the coefficients ci shows that we have

(c5) = p−4
2 (σ (c3))

where p2 is the unique ideal ofZL above 2 and where σ is the involution that generates Gal(M |L).
Following a hunch, we scale x by α2, where α generates p2. Transforming g accordingly, we
obtain an equality of ideals

(ci) = (σ (c8−i)) (7.11.3)

for all i between 1 and 4.
Our goal is to make Equation (7.11.3) hold on the level of elements, and not merely between

ideals. To achieve this, we consider the unit u = c5/σ (c3) ∈ Z∗M . Consider the polynomial
h obtained from g by scaling x by vx, where v ∈ Z∗M is another unit, and normalizing the
coefficient of x4 to equal 1. Then for the coefficients di of h we have d5 = vc5 and d3 = v−1d3.
The straight-up equality d5 = σ (d3) that we are looking for can be rewritten as

vuσ (c3) = vc5 = d5 = σ (d3) = σ (v−1)σ (c3)

This is the case if and only if
u = vσ (v). (7.11.4)

Since Z∗M �Z/2Z×Z5 and v satisfies this equality if and only of −v does, the equality (7.11.4)
reduces to integral linear algebra once the representation of σ in terms of a given basis of O∗K is
known. Performing the corresponding computation shows that we can indeed find a v with the
requested properties. Rescaling x accordingly, we find a polynomial g as in (7.11.2) such that

(ci) = (σ (c8−i)) (7.11.5)
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is satisfied for all i = 1, . . . ,4.
At this point, our manipulations have lead to a polynomial g with coefficients of maximal

height 8.64 · 1016, which is smaller than 4.92 · 101126. We can still do a bit better by further
scaling x by appropriate units v satisfying vσ (v) = 1. This does not affect the property (7.11.5).
Our goal is to make d5 as small as possible as an element of the Minkowski lattice up to
shifts by units of the indicated type. This reduces to a closest vector problem as in Remark
7.9.2, an approximation for which is quickly furnished by the usual techniques. Applying
the corresponding scaling yields a slightly smaller polynomial g with coefficients of height
1.11 · 1016.

It now remains to descend our polynomial g with coefficients in M to the original field L.
For this, let σ be the involution that generates the Galois group Gal(M |L), and let B ∈GL2(M)
be such that

σ (B) = AB, where A =
(
0 1
1 0

)
.

For example, we can take

B =
(
1 α
1 σ (α)

)
where α ∈M is such that M = L⊕Lα. The matrix B−1 induces a Möbius transformation of the
projective line.

Proposition 7.11.1. Let D = (g)0 ∪ {∞} ⊂ P1, where (g)0 is the divisor of zeros of the polynomial g,
and let E0 = B−1(D).

(i) The divisor E0 ⊂ P1 is defined over L.

(ii) Let f0 be a polynomial whose divisor of zeros is given by E0. Then the hyperelliptic curve
X0 : y2 = f0 over L is isomorphic over Q to the original curve X in (7.11.1).

Proof. (i): The divisor E0 is defined over M, as B and D are. Moreover, we have

σ (E0) = σ (B−1D) = σ (B)−1σ (D) = B−1A−1AD = B−1D = E0

This Galois invariance implies our claim.
(ii) This follows from (i) because two hyperelliptic curves are Q-isomorphic if (and only if)

the corresponding branch loci are related by a Möbius transformation.

Alternatively, f0 is the numerator of the transform of g by B−1. This turns out to be still
of reasonable size when α is. Replacing X be X0, we have achieved our aim of simplifying
X. The result is the equation for X in Theorem 7.2.6. The discriminant of the corresponding
hyperelliptic polynomial equals p120

4 p12
7 , where p4 (resp. p7) is an ideal of norm 4 (resp. 7).

A plane quartic equation

It remains to construct a plane quartic model for the non-hyperelliptic curve Y from the
knowledge of its Dixmier–Ohno invariants I . The direct methods from [43] gives a ternary
quartic with coefficients whose size is beyond hopeless. Methods to obtain defining equations
of smaller size were sketched in [37, §3], using methods due to Elsenhans and Stoll [21, 67], yet
like the methods of Cremona–Stoll in Section 7.11, these are specific to the base field Q, and
therefore of no use in the current situation.
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Fortunately, now that we have found the equation for the hyperelliptic curve X in Theorem
7.2.6, determining the equation for the non-hyperelliptic curve Y becomes tractable.

To see this, let PX ∈M3,6(C) be a big period matrix corresponding to X with respect to the
canonical basis of differentials

{
dx/y,xdx/y,x2dx/y

}
corresponding to the equation (7.2.1), and

let PY be the large period matrix of the Weber model Y : F(x,y,z) = 0 over C for Y obtained
in the course of using Algorithm 4. This matrix, and all other big period matrices that follow,
should be taken with respect to the canonical basis of differentials(

xdx(∂F/∂y)−1, ydx(∂F/∂y)−1,dx(∂F/∂y)−1
)
.

Proposition 7.11.2. There exist matrices T ∈M3,3(C) and R ∈M6,6(Z) such that R has determinant
2 and

T PY = PXR.

Moreover, the pair (T ,R) is uniquely determined up to a minus sign.

Proof. This is a direct consequence of the fact that X and Y are related by an a-transformation
with NK |Q(a) = 2. In turn, this statement follows from the fact (see Table 7.3) that CK / im(N ) �
Z/2Z, and that if we factor (2) = a4b2 in OK , with NK |Q(a) =NK |Q(b) = 2, the ideal a represents
the non-trivial class in this quotient, which therefore induces an isogeny between the two
distinct ppavs with CM by K of a fixed type Φ . The uniqueness claim follows from the fact that
a is the only ideal of norm 2 whose class in CK / im(N ) is non-trivial.

In what follows, given a matrix T ∈M3,3(C) and a ternary quartic form F ∈ C[x,y,z], we
denote the transformation of F under the natural right action of T by F · T .

Proposition 7.11.3. Let F be the ternary quartic form associated to the Weber model whose big
period matrix is PY , and F0 be a multiple of F · T −1 that is normalized in such a way that one of its
coefficients is in L. Then Y0 : F0(x,y,z) = 0 is a model of Y over L.

Proof. We know that Y has field of moduli equal to L. Now since the torsion subgroup of O∗K
is reduced to 〈−1〉, the automorphism group Aut(Y ) is trivial, since Aut(Y ) = Aut(Jac(Y ))/〈−1〉
for plane quartic curves Y . Therefore there exists a plane quartic curve Z ⊂ P2 defined over L
that is isomorphic to Y . Let G be a corresponding form, and let PZ be a corresponding period
matrix. The same argument as above shows that there exists a matrix U ∈M3,3(C) such that

UPZ = PXR.

Because both X and Z are defined over L, the uniqueness of R up to sign implies that U ∈M3(Q)
and σ (U ) = ±U for all σ ∈Gal(Q |Q). Now let G0 = G ·U−1, normalized in such a way that one
of its coefficients is in L. Since σ (G ·U−1) = σ (G) · σ (U−1) = G · ±U−1, we have that the class of
G ·U up to scalar is Galois stable. Therefore G0 is defined over L, and its big period matrix is a
scalar multiple of UPZ = PXR. On the other hand, the ternary quartic F · T also has a big period
that is a scalar multiple of T PY = PXR. Therefore F0 and G0 coincide up to a scalar, and because
of our normalization F0 has coefficients in L as well.

An algebraization in the field L using LLL shows that we can indeed recover the coefficients
of the ternary quartic form F0 defining Y0 over K . Tweaking its size by scaling x,y,z by units
(similar to the closest vector considerations in Section 7.11) makes the equation of Y0 somewhat
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smaller still. Replacing Y by Y0 gives the equation for Y in Theorem 7.2.6. Its discriminant
factors as

p312
4 p36

7 p
14
19p

14
277p

14
1753,

where as before subscripts indicate norms.

Remark 7.11.4. We emphasize once more that the equations obtained in this section have not
yet been verified by the methods from [15] because of the considerable effort required to run
these algorithms over large number fields.

7.12 Around the André–Oort conjecture

General considerations

In this section, we review a certain number of results around the André–Oort conjecture. The
André–Oort conjecture was formulated in the general context of Shimura varieties and their
special points. A proof of this conjecture under the assumption of the Generalized Riemann
Hypothesis (GRH) for CM fields has been given by Klingler and Yafaev [36]. For an extensive
survey on Shimura varieties and a general statement of the conjecture, the reader is refered
to [52].

Although our focus is on genus 3, we start by stating facts that hold for every g ≥ 1. We
denote by Ag be the moduli space of ppavs of genus g over C and byMg the moduli space of of
smooth genus g curves defined over C. Recall that the Torelli morphism

j :Mg →Ag (7.12.1)

associates to every curve its principally polarized Jacobian. We denote by Tg the closed Torelli

locus, i.e. Tg = j(Mg ).
As a complex variety,Ag = Sp2g (Z)\Hg is a Shimura variety whose special points are exactly

the CM points. Recently, Tsimerman [74] proved a result showing the existence of a lower
bound on the size of the Galois orbits of CM points in Ag . Building on joint work with Pila [59],
Tsimerman concluded in this way a proof of the André-Oort conjecture forAg without the GRH
assumption.

Theorem 7.12.1 (André–Oort conjecture [74]). Let Γ be a set of CM points in Ag . Then the Zariski
closure of Γ is a finite union of Shimura subvarieties.

Among the Shimura subvarieties ofAg , a well known example is that of the Hilbert modular
variety, whose points are polarized abelian varieties whose endomorphism ring contains the
ring of integers of a totally real field of genus g. Hilbert modular varieties play an important
role when studying the number of CM points in Tg .

Indeed, let us turn our attention to the case of CM fields with Galois group isomorphic to
C
g
2 o Sg . Chai and Oort call these fields and their corresponding CM points sufficiently general

(see [12, (2.13)] for a justification of this definition). We will use the following result given
in [12].

Lemma 7.12.2. Let Y be an irreducible Shimura subvariety of Ag of positive dimension. Assume
that Y ,Ag and that Y contains a sufficiently general CM point y inAg . Then Y is a Hilbert modular
variety attached to the totally real subfield of degree g over Q contained in the CM field attached to y.
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This lemma allowed the authors of [12] to establish the following result for genus g > 3.

Theorem 7.12.3. Assume the André–Oort conjecture to be true. Then for every g > 3 the number of
sufficiently general CM points in Tg is finite.

When g = 3, the closed Torelli locus T3 coincides with A3, but we believe that a similar
argument can be adapted to genus 3, as soon as we restrict to the hyperelliptic locus. Indeed, let
us denote byMh

3 the image of the subspace of hyperelliptic curves inside the Torelli locus. Then
Mh

3 contains infinitely many hyperelliptic curves with CM, since all genus 3 curves with CM by
a field containing Q(i) are hyperelliptic. This is certainly in accordance with the Andre–Oort
conjecture, since the Shimura surface parametrising points whose endomorphism ring contains√
−1 is contained inMh

3.
Assume now thatMh

3 contains infinitely many sufficiently general CM points. Then by the
André–Oort conjecture and Lemma 7.12.2, it contains a Hilbert modular variety attached to a
totally real field of degree 3. Recall that among the exceptional hyperelliptic fields listed in Table
7.3, 14 are mixed, i.e. they allow both a hyperelliptic and non-hyperelliptic curve. This quickly
disproves the fact that the Hilbert modular variety corresponding to the real multiplication
subfield of each of these fields could be contained in the hyperelliptic locus. For the remaining
3 exceptional hyperelliptic fields listed in the Table, we cannot reach a similar conclusion
for the corresponding real multiplication subfields and their Hilbert modular varieties. One
way to tackle the question experimentally would be to adapt our implementation to compute
points with CM by non-maximal orders, which contain the maximal real multiplication order
in these fields. Once the period matrices of these points are determined, it would suffice to use
Algorithm 4 to check heuristically that some of the corresponding curves are not hyperelliptic.

As stated in the introduction, we do not have enough evidence to support the claim that the
list of exceptional hyperelliptic CM fields mentioned in Theorems 7.2.1 and 7.2.3 is complete
and we certainly do not claim that. However, the considerations above support the conjecture
that the full list of exceptional hyperelliptic CM fields should be finite.

Cryptographic implications

Let us now turn our attention to applications in cryptography. The Discrete Logarithm Problem
(DLP) in Jacobians of hyperelliptic curves defined over a finite field Fq (with q = pd and p a
prime) can be solved in Õ(q4/3), using the index calculus algorithm of Gaudry, Thériault and
Diem [25]. In contrast, Jacobians of non-hyperelliptic curves of genus 3 are amenable to Diem’s
index calculus algorithm, which requires only Õ(q) group operations to solve the DLP [10].
As a consequence, an efficient way of attacking DLP on a genus 3 hyperelliptic Jacobian is by
reducing it to a DLP on a non-hyperelliptic Jacobian via an explicit isogeny. Assuming that the
kernel of the isogeny will intersect trivially with the subgroup of cryptographic interest, we
derive a Õ(q) time attack on the hyperelliptic Jacobian (see [66]). So an interesting question is
how to find such isogenies.

Idea of the attack. To tackle this question, let us consider A an ordinary ppav defined over Fq
isomorphic to a hyperelliptic Jacobian. The theory of canonical lifts of Serre and Tate allows
us to lift A to an ordinary ppav Ã defined over W (Fq), the ring of Witt vectors of Fq, such that
End(A) ' End(Ã) and A→ Ã is functorial (see [5]). After fixing an embedding W (F̄q) ↪→ C, we
may assume that Ã is a ppav defined over C with CM by the maximal ring of integers of K and
CM type Φ . As suggested by the Theorems 7.2.1 and 7.2.3, hyperelliptic Jacobians with CM are
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rare, hence most of the times we expect Ã to be a non-hyperelliptic Jacobian with hyperelliptic
reduction mod p. We now consider the following graph: the vertices are absolutely simple
3-dimensional ppav defined over C with CM by the maximal order of K and the edges are
isogenies between ppavs. In the literature, this is known as the horizontal isogeny graph (see for
instance [34]). Moreover, by [63, Ch. III, Sec. 11, Prop. 13], the isogenies in this graph will
reduce to isogenies defined over Fq of equal degree.

In this graph, our goal is to find an isogeny from Ã to another ppav, which has good quartic
reduction at p. The problem is not trivial, since the number of vertices in this graph is O(#CK ),
hence it grows exponentially with the size of the class group of K . If we construct an isogeny to
a p.p.a.v. on the Galois orbit of Ã as in Theorem 7.8.1, then the target variety will also have
hyperelliptic reduction at p.

Consequently, we will choose an isogeny Ĩ corresponding to a non-trivial element in
CK / im(N ) (preferably the one which allows an ideal representative of smallest possible norm).
We denote by B̃ the target ppav obtained in this way and by B its reduction (mod p). Heuristi-
cally, both B̃ and B are isomorphic to non-hyperelliptic Jacobians. To support this heuristic, we
computed all primes of hyperelliptic reduction for all non-hyperelliptic orbits for a given CM
field.

Example 7.12.4. As an example, we revisit the case of the CM field of equation x6 − 2x5 + x4 −
4x3 + 5x2 − 50x + 125, which is the sixth entry in Table 7.3. Recall that for this field there is
one hyperelliptic orbit of length 4 and three non-hyperelliptic orbits under conjugation by
Gal(Q̄/Q). The Dixmier-Ohno invariants of plane quartics with CM by this field are defined
over a degree 4 extension field of Q of equation x4−17x3−24x2 +7. We computed invariants for
one curve on each of the non-hyperelliptic orbits (see [18] for the numerical values). With these
in hand, we computed the primes of hyperelliptic reduction for these CM points, using the
criterion in [41, Theorem 1.10]. We list the results in Table 7.4, where as before the subscripts
denote the norms of the ideals. We can see that the lists of primes of hyperelliptic reduction for
different orbits are almost disjoint (only p29 appears in two of these lists).

Orbit Prime ideals of hyperelliptic reduction
1 p29,p151,p331,p15937,p2986259
2 p29,p53,p409,p2251,p27509,p37423,p154757110537
3 p71,p827,p2207,p3181,p6133

Table 7.4: Hyperelliptic reduction for non-hyperelliptic
curves with CM by the field with defining polynomial
x6 − 2x5 + x4 − 4x3 + 5x2 − 50x+ 125.
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8Genus 3 Hyperelliptic Curves with
Complex Multiplication via Shimura
Reciprocity
This chapter contains the main results in [17]. The paper in [17] based on the previous paper
[1] which in turn is based on the paper [79]. We briefly explain the motivation of this chapter.

A we have seen in Theorem 3.4.1, in genus 3 every simple principally polarized abelian
variety of dimension 3 is isomorphic to the Jacobian of a smooth projective curve. This is
either a hyperelliptic curve or a plane quartic. In [79, Lemma 4.5], Weng shows that a simple
principally polarized abelian threefold with complex multiplication by a sextic CM field
containing Q(i) is a hyperelliptic Jacobian. In the same paper the author gives an algorithm to
compute hyperelliptic curves whose Jacobians have complex multiplication by a sextic field
containing Q(i). In later work, Balakrishnan, Ionica, Lauter, and Vincent give an algorithm
which removes this restriction on the CM field, by performing a heuristic check, see [1]. This
heuristic relies on the so-called Mumford’s Vanishing Criterion (see Theorems 5.4.14 and 5.5.1),
which states that a genus 3 smooth projective curve is hyperelliptic if and only if one of the
36 even theta constants is 0. The authors in [1] developed an algorithm which is available
in [2], and which performs as follows: For a given small period matrix Z ∈ H3 with complex
multiplication, their algorithm first computes the theta constants (see Definition 5.3.1) to Z with
enough precision to determine if there is one which approximates zero, and then computes the
Rosenhain invariants by the formula in Equation (5.5.1). By class field theory, these invariants
generate a certain subfield of the so-called ray class field of modulus 2 over the reflex field
Kr of K . By approximating them with high precision, we can recognize them as algebraic
numbers. This method has its limitations, since as soon the degree of the class field over which
the Rosenhains are defined is large, i.e. (≥ 500), the complexity of the algebraic dependence
computation becomes a bottleneck. Further, the authors in [1] considered only examples of
CM fields with class number 1. In [17], the second author and I considered the action of the
group Gal(CMm(Kr) |Kr) on hyperelliptic CM points, where CMm(Kr) is a subfield of the ray
class field of a given finite modulus m. After identifying a hyperelliptic curve X by verifying
computationally and heuristically the condition in Theorem 5.4.14, we compute the Galois
conjugates of its invariants via Shimura’s reciprocity law. With these in hand we compute the
so-called Rosenhain and the Shioda class polynomials.

In order to compute examples for the class polynomials of the Rosenhain and Shioda
invariants, I have developed and implemented methods in SageMath and Magma. These
methods contain the construction of CM types (K,Φ) and their reflex CM types (Kr ,Φr). The
computation of primitive CM types for genus 3 in [2] is dependent on the group structure of
Gal(L |Q). My implementation of CM types is independent of this group isomorphism, and
works for all genera. I also have implemented the reflex type norm, as well as the image of the
typenorm as a subgroup in the Shimura class group and the action on CM points in Definition
8.3.11. Since SageMath does not implement ray class groups, I used in SageMath the interface
to Magma to compute the group Clm(Kr ) and enumerate elements inNΦr ,m(Clm(Kr )).
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8.1 Definitions

Let K be a CM field of degree 2g and let % ∈ Aut(K) be the complex conjugation on K (see
Definition 6.1.5). For the rest of this chapter, we denote by L the Galois closure of K and we fix
once for all, as in the same definition, an embedding

ιL : L→C. (8.1.1)

The main objects in this chapter are simple principally polarized abelian varieties of dimension
3 over C of type (K,Φ) whose endomorphism ring is isomorphic to the maximal order OK .
According to Remark 6.2.8, these are given by tuples (triples, respectively)

(A,E) � A(a,ξ) = A(Φ ,a,ξ), (8.1.2)

where Φ is a primitive CM type of K , where a is a fractional OK -ideal and where ξ is an element
in K such that −ξ2 is totally positive in the totally real subfield K0 of K and where ϕ(ξ) is an
positive imaginary element for any ϕ ∈ Φ , and where (ξ) = (aaDK |Q)−1. By Theorem 3.4.1, (A,E)
is as a simple principally polarized abelian variety with CM by OK isomorphic to the Jacobian
variety (Jac(X),E) of a smooth projective curve of genus 3. In this chapter, projective curves X
are (as in Definition 4.1.1) defined over some algebraically closed fields k = k, where char(k) , 2.

As in Definition 7.7.1, letMOK (Φ) ⊂ A3(Q) be the set of isomorphism classes of principally
polarized abelian varieties with CM by OK of type Φ . Let (Kr ,Φr) be the reflex CM type of
(K,Φ). Let NΦr : Cl(Kr )→ Cl(K) be the reflex type norm map in Definition 7.6.4, given by

[a] 7→

OK ∩ ∏
ϕ∈Φr

ϕ(a)OL

 (8.1.3)

for any [a] ∈ Cl(Kr ). In order to determine Galois orbits of principally polarized abelian varieties
A(a,ξ) ∈MOK (Φ) under the action of the group Gr = Gal(Q |Kr), we introduced in Definition
7.6.5 the mapNΦr : Cl(Kr )→CK given by

[a] 7→ (NΦr (a),N (a)) (8.1.4)

where N =NK r |Q is the extension of the absolute norm-map to fractional OK r -ideals. Then by
the first Main Theorem of CM (see Theorem 7.8.1), for any σ ∈ Gr which under the Artin map σ
correspond to the ideal class [b] ∈ Cl(Kr ). We have

σ (A(a,ξ)) � A (NΦr (b)(a,ξ)) .

Therefore the Galois orbits ofMOK (Φ) under Gr are the orbits ofMOK (Φ) under the action of
im(NΦr ).

In order to compute class (Rosenhain) polynomials, we consider the set of isomorphism
classes of simple principally polarized abelian varieties with CM by OK , together with some
data related to their 2-torsion points, which we will specify in this chapter. By class field theory,
these invariants generate a certain subfield of the so-called ray class field of modulus 2 over the
reflex field Kr .

We begin our discussion by introducing some basic properties about class field theory.
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8.2 Class field theory

We follow in this section the theory in [16, Chapter 2].
For a number field K and a finite modulus m (i.e. a product of prime ideals in K), let Im(K)

be the group of all fractional OK -ideals coprime to m. We consider the group

Pm(K) = {a ∈ Im(K) : a = αOK , α ≡ 1 (mod ∗m)} ,

where the congruence α ≡ 1 ( mod ∗m) means that for all primes p appearing in the factorisation
of m we have νp(α − 1) ≥ νp(m), where νp is the p-valuation.

Remark 8.2.1. As stated above, in this section our modulus m = 2OK (and mZ = m ∩Z in
Kr , respectively) is finite. In a more general context of class field theory, one may consider
a modulus as a formal product of finite and infinite primes. The latter are determined by
embeddings K ↪→R and by (pairs of) embeddings K ↪→C, respectively. See [16, Page 94].

Definition 8.2.2. We define the ray class group of a number field K for a modulus m to be the
quotient group

Clm(K) = Im(K)/Pm(K).

Example 8.2.3. If m = 1OK then Clm(K) is the ideal class group Cl(K) of K .

Definition 8.2.4. Let K be a number field and let m be a modulus of K . There is a unique
abelian extension Hm of K , whose ramified primes, finite or infinite, divide m, such that if

Φm : Im(K)→Gal(Hm |K)

is the Artin Map of K ⊂ Hm, then Pm(K) = ker(Φm). We call Hm the ray class field of K for the
modulus m (see e.g.[16, Theorem 8.6 and Page 149]).

Example 8.2.5. If K is a number field and m = 1OK then Hm is the Hilbert class field H of K . It
is the maximal unramified abelian extension of K , see [16, Theorem 8.10].

8.3 The Shimura class group modulus m and the Galois action

Let (K,Φ) be a primitive CM type. There is a generalization of the Shimura class group CK
(see Definition 7.6.1) of K , denoted by Cm(K) for a finite modulus m of K . Building on this
generalization, we construct in this section maps NΦr ,m and NΦr ,m as generalizations of the
maps NΦr (see Equation (8.1.3)) andNΦr (see Equation (8.1.4)). There is an action of the Galois
group Gal(CMm(Kr) | Kr) on the set of equivalence classes of principally polarized abelian
varieties with CM by OK of type Φ , together with some data related to their 2-torsion points,
which we will specify in this chapter, where the orbits correspond to elements of the quotient
Cm(K)/ im(NΦr ,m). In this section we introduce these structures and we begin this section by the
following definition.

Definition 8.3.1. Let K be a CM field and let m be a modulus on K . The Shimura class group
Cm(K) of K modulus m is the abelian group of equivalence classes

Cm(K) =

(a,α) :
a ∈ Im(K) such that aā = αOK ,
α ∈ K0 totally positive, α ≡ 1 (mod ∗m)

/
∼, (8.3.1)
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where (a,α) ∼ (a′ ,α′) if (a′ ,α′) = (µa,µµα) for µ ∈ K∗ and µ ≡ 1 (mod ∗m). The multiplication of
two equivalence classes (a,α) and (a′ ,α′) is given by

(a,α) · (a′ ,α′) = (aa′ ,αα′).

Given a pair (a,α) satisfying the conditions in Equation (8.3.1) we denote by (a,α)m the corre-
sponding equivalence class. The identity element is given by (OK ,1)m. See [63, Page 115].

Definition 8.3.2. Let (K,Φ) be a CM type with reflex CM type (Kr ,Φr). Let m be a modulus
of K and let mZ =m∩Z. The reflex type norm for m is a map NΦr =NΦr ,m : Clm(Kr)→ Clm(K)
given by

[a] 7→

OK ∩ ∏
ϕ∈Φr

ϕ(a)OL

 (8.3.2)

for any [a] ∈ Clm(Kr ).

Definition 8.3.3. Let N =NK r |Q be the extension of the absolute norm-map to fractional OK r -
ideals. Combining this map with the reflex type norm for m in Equation (8.3.2), we obtain
a map from the ray class group of Kr modulus mZ = m∩Z to the Shimura class group of K
modulus m, namely

NΦr ,m : Clm(Kr )→Cm(K)

[a] 7→ (NΦr (a),N (a))m .
(8.3.3)

By following the construction of Shimura in [63, Page 118], we construct the following
subgroup of Im(K): Let (K,Φ) be a primitive CM type with reflex CM type (Kr ,Φr). Let m ∈Z
such that mZ =m∩Z and denote by Im(Kr ) the group of fractional ideals in Kr coprime to m.
Following [63, Chapter 16], we consider the group

Hm(Kr ) =

a ∈ Im(Kr ) :
∃α ∈ K∗ with NΦr (a) = αZK ,

NK r|Q(a) = αα, α ≡ 1 (mod ∗m)

 . (8.3.4)

Note that Pm(Kr ) ⊂Hm(Kr ). By [16, Theorem 8.6] there is (up to isomorphism) a unique abelian
extension CMm(Kr ) of Kr , such that under the Artin map of Kr ⊂ CMm(Kr ),

Grm := Gal(CMm(Kr ) |Kr ) � Im(Kr )/Hm(Kr ). (8.3.5)

Remark 8.3.4. The effective construction of the field CMm(Kr ) as a subfield of the ray class field
Hm modulus m of the reflex field Kr , relies on Shimura’s Second Main Theorem (see Thereom
8.4.1). In order to compute Galois conjugates of elements in this number field, which we will
explain in this section, we need to compute the right quotient group in Equation (8.3.5).

Lemma 8.3.5. Let (K,Φ) be a primitive CM type with reflex CM type (Kr ,Φr ). Let m be a modulus
of K and let mZ =m∩Z. Consider the mapNΦr ,m : Clm(Kr )→Cm(K) in Definition 8.3.3. Then:

(i) ker(NΦr ,m) �Hm(Kr )/Pm(Kr ).

(ii) im(NΦr ,m) � Im(Kr )/Hm(Kr ).
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Proof. (i) If a ∈ ker(NΦr ,m) then (NΦr (a),NK r /Q(a))m = (OK ,1)m. Then there exists an element
µ ∈ K∗ such that

(NΦr (a),NK r |Q(a)) = (µOK ,µµ̄)

and µ ≡ 1 (mod ∗m). Conversely, by the definition of Pm(Kr) in Equation (8.3.4) and Pm(Kr) ⊂
Hm(Kr ), any equivalence class in Hm(Kr )/Pm(Kr ) is in ker(NΦr ,m.

(ii) It follows from the 3-rd. isomorphism theorem of groups

NΦr ,m(Clm(Kr )) �
Clm(Kr )

ker(NΦr ,m)
�

(Im(Kr )/Pm(Kr ))
(Hm(Kr )/Pm(Kr ))

�
Im(Kr )
Hm(Kr )

.

Remark 8.3.6. In my implementation in [2], I computed a set of generators for Clm(Kr)
using Magma, and then implemented an algorithm for enumerating the elements in the
set NΦr ,m(Clm(Kr)). Due to Lemma 8.3.5, this allowed us in [17] to compute the group
Im(Kr )/Hm(Kr ) and enumerate Galois conjugates of a CM points.

In order to introduce the action of the Galois group Grm (see Equation 8.3.5), as a general-
ization of the action in Theorem 7.8.1, on abelian varieties with CM by OK of type Φ , together
with some data related to their torsion points, we need to specify these 2-torsion points. This is
given by the following definition.

Definition 8.3.7. For a modulus m of K , we denote by

A[m](C) = {x ∈ A : ι(α)x = 0,∀α ∈m},

the group of them-torsion points ofA(C), where ι : K ↪→ End0(A) is the embedding in Definition
6.1.1. We call a point t ∈ A(C)[m] proper if for a ∈ OK , the equality

ι(a)t = 0

implies a ∈m. See [63, Page 56].

Definition 8.3.8. Let (K,Φ) be a primitive CM type. We define by Princ(K,Φ ,m) the set of
isomorphism classes of principally polarized abelian variety with CM by OK of type Φ together
with a proper m-torsion point.

Remark 8.3.9. By Proposition 6.2.3, any tuple (a,ξ) where a is a fractionalOK -ideal and where ξ
is an element in K such that −ξ2 is totally positive in the totally real subfield K0 of K and where
ϕ(ξ) is an positive imaginary element for any ϕ ∈ Φ , and where (ξ) = (aaDK |Q)−1, identifies an
abelian variety with CM by OK of type Φ , isomorphic to

A(a,ξ, t) = A(Φ ,a,ξ, t)

together with a proper m-torsion point t ∈ A[m](C) up to equivalence. In our computations of
Galois conjugates we will extensively use the following action of the class group Im(Kr )/Hm(Kr )
on Princ(K,Φ ,m) given by Shimura [63, Section 16.3].

Remark 8.3.10. There is a surjection π : Princ(K,Φ ,m) → MOK (Φ) which sends A(a,ξ, t) to
A(a,ξ) by forgetting the proper t-torsion point.
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We can now state the action of the Galois group Grm (see Equation 8.3.5), as a generalization
of the action in Theorem 7.8.1, on the set

Princ(K,Φ ,m)

of isomorphism classes of principally polarized abelian variety with CM by OK of type Φ
together with a proper m-torsion point.

Definition 8.3.11. Let (A,E) � A(a,ξ, t) in Princ(K,Φ ,m), and let σ ∈ Grm. Suppose that under
the Artin map, the element σ correspond to the class of the ideal c. Then

σ (A(Φ ,a,ξ, t)) � A(NΦr ,m(b)(a,ξ, t)), (8.3.6)

where A(NΦr ,m(b)(a,ξ, t)) = A(NΦr ,m(c)−1a, N (c)ξ, t (mod NΦr ,m(c)−1a)).

8.4 Shimura’s Second Main Theorem of complex multiplication

Let K be a CM field and let (A,E) be a principally polarized abelian variety with CM by OK . In
order to state Shimura’s second Main Theorem of complex multiplication, we need to consider
the normalized Kummer variety of A (see [63, Theorem 3, Section 4.4]). It is given by a tuple

(W,h),

where W is the quotient of A by its automorphism group. It is defined over the field of moduli
k0 of A (see Remark 7.5.10), and where h : A→W is the natural projection map.

Theorem 8.4.1. Let (A,E) be a principally polarized abelian variety with CM by OK and CM type
Φ and let be (W,h) its normalized Kummer variety. Let m be a fractional OK-ideal and let t be a
proper m-torsion point. Let k0 be the field of moduli of A, Kr the reflex field of K and k∗0 = k0K

r . Then
k∗0(h(t)) is the class field of Kr corresponding to the ideal group Hm(Kr ).

Proof. See [63, Main Theorem 2 on Page 118].

8.5 Computing class polynomials

We turn our attention now to the main task in the paper [17], the computation of the Shioda
and Rosenhain invariants of hyperelliptic curves of genus 3 with CM by OK , and more precisely
to obtaining their minimal polynomials over the reflex field Kr of K . Let

X : y2 = f (x)

be a hyperelliptic curve of genus 3 over some algebraically close fields k of characteristic , 2. In
Definition 4.3.4, we introduced the Rosenhain coefficients (invariants) of X as the roots λi of f ,
where λi ∈ k\{0,1,∞}. Then in Section 5.4 we have seen that, given a small hyperelliptic period
matrix Z in the Siegel upper half space H3, we can compute these invariants as quotients of
theta functions with half-integer characteristics by the formula of Takase-Vincent-Somoza (see
Theorem 5.5.2).

We begin this section with a brief introduction about the so-called Shioda invariants. For a
detailed discussion about invariants of curves of genus 3, see e.g. the papers [42], [33] and [48].
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Shioda [64] gave a set of generators for the algebra of invariants of binary octavics over the
complex numbers which are now called Shioda invariants. Following Shioda’s notation (see [64,
page 1025]), these are 9 weighted projective invariants

(J2, J3, J4, J5, J6, J7, J8, J9, J10),

where deg(Ji) = i. The invariants J2, . . . , J7 are algebraically independent, while J8, J9, J10 depend
algebraically on them. Note that over the complex numbers Shioda invariants completely
determine points in the moduli space of hyperelliptic curves of genus 3.
Using Igusa’s map between the graded ring of Siegel modular forms of degree 3 and the graded
ring of invariants of binary octavics, Lorenzo García [48] proposes a set of invariants which
can be written as quotients of modular forms. These invariants involve large powers of the
modular form χ28 (for a definition see e.g. [48]) in the denominators and we do not use them
for experiments since they would need too much precision to compute.

Starting from the projective invariants Ji , we consider the following absolute1 Shioda
invariants :

Shi =
(
J7
2
∆
,
J4
2 J

2
3

∆
,
J5
2 J4
∆
,
J5J9
∆
,
J4
2 J6
∆
,
J2
7
∆
,
J3
2 J8
∆
,
J5
2 J

2
9

∆2 ,
J2
2 J10

∆

)
, (8.5.1)

with ∆ the discriminant of the binary octavic, which is an invariant of degree 14. They are
optimal for computations in the sense that they involve invariants of small weight and the
values of their denominators for a given curve are products of powers of the primes of bad
reduction of the curve (see [33]). Note that a subset of this set was already used by Weng [79]
for computing models of hyperelliptic curves with CM by a field which contains i.

Proposition 8.5.1. The invariants in Equation (8.5.1) are modular, i.e. they can be written as
quotients of Siegel modular forms of level 1.

1An absolute invariant is a ratio of homogeneous invariants of the same degree.
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Proof. The proof of this statement is straightforward, by using Igusa’s map on the set of
invariants described by Tsuyumine [75] and the relations between Tsuyumine’s invariants and
the Shioda projective invariants, computed by Lorenzo Garcia [48]. We have

J7
2
∆

= c7
2
I2
∆

= c7
2%

(
γ7

20

χ5
28

)
,

J4
2 J

2
3

∆
= c4

2c
2
3
I4
2 I

2
3

∆
= c4

2c
2
3%

(
γ4

20γ
2
30

χ5
28

)
,

J5
2 J4
∆

=
c5

2I
5
2 (c41I

2
2 + c42I4)
∆

= d1%

(
γ7

20

χ5
28

)
+ d2%

(
γ5

20α12

χ4
28

)
,

J5J9
∆

=
(c51I2I3 + c52I5)

(
c91I

3
2 I3 + c92I

5
2 I5 + c93I2I3I4 + c94I2I7 + c95I

3
3 + c96I3I6 + c97I4I5 + c98I9

)
∆

= e1%

(
γ4

20γ
2
30

χ5
28

)
+ e2%

(
γ3

20γ30β22

χ4
28

)
+ e3%

(
γ2

20γ
2
30α12

χ4
28

)
+ e4%

(
γ2

20γ30β14

χ3
28

)
+ e5%

(
γ20γ

4
30

χ5
28

)
+ e6%

(
γ20γ

2
30α4

χ3
28

)
+ e7%

(
γ20γ30α12β22

χ3
28

)
+ e8%

(
γ20γ30α6

χ2
28

)
+ e9%

(
γ3

20γ30β22

χ4
28

)
+ e10%

(
γ2

20β
2
22

χ3
28

)
+ e11%

(
γ20β22β14

χ2
28

)
+ e12%

(
γ3

30β22

χ4
28

)
+ e13%

(
γ30β22α4

χ2
28

)
+ e14%

(
α12β

2
22

χ2
28

)
+ e15%

(
β22α6

χ28

)
,

J4
2 J6
∆

=
c4

2I
4
2

(
c61I

3
2 + c62I2I4 + c63I

2
3 + c64I6

)
∆

= f1%
(
γ7

20

χ5
28

)
+ f2%

(
γ5

20α12

χ4
28

)
+ f3%

(
γ4

20γ
2
30

χ5
28

)
+ f4%

(
γ4

20α4

χ3
28

)
,

J2
7
∆

=

(
c71I

2
2 I3 + c72I2I5 + c73I3I4 + c74I7

)2

∆

= g1%

(
γ4

20γ
2
30

χ5
28

)
+ g2%

(
γ3

20γ30β22

χ4
28

)
+ g3%

(
γ2

20γ
2
30α12

χ4
28

)
+ g4%

(
γ2

20γ30β14

χ3
28

)
+ g5%

(
γ2

20β
2
22

χ3
28

)
+ g6%

(
γ20γ30α12β22

χ3
28

)
+ g7%

(
γ20β22β14

χ2
28

)
+ g8%

(
γ2

30α
2
12

χ3
28

)
+ g9%

(
γ30α12β14

χ2
28

)
+ g10%

(
β14

χ28

)
,
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J3
2 J8
∆

=
c3

2I
3
2

(
c81I

4
2 + c82I

2
2 I4 + c83I2I

2
3 + c84I2I6 + c85I3I5 + c86I

2
4 + c87I8

)
∆

= h1%

(
γ7

20

χ5
28

)
+ h2%

(
γ5

20α12

χ4
28

)
+ h3%

(
γ4

20γ
2
30

χ5
28

)
+ h4%

(
γ4

20α4

χ3
28

)
+ h5%

(
γ3

20γ30β22

χ4
28

)
+ h6%

(
γ3

20α
2
12

χ3
28

)
+ h7%

(
γ3

20γ24

χ3
28

)
,

J5
2 J

2
9

∆2 =
c5

2I
5
2

(
c91I

3
2 I3 + c92I

2
2 I5 + c93I2I3I4 + c94I2I7 + c95I

3
3 + c96I3I6 + c97I4I5 + c98I9

)2

∆2

= i1%
(
γ11

20γ
2
30

χ10
28

)
+ i2%

(
γ10

20γ30β22

χ9
28

)
+ i3%

(
γ9

20γ
2
30α12

χ9
28

)
+ i4%

(
γ9

20γ30β14

χ8
28

)
+ i5%

(
γ8

20γ
4
30

χ10
28

)
+ i6%

(
γ8

20γ
2
30α4

χ8
28

)
+ i7%

(
γ8

20γ30α12β22

χ8
28

)
+ i8%

(
γ8

20γ30α6

χ7
28

)
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(
γ9

20β
2
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χ8
28

)
+ i10%

(
γ7

20γ
2
30α

2
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χ8
28

)
+ i11%

(
γ7

20β
2
14

χ6
28

)
+ i12%

(
γ5

20γ
6
30

χ10
28

)
+ i13%

(
γ5

20γ
2
30α

2
4

χ6
28

)
+ i14%

(
γ5

20α
2
12β

2
22

χ6
28

)
+ i15%

(
γ5

20α
2
6

χ4
28

)
,

J2
2 J10

∆
=
c2

2I
2
2

(
c101I

5
2 + c102I

3
2 I4 + c103I

2
2 I

2
3 + c104I

2
2 I6 + c105I2I3I5 + c106I2I

2
4

)
∆

+
c2

2I
2
2

(
c107I2I8 + c108I

2
3 I4 + c109I3I7 + c110I4I6 + c111I

2
5 + c112I10

)
∆

= j1%
(
γ7

20

χ5
28

)
+ j2%

(
γ5

20α12

χ4
28

)
+ j3%

(
γ4

20γ
2
30

χ5
28

)
+ j4%

(
γ4

20α4

χ3
28

)
+ j5%

(
γ3

20γ30β22

χ4
28

)
+ j6%

(
γ3

20α12

χ3
28

)
+ j7%

(
γ3

20γ24

χ3
28

)
+ j8%

(
γ2

20γ
2
30α12

χ4
28

)
+ j9%

(
γ2

20γ30β14

χ3
28

)
+ j10%

(
γ2

20α12α4

χ2
28

)
+ j11%

(
γ2

20β
2
22

χ3
28

)
+ j12%

(
γ2

20β16

χ2
28

)
where the constants ck ,dk , ek , fk , gk ,hk , ik , jk are computed in [48].

For the rest of this chapter we fix the following notation.

Notation 8.5.2. Let (A,E) � A(a,ξ, t) in Princ(K,Φ ,m), and let σ ∈ Grm (see Equation 8.3.5).
Suppose that under the Artin map, the element σ correspond to the class of the ideal c. For the
rest of this chapter we restrict, for our explicit computations, to m =mOK where m = 1,2. Let

B = (B1,B2)

be a (3×6) complex-valued matrix containing a symplectic basis for the lattice Φ(a) with respect
to the Riemann form EΦ ,ξ . Let Z = B−1

2 B1 ∈ H3 be the small period matrix. By Definition 8.3.11,
the action of σ on A(a,ξ, t) yields a principally polarized abelian variety in Princ(K,Φ ,m) given
by

σ (A(Φ ,a,ξ, t)) � A(NΦr ,m(b)(a,ξ, t)),

where

A(NΦr ,m(b)(a,ξ, t)) = A(NΦr ,m(c)−1a, N (c)ξ, t (mod NΦr ,m(c)−1a)).
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In a similar manner let

C = (C1,C2)

be the matrix containing a symplectic basis for the lattice Φ(NΦr (c)−1a) with respect to the
conjugate Riemann form Eξ ′ where ξ ′ = Φ ,N (c)ξ. Let

Z ′ = C−1
2 C1 ∈ H3.

We express C in terms of B by taking a matrix M, such that C = BMT . The matrix M has
the following properties: It is in GSp6(Q), m-integral and invertible (mod m) with inverse
U ∈GSp6(Z/mZ). We also denote by Ũ ∈ Sp6(Z) any lift of U . Such a lift can be computed for
instance thanks to [56, Theorem VII.21].

Remark 8.5.3. We can deduce the same construction as in Notation 8.5.2 when considering
A(a,ξ) inMOK (Φ).

To illustrate the construction in Notation 8.5.2, we look at the following example.

Example 8.5.4. Let K be the CM field defined by the polynomial x6 +43x4 +451x2 +729 and de-
note by a a generator for this field. We choose the first CM type given by the implementation [2]
and we get that the tuple

(a,ξ) =
(
OK ,

16
114939

a5 +
1313

229878
a3 +

5857
114939

a
)

yields a CM point. We compute the action on this CM point by the ideal

c =
(
9,

1
48
a5 +

11
24
a3 +

1
2
a2 − 155

48
a+

15
2

)
and get a second CM point given by

(a′ ,ξ ′) =
((

9,
1

48
a5 +

11
24
a3 +

1
2
a2 − 155

48
a+

15
2

)
,

16
114939

a5 +
1313

229878
a3 +

5857
114939

a
)
.

The code in [2] gives symplectic bases for (a,ξ) and (a′ ,ξ ′) and we compute

M =



−1 1 −1 0 1 3
2 −1 0 −2 1 4
2 0 1 2 4 −1
0 −1 −1 −1 3 −1
1 0 −1 1 −1 1
−1 −1 0 1 1 1


, U =



1 1 1 0 0 0
1 1 1 1 1 0
1 1 1 1 0 1
0 1 1 1 0 0
1 0 1 1 1 0
1 1 0 1 0 1


In order to compute class polynomials, we need an explicit description of the computation

of Galois conjugate modular invariants. M. Streng gives in [71, Thm. 2.4] an explicit version of
Shimura’s reciprocity law.

Theorem 8.5.5. Let σ ∈ Grm. Suppose that under the Artin map, the element σ correspond to the
class of the ideal c. Let Z,Z ′ ∈ H3 and the matrix M as in Notation 8.5.2. For any Siegel modular
function f of level m with Fourier expansion coefficients in Q(ξm), we have

σ (f (Z)) � f (Z)c = f U (Z ′),

where we denote by f U (Z ′) = f (Ũ .Z ′), for any lift Ũ ∈ Sp2g(Z) of U .
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Proof. See [71, Thm. 2.4].

Remark 8.5.6. We will use Theorem 8.5.5 to compute the Galois conjugates of the Shioda in-
variants of a hyperelliptic curve whose period matrix is obtained via the complex multiplication
construction.

Corollary 8.5.7. Let A(a,ξ) inMOK (Φ) be isomorphic to a hyperelliptic Jacobian Jac(X). Let Z ∈ H3
be its period matrix. Let σ ∈ Grm for m = OK , and suppose that under the Artin map the element σ
correspond to the class of the ideal c. Denote by Sj for 1 ≤ j ≤ 9 the Siegel modular function giving
the jth absolute Shioda invariant of X in Equation (8.5.1). Then

σ (Sj ) � Sj(Z)c = Sj(Z
′), (8.5.2)

where Z ′ is given by the construction in Notation 8.5.2

Proof. Follows from Theorem 8.5.5.

We now restrict to the case of the modulus m = 2OK . The following result allows us to
compute Galois conjugates Rosenhain invariants of a hyperelliptic curve whose period matrix
is obtained via the complex multiplication construction.

Remark 8.5.8. In the paper [17] we chose another normalization (see [17, Equation 2.11]) for
a Rosenhain model of a hyperelliptic curve X. It is different from the one in Definition 4.3.4.
This is caused by the code in [2]. In the remaining part of this chapter we chose the same
normalization (and the index notation, respectively) as in [17, Equation 2.11] give by

X : y2 = x(x − 1)
5∏
`=1

(x −λ`)

and where λ6 = 0,λ7 = 1.

Theorem 8.5.9. Let Jac(X) =C3/(ZZ3 +Z3) be the Jacobian of a marked genus 3 hyperelliptic curve
X, and let Z ∈ Γ6(2)\H3 be its period matrix. Let σ ∈ Grm, and suppose that under the Artin map
the element σ correspond to the class of the ideal c. Let Z ′ ∈ H3 obtained as in Notation 8.5.2. We
consider η the azygetic system associated to Z and let λ` for 1 ≤ ` ≤ 5 be the Rosenhain invariants of

X in Equation (4.3.2). Then for any lift Ũ =
(
Ã B̃
C̃ D̃

)
∈ Sp6(Z) of the matrix U with δ0 =

(
(C̃T D̃)0

(ÃT B̃)0

)
we have that

σ (λ`) � λ
c
` = exp(4πi(η` + η7)1(η6)2) · ζ4(Ũ ,η) ·λ′`,

where

ζ4(Ũ ,η) = exp
(
2
(
k(Ũ,Ũ

T
(ηUη◦(V∪{6,`}) −

1
2
δ0)) + k(Ũ,Ũ

T
(ηUη◦(W∪{6,`}) −

1
2
δ0))

− k(Ũ,Ũ
T

(ηUη◦(V∪{6,7}) −
1
2
δ0))− k(Ũ,Ũ

T
(ηUη◦(W∪{6,7}) −

1
2
δ0))

))
and

λ′` =

ϑ[Ũ
t (
ηUη◦(V∪{6,`}) −

1
2δ0

)
] ·ϑ[Ũ

t (
ηUη◦(W∪{6,`}) −

1
2δ0

)
]

ϑ[Ũ
t (
ηUη◦(V∪{6,7}) −

1
2δ0

)
] ·ϑ[Ũ

t (
ηUη◦(W∪{6,7}) −

1
2δ0

)
]


2

(Z ′).
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Proof. Using Theorem 5.5.2 for λ6 = 0,λ7 = 1, the coefficients λ` with ` = 1, . . .5 can be computed
as

λ` = exp(4πi(η` + η7)1(η6)2)
(
ϑ[Uη ◦ (V ∪ {6, `})] ·ϑ[Uη ◦ (W ∪{6, `})]
ϑ[Uη ◦ (V ∪ {6,7})] ·ϑ[Uη ◦ (W ∪{6,7})]

)2

(Z).

For the sake of simplicity let

c1 = ηUη◦(V∪{6,`}), c2 = ηUη◦(W∪{6,`}), c3 = ηUη◦(V∪{6,7}), c4 = ηUη◦(W∪{6,7}).

By using Theorem 8.5.5 we have that

λc` =

exp(4πi(η` + η7)1(η6)2)
(
ϑ[c1] ·ϑ[c2]
ϑ[c3] ·ϑ[c4]

)2

(Z)

c (8.5.3)

= exp(4πi(η` + η7)1(η6)2)

(ϑ[c1] ·ϑ[c2]
ϑ[c3] ·ϑ[c4]

)2U (Z ′) . (8.5.4)

We denote by c′j = Ũ
T (
cj − 1

2δ0

)
. By applying the theta transformation formula we get that

ϑ
[
cj
]U

(Z ′) = ϑ
[
Ũ .c′j

] (
Ũ .Z ′

)
= ζ

(
Ũ
)
exp

(
k(Ũ, c′j )

)√
det(C̃Z ′ + D̃) ϑ

[
c′j
]
(Z ′) .

Hence Equation (8.5.3) becomes to

λcl =exp(4πi(η` + η7)1(η6)2)exp
(
2(k(Ũ, c′1) + k(Ũ, c′2)− k(Ũ, c′3)− k(Ũ, c′4))

)
·
(
ϑ[c′1] ·ϑ[c′2]
ϑ[c′3] ·ϑ[c′4]

)2

(Z ′) .

After a straightforward computation we get that

ζ4(Ũ,η) = exp(2(k(Ũ, c′1) + k(Ũ, c′2)− k(Ũ, c′3)− k(Ũ, c′4)))2

is a fourth root of unity.

Corollary 8.5.10. Let A(a,ξ) inMOK (Φ) be isomorphic to the Jacobian of a marked hyperelliptic
curve X. Let Z ∈ Γ6(2)\H3 be the small period matrix for A(a,ξ) and η be an azygetic system
associated to Z. Let σ ∈ Grm and suppose that under the Artin map, the element σ correspond to the
class of the ideal c. There exist matrices Z ′, M and Ũ as in Notation 8.5.2, such that

η′ = Ũ
T
η

is an azygetic system associated to the small period matrix Z ′ of the marked hyperelliptic curve with
Rosenhain invariants λc` for l = 3, . . . ,7.

Proof. We first note that we can choose C and the period matrix Z ′ in Notation 8.5.2 such that
Ũ ∈ Γ6(2). Indeed, if this is not the case then define

C′ = BMT Ũ
T

= BM ′T

with M ′ = ŨM ∈GSp6(Q). Then C′ is still a symplectic basis for of Φ(NΦr (c)−1a) with respect
to E′ξ where ξ ′ =N (c)ξ. Let M ∈ Sp6(Z/2Z) the reduction of M (mod 2). We get that

M ′ = ŨM =UM = I6.

80



Then (M ′)−1 = I6 in Sp6(Z/2Z). Therefore, by letting C = C′ and Z ′ the period matrix obtained
from this new symplectic basis, we ensure that Ũ ∈ Γ6(2).

Recall that the action described in Definition (8.3.11) yields an isogeny between A(Φ ,a,ξ)
and its Galois conjugate σ (A(Φ ,a,ξ)) which is given by

Ic :C3/Φ(a) −→ C
3/Φ(NΦr ,m(c)−1a)

x 7→ x.

For simplicity, we will work Ic as an isogeny between the non-normalized tori, i.e.

Ic :C3/(B1Z
3 +B2Z

3)→C
3/(C1Z

3 +C2Z
3).

We consider the image of the fixed points B1(ηi)1 + B2(ηi)2 (mod (B1Z
3 + B2Z

3)) via Ic. We
compute η′i such that

B1(ηi)1 +B2(ηi)2 = C1(η′i )1 +C2(η′i )2 (mod (C1Z
3 +C2Z

3)). (8.5.5)

By writing M =
(
a b
c d

)
and using that C = BMT , the 2-torsion point in Equation 8.5.5 writes as

(B1a
t +B2b

t)(η′i )1 + (B1c
t +B2d

t)(η′i )2 ≡ B1(at(η′i )1 + ct(η′i )2) +B2(bt(η′i )1 + dt(η′i )2) (mod (C1Z
3 +C2Z

3)).

Hence η̄i = M̄T η̄′i . Then η′i = Ũ
T
ηi is in fact an azygetic basis associated to Z ′ (see [61, Definition

1.4.12]). The first two properties in [61, Definition 1.4.12] are clear. The third property in [61,
Definition 1.4.12] follows by applying [49, Prop. 13.2(b)] for the isogeny Ic, which has degree
prime to 2.

To show that η′ is associated to Z ′, we will use the Vanishing Criterion. We choose an even
theta characteristic u ∈ (1/2)Z6 such that ϑ[u](Z) , 0 and ϑ[u](Z ′) , 0 and apply once more

Shimura’s reciprocity law [71] on the quotients of the type
(
ϑ[v](Z)
ϑ[u](Z)

)2
with v ∈ (1/2)Z6 even. We

deduce that the unique even theta constant vanishing Z ′ is ϑ[ηUη′ ] (since ηUη′ = ηUη ).
Finally, by applying Theorem 8.5.9, we get that

λc` = exp(4πi(η` + η7)1(η6)2)
(
ϑ[c1] ·ϑ[c2]
ϑ[c3] ·ϑ[c4]

)2

(M ′ .Z) , (8.5.6)

for ` = 1, . . . ,5. Hence the right-hand side expressions in Equation (8.5.6) are the Rosenhain
invariants of a marked genus 3 hyperelliptic curve.

Remark 8.5.11. From a computational point view, if we simply aim at computing the Galois
conjugates of the Rosenhain invariants and deriving class field equations, one can choose
between the approach in Theorem 8.5.9 or the one in Corollary 8.5.10. One can pick any
period matrix for the Galois conjugate σ (A(Φ ,a,ξ, t)) and use the formula in Theorem 8.5.9, or
construct the period matrix Z ′ and its associated azygetic system as explained in the proof of
the Corollary 8.5.10 and compute the resulting Rosenhain invariants via Formula (5.5.1).

Definition 8.5.12. We define the Shioda and the Rosenhain class polynomials to be monic poly-
nomials given by

HR
K r ,i(t) =

∏
σ∈Grm

(t −λσi ), HS
K r ,j(t) =

∏
σ∈Grm

(t − Shiσj ), (8.5.7)

where m = 2OK in the first case, and m = OK in the second.

81



Remark 8.5.13. Algorithm 3 in my paper [17] gives all the steps of our computation of a
list of approximations for the Galois conjugates of the Rosenhain invariants, that we used to
get the polynomials HR

K r ,i in Equation (8.5.7). The algorithm for computing the Shioda class
polynomial HS

K r ,j is similar and relies on the computation of the Siegel modular functions Sj
in Theorem 8.5.2. In applications, for i, j ≥ 2, it is easier to use the Hecke representation as
introduced by Gaudry et al [24], given by

ĤR
K r ,i(t) =

∑
σ

λσi

∏
σ ′,σ

(t −λσ
′

1 ), ĤS
K r ,j(t) =

∑
σ

Shiσj
∏
σ ′,σ

(t − Shiσ
′

1 ), (8.5.8)

where σ,σ ′ ∈ σ ∈ Grm.

We end this chapter by presinting the following practical experiments: Let K be the CM
field defined by the polynomial x6 +43x4 +451x2 +729. Since the field contains i, all principally
polarized abelian variety with CM by K are hyperelliptic. For one of its primitive CM types, our
implementation yields the reflex field as the field of equation x6 + 1012x4 + 262048x2 + 3968064.
The subgroupNΦr ,m(Clm(Kr )), for m = (1), (2), has three elements, which means that the class
polynomials HR

K r ,i , H
S
K r ,j in Definition 8.5.12 have degree 3.

For most computations on the Rosenhains 500 bits of precision were enough, whereas for
the Shiodas we used 5000 bits of precision. Indeed, the Siegel modular forms appearing in the
expressions of the Shiodas have much larger weight, which results into much more precision
needed when computing with the Shiodas. To compute the Shiodas, we first computed the
Rosenhain coefficients and got an approximation of the equation of the curve, and afterwards
computed the Shiodas from this equation. All computations were performed on a single core of
a Intel Core i7-4790 CPU 3.60GHz and took approximatively 5 minutes at 500 bits of precision
and less than 2 hours for 5000 bits. Most time is spent on the theta constants computation,
which is performed using the naive implementation in [2]. To compute the coefficients of the
class polynomials HR

K r ,i and HS
K r ,i as algebraic integers, we use the algebraic dependence testing

algorithm [13], implemented in PARI/GP by the function algdep. This algorithm gives us a
conjectured minimal polynomial for each coefficient of the class polynomials.

Since Princ(K,Φ) is stable under complex conjugation, it can be shown by using similar
arguments as in [69, Section III.2] that the coefficients of the Shioda class polynomials are in
fact in the field Kr0, which the real multiplication subfield of Kr . We conjecture that a similar
result holds for the Rosenhain class polynomials. For the chosen example, K and Kr are equal,
so we take Kr0 to be the field given by the equation x3 − 43x2 + 451x2 − 729 and we denote by
α a generator for this field. Tables 8.1 and 8.2 give the coefficients of Rosenhain and Shioda
class polynomials, respectively. Table 8.2 gives the Shioda class polynomials for the first
Shioda invariant, and the full example is given in [17]. As expected, the polynomials for the
Shiodas have larger coefficients, which is due again to the shape of the modular forms in their
expression.

In order to heuristically check the correctness of these computations, we use a well known
approach in the literature which consists in choosing a prime number p such that the abelian
varieties with CM by OK have good reduction, compute the roots of class polynomials (mod p)
and check that the Jacobians of the curves obtained in this way have the right number of points
(see for instance [1] for details).
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Table 8.1: Coefficients of polynomials HR
K r ,i for the field of

equation x6 + 43x4 + 451x2 + 729.

pol. t3 t2 t 1

HK r ,1 1 1/16α2 − 19/8α + 181/16 1/48α2 − 49/24α + 875/16 1/6α2 − 16/3α + 19/2
ĤK r ,2 1 −7/144α2 + 149/72α − 3331/144 3/16α2 − 65/8α + 1295/16 −11/48α2 + 239/24α − 1521/16
ĤK r ,3 1 −1/16α2 + 19/8α − 277/16 13/48α2 − 277/24α + 1791/16 −11/24α2 + 227/12α − 1377/8
ĤK r ,4 1 7/144α2 − 149/72α + 2467/144 −1/144α2 + 11/72α + 59/144 7/144α2 − 143/72α + 2551/144
ĤK r ,5 1 −6 12 −8

Table 8.2: Coefficients of the polynomial HS
K r ,1 for the field

of equation x6 + 43x4 + 451x2 + 729.

coeff.

t3 1

t2 −1504998103898184428692895719062876991414375
1106030051237012236054152188167439553303783103α

2 + 57602191791353412833575829180223091649340630
1106030051237012236054152188167439553303783103α −

182610135152410817952949427128063513960980968701
247750731477090740876130090149506459940047415072

t 271537582048409045934259507591982005281201875
867127560169817593066455315523272609790165952752α

2 − 17155947238202790094437950965078959001849495535
1300691340254726389599682973284908914685248929128α + 189221715181445169536136728129202262948355511744769

1165419440868234845081315944063278387557983040498688

1 −497018334394924228446745226194781840141344176875
24473808258232931746707634825328846138717643850472448α

2 + 11444255640191890315301399097052785606070607022115
12236904129116465873353817412664423069358821925236224α −

191953650625925394207069308222518633622840220848155861
16446399149532530133787530602620984605218256667517485056
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9Linear Algebra Data of Supersingular
Abelian Varieties
Previously in this thesis we considered polarized abelian varieties of dimension 3 over C with
CM. In this chapter we choose another setup. We consider principally polarized abelian varieties
of dimension g over algebraically closed fields k of char(k) = p > 0, given by pairs

(A,η).

More precisely, we consider so-called polarized flag type quotients (pftq’s) of dimension g over
k. These are given by a sequence (Yi ,ηi) of polarized abelian varieties over k together with
isogenies %i : Yi → Yi−1 for 1 ≤ i ≤ g − 1, where Yg−1 = Eg for a supersingular elliptic curve E
over k ⊃ Fp, ending on a principally polarized abelian variety (Y0,η0) such that

(Y0 = Y ,η0) � (A,η).

For a given pair

(g,p),

with positive integers g ≥ 2, prime numbers p ≥ 2, and for any pair (Yg−1 = Eg ,ηg−1), where E is
supersingular elliptic curve over k ⊃ Fp and where ηg−1 "runs" over all equivalence classes of
polarizations on Yg−1, the moduli problem is that of parametrizing pairs (A,η), where

(A,η) � (Y0 = Y ,η0) .

The goal of this chapter is to give an explicit description of the pftq’s of abelian varieties of
dimension 2 and 3 over k with respect to polarizations, in terms of the linear-algebraic data.
This data is given by the so-called Dieudonné modules.

To solve problems involving lifts from characteristic p > 0 to characteristic 0, there are
techniques for handling p-torsion points phenomena in characteristic p. The main tools for this
purpose are the so-called Dieudonné theory and the theory of p-divisible groups. We consider
in this chapter the contravariant version of Dieudonné theory. There is an anti-equivalence
between p-divisible groups of height h over k and Dieudnné modules of finite length over the
ring of Witt vectors W (k). The construction of pftq’s is given by projections %i : Yi → Yi−1 where
Yi−1 � ker(%i) where ker(%i) is a finite commutative group scheme over k of local-local type
(see Definition 9.2.1). In this chapter we follow the discussion in [46] and [11, Chapter 3 and
Appendix B.3].

9.1 Definitions

For the rest of this chapter we denote by k an arbitrary field of char(k) = p > 0, that we assume
to be algebraically closed. We fix a supersingular elliptic curve E over k ⊃ Fp such that the
relative Frobenius F satisfies the equation

F2 = −p. (9.1.1)
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Remark 9.1.1. It is known that the condition in Equation (9.1.1) is part of a formula for elliptic
curves given by

F2 − aF + q = 0 in End(E),

where a = q + 1 − #E(Fq) for q = pn and positive integers n. In the case where n = 1 and E
supersingular, then a = 0. In other words, any supersingular curve E over Fp where p ≥ 5 has
(p+ 1) Fp-rational points on E(Fp) (see [65, Exercise 5.15]). For the existence of E over Fp, see
[46, page 11].

We begin this chapter by recalling basic definitions and properties of supersingular elliptic
curves. It is well known that the number of isomorphism classes of supersingular elliptic curves
over k is roughly p/12, and that any two supersingular elliptic curves over k ⊃ Fp are isogenous,
see [46, page 11].

Definition 9.1.2. An elliptic curve E over k is called supersingular if its endomorphism ring

O = End(E) (9.1.2)

is a maximal order in a quaternion Q-algebra

B = End(E)⊗Q �Qp,∞, (9.1.3)

ramified only at (p,∞). See [46, Chapter 1].

Definition 9.1.3. An abelian variety A of dimension g over k is called supersingular or superspe-
cial respectively, if

A ∼ Eg , or A � Eg

respectively, where E is a supersingular elliptic curve over k and where ∼ denotes isogeny
equivalence.

Remark 9.1.4. There is an equivalent characterization of superspecial abelian varieties by their
a-numbers (for the definition, see B.1.3), related to their p-divisible groups. See [46, Page 14].

Definition 9.1.5. An abelian variety A of dimension g over k is called superspecial if a(A) =
dim(A). A is called supergeneral if A is supersingular and a(A) = 1. See [46, page 13-14].

As a generalization for the genus-1 case, we have the following classification of supersingular
abelian varieties by their endomorphism rings.1

Theorem 9.1.6. An abelian variety A of dimension g is supersingular if and only if its endomorphism
ring is of rank-(4g2) over Z.

Proof. See [46].

1As mentioned in the introduction of this chapter, we consider algebraically closed fields k of char(k) = p > 0.
We consider their morphisms to be defined over k.
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9.2 Polarized flaq type quotients

In order to understand the linear-algebraic data to supersingular polarized abelian varieties of
dimension g over algebraically closed fields k of char(k) = p > 0, we introduce in this section the
concept of the so-called polarized flag type quotients. We follow the discussion in [46, Chapter 3].
The authors in [46] described a method to construct a sequence of inseparable isogenies with
properties described by the following definition. By their construction they ensure, that the
polarization of the final abelian variety in this chain is principal, and that the a-number of the
target abelian variety has a value between 1 and g.

Definition 9.2.1. A polarized flag type quotient (pftq) with respect to a polarization

η : Eg = Yg−1→ Y tg−1

is a sequence of isogenies %i of abelian varieties Yi of dimension g over k given by

Eg = Yg−1
%g−1
−−−→ Yg−2

%g−2
−−−→ . . . −→ Y1

%1−−→ Y0 = Y , (9.2.1)

satisfying the following conditions:

(i) ker(%i) � (αp)i for 1 ≤ i ≤ g − 1,

(ii) ker(η) = Eg [Fg−1]. Here F is the relative Frobenius.

(iii) There are polarizations ηi on Yi for 0 ≤ i ≤ g−1 that make the following diagram commute:

Yg−1 Yg−2 · · · Y1 Y0

Y tg−1 Y tg−2 · · · Y t1 Y t0

ηg−1

%g−1

ηg−2

%g−2

η1

%1

η0

%tg−1 %tg−2 %t0

(9.2.2)

(iv) ker(ηi) ⊂ Yi[Fi], for 0 ≤ i ≤ g − 1.

(v) The polarization ηg−1 = η, and η0 is an isomorphism.

See [46, Chapter 3].

Remark 9.2.2. In this thesis we do not consider the property of pftq’s to be rigid (see [46, Defini-
tion 3.2]). In dimension 2 this is automatically true, see [46, 9.2]. In a more general context, the
authors in [46] define isomorphism classes of pftq’s over schemes S, and isomorphism classes
of rigid pftq’s over S as sub-schemes of the former. The former are for g ≤ 3 as quasi-projective
schemes non-singular, and where the latter are non-singular for arbitrary g. Since in this thesis
we restrict to the cases where g = 2,3 and since in this case the corresponding schemes are
non-singular, we will not consider the rigidity condition of pftq’s.

9.3 The Dieudonné-Cartier-Oda-classification

As in the previous section, we denote by k an algebraically closed field of char(k) = p > 0. One
of the main structures in the deformation theory of abelian varieties in characteristic p > 0
is the ring of p-adic Witt vectors W (k) over k. As a truncated (additive) group it contains
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elements of finite length. It is a finite commutative group scheme over k, and every finite
commutative group scheme over k of local-local type can be embedded into some quotient
group schemes of it (see Remark 9.3.1). Given an abelian variety in characteristic p > 0, one
way to handle its p-torsion phenomena is to consider the relationship between the p-divisible
group of A and modules over the so-called Dieudonné ring. It is defined over the ring W (k) (see
Definition 9.3.4). The main purpose of this section is to describe anti-equivalence of categories
between the p-divisible groups of height h over k (or finite commutative group schemes over
k of local-local type, respectively) of A and Dieudonné modules which are free over W (k) of
rank h (or Dieudonné modules of finite W (k)-length, with nilpotent (semi-)linear operators)
(see Theorems 9.3.6 and 9.3.7).

We begin this section by considering the ring of of infinite p-adic Witt vectors

W (k) :=
∏
n≥0

A
1
k

with entries in k, and with addition and multiplication given by

a+ b = (ϕ0,ϕ1, . . .), ab = (ψ0,ψ1, . . .)

for a = (a0, a1, . . .), b = (b0,b1, . . . , ) ∈W (k) and whereϕi ,ψi are polynomials inZ[x0, . . . ,xi , y0, . . . , yi]
for all i. There are two operators on W (k) called Frobenius and Verschiebung, given by

σ :W (k)→W (k)

(a0, a1, a2, . . .) 7→ (ap0, a
p
1, a

p
2, . . .),

and

µ :W (k)→W (k)

(a0, a1, a2, . . .) 7→ (0, a0, a1, . . .),

satisfying the relations µ ◦ σ = σ ◦µ = p. In positive characteristic W (k) is a complete discrete
valuation ring with uniformizer p and residue field W (k)/(p) � k, see [60, Theorem 21.2].

Remark 9.3.1. For any integer n ≥ 1, we consider truncated Witt vectors over k of length n
together with operation given by addition. It is given by

Wn(k) =
n−1∏
m=0

A
1
k .

It is an (additive) group scheme over k, and as a finite commutative group scheme over k
isomorphic to W (k)/V nW (k). See [60, Lecture 9]

Remark 9.3.2. For any integer m ≥ 1 the kernel of the m-iterated Frobenius Fm in Wn(k) is
given by

Wm
n (k) = ker

(
Fm :Wn(k)→Wn(k); (a0, . . . , an−1) 7→

(
a
pm
o , . . . , a

pm

n−1

)
= (0, . . . ,0)

)
. (9.3.1)

One can show that every finite commutative group scheme over k of local-local type can be
embedded into some (Wm

n (k))⊕s for some positive numbers n,m,s see [60, Proposition 22.5].

Example 9.3.3. By construction Wm
1 (k) � αpm for all m ≥ 1.
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We can define the main structure in this chapter.

Definition 9.3.4. The Dieudonné ring Dk = W (k)[F,V ] is a non commutative ring over W (k)
where F and V are two indeterminates subject to the relations

F ·w = σ (w) ·F, V · σ (w) = w ·V , F ◦V = V ◦F = p

for w ∈W (k) and where w 7→ σ (w) is the Frobenius automorphism of W (k) given by

w = (w0,w1,w2, . . .) 7→ σ (w) = (wp0 ,w
p
1 ,w

p
2 , . . .).

See [46, Chapter 5].

Definition 9.3.5. A Dieudonné module over W (k) is a left Dk-module which is finitely generated
as a W (k)-module.

We can state the two main theorems of this chapter.

Theorem 9.3.6 (Dieudonné-Cartier-Oda). The functor

M :G
∼−−→M

G 7−→M(G) = lim
−→
m,n

Hom(G,Wm
n (k))

defines an anti-equivalence between the category G of finite commutative group schemes over k of
local-local type, to the categoryM of semisimple leftDk-modules of finiteW (k)-length, with nilpotent
F and V , taking a group scheme G of order pn to a module M(G) of W (k)-length n.

Proof. See [60, Theorem 23.2].

Theorem 9.3.7. If G = (Gn)n∈N is a p-divisible group of height h, then

M(G) = lim
←−

M(Gn)

is a left Dk-module which is W (k)-free of rank-h. This gives an anti-equivalence of categories between
p-divisible groups of height h over k and left Dk-module which are W (k)-free of rank-h.

Proof. See [46, page 41].

Proposition 9.3.8. If E is a supersingular elliptic curve over k ⊃ Fp, then its Dieudonné module ME

is as a left Dk-module isomorphic to

ME �Dk/(F +V )Dk . (9.3.2)

It is free and or rank-2 over W (k). See [46, Chapter 5.6].

Remark 9.3.9. There are two different ways to describe Dieudonné modules over W (k). First, as
leftDk-modules as in Definition 9.3.5, and second asW (k)-modulesM, equipped with a σ -linear
map F :M→M and a σ−1-linear map V :M→M, where σ is the Frobenius automorphism of
W (k).
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Remark 9.3.10. If E is a supersingular elliptic curve over k ⊃ Fp, then as a finite commutative
group scheme over k,

M(E[p]) �
Dk

(F +V )Dk
�

M(W 2
2 (k))

(F +V )M(W 2
2 (k))

,

whereby the first consideration is as a left Dk-module, the second as a W (k)-module. See
Proposition 9.5.1.

Definition 9.3.11. For any integer n, we define the Frobenius twist for modules M over W (k) by

M(n) :=W (k)⊗(W (k),σn)M,

where the W (k)-module structure on M(n) is given by w ·m = wσ
−n ·m for all w ∈ W (k) and

m ∈M.

Proposition 9.3.12. As abelian groups M(n) ∼−→M via the map

1⊗m 7→m.

for m ∈M.

Proof. See [11, B.3.2.1].

Proposition 9.3.13. For any p-divisible group or any finite commutative group scheme over k of
local-local type with associated relative Frobenius-and Verschiebung morphisms, the functor M in
Theorem 9.3.6 gives rise to a datum

(M,F :M(1)→M, V :M→M(1))

which satisfies the relations V ◦F = p · idM(1) , F ◦V = p · idM . For any w ∈W (k) and m ∈M we have
wσ ⊗m = 1⊗wm in M(1).

Proof. See [11, B.3].

9.4 Polarized flag type quotients of supersingular Dieudonné
modules

As in the previous section, we denote by k an algebraically closed field of char(k) = p > 0. Let
(A,η) be a polarized supersingular abelian variety of dimension g over k. By the discussion
above, there exists a triple (g,p,E), where g ≥ 2 is a positive integer, where p ≥ 2 is a prime
number and where E is a supersingular elliptic curve over k ⊃ Fp with F2 + p = 0 in End(E),
and an pftq of dimension g over k to (g,p,E) ending on a principally polarized abelian variety
(Y0,η0), such that (Y0,η0) � (E,η). Then, for any p-divisible group A[p∞] over k to A, there exists
free left Dk-modules

M �M(A[p∞]) (9.4.1)

of rank 2g over W (k) representing these groups up to isomorphism. (The same is true after
replacing p-divisible groups by finite commutative group scheme over k of local-local type,
and left Dk-modules of rank 2g over W (k) by finitely generated Dieudonné modules with
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nilpotent F and V ). In this chapter we introduce the theory of the so-called polarized flag
type quotients (pftq’s) of Dieudonné modules over the ring W (k). There is an anti-equivalence
between the category of pftq’s over k (see Definition 9.2.1), which is uniquely determined up
to isomorphism by the polarization ηg−1 on Yg−1 = Eg , to the category of pftq’s of Dieudonné
modules of genus g over W (k) (see Proposition 9.4.9). In this section we describe the following:
We define supersingular, superspecial or supergeneral Dieudonné modules, depending on their
underlying abelian varieties. Then, we introduce the quasi-polarization on the dual Dieudonné
modules.2 Based on their anti-equivalence between the categories in Proposition 9.4.9, the
authors in [46] defined polarized flag type quotient of Dieudonné modules of genus g over W (k).
By their construction, the authors in [46] force an isomorphism between Dieudonné modules
representing the principal polarization on the abelian variety Y0. In other words if we denote
by (M0,Mη0

) = (M(Y0),M(η0)) the Dieudonné modules to the pair (Y0,η0), then Mη0
:Mt

0→M0
is an isomorphism. We follow in this section [46, Chapter 6].

We begin this section with the following definition.

Definition 9.4.1. A Dieudonné module M of genus g over W (k) is called supersingular, su-
perspecial or supergeneral, if M is of the form as in Equation (9.4.1) for some supersingular,
superspecial or supergeneral abelian varieties A of dimension g over k (see Definition 9.1.3).

Remark 9.4.2. By the Dieudonné-Manin classification in Theorem 9.3.6, the category M is
semisimple. In other words, any supersingular Dieudonné module M of genus g ≥ 1 has a
decomposition as a direct sum given by

M �MEg � (ME)⊗g (9.4.2)

with ME as in Equation (9.3.2).

Definition 9.4.3. Let A be an abelian variety of dimension g over k. Let M =M(A[p∞]) be the
Dieudonné module to A of rank 2g over W (k). The dual Dieudonné module of M is given by

Mt = HomW (k)(M,W (k)).

It is free of rank-2g overW (k), andMt �M(At[p∞]). As a Dieudonné module,Mt has a structure
given by

(Fn)(m) = n(Vm)σ , (Vn)(m) = n(Fm)σ
−1

(9.4.3)

for n ∈Mt and m ∈M. See [46, Chapter 5.9].

Any polarization η : A→ At induces an homomorphism between the associated p-divisible
groups of A and the its dual abelian variety At. By contravariant Dieudonné Theory, η induces
a so-called quasi-polarization on the corresponding Dieudonné module which we define below.

Definition 9.4.4. Let M be a supersingular Dieudonné module of genus g over W (k). A quasi-
polarization on M is a non-degenerate alternating bilinear-form

〈,〉 :Mt ×Mt→W (k)

such that 〈F(x), y〉 = 〈x,V (y)〉σ for all x,y ∈Mt. A quasi-polarization is called principal if it is a
perfect pairing.

2The concept of attaching a quasi-polarization on the dual Dieudonné module is based on the contravariant
version of Dieudonné theory.
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Definition 9.4.5. A polarized flag type quotient (pftq) of Dieudonné modules of genus g over
W (k) corresponds to a filtration of quasi-polarized Dieudonné modules

Mg−1 ⊃ . . . ⊃M0

with the following properties:

(i) Mg−1 �
( Dk

(F+V )Dk

)⊕g and Mt
g−1 = Fg−1Mg−1.

(ii) (F,V )Mi ⊂Mi−1 and dimk

(
Mi

Mi−1

)
= i for all i = 1, . . . , g − 1.

(iii) Fi−jV jMi ⊂Mt
i for all i = 1, . . . , g − 1 and j = 0, . . . ,bi/2c.

(iv) Mi =M0 +Fg−1−iMg−1 for all i = 1, . . . , g − 1.

Remark 9.4.6. As a Dieudonné module, Mg−1 is either decomposable or indecomposable. This
condition is related to conditions on the quasi-polarization on Mg−1. We will consider this
separately for the cases g = 2,3 in the next sections. See [46, Chapter 6].

Lemma 9.4.7. For any Dieudonné modules Mi in Definition 9.4.5, the quotients

Mi

Mi−1

are k-vector spaces.

Proof. By part (ii) of the Definition 9.4.5 , the quotients Mi
Mi−1

have a W(k)-module structure

where p = F ◦V acts as 0 on Mi
Mi−1

. Since k = W (k)/(p), there is an action of k on the quotients
Mi
Mi−1

, from which we conclude that the latter are k-vector spaces.

Proposition 9.4.8. Let A be a supersingular abelian variety of dimension g over k and let Mg−1 =
M(A) be its Dieudonné module. For any submodule Mi in the filtration from Defintion 9.4.5, we have

dimk

(
Mi

FMi

)
= g

for 0 ≤ i ≤ g − 1.

Proof. Follows from [23, Proposition 4.4].

We can state the Main Result of this section.

Proposition 9.4.9. There is an anti-equivalence between the category of polarized flag type quotients
over k (see Definition 9.2.1), to the category of polarized flag type quotients of Dieudonné modules of
genus g over W (k) (see Definition 9.4.5).

Proof. See [46, Chapter 7.4].

Definition 9.4.10. We define the a-number of a Dieudonné module M of genus g over W (k) as
the dimension of the k-vector space

a(M) = dimk

(
M

(F,V )M

)
.

See [46, page 30].
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Remark 9.4.11. SinceM is the Dieudonné module of the p-divisible group of an abelian variety
A of dimension g, it is known that a(M) ≤ g.

We will identify in the next two paragraphs pftq’s of Dieudonné modules of genus 2 and 3
over k. For these identifications we have the following correspondence theorem for PID’s. A
proof of this can be found in most linear algebra books, e.g. [62, Theorem 4.7].

Lemma 9.4.12. Let M be an R-module, and let S be a submodule of M. Then there is a bijection
between submodules T of M that contains S and quotient modules T /S ⊆M/S.

9.5 Linear algebra data of supersingular elliptic curves

As in the previous section, we denote by k an algebraically closed field of char(k) = p > 0. For the
rest of this section we fix a supersingular elliptic curve E over k ⊃ Fp with F2 + p = 0 in End(E).
In order to understand the linear-algebraic data to polarized abelian varieties of dimension 2
and 3 over k, we describe in this section these data for the curve E. By Proposition 9.3.8, as a
Dieudonné module

M :=ME �Dk/(F +V )Dk

is free of rank 2 over W (k).

Proposition 9.5.1. As a finite commutative group scheme over k, we have

M(E[p]) �
M(W 2

2 (k))

(F +V )M(W 2
2 (k))

.

Proof. Following [11, B.3] the module M(E[p]) is isomorphic to

M(E[p]) �
M
pM

�
Dk

(p,F +V )Dk
�

Dk
(F +V )Dk

By [60, Proposition 22.2, Lemma 22.3] there exists an embedding E[p] ↪→W 2
2 (k). Applying

the Dieudonné-Cartier-Oda functor M on the truncated Witt group scheme W 2
2 (k) yields a left

Dk-module M(W 2
2 (k)) together with a left-exact sequence

0←
M(W 2

2 (k))

(F +V )M(W 2
2 (k))

←M(W 2
2 (k))

M(F+V )
←−−−−−−−M(W 2

2 (k))

from which we conclude the statement.

There is a basis f1, f2 for M as a W (k)-module such that

Ff1 = f2, Ff2 = p · f1, V f2 = p · f1, V f1 = f2. (9.5.1)

See [46, Chapter 6.1]. Then, the representation matrix for the pairing 〈,〉 in Definition 9.4.4
with respect to the dual basis of Mt is given by

A =
[

0 β
−β 0

]
(9.5.2)

where β ∈W (k), β = pr · ε for some r ∈Z and some units ε ∈W (Fp2)\pW (Fp2) and with βσ = −β.
See [46, Proposition 6.1].
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Lemma 9.5.2. For any genus one quasi-polarized Dieudonné module M there is a W (k)-basis for the
dual Dieudonné module Mt such that the representation matrix for the pairing 〈,〉 corresponding to
this basis is given by the matrix A in Equation (9.5.2).

Proof. If f̃1, f̃2 is a basis for Mt
E and if Ã is the representation matrix for the pairing 〈,〉 with

respect to this basis, then there is a matrix S ∈GL(2,W (k)) such that A = StÃS.

Remark 9.5.3. For the rest of our discussion, we assume always to choose a basis for M as in
Equation (9.5.1), such that the representation matrix for the pairing with respect to the dual
basis is given by the matrix A in Equation (9.5.2). See [46, Chapter 6.1].

9.6 The genus-2 case

As in the previous section, we denote by k an algebraically closed field of char(k) = p > 0. For
the rest of this section we fix a supersingular elliptic curve E over k ⊃ Fp with F2 + p = 0 in
End(E). In this, and in the next section we give an explicit description of the linear-algebraic
data of polarized flag type quotients over k (see Definition 9.2.1), in terms of flag type quotients
of Dieudonné modules of genus g = 2,3 over the ring of Witt vectors W (k). In this section we
restrict to the genus-2 case.

As stated in Section 9.2, the authors in [46] describe a way to construct a sequence of
inseparable isogenies

(Y1 = E2,η1)
%1−−→ (Y0,η0) (9.6.1)

such that η0 is a principal polarization and where a(Y0) = 1,2. By Proposition 9.4.9, the pftq
in Equation 9.6.1 induces an pftq of genus-2 Dieudonné modules over W (k) that makes the
following diagram commute

M1 =M(Y1) M0 =M(Y0)

Mt
1 =M(Y t1) Mt

0 =M(Y t0).

M(%1)

M(η1)

M(%t1)

M(η′0) (9.6.2)

In this section we describe the linear-algebraic data that goes with the diagram in Equation
(9.6.2). As stated in Remark 9.4.6, as a Dieudonné module, M1 is either decomposable or
indecomposable as a W (k)-module. In the former case, M1 decomposes as a direct sum of two
Dieudonné modules of the form

M1
1 ⊕M

2
1 , (9.6.3)

where M i
1 are indecomposable W (k)-modules of rank 2. As genus-1 quasi-polarized Dieudonné

modules,

M1
1 =M(E × {0}), and M2

1 =M({0} ×E).

We will show that in this case the quasi-polarization on M1 is induced only from one of the two
copies of the elliptic curve E in Equation (9.6.1). As we have seen in Definition 9.2.1, there
is a condition on the kernel of the polarization η1, namely that ker(η1) = Y1[F]. We prove in
Theorem 9.6.1, respectively in Proposition 9.6.3, together with the Remark 9.6.4 that in the
genus-2 case this condition is equivalent for M1 beeing indecomposable as a W (k)-module. In
other words, M1 is not a direct sum of two genus-1 quasi-polarized Dieudonné modules as in
Equation (9.6.3).
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The Dieudonné module M1 =M(Y1)

Theorem 9.6.1. Let (Y1 = E2,η1) be a polarized abelian surface over k with the restriction on the
polarization as in Definition 9.2.1, and satisfying the condition ker(η1) = Y1[F]. There is aW (k)-basis
f1, f2, f3, f4 for M1 such that

Ff1 = f2, Ff2 = pf1, Ff3 = f4, Ff4 = pf3,

V f1 = f2, V f2 = pf1, V f3 = f4, V f4 = pf3,
(9.6.4)

and such that the representation matrix for the pairing 〈,〉 in Definition 9.4.4 with respect to the dual
basis f ∗i for Mt

1 is given by

A =


0 0 −p 0
0 0 0 −1
p 0 0 0
0 1 0 0

 .
Proof. The basis fi for M1 with the properties in Equation (9.6.4) is given by [46, Proposition
6.1.ii].

On Dieudonné side the condition ker(η1) = Y1[F] is equivalent to

im(M(η1) :Mt
1→M1) = im(F :M(p)

1 →M1). (9.6.5)

Let e1, e3, e3, e4 be the basis for M(p)
1 corresponding to the basis fi of M1 as in the statement of

Proposition 9.3.12. From the bijection in Proposition 9.3.12, we get that

Fei = F(1⊗ fi) = Ffi (9.6.6)

for all i = 1, . . . ,4. Then im(F :M(p)
1 →M1) = 〈pf1, f2,pf3, f4〉.

Let A be the representation matrix for 〈,〉 with respect to the dual basis f ∗i of Mt
1. By the

relations in Equation (9.4.3), for the induced linear map M(η1), we get the following relations

(M(η1))(f ∗1 ) = pf3, (M(η1))(f ∗2 ) = f4, (M(η1))(f ∗3 ) = −pf1, (M(η1))(f ∗4 ) = −f2,

from which we conclude the equality in Equation (9.6.5). This shows our claim.

Remark 9.6.2. We stated in Equation (9.6.6) an equality, which we should explain. In the first

interpretation F : M(p)
1 →M1 is a linear map, where in the last interpretation, F : Mt

i →M1
is a p-linear map. The condition on the kernel of the polarization η1 induces an equality on
the images of the maps in Equation (9.6.5). Since their images is uniquely determined by the
images of their generators, we will do this identification in the further course of this chapter,
without mentioning it explicitly.

Proposition 9.6.3. We have M(ker(η1)) � k2 and ker(η1) � α2
p .

Proof. By Theorem 9.6.1, the image of M(η1) is generated by −pf1,−f2,pf3, f4. It follows that

M(ker(η1)) �
M

im(M(η1))
=

〈f1, f2, f3, f4〉
〈−pf1,−f2,pf3, f4〉

� 〈[f1], [f3]〉,

and 〈[f1], [f3]〉 ⊂M1/pM1. The first claim follows from the identification k � W (k)
(p) . The second

claim follows immediately from the fact that F,V act trivially on both equivalence classes.
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Remark 9.6.4. With the setup as in Theorem 9.6.1 we get that: If M1 is decomposable as a
W (k)-module, then M1 �M

1
1 ⊕M

2
1 (see Equation 9.6.3) where the M i

1 are simple rank-2 W (k)-
modules. As in the proof of Theorem 9.6.1, the representation matrix for the pairing 〈,〉 with
respect to the dual basis f ∗i of Mt

1, is in this case given by

A =


0 1 0 0
−1 0 0 0
0 0 0 p
0 0 −p 0

 .
(See also [46, Proposition 6.1.i].) Then, in this case we can see that im(M(η1)) = 〈f1,−f2,pf3,−pf4〉.
It follows that

M(ker(η1)) �
M1

〈f1,−f2,pf3,−pf4〉
� 〈[f3], [f4]〉,

and 〈[f3], [f4]〉 ⊂M1/pM1. The action of F,V on M(ker(η1)) is non-trivial in this case since

F[f3] = [f4], F[f4] = [pf3] ≡ 0 (mod p), V [f3] = [f4], V [f4] = [pf3] ≡ 0 (mod p).

This shows that in the decomposable genus 2-case, ker(η1) � α2
p . In other words we can see that

in this case ker(η1) , Y1[F]. In this case we have

ker(η1) ' ({0} ×E)[p],

where E is the second copy of Y1.

Lemma 9.6.5. For any pftq of Dieudonné modules of genus 2 over W (k) there is an equivalent
condition between ker(η1) = Y1[F] and the indecomposability condition of the Dieudonné module
M1 =M(Y1).

Proof. Follows from Theorem 9.6.1, respectively from Remark 9.6.4.

Remark 9.6.6. For the rest of this chapter we assume thatM1 is indecomposable as a Dieudonné
module, which after Theorem 9.6.1 is equivalent to the condition ker(η1) = Y1[F]. Following
[46, Corollary on page 36], the latter condition is equivalent to the existence of an isomorphism
ϕ : M1

∼−→ FMt
1 induced by "the" quasi-polarization η1 on M1. We will not prove the last

equivalence here.

Lemma 9.6.7. IfM1 is indecomposable then (F,V )M1 is as aW (k)-module generated by pf1, f2,pf3, f4.

Proof. Clear from the relations in the Equation (9.6.4).

The a-number a(M1)

We can explicitly compute the a-number a(M1). By Remark 9.4.11, we know that a(Mi) ≤ g for
all 0 ≤ i ≤ g − 1.

Proposition 9.6.8. Let M1 ⊃M0 be a genus 2 pftq. Then we have
M1

(F,V )M1
� k2.
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Proof. Using the above identifications, we get that

M1

(F,V )M1
�

(
Dk/Dk(F +V )

(F,V ) (Dk/Dk(F +V ))

)⊕2

�

(
Dk

Dk(F,V )

)⊕2

�M(αp)⊕2 .

Since M1/(F,V )M1 is a torsion Dk-module of length 2, with the classification of modules over
PID, we get that M(αp)⊕2 � (W (k)/(p))⊕2 � k2 which proves the statement.

Corollary 9.6.9. We get that a(M1) = 2.

Proof. Clear from Proposition 9.6.8 and from Definition 9.4.10.

Corollary 9.6.10. There is an isomorphism of k-vector spaces M1
(F,V )M1

∼−→ k2, given by

[f1] 7→
[
1
0

]
, [f3] 7→

[
0
1

]
.

Proof. Follows from Proposition 9.6.8.

In order to determine dimensions of the relevant k-spaces corresponding to quotients of
Dieudonné modules we prove the following lemma.

Lemma 9.6.11. The map τ : M0
(F,V )M1

→ M1
M0

, given by

[m] 7→ [M(%1)(m)] (9.6.7)

is the zero map on M1/M0, where M(%1) :M0→M1 is the embedding in Diagram (9.6.2).

Proof. We note first that τ is well-defined. Take any [m] ∈ M0

(F,V )M1
and take representatives

s, t ∈ [m] of the form s = u + (F,V )v and t = u + (F,V )w for u ∈ M0 and v,w ∈ M1. Then
τ(s) = τ(t) = u since (F,V )M1 ⊂M0. But

τ([m]) = [M(%1)(m)] = [m] = 0

for all [m] ∈ M0

(F,V )M1
since M(%1) is an embedding and since we are quotiening out by all of

M0. With other words imτ =
M0

M0
⊂ M1

M0
.

Proposition 9.6.12. There is a short exact sequence of k-vector spaces

0→ M0

(F,V )M1

ι−−→ M1

(F,V )M1

π−−→ M1

M0
→ 0

with τ = π ◦ ι as in Lemma 9.6.11.

Proof. The injection ι follows from chain of inclusions (F,V )M1 ⊂M0 ⊂M1. The surjection π

and that kerπ = im ι =
M0

(F,V )M1
follow from Equation (9.6.7). Then by construction τ = π◦ι.

Corollary 9.6.13. We get that
M1

M0
�
M1/(F,V )M1

M0/(F,V )M1
and

dimk

(
M0

(F,V )M1

)
= dimk

(
M1

M0

)
= 1, dimk

(
M1

(F,V )M1

)
= 2.

Proof. The first statement follows from the third isomorphism theorem for modules, whereas
the second statement follows from Lemma 9.6.11, respectively from Proposition 9.6.12.
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The Dieudonné module M0 =M(Y0)

In this section we fix an pftq of dimension 2 over k as in Equation (9.6.1), given by

(Y1 = E2,η1)
%1−−→ (Y0,η0).

One of the main results in this chapter is given by the following theorem. The theory so far
describes the isogeny

%1 : Y1→ Y0

in terms of Dieudonné modules M0, which we can describe more precisely as follows:

Theorem 9.6.14. Let k be a algebraically closed field of char(k) = p > 0. Let E be a supersingular
elliptic curve over k ⊃ Fp. Then, for any pftq of Dieudonné modules of genus 2 over W (k) there is an
equivalence between left Dk-modules M0 such that M1 ⊃M0 is a pftq, and points in P1

k .

Proof. After Corollary 9.6.10, as a k-vector space
M1

(F,V )M1
� 〈[f1], [f3]〉. By Corollary 9.6.13, as

a one-dimensional k-vector space

M0

(F,V )M1
� 〈α[f1] + β[f3]〉,

where α,β ∈ k both non-zero. In other words, the point [α,β] ∈ P1
k uniquely determines the

k-vector space. Then, by Theorem 9.4.12 as a rank-4 W (k)-module

M0 = 〈αf1 + βf3,pf1, f2,pf3, f4〉,

where α,β ∈W (k) of the form α = (α,0, . . .),β = (β,0, . . .), and where pf1, f2,pf3, f4 is a basis for
(F,V )M1 ⊂M0 as in Proposition 9.6.7.

In order to prove the opposite direction of the statement, we need to describe explicitly the
matrix representation of the pairing 〈,〉 on M0 induced by the pairing 〈,〉 on M1.

Some explicit bases for M0 =M(Y0)

In order to finish the proof of Theorem 9.6.14, we give an explicit description of the relevant
linear-algebraic data on M0, depending on some explicit bases.

Proposition 9.6.15. Let [α : β] ∈ P1
k , such that M0 is generated as a W (k)-module of rank 4 by

〈αf1 + βf3,pf1, f2,pf3, f4〉 (9.6.8)

and where pf1, f2,pf3, f4 is a W (k)-basis of (F,V )M1. Depending on α , 0 (β , 0, respectively) there
are W (k)-bases for M0 given by:

if α , 0 : αf1 + βf3, f2,pf3, f4,

if β , 0 : αf1 + βf3,pf1, f2, f4.
(9.6.9)

Proof. We have seen that the statement holds modulo (F,V )M1. Since M0 is a W (k)-module of
rank 4, it is enough to show that in the first case pf1, and in the second case pf3 are representable
by a linear combination in the set of elements in Equation (9.6.9) with coefficients in W (k).
We have pf1 = α−1(p · (αf1 + βf3) − β · pf3), pf3 = β−1(p · (αf1 + βf3) − α · pf1) which shows the
claim.
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Remark 9.6.16. The element α ∈W (k) is the so-called Teichmüller lift of k→W (k), given by

x 7→ x := (x,0,0, ...).

Notation 9.6.17. For the rest of this section, we denote by Bα = (αf1 + βf3, f2,pf3, f4), for α , 0
and by Bβ = (αf1 + βf3,pf1, f2, f4), for β , 0, the W (k)-bases of M0 in Proposition 9.6.15.

Corollary 9.6.18. For the bases Bα ,Bβ in Notation 9.6.17, the matrix representations for F = F|M1

and V = V |M1
with respect to these bases are given by

F =


0 pα−1 0 0
ασ 0 0 0
0 −βα−1 0 1
βσ 0 p 0

 , V =


0 p(α−1)σ 0 0
α 0 0 0
0 −(β/α)σ 0 1
β 0 p 0

 ,
respectively

F =


0 0 0 pβ−1

0 0 1 αβ−1

ασ p 0 0
βσ 0 0 0

 , V =


0 0 0 p(β−1)σ

0 0 1 −(α/β)σ

−α p 0 0
β 0 0 0

 .
Proof. We prove this only for the basis Bα i.e. for the case where α , 0. The second case is similar.

Let e1, e2, e3, e4 be the basis of M(p)
0 corresponding to the chosen basis, via the correspondence in

Proposition 9.3.12. Then, by the bijection in the same Proposition, the relations in Theorem
9.6.1 and in Proposition 9.6.15, we get that

Fe1 = F(1⊗ (αf1 + βf3)) = ασ f2 + βσ f4,

Fe2 = F(1⊗ f2) = pf1 = α−1p · (αf1 + βf3)−α−1β · pf3,

Fe3 = F(1⊗ pf3) = p · f4,
Fe4 = F(1⊗ f4) = 1 · pf3.

which shows the matrix representation for F. In order to prove the matrix representation for V
with respect to this basis, we notice the following: After identifying M0 ↪→M1 by the linear
map M(%1) in the Diagram 9.6.2 which is induced by the identity, F and V are restrictions of

linear maps F|M0
: M(p)

1 →M1 and V |M0
: M1→M

(p)
1 . Therefore to check the matrix for V we

just need to use relation [p] = FV = VF, which shows the claim.

Proposition 9.6.19. We have that M(ker(F|M0
)) � k2 and ker(F|M0

) � α2
p .

Proof. By contravariant Dieudonné theory, the module M(ker(F|M0
)) is determined by the

following exact sequence:

0←M(ker(F|M0
))←M0

M(F|M0 )
←−−−−−−−M(p)

0 ← 0.

It is enough to prove the claim for a single basis of M0 in Equation (9.6.9) and we choose the
first. In this case, we get that

M(ker(F|M0
)) �

M0

im(M(F|M0
))

=
〈αf1 + βf3, f2,pf3, f4〉

〈ασ f2 + βσ f4,pf1,pf4,pf3〉
.
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Since k is of characteristic p > 0 and α , 0 in k, then α = (α,0, . . .) is a unit in W (k) and we may
assume that α = (1,0, . . .). Then we get

M(ker(F|M0
)) �

〈f1 + βf3, f2,pf3, f4〉
〈f2 + βσ f4,pf1,pf4,pf3〉

�
〈f1 + βf3, f4〉
〈pf1,pf3,pf4〉

� 〈[f1 + βf3], [f4]〉 � (W (k)/(p))⊕2 � k2.

An explicit isomorphism M(ker(F|M0
))
∼−→ k2 is given by

1
0
β
0

 7→
[
1
0

]
,


0
0
0
1

 7→
[
0
1

]
, and


x
0
β
y

← [
[
x
y

]
.

Since F,V are acting trivial on M(ker(F|M0
)), this shows the second claim.

The a-numbers a(M0)

We have seen in Theorem 9.6.14 that, in the "language" of Dieudonné modules, any choice
of isogeny %1 : Y1→ Y0 with ker(%1) � αp is equivalent to the choice of a point in [α : β] ∈ P1

k .
It describes uniquely the Dieudonné module M0. Theorem 9.6.20 (Corollary 9.6.21, more
precisely) describe, depending on the coordinates of the point [α : β] the a-number a(M0) =
a(M(Y0)), which by contravariant Dieudonné theory is identical with the a-number of the
supersingular abelian variety Y0 of dimension 2 over k.

Theorem 9.6.20. For any of the bases Bα ,Bβ in Notation 9.6.17, we get that

M0

(F,V )M0
� kε,

and where, up to permutation of α and β

ε =

2, if and only if α ∈ F ×p , β ∈ Fp2 ,

1, if and only if α ∈ F ×p , β < Fp2 .

Proof. By a similar computation as in Proposition 9.6.19, we get that

M0

(F,V )M0
=

〈αf1 + βf3, f2,pf3, f4〉

〈ασ f2 + βσ f4,ασ
−1f2 + βσ

−1
f4,pf1,pf4,pf3〉

.

Since the dimension of any k-vector space is independent of the chosen basis, we prove this for
the basis Bα. In comparison to Proposition 9.6.19, we get the extra condition ασ

−1
f2 +βσ

−1
f4 = 0

from the Verschiebungsoperator V . Since α , 0 we set w.l.o.g. α = (1,0, . . .). Simplifying the first
two conditions in the denominator and writing them down in a matrix form yields a system of
linear equations 1 βσ 0

0 (βσ − βσ−1
) 0
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with rank equal to 1, if and only if βσ
2

= β, and where the latter condition is equivalent to

βp
2 ≡ β (mod p). In other words, the latter congruence is true if and only if β ∈ Fp2 . In this case

we get that

M0

(F,V )M0
=

〈f1 + βf3, f2,pf3, f4〉

〈f2 + βσ f4, f2 + βσ
−1
f4,pf1,pf4,pf3〉

�
〈f1 + βf3, f2,pf3, f4〉
〈f2 + βσ f4,pf1,pf4,pf3〉

�
〈f1 + βf3, f2 + βσ f4,pf3, f4〉
〈f2 + βσ f4,pf1,pf4,pf3〉

�
〈f1 + βf3, f4〉
〈pf1,pf3,pf4〉

� 〈[f1 + βf3], [f4]〉

� k2,

and where 〈[f1 + βf3], [f4]〉 �M(ker(F|M0
)), as we proved in Proposition 9.6.19.

In the case where the rank of the matrix above is 2, in other words when β ∈ k\Fp2 we get
that

M0

(F,V )M0
� 〈[f1 + βf3]〉 � k,

which shows the claim.

Corollary 9.6.21. With the same notation as at the beginning of this section we get that, up to
permutation of α and β,

a(M0) =

1, if and only if β/α ∈ Fp2 ,

2, if and only if β/α < Fp2 .

Proof. Follows from Theorem 9.6.20 and from Definition 9.4.10, respectively.

Lemma 9.6.22. For any of the bases Bα ,Bβ in Notation 9.6.17, the matrix representation for
M(%1) :M0→M1 with respect to these bases are given by

α 0 0 0
0 1 0 0
β 0 p 0
0 0 0 1



α p 0 0
0 0 1 0
β 0 0 0
0 0 0 1

 ,
respectively.

Proof. Follows immediately from the exact sequence 0←M(ker(%1))←M1
M(%1)
←−−−−−M0← 0.

Corollary 9.6.23. The inverse of AM(%1) ∈Mat4(W (k)[1/p]) are given by
α−1 0 0 0

0 1 0 0
−β(αp)−1 0 p−1 0

0 0 0 1




0 0 β−1 0
p−1 0 −α(pβ)−1 0
0 1 0 0
0 0 0 1

 ,
respectively.
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Proof. A straightforward computation.

Lemma 9.6.24. With the notation as in Lemma 9.6.22, we have that M(ker(%1)) � k and ker(%1) �
αp.

Proof. By the exact sequence in Lemma 9.6.22 and the matrix representations for AM(%1) with
respect to the basis Bα, we get that

M(ker(%1)) �
M1

im(M(%1))
=

〈f1, f2, f3, f4〉
〈αf1 + βf3, f2,pf3, f4〉

.

Since k is a field of characteristic p > 0 and α , 0 in k, α = (α,0, . . .) is a unit in W (k) and we may
assume that α = (1,0, . . .). Then we have

M(ker(%1)) �
〈f1, f2, f3, f4〉

〈f1 + βf3, f2,pf3, f4〉
�
〈f1 + βf3, f2, f3, f4〉
〈f1 + βf3, f2,pf3, f4〉

� 〈[f3]〉 �W (k)/(p) � k.

Once can see that F and V are acting trivial on M(ker(%1)) since f4 is already in im(M(%1)). This
proves the claim.

Proposition 9.6.25. For any of the bases Bα ,Bβ in Notation 9.6.17, the matrix representation
AM(η0) ∈Mat4(W (k)) for the pairing on M0, induced by the pairing on M1 and with respect to the
dual bases for Mt

0, these are given by
0 0 −α−1 0
0 0 0 −1
α−1 0 0 0

0 1 0 0

 ,


0 β−1 0 0
−β−1 0 0 0

0 0 0 −1
0 0 1 0

 ,
respectively.

Proof. A straightforward computation using AM(%1) = A in Theorem 9.6.1 and the matrices
AM(%1) in Lemma 9.6.22, and Corollary 9.6.23, and the relation

AM(η0) = A−1
M(%1)AM(η1)(A

−1
M(%1))

t .

After the identification of the for us relevant linear-algebraic data for the pftq of Dieudonné
modules of genus 2 over W (k), we can finish the proof of Theorem 9.6.14.

Proof. [Proof of Theorem 9.6.14.]
Let f1, . . . , f4 be a W (k)-basis for M1 as in Theorem 9.6.1 and let [x : y] ∈ P1

k . By following the
proof of Theorem 9.6.14 we construct a W (k)-module of rank 4, M̃0 generated by

xf1 + yf2,pf1, f2,pf3, f4

such that (F,V )M1 ⊂ M̃0 ⊂ M1. Then by the discussion above, and since M1 is a polarized
Dieudonné module, the pairing 〈〉 on Mt

1 induced by M1 induces a perfect pairing 〈〉M̃t
0

:= 〈〉|M̃t
0

on M̃t
0. Depending on the values x , 0 or y , 0, the matrix representations of the pairing 〈〉M̃t

0

with respect to some bases of M̃t
0 is similar to the one in Proposition 9.6.25. This shows the

claim.
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As stated at the beginning of this section, any choice of an isogeny %1 : Y1 → Y0 with
ker(%1) � αp is equivalent to the choice of a point in P1

k uniquely identifying the Dieudonné
module M0.

Proposition 9.6.26. There is a bijection between the set of isogenies {%1 : Y1 → Y0} in Equation
(9.6.1) modulo equivalence and points in P1

k .

Proof. By construction, Y0 is given by the projection Y1/ ker(%1) for an isogeny %1 modulo
equivalence (see Definition 9.1.3). If M0 is the Dieudonné module to Y0 � Y1/ ker%1, then by
Theorem 9.6.14 the module M0 is as a W (k)-module uniquely identified by a point [α : β] in P1

k .
On the other hand any submodule M̃ with the property that (F,V )M1 ⊂ M̃ ⊂M1 corresponds

to an isogeny class [%̃], depending on a point [x : y] ∈ P1
k , which uniquely identifies M̃ and

where M̃0 =M(Y1/ ker(%̃)).

Lemma 9.6.27. Let (Y1 = E2,η1)
%1−−→ (Y0,η0) be a pftq of dimension 2 over k with respect to the

polarization η1, and where ker(η1) = Y1[F]. Then η0 : Y0→ Y t0 is a principal polarization.

Proof. By Definition 9.2.1 we have deg(η1) = deg(%1)2 deg(η0). The claim follows from Proposi-
tion 9.6.3 and Lemma 9.6.24.

The supersingular locus S2,1

As in the previous section, we denote by k an algebraically closed field of char(k) = p > 0. For the
rest of this section we fix a supersingular elliptic curve E over k ⊃ Fp with F2 + p = 0 in End(E).
In the previous sections we investigate the linear-algebraic data of tftq’s of dimension 2 over k
in terms of Dieudonné modules. In this section we briefly consider the so-called supersingular
locus. We give some relations between our explicit calculations in the previous sections the
latter space.

Let Y1 = E2 be a supersingular abelian surface over k. By following [46], we denote by Λ the
set of equivalence classes of polarizations

Λ =
{
[η] : η : Y1→ Y t1 , ker(η) = Y1[F]

}
/ ∼

where [η] ∼ [η′] if there is an ϕ ∈ Autk(Y1) such that η′ = ϕt ◦ η ◦ϕ.

Remark 9.6.28. By the discussions above, the conditions on the ker(η) in the definition of Λ
correspond to: By Lemma 9.6.4, this condition is equivalent to

ker(η) � ({0} ×E)[p] or ker(η) � (E × {0})[p].

As we noticed in Lemma 9.6.5, the condition on ker(η) is on the Dieudonné "site" equivalent to
M1 =M(Y1) ,M1

1 ⊕M
2
1 as a W (k)-module and where the M i

1 are simple rank-2 W (k)-modules.

There is a deep relationship between the endomorphism algebra of the supersingular elliptic
curve E and the cardinality of the set Λ. We briefly describe it. Let B = Qp,∞ be the definite
quaternion Q-algebra in Definition 9.1.2, ramified only at (p,∞). By [46, Chapters 4 and 9], the
set of equivalence classes of polarizations Λ is finite. Its cardinality is given by

#Λ =H2(1,p),

where H2(1,p) corresponds to the class number of the non-principal genus of positive definite
quaternion hermitian space of dimension 2 over B (for the definition, see [35, 30]).
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Using the formula in [46, page 56], we get for primes up to 60 the values of the class number
H2(1,p) which are given by the following table 3:

p 2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59
H2(1,p) 1 1 1 1 1 2 2 2 2 3 3 5 4 5 4 6 5

Table 9.1: H2(1,p)-values for primes p < 60.

Definition 9.6.29. For any equivalence class of polarizations [η] ∈Λ, we define by P ′2,η the rigid
moduli space of principally polarized flag type quotients of dimension 2 over Fp2 with respect to η.
We define by S2,1 the moduli space of supersingular principally polarized abelian surfaces over k. It
is the supersingular locus in the coarse moduli A2 of principally polarized abelian surfaces (see
[46, Page 15]).

Remark 9.6.30. For general g, the authors in [46, Chapter 3] introduce Pg,η as the moduli space
of principally polarized flag type quotients of dimension g over Fp2 , with the property that
P ′g,η ⊆ Pg,η for any g. In the genus 2, the spaces P ′g,η = Pg,η , and we will consider for the rest of
this chapter only the first space. See also Remark 9.2.2.

There is a quasi-finite and surjective morphism defined over Fp2 , given by

Ψ :
∐

[η]∈Λ
P ′2,η →S2,1

(Y1
%1−−→ Y0) 7→ (Y0,η0).

See [46, page 24]. By following [46, Corollary 4.4, ] we get the following properties for P ′2,η :

(i) It is non-singular, geometrically integral of dimension 1.

(ii) The generic fibre of Y0 over P ′2,η is supergeneral.

By contravariant Dieudonné theory, and the explicit computations in the previous sections
of this chapter, we could convince ourselves that P ′2,η � P

1
k by proving Theorem 9.6.14 (see also

here [46, Chapter 9.2]). Further we could explicitly determine in Corollary 9.6.21 the points in
P

1
k such that M0 =M(Y0) is supergeneral.

Remark 9.6.31. Recently Andreas Pieper described an algorithmic construction of the image of
P ′2,η in S2,1 under Ψ . See [58].

3The random prime numbers p < 60 is due to the available space.
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9.7 The genus-3 case

As in the previous section, we denote by k an algebraically closed field of char(k) = p > 0. For
the rest of this section we fix a supersingular elliptic curve E over k ⊃ Fp with F2 + p = 0 in
End(E). As stated in Section 9.2, the authors in [46] describe a way to construct a sequence of
inseparable isogenies

(Y2 = E3,η2)
%2−−→ (Y1,η1)

%1−−→ (Y0,η0) (9.7.1)

such that η0 is a principal polarization and where a(Y0) = 1,2,3. The sequence in Equation 9.7.1
is equivalent to the following commutative diagram

Y2 Y1 Y0

Y t2 Y t1 Y t0

η2

%2

η1

%1

η′0
%t2 %t1

(9.7.2)

By Proposition 9.4.9 it induces an pftq of Dieudonné modules genus 3 over W (k), given by

M2 M1 M0

Mt
2 Mt

1 Mt
0.

M(%2) M(%1)

M(η2)

M(%t2)

M(η1)

M(%t1)

M(η′0) (9.7.3)

In this chapter we describe the linear-algebraic data according to the Diagram in Equation
(9.7.3).

Remark 9.7.1. By [46, Chapter 6.1], the module M2 is as a module over W (k) of rank 6 decom-
posable, as

M1
2 ⊕M

2
2 ⊕M

3
2 , (9.7.4)

and where M i
2 are indecomposable W (k)-modules of rank 2. One may prove rigorous, that in

genus 3 the decomposable condition of M2 is equivalent to the condition that ker(η2) = Y2[F2].
We will not prove this at this point.

By the construction of the pftq of Dieudonné modules in Equation (9.7.3), and by Definition
9.4.5, there are module chains

M0 ⊂M1 ⊂M2, (F,V )M2 ⊂M1 ⊂M2, (F,V )M1 ⊂M0 ⊂M1. (9.7.5)

In the following we use the diagram construction in Equation (9.7.3), as well as the informations
encoded in the module chains in Equation (9.7.5), to identify the whole linear-algebraic data to
the pftq in Equation (9.7.1).

The Dieudonné module M2 =M(Y2)

We begin our identification with the left square in diagram (9.7.3).
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Theorem 9.7.2. Let (Y2 = E3,η2) be a polarized abelian threefold over k with the restriction on the
polarization (see Definition 9.2.1), given by ker(η2) = Y2[F2]. There is a W (k)-basis f1, . . . , f6 for M2
such that

Ff1 = f2, Ff2 = pf1, Ff3 = f4, Ff4 = pf3, Ff5 = f6, Ff6 = pf5,

V f1 = f2, V f2 = pf1, V f3 = f4, V f4 = pf3, V f5 = f6, V f6 = pf5.
(9.7.6)

The representation matrix for the pairing 〈,〉 in Definition 9.4.4 with respect to the dual basis f ∗i for
Mt

2 is given by

A =



0 p 0 0 0 0
−p 0 0 0 0 0
0 0 0 p 0 0
0 0 −p 0 0 0
0 0 0 0 0 p
0 0 0 0 −p 0


. (9.7.7)

Proof. The condition ker(η2) = Y2[F2] is on Dieudonné side equivalent to 4

im(M(η2) :Mt
2→M2) = im(F2 :M(p2)

2 →M2). (9.7.8)

Let e1, . . . , e6 be the basis for M(p2) corresponding to the basis fi of M2 as in the statement of
Proposition 9.3.12. Then we get

F2e1 = F(F(1⊗ f1)) = F(f2) = pf1, F2e2 = F(F(1⊗ f2)) = pF(f1) = pf2,

F2e3 = F(F(1⊗ f3)) = F(f4) = pf3, F2e4 = F(F(1⊗ f4)) = pF(f3) = pf4,

F2e5 = F(F(1⊗ f5)) = F(f6) = pf5, F2e6 = F(F(1⊗ f6)) = pF(f5) = pf6.

Then im(F2 :M(p2)→M) is generated by pf1, . . . ,pf6.
If A is the representation matrix for 〈,〉with respect to the dual basis f ∗i , then for the induced

linear p-map M(η2), we get

(M(η2))(f ∗1 ) = −pf2, (M(η2))(f ∗2 ) = pf1, (M(η2))(f ∗3 ) = −pf4,
(M(η2))(f ∗4 ) = pf3, (M(η2))(f ∗5 ) = −pf6, (M(η2))(f ∗6 ) = pf5

from which we conclude the equality in Equation (9.7.8). This shows our claim.

Proposition 9.7.3. We have M(ker(η2)) � k6, and ker(η2) � Y2[p].

Proof. By Theorem 9.7.2 the image of M(η2) is generated by pf1,−pf2,pf3,−pf4,pf5,−pf6. Then

M(ker(η2)) �
M2

im(M(η2))
=

〈f1, f2, f3, f4, f5, f6〉
〈pf1,−pf2,pf3,−pf4,pf5,−pf6〉

� 〈[f1], . . . , [f6]〉.

Since p acts as zero on the quotient space and by the isomorphism k �W (k)/(p) this shows the
first claim.

In order to prove the second claim, we observe that the action of F and V on M(ker(η2)) is
non-trivial and induced by Equation (9.7.6). Since im(M(η2)) corresponds to the multiplication
by p together with a flipping of the generators of any of the indecomposable modules of M2 in
Equation 9.7.4, this shows the second claim.

4In the following, we use the same arguments related to the next equality and its interpretation as in Remark
9.6.2.
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Proposition 9.7.4. The module (F,V )M2 is as a W (k)-module rank 6 generated by

pf1, f2,pf3, f4,pf5, f6.

Proof. Follows from the relations in Equation 9.7.6.

The a-number, a(M2)

Proposition 9.7.5. Let M2 ⊃M1 ⊃M0 be a genus 3 pftq. Then we have
M2

(F,V )M2
� k3.

Proof. By using the same arguments as in the proof of Proposition 9.6.8, we get that

M2

(F,V )M2
�

(
Dk/Dk(F +V )

(F,V ) (Dk/Dk(F +V ))

)⊕3

�

(
Dk

Dk(F,V )

)⊕3

�M(αp)⊕3 .

Using the fact that
M2

(F,V )M2
is a torsion Dk-module of length 3 together with the classification

of modules over PID’s, we get M(αp)⊕3 �

(
W (k)

(p)

)⊕3

� k3 which proves the statement.

Corollary 9.7.6. As a k-vector space

M2

(F,V )M2
� 〈[f1], [f3], [f5]〉,

and there is an isomorphism of k-vector spaces M2
(F,V )M2

∼−→ k3, given by

[f1] 7→


1
0
0

 , [f3] 7→


0
1
0

 , [f5] 7→


0
0
1

 .
Proof. The proof of the first statement is a straightforward calculation given by

M2

(F,V )M2
=
〈f1, f2, f3, f4, f5, f6〉
〈f2,pf1, f3,pf4, f5,pf6〉

� 〈[f1], [f3], [f5]〉.

The second statement follows immediately.

Corollary 9.7.7. We have a(M2) = 3.

Proof. Clear from Definition 9.4.10 and Corollary 9.7.6.

Our next step is the explicit description of the Dieudonné moduleM1 =M(Y1), where by the
construction (see Equation 9.7.1), Y1 � Y2/ ker(%2) and ker(%2) � α2

p . Let (F,V )M2 ⊂M1 ⊂M2 be
the second Dieudonné module chain in Equation (9.7.5) (see Definition 9.4.5). This induces
quotient modules of the form

0 ⊂ M1

(F,V )M2
⊂ M2

(F,V )M2
.

In order to determine dimensions of the k-spaces corresponding to these quotients, we prove
the following lemma and proposition.
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Lemma 9.7.8. The map τ :
M1

(F,V )M2
→ M2

M1
, given by

[m] 7→ [M(%2)(m)]

is the zero map on the quotient
M2

M1
.

Proof. Use the same arguments as in Lemma 9.6.11 after replacing by the corresponding
quotients.

Proposition 9.7.9. There is a short exact sequence of k-vector spaces

0→ M1

(F,V )M2

ι−−→ M2

(F,V )M2

π−−→ M2

M1
→ 0

with τ = π ◦ ι in Lemma 9.7.8.

Proof. Use the same arguments as in Proposition 9.6.12 after replacing by the corresponding
quotients.

Corollary 9.7.10. We get that
M2

M1
�
M2/(F,V )M2

M1/(F,V )M2
and

dimk

(
M1

(F,V )M2

)
= 1, dimk

(
M2

M1

)
= 2.

Proof. The first statement follows from the third Isomorphism theorem of modules, whereas
the second statement follows from Proposition 9.7.9 and Lemma 9.7.25.

The Dieudonné module M1 =M(Y1)

Proposition 9.7.11. As a W (k)-module of rank 6, M1 is generated by

αf1 + βf3 +γf5,pf1, f2,pf3, f4,pf5, f6. (9.7.9)

Proof. As a k-vector space
M2

(F,V )M2
� 〈[f1], [f3], [f5]〉 (see Corollary 9.7.6). As a one-dimensional

k-vector space (see Corollary 9.7.31)

M1

(F,V )M2
� 〈α[f1] + β[f3] +γ[f5]〉

where α,β,γ ∈ k all three nonzero. In other words [α : β : γ] ∈ P2
k . Then α = (α,0, . . .),β =

(β,0, . . .),γ = (γ,0, . . .) are elements in W (k).
In order to compute generators for M1 we use the fact that (F,V )M2 ⊂M1 (see Equation

(9.7.5)). This guarantees that the basis pf1, f2,pf3, f4,pf5, f6 of (F,V )M2 can be extended to a
generating system of M1. Together with these generators and the pull-back of the generator of
M1

(F,V )M2
(see Lemma 9.4.12) shows the claim.
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The descending condition on η1 and points on the Fermat curve V

Let

(Y2 = E3,η2)
%2−−→ (Y1,η1)

be the first part of the 3-dimensional pftq over k from the sequence in Equation (9.7.1). By
Definition 9.2.1, in order to guarantee a descending of the polarizations ηi , such that η0 is a
principal polarization, there is a condition on η1 given by ker(η1) ⊂ Y1[F]. In this section, we
show in Theorem 9.7.13 that the latter condition on η1 is equivalent to a point P = [α : β : γ] ∈ P2

k ,
such that P is a point on the Fermat curve

V := Z(Xp+1 +Y p+1 +Zp+1) ⊂ P2
k . (9.7.10)

Further we show in Corollary 9.7.14 and Proposition 9.7.15, that any P ∈ V uniquely identifies
a Dieudonné module M̃ up to isomorphism, such that

(F,V )M2 ⊂ M̃ ⊂M2

and such that M̃ =M(Y2/ ker(%̃)), where ker(%̃) is an α-group scheme (see Definition B.1.1) of
order p2.

The dual Dieudonné module Mt
1 =M(Y t1)

In order to prove the statements above, we need an explicit description of the dual Dieudonné
module Mt

1.

Proposition 9.7.12. Let f ∗1 , . . . , f
∗

6 be a basis of Mt
2 dual to the basis f1, . . . , f6 of M2 in Equation

(9.7.6). Let

αf1 + βf3 +γf5,pf1, f2,pf3, f4,pf5, f6

be generators of M1 as in Proposition 9.7.11. Then, as a W (k)-module of rank 6,

Mt
1 =

m ∈Mt
2 ⊗W (k) K :

m =ω1f
∗

1 ⊗ p
−1 +ω2f

∗
2 ⊗ 1 +ω3f

∗
3 ⊗ p

−1 +ω4f
∗

4 ⊗ 1 +ω5f
∗

5 ⊗ p
−1 +ω6f

∗
6 ⊗ 1,

αω1 + βω3 +γω5 ≡ 0 (mod p),ωi ∈W (k).


where K =W (k)[1/p] is the fraction field of W (k).

Proof. Let Mt
2 = HomW (k)(M2,W (k)). By definition, the dual of M1 is given by

Mt
1 = {m ∈Mt

2 ⊗W (k) K :m(M1) ⊂W (k)}. (9.7.11)

Since Mt
2 ⊂M

t
1 (one can see this i.e. from Diagram 9.7.3), in order to construct Mt

1 we need to
allow scalar extensions to Mt

2.
Let m ∈ Mt

2 ⊗Z Q. Then m =
∑6
i=1λif

∗
i with λi ∈ W (k). Computing generators for Mt

1 is
equivalent to solving a linear system given by linear forms m respecting the condition in
Equation (9.7.11). Concretely, we have given the following linear system of equations:

m(pf1) = λ1 ⊗
1
p

=ω1, m(f2) = λ2 ⊗ 1 = ω2, m(pf3) = λ3 ⊗
1
p

=ω3,

m(f4) = λ4 ⊗ 1 = ω4, m(pf5) = λ5 ⊗
1
p

=ω5, m(f6) = λ6 ⊗ 1 = ω6,
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m(αf1 + βf3 +γf5) = αλ1 ⊗
1
p

+ βλ3 ⊗
1
p

+γλ5 ⊗
1
p

=ω7.

The last equation is equivalent to p−1αω1 +p−1βω3 +p−1γω5 =ω7 and this is solvable inW (k) if
and only if pω7 is an element in W (k). With other words, we have a congruence relation given
by

αω1 + βω3 +γω5 ≡ 0 (mod p).

Together with the equations above this shows our claim.

Theorem 9.7.13. Let P = [α : β : γ] be a point in P2
k uniquely identifying M1 as a W (k)-module

of rank 6 as in Proposition 9.7.11. Then ker(η1) ⊂ Y1[F] is equivalent to the point P to be on the
Fermat curve

V = Z(Xp+1 +Y p+1 +Zp+1) ⊂ P2
k . (9.7.12)

Proof. In order to prove our statement we use properties of the left square of the Diagram 9.7.2,
which is given by

M2 M1

Mt
2 Mt

1

M(%2)

M(η2)

M(%t2)

M(η1) (9.7.13)

By Equation (9.7.15), the image of M(η2) is the multiplication by [p]-map, together with a
flipping of the generators of any of the indecomposable W (k)-modules of M2 in Equation 9.7.4.

We notice that the matrix representation of M(η2) in Equation (9.7.15) has its inverse in the
quotient field K =W (k)[ 1

p ]. This has the following consequence: For any element n ∈M2 where
n ∈ im(M(η2)), there are unique elements m̃2 ∈Mt

2 ⊗W (k) K and m̃ ∈Mt
1 respect the following

commutative diagram

n n

m̃2 m̃

M(%2)

M(η2)
M(%t2)

M(η1) (9.7.14)

and where M(%2) : M1→M2 corresponds to the natural embedding induced by the identity-
map. Therefore we can compute m̃2 for any n ∈M2 with this property by computing the inverse
of A in Equation (9.7.7). Then m̃2 = A−1n, where

A−1 =



0 −p−1 0 0 0 0
p−1 0 0 0 0 0
0 0 0 −p−1 0 0
0 0 p−1 0 0 0
0 0 0 0 0 −p−1

0 0 0 0 p−1 0


. (9.7.15)

By contravariant Dieudonné theory, the condition ker(η1) ⊂ Y1[F] is equivalent to

im(M(F|M1
)) ⊂ im(M(η1)).
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Consider the particular element

n = F(αf1 + βf3 +γf5) = ασ f2 + βσ f4 +γσ f6 ∈ im(M(F|M1
)).

Then n ∈ im(M(η1)), and by the discussion above and after writing n as a vector we have

A−1n =



0 −p−1 0 0 0 0
p−1 0 0 0 0 0
0 0 0 −p−1 0 0
0 0 p−1 0 0 0
0 0 0 0 0 −p−1

0 0 0 0 p−1 0





0
ασ

0
βσ

0
γσ


=



−p−1ασ

0
−p−1βσ

0
−p−1γσ

0


where

m̃2 = −ασ f ∗1 ⊗ p
−1 − βσ f ∗3 ⊗ p

−1 −γσ f ∗5 ⊗ p
−1 ∈Mt

2 ⊗W (k) K. (9.7.16)

Then by the discussion above m̃ = M(%t2)(m̃2) is an element in Mt
1 and therefore fulfills the

congruence relation

ασ+1 + βσ+1 +γσ+1 ≡ 0 (mod p). (9.7.17)

With other words P = [α : β : γ] is a point on the Fermat curve V in Equation (9.7.12).
Conversely, assume that we are given a pftq of dimension 3 with respect to the polarization

η = η2 and ker(η2) = Y [F2] (see Theorem 9.7.2). Further let P ′ = [α′ : β′ : γ ′] ∈ V ⊂ P2
k such that

M̃ is as a rank-6 W (k)-module generated by

M̃ = 〈α′f1 + β′f3 +γ ′f5,pf1, f2,pf3, f4,pf5, f6〉.

Then by construction (F,V )M2 ⊂ M̃ ⊂ M2. Since M2 is quasi polarized it induces a quasi
polarization on M̃ respecting the diagram in Equation (9.7.13).

To show is that im(M(F|M̃ )) ⊂ im(M(η̃) : M̃t→ M̃). Let u = (α′σ f2 + β′σ f4 +γ ′σ f6) ∈ im(F|M̃ )
and assume that u < im(M(η̃)). Then by the commutative diagram in Equation (9.7.14) u <
im(M(η2)). Then there is no m̃2 ∈Mt

2 ⊗W (k) K as in Equation (9.7.16) such that m̃2 = A−1u and
where m̃2 fulfills the congruence relation in Equation (9.7.17). But then P ′ < V . This shows the
claim.

Corollary 9.7.14. Let k be a algebraically closed field of char(k) = p > 0. Let E be a supersingular
elliptic curve over k ⊃ Fp. Then, for any pftq of Dieudonné modules of genus 3 over W (k) there is an
equivalence between left Dk-modules M1 with (F,V )M2 ⊂M1 ⊂M2 and points P = [α : β : γ] on the
Fermat curve V ⊂ P2

k .

Proof. Follows from Proposition 9.7.11, Theorem 9.7.13, and similar arguments as in the proof
of Theorem 9.6.14.

Proposition 9.7.15. There is a bijection between the set of isogenies {%2 : Y2→ Y1} modulo equiva-
lence and points on the Fermat curve V ⊂ P2

k .

Proof. By construction Y1 is given by the projection Y1/ ker%2 for an isogeny %2 with ker(%2) � α2
p

modulo equivalence. If M1 is the Dieudonné module to Y1 then by the discussion above M1 is
uniquely identified by a point P ∈ V . Conversely any point on P̃ ∈ V corresponds to a submodule
M̃ with the property that (F,V )M2 ⊂ M̃ ⊂ M2. Then by contravariant Dieudonné theory M̃
corresponds (up to isomorphism) to the Dieudonné module of a quotient Y2/ ker(%̃2).
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Some explicit bases for M1 =M(Y1).

As we noticed in Proposition 9.7.11 as a W (k)-module of rank 6,

M1 = 〈αf1 + βf3 +γf5,pf1, f2,pf3, f4,pf5, f6〉, (9.7.18)

where [α : β : γ] ∈ P2
k is a point on the Fermat curve V in Equation (9.7.10) and where the latter

uniquely identifies M1. In order to identify the right square in Diagram 9.7.3, we choose in this
section some explicit bases depending of the values of α,β and γ . More precisely, using the fact
that V ⊂ P2

k together with an affine covering of P2
k given by

Ux ∪Uy ∪Uz, (9.7.19)

where Ux,Uy ,Uz are the affine pieces of P2
k with coordinates x , 0, y , 0 and z , 0 respectively,

we consider affine pieces of V depending on the coordinate of their points.

Remark 9.7.16. In the following section, most of the proofs we will only treat for the case
where α , 0. The other cases are similar and we will skip them. We will no longer mention this
explicitly.

Proposition 9.7.17. Depending on which of the values of α,β,γ is nonzero, a W (k)-basis of M1 is
given by:

if α , 0 : αf1 + βf3 +γf5, f2,pf3, f4,pf5, f6.

if β , 0 : αf1 + βf3 +γf5,pf1, f2, f4,pf5, f6.

if γ , 0 : αf1 + βf3 +γf5,pf1, f2,pf3, f4, f6.

(9.7.20)

Proof. Since M1 is a W (k)-module of rank 6, it is enough to show that in the first case pf1, in
the second case pf3, and in the third case pf5 are representable by a linear combinations in the
generators with coefficients in W (k). We have

pf1 = α−1(p · (αf1 + βf3 +γf5)− β · pf3 −γ · pf5)

pf3 = β−1(p · (αf1 + βf3 +γf5)−α · pf1 −γ · pf5)

pf5 = γ−1(p · (αf1 + βf3 +γf5)−α · pf1 − β · pf3).

This shows the claim.

Notation 9.7.18. For the rest of this section, we denote by

Bα = (αf1 + βf3 +γf5, f2,pf3, f4,pf5, f6), ifα , 0,

Bβ = (αf1 + βf3 +γf5,pf1, f2, f4,pf5, f6), ifβ , 0,

Bγ = (αf1 + βf3 +γf5,pf1, f2,pf3, f4, f6), ifγ , 0

the W (k)-bases of M1 in Proposition 9.7.17.
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Corollary 9.7.19. For any of the W (k)-bases Bα ,Bβ and Bγ of M1 in Notation 9.7.18, the matrix
representations for F = F|M1

and V = V |M1
with respect to these bases is given by

F =



0 pα−1 0 0 0 0
ασ 0 0 0 0 0
0 −βα−1 0 1 0 0
βσ 0 p 0 0 0
0 −γα−1 0 0 0 1
γσ 0 0 0 p 0


, V=



0 p(α−1)σ 0 0 0 0
α 0 0 0 0 0
0 −(β/α)σ 0 1 0 0
β 0 p 0 0 0
0 −(γ/α)σ 0 0 0 1
γσ 0 0 0 p 0



F =



0 0 0 pβ−1 0 0
0 0 1 −αβ−1 0 0
ασ p 0 0 0 0
βσ 0 0 0 0 0
0 0 0 −γβ−1 0 1
γσ 0 0 0 p 0


, V =



0 0 0 p(β−1)σ 0 0
0 0 1 −(α/β)σ 0 0
α p 0 0 0 0
β 0 0 0 0 0
0 0 0 −(γ/β)σ 0 1
γ 0 0 0 p 0



F =



0 0 0 0 0 pγ−1

0 0 1 0 0 −αγ−1

ασ p 0 0 0 0
0 0 0 0 1 −βγ−1

−βσ 0 0 p 0 0
γσ 0 0 0 0 0


, V =



0 0 0 0 0 p(γ−1)σ

0 0 1 0 0 −(α/γ)σ

α p 0 0 0 0
0 0 0 0 1 (β/γ)σ

β 0 0 p 0 0
γ 0 0 0 0 0


Proof. Similar to the proof of Corollary 9.6.18.

Proposition 9.7.20. We have M(ker(F|M1
)) � k3 and ker(F|M1

) � α3
p .

Proof. By contravariant Dieudonné theory M(ker(F|M1
)) is given by the exact sequence

0←M(ker(F|M1
))←M1

M(F|M1 )
←−−−−−−−M(p)

1 ← 0.

Since α , 0, this implies that α ∈W (k)× and we may assume that α = (1,0, . . .). Then we have

M(ker(F|M1
)) �
〈f1 + βf3 +γf5, f2,pf3, f4,pf5, f6〉

〈im(M(F|M1
))〉

�
〈f1 + βf3 +γf5, f2,pf3, f4,pf5, f6〉

〈f2 + βσ f4 +γσ f6,pf1,pf4,pf3,pf6,pf5〉

�
〈f1 + βf3 +γf5, f2 + βσ f4 +γσ f6,pf3, f4,pf5, f6〉
〈f2 + βσ f4 +γσ f6,pf1,pf4,pf3,pf6,pf5〉

�
〈f1 + βf3 +γf5, f4, f6〉
〈pf1,pf4,pf3,pf6,pf5〉

� 〈[f1 + βf3 +γf5], [f4], [f6]〉

� (W (k)/(p))⊕3

� k3.

To prove the second claim we use the relations in Equation (9.7.20), in order to recognize that F
and V are acting trivial on M(ker(F|M1

)).
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Remark 9.7.21. By the result above we can see that the dimensions of the k-vector space
corresponds to the dimension of the abelian variety in Proposition 9.4.8.

The a-numbers, a(M1)

We noticed in Corollary 9.7.14 and in Proposition 9.7.15, that any choice of an isogeny (Y2 =

E3,η2)
%2−−→ (Y1,η1) with α2

p � ker(%2) ⊂ Y2[F] is equivalent to the choice of a point P = [α : β : γ]
in P2

k on the Fermat curve V in Equation (9.7.10). Theorem 9.7.22 and Corollary 9.7.42 describe
the a-number a(M1) depending on the coordinates of P .

Theorem 9.7.22. For any of the bases Bα ,Bβ and Bγ of M1 in Notation 9.7.18, we get that

M1

(F,V )M1
� kε

and where, up to permuting α,β and γ

ε =

3, if and only if α ∈ F ×p and β,γ ∈ Fp2 ,

2, if and only if α ∈ F ×p and β < Fp2 or γ < Fp2 .

Proof. After a similar computation as in Proposition 9.7.20, we get that

M1

(F,V )M1
=

〈αf1 + βf3 +γf5, f2,pf3, f4,pf5, f6〉

〈ασ f2 + βσ f4 +γσ f6,ασ
−1f2 + βσ

−1
f4 +γσ−1f6,pf1,pf4,pf3,pf6,pf5〉

.

Since the dimension of the k-vector space is independent of the chosen basis, we give a proof
for the basis Bα of M1.

In comparison to Proposition 9.7.20, we get the extra condition ασ
−1
f2 + βσ

−1
f4 +γσ

−1
f6 = 0

coming from the Verschiebungsoperator V .
Since α , 0 we may assume once again that α = (1,0, . . .). Simplifying the first 2 conditions

in the denominator gets a system of linear equation in matrix form given by1 βσ γσ 0

0 (βσ − βσ−1
) (γσ −γσ−1

) 0

 .
The rank of the matrix above is equal to 1 if and only if βσ

2
= β and γσ

2
= γ . This is equivalent

to the condition that β,γ ∈ Fp2 . In this case

M1

(F,V )M1
�

〈f1 + βf3 +γf5, f2,pf3, f4,pf5, f6〉
〈f2 + βσ f4 +γσ f6,pf1,pf4,pf3,pf6,pf5〉

�
〈f1 + βf3 +γf5, f2 + βσ f4 +γσ f6,pf3, f4,pf5, f6〉
〈f2 + βσ f4 +γσ f6,pf1,pf4,pf3,pf6,pf5〉

�
〈f1 + βf3 +γf5, f4, f6〉
〈pf1,pf4,pf3,pf6,pf5〉

� 〈[f1 + βf3 +γf5], [f4], [f6]〉

� k3,

where 〈[f1 + βf3 +γf5], [f4], [f6]〉 �M(ker(F|M1
)) as we showed in Proposition 9.7.20.
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In the case where the rank of the matrix is 2, i.e. where up to permutation β ∈ Fp2 , γ ∈ k\Fp2 ,
we get that

M1

(F,V )M1
� 〈[f1 + βf3 +γf5], [f4]〉 � k2.

This shows the claim.

Corollary 9.7.23. With the same notation as in Theorem 9.7.22, we get that up to permuting α,β
and γ ,

a(M1) =

2, if and only if β/α < Fp2 or γ/α < Fp2 ,

3, if and only if β/α,γ/α ∈ Fp2 .

Proof. Follows from Theorem 9.7.22 and from Definition 9.4.10, respectively.

Lemma 9.7.24. For any of the bases Bα ,Bβ of M1 in Notation 9.7.18, the matrix representation for
M(%2) :M1→M2 with respect to this bases is given by

α 0 0 0 0 0
0 1 0 0 0 0
β 0 p 0 0 0
0 0 0 1 0 0
γ 0 0 0 p 0
0 0 0 0 0 1


,



α p 0 0 0 0
0 0 1 0 0 0
β 0 0 0 0 0
0 0 0 1 0 0
γ 0 0 0 p 0
0 0 0 0 0 1


,



α p 0 0 0 0
0 0 1 0 0 0
β 0 0 p 0 0
0 0 0 0 1 0
γ 0 0 0 0 0
0 0 0 0 0 1


,

respectively.

Proof. Follows from the exact sequence

0←M(ker(%2))←M2
M(%2)
←−−−−−M1← 0. (9.7.21)

Lemma 9.7.25. With the notation as in Lemma 9.7.24, we get that M(ker(%2)) � k2 and ker(%2) �
α2
p .

Proof. By the exact sequence in Lemma 9.7.21 and the matrix representations for AM(%2) =
AM(%2)(Bα), we get that

M(ker(%2)) �
M2

im(M(%2))
=

〈f1, f2, f3, f4, f5, f6〉
〈αf1 + βf3 +γf5, f2,pf3, f4,pf5, f6〉

.

Since α , 0 this implies that α ∈W (k)× and we may assume that α = (1,0, . . .). Then we have

M(ker(%2)) �
〈f1 + βf3 +γf5, f2, f3, f4, f5, f6〉
〈f1 + βf3 +γf5, f2,pf3, f4,pf5, f6〉

� 〈[f3], [f5]〉 � (W (k)/(p))⊕2 � k2.

This shows the first claim.
Since F and V act trivially on M(ker(%2)) this shows our second claim.

Remark 9.7.26. From Lemma 9.7.25, we can see that ker(%2) � α2
p has the expected properties

as in Definition 9.2.1.
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We finish this section with the investigation of the affine group scheme ker(η1 : Y1→ Y t1).
See here also [46, Page 58].

Proposition 9.7.27. With the notation as in Proposition 9.7.24, the matrix representations for
M(η1) :Mt

1→M1 with respect to the dual bases of M1 are given by

0 pα−1 0 0 0 0
−pα−1 0 βα−1 0 γα−1 0

0 −βα−1 0 1 0 0
0 0 −1 0 0 0
0 −γα−1 0 0 0 1
0 0 0 0 −1 0


,



0 0 pβ−1 0 0 0
0 0 1 −αβ−1 0 0
0 −1 0 0 0 0

−pβ−1 αβ−1 0 0 γβ−1 0
0 0 0 −γβ−1 0 1
0 0 0 0 −1 0


,



0 0 0 0 0 pγ−1

0 0 1 0 0 −αγ−1

0 −1 0 0 0 0
0 0 0 0 1 −βγ−1

0 0 0 −1 0 0
−pγ−1 αγ−1 0 βγ−1 0 0


,

respectively.

Proof. Follows from the identification AM(η1) = A−1
M(%2)AM(η2)(A

t
M(%2))

−1, where AM(η2) = A is the
matrix representation for the pairing in Theorem 9.7.2, induced by the polarization η2 on
Y2.

Proposition 9.7.28. We get that M(ker(η1)) � k2 and ker(η1) � α2
p .

Proof. In order to prove the statement we compute the so-called Smith normal form of AM(η1)(Bα)
(the dimension does not depend of the chosen basis). This provides matrices S,U and V such
that S = UFV . Then, the columns of U−1 correspond to a new basis for M1 in the image of
AM(η1)(Bα), where

U−1 =



0 pα−1 0 0 0 0
−pα−1 0 0 0 0 0

0 βα−1 0 1 0 0
0 0 −1 0 0 0
0 −γα−1 0 0 0 1
0 0 0 0 −1 0


.

Then we get

M(ker(η1)) �
〈αf1 + βf3 +γf5, f2,pf3, f4,pf5, f6〉

〈im(M(η1))〉
� 〈[αf1 + βf3 +γf5], [f2]〉 � (W (k)/(p))⊕2 � k2.

Once again we can see that F,V are acting trivial on M(ker(η1)) which shows the second
claim.
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The Dieudonné module M0 =M(Y0).

For any of the bases Bα ,Bβ and Bγ of M1 in Notation 9.7.18, we compute in this section the
Dieudonné module M0 as well as its a-numbers. We follow here [46, Chapter 9.3]. Let

(F,V )M1 ⊂M0 ⊂M1 (9.7.22)

be the right module chain in Equation (9.7.5), and let

M1 M0

Mt
1 Mt

0

M(%1)

M(η1)

M(%t1)

M(η′0) (9.7.23)

be the right square in Diagram 9.7.3. As in the previous sections, the module chain in Equation
(9.7.22) induces the k-vector spaces

M0

(F,V )M1
⊂ M1

(F,V )M1
.

In order to determine their dimension as k-vector spaces, we prove Lemma 9.7.29 and Proposi-
tion 9.7.30.

Lemma 9.7.29. The map τ :
M0

(F,V )M1
→ M1

M0
, given by

[m] 7→ [M(%1)(m)]

is the zero map on
M1

M0
.

Proof. Use the same arguments as in Lemma 9.7.8, after replacing by the corresponding quo-
tients.

Proposition 9.7.30. There is a short exact sequence of k-vector spaces

0→ M0

(F,V )M1

ι−−→ M1

(F,V )M1

π−−→ M1

M0
→ 0

with τ = π ◦ ι in Lemma 9.7.29.

Proof. Use the same arguments as in Proposition 9.7.9, after replacing by the corresponding
quotients.

Depending on the exact sequence in Proposition 9.7.30 and the value

n := dimk

(
M1

(F,V )M1

)
in Theorem 9.7.22, we prove the following.

Corollary 9.7.31. We get that
M1

M0
�
M1/(F,V )M1

M0/(F,V )M1
and dimk

(
M1

M0

)
= 1, and

dimk

(
M0

(F,V )M1

)
=

1, if n = 2,

2, if n = 3.
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Proof. The first statement follows from the third Isomorphism Theorem of modules.

The second statement follows from the isomorphism
M1

M0
�M(ker(%1)) � k. The latter iso-

morphism follows from the following arguments: By construction the polarization η0 descends
to a principal polarization. It induces an isomorphism M(η0) :Mt

0→M0. Since by construction
M(%1) :M0→M1 is an embedding induced by the identity-map, the ker(%1) is trivial, and as a

k-vector space, the quotient is isomorphic to k. The dimension of the vector space
M0

(F,V )M1
follows from the exact sequence in Proposition 9.7.30.

Remark 9.7.32. In order to identify the Dieudonné module M0 and its a-numbers, we do
the following observation: We noticed in Proposition 9.7.30 and Corollary 9.7.31, that the

dimension of the k-vector space
M0

(F,V )M1
depends on the dimension of the k-vector space

M1

(F,V )M1
. By [46, Section 9.4], we know that for any P ∈ V which uniquely identifies M1,

the module M0 corresponds to a unique point [u : v] ∈ P1
k above P . In order to get this

correspondence, we need another description of an exact sequence as in Proposition 9.7.30.
This "new" description is independent of the latter dimension as a k-vector space. Together with
this new exact sequence in Equation (9.7.25) and with Theorem 9.4.12, we will get a description
of the Dieudonné module M0.

Lemma 9.7.33. We have

im(M(η1)) =

 6∑
i=1

ωifi : αω2 + βω4 +γω6 ≡ 0 (mod p), ω1,ω3,ω5 ≡ 0 (mod p), ωi ∈W (k)

 .
(9.7.24)

Proof. Follows from Theorem 9.7.13, the commutative diagrams in Equation 9.7.13 respectively
9.7.14, and the matrix representation of M(η2) in Equation 9.7.7.

Corollary 9.7.34. Depending of the values α,β,γ , 0, im(M(η1)) is generated by:

(i) If α , 0: pf1,pf2,pf3,pf4,pf5,pf6,−(β/α)f2 + f4,−(γ/α)f2 + f6.

(ii) If β , 0: pf1,pf2,pf3,pf4,pf5,pf6, f2 − (α/β)f4,−(γ/β)f4 + f6.

(iii) If γ , 0: pf1,pf2,pf3,pf4,pf5,pf6, f2 − (α/γ)f6, f4 − (β/γ)f6.

Proof. Follows from Lemma 9.7.33.

Proposition 9.7.35. We have (F,V )M1 ⊆ im(M(η1)), and with equality if for one (and therefore for
any) basis Bα ,Bβ and Bγ of M1, and up to permutation of the two other remaining variables after
fixing a basis, one of them is in Fp2 and the other in k\Fp2 .

Proof. Since [α : β : γ] ∈ P2
k is a point on the Fermat curve V identifying M1, we have FM1 ⊂

im(M(η1)) by Theorem 9.7.13.
In order to prove the first statement it remains to show that

V (αf1 + βf3 +γf5) = ασ
−1
f2 + βσ

−1
f4 +γσ

−1
f6 ∈ im(M(η1)).

Since [α : β : γ] is a point on V , we get that αp+1 + βp+1 + γp+1 ≡ 0 (mod p). But the latter

congruence is equivalent to α1+ 1
p + β1+ 1

p +γ1+ 1
p ≡ 0 (mod p) which proves the first stament.
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In order to prove the second statement, we show that the dimensions of
M1

im(M(η1))
and

M1

(F,V )M1
are equal as k-vector spaces. In Theorem 9.7.22 we noticed that the dimension

of
M1

(F,V )M1
is 2 if and only if up to permutation β ∈ Fp2 and γ ∈ K\Fp2 . Further, by the

construction of pftq’s (see Definition 9.2.1), the degrees of the morphisms respect the following
commutative diagram

Y2 Y1 Y0

Y t2 Y t1 Y t0

p6

p2

p2

p

1

p2 p

where p6 = deg(η2), and p2 = deg(%2),deg(%t2),deg(η1), and p = deg(%1),deg(%t1), and where
deg(η0) = 1. By contravariant Dieudonné theory we get that

dimk

(
M1

im(M(η1))

)
= log(deg(η1)) = 2.

This shows the claim.

Remark 9.7.36. By Proposition 9.7.35, there is a surjection π : M1
(F,V )M1

→ M1
im(M(η1)) induced by

the identity-map. We identify M1
(F,V )M1

as a k-vector space in M1
im(M(η1)) by π.

Lemma 9.7.37. We chose the setup as in Corollary 9.7.34. For the case where α , 0, we may assume
that α = 1. Then

M1

im(M(η1))
� 〈[f1 + βf3 +γf5], [f2]〉.

The same remain true after choosing β,γ , 0 in Corollary 9.7.34. In these cases the term f1 +βf3 +γf5
will change to αf1 + f3 +γf5, respectively to αf1 + βf3 + f5.

Proof. With Corollary 9.7.34, the generating system of M1 in Equation (9.7.18), and the as-
sumption on α, we get

M1

im(M(η1))
=

〈f1 + βf3 +γf5,pf1, f2,pf3, f4,pf5, f6〉
〈pf1,pf2,pf3,pf4,pf5,pf6,−βf2 + f4,−γf2 + f6〉

�
〈f1 + βf3 +γf5, f2, f4, f6〉

〈pf1,pf2,pf3,pf5,−βf2 + f4,−γf2 + f6〉

�
〈f1 + βf3 +γf5, f2〉

〈pf1,pf2,pf3,pf5,βf2,γβf2〉

� 〈[f1 + βf3 +γf5], [f2]〉

which shows the claim.

Remark 9.7.38. From Proposition 9.7.35 and Lemma 9.7.37, we get an exact sequence as in
Proposition 9.7.30, given by

0→ M0

im(M(η1))
→ M1

im(M(η1))
→ M1

M0
→ 0. (9.7.25)
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Then

2 = dimk

(
M1

im(M(η1))

)
= 1 + 1 = dimk

(
M1

M0

)
+ dimk

(
M0

im(M(η1))

)
.

Proposition 9.7.39. Let M2 ⊃M1 ⊃M0 be a genus 3 pftq. For the point P = [α : β : γ] ∈ V which
uniquely identifies M1, we get: If α , 0 then as a W (k)-module of rank 6, M0 is generated by

im(M(η1)) + (u(f1 + βf3 +γf5) + vf2) (9.7.26)

where [u : v] ∈ P1
k , and where generators of im(M(η1)) are given in Corollary 9.7.34.

The same remain true after choosing β,γ , 0. In these cases the term f1 + βf3 + γf5 in the
representation of M0 will change to αf1 + f3 +γf5 respectively to αf1 + βf3 + f5.

Proof. Follows from Lemma 9.7.37, Theorem 9.4.12, and Lemma 9.7.37.

Remark 9.7.40. In order to determine the a-numbers of M0, we consider the pftq

(Y2 = E3,η2)
%2−−→ (Y1,η1)

%1−−→ (Y0,η0) = (Y (p)
2 ,η0), (9.7.27)

where ker(%2) � α2
p , ker(%1) � αp, and where Y0 = Y (p)

2 (see [46, Page 58]). There is an isogeny
% : Y2→ Y0 defined over Fp2 corresponding to the Frobenius F on Y2, such that

F = %2 ◦ %1,

and where a(Y2) = a(Y0) = 3. In other words, there are some points [u : v] ∈ P1
k , describing

M0 = M(Y0), and by following [46, Page 58] these points describe a section T of the map
π : P3,η →V , given by

P3,η ⊃ T
∼←−−
t
V , (9.7.28)

where P3,η is the moduli space of principally polarized flag type quotients of dimension 3 over
k with respect to η, and where t(%2) correspond to pftq’s as in Equation 9.7.27 for certain values
of [u : v] ∈ P1

k which we describe below. It should be clear from the discussion that under t(%2),
we understand the point [α : β : γ] ∈ V which uniquely identifies M1, and [u : v] ∈ P1

k which
uniquely identifies M0.

It remains to determine the a-numbers, a(M0) of

M0 = im(M(η1)) + (u(f1 + βf3 +γf5) + vf2).

In order to do this we need to prove Theorem 9.7.41. We will not do this in this thesis. I found
out that some of my explicit calculations were incorrect. I will present this result elsewhere at a
later date.

Theorem 9.7.41. Let M0 = im(M(η1)) + (u(f1 + βf3 +γf5) + vf2) be as in Proposition 9.7.39. Then:

dimk

(
M0

(F,V )M0

)
=


3, if u = 0,

≥ 2, if β,γ ∈ Fp2 ,

1, if u , 0 and β < Fp2 or γ < Fp2 .

Proof. See [46, Page 58].
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The a-numbers a(M0)

Corollary 9.7.42. With the same notation as in Theorem 9.7.41, we get that up to permuting α,β
and γ ,

a(M0) =


1, if and only if u , 0 and β/α < Fp2 or γ/α < Fp2 ,

≥ 2, if β/α,γ/α ∈ Fp2 ,

3, if u = 0.

Proof. Follows from Theorem 9.7.41 and from Definition 9.4.10, respectively.

The supersingular locus S3,1

As in the previous section, we denote by k an algebraically closed field of char(k) = p > 0. For
the rest of this section we fix a supersingular elliptic curve E over k ⊃ Fp with F2 + p = 0 in
End(E). In the previous sections we investigate the linear-algebraic data of pftq’s of dimension
3 over k in terms of Dieudonné modules. In this section we briefly consider the supersingular
locus. We give some relations between our explicit calculations in the previous sections the
latter space.

Let Y1 = E3 be a supersingular abelian threefold over k. As in Section 9.6, we denote by Λ
the set of equivalence classes of polarizations

Λ =
{
[η] : η : Y1→ Y t1 , ker(η) = Y1[F]

}
/ ∼

where [η] ∼ [η′] if there is an ϕ ∈ Autk(Y1) such that η′ = ϕt ◦ η ◦ϕ.
As in Section 9.6, there is a relationship between the endomorphism algebra of the supersin-

gular elliptic curve E and the cardinality of the set Λ. We briefly describe it. Let B =Qp,∞ be
the definite quaternion Q-algebra in Definition 9.1.2, ramified only at (p,∞). By [46, Chapters
4 and 9], the set of equivalence classes of polarizations Λ is finite. Its cardinality is given by

#Λ =H3(p,1),

where H3(p,1) corresponds to the class number of the principal genus of positive definite quater-
nion hermitian space of dimension 3 over B (for the definition, see [35, 30]), and where
H3(2,1) = 1 and H3(p,1) > 1 for all p ≥ 3 (see [35, page 279]).

Definition 9.7.43. For any equivalence class of polarizations [η] ∈Λ, we define by P ′3,η the rigid
moduli space of principally polarized flag type quotients of dimension 3 over Fp2 with respect to η.
We define by S3,1 the moduli space of supersingular principally polarized abelian threefolds over k.
It is the supersingular locus in the coarse moduli A3 of principally polarized abelian threefolds
(see [46, Page 15]).

Remark 9.7.44. The authors in [46] define for general g, Pg,η as the moduli space of principally
polarized flag type quotients of dimension g over Fp2 , with the property that P ′g,η ⊆ Pg,η for any
g. In genus 3

P ′3,η = P3,η\T ,

where T is the section of π in Equation (9.7.28).
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There is a quasi-finite and surjective morphism defined over Fp2 , given by

Ψ :
∐

[η]∈Λ
P ′3,η →S3,1

(Y2
%2−−→ Y1

%1−−→ Y0) 7→ (Y0,η0)

See [46, page 24]. By following [46, Corollary 4.4, ] we get the following properties for P ′3,η :

(i) It is non-singular, geometrically integral of dimension 2.

(ii) The generic fibre of Y0 over P ′3,η is supergeneral.

Remark 9.7.45. In order to show that P3,η , is a ruled surface over the Fermat curve V , we need
to construct explicit transition functions for the restriction of the intersections of the affine
pieces Ux,Uy ,Uz to V ⊂ P2

k (see Equation 9.7.19). We skip this explicit computation and we
refer to [46, Page 58].

Remark 9.7.46. By following [46, page 58] and the explicit computations in the previous
sections of this chapter, we could convince ourselves (without an explicit computation of the
transition functions (see Remark 9.7.45)), that P3,η is a ruled surface over the Fermat curve
V , by the explicit computation of the modules M0 (see Proposition 9.7.39), as well as their
a-numbers (see Theorem 9.7.41). With these explicit computations we could convince ourselves
that P3,η is non-singular and irreducible as an abelian variety, as stated in [46, Chapter 4].

Remark 9.7.47. For g ≥ 4, the space Pg,η is neither non-singular nor irreducible (see [46,
Chapter 4]). As a future work in this area, I plan to study these spaces as well as the linear-
algebraic data for these cases.

122



Appendices

123





AGroup Schemes
This chapter is intended solely as a service for the reader. We discuss some basic properties
of (affine) group schemes. For a detailed discussion about affine group schemes, we refer to
[78], [27, Appendix A], respectively [76, Chapter 4.4]. For a detailed discussion about group
schemes see e.g. [76, Chapter 3-4].

We denote by k an algebraically closed field of arbitrary characteristic. Let S be a scheme. A
group scheme over S is an S-scheme π : G→ S together with S-morphisms

inv : G→ G, m : G ×S G→ G, e : S→ G

respecting the following diagrams

G ×S G ×S G G ×S G

G ×S G G

id×m

m×id

m

m

G G ×S G

G ×S G G

(id ,e◦π)

(e◦π, id)

id
m

m

G G ×S G

G ×S G G.

(id , inv)

(inv, id)

e◦π
m

m

We call G a commutative group scheme over S if the following diagram commutes

G ×S G G

G ×S G

s

m

m

where the isomorphism s is switching the two factors. A group scheme G over S is called finite
and flat if the morphism π is finite and flat. See [27, Appendix A].

A.1 p-Divisible Groups

In order to handle the p-torsion phenomena in characteristic p > 0, the main tools we consider in
this thesis are p-divisible groups of abelian varieties and Dieudonné modules. For a definition
of the latter and their relation to the former, see Chapter 9.

A p-divisible group of height h ≥ 0 over a base scheme S is an inductive system

G = (Gn)n∈N, (A.1.1)

of finite flat commutative group schemes Gn over S, of order (pn)h, together with group scheme
homomorphisms in : Gn→ Gn+1, where Gn is identified with Gn+1[pn] for all n. Cartier duality
in Equation (A.1.1) gives rise to the Serre dual of G, a p-divisible group over S of height h given
by the inductive system

GD := (GDn )n∈N,

where for all n there are group schemes isomorphisms (DDn )D
∼−−→ Gn, which induces an isomor-

phism of p-divisible groups (GD )D
∼−−→ GD . See [11, page 39].

Definition A.1.1. Let p be a prime number and let A be an abelian variety of dimension g ≥ 1
over k. The p-divisible group of A of height 2g is a group scheme over S given by an inductive
system of the form

A[p∞] := (A[pn])n≥0.
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BAffine Group Schemes
In what follows we shall assume all our group schemes to be finite, commutative, and flat. For
a detailed introduction in affine group schemes we refer to [78].

Definition B.0.1. A group scheme π : G → S over a base scheme S is called affine if the
morphism π is affine.

Remark B.0.2. Is the scheme S covered by open affine sets U = Spec(R), then π affine if G×S U
is affine and of the form Spec(R[x1, . . . ,xr ]/I). In this case affine group schemes are characterized
by their Hopf algebras.

Definition B.0.3. Let G = Spec(A) be an affine group scheme over S represented by the Hopf
algebra A. Its Cartier dual GD = Spec(AD ) is an affine group scheme over S represented by the
dual Hopf algebra AD . See [60, page 9].

Example B.0.4. Let Ga =Ga,k := Spec(k[x]) be the additive group over k equipped with a Hopf
algebra structure given by

m̃ : k[x]→ k[x]⊗k k[x], x 7→ x⊗ 1 + 1⊗ x.
ĩ : k[x]→ k[x], x 7→ −x.
ẽ : k[x]→ k, x 7→ 0.

See [76, Example 3.8].

Example B.0.5. Let Gm = Gm,k := Spec(k[x,x−1]) be the multiplicative group over k equipped
with a Hopf algebra structure given by

m̃ : k[x]→ k[x]⊗k k[x], x 7→ x⊗ x.
ĩ : k[x]→ k[x], x 7→ x−1.

ẽ : k[x]→ k, x 7→ 1.

See [76, Example 3.8].

Definition B.0.6. Let G = Spec(A) be an affine group scheme over a base scheme S. A sub affine
group scheme H ⊆ G is an affine group scheme which is a closed subscheme of G compatibly
with the Hopf algebra structure of A.

Example B.0.7. Let p be a prime number and let Ga,k be the additive group over k. Then

αp = αp,k := Spec(k[x]/(xp)) ⊂Ga

is a sub affine group scheme corresponding to ker(F : Ga→ Ga), and where the Hopf algebra
structure of αp is inherited from the Hopf algebra structure of Ga. By [60, page 11], as an affine
group schemes the Cartier dual αDp � αp .

Let S = Spec(k) and let f : X→ Spec(k) be a scheme over Spec(k) where

X = Spec(k[x1, . . . ,xn]/(f1, . . . , fm))
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with polynomials fi ∈ k[x1, . . . ,xn]. After [76, page 3-5], the fibre product X(p) is a scheme over
Spec(k), where

X(p) = Spec(k[x1, . . . ,xn]/(f p1 , . . . , f
p
m)).

The relative Frobenius morphism FX/ Spec(k) induces the following diagram

X

X(p) X

Spec(k) Spec(k)

σX

FX/ Spec(k)

(B.0.1)

where σX : X→ X, a 7→ ap is the absolute Frobenius on sections of OX .
If XD is the Cartier dual of X, then after [76, Definition 5.18], the relative Frobenius FX/ Spec(k)

induces a dual homomorphism

(FX/ Spec(k))
D : XD → (X(p))D � (XD )(p).

Definition B.0.8. The homomorphism VX(p)/ Spec(k) : X(p) → X dual to FX/ Spec(k) is called the
Verschiebung morphism on X(p), respecting the relations

VX(p)/ Spec(k) ◦FX/ Spec(k) = p · idX ,

FX/ Spec(k) ◦VX(p)/ Spec(k) = p · idX(p) .

See [76, Proposition 5.19].

Remark B.0.9. If X is an abelian variety of dimension g over k, then the relative Frobenius
FX/k and the Verschiebung VX(p)/k morphisms are purely inseparable isogenies of degree pg

respecting the relations VX(p)/k ◦FX/k = [p] ·idX and FX/k ◦VX(p)/k = [p] ·idX(p) . See [76, Proposition
5.15, 5.20].

Remark B.0.10. Let H be an affine group scheme over Spec(k). The Frobenius morphism

FH/ Spec(k) :H →H (p)

induces by Cartier duality the Verschiebung morphism

VH (p)/ Spec(k) :H (p)→H,

with respect to the relations

VH (p)/ Spec(k) ◦FH/ Spec(k) = p · idH ,

FH/ Spec(k) ◦VH (p)/ Spec(k) = p · idH (p) .

See [60, Theorem 14.4].
If G = (Hn)n∈N is a p-divisible group over Spec(k), then by the inductive construction of G,

Hn induces the Frobenius and Verschiebung homomorphisms on G.
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Definition B.0.11. LetG be an affine group scheme over Spec(k). We callG étale if the structural
morphism π is étale.

Remark B.0.12. A flat morphism of schemes f : X → Y is called étale at x ∈ X, if for y = f (x)
the homomorphism of local rings, OY ,y →OX,x verifies myOX,x =mx, and if the finite extension
of residue fields k(y) over k(x) is separable. We call f étale if f is étale at every x ∈ X.

Proposition B.0.13. If k is a field of characteristic 0, then any affine group scheme over k is étale.

Proof. See [60, Theorem 13.2].

Definition B.0.14. Let G be an affine group scheme over Spec(k) and let G0 be the connected
component of the zero section in G. Then G0 is a closed subgroup scheme in G and we call G
local if G = G0. See [60, page 32-33].

Theorem B.0.15. Any affine group scheme G over Spec(k) splits canonically into four factors

G � Gé-é ×Gé-c ×Gc-é ×Gc-c

withGé-é corresponding to the étale with étale dual part,Gé-c corresponding to the étale with connected
dual part, Gc-é corresponding to the connected with étale dual part, and Gc-c corresponding to the
connected with connected dual part of G.

Proof. See [76, page 68].

B.1 α-Groups and a-Numbers

In this section we define the alpha group of an commutative group schemeG over an algebraically
closed field k of char(k) = p > 0.

Definition B.1.1. An affine group scheme G over S is called an α-group scheme if G is of
p-power order, and

ker
(
FG/k : G→ G(p)

)
= 0,

ker
(
VG/k : G(p)→ G

)
= 0.

Proposition B.1.2. Any affine commutative group scheme G over k is an α-group scheme if and only
if G � (αp)r for some positive integers r.

Proof. See [11, Proposition 3.1.10].

Definition B.1.3. Let G be a commutative group scheme over k. The a-number of G is defined
as

a(G) = dimk(Hom(αp,G)).

Lemma B.1.4. For any p-divisible group G over k, the a-numbers a(G) and a(Gt) are equal.

Proof. See [11, Corollary 3.2.4].
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Zusammenfassung in deutscher Sprache
Überblick

Diese Arbeit befasst sich mit der algorithmischen Konstruktion von Gleichungen algebraischer
Kurven von Geschlecht 2 und 3. Ausgehend von ihren hauptpolarisierten Abelschen Varie-
täten bestimmen wir mit Hilfe des Computers (numerische) Invarianten der Kurven. Diese
entsprechen (approximationen) algebraischen Zahlen, mit denen wir eine explizite Gleichung
der Kurven darstellen.

Im ersten Hauptteil dieser Arbeit, welches die Kapitel 7 und 8 umfasst, beschäftigen wir
uns mit der Konstruktion von Gleichungen algebraischer Kurven von Geschlecht 3 mit komple-
xen Multiplikation. Wir beschreiben und implementieren Algorithmen für die Konstruktion
von hauptpolarisierten Abelschen Varietäten von Diemension 3 über C. Wir geben in einem
bestimmten Fall explizite Gleichungen von Kurven von Geschlecht 3 über Zahlkörper an.

Im zweiten Hauptteil dieser Arbeit, welches das Kapitel 9 umfasst, befassen wir uns mit
der Theorie von supersingulären polarisierten Abelschen Varietäten in Charakteristik p > 0.
Wir geben eine explizite Version einiger Ergebnisse von Li–Oort [46] über den Modulraum
hauptpolarisierter, supersingulärer Abelscher Varietäten der Dimension 2 und 3. Unsere Version
der Ergebnisse von Li–Oort machen diese leichter nutzbar für algorithmische Anwendungen.

Inhalt

Es ist bekannt, dass es im Fall g = 3 zwei Arten von algebraischen Kurven gibt, nämlich
hyperelliptische und nicht-hyperelliptische Kurven von Geschlecht 3. Unser Ziel ist es, eine
Gleichung der Kurve über dem „kleinstmöglichen“ Zahlenkörper und nicht nur über C zu
finden. Der entscheidende Schritt ist hier, Invarianten der Kurve zu finden. Im hyperelliptischen
Fall betrachten wir die Rosenhain- und Shioda-Invarianten. Im nicht-hyperelliptischen Fall
verwenden wir stattdessen die Dixmier-Ohno-Invarianten. Zur Bestimmung der Invarianten
einer Kurve X betrachten wir die Jacobische Jac(X) von X.

Sei K ein CM-Körper von Grad 6. Dann ist K eine rein-imaginäre quadratische Erwei-
terung eines total-reellen Zahlkörpers. Die Jacobische Jac(X) einer Kurve X mit CM ist ein
hauptpolarisierte Abelsche Varietät, die die durch ein Tripel

(Φ ,a,ξ)

beschrieben werden kann. Hier sindΦ ein primitiver CM-Typ auf K , a ein gebrochenesOK -ideal,
und ξ ein Element in K mit einigen zusätzlichen Eigenschaften, was eine Riemann Form auf
dem Gitter Φ(a) induziert. Ausgehend von solchen Tripeln (Φ ,a,ξ) bestimmen wir (numerische)
Invariante von Kurven.

Teile dieser Arbeit (genauer gesagt, das Kapitel 7) wurden motiviert durch folgende Fra-
gestellung: Gibt es CM-Körper von Grad 6, für die es (nicht-)hyperelliptische Jacobische der
Dimension 3 mit CM durch die Maximalordnung dieses Körpers gibt? Ein solcher CM-Körper
war bereits vor dieser Arbeit bekannt.

Die wichtigsten Ergebnisse in Kapitel 7 werden gegeben durch:
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In Theorem 7.2.1 zeigen wir: Heuristisch gibt es 14 CM-Körper K von Grad 6, für die es sowohl
eine hyperelliptische als auch eine nicht-hyperelliptische Kurve gibt, deren Jacobische CM mit
der maximalen Ordnung OK von K hat. Alle diese Körper haben die Galoisgruppe

Gal(K |Q) ' C3
2 o S3.

Es ist bekannt, dass der Hyperelliptische Ort von Dimension 5 ist im Modulraum der Kurven
von Geschlecht 3. Da dieser Dimension 6 hat, ist es unwahrscheinlich dass eine zufällig gewähl-
te Kurve hyperelliptisch ist.

Wir zeigen in Theorem 7.2.3, dass es heuristisch, einschließlich der in Theorem 7.2.1 erwähnten
Körper, 3.422 CM-Körper K , für die es eine hyperelliptische Kurve gibt, deren Jacobische CM
mit der maximalen Ordnung OK von K hat. Von diesen Körpern haben 348 (bzw. 3.057 bzw.
17) eine Galoisgruppe isomorph zu C6 (bzw. D6 bzw. C3

2 o S3). Wir haben Q(i) ⊂ K für alle
außer 19 dieser Körper K . Unter den Ausnahmefällen haben 2 (bzw. 17) eine Galoisgruppe
isomorph zu C6 (bzw. C3

2 o S3).

Wir beweisen in Theorem 7.2.6 auch eine explizite Version von Theorem 7.2.1: Für den CM-
Körper K mit kleinster absoluter Diskriminante unter den Körpern aus Theorem 7.2.1, definiert
durch das Polynom t6 + 10t4 + 21t2 + 4, bestimmen wir die Gleichungen (7.2.1) und (7.2.2) einer
hyperelliptischen Kurve X und einer nicht-hyperelliptischen Kurve Y mit Jac(X) und Jac(Y ),
beide mit CM mit OK . Außerdem existiert heuristisch eine Isogenie vom Grad 2 zwischen Jac(X)
und Jac(Y ).

In Kapitel 8 betrachten die Rosenhain-Invarianten hyperelliptischer Kurven von Geschlecht
3 mit CM. Mit ihrer Hilfe, und dem Shimura Reziprozitätsgesetz bestimmen wir so genannte
Rosenhain-Klassenpolynome.

Das Hauptergebnis aus dem Kapitel 8 dieser Dissertation ist das Theorem 8.5.9 welches, gege-
ben eine Jacobische Jac(X) einer ausgezeichneten hyperelliptischen Kurve X von Geschlecht 3
über C mit CM durch die Maximalordnung OK eines CM-Körpers K , bestimmen wir mittels
Shimura Reziprozitätsgesetz eine Approximation der galoiskonjugierten Rosenhain-Invarianten
von X.

Die Beschreibungen in Kapitel 9 dienen als Einstieg und Vorbereitung in die Theorie der
supersingulären polarisierten abelschen Varietäten der Dimension g über Körper in positiver
Charakteristik. In diesem Kapitel führen wir die Konstruktion der so genannten polarized flag
type quotients (pftq’s) ein. Im Hauptteil dieses Kapitels beschreiben wir explizit die Lineare-
Algebra-Struktur, die sich auf die endlichen kommutativen Gruppenschemata von pftqs der
Dimension 2 und 3 beziehen. Die explizite Beschreibung von pftqs unter Verwendung von
Lineare Algebra-Objekte ermöglicht die Beantwortung algorithmischer Fragestellungen in
diesem Bereich.
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