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Abstract

Modern production systems are increasingly interconnected and are designed in a modular
way to allow for flexible reconfiguration. In control engineering terms these systems are
often referred to as distributed dynamic systems. A standard approach for the design of
the control system for these plants is a central approach. For this approach, the complete
dynamic of the distributed system is considered for the control design. Contrary to the
central control design is a decentral control design. In this approach, a controller is designed
for each modular part of the system and accounts for the interactions with the other parts of
the system as disturbances. As a middle ground between these two approaches distributed
control has emerged. For this approach, a controller is designed for each part of the system
and all controllers exchange information with each other and follow a coordination scheme.

To accomplish complex control tasks with high performance model based control methods
are increasingly applied in practical applications, i.e. the controller specifically incorporates
a model of the system behavior. Particularly model predictive control (MPC) has become
a method of choice for these situations. MPC belongs to the class of optimization based
controllers, where the control objective is stated as an optimal control problem (OCP). By
solving the optimization problem, the optimal control input for the system is determined.
The feedback loop for MPC applications is achieved by repeatedly solving the optimization
problem every time a new measurement sample of the system is available and then applying
the optimal input until the next sample is available. When MPC is used in a distributed
control design, it allows to naturally account for the interaction of all parts of the distributed
system in the control design.

In this thesis, a modular approach for a distributed model predictive control (DMPC) system
will be presented. Each part of the system is controlled by means of an MPC, and the
aggregation of the part of the system and the controller is called agent. To preserve the
modular structure of the distributed dynamic system within the DMPC, the information
exchange between the agents is limited to directly coupled agents. Developing the DMPC
system within these constraints allows the configuration of systems with numerous agents,
while still keeping the amount of information that a single agent needs to process manageable.

To develop the approach, three formulations of nonlinear dynamically coupled systems are
introduced and the control problem for the DMPC is stated as an OCP. In the following, two
decomposition schemes for the resulting OCPs are presented. The optimality conditions of
the OCPs following from both decomposition schemes are derived. The structure of the opti-
mality conditions allows the application of well known duality based decomposition method
to split the original problem into a collection of subproblems on a per agent basis that are
tied together by coordination variables. While this development is based on the Lagrangian
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formulation of the decomposable OCPs, additionally the Augmented Lagrangian formulation
of the decomposable OCPs is stated. The equivalence of the optimal solution following from
the Lagrangian formulation and the augmented Lagrangian formulation is established for the
given decomposable OCPs to form the basis for the application of distributed algorithms.
Building on the properties of the decomposable OCP, duality based algorithms can be ap-
plied to find the optimal solution. To this end, a Dual Decomposition based method, and
three variants of an augmented Lagrangian based method are applied. The algorithms are
compared by the application to a toy problem, featuring two coupled water tanks. For
the best performing method, i.e. alternating direction method of multipliers (ADMM) a
convergence prove for the application to the developed OCP is provided.
The chosen decomposition of a given distributed dynamical system, can have a large impact
on the performance of ADMM. For two of the developed formulations of the distributed
dynamics, it is possible to choose a decomposition that allows each agent to anticipate the
reaction of its coupled neighbors to its own actions. The effectiveness of the decomposition
scheme is demonstrated comparing it with a standard decomposition scheme when both are
applied to a cooperative payload example. In this example system, a four robots are coupled
to to payloads and need to collectively carry them to a target location. It is shown that the
convergence of ADMM with this scheme can be greatly enhanced.
To highlight challenges of a practical DMPC implementation, a distributed software frame-
work for the agent implementation is developed using the unified modeling language (UML).
Using UML the data exchange and configuration of a coupling connection between the agents
is modeled. Furthermore, the calculation of basic functions to be used by the optimizing
framework is modeled in a modular way, allowing to assemble complex dynamics from modu-
lar building blocks based on the current couplings of the agent. The developed framework is
then used in an laboratory setup featuring four coupled water tanks. Each tank is equipped
with its own computing hardware and connected to a common information exchange bus.
The experimental results show the DMPC to control different coupling scenarios of the setup
by employing the agent framework. Yet, the performance analysis reveals the communication
to take up a large portion of the runtime.
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Deutsche Kurzfassung

Moderne Produktionssysteme sind zunehmend vernetzt und werden modular aufgebaut, um
eine flexible Rekonfiguration zu ermöglichen. In der Regelungstechnik werden diese Anlagen
oft als verteilte dynamische Systeme bezeichnet. Ein Standardansatz für den Entwurf des
Regelungssystems für diese Anlagen ist ein zentraler Ansatz. Bei diesem Ansatz wird die
gesamte Dynamik des verteilten Systems für den Regelungsentwurf berücksichtigt. Im Ge-
gensatz zum zentralen Regelungsentwurf steht ein dezentraler Regelungsentwurf. Bei diesem
Ansatz wird für jeden modularen Teil des Systems ein Regler entworfen der die Wechsel-
wirkungen mit den anderen Teilen des Systems als Störgrößen berücksichtigt. Als Mittelweg
zwischen diesen beiden Ansätzen hat sich die verteilte Steuerung herausgebildet. Bei diesem
Ansatz wird für jeden Teil des Systems ein Regler entworfen, jedoch tauschen alle Regler
untereinander Informationen aus und folgen einem Koordinationsschema.

Um komplexe Regelungsaufgaben mit hoher Performance zu bewältigen, werden in der Pra-
xis zunehmend modellbasierte Regelungsmethoden eingesetzt, d.h. die Regelungsentschei-
dungen werden auf Basis eines Modells des Systemverhaltens getroffen. Insbesondere mo-
dellprädiktive Regelung (engl. model predictive control, MPC) hat sich für diese Situationen
zu einer Methode der Wahl entwickelt. MPC gehört zur Klasse der optimierungsbasierten
Regler, bei denen das Regelungsziel als ein Optimalsteuerungsproblem (engl. optimal control
problem, OCP) angegeben wird. Durch Lösen des Optimierungsproblems wird der optimale
Steuereingang für das System bestimmt. Die Rückkopplungsschleife für MPC-Anwendungen
wird erreicht, indem das Optimierungsproblem jedes Mal, wenn eine neue Messung des Sys-
tems verfügbar ist, gelöst wird und dann der optimale Steuereingang angewendet wird, bis
die nächste Messung verfügbar ist. Wenn MPC in einem verteilten Regelungsentwurf verwen-
det wird, erlaubt es die natürliche Berücksichtigung der Interaktion aller Teile des verteilten
Systems im Regelungsentwurf.

In dieser Arbeit wird ein modularer Ansatz für eine verteiltes modellpräktives Regellung
(engl. distributed model predictive control, DMPC) vorgestellt. Jeder Teil des Systems wird
mit Hilfe einer MPC gesteuert. Die Aggregation des Teils des Systems und des Reglers wird
als Agent bezeichnet. Um die modulare Struktur des Systems innerhalb des DMPC zu erhal-
ten, ist der Informationsaustausch zwischen den Agenten auf direkt gekoppelte Agenten be-
schränkt. Die Entwicklung des DMPC-Systems innerhalb dieser Einschränkungen ermöglicht
die Konfiguration von Systemen mit zahlreichen Agenten, während die Menge an Informa-
tionen, die ein einzelner Agent verarbeiten muss dennoch überschaubar bleibt.

Um den Ansatz zu entwickeln, werden drei Formulierungen nichtlinearer dynamisch gekop-
pelter Systeme vorgestellt und die Regelungsaufgabe für das DMPC als ein OCP angegeben.
Im Folgenden werden zwei Dekompositionsschemata für das resultierende OCP vorgestellt.
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Die Optimalitätsbedingungen der OCPs, die aus beiden Dekompositionsschemata folgen,
werden hergeleitet. Die Struktur der Optimalitätsbedingungen erlaubt die Anwendung von
bekannten dualitätsbasierten Dekompositionsmethoden, um das ursprüngliche Problem in
eine Menge von jeweils einem Teilproblem pro Agent aufzuteilen, die durch Koordinations-
variablen miteinander verbunden sind. Die Herleitung basiert auf der Lagrangeschen Formu-
lierung des zerlegbaren OCP basiert. Als Erweiterung wird zusätzlich die augmentierte La-
grangesche Formulierung des zerlegbaren OCPs angegeben, die die Anwendung modernerer
verteilter Algorithmen für die Lösung der resultierenden OCPs ermöglicht. Die Äquivalenz
der optimalen Lösung, die aus der Lagrangeschen Formulierung und der augmentierten La-
grangeschen Formulierung folgt, wird für das gegebene zerlegbare OCPs gezeigt, um die
Grundlage für die Anwendung der verteilten Algorithmen legen.
Aufbauend auf den Eigenschaften der dekompositionierbaren OCPs können dualitätsbasierte
Algorithmen angewendet werden, um die optimale Lösung zu finden. Zu diesem Zweck wer-
den ein auf Dualer Dekomposition basierendes Verfahren und drei Varianten eines auf der
augmentierten Lagrangeschen Formulierung basierenden Verfahrens angegeben. Die Algo-
rithmen werden durch die Anwendung auf ein einfaches Beispielgproblem mit zwei gekop-
pelten Wassertanks verglichen. Für die leistungsfähigste Methode, die Alternating Direction
of Multipliers (ADMM), wird ein Konvergenzbeweis für die Anwendung auf das entwickelte
OCP gegeben.
Die gewählte Dekomposition eines gegebenen verteilten dynamischen Systems kann einen
großen Einfluss auf die Leistung von ADMM haben. Für zwei der entwickelten Formulie-
rungen der verteilten Dynamik ist es möglich, eine Dekomposition zu wählen, die es jedem
Agenten erlaubt, die Reaktion seiner gekoppelten Nachbarn auf seine eigenen Aktionen zu
antizipieren. Die Effektivität des Dekompositionsschemas wird über den Vergleich mit einem
Standarddekompositionsschema durch die Anwendung in einem kooperativen Nutzlastbei-
spiel demonstriert. In diesem Beispielsystem sind vier Roboter an zwei Nutzlasten gekoppelt
und müssen diese gemeinsam zu einem Zielort transportieren. Es wird gezeigt, dass die Kon-
vergenz von ADMM mit der neuartigen Dekomposition stark verbessert werden kann.
Um Herausforderungen einer praktischen DMPC-Implementierung aufzuzeigen, wird ein ver-
teiltes Software-Framework für die Agentenimplementierung unter Verwendung der Unified
Modeling Language (UML) entwickelt. Mittels UML wird der Datenaustausch und die Kon-
figuration einer Kopplungsverbindung zwischen den Agenten modelliert. Des Weiteren wird
die Berechnung von Basisfunktionen, die vom Optimierungsframework verwendet werden
sollen, modular modelliert, so dass komplexe Dynamiken aus modularen Bausteinen auf Ba-
sis der aktuellen Kopplungen des Agenten zusammengesetzt werden können. Das entwickelte
Framework wird dann in einem Laboraufbau mit vier gekoppelten Wassertanks eingesetzt.
Jeder Tank ist mit einer eigenen Computerhardware ausgestattet, die mit einem gemeinsa-
men Informationsaustauschbus verbunden ist. Die experimentellen Ergebnisse zeigen, dass
das Agenten-Framework verschiedene Kopplungsszenarien des Aufbaus steuern kann. Die
Leistungsanalyse zeigt jedoch, dass die Kommunikation einen großen Teil der Laufzeit in
Anspruch nimmt.
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Chapter 1

Motivation, introduction, and goals

We are witnessing the rise of vastly interconnected production processes, commonly coined
Industry 4.0. This new type of production process features a strong vertical and horizontal
information exchange. It is envisioned that the strong integration of all available information
will enable a flexible production process, ensuring a maximum of efficiency by continuous
real-time optimization. Furthermore, these kind of production systems are expected to pro-
duce a wider range of products to the point where each product is assembled with individual
characteristics [1].
A logical approach for the design of these production processes is to create modular units
which can each handle specific parts of a production process, and to link these units to cre-
ate one large system. In this way, the overall system can be adapted to different production
scenarios by adding or removing modules and/or altering the coupling of the modules. More-
over, modules that are designed to execute a variety of tasks and provide required services
in a flexible way, as a reaction to shortages on a specific kind of service. An early example of
this type of production philosophy is the Kanban approach that relies on a modular struc-
ture and a rigid local coordination protocol. The Kanban approach is one among a variety
of lean and just-in-time production philosophies being investigated in the general operations
research considering modular production systems [118].
On a more abstract level, recent years have seen a great number of contributions from the
scientific community studying emergence itself, i.e. a collection of entities exhibits a property
that arises from the interaction of the entities while none of the entities exhibits this property
on its own. For more details on this phenomenon in complex adaptive systems, see e.g. the
works of J.H. Miller and S.E. Page [97] for a comprehensive overview. A prominent example
is the emergent behavior of larger groups of finite automata which are themselves governed
by rather simple rules. Pushing further in this direction are investigations into multi-agent
systems featuring more complex modeling of believe systems and asymmetric information
with the respective implications on the rules governing the single agents. A well-rounded
overview of these more involved multi-agent systems from a game theoretic perspective was
put together by Shoham and Leyton-Brown in 2009 [125].
The common theme of the advances in interconnected production systems and the research on
complex adaptive systems is the modular system design. Since the single parts of the modular
system can be guided by rather simple local rules, there is some hope that the development
and implementation of a complex centralized rule set can be circumvented. These emergence
phenomena are often studied using multi-agent setups. This research matches up well with
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2 Motivation, introduction, and goals

the recent advances in computing hard- and software to investigate its application to control
theoretic problems.
On the hardware side, there now exist a variety of computing devices collectively called edge
computing devices. The energy consumption footprint of these devices is small enough for
them to be deployed as control systems in the field. Yet, these devices are easily power-
ful enough to solve optimization problems commonly arising in optimization based control
methods within the required sampling rates. This makes them viable self-dependent control
nodes in a multi-agent control system. On the software side, platforms like the robot operat-
ing system (ROS) have embraced the concept of distributed control. Easing the development
of distributed control applications by providing a the communication layer conforming with
the standardized Data Distribution Service (DDS).
From a control engineering perspective, the arrival of modular production systems, each
equipped with a reasonably amount of computing power to execute complex advanced control
methods, leads to the question of how to harness these capabilities to improve the design
and maintenance process of the control system. This text will focus on ways in which the
modular system design can be used to improve distributed control systems. As a first step
within this process, the paradigms under which the controls for these vastly interconnected
devices should be designed, will be defined.

1.1 The distributed control paradigm for coupled
dynamic systems

The common notion that the understanding and utilization of distributed decision mak-
ing and cooperation processes may provide improvements over the current state of the art
of production was demonstrated by the examples given on the work done on Industry 4.0
applications and complex adaptive systems in the last section. From a control engineer-
ing perspective, the class of systems which lend themselves to model the described control
problems are distributed dynamic systems. In the context of this text, distributed dynamic
systems are defined as a set of dynamic systems that may be interacting with each other. A
single system of the set will be referred to as a subsystem. The aggregation of a subsystem
and its governing control system will be called an agent. Thus, the whole distributed system
is made up of a set of agents. Each agent’s dynamics is influenced by the states and con-
trols of a subset of the other agents to model the interconnection of the modeled distributed
system.
To begin with the development of a distributed control paradigm starting from the ideal
of a distributed decision making process, the leading question in the design process can be
stated as:
How should a control system for a distributed coupled system be designed, in order to auto-
matically adapt to changes in the coupling topology of the system?
Expanding from this question, the following core features of a control system that satisfies
the requested ability to adapt to a changing coupling topology are defined as follows:
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• The ability to chose control actions is distributed among multiple agents without a
central authority.

• The agents which make up the overall system can be divided in a number of classes,
i.e. there are groups of self similar agents. The agents of a specific class share a similar
underlying dynamics and can be controlled by instances of the same class of a control
system.

• The agents determine a cooperative control strategy by exchanging information and
following a coordination scheme.

• The cooperation scheme adapts to an altering coupling topology of the overall system
caused by removing or adding an agent to the overall system.

It is important to stress that the decision for the control strategy is reached cooperatively
and that none of the agents is subordinated to another agent in a hierarchical fashion. Thus,
the system exhibits no single point of failure, i.e. a single coordinating element whose failure
would cause a complete control failure.
The agents that compose the overall system are assumed to show similarities that allow
to sort them into classes. This enables a modular design of the distributed control agents,
since the controller design for a specific type of agent can be reused in distributed control.
Furthermore, it allows to define specific coordination patterns between the defined classes.
This allows the distributed control system to adapt to changes in the overall system config-
uration. These changes could either be the addition or subtraction of individual units or the
alteration of the interaction topology of the subsystems. As long as the configuration of the
overall system can still be represented by the modular building blocks defined in the design
phase, the distributed control system is able to adapt itself.
The given features set the distributed control approach conceptually apart from what can be
traditionally seen as two poles: the central and decentral control paradigms. Under a central
control paradigm the control system is understood to account for the interaction of all units
of the system, e.g. by applying model predictive control (MPC). Minimizing a cost functional
which represents the controls goals, the MPC repeatedly solves an optimal control problem
(OCP) subject to the dynamics of the complete system. Designing a control system under a
decentral control paradigm is understood to break down the system into small subsystems
and designing the control loops for each of these separately. To guarantee stability of the
overall system, the interactions of the subsystems can be regarded as disturbances and
compensated for by robust control methods.
As pointed out, in a system under the central control paradigm, the control strategy is
chosen at a central controller which takes into account all available information of the system.
The limiting factor of this approach is the increasing difficulty of representing the system
model and gathering all information to a central computing node for a flexible ever changing
modular system such as the ones described in the last section. For the decentral control, the
changing nature of the modular system increasingly complicates the determination of robust
local control laws.
An ideal distributed control approach may be an appealing choice due to its unique fea-
tures: delivering a control design method which inherently incorporates the interactions of
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the individual system units, yet not requiring any controller to keep track of the complete
system’s information, i.e. the complete model or all measurements. Instead, it is sufficient
for each controller to be aware of its own dynamic model, the nature of the interactions
with interacting units, and its local measurements. One specifically appealing feature of
distributed control is the modular nature of the overall system. Similar to the object ori-
ented programming paradigm, the controller and the subsystem can be encapsulated into
one standard unit with standard coupling interfaces. The system engineer can then simply
combine these standard building blocks to create a complex system.
In the next section, the requirements on distributed control systems drawn from the described
features of distributed control will be discussed.

1.2 Requirements on distributed control

Regarding the leading question of the last Section 1.1, the characterized distributed control
system provides the necessary flexibility to adapt to changes in the overall system configu-
ration of a distributed coupled system. The requirements on an actual implementation of
the distributed controller, based on the characterization of the distributed control paradigm
in the last section, will now be laid out in form of a set of requirements. These requirements
will serve as guidelines for the development of the distributed control methods throughout
the text from here on:

• Each agent has a list of the agents corresponding to the subsystems coupled to his own
subsystem.

• The model information of each agent is limited to its own system dynamics and the
dynamics associated with the coupling to other agents.

• Each agent can only measure its assigned subsystem state.
• Each agent can only set its own subsystem controls.
• Each agent can only exchange information with its neighbors j ∈ N i, i.e. the agents

assigned to the subsystems j adjacent to the agents subsystem in the coupling graph.
The listed requirements correspond to the desired features of the distributed control
paradigm. Since the decision making is distributed among the agents, the control layer
exhibits no single point of failure. In a distributed system composed of this kind of agents,
these agents can detect failure in coupled agents for instance, following the Heartbeat
method [2]. Therefore, the agents can adapt to a change in the coupling topology caused
by the failure of an agent. Conversely, if new agents are added to the overall systems, the
agents can instantly adapt to the new coupling topology.
Distributed optimal control methods and hence distributed model predictive control (DMPC)
methods have been a popular choice throughout the research history on distributed control
methods. These popularity is likely due to their ability to account for complex interactions
of the coupled agents by means internal prediction model of the system dynamics. Thus,
the distributed control approach to be developed throughout this dissertation is also going
to be a DMPC approach, designed to match the given requirements.
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1.3 Related work

In this section, a summary of the development of distributed control approaches in a roughly
chronological order is given with a focus on optimization based methods. While the goal
was to give a very broad picture of the research, the list is of course by no means complete.

Being a subset of the general research on optimization methods, the evolution of distributed
optimization based control approaches closely follows the general evolution of distributed
optimization methods, i.e. decomposition methods. The two principal decomposition ap-
proaches are the primal and dual decomposition.

Following a primal decomposition approach, the optimization problems decision variables are
divided into subsets in a way that yields a corresponding set of cost functions representing
the parts of the original cost functions impacted by the subsets of the decision variables.
Typically the subproblems are easier to solve than the original problem. The distributed
solution of these subproblems can then be achieved in a sequential or parallel manner to find
the solution to the original problem [18].

Following the dual decomposition approach, the decomposition is also carried out by di-
viding the decision variables into subsets, yet in this case copies of the decision variables
are created and the original problem is extended by constraints enforcing that these copies
need to be identical. The resulting extended problem is then solved applying a primal dual
method originating from general constrained optimization theory. To this end, dual vari-
ables are introduced to solve the constrained problem according to the general Lagrange
approach regarding constrained optimization problems to form an extended formulation of
the optimization problem. A typical approach for the resulting primal optimization step
are sequential optimizations with respect to the primal decision variables of the extended
problem.

1.3.1 Early works on decomposition methods (1960 - 1990)

The contribution by Dantzig and Wolfe from 1960 [32] outlining the dual decomposition
approach as a decomposition applied to linear programming is generally credited as the first
presentation of a dual decomposition approach applied to a linear program. One of the
earliest works picking up this concept and assessing the potential application of the dual
decomposition technique to optimal control problems featuring interacting linear systems
was proposed by Pearson in 1966 [113]. A continuation of the work on dual decomposition
approaches considering different ways to decompose a given system was investigated by
Findeisen [50] and complemented by a simulation study of a system of connected water
tanks. In a more abstract contribution, the coordinability, i.e. the ability of a coordinator in
a two level system to guide the individual subsystems to the optimal solution by adjusting
their local optimal control problems, was investigated by Takahara and Mesarovic [127].

A continuation of this line of dual decomposition based approaches can be found in a col-
lection of articles edited by Wismer in 1971 [136]. A major contribution is the formal
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development of the conditions of optimality employing the framework for constrained op-
timal control from Berkovitz [15]. In this spirit, the two level optimization approaches in
this dissertation that are applied to distributed optimal control problems are formally stated
as duality based algorithms operating on an optimal control problem subject to additional
equality constraints resulting from the decomposition of the system dynamics.

Possibly due to the unavailability of adequate computing resources at the time limiting the
applicability of optimal control in an MPC setting let alone a distributed MPC setting, the
research focus seems to have shifted more to the extension of classic linear control methods
to distributed control problems. An exception can be found in a survey paper investigating
distributed optimization based control by Mahmoud [89]. The contribution emphasizes the
fundamental differences of primal and dual decomposition approaches by comparing several
of the afore mentioned approaches.

On the other hand and around the same time, some contributions consider decentral ap-
proaches to distributed control grounded in classic linear control theory. An example is the
work of Lunze [83] where the synthesis of decentral control scheme for a distributed system
is achieved by guaranteeing stability of the individual subsystems based on the small gain
theorem.

By the early 2000s, the application of optimal control in an MPC setting became a practical
viable control approach to handle complex control problems. This was partly due to the
advent of more capable computing hardware. But also further theoretical development
lead to a matured deeper understanding of stability conditions, see e.g. [91, 25], and the
development of specially tailored optimization algorithms, see e.g. [36, 111, 35]. Naturally,
this also sparked a renaissance of the research in distributed optimization based control
methods. One of the first contributions considers a power plant as an example system and
presents a simulation study [75]. The distributed controller uses a two level optimization
method applied to a dual decomposition scheme. Another early contribution was the work
of Fawal et al. from 1998 [47] considering the application of decomposition methods to an
irrigation system. A linear model of the irrigation system is developed, accounting for delays
and pulsation effects in the transport canals. Then, a decomposition by variable duplication
is chosen and the system is reformulated utilizing the augmented Lagrangian approach. For
the algorithm, a linearization of the quadratic penalty term was chosen to be able to apply
classic Jacobi-type decomposition based algorithms and a study to an example system was
presented in [47]. In the following, an attempt at characterizing the major research strains
that followed from this point will be laid out.

1.3.2 Robustness based approaches

One central achievement of the research efforts on model predictive control are proofs of
stability and robustness properties for general MPC applications [91]. In the wake of the
development of these methods to proof stability for iterative optimization based controllers,
a number of contributions report distributed MPC approaches where the influences of other
agents are considered to be disturbances on the system of the agent. Fundamentally, these
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approaches are very similar to the classic decentralized control approach based on small
gain guarantees for each agent. Yet, the limits on the gains are guaranteed by the MPC
of each agent. The methods become distributed control methods, since each agent provides
information about its own predicted trajectory to the agents influenced by him. Overall,
this class of DMPC methods can be seen as primal decomposition methods, since no explicit
coordination with respect to the coupling variables takes place. An early example of this
line of research are the contributions by Jia et al. from 2001 [71], where stability of the
distributed MPC scheme is guaranteed by a matching condition which forces each agent
to stay true to its originally predicted state trajectory within the next prediction step, thus
allowing all other agents to adjust their own actions for the next prediction steps accordingly.
The authors expanded on their original concept by proposing a min-max formulation closely
related to modern robust tube MPC in the two follow-up contributions [26, 72]. Putting a
stronger emphasis on framing the approach as a distributed cooperative multi-agent system,
the matching condition is relaxed by means of the min-max formulation. Another derivation
of a distributed MPC approach based on the extension of a central tube MPC to a multi-agent
setting was presented in 2006 by Trodden and Richards [129]. The approach was applied
to linear systems and the performance and robustness was analyzed for an algorithm with
one communication per sampling step. Finally one more tube based approach employing a
guaranteed contraction of the terminal region of each agent towards the origin was presented
by Raimondo et al. in 2009 [116]. In this approach, the influence of coupled systems is
calculated as a disturbance on the local system based on the guaranteed terminal region of
each agent.

1.3.3 Game theoretic approaches

Focusing more on the notion of viewing the distributed MPC problems as cooperative multi-
agent problems, another major trend within the research on distributed model predictive
control methods were attempts to apply game theoretic concepts regarding multi-agent sys-
tems. An early example contributed by Du et al. in 2001 [43] was a straightforward primal
decomposition of a linear OCP with a Jacobi-type iteration scheme for the optimization that
is computed in parallel by a number of agents. It is shown that the solution of the agents
converges to a Nash equilibrium given that a Nash equilibrium exists and the initial solution
lies within a small enough region around it. Furthermore, a distributed stopping criterion
based on the gradient of the objective function of each agent is presented. The question
of whether or not the Nash equilibrium coincides with the optimum of the original optimal
control problem is not addressed. A similar approach is presented by Li et al. in 2005 where
the application to the Shell benchmark control problem [115] is shown and communication
failures among the agents and their impact on the stability of the system are investigated
[82]. Leaning on more complex market mechanisms, Lee et al. proposed a more complex
auctioning mechanism in a 2008 contribution where the method is applied to optimize the
throughput of an information network [80]. Instead of a more complex market model, the
contributions [69, 70] from Javalera et al. in 2010 proposed to use Reinforcement Learning
for the implementation of the agents. According to this approach, the optimal values for
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all shared variables can be approximated efficiently by learning a feedback law from past
episodes of the system. The resulting OCPs for the agents in the distributed MPC problem
are much easier to solve than the original problem. In the same year, Valencia et al. proposed
a distributed MPC approach where the individual agents negotiate a solution and then de-
cide to cooperate by following the solution or decide to implement a solution that benefits
them locally [131]. The authors show convergence of the algorithm to a stable operating
point regardless of the level of cooperation of the agents.
Building on the prior game theoretically inspired distributed MPC approaches, Venkat et al.
recognized that the Nash equilibrium does not necessarily coincide with the optimum of the
original optimization problem [134] and therefore suggested to adjust the local cost functions.
The proposed altering of the individual agents cost functions is used to match the Nash
equilibrium to the optimal solution of the original problem. In the presented example, each
agent computes the full cost functional of the original problem, yet only optimizes for its local
optimization variables leading to a decrease in the number decision variables for each solution.
Stability and convergence of the distributed algorithm are shown by means of a Lyapunov
method for the case that all agents calculate the solution to their local problem in parallel and
exchange the predicted trajectories. The so-called feasible cooperation based MPC scheme is
further developed by showing exponential stability and considering the impact of suboptimal
termination of the distributed algorithm in the follow-up contributions [135, 133]. Altering
the agents cost functions to only reflect the direct neighbor cost function and dynamics as
well as the respective output and control constraints, a distributed algorithm based on the
barrier method was proposed by Scherer et al. in 2009 [121]. The algorithm was developed for
linear systems and and demonstrated with a simulation study featuring a distillation column.
Another approach named partial goal interaction was proposed by Scheu et al. in 2011 [122].
The method is based on the concept of exchanging information about the sensitivity of
the local objective functions among coupled agents, ensuring that the distributed solutions
matches the overall optimal solution.

1.3.4 Dual decomposition based approaches

Alongside the primal decomposition methods also dual decomposition based methods had
a comeback. An approach which uses the intuitive notion of duality based optimization in
the form of setting prices between markets by a coordinator until an agreement on shared
variables is reached was presented by Cheng et al. and applied to a linear example system in
[30] and [80]. Yet, most contributions focused on the evaluations of algorithms to solve the
dual problem arising from the decomposition scheme. General properties of the Lagrangian
based approach with a specific emphasis on variations of sequential and parallel update
schemes for the individual agents was presented by Negenborn et al. and the application to
water distribution systems was provided as a practical example [106, 107]. In a follow-up
contribution, a simulation study for a more intricate water distribution system modeling a
part of the Bogota water supply network with 44 states, 7 control inputs and 18 disturbance
inputs was presented [81]. The application to a load balancing problem in electrical power
networks using linear system models was consecutively presented by Namara et al. [92]. Fo-
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cusing more on the stability properties of a dual decomposition algorithm employed in an
linear MPC setting, Giselsson and Rantzer developed stability conditions by giving condi-
tions under which the overall cost function can be shown to act as a decreasing Lyapunov
function even for suboptimal solutions of the overall OCP at each sampling step [117, 57].
Two approaches featuring pure dual decomposition algorithms were presented by Wakasa et
al. in 2008 and Beccuti et al. in 2010 [10]. In both contributions the dual decomposition is
applied to a distributed OCP problem subject to linear system dynamics.

1.3.5 Duality based algorithmic investigations

Still building on the basic principle of duality, a number of contributions explored alternative
algorithmic approaches to solve the dual problem. Among the first was a contribution by
Necoara et al. presenting a variation of the proximal center decomposition; a method that is
itself a variation of the classic dual decomposition method. The gradient steps in the dual
variables are carried out using Nesterovs’ fast gradient method [104]. Being developed for a
DMPC setting subject to linear dynamics, the method was successfully applied to a forest of
pendulums example problem. Continuing along this path, variations of the smoothing pa-
rameters present in the objective functions of the decomposed distributed problem in order to
apply a sequential convex programming technique were presented. The resulting algorithm
can be applied to OCPs subject to nonlinear dynamics. In 2011, Doan et al. applied Han’s
algorithm to the distributed solution of a linear OCP [41]. The algorithm only necessitates
local communication among agents that influence each other, making it more suitable for
larger distributed systems. The explicit application of original decomposition methods for
linear programming, i.e. the Dantzig-Wolfe decomposition and Benders’ decomposition was
investigated by Moroşan et al. [100, 99]. The methods were applied to a heating problem
with multiple physically coupled areas modeled as a linear system. Taking cues from the
development of interior-point methods, Dinh et al. developed a dual decomposition inspired
algorithm, where the consistency constraints between coupled variables are enforced by an in-
creasingly tightened penalty function [39]. Convergence for the nonlinear OCPs is shown and
the application to a problem subject to a bilinear system dynamic is studied. An approach
to improve upon the classic dual decomposition method by again employing Nesterovs’ fast
gradient method for the updates of the dual variables was proposed by Giselsson et al. in
2013 [56]. The new algorithm was shown to be competitive with standard CPLEX and
MOSEK implementations at solving OCPs subject to randomly generated linear systems.
Focusing more on developing a Plug & Play capable hierarchical DMPC system, Braun et
al. [21] applied the alternating direction method of multipliers (ADMM) algorithm to OCPs
with coupled cost functions subject to uncoupled linear dynamics. A brief discussion of
approaches stability by recursive feasibility in a DMPC setting and the application to a
microgrid example system was presented. In 2019, Bestler and Graichen presented stability
results for a suboptimal DMPC scheme using the ADMM method with a fixed number of
iterations at each sampling step [19]. An example featuring the nonlinear dynamics of three
coupled Van der Pol oscillators was presented to demonstrate the capabilities of the proposed
method. In the same year, Burk et al. [23] presented a modular framework for the nonlinear
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dynamics of the distributed plant dynamics to enable Plug & Play capabilities for applica-
tion of the ADMM algorithm to nonlinear OCPs. The framework was demonstrated by the
application to a spring-mass system and a water tank network which both featured a change
in the coupling configuration during operation. An improvement of the ADMM algorithm
for the application to nonlinear OCPs by carrying out the multiplier update using Nesterov’s
acceleration technique was proposed by Tang and Daoutidis [128]. The improvement was
demonstrated by comparing the implementation of the new method with two standard im-
plementations for a nonlinear OCP featuring a chemical plant. In 2020, Burk et al. proposed
to add an approximation of the local problem of each agent to its directly coupled neighbors
in [24]. The application of the ADMM algorithm to the resulting OCPs showed a faster
convergence for the three presented example systems: randomly generated linear networks,
a mass-spring system, and a water tank network.

1.3.6 Decentralized approaches

Hearkening back to the decentral control approaches based on passivity of the individual
systems, Magni and Scattaloni in 2006 presented a decentral MPC approach relying on a
contractive constraint imposed on each part of the system [88]. The presented approach con-
siders an overall linear system where a state feedback controller is designed at each sampling
instance by means of a dynamic optimization algorithm. No communication among coupled
subsystems is considered. A stability results was presented that holds under the assumption
of given upper bounds on the influence from coupled subsystems and the disturbance on
the individual subsystem. In order to improve the cooperation of the subsystems, yet not
implementing an involved coordination scheme, Alessio et al. in 2001 suggested a decentral
MPC scheme, where the dynamics of the individual subsystems are chosen to overlap to
a certain extend [3]. The amount of subsystem overlap and their respective partial cost
functions is a design parameter of the decentralized control scheme, where a larger amount
of overlapping generally leads to a better overall system performance while lesser overlap
reduces the complexity of the subsystems optimal control problem and the complexity of
providing the measurement of the system state to all subsystems. Expanding the scope of
decentralized MPC methods to nonlinear systems, Varutti et al. presented a passivity based
approach geared towards a distributed system with a cascading structure in 2012 [132]. An-
other approach by Ocampi-Martinez et al. focused on minimizing the deterioration of the
overall system performance under decentralized control in comparison to a central control
scheme [110, 109]. To this end, a graph partitioning algorithm was employed to obtain a par-
titioning of the distributed system into subsystems with as few as possible shared variables
to minimize the external influences on each subsystem.

1.3.7 Heuristic approaches

Finally, there was also a range of heuristic algorithms proposed. Resulting in distributed
algorithms for solving a distributed OCP, most of them are formulated based on game
theory inspired negotiating tactics and partitioning strategies. An example is the partitioning
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approach presented by Motee et al. in 2003 [101] where a optimal grouping algorithm of the
elements of a distributed system is proposed. The algorithm takes into account the influence
of the control inputs on the output states by means of the Hankle norm while limiting the
suboptimality due to the gradient based distributed algorithm. In yet another contribution,
Maestre et al. pursuit a approach inspired by the classic prisoners dilemma game [85, 86].
Each agent optimizes its local cost function subject to the system dynamics of the whole
system. The optimization is carried out once with respect to the local controls of the agent
and then once with respect to the control trajectory of each coupled agent. Finally, the
agents exchange the resulting values of the cost functions for each computed setting and
each agent creates a decision matrix containing all possible permutations of the computed
input trajectory. In a departure from the original prisoner dilemma game, the agents always
agree to pick the combination of computed controls with the lowest overall cost function. In
this way, the proposed algorithm enables the distributed control scheme to reflect interactions
between the subsystems while not computing the complete cost function in each local system.
A number of the before mentioned contributions where implemented on an experimental
water tank test bench first described Mercangoz et al. in 2007 [94]. The comparative analysis
the results was presented by Alvarado et al. in 2011 [4]. A more extensive collection of 35
approaches along with a classification approach along classes of dynamic systems, necessary
system and measurement information sharing among the agents was eventually published
by Maestre and Negenborn in 2014 [87].

1.4 Thesis outline and goals

Viewing the published research on DMPC through the lense of the requirements on dis-
tributed control developed in Section 1.2, it becomes apparent that the question of modu-
larity and limiting the required information for each agent are not fully addressed by any of
the listed approaches. While there are a number of approaches that limit the information
of the agents to local communication, the modular implementation of the agent dynamics
is usually not considered. This severely hinders the implementation of a scalable, modular,
distributed control system. The first goal of this dissertation is the development of a mod-
ular framework for the formulation of the agent dynamics that can be used to implement
numerous overall system configurations.
Furthermore, there is only a small number of contributions that address nonlinear dynamics
of the agents. These contributions are limited to studying variations and improvements on
distributed algorithms, but do not layout the actual distributed implementation of these
algorithms. The second goal of this contribution is therefore the detailed development of an
algorithm for nonlinear distributed optimal control problems based on ADMM. To this end,
the derivation from the central optimal control problem, the decomposition of the problem
and the corresponding optimality conditions as well as the convergence of ADMM will be
covered.
The main contribution of the following development is to focus on the impact of the defined
requirements on distributed control systems in each stage of the control design process:
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starting at defining the distributed system in a modular fashion and ending with a modular
agent based implementation of a DMPC system.
To this end, Chapter 2 presents three modeling frameworks for distributed coupled dynamical
systems as well as the formulation of the distributed OCPs. After the introduction of two
decomposition approaches, the optimality conditions of the resulting decomposed OCPs
will be discussed, which lay the foundation for the application of duality based dynamic
distributed optimization algorithms.
Chapter 3 will build on the developments from Chapter 2. Several algorithms which enable
an agent based solution of the OCPs will be covered. The performance of several variations
of the algorithms will be illustrated by means a of minimalistic example system. Further-
more, the convergence of ADMM for a distributed OCP subject to nonlinear dynamics will
be shown. In the following, the repeated solution, i.e. the integration of the distributed
algorithm into a DMPC framework will be demonstrated. Furthermore, an alternative de-
composition scheme for the distributed modular system will be presented that can benefit
the convergence speed of the distributed algorithms. As a benchmark example, a simplified
cooperative payload scenario is considered that features involved couplings among the agents
due to mechanical constraints. It will be shown how the application of the transformation
technique will lead to a formulation of the distributed optimization problem that results in
a faster convergence of the distributed algorithm.
Chapter 4 will elaborate on the actual implementation of the distributed algorithms covered
in Chapter 3. Starting from the deployment of the information regarding the dynamics,
measurements, and optimization related variables, the implementation of the agentbased
solution within an object-oriented framework will be described. The object-oriented frame-
work relies strongly on the encapsulation concept. This helps splitting the monolithic task
of implementing a distributed optimization algorithm into manageable tasks. Special atten-
tion will be paid to the setup and analysis of the communication framework, which, so far,
has received little attention, since the overwhelming number of contributions conduct the
numerical and actual experiments on shared storage implementations. Using the developed
framework, the emergent character of the control strategy under DMPC will be demonstrated
by a number of simulation and experimental results on a laboratory water tank setup.
Chapter 5 will be used to summarize the developed results of the preceding three chapters.
Furthermore, possible directions for the continued research based on the developed results
will be pointed out.



Chapter 2

Optimal control for modular, coupled, and
dynamic systems

In the beginning of this chapter, different formulations of the nonlinear dynamics of coupled
systems will be presented. Starting from a general description of a dynamical system, the
decomposition into several coupled dynamic systems will be developed. From the numerous
possibilities to state the coupled dynamical systems, three particular formulations will be
discussed. They allow for a trade-off between a very flexible representation, to capture a
general coupled dynamic system, and a more restrictive representation, more suited to a
straightforward modular implementation. These formulations will serve as the jumping-off
point for the development of the modular distributed control framework.
Building on these formulations, the statement of the overall control task for these types of
systems in form of a distributed OCP will be developed. In the following, the first and
second order optimality conditions will be discussed for these types of distributed OCPs. In
a brief digression from the main topic, the optimality conditions will then be applied in the
algorithmic framework of the gradient method. This conceptually simple algorithm, based
on a steepest decent approach, will be used to establish a baseline solution to the distributed
OCPs. Also, the baseline solution will be matched against the distributed algorithms for
comparison.
From the basic statement of the distribute OCP, a decomposable formulation will be derived
according to standard decomposition approaches. In the remainder of the chapter, the
optimality conditions for the decomposable solution will be discussed. The focus will lie on
establishing the saddle point property of the overall optimal solution in the decomposable
formulation, since it is necessary to justify the application of the distributed algorithms in
the following Chapter 3.

2.1 Distributed coupled systems: hidden structure in
general nonlinear dynamics

In general, the dynamics of a wide range of systems can be described by a system of nonlinear
continuous-time ordinary differential equations (ODEs), written as

ẋ(t) = f(x(t),u(t)), x(t0) = x0, (2.1)

13
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Figure 2.1: Example graph representing the coupling structure of a distributed coupled
systems.

with the system state vector x(t) ∈ Rn, control vector u(t) ∈ Rm, the system function
f : Rn×Rm 7→ Rn, and the initial state x0 ∈ Rn. Each element of ẋ(t) in (2.1) may depend
on all elements of the state vector x and control vector u as described by the mapping f .

If (2.1) is regarded as a distributed coupled system, it is assumed that the mapping f
exhibits a topology which allows to weaken the dependency of each element of the derivative
on each element of the state and control vector. This then leads to a natural partitioning
of the overall system. To this end, it is assumed that the state and control vectors x(t) and
u(t) can each be partitioned into N subvectors xi(t) ∈ Rni and ui(t) ∈ Rmi , according to

x(t) =


x1(t)

...
xN(t)

 , u(t) =


u1(t)

...
uN(t)

 . (2.2)

It is assumed that for each derivative ẋi(t), the corresponding mapping f i always depends
on the corresponding state and control subvectors xi(t) and ui(t). The dependencies on
the other subvectors xj(t) and uj(t), j ∈ {1, . . . , N} \ {i}, of the state and control vector
x(t) and u(t) is accounted for by the coupling topology of the overall system. A common
representation of coupling topology is a graph G [44, 103], with

G = {V , E}, V = {1, . . . , i, . . . , N}, E ⊆ V × V , (2.3)

as illustrated for an example system in Figure 2.1. If, due to the mapping f , the partial
mapping f i depends on xj(t) and uj(t), j ∈ {1, . . . , N} \ {i}, or vice versa f j depends
on xi(t) and ui(t), then there is an edge e ∈ E connecting the corresponding nodes i and
j. Thus, all subvectors of the state and control vector x(t) and u(t) that f i depends on,
aside from xi(t) and ui(t), are captured by using the indices provided by the neighborhood
N i = {j ∈ V|{i, j} ∈ E} of node i.

From here on, the following naming conventions are adopted: the partition of the overall
system (2.1) corresponding to node i will be called subsystem i. Each subsystem i is a
dynamical system describing the derivative ẋi(t) depending on xi(t) and ui(t), which will
be called subsystem states and subsystem controls, and (xj(t),uj(t)|j ∈ N i), which will be
called neighbor states and neighbor controls. The term coupled subsystems will be used to
indicate that the corresponding nodes of two subsystems are connected by an edge. Thus,
all subsystems j coupled to subsystem i are defined by the neighborhood N i.
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The aggregation of the subsystem with its associated control system will be called agent.
Agents whose assigned subsystems are coupled to an agents subsystem are called neigh-
bors, or neighbor agents. Note that the distinction into agent states/controls and neighbor
states/controls is always a matter of choosing the perspective of a specific agent i ∈ V .

Depending on the type of system to be modeled, the mapping f i of the subvectors xi(t),
ui(t), xj(t), and uj(t), j ∈ N i onto ẋi(t) can be cast in different forms, depending on the
respective coupling structure. In the following, three variations of formulating the dynamics
of the subsystems will be presented which differ to a certain extend in their modularity and
flexibility.

2.2 Distributed representations of coupled system
dynamics

The most general form of describing the dynamics of each subsystem i is given by

ẋi(t) = f i(xi(t),ui(t),xj(t),uj(t)|j ∈ N i), xi(0) = xi,0, (2.4)

where f i : Rni × Rmi × ∏
j∈N i (Rnj × Rmj) 7→ Rni is the nonlinear subsystem function

depending on all states and controls of the coupled subsystems j ∈ N i, and xi,0 ∈ Rni is
the initial state of each subsystem i ∈ V . In this formulation, general nonlinear functions
depending on all variables of the subsystem i ∈ V and its neighbors j ∈ N i can be included
in the subsystem dynamics (2.4).

If a more structured coupling of the system is assumed, a less general form of describing the
dynamics of the subsystems i can be written, as follows

ẋi(t) = f i(xi(t),ui(t)) +
∑
j∈N i

f ij(xi(t),ui(t),xj(t),uj(t)), xi(0) = xi,0, (2.5)

with the nonlinear subsystem dynamics being composed of the functions f i : Rni×Rmi 7→ Rni

and f ij : Rni × Rmi × Rnj × Rmj 7→ Rni . In contrast to the formulation of the subsystem
dynamics (2.4), the formulation (2.5) is additive with respect to the coupled neighbor agents.
This type of coupling is usually exhibited in systems where the driving force behind the
dynamics is based on some form of a potential difference, e.g. a difference in the hydraulic
pressure in two connected water tanks or the sum of forces acting on two masses coupled by
a spring.

While the formulation (2.5) is less general than (2.4), the structure of the dependencies is very
modular, e.g. altering the system by an additional coupling between two subsystem simply
results in two terms added to the respective dynamics of the subsystems. These highly
modular dynamics are useful from a practical perspective, since they allow the modular
implementations of the dynamics of the distributed system.

Finally, a middle way between the formulation (2.4) and (2.5) can be achieved by considering



16 Optimal control for modular, coupled, and dynamic systems

the subsystem dynamics as a system of differential algebraic equations (DAEs), written as

ẋi(t) = f i(xi(t),ui(t)) +
∑
j∈N i

f ij(xi(t), ξij(t),xj(t), ξji(t)), xi(0) = xi,0, (2.6a)

ξij(t) = gi(xi(t),ui(t)) +
∑

k∈N i\{j}
gik(xi(t), ξik(t),xk(t), ξki(t)), ∀j ∈ N i. (2.6b)

In this formulation, the derivative of the subsystem state xi(t) is still given in the additive
form of the formulation (2.5). Albeit, the influence of the coupling to subsystem j ∈ N i may
also depend on the influences of the remaining coupled subsystem k ∈ N i \ {j} which can
be described by the algebraic equations (2.6b), with the additional variables ξij(t) ∈ Raij

and the functions gi : Rni ×Rmi and gij : Rni ×∏k∈N i\{j} (Raik × Rnk × Raki) 7→ ∏
j∈N i Raij .

The additive dynamics term for each coupling, i.e. f ij : Rni × Raij × Rnj × Raji 7→ Rni now
depends on the newly introduced algebraic states (ξij(t), ξji(t)).

Basically, any system can be represented in formulation (2.6) as long as it is sufficient to
subsume all influences of other neighbor subsystems k ∈ N i \ {j} into a new algebraic
variable in order to determine the influence of the coupling with neighbor subsystem j.
When modeling systems with coupling constraints, e.g. a mechanical system where masses
are connected with each other by a pole with bearings, these interactions cannot be captured
by formulation (2.5). Formulation (2.6) allows the modeling of this interaction while still
exhibiting a modular structure contrary to formulation (2.4), thus allowing for a modular
implementation.

Building on the formulations of the distributed coupled dynamic systems (2.4), (2.5), and
(2.6), now the actual control task can be formulated. The statement of the control task will
be pursued in an optimal control setting, since this is the chosen control method for the
distributed control system.

2.3 Optimal control for coupled dynamic systems

Stating the control task for a dynamic system as an optimization problem is the core idea of
optimal control theory. Since the OCP depends on the trajectories of the control inputs of
the system, determining the optimal solution also yields the optimal control inputs, which
can then be applied to the system [16].

In the following, the control task for a distributed coupled dynamic system of the kind
described in Section 2.2 will be stated as an OCP. For the development of the approach,
the formulation (2.4) will be used for the statement of the OCP, albeit it should be noticed
that it is possible to swap this formulation with the other two, i.e. formulation (2.5) or (2.6),
without compromising the results. To ease notation of the states xi and controls ui, the
time dependency will be omitted wherever it is clear from the context.

The basic input constrained OCP subject to the distributed coupled system dynamics (2.4)
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with free terminal states is defined as

min
ui(·),i∈V

J(ui(·);xi,0|i ∈ V) =
∑
i∈V

Ji
(
xi(·),ui(·),xj(·),uj(·)|j ∈ N i

)
(2.7a)

s. t. ẋi = f i
(
xi,ui,xj,uj

)
, xi(0) = xi,0, i ∈ V (2.7b)

ui ∈ Ui, i ∈ V , (2.7c)

where each subsystem control ui is constrained to the subset Ui ⊆ Rmi . The overall cost
functional J(·) is composed from the individual cost functionals Ji(·) for each subsystem
i ∈ V , given by

Ji(xi(·),ui(·),xj(·),uj(·)|j ∈ N i) = Vi (xi(T )) +
∫ T

0
li
(
xi,ui,xj,uj|j ∈ N i

)
dt (2.7d)

for the fixed optimization horizon T > 0. Note that the integral cost functions li(·) :
Rni×Rmi×∏j∈N i (Rnj × Rmj) 7→ R are defined to only depend on the states and controls of
the associated subsystem i and its neighbors j ∈ N i. Furthermore the integral cost functions
li are assumed to be convex with respect to agent states and controls. This leaves open the
possibility of each agent to not use the neighbor states and controls and only account for
his local states and controls within the cost functional, i.e. li(xi,ui). The terminal cost
functions Vi(·) : Rni 7→ R are defined to only depend on the subsystem’s state xi.

The fact that only states and controls from the immediate vicinity, i.e. neighbor states xj
and controls uj, j ∈ N i, are considered by each agent needs to be pointed out as a caveat
regarding the problem statement. On the one hand, this limitation is a necessity demanded
by the developed requirements for the distributed control paradigm in Section 1.2. On the
other hand, there may be cases where the control task can not be stated as an optimization
problem within these limits because a stronger system-wide coordination is required.

2.3.1 Optimality conditions

The derivation of the optimality conditions for optimal control problems of the type (2.7) is
well understood. For an excellent derivation using a calculus of variations approach see the
textbook [7] by Athans and Falb, while an elegant approach utilizing dynamic programming
can be found in [16].

Following Pontryagin’s maximum principle, define the Hamiltonian

H(xi,ui,λi | i ∈ V) =
∑
i∈V

(
li(xi,ui,xj,uj|j ∈ N i) + λTi f i(xi,ui,xj,uj| j ∈ N i)

)
, (2.8a)

with the adjoint variables λi ∈ Rni , i ∈ V . Using the Hamiltonian, the first-order necessary
conditions of optimality for the optimal solution (x∗i (·),u∗i (·),λ∗i (·)) for each agent i ∈ V are
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given by the system of ODEs

ẋ∗i =
(
∂H(·)
∂λi

)
= f i(x

∗
i ,u

∗
i ,x

∗
j ,u

∗
j |j ∈ N i) (2.8b)

λ̇
∗
i = −

(
∂H(·)
∂xi

)
=−∂li(·)

∂xi
−
(
∂f i(·)
∂xi

)T
λ∗i

−
∑
j∈N i

∂lj(·)
∂xi

+
(
∂f j(·)
∂xi

)T
λ∗j

 , (2.8c)

where (2.8c) is commonly called the adjoint dynamics. The corresponding boundary condi-
tions for these systems of ODEs are

xi(0) = xi,0 (2.8d)

λi(T ) =
∂Vi(·)
∂xi

∣∣∣∣∣
t=T

. (2.8e)

Furthermore, the optimal control u∗i (t), i ∈ V , minimizes the Hamiltonian for all times
t ∈ [0, T ], i.e.

H(x∗i (t),u
∗
i (t),λ

∗
i (t) | i ∈ V) ¬ H(x∗i (t),ui(t),λ

∗
i (t) | i ∈ V), ui(t) ∈ Ui. (2.8f)

2.3.2 Existence and uniqueness of solutions

Treating the body of work concerned with the existence of solutions to the nonlinear OCP
given by (2.7) in depth is beyond the scope of this text. Still, with respect to the development
of the distributed algorithms, some assumptions on the existence and uniqueness of a possible
optimal solution are necessary.
Therefore, a brief overview of the developments regarding these topics mostly drawing from
”Nonlinear Optimal Control Theory” by Berkovitz and Medhin [16] will be given, and as-
sumptions on the given OCP (2.7) are stated to ensure certain properties of the solution.
The authors first construct a so-called relaxed control and relaxed trajectories for the con-
sidered OCP, which can be seen as a mixture of ordinary controls and trajectories which
are combined by a Radon measure. The tupel of an admissible control trajectory and the
corresponding state trajectory which satisfy the system dynamics and constraints on both
controls and states are called ordinary admissible pair and relaxed admissible pair respec-
tively. Convexity of the space of relaxed controls is established by means of Theorem 3.2.8
[16, p. 41] due to Carathéodory. After developing convergence conditions on the relaxed
controls to an optimal relaxed control and conditions for the equality of the relaxed and
ordinary optimal controls for a particular OCP, the existence of optimal solutions to several
classes of OCPs are derived. The most general case in [16, p. 101] considers a general non-
linear OCP subject to nonlinear system dynamics, where the rate of change on the control
inputs has been limited. In terms of the developed notation, this general case corresponds
to OCP (2.7) subject to the additional constraint conditions

ui ∀i ∈ V is absolutely continuous on t ∈ [0, T ] (2.9a)
∃Ki > 0 s.t. |u̇i| ¬ Ki ∀i ∈ V a.e. on t ∈ [0, T ]. (2.9b)
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Before the existence can be stated, it is necessary to state the assumption

Assumption 2.1. The class of admissible pairs (xi(·),ui(·) | i ∈ V) for (2.7) subject to (2.9)
is nonempty.

Assumption 2.1 basically enforces the set of possible solutions of the ODE given by the
distributed dynamics of OCP (2.7) to be non-empty, yet is not very limiting, since no fixed
terminal states are considered.
Since (2.7) subject to (2.9) with Assumption 2.1 lies within the boundaries of the framework
developed in [16] it is now possible to adapt Theorem 4.6.1 [16, p. 102], as follows

Proposition 2.1. Let Assumption 2.1 hold for OCP (2.7) subject to (2.9) and let the fol-
lowing points be satisfied:

1. There exists a compact set R0 ⊂ R, where R is a region of the (t,x)-space in the real
Euclidean space Rn+1, such that for all admissible trajectories (xi(·)| i ∈ V): (t,xi| i ∈
V) ∈ R0 for all t in [0, T ].

2. The set of reachable terminal states (xi(T )| i ∈ V) is closed.
3. The set U1 × · · · × UN is compact.
4. The function f̂ = (li,f i| i ∈ V) is continuous and (Vi| i ∈ V) is lower semicontinuous

on R0.
Then, OCP (2.7) subject to (2.9) has a solution.

Proof. The proof basically hinges on the derivation of [16, p. 102] thus only the differences
will be addressed. The Problem 4.6.1 referenced in Theorem 4.6.1 matches the OCP (2.7)
subject to (2.9), except for a simplification, i.e., the constraint conditions of OCP (2.7) do not
encompass an initial or terminal state region but only a fixed initial state. The simplification
is reflected in Condition 2 of the Proposition. Since the initial state region is a fixed initial
state it is closed. Therefore, it is sufficient to require that the set of reachable terminal
states, i.e. the terminal states of all admissible pairs, is closed. Thus Theorem 4.6.1. of [16,
p. 101] can be applied to OCP (2.7) subject to (2.9) under Assumption (2.1) ensuring the
existence of a solution.

While all assumptions from Proposition 2.1 are in general very hard to prove for a specific
example, which is outside of the scope of this text, they are of practical nature as they
commonly hold for a large number of practical problems. The vast body of literature covering
successful algorithmic computations of solutions to general nonlinear OCPs, e.g. [34, 37],
suggests that in numerous cases the conditions for the existence of an optimal solution are
fulfilled. Still, it may be useful to keep in mind that existence is not guaranteed in general,
if an algorithmic approach for the computation should fail.
As a second source, the lecture material by Chachuat [28] gives a more practically driven
approach to the question of existence of a solution. The problem formulation considered in
[28] does not include terminal state constraints, reducing the necessary assumptions for the
existence. Therefore, less demanding assumptions on the dynamics and controls compared
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to the previously presented ones from [16] are necessary. In [28, Chapter 3.3], a condition
on state trajectories requires the set of admissible controls U to be compact, i.e. a bounded
response of the system to all admissible input trajectories u(·) ∈ U is assumed, i.e.

‖x(t,x0,u(·))‖ ¬ α, ∀t  t0. (2.10)

The admissible controls are from a class of piecewise continuous functions U . In conjunction
with one of two limitations on the rate of change of the controls, i.e.

1. the class of controls Uλ[0, T ] ⊂ U [0, T ] satisfying a Lipschitz condition

‖u(t)− u(s)‖ ¬ λ‖t− s‖, ∀ t, s ∈ [0, T ] (2.11)

2. the class of piecewise constant controls Ur[0, T ] ⊂ U [0, T ] with at most r > 0 points of
discontinuity,

the existence of an optimal solution is guaranteed. Furthermore, it is argued [28] that
in a practical implementation this constraints can usually be assumed to hold due to the
discretization being used in the numerical solution of the problem.

To close the discussion of the existence of a solution, Assumption 2.1 is assumed to hold
for all OCPs throughout the developments in the remainder of the text. Furthermore, it is
assumed that condition (2.10) and either one of the aforementioned conditions on the input
trajectory hold for the OCPs.

Finally, for the further development in this text, the following assumption will be necessary.

Assumption 2.2. The first order optimality conditions (2.8) to OCP (2.7) have a unique
solution.

Assumption (2.2) demands that the solution to each OCP (2.7) is unique and the only ex-
tremum of the OCP. One possibility to ensure this assumption is the Mangasarian Sufficient
Condition, see e.g. [28], which is very hard to prove for a practical example. Furthermore, it
is easily possible to construct practical examples of nonlinear OCPs that do have multiple
solutions. On the other hand, experience from practical implementations often indicate that
the uniqueness assumption seems to hold. Therefore, this assumptions seems valid from a
practical perspective, but needs to be evaluated on a case by case basis.

For the DMPC implementations presented within this work, most solutions to dynamic
optimization problems are computed using the gradient method, see for instance the textbook
[22] by Bryson and Ho for an early reference. The method has gained traction in recent years
for providing efficient computation of suboptimal solutions in MPC, which makes it a strong
candidate for distributed control. Other methods available to solve the OCP defined by the
equations (2.8) are single- and multiple-shooting methods and collocations approaches which
are often referred to as direct methods. The next subsection will give an introduction to the
gradient method, as it is focused upon in this work.
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2.3.3 Solution by the gradient method

The calculation of the solution described by the optimality conditions (2.8) can be computed
by the gradient method. This method was described in [22] and successfully used in MPC
applications [61, 60, 9]. A major advantage of the method is that the evaluation of the
gradient of the cost functional is generally less computational expensive than second order
methods to compute the step direction. Also, while gradient methods generally take longer
to compute a very accurate solution, the initial convergence is to a viable solution is often fast
in practice. In the following, the method will be applied to the OCP (2.7) to accomplish two
goals: describing the solution method for local OCPs that will mainly be used throughout
this text and computing a basic solution to test against the distributed methods to be
developed later.
Relying on incremental improvements of an initial solution by means of a steepest descent
method, the gradient method is an iterative method for finding the solution of an OCP of
type (2.7) satisfying the optimality conditions (2.8). A listing of the algorithm applied to
OCP (2.7) is provided in Table 2.1. The rest of this section is dedicated to the discussion of
the computing steps from which Algorithm 2.1 is composed.
In Step 0) the iteration counter is set to k = 0 and the control trajectories are set to an
initial trajectory that satisfies the control constraints u0

i (t) ∈ Ui, ∀t ∈ [0, T ], i ∈ V . For
each iteration k, the system dynamics from Section 2.3.1, i.e. (2.8b) subject to the boundary
condition (2.8d) for all i ∈ V , are solved by numerical integration of the derivatives ẋki over
the horizon t ∈ [0, T ] in Step 1) of the algorithm. Most implementations in this work employ
Heun’s method to solve the numerical integration. In the following Step 2), the boundary
conditions of the adjoint system (2.8e) are evaluated for the newly computed final values
xki (T ) and the adjoint dynamics (2.8c) are numerically solved by backward integration of
the adjoint state derivatives λ̇ki over the horizon t ∈ [0, T ] with respect to the current system
and control trajectories xki and uki .
Now, the gradient of the Hamiltonian (2.16b) with respect to the control uki , i.e.

(
∂H
∂ui

)
, can be

evaluated. Plugging the current trajectories of the control uki (·), the computed trajectories
of the system states xki (·), and adjoint states λki (·) into (2.16b) yields the search direction
∆uki (·). Along this search direction, the next iteration of uk+1

i (·) is determined. To evaluate
the decrease of the cost functional J(·) along the search direction ∆uki (·) the projection
function

φ+(t) = ψ(φ(t), φl, φu) =


φl if φ(t) < φl

φ(t) if φl ¬ φ(t) ¬ φu

φu if φ(t) > φu
, (2.12)

is introduced. This allows to compute the projection of a gradient step with step size α onto
the feasible set Ui, written as

u+
i (t) = ψ(uki (·)− α∆uki (·),uli,uui ) =


ψ(uki,1(·)− α∆uki,1(·), uli,1, uui,1)

...
ψ(uki,mi(·)− α∆uki,mi(·), u

l
i,mi

, uui,mi)

 . (2.13)
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Ideally, the step size αk would be chosen to exactly minimize J(·) along the projection of
∆uki (t), ∀t ∈ [0, T ], onto the feasible set Ui, e.g. by employing an interval search scheme.
Yet, this would require numerous computationally costly evaluations of the cost functional.
Therefore, often an approximation of the optimal step size is computed. A popular method
is the quadratic approximation. Evaluating the cost functional for three different step size
values α, then calculating a quadratic estimate of the cost functional along the search direc-
tion, and finally determining the minimum of the quadratic estimate yields an approximate
minimizer of the line search [59].
After each iteration k, a termination criterion is checked, e.g., the improvement on the cost
functionals value, and if it is fulfilled the computation is stopped. Should the termination
criterion not be fulfilled, the iteration counter k is increased and the algorithm steps 1), 2),
and 3) are repeated.
Under reasonable assumptions, linear convergence rates have been shown for the described
scheme [45]. Furthermore it is possible to only compute a fixed number of iterations, en-
abling a real-time feasible suboptimal implementation of the method. The method can be
implemented with ease using the GRAMPC toolbox [74], which has been shown to perform
competitive to a number of popular dynamic optimization solvers. Therefore it will be used
for most implementations presented during this dissertation.
Utilizing the modularity of the formulations for the system dynamics, the OCP for fairly
large modular coupled dynamic systems can be stated with ease. In the next Section 2.4, a
decomposition techniques from the field of distributed optimization will be utilized in order
to enable the distributed solution.

2.4 Decomposable problem statement for modular
solution approaches

The solution of the basic OCP (2.7) by the gradient method as discussed in the preceding
Section 2.3.3 yields a viable optimal or at least suboptimal control trajectory ui, i ∈ V ,
for the control task stated in form of OCP (2.7) for the distributed dynamical systems in
Section 2.3. Evaluating the system and adjoint dynamics in a multi-agent fashion would be a
straightforward way to achieve a distributed implementation of the gradient method; inline
with the distributed control paradigm developed in Section 1.1 and 1.2. To this end, all
agents would carry out one integration step at a time and then exchange the resulting state
or adjoint state trajectories with their neighbors. Yet, the amount of communication required
to do this would severely impact the performance of the implementation. Furthermore, the
computation of the optimal step size would require the agents to collect the local values
of their cost functionals at a central node. To achieve the modularity demanded by the
distributed control paradigm and to arrive at a distributed algorithm without excessive
communication demands, a decomposition of the OCP needs to be carried out.
Decomposition methods for coupled optimization problems like OCP (2.7) have long been
a topic of interest in the research community as already detailed in Section 1.3. From early
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Step 0) Initialization
Set u0

i (t) = ui,0(t) ∈ Ui,∀t ∈ [0, T ], i ∈ V , and k = 0.

Step 1) Solve ODEs of system dynamics for current uki , i ∈ V, i.e.

ẋki = f i(x
k
i ,u

k
i ,x

k
j ,u

k
j |j ∈ N i),∀i ∈ V , t ∈ [0, T ] (2.14a)

xki (0) = xi,0,∀i ∈ V . (2.14b)

Step 2) Solve ODEs of adjoint system dynamics with xi = xki , i ∈ V, and ui = uki ,
i ∈ V, i.e.

λ̇
k

i = −∂li(·)
∂xi

−
(
∂f i(·)
∂xi

)T
λki

−
∑
j∈N i

∂lj(·)
∂xi

+
(
∂f j(·)
∂xi

)T
λkj

 ,∀i ∈ V , t ∈ [0, T ] (2.15a)

λki (T ) =
∂Vi(·)
∂xi

∣∣∣∣∣
xi(T )

,∀i ∈ V . (2.15b)

Step 3) Calculate projected gradient step

∆uki (·) =
(
∂H(·)
∂ui

)
= −∂li(·)

∂ui
−
(
∂f i(·)
∂ui

)T
λi, ∀i ∈ V

−
∑
j∈N i

∂lj(·)
∂ui

+
(
∂f j(·)
∂ui

)T
λj(·)

 (2.16a)

αk = arg min
α
J
(
Ψ
(
uki (·)− α∆uki (·),u−i ,u+

i

)
,xi,0 | i ∈ V

)
(2.16b)

s. t. ẋi = f i(xi,ui,xj,uj|j ∈ N i),∀i ∈ V (2.16c)
xi(0) = xi,0,∀i ∈ V (2.16d)

uk+1
i (·) = Ψ

(
uki (·)− αk∆uki (·),u−i ,u+

i

)
, ∀i ∈ V (2.16e)

Step 4) Check for termination criterion
If |J(uk+1

i (·);xi|i ∈ V)− J(uki (·);xi|i ∈ V)| ¬ ε stop computation, else k ← k + 1
go to Step 1.

Table 2.1: Gradient method algorithm.
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(b) Approach 2

Figure 2.2: Consistency constraint structure for an example system.

decomposition approaches for linear programs [32] to parallelization methods for the solution
of partial differential equations [52]: a large number of the contributions have considered
duality based decomposition approaches. In the following, a duality based decomposition
will be applied to the nonlinear OCP (2.7).
The original neighbor variables xj and uj within subsystem i’s dynamics (2.17) are replaced
by new auxiliary variables xji ∈ Rnj and uji ∈ Rmj , yielding the decoupled dynamics

ẋi = f i
(
xi,ui,xji,uji

)
, xi(0) = xi,0 i ∈ V (2.17a)

ui ∈ Ui, i ∈ V . (2.17b)

For notational convenience, the variables wi ∈ Rni+mi , wji ∈ Rnj+mj , and
vi ∈ Rmi+

∑
j∈N i(nj+mj) are introduced in the stacked form

wi =
[
xi
ui

]
, wji =

[
xji
uji

]
, vi =


ui[

xji
uji

]
j∈N i

 , (2.18)

combining the pairs of agent states and controls xi and ui into the variable wi, the pairs of
auxiliary variables xji and uji into the variable wji, and the combination of the controls with
all auxiliary variables associated with subsystem i in the variable vi. For the new variables
the following naming conventions are adopted for the perspective of each agent i ∈ V : wi

will be called agent impacts, wji will be called neighbor impact copies, wj will be called
neighbor impacts, wij will be called agent impact copies, and vi will be called extended agent
controls.
From here on, two ways of ensuring the consistency of the decomposable system dynamics
(2.17) with the dynamics of the original OCP (2.7) will be shown. An illustration compar-
ing the coupling structure emerging from the decomposition with consistency constraints is
displayed in Figure 2.2. The first decomposition is a straightforward approach. To this end,
the so-called consistency constraints

0 = wi(t)−wij(t), j ∈ N i, i ∈ V , (2.19)
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are introduced. The decomposable system dynamic (2.17) together with (2.19) are equivalent
to (2.7b). In the following, the decomposition using (2.19) will be referred to as Approach 1
with all corresponding cost functions being labeled by 1 in the superscript. The decomposable
OCP with the decomposable dynamics, written as

min
vi(·),i∈V

J1(vi(·);xi,0|i ∈ V) =
∑
i∈V

Ji
(
xi(·),ui(·),xji(·),uji(·)|j ∈ N i

)
(2.20a)

s. t. (2.17) and (2.19), i ∈ V , (2.20b)

is equivalent to OCP (2.7), since they only differ in the number of optimization variables
and overall constraints. The OCP (2.20) is already suitable for the application of duality
based distributed optimization methods.
A second possible way to carry out the decomposition relies on introducing another set of
auxiliary variables zi ∈ Rni+mi for each subsystem i ∈ V which will be called agent impact
masters. With this additional set of variables, the alternative consistency constraints for
each subsystem i ∈ V can be stated as

0 = zi −wi, 0 = zj −wji, j ∈ N i. (2.21)

With the introduction of the additional auxiliary variables to the cost functional, the second
decomposable OCP can be written as

min
vi(·),i∈V
zi(·),i∈V

J2(vi(·), zi(·);xi,0|i ∈ V) =
∑
i∈V
Ji
(
xi(·),ui(·),xji(·),uji(·)|j ∈ N i

)
(2.22a)

s. t. (2.17) and (2.21), i ∈ V . (2.22b)

The second decomposition will be referred to as Approach 2 and indicated by the superscript
2 on related expressions. Similar to (2.20), the decomposable OCP (2.22) is equivalent to
(2.7), thus all three problem statements have the same optimal solution u∗i , i ∈ V .
While the latter Approach 2 may appear more involved due to the additional auxiliary
variables zi, it actually creates a specific coupling structure. In contrast to the consistency
constraints (2.19), the agent impacts wi are never coupled directly to the corresponding
agent impact copies wij. When applying the consistency constraints (2.21), but both are
indirectly coupled to each other via the agent impact masters zi. Therefore, Approach 2
allows to split the optimization variables into the sets (xi|i ∈ V) and (zi|i ∈ V), where the
N elements i ∈ V of each set can be optimized independently of each other, a prerequisite
for the application of distributed methods relying on Gauss-Seidel iterations [18]. In the
next Section 2.4.1, the optimality conditions on solutions to OCPs resulting from Approach
1 and Approach 2 will be discussed.

2.4.1 Optimality conditions for the decomposable problems

The optimality conditions for OCPs subject to distributed dynamical systems similar to
the ones given by (2.20) and (2.22) where treated by Theorem 4-1 in the article ”Dynamic
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Decomposition Techniques” by Pearson [136]. By replacing each equality constraint by
two inequality constraints, the couplings between the subsystems in [136, Chapter 4], that
resemble the consistency constraints presented for Approach 1 and 2 are accounted for. To
this end, Theorem 4-1 from [136] builds on the more general Theorem 2 from Berkovitz [15]
which states the conditions of optimality for a general OCP subject to state and control
inequality constraints. The statement of Theorem 4-1 from [136] will be adapted here in
terms of the developed notation for OCP (2.20). The goal is to combine this result with
the characterization of the optimal solution as a saddle point of the Lagrangian and the
augmented Lagrangian from [52] for the developed formulation of the distributed OCP.

Proposition 2.2. Let (x∗i | i ∈ V) be the optimal trajectory for the optimal extended agent
controls (v∗i | i ∈ V) on t ∈ [0, T ] that minimize OCP (2.20). Then, there exists a constant
λ∗0  0, N continuous vectors λ∗i (t) ∈ Rni, i ∈ V, N vectors µ∗i (t) ∈ R

∑
j∈N i(nj+mj) all

defined on an interval [0, T ], such that µ∗i , i ∈ V, is continuous except perhaps at corners
of the trajectory, where they may have unique left- and right-hand limits and such that
(λ∗0,λ

∗
i (t) | i ∈ V) is not zero. Along the trajectory of (x∗i ,v

∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V) a function

H1 of (xi,vi, λ0,λi,µi | i ∈ V) can be derived from OCP (2.20), given by

H1(xi,vi, λ0,λi,µi | i ∈ V) =
∑
i∈V

(
λ0li(xi,vi) + λTi f i(xi,vi)

+
∑
j∈N i

µTji
(
wj −wji

))
, (2.23a)

with µji ∈ Rnj+mj and µi =
[
µji
]
j∈N i

that satisfies the following Conditions 1, 2, and 3:

Condition 1: Along the optimal solution, the trajectory (x∗i ,v
∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V) fulfills the

equations

ẋi =
∂H1

∂λi
= f i(xi,vi) (2.23b)

λ̇i = −∂H
1

∂xi
= −λ0

(
∂li
∂xi

)
−
(
∂f i
∂xi

)T
λi −

∑
j∈N i

(
∂wi

∂xi

)T
µij (2.23c)

0 =
∂H1

∂wji

= λ0

(
∂li
∂wji

)
+
(
∂f i
∂wji

)T
λi − µji, j ∈ N i (2.23d)

0 =
∂H1

∂µji
= wj −wji, j ∈ N i (2.23e)

for all subsystem i ∈ V, with the boundary conditions given by

xi(0) = xi,0, λi(T ) =
∂Vi
∂xi

∣∣∣∣∣
xi(T )

. (2.23f)

Along the trajectory (x∗i ,v
∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V), the function H1(xi,vi, λ0,λi,µi | i ∈ V)

is continuous.
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Condition 2: For the trajectory (x∗i ,v
∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V) and every (vi | i ∈ V) satisfying the

consistency constraints (2.19) and control constraints ui(t) ∈ Ui, ∀t ∈ [0, T ], ∀i ∈ V,
the following inequality is satisfied at each t ∈ [0, T ]:

H1(x∗i ,v
∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V) ¬ H1(x∗i ,vi, λ

∗
0,λ

∗
i ,µ

∗
i | i ∈ V). (2.23g)

Condition 3: At each t ∈ [0, T ] of the trajectory (x∗i ,v
∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V) the following

inequality holds for nontrivial vectors e:

eT
(
∂2H1

∂2vi

)
e  0. (2.23h)

Proof. As stated beforehand, Proposition 2.2 follows the same argument as Theorem 4-1
from [136] adapted to the developed notation with some minor adaptions that are addressed
in the following. Utilizing Theorem 2 from [15], the consistency constraints can each be
represented by a lower inequality constraint h−ji = wji − wj  0 and an upper inequality
constraint h+

ji = wj−wji  0, at each point in t ∈ [0, T ]. The multipliers µ−ji and µ+
ji corre-

sponding to the inequality constraints are nonnegative. Collecting both of these multipliers
in the Hamiltonian yields the optimal multipliers µ∗ji = µ+

ji − µ−ji. Furthermore, for control
variables which are subject to box constraints, Proposition 2 from [15] enables the treatment
along the lines of Pontryagin’s maximum principle as stated by Condition 2. Contrasting the
problem statement considered in Theorem 4-1 [136] which allows for fixed partial terminal
conditions on the system states and general state and input inequality constraints, the prob-
lem statement of OCP (2.20) features free terminal states and the subsystem constraints are
limited to the controls. This allows to drop the more involved transversality condition from
the optimality conditions. Furthermore, the inequality constraints R(·), associated multipli-
ers, and constraint qualification constraint can be dropped altogether. The set of inequalities
(2.23h) from Condition 3 is equivalent to the full Hessian matrix with respect to the stacked
agent extended controls v =

[
vi
]
i∈V

, as can be shown with the Schur complement condition
for positive semidefiniteness.

The restrictions in terms of the constraints that can be imposed with a formulation like OCP
(2.20) compared to the more general approach considered in [136] can be considered minor.
In practice, soft constraints in the form of penalty and barrier functions are often added to
the cost functional to account for terminal state as well as state inequality constraints. In
this way, a feasible solution at a much lower computational complexity can be achieved.
Stating the optimality conditions for OCP (2.22) mirroring Proposition 2.2 needs to include
the agent master variables zi. The agent impact master variables zi and extended agent
controls vi belong to the class of piece-wise sufficiently smooth functions with a corresponding
unique solution of the subsystem dynamics. Similar to OCP (2.20), the optimality conditions
for OCP (2.22) can be now be stated in the following Proposition.

Proposition 2.3. Let (x∗i | i ∈ V) be the optimal trajectories for the optimal extended agent
controls (v∗i | i ∈ V) and agent master variables (z∗i | i ∈ V) on t ∈ [0, T ] that minimize OCP
(2.22). Then, there exists a constant λ∗0  0, N continuous vectors λi(t) ∈ Rni, i ∈ V, N
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vectors µi(t) ∈ Rni+mi+
∑
j∈N i(nj+mj) all defined on an interval [0, T], such that µi, i ∈ V, are

continuous except perhaps at corners of the optimal trajectory where they may have unique
left- and right-hand limits and such that (λ∗0,λi(t) | i ∈ V) is not zero. Along the trajectory
(x∗i ,v

∗
i , z

∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V) a function H2 of (xi,vi, zi, λ0,λi,µi | i ∈ V) can be derived

from OCP (2.22), given by

H2(xi,vi, zi, λ0,λi,µi | i ∈ V) =
∑
i∈V

(
λ0li(xi,vi) + λTi f i(xi,vi)

+µTii (zi −wi)+
∑
j∈N i

µTji
(
zj −wji

))
, (2.24a)

with µii ∈ Rni+mi, µji ∈ Rnj+mj , and the stacking notation µi =
[
µTii

[
µji
]T
j∈N i

]T
satisfies

the following Conditions 1, 2, and 3:
Condition 1: Along the optimal solution, the trajectory (x∗i ,v

∗
i , z

∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V) fulfills

the equations

ẋi =
∂H2

∂λi
= f i(xi,vi) (2.24b)

λ̇i =−∂H
2

∂xi
=−λ0

(
∂li
∂xi

)
−
(
∂f i
∂xi

)T
λi−

(
∂wi

∂xi

)T
µii (2.24c)

0 =
∂H2

∂wji

= λ0

(
∂li
∂wji

)
+
(
∂f i
∂wji

)T
λi − µji, j ∈ N i (2.24d)

0 =
∂H2

∂zi
= µii +

∑
j∈N i

µij (2.24e)

0 =
∂H2

∂µji
= zj −wji, j ∈ N i (2.24f)

0 =
∂H2

∂µii
= zi −wi (2.24g)

for all subsystem i ∈ V, with the boundary conditions, given by

xi(0) = xi,0, λi(T ) =
∂Vi
∂xi

∣∣∣∣∣
xi(T )

. (2.24h)

Along the trajectory (x∗i ,v
∗
i , z

∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V), the function H2(xi,vi, zi, λ0,λi,µi | i ∈

V) is continuous.
Condition 2: For the trajectory (x∗i ,v

∗
i , z

∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V) and every (vi, zi, | i ∈ V) sat-

isfying the consistency constraints (2.21) and control constraints ui ∈ Ui ∀i ∈ V, the
following inequality is satisfied for each t ∈ [0, T ]:

H2(x∗i ,v
∗
i , z

∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V) ¬ H2(x∗i ,vi, zi, λ

∗
0,λ

∗
i ,µ

∗
i | i ∈ V). (2.24i)

Condition 3: At each t ∈ [0, T ] of the trajecotry (x∗i ,v
∗
i , z

∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V) the following

inequality holds for nontrivial vectors e:

eT

 ∂2H2

∂2vi

∂2H2

∂vi∂zi
∂2H2

∂zi∂vi

∂2H2

∂2zi

 e  0. (2.24j)
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Proof. Like Proposition 2.2, Proposition 2.3 follows from Theorem 4-1 [136] by adapting the
notation of the decomposed OCP (2.22). This includes dropping the transversality condition,
since OCP (2.22) only considers free terminal states, and all terms related to the inequality
constraints R(·), and the associated multipliers, since the constraints on the agent controls
are addressed in Condition 2.

If the solutions to the OCPs stated by Approach 1 and 2 exist, the optimality conditions in
Proposition 2.2 and 2.3 could almost be calculated separately for each subsystem, if it were
not for the multipliers (µi | i ∈ V) which span the equations of multiple subsystems. In the
next Section 2.4.2,the structure of the optimality conditions with respect to the multipliers
(µi | i ∈ V) will be studied in details.

2.4.2 Subproblem solutions arising from decomposition

In this section, a closer look at the properties of the overall cost functional with respect
to the multipliers (µi | i ∈ V) will be provided. To this end, the multipliers µji ∈ Rnj+mj

and µii ∈ Rni+mi are formally introduced as variables, compactly written with the stacking
notation

µi =
[
µji
]
j∈N i

(2.25a)

for Approach 1, and the stacking notation

µi =

 µii[
µji
]
j∈N i

 (2.25b)

for Approach 2. Fixing the multipliers (µi | i ∈ V) within either the function H1 or H2

corresponding to the optimality conditions of either Approach 1 or 2 and reordering of the
terms allows the decomposition into N functions H1

i and H2
i given by

H1(xi,vi, λ0,λi,µi | i ∈ V) =
∑
i∈V

H1
i (xi,vi, λ0,λi; µi,µij | j ∈ N i)

=
∑
i∈V

(
λ0li(xi,vi) + λTi f i(xi,vi) +

∑
j∈N i

(
µTijwi − µTjiwji

))
(2.26a)

for Approach 1 and

H2(xi,vi, zi, λ0,λi,µi | i ∈ V) =
∑
i∈V

H2
i (xi,vi, zi, λ0,λi; µi,µij | j ∈ N i)

=
∑
i∈V

(
λ0li(xi,vi) + λTi f i(xi,vi)

+µTii (zi −wi)+
∑
j∈N i

(
µTijzi − µTjiwji

))
(2.26b)
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for Approach 2. Each of the functions H1
i (·) and H2

i (·) corresponds to a subproblem i given
by the OCP

min
vi(·)

JL1i (vi,µi,µij;xi,0 | j ∈ N i) =
∫ T

0
li(xi,vi) +

∑
j∈N i

(
µTijwi − µTjiwji

)
dt (2.27a)

s. t. (2.17), (2.27b)

for Approach 1. Likewise, each subproblem i for Approach 2 is given by the OCP

min
vi(·)
zi(·)

JL2i (vi, zi,µi,µij;xi,0 | j ∈ N i) =
∫ T

0
li(xi,vi) + µTii (zi −wi)

+
∑
j∈N i

(
µTijzi − µTjiwji

)
dt (2.28a)

s. t. (2.17). (2.28b)

The new superscripts L1 and L2 indicate that the subproblem was derived from the original
OCP of either Approach 1 or Approach 2, respectively.

For the analysis of the relation between the multipliers and the optimal solution of the
subproblems, the following assumption is necessary.

Assumption 2.3. The OCPs (2.20) and (2.22) as well as the corresponding first order
optimality conditions given in Proposition (2.2) and (2.3) have a unique solution. The same
holds for the subproblems (2.27) and (2.28) and the corresponding first order optimality
conditions for arbitrary continuous multipliers µi.

Since OCPs (2.20) and (2.22) are both equivalent to OCP (2.7), the existence of a solution
is linked to Assumption 2.1 and the assumptions listed in Proposition 2.1. The uniqueness
of the solution to the first order optimality conditions of OCPs (2.20) and (2.22) and the
subproblems (2.27) and (2.28) mirrors Assumption 2.2. All in all, Assumption 2.3 is not
overly prohibitive, if the assumptions from Section 2.3.2 on the original OCP (2.7) are
assumed to hold.

Theorem 4-2 [136] addresses the relation between the optimal solution of the subproblems
and the optimal solution of the original OCP. In terms of Approach 1 and 2, it can be stated
as

Proposition 2.4. If Assumption 2.3 holds, i.e. a minimizing solution exists to the over-
all problems (2.20) and (2.22) given by Approach 1 and 2 and the subproblems (2.27) and
(2.28) arising from the decomposition of the overall problem for fixed multipliers (µi | i ∈ V),
then (µ∗i | i ∈ V) exists such that solutions to the necessary optimality conditions of the sub-
problems also satisfy the necessary optimality conditions of the overall problems (2.20) and
(2.22).

Proof. If a minimizing solution exists to each subproblem arising from the decompositions
described by (2.26), the corresponding optimality conditions are given by
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Condition 1: Along the optimal trajectory the equations (2.23b)-(2.23d) and (2.23f) are
satisfied by the optimal solution (x∗i ,v

∗
i , λ
∗
0,λ

∗
i ) for Approach 1 and the equations

(2.24b)-(2.24e) and (2.24h) are satisfied by the optimal solution (x∗i ,v
∗
i , z

∗
i , λ
∗
0,λ

∗
i ) for

Approach 2.

Condition 2: For the optimal solution (x∗i ,v
∗
i , λ
∗
0,λ

∗
i ) of Approach 1 the inequality

H1
i (x∗i ,v

∗
i , λ
∗
0,λ

∗
i ; µi,µij | j ∈ N i) ¬ H1

i (x∗i ,vi, λ
∗
0,λ

∗
i ; µi,µij | j ∈ N i), (2.29a)

holds ∀t ∈ [0, T ], while similarly for Approach 2 the inequality

H2
i (x∗i ,v

∗
i , z

∗
i , λ
∗
0,λ

∗
i ; µi,µij | j ∈ N i) ¬ H2

i (x∗i ,vi, zi, λ
∗
0,λ

∗
i ; µi,µij | j ∈ N i),

(2.29b)

is satisfied ∀t ∈ [0, T ] of the optimal solution (x∗i ,v
∗
i , z

∗
i , z

∗
i , λ
∗
0,λ

∗
i ).

Condition 3: At each t ∈ [0, T ] with nontrivial vectors e the inequality (2.23h) holds for
(x∗i ,v

∗
i , λ
∗
0,λ

∗
i ) of Approach 1, respectively (2.24j) for (x∗i ,v

∗
i , z

∗
i , z

∗
i , λ
∗
0,λ

∗
i ) of Ap-

proach 2.

Almost all equations of the optimality conditions from Proposition 2.2 and 2.3 for Ap-
proach 1 and 2 are resembled by the optimality conditions for the subproblems. The only
equations not covered by Condition 1 are (2.23e) and (2.24f)-(2.24g), respectively, which
resemble the consistency constraints (2.19) and (2.21). Without theses equations, the solu-
tion for all subsystem variables (xi,vi, λ0,λi) and (xi,vi, zi, λ0,λi) can still be calculated
from the equations of Condition 1 for a fixed value (µi | i ∈ V). Along the optimal tra-
jectory, the optimal solution (x∗i ,vi, λ

∗
0,λ

∗
i ) for the respective subsystem coincides with the

overall optimal solution (x∗i ,vi, λ
∗
0,λ

∗
i ,µi | i ∈ V) for (µi | i ∈ V) = (µ∗i | i ∈ V), since the

equations describing these variables are the same. Furthermore, because the overall optimal
solution satisfies (2.23e) and (2.24f)-(2.24e), so does the joint solution of all subproblems.
Thus, (2.23e) and (2.24f)-(2.24e) are fulfilled by the optimal solutions of the subsystems for
(µi | i ∈ V) = (µ∗i | i ∈ V).

The cumulative sum of the inequalities (2.29a) and (2.29b) from Condition 2 for all subprob-
lems i ∈ V leads to an inequality resembling the inequalities (2.23g) and (2.24i) of Condition
2 in the overall problem. Finally, Condition 3 is fulfilled for each subproblem, so is Condi-
tion 3 of the overall problem. Thus, for (µi | i ∈ V) = (µ∗i | i ∈ V), the joint solution of all
subproblems is equivalent to the solution of the overall problem.

Summing up the cost functionals JL1i and JL2i for all subsystems i ∈ V and reordering the
terms of the sums in the fashion of the consistency constraints leads to the OCP

min
vi(·),i∈V

JL1(vi,µi;xi,0 | i ∈ V) =
∑
i∈V

JL1i (vi,µi,µij;xi,0 | j ∈ N i)

=
∑
i∈V

∫ T

0
li(xi,vi) +

∑
j∈N i

µTji(wj −wji)dt (2.30a)

s. t. (2.17) (2.30b)
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for Approach 1, and the OCP

min
vi(·),i∈V
zi(·),i∈V

JL2(vi, zi,µi;xi,0 | i ∈ V) =
∑
i∈V

JL2i (vi, zi,µi,µij;xi,0 | j ∈ N i)

=
∑
i∈V

∫ T

0
li(xi,vi) + µTii(zi −wi)
+
∑
j∈N i

µTji(zj −wji)dt (2.31a)

s. t. (2.17) (2.31b)

for Approach 2. The minimum of the OCPs (2.30) and (2.31) with respect to (vi | i ∈ V)
and (vi, zi | i ∈ V), respectively, for different values of the variables (µi | i ∈ V) will be
characterized in the next proposition. To this end, Lemma 4-2 from [136] will be recast in
the following proposition in terms of the notation and problem statement of the OCPs (2.20)
and (2.22).
Proposition 2.5. Let Assumption 2.4 hold, i.e. all subproblems emerging from Approach
1 and 2 have a unique minimum (xi,vi, λ0,λi), respectively (xi,vi, zi, λ0,λi), at a given
(µi | i ∈ V). Then, the value of the overall cost functionals JL1(·) and JL2(·) satisfies

JL1(vi,µi;xi,0 | i ∈ V) < JL1(v∗i ,µ
∗
i ;xi,0 | i ∈ V) (2.32a)

JL2(vi, zi,µi;xi,0 | i ∈ V) < JL2(v∗i , z
∗
i ,µ

∗
i ;xi,0 | i ∈ V), (2.32b)

for (xi,vi, λ0,λi,µi | i ∈ V) 6= (x∗i ,v
∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V) and (xi,vi, zi, λ0,λi,µi | i ∈ V) 6=

(x∗i ,v
∗
i , z

∗
i , λ
∗
0,λ

∗
i ,µ

∗
i | i ∈ V), respectively.

Proof. The proof follows the argument in Lemma 4-2 [136] in that due to the minimizing
points of the subproblems (2.27) and (2.28) being unique by definition, the inequalities

JL1i (vi;xi,0,µi,µij | j ∈ N i) < JL1i (v∗i ;xi,0,µi,µij | j ∈ N i) (2.33a)
JL2i (vi, zi;xi,0,µi,µij | j ∈ N i) < JL2i (v∗i , z

∗
i ;xi,0,µi,µij | j ∈ N i), (2.33b)

hold for the solutions of the subproblems for (µi,µij | j ∈ N i) 6= (µ∗i ,µ
∗
ij | j ∈ N i). Summing

the respective inequalities (2.33a) for Approach 1 and (2.33b) for Approach 2 yields (2.32a)
and (2.32b), respectively. Since the consistency constraints on the right hand side are fulfilled
and are thus zero, the corresponding multipliers may be substituted according to (µi,µij | j ∈
N i) = (µ∗i ,µ

∗
ij | j ∈ N i) leading to (2.32).

As also pointed out in [136], Proposition 2.5 shows that the optimal value of the multipliers
(µ∗i | i ∈ V) may be found by means of a method of ascent, since the overall optimal solution
is a maximum with respect to the multipliers (µi | i ∈ V). At the same time, the optimal
solution is a minimum with respect to the extended agent controls (vi | i ∈ V) and in the
case of Approach 2, the agent impact masters (zi | i ∈ V).
So far, the development of the decomposed OCP paralleled the development in [136]. Yet,
going forward with the development of a distributed algorithm [136] resorted to limit the
scope to linear system dynamics. Here the development will continue with nonlinear system
dynamics. To this end, the optimization task will be stated formally in the next section
in form of a saddle point problem following the development of Lagrangian and augmented
Lagrangian methods from [52].
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2.4.3 Optimal solution as a saddle point of the Lagrangian and
augmented Lagrangian

In the last section, optimality conditions for the OCPs (2.20) and (2.22) were given in
Proposition 2.2 and 2.3, respectively. Furthermore, the optimal solutions were shown to be
a solution of the subproblems for the optimal multipliers (µ∗i | i ∈ V) in Proposition 2.4 and a
maximum with respect to the multipliers in Proposition 2.5. The decomposition and solution
by a duality based scheme will now be approached along the lines of the development in [52].
The focus of the work presented in [52] lies on the presentation of dual decomposition and
ADMM and their application to minimization of coupled functionals of the form

min
v,q

F (q) +G(v) (2.34a)

s. t. Bq − v = 0, (2.34b)

with v ∈ V, q ∈ H of the normed vector spaces V and H, the linear operator B : V 7→ H,
and F and G defined as convex, proper, and lower semi-continuous functionals on V and
H, respectively. The presented OCPs (2.20) and (2.22) are a slightly more involved special
case of the described framework. Since the optimization variables of the OCPs are the input
variables, yet the cost functionals also depend on the state variables which get calculated
from the input variables according to the system dynamics. Thus, the system dynamics
are not directly visible in the cost functional itself, as they are accounted for as additional
constraints on the problem depending only on one of the optimization variables. In terms
of the example (2.34) there would be two additional constraints each depending on either
v or q, respectively. The following development will follow the arguments from [52], while
accounting for the different problem statement.

The cost functionals JL1 and JL2 from (2.30) and (2.31) can also be developed in a Lagrangian
framework for constrained optimization. To account for the consistency constraints (2.19)
and (2.21), they are adjoined to the original cost functionals (2.20a) and (2.22a) with the
multipliers µji and µii. This motivates taking on the perspective of a saddle point of the
Lagrangian to be the optimal solution of the original OCPs (2.20) and (2.22), similar to [52].
A saddle point, also-called minmax point, is a stationary point of a functional that is not an
extremum. As laid out in the beginning of the section, the overall optimal solution to the
OCPs (2.20) and (2.22) can be determined via the OCPs (2.30) and (2.31) as a minimum of
the cost functionals with respect to the extended agent controls vi and agent impact masters
zi for a given optimal curve of the multipliers µ∗i , while it is also a maximum of the cost
functionals with respect to the multipliers µi for the optimal values of the extended agent
controls v∗i and agent impact masters z∗i . Thus, finding the optimal solution means finding
the saddle point of the OCPs (2.30) and (2.31).

With a perspective on algorithms for saddle point computations, it makes sense to also cast
the problem in an augmented Lagrangian formulation. A number of algorithms including
the popular ADMM rely on the augmented Lagrangian form. To derive the augmented
Lagrangian, the cost function is further augmented by adding a quadratic penalty with the
parameter c > 0 in the form of the consistency constraints (2.19) and (2.21). This leads to
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the augmented Lagrangian formulation of the OCP (2.20) for Approach 1 written as

min
vi(·),i∈V

JL
c
1(vi,µi;xi,0|i ∈ V) = JL1(vi,µi;xi,0|i ∈ V)

+
∫ T

0

∑
i∈V

∑
j∈N i

c

2

∥∥∥wj −wji

∥∥∥2

2
dt, (2.35a)

s. t. (2.17), (2.35b)

and the OCP (2.22) for Approach 2 written as

min
vi(·),i∈V
zi(·),i∈V

JL
c
2(vi, zi,µi;xi,0|i ∈ V) = JL2(vi, zi,µi;xi,0|i ∈ V) +

∫ T

0

∑
i∈V

(
c

2
(zi −wi)

2

+
∑
j∈N i

c

2

∥∥∥zj −wji

∥∥∥2

2

)
dt, (2.36a)

s. t. (2.17). (2.36b)

In the context of saddle point computations, the OCPs (2.35) and (2.35) are often referred to
as primal problem. The minimum value for a given curve of the multipliers is often defined
as the dual function

GL
c
1(µi;xi,0|i ∈ V) = min

vi(·),i∈V
JL
c
1(vi,µi;xi,0|i ∈ V) (2.37a)

s. t. (2.17) (2.37b)

for Approach 1 and

GL
c
2(µi;xi,0|i ∈ V) = min

vi(·),i∈V
zi(·),i∈V

JL
c
2(vi, zi,µi;xi,0|i ∈ V) (2.38a)

s. t. (2.17) (2.38b)

for Approach 2. This allows to express the search of the saddle point as the maximization
problem often called the dual problem

max
µi(·),i∈V

GL
c
1(µi;xi,0|i ∈ V) (2.39)

for Approach 1 and

max
µi(·),i∈V

GL
c
2(µi;xi,0|i ∈ V) (2.40)

for Approach 2. The utilization of distributed algorithms for the computation of the saddle
point of a functional as a means to find the optimal solution to the OCPs for the dis-
tributed dynamically coupled systems revolves around the fact that the saddle points of the
Lagrangians and augmented Lagrangians coincides with the optimal solution. Thus, with
the next Proposition the link between the saddle point of the Lagrangian and augmented
Lagrangian formulations and the optimal solution of the original OCPs (2.20) and (2.22) is
stated, based on Theorem 2.1 from [52].
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Proposition 2.6. Suppose (v∗i ,µ
∗
i | i ∈ V) and (v∗i , z

∗
i ,µ

∗
i | i ∈ V) for all i ∈ V are

saddle points of JL1 and JL2 subject to (2.17), respectively; then (x∗i ,v
∗
i ,µ

∗
i | i ∈ V) and

(x∗i ,v
∗
i , z

∗
i ,µ

∗
i | i ∈ V) are saddle points of JLc1 and JL

c
2 ∀c > 0 subject to (2.17) for all

i ∈ V and vice versa. Furthermore, (v∗i | i ∈ V) and (v∗i , z
∗
i | i ∈ V) satisfy the consistency

constraints (2.19) and (2.21), and are solutions of OCPs (2.20) and (2.22).

Proof. In the following, it will be assumed that each tuple (vi,µi | i ∈ V) and (vi, zi,µi | i ∈
V) is a solution candidate to the primal problems given by the OCPs (2.35), (2.35), (2.30),
and (2.30) which implies that each tuple satisfies the constraints (2.17) of the respective
OCPs. If (x∗i ,v

∗
i ,µ

∗
i | i ∈ V) is a saddle point of JL1 , it can be characterized by the inequal-

ities

JL1(v∗i ,µi;xi,0|i ∈ V) ¬ JL1(v∗i ,µ
∗
i ;xi,0|i ∈ V) ¬ JL1(vi,µ

∗
i ;xi,0|i ∈ V) (2.41a)

for Approach 1, while in turn (x∗i ,v
∗
i , z

∗
i ,µ

∗
i | i ∈ V) being a saddle point of JL2 for Approach

2 can be expressed by the inequalities

JL2(v∗i , z
∗
i ,µi;xi,0|i ∈ V) ¬ JL2(v∗i , z

∗
i ,µ

∗
i ;xi,0|i ∈ V) ¬ JL2(vi, zi,µ

∗
i ;xi,0|i ∈ V). (2.41b)

Due to the first inequalities of (2.41a) and (2.41b), it can be seen that the saddle points satisfy
the consistency constraints (2.19) and (2.21), since for the same input sets (v∗i | i ∈ V) and
(v∗i , z

∗
i | i ∈ V) all terms of the cost functionals but the product of the multipliers (µi | i ∈ V)

and (µ∗i | i ∈ V) with the consistency constraints cancel each other out. Thus, the inequality
ensures that the consistency constraints have to be fulfilled at the saddle point, i.e. they
must be zero.
It can deduced from Proposition 2.5 that the multipliers (µ∗i | i ∈ V) defined by the first
inequalities of (2.41a) and (2.41b) are indeed the optimal multipliers in the sense of Propo-
sition 2.2 and 2.3. But then, the second inequalities of (2.41a) and (2.41b) imply that the
cost functionals are minimized with respect to (vi | i ∈ V) and (vi, zi | i ∈ V) for the optimal
value of the multipliers (µ∗i | i ∈ V). Thus, (v∗i | i ∈ V) and (v∗i , z

∗
i | i ∈ V) are solutions of

the OCPs (2.20) and (2.22) due to Proposition 2.4.
With the established properties of the saddle points (2.41a) and (2.41b), it follows that

JL1(v∗i ,µi;xi,0|i ∈ V) = JL
c
1(v∗i ,µi;xi,0|i ∈ V)

= JL1(v∗i ,µ
∗
i ;xi,0|i ∈ V) = JL

c
1(v∗i ,µ

∗
i ;xi,0|i ∈ V)

¬ JL1(vi,µ
∗
i ;xi,0|i ∈ V) ¬ JL

c
1(vi,µ

∗
i ;xi,0|i ∈ V), (2.42a)

for Approach 1, and for Approach 2 analogously

JL2(v∗i , z
∗
i ,µi;xi,0|i ∈ V) = JL

c
2(v∗i , z

∗
i ,µi;xi,0|i ∈ V)

= JL2(v∗i , z
∗
i ,µ

∗
i ;xi,0|i ∈ V) = JL

c
2(v∗i , z

∗
i ,µ

∗
i ;xi,0|i ∈ V)

¬ JL2(vi, zi,µ
∗
i ;xi,0|i ∈ V) ¬ JL

c
2(vi, zi,µ

∗
i ;xi,0|i ∈ V). (2.42b)

Hence (v∗i ,µ
∗
i | i ∈ V) and (v∗i , z

∗
i ,µ

∗
i | i ∈ V) are saddle points of JLc1 and JLc2 , respectively,

if they are saddle points of JL1 and JL2 .
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Considering the augmented Lagrangian formulations (2.35) and (2.36), if (v∗i ,µ
∗
i | i ∈ V) and

(v∗i , z
∗
i ,µ

∗
i | i ∈ V) are saddle points of these cost functionals, they satisfy the saddle point

inequalities given by

JL
c
1(v∗i ,µi;xi,0|i ∈ V) ¬ JL

c
1(v∗i ,µ

∗
i ;xi,0|i ∈ V) ¬ JL

c
1(vi,µ

∗
i ;xi,0|i ∈ V) (2.43a)

for Approach 1 and

JL
c
2(v∗i , z

∗
i ,µi;xi,0|i ∈ V) ¬ JL

c
2(v∗i , z

∗
i ,µ

∗
i ;xi,0|i ∈ V) ¬ JL

c
2(vi, zi,µ

∗
i ;xi,0|i ∈ V) (2.43b)

for Approach 2. Similar to the saddle point inequalities for the Lagrangian approach (2.43a)
and (2.43b), the first inequalities of (2.43a) and (2.43b) imply that the consistency con-
straints are fulfilled for (v∗i ,µ

∗
i | i ∈ V) and (v∗i , z

∗
i ,µ

∗
i | i ∈ V).

By the same argument as before, it follows from the second inequalities of (2.43a) and (2.43b)
that (v∗i ,µ

∗
i | i ∈ V) and (v∗i , z

∗
i ,µ

∗
i | i ∈ V) are a solutions to the OCPs (2.20) and (2.22).

Furthermore, due to the convexity of the original cost functional and the convexity of the
adjoint multiplier and quadratic penalty terms, the following inequalities can be deduced
from Theorem 2.3 from [27] for Approach 1

J1(vi;xi,0|i ∈ V)− J1(v∗i ;xi,0|i ∈ V)

+
∫ T

0

∑
i∈V

∑
j∈N i

((
µTji + c

(
w∗j −w∗ji

))T ((
wj −w∗j

)
−
(
wji −w∗ji

)))
dt  0, (2.44a)

and Approach 2

J2(vi, zi;xi,0|i ∈ V)− J2(v∗i , z
∗
i ;xi,0|i ∈ V)

+
∫ T

0

∑
i∈V

(
(µii + c (z∗i −w∗i ))

T ((zi − z∗i )− (wi −w∗i ))

+
∑
j∈N i

((
µTji + c

(
z∗j −w∗ji

))T ((
zj − z∗j

)
−
(
wji −w∗ji

))))
dt  0 (2.44b)

to characterize the relation between the minimum point (v∗i ,µ
∗
i | i ∈ V) and (v∗i , z

∗
i ,µ

∗
i | i ∈

V) and the values (vi,µ
∗
i | i ∈ V) and (vi, zi,µ

∗
i | i ∈ V) on the right hand side of the sec-

ond inequalities of (2.43a) and (2.43b). Since the consistency constraints are fulfilled at
(v∗i ,µ

∗
i | i ∈ V) and (v∗i , z

∗
i ,µ

∗
i | i ∈ V) of the augmented Lagrangians (2.35) and (2.36), the

terms
(
w∗j −w∗ji

)
, (z∗i −w∗i ), and

(
z∗j −w∗ji

)
in (2.44a) and (2.44b) are zero and both in-

equalities reduce to the second inequalities of the Lagrangian approaches (2.41a) and (2.41b).
The same is true for the first inequalities of (2.43a) and (2.43b) which also reduce to the
first inequalities of (2.41a) and (2.41b) since the consistency constraints are fulfilled. Thus
the saddle point of the augmented Lagrangian formulations is also a saddle point of the
Lagrangian formulations.

2.5 Summary of problem statement

So far, the basic problem statement concerning the optimal control problem for distributed
dynamic systems was stated. Three different formulations of the coupled system dynamics



2.5 Summary of problem statement 37

were presented suitable to represent dynamics with varying degrees of modularity, followed by
a statement of the optimality conditions for the basic problem. Furthermore, the conditions
for the existence of a unique solutions where discussed, although these conditions are in
general difficult to prove for a given optimal control problem.
Adapting Theorem 4-1 from [136] to the stated OCPs (2.20) and (2.22), the necessary opti-
mality conditions for a solution were stated with Proposition 2.2 and 2.3. Then, Theorem 2.1
from [52] was applied to the nonlinear distributed OCPs to characterize the optimal solution
in a Lagrangian and augmented Lagrangian setting as a saddle point with Proposition 2.6.
The next Chapter 3 will build on the saddle point property by comparing four algorithms
for the computation of the saddle point.





Chapter 3

Algorithms for distributed dynamic
optimization

The aim of this chapter is the presentation of distributed algorithms that can solve the OCP
(2.7) stated in the preceding Chapter 2 in a distributed fashion. The investigated methods are
the dual decomposition method, variations of multiplier methods employing the augmented
Lagrangian scheme, and in particular ADMM. This whole class of duality based methods
has attracted a fair amount of research interest over the last years [20, 117, 42].

The groundwork motivating the application of these types of methods to the distributed
control problem (2.7) was laid with the discussion of the optimality properties of the decom-
posed problem statement in the last Chapter 2. All algorithms pursue a dual ascent strategy
to determine the saddle point of the Lagrangian and augmented Lagrangian respectively. To
give an impression of the performance of the algorithms, an implementation for a minimal
example system is presented in order to study the convergence speeds.

The ADMM algorithm turned out to be the best performing algorithm of the ones tested.
Therefore, a novel proof of convergence for the application of the method to the nonlinear
OCP (2.7) is provided. The proof is based on the results of [20] in the static optimization
case by considering the specific decomposition structure of Approach 2.

The ultimate goal for all the presented distributed dynamic optimization methods is the
application in a model predictive control context. Thus, questions of stability and robustness
for the iterative solution of the distributed OCP and the utilization of the computed optimal
output in a feedback loop arise. While an in-depth analysis is beyond the scope of this text,
results from the literature regarding the stability and robustness of MPC methods and their
application in DMPC will be pointed out.

Finally, the application of ADMM in a DMPC setting is shown by a cooperative payload
transport example. Special attention is payed to illustrate the impact of implementation
details, e.g. a novel approach utilizing neighborhood approximation for ADMM as well as
general algorithmic tuning on the performance of the algorithms.

39
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3.1 Distributed dynamic optimization by dual ascent
methods

The possibility to decompose the overall OCPs (2.20) and (2.22) that are derived from (2.7)
into N subproblems by fixing the multipliers (µii | i ∈ V) associated with the consistency con-
straints was discussed along the development of Proposition 2.4. Duality based distributed
optimization methods utilizing the Lagrangian and augmented Lagrangian approach can be
seen as a coordination scheme that leverages the influence of the multipliers on the subprob-
lems. In this way, each iteration of the methods yields a new estimate of the optimal value
(µ∗ii | i ∈ V) of the multipliers (µii | i ∈ V). Ultimately, the optimal multipliers also yield the
optimal solution of the original OCP according to the optimality conditions of the overall
OCP as given by Proposition 2.2 and 2.3. This approach is commonly called a dual ascent
method, since the update of the multipliers resembles a steepest ascent gradient method.
Overall, the desired solution is classified as a saddle point of the overall cost functional in
the sense of Proposition 2.6. Therefore, the iterative algorithms sketched out before are from
the class of saddle point computation algorithms. A popular metaphor for these kinds of
algorithms is to view them as distributed markets subject to supply & demand dynamics.
With Adam Smiths “invisible hand” guiding the prices of the exchanged goods, represented
by the multipliers, the markets adjust their prices until they reach their optimal efficient
working conditions, i.e. the optimal solution of the OCP [125].
The major difference between dual decomposition and ADMM is the cost function which is
required by the methods: the classic dual decomposition relies on the Lagrangian formula-
tion while the different variations of the multiplier method utilize the joint multiplier- and
penalty-approach of the augmented Lagrangian formulation. In the following section, the
algorithm for the dual decomposition will be applied to the developed problem statements.

3.2 Dual decomposition approach

As was already referred to in Section 1.3, dual decomposition was historically among the
first distributed optimization approaches, dating back to the 1960s [20]. During the last
decade, the application of the method to OCPs started to gain traction, as is seen by several
publications exploring this possibility [117, 41, 49].
At its core, the algorithm is iterative in nature. Each iteration consists of two steps: a
minimization of the cost functional with respect to the optimization variables and a gradient
step in a steepest ascent fashion with respect to the multipliers that adjoin the consistency
constraints to the cost functional. Table 3.1 provides a listing of the computation steps of
the dual decomposition algorithm for the two decompositions (2.20) and (2.22).
In terms of the developed decomposed OCP (2.20) and (2.22), the minimization in Step 1)
is carried out with respect to the extended agent controls vi. As was already discussed in
Proposition 2.5, the OCP stated for Step 1 of the algorithm can be separated into N smaller
OCPs for each subsystem i ∈ V . These OCPs (3.1) and (3.2) can readily be solved in parallel
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for each subsystem, e.g. by the gradient method described in Section 2.3.3. Step 2) carries
out the gradient step with respect to the coordination multipliers µi according to (3.3) and
(3.4), respectively. Note that choosing the step size αk can be challenging, and needs to be
tuned for each application.
The iterations of the algorithm continue until the norm of the termination criterion (3.5)
or (3.6) in Step 3) is fulfilled. Since the termination criterion reflects if the residual of the
consistency constraints lies below the convergence threshold εc > 0, it indicates if the optimal
solution to the distributed OCP is reached.
Depending on the cost functionals of the agents, it can be necessary to add smoothing terms
as described in Section 2.4.2 to ensure that the subproblems are not unbounded. This will
be illustrated by the application of the method to a minimal example system in the next
Subsection 3.2.1.

3.2.1 Water tank example

To give an impression of the implementation of the dual decomposition approach in practice,
the application to a toy problem of connected water tanks is shown in the following lines.
This type of control problem is a commonly used demonstrator for DMPC methods [94,
105, 40, 65, 67]. The example system in question is displayed in Figure 3.1. It features two
tanks, each representing one subsystem. The control goal is to stabilize the water height in
tank 2 to the desired height h∗2 while a constant water outflow q2,valve is drawn by the valve
connected to tank 2. The water flow q12(·) between the tanks is modeled using the nonlinear
Toricelli formula

q(∆h) = a sign(∆h)
√

2g|∆h|, (3.7)

where a is the cross sectional area of the outlet and g is the acceleration due to grav-
ity. This also gives the desired water height h∗1 as the solution of the equation q2,valve =
a sign(∆h)

√
2g|h1 − h∗2|

The modular parts of the system dynamics are stated according to the additive formulation
(2.5) of the distributed dynamic systems presented in Chapter 2. Applying the decomposition
according to Approach 1, the resulting dynamics and cost functions of the agents are listed in
Table 3.2. The problem statement can now be solved with the dual decomposition algorithm
from Table 3.1.
The example system is a good reminder that the dual decomposition may lack robustness
when being applied to nonlinear problems. To the best of the authors abilities, it remained
impossible to tune the step size and optimization weights to values that resulted in a stable
convergence of the method to the centrally computed optimal solution. Therefore, to give an
impression of the dual decomposition for linear systems, a linearization around the setpoint
was derived by replacing the flow function (3.7) with

q̃(∆h) = q(∆h∗)− ∂q(∆h)
∂∆h

∣∣∣∣∣
∆h=∆h∗

(∆h−∆h∗), (3.8)
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Step 0) Initialize variables x0
i and u0

i , set values of w0
ji according to the consistency con-

straints of the respective problem statement.

Step 1) Solve the OCPs

(xk+1
i ,vk+1

i | i ∈ V)← arg min
vi i∈V

JL1i (vi;µ
k
i ,xi,0 | i ∈ V) (3.1a)

s.t. (2.17) (3.1b)

for Approach 1 and

(xk+1
i ,vk+1

i , zk+1
i | i ∈ V)← arg min

vi i∈V
zi i∈V

JL2i (vi, zi;µ
k
i ,xi,0 | i ∈ V) (3.2a)

s.t. (2.17) (3.2b)

for Approach 2 with respect to the extended agent controls vi.

Step 2) Compute gradient step for coordination multipliers, according to

µk+1
ji ← µkji + αk

(
wk+1
j −wk+1

ji

)
(3.3)

for Approach 1 and

µk+1
ii ← µkji + αk

(
zk+1
i −wk+1

i

)
(3.4a)

µk+1
ji ← µkji + αk

(
zk+1
j −wk+1

ji

)
(3.4b)

for Approach 2.

Step 3) Terminate computation, if the consistency constraints are fulfilled with sufficient
accuracy, i.e. the inequality ∥∥∥wk+1

j −wk+1
ji

∥∥∥
2
¬ εc (3.5)

holds for Approach 1 and ∥∥∥zk+1
i −wk+1

i

∥∥∥
2
¬ εc (3.6a)∥∥∥zk+1

j −wk+1
ji

∥∥∥
2
¬ εc (3.6b)

holds for Approach 2 for some εc > 0, otherwise set k ← k + 1 and go to Step 1).

Table 3.1: Dual decomposition algorithms for distributed dynamic optimization.
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q1,pump
h1

h2

q2,valveq12(h1, h2)

Figure 3.1: Two tank minimal example system.

Agent 1 Agent 2

f i(·) 1
A

(q1,pump − q(h1 − h21)) 1
A

(q2,valve + q(h12 − h1))

xi h1 h2

ui q1,pump, h21 h12

wi h1 h2

wji h21 h12

li(·) R1(q1,pump − q∗1,pump)2 +Q1(h1 − h∗1)2 Q2(h2 − h∗2)2

lL1i (·) µ1h1 − µ2h21 −µ1h12 + µ2h
2
2

Table 3.2: System model and dual decomposition cost function for the two tank system.

where ∆h∗ was chosen to fulfill q2,valve = q(∆h∗) to provide a stable setpoint. A summary
of the system parameters for the example scenario including the control goals q∗1,pump and h∗2
describing the desired setpoint of the system are listed in Table 3.3.

Setting the system parameters to the values shown in Table 3.3, the solution to the OCP was
calculated for the central approach and the Dual Decompositon approach. The result of the
optimization is displayed in Figure 3.2. Within 5000 iterations, the algorithm successfully
computes a rough solution to the overall OCP. This can be observed from the graph showing
the decline of the cost function and the norm of the consistency constraints for each iteration

system parameters optimization parameters

Ai 1.00× 10−2 m2 T 120 s
a 1.8433× 10−2 m Q1 1× 104

q2,valve −2× 10−3 l/s Q2 1× 104

hi,0 for i ∈ {1, 2} 10× 10−2 m R1 1× 101

αk 1.0
h∗1 16× 10−2 m
h∗2 10× 10−2 m
q∗1,pump 2× 10−3 l/s

Table 3.3: Simulation parameters for dual decomposition evaluation.
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Figure 3.2: Two tank example system: dual decomposition based implementation.

of the dual decomposition algorithm in Figure 3.2b. The predicted trajectories for the
neighbor copies and the system match fairly well for the final solution, as can be seen in the
plotted system trajectories in Figure 3.2a. This was to be expected from the low value of the
consistency constraints

∥∥∥wk+1
j −wk+1

ji

∥∥∥
2

at this point. Furthermore, the maximum distance
of the distributed trajectories for the linear system from the nonlinear central trajectories
was calculated to be 0.21× 10−2 m. Therefore, the nonlinear solution is not displayed here
as the trajectories are almost identical.

Overall the dual decomposition approach proves to be a valid albeit inefficient method for
the distributed solution of the OCP. The augmented Lagrangian methods in the following
will vastly improve on this performance.

3.3 Augmented Lagrangian methods

Augmented Lagrangian methods can be seen as an evolution of the Lagrangian approach
utilized in dual decomposition. By adding the penalty term in the form of the consistency
constraints, these methods effectively marry the well known Lagrangian and penalty methods
from standard constrained optimization. In this way, some numerical stability and accuracy
can be gained over the dual decomposition method, since the penalty terms lead to less
sensitive steps in the multiplier estimates [108, ch. 17.3, p. 514].

One benefits of the dual decomposition algorithm in Table 3.1 is the possibility to compute
the updates of the extended agent controls in parallel. The added penalty terms of the
augmented Lagrangian in (2.35) and (2.36) complicate the calculation of the solution to the
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minimization problem with respect to the minimization variables compared to (2.27) and
(2.28). It is desirable to keep benefits of the distributed calculation, i.e. being able to split
the optimization variables into disjunct sets of variables (vi | i ∈ V) or (vi, zi | i ∈ V) that
can be updated in parallel during the minimization step while the multipliers (µi | i ∈ V)
are fixed.
One way to to preserve the ability to update the sets of minimization variables in parallel
is to resort to one of two abstract schemes from the realm of distributed optimization:
the Jacobi-type or Gauss-Seidel-type iterations [18]. Both approaches allow to break up
minimization problems into separable minimization tasks while still minimizing the original
cost functional. The basic principle of the two iteration types will be detailed in the next
Subsection 3.3.1.

3.3.1 Jacobi- and Gauss-Seidel-type iteration schemes

Numerous DMPC contributions feature parallel distributed iteration schemes that arises nat-
urally when an agent optimizes his local inputs using the provided information of his coupled
neighbors from the last iteration, see e.g. [43, 135]. In [106], a comparison of parallel and
sequential iteration schemes is presented for an algorithm using an augmented Lagrangian
framework. In this text, the focus is on the distributed iteration schemes commonly ad-
dressed as Jacobi-type and Gauss-Seidel-type iteration schemes [18]. A classification into
parallel and serial would be misleading since both schemes allow for parallel computation
given the right decomposition of the optimization variables.
To keep the text self-contained with respect to the distributed iteration schemes and to show
the advantages of the decomposition chosen for Approach 2 for a Gauss-Seidel-type iteration
scheme, a short definition will be given in the following. Note that the variable xi is going
to be reused within the minimal examples, which is a slight abuse of notation.
Consider a generalized, distributed, iterative optimization algorithm defined as a mapping
of a vector of optimization variables x ∈ Rn onto itself, written as

xk+1 ← f (xk). (3.9)

If the algorithm that creates this mapping is well constructed, it eventually converges to
a fixed point xk+1 = f (xk+1), which then yields the optimal solution to an optimization
problem. Under similar assumptions on the internal structure of the mapping f like the
ones used in Section 2.1, a breakdown into the block structure

xk+1
i ← f i(x

k
1, . . . ,x

k
i , . . . ,x

k
N), i = 1, . . . , i, . . . , N (3.10)

can be constructed. Again, it is assumed that not every update of a block xi necessarily
depends on all other blocks xj∀(j ∈ V|j 6= i). The dependencies of the block variable
updates can then be expressed as a graph to find concurrent updates which can be carried
out in parallel.
An iteration scheme is called a Jacobi-type iteration, if the block updates (3.10) are all
carried out in parallel. In each update the dependent variables of the last iteration k are
being used, which allows for largely parallelized computation of the original mapping.
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Contrasting this approach, a Gauss-Seidel-type iteration splits the update into several stages
and uses the latest available information. To this end, each update is scheduled in a way
that ensures that the updated value of the dependent variables is used, e.g.

xk+1
i ← f i(x

k+1
1 , . . . ,xk+1

i−1 ,x
k
i ,x

k
i+1, . . . ,x

k
N), i = 1, . . . , i, . . . , N. (3.11)

In the example (3.11), it is assumed that each block i component only depends on the
indexed variables j < i. Depending on the dependency graph of the block separation, the
Gauss-Seidel-type iteration may still allow for concurrent updates, if the variable sets are
chosen accordingly. To illustrate this point, consider the Jacobi-type and Gauss-Seidel-
type iteration schemes in the context of a the minimal example employing the augmented
Lagrangian framework for the distributed optimization problem

min
x1,x2,y

f1(x1, y) + f2(x2, y), (3.12)

where x1 ∈ R, x2 ∈ R, and y ∈ R are the optimization variables. Using the dual decomposi-
tion approach, the optimization is transformed into the equivalent saddle point computation
problem

F (x∗1, x
∗
2, y
∗
1, y
∗
2, µ) ¬ F (x∗1, x

∗
2, y
∗
1, y
∗
2, µ

∗) ¬ F (x1, x2, y1, y2, µ
∗) (3.13)

with

F (x1, x2, y1, y2, µ) = f1(x1, y1) + f2(x2, y2) + µ(y1 − y2) (3.14)

where the splitting of the minimization step of the dual decomposition corresponding to Step
1) of the algorithm from Table 3.1 into two disjoint optimization problems is straightforward,
i.e.

min
x1,x2,y1,y2

f1(x1, y1) + f2(x2, y2) + µ(y1 − y2)

= min
x1,y1

(f1(x1, y2) + µy1) + min
x2,y2

(f2(x2, y2)− µy2) . (3.15)

Applying the augmented Lagrangian method according to Approach 1, yields the equivalent
optimization problem

F c(x∗1, x
∗
2, y
∗
1, y
∗
2, µ) ¬ F c(x∗1, x

∗
2, y
∗
1, y
∗
2, µ

∗) ¬ F c(x1, x2, y1, y2, µ
∗) (3.16)

with

F c(x1, x2, y1, y2, µ) = f1(x1, y1) + f2(x2, y2) + µ(y1 − y2) +
c

2
‖y1 − y2‖2

2 . (3.17)

It is straightforward to see that the minimization of the cost functional for fixed multipliers
cannot be split up in two concurrent variable updates. Utilizing a Jacobi-type iteration in
this situation, i.e.

1.
(
xk+1

1 , yk+1
1

)
← arg min

x1,y1
f1(x1, y1) + µy1 + c

2

∥∥∥y1 − yk2
∥∥∥2

2

2.
(
xk+1

2 , yk+1
2

)
← arg min

x2,y2
f2(x2, y2)− µy2 + c

2

∥∥∥yk1 − y2

∥∥∥2

2
,
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allows for a parallel update of the variables, albeit the impact on the convergence needs to
be evaluated on a case-by-case basis. In general, a Gauss-Seidel-type iteration scheme for
each variable update k, i.e.

1.
(
xk+1

1 , yk+1
1

)
← arg min

x1,y1
f1(x1, y1) + µy1 + c

2

∥∥∥y1 − yk2
∥∥∥2

2

2.
(
xk+1

2 , yk+1
2

)
← arg min

x2,y2
f2(x2, y2)− µy2 + c

2

∥∥∥yk+1
1 − y2

∥∥∥2

2

yields better convergence results, at the price of a sequential and consequently not paralleliz-
able computation of the updates. If however, the decomposition of the problem is chosen
following Approach 2, i.e.

F c(x∗1, x
∗
2, y
∗
1, y
∗
2, z
∗, µ1, µ2) ¬ F c(x∗1, x

∗
2, y
∗
1, y
∗
2, z
∗, µ∗1, µ

∗
2) ¬ F c(x1, x2, y1, y2, z, µ

∗
1, µ

∗
2) (3.18)

with

F c(x1, x2, y1, y2, z, µ1, µ2) = f1(x1, y1) + µ1(z − y1) +
c

2
‖z − y1‖2

2

+ f2(x2, y2) + µ2(z − y2) +
c

2
‖z − y2‖2

2 , (3.19)

the minimization variables can be split into the sets {{x1, y1}, {x2, y2}} and {z}, i.e.
1.
(
xk+1
i , yk+1

i

)
← arg minxi,yi fi(xi, yi)− µiyi + c

2 ‖z − yi‖
2
2, for i ∈ {1, 2}

2. zk+1 ← 1
2c(cy

k+1
1 + cyk+1

2 − µ1 − µ2),
which allows for a parallel evaluation of the cost functions f1 and f2 in Step 1. The calculation
of the minimizing zk+1 in Step 2 is carried out analytically. Furthermore, this approach
scales with the number N of subproblems, since the basic structure of a set of minimization
variables with N independent subsets and one set of independent master variables always
allows for a parallelizable two-stage update of all minimization variables.

3.3.2 Augmented Lagrangian with Jacobi- and Gauss-Seidel-type
iteration

The augmented Lagrangian methods use a computation scheme very similar to the dual
decomposition, yet due to the quadratic penalty terms the overall OCP cannot be separated
into N disjunct subproblems. As discussed in Section 3.3.1, there exist numerous ways to
compute the minimization similar to Step 1) from the dual decomposition algorithm listed
in Table 3.1 in the augmented Lagrangian framework using either Jacobi-type or Gauss-
Seidel-type iterations. The ability to perform the updates in parallel hinges on the chosen
decomposition scheme if the Gauss-Seidel-type iteration is chosen. Of these variants, three
will be applied to the presented problem statements for Approach 1 and 2 in the following,
which correspond to the Algorithms ALG1 and ALG2 from [52] and the ones described in
[130].
The first algorithm is listed in Table 3.4. During Step 1) of the algorithm, the subprob-
lems emerging from the decomposition with respect to the subsystems are minimized with
respect to the extended agent controls and in case of Approach 2 the agent impact masters.
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Step 0) Initialize variables x0
i and u0

i , set values of w0
ji according to the consistency con-

sistency of the respective problem statement.

Step 1) Approach 1: minimize all cost functionals i ∈ V with respect to extended agent
controls, i.e.

(xk+1
i ,vk+1

i | i ∈ V)← arg min
vi i∈V

J
Lc1
i (vi;µ

k
i ,xi,0 | i ∈ V) (3.20a)

s.t. (2.17) (3.20b)

Approach 2: minimize all cost functionals i ∈ V with respect to extended agent
controls, i.e.

(xk+1
i ,vk+1

i , zk+1
i | i ∈ V)← arg min

vi i∈V
zi i∈V

J
Lc2
i (vi, zi;µ

k
i ,xi,0 | i ∈ V) (3.21a)

s.t. (2.17) (3.21b)

Step 2) Approach 1: If the convergence criterion for the minimization

‖vk+1
i − vki ‖2 ¬ εa, ∀i ∈ V , (3.22)

is true, compute gradient step for coordination multipliers, according to

µk+1
ji ← µkji + αk

(
wk+1
j −wk+1

ji

)
. (3.23)

Else set µk+1
ji ← µkji.

Approach 2: If the convergence criterion for the minimization∥∥∥∥∥v
k+1
i − vki
zk+1
i − zki

∥∥∥∥∥
2

¬ εa, ∀i ∈ V , (3.24a)

is true, compute gradient step for coordination multipliers, according to

µk+1
ii ← µkji + αk

(
zk+1
i −wk+1

i

)
(3.25a)

µk+1
ji ← µkji + αk

(
zk+1
j −wk+1

ji

)
. (3.25b)

Else set µk+1
ji ← µkji and µk+1

ji ← µkji.

Step 3) Terminate computation, if the consistency constraints are fulfilled, i.e.∥∥∥wk+1
j −wk+1

ji

∥∥∥
2
¬ εc (3.26)

holds for Approach 1 and ∥∥∥∥∥∥
 zk+1

i −wk+1
i[

zk+1
j −wk+1

ji

]
j∈N i

∥∥∥∥∥∥
2

¬ εc (3.27a)

holds for Approach 2 for some εc > 0, otherwise set k ← k + 1 and go to Step 1.

Table 3.4: Dual ascent algorithm for distributed dynamic optimization using the augmented
Lagrangian framework.
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Two variations will be considered: a straightforward jacobi-type iteration scheme for both
approaches and a Gauss-Seidel scheme for Approach 2.

In both cases, the iterative solution to the minimization of the cost functionals in Step 1)
of the algorithm is considered to be successful when a good enough approximation of the
solution is found. To this end, each time the agents have computed the next iteration of the
decision variables, the norm of the difference of two consecutive solutions is observed. This
is reflected in the expressions (3.22) and (3.24), respectively. When the norm is less than a
convergence threshold εa, the agents compute a step in the multipliers.

When the Gauss-Seidel iteration scheme is applied to Approach 2, the minimization (3.21)
in Step 1) is split up into two successive minimizations. First a minimization with respect
to the extended agent controls vi is computed, written as

(xk+1
i ,vk+1

i | i ∈ V)← arg min
vi i∈V

J
Lc2
i (vi, zi;µ

k
i ,xi,0 | i ∈ V) (3.28a)

s.t. (2.17) (3.28b)

This step can be computed in parallel for all agents, since the subproblems are decoupled
for fixed values of the agent impact master variables zi. Then, a second minimization step
with respect to the agent master impact variables, written as

zk+1
i =

1
c(|N i|+ 1)

(
cwk+1

i − µkii +
∑
j∈N i

(
cwk+1

ij − µkij
))

(3.29)

is computed. Here, |N i| is the number of coupled neighbors for an agent i. The solution
(3.29) was derived analytically. By recognizing that the cumulative sum of the cost func-
tionals JL

c
2

i (·) of (3.21) is convex with respect the agent impact masters zi at each t ∈ [0, T ].
Thus, the minimizing zk+1

i can be calculated by finding the extremum for each t ∈ [0, T ],
i.e. solving

0 =
∂

∂zi

(µkii)T(zi −wk+1
i )+

c

2

∥∥∥zi −wk+1
i

∥∥∥2

2
+
∑
j∈N i

((
µkij
)T

(zi −wk+1
ij )+

c

2

∥∥∥zi −wk+1
ij

∥∥∥2

2

)
=
(
µkii
)T

+ c
(
zi −wk+1

i

)
+
∑
j∈N i

((
µkij
)T

+ c
(
zi −wk+1

ij

))
, t ∈ [0, T ], (3.30)

for zi, which leads to (3.29). In principle, the Gauss-Seidel iteration scheme could be applied
to the decomposition emerging from both Approach 1 and 2. However, for the decomposition
of Approach 1, a careful division of the variables and partly sequential computation of
the subproblems would be necessary to ensure the compliance with the requirements of
the Gauss-Seidel iteration. On the other hand, the decomposition pursuit by Approach 2
naturally fits into the scheme, since the variables can be easily split into the agent extended
controls and agent impact masters.

Revisiting the minimal example of the two tank system from Section 3.2.1, the system
model is kept equivalent to the one listed in Table 3.2 except for the cost functions, which
are updated according to the augmented Lagrangian approach as listed in Table 3.5.
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Agent 1 Agent 2

li(·) R1(q1,pump − q∗1,pump)2 Q2(h2 − h∗2)2

lL1i (·) µ1h1 − c(h1 − h12)2 − µ2h21 + c(h2 − h21)2 −µ1h12 + c(h1 − h12)2 + µ2h2 − c(h2 − h21)2

Table 3.5: Augmented Lagrangian cost function for the two tank system.

system parameters optimization parameters

Ai 1.00× 10−2 m2 T 120 s
a 1.8433× 10−2 m c 10000
q2,valve −2× 10−3 l/s αk (Jacobiy-type) 10000
hi for i ∈ {1, 2} 10× 10−2 m αk (Gauss-Seidel-type) 5000

εa 1.0
εc 5× 10−1

h∗2 10× 10−2 m
q∗1,pump 2× 10−3 l/s

Table 3.6: Simulation parameters for augmented Lagrangian algorithm evaluations.

A careful tuning of the parameters to the values listed in Table 3.6 resulted in a satisfactory
convergence of the algorithm without having to resort to a linearized model for the OCP.
This underlines the ability of the augmented Lagrangian methods to deal with OCPs subject
to nonlinear system dynamics.
The convergence using either Jacobi- or Gauss-Seidel-type iteration schemes with the re-
spective decomposition scheme are compared in Figure 3.3. It can be observed that the
Gauss-Seidel iteration scheme shows a steady decline in both the norm of the step in the
decision variables and the norm of the gradient with respect to the multipliers, i.e. the norm
of the consistency constraints. This can be attributed to the decomposition of Approach 2,
where the master variables form the average of the respective coupled variables. Without
this averaging effect, it is not uncommon to observe an oscillating behavior of the decision
variables manifested in the zick-zack profile of the norm of the consistency constraints for
the Jacobi-type iteration. Overall, the augmented Lagrangian methods greatly outperform
the dual decomposition method on this example, since they require only a fraction of the
overall iterations to find a rough solution to the OCP.

3.3.3 Alternating Direction Method of Multipliers

One of the most popular methods for distributed optimization based on the augmented
Lagrangian is given by the ADMM algorithm, which is also the conceptually simplest scheme
regarding the minimization step with respect to the extended agent controls vi and agent
master impact variables zi. ADMM considers only a rough approximation of the minimum
from Step 1) of the algorithm listed in Table 3.7 by computing only a single Gauss-Seidel
iteration before moving on to the gradient step for the coordination multipliers µii and
µji in Step 2). A listing of the ADMM algorithm applied to the decomposition following
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Step 1) Minimize the cost functional with respect to the extended agent controls, written
as

(vk+1
i | i ∈ V)← arg min

vi(·) i∈V
JL
c
2(vi; z

k
i ,µ

k
i ,xi,0 | i ∈ V) (3.31a)

s.t. (2.17). (3.31b)

Step 2) Minimize the cost functional with respect to the agent impact masters, written as

(zk+1
i | i ∈ V)← arg min

zi(·) i∈V
JL
c
2(zi;v

k+1
i ,µki ,xi,0 | i ∈ V) (3.32a)

s.t. (2.17). (3.32b)

Step 3) Compute gradient step for coordination multipliers, according to

µk+1
ii ← µkji + αk

(
zk+1
i −wk+1

i

)
(3.33a)

µk+1
ji ← µkji + αk

(
zk+1
j −wk+1

ji

)
. (3.33b)

Step 3) Terminate computation if the consistency constraints are fulfilled with sufficient
accuracy, i.e. the inequality∥∥∥∥∥∥

 zk+1
i −wk+1

i[
zk+1
j −wk+1

ji

]
j∈N i

∥∥∥∥∥∥
2

¬ εc (3.34a)

holds for Approach 2 for some εc > 0, otherwise k ← k + 1 and go to Step 1.

Table 3.7: Alternating Direction Method of Multipliers algorithm for distributed dynamic
optimization.

Approach 2 is listed in Table 3.7. Again, the minimum with respect to the agent impact
master variables can be calculated analytically with (3.29). The simplicity of the scheme and
the fact that the computation lends itself easily to parallel implementation have motivated
very detailed studies of this method for various optimization problems [52, 20].

Applied to the two water tank example system, keeping the tuning equal to the Gauss-Seidel
tunings from Table 3.6 except for lowering the convergence threshold εc to 3× 10−1, ADMM
actually outperforms the Gauss-Seidel approach. As is shown in Figure 3.4, the convergence
of the consistency constraint is slightly less smooth, but fewer iterations are necessary to
push them to the convergence threshold. This indicates that the gains from finding a precise
solution of the minimization Step 1) to get a more precise step in the multipliers does not
outweigh the gains from doing more multiplier updates, even for approximate solutions of
the minimzation in Step 1).

Since ADMM proves to be superior to the over variations of the augmented Lagrangian
methods in the experience of the author, its going to be the base for the distributed control
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(a) Jacobi-type iteration for Approach 1.
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Figure 3.3: Augmented Lagrangian method: Jacobi- and Gauss-Seidel-type iteration.
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Figure 3.4: ADMM convergence for Approach 2.

framework to be developed from here on. Also a proof of convergence is going to be provided
in the next subsection.

3.3.4 Convergence of the Alternating Direction Method of
Multipliers

Linear convergence rates for ADMM applied to infinite dimensional optimizations problems
under various regularity assumptions subject to linear coupling have recently been shown in
[33]. Yet, to the best of the authors knowledge, while [19] addressed this question, no formal
proof of convergence for the convergence of ADMM has been provided for the application in
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a DMPC setting with nonlinear couplings. Both of the closest related convergence investi-
gations in [77] and in [56] consider linear system dynamics. The proof of convergence follows
the convergence proof for ADMM in [20], adapting for the difference in the optimization task
and the decomposition scheme of Approach 2.

Proposition 3.1. Assume that OCP (2.36) with penalty parameter c > 0 admits a unique
solution under the assumptions of Proposition 2.1 and Assumption 2.3. Then, the ADMM
algorithm in Table 3.7 converges in the sense that the residual of the consistency constraints
goes to zero, the value of the cost function goes to the optimal value for k → ∞, and the
trajectories converge to the optimal ones (x∗i ,v

∗
i , z

∗
i ,µ

∗
i | i ∈ V). Furthermore, the values of

the master variables (zki | i ∈ V) and the multipliers (µki | i ∈ V) are bounded for all k.

Proof. The optimality conditions of the OCP (3.31) of Step 1), i.e.

min
vi(·) i∈V

JL
c
2(vi; z

k
i ,µ

k
i ,xi,0 | i ∈ V) (3.35a)

s.t. (2.17), (3.35b)

resembles OCP (2.22), except the minimization is only carried out with respect to the ex-
tended agent controls vi. The first order optimality conditions of (3.35) can be derived by
defining the Hamiltonian

H2
c (xi,λi,vi; z

k
i ,µ

k
i ,xi,0 | i ∈ V) =

∑
i∈V

li(xi,ui) + λTi f i(xi,ui,xji,uji)

+
(
µkii
)T (

zki −wi

)
+
∑
j∈N i

(
µkji
)T (

zkj −wji

)

+
c

2

∥∥∥zki −wi

∥∥∥2

2
+
∑
j∈N i

c

2

∥∥∥zkj −wji

∥∥∥2

2

. (3.36a)

The corresponding optimality conditions mirror the conditions from Proposition 2.3 for fixed
values of the multipliers µi and the added quadratic penalty term. Since the OCP (3.35)
can be divided into N subproblems, the optimality conditions for the OCP of each agent
i ∈ V for the optimal solution (xk+1

i ,vk+1
i ), read as

ẋk+1
i =

∂H2
c

∂λk+1
i

= f i(x
k+1
i ,vk+1

i ) (3.36b)

λ̇
k+1
i =−∂H

2
c

∂xi
=− ∂li

∂xi
−
(
∂f i
∂xi

)T
λk+1
i +

(
∂wi

∂xi

)T
µkii+ c

(
∂wi

∂xi

)T
(zki −wk+1

i ) (3.36c)

0 =
∂H2

c

∂wji

=
∂li
∂wji

+
(
∂f i
∂wji

)T
λk+1
i − µkji − c

(
zkj −wk+1

ji

)
, j ∈ N i, (3.36d)

and ∀t ∈ [0, T ], the inequality

H2
c (xk+1

i ,λk+1
i ,vk+1

i ; zki ,µ
k
i ,xi,0 | i ∈ V) ¬ H2

c (xi,λi,vi; z
k
i ,µ

k
i ,xi,0 | i ∈ V) (3.37)
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holds. Rearranging the equations of Step 3) of the algorithm to

µkji = µk+1
ii − c

(
zk+1
i −wk+1

i

)
(3.38a)

µkji = µk+1
ji − c

(
zk+1
j −wk+1

ji

)
, j ∈ N i (3.38b)

for substitution into (3.36b)-(3.36d) yields

ẋk+1
i = f i(x

k+1
i ,vk+1

i ) (3.39a)

λ̇
k+1
i =− ∂li

∂xi
−
(
∂f i
∂xi

)T
λk+1
i +

(
∂wi

∂xi

)T
µk+1
ii + c

(
∂wi

∂xi

)T
(zki −zk+1

i ) (3.39b)

0 =
∂li
∂wji

+
(
∂f i
∂wji

)T
λk+1
i − µk+1

ji − c
(
zkj − zk+1

j

)
, j ∈ N i. (3.39c)

The equations (3.39), derived from the necessary optimality conditions of the OCPs for each
agent from Step 1) of the algorithm, are also the necessary optimality conditions for the
following OCP

min
vi(·) i∈V

∫ T

0

∑
i∈V

li(xi,ui)
− (µk+1

ii )Twi − c
(
zki − zk+1

i

)T
wi

−
∑
j∈N i

(
(µk+1

ji )Twji + c
(
zkj − zk+1

j

)T
wji

)dt (3.40a)

s.t. (2.17). (3.40b)

Assumption 2.3 from Section 2.3.2 states that the decomposable OCP (2.22) and the agent
subproblems (2.28) have a unique solution and that the solution to their first order optimality
conditions is also unique. Given that the agents subproblems (2.28) have unique solutions,
also the problem of minimizing the cumulative sum of the cost functions (2.31) subject
to the decomposed dynamics (2.17) with respect to the extended agent controls vi has a
unique solution. This problem has the same structure as the cost function of (3.40). In both
cases the objective is the integral over the cumulative sum of the cost functions li(·) with
the addition of the value of the coupling variables wi and wji at time t scaled by a fixed
factor. Therefore, a unique solution for the subproblems (3.40) and a unique solution to its
first order optimality conditions is implied by Assumption 2.3. The solution to (3.40) can
therefore be used to derive a property of the solution to OCP (3.35) in the following.

The OCP (3.40) allows the characterization of the solution (xk+1
i ,vk+1

i | i ∈ V) in iteration
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k of Step 1) against the overall optimal solution (x∗i ,v
∗
i | i ∈ V) by the inequality∫ T

0

∑
i∈V

li(xk+1
i ,uk+1

i )− (µk+1
ii )Twk+1

i − c
(
zki − zk+1

i

)T
wk+1
i

−
∑
j∈N i

(
(µk+1

ji )Twk+1
ji + c

(
zkj − zk+1

j

)T
wk+1
ji

)
dt ¬

∫ T

0

∑
i∈V

li(x∗i ,u
∗
i )− (µk+1

ii )Tw∗i − c
(
zki − zk+1

i

)T
w∗i

−
∑
j∈N i

(
(µk+1

ji )Tw∗ji + c
(
zkj − zk+1

j

)T
w∗ji

)
dt. (3.41)

In order to derive the equivalent characterization of the solution (zk+1
i , | i ∈ V) of Step 2)

from Table 3.7, the convex regularization terms gi(zi) = 0 for each agent i ∈ V is added
to the optimization problem of Step 2), without changing the solution of the optimization
problem in Step 2). Only writing the parts of the cost functional (3.32) that are impacted
by zi, yields the optimization problem

min
zi(·) i∈V

∫ T

0

∑
i∈V

gi(zi) +
(
µkii
)T (

zi −wk+1
i

)
+
c

2

∥∥∥zi −wk+1
i

∥∥∥2

2

+
∑
j∈N i

((
µkij
)T (

zi −wk+1
ij

)
+
c

2

∥∥∥zi −wk+1
ij

∥∥∥2

2

)dt. (3.42)

Using Theorem 2.3 from [27] and substituting (3.38) allows to characterize the solution
(zk+1

i , | i ∈ V) of Step 2) by the inequality
∫ T

0

∑
i∈V

gi(zk+1
i ) +

(
µk+1
ii

)T
zk+1
i +

∑
j∈N i

(
µk+1
ij

)T
zk+1
i

dt ¬

∫ T

0

∑
i∈V

gi(z∗i ) +
(
µk+1
ii

)T
z∗i +

∑
j∈N i

(
µk+1
ij

)T
z∗i

dt. (3.43)

Adding (3.41) and (3.43) leads to
∫ T

0

∑
i∈V

li(xk+1
i ,uk+1

i ) + gi(zk+1
i )

+ (µk+1
ii )T

(
zk+1
i −wk+1

i

)
− c

(
zki − zk+1

i

)T
wk+1
i

+
∑
j∈N i

((
µk+1
ji

)T (
zk+1
j −wk+1

ji

)
− c

(
zkj − zk+1

j

)T
wk+1
ji

)dt ¬

∫ T

0

∑
i∈V

li(x∗i ,u∗i ) + gi(z∗i )

+ (µk+1
ii )T (z∗i −w∗i )− c

(
zki − zk+1

i

)T
w∗i

+
∑
j∈N i

((
µk+1
ji

)T (
z∗j −w∗ji

)
− c

(
zkj − zk+1

j

)T
w∗ji

)dt (3.44)



56 Algorithms for distributed dynamic optimization

Utilizing that the optimal solution (x∗i ,v
∗
i , z

∗
i | i ∈ V) satisfies the consistency constraints

(2.21) and reordering the terms, the inequality∫ T

0

∑
i∈V

li(xk+1
i ,uk+1

i ) + gi(zk+1
i )− li(x∗i ,u∗i )− gi(z∗i )

dt ¬

∫ T

0

∑
i∈V

− (µk+1
ii )T

(
zk+1
i −wk+1

i

)
−
∑
j∈N i

(
µk+1
ji

)T (
zk+1
j −wk+1

ji

)
+ c

(
zki − zk+1

i

)T (
wk+1
i − zk+1

i + zk+1
i − z∗i

)
+
∑
j∈N i

c
(
zkj − zk+1

j

)T (
wk+1
ji − zk+1

ji + zk+1
ji − z∗ji

)dt, (3.45)

can be derived. Due to Proposition 2.6, the optimal solution (x∗i ,v
∗
i , z

∗
i ,µ

∗
i | i ∈ V) is a

saddle point of (2.31) subject to (2.17), thus

JL2(v∗i , z
∗
i ,µ

∗
i ;xi,0|i ∈ V) ¬ JL2(vi, zi,µ

∗
i ;xi,0|i ∈ V),

from which the relation∑
i∈V

∫ T

0
li(x∗i ,u

∗
i ) + gi(z∗i )− li(xk+1

i ,uk+1
i )− gi(zk+1

i )dt ¬

∑
i∈V

∫ T

0
(µ∗ii)

T (zk+1
i −wk+1

i ) +
∑
j∈N i

(
µ∗ji
)T

(zk+1
j −wk+1

ji )dt (3.46)

can be deduced, where the regularization terms gi(zk+1
i ) and gi(z∗i ) are added in accordance

with (3.43). Adding (3.45) and (3.46), the relation

0 ¬
∫ T

0

∑
i∈V

− (µk+1
ii )T

(
zk+1
i −wk+1

i

)
−
∑
j∈N i

(
µk+1
ji

)T (
zk+1
j −wk+1

ji

)
+ c

(
zki − zk+1

i

)T (
wk+1
i − zk+1

i + zk+1
i − z∗i

)
+
∑
j∈N i

c
(
zkj − zk+1

j

)T (
wk+1
ji − zk+1

ji + zk+1
ji − z∗ji

)

+
∑
i∈V

(µ∗ii)
T (zk+1

i −wk+1
i ) +

∑
j∈N i

(
µ∗ji
)T

(zk+1
j −wk+1

ji )

dt, (3.47)

can be deduced. Collecting terms and reordering everything on the left side of the inequality
yields∫ T

0

∑
i∈V

2
(
(µk+1

ii )T − (µ∗ii)
T
) (
zk+1
i −wk+1

i

)
+
∑
j∈N i

(
2
(
µk+1
ji

)T
−
(
µ∗ji
)T) (

zk+1
j −wk+1

ji

)
− 2c

(
zk+1
i − zki

)T (
zk+1
i −wk+1

i

)
+ 2c

(
zk+1
i − zki

)T (
zk+1
i − z∗i

)
− 2c

∑
j∈N i

(
zk+1
j − zkji

)T (
zk+1
ji −wk+1

ji

)
+ 2c

∑
j∈N i

(
zk+1
j − zkji

)T (
zk+1
ji − z∗ji

)

− 2ε
∥∥∥zk+1

i − z∗i
∥∥∥2

2

dt ¬ 0. (3.48)
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Replacing (µk+1
ii ,µk+1

ii | j ∈ N i) for each i ∈ V according to (3.38) leads to

∫ T

0

∑
i∈V

2
(
(µkii)

T − (µ∗ii)
T
) (
zk+1
i −wk+1

i

)
+ c

∥∥∥zk+1
i −wk+1

i

∥∥∥2

2
+ c

∥∥∥zk+1
i −wk+1

i

∥∥∥2

2

+
∑
j∈N i

((
2
(
µkji
)T
−
(
µ∗ji
)T) (

zk+1
j −wk+1

ji

)
+ c

∥∥∥zk+1
j −wk+1

ji

∥∥∥2

2
+ c

∥∥∥zk+1
j −wk+1

ji

∥∥∥2

2

)

− 2c
(
zk+1
i − zki

)T (
zk+1
i −wk+1

i

)
+ 2c

(
zk+1
i − zki

)T (
zk+1
i − z∗i

)
− 2c

∑
j∈N i

(
zk+1
j − zkji

)T (
zk+1
ji −wk+1

ji

)
+ 2c

∑
j∈N i

(
zk+1
j − zkji

)T (
zk+1
ji − z∗ji

)dt ¬ 0. (3.49)

Again using (3.38) to replace the second terms of the first two lines by 1
c

(
µk+1
ii − µkii

)2
and

1
c

(
µk+1
ji − µkji

)2
, respectively, gives

∫ T

0

∑
i∈V

2
c

(
(µkii)

T − (µ∗ii)
T
) (
µk+1
ii − µkii

)
+

1
c

∥∥∥µk+1
ii − µkii

∥∥∥2

2
+ c

∥∥∥zk+1
i −wk+1

i

∥∥∥2

2

+
∑
j∈N i

((
2
(
µkji
)T
−
(
µ∗ji
)T) (

µk+1
ji − µkji

)
+

1
c

∥∥∥µk+1
ji − µkji

∥∥∥2

2
+ c

∥∥∥zk+1
j −wk+1

ji

∥∥∥2

2

)

− 2c
(
zk+1
i − zki

)T (
zk+1
i −wk+1

i

)
+ 2c

(
zk+1
i − zki

)T (
zk+1
i − z∗i

)
− 2c

∑
j∈N i

(
zk+1
j − zkji

)T (
zk+1
ji −wk+1

ji

)
+ 2c

∑
j∈N i

(
zk+1
j − zkji

)T (
zk+1
ji − z∗ji

)dt ¬ 0. (3.50)

Rewriting
(
µk+1
ii − µkii

)
by

(
µk+1
ii − µ∗ii

)
−
(
µkii − µ∗ii

)
and

(
µk+1
ij − µkij

)
by

(
µk+1
ij − µ∗ij

)
−(

µkij − µ∗ij
)
, respectively, the first two lines can be reordered to

∫ T

0

∑
i∈V

1
c

(∥∥∥µk+1
ii − µ∗ii

∥∥∥2

2
−
∥∥∥µkii − µ∗ii∥∥∥2

2

)
+ c

(
zk+1
i −wk+1

i

)2

+
∑
j∈N i

(1
c

(∥∥∥µk+1
ji − µ∗ji

∥∥∥2

2
−
∥∥∥µkji − µ∗ji∥∥∥2

2

)
+ c

∥∥∥zk+1
j −wk+1

ji

∥∥∥2

2

)

− 2c
(
zk+1
i − zki

)T (
zk+1
i −wk+1

i

)
+ 2c

(
zk+1
i − zki

)T (
zk+1
i − z∗i

)
− 2c

∑
j∈N i

(
zk+1
j − zkji

)T (
zk+1
ji −wk+1

ji

)
+ 2c

∑
j∈N i

(
zk+1
j − zkji

)T (
zk+1
ji − z∗ji

)dt ¬ 0. (3.51)

Extending the terms
(
zk+1
i − z∗i

)
and

(
zk+1
ji − z∗ji

)
to

(
zk+1
i − zki

)
+
(
zki − z∗i

)
and
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(
zk+1
ji − zkji

)
+
(
zkji − z∗ji

)
, respectively, the remaining terms can be reordered to

∫ T

0

∑
i∈V

1
c

(∥∥∥µk+1
ii − µ∗ii

∥∥∥2

2
−
∥∥∥µkii − µ∗ii∥∥∥2

2

)
+ c

∥∥∥(zk+1
i −wk+1

i

)
−
(
zk+1
i − zki

)∥∥∥2

2

+
∑
j∈N i

(1
c

(∥∥∥µk+1
ji − µ∗ji

∥∥∥2

2
−
∥∥∥µkji − µ∗ji∥∥∥2

2

)
+ c

∥∥∥(zk+1
j −wk+1

ji

)
−
(
zk+1
j − zkj

)∥∥∥2

2

)

+ c
∥∥∥zk+1

i − zki
∥∥∥2

2
+ 2c

(
zk+1
i − zki

) (
zki − z∗i

)
+ c

∑
j∈N i

∥∥∥zk+1
j − zkji

∥∥∥2

2
+ 2c

∑
j∈N i

(
zk+1
j − zkji

)T (
zkji − z∗ji

)dt ¬ 0. (3.52)

Using a similar technique in rewriting
(
zk+1
i − zki

)
and

(
zk+1
j − zkji

)
as

(
zk+1
i − z∗i

)
−(

zki − z∗i
)

and
(
zk+1
ji − z∗ji

)
−
(
zkji − z∗ji

)
, the terms can again be collected to form the

expression

∫ T

0

∑
i∈V

1
c

(∥∥∥µk+1
ii − µ∗ii

∥∥∥2

2
−
∥∥∥µkii − µ∗ii∥∥∥2

2

)
+ c

∥∥∥(zk+1
i −wk+1

i

)
−
(
zk+1
i − zki

)∥∥∥2

2

+
∑
j∈N i

(1
c

(∥∥∥µk+1
ji − µ∗ji

∥∥∥2

2
−
∥∥∥µkji − µ∗ji∥∥∥2

2

)
+ c

∥∥∥(zk+1
j −wk+1

ji

)
−
(
zk+1
j − zkj

)∥∥∥2

2

)

+ c
(∥∥∥zk+1

i − z∗i
∥∥∥2

2
−
∥∥∥zki − z∗i ∥∥∥2

2

)
+ c

∑
j∈N i

(∥∥∥zk+1
j − z∗ji

∥∥∥2

2
−
∥∥∥zkj − z∗ji∥∥∥2

2

)dt ¬ 0. (3.53)

Collecting terms to form the two functions V k and V k+1 each associated with one step of
the iterative algorithm leads to

∫ T

0

∑
i∈V

1
c

∥∥∥µkii − µ∗ii∥∥∥2

2
+ c

∥∥∥zki − z∗i ∥∥∥2

2
+
∑
j∈N i

(1
c

∥∥∥µkji − µ∗ji∥∥∥2

2
+ c

∥∥∥zkj − z∗j∥∥∥2

2

)dt

︸ ︷︷ ︸
V k

−
∫ T

0

∑
i∈V

1
c

∥∥∥µk+1
ii − µ∗ii

∥∥∥2

2
+ c

∥∥∥zk+1
i − z∗i

∥∥∥2

2
+
∑
j∈N i

(1
c

∥∥∥µk+1
ji − µ∗ji

∥∥∥2

2
+ c

∥∥∥zk+1
j − z∗j

∥∥∥2

2

)dt

︸ ︷︷ ︸
V k+1



∫ T

0

∑
i∈V

c ∥∥∥(zk+1
i −wk+1

i

)
−
(
zk+1
i − zki

)∥∥∥2

2
+
∑
j∈N i

c
∥∥∥(zk+1

j −wk+1
ji

)
−
(
zk+1
j − zkj

)∥∥∥2

2

dt,

(3.54)

where the right hand side can be expanded to

∫ T

0

∑
i∈V

c ∥∥∥zk+1
i −wk+1

i

∥∥∥2

2
− 2c

(
zk+1
i −wk+1

i

) (
zk+1
i − zki

)
+ c

∥∥∥zk+1
i − zki

∥∥∥2

2

+
∑
j∈N i

(
c
∥∥∥zk+1

j −wk+1
ji

∥∥∥2

2
− 2c

(
zk+1
j −wk+1

ji

) (
zk+1
j − zkj

)
+ c

∥∥∥zk+1
j − zkj

∥∥∥2

2

)dt (3.55)
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From the optimal solutions (zki | i ∈ V) and (zk+1
i | i ∈ V) of Step 2) for iteration k and k+1,

it follows
∫ T

0

∑
i∈V

gi(zk+1
i ) +

(
µk+1
ii

)T
zk+1
i +

∑
j∈N i

(
µk+1
ij

)T
zk+1
i

dt ¬

∫ T

0

∑
i∈V

gi(zki ) +
(
µk+1
ii

)T
zki +

∑
j∈N i

(
µk+1
ij

)T
zki

dt, (3.56)

and
∫ T

0

∑
i∈V

gi(zki ) +
(
µkii
)T
zki +

∑
j∈N i

(
µkij
)T
zki

dt ¬

∫ T

0

∑
i∈V

gi(zk+1
i ) +

(
µkii
)T
zk+1
i +

∑
j∈N i

(
µkij
)T
zk+1
i

dt, (3.57)

which, added up and multiplied by two, amounts to the inequality

∫ T

0
2
∑
i∈V

(µk+1
ii − µkii

)T (
zk+1
i − zki

)
+
∑
j∈N i

(
µk+1
ij − µkij

)T (
zk+1
i − zki

)dt ¬ 0. (3.58)

Replacing the first terms
(
µk+1
ii − µkii

)T
and

(
µk+1
ij − µkij

)T
according to the multiplier up-

dates, the expression (3.55) can be shown to be positive, securing the decrease of the function
V k in each pass of the algorithm. This implies

V 0  V k, (3.59)

guaranteeing that the values of the multipliers (µi | i ∈ V) and master variables (zi | i ∈ V)
are bounded. Discarding the middle term from the expanded right hand expression of (3.54)
for iteration k = 0 and recursively substituting the value of the next iteration according to
(3.54) leads to

V 0 
∞∑
k

∫ T

0

∑
i∈V

(
c
∥∥∥zk+1

i −wk+1
i

∥∥∥2

2
+ c

∥∥∥zk+1
i − zki

∥∥∥2

2

+
∑
j∈N i

(
c
∥∥∥zk+1

j −wk+1
ji

∥∥∥2

2
+ c

∥∥∥zk+1
j − zkj

∥∥∥2

2

))
dt

. (3.60)

Thus, the residual of the consistency constraints tends to 0. Furthermore, from the second
inequality of (2.41b), it can be asserted that

∑
i∈V

∫ T

0
li(x∗i ,v

∗
i )− li(xki ,vki )dt ¬

∑
i∈V

∫ T

0

(
µkii
)T

(zki −wk
i ) +

∑
j∈N i

(
µkji
)T

(zkj −wk
ji)dt, (3.61)

i.e. for the residuals of the consistency constraints tending to zero the value of the original
cost functional approaches the optimal value.
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3.3.5 Extension to DMPC

To arrive at a distributed control system, a repeated solution of the overall OCP is neces-
sary to create a feedback loop in the sense of model predictive control (MPC). For central
MPC approaches, the stability properties of the resulting feedback loop have been studied
extensively, see e.g. the seminal surveys by Mayne et al. [91] as well as Bemporad and Morari
[14]. The surveyed proposals to ensure stability of the MPC feedback loop all revolve around
one of two approaches: either employing a terminal penalty function that is then used as
Lyapunov function or to enforce a terminal state set constraint to construct a contracting
set of terminal state sets with each MPC sampling step. A possible way to show stability
without a terminal cost function or terminal state set constraints was presented by Grüne
and Rantzer [62]. Furthermore it was shown by Graichen and Kugi [61] that even a subop-
timal solution at each sampling step can result in a stable controller if the feasibility of the
resulting control and a decrease in the overall cost function is ensured. In the following, a
number of approaches to employ these general methods for ensuring stability in a DMPC
setting from the literature are summarized.

A suboptimal approach for a dual decomposition approach used in a DMPC for a coupled
linear system was presented by Giselsson and Rantzer [57]. The prove of stability relies
on a relaxed dynamic programming inequality, which is used to derive a stopping criterion
that can be checked locally by each agent. If all agents iterate until the stopping criterion
is fulfilled, stability of the system is ensured since a decline in the overall cost function is
achieved.

Farokhi et al. [49] applied both a dual decomposition and an ADMM approach for the
distributed control of nonlinear coupled system. They showed stability of the overall system
under the assumption of a decrease in the cost function with respect to the last solution at
each sampling step.

Limiting their scope to linear systems with coupled states, Zeilinger et al. [137] developed
Plug- and Play DMPC, which ensures stability of the overall system by a combination of a
terminal cost function and an invariant terminal state set for each agent. A hallmark of the
methodology is the offline determination of the terminal cost function and terminal control
sets which are computed in a distributed way. An extension using less a less conservative
time varying terminal set approach was presented in 2016 [31].

Kögel and Findeisen focused their effort on ensuring stability using the quasi-infinity horizon
approach for each agent [77]. They extended their work by employing a varying horizon
scheme, to ensure recursive feasibility [78].

Another approach to account for the suboptimal solution due to a dual decomposition based
DMPC for linear systems was presented by Köhler et al. in 2019 [79]. Stability is ensured
by block diagonal terminal costs and constraints on the overall OCP which can be assigned
to the individual agents. The terminal constraint sets for the OCP of each agent are then
tightened based on a bound on the error of the suboptimal distributed solution.

A stability result for ADMM based DMPC applied to nonlinear systems was presented by
Bestler und Graichen in 2019 [19]. By assuming a linear or r-linear convergence rate of the
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ADMM algorithm itself, asymptotic stability for a limited number of ADMM iterations per
MPC step was shown without relying on terminal state set constraints.

Since the formal proof and analysis of the stability properties of the modular distributed
controller is not the focus of this contribution, the reader is directed to the mentioned
references for an in-depth analysis of this topic. For the controllers to be presented in the
following, stability was mainly achieved by tuning and a careful selection of the cost function.
Since several contributions show that stability for DMPC can be achieved solely by a well
tuned integral cost functions, this approach appears valid from a practical perspective.

3.4 Enhancements by approximated neighbor
dynamics

This section will highlight the impact of the chosen decomposition applied to any distributed
dynamic system falling into the defined framework from Chapter 2.2, following along the lines
of the concept of approximated neighbor dynamics, as developed in [66]. Throughout this
section, the third type of generic model for distributed dynamics from Section 2.2 will be
used to develop a decomposition of the OCP that allows each agent to some extend to
account for the underlying dynamics of the coupled neighbor agents, while still fulfilling the
requirements on limiting system knowledge of the agent from Section 1.2.

In order to keep the development of the decomposition schemes largely self-contained, the
DAE formulation (2.6) of the distributed dynamics

ẋi = f i(xi,ui) +
∑
j∈N i

f ij(xi, ξij,xj, ξji) (3.62a)

xi(0) = xi,0 (3.62b)
ξij = gi(xi,ui) +

∑
k∈N i\{j}

gik(xi, ξik,xk, ξki), ∀j ∈ N i (3.62c)

is restated as accompanied by the original OCP

min
ui(·),i∈V

J(ui(·);xi,0|i ∈ V) =
∑
i∈V

Ji
(
xi(·),ui(·),xj(·), ξji(·)|j ∈ N i

)
(3.63a)

s. t. (3.62), i ∈ V (3.63b)
ui ∈ Ui, i ∈ V , (3.63c)

and the individual cost functionals Ji(·) for each subsystem i ∈ V

Ji(xi(·),ui(·),xj(·), ξji(·)|j ∈ N i) = Vi (xi) +
∫ T

0
li
(
xi,ui,xj, ξji|j ∈ N i

)
dt. (3.63d)

In the following, the standard decomposition approach will be followed at first, adapted to
the particular structure of the OCP due to the DAE formulation. Then, the decomposition
approach employing the neighbor dynamic approximation will be shown.
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3.4.1 Standard decomposition approach

Carrying out the standard decomposition following Approach 2 as in (2.22), the system
dynamics are rewritten as

ẋi = f i(xi,ui) +
∑
j∈N i

f ij(xi, ξij,xji,ψji) (3.64a)

xi(0) = xi,0 (3.64b)
ξij = gi(xi,ui) +

∑
k∈N i\{j}

gik(xi, ξik,xki,ψki), ∀j ∈ N i. (3.64c)

The neighbor impact copies wji and agent impacts wi are introduced with the stacking
notation

wi =

 xi[
ξij
]
j∈N i

 , wji =
[
xji
ψji

]
, vi =


ui[

xji
ψji

]
j∈N i

 , (3.64d)

and the consistency constraints

0 = zi −wi =

 ζii[
ζij
]
j∈N i

−wi, 0 = zji −wji =
[
ζjj
ζji

]
−wji, j ∈ N i (3.64e)

with the agent master ζii and ζij as well as the stacking variables zi and zij of suitable
dimensions for each agent i ∈ V . To enforce the consistency constraints (3.64e) with the
augmented Lagrangian approach, the multipliers µi for each agent i ∈ V are introduced
according to the stacking notation

µi =

 ηii[
ηij
]
j∈N i

 , µji =
[
κjj
κji

]
, j ∈ N i. (3.64f)

Finally, the individual agent cost functionals from (3.63) are adapted to the decomposed
form of the system dynamics and cast in the augmented Lagrangian formulation

JL2i (vi, zi;xi,0, zij,µi,µji,µij | j ∈ N i) =
∫ T

0
li(xi,vi) + µTi (zi −wi) +

c

2
‖zi −wi‖

2
2

+
∑
j∈N i

(
µTijzij +

c

2

∥∥∥zij −wij

∥∥∥2

2
− µTjiwji +

c

2

∥∥∥zji −wji

∥∥∥2

2

)
dt,

(3.64g)
i.e. the consistency constraints are adjoint to the cost functional and a quadratic penalty
in form of the consistency constraints is added. Now, ADMM can be applied to the cost
functional (3.64g) subject to (3.64a)-(3.64f) and ui ∈ Ui∀i ∈ V to compute the optimal
solution of the OCP (3.63) in a distributed fashion. It is important to note that while the
developed decomposition (3.64a)-(3.64f) is the straightforward approach to reformulate the
OCP (3.63) in a form suitable for the application of distributed optimization methods it is
by no means the only possible decomposition of the distributed system dynamics (3.62). In
the following, an alternative decomposition is going to be developed which decomposes the
distributed system dynamics in a different way, resulting in more complex system dynamics
for the individual agents subproblems, but with the advantage of embedding more knowledge
about the interaction of the agent with its neighbors.
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3.4.2 Decomposition with neighbor dynamic approximation

The second decomposition approach couples the agent dynamics on the level of the input
variables (ui|i ∈ V) and variables (ξij|j ∈ N i)∀i ∈ V and reduces the coupling on the level
of the state variables (xi|i ∈ V). To this end, the decomposed dynamics of each agent are
extended by approximated dynamics of the neighbor system, written as

ẋi = f i(xi,ui) +
∑
j∈N i

f ij(xi, ξij,xji,ψji) (3.65a)

xi(0) = xi,0 (3.65b)
ẋji = φji + f ji(xji,ψji,xi, ξij) (3.65c)

xji(0) = xj,0 (3.65d)
ξij = f i(xi,ui) +

∑
k∈N i\{j}

gik(xi, ξi,xki,ψki), ∀j ∈ N i, (3.65e)

θij = f i(xi,ui) +
∑

k∈N i\{j}
f ik(xi, ξik,xki,ψki), (3.65f)

with the agent impacts, neighbor impacts and extended agent control for this decomposition

wi =
[
ξij
θij

]
j∈N i

, wji =
[
ψji

φji

]
, vi =


ui[

ψji

φji

]
j∈N i

 . (3.65g)

The equivalence to the original dynamics is ensured by tying extended agent controls and
agent impacts via the master variables and consistency constraints

0 = zi −wi =
[
ζij
]
j∈N i

−wi, (3.65h)

0 = zji −wji = ζji −wji, j ∈ N i, (3.65i)

with the corresponding multipliers

µi =
[
ηij
]
j∈N i

, µji = κji, j ∈ N i. (3.65j)

The key aspects of this decomposition approach are the additional differential equations
approximating the evolution of the neighbor states (3.65c) and the approximated evolution
of the agent state without the influence of the neighbor agent (3.65f). To this end, the
augmented Lagragian formulation due to the second decomposition scheme is written as

JL2i (vi, zi;xi,0, zij,µi,µji,µij | j ∈ N i) =
∫ T

0
li(xi,vi) + µTi (zi −wi) +

c

2
‖zi −wi‖

2
2

+
∑
j∈N i

(
µTijzij +

c

2

∥∥∥zij −wij

∥∥∥2

2

− µTjiwji +
c

2

∥∥∥zji −wji

∥∥∥2

2

)
dt. (3.65k)

The second decomposition results in a more involved OCP on the agent level, as it increases
the dimension of the dynamic system (3.65a)-(3.65j) compared to the first decomposition
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(3.64a)-(3.64f). On the other hand, this approach allows each agent to include an albeit
crude approximation of the effect resulting from an interaction with its neighbor agents in
the calculation of the optimal solution.

Consider again the basic example of a distributed system of two connected water tanks from
Section 3.2.1. The control goal of Agent 2 is to keep its water level at a certain height despite
an amount of water that is constantly drained from its assigned tank. This constant water
draw needs to be balanced out by the Agent 1 with a water pump that the agent can control
to inject water into its assigned tank.

If the first decomposition scheme is used, the neighbor impact copy h21 of the first tank
is the water height h2 of the second tank, thus the state variable h2 it is being treated
like a free optimization variable from the perspective of Agent 1. The optimal solution h1

21

for the initial multiplier values µ0
21 (typically zero or a very small random value) is going

to be far away from any reachable trajectory of second agents water level h2. This due
to the fact that according to the cost functional, the penalty for setting the copy of the
water height h21 freely is small. After k subsequent iterations of the ADMM algorithm, the
multipliers µk21 will eventually reach a value that lays such a high burden on the value of the
optimization variable hk+1

21 corresponding to the water height h2 that the state trajectory
and the optimization variable will coincide, i.e. the optimal solution will be reached.

If, on the other hand, the decomposition approach using the neighborhood approximation is
employed, the initial guess for the trajectory of the dynamic states of the second tank will
already take into account the nature of the dynamic state due to (3.65c)-(3.65d). Thus, only
the derivative of the neighbor impact copies φji that are coupled to neighbor states will be
optimized for. Generally, this results a quicker overall convergence at the expense of more
computationally expensive solutions of the agents OCPs in the ADMM algorithm.

In the next Section 3.4.3, a benchmark utilizing a more complex dynamics than the water
tank example based on a nonlinear mechanical system will be developed. It will be shown
how these dynamics can be represented in the developed general framework for distributed
systems using the DAE representation. The effectiveness of the approach will be illustrated
by some numerical results comparing the effectiveness of the two decomposition schemes.

3.4.3 Example: cooperative payload transport

The example system chosen to demonstrate the effect of the approximate neighbor dynamics
approach is an abstract cooperative payload transport problem. Transporting a payload as a
collective effort of an ensemble of robots is a prime example for the use of distributed control
methods, as it bears all the hall marks of the distributed control paradigm: emergent control
behavior based on system composition and the modular setup of the control problem. There
is a number of works throughout the literature that approach the problem from a bionic
angle, by mimicking self organization principles observed e.g. in ant colonies [114]. An
example for the cooperative payload transport in this field is a study by Berman et al. [17]
trying to recreate the collective behavior of an ensemble of ants carrying a piece of food back
to their nest. Using an agent based approach, a limited set of simple coordination rules was
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Figure 3.5: Team of four workers carrying two coupled payloads.

deduced from the observation of the real ants and then implemented first in an agent based
implementation and later in an experimental setup featuring several small scale robots.

Coming directly from the line of research on autonomous robots, questions of the cooperative
tasks like cooperative exploration [5] or the cooperative payload transport by quadrocopters
[95] have been the subject of numerous publications over the last decade. While autonomous
multi-rotor have certainly been the most popular experimental platform in the recent past,
several publications also consider the cooperative payload transport with non-flying robots
moving on the ground. One example is the study of collective towing, where the dynamic
stability of different towing configurations of robots connected to a common payload where
analyzed [29]. Another example is the study of consensus based coordination schemes for a
swarm of very small robots (N  50) moving a payload to a dedicated location [119]. Further
examples of investigations into cooperative transport scenarios concern ground robots [55,
98, 64, 11] and quadcopters [51, 126, 93].

For the next section, the cooperative transport problem is defined as a number of workers
that are physically coupled to a payload which has to be delivered to a target location. In
contrast to the rather detailed modeling of drag effects on the ground robots that can be
found in some of the references literature, the presented work is focused on providing simple
models, qualitatively capturing the nature of these coupled systems, while still allowing the
application of optimization based control methods.

3.4.4 Point masses - equations of motion using the Lagrange
multiplier approach for constrained mechanics

For a simple model of the cooperative transport scenario shown in Figure 3.5, all robots
are modeled as point masses on a two dimensional plane, with the coordinates given by the
respective states xi ∈ R2 and mi being the mass of each robot. The payloads are treated
identically, albeit each robot is equipped with two controls ui ∈ R2 which allow him to apply
a force to change its velocity while the payloads do not have own controls.
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Figure 3.6: Two coupled robots i and j represented as point masses.

3.4.5 Dynamics of two coupled subsystems - minimal case

The constrained dynamics of these systems are going to be derived following the Lagrange
approach along the work presented in [124, 58]. For the derivation of the basic subsystem
dynamics, a scenario with two coupled robots is considered, depicted in Figure 3.6, which will
then be extended to the case of multiple coupled subsystems. Consider the basic equation
of motion for one subsystem given by

M iẍi = ui −Diẋi +
∑
j∈N i

F ij, xi(t0) = xi,0, (3.66)

where the matrix M i = diag([mi,mi]) ∈ R2×2 is the mass matrix of subsystem i, the matrix
Di = diag([di, di]) ∈ R2×2 contains the drag coefficient di of the subsystem, and F ij ∈ R2 are
the constrained forces due to couplings with other subsystems j ∈ N i. Note that the control
would be ui = 0, if subsystem i was a payload. The employed drag model is rather simple,
i.e. the drag forces are linear proportional to the velocity of the subsystem. Modeling the
coupling between the subsystems as an ideal towing bar, the distance between two coupled
subsystems is constrained to a fixed length lij, which can be written as the coupling equation

c(xi,xj, lij) = lij −
√

(xi − xj)T(xi − xj). (3.67)

Following d’Alembert’s principle, the virtual work of the constraint forces F ij and F ji re-
sulting from the coupling (3.67) needs to be zero. Thus, the constraint forces need to act
perpendicular with respect to a valid displacement of the system, i.e.

δWc = F Tijδxi = 0. (3.68)

This condition is fulfilled by the gradient of the constrained function c(·) with respect to the
involved system states, i.e. [

F ij

F ji

]
=
[
∂c(xi,xj ,lij)

∂xi

∂c(xi,xj ,lij)
∂xj

]T
λij, (3.69)

where λij ∈ R is a Lagrange multiplier, which needs to be determined in order to calculate
the magnitude of the constraint forces F ij and F ji that will enforce the coupling constraint
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(3.67) [124]. To this end, the second derivative of the constraint equation with respect to
time is calculated

c(xi,xj, lij) = 0 (3.70)

ċ(xi, ẋi,xj, ẋj, lij) =
[(

∂c(·)
∂xi

) (
∂c(·)
∂xj

)] [
ẋi
ẋj

]
= 0 (3.71)

c̈(xi, ẋi,xj, ẋj, lij) =
[(

∂ċ(·)
∂xi

) (
∂ċ(·)
∂xj

)] [
ẋi
ẋj

]
+
[(

∂c(·)
∂xi

) (
∂c(·)
∂xj

)] [
ẍi
ẍj

]
= 0. (3.72)

where the second derivative of the states can be injected from (3.66). Replacing the constraint
forces in the resulting equation according to (3.69) leads to the algebraic system of equations

0 =
[(

∂ċ(·)
∂xi

) (
∂ċ(·)
∂xj

)] [
ẋi
ẋj

]
+
[(

∂c(·)
∂xi

)(
∂c(·)
∂xj

)] 
M−1

i

(
ui −Diẋi +

(
∂c(xi,xj)
∂xi

)T
λij

)

M−1
j

(
uj −Djẋj +

(
∂c(xi,xj)
∂xj

)T
λij

)
 ,

which can be solved for the multiplier λij according to

λij = −

[(∂c(·)∂xi

)(
∂c(·)
∂xj

)] M
−1
i

(
∂c(xi,xj)
∂xi

)T
M−1

j

(
∂c(xi,xj)
∂xj

)T


−1[(∂ċ(·)

∂xi

)(
∂ċ(·)
∂xj

)] [
ẋi
ẋj

]

+
[(

∂c(·)
∂xi

) (
∂c(·)
∂xj

)] M−1
i

(
ui −Diẋi

)
M−1

j

(
uj −Djẋj

)
= fλij(xi, ẋi,ui,xj, ẋj,uj, lij). (3.73)

The solution (3.73) for the multiplier can be plugged back into (3.69) to substitute the
constraint forces in the dynamics (3.66). In the same way, a closed form solution

F ij =
(
∂c(·)
∂xi

)T
fλij(xi, ẋi,ui,xj, ẋj,uj) = τ ij(xi, ẋi,ui,xj, ẋj,uj), (3.74)

by means of the mapping τ ij : R2 × R2 × R2 × R2 × R2 × R2 7→ R2 for the constraint force
F ij acting on an agent i as a result of his coupling to another agent j is introduced. In the
next section, the model is going to be expanded to allow for more couplings per agent while
adhering to the generalized DAE representation of the distributed system dynamics.

3.4.6 A general formulation with multiple subsystems and
couplings

For a system with more than two subsystems and more than one coupling, the overall
constraint equation c(xi | i ∈ V) = 0 of the system is a vector function of all constraints
c(xi,xj) present in the system, thus

0 = c(xi | i ∈ V) =
[
cij(xi,xj, lij)

]
{i,j}∈E

. (3.75)
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Figure 3.7: Three coupled robots example.

Calculating the second time derivative of (3.75), plugging in the equations of motions of
all subsystems, and substituting the constraint forces according to (3.69) leads to a vector
equation that needs to be solved in order to determine the multiplier vector λ =

[
λij
]
{i,j}∈E

.
However, the algebraic equation for the multipliers always depends on the states of all
subsystems, thus the multipliers can only be determined with complete knowledge of the
system state. This, in turn, implies that the dynamics of each agent always depend on the
complete system state, which would mean that the graph of the coupling topology is fully
connected, rendering the effort to treat the overall system as a distributed system rather
pointless.

To side-step this issue, the derived dynamics will be transformed into a DAE formulation,
which fits in the distributed coupled dynamic systems representation (2.6). Consider the
example system in Figure 3.7, which shows three agents, of which Agent 2 is coupled to both
other agents. Realizing that the force acting on Agent 2 from the perspective of Agent 1 is
the sum of u2 and F 23, the dynamics of the agents can be written as

ẍ1 = M−1
1 (u1 −D1ẋ1)︸ ︷︷ ︸

f1(·)

+M−1
1 τ 12(x1, ẋ1, ξ12,x2, ẋ2, ξ21)︸ ︷︷ ︸

f12(·)

, x1(t0) = x1,0 (3.76a)

ξ12 = u1︸︷︷︸
g1(·)

(3.76b)

for Agent 1,

ẍ2 = M−1
2 (u2 −D2ẋ2)︸ ︷︷ ︸

f2(·)

+M−1
2 τ 21(x2, ẋ2, ξ21,x1, ẋ1, ξ12)︸ ︷︷ ︸

f21(·)

(3.77a)

+M−1
2 τ 23(x2, ẋ2, ξ23,x3, ẋ3, ξ32)︸ ︷︷ ︸

f23(·)

, x2(t0) = x2,0

ξ21 = u2︸︷︷︸
g2(·)

+ τ 23(x2, ẋ2, ξ23,x3, ẋ3, ξ32)︸ ︷︷ ︸
g32(·)

(3.77b)

ξ23 = u2︸︷︷︸
g2(·)

+ τ 21(x2, ẋ2, ξ21,x1, ẋ1, ξ31)︸ ︷︷ ︸
g21(·)

(3.77c)
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for Agent 2, and

ẍ3 = M−1
3 (u3 −D3ẋ3)︸ ︷︷ ︸

f3(·)

+M−1
3 τ 32(x3, ẋ3, ξ32,x2, ẋ2, ξ23)︸ ︷︷ ︸

f32(·)

, x3(t0) = x3,0 (3.78a)

ξ32 = u3︸︷︷︸
g3(·)

(3.78b)

for Agent 3. Therefore all calculations regarding the coupling effects are expressed using
combinations of the constraint force calculation function τ ij(·).

Generalizing this approach, the dynamics for systems consisting of more than two agent can
now be stated in the following form

ẍi = M−1
i (ui −Diẋi)︸ ︷︷ ︸

f i(·)

+
∑
j∈N i

M−1
i τ (xi, ẋi, ξij,xj, ẋj, ξji)︸ ︷︷ ︸

f ij(·)

, xi(t0) = xi,0 (3.79a)

ξij = ui︸︷︷︸
gi(·)

+
∑

k∈N i\{j}
τ (xi, ẋi, ξik,xj, ẋj, ξki)︸ ︷︷ ︸

g
ik

(·)

, j ∈ N i, (3.79b)

which maps to the structure of the DAE form of the distributed system dynamics. Each
ξij ∈ R2 represents the sum of subsystem i′s controls ui and all constraint forces F ik acting
on subsystem i except the constraint force F ij due to the coupling with worker j. Thus, each
subsystem only depends on information provided by his neighbors j ∈ N i in this formulation
of the dynamics, enabling the application of distributed controllers which in turn also only
rely on the information of their direct neighbors.

3.4.7 Point masses - transition to velocity based model

The equations of motion, derived in the preceding Subsection 3.4.4, are already suitable for
the application of distributed control methods. Nevertheless, a simplification of the dynamics
is possible. Considering the fact that the drag forces in most ground robot scenarios are
likely to be a dominant factor in comparison to the inertia of the robots, e.g. the common
educational robot example of a two wheeled robot will in most cases almost immediately
come to a stop when the controls are set to zero since the operating velocities are usually
sufficiently small. To this end, a singular pertubation technique similar to [76] is employed.
Assuming that the effect of the inertia, i.e. the mass mi of the subsystems i ∈ V compared
to the acting controls and constraint forces as well as the drag effects is very small, i.e.
mi → 0, the equation of motion (3.66) breaks down to the algebraic equations

0 = −Diẋi + ui +
∑
j∈N i

F ij. (3.80)

Similar to the second order model (3.79), plugging the solution for ẋi from (3.80) into (3.71),
substituting the constraint forces F ij according to (3.69), and solving for the multipliers
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yields the closed form solution for the constraint forces

F ij =
(
∂c(·)
∂xi

)T (
∂c(·)
∂xi

)
D−1

i ui +
(
∂c(·)
∂xj

)
D−1

j uj(
∂c(·)
∂xi

)
D−1

i

(
∂c(·)
∂xi

)T
+
(
∂c(·)
∂xj

)
D−1

j

(
∂c(·)
∂xj

)T
= τ ij(xi,ui,xj,uj). (3.81)

Using the same transformation as before, the distributed model can then be formulated as

ẋi = D−1
i ui︸ ︷︷ ︸
f i(·)

+
∑
j∈N i

D−1
i τ ij(xi, ξij,xj, ξji)︸ ︷︷ ︸

f ij(·)

, xi(0) = xi,0 (3.82a)

ξij = ui︸︷︷︸
gi(·)

+
∑

k∈N i\{j}
τ ik(xi, ξik,xk, ξki)︸ ︷︷ ︸

g
ik

(·)

, j ∈ N i, (3.82b)

to fit into the DAE form of the distributed system dynamics. The derived formulation (3.82)
is simpler compared to (3.79), since the equation for the calculation of the multipliers only
utilizes the first time derivative (3.71) of the constraint equation instead of the second time-
derivative (3.72). Due to the reduced dimensions of the model, the velocity based model is
better suited for the real-time feasible implementation of optimization based control methods.

3.4.8 Numerical results: velocity based model

In this section, the impact of the approximated neighbor dynamics approach on the per-
formance of the distributed algorithms will be analyzed. The benchmark scenario is the
cooperative payload scenario shown in Figure 3.5. Using the velocity based model of each
agent (3.82) with the coupling graph G = {V , E} with V = {1, 2, 3, 4, 5, 6} and E =
{{1, 2}, {1, 3}, {1, 4}, {4, 5}, {5, 6}} the system dynamics of the whole system can be rep-
resented. The overall OCP for the control task can be written as

min
ui(·), i∈{2,3,5,6}

J(·) =
∫ T

0

∑
i∈V

li
(
xi(·),ui(·),xj(·), ξji(·)|j ∈ N i

)
dτ (3.83a)

s. t. (3.82), i ∈ V (3.83b)
‖ui‖2 ¬ ulim, i ∈ {2, 3, 5, 6} (3.83c)

The cost functionals li(·) from (3.83) are designed to reflect the agents roles and will be
defined in the following. The goal of the cooperative payload transport, i.e. moving the
payloads to their target locations xi,des, is represented as the squared distance of the agents
position to the target location for the payload agents i ∈ {1, 4} in their cost function, i.e.

li(·) = (xi − xi,des)TQ(xi − xi,des) +
∑

j,s∈N i
j 6=s

ξ(i∠s
j), , (3.84)

with the weighting matrix Q ∈ R2×2. The penalty function

ξ(i∠s
j) = p1e

−p2(cos(i∠sj)−1)2 . (3.85)
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Figure 3.8: Angle penalty function with respect to neighbor agents.

with the parameters p1 > 0 and p2 > 0 is used to penalize the angle i∠s
j between the vectors

pointing to two neighbor agents j and s in order to avoid collisions, following the conceptually
simple common penalty approach to account for state constraints. A visualization of the
resulting penalty function for p1 = 100 and p2 = 100 is shown in Figure 3.8. It can be seen
that the penalty due to the large angle between the two agents marked by × in Figure 3.8a
is very small. On the other hand, the small angle between the agents marked by + in Figure
3.8a results in a large penalty in the corresponding plot of the penalty function ξ(i∠s

j) in
Figure 3.8b. A downside of the approach is that no explicit guarantees on the distance of
the agents to each other can be given.
The collision avoidance in the example system is implemented using the penalty function
(3.85) since it worked well in the example. In principle more advanced collision avoidance
methods based on explicit constraints would be preferable due to the guaranteed adherence
of the constraints, as long as all information necessary to implement the state constraint
is available for one of the agents without violating the requirements on distributed control.
For larger ensembles of agents, a set of local distance rules guaranteeing global collision
avoidance is an open question. One option to deal with this kind of problem in practice
would be to allow for the ad-hoc forming of coupling and consecutive communication links
between the agents by local communication methods [6].
For the carrier agents i ∈ {2, 3, 5, 6}, the cost function reflects the control effort given by

li(·) = uTi Rui (3.86)

with the weighting matrixR ∈ R2×2, penalizing the use of the control variables ui within the
limit ulim on the norm of the control vector ‖ui‖. An overview of the inital position, target
locations, optimization parameters and general parameters of the simulation are provided in
Table 3.8.
The overall simulation of the DMPC for the decomposition without the approximated neigh-
bor dynamics following the generic approach (3.64) and the decomposition approximated
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par. val. par. val. par. val. par. val.

Q diag[10, 10] T 5.0 [s] N 26 p1 100.0

R diag[0.1, 0.1] ∆t 0.1 [s] εg 0.05 p2 100.0

c 100 ulim 1.0

(a) MPC parameters.

Agent 1 2 3 4 5 6

xi(t = 0)
[
2
2

] [
1
1

] [
1
3

] [
3
2

] [
4
1

] [
4
3

]

xi,des

[
4
3

]
− −

[
4.34
3.94

]
− −

(b) Initial & target coordinates.

Table 3.8: Simulation parameters.

neighbor dynamics following the generic approach (3.65) were implemented in MATLAB
where the individual agent OCPs where solved with an adapted version of the GRAMPC
implementation. For the comparison of the two decomposition schemes, at first the conver-
gence of the ADMM algorithm from Table 3.7 for the first solution of the MPC cycle at
tk = 0.0 s is compared. The overall value of the cost functional J from (3.83) was computed
using the current solution for the inputs of the agents after each iteration k of the ADMM
algorithm. Continuing the ADMM iteration until the residual of the consistency constraints
is smaller than εg, the implementation without the approximated neighbor dynamics ter-
minated at k = 150 while the implementation with the approximated neighbor dynamics
terminated already at k = 81. Also, the implementation with approximated neighbor dy-
namics exhibits a steeper initial decline of the overall cost function J from (3.83), as can
be seen in Figure 3.9, which may give it an advantage in situations where only a limited
number of iterations can be carried out due to real-time constraints and the so computed
suboptimal solution is then applied to the system.

In terms of computational load, the individual solutions of the agent OCPs are analyzed using
the MATLAB timeit-function on a desktop computer. The median runtime for the compu-
tation of the solution of the payload agents OCP without neighbor dynamics approximation
was 1.0108 ms with standard deviation of 52.804 µs for 1000 runs of timeit. In compari-
son, the median runtime for the computation of the solution of the payload agents OCP
with neighbor dynamics approximation was 1.0823 ms and standard deviation of 41.110 µs.
Therefore, the increased dimension of the dynamics of the OCPs did lead to a bigger run-
time footprint for the approach with approximated neighbor dynamics. The same holds
true for the solution of the carrier agents where the runtime of the implementation without
approximated neighbor dynamics was 83.397 µs with a standard deviation of 2.2321 µs while
the runtime of the implementation with approximated neighbor dynamics was 0.206 71 ms
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Figure 3.9: Comparison of the convergence of both schemes for the solution of the first OCP.
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Figure 3.10: Runtime comparison of the decomposition schemes.

with a standard deviation of 12.621 µs. Not being measured on a real-time system, these
results do show a fair amount of measurement noise due to background processes of the
executing computer. Nevertheless, employing the implementation with approximated neigh-
bor dynamics did result in a minor increase of the runtime for the solution of the agents
OCPs. On the other hand, the major parts of the runtime of the minimization steps of
the agents is contributed by the payload agents which did not show a big runtime increase.
Finally, the implementation with approximated neighbor dynamics converges in about half
of the ADMM iterations necessary with the implementation without approximated neighbor
dynamics to reduce the residual of the multipliers to the desired εg.
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Figure 3.11: Snapshots of the decomposition schemes.

The results in Figure 3.11 show the simulated trajectories for the decomposition scheme with
approximated neighbor dynamics. The simulated trajectories for the standard decomposition
are not displayed as they are almost identical. A comparison of the runtimes for each
sampling step tk for both decomposition approaches are shown in Figure 3.10. Generally,
the approach with approximated neighbor dynamics almost always converges with fewer
ADMM iterations and even given its slight increase in computational load outperforms the
straightforward decomposition approach in terms of runtime.
The presented implementation is the result of carefully tuned optimization parameters, listed
in Table 3.8a. During the tuning of the parameters, it generally proved easier to find well
performing configurations for the implementation with approximated neighbor dynamics,
e.g. when trying to find parameters with a reduced horizon of T = 2.5.

3.4.9 Conclusions

Over the course of this chapter, several duality based algorithms where investigated for their
potential to solve the distributed OCPs (2.7). The ADMM algorithm emerged as the best
performing of the investigated algorithms and therefore was selected for the implementation
of the DMPC framework.
The rest of the chapter was dedicated to highlighting the impact of a chosen decomposition
scheme on the performance of the ADMM algorithm. It was shown that a decomposi-
tion featuring an approximation of the coupled neighbor dynamics can greatly improve the
performance and robustness of the ADMM algorithm. The featured example system of a
cooperative payload scenario is going to be revisited in the next chapter to illustrate the
modular implementation of the DMPC scheme.



Chapter 4

Distributed model predictive control - agent
based implementation

The development of algorithms presented in Chapter 3 was already pursuit with a distributed
implementation in mind. Still, the actual distribution of the information, i.e. information
about the system dynamics and the systems state information among the distributed com-
puting units, has not been described yet. Furthermore, the data exchange scheme necessary
to carry out the distributed algorithms has not been specified so far.
To this end, an agent based distributed software framework that fulfills both the modularity
and flexibility requirements posed in Section 1.2 will be developed in the form of a UML
class diagram in this chapter. The development naturally leads to a software architecture
that mirrors the structure of the coupling topology of the distributed system and is designed
to be deployed on a distributed computing system. The flexibility of the modular software
framework will be demonstrated by modeling several steps of the distributed algorithm in
the form of a UML sequence diagram. A simulation study shows how the modular framework
enables the configuration of three different scenarios for the cooperative payload example.
Finally, the framework is deployed in an experimental setup featuring four coupled water
tanks each equipped with its own computing unit. The deployed system is used to investigate
and compare the runtime footprints of functional units like the optimization computations
and the data exchange among the computing units. Using the same implementation for a
simulation of up to 50 agents, scaling effects on the distributed algorithm are studied to give
an outlook for the deployment to large scale distributed systems.
In the following, at first a completely distributed formulation of the ADMM algorithm from
Table 3.7 in Chapter 3 is presented, which specifies all tasks that a single agent has to carry
out, including data exchanges with other agents.

4.1 The distributed algorithm

The numerical results presented for the examples in the Chapter 3 generally indicated that
the ADMM algorithm performs better and more robust among the numerous variations of the
dual ascent methods operating on the augmented Lagrangian. Therefore, the development
of the distributed implementation of the DMPC method is going to build on ADMM, albeit
other variants of the dual ascent methods could be brought to life in the framework without
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Step 0) Initialization:

1. Agent i ∈ V : initialize (x0
i ,v

0
i , z

0
i ,µ

0
i ,µ

0
ij) and k = 0.

2. Agent i ∈ V : receive (z0
j) from agents j ∈ N i.

Step 1) Agent iteration:

1. Minimize the cost functional with respect to the extended agent controls,
written as

(vk+1
i | i ∈ V)← arg min

vi(·) i∈V
JL
c
2(vi; z

k
i ,µ

k
i ,xi,0 | i ∈ V) (4.1a)

s.t. (2.17). (4.1b)

2. Agent i ∈ V : collect wa+1
ij from neighbor agents j ∈ N i.

Step 2) Master update:

1. Minimize the cost functional with respect to the agent impact masters, written
as

zk+1
i ← 1

c(|N i|+ 1)

(
cwk+1

i − µkii +
∑
j∈N i

(
cwk+1

ij − µkij
))
. (4.2)

2. Agent i ∈ V : collect za+1
j from neighbor agents j ∈ N i.

Step 3) Compute gradient step for coordination multipliers, according to

µk+1
ii ← µkii + αk

(
zk+1
i −wk+1

i

)
(4.3a)

µk+1
ij ← µkij + αk

(
zk+1
i −wk+1

ij

)
(4.3b)

µk+1
ji ← µkji + αk

(
zk+1
j −wk+1

ji

)
. (4.3c)

If k  kiter terminate computation, otherwise set k ← k + 1 and go to Step 1.

Table 4.1: Distributed implementation of the Alternating Direction Method of Multipliers.

having to implement a lot of changes. To this end, the ADMM algorithm from Table 3.7 is
extended to show the distributed ADMM implementation, listed in Table 4.1. This statement
of the algorithm includes all communication steps of the individual agents.
The algorithm in Table 4.1 stops after a predetermined iteration number kiter. This is due to
the involved nature of checking a termination criterion in a distributed fashion. This issue
will be addressed in more depth in Section 4.1.1. Furthermore, the algorithm features some
redundant computations of the multiplier update in Step 3. This choice is based on the
fact that the computations were generally found to have a smaller impact on the runtime
than the exchange of the updated multipliers would have. This will be discussed with the
experimental results regarding the distributed implementation in Section 4.4.
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4.1.1 Distributed termination criteria

In the original statement of the duality based algorithms to solve the distributed OCP and
specifically the statement of the ADMM algorithm in Table 3.7, the termination of the
algorithm was based on a check of the residual of the consistency constraints in Step 3. This
is motivated by the fact that, assuming the solution to the distributed OCP is unique, the
norm of the consistency constraints is zero if and only if the current solution candidate is
the optimal solution.
A straightforward way to check the convergence criterion for each agent would be to check
the criterion with regard to the consistency constraints that are dependent on its respective
agent master variables. Then, the local termination state could be sent to a central node
that evaluates all received messages and sends back the signal to go back to Step 1) of
the algorithm or terminate the calculation if all agents have signaled that their consistency
constraints are fulfilled.
However, all agents communicating with a central note would violate the requirement that
each agent is only allowed to communicate with its coupled neighbors. For the sake of
simplicity, this requirement could be weakened to allow the communication with a central
note only to check for convergence, yet the resulting system would be conceptually less
robust as this introduces a single point of failure. This again could be compensated for
by the Heartbeat scheme [2], ensuring that the central node is responding, and a selection
mechanism which elects one of the other nodes to be the central node [8] in case of the failure
of the current central node.
A truly distributed approach has been presented in [38], where the termination of a dis-
tributed computing problem is detected by the single nodes through an interaction scheme
involving information and acknowledgement messages. The termination of the scheme is
detected by the single nodes by ensuring that all interactions that the agent was involved
in have been completed by an acknowledgment message and a timeout mechanism. Addi-
tionally, the algorithm assumes that the computation is triggered by a single agent sending
information messages to connected agents. For this reason, the distributed computing is
framed as diffusing computation. The requirement of a single node triggering the start of
the algorithm is a drawback of the method, yet if the ADMM method is employed to solve
a distributed OCP, i.e. there is no time limit on the solution, a single node could act as
a single point of communication for the user to determine the convergence of the ADMM
algorithm.
Still, ultimately the target of the ADMM implementations considered in this work are the
use of the optimization methods in an optimization based control system, meaning a system
that can fulfill soft real-time requirements. In the context of MPC under soft real-time
constraints, suboptimal OCP solvers are typically used, i.e. a solver that terminates with a
suboptimal solution after a predetermined number of optimization steps. There is a number
of results indicating that it is possible to extend general MPC stability results to these
suboptimal MPC and DMPC schemes under certain assumptions on the reduction of the
cost function at each sampling step [61]. With these results in mind the experimental setup
in the remainder of this thesis was implemented in a suboptimal DMPC scheme with a fixed
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number of iterations per sampling step, negating the overhead in communication involved
with determining convergence of the ADMM algorithm.
The listed algorithm in Table 4.1 contains several steps in which the agents collect the up-
dated agent impact, neighbor master, or multiplier variables. So far, the implementation of
these data exchanges and the overall impact on the performance of a distributed control sys-
tem have not been studied yet. From a software architecture perspective, the agent focused
approach lends itself well to the encapsulation principle of object-oriented programming
(OOP) which will be utilized in the next section to describe a generalized OOP framework
for the implementation of a modular agent based DMPC. The software architecture will be
developed with regard to the general decomposition approach for the DAE-formulation of
the system dynamics (3.64). Since it allows to capture interactions between multiple coupled
neighbors while still providing a modular way to compute the system dynamics.

4.2 Object oriented software architecture

A standard definition of encapsulation in OOP is given by: ”Encapsulation mechanisms
enable the programmer to group data and the subroutines that operate on them together in
one place, and to hide irrelevant details from the users of an abstraction” [123]. The goal of
this section is to develop a software architecture for the agent based ADMM implementation
which leads to the following properties for each agent object:

• Each agent object has an internal memory containing all relevant information to carry
out the steps of the ADMM algorithm connected to its part of the system.

• Each agent is equipped with methods to package and transmit the exchange vari-
ables to its neighbors, negating the necessity for the neighbors to directly access the
agents memory.

Thus, each agent represents an abstraction, which groups all data and subroutines necessary
to carry out the tasks of the agent connected to his assigned subsystem within the ADMM
algorithm, while hiding irrelevant details from both the user implementing ADMM and the
neighbor agents. To this end, at first a naming convention for all relevant sets of agent
variables including the stacking notations is defined in Table 4.2, i.e. the possible interfaces
of the agent with respect to coupled neighbor agents.

4.2.1 Variable management

When it comes to the internal handling of variables, OCP solvers often operate on a statically
allocated memory which contains the states, the controls, the value of the cost function
and gradients at discrete time points following a fixed discretization scheme, see e.g. the
GRAMPC implementation [48]. Therefore, it will be assumed in the following that each
agent manages all of its variables in one statically assigned workspace array. The access to
the variables is assumed to be provided by arrays of pointers, which will be indicated by
the prefix idx [Variable Name], e.g. the array of pointers linked to the agent impact master
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formal name symbol variable name

agent states xi agState
agent controls ui agCtls
extended agent controls vi agExtCtl
agent impacts wi agImp
agent impact master zi agImpMst
agent impact copies

[
wij

]
j∈N i

agImpCp
neighbor impact copies

[
wji

]
j∈N i

neiImpCp
neighbor impact master

[
zji
]
j∈N i

neiImpMst
agent impact multiplier µi agImpMult
agent impact copy multiplier

[
µij
]
j∈N i

agImpCpMult
neighbor impact copy multiplier

[
µji
]
j∈N i

neiImpCpMult

Table 4.2: Nomenclature for agent variables.

variables will be written idx agImpMst. Within the workspace array, all variables belonging
to a sampling time tk are collected into one block, thus incrementing the pointers of an
idx-array by a multiple of the total number of variables the value of the variables can be
accessed at each sampling point tk.
The details of accessing the data via pointers is an implementation detail that may vary
on the specific implementation platform. For the development of the software architecture,
it is going to be abstracted into get- and set-methods. Thus, it is assumed that these
methods process the idx-arguments to access the requested indices of the workspace arrays
accordingly.

4.2.2 Class diagram: agent class

With the established naming convention and general variable handling, the well established
UML class diagram [120] is used to define the software architecture for the agent class, see
Figure 4.1. Each instance of the agent class has five properties:

• Id: the unique agent identification token used to identify the agent while exchanging
data with other agents.

• agType: the agent type determining the functions of the mdl lib-instance to be used
for evaluating dynamics, couplings, and cost functions.

• rws: the workspace array containing all agent variables.
• idx agState: the pointer to the agents states in the rws-array.
• idx agCtl: the pointer to the agent controls in the rws-array.

Upon instantiation, an agent object also creates an instance of the mdl lib class as well.
This is expressed by the composition association between the agent class and the mdl lib
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class in the class diagramm. The mdl lib class provides methods with implementations of all
functions necessary to express the agents dynamics, coupling functions, and cost functions
within the agent formulation (3.64). Thus, a mdl lib object mainly provides methods and
little data, albeit some system parameters could be added here in a more fleshed out example
model.

All information associated with couplings is kept in a list of instances of the neighbor dossier
class. As expressed by the aggregation association to the agent class, one instance of the
neighbor dossier class is created for each coupling of the agent. Note that a single neigh-
bor dossier-object mainly keeps track of the position of the variables associated with the
coupling within the workspace array property of the agent object, but does not hold that
information itself.

agent
+Id
+agType
+rws
+idx agState
+idx agCtl
+set rwsVar(idx,var)
+get rwsVar(idx)
+get var4neiId(neiId,varName)
+update neiImpMst()
+update agImpCp()
+update neiImpMult()
+min v i()
+min z i()
+gradstep mu()
+add nei(neiId)
+get nei(neiId)
+get nei4neiId(neiId)
+init nei(neiId,coupling type)
+get agType() neighbor dossier

+neiId
+coupling type
+idx agImp
+idx agImpMst
+idx agImpCp
+idx neiImpCp
+idx neiImpMst
+idx agImpMult
+idx agImpCpMult
+idx neiImpCpMult

*

1

mdl lib
+fi(agType,agState,agCtl)
+fi jac x(agType,agState,agCtl)
+fi jac v(agType,agState,extAgCtl)
+fij(agType,neiType,agImp,neiImpCp)
+fij jac x(agType,neiType,agImp,neiImpCp)
+fij jac v(agType,neiType,agImp,neiImpCp)
+li(agType,agState,agCtl)
+dli jac x(agType,agState,agCtl)
+dli jac v(agType,agState,agImp)
+Vi(agType,agState)
+Vi jac x(agType,agState)
+gi(agType,agState,agCtl)
+gi jac x(agType,agState,agCtl)
+gi jac v(agType,agState,agImp)
+gij(agType,neiType,agImp,nieImpCp)
+gij jac x(agType,neiType,agImp,neiImpCp)
+gij jac v(agType,neiType,agImp,neiImpCp)

1 1

Figure 4.1: UML class diagramm: agent, mdl lib, and neighbor dossier class.



4.2 Object oriented software architecture 81

4.2.3 Sequence diagram: update of the neighbor impact master
variables

As an example for an exchange of data, consider the update neiImpMst method, modeled in
the sequence diagram shown in Figure 4.2. After the update neiImpMst method has been
called, the agent loops over all instances of its aggregated neighbor dossiers to request the
respective variables.

For each element of the neighbor dossiers array, the agent object calls the get var4neiId
method of the neighbor agent object corresponding to the neiId property of the neigh-
bor dossier object. As arguments, the agent object provides its own identification Id and
the requested variable type as arguments (according to the naming convention in Table 4.2).
The neighbor agent object then in turn determines its local neighbor dossier correspond-
ing to the Id of the request and consecutively collects the requested variables calling the
get rwsVar method with the index idx agImpMst as the argument. Having received the
updated variables, the agent calls the set rwsVar method with the index idx neiImpMst and
the returned variables as the arguments. This concludes the update of the neighbor impact
master variables for the neighbor corresponding to the current neighbor dossier.

Note that in the modeled data exchange, the agent requests the agent impact master variables
from the neighbor agent, i.e. the variable request refers to the naming convention from the
perspective of the neighbor agent. It would be equally valid to model the exchange with
the agent requesting the neighbor impact master variables and having the neighbor agent
interpret the request from the perspective of the requesting agent, which again would result
in collecting the agent impact master variables. While both approaches would be valid,
it is important to make sure that all requests between agents always interpret the naming
convention from either the perspective of the requesting agent or the responding agent, so
that each data exchange can be implemented unambiguously.

4.2.4 Sequence diagram: initiate coupling

The coupling of an agent to a neighbor is initiated through the user by calling the add nei
method with the respective neighbor-Id as the argument. This triggers a sequence of ex-
changes between both agents, as modeled in the sequence diagram displayed in Figure 4.3.

Having received the initial call of the add nei method, the agent object ag1 calls the
get agType method of ag2 to determine the agent type of ag2. The agent type can be used
to represent different types of subsystems which may differ from each other in terms of
their system dynamics or objective function, e.g. the carrier and the payload agents in the
cooperative transport example. It is assumed that for each combination of agent types there
is one coupling type which describes the coupling, in case of the cooperative transport: the
fixed distance between two agents. With the determined coupling type all new variables
regarding the coupling with ag2 are now declared, i.e. the workspace rws is reordered to
include the new variables and the respective pointers are saved to the corresponding pointer
arrays in the newly created neighbor dossier.
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ag1:agent ag[j]:agent

ag1.neighbor dossier[j].get neiId()

return neiCur

neiCur.get var4neiId(ag1.Id,’agImpMst’)
ag[j].get nei4neiId(neiId)

return neiDosCur:neighbor dossier

get rwsVar(neiDosCur.idx agImpMst)

return var

return var

ag1.set rwsVar(idx neiImpMst,var)

update neiImpMst()update neiImpMst() for each j ∈ N i

Figure 4.2: UML sequence diagram: update of neighbor impact master variables.

Following the creation of the variables, agent ag1 triggers the get nei-method for the receiving
agent ag2. Within the call of this methods, at first, the neighbor dossier regarding ag1 is
created. Then, the values to initialize the newly created variables are requested from ag1
to synchronize the agent impact copies and neighbor impact master variables. This step
mirrors the update of the neighbor impact master variables described before (the internal
calls of the agents providing the updated variables and the writing of the received variables
to the workspace are omitted to keep the diagram more readable).

Finally, the initiation of the coupling is concluded by ag1 requesting all values from ag2 to
initialize the impact variables from ag2. Note that the coupling initiation is described in the
form of a handshake procedure. This ensures that all variables are allocated and updated
with the locally available information before requesting the values of the neighbor impact
variables to initialize the neighbor impact variables.

The neighbor dossier object contains the information regarding the neighbor-Id, the coupling
type and all pointers to the variables associated with the coupling. Note that this structure
allows an agent master variable to be used in two couplings, since both neighbor dossier
objects can reference the pointer to the same agent master variable.
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User ag1:agent ag2:agent

add nei(neiId)
get agType()

return agType

get couplType(agType,neiType)

return coupling type

init nei(neiId,coupling type)

return nei:nei dossier

get nei(ag1.Id,coupling type)
init nei(neiId,coupling type)

return nei:nei dossier

get var4neiId(ag2.Id,’agImpMst’)
return var

get var4neiId(ag2.Id,’neiImpCp’)
return var

return true

get var4neiId(ag1.Id,’agImpMst’)
return var

get var4neiId(ag1.Id,’neiImpCp’)
return var

return true

Figure 4.3: UML sequence diagram: initiate coupling.

4.2.5 Sequence diagram: modular evaluation of the agent
dynamics

Regarding the dynamics (3.64a)-(3.64f) and value function (3.64g) of the agents and their
respective Jacobi matrices, the modular nature of these functions allows to provide building
blocks for the subfunctions f i(·), f ij(·), gi(·), gij(·), li(·), V i(·), and their respective Jacobi
matrices with respect to the input arguments.
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ag1:agent nei[j]:neighbor dossier ag1 mdl lib:mdl lib

fi(agType,agState,agCtl)
dx = out

ag1.neighbor dossier[j].get coupling type()
return coupling type

ag1.neighbor dossier[j].get idx agImp()
return idx agImp

ag1.neighbor dossier[j].get idx neiImpCp()
return idx neiImpCp

fij(coupling type,idx agImp,idx neiImpCp)
dx += out

Neighbor loopNeighbor loop for each j ∈ N i

Figure 4.4: UML sequence diagram: evaluation agent of the dynamics.

As an example, the evaluation of the agent dynamics including the coupling terms is modeled
in the sequence diagram shown in Figure 4.4. The agent first computes the value of the
local dynamics f i(·) and then loops over all elements of the aggregated neighbor dossiers to
consecutively add the value of the coupled dynamics f ij(·). Thus, given that the agent class
can represent all building blocks of (3.64), all expressions necessary to compute the solution
of the agent OCP can be evaluated in this modular fashion.

In the following section, the developed framework will be brought to life by revisiting the co-
operative payload transport. The configuration of a number of setups with different numbers
of agents and a variation of their roles will be used to illustrate the potential of distributed
control to take a step towards a future plug-and-control system.

4.3 Cooperative payload transport: modular
implementation

Revisiting the cooperative payload transport scenario from Section 3.4.3 with the correspond-
ing modular agent dynamics in the velocity based form (3.82), this section will highlight how
this example system can be implemented within the described OOP software framework of
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the preceding Section 4.2. To this end, starting from a simple example with one payload
agent and one carrier agent, two more scenarios are created by adding one more carrier agent
each time and coupling them to the existing agents.

The MATLAB code listing of the agent configuration and the start command for the ADMM
algorithm is shown in the Listings 4.1, 4.2, and 4.2. At first, each agent is created by
instancing an agent object either as a payload or as a carrier, implying whether or not the
agent has a local control. Next, the initial position of the agent is configured and a target
position may be provided. If no target position was provided, the cost function of the agent
implementation will set the weights with respect to the target location to zero. Finally, the
couplings of the agents are configured by calling the coupling method of an agent object and
providing the handle to the other agent object being subject to the coupling as an argument.

The parameters for the optimization are essentially identical to the example system in Section
3.4.3 listed in Table 3.8a. Albeit, as discussed in Section 4.1.1, the ADMM implementation
uses a fixed number of iterations at each sampling time, which was set to five, in order to
utilize an easily implementable stopping criterion that complies with the distributed control
requirements.

The simulations of the scenarios are shown in Figures 4.5a, 4.5b, and 4.5c, where the current
control forces of the agents are visualized by quivers whose magnitude is proportional to
the exacted force. It is evident that the distributed control scheme adapts the solution for
transporting the payload Agent 1 from its starting position x1(0) = [2, 2]T to the target
position xdes

1 = [3, 4]T according to the current configuration of the modular system.

Consider, for instance, the first scenario, where the carrier Agent 2, starting from position
x2(0) = [1, 3]T initially moves down to align himself and the payload with the target to then
be able to push the payload agent to the target position. This behavior changes with the
addition of carrier Agent 3 at the starting position x3(0) = [2, 3.4]T, in the second scenario.
This time, the carrier Agent 2 is immediately able to push the payload which can be seen
by the control force applied by Agent 2 in the first snapshots of the scenario. In the last
scenario, the added carrier Agent 4 is coupled to the carrier agent three. The solution sees
the carrier agents basically moving upwards in a parallel chain formation. This is in stark
contrast to the second scenario where the agents also formed a chain, but were moving behind
each other.

Overall, the features of the modular distributed control can already be well examined in
the presented software framework. Yet, the communication framework is only implemented
as the exchange of data between MATLAB objects, thus the impact of an actual message
bus between the agents in an implementation on actually distributed computing hardware
is difficult to gauge. Therefore, Section 4.4 will feature the implementation of the modular
software framework for the example system of the coupled water tanks in an experimental
setup.
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Listing 4.1: Configuration of the Matlab simulation for the one carrier one payload scenario.
1 ag(1) = agent(1,’payload’);
2 ag(1).x0 = [2; 2];
3 ag(1).xDes = [4; 3];
4

5 ag(2) = agent(2,’carrier’);
6 ag(2).x0 = [1; 3];
7

8 ag(1).add neighbor(ag(2));
9

10 run ADMM(ag);

Listing 4.2: Configuration of the Matlab simulation for the two carrier one payload scenario.
1 ag(1) = agent(1,’payload’);
2 ag(1).x0 = [2; 2];
3 ag(1).xDes = [4; 3];
4

5 ag(2) = agent(2,’carrier’);
6 ag(2).x0 = [1; 3];
7

8 ag(3) = agent(3,’carrier’);
9 ag(3).x0 = [2; 3.4];

10

11 ag(1).add neighbor(ag(2));
12 ag(1).add neighbor(ag(3));
13

14 run ADMM(ag);

Listing 4.3: Configuration of the Matlab simulation for the three carrier one payload scenario.
1 ag(1) = agent(1,’payload’);
2 ag(1).x0 = [2; 2];
3 ag(1).xDes = [4; 3];
4

5 ag(2) = agent(2,’carrier’);
6 ag(2).x0 = [1; 3];
7

8 ag(3) = agent(3,’carrier’);
9 ag(3).x0 = [2; 3.4];

10

11 ag(4) = agent(4,’carrier’);
12 ag(4).x0 = [2; 4.8];
13

14 ag(1).add neighbor(ag(2));
15 ag(1).add neighbor(ag(3));
16 ag(3).add neighbor(ag(4));
17

18 run ADMM(ag);
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Figure 4.5: Simulation results for modular cooperative payload transport implementation.
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Figure 4.6: Experimental setup of the quadruple tank system.

4.4 Water tank laboratory setup

In this section, experimental results for an implementation of the modular software frame-
work for a modular water tank system will be presented. In contrast to the simulations
presented thus far, the implementation is deployed on a distributed computing system. In
this computing environment, the implementation of the communication between the agent
becomes a crucial part of the setup and will therefore be discussed in detail. However, at
first the physical setup of the experimental system will be described.

4.4.1 Experimental setup

As shown in Figure 4.6, four water tanks with a floor space of 12 cm× 12 cm hooked to a grid
wall are the subsystems of the experiment. The wall allows to mount the tanks at different
heights. The water level of each tank is measured by a capacitive pressure sensor within the
operating range of 5 cm to 30 cm. In the following, the tanks will be numbered Tank 1 to
4 from left to right. Each tank features four outlets on the bottom that allow to connect
one tank to another tank with a pipe, creating a coupled distributed dynamic system. The
water flow qij due to the differences in the water levels hi and hj between two coupled tanks
i and j is modeled by the Toricelli equation as the function

qij(hi, hj;αij) = αijsign(hi − hj)
√
|hi − hj|, (4.4)

where the parameter αij models the flow resistance of the pipe between tank i and j. The flow
resistance αij depends (among other parameters) on the length of the pipe, the bend, and the
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surface roughness of the pipes wall. The best modeling results were achieved by determining
the joined effect of all these influences empirically by measuring a set of steady states for a
given configuration of the system and then identifying the flow resistance parameters from
these measurements.
To inject water into the tank system, a diaphragm pump can be attached to a tank drawing
water from a water basin located below the tanks. The reverse can be achieved by attaching a
proportional valve to an outlet of a tank, which allows to release water into the water basin.
The diaphragm pump as well as the proportional valve exhibit a nonlinear proportional
relation between the applied control voltage and the resulting water flow. For the purpose
of the DMPC controller design, the control voltage to water flow mapping was determined
empirically for a number of control voltage settings to calculate the inverse relationship, i.e.
in the DMPC framework, the water flow can be set directly as a control variable and the
corresponding control voltage for the pump or valve is determined by the underlying pump
or valve controller.
The water flow due to a pump attached to a tank i will be referred to by the control variable
qi, while the release of water due to a valve connected to a tank i will be written as di. In
principle, both actuators could be used as control variables in the framework, the motivation
for the distinction lies in the goal to model a simple supply and demand system, where the
suppliers need to balance out a known demand from consumers, which in this case will be
represented by the water flows.

4.4.2 Modular agent model

For the modular composition of the system (similar to the cooperative payload) three agent
types, i.e. source, link, and sink are introduced to describe the role of an agent in the overall
system. Each source agent will be equipped with a pump to inject water into the system.
The sink agents are equipped with a valve and therefore act as a point in the system where
water gets withdrawn. Finally, the link agents feature neither a pump nor a valve and thus
serve only as links between other agents.
The state xi of each agent is given by the water level hi of its assigned water tank. As follows
from the definition of the agent types above, only the source agents have a control variable
to set the water flow of their attached pump, i.e.

ui =


qi for type = ’source’
∅ for type = ’link’
∅ for type = ’sink’

. (4.5a)

The separable cost function for the distributed system is composed by adding up the cost
functions of all agents, which are given for the three agent types by

li(xi,ui) =


R(upump,i − upump,i,des)2 for type = ’source’
0 for type = ’link’
Q(xi − xi,des)2 for type = ’sink’

. (4.5b)
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The goal of the source agents is to inject the same amount of water into the system as is
withdrawn. At the same time, the sink agents goal is to keep the water level of their tank
stable at a desired operating point. The link agents do not have a defined cost function and
serve mainly as coordinators. Using the additive formulation (2.5) as the framework, the
dynamics of the agents are written as

ẋi = f i(xi,ui) +
∑
j∈N i

f ij(xi,ui,xji,uji), (4.5c)

with

f i(xi,ui) =


1
A
upump,i for type = ’source’

0 for type = ’link’
− 1
A
qvalve,i for type = ’sink’

, (4.5d)

f ij(xi,ui,xji,uji) = − 1
A
qij(xi,xji;αij). (4.5e)

The overall dynamics of a given configuration of the modular system is completed by intro-
ducing the necessary master variables and consistency constraints (2.21) with the stacking
notation (2.18).
Overall, the option to change the outlets of the tanks and the possibility to inject into
or release water from single tanks with the pumps and valves allows to arrange a host of
different configurations of the modular distributed water tank system. In the following, the
three configurations depicted by the graphs in Figure 4.7 are going to be examined further.
The less illustrative graph notation of the depicted graphs is given in Table 4.3, with the
added set σ assigning a type to each node in G to avoid any misunderstandings about the
types of the agents.

2 3 41

q1,pump

q4,valve

(a) Configuration 1.

2 3 41

q1,pump

q3,valve

q4,pump

(b) Configuration 2.

1

2 3

4

q1,pump q4,pump

q3,valve

(c) Configuration 3.

Figure 4.7: Test configurations of the coupled water tank system.

4.4.3 Implementation on distributed hardware

One goal during the development of the experimental setup was to implement the agents
on a distributed, low cost computing platform. Over the last decade, a range of low cost,
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Conf. G ε σ

1 {1, 2, 3, 4} {{1, 2}, {2, 3}, {3, 4}} {(1, source), (2, link), (3, link), (4, sink)}
2 {1, 2, 3, 4} {{1, 2}, {2, 3}, {3, 4}} {(1, source), (2, link), (3, sink), (4, source)}
3 {1, 2, 3, 4} {{1, 2}, {2, 3}, {3, 4}, {4, 1}} {(1, source), (2, link), (3, sink), (4, source)}

Table 4.3: Graph notation of the three test configurations.

single board computing platforms targeted towards Internet of Things applications have
been launched. Among these, the Raspberry Pi with the first board being released in 2012
is arguably the most popular platform and has since been increasingly adopted as a low cost
computing device to be used in research on autonomous robots and multi-agent systems
[63, 96, 84].

The experimental setup considered here utilizes the first generation of the Raspberry Pi
microcomputer. At a price point of $35 at the time of the setup, the system on chip featured
on the board is an ARM1176JZF-S core, running at 1 GHz, with access to 512 MB of RAM.
Using the Serial Peripheral Interface (SPI) of the boards General-Purpose Input/Output
(GPIO), a D/A- and an A/D-converters were connect as analog interfaces to the sensors and
actuators, i.e. the pressure sensors, pumps, and valves described in the last section.

The programming language of choice for the Raspberry Pi is Python. On the one hand, a
rich ecosystem of modules are provided that allow the implementation of the interfaces to the
GPIO ports and the communication via Ethernet. On the other hand, the Scipy ecosystem
as shown in [73] offers a comprehensive way to handle vector and matrix structures and
operations by means of the Numpy module, see [112]. Therefore, the modular framework
from Section 4.2 was implemented as a Python class with the array handling using the
Numpy module.

Furthermore, the Python module Cython [12] offers the ability to speed up computationally
expensive parts of a Python code by pre-compiling the Python to C-Code and then compiling
into a pre-compiled Python module or by providing a Python to C interface to integrate
existing C-Code as a Python module. This allowed to integrate the C-Code based GRAMPC
implementation of the gradient method tailored to the solution of the agent OCPs into the
agent class for an efficient solution of the OCP. The implementation of the data exchange
over an Ethernet connection among the agents was implemented with the ØMQ [68] bindings
for the Python language which will be detailed in the next Section.

4.4.4 Communication layer implementation

The communication layer is implemented using the Raspberry Pis 100 Mbit/s bandwidth
Ethernet adapter with TCP/IP. Since the ADMM algorithm is not suited to handle dropped
messages, protocols without acknowledgement messages like UDP are no solution candidates.
The solution does not offer hard real-time capabilities, i.e. the guarantee that a given com-
munication will be finished within a predetermined time frame. On the other hand, it is well
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ag1:agent queue1:queue queue2:queue ag2:agent

ag1.min v()

return true

ag2.min v()

return true
ag2.send neiImpCp()

return true

ag1.send neiImpCp()
return true

ag1.get agImpCp()
return true

ag2.get agImpCp()
return true

Figure 4.8: UML sequence diagram: ADMM Step 1) with queuing devices.

suited for maximizing throughput for data exchange between processes with varying execu-
tion times. This is likely a good match for the agent based implementation of the ADMM
algorithm since the size of the agents OCPs vary with the number of the agents coupling and
accordingly the time to solve the OCPs will vary from agent to agent. It should further be
noted that the rapid improvement of the TCP/IP transmission speed and quality has also
gained attention of research in the process industry. These is manifest in the effort to realize
a reliable field level data exchange for the plants using TPC/IP [13].

The implementation of the data exchange between the agents over TCP/IP was implemented
using the PyZMQ module, which provides a Python binding of the networking library ØMQ
[68]. In a comparison of transport frameworks conducted at CERN to select a successor to
their existing transport framework CORBA, the ØMQ library was found to be user friendly
while offering strong performance [46].

Especially the already readily available communication patterns send-reply are well suited to
implement the data exchange among the agents. A socket in ØMQ can be implemented as
a queuing device, i.e. the socket is spawned as a seperate process that runs in parallel to the
main process. In the case of the agent implementation, a queuing device may run in parallel
to the main loop of the agent, receiving messages from other neighbors while the agent
is still calculating the solution of the local OCP, see Figure 4.8. After the optimization is
completed, the agent can then send his own updated variables, process the received messages
and continue with the next step of the algorithm.

Finally, before the transmission with the ØMQ sockets, the NumPy arrays to transmit need
to be serialized, i.e. the variables need to be converted into a bitstream. A review of existing
serialization methods returned three main candidates: the standard data exchange format
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method cumulative trans. time send messages time per message

JSON 69.155 s 6721 0.010 289 s
cPickle 55.098 s 10561 0.005 217 s
MessagePack 51.579 s 12001 0.004 298 s

Table 4.4: Comparison of performance of serialization methods.

JSON, the C-implementation of the Python standard serialization method cPickle [53], and
data transmission oriented MessagePack [54].
The serialization methods are compared empirically. To this end, a test message was seri-
alized, send, received, and deserialized as often as possible over a ØMQ socket between two
Raspberry Pis for the time of 90.0 s. The results are displayed in Table 4.4 and clearly show
that the MessagePack serialization outperforms the other two. Consequently, MessagePack
was adopted to provide the serialization in the agent implementation.

4.4.5 Parameter tuning

This section is dedicated to the tuning procedure of the DMPC parameters. The aim is
to strike a balance between the runtime that is necessary to compute the solution to the
overall OCP within the sampling rate ∆t and sufficient accuracy of the suboptimal solution
due to the fixed number of iterations at each sampling step. In the following, the impact
of the tuning parameters of the distributed algorithm are going to be assessed by analyzing
the impact for a given control task in each of the three configurations of the overall system
presented in Figure 4.7 or, alternatively, Table 4.3.
In accordance with the roles assigned to the agents in each of the system configurations,
initial states, setpoints, and control limits for each configuration are chosen to represent a
solvable control task, listed in Table 4.5 and 4.6. The weights for the cost functions are
empirically tuned to common weights for all three scenarios using a centrally implemented
OCP solver to establish a baseline solution against which to evaluate the performance of
different turnings of the distributed algorithm. As the dynamics of the water levels in the
tanks are rather slow, a sampling rate of ∆t = 1.0 s proved sufficient to achieve a stable
control system. A summary of the weights can be found in Table 4.7.
With the established baseline solution, the convergence of the distributed algorithm is first
evaluated for different tuning values of the penalty parameter c. The convergence of the
overall cost function resulting from choosing the penalty parameter c ∈ {5×102, 1×103, 5×
103} is shown in Figures 4.9a, 4.9c, and 4.9e. As is evident from the plots, the value of the
cost function converges to the optimal value within 50 iterations of the ADMM algorithm
for all three scenarios with the two smaller values of the penalty functions. The larger value
5×103 exhibits a slower convergence especially for Scenario 3, where the optimal value of the
cost function of the distributed solution has not converged after 50 iterations. Furthermore,
an increase of the cost function can be observed for the larger value 5× 103, after the initial
decline of the cost function. The likely explanation for this increase is that the values of the
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i 1 2 3 4

hi,0 10 cm 10 cm 10 cm 10 cm
hi,des − − − 8 cm
qi,valve − − − 20 ml

s

ui,des 20 ml
s − − −

ui,lim [15, 25]ml
s − − −

Table 4.5: Model parameters Scenario 1.

i 1 2 3 4

hi,0 10 cm 10 cm 10 cm 10 cm
hi,des − − 8 cm −
qi,valve − − 25 ml

s −
ui,des 12.5 ml

s − − 12.5 ml
s

ui,lim [10, 20]ml
s − − [10, 20]ml

s

Table 4.6: Model parameters Scenario 2 & 3.

Qi Ri T Nhor ∆t

1000 10 120 s 31 1.0 s

Table 4.7: Parameters of the overall OCP.

multipliers are changed with a larger step size leading to an overshoot and oscillation around
the optimal value of the multipliers. Additionally, the agents problems are increasingly ill
conditioned with larger values of the penalty parameter, possibly leading to less accurate
solutions which in turn affect the multiplier steps. Since generally a larger value of the
penalty parameter is going to enforce a smaller violation of the consistency constraints, the
value c = 1 × 103 was selected as the convergence is on par with the slightly smaller value
of 5× 102.

In the next step, variations of the multiplier step size in (4.3) of the distributed formulation
of the algorithm are studied. Scaling the penalty parameter c by a factor α, the effective
step size is changed to α · c. The motivation is rooted in the convergence study of aug-
mented Lagrangian methods presented in [52, Chapter 3, Section 5.3], which asserts that
the Algorithm ALG2 which resembles the ADMM algorithm can be expected to converge
for step sizes 0 < α < 1+

√
5

2 instead of choosing the step size to α = 1. The convergence
results for the selected penalty parameter c = 1 × 103 are shown for α ∈ {0.5, 1.0, 1.5} for
all three scenarios in Figures 4.9b, 4.9d, and 4.9f. The larger factor α = 1.5 seems to benefit
the convergence speed in Scenario 3 while Scenario 2 shows a small offset from the optimal
solution indicating a less robust solution. Therefore, the chosen value going forward was
α = 1.0, albeit it is worth noting that a careful tuning of the parameter may improve the
ADMM performance.
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Figure 4.9: Parameter study regarding penalty parameter and multiplier step size.
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(f) State trajectories for Scenario 3.

Figure 4.10: Parameter study regarding ADMM iterations per sampling step.
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With a selected value for the penalty parameter and the multiplier update step size, one
parameter value left to determine is the number of iterations kiter of the distributed ADMM
algorithm in Table 4.1 carried out at each sampling interval tk. To evaluate the impact,
three choices for kiter ∈ {1, 5, 15} are used to implement a closed loop simulation of the
DMPC implementation for the three scenarios. To assess the suboptimality of the solution,
the current value of the cost function J at each sampling interval was compared to the value
achievable with a central MPC solution, shown in Figures 4.10a, 4.10c, and 4.10e. The
largest deviation from the performance of the central MPC was observed for Scenario 1,
which may be grounded in the fact that in this scenario the setpoint of the system is not
reachable within the prediction horizon of T = 120 s making it the most challenging scenario.
For Scenario 1, a choice of at least kiter = 5 clearly gives an improvement in performance.
The performance gain achieved by increasing kiter = 15 is not quite as large, yet it results
in a performance almost matching that of the central MPC. Thus, kiter = 15 was chosen for
the experimental setup. While a value of kiter = 1 shows a clearly suboptimal behavior with
respect to the metric of the cost function compared to the central MPC, it is worth noting
that it still results in a stable control while conserving considerable amounts of processing
and networking resources.

Finally, while the evaluation of the cost function in a closed loop simulation is a useful tool
to assess the stability of an MPC loop, the deviation of the cost function due to a suboptimal
solution of the OCP can be misleading with regard to the deviation that can be expected in
the actual state trajectories of the system. A comparison of the state trajectories resulting
from the choice kiter = 15 for the DMPC with the trajectories achieved with the central
MPC is shown in Figures 4.10b, 4.10d, and 4.10f. The figures show the DMPC trajectories
matching the trajectories of the MPC implementation. Thus, the DMPC can be expected
to achieve comparable performance to a central approach.

4.4.6 Experimental results

In this section, the experimental results regarding the three scenarios from Section 4.4.1
using the parameter tuning from Section 4.4.5 are going to be presented. At the beginning
of each scenario, all tanks were set to a water level of 10 cm, as specified in Table 4.5 and
4.6. After the system reaches the setpoint, a disturbance is enacted on each scenario by
opening a manual valve located at the sink agent. In this way, the performance of the
DMPC undergoing a setpoint change and the reaction to a disturbance can be observed.

The recorded system responses are displayed in Figure 4.11. In all three scenarios, the
distributed control system successfully reaches the setpoint and immediately counteracts
the disturbance applied later in the scenario. Particularly in Scenario 1, it can be seen that
Agent 1 accounts for the input constraints, operating its pump at the upper limit of 25 ml

s

until the setpoint is reached and as soon as the disturbance on Agent 4 is enacted.

The results show the emergence quality of the distributed control scheme that is being
executed by the DMPC. The agents utilize the same modular components to find a solution
in each case, but successfully adapt to the given scenario based on the coupling graph.
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Figure 4.11: Measurements of the tanks for all three test scenarios.
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4.4.7 Runtime analysis

During the experiments, the agents recorded the time at the beginning and the end of each
step of the distributed ADMM algorithm. In general, the runtimes only vary marginally over
the each iteration and sampling interval, which is why in the following the average runtime
spent on the steps of the algorithm for a sampling interval will be discussed.

In general, the used Raspian operating system allows multitasking. Therefore, it was not
possible to distinguish absolutely between the runtime spent on optimization tasks and
the runtime spent on communication tasks. Since the queuing devices used for the data
exchange allow an agent to receive information while he is computing an optimization task,
it is possible and likely that the optimization runtimes also include the runtimes necessary
to receive data from agents that already concluded their optimization step.

Regarding the runtimes of the different methods being called during the ADMM algorithm,
it can be seen that the communication layer takes up a big share of the overall execution
time, as shown in Figure 4.12. The overall execution time for each agent is approximately
0.17 s− 0.2 s, i.e. the algorithm is executed well within the sampling rate ts = 1.0 s.

Comparing the three scenarios, it can be seen how the more complex optimization tasks in
Scenario 2 and 3 also result in a higher optimization runtime. This is due to the increase in
optimization variables resulting from more couplings and the added input for Agent 4.

More than half of that execution time is used for the communication among the agents.
Using a network analyzing application Wireshark, the time for the transmission of a single
updated array of either the coupling variables wji or the master variables zi to take on
avergage 0.5 ms. For Scenario 1, the expected runtime for 15 iterations of the ADMM
algorithm necessitating each 4 transmissions of updated variables for the four couplings
therefore amounts to 120 ms. The measured runtime for the communication by the agents is
very close to this expected value. Thus, it can be concluded that the chosen implementation
of the communication layer utilizes the maximally achievable communication speed of the
given Ethernet connection.

In order to implement the distributed MPC for systems with faster sampling rates, the
communication layer needs to provide a lower overall latency. As of today, it is already
possible to harness industrial Ethernet protocols that enable the distributed execution of
motion control tasks with a latency of lower than 1 µs. Yet, these solutions typically rely on
specialized hardware and hard real-time constraints, which complicates the implementation.

4.5 Scale-up: simulation results

Assuming that a fast enough implementation of the communication layer is possible to
enable the calculation within the sampling rate of a given distributed system, it is important
to ask how an increase of the number of agents impacts the overall convergence of the
developed distributed algorithm. To gain insight into how the size of the overall distributed
system impacts the convergence of the distributed algorithm, two simulation studies will be
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Figure 4.12: Runtimes for the tasks of the distributed algorithm of the water tank setup.
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Figure 4.13: Variations of the number of agents.

presented in this section. Both studies will use the water tank example system. In the first
simulation study, the overall number of agents is varied from four to eleven to thirty using
the distributed software framework described in the preceding sections. The connections
were created randomly in a way that each agent had a maximum of four couplings. To rate
the convergence quality, the cost function value was normalized by the smallest achieved
cost function value for that sample system to make the results comparable.

The convergence of the distributed algorithm for the initial OCP posed for each of these
system configurations is shown in Figure 4.13. The results indicate a slower convergence
of the distributed algorithm with an increasing number of agents, albeit all three system
configurations converge to an approximate solution within twenty iterations. Therefore, the
distributed approach should prove viable for even larger systems with slow dynamics in a
DMPC setup. For these applications, the suboptimality of the solution can be expected to
decrease reliably at each sampling step.

In a second simulation study, the impact of the algebraic connectivity of the overall cou-
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pling network on the convergence rate is considered. The algebraic connectivity plays a key
role in another algorithm from the area of distributed control, the consensus algorithm: a
coordination protocol for agents to agree upon a common value, which is used for formation
control applications. For the consensus, each agent updates his local variable according to
the update rule

xk+1
i =

∑
j∈N i

α
(
xki − xkj

)
, (4.6)

with the step size α > 0. This update rule can also be written in terms of the Laplacian
matrix of the graph L, which itself is composed from the degree matrix D and adjacency
matrix A of the coupling graph of the system with

xk+1 = α
(
Dxk −Axk

)
= −αLxk. (4.7)

If a graph is connected, the eigenvalues of the corresponding Laplacian matrix satisfy the
condition 0 = λ1 < λ2 < ... < λN . Thus, the convergence speed of the consensus algorithm
described by the linear system (4.7) is dictated by the second smallest eigenvalue λ2. This
value depends on the connectivity of the coupling graph and is therefore called algebraic
connectivity. A fully connected graph will yield λ2 = 1 while a serially connected chain of
nodes will yield a value λ2 < 1.

While linking the convergence rate of ADMM analytically to the value of λ2 is a rather
daunting task, the question of the impact of the overall connectivity of the distributed
system on the algorithm is an interesting one. If a large impact of the coupling structure on
the convergence can be observed, this could be accounted for in the system design, or the
decomposition of the overall system.

In order to investigate the question, a system of 50 agents is created, where couplings of
agents among each other are added randomly until all agents are connected to the overall
system and the algebraic connectivity reached a target value. To avoid completely connected
systems, the number of couplings per agents is limited to four. This procedure was used to
create four distributed systems whose Laplacian matrix eigenvalue λ2 ranged from [3.95 ×
10−03, 2.07 × 10−01]. The achieved λ2 variations vary by two orders of magnitude, which
is sufficient to gauge the impact on the ADMM algorithm. To give an impression of the
resulting connected graphs, see the configurations for the system with the smallest and
largest algebraic connectivity displayed in Figures 4.14 and 4.15. The design of the coupling
matrix in order to maximize robustness e.g. of a consensus algorithm is a difficult problem
on its own and is subject to thorough investigations and therefore out of scope of this text,
see e.g. [102].

The convergence results of the first solution for the four sample systems are shown in Figure
4.16a. Each configuration is listed with their corresponding algebraic connectivity λ2 in the
legend. Two of the created system had nearly identical λ2 values, yet the underlying system
presented two completely different distributed systems. In a second test, a chain coupling of
3 up to 400 tanks is set up, with one source agent at one end and a sink agent at the other
end of the chain. All other agents are configured as link agents. The normalized convergence



102 Distributed model predictive control - agent based implementation

source
link
sink

Figure 4.14: Graph for configuration with algebraic connectivity λ2 = 2.07× 10−01.

results for the different configurations are shown in Figure 4.16b. While the difference of the
initial solution from the final solution differs for each of the sample systems, the convergence
of all systems is very similar. Thus, the results indicate that the algebraic connectivity is no
direct indicator of the convergence rate of the distributed algorithm for the created systems.

Similar to the tuning study in Section 4.4.5 some of the results show an intermediate increase
of the cost function after the initial decline in the cost function. This is most likely due to the
chosen tuning of the penalty parameters and the corresponding step size for the multiplier
update. The selected tuning seems to exhibit an overshoot of the multipliers which that
allows the source agents to minimize their local cost function by decreasing their inputs.

To conclude this excursion into the scalability of the distributed MPC scheme, the overall
system size seems to come at the cost of a somewhat slower convergence but the overall
connectedness of the system as measured by the algebraic connectivity does not seem to
affect the convergence negatively. Overall this is an encouraging results, indicating that
an implementation of a distributed modular control scheme based on ADMM for systems
composed of a large number of agents is possible, albeit a moderate increase in the number
of iterations at each sampling step will be necessary with an increasing number of agents.
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Figure 4.15: Graph for configuration with algebraic connectivity λ2 = 3.95× 10−03.
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Figure 4.16: Convergence study for variation of algebraic connectivity λ2.

4.6 Conclusions

Over the course of this chapter, a modular software architecture for an agent based imple-
mentation of ADMM was developed. It was shown, how the modular statement of the system
dynamics and cost functions allow the evaluation of all functions necessary to carry out the
ADMM algorithm based on the current coupling graph of the distributed control system.
This allows the DMPC method to adapt to different coupling structures of the distributed
system. To demonstrate the adaptability, a simulation study showed different configurations
of agents in the cooperative payload transport example that solve the same control task.
The solutions changed according to the configuration to utilize all agents optimally for the
transport of the payload.
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Next, an implementation on a laboratory water tank setup was shown, to demonstrate the
real-time capabilities of the implementation when deployed on edge computing devices. Sim-
ilar to the cooperative payload transport, the DMPC was able to adapt to the given coupling
structure of the test scenarios. Furthermore, the impact of the communication delays on the
performance of the DMPC was studied. The implemented Ethernet communication layer
was shown to take up over half of the DMPC runtime for each agent.
Finally, a simulation study for an upscaling of the water tank example was presented. The
goal was to study the impact of a larger number of agents and the overall connectedness of
the coupling graph on the convergence speed of the algorithm. Ultimately both factors did
not show a large impact on the convergence speed of the method, encouraging the future
application of DMPC to large scale systems.



Chapter 5

Conclusions and outlook

The goal of this dissertation was to develop a coherent architecture for the implementation
of a distributed controller on a distributed modular system. In particular, the ability of
distributed control systems to adapt to the structure of a modular coupled dynamics system
was in the focus of the development. Mapping one agent to each subsystem of a modular
system, the target was to have the overall control law emerge from the connection of each
of the agents of the distributed system.
Laying the foundation for the development, the requirements on the distributed controller
to match the target of an emerging control law where formulated: a limited information
exchange only among coupled systems as well as limited knowledge of the overall system
dynamics for each agents. These requirements are put in place to ensure the flexibility
and scalability of the distributed control system, i.e. the addition of a new system to the
distributed system does not require a system-wide reconfiguration.
Working within the restrictions of the requirements, several ways to state the distributed
system dynamics and a corresponding optimal control problem were shown. The resulting
problem statements were decomposed using classical duality based decomposition methods
and two different decomposition schemes, resulting in a number of optimal control sub-
problems bound together by equality constraints. Two duality based approaches, i.e. the
Lagrangian- and augmented Lagrangian method were used to handle the equality constraints
using multipliers and penalty methods. The optimality conditions of the decomposed prob-
lems where discussed in details, showing the overall optimal solution to be a saddle point of
the decomposed optimal control problems.
Motivated by the saddle point property, the application of dual decomposition and aug-
mented Lagrangian based dual ascent algorithms were pursuit. Several dual ascent based
distributed algorithms were compared by a minimal benchmark scenario consisting of two
water tanks. The ADMM algorithm proved to be the most efficient in solving the control
task of stabilizing the water heights of both tanks. The convergence of the ADMM algo-
rithm was therefore proven for the given problem of a distributed nonlinear optimal control
problem decomposed according to the second developed decomposition scheme.
In a further investigation, the impact of a chosen system decomposition on the convergence
speed of the ADMM algorithm was analyzed. The chosen benchmark example for this analy-
sis was a cooperative payload transport problem. It was shown that it is possible to derive a
slightly overlapping system decomposition of the distributed system dynamics. These equa-
tions derived with this neighbor approximation approach still represent the motion of the
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overall system and are consistent with the requirements on the distributed controller. Using
this decomposition, the agents can approximate reciprocal effects of their own actions more
precisely leading to a faster convergence of the distributed algorithm.

Finally, the actual distributed implementation of the distributed control system was de-
scribed. To this end, a distributed object-oriented software architecture for the agents was
developed. The modular components of the system dynamics and parts of the overall op-
timization problem that each agent has to compute to execute his part of the distributed
algorithm are matched to methods and properties of the agent class. This was illustrated
by means of three examples: initiating the coupling of two agents which results in the ini-
tialization of the respective neighbor copies, the computation of the system dynamics for
one sampling point, and accessing the agent impact master copies of an agent with respect
to a specific neighbor agent. These examples illustrate the ability of the presented software
framework to handle large modular systems by relying heavily on the concept of encapsu-
lation. In this way, the configuration of the system only requires minimal user input, as
demonstrated by a pseudo code example for three different payload transport scenarios.

The software framework was then implemented on an actual distributed computing system
consisting of four Raspberry Pi microcomputers. The experimental setup was provided as a
modular system made up of four water tanks with varying interconnections. A common tun-
ing of the optimization parameters for all scenarios was determined, illustrating the tuning
procedure on the way. As it turned out, the communication burden for the chosen implemen-
tation is similar compared to the actual runtime spent on the solution of the optimization
problems. This arguably encourages the pursuit of methods which reduce the amount of
communication, e.g. by limiting the communication to coupled neighbor agents or by using
specially tailored decomposition methods such as the approximated neighbor dynamics.

Following the experimental validation on the water tank setup, the investigation into the
distributed implementation was concluded by a simulation study, where the amount of agents
was scaled up to 50 agents. The main finding of the scale up study was the impact of the
scaling number of agents on the convergence rate of the ADMM method, which was shown
to decrease with the number of agents. On the other hand, the overall connectivity of the
coupled system, as measured by the algebraic connectivity of the coupling graph does not
seem to significantly impact the convergence rate. Thus, from a user perspective it seems
prudent to determine the amount of iterations necessary to achieve a satisfactory control
for a distributed system by tuning for a few different settings with the maximum number of
expected agents.

Looking forward, a promising continuation of the research presented would be finding ways
to formulate state and control constraints within the restrictions of the requirements on
distributed control. The barrier function used for the cooperative transport example can
be seen as a first step, as it was able to prevent collisions even of agents that did not
communicate directly with each other. Thus, finding local constraints only relying on locally
available information that in turn ensure global constraints are being enforced would be one
way to push forward. Furthermore, the question of how a useful global constraint set should
look like that addresses the need of a modular system may not always be as straightforward
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as a collision avoidance constraint. An investigation of a diverse set of example systems
could help in identifying common constraint types and how to implement them.
From a development platform perspective, the ROS development platform has gained a lot
of traction in the last years. The ROS platform provides a node model, where the nodes
may be distributed over several computing devices connected by a network. With the recent
release of the ROS2 platform, the communication middleware was implemented according to
the Remote Procedure Call (RPC) over Data Distribution Server (DDS) standard, offering
an publish subscribe architecture with a distributed discovery system [90]. A straightforward
implementation of the developed agent class where each agent represents one node, should
provide a robust basis for further research. In any case, the arrival of mature development
platforms for the implementation of distributed control systems like ROS2 should enable the
application of DMPC for systems with faster dynamics than the water tanks presented in
this dissertation.
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