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Abstract

Quantum biology is a thriving field of research that requires from constant theoret-

ical impulse to be able to keep the pace of the experimental observations. In this thesis,

the tools from the theory of open quantum systems are applied in an effort to understand

the behaviour and propose new insights for two such biological systems. The interest

lies not only in the possibility that quantum effects are beneficial, or even essential for

life processes, but also in the extent to which the field unites several different research

domains in an interdisciplinary exercise that could prove revolutionary, both in pure

biology and on the technological applications it might lead to.

Biological systems are, in general, too complicated for mathematical exactness. To

tackle them, a clever combination of theoretical, numerical and experimental methods is

needed. Involving several electronic and vibrational degrees of freedom, often strongly

coupled, these systems pose a challenge to the current techniques, and the quest for

quantum effects have, in the recent years, pushed the limits of the available methods.

Non-Markovian effects in the evolution of open quantum systems become critical

to understand the efficiency of energy and charge transfer in nanoscale biomolecular

networks and quantum technologies. With the aid of many-body simulation numerical

methods, we uncover and analyse an ultrafast environmental process that causes energy

relaxation in the reduced system to depend explicitly on the phase relation of the initial

state preparation. Remarkably, for particular phases and system parameters, the net

energy flow is uphill, transiently violating the principle of detailed balance, and imply-

ing that energy is spontaneously taken up from the environment. A theoretical analysis

reveals that non-secular contributions, significant only within the environmental corre-

lation time, underlie this effect. This suggests that environmental energy harvesting will

be observable across a wide range of coupled quantum systems.

Quantum biology experiments usually go faster than the theory, meaning there is

a wealth of experimental data in need for explanation. Based on that, we present a

framework in which both electronic and vibrational coherence play a role in the process

of energy transfer within the LH2. In our model, inter-ring electronic coherence mediates

the process of energy absorption via dipole moment redistribution due to extended

exciton delocalisation. This excitonic delocalisation becomes critical to understand the

role of the coherent coupling with discrete environmental vibrational modes. Our results

provide further evidence for the role of excitonic and vibrational coherence in light-

harvesting photosynthetic structures.
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characterisations have been proposed to understand a wealth of systems
whose properties make them lie distant from the two well known limits
represented. But it is fair to say that the topic remains terra incognita.
There are still many open questions regarding non-Markovian systems. . . 19

2.1 Photosynthesis of purple bacteria. Incoming photons excite an electronic
state in the LH2 complex. The excitation is transferred in a series of steps
to the reaction centre (RC) sitting in the middle of the LH1 ring. The
excitation is used in the RC to liberate an electron, which is transported
(purple lines) by a cytochrome C2 to the cytochrome BC1 where the
energy is used to hydrolyse the AH2 hydrogen donor. The Q element goes
back (blue lines) to the reaction centre, where it is used as electron source,
while the protons are transferred (yellow lines) to the ATP synthasa,
where the final reaction takes place, converting ADP into ATP, storing
thus the energy of the photon captured at the beginning of the process. . 25

2.2 (A) Absorption spectrum of a BChl a in toluene (data from http://omlc.

org/spectra/PhotochemCAD/data/135-orig-abs.txt). (B) Chemical
structure of a bacteriochlorophyll a, showing the magnesium atom sitting
in the middle of four pyrrol rings. The Mg loses two electrons, which
reduce two of the pyrrol rings (hence the single bonded nitrogen atoms),
while the other two conserve a double bond. Each alternation single-
double bond creates one π orbital, with two possible states. The absorp-
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dipole transitions between orbital’s ground and excited states, which are
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biology studies can be modelled as a two level system with transition en-
ergy εi (C). Being an electronic transition, the excited state changes the
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Foreword

In order for the light to shine so brightly, the darkness must be present.

Francis Bacon.

Microscopic biological systems lie at the frontier between statistical and quantum

mechanics. Due to the number of particles involved, these systems cannot classify as

simple quantum objects, as usually it is impossible to track the evolution of every degree

of freedom. On the other hand, the very same number is not high enough for statistical

rules to apply reliably, as fluctuations are big enough to be relevant in the dynamics.

Nonetheless, typically there is no interest in knowing the exact dynamics of every com-

ponent of the system, but rather either collective properties –as might be the case in

the protein folding problem– or specific processes that involve a small subsystem, such

as chemical reactions, light absorption or energy transport. Consequently, two differ-

ent strategies are applied. There exists molecular dynamics, which takes care of every

degree of freedom, and is accurate but computationally costly, or there is the theory

of open quantum systems, which divides the total system into a subsystem of interest

and a bigger part of which only certain properties and its influence on the subsystem

are known. It is specially in the light of the latter approach that the field of quantum

biology was born.

Quantum biology is not the realisation that quantum physics underlies all biological

processes, as it is obvious that at a small enough level it will; rather, quantum biology

is the study of these quantum properties that overcome the expected quantum realm

–namely the molecular level or ultra-low temperatures– and exert a noticeable influence

on certain phenomena essential for life. This thesis studies one such process: the primary

steps of photosynthesis. The conversion of electromagnetic energy into chemical energy

is, probably, the most fundamental life-sustaining process. Until very recently, it was

xxiii



considered to be a purely classical phenomena, in which quantum mechanics had no role

to play further than at the atomic level. However, latterly it was found that there is

persistent quantum coherence over sufficiently long timescales that might enhance the

process of energy absorption and transport in photosynthesis. We will, in this work,

penetrate into the details of the interplay between the theory of open quantum systems

and its ability to accurately describe processes of relevance in photosynthesis.

To be able to seize the complex interplay among biology and quantum mechanics,

it becomes crucial to first gain understanding on each of the fields separately. Hence,

the first two chapters of this thesis are devoted to provide the basics in each of them.

Concretely, chapter [1] begins the thesis with the origins of quantum mechanics and how

they had to be extended to encompass these systems that present quantum behaviour

but where too big to be exactly solvable, i.e. open quantum systems. We proceed then

to describe the basic approaches undertaken to treat open systems in a mathematically

consistent theory, that ultimately leads to the master equation description of the reduced

system dynamics, that we will use later along the thesis. To conclude the chapter, two

rather alluring topics are covered briefly. Detailed balance, its possible violation and

non-Markovianity all represent fields worth to be studied in length.

Chapter [2] introduces quantum biology to then focus on photosynthesis. It is nec-

essary to understand photosynthesis on a biological level, to then be able to simplify it

correctly to apply the techniques from open quantum systems theory. The main body

of the chapter is then dedicated to describe the methods –theoretical and experimental–

and proposals that have been made in the last years to both comprehend and unravel

the presence of quantum coherence aiding the highly non-trivial processes that compose

photosynthesis. It is the aim of this chapter to provide the reader with the necessary

background to understand where in photosynthesis is quantum mechanics relevant, and

also, to try to convince the sceptical that not only there exist such thing as quantum

effects in photosynthesis but also that plenty of work remains to be done. The amount

of theoretical uncertainties and the high quality of the experiments require from new

perspectives that, in most cases, might demand pushing the limits of quantum mechanics

of open systems. Is in this direction where the study of non-Markovianity, its mathe-

matical and physical properties, its structure and its consequences, can prove to be the

right direction to follow.

An example of this is the third chapter [3], where in a simple system, with parameters

that are taken from a photosynthetic complex, a non-trivial effect is uncovered by exact

numerical analysis. An open system that behaves according to the well defined rules

of quantum mechanics –namely, it is trace preserving and completely positive– would

see its entropy increasing always, and information (here energy) being continuously lost



to the environment. We however find that for specific preparations of the system, the

situation might be transiently reversed, and energy can flow from the environment and

into the system without external driving. That is to say the system is spontaneously

harvesting energy in what clearly is a non-Markovian effect. We then proceed to analyse

in detail the population inversion produced in the system, uncovering the origin and

studying its possible consequences. The very real plausibility of this effect being realised

in natural and artificial systems is a clear example of the importance of non-secular

effects, non-Markovianity and the complexity of open quantum systems theory.

The last chapter [4] of this thesis delves in a more biologically oriented result. In

it, the light harvesting 2 complex, a photosynthetic unit of purple bacteria, is analysed

in detail. Based on some recent experiments that hint the existence of quantum co-

herence in the energy transport across the complex, we propose a new model in which

both electronic coherence, and coupling to discrete vibrational modes of the complex

environment, aid in the process of energy absorption and transport.

To conclude, the appendices include some results that help to comprehend the what

has been stated in the main text, but that for reasons of clarity, would have disrupted

the flow of reading. Extra remarks and possible future lines of research continuing in

the line of open quantum systems and quantum biology can be found afterwards to close

this thesis.





Chapter 1

Open quantum systems.

Overview

Everything happens for a reason, and the reason is usually Physics.

Anonymous

1.1 Introduction

Quantum mechanics is, arguably, one of the most successful theories of Nature. It has,

up to now, never been contradicted by an experiment or found any deviation in its

predictions. The foundations of quantum mechanics were established by the end of

the 1920s and they have remained rightfully unmovable since then, despite numerous

attempts to point out fundamental problems1. It is safe to say that all physics, with the

possible exception of space-time, is governed by quantum mechanics2.

As a theory, the fundamental pre-existing concept in quantum mechanics are events.

The formalism of the theory allows to calculate probabilities for the occurrence of such

events. Hence, two are the elementary components of quantum mechanics, namely, the

observables (Ô), that describe the measurements by which the properties of a system can

1Amongst those there is the issue of non-locality, the so-called measurement problem, and another
big set of semi-philosophical problems which are only an expression of our deterministic brain, which
naturally tends to deny probability in search of any pattern, fundamental controlling device or higher
entity ruling our ignorance. They are, in essence, an expression of what in psychology is known as the
gambler paradox.

2Numerous are the reviews, books, reports etc. regarding quantum mechanics, so we will not specif-
ically cite anyone for what is regarded as “common knowledge” in quantum mechanics, but recommend
a handful of the most significant ones during the writing of this thesis. Particularly [1–4] are of utmost
interest.

1



2 Chapter 1. Open quantum systems. Overview.

be determined, and the wave functions (Ψ), that describe the subjective knowledge that

an observer might acquire about reality. According to Born’s rule, the probability of a

particular event is given by the squared amplitude of the corresponding component of

the wave function describing the possible events. These probabilities therefore allow to

make predictions about the various possible outcomes of experiments, which, provided

the experimental material is classical, must correspond with classical probabilities. The

connection is made via Bohr’s correspondence principle, which establishes that for big

enough systems –compared to the fundamental scale of quantum mechanics, that is fixed

by ~– the quantum mechanical description must asymptotically approximate the classical

description. The probabilistic nature of quantum mechanics is perfectly summarised in

the Heisenberg principle, which states that it is not possible to completely know with

certainty all the characteristics of a system at a given time. For joint measurements, the

greatest accuracy achievable is given by the joint probability distribution for the set of

observables, whose minimum width is, again, lower-bounded by the fundamental scale

~. Assumed then that the occurrence of events is random, our foreknowledge of Nature

is, by its very properties, probabilistic.

There are three rigorous equivalent formulations3 of quantum mechanics, namely,

Heisenberg’s matrix algebra [5]4, Schrödinger’s differential equation [7] and Feynmann’s

path integral [8]. The common link is that the three of them live in a complex, separable

Hilbert space, whose algebra then completely characterises the mathematical operations

with which the theory is used to make predictions and calculate experiment outcomes.

Wave functions correspond to unit vectors in the Hilbert space, while observables are

represented by self-adjoint linear operators acting on the Hilbert space. Probabilities

are given by the inner product of two wave functions, which can be expressed in terms of

eigenvectors for given operators –hence the possible outcomes of any such measurement–

and therefore, in principle they are defined up to a complex phase. Consequently, out-

comes of measurements must be the eigenvalues of the self-adjoint operators –thus en-

suring they are real valued– and are calculated by the square of the absolute value of a

probability amplitude.

Throughout this thesis, the Feynmann’s approach to quantum mechanics will not

be discussed. Suffice to say here that it is a Lagrangian, space-time approach, and

that instead of providing probability amplitudes for a point in space and/or time, it

accounts for all the possible trajectories in space-time for a given probability. It therefore

proves advantageous in certain regimes. The other two formulations are similar and

3To honour the truth, there are indeed more, such as Wigner’s phase space. Here we meant mathe-
matical formulations. While conceptually, examples such as Wigner, are different, mathematically they
are just modifications over one or various of these three.

4It is important to mention that all papers written in German cited here can be found translated in
[6].
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were embedded in the same kind of formalism by Dirac. Let us then discuss briefly here

quantum mechanics from these two other approaches, and provide a summary of the

relevant expressions that will feature in this thesis.

1.2 Quantum mechanics, time evolution of probabilities

The arrow of time points towards a definite direction [9], and makes the passage of time

inevitable, both for the observer and the physical system subject to the observation.

Accordingly, any quantum description of reality must take into account its possible evo-

lution. The difference existing between Heisenberg’s and Schrödinger’s interpretations is

that, in the former, are the observables what evolves in time, while for the latter are the

wave functions. Both are, nonetheless, mathematically equivalent, as was pointed out by

Dirac. The interaction picture, developed by the latter, nicely merges both approaches5.

The Schröedinger equation of motion is probably the most widely used equation in

quantum mechanics. It reads6

i
∂

∂t
ψ(t) = Hψ(t), [1.1]

where the Hamiltonian H might be time dependent and the wave function ψ can always

be decomposed in terms of the eigenstates of H =
∑

λ |λ〉〈λ| as ψ =
∑

λ cλ|λ̃〉 where we

are assuming (for simplicity) a discrete spectrum corresponding to a finite dimensional

Hamiltonian.

Equation [1.1] is solved in terms of the time evolution operator, which in its most

general form is7

U(t) =
∞∑
n=0

−in
∫ t

0
dt1

∫ t1

0
dt2...

∫ tn−1

0
dtnH(t1)H(t2)...H(tn), [1.2]

whose name is Dyson series, and in terms of which we can write ψ(t) = U(t)ψ(0). For

time independent Hamiltonians the expressions simplify greatly. Concretely, the Dyson

series can be written as an exponential e−iHt, which when applied to a sum of eigenstates

it leads to a particularly simple form for the time evolution of the wave function

ψ(t) =
∑
λ

cλ|λ̃(t)〉 =
∑
λ

cλe
−iλt|λ̃〉, [1.3]

5In Dirac’s picture (or interaction picture) both the wave function and the operator evolve in time.
6Hereafter we employ natural units, unless specifically written. Meaning ~, Boltzmann constant K

and light speed c are all set to one. Every other parameter is considered normalised to these values.
7For reasons of brevity, henceforth no operator will be written with the usual hat notation Ô, it

should be sufficiently clear when operators are employed.
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which makes the calculation of measure outcomes easy, explaining why Schrödinger’s

interpretation of quantum mechanics is so widespread. However, the very first approach

to a truly quantum mechanics theory was first given by Heisenberg [10]. And indeed

it represents a much more faithful interpretation to what quantum mechanics really is.

While Schrödinger’s equation evolves wave functions, which is somehow equivalent to say

probabilities for events to happen evolve with time, Heisenberg determined the rules by

which operators, i.e. observables, such as position, momentum or spin might be, evolve

with time. As the wave function only represents the knowledge the observer might have

about the physical system, it makes much more sense to think that is the observer what

evolves, and thus the way the system is measured. The wave function does not –although

it might be tempting to think so– have a classical counterpart, consequently, to think

about it in terms of wave evolution, is usually misleading. Observables on the other

hand, i.e. operators, do indeed have classical analogues, the only difference being that

in quantum mechanics, as Heisenberg pointed out nicely, sometimes you can not measure

all observables with infinite precision. This is the core of quantum theory, and leads to

its probabilistic nature. It is summarised in the Heisenberg uncertainty principle and

the commutation relation, which was first established not by Heisenberg itself but by

Born and Jordan [11, 12].

Heisenberg equation for the evolution of operators tantamount to replace Poisson

brackets in Newton’s equations of motion (as written by Hamilton) by the corresponding

commutators. This leads to

d

dt
f (O(t), t) =

∂

∂t
f (O(t), t)− i [f (O(t), t) ,H (O(t), t)] , [1.4]

where f (O(t), t) is any operator valued function. One can immediately appreciate the

difficulty Eq. [1.4] represents. However, it is extremely useful to understand the following

subsection, where the density matrix is introduced.

1.2.1 Density matrix

Any experiment is subject to error. This means no quantity can be ever known with

infinite precision, despite the equations allowing for it. That is the reason why the

notion of probability distributions is introduced in classical physics to sample the space

of total possible states of a given observable, namely, the phase space. Such probability

distribution is written ρ(x, p) and represents the infinitesimal probability to find the

system in a given coordinates x and p. The total probability is thus found as

P =

∫ ∞
−∞

dxNdpNρ(xN , pN ). [1.5]
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Systems might evolve in time, therefore the probability distribution changes accord-

ingly. To describe such change, the Liouville equation reads

∂

∂t
ρ = {H, ρ} , [1.6]

where H is the system Hamiltonian and {...} is the Poisson bracket. This description

nonetheless still allows infinite precision, as the density ρ can adopt a Dirac’s delta

functional form.

Provided that quantum mechanics is a theory of probabilities of events, learned by

measuring in experiments, it is natural to think that the fundamental observable is the

quantum counterpart of the classical phase space density, that describes the distribu-

tion and behaviour of such probabilities. The density operator description of quantum

mechanics was first introduced in 1927 by Landau and von Neumann, with significant

contributions later by Bloch. The formalism again amounts to replace the classically

defined phase space density by its corresponding operator ρ, and interpret it as the

probability distribution on the Hilbert space generated by all the possible outcomes of

a measure. It will then in general be a function of the observables and time ρ(O(t), t).

As an operator in a Hilbert space which describes reality, density operator is linear and

self-adjoint, and can be decomposed into a sum of eigenvectors of the Hilbert space

ρ = |ψ〉〈ψ| =
∑

λ,λ̃ a(λ)a∗(λ̃)|λ〉〈λ̃| = ρ. When decomposed like that, its components

are the amplitudes for the different probabilities of an operator describing a measure and

represented by the set |λ〉. In such case, the density operator is named density matrix,

which is just the numerical representation for the density operator.

It is often confusing the difference between density operator and matrix8. To dis-

tinguish them one can nonetheless think in terms of time evolution. The equation of

motion for the density operator follows immediately from the Heisenberg equation [1.4],

with the condition that there is no dynamical time dependence, as ρ is constant. Hence

∂

∂t
ρ (O(t), t) = i [ρ (O(t), t) ,H (O(t), t)] , [1.7]

known as the Liouville-von Neumman equation of motion. We are nonetheless, usually

interested in the time evolution of particular measure outcomes, namely particular prob-

abilities, which are represented by certain eigenvectors of specific observables. Hence

often, it results more practical to employ the density matrix and its time evolution.

Using the eigenvectors expansion of the density operator leads to

i
∂

∂t
ρ = [H, ρ] , [1.8]

8They are indeed often interchangeably used in the literature.
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which differs in a minus sign with respect to the operator equation and allows to be

written in the form

ρ(t) = U(t)ρ(0)U†(t). [1.9]

With this machinery it is possible to calculate the probability of any measure at any

time for any quantum system whose Hilbert space is completely known and controllable.

Yet this is not always the situation, consequently, we need the concept of open quantum

systems, which is developed in the next section.

1.3 Open quantum systems dynamics

So far we have described the properties of quantum systems whose Hilbert space can

be completely acknowledged by measurements, and for which every degree of freedom

is always under control. The equations that describe such systems are, thus, exact. No

assumption is needed to derive them, apart from the postulates of quantum mechanics.

Such systems are called closed, as any interaction is contained within the Hilbert space

describing the system, there is no possible intersection with any other Hilbert space.

However, it is honest to say that the only possible closed system is the whole universe

itself. Any part of the universe will interact with the rest9, so either we consider the rest

as part of our system –hence again having the Hilbert space of the total Universe– or we

make approximations about what degrees of freedom we can describe exactly. For most

practical purposes it suffices to consider an small enough portion sufficiently detached

from the rest. Yet the size of the Hilbert space in almost any realistic experiment

becomes too big to be controllable. For this reason, the equations above have to be

modified, approximations made, to account for our ignorance. Hence we have the open

quantum systems theory. In what follows, we will briefly describe the basics of the time

evolution for open quantum systems. A closed quantum system evolving as described

by any of the equations presented above will preserve unitarity, that is, the equations

will always be time-reversible. This will not happen in general for an open system, so to

ensure physical results for the observables the conditions of trace-preserving (that is, to

ensure conservation of probability) and complete positivity (not to ever have negative

probabilities) must hold10.

Assume we divide the global Hilbert space into two initially separated subspaces,

spanned by the Hamiltonians HS and HR which correspond to the system of experimen-

tal interest, and the environment or reservoir (in analogue with the particles reservoir

9By Universe here we mean the causally connected regions.
10It is again difficult to cite specific references for each statement here exposed. Greater wisdom can

be found in, e.g. [13–16] and numerous other reviews on the topic.
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in classical statistical physics). Such environment describes the degrees of freedom that

might interact with the system via an interaction Hamiltonian HI but which we can

not fully control or even measure. The total Hilbert space is thus the tensor product

HS ⊗ HR. The basic assumption henceforth is that at a given time t = 0, the system

and the environment can be described by two uncorrelated wave functions, and therefore

the initial state is a direct product ρS(0) ⊗ ωR(0), where the environment initial state

is fixed for every ρS(0). It can be proved that this is a necessary condition in order to

have completely positive evolution of the system. Accordingly, the aim is to obtain an

equation analogous to Eq. [1.8] but accounting for our ignorance of the reservoir –while

considering that it has an influence on the system dynamics– and that still is physical.

The time evolution of a density matrix can be seen as a mapping ρ → Λρ, where

the map Λ lives in a Banach space11 B and has to be completely positive and have a

closure and an identity. If, in addition, we impose that the map acts only on the system

and ignores the reservoir such that

ρS → ΛρS = TrR

{
UρS ⊗ ρRU†

}
, [1.10]

where U is the unitary time evolution operator Eq. [1.2], then exist a generalised H-

theorem (see Lindblad [17]) showing that such map defines an irreversible process (hence

it is not unitary), that is, the entropy will always grow. Such maps can be written in

terms of operators of the Banach space of HS as

Λρ =
∑
α

WαρW
†
α with Wα ∈ B(HS) and

∑
α

W †αWα = 1, [1.11]

i.e. there exists a Kraus decomposition of the map in terms of bounded operators on

HS , due to the complete positivity and trace preserving properties. Only this class of

completely positive maps describe an irreversible time evolution of an open quantum

system.

Now, in order to describe the physical time evolution of an open system, we need

a one-parameter family of such dynamical maps (Λt, t ≥ 0), accounting for every time

step. The basic additional property we may ask for these family (apart from those

inherited from the individual dynamical maps) is the semigroup or Markov condition,

namely, ΛtΛs = Λt+s. If the map family fulfils all the necessary properties, then exists

a linear map L, generator of a semigroup12, which is defined as Λt = eLt, t ≥ 0 and that

allows to write
d

dt
ρ(t) = Lρ(t), [1.12]

11A Banach space is nothing but a complete, normed vector space. A Hilbert space is a Banach space
with inner product.

12It is a semigroup because it does not have an inverse, as it describes an irreversible process.
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which is called Markovian master equation.

A general form for the generator L can be found in the case of a finite-dimensional

Hilbert space HS . Writing the dynamical map as

Λt =

N2−1∑
α,β=0

Cαβ(t)QαρQ
†
β, [1.13]

with N the dimension of the Hilbert space and Cαβ(t) a positive definite matrix. Then,

if eLtρ(t) = limn→∞
(
1− t

nL
)−n

ρ(t), a bit of algebra leads to the standard form of the

generator L, which in the interaction picture, reads

Lρ = −i [H(t), ρ(t)] +
1

2

N2−1∑
α,β=0

aα,β(t)
{[
Qαρ(t), Q†β

]
+
[
Qα, ρQ

†
β

]}
, [1.14]

where the matrix (A)α,β = aα,β(t) has to be positive. Equation [1.14] after a linear

transformation and under the homogeneous time assumption, can also be written in

diagonal form

Lρ = −i [H, ρ(t)] +
1

2

∑
α

γα

{[
Vαρ(t), V †α

]
+
[
Vα, ρ(t)V †α

]}
, [1.15]

with the condition that γα ≥ 0.

It was demonstrated by Gorini, Kossakowski and Sudarshan that Eq. [1.14] is

the most general generator of a quantum dynamical semigroup for a finite dimensional

Hilbert space HS [18]. In addition, Lindblad proved that the generator Eq. [1.15] is

the most general bounded generator for any (separable) Hilbert space with countable

set α of indices [19]. If L is unbounded, no such characterisation exists, as the limit

eLt = limn→∞
(
1− t

nL
)−n

might be ill defined.

The form [1.15] is the most general form of a generator that preserves the trace

and complete positivity of probabilities for measures, provided that H(t) is self-adjoint

and γα(t) ≥ 0. It is usually known as Lindblad master equation or Lindblad generator.

In principle, it can be constructed from the underlying Hamiltonian of the total closed

system, by applying the Markovian approximation. However, this is often impracti-

cal. Sometimes, using phenomenological information, as well as symmetry properties,

detailed balance, or invariance under certain groups, allows to make educated guesses

about the approximate form of the Lindblad generator. This leads to phenomenological

master equations, which prove useful under specific circumstances. Nonetheless, it is

useful to have a rigorous way to derive the Markovian master equation under precise
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conditions. In the next section, we provide a different approach to obtain the Lindblad

generator.

1.4 Quantum master equations, the Markovian approxi-

mation in the weak coupling limit

Constructing the generators of a completely positive semigroup is arduous even in the

simplest cases. Therefore the aim is to derive Markovian master equations from sensible

limiting procedures, that can be applied for a general class of total Hamiltonians. There

are a handful of ways to do it, all of them equivalent although valid in different regimes,

but the most widely used is the weak coupling limit, hence we will follow it here [13, 14].

Assume again that we have HT = HS +HR +HI . The von Neumann equation for

the evolution of the total density matrix in the interaction picture reads13

d

dt
ρ(t) = −i [HI(t), ρ(t)] from where ρ(t) = ρ(0)− i

∫ t

0
dt1 [HI(t1), ρ(t1)] . [1.16]

Inserting the integral form into the differential form and taking the partial trace over

the reservoir degrees of freedom results in

d

dt
ρS(t) = −

∫ t

0
dt1TrR {[HI(t), [HI(t1), ρ(t1)]]} . [1.17]

So far, no approximation has been taken. Eq. [1.17] still contains the time evolution

of the total density matrix and therefore the evolution is unitary. To eliminate what will

be the unknown degrees of freedom from the calculation, i.e. the reservoir evolution, we

perform the Born approximation, which postulates that the coupling between the system

and the reservoir is sufficiently small (weak) as to make the effect of the system in the

environment negligible. In such case the total density matrix at time t can be written

as ρ(t) ≈ ρS(t)⊗ρR. It is important to stress here that the weak coupling limit does not

mean the environment is not evolving, but that it is doing it with negligible influence

from the system. With the Born approximation, and assuming an initial uncorrelated

system-environment density matrix , we obtain [20]

d

dt
ρS(t) = −

∫ t

0
dt1TrR {[HI(t), [HI(t1), ρS(t1)⊗ ρR]]} . [1.18]

13While it is true that all derivatives of the density matrix should be partial, we will, for brevity, write
them always as total, the results are invariant.
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The density matrix of the system still depends on all the previous evolution, hence

the ensuing approximation is called Markovian14, as it assumes that the state of the

system at time t, only depends on the present state

d

dt
ρS(t) = −

∫ t

0
dt1TrR {[HI(t), [HI(t1), ρ(t)⊗ ρR]]} , [1.19]

which is called Redfield [13, 21] equation. However, this equation still has a dependence

on the time evolution of the environment, that is, the correlations within the environment

still affect the system, therefore it is not truly Markovian (the reservoir past state still

influences the system at the present time), and will not in general follow a semigroup

dynamics, thence completely positive evolution is not yet guaranteed. We still have to

make one approximation to get rid of the time dependency. To understand how complete

positivity is recovered, we have to think in terms of closed systems. For the full system

plus reservoir dynamics, the evolution is unitary because we consider every degree of

freedom. This same principle can be applied when we consider the reduced dynamics. As

long as we permit evolution of the environment, information will escape the control of our

possible measurements and physicality of the results is thus not ensured. Accordingly,

the next approximation is to bring the upper limit on the integral in Eq. [1.19] to

infinity. To do so, it suffices to replace t1 → t− t1

d

dt
ρS(t) = −

∫ ∞
0

dt1TrR {[HI(t), [HI(t− t1), ρ(t)⊗ ρR]]} , [1.20]

and we obtain the Markovian quantum master equation15.

The Born-Markov approximation, as has been described above, can be understood

as a coarse-grained time scale. That is, to be able to ignore the evolution of the envi-

ronment, it must happen on a time scale (τR) in which any measurements on the system

–on a system time-scale τS >> τR– are not sensitive to them, which is the same as the

integrand in Eq. [1.19] disappearing sufficiently fast, so as not to be detected. Hence,

the system becomes again a closed system in which the dynamics is described by the

internal dynamics of the system which now contains also the effect the reservoir has left

imprinted as a renormalisation of the interaction Hamiltonian of the system. It would

seem that this alone satisfies complete positivity, but that is not so. As was noticed by

Davies [22] and proved by Dümcke and Spohn [23], Eq. [1.20] does not yet generate a

quantum dynamical semigroup. There remains a last approximation to be made.

14A Markov process is defined, in probability theory, as that whose future evolution can be calculated
based only on the state at the present, implying that future and past are independent. Such system is
said to be memoryless, as it conserves no memory of the past states

15It is important to stress that by Markovian we mean in the probabilistic sense, it has nothing to do
with the Markovians, an alien race from the Star Trek universe.
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The interaction Hamiltonian can always be written as a direct product of eigenop-

erators of the system (Q) and the environment (Ω) like HI =
∑

αQα ⊗ Ωα, which, in

Eq. [1.20] leads to

d

dt
ρS(t) = −

∑
α,β

∫ ∞
0

dt1TrR {[Qα(t)⊗ Ωα(t), [Qβ(t− t1)⊗ Ωβ(t− t1), ρ(t)⊗ ρR]]} ,

[1.21]

which still has not the form of a semigroup dynamics. The time evolution of the operators

Q is Qα(t) =
∑

ω Q
ω
αe
−iωt with Qωα expressed in the eigenbasis of HS ; consequently, and

after some algebra

d

dt
ρS(t) =

1

2

∑
ω,ω̃

∑
α,β

Γα,β(ω, ω̃)
{[
QωαρS(t), Qω̃†β

]
+
[
Qωα, ρS(t)Qω̃†β

]}
, [1.22]

with

Γα,β =

∫ ∞
0

dt1(ω)ei(ω−ω̃)tTrR {ρRΩα(t)Ωβ(t− t1)} , [1.23]

which represent the reservoir correlation functions and where the result Tr {ρRΩα} = 0

has been used. The problem with these, is that the exponential ei(ω−ω̃)tt oscillates

rapidly, and might lead to negative correlation functions, which would thence violate

positivity (as probabilities might become negative at some times). To ensure this does

not happens, one can perform a second coarse-grain on the time t, scaling it with the

interaction Hamiltonian coupling, as t → t/g2, and then use the Riemann-Lebesgue

lemma [29] prove that whenever ω 6= ω̃, the correlation functions vanish in the infinite

limit, provided the coupling is small enough. So we are considering now that the time

resolution of our measurements is big enough to capture the system free evolution dy-

namics but overlooks the interacting dynamics. That is, the time scale of relaxation for

the system is still much larger than that of the interactions. This is the so-called secular

(or rotating wave) approximation.

Lastly, to ensure integrability of Eq. [1.23], the trace over the reservoir must ensure

that the correlation functions decay with time. Otherwise they would lead to infinities.

But a finite reservoir means that the trace over the reservoir becomes a sum, which in

general will feature periodic functions, and so will diverge. To assure convergence, we

must assume an infinite reservoir, which then breaks the periodicity of the functions and

guarantees integrability by the Riemann-Lebesgue lemma.

Going back to the Schrödinger picture, the Markovian master equation is

d

dt
ρS(t) = −i [HS +HLS , ρS(t)]

+
1

2

∑
ω

∑
α,β

Γα,β(ω)
{[
QωαρS(t), Qω†β

]
+
[
Qωα, ρS(t)Qω†β

]}
, [1.24]
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which has the Lindblad structure of Eq. [1.15] that ensures complete positivity at

all times, and therefore physical results. The commutator in Eq. [1.24] features the

system Hamiltonian and the Lamb shift caused by the renormalisation of the system

energy levels due to the system-reservoir coupling coming from the imaginary part of

Eq. [1.23].

Equation [1.24] provides a simple way to calculate rigorously the physical evolution

of a restricted class of quantum systems, meeting specific conditions. However, such

kind of systems are not always accurate descriptions of reality, or on the other hand, not

always there is weak coupling. There are, nonetheless, some other different approaches

that still yield the same Lindblad generator that ensures proper dynamics. Those are the

low density limit [24] and the singular coupling limit [25]. In the former, the assumption

is that the environment is composed by an ideal gas at low density, such that the

scattering with the system, described as collisions, are sparse and happen in a fast

regime, that is, the collision time is much smaller than the evolution time of the system,

hence each collision can be treated as an independent event. In the singular coupling

limit, a rescaling of the reservoir Hamiltonian makes the correlation functions approach

Dirac deltas, allowing to recover the Markovian master equation.

When none of the above presented limits work, there are still some options, such

as stochastic differential equations, perturbations over the Markovian derivation and

several numerical techniques. In particular, a rather conceptually different approach is

that of Redfield [21], which we present in some detail in the next subsection.

1.4.1 The Redfield master equation

Redfield, or more correctly Bloch-Redfield master equations represent a different type

of Markovian master equations. Preceding in time the Lindbladian master equations,

the Bloch-Redfield approach has the drawback that it does not inherently behave well

(say completely positive) always, but rather it depends on the microscopic model for

the reservoir. On the other hand, this very same feature provides a much more flexible

formalism, as it connects the system behaviour to the physical properties of the reservoir,

and therefore allows a much wider class of environments and environmental properties to

be included in the dynamics while still conserving, if one is careful enough, the positivity

of the evolution.

While the Lindblad realisation of the Markovian approximation as described by

Eq. [1.24] is enormously simple, as it does not depend on the form of the interaction
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Hamiltonian, nor on the reservoir form, but just on the spectral density16, that describes

the distribution of the reservoir frequencies, hence favouring the use of phenomenolog-

ical models, Bloch-Redfield is a bit more complicated. Let us review the basics of the

formalism [21, 26, 27].

Beginning again with the Redfield equation [1.19], and a representation of the inter-

action Hamiltonian in terms of system and environment operators HI =
∑

αQα ⊗ Ωα,

now we plug this representation into the Redfield equation, and develop the commuta-

tors. The result is

d

dt
ρS(t) =

∑
α,β

∫ t

0
dt1[(Qα(t)Qβ(t1)ρS(t)−Qβ(t1)ρS(t)Qα(t)) 〈Ωα(t)Ωβ(t1)〉+

(Qα(t)ρS(t)Qβ(t1)− ρS(t)Qβ(t1)Qα(t)) 〈Ωβ(t1)Ωα(t)〉],

[1.25]

where it is again assumed that Tr {ρRΩα} = 0 and 〈Ωα(t)Ωβ(t1)〉 are the time dependent

correlation functions.

The time dependence of the operators in Eq. [1.25] is given by the corresponding

interaction picture equation Q(t) = eiHStQe−iHSt. Using the eigenbasis of HS , we can

write 〈m|Q(t)|n〉 = eiωmnt〈m|n〉 with ωmn = Em − En. These can de used to write the

Redfield equation in a much more compact form. Taking the density matrix elements

in the system Hamiltonian eigenbasis and moving to the Schrödinger picture, we obtain

d

dt
ρmn(t) =

∑
k,l

ρkl(t)

∑
j

δn,lΓ
+
mjjk(t) + Γ+

lnmk(t) + δk,mΓ−ljjn(t) + Γ−lnmk(t)

 e(ωmk−ωnl)t,

[1.26]

where ρmn(t) denotes the density matrix element 〈m|ρS(t)|n〉17, and with the compact-

ified notation for the correlation functions

Γ+
klmn(t) =

∑
α,β

〈k|Qα|l〉〈m|Qβ|n〉
∫ t

0
dt2e

iωmnt〈Ωα(t2)Ωβ〉,

Γ−klmn(t) =
∑
α,β

〈k|Qα|l〉〈m|Qβ|n〉
∫ t

0
dt2e

iωklt〈ΩαΩβ(t2)〉,
[1.27]

where we have used that the time dependence of the reservoir can be written as Ω(t) =

eiHRtΩe−iHRt, and the cyclic property of the trace to get rid of one of the time depen-

dencies, by re-expressing 〈Ωα(t)Ωβ(t1)〉 = 〈Ωα(t − t1)Ωβ〉 with ρR(0) stationary with

respect to HR, and changing the time variable to t2. We can now use Eqs. [1.25] and

16A spectral density or spectral function is just a function that describes the distribution of frequencies
in the environment as felt by the system due to the interaction Hamiltonian.

17Henceforth, we will drop the subscript S from the system density matrix, whenever we refer to its
elements, as in ρmn(t) = 〈m|ρmn(t)|n〉.
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[1.27] to directly see how the Markovian and the secular approximations work, where do

they come from, and which are their consequences.

First, observe that the environment correlation equations [1.27] will lead to time

dependent rates, which, as we said in the previous section, might lead to unphysical

results, thus it might lead to potential unphysical results. To apply the Markovian

approximation here means to bring the upper limit of the integral to infinity, thus getting

rid of the time dependence. To understand the condition under which this limit can be

taken, we have to look again at 〈Ωα(t− t1)Ωβ〉. The reservoir degrees of freedom evolve

on a time scale τ measured by the properties of the environment. Hence the integral

in Eqs. [1.27] will vanish over such time scale, and will only be non zero whenever

t− t1 ≤ τ , that is, between t1 ≈ τ − t and t1 = t. Meaning that only when ρ(t1) falls in

that time interval, will it have influence on the total state of the system ρ(t). Which is

the same to say that only in this time interval, is the system capable of memorising its

state. Therefore, the Markovian approximation is applicable whenever τ is much smaller

than a characteristic time of the system (decay time 1/γ) that measures the time scale

over which macroscopic changes are appreciable.

Secondly, Eq. [1.25] features a time dependent exponential term that involves energy

differences, and that vanishes whenever Em + El − En − Ek = 0. This term very much

resembles the rapidly oscillating one we encountered in the previous subsection. Indeed,

the secular terms are those for which this term is not present, hence recovering again

the result that these terms are negligible whenever the time scale of the derivative is

much longer than the energy difference, such that the system performs numerous cycles

inside each time step, averaging out thus their effect.

Assume that the condition Em +El −En−Ek = 0 is met. A bit of algebra and the

Schrödinger picture then transforms the equation [1.25] into

d

dt
ρmn(t) = −i [HS , ρmn(t)] + δmn

∑
k 6=n

ρkk(t)Wkn(t)− ρmn(t)γmn(t), [1.28]

where the rates are conveniently redefined as

Wkn(t) = Γ+
nkkn(t) + Γ−nkkn(t),

γmn(t) =
∑
k

(
Γ+
mkkm(t) + Γ−nkkn(t)

)
− Γ+

nnmm(t)− Γ−nnmm(t).
[1.29]

If we are using the eigenbasis of the Hamiltonian HS , then the elements of the

density matrix are rightfully named populations for the diagonal (ρnn) and coherences

(ρnm n 6= m) for the off-diagonal. Populations correspond with probabilities of energy

levels in the system Hamiltonian. In such basis, the evolution of the populations in the
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secular approximation yields, according to Eq. [1.28]

d

dt
ρmm(t) =

∑
n6=m

ρnn(t)Wmn(t)− ρmm(t)
∑
n6=m

Wnm(t), [1.30]

while for the coherences, it is particularly simple

d

dt
ρmn(t) = −iωmnρmn(t)− γmn(t)ρmn(t). [1.31]

So the evolution of coherences and populations is decoupled in the secular limit (up to

possible degeneracies in the system Hamiltonian). Coherences are exponentially sup-

pressed, as one would expect in a quantum to classical transition, while populations

obey the so-called Pauli master equation. This was the first quantum master equation,

and described in a simple way the transitions between atomic levels. In a sense, the

only quantumness of the Pauli, or any secular master equation (which are equivalent

statements) is that there are discrete energy levels, with transitions and that these tran-

sitions are induced by a reservoir (or a quantum field) which involves quantum degrees

of freedom. Otherwise, the equations are classical, and obey a classical detailed balance

principle, as we will see in the next subsection. Note in addition that in applying the

secular approximation, the time dependence of the correlation functions can be kept,

thus leading to a Pauli master equation outside the Markovian approximation.

1.4.2 Detailed balance and relaxation to equilibrium

In classical systems, detailed balance was first introduced by Boltzmann in 1872 to prove

his H-theorem. He founded the argument in microscopic reversibility, namely that at

the microscopic level interactions are time-reversible, which in turns translates into each

process being in equilibrium with its counterpart whenever the considered system is in

thermodynamic equilibrium at the macroscopic level. Following van Kampen [28], the

principle of detailed balance is formulated for classical systems as

W (y2|y1)P eq(y1) = W (y1|y2)P eq(y2), [1.32]

with yi any set of macroscopic observables, P eq the equilibrium distributions and W

the transition matrices between states. It can be shown that detailed balance will hold

whenever the system is closed and isolated, and the Hamilton equations of motion for

the microscopic degrees of freedom are time reversible (that is, the process conserved

the volume in phase space). A necessary condition for detailed balance to hold is that

the process has to be Markovian (in the probabilistic sense). It is instructive to take
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a closer look at some of the properties and consequences of classical systems detailed

balance, as the correspondent for quantum systems will share many of the features.

If detailed balance is satisfied, then, any initial probability distribution will always

relax to equilibrium. To prove it, assume a discrete system whose evolution is given by

Ṗ (t) = WP (t), where W = Wnñ − δnñ(
∑

ñWñn) is the transition matrix. By detailed

balance, we can write Wñn = (P en)−1/2Wnñ(P eñ)1/2, which makes Wñn a symmetric,

and thus diagonalizable matrix. But then it also implies that W is also diagonalizable,

and therefore it can be written as Wφλ = λφλ. As transition matrix, W satisfies

the conditions18 for the Perron-Frobenius theorem to be pertinent [29]. And from the

equilibrium condition we know that the highest eigenvalue must be λ = 0, hence λi <

0 ∀i 6= 0, and the solution for the equation of motion is

P (t) =
∑
λ

cλφλe
λt = P e +

∑
i>0

cλiφλie
λit, [1.33]

ensuring relaxation to equilibrium. The generalisation to continuous systems is straight-

forward.

The same principle can be applied also when the system is in contact with a heat

bath. In such situation, detailed balance is written

W (y2|y1)g(y1)e−ε(y1)/T = W (y1|y2)g(y2)e−ε(y2)/T , [1.34]

with gn being the volume in phase space occupied by the system, and T is the heat bath

temperature.

A closed quantum system will, in general19, be microscopically time reversible, there-

fore, the macroscopical observables will follow the same detailed balance principle as

stated above. For open systems however, the situation is not so clear. It is obvious that

unitarity is violated, hence time reversibility will not hold in general. So to recover a

notion of detailed balance, some assumptions have to be made.

Here, we will follow Alicki in obtaining detailed balance whenever semigroup dy-

namics is imposed [30, 31]. Suppose L is the generator of a semigroup dynamics such

that ρ̇ = Lρ, written as L = −i[Heff , O] + LD. Then, detailed balance is satisfied for

a stationary state ρeq if [Heff , ρeq] = 0, and the scalar product on the Hilbert space is

symmetric 〈A,LDB〉 = 〈LDA,B〉, with 〈A,B〉 = Tr{ρA†B}. In such case, the generator

L is a normal operator of the Hilbert space20.

18Positive real entries, guaranteed if the process is Markovian
19Exceptions such as kaons decay will not be considered here
20A normal operator satisfies N : H → H and [N,N†] = 0.
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In addition, from Eq. [1.14] we know the general form of the generator L, which

when combined with the properties of normal operators, and the fact that if ρ is non-

degenerate in the energy basis, diagonal and non-diagonal terms decouple, leads to (after

some algebra)

d

dt
ρnn(t) =

N∑
k=1

(WnkPk(t)−WknPn(t)) [1.35]

and

Wnkρ
eq
k = Wknρ

eq
n , [1.36]

which is the analogous detailed balance relation for the quantum system. Hence a com-

pletely positive dynamical map normal in the Hilbert space of the total Hamiltonian will

satisfy detailed balance. If in addition, the Hamiltonian is time reversible T : H → H
then Agarwal demonstrated that there is microreversibility and detailed balance in the

classical fashion is recovered [32, 33]. This is important because in such case the eigen-

vectors of L can be easily obtained and it can be shown that the same properties for the

eigenvalues as obtained for the classical case are fulfilled, therefore return to equilibrium

will always be guaranteed for any initial condition of the system and limt→∞ e
Ltρ = ρeq.

Moreover, the evolution of the density matrix elements will be monotonic. The reverse

proves also true. If the generator L is not of the Lindblad form, detailed balance is

violated. Hence Markovianity and detailed balance are intimately connected.

So far nothing has been said about the reservoir that couples to the system. Suppose

that this coupling is weak and that both the Markovian and secular approximations hold.

Then, by Bochner’s theorem [29], the Fourier transform of any correlation function that

is positive, will be positive. Hence∫ ∞
0

dteiωtTr
{
ρ(O†α(t)Oβ)

}
=

1

2
F̂α,β(ω) + iSα,β(ω), [1.37]

with 2F̂α,β(ω) ≥ 0 and Sα,β(ω) = Sα,β(ω). If the density matrix satisfies a Kubo-Martin-

Schwinger (KMS) condition, then Fα,β(−t) = Fα,β(t−iβ) where β = 1/T . But the KMS

condition is satisfied if and only if, in a finite volume, the density matrix is a KMS state

ρ =
e−βH

Tr{e−βH}
. [1.38]

The KMS condition holds for equilibrium states in the thermodynamic limit. More-

over, the KMS condition must be satisfied in order to have time translational invariance

and therefore energy conservation. Hence a reservoir in thermal equilibrium must have

the form given by Eq. [1.38]. Applying that to the Lindblad generator, and using the

detailed balance condition, it is obtained that, using the same notation as in the previous
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sections

Γαβ(−ω) = eβωΓβα(ω), [1.39]

which is the analogous to the classical detailed balance condition in the case of a sys-

tem in contact with a heat bath. So energy conservation through the KMS condition

implies detailed balance and the reverse is also true. Accordingly the KMS condition

and detailed balance are also intimately connected. Therefore Markovianity and energy

conservation will also be. One might expect then that if Markovianity is not satisfied,

all sort of problems come about. In the next section, we briefly review some of the

characteristics of these class of systems that cannot be brought to the Lindblad form.

1.5 Non-Markovianity

So far in this chapter our concern has been to describe the rules for a quantum theory

of Nature that is able to describe reality without crevices, allowing no deviations from

physicality. In the process, we began with quantum mechanics of closed systems, a

complete theory, and used a set of rules and approximations to adapt it to open systems,

obtaining that to have a physical theory of open systems we have to impose completely

positive dynamical maps to describe the evolution of such systems. Such condition

leads to the result that the open system will always increase its entropy, and therefore

information can only escape the system, but never there is the opposite information

flow. This imposes a definite structure for the equations governing dynamics in open

systems, namely, Lindblad (or better GKSL21) structure. Which in turn also means

that there exists detailed balance in the system and the reservoir that is in a KMS

state, and that the system evolution in the energy basis will decouple coherences and

populations. While the former will simply dissipate its energy into the environment, the

populations will always relax towards the equilibrium state of the system. The kind of

processes that fall under the Markovian category, are completely irreversible. Hence,

what we have is the two poles of the quantum world (see Fig. [1.1]). On one side,

closed systems are unitary, time reversible and detailed balanced. On the other, open

Markovian systems are completely positive, conserve probabilities and are also detailed

balanced, but not unitary, and completely irreversible. In between, lies a whole world

of systems that neither are closed nor they can be applied the approximations that lead

to Markovianity. These are named non-Markovian systems.

It is not the scope of this chapter, nor of the thesis, to cover the whole non-Markovian

zoo. It can be fairly said that there are at least as many non-Markovian definitions,

descriptions and measures as there are groups studying the topic. For clear reviews on

21Standing for Gorini-Kossakowski-Sudarshan-Lindblad.
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Figure 1.1: Schematic representation of the quantum realm time evolution. To the
left, closed systems evolve unitarily, therefore dynamics is completely time reversible.
On the other end, completely positive, Markovian systems dynamics is utterly irre-
versible. Dynamical equations for these class of systems features a unitary part, re-
sembling that of closed systems, and a dissipater LD, which is of the Eq. [1.14] form.
The reservoir “monitors” the system, acting as an observer that ensures the system’s
entropy grows and that no information goes back, effectively driving the system towards
its classical configuration. In between lies the non-Markovian regime that bridges both
extremes. Several non-Markovian measures and characterisations have been proposed
to understand a wealth of systems whose properties make them lie distant from the
two well known limits represented. But it is fair to say that the topic remains terra
incognita. There are still many open questions regarding non-Markovian systems.

the issue of non-Markovianity, the reader is referred to [34–37] and references therein.

The problem to define what non-Markovianity is stems up from the issue that there

is also not a clear definition for Markovianity itself. Here we have defined Markovian

processes as those that are completely positive and have a semigroup evolution. The

condition is that the decay rates of the environment must be time-independent, and

the Liouvillian must adopt the form Eq. [1.14]. Nonetheless Markovianity can also

be defined in terms of divisibility of the evolution maps. In plain and simple words, a

Markovian process is characterised by an environment that is completely passive, of who

we know nothing and we do not care. That way, information pours from the system

and is lost. And just care about the evolution of the system. So non-Markovianity

means knowing something about the environment, about its evolution. Which means

that the barriers separating system and environment become blurred, and information

might go back to the system. This is so, because as we move towards the left in Fig.

[1.1] knowledge about the reservoir increases, until there is no distinction to be made

amongst system and reservoir, and we recover complete information about the system,

hence again closed.

The key point is to understand that although Markovian equations ensure physical-

ity of the results at all time, non-Markovian properties do not mean physics is wrong,

nor that physicality is lost or unachievable, but rather that what we know with cer-

tainty, the regime where the approximations work, is a rather small portion of the whole
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physical framework. In particular, what is known as non-Markovian effects, such as

time dependent rates, of backflow of information into the system, is not only a physical

reality, but proves of paramount importance in several physical processes, as we will

see throughout this thesis. The significance is clear. Despite the numerous attempts to

acknowledge quantum non-Markovianity, much is still unknown or poorly understood.

Hence much work is still needed in numerical and theoretical techniques and methods

that allow a clear and comprehensible treatment of such class of systems, there not only

is much to be learnt, but also the rewards in terms of expertise and technology are worth

the effort.



Chapter 2

Quantum Photosynthesis

¿Qué es mi Dios? La libertad.

José de Espronceda

2.1 Introduction

The microscopic world is governed by quantum mechanics, so it is natural to assume

that quantum mechanics also underlies every life giving process. Accordingly, the ques-

tion arises intuitively: if it is true that any interaction between particles is, ultimately,

quantum mechanical, what is the biological scale at which quantum mechanics becomes

relevant? Is there any biological process, above the obvious molecular level, at which

quantum effects are, not only occurrent, but essential for life? To answer such questions,

quantum biology has, in the recent years, emerged as a thriving field of theoretical and

experimental research.

It is nonetheless fair to say that the application of physics to biological problems is an

old topic. What is known today as biophysics was probably born already in the 1840’s

when a group of people, such as Helmholtz, started employing physical reasoning to

solve physiological problems in a systematic way1. From that time on, the application

of physics theories and experimental techniques in the field of biology has produced

abundant and satisfactory results. Serve as an example, the theoretical and experimental

research that ultimately lead to the discovery of the double helix structure of DNA.

1Before that time, people such as Galvani, or even Newton, were already applying physical knowledge
to biological problems, but probably not in a systematic way, or not directly but as a consequence of
their research in other areas.

21
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Quantum biology is, in every sense, a more recent field of research, as only in the

recent years have the experimental techniques developed enough capacity to probe the

quantum nature of biological processes. Yet the concept is almost as old as quantum

mechanics itself. Already in 1932, Jordan was referring to the application of quantum

mechanics in biology, if only from a philosophical point of view [38]. These ideas were

developed in the ensuing years, and crystallised in a book in which Jordan asked the very

same question posed above, and indeed coined the term quantum biology [39]. Hence,

the field saw its first light. In 1944, Schrödinger2 noted that, as quantum mechanics is

essential for understanding the stability and structure of molecules, it must also stabilise

the processes, reactions and structures that happen in living organisms [40]. In his

book, he also pointed out a fundamental characteristic of every life process, namely its

statistical and stochastic nature. In the previous chapter we mentioned that quantum

mechanics is probabilistic. The occurrence of any event in an organism is, consequently,

a random event. Hence any process relevant to life will occur as a result of statistics.

Moreover, it is precisely this statistical average what allows order to be created from

disorder, thus permitting life to be [40].

Since then, quantum biology progressed slowly from being a purely speculative the-

oretical field until nowadays, when experiments started to show promising results in

testing the hypothesis and advancing new, unexpected outcomes which pushed the the-

ory to break its boundaries and generated a cascade of new insights which still continues

to grow. The question comes up naturally. What is quantum biology? And, where do

we find it?

2.2 Quantum biology in a nutshell

Quantum biology encompasses those biological processes which, having a physiological

impact above the chemical or molecular scales, either would not happen altogether

without quantum mechanics (namely, no known classical theory can describe them) or

are sensibly enhanced by quantum effects3.

One would expect that it is impossible for quantum effects to have a biologically

relevant role. The condition for quantum phenomena to be observable is, typically,

that of relative isolation with respect to any kind of environment, enabling coherence to

survive long enough with respect to the relevant time scale of the framework. Biological

2Influenced by Jordan’s research and probably giving answer to his intellectual challenge. In his book
he also tackled the problem of genetics, setting the path that led to the discovery of DNA structure and
the laws governing inheritance and character transmission via chromosomes.

3Quantum effects are those predictions of quantum mechanics about the behaviour of a system which
have no classical counterpart; examples are superposition, entanglement, coherence or tunnelling.
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systems are, by their very nature, exactly the opposite. Room temperatures and noisy

processes makes the survival of quantum phenomena, comparable with the biologically

relevant time scales, unlikely4. Yet intuition is prone to fail when dealing with quantum

mechanics. Not only are there relevant biological processes happening on time scales on

which decoherence has not yet taken place, but also in a very localised region; it has

even been proposed that the environment of such processes not only does not destroy

quantum phenomena, but actually enhances them [41, 42]. Consequently, not only are

there relevant quantum effects in biology, but the tool to study them has to be the

theory and methods of open quantum systems.

Amongst the relevant biological processes for which quantum mechanics is essen-

tial, vision and other photochemical processes are probably the most prominent. The

absorption of light into a highly symmetric arrangement of electronic states causes a

transition to a high energy excited configuration of a molecule, that involves a symme-

try transformation. Upon return to the equilibrium configuration, energy is released

and triggers a chain of chemical reactions that ends up in the generation of an electric

signal, which in turn leads to either vision, or other processes such as bioluminiscence,

DNA protection and several other phototropic effects. This is an example of excited

state quantum mechanics [43, and references therein].

Electron and proton tunnelling has also been suggested to be of importance in charge

transfer across proteins. These are not electrical conductors, yet charge is indeed trans-

ferred in processes such as photosynthesis and respiration, among others. A prominent

example of such a mechanism is olfactory reception, where the vibrational spectrum of

the right aromatic molecule enables the tunnelling of an electron in the receptor, which

triggers the electric current that the brain interprets as smell [44].

A different example of quantum effects in biology regards magnetoreception, where it

has been proposed that entanglement between the singlet and triplet states of the radical

pairs of receptors occurs due to coupling to the magnetic field of the earth. Decoherence

then happens due to the same magnetic field yielding a detectable signal depending on

the orientation with respect to the magnetic field. Although still a hypothesis, recent

results strongly point in favour of this mechanism [45].

However, beyond any doubt, the paradigmatic example of quantum effects in biology,

which gathers the most experimental support and is centre of the strongest research

effort, is photosynthesis. Specially the light harvesting and energy transfer processes

[46]. The smoking gun that raised the interest of physicist was the fact that the quantum

4The biological process is, in this case, any interaction between two or more components of any living
organism. The environment is thus the surroundings of these components.
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yield of photosynthesis often is close to one5 [47]. Due to its importance, and because

is the main biological topic of this thesis, in the remainder of the chapter we will focus

on describing photosynthesis and quantum effects in photosynthesis.

In view of these examples, the definition of quantum biology has to be enlarged to

accommodate for the possibility of biological systems actually supporting and promoting

quantum dynamical trends in biology. It is a complex interplay amongst biological design

and quantum dynamics of open systems, what spans the field of quantum biology. In the

process of developing the field not only new biological perspectives have been found, but

also theoretical and experimental techniques, as well as new insights in open quantum

systems theory have had to be developed. It is fair to say that the intercourse of fields

has enriched both of them, leading to a brand new branch of science with far reaching

objectives and applications.

2.3 Classical photosynthesis

Photosynthesis is the mechanism by which ambient photons are converted into life sus-

taining chemical energy. It is fair to say that most (if not all6) life on Earth has photo-

synthesis as the fundamental source of energy. The best known organisms that perform

photosynthesis are probably higher plants, but algae and several species of bacteria also

have photosynthesis as their sole source of energy. Most photosynthetic life performs

the oxygenic variant, that is, energy provided by photons is used to recombine carbon

dioxide and water to produce carbohydrates and adenosine triphosphate (ATP)7, with

oxygen as byproduct. Specifically, photons hydrolyse water (H2O which here acts as a

source of protons (H+) and electrons (e−). However, the role of hydrogen donors, can

be played by any H2A molecule, where A can be, for example, sulphur. This is the

anoxygenic photosynthesis variant, where the byproduct is not oxygen, but any other

element A.

Oxygenic photosynthesis is present in all plants, algae and cyanobateria, while

anoxygenic photosynthesis is found in some purple, green, acido- and helicobacteria.

Nonetheless, variations of the photosynthetic apparatus amongst different phototrophs8

are minimal, and mostly related to the ambient conditions in which they live. In par-

ticular, the former use the Sun as the main source of energy, while the latter can live

in absence of solar light, e.g. in the vents found deep in the ocean. For these, the

5That is, the efficiency of the corresponding quantum process. If it is one it means that each incoming
photon leads to the formation of a product. No energy is wasted.

6Any food chain can be ultimately tracked down to photosynthetic organisms.
7The ATP is the fundamental energy storage molecule.
8A phototrophic organism or phototroph refers to any life form that has photosynthesis as the primary

energy source.
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amount of photons available is usually small, and typically the energy of those photons

lies closer to the infrared, as compared to the Sun, which peaks in the visible part of

the spectrum (concretely around 400 nm). Hence the anoxygenic bacteria must be more

efficient in capturing and using the photons available. That is why they prove to be the

ideal candidates for finding non-trivial quantum effects in the photosynthetic process.

But before entering into the quantum details, let us briefly describe what the process is

about and which molecules and reactions it involves.

LH1LH2

ATP synthasa

cytochrome BC1

cytochrome C2

RC

ADP

ATP

Q2-

QH2

e- e-

e-

H+

Photons

Photons

Figure 2.1: Photosynthesis of purple bacteria. Incoming photons excite an electronic
state in the LH2 complex. The excitation is transferred in a series of steps to the
reaction centre (RC) sitting in the middle of the LH1 ring. The excitation is used in
the RC to liberate an electron, which is transported (purple lines) by a cytochrome
C2 to the cytochrome BC1 where the energy is used to hydrolyse the AH2 hydrogen
donor. The Q element goes back (blue lines) to the reaction centre, where it is used as
electron source, while the protons are transferred (yellow lines) to the ATP synthasa,
where the final reaction takes place, converting ADP into ATP, storing thus the energy
of the photon captured at the beginning of the process.

Photosynthesis is usually divided in four distinct steps9, depicted together in Fig.

[2.1]. The process begins with the absorption of a photon by specialised pigment-protein

complexes (PPCs). These contain (bacterio)chlorophylls10 (see Fig. [2.2](A) and (B)),

which are molecules known as pigments that get excited by incoming photons. The

9Most of what is said here about photosynthesis is taken from the great book by Blankenship et al.
[47], with contributions from other non-conventional sources such as highschool books on biology.

10Chlorophylls refer to the photosynthetic pigments present in oxygenic phototrophs while bacterio-
cholophyills (BChls) are closely related molecules but in anoxygenic bacteria. The main difference is the
absorption frequency, which is redder in the BChls.



26 Chapter 2. Quantum photosynthesis

pigments are organised inside a protein matrix, hence the name pigment-protein com-

plex. PPCs are usually organised in arrays, creating effective antennae that maximise

the absorption surface and efficiency. The electronic excitation is then created at one

point (one PPC) in the antenna, whose proteins are weakly coupled, allowing the ex-

citation to be funnelled from one PPC to another until it reaches the reaction centre

(RC) –which sits at the bottom of an energy well– where the next step takes place.

The amount of pigment-protein complexes per reaction centre varies across species, and

typically reflects the environment in which the organisms live and the amount of light

available.

Once the excitation reaches the reaction centre, the energy is used to release an

electron from an absorption unit, which typically is a pigment like the ones in the

antennae, but with a different protein matrix embedding that makes up for the special

tasks performed there. The released electron binds to an acceptor, creating thus an

imbalanced situation with two ionised molecules. This second stage of photosynthesis

is reversible, and the electron can be easily transferred back, with the energy released

as heat. To avoid energy loss, a complex chemical chain reaction happens immediately

afterwards (the whole process takes place in less than a nanosecond). The purpose of

this third stage of secondary reactions is to spatially separate the two ionised molecules

so as to make recombination impossible. The chemical process consumes energy, but

also creates a proton gradient which, when dissipated, is used to synthesise ATP, the

energy storage molecule. In addition, the lost electron in the initial pigment is provided

by the H2A molecule, releasing A as a byproduct11.

The final phase of photosynthesis involves employing the energy and products ob-

tained in the previous stages to reduce carbon dioxide (or other carbonic components)

into complex sugars, which will then be used as food for the cell, concluding thus the

photosynthetic process. In principle, there is no reason for quantum effects to be present

in photosynthesis other than trivially. In the following, we will describe how this is not

the case, and where and how quantum phenomena show up and are studied and tested.

2.4 Quantum effects in photosynthesis: the theory

Of the four stages in which photosynthesis can be divided, is the first one which has

attracted the greatest attention in the quest for quantum effects. The reasons are various,

but the main one is the total time it takes energy absorption and transfer, usually tens

11Actually, the water-like molecule is hydrolysed at the beginning of the process. One of the electrons
replace the lost one in the donor, while the other also enters the chain reaction. The protons hence
create a positive gradient.
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of picoseconds until the excitation reaches the RC, and the efficiency with which it is

performed. The process is so optimised that typically, for each incoming photon, the

formation of final products takes place, yielding a quantum efficiency in many cases

greater than 95%. In addition, these first stages are experimentally more accessible,

and, as they are purely physical processes, more easily understood with simple models;

hence more suitable for to investigation. Let us then describe where and what kind of

quantum effects can be found, and how they are modelled and understood.

2.4.1 A word on bacteriochlorophylls

Light absorption in photosynthesis is remarkably simple in its physical description. An

incoming photon of the right frequency interacts with a two level system (whose energy

gap coincides with the photon frequency) causing a transition from the ground state

into the excited state. The basic photon capturing unit is the chlorophyll for oxygenic

organisms and the bacteriochlorophyll for anoxygenic bacteria. Both are very similar

in atomic structure and the differences only reflect the ambient conditions in which the

phototroph evolved, as the optical absorption frequency varies from around 600 nm to

the infrared at 1000 nm. They all function in the same way.

Figure [2.2](B) represents the chemical structure of one such bacteriochlorophyll, a

BChl a. The carbon chain (tail) serves to anchor the BChl to a protein scaffold while the

head is composed of two reduced pyrrol rings (with an extra electron) plus two neutral

ones, and a twice oxidised magnesium atom sitting in the middle. The Mg atom donates

the two electrons that delocalise on the pyrrol rings by occupying the lowest states of the

system of conjugated π molecular electronic orbitals which are spanned by each of the

double bondings shown in Fig. [2.2](B). Each π orbital has two states, thus transitions

of the electrons to higher energy states can happen due to interaction with a photon of

the right frequency, endorsing the BChl with light harvesting power.

The system of π orbitals can be simplified to a rough but essentially correct BChl

model with just two occupied plus to empty energy levels. With this model, the two

absorption bands experimentally observed (see for example [48]) can be reproduced.

Each of these bands features two transitions. The so-called Q-band comprises two long

wavelength transitions while the B-band holds two low wavelength transitions, usually

falling in the near ultraviolet, as represented in Fig. [2.2](A), and thus unimportant for

photosynthesis. Each of the two Q transitions is polarised along one axis of the BChl,

as shown in Fig. [2.2](D), hence the names QY and QX , joining respectively the 1-3 or

the 2-4 nitrogen atoms, depicted in green in Fig. [2.2](D). Transitions between orbital

states are electronic, therefore, when the electron moves from the ground state to a more
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Figure 2.2: (A) Absorption spectrum of a BChl a in toluene (data from http://omlc.

org/spectra/PhotochemCAD/data/135-orig-abs.txt). (B) Chemical structure of a
bacteriochlorophyll a, showing the magnesium atom sitting in the middle of four pyrrol
rings. The Mg loses two electrons, which reduce two of the pyrrol rings (hence the single
bonded nitrogen atoms), while the other two conserve a double bond. Each alternation
single-double bond creates one π orbital, with two possible states. The absorption
properties of the Q-band in a BChl are characterised by two eletronic dipole transitions
between orbital’s ground and excited states, which are polarised along the two main
axis of the BChl head (D). The most important transition is the so-called QY , which
for the purposes of quantum biology studies can be modelled as a two level system with
transition energy εi (C). Being an electronic transition, the excited state changes the
electronic configuration of the BChl, creating an induced dipole moment.

energetic state, the BChl acquires an induced dipole moment µi, which characterises the

optical strength (proportional to the magnitude of the induced dipole) of the BChl at

the given frequency12 [49]. For the bacteriochlorophylls, the strongest of the two is the

QY transition, which also happens to be the less energetic. This means it determines

the peak frequency of absorption of the BChl, thus allowing an even more simplified

version of a BChl as a two level system with a ground state |g〉 and an excited state |i〉
with energy εi and induced dipole moment µi as shown in Fig. [2.2](C).

2.4.2 Pigments and antennas. Networks of bacteriochlorophylls

Isolated, a BChl can only absorb one photon at a time for a given frequency, having

then to wait until spontaneous de-excitation (≈ 1 ns) occurs before being able to absorb

another. Such a process would be terribly inefficient and, in addition, several electronic

excitations are needed at the same time for processes such as charge separation or water

12The picture is slightly more complicated, as it involves the properties of the different states of the
orbitals as well as their interactions, and it is ultimately the shape of these orbitals what characterises
the strength of the induced dipole. Nonetheless the important thing is that is this strength, together
with the electric polarisation of the incoming photon, what determines which transition happens.

http://omlc.org/spectra/PhotochemCAD/data/135-orig-abs.txt
http://omlc.org/spectra/PhotochemCAD/data/135-orig-abs.txt
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oxidation [47]. That is why phototrophs draw on pigments and antennas, which are

groups of BChls capable of enormously increasing the surface area of absorption and the

amount of photons absorbed. This however poses the problem of energy transport, as

the pigment in which the photons are absorbed might be distant from the RC where the

energy is used (see Fig. [2.3]). Transporting efficiently the energy and minimising the

impact of losses, means performing the task faster than thermal dissipation. It is in this

context where quantum coherence is capable not only of increasing the speed but also

of explaining the almost near unit efficiency of the whole process.

Organisation happens at two scales. In the first one, up to tens of BChls are densely

packed in apoprotein matrices13, conforming the light harvesting complexes (LHC) or

pigment-protein complexes (PPC). Each excited BChl has an induced dipole moment

which creates an electric field felt by the rest of BChls via dipolar interaction, meaning

that each chromophore14 is coupled to each other one. The system is well described by

the Hamiltonian

Helectronic =
∑
i

εi|i〉〈i|+
∑
i 6=j

Jij |i〉〈j|, [2.1]

with dipolar couplings Jij between BChl excited states ranging from tens to hundreds of

wavenumbers15 [50, 51], strong enough16 to modify the stationary absorption properties

of the individual BChls by leading to the formation of delocalised eigenstates |α〉 or

excitons. These are calculated by diagonalising the Hamiltonian in Eq. [2.1], yielding

|α〉 =
∑

i c
α
i |i〉. The induced dipole moment of the transitions is accordingly redis-

tributed in such a way that the dipole strength –determining the absorption properties–

of the eigenstates is µ2
α = (

∑
i c
α
i µi)

2. On the one hand, this means the absorption

frequency does not have to be the same as for isolated pigments, thus providing the

LHCs with adaptive capacity to tune to the optimal frequency where the most photons

are available. Accordingly, it means absorption happens into energy bands supported by

electronic coherence. Excited states now span various BChls, as shown in Fig. [2.3](A),

with the energy distributed across space due to coherent effects. Delocalisation is proba-

bly the most prominent, confirmed non-trivial quantum effect that enhances a biological

process.

Explaining how light is absorbed and transported requires however not only consid-

ering the arrays of bacteriochlorophylls but also the environment in which they operate.

13An apoprotein is a union of proteins to form a complex molecule.
14The literature often interchanges bacteriochlorophyll, pigment, chromophore, etc.
15100 wavenumbers, or cm−1, are equivalent to 333 fs, while for example, 700 nm (visible light) is

equivalent to 14200 wavenumbers.
16Namely relative to the reorganisation energy, which is a measure of the strength of the coupling

between the chromophore and the environment, and the electronic energy differences among BChls
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The protein scaffold influences the delocalisation and coherent properties of photosyn-

thetic excitons. The protein matrix is not a rigid solid; it is subject to slow confor-

mational deformations that cause random fluctuations in the electronic Hamiltonian

parameters, such as changes in the chromophore’s transition energies or in the coher-

ent electronic couplings. That is the so-called static disorder, an means the exciton

states will be more localised; hence less coherence is present in the absorption process.

The effect is easily understood with just two sites in Eq. [2.1], where the excitons are

ψ = cos(θ/2)|1〉 + sin(θ/2)|2〉, with tan θ = 2J/(ε1 − ε2) being the mixing angle. If the

BChls are resonant, θ = π/2 and the exciton is completely delocalised on both chro-

mophores, while if the resonance is not perfect, or if the dipolar coupling J is too small

compared with the energy gap, the exciton localises in one of the BChls. The effect

of static disorder is considered by introducing Gaussian distributions for the pigment

energies and dipolar couplings, centred around zero and with standard deviation σ(T )

that depends on the temperature, taking a large number of realisations for the electronic

Hamiltonian and averaging the results. Experimentally, static disorder leads to inhomo-

geneous broadening of the LHC spectra with more frequencies being absorbed and/or

emitted (with the result of a loss in intensity).

Probably the most important source of localisation and decoherence is the coupling

of the electronic degrees of freedom of the bacteriochlorophylls with the stochastic fluc-

tuations of the protein environment that is the origin of the dynamical disorder [52]. It

is described by the electron-phonon Hamiltonian

Hel−ph =
∑
i

∑
k

gi,k(a
†
i,k + ai,k)|i〉〈i|, [2.2]

where the coupling gi,k can be rewritten in terms of the Huang-Rhys factors as si,k =

g2
i,k/ω

2
k, with ωk the frequency of the phonon k, as described by the Hamiltonian

HR =
∑
k

ωka
†
i,kai,k. [2.3]

It is usually assumed that the phonon environment is local for each BChl, and that it

couples diagonally to the electronic degrees of freedom. The reason is that the phonons

usually have 10 to 100 times smaller excitation energy, thus no excitation-phonon con-

version occurs directly [53].

Due to the large number of possible frequencies of fluctuations, it is unthinkable to

treat the interaction with the phonon bath exactly. Rather, the strategy is to follow

the mechanics of quantum open systems described in the previous chapter [1], where

the phonons play the role of environment. Hence the sum in Eqs. [2.2] and [2.3] is

replaced by a continuum distribution of phonons characterised by their spectral density
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S(ω). Acting directly on the BChls, the effect of the environment can be interpreted as

a dynamical modulation of the excitation energies that causes localisation of eigenstates

due to the loss of coherence (dephasing of the system). Nonetheless, if the electron-

phonon coupling gi,kis smaller than the dipole coupling Jij , the time scale of interaction

with the environment is slower than the excitonic formation time scale. Consequently,

the action of the environment takes place on the excitons and therefore delocalisation

is partially preserved. To some degree, quantum electronic coherence will always be

present. The impact of the environment is, on the excitons, twofold: first, it will produce

incoherent energy transfer towards the lowest energy exciton (a process known as Förster

energy transfer), dissipating the excess of energy as heat, and second it will decohere

the excitonic system. Any superposition of excitons will be ultimately destroyed within

a dephasing time of 50 to 150 fs typically [43].

Figure 2.3: Excitonic delocalisation domains spanning a few bacteriochlorophylls in
(A). As an illustrative example, the transfer process of energy happens in around 800 fs
from the B800 to the B850 rings of the Light Harvesting II complex of purple bacteria,
and in around 100 fs for B850 intra-ring energy transfer [50, and references therein],
for more details see chapter [4]. In (B), energy transfer amongst PPCs in a membrane
composed of Light Harvesting 1 and 2 complexes. The process happens in two to five
picoseconds for the transfer between PPCs, and, once the energy is in a LH1, it takes
20 to 40 picoseconds for the transfer to the RC to happen, still much faster than the
BChls fluorescence relaxation (1 ns) [50].

The framework is then arrays of PPCs assembled in membranes (the second organ-

isation scale, see Fig. [2.1]), each of them with a few excitons, subject to interaction

with their local environment. How does the energy absorbed efficiently travel to the

reaction centre? The immediate answer would be to think of incoherent energy transfer,

as follows from the equations for open quantum systems, such as Lindblad or Redfield;

but such process is too slow and too inefficient to be able to explain the observations

about the process in photosynthetic complexes, as detailed in Fig. [2.3]. Accordingly,
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it has been proposed that the mechanism is coherent energy transport. Namely, coher-

ent coupling amongst excitons allows the excitation to travel across the pigments much

faster than it would with just incoherent transfer, and in addition, it does so without

energy dissipation. The problem is that the environment destroys coherence, hence ei-

ther the transfer happens much faster than the dephasing rate, or the coherence in the

system survives long enough even in the presence of the environment, to allow for the

coherent energy transfer to be realised. Experimental observations (details in the next

section) show that there are long-lived coherences (of up to 1 ps, much longer than the

dephasing time scale) in the process of energy transport.

The physical characteristics of the process imply that a Markovian regime is not

appropriate to describe the framework in which coherent energy transport occurs in

PPCs, as the equations of motion have to involve mixing coherence and population

terms. Hence novel non-Markovian techniques and methods have been applied and

invented to study quantum photosynthesis. Much work has been devoted to understand

how the process happens, and where lies the origin of the long-lived coherences. In what

follows we will describe two such proposals, but the message to take is that nowadays

it has become clear that non-trivial quantum effects do indeed play a crucial role in

energy absorption and transfer in photosynthesis. The fields of open quantum systems

and quantum biology progress together.

2.4.3 The phonon antenna mechanism

It is clear that quantum coherence enables energy to be transported efficiently across

pigment antennas in phototrophs. But according to the standard open quantum system

theory, a thermal environment should in principle destroy the coherence much faster than

the energy transfer time scale, hence leaving incoherent energy transfer–which is much

slower– as the only means of transport. To elucidate the answer to the conundrum, it

was proposed that the environment is, via dephasing, facilitating energy transport. The

mechanism is known as phonon antenna or noise-assisted quantum transport [41, 54–56].

Figure [2.4] illustrates the basics of the environment assisted transport in a sim-

ple three level model. BChls i = 1, 2 are nearly degenerate in excitation energy and

strongly coupled. At the same time, BChl i = 3 is weakly coupled to the rest of the

chromophoric network, and acts here as the sink (reaction centre), where the energy

must be ultimately transferred. The dipolar coupling leads to the formation of α = 1, 2

excitonic eigenstates. Upon excitation of one pigment, a coherent superposition state of

excitons is created. In the absence of any other interaction, the transfer to the reaction

centre depends on the coherence of the initial state and on incoherent relaxation due to
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Figure 2.4: Two strongly interacting pigments on a network delocalise forming exci-
tons. If the environment spectral density S(ω) has a maximum ωmax at a frequency that
coincides with exciton energy gap, the transitions induced between the high energy and
low energy excitons are maximised, while possible transitions to other excitonic states
arising from interaction with other pigments get suppressed. That way, transmission
of energy to the reaction centre (in red) is optimised by the environmental fluctuations
being resonant with the energy gap.

the interaction of the BChls with a pure dephasing local environment characterised by

the spectral function S(ω), whose frequency dependence is shown in Fig. [2.4]. What

was proposed, demonstrated, and corroborated by experimental data is that whenever

the frequency at which the spectral density has a maximum coinciding with the exci-

tonic gap, the energy transmission is optimised, with a minimum of energy losses and

maximum speed. The spectral density describes the fluctuations of the environment,

hence what the mechanism implies is that a maximum of the fluctuations is beneficial

for energy transport due to a resonance effect.

Extended to a complete PPC, the environment assisted transport acts by enhancing

certain decay pathways and blocking others, in such a way that the excitation is funnelled

towards the reaction centre. For example in the Fenna-Mathews-Olson (FMO) complex,

it is found that there are two dominant transfer pathways, with exciton energy differences

that closely match one maximum of S(ω) at around 200 cm−1 (see appendix [D]) [51].

Given that the excitons depend on the electronic coupling amongst pigments, the phonon

antenna mechanism states that such interactions are tuned to achieve resonance and thus

the maximum response [42], essentially making use of the environmental fluctuations for

the broader benefit of the phototroph.
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2.4.4 Vibrational modes

The idea of environmental fluctuations enhancing quantum transport solves partially

the issue of fast and efficient transport and suppression of dephasing. Yet the origin

of the long-lived coherences remains largely unexplained. The proposed mechanism is

that coupling of the electronic degrees of freedom to long-lived vibrational modes might

support the observed long-lived coherence oscillations [56, 57].

Most spectral densities in biological complexes contain sharp features that are as-

sociated to discrete strong vibrations. In particular, these can be detached from the

smooth spectral background and treated as isolated vibrational modes. Hence the idea

is to bring the phonon antenna mechanism to the limit, with some vibrations being

quasi-resonant with the excitonic gaps. These modes are local, that is, they couple di-

agonally to the pigments. However, in the exciton picture, the interaction with a mode

of frequency ω looks like

Hvib−ex =
∑
α,α̃

∑
i

√
si ωiC

i
αC

i
α̃

(
b† + b

)
|α〉〈α̃|, [2.4]

with |α〉, |α̃〉 two different excitons and si the Huang-Rhys factor of the discrete mode

of frequency ωi.

Treating this discrete modes as part of the system (not the environment) in a Red-

field formalism17, what is found is that they mix the evolution of coherences and popu-

lations. In addition, the decoherence time of these discrete modes is usually of the order

of one picosecond [51, 58], hence tenfold larger than the typical dephasing time for the

pigments. The effect is then one of coherence protection, with the electronic coherence

interacting with the vibrational coherence, the result being that the total combined de-

phasing is a compromise between the two different rates [59], and another of coherent

driving of the system. The vibrational modes induce Rabi-like oscillations that create

coherence in the excitonic system and drive the populations, which will then oscillate.

Combined with relaxation, this mechanism greatly enhances the energy transfer to the

low lying states, as well as explains how coherence can survive for periods of time much

longer than the thermal dephasing [57]. It is believed then that an interplay of electronic

and vibronic coherence explains the efficiency of quantum photosynthesis.

17The Redfield formalism allows, in principle, for more flexibility, although there is no fundamental
limitation on using a Lindblad formalism.
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2.5 Experimental evidence for quantum signatures

The experimentally accessible quantum features are always encoded in the density ma-

trix18. As an operator, the density matrix admits a representation in any of the bases

in the Hilbert space spanned by the system Hamiltonian (see chapter [1]). However, of

these, only the energy eigenbasis has a classical counterpart, hence only in the energy

representation will the density matrix provide undisputed information about quantum

signatures. In particular, in this representation, diagonal elements will correspond to

“classical” energy levels while off-diagonal terms represent quantum coherences. The

unitary evolution of the density matrix elements is

ρij(t) = e−i(εi−εj)tρij(0), [2.5]

so the populations remain constant while the coherences oscillate. Essentially, that is

everything; to detect coherence one must look for oscillations in whatever outcome signal

the experiment shows. Of course, experimental reality is slightly more complicated.

Intuitively, to gain understanding about how light is absorbed and transported in

any photosynthetic complex, photons should be sent, scanning for the right frequency of

absorption; eventually, a new photon will be emitted with, hopefully, different properties

as the absorbed photon19. If enough photons (typically in the form of coherent light,

i.e. laser) are sent, information about the absorption frequencies, emission frequencies,

dipole couplings, time scales of processes, etc. can be gathered. Thus, absorption and

fluorescence spectroscopy provide information which, combined with clever theoretical

models and X-ray diffraction structures of PPCs, give tremendous insights about the

mechanisms of energy transport in photosynthesis, as well as about the shape of the

environment the bacteriochlorophylls are subject to [51, 62, 63]. For example, Raman

spectroscopy provides information that can be used to determine the frequency and

coupling strength of discrete vibrational modes [64].

However, steady state spectroscopy techniques can never unambiguously determine

the presence of quantum coherence. The reason is that these experiments, although they

might induce coherence when the incoming photons are absorbed (ground to excited state

coherence, delocalisation, etc.), they provide just a measure of the energy observable (via

the number of photons); but as energy must be preserved, no oscillations are allowed to

show up in the energy observable. Specifically, the diagonal base of the Hamiltonian is,

precisely, the energy base. Thus it always commutes with the measurement and therefore

18The wave function is not a physical observable (see chapter [1]) so it can never be measured directly.
It can, nonetheless, be reconstructed by using clever experimental techniques.

19The specific details of the interaction between light and matter can be found explained thoroughly
in, for example [60, 61].
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only information about the populations can be obtained, as 〈E〉 = Tr {Hρ} =
∑

i εiiρii.

To gain information about quantum coherence, a different basis has to be probed or

a non-commuting measurement has to be performed20. In addition, chromophores in

a protein matrix do not usually behave as discrete energy levels, but rather have their

spectra broadened by various effects as explained previously, effectively mixing the levels

and thus further blurring the measurements. Meaning that to distinguish coherent

features in the spectra, more advanced techniques, that either overcome or suppress

homogeneous and inhomogeneous broadening, energy level overlapping, etc. become a

requisite. Summarising, more complicated spectroscopic methods means more lasers, as

the first laser will be used to create a coherent excited state, while the subsequent ones

will be tuned to interact with these in order to produce a response that maps the state

of the system at the time of subsequent pulses. The scheme grows in complexity, but

still, the goal is to observe oscillations in the measurement.

We will not enter here into the details of all the available experimental methods,

but rather mention the three basic schemes upon which the rest can be constructed.

These are, pump-probe, 2-photon echo and two-dimensional spectroscopy. The first two

ones involve two laser pulses21, and are specifically designed to measure either popu-

lations (pump-probe) or coherences. 2D-spectroscopy on the other hand, arguably the

most powerful technique, combining three lasers, is sensitive to both populations and

coherences, even distinguishing the different origin of such coherences. In a pump-probe

scheme, a first laser pulse creates an excited state in the system, which is then allowed

to evolve freely until the second laser pulse, resonant with the same or other excited

states, interrogates the system. After a variable delay time, the system fluoresces and a

measurement is performed. Essentially, what will be measured is the time evolution of

the excited state probed by the second pulse. If there is coherence in the system, and it

involves the probed state, by varying the delay time between pulses as well as the mea-

suring time, an oscillating pattern dependent on the strength of the coherent coupling

can get imprinted in the fluorescence spectra (see the scheme shown in Fig. [2.5]. Pump-

probe spectroscopy was the first hint that quantum electronic coherence was playing a

role in energy transport in photosynthetic complexes [65, 66], and it is still widely used

as a validity check of excitation energy processes in other, more involved spectroscopic

methods. However, as a method it is still crude, as it only indirectly measures coher-

ence, which has to be inferred from the information about the populations, thus it is

20A non-commuting measurement means that the eigenfunctions will be different for the Hamiltonian
and the measurement, therefore the measurement will not be diagonal in the Hamiltonian eigenbasis,
and in particular it will directly interact with the non-diagonal terms of the system density matrix.

21It is important to remark that not only are the lasers pulsed, but also that the duration of the pulses
must not exceed the femtosecond scale, which is the relevant scale for the quantum phenomena to show
up.
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extremely sensitive to all forms of disorder, which soon lead the laser pulses out of res-

onance, introducing a detuning that, either blurs the measure or leads to non-coherent

oscillations.

J

Incoherent 

relaxation

Figure 2.5: Schematic representation of a pump-probe experimental set-up. From
left to right, the first laser pulse creates population in the state |e2〉. The system
evolves freely during a time T, incoherent relaxation occurs due to interaction with
the environment, and coherent coupling with another state |e1〉 aids in the process of
energy transfer. A second laser pulse probes the state |e1〉, which, if already populated
will decay to the ground state |g〉 and if empty, will populate. A fluorescence spectra is
recorded, which, if coherent population transfer has occurred, will show oscillations with
a frequency proportional to the coupling J and attenuated due to incoherent relaxation.

To directly measure coherence in the system, the technique to apply is photon echo.

In its simplest form it again uses only two laser pulses. The first one is intended to

create a coherent superposition of excited states, hence the pulse contains a π/2 phase.

After the first pulse, the system evolves freely, and dephasing will start randomising the

phases of the coherences as explained in the previous chapter [1]. Each of the coherences

in the system evolves slightly differently due to energy mismatches (see Eq. [2.5]). To

avoid this effect, that would render a totally incoherent measurement, the second pulse

encodes a phase π that effectively reverses the time evolution of the coherences (see Eq.

[2.5]). This pulse causes a “rephasing” of the system, in which the initial state created

by the first pulse in the coherence will be reconstructed. At this time, the system emits a

signal reminiscent of the original pulse. Such signal is called photon echo, and constitutes

a direct measure of the coherence created in the system by the first pulse. Moreover, due

to interaction with the environment, the system relaxes, and coherence dissipates at a

given dephasing rate. Meaning that depending on the elapsed time between pulses, the

echo will produce a signal of strength proportional to the state of the coherence at the

time of the second pulse. Hence by varying this time, a measure of the dephasing rate

can be obtained, consequently gaining information about the interaction of the system

with the environment.
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The photon echo technique has the advantage of being robust against inhomoge-

neous disorder. As it does not rely on resonance to produce the superposition excited

state, variations of the absorption energies do not affect the clarity of the measure-

ment. Nonetheless, two pulse photon echo is just sensitive to coherences, but still misses

information about the origin of such coherences (electronic, vibrational, environment

correlations...) as well as about the distribution of the energy levels. To retrieve full

information about dynamics in the system, in addition to effects of the environment,

a combination of these two methods is the technique that has revolutionised spectro-

scopic studies. 2-dimensional spectroscopy is the method that has lead to the first direct

observation of quantum coherence in a biological system [67].

Figure 2.6: Schematic representation of the basic ideas in 2D spectroscopy. (A) shows
the pulse sequence. The first laser creates a coherent excited state, which evolves freely
for a time τ (coherence time), after which a second pulse converts the coherences into
populations, which then evolve freely for a time T (population time). A third pulse
induces rephasing of the system, intended to obtain a photon echo after a rephasing
time t. Fluorescence intensity is measured together with the echo, for which purpose
the geometry shown in (B) is constructed in the experiment. By varying the angle at
which the pulses hit the sample, different coherences can be mapped in the response
as displayed in the cartoon-like 2D power spectra in (C). Representing the intensity
as a function of the Fourier transformed coherence and rephasing time, the position
and shape of the intensity contours and peaks encodes information about the differ-
ent coherences excited in the system as well as beatings in the excited energy levels,
thus gaining information about the structure of the system and the process of energy
transport.

In 2D spectroscopy, three laser pulses are employed sequentially as depicted in Fig.

[2.6](A). The first one is intended to create a coherent excited state in the system. Sub-

sequent free evolution causes dephasing and relaxation until a second pulse is used to

halt dephasing by converting coherence into population thanks to a clever geometrical

arrangement of the lasers (see Fig. [2.6](B)), thus freezing the system. The third pulse

is intended to cause rephasing following the physical effect described in the previous

paragraph, leading to a photon echo signal. That way, not only we have the advantages

of the photon echo but also information about the energy levels is recorded due to the

pump-probe scheme used. In particular, now the information will be two dimensional,
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with the intensity of the measurement displayed as a function of the Fourier transformed

times in between coherence (green in Fig. [2.6](A)) pulses. Hence, depending on the

frequencies and individual phases of the different components excited in the system,

the position and intensity of the fluorescence peaks will vary on the two dimensional

graphical representation as shown in Fig. [2.6](C), allowing to discriminate the origin

and dynamical characteristics of each component in the system [68]. In detail, using 2D

spectroscopy and clever set-ups that play with the geometry of the laser pulses and pho-

ton detectors, both electronic [69–72] and vibrational [59, 73] long-lived coherences have

been unambiguously demonstrated in LHCs both at low and physiological temperatures.

Coupling of coherences with populations, thus demonstrating the role of non-Markovian

processes in such complexes has been found [74], and the phonon-antenna mechanism

described in the previous section has been confirmed.

Many variations of the 2D scheme presented with increasing sophistication level and

yet better equipment, and aided with improved simulation and theoretical methods are

still being applied in the study of quantum photosynthesis. The field is far from closed,

and indeed it continues to grow by the day. But one thing is clear, there is long-lived

quantum coherence in the process of energy absorption and transport in photosynthetic

complexes, and non-trivial quantum effects play a significant role in the process of pho-

tosynthesis.





Chapter 3

Phase-dependent exciton

transport

All universal moral principles are idle fancies.

Marquis de Sade

3.1 Introduction

The study of open quantum systems has been a thriving field of research in the last

few decades [13–16, 28, 75]. Not only the knowledge of the underlying theories, but

also the experimental applications have grown exponentially, leading to a wealth of new

potential technologies able to perform their tasks in a much more efficient way than their

classical counterparts [76]. But also, many new questions have arisen as a consequence,

regarding the breaking of the known approximations (e.g. Markovian regime) where

calculations become laborious and demanding [35, 77, 78]. On the other hand, these

relatively uncharted territories might hide the knowledge to develop quantum devices

that harness energy in an extremely efficient fashion [79].

In the present chapter, motivated by the search of environmentally aided quantum

effects in biological photosynthetic protein complexes [41, 54–56, 80, 81], we analyse a

system resembling the lowest energy part of the excitonic manifold of one such complexes,

namely, the Fenna-Matthews-Olson (FMO) complex [51], and study the very early time

evolution, a regime where the simple master equation (ME) approaches tend to fail. We

find that not only a potentially biologically relevant, non-classical energy transport effect

emerges, but also we show that it can be analytically studied employing techniques that

41
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lie in the middle ground between the Markovian and non-Markovian regimes [1]. A region

not yet explored in detail and which might be quite attractive to better understand and

utilise energy harvesting and transport, not only in biological systems, but in artificial

devices that mimic the latter.

3.2 Dimer system

One of the simplest and most paradigmatic quantum mechanical open system that can

exhibit non-Markovian behaviour is a two level system subject to the influence of a

bosonic environment (spin-boson model) [77, 82]. However, in order to encompass also

a biologically relevant system, we consider here a dimer model system composed by two

pseudo-spin-1/2 particles, which correspond to two hypothetical pigment sites on a pho-

tosynthetic complex, labelled sites a and b, with transition frequencies ωa,b coupled via

an exchange interaction of strength J , as shown in Fig. [3.1]. The system Hamiltonian

reads

HS =
ωa
2
σaz +

ωb
2
σbz + J

(
σa+σ

b
− + σa−σ

b
+

)
, [3.1]

where σz, σ± are the standard Pauli matrices.

We assume the environment the pigment sites are subject to produces pure dephas-

ing (transversal) noise that randomises the relative phases, and thus eventually destroys

the coherence present in the system, but leaves the site populations unaffected. Such en-

vironment can be described by a continuum of harmonic oscillators whose Hamiltonian

is written

HB =
∑

i={a,b}

∫ ∞
0

dkhi(k)b†i (k)bi(k), [3.2]

where the independent bosonic operators obey
[
bik, b

j†
l

]
= δk,lδi,j . We model the local

interaction between the environment and the system with the interaction Hamiltonian

HI =
∑

i={a,b}

(
σiz + I

2

)∫ ∞
0

dkgi(k)
(
bi(k) + b†i (k)

)
. [3.3]

For simplicity, and without affecting the main results, for the remaining of the

chapter we will assume that both the dispersion relation for the harmonic oscillators

hi(k) and the interaction strength gi(k) are the same for each site, the latter also being

frequency independent.

The coherent electronic coupling J leads to the formation of delocalised eigenstates

(excitons) of the Hamiltonian in Eq. [3.1]. As we want to address a biological system, and
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Figure 3.1: Schematic representation of a dimer model system subject to local dephas-
ing γd. The coherent inter-site electronic coupling J yields the formation of delocalised
excitonic eigenstates (labelled here |1〉 and |2〉). For J = 52 cm−1 and optical frequen-
cies ωa and ωb, the excitonic splitting ω0 falls in the far infrared. Exciton dynamics
is dictated by transverse (dephasing) and longitudinal (relaxation, producing popula-
tion transfer in the exciton basis as depicted by red arrows) environmental processes,
whose relative strength is governed by the exciton delocalisation over sites. In the
ultra-fast regime, well before environmental relaxation, these two types of fluctuations
may interact, which leads to long lasting non-secular effects.

because biomolecules are usually subject to weak external illumination and/or doubly

excited states are typically strongly suppressed [83, and references therein], we choose

to restrict the excitonic manifold to the diagonalisation of the single-excitation sector of

HS , spanned by |eagb〉 = |e〉a ⊗ |g〉b, |gaeb〉 = |g〉a ⊗ |e〉b. Hence, the exciton energies are

E1,2 = ±ω0
2 with ω0 =

√
4J2 + ∆2 and corresponding exciton eigenvectors

(
|1〉
|2〉

)
=

(
cos θ2 sin θ

2

− sin θ
2 cos θ2

)(
|eagb〉
|gaeb〉

)
, [3.4]

where ∆ = ωa − ωb (ωa > ωb), and θ denotes the mixing angle, defined through the

relation tan θ = 2J/∆ with 0 ≤ θ ≤ π/2 which measures the degree of delocalisation.

θ = 0 corresponds to completely localised and θ = π/2 completely delocalised excitons.

3.3 Numerical results

The first goal of our analysis was to numerically study the (exact) time evolution of

the excitonic system. Such task requires assigning specific values for the parameters in
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the dimer system depicted in Fig. [3.1]. Following our motivation to search for relevant

quantum effects that improve transport in biological systems and keeping on with the

same model as in [57], we choose a parameter regime in correspondence with the model

system provided by the sites 3 and 4 in the seven-site Hamiltonian for the FMO complex

of the C. Tepidum bacterium, as reported in [51]. Sites 3 and 4 are chosen for being

the two sites with the lowest excitation energies and the pigments lying closest to the

reaction centre thus enhancing their biological importance. The transition frequencies

are therefore ωa = 12 335 cm−1 and ωb = 12 205 cm−1, with an electronic coupling

strength J = 52 cm−1, that yields an excitonic energy splitting of E12 ≈ 170 cm−1 and

a mixing angle θ ≈ π/4. The local environment is fully characterised by its spectral

function (see [15, 82] and chapter [1]) which for our numerical analysis corresponds with

the smooth part of

S (ω) =

λ

[
1000ω5e

−
√

ω
ω1 + 4.3ω5e

−
√

ω
ω2

]
9!
(
1000ω5

1 + 4.3ω5
2

) +

2∑
i=1

giω
2
i δ(ω − ωi), [3.5]

where the Dirac deltas represent discrete vibrational modes that we choose to ignore for

the moment but that will be analysed later in this chapter.

The spectral function Eq. [3.5] is a fit by Adolphs and Renger (AR) of experimental

results for the FMO complex [51] (see Figs. [D.2](A) and (B) in the appendix [D]).

The parameters for the continuum part read λ = 35 cm−1 for the reorganisation energy,

ω1 = 0.57 cm−1 and ω2 = 1.9 cm−1. The striking difference of S(ω) is being super-

Ohmic as compared to the standard Drude-Lorentz spectral function. Meaning that

the high frequency part of the spectrum is responsible for fast thermalisation, as is

required for an efficient energy transfer. Throughout this chapter, the numerical results

will always be computed assuming that the initial state of the background modes is a

thermal equilibrium distribution at temperature T.

The numerical work was performed by means of the so-called TEDOPA method.

TEDOPA (Time Evolving Density with Orthogonal Polynomial Algorithm [84]) is de-

scribed in more detail in appendix [A], so we only remark here that it is a two step al-

gorithm which, in its first step unitarily and exactly transforms the system-environment

Hamiltonian into a one dimensional chain of harmonic oscillators with nearest neighbour

interaction coupled to the system [85, 86], and in the second step, uses time Density Ma-

trix Renormalisation Group (t-DMRG) to obtain the exact evolution of the transformed

Hamiltonian [87]. Being endorsed with rigorous error bounds [88], and having no limi-

tations on the strength of the system-environment coupling or on the complexity of the

spectral function describing the environment. TEDOPA has the unique ability of being

able to track the many-body entangled state of both the system and the environment,
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providing us with a window to the early time, transient, non-equilibrium dynamics of

open quantum systems.

Using TEDOPA, we consider the time evolution of an initial excitonic superposition

state of the form |ψ〉 = 1√
2

(
eiξ|1〉+ |2〉

)
, that features equal populations for each exciton

and a controllable phase ξ. Such initial state was chosen following the structure of

energy transport in the FMO complex (see appendix [D]) which features two main

energy channels that populate both sites 3 and 4 before transfer to the reaction centre.

In Figure [3.2](A) we show the time evolution of the population for both excitons in

an environment at a temperature T = 277 K, for four different initial superposition

states with varying phase ξ. We observe that for an initial phase ξ = 0 or π/2, the

system immediately relaxes to the equilibrium state, with the population of the low

energy exciton (state |2〉 in Fig. [3.1]) always higher than the population of the high

energy exciton, a result that seems natural, with energy being transferred from the

system into the environment. However, the result for an initial phase ξ = π or 3π/2

is radically different. The early time evolution for these phases features an increase in

the population of the high energy exciton, thus becoming larger than the population

of the low energy exciton. Henceforth we denominate this effect population inversion.

The anomalous behaviour lasts for ≈ 100 fs. Having covered phases chosen arbitrarily

in the whole complex plane, those results suggest that for a phase chosen in half of the

complex plane, the energy flows from the environment into the system at early times of

the evolution, followed by relaxation towards a unique equilibrium state.

In Figure [3.2](B) we study the effect that different temperatures of the environment

have on the population inversion uncovered in Figure [3.2](A). To observe population

inversion, we set the initial phase to be ξ = π, allowing for energy extraction from the

environment. And study the excitonic dynamics for different values of the temperature.

Interestingly, increasing the temperature enhances the effect, inducing an exponentially

stronger population inversion and extending the duration of the anomalous dynamics

before monotonic relaxation sets in.

3.4 Theoretical analysis

Several unexpected results come up from the numerical analysis performed in the pre-

vious section. First of all, we observe a phase dependence of the populations dynamics,

which means that there is mixing of populations and coherences in the evolution, evi-

dencing its quantum nature. Second, we observe a population inversion, but only for a

definite range of initial phases. And lastly, this population inversion not only does not

disappear when the temperature is increased (a regime where the intuition would say
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Figure 3.2: Population of excitons |1〉 (black) and |2〉 (green) exact time evolution as
calculated by TEDOPA for a dimer system (see Fig. [3.1]) with ωa − ωb = 135 cm−1

and J = 52 cm−1 with an initial state |ψ〉 = 1√
2

(
eiξ|1〉+ |2〉

)
for ξ = 0, π/2, π, 3π/2

at environmental temperature T = 277 K in (A) and for temperatures in the range
0 − 300K following the initial state preparation with ξ = π in (B). In both cases the
system is subject to the super-Ohmic dephasing background characterized by the AR
spectral density Eq. [3.5].

that the system is more “classical”) but it is enhanced. All these findings suggest that

we need a theoretical model to be able to explain the physics of the system.

The natural scenario to begin with such study would be to employ the tools of open

quantum systems (OQS) theory, and particularly those provided by the ME analysis
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as were shown in chapter [1]. Yet a formal derivation of a ME that ensures evolution

under a dynamical semigroup, (what it is commonly referred as a Lindblad ME), applied

to a non-degenerate system, decouples the evolution of coherences and populations in

the eigenbasis of the Hamiltonian [14]. Therefore, it will not capture any initial phase

effect on the exciton population dynamics. Moreover, in a Lindblad ME (or a secular

Redfield ME) for a two level system, the excitonic populations obey a Pauli ME [89],

implying monotonicity in the evolution of the populations at all times, thence forbidding

a population inversion as observed in Figs. [3.2](A) and (B). Both statements imply that

to gain physical insight about the population inversion witnessed by TEDOPA we need

to consider a more general microscopic approach. In particular, we have to work beyond

the Markovian approximation. However, we still need to have analytically tractable

results, hence, we assume factorised initial conditions of the form ρ (t) = ρS (t)⊗ρB and

work within the Born approximation (weak coupling limit). To first order in perturbation

theory, using the time-local Redfield equation [1.19] [13, 21, 26], we obtain

ρ̇ (t) = −
∫ t

0
dt1TrB {[HI (t) , [HI (t1) , ρS (t1)⊗ ρB]]} , [3.6]

where the Hamiltonian HI is assumed to be already in the interaction picture with re-

spect to the Hamiltonian HS+B = HS + HB from Eqs. [3.1] and [3.2] (we omit the

superscript “I” for reasons of clarity). This equation, lies outside the secular approx-

imation [13], and therefore allows us in principle to analyse bath-mediated couplings

between populations and coherences.

The Hamiltonian HS+B as defined in the previous paragraph transformed into the

exciton basis described in Section [3.2] reads

HS =
1

2
ω0σz,

HB =

∫ ∞
0

dkh(k)b†(k)b(k),

HI = (σz cos θ + σx sin θ)

∫ ∞
0

dkg (k)
(
b(k) + b†(k)

)
.

[3.7]

Hence the interaction picture equation with respect to HS+B for HI is

HI(t) =g [σz cos θ − sin θ (σx cosω0t− σy sinω0t)]

⊗
∫ ∞

0
dk
(
b(k)e−iωt + b(k)†eiωt

)
.

[3.8]

As the attentive reader will have noticed, Eq. [3.8] involves crossed terms with dis-

tinct Pauli operators, that are not usually present in the typical derivations. This can

be readily seen using the relations σx = σ− + σ+ , σy = i (σ− − σ+), which tell us that
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the interaction Hamiltonian retains the terms that contain either the creation or the

annihilation of two excitations (both in the bath and in the system). Those terms are

usually banished at the Hamiltonian level –as they transiently violate the principle of

energy conservation– and constitute another form of performing the Markovian approx-

imation (called sometimes secular or rotating wave approximation) [13, 26], we however

retain them here, as they will prove responsible for interesting dynamics.

Plugging Eq. [3.8] into [3.6], and regarding the possibility of small Lamb shifts as

unimportant for the dynamics in the context we are discussing, the time-local excitonic

master equation yields

d

dt
ρ (t) =− Γd (t) cos2 θ (ρ (t)− σzρ (t)σz) + sin2 θ

(
Γ+
nr (t)σ+ρ (t)σ+ + Γ−nr (t)σ−ρ (t)σ−

)
+ Γrel (t) sin2 θ

(
σ−ρ (t)σ+ −

1

2
{σ+σ−, ρ (t)}

)
+ Γex (t) sin2 θ

(
σ+ρ (t)σ− −

1

2
{σ−σ+, ρ (t)}

)
− 1

2
sin(2θ) (Γxns (t) (σzρ (t)σx + σxρ (t)σz)− Γyns (t) (σzρ (t)σy + σyρ (t)σz)) ,

[3.9]

where the expressions for the different rates are given by

Γd (t) = 2

∫ t

0
dt1Q (t− t1) ,

Γ+
nr (t) = 2

∫ t

0
dt1e

i(ω0(t+t1))Q (t− t1) ,

Γ−nr (t) = 2

∫ t

0
dt1e

−i(ω0(t+t1))Q (t− t1) ,

Γrel (t) = 4

∫ t

0
dt1 cos (ω0 (t− t1))Q (t− t1) ,

Γex (t) = 4

∫ t

0
dt1 cos (ω0 (t− t1)) e−ω0/TQ (t− t1) ,

Γxns (t) = 2

∫ t

0
dt1 cos

ω0 (t− t1)

2
cos

ω0 (t+ t1)

2
Q (t− t1) ,

Γyns (t) = 2

∫ t

0
dt1 sin

ω0 (t− t1)

2
sin

ω0 (t+ t1)

2
Q (t− t1) .

[3.10]

To gather the effect of the environment we have defined the function Q (t− t1)

Q (t− t1) =

∫ ∞
0

dω S (ω) coth
( ω

2T

)
cos (ω (t− t1)) , [3.11]

with an arbitrary spectral density S(ω) describing the weighted distribution in frequency

space of the environment of harmonic oscillators.

The master equation [3.9] contains the standard terms found also in its secular

approximation, namely, population relaxation, Γrel(t), and thermal excitation, Γex(t),
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which are related by a classical detailed balance condition [28], Γex (t) = e−
ω0
T Γrel (t),

and a pure dephasing term with rate Γd(t). We have retained the time-dependence of

all rates, to emphasize that we are interested in the early time dynamics. In addition

to these contributions, the full Redfield ME contains additional terms that couple co-

herences to populations, and coherences to their complex conjugates. We denote these

as non-secular Γx,yns (t) and counter-rotating [13] (or rapidly varying [26]) Γ±nr(t), respec-

tively. By counter-rotating we understand those Γ’s having a time-dependence which

oscillates at twice the frequency ω0 of the excitonic system (those with a t+t1 component

in Eqs. [3.10]). These terms would average to zero in a coarse-grained or rotating-wave

approximation [13]. Non-secular terms have a time-dependence that contains both the

rotating (slow) and counter-rotating (fast) components, as made apparent in the expres-

sions for the rates [3.10]. In what follows we analyse the ME Eq. [3.9] and investigate

whether it is a valid model to be used to understand the physical origin of the phase

dependence of the population dynamics and the population inversion.

3.4.1 Model results

From Eq. [3.9] we can derive the so-called reduced equations of motion for the density

matrix elements, that make apparent the effect exerted by each of the environment

rates on the system, and allow us to calculate the dynamics in the dimer. Writing the

equations for one population and one coherence (the other density matrix elements are

simply calculated from them as ρ̇22 = −ρ̇11, ρ̇21 = ρ̇∗12), we have that

ρ̇11 =− Γrel (t) sin2 θρ11 + Γex (t) sin2 θ ρ22

− 1

2
sin(2θ) [Γxns (t) (ρ12 + ρ21)− iΓyns (t) (ρ12 − ρ21)] ,

ρ̇12 =− i (E1 − E2) ρ12 − 2Γd (t) cos2 θρ12 + 2Γ+
nr (t) sin2 θ ρ21 [3.12]

− 1

2
sin2 θ (Γrel (t) ρ12 + Γex (t) ρ12)

− 1

2
sin(2θ) [Γxns (t) (ρ11 − ρ22) + iΓyns (t) (ρ11 − ρ22)] .

The initial state |ψ〉 = 1√
2

(
eiξ|1〉+ |2〉

)
imposes ρ12 (0) + ρ21 (0) = 2<{ρ12 (0)} =

2 cos ξ and ρ12 (0)− ρ21 (0) = 2i={ρ12 (0)} = 2 sin ξ. In addition, we know that the first

derivative of the population term ρ11 of the exciton |1〉 must be positive d
dtρ11

∣∣∣∣
t→0

> 0

for the population inversion to occur. The three statements, when considered together

on the reduced equations [3.12], applying a Taylor expansion of the decay rates around

t = 0; Γ (t) = Γ′ (0) t+O (0) t2, and using the detailed balance condition holding between
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relaxation and thermal excitation, lead to the condition

−
√

2 sin(2θ)sin(ξ +
π

4
) > sin2 θ

Γrel (0)

Γns (0)

(
1− e−

ω0
T

)
, [3.13]

for the population inversion to occur (with sin ξ + cos ξ = sin (ξ + π/4)). Moreover, the

right hand side of the inequality Eq. [3.13] is positive (or zero) for every parameter

value, therefore, in the absence of non-secular terms, the inequality will never hold and

ρ̇11 (0) < 0, namely the population inversion cannot take place. The positivity of the

right hand side imposes an initial phase ξ ∈ [3π/4, 7π/4] for the population inversion

to be present, thereby explaining the results of the TEDOPA simulations. Fig. [3.3]

shows a realisation for the time evolution of the excitonic populations as obtained from

numerically solving the reduced equations [3.12], using a simple Ohmic spectral function

to model the environment. We observe that for the same initial phases ξ as we studied in

Fig. [3.2](A), we qualitatively reproduce the exact numerical results for the population

inversion in the evolution of the excitonic populations, and quantitatively reproduce the

initial phase dependence as expected from the analysis of Eq. [3.13]. In addition, we

observe that the counter rotating terms do not play any relevant role in the dynamics of

the system, as they will only have influence on the coherences –by transporting energy

from one to the other– while leaving the populations unaffected.
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Figure 3.3: Population of excitons |1〉 (black) and |2〉 (green) (see Fig. [3.1]) for
the numerical solution of the Master Equation Eq. [3.9] with an initial state |ψ〉 =
1√
2

(
eiξ|1〉+ |2〉

)
for representative ξ = 0, π/2, π, 3π/2 in an Ohmic environment at T

= 277 K. Note that the population inversion is qualitatively reproduced even in this
simple case.

Furthermore, defining the rate of change of energy in the excitonic subsystem as

∆E(t) = ω0ρ̇11(t), we observe that the population inversion not only coincides with, but
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requires an initial positive ∆E(0); consequently, there is a net increase of energy in the

system that has to be provided by the non-equilibrium environment. And this process

has to happen via the non-secular terms, as the secular terms always describe a net

flux of energy towards the environment, because monotonic relaxation to equilibrium is

ensured by detailed balance if the Lindblad structure is preserved as was shown in chapter

[1]. Such effect is illustrated on Fig. [3.4], where for the representative initial phases

ξ = 0, π/2, π, 3π/2 and the same parameters as for Fig. [3.2](A), the rate of change of

energy during the time evolution is presented. We note that for the same phases as for

the population inversion, the energy flow is positive during the early dynamics, crossing

zero and becoming negative exactly at the time when the population inversion reaches

its maximum. It is also noticeable that once the anomalous evolution finishes, the energy

flow dwindles asymptotically to zero as it is required to ensure that the system evolves

towards equilibrium.
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Figure 3.4: Rate of change of energy ∆E(t) = ρ̇11(t) for the numerical solution of the
Master Equation Eq. [3.9] with an initial state |ψ〉 = 1√

2

(
eiξ|1〉+ |2〉

)
for representative

ξ = 0, π/2, π, 3π/2 in an Ohmic environment at T = 277 K. Notice that ∆E(t) is positive
during the time when the population of the high energy exciton |1〉 is growing in Fig.
[3.3] and how it goes to zero asymptotically as required by return to equilibrium.

Moreover, due to the detailed balance condition holding among the secular (relax-

ation and thermal excitation) rates on the right hand side (RHS) of Eq. [3.13], the

enhancement of the population inversion with temperature is neatly rationalised. In

detail, the higher the temperature, the more similar relaxation and thermal excitation

are, thence, the slower the returning to equilibrium will be, which means that the end of

the anomalous evolution of the system is delayed by increasing the temperature. Also,

the higher the temperature, the smaller the RHS of Eq. [3.13], meaning that the energy
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transfer rate at the start of the evolution is larger (see also Eqs. [3.12]). This explains

why the population inversion is stronger and also, due to detailed balance, why it is

exponentially so. It could be argued that increasing the temperature would cause the

non-secular rates (Γx,yns in Eqs. [3.10]) to decay much faster than the secular rates, thus

causing the population inversion to dull. However, as we show in detail in the appendix

[B], both rates feature dominant terms linear in the temperature and with exponential

decay in time (see in particular Eq. [B.4], reproduced below [3.14] for clarity). So even

though decoherence and relaxation are faster with higher temperature, the population

inversion caused by the non-secular terms with the appropriate initial phase will also be

enhanced. We encounter therefore a situation where a purely quantum effect benefits

from higher temperatures, contrary to the usual intuition on the quantum to classical

transitions [90].

Q(t− t1) =
cπ

β

{
e−γ(t−t1) −

∞∑
l=1

(
γe−γ(t−t1)(
ν2
l − γ2

) +
νle
−νl(t−t1)(
ν2
l − γ2

) )} . [3.14]

Finally, it is known that the only kind of master equations that are strictly pos-

itive at all times (see chapter [1] for a more detailed explanation) are those that are

derived under the Born-Markov approximation [14, 22, 23] with the additional secular

approximation. It could therefore be argued that a violation of positivity might be re-

sponsible for the population inversion that we witness with the theoretical model –it is

important to stress here that TEDOPA generates, by construction, a manifestly positive

and numerically exact many-body density matrix– invalidating this argument. Figure

[3.5] shows a positivity test for the time evolution of the reduced equations [3.12] im-

plying that deviations from unitarity, if present, are several orders of magnitude smaller

in measure than the observed population inversion, meaning that the results obtained

employing the Redfield equation [3.9] are physical and not an artefact.

We have presented a simple, analytic theoretical model that is able to qualita-

tively explain the results obtained by the sophisticated and numerically exact method

TEDOPA. The agreement among results is quantitative if we just take the initial phase

dependency. Both statements suggest that a microscopic understanding of the physics

of the process can be gained by analysing the structure of the non-secular terms in Eq.

(3.12).
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Figure 3.5: Positivity, calculated as Trρ(t) − 1, for the numerical solution of the
Master Equation Eq. [3.9] with an initial state |ψ〉 = 1√

2

(
eiξ|1〉+ |2〉

)
for representative

ξ = 0, π/2, π, 3π/2 in an Ohmic environment at T = 277 K. Although positivity is not
ensured, note that the scale of violations would be orders of magnitude smaller than
the excitonic difference in the population inversion shown for the same realisations in
Fig. [3.3].

3.5 Microscopic understanding, the physics behind the PDT

In the excitonic basis, all dynamics arise from the interaction with an environment,

described here through

HI = (gσz cos θ − gσx sin θ)⊗ (bk + b†k), [3.15]

where bk denote environmental operators.

Compared to the interaction Hamiltonian in the site basis, Eq. [3.3], which features

just pure dephasing interaction, in the rotated basis the interaction Hamiltonian Eq.

[3.15] is split into two different components, including now relaxation of the populations

in addition to dephasing. The solely effect of pure dephasing noise is to randomise the

relative phases, thus leading to the disappearance of coherences in the system, but it

can never change the populations, so it could never be responsible for the population

inversion. Moreover, relaxation, although featuring also thermal excitation, it is related

to it by a classical detailed balance condition via eω0/T . This means that unless the tem-

perature is negative, the system will always lose energy to the environment. Therefore,

longitudinal noise alone will also never produce population inversion. We are led thus

to look elsewhere for the origin of the phase dependence and the population inversion.
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The appearance of both dephasing and relaxation, leads to the possibility of interfer-

ence effects amongst the two of them; interference that manifests through the dynamical

coupling of populations and coherences. These terms are usually neglected by invoking

the secular approximation [13]. The condition to rightfully apply the secular approxima-

tion is to have the environment evolving much faster than the system, and an interaction

time also faster than the relaxation time of the system, such that when the system starts

unfolding (a time scale measured by the secular time τ), the environment has already

reached equilibrium, hence not evolving any further. This approximation neglects the

very early time evolution during which correlations within the environment, and among

the system and the environment might develop (leading to non-Markovianity) and thus

ignores (which is the essence of the Markovian approximation) any back-action of the

environment into the system.

For the dimer system studied here (see Fig. [3.1]), the secular time is ω−1
0 ∼ 200 fs as

calculated for the delocalised eigenbasis, whereas the typical values for the spectral width

yield a correlation time for the environment of τc ∼ 60 fs. The secular approximation

makes no sense in this system, and non-secular terms rightfully play a meaningful role

as we have demonstrated in the previous section. It is the formation of delocalised

eigenstates, whose energy separation lies in the far infrared, that allows a non-trivial

interaction with the environment, as the time-scale for the isolated pigments is greatly

enlarged. The energy splitting in the pigments typically lies in the red region [91], thus

falling fully in a Markovian regime.

The presence of non-secular terms is crucial to understand the dynamics in the ultra-

fast regime and accordingly their presence is justified. Let us now understand their phys-

ical meaning. Going back to the full master equation [3.9] we can see that non-secular

terms feature a combination of σz and σx,y. Comparing this against the interaction

Hamiltonian in Eq. [3.15], it is clear that such combination comes from interference

between the longitudinal and transversal components of the environment action. The

conclusion is then that non-secular terms capture the correlations in the environment

happening within the relaxation time of the environment. And that these correlations

couple non-trivially with coherences in the dimer whenever these are present. Indeed,

not only do they couple but, for certain relations, the evolution of the environment

strengthens the coherences by inserting energy. A similar result was already presented

in the context of the Light Harvesting II complex for dephasing in the B850 ring (see

next chapter [4] for a detailed account on such complex) where it was found that the

presence of non-secular terms slows the rate of decay of coherences [92]. Or, from the

opposite point of view, the dimer harvests energy from the non-equilibrium environment.
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This energy inflow is nicely captured employing another feature provided by TEDOPA,

namely, the ability to track the evolution of the transformed environment [87] (into a

chain, see appendix [A]). Figure [3.6](A) shows the expectation value of the collective

environment displacement operator X1 = 〈a1 + a†1〉 [85] for two initial phases and where

the population inversion happens and one where it does not. It is strikingly clear how

the non-equilibrium evolution of the environment is captured and how, despite having

the same equilibrium displacement expectation value, the environment shows a deep

well within the correlation time of the system, depending on the phase of the initial

excitonic state. Such well means the first site of the environment is losing energy not

only to the rest of the chain (as happens in the non population inversion case) but also

to the system before equilibration, thus confirming our hypothesis on the origin of the

population inversion, and demonstrating that the system is taking the energy from the

environment during the non-secular evolution.

Fig. [3.6](B) shows again the displacement expectation value, when there is pop-

ulation inversion, for different temperatures. Interestingly, a higher temperature does

not increase the energy harvesting from the environment, as might be expected from

the results presented in Fig. [3.2](B) and measured by the depth of the well, but de-

creases it. Such result only reinforces what we already knew, namely, that the environ-

ment correlation functions decay with temperature, as shown in Eq. [3.14], therefore

less energy is transferred when the temperature is increased. The apparent paradox is

resolved by considering the detailed balance condition for relaxation and thermal exci-

tation Γrel = Γexe
−ω0/T , and the inequality Eq. [3.13]. The action of the non-secular

terms, can be understood as a negative temperature in the detailed balance condition,

as they drive energy from the environment and into the system, thus apparently mak-

ing thermal excitation to be greater than relaxation, which is the same as to say that

e−ω0/T is greater than one, which will only happen if T is negative, or if we think about

an effective temperature as e−ω0/(T−Tns) that accounts for the effect of the non-secular

terms. An energy inflow means thus that the environment is “colder” than the system.

Hence, as the environment temperature increases, this effect diminishes. But in addi-

tion, a higher temperature means that the classical detailed balance makes relaxation

and spontaneous excitation rates are more similar, thus slowing the process of system

relaxation and therefore increasing the population inversion.

Heuristically, the physical origin of the phase-dependence of excitonic transport can

be understood by considering the transition amplitudes between the initial state |ψ〉 =
1√
2

(
eiξ|1〉+ |2〉

)
and the two possible final eigenstates |1〉, |2〉. A direct calculation with

the interaction Hamiltonian in Eq. [3.15] yields 〈1|HI |ψ〉 = 1√
2

[
sin(θ)− eiξ cos(θ)

]
Xfb1i

and 〈2|HI |ψ〉 = 1√
2

[
sin(θ) + eiξ cos(θ)

]
Xfb2i, where the environment matrix element is
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Figure 3.6: First environmental chain coordinate average displacement 〈X1(t)〉 exact
time evolution as calculated by TEDOPA for a dimer system with ωa−ωb = 135 cm−1

and J = 52 cm−1 with an initial state |ψ〉 = 1√
2

(
eiξ|1〉+ |2〉

)
for representative

ξ = π/2, π, 3π/2 phases at an environmental temperature T = 277 K in (A) and for
temperatures in the range 150−300K following the initial state preparation with ξ = π
in (B). In both cases the system is subject to the super-Ohmic dephasing background
characterised by the AR spectral density Eq. [3.5].

between initial and final bath configurations. These amplitudes can be understood sim-

ply as arising from the interference of the two allowed pathways, as depicted in Figure

[3.7]; the amplitude for a flip |1〉 ↔ |2〉 is proportional to sin(θ) and the amplitude for

the populations to remain unchanged, |i〉 → |i〉, is proportional to cos(θ)eiξ. The key

observation is that ξ controls whether the interference is constructive or destructive for
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a given transition (conservation of probability ensures that the other transition is sup-

pressed or enhanced, accordingly). Moreover, by virtue of the sin(2θ) proportionality

of the non-secular terms the mixing angle θ = π/4 maximises the population inversion,

corresponding to a maximum interference between the longitudinal and transversal com-

ponents of the environment (achieved when sin θ = cos θ), while completely delocalised

(θ = π/2) or localised (θ = 0) states lead to no inversion in the population evolution.

The interference between population preserving and inverting pathways is described in

the ME approach by the non-secular terms as we have explained above.

Figure 3.7: Considering an initial superposition of excitons, there are two pathways for
decay into eigenstates. Either thermal (secular) relaxation (and spontaneous excitation,
related by detailed balance), depicted in red, or rest in the relevant excitonic eigenstate
(in green), which is controlled by the non-secular terms. The constructive (destructive)
interference between both pathways, controlled by the initial phase ξ is what causes
the anomalous early time exciton evolution.

From the pigments base point of view, the process can be understood by considering

the action that pure dephasing has, together with the tunnelling rate set by the coupling

J. Pure dephasing is blind to energy differences, therefore it will only act eliminating

coherence existing between both sites of the dimer, while leaving the initial populations

unchanged. On the other hand, the electronic coupling J generates coherence and trans-

fers population amongst sites cyclically. Hence what a population inversion in exciton

base reflects is just the consequence of balance between dephasing and tunnelling in the

pigments, before relaxation equilibrates the system. In the site basis, the initial state is

ψ =
1√
2

(
cos

θ

2
− eiξ sin

θ

2

)
|eagb〉+

1√
2

(
cos

θ

2
+ eiξ sin

θ

2

)
|gaeb〉, [3.16]
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consequently, J → ∞ will set ψ to be greatly localised on one site of the dimer, so no

coherence is present, thus, there is no dephasing, and no population inversion because

the non-secular terms only allow energy flow via the coherences. On the other hand,

J → 0 means no tunnelling, hence the system just relaxes to equilibrium. In between,

whenever the initial phase sets ψ displaced towards the high energy site (a in Fig. [3.1])

the coupling J will transfer energy to the lower energy site (b), generating coherence

in the process, maximised when J is resonant with the energy difference among sites

(namely θ = π/4, transforming the energy excess into kinetic energy), but the environ-

ment acts against this process, trying to localise the system in its original state. The

process requires energy inflow which has to come from the environment and which in

turn shows up as an increase of the population of the high energy exciton. In the op-

posite situation, the environment acts localising the system on the low energy site, and

therefore accelerates the rate of energy transfer as well. So the presence of non-secular

terms, in the energy basis of the system, accelerates energy transfer, producing in ad-

dition population inversion. Such result agrees with recent observations that show that

violations of detailed balance indeed accelerate energy transfer, always [93].

These non-secular terms terms, do not conserve the energy (they do not follow a

detailed balance condition), as can be easily seen using exciton creation/annihilation

operators in Eq. [3.8]; they contain σ+b
†
k and σ−bk, ergo either two excitations are cre-

ated or are annihilated, which violates the energy conservation principle. The physical

framework of the population inversion is thus that of an electronic transition in the sys-

tem being compensated for by the creation/annihilation of a virtual (these terms do not

conserve the energy, therefore the phonon has negative energy, hence “virtual”) phonon

in the environment. This is a process that drives the environment out of equilibrium,

and consequently must vanish on longer time-scales, thereby setting the transient nature

of the population inversion and ensuring always the relaxation towards a thermal state,

and that energy is conserved at the end of the day.

3.6 Alternative derivation and discrete vibrational modes

Following our aim to study realistic biological systems, we revisit the AR experimental

function associated with the FMO complex Eq. [3.5] but this time including the second

part, which contains Dirac deltas. These, describe the sharp features as appreciated

in Figs. [D.2](A) and (B) in appendix [D], and are associated with underdamped in-

tramolecular vibrational modes. The presence of sharp features is an almost universal

characteristic of most realistic biological spectral functions [56, 57, 87, 94, 95]. In the

present section, we again numerically study the dimer system, this time including the
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vibrational modes. In addition, we provide an an exact mathematical derivation (at t =

0) for the treatment of vibrational modes that coincides in its results with the theoretical

model presented before and the physical intuition we have acquired from it.

To tackle this more complicated problem, we make use again of TEDOPA. Due

to its unique properties, TEDOPA is specially well suited to treat richly structured

environments [85, 96], as has been already demonstrated for the FMO [57] and other

systems [84]. The role of vibrations in biological systems is already discussed in chapters

[2] and [4], so we will not further elaborate here on the topic.

Particularly, the AR spectral function for the FMO, contains two vibrational modes,

one at 180 cm−1 –nearly resonant with the excitonic energy gap in the dimer system–

and the other at 37 cm−1. In Figure [3.8] we repeat the same numerical calculations

as we did for Fig. [3.2], this time including those two vibrational modes in the spectral

function. Fig. [3.8](A) shows that the phase-dependent population inversion is signifi-

cantly enhanced (by up to 20 % for T = 277 K and ξ = π as compared to Fig. [3.2](A))

by the presence of the discrete modes. Furthermore, it is also remarkable that any pop-

ulation transfer is significantly enhanced (accelerated) by these modes, regardless of the

initial phase or the direction of the energy flow, meaning that even when the transfer

is towards the low energy exciton, the modes aid the process. A similar result was

observed already, showing that violating detailed balance accelerates the rate of energy

transfer [93]. Clearly, these vibrational modes further violate detailed balance via non-

secular terms, so these results are not unexpected, and further support the idea that

electronic-vibrational coherence is indeed behind the efficient energy transport observed

in photosynthetic complexes, in this case aided explicitly by the environment for certain

phases.

Fig. [3.8](b) reproduces the results in which an initial phase ξ = π is imposed

–to ensure the presence of population inversion– and the temperature is varied. The

enhancement of the environment energy harvesting is as expected further enlarged by

the presence of vibrational modes, contradicting again the intuition that increasing the

temperature should damp the modes faster and thus spoil the process.

To understand the origin of the enhancement effect the vibrational modes have on

the phase-dependent population inversion we perform an exact quantum mechanical

analysis of the system and the environment in the limit t → 0, assuming factorized

initial conditions. Using the excitonic basis for the dimeric system, we can write

H =
∑
n=1,2

En|n〉〈n|+
∑
i,k

ωkc
†
i,kci,k +

∑
n,m

Qnm|n〉〈m|. [3.17]



60 Chapter 3. Phase-dependent exciton transport

 0.3

 0.35

 0.4

 0.45

 0.5

 0.55

 0.6

 0.65

 0.7

 0  0.05  0.1  0.15  0.2  0.25  0.3

E
x
c
it
o

n
 p

o
p

u
la

ti
o

n

Time (ps)

A ξ = 0 ξ = π/2 ξ = π ξ = 3π/2

 0.4

 0.45

 0.5

 0.55

 0.6

 0  0.02  0.04  0.06  0.08  0.1

E
x
c
it
o

n
 p

o
p

u
la

ti
o

n

Time (ps)

B 300K 250K 200K 150K 77K 0K

Figure 3.8: Population of excitons |1〉 (black) and |2〉 (g) with exact time evolution
as calculated by TEDOPA for a dimer system (see Fig. [3.1]) with ωa−ωb = 135 cm−1

and J = 52 cm−1 in the super-Ohmic background characterised by the AR spectral
density with two discrete vibrational modes of frequencies 180 cm−1 and 37 cm−1 at
T = 277 K (see Fig. [D.2] for representative ξ = 0, π/2, π, 3π/2 phases in (A) and for
temperatures in the range 0− 300K following the initial state preparation with ξ = π
in (B).

The main difference with the previous derivations is that now we consider the envi-

ronment as a finite set of k independent bath modes coupled to each site of the dimer.

The coupling of the environment with the system is redefined in the delocalised exciton

basis, and now reads Qnm =
∑

i,k gi,kC
i
nC

i
m(ci,k + c†i,k), where the coefficients C can be

taken real, so Qnm = Qmn. These coefficients can be re-expressed in terms of the mixing
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angle θ of the dimer system to obtain explicit expressions for the Q couplings

Q11 =
∑
k

gk cos2

(
θ

2

)(
c1,k + c†1,k

)
+
∑
k

gk sin2

(
θ

2

)(
c2,k + c†2,k

)
,

Q22 =
∑
k

gk sin2

(
θ

2

)(
c1,k + c†1,k

)
+
∑
k

gk cos2

(
θ

2

)(
c2,k + c†2,k

)
,

Q12 = −1

2

∑
k

gk sin (θ)
(
c1,k + c†1,k

)
+

1

2

∑
k

gk sin (θ)
(
c2,k + c†2,k

)
.

[3.18]

Introducing the mode displacement operators Xk = ck + c†k allows us to write

Q11 −Q22 = cos θ
∑
k

gk (X1,k −X2,k) ,

Q12 = −sin θ

2

∑
k

gk (X1,k −X2,k) .
[3.19]

We now consider the Heisenberg equations of motion Ȯ(t) = −i [H, O(t)] for the

exciton populations and coherence operators (tensor product with the identity matrix

of the environment is implied) to obtain the analogue to the reduced equations [3.12]

ρ̇11 (t) = −iQ12 (t) (ρ12 (t)− ρ21 (t)) ,

ρ̇12 (t) = −i (E12 +Q11 (t)−Q22 (t)) ρ12 (t)

− iQ12 (t) (ρ22 (t)− ρ11 (t)) ,

[3.20]

Following the analysis we performed before in this chapter, we want to know the

influence that a phase on a superposition of excitons has on the direction of the energy

flow at the starting time. The rate of change of energy is ∆(t) = ω0ρ̇11(t), so the sign of

ρ11(t) at t = 0 tells in which direction the energy flows after a sharp excitation. Thus,

taking the second derivative of the high energy exciton population evolution equation

and inserting the expression above for the rate of change of coherences we obtain

ρ̈11 (t) = Q12 (0) (E12 +Q11 (0)−Q22 (0))<{ρ12 (0)} . [3.21]

If we now assume that the initial state of the exciton-environment system is separable

into electronic and thermal environment density matrices, we can take the expectation

value of the second derivative of the population with respect to the latter

ρ̈11 (t) = 2〈Q12 (0) (Q11 (0)−Q22 (0)〉β<{ρ12 (0)} , [3.22]
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where the thermal expectation value of the environment operators is

〈Q12 (0) (Q11 (0)−Q22 (0)〉β = −1

2
sin(2θ)

∑
k

g2
k(2n(ωk) + 1), [3.23]

with n(ω) being the thermal Planck distribution. 〈Qij (t)〉 vanishes for a thermal state

explaining why the first derivative of the populations vanishes as t → 0). We can now

combine those two last equations to obtain

d2ρ11

dt2
|t=0 = − sin (2θ)<{ρ12 (0)}

∑
k

g2
k(2n(ωk) + 1). [3.24]

Introducing the definition for the spectral function of the environment as S(ω) =∑
i g

2
i δ(ω − ωi) allows us to write

∑
i

g2
i (2n(ωi) + 1) =

∫ ∞
0

S (ω) (2n (ω) + 1) dω. [3.25]

And if we now choose the spectral density to contain discrete vibrational modes

as S(ω) = S0(ω) +
∑

i g
2
kδ(ω − ωi), with S0 (ω) a smooth function representing the

background fluctuations and i discrete modes of frequency ωi and coupling strength gi,

we obtain ∑
k

g2
k(2n(ωk) + 1) =

∫ ∞
0

S(ω)(2n(ω) + 1)dω =∫ ∞
0

S0(ω)(2n(ω) + 1)dω +
∑
i

g2
i (2n(ωi) + 1),

[3.26]

which can be combined now with the equation for the second derivative of the population

to obtain

ρ̈11 (0) = − sin(2θ)<{ρ12(0)}

(∫ ∞
0

S0(ω)(2n(ω) + 1)dω +
∑
i

g2
i (2n(ωi) + 1)

)
. [3.27]

The condition ρ̇11(0) = 0 means that the initial rate of energy flow is given by Eq.

[3.27], where the effect of the discrete vibrational modes always adds up to the general

direction of the energy flow, which is dictated by the sign in Eq. [3.27], dependent on

the real part of the initial coherence. Therefore we obtain that regardless of the initial

preparation, the modes will always enhance energy transport (as seen in in Fig. [3.8]),

and in particular, will enhance population inversion. Even more, the analysis above

also determines that the initial enhancement due to the discrete modes does not depend

on the frequency of the modes, i.e. exact resonance is not required (frequency only
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appears through the temperature dependence). The trend is easily appreciated in Fig.

[3.9], where the average displacement of the first environmental chain coordinate time

evolution is shown. Here we can see the influence of the vibrational modes on exciton

energy transport, leading to long-lasting strong coherent oscillations of the environment

for every initial phase, with a clear enhancement of the energy flow towards the system

at the early times, as compared to Fig. [3.6].
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Figure 3.9: First environmental chain coordinate average displacement 〈X1(t)〉 exact
time evolution as calculated by TEDOPA for a dimer system with ωa−ωb = 135 cm−1

and J = 52 cm−1 with an initial state |ψ〉 = 1√
2

(
eiξ|1〉+ |2〉

)
for representative ξ =

π/2, π, 3π/2 phases at an environmental temperature T = 277 K in an environment
characterised by the AR spectral density Eq. [3.5] with a quasi resonant vibrational
mode of frequency 180 cm−1, with thermal distribution initial state.

The initial phase-dependence is also rationalised by this analysis. From Eq. [3.22]

we obtain that the sign of the energy flow is dictated by the sign of the real part of the

initially prepared coherence, which not only explains how the phase induces different

evolutions, but why the discrete modes only modify significantly the result when the

phase is ξ = π in Fig. [3.8](A) (the real part is 0 for ξ = π/2 or 3π/2).

The phase-sensitivity of the initial rate of energy is introduced by the correlations of

diagonal and off-diagonal bath fluctuations, i.e. terms involving 〈(Q11−Q22)Q12〉 pretty

much like the terms σx,yσz on the ME Eq. [3.9]. In the quantum mechanical analysis,

the term Q12 acts like an effective coupling between states, mimicking the action of

a transversal field (dephasing). The effective longitudinal (relaxation) component is

provided by Q11−Q22. Thus we recover the result that the phase-dependent population

inversion is the result of correlated fluctuations of the environment, and the stronger

these are, the bigger the population inversion is, as can be seen by comparing the
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TEDOPA results for populations and environment displacement Figs. [3.2], [3.6], [3.8]

and [3.9]. In addition, the fluctuations are introduced into the dynamics with a coupling

sin(2θ), hence matching the results obtained above that the optimal mixing angle that

maximises energy absorption from the environment is π/4.

Both the master equation approach and the quantum mechanical analysis coincide

on the explanation of the phase-dependent population inversion origin. However, they

also exhibit some differences that are worth mentioning. We can see in Fig. [3.3](A)

that the populations behave linearly with time at the very early times of the evolution.

On the other hand, TEDOPA exact numerical results in Figs. [3.2] and [3.8] display a

quadratic evolution at the very early times. The disagreement is settled by the quantum

mechanical analysis, which is also exact, although only at t = 0. On the QM analysis we

obtain that ρ̇11(0) = 0, so the initial evolution is governed by the second derivative, and

thus the population will evolve quadratically, as seen by TEDOPA. Indeed, the evolution

of the populations in the eigenbasis of the Hamiltonian always begins quadratically [14]

(the linear terms vanish in the Heisenberg equation), reassuring us of the results obtained

by TEDOPA and giving further proof of the reliability of TEDOPA numerical method.

The linearity of the master equation approach deserves a word. The presence of

linear terms might lead to violations of positivity at the very early times of the evolution.

It is clear that at t = 0, the condition ρ̇11(0) = 0 is also met for Eqs. [3.12], as the rates

[3.10] vanish in that limit. However, those rates have a linear component in time around

0, meaning the early time evolution will be linear. The origin of this linearity is closely

related with the “slippage” problem [97–99]. On a master equation approach, positivity

is not ensured for every possible initial condition [23], although once the Markovian

evolution is reached, complete positivity is guaranteed. Nonetheless, in the transient

time between the initial condition and the Markovian evolution, correlations within the

environment, and among the system and the environment might develop [98], leading to

the linear terms. The problem is not present on an exact QM analysis because there the

environment is also fully treated, thence the oscillators composing it are also evolved,

and their influence, via Q11(t), Q12(t) and Q22(t) is quadratic (the harmonic oscillator

evolves quadratically with time).

As a last remark, it is worth mentioning that if the equation of motion for the oscil-

lators –for Q̇ij(t)– is considered, it can be shown that the initial force of the environment

due to the excitons depends on the phase of the environment. As the discrete mode is

underdamped, it “remembers” the sign of the force that drives it and, consequently, the

force it exerts back on the excitons depends on the initial phase. This is why in the

TEDOPA results, the phase of the mode-induced oscillations (at all times) changes with

initial condition.
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3.7 Conclusions

This chapter was devoted to present, an analyse in detail, a non-Markovian effect aris-

ing from the non-equilibrium environment in a dimeric system subject to relaxation

and decoherence. The novelty is not that such effect exists, as it is obvious that non-

Markovianity is a reality in Nature. The importance of the revealed population inversion

is its potential observability and, even more, it usefulness as a resource due to the con-

trollability it possesses.

Not only have we considered realistic parameters to uncover the effect via numerical

analysis, but they are indeed taken from a living organism, meaning they are already

realised in Nature [51]. But the real importance lies in the theoretical analysis, which

allows us to rationalise the effect and show that, in principle, it is universal and should

be found in a wide range of natural and/or artificial dimeric systems. Moreover, we

are able to prognosticate the electronic and environmental properties that maximise the

effect, including the presence of discrete vibrations, a current trend topic in quantum

biology [56, 57, 94, 95], and that here have the effect of nearly duplicate the population

inversion in size and extend its duration in time.

The obvious next step would be to try and measure the population inversion and

initial phase dependence. To do so, an engineered system with the optimal parameters

would be the best choice. To create the initial mixed state, polarisation control and

quantum control techniques in 2D Fourier Transform spectroscopy have already proven

their capabilities to create excited state coherences. Times well within the femtosecond

scale have already been measured reliably, thus making the population inversion studied

here (50 - 100 fs) perfectly measurable with these techniques [59, 67, 71, 100, 101].

Another possible test system might be provided by Rydberg atoms behaving like

a dimer system with dipole coupling, as they are highly controllable via microwaves,

including creating coherences and with an enthralling degree of control over the envi-

ronment [102]. Whether the magnitudes would allow for population inversion to be

observable remains to be calculated, but it would be an interesting continuation of this

analysis.

The parameters studied in this chapter were taken from the FMO complex. In

principle, we have chosen to ignore that the FMO features seven, and not two coupled

sites, as numerically the problem becomes nearly intractable for the seven sites. One

might, however, wonder whether the population inversion is still present in the full FMO,

and, more important, if it leads to any advantage in the process of energy transfer, as

it would therefore not only be a clear signature of quantum effects in biology, but also

would open up the door to utilise the population inversion for the benefit of humankind.
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The theoretical analysis performed here, together with the results for the displace-

ment of the environment, hints towards the possibility to analyse the system using a

semiclassical approximation as is described in the appendix [C]. Provided that the envi-

ronment oscillates coherently with the system whenever resonant vibrational modes are

present, as occurs in Fig. [3.9], the modes can be treated as classical [57]. This consid-

erably reduces the Hilbert space of the system. In addition, the rest of the environment

can be treated in a Redfield formalism that keeps the non-secular terms and accounts

for the time dependence of the correlation functions. In appendix [D] we present a sim-

plified version, which only takes into account vibrations, and ignores the correlations

of the environment (secular Redfield). We show that even in this simplistic approach,

there exist population inversion. Therefore, a wider study is desirable.

It might be argued that natural light is incoherent and therefore does not induce

coherences. However, recent studies show that there is indeed coherence in natural

light [103, 104]. Such coherence is present in the tails of the distributions, and the

consequence is that light is not absorbed as individual, random photos, but as packets.

The implications are still unclear, and depend on many parameters, such as the size of

the absorption unit or the rate at which light can be absorbed. Nevertheless, it becomes

clear that the likelihood of Nature being using non-Markovian effects to gain efficiency

in energy transfer is far from non-existent.

The evident step forward would be the design of quantum devices capable of har-

nessing the transient non-equilibrium dynamics to harvest energy for the greater benefit.

However, lets be a bit humbler in this final lines. The study of non-Markovianity is both

fascinating and laborious. It is important hence to understand the middle ground that

abandons the Markovian regime to enter the realm where things get correlated. The

example analysis presented in this chapter cover such terrain. It would be interest-

ing to study the degree of non-Markovianity [105–107], and witness more directly the

transition, and how it depends directly on the magnitude of the non-secular terms. In

addition, it would be compelling to study these same concepts in relation with the vio-

lations of the quantum principle of detailed balance, and the relation it has to velocity

of relaxation and energy transfer. The master equation employed is a fantastic starting

point to address issues that have been still left unsolved in the theory of open quantum

systems.



Chapter 4

Electronic and vibrational

coherence in the LH2

photosynthetic complex

The world is indeed comic, but the joke is on mankind

H.P. Lovecraft.

4.1 Introduction

The search for quantum phenomena that proves crucial –or at least relevant– in biological

processes has been arduous and straining. In the short period spanning since the field

of quantum biology was born, a huge number of biological processes have been put to

test, and quite a few quantum signatures have been found [43, 45]. Amongst them,

photosynthesis has been the battlefield in which the domain of quantum biology has

thrived and still continues to present with surprising and encouraging results (see for

example [59, 67, 69, 74] among many others). Several different photosynthetic organisms

have been the subject of intense theoretical and experimental research, but the most

interesting results so far have been found in photosynthetic bacteria, and in particular

in purple bacteria.

What makes purple bacteria so prone to be studied is that they perform the anoxy-

genic variant of photosynthesis, and that they usually grow in ambiances where photons

are scarce. Both statements mean that the necessity of an efficient photosynthesis is

67



68 Chapter 4. Coherence in the LH2

much greater in such organisms, hence the chances to find quantum enhanced phenom-

ena get enlarged. In addition, the somewhat simpler structure of the photosynthetic

apparatus of bacteria as compared to, for example higher plants, makes both the ex-

perimental treatment and theoretical modelling much more accessible. Meaning as well

that there exist a potential usage of the acquired knowledge in the design of artificial

light harvesting systems. Altogether, photosynthetic complexes provide a fantastic play-

ground to develop and test new theoretical, numerical and experimental techniques in

quantum mechanics and open quantum systems.

In the following chapter, one such bacterium light harvesting complex is studied

thoroughly. Recent experimental results have shown that the usual paradigm for the

process of energy transport within the light harvesting 2 complex might not be entirely

correct [69, 108, 109], and that a new model is needed to accommodate such results. In

addition, it is not completely clear how oscillations in the fluorescence emission spectra

have arisen and what is the origin of what appears to be a quantum interference of energy

transfer pathways signature [110]. By combining several already known independent

mechanisms with new theoretical insights, we propose new models to try to give answer

to the current experimental evidence.

4.2 The LH2 photosynthetic complex

The system chosen for analysis is the Light Harvesting 2 (LH2) photosynthetic complex

of the species Rhodopseudomonas (Rps.) Acidophila1 purple non-sulfur bacteria. Such

bacterium performs the anoxygenic variant of photosynthesis (see chapter [2]), although

it can also grow under aerobic dark conditions, which already hints to the frequency

of the photons the bacterium absorbs to perform the photosynthesis. The photosyn-

thetic apparatus of Rps. Acidophila is composed by arrays of light harvesting 1 and 2

complexes in a proportion dependent on the light conditions under which the bacterium

lives but that is around one to ten. These contain bacteriochlorophylls a (BChl a) and

carotenoids, whose task is to collect ambient photons and transport them to the reac-

tion centre sitting in the middle of all light harvesting 1 units. We are interested in the

absorption and transport properties within the LH2, so henceforth we will focus just on

this complex.

Every light harvesting 2 complex across bacterium species features similar main

characteristics both in structure and absorption properties; differences arise only in

the number of bacteriochlorophyll a units that the complex contains, but without sig-

nificantly changing the absorption frequencies. Concretely, every LH2 consists of two

1Note that the name is now changed to Rhodoblastus acidophilus.
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concentric rings (hence the 2) of bacteriochlorophylls (shown in red and green in Fig.

[4.1]) embedded in a αβ-apoprotein scaffold [50, 111] as illustrated in Fig. [4.1]. The

particular disposition of the α (outer ribbons) and β (inner helices) units in Fig [4.1]

(shown in grey) orientates the BChl QY transitions in such a way that optimises the

energy absorption and transport properties of the complex, as we will see throughout

this chapter.

Figure 4.1: Light Harvesting 2 unit from Rps. acidophila as taken from the Protein
Database PDB file 2FKW X-ray crystallographic data obtained by [112] with a reso-
lution of 2.45 angstroms. In detail, grey and blue ribbons show the backbone carbon
chain that conforms the protein scaffold. It is composed by the α and β apoproteins
whose function is to anchor the bacteriochlorophylls shown here in red and green (the
colour code will shortly be made apparent) for either of the two ring arrangements. In
the centre of each BChl head sits a Magnesium atom that provides the pigment with
its absorbing properties, as explained in detail in chapter [2].

The light harvesting properties of the LH2 are provided by the arrangement of BChls

(with minor contributions from the carotenoids, that will not be considered here). In

particular, for the Rps. Acidophila complex subject of our analysis, high resolution

X-ray crystallography reveals a nine-fold distribution, each containing three bacteri-

ochlorophylls to sum a total of 27 BChls (other species have LH2s containing 24 BChls

in an eight-fold arrangement, but the overall structure and properties are the same).
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These are classified in two groups, depending on which ring they belong to. In detail,

Figure [4.2](A) shows the circular distribution of BChls in two rings, where is apparent

the remarkable degree of symmetry of the complete structure. Each of the rings is de-

noted according to its absorption maxima at about 800 nm (for the B800 ring) and 850

nm (for the B850 ring) respectively, as shown in Fig. [4.2](C) for a typical experimental

absorption spectra [110]. Particularly, the B800 ring contains nine bacteriochlorophylls

depicted in green in Fig. [4.2](A) while the B850 ring has other 18 BChls (red in Fig.

[4.2](A)).

Figure 4.2: Top panel, schematic representation of the two ring, nine-fold symmetry
of the LH2 from Rps. Acidophila based on the X-ray structure file 2FKW [112]. (A) dis-
plays the bacteriochlorophylls for the B800 (green) and B850 (red) where the trimeric
structure of the BChl subunits can be appreciated. (B) Relevant structural informa-
tion of distances among BChl pigments within single and different rings Qy transition
dipoles. All dipoles are parallel and the two components of each dimer (distance of
8.8 angstroms from the B850 are oppositely oriented). (C) Experimental absorption
spectrum of the LH2 complex as measured by [110] showing the two main absorption
peaks at 800 and 850 nm.

The absorption properties of the BChls are provided by the QY dipole transition,
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and the absorption properties of the entire complex, depend on the dipole couplings

amongst BChl, which is in turn determined by the electric environment and the dis-

tances and relative orientations of the bacteriochlorophylls. Figure [4.2](B) manifest the

dipole distribution for the QY transitions of each BChl in the LH2. It is conspicuous

that even though the BChls are arranged in perpendicular planes (see Fig. [4.2](A))

their dipole transitions are parallel, which will make the couplings stronger and facil-

itate energy transport, as will be shown. Fig. [4.2](B) denotes the distances between

nearest neighbours BChls (the most relevant for the dipole coupling) and shows that the

distances amongst BChls belonging to the B800 ring are comparable to the distances

between B800 and B850 pigments, which highlights that a clear hierarchy for the inter-

actions in the LH2 complex is not straightforward. In addition, bacteriochlorophylls in

the B850 ring are arranged in pairs with oppositely oriented dipole moments, with two

different distances amongst them, hence the dimeric structure usually assumed, while

for the B800 ring, they all have the same orientation. Each repeating unit on the LH2

is then composed by a dimer from the B850 plus the closest monomer from the B800

ring. However, such division, will prove unimportant to determine the properties of the

complex in our model.

4.3 Experimental motivation.

The LH2 photosynthetic complex has been extensively studied both theoretically and

in numerous experiments. From the atomic structure, to the absorption and emission

spectra, together with the chromophoric and excitonic energy transfers, the LH2 char-

acterisation is profoundly detailed, and most importantly, quantum effects have been

shown to arise in the form of long-lived quantum beatings even at physiological temper-

atures. In particular, non-trivial energy transfer pathways crucially dependent on the

existence of electronic coherence and delocalised states hinting at the necessity to go be-

yond Förster theory to understand energy transfer have been demonstrated [52, 69, 113].

Moreover, electronic coherence within each of the rings has been important in order to

properly describe the inter B800-B850 incoherent energy transfer [114]. Accordingly,

the excitonic coherence between B800 and B850 rings has been consistently believed

to be non-influential in the energy transfer process [115, 116]. The latter however re-

sponds more to an experimental limitation than to theoretical insights. Due to the small

inter-ring coupling, spectroscopic measurements have not been sensitive enough to probe

inter-ring coherence until very recently, with theoretical models being in good agreement

with the experimental techniques available so far.
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Regardless of these results, in the last section we presented the LH2 structure (see

particularly Fig [4.2](B)) suggesting that due to the inter-ring distance between nearest

neighbours chromophores being comparable to the intra-B800 chromophores distances,

and as a result of the relative orientation of the induced dipole moments, the inter-ring

coupling might play a significant role. Indeed, a recent experiment performed on the light

harvesting complex of Allochromatium Vinosum, which has a 12-fold trimeric structure

instead of the 9-fold from Rps. acidophila, requires of taking into account the coupling

between B800 and B850 ring chromophores to adequately describe the experimental

observations in the 800 nm band. Concretely, polarised excitation at liquid helium

temperature (1.2 K) shows a splitting of the B800 absorption band that can only be

explained if the coupling with the B850 is considered. Consequently, a quantitative

estimation of the effect that excitonic delocalisation among rings has in the absorption

process on the LH2, not only is lacking but becomes desirable.

The process of excitation energy transfer between the B800 and the B850 rings takes

around 0.6 - 0.7 ps at room temperature [50, and references therein]. As the distance

amongst rings is large compared to the bacteriochlorophylls size, it has been consid-

ered that energy transfer happens incoherently and that the process is well described

by weak-coupling, Förster theory. However, more recent results show that excitonic do-

mains resulting from extended electronic coherence within the B850 ring may improve

the inter-ring energy transfer [108]. Such calculations are beyond the scope of Förster

theory, which has to be generalised to account for multichromophoric excitons [117], and

insinuate that the incoherent picture for inter-ring energy transfer might not be entirely

correct. In addition, the observation of vibrational structures at around 750 cm−1 –

hence resonant with the energy gap between the bright states on each ring, located at

12500 (800) and 11750 (850) cm−1 (nm) respectively– in hole-burning and three-pulse

photon echo spectroscopic measurements on the LH2, suggest that vibrational coherence

could aid the process of inter-ring energy transfer. Together, these results allude to the

necessity of modifying the paradigmatic models of the light harvesting 2 complex to

allow for the possibility of a more important role played by quantum coherence.

Recently, Hildner et al. [110] reported an experiment performed on single isolated

LH2 complexes in physiological conditions. The experiment comprises two ultra-short

phase-controlled pump laser pulses, following the scheme described in chapter [2]. The

first pulse has a carrier envelope that is in resonance with the optically active states of

the 800 nm band; the second laser pulse, follows after a time-delay T and carrier enve-

lope phase difference ∆φ, and is in resonance with the optically active states of the 850

nm band. De-excitation of chromophores after this second laser pulse produces a fluores-

cence signal that measures the total population of the lower optically allowed excitons.

Varying the time delay for the second pulse modulates the fluorescence and therefore
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provides information about the dynamics occurring in between pulses (see Fig. [4.3]).

In addition, by changing the carrier envelope of the second pulse, information about the

phase memory retained by the states after the first pulse can be accessed, signalling for

quantum interference mechanism exploited by the process of energy transfer.

The experiment showed, unexpectedly, long-lived oscillations in the fluorescence in-

tensity traces at 850 nm. These oscillations, persisting for up to at least 400 fs (which

was the largest experimental measure time) and with an average period of 200 fs, inter-

preted in [110] as reflecting coherent dynamics occurring in the process of energy transfer

from the 800 nm band to the 850 nm band. In addition, a phase relation in the energy

transfer between bands was also found, with a sinusoidal modulation of the fluorescence

amplitude for varying carrier envelope φ. Moreover, a fluorescence signal is obtained

almost immediately after the first laser pulse, evidencing an ultra-fast energy transfer

amongst bands, not accounted for in the usual Förster descriptions. Interestingly, the

oscillatory signal observed had an amplitude commensurate with the base level fluores-

cence. These results where originally ascribed to coherent population transfer amongst

excitons delocalised over either the B800 ring or the B850 ring due to an electronic

coupling of the appropriate strength, as it is shown in Fig. [4.3].

Figure 4.3: Schematics of the experiment performed by Hildner et al. [110] where
single LH2 molecules are excited by a two-colour laser pulse pair with controlled T
and ∆φ. Color code follows from Figs.[4.2](A) and (B)and red for 850 nm frequencies.
Black represents dark intermediate states. The first pump laser creates an excitation in
the B800 band, which couples coherently to dark states of the B850 ring, transferring
thus the energy, which then decays incoherently to the B850 band, where the sec-
ond laser pump modulates the the population via quantum interference and hence the
outcome signal, the fluorescence (spontaneous transitions from the B850 band to the
pigments ground state) from the single LH2. The electronic coupling aforementioned
is responsible for the oscillations observed in the fluorescence.
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In this chapter, we will present a new model for the light harvesting 2 complex,

accounting for the possibility of electronic coherence among the two rings, and demon-

strate how a thorough understanding of the observations presented above requires an

interesting interplay between extended excitonic delocalisation, and the participation

of intra-molecular vibrations, which cooperate to influence the transfer dynamics down

the energy ladder to the B850 ring. The analysis will also show how the interpretation

of the results by Hildner et al. is not correct and needs from a new perspective. In

particular, we demonstrate that when the laser pulses intrinsic frequency is accounted

for, the excitonic dynamics framework is no longer correct. We thus propose a reduced

analytic model which shows that the experimental observations are strongly dependent

on ground-excited state coherences, and hypothesise with a physical mechanism that

might support the oscillatory behaviour observed in the experiment.

4.4 A novel model for the LH2

Within the standard paradigm, energy absorption takes place in the bacteriochlorophylls

belonging to the B800 ring, meaning that an incoming photon will excite a state de-

localised across pigments of this ring. Hence, to reach the B850 ring, from which the

energy then travels towards the LH1 and the reaction centre (see chapter [2]), the trans-

port happens, in principle, incoherently. Nonetheless, there exist experimental evidence

suggesting the possible presence of electronic and vibronic quantum coherence that aids

in the process of energy transport [69, 110]. Here we propose a theoretical model for

the LH2 in which the optical response at 800 nm involves excitations fully delocalised

over the entire LH2 complex, i.e., delocalised across both B800 and B850 rings. Such a

finding, allows us to interpret the observed ultra-fast dynamics as a consequence of the

direct excitation of the B850 ring from the 800 nm photons, together with the coupling

of pigments to resonant vibrations. This section is devoted to present the model and its

dynamical consequences.

4.4.1 Hamiltonian and eigenstates

The light absorption properties of the LH2 depends upon the induced dipoles −→µ i in

each BChl and their mutual interactions. A model Hamiltonian that describes the LH2

electronic excitations treats each pigment like a two level system, as was described in
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chapter [2], thus reading

He =

N800+N850∑
i=1

εi|i〉〈i|+
N800∑
i 6=j

i,jεB800

Uij |i〉〈j|+
N850∑
i 6=j

i,jεB850

Vij |i〉〈j|+
∑
i 6=j

jεB850,iεB800

Wij |i〉〈j|, [4.1]

with excitation energy εi for N800 = 9, N850 = 18 chromophores that belong to the B800

and B850 rings respectively. We account individually for coherent induced dipole-dipole

interactions among chromophores that belong to either the B800 or B850 structures,

through the couplings Uij and Vij , while coherent interactions (usually neglected) among

B800 and B850 chromophores, are taken into account by the coupling strength Wij .

The interaction terms between pigments are calculated according to the dipole-

dipole interaction

V (−→r i,−→µ i,
−→r j ,−→µ j) =

−→µ i · −→µ j

|−→ri −−→r j |3
− (−→µ i · (−→r i −−→r j))

|−→r i −−→r j |5
, [4.2]

where the magnitude of the dipoles is set by the specific properties of the corresponding

BChls.

The position of the LH2 BChl magnesium atoms is well known from high resolution

X-ray crystallography [50, 112, and references therein], hence it can be employed to

determine the vectors −→ri separating the chromophores and the induced dipole moments

which have their centre in said magnesium atoms. We would like to use the power of

symmetry in the Hamiltonian derivations; considering that the LH2 chromophores lie in

a nearly perfect S1 manifold for each of the rings, in our model we assume that both rings

have perfect circular structure with radius R800 = 30.4
◦
A and R850 = 26.3

◦
A for the B800

and B850 respectively. Hence the position of each BChl is determined by the symmetry

condition together with the fixed relative distances and angles amongst them, as it is

shown in Fig. [4.4]. The relative orientation of the induced dipole moments is measured

(see Chapter [2]) directly from the PDB file as the three dimensional vector joining the

B and D Nitrogen atoms in each BChl, whose positions are accurately known and which

corresponds with the lowest excitation state, the so-called QY dipole transition already

mentioned. It is found that within the symmetry condition, the induced dipoles can be

considered as tangent to the circumference in which the pigments lie.

Each dipole moment is characterised by its magnitude |µ|, which is dependent on

the electromagnetic surroundings of the BChls. Several slightly different values for the

constant |µ| can be found in the literature [48, 50, 118–120]. Here we choose, for each

ring, µB800 = 476cm−1/2
◦
A

3/2
and µB850 = 428 cm−1/2

◦
A

3/2
, corresponding with 7.3 and

6.5 Debyes respectively, taken in order to obtain nearest neighbours interaction terms
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R800 = 30.4   

R850 = 26.3   

3.5º
19.5º

Figure 4.4: Symmetric geometry for the position and relative orientation of the in-
duced dipoles in our LH2 model. Notice that the two components of each B850 pigments
dimer are named α and β respectively, as is the usual convention. The angle for the
B800 pigment measures the displacement relative to the centre of the dimer, as such
BChl is slightly closer to the B850β component.

Vi,j in the Hamiltonian Eq. [4.1] –which are at least ten times bigger than the rest– in

agreement with those calculated by Krueger et al. [120]. The results for the interaction

terms are presented in table [4.1].

Ui,i±1 Ui,i±2 Ui,i±3 Ui,i±4

B800i −B800 -27 -3.0 -0.7 -0.3

Vi,i±1 Vi,i±2 Vi,i±3 Vi,i±4

B850αi −B850α -47 -5.7 -1.7 -0.9

Vi,i±1 Vi,i±2 Vi,i±3 Vi,i±4

B850βi −B850β -36 -4.1 -1.1 -0.4

Vi,i Vi,i+1 Vi,i−1 Vi,i+2 Vi,i−2 Vi,i+3 Vi,i−3 Vi,i+4 Vi,i−4

B850αi −B850β 490 363 20 13 5.0 2.9 2.2 1.5 1.4

Wi,i Wi,i+1 Wi,i−1 Wi,i+2 Wi,i−2 Wi,i+3 Wi,i−3 Wi,i+4 Wi,i−4

B850αi −B800 35 -11 -4.4 -2.0 -1.6 -1.5 -0.7 -0.7 -0.5

Wi,i Wi,i+1 Wi,i−1 Wi,i+2 Wi,i−2 Wi,i+3 Wi,i−3 Wi,i+4 Wi,i−4

B850βi −B800 -18 10 6.0 4.8 3.0 1.7 1.6 1.1 1.0

Table 4.1: Interaction terms (in cm−1) among each of the three BChl a on the ith

repeating unit of the LH2, and the rest of BChls. B850α and B850β refer here to
oppositely oriented induced dipole moments QY within the B850 ring (see Fig. [4.4]).



Chapter 4. Coherence in the LH2 77

According to the “standard” framework, the diagonalisation of the Hamiltonian Eq.

[4.1] is performed by setting the inter-ring coupling Wi,j to zero. Therefore, each ring

is diagonalised separately. Such framework, exploiting the symmetries of the Hamil-

tonian, leads to excitonic states energies of the form EB800
q = εB800 + 2U cos

(
2πq
N800

)
(q = 0,±1, ... ± 4), with EB800

q deviating only slightly from εB800 owing to the mod-

est magnitude of the electronic coupling U amongst the B800 chromophores, as shown

in table [4.1]. Analogously the B850 ring presents excitonic energies EB850
k = εB850 +

2V cos
(

2πk
N850

)
, (k = 0,±1, ... ± 8, 9), where a nine-fold dimeric structure is considered

(see Figs. [4.2](b) and [4.4]). Degeneracy is pairwise, characteristic of Hamiltonians

with circular symmetry [121]. Moreover, the lower pair of each manifold –here q = ±1

and k = ±1– gathers all the dipole strength, and therefore those will be the only bright

states of the complex. Hence allowing the BChl excitation energies to be fitted to fulfil

the absorption properties of the complex, namely, that the lowest pair of states of each

ring falls in the absorption maxima at 800 and 850 nm respectively. By such analysis,

we set the BChl excitation energies at εB800 = 12541 cm−1 and εB850 = 12636 cm−1.

Yet such analysis presents the issue that the energy transfer amongst rings has to

be calculated in a perturbative regime, which in principle would lead to inconsistencies

with experiment results such as those from Hildner et al. [110]. Namely, no ultra-fast

energy transfer can take place in such framework. We consequently think that a different

paradigm is needed. The key realisation is that both the distance (see Figs. [4.2](B) and

[4.4]) and the dipole interaction strengths (see Table [4.1]) among chromophores belong-

ing to the B800 ring (Uij), and between those of the B800 and the B850 rings (Wi,j) are

alike, meaning that a perturbative treatment of the latter might not be appropriate to

deal with this new class of experiments that explore dynamics in a regime well before

Förster energy transfer can take place, in which the separation in different rings made

sense and was accurate. Accordingly, we propose that the whole Hamiltonian Eq. [4.1]

is to be considered at the non-perturbative level. Performing the diagonalisation leads

to new excitonic states |α〉 =
∑

i c
α
i |i〉 whose energies Eα are listed in Table [4.2], where

cαi are the Franck-Condon factors of the excitonic states |α〉 in the pigments site basis

|i〉. The energy level landscape is presented in Fig. [4.5], where degeneracy is made

explicit. For comparison, the results for the situation in which the inter-ring coupling is

not considered are presented in appendix [E].

4.4.2 Extended excitonic delocalisation

Where lies the difference between a separated ring approach and the whole LH2 di-

agonalisation? The maximum nearest neighbour coupling V in the B850 ring is much

larger than the corresponding maximum U in the B800 ring, and the energy gap amidst
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|α〉 Eα (nm)

1 859.28

2 - 3 850.64

4 - 5 834.18

6 - 7 815.77

8 801.36

9 - 10 800.13

11 - 12 799.96

13 - 14 797.38

|α〉 Eα (nm)

15 - 16 795.11

17 - 18 792.79

19 - 20 775.82

21 - 22 763.74

23 - 24 753.63

25 - 26 746.95

27 744.13

Table 4.2: Excitonic energies as calculated from the diagonalisation of the electronic
Hamiltonian in Eq. [4.1]. We employ the labelling α for excitons calculated with the
full Hamiltonian while k and q are reserved for these excitons calculated without the
inter-ring interaction term W

 740

 760

 780

 800

 820

 840

 860

 740

 760

 780

 800

 820

 840

 860

W
a

v
e

le
n

g
th

 (
n

m
)

Figure 4.5: Complete exciton energy landscape. Continuous line for B850-like (those
with nIPR < 0.5), dotted for the B800-like states (with nIPR > 0.5), and dashed red
those states which delocalise over both rings, labelled with α from 9 to 12 in Table
[4.2]. Notice that the latter are four states (compare with Fig. [E.1] in appendix [E]),
though they become undistinguishable due to degeneracy.

excitonic degenerated pairs is, for each ring, of roughly the size of the nearest neighbour

coupling of the corresponding ring. Therefore a set of states |k| > 1 is nearly resonant

with the manifold of B800 states (see Fig. [E.1] in the appendix [E]). Notably, the role of

these high energy states of the B850 ring has been previously postulated to be important

in the energy transfer process within the LH2 complex [50, 111]. In detail, states q = ±1

and k = ±4 are nearly degenerate in absence of inter-ring interaction. Hence when the

inter-ring interaction Wi,j is considered these states hybridise and become delocalised

over the complete LH2 complex. Such delocalisation results in states |α = 9−12〉, whose
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nature differs significantly from the individual ring eigenstates as made evident from the

heat map of site contributions (namely |cαi |2) to each exciton |α〉 in Fig. 4.6. There we

can also see that the other excitons |α〉 correspond mainly to either states k (B850) or

q (B800) of either band, similarly to the case of no inter-ring coupling presented in Fig.

[E.2], due to the large energy mismatch.
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Figure 4.6: Contribution of BChl a pigments from the B850 (1 to 18) and the B800
rings (19 to 27) to the excitonic eigenstates |α〉 of the electronic Hamiltonian in Eq.
[4.1] of the complete LH2 (exact energies can be read at the Table [4.2], with red labels
in the right-vertical axis to underline the states |α = 9 − 12〉 fully delocalised in the
LH2, excitable with a wavelength ≈ 800 nm.

The optical response at the spectral position ωα –corresponding with the excitonic

state |α〉– occurs with an intensity proportional to the excitonic dipole strength µ2
α =

(
∑

i c
α
i
−→µ i)

2 dependent on the ith molecule QY induced transition dipole −→µ i. Hence,

extended excitonic delocalisation of states lying around 800 nm means that the optical

strength gets redistributed from the bright states of the B800 ring, namely |q = ±1〉, to

the exciton states |α = 9− 12〉 which are also conformed by the previously dark states

|k = ±4〉, as can be seen in Fig. [4.7]. Therefore, within the proposed LH2 model, there

are four excitons |α = 9− 12〉 which are bright and thus will contribute to absorption.

The hybridisation properties and absorption strength redistribution of nearly degen-

erated states as arising from inter-ring coherent interaction can be better understood by

means of an analytic reduced model involving the optically active doublet of the B800
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Figure 4.7: Optical strength of excitonic eigenstates for uncoupled (W = 0, black
squares) and coupled rings. In the former case, the only states with non-zero optical
strength correspond to states |k = ±1〉 and |q = ±1〉 (labels not shown to avoid
confusion). When the full LH2 electronic Hamiltonian is considered, excitons |α =
9−12〉 (red diamonds) acquire absorption strength while the rest (blue triangles) remain
the same.

ring q = ±1 and the B850 states k = ±4 with a coherent coupling Wq,k:

HS =
∑
q=±1

Eq|q〉〈q|+
∑
k=±4

Ek|k〉〈k|+
∑

k=±4,q=±1

Wq,k (|k〉〈q|+ |q〉〈k|) . [4.3]

Due to the resonance condition (see appendix [E] for the uncoupled rings excitonic

energies) Ek=±4 ' Eq=±1 and given that −〈q = ±1|W |k = ±4〉〈q = ±1|W |k = ±4〉 ≈
W ≈ 20 cm−1, the excitonic states ofHS reduce to {1

2 (Eq + Ek − 4W ) ; Ek; Ek;
1
2 (Eq + Ek + 4W )}

whilst the eigenvectors are

|α = 9〉 =
1

9
(−4|q = −1〉 − 4|q = 1〉+ 5|k = 4〉+ 5|k = −4〉) ;

|α = 10〉 =
1√
2

(|k = −4〉+ |k = 4〉)) ;

|α = 11〉 =
1√
2

(|q = −1〉 − |q = 1〉) ;

|α = 12〉 =
1

7
(4|q = −1〉+ 4|q = 1〉+ 3|k = 4〉+ 3|k = −4〉) ,

with amplitudes independent of Eq, Ek and W . We see how two of the eigenvectors

(which by analogy with the complete model we label |α = 9and12〉) delocalise over both

rings. Notably, the state |α = 9〉 has a major population in the B850 pigments, and

acquires an appreciable dipole strength (3d2, where d are arbitrary units), which –as

the total dipole strength of the system is a conserved quantity (4.5d2)– is provided by
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the corresponding reduction of dipole strength from the state |α = 12〉 (1.5d2), which

features a major population in the B800 ring. As a consequence, pigments that belong

in the B850 ring, acquire an optical response in the 800 nm region. And this is the

essence of the model we propose, as it allows direct absorption at 800 nm, already in

the B850 ring, thus explaining the ultra-fast inter-ring energy transfer.

Notice that even though this reduced model captures the dipole redistribution ob-

served in simulations, slight differences of energy in realisations of Ek and Eq and ex-

citonic interactions with other states are not accounted for, thence the quantitative

differences with the global model as compared with Figures [4.6] and [4.7], which will

further mix this manifold to create a bright band at 800 nm which neither corresponds

to B850 nor B800 ring excitons.

4.4.3 Disorder, quantification of properties in natural conditions

The delocalisation properties presented above have been calculated under the assumption

of ideal conditions, namely, that the BChl energies and dipole couplings remain constant

at their optimal values. Nonetheless, the chromophores are located inside a protein

matrix (see Fig. [4.1]), and therefore are subject to the oscillations proper of static

lattice protein thermal motion. Such motion produces disorder (see chapter [2]) in

the Hamiltonian in Eq. [4.1], leading to displaced eigenvalues and eigenvectors, which

result in the alteration of delocalisation properties and inhomogeneous broadening of

the absorption spectra [63, 122]. In particular, it has been shown that the dominant

disorder in the LH2 is diagonal [123], the reason being that the LH2 is a more compact

structure than for example the LH1, where off-diagonal disorder plays an important role.

Disorder is described by the inhomogeneous Hamiltonian

Hinh =

N800+N850∑
i=1

δεi |i〉〈i|+
N800∑
i

δUi,i±1 |i〉〈i± 1|+
N850∑
i

δVi,i±1 |i〉〈i± 1|, [4.4]

where the δs represent independent Gaussian distributions centred around zero and

with σ standard deviation set according to the temperature. For the LH2, we just

consider diagonal disorder, namely, variations of the BChl excitation energies. Hence by

generating several different realisations and averaging over them we simulate realistic

conditions as found in the experiments. We will subsequently apply disorder to the

results presented in the previous subsection, and check whether the properties found

under ideal conditions are still present and can account for the results of experiments

conducted under physiological conditions, or indeed for the living organisms themselves.
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A measure to quantify delocalisation of states in a site Hamiltonian is the index

participation ratio (IPR) [124, 125], defined as ξxα ≡
(∑

iεNx
|cαi |

4
)−1

. The IPR runs

from 1 to the number of sites in a system, and its value assesses the number of sites

over which a state is delocalised. For the LH2, the IPR is defined over the domains

Nx = N800 or Nx = N850 and quantifies how many BChls are involved in each exciton.

For coupled rings, in the absence of disorder, eigenstates typically delocalise over 2/3 of

the chromophores of the corresponding ring [126], while the singlet states delocalise over

the entire ring, as can be seen in Fig. [4.9] for uncoupled rings. On the other hand, Fig.

[4.9] also shows that for coupled rings exciton states |α = 9 − 12〉 overcome the 2/3’s

limit and delocalise over more BChls. Nonetheless, the IPR provides no information

about whether the excitons are delocalised in either ring or in both of them.
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Figure 4.8: IPR of excitonic eigenstates for uncoupled (W = 0, black squares) and
coupled rings. In the former case, doublets have an IPR of 2/3 the number of sites in
the ring while singlets have an IPR which is the same as the number of sites. When
W is considered, states |α = 9 − 12〉 (red diamonds) –which have non-zero optical
strength– present an increased IPR. The effect is also felt in some of the other exciton
states ((blue triangles) due to the large number of sites considered (as compared with
i.e., the reduced analytic model in the main text).

To elucidate the question of where do the |α = 9 − 12〉 excitons delocalise, we

propose an adequate modification of the IPR that quantifies delocalisation over rings;

the normalised index participation ratio (nIPR), defined as

nIPRα =
ξB800
α

(ξB800
α + ξB850

α )
, [4.5]

ranging from 0 for excitons delocalised only over the B850, to 1 for delocalisation only
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within the B800 ring. For instance, the extended delocalisation as explained in the re-

duced Hamiltonian in Eq. [4.3] for states |α = 9, 12〉 is quantified by their respective

nIPR = 0.76 and nIPR = 0.3. Figure [4.9] illustrates excitonic delocalisation over

the entire LH2 for the states absorbing in the 800 nm range under physiological condi-

tions. For 1000 realisations of pigment energy fluctuations at physiological temperature

(standard deviation σε = 370 cm−1) the nIPR for states |α = 9 − 12〉 shows that par-

tial delocalisation and the subsequent dipole redistribution –as captured by our reduced

model– over both rings are general even under realistic conditions. Therefore we con-

clude that to identify the 800 nm band on the LH2 unequivocally with the B800 ring is

not correct.
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Figure 4.9: Realisations of the nIPR (see Eq. [4.5]) for coupled rings at physiological
temperature (σ = 370 cm−1) with a colour code progressing from B850-like (charac-
terised henceforth by a nIPR < 0.5) to B800-like (those with nIPR > 0.5) states as the
nIPR increases.

How does the extended delocalisation affect the absorption on the LH2 complex?

The hybridised states in the 800 nm band are optically active and consequently, an

incoming pulse in the 800 nm spectral range directly excites the B850 ring. For those

states mainly delocalised over the B850 ring (states with nIPR < 0.5), or B850-like states

as shown in Fig. [4.9]), Fig [4.10] shows their absorption spectra at low T in (A) and

physiological T in (B). We observe a feature that becomes conspicuous at 800 nm for

the absorption spectra of only the B850 ring, which accordingly arises from states that

would be dark in the absence of inter-ring interaction W . Excitonic delocalisation exists

for times determined by the decoherence processes, which at room temperature (≤ 100
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fs), are still longer than the few optical cycles (∼ 10 fs), required to imprint such coherent

features on the absorption spectrum [127]. At low temperatures, disorder does not affect

the absorption process greatly, therefore the signature of the optically active states from

the B850 ring in the 800 nm region is clearly visible in Fig. [4.10](A). Nonetheless, at

physiological temperatures, disorder broadens absorption peaks, masking the mentioned

signature, which now becomes a minor correction in the high energy tail of the much

stronger B850 band, which in practice makes much more difficult the identification

through linear absorption of the specific properties leading to such feature.

The results in Figure [4.10] are similar to those presented in [109], where the inter-

ring coupling was also taken into account to be able to explain some spectral features

in the region of 800 nm. The additional complication in the LH2 is that the complete

manifold of interest presents the same spectral position both an increase and a decrease

of optical strength, with the likely consequence of no appreciable change in the absorp-

tion spectra. Nonetheless, very low temperature experiments or different experimental

techniques such as pump-pump schemes or 2D-spectroscopy might be able to measure

the changes associated to the extended excitonic delocalisation.

Figure 4.10: Absorption spectra (logarithmic scale) at low (77 K) temperature in (A)
and high (277 K) temperature in (B) from the B850 states for non-interacting rings
(dotted), and for B850-like states (states with nIPR <0.5) for interacting (continuous)
rings. Results from 1000 realisations of the electronic Hamiltonian in Eq. [4.1 with
inhomogeneous diagonal disorder Eq. [4.4]. σε = 100 cm−1 at 77 K and 370 cm−1 at
277 K[128].

Note that the above described dipole redistribution may explain how dynamics in

the B850 ring might occur from direct excitation at 800 nm at shorter time-scales than

what would be expected from B800→ B850 Förster energy transfer rate [114, 118, 129],

expected to take place on a time scale of ' 700 fs−1. It however explain neither oscil-

latory features in experiments nor the possibility of coherent transport within the B850
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ring. Hence it becomes a requisite for ultra-fast energy transfer, but not a full explana-

tion. Thence the vibronic model that was mentioned in chapter [2] and is developed in

the next section.

4.4.4 Vibronic motion in the LH2

The long lasting oscillations observed in non-linear spectra performed on photosynthetic

light harvesting structures can be explained with intramolecular vibrations coupled to

the pigments. These are described as discrete vibrational modes that happen to be

nearly resonant with the excitonic gaps ~ωn ≈ Eα − Eα̃. Under coherent excitation

the modes induce coherent excitonic dynamics [57, 59, 68, 130, 131]. If incoherently

excited –such as when they are out of resonance– vibrations might enhance relaxation

of electronic eigenstates.

The combined motion of excitonic eigenstates and vibrations resembles Rabi-like

oscillations among excitons promoted by the mode displacement playing the role of

exciting field. The quasi-continuum of non-resonant phonons, though equal in nature to

the resonant ones, can be accounted for with a Lindblad-type quantum master equation

(see Eq. [1.24] in chapter [1]), as they will only induce incoherent (dissipative/dephasing)

dynamics. The Hamiltonian that describes the modes and their coupling to each of the

chromophores reads

He−v =
∑
n

ωnb
†
nbn +

∑
i,n

√
si,nωn

(
b†i + bi

)
|i〉〈i|, [4.6]

with bn (b†n) the annihilation (creation) operators of frequency ωn associated with in-

dividual pigments with a local QY electronic excitation |i〉. The coupling between the

chromophores and the vibrations is quantified via the so-called Huang-Rhys factor (HR)

[64, 122, 132] si,n. In the excitonic base this Hamiltonian is written as

He−v =
∑
n

a†nan +
∑
α 6=α̃

(
aα,α̃ + a†α,α̃

)
|α〉〈α̃|, [4.7]

where it is useful to redefine the vibrational modes operators as

aα,α̃ =
∑
i

ω
√
sic

α
i c
α̃
i bi. [4.8]

Equations [4.7] and [4.8] illustrate how the resonance condition is necessary but not

sufficient for the modes to induce coherent oscillations among the exciton states |α〉 and

|α̃〉 Specifically, the generalised mode coordinate Eq. [4.8] establishes that the strength



86 Chapter 4. Coherence in the LH2

of the interaction of the mode with the excitons depends on the spatial overlap of the

excitonic wavefunctions in each involved chromophore cαi c
α̃
i . The sufficient condition

for the modes to be able to produce the observed excitonic exchange is that excitons

|α〉 and |α̃〉 must populate common chromophores in order to coherently oscillate. This

condition, usually overlooked whenever excitons are known to form over compatible

domains, has to be proven for the 800 and 850 nm bands, formerly thought to extend

over just either the B800 or the B850 rings, respectively.

Figure [4.6] states precisely that in our model, accounting for electronic coherence

among the rings, states |α = 9 − 12〉 associated with to the 800 nm band, delocalise

over chromophores that belong in the B850 ring and, states |α̃ = 2− 3〉, which conform

the 850 nm band, delocalise over the same B850 chromophores. Hence the sufficient

condition described above is met for such states. Moreover, the relevant excitonic gap

between |α = 9 − 12〉 and |α̃ = 2 − 3〉 –namely between 800 and 850 nm bands–

corresponds to ≈ 735 cm−1, closely matching the 750 cm−1 frequency of a satellite hole

observed through hole burning in the B850 nm band [122]. A vibrational mode of around

such frequency was already considered relevant for the B800 → B850 excitonic transfer

from its spectral overlap with the B800 emission band, and further evidence of such a

750 cm−1 contribution in the excited state dynamics of the LH2 was observed through

three-pulse photon echo peak shift [128, 133].

Based on the results presented in the previous section, and the experiments described

above, we propose a new framework to explain energy transport in the LH2, as depicted

in Fig. [4.11]. In our model, an incoming photon of the right frequency excites states

|α = 9 − 12〉 that delocalise over the entire LH2 complex. Therefore, population is

created directly on pigments belonging in the B850 ring. The transfer to states |α̃ =

2−3〉 conforming the B850 band is aided by coherent coupling with quasi-resonant local

vibrational modes.

A multitude of vibrational modes has been observed in Raman spectroscopic mea-

surements on the LH2 [64, 122, 132]]. Nonetheless, but a handful of them match the

resonance condition necessary for the mode to coherently drive population transfer.

Only modes of frequencies ω = 682 cm−1 and ω = 731 cm−1 and coupling strengths to

the pigments HR = 0.01 and HR = 0.03 − 0.05, bridge the excitonic gap of 735 cm−1

between bright bands. Additionally, modes of frequencies 190 - 212 cm−1 are able to

bridge the energy gaps of ≈ 245 cm−1 between intermediate dark excitonic states as

shown in Fig. [4.5]. A staircase-like dynamics α = 9 − 12 → 6 − 7 → 4 − 5 → 2 − 3

would consequently complement the direct inter-band transfer. However, the scaling of

the electron-vibration coupling
√
Sω with respect to the modes frequency ω sets a minor

role for these high energy modes, as Fig. [4.12] shows explicitly.
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B800 B850

Coherent 

relaxation

Chromophores

Figure 4.11: Proposal for excitonic energy transfer in the LH2 photosynthetic com-
plex. The 800 nm bright band delocalises over the entire LH2 hence upon excitation by
incoming photons, population is created in the pigments belonging to the B850 ring.
Coherent coupling with vibrational modes generates ultra-fast energy transfer to the
850 nm band whenever excitons populate common chromophores.

Supported by the results from Eqs. [4.7] and [4.8] we reduce the simulation of the

27 |α〉 excitons, to a two level system with excitonic states |α〉, |α̃〉 –that represent the

bright bands α = 9 - 12 and α̃ = 2 - 3– coupled to the 682 and 731 cm−1 vibrational

modes. For this simulation, the full ensemble of LH2s is accounted for upon average

from realisations of the numerical solutions of the Lindblad-type master equation

∂

∂t
ρ(t) = −i [H, ρ(t)] + Le + Lb + Ld, [4.9]

where H accounts for the electronic and/or vibrational degrees of freedom of interest in

Eq. 4.7, and Le,Lb,Ld are the Lindblad operators for detailed balanced thermalisation

of the excitons (Le) and the modes (Lv), together with decoherence (Ld), defined as[13]

Le =
γe
2

(ne + 1) (2σ−ρ(t)σ+ − σ+σ−ρ(t)− ρ(t)σ+σ−)

+
γe
2
ne (2σ+ρ(t)σ− − σ−σ+ρ(t)− ρ(t)σ−σ+) ,

[4.10]

Lb =
γv
2

(nv + 1)
(

2aα,α̃ρ(t)a†α,α̃ − a
†
α,α̃aα,α̃ρ(t)− ρ(t)a†α,α̃aα,α̃

)
+
γv
2
nv

(
2a†α,α̃ρ(t)aα,α̃ − aα,α̃a†α,α̃ρ(t)− ρ(t)aα,α̃a

†
α,α̃

)
,

[4.11]

Ld = γd (σzρ(t)σz − ρ(t)) , [4.12]

σ±,z being the Pauli matrices for the exciton system {α, α̃}; γe, γv relaxation rates,
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ne, nv reservoir mean photon numbers and γd the dephasing rate. Each realisation

features excitonic energies of the full LH2 electronic Hamiltonian in the presence of

static disorder with σ = 370 cm−1 proper of physiological temperatures [128].
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Figure 4.12: Simulated population dynamics of bright states 〈ρα̃α̃〉 in a reduced model
of two or four excitonic levels as stated in the main text: a mode of frequency ω = 212
cm−1 and effective HR S = 0.1 (grey), a mode of frequency ω = 682 cm−1 and S =
0.01 (red) and the three relevant modes, with frequencies ω1 = 212, ω2 = 682 and ω3 =
731 cm−1 and correspondent HRs S1 = 0.01, S1 = 0.005 and S1 = 0.005 respectively
(black). Each curve is the averaged solution of the Lindblad master equation [4.9]
for 1000 realisations of static disorder at physiological temperature (σε = 370 cm−1

[128]), with γb,e = 500fs−1 and γd = 150fs−1. The initial state for the simulations is
|α = 9− 12〉〈α = 9− 12| and a thermal distribution at 300 K for the modes.

The effect from several quasi-resonant modes results in a frequency for coherent ex-

citonic energy transfer α ↔ α̃ proportional to the addition of all the electron-vibration

couplings, i.e.
√
Sω ∼

∑
i

√
siωi, as shown analytically (for resonant modes) in the ap-

pendix [E] and supported by these full simulations presented in Fig. [4.12]. This figure

illustrates coherent exciton dynamics in the process of energy transport across the LH2

bright bands. According to the simple addition rule for the couplings, the population

transfer occurs with a period π/(
√
s1ω1 +

√
s2ω2) ≈ 100 fs, and leads, interestingly to a

70 % B800 → B850 population transfer within a time-scale that is around one order of

magnitude faster than the 0.7-0.8 ps estimates/measures for incoherent equilibration for

the same process [66]. Notice that even though this particular process would be hard
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to observe in a pump-probe scheme such as in [110], the oscillation in the population

transfer –telltale of coherence remains in the full ensemble– thereby influencing the aver-

age behaviour of LH2 complexes, and not only a few, as might be tempting to conclude

given that we base our model in single molecule observations. Moreover, such oscillation

makes explicit that the ultra-fast transfer is not just a consequence of delocalisation and

absorption of B800 chromophores in the 800 nm bright band due to electronic coherence,

but that vibronic coherence is also enhancing the process of energy transfer.

4.5 Model versus reality

Originally, the model above proposed was intended to explain the experimental results in

[110], namely, an oscillation in the fluorescence traces at 850 nm and a phase modulation

of the fluorescence intensity. Both result are, in principle, well accounted for in our

model, as can be seen in appendix [E] via an analytic calculation with a semiclassical

vibrational mode (as was described in appendix [C]). However, further insights show

that, even thought the model is correct, plausible, and experimentally testable, it is

a different physical mechanism what produced the experimental results obtained by

Hildner et al.

The reason is simple but subtle. The presence of a discrete vibration coupled to the

electronic degrees of freedom leads to bright excitonic eigenstates of the form |α, n〉 and

|α̃, n〉 –that diagonalise the Hamiltonians He + He+v from Eqs. [4.1] and [4.7]– where n

is the harmonic oscillator level. The presence of a discrete harmonic oscillator leads to

an splitting of the |α〉, |α̃〉 bright bands which, given the energy scales of the system at

physiological temperature, requires to consider both the zero and the first vibrational

levels. In particular, a reduction to a three level system is now possible, involving states

|α, 0〉, |α̃, 0〉, |α̃, 1〉. Such system was already taken into account in the previous section

with the numerical calculation presented in Fig. [4.12], but is completely overlooked

by the analytic calculation presented in appendix [E] where the vibrational mode is

classical.

Figure [4.12] shows the the total population of the bright 850 band, which is cal-

culated as
∑

n |α̃, n〉〈α̃, n|. But to understand why the experiment in [110] does not

correspond with these results, we must decompose the |α̃〉 band. Fig. [4.13] shows the

population of states |α̃, n〉 for n = 0, 1, 2. We obtain that the oscillation signalling

coherent transport is mainly imprinted on the state |α̃, 1〉. Hence the coherent transport

due to the vibrational mode occurs not to the zero phonon line (ZPL) |α̃, 0〉 which cor-

responds with the excitonic state at 850 nm, but to the side band of this state, namely

|α̃, 1〉 which for a mode of frequency ≈ 700 cm−1 lies around 800 nm.
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Figure 4.13: Simulated population dynamics of states from the split 850 nm bright
band in a reduced model of two excitonic levels coupled to a mode of frequency ω =
731 cm−1 and correspondent HRs S = 0.01 In red, population of |α̃, 0〉〈α̃, 0|, black is
the population of |α̃, 1〉〈α̃, 1| and green population of |α̃, 2〉〈α̃, 2|. Each curve is the
averaged solution of the Lindblad master equation [4.9] for 1000 realisations of static
disorder at physiological temperature (σε = 370 cm−1 [128]), with γb,e = 500fs−1 and
γd = 150fs−1. The initial state for the simulations is |α = 9 − 12〉〈α = 9 − 12| and a
thermal distribution at 300 K for the modes.

To understand the implication for the experiment of Hildner et al. we must look

again at the analytic derivation in the appendix [E]. What it tells us is that there are four

contributions to the fluorescence spectra. The first two, come from the interaction of the

first or the second laser with either of the bands, and constitute the base fluorescence

signal which is incoherent. The base fluorescence is produced when either of the lasers

interacts twice (one bra, one ket) with a bright band, thus it is proportional to the

squared of the laser Rabi frequency, which is calculated as the product of the laser

electric field and the induced dipole of the corresponding state, and for this experiment

is around 10−3 fs−1. On the other hand, oscillations in the fluorescence spectra appear

whenever both lasers produce population inversion in both bright bands, with coherent

energy transport occurring in between. As a consequence of the interaction with both

lasers, coherence will be proportional to a power fourth of the lasers Rabi frequency, thus

being, for the laser intensities employed, a much weaker signal than the base fluorescence.

Nonetheless, if the coherent transport would be to the ZPL of the 850 bright band, the
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signal would still be appreciable against the background base fluorescence, as the second

laser only interacts with the ZPL state. As it is, coherent transport happens among

states |α, 0〉 and |α̃, 1〉, both lying at around 800 nm. Hence the second laser, in order

to probe the 850 bright band for oscillations, now has to produce population inversion

in the state |α̃, 1〉. But this means it also produces population inversion in the bright

state |α, 0〉, with the result that both states become indistinguishable in the fluorescence

spectra, where no oscillation will show. In addition, in such scenario, and as it is also

presented in Fig. [4.13], the oscillation in the ZPL is to weak to be discernible. We

found no possible bypass to these results, having then to conclude that the oscillation

observed in the experiment of Hildner et al. does not come from any kind of coherence

among exciton states.

4.6 Conclusions

As experimental results accumulate [50, 69, 128, 133], the evidence of coherent en-

ergy transport in the LH2 photosynthetic complex becomes strong. In this chapter we

present a new model that combines several coherent effects that combined collaborate

to enhance photon absorption and energy transport, giving answer to the origin of some

of the experimental results. It cannot however, explain some other results, such as those

presented in [110]. In our model, B800-B850 electronic coherence leads to delocalisation

of excitonic eigenstates across both rings, which results in pigments from the B850 ring

hosting bright states absorbing photons at 800 nm. Delocalisation in turn becomes a

requisite for discrete vibrations to bridge the excitonic energy gap amongst bright bands,

hence aiding in the process of energy transfer by means of vibronic coherence.

The failure in reproducing the experimental results in Hildner et al. does not mean

the model is wrong, but rather explains that the experiment is not measuring any kind

of excitonic coherence. Accordingly, different experiments should be able to probe the

implications of our model. A similar scheme to that in [110], namely a pump-pump

scheme but with a second laser which is resonant with the state |α̃, 1〉 and sufficiently

narrow as to be able to distinguish it from the B800 bright state, should be able to

detect the oscillation due to the coupling with vibrational modes. Nonetheless, such

experiment would still be an indirect measure of the properties that our model proposes

for the LH2.

A direct experiment should, in order to address the validity of our model, first mea-

sure inter-ring delocalisation of exciton states, and second, distinguish the origin of a pos-

sible coherence in the transport of energy across the complex. Measuring delocalisation

largely depends on the method employed, yielding very different results depending on
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the time-scales involved [126]. Particularly, for large spatial extension of the delocalised

states and fast inter-ring electronic decoherence times, the most successful techniques

are transient absorption, hole-burning and circular dichroism [134, 135]. In addition,

indirect measures such as very low temperature absorption spectroscopy, such as was

performed in [109], might also provide indirect measures of inter-ring delocalisation and

validate the necessity of having to take into account the LH2 as a single structure. To

elucidate whether there is vibronic coherent transport amongst rings bright bands, 2D-

spectroscopy provides the perfect tool, as it is not only able to measure coherence, but

also to discern its origin.

The question of the origin of the oscillations and phase modulation in the fluores-

cence traces on the experiment in Hildner et al. [110] remains open. We have already

demonstrated that neither excitonic or vibronic coherence, nor correlated dephasing

can explain them. To model the experiment properly, becomes crucial to understand

correctly, and simulate adequately the lasers employed, as the electronic response the

system shows is heavily dependent on the specific details of the pulses. Particularly, for

ultra-short, finite width pulses, the time-scale of interaction of the exciting fields with

the system means that even if the pulses are shaped to be resonant with only one band,

they will have spectral overlap with the rest of the LH2 absorption frequencies. Only

longer pulses are able to excite just single bands. The reason is that the laser pulse inter-

action time-scale is, in such situation, much shorter than the dipole mutual interactions

time-scale, hence the exciton framework is not adequate. Such result, usually overlooked

due to the available experiments, becomes critical for the experiment described in [110].

This result corroborates that the origin of the oscillations is not excited state coher-

ence of any kind. However, the question of long-lived coherences (much longer than the

electronic dephasing time), in principle prevents an answer such as ground-excited state

coherence. Hence the question is still unanswered, and more accurate simulations of the

whole LH2 complex with realistic pulses are needed.

Summarising, we have a new model that, if is proven right, will change the way

the the LH2 complex is understood, and that might lead to a change of paradigm in

other photosynthetic complexes as well, where electronic coherence and delocalisation

has passed unnoticed in the past due to the experiments available, but that could also

change the ideas that nowadays are starting to be applied in the design of artificial light

harvesters. And in addition we also have uncovered that the way the experiments are

understood might also change, as the impulsive limit usually applied could be not the

right approximation whenever the lasers employed are on a time-scale regime that makes

the systems notice their finite width. A lot of work remains to be done in the way of

understanding the response of biological systems both in nature and in our laboratories.
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Appendix A

TEDOPA numerical method

The Time Evolving Density Matrix with Orthogonal Polynomial Algorithm (TEDOPA)

is a numerically exact simulation method for open quantum systems dynamics [85].

TEDOPA method combines two powerful techniques; first, a unitary transformation

of the spectral density of the environment into a semi-infinite, one-dimensional chain

with nearest neighbours interactions. Second, employing powerful numerical algorithms

with the ability to treat such one-dimensional configurations. These two steps endorse

TEDOPA with the power to treat arbitrary fermionic and bosonic spectral densities,

without any restriction on the strength between the coupling and the system and with

fully controllable accuracy. Moreover, this method provides complete information not

only about the evolution of the system but a also about the dynamics affecting the

environment, therefore allowing the study of the correlations occurring amongst the

system and the environment, opening the window to the complex early time evolution

of open quantum systems, where the distinction between system and environment is

obscure [84, 87, 96].

In this Appendix, a brief introduction to the main characteristics of the TEDOPA

method is provided, based on the two steps it features.

A.1 Mapping the environment

The idea behind mapping the environment is to unitarily transform arbitrarily compli-

cated spectral functions into a new set of known, tractable spectral functions describing

topologically equivalent environments, leading to an easier solution of the open quantum

system under analysis, without significant differences in comparison with the original,

untransformed system. The original idea goes back to Mori, who proposed transforming

95
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the open system into chains of observables [136, 137]. Here, the transformation is per-

formed in terms of orthogonal polynomials, whose properties make the transformation

not only unitary, but direct into a nearest-neighbour, 1-dimensional chain perfectly suit-

able for t-DMRG (time Density Matrix Renormalisation Group) numerical treatment.

Let P be the space of polynomials with real coefficients such that

pn(x) =
n∑

m=0

amx
m, [A.1]

with pn ∈ Pn ⊂ P and am ∈ R and x a real variable, whose orthogonality is defined as

p̃n(x) =
πn(x)

‖πn(x)‖
, [A.2]

with the scalar product defined by the proper measure dµ(x) = h2(x)dx, dependent on

the coupling function between the system and the environment (see below).

We will not demonstrate here that if an = 1 (i.e. monic polynomials), then pn is a

basis of P. But we use this property to define a unitary transformation

Un(x) = h(x)p̃n(x), [A.3]

for the operators
{
an, a

†
n

}
(either bosonic or fermionic) describing the environment

bn(b†n) =

∫ xmax

0
dxUn(x)ax(a†x). [A.4]

With a Hamiltonian like the one in Chapter [3], namely

H = HS +

∫ xmax

0
dxg(x)a†xax +

∫ xmax

0
h(x)OS(ax + a†x), [A.5]

where OS is an arbitrary system operator. The unitary transformation Eq. [A.3] leads

to

H̃ = HS + γ0OS(b0 + b†0) +
∞∑
n=0

ωnb
†
nbn +

∞∑
n=0

γn(b†nbn+1 + bnb
†
n+1), [A.6]

which represents a system coupled to only the first site of a 1-Dimensional, semi-infinite

environment chain, defined by the transformed parameters ωn (chain site energy) and

γn (chain couplings). These are in turn defined by the transformation of the interac-

tion Hamiltonian in Eq. [A.5]. Using in addition the freedom of choice for the linear
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dispersion function g(x) = gx

ωn = g
〈xπn, πn〉
〈πn, πn〉

, [A.7]

γn = g

√
〈πn+1, πn+1〉
〈πn, πn〉

. [A.8]

The parameters ωn and γn are calculated either analytically (for simple spectral

functions) or employing stable numerically stable algorithms such as ORTHOPOL [138],

which completes the mapping and leads us to the next section, numerically solving the

dynamics.

A.2 Numerical evolution

We will not enter here into the details of the algorithm that performs the numerical time

evolution of the Hamiltonian in Eq. [A.6], as is beyond the scope of this thesis. We will

then just briefly describe the basic characteristics. For the full details Dr. R. Rosenbach

thesis and references therein prove useful [139].

For a numerical computation, the number of states cannot be infinite. Therefore, the

chain in Eq. [A.6] has to be appropriately truncated. This means choosing a sufficiently

large number of chain sites so as to faithfully represent an “infinite” environment, which

translates into not having unphysical boundary effects. A rigorous truncation exist, and

analytic bounds have been derived [86, 88].

The initial state for the numerical simulations features independent components for

the system (to be chosen) and the environment (either thermal or ground state). The

environment has to be limited not only in chain sites (as explained above) but also in

the number of oscillator levels (for bosonic environments). Such second truncation is

decided based on the occupation number at a given temperature, which sets a limit on

the lowest number of physically relevant states. To calculate the initial state, imaginary

time evolution is used, bringing the state from an equal distribution at T = ∞ to the

distribution at the desired environment temperature.

At the starting time t = 0, the coupling is switched on, and the initial state is

evolved using a Suzuki-Trotter expansion of eiHt. At any positive time t, the expectation

values of the system, and (to some extent) the environment are accessible, providing

information about the evolution of the non-equilibrium environment, property exploited

in chapter [3]. In addition, the time dependence of arbitrary observables is available as



98 Appendix A. TEDOPA numerical method

well due to the full knowledge of the density matrix of the system and the environment

at any time. The numerical errors are well under control.



Appendix B

Correlation functions

time-Temperature behaviour

Two-point correlation functions are a measure of the degree to which two dynamical

properties are correlated over a period of time [140]. In this appendix, we analyse the

time and temperature behaviour of the environment correlation functions for arbitrary

spectral functions. These will provide information about the non-trivial evolution of the

environment and the nature of its effect on the system which is subject to it.

The typical two-point environment correlation function in the Born approximation,

hence time dependent, involves the Fourier-Laplace transform relation for the correspon-

dent spectral density

Q(t− t1) =

∫ ∞
0

dω S (ω) coth

(
βω

2

)
cos (ω (t− t1)) . [B.1]

where S (ω) is an arbitrary spectral distribution and β is the inverse of the temperature.

The integral on the correlation function Eq. [B.1] can be analytically solved by

transforming the hyperbolic cotangent (which diverges on the integral upper boundary)

into an infinite summation of frequencies, denominated Matsubara frequencies [60, 141]

–

coth

(
βω

2

)
=

2

βω
+

4

β

∞∑
l=1

x

x2 + ν2
l

νl =
2πl

β
[B.2]

– and adding a weighting function that allows integration by poles on the complex plane

[142]. Here the Matsubara weighting function is the spectral density, for which we will

assume an Ohmic functional form. The results we obtain for the time and temperature

dependence are formally (qualitatively) identical, although much more involved, in the
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case of sub or super-Ohmic spectral densities. Therefore, the equation [B.1] now is

Q(t− t1) =

∫ ∞
0

dω
cω

ω2 + γ2
cos (ω (t− t1))

2

β

(
1

ω
+ 2

∞∑
l=1

ω

ω2 + ν2
l

)
=

2c

β

∫ ∞
0

dω
1

ω2 + ν2
l

cos (ω (t− t1)) [B.3]

+
4c

β

∞∑
l=1

∫ ∞
0

dω
ω2(

ω2 + ν2
l

)
(ω2 + γ2)

cos (ω (t− t1)) .

Both integrands in Eq. [B.3] are even functions of ω, thus the integrals can be

extended over the (−∞,∞) domain. In addition, the integrands posses a finite number

of poles in the complex plane, therefore we can use a Matsubara contour on the upper

half of the complex plane to resolve the integrals, whose value is then equal to the

sum of the residues of the integrands on the poles that fall inside the contour –iν for

the first term in Eq. [B.3] and iν, iγ for the second. Each residue is calculated as

<{2πi limω→pole f (ω)}, with f (ω) the integrand of each integral, once the cosine has

been extended into a complex exponential. The result for the correlation function is

Q(t− t1) =
cπ

β

{
e−γ(t−t1) −

∞∑
l=1

(
γe−γ(t−t1)(
ν2
l − γ2

) +
νle
−νl(t−t1)(
ν2
l − γ2

) )} , [B.4]

where it is guaranteed that both sums are finite, although their expression in terms of

Hurwitz-Lerch Transcendent functions is far too complicated and unnecessary for the

scope of this appendix

Matsubara frequencies are linear in the temperature, therefore, the correlation func-

tion Eq. [B.4] will, at most, grow linearly with increasing temperature. In addition, we

obtain that the time decay is exponential. Consequently, when the correlation func-

tion Q(t − t1) is used to calculate the decay rates –that involve expressions with time-

oscillating functions (as in the rates Eqs. [3.10] found in chapter [3])– it is easy to see

that the result will be decay rates that grow linearly with temperature and decay expo-

nentially with time, where the time-dependence is given by the natural frequency of the

system.



Appendix C

Semiclassical equations for

vibrational modes

Most realistic spectral functions associated with photosynthetic complexes contain a

finite number of sharp features –in addition to the smooth background– which are usually

ascribed to vibrations of the protein matrix in which the complex is embedded [53, 68,

94, 143–145]. Such class of spectral functions are difficult to treat as they lead to

highly convoluted evolution, typically computationally exceedingly costly. To tackle the

problem, those sharp features are treated as independent damped harmonic oscillators

coupled to the system, employing involved numerical methods such as TEDOPA. It

has been unambiguously demonstrated that these vibrational modes –when close to

resonance with the energy gaps– produce quasi-coherent driving of the exciton system

[57, 59]. Provided that upon sudden excitation of the modes (which are initially on

thermal equilibrium) they oscillate close to their natural frequency (information that

can be accessed either experimentally or via computational tools such as what we do

with the environment first coordinate in Figs. [3.6] and [3.9] in chapter [3]) namely,

to first order, as coherent oscillations, their effect on the system can be understood as

a time-dependent field that coherently drives the system, like Rabi oscillations. Such

result suggested that a semiclassical theory of motion could be applied to approximate

in a simple fashion the dynamics induced by the vibrational modes [57]. Both in chapter

[3] and [4] we make use of such approximation, hence, in this Appendix we sketch the

derivation of the semiclassical model.

Writing a site-Hamiltonian on the exciton basis (i refers here to sites while n to

excitons), coupled locally to a finite number (k) of harmonic oscillators (the smooth
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background is ignored for the moment)

H =
∑
n

En|n〉〈n|+
∑
i,k

ωka
†
i,kai,k +

∑
n,m

Qnm|n〉〈m|, [C.1]

where the electronic-vibrational coupling is redefined in the exciton basis as

Qnm =
∑

i,k

√
SkωkC

i
nC

i
m

(
a†i,k + ai,k

)
.

Employing now a mean-field approximation were the harmonic oscillator operators

are replaced by their expectation values, while the possible remnant fluctuations are

treated in a, for example, Bloch-Redfield approach [26], and using the Heisenberg picture

A(t) = eiHtAe−iHt, the equations of motion for the vibrational modes displacement

operators Xi,k(t) = 〈ai,k(t) + a†i,k(t)〉 and their momenta Xi,k(t) = 〈ai,k(t) − a†i,k(t)〉.
The expectation value refers here to the trace operation Tr {ρtotal(t)A}, which neglects

the higher-order correlation/moments functions and keeps just the classical equations of

motion, which read:

dXi,k(t)

dt
= −iωkPi,k(t),

dPi,k(t)

dt
= −2γkPi,k(t)− iωiXi,k(t) + [C.2]

2i
√
Skωk

∑
n

|Cin|2ρnn(t) + 2i
√
Skωk

∑
n6=m

CinC
i
mρnm(t),

where γk is a phenomenological damping rate for the modes, which usually is much

larger than that for the system [51, 58].

Hence the semiclassical approximation is to replace the mode operators in Eq.

[C.1] by the time-dependent expectation values, creating a time-dependent Hamilto-

nian HXi(t). The reduced density matrix of the system is then evolved according to this

time-dependent Hamiltonian

dρs(t)

dt
= −i [HXi(t), ρ(t)] +R [ρs(t)] , [C.3]

where R is the Redfield tensor that encodes the dissipative term due to the smooth

background environment [21]. The equations of motion for the reduced density matrix

elements are

dρnm(t)

dt
= −iEnmρnm(t)−

∑
j

Qnj(t)ρjm(t) + i
∑
j

Qjmρnj(t) +
∑
j,l

Rnmjlρjl(t), [C.4]

where now the exciton-vibration couplings are also time-dependent

Qnm(t) =
∑

i,k

√
SkωkC

i
nC

i
mXi,k(t).
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The evolution of the system plus the vibrational modes is then found by solving

together Eqs. [C.2] and [C.4], where the computational cost has been greatly reduced

in comparison to the full quantum model.

A further possible approximation that proves useful in chapter [4] is to assume that

the back action of the modes on the excitons can be considered essentially as a time-

dependent electromagnetic field that drives coherent transitions, much like in a Rabi

model. In such situation, Eqs. [C.2] can be substituted by a driving Hamiltonian

Hdriving =
1

2

∑
n6=m

(〈Qnm〉(t)|n〉〈m|+ h.c.) , [C.5]

where the new coupling is defined as 〈Qnm〉(t) =
∑

i,k

√
SkωkC

i
nC

i
msin(ωkt) leaving just

the reduced equations of motion to be solved. The additional approximation means that

any back effect of the system in the vibrational modes is ignored. Such is the case when

the coupling is weak enough and the modes have a much slower damping rate.





Appendix D

FMO photosynthetic complex

The Fenna-Mathew-Olson (FMO) complex represents the warhorse of quantum signa-

tures in photosynthesis. It was the first pigment-protein complex to be analysed by

X-Ray crystallography, a since then it has become one of the most widely studied both

theoretically and in experiments (see i.e. [43, and references therein]). The clear evi-

dence of quantum signatures in the process of energy transfer through the complex in

the form of long-lived coherences make it one of the most promising candidates in the

field of quantum biology [67, 70, 71].

Represented in Fig. [D.1](A) is the structure of one of the monomers composing

the trimeric structure of the FMO, as taken from the PDB file 3VDI [146]. This unit

contains the seven bacteriochlorophyll (BChl) a depicted in Fig. [D.1](B), each of which

has a dipole that interacts with the rest creating delocalised eigenstates. The BChls

capture ambient photons, creating electronic excitations that migrate throughout the

complex, as shown in Fig. [D.1](C).

Ultrafast non-linear spectroscopy has revealed oscillations in fluorescence originated

between optically excited states, whose source is quantum coherence. While many pro-

posals exist for the physical mechanism of such coherence (see chapter [2], environment

assisted coherent transport has been demonstrated as the most likely, as it includes

sensible modelling of the protein matrix environment and accounts for decoherence and

dissipative processes with realistic accuracy. The complex, structured environment pro-

duced by the protein scaffold is represented in Figs [D.2](A) (total) and [D.2](B) (low

frequency part) taken from [62].

Energy transfer in the FMO begins with sites 1 and 2, which due to their strong

coherent coupling get shifted and mixed, with one state lying close to site 3 and the

other far above in energy, hence absorbing higher frequency photons. Energy then is
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Figure D.1: The FMO is a protein trimer composed by three repeating units like
the one represented in (A). Each of them contains seven bacteriochlorophylls with
slightly different excitation energies, as represented in (B) with colours ranging from
green (higher energies) to red. The purpose of each unit is to act as antennae and
wire, collecting photons and transferring energy. The energy transfer process happens
via two distinctive pathways that depend on two spatially related groups of BChls,
as represented in (C). The two lowest sites, namely 3 and 4, are responsible for the
transfer to the reaction centre (not shown here, see chapter [2]). Is in the latter sites
where quantum effects are more likely to show up, as was discussed in chapter [3].

transferred following two distinct pathways, either to the group of sites 5, 6 and 7, or to

site three. From the former, energy goes to site 4. Sites 3 and 4 form a dimer (studied

in detail on chapter [3] and [57]) closer to the reaction centre both energetically and

in real space, and therefore become crucial in understanding the role of the FMO. The

FMO complex is consequently modelled as a seven site Hamiltonian, where energies and

couplings can be taken from [51] for example. The environment is represented by the

Adolphs and Renger (AR) [51] spectral function Eq. [D.1]. Numerical and theoretical

examination shows that electronic and vibrational coherences enhance energy transport

through the network of BChls.

S (ω) =

λ

[
1000ω5e

−
√

ω
ω1 + 4.3ω5e

−
√

ω
ω2

]
9!
(
1000ω5

1 + 4.3ω5
2

) +
2∑
i=1

giω
2
i δ(ω − ωi), [D.1]

Here, we employ a secular Redfield formalism as detailed in chapter [1] to treat

the smooth part of Eq. [D.1] while the discrete vibrations are considered in a semi-

classical theory as was explained in appendix [C]. The original aim was to demonstrate

that even considering the seven-site Hamiltonian, with the full AR spectral function, a

phase dependent transport and population inversion (see chapter [3] for details) could
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Figure D.2: Complete (phonon-vibration profile) experimental (with arbitrary offset)
spectral density for the FMO complex, together with a numerical calculation to fit the
experiment, in solid lines. Dashed shows the phonon profile without the vibrational
bands. Bottom shows the low frequency part of the complete spectrum. Figure taken
from [62].
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Figure D.3: Semiclassical simulation for the populations of the complete seven-site
FMO Hamiltonian in the presence of AR spectral function with two vibrational modes
at 180 cm−1 and 37 cm−1. Initial condition is the two lowest excitons (shown in green)
equally populated with a relative phase π, that according with Chapter [3] guarantees
energy extraction from the environment. The modes and the environment are initially
in an equilibrium distribution at temperature T = 277 K.

be observed between excitons whose main contribution is sites 3 and 4. Fig. [D.3] shows

that, even in a secular approximation for the smooth environment, that is indeed the

situation.
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In chapter [3] we obtained that the population inversion and phase dependent trans-

port had its origin in the non-secular terms that introduce the correlations from the en-

vironment as a dynamical variable to take into account for the evolution of the system.

We argued that the effect should be observable in realistic systems, and we provided

an alternative derivation based on discrete vibrations that model sharp features in the

spectral function. Here we demonstrate this alternative derivation in an actual system

showing how it also produces the same effect. That the effect is present in simulated real

conditions encourages further studies in which both non-secular terms and vibrational

modes are considered together in the full FMO complex.



Appendix E

LH2 extra calculations.

In this appendix we present some extra calculations not included in chapter [4] as they

did not fit into the text, but are nonetheless necessary to understand the full context of

the coherent model for the LH2.

E.1 LH2 model without the inter-ring coupling W

Analogues of table [4.2] and Figs. [4.5] and [4.6] in the main text are presented. They

correspond with the diagonalisation of the electronic Hamiltonian

He =

N800+N850∑
i=1

εi|i〉〈i|+
N800∑
i 6=j

i,jεB800

Uij |i〉〈j|+
N850∑
i6=j

i,jεB850

Vij |i〉〈j|, [E.1]

for uncoupled rings. Hence two distinct manifolds of states are obtained. One for the

B800 ring, with q states and another for the B850 ring, with k states.

α E (nm)

k = 0 859.28

k = ± 1 850.57

k = ± 2 833.93

k = ± 3 815.26

q = 0 801.34

q ± 1 800.00

k = ± 4 798.38

q ± 2 797.60

α Eα (nm)

q ± 3 795.56

q ± 4 794.43

k = ± 5 775.90

k = ± 6 763.78

k = ± 7 753.64

k = ± 8 746.96

k = 9 744.13

Table E.1: Excitonic energies as calculated from the diagonalisation of the electronic
Hamiltonian as presented in Eq. [E.1]. k labels states from the B850 ring whilst q
labels those of the B800. ringe. Mind the pair k = ± 4 lying close to the q states
manifold, much narrower than the k manifold, as can be appreciated in Fig. [E.1].
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Figure E.1: Complete exciton energy landscape. Continuous line for B850 (k) states
and dotted for the B800 (q) states. The B850 pair lying at around 800 nm becomes
degenerate in the full Hamiltonian version presented in the main text.
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Figure E.2: Contribution of BChl a pigments from the B850 (1 to 18) and the B800
rings (19 to 27) to the excitonic eigenstates of either ring after diagonalisation of the
electronic Hamiltonian in Eq. [E.1]. We have preferred the α labelling proper of the
full Hamiltonian excitons as it makes comparison with the main text clearer. Notice
the four states labelled in red ticks, which would correspond with eigenstates k = ± 4
and q = ± 1 in table [E.1].
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E.2 Additivity of the vibrational modes

To demonstrate the additive effect that several resonant effective vibrational modes have

on the Rabi oscillation frequency in an exciton system, we reduce the problem to a two

level system (e1, e2 levels) coupled with two vibrational modes, whose Hamiltonian reads

H =
ε

2
σz +

∑
k

ωka
†
kak +

∑
k

gkσx(a†k + ak), [E.2]

where k labels the two oscillators and gk =
√
skωk.

Considered as an isolated system, the time evolution of the density matrix operator

in the interaction picture is ρ(t) = e−iHI tρ(0)eiHI t, being HI =
∑

k gkσx(a†k + ak). For

reasons of simplicity and without loss of generality we focus here on a pure initial state

of the form ρ(0) =
∑

n1,n2
f(n1, n2)|e1, n1, n2〉〈e1, n1, n2|, where f(n1, n2) is an arbitrary

initial distribution for the harmonic oscillators. We are interested in the time evolution

of the two level system states, so to obtain the corresponding density matrix elements

a trace over the harmonic oscillators states is performed. Thus, the expression for the

population of one excitonic eigen-state reads

ρe1e1(t) =
∑
n′1,n

′
2

〈e1, n
′
1, n
′
2|
∑
n1,n2

f(n1, n2)e−iHI t|e1, n1, n2〉〈e1, n1, n2|eiHI t|e1, n
′
1, n
′
2〉.

[E.3]

Using the relation eXY e−X =
∑

n
1
n! [X,Y ]n, the time evolution of the initial state

is (up to some constants)

e−iHI tρ(0)eiHI t =
∑
n

1

n!

[
i
∑
k

gkσx(a†k + ak) t , |e1, n1, n2〉〈e1, n1, n2|

]
= |e1, n1, n2〉〈e1, n1, n2|+ it(g1

√
n1 + 1|e2, n1 + 1, n2〉+ g1

√
n1|e2, n1 − 1, n2〉 [E.4]

+ g2

√
n2 + 1|e2, n1, n2 + 2〉+ g2

√
n2|e2, n1, n2 + 2〉)〈e1, n1, n2| − it|e1, n1, n2〉(...) +O(t2)...

growing extremely cumbersome with higher orders. The key point is to realize that the

partial trace over the harmonic oscillators greatly restricts the number of states that

contribute. In particular, those with different excitonic state (in the above case those

with e2, say odd orders in the trace sum) and those with different n1 or n2 between

the bra and the ket will vanish. Therefore, the density matrix element time evolution
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features: (
1− t2

2
(4g2

1(n1 +
1

2
) + 4g2

2(n2 +
1

2
)) +O(t4)...

)
|e1, n1, n2〉〈e1, n1, n2|

= cos(2(g1

√
n1 +

1

2
+ g2

√
n2 +

1

2
)t)|e1, n1, n2〉〈e1, n1, n2|), [E.5]

hence the Rabi frequency is Ω = 2g1

√
n1 + 1

2 + 2g2

√
n2 + 1

2 or in terms of the Huang-

Rhys factors Ω = 2
√
s1ω2

1(n1 + 1) + 2
√
s2ω2

2(n2 + 1), demonstrating thus the additivity

property of the resonant modes.

E.3 Analytic model for a pump-pump experiment

The pump-pump experiment performed by Hildner et al. in [110] can be described in our

model –presented in chapter [4]– by a piece-wise Hamiltonian operator which accounts

for the description of the time evolution in the different time intervals of the pulsed

scheme and that contains the elements relevant for the dynamics

Hp(t) =


Hfree +Hfield 0 < t ≤ t0
Hfree t0 < t ≤ t0 + T

Hfree +H ˜field t0 + T < t ≤ 2t0 + T,

[E.6]

where the system Hamiltonian is defined as

Hfree =
∑
α,α̃

Eα|α〉〈α|+ ω
∑
α 6=α̃

√
Sα,α̃ cos(ωt)|α〉〈α̃|, [E.7]

including a vibrational mode coupled to the exciton states that can be considered, for the

purposes of this analysis, in a semiclassical approximation as it is described in appendix

[C]. States |α = 9 − 12〉 and |α̃ = 2 − 3〉 represent the pair of excitonic states which

absorb at 800 or 850 nm respectively, following the notation employed in chapter [4].

The free Hamiltonian in Eq. [E.7] describes dynamics of the pigments in absence of

interaction with exciting laser fields, which are described via the Hamiltonians

Hfield(t) = Ωα cos(ωLt− φ)(|α〉〈0|+ |0〉〈α|),

H ˜field(t > t0 + T ) = Ωα̃ cos(ωL̃(t− T − t0)− φ̃)(|α̃〉〈0|+ |0〉〈α̃|),
[E.8]

with |0〉 representing the ground state of the chromophores. The electromagnetic fields

(lasers) are treated as classical by assuming a dipole approximation (the light wave-

length is still much larger than even the size of the LH2). With both approximations,

the excitonic manifold dynamics can be tackled without need of taking into account
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explicitly the whole vibrational mode and electromagnetic fields Hilbert space [57, 61].

The Hamiltonian Eq. [E.6] includes thus a single vibrational mode close in resonance

with the excitonic energy gap and two laser fields with controllable time delay T and

relative phase between pulses ∆φ = φ̃− φ.

Assuming no interaction with the environment, an analytic solution for the time evo-

lution of the Hamiltonian in Eq. [E.6] is possible. As it is time dependent, the evolution

has to be calculated by transforming Eq. [E.6] into a time-independent Hamiltonian.

The procedure comprises introducing appropriate rotating frames on each time-frame.

These operations are performed by a unitary transformation described by the operator

U(t) = eiAt where A represents a diagonal matrix whose entries are the energies re-

quired to avoid the explicit time dependence of each of the Hamiltonians in Eqs. [E.7]

and [E.8]. The evolution of the system is that way described by the Schrödinger equation

i∂t|ψR〉 = (U(t)HU(t)−1−A)|ψR〉, where U(t)HU(t)−1−A represents the transformed

Hamiltonian and |ψR〉(t) = U(t)|ψ〉(t) is the transformed wave function. However, this

alone does not suffices to have analytic solutions, so in what follows we use the ensuing

approximations: we will assume that, provided the interaction with the lasers happens

in an ultra-fast regime, the vibrational mode plays no role in the first and third time-

frames of the Hamiltonian Eq. [E.6], and therefore during the time the lasers are on,

the free Hamiltonian is H =
∑

α,α̃Eα|α〉〈α|. Furthermore, we impose the rotating wave

approximation to the transformed Hamiltonian, assuming both relatively weak inter-

action (such that no virtual particles are created) and again ultra-fast regime for the

lasers, therefore forbidding the terms oscillating with twice the frequency of the laser

pulses. Taking everything into account, the time-independent version of the piece-wise

evolution for the Hamiltonian Eq. E.6 is

Hp(t) =


∑

α,α̃(Eα − ωL)|α〉〈α|+ Ωα
2 (eiφ|0〉〈α|+ e−iφ|α〉〈0|)

(Eα − Eα̃ − ω)|α〉〈α|+ ω
√
S

2 (eiωt0 |α̃〉〈α|+ e−iωt0 |α〉〈α̃|)∑
α,α̃(Eα − ωL̃)|α〉〈α|+ Ωα̃

2 (eiφ̃+iωL̃(t0+T )|0〉〈α̃|+ e−iφ̃−iωL̃(t0+T )|α̃〉〈0|),
[E.9]

where the unitary transformations used to make the Hamiltonian time independent are,

respectively

U(t) with Aδi,j = (0, ωL, ωL) for 0 < t ≤ t0, [E.10]

U(t− t0)) with Aδi,j = (0, Eα̃ + ω,Eα̃) for t0 < t ≤ T + t0, [E.11]

U(t− t0 − T ) with Aδi,j = (0, ωL̃, ωL̃) for t0 + T < t ≤ 2t0 + T. [E.12]

In each of these time frames, solutions of the form |ψp(t)〉 = c0(t)|0〉 + cα(t)|α〉 +

cα̃(t)|α̃〉 are, assuming initial ground state population |ψp〉(0) = |0〉
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|ψp(t)〉 =



cos
(

Ωα
2 t
)
|0〉+ ie−iφ sin

(
Ωα
2 t
)
|α〉 0 < t ≤ t0

c0(t0)|0〉+ cα(t0) cos
(
ω
√
S

2 (t− t0)
)
|α〉+ icα(t0) sin

(
ω
√
S

2 t(t− t0)
)
|α̃〉 t0 < t ≤ t0 + T

(c0(t0 + T ) cos
(

Ωα̃
2 (t− t0 − T )

)
+ ieiφ′cα̃(t0 + T ) sin

(
Ωα̃
2 (t− t0 − T )

)
)|0〉+

cα(t0 + T )e−i(Eα−ωL̃)(t−T−t0)|α〉 + (cα̃(t0 + T ) cos
(

Ωα̃
2 (t− t0 − T )

)
+ie−iφ′c0(t0 + T ) sin

(
Ωα̃
2 (t− t0 − T )

)
)|α̃〉 t0 + T < t ≤ 2t0 + T,

[E.13]

where the mode-excitonic gap resonance condition Eα − Eα̃ = ω has been used. The

coefficients are therefore given by the expressions:

c0(t0) = cos

(
Ωα

2
t0

)
,

cα(t0) = e−iωLt0e−i(φ−
π
2

) sin

(
Ωα

2
t0

)
,

c0(t0 + T ) = c0(t0), [E.14]

cα(t0 + T ) = e−i(Eα̃+ω)T cα(t0) cos

(√
Sω

2
T

)
= e−iωLt0−i(Eα̃+ω)T e−i(φ−

π
2

) sin

(
Ωα

2
t0

)
cos

(√
Sω

2
T

)
,

cα̃(t0 + T ) = ie−iEα̃T cα(t0) sin

(√
Sω

2
T

)
= e−iEα̃T−iωLt0e−i(φ−π) sin

(
Ωα

2
t0

)
sin

(√
Sω

2
T

)
.

The total fluorescence intensity FI is proportional to the excited states population after

the second pulse: FI = |cα(2t0 + T )|2 + |cα̃(2t0 + T )|2 = 1 − |c0(2t0 + T )|2, hence we

need only to calculate the ground state amplitude after the second pulse:

c0(2t0 + T ) = cos

(
Ωα

2
t0

)
cos

(
Ωα̃

2
t0

)
− iei∆φe−i(Eα̃−ωL̃)T−i(ωL−ωL′)t0 sin

(√
Sω

2
T

)
sin

(
Ωα

2
t0

)
sin

(
Ωα̃

2
t0

)

≈ cos

(
Ωα

2
t0

)
cos

(
Ωα̃

2
t0

)
− iei∆φ−i(ωL−ωL̃)t0 sin

(√
Sω

2
T

)
sin

(
Ωα

2
t0

)
sin

(
Ωα̃

2
t0

)
,

[E.15]
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where again the resonance condition among excitonic transition α̃ and first laser pulse

Eα̃ = ωL̃ is used for the approximate expression. Accordingly

FI(T,∆φ) ∝ sin2

(
Ωα

2
t0

)
+ sin2

(
Ωα̃

2
t0

)
− sin2

(
Ωα

2
t0

)
sin2

(
Ωα̃

2
t0

)
cos2

(√
Sω

2
T

)

−2 cos

(
Ωα

2
t0

)
cos

(
Ωα̃

2
t0

)
sin

(
Ωα

2
t0

)
sin

(
Ωα̃

2
t0

)
sin
(
∆φ−

(
ωL − ωL̃

)
t0
)

sin

(√
Sω

2
T

)
,

[E.16]

which contains the four different contributions to the fluorescence spectra as described

on the main text.

In a realistic scenario, individual realisations of the experiment will be performed

in complexes whose conformation is dynamic, and whose excitonic energies change.

Thereby, the resonance condition among excitonic transitions and the exciting fields

Eα − ωL = ∆α 6= 0 and Eα̃ − ωL̃ = ∆α̃ 6= 0 are not fulfilled. In such a case, the reso-

nance among the mode and the excitonic gap Eα−Eα̃−ω = ∆ω 6= 0 is also not fulfilled

and the state evolution from Eq. E.13 requires modifications made by substitutions

cos(Ωαt0/2)→ cos(Ω′αt0/2) + i∆α/Ω
′
α sin(Ω′αt0/2),

sin(Ωαt0/2)→ Ωα/Ω
′
α sin(Ω′αt0/2),

cos(ω
√
S(t− t0)/2)→ cos(ω′

√
S′(t− t0)/2) + i∆ω/(ω

′√S′) sin(ω′
√
S′)(t− t0)/2),

sin(ω
√
S(t− t0)/2)→ ω

√
S/ω′

√
S′ sin(ω′

√
S′(t− t0)/2), [E.17]

cos(Ω′α̃t0/2)→ cos(Ω′α̃t0/2)− i∆α̃/Ω
′
α̃ sin(Ω′α̃t0/2),

cos(Ω′αt0/2)→ cos(Ω′αt0/2) + i∆α/Ω
′
α sin(Ω′αt0/2),

sin(Ωα̃t0/2)→ Ωα̃/Ω
′
α̃ sin(Ω′α̃t0/2)

where Ω′α(α̃) =
√

Ω2
α(α̃) + ∆2

α(α̃) and ω′
√
S′ =

√
ω2S + ∆2

ω and result in

c0(2t0 + T ) =

(
cos

(
Ω′α
2
t0

)
+ i

∆α

Ω′α
sin

(
Ω′α
2
t0

))(
cos

(
Ω′α̃
2
t0

)
− i∆α̃

Ω′α̃
sin

(
Ω′α̃
2
t0

))
− iei∆φe−i∆α̃T−i(ωL−ωL̃)t0 ΩαΩα̃

√
Sω

Ω′αΩ′α̃
√
S′ω′

sin

(
Ω′α
2
t0

)
sin

(
Ω′α̃
2
t0

)
sin

(√
S′ω′

2
T

)
,

[E.18]

Notice the phase e−i∆αT that also appears due to non-resonance condition and is not

accounted for by the above transformations. The fluorescence intensity can be written



as

FI (T, φ) = FIbase+[<{bα,α̃} sin (∆φ)−={bα,α̃} cos (∆φ)] sin

(√
Sω

2
T

)
+aαaα̃ cos2

(√
Sω

2
T

)
,

[E.19]

with

aα(α′) =
Sω2

S′ω′2

(
Ωα(α̃)

Ω′α(α̃)

sin

(
Ω′α(α̃)

2
t0

))2

,

bα,α̃ = 2
Ωα̃

Ω′α̃

√
SωΩα√
S′ω′Ω′α

(
cos

(
Ω′α
2
t0

)
+ i

∆α

Ω′α
sin

(
Ω′α
2
t0

))(
cos

(
Ω′α̃
2
t0

)
− i∆α̃

Ω′α̃
sin

(
Ω′α̃
2
t0

))
,

sin

(
Ω′α
2
t0

)
sin

(
Ω′α̃
2
t0

)
e−i(ωL−ωL̃)t0e−i∆α̃T , [E.20]

FIbase =
S′ω′2

Sω2
(aα + aα̃)

where FIbase is the excited state population when either of the laser interacts with the

LH2.

From Eqs. [E.19] and [E.20] it is easy to see how both an oscillation in the fluo-

rescence spectra and a φ phase modulation of the fluorescence intensity arise from the

presence of a vibrational mode mediating the energy transfer from |α〉 to |α̃〉, the dif-

ferent terms representing different interactions of the system with the pulses, with the

coherent signals including four interactions (order of Ω4) and thus being much weaker

than the incoherent base fluorescence that involves only two interactions (order of Ω2),

hence being much more probable. In addition, it can be calculated that if the states

|α〉 and |α̃〉 are of around the same frequency, as it occurs in the LH2 for Hildner et al.

experiment (see chapter 4]), the oscillation signal of coherent transport is to weak given

the laser pulse characteristics employed in [110].



Summary and Outlook

All things are subject to interpretation. Whichever interpretation prevails at a given

time is a function of power and not truth.

Friedrich Nietzsche.

Quantum effects occur in non-trivial processes in biological systems. Whether quan-

tum phenomena actually enhance the performance of biological processes however re-

mains an open question. This thesis delves into the argument by theoretically studying

photosynthetic systems, arguably, the most promising candidates where to find quantum

physics. The principal difficulty encountered when facing quantum biology is –from the

theory point of view– the size and complexity of interactions that biological systems

present. Hence this thesis is also devoted to the theory of open quantum systems; fun-

damental tool in the study of quantum biology. but that it also is a field subject to

intense research on its own, with still quite a few unanswered questions.

In chapter [1] we reviewed the basics of quantum mechanics and in particular of

quantum open systems mechanics. Although the theory in itself is decades old, it is only

recently that widespread interest has raised. The reasons are various, but mainly it is

due to experiments comprising closed systems being only lately available routinely in

laboratories, hence opening the door to the more challenging (and thus more rewarding)

experiments with open systems. The theory thus has been accordingly subjected to an

impulse that covers the terrain from the fundamental topics to the new experimental

techniques and methods. Is in this light that in chapter [3] a dimer system is numerically

and theoretically analysed. With parameters taken from a photosynthetic complex,

non-Markovianity is found to play a role in the very early times of the evolution of a

certain preparation of the system. The striking result is not that the appearance non-

Markovianity, but that it allows the system to draw energy from the environment, and
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it does so on a time-scale that makes it potentially observable in experiments and of

relevance in natural and artificial systems.

Regarding non-Markovianity, it is worth remarking that, despite its proved useful-

ness as a resource, is only now starting to be understood. Nonetheless, and mainly

owing to its mathematical complexity, non-Markovianity lacks a faithful backbone, and

numerous are the approximations and tricks that try to tackle the problems and un-

solved issues. There is, consequently, plenty of work still to be done. We propose

that a new measure for non-Markovianity could be implemented via Feynman diagrams.

Non-Markovianity quantifies how much the evolution of the environment is affected by

the presence of the system. Hence Feynman diagrams –which in an easy way describe

the interactions between particles– might be the appropriate tool to elucidate when an

open system is behaving in a non-Markovian way. Feynman diagrams classify in cat-

egories that depend on the interaction and the particles. We consequently think that

one such category would contain diagrams which change accordingly to the amount of

non-Markovianity present in the system.

Quantifying non-Markovianity is important, and having easy, fast techniques to do

it leads to the possibility to design better strategies and swifter methods to solve the

systems dynamics. Nonetheless, the latter also requires from a deep knowledge in non-

Markovianity itself. We adventure that such knowledge might be achieved by studying

the topology of open systems. The Lindblad structure described in chapter [1] can be

associated with certain classes of manifolds, such as Kähler forms. Such identification

allows for equilibrium states to be calculated from the geometry of the system, without

having to evolve the equations of motion, hence simplifying calculations in certain situ-

ations. A clear drawback is that transient effects, such as the one presented in chapter

[3] pass unnoticed. That is why a complete geometric picture of open quantum systems

might be desirable, as not only would allow to reduce calculations that are, in most non-

Markovian cases, lengthy and laborious, but would also permit, if found, to determine

which are the ideal solutions in quantum technological applications, engineering thus

systems according to its topology to fit the desired results.

Moving towards a more biologically oriented sections, in chapter [2], the basics on

quantum biology, and specifically on quantum photosynthesis where reviewed. Quantum

biology is a very new and fast-growing field of research, in which several disciplines join

efforts in trying to unravel processes essential for life on Earth. As such, it requires from

knowledge and skills that run from theoretical to experimental and jump from physics

to biology. Chapter [4] is a clear example. Based on experimental results, and partially

with the aim to explain their origin, we analyse a photosynthetic complex and propose

a model that utilises electronic and vibronic coherence to enhance the absorption and



transport of energy. Although the model fails to reproduce part of the experimental

results that were its motivation, it motivates a new paradigm for the light harvesting

2 complex in which no longer there is a differentiation in substructures. In addition, it

incites a distinct view on the ultra-fast techniques which might ultimately lead to a new

class of experiments in biological and coupled systems in general.

Quantum biology is a very new field (barely a decade old), and as such its future

is still uncertain. While experiments show promising results, and theory struggles to

explain them within the framework of quantum mechanics, it remains unclear if the

quantum effects observed truly represent an advantage for the biological processes where

it is found. More experiments, with increasing degree of sophistication are needed but,

most importantly, it is the theory (and numerical) faction who has to take a step forward.

We need better models and simulation tools, able to accurately handle appropriately

highly correlated and strongly coupled systems. Methods like TEDOPA are extremely

powerful, but the number of degrees of freedom they are able to handle is limited.

Based in the study of non-Markovianity described above, improvement of the numerical

techniques should ensue. With a better understanding of the biological processes (in

close collaboration with biologists) and how to physically model them, we should learn to

discriminate when quantum mechanics is truthfully underpinning –without any sensible

doubt– the corresponding biological process.

In addition to completely understand the quantum in photosynthesis and other al-

ready mentioned processes in chapter [2], there are plenty of biological systems in which

quantum mechanics might play a fundamental role. In particular, one of the most in-

teresting problems in nature are proteins. Highly complicated assemblies of hundreds

of smaller “bricks” called amino-acids, it is still unknown how the initial chain folds

itself into the final protein shape, and how they are so extremely well specialised for

a single task. The usual procedure to treat proteins has been to use lengthy classical

molecular dynamics computer simulations. But the results are far from promising. The

solution to the conundrum might lie in considering non-trivial tunnelling and entangle-

ment properties between specific amino-acids. That way, there is no need to consider all

the atoms and their motions, but only different classes of interactions amongst building

blocks, thus simplifying the configuration space of the protein. Solving the protein fold-

ing problem would lead to the possibility of artificial target-specific designed proteins

with a potential to revolutionise the world that is almost unfathomable.

Summarising, research in open quantum systems, and its application to quantum

biology is not only interesting, but necessary both to understand the world that sur-

rounds us and to provide it with yet better technologies and materials that improve the

life of the living beings that inhabit this complicated system we call Earth.
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