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“Truth is different from
error in two respects:

it is a little harder to prove
and more difficult to admit.”

– Léo Errera



Chapter 1 - Introduction

Our universe is spanned by space and time and populated by matter and fields. Starting with de-
bates in ancient times, these concepts have undergone dramatic changes over the years resulting
in the Theory of Relativity and Quantum Theory in the preceding century.

Guided by the principle of equivalence [1] and its geometrical implications, the theory of
relativity [2] has overcome the prevalent understanding of space and time as a rigid vessel.
Instead spacetime itself is formed by matter and fields. Nowadays, general relativity is not only
successful in predicting phenomena such as gravitational waves [3–5] which occur on cosmic
scales, but also affects the development of technical applications as the global positioning system.

Emerging from the need for an explanation of black-body radiation [6, 7], the photo-electric
effect [8, 9], and the spectral lines in light emitted or absorbed by atoms [10, 11], quantum
theory on the other hand has changed the understanding of matter and fields on a fundamental
level. In fact, while a classical point-like particle is located at a particular position in space and
follows a distinct trajectory as a function of time, quantum mechanics has revealed the wave
nature of matter [12, 13].

In comparison to the classical situation, W. Heisenberg stated in the context of the quan-
tum mechanical uncertainty principle:

“Ich glaube, dass man die Entstehung der klassischen ”Bahn“ prägnant so formulieren
kann: Die ”Bahn“ entsteht erst dadurch, dass wir sie beobachten.” [14, p. 185]

This quote clearly demonstrates the fundamental change of physical concepts, which have hith-
erto been based on a classical perception of the world. In particular, the crucial role of an
observation in the quantum domain is stressed whose outcome, however, is uncertain and only
determined by probabilities.

Despite this intrinsic uncertainty, quantum physics is not only essential for the description
of phenomena on an atomic and subatomic level, but has also led to numerous promising ap-
plications including, for instance, the laser [15, 16]. At presence, the development of quantum
technologies is advanced [17–19] in rapidly evolving fields such as quantum communication,
quantum metrology, and quantum computation.

Surprising phenomena arise at the border where the structures of space and time and matter
and fields encounter each other. A prominent example is the entanglement [20, 21] of quantum
systems that are separated by large distances. A. Einstein entitled the concatenated para-
doxical behavior that a measurement on one system would instantaneously influence the state
of the distant one, as “spooky actions at a distance” [22, p. 155]. As a substantial character
trait of quantum mechanics [23], quantum entanglement is now even the guiding principle for
intercontinental quantum key distribution as recently achieved via satellite [24–26]. In addition,
the non-locality [27] of quantum theory is revealed in quantum miracles as the Aharonov-Bohm
effect [28, 29]. Here the interference of quantum waves is affected by the presence of potentials
although the waves themselves evolve in field-free regions.

As illustrated by these examples, there are astonishing effects to be expected from the theories
that govern the fundamental concepts in our world. On the other hand, there are severe problems
which occur at their interface. For instance, one might ask the question if a quantum particle
leaves a trail in spacetime depending on the route taken. While such a behavior would be
expected from the theory of relativity, in regard to the uncertainty principle even the question
itself seems to be contradictory to quantum theory.

Although we restrict ourselves in the following to the non-relativistic limit of quantum me-
chanics, we shed light on some fascinating relations between space, time, matter, and fields,
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1.2 The Kennard phase

both from a fundamental and an applied perspective.

1.1 The Kennard phase

Of central significance for our studies is the fact that spatially and temporally varying fields can
manifest themselves as phases accumulated by quantum matter. On the one hand, this principle
is the basis of matter-wave interferometers [30–48] utilized as quantum sensors to probe, for
instance, electromagnetic or gravitational fields. On the other hand, there are fundamental
questions related to the interpretation and measurability of specific phase factors as addressed
in the following.

While the Aharonov-Bohm effect [28, 29] arises as a phase difference of quantum waves
evolving in field-free regions, we are interested in novel quantum phenomena to be revealed by
characteristic phases which are accumulated in the presence of distinct fields. In particular,
the elementary system of a quantum particle of mass m exposed to the linear potential −Fz
has awoken our interest. Here z denotes the position coordinate and F is the magnitude of a
force directed along the z-axis. For F = mg such a potential serves as an approximation to the
gravitational field of the earth, where g ≈ 9.81 m/s2 denotes the gravitational acceleration.

In this system, the peculiar phase contribution

ϕ(t) ∝ F 2

~m
t3 (1.1)

in the quantum mechanical propagator [49] has caught our attention, being cubic in the time t
and quadratic in the magnitude of the force F , where ~ denotes the reduced Planck constant. In
honor of its discoverer E. H. Kennard [50, 51] we entitle a phase of the form ϕ(t), Eq. (1.1),
as Kennard phase.

Since the early days of quantum mechanics, the Kennard phase has found entrance into
various publications [49, 52–54], in particular in the context [55–65] of an analog to Einstein’s
equivalence principle [1] in non-relativistic quantum mechanics. In Refs. [66, 67] the Kennard
phase even plays an important role in a possible unification of quantum theory and the theory
of relativity by ‘gravitizing quantum theory’. Here the equivalence principle is used as a main
guiding principle.

Despite the wide interest in this peculiar phase factor, to the best of our knowledge it has
not been observed till recently. Indeed, it is the Born rule which prohibits the measurement of
a global phase factor as the Kennard phase in a single quantum system.

In this thesis we lay the theoretical foundations [68, 69] that have enabled the recent obser-
vations [70, 71] of the Kennard phase in two distinct systems: (i) surface gravity water waves, an
analog system to quantum mechanics which allows the measurement of global phases, and (ii) a
novel T 3 interferometer for atoms which employs state-dependent forces that cause a spatial
separation of two matter-wave components.

1.2 Matter-wave interferometry

The measurement of a quantum system can display the curious feature that its outcome is
dictated by a countable set of possibilities. For the angular momentum of silver atoms such
a quantization has been demonstrated in the seminal Stern-Gerlach experiment [72]. Here the
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Chapter 1 - Introduction

atoms experience a state-dependent force that results from the interaction of their magnetic
dipole moment, determined by the atomic spin state, with an inhomogeneous magnetic field.
As a consequence, a spin-dependent deflection and a spatial separation of the atomic beam into
two distinct partial beams is observed, defining an upper and a lower trajectory.

From a classical point of view, one may argue that in a Stern-Gerlach apparatus a single
atom is deflected such that it either follows the upper or the lower trajectory as determined by
its internal spin state. However, in quantum mechanics superpositions of different spin states
are possible. Thus, an assignment of the atomic motion to one of these trajectories is in general
not admissible. Instead, the trajectory of the atom remains undefined and only emerges from
our observations. For this reason, the Stern-Gerlach apparatus can arguably be considered as
the first spatial beam splitter for matter waves, where the spin state and the motional state of
the atom are entangled.

We proceed by considering a sequence of several Stern-Gerlach apparatus in order to con-
struct an interferometer for matter waves [45], where the upper and lower trajectories are re-
combined. After the interferometer sequence has been performed our observation does not allow
for an assignment of the atom to a single one of these trajectories. In this situation, an inter-
ference pattern may emerge [73, 74], for instance in the population of the atomic spin states.
For its observation, the experiment should be repeated multiple times with identical initial con-
ditions while a characteristic parameter as the strength of the magnetic field gradient or the
interferometer time is varied.

Already W. Heisenberg [75], D. J. Bohm [76] and E. P. Wigner [77] have addressed
the question if a coherent splitting and recombination of an atomic beam in a Stern-Gerlach
interferometer can be achieved such that interference fringes are observed. The latter two arrived
at the conclusion that an experiment would be difficult to perform and a “fantastic” precision
for the control of the magnetic fields would be required [78]. In a quantitative analysis [79–81]
of this device, the almost impossible coherent recombination of the two partial beams is referred
to as the Humpty-Dumpty effect, with reference to the fictional character of Humpty-Dumpty
who could not be put together again after his great fall.

While a full-loop Stern-Gerlach interferometer has remained an irrealizable challenge for a
long period of time [71, 74, 82–85], in the meantime different techniques [31, 37, 44, 45] were
developed to facilitate matter-wave interferometers. Nowadays, numerous interferometers for
quantum particles have been demonstrated which e.g. employ electrons [30, 31], neutrons [32–
37], atoms [38–45], and molecules [46–48].

Of particular relevance both from a fundamental and a technological perspective is the
sensitivity of these devices to inertial quantities and external fields. For example, a phase shift of
a neutron-interferometer induced by the gravitational field of the earth was first measured [34–
36] by R. Colella, A. W. Overhauser, and S. A. Werner in 1975. This remarkable
observation has propelled the exploration of gravity with the help of quantum waves.

The field of matter-wave interferometry has been substantially advanced by employing cold
atomic clouds [45] and Bose–Einstein condensates (BECs) [86, 87] as novel quantum sources.
The high level of control available in these systems has enabled the construction of atom in-
terferometers [38–42] that set the stage for high-precision quantum sensors. In particular, the
ground-breaking experiment [41] by M. Kasevich and S. Chu, where cold atoms are manipu-
lated by laser light in a Mach-Zehnder interferometer geometry, has opened a new era.

A summary of recent achievements and activities in the broad field of atom interferometry
is presented in Refs. [43–45, 88–90]. Nowadays, atom interferometers are e.g. employed as ac-
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1.3 Outline

celerometers [91–111], rotation sensors [112–122], gravity gradiometers [123, 124], and quantum
sensors for magnetic fields [125–130]. Beyond that, these devices also facilitate tests of the
foundations of physics [106, 131–150] as, for instance, the equivalence principle for quantum
matter.

There are various possibilities to enhance the precision of atom interferometers even fur-
ther. For instance, the accuracy of testing the equivalence principle with matter waves can be
improved by placing the experiment in a microgravity environment, which offers an extended
interferometer time. Matter-wave experiments in microgravity can be performed in the drop
tower in Bremen [151, 152] within the QUANTUS projects, in zero gravity parabola flights of
aircrafts [153], in sounding rockets employed in the MAIUS missions [154], and at the Interna-
tional Space Station (ISS) within the framework of the Cold Atom Laboratory (CAL) [155, 156]
and its successor the Bose Einstein Condensate and Cold Atom Laboratory (BECCAL) [157].
Beyond that, even satellite missions for quantum tests of the equivalence principle have been
proposed [158–160].

In addition, different technologies in combination with novel interferometer geometries may
also enhance the sensitivity of atom interferometers. In this regard, we have suggested a novel T 3

interferometer [68, 69], where T denotes the interferometer time. This device employs quantum
waves subject to state-dependent forces which induce a state-dependent spatial separation during
the course of the interferometer. After recombination, the interference signal is governed by the
Kennard phase [50, 51] leading to a cubic scaling in the interferometer time T . Consequently,
the T 3 interferometer displays a faster phase accumulation in comparison to other atom inter-
ferometers [41, 42] scaling as T 2. Depending on the respective experimental implementation,
such a T 3 interferometer might lead to an improved accuracy [161].

One possible implementation of our scheme has been demonstrated in a novel T 3 Stern-
Gerlach interferometer (T 3-SGI) [71, 74, 85] which makes use of a Bose-Einstein condensate.
Here the required state-dependent forces are realized with the help of magnetic fields gradi-
ents [162] created by wires on an atom chip [119, 163, 164]. Supported by this sophisticated
technology, as one of the first full-loop Stern-Gerlach interferometers [71, 74, 82–85] the T 3-SGI
has been able to overcome the Humpty-Dumpty effect. This task is particularly challenging since
the state-dependent forces are applied during the entire interferometer sequence as originally
suggested [79–81]. The remarkably high contrast of this device allows for a clear observation [71]
of the cubic phase scaling that originates from the Kennard phase. In addition, the T 3-SGI does
not require laser light which could be reflected from a surface. For this reason, it might find
application as an interferometric surface sensor.

1.3 Outline

A substantial part of this thesis consolidates, summarizes, and deepens the theoretical work
that has led to the recent observations of the Kennard phase and the construction of a novel T 3

Stern-Gerlach interferometer. These objectives have been accomplished in close collaboration
with the experimental groups of F.A. Narducci, A. Arie, L. Shemer, and R. Folman.

In addition, several parts of this thesis exceed this particular topic. By developing a general
and easily applicable formalism based on branch-dependent dynamics, we simplify, unify, and
generalize the description of matter-wave interferometers. Within this approach, we compare and
contrast classical and quantum concepts from a fundamental perspective while concentrating on
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the contrast and phase shift of matter-wave interferometers. Based on our formalism, we propose
schematic rules which enable a straightforward analysis of a given interferometer geometry in
the presence of state- and time-dependent forces. With the help of these rules, we pursue the
classification of existing and the construction of novel interferometer geometries that display a
sensitivity to particular aspects of spatially and temporally varying external fields. Our method
is supported by several examples of novel interferometers which still await an experimental
implementation.

Some results presented in this thesis have already appeared in our subsequent publications.
The research on the Kennard phase has been motivated in the proposal [68]

M. Zimmermann, M. A. Efremov, A. Roura, W. P. Schleich,
S. A. DeSavage, J. P. Davis, A. Srinivasan, F. A. Narducci,
S. A. Werner, and E. M. Rasel,
T 3-Interferometer for atoms,
Applied Physics B 123, 102 (2017)

of a T 3 interferometer for atoms, capable of measuring the Kennard phase.
A general and intuitive description applicable for a large class of atom interferometers, in-

cluding the T 3 interferometer, which may employ state-dependent forces, has been demonstrated
in [69]

M. Zimmermann, M. A. Efremov, W. Zeller, W. P. Schleich,
J. P. Davis, and F. A. Narducci,
Representation-free description of atom interferometers in time-dependent linear po-
tentials,
New Journal of Physics 21, 073031 (2019)

and is extended in this thesis.
The experimental observation of the Kennard phase in surface gravity water waves, which

constitute in an appropriate regime an analog system to quantum mechanics, has been published
in [70]

G. G. Rozenman, M. Zimmermann, M. A. Efremov, W. P. Schleich, L. She-
mer, and A. Arie,
Amplitude and Phase of Wave Packets in a Linear Potential,
Physical Review Letters 122, 124302 (2019).

Based on our proposal for a T 3 interferometer geometry, the first quantum mechanical ob-
servation of the Kennard phase has been achieved in a novel T 3 Stern-Gerlach interferometer as
showcased in [71]

O. Amit, Y. Margalit, O. Dobkowski, Z. Zhou, Y. Japha,
M. Zimmermann, M. A. Efremov, F. A. Narducci, E. M. Rasel,
W. P. Schleich, and R. Folman,
T 3 Stern-Gerlach Matter-Wave Interferometer,
Physical Review Letters 123, 083601 (2019).

The present thesis is structured as follows. Chapter 2 is dedicated to the interference of quan-
tum states and introduces relevant elements for the description of matter-wave interferometers in
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1.3 Outline

a general manner. A particular focus lies on the time evolution of a composite quantum system,
such as an atom, which is exposed to external potentials. We advance an intuitive concept based
on interferometer branches that is applicable for the analysis of various interferometer schemes.
Hereby we contrast classical and quantum mechanical concepts. Despite the close relationship of
both theories, we demonstrate that interference as a wave phenomenon has far-reaching impli-
cations and is at the heart of observable quantum phenomena as the Aharonov-Bohm effect. We
visualize our results by a subsequent discussion in phase space, where we explore the dynamics
of the Wigner matrix for general branch-dependent scalar potentials.

In Chapter 3 we introduce experimental tools and arrangements for atom interferometers
on the basis of our branch-dependent concept. Within a three-dimensional harmonic approxi-
mation, we take into account the effects of state-dependent potentials which e.g. originate from
the interaction of the atom with external magnetic fields. We develop a representation-free
description for a broad class of interferometers that relies on particular functions that encode
the pulse sequence and the interactions within the device. We analyze the dependence of the
interferometer contrast and phase on specific properties of these function. Our results are sum-
marized by schematic rules that enable a straightforward analysis and construction of various
interferometer schemes.

Chapter 4 serves as a demonstration of our methodology. We present the analysis of exist-
ing and the development of novel interferometer geometries, which are characterized by almost
instantaneous state-dependent momentum transfers. Our approach not only provides a simple
picture for the determination of the interferometer output, but also allows for the identification
of similarities and differences between various experimental realizations of an interferometer
scheme. A particular focus lies on the modification of the Mach-Zehnder interferometer geom-
etry which enables an exponential phase scaling for large interferometer times. Moreover, our
modification of the Butterfly interferometer geometry can be applied to probe quadratic poten-
tials. After having developed a general construction rule for interferometers, we are able to
categorize different schemes into interferometer families. The members of these families display
a sensitivity to particular aspects of external fields.

Chapter 5 is devoted to a study of the Kennard phase emerging in the dynamics of a quantum
particle in the presence of a linear potential. We shed light on this peculiar phase from various
angles, and explore its relation to the equivalence principle in non-relativistic quantum mechan-
ics, to the energy eigenfunctions in a linear potential characterized by Airy functions, and its
features as a global phase factor. We present the theoretical background for the observation
of the Kennard phase with the help of surface gravity water waves. In an appropriate regime
these waves behave analogously to quantum waves and allow for the measurement of global
phase factors. In particular, we analyze the emergence of the Kennard phase for Gaussian and
Airy wave packets as employed in the experiment. Finally, we prepare the stage for a quantum
mechanical observation of the Kennard phase.

Chapter 6 contains a highlight of this thesis, namely the construction of novel T 3 interfer-
ometers which have enabled the quantum mechanical observation of the Kennard phase with
the help of an interferometric measurement. We present and analyze two implementations of
T 3 interferometers that utilize state-selective accelerators and decelerators for quantum matter.
(i) The T 3 Stern-Gerlach light-pulse interferometer (T 3-SGLPI) employs a combination of mag-
netic field gradients and light pulses. (ii) The T 3 Stern-Gerlach interferometer (T 3-SGI) solely
employs magnetic field gradients in combination with radio-frequency pulses. This particular
implementation has been able to overcome the Humpty-Dumpty effect and clearly demonstrates
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the cubic phase scaling in time as originating from the Kennard phase. Moreover, we propose
a ω−3 interferometer, which is closely related to the T 3 interferometers, but utilizes a harmonic
trap in combination with state-dependent forces. Until now this device has not yet been imple-
mented in an experiment. In addition, we develop a construction rule for interferometer schemes
that display a phase scaling beyond T 3. Our rule enables a classification of interferometers into
interferometer classes, which supplements the categorization presented in Chapter 4.

We conclude in Chapter 7 with a summary of the main results and provide an outlook to
future developments and ideas.

The results presented in this thesis are supported by detailed calculations contained in six
appendices. In Appendix A we introduce basic definitions and relations applicable in the context
of matter-wave interferometry. Next, we turn in Appendix B to a derivation of the dynamics
of the Wigner matrix which enables a picturesque analysis of an interferometer. Subsequently,
Appendix C concentrates on the details of the atom-light interaction, being a central tool for
the manipulation of atoms in light-pulse interferometers, where we take into account the pres-
ence of state-dependent potentials. Appendix D recalls the dynamics in a branch-dependent
driven harmonic oscillator which is the key model within our studies. Next, we determine in
Appendix E the contrast and phase shift for the interference of two interferometer branches.
Finally, we summarize in Appendix F various derivations and proofs related to the classification
of interferometers into families and classes.
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“If we can see what all
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then we are sharing
a common content,

even if we
don’t agree entirely.

It may turn out
that the opinions

are not really very important
- they are all assumptions.

And if we can see them all,
we may then move

more creatively
in a different direction.”

-David Bohm



Chapter 2 - Interference in Hilbert space

2.1 Introduction

Interference phenomena are multifaceted and manifest themselves in various processes in Nature.
Their beauty can, for instance, be marveled in the interference of light visible in soap bubbles,
the structures generated by water waves emerging from two distinct point sources, and the
interference pattern built up by electrons or atoms in double-slit experiments. In all cases, the
occurrence of interference points towards the wave character of the underlying system.

While interference is an interesting phenomenon per se, even precision measurements can
benefit from the superposition of waves. In fact, this is the basic concept behind an interferom-
eter, where the phase shift is governed by the quantities to be determined. Since the advent of
quantum mechanics novel interferometers have emerged which utilize the wave character of quan-
tum particles. Prominent examples of matter-wave interferometers employ electrons [30, 31],
neutrons [32–37], atoms [38–45], and molecules [46–48] to generate an interference pattern.

In the present chapter we develop a branch-dependent formalism that is capable of determin-
ing the output of such matter-wave interferometers. For this purpose, we consider the dynamics
of quantum mechanical waves along different interferometer branches. In particular, we study
the contrast and phase shift of the interferometer. While introducing basic working principles
of matter-wave interferometers, our approach also sets the stage for the construction of novel
interferometers that yield an insight into interesting quantum phenomena, as explored in the
remainder of this work.

This introduction is arranged as follows. First, we present in Section 2.1.1 different ap-
proaches that are applicable for the description of matter-wave interferometers. Next, we moti-
vate in Section 2.1.2 the key ideas to pursue a branch-dependent description. In Section 2.1.3
we then initiate a discussion on classical and quantum concepts with regard to the output of
a matter-wave interferometer. Finally, an outline of the present chapter is contained in Sec-
tion 2.1.4.

2.1.1 Different descriptions of matter-wave interferometers

By now there exist various approaches to determine the contrast and phase of matter-wave
and, in particular, atom interferometers. These techniques range from calculations based on the
semi-classical action [52] associated with the Feynman path integral [49, 165, 166], the ABCD
formalism [167–170] analogous to the ABCD matrix analysis used in optics, representation-
free approaches applying operator algebra [171–177], to descriptions of interferometers in phase
space [176, 178–181]. Although these approaches might appear very different at a first glance,
they are rooted in the superposition principle, and rely on the linearity of quantum mechanics.

By developing a branch-dependent description, we illustrate the connection between some
of these approaches. At the same time, we partially increase their applicability by pursuing
a general formulation, where we include, for instance, an arbitrary number of interferometer
branches. Moreover, we obtain a deeper insight into the underlying principles that govern the
output of an interferometer as characterized by its contrast and phase shift.

Our branch-dependent formalism is motivated by the results presented in Refs. [173–176].
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2.1.2 Branch-dependent dynamics

Central to any interferometer are interferometer branches along which the corresponding wave
accumulates a branch-dependent phase. The resulting phase difference of two waves, each being
associated with an interferometer branch, is governed by the interactions that have occurred
during the time evolution along one branch in comparison to the other.

This concept might sound plausible in the context of optical interferometers, where light
waves are directed along different interferometer branches in space via beam splitters and mir-
rors. However, due to the Heisenberg principle, it is by far less obvious why such a concept
should be applicable in quantum mechanics. If a quantum particle is not well-localized, how
should it be possible to assign its position at a particular time to a distinct trajectory that might
correspond to such an interferometer branch?

Beyond that, this concept becomes even more problematic when taking into account the
fact that the quantum particle should evolve at least along two branches at the same time as
required for the observation of an interference pattern.

We resolve this issue by identifying abstract interferometer branches that emerge in the time
evolution of a single quantum particle as viewed from Hilbert space. We emphasize that this
concept is distinct from describing the motion of a quantum system based on particular positions
or trajectories in space.

An essential ingredient of our branch-dependent concept is the possibility to separate free
propagation zones from coupling zones which both compose the interferometer. On the basis of
these two zones, we are able to develop an effective and intuitive picture by identifying branches
that connect input and output ports of the interferometer. These branches are characterized by
a branch amplitude, determining the population of the branch, and a branch-dependent Hamil-
tonian that induces an effective time evolution along the branch. The interference of different
waves that have undergone such branch-dependent dynamics then determines the output of the
interferometer.

In the following, we pursue an effective description which is in some aspects closely related
to the classical intuition, and apparently provides the correct result. However, the true nature
of the dynamics in such a quantum system remains concealed.

2.1.3 Classical and quantum concepts

From a conceptual point of view, classical and quantum mechanics are fundamentally different
theories. While the first one relies on particles following well-defined trajectories, the latter can
be characterized by waves providing probability statements. Despite these striking differences,
there are fundamental ties between both theories which, under particular conditions, even come
to light in the context of a typical wave phenomenon as interference.

The bridge between classical mechanics, as described by a Lagrangian or Hamiltonian
function, and quantum mechanics, based on a Hamiltonian operator, is established by the
Hamilton-Jacobi equation [182–186]. Indeed, it was the Hamilton-Jacobi equation that served
E. Schrödinger as the starting point in his derivation of the dynamical equation for a quantum
mechanical particle [187, 188].

In the present chapter we provide a deeper insight into the relation of both theories by
utilizing a matter-wave interferometer as an example. We observe how classical concepts auto-
matically enter in our branch-dependent description. On the one hand, we illustrate the crucial
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role played by classical trajectories and the classical action for the description of the dynamics
in a quantum system. On the other hand, we identify limitations of these concepts when deter-
mining the phase shift of an interferometer. In addition, we demonstrate that a very particular
dependency of a quantum wave on the coordinate enforces such concepts familiar from classical
mechanics. Hence, our branch-dependent formalism might even give a glimpse into the peculiar
way how space- and time-dependence govern the behavior of a quantum wave.

An alternative and illustrative approach relies on a phase space formulation [189–191] that is
equally applicable for both classical and quantum systems under particular conditions. Such a
description can also be used [176, 178–181] in the context of matter-wave interferometry, building
a bridge to interference in phase space [191, 192]. Based on our branch-dependent concept, we
derive the dynamical equation for the elements of the Wigner matrix [180] in the presence of a
general scalar potential. Thereby, we generalize the existing description and offer an intuitive
picture for the determination of the contrast and phase of an interferometer.

We highlight that a phase space formulation based on the Wigner matrix clearly illustrates
the similarities and differences between classical and quantum mechanics. In contrast to classical
mechanics, we demonstrate that it is the difference of two potentials that governs the time
evolution of the off-diagonal elements of the Wigner matrix determining the observable phase
shift in an interferometer.

In fact, it is the combination of potentials and interferometer branches that enables the
observation of quantum phenomena as the Aharonov-Bohm effect [27–29, 52, 193–195], or the
emergence of the Kennard phase in the output of an interferometer, as explored in Chapters 5
and 6.

2.1.4 Outline

In the following we use the opportunity to present elements of a matter-wave interferometer in
connection with a branch-dependent picture that enables the determination of its contrast and
phase.

The present chapter is structured as follows. First, we introduce in Section 2.2 basic concepts
required for the description of an interferometer independently of a particular implementation.
Next, we consider a general interferometer scheme and present in Section 2.3 an intuitive picture
by developing the concept of interferometer branches. These particular branches are character-
ized by a branch amplitude and a branch-dependent time evolution that determines the quantum
state associated with such a branch. The superposition of different branch-dependent quantum
states yields the interference signal of the interferometer. Subsequently, we study in Section 2.4
how classical concepts enter into the description of matter-wave interferometers based on (i)
wave functions and (ii) within a phase space formulation. Next, we present in Section 2.5 the
key elements of our branch-dependent approach and discuss possible extensions and further
applications. We conclude in Section 2.6 by providing a brief summary of this chapter.

2.2 Basic concepts of matter-wave interferometry

One of the main targets of matter-wave interferometry is to encode information on the interaction
of matter waves with an external field into an interference signal. For this purpose, the quantum
wave is split coherently into several components that probe the environment – especially the
action of certain potentials such as the gravitational one. After recombination of the different
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components, the interference signal contains information on the interactions which have occurred
within the device.

In the following, we focus on the special case of a composite quantum system that consists
of sensing states and working states. While the sensing states interact with the environment,
a controlled manipulation of the working states at particular times transfers the information
accumulated by the sensing states into the amplitudes of the working states. During readout a
population measurement of the working states reveals the interference signal.

In the present section we introduce the basic concepts for such a matter-wave interferometer,
and pursue a general non-relativistic description on the basis of operator algebra. First, we define
in Section 2.2.1 the structure of the underlying Hilbert space. Next, in Section 2.2.2 we turn to
the building blocks of the interferometer and discuss the dynamics in the free propagation zone
and the coupling zone. Finally, we describe in Section 2.2.3 a general interferometer scheme and
focus on the readout of the interferometer.

2.2.1 The structure of the quantum system

Hereafter, we consider a composite quantum system for which the entire quantum state

|Ψ(t)〉 ≡ γ1(t) |ψ1(t)〉 ⊗ |1〉+ γ2(t) |ψ2(t)〉 ⊗ |2〉 (2.1)

at time t consists of a superposition of two normalized and orthogonal working states |1〉 and
|2〉, each being multiplied by an associated normalized sensing state |ψk(t)〉 with k = 1, 2. The
complex-valued functions γ1(t) and γ2(t) are subject to the condition |γ1(t)|2 + |γ2(t)|2 = 1.
While we have chosen the simple case of the working states constituting a two-level system, we
leave the details of the sensing states unspecified for the moment.

Two examples for systems that can be described by the state |Ψ(t)〉 presented in Eq. (2.1) are
as follows. (i) A quantum system in which the working states correspond to energy eigenstates
of an atom, while the sensing states describe the associated atomic center-of-mass motion. This
system plays a crucial role in the subsequent chapters. (ii) Alternatively, not only the working
states, but also the sensing states could correspond to a two-level system. Hence, |Ψ(t)〉 describes
the state of two coupled qubits. Indeed, the sensing states can even correspond to a quantum
system composed of different particles.

In general, the state |Ψ(t)〉, Eq. (2.1), is non-separable, stating that the working system and
the sensing system are entangled. Thus, it is possible to encode information on the dynamics
undergone by the sensing states in the amplitudes of the working states. In fact, this is the
working principle of many interferometers that we encounter in the subsequent chapters.

The general Hermitian Hamiltonian for the entire quantum system, being composed of work-
ing and sensing system, then assumes the form

Ĥ(t) = Ĥ1(t)⊗ |1〉〈1|+ Ĥ2(t)⊗ |2〉〈2| − ~Ω(t)
2

[
Ĥ+(t)⊗ |2〉〈1|+ Ĥ−(t)⊗ |1〉〈2|

]
. (2.2)

Here the diagonal elements Ĥk(t) = Ĥ†k(t) in the basis of the working states correspond to
Hermitian operators acting on the sensing states with k = 1, 2. Moreover, we introduce a real-
valued coupling parameter Ω(t) together with the Planck constant ~ in front of the possibly
non-Hermitian operators Ĥ+(t) = Ĥ†−(t), corresponding to the off-diagonal elements of the
Hamiltonian Ĥ(t) in the basis of the working states.
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The formal solution to the Schrödinger equation

i~ ∂
∂t
|Ψ(t)〉 = Ĥ(t) |Ψ(t)〉 (2.3)

with the initial state |Ψ(ti)〉 of the entire quantum system at time ti and the Hamiltonian Ĥ(t),
Eq. (2.2), is then given by the state

|Ψ(t)〉 = Û(t, ti) |Ψ(ti)〉 (2.4)

expressed with the help of the unitary time evolution operator

Û (t, ti) = T
{

exp
[
− i
~

∫ t

ti
dτ Ĥ(τ)

]}
. (2.5)

Here the time-ordering operator T has the property

T
{
Â(t′)B̂(t′′)

}
=
{
Â(t′)B̂(t′′) for t′ > t′′,

B̂(t′′)Â(t′) for t′′ > t′
(2.6)

with time-dependent operators Â(t′), B̂(t′′) and times t′, t′′. The time-ordering operator T in
Eq. (2.5) is to be understood in the sense that it orders the time-dependent operators in each
term of the power series of the exponential.

2.2.2 Building blocks of the interferometer

In the following, we identify the necessary components of a matter-wave interferometer in order
to distinguish such a device from the general dynamics of a two-level system coupled to another
quantum system.

For this purpose, we identify two different zones of the dynamics. (i) The free propagation
zone is characterized by the fact that there are no transitions between the working states |k〉,
corresponding to a vanishing coupling parameter Ω(t) = 0. In this zone the sensing states
accumulate information on the quantities to be measured by the interferometer. (ii) In the
coupling zone with Ω(t) 6= 0, a controlled manipulation of the working states is performed. The
precise scheme of the interferometer then crucially depends on a certain sequence of these zones
as explained in Section 2.2.3.

In the context of light-pulse atom interferometry [41, 42, 172–174, 196, 197], discussed in more
details in Chapter 3, the coupling zone is realized with the help of the atom-light interaction.

Free propagation zone (Ω(t) = 0)

The free propagation zone in the time interval (tj , tj+1) is characterized by a vanishing coupling
parameter Ω(t) = 0 for tj ≤ t ≤ tj+1. Hence, according to Eq. (2.2), the Hamiltonian Ĥ(t) be-
comes diagonal in the subspace of the working states, and so is the corresponding time evolution
operator

Û(tj+1, tj) = Û1(tj+1, tj)⊗ |1〉〈1|+ Û2(tj+1, tj)⊗ |2〉〈2| (2.7)
given by Eq. (2.5). Here the unitary operator Ûk(tj+1, tj) describes the time evolution of the
sensing state |ψk(tj)〉 and denotes the solution of the Schrödinger equation

i~ ∂
∂t
Ûk(t, tj) = Ĥk(t)Ûk(t, tj) (2.8)
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for the Hamiltonian Ĥk(t) corresponding to the diagonal elements in Eq. (2.2) with k = 1, 2 and
tj ≤ t ≤ tj+1.

Coupling zone (Ω(t) 6= 0)

In the coupling zone, transitions between the working states |1〉 and |2〉 are driven due to a
non-vanishing coupling parameter Ω(t) 6= 0. Hence, this zone allows for the separation or
recombination of different components of the entire matter wave, being characterized by the
sensing state |ψk(t)〉 and labeled by the working state |k〉.

In the following, we assume a constant coupling parameter

Ω(t) = θj
∆tj

(2.9)

for t−j < t < t+j with the time t±j ≡ tj±∆tj/2. The overall coupling strength ~Ω(t)/2 in Eq. (2.2)
is then determined by the parameter θj together with the duration ∆tj of the coupling zone.
In the ideal case, a full experimental control of the Hamiltonian Ĥ(t), Eq. (2.2), is guaranteed
during the coupling. In this way, the information about the interactions which have occurred so
far in the interferometer can be preserved.

For this purpose, typically a resonant coupling scheme is implemented, allowing to achieve
any desired superposition of the working states. Since here a resonance condition has to be
fulfilled, knowledge of both the working and sensing system before the coupling is in general
required as detailed in Chapter 3.

We focus now on the simplified case of a coupling applied for a very short time interval
∆tj in combination with a strong coupling parameter, such that the coupling term in Eq. (2.2)
becomes dominant. During the coupling, the operators Ĥ±(t) ∼= Ĥ±(tj) are assumed to remain
constant. The corresponding time evolution operator

Û(t+j , t−j ) ∼= exp
{ iθj

2
[
Ĥ+(tj)⊗ |2〉〈1|+ Ĥ−(tj)⊗ |1〉〈2|

]}
(2.10)

results from Eq. (2.5), where we have only taken into account the dominant contribution to the
coupling and neglected the diagonal elements Ĥk(t) of Ĥ(t), Eq. (2.2).

Indeed, in the limit of an instantaneous coupling

Ω(t) = θjδ(t− tj) (2.11)

the expression in Eq. (2.10) is exact under the prerequisite lim∆tj→0
∫ t+j
t−j

dτ Ĥk(τ) = 0 with

Û(tj) ≡ lim
∆tj→0

Û(t+j , t−j ). (2.12)

Here δ(t) denotes the Dirac delta distribution.
Next, we focus on the operator-valued matrix element Ûkl(tj) ≡ 〈k| Û(tj) |l〉 of the time

evolution operator U(tj), Eq. (2.12), in the subspace of the working states |k〉 and |l〉 with
k, l = 1, 2. Different from the diagonal elements Uk(tj+1, tj) of the time evolution operator
U(tj+1, tj) in the free propagation zone, the operator Ûkl(tj) in the coupling zone is in general
not unitary.
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We now consider a particular kind of manipulation of the sensing states during the coupling,
and assume that the off-diagonal elements Ĥ±(tj) of the Hamiltonian Ĥ(tj), Eq. (2.2), are
unitary operators. Consequently, they can be expressed as the exponential

Ĥ±(tj) = exp (±iϕ̂j) (2.13)

of a Hermitian operator ϕ̂j , where we have used the relation Ĥ+(tj) = Ĥ†−(tj), see Section 2.2.1.
In this case the matrix element Ûkl(tj) of the time evolution operator U(tj), Eq. (2.12), can be
decomposed into the product

Ûkl(tj) = α
(j)
kl exp

[
− i
~

∫ t+j

t−j

dτ K̂(j)
kl δ(τ − tj)

]
(2.14)

of a scalar transition amplitude
α

(j)
kl =

√
Û †kl(tj)Ûkl(tj) , (2.15)

and a unitary operator that is determined by the Hermitian transition operator K̂(j)
kl . According

to Eq. (2.14), the operator K̂(j)
kl δ(t−tj) reminds of a Hamiltonian that is related to the transition

|l〉 → |k〉.
By evaluating Eq. (2.10) with Eq. (2.13) and the operator identity [191]

e
iθj
2 (eiϕ̂j⊗|2〉〈1|+e−iϕ̂j⊗|1〉〈2|) = cos

(
θj
2

)
⊗ 12 + i sin

(
θj
2

) [
eiϕ̂j ⊗ |2〉〈1|+ e−iϕ̂j ⊗ |1〉〈2|

]
, (2.16)

where 12 ≡ |1〉〈1| + |2〉〈2| denotes the identity in the subspace of the working states, we arrive
at the matrices1

α(j) =


∣∣∣cos

(
θj
2

)∣∣∣ ∣∣∣sin ( θj2 )∣∣∣∣∣∣sin ( θj2 )∣∣∣ ∣∣∣cos
(
θj
2

)∣∣∣
 (2.17)

and

K̂(j) = ~
( 0 ϕ̂j − π

2

−ϕ̂j − π
2 0

)
(2.18)

defining the transition amplitude α(j)
kl ≡ 〈k|α(j) |l〉 and the transition operator K̂(j)

kl ≡ 〈k| K̂(j) |l〉,
where 0 ≤ θj ≤ π.

The transition amplitude α(j)
kl has the properties 0 ≤ α(j)

kl ≤ 1 and

2∑
k=1

(
α

(j)
kl

)2
= 1 (2.19)

for l = 1, 2. Indeed, α(j)
kl denotes the probability amplitude for the transition between the

working states |l〉 and |k〉.
Finally, we remark that similar expressions as presented here for an instantaneous coupling

can be obtained for a resonant coupling of finite duration as demonstrated in Section 3.3.

1Here and in the following we use the convention A =
(
A11 A12
A21 A22

)
with the matrix elements Akl = 〈k| Â |l〉

related to a two-level system with k, l = 1, 2.
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2.2 Basic concepts of matter-wave interferometry

2.2.3 Interferometer scheme and output

We have now all ingredients at hand to construct a matter-wave interferometer. The three
key components are (i) the initial preparation at time ti, (ii) the implementation of a certain
interferometer sequence, and (iii) the final readout at time tf .

The interferometer sequence

An interferometer sequence is specified by a certain arrangement of free propagation and coupling
zones. In principal, two coupling zones, applied after the initial preparation and before the
final readout, and separated by a free propagation zone are sufficient for the realization of an
interferometer. Since within the coupling zones not only different working states are coupled, but
also a controlled manipulation of the sensing states can be achieved, matter-wave interferometers,
however, often consist of more than two coupling zones [41, 42, 172–174, 196–198].

For this reason, we consider in the following a more general sequence of n+1 free propagation
zones (ti, t1), (t1, t2), . . . (tn−1, tn), (tn, tf). These zones are separated by n coupling zones applied
at the times tj (j = 1, . . . , n). For the ease of simplicity, we assume instantaneous couplings of
strength ~θj/2 which determine the coupling parameter

Ω(t) =
n∑
j=1

θjδ(t− tj) (2.20)

for the entire interferometer.

Figure 2.1: Time evolution for an interferometer consisting of n coupling zones with Ω(t) 6= 0,
which are applied at times t = tj with j = 1, 2, . . . , n and depicted by yellow dashed lines. The
coupling zones are separated by zones of free propagation with Ω(t) = 0. The final quantum
state |Ψ(tf)〉 = Û(tf , ti) |Ψ(ti)〉 at time tf then results from the propagation of the initial state
|Ψ(ti)〉 as described by the interferometer operator Û(tf , ti). The operator Û(tf , ti) corresponds
to the time-ordered product of the time evolution operators Û(tj+1, tj) for the free propagation
zones and Û(tj) for the coupling zones.

Accordingly, the time evolution is characterized [174] by the interferometer operator

Û (tf , ti) = Û(tf , tn)Û(tn)Û(tn, tn−1) · . . . · Û(t2)Û(t2, t1)Û(t1)Û(t1, ti) (2.21)

with the initial, preparation time ti < tj and the final, read-out time tf > tj . Here we made
use of the propagator property for the time evolution operator Û(t, ti), Eq. (2.5), in order to
separate free propagation and coupling zones. The action of the interferometer operator Û(tf , ti)
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Chapter 2 - Interference in Hilbert space

on the initial state |Ψ(ti)〉 at time ti then provides the final quantum state |Ψ(tf)〉 of the entire
quantum system at time tf . This particular time evolution for the interferometer is illustrated
in Fig. 2.1.

Readout of the interferometer

We now assume that at the initial time ti only the working state |i〉 is populated, and thus the
normalized initial state reads

|Ψ(ti)〉 = |ψi〉 ⊗ |i〉 (2.22)

with the initial sensing state |ψi〉 ≡ |ψi(ti)〉. After the interferometer sequence, characterized by
the interferometer operator Û(tf , ti), has been applied, the system is in the state |Ψ(tf)〉 at the
final time tf. Now the population of the working state |o〉 is determined.

Consequently, we arrive at the transition probability

Poi ≡ 〈Ψ(tf)| (1⊗ |o〉〈o|) |Ψ(tf)〉
= (〈ψi| ⊗ 〈i|) Û†(tf , ti) (1⊗ |o〉〈o|) Û(tf , ti) (|ψi〉 ⊗ |i〉) (2.23)

between the input port |i〉 and the output port |o〉, where i, o = 1, 2, and 1 denotes the identity
for the sensing system. By introducing the matrix element

Ûoi ≡ 〈o| Û(tf , ti) |i〉 (2.24)

of the interferometer operator Û(tf , ti), Eq. (2.21), we recast Eq. (2.23) as

Poi = 〈ψi| Û †oiÛoi |ψi〉 , (2.25)

which depends in general on the sensing state |ψi〉 at the initial time ti. It is the transition
probability Poi that is usually determined in an experiment.

Additionally, the transition probability Poi forms the matrix element of a stochastic ma-
trix [199] with the property

2∑
o=1

Poi = 1 (2.26)

for all input ports |i〉, as evident from Eqs. (2.24) and (2.25). Equation (2.26) results from the
unitary time evolution and states that all output ports (here o = 1, 2) of the interferometer have
been considered.

2.3 The emergence of interferometer branches

In the previous section we have shown that the interferometer output Poi is determined by the
initial state of the entire quantum system and the interferometer operator Û(tf , ti) which encodes
the geometry, as well as the interactions that took place within the interferometer.

In this section we develop an intuitive picture of the interferometer by identifying branches
which connect the input and output ports of the interferometer. For this purpose, we introduce
branch operators consisting of a branch amplitude multiplied by a unitary operator that describes
the time evolution along the branch. Next, we relate these time evolution operators to effective
branch-dependent Hamiltonians acting on the sensing states.
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2.3 The emergence of interferometer branches

An essential ingredient of our approach is the possibility to separate free propagation and
coupling zones which constitute the interferometer. Moreover, it is the particular kind of coupling
between the working states introduced in Section 2.2.2 that supports our effective description.

The present section is structured as follows. First, we identify in Section 2.3.1 the branches of
the interferometer. Next, we introduce in Section 2.3.2 the branch amplitudes and the effective
branch-dependent Hamiltonians. Section 2.3.3 then focuses on the contrast and phase shift of
the interferometer. Finally, we illustrate our intuitive picture in Section 2.3.4.

2.3.1 Identification of the interferometer branches

In order to identify the branches of the interferometer, we first consider the decomposition of
the interferometer operator Û(tf , ti), Eq. (2.21). There, in front of each operator Û(tj) for the
coupling zones with j = 1, . . . , n− 1, we insert the identity

2∑
mj=1

|mj〉〈mj | = 12 (2.27)

in the subspace of the working states. Thus, the matrix element, Eq. (2.24), of the interferometer
operator Û(tf , ti) with respect to the input and output ports |i〉 and |o〉 reads

Ûoi =
2∑

mn−1=1
. . .

2∑
m2=1

2∑
m1=1

〈o| Û(tf , tn)Û(tn)Û(tn, tn−1) |mn−1〉

× . . .× 〈m2| Û(t2)Û(t2, t1) |m1〉 〈m1| Û(t1)Û(t1, ti) |i〉 . (2.28)

In the free propagation zones, we make use of the diagonal structure of the time evolution
operator

Ûmj (tj+1, tj) = 〈mj | Û(tj+1, tj) |mj〉 (2.29)

according to Eq. (2.7). In the coupling zones, we identify the matrix elements

Ûmjmj−1(tj) ≡ 〈mj | Û(tj) |mj−1〉 (2.30)

of the time evolution operator Û(tj), Eq. (2.12).
As a result, we are able to recast the matrix element Ûoi in Eq. (2.28) as a superposition

Ûoi =
N∑

b=1
B̂b (2.31)

of N = 2n−1 branch operators

B̂b ≡ Ûo(tf , tn)Ûomn−1(tn)Ûmn−1(tn, tn−1)× . . .× Ûm2m1(t2)Ûm1(t2, t1)Ûm1i(t1)Ûi(t1, ti) (2.32)

connecting the input and output ports |i〉 and |o〉 as illustrated in Section 2.3.4. We enumerate
these individual branches as

b = 1 +
n−1∑
j=1

(mj − 1)2n−j−1 . (2.33)
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Chapter 2 - Interference in Hilbert space

The identification of the interferometer branches presented in this section reminds of the
path integral formulation [49, 165, 166] of quantum mechanics. Similarly as in the path integral
formalism, we have made use of the propagator property of the time evolution operator and
inserted the identity between different time slices. However, we consider here a composite
quantum system, where we have used the identity with respect to the working states, in contrast
to position or momentum eigenstates. Moreover, we have distinguished between free propagation
and coupling zones. While a free propagation zone could have been treated quite similar to a
coupling zone until now, the difference between both zones will become relevant in the subsequent
section.

2.3.2 Effective branch-dependent Hamiltonians

In the following, we introduce branch amplitudes and construct effective branch-dependent
Hamiltonians that determine the time evolution along the branches of the interferometer.

As demonstrated in Section 2.2.2, the diagonal matrix element Ûmj (tj+1, tj) of the time
evolution operator in the free propagation zone results from the Hamiltonian Ĥmj (t) describing
the dynamics of the sensing state

∣∣∣ψmj (t)〉 according to Eq. (2.8). There we have also introduced
a particular kind of coupling for the coupling zone. Indeed, Eq. (2.14) relates the matrix elements
Ûmj+1mj (tj) of the time evolution operator Û(tj) to the time evolution induced by the Hermitian
transition operator K̂(j)

mjmj−1 weighted by the transition amplitude α(j)
mjmj−1 . Thus, according to

the definition Eq. (2.32), we are able express the branch operator

B̂b = βbÛb (2.34)

as product of the branch amplitude βb =
√
B̂†bB̂b and a unitary operator Ûb for the branch b.

Consequently, the branch amplitude

βb =
n∏
j=1

α(j)
mjmj−1 (2.35)

is determined by the product of all transition amplitudes α(1)
m1m0 , α

(2)
m2m1 , . . . , α

(n)
mnmn−1 accumu-

lated at the different coupling zones along the branch with m0 ≡ i and mn ≡ o. Consequently,
the branch amplitude βb in Eq. (2.35) vanishes as soon as one of the transition amplitudes
α

(j)
mjmj−1 for the corresponding branch equals zero.

Moreover, resulting from the definition of the branch-operator B̂b, Eq. (2.32), and our pre-
vious considerations, the operator Ûb ≡ Ûb(tf , ti) is a time-ordered unitary operator and corre-
sponds to the solution of the Schrödinger equation

i~ ∂
∂t
Ûb(t, ti) = Ĥb(t)Ûb(t, ti) (2.36)

for the effective branch-dependent Hamiltonian

Ĥb(t) =Ĥmn(t) Π(t|tn, tf) + K̂(n)
mnmn−1δ(t− tn) + Ĥmn−1(t) Π(t|tn−1, tn)

+ . . .+ Ĥm1(t) Π(t|t1, t2) + K̂(1)
m1m0δ(t− t1) + Ĥm0(t) Π(t|ti, t1) (2.37)
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2.3 The emergence of interferometer branches

consisting of the sum of the Hermitian operators along the branch. Here, we have introduced
the rectangular function

Π(t|tj , tj+1) ≡
∫ t

−∞
dτ [δ(τ − tj)− δ(τ − tj+1)] (2.38)

of unit height, which vanishes outside the interval (tj , tj+1).
For coupling zones of finite duration ∆tj , discussed in Chapter 3, the Dirac delta distribution

δ(t− tj) in Eq. (2.37) is replaced by the rectangular function Π(t|tj −∆tj/2, tj + ∆tj/2) divided
by ∆tj , and the time intervals of the free propagation zones are adjusted accordingly.

2.3.3 The contrast and the phase

We now turn to the output of the interferometer. We demonstrate that the transition probability
Poi is characterized by the interference of the sensing states that result from the time evolution
of the initial state along the different branches of the interferometer.

First, we insert Eq. (2.31) in Eq. (2.25) in order to express the transition probability

Poi =
N∑

b,b′=1
〈ψi| B̂†b′B̂b |ψi〉 , (2.39)

between the input and output ports |i〉 and |o〉 of the interferometer in terms of the branch
operator B̂b, Eq. (2.32), for the branch b. Next, after having applied the relation B̂b = βbÛb,
Eq. (2.34), we express the complex-valued scalar

〈ψi| Û †b′Ûb |ψi〉 ≡ Cb′beiδφb′b , (2.40)

resulting from Eq. (2.39), by its amplitude Cb′b with 0 ≤ Cb′b ≤ 1 and phase δφb′b. Due to the
unitarity of the time evolution operator Ûb and Ûb′ for the branch b and b′, respectively, we
obtain the relations

Cb′b = Cbb′ , (2.41)
δφb′b = −δφbb′ (2.42)

and, in particular, Cbb = 1 and δφbb = 0 for the diagonal contributions with b = b′.
Finally, by separating diagonal (b = b′) and off-diagonal (b 6= b′) terms in Eq. (2.39), we

arrive with Eqs. (2.34) and (2.40) at the transition probability

Poi =
N∑

b=1
β2

b + 2
N∑

b,b′=1
b<b′

βb′Cb′b cos(δφb′b)βb. (2.43)

This expression clearly demonstrates that the interferometer output results from the weighted
sum of the matrix elements in Eq. (2.40) over all branches b and b′ that connect the input and
output ports |i〉 and |o〉 of the interferometer. Here the population (b = b′) of each branch b
is determined by the square of the branch amplitude βb. Furthermore, each interference term
(b 6= b′) is weighted by the branch amplitudes βb and βb′ , and characterized by the contrast Cb′b
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Chapter 2 - Interference in Hilbert space

and the phase δφb′b. These two quantities characterize the interference of the states that emerge
from the propagation of the initial state |ψi〉 along the different branches b and b′, respectively.

Branches b which are not populated, that is βb = 0, do not contribute to the interferom-
eter output. Moreover, in order to observe the oscillatory interference signal between the two
branches b and b′ as a function of the phase δφb′b for βb, βb′ 6= 0, the corresponding contrast
Cb′b should be maximized.

We emphasize that the interferometer branches do not live in physical space, but connect
different states in Hilbert space. Since there are in total N = 2n−1 branches, the number N of
interferometer branches grows exponentially with respect to the number n of coupling zones.

2.3.4 Illustration of the interferometer branches

In this section, we summarize and illustrate our previous results. For this purpose, we display
in Fig. 2.2 the emergence of the different interferometer branches for n coupling zones applied
at time tj (j = 1, 2, . . . , n). At each coupling zone, particular branches are separated which
have so far undergone the same time evolution. As a result, 2n−1 branches emerge that connect
the input and output ports |i〉 and |o〉 of the interferometer. Each branch b is specified by an
associate branch amplitude βb and the branch-dependent time evolution operator Ûb.

In particular, we visualize in Fig. 2.2 the construction of the branch amplitude βb for the
branch b. According to Eq. (2.35), this quantity results from the product of the transition
amplitudes α(j)

mjmj−1 along the branch with mj ∈ {1, 2}. Moreover, the corresponding branch-
dependent Hamiltonian Ĥb(t) is given as the sum of the different Hermitian operators along the
branch as presented in Eq. (2.37). This Hamiltonian Ĥb(t) then determines the time evolution
operator Ûb for the branch b according to Eq. (2.36).

First, we consider the case of the input port |i〉 = |1〉 and the output port |o〉 = |1〉. We depict
the time evolution in the states |1〉 and |2〉 by a dashed blue and a solid red line, respectively.
The interference of the states resulting from the evolution along these N branches gives rise to
the transition probability P11 according to Eqs. (2.40) and (2.43).

Additionally, we identify 2n−1 branches connecting the input port |i〉 = |1〉 and the output
port |o〉 = |2〉 as indicated by a cross × in Fig. 2.2. These branches determine the transition
probability P21 with P11+P21 = 1 according to Eq. (2.26). Equivalently, we find with Eqs. (2.19)
and (2.35) the identity

2∑
o=1

N∑
b=1

β2
b,o = 1, (2.44)

where we sum over all output ports |o〉 and all branches b that connect the input port |i〉 and the
output port |o〉, where βb,o denotes the corresponding branch amplitude. Here we have added
the index o to the branch amplitude in order to distinguish branches that are associated with
different output ports.

Finally, we emphasize that after the branch-dependent Hamiltonians Ĥb(t) have been iden-
tified, it is sufficient to obtain the solution of N uncoupled Schrödinger equations for the sensing
system. In Section 2.4 and Chapter 3 we discuss explicit cases of such Hamiltonians, present an
analytic solution of the corresponding Schrödinger equation, and determine the output Poi of the
interferometer. In many cases these equations have to be solved numerically or perturbatively.
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2.4 Spatial matter-wave interferometry

Figure 2.2: Sketch of the branches that constitute a matter-wave interferometer. We present
an interferometer consisting of n coupling zones at times tj with j = 1, 2, . . . , n and depicted
by yellow dashed lines, which are separated by free propagation zones. At each coupling zone,
different branches are weighted by the transition amplitude α(j)

mjmj−1 with mj ∈ {1, 2}. Here we
focus on branches that connect the input port |1〉 at time ti with the output port |1〉 at time
tf , and neglect the ones related to the output port |2〉 as indicated by a cross. We use Roman
numerals b ∈ {I, II, . . . , N} as identifiers for these branches, whereas we denote state-dependent
quantities by Arabic numerals. Each branch b is described by an amplitude βb being the product
of the transition amplitudes α(j)

mjmj−1 , and a branch-dependent Hamiltonian Ĥb(t) corresponding
to the sum of Hermitian operators along the branch. The evolution in the internal states |1〉
and |2〉 is visualized by a blue dashed line and a red solid line, respectively.

2.4 Spatial matter-wave interferometry

Important examples of matter-wave interferometers are those where the dynamics of the sensing
states is governed by the motion in spatially and temporally varying fields. Here the sensing
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Chapter 2 - Interference in Hilbert space

states describe, for instance, the center-of-mass motion of an atom depending on its internal
excitation.

In the following, we relate our insight of exploiting branch-dependent amplitudes βb and
Hamiltonians Ĥb(t) to some of the existing techniques [52, 167–180] that are utilized for the
description of such interferometers. We emphasize that a rigorous and general formalism in
terms of branch amplitudes βb and branch-dependent Hamiltonians Ĥb(t) has, to the best of
our knowledge, not been presented before.

To illustrate the application of our approach, we consider a branch-dependent Hamiltonian
of the form

Ĥb(t) = p̂2
z

2m + Vb(ẑ, t) (2.45)

acting on the sensing states, and describing a particle of mass m moving in one dimension in a
branch- and time-dependent potential Vb(ẑ, t).

The link between the different techniques mentioned above then results from equivalent
formulations for the dynamics of such an unstructured quantum particle. In some cases, our
branch-dependent formalism may even extend the applicability of a particular existing approach
by e.g. taking into account multiple interferometer branches. Moreover, the fundamental ties
between these different approaches are valid in general, and only the associated equations might
become more complicated in case the branch-dependent Hamiltonian Ĥb(t), Eq. (2.45), is mod-
ified. Although the Hamiltonian Ĥb(t) describes the dynamics of an unstructured quantum
particle, there are some surprising results that appear in the interference of states which result
from different branch-dependent Hamiltonians, as most evident in a phase space description of
an interferometer.

The present section is structured as follows. First, we build in Section 2.4.1 the connection
between a branch-dependent formulation and representation-free operational approaches, which
have served as starting point for the derivation presented in the preceding sections. Section 2.4.2
then focuses on the role of the classical action in quantum mechanics. Based on two classical
equations for the amplitude and phase of the quantum mechanical propagator, we illuminate
the relation between the phase shift of the interferometer and the difference of the classical
actions associated with the two interferometer branches. Finally, we turn in Section 2.4.3 to a
description of an interferometer in phase space. In order to analyze the interferometer output,
we derive the dynamical equation for the elements of the Wigner matrix.

2.4.1 Representation-free operational approaches

Our branch-dependent formalism is closely related to other representation-free approaches as
presented in Refs. [171–174], which we have used in Section 2.2 as a basis for the construction
of the interferometer operator Û(tf , ti), Eq. (2.21). These approaches rely on the time-ordered
product of unitary time evolution operators which incorporate the dynamics of both working
and sensing states.

We acknowledge that a branch-dependent description for the motion of a state |ψb(t)〉 corre-
sponding to the sensing system in a locally quadratic potential was put forward in Refs. [175, 176]
for two interferometer branches. Indeed, the branch-dependent dynamics is merely the result of
the evolution of the state |ψb(t)〉 due to the Schrödinger equation

i~ ∂
∂t
|ψb(t)〉 = Ĥb(t) |ψb(t)〉 (2.46)
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2.4 Spatial matter-wave interferometry

for the branch-dependent Hamiltonian Ĥb(t). Here the time-evolved state

|ψb(tf)〉 = Ûb(tf , ti) |ψi〉 (2.47)

is directly determined by the time evolution operator Ûb(tf , ti) for the branch b together with the
initial state |ψi〉. According to Eq. (2.40), the contrast Cb′b and phase δφb′b for the interference
of the branches b and b′ then result from the scalar product

〈ψb′(tf)|ψb(tf)〉 = Cb′beiδφb′b (2.48)

of the states |ψb(tf)〉 and |ψb′(tf)〉, which are determined by the time evolution of the initial
state |ψi〉 along the two interferometer branches.

Furthermore, within comoving frames attached to each branch-dependent wave packet a
perturbative treatment for the case of additional anharmonicities of the potential was pursued
in Ref. [177]. We point out that the validity of the results obtained by a local expansion of
a particular potential around a certain classical trajectory crucially depends on the details of
the state |ψb(t)〉. Indeed, as already emphasized in Section 2.3.3 the interferometer branches
connect different states in Hilbert space, and are not directly related to classical trajectories.
This statement is of particular relevance when relativistic effects are taken into account as
investigated in Ref. [200]. Nevertheless, there is indeed a link between a classical wave and the
contrast and phase of an interferometer – a feature which we explore in the subsequent sections.

Finally, we note that sometimes the actual calculation of the time evolution of |ψb(t)〉 can
be simplified by applying a unitary operator that transforms both the state |ψb(t)〉 and the
Hamiltonian Ĥb(t) to a particular frame. In addition, the time evolution of the sensing system
described by the state |ψb(t)〉 in the Schrödinger picture can naturally also be obtained within
the Heisenberg picture.

2.4.2 The interferometer output in terms of the classical action

In the following, we explore the connection between a quantum system and a classical system
as established by the Hamilton-Jacobi equation [182–186]. For this purpose, we consider the
Hamiltonian Ĥb(t) corresponding to the branch b of an interferometer as an example. We derive
the dynamical equations for the phase and amplitude of the quantum mechanical propagator.
Based on the assumption of a purely position-independent amplitude, these two equations de-
couple for potentials at most quadratic in position, resulting in the Hamilton-Jacobi and the
van Vleck continuity equation familiar from classical mechanics.

It would be interesting to study the consequences of this particular dependency of a quantum
wave in related approaches as the Feynman path integral formulation of quantum mechanics [49,
165, 166] or the WKB method [201–205], which make use of classical quantities. We point out
that there are many related derivations [182, 206–208] where, however, no emphasis has been
put on this particular feature of the amplitude, which enforces a classical behavior.

Afterwards, we use our findings to determine the output of an interferometer. Here we
generalize the results that have been obtained in Ref. [52] within the path integral formulation
for plane waves and quadratic potentials. For this purpose, we directly incorporate the coupling
zones into the corresponding branch-dependent time evolution and allow for a general wave form.
We identify particular situations when the interferometer phase is determined by the difference
of the classical actions along the two interferometer branches.
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The quantum mechanical propagator

The central element of the subsequent discussion is the propagator

〈z2| Ûb(t2, t1) |z1〉 ≡ Ab exp (iϕb) (2.49)

describing the transition amplitude between the position eigenstates |z1〉 and |z2〉 within the
time interval (t1, t2) as induced by the time evolution operator Ûb(t2, t1) for the sensing system.
The matrix element in Eq. (2.49) denotes a complex number, which we express by its phase
ϕb ≡ ϕb(z2, t2|z1, t1) and amplitude Ab ≡ Ab(z2, t2|z1, t1).

Since the time evolution operator Ûb(t2, t1) is a solution of the Schrödinger equation (2.36),
we immediately obtain with Eq. (2.49) the relation

i~ ∂

∂t2
〈z2| Ûb(t2, t1) |z1〉 =

∫ ∞
−∞

dz′ 〈z2| Ĥb(t2)
∣∣z′〉 〈z′∣∣ Ûb(t2, t1) |z1〉 , (2.50)

where we have inserted the identity in terms of position eigenstates. Moreover, resulting from
the Hermitian conjugate of Eq. (2.36) for the operator Û †b(t1, t2) = Ûb(t2, t1), we arrive at the
dynamical equation

− i~ ∂

∂t1
〈z2| Ûb(t2, t1) |z1〉 =

∫ ∞
−∞

dz′ 〈z2| Ûb(t2, t1)
∣∣z′〉 〈z′∣∣ Ĥb(t1) |z1〉 . (2.51)

The propagator in Eqs. (2.50) and (2.51) is subject to the initial condition

〈z2| Ûb(t1, t1) |z1〉 = δ(z2 − z1), (2.52)

valid for any values of t1, z1, and z2.
In the following, we focus for the ease of simplicity only on Eq. (2.50) as the subsequent

calculations and arguments apply in a similar manner to Eq. (2.51), where instead of the final
time t2 the initial time t1 is considered as a variable. We recall this analogy where necessary.

By making use of the relations

〈z2| p̂2
z

∣∣z′〉 = −~2 ∂
2

∂z2
2
δ(z2 − z′) (2.53)

and
〈z2|V (ẑ, t2)

∣∣z′〉 = V (z2, t2)δ(z2 − z′) (2.54)

together with the decomposition Eq. (2.49) of the propagator into amplitude and phase, we
rewrite Eq. (2.50) as

−~∂ϕb
∂t2

Ab +i~∂Ab
∂t2

= Hb

(
~
∂ϕb
∂z2

, z2, t2

)
Ab−

~2

2m
∂2Ab
∂z2

2
− i~2

2m

(
∂2ϕb
∂z2

2
Ab + 2∂ϕb

∂z2

∂Ab
∂z2

)
, (2.55)

where we have introduced the Hamilton function

Hb(pz, z, t) = p2
z

2m + Vb(z, t) (2.56)

corresponding to the Hamiltonian Ĥb(t), Eq. (2.45).
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2.4 Spatial matter-wave interferometry

By separating real and imaginary parts of Eq. (2.55), we arrive at the coupled system of
equations

~
∂ϕb
∂t2

+Hb

(
~
∂ϕb
∂z2

, z2, t2

)
− ~2

2m
1
Ab

∂2Ab
∂z2

2
= 0 (2.57)

and

∂Ab
∂t2

+ ~
2mAb

∂

∂z2

(
∂ϕb
∂z2

A2
b

)
= 0. (2.58)

Since the propagator 〈z2| Ûb(t2, t1) |z1〉, Eq. (2.49), corresponds to a particular solution of the
Schrödinger equation with the initial condition given by Eq. (2.52), the expressions in Eqs. (2.57)
and (2.58) are identical to those obtained by E. Madelung and D. J. Bohm when decomposing
a Schrödinger wave into its amplitude and phase [209, 210].

The phase of the propagator and the Hamilton-Jacobi equation

We observe that Eq. (2.57) is very similar to the Hamilton-Jacobi equation familiar from classical
mechanics. However, it contains an additional coupling term proportional to the second-order
derivative of the amplitude Ab with respect to position z2, which is commonly referred to as
quantum potential [185, 186, 209, 210]. After rescaling the phase ϕb by ~ this additional potential
should vanish in the classical limit ~→ 0 to restore the Hamilton-Jacobi equation according to
the correspondence principle.

In the following, we pursue a different route that allows us to obtain the classical dynamics
even in the quantum mechanical case. We identify particular systems for which Eqs. (2.57)
and (2.58) decouple, requiring the elimination of the quantum potential in Eq. (2.57). For this
purpose, we assume that the amplitude Ab ≡ Ab(t2|t1) is independent2 of the initial and final
positions z1 and z2. Consequently, transitions between any position eigenstates |z1〉 and |z2〉
for given times t1 and t2 have the same magnitude and only the associated phase shift differs.
This statement is similar to a related postulate in the path integral formulation [165], according
to which different paths that connect fixed endpoints in space-time are weighted by the same
magnitude.

First, we express the phase

ϕb(z2, t2|z1, t1) = ϕb,0 + 1
~
Scl,b(z2, t2|z1, t1) (2.59)

in terms of a constant ϕb,0 and the function Scl,b(z2, t2|z1, t1).
Equation (2.59) allows us to recast the dynamical equation (2.57) for the phase ϕb into the

familiar form of the Hamilton-Jacobi equation

∂Scl,b
∂t2

+Hb

(
∂Scl,b
∂z2

, z2, t2

)
= 0 (2.60)

2We not only require the independence of Ab on z2, but also on z1. Indeed, based on Eq. (2.51) instead of
Eq. (2.50), a set of equations analogous to Eqs. (2.57) and (2.58) can be derived, where the position z1 and the
time t1 appear as variables. Here we do not consider the case of the amplitude Ab depending linearly on the
initial and final positions z1 and z2, which would lead to a divergent behavior in infinity.

27



Chapter 2 - Interference in Hilbert space

since the quantum potential vanishes for a position-independent amplitude Ab. Consequently,
the function Scl,b ≡ Scl,b(z2, t2|z1, t1) corresponds to the classical action connecting the points
(t1, z1) and (t2, z2) in spacetime. Here the initial position z1 and time t1 act as constants of
integration in Eq. (2.60). Although we could have included the constant phase shift ϕb,0 in
Eq. (2.59) directly in the function Scl,b, we show below that it is beneficial to treat this term
separately.

According to Eq. (2.58) our requirement of an amplitude Ab that is independent of the initial
and final positions z1 and z2 can only be satisfied if the phase ϕb, Eq. (2.59), is a function that
is at most quadratic in position. Accordingly, we express the classical action

Scl,b(z2, t2|z1, t1) =Sb,0 + (−pb,1, pb,2)
(
z1
z2

)
+ 1

2 (z1, z2)
(
Kb,11 Kb,12
Kb,21 Kb,22

)(
z1
z2

)
(2.61)

by a two-dimensional Taylor series up to second order with respect to the positions z1 and z2,
where we have chosen the center of the expansion as z1 = 0 and z2 = 0 for the ease of simplicity.

In Eq. (2.61) we have introduced the time-dependent function
Sb,0 ≡ Scl,b(0, t2|0, t1) (2.62)

together with the momenta

pb,1 ≡ −
∂Scl,b(z2, t2|z1, t1)

∂z1

∣∣∣∣( z1z2 )=( 0
0 )

(2.63)

and
pb,2 ≡

∂Scl,b(z2, t2|z1, t1)
∂z2

∣∣∣∣( z1z2 )=( 0
0 )

(2.64)

which depend on the times t1 and t2. Moreover, the quantity

Kb,jk ≡
∂2Scl,b (zj , t2|zk, t1)

∂zj∂zk

∣∣∣∣∣( zj
zk

)
=( 0

0 )
(2.65)

denotes the matrix element of the time-dependent Hessian matrix Kb with j, k ∈ {1, 2}.
Next, we show that the requirement of ϕb and thus Scl,b to be a quadratic function of the

initial z1 and final z2 position can only be satisfied for a particular class of potentials Vb(z, t)
entering into the Hamilton function Hb(pz, z, t), Eq. (2.56).

For this purpose, we insert the expansion of the classical action given by Eq. (2.61) into
Eq. (2.60). In addition, we insert Eq. (2.61) into the corresponding equation that results from
Eq. (2.51) depending instead on z1 and t1 and differing by a minus sign in front of the temporal
derivative with regard to Eq. (2.60).

By comparing the terms of different orders in z1 and z2 in the Hamilton-Jacobi equation
(2.60), it is evident that an action Scl,b which is a quadratic function of z1 and z2 can only solve
the Hamilton-Jacobi equation for a potential

Vb(z, t) = 1
2mω

2
0,b,zz(t)z2 − Fb,z(t)z + Eb(t) (2.66)

which is at most quadratic in position z. Here we have introduced the coefficients ω2
0,b,zz(t),

Fb,z(t), and Eb(t) that could accommodate an arbitrary time dependence.
Thus, it is the particular case of a potential Vb(z, t) that is at most quadratic in the position

z for which the dynamics of the quantum mechanical propagator follows the one of a classical
wave [185] whose phase results from the Hamilton-Jacobi equation.
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2.4 Spatial matter-wave interferometry

The amplitude of the propagator and the van Vleck continuity equation

Once the phase ϕb of the propagator, Eq. (2.49) has been identified based on Eq. (2.60) together
with Eq. (2.59), we are in the position to determine the amplitude Ab. For this purpose, we
insert Eq. (2.59) into Eq. (2.58) and obtain the differential equation

∂Ab
∂t2

+ 1
2mAb

∂

∂z2

(
∂Scl,b
∂z2

A2
b

)
= 0 . (2.67)

In order to reveal the relation between the quantum mechanical propagator and classical
mechanics even clearer, we study now similar to Ref. [185] the second-order partial derivative
∂2Scl,b/∂z1∂z2 of the classical action Scl,b with respect to the positions z1 and z2. According to
Eq. (2.60) the time dependence of this quantity is determined by the differential equation

∂

∂t2

∂2Scl,b
∂z1∂z2

+ ∂2

∂z1∂z2
Hb

[(
∂Scl,b
∂z2

)
, z2, t2

]
= 0, (2.68)

where we have changed the order of the partial derivatives with respect to time and position.
Next, we insert the explicit expression for the Hamilton function Hb(pz, z, t), Eq. (2.56), in
Eq. (2.68), and arrive at

∂

∂t2

∂2Scl,b
∂z1∂z2

+ ∂

∂z1

[
1
m

∂Scl,b
∂z2

∂2Scl,b
∂z2

2
+ Vb(z2, t2)

]
= 0 (2.69)

by making use of the fact that Scl,b is at most quadratic in z1 and z2, Eq. (2.61). Indeed,
Eq. (2.69) corresponds to the van Vleck continuity equation [207, 211, 212]

∂Kb,12
∂t2

+ 1
m

∂

∂z2

(
∂Scl,b
∂z2

Kb,12

)
= 0, (2.70)

where we have applied Eq. (2.65) with Kb,12 being position-independent.
We point out the similarities between Eq. (2.67) for the amplitude of the propagator and the

van Vleck continuity equation (2.70) for the off-diagonal element Kb,12 of the Hessian matrix
Kb. Indeed, for a position-independent amplitude Ab both equations are identical except of a
factor 1/2 in front of the second term.

Consequently, for a position-independent amplitude Ab the solution to Eq. (2.67) reads

Ab = Ab,0

√
|Kb,12|, (2.71)

where Ab,0 denotes a constant of integration and

|Kb,12| =
∣∣∣∣∣∂2Scl,b
∂z1∂z2

∣∣∣∣∣ (2.72)

is the van Vleck determinant [185, 186, 207, 211, 212]. We note that it is the factor 1/2 in the
kinetic energy of the Hamilton function Hb(pz, z, t), Eq. (2.56), that leads to the appearance of
the square root in Eq. (2.71).
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The initial condition for the propagator

The assumption of a position-independent amplitude leads to the expressions for the phase ϕb
and amplitude Ab given by Eqs. (2.59) and (2.71), respectively. By now, it is far from obvious
that this assumption is consistent with the initial condition Eq. (2.52) for the propagator. In
the following, we demonstrate this compatibility and determine the two constants of integration
ϕb,0 and Ab,0.

For this purpose, we first recall the initial condition Eq. (2.52) which reads

lim
t2→t1

Ab,0eiϕb,0
√
|Kb,12|e

i
~Scl,b = δ(z2 − z1) (2.73)

by making use of Eqs. (2.49), (2.59), and (2.71).
Since the right-hand side of Eq. (2.73) only depends on the difference z2−z1, also the classical

action

lim
t2→t1

Scl,b = lim
t2→t1

[
Sb,0 + (−pb,1z1 + pb,2z2) + 1

2
(
Kb,11z

2
1 + 2Kb,12z1z2 +Kb,22z

2
2

)]
(2.74)

expressed by Eq. (2.61) is required to be a function of the difference z2− z1 in the limit t2 → t1.
Here we have applied the identity Kb,21 = Kb,12 resulting from the exchange of the partial
derivatives in Eq. (2.65). Accordingly, we obtain the relations

lim
t2→t1

Kb,12 = − lim
t2→t1

Kb,11 = − lim
t2→t1

Kb,22 (2.75)

for the coefficients of the terms that are quadratic in position, and

lim
t2→t1

pb,2 = lim
t2→t1

pb,1 (2.76)

for the coefficients of the terms linear in position in Eq. (2.74). Moreover, we define

lim
t2→t1

Sb,0 = 0 (2.77)

as any left-over constant can be compensated by the phase ϕb,0 in Eq. (2.73). This is the
additional freedom that we have allowed for in Eq. (2.59).

Next, we insert Eq. (2.74) together with the conditions Eqs. (2.75)-(2.77) into Eq. (2.73),
and obtain

lim
t2→t1

Ab,0eiϕb,0
√
|Kb,12|e−

i
~ [pb,1(z2−z1)− 1

2K12(z2−z1)2] = δ(z2 − z1). (2.78)

The left-hand side of Eq. (2.78) reminds of the Fresnel representation

δ(x) = lim
ε→0+

1√
2πε

exp
(

ix2

2ε −
iπ
4

)
(2.79)

of the Dirac delta function. In fact, Eq. (2.79) together with the conditions

lim
t2→t1

pb,1 = 0 and lim
t2→t1

Kb,12 =∞ (2.80)

as well as the constants

ϕb,0 = −π4 and Ab,0 = 1√
2π~

(2.81)
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allow us to satisfy the initial condition Eq. (2.78) for the propagator.
As a result, we arrive with Eqs. (2.49), (2.59), (2.71), (2.72), and (2.81) at the expression

〈z2| Ûb(t2, t1) |z1〉 =
√

1
2π~

∣∣∣∣∂2Scl,b
∂z1∂z2

∣∣∣∣ exp
[
i
(
Scl,b
~
− π

4

)]
(2.82)

for the quantum mechanical propagator with t2 ≥ t1, valid for potentials Vb(z, t), Eq. (2.66),
that are at most quadratic in position z, which coincides with the one obtained via the path
integral formalism [52, 166, 205, 208].

In conclusion, we have shown that the amplitude Ab of the quantum mechanical propagator
is purely time-dependent for potentials at most quadratic in position. In this case the quantum
potential vanishes, and the dynamical equations for the phase ϕb and the amplitude Ab of the
propagator decouple. Additionally, the dynamics of the quantum mechanical propagator corre-
sponds to the one of a classical wave as determined by the Hamilton-Jacobi and the van Vleck
continuity equation. It is this particular class of potentials, for which the expectation values of
the position and momentum operator with respect to a time-evolved quantum mechanical state
follow the classical equations of motion according to the Ehrenfest theorem [213].

It would be interesting to explore the connection of the presented derivation for the quan-
tum mechanical propagator and the Feynman path integral formulation of quantum mechanics
in more detail. In particular, we emphasize that the expression for the propagator [49, 165, 166]
obtained within the Feynman path integral formalism for short time intervals and arbitrary po-
tentials Vb(z, t) makes use of a position-independent amplitude Ab. According to the arguments
presented above, in such a case the dynamical equations for amplitude Ab and phase ϕb of the
propagator decouple. In consequence, it seems as the quantum mechanical dynamics on short
time scales is governed by classical laws. Moreover, it is compelling to study a generalization of
this derivation for the relativistic case.

The interferometer phase shift in terms of the classical action

We are now in the position to explore the connection between the interferometer output Poi,
Eq. (2.43), and the classical action. For this purpose, we recall Eq. (2.40) which determines the
contrast Cb′b and the phase δφb′b for the interference of the branches b and b′ with the help of
the respective time evolution operators. After inserting the identity with respect to the position
eigenstates |z1〉 and |z2〉, we arrive at the expression

Cb′beiδφb′b =
∫ ∞
−∞

dz1

∫ ∞
−∞

dz2 ψ
∗
i (z1)ψi(z2) 〈z2| Û †b′(tf , ti)Ûb(tf , ti) |z1〉 . (2.83)

Here the functions ψ∗i (z1) ≡ 〈ψi| z1〉 and ψi(z2) ≡ 〈z2|ψi〉 denote the position representation of
the initial state |ψi〉.

In Eq. (2.83) we focus on the transition amplitude

〈z2| Û †b′(tf , ti)Ûb(tf , ti) |z1〉 =
∫ ∞
−∞

dzf 〈z2| Û †b′(tf , ti) |zf〉 〈zf | Ûb(tf , ti) |z1〉 , (2.84)

where we have inserted the identity in terms of the position eigenstates |zf〉 on the right-hand
side.

We are now interested in those situations where the phase shift δφb′b is determined by the
classical actions associated with the two interferometer branches. In the preceding section we
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have demonstrated that the propagators in Eq. (2.84) are indeed governed by the classical action,
provided that the respective scalar potential displays a dependence that is at most quadratic in
position. For this reason, we focus on potentials Vb(z, t) and Vb′(z, t) that are at most quadratic
in z, and determine the dynamics along the two interferometer branches b and b′, respectively.

First, we insert the expression Eq. (2.49) for the propagator together with Eqs. (2.59) and
(2.81) into the right-hand side of Eq. (2.84), and obtain

〈z2| Û †b′(tf , ti)Ûb(tf , ti) |z1〉 = Ab′(tf |ti)Ab(tf |ti)
∫

dzf e
i
~ [Scl,b(zf ,tf |z1,ti)−Scl,b′ (zf ,tf |z2,ti)]. (2.85)

Here we have used the fact that the amplitudes Ab′ and Ab are position-independent.
Next, we apply the power series Eq. (2.61) for the classical actions Scl,b and Scl,b′ associated

with the respective branches b and b′, and express the integral on the right-hand side of Eq. (2.85)
as ∫

dzf e
i
~ [Scl,b(zf ,tf |z1,ti)−Scl,b′ (zf ,tf |z2,ti)] =

√
2π~

Kb,22 −Kb′,22
ei(ϕb′b+ϑb′b). (2.86)

Here we have introduced the phase shifts

ϕb′b ≡
1
~

[
Sb,0 − Sb′,0 − pb,1z1 + pb′,1z2 + 1

2
(
Kb,11z

2
1 −Kb′,11z

2
2

)]
(2.87)

and
ϑb′b ≡ −

(
pb,2 − pb′,2 +Kb,12z1 −Kb′,12z2

)2
2~
(
Kb,22 −Kb′,22

) + π

4 , (2.88)

which depend both on the positions z1 and z2.
In general, the contrast Cb′b and the phase shift δφb′b of the interferometer depend crucially

on the initial state |ψi〉 which enters directly into Eq. (2.83). These two quantities can then be
determined with the help of Eqs. (2.84)-(2.88) once the branch-dependent classical actions Scl,b
and Scl,b′ are known.

Independence of the interferometer output on the initial state
In specific cases an interferometer output Poi that is independent of the initial state |ψi〉 of the
sensing system can be achieved. The corresponding interferometer schemes are of particular
relevance since they are not limited to a particular preparation mechanism nor do they require
a detailed knowledge of the state |ψi〉 for the interpretation of the interferometer output. In
addition, these schemes lead to an optimal contrast as demonstrated in the following.

For this purpose, we require the transition amplitude, Eq. (2.84), to have the form

〈z2| Û †b′(tf , ti)Ûb(tf , ti) |z1〉 = Cb′beiδφb′bδ(z2 − z1), (2.89)

with purely time-dependent amplitude Cb′b and phase δφb′b, yielding only a contribution in case
the two positions z1 and z2 coincide. Indeed, with Eq. (2.89) the interferometer contrast Cb′b
and phase δφb′b in Eq. (2.83) are independent of the initial wave function ψi(z1). Here the
dependency on ψi(z1) is eliminated via the normalization condition∫ ∞

−∞
dz1 ψ

∗
i (z1)ψi(z1) = 1 (2.90)

for the wave function.
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Equation (2.89) reminds of the initial condition for the propagator, Eq. (2.52), to which
it reduces for equal branches, that is b = b′, in agreement with the results presented in Sec-
tion 2.3.3. On the other hand, for b 6= b′, Eq. (2.89) describes the transition amplitude between
the position eigenstate |z1〉, and the state resulting from a forward propagation of |z2〉 in time
along the branch b, followed by a backward propagation along the branch b′. In contrast to
the initial condition for the propagator given by Eq. (2.52), we allow here for an additional
amplitude Cb′b and phase δφb′b.

Closing condition for the Hessian matrices
Next, we derive the conditions for the branch-dependent dynamics in order to achieve an inde-
pendence of the interferometer output on the initial state |ψi〉 as obtained with Eq. (2.89).

We point out that Eqs. (2.86) and (2.88) remind of the complex conjugate Fresnel represen-
tation, Eq. (2.79), of the Dirac delta function. In fact, in the limit Kb,22 → Kb′,22, Eq. (2.86)
reduces to∫

dzf e
i
~ [Scl,b(zf ,tf |z1,ti)−Scl,b′ (zf ,tf |z2,ti)] = 2π~eiϕb′bδ

(
pb,2 − pb′,2 +Kb,12z1 −Kb′,12z2

)
. (2.91)

However, this requirement is not sufficient to arrive at the form of the transition amplitude
presented in Eq. (2.89). Indeed, the entire Hessian matrices Kb and Kb′ , defined by Eq. (2.65),
for the respective classical action have to satisfy closing condition

Kb = Kb′ (2.92)

when evaluated with respect to the initial and final times ti and tf . Only then the Dirac delta
function in Eq. (2.91) depends on the difference of the positions z2 and z1, and in the phase
ϕb′,b, Eq. (2.87), the quadratic contribution in position can be eliminated.

In order to illustrate the closing condition given by Eq. (2.92), we insert the Taylor expansion
of the classical action Scl,b, Eq. (2.61), into the Hamilton-Jacobi equation (2.60). For the
Hamilton function Hb(pz, z, t), Eq. (2.56), with a branch-dependent potential Vb(z, t), Eq. (2.66),
at most quadratic in position z, we arrive at the set of differential equations

−∂Kb,11
∂t2

=
K2

b,12
m

, (2.93)

−∂Kb,12
∂t2

= Kb,12Kb,22
m

, (2.94)

−∂Kb,22
∂t2

=
K2

b,22
m

+mω2
0,b,zz(t2) (2.95)

by using the relation Kb,12 = Kb,21, and considering only the terms proportional to z2
1 , z1z2, and

z2
2 . As evident from these equations, the Hessian matrix Kb is determined by the coefficients of

those terms in the Hamilton function that are quadratic in momentum pz or position z.
For instance, a branch-independent mass m together with a branch-independent frequency

ω0,b,zz(t) = ω0,b′,zz(t) allows to satisfy the closing condition given by Eq. (2.92) – a situation
that we explore in more detail in Chapter 3. The consequences of this closing condition for
state- or branch-dependent masses as assumed in Refs. [214, 215] remains to be explored.

Closing condition for the momenta
Next, we aim at the elimination of the additional shift in the Dirac delta function in Eq. (2.91),
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and the remaining position dependence in the phase ϕb′b, Eq. (2.87). For this purpose, we
identify the closing condition

pb,1 = pb′,1 and pb,2 = pb′,2 (2.96)

for the momenta associated with the two branches, as defined by Eqs. (2.63) and (2.64) and
evaluated with respect to the initial and final time ti and tf . This condition will appear in a
different form in Section 3.5.

The contrast and phase of the interferometer
Once the closing conditions Eqs. (2.92) and (2.96) are satisfied, the expression for the transition
amplitude, Eq. (2.85), simplifies as

〈z1| Û †b′(tf , ti)Ûb(tf , ti) |z2〉 = e
i
~(Sb,0−Sb′,0)δ (z2 − z1) , (2.97)

where we have made use of Eqs. (2.87) and (2.91) together with the explicit expression Eq. (2.71)
with Eq. (2.81) for the amplitudes Ab and Ab′ .

According to Eq. (2.83), then both the interferometer contrast and phase

Cb′beiδφb′b = e
i
~(Sb,0−Sb′,0) (2.98)

become independent of the initial state |ψi〉 by making use of the normalization condition
Eq. (2.90). As a result of Eq. (2.98), an optimal contrast

Cb′b = 1 (2.99)

is achieved, and the interferometer phase

δφb′b = 1
~
(
Sb,0 − Sb′,0

)
(2.100)

is governed by the difference of the zeroth-order terms of the classical actions along the branches
b and b′.

According to Eqs. (2.92) and (2.96) all other coefficients in the power series of the classical
actions Scl,b and Scl,b′ , Eq. (2.61), coincide for both branches. Hence, the phase

δφb′b = 1
~
[
Scl,b(zf , tf |zi, ti)− Scl,b′(zf , tf |zi, ti)

]
(2.101)

for the interference of the branches b and b′ is also identical to the difference of the classical
actions along these two branches divided by ~, in agreement with the results presented in
Refs. [52, 176, 177].

We illustrate this fact in Fig. 2.3 by presenting the classical actions Scl,b and Scl,b′ for the
branches b and b′, respectively. Once the closing conditions given by Eqs. (2.92) and (2.96) are
fulfilled, the difference of these classical actions becomes purely time-dependent, as indicated
by the red arrows. Moreover, this difference determines the phase shift for the two interfering
branches.

Finally, we recall from the previous section that the position independence of the amplitude
Ab of the propagator, defined by Eq. (2.49), is responsible for its behavior as a classical wave in
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Figure 2.3: Illustration of the classical actions Scl,b(zf , tf |zi, ti) (red) and Scl,b′(zf , tf |zi, ti) (blue)
associated with two branches b and b′ of an interferometer. We depict these quantities as a
function of the initial and final position zi and zf for fixed initial and final time ti and tf . Here
the blue and red areas are connected by a translation (as indicated by red arrows) provided that
the closing conditions presented in Eqs. (2.92) and (2.96) are satisfied. In this situation, the
difference of the classical actions Scl,b and Scl,b′ is purely time dependent and equals the difference
of the zeroth-order terms Sb,0 and Sb′,0 arising from their power series expansion presented in
Eq. (2.61). According to Eq. (2.100), this particular difference Sb,0−Sb′,0 determines the phase
shift for the interference of the branches b and b′, which is then independent of the initial wave
function ψi(z1). Additionally, a perfect contrast Cb′b = 1 is obtained.

the presence of branch-dependent potentials Vb at most quadratic in z. It is remarkable, that it
is now the position independence of the difference ϕb−ϕb′ of the phases of the propagators, eval-
uated for both branches at identical endpoints in space time, which results in an interferometer
phase δφb′b proportional to the difference of the associated classical actions.

It would be intriguing to generalize the presented analysis to the relativistic case. Of par-
ticular interest would be the determination of the closing conditions, such that the phase shift
δφb′b could be related to a proper time difference between two interferometer branches, as for
instance stated in Ref. [215].

2.4.3 Two Wigner functions are not sufficient

An alternative and illustrative description [176, 178–181] of matter-wave interferometers relies
on the phase space formulation of quantum mechanics. In this section we generalize the existing
approach and offer an intuitive picture to determine the contrast and phase of an interferometer.

In particular, we concentrate on the Wigner function [189–191] and its generalization, the
Wigner matrix [180] within a branch-dependent formalism. For the first time, we present the
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dynamical equation of the Wigner matrix in connection with general branch-dependent poten-
tials Vb(z, t) and Vb′(z, t). We directly relate the Wigner matrix at the final time to the output
of an interferometer.

In addition to this simple and intriguing description, we highlight that the phase space
formulation also clearly illustrates the similarities and differences between classical and quantum
mechanics. In particular, it becomes apparent that the phase shift of an interferometer is
determined by both dynamical and kinematic aspects [180, 191] of quantum mechanics.

We demonstrate that it is the difference of two potentials that governs the time evolution
of the off-diagonal elements of the Wigner matrix, and results in an observable phase shift
for the interferometer. This feature is in sharp contrast to the Liouville equation, describing
the dynamics of a classical phase-space distribution, where instead the force enters directly.
We relate our observations to the scalar Aharonov-Bohm effect [27–29, 52, 193–195] and the
non-locality intrinsic to quantum mechanics.

In the following, we first summarize some key aspects of the Wigner function. Next, we
discuss its connection to the interferometer output. Then we turn to the Wigner matrix, present
the corresponding dynamical equation for its elements, and establish the connection to the
output of a matter-wave interferometer. Finally, we illustrate an application of our approach
for the example of branch-dependent harmonic potentials.

The Wigner function in a nutshell

The Wigner function [189–191]

Wbb(z, pz, t) ≡
1

2π~

∫ ∞
−∞

dξ exp
(
− i
~
pzξ

) 〈
z + ξ

2

∣∣∣∣ψb(t)
〉〈

ψb(t)
∣∣∣∣z − ξ

2

〉
, (2.102)

corresponding to a normalized pure state |ψb(t)〉, is a real-valued function of the position z and
its canonically conjugate variable, the momentum pz.

In contrast to a classical phase-space distribution as utilized in statistical mechanics, the
Wigner function Wbb(z, pz, t) is allowed to assume negative values leading to its characterization
as a quasi-probability distribution.

Its marginals ∫ ∞
−∞

dpzWbb(z, pz, t) = |〈z|ψb(t)〉|2 (2.103)

and ∫ ∞
−∞

dzWbb(z, pz, t) = |〈pz|ψb(t)〉|2 (2.104)

provide the probability distributions to detect a quantum particle at the position z and the
momentum pz, respectively. Accordingly, the phase space integral∫ ∞

−∞
dz
∫ ∞
−∞

dpzWbb(z, pz, t) = 1 (2.105)

equals unity.
The Wigner function offers an alternative and self-consistent formulation of quantum me-

chanics [179] which does not rely on a quantum state nor makes use of the Schrödinger equation.
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2.4 Spatial matter-wave interferometry

In order to demonstrate this statement, we consider a quantum particle of mass m that is initially
characterized by the phase space distribution

Wbb(z, pz, ti) = Wi(z, pz). (2.106)

The time evolution of the Wigner function Wbb(z, pz, t) in the presence of a potential Vb(z, t) is
directly determined by the quantum Liouville equation [191][

∂

∂t
+ pz
m

∂

∂z
−
∞∑
k=0

(−1)k
(2k + 1)!

(~
2

)2k ∂2k+1Vb(z, t)
∂z2k+1

∂2k+1

∂p2k+1
z

]
Wbb(z, pz, t) = 0. (2.107)

We notice, that (i) in the limit ~ → 0, and (ii) for a potential Vb(z, t) at most quadratic in
position z, Eq. (2.107) reduces to the Liouville equation of statistical mechanics, where only the
term k = 0 in the sum remains. This observation is consistent with the one presented in the
previous section, where the dynamics of the quantum mechanical propagator follows the one of
a classical wave in the presence of a potential at most quadratic in position.

Interestingly, the dynamical equation of the Wigner function presented in Eq. (2.107) is
only governed by derivatives of odd order of the potential Vb(z, t) with respect to position z,
reminding of the power series of a sine function which contains only odd powers of the argument.
Thus, one might wonder about the meaning of derivatives of the potential Vb(z, t) of even order
in position. For a stationary problem, these derivatives of the potential actually enter into the
eigenvalue equation [191][

p2
z

2m −
~2

8m
∂2

∂z2 +
∞∑
k=0

(−1)k
(2k)!

(~
2

)2k ∂2kVb(z)
∂z2k

∂2k

∂p2k
z

]
Wbb.E(z, pz, E) = E Wbb,E(z, pz) (2.108)

that determines the Wigner function Wbb,E(z, pz) corresponding to an energy eigenstate of
energy E.

The interferometer output in terms of Wigner functions

We now aim at expressing the output of an interferometer in terms of Wigner functions. Accord-
ing to Section 2.4.1 the contrast Cb′b and the phase δφb′b for the interference of the branches
b and b′ are determined by the branch-dependent states |ψb(tf)〉 and |ψb′(tf)〉, respectively.
Thus, intuitively one might expect that these quantities could also be obtained in terms of
the corresponding Wigner functions Wbb(z, pz, t) and Wb′b′(z, pz, t) for the branches b and b′,
respectively, as defined by Eq. (2.102).

However, in Refs. [176, 179, 180] it has already been shown that these two Wigner functions
are surprisingly not sufficient to achieve this aim. This is due to the fact, that different quantum
states |ψb(t)〉 can correspond to the same Wigner function Wbb(z, pz, t). This property also
becomes apparent from the corresponding dynamical equations. In the Schrödinger equation
the potential enters directly, and a purely time-dependent contribution to the potential Vb(z, t)
leads to a phase shift of the state |ψb(t)〉. The dynamical equation (2.107) for the Wigner
function is instead governed by the position-derivative of the potential. Thus, it is insensitive
to such a purely time-dependent contribution. With the help of a matter-wave interferometer,
we now illuminate this interesting feature in more detail.

For this purpose, we recall that the interference of the branches b and b′ is determined by
the scalar product of the states |ψb(tf)〉 and |ψb′(tf)〉 at the final time tf according to Eq. (2.48).
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By making use of the trace product rule [191], we are then able to express [176, 180] the square
of the contrast

C2
b′b = |〈ψb′(tf)|ψb(tf)〉|2 = 2π~

∫ ∞
−∞

dz
∫ ∞
−∞

dpzWb′b′(z, pz, tf)Wbb(z, pz, tf) (2.109)

in terms of the Wigner functions Wbb and Wb′b′ for the branches b and b′, respectively, as
defined by Eq. (2.102). Accordingly, the contrast Cb′b of an interferometer is determined by the
overlap of the Wigner functions Wbb(z, pz, tf) and Wb′b′(z, pz, tf) in phase space.

However, the Wigner functions Wbb(z, pz, tf) and Wb′b′(z, pz, tf) being bilinear in the respec-
tive wave function, do not provide the entire phase shift δφb′b of an interferometer. Nevertheless,
some contributions to δφb′b might be related to areas in phase space enclosed by the evolution
of these Wigner functions [179]. We will present such a relation for a particular interferometer
scheme in Section 6.5.

The Wigner matrix

In order to enable a complete analysis of the interferometer output, we introduce similar to
Ref. [180] the elements

Wb′b(z, pz, t) ≡
1

2π~

∫ ∞
−∞

dξ exp
(
− i
~
pzξ

) 〈
z + ξ

2

∣∣∣∣ψb(t)
〉〈

ψb′(t)
∣∣∣∣z − ξ

2

〉
(2.110)

of the Wigner matrix. For the diagonal elements (b = b′), Eq. (2.110) reduces to the definition of
the real-valued Wigner function for the respective branch given by Eq. (2.102). The off-diagonal
elements (b 6= b′) of the Wigner matrix might, however, assume complex values. We emphasize
that these interference elements Wb′b are then determined by both interferometer branches b
and b′.

Remarkably, the phase space integral∫ ∞
−∞

dz
∫ ∞
−∞

dpzWb′b(z, pz, tf) = 〈ψb′(tf)|ψb(tf)〉 = Cb′beiδφb′b (2.111)

of the elements of the Wigner matrix, evaluated at the final time tf , determines both the contrast
Cb′b and phase δφb′b for the interference of the branches b and b′. In fact, by inserting the
definition of Wb′b, Eq. (2.110), into the left-hand side of Eq. (2.111), the integral with respect
to pz results in a Dirac delta function in ξ, while the remaining integral with respect to z yields
the identity expressed in terms of position eigenstates. Subsequently, the right-hand side of
Eq. (2.111) follows with the help of Eq. (2.48).

For the diagonal elements with b = b′, Eq. (2.111) equals the identity according to the
normalization condition, Eq. (2.105), of the Wigner function Wbb, and in agreement with the
discussion presented in Section 2.3.3.

Our definition, Eq. (2.110), of the elements of the Wigner matrix Wb′b relies on the branch-
dependent states |ψb(t)〉 and |ψb′(t)〉. We now demonstrate that the interferometer output can
be determined purely based on the Wigner matrix, thus offering an alternative way for the
analysis of a matter-wave interferometer that does not require the use of branch-dependent
states.

38



2.4 Spatial matter-wave interferometry

For this purpose, we derive in Appendix B the dynamical equation ∂
∂t

+ pz
m

∂

∂z
+ i

~

∞∑
k=0

1
k!

( i~
2

)k ∂k [Vb(z, t)− (−1)kVb′(z, t)
]

∂zk
∂k

∂pkz

Wb′b(z, pz, t) = 0 (2.112)

for the elements of the Wigner matrix Wb′b describing the motion of a quantum particle of mass
m in the presence of the branch-dependent potentials Vb(z, t) and Vb′(z, t). For the diagonal
elements, that is b = b′, Eq. (2.112) reduces to the familiar quantum Liouville equation (2.107)
for the Wigner function Wbb. In this case, as evident from Eq. (2.112), only partial derivatives
of the potential Vb(z, t) of odd order k contribute to the dynamics. Additionally, Eq. (2.112)
becomes real-valued and is solved by the real-valued Wigner function Wbb.

The dynamical equation (2.112) involves both, derivatives of the potentials Vb(z, t) and
Vb′(z, t) of odd order k with respect to z, similar as the quantum Liouville equation (2.107), and
derivatives of even order k similar as the eigenvalue equation (2.108). Thus, it is governed by
dynamical and kinematic aspects [180, 191] of quantum mechanics.

Furthermore, the matrix element Wb′b(z, pz, ti) = Wi(z, pz) at time t = ti describing the
initial condition for Eq. (2.112) is a real-valued quasi-probability distribution due to the relation

Wi(z, pz) = 1
2π~

∫ ∞
−∞

dξ exp
(
− i
~
pzξ

) 〈
z + ξ

2

∣∣∣∣ψi

〉〈
ψi

∣∣∣∣z − ξ

2

〉
(2.113)

to the initial state |ψi〉 of the sensing system.
In conclusion, the output of an interferometer can be obtained by solving Eq. (2.112) with

the initial condition Wb′b(z, pz, ti) = Wi(z, pz). This procedure is then repeated for all interfering
branches b,b′ = 1, . . . , N . As a result, the transition probability of the interferometer for the
input and output ports |i〉 and |o〉 reads

Poi =
N∑

b,b′=1

∫ ∞
−∞

dz
∫ ∞
−∞

dpz βb′Wb′b(z, pz, tf)βb (2.114)

according to Eqs. (2.39), (2.40), and (2.111). We recall that the input and output ports |i〉 and
|o〉 enter in the definition of the branch-dependent dynamics. Moreover, the branch amplitudes
βb for all branches b have to be determined independently as demonstrated in Section 2.3.

Although the solution of Eq. (2.112) immediately determines the output of an interferometer
for any branch-dependent potentials Vb(z, t) and Vb′(z, t), an analytic solution of this equation
can only be obtained for particular cases. Nevertheless, the highest order of the derivative with
respect to pz in Eq. (2.112) is directly correlated to the highest power of z appearing in the
Taylor expansions of the potentials Vb(z, t) and Vb′(z, t) with respect to z. Thus, the dynamical
equation for the element Wb′b(z, pz, t) of the Wigner matrix might be used as a starting point
within a perturbative or numerical approach for the determination of the output Poi of an
interferometer.

The Wigner matrix for quadratic potentials with identical frequencies

In order to obtain a deeper insight into the elements Wb′b of the Wigner matrix and their
relation to the interferometer output, we analyze now a relevant example of branch-dependent
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potentials. In particular, we consider potentials Vb(z, t) and Vb′(z, t) that are at most quadratic
in position z, as presented in Eq. (2.66).

By inserting these potentials into the dynamical equation (2.112), we arrive at a first-order
partial differential equation[

∂

∂t
+ pz
m

∂

∂z
− ∂V̄b′b(z, t)

∂z

∂

∂pz

]
Wb′b(z, pz, t) = − i

~
δVb′b(z, t)Wb′b(z, pz, t) (2.115)

for all elements Wb′b of the Wigner matrix under the assumption of a branch-independent
frequency ω0,b,zz(t) = ω0,b′,zz(t). Thus, only the coefficients for the linear and constant contri-
butions in z differ for the potentials Vb(z, t) and Vb′(z, t). In this case, we already fulfill the
closing condition Eq. (2.92) for the Hessian matrices of the classical actions.

Here, we have introduced the average

V̄b′b(z, t) ≡ 1
2 [Vb(z, t) + Vb′(z, t)] (2.116)

and the difference
δVb′b(z, t) ≡ Vb(z, t)− Vb′(z, t) (2.117)

of the potentials Vb(z, t) and Vb′(z, t) corresponding to the branches b and b′.
In the following, it is intriguing to consider the decomposition of the element

Wb′b = A
(W )
b′b exp

(
iϕ(W )

b′b

)
(2.118)

of the Wigner matrix into amplitude A(W )
b′b ≡ A

(W )
b′b (z, pz, t) and phase ϕ(W )

b′b ≡ ϕ
(W )
b′b (z, pz, t). In

the preceding section, a similar decomposition has been presented for the quantum mechanical
propagator describing the time evolution along a single interferometer branch.

Next, by inserting Eq. (2.118) into Eq. (2.115) and separating real and imaginary parts, we
arrive at the differential equations[

∂

∂t
+ pz
m

∂

∂z
− ∂V̄b′b(z, t)

∂z

∂

∂pz

]
A

(W )
b′b (z, pz, t) = 0 (2.119)

for the amplitude A(W )
b′b , and[
∂

∂t
+ pz
m

∂

∂z
− ∂V̄b′b(z, t)

∂z

∂

∂pz

]
ϕ

(W )
b′b (z, pz, t) = −1

~
δVb′b(z, t) (2.120)

for the phase ϕ(W )
b′b of the matrix element Wb′b.

Hence, the dynamical equations for the amplitude A(W )
b′b and phase ϕ(W )

b′b are decoupled for
branch-dependent potentials having the quadratic form given by Eq. (2.66) with ω0,b,zz(t) =
ω0,b′,zz(t). More generally, for different branch-dependent frequencies ω0,b,zz(t) 6= ω0,b′,zz(t), the
dynamical equations for the amplitude A(W )

b′b and phase ϕ(W )
b′b only decouple for the diagonal

(b = b′), but not for the off-diagonal (b 6= b′) elements of the Wigner matrix.
It is surprising that the left-hand sides of Eqs. (2.119) and (2.120) are identical. Nevertheless,

the initial conditions for these equations differ. According to Eq. (2.113) the initial Wigner
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function Wi(z, pz) is real-valued. Thus, a positive-valued initial Wigner function, corresponding
to a probability distribution, results in the initial conditions

A
(W )
b′b (z, pz, ti) = Wi(z, pz) and ϕ

(W )
b′b (z, pz, ti) = 0 (2.121)

for the amplitude A
(W )
b′b and the phase ϕ

(W )
b′b of the elements Wb′b of the Wigner matrix. A

modification of these initial conditions is required if the initial Wigner function instead contains
regions where negative values are assumed, corresponding to a quasi-probability distribution.
By allowing negative values for the amplitude and changing the admissible domain for the phase,
the subsequent expressions can be generalized to adapt to this situation.

The time evolution of the amplitude
First, we focus on the dynamics of the amplitude A(W )

b′b . Indeed, Eq. (2.119) corresponds to
the Liouville equation (2.112) with respect to the average potential V̄b′b, Eq. (2.116). As a
consequence, a position-independent contribution to V̄b′b does not influence the dynamics of the
amplitude A(W )

b′b . Similarly, a force, defined as negative gradient of the scalar potential, and not
the potential itself determines the trajectory of a classical particle.

As a consequence of Eqs. (2.119) and (2.121), the amplitude A(W )
b′b behaves as a Wigner func-

tion whose dynamics is governed by the average potential V̄b′b for the two branches, Eq. (2.116).
We recall from the previous section that this result is evident for the diagonal elements (b = b′)
of the Wigner matrix, which are real-valued at all times.

Based on the methods of characteristics, the solution to Eq. (2.119) with Eq. (2.121) is
given [180] by the expression

A
(W )
b′b (z, pz, t) =

∫ ∞
−∞

dzi

∫ ∞
−∞

dpz,i δ
[
z − Z̄b′b(t|zi, pz,i)

]
δ
[
pz − P̄z,b′b (t|zi, pz,i)

]
Wi(zi, pz,i).

(2.122)

By inserting Eq. (2.122) into Eq. (2.119), we arrive at the differential equations

d
dt P̄z,b

′b(t) = −∂V̄b′b(z, t)
∂z

∣∣∣∣∣
z=Z̄b′b(t)

(2.123)

and

d
dt Z̄b′b(t) = pz

m

∣∣∣∣
pz=P̄z,b′b(t)

(2.124)

corresponding to Hamilton’s equations of motion for a classical particle of mass m exposed to
the average potential V̄b′b(z, t), and being subject to the initial conditions Z̄b′b(ti) = zi and
P̄z,b′b(ti) = pz,i. Thus, Z̄b′b(t) ≡ Z̄b′b (t|zi, pz,i) and P̄z,b′b(t) ≡ P̄z,b′b (t|zi, pz,i) reflect the
classical position and classical momentum at time t, respectively.

Indeed, the average trajectory Z̄b′b(t) also enters into a different description of atom inter-
ferometers [216].

The time evolution of the phase
Next, we turn to a discussion of the phase ϕ(W )

b′b of the element Wb′b of the Wigner matrix. The
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corresponding dynamical equation (2.120) contains an inhomogeneous contribution on the right-
hand side, which is proportional to 1/~ and governed by the difference δVb′b(z, t), Eq. (2.117),
of the branch-dependent potentials.

Here the presence of the reduced Planck constant ~ indicates the quantum-mechanical charac-
ter of the phase ϕ(W )

b′b . Moreover, the difference δVb′b(z, t) enters directly into the corresponding
dynamical equation. This dependency is in sharp contrast to the amplitude A(W )

b′b , that is only
governed by the partial derivative of the potential V̄b′b(z, t) with respect to z, as evident from
Eq. (2.119).

Moreover, the identical left-hand sides of Eqs. (2.119) and (2.120) result in the same char-
acteristic curves for the amplitude A(W )

b′b and phase ϕ(W )
b′b within the method of characteristics.

By taking into account the initial condition Eq. (2.121), we arrive at the solution

ϕ
(W )
b′b (z, pz, t) =− 1

~

∫ ∞
−∞

dzi

∫ ∞
−∞

dpz,i δ
[
z − Z̄b′b(t|zi, pz,i)

]
δ
[
pz − P̄z,b′b(t|zi, pz,i)

]
×
∫ t

ti
dτ δVb′b

[
Z̄b′b (τ |zi, pz,i) , τ

]
(2.125)

of Eq. (2.120), where the classical phase space trajectory [Z̄b′b(t), P̄z,b′b(t)] is determined by
Eqs. (2.123) and (2.124).

Illustration of the dynamics of the Wigner matrix
We portray in Fig. 2.4 the dynamics of the elements Wb′b of the Wigner matrix in phase space
for two interfering branches b and b′.

In Fig. 2.4 (a) we display the diagonal elements Wbb and Wb′b′ . At the initial time t = ti,
the corresponding amplitudes

A
(W )
bb (z, pz, ti) = A

(W )
b′b′ (z, pz, ti) = Wi(z, pz) (2.126)

are identical and their contour is depicted by the black circle. According to Eq. (2.122), the time
evolution of the diagonal elements is governed by the phase space trajectories

[
Z̄b(t), P̄z,b(t)

]
and

[
Z̄b′(t), P̄z,b′(t)

]
for the associated branch, depicted by a solid red and a dashed blue line,

respectively. Here Z̄b(t) ≡ Z̄bb(t) and P̄z,b(t) ≡ P̄z,bb(t). At the final time t = tf , the two
amplitudes A(W )

bb and A
(W )
b′b′ could differ as demonstrated by the corresponding contour of a red

and blue ellipse.
For a positive-valued initial Wigner function Wi(z, pz), the phase of the diagonal elements

Wbb and Wb′b′ vanishes for all times t.
In Fig. 2.4 (b) we turn to the dynamics of the off-diagonal element Wb′b(z, pz, t) with b 6= b′.

At the initial time t = ti, its amplitude

A
(W )
b′b (z, pz, ti) = Wi(z, pz) (2.127)

is identical to the one of the diagonal elements, Eq. (2.126), as shown by a black circle. Its
time evolution results from the average phase space trajectory

[
Z̄b′b(t), P̄z,b′b(t)

]
, presented by

a dash-dotted green line. The contour of the time-evolved amplitude A(W )
b′b at time t = tf is then

displayed by the green ellipse.
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Figure 2.4: Interference of two branches b and b′ as illustrated in phase space4. We present the
dynamics of (a) the real-valued diagonal elementsWbb and Wb′b′ , and (b) the complex-valued off-
diagonal element Wb′b of the Wigner matrix. (a) Initially, the diagonal elements Wbb and Wb′b′

are identical to the initial Wigner function Wi(z, pz), whose contour is depicted by a black circle.
The time evolution of these elements is governed by the phase space trajectory for the respective
branch, depicted by a solid red and a dashed blue line, respectively. At the final time t = tf , the
contour of the real-valued matrix elements Wbb and Wb′b′ is depicted by a red and a blue ellipse,
respectively. The overlap of these elements in phase space, presented by the gray shaded area,
determines the contrast Cb′b of the interferometer according to Eq. (2.109). (b) Initially, the
off-diagonal element Wb′b is real-valued and corresponds to the initial Wigner function Wi(z, pz),
whose contour is depicted by a black circle. Both the dynamics of the amplitude A(W )

b′b and the
phase ϕ(W )

b′b of the off-diagonal element Wb′b are governed by the average phase space trajectory,
depicted by a dash-dotted green line. At the final time tf , the contour of the time-evolved
amplitude A(W )

b′b is illustrated by a green ellipse, and the phase ϕ(W )
b′b is indicated by the colored

area as a function of the phase space variables. The phase space integral of the off-diagonal
element Wb′b then determines both the contrast Cb′b and the phase δφb′b of the interferometer
according to Eq. (2.111).

At the initial time t = ti the phase ϕ(W )
b′b of the off-diagonal matrix element Wb′b vanishes for a

positive-valued Wigner matrix. During the time evolution a phase ϕ(W )
b′b 6= 0 can be accumulated

due to the inhomogeneous term in Eq. (2.120), which is proportional to the difference of the
branch-dependent potentials. For the final time t = tf this possibility is indicated by the colored
area within the green ellipse depicted in Fig. 2.4 (b). In general, the phase ϕ(W )

b′b is a function
of the phase space variables z and pz.

The contrast and phase of the interferometer
Finally, we are in the position to express the contrast Cb′b and phase δφb′b for the interference
of the branches b and b′ in terms of the amplitude A(W )

b′b and phase ϕ(W )
b′b of the elements Wb′b

of the Wigner matrix.

4Here we illustrate the dynamics of the Wigner matrix for a T 3-interferometer scheme discussed in Chapter 6.
In order to demonstrate the effect of an open interferometer geometry, we display the elements of the Wigner
matrix just before in (a) the phase space trajectories for the two branches b and b′ are recombined.
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First, we obtain the square of the contrast

C2
b′b =

{∫ ∞
−∞

dz
∫ ∞
−∞

dpz A(W )
b′b (z, pz, tf) cos

[
ϕ

(W )
b′b (z, pz, tf)

]}2

+
{∫ ∞
−∞

dz
∫ ∞
−∞

dpz A(W )
b′b (z, pz, tf) sin

[
ϕ

(W )
b′b (z, pz, tf)

]}2
(2.128)

as sum of the squares of the real and imaginary part of Eq. (2.111).
Second, for the interference of the branches b and b′ the tangent of the phase shift equals

the ratio

tan(δφb′b) =
∫∞
−∞ dz

∫∞
−∞ dpz A(W )

b′b (z, pz, tf) sin
[
ϕ

(W )
b′b (z, pz, tf)

]
∫∞
−∞ dz

∫∞
−∞ dpz A(W )

b′b (z, pz, tf) cos
[
ϕ

(W )
b′b (z, pz, tf)

] (2.129)

of the imaginary and real part of Eq. (2.111).
As a consequence, there are two different possibilities to arrive at the contrast Cb′b of the

interferometer. At time tf either the phase space overlap of the diagonal elements Wbb and
Wb′b′ , represented by the gray shaded area in Fig. 2.4 (a), is obtained according to Eq. (2.109).
Alternatively, the phase space integrals of the real and imaginary parts of the off-diagonal
element Wb′b, presented in Fig. 2.4 (b), yields the contrast Cb′b according to Eq. (2.128).

We recall that only the off-diagonal element Wb′b provides the entire phase δφb′b of the
interferometer according to Eq. (2.129). Nevertheless, it would be interesting to explore which
contributions to the phase shift are already encoded in the time evolution of the diagonal ele-
ments Wbb and Wb′b′ of the Wigner matrix.

At the end we emphasize that a perfect contrast Cb′b = 1 can be obtained by a perfect
overlap of the elements Wbb and Wb′b′ in phase space at the final time tf . For the particular
branch-dependent potentials considered here, the dynamics of the amplitude A(W )

b′b (z, pz, t) is
governed by the Liouville equation (2.119) which preserves the normalization as described by
the phase space integral. Since initially the amplitude corresponds to a normalized Wigner
function according to Eq. (2.121), it satisfies the normalization condition∫ ∞

−∞
dz
∫ ∞
−∞

dpz A(W )
b′b (z, pz, t) = 1 (2.130)

for all times t.
Thus, a perfect contrast Cb′b = 1 is obtained once the phase ϕ(W )

b′b (tf) = ϕ
(W )
b′b (z, pz, tf) of

the off-diagonal element Wb′b is independent of the phase space variables z and pz, as evident
by inserting Eq. (2.130) into Eq. (2.128) for t = tf . This requirement can be satisfied when
in Eq. (2.125) the integral with respect to time τ of the difference δVb′b

[
Z̄b′b (τ) , τ

]
of the

potentials evaluated along the average trajectory Z̄b′b(τ) is independent of the initial position
zi and momentum pz,i.

We recall that in Section 2.4.2 a perfect contrast has been achieved once the difference of the
phases of the quantum mechanical propagator for the branches b and b′ became independent of
the initial zi and final zf positions. In the present section it is the independence of the phase
ϕ

(W )
b′b of the off-diagonal element Wb′b of the Wigner matrix on the phase space variables z and

pz which leads to this result. It would be interesting to explore the similarities between both
approaches to obtain a deeper understanding of the resulting phase shift of the interferometer.
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Next, we turn to resulting phase shift for such a closed interferometer. According to
Eqs. (2.125) and (2.129), the phase

δφb′b = ϕ
(W )
b′b = −1

~

∫ tf

ti
dτ δVb′b

[
Z̄b′b(τ), τ

]
(2.131)

for the interference of the branches b and b′ is then independent of the initial Wigner func-
tion Wi(z, pz).

For the branch-dependent potentials considered in this section, Eq. (2.131) demonstrates
most clearly that the phase shift of such a matter-wave interferometer is determined by a gen-
eralization of the (scalar) Aharonov-Bohm effect [27–29, 52, 193–195]. Indeed, for a position-
independent difference δVb′b(t) = δVb′b(z, t) of the branch-dependent potentials, Eq. (2.131)
reduces to the familiar phase shift for the scalar aspect of the Aharonov-Bohm effect. A similar
generalization that emerges in the presence of fields would equally be desirable for the vectorial
aspect of the Aharonov-Bohm effect.

In addition, the dependence of the phase shift δφb′b on the difference of two potentials
evaluated along the average of two trajectories, clearly reveals the non-local character of quantum
mechanics that governs the output of the interferometer.

2.5 Discussion

In the previous sections we have focused on matter-wave interferometers based on a two-level
working system in combination with a sensing system. These devices offer the advantage of the
working states acting as labels for different components of the sensing system. Consequently,
they enable state-dependent dynamics, coupling and state-selective readout. We stress that the
concept of interferometer branches introduced in Section 2.3 is by no means restricted to such
a particular system.

In the following we illustrate the generality of this concept. For this purpose, we first present
in Section 2.5.1 a brief summary of the key elements of our approach. Afterwards, we motivate
in Section 2.5.2 an extension of the branch-dependent concept to interferometers that do not
distinguish between a working and a sensing system. Subsequently, we add in Section 2.5.3 a
brief discussion on interferometers involving more than two working states. Finally, we motivate
in Section 2.5.4 the description of a coupling zone of finite duration within our formalism.

2.5.1 Key elements of the concept of interferometer branches

We now present the key elements of the concept of interferometer branches that enables an
intuitive description of matter-wave interferometers.

First, it is necessary to identify a basis for the initial preparation and the final read-out
defining the input and output ports |i〉 and |o〉 of the interferometer, as introduced in Section 2.2.3.
We note that this basis might only span a subspace of the entire Hilbert space.

For a composite quantum system consisting of both working and sensing states, as introduced
in Section 2.2.1 and considered in the previous sections, the working states usually define the
possible input and output ports.

Depending on the implementation of the interferometer such a composite quantum system
can, for instance, be employed to model an atom where, within a two-level approximation, the
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orthogonal working states |1〉 and |2〉 correspond to internal atomic energy eigenstates. Here the
entire Hilbert space used to describe the quantum system can also contain sensing states |ψk(t)〉
which describe the atomic center-of-mass motion and are associated with a particular internal
state |k〉 with k = 1, 2.

Alternatively, it is possible to describe matter-wave interferometers without internal states.
Here the input and output ports |i〉 and |o〉 could correspond to particular momentum eigenstates
of a quantum particle. These momentum eigenstates then take over the role of both working
and sensing states, as explored in Section 2.5.2. In this regard, our approach is in principal
applicable for both cases where the input and output ports are either elements of a discrete or
a continuous basis.

Next, we focus on the interferometer operator Û(tf , ti) describing the time evolution of the
entire quantum system between the initial time ti and the final time tf , as presented in Sec-
tion 2.2.3. By dividing the time interval (ti, tf) in subintervals and using the composition prop-
erty of Û(tf , ti), it is possible to express the interferometer operator as the time-ordered product
of time evolution operators for the respective subintervals. Here the decomposition of the time
interval (tf , ti) is chosen such that free propagation zones, where the time evolution operator is
diagonal in the previously defined basis, are separated from coupling zones, which induce transi-
tions between the working states and are typically of short duration. We have presented such a
decomposition in Section 2.3.1 for the example of two working states and a composite quantum
system.

Next, the identity in the basis used for the definition of the input and output ports |i〉 and
|o〉 is inserted between the time evolution operators for each subinterval. In case of a discrete
basis, we are able to express the matrix element 〈o| Û(tf , ti) |i〉 as a sum of branch operators B̂b
associated with the branch b that connects particular input and output ports |i〉 and |o〉.

Our approach actually reminds of constructing Feynman path integrals [49, 165, 166] from
the time evolution operator that describes the dynamics of an unstructured quantum particle.
However, in the path integral formulation the chosen subintervals in time are typically infinites-
imally short, and the identity is inserted in terms of position and momentum eigenstates.

Subsequently, for a particular class of couplings as analyzed in Section 2.2.2 it is possible
to express the branch operator B̂b for the branch b as the product of a branch amplitude βb,
determining the population of the respective branch, and a unitary time evolution operator Ûb
that results from a branch-dependent Hamiltonian Ĥb(t) as demonstrated in Section 2.3.2.

Next, we turn to the interferometer output Poi describing the transition probability between
the input and output ports |i〉 and |o〉. We apply the previously defined decomposition of the
matrix element 〈o| Û(tf , ti) |i〉 into branch amplitudes βb multiplied by time evolution operators
Ûb and summed over all branches b. As a result, it is possible to express the interferometer
output Poi as a sum over all pairs of interfering branches b and b′. In Section 2.3.3 we have shown
that the interferometer output Poi is then determined by the branch amplitudes βb and βb′ , the
contrast Cb′b and the phase δφb′b of all interfering branches. These quantities characterize the
interference of the quantum states obtained after the evolution of the initial state |ψi〉 along the
branches b and b′, respectively.

For the case of a two-level system as working system there are in total N = 2n−1 branches,
where n denotes the number of coupling zones of the interferometer. In general, all of these
branches contribute to the interferometer output.
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2.5.2 A combined working and sensing system

Prominent examples of interferometers for electrons [30, 31], neutrons [32–37], and specific in-
terferometers for atoms [38, 39, 44, 45] and molecules [46] do not rely on a composite quantum
system. Here the entire dynamics within the interferometer can effectively be described by
a single-particle Hamiltonian. Thus, one might wonder if the identification of interferometer
branches with corresponding branch amplitudes and branch-dependent Hamiltonians as pre-
sented in the previous sections is also possible for such a system.

Basic interferometer elements for a combined working and sensing system

Central to spatial matter-wave interferometers is the center-of-mass motion of a quantum par-
ticle. We focus now on the situation that the initial state of the interferometer at time ti is
characterized by a definite de Broglie wavelength corresponding to a momentum eigenstate |pi〉.

During a coupling zone in the simplest case a superposition of only two different momentum
eigenstates |pa〉 and |pb〉 is manipulated coherently. In fact, such a coupling corresponds to the
one of a two-level system which is now composed of momentum states. An example of such a
coupling mechanism for momentum eigenstates of atoms is Bragg diffraction [217–224].

In a free propagation zone, the momentum eigenstates |pa〉 and |pb〉 change in the presence of
an external potential, in contrast to the working states in Section 2.2.2 which are not modified
in this zone. In fact, the motion of the momentum eigenstates |pa〉 and |pb〉 in an external
potential could be described by a different type of coupling zone, which in general leads to a
population of multiple momentum eigenstates. Accordingly, the clear distinction between both
zones is fading for a system with combined working and sensing states.

We now consider in the free propagation zone a time-dependent external potential which
is at most linear in position. Such a potential only displaces the argument of a momentum
eigenstate while imprinting an additional phase as demonstrated in Section 3.4.1. Hence, a
quantum system characterized by a superposition of two momentum eigenstates before such
a free propagation zone, is also in a superposition of two momentum eigenstates after this
zone although these momentum eigenstates might have changed. To some extent, it is even
possible to apply state-dependent linear potentials that lead to different displacements of the
two momentum eigenstates |pa〉 and |pb〉 in the free propagation zone. This idea is used in
techniques as Bloch oscillations [89, 225].

After a particular interferometer sequence consisting of coupling and free propagation zone
has been performed, the population in the output ports is determined at the final time tf . Here
the output ports are characterized by particular momentum eigenstates |po〉. Such a readout
can be achieved by allowing for a sufficient free evolution time after the last coupling zone of the
interferometer, resulting in a spatial separation of different wave packet components associated
with particular output ports.

The branch-dependent concept

We now motivate a description of the dynamics in such a quantum system with the help of our
branch-dependent concept. For this purpose, we consider the matrix element

Uoi ≡ 〈po| Û(tf , ti) |pi〉 (2.132)
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which governs the probability
Poi = U∗oiUoi (2.133)

to detect the particle in the output port |po〉 in analogy to Eqs. (2.24) and (2.25), respectively.
In order to identify the interferometer branches, we decompose the entire time evolution

operator Û(tf , ti) for the single-particle system into a time-ordered product as presented in
Section 2.2.3. For this purpose, we distinguish coupling zones of short duration at time tj with
j = 1, . . . , n, where a controlled coherent manipulation of momentum eigenstates is achieved,
from zones where the quantum particle simply moves in an external potential during the time
interval (tj , tj+1).

For the subsequent analysis there are two different possibilities. (a) We consider branches
between particular input and output ports |pi〉 and |po〉 as specified by a branch amplitude and
an associated branch-dependent phase. (b) We determine the branch amplitudes in connection
with a unitary time evolution operator for each branch as resulting from a branch-dependent
Hamiltonian. For this purpose, we assign the different possible transitions in the coupling zones
to particular branches.

(a) Branch-dependent phases
In analogy to Section 2.3.1 we insert the identity

∫∞
−∞ d3pj |pj〉〈pj | in terms of momentum

eigenstates between the time evolution operators for each time slice with j = 1, . . . , n− 1.
As a result, we arrive with Eq. (2.132) at the expression

Uoi =
∫ ∞
−∞

dpn−1 · · ·
∫ ∞
−∞

dp2

∫ ∞
−∞

dp1 〈po| Û(tf , tn)Û(tn)Û(tn, tn−1) |pn−1〉

× . . .× 〈p2| Û(t2)Û(t2, t1) |p1〉 〈p1| Û(t1)Û(t1, ti) |pi〉 . (2.134)

We focus on the special case of a potential at most linear in position during the free
propagation zone, and a coupling zone analogous to the one described in Section 2.2.2,
where only two definite momentum eigenstates are coupled. Then each matrix element
in Eq. (2.134) evaluates to a sum of two complex scalars accompanied by Dirac delta
functions depending on particular momentum eigenstates. The subsequent identification of
the interferometer branches follows analogously to the case of a composite quantum system
presented in Section 2.3.1 and gives rise to a finite number of interferometer branches.

The product of the amplitudes of these complex scalars associated with a particular branch
defines the branch amplitude, while the sum of the phases of these complex scalars for
a particular branch could effectively be described as induced by a non-operator valued
branch-dependent Hamiltonian.

(b) Branch-dependent unitary time evolution
An alternative possibility to identify the interferometer branches for the time evolution
operator Û(tf , ti) is to associate different transitions in a coupling zone with particular
branches, similar as pursued for the composite quantum system. For this purpose, the
unitary evolution operator in a coupling zone is expressed by a weighted sum of the possible
transitions with regard to the involved momentum eigenstates, in analogy to Eq. (2.16).
Each branch is then described by a branch-amplitude βb and a unitary operator Ûb(tf , ti).
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Hence, the matrix element

〈po| Û(tf , ti) |pi〉 = 〈po|
N∑

b=1
βbÛb(tf , ti) |pi〉 , (2.135)

Eq. (2.132), results from the combination of all branches b that are weighted by the branch
amplitude βb and described by the unitary branch-operator Ûb(tf , ti), connecting the input
port |pi〉 and the output port |po〉. Here the unitary operator Ûb(tf , ti) is associated with
a branch-dependent Hamiltonian Ĥb(t) via the Schrödinger equation (2.36).
By using this identification scheme the results presented in Section 2.4 can directly be
applied for the determination of the branch-dependent time evolution.

2.5.3 Interferometry with multiple working states

In this chapter we have focused on a composite quantum system, where the working system
consists of only two working states as introduced in Section 2.2.1. However, in many cases the
concept of branches can be generalized to more than two working states.

For this purpose, the identity Eq. (2.27) that is inserted into Eq. (2.28) has to be replaced
by the identity in the new subspace of the working system. In the free propagation zone, the
evaluation of the resulting matrix elements of the time evolution operator is due to their diagonal
character then analogous to having only two working states.

The treatment of the coupling zone is more subtle. Already for two working states only a
particular class of couplings allows for a decomposition of the matrix elements, describing the
transitions in the coupling zone, into a scalar transition amplitude in combination with a Her-
mitian transition operator as demonstrated in Section 2.2.2. It is this particular decomposition
that enables the identification of a scalar branch amplitude and a branch-dependent time evo-
lution. For this reason, a rigorous analysis of the coupling process is necessary in case multiple
working states are involved.

Although there exist general coupling schemes [226] for multi-level systems, we point out
that a coupling of multiple working states could be realized by a sequential two-state coupling.
By making use of the coupling scheme introduced in Section 2.2.2 it is then possible to apply
the concept of interferometer branches for this more general case when multiple working states
are involved.

2.5.4 Coupling zones of finite duration

In Section 2.2.2 we have introduced the coupling zone for an almost instantaneous coupling.
The concept of interferometer branches is also applicable to describe particular coupling zones
of finite duration.

For this purpose, the entire time evolution operator corresponding to a coupling zone of
finite duration is decomposed into a time-ordered sequence of unitary operators corresponding
to almost instantaneous couplings. Provided that the matrix elements of the unitary operators
for these almost instantaneous couplings can be expressed by a scalar transition amplitude
together with a Hermitian transition operator, different interferometer branches for the entire
coupling process can be identified. Then the same formalism that was used for the analysis of
an entire interferometer is applied to describe a coupling zone of finite duration. We note that
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the number of branches to be taken into account grows exponentially with the number of almost
instantaneous time steps involved.

2.6 Conclusion

We have introduced basic elements of matter-wave interferometers in combination with a newly
developed and generally applicable branch-dependent description. We have explored the role of
classical concepts for the description of such a quantum system, and have investigated the con-
sequences for the interpretation of the contrast and phase shift of matter-wave interferometers.

Within our description, we have demonstrated the emergence of different interferometer
branches in the dynamics of composite quantum systems. Importantly, these branches are not
necessarily related to any classical trajectories. Instead, it is the linear structure of quantum
mechanics itself that enforces their existence.

Of special interest for interferometry is the situation when there is only a finite, and often
small number of interferometer branches that contribute to the interferometer output. Such an
interferometer yields a distinct interference signal as determined by the interactions that have
occurred in the interferometer. The analysis of this device and its output then allows for a
straightforward and reliable extraction of information about the physical system, as pursued
in precision measurements. The demand of only a small number of populated interferometer
branches imposes, however, particular requirements on the quantum mechanical time evolution.
By considering a quantum system composed of working and sensing states we have identified
free propagation and coupling zones that enable the construction of an interferometer with a
finite number of populated branches.

In the free propagation zones, the sensing states gather information on the environment
and, for instance, probe the action of particular potentials. In the coupling zones, a controlled
interaction encodes the collected information in the population of the working states while a
controlled manipulation of the sensing states is possible at the same time. Subsequent to the
initial preparation in an input port, a particular sequence of free propagation and coupling zones
constitutes the interferometer scheme. At the final time, a population measurement of the output
port then reveals the signal of the interferometer.

By utilizing the concept of abstract interferometer branches that emerge during the time
evolution of a such a quantum system, we have developed an intuitive picture that is suitable for
the description of matter-wave interferometers. These interferometer branches are characterized
by a branch amplitude, determining the population of the respective branch, and a branch-
dependent Hamiltonian that governs the time evolution along the branch. The interferometer
output then results from a sum over all pairs of interfering branches b and b′ expressed in terms
of the corresponding branch amplitudes βb and βb′ , the contrast Cb′b and the phase shift δφb′b.

We have made use of our branch-dependent formalism to illustrate the relation between
different techniques applicable to describe matter-wave interferometers. In particular, we have
studied the connection between classical and quantum concepts in regard to the output of
such a device. For this purpose, we have analyzed the evolution of a quantum wave along an
interferometer branch in terms of its amplitude and phase. We have shown that it is the position-
independence of the amplitude, as achieved for potentials at most quadratic in position, that
restores the dynamical equations of a classical wave, namely the Hamilton-Jacobi equation for
the phase and the Van Vleck continuity equation for the amplitude.
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Subsequently, we have considered the interference of two quantum waves associated with
different interferometer branches. In addition to the position-independence of their amplitudes,
it is the position-independence of their phase difference that enables an optimal contrast of the
interferometer with a phase shift that is determined by the purely time-dependent difference of
two classical actions. Interestingly, in both cases it is the position-independence of the respective
quantity that enables a description of the quantum system in term of classical concepts and
equations.

Moreover, we have illustrated the branch-dependent dynamics of a matter-wave interfer-
ometer in phase space. With the help of the Wigner matrix we have demonstrated that the
interference of two branches results in a dynamical equation that is unfamiliar to the classical
situation, even in the presence of quadratic potentials. Additionally, we have demonstrated that
the phase shift of an interferometer is determined by both kinematic and dynamical aspects of
quantum mechanics.

Besides that, we have addressed possible generalizations of our branch-dependent description.
We have considered quantum systems with a combined working and sensing system, and the
application of the branch-dependent formalism for the description of coupling zones of finite
duration.

The concept of interferometer branches developed in the present chapter is not limited to
matter-wave interferometry, but may find applications in different areas, as e.g. quantum com-
puting. Here, in addition to the working system consisting of a single qubit, also the sensing
system is composed of qubits. Then the concept of branches can be applied recursively.
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Chapter 3 - Atom interferometry with branch-dependent linear and quadratic potentials

3.1 Introduction

Atom interferometers [38–40] and in particular light-pulse atom interferometers [41, 42] were
first5 demonstrated in 1991. Since then different techniques and interferometer schemes have
emerged, driven by the demand of high-sensitivity devices for precision measurements.

In order to arrive at a straightforward and intuitive description of such atom interferometers,
we make use of the concept of interferometer branches introduced in Chapter 2. Based on
the ideas and results presented in Refs. [173, 175, 176], we develop a novel formalism [69]
applicable for atoms moving in time- and state-dependent potentials that are linear or quadratic
in position. Importantly, instead of employing operators, our approach determines the output of
an interferometer with the help of branch- and time-dependent functions. Moreover, we reveal
that the closing conditions of the interferometer rely on particular features of these functions
that guarantee an optimal interferometer contrast and allow for a classification of different
interferometer schemes.

As a highlight, we introduce schematic rules that enable a straightforward analysis of the
entire interferometer. Thereby, we pave the way for the analysis of existing and the construction
of novel interferometer geometries as presented in Chapters 4 and 6.

This introduction is structured as follows. In Section 3.1.1 we give a general overview on
the field of atom interferometry. Next, we turn in Section 3.1.2 to the main features of our
formalism that utilizes branch-dependent functions. Section 3.1.3 then contains an outline of
the present chapter.

3.1.1 Atom interferometers as a tool for precise measurements

Nowadays, atom interferometers offer a variety of possibilities for different applications. Besides
their use as quantum sensors for inertial quantities and external fields [91–130], their exquisite
sensitivity advances the characterization of various systems [229–235] and the precision mea-
surement of fundamental constants [107, 131–137, 236, 237]. Beyond that, atom interferometers
play an increasingly important role in testing the foundations of physics [106, 138–150].

We now illustrate these possible fields of application in more detail. Moreover, we address
important ingredients for atom interferometers. Finally, we present diffraction mechanism for
light-pulse atom interferometers that enable a spatial separation of different wave packet com-
ponents as e.g. utilized in inertial sensors.

A variety of possible applications for atom interferometers

Atom interferometers have a far-reaching scope. In the area of inertial sensing these devices
are employed as accelerometers [91–111], rotation sensors [112–119], gravity gradiometers [123,
124], or even dual accelerometers/gyroscopes [120–122]. Furthermore, they are used for the
determination of magnetic fields and magnetic field gradients [125–130]. The latest developments
in this fields even lead to the commercial availability [238, 239] of quantum sensors based on
atom interferometry.

5We note that already the “Molecular Beam Resonance Method” [227, 228] developed in 1949 by N. Ramsey
can be interpreted as an atom interferometer [45]. However, in this method the wave packets associated with the
interferometer branches are not spatially separated.
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A different application for atom interferometers is the precise measurement of physical quan-
tities such as the polarizability of alkali atoms [229–232], and the ‘magic wavelength’ for potas-
sium, rubidium, and calcium [233–235]. Moreover, the determination of fundamental constants
such as Newton’s gravitational constant G [107, 132, 133, 236] and Sommerfeld’s fine structure
constant α [131, 134–137, 237] is pursued.

In addition, atom interferometers are employed to probe the foundations of quantum me-
chanics and general relativity. In particular, testing the equivalence principle [1, 240] and the
universality of free fall with quantum objects is of special interest. For this purpose, the free fall
of two different atomic isotopes [138–141], as for instance 85Rb and 87Rb, can be compared with
the help of an interferometer. Alternatively, dual-species matter-wave interferometers [106, 142–
144], consisting e.g. of 39K and 87Rb atoms, can be applied. Meanwhile, such tests of the
equivalence principle are performed with a sensitivity at the 10−12 level [141].

Beyond that, atom interferometers are even considered as a tool for gravitational wave de-
tection [145–147]. Additionally, they play a role in the quest for dark energy [148, 149] and dark
matter [150]. Some of these fascinating activities in the field of atom interferometry have been
summarized in Refs. [43, 45, 88–90].

Ingredients for atom interferometers

The development of sophisticated cooling techniques [241–245] has enabled the realization of
cold atomic clouds [45] and Bose–Einstein condensates (BECs) [86, 87]. Due to their exquisite
coherence properties, these quantum objects serve as perfect ingredient for atom interferometers.
For a sufficiently dilute atomic cloud or BEC, interatomic interactions can be neglected, and a
linear theory is applicable for the description of these systems as pursued in the following.

Additionally, the preservation of coherence [45] while manipulating the atoms in an interfer-
ometer is the key for observing an interference pattern with high contrast. In order to achieve
this aim, the first atom interferometers used mechanical gratings [38, 39] or electromagnetic
waves [40–43, 246] for the implementation of beam splitters and mirrors for atoms. These de-
vices induce a spatial separation of different wave packet components, thus enabling a sensitivity
to position-dependent external fields and inertial quantities.

For the implementation of the latter coupling process, the availability of lasers offers an
easy, reliable and very precise experimental control of the atom-light interaction. Moreover,
laser pulses can be applied to imprint a substantial momentum transfer. Due to these reasons,
the manipulation of cold atomic clouds or BECs with lasers has enabled the high precision
achievable in light-pulse atom interferometry [41, 91, 196].

Diffraction mechanisms for light-pulse atom interferometry

In light-pulse atom interferometers typically two different two-photon diffraction schemes are
applied, namely Raman and Bragg diffraction.

Based on a suggestion [196] of Ch. Bordé, the implementation of Raman pulses [41, 173,
196, 222, 247] as atomic beam splitters and mirrors enabled the construction of the first light-
pulse atom interferometer [41, 42]. Here two different internal atomic state are coupled via an
ancilla state. In addition, a spatial separation of the two associated wave-packet components can
be achieved by a state-selective momentum transfer induced by the light field. In particular, this
technique enables the realization of beam splitters and mirrors with a substantial momentum
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transfer. Nowadays, Raman diffraction has become a widely used technique in the field of atom
interferometry.

In contrast, Bragg diffraction [217–224] does not alter the internal atomic state. Named
after the analogous scheme for the diffraction of an electromagnetic wave from a crystal [248], a
Bragg pulse drives transitions between two motional states of a matter wave. Its application in
atom interferometry [117, 118, 249] became even more popular with the availability of delta-kick
collimated BECs [99, 152, 218, 219]. The sufficiently narrow momentum distribution of these
sources facilitates the realization of large momentum transfer (LMT) beam splitters [89, 250–
252] for atoms. Since this mechanism allows to obtain a larger enclosed area in space-time, the
corresponding interferometers typically display an enlarged phase shift resulting in an improved
accuracy of the interferometer signal as addressed in Chapter 4.

A description of these diffraction mechanism within our branch-dependent concept is pre-
sented Section 3.3.4, while a detailed summary is contained in Refs. [89, 222].

3.1.2 An intuitive description for atom interferometers

In Chapter 2 we have developed the concept of interferometer branches characterized by a branch
amplitude and an effective branch-dependent Hamiltonian.

For a demonstration of our methodology in the context of atom interferometry, we focus now
mainly on composite quantum systems, as introduced in Section 2.2. Here the working system
of the interferometer is made up of two internal atomic energy eigenstates, whereas the sensing
system consists of the associated external center-of-mass motion of the atom.

In the following, we concentrate on the three-dimensional dynamics in the free propa-
gation zones resulting from (a) state- and time-dependent linear potentials in position, and
(b) quadratic potentials in position with a constant and state-independent frequency in combi-
nation with a time- and state-dependent driving. Moreover, a particular emphasis lies on the
implementation of the coupling zone, where a coupling of different working states takes place.
Here we fully take into account the presence of state-dependent potentials on the resonance
condition for the coupling process.

In order to determine the phase and contrast of an atom interferometer, the complete time
evolution is usually split into pieces, describing the time evolution resulting from its basic build-
ing blocks: free propagation and coupling zones. This is generally the case within the path-
integral approach [52], the ABCD formalism [167, 168, 170], and even in representation-free
approaches based on operator methods [173, 174].

Within the concept of interferometer branches, we demonstrate that in many relevant cases
it is sufficient to pursue a description solely based on time- and branch-dependent functions
applicable for the entire interferometer. Here the branch-dependent dynamics is determined by
the potentials in the free propagation zones in combination with the interactions in the coupling
zones. This branch dependence is then characterized by a pair of time-dependent functions
{Fb(t), Eb(t)} for each branch b. These functions do not rely on the specific type of interaction
that occurs in the device. Instead, they enable a general description applicable for different
interferometer schemes and various experimental realizations.

We present a methodology for the construction of these particular functions and, as a high-
light, introduce schematic rules that enable a straightforward analysis of the interferometer.
The branch dependence of these functions is dictated by two effects: In many atom interferom-
eters [174] the branch dependence solely results from the coupling zones. For the interferometer
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geometries discussed in Chapters 4 and 6, the branch dependence can also be induced by state-
dependent potentials in the free propagation zones.

For an interferometer where the branch-dependent dynamics is governed by (a) branch-
and time-dependent linear potentials, and (b) quadratic potentials with constant and branch-
independent frequency, the interferometer contrast is maximized when the interferometer is
closed in phase space. For the particular setting of only two populated interferometer branches,
labeled as the upper and lower branch b = u and b = l, respectively, we express the correspond-
ing closing conditions in terms of vanishing moments of the difference δF(t) ≡ Fu(t)− Fl(t).
Moreover, we obtain generally valid expressions for the contrast C and the phase δφ of the in-
terferometer. Together with the branch amplitudes βu and βl they determine the interferometer
output.

3.1.3 Outline

The motion of a quantum particle in branch- and time-dependent potentials at most quadratic
in position not only provides a close connection to classical mechanics as addressed in Chapter 2.
In addition, it is a well-suited approximation that can be applied for the description of several
interferometer geometries. In the following, we establish a relation of the abstract concept of
interferometer branches to the experimental implementation of interferometers, with a focus on
light-pulse atom interferometry.

The present chapter is organized as follows. In Section 3.2 we list the most relevant interac-
tions that are used to induce state-dependent dynamics in the free propagation zone. Next, we
discuss conventional beam splitters and mirrors for atoms based on the atom-light interaction in
Section 3.3, and relate their action to the coupling zones in an interferometer. For this purpose,
we introduce a detuning operator and take into account the presence of state-dependent poten-
tials on the resonance condition for the coupling. In Section 3.4 we return to the intuitive picture
introduced in Chapter 2, and discuss the dynamics for the interferometer branches. Section 3.5
then focuses on the interferometer output resulting from the interference of two branches. In
particular, we discuss the contrast and phase shift with a focus on a closed interferometer. In
addition, we introduce a classification scheme for different interferometers which relies on the
number of vanishing moments of the difference δF(t). Next, by using the resulting schematic
rules we paint in Section 3.6 a new description that can be applied for a straightforward analysis
of a huge class of interferometers. Subsequently, a generalization of our results for interferom-
eters consisting of N interfering branches is presented in Section 3.7. In Section 3.8 we then
present different views on the phase shift of an interferometer, and point out further applications
of our approach. We conclude in Section 3.9 by highlighting the most important results of this
chapter.

3.2 Free propagation zone for linear and quadratic potentials

In the following, we concentrate on two internal energy eigenstates |1〉 and |2〉 of an atom as
a realization of the working system introduced in Section 2.2. Moreover, the sensing system
is composed of external states describing the atomic center-of-mass motion associated with the
respective internal state.

First, we focus on the motion of this two-level atom exposed to a state-dependent potential
Vk(r̂, t) in the free propagation zone defined in Section 2.2.2. In this situation, the Hamiltonian
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is diagonal with respect to the internal degrees of freedom and its diagonal elements take the
form

Ĥk(t) = p̂2

2m + Vk(r̂, t) (3.1)

with k = 1, 2. Here m denotes the atomic mass, and r̂ and p̂ are the position and momentum
operators of the atomic center-of-mass motion, respectively.

We consider now (a) a state- and time-dependent linear potential, and (b) a state-dependent
driven harmonic oscillator potential due to the relevance of these examples for the approximation
of realistic potentials by a power series. In this case the state-dependent potential6

Vk(r̂, t) = 1
2mr̂Tω2

0 r̂− Fk(t)r̂ + Ek(t) (3.2)

is quadratic in position, and determined by the state- and time-independent frequency tensor
ω0 ∈ R3×3, and the time-dependent functions Fk(t) and Ek(t) corresponding to the working
state |k〉 (k = 1, 2). For the one-dimensional case we have already highlighted in Section 2.4
some important aspects of the quantum mechanical motion induced by quadratic potentials in
position.

Next, we discuss the meaning of the three terms in Eq. (3.2) being each characterized by a
particular power of the position operator r̂.

The first term in Eq. (3.2) proportional to ω2
0 can describe the potential generated by a

harmonic trap, e.g. a dipole trap [245], acting similarly on both working states |k〉. Moreover,
it might also describe the action of a gravity gradient on the atom. In this case ω2

0 has positive
and negative eigenvalues as presented in Ref. [174]. This term may also describe quadratic
corrections due to other fields as discussed below. In the following, we do not consider the case
of a state-dependent quadratic contribution to the potential Vk(r̂, t), Eq. (3.2), which requires a
more sophisticated analysis of the interferometer output in agreement with Section 2.4.

The second term in Eq. (3.2) proportional to Fk(t) describes, for instance:

• The gravitational potential−mgr̂ for an atom of massm, where g denotes the gravitational
acceleration.

• The interaction −µ̂B(r̂, t) in the case of a non-vanishing magnetic dipole moment 〈k| µ̂ |k〉
and a magnetic field B(r, t) which is approximately linear in position r. Here µ̂ denotes
the magnetic dipole operator.

• The interaction −d̂E(r̂, t) in the case of a non-vanishing (induced) [253, 254] electric dipole
moment 〈k| d̂ |k〉 and an electric field E(r, t) which is approximately linear in position. Here
d̂ denotes the electric dipole operator.

Provided that the mean values of the electric or magnetic dipole moments corresponding to the
two internal states |1〉 and |2〉 differ, an electric or magnetic field that is approximately linear
in position induces a state-dependent force Fk(t).

The third term in Eq. (3.2) proportional to Ek(t) contains the energy of the internal atomic
state, as well as additional energy shifts due to the interaction of an electric or magnetic dipole
with an homogeneous electric or magnetic field.

6We explicitly use the transpose symbol T for a left-hand vector-matrix multiplication, but omit it, for the
sake of readability, for the scalar product of two vectors.
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3.3 Implementation of the coupling zone

In general, a coupling zone serves two purposes: (i) A coherent coupling of different matter wave
components is achieved. In particular, within this zone transitions between different working
states are driven. (ii) It is possible to obtain a component-wise deflection of the matter wave
by imprinting a state-dependent momentum change. The attained spatial separation, reflection,
or recombination is expressed by labeling this process beam splitter or mirror for matter waves
reminding of the corresponding counterparts for light waves. We emphasize that the two pro-
cesses (i) and (ii) do not necessarily have to take place simultaneously, and only the first one is
genuine for a coupling zone.

In case the coupling zone for atoms is implemented with the help of laser pulses, it is the
interaction of an electric dipole with an oscillatory electric field that drives transitions between
different internal atomic states. For an implementation utilizing radio-frequency (RF) pulses, it
is instead a magnetic dipole that interacts with an oscillatory magnetic field [255]. It is intriguing
that both interactions can be described within the same mathematical framework.

In the following, we focus on the first alternative. First, we give a brief description of the
atom-light interaction. In particular, we derive the resonance condition for this process in the
presence of state-dependent potentials. Next, we relate our findings to the general description of
coupling zones, as introduced Section 2.2.2. In particular, we identify the transition amplitude
α

(j)
kl and the transition operator K̂(j)

kl for a coherent coupling process. Subsequently, we turn to
the special cases of beam splitters and mirrors for atoms, resulting from particular pulse areas
of the laser field. Finally, we summarize Raman and Bragg diffraction which constitute the two
major mechanisms for the implementation of coupling zones in light-pulse atom interferometers.

3.3.1 The atom-light interaction

Within the dipole approximation [191], the interaction of a two-level atom and a light field is
described by the coupling term −d̂E(r̂, t), where d̂ denotes the electric dipole operator for the
two-level atom.

In the following, we assume that the electric field

E(r̂, t) ≡ E(t) cos [ϕ(r̂, t)] (3.3)

is composed of the position-independent field amplitude E(t) and the phase

ϕ(r̂, t) = kLr̂− ωLt+ φL(t) , (3.4)

where kL, ωL, and φL(t) denote the wave vector, the frequency, and the laser phase, respectively.
The dipole operator d̂ then determines together with the field amplitude E(t) the Rabi

frequency
Ω(t) ≡ 1

~
〈1| d̂ |2〉E(t) , (3.5)

which we assume to be real-valued7.
7For the case of a complex Rabi frequency, the quantity Ω(t) has to be replaced by the absolute value |Ω(t)|

in the subsequent expressions. Furthermore, within the rotating wave approximation [191, 256] the phase of Ω(t)
can be incorporated as additional shift to ϕ(r̂, t).

59



Chapter 3 - Atom interferometry with branch-dependent linear and quadratic potentials

For vanishing diagonal elements of the dipole operator d̂, the entire Hamiltonian Ĥ(t) for
the coupling process contains on the one hand the off-diagonal elements of the interaction term
−d̂E(r̂, t). On the other hand, also the diagonal elements Ĥk(t), Eq. (3.1), of the Hamiltonian
in the free propagation zone enter.

With the help of Eqs. (3.3) and (3.5) the entire Hamiltonian during the coupling process
then takes the form

Ĥ(t) = Ĥ1(t)⊗ |1〉 〈1|+ Ĥ2(t)⊗ |2〉 〈2| − ~Ω(t) cos [ϕ(r̂, t)]⊗ (|1〉 〈2|+ |2〉 〈1|) (3.6)

in agreement with Eq. (2.2). Accordingly, the Rabi frequency Ω(t) plays the role of the coupling
parameter appearing in Section 2.2.2.

For the atom-light interaction taking place in the short time interval t−j ≤ t ≤ t+j of duration
∆tj , where t±j = tj ±∆tj/2, we assume a constant Rabi frequency Ω(t) ∼= Ω(tj) and a slowly-
varying laser phase φL(t) ∼= φL(tj). Moreover, we require that the state-dependent potentials
Vk(r̂, t) ∼= Vk(r̂, tj), entering in the diagonal elements Ĥk(t) with k = 1, 2, are approximately
constant during the pulse.

We rigorously study this particular kind of coupling in Appendix C. In addition to the
analysis presented in Ref. [171], we fully take into account the effects of the state-dependent
potentials Vk(r̂, tj). We now present a summary of the key results.

The resonance condition for state-dependent potentials

To allow for a perfect population inversion of the internal atomic state |k〉 in combination with
a controlled modification of the associated external state

∣∣∣ψk(t−j )
〉

with k = 1, 2, we aim at a
resonant coupling of the atom and the light field.

Within the rotating wave approximation [191, 256], we show in Appendix C.2 that a perfect
resonance can be obtained for eigenstates of the detuning operator

∆(r̂, p̂) ≡ 1
~

[V2(r̂, tj)− V1(r̂, tj)]− ωL + p̂kL
m

(3.7)

with a vanishing eigenvalue. We emphasize that the form of ∆(r̂, p̂) crucially depends on the
diagonal elements Ĥk(t) of the Hamiltonian for the coupling zone, which are here given by
Eq. (3.1).

We focus now on the resonance conditions for eigenstates of the operator ∆(r̂, p̂) and two
relevant cases: (a) the potential difference V2(r̂, tj)−V1(r̂, tj) equals a scalar, and (b) the induced
momentum transfer of the atom-light interaction is negligible, that is kL ∼= 0.

(a) During the coupling we require F1(tj) = F2(tj) for the linear coefficients of the poten-
tial Vk(r̂, tj), Eq. (3.2). Consequently, the detuning operator ∆(r̂, p̂), Eq. (3.7), be-
comes independent of the position operator r̂ and a resonant coupling of the two mo-
mentum eigenstates |p0〉 ⊗ |1〉 and |p0 + ~kL〉 ⊗ |2〉 is possible [89, 222]. In this situa-
tion, the operator p̂ in the detuning operator ∆(r̂, p̂) takes the value p0 + ~kL/2. With
V2(r̂, tj)− V1(r̂, tj) = E2(tj)− E1(tj) and the requirement of a vanishing detuning, the
resonance condition reads

~ωL = E2(tj)− E1(tj) + ~ωD + ~ωrec (3.8)

60



3.3 Implementation of the coupling zone

as obtained with Eq. (3.7). Here we have introduced the Doppler frequency [89, 171]

ωD ≡
p0kL
m

(3.9)

and the recoil frequency

ωrec ≡
~ |kL|2

2m . (3.10)

The resonance condition Eq. (3.8) can then be satisfied by an appropriate choice of the
laser frequency ωL.

(b) For a negligible momentum transfer with kL ∼= 0, the detuning operator ∆(r̂, p̂) in Eq. (3.7)
becomes independent of the momentum operator p̂. Hence, a resonant coupling of the
position eigenstates |r0〉 ⊗ |1〉 and |r0〉 ⊗ |2〉 is possible. The resulting resonance condition
reads

~ωL = V2(r0, tj)− V1(r0, tj) , (3.11)

which can again be satisfied by an appropriate choice of the laser frequency ωL.

In order to implement a resonant coupling scheme based on the alternatives (a) or (b),
the following remarks should be considered: Before the coupling zone applied at time tj , the
external state |ψk〉 associated with the internal state |k〉 corresponds at best approximately
to a momentum or position eigenstate. Hence, even if (a) the resonance condition, Eq. (3.8),
is fulfilled with respect to the expectation value 〈ψk(tj)| p̂ |ψk(tj)〉 instead of p0, and (b) the
resonance condition, Eq. (3.11) is satisfied with respect to 〈ψk(tj)| r̂ |ψk(tj)〉 instead of r0, only
specific parts of the external state will be on resonance. This restriction leads to the effects of
velocity selectivity [247] and position selectivity, respectively, as evident by expanding the state
|ψk(tj)〉 in momentum or position eigenstates.

Besides this fundamental limitation, there are further experimentally relevant effects as the
influence of the finite size of the atomic cloud or the laser beam, which generally reduce the
efficiency of the coupling process [89, 257].

3.3.2 Transition amplitude α
(j)
kl and operator K̂(j)

kl

We now present the time evolution operator for the dynamics due to the atom-light interaction
as obtained in Appendix C.3. In particular, we determine the transition amplitude α(j)

kl and
operator K̂(j)

kl , introduced in Section 2.2.2, for a resonant atom-light interaction.
Within the rotating wave approximation and for the case of a resonant coupling, the time

evolution operator for the Hamiltonian Ĥ(t), Eq. (3.6), reads

Û(tj) = cos
(
θj
2

)
⊗ 12 + sin

(
θj
2

) [
eiϕ(r̂,tj)+iπ/2 ⊗ |2〉〈1|+ e−iϕ(r̂,tj)+iπ/2 ⊗ |1〉〈2|

]
, (3.12)

where we have neglected phase shifts of order ∆tj due to the short duration of the coupling.
Here 12 denotes the identity in the subspace of the internal states and

θj =
∫ t+j

t−j

dτ Ω(τ) = Ω(tj)∆tj (3.13)
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is the pulse area.
For a negligible momentum transfer with kL ∼= 0, the operator ϕ̂j ≡ ϕ(r̂, tj) in Eq. (3.12)

reduces to the scalar ϕj according to Eq. (3.4). In this case, the time evolution operator Û(tj)
describes Rabi oscillations of the internal states |1〉 and |2〉, corresponding to rotations on the
Bloch sphere characterized by the angles θj and ϕj . Additionally, for kL 6= 0 the position depen-
dence of ϕ(r̂, tj) allows for a state-dependent modification of the associated external motional
states during the coupling process. This mechanism constitutes the basis for beam splitters and
mirrors for atoms formed by light fields.

In agreement with Section 2.2.2, Eq. (3.12) is exact for the case of an instantaneous cou-
pling [173] induced by the effective Hamiltonian

Ĥeff ∼= −
~Ω(t)

2
[
Ĥ+(tj)⊗ |2〉〈1|+ Ĥ−(tj)⊗ |1〉〈2|

]
(3.14)

with t−j < t < t+j and Ω(t) = θjδ(t − tj), where the unitary operator Ĥ±(tj) = exp (±iϕ̂j), is
determined by the phase ϕ(r̂, tj) of the electric field.

Next, by making use of these results together with the explicit expression Eq. (3.12) for the
time evolution operator Û(tj), we obtain the transition amplitude α(j)

kl = 〈k|α(j) |l〉, defined by
Eq. (2.14), with

α(j) =


∣∣∣cos

(
θj
2

)∣∣∣ ∣∣∣sin ( θj2 )∣∣∣∣∣∣sin ( θj2 )∣∣∣ ∣∣∣cos
(
θj
2

)∣∣∣
 . (3.15)

Consequently, the transition amplitude α(j)
kl is solely determined by the pulse area θj .

Moreover, for 0 ≤ θj ≤ π the transition operator K̂(j)
kl ≡ 〈k| K̂(j) |l〉, as defined by Eq. (2.14),

reads
K̂(j) = ~

(
0 ϕ(r̂, tj)− π

2
−ϕ(r̂, tj)− π

2 0

)
(3.16)

being governed by the phase ϕ(r̂, tj), Eq. (3.4), of the electric field.
We emphasize that the expressions in Eqs. (3.15) and (3.16) are approximations and only

valid for a resonant and almost instantaneous coupling. In fact, for laser pulses of short duration,
also contributions due to off-resonant electromagnetic waves have an influence on the internal and
external dynamics [172]. In this case a two-level approximation may no longer be applicable.
For these reasons, the duration of the coupling should be sufficiently long such that rapidly
oscillating terms can be neglected within the rotating wave approximation [191, 256]. The pulse
should also be sufficiently short such that the resonance condition presented in the preceding
section is not affected by a modification of the external state during the pulse. We explore these
questions in more detail in Appendix C.

The consequences of a finite pulse duration for a scalar difference V2(r̂, tj) − V1(r̂, tj) have
already been addressed in Refs. [171, 258].

3.3.3 Beam splitters and mirrors for atoms

The resonant and coherent coupling scheme described by the operator Û(tj), Eq. (3.12), is
of particular relevance as it gives rise to two basic elements [172–174, 222, 247] of an atom
interferometer, namely beam splitters and mirrors. Different from beam splitters and mirrors
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for light waves being located at particular positions, beam splitters and mirrors for atoms are
applied at particular times tj , although their action could as well depend on the position of the
atoms. We now present the characteristic features of these two processes.

Figure 3.1: Coupling zones for a working system composed of the states |1〉 and |2〉 corresponding
to the internal states of a two-level atom. In (a) we display a beam splitter realized by a laser
pulse with pulse area π/2 and applied at time tj by a dashed yellow line. This process results in an
identical transition amplitude α(j)

kl = 1/
√

2 for all possible transitions (k, l = 1, 2). Importantly,
the operator ϕ(r̂, tj) governs the transition operator for the transitions |1〉 → |2〉 and |2〉 → |1〉,
and defines the accumulated phase shift and momentum transfer. These two processes differ by
the sign in front of ϕ(r̂, tj), as displayed in the rectangular boxes. In (b) we present a mirror
which is realized by a laser pulse of pulse area π applied at time tj that interacts with the atom.
Here two branches, depicted by a red cross, are not populated and ideally a perfect inversion of
the working states is achieved. In general, such a mirror for atoms does not invert the momenta
of the corresponding external states, but induces momentum and phase shifts.

• Beam splitter: A π/2-pulse is obtained for θj = π/2 and creates a coherent, equally
weighted superposition of the states |1〉 and |2〉 when applied to one of these working
states. This property is evident from the time evolution operator Û(tj), Eq. (3.12), and
demonstrated in Fig. 3.1 (a). A π/2-pulse is characterized by the matrix

α(j) = 1√
2

(
1 1
1 1

)
(3.17)

determining the transition amplitudes α(j)
kl according to Eq. (3.15). Due to the linear

dependence of the phase ϕ(r̂, tj), Eq. (3.4), on the position operator r̂, the time evolution
operator Û(tj), Eq. (3.12), can induce state-dependent momentum shifts. These shifts
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result in a spatial separation of the state-dependent components of the entire atomic wave
packet.

• Mirror: In the case of a π-pulse obtained for θj = π, the operator Û(tj) creates a perfect
inversion of the internal states |1〉 and |2〉, as shown in Fig. 3.1 (b). The associated
transition amplitudes are determined by

α(j) =
(

0 1
1 0

)
. (3.18)

We point out that the name “mirror” might be misleading. In general, this coupling
process does not invert the atomic momentum, but imprints state-dependent momentum
shifts ±~kL due to the linear position-dependence of ϕ(r̂, tj).

The transition operator K̂(j), Eq. (3.16), is approximately the same for both coupling pro-
cesses. Moreover, while perfect beam splitters and mirrors imprint additional phases and lead
to displacements in momentum, they do not distort the external states corresponding to the
atomic center-of-mass motion.

3.3.4 Raman and Bragg diffraction

In order to avoid decays from one working state into the other, coupling schemes for light-
pulse atom interferometry employ at least two light fields which induce stimulated two-photon
processes. We now briefly summarize the key features of the two standard diffraction schemes,
namely Raman and Bragg diffraction.

Raman diffraction

A Raman process [41, 173, 196, 222, 247] describes a two-photon transition for a three-level
system in a Λ-configuration, enabling a sufficient coupling of the two internal states |1〉 and
|2〉 via an ancilla state |3〉. This process can be illustrated by the absorption of a photon from
the first light field, followed by a stimulated emission resulting from the second light field. The
corresponding single-photon transitions |1〉 ←→ |3〉 and |3〉 ←→ |2〉 are characterized by the
Rabi frequency Ω1(tj) and Ω2(tj), respectively. In order to suppress spontaneous emission, the
two-photon transition is far detuned from the ancilla state |3〉, as quantified by the common
detuning ∆c.

In the case ∆c � Ωi(tj) with i = 1, 2, the ancilla state |3〉 can be eliminated perturba-
tively [42, 173], and the description presented in the preceding section for the coupling of the
states |1〉 and |2〉 essentially remains valid. Indeed, we obtain the effective Rabi frequency

Ω(tj) =̂ Ω1(tj)Ω2(tj)
2∆c

(3.19)

for the resonant two-photon process, where we have assumed real-valued Rabi frequencies Ω1(tj)
and Ω2(tj) which are constant during the coupling.

Moreover, the phase ϕ(r̂, t), Eq. (3.4), has to be substituted [42, 247, 259] by the difference
ϕ2(r̂, t)− ϕ1(r̂, t) of the phases corresponding to the respective light field. Thus, we obtain the
effective frequency

ωL =̂ ωL,2 − ωL,1 (3.20)

64



3.3 Implementation of the coupling zone

and wave vector
kL =̂ kL,2 − kL,1 (3.21)

for the two-photon process.
For a rigorous description of the Raman process additional effects as Stark shifts [113, 134,

222] have to be considered, which are not taken into account in this simplified picture. We refer
to Refs. [42, 247] for a detailed analysis of this process.

We are now in the position to transfer some of the results obtained for a single-photon
process to the case of a two-photon transition. For this purpose, we consider a scalar difference
of the state-dependent potentials Vk(r̂, tj) during the interaction corresponding to the resonance
condition for the case (a) in Section 3.3.1. Now the two light fields enable a resonant coupling [42,
89, 173, 222, 247] of the two momentum eigenstates |p0〉 ⊗ |1〉 and |p0 + ~kL〉 ⊗ |2〉 leading to
the effective momentum transfer ±~kL. Thus, according to Eq. (3.21), the momentum transfer
is maximized for counter-propagating light fields, that is kL,1 ∼= −kL,2. In contrary, the resulting
momentum transfer is negligible for co-propagating light fields with kL,1 ∼= kL,2.

Since Raman diffraction is a two-photon process, it has some major advantages [260] in
comparison to a single-photon process: (i) Raman pulses enable the resonant coupling of two
long-lived hyperfine ground states |1〉 and |2〉. In the ideal case, a single-photon transition
between these states is forbidden as a consequence of selection rules. (ii) A two-photon transition
being far detuned from the ancilla state strongly suppresses spontaneous emission and thus
improves the quality of beam splitters and mirrors [89]. (iii) For counter-propagating beams, as
mentioned above, the resulting momentum transfer to the atom is enhanced.

Bragg diffraction

In contrast to Raman diffraction, Bragg diffraction [217–224] does not alter the internal atomic
state |1〉. Instead, it drives a resonant two-photon process between two momentum states
|p0〉 ⊗ |1〉 and |p0 + ~kL〉 ⊗ |1〉 being associated with the same internal state. Here kL cor-
responds again to the difference of the wave vectors kL,1 and kL,2 of the two light fields. In
order to suppress spontaneous emission, this two-photon transition is far detuned from an an-
cilla state |2〉, similarly to the Raman case.

For the realization of efficient beam splitters and mirrors, the resonance condition Eq. (3.8)
has to be fulfilled more precisely than in the case of a Raman pulse because the typical frequency
difference of the working states is of a different order [222]. Thus, the experimental implemen-
tation of this coupling scheme requires a sufficiently narrow width of the atomic momentum
distribution.

The key advantages of Bragg pulses are the following: (i) They enable light-pulse atom
interferometers without essentially using internal states. Thus, the uncontrolled influence of
state-dependent effects, such as Stark- or Zeeman shifts induced by noisy fields, on the inter-
ferometer phase is suppressed. (ii) By adjusting the resonance condition, Bragg pulses can
also induce higher-order diffraction processes, increasing the effective momentum transfer to the
atom. This feature forms together with the sequential application of Bragg pulses the basis
for large momentum transfer (LMT) beam splitters [89]. Indeed, atom interferometers employ-
ing LMT beam splitters based on Bragg diffraction [250] in combination with Bloch oscilla-
tions [89, 136, 225, 261–266] have achieved momentum transfers up to 400 ~kL [136, 265, 266].

An interferometer based on Bragg pulses does not distinguish between working and sensing
states, but uses a combined working and sensing system. Moreover, Bragg pulses only pair well
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with the motion in an approximately linear potential. Otherwise, the motional state of the atom
does in general not correspond to a momentum eigenstate as addressed in Section 3.4.

Moreover, particular noise sources can be compensated by using a symmetric diffraction
process. For this purpose, more sophisticated techniques make use of two opposite Raman or
Bragg pulses giving them the name double Raman [94, 267], or double Bragg diffraction [221,
222, 268], respectively.

A comparison of different diffraction mechanism is presented in Ref. [269].

3.4 Propagation along the interferometer branches

After having defined the concrete building blocks of an atom interferometer in the preceding
section, we are now in the position to combine the different elements. For this purpose, we
consider an interferometer consisting of n coupling zones acting at time tj (j = 1, . . . , n) which
are separated by zones of free propagation. First, we discuss the requirements to achieve a
resonant coupling for all coupling zones. Next, we identify the interferometer branches and
derive the time evolution along these branches.

3.4.1 Resonant coupling for all coupling zones

In Section 3.3 we have shown that, in general, a resonant coupling at time tj can only be
achieved for particular sensing states |ψk(tj)〉 associated with the working state |k〉. Even in the
case of an ideal preparation of the initial state |ψi〉, we have to take into account its evolution
in the free propagation zones. Thus, only in very particular cases it is possible to achieve a
resonant coupling for all coupling zones. Otherwise, effects as velocity and position selectivity
will become relevant.

In the following, we discuss a few examples where ideally a perfect resonant coupling in all
coupling zones can be achieved, and the results obtained in the previous section can directly be
applied.

Perfect coupling for linear potentials and momentum eigenstates

First, we consider the case that the state-dependent potential Vk(r̂, t), Eq. (3.2), for the free
propagation zone only contains contributions that are at most linear in r̂. In such a system
an initially prepared momentum eigenstate remains a momentum eigenstate. For instance, in a
constant linear potential Vk(r̂, t) with state-independent coefficients F̄0 ≡ F1 = F2, the state |p0〉
at time ti evolves to the momentum eigenstate exp [iφp(t)]

∣∣∣p0 + F̄0(t− ti)
〉

at time t, where φp(t)
denotes a time-dependent phase. Consequently, not only the first pulse in the interferometer at
time t1, but all pulses can be driven resonantly while imprinting a state-dependent momentum
transfer.

In this example the laser frequency ωL of the atom-light interaction has to be modified for
each coupling zone at time tj . With a constant difference E2(tj) − E1(tj) of the coefficients in
the potential Vk(r̂, t), the chirp [42]

ωL(tj) = ωL(t1)− F̄0kL(tj − t1)
m

(3.22)
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changes the laser frequency ωL(tj) at time tj with respect to the laser frequency ωL(t1) at
time t1. This technique compensates the Doppler shift and maintains the resonance for all
pulses according to Eq. (3.8). In the case of a Bragg or Raman process, this compensation
can also be achieved [259] by chirping both laser frequencies ωL,1 and ωL,2 with the chirp rate
±F̄0kL(tj − t1)/(2m), respectively, as evident from Eq. (3.20). Such a frequency chirp can be
implemented experimentally with the help of acousto-optical modulators (AOMs).

Furthermore, for a state- and time-dependent function Fk(t) at each coupling zone only
momentum eigenstates that differ by ~kL(tj) can be coupled as discussed in Section 3.3. We
emphasize again that this coupling scheme is restricted to the use of momentum eigenstates
as sensing states in combination with a potential Vk(r̂, t) that is linear in r̂. Otherwise, it is
in general not possible to satisfy the resonance conditions for the different coupling zones and
effects as velocity selectivity will occur.

Perfect coupling for general potentials with negligible momentum transfer

Despite the results of the preceding section, one might wonder if it is possible to achieve a
perfect coupling for a general state-dependent potential Vk(r, tj) in Eq. (3.1). For this purpose,
we study now the case of a negligible momentum transfer due to the atom-light interaction,
that is kL ∼= 0. In this case the resonance condition Eq. (3.11) has to be satisfied for all
coupling zones. In general, this condition requires that the sensing state |ψk(t)〉 corresponds to
a position eigenstate. Since the state |ψk(t)〉 might undergo complicated dynamics during the
free evolution zones, an initially prepared position eigenstate |r0〉 at time t1 does in general not
remain a position eigenstate.

Nevertheless, it is still possible to achieve a perfect coupling independently of the sensing
state. For this purpose, we require the difference V2(r̂, tj)− V1(r̂, tj) = E2(tj)− E1(tj) of the
potentials to be position-independent during the coupling. This requirement corresponds to
the situation that the detuning operator ∆ (r̂, p̂), Eq. (3.7), is independent of the position and
momentum operators r̂ and p̂.

This coupling scheme is particularly useful to probe a potential with an unknown position
dependence which acts similarly on both sensing states. Here the state-dependent contributions
to the potential Vk(r̂, t) are experimentally controlled quantities and determined by the particular
interferometer scheme. During the coupling zones these contributions should be turned off except
for a scalar energy offset to enable a resonant coupling.

Although this coupling process requires a negligible momentum transfer, it is instead possible
to apply a state-dependent momentum transfer during the free propagation zones as discussed
in Section 6.2. Especially for long interferometer times, where the time evolution might induce
a drastic change of the sensing states, this coupling scheme could be beneficial for minimizing
the influence of the atom-light interaction on the signal of the interferometer.

3.4.2 The branch-dependent time evolution operator

We are now in the position to combine the time evolutions in the free propagation and coupling
zones. For this purpose, we follow the method presented in Section 2.3 and describe the entire
interferometer with the help of branches.

First, we recall that the state-dependent Hamiltonian Ĥk(t), Eq. (3.1), in the free propagation
zone with k = 1, 2 was assumed to be quadratic in position. Moreover, with Eq. (3.16) the off-
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diagonal elements K̂(j)
kl of the transition operator for the coupling zone are approximately linear

in position. According to the procedure outlined in Section 2.3.2, the effective branch-dependent
Hamiltonian

Ĥb(t) = p̂2

2m + Vb(r̂, t) (3.23)

then contains a potential of the form

Vb(r̂, t) = 1
2mr̂Tω2

0r̂− Fb(t)r̂ + Eb(t) (3.24)

for the branch b = I, II, . . . , N , where the number of branches N = 2n−1 results from the
number of coupling zones n.

The Hamiltonian Ĥb(t), Eq. (3.23), describes the three-dimensional motion in a driven har-
monic oscillator. Here ω0 denotes the frequency tensor, Fb(t) is a branch-dependent driving,
and Eb(t) corresponds to a branch-dependent energy offset. An illustration of the construction
scheme for the functions Fb(t) and Eb(t) will be presented in Section 3.6 for only two populated
interferometer branches. In the one-dimensional case this system agrees with the one explored
in Section 2.4, and a straightforward generalization of the different approaches presented there
is possible. In the following, we make use of a representation-free description.

Next, we consider the time evolution due to the Hamiltonian Ĥb(t), Eq. (3.23). In Ap-
pendix D we obtain in agreement with Refs. [176, 270, 271], the time evolution operator

Ûb(t, ti) = exp [iφb(t)] D̂ [Rb(t),Pb(t)] exp
[
− i
~

(
p̂2

2m + m

2 r̂Tω2
0 r̂
)

(t− ti)
]

(3.25)

describing the dynamics for the branch b. The displacement operator

D̂ (R,P) ≡ exp
[
− i
~

(Rp̂−Pr̂)
]

(3.26)

is evaluated with respect to the momentum

P = Pb(t) =
∫ t

ti
dτ cos [ω0 (t− τ)] Fb(τ) (3.27)

and the position

R = Rb(t) = (mω0)−1
∫ t

ti
dτ sin [ω0 (t− τ)] Fb(τ) (3.28)

of a classical particle in a driven harmonic oscillator having the initial conditions Pb(ti) = 0
and Rb(ti) = 0. The corresponding phase reads

φb(t) = 1
~

∫ t

ti
dτ
[1

2Fb(τ)Rb(τ)− Eb(τ)
]
. (3.29)

The quantum mechanical driven harmonic oscillator has already been studied extensively,
and also served as a model in the context of atom interferometry [175–177]. In the following,
we are, however, primarily interested in the properties of the branch-dependent functions Fb(t)
and Eb(t) and their influence on the interferometer contrast and phase shift.
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3.5 An interferometer with two interfering branches

In this section we discuss the output of the interferometer when only two branches contribute
to the interference signal. The more general case of N interfering branches is considered in
Section 3.7.

To implement such a two-branch interferometer, we assume that only the first and the last
coupling zone at time t1 and tn, respectively, correspond to a beam splitter, whereas all other
coupling zones at time tj (j = 2, . . . , n − 1) describe perfect mirrors [69]. As demonstrated in
Fig. 3.1 (b), the number of populated branches does not change after the application of an ideal
mirror pulse.

Then only two branches with non-vanishing branch amplitude βb connect the input and
output ports |i〉 and |o〉, as defined in Section 2.2.3. For simplicity, we label these two branches
as the upper b = u and lower b = l branch of the interferometer.

With the help of Eq. (2.43), the interferometer output can be expressed as

Poi = β2
u + β2

l + 2βuβlC cos(δφ) , (3.30)

where we have introduced the amplitude C and phase δφ for the interference term

〈ψi| Û †l Ûu |ψi〉 = 〈ψi| Û †uÛl |ψi〉∗ ≡ Ceiδφ (3.31)

with the branch-dependent time evolution operator Ûb ≡ Ûb(tf , ti), Eq. (3.25).
For perfect beam-splitter pulses the transition amplitudes α(1)

kl = α
(n)
kl = 1/

√
2 are given by

Eq. (3.17). Then, according to Eq. (2.35), the branch amplitude is determined by the product
of all transition amplitudes along the particular branch. Hence, these two perfect beam-splitter
pulses in combination with perfect mirror pulses lead to an equal weight of both branches, as
expressed by the branch amplitudes βu = βl = 1/2.

As a result, we arrive with Eq. (3.30) at the expression [44, 175]

P11 = 1
2 (1 + C cos δφ) (3.32)

for the transition probability between the input port |i〉 = |1〉 and the output port |o〉 = |1〉.
The two quantities that govern the transition probability P11 are the interferometer contrast C
and the interferometer phase δφ.

In Fig. 3.2, we display the z-component Zb(t) of the branch-dependent displacement in posi-
tion Rb(t), Eq. (3.28), for the two branches b = u and b = l that contribute to the interferometer
output P11.

Similarly, we obtain the transition probability

P21 = 1
2 (1− C cos δφ) (3.33)

for the input port |i〉 = |1〉 and the output port |o〉 = |2〉 by considering the propagation along
the two branches indicated by a red cross in Fig. 3.2.

For t < tn these branches are identical to the ones connecting the input port |1〉 with the
output port |1〉. Indeed, compared to P11, Eq. (3.32), the expression for P21 results from an
additional phase shift of π at the last beam splitter pulse at t = tn. Here the two internal states
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Figure 3.2: A one-dimensional space-time diagram of a two-branch interferometer for a two-level
atom having the internal states |1〉 (dashed blue line) and |2〉 (solid red line). The atom interacts
with two beam splitter pulses at times t1 and tn and n− 2 perfect mirror pulses applied at time
tj (j = 2, . . . , n − 1) as depicted by yellow dashed lines. The free propagation and coupling
zones specify the branch- and time-dependent potential Vb(r̂, t) for the upper, b = u, and lower,
b = l, branch of the interferometer. Here we depict the branch-dependent displacement in
position Zb(t), that is the z-component of Rb(t). Moreover, we only visualize the interferometer
branches with a non-vanishing branch amplitude βb for the input port |i〉 = |1〉. All branches
that result in the internal state |1〉 at time tf determine the probability P11 for the output
port |1〉. In contrary, branches resulting in state |2〉 at time tf , as indicated by a red cross,
determine the probability P21 for the output port |2〉. Figure adapted from Ref. [69] under
license CC BY 3.0 (https://creativecommons.org/licenses/by/3.0/).

|1〉 and |2〉 constitute the only output ports of this interferometer as confirmed by the relation
P11 + P21 = 1.

In order to observe oscillatory interference fringes as a function of the phase δφ in the inter-
ferometer output P11 and P21, the contrast C with 0 ≤ C ≤ 1 should be maximized, according
to Eqs. (3.32) and (3.33), respectively. For this reason, we derive now explicit expressions for
both the contrast C and the phase δφ when the propagation along each interferometer branch
results from the motion in (a) a branch-dependent linear potential, and (b) a branch-dependent
driven harmonic oscillator.

3.5.1 The interferometer contrast

According to Eq. (3.31) the interferometer contrast C is governed by the operator product Û †l Ûu.
Here the time evolution operator Ûb for the branch b = u, l presented in Eq. (3.25) covers both
cases (a) and (b).

In Appendix E we use this result and express the operator product

Û †l Ûu = exp (i∆φ) D̂
[
δR′(tf), δP′(tf)

]
(3.34)

in terms of the phase ∆φ and the displacement operator D̂ [δR′(tf), δP′(tf)] defined in Eq. (3.26)
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in agreement with Refs. [174–176, 197]. The time-dependent vectors8

δP′(t) = cos [ω0(t− ti)] δP(t) +mω0 sin [ω0(t− ti)] δR(t) , (3.35)
δR′(t) = − (mω0)−1 sin [ω0(t− ti)] δP(t) + cos [ω0(t− ti)] δR(t) (3.36)

are evaluated at the final time tf .
Here, we have made use of the momentum difference

δP(t) ≡ Pu(t)−Pl(t) =
∫ t

ti
dτ cos [ω0(t− τ)] δF(τ) (3.37)

and the position difference

δR(t) ≡ Ru(t)−Rl(t) = (mω0)−1
∫ t

ti
dτ sin [ω0(t− τ)] δF(τ) (3.38)

for the classical phase-space trajectory associated with the upper and lower branch, respectively,
as resulting from Eqs. (3.27) and (3.28). In addition, we have introduced the difference

δF(t) ≡ Fu(t)− Fl(t) (3.39)

of the functions Fb(t) that determine the magnitude of the linear contribution to the branch-
dependent potential Vb(r̂, t), Eq. (3.24).

We consider now the contrast C in Eqs. (3.32) and (3.33) and obtain the expression

C =
∣∣∣〈ψi| D̂

[
δR′(tf), δP′(tf)

]
|ψi〉

∣∣∣ (3.40)

resulting from Eqs. (3.31) and (3.34). In order to maximize the interferometer contrast C
independently of the initial state |ψi〉, we require the operator D̂ [δR′(tf), δP′(tf)] to correspond
to the identity. This demand leads us, according to Eq. (3.26), to the closing conditions of the
interferometer, that is

δP′(tf) =
∫ tf

ti
dτ cos [ω0(τ − ti)] δF(τ) = 0 (3.41)

and

δR′(tf) = − (mω0)−1
∫ tf

ti
dτ sin [ω0(τ − ti)] δF(τ) = 0. (3.42)

As presented in Eqs. (3.35) and (3.36), the quantities δP′(t) and δR′(t) are determined by
the momentum difference δP(t), Eq. (3.37), and the position difference δR(t), Eq. (3.38), of the
classical phase-space trajectories associated with the upper and lower branch of the interferom-
eter. Thus, the closing conditions Eqs. (3.41) and (3.42) are equivalent to the fact that position
and momentum of these trajectories coincide at the final time tf , that is δP(tf) = δR(tf) = 0.
In this case we speak of closed interferometer with contrast C = 1, and otherwise of an open
interferometer.

8Since ω0 denotes in the general case a 3 × 3 matrix, the following expressions are defined by means of the
corresponding power series with respect to ω0. Since these power series do not contain the term ω−1

0 , we do not
have to demand the invertibility of the matrix ω0.
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In general, it is not sufficient to close the two branch-dependent classical trajectories in
phase space in order to obtain an interferometer with a perfect contrast C = 1. Nevertheless,
this requirement is sufficient for the particular form of the branch-dependent potential Vb (r̂, t),
Eq. (3.24), as has been demonstrated above.

Next, we investigate the closing conditions for the two cases of (a) a branch-dependent linear
potential, and (b) a branch-dependent driven harmonic oscillator in more detail.

(a) Closing conditions for the branch-dependent linear potential

For an interferometer where both branches are characterized by the motion in a branch-
and time-dependent linear potential, the closing conditions can be summarized by the
requirement ∫ ∞

−∞
dτ τ qδF(τ) = 0 (3.43)

for q = 0 and q = 1. Here δF(τ) = 0 for τ < ti and τ > tf . This result can be obtained
from Eqs. (3.41) and (3.42) for the case of a vanishing frequency tensor ω0 = 03, where
03 denotes the zero matrix of size 3× 3. Accordingly, in the presence of branch-dependent
linear potentials the interferometer is closed when both the zeroth and the first moment
of the function δF(τ) vanish.

(b) Closing conditions for the branch-dependent driven harmonic oscillator

In the case of a branch-dependent driven harmonic oscillator with ω0 6= 03, it is intriguing
to consider the quantity δP′(tf)+imω0δR′(tf) which enables the combination of the closing
conditions Eqs. (3.41) and (3.42). As a result, we arrive at the requirement∫ ∞

−∞
dτ e−iω0τδF(τ) = 0 (3.44)

with δF(τ) = 0 for τ < ti and τ > tf .

First, we assume that the function δF(τ) is independent of ω0. For a diagonal and real-
valued matrix ω0, the closing condition Eq. (3.44) corresponds to a vanishing compo-
nentwise Fourier transform. More generally, for a diagonal complex-valued matrix ω0,
Eq. (3.44) can be expressed as a vanishing componentwise Laplace transform by choosing
the integration limits appropriately. In both cases a power series expansion in ω0 can
be applied to arrive again at Eq. (3.43). In contrast to case (a), Eq. (3.43) now has to
be fulfilled for all integers q ∈ N0, corresponding to the fact that all moments of δF(τ)
should vanish in order to close the interferometer. Thus, provided the Fourier Inversion
Theorem [272] holds, the closing condition Eq. (3.44) results in δF(τ) ≡ 0, implying that
the interferometer is not opened at all.

Nevertheless, an interferometer with ω0 6= 03 and δF(τ) 6≡ 0 can still be closed to a
particular order Q. We label these interferometer geometries type-Q interferometers for
which the moments q = 0, . . . , Q of the function δF(τ) vanish according to Eq. (3.43).
Consequently, we have obtained a classification scheme for interferometers as illustrated
in Section 4.4.
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Provided that the function δF(τ) is allowed to depend on ω0, an interferometer with
quadratic branch-dependent potentials Vb(r̂, t), Eq. (3.24), can be closed exactly. In Chap-
ters 4 and 6 we present particular interferometer schemes in order to demonstrate this
possibility.

3.5.2 The interferometer phase

The subsequent expressions for the interferometer phase δφ constitute a central building block
of this thesis as they form the basis for the results presented in Chapters 4 and 6.

According to Appendix E.1, the interferometer phase

δφ = ∆φ+ φi (3.45)

in Eqs. (3.32) and (3.33) is the sum of the contributions

∆φ ≡ φu(tf)− φl(tf) + 1
2~ [Pu(tf)Rl(tf)−Pl(tf)Ru(tf)] (3.46)

with φu(tf) and φl(tf) being determined by Eq. (3.29), and

φi = arg
{
〈ψi| D̂

[
δR′(tf), δP′(tf)

]
|ψi〉

}
(3.47)

depending on the initial state |ψi〉 due to Eqs. (3.31) and (3.34).
For a closed interferometer only the phase ∆φ, Eq. (3.46), contributes and the interferometer

phase reduces to the difference

δφ = ∆φ = φu(tf)− φl(tf) (3.48)

of the phases φu(tf) and φl(tf) for the upper and lower branch.
As shown in Appendix E.2, it is then possible to express the interferometer phase as a sum

δφ = δφ0 + δφ1 (3.49)

of the two contributions

δφ0 ≡ −
1
~

∫ tf

ti
dτ δE(τ) (3.50)

and

δφ1 ≡
1
~

∫ tf

ti
dτ F̄(τ)δR(τ). (3.51)

Here we have introduced the difference

δE(t) ≡ Eu(t)− El(t) (3.52)

of the functions Eb(t), and the average

F̄(t) ≡ 1
2 [Fu(t) + Fl(t)] (3.53)
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of the functions Fb(t) for b = u, l, which both result from the branch-dependent potential Vb(r̂, t)
according to Eq. (3.24).

In fact, the expressions Eqs. (3.50) and (3.51) are identical for both cases of (a) a branch-
dependent linear potential, and (b) a branch-dependent driven harmonic oscillator. Indeed, the
dependence on ω0 only enters via the position difference δR(t), Eq. (3.38).

We emphasize that the interferometer phase δφ, Eq. (3.49), is independent of the initial
state |ψi〉 for a closed interferometer. Moreover, the phase shift in Eq. (3.49) coincides with the
result obtained within the semi-classical description [273] for branch-dependent linear potentials,
which is in general only applicable for closed interferometers.

In contrary, for open interferometers, we obtain in general δφ 6= ∆φ as shown in Eq. (3.45)
and analyzed in Appendix E. Accordingly, the interferometer phase δφ depends on the initial
state |ψi〉. A detailed discussion of such interferometer geometries is contained in Refs. [175, 176].

3.6 Schematic rules

We are now in the position to summarize our scheme for atom interferometers characterized
by branch-dependent potentials that are at most quadratic in position, containing a quadratic
term that is branch- and time-independent. We define simple schematic rules [69] for the case
that only two branches of the interferometer are populated and the coupling zones are realized
by a resonant coupling scheme as presented in Fig. 3.2. The subsequent rules are based on the
intuitive picture presented in Section 2.3.

The key ingredient of our method is the construction of the branch amplitude βb and a pair
of time-dependent functions {Fb(t), Eb(t)} corresponding to the upper b = u and lower b = l
branch of the atom interferometer. We illustrate this construction scheme in Fig. 3.3 for perfect
beam splitters and mirrors realized by an instantaneous coupling. For simplicity we choose the
input port |i〉 = |1〉 and the output port |o〉 = |1〉, and comment on the more general case below.

In the following we distinguish contributions arising from (i) the free propagation zone in the
interval (tj , tj+1) for j = 0, . . . , n with t0 ≡ ti, tn+1 ≡ tf , and (ii) the coupling zone at time tj for
j = 1, . . . , n. In (i) the motion is described by the Hamiltonian Ĥk(t), Eq. (3.1), with k = 1, 2,
while in (ii) the time evolution is characterized by the transition amplitude α(j), Eq. (3.15),
and the transition operator K̂(j), Eq. (3.16). The procedure to obtain the branch amplitude βb
and the functions Eb(t) and Fb(t), as well as the contrast C and phase δφ of the interferometer
consists of five steps9:

Step 1: Each branch amplitude βb results from the product of the transition amplitudes
α

(j)
kl = 〈k|α(j) |l〉 along the branch b resulting from the coupling zones at time tj with

respect to the transition |l〉 → |k〉 with k, l = 1, 2. For perfect beam splitters α(j)
kl = 1/

√
2,

Eq. (3.17), whereas for perfect mirrors αkk = 0 and αkl = 1 for k 6= l, Eq. (3.18).

Step 2: Each function Eb(t) is the sum of all contributions that arise from position-
independent potentials along the branch b and consists of the following summands as
illustrated in Fig. 3.2: (i) E1(t)Π(t|tj , tj+1) (dashed blue line) and E2(t)Π(t|, tj , tj+1) (solid
red line) for an atom in the state |1〉 and |2〉, respectively. (ii) −~Φ+(tj)δ(t − tj) at the

9Here δ(t) denotes the Dirac delta function and Π(t|tj , tj+1) is the rectangular function of unit height on the
interval (tj , tj+1) as defined by Eq. (2.38).
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transition |1〉 → |2〉 (change from dashed to solid line) or ~Φ−(tj)δ(t− tj) at the transition
|2〉 → |1〉 (change from solid to dashed line), where

Φ±(tj) ≡ Φ(tj)±
π

2 (3.54)

and
Φ(tj) ≡ −ωLtj + φL(tj) (3.55)

resulting from the Hermitian operator K̂(j)
kl = 〈k| K̂(j) |l〉.

Obtain the difference δE(t), Eq. (3.52), of the functions Eb(t) for the upper (b = u)
and lower (b = l) branch, which determines the contribution δφ0, Eq. (3.50), to the
interferometer phase.

Step 3: Each function Fb(t) is the sum of the coefficients of all terms contributing linearly
in position to the potentials along the branch b and consists of the following summands: (i)
F1(t)Π (t |tj , tj+1 ) (dashed blue line) and F2(t)Π (t |tj , tj+1 ) (solid red line) for an atom in
the state |1〉 or |2〉, respectively, and (ii) the momentum kick ~kLδ(t− tj) at the transition
|1〉 → |2〉 (change from dashed to solid line), as well as −~kLδ(t − tj) at the transition
|2〉 → |1〉 (change from solid to dashed line).

Step 4: Obtain the difference δF(t) of the functions Fb(t), defined by Eq. (3.39), for
b = u and b = l, as well as the difference in momentum δP(t), Eq. (3.37), and position
δR(t), Eq. (3.38).

Step 5: Check the closing conditions δP(tf) = δR(tf) = 0. Alternatively, test the
properties of the function δF(t) according to Eqs. (3.43) and (3.44) for the case of branch-
dependent linear or quadratic potentials, respectively, where in the latter case a branch-
independent frequency tensor ω0 is required.

(a) If the interferometer is closed, the contrast C = 1. Find the function F̄(t) defined
by Eq. (3.53), which determines together with δR(t) the contribution δφ1, Eq. (3.51).
The contribution δφ0, Eq. (3.50), is governed by the difference δE(t) according to Step
2. The interferometer phase δφ, Eq. (3.49), is then given as the sum of δφ0 and δφ1.
(b) If the interferometer is open, then the contrast C is given by Eq. (3.40) and
depends on δR(tf), δP(tf), according to Eqs. (3.35) and (3.36), as well as the initial
state |ψi〉. Its phase δφ, Eq. (3.45), is the sum of a contribution φi, Eq. (3.47),
depending on the initial state |ψi〉 and ∆φ, Eq. (3.46), being independent of |ψi〉.

There are a couple of additional remarks to these schematic rules:

• In Step 2 and 3 we have assumed an instantaneous coupling at time tj for the construction
of the functions Eb(t) and Fb(t). In order to consider a short, but finite duration of the
coupling, the Dirac delta function δ(t− tj) has to be replaced by the rectangular function
Π(t|t−j , t+j ). In addition, terms proportional to ∆tj = t+j −t

−
j resulting from the atom-light

interaction will contribute to these functions as shown in Appendix C.3.

• In Step 2 and 3 we have assumed the same frequency ωL and wave vector kL for all coupling
zones. In case these quantities vary for different pulses, they have to be replaced by the
corresponding frequency ωL(tj) and wave vector kL(tj) for the coupling zone at time tj .
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Figure 3.3: Space-time diagram for the (a) upper (b = u) and (b) lower (b = l) branch of the
two-branch interferometer presented in Fig. 3.2 with respect to the input and output port |1〉.
Here a dashed blue line indicates the state |1〉 while a solid red line corresponds to the state
|2〉. Thus, both branches start from and end in a dashed line. Below each diagram we show the
corresponding branch amplitude βb and a pair of the time-dependent functions Eb(t) and Fb(t).
Each branch amplitude βb results from the product of all transition amplitudes at the coupling
zones along the branch. Each function Eb(t) arises from position-independent potentials and
is a sum of (i) contributions Ek(t)Π (t |tj , tj+1 ) in the free propagation zone for atoms in the
state |k〉 and (ii) contains the scalar terms ±~Φ∓(tj)δ(t − tj), see Eq. (3.54), imprinted at the
coupling zones. Moreover, each function Fb(t) is a sum of (i) contributions Fk(t)Π (t |tj , tj+1 ) in
the free propagation zone for the atom in the state |k〉 for k = 1, 2, and (ii) the momentum kicks
+~kLδ(t−tj) and −~kLδ(t−tj) for the transition |1〉 → |2〉 and |2〉 → |1〉, respectively. The cou-
pling zones are applied at time tj for j = 1, . . . n, where n denotes their number. Figure adapted
from Ref. [69] under license CC BY 3.0 (https://creativecommons.org/licenses/by/3.0/).
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3.7 Generalization for N interfering branches

• In Step 2, 4 and 5 the two interfering branches that determine the functions δE(t), δF(t),
δP(t), δR(t), and F̄(t) depend on the input and output ports |i〉 and |o〉 of the interfer-
ometer. In Fig. 3.3 we display the trajectories for the branches associated with the output
port |o〉 = |1〉. If instead the output port |o〉 = |2〉 is chosen, we obtain the same results
for t < tn. As the time-evolution for t > tn+ ∆tn/2 does not affect the interference signal,
only the action of the last coupling zone applied at time tn is different for both output
ports. In fact, due to Φ+(tn) = Φ−(tn) + π, resulting from Eq. (3.54), the results of the
output ports |2〉 and |1〉 are related by an additional phase shift of π contributing to δE(t).

3.7 Generalization for N interfering branches

So far, we have only considered the case when two interferometer branches contribute to the
interferometer output. However, there are various effects that lead to a larger number of pop-
ulated interferometer branches. For instance, (i) a non-perfect population transfer between
different working states in a coupling zone, as resulting from imperfect mirrors and beam split-
ters. (ii) A coupling zone of finite duration, as apparent by its decomposition into a sequence
of almost instantaneous couplings. (iii) A larger number of populated working states. We have
addressed some of these possibilities in Section 2.5 in more detail. To some extend it is possible
to accommodate these more realistic effects in our approach.

In the following, we first discuss in Section 3.7.1 the determination of the interferometer
output when multiple interferometer branches contribute to the interference signal. Then we
present in Section 3.7.2 consequences for the contrast of the interferometer.

3.7.1 Determination of the interferometer output

First, we focus on the output of the interferometer by including all N populated branches of
the interferometer. As shown in Eq. (2.43), the interferometer output is then determined by the
weighted sum

Poi =
N∑

b=1
β2

b + 2
N∑

b,b′=1
b<b′

βb′Cb′b cos(δφb′b)βb (3.56)

with the branch amplitudes βb and βb′ . Here the interference of the branches b and b′ for b 6= b′
is characterized by the contrast Cb′b and the phase δφb′b as defined by the matrix element
〈ψi| Û †b′Ûb |ψi〉, Eq. (2.40). This matrix element can be evaluated completely analogous to the
case of only two interfering branches discussed beforehand, provided that the evolution along
these branches is characterized by a linear or quadratic potential Vb(r̂, t), Eq. (3.24).

For this purpose, we first construct the branch amplitude βb and the functions Eb(t) and
Fb(t) for all N branches of the interferometer according to Step 1-3 of our schematic rules
presented in Section 3.6. Next, we consider the interference of the two branches b and b′.
Here we replace the function δF(t), Eq. (3.39), by δFb′b(t) ≡ Fb(t)− Fb′(t) and determine the
corresponding difference in momentum δPb′b(t) and position δRb′b(t) according to Eqs. (3.37)
and (3.38) for the two branches b and b′, similar to Step 4.

In case the associated trajectories coincide in phase space at the final time tf , that is
δPb′b(tf) = δRb′b(tf) = 0, the contrast Cb′b = 1 is maximal. Here, similar to Step 5 (a), the
associated phase δφb′b becomes independent of the initial state |ψi〉. In analogy to Eq. (3.49) this

77



Chapter 3 - Atom interferometry with branch-dependent linear and quadratic potentials

phase is given by the sum of the two contributions δφb′b,0 and δφb′b,1. We obtain δφb′b,0 by re-
placing the function δE(t) by δEb′b(t) ≡ Eb(t)−Eb′(t) in Eq. (3.50). Moreover, the contribution
δφb′b,1 is determined by replacing the average F̄(t) in Eq. (3.51) by F̄b′b(t) ≡ [Fb(t) + Fb′(t)] /2
together with δRb′b(t) instead of δR(t).

We generalize Step 5 (b) for open branches b and b′ with δPb′b(tf) 6= 0 or δRb′b(tf) 6= 0
analogously. In order to evaluate the interferometer output Poi, Eq. (3.56), it is then necessary
to repeat this analysis for all pairs of branches b and b′ with b, b′ = 1, . . . , N and b < b′. Thus,
the results obtained in Sections 3.5 and 3.6 can easily be generalized for N interfering branches.

3.7.2 Loss of contrast for multiple interferometer branches

We focus now on the interferometer output Poi, Eq. (3.56), for the case of multiple interferometer
branches. Here the phase δφb′b for the interference of the branches b and b′ only contributes to
Poi for a non-vanishing contrast Cb′b 6= 0 associated with these branches.

According to Eq. (3.40) the contrast Cb′b is determined by the overlap of the initial state
|ψi〉 and the state obtained after the application of the displacement operator. Hence, in case
that the trajectories associated with the branches b and b′ do not coincide in phase space at the
final time tf , the corresponding contrast Cb′b is reduced.

In an experiment, a perfect closing of these trajectories in phase space requires an accurate
control of the dynamics along the different branches. Thus, in the simplest case the interferom-
eter is only closed for one pair of branches, which we label again as the upper b = u and lower
b = l branch. A substantial separation in phase space for all other branches in general leads to
a significant loss of the associated contrast, that is Cbb′ ∼= 0 for b 6= b′ and b,b′ 6= u, l.

However, there are particular counterexamples when there are more than two interferometer
branches that contribute substantially to the interference signal. For instance, an interferometer
that is not opened in space at all, or one that has a particular symmetry, as in the Butterfly
geometry discussed in Section 4.3, achieves a closing of more than two branches.

Next, we consider the case that only the interference of the upper and lower branch is
associated with a non-vanishing contrast C. Exemplarily, we assume an equal population of
all interferometer branches, that is βb = (1/

√
2)n. Such an equal distribution can be obtained

if all n coupling zones correspond to perfect beam splitters as introduced in Section 3.3.3. As
demonstrated in Section 2.3 the total number of populated interferometer branches N = 2n−1

scales exponentially with respect to the number n of coupling zones.
According to Eq. (3.56), the interferometer output then reads

Poi = 1
2 + 1

N
C cos(δφ), (3.57)

and is only determined by the contrast C and phase δφ associated with the upper and lower
branch.

Even in case of a perfect contrast C = 1 for these two branches, the oscillatory contribution
in the interferometer output Poi is washed out as the number N of interferometer branches is
increased. In order to enhance the interference signal it is therefore advisable to only populate
pairs of branches for which the respective closing condition can be satisfied.

Such an optimal scheme can be realized by the use of perfect beam splitters at time t1 and
tn and perfect mirrors for all other coupling zones at time tj with j = 2, . . . , n− 1 as discussed
in the previous sections. Since the experimental implementation of these devices is not perfect,
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a possible strategy to maintain a strong interferometer signal is the reduction of the number N
of coupling zones for the atom interferometer. In principal, only two coupling zones realized by
perfect beam splitters applied at times t1 and t2 are sufficient.

3.8 Discussion

In Section 3.8.1 we identify advantages of our formalism in comparison to other representation-
free operational approaches applicable for the analysis of atom interferometers. Subsequently, we
focus in Section 3.8.2 on the interferometer phase and present different interpretations together
with resulting implications. Finally, we address in Section 3.8.3 limitations of our approach
together with possible extensions.

3.8.1 A formalism based on functions instead of operators

Section 3.6 represents one of the main features of this chapter – a methodology to analyze an
atom interferometer with two populated branches. Here we have assumed that the atoms are
exposed to (a) a state- and time-dependent linear potential in position, and (b) a quadratic
potential in position described by a constant frequency tensor ω0 in combination with a time-
and state-dependent driving. A generalization of our results for N interferometer branches has
been presented in Section 3.7.

Instead of a piece-wise application of a representation-free operational approach [173, 174],
we use a simpler receipt and describe an entire interferometer solely based on time- and branch-
dependent functions, provided the dynamics results from potentials at most quadratic in po-
sition. Our approach offers a simple picture applicable for various interferometer schemes and
experimental implementations. The possibility for this reduction in complexity results from
the close connection of the dynamics in particular classical and quantum systems, which has
been illuminated in Section 2.4. There we have also presented the relations between different
formalisms applicable for the analysis of matter-wave interferometers.

Specifically, for two interfering branches we have formulated the rules for the construction
of two pairs of time-dependent functions {Fu(t), Eu(t)} and {Fl(t), El(t)} corresponding to the
upper and lower branch of the interferometer, respectively. These functions depend on the pulse
protocol of the interferometer and the (possible state-dependent) potentials the atoms move
in. Once the state-dependent potentials and the pulse sequence are specified, the functions
δE(t) ≡ Eu(t) − El(t), δF(t) ≡ Fu(t) − Fl(t), and F̄(t) ≡ [Fu(t) + Fl(t)] /2 are completely
determined.

Here the function δF(t) governs the relative displacements in momentum δP(t) and position
δR(t) of the two interferometer branches. For any spatial matter-wave interferometer, it is of
central relevance to close the interferometer since otherwise a loss of contrast emerges due to
a non-perfect overlap of the branch-dependent wave packets at the final interferometer time
tf . Such a non-closing is also the cause for the disappearance of the interferometer signal in
the so-called Humpty-Dumpty effect [79–81]. The closing conditions of the interferometer are
given by (a) Eq. (3.43) for a state- and time-dependent linear potential, and (b) Eq. (3.44) for
a quadratic potential with state- and time-independent frequency tensor. In order to ensure
these conditions as required for an optimal contrast, an experimental control of the physical
quantities determining δF(t) is necessary. Importantly, these closing conditions actually rely on
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the number of vanishing moments of the function δF(t). These closing conditions are a special
case of those derived in Section 2.4 within a different approach.

Under the condition that the interferometer is closed, its contrast equals unity and the phase
shift is independent of the initial motional state of the atoms. In this situation the functions
δE(t), δR(t), and F̄(t) completely determine the phase, Eqs. (3.49)-(3.51), of the interferometer.
We underline the fact that the closing conditions are independent of the functions δE(t) and
F̄(t). Hence, the interferometer can be applied to measure the physical quantities governing
these functions.

The power of our branch-dependent methodology for the analysis and construction of specific
interferometer geometries is demonstrated in the subsequent chapters.

3.8.2 Interpretations of the interferometer phase

Next, we discuss and compare different views concerning the meaning of the interferometer
phase induced by linear or quadratic potentials in position. For this purpose, we recall different
methods presented in this thesis, which provide mathematical identical expressions for the phase
shift of a closed interferometer while emphasizing different aspects.

First, we have analyzed in Section 2.4.2 the interferometer output within the position rep-
resentation. For the one-dimensional case, we have expressed the phase shift

δφb′b = 1
~
(
Sb,0 − Sb′,0

)
(3.58)

in Eq. (2.100) by the difference of the zeroth-order terms Sb,0 and Sb′,0 of the classical actions
Scl,b(zf , tf |zi, ti) and Scl,b′(zf , tf |zi, ti) along the two interferometer branches b and b′, provided
this difference is position-independent. Consequently, the phase shift

δφb′b = 1
~
[
Scl,b(zf , tf |zi, ti)− Scl,b′(zf , tf |zi, ti)

]
, (3.59)

Eq. (2.101), also equals the difference of the classical actions along the two branches divided
by ~, in agreement with the results presented in Ref. [52, 176, 177]. Here the required position-
independence governs the closing conditions of the interferometer.

Second, we have employed in Section 2.4.3 a description based on the Wigner matrix. For
the one-dimensional case, we have shown the crucial role of the average and the difference of
the branch-dependent quadratic potentials Vb and Vb′ on the output of the interferometer. In
Eq. (2.131) the phase shift

δφb′b = −1
~

∫ tf

ti
dτ δVb′b

[
Z̄b′b(τ), τ

]
(3.60)

has been obtained in terms of the difference δVb′b of the potentials Vb and Vb′ , evaluated along
the average classical trajectory Z̄b′b(t) of both branches, provided the phase of the corresponding
off-diagonal element of the Wigner matrix is independent of the phase space variables z and pz.
We have related the resulting phase shift to a generalization of the (scalar) Aharonov-Bohm
effect [27–29, 52, 193–195].

Third, in the present chapter we have utilized a representation-free approach applied for the
three-dimensional case. Depending on the number of vanishing moments of the difference δF(t),
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we were able to express the phase shift

δφb′b = 1
~

∫ tf

ti
dτ F̄b′b(τ)δRb′b(τ)− 1

~

∫ tf

ti
dτ δEb′b(τ) (3.61)

in Eqs. (3.49)-(3.51) solely by time-dependent functions. For this purpose, we have made use
of the difference δRb′b(t), Eq. (3.38), of the classical trajectories for the branches b and b′ in
connection with the difference δEb′b(t), Eq. (3.52), and the average F̄b′b(t), Eq. (3.53).

These three examples illustrate most clearly that there are various approaches and views
on how to obtain and to interpret the output of an interferometer. For these reasons, an
interpretation of the phase shift in an interferometer should not be restricted to a single one of
them.

The topic of interpreting the phase shift of an atom interferometer has also recently been
addressed in Ref. [216].

3.8.3 Limitations and further possible applications

We now address limitations and possible extensions of our approach that mainly result from
a modification of the state-dependent Hamiltonian in the free-propagation zone. In principle,
we can include additional effects as time-dependent frequencies, higher-order potentials, and
rotations. Additionally, a more detailed analysis of the dynamics in the coupling zone can be
pursued as well by e.g. taking into account a time-dependent coupling parameter and a finite
pulse duration.

Different dynamics in the free propagation zone

First, we focus on state- and time-dependent quadratic contributions to the potentials in the
free propagation zone. The resulting branch-dependent Hamiltonian obtained from the gen-
eral construction scheme presented in Section 2.3 describes a driven harmonic oscillator with
a time-dependent frequency. The study of the corresponding dynamics with a focus on atom
interferometry has been propelled in Ref. [176]. Despite the analytic treatment presented there,
we note that the required solution of the corresponding classical equations of motions can in gen-
eral only be obtained numerically. Moreover, according to the results presented in Section 2.4, a
careful analysis of the closing conditions beyond a treatment based on classical trajectories will
become necessary.

Second, more generally the branch-dependent Hamiltonians can be constructed for any state-
dependent potential. In contrary to the formalism presented in this chapter for the description
of the quantum mechanical dynamics, a simple concept based on time-dependent functions is
not sufficient anymore. Indeed, the propagation for the respective branch can in general only be
determined numerically or perturbatively. Such a perturbative treatment of atom interferome-
ters has been pursued in Refs. [177, 181, 274], where small corrections to a harmonic potential
have been investigated within an operational approach.

Additionally, other effects as, for instance, rotations could be incorporated in the construction
of the branch-dependent Hamiltonians. In all these examples a rigorous study of the influence of
these modifications on the dynamics in the coupling zone is necessary, in particular with respect
to the corresponding resonance condition.

81



Chapter 3 - Atom interferometry with branch-dependent linear and quadratic potentials

A sophisticated treatment of the coupling zones

Imperfect implementations of the coupling zones of an interferometer, for instance via the atom-
light interaction, have a crucial influence on the quality of the interferometer output. Within
our approach a detailed study of such imperfections is possible. Here the finite duration of a
coupling zone can be taken into account by decomposing this zone into a sequence of almost
instantaneous couplings. As a consequence, additional branches have to be considered for the
analysis of the interferometer, as pursued in Section 3.7. Moreover, for a finite duration of the
coupling both the pulse profile and the atomic motion during the atom-light interaction are
important, as pointed out in Refs. [172, 258]. Thus, the expressions given by Eqs. (3.15) and
(3.16) for the transition amplitudes and operators, respectively, might have to be modified or
can only be applied for the almost instantaneous case.

We exemplary summarize four effects that are of relevance.

• After an imperfect mirror pulse, new interferometer branches are populated. Here the
matrix for the transition amplitudes given by Eq. (3.15) does not have an anti-diagonal
form as for a perfect mirror pulse, Eq. (3.18). Instead it contains non-vanishing diagonal
elements.

• The consideration of a particular pulse profile is possible by replacing an entire coupling
zone by a sequence of almost instantaneous couplings. However, this procedure results in
a large number of populated interferometer branches.

• The population of multiple interferometer branches can lead to a loss of contrast according
to Section 3.7. In general, the interferometer output now depends on the initial state of
the atomic center-of-mass motion as well as the details of the light pulses.

• In addition to a phase shift and a displacement in momentum, as achieved by a perfect
beam splitter or mirror, the interaction potential in the coupling zone might also induce
a state-dependent distortion of the external state of the atomic center-of-mass motion. In
this case it is not sufficient to describe the action of the light pulses by effective linear
potentials.

Due to these effects, in many cases the resulting dynamical equations for the propagation along
the interferometer branches can only be solved numerically.

3.9 Conclusion

In conclusion, we have applied the concept of branches introduced in Chapter 2 for the descrip-
tion of atom interferometers. We have developed a new and intuitive formalism that only relies
on particular functions and enables the analysis of a huge class of atom interferometers.

In our approach, the atoms were described within a two-level approximation in combination
with their center-of-mass motion. Here the two internal atomic states, constituting the working
system, are associated with particular external states that describe the respective center-of-mass
motion of the atom and represent the sensing system of the interferometer. In particular, we
have focused on atoms exposed to time- and state-dependent linear and quadratic potentials in
the free propagation zone. Such potentials describe, for instance, the interaction of the atoms
with electric, magnetic or gravitational fields within a harmonic approximation.
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We have discussed the experimental realization of the coupling zones via the atom-light
interaction, where we took into account the presence of state-dependent potentials. We have
demonstrated that a resonant coupling is possible for external states that are eigenstates of
the detuning operator ∆(r̂, p̂). Accordingly, a resonant coupling scheme that is independent
of the motional state of the atom can be accomplished by a negligible momentum transfer in
combination with state-dependent potentials that differ only by a scalar in the coupling zones.
Since many atom interferometers rely on a momentum transfer in the coupling zone, we explore
alternative implementations of such devices in the subsequent chapters which instead employ
state-dependent potentials.

A main feature of this chapter is the transition from a state-dependent to a branch-dependent
picture which is subsequently used for the analysis of an atom interferometer. Here we have de-
veloped a new formalism which is simply based on functions that are derived from the knowledge
of the potentials in which the atoms move and the pulse sequence of the interferometer. More
specifically, we have formulated schematic rules for the construction of the branch amplitude
βb and a pair of time-dependent functions {Fb(t), Eb(t)} associated with each interferometer
branch b.

Of central relevance is the question if a particular interferometer geometry is closed. Other-
wise, a loss of contrast is inevitable and the interferometer signal diminishes. The non-closing
of an interferometer is, for instance, the cause of the loss of contrast described by the Humpty-
Dumpty effect. Our formalism directly yields the closing conditions for the interferometer in
both momentum and position, as expressed in terms of the number of vanishing moments Q of
the difference δFb′b(t) ≡ Fb(t)−Fb′(t). These conditions not only determine immediately if an
interferometer is closed, but also provide a classification scheme for type-Q interferometers as
demonstrated in Chapter 4. Additionally, we have presented simple expressions for the phase
and contrast of an interferometer. Furthermore, we have discussed different interpretations of
the interferometer phase.

We have generalized our results for the case of N populated branches, enhancing the number
of possible applications of our formalism for the analysis and construction of novel interferometer
geometries. Here we have shown that it is in general preferable to reduce the number of coupling
zones of the interferometer to a minimum of two.

Finally, we have addressed the question on how to apply a branch-dependent description
beyond the examples demonstrated in this chapter.
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Chapter 4 - Classification and applications of different interferometer geometries

4.1 Introduction

At the beginning of the preceding chapter we have outlined some of the fascinating applications
of atom interferometers. Now we focus on particular interferometer schemes that enable specific
measurements and allow for the compensation of undesired effects.

In the following, we illustrate the power of the formalism developed in Chapter 3 in order
to pursue a simple analysis of existing devices. We demonstrate that various experimental
realizations of different interferometers can be described within a common language. Moreover,
our formalism enables the design of novel interferometer schemes with desired features. A
particular aim in this regard is the drive for an enhanced sensitivity that can be achieved by an
enlarged interferometer phase shift.

In particular, we present a modified Mach-Zehnder interferometer which on the one hand
perfectly compensates the loss of contrast that occurs for the standard Mach-Zehnder interfer-
ometer in the presence of quadratic potentials. On the other hand, we show that such a device
could even display an exponentially increasing phase shift. In addition, we construct a modified
Butterfly interferometer that could be applied for measurements of the frequency tensor of a
quadratic potential. Finally, we introduce families of interferometers, and present a rule for the
construction of interferometers with desired properties as, for instance, a sensitivity to particular
details of an external field.

In this chapter we restrict ourselves to interferometer schemes that are based on a sequence
of almost instantaneous momentum transfers resulting, for instance, from the interaction of
atoms with light pulses. Our study is continued in Chapter 6, where we allow for more general
interferometer schemes.

The present introduction is organized as follows. In Section 4.1.1 we report on different
strategies to enhance the phase shift of an interferometer. These strategies suggest, beside tech-
nological improvements, also the modification of existing and the design of novel interferometers
schemes as addressed in Section 4.1.2. An outline of this chapter is contained in Section 4.1.3.

4.1.1 Different strategies to enhance the interferometer phase

Despite the already exquisite sensitivity of an atom interferometer, there are various ways to
push it even further to arrive at an unprecedented accuracy. As demonstrated in this chapter,
the sensitivity of an interferometer with respect to a constant and uniform acceleration is propor-
tional to its enclosed area in space-time [52, 273]. Similarly, the sensitivity of an interferometer
with respect to a constant rotation depends on the area enclosed in space [52, 275]. Thus, a
larger enclosed area is desirable to increase the accuracy of the device [161].

The standard approach to achieve this aim is (i) to increase the momentum transfer resulting
from the atom-light interaction by employing large momentum transfer (LMT) beam splitters.
Alternatively, it is possible (ii) to increase the attainable interferometer time, and (iii) to ap-
ply novel interferometer geometries as demonstrated in the present chapter and in Chapter 6.
Unfortunately, all these alternatives suffer from particular obstacles.

Advancement of large momentum beam splitters

In recent years there has been an enormous progress in increasing the attainable state-dependent
momentum transfer of the light field to the atoms. For this purpose, composite and other more
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exotic pulses [89, 115, 136, 225, 249–252, 267, 276–279] have been developed. By means of these
devices a momentum splitting of up to 400 ~kL [136, 265, 266] has been achieved within an atom
interferometer, where kL denotes the effective wave vector. In particular, Bloch oscillations in
combination with accelerating optical lattices [89, 136, 225, 261–266] are a promising technique
in this realm.

In order to apply these techniques a sufficiently precise control of the atom-light interaction
together with a narrow momentum distribution of the atoms is required. These requirements
are satisfied particularly well in the presence of potentials at most linear in position, as pointed
out in Chapter 3. Otherwise, the initial momentum distribution changes as a function of time,
and the effectiveness of the momentum transfer induced by the atom-light interaction might be
reduced in combination with the appearance of parasitic effects.

Increasing the available interferometer time

A particular challenge for atom interferometry in the presence of a constant force F̄0, correspond-
ing for instance to the gravitational force, is the fact that the atoms fall during the interferometer
sequence if their motion is not constrained due to the presence of other potentials.

In this situation, the enclosed area of a standard Mach-Zehnder interferometer, discussed in
Section 4.2, and equivalently its phase shift δφ1 scale as T 2, where T denotes the interferometer
time10. On the one hand, the quadratic scaling in this device is beneficial to accumulate a
large phase shift for extended interferometer times. On the other hand, the construction of the
interferometer is limited by the distance traveled by the atoms scaling as well as T 2. In fact,
for short interferometer times of ∼ 1 ms the atoms only fall ∼ 5 µm due to gravity, while for an
interferometer time of ∼ 1 s they travel a distance of ∼ 5 m. As such, the motion of the atoms
constitutes a bottleneck [280] for the construction of precise atom interferometers and devices.

One possibility to partially overcome this restriction is the construction of very long baseline
atom interferometers (VLBAIs) [89, 97, 122, 252, 281, 282]. These devices nowadays extend
the baseline of an atom interferometer up to a length of 10 m in order to enable sufficiently
large interferometer times T . Operating them in the fountain mode [281] then allows for a total
free evolution time of T = 2.6 s leading to an increase of the accumulated phase shift by a
factor of 25 − 300 compared to state-of-the-art gravimeters [89]. As a drawback, these setups
require a large vacuum vessel [97, 122, 252, 282] making their construction to a costly and
time-demanding endeavor. There are even ongoing plannings for the construction of VLBAIs
having a baseline of several hundreds of meters [283, 284]. It has also been proposed to use
an array [285] of long baseline atom interferometers in a European Laboratory for Gravitation
and Atom-interferometric Research (ELGAR) [286] which should focus on gravitational wave
detection.

A different approach to enlarge the available interferometer time T is the reduction of the
force F̄0 on the atoms by e.g. performing the interferometer sequence in a microgravity envi-
ronment. This alternative is pursued for quantum tests [106, 138–143] of the universality of free
fall. After the first BEC in microgravity [151] has been created in a drop tower in Bremen in
2010, it is now possible to operate matter-wave interferometers in free fall [152]. An alternative

10In the following T always denotes the total interferometer time. This notation does in general not coincide
with the traditional one [42], where T is used for the time between the first two coupling zones applied at times
t1 and t2, which we instead label as T1 ≡ t2 − t1.
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is to employ an aircraft for zero gravity parabola flights [153], where interferometer times of
many seconds can be achieved.

Remarkably, by making use of a sounding rocket the MAIUS-1 mission in 2017 has even
accomplished the creation of the first Bose-Einstein condensate in space [154] while offering
6 minutes of microgravity. Meanwhile, matter-wave experiments can even be performed in
the microgravity environment provided by the International Space Station (ISS) within the
framework of the Cold Atom Laboratory (CAL) [155, 156], which will be succeeded by the
Bose Einstein Condensate and Cold Atom Laboratory (BECCAL) [157]. In addition, satellite
missions for quantum tests of the equivalence principle, such as the Space-Time Explorer and
Quantum Equivalence Principle Space Test (STE-QUEST) [158–160] have been proposed.

Development of novel interferometer geometries

An alternative route to increase the phase shift of an interferometer is the design of novel
interferometer geometries which either (i) enable experiments with larger available interferometer
time T , or (ii) change the scaling of the interferometer phase with respect to T .

Particular interferometers have been developed that (i) utilize traps to support the atoms
against gravity and enlarge the possible interrogation time. However, this field is much less
developed [287] and the corresponding devices partially suffer from interatomic interactions [288]
as well as the interaction of the atoms with the trapping potential during the interferometer
sequence. Thus, a precise experimental control of the trapping potential is required to arrive
at a sufficient accuracy for the interferometer output. In particular, the recent technological
developments in the area of atom chips [119, 163, 164, 289] could make such interferometers to
an interesting alternative, offering a compact interferometer design as desirable for mobile or
commercial applications.

Additionally, once the atoms are confined to a smaller area, a better shielding and a reduced
influence of perturbing fields can be achieved [280]. Examples of such devices are double-well
interferometers [287, 288] using optical lattices [100, 290, 291] where Bloch oscillations play an
important role. It is remarkable, that the application of Bloch oscillations in combination with
an optical cavity has recently allowed to accomplish interferometer times of 20 seconds [291].

As an alternative, we (ii) develop in the present chapter and in Chapter 6 strategies and
new techniques to obtain a different scaling of the interferometer phase δφ1 with respect to the
interferometer time T . Interestingly, some of these techniques can even be applied in combination
with trapped atoms.

4.1.2 Applications of different interferometer geometries

In the field of matter-wave interferometry, different interferometer schemes have been devel-
oped for various applications and purposes. Two prominent examples of two-branch geometries
employed for the sensing of external fields and inertial quantities are the Mach-Zehnder inter-
ferometer [41, 42, 52, 89, 125, 168, 172, 173, 180], and the Butterfly interferometer [114, 116,
118, 120, 123, 174, 178, 198, 292–295].

We now briefly introduce the main features and the areas of application for these two de-
vices before we pursue a detailed analysis based on our formalism in Sections 4.2 and 4.3. In
particular, we demonstrate how the force difference δF(t) introduced in Chapter 3 characterizes
the geometry of these devices. Moreover, we present a simple explanation for the characteristic
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dependency of the corresponding interferometer phase on the total interferometer time T . In
addition, we analyze and suggest modifications of these interferometers in order to adapt to
particular situations. A special highlight in this regard is the categorization of interferometers
presented in Section 4.4 that also enables the design of novel geometries with desired features.

Mach-Zehnder geometry

The first observation of a phase shift of a matter wave induced by the gravitational field of the
earth has been achieved in the seminal Colella–Overhauser–Werner (COW) experiment [34–36].
Here a neutron interferometer in a Mach-Zehnder configuration has been employed. Moreover,
the ground-breaking experiments [41] of M. Kasevich and S. Chu have adopted light pulses
to employ a Mach-Zehnder interferometer which set the stage for high-precision accelerometers
and gravimeters utilizing atoms and BECs.

Due to the importance of this particular geometry, we use it as an example to illustrate
the power of our formalism and present in Section 4.2 a general analysis of a Mach-Zehnder
interferometer [34–36, 41, 42, 52, 89, 125, 168, 172, 173, 180, 181].

In particular, we demonstrate that the standard Mach-Zehnder interferometer is a type-1
interferometer, according to our categorization of interferometer schemes defined in Chapter 3.
Thus, it is one of the simplest two-branch interferometer geometries that is closed in the presence
of a linear potential and enables the measurement of a time- and state-independent force F̄0.
Characteristic for this device is the quadratic scaling of the interferometer phase as T 2, where
T denotes the total interferometer time.

Besides presenting an analysis of this interferometer geometry based on our formalism, we
also discuss different experimental implementations with the focus on a reduction of the number
of coupling zones. Moreover, we identify interesting features and possible applications of a
proposed modified Mach-Zehnder geometry.

Butterfly geometry

The Butterfly interferometer [114, 116, 118, 120, 123, 174, 178, 198, 292–295] is instead insensitive
to a constant acceleration or external force. For this reason, this interferometer geometry can
be used to probe higher-order effects as the influence of gravity gradients. Alternatively, it finds
application as rotation sensor since the resulting phase shift is not influenced by a constant and
uniform acceleration.

In Section 4.3 we analyze the scheme of the Butterfly geometry and demonstrate that these
particular properties result from the fact that the standard Butterfly interferometer is a type-2
interferometer.

Similar as the Mach-Zehnder interferometer, also the Butterfly interferometer is not closed
in the presence of quadratic potentials, which leads to a loss of contrast and a dependence
of the interferometer phase on the initial motional state of the atom. In this situation, our
formalism suggests a modified interferometer scheme that leads to a perfect closing and enables
the measurement of particular properties of the quadratic potential.

4.1.3 Outline

The present chapter pursues two aims. (i) We demonstrate the simplicity and applicability of
our formalism introduced in Chapter 3 by applying it to particular interferometer geometries,
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and (ii) we use its power to categorize and design novel interferometer schemes that adapt to
particular demands. We emphasize that our description does not rely on a particular experi-
mental realization of these interferometer schemes. Nevertheless, we list different examples of
possible implementations.

The current chapter is organized as follows. First, we focus in Section 4.2 on the important
example of a Mach-Zehnder interferometer which is sensitive to accelerations and constant forces.
We discuss a possible modification of the standard scheme in order to achieve an exponential
phase shift within a closed configuration. Next, we turn in Section 4.3 to a Butterfly geometry.
A modification of this scheme might enable an interferometric measurement of the frequency
tensor of a quadratic potential in position by using a suitable experimental implementation. In
Section 4.4 we then develop a categorization of interferometers in families, and demonstrate that
the two previously discussed geometries actually belong to the same family. For this purpose,
we come up with an iterative construction rule for type-Q interferometers that enables the
design of novel interferometer geometries with desired properties. Afterwards, we explore in
Section 4.5 the link between the enclosed area in space-time and the phase shift arising from the
position-dependent contributions to the branch-dependent potentials for general interferometer
geometries. Moreover, we demonstrate further possible applications of type-Q interferometers by
providing an outlook to time-resolved atom interferometry. Finally, we conclude in Section 4.6.

4.2 The Mach-Zehnder interferometer

First, we consider a standard Mach-Zehnder interferometer for matter waves [34–36, 41, 42, 52,
89, 125, 168, 172, 173, 180, 181] to illustrate the simplicity of our formalism for the analysis of
this device. We demonstrate that the Mach-Zehnder interferometer is a type-1 interferometer
which is closed in the presence of a linear potential enabling the measurement of a time- and
state-independent force F̄0.

In the presence of a quadratic contribution to the branch-dependent potentials this device
displays an open geometry [174, 180] leading to a loss of contrast and phase contributions that
depend on the initial motional state of the atom. Based on our formalism we come up with
a modification of this interferometer scheme, similar as suggested in Ref. [296], in order to
return to a closed geometry, provided the quadratic contribution to the potential is branch-
independent. Remarkably, the interferometer phase shift is then governed by the square of a
sinc function. In particular, by making use of an inverted harmonic oscillator potential we are
able to obtain an exponentially increasing phase shift as a function of the interferometer time T ,
which could be used for the determination of a constant force F̄0. Thus, this device enables a
faster phase accumulation compared to the standard Mach-Zehnder scheme with a phase scaling
as T 2. Besides presenting an analysis of these devices based on our formalism, we also discuss
different experimental implementations focusing on a reduction of the number of coupling zones.

In Section 4.2.1 we describe the Mach-Zehnder interferometer based on the implementation of
M. Kasevich and S. Chu. Next, we study this interferometer scheme in Section 4.2.2 by making
use of our schematic rules and present a simple derivation of the resulting interferometer output.
Subsequently, we discuss in Section 4.2.3 different experimental implementations. Finally, we
turn in Section 4.2.4 to a modified geometry in the presence of quadratic potentials.

Sections 4.2.1 and 4.2.2 follow closely the discussion presented in Ref. [69], but contain
additional details in regard to the classification of this particular interferometer geometry.
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4.2 The Mach-Zehnder interferometer

4.2.1 Description of the standard interferometer scheme

A standard Mach-Zehnder type atom interferometer is depicted in Fig. 4.1. Similar to its
analogue for light waves, it consists of two beam splitters and one mirror. Thus, ideally only
two interferometer branches are equally populated as described in Sections 3.5 and 3.6.

Figure 4.1: Space-time diagram of a standard Mach-Zehnder type interferometer for an atom
having the two internal states |1〉 (dashed blue line) and |2〉 (solid red line), and being exposed
to a linear potential. We present the z-component of the branch-dependent displacement Rb(t),
Eq. (3.28), with ω0 → 03 for the upper (b = u) and lower (b = l) branch as a function of the
time t. The atom interacts with two short laser π/2-pulses (at t = 0 and t = T ) and a π-pulse (at
t = T/2), where T is the total interferometer time. During each pulse the atom absorbs (emits)
the momentum ∆p in combination with the transition |1〉 → |2〉 (|2〉 → |1〉). Figure adapted
from Ref. [69] under license CC BY 3.0 (https://creativecommons.org/licenses/by/3.0/).

Primarily, we focus on an implementation of this interferometer scheme that makes use of
the external sensing state |ψk(t)〉 associated with the internal working state |k〉. The external
states describe the atomic center-of-mass motion at time t, whereas the two internal states
correspond to an atomic ground (k = 1) and excited (k = 2) state constituting a two-level
system. A possible implementation of the coupling zones for this interferometer relies on counter-
propagating Raman pulses. These pulses drive transitions between the two internal states and
are accompanied by a momentum transfer of ±∆p, where ∆p = ~kL and kL denotes the effective
wave vector for the Raman process introduced in Section 3.3.

Atoms entering the interferometer at time t = ti have usually been prepared in the ground
state |1〉 defining the input port |i〉 = |1〉. The associated motional state |ψi〉 ideally corresponds
to a momentum eigenstate as required for a resonant coupling, see Sections 3.3 and 3.4. At time
t1 = 0 the atoms are subject to a beam-splitter pulse which creates a coherent superposition
of the states |1〉, shown by a dashed blue line in Fig. 4.1, and |2〉, depicted by a solid red line.
Subsequently, the atoms evolve in the dark for a time T/2. Then they experience a mirror pulse
at time t2 = T/2 that drives the transitions |1〉 → |2〉 and |2〉 → |1〉. Subsequently, the atoms
evolve again in the dark for another time T/2. A final beam splitter pulse at time t3 = T
recombines the two branches of the interferometer. At time t = tf a population measurement of
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the atoms in state |1〉 reveals the interferometer output for the output port |o〉 = |1〉.
For the standard Mach-Zehnder interferometer the momentum difference δP(t) between

the two branches remains constant during the free propagation zones with 0 < t < T/2 and
T/2 < t < T . This situation is described by a state-dependent linear potential having the form

Vk(r̂) = −F̄0r̂ + Ek (4.1)

and contributing to the Hamiltonian Ĥk in Eq. (3.1). Here both states |1〉 and |2〉 experience the
same time-independent linear contribution −F̄0r̂ to Vk(r̂). Moreover, we assume for simplicity
that the scalar quantities E1 and E2 are constant during the interferometer sequence. The
more general case of an additional quadratic contribution in r̂ to the potential Vk(r̂) in the free
propagation zone is considered in Section 4.2.4.

4.2.2 The interferometer contrast and phase

In the following, we perform a rigorous analysis of the Mach-Zehnder interferometer based on
the schematic rules presented in Section 3.6.

First, we note that only two interferometer branches are equally populated and, according
to Step 1 of our schematic rules, the corresponding branch amplitudes for the upper (b = u) and
lower (b = l) branch read βu = βl = 1/2. As a result, the interferometer output is determined
by the transition probability P11, Eq. (3.32).

Phase shift δφ0 arising from position-independent potentials

Next, we focus on the position-independent contribution Eb(t) to the branch-dependent poten-
tials for the upper and lower branch. For the determination of these functions we have to take
into account (i) the state-dependent contribution Ek in Eq. (4.1) for the atom in the state |k〉,
and (ii) the imprinted phases Φ±(tj) during the atom-light interaction at time tj . According to
Figs. 3.3 and 4.1 together with Step 2 of our schematic rules, we obtain the difference

δE(t) = (E2 − E1)
[
Π
(
t

∣∣∣∣0, T2
)
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(4.2)

of Eu(t) and El(t). As a result of the temporal integration in Eq. (3.50), we arrive at the phase
contribution

δφ0 = −1
~

∫ tf

ti
δE(t) = Φ(0)− 2Φ

(
T

2

)
+ Φ(T ) (4.3)

for the Mach-Zehnder interferometer arising from the position-independent potentials, where
the phase Φ(tj) at time tj with j = 1, 2, 3 is given by Eq. (3.55).

We collect now a few remarks concerning the expression for the phase δφ0, Eq. (4.3). It
is the fact that the Mach-Zehnder interferometer consists of two free propagation zones having
the same duration T/2, as shown in Fig. 4.1, together with the time-independence of E1 and
E2, that leads to the cancellation of E1 and E2 in Eq. (4.3). The same cancellation appears
for a constant laser frequency ωL that enters in Eq. (4.3) via Φ(tj), Eq. (3.55). This feature

92



4.2 The Mach-Zehnder interferometer

results from the fact that δφ0 corresponds to a discrete second-order derivative [180, 297] of the
function Φ(T ), that is

δφ0 ∼=
1
4Φ̈(0)T 2. (4.4)

Moreover, it seems as δφ0 does not depend on the coefficient F̄0 of the linear contribution to
the state-dependent potential Vk(r̂) in Eq. (4.1). For the atom-light interaction being associated
with a substantial momentum transfer ∆p, a linear chirp of the instantaneous laser frequency
proportional to F̄0 is required to maintain the resonance for all pulses, as shown in Section 3.4.1.
This active change of the laser frequency results [42] in a contribution of F̄0 to δφ0 as discussed
below in more details.

Figure 4.2: The characteristic functions for the Mach-Zehnder interferometer. We depict in (a)
the z-component of the function δF(t), Eq. (4.5), for this particular interferometer scheme. For
the state-dependent linear potential Vk(r̂), given by Eq. (4.1), we display the z-component of
the relative displacement in (b) momentum δP(t), and (c) position δR(t) as a function of time
t. These functions result from Eqs. (3.37) and (3.38) with ω0 = 03, respectively. Figure adapted
from Ref. [69] under license CC BY 3.0 (https://creativecommons.org/licenses/by/3.0/).
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Contrast C and phase shift δφ1 arising from position-dependent potentials

Next, we turn to a discussion on the contrast C and the phase δφ1 of the interferometer.
Both quantities are determined by position-dependent contributions to the branch-dependent
potentials. We follow Step 3 of our schematic rules and determine with the help of Figs. 3.3 and
4.1 the functions Fu(t) and Fl(t) for the upper and lower branch of the interferometer. According
to Step 4 we observe that for a constant and state-independent value of F̄0, see Eq. (4.1), only
the momentum kicks ±∆p induced by the atom-light interaction contribute to the difference

δF(t) = ∆p
[
δ(t)− 2δ

(
t− T

2

)
+ δ(t− T )

]
(4.5)

of the functions Fu(t) and Fl(t) presented in Fig. 4.2 (a). The function δF(t), Eq. (4.5), is
characteristic for the geometry of the Mach-Zehnder interferometer. It entirely defines the
difference in momentum δP(t) and position δR(t) according to Eqs. (3.37) and (3.38) in the
absence of quadratic contributions to the branch-dependent potentials, that is ω0 = 03. As
displayed in Fig. 4.2 (b) and (c), the relative displacement in momentum δP(t) is piecewise
constant, whereas the relative displacement in position δR(t) is piecewise linear in t.

Due to the symmetric structure of the interferometer, the zeroth (q = 0) and first mo-
ment (q = 1) of δF(t), Eq. (4.5), vanish according to Eq. (3.43). Thus, the standard Mach-
Zehnder interferometer is a type-1 interferometer and, in agreement with Step 5 of our schematic
rules, the closing condition is satisfied. This is also evident from Fig. 4.2 (b) and (c), where
δP(t) = δR(t) = 0 for t > T . According to Step 5 (a) the interferometer contrast C = 1, and
the interferometer phase reads δφ = δφ0 +δφ1 in this ideal case, where δφ0 is given by Eq. (4.3).

We turn now to the determination of the phase δφ1. For this purpose, we consider the
average

F̄(t) = F̄0Π(t|0, T ) + ∆p
2 [δ(t)− δ(t− T )] (4.6)

of the functions Fu(t) and Fl(t) for the upper and lower branch. Moreover, according to
Eq. (3.38) together with Eq. (4.5), the displacement in position δR(t) is proportional to the
ratio ∆p/m and a piecewise linear function in t. As a result, we obtain with Eq. (3.51) the
phase contribution

δφ1 = F̄0
~

∫ tf

ti
dτ δR(τ) = F̄0∆p

4~m T 2 (4.7)

showing a quadratic scaling with respect to the interferometer time T , and being independent
of the initial motional state |ψi〉 of the atom.

First, we note that the phase δφ1 is determined by the product of the time-independent
quantity F̄0 divided by ~ and the enclosed area [52] presented in the space-time diagram in
Fig. 4.1, as explored in Section 4.5.1. This area corresponds to the one of the triangle shown in
Fig. 4.2 (c), which increases quadratically with respect to the interferometer time T . Since the
function δF(t), Eq. (4.5), and thus the closing condition of the interferometer are independent
of F̄0, such a device can be used to measure the state-independent linear coefficient F̄0 of the
potential Vk(r̂), Eq. (4.1).

As mentioned above, an appropriate linear chirp of the instantaneous laser frequency is
required to maintain the resonance condition of the atom-light interaction for all pulses. For
this purpose, an experiment is repeated for a fixed chirp rate while varying the interferometer
time T . Next, the chirp rate is changed until a vanishing total phase shift δφ0 + δφ1 = 0 is
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obtained for all interferometer times T [41]. Then the resonance condition is satisfied and the
appropriate chirp has been determined. Accordingly, by using Eq. (4.7) and taking into account
the propagation direction of the laser pulses, the projection of F̄0 with respect to ∆p can be
extracted from the applied chirp rate [89].

Such a scan of the chirp rate is only necessary if the imprinted momentum transfer ±∆p is
related to a resonance condition as in the case of the atom-light interaction. In the subsequent
section, we list alternative experimental implementations of the Mach-Zehnder interferometer
which do not require an active control of beam splitters and mirrors. These implementations
are then independent of the quantity F̄0 to be determined by the interferometer.

4.2.3 Experimental realization

Based on the general analysis pursued in the previous section, we consider now different exper-
imental implementations of a Mach-Zehnder interferometer for matter waves. Our subsequent
discussion focuses on two aspects: (i) the “force” F̄0 to be measured by such a device, and (ii)
the mechanism used to imprint the necessary momentum transfer ∆p that contributes to the
function δF(t), Eq. (4.5).

Quantities to be determined by the interferometer

One of the most prominent realizations of a Mach-Zehnder interferometer in the field of light-
pulse atom interferometry is the one by M. Kasevich and S. Chu [41, 42]. This device uses
co-propagating Raman pulses in order to imprint the necessary momentum transfer ∆p = ~kL
as depicted in Fig. 4.1 and described in Section 4.2.1. Originally, it has been used for the
measurement of the gravitational acceleration g. In this case F̄0 = mg and we obtain with
T = 2T1 the familiar phase shift [41, 42, 174]

δφ1 = kLgT
2
1 (4.8)

according to Eq. (4.7), where T1 is the time between the first and second laser pulse. As such
the Kasevich-Chu interferometer constitutes an accelerometer or gravimeter [297].

Beyond that, this interferometer scheme enables the determination of any constant force F̄0
which acts in the same way on both states |1〉 and |2〉, or, more generally, on the two working
states of the interferometer as discussed in Section 2.5.2.

As an example, we consider an atom having the same dipole moment µ = µzez for both
states |1〉 and |2〉, which is aligned along the z-direction. Here µz = µ1,z = µ2,z denotes the
z-component of the mean value µk ≡ 〈k| µ̂ |k〉 of the magnetic dipole operator µ̂ for the state
|k〉 with k = 1, 2. In addition to the gravitational field, a Mach-Zehnder interferometer utilizing
such internal states is exposed to a magnetic field having locally the form11

B(r) ∼= (B0 + z∇zBz) ez − y∇zBzey (4.9)

consisting of a homogeneous contribution B0 and a constant z-component ∇zBz of the gradient
of B(r) in z-direction. Here y, z denotes the y- and z-component of the position vector r, and
ey, ez is the unit vector in the y- and z-direction, respectively.

11We assume here a substantial homogeneous contribution B0ez to the magnetic field B(r) such that the atomic
magnetic dipole moment remains oriented along z-direction. For more details we refer to the discussion presented
in Section 6.2.2.
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In Section 3.2 we have addressed the coupling of the magnetic dipole moment to the magnetic
field. With the magnetic field B(r), Eq. (4.9), together with the gravitational acceleration g, we
arrive at F̄0 = mg + µz∇zBzez. As a result, we obtain with Eq. (4.7) the phase shift presented
in Ref. [125], which is independent of the time-independent homogeneous contribution B0ez to
the magnetic field due to the symmetric structure of the interferometer. Such a Mach-Zehnder
interferometer can be utilized for the determination of a constant magnetic field gradient ∇zBz.

We note that a similar device for the simultaneous measurement of g and ∇zBz has recently
been constructed with the help of Bragg pulses [282]. Here momentum eigenstates are used as
working and sensing states of the interferometer while the associated magnetic sensitive internal
state (and thus the corresponding dipole moment) remains the same for both branches, as
discussed in Section 3.3.4. In case the magnetic field B(r) contains additional non-vanishing
quadratic contributions with respect to the position r, a modified interferometer scheme as
presented in Sections 4.2.4 and 4.3 can be employed.

Different mechanisms for the momentum transfer and reduction of the number of
coupling zones

In order to realize a Mach-Zehnder interferometer there are various ways to imprint the required
momentum transfer ∆p, which are not limited to atom interferometry. For instance, an anal-
ogous device [41] to the Kasevich-Chu interferometer for atoms is the neutron interferometer
employed by the Colella–Overhauser–Werner (COW) experiment [34]. This particular interfer-
ometer has been used to detect a phase shift of matter waves that is induced by gravity [35, 36].
Here Bragg diffraction from three crystal planes of a silicon slab has been applied in order to
imprint the momentum transfer ∆p. Moreover, this interferometer is opened with regard to two
spatial dimensions.

Furthermore, we point out that three coupling zones, as described in Section 4.2.1 for the
Kasevich-Chu interferometer, are not necessarily required for the realization of a Mach-Zehnder
interferometer. Instead, it is the difference δF(t), Eq. (4.5), that is characteristic for the geometry
of this device. In fact, two coupling zones at times t1 < 0 and t2 > T , each corresponding to a
π/2 pulse without momentum transfer, are sufficient.

These coupling zones can, for instance, be implemented by using co-propagating Raman
pulses or radio-frequency (RF) pulses. Additionally, instead of introducing transitions between
the internal states |1〉 and |2〉 at times t1 = 0, t2 = T/2, and t3 = T , as in the Kasevich-
Chu implementation, the required momentum transfer ∆p can be obtained by the time- and
state-dependent potential

Vk(r̂, t) = −
[
F̄0 + (−1)k

2 δF(t)
]

r̂ + Ek (4.10)

for the single free propagation zone with 0 < t < T , where δF(t) is given by Eq. (4.5).
Such an interferometer is obviously closed as well, since it is described by the same differ-

ence δF(t) of the branch-dependent forces. Moreover, it displays the identical phase shift δφ1,
Eq. (4.7), arising from the position-dependent contributions to the branch-dependent potentials.
On the other hand, the phase shift originating from the position-independent contributions to
the branch-dependent potentials reduces, according to Eq. (3.50), to

δφ0 = −1
~

(E2 − E1) (t2 − t1) + Φ(t1)− Φ(t2) + π. (4.11)
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For a resonant driving, the frequencies of the co-propagating Raman or RF pulses at times
t1 and t2 still have to satisfy the resonance condition Eq. (3.11) with Eq. (3.20). Thus, the phase
shift associated with the position-independent contributions to the branch-dependent potentials
results in

δφ0 = φL(t1)− φL(t2) + π (4.12)
by applying Eq. (3.55). Here the last term π is related to the even number of pulses.

This scheme reveals two advantages compared to the implementation of M. Kasevich and
S. Chu considered above: (i) The resonance condition for the frequencies of the RF pulses
remains the same for both pulses applied at times t1 and t2. Thus, chirping the frequency is
not required and the quantity F̄0 can be determined directly from the phase δφ1. (ii) Since the
resonance condition is now only governed by the difference of E2 and E1, it does not depend on
the motional state of the atom. Hence, effects as velocity-selectivity are negligible and the initial
state |ψi〉 of the atomic center-of-mass motion does not have to be prepared as a momentum
eigenstate.

On the other hand, a sufficient experimental control of the imprinted momentum transfer
∆p for the function δF(t), Eq. (4.5), is required in order to arrive at a closed interferometer.

The experimental implementation of such an interferometer relies on state-selective accel-
erators and decelerators (SADs), see Section 6.2, that are employed for short time intervals
and generate the state-dependent function (−1)kδF(t) in Eq. (4.10). Exemplarily, the Stern-
Gerlach (SG) effect can be utilized for this purpose. Here the states |k〉 are magnetic sensitive
and the corresponding mean values of the magnetic moments differ with µ1,z = −µ2,z, as dis-
cussed in Section 6.2.2. The application of short magnetic gradient pulses leads to the required
state-dependent momentum transfer ∆p. Interestingly, such a full-loop Stern-Gerlach interfer-
ometer in the Mach-Zehnder configuration has recently been realized [82, 83]. We work out the
connection between these different implementations in more detail in Section 6.3.2.

As discussed in Section 6.2, any other mechanism leading to the contribution (−1)kδF(t) to
the state-dependent potential Vk(r̂, t), Eq. (4.10), can be employed for the realization of such a
Mach-Zehnder interferometer.

4.2.4 The modified Mach-Zehnder interferometer

So far, we have focused on a Mach-Zehnder interferometer exposed to a linear potential. In the
following, we add a state-independent quadratic contribution in position to the potential in the
free propagation zone. We introduce a modified interferometer scheme to arrive at a perfect
closing in this situation.

We acknowledge that a similar geometry has been applied in Refs. [296, 298] for the com-
pensation of the loss of contrast that occurs in a standard Mach-Zehnder interferometer in the
presence of a gravity gradient. There the corresponding expressions for the compensation scheme
and the phase are derived explicitly for small values of the gravity gradient.

In contrast, we present here a simple derivation of these results together with the exact
expressions valid for any frequency tensor ω0. The phase shift of this particular geometry is
determined by a sinc-squared function. When the state-dependent potential corresponds to an
inverted harmonic oscillator, we are able to achieve an exponential scaling of the interferometer
phase for large interferometer times T .

First, we apply our formalism and motivate the modified interferometer scheme based on
the closing conditions in the presence of a quadratic potential. Subsequently, we derive the
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exact result for the interferometer phase. Next, we present different applications of the modified
Mach-Zehnder interferometer, and finally discuss possible experimental implementations of this
device.

Description and phase shift of the modified Mach-Zehnder interferometer

In contrast to Refs. [296, 298] we concentrate on a Mach-Zehnder geometry consisting of only
two coupling zones at times t = 0 and t = T , as suggested in the preceding section. Here the
state-dependent potential assumes the form

Vk(r̂, t) = 1
2mr̂Tω2

0 r̂−
[
F̄0 + (−1)k

2 δF(t)
]

r̂ + Ek (4.13)

for the free propagation zone with 0 < t < T . The state-dependent potential Vk(r̂, t), Eq. (4.13),
contains an additional quadratic contribution in position in comparison to the standard case
described by Eq. (4.10). This additional term is determined by the frequency tensor ω0 and the
mass m of the atom.

In the standard Mach-Zehnder configuration only the zeroth and first moment of the function
δF(t), given by Eq. (4.5), vanishes as pointed out in Section 4.2.2. Thus, this device is not closed
for ω0 6= 03. In particular, in Section 3.5.1 we have shown that an interferometer exposed to a
quadratic potential can only be closed if δF(t) depends on ω0. This dependency could enter via
the strength or the timing of the momentum transfers.

Analogous to Ref. [296] we consider here the first option and modify the effective momentum
transfer ∆pmod of the central pulse at the time T/2. The modified difference of the branch-
dependent functions Fu(t) and Fl(t) for the upper and lower branch, respectively, then reads

δF(t) = ∆p δ(t)− 2∆pmod δ

(
t− T

2

)
+ ∆p δ(t− T ). (4.14)

Next, the closing condition Eq. (3.44) together with Eq. (4.14) establishes the connection

∆pmod = cos
(
ω0T

2

)
∆p (4.15)

which reduces to ∆pmod = ∆p in the limit ω0 → 03. Here the modified momentum transfer
∆pmod at time T/2 does not alter the average F̄(t) of the functions Fu(t) and Fl(t), given by
Eq. (4.6).

As a result, according to Eqs. (3.38) and (3.51) together with Eqs. (4.6), (4.14), and (4.15)
we arrive at the phase shift

δφ1 = 4F̄T
0

~m
ω−2

0 sin2
(
ω0T

4

)
∆p. (4.16)

The phase δφ1 is proportional to the sinc-squared function and describes the phase contribu-
tion of the modified Mach-Zehnder interferometer arising from the position-dependent terms
in Vk(r̂, t), Eq. (4.13). Moreover, the phase shift δφ0, Eq. (4.4), arising from the position-
independent contributions to Vk(r̂, t), Eq. (4.13), is not affected by the modified momentum
transfer ∆pmod and the non-vanishing frequency tensor ω0.
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It is interesting to note that a sinc-squared dependency also emerges in the pair correlation
function for the energies of heavy atomic nuclei as described by random Hermitian matrices [299].
Moreover, Montgomery’s pair correlation conjecture also suggests a similar dependency [300–
303] for pairs of non-trivial zeroes of the Riemann zeta function determining the distribution of
the prime numbers. In fact, there is a connection between the Riemann zeta function and an
(inverted) harmonic oscillator [304, 305]. The latter system corresponds to the branch-dependent
potential that we have used in this interferometer scheme. Thus, it would be interesting to
explore the connection between these different systems and the phase shift that occurs in such
a modified Mach-Zehnder interferometer.

Applications of the modified Mach-Zehnder interferometer scheme

First, a sufficient knowledge of the frequency tensor ω0 is required for the determination of the
momentum transfer ∆pmod, Eq. (4.15), needed to arrive at the closed geometry presented above.
Alternatively, the frequency tensor ω0 in Eq. (4.15) can be scanned with the aim of maximizing
the contrast of the interferometer for large times T . Once the optimal value of ω0 has been
determined, the average force F̄0 in Eq. (4.16) can be extracted from the measured phase shift.
While this procedure can be easily applied in one dimension, due to the larger parameter space
the three-dimensional case is more challenging. For this reason, we suggest in Section 4.3 an
interferometer scheme that can be applied for the determination of the frequency tensor ω0.

Second, we distinguish two situations: (i) the frequency tensor ω0 contains only real-valued
entries corresponding to trapped atoms, and (ii) ω0 = −i

√
Γ, where

√
Γ is real-valued corre-

sponding to the motions of the atoms in an inverted harmonic oscillator. We omit here the more
general case when the entries of the frequency tensor ω0 are allowed to assume any complex
values.

In the presence of (i) a harmonic potential, the momentum transfer ∆pmod, Eq. (4.15),
at time T/2 has to be reduced compared to ∆p to close the interferometer. Here the phase
δφ1, Eq. (4.16), is oscillatory. Consequently, for large entries of ω0 the interferometer does not
provide a large output signal. This situation is in contrast to the limit ω0 → 03, when the atoms
are untrapped and the phase δφ1, Eq. (4.7), increases monotonically in time T . For this reason,
we return in Section 6.5 to a different geometry that is more suitable for the measurement of an
average force F̄0 with the help of trapped atoms.

Alternatively, we consider (ii) an inverted harmonic oscillator being characterized by the
tensor Γ. Here the cosine in Eq. (4.15) turns into a hyperbolic cosine yielding

∆pmod = cosh
(√

ΓT
2

)
∆p (4.17)

and the effective momentum transfer at time T/2 has to be increased with respect to ∆p to
satisfy the closing condition. From Eq. (4.17) we rediscover the relation

∆pmod ≈ (1 + ΓT 2/8)∆p (4.18)

which coincides with Eq. (10) of Ref. [296] for T = 2T1, where Γ describes the effect of a gravity
gradient and T1 denotes the time between the first to laser pulses. While in this work the
required momentum transfer ∆pmod at time T/2 is only presented explicitly in order of ΓT 2,
in our formalism it is straightforward to obtain the exact expression. Moreover, we note that
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although the geometry in Ref. [296] requires three coupling zones, the function δF(t), Eq. (4.14),
is valid for using either two or three coupling zones.

Interestingly, the resulting phase shift

δφ1 = 4F̄T
0

~m
Γ−1 sinh2

(√
ΓT
4

)
∆p ∼

T�1

F̄T
0

~m
Γ−1 exp

(√
ΓT
2

)
∆p (4.19)

increases exponentially for large interferometer times T .
This device could, for instance, be used for the determination of the average force F̄0, in

particular when the tensor Γ results from an applied external field. Although this interferometer
displays an exponentially increasing phase shift in time, the achievable interferometer time T is
limited by the maximally achievable momentum transfer at time T/2. In this regard, we recall
that the quantity ∆pmod, Eq. (4.17), has to be increased exponentially with respect to T in
order to close the interferometer.

As an alternative, the modified Mach-Zehnder interferometer can be applied for the determi-
nation of the average force F̄0 in the presence of a gravity gradient Γ in case the latter quantity
is known sufficiently well.

Experimental implementation

Subsequently, we discuss the experimental realization of such a modified Mach-Zehnder inter-
ferometer scheme.

Based on the suggestion made in Ref. [296], an interferometer that cancels the contribution
of the gravity gradient in order ΓzzT 2 has been demonstrated in Ref. [298], where Γzz is the
diagonal entry of the gravity gradient Γ for the z-direction. Here counter-propagating Raman
lasers, as discussed in Section 3.3.4, have been used to imprint the required momentum transfers
∆p and ∆pmod. The modified momentum transfer ∆pmod for this two-photon process can be
achieved by changing the frequencies ωL,1 and ωL,2 of the Raman lasers by the same amount
∆ω such that the effective frequency ωL of the two-photon process, see Eq. (3.20), is not varied
and the resonance condition is maintained. The effective momentum transfer for the central
pulse is then changed by the amount 2~∆ω/c. For an interferometer time T ≈ 2 s the required
frequency change can be achieved by an acousto-optical modulator [296]. An alternative method
to change the effective momentum imprinted by Raman lasers has been presented in Ref. [306].

We point out that this suggestion only works well for small entries of the tensor Γ and
sufficiently short interferometer times T . In fact, an initially prepared momentum eigenstate
exposed to a quadratic potential alters its shape, especially for large interferometer times T .
Then the resonance condition for light pulses accompanied by a substantial momentum transfer
is not any more satisfied, as discussed in Sections 3.3 and 3.4.1.

An alternative implementation based on the full-loop Stern-Gerlach interferometer, presented
in Refs. [82, 83], does not suffer from this issue. Here the strength of the central magnetic gradient
pulse can be adjusted to obtain the modified momentum transfer ∆pmod given by Eqs. (4.15)
or (4.17).

Additionally, an optical dipole potential, generated by blue-detuned laser light with respect
to the atomic resonance frequency, acts repulsively [245] on the atoms and allows the realization
of an inverted harmonic oscillator potential. It would be intriguing to use this feature for the
implementation of an interferometer that reveals the exponential phase scaling presented in
Eq. (4.19).
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4.3 A modification of the Butterfly interferometer

In this section we concentrate on the Butterfly interferometer [114, 116, 118, 120, 123, 174,
178, 198, 292–295]. In contrast to the Mach-Zehnder interferometer, this interferometer scheme
is insensitive to a constant and state-independent force due to a vanishing enclosed area. We
demonstrate that the standard Butterfly or figure-eight interferometer is a type-2 interferometer .
This interferometer can be applied to probe higher-order effects as the influence of gravity gra-
dients. In addition, a Butterfly configuration is also used in the context of rotation measure-
ments [114, 116, 118, 120, 178, 294].

By making use of our formalism, we present a modified interferometer scheme which leads,
in contrast to the standard Butterfly configuration, to a closed geometry in the presence of
quadratic potentials. This device can be employed (i) for precise measurements of the elements
of the frequency tensor describing for instance trap frequencies or gravity gradients, provided
these quantities are state-, respectively branch-independent. Moreover, it is sensitive to (ii)
particular features of a time-dependent force. Alternatively, this device might be utilized to
detect (iii) anharmonicities induced by higher-order dependencies of the potential in position.

In the following, we introduce the Butterfly geometry utilizing four coupling zones to make
contact with presently existing devices. However, a different implementation of this device based
on only two coupling zones might be beneficial in the presence of quadratic potentials and for
the realization of the required momentum transfers.

The present section is organized as follows. We first illustrate in Section 4.3.1 the scheme
of the modified Butterfly interferometer. We then turn in Section 4.3.2 to a detailed analysis of
this interferometer. Finally, we present in Section 4.3.3 possible applications of this device.

4.3.1 Description of the interferometer scheme

Similar to the Mach-Zehnder interferometer, the Butterfly geometry is ideally characterized
by only two equally populated interferometer branches as shown in Fig. 4.3. We describe an
implementation of this device employing atoms consisting of two internal states |k〉 (k = 1, 2)
being associated with corresponding motional states |ψk(t)〉. Here the input port |i〉 = |1〉 is
used for the preparation at time ti and the output port |o〉 = |1〉 for the detection at time tf .

A standard Butterfly interferometer is composed of four coupling zones being separated by
free propagation zones. The coupling zones can, for instance, be realized by counter-propagating
Raman pulses as introduced in Section 3.3.4. The pulse sequence for this geometry consists of
two π/2-pulses that act as beam splitters at times t1 = 0 and t4 = T and two π-pulses acting as
mirrors at times t2 = T/4 and t3 = 3T/4. While in the standard Butterfly geometry the atom
absorbs (emits) the same momentum ∆p for all pulses, in our modified scheme the momentum
transfer of the two central π-pulses is modified to the amount ∆pmod as presented below.

During the free propagation zones with 0 < t < T/4, T/4 < t < 3T/4, and 3T/4 < t < T ,
we assume the motion in a state-dependent potential having the form

Vk(r̂) = 1
2mr̂Tω2

0 r̂− F̄0r̂ + Ek. (4.20)
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Figure 4.3: Space-time diagram of our modified Butterfly interferometer in the presence of a
quadratic potential Vk(r̂, t), Eq. (4.20), characterized by the frequency tensor ω0 for an atom
having the two internal states |1〉 and |2〉. The atom interacts with two short laser π/2-pulses
(at t = 0 and t = T ) and two π-pulses (at t = T/4 and t = 3T/4), where T denotes the total
interferometer time. During the first and last pulse the atom absorbs (emits) the momentum
∆p in combination with the transition |1〉 → |2〉 (|2〉 → |1〉). The momentum transfer of the two
central pulses has been adjusted to ∆pmod = cos (ω0T/4) ∆p in order to close the interferometer.

4.3.2 The interferometer contrast and phase

By following the schematic rules presented in Section 3.6 we analyze this device and motivate
the geometry of our modified Butterfly interferometer.

According to Step 1, the upper (b = u) and lower (b = l) interferometer branch are equally
populated resulting in the branch amplitudes βu = βl = 1/2 that enter in the transition proba-
bility P11, Eq. (3.32), which defines the interferometer output.

Phase shift δφ0 arising from position-independent potentials

In Step 2 we consider the position-independent contributions to the branch-dependent potentials,
which define the phase shift δφ0. According to Figs. 3.3 and 4.3, we obtain the difference

δE(t) = (E2 − E1) [Π (t|t1, t2)−Π (t|t2, t3) + Π (t|t3, t4)] + ~ {−Φ+(t1)δ(t− t1)
+ [Φ−(t2) + Φ+(t2)] δ(t− t2)− [Φ+(t3) + Φ−(t3)] δ(t− t3) + Φ−(t4)δ(t− t4)} (4.21)

of Eu(t) and El(t).
The temporal integration of δE(t), Eq. (4.21), according to Eq. (3.50) reveals the phase shift

δφ0 = Φ(0)− 2Φ
(
T

4

)
+ 2Φ

(3T
4

)
− Φ(T ) + π (4.22)

being determined by the position-independent contribution to the branch-dependent potentials,
where the last term +π is a result of the even number of pulses used in this interferometer
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scheme. Equation (4.22) can also be expressed as

δφ0 ∼= −
1
32

...
Φ(0)T 3 + π (4.23)

corresponding to a discrete third-order derivative of the function Φ(T ).
According to Section 3.4.1, a linear chirp of the laser frequency can be applied to compensate

for the change of the resonance condition due to the motion in a linear potential. In this case,
the phase shift δφ0, Eq. (4.23), is independent of T and equals π due to the discrete third-order
derivative.

Contrast C and phase shift δφ1 arising from position-dependent potentials

According to Step 3 and 4 of our schematic rules, only the momentum transfers ∆p and ∆pmod
resulting from the coupling zones contribute to the difference

δF(t) = ∆p δ(t)− 2∆pmod

[
δ

(
t− T

4

)
− δ

(
t− 3T

4

)]
−∆p δ (t− T ) (4.24)

of the functions Fu(t) and Fl(t) for the upper and lower branch, respectively. We display the
z-component of the function δF(t), Eq. (4.24), in Fig. 4.4 (a).

First, we consider the case ∆pmod = ∆p of a standard Butterfly interferometer. For this
geometry, the first three moments (q = 0, 1, 2) of the characteristic function δF(t), Eq. (4.24),
vanish according to Eq. (3.43). Consequently, this device is a type-2 interferometer and closed
in the presence of a linear potential Vk(r̂), Eq. (4.20), with ω0 = 03.

Next, we aim at closing the interferometer in the presence of the state-dependent quadratic
potential Vk(r̂) with ω0 6= 03. According to Eq. (3.44), we obtain with δF(t), Eq. (4.24), the
condition

∆pmod = cos
(
ω0T

4

)
∆p (4.25)

in order to obtain a closed interferometer.
For this modified interferometer scheme, we display in Fig. 4.4 (b) and (c) the z-component

of the difference in momentum δP(t), Eq. (3.37), and position δR(t), Eq. (3.38), respectively,
resulting from Eqs. (4.24) and (4.25). In Fig. 4.4 it is evident that the interferometer is closed
since δP(t) = δR(t) = 0 for t > T . Hence, we arrive at a perfect contrast C = 1 with the entire
interferometer phase δφ = δφ0 + δφ1 according to Step 5 (a) of the schematic rules, where δφ0
is expressed by Eq. (4.23).

For an average function F̄ = F̄0, Eq. (3.53), which is a constant during the interferometer
sequence, the phase shift

δφ1 = 0 (4.26)

of this modified Butterfly interferometer vanishes even in the presence of a quadratic potential
Vk(r), Eq. (4.20). This result is also evident from the vanishing enclosed signed-area in space-
time diagram illustrated in Figs. 4.3 and 4.4 (c) in combination with the discussion presented
in Section 4.5.1. Despite the vanishing phase shift δφ1, Eq. (4.26), the interferometer displays a
perfect contrast provided that Eq. (4.25) is fulfilled.
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Figure 4.4: The characteristic functions for the modified Butterfly-type interferometer. We
display in (a) the z-component of the function δF(t), Eq. (4.24), for this interferometer scheme.
Moreover, we show the z-component of the resulting relative displacements in (b) momentum
δP(t) and (c) position δR(t) as a function of the time t. These functions are determined
according to Eqs. (3.37) and (3.38), respectively.

4.3.3 Applications of the modified Butterfly interferometer

First, we emphasize that there are various possibilities for an experimental realization of this
interferometer scheme that go beyond the example discussed in Section 4.3.1. This is due to
generality of the concept of branches demonstrated in Chapter 2.

Hence, different experiments might vary in the nature of the quantum systems involved, the
interactions to implement the required momentum transfers, or the potentials to be probed by
this device. We have listed a small number of possible examples and techniques in Sections 4.2.3
and 4.2.4.

In particular, we underline the fact that the number of coupling zones can be reduced to
only two in this interferometer scheme, analogous to the Mach-Zehnder interferometer discussed
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in Section 4.2.3. Here the required momentum transfers ∆p and ∆pmod can be realized by
applying SADs which act for short time periods and utilize, for instance, the Stern-Gerlach
effect as explained in Section 6.2.

First, we motivate the possible usage of this device in regard to measuring time-dependent
forces. Afterwards, we focus on how this device can be employed for measurements of the
frequency tensor.

Measurements of time-dependent forces

A possible application of our modified Butterfly geometry is the measurement of time-dependent
function F̄(t) acting identically on both working states. Such time-dependent forces can, for
instance, occur when the interferometer is used to probe the interactions of atoms with a surface.
According to Eq. (4.26), the particular geometry of the modified Butterfly interferometer filters
out the contribution of a constant offset in the function F̄(t) to the phase shift δφ1. For the
measurement of a time-dependent force, in general a simultaneous performance of particular
interferometer schemes and distinct interferometer times T is necessary. We address this feature
in the context of a type-Q interferometer in Section 4.4.3 in more detail.

Measurements of the frequency tensor

In the preceding Section 4.3.2 we have shown that the phase δφ1, Eq. (4.26), of our modified
Butterfly geometry vanishes, provided the modified momentum transfer ∆pmod is chosen as
suggested by Eq. (4.25). Hence, we are able to use this interferometer to gain knowledge about
the frequency tensor ω0 of a quadratic potential.

For this purpose, we scan the momentum transfer ∆pmod of the two central pulses. Once the
interferometer phase δφ1, Eq. (4.26), vanishes for all times T the relation Eq. (4.25) is satisfied,
provided that there is a constant non-vanishing average force F̄. By varying the direction of F̄
we are then able to apply this interferometer scheme to deduce the frequency tensor ω0 of the
harmonic potential from the appropriate value of ∆pmod. If ω0 = −i

√
Γ is purely imaginary,

the cosine in Eq. (4.25) has to be replaced by the hyperbolic cosine.
Thus, this device could in principal be employed for a three-dimensional measurement of

state-independent trapping frequencies or gravity gradients. We postpone the presentation of a
detailed reconstruction scheme of the frequency tensor ω0 to a later publication.

4.4 A hierarchy of different interferometers

In the preceding Sections 4.2 and 4.3 we have become acquainted with two different interferome-
ter schemes that correspond in the standard configuration to type-1 and type-2 interferometers,
respectively.

We now introduce a rule that enables the iterative construction of type-Q interferometers,
where Q = 0, 1, 2, . . .. According to Section 3.5, these interferometer schemes are based on the
properties of the difference δF(t) of the functions Fu(t) and Fl(t) associated with the upper and
lower branch of the interferometer, respectively. The corresponding interferometers then reveal a
particular dependency of the interferometer phase δφ1 on the features of the position-dependent
contributions to the branch-dependent potentials. Notably, these devices are sensitive to specific
time dependencies of the external average potential.
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We note that a similar classification of interferometer schemes is also possible with respect
to the difference δE(t) and the phase shift δφ0.

Based on this construction rule, we define in the following families of interferometer schemes.
We demonstrate that the Ramsey interferometer [228, 307–314], the Mach-Zehnder interferome-
ter [34–36, 41, 42, 52, 89, 125, 168, 172, 173, 180], and the Butterfly interferometer [114, 118, 120,
123, 174, 178, 198, 292, 293, 315–317] actually belong to the same family. This particular family
is characterized by instantaneous momentum transfers as, for instance, induced by light pulses.
The magnitude and timing of these momentum transfers characterizes the difference δF(t).

We emphasize that the construction scheme developed in the present section is not restricted
to interferometer schemes which rely on a sequence of instantaneous momentum transfers. In-
stead, it can be employed for the construction of various interferometer families being, for
instance, based on the devices demonstrated in Chapter 6. An extension of this classification
scheme is shown in Section 6.6.

The present section is arranged as follows. First, we introduce in Section 4.4.1 the con-
struction rule and define families of interferometers. Next, we make in Section 4.4.2 use of a
prominent example of an interferometer family to illustrate particular properties of its members.
Finally, we reveal in Section 4.4.3 applications of various interferometers that result from our
classification.

4.4.1 A family of interferometers

We restrict ourselves to branch-dependent potentials Vb(r̂, t) featuring a quadratic form in r̂, as
presented in Eq. (3.24). Central to the subsequent discussion is the difference

δF(Q)(t|T ) ≡ δF(t) (4.27)

of the functions Fu(t) and Fl(t) for the upper and lower branch of the interferometer as deter-
mined by Eq. (3.39). Here the function δF(Q)(t|T ) depends on both the evolution time t and
the interferometer time T . Here Q = 0, 1, . . . corresponds to the number of vanishing moments∫ ∞

−∞
dτ τ qδF(Q)(τ |T ) = 0 (4.28)

with q = 0, 1, 2, . . . , Q of the function δF(Q)(t|T ), as exploited in Section 3.5, defining a type-Q
interferometer.

Moreover, we require
δF(Q)(t|T ) = 0 (4.29)

for t < 0 and t > T , where T denotes the interferometer time. This requirement reflects the fact
that the interferometer sequence is performed during a finite time interval.

The difference δF(Q)(t|T ) determines the corresponding relative displacements in momentum
δP(Q)(t|T ) ≡ δP(t) and position δR(Q)(t|T ) ≡ δR(t) according to Eqs. (3.37) and (3.38),
respectively. As demonstrated in Section 3.5, the functions δP(Q)(t|T ) and δR(Q)(t|T ) heavily
influence the interferometer output in terms of the contrast C, Eq. (3.40), and the phase shift
δφ, Eq. (3.45). In particular, according to Eq. (3.51) the displacement δR(Q)(t|T ) in position
determines the phase shift δφ(Q)

1 (T ) ≡ δφ1 arising from the position-dependent contributions
to the branch-dependent potentials. This phase shift is of special interest in the subsequent
discussion.
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The construction rule for interferometer families

We iteratively define a family of interferometers as those schemes that result from the construc-
tion rule

δF(Q+1)(t|T ) ≡ δF(Q)
(
t

∣∣∣∣T2
)
− δF(Q)

(
t− T

2

∣∣∣∣T2
)

(4.30)

for Q = 0, 1, . . .. In Appendix F.1 we prove that Eq. (4.30) indeed enables the construction of a
type-Q + 1 interferometer, as described by the function δF(Q+1)(t|T ), on the basis of a type-Q
interferometer, as characterized by the function δF(Q)(t|T ). Synonymously, Eq. (4.30) enables
the construction of a function δF(Q+1)(t|T ) with an increased number of moments that vanish
independently of the interferometer time T as defined by Eq. (4.28).

By altering the initial function δF(0)(t|T ) for Q = 0 and applying Eq. (4.30) iteratively,
we are now in the position to construct different families of interferometer schemes. In each
family the interferometer schemes numbered by Q = 0, 1, . . . are characterized by the functions
δF(Q)(t|T ), whose moments q = 0, 1, . . . , Q vanish, making them to type-Q interferometers.

In this regard, we note that the initial function δF(0)(t|T ) has to satisfy Eqs. (4.28) and
(4.29) with q = Q = 0 for all values of T , according to the definition of a type-0 interferometer.
For Q ≥ 1 all members of a family correspond to closed interferometers in the presence of a linear
potential as demonstrated in Section 3.5. In addition, we point out that different experimental
implementations of these interferometers can be described by the same function δF(Q)(t|T ), as
illustrated in Sections 4.2 and 4.3.

4.4.2 Example of an interferometer family

In the following, we present a prominent example of a family of type-Q interferometers. Its
members are characterized by a particular sequence of almost instantaneous momentum trans-
fers.

In Fig. 4.5 we display an overview of this family. Here we depict the z-component of the
characteristic function δF(Q)(t|T ) together with the resulting displacements δP(Q)(t|T ) in mo-
mentum and δR(Q)(t|T ) in position. For the ease of simplicity, we have chosen ω0 = 03 in
this illustration. The characteristic functions displayed in Fig. 4.5 (a)-(e) correspond to type-Q
interferometers with Q = 0, 1, . . . , 4. These interferometer geometries can, for instance, be real-
ized by a pulse sequence of type π/2− π − . . .− π − π/2 for the corresponding coupling zones.
Here the time interval between the first and the second pulse is given by T/2Q and all pulses
are associated with the same momentum transfer ±∆p to the atoms.

We now introduce the first few members of this particular family.

The Ramsey interferometer

For the initial member of this family with Q = 0, we consider the difference

δF(0)(t|T ) ≡ ∆p [δ(t)− δ(t− T )] , (4.31)

where ∆p denotes the induced momentum transfer. The function δF(0)(t|T ), Eq. (4.31), indeed
satisfies the requirements in Eqs. (4.28) and (4.29) for Q = q = 0 and all values of T . This
function corresponds to the force difference that would occur in a Ramsey interferometer [228,
307–314] with induced momentum transfer ∆p, which is characterized by two π/2-pulses that
are separated by the interferometer time T .
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Chapter 4 - Classification and applications of different interferometer geometries

Figure 4.5: Characteristic functions for a family of type-Q interferometers based on a sequence
of instantaneous momentum transfers. We present in (a)-(e) for Q = 0, 1, . . . , 4 in green the
z-component of the difference δF(Q)(t|T ) of the branch-dependent functions Fu(t) and Fl(t).
Moreover, we depict the z-component of the corresponding relative displacement in momentum
δP(Q)(t|T ) in blue and in position δR(Q)(t|T ) in orange as a function of time t. Here T denotes
the total interferometer time. In this illustration we have chosen a vanishing frequency tensor
ω0 = 03. Moreover, we have approximated Dirac delta functions by very narrow Gaussian pules.
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In Fig. 4.5 (a) we present the z-component of the difference δF(0)(t|T ), Eq. (4.31), together
with the relative displacements δP(0)(t|T ) in momentum and δR(0)(t|T ) in position for this
particular interferometer scheme. As a type-0 interferometer, the Ramsey interferometer is only
closed in momentum δP(0)(t|T ) = 0 for t > T , while it is open in position δR(0)(t|T ) 6= 0 as
evident from Fig. 4.5 (a).

Due to the open interferometer geometry, the phase shift in this device depends on the initial
motional state of the atom for a non-vanishing momentum transfer ∆p. Hence, a Ramsey inter-
ferometer is usually only applied in combination with a negligible momentum transfer ∆p = 0
in Eq. (4.31), which results in to δφ

(0)
1 (T ) = 0. Otherwise the non-closing in position might

induce a loss of contrast.
Nonetheless, the Ramsey interferometer is particularly useful for the study of energy dif-

ferences δE(t) resulting from the position-independent contributions to the branch-dependent
potentials. These contributions govern the phase shift δφ0, Eq. (3.50). As such, the Ramsey
interferometer constitutes an important tool for the realization of atomic clocks [169, 318].

The Mach-Zehnder interferometer

The next member of this family with Q = 1, presented in Fig. 4.5 (b), is constructed with the
help of Eqs. (4.30) and (4.31). The resulting force difference

δF(1)(t|T ) = ∆p
[
δ(t)− 2δ

(
t− T

2

)
+ δ(t− T )

]
(4.32)

corresponds to the one of a Mach-Zehnder interferometer [34–36, 41, 42, 52, 89, 125, 168, 172,
173, 180] as characterized by Eq. (4.5) and discussed in Section 4.2.

In this device the zeroth (q = 0) and first (q = 1) moments of δF(1)(t|T ), Eq. (4.32), vanish.
Accordingly, it is a type-1 interferometer that is closed in the presence of a linear potential.

For a constant force F̄ = F̄0 that corresponds to the average of the functions Fu(t) and Fl(t)
during the interferometer sequence, the resulting phase

δφ
(1)
1 (T ) = F̄0∆p

4~m T 2 (4.33)

scales as T 2. The phase shift δφ(1)
1 (T ) displays the same scaling as the enclosed area in space-

time depicted by the orange-shaded area in Fig. 4.5 (b) for the z-component of the displacement
in position δR(1)(t|T ).

The Butterfly interferometer

In Fig. 4.5 (c) we display the characteristic functions for the next member of this family with
Q = 2. Based on Eqs. (4.30) and (4.32) we arrive at the force difference

δF(2)(t|T ) = ∆p
[
δ(t)− 2δ

(
t− T

4

)
+ 2δ

(
t− 3T

4

)
− δ(t− T )

]
. (4.34)

According to Eq. (4.24) with ∆pmod = ∆p, this is the characteristic function of the standard
Butterfly interferometer [34–36, 41, 42, 52, 89, 125, 168, 172, 173, 180], as addressed in Sec-
tion 4.3. Since all type-Q interferometers with Q ≥ 1 are closed in the presence of a linear
potential, the Butterfly interferometer as a type-2 interferometer is also closed in this situation.
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Chapter 4 - Classification and applications of different interferometer geometries

Moreover, in the presence of linear potentials which induce a constant average force F̄ = F̄0,
the phase shift

δφ
(2)
1 (T ) = 0 (4.35)

vanishes. This is true for all type-Q interferometers with Q ≥ 2 since the enclosed signed-area in
space-time vanishes, as demonstrated by the orange-shaded area in Fig. 4.5 for the z-component
of δR(Q)(t|T ). We address this feature in more detail in Section 4.5.1.

Higher-order interferometers

On the basis of Eqs. (4.30) and (4.34) it is possible to construct type-Q interferometers for even
larger values of Q. In Fig. 4.5 (d) for Q = 3 and (e) for Q = 4, we display the characteristic
functions for novel interferometer geometries that describe a type-3 and type-4 interferometer,
respectively.

Based on the difference δF(Q)(t|T ), the displacements δP(Q)(t|T ) and δR(Q)(t|T ) are then
determined according to Eqs. (3.37) and (3.38). As mentioned above, these devices display a
vanishing phase shift

δφ
(Q)
1 (T ) = 0 (4.36)

in the presence of a linear potentials with a constant average force F̄ = F̄0. We explore possible
applications of such devices in the subsequent section.

4.4.3 Applications of type-Q interferometers

We turn now to possible applications of type-Q interferometers. In particular, we focus on their
usage to extract or compensate particular details of a time-dependent and homogeneous average
force F̄(t).

For this purpose, we consider a two-branch interferometer described by branch-dependent
linear potentials Vb(r̂, t), Eq. (3.24) with ω0 = 03, and a possibly time-dependent average force
F̄(t), Eq. (3.53), for the two branches. Here we study the dependency of the phase shift δφ(Q)

1 (T ),
Eq. (3.51), of a type-Q interferometer on particular details of the function F̄(t).

First, we apply a power series expansion of the average force

F̄(t) =
∞∑
k=0

F̄k

k! t
k (4.37)

with respect to the time t, where F̄k denotes the expansion coefficient for the k-th term with
k = 0, 1, . . ..

In Appendix F.1 we derive for F̄(t), Eq. (4.37), the phase shift

δφ
(Q)
1 (T ) = 1

~m

∞∑
k=Q−1

F̄k

(k + 2)!

∫ ∞
−∞

dτ τk+2δF(Q)(τ |T ) (4.38)

of a type-Q interferometer with Q ≥ 1 arising from the position-dependent contributions to
the branch-dependent potentials. Without loss of generality, we have chosen the initial time
ti → −∞ and the final time tf →∞.

As demonstrated in Section 3.5, a type-Q interferometer with Q ≥ 1 is closed in the presence
of a linear potential leading to a perfect interferometer contrast C = 1. Moreover, the phase
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shift δφ(Q)
1 (T ) of such an interferometer only depends on the coefficients F̄k with k ≥ Q − 1.

Indeed, Eq. (4.38) enables a straightforward determination of the phase shift δφ(Q)
1 (T ) with the

help of the functions F̄(t) and δF(Q)(t|T ).
For the particular case of a constant average fore F̄ = F̄0, the phase shift in Eq. (4.38)

reduces to

δφ
(Q)
1 (T ) = F̄0

2~m

∫ ∞
−∞

dτ τ2δF(Q)(τ |T ). (4.39)

Accordingly, in the presence of a constant average force F̄0, a type-1 interferometer with Q = 1
displays a non-vanishing phase shift δφ(Q)

1 (T ), Eq. (4.39). For Q ≥ 2 the phase shift δφ(Q)
1 (T ) = 0

in agreement with the results presented in Section 4.4.2.
More generally, we notice that a type-Q interferometer allows us to eliminate contributions

to the phase shift δφ(Q)
1 (T ) that arise from linear drifts (Q ≥ 3), as well as quadratic (Q ≥ 4),

and higher-order dependencies in time t of the unknown quantity F̄(t). In particular, only the
expansion coefficients F̄k in Eq. (4.37) with k ≥ Q− 1 contribute to the phase δφ(Q)

1 (T ) of such
an interferometer, as evident from Eq. (4.38). On the other hand, such an interferometer might
be utilized to study a particular time dependence of the average force F̄(t).

Alternatively, in the presence of branch-dependent quadratic potentials Vb(r̂, t), Eq. (3.24),
type-Q interferometers might be applied to eliminate particular contributions to the phase shift
δφ

(Q)
1 (T ), according to the analysis presented in Section 3.5. Indeed, these interferometer

schemes can compensate phase shifts proportional to particular powers ω2n
0 of the frequency

tensor ω0 with n = 0, 1, . . .. In contrast to the examples presented in Sections 4.2 and 4.3, such
a procedure is possible without a dependency of the interferometer geometry on the frequency
tensor ω0. In addition, type-Q interferometers may offer further interesting applications, for
instance, in the area of rotation sensing.

4.5 Discussion

In the preceding sections, we have noticed that there is a close connection between the phase
shift δφ1 and the space-time area enclosed by the interferometer as most evident in the presence
of a time-independent average force. Furthermore, the hierarchy of different interferometers
schemes introduced in Section 4.4 may allow us to extract information about the interaction
of atoms with time-dependent potentials. In the following, we discuss these two topics in more
detail.

First, we address in Section 4.5.1 the area law. Afterwards, we introduce in Section 4.5.2
the field of time-resolved atom interferometry.

4.5.1 The area law

In the following, we establish a connection between the phase shift of a closed interferome-
ter and the area enclosed by the classical trajectories associated with the two interferometer
branches. While the phase shift δφ1, Eq. (3.51), is determined by position-dependent contri-
butions, the phase δφ0, Eq. (3.50), arises from the position-independent contributions to the
branch-dependent potentials and is not relevant for the subsequent discussion.
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With Eq. (3.51), we recall the explicit expression for the phase shift

δφ1 = 1
~

∫ ∞
−∞

dτ F̄(τ)δR(τ), (4.40)

where we have chosen ti → −∞ and tf →∞ without loss of generality.
In the presence of a time-independent average force F̄(t) = F̄0 that is parallel to the position

difference δR(t), the phase shift

δφ1 = F̄0
~

∫ ∞
−∞

dτ δR(τ) (4.41)

is proportional to the enclosed area

A ≡
∫ ∞
−∞

dτ |δR(τ)| (4.42)

of the respective branch-dependent classical trajectories in space-time, provided that the com-
ponents of the position difference δR(t) are non-negative for all times t. Thus, the phase shift
δφ1 can be increased by enlarging the enclosed area A in order to improve the signal-to-noise
ratio and the accuracy of the interferometer.

If the position difference δR(t) assumes negative values, it is instead the enclosed signed area
which is relevant for the calculation of the interferometer phase. Moreover, if the vectors F̄0 and
δR(t) are not aligned parallel for the entire time t, the enclosed signed areas for the different
components of δR(t) act as weights for the components of F̄0 in the phase shift δφ1.

The area law, Eq. (4.41), valid in the presence of a constant average force F̄0, can directly be
applied to analyze the phase shift of the different interferometer schemes presented in Chapters 4
and 6. For example the standard Butterfly geometry [174], see Section 4.3, has a vanishing signed
area. Thus, the resulting interferometer phase becomes insensitive to F̄0. More generally, this
is true for all type-Q interferometers with Q ≥ 2, as demonstrated in Section 4.4.2.

Intuitively, one might expect that the phase shift always scales with the area enclosed by the
interferometer for arbitrary time-dependent linear potentials, provided that the interferometer
is closed. For branch-dependent linear potentials, the closing conditions are solely determined
by the difference δF(t). Thus, interferometers which are closed for a time-independent function
F̄ = F̄0 are also closed when F̄(t) is time-dependent. It is interesting to explore the question
how the resulting phase shift is related to the enclosed area in the latter case. In fact, for
particular time-dependent functions F̄(t), the phase contribution δφ1 can still be proportional
to the enclosed area of the interferometer as we have demonstrated in Ref. [69].

For specific interferometer geometries, the connection between the phase shift and the area
enclosed by the interferometer in a space-time diagram has already been explored in Refs. [52,
198]. Moreover, our analysis is consistent with the results obtained within a semi-classical
approach [273].

4.5.2 Time-resolved atom interferometry

In order to determine the interference signal of an atom interferometer, conventionally a cer-
tain interferometer scheme is repeated using multiple shots of atoms while scanning a certain
parameter as, for instance, the interferometer time T or the laser phase [91].
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This procedure is only reliable as long as the quantity to be measured does not change during
the interferometer sequence. In fact, the signal should even remain approximately constant while
different repetitions are performed. However, a time dependence of the signal can also originate
from gratuitous effects as due to vibrations.

In the following, we motivate procedures to extract or to eliminate the influence of such effects
on the interferometer output, provided that all branches of the interferometer are affected in
the same way. These strategies might be of general interest, in particular in the context of long
measurement times or mobile applications.

First, we recall that according to Eq. (4.40), the presence of a time-dependent average force
F̄(t) has an enormous influence on the phase shift δφ1 of an interferometer. The phase shift
δφ1 in fact results from a weighted average of the force F̄(t), where the displacement δR(t) in
position takes the role of a weight function. Thus, different interferometer sequences, which are
characterized by different displacements δR(t) in position, underline particular properties of the
signal F̄(t).

In this regard, we have demonstrated in Section 4.4.3 that type-Q interferometers enable a
sensitivity to particular features of the time-dependent average F̄(t), as determined by the value
of Q. Thus, simultaneous measurements with two different interferometer schemes, for example
a type-Q+1 interferometer and a type-Q interferometer, might be beneficial to gain additional
information on the time dependence of the function F̄(t).

In order to record not only a phase shift for a particular value of T , but an interference signal
as a function of the interferometer time T , the measurement should be repeatable with the same
time-dependent force F̄(t). Otherwise a particular interferometer scheme has to be performed
simultaneously for different values of the interferometer times T to study such a time-dependent
signal. We note that first experimental steps towards atom interferometry with multiple phase
measurements have already been made [319].

Alternatively, a combined operation of different type-Q interferometers may be used to elimi-
nate phase shifts that originate from gratuitous effects. As an example, we consider the case of a
linear drift F̄(t) = F̄0 + F̄1t of the average force F̄(t) as a function of time t. Then the operation
of both a type-2 interferometer, as the Butterfly interferometer, and a type-1 interferometer, as
the Mach-Zehnder interferometer, would enable the extraction of the constant contribution F̄0
from the phase shifts recorded by these devices.

In conclusion, time-resolved atom interferometry adds time as an additional dimension to
already existing schemes [120, 130] for atom interferometers that are sensitive to three spatial
components of accelerations and rotations. In the present chapter we have constructed interfer-
ometer schemes that can be applied for this purpose. While the development of specific devices
is challenging, it still might be pursued in the future.

4.6 Conclusion

We have demonstrated the power and intuitive applicability of our formalism for the analy-
sis of existing and the construction of novel interferometer geometries. We have shown that
the approach developed in Chapter 3 establishes a common language for different experimen-
tal implementations of matter-wave interferometers by identifying the corresponding time- and
branch-dependent potentials.

In this chapter we have especially focused on interferometer schemes that are characterized by
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particular sequences of instantaneous momentum transfers. First, we have presented a detailed
analysis of a Mach-Zehnder interferometer. According to our classification scheme, this device
corresponds to a type-1 interferometer. Consequently, it is closed in the presence of a linear
potential resulting in a perfect contrast. Moreover, we have demonstrated the well-known result
that in the presence of a constant linear potential the phase of the Mach-Zehnder interferometer
scales quadratically with respect to the interferometer time T as a consequence of the identical
scaling of the enclosed area in space-time.

In the presence of a quadratic potential, our formalism suggests a modified scheme that en-
ables a perfect closing in this more general situation. Interestingly, the resulting phase shift
is now governed by a sinc-squared function. This modified Mach-Zehnder interferometer com-
pensates for the possible loss of contrast in the presence of a quadratic potential. Moreover, it
enables an exponential scaling of the phase with respect to T by utilizing an inverted harmonic
oscillator potential. However, this fast phase accumulation comes with the drawback of requiring
an exponentially increasing momentum transfer with respect to T in order to close the device.

Next, we have demonstrated that the standard Butterfly interferometer is a type-2 interfer-
ometer. For this reason, it displays a vanishing phase shift in the presence of a linear potential.
Similar as the Mach-Zehnder interferometer, also the Butterfly interferometer has an open con-
figuration when exposed to a quadratic potential. By a modification of the interferometer scheme,
as suggested within our formalism, a perfect closing can be obtained that results in a vanishing
phase shift, now in the presence of a quadratic potential. Based on our modified scheme, it is
possible to perform a measurement of the branch-independent frequency tensor of a quadratic
potential.

As a highlight, we have discovered a general and implementation-independent construction
rule for interferometers. This rule not only allows the categorization of different interferometers
by families, but also enables the construction of novel devices that are closed in the presence of
a linear potential providing various potential applications. As an example, we have illustrated
the applicability of these devices to either eliminate or to extract particular properties of a time-
dependent force. For this purpose, we have derived the resulting phase shift of these type-Q
interferometers.

We point out that the construction of type-Q interferometers becomes more difficult for
larger values of Q as, for example, the number of pulses involved increases rapidly. Nonetheless,
our novel interferometer schemes display promising features and may be utilized for the charac-
terization of traps, in the context of time-resolved atom interferometry, or to study higher-order
effects as anharmonicities that occur in particular situations.
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Chapter 5 - The Kennard phase

5.1 Introduction

Phases are of central significance to any wave theory. In the formulation of Quantum Theory [13]
by E. Schrödinger, it is the concept of a complex-valued wave function that motivates the
usage of an amplitude and phase. Moreover, as explored in Section 2.4 there is a close relationship
between the phase of a quantum wave, whose time evolution is governed by the Schrödinger
equation, and the classical action, which determines the motion of a classical particle via the
Hamilton-Jacobi equation.

In this chapter we study a special phase that arises in the presence of a linear potential. In
honor of E. H. Kennard who has first noticed its appearance [50, 51], we name this peculiar
phase the Kennard phase. We discuss the recent observation of the Kennard phase in surface
gravity water waves, an analog system to quantum mechanics. Moreover, we set the stage for the
development of a matter-wave interferometer that is capable of detecting the Kennard phase.

The subsequent introduction is structured as follows. In Section 5.1.1 we introduce the
Kennard phase. Subsequently, Section 5.1.2 discusses different alternatives for the observation
of this peculiar phase. An outline of the present chapter is contained in Section 5.1.3.

5.1.1 The Kennard phase

In the early days of quantum mechanics E. H. Kennard [50, 51] studied a one-dimensional
type of motion that is induced by a constant force F applied for a time t. The one-dimensional
force F can be described with the help of the scalar linear potential −Fz, where z denotes the
position coordinate. For a classical particle of mass m such a linear potential leads to a constant
acceleration and results in a position change that is linear in F and quadratic in t.

The propagator of a quantum particle in the linear potential −Fz instead contains a phase
factor which is governed by the corresponding classical action [165, 182]. For the relevant classical
motion, time enters in the velocity in a linear and in the coordinate in a quadratic way, while
both quantities depend linearly on the force. Hence, both the kinetic energy, being quadratic
in the velocity, and the potential energy, being linear in the coordinate, bring in time and force
in the Lagrangian quadratically. Therefore, the action, as the integral of the Lagrangian over
time, must contain a term proportional to the cube of time. The resulting position-independent
phase

ϕ(t) ∝ F 2

~m
t3, (5.1)

which is cubic in the time t and quadratic in the force F , is at the center of our interest in the
present chapter.

It is worthwhile to mention that in the first publication on this topic, E. H. Kennard did
not provide an explicit expression for this position-independent phase, but described it as an
arbitrary phase contribution:

“. . . wo ϕ(t) willkürlich ist (in den folgenden Beispielen wird dieses Glied wegge-
lassen).” [50, p. 345]

Only in Ref. [51] E. H. Kennard presented the cubic phase dependence for the time evolution
of a one-dimensional Gaussian wave packet in a linear potential. In the following, we refer to
such phase factors that are cubic in time and depend in a quadratic manner on the strength of
the linear potential due to which they emerge, as manifestations of the Kennard phase.
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Since then the Kennard phase has been rediscovered by many authors [49, 52–54, 56, 57, 59–
64, 66], and often appeared in the context of an analog to Einstein’s equivalence principle [1]
in non-relativistic quantum mechanics. In particular, M. Nauenberg noticed the emergence
of the Kennard phase in the transformation of the free Schrödinger equation to a uniformly
accelerated frame [64]. His derivation is mentioned in a footnote in the article on the celebrated
Colella-Overhauser-Werner (COW) experiment [34], which for the first time measured the phase
shift of interfering neutron beams caused by the gravitational potential of the earth. Indeed, it
was S. Werner himself who has caught our attention for this peculiar phase factor.

Despite this wide interest in this peculiar phase, to the best of our knowledge it has not been
observed till recently. This is due to the fact that the position-independent Kennard phase plays
the role of a global phase. According to the Born rule, global phase factors of a single quantum
system cannot be measured. In the following, we suggest two different ways to circumvent this
problem.

5.1.2 Roads towards an observation of the Kennard phase

One possibility to detect the Kennard phase is to turn to an analog system to quantum mechanics
that is governed by the Schrödinger equation and allows for measurements of global phases. For
this reason, we have considered the propagation of surface gravity water waves. This analog
system facilitates the extraction of the full waveform providing us directly with the Kennard
phase.

Obviously, a quantum-mechanical observation of the Kennard phase would equally be de-
sirable. In order to achieve this aim, we have suggested to pursue an interferometric measure-
ment [68] by employing an atom interferometer.

We now briefly summarize the key aspects of these approaches.

Observation of the Kennard phase in hydrodynamics

In order to observe the Kennard phase in hydrodynamics, we make use of the fact that surface
gravity water waves in the deep-water regime obey a quadratic dispersion relation [320–324]
valid for a small elevation of the water surface. In this regime the dynamics of the water waves
is governed by the Schrödinger equation with position and time being interchanged.

We theoretically study the evolution of surface gravity water waves with Gaussian and Airy
shaped envelopes, as generated by a wave maker. These waves propagate in an effective linear
potential resulting from a homogeneous and time-dependent flow, as created by a computer-
controlled water pump. For both wave forms we present the amplitudes and the cubic Kennard
phases appearing due to the motion in the linear potential. Furthermore, we demonstrate that
Airy surface gravity water wave packets even display a Kennard phase in the absence of a linear
potential.

The corresponding measurements [70] performed by G. Rozenman in the groups of A. Arie
and L. Shemer, constitute the first direct observation of the Kennard phase for surface gravity
water. In the present Chapter 5 we provide an overview of this particular experiment.

Observation of the Kennard phase in quantum mechanics

It is astonishing that although the Kennard phase acts as a global phase in a single quantum
system, there exist possibilities for its observation in quantum mechanics. For this purpose, we
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make use of a combined quantum system, where the Kennard phase appears as a relative phase.
Based on the results presented in Chapters 2 and 3, we have constructed a matter-wave

interferometer that employs state-dependent forces. This interferometer utilizes a Bose-Einstein
condensate and imprints forces depending on the internal atomic state via the Stern-Gerlach
effect. The phase shift of this novel T 3 interferometer scales as T 3, where T denotes the inter-
ferometer time, and originates from the Kennard phase.

The corresponding experiment [71], performed by O. Amit and O. Dobkowski in the group
of R. Folman, has led to the observation of the Kennard phase with the help of interfering
quantum waves. We will elaborate on this interferometer and the associated experiment in detail
in Chapter 6.

5.1.3 Outline

In the following, we provide a broad overview on different aspects that are connected to the
Kennard phase. In particular, we analyze the emergence and the significance of the Kennard
phase for quantum mechanics. We also address fundamental aspects which have so far prevented
the observation of this peculiar phase. In addition, we address a recent experiment in the field
of analog quantum mechanics that is based on surface gravity water waves and has enabled the
observation of the Kennard phase.

The present chapter is organized as follows. First, we present in Section 5.2 a detailed dis-
cussion on the appearance of the Kennard phase. We elaborate on various fundamental aspects
of the Kennard phase ranging from its connection to the equivalence principle to stationary
states in a linear potential as represented by Airy functions. Section 5.3 is dedicated to an
experiment utilizing surface gravity water waves in the presence of a linear potential, which has
enabled the detection of the Kennard phase. In Section 5.4 we then motivate an interferometric
measurement of this peculiar phase in quantum mechanics. In addition, we list different systems
that are connected to the Kennard phase. Finally, we conclude in Section 5.5.

5.2 Fundamental aspects of the Kennard phase

In 1927 E. H. Kennard studied [50, 51] the motion of an electron in a homogeneous electric
field, as displayed in Fig. 5.1 (a), and the one of a massive particle in a one-dimensional uniform
gravitational field, shown in Fig. 5.1 (b). Both systems are equivalent in the sense that they can
be modeled by a particle exposed to a time-independent linear potential.

In classical mechanics a massive particle accelerates in a potential that varies linearly in
space. In quantum mechanics the associated wave function accumulates a position-dependent
phase, being associated with the momentum change in a linear potential [325], and an additional
position-independent phase that scales with the third power of time.

The current section explores different fundamental aspects related to this peculiar phase
and is organized as follows: First, we discuss in Section 5.2.1 the emergence of the Kennard
phase in the propagator for the wave function in a linear potential. In addition, we contrast the
situations in classical and quantum mechanics. Next, in Section 5.2.2 the connection between
the Kennard phase and the equivalence principle in non-relativistic quantum mechanics is laid
out. Subsequently, we reveal a relation between this phase and the energy eigenstates in a linear
potential in Section 5.2.3. Finally, we conclude in Section 5.2.4 and elaborate on the arbitrariness
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Figure 5.1: Two physical systems that are described by a linear potential V (z) ≡ −Fz corre-
sponding to a constant force F = Fez directed along the z-axis: (a) an electron with charge −e
in an ideal capacitor generating the constant and homogeneous electric field E with F ≡ −e |E|,
and (b) a particle of gravitational mass mg which experiences the constant gravitational ac-
celeration g with F ≡ −mg |g|, see Ref. [68]. Adapted by permission from Springer Nature
Customer Service Centre GmbH: Springer, Applied Physics B 123, 102, M. Zimmermann et
al., T 3-Interferometer for atoms © Springer-Verlag Berlin Heidelberg (2017).

of the Kennard phase. Moreover, we initiate a discussion on possible ways to observe this phase
factor.

5.2.1 Emergence of the Kennard phase in the propagator

We start our analysis by discussing the one-dimensional motion of a classical point-like parti-
cle of mass m moving in the linear potential V (z) ≡ −Fz corresponding to a constant force
F ≡ Fez directed along the z-axis with the unit vector ez. Afterwards we turn to the corre-
sponding quantum mechanical system, where we explore the emergence of the Kennard phase
in accordance with Ref. [68].

The system of a classical particle being exposed to the linear potential −Fz can be charac-
terized by the Lagrangian

L(z, ż) = 1
2mż

2 + Fz (5.2)

being a function of the position z and its temporal derivative, the velocity ż.
The classical trajectory zcl = zcl(t) is then obtained as the solution of the Euler-Lagrange

equation
d
dt
∂L

∂ż
− ∂L

∂z
= 0 (5.3)

corresponding to Newton’s second law
mz̈cl = F (5.4)

for the Lagrangian L(z, ż), Eq. (5.2).
With the boundary conditions

zcl(ti) = zi and zcl(tf) = zf (5.5)
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we immediately arrive at the classical trajectory

zcl(t) = zi + zf − zi
tf − ti

(t− ti) + F

2m(t− ti)(t− tf) (5.6)

as solution to Eq. (5.4).
We emphasize that the classical trajectory zcl(t), Eq. (5.6), is a quadratic function in t and

depends linearly on F . Since the classical trajectory zcl(t) fully determines the dynamics of the
system, we conclude that there is no evidence of the Kennard phase, defined by Eq. (5.1), in the
motion of a classical particle.

Next, we consider the analog system for a quantum particle in the presence of a linear
potential V (z) ≡ −Fz as displayed in Fig. 5.1. Here the associated wave function

ψ(zf , tf) =
∫ ∞
−∞

dziG(zf , tf |zi, ti)ψ(zi, ti) (5.7)

represents the probability amplitude to find the particle at the final position zf at time tf , where
ψ(zi, ti) is the value of the wave function at the position zi for the initial time ti. Here the
propagator

G(zf , tf |zi, ti) ≡ 〈zf | Û(tf , ti) |zi〉 (5.8)

is defined via the time evolution operator

Û(tf , ti) ≡ exp
[
− i
~
Ĥ(tf − ti)

]
(5.9)

for the Hamiltonian
Ĥ = p̂2

z

2m − F ẑ (5.10)

describing the motion in a linear potential.
Within Feynman’s path integral formalism [49, 165] and according to Section 2.4, the prop-

agator defined by Eq. (5.8) can be expressed as

G(zf , tf |zi, ti) =
√

m

2π~i(tf − ti)
exp

[ i
~
Scl(zf , tf |zi, ti)

]
, (5.11)

where the classical action

Scl(zf , tf |zi, ti) = m

2
(zf − zi)2

tf − ti
+ F

2 (zf + zi) (tf − ti)−
1
24
F 2

m
(tf − ti)3 (5.12)

results from the temporal integration

Scl(zf , tf |zi, ti) ≡
∫ tf

ti
dt L [zcl(t), żcl(t)] (5.13)

of the Lagrangian L(z, ż), Eq. (5.2), evaluated along the classical trajectory zcl(t), Eq. (5.6),
that connects the points (ti, zi) and (tf , zf) in spacetime.

As apparent from Eq. (5.12) the classical action Scl(zf , tf |zi, ti) and thus the propagator
G(zf , tf |zi, ti), Eq. (5.11), is an odd function with respect to the time difference tf − ti, reflecting
the time-reversal symmetry of the system. For a free particle, that is F = 0, only the term

120



5.2 Fundamental aspects of the Kennard phase

proportional to (tf−ti)−1 remains in Eq. (5.12). In contrary, in the presence of a linear potential,
that is F 6= 0, two additional terms emerge that are linear and cubic in time, whose meaning is
discussed in the subsequent Section 5.2.2.

The representation Eq. (5.12) brings out most clearly that the propagator G(zf , tf |zi, ti),
Eq. (5.11), and thus the wave function ψ(zf , tf), Eq. (5.7), contains a phase

ϕ(tf − ti) ∝
F 2

~m
(tf − ti)3, (5.14)

which is independent of the initial and final positions zi and zf . This phase scales with the
second power of F and the third power of tf − ti, that is the time during which the quantum
particle experiences the constant force F . Hence, Eq. (5.14) constitutes a manifestation of the
Kennard phase.

Finally, we point out that for a linear gravitational potential F = −mg |g|, as presented in
Fig. 5.1 (a), the gravitational mass mg equals the inertial mass m according to the equivalence
principle. In the classical case, the corresponding equation of motion, resulting from Eq. (5.4),
only depends on the ratio mg/m of gravitational and inertial mass.

Interestingly, in the quantum mechanical case, the Kennard phase in Eq. (5.14) displays a
different ratio m2

g/m, which enters directly as a phase to the wave function. For this reason, it
would be intriguing to explore the Kennard phase in connection with tests of the equivalence
principle.

5.2.2 The Kennard phase and the equivalence principle

In the following, we show that the occurrence of the Kennard phase is intimately connected to
a formulation of Einstein’s equivalence principle [1] in non-relativistic quantum mechanics.

For this purpose, we first relate the free propagation of a general wave function to the
propagation in the presence of a linear potential. Next, we turn to the equivalence principle in
non-relativistic quantum mechanics and point out some subtleties with respect to its formulation
that are connected to the role of the Kennard phase. Finally, we consider as an example the
propagation of a plane wave in the absence and presence of a linear potential. We contrast the
resulting dynamics to the one observed from an accelerated frame in order to establish a relation
to the preceding discussion.

From free propagation to the motion in a linear potential

In order to determine the time evolution of a particular initial wave function ψ(z, 0) in the
presence of a linear potential, it is necessary to evaluate the integral in Eq. (5.7). This task can
be simplified by recasting [59] the classical action in Eq. (5.12) as

Scl(z, t|zi, 0) = m

2t

(
z − Ft2

2m − zi

)2

+ Ftz − 1
6
F 2t3

m
, (5.15)

where only the first term depends on the integration variable zi.
By using the form of the classical action presented in Eq. (5.15), a relation between the

propagator in a linear potential, Eqs. (5.11) and (5.12), and the one describing a free propagation
can be established. For this purpose, the latter is evaluated with respect to a displaced endpoint
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z − Ft2/2m and the additional phase Ftz/~ − F 2t3/(6~m) is included. In agreement with
the results presented in Section 2.4 only the phase, but not the amplitude of the propagator is
influenced by the presence of a linear potential.

By inserting Eqs. (5.11) and (5.15) into Eq. (5.7), we are able to express the wave function

ψ(z, t) = exp
[

i
~

(
Ftz − 1

6
F 2t3

m

)]
ψ0

(
z − Ft2

2m , t

)
(5.16)

for the propagation in a linear potential in terms of the wave function ψ0(z, t) obtained from
the free propagation of the initial wave function ψ0(z, 0) = ψ(z, 0) in the absence of a potential.

The decomposition presented in Eq. (5.16) illustrates most clearly the effect of a linear
potential on a freely propagating wave function ψ0(z, t): (i) Its coordinate z is shifted by the
amount Ft2/2m, according to the effect of a linear potential on the motion of a classical particle.
(ii) In addition, it picks up a position-dependent phase Ftz/~ describing the momentum change
Ft in agreement with the classical situation. (iii) The wave function ψ(z, t) accumulates the
position-independent Kennard phase −F 2t3/6~m being intimately connected to the wave nature
of the system as demonstrated in the following.

We note that Eq. (5.16) reminds of the decomposition of the time evolution operator pre-
sented in Section 3.4.2 in Eq. (3.25). Interestingly, there the phase φb(t) given by Eq. (3.29)
together with Eq. (3.28) and the parameters ω0 = 03, Fb(t) = Fez, Eb(t) = 0, only corresponds
to half of the Kennard phase. This discrepancy can be explained by the use of a representation-
free description in Chapter 3 instead of the position representation as pursued in the present
chapter.

The equivalence principle in non-relativistic quantum mechanics

In the following we show that the transformation presented in Eq. (5.16) is intimately connected
to a quantum mechanical analog of Einstein’s equivalence principle [1] within the non-relativistic
limit. Although such a formulation has been studied before in several places [55–58, 63, 64], we
focus here on some subtleties in relation to the role of the Kennard phase.

According to the equivalence principle [1], the motion of a freely propagating classical particle
observed from an appropriate uniformly accelerated reference frame, is equivalent to the one that
occurs in the presence of a uniform and constant gravitational field as viewed from an inertial
frame.

For the establishment of an analogous principle in the non-relativistic quantum mechanical
case, usually the dynamics of a freely propagating wave function ψ0(z, t), viewed from an ap-
propriately uniformly accelerated frame, characterized by the acceleration a, is related to the
motion in a linear potential −Fz studied from an inertial frame, where F = ma.

In order to arrive at this result, two steps are required: (i) a transformation of the Schrödinger
equation and the wave function ψ0(z, t) to the accelerated frame, and (ii) an additional unitary
transformation of the resulting equation and the corresponding wave function. While step (i) is
evident, step (ii) is by far less obvious and leads to some undesired effects as discussed below.

The extended Galilean transformation of the Schrödinger equation
For our analysis, we concentrate on a particular class of extended Galilean transformations [55,
57, 58, 326–328]. Here the frame S′ is uniformly accelerated with respect to an inertial frame
S, as characterized by the acceleration a and presented in Fig. 5.2.

122



5.2 Fundamental aspects of the Kennard phase

Figure 5.2: Extended Galilean transformation between the inertial frame S and the accelerated
frame S′, where S′ is uniformly accelerated to the left with the acceleration a > 0 relative to S.

The connection between the position z and the time t in the frame S, and the position z′

and the time t′ in the frame S′ is established by the transformations

z′ = z + 1
2at

2 and t′ = t (5.17)

resulting in the transformation rules

∂

∂z′
= ∂

∂z
and ∂

∂t′
= ∂

∂t
− at ∂

∂z
(5.18)

for the corresponding derivatives.
Next, we consider the Schrödinger equation

i~ ∂
∂t
ψ0(z, t) = − ~2

2m
∂2

∂z2ψ0(z, t) (5.19)

in the frame S for a freely propagating quantum particle of mass m being described by the wave
function ψ0(z, t).

By applying (i) the transformation rules, Eqs. (5.17) and (5.18), we obtain from Eq. (5.19)
the quantum mechanical equation of motion

i~ ∂

∂t′
ψ′
(
z′, t′

)
=
[

1
2m

(~
i
∂

∂z′
+mat′

)2
− ma2t′2

2

]
ψ′
(
z′, t′

)
(5.20)

in the frame S′ as described by a position-independent Hamiltonian. We highlight that the com-
pletion of the square for the transformed canonical momentum leads to the apparent emergence
of the square of the acceleration a in Eq. (5.20). Moreover, the transformed wave function in
the frame S′ reads

ψ′(z′, t′) ≡ ψ0

(
z′ − 1

2at
′2, t′

)
. (5.21)

By comparing the form of the Schrödinger equations (5.19) and (5.20) in the frames S and
S′, respectively, we observe that a transformation to the accelerated frame does not lead to the
appearance of a linear potential as it might have been expected.
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Only, by performing (ii) the additional unitary transformation

Ψ′(z′, t′) ≡ exp
[ i
~

(
mat′z′ − 1

6ma
2t′3

)]
ψ′
(
z′, t′

)
(5.22)

of the wave function ψ′(z′, t′), Eq. (5.21), we are able to transform Eq. (5.20) to the Schrödinger
equation

i~ ∂

∂t′
Ψ′(z′, t′) =

(
− ~2

2m
∂2

∂z′2
−maz′

)
Ψ′(z′, t′) (5.23)

for a quantum particle in the frame S′ containing a linear potential −maz′ and being charac-
terized by a time-independent Hamiltonian.

With the identification F = ma, Eq. (5.22) corresponds to the transformation presented in
Eq. (5.16) relating a freely propagating wave function ψ0(z, t) to the wave function ψ(z, t) in the
presence of a linear potential −Fz. The phase of Ψ′(z′, t′) contains the momentum shift mat′
together with the Kennard phase −ma2t′3/6~. Additionally, the shift of the position variable
presented in Eq. (5.21) corresponds to the one presented in Eq. (5.16).

Discussion on the additional phase factors
Already for a particular sequence of conventional Galilean transformations, the inclusion of
unitary transformations similar to the one presented in Eq. (5.22) induces additional phase
factor when returning to the original frame [329, 330]. If this sequence of transformations
is performed for a superposition of states corresponding to particles of different masses, such
seemingly artificial phase factors would become observable.

This consequence has motivated a theorem [331] of V. Bargmann according to which a
superposition of states involving particles of different mass is not legitimate in non-relativistic
quantum mechanics. Different aspects related to this statement are presented in Refs. [332–336].
A rigorous investigation has been performed by D. M. Greenberger, who interpreted these
artificial phase factors as residues of a relativistic theory and suggested to introduce mass as
a conjugate variable to proper time [328–330, 337–339] to avoid the restrictions resulting from
Bargmann’s theorem.

Next, we consider a combined transformation that consists of an extended Galilean transfor-
mation followed by the unitary transformation presented in Eq. (5.22). Similar as above, for a
sequence of such combined transformations additional phase factors emerge as, for instance, the
Kennard phase when returning to the original frame. We emphasize that these phases actually
result from the unitary transformation needed to establish the equivalence between the quantum
mechanical equations of motion for a freely propagating particle viewed from the accelerated
frame S′, and the ones obtained in the presence of a linear potential in the inertial frame S.

In this regard, the extended Galilean transformation (analog to the Galilean transformation)
satisfies the group property, that a sequential application of an extended Galilean transformation
with acceleration a1 and another one with acceleration a2 corresponds to an extended Galilean
transformation with acceleration a1 + a2, as evident from Eq. (5.17). A transformation that
instead is defined as an extended Galilean transformation in combination with the unitary
transformation presented in Eq. (5.22), does not satisfy this group property due to the quadratic
dependence of the Kennard phase on the acceleration. This is the origin for the emergence of
additional phase factors when returning to the original frame by applying a sequence of such
transformations.
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For these reasons, it would be interesting to investigate the meaning of the unitary trans-
formation Eq. (5.22) in detail. Some relevant questions are (i) if in quantum mechanics the ex-
tended Galilean transformation, as a transformation between different reference frames, should
be accompanied by a phase transformation, (ii) if such a phase transformation is necessary or
even admissible or a different formulation of the equivalence principle is required, and (iii) if an
experiment could be designed that provides answers to these questions.

Indeed, it is questionable if a difference between the wave functions ψ′(z′, t′), Eq. (5.21),
and Ψ(z′, t′), Eq. (5.22), can be observed experimentally. For a quantum particle without
internal structure as considered here, both wave functions lead to the same probability den-
sity |ψ′(z′, t′)|2 = |Ψ′(z′, t′)|2 in position representation and the additional phase factors in
Eq. (5.22) drop out. We emphasize that a measurement of the phases of the wave functions
ψ(z, t), Eq. (5.16), and ψ(z′, t′), Eq. (5.21), otherwise would allow to distinguish the motion
in a linear potential viewed from an inertial frame S, and the free motion observed from an
appropriately accelerated reference frame S′. We will return to this issue in Section 5.2.4.

Compared to a quantum particle without internal states, the situation changes completely
when a spin-1/2 system with state-dependent masses is assumed. Such a model is used to
determine relativistic phase shifts in atom interferometry [200, 214, 215, 340]. In this case the
transformation in Eq. (5.22) becomes state-dependent, and such models might eventually predict
an observable difference for the two situations investigated in this section.

Further thoughts on the equivalence principle in quantum mechanics and its relation to the
Kennard phase have been presented in Ref. [65–67]. In particular, it has been suggested [65] to
test the equivalence principle as a gauge principle by observing the Kennard phase. Moreover,
the Kennard phase plays an important role in a suggestion [66, 67] for the unification of quantum
theory and gravity by ‘gravitizing quantum theory’ utilizing the equivalence principle as one of
the main guiding principles.

Thus, it would be intriguing to study the role of the Kennard phase at the interface of quan-
tum physics and gravity in more detail, and explore the resulting consequences. Unfortunately,
this task goes beyond the scope of this thesis.

Plane waves and the Kennard phase

We are now in the position to illustrate the emergence of the Kennard phase for the example of
a particular wave form. For this purpose, we consider a plane wave and discuss its propagation
in the presence of a linear potential −Fz. We contrast this motion to the one in a uniformly ac-
celerated reference frame as characterized by the acceleration a. The analysis of these situations
allows us to obtain a deeper insight into this peculiar phase.

According to the Schrödinger equation (5.19), a freely propagating plane wave

ψ0(z, t) = exp [i (k0z − ω0t)] , (5.24)

whose real part is displayed in Fig. 5.3 (a), fulfills the quadratic dispersion relation

~ω0 = ~2k2
0

2m (5.25)

for the frequency ω0 and the z-component k0 of the wave vector.
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We consider now the propagation of the initial wave function ψ0(z, 0), Eq. (5.24), in the
presence of the linear potential −Fz. According to Eq. (5.16), we arrive at the solution

ψ(z, t) = exp
[ i
~
φ(z, t)

]
(5.26)

with the phase

φ(z, t) = (~k0 + Ft) z −
(
~ω0t+ ~k0

Ft2

2m + F 2t3

6m

)
(5.27)

which clearly contains the Kennard phase in the last term.
Here the partial derivative

∂φ(z, t)
∂z

= ~k0 + Ft (5.28)

with respect to the position z is a time-dependent function that illustrates the time-dependent
displacement in momentum, as expected from the classical situation.

On the other hand, the negative partial derivative

− ∂φ(z, t)
∂t

= ~ω0 + ~k0
Ft

m
+ F 2t2

2m − Fz (5.29)

with respect to time t depends on both time and position. Here the first term in Eq. (5.29) which
is independent of t describes the energy contribution of a freely propagating plane wave. The
second term linear in t reminds of the chirp applied to an electromagnetic wave, as presented in
Eq. (3.22), for compensating the change of the atomic resonance frequency due to the Doppler
effect induced by the motion in a linear potential. The third term quadratic in t is a consequence
of the Kennard phase given by the last term in Eq. (5.27). The fourth term in Eq. (5.29) linear
in z reflects the potential energy associated with the linear potential. Thus, the Kennard phase
is related to a frequency and thus an energy contribution for a plane wave exposed to a linear
potential.

The partial derivatives ∂φ(z, t)/∂z, Eq. (5.28), and −∂φ(z, t)/∂t, Eq. (5.29), of the phase
φ(z, t), Eq. (5.27), with respect to position and negative time, respectively, fulfill the relation

− ∂φ(z, t)
∂t

= 1
2m

(
∂φ(z, t)
∂z

)2
− Fz, (5.30)

which reduces to the quadratic dispersion relation Eq. (5.25) for F = 0.
In fact, Eq. (5.30) is the Hamilton-Jacobi equation given by Eq. (2.60) for a particle of mass

m in the presence of a linear potential. In contrast to the solution provided by the classical
action Scl(z, t|zi, ti), Eq. (5.12), for this particular system, the phase φ(z, t), Eq. (5.27), fulfills
a different initial condition φ(z, 0) = ~k0z. Indeed, since the amplitude of the wave function
ψ(z, t), Eq. (5.26), is position-independent, its phase φ(z, t) is a solution to the Hamilton-Jacobi
equation as demonstrated in Section 2.4.2.

Equation (5.30) together with its solution Eq. (5.27) also provide a deeper insight into the
peculiar form of the Kennard phase by explaining its quadratic dependence on F as a result
of evaluating the square, and its cubic scaling in t as obtained from a temporal integration of
the quadratic term in t. In fact, it is the wave nature of the system in combination with the
quadratic dispersion relation that leads to the emergence of the Kennard phase.
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Furthermore, there is a characteristic time

tc = −~k0
F

(5.31)

for which the position dependence of the phase φ(z, tc), Eq. (5.27), vanishes. Here the quantity tc
denotes the time after which a classical particle with initial momentum ~k0, while experiencing
the force F , arrives at the classical turning point where its momentum vanishes.

At this particular time t = tc, Eq. (5.31), the entire phase of the wave function ψ(z, t),
Eq. (5.26), is determined by the Kennard phase

1
~
φ(z, tc) = −1

6
F 2t3c
~m

(5.32)

according to Eq. (5.27) together with Eq. (5.25).
In order to illustrate the phase φ(z, t), given by Eq. (5.27), for different situations, we present

the real part of ψ(z, t), Eq. (5.26), in Fig. 5.3 for (a) F = 0, (b) F > 0 and (c) F < 0 with
k0 > 0. In comparison to (a), we observe in (b) the cubic dependence of the phase φ(z, t) at
a fixed position z with respect to the time t being the dominant dependency for large times.
In addition, while the time tc, Eq. (5.31), lies in the past for (b), the resulting effect is clearly
visible in (c), as shown by the blue line. Indeed, at this particular time t = tc the phase φ(z, t)
is position-independent.

Finally, we return to an issue raised in the preceding section. There we have compared
the transformation from the inertial frame S to an accelerated frame S′, characterized by the
acceleration a and displayed in Fig. 5.2, to the motion in an appropriate linear potential −Fz
as viewed from an inertial frame S, where F = ma.

According to Eq. (5.21), the wave function ψ0(z, t), Eq. (5.24), in the inertial frame S
transforms to

ψ′(z′, t′) = exp
[ i
~
φ′(z′, t′)

]
(5.33)

in the frame S′ with the phase

φ′(z′, t′) = ~k0z
′ −

(
~ω0t

′ + ~k0
Ft′2

2m

)
, (5.34)

where we have applied the relation F = ma.
By comparing Eqs. (5.27) and (5.34), we conclude that for plane waves the extended Galilean

transformation, Eq. (5.17), does not result in a time-dependent coefficient of the position-
dependent term which would be related to a momentum change as pointed out after Eq. (5.28).
Neither does this transformation lead to the emergence of the Kennard phase. However, the
application of the additional unitary transformation shown in Eq. (5.22) induces these additional
phase contributions, which are present in the dynamics of a quantum particle exposed to a linear
potential.

It remains an open question how to resolve this counter-intuitive difference of the Schrödinger
equation in the presence of a linear potential and the one obtained from a coordinate transforma-
tion to an accelerated frame. This discrepancy originates from the quadratic dispersion relation
of the Schrödinger equation and the structure of the extended Galilean transformation. It mani-
fests itself most prominently in the possible absence or presence of a time-dependent momentum
change and the emergence of the Kennard phase.
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Figure 5.3: Propagation of a plane wave in (a) the absence, as well as (b) and (c) presence of a lin-
ear potential −Fz. In (a) we display for F = 0 the real part of the plane wave ψ(z, t) = ψ0(z, t),
Eq. (5.24). The same initial state prepared at t = 0 and propagating in the linear potential
is presented in (b) for F > 0 and in (c) for F < 0. At a fixed position z the Kennard phase
becomes dominant for large times t and determines the quadratic chirp of the instantaneous
frequency, as visible in (b). The blue line presented in (c) indicates the characteristic time tc,
Eq. (5.31), corresponding to the classical turning point. At the time tc the phase of the wave is
constant and equals the Kennard phase. Here we have chosen F such that Re [ψ(z, t)] becomes
maximal for t = tc.

5.2.3 The Kennard phase and the energy eigenstates

In the preceding section, we have uncovered the relation between the Kennard phase and the
dynamics in a linear potential for the example of a plane wave. We continue to explore this
connection for a different wave form and turn to quantum mechanical energy eigenstates in the
presence of a linear potential.

As discussed in Section 5.2.1, the dynamics of a quantum particle in a linear potential is
in many aspects similar to the classical case. However, the situation changes completely when
we ask for stationary energy eigenstates in this potential. Unfamiliar to classical mechanics, we
obtain [180, 341] transcendental Airy functions as a solution of the corresponding eigenvalue
problem, whose parameters depend on the reduced Planck constant ~.

In the following, we illustrate the intimate relation between these functions and the cubic
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dependence of the Kennard phase on time. For this purpose, we focus on the time evolution
of an energy eigenfunction Φ(E, z) with energy E in a constant linear potential V = −Fz.
On the one hand, according to Eqs. (5.7) and (5.11), the time evolution of this eigenfunction
can be expressed in terms of the classical action, Eq. (5.12). On the other hand, an energy
eigenfunction, after having evolved for a time t, acquires the phase −Et/~ without changing its
shape. The equality of these two statements results in the integral equation√

m

2π~it

∫ ∞
−∞

dzi exp
[ i
~
Scl (z, t|zi, 0)

]
Φ(E, zi) = exp

(
− i
~
Et

)
Φ(E, z) (5.35)

for Φ(E, z).
By using the explicit expression for the classical action Scl(z, t|zi, 0), Eq. (5.15), we recast

Eq. (5.35) in the form
√

m

2π~it

∫ ∞
−∞

dzi e
i
~
m
2t (z

′−zi)2
Φ(E, zi) = e

− i
~

(
Et+Ftz′+ 1

3
F2t3
m

)
Φ
(
E, z′ + Ft2

2m

)
, (5.36)

where we have introduced the variable z′ ≡ z − Ft2/2m.
Since the left-hand side of Eq. (5.36) only contains the propagator of the free Schrödinger

equation with F = 0, we observe an impressive property: An eigenfunction Φ(E, z′) of the linear
potential, being initially prepared at time t = 0, self-accelerates without the application of an
external potential according to the argument z′ + Ft2/(2m) of the energy eigenfunction on the
right-hand side of Eq. (5.36). While keeping its exact shape it accumulates an additional phase
factor containing the Kennard phase. As shown below these unique functions correspond to the
nonspreading wave packets [342] discovered by M. V. Berry and N. L. Balazs.

We now continue to determine the energy eigenfunction Φ(E, z′). Since the eigenfunctions
of the integral kernel on the left-hand side of Eq. (5.36) are given by plane waves, it is instru-
mental to consider the Fourier transform of this equation. By making use of the momentum
representation

Φ̃(E, p) = 1√
2π~

∫ ∞
−∞

dz′ exp
( i
~
pz′
)

Φ(E, z′) (5.37)

of the energy eigenfunction Φ(E, z′), the Fourier transform of Eq. (5.36) yields the functional
equation

exp
(
− i
~
p2t

2m

)
Φ̃(E, p) = exp

[
− i
~

(
Et+ p

Ft2

2m −
1
6
F 2t3

m

)]
Φ̃(E, p− Ft) (5.38)

for Φ̃(E, p).
Subsequently, we recast Eq. (5.38) as

exp
[

i
~

(
Ep

F
− p3

6mF

)]
Φ̃(E, p) = exp

[
i
~

(
E(p− Ft)

F
− (p− Ft)3

6mF

)]
Φ̃(E, p− Ft) (5.39)

and identify the solution

Φ̃(E, p) = Ñ exp
[
− i
~

(
Ep

F
− p3

6mF

)]
, (5.40)
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where Ñ is a normalization factor.
Finally, the inverse Fourier transform of Eq. (5.40) allows us to return to the familiar ex-

pression [180, 341]

Φ(E, z) = NAi
[
−
(2mF

~2

)1/3
z −

( 2m
~2F 2

)1/3
E

]
(5.41)

for the energy eigenfunction of energy E in a linear potential in position representation with the
normalization factor N , where we have used z′ = z at t = 0.

Here we have applied the definition of the Airy function

Ai(x) = 1
2π

∫ ∞
−∞

dη exp
[
i
(
xη + η3

3

)]
(5.42)

whose integral representation involves a cubic phase with respect to the integration variable.
We emphasize that it is the cubic dependence of the Kennard phase on time t in Eq. (5.38)

which leads to the cubic emergence of the momentum p in Eq. (5.40), and thus to the appearance
of the Airy function in Eq. (5.41).

Interestingly, the characteristic energy

Ec ≡
(
~2F 2

2m

)1/3

(5.43)

in Eq. (5.41) contains the same ratio of the square of F with respect to the inertial mass m as
the Kennard phase. This relation highlights the connection between the Kennard phase and the
energy scale for a quantum particle exposed to a linear potential.

The properties of the energy eigenfunctions in the presence of a linear potential have been
explored in more detail in Refs. [179, 180]. These articles also address the situation of an
additional infinitely steep wall added to the problem. Then the resulting energy spectrum
becomes discrete, and the individual energies are still governed by the characteristic energy Ec,
Eq. (5.43), in combination with the zeroes of the Airy function. Such a quantum bouncer has
been realized in the field of neutron optics [343, 344], where neutrons are reflected from a surface
and oscillate up and down due to gravity.

5.2.4 The Kennard phase - a global phase

We return now to a discussion on the “arbitrariness” of the Kennard phase mentioned in the
quote of E. H. Kennard at the outset of this chapter. Our analysis is guided by two different
aspects, namely (i) the dependence of the Kennard phase on the initial state, and (ii) its relation
to gauge freedom [345–348].

Dependence of the Kennard phase on the initial state

The propagation of an initial quantum state ψ(zi, ti) in the presence of a linear potential is
determined by Eq. (5.7) together with the propagator given by Eq. (5.11). Here the integration
over the initial coordinate, corresponding to the Huygens principle for matter waves, explains the
different coefficients of the Kennard phase in the classical action, Eq. (5.12), and the propagated
wave function, Eq. (5.16).
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In Eq. (5.16) we see most clearly that independent of the shape of the initial wave function
ψ(zi, ti), always the phase −F 2t3/(6~m) is accumulated. Moreover, in the presence of a linear
potential a quadratic phase dependency of the freely propagating wave function ψ0(z, t) on the
position z induces phase contributions that are quadratic in F and thus similar to the Kennard
phase. Since the time t then appears in the fourth power, these phases also involve an additional
characteristic time as the spreading time for the particular wave packet due to dimensionality.
This dependency has been investigated for Gaussian wave packets in Ref. [68].

In addition, the special case of an Airy wave function exposed to a linear potential can
actually involve phases with two different values F and Fint, the first one being related to an
external linear potential and the other one describing the intrinsic self-acceleration of this wave
train as pointed out in Section 5.2.3. Interestingly, Kennard phases proportional to both of
these quantities appear.

We investigate these phases for the Gaussian and the Airy wave functions in more detail in
Section 5.3.3.

Dependence of the Kennard phase on the Lagrangian

Next, we focus on a more subtle issue that is related to the freedom of the mathematical de-
scription of a particular physical situation.

In classical mechanics, the motion of a particle that experiences a constant and uniform
force Fez can be described by the motion in a linear potential −Fz as presented in Section 5.2.1
corresponding to the time-independent Lagrangian L(z, ż), Eq. (5.2).

According to the Euler-Lagrange equation, Eq. (5.3), both Newton’s second law, Eq. (5.4),
and the identical classical trajectory zcl(t), Eq. (5.6), can be obtained from a modified Lagrangian
that differs from the Lagrangian L(z, ż) by the total time-derivative of an arbitrary function
Λ(z, t).

For instance, the position-independent Lagrangian12

L̃(ż, t) ≡ m

2

(
ż − Ft

m

)2
(5.44)

satisfies the relation [59, 61, 65]

L̃(ż, t) = L(z, ż)− d
dtΛ(z, t) (5.45)

with
Λ(z, t) ≡ Fzt− 1

6
F 2t3

m
, (5.46)

where L(z, ż) is given by Eq. (5.2).
With the help of Eq. (5.13), the classical action

S̃cl(zf , tf |zi, ti) = Scl(zf , tf |zi, ti)−
(
Fzftf −

1
6
F 2t3f
m

)
+
(
Fziti −

1
6
F 2t3i
m

)
(5.47)

for the Lagrangian L̃(ż, t), Eq. (5.44), contains additional boundary terms in comparison to
Scl(zf , tf |zi, ti), Eq. (5.12). According to Eqs. (5.7) and (5.11), these terms enter into the phase
of the quantum mechanical wave function.

12This Lagrangian could be considered as the one of a free particle viewed from an accelerated frame.
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Indeed, the function Λ(z, t), Eq. (5.46), divided by ~ is exactly the phase factor that appears
in Eq. (5.16) and contains the Kennard phase. It is remarkable, that this particular function
builds the bridge between a time-independent and a position-independent Lagrangian as pre-
sented in Eq. (5.45). Moreover, by choosing a different function Λ(z, t) in Eq. (5.45), it is even
possible to eliminate the Kennard phase in the classical action or the wave function. For these
reasons one might wonder if the freedom of choosing different Lagrangians for the description
of the same classical system survives in quantum mechanics.

The consequences of this freedom for the quantum mechanical situation become even clearer
by considering the Legendre transformation

H̃(p̃z, t) = p̃z ż − L̃(ż, t) (5.48)

of L̃(ż, t), Eq. (5.44), with the canonical momentum

p̃z ≡
∂

∂ż
L̃(ż, t) = mż − Ft, (5.49)

which yields the Hamilton function

H̃(p̃z, t) = 1
2m (p̃z + Ft)2 − F 2t2

2m . (5.50)

After canonical quantization, the Hamilton function H̃(p̃z, t) corresponds to the Hamiltonian
appearing in Eq. (5.20) in the context of the extended Galilean transformation with F = ma.
Indeed, by choosing either the way via the Feynman path integral formalism, based on the
Lagrangian, or the canonical quantization of the corresponding Hamilton function, the classical
results can directly be transferred to the quantum mechanical case.

Next, we recall the example of a particle of charge −e exposed to a homogeneous electric field
E where F = −e |E|, as presented in Fig. 5.1 (a). Due to the Maxwell equations the same electric
field E can be generated by different combinations of scalar and vector potentials reflecting
the gauge freedom of electrodynamics. These particular potentials enter in the Hamiltonian
describing the motion of the charged particle, whose form thus depends on the choice of the
gauge that has been made.

In the following, we collect a few important thoughts regarding these results.

• The Lagrangians L(z, ż), Eq. (5.2), and L̃(ż, t), Eq. (5.44), determine for identical ini-
tial conditions the same classical trajectory zcl(t), Eq. (5.6). However, these two func-
tions result in different phases for the quantum mechanical wave function, as evident from
Eqs. (5.7), (5.11), and (5.47). Nevertheless, it is questionable if this difference is observable
or merely a result of the mathematical description.

• Since the Lagrangian L(z, ż), Eq. (5.2), is independent of time t, the energy E is a conserved
quantity in classical mechanics. With the help of the corresponding classical action we have
identified the Airy functions as the quantum mechanical energy eigenstates of the linear
potential in position representation in Section 5.2.3.

• Since the Lagrangian L̃(ż, t), Eq. (5.44), is independent of position z, the canonical mo-
mentum p̃z, as the corresponding conjugate variable, is conserved in classical mechanics.
According to the canonical quantization of the Hamilton function H̃(p̃z, t), Eq. (5.50), an
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initially prepared momentum eigenstate |p̃z〉 in such a system would only accumulate a
time-dependent phase during its propagation. In fact, a Hamiltonian with this property
can even be determined if F is a time-dependent function, describing the influence of
a time-dependent, but position-independent force – a case that has been considered in
Chapter 3.

• The problem of formulating the equivalence principle in non-relativistic quantum mechan-
ics, as discussed in Section 5.2.2 with the help of the extended Galilean transformation,
seems to disappear once the Hamilton function H̃(p̃z, t), Eq. (5.50), is used to describe the
motion that results from the presence of a constant force. This particular choice makes a
unitary transformation of the Schrödinger equation, as presented in Eq. (5.23), obsolete.
A rigorous study of the possible consequences is required.

We point out that the emergence of the Kennard phase depends on the choice of the La-
grangian or Hamiltonian used for the description of this system. The two different choices pre-
sented above actually correspond to the Newtonian and the Einsteinian perspective discussed in
Refs. [66, 67]. Thus, one might raise the question if there is any physical relevance to the Ken-
nard phase or if it is simply “arbitrary” and an artifact of choosing a particular mathematical
description for this physical system. Concerning this matter, we note that statements which are
valid in a particle theory as classical mechanics do not have to persist within a wave theory as
quantum mechanics.

In the following, we show that effects resulting from the Kennard phase can be observed
in surface gravity water waves, an analog system to quantum mechanics. We will return to a
discussion of the quantum mechanical situation in Section 5.4.

5.3 Observing the Kennard phase with water waves

There are various physical systems that undergo similar dynamics as a quantum mechanical wave
function, and are described by a Schrödinger-like equation. In such systems the wave propagation
is subject to a quadratic dispersion relation. Examples of analogous systems are paraxial optical
beams [349], surface gravity water wave pulses [320, 324, 350–353], and underwater acoustic
beams [354]. Remarkably, sometimes particular effects that are difficult to observe in quantum
mechanics can be demonstrated in such analogous scenarios.

In the following, we utilize one of these analogies, namely surface gravity water wave pulses,
for the observation of the Kennard phase. In particular, we demonstrate the cubic phase ac-
cumulation for Gaussian and Airy wave pulses exposed to a linear potential. These two wave
forms have the outstanding feature of corresponding to energy eigenfunctions of a quadratic
and a linear potential, respectively. In addition, we show that different manifestations of the
Kennard phase emerge from these two particular initial profiles, as explored in the previous
Section 5.2.4.

The corresponding experiments have been performed by G. Rozenman in the groups of
L. Shemer and A. Arie in a water tank located at Tel Aviv University, and are summarized in
Ref. [70]. The corresponding measurements constitute the first direct observation of Kennard’s
prediction [50, 51].

The current section is structured as follows. First, we introduce in Section 5.3.1 crucial
quantities for the description of surface gravity water waves and establish the correspondence

133



Chapter 5 - The Kennard phase

to quantum mechanics. Subsequently, we present in Section 5.3.2 a brief description of the
experimental setup and methods. Finally, we dedicate Section 5.3.3 to a study of the Kennard
phase for wave pulses having a Gaussian and Airy shaped envelope.

5.3.1 Analogy of quantum mechanics and hydrodynamics

We now establish the connection between quantum mechanical and surface gravity water waves.
For this purpose, we consider the dynamics of surface gravity water waves in deep water, as
characterized by the condition k0h > π [323, 355], where h is the depth of the water and k0
denotes the wave number.

In this regime, the dynamics of surface gravity water waves is typically governed by a non-
linear equation of motion [321]. The influence of the nonlinear terms on the dynamics of the
wave depends on the wave steepness described by the parameter ε = a0k0 being the product of
the maximal amplitude a0 and the wave number k0.

The linear regime is then characterized by a low wave steepness, that is ε � 1. There the
dynamics of the surface gravity water waves in the presence of an effective potential −Fτ is
governed [322, 356] by the equation

− i ∂
∂ξ
A(τ, ξ) =

(
− ∂2

∂τ2 − Fτ
)
A(τ, ξ) (5.51)

for the normalized amplitude envelope A(τ, ξ) in the co-moving frame13. Equation (5.51) has a
similar form as the one-dimensional time-dependent Schrödinger equation describing the motion
of a particle experiencing a constant force F , as addressed in the preceding Section 5.2.

First, in comparison to the quantum mechanical case, the roles of time and space are inter-
changed. The scaled dimensionless variables ξ and τ are related to the propagation coordinate
x and the time t as ξ ≡ ε2k0x and τ ≡ εω0 (x/cg − t), defining the co-moving frame. Here the
carrier wave number k0 and the angular carrier frequency ω0 satisfy the deep-water dispersion
relation

ω2
0 = k0g (5.52)

with g being the gravitational acceleration, explaining the name of these particular waves. Thus,
analogous to the quantum mechanical case discussed in Section 5.2.2, this system is subject to
a quadratic dispersion relation (with interchanged roles of frequency ω0 and wave number k0),
and the group velocity reads cg ≡ ω0/2k0.

Second, the normalized complex amplitude envelope A(τ, ξ), which solves Eq. (5.51), takes
over the role of the quantum mechanical wave function. In fact, the complex amplitude envelope
corresponds to the complex conjugate quantum mechanical wave function as evident from the
minus sign on the left-hand side of Eq. (5.51). The real part14 of the complex amplitude envelope

Ã(t, x) ≡ A
[
εω0(x/cg − t), ε2k0x

]
(5.53)

13The propagation of a surface gravity water wave in the lab frame can also be modeled by a Schrödinger-like
equation, where position and time are interchanged [324]. The connection between both forms is established by
a Galilean-like transformation.

14According to Refs. [324, 357] the imaginary part of the complex amplitude envelope is related to the longitu-
dinal motion of the surface molecules.
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describes the elevation
η(t, x) ≡ a0Re

[
Ã(t, x)ei(k0x−ω0t)

]
(5.54)

of the water surface in the lab frame. In Eq. (5.54) we have also included the carrier wave being
characterized by a plane wave with wave number k0 and angular frequency ω0.

By decomposing the complex amplitude envelope

A(τ, ξ) ≡ |A(τ, ξ)| exp [iϕ(τ, ξ)] (5.55)

into its amplitude |A(τ, ξ)| and phase ϕ(τ, ξ), Eq. (5.54) reduces to

η(t, x) ≡ a0
∣∣∣Ã(t, x)

∣∣∣ cos [k0x− ω0t+ ϕ̃(t, x)] , (5.56)

where |Ã(t, x)| and ϕ̃(t, x) denote the corresponding quantities in the lab frame.
In contrast to quantum mechanics where the absolute value squared of the wave function

yields a probability density, it is here the real part of the complex amplitude envelope that
determines the observable elevation of the water surface.

Third, we turn to the effective potential −Fτ in Eq. (5.51). This quantity results from the
derivative (∂Φ/∂τ) |Z=0 of the dimensionless velocity potential Φ ≡ φ/(ω0a

2
0) at the free surface

Z = 0 of the water in the absence of the waves as presented in Ref. [322], where Z ≡ εk0z
denotes the dimensionless vertical coordinate. Here φ and z are the corresponding dimensional
quantities. The creation of a linear potential Fτ ≡ 4ε (∂Φ/∂τ) |Z=0 then requires a linear
increase of the water velocity in time.

The correspondence between quantum mechanical and hydrodynamical quantities summa-
rized in Tab. 5.1, allows us to transfer the results obtained in the preceding Section 5.2 to a
system of surface gravity water waves.

Table 5.1: Correspondence of the relevant quantities for quantum mechanical waves, introduced
in Section 5.2, and surface gravity water waves [320]. Adapted by permission from Springer
Nature Customer Service Centre GmbH: Springer Nature, The European Physical Journal -
Special Topics 203, 931, G.G Rozenman et al., Projectile motion of surface gravity water wave
packets: An analogy to quantum mechanics © The Author(s), under exclusive licence to EDP
Sciences, Società Italiana di Fisica and Springer-Verlag GmbH Germany, part of Springer Nature
(2021).

Quantum mechanical waves Surface gravity water waves

position z rescaled time (comoving frame) τ
time t rescaled propagation coordinate ξ
wave function ψ(z, t) amplitude envelope A(τ, ξ)
mass m - 1/2
reduced Planck constant ~ - 1
imaginary unit i - -i
linear potential −Fz effective linear potential −Fτ
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5.3.2 The experimental setup

The measurements of the Kennard phase for Gaussian- and Airy-shaped amplitude envelopes
have been performed in a 5 m long, 0.4 m wide, and h = 0.2 m deep laboratory wave tank at Tel
Aviv University. The experimental setup is illustrated in Fig. 1 of Ref. [70]. We present now
a brief overview and refer to the Supplemental Material of Ref. [70] for further details on the
experiment and the data acquisition.

First, in order to realize the linear potential −Fτ in Eq. (5.51), a time-dependent homo-
geneous, and well-controlled water flow in the tank is required. For this purpose, a computer-
controlled water pump is applied that induces a linear increase of the water velocity, as pointed
out in the preceding section. Moreover, the experimental design guarantees a high homogeneity
of the accelerating water.

While the pump is in action, surface gravity water waves are generated by a computer-
controlled wave maker. This device is placed on one end of the tank and can generate any
desired wave profile by changing the water elevation at the position x = 0. On the other end of
the tank, an absorbing beach prevents reflections of the incoming water waves.

Next, the surface elevation of the water at a particular position is recorded as a function of
time by making use of four wave gauges being mounted on a movable instrument carriage. Fi-
nally, an analytic continuation of the recorded signal, as performed by a Hilbert transform [358],
enables the extraction of the phase and amplitude of the surface gravity water wave.

5.3.3 The Kennard phase of Gaussian and Airy wave packets

Next, we turn to a discussion of the wave profiles examined in the experiment. In particular, we
focus on the evolution of Gaussian and Airy wave packets to gain insight into the corresponding
quantum problem.

Both of these particular wave forms preserve the shape of their envelopes during the prop-
agation in both the absence and presence of a linear potential. (i) A Gaussian wave packet
spreads because of dispersion, but keeps its Gaussian shape. In contrast, (ii) the ideal Airy
wave packet is “dispersion free”, that is it preserves its exact shape while it “self-accelerates”
and follows a parabolic trajectory in space-time [179, 326, 342, 359], as discussed in Section 5.2.3.
For the latter wave form, the presence of a linear potential can change [360–362], and even elimi-
nate [342, 361, 363, 364] this self-acceleration, while the envelope of the Airy wave packet retains
its shape.

In the following, we first present the expressions governing the propagation of surface gravity
water waves in analogy to the quantum mechanical case. Afterwards, we study the propagation
of Gaussian wave packets before we turn to Airy wave packets. We discuss their particular
properties and present the corresponding expressions for their phase shifts. A special emphasis
lies on the emergence of the Kennard phase.

Propagation of surface gravity water waves in the presence of a linear potential

In the deep-water regime and for a small wave steepness, the evolution of surface gravity water
waves with a particular initial profile can be determined analogous to the quantum mechanical
case as discussed in Section 5.3.1.
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By making use of Tab. 5.1 and Eqs. (5.7), (5.11), and (5.12), the propagated complex am-
plitude envelope reads

A(τ, ξ) =
∫ ∞
−∞

dτiG(τ, ξ|τi, 0)A(τi, 0), (5.57)

where A(τi, 0) is the initial envelope,

G(τ, ξ|τi, 0) ≡ 1
2

√
1
−iπξ exp [−iScl(τ, ξ|τi, 0)] (5.58)

denotes the propagator, and

Scl(τ, ξ|τi, 0) ≡ (τ − τi)2

4ξ + F

2 (τ + τi)ξ −
F 2

12 ξ
3 (5.59)

is the corresponding expression for the classical action in the presence of the linear potential
−Fτ . Here we have made use of the fact that the water wave is initially prepared at the position
x = ξ = 0.

Similar to quantum mechanical waves, we establish the relation between the complex ampli-
tude envelope

A(τ, ξ) = exp
[
−i
(
Fξτ − F 2ξ3

3

)]
A0(τ − Fξ2, ξ) (5.60)

in the presence of a linear potential, that is F 6= 0, and the complex amplitude envelope A0(τ, ξ)
in the absence of the potential, that is F = 0, by using Eq. (5.16). The emergence of the
Kennard phase proportional to F 2ξ3 in this system is evident from Eqs. (5.59) and (5.60).

Propagation of a Gaussian wave packet

First, we consider the example of an initial Gaussian profile for the surface gravity water wave
pulse. For this purpose, the wave maker, located at the position x = ξ = 0, imprints the
time-dependent elevation

η(G)(t, 0) ≡ a0 exp
(
− t

2

t20

)
cos (ω0t) (5.61)

for the water surface, where a0 is the maximal amplitude, t0 is the initial pulse width, and
the last term in Eq. (5.61) describes the effect of the carrier wave. Equation (5.61) defines the
initial amplitude envelope A(G)(τ, 0) = exp

(
−τ2/τ2

0
)

according to Eqs. (5.53) and (5.56), where
τ0 ≡ εω0t0.

In the co-moving frame and in absence of a linear potential, that is F = 0, according to
Eqs. (5.57)-(5.59), the propagated complex amplitude envelope for the Gaussian wave pulse
reads

A
(G)
0 (τ, ξ) =

∣∣∣A(G)
0 (τ, ξ)

∣∣∣ exp
{

i
[

1
2 arctan

(
ξ

ξs

)
− ξ

ξs

τ2

τ2
0 (1 + ξ2/ξ2

s )

]}
(5.62)

with the amplitude

∣∣∣A(G)
0 (τ, ξ)

∣∣∣ =
( 1

1 + ξ2/ξ2
s

)1/4
exp

[
− τ2

τ2
0 (1 + ξ2/ξ2

s )

]
, (5.63)
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where ξs ≡ τ2
0 /4.

Next, we turn to the propagation of this particular wave form in the presence of a linear
potential, that is F 6= 0. With the help of Eq. (5.60) we observe that the amplitude∣∣∣A(G)(τ, ξ)

∣∣∣ =
∣∣∣A(G)

0 (τ − Fξ2, ξ)
∣∣∣ (5.64)

only experiences a shift in the argument τ which is quadratic in ξ compared to a freely propa-
gating wave packet as determined by the amplitude

∣∣∣A(G)
0 (τ, ξ)

∣∣∣, Eq. (5.63).

Figure 5.4: Amplitude (a) and phase (b) of a Gaussian wave packet exposed to a linear potential
−Fτ . (a) The amplitude |A(G)(τ, ξ)|, Eq. (5.64), governs the envelope of the surface gravity water
wave pulse during its propagation in the water tank within the co-moving frame. After its initial
preparation at ξ = 0, the envelope spreads in τ while maintaining its Gaussian shape. Moreover,
its maximum follows the parabolic trajectory τ

(G)
max(ξ), Eq. (5.65), as indicated by the red line.

(b) The phase ϕ(G)(τ, ξ), Eq. (5.66), describes the particular phase shift that is accumulated for
the propagation of a Gaussian wave pulse in addition to the phase contribution of the carrier
wave. It determines according to Eq. (5.56) the elevation η(t, x) of the water surface. Along the
curve τ (G)

max(ξ) depicted in red, the phase shift ϕ(G)
[
τ

(G)
max(ξ), ξ

]
, Eq. (5.67), is only governed by

the Gouy phase (1/2) arctan (ξ/ξs) and the Kennard phase −(2/3)F 2ξ3.

We display the propagation of
∣∣∣A(G)(τ, ξ)

∣∣∣, Eq. (5.64), in Fig. 5.4 (a). According to Eqs. (5.63)
and (5.64), the wave packet spreads while preserving its Gaussian shape for the propagating along
ξ. As depicted by a red line, the maximum of the wave packet follows a parabolic trajectory

τ (G)
max(ξ) ≡ Fξ2. (5.65)

Since the maximum of the Gaussian wave packets is identical to its mean value with respect to τ ,
this result is in complete agreement with the Ehrenfest theorem [213] of quantum mechanics.

Subsequently, we focus on the accumulated phase of the complex amplitude envelope for this
wave profile. According to Eqs. (5.60) and (5.62), we identify the phase

ϕ(G)(τ, ξ) = 1
2 arctan

(
ξ

ξs

)
− ξ

ξs

(
τ − Fξ2)2

τ2
0 (1 + ξ2/ξ2

s ) − Fτξ + F 2ξ3

3 (5.66)

of A(G)(τ, ξ) in the presence of a linear potential −Fτ .
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The first term in Eq. (5.62) corresponds to the Gouy phase [365] which is independent of τ .
Moreover, the phase shift cubic in ξ and quadratic in F is the Kennard phase. We depict the
entire phase shift ϕ(G)(τ, ξ), Eq. (5.66), of the Gaussian wave packet in Fig. 5.4 (b).

In the experiment [70], the phase ϕ(G)(τ, ξ) has been extracted at the values of τ correspond-
ing to a maximal signal, that is at the maximum of the amplitude |A(G)(τ, ξ)|. This maximum
follows the curve τ (G)

max(ξ), Eq. (5.65), indicated by the red line. Here, according to Eq. (5.66),
the phase shift

ϕ(G)[τ (G)
max(ξ), ξ] = 1

2 arctan
(
ξ

ξs

)
− 2

3F
2ξ3 (5.67)

is only governed by the Gouy phase and the Kennard phase. Due to measuring the phase
shift at the maximum of the wave packet, the coefficient of the Kennard phase has changed
from 1/3 to −2/3. This particular cubic dependency on ξ is illustrated by the values of the
phase ϕ(G)[τ (G)

max(ξ), ξ] assumed along the red curve in Fig. 5.4 (b). While the trajectory τ (G)
max(ξ)

depends on the sign of F , the Kennard phase is independent of the direction of F and is only
governed by the magnitude of the linear potential.

Moreover, in the absence of a linear potential, the phase shift Eq. (5.67), is determined by
the Gouy phase. Thus, measuring the phase ϕ(G)[τ (G)

max(ξ), ξ] along the curve τ
(G)
max(ξ) in the

presence, F 6= 0, and absence, F = 0, of the linear potential, allows for a complete extraction of
the Kennard phase according to Eq. (5.67).

The measurements of surface gravity water waves with a Gaussian profile presented in
Ref. [70] have entirely confirmed our theoretical predictions.

Propagation of an Airy wave packet

We consider now an Airy wave packet, that is a wave form which is intrinsically related to
the linear potential. As demonstrated in Section 5.2.3, Airy functions constitute the energy
eigenfunctions for this system.

In the ideal case, the temporal surface elevation

η(Ai)(t, 0) ≡ a0Ai
(
− t

t0

)
cos(ω0t), (5.68)

of the water prescribed by the wave maker located at x = 0, leads to the creation of an Airy
wave packet, where t0 denotes the characteristic duration. Equation (5.68) then defines the
initial complex amplitude envelope A(Ai)(τ, 0) = Ai(τ/τ0) with τ0 ≡ εω0t0.

However, the Airy function in Eq. (5.68) is not square integrable [342], displaying an expo-
nential decrease for t < 0 while being oscillatory for t > 0. For this reason, a window function
or an exponential truncation [70, 366] has to be employed in the experimental preparation of
this particular wave pulse.

According to Eqs. (5.57)-(5.59), the propagated Airy wave pulse in the absence of a linear
potential, that is F = 0, and in the co-moving frame is described by the complex amplitude
envelope

A
(Ai)
0 (τ, ξ) = Ai

[ 1
τ0

(
τ − Fintξ

2
)]

exp
[
−i
(
Fintτξ −

2F 2
intξ

3

3

)]
(5.69)

in agreement with Ref. [342], where the quantity Fint ≡ 1/τ3
0 determines the intrinsic self-

acceleration of the Airy wave packet.
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Figure 5.5: Amplitude (a) and phase (b) of an Airy wave packet exposed to a linear potential
−Fτ . (a) The amplitude |A(Ai)(τ, ξ)|, Eq. (5.70), governs the envelope of the surface gravity
water wave pulse during its propagation in the water tank within the co-moving frame. After the
initial preparation at ξ = 0, the wave pulse preserves its exact shape while following the parabolic
trajectory τ

(Ai)
max(ξ), Eq. (5.71), as presented for its maximum by the red line. Remarkably, the

curvature of this trajectory is not only determined by the external acceleration F , induced by
the linear potential, but also by the intrinsic acceleration Fint of the Airy wave pulse. (b) The
phase ϕ(Ai)(τ, ξ), Eq. (5.72), describes the particular phase shift that is accumulated for the
propagation of an Airy wave pulse in addition to the phase contribution of the carrier wave.
Along the curve τ (Ai)

max(ξ), Eq. (5.71), depicted in red, the phase shift ϕ(Ai)
[
τ

(Ai)
max(ξ), ξ

]
, Eq. (5.67),

is governed by the Kennard phases that are accumulated due to the intrinsic and the external
acceleration Fint and F . Here we have restricted ourselves to the region of the main lobe to
avoid phase jumps induced by the oscillatory character of the Airy function.

Equation (5.69) reminds of the relation between the propagated amplitude envelope in the
presence and absence of a linear potential, Eq. (5.60), where Fint takes over the role of F .
Consequently, Eq. (5.69) displays the connection of the freely propagating Airy wave packet to
the dynamics of a general wave form exposed to a linear potential. However, the Kennard phase
comes with a different coefficient −2/3 in Eq. (5.69) instead of −1/3 in Eq. (5.60).

Next, we turn to the propagation of this wave packet in the presence of an external linear
potential −Fz. According to Eq. (5.60) and (5.69), the entire amplitude of the Airy function∣∣∣A(Ai)(τ, ξ)

∣∣∣ =
∣∣∣A(Ai)

0 [τ − (F + Fint)ξ2, 0]
∣∣∣ (5.70)

is displaced with respect to the one of the initially prepared wave packet A(Ai)(τ, 0) located at
ξ = 0. We display this remarkable feature of the Airy pulse in Fig. 5.5 (a).

As a consequence, we observe that the main maximum of this particular wave packet follows
a parabolic trajectory

τ (Ai)
max(ξ) ≡ τmax,0 + (F + Fint) ξ2 (5.71)

that is determined by both the intrinsic “acceleration” Fint and the external “acceleration” F ,
where τmax,0 denotes the initial location of the maximum of the Airy pulse for ξ = 0. The
trajectory τ

(Ai)
max(ξ), Eq. (5.71), is depicted by a red curve in Fig. 5.5. We emphasize that this
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result is not in conflict with Ehrenfest’s theorem of quantum mechanics as the center of the Airy
wave packet cannot be defined [342].

Next, we turn to the phase accumulated by this wave form in the presence of an external
linear potential. With the help of Eqs. (5.60) and (5.69) we arrive at the phase shift

ϕ(Ai)(τ, ξ) = −(F + Fint)τξ +
(
F 2

3 + FintF + 2F 2
int

3

)
ξ3. (5.72)

In order to avoid phase jumps, we have restricted ourselves in Eq. (5.72) to the region of the
main lobe, where the Airy function only assumes positive values. The phase shift ϕ(Ai)(τ, ξ),
Eq. (5.72), is presented in Fig. 5.5 (b).

To summarize, Eqs. (5.70) and (5.72) show [342] that the ideal Airy pulse exhibits three
remarkable features: (i) it keeps its exact shape, (ii) its maximum follows a parabola in the
(τ, ξ) coordinates corresponding to the total acceleration F + Fint, and (iii) it picks up linear
and cubic phases in ξ.

Analogous to the analysis of a Gaussian pulse, we consider now the phase shift accumulated
at the main maximum of the Airy wave packet which follows the trajectory τ (Ai)

max(ξ), Eq. (5.71),
as depicted by a red line in Fig. 5.5 (b). According to Eq. (5.72), we arrive at

ϕ(Ai)[τ (Ai)
max(ξ), ξ] = −(F + Fint)τmax,0ξ −

(
2F 2

3 + FintF + F 2
int
3

)
ξ3. (5.73)

In Eq. (5.73) the linear contribution in ξ can be eliminated by adjusting the coordinate system
such that τmax,0 = 0 for ξ = 0, that is the origin agrees with the initial location of the main
maximum of the Airy envelope. Moreover, we observe that there are three terms proportional
to ξ3, which constitute Kennard phases containing the intrinsic and external accelerations Fint
and F . Additionally, the coefficients of the Kennard phases in Eqs. (5.72) and (5.73) are, except
of a minus sign, simply exchanged with respect to Fint and F . We remark again that even in
the absence of a linear potential, that is F = 0, the Airy wave packet picks up a Kennard phase
that is proportional to the square of its intrinsic acceleration Fint.

We conclude with the fact that a linear potential can even cancel [342] the self-acceleration
of Airy wave packets. Indeed, for F = −Fint the amplitude

∣∣∣A(Ai)(τ, ξ)
∣∣∣, Eq. (5.70), remains at

rest since the dependency on ξ is eliminated. Moreover, the phase shift ϕ(Ai)(τ, ξ), Eq. (5.72),
vanishes due to the particular combination of the contributions depending on F and Fint. This
behavior originates from the feature, that Airy wave packets are solutions of the stationary
Schrödinger equation with a linear potential as explored in Section 5.2.3. Moreover, this specific
wave packet corresponds to the zero energy solution for the linear potential −Fτ . The cancel-
lation of the intrinsic acceleration of Airy wave packets has been experimentally demonstrated
in Refs. [361, 362, 367].

An experimental study of Airy waves pulses utilizing surface gravity water waves in the
presence and absence of a linear potential has confirmed our theoretical predictions as reported
in Ref. [70].

5.4 Discussion

Subsequent to this excursus on surface gravity water waves, we return now to the emergence
and a possible observation of the Kennard phase in quantum mechanics.
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First, we analyze in Section 5.4.1 similarities and differences between classical and quan-
tum systems. Moreover, we identify the key effect which might enable a quantum mechanical
observation of the Kennard phase. In Section 5.4.2 we then outline our strategy for a feasible
experiment that demonstrates the appearance of this phase in quantum mechanics. Finally,
we present in Section 5.4.3 a summary of various quantum mechanical effects which have an
intimate relation to the Kennard phase.

5.4.1 A phenomenon at the heart of quantum mechanics

In Section 5.2 we have introduced the Kennard phase −F 2t3/(6~m) as a position-independent
phase factor emerging during the time evolution of a quantum mechanical wave function ψ(z, t),
Eq. (5.16), in the presence of a linear potential −Fz within the position-representation.

Obviously, a setup providing us only with the probability density |ψ(z, t)|2 is insensitive
to any global phase as the Kennard phase. Moreover, in Section 5.2.4 we have demonstrated
that formulations which are equivalent in the classical case predict different phases for the
corresponding quantum mechanical situation. For this reason, we have addressed the question
if the Kennard phase ϕ(t) has a physical meaning at all.

In the following, we continue to investigate this problem. We first compare the dynamics
in a classical and a quantum system. Afterwards, we provide the key to the observation of the
Kennard phase in quantum mechanics.

Dynamics in classical and quantum mechanics

The similarities of the dynamics in a classical and a quantum system become most evident in the
formulation of quantum mechanics in phase space, by e.g. utilizing the Wigner function [191],
as pursued in Section 2.4.3. There we have recalled that the Liouville equation for a classical
system and the quantum Liouville equation, Eq. (2.107), describing a single quantum system,
are identical for potentials at most quadratic in position. For this reason, one might assume
that dynamical effects that are induced by the presence of a linear potential should be equally
observable in quantum and classical systems.

By considering the classical trajectory zcl(t), Eq. (5.6), depending only linearly on F , we
have not found an indication of the Kennard phase in the classical situation. For this reason,
one might wonder why a quantum system should enable an observation of the Kennard phase
at all.

Interference is the key

So far, we have not employed one of the most important concepts in quantum mechanics, namely
interference. While classical particles do not interfere, quantum mechanical wave functions dis-
play interference. Hence, it is possible to compare two matter waves. And in fact, an interfero-
metric measurement of the difference of two global phase factors of two systems reveals a road
towards the observation of the Kennard phase.

In Section 2.4 we have discussed interference phenomena which result from the propagation
of a quantum system along different branches. Under particular conditions, the phase shift of
such an interferometer only depends on the difference of the position-independent contributions
to the classical actions for the respective branches. According to Eqs. (5.12) and (5.16), the
Kennard phase is such a contribution.
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The phase space formulation as pursued in Section 2.4.3 reveals the crucial difference be-
tween the classical and the quantum case. Once the evolution along two different branches is
considered, two Wigner functions evolving along the corresponding classical trajectories are not
sufficient to provide the entire phase shift of the interferometer.

In such a situation, typical quantum phenomena as the Aharonov-Bohm effect [27–29, 52,
193–195] appear on the scene. In contrast to the Aharonov-Bohm effect, which occurs in the
absence of a force, the Kennard phase may emerge in the presence of a constant and position-
independent force.

Moreover, it is remarkable that the evolution of the off-diagonal element of the Wigner
matrix, determining the phase shift of an interferometer, is governed by both dynamical and
kinematic aspects of quantum mechanics as pointed out in Section 2.4.3. Very similarly, in the
presence of a linear potential we have observed that the Kennard phase influences both the quan-
tum dynamics, as discussed in Section 5.2.1, as well as the corresponding energy eigenfunctions,
as demonstrated in Section 5.2.3.

5.4.2 Towards a quantum-mechanical observation of the Kennard phase

In the previous section, we have stressed that an interferometric measurement might enable the
observation of the Kennard phase in quantum mechanics. For this purpose, we focus on the
most elementary case of an interferometer consisting of only two interferometer branches, and
require two key features:

1. A closed interferometer. As introduced in Section 3.5, the phase shift of a closed interfer-
ometer is independent of the initial quantum state related to the center-of-mass motion,
and only originates from the dynamics that have occurred in the device. We recall that
such an interferometer provides us with an optimal contrast, which is ideal for the obser-
vation of the Kennard phase.

2. Branch-dependent Kennard phases. According to Section 2.4.2 the phase shift in such an
interferometer is determined by the difference of the position-independent contributions to
the classical actions along the two branches. Thus, we should allow for branch-dependent
Kennard phases. Since the Kennard phase depends quadratically on the force F , the
required branch-dependence can be obtained by using branch-dependent forces Fb,z that
enter into the Kennard phase, Eq. (5.1), and are associated with the respective branch b.

According to the results presented in Chapter 3, it is not possible to fulfill the requirement
of a closed interferometer in combination with non-vanishing and branch-dependent constant
forces Fb,z. For this reason, we slightly relax this demand and allow for piecewise constant
branch-dependent forces Fb,z(t).

Experimentally, such an interferometer can, for instance, be realized by (i) an atom with
two internal states being associated with two different magnetic moments, and (ii) an external
magnetic field with a constant gradient along one direction. Due to the Zeeman effect, the atom
experiences a constant force determined by its internal state. This is the same force that acts on
a classical magnetic dipole in a non-uniform magnetic field. We will present different techniques
and interferometer schemes in Chapter 6 in order to arrive at a quantum mechanical observation
of the Kennard phase.

Finally, we note that a related scheme for electrons has been proposed [54] a few years ago.
Here electrons are exposed to branch-dependent homogeneous electric fields which alternate
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their direction during the course of the interferometer. However, this particular scheme has not
been implemented experimentally until now.

5.4.3 Different occurrences of cubic phases in quantum physics

In the preceding sections we have encountered various places where cubic phases appear in
quantum mechanics in connection to the Kennard phase. In the following, we present a summary
augmented by additional examples.

In Section 5.2.1 we have demonstrated the appearance of the cubic phase in the dynamics [50,
51, 59, 165] of a quantum mechanical wave function exposed to a linear potential.

In Section 5.2.2 the Kennard phase has emerged in the formulation of the equivalence princi-
ple in non-relativistic quantum mechanics, as described by the transformation of a Schrödinger
wave function to an accelerated frame [55, 56, 58, 63, 64, 326]. In this context, it has also
been mentioned in Refs. [65–67], where superpositions of quantum states exposed to different
gravitational fields have been considered. It is mind-boggling that in the presence of a uniform
gravitational field, the Kennard phase is governed by the strange coefficient m2

g/m consisting of
the gravitational and inertial masses mg and m.

Interestingly, the characteristic energy for the stationary Schrödinger equation with a uniform
gravitational field also depends on the ratio m2

g/m [179, 180] as addressed in Section 5.2.3. This
ratio then appears, for instance, for bound states of neutrons in the presence of a gravitational
field [343, 344, 368] being supported by a hard wall. Closely related to these examples is the
retroreflection of an atom laser beam from a potential barrier [367]. One might wonder, if the
Kennard phase not only enters into the characteristic energy, but also emerges in the energy
distribution for statistical ensembles of quantum particles in the presence of a linear potential.

In these examples, the relation to the Kennard phase emerges from the Airy function [341]
which constitutes the energy eigenfunction of the Schrödinger equation with a linear potential.
The Fourier transformation of the Airy function contains a cubic phase, which is a consequence
of the Kennard phase as demonstrated in Section 5.2.3

Furthermore, Airy functions are not only related to the Kennard phase in the presence, but
also in the absence of a linear potential. As pointed out in Section 5.3.3, Airy wave packets
accumulate a cubic phase during free propagation [58, 179, 342]. While they keep their exact
shape, these waves are subject to an intrinsic self-acceleration which illustrates their intimate
connection to the dynamics occurring in a linear potential.

Closely related to the cubic phase in the Airy integral and the dispersionless free propagation
of the Airy wave packet is the following system. A point source [53] is located in a linear potential
and continuously emits quantum particles with an identical speed into all three space directions.
The resulting interference pattern appearing in the plane orthogonal to the gravitational force
is a consequence of the interference of particles following two classical trajectories which have
different inclinations. Although the traveling time along these trajectories usually differs, the
information on the traveling time is erased by the continuous stream of particles. The origin of
this particular interference pattern can be traced back to the Kennard phase in the propagator
for the presence of a linear potential.

In addition, due to the analogy between the constant gravitational field and the constant
electric field between two plates of a capacitor, discussed in the beginning of this chapter, one
might think of a similar configuration that is based on a fountain of charged particles exposed
to a homogeneous electric field. Indeed, for electrons such a fountain has already been realized
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in photoionization and photo-detachment microscopes [369–372].

5.5 Conclusion

We have studied the elementary system of a particle exposed to a one-dimensional linear po-
tential. Central to our discussion is the classical action, which not only determines the motion
of a classical particle via the principle of least action, but also governs the phase of a quantum
particle as evident from Feynman’s path integral formulation of quantum mechanics.

The classical action for this particular system contains a term that displays an interesting
dependency being quadratic in the force F and cubic in the time t. We have named the resulting
phase shift the Kennard phase in honor of E. H. Kennard.

In the current chapter we have established the relation of the Kennard phase to many
interesting phenomena emerging in the surroundings of a linear potential. In particular, we
have underlined its connection to a formulation of the equivalence principle in non-relativistic
quantum mechanics based on the Schrödinger equation. However, this formulation contains
many subtle issues. In addition, we have explored the connection of the Kennard phase to the
Hamilton-Jacobi equation. Moreover, we have demonstrated that Airy functions, describing
the quantum mechanical energy eigenfunctions in the linear potential, are a consequence of the
Kennard phase in the propagator.

Despite these intriguing features, we emphasize that no direct measurements of the Kennard
phase had been reported hitherto. As we have demonstrated, the Kennard phase does not enter
in the trajectory of a classical particle. Moreover, it only appears as a global phase in the
propagation of a quantum mechanical wave function corresponding to a single quantum system.
For this reason, we have initiated a discussion on the physical significance of such a term in view
of a particular mathematical description. An answer to the emerging questions can, however,
only be provided by Nature.

For this purpose, we have theoretically analyzed an experiment utilizing surface gravity
water waves which behave in a particular regime analogous to quantum mechanical waves,
as characterized by a quadratic dispersion relation. In contrast to quantum mechanics, both
the amplitude and phase of these waves can be extracted, making them an ideal tool for the
observation of the Kennard phase.

In this context, we have explored the emergence of the Kennard phase for the propagation
of two particular wave profiles, a Gaussian and an Airy wave pulse, in the presence and absence
of a linear potential. Interestingly, while a Gaussian pulse is related to a quadratic potential
and accumulates the Gouy phase during free propagation, the Airy pulse is characteristic for a
linear potential and accumulates the Kennard phase. The corresponding experiments [70] have
successfully been performed by our collaborators located at Tel Aviv University, and constitute
the first direct observation of Kennard’s prediction.

Finally, we have outlined our strategy for a quantum mechanical observation of the Kennard
phase which is rooted in the concept of interference. We will continue the investigation of this
possibility in Chapter 6. Although we have illuminated this fascinating topic from very different
angles, many questions in the periphery of the Kennard phase still remain open and are awaiting
an answer.
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“Quid est ergo tempus?
Si nemo ex me quaerat, scio;

si quaerenti explicare velim, nescio.
Fidenter tamen dico scire me quod, si

nihil praeteriret,
non esset praeteritum tempus,

et si nihil adveniret,
non esset futurum tempus,

et si nihil esset,
non esset praesens tempus.

Duo ergo illa tempora,
praeteritum et futurum,

quomodo sunt,
quando et praeteritum iam non est et

futurum nondum est?”
– Augustine of Hippo
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Chapter 6 - T 3 Interferometry

6.1 Introduction

The chapter at hand is dedicated to the quantum mechanical observation of the Kennard phase.
For this purpose, we have developed two unique interferometer schemes for matter waves where
the phase scales with the cube of the time T the atom spends in the interferometer. We emphasize
that such an enhanced scaling of the interferometer phase is the key to improve the accuracy [161]
of an interferometer. Thus, depending on the particular implementation, a T 3 interferometer
might be beneficial in order to achieve this aim.

In contrast to light-pulse atom interferometers that rely on the momentum transfer imprinted
by laser pulses, our novel schemes employ the Stern-Gerlach effect which allows the creation of a
state-dependent force. Nonetheless, we emphasize that the unique T 3-interferometer geometry is
neither limited to the Stern-Gerlach effect nor to atoms. Instead it can be applied in combination
with other state-dependent forces and quantum particles.

Based on our proposal of a T 3 interferometer geometry, an interferometric measurement
of the Kennard phase with the help of a Bose-Einstein condensate has successfully been per-
formed [71] by O. Amit and O. Dobkowski in the group of R. Folman.

The current introduction is organized as follows. First, we present an overview on Stern-
Gerlach interferometers in Section 6.1.1. Next, in Section 6.1.2 we give a brief introduction to T 3

interferometers and our newly developed interferometer schemes. Finally, Section 6.1.3 contains
an outline of the present chapter.

6.1.1 Stern-Gerlach interferometers

In 1920 O. Stern developed the molecular beam method [373, 374], which lead shortly after
to the first experimental observation [72] of spin-dependent spatial quantization for a beam of
silver atoms exposed to an inhomogeneous magnetic field by W. Gerlach. This so-called Stern-
Gerlach effect is not only of fundamental significance for quantum mechanics [375] since it has
enabled the discovery of spin 1/2, but also constitutes the first beam splitter for matter waves.

After its discovery, this particular effect triggered a discussion between D. J. Bohm [76]
and E. P. Wigner [77] on the question if spin coherence is maintained for two partial beams
resulting from a Stern-Gerlach magnet which are first separated on a macroscopic distance and
then reunited again. According to D. J. Bohm, such a reversible Stern-Gerlach interferometer
(SGI), consisting of subsequently applied Stern-Gerlach magnets, would require a “fantastic”
precision for the control of the associated magnet fields [78]. A possible SGI has been analyzed
quantitatively in a series of articles [79–81] by B.-G. Englert, J. Schwinger, and M. Scully,
who coined this challenge for a coherent recombination of the two partial beams the Humpty-
Dumpty effect, named after the fictional character of Humpty-Dumpty.

There are different configurations and possible ways to realize a Stern-Gerlach interferometer.
A Stern-Gerlach interferometer that consists of a sequence of Stern-Gerlach magnets relies on a
deflection of the atoms transversal to the beam direction [73, 77, 79, 376–378]. However, it has
been pointed out that an experimental realization of a longitudinal Stern-Gerlach interferometer
might be easier to achieve [45, 78]. Here the separation into partial beams occurs in the direction
of the beam.

In addition, Stern-Gerlach interferometers can be distinguished as follows. A half-loop Stern-
Gerlach interferometer [73] is only closed in momentum, whereas a full-loop (or reversible) Stern-
Gerlach interferometer is closed in both position and momentum. According to Section 3.5.1,
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in the latter case the contrast is maximized and the resulting interference pattern is indepen-
dent of the initial state of the atomic center-of-mass motion. The experimental realization of
a longitudinal Stern-Gerlach interferometer has been pushed forward in Refs. [379–382]. How-
ever, in these works only the realization of a half-loop Stern-Gerlach interferometer has been
accomplished.

To the best of our knowledge, the first experimental realization of a full-loop longitudinal
Stern-Gerlach interferometer goes back to Y. Margalit in the group of R. Folman [74, 82,
83, 383]. Different from other realizations [380] of the Stern-Gerlach effect, here the accurate
magnet fields gradients [162] are generated by the currents in the wires of an atom chip [164].
In this particular configuration the magnetic gradient pulses were only applied for short periods
of time.

This particular device has served as the starting point for the first interferometric observation
of the Kennard phase [71]. Though now the magnetic gradient fields act on the atoms during the
entire interferometer sequence, as in the Humpty-Dumpty configuration [79–81], a remarkable
high contrast has been observed. In addition, the interferometer phase shift is governed by the
characteristic cubic scaling induced by the presence of branch-dependent linear potentials.

Furthermore, there is an optical [384] and an electric [385] analogue of the Stern-Gerlach
effect. Recently, the latter one has successfully been employed [253, 254] for the construction of
an interferometer with Rydberg atoms in the half-loop configuration.

An overview on Stern-Gerlach interferometry is presented in Ref. [45]. The latest develop-
ments of Stern-Gerlach interferometry on an atom chip have been summarized in Ref. [74].

6.1.2 T 3 interferometers

In general, the phase of spatial light-pulse atom interferometers [43, 45] does not display a
cubic scaling on the interferometer time T . For example, in the Ramsey-Bordé interferome-
ter [100, 196, 386, 387], the phase shift originates from a constant position difference between
two interferometer branches, which results in a phase proportional to T . In the standard Mach-
Zehnder interferometer [41, 92] the phase shift originates from a piecewise constant momentum
difference leading to a T 2 scaling. In contrast, our novel T 3 interferometers [68, 71] have a
piecewise constant acceleration difference with respect to the branch-dependent dynamics [69].
This feature not only leads to a cubic phase scaling of the interferometer phase in T , but also
establishes the relation to the Kennard phase.

The different scaling of these interferometer schemes in the presence of a constant force can
be easily understood with regard to the enclosed area of the interferometer in space-time, as
explored in Section 4.5.1. The enhanced scaling of the enclosed area and thus the phase of a T 3

interferometer might be beneficial to improve the accuracy [161] for measuring a constant force
F0, as motivated in Section 4.1.1.

We note that phase contributions scaling with T 3 also emerge in other interferometer setups,
where they originate (i) from the presence of gravity gradients [92, 172, 388], (ii) rotations in
combination with a linear potential [114, 116], or (iii) a mixed quadratic and cubic phase scaling
in T induced by Bloch oscillations in combination with a Mach-Zehnder pulse sequence [389]. We
address these different effects in more detail in Section 6.7.3. Nevertheless, we emphasize that
our T 3 interferometers ideally display a purely cubic phase scaling resulting from the imprinted
state-dependent linear potentials.

In the following, we distinguish two different T 3 interferometer schemes, namely the T 3
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Stern-Gerlach light-pulse interferometer (T 3-SGLPI) and the T 3 Stern-Gerlach interferometer
(T 3-SGI). Both devices are type-1 interferometers and rest on three principles: (i) We take
advantage of the cubic dependence of the phase in the propagator for a massive particle in the
presence of a linear potential. (ii) The splitting and recombination process relies on magnetic
field gradients that employ state-dependent accelerations for two different internal atomic states.
(iii) The interferometer is closed in both position and momentum.

The T 3 Stern-Gerlach light-pulse interferometer (T 3-SGLPI)

The T 3-SGLPI is an entire novel interferometer scheme. It employs a constant magnetic gra-
dient field and the reunification of the correspondent interferometer branches is achieved by a
sequence of four light pulses. Although the pulse protocol corresponds to the one of the Butterfly
interferometer discussed in Section 4.3, the light-pulses in the T 3-SGLPI only change the inter-
nal atomic state while imprinting a negligible momentum transfer to the atom. The magnetic
fields used for the spatial separation of the atoms are generated by a combination of a solenoid
and anti-Helmholtz coils. The corresponding experiment is under construction in the group of
F. A. Narducci and employs a fountain of cold 85Rb atoms.

The T 3 Stern-Gerlach interferometer (T 3-SGI)

The T 3-SGI reminds of the Stern-Gerlach interferometer analyzed in the context of the Humpty-
Dumpty effect [79–81]. In contrast to these previous works we consider here a longitudinal
interferometer that is exposed to an external constant force. In comparison to the T 3-SGLPI
presented above, the T 3-SGI does not rely on laser light. Instead, it uses a time-dependent
magnetic field gradient being composed of four subsequent gradient pulses that are required to
close the interferometer. The corresponding experiment has been performed in the group of
R. Folman with a Bose-Einstein condensate of 87Rb atoms. This particular interferometer has
enabled the first interferometric measurement of the Kennard phase. In addition, the absence
of light pulses to split and recombine the partial beams allows its usage close to surfaces. This
property in combination with the Kennard phase makes the T 3-SGI to a promising sensor for
magnetic as well as other surface-induced phenomena.

6.1.3 Outline

In the following, we propose novel interferometry geometries where the phase scales with the cube
of the time T the atom spends in the interferometer. Furthermore, we discuss their experimental
implementation.

The present chapter is structured as follows. First, we list in Section 6.2 different technologies
that can be utilized for the implementation of state-dependent accelerators and decelerators for
atoms. In Section 6.3 we then turn to the novel interferometer scheme of the T 3-SGLPI, which we
analyze in detail with regard to an experimental realization. Afterwards, Section 6.4 is dedicated
to the first interferometric observation of the Kennard phase in quantum optics with the help
of a T 3-SGI. We present the scheme and phase shift of this particular device and comment on
the experiment. Subsequently, we introduce in Section 6.5 a compact interferometer scheme
utilizing a harmonic potential for the confinement of the atoms. This device is closely related
to the T 3 interferometers and displays an inverse cubic scaling with respect to the frequency of
the harmonic trap. Next, we develop a general scheme in Section 6.6, which can be applied for
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the construction of novel interferometers with an even higher-order phase scaling beyond T 3.
In Section 6.7 we then turn to a discussion and highlight the advantages and unique features
of our interferometers and the corresponding phase shifts. Moreover, we address similarities
and differences to other sources of cubic phases in atom interferometry. Finally, we conclude in
Section 6.8.

6.2 State-selective accelerators and decelerators

Nowadays the interaction of atoms or molecules with magnetic, electric and optical fields is, for
instance, utilized [241–245, 390, 391] for the cooling, trapping, or state-selective preparation of
quantum matter. In the following, we investigate how these interactions can be applied to imple-
ment state-selective accelerators and decelerators (SADs) for atoms in a coherent superposition.
Recent developments [68, 71, 82, 83, 89, 136, 225, 253, 254, 383, 389] of such devices suggest
promising and novel capabilities for matter-wave interferometry. Moreover, they are central to
the realization of a T 3 interferometer.

Next, we compare the state-selective momentum transfer imprinted by conventional beam
splitters and mirrors for light-pulse atom interferometers to the action of SADs. In Section 3.3
we have introduced beam splitters and mirrors [41, 196] that are based on the atom-light inter-
action. Depending on the internal atomic state, a photon is either absorbed or emitted, and the
associated momentum recoil allows to open and close the interferometer in phase space. This
modification of the external motional state of the atom takes place in the coupling zone of the
interferometer.

We recall that here an efficient driving of the atomic transition via laser light requires a res-
onance condition to be fulfilled. Thus, this kind of coupling only works together with particular
external motional states of the atoms. In particular, for light-pulse interferometers that probe
external potentials which differ substantially from a linear one, this restriction might become
problematic as pointed out in Section 3.4.1.

In contrary, a state-dependent momentum transfer realized with the help of SADs does not
suffer from this issue. Indeed, SADs enable a splitting and recombination of the atomic matter
wave in space within the free propagation zone. In contrast to conventional beam splitters
and mirrors for atoms, which are usually only applied for a short time duration, SADs can be
operated both in a pulsed and a continuous mode. Consequently, these devices can be used to
implement standard interferometer geometries even in the presence of harmonic potentials as
outlined in Chapter 4. Additionally, they can be utilized in the novel interferometer geometries
discussed in the subsequent sections.

In particular, it is possible to apply SADs for the entire duration of the interferometer
sequence. As a result, depending on the experimental implementation, a substantial increase of
the enclosed space-time area and thus the phase shift of the interferometer is in reach. Moreover,
these specific devices take over the tasks of both beam splitters and mirrors.

The present section is structured as follows. First, we illustrate in Section 6.2.1 the state-
selective effect of a SAD on atoms. Next, we focus in Section 6.2.2 on SADs that are based on the
Stern-Gerlach effect. Subsequently, we highlight in Section 6.2.3 promising recent experiments
that employ the electric analogue of the Stern-Gerlach effect as a state-selective accelerator for
Rydberg atoms. Finally, we turn in Section 6.2.4 to a related technique that is based on Bloch
oscillations in accelerating optical lattices. Here, in contrast to the previous examples, the state

151



Chapter 6 - T 3 Interferometry

dependence is obtained with respect to momentum eigenstates instead of internal atomic states.

6.2.1 Spatial deflection induced by a SAD

We start by pursuing a general description of SADs, and illustrate their effect on the center-
of-mass motion of a two-level atom being composed of the internal states |1〉 and |2〉. Here we
make use of our formalism introduced in Chapter 3.

The key idea of a SAD is to imprint a state-dependent, but position-independent constant
“force” F(SAD)

k leading to a state-selective acceleration of the atom depending on its internal state
|k〉 with k = 1, 2. Consequently, atoms being prepared either in the state |1〉 or the state |2〉, are
spatially separated after the application of a SAD. This concept is, for instance, applied for the
initial state preparation in an atom interferometer by using a Stern-Gerlach-type deflection [89].
Importantly, SADs also enable a spatial separation for atoms in a coherent superposition of the
states |1〉 and |2〉.

The interaction between the atom and a SAD can be described by a state-dependent linear
potential of the form

Vk(r̂) = −F(SAD)
k r̂ + E

(SAD)
k . (6.1)

Here we have taken into account the influence of the SAD on the atomic center-of-mass motion
by making use of the position operator r̂. The state-dependent scalar E(SAD)

k corresponds to an
energy shift which results in a phase shift of the atomic wave function without modifying the
atomic motion. Such an energy shift emerges, for instance, for a magnetic dipole exposed to a
homogeneous and static magnetic field due to the Zeeman effect.

Next, we define the difference

∆F ≡ F(SAD)
2 − F(SAD)

1 (6.2)

and the average
F̄(SAD) ≡ 1

2
(
F(SAD)

1 + F(SAD)
2

)
(6.3)

of the forces imprinted by the SAD.
The separation achieved by the SAD is then proportional to the difference ∆F, Eq. (6.2).

Moreover, a symmetric SAD is characterized by a vanishing average F̄(SAD) = 0, Eq. (6.3),
as illustrated in the space-time diagram of Fig. 6.1. Here we depict the z-component of the
branch-dependent displacement Rb(t) in position, as introduced in Chapter 3. In this example,
the branch-dependence coincides with the state-dependence on the internal atomic state |k〉.

Next, we consider an initial quantum state of the form |ψi〉 ⊗ (α1 |1〉+ α2 |2〉), where α1, α2
are complex coefficients, and |ψi〉 denotes the initial state of the atomic center-of-mass motion.
Depending on the orientation of the SAD, indicated by the blue and orange area, respectively,
the state α2 |ψi〉 ⊗ |2〉 (solid red line) is accelerated (a) along or (b) opposite to the z-axis,
whereas the direction of acceleration for the state α1 |ψi〉 ⊗ |1〉 (dashed blue line) is vice versa.

6.2.2 Zeeman and Stern-Gerlach effect

Next, we turn to a possible realization [68, 71, 82, 83, 383] of SADs which relies on the Stern-
Gerlach effect. We emphasize that here no resonance condition has to be fulfilled in order to
imprint a state-dependent acceleration.
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Figure 6.1: Illustration of the action of a SAD in a space-time diagram. The SAD induces a
state-dependent deflection of atoms in the states |1〉 (blue dashed lined) and |2〉 (red solid line).
This state-selective effect also appears for a coherent superposition of both states |1〉 and |2〉.
Hence a SAD constitutes a beam splitter for atoms. The duration and orientation of the SAD
is indicated by the (a) blue and (b) orange area, where the color determines the direction of the
state-dependent deflection.

In the following, we focus on the interaction −µ̂B(r) of an atomic dipole, described by the
magnetic dipole operator µ̂ ≡ (µ̂x, µ̂y, µ̂z), and the position-dependent magnetic field B(r).

In order to imprint a state-dependent, but position-independent force

F(SAD)
k ≡ 〈k| ∇ [µ̂B(r)] |k〉 (6.4)

on the atom, we require (i) different magnetic dipole moments 〈k| µ̂ |k〉 for the two internal states
|k〉 with k = 1, 2, and (ii) an inhomogeneous magnetic field that is linear in the coordinate r,
where ∇ denotes the nabla operator with respect to r.

We underline that a weak and homogeneous magnetic field B leads to a state-dependent
energy shift according to the Zeeman effect. In the linear regime, this energy shift is proportional
to the magnetic field strength. However, it is the position-dependence of an inhomogeneous
magnetic field B(r) that enables the force F(SAD)

k and thus leads to the Stern-Gerlach effect. As
a consequence, a state-selective spatial deflection of the atom is accomplished.

We remark the similarity to the force that acts on a classical magnetic dipole exposed to an
inhomogeneous magnetic field.

Magnetic field configurations

Due to the vector structure of the magnetic field there are different options to realize such a
state-dependent force F(SAD)

k , Eq. (6.4).
Two examples that are used in the subsequent experiments, discussed in Sections 6.3 and

6.4, to generate a constant force F(SAD)
k in the z-direction are given by magnetic fields having

locally the form

BI(r) ∼= (B0 + z∇zBI,z) ez − y∇zBI,zey (6.5)

and

BII(r) ∼= (B0 + z∇zBII,y) ey + y∇zBII,yez, (6.6)
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where ey and ez are the unit vectors in the y- and z-direction, respectively.
Here the constant values ∇zBI,z ≡ ∂BI,z/∂z and ∇zBII,y ≡ ∂BII,y/∂z denote the partial

derivative of the z- and y-component of the corresponding magnetic field with respect to z.
For the field BI(r), Eq. (6.5), the internal state |k〉 with k = 1, 2 denotes an eigenstate of the
operator µ̂z, whereas for the field BII(r), Eq. (6.6), |k〉 corresponds to an eigenstate of µ̂y. We
depict both magnetic field configurations in Fig. 6.2 (a) and (b), respectively.

Figure 6.2: We illustrate a two-dimensional profile of the magnetic fields (a) BI(r), Eq. (6.5), and
(b) BII(r), Eq. (6.6). These fields exert a constant and state-dependent force F(SAD)

k oriented
along the z-direction on an atom, which has the dipole moment 〈k| µ̂ |k〉 for the internal state
|k〉 with k = 1, 2. In the central region with y ∼= 0 the dipole remains aligned (a) along the
z-direction, and (b) along the y-direction.

Next, we collect a few remarks regarding the spatial structure of the magnetic fields BI(r)
and BII(r). In principal, the magnetic field gradient induced by a non-vanishing value of ∇zBI,z

in Eqs. (6.5) and (6.6) is sufficient to arrive at a state-dependent constant force F(SAD)
k . Such

a stationary magnetic field that contains only the term ∇zBI,z would not be a solution to
the Maxwell equations. In fact, the last term in Eq. (6.5) guarantees ∇ · BI(r) = 0, while
∇×BI(r) = 0 is already satisfied. Similarly, the last term in Eq. (6.6) ensures ∇×BII(r) = 0
with ∇ ·BII(r) = 0 being fulfilled already.

In Eq. (6.5) we have added a substantial homogeneous contribution B0ez, the bias field, to
the magnetic field BI(r) such that the atomic magnetic dipole moment remains oriented along
z-direction. The homogeneous contribution B0ey in Eq. (6.6) instead ensures the alignment
along the y-direction. In order to achieve this alignment, it is necessary to fulfill the relation
L |∇zBI,z| � |B0| and L |∇zBII,y| � |B0|, respectively, with regard to Eqs. (6.5) and (6.6),
where L is the distance traveled by the atoms during the gradient pulse. By satisfying these
requirements and within the adiabatic approximation, it is indeed possible to imprint a one-
dimensional kick or state-dependent force in the z-direction, even for a whole atomic cloud as
demonstrated in Ref. [392].
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Finally, we have assumed a relatively small displacement of the atoms from the central line
y = 0 such that the linear approximations BI(r) and BII(r) in position r in Eqs. (6.5) and (6.6)
are justified [79].

State-selective acceleration of atomic hyperfine states

Subsequently, we discuss the concrete implementation of SADs with regard to the experiments
presented in Sections 6.3 and 6.4.

We consider an atom for which two different magnetic sensitive hyperfine states |1〉 and |2〉
are populated. For simplicity, we focus on the interaction between a weak magnetic field BI(r),
Eq. (6.5), and the atomic magnetic dipole moment in the linear regime of the Zeeman effect.
Once the magnetic dipole moment is aligned along the z-axis due to the presence of the bias
field, its z-component reads

µk,z ≡ 〈k| µ̂z |k〉 = µBgFkmFk (6.7)

corresponding to the state |k〉 with k = 1, 2. Here, µB, gFk , and mFk denote the Bohr magneton,
the Landé factor, and the projection of the angular momentum on the z-axis, respectively.

Consequently, the interaction −µ̂BI(r̂) of the magnetic dipole and the magnetic field gives
rise to the state-dependent linear potential Vk(r̂), Eq. (6.1), where the state-dependent scalar
contribution

E
(SAD)
k = −µk,zB0 (6.8)

is determined by the homogeneous bias field B0ez and leads to an energy shift for the magnetic
sensitive state |k〉.

In addition, the constant force

F(SAD)
k = µk,z∇zBI,zez (6.9)

is proportional to the strength ∇zBI,z of the magnetic field gradient. According to Eq. (6.7), it
results in the acceleration

a(SAD)
k = µB

m
gFkmFk∇zBI,zez (6.10)

of the atomic center-of-mass described by the motional state |ψk(t)〉 that is associated with the
internal state |k〉.

Such SADs which employ the Stern-Gerlach effect have recently been demonstrated experi-
mentally in Refs. [71, 82, 162, 383, 392].

6.2.3 Rydberg-Stark acceleration

It is worth mentioning that also the electric analogue of the Stern-Gerlach effect allows to achieve
a state-selective acceleration.

This effect is based on the interaction of a position-dependent electric field E(r) with an atom,
where the internal atomic states |k〉 have a sufficient large electric dipole moment 〈k| d̂ |k〉. Here
d̂ denotes the electric dipole operator. The linear Stark effect is characterized by the coupling
−d̂E(r) and leads to the position-independent, but state-dependent force

F(SAD)
k ≡ 〈k| ∇

[
d̂E(r)

]
|k〉 (6.11)

in analogy to Eq. (6.4) for an electric field E(r) that is linear in position r.
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Due to their large electric dipole moments in the presence of an electric field, atoms in highly
excited Rydberg states constitute an excellent candidate to implement the electric analogue of
the Stern-Gerlach effect as demonstrated in Ref. [385].

Recently, a Rydberg-Stark deceleration in combination with a coherent superposition of cir-
cular Rydberg states has been realized experimentally [253, 254] in the presence of perpendicular
electric and weak magnetic fields. This achievement has set the stage for utilizing this technology
in more advanced matter-wave interferometry setups as the T 3-interferometer geometry.

The option of coherent Rydberg atom optics might be a promising candidate for atom in-
terferometry experiments exploiting Rydberg states of antimatter [161, 393, 394] for tests of the
equivalence principle. Moreover, the use of Rydberg states also enables hybrid devices of light
and matter-wave interferometers [395].

6.2.4 Continuous-Accelerating-Bloch (CAB) technique

In some aspects similar to SADs is the sequential momentum transfer to the atoms in an op-
tical lattice induced via the atom-light interaction. Here the state-selective acceleration of an
atom [89, 136, 225, 389] is achieved by the combination of Bloch oscillations [261–264] and accel-
erating optical lattices. In contrast to the preceding examples, the state-selective acceleration is
performed with respect to momentum eigenstates of the atomic center-of-mass motion instead
of internal atomic states.

Within the continuous-accelerating-Bloch technique [225, 389], a beam splitter based on
Bragg diffraction first creates a superposition of two momentum eigenstates15 |1〉 ≡ |p0〉 and
|2〉 ≡

∣∣∣p0 + n~k(1)
L

〉
by imprinting the momentum n~k(1)

L .
During the rise time Tr, the atom in the state |1〉 is loaded into a stationary optical lattice.

Subsequently, it is accelerated via Bloch oscillations for a time Tb before being brought back to
the initial situation during the deceleration time Td. Here the rise time Tr and the deceleration
time Td are usually very short compared to the acceleration time Tb, such that they can be
neglected. Consequently, the atom in state |1〉 experiences the additional average force

F(SAD)
1 ≡ nb~k(1)

L
Tb

(6.12)

induced by the Bloch lattice due to the action of an effective linear potential Vk(r̂), Eq. (6.1),
where nb is the number of the Bloch oscillations imprinted during the time Tb.

The parameters of the lattice are chosen in such a way [225, 389] that the atoms in the
momentum state |2〉 experience only a time-averaged potential from the Bloch lattice which
imparts no additional acceleration, that is F(SAD)

2 = 0.

6.3 T 3 Stern-Gerlach light-pulse interferometer

In the current section we present an atom interferometer capable of measuring the Kennard
phase. The key idea of this T 3 interferometer is to expose a two-level atom to state-dependent
and constant forces, as motivated in Chapter 5. As a consequence, a piecewise quadratic depen-
dence in time is obtained for the displacement of the interferometer branches in position. This

15Here n is the diffractive order and k(1)
L is the effective wave vector for a first-order Bragg process as introduced

in Section 3.3.4.
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particular dependency leads to the cubic scaling of the interferometer phase on the interferom-
eter time T .

For a general two-branch interferometer analyzed in Chapter 3, the contrast C and the phase
δφ usually depend strongly on the initial state of the atomic center-of-mass motion. In addition,
in many matter-wave interferometers the Kennard phase does not contribute to the phase shift
or its extraction from the overall interferometer phase might be difficult. For these reasons,
we have designed a two-branch interferometer that involves branch-dependent and piecewise-
constant forces Fb(t) for the upper (b = u) and lower (b = l) branch. Our T 3 interferometer is
closed in both position and momentum. Ideally, it displays a perfect contrast C = 1 together
with a purely cubic phase scaling δφ ∼ T 3 with respect to the interferometer time T as originating
from the Kennard phase.

In the following, we demonstrate that the T 3 interferometer is a type-1 interferometer which
enables the measurement of a time- and state-independent external force F̄ext. Hence, this inter-
ferometer scheme is related to the standard Mach-Zehnder interferometer discussed in Section 4.2
which, however, displays a lower phase scaling proportional to T 2.

In this section we consider a T 3 interferometer implemented via a state-selective accelerator
and decelerator (SAD) that is generated by magnetic field gradients used to imprint the required
state-dependent forces for the splitting and recombination process. We emphasize that also other
techniques are suitable for the realization of the SAD as listed in Section 6.2. In addition, light
pulses with negligible momentum transfer facilitate the coupling zones for the working states |1〉
and |2〉. The experimental implementation of this T 3 Stern-Gerlach light-pulse interferometer
(T 3-SGLPI) is pursued in the group of F. A. Narducci.

The current section is organized as follows: We begin in Section 6.3.1 by presenting a rigorous
and general description of our novel interferometer scheme, where we highlight the role of the
SAD. In Section 6.3.2 we then display the characteristic functions for the T 3-SGLPI and analyze
its contrast and phase shift. Additionally, we reveal the intrinsic relation to the Kennard phase.
Finally, the implementation and experimental setup are detailed in Section 6.3.3.

Sections 6.3.1 and 6.3.2 follow the discussion presented in Ref. [69], but contain additional
details in regard to the classification of this particular interferometer geometry and the emergence
of the Kennard phase in this device. Parts of Section 6.3.3 have been adapted from Ref. [68].

6.3.1 Description of the interferometer scheme

The interferometer scheme of the T 3-SGLPI is depicted in Fig. 6.3. Its pulse protocol is remi-
niscent of the Ramsey–Bordé interferometer [196, 396] and other four-pulse configurations such
as the Butterfly interferometer discussed in Section 4.3. These configurations are frequently
employed in gradiometers and gyrometers [114, 118, 120, 123, 174, 178, 198, 292, 293, 315–317].
In contrast to these devices there is no exchange of photon momenta in our setup. The splitting
and reunification in position and momentum is instead achieved by a SAD.

The T 3-SGLPI employs external motional states |ψk(t)〉 associated with the internal states
|k〉 of a two-level atom with k = 1, 2. As presented in Fig. 6.3 the atoms are initially prepared in
the internal state |1〉 corresponding to the input port |i〉 = |1〉. Subsequently, they are subject
to the following distinct “building blocks” of the interferometer:

• three free propagation zones, where the atomic center-of-mass motion is governed by con-
stant state-dependent forces F1 and F2 corresponding to the internal states |1〉 (dashed
blue line) and |2〉 (solid red line).
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• four coupling zones induced by two π
2 - and two π-pulses which form a π

2 − π − π − π
2

sequence as depicted by the dashed orange lines.

During the entire interferometer sequence a SAD is applied, as indicated by the blue shaded
area. Finally, the readout at time t = tf is achieved by a population measurement of the output
ports |o〉 = |1〉 or |o〉 = |2〉.

Alternatively, the use of the SAD also allows for a readout in position. In fact, the two wave
functions corresponding to the motional states |ψ1(tf)〉 and |ψ2(tf)〉 are displaced in position at
the final time tf due to the action of the SAD. This effect can be observed in Fig. 6.3, where the
corresponding displacements in position differ for the two output ports |o〉 = |1〉 and |o〉 = |2〉
at time tf .

Figure 6.3: Space-time diagram of the T 3-SGLPI for an atom having the two internal states |1〉
and |2〉, and interacting with two short laser π/2-pulses (at t = 0 and t = T ) and two π-pulses
(at t = T/4 and t = 3T/4), with T being the total interferometer time. We assume that during
the light pulses, depicted by the dashed orange lines, there is no momentum transfer of the
light field to the atoms. Instead, the two states |1〉 (dashed blue line) and |2〉 (solid red line)
are exposed to a SAD during the entire interferometer sequence, as indicated by the blue area,
leading to the separation and reunification of the two interferometer branches.

The timing of the pulses, being applied at the times t1 = 0, t2 = T/4, t3 = 3T/4, and t4 = T ,
has been chosen such that the interferometer is closed in both position and momentum in the
presence of a constant linear potential. Moreover, these light pulses induce atomic transitions
with negligible momentum transfer ∆p ≈ 0 and can, for instance, be realized via Raman diffrac-
tion applying two co-propagating laser beams with almost identical wavelengths, or via a direct
coupling utilizing microwaves as pointed out in Section 3.3.4.

The action of the SAD can be described by a constant linear potential of different magnitude
for each of the two atomic states |1〉 and |2〉. Hence, we assume a potential of the form

Vk(r̂) = −Fkr̂ + Ek (6.13)
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for the atom in the internal state |k〉, contributing to the state-dependent Hamiltonian Ĥk given
by Eq. (3.1). Here the state-dependent scalar Ek does not only contain the internal energy for
the state |k〉 of the two-level system, but also a constant energy shift E(SAD)

k that could originate
from the SAD as considered in Section 6.2.

The linear contribution −Fkr̂ in position in Eq. (6.13) is governed by the combination of the
quantity F(SAD)

k , describing the presence of the SAD, and the state-independent external force
F̄ext to be probed by the interferometer. Consequently, we arrive at the expression

Fk = F(SAD)
k + F̄ext (6.14)

for the force assigned to the state |k〉 with k = 1, 2.

6.3.2 The interferometer contrast and phase

According to Step 1 of the schematic rules presented in Section 3.6, the branch amplitudes for
the upper (b = u) and lower (b = l) branch of the T 3 interferometer read βu = βl = 1/2.

Phase shift δφ0 arising from position-independent potentials

Next, in Step 2 of the schematic rules we consider the position-independent contributions Eb(t)
to the branch-dependent potentials for the upper and lower branch. Since the timing of the
pulses is identical to the Butterfly configuration, we obtain the same difference δE(t) given by
Eq. (4.21). Hence, the phase shift

δφ0 = Φ(0)− 2Φ
(
T

4

)
+ 2Φ

(3T
4

)
− Φ(T )− π (6.15)

is identical to the one of the Butterfly interferometer, Eq. (4.22) where Φ(tj) is given by Eq. (3.55)
and determined by the effective frequency ωL and phase φL(tj) for the respective pulse applied
at time tj with j = 1, 2, 3, 4. Here we have assumed a resonant driving for all coupling zones.

Contrast C and phase shift δφ1 arising from position-dependent potentials

We turn now to the determination of the contrast C and the phase δφ1 that reveals the charac-
teristic scaling of the T 3-interferometer as induced by the Kennard phase.

For this purpose, we follow Step 3 and construct the branch-dependent functions Fu(t) and
Fl(t) according to Fig. 3.3. Here we recall that we have assumed a negligible momentum transfer
∆p ≈ 0 for all pulses. Thus, only the state-dependent quantity Fk, Eq. (6.14), contributing in
the free propagation zones to the potential Vk(r̂), Eq. (6.13), are of relevance. By making use
of the difference ∆F, Eq. (6.2), of the forces F(SAD)

k imprinted by the SAD, we arrive in Step 4
at the difference

δF(t) = ∆F
[
Π
(
t

∣∣∣∣0, T4
)
−Π

(
t

∣∣∣∣T4 , 3T
4

)
+ Π

(
t

∣∣∣∣3T4 , T

)]
(6.16)

of the branch-dependent functions Fu(t) and Fl(t), where Π(t|tj , tj+1) denotes the rectangular
function defined by Eq. (2.38).

Although the state-dependent potential Vk(r̂), Eq. (6.13), is time-independent, the function
δF(t), Eq. (6.16), is time-dependent. The time-dependence of δF(t) does not originate from the
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Figure 6.4: Characteristic functions for the T 3 interferometer, where T denotes the total inter-
ferometer time. We present in (a) the piecewise constant z-component of δF(t), Eq. (6.16), as
a function of the time t. The z-component of the relative displacement in (b) momentum δP(t)
and (c) position δR(t) as a function of t is piecewise linear and quadratic, respectively. The area
enclosed by the two interferometer branches in the space-time diagram Fig. 6.3 coincides with
the one of the gray dashed triangle. Figure adapted from Ref. [69] under license CC BY 3.0
(https://creativecommons.org/licenses/by/3.0/).

recoil of the atoms due to the light fields, which is here negligible. Instead, it originates from
the atomic transitions between the states |1〉 and |2〉 in the presence of the SAD. In contrast to
the conventional interferometers described in Chapter 4, the characteristic function δF(t) of the
T 3 interferometer, illustrated in Fig. 6.4 (a), is a piecewise constant function in t, which is the
key to the appearance of the Kennard phase.

According to Step 4 the function δF(t), Eq. (6.16), entirely defines the difference in momen-
tum δP(t) and position δR(t) given by Eqs. (3.37) and (3.38) with ω0 = 03, respectively. As
shown in Fig. 6.4 (b), the relative displacement in momentum δP(t) between the two arms of
the interferometer is piecewise linear in t, whereas the relative displacement in position δR(t)
presented in Fig. 6.4 (c) is piecewise quadratic with respect to the time t.

In order to identify the type of the interferometer, we take a look at the zeroth (q = 0) and
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first moment (q = 1) of the function δF(t), Eq. (6.16). Since these moments vanish according to
Eq. (3.43), while the second moment (q = 2) is non-vanishing, we conclude that the T 3 interfer-
ometer is a type-1 interferometer. By following Step 5 of the schematic rules, the interferometer
is closed in the presence of a linear potential in agreement with Fig. 6.4 (b) and (c), where the
displacements described by the functions δP(t) and δR(t) vanish for t > T . Hence, we ideally
obtain the perfect contrast C = 1 and the interferometer phase reads δφ = δφ0 + δφ1, where
δφ0 is given by Eq. (6.15). These quantities determine the interferometer output and thus the
transition probability P11, Eq. (3.32), or P21, Eq. (3.33), for the output port |o〉 = |1〉 and
|o〉 = |2〉, respectively.

Next, we follow in our analysis Step 5 (a) and determine the phase contribution δφ1. For
this purpose, we make use of the average F̄(SAD), Eq. (6.3), of the forces F(SAD)

k imprinted by
the SAD, and obtain the average

F̄(t) = F̄0Π (t |0, T ) (6.17)

of the branch-dependent functions Fu(t) and Fl(t) with

F̄0 = F̄ext + F̄(SAD), (6.18)

where we have applied Eq. (6.14).
Finally, according to Eq. (3.51), we arrive at the phase shift

δφ1 = F̄0
~

∫ T

0
dτ δR(τ) = F̄0

32~m∆FT 3 (6.19)

induced by the position-dependent contribution of the branch-dependent potentials. Here we
have used the fact that the average function F̄(t), Eq. (6.17), was assumed to be constant during
the interferometer sequence. We highlight that it is the piecewise quadratic dependence of the
displacement in position δR(t) on t, which leads to the cubic scaling of the interferometer phase
δφ1 on the interferometer time T .

As demonstrated in Fig. 6.4 (b), the maximal relative displacement in momentum

δPmax ≡
∣∣∣∣δP(T4

)∣∣∣∣ =
∣∣∣∣δP(3T

4

)∣∣∣∣ =
∣∣∣∣∆FT

4

∣∣∣∣ (6.20)

is achieved at the times t = T/4 and t = 3T/4. The maximal relative displacement in position

δRmax ≡
∣∣∣∣δR(

T

2

)∣∣∣∣ =
∣∣∣∣∣∆FT 2

16m

∣∣∣∣∣ (6.21)

is instead obtained at the time t = T/2, in agreement with Fig. 6.4 (c).
As evident from Eq. (6.19), the phase shift δφ1 is proportional to the enclosed orange area

in the space-time diagram depicted in Fig. 6.4. This area is identical to the one of a triangle
with base T and height δRmax, Eq. (6.21), depicted by a gray dashed line.

In addition, the phase shift δφ1 depends on the projection of ∆F onto F̄0. For a symmetric
SAD with F̄(SAD) = 0 and F̄0 = F̄ext, Eq. (6.18), the phase δφ1 is maximized once both vectors
∆F and F̄0 are parallel or anti-parallel, that is the SAD acts in the direction of the quantity to
be measured. By making use of three interferometers, where the spatial separation is arranged
orthogonal to each other, it is possible to obtain not only the corresponding projection of F̄0
but to reconstruct the complete vector.
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The functions δF(t), δP(t), and δR(t), presented in Fig. 6.4 (a)-(c), are identical to the ones
appearing in the context of a Stern-Gerlach interferometer [79–81]. There the time-dependence
of these functions is not induced by applying mirror pulses, but by changing the direction of the
magnetic field gradient at the times T/4 and 3T/4. In these theoretical studies [79–81] only the
case F̄0 = 0 has been considered for which the cubic phase δφ1, Eq. (6.19), vanishes. We will
explore the connection between this particular scheme and the T 3-interferometer in more detail
in Section 6.4.

The interferometer phase and the Kennard phase

We obtain a deeper insight into the phase shift δφ1, Eq. (6.19), of the T 3 interferometer by
recalling the expression

ψk(r, t) = exp [iϕk(r, t)]ψ0

(
r− Fkt

2

2m , t

)
(6.22)

for the propagation of an initially prepared wave function ψk(r, 0) ≡ ψ0(r, 0) in a linear potential
−Fkr̂ as expressed by Eq. (5.16) for the one-dimensional case. Here ψ0(r, t) denotes the time-
evolved wave function at time t in the absence of the potential, and the phase shift

ϕk(r, t) ≡
1
~

(
Fkrt−

1
6
|Fk|2

m
t3
)

(6.23)

due to the linear potential includes the Kennard phase proportional to t3.
Next, we make use of Eqs. (6.22) and (6.23) in order to determine the time-evolved wave

function for the upper and lower branch of the T 3-interferometer.
We first propagate the initial state ψu(r, 0) ≡ ψ0(r, 0) along the upper branch of the interfer-

ometer according to Fig. 6.3. By repeatedly applying Eq. (6.22) for the sequence F2 −F1 −F2
of the corresponding forces, we obtain the wave function

ψu(r, T ) = exp
{

i
[
ϕ2

(
r, T4

)
+ ϕ1

(
r, T2

)
+ ϕ2

(
r, T4

)]}
ψ0 [r−Ru(T ), T ] (6.24)

for the upper branch at time T . Here we have introduced total displacement

Ru(T ) ≡ 1
2m

[
F2

(
T

4

)2
+ F1

(
T

2

)2
+ F2

(
T

4

)2
]

(6.25)

in position at time T . The corresponding displacement in momentum

Pu(T ) ≡ F2
T

4 + F1
T

2 + F2
T

4 (6.26)

for the upper branch is obtained by collecting the position-dependent phases in Eq. (6.24).
We treat the propagation of the initial state ψl(r, 0) ≡ ψ0(r, 0) along the lower branch of the

interferometer analogously. At time T we arrive at the wave function

ψl(r, T ) = exp
{

i
[
ϕ1

(
r, T4

)
+ ϕ2

(
r, T2

)
+ ϕ1

(
r, T4

)]}
ψ0 [r−Rl(T ), T ] (6.27)
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for the lower branch resulting from the sequence F1−F2−F1 of the corresponding forces. Here
we obtain the displacement in position

Rl(T ) ≡ 1
2m

[
F1

(
T

4

)2
+ F2

(
T

2

)2
+ F1

(
T

4

)2
]

(6.28)

at time T and the corresponding displacement in momentum

Pl(T ) ≡ F1
T

4 + F2
T

2 + F1
T

4 (6.29)

for the lower branch being determined by the position-dependent phases in Eq. (6.27).
The sequence of forces and the corresponding timing for this interferometer scheme has

been chosen such that the displacements Ru(T ) = Rl(T ) in position and Pu(T ) = Pl(T ) in
momentum for the two branches agree at the final time T according to Eqs. (6.25), (6.26),
(6.28), and (6.29). Thus, along the upper and lower branch of the interferometer we have
reached the same point in phase space corresponding to the fact that the T 3 interferometer is
closed in both position and momentum.

However, the wave functions ψu(r, T ), Eq. (6.24), and ψl(r, T ), Eq. (6.27), differ by a purely
time-dependent phase[

2ϕ2

(
r, T4

)
+ ϕ1

(
r, T2

)]
−
[
2ϕ1

(
r, T4

)
+ ϕ2

(
r, T2

)]
= |F2|2 − |F1|2

64~m T 3 (6.30)

according to Eq. (6.23). By making use of Eq. (6.14) we verify that the phase shift Eq. (6.30)
is indeed equal to the phase δφ1, Eq. (6.19), of the T 3-interferometer. As demonstrated in Sec-
tion 2.4.2, the phase difference of a closed interferometer corresponds to the difference of the
classical actions for the upper and lower branch, or more precisely the difference of the position-
independent terms in the classical actions, divided by ~. Consequently, the T 3-interferometer
measures the difference of two Kennard phases, which governs the position-independent contri-
bution to the classical action for a particle exposed to a linear potential.

We emphasize that this result is independent of the initial state of the atomic center-of-
mass motion. This property of the interferometer phase is in sharp contrast to the global phase
discussed in Section 5.2.4 corresponding to a single quantum wave, and is a consequence [174–
176] of the fact that our interferometer is closed in both position and momentum.

These results agree entirely with those obtained for the T 3-interferometer in Ref. [68] within
a representation-free operational approach. Here F1 = ma1ez and F2 = ma2ez, where akez
(k = 1, 2) denotes the acceleration of the atom in the state |k〉, and T = 4T1 with T1 being the
time between the first two laser pulses.

6.3.3 Towards an experimental realization

We now focus on an experimental implementation of the T 3 interferometer, where the SAD is
realized via the Stern-Gerlach effect.

First, we discuss the details of this implementation and provide the corresponding expressions
for the phase shift for this special case. Next, we present a brief description of the experimental
setup that is used in the group of F. A. Narducci. Finally, we discuss effects induced by
imperfect pulses and misaligned magnetic fields which have so far prevented a successful ob-
servation of the Kennard phase in this setup. In particular, we reveal the connection to the
Humpty-Dumpty effect.
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Implementation of the interferometer scheme

The experiment [68] employs a cold cloud of 85Rb atoms, where each atom is described by
a three-level system consisting of the ground state |1〉, the state |2〉, and an ancilla state |3〉
constituting a Λ- configuration. We assume that the atomic cloud is sufficiently dilute such that
interatomic interactions can be neglected, allowing us to make use of a single particle description.

In the coupling zones we drive Raman transitions between the working states |1〉 and |2〉 via
the ancilla state |3〉 by using co-propagating laser beams. These particular pulses only imprint
a negligible momentum transfer onto the atom as discussed in Section 3.3.4.

In order to realize the SAD for this interferometer scheme, the working states |1〉 and |2〉 are
chosen such that the mean values µ1,z = 〈1| µ̂z |1〉 and µ2,z = 〈2| µ̂z |2〉 of their magnetic moments
along the z-axis differ, leading to a state-selective acceleration and magnetically induced phase
shifts [397, 398].

During the interferometer sequence, depicted in Fig. 6.3, the atoms are exposed to the
constant magnetic field BI(r), Eq. (6.5). This field is generated by a strong bias field B0ez
in the z-direction that leads to the alignment of the atomic dipole moment. In addition, the
constant magnetic field gradient ∇zBzez is responsible for the state-selective acceleration and
deceleration as induced by the state-dependent force

F(SAD)
k = µk,z∇zBI,zez (6.31)

according to Eq. (6.4). Due to the alignment of the magnetic dipole, the acceleration imprinted
by other components of the magnetic field BI(r) is negligible in the ideal case.

In the following, we focus on the sensitivity of our device to the gravitational acceleration.
Our setup is oriented such that the z-axis is antiparallel to the direction of the gravitational
acceleration g and

F̄ext = mg, (6.32)

where m denotes the atomic mass. Consequently, after an appropriate preparation mechanism,
the center-of-mass motion of the atoms is approximately one dimensional and directed along the
z-axis.

The output of the interferometer is then given by Eq. (3.33) with contrast C = 1, and we
obtain

P21 = 1
2 [1− cos (δφ0 + δφ1)] (6.33)

for the probability of observing the atoms in the output port |o〉 = |2〉 after the action of the
four Raman pulses.

Since this particular experiment relies on a Raman process involving a negligible momentum
transfer, we can neglect the effect of velocity selectivity. On the other hand, in order to perfectly
compensate the position selectivity of the pulses for all coupling zones, it would be necessary
to switch off the magnetic field gradient during these pulses as argued in Sections 3.3 and 3.4.
Then a fully resonant driving can be achieved and the phase shift

δφ0 ≡ φL(0)− 2φL

(
T

4

)
+ 2φL

(3T
4

)
− φL(T )− π (6.34)

is determined by the difference φL(tj) ≡ φ2(tj) − φ1(tj) of the phases φ1(tj) and φ2(tj) of the
two lasers used for the Raman transitions at the time tj according to Eqs. (6.15) and (3.55). In
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the absence of the magnetic field gradient during the pulses, the frequencies ωL,1 and ωL,2 of the
Raman lasers do not have to be varied for different pulses. Otherwise, these frequencies need
to be adjusted in order to fulfill the resonance condition at least with regard to the respective
expectation value.

In the experiment the D2 transition of 85Rb is used and the states |1〉 and |2〉 are cho-
sen from the F = 2 and F = 3 hyperfine state manifolds, which have a frequency sep-
aration of approximately 3 GHz [399]. According to Eq. (6.7) the hyperfine state |k〉 has
the magnetic dipole moment µk,z = µBgFkmFk with k = 1, 2. For the atomic transition
|F1 = 2,mF1 = 1〉 → |F2 = 3,mF2 = 1〉 the phase δφ1 given by Eq. (6.19) reduces to

δφ1 = 1
48
µB
~
∇zBzgezT 3. (6.35)

Here we have used Eq. (6.18) together with the external force F̄ext, Eq. (6.32), and the force
F(SAD)
k , Eq. (6.31), imprinted by the SAD. The particular relation [400] gF1 = −gF2 = −1/3

between the Landé factors gF1 and gF2 for the F = 2 and F = 3 hyperfine state manifolds
enables a symmetric SAD with F̄(SAD) = 0.

We note that by inserting the explicit expression µB = e~/(2me) for the Bohr magneton, the
phase shift δφ1 becomes independent of ~ and is proportional to the charge-to-mass quotient of
the elementary charge e and the rest mass me of the electron. Due to the equivalence principle,
the phase δφ1 is however independent of the atomic mass m.

Experimental setup

In the experiment, the atoms are initially loaded into a three-dimensional magneto-optical trap
(3D MOT) emerging from a two-dimensional trap (2D MOT), where an all-glass chamber is
used as vacuum system. Next, the atoms are launched upwards along the z-axis in a moving
optical molasses configuration with a velocity of approximately 3 m/s such that they arrive at
the top of a 10 cm tall glass tower. Depending on the launch velocity, it takes the atoms between
20 ms and 40 ms to reach this point.

After the launch the atoms are moving freely and the interferometer sequence can be per-
formed. At this point several Raman pulses can be applied which involve two co-propagating
laser beams along the z-axis with the same circular polarization. The required homogeneous
bias field B0ez is induced by a solenoid of finite length surrounding the glass tower. The mag-
netic field gradient ∇zBzez of approximately 600µT/m for the SAD is generated by coils in an
anti-Helmholtz configuration and leads to a linear dependence of the magnetic field along the
z-axis.

The population measurement of the atoms in the state |2〉 at the final time tf is realized by
a fluorescence image of the atoms, which is recorded by a photomultiplier tube (PMT) detector
on the top of the tower.

For an illustration and more details on the experimental setup we refer to Ref. [68].

Imperfect pulses

We turn now to possible limitations of the current experimental setup. Our proposal for a T 3-
SGLPI assumes that the Raman pulses applied to the atoms are perfect π/2- and π-pulses for
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all atoms. By definition, such ideal pulses require that the Raman fields are in a two-photon
resonance.

However, as long as the magnetic field gradient is present during the pulses, as it is the case
in the current setup, the resonance frequency shifts as the atoms move upwards. Even by a rapid
detuning of the relative frequency of the Raman fields via a combination of a high-frequency
acousto-optic modulator and a digital frequency synthesizer, the effect of position selectivity can
only be partially compensated. Indeed, in the presence of a magnetic field gradient, a perfect
compensation would require a well-defined value of the atomic position which contradicts the
very idea of a matter-wave interferometer with spatially separated interferometer branches.

As a result, additional interferometer branches are populated as discussed in Section 3.7.
Moreover, as pointed out in Sections 3.3.1 and 3.4.1, a perfect resonance in the presence of a
magnetic field gradient can only occur for motional states that correspond to position eigenstates.
In addition, effects such as a finite size of the atomic cloud and the laser beams also reduce the
efficiency of the Raman process [89].

Misalignment of magnetic fields and the Humpty-Dumpty effect

Unfortunately, a more severe restriction that has so far prevented the observation of the Kennard
phase in this setup is decoherence. At the moment we identify three culprits: (i) magnetic field
noise, (ii) a non-linear dependence of the magnetic field on z, and (iii) non-zero components of
the magnetic field along the x- and y-axis.

The upper bound of the magnetic field noise in this setup has been observed [68] to be
50 nT leading to noise in the magnetic field gradient of about 1µT/m. More importantly, the
non-linear terms in the dependency of the magnetic field on z have a crucial influence on the
resulting interference. In addition, the atomic dipole moment outside of the central region has
a different orientation than in the center, and the spatial structure of the magnetic field B(r)
becomes relevant for the dynamics.

In order to obtain a distinct interference pattern at the output of the interferometer, all
atoms in the atomic cloud should experience approximately the same magnetic field. Otherwise
the magnetic field leads to (i) incoherent dynamics of the atomic states involved, (ii) a three-
dimensional rather than a one-dimensional center-of-mass motion of the atom, and (iii) an open
interferometer geometry.

The resulting loss of contrast [175] is intimately connected to the so-called Humpty-Dumpty
effect [79–81]. Named after the fictional character of Humpty-Dumpty, this effect states that a
coherent recombination of the two partial beams in a Stern-Gerlach apparatus is very challenging,
especially after they have been separated over a macroscopic distance. After having analyzed
the dynamics of a Gaussian wave packet in a Stern-Gerlach device, the authors of Refs. [79–
81] estimate which order of magnitude of the magnetic field fluctuations is still acceptable
to partially preserve coherence. They conclude, that in order to achieve 99% coherence it is
necessary to control the magnetic field gradients with an extremely high precision of one part
in 105. Although the T 3-SGLPI is different from the device that has been considered in these
works, the splitting and recombination process in our interferometer is still caused by magnetic
field gradients.

We visualize the Humpty-Dumpty effect for the T 3-SGLPI schematically in Fig. 6.5. Here
we display the z-component of the displacements in position δR(t) and in momentum δP(t) in
phase space. We assume that, in contrast to the ideal functions depicted in Fig. 6.4, the functions
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δR(t) and δP(t) are modified due to fluctuations, misalignments and non-linear dependencies of
the magnetic field. As a consequence, after having performed the sequence of the T 3-SGLPI the
interferometer is not closed at the final time t = T , but still shows a finite displacement δR(T )
in position and δP(T ) in momentum. We refer to this situation as the classical Humpty-Dumpty
effect.

According to the discussion presented in Section 3.5.1, such an open interferometer geometry
leads to a loss of contrast. However, depending on the initial state |ψi〉 of the atomic center-
of-mass motion, coherence can partially be preserved in case the time-evolved states along the
upper and lower branch of the interferometer display a substantial overlap.

We point out that a loss of contrast can even occur for a classically closed interferometer with
δR(T ) = 0 and δP(T ) = 0, that is the classical trajectories associated with the two branches
coincide at the final time T . In Chapter 3 we have demonstrated that these conditions are
sufficient to obtain a perfect contrast in the presence of potentials which are at most quadratic
in position and contain a state- and time-independent frequency tensor. However, this is no
longer the case in the presence of more general potentials. Indeed, according to Section 2.4.3,
a perfect interferometer contrast not only requires a perfect closing of the associated classical
trajectories, but a perfect overlap of the diagonal elements of the Wigner matrix in phase space
for the respective branches. This ideal situation can, for instance, be prevented by a non-
linear position-dependence of the magnetic field gradient. We entitle this situation the quantum
Humpty-Dumpty effect.

So far, it is not clear if the classical or the quantum Humpty-Dumpty effect or a mixture of

Figure 6.5: One-dimensional illustration of the Humpty-Dumpty effect for the T 3-SGLPI in
phase space. In the ideal situation shown in Fig. 6.4, the relative displacements in position
δZ(t) and momentum δPz(t) for the two branches of the interferometer vanish at the final time
t = T corresponding to a classically closed interferometer with ∆z = 0 and ∆pz = 0. If these
requirements are not met, a loss of contrast is caused by the Humpty-Dumpty effect.
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both has caused the loss of contrast observed in the experiment. For these reasons, a rigorous
analysis together with an optimization of the arrangement and control of the magnetic fields in
this setup is required. Moreover, also the spatial extent of the atomic cloud is a decisive factor
for the observation of the Kennard phase.

6.4 T 3 Stern-Gerlach interferometer

Based on the T 3-SGLPI experiment, we have gained the experience that colder atoms, as avail-
able in a BEC, and an improved control of the magnetic field gradients, as offered by currents
on an atom chip, might be favorable to overcome the Humpty-Dumpty effect. These potential
benefits have been considered in the construction of a novel T 3 Stern-Gerlach interferometer
(T 3-SGI). With such a device the first interferometric measurement [71] of the Kennard phase
has been accomplished by O. Amit and O. Dobkowski in the group of R. Folman located
at the Ben-Gurion University of the Negev in Israel.

The T 3-SGI is a type-1 interferometer just like the T 3-SGLPI, which can, for instance, be
applied for the measurement of a constant force F̄ext. In addition, the T 3-SGI is an interfer-
ometer that is unique in three aspects. (i) It has overcome the Humpty-Dumpty effect on a
micrometer scale in a similar configuration as originally envisioned [79–81], although magnetic
field gradients are interacting with the atoms during the entire interferometer sequence. (ii) The
observed phase shift displays a cubic scaling in the interferometer time [68] and represents the
first interferometric measurement of the Kennard phase [50, 51, 70]. (iii) The absence of light
pulses in combination with the particular scaling of the Kennard phase promises interesting
applications for this device as, for instance, an interferometric quantum sensor for surfaces16.

In comparison to the T 3-SGLPI, the main features of the T 3-SGI are as follows:

• Instead of a cloud of cold atoms, the T 3-SGI employs a BEC with a narrow momentum
distribution.

• Instead of four coupling zones, the T 3-SGI makes use of only two coupling zones. These
zones are not realized via laser light, but via radio-frequency (RF) pulses.

• Instead of a single SAD, the T 3-SGI applies three SADs with alternating directions.

• Instead of external coils, the T 3-SGI utilizes well-controllable currents on an atom chip for
the creation of the magnetic field gradients that implement the SADs.

The present section is structured as follows. We illustrate in Section 6.4.1 the interferometer
scheme of the T 3-SGI in comparison to the T 3-SGLPI. Section 6.4.2 is then dedicated to an
analysis of the phase shift in this device. Next, we detail in Section 6.4.3 the experimental
implementation of this particular interferometer scheme. In Section 6.4.4 we highlight the first
observation of the Kennard phase in quantum physics as accomplished with the help of the
T 3-SGI. Finally, in Section 6.4.5 we suggest a modification of the interferometer scheme in order
to improve the contrast in the presence of quadratic contributions to the branch-dependent
potentials.

16We note that atomic sensors to probe surfaces have already been demonstrated, for instance, in Ref. [401]
though being limited by light scattering back from the surface. Moreover, to the best of our knowledge Ref. [402]
is so far the only interferometric atomic surface sensor.
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6.4 T 3 Stern-Gerlach interferometer

6.4.1 Description of the interferometer scheme

The interferometer scheme of the T 3-SGI, depicted in Fig. 6.6, is in many aspects similar to the
one of the T 3-SGLPI, which has been discussed in Section 6.3 and is displayed in Fig. 6.3.

As an important difference, the T 3-SGI only consists of two coupling zones applied at the
times t1 < 0 and t2 > T , indicated by the dashed orange lines and corresponding to π/2 pulses.
Moreover, three SADs with alternating orientations, shown by the blue and orange areas, are
applied instead of a single one. Likewise as in the T 3-SGLPI, the coupling zones only change
the internal atomic states while imprinting a negligible momentum transfer ∆p ≈ 0.

Figure 6.6: Space-time diagram of the longitudinal T 3-SGI. An atom with two internal states
|1〉 (dashed blue line) and |2〉 (solid red line) interacts with two π/2-pulses at times t1 < 0
and t2 > T with negligible momentum transfer, where T denotes the total interferometer time.
Subsequent to the first coupling zone, the atom is exposed at time t = 0 to a SAD for the
duration T1 (blue area). After a delay time Td another SAD is applied for the duration 2T1,
where the sign of the induced state-selective acceleration is reversed (orange area). Following
a second delay time Td, a final SAD with the original orientation is applied for the duration
T1 (blue area). Consequently, the two branches of the interferometer are reunited at time T ,
and the final coupling zone at time t2 encodes the phase shift between the two branches in the
population of the output ports |o〉 = |1〉 and |o〉 = |2〉.

The initial preparation for this particular interferometer scheme is performed in the working
state |1〉 being associated with the initial sensing state |ψ1(ti)〉 = |ψi〉. After the first coupling
zone at time t1, the atom is in an equally populated superposition of the working states |1〉
(dashed blue line) and |2〉 (solid red line). Importantly, this coupling zone does not induce a
change of the atomic center-of-mass motion.

At time t = 0 the interferometer is opened in phase space by a SAD of duration T1, shown
by the blue area. After a delay time Td, we apply a second SAD of opposite orientation and
double duration 2T1, indicated by the orange area. This SAD first compensates the momentum
difference between the wave packets associated with the two interferometer branches and then
reverses the direction of their motion. A third SAD of duration T1 applied after another delay
time Td has the same orientation as the first one and leads at time t = T to an interferometer
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which is closed both in momentum and position.
Finally, the coupling zone at time t2 > T encodes the phase shift of the interferometer in

the population of the output ports |o〉 = |1〉 or |o〉 = |2〉. The application of an additional SAD
at time t > t2 (not depicted in Fig. 6.6) allows for a readout of the interferometer phase via a
spatial separation of the motional states |ψk(tf)〉 associated with the internal atomic states |k〉
for k = 1, 2 at the final time tf .

6.4.2 The interferometer contrast and phase

In the following we derive the contrast and phase of the T 3-SGI in analogy to the T 3-SGLPI
presented in Section 6.3.2. Due to the similarity of the two devices, we focus only on the central
points. The analysis of the interferometer scheme, shown in Fig. 6.6, is based on the schematic
rules presented in Section 3.6.

According to Step 1, the branch amplitudes βu = βl = 1/2 for the equally populated upper
(b = u) and lower (b = l) branch of the T 3-SGI.

Phase shift δφ0 arising from position-independent potentials

The pulse sequence of the T 3-SGI, being composed of only two coupling zones, is identical to
the one of a Mach-Zehnder interferometer with a reduced number of coupling zones discussed
in Section 4.2.3. According to Step 2 and Eq. (3.50) we identify the phase shift

δφ0 = −1
~

(E2 − E1) (t2 − t1) + Φ(t1)− Φ(t2) + π (6.36)

induced by the position-independent contributions to the branch-dependent potentials in analogy
to the expression given by Eq. (4.11).

Here we have assumed a time-independent scalar contribution expressed by the quantity
Ek for the state |k〉 with k = 1, 2. This assumption requires that no time-dependent scalar
contribution E(SAD)

k in Eq. (6.1) is imprinted by the SAD, which otherwise has to be taken into
account. In the experiment this requirement reflects to the fact that the zero of the magnetic
field should not be varied for the different gradient pulses used to implement the SADs.

We note that the phase Φ(tj) in Eq. (3.55) contains the effective frequency ωL and phase
φL(tj) of the respective RF pulse at time tj for j = 1, 2. Therefore, the dependency of δφ0 on
Ek vanishes for a resonant coupling.

Contrast C and phase shift δφ1 arising from position-dependent potentials

Next, the contrast C and the phase δφ1 of the T 3-SGI arising from the position-dependent
contributions to the branch-dependent potentials is determined.

For this purpose, we obtain in Step 3 the branch-dependent functions Fu(t) and Fl(t) ac-
cording to Figs. 3.3 and 6.6. With Step 4, their difference yields

δF(t) = ∆F
[
Π
(
t

∣∣∣∣0, T4 − Td
2

)
−Π

(
t

∣∣∣∣T4 + Td
2 ,

3T
4 −

Td
2

)
+ Π

(
t

∣∣∣∣3T4 + Td
2 , T

)]
(6.37)

with ∆F, Eq. (6.2), being the difference of the forces F(SAD)
k imprinted by the SAD with k = 1, 2.

In the limit of a vanishing delay time Td = 0 between the SADs, the difference δF(t),
Eq. (6.37), coincides with the expression for the characteristic function of the T 3-SGLPI given
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by Eq. (6.16) and depicted in Fig. 6.4 (a). While the time dependence of the function δF(t)
originates from the presence of additional coupling zones in the T 3-SGLPI as depicted in Fig. 6.3,
the time dependence in the T 3-SGI is instead induced by the alternating orientation of the SADs
as demonstrated in Fig. 6.6. The displacements in momentum δP(t) and position δR(t) are
then solely determined by the function δF(t), Eq. (6.37), according to Eqs. (3.37) and (3.38)
for ω0 → 03. Thus, for a vanishing delay time Td = 0, these functions are identical to the
corresponding ones of the T 3-SGLPI displayed in Fig. 6.4 (b) and (c).

Following Step 5, we obtain a closed geometry for the T 3-SGI. In addition, even for Td 6= 0
the zeroth (q = 0) and first (q = 1) moments of the function δF(t), Eq. (6.37), vanish according
to Eq. (3.43), and the interferometer remains closed in both position and momentum. With
Step 5 (a) we ideally obtain the optimal contrast C = 1 and the phase δφ = δφ0 + δφ1 becomes
independent of the initial motional state of the atom, where δφ0 is given by Eq. (6.36).

We turn now to the phase contribution δφ1 arising from the position-dependent contributions
to the branch-dependent potentials. For the T 3-SGI, we obtain the average

F̄(t) =F̄(SAD)
[
Π
(
t

∣∣∣∣0, T4 − Td
2

)
−Π

(
t

∣∣∣∣T4 + Td
2 ,

3T
4 −

Td
2

)
+ Π

(
t

∣∣∣∣3T4 − Td
2 , T

)]
+ F̄extΠ(t|0, T ) (6.38)

of the functions Fu(t) and Fl(t), where the average force F̄(SAD) induced by the SAD is defined
by Eq. (6.3) and F̄ext denotes a constant external force.

Here we make out a difference between the T 3-SGI and the T 3-SGLPI. The function F̄(t),
Eq. (6.38), for the T 3-SGI is time-dependent, while for the T 3-SGLPI the corresponding expres-
sion given by Eq. (6.17), is constant during the interferometer sequence.

Consequently, by using the explicit expression for F̄(t), Eq. (6.38), we arrive at the phase
shift

δφ1 = 1
~

∫ T

0
F̄(t)δR(t) = F̄ext∆F

32~m T
(
T 2 − 4T 2

d

)
− F̄(SAD)∆F

48~m
[
(T − 2Td)2(T + 4Td)

]
(6.39)

of the T 3-SGI according to Eq. (3.51). The phase δφ1 is composed of two terms being pro-
portional to F̄ext and F̄(SAD), respectively. For this reason, the T 3-SGI can be used to test the
average force F̄(SAD) imprinted by the SAD, or to probe an external state-independent force F̄ext.

Two limiting cases with purely quadratic and cubic phase shifts in T

First, we consider the limit Td = 0 of a vanishing delay time, when a perfect T 3-SGI is obtained.
In this case the phase shift δφ1, Eq. (6.39), is determined by a purely cubic scaling

δφ
(T 3)
1 = F̄ext∆F

32~m T 3 − F̄(SAD)∆F
48~m T 3 (6.40)

with respect to the interferometer time T .
For a symmetric SAD with F̄(SAD) = 0 and F̄0 = F̄ext, the phase shift δφ(T 3)

1 coincides with
the corresponding phase shifts δφ1 of the T 3-SGLPI given by Eq. (6.19). The phase δφ(T 3)

1 is
then directly proportional to the quantity F̄ext to be determined by the interferometer.

For F̄(SAD) 6= 0 we observe an additional contribution proportional to F̄(SAD) in the phase
shift δφ(T 3)

1 , which differs for the T 3-SGLPI and the T 3-SGI according to Eqs. (6.19) and (6.40),
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as expressed by the coefficients 1/32 and −1/48, respectively. This difference originates from
the fact that in the T 3-SGLPI a single SAD is combined with two intermediate coupling zones,
whereas for the T 3-SGI three SADs with alternating orientations are applied. Due to this
particular dependency, the T 3-SGI can also be applied to characterize both the difference ∆F
and average F̄(SAD) imprinted by a SAD by varying F̄ext.

In the case T1 � Td, the SADs are applied for a relatively short duration proportional to T1
in comparison to the delay time Td. Then the interferometer time is approximately T ∼= 2Td.
By increasing ∆F while decreasing T1 we keep the momentum difference

∆p ≡ ∆FT1 = ∆F
4 (T − 2Td) (6.41)

constant. In the limiting case T1 → 0, the action of a SAD corresponds to an instantaneous kick
described by a Dirac delta function in time, similar to the one that can be induced by a light
pulse. In these limits, the interferometer phase

δφ
(T 2)
1 = F̄0∆p

4~m T 2 (6.42)

scales quadratically with respect to T as obtained from Eq. (6.39) with F̄0 = F̄ext.
In this device we maintain a piecewise constant momentum difference between the two

branches corresponding to the T 2-SGI [82, 83, 383] in the Mach-Zehnder configuration. Conse-
quently, the expression for the phase δφ(T 2)

1 , Eq. (6.42), coincides with Eq. (4.7). In contrast to
the Kasevich-Chu implementation that relies on the momentum transfer induced by light pulses,
it is now the action of the SAD which is responsible for the spatial separation and reunification
of the interferometer branches, as exemplified in Section 4.2.3. In contrast to Raman pulses, a
SAD does not induce transitions between the internal states |1〉 and |2〉.

In conclusion, by varying the ratio T1/Td of the duration of the SADs and the delay time,
it is possible to obtain a hybrid interferometer with a phase scaling that can be changed from a
purely quadratic, the T 2-SGI, to a purely cubic, the T 3-SGI, dependency on the interferometer
time T .

6.4.3 The experimental setup

From a theoretical point of view, the T 3-SGI and the T 3-SGLPI have many similarities. However,
as already pointed out in the introduction of this section, the corresponding experiments differ in
many aspects. In the following, we summarize the key aspects and refer to Refs. [71, 74, 82–85]
for further details on the experimental realization of a full-loop Stern-Gerlach interferometer.

The experiment on the T 3-SGLPI was introduced in Section 6.3.3, and utilizes a cloud of cold
atoms which is manipulated by Raman pulses and magnetic fields that originate from external
coils. In contrast, the experiment for the T 3-SGI relies on a 87Rb BEC in combination with an
atom chip [164].

In the latter setup, the BEC is initially released from a magnetic trap and experiences the
acceleration g = −gez due to gravity, defining the z-axis of the coordinate system. Since the
BEC expands quickly after its release, interatomic interactions are negligible and a single-particle
description in the linear regime can be applied.

The whole experiment is performed in the presence of a homogeneous magnetic bias field
B0 = B0ey of magnitude B0 = 35 G directed along the y-axis and originating from an external
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pair of Helmholtz coils. Within the non-linear regime of the Zeeman effect, the bias field enables
the isolation of an effective two-level system consisting of the magnetic sensitive hyperfine states
|1〉 ≡ |F1 = 2,mF1 = 1〉 and |2〉 ≡ |F2 = 2,mF2 = 2〉 of the 52S1/2 manifold [403].

The two coupling zones in this interferometer scheme are implemented via radio-frequency
(RF) pulses. In order to reduce the effect of the bias field B0 on the phase shift δφ0, Eq. (6.36),
for a non-perfect resonance of these pulses, the T 3-SGI is performed in the second half of a
spin-echo sequence.

In particular, after the release from the trap, the initially prepared internal state |2〉 is
transferred to an equally populated superposition of the states |1〉 and |2〉 by using a RF π/2-
pulse. Following a free-fall time of 400µs, a RF π-pulse is applied at time t1 which exchanges
both internal states. In this regard the initial state for the experiment varies slightly from the one
in the general description presented in Section 6.4.1, where we have entered the interferometer
sequence with the state |1〉.

After the pulse at time t1, the interferometer sequence depicted in Fig. 6.6 is performed.
Subsequently, at the time t2 = t1 + 400µs, a final RF π/2-pulse is applied. Except for an
additional phase shift, this different preparation mechanism is compatible with the description
presented in Sections 6.4.1.

We turn now to the implementation of the SADs during the interferometer sequence. In this
set-up these devices rely on the Stern-Gerlach effect described in Section 6.2.2. The required
magnetic field gradient with strength ∇zBII,y is produced by the currents in three parallel wires
on the atom chip [82]. Together with the bias field B0, which defines the quantization axis, the
total magnetic field BII(r) for the SAD is approximately given by Eq. (6.6). Accordingly, the
SAD imprints the force

F(SAD)
k = µk,y∇zBII,yez (6.43)

on the state |k〉 close to the center y = 0, where µk,y ≡ 〈k|µ̂y|k〉 = µBgFkmFk denotes the
corresponding magnetic dipole moment for k = 1, 2.

The sign of the magnetic field gradient and thus the orientation of the SAD can be altered
by changing the direction of the currents in the atom chip, as required for this interferometer
scheme. Hence the delay time Td is limited by the speed of the electronic circuits.

The final readout is performed with the help of an additional SAD after the pulse at time t2
(not depicted in Fig. 6.6), which leads to a spatial separation of the output ports. Absorption
imaging then enables a population measurement of the atoms in the output port.

6.4.4 Observation of the Kennard phase

According to Eq. (3.32), the population

P1 ≡ P11 = 1
2 [1 + C cos (δφ)] (6.44)

of the atoms in the output port |o〉 = |1〉 of the interferometer depends on the contrast C and
the phase shift δφ.

In the ideal case of a perfectly closed interferometer, the contrast C = 1 and the phase shift
δφ = δφ0 + δφ1 is composed of the phases δφ0, Eq. (6.36), and δφ1, Eq. (6.39).

In order to determine the phase shift δφ1 for the experiment, we recall the explicit expres-
sions for the difference ∆F, Eq. (6.2), and the average F̄(SAD), Eq. (6.3), of the forces F(SAD)

k ,
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Figure 6.7: First interferometric observation of the Kennard phase. For the T 3-SGI interfer-
ometer sequence, the population P1, Eq. (6.44), in the output port |o〉 = |1〉 is presented as a
function of the duration T1 of the first SAD. The solid red and the dashed blue lines represent
fits to the experimental data (dots) that are based on the phase shift δφ1 for Td 6= 0 (red),
Eq. (6.45), and Td = 0 (blue), Eq. (6.46), respectively. These fits confirm the cubic dependence
of the interferometer phase on the interferometer time characteristic for the Kennard phase.
Parameters of the fit are the decay constant, the strength of the magnetic gradient ∇zBz used
in the SAD, and an offset phase shift, see Ref. [71]. Reprinted figure with permission from
O. Amit et al., T 3 Stern-Gerlach Matter-Wave Interferometer, Physical Review Letters 123,
083601 (2019). Copyright (2019) by the American Physical Society.

Eq. (6.43), imprinted by the SAD and realized via the Stern-Gerlach effect. Moreover, we take
into account the force F̄ext = mg induced by the gravitational acceleration g, where m denotes
the atomic mass of rubidium.

The resulting phase shift δφ1, Eq. (6.39), then reads explicitly

δφ1 =g (µ1,y − µ2,y)∇zBII,y
~

(
2T 3

1 + 3T 2
1 Td + T 2

dT1
)

+
(µ2

1,y − µ2
2,y)(∇zBII,y)2

3~m
(
2T 3

1 + 3TdT 2
1

)
, (6.45)

where we have used the relation T = 4T1 + 2Td. Here g = |g| and ∇zBII,y is the strength of the
magnetic field gradient, see Section 6.2.2, used to implement the SAD.

The experimental measurement of the population of the atoms in the output port |o〉 = |1〉 of
the T 3-SGI as a function of the duration T1 of the first SAD is presented in Fig. 6.7. We observe
a very good agreement of the experimental result (black dots) and the theoretically prediction
(blue and red curves) given by Eqs. (6.44) together with (6.45). For Td � T1 with Td = 2.6 µs,
the phase shift of the interferometer displays the purely cubic scaling

δφ1 =
[

2g (µ1,y − µ2,y)∇zBII,y
~

+
2(µ2

1,y − µ2
2,y)(∇zBII,y)2

3~m

]
T 3

1 , (6.46)

which is characteristic for the Kennard phase, as shown by the blue curve.
We note from Fig. 6.7 that a perfect contrast has not been obtained, which is due to ex-

perimental restrictions. Moreover, the contrast C in Eq. (6.44) decreases for large values of T1.
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Due to technical misalignments, an additional time-independent phase contribution has been
considered for the phase shift δφ, which also accounts for the different preparation mechanism
in the experiment in comparison to the one described in Section 6.4.1. These effects have been
taken into account for the fits presented in Fig. 6.7.

We emphasize that the interference fringes are still visible for a maximal gradient pulse dura-
tion T1 = 70 µs. In this experiment a maximal separation in velocity δPmax/m = 19 mm/s and
position δRmax = 1.4 µm has been achieved, as defined by Eqs. (6.20) and (6.21), respectively,
where m is the atomic mass of rubidium.

In this particular regime, the T 3-SGI is able to overcome the Humpty-Dumpty effect and
achieves a coherent recombination of the two interferometer branches. In order to obtain even
a macroscopic separation in position, as analyzed in Refs. [79–81], further experimental im-
provements are necessary. For instance, a modified scheme that compensates for quadratic
dependencies of the magnetic field with respect to position and an improved control of the
magnetic fields would be beneficial.

Finally, we emphasize that it is the Kennard phase scaling as T 3 which governs the phase shift
in this particular device. Our interferometer scheme thus displays a faster phase accumulation
compared to the standard Mach-Zehnder interferometer, discussed in Section 4.2, whose phase
scales only as T 2.

Moreover, in Ref. [71] we point out that the T 3-SGI can also be used for measuring the
acceleration of the atoms induced by the magnetic field gradients of the SADs with a high
precision. This method is analogous to the measurement of the atomic recoil induced by laser
light with the help of a light-pulse atom interferometer [131, 134–137, 237].

6.4.5 Closing in the presence of harmonic potentials

In the following, we introduce a method to improve the contrast of the T 3-SGI by compensating
for the influence of branch-dependent potentials that contain a nonlinear position dependence.
Such terms in the potentials originate, for instance, from the position-dependence of the magnetic
fields beyond the linear approximation.

To reduce the influence of such effects on the experiment, the duration of the last SAD
has already slightly been modified up to 8% with respect to the duration T1 of the first SAD.
This mitigation strategy is analogous to the one suggested in Ref. [175] for the Mach-Zehnder
interferometer.

We now suggest a different route to improve the interferometer contrast. In Section 4.2.4,
we have already considered a Mach-Zehnder interferometer in the presence of quadratic branch-
dependent potentials. There we have demonstrated that a perfect closing of this device can be
achieved by adjusting the momentum transfer ∆pmod of the central pulse, provided the branch-
dependent potentials of the form given by Eq. (3.24) contain the same frequency tensor ω0 for
both branches.

Analogously, we adjust now the force difference ∆Fmod of the central SAD in the T 3-SGI
scheme to improve the closing and contrast of this device. The difference δF(t), Eq. (6.37), is
then modified and reads

δF(t) = ∆F Π
(
t

∣∣∣∣0, T4
)
−∆Fmod Π

(
t

∣∣∣∣T4 , 3T
4

)
+ ∆F Π

(
t

∣∣∣∣3T4 , T

)
, (6.47)

where, for the ease of simplicity, we focus on the case Td = 0.
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In the presence of a quadratic potentials with branch- and time-independent frequency tensor
ω0 of the form presented in Eq. (3.24), the closing condition Eq. (3.44) for the interferometer
yields the condition

∆Fmod =
[
−1 + 2 cos

(
ω0T

4

)]
∆F. (6.48)

Accordingly, the strength of the central SAD should be modified depending on the interferometer
time T and the frequency tensor ω0.

As a result of Eq. (3.51), we obtain for a symmetric SAD with F̄(SAD) = 0 and F̄0 = F̄ext
the modified phase shift

δφ1 = 2F̄T
0

~m
ω−2

0 sin2
(
ω0T

8

)
∆FT (6.49)

which reduces for this case in the limit ω0 → 03 to the one presented in Eq. (6.39) with Td = 0.
It is interesting to note that the phase shift in Eq. (6.49), similar as the phase shift of the

modified Mach-Zehnder interferometer discussed in Section 4.2.4, is governed by the sinc-squared
function. Hence, the characteristic T 3 scaling of the interferometer phase δφ(T 3)

1 , Eq. (6.40), in
the T 3-SGI is actually a combination of a T 2 scaling, originating from the sinc-squared function,
and an additional scaling linear in T describing the increased momentum transfer induced by
the SAD as a function of the interferometer time T .

In conclusion, this modified scheme allows the application of the T 3-SGI in the presence
of quadratic potentials, where still a perfect contrast can be achieved. Nevertheless, we have
only compensated for the effect of a frequency tensor ω0 that is common to both branches or,
equivalently, common to the state-dependent potentials for the working states |1〉 and |2〉. A
state-dependent frequency tensor as resulting from a quadratic dependence of the magnetic fields
in position, thus still leads to a reduction of the contrast of this device.

Based on these results one might wonder if it is possible to even realize a T 3-SGI with
trapped atoms. Such a device would have some of the advantages mentioned in Section 4.1.1.
In particular, the magnetic fields used for the SADs only have to be well-controlled in a quite
restricted region in space. While such a device might be possible in principal, similar as in
Section 4.2.4, the phase δφ1 is oscillatory for a real-valued frequency tensor ω0. However, here
the amplitude of the oscillations in the phase increases linearly in T according to Eq. (6.49).

6.5 A compact ω−3 interferometer

As discussed in Sections 4.2.4 and 6.4.5, it is possible to restrict the motion of the atoms in
a modified Mach-Zehnder or a T 3 interferometer by applying a branch-independent harmonic
potential as characterized by the frequency tensor ω0. These interferometer schemes can then
be perfectly closed by adjusting the strength of the intermediate pulse or SAD as a function of
the frequency tensor ω0 and the interferometer time T . However, the corresponding phase shifts
are oscillatory instead of increasing monotonically as a function of the interferometer time T .

On the other hand, atom interferometers using trapped atoms [100, 287, 288, 290, 291] are
a promising approach to reach larger interferometer times in combination with compact designs
as desired for commercial applications.

In the following, we propose a novel geometry17 that employs an interferometer utilizing a
17Recently a closely related interferometer scheme has been proposed [404] for trapped ions exposed to spin-

dependent forces.
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SAD for the measurement of a constant force F̄ext. Here the atoms are confined in a harmonic
trap that supports them against the action of F̄ext. Our interferometer is closely related to the
T 3-SGLPI and the T 3-SGI discussed in the preceding sections. It reveals a phase shift which
increases monotonically as a function of the interferometer time.

In contrast to the interferometer schemes presented in Sections 4.2.4 and 6.4.5, this inter-
ferometer is only closed for particular interferometer times that are governed by the trapping
frequency. Importantly, since the motion of the atoms is restricted to a finite volume in our
scheme, the fields used for the implementation of the SAD only have to be controlled in this par-
ticular region. At the same time, interatomic interactions might become relevant, in particular
for larger interferometer times.

The present section is structured as follows. We begin by introducing the interferometer
scheme for this particular device in Section 6.5.1. Subsequently, we determine the contrast and
phase of the interferometer in Section 6.5.2. There we demonstrate the particular dependency
of the interferometer phase on the trapping frequency. Finally, in Section 6.5.3 we turn to a
discussion of this device, and present a deeper insight into the relation between its phase shift
and the enclosed area in phase space.

6.5.1 The interferometer scheme

We present in Fig. 6.8 the scheme of our novel ω−3 interferometer which results from a combi-
nation of the T 3-SGLPI and the T 3-SGI presented Figs. 6.3 and 6.6, respectively. In addition,
during the whole interferometer sequence the atoms are confined by a harmonic trap that acts
similarly on atoms in the internal states |1〉 and |2〉.

Initially, the atoms are prepared in the state |ψi〉⊗ |1〉, where |ψi〉 denotes the initial state of
the atomic center-of-mass motion associated with the internal state |1〉. The pulse protocol of
this interferometer consists of two π/2-pulses with negligible momentum transfer ∆p ∼= 0 being
applied at the times t1 < 0 and t2 > T in analogy to the T 3-SGI.

In addition, only a single SAD, depicted by the blue area in Fig. 6.8, is applied during the
interferometer time T , similar as in the T 3-SGLPI. The action of the SAD in combination with
the harmonic potential causes a motion of the atom in two displaced harmonic oscillators, where
the displacement depends on the internal atomic state |k〉 with k = 1, 2.

In contrast to the interferometer schemes presented in the preceding section, there are only
particular interferometer times T = Tn with n = 1, 2, . . . when the interferometer is perfectly
closed as evident from Fig. 6.8. At these particular times a perfect contrast and a phase shift
independent of the initial motional state of the atoms can be obtained.

6.5.2 The interferometer contrast and phase

We analyze the ω−3 interferometer scheme with the help of the schematic rules presented in
Section 3.6. According to Step 1 the equally populated upper (b = u) and lower (b = l) branch
determines the branch amplitudes βu = βl = 1/2, yielding the probability P11, Eq. (3.32), to
find the atom in the output port |o〉 = |1〉.

Moreover, due to the identical pulse protocol as in the T 3-SGI, the phase shift δφ0 arising in
Step 2 from the position-independent contributions to the branch-dependent potentials is given
by Eq. (6.36).
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Figure 6.8: Space-time diagram of the ω−3 interferometer. The atoms are trapped in a harmonic
potential which is state-independent with regard to the internal states |1〉 (dashed blue line) and
|2〉 (solid red line) of the atom. At times t1 < 0 and t2 > T the atom interacts with two π/2-
pulses with negligible momentum transfer, where T denotes the interferometer time. Subsequent
to the first coupling zone the atom is exposed at time t = 0 to a SAD for the duration T (blue
area). This interferometer is only closed for very particular interferometer times T = Tn, where
n = 3 is depicted here. The coupling zone at time t2 then stores the difference of the phases
accumulated along the two branches of the interferometer in the populations of the output ports
|o〉 = |1〉 and |o〉 = |2〉.

Next, we identify in Step 3 the branch-dependent functions Fu(t) and Fl(t) for the upper and
lower branch according to Figs. 3.3 and 6.8. These functions determine in Step 4 the difference

δF(t) = ∆F Π (t|0, T ) , (6.50)

where ∆F, Eq. (6.2), is the difference of the forces imprinted by the SAD. The displacements
δP(t) in momentum and δR(t) in position then result from Eqs. (3.37) and (3.38). We depict
the z-component of the functions δF(t), δP(t), and δR(t) for the ω−3 interferometer in Fig. 6.9
(a)-(c).

In Step 5 we first turn to the closing condition for this particular interferometer geometry.
With the help of Eqs. (3.44) and (6.50) we arrive at the closing condition∫ ∞

−∞
dτ e−iω0τδF(τ) = iω−1

0

(
e−iω0T − 13

)
∆F = 0, (6.51)

where 13 denotes the identity matrix of size 3x3. In contrast to the previously discussed inter-
ferometers, this particular scheme is not closed for arbitrary values of the interferometer time
T . Instead there are discrete values T = Tn when a perfect closing is accomplished.

In the following we focus on the two scenarios (i) of an isotropic trap with ω0 = ω013, and
(ii) of the SAD being oriented along one of the principal axes of the trap, which we define as the
z-axis with the corresponding unit vector ez. In the latter case the relation ωm0 ∆F = ωm0,zz∆Fez
allows us to evaluate Eq. (6.51), where ω0,zz is the diagonal element of frequency tensor ω0
associated with this principal axis and m ∈ N.
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6.5 A compact ω−3 interferometer

Figure 6.9: Characteristic functions for the ω−3 interferometer. We present in (a) the z-
component of δF(t), Eq. (6.50), as a function of the time t. The z-component of the relative
displacement in (b) momentum δP(t), and (c) position δR(t) are both oscillatory as a function
of t due to the presence of the harmonic potential. We emphasize that the ω−3 interferometer
is only closed for particular interferometer times T = Tn with Tn ≡ 2πn/ω, where the frequency
ω is determined by the harmonic trap (here the case n = 3 is displayed). The phase shift δφ1
of the ω−3 interferometer is proportional to the orange area corresponding to the area enclosed
by the two interferometer branches in the space-time diagram depicted in Fig. 6.8.

Resulting from Eq. (6.51), the interferometer is then closed for the interferometer times

Tn ≡
2πn
ω

(6.52)

and n = 1, 2, 3, . . .. Here we have made use of a power series expansion with (i) ω = ω0 and
(ii) ω = ω0,zz. The closing of the interferometer in momentum δP(t) and position δR(t) is
illustrated in Fig. 6.9 for n = 3. Moreover, a sufficiently precise control and knowledge of the
trapping frequency is required in order to determine the correct duration of the SAD for which
the interferometer is closed. In this context we refer to the modified Butterfly interferometer
presented in Section 4.3 which enables a measurement of the frequency tensor ω0.

In agreement with Step 5 (a) for these particular interferometer times T = Tn, Eq. (6.52),
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the contrast C = 1 and the phase shift δφ = δφ0 + δφ1, Eq. (3.49), is independent of the initial
motional state |ψi〉 of the atomic center-of-mass motion, where δφ0 is given by Eq. (6.36).

Next, we turn to the determination of the phase shift δφ1 resulting from the position-
dependent contributions to the branch-dependent potentials. The average force

F̄(t) = F̄0Π(t |0, T ) (6.53)

of the branch-dependent functions Fu(t) and Fl(t), is constant during the interferometer se-
quence. Here F̄0 = F̄ext + F̄(SAD), where F̄ext is the constant force to be measured by the
interferometer and F̄(SAD), Eq. (6.3), is the average force imprinted by the SAD.

As a result, we obtain with Eq. (3.51) the phase shift

δφ1 = Tn
~m

F̄0∆F
ω2 = 2πn

~m
F̄0∆F
ω3 (6.54)

for the interferometer times T = Tn, where we have inserted Eqs. (6.52) and (6.53).
In scenario (i) of an isotropic trap with ω = ω0 any component of the force F̄0 can be

measured depending on the orientation of the SAD. In contrast, in scenario (ii) with ω = ω0,zz
the projection of F̄0 on the z-axis is obtained.

Interestingly, the phase δφ1, Eq. (6.54), displays a cubic scaling with respect to the inverse
frequency ω−1, similar as the cubic scaling in T , Eq. (6.19), for the T 3-SGLPI. Except of the
different numerical prefactors 2πn and 1/32, these two phases have otherwise an identical form.

Moreover, the ω−3 interferometer reveals a monotonically increasing phase shift with respect
to the interferometer time T , as apparent from the orange areas in Fig. 6.9 (c). Consequently,
the signal of the ω−3 interferometer increases proportional to the interferometer time Tn. This
behavior is in contrast to the one of the modified Mach-Zehnder and T 3 interferometers which
display an oscillatory phase shift in T in the presence of a harmonic potential, as presented in
Eqs. (4.16) and (6.49), respectively.

6.5.3 Discussion of the ω−3 interferometer

Next, we present different methods of operation for the ω−3 interferometer. By making use
of a phase space description we then turn to an explanation of the phase δφ1 induced by the
position-dependent contributions to the branch-dependent potentials.

Methods of operation

As we have shown above, there are only particular times T = Tn when the interferometer is closed
and its phase shift is independent of the initial motional state |ψi〉 of the atom. Nonetheless,
there are various possibilities to scan the interferometer phase δφ1, Eq. (6.54), and thus to
determine the external force F̄ext. Different methods that can be applied for this purpose are
as follows:

• By scanning the interferometer time T . For distinct interferometer times Tn = 2πn/ω
with n = 1, 2, 3, . . . the interferometer is closed and it is possible to extract the phase shift
δφ1, Eq. (6.54), which increases linearly in Tn. This procedure is limited by the maximal
achievable interferometer time Tn which mainly restricted by the quality of the trap and
the SAD, together with the influence of external noise.

180



6.5 A compact ω−3 interferometer

The interferometer is then closed for the times Tn being separated by multiples of the time
interval ∆T = 2π/ω. An increase of ω thus improves the resolution in time with regard to
the times when the interferometer is closed. As a consequence, depending on the strength
∆F of the SAD and the value of F̄0, the trapping frequency should be chosen such that
complete oscillations in the probability P11 connected to the output port |o〉 = |1〉 can be
observed as a function of the discrete values Tn.

• By varying the strength ∆F of the SAD. By applying this alternative, it is possible to scan
the interferometer phase δφ1 for fixed values of ω and n. The phase δφ1 depends again
linearly on ∆F. The maximal achievable value of ∆F and correspondingly the phase shift
is limited by the experimental implementation. For larger values of ∆F the region to which
the atoms are confined is increased.

• By scanning the frequency ω of the trap. For fixed values of ∆F and n, the phase shift
δφ1 shows a cubic scaling in the inverse frequency ω−1 similar as in the T 3-interferometer.
In this operation mode also the interferometer time has to be adjusted according to Tn =
2πn/ω in order to keep the interferometer closed. Since the atoms become untrapped in
the limit ω → 0, the acceptable value for ω is limited by the region in which the atoms
should be confined. Additionally, a large value of n could be chosen in order to obtain a
sufficiently large phase shift and to increase the precision of the measurement.

Finally, we recall that the total phase shift δφ of the interferometer is only independent of
the initial motional state |ψi〉 of the atom provided that the interferometer is closed. In order to
minimize the effect of residual contributions from a non-perfect closing, it is therefore beneficial
to apply the second coupling zone at time t2 directly after having switching off the SAD at time
Tn. In this way the acquired phase shift is directly encoded into the population of the internal
atomic states.

Phase shift resulting from area difference in phase space

Next, we turn to a phase-space analysis of the ω−3 interferometer which provides an intuitive
explanation of the phase shift δφ1, Eq. (6.54), in this interferometer.

In Fig. 6.10 we present the z-component of the displacements Pb(t) in momentum, Eq. (3.27),
and Rb(t) in position, Eq. (3.28), in phase space for the upper (b = u) and lower (b = l) branch
of the ω−3 interferometer corresponding to the interferometer scheme displayed in Fig. 6.8. The
periodic closing of the interferometer in phase space at time t = Tn is illustrated by the black dot.
Although there are two intersections of the blue and red curves, the branch- and time-dependent
displacements in phase space only reach the black dot at the same time t.

Next, we focus on the ellipses presented in Fig. 6.10 which determine the enclosed area in
phase space for each interferometer branch. According to Eqs. (3.27) and (3.28) together with
Eqs. (6.50) and (6.53), the semi-axes of the red ellipse corresponding to the upper branch assume
the values

∆Pu ≡
1
ω

(
F̄0 + ∆F

2

)
(6.55)

in momentum, and
∆Ru ≡

1
mω2

(
F̄0 + ∆F

2

)
(6.56)
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Figure 6.10: Phase-space representation of the ω−3 interferometer. We depict the z-component
of the displacements in momentum Pb(t) and position Rb(t) for the upper (b = u, solid red
line) and the lower (b = l, dashed blue line) branch of the interferometer for 0 < t < Tn. At
the time t = Tn = 2πn/ω with n = 1, 2, 3, . . . the interferometer is closed in phase space as
indicated by the black dot. We label the semi-axes of the enclosed ellipses (red and blue areas),
resulting from the motion in two displaced harmonic oscillators, by ∆Pb in momentum and ∆Rb
in position. Here the corresponding z-components ∆Pz,b and ∆Zb, respectively, are displayed.
The difference ∆A of the areas of the two ellipses determines the phase shift δφ1 in units of ~
according to Eq. (6.61).

in position.
Similarly, we obtain for the semi-axes of the blue ellipse corresponding to the lower branch

of the interferometer the values
∆Pl ≡

1
ω

(
F̄0 −

∆F
2

)
(6.57)

in momentum, and

∆Rl ≡
1

mω2

(
F̄0 −

∆F
2

)
(6.58)

in position.
The quantities ∆Pb and ∆Rb then govern the confinement of the atoms in momentum and

position, respectively, for the branch b.
Moreover, their product determines the area

Ab ≡ π∆Rb∆Pb (6.59)
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of the corresponding enclosed ellipse in phase space. The difference of these enclosed areas reads

∆A ≡ Au −Al = 2π
mω3 F̄0∆F, (6.60)

where we have made use of Eqs. (6.55)-(6.59).
Consequently, by recalling Eq. (6.54) we establish the relation

δφ1 = n∆A
~

(6.61)

between the phase shift δφ1 and the difference of the areas in phase space enclosed by the dis-
placements for the upper and lower branch of the interferometer in units of ~. Here n = 1, 2, 3, . . .
corresponds to the winding number.

We now return to an issue raised in Section 2.4.3 in the context of the Wigner matrix. There
we have argued that only the off-diagonal element Wb′b of the Wigner matrix with respect to
the branches b and b′ carries the entire information on the phase of an interferometer.

However, for the ω−3 interferometer, the displacements of the diagonal elements Wbb and
Wb′b′ of the Wigner matrix in phase space are governed by the ones presented in Fig. 6.10.
Thus, provided the ω−3 interferometer is closed, at least the phase shift δφ1, resulting from
the position-dependent contributions to the branch dependent-potential, can be related to the
dynamics of the diagonal elements of the Wigner matrix. For this reason, it would be interesting
to explore this dependency for a general interferometer scheme to obtain a deeper insight into
the relation between the phase shift and the enclosed area in phase space.

An experimental implementation of such a ω−3 interferometer with this or an improved
scheme would be desirable. And, as outlined in the preceding sections, there are various systems
and technologies that come into question.

6.6 Beyond T 3 interferometry

For different interferometer schemes, we study now the scaling of the interferometer phase as a
function of the interferometer time T . Since a higher phase scaling enables a faster phase accu-
mulation, novel interferometer geometries with this property can feature an enhanced sensitivity,
as pointed out in Section 4.1.1.

In the presence of a linear potential, the Mach-Zehnder interferometer analyzed in Section 4.2
displays a quadratic dependency of the interferometer phase with respect to T . By constructing
two novel interferometer geometries, the T 3-SGLPI and the T 3-SGI, we have been able to
achieve a cubic scaling of the interferometer phase. Hence, one might wonder if an enhanced
phase accumulation beyond T 3 is possible.

The same question has been raised in Ref. [389], where an interferometer with a mixed
quadratic and cubic scaling in T has been implemented. There the claim was made that par-
ticular branch- and time-dependent accelerations would enable such an enhanced phase scaling.
However, no explicit interferometer scheme has been suggested in order to achieve this aim.
Moreover, the potential benefits of such interferometers with a higher phase scaling have not
been rigorously examined by now.

In this section we develop a rule that enables the construction of interferometers that display
a particular phase scaling in the presence of a constant average force. For this reason, we only
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focus on the interferometer phase δφ1 sensitive to the position-dependent contributions to the
branch-dependent potentials.

The resulting classification scheme is supplement to the one presented in Section 4.4, where
we have categorized interferometers by families with increasing number of vanishing moments
Q = 0, 1, 2, . . . of the function δF(Q)(t|T ), Eq. (4.27).

Instead we now categorize interferometer schemes by classes as described by the function
δF(Q)

n (t|T ), where we have added the index n. If the members of a class correspond to type-1
interferometers with Q = 1, their phase scales as Tn in the presence of a constant average force
F̄0 with n = 1, 2, . . ..

In Section 6.6.1 we present a general rule that enables the construction of interferometer
schemes with an enhanced phase scaling. This particular rule can also be applied for the cat-
egorization of interferometers by classes. Afterwards, we present in Section 6.6.2 a particular
class of interferometer schemes that contains some prominent examples of existing geometries.

6.6.1 A class of interferometers

Similar to Section 4.4 our subsequent analysis of different interferometer scheme is based on the
difference

δF(Q)
n (t|T ) ≡ δF(t) (6.62)

of the functions Fu(t) and Fl(t) for the upper and lower branch of an interferometer as defined
by Eq. (3.39).

Here the index Q denotes the number of vanishing moments, Eq. (4.28), of the func-
tion δF(Q)

n (t|T ) defining a type-Q interferometer as explored in Section 4.4. This difference
then determines, according to Eqs. (3.37) and (3.38), the corresponding relative displacements
δP(Q)

n (t|T ) ≡ δP(t) and δR(Q)
n (t|T ) ≡ δR(t) in momentum and position, respectively.

With the help of the index n = 1, 2, . . . in Eq. (6.62), we enumerate the phase scaling of a
type-1 interferometer in the presence of a constant average linear potential for both branches.
This situation is described by a constant average force

F̄(t) = F̄0Π(t|0, T ) (6.63)

of the functions Fu(t) and Fl(t), Eq. (3.53), during the interferometer sequence.
As demonstrated in Section 4.4 a type-0 interferometer with Q = 0 is not closed in the

presence of a constant average force F̄0. On the other hand, a type-Q interferometer with
Q > 1 is closed, but displays a vanishing phase shift δφ(Q)

1,n (T ) ≡ δφ1 = 0, Eq. (3.51). For this
reason, it is in fact a type-1 interferometer which is closed while displaying a non-vanishing
phase shift in the presence of a constant average force F̄0. Our subsequent categorization of
different interferometer schemes is based on the dependency of the phase shifts of such type-1
interferometers on a certain power of the interferometer time T .

We define now the function δF(1)
n (t|T ), Eq. (6.62), as the one that displays a particular

scaling of the phase shift

δφ
(1)
1,n(T ) = F̄0

2~m

∫ ∞
−∞

dτ τ2δF(1)
n (τ |T ) = αnT

n (6.64)

in powers of the interferometer time T with n = 1, 2, . . ., where αn denotes a coefficient. The
phase δφ(1)

1,n(T ) ≡ δφ
(1)
1 (T ), Eq. (4.39), arises from the position-dependent contributions to the
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branch-dependent potentials for a type-1 interferometer in the presence of a constant average
force F̄0.

The construction rule for interferometer classes

In the course of our studies, we have discovered the rule

δF(Q)
n+1(t|T ) = βn+1

∫ t

−∞
dτ
[
δF(Q)

n

(
τ

∣∣∣∣T2
)
− δF(Q)

n

(
τ − T

2

∣∣∣∣T2
)]

(6.65)

which enables the construction of an interferometer scheme with a higher phase scaling, where
βn+1 denotes a coefficient to ensure the correct dimensionality of the function δF(Q)

n+1(t|T ).
The construction rule in Eq. (6.65) has two important properties as proven in Appendix F.2.

First, it preserves the number Q of vanishing moments of the function δF(Q)
n+1(t|T ) in comparison

to δF(Q)
n (t|T ). Second, it establishes the relation

δφ
(1)
1,n+1(T ) = βn+1

T

2 δφ
(1)
1,n

(
T

2

)
(6.66)

between the phase shift δφ(1)
1,n+1(T ) resulting from the function δF(1)

n+1(t|T ), and the phase shift
δφ

(1)
1,n(T ) originating from the function δF(1)

n (t|T ) in the presence of a constant average force F̄0.
With the help of Eq. (6.64) we are able to recast Eq. (6.66) as

δφ
(1)
1,n+1(T ) = αnβn+1

(1
2

)n+1
Tn+1. (6.67)

Thus, the construction rule in Eq. (6.65) can indeed by applied to design interferometers dis-
playing an enhanced phase scaling with respect to the interferometer time T for Q = 1.

By altering the function δF(Q)
1 (t|T ) for n = 1, the iterative application of Eq. (6.65) builds

up a class of interferometers schemes whose members are indexed by n = 1, 2, . . ..
Moreover, a force difference δF(t) which results from a linear combination of functions

δF(Q)
n (t|T ) with different index n is also legitimate. For instance, the linear combination

a1δF(1)
2 (t|T )+a2δF(1)

3 (t|T ) with coefficients a1, a2 results in an interferometer phase a1δφ
(1)
2 (T )+

a2δφ
(1)
3 (T ) which displays a mixed scaling determined by terms proportional to T 2 and T 3 in the

presence of a constant average force F̄0. Such a mixed scaling also occurs in the hybrid device
presented in Ref. [389] for a time-dependent average force F̄(t), as analyzed in Ref. [69].

6.6.2 Example of an interferometer class

Next, we present a particular class of type-1 interferometers whose members display a phase shift
δφ

(1)
1,n(T ) proportional to Tn with n = 1, 2, . . .. Here we focus only on the situation that these

interferometer schemes are applied in the presence of a constant average force F̄0. We present the
members of this class in Fig. 6.11 (a)-(e), where we depict for n = 1, 2, . . . , 5 the z-component
of the characteristic force difference δF(1)

n (t|T ) together with the displacements δP(1)
n (t|T ) in

momentum and δR(1)
n (t|T ) in position, resulting from Eqs. (3.37) and (3.38), respectively, for a

vanishing frequency tensor ω0 = 03.
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Figure 6.11: Characteristic functions for a class of Tn interferometers, where T denotes the
total interferometer time and the power n indicates the scaling of the interferometer phase with
T . We present in (a)-(e) for n = 1, 2, . . . , 5 in green the z-component of δF(1)

n (t|T ), Eq. (6.65),
where δF(1)

1 (t|T ) is given by Eq. (6.68). For each value of n, we depict the corresponding relative
displacement δP(1)

n (t|T ) in momentum (blue) together with the relative displacement δR(1)
n (t|T )

in position (orange) as a function of the time t for ω0 = 03. In the presence of a constant average
force F̄0, the orange space-time area enclosed by the two interferometer branches displays the
same scaling as the interferometer phase δφ(1)

1,n(T ), Eq. (6.64), being proportional to Tn. In this
illustration we have approximated Dirac delta functions and their derivatives by very narrow
Gaussian pules and the corresponding derivatives.
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The Ramsey-Bordé interferometer

The particular class under consideration contains for n = 1 corresponds to the Ramsey-Bordé
interferometer [100, 196, 386, 387]. We consider a configuration of this four-pulse geometry,
where the two pulses in the first and the last pair induce opposite instantaneous momentum
transfers while they are separated by a short interval in time.

This interferometer scheme is then characterized by the force difference

δF(1)
1 (t|T ) = m∆r

[
δ′(t)− δ′(t− T )

]
(6.68)

as expressed in terms of the mass m and the displacement in position ∆r for the two branches.
Here δ′(t) denotes the derivative of the Dirac delta function with respect to the time t.

According to Eq. (6.68) and evident from Fig. 6.11 (a) the Ramsey-Bordé interferometer
is a type-1 interferometer that is closed in position and momentum in the presence of a linear
potential. Here the resulting displacement in position ∆r for the two interferometer branches is
constant, as depicted in Fig. 6.11 (a) in orange. Thus, the enclosed area in space time, depicted
by the orange area, increases linearly with respect to the interferometer time T .

As a consequence, in the presence of constant average force F̄ = F̄0 the phase shift

δφ
(1)
1,1(T ) = F̄0∆r

~
T (6.69)

resulting from Eq. (6.64) with Eq. (6.68) increases linearly in time T .

The Mach-Zehnder interferometer

The next member of this class with n = 2 is described by the characteristic function

δF(1)
2 (t|T ) ≡ ∆p

[
δ(t)− 2δ

(
t− T

2

)
+ δ(t− T )

]
(6.70)

as obtained from Eq. (6.65) with ∆p = β2m∆r. The particular force difference in Eq. (6.70)
corresponds to the one of the Mach-Zehnder interferometer [34–36, 41, 42, 52, 89, 125, 168, 172,
173, 180] analyzed in Section 4.2.

As evident from Fig. 6.11 (b) the Mach-Zehnder interferometer is also a type-1 interferometer.
Consequently, the construction rule Eq. (6.65) indeed preserves the number of vanishing moments
Q. Here the momentum difference δP(1)

2 (t|T ) depicted in blue is a piecewise constant function
in time, while the position difference δR(1)

2 (t|T ) has a piecewise linear dependency on t as shown
in orange. As a consequence, the enclosed area increases quadratically in T .

In the presence of a constant average force F̄0 the resulting phase shift then reads

δφ
(1)
1,2(T ) = 1

4
F̄0∆p
~m

T 2 (6.71)

according to Eq. (6.64) with Eq. (6.70), being governed by the quadratic scaling in T .
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The T 3 interferometer

By applying the construction rule Eq. (6.65) with the function δF(1)
2 (t|T ), Eq. (6.70), we obtain

for n = 3 the familiar expression

δF(1)
3 (t|T ) ≡ ∆F

[
Π
(
t

∣∣∣∣0, T4
)
−Π

(
t

∣∣∣∣T4 , 3T
4

)
+ Π

(
t

∣∣∣∣3T4 , T

)]
, (6.72)

where ∆F = β3∆p and Π(t|tj , tj+1) denotes the rectangular function of unit height defined by
Eq. (2.38).

Equation (6.72) displays the characteristic function of the T 3 interferometer [68, 69, 71],
introduced in Sections 6.3 and 6.4 and given by Eq. (6.16). As evident from Fig. 6.11 (c) also the
T 3 interferometer is a type-1 interferometer with the force difference δF(1)

3 (t|T ), Eq. (6.72), being
a piecewise constant function in time as depicted in green. As a consequence, the momentum
difference δP(1)

3 (t|T ) is piecewise linear in time as shown in blue, while the position difference
δR(1)

3 (t|T ) has a piecewise quadratic dependency as demonstrated in orange.
The resulting phase shift

δφ
(1)
1,3(T ) = 1

32
F̄0∆F
~m

T 3 (6.73)

in the presence of a constant average force F̄0 is obtained with Eqs. (6.64) and (6.72), and
displays the characteristic cubic scaling in agreement with the identical scaling of the enclosed
area in space-time depicted in orange in Fig. 6.11 (c).

While Eq. (6.73) coincides with the phase shift of the T 3-SGLPI, Eq. (6.19), the phase shift
of the T 3-SGI, Eq. (6.40), contains an additional contribution due to the time-dependence of
the average force F̄(t), which vanishes for a symmetric SAD with F̄(SAD) = 0.

Interferometers with higher scalings of the phase shift

The construction rule Eq. (6.65) allows the design of type-1 interferometers that display an even
higher scaling of the corresponding interferometer phase δφ(1)

1,n than T 3. For the present class
of interferometers, we display in Fig. 6.11 the characteristic function δF(1)

n (t|T ) obtained from
Eqs. (6.65) and (6.72), together with the displacements δP(1)

n (t|T ) in momentum and δR(1)
n (t|T )

in position for (d) n = 4 and (e) n = 5.
For n = 4 the phase shift of these particular interferometer is then governed by a quartic

scaling

δφ
(1)
1,4(T ) = β4

512
F̄0∆F
~m

T 4, (6.74)

while for n = 5 a quintic scaling

δφ
(1)
1,5(T ) = β4β5

16384
F̄0∆F
~m

T 5 (6.75)

of the interferometer phase in T is achieved, as obtained with the help of Eqs. (6.67) and (6.73).
While such a scaling seems to be superior for large interferometer times T , the numerical pref-

actors in Eqs. (6.74) and (6.75) decreases rapidly with increasing value of n. In particular, if the
experimental is limited by a maximal achievable force difference δF(1)

n (t|T ), a T 3 interferometer
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with n = 3 might be a better choice. One might still wonder if there are situations that
would benefit from such a faster phase accumulation and allow for more precise measurements.
However, for larger values of n a more sophisticated control of the imprinted force difference
δF(1)

n (t|T ) is necessary to enable an enhanced scaling of the interferometer phase.
In our discussion we have so far only focused on type-1 interferometers. However, each

member in the class of interferometer schemes presented above with Q = 1 and n = 1, 2, . . .
can serve as a starting point for the construction of a family of interferometer schemes being
composed of members with increasing number of vanishing moments Q = 1, 2, . . . according to
Section 4.4.1. For the example of a Mach-Zehnder interferometer with n = 2, the corresponding
interferometer family has been presented in Section 4.4.2.

It would be interesting to explore the features and potential applications of these novel
interferometer designs. For instance, they might be applied to study or to compensate particular
aspects of spatially and temporally varying external fields as addressed in Section 4.5.

6.7 Discussion

In the following, we highlight important and interesting features of our novel T 3 interferometer
schemes and their particular phase shifts that are governed by the Kennard phase.

First, we focus in Section 6.7.1 the attention to particular advantages of our unique interfer-
ometer scheme. Section 6.7.2 is then dedicated to the emergence of the Kennard phase in this
device. Finally, we identify in Section 6.7.3 other sources of cubic phase shifts in the context of
atom interferometry.

6.7.1 Advantages of our novel T 3 interferometers

We now summarize key properties and advantages of the T 3 interferometers. In particular, the
T 3-SGI is unique in the following ways. (i) It has enabled the first interferometric observation
of the Kennard phase in quantum mechanics resulting in a purely cubic phase scaling in the
presence of a constant force, (ii) it opens a road towards testing the Humpty-Dumpty effect on
a macroscopic scale, and (iii) it does not require light pulses for the creation of beam splitters
and mirrors. This feature might beneficial for future applications as e.g. the sensing of surface-
induced phenomena.

In order to improve the sensitivity of an interferometer with respect to a constant force F̄0
it is favorable to enhance the phase shift for a particular interferometer time T . In this respect,
the T 3 interferometer with its cubic dependence of the phase shift on T is superior to the Mach-
Zehnder interferometer, whose phase displays a quadratic scaling in T . However, this improved
scaling comes with the drawback of requiring an accurate control of the SADs, which are applied
during the entire interferometer sequence.

As demonstrated in Sections 4.2 and 6.6 it is in principal possible to achieve an even higher
order scaling of the interferometer phase with respect to the interferometer time T . However, this
procedure requires a well-controlled time-dependent increase and decrease of the imprinted force
difference. The T 3 interferometers instead only eventually require an alternating orientation of
the SAD during the interferometer sequence.

In addition, the parameters of the SADs used in the T 3 interferometer do not have to be
adjusted with regard to the force F̄0 to be measured. This feature is in contrast to conventional
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beam splitters and mirrors in light pulse interferometers, where a change of the atomic resonance
condition in the presence of a linear potential might have to be compensated as demonstrated
in Section 3.3.

Furthermore, a T 3 geometry could also be applied in combination with other state-dependent
forces or quantum particles. Given the recent experimental advances [71, 74, 82, 83, 253, 254, 383]
in the developments of SADs, such devices may eventually enable T 3 interferometers consisting
of nitrogen-vacancy centers [84], superconducting microspheres [405], molecules, or antimatter
being controlled by electric or magnetic field gradients. Some further comments on possible
applications of a T 3 interferometer geometry with e.g. Rydberg atoms or antimatter have
recently been presented in Ref. [161].

6.7.2 The Kennard phase and the cubic interferometer phase

In the absence of an average force F̄(SAD) = 0 imprinted by the SAD, the phase shifts in the
T 3-SGLPI and the T 3-SGI, given by Eqs. (6.19) and (6.40), respectively, take the identical form

δφ1 = F̄0∆F
32~m T 3 (6.76)

which is proportional to the product of F̄0 and ∆F. Here F̄0 denotes the constant average force
the particle experiences, while ∆F is the force difference imprinted by the SAD. Besides the cubic
scaling in T , Eq. (6.76) demonstrates that a non-vanishing phase δφ1 is only accumulated for both
a non-vanishing difference ∆F 6= 0 and a non-vanishing average F̄0 6= 0 of the corresponding
forces.

Next, we apply the relations ∆F = F2−F1 and F̄0 = (F1 + F2) /2 with the forces F1 and F2
acting on the atom in the internal states |1〉 and |2〉, respectively, in the T 3-SGLPI configuration.
As a result, the phase shift δφ1, Eq. (6.76), can be cast into the form

δφ1 = |F2|2 − |F1|2

64~m T 3 (6.77)

proportional to the difference of |F2|2 and |F1|2. This representation shows clearly that the
accumulated phase shift in the T 3 interferometer is in fact a consequence of the Kennard phases
accumulated along the two interferometer branches, as demonstrated in Section 6.3.2. It is
the quadratic dependence of the Kennard phase on Fk with k = 1, 2 which leads to the form
presented in Eq. (6.77). It is fascinating that such a phase shift δφ1 results from the fact that
a quantum particle may experience two different forces at the same time.

According to Section 2.4.2 the phase shift δφ1 is governed by the difference of the position-
independent terms in the classical actions which are associated with the two interferometer
branches. It would be illuminating to identify a fundamental geometric meaning for the expres-
sion δφ1, Eq. (6.77), that emerges in the presence of linear potentials in regard to the non-locality
available in quantum mechanics.

Instead of creating the state-dependent forces F1 and F2 with the help of magnetic dipoles
exposed to magnetic field gradients, it has been proposed [65–67] to consider a superposition
of an atom exposed to two different constant gravitational fields. According to Ref. [65] the
cubic phase shift resulting from the accumulated Kennard phases would then enable to test
the equivalence principle as a gauge principle. In such a device, the resulting phase shift should
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depend on the unusual ratio m2
g/m of gravitational mg and inertial mass m. Though, in contrast

to here, a detailed interferometer scheme to explore this situation has not been provided.
As demonstrated in Chapter 5, there are still many questions left to be asked and to be

answered in the context of the Kennard phase that might provide a deeper insight into the
interface of quantum mechanics and gravity.

6.7.3 Other origins of cubic phases in atom interferometry

We now compare and contrast the phase shift in the T 3-SGLPI and T 3-SGI, induced by the
propagator of a particle in a linear potential, to other phases cubic in time. Here we focus on
three distinct situations: (i) the presence of a gravity gradient, (ii) the influence of rotations,
and (iii) the use of the Continuous-Accelerating-Bloch (CAB) technique.

Gravity gradient

In the presence of a gravity gradient Γ a cubic phase shift in the interferometer time T also
appears [92, 172, 174, 175, 388] in the standard Mach-Zehnder interferometer analyzed in Sec-
tion 4.2. In this device the cubic phase shift is a consequence of a quadratic state-dependent
potential

Vk(r̂, t) = −1
2mr̂TΓr̂− F̄0r̂ + Ek (6.78)

rather than two branch-dependent linear potentials. In comparison to the standard Mach-
Zehnder interferometer in the presence of a state-dependent linear potential, Eq. (4.1), the
potential Vk(r̂, t) in Eq. (6.78) contains an additional contribution quadratic in the position r̂
and governed by the gradient matrix Γ.

We recall that the standard Mach-Zehnder interferometer is not closed in the presence of
a quadratic potential Vk(r̂, t), Eq. (6.78). This deficiency leads to a loss of contrast [175] and
a dependence of the resulting phase shift on the initial state |ψi〉 of the atomic center-of-mass
motion. The cubic dependency of the interferometer phase on time T that emerges in the Mach-
Zehnder interferometer in the presence of a quadratic potential is a consequence of an expansion
valid for small entries in gradient matrix Γ and short interferometer times T [174, 180].

In Section 4.2.4 we have demonstrated how to close a Mach-Zehnder interferometer in a
quadratic state-dependent potential by modifying the induced momentum transfer of the central
pulse, as suggested in Ref. [296]. This procedure, however, also eliminates the cubic contributions
in T to the phase shift. In fact, the phase shift of such a modified Mach-Zehnder interferometer
is given by Eq. (4.16). By using the relation ω0 = −i

√
Γ between the frequency tensor ω0 and

the gradient matrix Γ we arrive at the expression

δφ1 = 4F̄T
0

~m
Γ−1 sinh2

(√
ΓT
4

)
∆p ≈

‖ΓT‖�1

F̄T
0

~m

(
T 2

4 + ΓT 4

192

)
∆p. (6.79)

For the matrix norm ‖ΓT‖ � 1, corresponding to a weak gravity gradient Γ and a short
interferometer time T , it is apparent from Eq. (6.79), that the phase shift δφ1 in this device is
only governed by even powers of T , and a cubic dependency on time disappears.

In conclusion, while the presence of a gravity gradient leads to a position-dependent acceler-
ation, the two linear potentials in the T 3 interferometer induce a branch-dependent acceleration.
For this reason, these are two distinct situations.
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Rotations

Rotations are a different source for the emergence of a cubic phase in a matter wave inter-
ferometer with regard to the interferometer time T . Typically, the phase shift in a Sagnac
interferometer employed for rotation measurements displays [174, 275] a quadratic scaling in T .
However, in the presence of a linear potential describing e.g. the gravitational acceleration g,
the phase shift [114, 116]

δφ = 1
2kL(g ×Ω)T 3 (6.80)

of a Sagnac interferometer in the Butterfly configuration is governed by a cubic scaling in T .
Here kL denotes the effective wave vector of the Raman pulses used to implement this device,
and Ω is the rotation vector. The cubic scaling in this device is a consequence of the linear
increase of the velocity of the atoms in time.

It would be interesting to compile a detailed study on a possible appearance of the Kennard
phase due to accelerations in a rotational motion in comparison to a translational motion as
pursued in this work.

Continuous-Accelerating-Bloch technique

In Section 6.2.4 we have listed the CAB technique [89, 225, 389] as a possibility for the imple-
mentation of SADs. In Ref. [389] this technique has already been employed in combination with
the pulse protocol of a Mach-Zehnder interferometer. The corresponding device then displays a
mixed phase scaling that is composed of quadratic and cubic dependencies on T .

Our T 3 interferometers share the underlying idea of employing SADs to obtain a cubic phase
scaling, where the SADs imprint different accelerations to each interferometer branch. However,
instead of achieving these accelerations via potentials depending on the internal atomic states,
the CAB schemes employs a beam splitter based on Bragg diffraction that is used to load a
particular momentum state into an optical lattice. Subsequently, this lattice is accelerated by
the use of Bloch oscillations.

While in our scheme we can close the T 3 interferometer in position and momentum by
choosing the correct timing between the pulses, the CAB scheme requires a sophisticated control
of the time-dependent accelerations of the optical lattice. In contrast to the T 3 interferometer,
in the CAB scheme not only a phase proportional to T 3, but also one proportional to T 2 emerges
naturally. Thus, the CAB scheme corresponds to an interferometer scheme that leads to a mixed
scaling of the interferometer phase with respect to T , as brought up in Section 6.6. We have
conducted an in-depth comparison of both devices in Ref. [69].

6.8 Conclusion

We have devoted this chapter to the first interferometric observation of the Kennard phase
in quantum mechanics, as accomplished with the help of a newly developed and unique T 3

interferometer geometry.
The construction of this particular interferometer scheme has been enabled by state-selective

accelerators and decelerators (SADs). We have presented key aspects and different experimental
implementations of these devices, which imprint a state-dependent acceleration to atoms or other
quantum particles within a coherent process. Of particular interest in our studies were SADs
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based on the Stern-Gerlach effect, which have recently enabled the first implementation of a
full-loop Stern-Gerlach interferometer for atoms. Since SADs can be operated in a pulsed or in
a continuous mode, they also build a bridge between existing and novel interferometer schemes.

The main focus of the present chapter lies on the development of two distinct T 3 interfer-
ometer schemes, namely the T 3 Stern-Gerlach light-pulse interferometer (T 3-SGLPI) and the
T 3 Stern-Gerlach interferometer (T 3-SGI). We have shown that in the presence of a constant
force, the interferometer phase in both devices displays a purely cubic dependence on the in-
terferometer time T which originates from the Kennard phase. Such a T 3 interferometer with
an enhanced phase scaling allows for a faster phase accumulation in comparison to the Mach-
Zehnder interferometer with a phase that scales only as T 2 in the presence of a constant average
force.

We have summarized the ideas that guided the development of these novel interferometer
geometries. Moreover, we have presented a detailed description of the interferometer schemes in
combination with a rigorous analysis of the relevant quantities, in particular the corresponding
phase shifts. In addition, we have addressed the experimental implementations of these T 3

interferometers.
The T 3-SGLPI relies on the application of light pulses in combination with a SAD. Here

an experiment using a cloud of cold atoms requires a very precise control of the applied inho-
mogeneous magnetic fields. Similarly as predicted beforehand for other Stern-Gerlach interfer-
ometers, the current experimental implementation of the T 3-SGLPI unfortunately suffers from
the so-called Humpty-Dumpty effect. This deficiency has so far prevented an observation of the
Kennard phase in this device. The Humpty-Dumpty effect states that a coherent recombination
of the two partial beams in a sequence of Stern-Gerlach devices is very challenging and, except
a very precise control of the magnetic fields is feasible, a loss of contrast should be expected. In
the present chapter, we have underlined that there is both a classical and a quantum aspect to
the Humpty-Dumpty effect.

In contrast, the T 3-SGI does not require light pulses. In the corresponding experiment
performed at the Ben-Gurion University of the Negev, a Bose-Einstein condensate is manipulated
by radio-frequency pulses in combination with SADs of alternating orientations. With the
required magnetic field gradients being created by the well-controlled currents in the wires of an
atom chip, it was possible to overcome the Humpty-Dumpty effect. We have demonstrated that
the observed phase shift in this interferometer clearly displays the cubic scaling with respect to
the interferometer time T . Thus, the T 3-SGI has enabled the first interferometric observation
of the Kennard phase in quantum mechanics.

The successful realization of the T 3-SGI might enable promising future applications. Be-
sides its fast phase accumulation due to the Kennard phase, the fact that it does not employ
light-pulses which could be scattered from a surface, makes it an interesting candidate for an
interferometric quantum sensor for surfaces. Of particular interest is also the implementation
of T 3 interferometers for other quantum objects, for which a manipulation by laser light is not
feasible.

In addition, we have designed a novel ω−3-interferometer scheme that is based on a SAD
in combination with trapped atoms. This scheme is closely related to the T 3 interferometers
and displays a phase shift that scales with the cube of the inverse trapping frequency. We
have analyzed the output of this device with respect to the enclosed area in phase space. Such
a ω−3-interferometer and similar devices might be of interest for the construction of compact
atom interferometers that allow for an enhanced interferometer time.
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Beyond that, we have developed a classification scheme for interferometers that supplements
the one presented in Chapter 4. For this purpose, we have introduced interferometer classes,
whose members display a particular phase scaling in the presence of a constant linear potential.
We have identified an iterative construction rule to achieve closed interferometer geometries that
display a phase scaling beyond the cubic case. Moreover, a mixed phase scaling consisting of
different powers in the interferometer time T can be accomplished as well.

Finally, we have highlighted the advantages of our newly developed interferometers, discussed
the significance of their phase shifts, and identified other sources of cubic phases while studying
their relation to the Kennard phase.
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Chapter 7 - Summary

The present thesis is devoted to the study of novel quantum phenomena that are revealed by
the interference of matter waves, and consequent applications that arise in the field of atom
interferometry.

In particular, we have addressed the following main topics:

(I) By the identification of effective branch-dependent dynamics, we have developed a general
and intuitive formalism to characterize the time evolution of composite quantum systems.
Within this approach, we have explored the role of classical concepts for the description of
quantum phenomena that emerge due to interference. Beyond that, we have applied our
formalism for the analysis of existing and the design of novel interferometer geometries for
matter waves.

(II) We have studied the Kennard phase from various angles. This peculiar phase is accu-
mulated by a quantum particle in the presence of a linear potential. Moreover, it plays
an important role in the formulation of an analog to the equivalence principle in non-
relativistic quantum mechanics. With our theoretical studies we have set the stage for
the first observation of the Kennard phase, predicted in 1927, in (i) surface gravity water
waves, an analog system to quantum mechanics, and (ii) the interference of matter waves
as enabled by a novel T 3-interferometer geometry.

(III) The theoretical results presented in this thesis have facilitated the construction of a
T 3 Stern-Gerlach interferometer. This particular device benefits from a Bose-Einstein
condensate in combination with an atom chip. As one of the first full-loop Stern-Gerlach
interferometers, it has been able to overcome the Humpty-Dumpty effect, as demonstrated
by the observed interference pattern. Due to the Kennard phase, the T 3 interferometer
displays a faster phase accumulation than conventional atom interferometers. Instead of
utilizing light pulses for the opening and closing of the device, the required state-dependent
forces are realized by continuously applied magnetic field gradients.

We now summarize our results in more detail and discuss possible future applications and
developments.

In order to fully exploit new opportunities and potential benefits that arise from novel
quantum technologies, it is indispensable to obtain a deeper understanding of the differences
and similarities between classical and quantum systems. Within our branch-dependent concept,
we have demonstrated how quantum phenomena emerge from classical equations and quantities,
in particular the classical action. For this purpose, we have taken advantage of the non-locality
and interference available to quantum systems. Within a phase space formulation, we have
revealed that the phase shift of many matter-wave interferometers could be interpreted as a
generalization of the Aharonov-Bohm effect as occurring in the presence of external fields.

We have applied our branch-dependent concept for the analysis of various atom interferom-
eters. Here we have made contact with possible experimental implementations. In particular,
we have focused on devices that rely on time- and state-dependent potentials, displaying a linear
or quadratic dependency on position. By developing schematic rules which assign characteristic
functions to particular interferometer geometries, we have come up with a straightforward and
intuitive tool for the analysis of various experimental situations within a common language.

Of special relevance are the closing conditions for matter-wave interferometers. These con-
ditions are automatically fulfilled once the characteristic functions possess particular features.
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The closing conditions strongly influence the contrast of a matter-wave interferometer, and their
non-fulfillment causes a loss of contrast as it occurs in the Humpty-Dumpty effect. From the
knowledge of the characteristic functions of an interferometer, also the corresponding phase shift
can directly be obtained.

Besides a straightforward analysis of existing devices, our approach also enables the design
of novel interferometer geometries which are sensitive to particular aspects of spatially and
temporally varying fields. In this context, we have discussed a modified Mach-Zehnder inter-
ferometer in the presence of a quadratic potential, whose phase shift is sensitive to a constant
force and governed by a sinc-squared function. The same dependency emerges in a modified
T 3 interferometer, enabling in both devices an exponential phase accumulation when utilized in
combination with an inverted harmonic oscillator potential. In addition, we have suggested a
modified Butterfly geometry that might be employed for a multidimensional measurement of
trap frequencies or gravity gradients.

Of particular relevance is our discovery of construction rules for matter-wave interferometers.
On the one hand, these rules enable the classification of interferometers into families and classes.
On the other hand, they can be used to arrive at novel interferometer geometries that display a
particular dependency or sensitivity to external fields and inertial quantities. In this work, we
have only touched on potential applications of these devices. Indeed, these interferometers could
be employed to identify and eliminate undesired effects, such as linear drifts, in an experiment.
In addition, they might be applicable for the analysis of time-dependent fields, thus enabling
time-resolved atom interferometry.

Moreover, we have investigated the Kennard phase which occurs as a peculiar phase shift
in the dynamics of a quantum particle exposed to a linear potential, and results from the cor-
responding classical action. We have shown that the Kennard phase is a consequence of the
Hamilton-Jacobi equation for this system, in relation to the quadratic dispersion relation of a
quantum wave. Of particular relevance is the role of the Kennard phase for an analog for-
mulation of the equivalence principle in non-relativistic quantum mechanics with the help of an
extended Galilean transformation. In this context, we have addressed the seemingly arbitrariness
of this peculiar phase due to its appearance as a global phase factor. Moreover, we have analyzed
the influence of the Kennard phase on both the energy eigenstates and the time evolution of
particular quantum states in the presence of a linear potential.

Furthermore, we have elaborated on the first experimental observation of the Kennard phase
in surface gravity water waves, acting in a specific regime analogous to quantum waves and fa-
cilitating the measurement of global phase factors. In this experiment, Gaussian and Airy wave
packets are exposed to an accelerating water flow that is used to mimic a linear potential. Subse-
quently, the accumulated phases are extracted that display the cubic dependency characteristic
for the Kennard phase.

Despite our rigorous analysis of the Kennard phase, there are several aspects that go beyond
our treatment and often await definite answers. For instance, according to Ref. [67] the Kennard
phase affects the separation of vacuum field amplitudes with positive and negative frequencies,
as occurring in a limiting case of the Unruh effect. Moreover, the linear potential might not be
the only system where compelling phase factors as the Kennard phase arise due to the presence
of external fields.

It has been a long journey since the demonstration of the first beam splitters for matter
waves based on the Stern-Gerlach effect. It is all the more intriguing that this particular effect
has facilitated the construction of a novel T 3 interferometer, as proposed and analyzed in this
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thesis. Indeed, the cubic phase shift of this device with respect to the interferometer time T is
a consequence of the Kennard phase resulting from the applied state-dependent forces.

We have demonstrated different implementations of the T 3 interferometer. In particular, we
have focused on the T 3 Stern-Gerlach light pulse interferometer (T 3-SGLPI), which is based on
light pulses in combination with magnetic field gradients, and the T 3 Stern-Gerlach interferom-
eter (T 3-SGI), which solely relies on magnetic field gradients for the splitting and recombination
process. In addition, we have analyzed the experimental realizations of these devices. As one
of the first full-loop Stern-Gerlach interferometers, the T 3-SGI has been able to overcome the
Humpty-Dumpty effect resulting in a remarkably high contrast. In addition, the T 3-SGI has
enabled the first interferometric observation of the Kennard phase. The enhanced phase accu-
mulation of this device in combination with the absence of light pulses might be beneficial for
its application as an interferometric surface sensor.

Moreover, we have suggested an ω−3 interferometer for trapped atoms, which is closely
related to the T 3 interferometer geometry and displays a cubic scaling with respect to the inverse
trapping frequency. Beyond that, we have presented the design of matter-wave interferometers
with an even faster phase accumulation than T 3.

T 3 interferometers, in particular their possible realizations with different quantum particles,
and the Kennard phase by itself are topics that likely will remain fascinating in the future.
Indeed, the manipulation of Rydberg atoms, molecules, ions, antimatter, or even macroscopic
objects as nanodiamonds or microspheres with the help of state-dependent forces might enable
future generations of T 3 interferometers, whose full potential remains to be explored. Obviously,
the successful experimental implementation of a T 3 interferometer for atoms has demonstrated
that the construction of such an interferometer geometry is feasible. Maybe these particular
devices will allow one day to traverse the bridge between the quantum and the classical world,
while displaying a macroscopic separation of the quantum waves. The T 3 interferometers might
then provide us with additional insight into the fundamental structures of fields, matter, time
and space. In this regard, we have only scratched the surface by exploring the role of the
peculiar Kennard phase that emerges at the interface of quantum theory and the theory
of relativity.
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A Basic definitions and useful relations

A Basic definitions and useful relations

In the following we list a few important definitions, identities and relations used in this thesis. In
particular, we introduce relevant operators and their commutation relations, highlight important
identities for the exponential operators, and collect different properties of the displacement
operator.

A.1 Commutation relations

First, we recall the commutation relation

[r̂α, p̂β] = i~δαβ (A.1)

for the components r̂α of the position r̂ and p̂β of the momentum p̂ operator with α, β = 1, 2,
and 3, where δαβ denotes the Kronecker delta and ~ is the reduced Planck constant.

Moreover, we use the convention

σ1 = |1〉〈2|+ |2〉〈1| , (A.2)
σ2 = −i |2〉〈1|+ i |1〉〈2| , (A.3)
σ3 = |2〉〈2| − |1〉〈1| (A.4)

for the Pauli matrices in terms of the orthogonal states |1〉 and |2〉 constituting a two-level
system.

The commutation relation for the Pauli matrices reads

[σα, σβ] = 2i
3∑

γ=1
εαβγσγ (A.5)

with α, β = 1, 2, 3, where εαβγ denotes the Levi-Civita symbol.

A.2 Exponential operators

Next, we list a few important identities for the exponential map of the operators Â and B̂.
First, we recall the Hadamard lemma [406]

eÂB̂e−Â = B̂ +
[
Â, B̂

]
+ 1

2!
[
Â,
[
Â, B̂

]]
+ . . . , (A.6)

where
[
Â, B̂

]
≡ ÂB̂ − B̂Â is the commutator of the operators Â and B̂.

Moreover, we obtain the identity

eÂeB̂e−Â = exp
[
eÂB̂e−Â

]
(A.7)

by using a power series expansion of eB̂ together with the identity eÂe−Â = 1.
Additionally, we mention the Zassenhaus formula [406]

eε(Â+B̂) = eεÂeεB̂e−
ε2
2 [Â,B̂]e

ε3
6 (2[B̂,[Â,B̂]]+[Â,[Â,B̂]]) · . . . (A.8)
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for the exponential of a sum of two operators and the Baker-Campbell-Hausdorff formula [406]

eεÂeεB̂ = eε(Â+B̂)+ ε2
2 [Â,B̂]+ ε3

12 ([Â,[Â,B̂]]−[B̂,[Â,B̂]])+... (A.9)

for the product of two exponential operators. Here ε is a scalar and for |ε| � 1 higher-order
terms in ε might be neglected.

For the time-dependent operator Â(t), the derivative of the corresponding exponential map
with respect to t is given by [407]

d
dte
Â(t) =

{
dÂ(t)

dt + 1
2!

[
Â(t), dÂ(t)

dt

]
+ 1

3!

[
Â(t),

[
Â(t), dÂ(t)

dt

]]
+ . . .

}
eÂ(t). (A.10)

Finally, we recall the identity

exp
( iθ

2 n · σ
)

= cos
(
θ

2

)
⊗ 12 + in · σ sin

(
θ

2

)
(A.11)

for the exponential of the Pauli vector σ = (σ1, σ2, σ3)T depending on the Pauli matrices defined
by Eqs. (A.2)-(A.4). Here θ is a scalar, n = (n1, n2, n3) is a normalized vector, and 12 =
|1〉〈2|+ |2〉〈2| is the identity for the two-level system. Equation (A.11) can be easily obtained by
a power expansion of its left-hand side and the application of the commutation relation Eq. (A.5)
for the Pauli matrices.

A.3 Displacement operator

In the following, we collect a few important identities for the displacement operator

D̂ (R,P) ≡ exp
[
− i
~

(Rp̂−Pr̂)
]

(A.12)

depending on the position r̂ and momentum p̂ operator. The displacement in position and
momentum is characterized by the scalar parameters R and P, respectively.

First, according to Eq. (A.12) the Hermitian conjugate operator

D̂† (R,P) = D̂ (−R,−P) (A.13)

corresponds to a displacement of −R in position and −P in momentum.
Second, the subsequent application of two displacements with respect to R1, P1 and R2,P2

can be described

D̂ [R2,P2] D̂ [R1,P1] = exp
[ i

2~ (P2R1 −P1R2)
]
D̂ [R1 + R2,P1 + P2] (A.14)

as a displacement with respect to R1 + R2 in position and P1 + P2 in momentum. Here an
additional phase term appears according to the Backer-Campbell-Hausdorff formula Eq. (A.9)
together with the commutation relation Eq. (A.1).

Third, we immediately identify the relation

D̂† (R,P) D̂ (R,P) = 1. (A.15)

as a result of Eqs. (A.13) and (A.14).
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B Dynamics of the elements of the Wigner matrix

B Dynamics of the elements of the Wigner matrix

In this appendix we derive the dynamical equation for the elements

Wb′b(z, pz, t) ≡
1

2π~

∫ ∞
−∞

dξ exp
(
− i
~
pzξ

) 〈
z + ξ

2

∣∣∣∣ Q̂b′b(t)
∣∣∣∣z − ξ

2

〉
(B.1)

of the Wigner matrix which we introduce in Section 2.4.3 in order to determine the contrast and
phase of an interferometer. Here, we have made use of the operator

Q̂b′b(t) ≡ Ûb(t, ti) |ψi〉 〈ψi| Û †b′(t, ti), (B.2)

consisting of the time evolution operators Ûb(t, ti) and Ûb′(t, ti) for the branches b and b′,
respectively, acting on the initial state |ψi〉, as presented in Chapter 2. For identical branches,
that is b = b′, Eq. (B.1) reduces to the definition [191] of the Wigner function.

To determine the dynamical equation for the elements Wb′b = Wb′b(z, pz, t) of the Wigner
matrix, Eq. (B.1), we follow the procedure outlined in Appendix D of Ref. [191], where the
corresponding equation for the Wigner function has been derived.

As in Section 2.4 we consider a system that is described by a Hamiltonian of the form

Ĥb(t) = p̂2
z

2m + Vb (ẑ, t) , (B.3)

which contains a branch-dependent potential Vb (ẑ, t). The corresponding Schrödinger equation

i~ ∂
∂t
Ûb(t, ti) = Ĥb(t)Ûb(t, ti) (B.4)

is solved by the time evolution operator Ûb(t, ti) associated with the branch b with the initial
condition Ûb(ti, ti) = 1.

Next, we decompose the partial derivative of the element of the Wigner matrix, Eq. (B.1),
with respect to time t

∂Wb′b
∂t

= Tb′b + Vb′b (B.5)

into a kinetic energy Tb′b = Tb′b(z, pz, t) and a potential energy Vb′b = Vb′b(z, pz, t) contribution.

Kinetic energy contribution

With the help of Eq. (B.1) and the Schrödinger equation (B.4) for the branches b and b′,
respectively, we identify the kinetic energy contribution

Tb′b ≡
1

2π~

∫ ∞
−∞

dξ e−
i
~pzξτb′b (B.6)

as the Fourier transform of the matrix element

τb′b ≡ −
i
~

1
2m

〈
z + ξ

2

∣∣∣∣ p̂2
zQ̂b′b(t)− Q̂b′b(t)p̂2

z

∣∣∣∣z − ξ

2

〉
(B.7)

originating from the first term in Eq. (B.3). In order to evaluate τb′b, Eq. (B.7), we insert twice
the identity in terms of momentum eigenstates

τb′b = − i
~

1
2m

1
2π~

∫ ∞
−∞

dp1

∫ ∞
−∞

dp2 (p2
1 − p2

2)e
i
~ [(p1−p2)z+(p1+p2) ξ2 ] 〈p1

∣∣∣Q̂b′b(t)
∣∣∣ p2
〉
, (B.8)
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where we have used the scalar product〈
z ± ξ

2

∣∣∣∣ pj〉 ≡ 1√
2π~

exp
[ i
~
pj

(
z ± ξ

2

)]
(B.9)

between position |z ± ξ/2〉 and momentum |pj〉 eigenstates for j = 1, 2.
We express the difference p2

1 − p2
2 on the right-hand side of Eq. (B.8) in terms of a mixed

second-order partial derivative

τb′b = i~
m

1
2π~

∂2

∂z∂ξ

∫ ∞
−∞

dp1

∫ ∞
−∞

dp2 e
i
~ [(p1−p2)z+(p1+p2) ξ2 ] 〈p1

∣∣∣Q̂b′b(t)
∣∣∣ p2
〉

(B.10)

with respect to z and ξ. After eliminating the identities in terms of momentum eigenstates in
Eq. (B.10), we insert the result into Eq. (B.6) and obtain

Tb′b = i~
m

∂

∂z

1
2π~

∫ ∞
−∞

dξ e−
i
~pzξ

∂

∂ξ

〈
z + ξ

2

∣∣∣∣ Q̂b′b(t)
∣∣∣∣z − ξ

2

〉
, (B.11)

which simplifies as
Tb′b = −pz

m

∂

∂z
Wb′b (B.12)

by making use of a partial integration with respect to ξ and recalling the definition Eq. (B.1)
of the elements of the Wigner matrix. Here we have assumed that the partial derivative of the
wave functions 〈z| Ûb(t, ti) |ψi〉 and 〈z| Ûb′(t, ti) |ψi〉 with respect to the position z vanishes for
all times t at the boundary z → ±∞.

We point out that the kinetic energy contribution Eq. (B.12) is identical to the one obtained
for the Wigner function since the term p̂2

z/(2m) in the Hamiltonian Ĥb(t), Eq. (B.3), is branch-
independent.

Potential energy contribution

We turn now to the potential energy contribution

Vb′b ≡
1

2π~

∫ ∞
−∞

dξ e−
i
~pzξvb′b (B.13)

in Eq. (B.5), which results with Eq. (B.4) from the second term of Eq. (B.3) for the branches b
and b′, respectively. Here the matrix element

vb′b ≡ −
i
~

〈
z + ξ

2

∣∣∣∣Vb (ẑ, t) Q̂b′b(t)− Q̂b′b(t)Vb′(ẑ, t)
∣∣∣∣z − ξ

2

〉
(B.14)

simplifies as

vb′b = − i
~

[
Vb

(
z + ξ

2

)
− Vb′

(
z − ξ

2

)]〈
z + ξ

2

∣∣∣∣ Q̂b′b(t)
∣∣∣∣z − ξ

2

〉
(B.15)

due to the action of the position operator ẑ on the position eigenstate |z ± ξ/2〉.
Next, we express the difference

Vb

(
z + ξ

2 , t
)
− Vb′

(
z − ξ

2 , t
)

=
∞∑
k=0

1
k!

∂k

∂zk

[
Vb(z, t)− (−1)kVb′(z, t)

] (ξ
2

)k
(B.16)
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C Atom-light interaction for state-dependent potentials

of the potentials Vb(z+ ξ/2, t) and Vb′(z− ξ/2, t) associated with the branches b and b′, respec-
tively, in terms of a Taylor series expansion with center ξ = 0.

Inserting Eq. (B.15) together with Eq. (B.16) into Eq. (B.13) then yields

Vb′b = − i
~

∞∑
k=0

1
k!

( i~
2

)k ∂k [Vb(z, t)− (−1)kVb′(z, t)
]

∂zk
∂kWb′b
∂pkz

(B.17)

by expressing the integral∫ ∞
−∞

dξ e−
i
~pzξξk

〈
z + ξ

2

∣∣∣∣ Q̂b′b(t)
∣∣∣∣z − ξ

2

〉
= (i~)k ∂k

∂pkz
Wb′b(z, pz, t), (B.18)

containing the k-th power of ξ, in terms of a partial derivative of the element Wb′b of the Wigner
matrix, Eq. (B.1), with respect to the momentum pz.

The dynamical equation

We are now in the position to combine the expressions for the kinetic energy and the potential
energy contribution, which we have derived in the preceding sections. Hence, Eq. (B.5) together
with Eqs. (B.12) and (B.17) results in the dynamical equation

∂Wb′b
∂t

= −pz
m

∂Wb′b
∂z

− i
~

∞∑
k=0

1
k!

( i~
2

)k ∂k [Vb(z, t)− (−1)kVb′(z, t)
]

∂zk
∂kWb′b
∂pkz

(B.19)

for the element Wb′b of the Wigner matrix.
We emphasize that for the case of equal branches, that is b = b′, Eq. (B.19) reduces to

the familiar quantum Liouville equation for the Wigner function Wbb. Here, as evident from
Eq. (B.19), only partial derivatives of the potential Vb(z, t) of odd order k contribute to the
dynamics. Additionally, Eq. (B.19) becomes real-valued and is solved by the real-valued Wigner
function Wbb. This feature is addressed in more detail in Section 2.4.3.

C Atom-light interaction for state-dependent potentials

In this appendix we describe the dynamics of a two-level atom exposed to a state-dependent
potential and interacting with a short light pulse.

We assume an electric field of the form

E(r̂, t) = E(t) cos [ϕ (r̂, t)] (C.1)

with the time-dependent envelope E(t) and the phase

ϕ(r̂, t) ≡ kLr̂− ωLt+ φL(t). (C.2)

Here kL, ωL, and φL(t) denote the wave vector, the frequency, and the laser phase, respectively.
Within the dipole approximation [191] the interaction of the atom, consisting of the internal

states |1〉 and |2〉, and the light field is described by the coupling term −d̂E(r̂, t). The dipole
operator d̂ together with the envelope E(t) of the light field E(r̂, t) define the Rabi frequency

Ω(t) ≡ 1
~
〈1| d̂ |2〉E(t), (C.3)
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which we assume to be real-valued.
We consider now the case that the atom is exposed to a state-dependent potential Vk(r̂, t)

for the state |k〉, as discussed in Section 3.2 and described by the diagonal elements

Ĥk(t) = p̂2

2m + Vk(r̂, t) (C.4)

of the Hamiltonian Ĥ(t) with k = 1, 2.
Next, we define the average potential V̄ (r̂, t) ≡ [V1(r̂, t) + V2(r̂, t)] /2 and the potential dif-

ference δV (r̂, t) ≡ V2(r̂, t)− V1(r̂, t). The atom-light interaction is then determined by the total
Hamiltonian

Ĥ(t) =
[

p̂2

2m + V̄ (r̂, t)
]
⊗ 12 + δV (r̂, t)

2 ⊗ σ3 − ~Ω(t) cos [ϕ (r̂, t)]⊗ σ1, (C.5)

where we have used the explicit form of the light field E(r̂, t), Eq. (C.1), and the fact that
the diagonal elements of the dipole operator d̂ vanish. Additionally, we have made use of the
Pauli matrices σα (α = 1, 2, 3) and the identity 12 in the subspace of the internal states. The
short light pulse of duration ∆tj is applied in the interval t−j < t < t+j , where t±j = tj ±∆tj/2.
Moreover, we assume that the quantities V̄ (r̂, t) ∼= V̄ (r̂, tj), δV (r̂, t) ∼= δV (r̂, tj), Ω(t) ∼= Ω(tj),
and φ(t) ∼= φ(tj) are constant during the pulse.

C.1 The atom-light interaction in the rotating frame

Next, we derive the time evolution for the coupling Hamiltonian Ĥ(t), Eq. (C.5), and identify
conditions for a resonant coupling by generalizing the approach presented in Ref. [171].

After applying the assumptions listed above, the remaining time dependence in the Hamilto-
nian Ĥ(t) is only due to ϕ(r̂, t), Eq. (C.2). In order to arrive at a time-independent Hamiltonian,
we analyze our system in a rotating frame as defined by the unitary operator

R̂(t) = exp
[ iϕ(r̂, t)

2 ⊗ σ3

]
. (C.6)

The transformed Hamiltonian then reads

Ĥ′(t) = R̂†(t)Ĥ(t)R̂(t)− i~R̂†(t)∂R̂(t)
∂t

. (C.7)

We consider now the transformation of different elements contributing to Ĥ(t), before we
arrive at an explicit expression for Ĥ′(t). First, with the help of the operator relation given by
Eq. (A.6), we obtain the transformation

R̂†(t) (p̂⊗ 12) R̂(t) = p̂⊗ 12 + ~kL
2 ⊗ σ3, (C.8)

of the momentum operator p̂, where we used the definition of ϕ(r̂, t), Eq. (C.2), and the elemen-
tary commutation relation Eq. (A.1) for the position r̂ and the momentum p̂ operators. Next,
resulting from the commutation relation Eq. (A.5) for the Pauli matrices we identify

R̂†(t) (cos [ϕ (r̂, t)]⊗ σ1) R̂(t) = 1
2
[(

1 + e2iϕ(r̂,t)
)
⊗ σ+ +

(
1 + e−2iϕ(r̂,t)

)
⊗ σ−

]
(C.9)
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C Atom-light interaction for state-dependent potentials

with the raising σ+ ≡ |2〉〈1| and lowering σ− ≡ |1〉〈2| operators for the internal states. We
note that the terms containing V̄ (r̂, t) and δV (r̂, t) in Eq. (C.5) remain unchanged under the
transformation described by the unitary operator R̂(t).

By combining Eqs. (C.8) and (C.9), the transformed Hamiltonian

Ĥ′(t) = ˆ̄H(tj)⊗ 12 + ~
2∆(r̂, p̂)⊗ σ3 −

~Ω(tj)
2

[
1⊗ σ1 + e2iϕ(r̂,t) ⊗ σ+ + e−2iϕ(r̂,t) ⊗ σ−

]
(C.10)

results from Eq. (C.7) with the identity 1 in the subspace of the external states. Here

ˆ̄H(tj) ≡
p̂2

2m + V̄ (r̂, tj) + ~ωrec
4 (C.11)

contains the recoil frequency

ωrec ≡
~ |kL|2

2m , (C.12)

which results from the square of the transformed momentum operator, Eq. (C.8). Moreover,
due to the state-dependent dynamics, the detuning operator

∆ (r̂, p̂) ≡ 1
~
δV (r̂, tj)− ωL + p̂kL

m
(C.13)

depends on the position r̂ and the momentum p̂ operator. This expression originates from the
time-derivative of the operator R̂(t) in Eq. (C.7), and the mixed term for the square of the
transformed momentum operator, Eq. (C.8).

Subsequently, we express the time evolution operator for the Hamiltonian Ĥ′(t) as

Û ′(t+j , t−j ) = exp
{
− i
~

∫ t+j

t−j

dτ1 Ĥ′(τ1)− 1
2~2

∫ t+j

t−j

dτ1

∫ τ1

t−j

dτ2
[
Ĥ′(τ1), Ĥ′(τ2)

]
+ . . .

}
(C.14)

by using the Magnus expansion [408]. The only time-dependence in Ĥ′(t), Eq. (C.10), is due to
the last two terms containing the phase ±2iϕ(r̂, t) contributing in lowest order to Û ′(t+j , t−j ) as

i
~
~Ω(tj)

2

∫ t+j

t−j

dτ1 e±2iϕ(r̂,τ1) ⊗ σ± = ∓ Ω(tj)
4ωL

e±2iϕ(r̂,τ1) ⊗ σ±
∣∣∣∣t

+
j

τ1=t−j
. (C.15)

Within the rotating wave approximation [191, 256], that is Ω(tj) � ωL, we assume that these
terms are small compared to the other contributions to Û ′(t+j , t−j ) and thus can be neglected.
As a result, Û ′(t+j , t−j ) is approximately determined by the first term in Eq. (C.14).

Next, we apply the Zassenhaus formula, Eq. (A.8), and arrive at

Û ′
(
t+j , t

−
j

)
∼= exp

{
− i∆tj

~
ˆ̄H(tj)⊗ 12

}
exp

{
− i∆tj

2 [−Ω(tj)⊗ σ1 + ∆ (r̂, p̂)⊗ σ3]
}
, (C.16)

where we neglect for short times ∆tj terms of order ∆t2j that originate from the commutator of
the average Hamiltonian ˆ̄H(tj), Eq. (C.11), and the detuning operator ∆ (r̂, p̂), Eq. (C.13). Then
Eq. (C.16) describes the assumption that the resonance condition presented in the subsequent
section is not affected during the pulse by a modification of the external state due to the average
Hamiltonian ˆ̄H(tj).

Finally, we return to the original frame and obtain the time evolution operator
Û(t+j , t−j ) = R̂(t+j )Û ′(t+j , t−j )R̂†(t−j ) (C.17)

describing the atom-light interaction of duration ∆tj in a state-dependent potential.
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C.2 The resonance condition for state-dependent potentials

A resonant coupling implies a vanishing detuning ∆(r̂, p̂) ∼= 0. However, as the detuning oper-
ator ∆(r̂, p̂), Eq. (C.13), depends on the position r̂ and momentum p̂ operator acting on the
external states, perfect resonance can only be obtained for eigenstates of the detuning operator.
In the following, we derive the resonance condition for two relevant cases: (a) the potential dif-
ference δV (r̂, tj) equals a scalar, and (b) a negligible momentum transfer during the atom-light
interaction due to kL ∼= 0.

(a) Resonant coupling of momentum eigenstates

The first case is characterized by a scalar potential difference

δV (r̂, tj) = E2(tj)− E1(tj) (C.18)

at time tj . As a result, momentum eigenstates |p〉 form the eigenstates of the detuning operator
∆(r̂, p̂), Eq. (C.13). In the following we show that in this case a resonant coupling [89, 222] of
the momentum eigenstates |p0〉 ⊗ |1〉 and |p0 + ~kL〉 ⊗ |2〉 is possible.

The time evolution operator describing the coupling is given by Eq. (C.17). Thus, we first
apply the operator R†(t−j ), Eq. (C.6),

R̂†(t−j ) (a+ |p0〉 ⊗ |1〉+ a− |p0 + ~kL〉 ⊗ |2〉) = |p0 + ~kL/2〉 ⊗ (ã+ |1〉+ ã− |2〉) , (C.19)

to a superposition of these states as determined by the complex coefficients a±. This operation
leads to displacements of ±~kL/2 in momentum and imprints additional phases resulting in the
modified coefficients

ã± = a± exp
{
± i

2
[
−ωLt

−
j + φL(tj)

]}
. (C.20)

Then the momentum operator p̂ determining the detuning operator ∆(r̂, p̂) in Eq. (C.16) can
be replaced by the corresponding eigenvalue p0 +~kL/2. By using the definition of the detuning
operator, Eq. (C.13), and the potential difference, Eq. (C.18), the resonance condition reads

1
~

[E2(tj)− E1(tj)]− ωL + ωD + ωrec = 0 , (C.21)

which can be satisfied by an appropriate choice of the laser frequency ωL. Here we have intro-
duced [89, 171] the Doppler frequency

ωD ≡
p0kL
m

(C.22)

and the recoil frequency ωrec is given by Eq. (C.12).

(b) Resonant coupling of position eigenstates

We turn now to the second example and discuss the resonance condition for the atom-light
interaction in the case of a negligible momentum transfer due to kL ∼= 0. According to Eq. (C.13),
the eigenstates of the detuning operator ∆ (r̂, p̂) are now position eigenstates |r〉. In this case
a resonant coupling of the states a+ |r0〉 ⊗ |1〉 and a− |r0〉 ⊗ |2〉 is possible, where a± are again
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C Atom-light interaction for state-dependent potentials

complex coefficients. The operator R̂(t−j ), Eq. (C.6), applied to a superposition of these position
eigenstates

R̂†(t−j ) (a+ |r0〉 ⊗ |1〉+ a− |r0〉 ⊗ |2〉) = |r0〉 ⊗ (ã+ |1〉+ ã− |2〉) (C.23)

leaves them unchanged while imprinting additional phases as expressed by ã±, Eq. (C.20).
Consequently, the operator r̂ in the second term of Eq. (C.16) can be replaced by the eigenvalue
r0, and the resonance condition resulting from Eq. (C.13) reads

1
~
δV (r0, tj)− ωL = 0, (C.24)

and can be satisfied by an appropriate choice of the laser frequency ωL.

C.3 Time evolution operator for a resonant coupling

Finally, we focus on the case of a resonant coupling as discussed in the preceding section and
derive the corresponding time evolution operator.

In this case, according to Eq. (C.16), the time evolution operator in the rotated frame reads

Û ′
(
t+j , t

−
j

)
∼= exp

[
− i∆tj

~
ˆ̄H(tj)⊗ 12

]
exp

[ i∆tj
2 Ω(tj)⊗ σ1

]
, (C.25)

where we replaced the detuning operator ∆(r̂, p̂) by the eigenvalue 0 resulting from the resonance
condition. We note that this expression is in general only valid for a short pulse duration ∆tj ,
but is exact if the detuning operator ∆(r̂, p̂), Eq. (C.13), vanishes identically.

Next, we consider the transformation of the time evolution operator Û(t+j , t−j ) to the original
frame. For this purpose, we focus on the first term in Eq. (C.17). As result of Eq. (A.6) with
the commutation relation Eq. (A.1), we obtain the transformation of the Hamiltonian ˆ̄H(tj),
Eq. (C.11), as

R̂(tj) ˆ̄H(tj)R̂†(tj) = Ĥ+ ⊗ |1〉〈1|+ Ĥ− ⊗ |2〉〈2| (C.26)

for
Ĥ± ≡ p̂2

2m + V̄ (r̂, tj) + ~ωrec
2 ± ~

2
p̂kL
m

(C.27)

with the recoil frequency ωrec, Eq. (C.12). Next, we apply the relations

R̂(t+j ) = exp
(
− i

4ωL∆tjσ3

)
R̂(tj) , (C.28)

R̂†(t−j ) = exp
(
− i

4ωL∆tjσ3

)
R̂†(tj) , (C.29)

according to the definitions Eqs. (C.2) and (C.6), and arrive at

R̂(t+j ) exp
[
− i∆tj

~
ˆ̄H(tj)

]
R̂†(t−j )

= exp
{
− i∆tj

~

[(
Ĥ+ − ~ωL

2

)
⊗ |1〉〈1|+

(
Ĥ− + ~ωL

2

)
⊗ |2〉〈2|

]}
, (C.30)

where we made use of Eq. (C.26) and the operator identity Eq. (A.7).
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We turn now to the transformation of the second term of the time evolution operator
Û(t+j , t−j ) in Eq. (C.25). By making use of the identity given by Eq. (A.11), we rewrite this
contribution as

exp
[ i∆tj

2 Ω(tj)⊗ σ1

]
= cos

(
θj
2

)
⊗ 12 + i sin

(
θj
2

)
⊗ σ1, (C.31)

where we introduced the pulse area

θj ≡
∫ t+j

t−j

dτ Ω(τ) = Ω(tj)∆tj . (C.32)

Furthermore, we apply Hadamard’s lemma Eq. (A.6) and obtain the relation

R̂(t−j )σ1R̂†(t−j ) = eiϕ(r̂,t−j ) ⊗ σ+ + e−iϕ(r̂,t−j ) ⊗ σ− (C.33)

due to the commutation relation Eq. (A.5). As a result, we arrive at the expression

R̂(t−j ) exp
[ i∆tj

2 Ω(tj)⊗ σ1

]
R̂†(t−j )

= cos
(
θj
2

)
⊗ 12 + i sin

(
θj
2

) [
eiϕ(r̂,t−j ) ⊗ σ+ + e−iϕ(r̂,t−j ) ⊗ σ−

]
. (C.34)

We are now in the position to obtain the entire time evolution operator Û(t+j , t−j ) in the
original frame, according to Eq. (C.17), for the case of a resonant coupling. Indeed, by applying
the relations Eqs. (C.26) and (C.34), we arrive at

Û(t+j , t−j ) ∼=

cos
(
θj
2

)
e
−

i∆tj
~

(
Ĥ+− ~ωL

2

)
sin
(
θj
2

)
e−

i∆tj
~ Ĥ+e−iϕ(r̂,tj)+iπ2

sin
(
θj
2

)
e−

i∆tj
~ Ĥ− eiϕ(r̂,tj)+iπ2 cos

(
θj
2

)
e
−

i∆tj
~

(
Ĥ−+ ~ωL

2

)
 (C.35)

in the basis of the internal states |1〉 and |2〉. Here, depending on the case under consideration,
the laser frequency ωL can either be replaced by the resonance condition (a) Eq. (C.21) for a
resonant-coupling of momentum eigenstates or (b) Eq. (C.24) for a resonant-coupling of position
eigenstates. However, we emphasize that in both cases the conditions described in Appendix C.2
have to be fulfilled.

In the case of an instantaneous coupling, we neglect phase shifts and the action of the
operators Ĥ± in Eq. (C.35), which are both proportional to the pulse duration ∆tj . As a result,
we arrive at the expression

Û(tj) =

cos
(
θj
2

)
sin
(
θj
2

)
e−iϕ(r̂,tj)+iπ2

sin
(
θj
2

)
eiϕ(r̂,tj)+iπ2 cos

(
θj
2

)
 (C.36)

for the time evolution operator describing the resonant coupling for a two-level atom being
exposed to state-dependent potentials.
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D Propagation in a driven harmonic oscillator

D Propagation in a driven harmonic oscillator

The motion of a particle of massm in a driven harmonic oscillator is governed by the Hamiltonian

Ĥb(t) = Ĥ0 − Fb(t)r̂ + Eb(t), (D.1)

with a time-dependent vector Fb(t) and a time-dependent scalar function Eb(t). Here18

Ĥ0 = p̂2

2m + m

2 r̂Tω2
0 r̂ (D.2)

denotes the Hamiltonian for the harmonic oscillator with a time-independent symmetric matrix
ω2

0 ∈ R3×3.
We represent the corresponding time evolution operator from the initial time ti to the time

t as a product [167, 176, 260, 271]

Ûb(t, ti) = exp [iφb(t)] D̂ [Rb(t),Pb(t)] Û0(t, ti) (D.3)

of the phase φb(t), the displacement operator D̂[Rb(t),Pb(t)], Eq. (A.12), evaluated with respect
to the displacements in position Rb(t) and momentum Pb(t), and the time evolution operator

Û0(t, ti) = exp
[
− i
~
Ĥ0(t− ti)

]
(D.4)

for the harmonic oscillator without driving.
We derive the differential equations for the time-dependent functions Rb(t), Pb(t) and φb(t)

resulting from the Schrödinger equation

i~ ∂
∂t
Ûb(t, ti) = Ĥb(t)Ûb(t, ti) (D.5)

for the operator Ûb(t, ti) with the Hamiltonian Ĥb(t) given by Eq. (D.1), and the initial condition

Ûb(ti, ti) = 1. (D.6)

For this purpose, we insert Eq. (D.3) into the left-hand side of Eq. (D.5)

i~ ∂
∂t
Ûb(t, ti) =

{
−~φ̇b(t) + Â [Rb(t),Pb(t)] + B̂ [Rb(t),Pb(t)]

}
Ûb(t, ti), (D.7)

where a dot denotes the derivative with respect to t.
Here we have introduced the operators

Â [Rb(t),Pb(t)] ≡
(

i~ ∂
∂t
D̂ [Rb(t),Pb(t)]

)
D̂† [Rb(t),Pb(t)] (D.8)

and

B̂ [Rb(t),Pb(t)] ≡ D̂ [Rb(t),Pb(t)] Ĥ0D̂
† [Rb(t),Pb(t)] , (D.9)

18We explicitly use the transpose symbol T for a left-hand vector-matrix multiplication, but omit it for the ease
of readability for the scalar product of two vectors.
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where we have made use of the identity Eq. (A.15) for the displacement operator.
Next, we evaluate Eq. (D.8) by applying the relation for the derivative of an exponential

operator, as given by Eq. (A.10), and arrive at

Â [Rb(t),Pb(t)] = Ṙb(t)p̂− Ṗb(t)r̂ + 1
2
[
Rb(t)Ṗb(t)−Pb(t)Ṙb(t)

]
(D.10)

with the help of the elementary commutation relation Eq. (A.1) for the components of the
position r̂ and momentum p̂ operator. Subsequently, we simplify Eq. (D.9) for the operator
Ĥ0, Eq. (D.2), with the help of the Hadamard lemma Eq. (A.6) together with the commutation
relation Eq. (A.1) and obtain

B̂ [Rb(t),Pb(t)] = 1
2m [p̂−Pb(t)]2 + m

2 [r̂−Rb(t)]Tω2
0 [r̂−Rb(t)] . (D.11)

Finally, as a result of Eqs. (D.1) and (D.7) we arrive at the relation

− ~φ̇b(t) + Â [Rb(t),Pb(t)] + B̂ [Rb(t),Pb(t)] = Ĥ0 − Fb(t)r̂ + Eb(t). (D.12)

We now use the explicit expressions for Â [Rb(t),Pb(t)], Eq. (D.10), and B̂ [Rb(t),Pb(t)],
Eq. (D.11), and compare the coefficients in front of the operators on the left- and right-hand
side of Eq. (D.12). As a result, we identify the coupled differential equations

Ṗb(t) = −mω2
0Rb(t) + Fb(t) , (D.13)

Ṙb(t) = Pb(t)
m

, (D.14)

and

~φ̇b(t) = −Eb(t) + P2
b(t)
2m + m

2 RT
b (t)ω2

0Rb(t) + 1
2
[
Rb(t)Ṗb(t)−Pb(t)Ṙb(t)

]
= −Eb(t) + 1

2Fb(t)Rb(t), (D.15)

for the unknown functions Pb(t), Rb(t), and φb(t), in agreement with the results presented in
Refs. [176, 271]. Here we used the fact that ω2

0 is symmetric, that is ω2
0 =

(
ω2

0
)T, together with

Eqs. (D.13) and (D.14) in order to recast Eq. (D.15).
We note that Eqs. (D.13) and (D.14) correspond to the classical equations of motion for a

particle of mass m having the momentum Pb(t) and position Rb(t) while being exposed to the
driven harmonic oscillator with frequency tensor ω0 and time-dependent driving force Fb(t).

Next, the initial conditions

Pb(ti) = Rb(ti) = φb(ti) = 0 (D.16)

resulting from Eq. (D.6) determine the functions19

Pb(t) =
∫ t

ti
dτ cos [ω0(t− τ)] Fb(τ), (D.17)

Rb(t) = (mω0)−1
∫ t

ti
dτ sin [ω0(t− τ)] Fb(τ), (D.18)

19Since ω0 denotes in general a 3×3 matrix, the following expressions are defined by means of the corresponding
power series with respect to ω0.
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D Propagation in a driven harmonic oscillator

and

φb(t) = 1
~

∫ t

ti
dτ
[1

2Fb(τ)Rb(τ)− Eb(τ)
]
. (D.19)

Alternative expression for the time evolution operator

For the analysis presented in the subsequent Appendix E a different order of the operators
constituting the time evolution operator Û(t, ti) is beneficial.

Indeed, by inserting the identity Û0(t, ti)Û †0(t, ti) = 1 in Eq. (D.3), we arrive at

Ûb(t, ti) = exp [iφb(t)] Û0(t, ti)D̂I [Rb(t),Pb(t)] , (D.20)

where
D̂I [Rb(t),Pb(t)] ≡ Û †0(t, ti)D̂ [Rb(t),Pb(t)] Û0(t, ti). (D.21)

Next, we define the momentum

p̂I(t) ≡ Û †0(t, ti)p̂Û0(t, ti) (D.22)

and the position
r̂I(t) ≡ Û †0(t, ti)r̂Û0(t, ti) (D.23)

operator in the interaction picture with respect to the time-independent Hamiltonian Ĥ0, Eq. (D.2).
With the help of the Hamiltonian Ĥ0,I(t) ≡ Û †0(t, ti)Ĥ0Û0(t, ti) = Ĥ0, the Heisenberg equa-

tions of motion for the operators p̂I(t) and r̂I(t) are given by

d
dt p̂I(t) = i

~

[
Ĥ0,I(t), p̂I(t)

]
= −mω2

0 r̂I(t), (D.24)

d
dt r̂I(t) = i

~

[
Ĥ0,I(t), r̂I(t)

]
= p̂I(t)

m
, (D.25)

where we have used the fact that ω2
0 is symmetric.

Equations (D.24) and (D.25) have the same form as the corresponding classical equations of
motion, Eqs. (D.13) and (D.14), for the harmonic oscillator without driving force F(t) = 0. For
the initial conditions p̂I(ti) = p̂ and r̂I(ti) = r̂, we obtain the solutions

p̂I(t) = −mω0 sin [ω0(t− ti)] r̂ + cos [ω0(t− ti)] p̂, (D.26)
r̂I(t) = cos [ω0(t− ti)] r̂ + (mω0)−1 sin [ω0(t− ti)] p̂ (D.27)

of Eqs. (D.24) and (D.25).
With the help of Eqs. (A.7) we then recast Eq. (D.20) as

D̂I [Rb(t),Pb(t)] = exp
{
− i
~

[Rb(t)p̂I(t)−Pb(t)r̂I(t)]
}
. (D.28)

Next, by inserting Eqs. (D.26) and (D.27) into Eq. (D.28) and making use of the definition
Eq. (A.12) of the displacement operator, we establish the relation

D̂I [Rb(t),Pb(t)] = D̂
[
R′b(t),P′b(t)

]
(D.29)
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with the arguments

P′b(t) = cos [ω0(t− ti)] Pb(t) +mω0 sin [ω0(t− ti)] Rb(t), (D.30)
R′b(t) = − (mω0)−1 sin [ω0(t− ti)] Pb(t) + cos [ω0(t− ti)] Rb(t). (D.31)

As a result, the alternative form of the time evolution operator Ûb(t, ti), Eq. (D.3), reads

Ûb(t, ti) = exp [iφb(t)] Û0(t, ti)D̂
[
R′b(t),P′b(t)

]
(D.32)

in agreement with Ref. [271].

E Interference term for branch-dependent quadratic potentials

In Section 2.3.3 we show that the interferometer output is determined by the product Û †b′Ûb of the
time evolution operators along the branches b and b′. Moreover, in the preceding Appendix D
we have presented the time evolution operator Ûb ≡ Ûb(tf , ti) from the initial time ti to the
final time tf for the propagation in a branch-dependent quadratic potential. For this particular
case, we evaluate in the following the product Û †l Ûu and determine the contrast C and phase
δφ describing the interference of the two branches b = u and b = l.

First, we apply the decomposition of the branch-dependent time evolution operator Ûb pre-
sented in Eq. (D.21) and arrive at the expression

Û †l Ûu = exp [iφu(tf)− iφl(tf)] D̂†
[
R′l(tf),P′l(tf)

]
D̂
[
R′u(tf),P′u(tf)

]
(E.1)

by making use of the identity Û †0(tf , ti)Û0(tf , ti) = 1. Here the functions P′b(tf), and R′b(tf)
are determined by Eqs. (D.30) and (D.31), respectively, whereas the function φb(tf) is given by
Eq. (D.19).

In the next step, we make use of the identities Eqs. (A.13) and (A.14) for the displacement
operator and recast Eq. (E.1) as

Û †l Ûu = exp (i∆φ) D̂
[
δR′(tf), δP′(tf)

]
(E.2)

with δP′(t) ≡ P′u(t)−P′l(t), δR′ ≡ R′u(t)−R′l(t), and the phase

∆φ ≡ φu(tf)− φl(tf) + 1
2~
[
P′u(tf)R′l(tf)−P′l(tf)R′u(tf)

]
. (E.3)

According to Eqs. (D.30) and (D.31), we are able to express the displacements

δP′(t) = cos [ω0(t− ti)] δP(t) +mω0 sin [ω0(t− ti)] δR(t), (E.4)
δR′(t) = − (mω0)−1 sin [ω0(t− ti)] δP(t) + cos [ω0(t− ti)] δR(t) (E.5)

in terms of the relative displacements in momentum

δP(t) ≡ Pu(t)−Pl(t) =
∫ t

ti
dτ cos [ω0(t− τ)] δF(τ) (E.6)

and position
δR(t) ≡ Ru(t)−Rl(t) = (mω0)−1

∫ t

ti
dτ sin [ω0(t− τ)] δF(τ) (E.7)
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E Interference term for branch-dependent quadratic potentials

of the associated classical trajectories for the branches b = u and b = l with

δF(t) ≡ Fu(t)− Fl(t), (E.8)

where we made use of the relations Eqs. (D.17) and (D.18).
Similarly, we rewrite the phase

∆φ ≡ φu(tf)− φl(tf) + 1
2~ [Pu(tf)Rl(tf)−Pl(tf)Ru(tf)] , (E.9)

given by Eq. (E.3), in terms of the unprimed quantities according to Eqs. (D.30) and (D.31).
Moreover, by applying Eq. (D.19) we obtain the difference

φu(tf)− φl(tf) =1
~

∫ tf

ti
dτ 1

2 [Fu(τ)Ru(τ)− Fl(τ)Rl(τ)]− δE(τ) (E.10)

with
δE(t) ≡ Eu(t)− El(t). (E.11)

Next, by introducing the average

F̄(t) ≡ 1
2 [Fu(t) + Fl(t)] (E.12)

we recast Eq. (E.10) as

φu(tf)− φl(tf) =1
~

∫ tf

ti
dτ
[
F̄(τ)δR(τ)− δE(τ)

]
+ 1

2~

∫ tf

ti
dτ [Fu(τ)Rl(τ)− Fl(τ)Ru(τ)] . (E.13)

Now we show that the second integral in Eq. (E.13) equals the third term of the right-hand
side of Eq. (E.9). Indeed, by using Eq. (D.13) we obtain

1
2~

∫ tf

ti
dτ [Fu(τ)Rl(τ)− Fl(τ)Ru(τ)] = 1

2~

∫ tf

ti
dτ
[
Ṗu(τ)Rl(τ)− Ṗl(τ)Ru(τ)

]
. (E.14)

With the help of a partial integration, we immediately find

1
2~

∫ tf

ti
dτ [Fu(τ)Rl(τ)− Fl(τ)Ru(τ)] = 1

2~ [Pu(tf)Rl(tf)−Pl(tf)Ru(tf)] , (E.15)

where we used the initial conditions Pb(ti) = Rb(ti) = 0 together with Eq. (D.14).
As a result, we arrive at the expression

∆φ =1
~

∫ tf

ti
dτ
[
F̄(τ)δR(τ)− δE(τ)

]
+ 1

~
[Pu(tf)Rl(tf)−Pl(tf)Ru(tf)] (E.16)

for Eq. (E.9). Together with the displacement operator D̂ [δR′(tf), δP′(tf)], the phase ∆φ then
determines the operator product Û †l Ûu according to Eq. (E.2).
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E.1 Contrast and phase of an open interferometer

The contrast C and the phase δφ of an interferometer, consisting of the two branches b = u and
b = l, are determined by the matrix element

〈ψi| Û †l Ûu |ψi〉 ≡ Ceiδφ (E.17)

with respect to the initial state |ψi〉 of the atomic center-of-mass motion.
According to Eq. (E.2), we obtain the contrast

C =
∣∣∣〈ψi| D̂

[
δR′(tf), δP′(tf)

]
|ψi〉

∣∣∣ (E.18)

and the phase
δφ = ∆φ+ φi (E.19)

of the interferometer, where the contribution ∆φ is given by Eq. (E.16) and

φi = arg
{
〈ψi| D̂

[
δR′(tf), δP′(tf)

]
|ψi〉

}
(E.20)

describes the contribution depending on the initial state |ψi〉. Here the displacements δP′(tf)
and δR′(tf) are given by Eqs. (E.4) and (E.5), respectively. More details on open interferometers
can be found in Refs. [175, 176].

E.2 Contrast and phase of a closed interferometer

In the case of a closed interferometer, that is

δP′(tf) = δR′(tf) = 0, (E.21)

or, equivalently,
δP(tf) = δR(tf) = 0, (E.22)

the displacement operator D̂ [δR′(tf), δP′(tf)] in Eqs. (E.18) and (E.20) equals the identity
implying a perfect contrast C = 1.

In addition, the interferometer phase δφ becomes independent of the initial state |ψi〉 and
reads

δφ = ∆φ = φu(tf)− φl(tf) = 1
~

∫ tf

ti
dτ
[
F̄(τ)δR(τ)− δE(τ)

]
, (E.23)

where we have used Eqs. (E.16) and (E.20)-(E.22).

F Construction of interferometer families and classes

In this appendix we present different derivations and proofs in regard to the classification of
interferometers into families, as discussed in Section 4.4, and classes, as presented in Section 6.6.

Central to this categorization for the case of branch-dependent quadratic potentials are the
properties of the force difference δF(Q)

n (t|T ) ≡ δF(t), Eq. (E.8), with regard to the upper and
lower branch of a type-Q interferometer, where

δF(Q)
n (t|T ) = 0 (F.1)
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F Construction of interferometer families and classes

for t < 0 and t > T with a finite interferometer time T .
Here Q = 0, 1, . . . denotes the number of vanishing moments∫ ∞

−∞
dτ τ qδF(Q)

n (τ |T ) = 0 (F.2)

of the function δF(Q)
n (t|T ) with q = 0, 1, . . . , Q, valid for all interferometer times T .

Moreover, the index n = 1, 2, . . . indicates a particular type of scaling

δφ
(1)
1,n(T ) = αnT

n (F.3)

for a type-1 interferometer with respect to the interferometer time T , where δφ
(Q)
1,n ≡ δφ1,

Eq. (3.46), is the phase shift resulting from the position-dependent contributions to the branch-
dependent potentials, and αn is a coefficient.

In the following, we focus on the dynamics in a time- and branch-dependent linear potential.
According to Eqs. (3.37) and (3.38) with a vanishing frequency ω0 = 03, respectively, the
function δF(Q)

n (t|T ) then defines the relative displacements

δP(Q)
n (t|T ) =

∫ t

−∞
dτ δF(Q)

n (τ |T ) (F.4)

in momentum, and
δR(Q)

n (t|T ) = 1
m

∫ t

−∞
dτ (t− τ)δF(Q)

n (τ |T ) (F.5)

in position, where m denotes the mass of the atom.
Moreover, for a time-dependent average force F̄(t), Eq. (3.53), we obtain the phase shift

δφ
(Q)
1,n (T ) = 1

~

∫ ∞
−∞

dτ F̄(τ)δR(Q)
n (τ |T ) (F.6)

arising from the position-dependent contributions to the branch-dependent potential according
to Eq. (3.51). Here we have used ti → −∞ and tf →∞ without loss of generality.

In the following, we first consider in Appendix F.1 families of interferometers before we turn
in Appendix F.2 to classes of interferometers.

F.1 Families of interferometers

As presented in Section 4.4 we define families of interferometers as those devices that arise from
the iterative application of the rule

δF(Q+1)
n (t|T ) ≡ δF(Q)

n

(
t

∣∣∣∣T2
)
− δF(Q)

n

(
t− T

2

∣∣∣∣T2
)

(F.7)

which allows the construction of a type-Q+ 1 interferometer based on a type-Q interferometer.
In the following, we first proof that the construction rule Eq. (F.7) indeed establishes the

connection between a type-Q + 1 interferometer and a type-Q interferometer. Next, we study
for branch-dependent linear potentials the effect of a time-dependent average force F̄(t) on the
phase shift δφ(Q)

1,n of a type-Q interferometer.
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Proof of the construction rule

We now prove the construction rule Eq. (F.7) to obtain a type-Q+1 interferometer with the help
of a mathematical induction that relies on the properties Eqs. (F.1) and (F.2) of the function
δF(Q)

n (t|T ).
First, in the base case with Q = q = 0 we require that the conditions given by Eqs. (F.1)

and (F.2) are fulfilled for the function δF(0)
n (t|T ) and any value of T .

Next, we turn to the induction step and consider the integral∫ ∞
−∞

dτ τ qδF(Q+1)
n (τ |T ) =

∫ ∞
−∞

dτ τ qδF(Q)
n

(
τ

∣∣∣∣T2
)
−
∫ ∞
−∞

dτ τ qδF(Q)
n

(
τ − T

2

∣∣∣∣ T2
)
, (F.8)

where we have inserted Eq. (F.7) into Eq. (F.2).
We apply the substitution τ → τ + T/2 in the last integral of Eq. (F.8) and evaluate the

resulting expression (
τ + T

2

)q
=

q∑
k=0

(
q

k

)
τk
(
T

2

)q−k
, (F.9)

by making use of the binomial formula, where
(q
k

)
denotes the binomial coefficient. Equa-

tion (F.9) then allows us to recast Eq. (F.8) as

∫ ∞
−∞

dτ τ qδF(Q+1)
n (τ |T ) = −

q−1∑
k=0

(
q

k

)(
T

2

)q−k ∫ ∞
−∞

dτ τkδF(Q)
n

(
t

∣∣∣∣T2
)

(F.10)

since the first integral on the right-hand side of Eq. (F.8) is eliminated.
According to our assumption the moments of the function δF(Q)

n (t|T/2), Eq. (F.2), vanish
for q = 0, 1, . . . , Q. Thus, with k ≤ q − 1 the right-hand side of Eq. (F.10) equals zero for
q = 0, . . . Q+ 1. As a result of Eq. (F.10) then the moments q = 0, 1, . . . , Q+ 1 of δF(Q+1)

n (t|T )
vanish.

Consequently, the function δF(Q+1)
n (t|T ) describes a type-Q+ 1 interferometer.

Phase shift for a time-dependent average force F̄(t)

In the following we consider a type-Q interferometer exposed to a time-dependent linear poten-
tial. We demonstrate that the phase shift of such a device is sensitive to a particular kind of
time-dependence of an average force F̄(t) as explored in Section 4.4.3.

For this purpose, we make use of a power series expansion

F̄(t) =
∞∑
k=0

F̄k

k! t
k (F.11)

with respect to time t, where F̄k denotes the expansion coefficient for the k-th term.
By inserting Eq. (F.11) into Eq. (F.6) we arrive at the phase shift

δφ
(Q)
1,n (T ) = 1

~

∞∑
k=0

F̄k

k!

∫ ∞
−∞

dτ τkδR(Q)
n (τ |T ) (F.12)

arising from the position-dependent contributions to the branch-dependent potential.
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Next, we insert the relative displacement in position δR(Q)
n (t|T ), given by Eq. (F.5), into

Eq. (F.12) and obtain the expression

δφ
(Q)
1,n (T ) = 1

~m

∞∑
k=0

F̄k

k!

∫ ∞
−∞

dτ1 τ
k
1

∫ τ1

−∞
dτ2 (τ1 − τ2)δF(Q)

n (τ2|T ). (F.13)

In order to evaluate the integrals in Eq. (F.13) for Q ≥ 1, we apply two partial integrations∫ ∞
−∞

dτ1 τ
k+1
1

∫ τ1

−∞
dτ2 δF(Q)

n (τ2|T ) = − 1
k + 2

∫ ∞
−∞

dτ τk+2δF(Q)
n (τ |T ) (F.14)

and ∫ ∞
−∞

dτ1 τ
k
1

∫ τ1

−∞
dτ2 τ2δF(Q)(τ2|T ) = − 1

k + 1

∫ ∞
−∞

dτ τk+2δF(Q)
n (τ |T ), (F.15)

where we have used Eqs. (F.1) and (F.2).
With the help of Eqs. (F.14) and (F.15), we express Eq. (F.13) for Q ≥ 1 as

δφ
(Q)
1,n (T ) = 1

~m

∞∑
k=Q−1

F̄k

(k + 2)!

∫ ∞
−∞

dτ τk+2δF(Q)
n (τ |T ), (F.16)

where we only take into account the non-vanishing terms for a type-Q interferometer according
to Eq. (F.2).

F.2 Classes of interferometers

We consider now a different categorization of interferometers into classes. According to Sec-
tion 6.6 we have defined a class of interferometers by the iterative application of the construction
rule

δF(Q)
n+1(t|T ) = βn+1

∫ t

−∞
dτ
[
δF(Q)

n

(
τ

∣∣∣∣T2
)
− δF(Q)

n

(
τ − T

2

∣∣∣∣T2
)]

. (F.17)

In the following, we explore particular properties of this rule. First, we prove that it in
fact preserves the number Q of vanishing moments of the function δF(Q)

n+1(t|T ) in regard to the
function δF(Q)

n (t|T ). Hence, Eq. (F.17) establishes a relation between different type-Q interfer-
ometers. Next, we show that in the presence of a constant average force F̄0, an interferometer
governed by the function δF(Q)

n+1(t|T ), as defined by Eq. (F.17), displays an enhanced phase
scaling proportional to Tn+1 for Q = 1.

Conservation of the number of vanishing moments

We now show that for all interferometers of one class with n = 1, 2, . . ., the function δF(Q)
n (t|T )

displays the same number Q of vanishing moments as the notation suggests.
First, we assume that for a given value of n the moments q = 0, 1, . . . , Q of the function

δF(Q)
n (t|T ) vanish for all times T according to the definition Eq. (F.2).
Next, we consider the q-th moment∫ ∞
−∞

dτ1 τ
q
1 δF

(Q)
n+1(τ1|T ) = βn+1

∫ ∞
−∞

dτ1 τ
q
1

∫ τ1

−∞
dτ2

[
δF(Q)

n

(
τ2

∣∣∣∣T2
)
− δF(Q)

n

(
τ2 −

T

2

∣∣∣∣T2
)]

(F.18)
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of the function δF(Q)
n+1(t|T ) and make use of the construction rule Eq. (F.17).

With the help of a partial integration we then recast Eq. (F.18) as∫ ∞
−∞

dτ1 τ
q
1 δF

(Q)
n+1(τ1|T ) = − βn+1

q + 1

∫ ∞
−∞

dτ1 τ
q+1
1

[
δF(Q)

n

(
τ1

∣∣∣∣T2
)
− δF(Q)

n

(
τ1 −

T

2

∣∣∣∣T2
)]

,

(F.19)
where we have made use of Eqs. (F.1) and (F.2).

A shift of the integration variable τ1 → τ1 + T/2 in the last term of Eq. (F.19) then yields
∫ ∞
−∞

dτ1 τ
q
1 δF

(Q)
n+1(τ1|T ) = − βn+1

q + 1

∫ ∞
−∞

dτ1

[
τ q+1

1 −
(
τ1 + T

2

)q+1
]
δF(Q)

n

(
τ1

∣∣∣∣T2
)
. (F.20)

By applying the binomial formula

(
τ1 + T

2

)q+1
=

q+1∑
k=0

τk1

(
T

2

)q+1−k
(F.21)

Eq. (F.20) reads
∫ ∞
−∞

dτ1 τ
q
1 δF

(Q)
n+1(τ1|T ) = − βn+1

q + 1

q∑
k=0

(
T

2

)q+1−k ∫ ∞
−∞

dτ1 τ
k
1 δF(Q)

n

(
τ1

∣∣∣∣T2
)

(F.22)

According to our assumption, the moments q = 0, 1, . . . , Q of the function δF(Q)
n (t |T ) vanish.

Consequently, with k ≤ q Eq. (F.22) yields∫ ∞
−∞

dτ1 τ
q
1 δF

(Q)
n+1(τ1|T ) = 0 (F.23)

for q = 0, . . . , Q and all values of T .
Thus, the function δF(Q)

n+1(t|T ) indeed describes a type-Q interferometer, provided that
δF(Q)

n (t|T ) corresponds to a type-Q interferometer as well.

Enhanced phase scaling within a class of interferometers

In the following we demonstrate that different members of one class with n = 1, 2, . . . display
for Q = 1 a phase scaling that is proportional to Tn in the presence of a constant average force
F̄0.

For this purpose, we consider for a given value of n a type-1 interferometer that is described
by the function δF(1)

n (t|T ). According to the definition Eq. (F.3), we assume that the phase
shift δφ(Q)

1,n , Eq. (F.6), of this device displays the scaling

δφ
(1)
1,n = αnT

n (F.24)

for F̄ = F̄0.
Next, we show that an increase of this scaling of the interferometer phase with respect to

the interferometer time T can be achieved by making use of the construction rule, Eq. (F.17),
for an interferometer class.
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According to Eqs. (F.11) and (F.15), the phase shift for the next member of this class,
described by the function δF(1)

n+1(t|T ), reads

δφ
(1)
1,n+1(T ) = F̄0

2~m

∫ ∞
−∞

dτ1 τ
2
1 δF

(1)
n+1(τ1|T ) (F.25)

in the presence of a constant average force F̄ = F̄0.
Next, we evaluate the integral in Eq. (F.25) by making use of the construction rule given by

Eq. (F.17), and obtain∫ ∞
−∞

dτ1 τ
2
1 δF

(1)
n+1(τ1|T ) = βn+1

∫ ∞
−∞

dτ1 τ
2
1

∫ τ1

−∞
dτ2

[
δF(1)

n

(
τ2

∣∣∣∣T2
)
− δF(1)

n

(
τ2 −

T

2

∣∣∣∣T2
)]

.

(F.26)
With the help of a partial integration and by applying Eqs. (F.1) and (F.2) with Q = 1, we

recast Eq. (F.26) in the form∫ ∞
−∞

dτ1 τ
2
1 δF

(1)
n+1(τ1|T ) = −βn+1

3

∫ ∞
−∞

dτ1 τ
3
1

[
δF(1)

n

(
τ1

∣∣∣∣T2
)
− δF(1)

n

(
τ1 −

T

2

∣∣∣∣T2
)]

(F.27)

Next, we shift the integration variable τ1 → τ1 + T/2 in the last term of Eq. (F.27) and
arrive at the expression∫ ∞

−∞
dτ1 τ

2
1 δF

(1)
n+1(τ1|T ) = −βn+1

3

∫ ∞
−∞

dτ1

[
τ3

1 −
(
τ1 + T

2

)3
]
δF(1)

n

(
τ1

∣∣∣∣T2
)

(F.28)

Since the zeroth (q = 0) and first (q = 1) moments of the function δF(1)
n (t|T ) vanish, Eq. (F.28)

reduces to ∫ ∞
−∞

dτ1 τ
2
1 δF

(1)
n+1(τ1|T ) = βn+1

T

2

∫ ∞
−∞

dτ1 τ
2
1 δF(1)

n

(
τ1

∣∣∣∣T2
)

(F.29)

By inserting Eq. (F.29) into Eq. (F.25) we then arrive at the phase shift

δφ
(1)
1,n+1(T ) = F̄0

2~mβn+1
T

2

∫ ∞
−∞

dτ1 τ
2
1 δF(1)

n

(
τ1

∣∣∣∣T2
)
. (F.30)

Moreover, with the help of Eq. (F.25) we are able to establish the relation

δφ
(1)
1,n+1(T ) = βn+1

T

2 δφ
(1)
1,n

(
T

2

)
(F.31)

between the phase shift of subsequent members of an interferometer class, as indexed by n, in
the presence of a constant average force F̄0 for Q = 1.

In addition, by inserting Eq. (F.24) into Eq. (F.31), we arrive at

δφ
(1)
1,n+1(T ) = αnβn+1

(1
2

)n+1
Tn+1 (F.32)

As a result, we have demonstrated that the rule Eq. (F.17) indeed enables the construction of
type-1 interferometers with an enhanced phase scaling with respect to the interferometer time
T in the presence of a constant average force F̄0.
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[110] J. L. Gouët, T. Mehlstäubler, J. Kim, S. Merlet, A. Clairon, A. Landragin, and F. P. D.
Santos, Limits to the sensitivity of a low noise compact atomic gravimeter, Appl. Phys. B
92, 133 (2008).

229

https://doi.org/10.1007/s10714-011-1167-9
https://doi.org/10.1063/1.3673845
https://doi.org/10.1103/physreva.84.033610
https://doi.org/10.1103/physreva.85.013639
https://doi.org/10.1103/physreva.85.013639
https://doi.org/10.1088/1367-2630/15/2/023009
https://doi.org/10.1088/1367-2630/15/2/023009
https://doi.org/10.1063/1.4801756
https://doi.org/10.1007/s00340-013-5413-6
https://doi.org/10.1103/physreva.88.023614
https://doi.org/10.1103/physreva.88.031605
https://doi.org/10.1103/physreva.88.031605
https://doi.org/10.1103/physreva.88.043615
https://doi.org/10.1103/physreva.91.033629
https://doi.org/10.1007/s11018-015-0630-5
https://doi.org/10.1088/0031-8949/91/5/053006
https://doi.org/10.1007/s00340-008-3088-1
https://doi.org/10.1007/s00340-008-3088-1


Bibliography

[111] Z.-K. Hu, B.-L. Sun, X.-C. Duan, M.-K. Zhou, L.-L. Chen, S. Zhan, Q.-Z. Zhang, and
J. Luo, Demonstration of an ultrahigh-sensitivity atom-interferometry absolute gravime-
ter, Phys. Rev. A 88, 043610 (2013).

[112] T. L. Gustavson, P. Bouyer, and M. A. Kasevich, Precision rotation measurements with
an atom interferometer gyroscope, Phys. Rev. Lett. 78, 2046 (1997).
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microscopy, Phys. Rev. Lett. 88, 133001 (2002).

[372] C. Bracher, T. Kramer, and M. Kleber, Ballistic matter waves with angular momentum:
Exact solutions and applications, Phys. Rev. A 67, 043601 (2003).

[373] O. Stern, Eine direkte Messung der thermischen Molekulargeschwindigkeit, Z. Phys. 2, 49
(1920).

[374] O. Stern, Nachtrag zu meiner Arbeit: ”Eine direkte Messung der thermischen Moleku-
largeschwindigkeit“, Z. Phys. 3, 417 (1920).

[375] J. Schwinger, Quantum Mechanics, edited by B.-G. Englert (Springer Berlin Heidelberg,
2001).

[376] W. H. Zurek, Pointer basis of quantum apparatus: Into what mixture does the wave packet
collapse?, Phys. Rev. D 24, 1516 (1981).

[377] M. O. Scully, R. Shea, and J. McCullen, State reduction in quantum mechanics: A calcu-
lational example, Phys. Rep. 43, 485 (1978).

[378] M. O. Scully, W. E. Lamb, and A. Barut, On the theory of the Stern-Gerlach apparatus,
Found. Phys. 17, 575 (1987).

246

https://doi.org/10.1364/oe.19.016448
https://doi.org/10.1364/oe.19.016448
https://doi.org/10.1364/ol.36.001164
https://doi.org/10.1364/ol.26.000485
https://doi.org/10.1364/ol.26.000485
https://doi.org/10.1103/physrevlett.99.213901
https://doi.org/10.1103/physrevlett.87.160404
https://doi.org/https://doi.org/10.1038/415297a
https://ui.adsabs.harvard.edu/abs/1981JETPL..34..403D
https://ui.adsabs.harvard.edu/abs/1981JETPL..34..403D
https://doi.org/10.1103/physrevlett.77.3755
https://doi.org/10.1103/physrevlett.77.3755
https://doi.org/10.1103/physrevlett.88.133001
https://doi.org/10.1103/physreva.67.043601
https://doi.org/10.1007/bf01333787
https://doi.org/10.1007/bf01333787
https://doi.org/10.1007/bf01327770
https://doi.org/10.1007/978-3-662-04589-3
https://doi.org/10.1103/physrevd.24.1516
https://doi.org/10.1016/0370-1573(78)90210-7
https://doi.org/10.1007/bf01882788


Bibliography

[379] C. Miniatura, F. Perales, G. Vassilev, J. Reinhardt, J. Robert, and J. Baudon, A lon-
gitudinal Stern-Gerlach interferometer : the “beaded” atom, J. Phys. II France 1, 425
(1991).

[380] J. Robert, C. Miniatura, S. L. Boiteux, J. Reinhardt, V. Bocvarski, and J. Baudon, Atomic
Interferometry with Metastable Hydrogen Atoms, EPL 16, 29 (1991).

[381] J. Robert, C. Miniatura, O. Gorceix, S. L. Boiteux, V. Lorent, J. Reinhardt, and
J. Baudon, Atomic quantum phase studies with a longitudinal Stern-Gerlach interfer-
ometer, J. Phys. II France 2, 601 (1992).

[382] S. N. Chormaic, V. Wiedemann, C. Miniatura, J. Robert, S. L. Boiteux, V. Lorent, O. Gor-
ceix, S. Feron, J. Reinhardt, and J. Baudon, Longitudinal Stern-Gerlach atomic interfer-
ometry using velocity selected atomic beams, J. Phys. B 26, 1271 (1993).

[383] Y. Margalit, Z. Zhou, S. Machluf, Y. Japha, S. Moukouri, and R. Folman, Analysis of a
high-stability Stern–Gerlach spatial fringe interferometer, New J. Phys. 21, 073040 (2019).

[384] T. Sleator, T. Pfau, V. Balykin, O. Carnal, and J. Mlynek, Experimental demonstration
of the optical Stern-Gerlach effect, Phys. Rev. Lett. 68, 1996 (1992).

[385] D. Townsend, A. L. Goodgame, S. R. Procter, S. R. Mackenzie, and T. P. Softley, Deflection
of krypton Rydberg atoms in the field of an electric dipole, J. Phys. B 34, 439 (2001).

[386] D. S. Weiss, B. C. Young, and S. Chu, Precision measurement of the photon recoil of an
atom using atomic interferometry, Phys. Rev. Lett. 70, 2706 (1993).
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