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Abstract

Electrochemical energy storage systems, in particular batteries, are becoming in-
creasingly important for our society, especially for emission free transport systems
and mobile electronic devices. Improvements of current and future battery ma-
terials and concepts can, however, only be expected from a better knowledge of
the relevant processes. As a small contribution to this challenge, two electrode
materials of Li ion batteries - Li2FeSiO4 (Part I) and Sn (Part II) - are studied in this
thesis, based on ab-initio calculations.
Li2FeSiO4 is an interesting cathode material for Li ion batteries due to its abun-
dant and non-toxic constituents, as well as the potentially high capacity as it can
host two Li ions per transition metal ion. First, bulk properties of LixFeSiO4 (LFS)
are determined, confirming that it reacts via phase separation. By analyzing local
lattice distortion and charge, it is found that the extraction of the first Li atom per
formula unit (f.u.) is accompanied with a switching of Fe2+ to Fe3+. The induced
lattice distortion is related to the formation of small polarons, whose locations are
found to be highly correlated to the local Li content. This indicates a strong cor-
relation between electronic charge transport (polaron hopping) and Li transport,
which is proved by detailed studies on hole polaron energetics and migration bar-
riers.
In order to gain an understanding on the continuum scale, a model Landau free
energy is proposed and appropriate ab-initio computations defined by analyzing
the origin of the different terms in the Cahn-Hilliard free energy functional. The
approach is found to be able to reproduce perfectly the results of phase field the-
ory calculations e.g. with respect to the hysteretic behavior of phase separating
compounds.
Subsequently, coherent nucleation in bulk and at surfaces is studied as an alter-
native pathway including the effect of interfaces and strain. A comparison with
experimental overpotentials indicates that neither the homogeneous bulk transfor-
mation nor nucleation in bulk seem to be operative in LFS, but rather nucleation
at surfaces.
Furthermore, detailed surface studies also allow to understand experimental par-
ticle shapes and provide insights in the change of surface compositions during
cycling.
In part II, properties of Sn nanoparticles and other materials are discussed. Sn can
be used in Li ion batteries as an anode with much better volumetric and gravimet-
ric capacity as the commonly used graphitic carbon.
Three phases of Sn, namely the ambient pressure phases α-, β- and γ-Sn, are con-



sidered. By analyzing surface energies and combining these with the temperature
dependence of the vibrational degrees of freedom, the temperature-size phase dia-
gram is constructed. The computations indicate that the semi-metallic α-Sn phase
is becoming increasingly unstable for smaller particles due to relatively high sur-
face energies. On the other hand, γ-Sn is increasingly stabilized, which is proved
by explicit structural optimizations of 3.5 nm thick Sn nanowires.
Finally, a screening of Fluoride battery materials is performed, based on experi-
mental and theoretical data, by data-base analysis and own computations.
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Zusammenfassung

Aufgrund der Bedeutung emissionsfreier Transportmittel und mobiler Elektronik
für unsere Gesellschaft, werden elektrochemische Energiespeicher in Form von
Batterien zunehmend relevant. Dabei kann eine Verbesserung aktueller und zu-
künftiger Batteriematerialien und -konzepte jedoch nur dann erreicht werden,
wenn wir ein besseres Verständnis der maßgeblichen Prozesse entwickelt haben.
Die Ab-Initio Untersuchungen dieser Doktorarbeit an den beiden Elektrodenma-
terialien Li2FeSiO4 (Teil I) und Sn (Teil II) sollen dazu einen kleinen Beitrag liefern.
Li2FeSiO4 ist v.a. deswegen ein interessantes Kathodenmaterial für Li Ionen Batte-
rien, weil seine Bestandteile günstig und unschädlich sind und es aufgrund zweier
gespeicherter Li Ionen pro Übergangsmetallion eine sehr hohe theoretische Ka-
pazität aufweist. Die zunächst bestimmten Bulkeigenschaften von LixFeSiO4 (LFS)
bestätigen einen Ladevorgang mittels Phasenseparation. Die detaillierte Unter-
suchung lokaler Gitterverzerrungen und Ladungszustände zeigt, dass die Dein-
tercalation des ersten Li Atoms pro Formeleinheit einher geht mit der Oxidation
von Fe2+ zu Fe3+. Die induzierten Gitterverzerrungen entsprechen der Bildung
kleiner Polaronen, deren Position stark mit der lokalen Li Dichte korreliert, was
auf eine starke Korrelation von elektronischem und ionischem Transport hinweist.
Dies bestätigt sich in der detaillierten Analyse von Bindungsenergien und Migra-
tionsbarrieren.
Mit dem Ziel des Verständnisses auf der Kontinuumsebene wird in Anlehnung
an das Cahn-Hilliard Freie Energie Funktional eine modellhafte Landau Energie
definiert, deren Parameter in Ab-Initio Rechnungen bestimmt werden. Der Ansatz
reproduziert exakt die Ergebnisse von Rechnungen innerhalb der Phasenfeldtheo-
rie, z.B. bezüglich des Hystereseverhaltens von Phasenseparationsmaterialien.
Anschließend wird der zuvor nicht erfasste Mechanismus der kohärenten Nuk-
leation im Volumenmaterial und an Oberflächen unter Berücksichtigung von Grenz-
flächen- und elastischen Verspannungsenergien untersucht. Der Vergleich mit ex-
perimentell beobachteten Überpotentialen zeigt, dass sowohl eine homogenene
Transformation als auch ein Nukleationsprozess im Volumenmaterial das Lade-
verhalten von LFS nicht erklären können, Nukleation an Oberflächen aber sehr
wohl.
Ferner zeigt sich, dass die Form realer Elektrodenpartikel gut mit den Ergebnis-
sen der detaillierten Studien an Oberflächen übereinstimmt. Ebenso lassen sich
die Änderungen der Oberflächenzusammensetzung während des Batteriebetriebs
vorhersagen.
In Teil II werden Sn Nanopartikel und andere Materialien untersucht. Sn wird



als Anodenmaterial in Li Ionen Batterien eingesetzt, weil es eine erheblich bessere
volumetrische und gravimetrische Kapazität als die Standardanode aus Graphit
besitzt.
Durch Bestimmung der Oberflächenenergien und unter Berücksichtung des Bei-
trags der Gitterschwingungen zur freien Energie für die drei Zinnphasen α-, β- und
γ-Sn wird ein Temperatur-Größe Phasendiagram für Sn Nanopartikel abgeleitet.
Daraus ergibt sich, dass α-Sn aufgrund der Oberflächenenergie bei abnehmender
Teilchengröße zunehmend instabiler, γ-Sn hingegen zunehmend stabiler wird, was
sich durch explizite Rechnungen an 3.5 nm dicken Nanodrähten bestätigt.
Ein Screening von Materialien für Fluorbatterien schließt die Dr. Arbeit ab, wobei
experimentelle und theoretische Daten, zum Einen aus Datenbanken, zum An-
deren aus eigenen Rechnungen, verwendet werden.
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1Introduction

S everal dramatic revolutions have taken place after the second world war.
The most wide ranging changes were probably due to the development of
computer technology, based on microelectronics. Not only did it introduce

new ways of data processing and storage, it was also a necessary prerequisite for
gathering and sharing information globally as e.g. via the internet. In the nineties,
yet another important shift towards mobile electronic devices was triggered by the
development of Li batteries with considerably better lifetimes and performance
than previous rechargeable batteries. Some products tapped new markets, such
as laptops or mobile phones, others increasingly compete with traditional ones
such as ebook readers, digital photo cameras or battery powered powertools. First
electric vehicles have been commercialized and more are expected to come. The
latest developments are the ”internet of things” and ”Industrie 4.0”, which both
necessitates mobile electronics. It is hence no surprise that the electricity share
has increased by 26% in the EU since 1990, due to service industries and house-
holds, although total energy consumption has been stable. On the other hand,
Germany tries to cut back on fossil fuel consumption by fostering electricity from
renewables. The random nature of sun and wind power, however, lead to new
challenges of how to level out those fluctuations. Electrochemical energy storage
can be one of the key technologies to achieve this.
In particular, research on rechargeable batteries will provide new insights in how
to improve current technologies and materials, with the respective impact on mo-
bile electronic devices, electrical transport systems and stationary energy storage.
Furthermore, battery science is an inspiring, multidisciplinary research field itself
as a full understanding requires combining knowledge from chemistry, physics
and engineering. Complimentary experimental and theoretical studies on multi-
ple length scales are necessary to describe the involved processes correctly.
Two different battery-related materials were studied in this thesis, based on ab-
initio density functional theory (DFT) calculations:

• Li2FeSiO4, which is a promising cathode material for Li batteries.

• Sn, which can be used as anode/cathode in several battery systems (Li+,
Na+, Mg2+, F−).

Li2FeSiO4 is cheap and environmentally benign. It can potentially store up to two
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Li ions per transition metal (TM) ion and exhibits hence a capacity nearly twice as
large as LiFePO4 (330/170 mAh/g) [11]. Sn, similarly as Si, has been proposed as
a future anode material as the storage capacity is more than 2.5 times higher than
that of the currently used graphite anode in Li batteries (960/370 mAh/g) [22, 33].
It is especially promising in form of nanoparticles, which are less prone to crack
formation and hence form more stable SEI shells and electrical contacts, which
reduces aging speed.

Whereas atomistic studies are able to provide considerable insights into the chemi-
cal and physical mechanisms at work in battery electrode materials, several details
are out of reach for studies, such as those which happen on much larger length
and time scales. A typical pathway to deal with such hierarchical systems [44] is to
use multiscale techniques. The system is treated with several individual model-
ing techniques, adequate for a certain length scale. Due to limited computational
resources, however, increasing one degree of freedom, e.g. atomic number or sys-
tem size, necessitates to reduce other degrees of freedom such as e.g. electronic
or spacial resolution respectively. A typical approach in electrochemistry is out-
lined e.g. in Ref. [55], where ab-initio determined parameters are transferred to
either (reactive/coarse grained) force fields, which allow e.g. to evaluate larger
domains of phase-space, or to microkinetic continuum-like models. On the other
hand, equilibrium statistical mechanics is a straight forward way to obtain macro-
scopic parameters directly from an adequate sampling of atomistic processes. A
specifically challenging task arises in systems, where phenomena, that are typi-
cally treated on a different level of resolution, interact with each other. In such
cases, it is necessary to construct feedback loops to obtain self-sonsistency (see e.g.
Ref. [66]).

Although not stated very often, it occurred during the studies of this thesis that the
effect of strain, which is a long range interaction and hence not adequately treated
in small computational cells, is one pertinent difficulty in atomistic modeling of
Li batteries. Most publications do not consider this fact, although it is known
to be a necessary ingredient for understanding e.g. the delithiation in LiFePO4
nanoparticles [77, 88].

Furthermore, there are still few experimental works performed which provide
atomistic information of battery materials and would allow comparison of the
obtained theoretical result on the atomic scale.

Therefore, in order to include strain effects correctly and to bridge the gap between
macroscopic experimental and atomic scale computational results, considerable ef-
fort was put into the construction of appropriate continuum models, which were
parametrized by DFT calculations and tested. The approach is especially nec-
essary for understanding phase separating materials. Phase separation can occur,
whenever a homogeneous system is thermodynamically less favorable than the
heterogeneous, phase separated system with domains of different type. Examples
are liquid droplets in the gas phase, the demixing of mixtures, the formation of
magnetic domains below Tc or some ordering transition in alloys or - as here - of
Li ions in intercalation compounds.

2



Outline

In the beginning (chapter 22), a general outline of the description of electrodes in
Li batteries is drawn. The connection of the Li chemical potential to the micro-
scopic properties of a system is derived, using statistical mechanics. Furthermore,
a short review of relevant publications in the field of phase separating compounds
is presented.
After that (chapter 33), density functional theory is introduced, the method of choice
for all atomistic computations of this thesis, as well as elasticity theory, with a focus
on the energetics of elastically strained coherent precipitates.
The main scientific results of the thesis are presented in Part I (chapters 44-88), and
Part II (chapters 99-1111). Parts I and II describe the studies on LixFeSiO4 and Sn,
respectively, where the chapters are organized mainly in the order bulk properties
and processes in bulk → surface properties → more complex phenomena which
arise, when considering both.
LixFeSiO4 (LFS) is confirmed to delithiate via phase separation, with only three
stable phases, namely for x = 2, 1, 0 (chapter 44), where the Li removal is accom-
panied with the formation small hole polarons, whose properties are studied in
detail (chapter 55) and found to be similar as for LiFePO4 (LFP). Differences are,
however, found in the analysis of the hysteretic behavior, based on a model Free
Energy parametrized by DFT calculations (chapter 66). Whereas the model cor-
rectly reproduces experimental trends, it overestimates experimentally observed
overpotentials. Therefore, an alternative delithiation pathway via bulk nucleation
is studied, including in particular the effects of strain. These results, as well as the
results on the LFS phase transformation (chapter 88) indicate, however, that bulk
processes alone are not able to explain experiments, which motivated to perform
detailed studies of surface energetics (chapter 77). The final, conclusive picture of
the delithiation process in LFS is presented in the Discussion (chapter 1313).
The bulk studies of Sn (chapter 99) show that three competing phases, namely α-
, β- and γ-Sn, exhibit only minute stability differences. Therefore, the influence
of surfaces on the stability of Sn nanoparticles is studied by determining surface
energies (chapter 1010) and evaluating how their contribution to the Gibbs free en-
ergy changes with size (chapter 1111). The results of the obtained temperature-size
phase diagram, which indicate a stabilization of the metallic phases β- and γ-Sn,
are supported by structure determination of Sn nanowires.
The last chapter of Part II discusses properties of fluoride battery materials by ana-
lyzing available experimental database data. Furthermore, the accuracy of ab-initio
determined data of fluoride compounds, as available from the Materials Project,
[99, 1010] is evaluated.
The Discussion (chapter 1313) summarizes briefly the results and gives an outlook
for possible future work.

3



Introduction

4



2Physics of battery materials

T his section shall discuss the statistical mechanics of insertion materials. A
very specific description is given by Ceder et al. in Ref. [1111, 1212]. Here, the
different steps of simplifications, that are generally performed for describ-

ing bulk materials, shall be pointed out to understand all simplifications and judge
their appropriateness and applicability. The general features of phase separating
materials are explained by analysis of a model free energy, which is based on an
atomistic lattice gas hamiltonian.
Subsequently, the published literature on LiFePO4 will be analyzed. LiFePO4 is
a prototype for Li battery cathodes which exhibit phase separation such as e.g.
Li2FeSiO4, which is studied in detail in the Results part.

2.1 Statistical Mechanics description of Li exchange

The partition functions for the microcanonical, canonical and grand canonical ensem-
ble for the states λ are [1313]:

Ω(E, V, N) = ∑
λ|Eλ=E

1
N=O(1024)︷︸︸︷≈ ∑

λ|Eλ≤E
1 (2.1)

Z(T, V, N) = ∑
λ

exp
(
− Eλ

kBT

)
=

= ∑
E

Ω(E, V, N) exp
(
− E

kBT

)
(2.2)

ZG(T, V, µ) = ∑
N

Z(T, V, N) · exp
(

µN
kBT

)
(2.3)

The related thermodynamic potentials are listed in table 2.12.1.
λ denote the accessible microstates.
The states of a system are defined by the many-body Hamiltonian of atomic cores
i with charge Zie and ne identical electrons k:

H = Tn + Te + Vne + Vnn + Vee (2.4)
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Table 2.1: Thermodynamic potentials an their relation to the partition functions.
Entropy: S = kB ln Ω

Helmholtz Free Energy: F = −kBT ln Z
Gibbs Free Energy: G = F + PV = µ · N

Landau Free Energy: Φ = −kBT ln ZG = F− µN

with kinetic and interaction energy terms of the nuclei n and electrons e. The inter-
actions are assumed to be purely electrostatic, in particular an explicit dependence
of the Hamiltonian on the electron spins is excluded here. Gravitational and elec-
troweak interactions are not included as they are too weak and play no role for the
considered chemistries. The accessible states λ and energies Eλ of the system can
then be determined by solving the corresponding Schrödinger equation for core
and electron wave functions.
In most cases, it is possible to decouple the degrees of freedom of electrons and nu-
clei, as the nuclei are typically several thousand times heavier than electrons and,
thus, electrons respond quasi instantaneously (adiabatically) to core movement.
This so-called Born-Oppenheimer (adiabatic) approximation allows to determine
the classical potential energy landscape for the atoms, by solving the Schrödinger
equation for the electronic Hamiltonian He which depends not on the nuclear ki-
netic energy term Tn, and only parametrically on nuclear coordinates Ri:

He = ∑
k

pk
2

2me
+ Ve,e({rk}) + Vn,e ({Ri, Zi}, {rk}) +

+Vnn ({Ri, Zi}) (2.5)

In that case, the state descriptor λ can be separated into a phase space of the ionic
degrees of freedom, denoted by ({Ri, Pi}) and into the electronic states λk|({Ri}).
This allows a partial summation of the partition function over electronic states for
fixed nuclear coordinates:

Z = ∑
({Ri,Pi})

∑
{λk|({Ri})}

exp
(
−Tn({Pi}) + Eλk({Ri})

kBT

)
= (2.6)

= ∑
({Ri,Pi})

exp
(
−Tn(Pi)

kBT

)
∑

{λk|({Ri})}
exp

(
−Eλk(Ri)

kBT

)
= (2.7)

= ∑
({Ri,Pi})

exp
(
−Tn({Pi}) + Fe({Ri})

kBT

)
(2.8)

Tn(Pi) is the nuclear kinetic energy. Obviously, the cores are subjected to an effec-
tive potential energy given by the electronic free energy Fe({Ri}).
Far from equilibrium, the Born-Oppenheimer (BO) approximation is known to
break down as e.g. for the description of photochemistry. Fe represents an effective
potential Vn for the nuclei. The thermodynamically relevant configurations of the
solid electrode correspond to the minima of Vn, with the configurations {({R0

i })}
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and energies {F0
e }. At low temperatures, only the quadratic terms of the Taylor

expansion of Vn({Ri}) around {R0
i } are important and the total Hamiltonian for

the ionic degrees of freedom corresponds to coupled harmonic oscillators, with
the phononic quasiparticles as its solutions (see e.g. [1313]).
The solution of the interacting electronic many-body Hamiltonian He can only be
approximated numerically at various degrees of accuracy (Tight-Binding, Hartree-
Fock, Kohn-Sham DFT, Post-Hartree-Fock wave function techniques). Details on
the Kohn-Sham DFT approach, which was applied here, are given in chapter 33.
Li intercalation compounds are typically transition metal oxides with dense oxy-
gen sublattice, where empty lattice sites between nearest neighbor O2− ions (e.g.
tetrahedral or octahedral sites) can get occupied by Li ions.
There is typically a set of stable configurations {({R0

i })} depending on the Li
content NLi, which shall be labeled as {πi|NLi}. In that case the canonical partition
function can be written as:

Z(NLi, V, T) = ∑
{πi |NLi}

exp
(
−F0

e (πi)

kBT

)
Zvib(πi|NLi) (2.9)

In most cases, electronic excitations are neglected as the materials are large bandgap
semiconductors, such that F0

e (πi) = E0
e (πi) in eq. 2.92.9, although it is shown in Ref.

[1414] that electronic degrees of freedom are essential e.g. for understanding the
phase diagram of LiFePO4. Vibrational degrees of freedom are also often neglected
[1111]. A possible route towards estimating configuration dependent vibrational de-
grees of freedom is outlined in Appendix A.1A.1.
Even after these simplifications the innumerable configurations πi still inhibit the
use of ab-initio techniques to determine E0

e (πi|NLi) for each configuration πi, at
each Li concentration NLi. It is necessary to introduce fast methods to approxi-
mate E0

e (πi|NLi) and enable accurate thermodynamic sampling. This is typically
realized using a Cluster Expansion approach (see next section) in combination with
Monte Carlo and thermodynamic integration techniques [1515, 1616].

The Li chemical potential

When Z or F, respectively, is known, the chemical potential for the exchange of Li
µLi is given by:

µLi(NLi) =
∂F(NLi)

∂NLi
= −kBT

∂ ln Z(NLi)

∂NLi
(2.10)

As already mentioned, only charge neutral systems are considered here in this
thesis. It is assumed that the transfer of a single Li+ ion from one electrode to the
other is always accompanied by the transfer of an electron via the external circuit
such that all results will be discussed in terms of the Li chemical potential. The
maximum amount of work |eU|, that the electron can perform, is equal to the Li
chemical potential difference ∆µLi between the two electrodes [1717]. In that way, the
open circuit voltage (OCV) is e.g. given by:

U(OCV) =
|∆µLi|

e
(2.11)

7



Physics of battery materials

The standard reference electrode (anode) for Li batteries is a metallic Li electrode,
such that chemical potential differences are always calculated against Li(m) in this
thesis. The electrolyte and the external circuit are only viewed as a mediator, allow-
ing the exchange of both species. Any influence of the electrolyte is not considered.
In a more electrochemical picture, the reference electrode would be defined via the
equilibrium of the chemical potential of Li(m) and the electrochemical potentials
µ̃ of Li+ in solution (sol) and e− in the Li metal electrode (m), as e.g. described
for other reference electrodes in Ref. [1818]. It should be noted here that the Li
reference electrode is related to the reversible hydrogen electrode [1919], rather than
to the standard hydrogen electrode, as it is in the same electrolyte as the counter
electrode.
The equilibrium conditions of the so-defined Li reference electrode define follow-
ing relation for the electrochemical potentials of Li+ and e−:

µLi(m) = µLi++e−(m) = µ̃Li+(sol) + µ̃e−(m) (2.12)
µ̃ = µ + neU with the charge n of the respective species (2.13)

By application of a bias potential ∆U against this reference electrode, µ̃Li+(sol) +
µ̃e−(m) changes according to:

µ̃Li+(sol) + µ̃e−(m) = µLi(m)− e∆U =: µLi (2.14)

Eq. 2.142.14 would be the basic equation to relate e.g. the applied voltage to the Gibbs
free energy change upon addition of a single Li atom to the cathode. In most
parts of this thesis, only the so-defined variable Li chemical potential µLi will be
used. Equilibrium between the Li metal anode and a cathode is obtained when
∆U corresponds to the above defined open circuit voltage U(OCV) because:

µLi(cathode) = µ̃Li+(sol) + µ̃e−(m) = µLi(m)− e∆U (2.15)

∆U = −1
e
[µLi(cathode))− µLi(m)] = U(OCV) (2.16)

In the reversible case (solid solution electrodes), small (over-)underpotentials δµ
with respect to the OCV will lead to (de-)lithiation. In the case of phase separating
materials, however, hysteretic effects are observed [1717], which are discussed below
and in the Results part.

2.2 Cluster Expansion

It is straight forward to characterize the configuration πi in Li intercalation com-
pounds by the positions of Li ions. Typically, just as for alloys or lattices with
defects, the different stable possible Li positions can be mapped onto a topolog-
ically equivalent lattice, when the topology of the host does not change during
(de-)lithiation. Then πi can be expressed by a tuple of occupation variables σk(πi),
where k is an index for the possible lattice sites and σk typically:

σk =

{
1 if site k is occupied by 1 Li atom
0 if site k is empty

(2.17)
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A Cluster Expansion (CE) is a way to write down an exact functional expression
for the dependence of some quantity F on the configuration {σk} and is defined
as:

F ({σk}) = C + ∑
k

Ckσk + ∑
k,l

Cklσkσl + ∑
k,l,m

Cklmσkσlσm + ... (2.18)

It is similar to a Taylor expansion and is in principle exact, when all powers of {σk}
are included. The individual C terms are merely expansion coefficients and called
effective cluster interactions (ECIs). They are classified as point, pair, ... ECIs. In
reality, only a certain number of ECIs is included in the expansion (/ quadruple).
A quick and dirty CE for LixFeSiO4 is presented in section 4.54.5.

2.3 Lattice Gas Hamiltonian

The Cluster Expansion for the total energy E results in the so-called Lattice Gas
Hamiltonian [2020], when triple and higher terms are neglected in eq. 2.182.18 and each
lattice site is equal (Ck = const.):

H = Nε0 + εpoint ∑
k

σk +
1
2

nn

∑
k,l

ε
pair
k,l σkσl (2.19)

The Hamiltonian 2.192.19 looks very similar to an Ising Spin Hamiltonian in an exter-
nal magnetic field (see e.g. Ref. [2121]), where, however, {σIsing

k } take the values ±1.
In principle, the described physics is the same and they can be mapped onto each
other via {σIsing

k } = {2σk − 1}. Hence, similar as for ferromagnets, the physical
system, described by the Ising model, critical phenomena as ordering and phase
transitions/separations can be expected for Li intercalation.
In spite of its simple structure, the Ising model has not been solved analytically
in 3D yet [2020]. In general, approximate solutions for higher dimensions and long-
range interactions are very well described by mean field theory (MFT), whenever
pair correlations are evened out due to a large number of interaction partners. The
Mean Field solution for eq. 2.192.19 is derived and discussed in Appendix A.2A.2. In
particular, it is shown that the macroscopic ferromagnetic ordering below a critical
temperature corresponds, in the case of Li batteries, to the phase separation into a
Li poor and a Li rich phase. The chemical potential for Li atoms µ plays a similar
role as the magnetic field h.
The critical property is a generalized Landau free energy Φ = V( f (n)− µn) that
depends parametrically on the Li concentration n and which exhibits a double well
structure, as illustrated in Fig. 2.12.1, close to an equilibrium chemical potential µeq,
with stable states Ψ0 and Ψ1 with concentrations n0 and n1, respectively (see also
Appendix A.2A.2). f (n) is the free energy density of the cathode material and µ the
Li chemical potential as e.g. defined before in eq. 2.142.14.

2.4 Phenomenological continuum description

A continuum description can be based on studying the properties of Φ in a similar
way as within the Landau theory of phase transformations (see e.g. section 2.2

9
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Figure 2.1: a) Illustration of a Landau potential Φ with two phases Ψ0, Ψ1 in equi-
librium. b) By application of a small bias potential δµ (overpotential with respect
to the equilibrium chemical potential µeq), one minimum becomes the absolute
minimum of the system. A homogeneous state transformation Ψ′0 → Ψ′1 however
involves crossing of a macroscopic barrier EB.

in Ref. [2222]). It should be noted that most publications discuss battery electrodes
in terms of the Gibbs free energy without variable chemical potential included.
On the other hand, experiments typically do not control Li concentrations but
rather the Li chemical potential, via the externally applied voltage (see also the
subsequent discussion in section 2.52.5), which suggests an explicit inclusion of the
Li chemical potential. On closer inspection, both descriptions coincide and corre-
spond just to a different perspective.
As an example, the stable (homogeneous) states of Φ fulfill:

∂Φ
∂n

∣∣∣∣
ni

= 0⇔ ∂ f
∂n

∣∣∣∣
ni

= µ (2.20)

In the canonical ensemble, the chemical potential would be derived as on the right
side of eq. 2.202.20. Differences in the generalized Landau potential for a change in Li
number ∆N are:

∆Φ = ∆F(∆N)− µLi∆N (2.21)

For F = G (P = 0), this difference corresponds exactly to the Gibbs free energy
change ∆G of the whole system cathode, anode and external circuit for transfering
∆N Li atoms to the cathode:

∆G = ∆Gcathode(∆N)− µLi∆N (2.22)

The concentrations n0 and n1, which are local minima of Φ, correspond basically
to local minima of ∆G of the whole battery system.
A macroscopic system can be understood by the spatial integration of locally dif-
ferent Landau free energy densities φ(n(r)). In fact, formal proofs exist for such a
functional in the case of liquids. Ref. [2323] discusses the existence and uniqueness
of this type of density functional, as well as the extremal properties of the Grand
Canonical equilibrium density neq(r) as in the case of electronic density functional
theory (DFT).
Hence, it is possible to write down a functional formally:

Φ[n(r)] =
∫

φexact(n(r))dV (2.23)

10
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The equilibrium density neq(r) can be obtained from the variational principle:

neq(r)↔ Φ[n(r)] is minimal (2.24)

φexact is typically only approximated e.g. assuming a homogeneous Landau free
energy density expression φ. Then, the total Landau free energy of a macroscopic
system Φ can be calculated by the integration in space of local Landau free energy
densities φ of the discussed form, as illustrated in Fig. 2.12.1. This expression is in
particular exact for a homogeneous density n(r) = const. It is perfectly analogous
to the local density approximation (LDA) in the density functional theory.
Consider φ of the discussed form at the equilibrium chemical potential µeq, where
there is no bias for one of the basins (this corresponds to the OCV in phase separat-
ing compounds). One possible solution is a homogeneous system with a density
n0. Under application of an infinitesimal bias δµ, however, φ will change to φ′ and
the basins will have different levels (see Fig. 2.12.1 b)). To simplify the discussion, it
is assumed that Ψ′i = Ψi and n′i = ni, which means that the main characteristics
of two stable minima should not change for small δµ apart from introducing an
offset according to:

δφ′ ≈ φ′(n0)− φ′(n1) = (n1 − n0)δµ (2.25)

For an infinitesimal volume dV the energy gain dΦ′ for a transformation process
Ψ0 → Ψ1 will be δφ′dV ∝ δµdV. There is, however, an energetic barrier EB to over-
come where EB is also ∝ dV. Thus, for some particle of size V, the homogeneous
transformation barrier is ∝ V and therefore extremely high for macroscopic parti-
cles. A homogeneous transformation can only proceed when δµ is large enough to
remove the barrier. Such a process results in considerable hysteretic behavior (see
e.g. section 6.1.36.1.3 and Appendix A.4A.4).
On the other hand, infinitesimal volume elements dV have only small barriers
and can transform easily within a macroscopic particle. However, there will be an
interface between these two domains of different states Ψ0 and Ψ1 and the correct
energetics needs to incorporate an interface energy. In a continuum theory, the
non-homogeneous environment would be described in first order by a gradient in
concentration. It is e.g. included in the Cahn-Hilliard energy density functional,
which is most commonly used for phase separating Li battery materials [2424, 2525, 2626,
2727], which reads:

Φ[n] =
∫

[ f (n(r))− µn(r) + κ(∇n(r))2]dV (2.26)

κ is related to an interface energy term and f (n(r)) is a homogeneous free energy.
Although not termed accordingly, one might also speak of a generalized gradient
approximation (GGA). Further non-local terms would, of course, be necessary,
especially in the case of strong non-local far reaching interactions. It should also
be noted that f (n(r)) is a hypothetical non-equilibrium free energy density for a
homogeneous system and can not be derived e.g. from equilibrium sampling.
As a result, the finally transformed volume element dV introduces an energy
change of dΦ′ of δφ′dV + γ01dA. Due to the different scaling properties of dV
and dA, there is always a critical volume Vc, which corresponds to the minimum
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size for a fluctuation to Ψ1 which is self-sustaining, in a sense that it supports
growth of the local Ψ1 phase. It is defined by ∂dΦ′/∂dV = 0.
The discussed transition pathway corresponds to a nucleation and growth process
(see Appendix A.3A.3). It should be stressed again here that the discussed energy
differences dΦ′ correspond in fact to free energy differences, as explained before
(eq. 2.212.21 and 2.222.22).
It is worth noting that the two discussed pathways - the homogeneous and the
nucleation path - are only two thinkable reaction paths, obtained by choosing two
different reaction coordinates. Conversely, the Cahn-Hilliard equation and simi-
larly structured continuum theories will only be able to reproduce these two reac-
tion pathways. More realistic continuum approaches also include the influence of
strain and surfaces [2727]. Applications to Li2FeSiO4 will be presented in the Results
part.
On the other hand, there might be a plethora of different pathways on the atomistic
scale (and thus reaction coordinates) for a transformation Ψ0 → Ψ1. Such pathways
are e.g. suggested for LiFePO4 delithiation in Refs. [2828, 2929].

2.5 Single particle and many particle equilibrium

Close to µeq, there are only two stable situations, namely the whole electrode par-
ticle being of phase Ψ0 or Ψ1. Every possible homogeneous intermediate is higher
in energy and thus not stable against fluctuations. Every partially transformed
particle (Ψ0 − Ψ1 phase boundary within the particle) is either growing until it is
of phase Ψ1 or going back to Ψ0 depending on the critical size Vcrit.
Of course, in reality, kinetics might be slow enough that intermediate inhomoge-
neous states are observed, which, however, will vanish eventually (compare e.g.
Ostwald ripening). It is worth mentioning that in experiments, it is only the Li
(electro-) chemical potential µ, which can be controlled by the applied voltage in
the external circuit. It should also be noted that even under open circuit conditions,

V, T, μ

v, T, μ

V, T, N

v, T, μ

closed circuit                                             open circuit

Figure 2.2: Thermodynamics of the many particle electrodes for closed circuit and
open circuit conditions. In open circuit conditions, the total number of charge
carriers is conserved whereas in closed circuit conditions they are coupled to a
reservoir described by a chemical potential. For the single particle (circled in red)
the two situations are the same.
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when the total Li number is fixed, the individual particle is still to be considered
as in contact with a Li reservoir, where the Li ions, however, do not come from
the anode but are supplied by the other electrode particles, which are in electronic
and ionic equilibrium with the considered single particle. The thermodynamics
is drawn schematically in Fig. 2.22.2. As a result, the grand canonical picture is
applicable.
The charge and discharge can then be understood as a change of the ratio of Ψ0
and Ψ1 particles in agreement with the results of others [3030, 3131].
The outlined understanding is only valid close to thermodynamic equilibrium for
potentiostatic measurements (fixed voltage), which might be wrong, when kinetics
dominates.

2.6 Li deintercalation mechanisms in LiFePO4: a short chrono-
logical review

LiFePO4 (LFP) is a prototypical material for a Lithium cathode that shows phase
separation and has been studied extensively in the previous years. Relevant find-
ings are also summarized in following reviews [3232, 3333].
General properties of LFP should also be observed for Li2FeSiO4 (LFS) as it also
shows a phase separation.

Thermodynamic considerations

The results of the first measurements on LFP [3434] (1997) show a reversible capacity
loss under application of high currents, which the authors interpret as a signature
of a phase boundary moving inwards inside the particles, finally limiting currents
due to the reduced interface area in the core. It is since then called shrinking
core model. It was based on the idea of a limiting redox reaction at the interface
that moves towards the particle center. Subsequent studies also showed inacces-
sible capacity upon cycling for which a ”mosaic” model was proposed[3535] (2001).
Both models require rather isotropic diffusion, whereas in reality diffusion in LFP
is one dimensional due to the anisotropic lattice structure. Furthermore, others
tried to understand, whether such simple models, based on standard chemical ki-
netics, are in agreement with thermodynamic considerations of phase separating
materials and found that coherency strains [3636] (2007) result in a strong driving
force away from the simple core shell structures towards phase separation along
interfaces that minimize coherency strain. Indeed measurements have shown indi-
vidual LiFePO4/FePO4 domains aligning in the (100) plane [3737] (2006). These two
publications relate this to a ”reduced misfit” in the (100) plane as does the analysis
of van der Ven et al. [77]. Lattice misfit can also nucleate dislocations leading to
incoherent interfaces or cracks which relax stress, which, however, lead to reduced
kinetics as phase boundaries can not advance solely based on the rather fast Li
diffusion. Crack formation is also seen as one of many degradation mechanisms
in LFP. Smaller concentration of dislocations (basically small cracks) in materials
with smaller miscibility gaps [3636] and consequently smaller lattice misfits, further
support the importance of induced stresses for performance.
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As a result of these studies, Meethong et al. [3636, 3838] suggest ”a strain-based pre-
dictive criterion for the design and selection of high power battery electrode com-
pounds” 11.
What makes LFP even more complex than standard phase separated materials
is the fact that several metastable states are only slightly above the convex hull
ground state line. Hence, there is only a narrow gap between the solid solution
and the phase separated state. These facts were found experimentally by analyzing
the temperature dependent phase diagram [3939] (2006), as well as by performing
extensive ab-initio calculations, including configurational and electronic degrees of
freedom [1414]. Furthermore, it can explain how the Li solubility increases with re-
ducing particle size [3838] (2007), when relatively small energy contributions e.g. due
to surfaces and interfaces can be influential. Also dramatic impacts due to minute
doping [3636] are comprehensive. Furthermore, it is not surprising that theoreticians
have proposed a single phase, non-equilibrium pathway for LFP delithiation [2828].22

On the other hand, a highly correlated atomistic delithiation mechanism has been
proposed by others [2929].
More advanced analytical models, which include variable Li-solubilities, as well as
the influence of strain [77] (2009) had been developed, where it was shown that solu-
bility should be influenced by strain, effectively stabilizing the solid solution phase
against the phase separated state. Another publication of the same researchers
address the impact of interfaces and surfaces [4040], which should become most
important for nanomaterials. As a result both publications succeed in showing
qualitatively the importance of strain, strain accommodation and interface align-
ment with respect to the crystallographic axes, as well as relative to the overall
particle shape for certain geometries.
The described phenomena influenced strongly the type of studies performed in
this thesis, focusing especially on the impact of strain, interface and surface ener-
getics.

Kinetic considerations

Whereas above models especially concentrate on describing equilibrium proper-
ties and the deintercalation mechanism for LFP, general insights originated in fact
from description of the deintercalation dynamics of LFP starting from a phase
field approach coupled to surface reaction processes. Whereas it is still unclear,
how the parameters of these models can be derived from ab-initio calculations,
the models can indeed provide intriguing insights as e.g. in Ref. [2626] where a 1D
(depth-averaging) reaction-diffusion model is studied with a double well free en-
ergy expression with interface energy contributions as in the Cahn-Hilliard model.
Surface reactions and fluxes are modeled using known expressions for chemical
kinetics (Butler-Volmer), in particular including a Li chemical reference potential
according to the bulk expression. Surfaces and strain are not considered. Still

1On the other hand, conversion materials or Si, Graphite, or Sn, which show large volume expan-
sions, would not fulfill this criterion. Accommodation of expansion and strain is less of an issue for
nanosized materials[33]. The phase separating graphite anode e.g. expands by 13 % upon lithiation.
Furthermore, an average number such as volume expansion cannot describe the highly anisotropic
properties of typical intercalation compounds, which typically expand in one direction but shrink in
the other.

2The approach is still strongly debated.
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different intercalation regimes can be understood from looking at the typical time
constants involved:

1. Bulk-transport-limited (BTL) regime:
The Diffusivity in the bulk is much smaller than the surface reaction rate.
Then, of course, the newly formed phase moves slowly into the material.
This corresponds to a shrinking core like model.

2. Surface-reaction-limited (SRL) regime:
Here, the material can in principle equilibrate always, however, only as far as
anisotropic diffusion allows (e.g. depth-averaged concentrations along [010]
direction in LFP).

The latter regime corresponds to processes close to equilibrium in bulk and is ex-
pected to correspond to typical operation conditions of Li batteries. The interesting
result of this model is that phase transformation waves can be found as solutions
to these equations supporting in fact the interpretation of Chen et al. [3737]. To the
author’s (NGH) opinion the highly cited Domino cascade model [4141] describes in
principle the same, however, with different assumptions: Delmas et al. assume
that electronic and ionic transport is increased in the boundary layer and hence
deintercalation enhanced in the vicinity. More complete and elaborate models in-
clude also the effects of strain and surfaces [88, 2727]. None of such reaction-diffusion
diffusion models are considered here.
Experiments typically reported rather poor electronic and ionic diffusivities in LFP,
recent studies, however, indicate that intrinsic material properties are less unfor-
tunate, and improper experimental studies and interpretation lead to the misun-
derstanding. Imperfect electric contacts and many particle effects of the electrode
most probably lead to largely overestimated numbers of participating particles, or
overestimated surface areas respectively[3232], and use of inadequate equations to
wrong numerical values for the conductivity. In particular the significant Li+/e−

binding indicates that both mobilities are highly correlated [4242], which needs to be
considered in the experimental measurements. According to J. Janek ionic mobili-
ties are not rate limiting for activation barriers up to 0.4 eV (talk about solid elec-
trolytes at the Munich Battery Discussions 2015). Therefore LFP (Ea ≈ 0.3− 0.4 eV
[4343, 4242]) plays in the same league as very good solid state Li ion conductors [4444].
What can play a role, however, are blocked Li diffusion pathways [4545] and surface
properties [4646, 4747].
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3Theory

3.1 The many-electron Schrödinger equation

A s already mentioned, the Born-Oppenheimer approximation allows to sep-
arate electronic and nuclear motion, where the nuclei move classically on
the Born-Oppenheimer potential energy surface, which is given by the

energetics of the time-independent many electron Schrödinger equation for fixed
nuclear coordinates. We are therefore interested in the solutions Ψi of:

HeΨi = EiΨi (3.1)

He = ∑
k

pk
2

2me︸ ︷︷ ︸
Te

−∑
i,k

Zie2

|Ri − rk|︸ ︷︷ ︸
Vne

+
1
2 ∑

k 6=k′

e2

|rk − rk′ |︸ ︷︷ ︸
Vee

(3.2)

He denotes the many electron Hamiltonian. It should be noted that the mutual
nuclear repulsion Vnn is a constant term for fixed nuclear coordinates and thus not
considered here.

3.2 Wave function based approach

The energy E of some state Ψ associated with the Hamiltonian 3.23.2 is given by:

E =
〈Ψ|He |Ψ〉
〈Ψ|Ψ〉 ≥ E0 =

〈Ψ0|He |Ψ0〉
〈Ψ0|Ψ0〉

(3.3)

According to the Rayleigh-Ritz variational principle, eq. 3.33.3 is minimized for the
true ground state wave function Ψ0 and E = E0. Therefore, one way to find
the ground state is to minimize eq. 3.33.3 for a set of trial wave functions Ψ̃. In
Hartree-Fock theory e.g. a single Slater-Determinant ΨSD built of n orthonormal
single particle spin orbitals Φσ

i , with σ denoting the spin variable, is assumed as
approximation to the n electron wave function Ψ0. By construction, ΨSD obeys the
Pauli principle, where each spin orbital hosts one single electron and ΨSD changes
sign when two electrons are exchanged, as required for fermions.
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The Hartree-Fock (HF) equations can be obtained by minimizing eq. 3.33.3 with the
constraint of orthogonal and normalized orbitals Φσ

i . They are effective single
particle equations for the spin orbitals Φσ

i and read in the canonical form:

Hi,σ
eff Φσ

i = εσ
i Φσ

i (3.4)

Hi,σ
eff ((r) = − h̄2

2me
∇2 + Vext(r) + Vh(r) + Vi,σ

x (r) (3.5)

Vext(r) = −∑
l

Zle2

|Rl − r| (3.6)

Vh(r) = e2 ∑
j,σ

∫
d3r′Φσ∗

j (r′)Φσ
j (r
′)

1
|r− r′| =

∫
d3r′

n(r′)
|r− r′| (3.7)

Vi,σ
x (r) = −e2 ∑

j

∫
d3r′Φσ∗

j (r′)Φσ
i (r
′)

1
|r− r′|

Φσ
j (r)

Φσ
i (r)

(3.8)

The effective Hamiltonian Hi,σ
eff (r) is orbital and spin dependent due to the ex-

change term Vi,σ
x (r) which only acts on orbitals of the same spin. The two other

potential terms, Vext(r) and Vh(r), represent the interaction with the atomic cores
and the electronic charge density n (the classical Hartree term). It is worth noting
that the HF approximation does not suffer from self-interaction because the con-
tribution Φσ∗

i (r)Φσ
i (r) of orbital Φσ

i to the total charge density n(r) in the Hartree
term cancels exactly with the respective term in the exchange potential Vi,σ

x (r). The
effective Hamiltonian Hi,σ

eff itself depends on the solutions Φσ
i , such that the eigen-

value problem 3.43.4 needs to be solved self-consistently by an iterative self-consistent
field (SCF) procedure. First, a reasonable set of orbitals Φσ,0

i is chosen and the ef-
fective Hamiltonian Hi,σ,0

eff constructed. Subsequently, the eigenvalue problem 3.43.4
is solved and the resulting eigenstates Φσ,1

i compared to the Φσ,0
i . The procedure is

repeated until the states Φσ,n+1
i do only differ up to some numerical threshold with

respect to the previous solutions Φσ,n
i

11. For convergence reasons, it is beneficial
not to construct the Hamiltonian Hi,σ,n+1

eff directly from the states Φσ,n+1
i but use a

mixture φσ,n+1
i with previous solutions instead, e.g.:

φσ,n+1
i = (1− α)φσ,n

i + αΦσ,n+1
i (3.9)

with small α.
The final energy within HF is:

EHF = ∑
i,σ

εσ
i −

1
2 ∑

i,σ

(∫
d3rΦσ∗

i (r)
(

VHartree(r) + Vi,σ
x (r)

)
Φσ

i (r)
)

(3.10)

As the HF solution is only the best approximation of the true wavefunction as
a single Slater Determinant, its energy is only an upper boundary for the true
ground state energy. The energetic difference to the true ground state energy
is called correlation energy. Better approximations of the ground state can be

1Very often, the total energy is used as convergence criterion.
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obtained by including additional Slater Determinants e.g. with occupied excited
states.
Unfortunately, those wave function based Post-Hartree Fock techniques scale very
badly with system size, such that they are limited to systems with relatively small
number of electrons.
An alternative approach has been introduced in the 1960s by Hohenberg, Kohn
and Sham, namely density functional theory (DFT), which scales much better with
system size, while still being able to capture correlation energy contributions.

3.3 Density functional theory (DFT)

DFT in principle does not require to handle an explicit many-body wavefunction,
but just the ground state charge density n(r), while providing electronic ground
state properties and energies.

3.3.1 Hohenberg and Kohn theorems

The original formulation of DFT was performed by Hohenberg and Kohn [4848] and
results from mathematical rigorous proofs of two main properties of the ground
state charge density n(r):

1. The external potential Vext uniquely defines the ground state charge density
n(r) of a system of interacting electrons and vice versa. This means a system
is equally defined by n(r) or its Hamiltonian He (respectively Vext), meaning
that there is as much essential information contained in n(r) as in He or Ψ0.
Accordingly there needs to exist a mapping of n(r) on all physical properties
that can be obtained from He, such as the ground state energy. [4949].

2. The ground state energy E0 can be expressed as a functional of n(r). It can
be written as:

E0 = 〈Ψ0|Te + Vee|Ψ0〉+ 〈Ψ0|Vext|Ψ0〉︸ ︷︷ ︸
(a)

= F[n(r)] +
∫

Vext(r)n(r)d3r︸ ︷︷ ︸
(b)

(3.11)

where Te is the kinetic energy operator and Vee the mutual electrostatic re-
pulsion, and F the functional that gives the kinetic and interaction energy.
Just as Ψ0 minimizes (a), the true ground state density minimizes (b). Fur-
thermore F needs to be a general functional of n(r) which does not depend
on the system (e.g. Vext) as Te and Vee are universal.

Thus, the ground state energy can be found by optimizing eq. 3.113.11 b) with respect
to n(r), with keeping the total number of electrons N =

∫
n(r)d3r constant. The

problem, however, is that F is not explicitly known. If one assumes a functional
as of the non-interacting, homogeneous electron gas, DFT results in the formulas
already known from Thomas-Fermi-Hartree theory.
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3.3.2 The Kohn-Sham equations

In order to avoid the problems connected e.g. with the kinetic energy functional,
Kohn and Sham extended the original ”orbital-free” DFT approach to derive an ef-
fective single-particle Hamiltonian of non-interacting electrons [5050]. For the deriva-
tion of the Kohn-Sham (KS) equations, it is necessary to assume that there is al-
ways a system of non-interacting particles in a fictitious effective potential Ṽe with
Hamiltonian H̃ = − h̄2∇2

2me
+ Ṽe(r), which leads to the same ground state charge

density n(r) as the interacting system. In that case the density can be derived from
a set of occupied single particle orbitals via n(r) = ∑N

i=1 |φi(r)|2. To arrive at the
KS equations, F[n(r)] from equation 3.113.11 needs to be rewritten as:

F[n(r)] = Ts[n(r)] +
1
2

∫
Vh(r)n(r)d3r + Exc[n(r)] (3.12)

Ts is the kinetic energy functional of a non-interacting system with same ground
state density as the interacting system and the second term the classical Hartree
energy term. Ts can be written down exactly for the non-interacting system as

∑i

〈
Φi| − h̄2

2m∇2|Φi

〉
. Exc[n(r)] is called the exchange-correlation functional and

incorporates effects due to exchange (as in Hartree-Fock) and correlation and cor-
rections due to the assumed kinetic energy functional. Variation of the energy
functional 3.113.11 with the constraint of orthonormal Φi leads to coupled single parti-
cle Schrödinger equations of the form:(

− h̄2∇2

2m
+ Ṽe(r)

)
φi(r) = εiφi(r); n(r) =

N

∑
i=1
|φi(r)|2 (3.13)

These are the canonical Kohn-Sham equations. The effective potential Ṽe(r) is
given by:

Ṽe(r) = Vext(r) + Vh(r) +
δ

δñ(r)
Exc[ñ(r)]|ñ(r)=n(r)︸ ︷︷ ︸

Vxc

(3.14)

Vxc is the exchange correlation potential. As Ṽe(r) depends itself on the density
the Hamiltonian 3.133.13 needs to be solved self-consistently.
The groundstate energy is given by:

E0 = ∑ εi −
1
2

∫
Vh(r)n(r)d3r + Exc[n(r)]−

∫
Vxcn(r)d3r (3.15)

Whereas in a noninteracting system, the εi values correspond to the true single par-
ticle energies and their sum to the total energy of the noninteracting KS reference
system, the εi of KS-DFT are not meaningful energies of the interacting system (be-
sides of the highest occupied state [5151]) but variational parameters. However, in
most cases they are still interpreted as energies in a quasiparticle picture. Hence,
in all practical applications, the N orbitals with lowest εi are chosen to form the
ground-state density, although it is proved that this choice does not necessarily
minimize eq. 3.153.15 [5252]. For more detailed discussions see Ref. [5252].
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3.3.3 The exchange correlation functional

It is only the exchange correlation part that makes the KS-DFT approach differ-
ent from the older Hartree-Fock equations, described before, where DFT can, in
principle, be exact if the correct Exc was known. The adiabatic connection formula
[5353] provides an interpretation for the exchange correlation energy, which basically
represents the electrostatic interaction of the electron density with the exchange-
correlation hole, which has unit charge. It is specifically the general properties
of the exchange correlation hole that all exchange-correlation functionals need to
fulfill to give accurate results.
Several approximations have been put forward for Exc, with the most important
being the local density approximations (LDA) and the generalized gradient ap-
proximation (GGA).

LDA

The local density approximation assumes an exchange and correlation energy per
particle εxc as of the homogeneous electron gas. Inhomogeneous systems are
treated as locally homogeneous with

ELDA
xc =

∫
εLDA

xc (n(r))n(r)d3r (3.16)

where εLDA
xc (n(r)) is divided into an exchange and a correlation part:

εLDA
xc (n(r)) = εLDA

x (n(r))︸ ︷︷ ︸
− 3

4 (
3
π n(r))

1
3

+εLDA
c (n(r)) (3.17)

The correlation part εLDA
c (n(r)) is fitted to results from Quantum Monte Carlo

computations [5454]. Although taking the same functional dependence as a locally
homogeneous system seems a rather daring approximation, sufficiently accurate
results are obtained for many systems from metals to molecules.

LSDA

In order to describe systems with uneven number of electrons or open shells accu-
rately, spin density functional theory needs to be applied. In that case two coupled
spin dependent KS systems, one for ↑ and one for ↓ need to be solved. In local
spin density approximation (LSDA), the exchange density εLSDA

x (n↑(r), n↓(r)) is
derived from the spin polarized homogeneous electron gas. As exchange happens
only between electrons of equal spin, Ex can be cast into the form:

ELSDA
x (n(r), χ) =

∫
εLSDA

x (n(r), χ)n(r)d3r (3.18)

with

εLSDA
x (n(r), χ) = εLDA

x (n(r))

[
(1 + χ)

4
3 + (1− χ)

4
3

]
2

(3.19)

and
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χ =
n↑(r)− n↓(r)

n(r)
; n(r) = n↑(r) + n↓(r) (3.20)

The correlation energy Ec cannot be separated into single spin contributions as cor-
relations are also between electrons of opposite spin and hence cannot be written
down in a closed form as in eq. 3.193.19.
The exchange energy is generally underestimated, whereas the correlation energy
overestimated. Binding energies are typically overestimated [5555], however, still
more accurate than the total energy accuracy might suggest, due to a cancella-
tion of errors in energy differences. Furthermore, the problem of self-interaction
persists in LSDA, in contrast to the Hartree-Fock method, where the erroneous
self-interaction in the Hartree potential cancels with the exchange part. The self
interaction is also the origin of the underestimation of bandgaps in semiconductors
and insulators [5656].
On the other hand, traditional KS-DFT avoids the complication of the non-local
character of the exchange energy as in HF.

GGA

Improvements, of course, can be obtained, when non-local interactions are in-
cluded in Vxc or εxc, respectively. One procedure to do so, with marginally higher
computational cost, is to include the gradient of the local density n(r) in εxc. The
most common class of these semi-local functionals is summarized under the term
generalized gradient approximation (GGA) and they coincide in the property that
they obey certain sum rules for the exchange and correlation hole, scaling rela-
tions and limiting behaviors for high and low densities and density gradients
[5757, 5252, 5858, 5959]. A favorable choice is the parametrization of Perdew, Burke and
Ernzerhof (PBE) [5959]:

εGGA
xc (n(r),∇n(r)) = εLDA

x · Fxc(n, s); (3.21)

s =
|∇n(r)|

2nkF
; kF = (3π2n)

1
3 (3.22)

In this parametrization not all but only the most important known properties of
εxc are fulfilled, however, all parameters in the enhancement factor Fxc(n, s) are
fundamental constants. An extension to spin polarized systems is straight forward
(see Ref. [5959]). Many calculation of this thesis rely on PBE.
Functionals involving higher derivatives of the density can further improve the
accuracy. They are called meta-GGAs.
In addition to the explicit exchange-correlation functionals, also implicit function-
als can be formulated [6060], where Exc and the exchange-correlation potential Vxc
not only depend on the density and density gradient but also explicitly on orbitals
Φi and/or energies εi.
One example of this functional class is the hybrid functionals, which mix a certain
amount of Hartree-Fock exact exchange into Exc (with KS-DFT orbitals as natural
spin orbitals), in order to reduce the spurious self-interaction [6060, 6161]. These wave
function based approaches are, however, computationally very expensive.
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Hubbard +U corrections

Another flavor of these implicit functionals was used in this thesis, namely PBE+U
[6262, 6363, 6464, 6565, 5656]. The Hubbard+U correction is especially relevant for transi-
tion and rare-earth metals and their oxides, with strongly correlated, localized d-
and f-electrons [6666, 6767], whose properties are considerably different from the ho-
mogeneous electron gas. Furthermore, the effective one-electron potentials Ṽe(r)
have mean-field character, in the sense that each electron feels the same average
potential, which is only correct for weak electron-electron interactions [5656]. In par-
ticular, the correct one electron potentials should exhibit a discontinuity, whenever
the number of electrons passes an integer value [6868, 6363, 6969], which is not fulfilled by
common functionals. As a result, Mott insulators with partially filled d-shells and
a large d-d gap due to Coulomb repulsion, are found to be metallic in LDA [5656].
Improvements at minute additional computational cost can be obtained via the +U
correction methods [5656]. The idea is to separate the problem into two subspaces.
Those eigenstates, which are well described by conventional DFT are treated in
this way, the others, e.g. the localized states, are treated with a Hubbard+U term.
It is inspired and justified by the Hubbard model and basically adds an on-site
Coulomb repulsion term for the localized d- or f-states.
The simplified, rotationally invariant form used in this thesis was proposed by
Dudarev et al. [6565] and has the form:

EDFT+U = EDFT +
U − J

2 ∑
m,σ

[
nσ

m − (nσ
m)

2] =
= EDFT +

U − J
2 ∑

σ

Tr
[
ρσ − (ρσ)2] (3.23)

Density matrices ρσ make the expression invariant under unitary basis set trans-
formations. Coulomb and Exchange interactions are averaged over states m such
that the parameters reduce to U and J, which are screened by all band electrons
other than the localized ones. In particular, only the difference U − J = Ueff is
relevant in this approach.
The expression is corrected for double-counting and reduces to EDFT for integer
occupation numbers nσ

m.
The DFT+U approach leads to an orbital-dependent exchange correlation energy,
namely dependent on the on-site occupancies nσ

m. This bares an additional degree
of freedom as the single-particle basis, for which occupancies are calculated, can
be chosen freely (localized atomic orbitals, Wannier functions, ...) [6262]. The most
common approach is to use localized atomic orbitals, as done in this thesis.
Another rather new approach is the so-called Frontier orbitals +U, where the cho-
sen single particle basis consists of maximally localized Wannier functions [7070, 7171].
It can be shown that the +U correction term shifts the KS energy values of the
involved states down by Ueff/2 for occupied orbitals and up by the same amount
for unoccupied orbitals. As a result, the KS bandgap opens up if the states, treated
within +U, are valence and conduction band states.

23



Theory

3.4 Plane wave basis set

In order to solve the KS Hamiltonian numerically, wave functions are expanded
in a specific basis set, resulting in a Hamilton matrix, whose eigenvalues can be
determined by diagonalization. As molecular orbitals are rather localized states,
they are best treated with localized basis sets centered on the atoms. Solids, on the
other hand, are characterized by the translational periodicity of the Hamiltonian
(the effective potential Ṽe) and according periodic Bloch states of the form:

Ψnk = unk(r)eikr with unk(r + Rα) = unk(r) (3.24)

where Rα is a periodic lattice site. Summation over states, which is normally
represented by an integral over the Brillouin zone, is substituted by a summation
on a finite k point grid. The potential, as well as the states and densities can be
written as the sum of plane waves with wave vectors G of the reciprocal lattice,
e.g. n(r) = ∑ nGeiGr. In reciprocal space, the kinetic energy operator further
simplifies to a multiplication of the relevant Fourier component with (G + k)2

and efficient algorithms can avoid explicit evaluation of the hamiltonian matrix
[7272]. Furthermore, a plane wave basis set is in principle complete, orthogonal and
unbiased in the sense that no region of space is e.g. resolved by a finer grid. The
accuracy of representing a charge density is basically only defined by one number,
namely the largest included wave vector |Gmax|. In plane wave codes, Gmax is
typically defined by the so-called cutoff energy E = h̄2

2me
(G + k)2, where higher

cutoffs lead to a better spacial resolution.
As a result, however, localized orbitals and orbitals with rapidly oscillating radial
part, e.g. due to a certain nodal structure, are less efficiently represented by plane
waves. This drawback can be circumvented by the use of pseudopotentials.

3.5 Pseudopotentials

The nodal structure of valence wave-functions in the inner region of atoms can
be traced back to orthogonality constraints with respect to the core states. Core
electrons also screen the nuclear charge but otherwise do not largely contribute
to chemical bonding. In particular, core states in solids are practically identical to
cores states of the isolated atom. As a result, it seems desirable not to include these
degrees of freedom in solving the many body problem but only include their effect
on valence orbitals in an effective way. Furthermore, it is desirable, as explained
above, to deal with valence states which are rather smooth, in order to use smaller
cutoff energies for plane waves.
A solution to this is provided by the so-called pseudopotentials (PP) and the re-
lated pseudo wave functions. The general idea is to rewrite the true wave function
as linear combination of a smooth pseudo wave function and a set of localized
orbitals [7373, 7474]. As an example, a valence state |Ψv〉 might be expressed by the
pseudo wave function |Ψ̃v〉 and all electron core states |Ψc〉 with energy εc.

|Ψv〉 = |Ψ̃v〉 −∑
c
〈Ψc|Ψ̃v〉|Ψc〉 =

[
1−∑

c
|Ψc〉 〈Ψc|

]
|Ψ̃v〉 (3.25)
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Inserting |Ψv〉 of eq. 3.253.25 into the single particle KS equations yields an equivalent
equation for the pseudo wave function:{

− h̄2

2m
∇2 + VPP

}
|Ψ̃v〉 = εv|Ψ̃v〉 (3.26)

with the PP VPP:

VPP = Ṽe + ∑
c
(εv − εc)|Ψc〉〈Ψc| (3.27)

The resulting pseudo wave functions exhibit the same one particle energies and
are indeed rather smooth e.g. without nodes, as they do not have to be orthogonal
to the core states. The general construction scheme of eq. 3.253.25 can be extended
by choosing pseudo wave functions with desired properties e.g. within a cutoff
radius rc. Norm-conserving pseudo potentials are constructed requiring the radial
pseudo wave function Ψ̃v to be identical to the true wave function Ψv of an all elec-
tron reference calculation e.g. on an atom outside rc. Inside rc the pseudo wave
function is chosen smoother than the true valence wave function, the integrated
charge within the core as well as the logarithmic radial derivative at rc should be
identical, however. These conditions ensure that the orbital as well as the potential
outside rc is identical to the all-electron result, which is relevant e.g. for correct
interactions between atoms and better transferability between different chemical
environments. Ultrasoft PP add augmentation charges instead of requiring norm
conservation [7474]. In spite of theses requirements, there are still enough degrees
of freedom for different choices of pseudo wave functions and PP, e.g. more ac-
curate, hard PP, which require higher plane wave cutoffs and softer versions, with
typically larger rc values.
The projector augmented wave (PAW) method is going beyond the PP approach
and uses a similar scheme of projection operators as in eq. 3.253.25 to define a linear
transformation of a smooth pseudo wavefunction into the real wavefunction. It
basically separates the true wavefunction into a smooth extended part and local-
ized parts, such that energies and densities can be treated individually e.g. for the
localized parts within rc in a non plane wave approach [7474].
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3.6 Elasticity theory

3.6.1 Lagrangian strain definition

A displacement of a continuum body is discribed by the mapping X of all original
points x onto the final points X [7575]. The vector field connecting x with X is called
the displacement field and shall be called u(x).

X(x) = x + u(x) (3.28)

A infinitesimal probe vector dx is transformed to dx as:

dX(x) =
∂X
∂x

dx = dx + du(x) ≈ dx +∇xu(x)dx (3.29)

F̄ = ∇xX =
∂X
∂x

= 1 +∇xu(x) (3.30)

F̄ is the deformation gradient tensor and corresponds to the Jacobian matrix of X .
∇xu(x) is the displacement gradient tensor. It should be noted that coordinates,
gradients and tensors are always defined in cartesian coordinates. In general,
all displacements can be separated into rigid body displacements (translations,
rotations) and deformations. The degree of deformation is related to the change of
local distance measures. The infinitesimal squared length dx2 transforms as:

dX2 = dX>dX = dx> F̄> F̄dx = dx>C̄dx (3.31)

C̄ is the Green’s deformation tensor. C̄ = 1+ λ̄ with small λ̄ = δ̄>+ δ̄+ δ̄>δ̄ for small
displacement gradients ∇xu = δ̄. There are several definitions for the strain tensor
ε̄, the most common however is related to the difference in distance measures dl:

dl =
√

dX2 −
√

dx2 =
√

dx>C̄dx− dx = (3.32)

=

(√
e>(1 + λ̄)e− 1

)
dx ≈ (3.33)

≈
(

1 +
1
2

(
e>λ̄e

)
− 1
)

dx =
1
2

(
e>λ̄e

)
dx (3.34)

ε̄ =
1
2

λ̄ =
1
2
(C̄− 1) =

1
2

(
F̄> F̄− 1

)
(3.35)

e is the normalized vector parallel to dx. ε̄ as defined in eq. 3.353.35 is the Lagrangian
finite strain tensor. If the terms δ̄>δ̄ are neglected, ε̄ is called the infinitesimal strain
tensor. In particular, the Lagrangian strain vanishes for finite rigid displacements
e.g. when rotations and translations are applied. On the other hand, if δ̄>δ̄ is
neglected, so in the case of using the infinitesimal strain tensor, there is an error of
|δ̄2| for rotations and the strain densor does not vanish [7676, 7575].
The strain tensors are necessarily symmetric because:

ε̄> =
1
2

(
F̄> F̄− 1

)>
= ε̄ ⇔ εik = εki (3.36)

The infinitesinal volume change of the volume of a region R is given by:
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δV =
∫
X (R)

dV −
∫
R

dV =
∫
R
(det F̄− 1)dV (3.37)

Furthermore for infinitesimal strains:

det F̄− 1 ≈ ∇ · u (3.38)

and hence:

δV ≈
∫
R
∇ · udV =

∮
∂R

udA (3.39)

For further reading refer to Ref. [7676, 7575].

3.6.2 Strain matrices and basis vector transformations

An important question is how the unit cell vectors of a given material transform
under the application of the strain ε̄, or the transformation F̄, respectively. The
unit cell vectors bi define a basis matrix b̄ = [b1b2b3], which shall be given in
cartesian coordinates. B̄ describes the strained system. b̄ consists of the column
vectors bi and transforms to B̄ in the same way as the cartesian coordinates:

X = F̄x (3.40)
B̄ = F̄b̄ (3.41)
F̄ = B̄b̄−1 (3.42)

ε̄ =
1
2

(
b̄−1>B̄>B̄b̄−1 − 1

)
(3.43)

The relations for a basis matrix b̄r consisting of row vectors, which is sometimes
prefered, are:

F̄ = B̄>r b̄−1>
r = (b̄−1

r B̄r)
> (3.44)

F̄> = = b̄−1
r B̄r (3.45)

B̄r = b̄r F̄> (3.46)

ε̄ =
1
2

(
b̄−1

r B̄r B̄>r b̄−1>
r − 1

)
(3.47)

Most notably 3.413.41 and 3.463.46 have a different form. It should be noted that, according
to eq. 3.303.30, the deformation gradient F̄ incorporates all informations about how the
coordinates x transform besides translations. ε̄ however is a function of F̄ (see eq.
3.353.35) which removes furthermore all rotational elements from the transformation
F̄ and hence there is no 1:1 mapping ε̄→ F̄. E.g. F̄ can be chosen symmetric, then:

ε̄ =
1
2
(

F̄2 − 1
)

(3.48)

F̄2 = 2ε̄ + 1 (3.49)

F̄ = (2ε̄ + 1)
1
2 (3.50)

(3.51)
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The square root is not unique and can be calculated by the square roots of the
diagonal elements for a diagonal matrix. Thus F̄ can be constructed by finding the
eigenvectors, which are necessary to diagonalize the matrix [2ε̄ + 1] and eigenval-
ues, which are the diagonal elements in this eigenvector basis.

3.6.3 Strain and stress

An elastic deformation of a solid is defined as a deformation that returns to zero
when the external force is removed. When a solid is in its ground state it is neces-
sarily in a local minimum of the free energy. Hence any change in local atomic ar-
rangement - e.g. in unit-cell shape - will cause forces that tend to drive everything
back to its original equilibrium configuration. The generalized force correspond-
ing to strain is the stress σ̄. σ̄, as well, is a tensor of rank two whose divergence
∇ · σ̄ corresponds to the local force density f̃ [7777] and it is symmetric, as the strain
tensor. σik is related to the force in direction i on the unit area perpendicular to
the xk axis. i and k denote the indices of the cartesian lattice. The force f on a
infinitesimal volume Ω can be calculated as volume or surface integral:

f =
∫

Ω
f̃dV =

∫
Ω
(∇ · σ̄)dV =

∮
∂Ω

σ̄dA (3.52)

An index notation is frequently used for convenience. Furthermore Einstein sum-
mation is assumed here and in the following. σ̄ is also symmetric with σik = σki.
Hence:

(∇ · σ̄)i = ∑
k

∂σik

∂xk
=

∂σik

∂xk
and (σ̄ · dA)i = ∑

k
σikdAk = σikdAk (3.53)

The work performed by changing strain homogeneously inside a volume V by dε̄
can be calculated as:

W = dE = −Vσikdεik (3.54)

For small strains εik the the stress dependency on strain can be developped linearly
as a generalized Taylor expansion and will accordingly be:

σik(ε̄) = σik + Ciklmεlm +O(ε̄2) (3.55)

Ciklm is the elastic modulus tensor and has rank four. The symmetry properties are
[7878]:

Ciklm = Ckilm = Cikml = Clmik (3.56)

For small ε̄ higher orders can be neglected. The change in free energy by applying
an isothermal strain ε̄ can be calculated by [7676]:

∆F = −W1→2 = −
∫ 2

1
dE = V

∫ 2

1
σikdεik =

= V
(

σikεik +
1
2

Ciklmεikεlm

)
(3.57)
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When the deformation is started from the equilibrium structure all forces and
stresses vanish and the energy can be written as a function of the strain:

E = E0 −W1→2 = E0 +
1
2

VCiklmεikεlm (3.58)

This, of course, corresponds to the fact that the first non-vanishing term in the
taylor expansion around energy minima are quadratic. It is equivalent to Hooke’s
law, which is implicitely assumed in equation 3.553.55. It is always true for small
perturbations of elastic solids for non-plastic deformations.

3.6.4 The Voigt notation

In the Voigt notation, double sums ∑ik are substituted by sums over a single index
∑n. Due to the symmetry properties of strain and stress double sums with 3× 3 =
9 summands can be reduced to 6 summands with the substitution:

ik→ n : n = iδik + (1− δik)(9− i− k)
ik→ n : 11→ 1; 22→ 2; 33→ 3; 23→ 4; 13→ 5; 12→ 6 (3.59)

For consistent expressions, however, the Voigt strain vectors ~εV = [εV
n ] = [ξnεn]

(engineering strains) need additional weight factors ξn in their components which
are 1 for the Voigt indices 1, 2, 3 (diagonal elements of the tensor ε̄) and 2 for the
Voigt indices 4, 5, 6 (sum over the two equal off-diagonal ik and ki tensor elements).

∑
ik
[]..ikεik →∑

n
[]..nξnεn, ξn =

{
1 for n = 1, 2, 3
2 for n = 4, 5, 6

(3.60)

Thus with the Voigt notation, the 9 strain tensor elements εik can be described by
only 6 elements εV

n (=ξnεn). The Voigt stress vectors [σV
n ], as well as the symmetric

6x6 elastic modulus tensor [CV
nm] are obtained by simple index contractions as

given in eq. 3.593.59, such that σV
n = σn and CV

nm = Cnm. The maximum number of
independent tensor elements in Cnm is 21 (6 diagonal plus (36− 6)/2 off-diagonal
elements). Equation 3.573.57 for the energy change transforms to:

∆F = −
∫ 2

1
dE = V

(
σnεnξn +

1
2

Cnoεnεoξnξo

)
(3.61)

The formal pathway of reducing the representation of second order tensors to
vectors and of fourth order tensors to matrices is described in Ref. [7979] and is based
on requiring the inner product in R3 ×R3 〈σ̄, ε̄〉 = σikεik = tr (σ̄ε̄) to correspond
to the scalar product (~σ,~ε) in R6 and be invariant under this mapping R3 ×R3 →
R6. In particular, there are numerous possible choices for the components in the
vector notation. Within the description of Ref. [7979] the Voigt choice corresponds to
choosing ~σV to have contravariant and ~εV covariant characteristics. The factors ξn
of the Voigt strain vectors follow automatically. An alternative description however
could be e.g. by the Kelvin notation [8080]. There are advantages and disadvantages
for both [8181, 8282]. Here, only the common Voigt notation shall be used. It is in
particular convenient because the indices of the elastic constants only need to be
mapped according to above scheme 3.593.59, and no other prefactors appear. It is
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important to note that the transformation properties of the compressed notation
e.g. under coordinate transformations are different from those of usual vectors or
matrices.

3.7 Elastic energy of a coherent inclusion

Strain is rarely considered in atomistic calculations although the importance for
the phase separation behavior in Li battery materials has been demonstrated. It
is, of course, as well important for all phase transitions Ψ0 → Ψ1 with an abrupt
change of equilibrium lattice parameters. The subsequent section is devoted to
describing the methodology of determining strain contributions to the total energy
for a coherent inclusion of phase Ψ1 inside a matrix of phase Ψ0. It is e.g. relevant
for correct description of a nucleation process within a solid.
The strain energy Es of an inclusion in an elastic solid, where both materials have
the same elastic constants, is derived in Ref. [8383] (chapter 7). The elastic energy of
the relaxed total system (inclusion and host) can be calculated via:

Es =
1
2

∫
B(n)|θ(k)|2 d3k

(2π)3 (3.62)

θ(k) =
∫

θ(r)e−ikrd3r (3.63)

B(n) = Cijklε
0
ijε

0
kl − niσ

0
ijΩjl(n)σ0

lmnm (3.64)[
Ω−1

]
ij

= Cikl jnknl (3.65)

σ0
ij = Cijklε

0
kl (3.66)

with n =
k
|k| (3.67)

θ(r) is the shape function of the inclusion which is 1 inside the inclusion and 0
outside. θ(k) is the fourier transformed shape function. B(n) is a measure for
the strain energy necessary to create a coherent interface perpendicular to the
direction n = k/k. The terms contributing to B(n) only depend on the common
elastic constants Cijkl and the stress-free transformation strain ε̄0 which is the strain,
necessary to transform the material with the host lattice constants to the inclusion
lattice constant. The inverse operation would give −ε̄0[8383]. The sign cancels in the
formulas. With above formulas at hand it is possible to calculate for any shape
of an inclusion the total strain energy. It should be noted that the formulas are
correct basically for inclusions much smaller than the host, where surface and
shape contributions of the host can be neglected. In other words, the formulas
allow to determine e.g. strain energies for homogeneous nucleation, where the
nucleus forms inside the ”bulk” of the material.
It is important to note that above equations are valid for inclusions of arbitrary
shape, in particular the local strain inside the inclusion might be inhomogeneous
after relaxation, depending on the inclusion shape. For ellipsoidal inclusions, how-
ever, strain is always homogeneous [8383] (Eshelby’s solution [8484, 8585]). In this thesis
only ellipsoidal inclusions shall be discussed because of e.g. analytical expressions
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for the fourier transformed shape function, as well as the fact that only in this case
there exists a closed expression for the elastic strain energy of an inclusion with
different elastic constants C1

ijkl than the host C0
ijkl .

In this case the elastic strain energy Es is given by:

Es =
1
2

V
[
C1

ijklε
0
ijε

0
kl − C1

ijklε
∗
ijε

0
kl

]
(3.68)

C1
ijkl = C0

ijkl + ∆Cijkl (3.69)

ε∗ij = Sijklσ
∗
kl = Sijkl

(
C1

klmnε0
mn − ∆Cklmnε∗mn

)
(3.70)

Sijkl =
∮ 1

2

[
njΩ0

ik(n)nl + niΩ0
jk(n)nl

]
n=n(n′)

dOn′

4π
(3.71)[

(Ω0)−1
]

ij
= C0

ikl jnknl (3.72)

n = n
(
n′
)
=

(
L̄>
)−1 n′√

n′>((L̄>)−1)>(L̄>)−1n′
(3.73)

The integration of dOn′ is performed on a spherical surface given by the directional
vector n′. There are slight differences in the nomenclature as compared to Ref. [8383],
to stay consistent within this thesis. They originate from the definition of L̄, which
is defined in Appendix B.1B.1. Furthermore it should be mentioned that there are
some errors in the formulas given in Ref. [8383], which are pointed out in Appendix
B.1B.1. The correct expressions are given here, where they were derived by comparing
to other literature [8686]. An implementation of the expressions of Ref. [8383] gives
unreasonable results. It should be noted that eq. 3.703.70 is an implicit definition
of ε̄∗ which needs to be solved for each shape dependent [Sijkl ]. The solution of
this equation needs some tensor algebra. In particular, eq. 3.703.70 can be written in
general as:

ε̄∗ = K̄0 − T̄ ◦ ε̄∗ (3.74)
with T̄ ◦ ε̄∗ = ∑

kl
Tijklε

∗
kl (3.75)

(3.76)

Equation 3.743.74 can be solved symbolically with:

ε̄∗ = (1 + T̄)−1 ◦ K̄0 (3.77)

1 and ()−1 are the identity and the inverse with respect to the operation ◦. Obvi-
ously 1 is:

1ijkl = δikδjl (3.78)

To perform calculations, the derived equations were implemented and solved us-
ing Python [8787, 8888]. The necessary math is elaborated in Appendix B.1B.1.
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Part I
Results on LixFeSiO4





T he fundamental mechanism, which Li intercalation materials are based on,
is the existence of multiple stable oxidation states of transition metal ions.
Intercalation materials are normally transition metal oxides (or sulfides)

with admixed functional elements (F, N) or groups (PO4, SiO4) [11]. The number of
Li, that can be stored inside such hosts, is proportional to the number of transition
metal ions and active redox couples. Hence, pure oxides exhibit a rather high
theoretical capacity because of a large density of TM ions. However, very often,
only part of it can be accessed due to stability reasons of the compounds when the
higher oxidation states are realized. It is especially the admixture of the functional
groups and elements that stabilize the compound against decomposition e.g. via
O2 outgasing which becomes favorable for strongly delithiated and thus highly
oxidized materials [8989, 9090, 9191].
A very promising class of possible future Li-ion battery cathodes are orthosilicates.
One outstanding candidate is Li2FeSiO4 (LFS). While being on par in terms of
safety and abundance of the elemental components, it potentially exhibits superior
properties to LiFePO4 (LFP), due to a higher theoretical capacity [9292], as two Li ions
per formula unit are accessible.
The theoretical energy density is ≈ 300 mAh/g [9393]. However, the extraction of
the second Li ion per formula unit (f.u.) happens at extraction voltages beyond
the stability window of common electrolytes and the structure itself [9494, 9595], such
that theoretical capacities are typically not obtained in experiments. There are,
in fact, several similarly stable polymorphs of LFS, all of which exhibit a hexag-
onally close-packed framework of oxygen atoms with cations on tetrahedral in-
terstitials [9696, 9292, 9797, 9898, 9999, 100100]. The Li ions are either arranged in layers (P21,
Pmnb, Pmn21), along lines ([101101, 9898]) or in a three-dimensional matrix (Pmn21
(inv)22, Pbn21, P21/n ) [102102]. As a result, ionic conductivity is strongly anisotropic
[104104, 105105]. The most stable polymorph of completely lithiated LFS crystallizes in
the orthorhombic space group Pmn21 [106106, 102102], others can be obtained under
different synthesis conditions [107107, 100100]. Therefore it is often difficult to produce
pure phase LFS in experiment. It should be noted that not only diffusional but also
thermodynamic properties such as the OCV are affected [100100]. Furthermore, other
polymorphs can become favorable at certain Li concentrations [102102]. As a result,
an irreversible phase transition Pmn21 → Pmn21 (inv) is observed experimentally
after the first extraction of 1 Li per f.u. [106106, 104104] and explained theoretically
[102102, 103103]. The structural transformation is observed as a drop of the OCV after
the first charge by 0.3 V.
Although its cycling stability is still an issue, the main LFS studies of this thesis
were performed for the Pmn21 polymorph after initial discussions with the exper-
imentalists (E. Bekaert, M. Stark).
The results are reported in the logical order going from bulk properties to Li-Li
interactions (phase separation) and electron-lattice interactions (polarons). The
bulk (de-)lithiation is studied considering two pathways – the homogeneous solid-
solution pathway and the coherent nucleation pathway including strain. Both
considerations indicate that surfaces are needed to explain experimental results.
Therefore surface properties and energetics are studied in detail subsequently. Fi-
nally, as an application of coherent nucleation in inhomogeneous media, the phase

2This polymorph is called Pmn21-mod in Ref. [102102], and inv-β II in [103103].
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4Bulk properties of
Pmn21-LixFeSiO4

4.1 Computational setup

Figure 4.1: Bulk structure of Pmn21-Li2FeSiO4 in a 2×2×2 supercell.

Starting point of all calculations were atomic position data of the low temperature
form of Lithium Phosphate Li3PO4 [108108]. The atomic positions in Pmn21 Li2FeSiO4
can be obtained by substitution of P by Si and one Li by Fe [109109]. Unit cell volume,
shape and atomic positions were relaxed subsequently to find the equilibrium
structure. The unit-cell consists of 16 atoms, respectively two formula units (f.u.)
(see Fig. 4.14.1).
The relevant computational parameters were obtained from a convergence study
using the exchange correlation functional according to Perdew, Burke and Ernzer-
hof (PBE) [5959] and standard VASP PAW pseudopotentials [110110, 111111] (see Appendix
B.2B.2). They are summarized in table 4.14.1.
The parameters are in line with other publications on Li2FeSiO4 [112112, 9595, 113113, 9494,
102102, 114114, 115115]). The authors of Ref. [102102] report an accuracy of 5 meV/f.u. with
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similar parameters as here. The own convergence study, however, indicates an
absolute energy accuracy of only ≈ 20 meV/f.u. (see Appendix B.2B.2). Yet, relative
energy values are converged to ≈ 1 meV/f.u.

Table 4.1: Standard computational parameters for the standard VASP PAW pseu-
dopotentials. Smaller electronic SCF and force thresholds were chosen in case of
convergence problems.

parameter value
electronic SCF accuracy 0.0001 eV

force accuracy 0.01 eV/Å2

plane wave cutoff 600 eV
K-point grid 5×5×5 (Γ-centered)

4.2 Structural properties

To determine equilibrium properties of Li2FeSiO4, total energy calculations with
and without spin polarization were performed, where the d electrons of the two
Fe atoms were initialized with parallel and antiparallel magnetization. The equi-
librium unit-cell was determined by relaxing atoms and cell-shape for certain
constant volumes. The volume dependence of Etot was fitted using the Birch-
Murnaghan equation of state [116116]:

Etot(V) = E0 +
9V0B0

16


[(

V0

V

) 2
3

− 1

]3

B′0 +

[(
V0

V

) 2
3

− 1

]2 [
6− 4

(
V0

V

) 2
3
]

(4.1)
B0 is the bulk modulus −V0

(
∂P
∂V

)
T,V0

at the equilibrium volume V0 or P = 0 re-

spectively. B′0 =
(

∂B
∂P

)
T,V0

its pressure derivative. DFT results are plotted together

with the fitted curves in Fig. 4.24.2. Obviously, the spin degree of freedom for the
d-electrons of Fe significantly lowers the total energy and improves equilibrium
cell volumes (compare table 4.24.2 and Vexp.

0 = 166.3/167.5 Å3, Refs. [107107]/[106106]).
The Fe d states prefer a high spin configuration (Fe2+ has 3d6 configuration). Cal-
culations for initial parallel and antiparallel local spins on Fe stayed parallel or
antiparallel respectively for all SCF cycles during ionic relaxation and converged
local magnetic moments are ±4µBohr in the ground state. In fact, the fit for the an-
tiparallel spin configuration gives 0.2 meV lower total energy, which is in line with
experimental findings [117117] of an antiferromagnetic low temperature phase below
25 K, where, however, different synthesis conditions can also lead to ferromagnetic
phases. The found energy difference is well below the accuracy of the calculations,
which is why parallel spin configurations for Fe were chosen subsequently. This
configuration is often refered to as ferromagnetic configuration. The findings are
in line with published DFT results on LFS [102102, 113113, 103103]. Without the experimen-
tal findings, one would be inclined to characterize LFS as paramagnetic. Magnetic
phase properties are extremely difficult for ab-initio calculations due the variety
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Figure 4.2: GGA results for Li2FeSiO4 and fitted Birch-Murnaghan equation of
state for a) energy volume dependence with parallel (mFe1/2 = 4) spins on Fe,
antiparallel (mFe1/2 = ±4) spins and no spin degree of freedom. b) Focus on the
spin dependent curves.

Table 4.2: Results from the Birch-Murnaghan equation of state fits of Fig. 4.24.2.

parallel Fe spins antiparallel spins no spin
E0 (eV) -108.893 -108.893 -104.470
V0 (Å3) 169.54 169.51 161.70
B0 (eV/Å3) 0.539 (86.4 GPa) 0.539 (86.4 GPa) 0.485 (77.7 GPa)

B′0 4.533 4.573 3.646

of configurations of local spins e.g. in antiferro- or ferrimagnetic materials, with
possible non-collinear spin configurations. Correct thermodynamic treatment is
rather involved (private communication with F. Körmann, see e.g. [118118]).
To determine minimum structures, the energetic minimum determined from the fit
was used as starting structure for a final run, where cell volume, shape and atoms
were allowed to relax. Subsequent to the optimization, different k-point grids
and plane wave cutoffs were studied, with and without structure and unit-cell
relaxation. The results are summarized in Appendix B.2B.2. Structures are reasonably
converged with a cutoff of 600 eV.
The final lattice parameters of orthorhombic Li2FeSiO4 are given below in table
4.34.3, the crystal is illustrated in Fig. 4.14.1.
It is known that certain properties of materials comprising TM atoms with their
localized, strongly correlated d states can not be obtained correctly with standard
GGA functionals [6262, 6464, 119119]. A typical example is e.g. the electronic structure
of TM oxides as well as their formation enthalpies [120120, 9090, 121121]. One main er-
ror is typically assigned to a large self-interaction error of the localized electronic
d states. As explained previously, it has been shown that those errors can be re-
duced by including the +U correction for the localized d electrons [122122]. It has been
the standard approach for accurate DFT calculations of battery materials, mainly
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Figure 4.3: GGA+U results for Li2FeSiO4 and fitted Birch-Murnaghan equation of
state for parallel (mFe1/2 = 4) and antiparallel (mFe1/2 = ±4) Fe d spins.

driven by findings of the Ceder group [123123, 120120]. In spite of the improvements at
only slightly higher computational costs, the inclusion of a +U term in the calcu-
lations adds some ambiguity due to the choice of U. As shall be shown, surface
energy trends e.g. will not be altered significantly by employing a +U correction.
Thus, in some cases, it might still be valid to rely on GGA calculations, especially
as GGA+U calculations tend to deteriorate convergence of the electronic SCF.
Nevertheless, most calculations in this thesis were performed using PBE+U using
the rotationally invariant flavor [6565]. Here, values of U = 5 eV and I = 1 eV (Ueff =
U − I = 4 eV) were assumed for Fe due to previous works of others [123123, 9494, 102102],
noting that differences of 0.5 eV do hardly matter [124124].
The resulting relaxed unit-cell geometry for above calculations within PBE+U are
tabulated in table 4.34.3. Relatively small effects on the geometry are observed. The
quasi-degeneracy of parallel and antiparallel spin alignment of the Fe d states is
retained, with the antiferromagnetic configuration 1.3 meV/f.u. more favorable
(see Fig. 4.34.3). Initialization of ferromagnetic, parallel spin configurations is used
subsequently for practical reasons.

4.3 Li extraction voltages

The Lithium extraction voltage U vs. Li/Li+ can be calculated from the chemical
potential difference of the Li atom in the electrode material and the chemical po-
tential in Li metal [125125, 123123], as discussed previously (eq. 2.112.11). The OCV is the
voltage obtained from the charged (delithiated) system, whereas the delithiation
voltage is basically the voltage that needs to be applied to the as built (lithiated)
system to charge it. They coincide numerically as reversibility is assumed. As the
chemical potential difference is a thermodynamic quantity, it is independent of the
reaction steps that are involved in transporting one Li from one electrode to the
other e.g. by dissolution etc..
The Li chemical potential inside reasonably sized particles corresponds to bulk
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Table 4.3: Bulk properties of Pmn21-LFS. Computational and experimental values
obtained by others are added for comparison. α and γ angles are 90.00◦ in all
cases. OCV1 the average extraction voltage for the first Li, OCV2 for the second.

GGA GGA+U GGA(+U) GGA+U Exp. Exp.
Reference This study This study [113113] [102102] [107107] [106106]

Li
2F

eS
iO

4 a (Å) 6.286 6.313 6.331 (+U) 6.320 6.270 6.267
b (Å) 5.372 5.384 5.391 (+U) 5.384 5.345 5.330
c (Å) 5.003 4.996 4.992 (+U) 4.998 4.962 5.015
β (◦) 90.00 90.00 90.00 (+U) 90.00 90.00 90.00

V0 (Å3) 169.0 169.8 170.37 (+U) 170.05 166.3 167.5

Li
Fe

Si
O

4

a (Å) 6.071 6.080 6.078 (+U) 6.080 - 6.508
b (Å) 5.639 5.638 5.636 (+U) 5.648 - 5.216
c (Å) 5.05140 5.045 5.042 (+U) 5.031 - 5.002
β (◦) 90.71 90.78 90.8 (+U) 89.33 - -

V0 (Å3) 172.9 172.9 172.7 (+U) 172.8 - 169.8

Fe
Si

O
4

a (Å) 6.054 6.082 6.102 (+U) 6.078 - -
b (Å) 5.700 5.856 5.841 (+U) 5.649 - -
c (Å) 5.551 5.346 5.376 (+U) 5.338 - -
β (◦) 90.01 90.00 90 (+U) 90.11 - -

V0 (Å3) 191.54 190.40 191.60 (+U) 183.2 - -
OCV1 (V) 2.59 3.12 2.6 (GGA) 3.12 3.13 3.10
OCV2 (V) 4.07 4.84 4.1 (GGA) 4.86 - -

values. In most cases temperature (entropy) and pressure effects as well as vibra-
tional degrees of freedom are neglected and Gibbs free energy differences reduce
to differences in the ground state energies E:

eU(x) = ∆µLi(x) ≈ |E(Lix+∆xFeSiO4|N)− E(LixFeSiO4|N)− ∆xN · E(Li(m))|
∆xN

(4.2)
where N is the number of formula units in the computational cell. E(Li(m)) is the
total energy per Li atom in Li metal. In principle, many different Li arrangements
can be realized for given concentration x. If the arrangements for given x do
not differ largely in energy (scale = kBT) configurational entropy has a significant
influence and realistic voltages need to take contributions of the configurational
entropy into account. If the arrangement has a large influence on the total energy,
it is necessary to scan a quite large amount of configurations to find the minimum
energy one. The lowest energy configurations for all concentrations x are described
by the convex hull. In the case of Pmn21 LixFeSiO4 (LFS), the convex hull consists
only of three configurations at x = 0, x = 1 and x = 2, such that phase separation
occurs (see section 4.5.24.5.2 or Ref. [102102]). The result is a perfectly flat, stepped OCV
vs. composition profile at 0 K. Thus, it is sufficient to calculate the total energy of
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Figure 4.4: GGA and GGA+U (Ueff = 2, 4 eV) DOS for Li2FeSiO4 and LiFeSiO4,
including projected DOS for the individual elements. (Fig. adapted from Ref.
[126126] with permission from WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim)

these three structures and of Li metal in order to determine the OCV for 0 ≤ x ≤ 1
and 1 ≤ x ≤ 2. It should also be mentioned that the primitive unit cell has 4 Li
ions, and it does make a difference which Li atoms are extracted. Only the lowest
energy configurations are reported here. A detailed analysis of the configuration
dependence is given in section 4.54.5.
The results obtained by GGA and GGA+U are displayed in table 4.34.3. Li metal
(bcc) is calculated within GGA using the PBE functional (cutoff = 520 eV, k-points
= 11×11×11).
In general, all results are in line with previously published computations (see table
4.34.3). The experimental extraction voltage for the first Li ion per f.u. is clearly
underestimated using GGA (2.59 V (GGA) vs 3.13 V (Exp.)). The +U correction,
however, reduces the error to only ≈10 meV (3.12 V (GGA+U)). The extraction
voltage of ≈ 4.8 eV for the second Li ion is found to be beyond the stability window
of common electrolytes [127127], which inhibits its extraction in real cells.
Furthermore, it is found that GGA+U alters significantly the electronic density of
states (DOS).

4.4 Electronic structure

The DOS for GGA and GGA+U computations is plotted in Fig. 4.44.4. The valence
states of Li2FeSiO4 correspond to the strongly localized Fe 3d states (narrow peak
at EF). It should be noted that the exact position of these valence states with respect
to the adjacent bands (indicated in Fig. 4.44.4 with dotted vertical lines) is slightly
different from the position in other publications [113113, 103103] and also subsequent
calculations of this thesis with another pseudopotential and newer VASP version
(Fig. 5.65.6 in section 55). In the later part of this thesis, only the gap Eg = Eg1 + Eg2
(Fig. 4.44.4 b)), which separates the band-like states, becomes relevant (see section
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7.1.27.1.2). The so-defined Eg is the same for the different pseudopotentials and VASP
versions and corresponds to the chemical hardness.
As expected, increasing U towards Ueff = 4 eV opens up the separation Eg (Fig.
4.44.4 a)–c)). The PBE value of 1.6 eV increases to 3.4 eV for Ueff = 4 eV.
Li states are in general far below the Fermi level EF, such that the main effect of Li
deintercalation is the emptying of Fe d valence states of Li2FeSiO4 (see Fig. 4.44.4 c),
d)).
Fig. 4.44.4 d) indicates that LiFeSiO4 valence states are rather oxygen-like. This sug-
gests that further Li extraction might be problematic as electrons will be removed
from oxygen states, making the whole structure chemically unstable e.g. against
oxygen outgasing. Thus, whereas removal of the first Li atom per f.u. is related to
a switching of Fe2+ to Fe3+, it is unlikely that extraction of the second Li atom can
be understood as a pure switching of Fe3+ to Fe4+. These DOS-based considera-
tions will, in fact, be supported by a more detailed study on Fe oxidation states in
the subsequent section.

4.5 Configuration dependent properties

In order to understand LFS properly also other configurations and concentrations
have been studied within GGA+U. Furthermore a simple Cluster Expansion has
been performed to understand the necessary complexity of effective Li interac-
tions. For simple nearest-neighbor interactions e.g. it would be straight forward
to derive continuum parameters e.g. via a mean field approach, as discussed in
Appendix A.2A.2.

4.5.1 Data generation

A 2×1×2 supercell containing 8 formula units (≤ 64 atoms, ≤ 16 Li atoms) was
studied. In this case, the size of accessible configurational space is somehow lim-
ited, however, the choice can be rationalized by the finding that Li-Li interactions
within Li layers are larger than between different layers [128128] (Li layers in Pmn21-
LFS are in the a-c plane, see Fig. 4.14.1).
Input structures were generated from the completely filled bulk supercell with
randomly removed Li ions. Calculations were performed with 0, 1, 2, ..., 16 Li
atoms or respective concentrations x of 0, 0.125, 0.25, ..., 2 in LixFeSiO4. The
total number of distinct configurations for k Li atoms was increased towards the
intermediate concentration of 8 Li atoms, in order to pay respect to the increasing
number of possible configurations. In this way 81 random configurations were
created. 4 additional calculations were deliberately added, including e.g. the most
important and well ordered lowest energy structure for x = 1. Magnetic Moments
on Fe were initialized in parallel polarization. All atoms and the unit-cell were
allowed to relax until forces were smaller than 0.02 eV/Å. To increase the accuracy
the plane wave cutoff was raised to 800 eV and the electronic SCF convergence
improved to 10

-5.
In the end converged results were obtained for 70 calculations.11

185 8-core calculations were started with a maximum runtime of 7 days. 15 of them did either
not converge within that time or produced errors.
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Figure 4.5: Formation energies Eform for 70 configurations. The values are nor-
malized to the formation enthalpies of Li2FeSiO4 and FeSiO4. The convex hull is
drawn in red. Relative volumes V/Vx=2 are visualized in the color. Green data
points exhibit a volume decrease.

4.5.2 The convex hull

The resulting formation energies Eform are plotted in Fig. 4.54.5, relative to the forma-
tion enthalpies of Li2FeSiO4 (x = 2) and FeSiO4 (x = 0). All formation enthalpies
are negative and hence all configurations are energetically more favorable than a
decomposition into x = 0 and x = 2 regions. On the other hand the convex hull
(drawn in red) only comprises the 3 ground states at x = 2, 1, 0. All other data
points lie above it and hence those configurations are unstable against a decompo-
sition of the system into the ground states at x = 2, 1 (for 1 < x < 2) and x = 1, 0
(for 0 < x < 1). These results confirm the phase separating behavior of LFS with
the two plateaus.
In addition to the stabilities, the illustration also allows to analyze the relative
volume changes upon delithiation, which is coded into the color. Between x = 2
and x = 1 the relative volume change stays limited to below ≈ 2 %, for smaller
concentrations, however, considerable volume increase can be observed22. A clear
relation between stability and volume at fixed concentration x is not observed as
the green data points in Fig. 4.54.5 e.g. correspond to configurations with decreased
volume.
The concentration dependence of the volume is plotted in Fig. 4.64.6. In general, most
materials exhibit an expansion upon delithiation. A widely accepted explanation
is the increased repulsion due to higher Fe oxidations states and oxygen atoms
which loose their Li+ partner ion. In the region x = 2 . . . 1 the average volume
changes are small and approximately linear in x (Vegard’s law [129129]), significant
deviation is however observed for x = 1 . . . 0.33

2The colorbar was limited to 1.04 to resolve enough detail in the x = 2 . . . 1 region.
3In fact, FeSiO4 energetics (x = 0) is very insensitive to considerable volume changes resulting in

significant error bars for the volumes. The Li extraction voltage is only affected by < 10 mV.
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Figure 4.6: Concentration dependence of the relative volume change V/Vx=2. For
concentrations x above 1 the average volume change is moderate and much smaller
than for x < 1.

4.5.3 Construction scheme of a Cluster Expansion

In order to understand in more detail, how the different Li configurations relate
to the total energy of LFS, a Cluster Expansion, as described in section 2.22.2, was
performed. Model construction is typically based on optimizing the predictive
performance of the model. A typical measure for the model’s quality is the so-
called cross validation score (CVS). It basically goes beyond a simple root mean
square error (RMSE), as the RMSE includes no information about the errors outside
the data set. To determine the CVS, the set N of input data is split into a specific
training set Ti and a validation set Vi. Then, the training data is only used for
the model fit and the quality of the prediction is checked e.g. by the RMSE of the
respective model prediction for the validation data Vi. There are several options of
how to separate into training and validation data:

1. Leave-k-Out: How large to choose k (the number of elements in Vi, |Vi| )?

2. How many training and validation splits to compare (n, the number of sets
Vi)?

3. Overlapping or non-overlapping splits (|Vi ∩ Vj| ?
= ki,j · δij; ki,j 6= 0)?

4. Random or biased splits?

The CVS for a certain Cluster Expansion (CE) is defined by[1616]:

CVS(CE) =

√
1

n · k ∑
i

∑
σ∈Vi

(EDFT(σ)− ECE(σ|ECI(Vi)))
2 (4.3)

σ denotes the Li configuration. For very large n and k (and |Ti| still reasonably
large, or constant) it should converge and be independent of n and k and only
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represent the predictive quality of the CE expression itself, e.g. how good it can
map all relevant information with a certain set of motives.
Similarly the ECI values for a certain training set Ti are obtained by minimizing
the RMSE:

RMSE(Ti) =

√
1
|Ti| ∑

σ∈Ti

(EDFT(σ)− ECE(σ|ECI))2 (4.4)

Generating an accurate CE for configurational properties of solids is rather in-
volved, as e.g. there are several knobs for optimization, starting with the iterative
generation of the most important input data sets, setting (and optimizing) of re-
strictions on the pool of admissible motives, finding an optimized selection of
motives (optimization of eq. 4.34.3, e.g. via a genetic algorithm) and finally opti-
mizing the ECI values (e.g. with additional terms in eq. 4.44.4 and/or additional
constraints). A comprehensive overview can be found in [1616].

4.5.4 Cluster Expansions for LFS

As the more sophisticated approaches lie outside the scope of this thesis, only
certain interaction motives were allowed and tested in a brute force manner. Only
in-plane Li interactions were assumed, Li configurations are described on a 2D
lattice (see Fig. 4.74.7).
Although a large amount of motives had been tested, the derived Cluster Expan-
sions are not optimized to a high degree. Only three of them shall be presented
below. Furthermore, the occupation variable σ was allowed to take values ±1
instead of 0, 1. It was found that this results in better RMSE and CV values.

c

a

a) b) c)

-1,0 1,0

0,-1 1,-1-1,-1

0

0,1

-1,-2 1,-2

Figure 4.7: a) 2D topology of the Li lattice. The computational cell is within the
green rectangle. b) Labels for the neighbors of one specific Li positioned at 0
(green) and illustration of the relevant pair interaction motives. Nearest neigh-
bor atoms (nn) are marked in red, next-nearest in yellow. c) Illustration of the
quadruple interaction.
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Table 4.4: Average ECI coefficients, average RMSE as well as CV score. All param-
eters are as defined in equation 2.182.18. The figures show the formation energy per
f.u. normalized to the completely filled/empty lattice. DFT data (blue circles), the
convex hull (red line), and CE values (green crosses).

type label value (eV) Formation energy
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const. C -42.1825
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const. C -42.1769
point C0 -5.8524
pair C0,−1/0 0.0907
pair C0,1/0 0.1014
pair C0,0/−1 0.1238
pair C0,−1/−1 0.0456

av. RMSE 0.0686
CVS 0.0731
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const. C -42.1872
point C0 -5.8476
pair C0,−1/0(C0,1/0) 0.0977
pair C0,0/−1 0.1147
pair C0,−1/−1 0.0423
pair C0,−1/−2 0.0250

quadr. C0,0/1,1/0,0/−1 -0.0413
av. RMSE 0.0605

CVS 0.0687
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Three CEs for LFS were studied, with different orders of complexity for equation
2.182.18.

i) Only up to one isotropic nearest neighbor (nn) Li pair (≡ equation A.7A.7)

ii) With anisotropic nn Li pair interaction.

iii) With anisotropic nn, next-nn pair and one quadruple Li interaction term.

The nomenclature of the ECI motives can be understood from the neighbor la-
bels as illustrated in Fig. 4.74.7 b). Only limited studies were performed. The here
presented data was obtained from k = 15 (size of the validation data set), n =
50 (number of data set splits) possibly overlapping biased data splitting. 4 dis-
tinct data sets, namely with 0, 8, 15 and 16 Li atoms, are selected on purpose and
added to the training set Ti because these are crucial for the real phase diagram
and should thus be represented rather accurately by the CE (The 0, 8, and 16 Li
structures correspond to the previously found stable phases.).
The resulting ECI values and performance values of the CE i)-iii) are tabulated
in table 4.44.4. The presented results are normalized to one f.u.44. ECI values are
averaged values for the 50 splits. Partly, ECIs were implicitly assumed to take the
same value, although they should be inequivalent in principle (e.g. C0,−1/0 = C0,1/0
in case iii)). This can be rationalized by the finding that C0,−1/0 and C0,1/0 do not
differ much in case ii) and that the lattice deviation from a rectangular form is
only small. Symmetry equivalent ECIs are not listed. The different accuracy of the
different CEs can be visualized in the formation energy plots of table 4.44.4. Here
the formation energies are normalized to the energy of Li2FeSiO4 and FeSiO4. CE
values are plotted as green crosses together with DFT results (blue dots) and the
DFT-derived convex hull (red line).
As expected, the data representation improves with increasing number and com-
plexity of ECIs. Indeed, however, it is much harder to improve the CVS as com-
pared to the fit error (RMSE) e.g. by adding additional fitting constants (compare
e.g. results for i) and ii) in table 4.44.4). Furthermore, a linear increase of complexity
(including e.g. triple interactions) did not improve the CVS significantly.
Obviously, the naive testing is not sufficient to find a good CE as results differ still
very strongly from the original DFT data. Most importantly, the convex hull is not
correct and these CEs would e.g. not give the correct groundstate phases. Yet, it
is possible to conclude, at least, that the effective Li interactions in LFS cannot be
mapped onto an effective nn Ising model (case i) as well as not onto an anisotropic
nn Ising model (case ii) and translate the ECI values directly to a continuum scale
free energy expression. An alternative approach for determining continuum scale
parameters shall be presented later.

4.5.5 Oxidation states of Fe

As already described, Li deintercalation is typically understood as an oxidation
of the TM ions. As a result the number of Fe2+, Fe3+ and Fe4+ should just be a
function of the concentration. On the other hand, it was shown that extraction of

4The constant C, as well as RMSE and CVS were divided by 8 from the 8 f.u. calculations and fit
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Table 4.5: Determined properties of Fe atoms from the stable ground state struc-
tures of LixFeSiO4 at x = 2 , 1, 0. As all Fe atoms are equivalent in these structures
the standard deviations are smaller than 10−5, thus not measurable on the pre-
sented scale.

x ox. state 3d charge (e) mag. moment (µB) Fe-O bond length (Å)
2 Fe2+ 6.097 3.718 2.045
1 Fe3+ 5.854 4.216 1.903
0 Fe4+ 5.938 3.786 1.822

more than one Li per f.u. might not be fully understood by switching to Fe4+ as
electron removal from oxygen states was inferred from the bulk DOS (Fig. 4.44.4 d)).
Yet, the total magnetic moments of the computational cell with a total number of
8 Fe atoms are in agreement with assuming oxidation states Fe2+ & Fe3+ for x =
2...1, and Fe3+ and Fe4+ for x = 1...0 and a magnetic moment following Hund’s
rules (Fe2+=̂ 4µB, Fe3+=̂ 5µB, Fe4+=̂ 4µB). The results are depicted in Fig. 4.84.8,
with one outlier for x = 0.5. It is worth noting that only integer total magnetic
moments are found.
The existence of integer oxidation states should be reflected in discrete, non-
continuous changes of some properties associated with the Fe atoms. Here, three
properties are studied, namely the valence charge and magnetization of Fe ions.
In fact, there is some ambiguity in the projection/decomposition scheme55. Here
the density was projected on atomic d states. In particular, it can not be expected
to find integer charges or magnetic moments with this method. Properties of the
three stable groundstate structures with assumed oxidation states 2+, 3+ and 4+
are tabulated in table 4.54.5. As different TM oxidation states result typically in dif-
ferent average bond length to the nearest neighbor oxygen atoms, this property
was analyzed as well. An important property of the three ground states is the

5Also more sophisticated method such as Bader analysis are somehow ambiguous[130130].
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Figure 4.8: Dependence of the total magnetic moment of the computational cells on
the overall Li concentration (different colors are different concentrations). Besides
the outlier at x = 0.5 all moments are in particular integer values and in agreement
with magnetic moments as expected from integer oxidation states for Fe.
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Figure 4.9: Fe charge, magnetic moment and Fe-O bond-lengths for all analyzed
Fe atoms. The bars are colored according to the bond-length and semi-transparent
to visualize the density. The arrows indicate 2+, 3+ and 4+ states.
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Figure 4.10: Fe charges and magnetic moments for different concentrations x. For
x = 2...1 the colors are semi-transparent tones of blue, for x = 1...0 semi-transparent
tones of orange and red. Obviously only 2+ and 3+ states are present for x>1,
intermediate states, however, for x<1. Green crosses represent the values for the
ground state structures.
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Figure 4.11: Number # of Fe2+ and Fe3+ ions for concentrations x = 2...1. A bond-
length-based classifier was used separating the both oxidation states at a critical
Fe-O distance of 1.97 Å.

equivalence of all Fe atoms and thus the standard deviations for charge, magnetic
moment and bond length become negligibly small (< 10−5). In contrast to intu-
ition, neither the charge nor the magnetic moment of the Fe atoms changes by
values close to integers. Furthermore the 3d charge is not reducing continuously
from Fe2+ to Fe4+ (see table 4.54.5). The most probable explanation lies in the con-
tinuous decrease in bond length for increasing oxidation states, which leads to
increasing contributions e.g. of Fe-O bond charges. Although not able to repro-
duce integer values, the determined magnetic moments µ appear to be more stable
against this error (compare e.g. µ(x = 2) and µ(x = 1) in table 4.54.5).
Nevertheless, the values of table 4.54.5 can serve as classifiers for Fe atoms in the
other (non ground state) structures.
The Fe ion properties 3d charge, magnetic moment and bond length are plotted
for the whole dataset in Fig. 4.94.9. Obviously, the two states Fe2+ and Fe3+ seem
to form clearly separated clusters. However, the Fe3+ cluster is connected to the
Fe4+ state cluster. As a result, the oxidation state of these Fe atoms cannot be
classified clearly, which is supporting the previous suggestion that oxygen states
are probably involved. When the Fe atom data points are colored corresponding
to the macroscopic concentration x, it can clearly be confirmed that for x = 2...1
only Fe2+ and Fe3+ are present, however, for x < 1, intermediate states appear (see
Fig. 4.104.10).
As indicated by table 4.54.5 and Fig. 4.94.9, the Fe-O bond length is the most conve-
nient descriptor for understanding Fe properties, as it decreases with increasing
oxidation state. Furthermore, the ambiguities in charge decomposition are cir-
cumvented. Fig. 4.94.9 suggests a threshold of 1.97 Å,̇ where oxidation states 3+ are
obtained for smaller Fe-O bond lengths and 2+ for larger ones. In this case the
number of Fe3+ ions corresponds exactly to the number of removed Li, given that
the whole cell is charge neutral (see Fig. 4.114.11).
The observed correlation between a localized charge state and a more or less local-
ized lattice distortion is described in physics as a polaronic quasiparticle [131131, 132132]
(fermion). More details about the polaron properties in LFS are presented in sec-
tion 55.
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OLi Lia)                                             b)

Figure 4.12: Local environment of Fe. There are four nearest neighbor O atoms,
each with a maximum of two associated Li atoms. a) Real configuration. b) Ab-
stract structural elements.

It is most probably the polaronic Fe-O bond length decrease, which can outweigh
the increasing, like-charged electrostatic repulsion and hence lead to a contracted
lattice for some intermediate concentrations, as observed before (green data points
in Fig. 4.64.6).

4.5.6 Patterns in configuration space

Although none of the intermediate non-ground-state configurations will be real-
ized on a large scale as it will phase separate, regions, where Li transport happens,
as well as regions, which transform from one ground state to the other, will realize
some intermediate Li content. This subsection shall study how the location of Fe2+

or Fe3+ ions is correlated to local Li environment.
The local bonding configuration of Fe, O and Li atoms in LFS is illustrated in Fig.
4.124.12 similar to a structural formula of a chemical compound. Fe is located in the
center of an oxygen tetrahedron. Each of those oxygen atoms is again bonded
tetrahedrally to exactly one adjacent Si atom and two Li atoms.
The average number of associated Li ions per associated oxygen, together with the
standard deviation of the Li-O coordination represents a unique classification of
local coordination patterns as in Fig. 4.124.12 b). Fig. 4.134.13 illustrates the probability
of finding Fe2+ and Fe3+ for the different structural patterns for x = 1...2. The
probability is coded into the blue (red) area within each data point and is obtained
from the whole data set. The oxidation state is classified via the observed Fe-O
bond length as outlined before. Whenever a data point is filled with a single color
it is only the respective oxidation which occurs for the specific configuration.
The fact that only one (two) data point does not allow for unambiguous assign-
ment of the oxidation state from the local descriptor indicates that the Fe2+/Fe3+

arrangement within a cell could be predicted with high accuracy without per-
forming any electronic structure calculations, but by simple analysis of the local Li
environment.
Furthermore, the results suggest that regions with significant change of Li content,
e.g. at an atomically sharp phase boundary of LiFeSiO4 and Li2FeSiO4 should
exhibit significant Fe2+/Fe3+ disorder, leading to high electronic conductivities
along these boundaries.
The most important implications of the observed patterns and correlations of Fig.
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Figure 4.13: Probability of finding Fe2+/Fe3+ for a given Li-O coordination and
standard deviation σ. Each data point represents exactly one local geometry as
illustrated by the small cartoons. The blue/red area of each data point represents
the probability of finding the Fe atom in the oxidation state 2+/3+.

4.114.11 and 4.134.13 are (for x=2...1):

• For charge neutral systems the number of Fe2+ is Fe3+ is uniquely defined
by the overall concentration x.

• The Fe oxidation state, which corresponds to the polaron localization, is
highly correlated to the nearest Li atoms density. One might speak of a
binding of an electron/hole (small polaron localized on the Fe atom) to the
Li ion/vacancy.

• As a result, the number of possible Fe2+/Fe3+ arrangements, which are ad-
ditional configurational degrees of freedom, is not uncorrelated to the Li
configurational degrees of freedom.

• Therefore, Li+ and e− transport should be highly correlated near equilib-
rium.

• One mechanism that can lead to a e−/Li+ separation is e.g. an external
electric field.

The properties of isolated polarons in LFS shall be studied in the subsequent sec-
tion.
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5Polarons in Pmn21-Li2FeSiO4

Polarons are quasiparticles of electrons (or holes) coupled to lattice distortions. In
a simple picture, a localized electron leads to a polarization of the lattice, such that
it is energetically favorable to distort the lattice locally. The electron basically traps
itself by inducing a local lattice distortion due to its presence.

Large and small polarons are discriminated according to their spacial extent. Large
polarons, which have spacial extents much larger than the inter-atomic distances
are e.g. important for describing charge transport in semiconductors. Conduc-
tion is still band-like but with larger effective masses due to (long-range) electron-
phonon couplings [131131, 133133]. Polarons are as well important for understanding
conducting polymers and excitonic states.

The polarons observed in this study are common in transition metal oxides and
can be classified as small polarons, due to their extent of the order of the lattice
constant [134134, 132132]. As a result of their localization, the conduction mechanism is
hopping-like. It is worth mentioning that reorganization of solvent molecules in
the direct proximity to an ion in solution is a very similar process as small polaron
formation and thus this hopping-like polaronic charge transport is closely related
to the Marcus theory [135135, 136136, 137137, 138138].

Adiabatic polaron hopping can be related to the migration barrier between two
adjacent sites determined by the Born-Oppenheimer potential energy surface.

Although valence band states are typically very localized in oxide battery materials
(small bandwidth, huge effective masses) many reports on battery materials try to
understand e.g. electronic transport properties from a band-like transport picture
by studying the bandgap and density of states [139139, 140140, 112112]. From the theoretical
point of view, however, a realistic description can only be obtained when hopping-
like transport is assumed.

Electron/Polaron transport in Li battery materials has been studied in detail e.g.
in Refs. [4242, 141141, 137137, 142142, 143143, 144144], though not for LFS at the time of writing.11

1Ref. [145145] has the name polaron in its title without, however, including any informative polaron
calculation.
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5.1 Computational setup

As discussed earlier, DFT+U corrections are an essential ingredient for adequate
description of several properties of oxide materials, one of which is electron local-
ization necessary to describe e.g. Jahn-Teller effects but also polaronic distortions
in these materials [121121, 137137]. Therefore, all presented computations of this sec-
tion were performed within GGA+U (Ueff = 4 eV). Furthermore, another set of
pseudopotentials was used, namely the soft version O s for oxygen. This enabled
a significant reduction of the plane wave cutoff energy to 400 eV, with minute
influence on relative energies (< 10 meV) (compare e.g. tables 4.34.3 and 8.18.1).
The phase separation properties of LFS simplify the theoretical treatment, as only
ground state phases need to be considered. All computation of this section were
performed inside a 2×2×2 supercell with the dimensions 12.665×10.790×9.996 Å3

(16 f.u.) (3×3×3 Monkhorst-Pack k-point grid). This corresponds to the relaxed
cell of Li2FeSiO4, which is the embedding matrix of the localized defect in real-
ity. Cell relaxations were not performed, in order to keep the numerical resolution
constant as well as to avoid strain induced defect-defect interactions due to the
periodic boundary conditions. Only polaron properties of Li2FeSiO4 shall be pre-
sented here. A limited number of computations were also performed for polarons
in Li1FeSiO4 as summarized in appendix A.5A.5.

5.2 Free hole polarons

For studying free hole polaron properties, the total electron number in the compu-
tational cell was reduced by one. This corresponds to an effective reduction of 1/16
e− per Fe atom in the supercell. This charge was compensated by a corresponding
uniform charge background.
As expected from previous findings, the off-stoichiometry hole localizes on Fe
ions. Indeed, it is possible to steer the localization by introducting some symmetry
breaking before lattice relaxation, as e.g. by reducing the Fe-O bond lengths ac-

Figure 5.1: Charge density of the valence states in Li2FeSiO4 with electron defi-
ciency. The removed electron localizes as a hole on Fe ion A. For reasons of clarity
Si and Li ions were not drawn.
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Figure 5.2: Band and Spin decomposed density of states of charge neutral
Li2FeSiO4 (a, b) and with one missing electron (c-f). The right column magni-
fies the DOS region around EF of subfigures in left column. Whereas the graphs
c) and d) represent the DOS of the charged system when the lattice atoms are not
allowed to relax the graphs e) and f) correspond to the DOS for the charged and
relaxed system. The induced hole polaron state is marked by * in e.

cording to the desired oxidation state for the selected Fe atom (e.g atom A in Fig.
5.15.1).

Certain features of the hole polaron formation can be understood from studying
the electronic DOS. Fig. 5.25.2 illustrates the band decomposed spin dependent DOS
for three different systems. Left and right column display the same information,
however, with focus on the DOS features of the valence band states around the
Fermi level EF in the right column. Fig. 5.25.2 a) and b) correspond to the non-charged
Li2FeSiO4 system as already discussed before. The other subfigures correspond
to the electron deficient system, where the atomic coordinates were not allowed
to relax in Fig. 5.25.2 c), d) and were allowed to relax (polaron formation) in Fig.
5.25.2 e), f). Whereas the charge neutral system exhibits a proper band gap with a
completely filled d band, the removal of one electron shifts the Fermi energy EF
downwards creating a hole in the d valence band (compare Fig. 5.25.2 b) and d)).
The missing charge is distributed among the equivalent Fe atom d states, which is
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Figure 5.3: Radial distribution of Fe ions around a given Fe atom. The histogram
bins have a width of 0.1 Å. Atoms of the two closest shells (marked with B, C)
belong to the same Fe-Si layer. The third shell D incorporates also Fe atoms from
adjacent Fe-Si layers.

Table 5.1: Adiabatic hopping barriers for hole polarons in Pmn21- Li2FeSiO4. The
hopping paths are named according to Fig. 5.45.4.

hopping paths A-B A-C A-D
nominal distance (Å) 4.45 5.00 5.35
barrier height Eb (eV) 0.23 0.25 0.20

testimony to the single reference properties of DFT, leading to metallic properties22.
Introduction of the homogeneous background charge leaves all prominent features
of the DOS the same.

This simple picture of hole creation in the valence band changes significantly, when
allowing the atomic coordinates to relax within the electron deficient system (Fig.
5.25.2 e), f)). The polaron formation removes the equivalence of Fe atoms, leading to a
localized hole on one single Fe atom and lifting the metallic properties (subfigure
f)). The emptied, localized d state turns up within the original bandgap closely
above EF, marked by * in Fig. 5.25.2 e). The state resembles a localized defect state.
Similar DOS features were found e.g. in Ref. [142142], both within GGA+U and a
hybrid functional (HSE) for hole polarons in LFP.

The charge distribution of the valence states of the relaxed electron-deficient sys-
tem is plotted in Fig. 5.15.1 in order to visualize the involved electronic states. As
only the localized Fe states are of interest here, only Fe and O atoms are displayed.
Obviously each Fe ion besides the Fe3+ ion A is hosting one occupied localized
valence orbital (blue clouds in Fig. 5.25.2). The displayed charge density was ob-
tained from the converged wave function by summing up charge contributions of
the valence states with energies between EF-0.65 eV and EF. The integration width
0.65 eV was chosen according to the density of states of the system (see Fig. 5.25.2 f).

2The correct electronic state of this state has supposedly multi reference characteristics.
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Figure 5.4: Side views of the Fe lattice. Fe atoms B, C and D are neighbors of the
three closest ”coordination” shells (see Fig. 5.35.3). For reasons of clarity only one
computational cell is drawn without drawing the respective periodic image atoms.
Atoms belonging to equivalent hopping paths starting from atom A are colored
equivalently.
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Figure 5.5: Energetics of adiabatic polaron hopping. Intermediate structures of the
reaction paths were obtained by a linear interpolation of the minimum structures
A, B, C, D. These correspond to hole polarons localized on the respective Fe atoms
of Fig. 5.35.3. Data points were interpolated using a cubic-spline method.

5.3 Free hole polaron migration barriers

In order to determine free hole polaron hopping barriers, different pathways were
considered. The radial distribution of Fe ions relative to a given Fe ion is plotted
in Fig. 5.35.3. It should be noted that the nearest and second nearest neighbor Fe
atoms (marked as B, C in 5.35.3 and 5.45.4) lie within the same Fe-Si layer, whereas Fe
atoms from the adjacent Fe-Si layer (separated by the Li containing layers) are at
least 5.35 Å away (D in Fig. 5.45.4). Accordingly, three hopping paths were consid-
ered, namely A-B, A-C and A-D with increasing Fe-Fe distance as illustrated in Fig.
5.45.4. Equivalent hopping paths with respect to atom A are colored equivalently.
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Polarons in Pmn21-Li2FeSiO4

Furthermore, due to symmetry, the A-B pathway is equivalent to the B-C pathway.
The structures along the transition paths for hopping were assumed to correspond
to the linear interpolation between the two boundary configurations with local-
ized polarons. It should be noted, that there are no major atomic rearrangements,
which discriminate the different localized polarons. The slight shift of the local
Fe-O bond lengths (≈ 0.1 Å) is e.g. hardly visible if structures are visualized. As
a result, choosing the reaction coordinate along a linear interpolation should be
rather accurate. Many publications on polaron diffusion do indeed follow this
approach [4242, 142142].
Alternatively, transition state and path search methods such as the dimer and
(climbing image) nudged elastic band (NEB) method could be applied [143143]. This
method has been tested, it was however impossible to converge to reasonable re-
sults.
The so-determined, adiabatic hopping paths are plotted in Fig. 5.55.5. The first thing
to notice are relatively small barriers in the range 0.20 - 0.25 eV. The numerical
values of the hopping barriers are tabulated in table 5.15.1.
Differences in the adiabatic barrier heights along the different pathways can be
explained by different frequencies of vibrational modes along the reaction coor-
dinates and different interaction matrix elements33 |Vif| if a Marcus-theory-like de-
scription is assumed. |Vif| is given by the initial and final valence states |Ψi〉 and
|Ψf〉 and:

Vif =
|Hif − Sif (Hii + Hff) /2|

1− S2
if

; Hif = 〈Ψi|H|Ψf〉; Sif = |〈Ψi|Ψf〉| (5.1)

If the two states involved in the charge transfer process do not couple electronically,
the shape of the minimum energy path should correspond to two intersecting
parabola. A deviation near the transition state is only expected for non vanishing
|Vif| [136136, 137137], and the difference is expected to be proportional to |Vif|. |Vif| is
typically assumed to decrease exponentially (due to wave function decay) with
increasing distance and thus more distant, localized states, as e.g. for the A-D
path, are expected to have negligible |Vif|.

3|Vif| is also called the electron transfer matrix element [146146].
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Figure 5.6: Band and spin decomposed density of states of the transition state
structure for the A-B migration path. Subfigure b) is a magnification of the DOS
region around EF. As expected, the DOS does not vanish at the Fermi level EF.
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Free hole polaron migration barriers

Interestingly enough, the determined barriers do not show this behavior with in-
creasing hopping distance although the involved states are extremely localized, as
shown in Fig. 5.15.1.
The discrepancy seems not to be related to a limited numerical accuracy, which
might be inferred from the fact that the transition states involve a Fermi energy
inside the valence band (Fig. 5.65.6) which requires accurate sampling of the Fermi
surface. A reevaluation with increased numerical accuracy (Appendix B.8B.8) did not
reveal dramatic differences, such that subsequent studies were performed with the
original Brillouin zone integration scheme (Gaussian smearing width of 0.1 eV).
The adiabatic hopping barriers of ≈ 0.2− 0.25 eV suggest that hole polaron hop-
ping rates are rather high. The barriers are approximately the same as in the case
of LFP [4242, 142142]. The results are comparable as a similar U value within GGA+U
was used. On the other hand, however, Fig. 5.15.1 illustrates, that the individual
Fe-O tetrahedra are spatially separated. This is distinctly different e.g. from mate-
rials where electron/hole hopping occurs e.g. across single corner-sharing oxygen
atoms as in perovskite TM oxides [147147] or olivine LFP [142142]. If electron/hole hop-
ping occurs across atoms the pathways in Pmn21-LFS involves at least two oxygen
atoms44. As a result, the coupling elements |Vif| of localized Fe d states should
be considerably smaller. For weak coupling |Vif|, however, nonadiabatic transfer
needs to be considered. In this case the hole tunnels to the adjacent potential well
and the transfer rate is proportional to |Vif|2 [137137] and thus should vanish for large
distances. A final comparison with e.g. LFP should involve consideration of nona-
diabatic electron transfer. The geometric arguments suggest that such an analysis
would most probably reveal lower hopping rates for LFS than for LFP.

4E.g. Fe-O-O-Fe or Fe-O-Li(Si)-O-Fe.
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Figure 5.7: Charge density of the valence states in Li2−δFeSiO4. Only the Li vacancy
(dark green) and Fe-O tetrahedra are drawn. The removed electron localizes as a
hole on site A close to the Li vacancy. For reasons of clarity Si and Li ions were not
drawn.

Figure 5.8: Geometry for bound hole polarons calculations. Only the Li vacancy
(dark green) and Fe-O tetrahedra are drawn. Fe atoms A, B, C and D belong to the
smallest ”coordination shell” (see Fig. 5.95.9).

5.4 Bound hole polarons

Similarly as electron removal from Li2FeSiO4, Li removal from cells leads the for-
mation of localized holes on Fe atoms (see e.g. Fig. 5.75.7). In addition, however, a
defect (Li vacancy) is introduced in the Li sublattice structure which interacts with
the polaron, as shown before. Due to charge neutrality, it is mainly such type of
polarons present during battery cycling.
The phase separation properties of LFS allows only dissolution of a small number
of defects in the phases with integer stoichiometry, which is why relevant polaron
properties can be obtained from studying Li2−δFeSiO4 and Li1+δFeSiO4 (δ = 1

16 ).
Only results for Li2−δFeSiO4 shall be presented here, Li1+δFeSiO4 results are in
appendix A.5A.5.
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Figure 5.9: Radial distribution of Fe atoms with respect to a Li vacancy. The
vacancy position is assumed to correspond to the original position of the removed
Li.
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Figure 5.10: Relative binding energies of hole polarons. Trends look the same for
the a) FM and b) AFM polarized hole polaron, however, the AFM configuration is
roughly 20 meV more stable for all considered hole localizations (subfigure c)).

It is worth noting, that every Li atom is equivalent in Li2FeSiO4 such that presented
results do not depend on which Li atom is removed from the cell. The local geom-
etry is illustrated in Fig. 5.85.8. For reasons of clarity, again, all Si and Li atoms apart
from the vacant site (drawn as dark green atom) are removed from the illustration.
The valence charge density is, in principle, equivalent with the free hole polaron’s
one (compare Fig. 5.15.1 and 5.75.7).
The chosen supercell geometry limits the number of possible Li vacancy - hole
polaron configurations. It should be noted that every but the lowest energy con-
figuration represents only a local minimum in the PES, which needs to be found.
The most successful approach was by a constrained geometry optimization. In
the first run, all atoms but those selected to belong to the polaronic Fe-O tetrahe-
dron were relaxed. The Fe-O geometry was adapted, as described above, in order
to force polaron localization. Subsequently, all degrees of freedom were relaxed,
using the preconverged charge density as initial charge density.
The results were analyzed with respect to the Li vacancy - polaron distance d,
where their positions were assumed to correspond to the positions before Li re-
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Figure 5.11: Possible hole migration paths. The straight hopping path of a single
hole without spinflip h1 is only accessible in the FM case. In the AFM case either
migration process is unlikely as α results in a configuration contrasting Hund’s
rules and h2 and h3 involve a single or multiple spinflips.

moval of the corresponding Li atom and the corresponding Fe atom, which hosts
the polaron. The distinct Fe neighbour shells of the bulk structure are illustrated in
Fig. 5.95.9. Finally 12 distinct Li vacancy - polaron configurations were successfully
obtained in a distance range of ≈ 3.1–7.4 Å. Localization on more distant Fe ions
was observed to be increasingly difficult.
Two electronic spin configurations were studied, on the one hand all Fe (Fe2+ and
Fe3+) moments in parallel (labeled as FM for ferromagnetic configuration) and on
the other hand all Fe2+ moments in parallel, with the Fe3+, however, in antiparallel
alignment (labeled as AFM for antiferromagnetic). The results are visualized in
Fig. 5.105.10 and following conclusions can be drawn:

i) In general very similar hole polaron binding energy behavior is observed for
the FM and AFM case (see Fig. 5.105.10 a), b)).

ii) The lattice geometries are, in principle, the same for the two electronic solu-
tions FM and AFM.

iii) On an absolute scale, however, the AFM solution is found to be approximately
20 meV more stable than the FM solution (see subfigure c)).

iv) Within one set of solutions (FM/AFM), there is a clear trend for the energy to
increase with increasing distance d between the Li vacancy and the localized
hole polaron. Yet, the energy range for polarons within one shell of Fe atoms
is rather large (e.g. ≈ 0.1 eV for nearest neighbor Fe atoms A-D).

The increased stability of the AFM solution was indeed also found for the free
polaron in the charged cell, where the AFM solution is exactly 21 meV more stable
than the FM solution.
The AFM solution is less important if transport properties are of interest because
polaron diffusion in this case would not just correspond to an elementary hopping
process of the hole, but would, necessarily, include a spin flip of the involved
Fe d electrons. In the AFM case, the hole migration processes h1 (see Fig. 5.115.11)
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Figure 5.12: DFT energies and the electrostatic energies for all Li vacancy - hole
polaron configurations. The electrostatic energy was calculated for ionic point
charges corresponding to oxidation states.
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Figure 5.13: a) DFT energies (triangles) and respective PBC corrected energies
(crosses) for the FM results. The correction terms are the largest for those con-
figurations with largest vacancy-polaron separation (red arrows.). b) Corrected
energies and long-range behavior, as given by the −1/r part of a single Li vacancy
- hole pair interaction. The numerical value of γα was determined during the
correction procedure (see table B.8B.8 in Appendix B.9B.9 ).

results in an electronic configuration which is unfavorable according to Hund’s
rules (| ↑↓ | ↑ | ↑ | ↑ | |). h2 involves a single spin flip and h3 a coherent spinflip
of otherwise non-involved Fe d-electrons. Furthermore, the final h2 configuration
is not the same as the initial one. As a result, polaron diffusion is expected to
be much easier within the FM channel. It should also be noted that the energy
difference between both solutions is of the order of kBT at room temperature and
that both solutions FM and AFM are realized in the system.
As a result, only the FM solutions shall be considered subsequently.
The vacancy-polaron binding energy, as determined from the raw data, is at least
0.25 eV although the graphs a), b) of Fig. 5.95.9 do not suggest to have reached a
constant energy level at the largest studied distance, yet. Furthermore, the raw
data still suffers from periodic boundary condition (PBC) errors.
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Figure 5.14: Sketches of electric field effects in compound cathode particles. Lo-
calized d states are drawn in red. The deficiencies of the typical band picture are
evident when comparing e.g. the DOS sketch with the real electron deficient DOS
of Fig. 5.25.2.

Table 5.2: Li binding energies Ebind for different vacancy-polaron separations d, as
determined in the 2×2×2 and 4×2×2 supercell. Energetic shifts ∆EDFT and ∆Ecorr.,
as obtained from the DFT calculations and as predicted by the PBC correction
method, are in reasonable agreement, proving the method’s applicability. Fe3+

labels are as in table B.8B.8 in Appendix B.9B.9.

Fe3+ separation d Ebind(2x2x2) Ebind(4x2x2) ∆EDFT ∆Ecorr.

label (Å) (eV) (eV) (eV) (eV)
A 3.15 -3.618 -3.627 0.009 0.009
C 3.05 -3.664 -3.672 0.008 0.009
H 5.48 -3.843 -3.945 0.102 0.087

The clear correlation of the DFT energies with the Coulomb sum of ionic point
charges (Fig. 5.125.12), suggests an electrostatic PBC correction scheme to remove
unwanted interactions with adjacent cells, as explained in Appendix B.9B.9, and de-
termine, thereby, binding energies of isolated vacancy-polaron complexes. Fig.
5.135.13 a) includes the obtained corrected energies (crosses) and the original DFT-
data (triangles). The energy shifts are indicated by the red arrows. The correction
energies vary between 22 and 106 meV and are most important for the systems
with large vacancy-polaron distance (large dipole moment). The detailed results
are tabulated in table B.8B.8 in Appendix B.9B.9.
For three studied configurations i, calculations have been repeated in a 4×2×2 cell
to determine shifts ∆Ei

DFT due to reduced PBC errors. Thereby, it is possible to test
the PBC correction method as it can predict ∆Ei

DFT. Due to different cell sizes the
quantity to study is the Li binding energy Ebind, where it is given by:

Ebind = E(Li2FeSiO4)− E(Li2−δFeSiO4)− E(Li(m)) (5.2)

The results are tabulated in table 5.25.2 validating the applied PBC correction scheme.
Fig. 5.135.13 b) illustrates the binding energy of the polaron to the Li vacancy, as de-
termined from the corrected DFT values EDFT

c , using a logarithmic distance scale.
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Bound hole polaron migration barriers

The dotted line corresponds to the −γα/r term (eq. B.55B.55), as determined during
the correction procedure (see Appendix B.9B.9), which is expected to represent the
long range binding energy behavior. Deviations on the short scale are most prob-
ably related to relaxation effects, which cannot be captured in the simple isotropic
term 1/r. From these results, the absolute Li vacancy - polaron binding energy
can be determined to 0.57 eV55. The result is very similar to what Maxisch et al.
[4242] found for LFP ( > 0.50 eV). The strong binding energy suggests that migration
of Li-vacancies and the hole polarons are strongly coupled and thus correlated.
Charge separation can only be expected in regions with significant electric fields.
As a result, it might turn out valuable to study the influence of space charge
layers near the carbon-LFS interface (metal-semiconductor, Schottky contact). In
addition, image charge effects near the conducting carbon phase, which is present
in real cathode particles, might alter the picture. Fig. 5.145.14 shall only serve as a
brief reminder of those effects. Similarly, the non-negligible polarizability of the
solvent suggests similar effects near the solid-electrolyte interface (see e.g. The
semiconductor-electrolyte interface in Ref. [148148]). Some of the phenomenology is e.g
described in Refs. [149149, 150150, 151151].

5.5 Bound hole polaron migration barriers

For understanding the kinetics of vacancy-hole dissociation, adiabatic hopping
barriers were determined for the FM bound polaron case. The results are plotted in
Fig. 5.155.15. Again, only unrelaxed linearly interpolated intermediate structures were
assumed along the reaction coordinate q. The labeling for polaron localization is
as before and in table B.8B.8 in Appendix B.9B.9. The B-L hopping path corresponds to
a polaron migration within the same Fe-Si layer from the first coordination shell

5A pure 1/r fit to the DFT data without PBC correction results in a binding energy of 0.46 eV.

K A B L
reaction coordinate q (a.u.)

0.0

0.1

0.2

0.3

0.4

en
er

gy
E

(e
V

)

a)

K A B L
reaction coordinate q (a.u.)

0.00

0.05

0.10

0.15

0.20

0.25

en
er

gy
di

ffe
re

nc
e

Ẽ
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Figure 5.15: Energetics along different migration paths of a bound polaron. The
labels of the reaction coordinate correspond to different Fe atoms on which the
hole polaron localizes, labeled according to Fig. 5.85.8 and table B.8B.8 in appendix B.9B.9.
The shaded area is the difference between the minimum energy path and the linear
connection of the local minimum states. Subfigure b) plots only this difference Ẽ.
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Figure 5.16: Marcus model for a charge transfer process. O and R signify the stable
oxidized and reduced species. A relative shift of the two parabola by ∆ results in
a change of the reaction barrier from E0

b to E∆
b and a change of the transition state

q coordinate.

at ≈ 3.1 Å to the farthest considered separation of ≈ 7.4 Å. The A-K hopping path
involves hopping via the Li layer into the adjacent Fe-Si layer to an Fe ion with ≈
7 Å distance to the vacancy.
It is helpful to analyze the barrier heights Ẽb relative to the straight line connecting
the two involved minima (dashed gray line in Fig. 5.155.15 a)). These energy dif-
ferences Ẽ are marked in red and green in Fig. 5.155.15 a) and plotted separately in
b).
The auxiliary barriers Ẽb are rather similar in size and of the order of the already
determined free polaron barriers. As an example, the barrier for an A-B hop in the
free polaron case without adjacent Li vacancy is 0.23 eV and 0.22 eV with adjacent
Li vacancy.
It is instructive to discuss this within a Markus-theory-based picture for oxidized
species O and reduced species R. The O→ R and O← R barriers change for given
applied potential ∆, or the vertical shift of the two parabola, respectively (see Fig.
5.165.16). In the case of a polaron hopping from site A to X, the same reasoning can
be applied, as the charge is expected to follow adiabatically the slow degrees of
freedom (lattice) and remain localized on either side of the transition state.
In order to test this picture, following function is assumed to be able to describe
the minimum energy path:

f = w(q) · a(q− 0)2 + (1− w(q)) · a(q− 1)2 + b (5.3)

with w(q) =
1

1 + exp (−β(q− q0))
; q0 =

1
2
+

b
2a

(5.4)

It corresponds to two equal parabolas centered at q = 0 and 1, which are, however,
smoothly interpolated at the theoretical crossing point q0. The interpolation is by a
weight function w(q) only around the transition state, where w(q) is chosen to be
Fermi-Dirac-like. Far away from q0, w(q) projects out only the desired parabola. b
is the tuning knob for shifting the parabolas vertically against each other. The en-
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Figure 5.17: Model results for different offset energies ∆ along general migration
paths A → X. The DFT derived A-K and A-L results are reasonably well approx-
imated. b) displays the forward and backward barriers EA→X

b and EA←X
b with

vanishing EA←X
b for ∆ = 0.77 eV.

ergy difference ∆ between the A (q = 0) and X (q = 1) state depends parametrically
on a, b and β and has to be determined subsequently (see Fig. 5.175.17).
The minima at A and X are produced by the polaronic distortion of the lattice and,
thus, if A and X are on equal energy levels, the hopping energetics corresponds
to the free polaron behavior. Therefore, the parameters in f can be determined by
fitting of eq. 5.35.3 to the free polaron path while setting b = 0 (see blue dots and the
∆ = 0 eV line in Fig. 5.175.17 a). In particular, the free polaron A-B hop has been chosen
due to corresponding barrier energies with and without a Li vacancy present. As a
result of this, the hopping energetics can be studied by the parametric dependence
of f on b (an thereby ∆). The results are plotted in Fig. 5.175.17 a) and b). According
b values were chosen such that ∆ values correspond to DFT determined bound
polaron values. The latter are drawn as orange and red squares.
It should be noted that the model parameters were obtained from the pure free
polaron properties and no input for the reaction barriers is necessary from the
bound polaron calculations. Nevertheless, the bound polaron hops A-K and B-L
(red and orange squares) can be predicted with high accuracy (red and orange
lines).
For ∆ = 0.77 eV the barrier EA←X

b vanishes (absence of a potential well at X, see
Fig. 5.175.17 a), b)). The results demonstrate that it becomes increasingly difficult to
stabilize a polaron for large Li vacancy-polaron distances as the energy difference
∆ increases with distance due to electrostatic interactions.
The model suggests that hopping barriers can be estimated from knowing the
ground state energetics and the free polaron properties. This is especially impor-
tant as it enables determination of transition barriers without DFT-based transition
state searches for all configurations and also determination of transition barriers
in complex environments, which are out of reach for ab-initio computations, e.g.
in regions with space charge layers or near interfaces, especially when local ES
potential gradients are large.
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6Continuum description of
Pmn21-LixFeSiO4

The results of chapter 44 show that LFS (de-)lithiates via two two-phase reactions.
Furthermore, the direct Cluster Expansion with only nearest neighbor interactions
was not able to accurately model the phase separation, such that determining
continuum parameters from a direct translation of these interaction parameters
via a mean field approach will not be successful.
Here, an alternative route for determining continuum parameters is proposed by
a simple continuum description of the LixFeSiO4 with clearly defined energy con-
tributions, which can be related to defect energies as determined in DFT calcu-
lations. As a result, the hysteretic voltage gap of LFS can be compared to LFP,
assuming a homogeneous (dis-)charge route, based on the derived continuum free
energy descriptors. Subsequently, an alternative delithiation process is studied, via
a DFT-parametrized nucleation model, which includes also the effects of strain.

6.1 Construction of a continuum free energy

As shortly discussed in chapter 2.32.3 and shown explicitly in Appendix A.2A.2, the
mean field free energy for a lattice gas model with attractive interaction reduces
to contributions due to inner energy U and configurational entropy −TS. In the
same way, it is assumed here that the generalized free energy per f.u. Φ can be
constructed from individual contributions with Φ = U(x) − µx − TS(x), where
x is the Li concentration (pressure terms are neglected). x can vary from 0 to 1,
so as to describe the Li concentration on the respective sublattice. This form is
applicable to systems, where the x = 1 state has one more Li atom per f.u. than
the x = 0 state.
Fig. 6.16.1 plots the energy U(x)− µeqx per f.u. of previously calculated structures
with the Li chemical potential µeq, such that LiFeSiO4 (x = 0) and Li2FeSiO4 (x=1)
are in equilibrium at T = 0. At this chemical potential U(x)− µeqx corresponds to
the inner energy above hull. It shall be denoted simply by U in the following. Small
homogeneous concentration deviations (x = 0+ε) and (x = 1-ε) can be interpreted
as the change of this energy U per f.u. due to an increased number of defects (Li
interstitials in LiFeSiO4, and Li vacancies in Li2FeSiO4). Then, U can be expanded
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Figure 6.1: Estimated homogeneous inner energy U above hull for LFS. The blue
squares are from the polaron calculations, the green circles from the convex hull
computations. The circled data points were used for the polynomial fit using eq.
6.36.3, which is drawn as the black curve.

as:

U(x = 0 + ε) = εE0
d(ε); E0

d(ε) ≈ E0
d + ε

∂E0
d

∂ε
(6.1)

U(x = 1− ε) = εE1
d(ε); E1

d(ε) ≈ E1
d + ε

∂E1
d

∂ε
(6.2)

E0,1
d (ε) are the relevant defect formation energies calculated at concentration ε

and at the given chemical potential µeq. ε is related inversely to the cell size
L3 in periodic boundary conditions. For small ε, defect formation energies can be
expanded with the dilute limit energies E0,1

d and the first order coefficient ∂E0,1
d /∂ε,

which is related to the finite size scaling ( ∂
∂ε ∝ ∂

∂(L−3)
) of the defect energy in PBC.

Obviously, these four properties define the derivative and curvature of U at x=0
and x=1 (see eq. 6.16.1 and 6.26.2), which are already more parameters than in usual
mean field expressions. The finite size scaling in PBC is related to the dipole
moment, produced by the Li+ and e− defect charge density, as well as the low
frequency dielectric constant. The first property is connected to the lattice structure
of the material and polaron localization properties.
The electron and hole polaron calculations give insights in the Li defect formation
energy within the phases LiFeSiO4 and Li2FeSiO4, respectively, where these are
the higher, the higher the total energy of these structures lies above the convex
hull, which corresponds to the dashed gray 0 line in Fig. 6.16.1. The blue squares
correspond to defect concentrations of 6.25 % (from the bound polaron calcula-
tions). The green data points are those obtained from the calculations in chapter
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4.54.5. An appropriate fit allows to interpolate the inner energy U above hull towards
intermediate concentrations (black line in Fig. 6.16.1).
The data points included in the fit are those circled in red. A polynomial energy
expression with only 2 free parameters is used for the fit:

f (x)[a4, a2] = a4x4 + a2x2 − (a4 + a2)x (6.3)

By construction f (x = 0) = 0 and f (x = 1) = 0, which is a necessary property,
as the two stable 0 K phases correspond to x = 0 and x = 1 and their energy
above hull must be 0 by definition. The connection for intermediate values of x
is not clearly defined as there is no unambiguous definition of the homogeneous
energy11. As indicated by the very small PBC corrections for the ground state
bound polaron calculation (red arrows in Fig. 5.135.13, values for configuration A
in table B.8B.8 in Appendix B.9B.9) the formation energies of even more diluted defect
concentrations do not change significantly. Hence, the slopes through the squares
at defect concentrations of 6.25 % approximate defect formation energies (compare
eq. 6.16.1, 6.26.2). They are indicated by the dotted lines in Fig. 6.16.1 and are 0.385 eV
above hull for one additional Li in LiFeSiO4 and 0.480 eV above hull for one Li
vacancy in Li2FeSiO4 (these are the values where the dotted lines intersect with the
x = 1 and x = 0 lines respectively). The determined fit parameters are a4 = 0.0062
eV and a2 = −0.4037 eV.
Another approach to estimate the continuum free energy might be to define a
homogeneous configuration e.g. by appropriate requirements on the radial distri-
bution function and calculate the energy directly by DFT.
Others have used polynomials with more degrees of freedom [77] based on ex-
perimental input, or tried accessing regions with intermediate x by Monte Carlo
sampling [2828]. The approach of the latter mentioned paper is still debated.
By knowing the homogeneous energy U above hull, Φ(µeq) can be constructed
by an appropriate term for the entropy S. As mentioned before, the mean field
solution of the Lattice Gas Hamiltonian still results in an entropy expression as for
a non-interacting system with:

− TS = kBT [x ln(x) + (1− x) ln(1− x)] (6.4)

Therefore, it makes sense to use this standard term for the mixing entropy. On
the other hand, as discussed before, the localized polarons also contribute to elec-
tronic configurational entropy. For small concentrations, these are localized (see
chapter 5.45.4) and the contribution can be estimated as a change in defect formation
energies and, consequently, a temperature dependence in the slope and curvature
of U at x = 0 and x = 1. On the other hand, already for relatively small de-
fect concentrations, there will be significant bound polaron interactions, such that
polaron energy landscape will most probably flatten out and hence the polaron
configurational entropy should soon approach the free limit leading to an addi-
tional configurational entropy term, as given by eq. 6.46.4. The fact that localized
polarons exist in the intermediate range was shown in section 4.5.54.5.5. The same is
assumed e.g. in Ref. [77] for LFP. The relevance of polaronic configurational en-
tropy is demonstrated in Ref. [1414] for LFP, and similar effects should be expected

1It is unclear what homogeneous in the Cahn-Hilliard sense means.
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for other mixed valence TM oxides. The influence of spin-disorder will not affect
the phase diagram if the material is paramagnetic as the influence will be con-
centration independent (TSspin = kBT ln 2). Vibrational effects are not included as
their influence is unclear.
As a result, it is possible to reconstruct the Free energy via Φ(µeq) + µeqx and
the Landau Free energy Φ(δµ) = Φ(µeq) + δµx for a given overpotential δµ with
respect to µeq. Here, δµ is chosen to be related to the chemical potential via µ =
µeq− δµ such that numerical value of δµ in eV corresponds to the numerical change
of the applied voltage in Volts (compare e.g. eq. 2.142.14).

6.1.1 Results for LFS

The phase diagram of LiFeSiO4 (x = 0) and Li2FeSiO4 (x = 1) can be constructed
via the common tangent construction to the Free energy 22. It is plotted in Fig. 6.26.2.
The minute defect solubilities even for higher temperatures are in agreement with
the theoretical discharge curves obtained in Ref. [102102].
The kinetically controlled (dis-)charge curves for the homogeneous transforma-
tions Ψ0 ↔ Ψ1 can be determined from minimizing the parametric Landau Free
Energy Φ(δµ) with respect to concentration x. It is assumed that the hysteretic
loop occurs for applied overpotentials δµ, whenever there are two stable minima
of Φ with a finite homogeneous transformation barrier in between33. The graphs
of Fig. 6.36.3 are obtained by numerical determination of those. The reference is the

2The convex hull is constructed via the python routine scipy.spatial.ConvexHull
3Any finite barrier becomes macroscopically large in the thermodynamic limit and thus cannot

be overcome by a homogeneous pathway, at least not for large particles. See e.g discussion in section
2.42.4 and Fig. 2.12.1 on page 1010.
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Figure 6.2: Estimated Phase diagram of LFS. The phase LiFeSiO4 corresponds to
concentrations x = 0 and Li2FeSiO4 to x = 1. The red curve only includes the
Li configurational entropy, the blue curve is obtained by inclusion of electronic
(polaronic) entropy with the same concentration dependence. SS signifies the solid
solution phase.
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Figure 6.3: Estimated homogeneous discharge curve for LFS (first Li ion per f.u.)
for different temperatures. The hysteretic behavior is related to the transformation
barriers arising from the non-convex free energy (see e.g discussion in section 2.42.4).
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Figure 6.4: Estimated homogeneous energy for LFP. a) Adapted Figure 1 a)
from Ref. [2828]. Reprinted by permission from Macmillan Publishers Ltd:
Nature MaterialsNature Materials, copyright 2011. The data points in the green marked range were
used to construct the homogeneous inner energy U of b). Subfigure b) includes
these data points and the fitted homogeneous inner energy (blue curve).
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equilibrium 0 K chemical potential or OCV respectively, which was determined
previously to 3.13 V vs. Li/Li+. It should be noted that the voltage gap is defined
by those applied overpotentials, where the transformation barrier vanishes (these
are the spinodal points as explained in Appendix A.4A.4). Comparison to experiment
is presented later.

6.1.2 Results for LFP

In order to test the general validity of the homogeneous free energy construction
scheme, the process was repeated for published LFP data namely from Ref. [2828],
where also more experimental data is available. The data was obtained from Fig.
1 a) of Ref. [2828] (reprinted in Fig. 6.46.4) by taking the mixing energies in the marked
range in Fig. 6.46.4 a).
Again, the phase diagram is constructed, as illustrated in Fig. 6.56.5 a), once without
inclusion of the polaronic configurational entropy term and once with. The phase
diagrams of Fig. 6.56.5 b) are copied from Ref. [1414] where it is shown that electronic

b)

a)

Figure 6.5: Estimated phase diagram of LFP. a) Free energy constructed from the
inner energy U of Fig. 6.46.4 b) including Li configurational (red) and Li&Polaron
configurational entropy terms (blue). b) Reprinted Fig. 3 with permission from
F. Zhou et al., Phys. Rev. Lett. 97, 155704 (2006), Copyright 2006 by the Amer-
ican Physical Society. The subfigures on the left are experimental and ab-initio
based phase diagrams of LFP including polaronic degrees of freedom. The right
subfigure corresponds to theoretical results without polaron contributions.
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Figure 6.6: Estimated homogeneous (dis-)charge curve for LFP for different tem-
peratures.

configurational entropy is relevant to get the correct phase diagram of LFP and to
understand its behavior. Interestingly enough, the setup which does not include
polaronic disorder leads to a very similar phase diagram as in Fig. 6.56.5 b) subfigure
c (red arrow), which also neglects polaronic degrees of freedom and was obtained
by the much more elaborate techniques applied in Ref. [1414] (DFT+U fitted clus-
ter expansion and subsequent thermodynamic integration based on Monte Carlo
sampling). The critical temperatures, obtained in both approaches, are basically
the same. When including the electronic degrees of freedom, it is even possible
to predict approximately the correct phase diagram (see Fig. 6.56.5 b), subfigures
a,b). As discussed earlier, the simplified approach to add just another term as
given by eq. 6.46.4 is clearly incorrect for bound polarons (small and large x). In
the intermediate range (x ≈ 0.5), however, when the polaronic landscape is rather
homogeneous, the term should become essentially more and more accurate. This
suggestive idea is indeed supported by the fact that the critical temperature for
x ≈ 0.5, as obtained by the presented simplistic approach and Ref. [1414] (Fig. 6.56.5
b) subfigures a,b) does not differ significantly (Tc ≈ 400− 500 K). Just as in the
case of LFS, the kinetically hindered (dis-)charge curves can be calculated from
knowing the (meta-)stable minima of the Landau Free energy of LFP (see Fig. 6.66.6).
As expected from the phase diagram and in agreement with experiment [3030], the
voltage gap (kinetic barriers for a homogeneous transformation) are much smaller
than for LFS.

6.1.3 LFS vs LFP: the voltage gap for homogeneous (dis-)charge

Although a very simple homogeneous free energy expression was used for the
fit of LFS and LFP, the resulting phase diagrams and properties like the expected
voltage gap (hysteresis) can not be solved analytically as it will reduce to a forth
order polynomial equation. If the x4 term in eq. 6.36.3 is neglected (set a4 to 0)
the voltage gap can be determined analytically. U basically reduces to an inner
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Table 6.1: Defect energies E0
d and E1

d above hull as determined by Li-
defect&polaron calculations on LFS and as taken (read) from Ref. [2828] for LFP.
The relevant parameters Ēd and δ allow an estimation of the voltage gap ∆µG at
300 K e.g. from Fig. 6.76.7.

material E0
d (eV) E1

d (eV) Ēd (eV) δ (eV) ∆µG (V)
LFS 0.385 0.480 0.433 -0.095 0.473
LFP 0.144 0.219 0.181 -0.075 0.075
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Figure 6.7: Calculated hysteretic voltage gaps for different average defect energies
Ēd and defect energy difference δ = E0

d − E1
d. Included are also the determined

values for LFP and LFS.

energy expression corresponding to the simple Lattice Gas (Ising) model. The
analytic solution for the hysteretic voltage gap is very instructive and performed in
Appendix A.4A.4. The a4 parameter is, however, necessary to allow for an asymmetric
energy curve, due to different defect energies E0

d and E1
d in Ψ0 and Ψ1 respectively.

How asymmetry in U translates to an asymmetric phase diagram can be seen e.g.
in Fig. 6.46.4 b) and 6.56.5 a).
As there are only two free parameters in eq. 6.36.3, the defect energies already define
a2 and a4, where a4 = 1

2 δ and a2 = −(Ēd + δ), with the average defect energy

Ēd =
E0

d+E1
d

2 and the defect energy difference δ = E0
d − E1

d. The voltage gap can
be determined numerically for those two descriptors Ēd and δ, by solving for the
spinodal points and determining the respective overpotentials δµ (compare e.g.
discussion of the analytical solution in Appendix A.4A.4). The result is a voltage
gap which depends only on two free parameters, namely Ēd and δ, which have
an easy interpretation and, more importantly, can be determined by simple defect
energy calculations. The so-determined voltage gap ∆µG is drawn in Fig. 6.76.7
including the LFP and LFS. The results were obtained for a temperature of 300 K.
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The analytical solution shows that temperature effects are small in the relatively
small temperature window of battery operation (see Fig. A.3A.3 in Appendix A.4A.4).
Defect energies and estimated voltage gaps of LFP and LFS are tabulated in table
6.16.1.

6.1.4 Discussion

The derived approach allows to estimate and compare different materials with
respect to hysteretic voltage gaps, just from defect energy calculations.
However, a direct comparison of the determined ∆µG to experimentally measured
voltage gaps is not straight forward. Ref. [3030] presents hysteretic voltage gaps for
different applied currents (galvanostatic discharge), for LFS, LFP and two other
materials. Although not clearly stated, the data on LFS was obviously obtained
from the Pmn21 (inv) polymorph because of the offset equilibrium voltage. Thus,
although results are not directly comparable to the values obtained here, the ten-
dency is expected to be similar. Data on LFP suggests a much lower voltage gap
(20 mV compared to 75 mV here), others have reported a voltage gap of 30 mV
[2828].
On the other hand, continuum modelers find exactly the same voltage gap for in-
finitely sized particles [2727] as here, where their parameters were determined from
the experimental phase diagram. Furthermore, the experiments find a significantly
larger voltage gap for LFS than for LFP (≈ 50 mV vs ≈ 20 mV) [3030], such that the
model correctly describes the relative kinetics if we assume that the behavior of
both LFS polymorphs is similar.
In addition, the approach of constructing a homogeneous free energy directly from
defect energies allows fast and accurate parametrization of a Cahn-Hilliard free
energy functional, which is the basis for ab-initio-based phase field theory calcu-
lations.
In reality, measured voltage gaps might be smaller, due to a nucleation and growth
(dis-)charge mechanism, which was explicitly excluded in the above estimation.44

The main conclusions that can be drawn for LFS are:

• Defect energies in LiFeSiO4 and Li2FeSiO4 are much higher than in FePO4
and LiFePO4.

• As a result the kinetics is dramatically reduced compared to LFP as the ho-
mogeneous transformation pathway is much higher in energy (larger hys-
teresis/voltage gap) (see Fig. 6.76.7).

• Furthermore Li and Li vacancy solubilities are significantly lower than in LFP
(compare Fig. 6.26.2 and 6.56.5).

As a result, however, the homogeneous (de-)lithiation pathway in LFS is much
less likely as in LFP and a nucleation and growth pathway should be considered.
The minute defect concentrations indicate an accurate description of the system,
assuming the stable phases Ψ0 and Ψ1 to correspond to LiFeSiO4 and Li2FeSiO4.

4It should be noted that any deterministic theory like Cahn-Hilliard also cannot reproduce this.
The Cahn-Hilliard model should be stochastically augmented [152152, 153153, 154154].
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6.2 Delithiation via nucleation and growth

To study the energetics of the nucleation pathway of delithiation in LFS, coherency
is assumed, where coherency means that the host lattice structure is assumed to
be maintained even for the inhomogeneous case with LiFeSiO4 inclusions inside
Li2FeSiO4. This assumption is mostly valid for intercalation materials, when the
topology of the host lattice (everything but the Li atoms) does not change during
cycling. In particular, crack formation or dislocations are excluded. The math-
ematical description of nucleation in solids was described earlier in section 3.73.7.
The parameters that need to be determined are the equilibrium lattices, the elastic
constants of both materials and the interface energies.

6.2.1 Elastic constants

Electronic ground state calculations allow to analyze the inner energy and stress
dependence on e.g. unit cell shape and size. Therefore, there are two routes to
determine elastic constants:

1. Fit equation 3.613.61 for different applied strains to calculated energies.

2. Fit equation 3.553.55 for different applied strains to calculated stresses.

The former approach was used within this thesis. A comparison to results of
VASP’s internal routines is performed in appendix B.10B.10. Although the strain was
applied to the determined equilibrium unit cells, where stresses should vanish, it
was observed that linear stress terms, as in equation 3.613.61, need to be included. A
pure quadratic fit is not accurate enough.
Orthorhombic symmetry was imposed, which is not too strong of an assumption
(see appendix B.10B.10) but which reduces the number of possible elastic constants to
9. The deformation matrices were taken from Ref. [155155].
The determined elastic constants of Pmn21-LFS are (in GPa):

C(LiFeSiO4) =



207.1 41.2 30.7 0.0 0.0 0.0
41.2 84.9 26.2 0.0 0.0 0.0
30.7 26.2 101.0 0.0 0.0 0.0
0.0 0.0 0.0 18.9 0.0 0.0
0.0 0.0 0.0 0.0 30.0 0.0
0.0 0.0 0.0 0.0 0.0 16.7


(6.5)

C(Li2FeSiO4) =



219.7 68.3 63.1 0.0 0.0 0.0
68.3 131.6 43.2 0.0 0.0 0.0
63.1 43.2 138.2 0.0 0.0 0.0
0.0 0.0 0.0 36.0 0.0 0.0
0.0 0.0 0.0 0.0 40.8 0.0
0.0 0.0 0.0 0.0 0.0 42.7


(6.6)

Although the host structure does not change significantly, the elastic properties
do in fact change. On the other hand, the differences in elastic constants between
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LiFeSiO4 and Li2FeSiO4 are considerably smaller than in the case, considered later
in this thesis (section 8.2.18.2.1). Therefore, identical elastic constants shall be assumed
here, which simplifies the math. Later, in section 8.2.18.2.1, a nucleation process in
inhomogeneous media (different elastic constants) shall be studied. In the ho-
mogeneous case, the elastic energy of inclusions can, in principle, be expressed
analytically for arbitrarily shaped inclusions (see section 3.73.7). Therefore, elastic
constants of both phases LiFeSiO4 and Li2FeSiO4 are set to the average of the ones
in eq. 6.56.5 and eq. 6.66.6. For reasons of simplicity, however, only ellipsoidal shapes
shall be considered, as the necessary fourier transformed shape functions can be
determined analytically in that case, which simplifies significantly the involved
shape optimization procedures.

6.2.2 Interface energies

The standard approach to determine a coherent interface energy by periodic ab-
initio methods comprises two slab calculations in vacuum and one joined slab
calculation. For coherent interfaces, the surface unit cell geometries need to be
of the same dimensions to be able to weld the slabs together. Hence, interface
energy determination consists of two steps: First, the two surface energies (vac-
uum/slab1 and vacuum/slab2) are determined and then the total energy of the
joined slab (vacuum/slab1/slab2/vacuum). The interface energy (slab1/slab2)
is then given by subtraction of the surface energy contributions from the (vac-
uum/slab1/slab2/vacuum) calculations. There are, however, several drawbacks,
especially for the studied material Li2FeSiO4:

1. Bad convergence properties were observed for slab calculations, especially
connected to the undercoordinated, highly oxidized TM ions at the surface.

2. Converged geometries from surface energy calculations e.g. for the oxidized
material LiFeSiO4 can not be reused as the lattice constants are different from
Li2FeSiO4.

3. The accuracy/inaccuracy of the surface energy calculations will directly in-
fluence the interface energy accuracy.

4. Slab thicknesses for interface calculations will be approx. twice as thick as
normal surface calculations, increasing the difficulties in SCF convergence.

5. In materials without center of inversion, it is not possible to construct sym-
metric slabs for certain directions. Hence, certain slabs might have an in-
trinsic dipole, leading to polarity compensation by charge redistribution (see
section 7.1.27.1.2) and possibly interfacial charges [156156] inside the slab, leading to
unknown consequences for the interface energy.

Therefore, a new approach (at least to the authors knowledge) was applied, using
bulk-bulk heterostructures. The Pmn21 LiFeSiO4/Li2FeSiO4 interface construction
is straight forward as the topology of the basic host structure is unchanged, where
the interface separates only the Li rich from the Li deficient space. On the other
hand, the equilibrium structure of Pmn21 LiFeSiO4 differs considerably from pure
Li2FeSiO4 with Li vacancies due to relaxation. The straight forward approach to
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take out some Li atoms from a certain region in an appropriate Li2FeSiO4 supercell
and relax the so-determined, bulk-derived heterostructure subsequently is rather
inefficient. Considerable computational speedup can be obtained by separately
constructing LFS structures and ”welding” the individual LiFeSiO4 and Li2FeSiO4
structures together.
In order to study several different interfaces on the same footing, it is convenient
to match simultaneously all bulk lattice constants (see Fig. B.7B.7).
However, when the atoms are relaxed after joining the two structures, the interface
can relax the out of plane strain in order to minimize the total elastic energy. Thus,
the initial, strained reference energies are not the correct reference energies any
more and, if interface energies are determined from them, their numerical value
will not converge for thick slabs. The correct references are the relaxed slabs of
the joined system. This fact is exemplified in Appendix B.3B.3, where GaAs/InAs
interface energies are determined. This system was chosen as the interface energies
are of interest for understanding the stability of wurtzite (WZ) and zinkblende (ZB)
polymorphs and heterostructures, which have been studied widely.
In the case of Li2FeSiO4, interfaces are much rougher than in the case of GaAs/InAs
and, as a result, it is not necessarily possible to detach the individual phases again
in order to determine correct reference energies.
Therefore, another approach is applied here, based on elastic arguments. It is
assumed that the two strained individual phases will relax in such a way that
the total elastic energy is minimized. The allowed deformations of the individual
phases are subjected to the boundary condition of a fixed, joint periodic unit cell.
As an example, an expansion of the first phase perpendicular to the interface im-
plies a compression of the second one in order to keep the total joint cell at a fixed
size. The exact correction procedure is presented in Appendix B.4B.4.
The naive definition of the interface energy γnaive, which does not take these relax-
ations into account and takes the unstrained Li2FeSiO4 and the strained LiFeSiO4
bulk energies as reference energies is:

γnaive =
Ejoined − E(Li2FeSiO4, B)− E(LiFeSiO4, B)

2A
(6.7)

The corrected interface energy including strain relaxation is:

γc(B) =
Ejoined − E(Li2FeSiO4, B)− E(LiFeSiO4, B) + ∆Estrain

2 · A(B)
(6.8)

∆Estrain = Etot
strain(B)−min

δ
{Etot

strain(B, δ)} (6.9)

B is the common lattice. Here, the lattice of Li2FeSiO4 is used. ∆Estrain is the ex-
pected energy shift for the reference energies due to elastic relaxation, as explained
in Appendix B.4B.4.
(100), (010), (001) and (110) interface structures were created with heterostructure
thicknesses bigger than 40 Å and their total energy determined within GGA+U.
The resulting interface energies are summarized in table 6.26.2. Obviously, the elastic
correction is most significant for the (110) interface (γnaive = 4.0 meV/Å2, γc =
10.5 meV/Å2), as the elastic energy minimization scheme predicts a significant
distortion of the single materials in the supercells, with according large energy
corrections. Indeed, the observed distortions, obtained from the DFT-determined
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as-constructed (110) heterostructure

relaxed (110) heterostructure

calculated distortion due to strain relaxation

Li2FeSiO
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4 LiFeSiO
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Figure 6.8: Estimated and observed lattice relaxations within the joined (110) het-
erostructure. Initially both phases have the same, common lattice vectors. After
relaxation the distortion of the sublattices (see e.g. lines formed by green Li atoms)
are in perfect agreement with what strain energy optimization predicts.

relaxed structure, are in good agreement with expected distortions from the elastic
strain correction procedure, as demonstrated in Fig. 6.86.8.
The convergence of the corrected interface energies γc is demonstrated for (010)
interfaces in Appendix B.5B.5.

Table 6.2: Comparison of calculated interface energies γnaive and γc. Strain relax-
ation related corrections are most significant for the (110) interfaces.

(hkl) heterostructure thickness (Å) γnaive (meV/Å2) γc (meV/Å2)
(100) 50.7 6.9 11.6
(010) 43.2 8.6 8.9
(001) 40.0 7.0 7.1
(110) 49.9 4.0 10.5
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Figure 6.9: Interface energy interpolation, obtained by fitting eq. B.9B.9 to the ab-initio
determined interface energies (red points).

Interface energy interpolation

The interface energies in table 6.26.2 indicate that an ellipsoidal shaped interpolation
scheme for intermediate directions might be adequate (see eq. B.9B.9).
The fitted interface energy γ(θ, φ) is plotted in Fig. 6.96.9, together with the ab-initio
determined interface energies (red points). The fitted values for the semi-axes (a,
b, c) are (11.77, 9.37, 7.10) meV/Å2.

6.2.3 Coherent nucleation with strain effects

The elastic energy measure B(n) (eq. 3.643.64, page 3030) allows an understanding of
the directional dependence of strain energies for planar interfaces. Small values of
B(n) signify small strain energies for correspondingly oriented interfaces.

b)a) c)

Figure 6.10: B(n) (eq. 3.643.64) for elastic constants corresponding a) to Li2FeSiO4, b)
to the average of LiFeSiO4 and Li2FeSiO4 and c) to LiFeSiO4.
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a

bc α θ

φ

Figure 6.11: Ellipsoidal shape, defined by the semi-axes a, b, c and the Euler angles
φ, θ, α. (see also Appendix B.1B.1 for mathematical details)

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5
aspect ratio b/c

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

5.5

as
pe

ct
ra

tio
a/

c

R = 10 Å
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100

101

102

103

104

105

106

en
er

gy
E

(e
V

)

b)
Ellipsoid energy

interface energy
strain energy
Etot

polynomial fit

R = 10 Å                                         R = 120 Å 

 c) optimized shapes

x
y

z

x
y

z

Figure 6.12: a) Optimized ellipsoidal shapes for coherent LiFeSiO4 inclusions in
Li2FeSiO4. The shapes are given by the relative size of the semi-axes. The size and
color of the circular data points corresponds to the effective ellipsoid radius. b)
Total energy and energetic contributions for coherent inclusions. It is worth noting
that, in the considered range of sizes, elastic energy contributions are still smaller
than the interface energies. c) Two optimized inclusion shapes for small and large
effective radius R.
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The strain corresponds to the stress free transformation strain of LiFeSiO4 inside
a matrix of unstrained Li2FeSiO4. B(n) is plotted in Fig. 6.106.10 for the case of
elastic constants corresponding a) to the ones of Li2FeSiO4, b) to the averaged
elastic constants of LiFeSiO4 and Li2FeSiO4 and c) to LiFeSiO4. The similarity
shows that the assumption of averaged elastic constants does not introduce major
alterations, which is why a homogeneous elastic medium is assumed subsequently,
using averaged elastic constants.
Obviously, planar interface perpendicular to 〈110〉 are found to be favorable. There-
fore, large inclusions, whose shape is strain driven and therefore platelet-like
shaped, will align correspondingly. For small and intermediate sizes, there will
be a competition between strain (∝ V) and interface energies (∝ A) and the inclu-
sion shape will be strongly size dependent.
As stated earlier, only ellipsoidal shaped inclusions are studied in order to simplify
the optimization problem. In that case, the fourier transformed shape function (eq.
3.633.63, page 3030) can be calculated analytically.
The ellipsoidal shapes are defined by their semi-axes lengths a, b, c , as well as the
orientation in space, e.g. defined by Euler angles φ, θ, α (see Fig. 6.116.11). Minimum
energy shapes are determined by optimizing the total inclusion energy with re-
spect to these parameters at constant volumes, including both strain energy Estrain
(as given in sec. 3.73.7) and interface energy Eγ contributions. Here, the volumes V
are expressed in terms of effective radii R, which corrospond the radius of a sphere
with equivalent volume as the ellipsoid.

Eopt(R) = min
{

Estrain(a, b, c, φ, θ, α) +
∫

γ(n)dA(a, b, c, φ, θ, α)

}∣∣∣∣ 3√abc=R
(6.10)

Mathematical details are described in Appendix B.1B.1. The implementation was
done in Python, where the necessary integrals over solid angles and surfaces are
performed numerically, as well as tensor inversions and optimization procedures,
relying on available scientific Python packages55.
The results are drawn in Fig. 6.126.12. Subfigure a) illustrates how the competition be-
tween interface energy and strain leads to gradually changing ellipsoidal shapes.
a/c and b/c are the relative sizes of the longest and second longest semi-axes with
respect to the shortest axis c. Thus, all data points lie above the x = y line (dotted
gray line). A point in (1, 1) would obviously correspond to a sphere, points with
large (x, y) values (e.g. R = 120 Å) correspond to plate-like ellipsoids. As ex-
pected, whereas small, interface energy dominated ellipsoids are rather spherical,
larger inclusions are platelet-like and aligned along [110] (see subfigure c)). It is
also interesting to see how the shape evolution is non-monotonic (subfigure a)).

5Especially NumPy [http://www.numpy.orghttp://www.numpy.org] and SciPy [http://www.scipy.orghttp://www.scipy.org].
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Figure 6.13: Determined formation energies ∆G for nucleated shape-optimized
coherent inclusions for different overpotentials δµ. The critical points are marked
with stars.

The size and color of the data points relate to the effective ellipsoid radius R.
Subfigure b) plots the determined total energies Eopt = Estrain + Eγ, as well as a 6th
order polynomial fit66.
The formation energy ∆G of the nucleation process can be determined by adding
a volume term proportional to overpotential δµ according to:

∆G = Eopt(R)− 4
3

πR3ρ · δµ; ρ =
1

V(f.u.)
(6.11)

The resulting nucleation behavior is plotted in Fig. 6.136.13. The critical sizes Rc
and energies Ec are marked with orange stars. According to a rule of thumb,
maximum nucleation barriers with relevant nucleation rates are Ec ≈ 70 kBT. Fig.
6.136.13, however, indicates that expected nucleation barriers, even for rather high
overpotentials of ≈ 200 meV, are still larger than this threshold. Furthermore, in
this case the critical nucleus size is ≈ 10 Å and it is questionable if the continuum
approach for both elastic and interface description is still correct.

6.2.4 Discussion

The previous section studied in detail whether a nucleation mechanism in bulk LFS
is expected to be the dominant discharge route, as a homogeneous transformation
seems to demand larger, necessary overpotentials as measured experimentally (see
section 6.1.36.1.3). The considered bulk nucleation process, however, is shown not to be
operative either. This suggests that more complicated systems need to be studied,
as e.g. systems with defects, dislocations or surfaces.
As a matter of fact, all functional LFS electrodes consist of micrometer-sized and
smaller particles [157157]. This is typically explained by reduced, effective diffusion
lengths, increased active surface area and improved electrical contacts, which is

6As a result of the shape evolution, a 3rd order polynomial as expected for standard volume and
interface scalings is not adequate to fit the curve.

87



Continuum description of Pmn21-LixFeSiO4

important due to bad electronic bulk conduction. All in all, better rate capability
is obtained typically for smaller particles.
This fact motivates to extend the nucleation studies to surfaces as performed in
the next chapter. Indeed it will be shown that surfaces lead to smaller nucleation
barriers as compared to bulk.
Nevertheless, the introduced scheme for getting strain energy corrected interface
energies (Appendix B.3B.3 and B.4B.4) seems relevant for evaluating correct interface en-
ergies from bulk heterostructures in general. Furthermore, the determined elastic
energy measure B(n) (Fig. 6.106.10) allows to draw the conclusion that the Li-rich and
Li-poor domains will align perpendicular to the [110] direction, when the particle
is in a phase-separated state.
In addition, interface energies are relevant parameters in continuum models, such
as the discussed Cahn-Hilliard free energy expression. Therefore, it is possible to
build a continuum model, based on the here derived interface energies.
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Pmn21-LixFeSiO4

Though extensive experimental and theoretical studies have dealt with the prop-
erties of TM silicate materials in the bulk phase, few investigations study surface
properties and their relevance to electrode performance. Indeed, Li extraction
voltages of Li situated at the surface can be very different from bulk, and diffusion
through the surface can have decisive impact on the rate capability [124124, 158158, 159159].

The two phase nature of LFS with only three stable compositions FeSiO4, LiFeSiO4
and Li2FeSiO4 indicates that only those phases should be considered for surface-
related computations. In this thesis, only LiFeSiO4 and Li2FeSiO4 is studied. The
thermodynamic studies of chapter 66 indicate high defect energies and thus only
small deviations from those stoichiometric phases (close to the equilibrium Li
chemical potential = OCV), which justifies the approach.

Details on the surface energy calculations and the structural properties of Pmn21
Li2FeSiO4 surfaces were published in Refs. [160160, 126126, 161161]. A mathematical deriva-
tions of an energy expression for polar surfaces, its implications in general and its
applications to LFS in particular can be found in Ref. [126126].

All DFT calculations of this section use the standard VASP PP for oxygen. The
presented screening studies were performed using the PBE functional and checked
against PBE+U. The approach takes advantage of the favorable convergence prop-
erties of PBE and also allows to understand better the influence of the +U correc-
tion e.g. on surface energetics.

7.1 Li2FeSiO4 surfaces

Surface energies were obtained from slab calculations with vacuum spacers of &
15 Å and applied dipole correction. The average surface free energy of a slab con-
sisting of a collection of {Nλ

i } atoms of species i with terminations λ is generally
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defined by:

γλ(µi) =
Gλ({Nλ

i })−∑i Nλ
i µi

2A(λ)
(7.1)

=
1

2A(λ)

(
∆Gλ −∑

i
∆Nλ

i µi

)
(7.2)

with ∆Gλ = Gλ({Nλ
i })− Gbulk({Ni})

and ∆Nλ
i = Nλ

i − Ni

γλ corresponds to the averaged value of surface energies of the top and bottom
surface, e.g. in the case of unequal terminations. In fact unambiguous determi-
nation of surface energies also for asymmetric slabs is possible via a local energy
density approach [162162].
∑i Niµi corresponds to the Gibbs free energy of the bulk Gbulk({Ni}) which has a
composition {Ni}. ∆Nλ

i is the number of off-stoichiometric atoms of species i in
the slab cell. In the case of stoichiometric slabs with the bulk composition {Ni},
eq. 7.17.1 reduces to the difference of the Gibbs free energy Gλ of a slab and the value
of the respective periodic bulk cell Gbulk. For non-stoichiometric systems, thermo-
dynamic considerations can be used to limit the range of reasonable chemical po-
tentials and determine stable surface compositions (see e.g. Refs. [163163, 164164, 165165]).
When the thickness of the considered slab is increased γλ(µi) will converge to the
surface energy of the macroscopic system.
In most cases, (vibrational and configurational) entropy changes as well as the in-
fluence of pressure can be neglected for the surfaces11. In that case, above method-
ology reduces to comparing ground state total energies, as obtained from DFT,
which is done here.
Typical slabs thicknesses were 10 Å (high index) - 30 Å (low index), which is con-
siderably thicker than what others have used for LFP [124124]. Convergence details
are in the appendix B.7B.7, showing an accuracy of ≈ 1–3 meV/Å2.

7.1.1 Surface selection scheme

In thermodynamic equilibrium only surfaces with low surface energy are relevant.
Therefore it is always desirable to ”guestimate” the most important surfaces with
lowest surface energy in order not to perform time-consuming calculations on ir-
relevant surfaces with high surface energies. As there were no prior information
on stable surface structures, only (1×1) stoichiometric surfaces were considered
without reconstructions. In order to find most likely all low-energy surface termi-
nations using a limited number of DFT calculations, the following surface selection
scheme was applied:

1. Perform DFT calculations on a selection of planar low index surfaces.

2. Fit an approximate energy expression, using the obtained surface energies.

1There is no practical complication to include those, e.g. via the typical expression of configura-
tional entropy as expected from a lattice gas hamiltonian for adsorbed surface atoms. It is easy to
check that the influence is only of the order of kBT.
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3. Estimate subsequently the surface energy of a much bigger set of possible
surface terminations, using the derived energy expression.

4. Perform DFT calculations on the predicted lowest energy terminations.

The expression for estimating the surface energy reads as follows:

γλ =
∑i,j Ei,j · ni,j(λ)

2A(λ)
+ K · σ0(λ) (7.3)

The first part in eq. 7.37.3 represents the energy increase of surface atoms due to
local bond breaking. Index i denotes the cation and j its coordination. Ei,j is zero
for atoms coordinated as in bulk, and takes a positive value for undercoordinated
atoms at the surface. In the case of bulk Li2FeSiO4, each cation is 4-fold coordi-
nated to oxygen.
The second part represents the first order term for the electrostatic energy contri-
bution γ∞

es, due to charge compensation in polar slabs. It is neccessary as the long-
range energy contributions in polar surfaces can not be included in local bond
cutting energetics. The derivation of this expression is shortly outlined below and
described in more detail in the publication [126126].
Polar surfaces are often ignored, here, however, no polarity restrictions on the
surface selection have been imposed, as most of the possible surface terminations
in Pmn21-Li2FeSiO4 are, in fact, polar.

7.1.2 Polar surfaces

As Pmn21-Li2FeSiO4 has no center of inversion, planar cuts through the material
can lead to polar surfaces. Slabs with polar surface terminations are characterized
by a finite electrostatic dipole across the slab. Such surfaces are typically expected
to be rather high in energy and often not considered [166166, 124124]. This assumption is
based on a picture of static ionic point charges, where, indeed, the Madelung sum
results in a diverging electrostatic energy for infinitely thick slabs [167167, 168168].
More recent studies had shown, however, that polar surfaces are stable and can
exhibit unexpectedly moderate surface energies [169169, 170170, 171171, 172172]. Several polar-
ity compensation and stabilization mechanisms, which can prevent the divergence
of the electrostatic energy, have been discussed in the literature, such as vacan-
cies, adatoms, reconstruction or simply charge redistributions between the surface
layers [173173, 174174, 169169, 175175, 176176, 177177, 178178, 179179, 170170, 180180, 181181, 172172].
In this thesis, charge transfer (= surface metalization) between the two surfaces is
assumed, which basically acts as a plate capacitor, counter-balancing the potential
drop across the slab. The electrostatic energy increase per surface area Γs of a slab
of thickness d, can be estimated to [126126]:

Γs =
1

2εε0
σ2

0 d (7.4)

with the dielectric constant ε and an effective surface charge σ0, defined by the
charge distribution in the slab unit cell of volume V0 and thickness d0:

σ0 =

∫
V0

zρ(r) d3r

Ad0
= ∑

zi∈V0

σi
zi

d0
(7.5)
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Figure 7.1: a) Band energy increase due to redistribution of electrons. b) Expected
potential drop across a polar slab with transfered, compensating surface charges.
Figure adapted from Fig. 1 in Ref. [126126] with permission from WILEY-VCH Verlag
GmbH & Co. KGaA, Weinheim.

A redistribution of charges δσ from one surface of the slab to the other will reduce
the effective surface charge to σ0 − δσ, will, however, increase the electronic band
energy due to filling of conduction band states, whose contribution is:

Γel = EG|δσ|+ 1
2

Cδσ2 (7.6)

EG is related to the bandgap Eg via EG = Eg/e, with the charge e of an electron,
and C = A

DVBe2 +
A

DCBe2 , with DVB
A and DCB

A corresponding to the valence band and
conduction band density of states (DOS) per surface area A (see Fig. 7.17.1 a)).
The equilibrium situation is derived by minimizing the total energy Γs + Γel with
respect to surface charges δσ. In this case, the surface energy of polar surfaces
remains finite, even for infinite slab thickness, with the converged surface energy
given by:

γ∞
es ≈

1
2

EGσ0 +
1
4

Cσ2
0 (7.7)

Furthermore, the convergence behavior for finite but large slab thicknesses d is:

γes(d) = γ∞
es −

εε0E2
G

4
(1 + λ)2 1

d
+O

(
1
d2

)
; with λ =

Cσ0

EG
(7.8)

The convergence behavior is in agreement with Refs. [176176, 180180], where, however,
the correction term λ is not present. In addition, as expected, the build-up of
surface charges is only obtained when the potential drop across the polar slab
(due to a finite dipole) is larger than the bandgap (see Fig. 7.17.1 b)). This point
corresponds to a slab thickness d0 of d0 = εε0EG

σ0
. The derived thickness dependent

surface energy (eq. 15 in Ref. [126126]) is plotted in Fig. 7.27.2.
As shown in Ref. [126126] converged surface energies of polar surfaces of LFS are
expected for slab thicknesses of ' 20 Å.
The potential drop and the presence of the assumed charge compensation mech-
anism in ab-initio calculations can be demonstrated by studying the polar (001)
surface of Li2FeSiO4. Fig. 7.37.3 illustrates the potential drop across a ≈ 20 Å thick
slab, as obtained from the self-consistent charge density of a PBE+U calculation.

92



Li2FeSiO4 surfaces

C = 0
C > 0

1 10 100

1.0

0.8

0.6

0.4

0.2

0.0
0.2 0.4 0.6 0.80.0

Inverse slab thickness 1/d' = d0/d

λ = 0
λ = 0.2
λ = 0.5
λ = 0.9

1.0
Slab thickness d' = d/d0

Su
rfa

ce
 e

ne
rg

y 
γ e

s [
a.

u.
]

a)                                                                                          b)
1/4 Cσ0

2

1/2 EGσ0

1/4 EGσ0

Su
rfa

ce
 e

ne
rg

y 
γ e

s/γ
es

∞
 [a

.u
.]

Figure 7.2: Thickness dependence of electrostatic surface energy γes for polar slabs.
Figure adapted from Fig. 2 in Ref. [126126] with permission from WILEY-VCH Verlag
GmbH & Co. KGaA, Weinheim.
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Figure 7.3: Properties of a polar (001) slab. a) The computational geometry, with
elemental colorings as in this thesis. b) Self-consistent one electron potentials ob-
tained by PBE+U visualize the as-expected potential drop inside the polar slab. c)
Local DOS, integrated within the atomic layers 1–8 (adapted from Fig. 7 in Ref.
[126126] with permission from WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim).

The potential drop across the slab is found to be 3.5 eV (Fig. 7.37.3 b)), which is in
perfect agreement with the expected value of 3.4 eV, the width of the bandgap EG
for PBE+U. It should be noted that in the special case of LFS, EG is in fact not the
proper bandgap but rather the chemical hardness, which is related to the energy
change for a charge redistribution 2Fe2+ → Fe3+ + Fe1+. It was determined previ-
ously by the sum of the individual terms Eg1 and Eg2 in the bulk electronic DOS
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Table 7.1: Local magnetic moments and charges on the Fe atoms as obtained from
the projection of the charge density on Fe orbitals. Values are normalized to bulk,
where 6 localized 3d electrons and a magnetization of 4 µb are assumed. Layers
are labeled as in Fig. 7.37.3. (Table copied from Ref. [126126] with permission from
WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim))

layer 1 2 3 4 5 6 7 8
Fe magnetization 4.54 4.92 4.01 4.00 4.00 3.99 3.99 2.53
electrons on Fe 5.38 5.01 5.96 5.99 5.99 6.01 5.98 7.68

Table 7.2: Bond-cutting parameters, as obtained from the fit to GGA calculations.
Values in parantheses were chosen for surface energy predictions which could not
be assigned unambiguously due to the limited number of considered surfaces (see
text).

Ei,j (eV)
coordination

1 2 3

element
Si 11.53 (6.77)a 4.55 3.36
Fe (4.76)a 2.56 0.61
Li 0.02 0.38

aChosen parameters for energy prediction

as illustrated in Fig. 4.44.4 c) on page 4242.
The expected charge redistribution can be observed by the change in the Fe oxida-
tion states at the surfaces (see table 7.17.1).

7.1.3 Surface energies of Li2FeSiO4

The arrangement of atoms for ideal surfaces, i.e. unreconstructed, unrelaxed slabs
is, in principle, a bulk property and defined by the transformations that transform
a primitive unit cell to the slab unit cell. The corresponding operations were im-
plemented in python, building on the open-source structure manipulation toolkit
pymatgen [182182] of the Ceder group. At the time, such operations were not imple-
mented, today they are. In total 13 low index surface terminations of type {100},
{010}, {001}, {011}, {101}, {110}, {210}, or {120} were selected, including 6 non-
polar and 7 polar ones. As a matter of fact, only the bond cutting term of eq. 7.37.3
was used to fit the determined surface energies, as the role of polarity was not
clear at that time. The determined fitted bond cutting parameters are tabulated in
table 7.27.2. Furthermore the limited number of surfaces did not allow for an unam-
biguous determination of all Ei,j parameters, e.g. the singly coordinated Si and Fe
value. Only the sum ESi,1 + EFe,1 = 11.53 eV is fixed by the fit, such that individual
values were chosen intuitively by assuming the energetic difference as for the two
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Figure 7.4: GGA-determined surface energies of 29 surfaces of Pmn21 Li2FeSiO4.
A fit of eq. 7.37.3 suggests a decomposition of polar (cost of charge compensation
to remove polarity) and bond cutting contributions. Obviously electrostatics plays
a minor contribution in total stability. ()* and ()** denote different terminations
for a given (hkl) surface. (Figure reprinted from Ref. [126126] with permission from
WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim).

fold coordinated atoms.
As expected, the parameters Ei,j are ESi,j > EFe,j > ELi,j and larger for smaller
coordination j. Bond breaking is most unfavorable for Si-O bonds. Missing Li-
O bonds have no strong influence on surface energetics, which is expected for
intercalation materials as this energy term is related to Li extraction and hopping
barriers.
Using the fitted parameters, surface energies for all possible stoichiometric termi-
nations λ(hkl) for all {hkl} surfaces with (hkl) < (333) were estimated, which sums
up to 46 [hkl] directions each exhibiting ca. 10-15 possible surface terminations (in-
cluding symmetry equivalent ones). Subsequently the lowest energy configuration
λmin(hkl) for each surface (hkl) was determined by:

λmin(hkl) =

{
argmin{γ({λ∗})} if {λ∗} = {λ|λ = non-polar} 6= ∅
argmin{γ({λ})} else

(7.9)

As a result, polar surfaces are automatically avoided if non-polar (hkl) termina-
tions are possible.
In order to test the stability of predicted low energy terminations, 10000 random
parameter sets {E′i,j} have been created using a symmetric, homogeneous proba-
bility distribution around the determined {Ei,j} values with a width of 30%. For
each (hkl), the most probable termination corresponded to the one obtained for
the average parameters {Ei,j}.
Additional terminations were considered, whenever placing one atom out of two
on a symmetry equivalent place on the other side of the slab would lead to a
symmetric (non-polar) slab.
In total, 16 additional, potentially low energy surface terminations were deter-
mined and their energy calculated. A comparison of these results with the bond
cutting model predictions revealed a persistent underestimation of surface ener-
gies for polar terminations (Fig. 4 in Ref. [160160]), which lead to the development of
the above described electrostatic contribution for polar surfaces.
The surface energies of the finally considered 29 surfaces are depicted in Fig. 7.47.4,
including as well the estimated energy contributions using the combined bond
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Table 7.3: Surface energies γ in meV/Å2 for selected surface terminations calcu-
lated within GGA and GGA+U. The asterisks denote different terminations when-
ever several terminations of a surface (hkl) were studied.

(hkl) (010) (110) (001) (100)** (011)** (010)*
GGA 24.7 32.1 60.2 67.0 69.4 113.2

GGA+U 25.4 39.1 68.1 76.7 81.7 137.2

Table 7.4: Comparison of the Wulff shape and the contributions of different sur-
faces as obtained from GGA and GGA+U calculations.

GGA GGA+U

contribution contribution

{010}: 28.1 % {010}: 35.2 %
{110}: 52.1 % {110}: 45.2 %
{001}: 19.7 % {001}: 19.6 %

cutting and electrostatic energy expression (eq. 7.37.3). The electrostatic contribution
was obtained by calculating σ0, assuming point charges corresponding to oxidation
states and determining K by an adequate fit.

It is worth mentioning that, for all of these surfaces, the determined polar contri-
bution (γes) to the total surface energy is rather small when compared to the bond
cutting part. This puts approaches, where polar surfaces are not considered at all,
into perspective.

The accuracy of the applied surface energy decomposition can actually be demon-
strated e.g. by comparing surface energies between GGA and GGA+U computa-
tions.

In particular, two distinct (010) terminations were studied, one of which is polar
((010)* in table 7.37.3) and the other non-polar ((010) in table 7.37.3). Both terminations
only involve Li-O bond breakings. GGA+U is not expected to have significant
influence on Li-O bond energetics as the +U term only acts on Fe states. GGA+U,
however, changes significantly the bandgap. As a result, only the surface energy of
the polar surface is expected to change by application of GGA+U (Ueff = 4 eV). This
is indeed observed (see table 7.37.3). In addition, the DFT determined value of the
surface energy change (24 meV/Å2) corresponds nicely to the expected value (28
meV/Å2) from the change of the bandgap and eq. 7.77.7. A more detailed discussion
is provided in section 3.5 of Ref. [126126].
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Figure 7.5: SEM and TEM images of LFS particles (Figure adapted from Ref. [183183]
with permission from Elsevier). The elongated shape, as well as the axes orienta-
tions are in agreement with the Wulff shapes of table 7.47.4.

7.1.4 The Wulff shape

As GGA is insufficient to supply exact energetics for LFS, surface energy calcu-
lations for the most important surfaces were performed as well using GGA+U.
Slabs were constructed and relaxed from the equilibrium cell parameters within
GGA+U. Surface energies of a selection of surfaces are tabulated in table 7.37.3, where
some, but not dramatic surface energy changes are found.
The Wulff shape of a material corresponds to the thermodynamically most stable
geometry, where the total surface energy is minimal for a given volume and, thus,
gives insights in the relative importance of surfaces in nanostructures. The Wulff
shapes obtained from GGA and GGA+U energies consist only of two non-polar
surfaces (010) and (110) and one polar termination (001) (see table 7.47.4).
As a matter of fact, recent images of µm sized LFS electrode particles [183183] ex-
hibit surprisingly good correspondence to the derived shapes (Fig. 7.57.5), which
supports that thermodynamic equilibrium structures can be a good guess if no
experimental data is available. Therefore, subsequent, more detailed studies were
only performed on {010}, {110} and {001} surfaces.

7.1.5 Nonstoichiometric surface compositions

In order to understand the behavior of surfaces under electrochemical conditions,
also non-stoichiometric terminations in (1×1) surface cells were considered. The
following results are all obtained within GGA+U, where calculations have been
performed such that polarity properties did not change (symmetric slabs for non-
polar (010) and (110) terminations and otherwise for (001)). In the case of ad-
ditional adsorbed Li atoms, possible adsorption places were first determined by
scanning with a test Li atom across slab surfaces, not allowing its lateral degrees
of freedom to relax (see Fig. 7.67.6 a). As a result, the PES for adsorption on surfaces
can be derived, as illustrated in Fig. 7.67.6 b)-d), and the major adsorption sites can be
determined. Adsorption energies Eads are calculated with respect to the chemical
potential in Li(m) via:
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Figure 7.6: PES for Li adsorption on LFS surfaces. a) Illustration of the surface
scans. b)-d) Adsorption energies for 3 major LFS surfaces. The strongest adsorp-
tion energy is obtained for the (001) surface which exhibits singly coordinated
oxygen.

Eads =
E(slab&Liads)− E(slab)− NLi · E(Li(m))

NLi
(7.10)

In fact, very high adsorption energies were found for Li adsorption on (001) sur-
faces (-2.72 eV), which can be explained by the singly coordinated oxygen atoms
belonging to the SiO4 tetrahedra which stick out of the (001) surface (see Fig. 7.67.6
a) and 7.77.7 b)).
In general, it was found that the adsorption PES can be understood just from
electrostatic considerations (see Appendix A.6A.6).
Furthermore, charge density differences were analyzed for the structures with and
without adsorbed Li. As shown in Fig. 7.77.7, charge densities do not only change
in the region close to the adsorbate due to bonding, but also further away on
adjacent Fe ions. This result is due to the valence state nature of Fe 3d states and
the idea that the Li transfers its electron to the lowest unoccupied state. It indicates
that the binding process at surfaces is not strictly local. Similar long range charge
redistributions have caused significant attention in other fields [184184].
In the case of reduced Li content, several Li deficient surface terminations were
studied by Li removal from relaxed slab structures. In that case, it might be more
appropriate to talk about binding energies although the math is as well given by
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Figure 7.7: Charge density change due to Li adsorption. Blue (red) regions exhibit
an increase (decrease) in electron density.

eq. 7.107.10 with negative N. In order to understand the stability of such surface
structures in chemical equilibrium with a surrounding Li reservoir, it is necessary
to introduce an additional variable, namely the Li chemical potential µLi. If µLi is
measured against the Li chemical potential of metallic Li µ0

Li = E(Li(m)) then the
total free energy of adsorption can be calculated via22:

Gads =
E(slab&Liads)− E(slab)− NLi · E(Li(m))− NLi · ∆µLi

NLi
(7.11)

where ∆µLi = µLi− µ0
Li. The relation to the surface free energy (eq. 7.17.1) is revealed

by multiplication with NLi
2A .

NLi

2A
Gads = ∆γ =

E(slab&Liads)− E(slab)− NLi · E(Li(m))− NLi · ∆µLi

2A
(7.12)

=
E(slab&Liads)− NEbulk − NLi · E(Li(m))− NLi∆µLi

2A
−

−E(slab)− NEbulk

2A
(7.13)

Eq. 7.137.13 is obtained by adding 0 = −NEbulk + NEbulk to the denominator of eq.
7.127.12. Obviously, eq. 7.127.12 is a measure for the total Gibbs free energy change
per surface area upon adsorption and is typically called free adsorption energy
∆γ [7373]. It should be noted that the second term in eq. 7.137.13 corresponds to the
stoichiometric surface energy γ0 which is not dependent on the chemical poten-
tial µLi. The first term (eq. 7.137.13) corresponds to the surface free energy of non-
stoichiometric slabs, as defined in 7.27.2. In thermodynamic equilibrium, the most
stable surface composition is defined by the minimum of ∆γ, which obviously is
equal to the minimum in surface energies γ, which is what is considered here, as
well as in other works [163163].

2Again just ground state energies are used here for the slabs, instead of real Gibbs free energies.
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Figure 7.8: Chemical potential dependent surface energies of a) (110), b) (010) and
c) (010) surfaces (copied from Ref. [161161] with permission from Elsevier). Vertical
gray dashed lines mark the limits of accessible Li chemical potentials µ(Li). The
blue horizontal lines correspond to the stoichiometric surface terminations.

The surface energies of the three considered surfaces and their dependence on
chemical potential is drawn in Fig. 7.87.8. For (110) and (001) (Fig. 7.87.8 a, b) only
a limited number of surface terminations was considered, with additional and
removed Li ions always in the topmost layer of the slab. In the case of (010),
more detailed studies were performed, also including the removal of Li ions from
subsurface layers. The labeling of the different configurations is according to the
Li occupation number of potential Li sites, as illustrated in the upper part of Fig.
7.87.8 c). The accessible region for ∆µLi = µLi − µ0

Li lies between the vertical dashed
gray lines at ∆µLi = 0 eV and ∆µLi = −3.21 eV. Therefore in an electrochemical
setup |∆µLi| corresponds exactly to the applied voltage V · e against a Li metal
anode. The lower limit of −3.21 eV was not set here to −e·OCV for deintercalation
of the first Li atom per f.u. (= 3.13 V) because - due to the computational setup
- no in-plain strain relaxation is allowed. Accordingly, the system (as calculated)
can in principle be driven up to 3.21 V against metallic Li, which is the OCV in the
strained system. From the realistic point of view, however, at ∆µLi = −3.13 eV and
below the bulk will be unstable against a transformation Li2FeSiO4 → LiFeSiO4
and therefore the computed structures become unreasonable as the bulk parts of
the slabs should then be LiFeSiO4.
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Table 7.5: Surface energies of LiFeSiO4 obtained within GGA+U.

(hkl) (010) (110) (001)
surface energy γ (meV/Å2) 14.9 57.2 47.9

Apart from these subtleties, Fig. 7.87.8 allows to draw conclusions about the change
of surface structures upon application of an increasing potential against Li(m):

0.00 V: The SiO4 tetrahedra of the (001) surface are saturated with additional Li
atoms. All other surfaces in the Wulff shape are stoichiometric.

1.24 V: These first Li ions are extracted. All surfaces are stoichiometric.

2.79 V: One Li per (1×1)-(001) surface cell is extracted.

3.03 V: One Li per (1×1)-(010) surface cell is extracted.

3.13 V: In principle bulk delithiation starts here by phase separation.
(3.15 V: One Li per (1×1)-(110) surface cell is extracted.)

Obviously, these processes are perfectly reversible upon discharge (Li incorpora-
tion) within this thermodynamic picture. Furthermore, by adjusting the Li chem-
ical potential during synthesis, the altered surface energies will lead to slightly
altered Wulff shapes (e.g. due to a change in (001) surface energy). In the same
sense, the chemical potentials of the other involved elemental species can influence
the structure and energy of surfaces, as well as the Wulff shape.

7.2 LiFeSiO4 surfaces

Surface energies of the delithiated phase LiFeSiO4 surfaces were determined as
well. The results for the three most stable terminations of Li2FeSiO4 are tabulated
in table 7.57.5.
(010) and (001) surface energies decrease, which can be understood from the re-
duction of the number of broken bonds for a system with lower number of atoms.
On the other hand, the (110) surface energy increases. This can be explained by
the fact that the (110) slabs in LiFeSiO4 are no longer non-polar (in contrast to
Li2FeSiO4-(110)), such that the discussed polar contribution to the surface energy
sets in.
It is worth mentioning that the calculations on LiFeSiO4 surfaces/slabs could as
well be understood as calculations on non-stoichiometric Li2FeSiO4 slabs. In that
case, the determined LiFeSiO4 surface energies would correspond to the respective
(unstrained) nonstoichiometric Li2FeSiO4 surfaces at the unstrained equilibrium
chemical potential ∆µLi = -3.13 eV. Thus, in the grand canonical picture, surface
energies should rather be treated having a voltage/chemical potential dependence,
where stable compositions are determined subsequently by minimization with re-
spect to the implicit concentration dependence.
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a)                                                         b)

Figure 7.9: The different interfaces coming into play for a) nucleation in bulk and
b) nucleation at surfaces.

Table 7.6: Surface and interface energies of LFS obtained within GGA+U.Ψ0 =
Li2FeSiO4, Ψ1 = LiFeSiO4. The energetically favorable non-stoichiometric Ψ0 sur-
face energies at ∆µLi = -3.13 eV are given in brackets.

(hkl) (010) (110) (001)
γΨ0 (meV/Å2) 25.4 (22.2) 39.1 68.1 (63.1)
γΨ1 (meV/Å2) 14.9 57.2 47.9

γΨ0,Ψ1 (meV/Å2) 8.9 10.5 7.1
γΨ0 + 2γΨ0,Ψ1 43.2 (40.0) 60.1 82.3 (77.3)
γΨ1 + γΨ0,Ψ1 23.8 67.7 55.0

behavior surf. wetting (surf. nucl.) bulk nucl. surf. wetting

nucleation at surfaces

small particles               big particles

Ψ0

Ψ1

Ψ0 Ψ0

Ψ1

surface/interface driven             strain driven

Figure 7.10: The different nucleation scenarios for LFS for small and large particles.

7.3 Nucleation at surfaces

The considerations in section 6.26.2 indicate that nucleation in bulk would necessi-
tate unreasonably high overpotentials. In order to understand whether surfaces
can reduce nucleation barriers, simple geometries of flat nuclei with cross sections
A, as depicted in Fig. 7.97.9, shall be considered. The involved interfaces and in-
terface energies are drawn in a) for bulk nucleation and b) for nucleation at the
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surface. Subtleties such as contact angles etc. are ignored (see e.g. Ref. [2727]). The
total surface and interface energies are then just the products γi A. At small over-
/underpotentials, close the equilibrium voltage 3.13 V, three different cases can be
differentiated:

• γΨ0 + 2γΨ0,Ψ1 < γΨ1 + γΨ0,Ψ1 : There is no energy gain for nucleation at the
surface. Bulk nucleation is favored with according energetics as if no surface
was there.

• γΨ0 < γΨ1 + γΨ0,Ψ1 < γΨ0 + 2γΨ0,Ψ1 : Nucleation is favored at the surface. The
nucleation barrier is smaller as in bulk.

• γΨ1 + γΨ0,Ψ1 < γΨ0 : The surfaces are ”wetted” by Ψ1 because the total sys-
tem can reduce in fact its total energy by creating a Ψ1 phase at the surface
although it is accompanied by the formation of a Ψ0Ψ1 interface. In this case
the nucleation barrier actually vanishes (becomes < 0) because the formation
of the new surface phase Ψ1 reduces the total system energy! In this case the
considerations break down because the total system would actually prefer to
exhibit no interfaces Ψ0Ψ1 and would transform completely at this potential.

The determined surface and interface energies (tables 7.37.3, 7.57.5 and 6.26.2 and Fig. 7.87.8)
are once again summarized in table 7.67.6 together with the derived wetting/nucleation
behavior. From these considerations, heterogeneous nucleation at surfaces can be
understood for Wulff shaped LFS particles as drawn in Fig. 7.107.10. For small par-
ticles the (001) surfaces will be wetted and indeed nucleation barriers might be
considerably smaller as from the bulk nucleation calculations. The growth can
proceed along the z direction. (110) surfaces will not be wetted by Ψ1, such that
Ψ0Ψ1-(110) interfaces as well as Ψ1-(010) surfaces grow. For bigger particles, strain
energy dominates the inclusion shape, resulting in plate-like inclusions perpendic-
ular to 〈110〉 nucleated at (001) and (010) (see Fig. 7.107.10).
The growth of the Li poor Ψ1 phase necessitates Li diffusion to and removal from
the surfaces. Several models exist for estimating ion diffusion pathways in bulk
materials. One successful rather empirical but useful method is e.g. the bond
valence model [185185, 186186, 187187]. The method allows e.g. to estimate which regions of
space can be accessed by Li ions. It has been applied to bulk Li2FeSiO4 in Fig. 7.117.11,
where only Li atoms (green spheres) and their accessible space (semitransparent
green clouds) and FeO4 (brown) and SiO4 (blue) tetrahedra are drawn. The results
are agreement with the expected 2D Li transport in the layered Pmn21 material.
In particular no diffusion pathways are suggested along [010], in agreement with
ab-initio based diffusion barriers [105105, 109109, 104104, 145145].
Therefore, in a Wulff shaped LFS particle, Li can only (de-)intercalate through
{001} and {110} surfaces. Above arguments suggest that these surfaces are LiFeSiO4
terminated for {001} and Li2FeSiO4 terminated for {110}. It is hence interesting
to understand, how Li migration proceeds at and through these surfaces. In order
to circumvent the polarity issues of {001} surfaces, DFT calculations of the Li va-
cancy migration landscape in proximity to a surface were performed for the (110)
surface.
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Figure 7.11: Li diffusion landscape in bulk Li2FeSiO4. The green volumes are the
estimated accessible regions for Li ions.

7.4 Vacancy transport through the (110) surface

An approx. 15 Å thick, (1×2)-(110)-terminated Li2FeSiO4 slab was constructed
(8.319 Å × 9.996 Å). Furthermore, the bottom side of the slab was saturated with
hydrogen atoms of appropriate valence to saturate the broken bonds and inhibit
charge sloshing and similar effects (see Fig. 7.127.12 a)). After relaxing the hydrogen
atoms, the three bottom atomic layers as well as the hydrogen atoms were kept
fixed. All other atoms were allowed to relax for the subsequent computations.
In order to understand the diffusional landscape for Li migration through the (110)
surface, single Li atoms were removed from different sites below the surface, and
the total energy computed. The so-determined vacancy formation energies give
already a general understanding of Li transport in the surface region [159159].
As in the case of non-stoichiometric surface terminations, the Li vacancy forma-
tion energy Ev is in general a function of the Li chemical potential. Again only
differences in ground state energies are considered:

Ev = E(slab&Livac) + µ(Li)− E(slab) (7.14)

The chemical potential dependence cancels when looking at relative values.
The results are plotted in Fig. 7.127.12 b). Li atom 1 can be extracted from the (110)
surface easier than from bulk (vacancy formation energy < 0, blue bar). This is
in line with the findings for the stability of non-stoichiometric (110) surfaces (Fig.
7.87.8).33

For atoms further below the surface no clear trend establishes and vacancy for-
mation energies switch between being higher and lower than the bulk value. Ap-
proximately 8 Å below the surface the vacancy formation energies, however, are
converged to the bulk value (Li atom 10). As Li transport into the bulk is associ-

3(110) surfaces are expected to delithiate at an applied voltage of 3.15 V. Bulk defects however
can only be formed at 3.6 V (the bulk vacancy formation energy is 0.48 eV above hull, see table
6.16.1). The slight difference of 0.05 eV in vacancy formation energy at (110) surfaces between these
calculations here and the previous ones is most probably related to different supercell sizes (e.g.
lateral dimensions).
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Figure 7.12: a) (110) slab. The bottom side was saturated with hydrogen. Li atom
labels increase toward bulk. b) Vacancy formation energies at the different Li lattice
sites. The bulk value is obtained for Li atom 10 (≈ 8 Å below the surface).

ated with vacancy migration from the bulk to the surface, and the reverse for Li
extraction, it is obvious that the non-constant vacancy formation energies repre-
sent effectively a barrier for vacancy (Li) transport. In particular, the 3-4 energy
difference (barrier) is significant e.g. for vacancy transport towards the surface,
especially because diffusion rates depend exponentially on barriers. Migration
barriers EB within the Li layers are already ≈ 0.6− 0.8 eV for bulk [105105], which is
much larger than e.g. for LFP where EB < 0.3 eV [188188], such that any additional
barrier is extremely unfavorable. An offset of ground state energies, as here, typi-
cally adds to barriers, e.g. in chemical reaction networks, producing a rate limiting
step.
An appropriate surface modification might be able to improve the surface near
diffusion landscape, as shown for LFP, which exhibits similar, additional barriers
at clean surfaces [159159].
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8LixFeSiO4 polymorphism

As discussed earlier, Pmn21 LFS transforms usually to Pmn21 (inv) after extraction
of the first Li ion. This fact can be observed in the OCV as the first charge occurs
at a plateau voltage of roughly 3.1 V, whereas the discharge occurs at ≈ 2.8 V
vs Li/Li+ [106106] (see Fig. 8.18.1 a)). The persistence of flat plateaus in LFS cycling
indicates that the (de)lithiation mechanism is always a two phase process involving
the two polymorphs, with one irreversible phase transition for LiFeSiO4 (Fig. 8.18.1
b)).
The finding that the transformation is observed directly after the first charge indi-
cates small transformation barriers. This chapter shall assess whether this fact can
be understood from very small nucleation barriers of the Pmn21 (inv) phase.

a)  Experiment                                      b) Transformation process

Figure 8.1: a) Charge and discharge cycles as obtained by Nyten et al. (Reproduced
from Ref. [106106] with permission of The Royal Society of Chemistry). b) Tentative
transformation processes which explain the behavior.

8.1 Bulk polymorphism

Pmn21 (inv) LFS has a similar lattice structure as Pmn21 LFS, as illustrated in Fig.
8.28.2. The main difference is an exchange of the Fe atoms with half of the Li ions. As
a result, the layered structure of Li ions is destroyed and their arrangement is rather
within a 3D network, which affects of course diffusion properties. Whereas cation
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Li2FeSiO4 LiFeSiO4Pmn21 (inv)

Figure 8.2: Lattice structure of full and half delithiated Pmn21 (inv) LFS. In contrast
to the Pmn21 phase the Li atoms do not form layers but a 3D network.
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Figure 8.3: a), b) Total energy of the two LixFeSiO4 polymorphs Pmn21 and Pmn21
(inv) at Li contents x = 1 and 2 for the two different oxygen pseudo potentials (PP).
c) Determined OCVs for extraction/insertion of the first Li ion.

disorder is also observed for other materials, being a major aging mechanism, the
ion exchange is non-random and exhibits long-range order in the case of LFS, as
indicated by a discontinuous OCV jump (see Fig. 8.18.1). It is worth mentioning that
Li-Fe exchange is actually in agreement with the accessible Li diffusion landscape
as analyzed in the previous section, as Li atoms are able to penetrate (although not
trespass) the Fe-Si layers (see left image in Fig. 7.117.11).
Fig. 8.38.3 a), b) shows total energies of Pmn21 and Pmn21 (inv) Li2FeSiO4 and
LiFeSiO4 for the two already discussed pseudo potential (PP) choices O and O s

for the oxygen atom. Although total energies do indeed differ significantly for the
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Table 8.1: Relaxed lattice parameters for Pmn21 and Pmn21 (inv) LixFeSiO4 for
x = 1 and 2. The angles α and γ are always 90.00◦. The determined OCVs are
essentially the same as for the O pseudopotential.

PP: O s Pmn21 Pmn21 (inv)
LiFeSiO4 Li2FeSiO4 LiFeSiO4 Li2FeSiO4

a (Å) 6.091 6.33 6.709 6.268
b (Å) 5.622 5.383 5.217 5.488
c (Å) 5.044 4.988 5.079 5.017
β (◦) 90.76 90.00 89.70 90.43

Volume (Å3) 172.7 169.97 177.77 172.59

PP: O s O O s O

OCV (V) 3.13 3.12 2.84 2.84

different PP, relative energies within one PP are consistent. In particular, whereas
Li2FeSiO4 Pmn21 is slightly more stable than Pmn21 (inv), the stability of both
polymorphs reverses for LiFeSiO4, which explains the observed phase transforma-
tion. Furthermore, the determined OCV of both PP coincide up to 10 mV, and are
in good agreement with experiment (see table 8.18.1 and compare Fig. 8.18.1 a) and 8.38.3
c)). As a result, the charge discharge dynamics can be understood including one
phase transformation of Pmn21 LiFeSiO4 → Pmn21 (inv) LiFeSiO4(Fig. 8.18.1 b)).

8.2 Nucleation of Pmn21(inv)-LiFeSiO4 in Pmn21-LiFeSiO4

As the phase transformation involves individual ion exchange reactions, which, at
the same time, form long-range order, it makes sense to try to model the process
as a nucleation process of Pmn21 (inv) LiFeSiO4 in Pmn21 LiFeSiO4. Therefore, the
methodology of coherent nucleation in bulk, as discussed in section 3.73.7, is applied,
where the relevant parameters are elastic properties as well as interface energies.
Lattice constants for the soft PP = O s are reported in table 8.18.1, where it can be seen
that both phases have significant lattice mismatch. Furthermore, the equivalence
of results obtained with the two PP can be seen by comparison of tables 4.34.3 and
8.18.1. Subsequent results of this chapter are obtained using the O s PP.

8.2.1 Elastic constants

Firstly, elastic constants of both involved LiFeSiO4 phases were determined by
fitting a quadratic energy expression to the total energy of deformed unit cells as
discussed in section 6.2.16.2.1. Although the unit cells are not perfectly orthorhombic,
elasticity components were obtained by assuming orthorhombic symmetry. This
simplification does not introduce significant errors, as shown in Appendix B.10B.10.
The elastic modulus tensors for LiFeSiO4 are (in GPa):
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C(Pmn21) =



207.1 41.2 30.7 0.0 0.0 0.0
41.2 84.9 26.2 0.0 0.0 0.0
30.7 26.2 101.0 0.0 0.0 0.0
0.0 0.0 0.0 18.9 0.0 0.0
0.0 0.0 0.0 0.0 30.0 0.0
0.0 0.0 0.0 0.0 0.0 16.7


(8.1)

C(Pmn21(inv)) =



84.5 39.4 29.2 0.0 0.0 0.0
39.4 105.5 31.1 0.0 0.0 0.0
29.2 31.1 98.2 0.0 0.0 0.0
0.0 0.0 0.0 24.1 0.0 0.0
0.0 0.0 0.0 0.0 36.0 0.0
0.0 0.0 0.0 0.0 0.0 38.4


(8.2)

It should be noted that the changed host structure has a dramatic impact on elastic
properties. As an example, the C11 component of Pmn21 (inv) is not even half the
size of the value of Pmn21. This is probably related to the fact that Pmn21 (inv) is
a 3D network-like structure, with higher degree of isotropy than the anisotropic,
2D layered structure Pmn21 (see Fig. 8.28.2 and 4.14.1). As a result, nucleation needs to
be treated within the framework of inhomogeneous elastic constants.

8.2.2 The effect of an inhomogeneous elastic medium

Coherent nucleation in media with differing elastic constants was discussed in
section 3.73.7. In order to get a better understanding of the effects of the different
elastic constants, the elastic energy measure B(n) (eq. 3.643.64, page 3030) is first plotted,
assuming homogeneous elastic constants. The strain is assumed to correspond to
the stress free transformation strain of Pmn21 (inv) in the Pmn21 matrix. B(n) is
plotted in Fig. 8.48.4 for the case of elastic constants corresponding to Pmn21 (a), to
the averaged elastic constants of Pmn21 and Pmn21 (inv) (b) and elastic constants

a) b) c)

Figure 8.4: Comparison between the homogeneous strain energy measure B(n)
(eq. 3.643.64, page 3030) for a) Elastic constants of Pmn21, b) averaged elastic constants
of Pmn21 and Pmn21 (inv) and c) elastic constants of Pmn21 (inv). B(n) of the
other cases are always included semi-transparently.
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Figure 8.5: Strain energy for inclusions in Pmn21 (inv) inclusions in Pmn21 for
inhomogeneous elastic constants. Two different inclusions shapes were studied:
plate-like flat ellipsoids (a), c)) and spherical-like ellipsoids (b), d)). The directional
strain energy dependence is plotted in c), d). The direction corresponds to the
ellispoids’ c axes, as indicated by the red arrows in subfigures a), b).

of Pmn21 (inv) (c). The other cases are always included semi-transparently in the
subfigures. As expected, elastic properties of Pmn21 (inv) are much more isotropic
than of Pmn21. Furthermore the total strain energy of Pmn21 (inv) is considerably
smaller due to the smaller elastic constant values (compare Fig. 8.48.4 a), c) and the
elastic constants in eq. 8.18.1 and 8.28.2). In all cases, planar interfaces perpendicular to
〈110〉 are favorable. As a result, a corresponding alignment might be expected for
large inclusions whose shape and alignment is necessarily strain driven.
Many publications take the averaged elastic constants when studying nucleation
in materials with differing elastic constants. Then, the evaluation is simplified and
Fig. 8.48.4 b) allows a direct understanding of the energy and alignment of big nuclei.
In order to check the accuracy of these simplification the nucleation in inhomoge-
neous media has been solved here without such simplifications, according to eqs.
3.683.68 - 3.733.73.
As a test case, the strain energy of two different types of ellipsoids with equal
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volume have been calculated. They are illustrated in Fig. 8.58.5 a), b) with the semi-
axes (a, b, c) = (10, 10, 0.1) and (a, b, c) = (2.5, 2.5, 1.6). The displayed directional
dependence of Fig. 8.58.5 c), d) corresponds to the alignment of the ellipsoid c-axis,
as indicated by the red arrows in Fig. 8.58.5 a), b).
The directional dependence of the plate-like shape (Fig. 8.58.5 c)) is found to be
closely related to B(n) of Fig. 8.48.4 c). A test calculation for an equal Pmn21 (inv) el-
lipsoid nucleating inside a Pmn21 (inv) matrix (homogeneous modulus case) gave
basically the same results. Therefore, it is mainly the inclusion’s elastic constants
that determine the directional dependence of such plate-like inclusions, with the
surrounding having only a minor influence. Simply averaging elastic constants
is problematic for materials with largely differing elastic moduli. The results also
suggest hysteretic behavior for coherent nucleation in solids with strongly different
elastic constants11.
On the other hand, when the inclusion is rather spherical-like, the directional de-
pendence is strongly reduced (Fig. 8.58.5 d)). It should be noted that the colors in
Fig. 8.58.5 c), d) are only normalized within the given figure, meaning that indeed
the total strain energy is clearly the smallest in the [110] direction in Fig. 8.58.5 c).
This can be seen in Fig. 8.58.5 c) where the semitransparent shape of Fig. 8.58.5 d) is
included and clearly higher in energy along the 〈110〉 directions.

8.2.3 Interface construction and selection

The difference between the interfaces considered before in section 6.26.2 and the in-
terfaces considered here is related to the fact that here two different crystal poly-
morphs need to be joined together, where the Li and Fe atom sublattices differ. On
the other hand, the topology of the SiO4 tetrahedra as well as the oxygen frame-
work remains intact, though distortions are present.

1In particular, a soft phase nucleates ”easier” in a stiff phase than the hard material in the soft
matrix.

Figure 8.6: Illustration of the interface creation and selection process.
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There are many possible interface structures, such that a prescreening seems neces-
sary before performing DFT calculations. The ES energy is used as predictor for in-
terface stability, due to the success of describing the relative ordering of LixFeSiO4
polymorphs correctly by simply calculating the ES energy of ionic point charges
(Madelung sum) [102102].
The procedures of interface creation are illustrated in Fig. 8.68.6 and are as follows:

1. Stretch the Li1FeSiO4 Pmn21(inv) cell to the Li1FeSiO4 Pmn21 lattice param-
eters as this is the original host structure, in which the Pmn21 (inv) structure
nucleates.

2. Shift the position of all atoms by a common vector v inside the periodic
Pmn21(inv) unit-cell, such that the mean distance of the positions of equiv-
alent atoms inside the unit cells of both polymorphs is minimized. Only
oxygen and silicon positions enter the mean distance evaluation as these are
related in both polymorphs.

3. Determine all possible interface terminations, for a given direction [hkl], by
finding all possible separating planes for each polymorph individually.

4. Create all possible interfaces by joining these structures along those planes
together. Step 2 ensures that no further alignment of these two individual
phases in the interface plane direction is necessary.

5. Evaluate the interface structures: a) By checking the topologically consistent
arrangement of SiO4 tetrahedra (The Si sublattice should not change upon
crossing the interface.). b) By calculating the ES energy of the structure in
periodic arrangement.

The last step allows automatic selection of the most probable low energy interface
terminations, at least as far as the chosen predictors are accurate. The ES energy
is furthermore a reasonable choice as it automatically penalizes structures, where
equivalent atoms come too close, which is well possible as the two structures are
different and unwanted double occupancy of lattice sites in the interface region
can occur during the described procedures, due to the periodicity. This renders a
check on minimum atomic distances unnecessary, further speeding up the selec-
tion process. The ES energy of all possible interface structures is determined and
a clustering procedure performed. All those interface structure candidates whose
energies lie within a 0.2 eV range are bundled to one cluster and the structure with
lowest ES energy selected as a representative of the cluster (compare also Fig. 8.68.6)

Table 8.2: Interface energies γc of (010), (110) and (101) interfaces.

hkl interface ID slab thickness (Å) γc (meV/Å2)
(010) 49 45.0 22.4
(110) 62 49.7 17.8
(101) 52 47.1 10.2
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Table 8.3: Fitted semi-axes of the interface energy ellipsoid.
a (meV/Å2) b (meV/Å2) c (meV/Å2)

14.9 22.4 8.7

x
−18−12−6061218

y

−18−12−6061218

z

−18

−12
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0
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12

18

Figure 8.7: Fitted interface energy ellipsoid. x, y, z are the x, y, z directions in
cartesian space and the distance of some point on the ellipsoid surface from the
origin corresponds to interface energy in this direction in meV/Å2.

The applicability of the selection procedure is proved by comparing the ES ener-
getic ordering of selected interfaces to direct DFT calculations (see Appendix B.6B.6,
which also includes a convergence study).
The result of the screening were three low energy interfaces namely (010), (110)
and (101). The elastically corrected interface energies are tabulated in table 8.28.2.
Interface ID represents a classifier of the particular interface termination (see Ap-
pendix B.6B.6).

8.2.4 Interface energy interpolation

All appropriate symmetry operations were applied to the obtained interface ener-
gies. The interface energies of all other directions are interpolated by representing
the directional dependence using a fitted ellipsoid (eq. B.6B.6, page 160160, fit plotted
in Fig. 8.78.7). Again orthorhombic symmetry is imposed as the elastic constants
are assumed to have also this symmetry and the relaxed lattices are only slightly
deviating from orthorhombic. The fitted semi-axes are tabulated in table 8.38.3.

8.2.5 Coherent nucleation of Pmn21(inv)-LiFeSiO4

Coherent nucleation of Pmn21(inv)-LiFeSiO4 in a Pmn21-LiFeSiO4 matrix is stud-
ied by optimizing ellipsoidal shapes at constant volumes, as described before, in-
cluding both the strain energy Estrain in inhomogeneous media and the interface
energy Eγ.
The results are drawn in Fig. 8.88.8. Subfigure a) illustrates how the competition
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Figure 8.8: a) Shape evolution for coherent inclusions of sizes R between 2 and 60
Å. R corresponds to the radius of a sphere with equivalent volume as the ellipsoid
and is encoded in color and size of the data points. The shape of the ellipsoid is
identified by the ratios a/c and b/c of the longer semi-axes a, b, with respect to the
shortest axis c. Subfigure b) plots the determined total energies including strain
and interface contributions, together with a 6th order polynomial fit.
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Figure 8.9: Coherent nucleation of Pmn21 (inv) in Pmn21 as described by eq. 8.38.3.
The critical radius Rc is determined to 17.3 Å and the nucleation barrier Eb to 16.1
eV. The inset illustrates the shape of the critical nucleus.

between interface and strain energy leads to gradually changing ellipsoidal shapes.
The aspect ratios b/c and a/c where c is the smallest semi-axis and a the largest,
the colors and size of the data points correspond to the effective ellipsoid radius
R. The total energy E = Estrain + Eγ is plotted in Fig. 8.88.8 b) with respect to the size
R, together with a 6th order polynomial fit.
The thermodynamic driving force (energy reduction) for the Pmn21→ Pmn21 (inv)
transformation process can be seen in Fig. 8.38.3 and is 0.254 eV/f.u. .

115



LixFeSiO4 polymorphism

As a result, the size dependent formation energy ∆G for Pmn21 (inv) inclusions is
given by:

∆G(R) = Estrain(R) + Eγ(R)− 4
3

πR3ρ · 0.254 eV; ρ =
1

V(f.u.)
(8.3)

The resulting total energy for strained Pmn21 (inv) nuclei inside Pmn21 is plotted
in Fig. 8.98.9. The critical size Rc is found to be 17.3 Å and the nucleation barrier Eb
= 16.1 eV. The shape of the critical nucleus is illustrated as inset.

8.2.6 Discussion

The critical nucleus size seems large enough, such that the continuous ellipsoidal
shape of the inclusion is not too much of an approximation. However, the deter-
mined nucleation barrier of Eb = 16.1 eV is too large for relevant nucleation rates
(rule of thumb: 70 kBT ≈ 1.75 eV). Therefore, the studied route of nucleation in
bulk, based on DFT calculations, is not able to describe the observed Pmn21 →
Pmn21 (inv) phase transformation. As in the case before, the study of bulk proper-
ties, using DFT-derived parameters, does not enable an understanding of the real
material, which leads to the conclusion that additional influences, such as surfaces,
need to be included in the description.
Although these computations do not enable an understanding of the observed
phase transformation in LiFeSiO4, it was at least possible to rule out one possible,
typically assumed reaction pathway. Furthermore, the derived methodology for
interface screening and coherent nucleation in solid state phase transformations
involving inhomogeneous elastic moduli could turn out helpful for studying other
related phenomena.
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9Sn bulk properties

T in (Sn) is increasingly attracting attention as a potential anode material for
Li-based [189189, 190190, 191191, 192192], Na-based [193193, 22], Mg-based [194194] and F-based
batteries [195195] due to its high volumetric and gravimetric capacity which

is 2.5 times larger than of graphitic carbon. However, only nanostructured Sn
electrodes can provide such capacities close to the theoretical value and exhibit
long cycle lifes [191191, 196196, 190190, 197197, 198198, 199199, 192192]. In addition, Sn nanostructures
have been proposed in the field of topological insulators [200200, 201201, 202202, 203203, 204204]
and as optoelectronic devices [205205, 206206, 207207].
At temperatures lower than 13.2oC bulk Sn exhibits a diamond structure (α-phase),
while it is tetragonal at higher temperatures (β-phase). The stability of the dia-
mond structure is, of course, closely related to the fact that Sn is a IVa element,
just as C and Si. The α → β phase transition is accompanied by a dramatic reduc-
tion of volume and a transition from a zero-bandgap semiconductor (semi-metal)
to a metal. The reverse process β-Sn → α-Sn is also called tin pest, as it leads e.g.
to the destruction of tin pipes of organs in churches. For T & 450 K [208208, 209209] an
orthorhombic structure (γ-Sn) is stabilized, which is only slightly different from
a simple hexagonal structure. The γ phase has a similar volume and electronic
structure as β-Sn. Other polymorphs can be stabilized by pressure [210210, 211211, 212212].
While pressure-dependent phase transitions of bulk Sn have been studied exten-
sively using DFT [213213, 214214, 215215, 212212, 216216, 217217, 218218], corresponding investigations of
the temperature- and size-dependent phase stability of Sn nanoparticles had not
been reported before. On the other hand, as bulk properties are known to change
significantly by the α → β transition around room temperature, knowledge about
the possibly altered behavior of Sn nanoparticles seems relevant. Furthermore,
surface structures and properties might be relevant for understanding the reaction
behavior in Li, Na, Mg or Fluoride batteries. As an example, Kim et al. found
[219219] that β-Sn nanowires suffer from a dramatic elongation, an effect which they
interpret as the relaxation of surface stress. An alternative explanation shall be
given here (section 11.211.2), relating the elongation to a transformation to the γ-phase,
which is found to exhibit smaller surface energies.
The influence of surfaces in general was estimated by determining surface ener-
gies of all low index terminations of the three polymorphs α, β and γ-Sn, and
combining this data with the temperature dependence of bulk free energies. As
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a result, temperature-size phase diagrams could be determined. In addition, ex-
plicit simulations on nanowires with hexagonal cross-sections proved the derived
behavior, namely that the γ-Sn phase is considerably stabilized in nanostructures
due to considerably smaller surface energies. It should be noted that the studies
on Sn were performed in cooperation with J. Rohrer and P. Khaghazchi, whereas
the here presented results rely solely on own work. Most important results were
published in Ref. [220220] and [221221].

9.1 Bulk phases

Bulk properties of the known Sn phases were studied using the PBE exchange
correlation functional and a plane wave cutoff energy of 220 eV 11. Scalar relativistic
effects are included effectively in the pseudopotentials [222222]. Furthermore, 4d
states are treated as core states.

1Other functionals were tested giving unreasonable results for the phase diagram.

Table 9.1: Crystal structures, k-point meshes, lattice constants (a, b, c), volumes per
atom, total energy differences with respect to α phase, and structural stabilities of
different Sn polymorphs.

α-Sn β-Sn γ-Sn hcp-Sn

k-points 6×6×6 9×9×15 9×9×15 9×9×15
a (Å) 6.654 5.967 6.145 5.895
b (Å) 6.654 5.967 5.580 5.552
c (Å) 6.654 3.185 3.307 3.374

V/atom (Å3) 36.83 28.35 28.35 27.61
E0 − E0(α-Sn) (meV) 0 37.5 39.1 53.1

stable unit-cell yes yes yes yes

bctl-Sn bcts-Sn fcc-Sn bcc-Sn

k-points 17×17×17 17×17×17 13×13×13 15×15×15
a (Å) 3.402 3.995 4.815 3.806
b (Å) 3.402 3.995 4.815 3.806
c (Å) 4.831 3.466 4.815 3.806

V/atom (Å3) 27.96 27.66 27.90 27.57
E0 − E0(α-Sn) (meV) 55.5 57 57.2 72.8

stable unit-cell yes yes yes no
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Table 9.19.1 includes the structures, as well as the determined unit-cell parameters
and total energies relative to α-Sn. By performing unit-cell distortions on the re-
laxed equilibrium lattice it was checked whether the symmetry constraints lead
to metastable configurations. Indeed the bcc structure was found to be unstable
against a structural transformation to a bct phase.
In agreement with experimental results, the PBE calculations identify α-Sn as the
most stable phase at 0 K and 0 GPa. The second favorable structure is β-Sn, which
is 37.5 meV/atom higher in energy. The energy per atom for γ-Sn is very close
to that of β-Sn, being only 1.6 meV/atom less stable. This indicates that small
energetic influences, such as surfaces in nanostructures, could potentially alter the
relative stability.
All other polymorphs, those which can be stabilized in experiment only by high
pressures, have considerably smaller formation energies. They were not consid-
ered in the subsequent surface energy calculations. It should be noted that the
displayed γ-Sn cell corresponds, in fact, not to the primitive unit-cell. An ap-
propriate supercell was chosen in order to illustrate the close relation to the β-Sn
structure (see table 9.19.1).
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Figure 9.1: a) The transformation energetics for β-Sn ↔ γ-Sn as obtained via a
linear interpolated reaction path. b) Illustration of inequivalent β-Sn configurations
that can originate from the high symmetry γ-Sn structure. Obviously γ-Sn has
nearly a simple hexagonal structure.
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9.1.1 Structural properties

Not only are β-Sn and γ-Sn practically energetically degenerate, their lattices are
also closely related. They both exhibit the same atomic density (see table 9.19.1) and
the transition between both structures involves only slight unit cell distortions and
atomic displacements. Therefore a local β-Sn ↔ γ-Sn transformation might be
possible with only minor influence of long-range strain fields.
To study this possible transformation, the involved transformation path (Bain path
[223223]) was constructed by linear interpolation of lattice vectors, where atomic po-
sitions within corresponding supercells were allowed to relax during calculations.
The computational accuracy was increased to a plane wave cutoff of 500 eV and
a 12×12×12 k-point grid for the 1×1×2 supercell of β-Sn and γ-Sn. It should
be noted that the convergence behavior with respect to number of k-points and
plane wave cutoff was rather anticorrelated for β-Sn and γ-Sn, which resulted in
a slightly more stable γ-Sn phase for this setup. Furthermore, different smearing
widths (0.1 eV was used) could as well have an influence on relative stabilities of ≈
1 meV/atom even for very high k-point densities. Therefore, all reported energies
are expected to be only accurate up to ≈ 1-2 meV.
The results of this non-optimized phase transformation pathway are plotted in Fig.
9.19.1 a). A reaction coordinate of 0 corresponds to the β-phase, the value 12 corre-
sponds to the hexagonal phase. It can be seen that the barrier is negligibly small,
smaller than 1 meV/atom. The coherent movement of several atoms is visualized
in the small insets. On closer inspection, one might observe that the transition
state (image 8) seems to lie closer to the γ-Sn equilibrium structure. As all con-
figurations have relative energies below kBT it can be expected that the whole
region is sampled at room temperature. Trial 300 K AIMD calculations in medium
sized supercells remained inconclusive, in particular, because Sn atoms showed
considerable vibrational amplitudes (melting point of Sn: ≈ 500 K), which did not
allow the proper definition of an order parameter (local structure). Furthermore,
the computational cell was not allowed to vary during the simulation, inhibiting
hence γ-Sn lattice parameters.

Figure 9.2: Bulk DOS of α-, β- and γ-Sn.
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Figure 9.3: Bulk Gibbs free energies of α- and β-Sn, using the phonon contributions
as of the Debye model.

It is worth noting that γ-Sn phase is nearly a perfect simple hexagonal phase
(see Fig. 9.19.1 b)), such that three inequivalent β phases can originate from just one
hexagonal-like lattice (see Fig. 9.19.1 b)). It is unclear whether these ”configurational”
degrees of freedom have an influence on the free energy of β-Sn, in particular
as e.g. an harmonic approximation to lattice vibrations will most probably only
cover one of these β structures. Multiple stable configurations play e.g. a role for
understanding the phase transition in TiH2 [224224].

9.1.2 Electronic properties

The bulk DOS for α-, β- and γ-Sn, as obtained with PBE, are plotted in Fig. 9.29.2. As
stated previously, whereas α-Sn is a zero gap semiconductor (semi-metal), β and
γ-Sn are both metallic with very similar DOS.

9.2 The temperature induced bulk Sn phase transitions

The phase transition of Sn is caused by the temperature dependence of the free
energy of the lattice vibrations [225225]. The influence of electronic excitations con-
tribute ≈ 1 meV @ 300 K, which is below the accuracy of these computations here.
Therefore the Gibbs free energy g per atom is assumed to be:

G/N = g = Ubulk + Fvib (9.1)

Ab-initio free energies were calculated by J. Rohrer as there is no experimental
data available for γ-Sn. On the other hand Fvib can be estimated for α-Sn as well as
β-Sn from experimental Debye temperatures TD (TD(α-Sn) = 260 K and TD(β-Sn)
= 170 K [226226]). Fvib within the Debye model is:

Fvib = 3kBTD

[
3
8
+ θ ln(1− e−1/θ)− θ4 ·

∫ 1
θ

0

x3

ex − 1
dx

]
(9.2)

with θ = T
TD

. The free energy trends are the same as obtained from ab-initio
phonon calculations [225225]. Ubulk = E0

bulk in eq. 9.19.1, where E0
bulk is the ground state
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energy of the given polymorph without zero point vibrations as these are included
in the Debye model.
The resulting free energies are plotted in Fig. 9.39.3, with a transition temperature
Tα→β

c of 335 K, which agrees reasonably well with the experimental value (286 K),
considering the used DFT accuracy.
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10.1 Sn surfaces

0 K surface energies of all possible low index terminations for all three polymorphs
were determined from slab calculations with appropriately scaled k-point meshes.
In several cases a given (hkl) plane can exhibits two distinct terminations, which
were both considered, but only the lowest energy is reported here. Slab thicknesses
were set to 25 Å – 40 Å with separating vacuum regions of ≈ 15 Å. The estimated
surface energy accuracy is 0.5 meV judging from convergence tests. The most
critical issue in getting precise surface energies for Sn is in fact finding the appro-
priate reconstructions. In order to escape possible local minima configurations, the
surface atom positions, as obtained from truncation of the bulk, were perturbed
by adding some random noise to the coordinates. In several cases configurations
with lower energy as those found from relaxing unperturbed slab structures were
found, especially for α-Sn. Metallic β-Sn slabs, furthermore, could show consid-
erable influence of lateral supercell dimensions. As an example (2×2) β-Sn-(101)
slabs transformed as a whole, forming effectively strained γ-Sn slabs with accord-
ing γ-Sn surface terminations. This result can be understood by looking at γ-Sn
surface energies which are partly (and in average) lower as β-Sn surface energies
(see table 10.110.1).
This transition was only found in (2×2) cells as a result of the increased degrees of
freedom. All reported β-Sn surface energies here correspond to structures, where
the inner (bulk) part of the slab remained clearly β-Sn-like. The determined surface
energies are tabulated in table 10.110.1.
The obtained surface structures have been analyzed and partly described in Refs.
[220220, 221221]. Conceptually interesting are especially the features of α-Sn-(100) and
(111) surfaces. The specific terminations are plotted in Fig. 10.110.1 a)–f), including
unreconstructed, randomly perturbed structures and silicon-like (100)-c(4× 2) and
(111)-(2× 1) reconstructions. Indeed, the latter turned out to be the most stable
terminations (Fig. 10.110.1 c), f)).
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/Å

2)
55.5

32.2
30.3

42.0
36.8

33.2
35.3

35.4
35.9

36.0
%

of
W

ulff
shape

-
-

45.8
-

-
27.2

6.2
9.9

3.4
7.5

β-Sn
surfaces

{100}
{101}

{201}
{122}

{112}
{012}

{110}
{001}

{111}
{211}

{221}
γ

s
(m

eV
/Å
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g)

Figure 10.1: a)-f) Structures of different terminations of (100) and (111) α-Sn sur-
faces. g) Density of states (DOS) of bulk Sn and unreconstructed and reconstructed
α-Sn(100) and α-Sn(111) (Figures copied from Ref. [220220] with permission from the
PCCP Owner Societies.)

3.243 Å

3.185 Å 3.307 Å

3.077 Å

β-Sn γ-Sn
4+2                 coordination               2+6

3.073 Å

Figure 10.2: Nearest neighbour coordination of β-Sn and γ-Sn.

This can be explained by the saturation of dangling bonds and energy lowering
by symmetry-breaking due to buckling. Accordingly, the reconstructions are able
to remove surface metallization, as observed for the unreconstructed terminations
(see Fig. 10.110.1 g)). These results indicate that α-Sn properties are closely related to
Si, which is just one period above Sn in the periodic table.
Whereas bulk β-Sn and γ-Sn are practically identical in terms of stability, elec-
tronic structure and volume, their surface energies are not. The differences can
be rationalized by considering the local bonding situation of both polymorphs
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(Fig. 10.210.2). β-Sn has a 4+2 coordination and γ-Sn rather a 2+6 coordination. The
shortest bond is in [100] direction and of similar length for both polymorphs. If
bond length is assumed to be related to cohesive energy, similar energy differences
can be expected for cutting through this bond for both polymorphs. The slightly
smaller (100) surface energy of β-Sn is related to the slightly smaller specific sur-
face area of γ-Sn(100). On the other hand, the a-axis in γ-Sn is approximately a
6-fold rotational axis and parallel surfaces exhibit still highly coordinated Sn sur-
face atoms, which explains the lower surface energies, as compared to the related
β-Sn surfaces, which involves cutting through stronger bonds and lower coordi-
nated surface atoms.

10.2 Wulff shapes

From the surface energies, it is possible to construct the related Wulff shapes, as
illustrated in Fig. 10.310.3. It should be noted that hexagonal symmetry has been im-
posed to create the γ-Sn Wulff shape. Included are also the Wulff-shape-averaged
surface energies γ̄s, which are introduced in the next chapter. They indicate that
γ-Sn, as well as β-Sn should be stabilized at the nanoscale due to increasing contri-
bution of the surfaces to the total energy, as for smaller particles the contribution
of the surface energy compared to the bulk energy becomes more important. The
results are in perfect agreement with those obtained in Ref. [227227].

a)       α-Sn b)        β-Sn
c)                    (001) d)                   (100)

c)        γ-Sn

(100) (100) (100)

(101)

(201)

(110)

(111)

γs = 34.1 meV/Å2   γs = 27.0 meV/Å2   γs = 24.8 meV/Å2   

Figure 10.3: Wulff-shapes of α, β and γ-Sn. The most important low energy sur-
faces are coloured in blue and green. {100} surfaces (blue) are important for all
polymorphs. Whereas they are the lowest energy terminations for α-Sn and β-Sn,
γ-Sn-{010} and its vicinal surfaces (green) are more favorable. γ̄s correspond to av-
eraged surface energies. (Fig. adapted with permission from Ref. [221221] Copyright
2015, AIP Publishing LLC)
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11Sn nanoparticles

11.1 Nanoparticle thermodynamics

In order to understand the phase stability of Sn nanoparticles, a surface energy
term is added to the inner energy U of eq. 9.19.1. Possible edge and corner energies,
as well as effects due to surface phonon modes are neglected. Due to the scaling
properties, the total energy can be related to an equivalent spherical particle of ra-
dius r with one effective surface energy γ̄s for a given particle shape (see Appendix
A.7A.7). Furthermore U can be expressed as a function of the number of atoms N as
N = 4

3 r3π · ρ, with the atomic density ρ.

U
N

= Ubulk +
3γ̄s

ρr
= Ubulk + γ̄s · 3

√(
6
ρ

)2 π

N
(11.1)

Using the averaged surface energies of the three polymorphs, as well as the vibra-
tional free energy, it is possible to draw the temperature-size phase diagram of Sn.

Figure 11.1: Temperature-size phase diagram of α- and β-Sn nanoparticles. The
effective particle diameter is of a spherical β-Sn particles with the same number
of Sn atoms. (copied from Ref. [220220] with permission from the PCCP Owner
Societies.)
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Fig. 11.111.1 includes only α-Sn and β-Sn using the Debye-model as estimate for the
bulk vibrational free energy.
The phase diagram is expected to be qualitatively correct within ≈ 40 K (compare
e.g. bulk Tα→β

c ). For aesthetic reasons, the number of Sn atoms NSn ∈ [2000, ∞[

was mapped onto [0, 1[ according to NSn →
(

1−
[

log(2000)
log(NSn)

]5
)3

.

Obviously, the phase transition temperature Tα→β
c (NSn) for Sn nanoparticles smaller

than 40 nm is strongly size dependent due to the higher stability of β-Sn surfaces
compared to α-Sn surfaces. β-Sn nanoparticles in this size range and below are
stabilized down to -40 ◦C, which is the relevant lower limit e.g. for Li battery
operation temperatures. Furthermore, nanoparticles smaller than ∼8 nm (∼10000
atoms) are expected to be only stable in the β-phase.
Purely ab-initio determined temperature-dependent free energies allowed also the
comparison of all three phases. These latter results shall not be discussed here, as
the bulk free energy computations were performed by J. Rohrer and published in
Ref. [221221]. The general features of the Debye-model-derived phase diagram were
reproduced, where an additional a stabilization of the γ phase with respect to the
other two phases could be predicted, as γ-Sn has the smallest surface energies of
the three polymorphs. In particular, the calculations indicated that small nanopar-
ticles (< 10 nm) might even be more stable in the γ phase than in the β phase at
room temperature and below (see Ref. [221221] or Appendix A.8A.8).

11.2 Metallic Sn nanowires

To test the predicted stabilization of γ-Sn with respect to β-Sn at very small scales,
PBE calculations have been performed on metallic Sn nanowires with topologically
equivalent hexagonal cross sections. The bulk-truncated β-Sn nanowires exhibit β-
Sn(101) and β-Sn(010) surfaces and the γ-Sn nanowires (010) surfaces, with the
nanowire axis along the a-direction. The nanowires consisted of 226 atoms and
had diameters of ≈ 3.5 nm.
In agreement with the surface energy calculations, the β-Sn nanowire with β bulk
lattice parameter was found clearly higher in energy than the equivalent γ-Sn one
(see Fig. 11.211.2). A variation of the a lattice parameter of the nanowires (red squares
for β-Sn, blue hexagons for γ-Sn in Fig. 11.211.2) showed that the β-Sn-derived wire
is not stable against an expansion in a-direction, in contrast to the γ-Sn-derived
one. The fact that both curves do not overlap (red and blue) indicates significant
frustration, which means that the calculated structures are only local minima with
respect to atomic configurations. In order to find true ground state structures, an
ab-initio molecular dynamics annealing procedure, as explained in Appendix B.11B.11,
was applied resulting in the green curve in Fig. 11.211.2.
Obviously, the minimum energy structure is closely related to γ-Sn, at least in
the center of the nanowire (see displayed structures in Fig. 11.211.2), which can be
rationalized by the observed low surface energies of γ-Sn(010). Furthermore, the
elongation of a β bulk-like nanowire with respect to the lattice constant a has no
barrier for all considered structures. In other words, nanostructures with β-Sn
bulk lattice parameters are not even metastable states of the system, which is in
line with the observed negligible bulk transformation barrier (Fig. 9.19.1).
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Metallic Sn nanowires

Figure 11.2: Total energy of DFT-relaxed (T = 0, p = 0) β-Sn (red curve with
squares) and γ-Sn as well as annealed nanowires with hexagonal cross-sections as
function of lattice parameter a. (Figure reprinted with permission from Ref. [221221].
Copyright 2015, AIP Publishing LLC))

These direct calculations support the findings of the temperature-size phase dia-
gram of Sn nanoparticles, and propose the emergence of the γ-Sn in nanoparticles,
e.g. nanowires, even at low temperature (0 K here) due to a reduced surface en-
ergy as compared to α- and β-Sn. These results provide, hence, an alternative
explanation to the findings of Kim et al. [219219], who related the elongation of β-Sn
nanowires to the relaxation of surface stress of β-phase surfaces.
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11.3 Further studies

The performed studies are only the basis for further detailed studies of processes
in real Sn electrode nanoparticles. Atomic adsorption on and incorporation in Sn
surfaces were studied in two bachelor theses of Daniel Gaissmaier and Matthias
van den Borg (supervisor Prof. Axel Groß, co-supervised by the author of this
thesis). In general, it was shown that the considered adsorbates, fluor and sodium,
lead to significant alterations of the atomic configuration of the surface. The in-
volved processes seem to be more complicated than just a simple adsorption. Ad-
sorption sites and energies could change significantly with coverage. Furthermore,
molecular-like structures built of substrate and adsorbate atoms were observed. In
general, adsorption energies on surfaces with lower surface energy were found to
be smaller (less negative). This is in line with the understanding that more stable
surfaces are less reactive and with studies on the SEI properties on β-Sn surfaces
by others [227227].
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12Fluoride battery electrode
materials

The studied materials Li2FeSiO4 and Sn are especially interesting for current bat-
tery technology based on shuttled Li ions. However, future battery technology
might as well be based on different sorts of ions.
Recently, F−-anion based batteries have been proposed as an alternative to the con-
ventional Li-ion batteries [195195]. They exhibit promising specific energy densities,
are, however, not yet as matured as Li-based battery systems. As a result, only
few materials have been tested so far electrochemically, a theoretical study of the
potential performance of fluoride batteries has not been conducted at all.
The simplest type of such F− batteries consists of two electrodes, one consisting of
a metal fluoride (MFx) and the other of a pure metal (M’). During charge/discharge
M’ is transformed to M’Fy, whereas MFx is reduced to M and vice versa.
Here the periodic system shall be screened for electrochemical reactions of binary
fluorides of the type:

cathode reaction: MFx + x · e− 
M + x · F− (12.1)
anode reaction: M′ + y · F− 
M′Fy + y · e− (12.2)

The so-defined anode and cathode reactions allow an analysis of the expected
OCV, as soon as reaction enthalpies for metal fluorides are known, as the OCV is
defined by the fluorine chemical potential difference in both metal fluorides.
In conventional Li batteries, specific capacities or volumetric densities are defined
for pure half cells, or in other words, for one specific electrode material. This is
related to the fact that most Li batteries still rely on just one anode material, namely
graphitic carbon, such that a pure comparison of cathode capacities enables to
evaluate potential full cell specific capacities or energy densities. In the case of
Fluoride batteries, however, no standard anode (or cathode) is established yet, and
hence there is a plethora of possible anode/cathode combinations. In this way,
it makes only sense to analyze gravimetric and volumetric capacities and energy
densities of the whole battery system.



Fluoride battery electrode materials

12.1 Metal Fluorides

In order to determine the accessible voltage, specific capacity and energy density,
the relevant stability diagrams and energetics of MFx (M’Fy), as well as volumetric
and gravimetric data needs to be known. As metal fluorides are not solely interest-
ing for Fluoride batteries but also for conversion type Li batteries [228228, 229229], many
metal fluorides are found in the Materials Project (MP) database [1010]. In principle it
was established to collect results from high-throughput ab-initio computations for
future materials science and design approaches especially for battery materials.
Computational and experimental data can be readily accessed via an open access
API by https requests or via python wrapper functions as implemented in pymatgen
[182182]. The latter option was used in this thesis, as it allows fast large-scale queries.
Pymatgen has e.g. implemented functions to analyse the relative stability of dif-
ferent polymorphs or to draw phase diagrams of compounds from computational
results [230230].
In addition, experimental heats of formation ∆Hf of all solid binary fluorides (ex-
cluding radioactive elements) as tabulated in Refs. [231231, 232232] were collected and
converted to eV/f.u.. OCVs expected from above reactions 12.112.1 and 12.212.2 are de-
fined by:

OCV(MFx, M′Fy) =

1
x ∆Hf(MFx)− 1

y ∆Hf(M′Fy)

e
(12.3)

Specific gravimetric capacities cm can readily be constructed from the minimum
mass, mges, necessary to store one Fluoride ion:

cm(MFx, M′Fy) =
e

mges
; with mges =

1
x

m(M) +
1
y

m(M′) + m(F) (12.4)

A lower boundary to the volumetric capacities cv is calculated assuming the metal
fluoride volumes11:

cv(MFx, M′Fy) =
e

Vges
; with Vges =

1
x

V(MFx) +
1
y

V(M′Fy) (12.5)

Energy densities are defined by:

ρm/v(MFx, M′Fy) = OCV(MFx, M′Fy) · cm/v(MFx, M′Fy) (12.6)

More complex reaction pathways via metastable products (e.g. Fe + 3F → FeF2 +
F→ FeF3), where the different reaction steps happen successively e.g. at different
electrochemical potentials, are only included in average in this approach. Accord-
ingly, correct stepped discharge profiles cannot be treated with this approach.

1The fluorinated materials are obviously larger in volume than the raw materials M or M′.
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Figure 12.1: Gravimetric and Volumetric capacities based on experimental data.
(Figure adapted from Ref. [233233] with permission from Elsevier.)
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Figure 12.2: Gravimetric and Volumetric energy densities based on experimental
data. (Figure adapted from Ref. [233233] with permission from Elsevier.)
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Table 12.1: Comparison of gravimetric and volumetric energy densitities of current
batteries with Fluoride batteries. Data from Ref. [234234], which uses the same metrics
as here, assuming e.g. a closed system (e.g. including the weight of oxygen) and
realistic stoichiometries. (Table adapted from Ref. [233233] with permission from
Elsevier.)

Theoretical performance Li-ion Zn-O Li-S Li-O
Gravimetric energy density (mWh/g) 387 1086 2567 3505

Number of superior binary F batteries 700 110 1 0
Volumetric energy density (Wh/l) 1015 6091 2199 3436

Number of superior binary F batteries 873 0 421 134

12.2 Screening based on experimental data

In total, experimental, structural and thermochemical data for 54 chemical reac-
tions of the above type were collected, including also d and f elements, resulting
already in 1431 possible anode/cathode combinations. The results are presented in
Fig. 12.112.1 and 12.212.2. Table 12.112.1 compares Fluoride batteries to the best available bat-
teries, namely Li-ion (LiCoO2), zinc oxide (Zn-O), Li-sulfur (Li-S), and Li-oxygen
(Li-O).
The presented values suggest that fluoride ion batteries clearly have the potential
to compete with Li based batteries, especially when volume is the limiting factor.
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Figure 12.3: DFT error of the formation energy of simple metal fluorides, when
compared to experimental values. Obviously, the error is proportional to fluoride
content, which indicates that it can be removed by adjusting e.g. the fluor molecule
energy according to the fit.
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12.3 Accuracy assessment of ab-initio calculations

In Refs. [120120, 235235, 230230, 236236] it is shown that formation energy errors of oxides
within DFT can rather well be broken down into two contributions. The first error
originates from a wrong reference energy (binding energy) of the O2 molecule (and
some GGA-related contribution), the second error from the inability of standard
exchange correlation functionals to describe well strongly correlated d electrons in
TM oxides. As a result, redox potentials of non-metallic TM compounds are not
reliable within GGA, rather well described however within GGA+U [123123].
On the other hand, elemental TM (metals, metallic alloys) are better described with
GGA/LDA than GGA+U. Therefore, it is necessary to combine GGA and GGA+U
calculations, as demonstrated in Ref. [237237] and implemented in MP, which enables
accurate determination of oxide phase diagrams.
Inspired by the success of describing oxides, the same methodology has been ap-
plied to fluorides. First the inferred F2 ”binding energy error” is studied. Forma-
tion energies of 7 binary non-TM fluorides were computed using the same VASP
PP for the cation as used within the MP and using the soft version F s for the fluor
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Figure 12.4: Performance of formation energies of binary fluorides of the MP
database.
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Accuracy assessment of ab-initio calculations

atom. Formation energies were determined with respect to the cation in metallic
form and fluor as molecule F2. The same data is available from the MP database,
however, with the standard F PP. The formation energy error ∆Ef with respect to
experimental data is plotted for both data sets in Fig. 12.312.3, indicating that the error
is proportional to the fluoride content x, which can be corrected for by a shift of
the fluoride molecule reference energy. The shift obviously depends on the used
PP and can be obtained from the fits.
For checking the accuracy of DFT (the DFT values as stored within the MP database),
formation energies EDFT

f and experimental values Eexp
f were compared for all avail-

able binary fluorides of the MP database. In order to choose the relevant com-
pounds the Phase Diagram App [230230, 237237] of pymatgen was used to construct the
convex hull which enables selection of the least energy polymorphs and com-
pounds which are stable against decomposition. The queried formation energies
incorporate already the necessary correction terms for mixing GGA and GGA+U
computations (e.g. for TM fluorides). The above determined F2 correction was
added subsequently. The corrected (F2 correction for PP: F) and uncorrected (as
stored in the MP database) values are plotted in Fig. 12.412.4, discriminating specifi-
cally also the period and character of the valence shell. In general, absolute values
of formation energies increase with increasing fluoride content, which is why the
applied corrections increase towards the lower left of the graph.
The accuracy of the MP database values, as well as the F2 corrected values, can
be judged from table 12.212.2. The mean absolute errors with respect to experimental
values are computed separately for different regions in the periodic system, sepa-
rating elements belonging to different periods and different valence shells (s, p, d,
f). Obviously, the applied correction scheme works for all s elements and up to the
4p shell. In general, errors increase considerably for fluorides of heavier elements.
It should further be mentioned that f metals are in general tough to tackle due
to exhibiting metallic s and f as well as the strongly localized f electrons. In MP
e.g. Ce as well as CeF3 are calculated using GGA. More detailed studies, however,
suggest that strong correlation effects need to be accounted for e.g. by GGA+U
and more involved methods [238238, 239239, 240240, 241241, 236236]. Hence, those heavy elements
need a closer look and maybe additional treatment e.g. by hybrid functionals.
Furthermore, it is unclear whether the U values and the element specific correction
terms due to GGA/GGA+U mixing of the MP, which were originally chosen to
reproduce oxide properties best, need to be adapted for fluorides. In particular,
U can depend on oxidation state, but it is considered a constant, element-specific
parameter within the MP.
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Fluoride battery electrode materials

Table 12.2: Mean absolute errors (MAE) for formation energies of binary fluorides.
The performance of MP database values is analyzed for MP values without and
with F2 energy correction. The approach with smaller MAE is always colored in
blue.

MAE (eV): uncorrected / corrected (# = number of compounds)
valence shell

period s p d f
2 0.67 / 0.06 (# = 2) - - -
3 0.78 / 0.06 (# = 2) 1.49 / 0.05 (# = 1) 0.90 / 0.44 (# = 13) -
4 0.68 / 0.04 (# = 2) 1.66 / 0.22 (# = 1) 0.78 / 1.12 (# = 7) 1.56 / 0.47 (# = 9)
5 0.62 / 0.10 (# = 2) 0.06 / 1.39 (# = 1) 1.19 / 2.17 (# = 5) 1.43 / 1.32 (# = 3)
6 0.68 / 0.05 (# = 2) 0.36 / 1.30 (# = 4) - -

12.4 Conclusions

The analysis of the DFT-based MP data suggests, that the theoretical energetics are
only partly in good agreement with experimental values. The F2 “binding energy”
does not improve DFT results consistently. Considerable errors are especially ex-
pected for heavy elements, in particular lanthanides when using GGA functionals.
The results are a helpful guideline to decide whether the used functionals are ap-
propriate, when performing detailed studies on specific systems.
The data of Fig. 12.212.2 shows the main advantage of the fluoride battery system,
namely the flexibility in choosing the anode. As a result, depending on the sys-
tem requirements, different anode/cathode combination can be favorable. Systems
with high energy density consist of Li, Na , Ca, Mg anodes and transition metal flu-
oride cathodes. If high volumetric energy densities are required, also lanthanides
can be used as anodes. As part of an HIU internal collaboration, also estimated
material costs (based on raw materials prices) were analyzed, which shall not be
presented here.
The generated data can serve as a guideline for experimentalists to focus on par-
ticularly interesting material combinations, depending on the application.
For practical applications, however, it is further relevant to consider electronic and
ionic mobilities, the reversibility of the involved processes and possible reactions
with the used electrolytes. Investigations of this type should be performed in fu-
ture studies, especially as preliminary experimental results with liquid electrolytes
revealed some discrepancies in OCVs for certain materials.
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13Discussion and Outlook

This thesis covered several topics related to batteries. Bulk and surface properties
were studied in detail for the cathode material LixFeSiO4 and for the anode mate-
rial Sn. Due to its limited extent, the studies on fluoride battery materials shall not
be discussed here.

Studies on LixFeSiO4

The major challenges of ab-initio studies on LixFeSiO4 are the configurational com-
plexity of a quarternary compound as well as the restriction of DFT to small cells,
consisting only of a small number of atoms.
As a result, methods had to be developed and tested to deal with the complexity of
surface and interface structures. The estimation of energies based on the physical
understanding that electrostatic and chemical bond contributions are most impor-
tant, allowed a fast preselection of reasonable DFT input structures. The phase
separation and the phase transformation of LFS were studied within a continuum
model for coherent nucleation, as the involved length scales and elastic interac-
tions could not be treated on a DFT level. The parametrization, however, was
done by appropriate DFT calculations. In addition, DFT calculations can suffer
from size effects due to PBC. A new method was introduced, tested and applied,
which allows to determine interface energies from strained bulk heterostructures
by correcting for shifts due to strain effects.
In the first part of the studies on LixFeSiO4, a detailed analysis of atomistic prop-
erties of LFS was performed. A strong correlation between the location of Fe3+

states (small hole polarons) and the location of Li vacancies in the range x = 2 . . . 1
was observed. It could be explained by electrostatic polaron-vacancy interactions.
Furthermore, polaron migration was analyzed in detail, suggesting that LFS is on
par with LFP in terms of (adiabatic) electronic transport properties.
In order to understand the differences of both materials on the macroscopic level,
a construction scheme was proposed for continuum Landau free energies of phase
separating materials. It only relies on knowledge of the energy of the stable ground
states on the convex hull and defect energies (Li interstitials, Li vacancies) within
these phases. The inclusion of polaronic degrees of freedom, using a simple con-
figurational entropy term, are based on the observation that the number of clearly
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Figure 13.1: Illustration of the delithiation process according to the findings of this
thesis.

defined localized Fe3+ states is equal to the number of Li vacancies.
The approach succeeded in reproducing correctly the phase diagram of LFP. The
model allowed to estimate the hysteretic voltage gap for a homogeneous transfor-
mation pathway of LFS and LFP based on ab-initio defect energy calculations. On
this macroscopic level, LFP seems to be indeed much better with a theoretical volt-
age gap of only 0.08 eV in contrast to 0.47 eV for LFS. It should be noted, that the
results of this model for LFP are identical to the results of LFP phase field models.
However, as experiments show considerably smaller voltage gaps for both ma-
terials, an alternative delithiation pathway for LFS was studied, namely by bulk
nucleation. Though accurate DFT-based interface energy and coherency strain
contributions were included, necessary overpotentials were still too large, as com-
pared to experiment. In the same way, the studied nucleation process for the
Pmn21 →Pmn21 (inv) phase transformation resulted in too big nucleation barriers
with respect to the experimentally observed transformation.
These findings suggested that other effects, such as the influence of surfaces need
to be included. Surface energies of Li2FeSiO4 were determined by screening of a
large set of possible terminations. The screening was based on the development
of a model expression for estimating surface energies due to contributions of local
bond-cutting and of polarity compensating charge transfer. It is worth noting
that the so-determined Wulff shapes are in perfect agreement with experimental
particle shapes, supporting the accuracy of the determined surface energies. Non-
stoichiometric terminations and surface energies of Li1FeSiO4 were studied as well,
revealing that the nucleation of the Li1FeSiO4 phase is indeed facilitated at (001)
and (010) surfaces.
By taking together all the information of the individual studies, it is possible to
draw a picture of how delithiation proceeds in LFS, assuming Wulff shaped parti-
cles (see Fig. 13.113.1).
Nucleation is initiated at (001) and (010) surfaces. Li diffusion in [010] direction
is inhibited due to the layered structure, such that diffusion and growth direction
are not necessarily parallel. Subsequently, (110) interfaces form in order to mini-
mize the elastic strain energy. The high vacancy formation energies in Li2FeSiO4
(as compared to LFP) result in only minute vacancy concentrations and hence un-
favorable transport properties. Furthermore, as shown, there is a considerable
additional barrier for diffusion through the (110) surface. The high Li-polaron
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binding energies indicate coupled Li-polaron transport in the absence of strong
fields. On the other hand, the interface region is expected to exhibit large charge
carrier concentrations (Fe2+/Fe3+ disorder) because of the observed strong corre-
lations of local Li content and Fe charge state. As a result, charge transport along
the interface should be considerably higher than in bulk.
Whereas the bulk properties are intrinsic to the material, the observed migration
barrier at (110) surfaces might be altered by appropriate modification of the sur-
face, similar as in Ref. [159159]. It might also be interesting to study e.g how surface
energies change in a polarizable environment, potentially involving reactions with
solvent molecules. The derived model for polar surfaces indicates that polar sur-
faces might indeed be stabilized in such an environment due to counter charges.
One important general finding of this thesis is the fact that a bulk based descrip-
tion of delithiation of LFS with ab-initio determined parameters along the two
typically assumed reaction paths, namely a homogeneous transformation and a
nucleation process, is not sufficient to describe real particle behavior. The same
conclusions have been drawn for LFP by other researchers [2727, 2828, 3232]. A direct
comparison of both materials on the continuum level could be performed e.g. by
creating a phase-field model of LFS equivalent to the existing one for LFP [2727]. In
principle, all necessary variables for its construction have been calculated by DFT
in this thesis: The homogeneous free energy curve was constructed based on de-
fect energies, directional dependent interface energies, as well as surface energies
of Li1FeSiO4 and Li2FeSiO4. Furthermore, elastic modulus tensors and equilibrium
lattice constants of both phases were determined.
It would be interesting to see whether such a phase-field model of LFS can e.g.
explain the observed hysteretic voltage gap.
A comparison of a phase-field model of LFS with the results obtained for LFP
would further enable to determine, which differences between LFP and LFS can
already be understood on the continuum level and which need to be understood
on the atomistic scale.
In addition, in spite of the wealth of studies, understanding delithiation on the
atomistic scale seems not yet matured for phase separating compounds, even for
LFP. Two opposing approaches were put forward for LFP: Ref. [2828] studies the
thermodynamic energy landscape for intermediate compositions. Ref. [2929] studies
the transition barriers between a selection of configurations of intermediate com-
positions. While an exact treatment might be extremely difficult, it might be worth
starting with simplified models such as a nearest neighbor lattice gas to get a more
general understanding of the relation of the energy landscape and kinetics (see e.g.
Ref. [242242]).
When not considering these details, however, the results of this thesis and also the
findings of others clearly suggest that LFS is not able to outperform LFP in terms of
kinetics and stability. Differences are especially prominent in migration barriers (≈
0.6− 0.8 eV [105105] vs ≈ 0.3 eV [188188]) as well as high defect energies, indicating low
solubility limits, which cause low ionic conductivity and considerable hysteresis.
Studies on other phase separating materials suggest, however, that doping and TM
disorder might be used to improve upon these properties [243243, 1717].
Pure LFS would only become interesting for real applications, if the second Li per
f.u. could be accessed, which is hindered by the dramatic expansion, the structural
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stability itself and the stability of common electrolytes. Other possible phases, as
well as different TM cations seem to be superior [9797, 9696] and should be included
in future studies for a more general picture on silicate cathodes.

Studies on Sn

The studies on Sn were motivated by the fact that Sn is a promising new an-
ode material, however, not much is known about its behavior at the nanoscale,
not even of the pure material. Bulk tin exhibits a phase transition at room tem-
perature as well as at higher temperatures close to the melting point. This fact
indicated that the competing phases have only slightly different stability such that
the energetic influence of surfaces might alter the relative stability significantly.
The performed calculations indeed confirmed these ideas as the α-Sn - β-Sn phase
transition temperature was found to be significantly reduced for nanoparticles due
to lower surface energies of the metallic β phase. Furthermore, surface energies of
the high temperature γ phase are even smaller than β-Sn surface energies. As a
result, nanoparticles with diameters of a few nm are predicted to be most stable in
the γ phase even at very low temperatures.
These results are important for different reasons:
As γ-Sn is only stable very close to the melting point, experimental study of its
properties is difficult. The presented results, however, suggest a route to determine
its properties at lower temperatures, namely by using nanoparticles.
Furthermore, the fact that α-Sn formation can be avoided in nanoparticles at typi-
cal temperatures of technological applications ([−40◦C. . . 50◦C]) indicates that the
dramatic volume expansion (≈ 30%, → tin pest) as well as the unfavorable cre-
ation of a semi-metal is not present in nanoparticles. Both processes would lead to
degradation, even without cycling the battery, due to crack formation and loss of
electrical contact or conductivity.
In addition, the results represent a guideline for future, more detailed studies
on Sn nanoparticles, in particular, that the often forgotten γ phase needs to be
considered.
As in the case of LFS, however, adsorbates or reactions with the environment (e.g.
electrolyte) might have a considerable influence on the determined relative stabil-
ities and might in fact be used to control the phase stability actively.

This thesis showed that surfaces are necessary to describe the behavior of small LFS
and Sn particles. As most battery electrodes consist of micron and nanometer sized
particles, understanding the surface properties seems most relevant for improving
our understanding of batteries. Future challenges are especially the inclusions of
solvent effects and of the chemical environment, in particular to estimate the lim-
itations of the applied simplified approach, borrowed from ab-initio gas-surface
thermodynamics, to include the Li containing environment by a chemical poten-
tial. In addition, future improved methodology might also include potentiostats to
perform DFT calculations in a grand canonical ensemble [244244], which corresponds
more naturally to electrochemical conditions.
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ARemarks and further results

A.1 A possible estimate for configurational dependent vi-
brational free energies.

To the author’s knowledge, there is no study in the literature so far which includes
the effect of vibrational degrees of freedom in free energies of Li intercalation
compounds. A possible simplified route could be to approximate the configura-
tional dependence of the vibrational free energy. It is always possible to rewrite
Zvib(πi|NLi) = cvib

i (NLi)Z0
vib(NLi). This gives:

Z(NLi) = Z0
vib(NLi) · [ ∑

{πi}
cvib

i (NLi) exp
(
−E0

e (πi)

kBT

)
] =

= Z0
vib(NLi) · Z′e(NLi) (A.1)

Recent studies on alloys have shown empirically that there is a direct correlation
between the ground state energy of a configuration E0

e (πi) and the bulk modulus
[245245]. The bulk modulus, on the other hand, is related to vibrational energies in
continuum mechanics. Accordingly, it might as well be possible that vibrational
Free Energies show a similar direct correlation. Hence, it might be possible to
find an empirical function for cvib

i (E0
e (πi)). This might be a pathway to include in

fact vibrational free energies in the considerations without considerable additional
effort to state-of-the art cluster expansion approaches.

A.2 Mean Field solution of the lattice gas hamiltonian

In contrast to the external magnetic field h and the spin-spin interaction parameter
J of the Ising Hamiltonian, Li intercalation is described by the binding energy and
effective Li pair interactions with the nearest neighbors (nn):

H = Nε0 + εpoint ∑
k

σk +
1
2

nn

∑
k,l

ε
pair
k,l σkσl (A.2)

Nε0 is the ground state energy of the delithiated material, εpoint corresponds to
the binding energy of a single Li, when intercalated, ε

pair
k,l to the respective pair
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interactions. H can be treated within the mean-field approximation to result in an
effective one body hamiltonian whose grand canonical partition function can be
calculated. In particular fluctuations of the order O((δσk)

2) are neglected 11.

σk = (σk − 〈σk〉)︸ ︷︷ ︸
δσk

+ 〈σk〉 (A.3)

σkσl = − 〈σk〉 〈σl〉+ 〈σk〉 σl + 〈σl〉 σk +O((δσk)
2) (A.4)

≈ −n̄2 + n̄σl + n̄σk with 〈σk〉 = 〈σl〉 = n̄ (A.5)
nn

∑
k,l

ε
pair
k,l σkσl ≈

nn

∑
k,l

ε
pair
k,l

(
−n̄2 + n̄σl + n̄σk

)
(A.6)

= ∑
k

(
− J̄n̄2 + 2 J̄n̄ · σk

)
(A.7)

with J̄ = ∑nn
l ε

pair
k,l |k. The Mean Field Hamiltonian reads then

HMF = Nε0 −
1
2

NJ̄n̄2 +
(
εpoint + J̄n̄

)
·∑

k
σk (A.8)

= ∑
k

[
ε0 −

1
2

J̄n̄2 +
(
εpoint + J̄n̄

)
· σk

]
︸ ︷︷ ︸

HMF
k

(A.9)

It can also be shown that this is the best independent-particle-like hamiltonian,
giving an upper bound to the free energy [2020]. The grand canonical partition
function can be readily obtained:

ZMF
G =

[
∑
σk

exp

(
−HMF

k (σk)− µLiσk

kBT

)]N

= (A.10)

=

[
exp

(
−β

(
ε0 −

1
2

J̄n̄2 +
1
2
(
εpoint − µLi + J̄n̄

)))
·

· 2 cosh
(

β
1
2
(
εpoint − µLi + J̄n̄

))]N

(A.11)

where β = 1
kBT and µLi the Li chemical potential.

The Grand Potential (= Landau free energy) can be derived from eq. A.11A.11 via:

Φ(T, V, µLi) = −kBT ln(ZMF
G ) (A.12)

The equation of state is:

NLi = N · n̄ = − ∂Φ
∂µLi

= kBT
∂

∂µLi
ZMF

G

ZMF
G

(A.13)

⇒ n̄ =
1
2
− 1

2
tanh

(
β

2
(
εpoint − µLi + J̄n̄

))
(A.14)

1It is known that this gives wrong results for 1D where the correct Ising result has no phase tran-
sition, MFT however does, independent of the dimensionality. Phenomenologically correct results,
however, are obtained for higher dimensions.
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Mean Field solution of the lattice gas hamiltonian

As MFT always studies the energy of single objects in the average field of the sur-
rounding objects, the results will be some sort of self-consistent-field solutions. The
implicit equation A.14A.14 can be solved numerically and represents a self-consistent
equation arising from the energy of a Li atom in the mean field of the surrounding
Li atoms. The analogous Ising problem can be obtained by a transformation to the
magnetization m = 2(n̄− 1

2 ). In this representation the equation of state is:

m = tanh

(
−β

((
εpoint − µLi + J̄/2

)
2

+
J̄
2

m

))
︸ ︷︷ ︸

β(h+J′m)

(A.15)

The effective interaction constant J̄ is rescaled to J′ and the zero field condition
h = 0 is fulfilled for µLi = εpoint + J̄/2. The properties of this magnetic equation of
state is discussed in detail e.g. in [2121]. The transformation is helpful to understand
e.g. the symmetry of the zero-field solutions with respect to m = 0, which relates
to a symmetry with respect to n̄ = 0.5 in Li concentration.
The chemical potential µLi can be obtained by direct inversion of the hyperbolic
tangens in eq. A.14A.14:

µLi = εpoint + J̄n̄ + kBT ln
(

n̄
1− n̄

)
(A.16)

The free energy F is related to the Grand Potential via F = E− TS = Φ + µNLi:

F = −kBT ln(ZMF
G ) + µLin̄N = (A.17)

= NkBT
[

β

(
ε0 −

1
2

J̄n̄2 +
1
2
(
εpoint − µLi + J̄n̄

))
−

− ln
(

2 cosh
(

β
1
2
(
εpoint − µLi + J̄n̄

)))]
+ µLin̄N (A.18)

f = F/N can be derived using the relation cosh(x) = (1− tanh2(x))−
1
2 in connec-

tion with eqs. A.14A.14, A.16A.16.

f = ε0 −
1
2

J̄n̄2 +
1
2
(
εpoint − µLi + J̄n̄

)
−

− 1
β

ln
(

2 cosh
(

β
1
2
(
εpoint − µLi + J̄n̄

)))
+ µLin̄ = (A.19)

= ε0 −
1
2

J̄n̄2 − 1
2β

ln
(

n̄
1− n̄

)
− 1

β
ln 2 +

+
1

2β
ln(1− (2n− 1)2)) + εpointn̄ + J̄n̄2 +

+
n̄
β

ln
(

n̄
1− n̄

)
= (A.20)

= ε0 + εpointn̄ +
1
2

J̄n̄2︸ ︷︷ ︸
u

+ kBT [n̄ ln(n̄) + (1− n̄) ln(1− n̄)]︸ ︷︷ ︸
−Ts

(A.21)
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Figure A.1: Landau free energy Φ for attractive interactions J̄ < 0 at the equilib-
rium chemical potential (eq. A.22A.22, ε0 = 0, δµ = 0) for kBT = 25 meV.

Obviously, the first term in eq. A.21A.21 corresponds to the inner energy u, the second
part to the entropy term Ts. It should be noted that it corresponds exactly to
the value of a non-interacting system! This free energy expression is the solid
solution model for Li intercalation. The same Hamiltonian is also used for a basic
understanding of mixing of regular solutions and related similar systems.
The grand potential φ can be written down with a parametrical dependence on n̄.
The natural reference point for µ is µeq = εpoint +

1
2 J̄, as rationalized by invoking

the ferromagnetic MFT solution A.15A.15. Therefore, µ = µeq + δµ:

φ = f − µn̄ =

= ε0 +
1
2

J̄n̄(n̄− 1)− δµn̄ + kBT [n̄ ln(n̄) + (1− n̄) ln(1− n̄)] (A.22)

It should be noted that the given parametric expression for φ is to be interpreted
as the description of a possible non-equilibrium situation. The equilibrium expres-
sion for φeq is determined by minimizing the parametric expression with respect
to n̄. This approach is closely related to the Landau theory of phase transitions,
where a phenomenological double well potential is used and equilibrium values
for the order parameter are determined via minimization of the parametric expres-
sion [246246].
φ is illustrated in Fig. A.1A.1 for different J̄ values and kBT = 0.025 eV for ε0 = 0 and
vanishing overpotential δµ = 0. The dots represent the absolute minima of the
curves, namely the equilibrium lithium concentrations n̄0 at the equilibrium chem-
ical potential µeq. The interaction constant J̄ is varied in the range J̄ ∈ [−200, 0]
meV.
In the case of two equivalent minima ( J̄ < 100 meV in Fig. A.1A.1) the whole system
prefers to be either in the first or second minima and not exhibit a macroscopic
homogeneous phase with intermediate density. φ can be minimized by separating
the infinite system into a Li rich and Li poor phase, phase separation occurs. The

150



Nucleation theory

reduction in Lithium content is achieved by a growth of the Li poor phase with
n̄0 < 0.5 and occurs at constant chemical potential µeq. In particular a homoge-
neous distribution of Li ions with intermediate Li concentration is unstable against
infinitesimal density variations because ∂φ/∂n̄|µeq 6= 0.
In general, phase separation can only occur when J̄ < 0, so for an attractive ef-
fective interaction between Li ions, or a concave inner energy u. The critical tem-
perature Tc below which φ becomes a non-convex function of n̄ is defined by the
temperature where the curvature of φ with respect to density n̄ has exactly one
root.

∂2φ|µeq

∂n̄2 = J̄ + kBT
1

n̄(1− n̄)
≡ 0 (A.23)

n̄2 − n̄− kBT/ J̄ = 0 (A.24)
1 + 4kBTc/ J̄ = 0 (A.25)

Tc = −
J̄

4kB
; n̄c =

1
2

(A.26)

n̄0,1 =
1
2

(
1∓

√
1− T/Tc

)
; T < Tc (A.27)

The (de-)lithiation process of phase-separating battery materials can be understood
from such a Landau free energy below Tc, as described in section 2.42.4.

A.3 Nucleation theory

The description of nucleation has two main components, namely a potential barrier
∆Φc for forming the unstable critical nucleus of size Vc (see Fig. A.2A.2) and a trial
frequency for nucleus formation [2525]. ∆Φc is the Gibbs free energy change for the
system to form the nucleus. In phase separating Li batteries the relevant nucleation
process would correspond to the formation of a Li rich phase in a Li poor phase
or vice versa. The Gibbs free energy change therefore includes the contributions
for the exchange of Li atoms with a reservoir and becomes dependent on the
Li chemical potential. This is equivalent to comparing the energy difference δφ′

of minima of the previously defined Landau free energies (eq. A.22A.22) at a given
chemical potential. The nomenclature is as in section 2.42.4.
The final formation speed J(Vc) is then:

J(Vc) = J0 exp (−β∆Φc) (A.28)

The free energy change for a system with a nucleus of size dV is dΦ′ and given
by:

dΦ′(dV) = δφ′dV + γ01dA (A.29)

where δφ′ is related to the applied chemical potential. The thermodynamic driving
force for a growth with respect to size V is:

∂dΦ′

∂dV
= δφ′ + γ01

∂dA
∂dV

= δφ′(1− α

r
) (A.30)
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Figure A.2: Phenomenology of a nucleation and growth process. Parameters are
named according to the discussion in the text and section 2.42.4.

The activation barrier for the formation of a new phase is defined by ∂dΦ′
∂dV = 0.

As soon as a nucleus of the Ψ1 phase of size r & rc has formed, due to a local
state fluctuation to Ψ1, there is no turning back because the driving force is now in
growth direction ( ∂dΦ′(dV)

∂dV < 0). δφ′ has a non-trivial dependence on the applied
overpotential δµ (eq. 2.252.25). As an example, the size of a nucleus does not mono-
tonely decrease with increasing the driving force δµ and the barrier vanishes at the
spinodal as e.g. described in Ref. [247247, 2525]. The speed of the subsequent growth
is then related and limited either by an attachment rate of a new infinitesimal cell
of phase Ψ1 at the domain boundary (reaction limited) or to the diffusion of Li
needed to form it (diffusion limited). Most publications on LiFePO4 indicate that
the growth as such is rather quick and there is basically no limit on either of those
growth constants on experimental timescales. In that case, the limiting rate is only
determined by the probability of forming at least one critical nucleus, which is
described by eq. A.28A.28, with the typical Boltzmann factor.
For a gas-liquid transition J0 can be determined from kinetic thermodynamic ar-
guments.

A.4 The analytical voltage gap of phase separating materi-
als

The stable concentrations x are determined by minimizing the parametric Landau
Free Energy Φ. Here, Φ shall take the form as in section 6.16.1:

Φ(T, δµ)[x] = f (T, x)− δµ · x (A.31)
f (T, x) = a2x(x− 1) + 2kBT [x ln(x) + (1− x) ln(1− x)] (A.32)

∂Φ(T, δµ)[x]
∂x

= 0⇔ f (T, x)
∂x

= δµ (A.33)

δµ = 2a2

(
x− 1

2

)
+ 2kBT ln

(
x

1− x

)
(A.34)

a2 is the negative, average defect energy Ēd, as defined in section 6.1.36.1.3, or 1
2 J̄ of

appendix A.2A.2, respectively.
The approach results in the same equation A.33A.33, as when determining the chemical
potential from the free energy. The relevant property of f , in the case of phase
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Figure A.3: Temperature and defect energy dependence of the Voltage gap ∆µG.
The average defect energy Ēd (section 6.1.36.1.3) is exactly −a2 in the free energy ex-
pression, as given by eq. A.32A.32.

separating materials, is its nonconvexity. This corresponds to negative a2 values.
The curvature properties of Φ are:

∂2Φ
∂x2 =

∂2 f
∂x2 = (A.35)

= 2a2 + 2kBT(
1
x
+

1
1− x

) (A.36)

∂2Φ
∂x2 = 0⇔ x0,1 =

1
2
(1∓

√
4kBT

a2
+ 1) (A.37)

The curvatures of Φ and f are identical and do not e.g. change with δµ. The
curvatures for small x → 0 and x → 1 are always positive for finite T (eq. A.36A.36).
For −1 < 4kBT

a2
< 0, there are however two points of inflection given by eq. A.37A.37,

where the curvature changes, leading to nonconvex properties, meaning the cur-
vature between x0 and x1 is negative.
These points are the so-called spinodal points22. The curvature properties indicates
that Φ exhibits two minima for small δµ and one maximum, where the maximum
lies between x0 and x1. They correspond to the solutions of eq. A.33A.33. By applica-
tion of an overpotential δµ the position of the left minimum can be driven towards
x0. At that point, the slope in x0 is zero and the curvatures for all points right
to x0 (up to x1) are negative corresponding to decreasing slopes. Therefore, the

2In Cahn-Hilliard theory these are typically studied by a linear stability analysis and are shown
to be unstable against infinitesimal density variations/fluctuations (The inhomogeneity will grow
with time.). The same understanding can be obtained from looking at the homogeneous free energy
barrier as done above.
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overpotential δµ, necessary to have one stationary point of Φ in x0 (or x1), cor-
responds to the potential, where no barrier will exist any more for transforming
homogeneously into the absolute minimum of Φ33. By inserting eq. A.37A.37 into eq.
A.34A.34, those overpotentials can be calculated and the hysteretic voltage gap ∆µG
(the region with homogeneous transformation barrier) can be determined to:

∆µG = −2a2
√

ε + 4kBT ln
(

1−√ε

1 +
√

ε

)
(A.38)

with ε = 1 +
4kBT

a2
(A.39)

A renormalized gap ∆µG/kBT only depends on the parameter 4kBT
a2

. ∆µG is drawn
in Fig. A.3A.3. The temperature dependence in the plotted window is minute. The
analytical model here corresponds to the δ = 0 eV solutions in Fig. 6.76.7 in section
6.1.36.1.3 of the main text.

A.5 Electron polarons in Li1+δFeSiO4

Bound electron polaron properties are determined by introducing one additional
Li atom in LiFeSiO4. The relative stability Epol of polarons localized on Fe atom A
(see Fig. A.4A.4), B and C (labeling according to Fig. 5.85.8 in section 5.45.4) is tabulated in
table A.1A.1.

3This corresponds to the overpotentials, where eq. A.33A.33 has not three but just 2 solutions, with
only one minimum in Φ.

Figure A.4: Charge density of the valence states in Li1+δFeSiO4 with the polaron
localized on Fe atom A. Only the additional Li atom (green) and Fe-O tetrahedra
are drawn.
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Table A.1: Relative stability of electron polarons in Li1+δFeSiO4 localized on Fe
atoms A, B and C.

Fe Epol (eV) Fe Epol (eV) Fe Epol (eV)
A 0.000 B 0.015 C 0.071

A.6 The relation of Li adsorption to electrostatics

Adsorption energies for Li on surfaces were determined by surface scans using
GGA+U. The same approach has been used to see how the electrostatic (ES) energy
changes for adsorbed Li atoms. Structures were generated by allowing Li spheres
approach the surface up to a distance of 2.5 Å from the nearest surface atom. This
is a little larger than the largest nn distances in LFS. No relaxed structures were
used for the ES energy calculations. Ionic charges were assumed to correspond
to oxidations states. The Fe oxidation states were adjusted accordingly such that
cells exhibited no net charge. The results for the so-determined electrostatic PES
are plotted in Fig.A.5A.5 for the case of the (010) surface. DFT and ES results for other
surfaces were equally similar as in Fig. A.5A.5. This shows that the potential energy
surface of adsorption can be understood from simple electrostatics.
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Figure A.5: a) DFT and b) electrostatic (ES) energies for Li adsorption on (010).
The red crosses correspond to the Li x and y coordinates where energies were
determined. The positions are in fractional coordinates of the (2×1)-(010) surface
cell.

A.7 Surface energy contribution to the nanoparticle energy

It is assumed that the nanoparticle Gibbs free energy has surface energy contribu-
tions which scale with the total surface area (∝ r2), or the number of surface atoms
(∝ N2/3), respectively, and a bulk part which scales with the Volume ∝ r3, or the
number of bulk atoms (∝ N).
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Table A.2: Bulk and surface energetics a particle of arbitrary shape and a spherical
particle.

property arbitrary particle spherical particle

Bulk energy Ubulk = E0 · N = E0 ·Vρ Ubulk = E0 · 4
3 πr3ρ

Surface energy Usurf = ∑i Aiγi Usurf = 4πr2γ̄

The scaling properties allow to relate the total energy of a given particle shape
with the energy of an equivalent spherical particle. This is convenient as e.g. it is
unclear what the size measure r for a polyhedral shape is. The equivalence of the
two energy contributions given in table A.2A.2 is required in order to map exactly the
size dependence of the energetics of a particle of arbitrary shape onto an effective
spherical particle.
The equivalence of bulk energies is equivalent to require equivalent atom number
N or equal volumes at fixed density ρ, respectively. The first and second relation
give:

r =

(
N

4
3 πρ

) 1
3

=

(
V
4
3 π

) 1
3

(A.40)

γ̄ =
∑i γi Ai

4π
(

V
4
3 π

) 2
3

(A.41)

Equation A.41A.41 defines γ̄ and provides the pathway how to determine its numerical
value. Obviously γ̄ corresponds to an averaged surface energy for the spherical
particle. The energy per atom is then given by:

Utot

N
=

Ubulk + Usurf

N
= E0 +

4πγ̄r2

4
3 πρr3

= (A.42)

= E0 + γ̄
3
ρr

=︸︷︷︸
eq. A.40A.40

E0 + γ̄
3

√(
6
ρ

)2 π

N
(A.43)

It should be noted that the so-determined energy per atom does not depend on the
accuracy of the lattice constant by DFT, as long as the energetics is correct 44. With
PBE lattice constant rPBE and the real lattice constant r0, the real surface energy γ0

is related to the PBE surface energy via: γ0 = γPBE · r2
PBE
r2

0
. The atomic density is

ρ0 = ρPBE · r3
PBE
r3

0
. It follows:

4This is only correct if the errors of lattice constants of PBE are isotropic.
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U/N = Ubulk/N + γ̄0 · 3

√(
6
ρ0

)2 π

N
(A.44)

= Ubulk/N + γ̄PBE ·
r2

PBE
r2

0
· 3

√√√√√√
 6

ρPBE · r3
PBE
r3

0


2

π

N
= (A.45)

= Ubulk/N + γ̄PBE · 3

√(
6

ρPBE

)2 π

N
� (A.46)

A.8 Temperature-size phase diagram of Sn

Ab-initio determined bulk free energies were obtained within the quasi harmonic
approximation by J. Rohrer for ambient pressures. Details are published in Ref.
[221221]. In order to reproduce correct bulk phase transition temperatures for Sn, a
rigid shift of the absolute values of the ab-initio determined bulk free energies of
β and γ-Sn had to be applied by −12 meV and −2 meV respectively, an approach
which can of course be criticized. After this correction the temperature-size phase
diagram of Sn results in Fig. A.6A.6.

Figure A.6: Temperature-size phase diagram of Sn nanoparticles. The stability
lines are obtained from DFT-derived free energies empirically shifted to reproduce
the experimental bulk transition temperatures with the dashed lines indicating the
effect of a 2 meV error. Typical battery operation temperatures are shaded with
a green area. (Figure reprinted with permission from Ref. [221221]. Copyright 2015,
AIP Publishing LLC)
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BComputational details

B.1 Mathematics of ellipsoidal shapes

In the following, the mathematics for describing an ellipsoid, centered at the origin,
shall be derived. Vectors x, pointing to the surface of the ellipsoid, are obtained
from vectors n′, pointing onto a space-centered sphere of radius 1, via:

x(n′) = L̄0n′ (B.1)

with L̄0 describing the ellipsoid. For a start, the semi-axes of the ellipsoid a, b, c,
shall be aligned along the cartesian coordinates x,y,z. Then:

L̄0 =

a 0 0
0 b 0
0 0 c

 ; L̄−1
0 =

1/a 0 0
0 1/b 0
0 0 1/c

 (B.2)

The typical description of an ellipsoid can be derived via:

n′2 = 1 = x>(L̄−1
0 )> L̄−1

0 x =
x2

a2 +
y2

b2 +
z2

c2 (B.3)

The distance of the origin to the ellipsoid surface |x| is given by:

|x| =
√

n′> L̄>0 L̄0n′ (B.4)

The normalized directional vector x0 is x/|x|, such that x = |x| · x0. Inverting
equation B.1B.1 results in:

n′(x) = L̄−1
0 x = |x| · L̄−1

0 x0

n′ =
n′

|n′| =
|x| · L̄−1

0 x0√
|x|2 · x0>(L̄−1

0 )> L̄−1
0 x0

=

=
L̄−1

0 x0√
x0>(L̄−1

0 )> L̄−1
0 x0

(B.5)
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Subsituting eq. B.5B.5 into eq. B.1B.1 yields:

x(x0) =
x0√

x0>(L̄−1
0 )> L̄−1

0 x0

(B.6)

x0 is a normalized directional vector, given e.g. in spherical coordinates by the two
angles (θ, φ) with:

x0(θ, φ) =

sin(θ) cos(φ)
sin(θ) sin(φ)

cos(θ)

 (B.7)

Subsituting this in eq. B.6B.6 yields:

x(L̄0, θ, φ) =

r(L̄0, θ, φ) sin(θ) cos(φ)
r(L̄0, θ, φ) sin(θ) sin(φ)

r(L̄0, θ, φ) cos(θ)

 (B.8)

with

r(L̄0, θ, φ) =
1√

x0>(L̄−1
0 )> L̄−1

0 x0

=

=
1√

sin2(θ) cos2(φ)
a2 + sin2(θ) sin2(φ)

b2 + cos2(θ)
c2

(B.9)

A generalization to arbitrarily lying ellipsoids, described by L̄, is obtained by an
active rotation with a rotation matrix R̄:

L̄ = R̄L̄0 (B.10)

R̄ is defined by the three Euler angle φ, θ, α which define the rigid body rotation
in 3D as a subsequent right-handed rotations around different axes. Hence, the
final result depends not only on the choice of φ, θ, α, but also on the rotational
axes. For convenience a z-y’-z’ geometry is chosen [248248], where the rotation is first
around z (by φ), then around y’ (by θ) and finally around z’ (by α). This choice
is specifically convenient as a (φ, θ, α) rotation will place the final z’ axis along er
in spherical coordinates (θ, φ) and allows an easy understanding what a certain
(φ, θ, α) rotation will result in. R̄ is then:

R̄ =

c1 · c2 · c3 − s1 · s3 −c3 · s1 − c1 · c2 · s3 c1 · s2

c1 · s3 + c2 · c3 · s1 c1 · c3 − c2 · s1 · s3 s1 · s2

−c3 · s2 s2 · s3 c2

 (B.11)

with ci =


cos(φ)
cos(θ)
cos(α)

and si =


sin(φ)
sin(θ)
sin(α)

(B.12)

It should also be noted that the main axes of the rotated ellipsoid obviously corre-
spond to the Eigenvectors of L̄.
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Volume integration

The integral I over the ellipsoid volume can be traced back to the integration over
a sphere as the ellipsoid is a transformed sphere:

T : r→ x = L̄r (B.13)
T −1 : x→ r = L̄−1x (B.14)(

∂x
∂r

)
= J (T ) = L̄ (B.15)

J is the Jacobian of T .
Then, the integration over the ellipsoidal volume Ω is:

I =
∫

Ω
f (x)d3x =

∫
T (◦)

f (x)d3x = (B.16)

=
∫
T −1(T (◦))

f (T (r)) |det (J (T ))|d3r (B.17)

=
∫
◦

f (T (r))
√

det (L̄> L̄))d3r = (B.18)

=
∫
◦

f (T (r))
√

det
(

L̄>0 L̄0)
)
d3r = (B.19)

= abc
∫
◦

f (T (r))d3r (B.20)

◦ signifies a unit sphere and
∫
◦ signifies the integration over a unit sphere volume.

For the volume e.g. f (T (r)) = Θ(1− |r|) with Θ(x) = 1 if x ≥ 0 and Θ(x) = 0 if
x < 0. Thus:

V = abc
∫
◦

d3r =
4
3

πabc (B.21)

In addition to real space volume integrations, the methodology of strained inclu-
sions (section 3.73.7) requires fourier transforms and reciprocal space integrations.
The derived equations rely on the invariance of k>x:

k>x = k′>r (B.22)

k>x = k> L̄r =
(

L̄>k
)>

r (B.23)

⇒ k′ = L̄>k (B.24)

k =
(

L̄>
)−1

k′ (B.25)

nk =
k
|k| =

(
L̄>
)−1 n′k√

n′k
>((L̄>)−1)>(L̄>)−1n′k

(B.26)

n′k is the normalized directional vector k′/|k′|. It should be noted that the def-
inition of L̄ in this work is slightly different from Ref. [8383] and, thus, the small
differences in nomenclature. Obviously, eq. B.26B.26 corresponds to eq. 3.733.73.
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An application of the methodology is e.g. the evaluation of the Fourier transform
for an ellipsoidal shape function θ(x) of eq. 3.633.63:

θ(k) =
∫

θ(x)e−ikxdx3 =

= abc
∫
◦

e−ikL̄rdr3 = abc
∫
◦

e−ik′rdr3 =

= abc
∫ 2π

0
dφ
∫ 1

−1
d cos θ

∫ 1

0
dr r2e−ik′r cos θ =

= 4πabc
∫ 1

0
dr r2 sin k′r

k′r
=

= 4πabc
sin k′ − k′ cos k′

k′3
=

= V · 3sin k′ − k′ cos k′

k′3
(B.27)

V is the Volume of the ellipsoid and k′ = |k′>| = |k> L̄| = |L̄>k|. (In line with eq.
B.24B.24 and Ref. [8383] p. 214)
Furthermore:

∫ d3k
(2π)3 |θ(k)|

2 =
∫ d3k

(2π)3

∫
d3x

∫
d3x′θ(x)e−ikxθ(x′)eikx′ =

=
∫

d3x
∫

d3x′θ(x)θ(x′)
∫ d3k

(2π)3 eik(x′−x) =

=
∫

d3x
∫

d3x′θ(x)θ(x′)δ(x′ − x) =

=
∫

d3x|θ(x)θ(x)| =

=
∫

d3xθ(x) =

= V (B.28)

As a result, the strain energy for the homogeneous modulus case (eq. 3.623.62) can be
simplified for an ellipsoidal inclusion:

Es =
1
2

∫
B(n)|θ(k)|2 d3k

(2π)3 = (B.29)

=
V2

2abc

∮
dOn′B(n(n′))

∫ [
3

sin k′ − k′ cos k′

k′3

]2 k′2dk′

(2π3)
= (B.30)

=
V2

2abc

∮
dOn′B(n(n′))

∫ [
3

sin k′ − k′ cos k′

k′3

]2 k′2dk′

(2π3)
(B.31)

The k′ integration in eq. B.31B.31 can be solved using eq. B.27B.27 and eq. B.28B.28 and with:
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V =
∫ d3k

(2π)3 |θ(k)|
2 = V2

∫ d3k
(2π)3

[
3

sin k′ − k′ cos k′

k′3

]2

= (B.32)

=
4π V2

abc

∫ dk′

(2π)3 k′2
[

3
sin k′ − k′ cos k′

k′3

]2

(B.33)

⇒
∫ dk′

(2π)3 k′2
[

3
sin k′ − k′ cos k′

k′3

]2

=
abc

4π V
(B.34)

As a final result the elastic energy of an ellipsoidal inclusion is:

Es =
1
2

V
∮ dOn′

4π
B(n(n′)) (B.35)∮ dOn′

4π B(n(n′)) represents an averaging over solid angles.
It should be noted that there is a small error in eq. (8.2.33) and (8.2.34) in Ref. [8383]
(p. 230) and the here derived eq. B.35B.35 is the correct one.

Surface elements

The integration over the surface of ellipsoids can be performed in the Eigenvector
basis of the ellipsoid. In other words, integration is performed with the ellipsoid
axes along x′, y′, z′ in the coordinate system Σ′ and according spherical directions,
given by θ′ and φ′ (θ′ ∈ [0, π], φ′ ∈ [0, 2π]). In Σ′, the vector pointing to the surface
is given by eq. B.8B.8 and B.9B.9 by substitution of θ and φ with θ′, φ′:

rs
′ = r′(L̄0, θ′, φ′) · e′r(θ′, φ′) (B.36)

e′r(θ′, φ′) is the unit vector in radial direction in Σ′ with:

e′r(θ
′, φ′) =

sin(θ′) cos(φ′)
sin(θ′) sin(φ′)

cos(θ′)

 (B.37)

The surface elements dA′ are given by:

dA′ =
∂rs
′

∂θ′
dθ′ × ∂rs

′

∂φ′
dφ′ (B.38)

× signifies the cross product. The surface elements dA in the coordinate system
x, y, z (Σ) are given by rotating dA′ with dA = R̄dA′.
The correctness can be tested e.g. by plotting some ellipsoid with the correspond-
ing surface normal vectors dA/(dθdφ) as in Fig. B.1B.1.
The integration over the surface is straight forward.
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Figure B.1: Plot of an ellipsoid with c axis along z direction the determined surface
normal vectors in the x,y plane.

B.2 Bulk convergence study on Pmn21 Li2FeSiO4

In order to estimate the accuracy of the bulk calculations, convergence studies for
the plane-wave cutoff energy (ENCUT) and the number of k-points were performed.
The SCF threshold for the total energy was set to 10−4 eV and reduced to 10−6

eV in case of convergence issues. Unit cell and atomic positions were relaxed
until forces on atoms were smaller than 0.01 eV/Å. The convergence study was
performed with the PBE functional.
Other publications on Li2FeSiO4 claim an accuracy of 5 meV/f.u. for 600 eV cutoff
and Monkhorst-Pack (MP) 6x6x6 k-point grid[102102]) using VASP. Convergence was
first checked for MP and Γ-centered k-point grids for non-spin polarized calcula-
tions. The resulting energies and necessary computer time is analyzed in Fig. B.2B.2.
Γ-centered k-point grids seemed to exhibit less variation in total energy when the
number of k-points changed (compare e.g. 4x4x4 and 5x5x5 results) and it was in-
ferred that the impact on results should be smaller when k-point density changed
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due to differently sized unit-cells (e.g. for subsequent slab calculations). For rea-
sons of computational speed, a 5x5x5 Γ-centered grid was chosen as a standard
setting (see Fig. B.2B.2 d)). In all calculations, Gaussian smearing with a smearing pa-
rameter of 0.1 eV was set, with no impact on final results as all studied structures
had a significant bandgap.

Although the used PAW pseudopotentials suggest a minimum cutoff energy of
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Figure B.2: a), b) Total energy for different k-point grids and ENCUT values. Isolines
are 5 meV apart. c), d) Runtime needed on the TheoChemCluster (single core
computations, atomic relaxation with fixed unit cell). Computational results were
obtained at the indicated values.
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ENCUT = 400 eV (for oxygen), total energy values differ still by ca. 35 meV (= 17.5
meV/f.u.) comparing results of ENCUT = 600 eV and ENCUT = 800 eV of the 5x5x5
meshes. Convergence of absolute energies only sets in above 800 eV (Fig. B.3B.3 a)).
As we are, however, often interested in relative energy values (e.g. surface energy,
...), 600 eV was used as standard cutoff energy; a reasonable compromise between
accuracy and computational speed. The absolute accuracy is ≈ 20 meV/f.u. ≈̂ 2.5
meV/atom, relative energies are converged to < 1 meV/f.u. (see table B.1B.1). The
results in table B.2B.2 suggest that also structures can be determined accurately using
these parameters {Γ: 5x5x5; cutoff: 600 eV }.
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Figure B.3: a) Relative total energy for different cutoff energies (ENCUT) with and
without spin degree of freedom. (Γ-centered 5x5x5) b) Runtime needed on the
TheoChemCluster (single core computations, atomic relaxation with fixed unit
cell).

Table B.1: GGA OCVs for the extraction of the first Li atom per f.u. (OCV1)
for different plane wave cutoffs show that relative energies are converged to ≈ 1
meV/f.u..

plane wave cutoff (eV) 500 600 700 800
OCV1 (V) 2.583 2.583 2.584 2.584
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B.3 GaAs/InAs heterostructures

As a test case for interface energy calculations in periodic bulk heterostructures,
the semiconducting GaAs/InAs heterostructures were studied. Both materials can
crystallize in a zincblende (ZB) and wurtzite (WZ) structure, which corresponds
to a different stacking in the ZB (111) direction. As these materials are traditional
semiconductors and the band gap is not of importance here the standard PBE func-
tional was used. Furthermore, bulk calculations were performed in conventional
unit-cells consisting of 6 f.u. for ZB and 4 f.u. for WZ, respectively, such that the
(111) direction is aligned along the z coordinate. The lattice structure is visualized
in Fig. B.4B.4, the relaxed lattice constants reported in table B.3B.3. The plane wave
cutoff was set to 250 eV and Brillouin zone integration was performed on 11x7x5
(ZB) and 11x7x7 (WZ) Monkhorst-Pack k-point grids. As known from experiment
the stable bulk polymorph is in both cases ZB, where ZB is 22 meV/f.u. more
stable than WZ for GaAs and 16 meV/f.u. for InAs. In nanostructures, very of-
ten, a mixture of both polymorphs including stacking faults and twinning along
ZB(111) is observed [249249, 250250, 251251], indicating extremely low interfacial energies
due to the matching local bonding geometries, as well as matching lattice con-
stants of WZ and ZB polymorphs (see B.4B.4 and table B.3B.3). In addition, GaAs/InAs
heterostructures with sharp interfaces have been successfully grown and the inter-
face structure studied (see e.g. Ref.[252252] and references therein). The difficulties

Table B.3: bulk properties of ZB/WZ GaAs and InAs.

GaAs InAs
ZB WZ ZB WZ

a (Å) 3.978 3.964 4.284 4.274
b (Å) 6.890 6.866 7.420 7.402
c (Å) 9.744 6.537 10.494 7.025

V (Å3/f.u.) 44.52 44.48 55.60 55.57
E(ZB)-E(WZ) (meV/f.u.) -22 -16

Figure B.4: Illustration of the ZB and WZ structure. The atomic layer stacking
along the (111) direction is ABCABC for ZB and ABAB for the WZ (0001) case.
Group III elements are red, group V in blue. The conventional unit-cells are
marked by the black rectangle.
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Figure B.5: Relaxation of a periodic ZB-GaAs/ZB-InAs heterstructure. The inter-
face movement within the periodic cell is marked by the green ellipsis, which can
be understood from the relaxation of the out-of-plane strain.

in calculating interface energies of this heterostructure are partly similar as for the
more complex oxides studied in this thesis, in particular the ZB(111) and WZ(0001)
slabs lack a mirror plane and hence exhibit two different surface terminations. As
a result, it is difficult to determine surface energies unambiguously which ham-
pers determination of interface energies as discussed in Ref. [252252]. The authors
of this paper in fact do not pay attention to strain effects and report some sort of
interface energies with solely negative numerical values. It is very likely that the
reason is in fact wrong reference energies due to neglect of strain relaxation effects,
as indicated by below results.
Here average interface energies γ̄ of ZB(111)-GaAs/ZB(111)(WZ(0001))-InAs shall
be studied. Interface construction is performed by straining ZB and WZ InAs to
the ZB-GaAs lattice constants. It should be mentioned that the difference in unit-
cell volumes of GaAs and InAs are significant (V(InAs)/V(GaAs) ≈ 1.2, see table
B.3B.3).
The different sizes of the ZB and WZ cells are taken into account appropriately.
The atoms in the joined structures are relaxed subsequently. As a result of strain
energy minimization, GaAs is squeezed together and InAs expanded, as illustrated
in Fig. B.5B.5. As the total size of the periodic cell is not allowed to relax, the out-of-
plane strain relaxes via a movement of the interface, whereas the in-plane strain is
fixed. Average interface energies can be calculated via:

γ̄ =
Ejoined − EGaAs

ref − EInAs
ref

2A
(B.39)

where A is the interface area. If the respective bulk energies EGaAs
ref (unstrained) and

EInAs
ref (strained to the GaAs lattice) are used, errors will arise because the joined,

relaxed system with energy Ejoined does not consist of those bulk parts and the
interface but of two strained parts and the interface.
The results of these calculations are plotted in Fig. B.6B.6 a), which illustrates how
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Figure B.6: Interface energies for ZB(111)-GaAs/ZB(111)(WZ(0001))-InAs het-
erostructures of different thicknesses. The x-axes display the different thicknesses
of the supercells, The relative size of the GaAs phase corresponds to the contribu-
tion of the red area for each data point, the contribution of ZB-InAs to violet and
WZ-InAs to the blue areas. Whereas a) displays interface energies calculated from
eq. B.39B.39 using the bulk values of the single materials as reference b) uses reevalu-
ated reference energies from the two phases as from the relaxed joined structure.
Only approach b) results in converged and positive values.

strain relaxation in the joined system leads to a total energy reduction, such that
γ̄ values become increasingly negative and do not converge. In contrast, strain
relaxation can be included correctly by separating the GaAs and InAs parts again
after relaxation of the joined system and reevaluating their energy in a periodic
arrangement (strained bulk-like systems). As a result, the correct reference en-
ergies EGaAs−InAs

ref can be obtained and positive, converging interface energies are
obtained (Fig. B.6B.6 b). Different system sizes were considered up to thicknesses of
≈ 40 Å for GaAs as well as InAs. The thicknesses of both materials were varied
where the red and violet/blue portions of the data points in Fig. B.6B.6 correspond
to the relative thickness of each material, ZB-GaAs and ZB-InAs/WZ-InAs.
This test case reveals that, indeed, by determination of appropriately strained ref-
erence energies, interface energies can be converged and obtained on a highly
accurate level (mind the scale of Fig. B.6B.6 b).
Furthermore, it should be mentioned that these results, indeed, put the results of
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Ref. [252252] into perspective, which claim that lattice matched WZ-InAs on ZB-GaAs
has a lower interface energy than ZB-InAs on ZB-GaAs. On the other hand it is
difficult to compare results directly because the here considered interface energies
correspond to the average of two different terminations.

B.4 Interface energy correction in periodic heterostructure
calculations

In order to put together a heterostructure in periodic boundary conditions the
lattice vectors of the individual phases need to match. As a result, strained in-
dividual phases are put together when creating the heterostructure in periodic
boundary conditions, where some part of this strain is reduced upon relaxation.
It is assumed that the only response of the system upon atomic relaxation is an
interface movement as illustrated in Fig. B.7B.7 c), as any rotation with respect to the
unitcell would cause a kind of stepped discontinuous interface due to the periodic
boundary conditions11. The interface movement is assumed to be governed by
minimizing total elastic energies. The interface energy has practically no influence,
as there is no change of the in-plane strain and hence no interface change. It is
further assumed that the strain is homogeneous inside the two materials. Then the
total strain energy of the heterostructure is:

Etot
strain = ∑

λ=I,I I
Nλ · Eλ

strain(ε
λ) = ∑

λ=I,I I
NλVλ

0

(
σλ

ikελ
ik +

1
2

Cλ
iklmελ

ikελ
lm

)
(B.40)

1The concept of a mathematically sharp interface is problematic for atomic scales.

I II

FB
I FB

II

bI bIIB

SB SB

S

a)

b)

c)
ΔISB

supercell construction

elastic relaxation

ΔIISB

Figure B.7: a), b) Transformations necessary for interface construction of two differ-
ent materials I and II represented by their basis bI and bII. c) During the relaxation
of the heterostructure, strain relaxation will lead to a distortion of the two mate-
rials I and II. The labels correspond to linear operations to be performed with the
letters according to table B.4B.4 and the mathematical operations as given in eqns.
B.41B.41 - B.46B.46 and described in the text.
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Table B.4: Explanation of the terms in eq. B.41B.41 - B.46B.46
bλ = [bλ

1 bλ
2 bλ

3 ]
> The Matrix representing the unstrained lattices /

the reference lattice, for which the energy expres-
sion B.40B.40 is valid.

B = [B1B2B3]> The unit cell of the common lattice, to which mate-
rials I and II are deformed. (Fig. B.7B.7 a))

[Fλ
B ]
> The transformation applied to the unit cells of the

two materials in order to match a common lattice B.
Sλ = [Nλ

h Nλ
k Nλ

l ]
> The scaling Matrix, with which supercell lattice vec-

tors are obtained by standard matrix multiplication.
Nλ

j may only consist of integers as the supercell
needs to consist of an integer number of unit cells.
Furthermore, the determinant of S corresponds to
the number of unit cells that the supercell is built
of. If both supercells have the same dimensions, the
dependence on λ can be omitted. This shall always
be the case in the following. In addition, Sλ shall
be constructed such that the a’-b’ plane is parallel
to the interface of interest. (Fig. B.7B.7 b))

∆λ =
(
1 + δλ

)
=

= 1 0 0
0 1 0
±δ1 ±δ2 1± δ3


The deformation ∆λ that describes the interface
movement or the elongation/compression along
the c direction of the material λ of the joined sys-
tem. The given matrices are only correct if the scal-
ing matrices SI/I I are the same for materials I and
II. If not the case, δ3 has to be scaled according to
the amount of material λ. (Fig. B.7B.7 c))

Cλ =
[
Cλ

1 Cλ
2 Cλ

3
]> The distorted unit cell due to ∆λ.

[Fλ
C ]
> The transformation applied to the unit cells of the

two materials to deform the original unit cells to Cλ.

The final, residual strain energy of the relaxed system is determined by deriving
firstly an expression for the allowed relaxations of the joined bulk-bulk interface
in periodic boundary conditions (Fig. B.7B.7 c)) and subsequently optimizing the to-
tal strain energy eq. B.40B.40 with respect to these relaxations. The derivation can
be performed by expressing all relevant lattice vector changes as a sequence of
matrix operations on the basis vectors. The pure materials λ have primitive unit
cells spanned by the vectors bλ

1 , bλ
2 , bλ

3 , which can be aligned in matrix form to
form the row vector basis bλ = [bλ

1 bλ
2 bλ

3 ]
>. First, the lattices are strained to have

a common basis B (eq. B.41B.41). Then, the supercells are constructed by multiplica-
tion with a scaling matrix S (eq. B.42B.42). In the end, appropriate deformations ∆λ

are applied and everything is transformed back to see the effect on the original
lattice vectors. The relevant transformation matrices are described in table B.4B.4.
The individual steps are illustrated Fig. B.7B.7, where the boxes shall represent the
computational cells which are represented mathematically by 3 × 3 matrices. The
labeling is according to the math, e.g. SB corresponds to matrices obtained by
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matrix multiplication of matrix S with matrix B. The mathematical operations are
in detail:

B = bλ[Fλ
B ]
> (B.41)

SB = Sbλ[Fλ
B ]
> (B.42)

S−1 · ‖ SCλ(δ) = ∆λSB (B.43)
Cλ(δ) = S−1∆λSB (B.44)[

bλ
]−1
· ‖ bλ

[
Fλ

C

]>
= S−1∆λSB (B.45)[

Fλ
C

]>
=

[
bλ
]−1

S−1∆λSB (B.46)

The strains ελ(B, δ) can be calculated from the change in unit-cell lattice vectors
and the definition of the Lagrange strain, noting that

[
Fλ

C
]> corresponds to F̄> in

the defintion of the strain (eq. 3.353.35). It should be noted that the strains correspond
to the deformation

[
Fλ

B
]> for ∆λ(δ = 0) = 1. The parametric expression ελ(B, δ)

can be directly inserted into expression B.40B.40. The strain energy for the separated,
strained bulk materials is given by ελ(B, δ = 0). The equilibrium strain values
and energies for the relaxed, joined system can be determined from minimizing
eq. B.40B.40 with respect to δ. As a result the strain relaxation energy ∆Estrain can be
determined.

B.5 Interface energy convergence

Convergence of the Pmn21 LiFeSiO4/Li2FeSiO4 (010) interface with respect to
thickness bulk heterostructure is depicted in Fig. B.8B.8. The order of magnitude for
the interface energy seems reasonable, as it is smaller than LiFeSiO4 and Li2FeSiO4
(010) surface energies.
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Figure B.8: Interface energy convergence for γnaive and γc from bulk-bulk het-
erostructure computations.

In order to test these results against interface energies, as obtained within a slab
approach, a 41.2 Å thick slab heterostructure was constructed with a 15 Å vac-
uum spacer in between. By construction the slab is terminated by the non-polar
LiFeSiO4 (010) and Li2FeSiO4 (010) surfaces at top and bottom of the slab. The
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Table B.5: Determined (010) surface and interface energies from slab calculations.

γ(010) (LiFeSiO4) γ(010) (Li2FeSiO4) interface energy: γ(010) (LiFeSiO4/Li2FeSiO4)
12.7 meV/Å2 26.7 meV/Å2 33.1 meV/Å2

LiFeSiO4/Li2FeSiO4 (010) interface is located in the center of the slab. By determi-
nation of the surface energies in separate computations the interface energy γ(010)
(LiFeSiO4/Li2FeSiO4) can be readily obtained from the total energy of the slab
heterostructure. The results of the approach are tabulated in table B.5B.5. Due to
symmetry the studied (010) interface is the only one which can be treated with
this approach, as all other surfaces and interfaces are inequivalent under a mir-
ror operation. The determined surface energies are reasonable when compared
to the values in table 7.67.6. It should be noted firstly that the here determined val-
ues are obtained with the soft oxygen pseudopotential O s and a strained slab
for LiFeSiO4, which is why small discrepancies are expected. On the other hand
the interface energy is considerably larger than both surface energies although the
change in chemical environment is clearly less drastic for an interface than for
a surface. Considerable SCF convergence problems were experienced, such that
multiple step computations were performed (relax first with GGA and no dipole
correction; Continue with GGA+U based on the GGA charge density; Continue
with GGA+U with dipole correction scheme). It might be that the final result is
caught in some local minimum resulting in the unreasonable high interface en-
ergy value. The values from the bulk-bulk heterostructure computations (Fig. B.8B.8)
make much more sense.

B.6 Assessment of the Pmn21(inv)/Pmn21 LiFeSiO4 inter-
face selection

The “predictive power“ of the ES energy for the stability of Pmn21(inv)/Pmn21
LiFeSiO4 heterostructures, and thus interfaces, is checked for the low index inter-
faces (100),(010), (001), (101) and (110) by comparing the energetic ordering of the
selected heterostructures to DFT calculations. In order to reduce computational
effort, the energetic ordering of interface structures is determined for the smallest
possible supercells. Thus, the studied structures exhibit basically no bulk parts as
the single phase layers are typically only 5-7 Å thick. It is assumed that the relative
stability of interface structures does not depend on the size of the joined bulk-bulk
supercells. The definition of the interface energies γnaive and γc is:

γnaive =
Ejoined − E(Pmn21)− E(Pmn21(inv)@Pmn21)

2A
(B.47)

γc(B) =
Ejoined − E(Pmn21, B)− E(Pmn21(inv), B) + ∆Estrain

2 · A(B)
(B.48)

∆Estrain = Etot
strain(B)−min

δ
{Etot

strain(B, δ)} (B.49)

B is the common lattice (Pmn21).
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Table B.6: Comparison of ES energy of a specific interface structure as defined
by (hkl) and ID with the calculated interface energies γnaive and γc. The marked
interfaces are studied in more detail (see tables B.7B.7 and 8.28.2).

(hkl) interface ID ES energy (eV) γnaive (meV/Å2) γc (meV/Å2)
(010) 49 -1034.19 19.8 20.9
(010) 100 -1021.25 47.5 48.6
(010) 11 -1017.42 47.5 48.6
(010) 30 -865.31 26.9 28.0
(100) 23 -1023.28 20.4 21.0
(100) 87 -1015.10 40.1 40.7
(100) 98 -1012.23 40.1 40.7
(100) 100 -1010.30 40.1 40.7
(001) 34 -1025.98 20.0 20.1
(001) 15 -1019.90 20.0 20.1
(001) 3 -1018.71 20.0 20.1
(001) 9 -728.75 2824.9 2825.0
(110) 62 -2069.02 11.8 15.5
(110) 51 -2066.85 11.9 15.5
(110) 56 -2064.95 11.9 15.5
(110) 70 -2061.34 39.2 42.8
(110) 87 -2053.11 37.4 41.0
(110) 100 -2045.19 35.6 39.2
(110) 45 -2040.35 35.4 39.0
(110) 77 -2033.5 42.5 46.1
(101) 52 -2075.30 4.7 5.4
(101) 61 -2069.01 4.7 5.4
(101) 100 -2068.30 4.7 5.4
(101) 46 -2067.80 4.7 5.4
(101) 89 -2061.31 4.7 5.4

Determined total ES energies, using charges corresponding to oxidation state, as
well as interface energies, are tabulated in table B.6B.6, where the specific interface
structure is classified by (hkl) and ID, where the ID is a classifier to discriminate
the different possible interface terminations.
Several interface structures turned out to be equivalent, as can be seen from the
equivalent γnaive values in table B.6B.6, although ES energies differed significantly.
Within one single (hkl), the ordering is according to the estimated ES energy and
it corresponds reasonably well with the interface energy ordering. In particular the
most stable interfaces can be predicted on ES grounds. 5 (hkl)-ID interfaces were
selected for further calculations of thicker heterostructures. They are highlighted
in table B.6B.6.
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Table B.7: Interface energies γnaive and γc of different (010) interfaces. Non-
converging γnaive values are highlighted in orange, the converging elastically cor-
rected interface energies in green.

interface ID interface energy slab thickness
(meV/Å2) 11.3 Å 22.5 Å 45.0 Å

49 γnaive 19.8 20.0 17.9
49 γc 20.9 22.2 22.4

100 γnaive 47.5 48.4 45.6
100 γc 48.6 50.6 50.0
11 γnaive 47.5 48.4 -
11 γc 48.6 50.6 -

The convergence was selectively tested on the three (010) interfaces by determin-
ing interface energies for thicker heterostructures. The heterostructures were con-
structed using the same amount of both phases for total heterostructure thick-
nesses of 22.5 Å (56 atoms) and 45.0 Å (112 atoms). The determined interface
energies are tabulated in table B.7B.7. Whereas γnaive values decrease for thicker slabs
(highlighted in orange), the elastically corrected interface energies γc show reason-
able convergence behavior (highlighted in green in Fig. 8.48.4).
These results indicate that ≈ 30 Å thick heterostructures result in reasonably con-
verged interface energies γc.
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Figure B.9: Total energy convergence with respect to vacuum spacer thickness. For
slab separations & 14 Å the total energy is practically converged.
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Figure B.10: Surface energy convergence with repect to slab thickness for 4 differ-
ent surface terminations using a 15 Å thick vacuum spacer. The naming convention
is as in Fig. 7.47.4.

B.7 Surface energy convergence

Convergence of total energies with respect to thickness of the vacuum layer thick-
ness in slab geometry was studied first. Fig. B.9B.9 plots the convergence of the total
energy with respect to the thickness of the vacuum spacer for a slab terminated by
(001) surfaces.
The accuracy with respect to slab thickness can be judged from Fig. B.10B.10. The
linear drift for thicker slabs is, most likely, related to a small error in the bulk
reference energy which was taken from calculations in the primitive unit cell. On
the other hand, accuracies of 1-2 meV/Å2 are sufficient for all purposes in this
thesis.
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Figure B.11: Total energies for free Polaron hopping along a linearly interpolated
A-B path. Barrier heights are sensitive to the accuracy of the BZ sampling.

B.8 Polaron hopping barrier convergence

The energetics of adiabatic polaron hopping was studied for different accuracies
of BZ integration schemes. Gaussian smearing widths, as well as k point grids
(KP), were varied. The resulting energies are compared in Fig. B.11B.11. Obviously,
the ground states, which exhibit a proper band gap, have equal energies, indepen-
dent of the used accuracy. The transition state energies, however, vary, with the
least stable found for the highest accuracy. As a result, energy barriers might be
inaccurate to up to 20 meV.

B.9 PBC correction scheme and long range behavior for bound
Polarons

Consider a crystal with ionic coordinates {Ri} and corresponding ionic charges
{Qi} such that ∑i = Qi = 0. The electrostatic energy is then given by:

E0
ES =

1
2

α ∑
ij

(1− δij)QiQj

rij
; rij = |Ri − Rj| (B.50)

The dielectric constant ε, vacuum permittivity ε0, and charge constant e are sub-
sumed as α. δij signifies the Kronecker symbol. Consider the same crystal with
Li vacancy - hole (polaron) pairs and the charges {qi}. Vacancies on sites v corre-
sponds to changing the charge Qv to 0, and holes on sites h correspond to changing
the charge Qh to Qh + Qv. In general {qi} = {Qi + Qv ∑vh(−δiv + δih)}. Subse-
quently only integer ionic charges corresponding to the oxidation states shall be
assumed and thus Qv = 1 for a Li vacancy. The electrostatic energy of this system
is:
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Evh
ES =

1
2

α ∑
ij

(1− δij)qiqj

rij
=

=
1
2

α ∑
ij

(1− δij)(Qi + ∑vh(−δiv + δih))(Qj + ∑v′h′(−δv′ j + δh′ j))

rij
=

=
1
2

α ∑
ij

(1− δij)QiQj

rij
} E0

ES (B.51)

+
1
2

α ∑
ij

(1− δij)Qi ∑v′h′(−δv′ j + δh′ j)

rij
} E1

ES (B.52)

+
1
2

α ∑
ij

(1− δij)Qj ∑vh(−δiv + δih)

rij
} E1

ES (B.53)

+
1
2

α ∑
ij

(1− δij)∑vh(−δiv + δih)∑v′h′(−δv′ j + δh′ j)

rij
} E2

ES (B.54)

The term E0
ES (eq. B.51B.51) corresponds to the electrostatic energy of the original sys-

tem (eq. B.50B.50) and E1
ES (eq. B.52B.52 and B.53B.53) to the energy of the holes and vacancies

with charges ±1 in the field of original charges {Qi}. The three terms B.51B.51–B.53B.53
are independent of the vacancy-hole arrangement as all potential vacancy sites v
are equivalent and located on the Li sublattice and all potential hole sites h are
located on the Fe sublattice and also equivalent. Therefore, the only configura-
tion dependence arises from the energy of the interacting Li vacancies and holes
as given by E2

ES (eq. B.54B.54). Consider now the case of PBC. For one vacancy and
hole per unit-cell their indices can be labelled as vn and hn for unit-cell n. The
configurational part of the ES energy per cell E2

ES/N is then given by:

E2
ES/N = − α

rv0h0
(B.55)

+
1
2

α ∑
ij

∑
n 6=0

(1− δij)(−δiv0 + δih0)(−δvn j + δhn j)

rij
(B.56)

Eq. B.55B.55 corresponds to the ES interaction within the computational unit-cell, Eq.
B.56B.56 to the spurious interactions with the periodic images. It should also be noted
that for an infinite system with only one vacancy - hole pair, E2

ES of eq. B.54B.54
reduces to eq. B.55B.55. In other words, the ES interaction energy of a single Li - hole
pair within the lattice is indeed expected to be Coulomb-like. A Makov and Payne
like correction scheme [253253] only corrects to leading order for the term B.56B.56 (dipole
correction).
The correlation in Fig. 5.125.12 indicates that the total energy can be fitted with an
expression Ẽ of the form C + γE2

ES/N with E2
ES/N given by eq. B.55B.55 and B.56B.56. C

and γ are used as fitting parameters. γ is expected to be smaller than one due to
effects of dielectric screening and errors in the assumed ionic charges. After having
obtained the fitted γ value, the numerical value of the term B.55B.55 as well as of B.56B.56
can be determined. As a result, PBC-corrected DFT energies can be obtained by
subtraction of the numerical value of eq. B.56B.56 from each DFT energy. The resulting
fit parameters are given in table B.8B.8.
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Table B.8: Results on the bound polaron energetics for the FM case. Each possible
polaron localization is labeled by a letter and an ID allowing consecutive stud-
ies. The results are sorted with increasing distance d, the Li vancancy - polaron
separation. DFT energies are the raw total energies to which the expression Ẽ, as
described above, was fitted, giving the constants C and γ where γ has no units as
it is only a scaling factor.

Fitparameters: C = -848.128 (eV), γ = 0.114513335151
Fe3+ Fe distance DFT energy E2

ES/N γα
rVH

correction corrected DFT
label ID (Å) (eV) (eV) term (eV) energy (eV)

C 108 3.05 -848.676 -4.953 -0.541 0.027 -848.649
B 107 3.1 -848.714 -4.889 -0.532 0.028 -848.686
D 95 3.1 -848.617 -4.841 -0.532 0.022 -848.595
A 97 3.15 -848.721 -4.774 -0.523 0.023 -848.698
E 110 5.41 -848.47 -3.334 -0.305 0.077 -848.393
F 104 5.42 -848.472 -3.093 -0.304 0.05 -848.422
G 109 5.44 -848.491 -3.324 -0.303 0.078 -848.413
H 101 5.48 -848.496 -3.048 -0.301 0.048 -848.448
I 98 5.88 -848.614 -3.375 -0.28 0.106 -848.508
J 106 7.03 -848.404 -2.726 -0.235 0.078 -848.326
K 105 7.05 -848.416 -2.722 -0.234 0.078 -848.338
L 102 7.39 -848.468 -2.753 -0.223 0.092 -848.376

B.10 Determination of elastic constants

In order to determine elastic constants, equation 3.613.61 is fitted to the total energy of
unit cells with different applied strains. Strains are related to transformations of
the lattice vectors, which can be represented by matrix multiplication of the lattice
matrix with a distortion matrix as explained in section 3.6.23.6.2.
Distortion matrices Fi were taken from Ref. [155155]. It should be noted, however,
that [155155] uses the infinitesimal strain definition for the subsequent fit, whereas
in this thesis the more general Lagrangian strain matrices were applied. Fi is the
nomenclature of Ref. [155155], the corresponding matrices are called Fi in this thesis.
As an example the distortion matrices F1 and F4 are:

F1 =

1 + δ 0 0
0 1 0
0 0 1

 ; F4 =

d1 0 0
0 d1 d2

0 d2 d1

 (B.57)

with d1 =
1

(1− δ2)1/3 , d2 =
δ

(1− δ2)1/3

Here, the approach shall be illustrated for Pmn21 (inv) LiFeSiO4.
As an alternative to fitting a quadratic energy expression, the internal routines
of VASP were used for determination of elastic constants at equilibrium. The
resulting elastic modulus tensors for Pmn21 (inv) LiFeSiO4 are displayed in table
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Table B.9: Elastic moduli tensors in GPa in Voigt notation for Pmn21 (inv) LiFeSiO4
as determined with the fitting procedure, and as determined using VASP inter-
nal routines. Below two examples of the fit quality using the elastic moduli and
stresses. The deformations are given by F1 and F4 of eq. B.57B.57.

Fit VASP

CFit =



84.5 39.4 29.2 0.0 0.0 0.0
39.4 105.5 31.1 0.0 0.0 0.0
29.2 31.1 98.2 0.0 0.0 0.0
0.0 0.0 0.0 24.1 0.0 0.0
0.0 0.0 0.0 0.0 36.0 0.0
0.0 0.0 0.0 0.0 0.0 38.4


CVASP =



85.5 40.4 28.6 0.0 −0.6 0.0
40.4 105.9 31.0 0.0 −0.1 0.0
28.6 31.0 97.3 0.0 −0.3 0.0
0.0 0.0 0.0 23.4 0.0 0.0
−0.6 −0.1 −0.3 0.0 36.4 0.0
0.0 0.0 0.0 0.0 0.0 37.9
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B.9B.9. Obviously, the elastic modulus tensors as obtained from the two approaches
are practically equivalent. In particular the assumption for the fitting procedure of
perfectly orthorhombic crystals does not introduce significant errors as the relevant
non-zero tensor components of the VASP calculations are very small (≈ 1% when
compared to the 9 orthorhombic components). The fitted parameters instead of
VASP’s internal results were used for the subsequent calculations, as the energy
for larger deformations is reproduced more accurately.
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Figure B.12: Temperature evolution of an AIMD run of a Sn nanowire. The se-
lected potential energy minima (maxima in T) are marked by stars. The obtained
structures were subsequently relaxed and the lowest energy structure determined.

B.11 AIMD annealing of Sn nanowires

In order to escape local minima in configuration space, ab-initio molecular dynam-
ics (AIMD) runs were performed with VASP in the microcanonical ensemble, start-
ing from relaxed nanowire structures, with an initial kinetic energy corresponding
to 600 K. In this case local-minimum initial structures, as well as rotational and
translational degrees of freedom can lead to equilibrated temperatures slightly
different from 300 K. MD integration was performed with a timestep of 5 fs (see
below) and run for 4 ps. Thermalization was obtained after ≈ 1 ps. Subsequently
the temperature evolution (∝ Ekin

tot ) was analyzed and 3 maximum kinetic energy
configurations were selected, under the constraint that they occurred at least 200
fs apart from each other. These correspond e.g. to the stars in Fig. B.12B.12. This pro-
cedure allows to select structures, which have low potential energies and are at the
same time largely uncorrelated. Subsequently, the three selected structures were
relaxed using the conjugate gradient algorithm, and the lowest energy structure
selected for drawing the annealed curve (green) of Fig. 11.211.2.

Determination of the MD timestep

In order to determine an appropriate timestep for metallic Sn [254254, 255255], the vibra-
tional spectrum for bulk β-Sn was compared to the one of the fast H2 molecule
stretching mode. In both cases ab-initio MD simulations were carried out in the
microcanonical ensemble for 1.5 ps (∆t = 1 fs) for the fast H-H stretching vibration,
and for bulk β-Sn within a 1x1x2 bulk supercell (5.967× 5.967× 6.370 Å3) for 5 ps.
The results are drawn in Fig. B.13B.13. The temperatures of Fig. B.13B.13 a) and b) are
related to the average kinetic energy per degree of freedom with 〈Ekin〉 = 1

2 kBT in
agreement with the equipartition theorem. The simulations were initialized with
a kinetic energy corresponding to 600 K for H2 and 1000 K for Sn. After a short
time, the average temperature has decreased to ≈ 500 K for H2, which is related
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Figure B.13: a) MD results of a H2 molecule inside a box of 13.0× 14.0× 19.0 Å3

and b) bulk β-Sn. c) FFT of the kinetic energy.

to the fact that there was a constant linear drift velocity of the H2 molecule within
the simulation cell. For Sn, the system thermalizes quickly and the temperature
oscillates around the average (500 K), as expected (see Fig. B.13B.13 b)). A comparison
of the oscillation frequency of H2 and Sn indicates that typical vibrations in Sn are
more than 20 times slower than for H2. The fast fourier transform (FFT) of the time
evolution of the kinetic energies in both systems is drawn in Fig. B.13B.13 c).
The observed oscillations of the kinetic energy have twice the frequency of the un-
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derlying vibrations as the kinetic energy has e.g. 2 minima and 2 maxima within
one vibrational period. Hence for relating the FFT data of Fig. B.13B.13 c) with ex-
perimental values, the FFT frequency needs to be devided by 2. As a result the
H-H stretching frequency is determined to νH−H = 0.5 · 0.2624 fs−1 =̂ 4376 cm−1.
This result is well in line with experimental (4401 cm−1)[256256] and theoretical H2
frequencies for finite difference PBE calculations (4323 cm−1)[257257].
The Sn modes with highest frequency have only νH−H = 0.5 · 0.02 fs−1 ≈̂ 330 cm−1.
As result a minimum timestep ∆t(β−Sn) ≈ 10 f s should be sufficient. To be on the
save side a timestep of 4 or 5 fs was chosen for Sn.
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[160] Hörmann, N. & Groß, A. Stability, composition and properties of Li2FeSiO4
surfaces studied by DFT. J. Solid State Electrochem. 18, 1401–141318, 1401–1413 (2014).
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