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Abstract

Nuclear magnetic resonance (NMR) is an established method for non-invasive and non-destructive

imaging and spectroscopy. The nitrogen vacancy (NV) center in diamond has emerged as a promis-

ing sensor for NMR signals at the nanoscale due to the possibility to initialize and manipulate its

spin at room temperature combined with the electron spin properties that allow to measure dif-

ferent signals. This thesis presents improvements for two main aspects of NV-NMR, advanced

NV-hyperpolarization techniques that allow to improve the signal-to-noise ratio (SNR) of NMR appli-

cations, and improved NV-sensing protocols.

The work on hyperpolarization techniques includes various improvements, adaptations, and appli-

cations of the PulsePol sequence. Introducing an additional relative pulse phase generalizes the

PulsePol sequence, allowing to perform nuclear-nuclear gates mediated by electron spins up to

twice as fast compared to standard techniques that use combinations of electron-nuclear gates.

This generalization furthermore allows to increase the robustness of the polarization transfer with

the PulsePol sequence by more than 50%, which is demonstrated to be further improved by nu-

merical optimization that also can take into account different constraints. Modifications and alter-

native sequence designs that overcome different experimental challenges are shown, including de-

signs without neighbouring pulses, sequences that can compensate two times larger errors in the

Rabi frequency, an adaptation to use pulse sequences in cavities, and a pulse design that is more

than ten times more robust to NV-NV interactions than the standard PulsePol sequence at cost of

smaller interaction strength with otherwise similar properties. We investigate the effective interaction

strength and the behaviour under various conditions analytically and numerically. We further show

that pulsed polarization sequences can be applied to other systems than NV-centers, for example to

Parahydrogen-induced polarization (PHIP), where the fast and robust transfer provides advantages

over existing methods.

The second part on improved NV-sensing protocols presents and investigates extensions of recently

developed heterodyning schemes. We show that an array of nuclear spins can be used to transform

the problem of measuring a constant magnetic field to measuring the frequency of an oscillation with

the NV center, derive the scaling of the Fisher Information with the relevant quantities, show that the

Heisenberg limit can be approached without entanglement preparation, investigate the backaction

of the weak measurements on the nuclear spins, and calculate that only about 50 nuclear spins

coupled to an NV center are necessary to outperform a regular NV center measurement. We further

adapt heterodyning protocols such that they are sensitive to frequency differences by analyzing the

effect of the pulse phases on the readout probability, and discuss under which conditions this allows

to overcome magnetic field fluctuations that would render conventional NMR signals unusable. Here
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also the advantages of using a flipflop Hamiltonian in sensing sequences, which is conventionally

used to achieve hyperpolarization, over using the conventional sensing Hamiltonian are examined.

In summary, this work investigates two essential aspects of NV-NMR. We present and improve

pulsed polarization protocols as a robust and efficient tool to achieve nuclear hyperpolarization, and

develop tools for the ideal detection of the NMR signal from nuclear spins with the NV center.
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1. Introduction and overview

Nuclear magnetic resonance (NMR) has become an important tool for non-destructive imaging and

material analysis in many fields, especially medicine, chemistry and biology. It is worthwhile to start

this introduction with a brief overview over its historical development. An important prerequisite for

this development was the discovery of the quantization of the nuclear magnetic moment of silver

atoms, the spin, by Stern and Gerlach in 1921 [9, 10]. Isidor Isaac Rabi and co-workers extended

the experimental design [11], resulting in a Nobel prize "for his resonance method for recording the

magnetic properties of atomic nuclei" [12] in 1944. In particular, the use of oscillating radiofrequency

(RF) fields allowed to change the direction of the nuclear spin orientation, which is experimentally

more convenient than rotating a magnetic field. This resonant RF driving of nuclear spins leads to

coherent oscillations between the energy levels, termed Rabi oscillations, which are essential for this

thesis. The frequency of these oscillations, the ’Rabi frequency’, is probably the most referenced

quantity within this thesis, albeit mostly in the slightly different context of Rabi oscillations of electron

spins that are driven by microwaves.

Rabi’s experiment was performed on a molecular beam of lithium chloride. In 1945, Felix Bloch and

Edward M. Purcell carried out hydrogen NMR experiments on liquid water and solid paraffin [13],

resulting in a Nobel prize in 1952. Those works paved the way for NMR spectroscopy, which aims

to identify the structure and concentration of molecules. Related Nobel prices in chemistry were

awarded to R. Ernst (1991) and K. Wüthrich (2002).

The application that is probably most present in everyday knowledge, magnetic resonance imaging

(MRI), allows clinical diagnoses without surgery or significant radiation exposure and resulted in

the medicine Nobel price for Lauterbur and Mansfield in 2003. The MRI images of brain tissue

are known to a broad public audience and of remarkable quality, in particular considering the fact

that the entire imaging process is based on thermal polarization, which has effectively only one in

tens of thousands of spins contribute to the resulting signal. Hyperpolarization techniques aim to

increase the nuclear polarization by orders of magnitude beyond the thermal limit, which increases

the signal-to-noise ratio (SNR) in NMR applications, and allows for novel imaging procedures in MRI.

Several other Nobel Prizes were awarded to scientists who contributed to the field of NMR, however

for work in different areas [14]. NMR benefited other areas of reasearch also with developments and

physical principles. One example is the control of the nitrogen vacancy (NV) center that is the main

focus of this work. The NV center is an electron spin defect in diamond that can be initialized with

laser light and manipulated with microwave (MW) driving even at room temperature. Pulses are short

applications of the oscillating field, such that the Rabi oscillations rotate the nuclear magnetisation

by a desired angle around a chosen axis. Pulses and pulse sequences play an important role in
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1. Introduction and overview

both NMR and the control of NV centers, and many of the techniques that are used in this work have

been originally developed for NMR applications.

Similar challenges apply for both regimes, for instance the pulse sequence needs to achieve a

desired effect despite varying field strength or fluctuations in the magnetic field strength. The NV

center as an electron spin that is sensitive to magnetic signals in its environment allows to perform

NMR on the nanoscale, and can also be used to hyperpolarize nuclear spins.

In this work we address key challenges in nuclear hyperpolarization and nanoscale NMR. We de-

velop, simulate and improve fast and robust pulse sequences that allow to overcome the driving

amplitude and detuning inhomogeneities that limit conventional NV-hyperpolarization protocols, and

apply them to different scenarios and systems. Furthermore we adapt and analyze heterodyning

protocols to precisely measure NMR signals despite magnetic fields inhomogeneities, that would

limit standard NMR methods, and to measure magnetic fields more precisely than a bare NV center.

We discuss the basics of NV centers, hyperpolarization and other preliminaries that are useful to

understand this thesis in chapter 2. The rest of this work is separated in two parts. In part I we

discuss several pulse sequences and applications that achieve a polarization transfer Hamiltonian,

in the second part a sensing Hamiltonian in combination with heterodyning protocols is the main

focus.

Part I starts with chapter 3, where NV-based hyperpolarization methods and the principle and prop-

erties of polarization sequences on NV centers are explained, with particular focus on the PulsePol

sequence in its original [1] and generalized [2] form. The generalized sequence is used to generate

fast and robust nuclear-nuclear gates in chapter 4 and optimized further numerically in chapter 6. In

chapter 5 we show that the application of the PulsePol sequence to parahydrogen-induced polariza-

tion (PHIP) protocols is possible and brings several experimental advantages. Part I concludes with

chapter 7, where the adaptations for pulsed polarization sequences in cavities are explained.

In Part II we use heterodyning protocols for the indirect measurement of a magnetic field via an array

of nuclear spins that is measured repeatedly with NV centers (chapter 8), and propose a modification

in the NV center pulse sequence to overcome magnetic field inhomogeneities (chapter 9).
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2. Preliminaries

2.1. Nitrogen Vacancy centers in diamond

The Nitrogen Vacancy (NV) center in diamond is a crystal defect in the diamond lattice with remark-

able properties. It is formed by a nitrogen atom and an adjacent vacancy that take the places of

two carbon atoms of the regular lattice. This results in four different orientations of the NV center

symmetry axis connecting the nitrogen atom with the vacancy, as indicated in figure 2.1.

The three unbound carbon valence electrons near the vacancy and the two remaining nitrogen

valence electrons are usually accompanied by another electron that is captured from the surrounding

crystal for a total of six electrons. We denote this defect an NV− center, or NV center as it is the

main type of NV center that we refer to in this work. While the NV0 center, that is formed without

the additional electron, offers interesting applications such as readout via spin to charge conversion

[15, 16], it is not relevant for the applications that are discussed here.

V

N

C
C

C

|±1〉

|0〉

|±1〉

|0〉

∼ 10ns

. 1ns

∼ 300ns

532nm

637nm
(ZPL)

3A2

3E

1E

1A1

Figure 2.1.: Left: The NV center consists of a nitrogen atom and a vacancy instead of two neigh-
bouring carbon atoms in a diamond crystal lattice. This allows for four different orienta-
tions of the NV symmetry axis. Right: The NV center energy level structure within the
diamond band gap features the 3A2 triplet, which is used as a qubit. The other energy
levels can be used to initialize and readout the state within the triplet. When irradiating
with green light (532nm), the |0〉 (yellow) state results in higher fluorescence than the
|±1〉 states (grey), see section 2.1.1. The right illustration is inspired by Fig. 2.4 of [17]
and Fig. 1.5 of [18].

The six electrons of the NV− center lead to an interesting electronical structure with several energy
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2. Preliminaries

levels in the diamond band gap that is shown in figure 2.1 (right). A good group theoretical deriva-

tion for the structure of the energy levels can be found in [18], and ab initio theory has allowed to

numerically calculate the most important aspects, as summarized in the review [19]. However, to

understand the applications of the NV center to nuclear spin sensing and nuclear spin manipulation,

it is sufficient to understand the processes that allow for its initialization and readout, the driving with

microwaves and the magnetic dipole-dipole interaction with nearby nuclear spins.

2.1.1. Initialization and readout

The level structure in figure 2.1 allows for fast initialization with green laser light. The transition

between the ground and excited state triplet states is spin-conserving. The excited state triplet can

decay directly to the ground state triplet, or indirectly via the singlet states. The latter decay is more

likely to occur from the |±1〉 spin states and prefers the |0〉 state as final state. Therefore, the NV

center is initialized into |0〉 after a long enough irradiation. The fidelity of this initialization depends on

the experimental conditions. At room temperature and for a single NV center, initialization fidelities

of more than 92% [20] are reported, as the laser excitation wavelength (532nm) needs to be chosen

offresonant to the zero phonon line (ZPL, 637nm). At low temperatures (8.6K), resonant excitation

can be used to lower the preparation error into the |0〉 state to 0.3± 0.1% [21].

The decay via the singlet states takes about 300ns and is therefore considerably slower than the

spin-conserving decay between the triplet states, which happens on a timescale on the order of

10ns [22, 17, 18]. While the singlet states are populated, no red fluorescence light is only observed.

As the decay via the singlet states is more likely when the NV center was initially in either the |+1〉
or |−1〉 state, less fluorescence is detected in this case compared to when the NV center is in the

|0〉 state as indicated by the yellow and grey background in figure 2.1. The fluorescence intensity is

therefore an indicator of the NV center state, and the most commonly used method for its readout.

2.1.2. Quantum mechanical description of the ground state triplet

This section is based on [2]. Reprinted with permission from [2]. Copyright (2021) by the American

Physical Society.

While all of the aforementioned energy levels are relevant to understand the initialization and readout

process, the microwave manipulation and interaction with nuclear spins is mainly relevant for the

ground state triplet. Its accurate description requires spin 1 operators Sx/y/z,1. For an NV center

placed at ~r = ~0 in a magnetic fieldB(~r), the zero field splitting and Zeeman interaction are described

by

H = DS2
z,1+γe ~B(~0)~S1 (2.1)

HereD = (2π)2.87 GHz is the zero field splitting, γe is the electron gyromagnetic ratio and the vector
~S1 = (Sx,1, Sy,1, Sz,1) contains the x-, y- and z-operators as components. This expression chooses
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2.1. Nitrogen Vacancy centers in diamond

a coordinate system based on the NV symmetry axis as z-axis and is useful for small magnetic fields

γeB � D, where the eigenstates of this Hamiltonian are close to the eigenstates of the zero field

spitting term. In the opposite regime γeB � D, it is convenient to choose the z-axis parallel to the

magnetic field. The rotated operator in the zero field splitting term then leads to an effective zero

field splitting D(θ) = D(1 + 3 cos(2θ))/4, where θ is the angle between the NV symmetry axis and

the magnetic field [23].

However, in many experimental situations, the NV center symmetry axis is aligned with the external

magnetic field and therefore the NV center is described by

H = DS2
z,1+γeBz(~0)Sz,1. (2.2)

The microwave driving is described by a term

Hmw(t) =
√

2Ω(t) cos(ωmwt+ ϕ)Sx,1. (2.3)

We focus on an microwave that is on resonance or close to resonance with one NV energy transition∣∣∣D ± γeBz(~0)− ωmw

∣∣∣ �
∣∣∣D ∓ γeBz(~0)− ωmw

∣∣∣. Then the system can be reduced to an effective

two-level system with spin-1/2 operators Si = σi/2 with σi the corresponding Pauli matrix.

The interaction with other spins can be described as ~S
↔
A~I with the hyperfine tensor

↔
A. For distant

nuclear spins, which are the main focus of this work, the coupling is dominated by magnetic dipole-

dipole interaction that takes the form

Hdd = ~S
↔
A~I = −µ0γeγn~

4πr3

[
3

(
~S
~r

r

)(
~I
~r

r

)
−
(
~S~I
)]

(2.4)

where the magnetic constant µ0 and ~ are natural constants, ~r is the vector connecting the electron

and nuclear spin and γn is the nuclear gyromagnetic ratio. The most relevant spin types are carbon-

13 and hydrogen-1, with gyromagnetic ratios of γ13C = (2π)10.71 MHz/T and γ1H = (2π)42.58

MHz/T [24] respectively, which are about three orders of magnitude smaller than the electron gyro-

magnetic ratio of γe = (2π)28025 MHz/T [25]. Carbon-13 is a naturally occuring isotope of carbon

with about 1.1% natural abundance. Therefore many nuclear spins of this type are present in dia-

mond, the host material of NV centers. As carbon is an essential element that is present in many

molecules, carbon-13 plays an important role in NMR and MRI outside the diamond. Molecules

with carbon-13 enriched carbon atoms have been used in MRI to obtain precise information about

the metabolism, allowing, for example, to identify prostate cancer more accurately than conventional

MRI [26]. Here hyperpolarization allows to obtain a considerably increased signal amplitude, see

section 2.3.

Note that the nitrogen-14 or nitrogen-15 nuclear spin of the NV center nitrogen atom does also

couple to the NV center electron spin. While this strongly coupled spin with interaction strength in the

single digit MHz regime [27] can be manipulated and has relevant implications for some protocols,

its main effect for NV center pulse sequences is the splitting of each NV microwave resonance into
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three lines. This effect is not relevant for robust pulse sequences in this work and we therefore can

neglect this interaction, except for the discussion around equation (3.12).

Having several nuclear spins interact with the NV center and removing all interaction terms that are

averaged during the secular approximation because they do not commute with Sz,1, we obtain

H(t) =DS2
z,1+γeBz(~0)Sz,1+

∑

n

γnBz(~rn)Inz

+ Sz,1
∑

n

~An~In +Hmw(t), (2.5)

where we have the nuclear spin-1/2 operators Ini = σni /2, i = x, y, z of the n-th nuclear spin with σi
the corresponding Pauli matrix. After the secular approximation the coupling of each nuclear spin to

the electron spin is, instead of depending on all components of the hyperfine tensor
↔
A in equation

2.4, solely determined by the hyperfine vector ~An given by

~An =
µ0γeγn~
4π|~rn|3

[
ẑ − 3

(ẑ · ~rn)~rn
|~rn|2

]
, (2.6)

where ~rn describes the position of the corresponding nucleus. We now reduce the electronic

Hilbertspace to the space spanned by |ms = 0〉 and |ms = +1〉, effectively choosing our work-

ing qubit. Using |ms = −1〉 instead of |ms = +1〉 would lead to similar expressions, but reverting

all signs of the hyperfine vector. Adapting the microwave control to drive transitions between those

levels, it takes the form

Hmw(t) = 2Ω(t) cos(ωmwt+ ϕ)Sx, (2.7)

where Ω(t) is a time dependent Rabi frequency and 2Sx = σx = |0〉〈+1|+ |+ 1〉〈0|. In a frame ro-

tating with respect to the zero field splitting and the microwave frequency ωmw, the total Hamiltonian

can be written as H = H0 +Hmw, where

H0 =
∑

n

~ωn·~In + Sz
∑

n

~An·~In, (2.8)

Hmw =∆Sz + Ω(t) [Sx cos(ϕ) + Sy sin(ϕ)]

and the strongly oscillating terms are neglected. Here we defined 2Sz = σz = |+1〉〈+1|−|0〉〈0| and

2Sy = σy = i|0〉〈+1| − i|+ 1〉〈0|. The detuning from the electronic transition frequency is denoted

as ∆ and the phase ϕ of the drive selects the axis around which the qubit’s Bloch vector rotates.

Note that the Larmor vector of the nuclear spins is now further modified by the hyperfine coupling as

~ωn = γnBz(~rn)ẑ +
1

2
~An. (2.9)

This shift originates from the reduction of the three-level NV spin-1 to the two-level system and can

be understood as an additional magnetic field created by the electron spin, with its magnitude being

the average of the vanishing field in |0〉 and the field ~An in |1〉, see also [28]. In particular, this is the
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reason why, as explained and utilized in chapter 4, single nuclear spin addressing becomes possible

for identical species and homogeneous magnetic fields.

We change the basis for each nuclear spin individually such that the Larmor term ~ωn = ωnω̂n defines

the new z-axis and the new y-axis can be chosen such that the Hamiltonian does not contain an Iy
operator. We obtain

H0 =
∑

n

ωnI
n
z + Sz

∑

n

(
an⊥I

n
x + an‖I

n
z

)
, (2.10)

where a‖ = ω̂n ~An describes the coupling parallel to the Larmor vector and a⊥ =
√
| ~An|2 − a2

‖ is

the orthogonal component.

2.2. Microwave pulse sequences, Quantum Sensing and

Heterodyning protocols

A fundamental difference between NV centers and nuclear spins is the possibility to control the

former using microwaves. Nuclear spins can be controlled with radiofrequency (RF) fields, even

selevtive control is possible [29], however the achievable Rabi frequency is in the kHz range due to

the small nuclear gyromagnetic ratio.

To use the microwave control of equations (2.7, 2.8) in an experiment, the microwave frequency

ωmw and the Rabi frequency Ω need to be estimated. In an optically detected magnetic resonance

(ODMR) experiment [30, 17], driving of different frequencies is applied. When ωmw is resonant to

one of the NV energy transitions |0〉 ↔ |1〉 or |0〉 ↔ |−1〉, population is transferred, resulting in

smaller fluorescence for the desired frequency. Driving the NV center resonantly reveals oscillations

in the |0〉 state populations with respect to the driving time, from which the Rabi frequency Ω for

different microwave input is calibrated.

Driving for a time tπ = π/Ω inverts the NV population of the resonant transition, which we will refer

to as a π-pulse. Driving for half of this time, a π/2-pulse, rotates the NV state by π/2 around the

axis which is defined by the pulse phase, putting |0〉 into a superposition of basis states. These

pulses allow to manipulate the NV center itself, which ultimately allows to tune the interaction with its

environment. Most importantly, the 180◦ rotation of a π-pulse inverts the NV population |0〉 ↔ |±1〉
and therefore changes the sign of the ∆Sz term in equation (2.8). A constant or slowly oscillating

detuning ∆, that could emerge from a drifted magnetic field compared to the calibration, a misaligned

diamond or local effects on the NV center, can therefore be refocused. Neglecting other spins than

the NV center electron spin for the moment, two waiting times τ that are separated by a π-pulse lead

to a unitary evolution

U = exp (−iτ∆Sz)πX exp (−iτ∆Sz) , (2.11)

which, for a perfect π-pulse πX = −2iSx = −iσx, is an identity up to a global phase. Therefore

static or slowly oscillating noise is corrected. The Hahn-echo sequence [31] consists of a π/2-pulse

that is followed by the described waiting time, π-pulse and another waiting time. Despite different
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values of ∆, at the end of the sequence all spins are refocused to the same state, leading to an

’echo’. To ensure better decoupling from environmental effects, more π-pulses can be used. The

Carr-Purcell-Meiboom-Gill (CPMG) sequence [32, 33] consists of waiting times that are separated

by π-pulses of the same phase (τ/2− πX − τ/2)N , where the exponent N describes that the basic

block is repeated N times.

However, when the pulses are not perfect but affected by pulse errors, those errors accumulate

and lead to a different evolution than desired. Amplitude errors, which we also refer to as Rabi

frequency errors in this work, result from applying a different Rabi frequency Ω + δΩ than the in-

tended Ω, leading to an over- or underrotation for each pulse. The previously described detuning

errors ∆ does not only change the free evolution of the NV center, but also has an effect dur-

ing pulses by altering the rotation axis and phase. The pulse sequences that we discuss in this

work should be robust to these errors, i.e. their effect under errors should not differ from their

effect without errors. The CPMG sequence is not particularly robust to these errors, so different se-

quences were developed. The XY4-sequence [34] alternates between π-pulses in X- and Y-direction

(τ/2− πX − τ − πY − τ/2)N , which corrects pulse errors significantly better, drastically increasing

the number of pulses that can be applied in a system with pulse errors without losing coherence

[35]. Further improvements, like the XY8 and XY16 sequences [36], provide even higher robustness

to errors, increasing the spin coherence time by several orders of magnitude [37].

Those dynamical decoupling (DD) pulse sequences were designed to maintain the quantum state by

decoupling its evolution from environmental effects. In quantum sensing, however, DD sequences

can be used to make spins sensitive to only a specific frequency of an ensemble of oscillating fields.

A classical AC signal, for example resulting from the oscillation of the magnetic field, with a frequency

ωc will lead to an additional term Ac cos(ωct + θc)Sz in the NV Hamiltonian, with amplitude Ac and

phase θc. After the NV center is initialized to the |+〉 = (|0〉+ |1〉)/
√

2 eigenstate of the Sx operator

using a π/2-pulse on the initial state |0〉, the system is allowed to evolve freely. The oscillating field

has no effect, as over a full oscillation of cos(ωct + θc) no relative phase between the |0〉 and |1〉
states is obtained, the times with positive and negative sign cancel and the term averages to 0. For a

general DD sequence the accumulated phase still vanishes as shown on top of figure 2.2. However,

when the pulses are applied with a spacing that is an odd multiple of π/ωI , we see a different effect:

For the correct choice of θc, the π−pulses are applied whenever the sign of the ac signal switches,

leading to an accumulation of the relative phase between |0〉 and |1〉. This is illustrated in the second

to sixth graph of figure 2.2, where the accumulated phase is represented by the blue area under the

red signal. Different initial phases lead to a partial cancellation of accumulated phases (cyan) in the

graphs below, but in most cases a net phase is accumulated. Consequently, the initial |+〉 NV state

changes to a different superposition, and reading out after a π/2-pulse reveals that the dynamical

decoupling sequence lead to coupling with this ac signal.

Nuclear spins behave similar to the ac signal. When there is a nuclear magnetization component

perpendicular to the magnetic field, as it results from thermal polarization after a RF π/2-pulse

or from statistical polarization [17] due to the random orientation of a small number of spins, this

component oscillates in the x-y-plane due to the ωIz term in equation (2.10). This Larmor precession
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← τ →

φ = δτm

Ac

Readout
probability ∼ 〈Sz〉

Figure 2.2.: Measurement of the frequency of an oscillating signal using a dynamical decoupling
sequence: Only when the pulse spacing τ is an odd multiple of half the Larmor fre-
quency τ = nπ/ωL, the product with the modulation function (2.12) will result in phase
accumulation (blue), otherwise the phases cancel (top, cyan). The magnitude of the
accumulated phase depends on the initial signal phase (lower graphs). When they are
correlated, additional information on the oscillation between measurements can be ob-
tained (right). This illustration is inspired by Fig. 2 of [38].

leads to an oscillating x-component cos(ωt+θ) with a phase θ that is determined by the initial Larmor

vector. This oscillation affects the NV center in the Sza⊥Ix term according to equation (2.10), leading

to an effect comparable to the classical signal.

Alternatively we can derive an effective Hamiltomian for the interaction between the NV center and a

nuclear spin, by moving equation (2.10) to a rotating frame with respect to ωIz. Here we simplify the

notation to only a single nuclear spin, the treatment of several spins is analogous. We can describe

the effect of the π−pulses using a modulation function f(t) that is 2τ -periodic and changes its sign

whenever a pulse is applied as

f(t) =





1, for 0 ≤ t ≤ τ
−1, for τ ≤ t ≤ 2τ

f1(t− 2τ), for t ≥ 2τ,

(2.12)

which leads to

H0 = f(t)Sz
(
a⊥(Ix cos(ωt)− Iy sin(ωt) + a‖Iz

)
. (2.13)

By expressing f(t) as a Fourier series, we observe that the Hamiltonian (2.13) only contains terms
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that do not oscillate over time and therefore vanish in the rotating wave approximation when f(t)×
cos(ωt) or f(t)× sin(ωt) contains a constant term. This is the case for τ = kπ/ω for an odd integer

k. Then the effective Hamiltonian is proportional to SzIx, which means the NV center |+〉 state

changes its direction in the x-y-plane of the Bloch sphere according to the x-projection of the nuclear

spin, as we also discovered with the previous argument.

Such measurements allow to determine whether spins or classical signals with a certain frequency

are present, as only then the NV state direction only changes during the DD sequence. We refer

to these measurements as sensing, and to Hamiltonians of the form SzIx as sensing Hamiltonians

throughout this work. Note that sensing with NV centers covers a larger range of measurements, for

example temperature measurements [39].

The constant of proportionality in the effective Hamiltonian contains the corresponding Fourier co-

efficient. The Fourier coefficients for different sequences are calculated at different sections in this

work when needed, for example in equation (8.3) for the first resonance of sensing sequences that

are described by equation 2.12.

The DD sequence also increases the lifetime of the electron spin by decoupling from all nonresonant

signals. However, the application time of sensing sequences and therefore the accumulated signal

is still fundamentally limited by the NV T2 coherence time. The T2 time is the time in which the

NV state magnetisation in the x-y-plane decays by a factor 1/e in an echo or DD sequence. The T ∗2
time describes the decay without an echo or DD sequence, and is therefore typically much shorter as

magnetic field inhomogeneities are not corrected. The T1 time describes the decay of magnetisation

in z-direction by a factor 1/e back to the thermal equilibrium, and the T1,ρ time describes this decay

under the application of a spin-locking protocol (constant driving) of magnetisation in the spinlocking

direction. The terminology stems from NMR, where these times have important implications. For

MRI their difference for different tissue and material, mainly the difference in T1 and T2 times, is what

allows to obtain contrast in MRI images with different MRI sequences.

Recently developed heterodyning techniques [38, 40, 41], termed QDyne [38] in this work, allow to

combine several measurements systematically, overcoming the NV T2 time. For signals originating

from nuclear spins, QDyne is limited by the much longer nuclear T2 or T ∗2 times instead, all measure-

ments (including classical signals) are ultimately limited by the local oscillator reference that is used

to determine the time for measurements. In QDyne a constant waiting time between subsequent

measurements τm allows to obtain additional information, as the phase θn = nδτm + θ0 of the n-th

measurement contains information about the frequency ω = δ + ωreference that is to be measured,

where θ0 is determined by the initial Larmor vector again and ωreference describes a classical clock

that is used to determine when measurements are taken. In figure 2.2 individual signals that emerge

from waiting times τm are shown. They accumulate different phases (blue). When these phases or

the NV readout probability that depends on them are correlated, an oscillation that contains infor-

mation about the phase difference φ is revealed (right). This leads to a T 3 scaling of the Fisher

Information (see section 2.4.1) with the measurement time T , compared to the linear scaling that is

obtained when independent measurements are combined. A detailed discussion of the effects for

the nonclassical signal emerging from nuclear spins is presented in chapter 8.
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2.3. Hyperpolarization

In the previous section we discussed that nuclear magnetization that processes in the x-y-plane of

the bloch sphere generates a signal, and that we can infer the nuclear Larmor frequency from the

frequency of this signal. This property of the microscopic sensing approach with a single NV center is

shared with the standard nuclear magnetic resonance and magnetic resonance imaging techniques,

where the signal from an ensemble of nuclear spins is measured with a macroscopic coil. Major

differences are effects resulting from the quantum nature of the NV sensor and the smaller sample

volume required by nanoscale sensors [7]. Both approaches are therefore fundamentally limited

by the nuclear magnetization, with which the signal-to-noise ratio (SNR) scales linearly. In most

applications, the magnetization is generated with a π/2-pulse from thermal polarization. Thermal

polarization at room temperature only achieves a tiny fraction of the signal that would be possible with

fully magnetized spins. For hydrogen spins and a magnetic field of 3T, the Boltzmann distribution

results in a magnetization

exp(γHB/kBT )− exp(−γHB/kBT )

exp(γHB/kBT ) + exp(−γHB/kBT )
∼= γHB

kBT
(2.14)

=
1.0510−34Js× 2π × 42.577MHz/T× 3T

1.38× 10−23J/K× 300K
∼= 2.0× 10−5, (2.15)

which means the signal of 25000 nuclear spins is the same as one fully polarized spin would cre-

ate. As the carbon-13 nuclear spin possesses a four times smaller gyromagnetic ratio, the thermal

polarization and therefore the signal is smaller by an additional factor 4 for carbon-13.

Higher magnetic field and lower temperature increase the nuclear magnetization, but bring addi-

tional technical challenges. Hyperpolarization describes the process of artificially increasing the

magnetization beyond the Boltzmann equilibrium.

Different systems and methods exist. Optical pumping of noble gases allows to polarize their nuclear

spin. Helium-3 and Xenon-129 are the most relevant examples, featuring a nuclear spin-1/2. Spin

exchange optical pumping (SEOP) is the most common method. Here circularly polarized light

excites atoms of a heated alkali metal vapor. The resulting eletronic spin polarization is transferred

to the noble gas nuclear spin in collisions via Fermi-contact interactions. The hyperpolarized noble

gases can, for example, be used in lung MRI [42].

Parahydrogen-induced polarization (PHIP) [43] uses hydrogen gas that is enriched in parahydrogen

compared to parahydrogen beyond the thermal equilibrium ratio of 1:3. This approach is described

in more detail in chapter 5.

Dynamic nuclear polarization (DNP) describes a variety of methods that use electron spins that are

driven by microwaves for this purpose. Electron radicals, molecules with unpaired electron spins,

have been used to enhance the nuclear spin polarization by more than 10000 [44], using cryogenic

temperatures to achieve high electron spin polarization.

The NV center as an electron spin that can be initialized at room temperature offers several advan-

tages over electron radicals, see also section 3.1. A system that offers similar DNP properties are
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photoexcited triplet-state (PET) molecules. Unlike the NV center, their ground and excited states are

singlets. However, here a triplet can be reached via the intersystem crossing after exciting the sys-

tem with light. The energy level scheme (see, for example, figure 2 of [45]) therefore has a structure

that is similar to the NV level scheme in figure 2.1, however with singlets instead of the triplet states

and a triplet state instead of the singlet states. The spin degree of freedom is only available in the

triplet state, which has a lifetime on the order of 50 µs, and a initialization fidelity of 90% [45]. Even

the system Hamiltonian and the coupling to nuclear spins have properties very similar to the NV

center. Therefore it is not surprising that similar DNP methods have been applied for both systems,

including the integrated solid effect (ISE) and nuclear orientation via electron spin locking (NOVEL).

DNP methods for NV centers are discussed in more detail chapter 3.

2.4. Fisher Information, Fisher Information Matrix and Cramer-Rao

lower bound

Fisher Information is a concept to quantify the knowledge gained about a quantity that is to be

measured. The definitions and notation in this section are largely based on references [46, 47, 48].

Based on them we derive the basic formulas for part II.

2.4.1. Fisher Information

In this section we want to find a bound on how precise we can measure an unknown quantity θ

with an experiment that has different possible outcomes x. We use the notation p(x; θ) from [46] to

denote the family of probability density functions that describe the probability to obtain the data x for

different values of θ, which is a fixed unknown parameter as long as the same system is measured.

For the readout of a quantum two-level system, which we focus on in this work, the possible values x

are the eigenstates of the measured observable, and we can limit the discussion to discrete values

of x. For example, the readout of a state cos(θ) |↑〉 + sin(θ) |↓〉 with σz = |↑〉 〈↑| − |↓〉 〈↓| results in

p(|↑〉 ; θ) = cos2 θ.

The problem to extract θ from a measured data set x = {x[1], x[2], ..., x[N ]}, that consists of N

measurement results, can be expressed as defining an estimator [46]

θ̂ = g(x[1], x[2], ..., x[N ]) (2.16)

with a function g.

The specific form of the estimator is not important for the following relations, but we assume it

satisfies the following conditions. The first condition is unbiasedness, which means the expectation

value of the estimator, averaged over all possible measurement outcomes, must be the true value

〈θ̂〉 = θ. (2.17)
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Furthermore we assume the regularity condition

〈∂ ln p(x; θ)

∂θ
〉 = 0 ∀θ (2.18)

is satisfied. The Fisher Information

I[p(x; θ)] = −
∑

x

p(x; θ)
∂2 ln p(x; θ)

∂θ2
=
∑

x

p(x; θ)

(
∂ ln p(x; θ)

∂θ

)2

(2.19)

=
∑

x

(∂p(x; θ)/∂θ)2

p(x; θ)
(2.20)

is connected to the minimum variance that can be achieved with any estimator. One property of

the Fisher Information is its additivity for independent events, which can be derived by inserting

the probability p(1,2)(x; θ) = p(1)(x; θ)p(2)(x; θ) of a measurement record with several outcomes,

which, for independent measurements, is the product of the individual probabilities p(i)(x; θ) for

the corresponding outcomes, into equation (2.19). The logarithm rules directly lead to the result

I[p(1,2)(x; θ)] = I[p(1)(x; θ)] + I[p(2)(x; θ)], which is relevant for long measurement records that

appear in this work. We therefore use the notation

IN = I[p(1,2,...,N)(x; θ)] =
N∑

n=1

I[p(n)(x; θ)]. (2.21)

The cramer-rao lower bound (CRLB) provides a lower bound on the minimum variance for the esti-

mation of θ:

∆2θ >
1

I[p(x; θ)]
. (2.22)

Note that the description of the Fisher Information presented here is classical. The concept can

be extended to quantum measurements [49]. While in this work in chapters 8 and 9 we restrict

ourselves to certain readout procedures, the optimization over all quantum measurements in the

quantum Fisher information (QFI) is more general.

2.4.2. Fisher Information Matrix

A general probability density function can depend on more than one unknown quantity, which can

be rephrased by using a vector ~θ in p(x; ~θ).

The Fisher Information matrix [46] contains second derivatives with respect to the components θj of
~θ:

Iij [p(x; ~θ)] =
∑

x

−
(
∂2 ln p(x; ~θ)/∂θi∂θj

)

p(x; ~θ)
(2.23)

The CRLB now depends in the diagonal components of the inverse of this matrix:
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∆2θi >
1[

I−1[p(x; ~θ)]
]
ii

. (2.24)
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Part I.

Pulse sequences for hyperpolarization
with NV centers in diamond
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3. Pulsed Polarization sequences

3.1. Hyperpolarization using NV centers in diamond

Hyperpolarization describes is the artificial increase of the magnetization of nuclear spins contained

in a sample beyond the thermal equilibrium that is a Boltzmann-distribution, see also section 2.3

for a detailed summary and overview over different hyperpolarization techniques. NV centers, which

are introduced in section 2.1, have several favorable properties to achieve nuclear hyperpolarization.

First, it is straightforward to initialize and therefore polarize NV centers even at room temperature

by laser irradiation. In contrast, techniques based on electron radicals [44] require cryogenic tem-

peratures to achieve the necessary electron radical polarization. In addition, for in vivo applications

the electron radicals need to be filtered out before the injection into living organisms, requiring time

during which T1 processes decrease the nuclear magnetization. For example in [26], the "median

time to deliver the agent was 66 s, and uptake was observed about 20 s after injection." This duration

was larger than the nuclear T1 time, and therefore hyperpolarization techniques that do not require

this costly procedure can improve the signal to noise ratio.

Quantum manipulation techniques for NV centers in diamond allow to transfer the polarization from

the NV centers to nuclear spins that are coupled to the NV center. A device that polarizes a desired

liquid that flows on the diamond surface, as for example suggested in [50], eliminates the require-

ment of filtering out electron radicals. The NV center can be manipulated even at room temperature,

therefore NV-based hyperpolarization techniques can omit the expensive and time-consuming cool-

ing to cryogenic temperatures. NV centers share these advantages with other electron spin systems,

for example photoexcited triplet states (see section 2.3), therefore the techniques and discussions

that are presented here can be applied in a similar way.

Instead of the naturally occurring interaction in Eq. (2.10) that, without additional microwave control

Ω(t) = 0, conserves the energy of the electronic spin, we now aim to create a coherent polarization

exchange interaction of the form SxI
n
x ±SyIny . This interaction can be achieved by applying different

control techniques on the electronic spin, of which we will detail some in the following.

3.2. Overview over different polarization transfer techniques for NV

centers in diamond

The main focus of this work are protocols that achieve a coherent polarization exchange interaction

of the form SxI
n
x ± SyI

n
y using microwave control on the NV center. Other methods use the NV
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center ground state level-anticrossing (GSLAC) [51] to match the NV energy splitting to the nuclear

Larmor frequency, continuous incoherent NV repolarization in combination with coherent microwave

driving [52] or microwave field sweeps [53] instead. The integrated solid effect (ISE) [54, 23, 55] also

belongs to the latter category.

All protocols have in common that they need to overcome the difference in electron and nuclear

Larmor frequencies, which, in the high magnetic field regime γeB � D is about three orders of

magnitude depending on the nuclear spin species. Only when the energy differences are similar,

the relevant term a⊥SzIx of the NV-nuclear interaction will not vanish after a rotating-wave approxi-

mation. From a classical viewpoint, this corresponds to energy conservation: only when the energies

of |↑↓〉 and |↓↑〉 are equal, the transition is energy-conserving and therefore allowed. Coherent pro-

tocols achieve this and therefore the Hamiltonian SxInx ±SyIny by modifying the electron spin energy

level difference with microwaves to match the nuclear spin energy gap, as shown schematically in

figure 3.1.

rotating

frame

~I~S

|D ± γB| ωL Ω ωL

Figure 3.1.: Schematic illustration of energy levels for NV-nuclear polarization transfer. Left: The
NV center electron spin (~S, red) energy gap |D ± γeB| is considerably larger than the
nuclear spin energy gap ωL (~I, grey). When microwave driving is applied onto the NV
center, it can be brought into resonance with the nuclear spin (right).

π
2

Y Spin locking, X: Ω = ωL

π
2

Ȳ

Figure 3.2.: The basic NOVEL protocol consists of a spin locking pulse with a Rabi frequency that
is resonant to the nuclear Larmor frequency Ω = ωL between two π/2 pulses that are
phase-shifted by π/2 compared to the spin locking pulse. Note that the last pulse is
irrelevant when polarization transfer from the NV center to the nuclear spins is desired,
while the first pulse is not needed when the transfer is desired from the undriven spin to
the driven spin as in section 5.

A simple example of this effect is nuclear orientation via electron spin locking (NOVEL) [56], which

uses spinlocking of the electron spin at the Hartmann-Hahn resonance. The protocol, which is

shown in figure 3.2, is based on and named after a spin locking pulse with a Rabi frequency that is
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resonant to the nuclear Larmor frequency Ω = ωL. This pulse is embedded between two phase-

shifted π/2-pulses, which result in a basis change for the NV center such that a NV center, that is

initially in a |0〉 or |±1〉 eigenstate, is in an eigenstate of the spinlocking Hamiltonian ΩSx after the

first pulse. When the driving is not resonant with other spins, this spinlocking of the eigenstate is an

effective way of protecting the NV state from decoherence [57], however here we are interested in

the resonant dynamics that allow polarization transfer.

Mathematically we understand the dynamics using the Hamiltonian in equation (2.10), which, for the

sake of simplicity, we reduce to a single nuclear spin

H0 = ωLIz + Sz
(
a⊥Ix + a‖Iz

)
+ ΩSx, (3.1)

where the driving term ΩSx locks the electron spin in its eigenstate during the driving. The π/2-

pulses change the x- and z-basis for

H0 = ωLIz − Sx
(
a⊥Ix + a‖Iz

)
+ ΩSz, (3.2)

which we write in a rotating frame with respect to ωLIz + ΩSz to obtain

H0 = (Sx cos(Ωt)− Sy sin(Ωt))
(
a⊥ (Ix cos(ωLt)− Iy sin(ωLt)) + a‖Iz

)
+ ΩSz (3.3)

= −a⊥
2

(SxIx + SyIy) + rot. (3.4)

when the resonance condition Ω = ωL is met. The rotating terms can be neglected for a⊥ � ωL,

which is common for the weakly (a⊥ < (2π)100kHz) coupled spins that are the focus of this work.

Only a flipflop term remains, therefore the desired interaction is achieved. The sign does not change

the dynamics, and we therefore write

HNOVEL =
a⊥
2

(SxIx + SyIy) . (3.5)

One advantage of NOVEL is the faster transfer on resonance due to the prefactor a⊥
2 that is larger

than for most other methods. While this protocol can be used effectively to polarize carbon-13 spins

coupled to a single NV center spin in diamond [55], it is not particularly robust to control errors. If,

for example the Rabi frequency differs from the nuclear Larmor frequency due to a frequency error

δΩ = Ω− ωL, the frequencies in figure 3.1 differ by δΩ. In the classical picture, this transition would

not be energy conserving. A similar situation is found in case of a detuning, which is described by

an additional term ∆Sz in equation (3.1). This term leads to a splitting
√

Ω2 + ∆2 of the energy

eigenstates which does not match the nuclear Larmor frequency, but leads to the behaviour in the

inset of figure 3.6 instead. The low robustness to detuning becomes therefore problematic when the

detuning is not considerably smaller than the Rabi frequency, which matches the nuclear Larmor

frequency Ω = ωL, i.e. for small magnetic fields and therefore small Rabi frequencies and for

disordered samples with large detuning values. In the case of the NV center that is used to polarize

nuclear spins, spin defects near the surface can detune the NV center electron spin. In the case

of randomly oriented nanodiamonds where, depending on the orientation, the resonance frequency
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3. Pulsed Polarization sequences

varies by more than (2π)3 GHz, which is much larger than the typical Larmor frequencies of few MHz

at typical field strengths of hundred(s) of mT. A more detailed analysis of the robustness of NOVEL

is presented during the comparison with PulsePol in the following section, in particular figures 3.5

and 3.6.

Different approaches can be used to increase the robustness, for example introducing additional

π-pulses leads to a moderate improvement [58]. Modulation of the spinlocking driving amplitude or

phase [59, 60, 61], such that the desired energy difference between the NV eigenstates is created in

a second rotating frame, also can provide improved robustness and reduce the power consumption

further, which benefits applications under power or cooling constraints. However, all these protocols

require a quantity of the microwave drive to be resonant with the nuclear Larmor frequency. In

the following section we introduce pulse sequences, which achieve resonance by a time difference

between microwave pulses instead, and provide drastically increased robustness to control errors at

the cost of higher peak and average power consumption.

3.3. Introduction to pulsed polarization sequences

This section aims to give an introduction to pulsed polarization sequences and the ideas and figures

are mainly based on reference [1]. It therefore contains results of my master’s thesis [62], but is

essential to understand the following chapters and also includes new aspects that were investigated

after the completion of [62].

Sensing sequences consisting of equally spaced population inverting pulses like the Carr-Purcell-

Meiboom-Gill (CPMG) sequence [32] or the XY-family [34] create an effective SzIx,y interaction

between the electron spin qubit and nuclei with Larmor frequency ωj by choosing the delay between

pulses τ according to τ = kπ/ωj , where k is an odd integer. Note that delaying the start of the

sequence with respect to t = 0 effectively chooses the nuclear spin interaction operator Ix,y, i.e.

a convex combination of Ix and Iy. Further, additional pulses can map the effective electronic

operator, e.g. a π/2 pulse transforms the interaction into SxIx,y.

Pulse sequences allow to achieve fast transfer while simultaneously correcting experimental errors.

However, it is non-trivial that a sequence of pulses can achieve a flipflop Hamiltonian between the

NV center and nearby nuclei from the Hamiltonian in equation (2.10) by using only microwave pulses

of arbitrary length and phase and waiting times in between. To give a basic example of a polariz-

ing pulse sequence, we need the following four considerations. First, train of π-pulses achieves a

Hamiltonian of the form H ∼ SzIx, when the pulse spacings are equal to an odd multiple of π/ωL.

Second, the Sz operator can be manipulated to Sx, Sy or a linear combination of those operators

using π/2-pulses before and after the sequence. Third, the Ix operator is manipulated with a waiting

time, for example the Larmor precession during a time π/(2ωL) rotates the nuclear spin state from

a σx eigenstate to a σy eigenstate. This is equivalent to rotating the nuclear spin operators in the

same way.

However, these modifications on a π− pulse train only allow to generate a Hamiltonian of the form
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3.3. Introduction to pulsed polarization sequences

H ∼ (Sx cos(φ1) +Sy sin(φ1))(Ix cos(φ1) + Iy sin(φ1)). The fourth ingredient is the commutation of

the terms SxIx and SyIy due to the anticommutation of the pauli matrices, as

[SxIx, SyIy] = SxSyIxIy − SySxIyIx = SxSyIxIy − (−SxSy)(−IxIy) = 0. (3.6)

Therefore it is possible to create the evolution operator

U = exp (−iα (SxIx + SyIy)) = exp (−iαSxIx) exp (−iαSyIy) (3.7)

with two π− pulse trains with additional π/2-pulses and a π/(2ωL) time in between, as for example

used in [63]. However, the effective Hamiltonian

H =
a⊥
π

(SxIx + SyIy) (3.8)

has a prefactor that is smaller by a factor π/2 compared to NOVEL. Furthermore, this Hamiltonian

looses validity if decoherence and interactions with other spins that happen on a smaller timescale

than the full sequence are present, as these aspects were not included in the derivation. One can still

decrease the time of the sequence to achieve smaller transfer that is less impaired by decoherence,

but this doesn’t completely solve the problem for fast effects. In addition, when the coupling a⊥ is

unknown, it is difficult to apply the Hamiltonian for the correct duration.

Figure 3.3.: Illustration of the creation of a polarization exchange Hamiltonian SxIx + SyIy using a
pulse sequence: A train of π-pulses can create Hamiltonians of the form SzIx,y. Their
combination with π/2-pulses of suitable phases leads to the desired Hamiltonian due to
the commutation of SxIx and SyIy. This figure has been published in [1].

These complications can be avoided when the effective Hamiltonian is produced on a smaller

timescale. A simple scheme to achieve this is shown in figure 3.3. Here the basic blocks of SxIx
and SyIy interaction are created with SzIx interactions that consist of π-pulses that are manipulated

according to the aforementioned rules. However, this method does not provide a sequence that is

robust to pulse errors.

Based on the demand for good robustness to detuning and Rabi frequency errors, in [62] the Pulse-

Pol sequence [1] was derived, which is shown in figure 3.4. It consists of two composite pulses of

the form (π/2)Y πX(π/2)Y , with a relative phase to each other. This composite pulse is known to
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Figure 3.4.: The basic PulsePol sequence consists of blocks of two phase-shifted composite pulses
of the form (π/2)Y πX(π/2)Y with waiting times τ between π- and π/2-pulses. A block is
repeated 2N times, creating an effective flipflop or flipflip Hamiltonian when a resonance
condition τ = n/4π/ωL with an odd integer n is met. This figure has been published
in [1]. Note that the definition of τ in this thesis differs by a factor 4 from [1] to ensure
consistency with [2].

be robust to amplitude errors [64]. The intuitive picture that is given in figure 3 of [64] is that the

over- or underrotation that is caused by the first (π/2)Y pulse is compensated in the second (π/2)Y

pulse due to the πX pulse in between. Furthermore the combination of two phase shifted pulses

usually offers good error correction [64]. In particular when we, following the previous argument,

replace each composite pulse by its centering π-pulse ((π/2)Y πX(π/2)Y → πX ), we obtain the

XY4-sequence [34], which is more robust to control errors than the CPMG sequence [32], as for

example analyzed in [37], and therefore constitutes a commonly used pulse sequence in dynamical

decoupling. To achieve coupling to nearby nuclear spins, a waiting time between the pulses has

to be resonant with the nuclear Larmor frequency, but this waiting time does not change the error

robustness apart from detuning errors, which are corrected by the π−pulses. This waiting time must

be between the π/2- and π-pulses as shown in figure 3.4, because population is only transferred

when the NV Sz operator is mapped to the correct combination of Sx,y operators, see section 3.4

for a general explanation. The PulsePol sequence, and other sequences with the same modulation

functions, do not require additional waiting times or combinations of symmetric and asymmetric part

like the sequence in figure 3.3 or other approaches in [62], and therefore can achieve higher effective

coupling.

Different sequence designs can be employed, the simplest repeat only a single pulse with [65] and

without [66] detuning. The "PolCPMG" [66] sequence consists of a train of identical pulses (π+ ε)X

that are slightly different from π-pulses, which means it has small robustness to detuning errors.

The use of only one pulse phase makes it easier to implement experimentally and robust to phase

errors. It can be transformed to the robust XY-like PulsePol sequence in figure 4.1 (b) in three steps.

First, the resonance is not changed when every second pulse is changed to a π-pulse and the pulse

difference is added to the other pulses. Second, when the πX pulses are replaced by πY pulses,

the phase of the pulse between must be inverted from X to -X, or alternatively the duration can be
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3.3. Introduction to pulsed polarization sequences

changed to 2π minus the former duration. These explanations can be visualized as

[(π + ε)X − τ − (π + ε)X − τ − (π + ε)X − τ − (π + ε)X − τ−]N

7→ [(π)X − τ − (π + 2ε)X − τ − (π)X − τ − (π + 2ε)X − τ−]N

7→ [(π)Y − τ − (π − 2ε)X − τ − (π)Y − τ − (π + 2ε)X − τ−]N ,

where we obtain the XY-like PulsePol sequence. As phase errors do not play an important role even

in ensemble experiments because they only result in a resonance shift, but detuning and Rabi errors

are relevant in many settings, we focus on sequences which correct the latter.

As the PulsePol sequence is a special case of the generalized PulsePol sequence that is investigated

in the following chapter, we don’t derive the resonance condition and coupling strength here. Instead,

we note that the effective Hamiltonian that will be derived in equation (4.5),

H =
a⊥

2τωL
[1− cos(ωLτ)] (SxIx + SyIy) (3.9)

=
a⊥

3π/2

[
1 + 1/

√
2
]

(SxIx + SyIy) (3.10)

=
a⊥
3π

[
2 +
√

2
]

(SxIx + SyIy) , (3.11)

has an effective coupling of about 72% of the NOVEL Hamiltonian (3.5) that achieves a prefactor of

a⊥/2, and 1.13 times the Hamiltonian that is achieved with π-pulses (3.8). Therefore the simulations

for resonant transfer (black solid line) in figure 3.5 show a faster transfer for NOVEL compared to

PulsePol. However, in the experiments [1] on a single NV center, this difference was not observed,

and the transfer rates were similar instead.

The reason for this behaviour is the additional splitting of the NV center energy transitions by the

nitrogen-14 spin that was only mentioned in section 2.1.2, but not included in the Hamiltonian. The

additional terms of the form

HN14 = ωJJz + ~J
↔
P ~J + ~J

↔
AJ

~S (3.12)

with spin-1 operators Ji and parameters in the single digit MHz regime, see for example [27] for an

exact description and measurement of the relevant constants, lead to three distinct NV transition

frequencies separated by few MHz. While NOVEL can only use one frequency at a time, a PulsePol

sequence can achieve transfer for all three frequency differences simultaneously due to its great

robustness to detuning errors.

This robustness to detuning and driving amplitude errors can be seen in figure 3.5. The PulsePol

sequence still achieves good polarization transfer even for errors of the order of 10% of the Rabi

frequency, while NOVEL is limited by its resonance condition ΩSL = ωL and achieves less relative

and absolute robustness to both error types. While this example uses typical parameters for an NV

center coupled to 13C spins in diamond, it has to be noted that these values also depend on the

coupling strength. For significantly smaller coupling strength, as it appears for example between
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3. Pulsed Polarization sequences

Figure 3.5.: Polarization transfer from a single NV center to a nuclear spin with Ω = (2π)50MHz,
ωL = (2π)2MHz and a⊥ = (2π)30kHz for the NOVEL (left) and PulsePol (right) protocol.
Under perfect conditions (black line) the NOVEL transfer is faster. A ∆ = (2π)0.5MHz
detuning error (dashed blue line) and 2% Rabi frequency error (dashed-dotted green
line) drastically reduce the NOVEL polarization transfer. For PulsePol, detuning errors
∆ = 0.1Ω = (2π)5MHz (dashed blue line) and Rabi frequency errors δΩ = 0.1Ω =
(2π)5MHz (dashed-dotted green line) have a very small effect. A different version of
this figure has been published in [1].

a moderately deep NV center (∼ 10nm distance from the diamond surface) and nuclei outside the

diamond, every sequence has to be repeated more often to achieve the same transfer as in the

previous case, allowing more error accumulation.

To gain a better understanding of the robustness to various combinations of detuning and Rabi

frequency errors for both NOVEL and PulsePol, figure 3.6 shows a heatmap of the robustness to

both error types.

Figure 3.6.: PulsePol and NOVEL polarization transfer robustness for a system of one electron spin
and five nuclear spins, for Ω = (2π)50MHz, ωL = (2π)2MHz as in figure 3.5. The
graphs result from averaging more than 100 random realizations of natural abundance
carbon-13 spin positions in diamond. For each realization, the five nuclear spins with the
strongest coupling to the NV center electron spin were simulated. In the corresponding
experiments, shift in the resonance condition of 2.5% was observed. This effect can
result from different effects, phase errors due to the neighbouring π/2-pulses are a likely
reason. Therefore phase errors that lead to the experimentally observed shift were used
in this figure (details can be found in the supplementary information of [1]), which slightly
changes the robustness. This figure has been published in [1].

The robustness of PulsePol compared to NOVEL is based on the usage of pulses, which make the

resonance condition dependent on a pulse spacing instead of the spinlocking Rabi frequency, and a
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3.4. The generalized PulsePol sequence

good error-correcting design of the pulse sequence. The analytical calculation is a special case of

the considerations in section 3.4.

Note that we neglected errors in the pulse phases in the considerations of this chapter, as they are

equal for all NV centers controlled by the same microwave source and they mainly lead to a shift

of the resonance condition τ . This is related to the generalized PulsePol sequence in section 3.4

and can be directly measured in the beginning on an experiment. In cases where this measurement

is difficult to perform, for example due to small coupling strength, an easy way to calibrate the

resonance condition is based on the fact that the phase errors impact only the pulses and are

independent of the electron-nuclear interaction. The first order effect of pulse errors is an rotation

R+ around the NV z-axis after each pulse block, see also the supplementary information of [1].

When a π/2-pulse is applied before and after a pulse sequence with N repetitions, this rotation can

be measured in the NV population even without being resonant to nuclear spins or a test signal,

it will reveal as an oscillation in the NV population with respect to the sequence repetition number

N . The procedure around equation (3.18) then allows to determine the expected resonance shift

to either adapt the resonance condition or change pulse phases in the generalized sequence to be

resonant again. The generalized PulsePol sequence is presented in the following section.

3.4. The generalized PulsePol sequence

This section is based on [2]. Reprinted with permission from [2]. Copyright (2021) by the American

Physical Society.

A generalization of the PulsePol sequence [1] in figure 3.4 is presented in Fig. 3.7 (a). Here the

second composite pulse (π/2)Y πX(π/2)Y is shifted by an arbitrary phase, compared to the π/2

shift of the generic PulsePol sequence. The sequence in Fig. 3.7 (b), which we denote as the XY-

like PulsePol sequence due to only differing to the XY-4 sequence by the pulse lengths, offers the

same resonances τ with the advantage of having waiting times between pulses of different phase,

but at the cost of weaker robustness to Rabi frequency errors.

An important part of the pulse sequences in Fig. 3.7 (a) and (b) are the equidistant π-pulses that not

only cancel slow dephasing noise originating from drifts of the externally applied magnetic field and

magnetic impurities in the diamond sample, but also, alongside with carefully chosen phases of the

other pulses, provide robustness against control errors, that is detuning and amplitude deviations of

the driving field. In the following we analyze this robustness of both sequences.

3.4.1. Robustness to control errors

We can describe every pulse with a unitary evolution

U = exp (−iΩrt (δSz + (1 + ε)(cosϕSx + cosϕSy))) (3.13)
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Figure 3.7.: Two basic robust tunable pulsed polarization sequences are shown on the left top with
pulse duration on the top of each pulse in radians and pulse phase at the bottom in
degrees. a) PulsePol [1], b) XY-like: the parameter φ allows to manipulate the reso-
nances as explained in the main text, the numbers in the pulses indicate pulse length
and phase, the sequence is repeated 2N times.
c) The circle shows a visualization of the intuitive picture described in the text: To be
resonant, the nuclear spin must cover a total angle of π + φ (green dashed arrow).
Rotating in the opposite direction also achieves resonance (red solid arrow), as well
as adding multiples of 2π (blue dotted). These resonances are at their expected posi-
tion as illustrated in panel d), where the black line indicates the XY-resonance and the
others correspond to the arrows in the right figure. If on resonance with the nuclear
spin, the effective Hamiltonian transfers polarization to it, but the direction (flip-flip or
flip-flop Hamiltonian H ∼ SxIx ± SyIy, corresponding to clock- or anticlockwise rota-
tion in panel c)) depends on the resonance. Reprinted figure with permission from [2].
Copyright (2021) by the American Physical Society.

where Ωrt is the intended rotation angle (e.g. π for a π-pulse) with the pulse duration t and the

intended Rabi frequency Ωr, δ = ∆/Ωr describes detuning errors and ε = Ω/Ωr − 1 describes

driving amplitude errors. Analyzing the pulse sequence in Fig. 3.7 (a), we see that Rabi frequency

errors are cancelled to first order and the detuning errors lead in first order to a correction term after

N = 2 repetitions

Usequence, N=2 = Uperfect-pulses × (1 + δ cos(φ) sin(φ/2)

(
0 e−3iφ/2

e3iφ/2 0

)
).

For φ = π/2 (PulsePol [1]) first order errors cancel, and the XY4-sequence for φ = π cancels first

order errors even for N = 1. For other phases the first order detuning errors can still accumulate.

The robustness of a sequence can be checked numerically to predict the experimental behaviour.

For φ = 0, which is not useful as in this case no polarization is transferred, errors always accumulate.
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3.4. The generalized PulsePol sequence

The sequence in Fig. 3.7 (b) has a first order amplitude error that is only cancelled for φ = π (XY-

sequence), and is therefore only robust against Rabi frequency errors for φ ∼= π. Assuming perfect

(π/2)±Y pulses in the beginning and end of the sequence, the detuning errors affect the evolution

as

Usequence, N=2 = Uperfect-pulses × (1− iδ sin(φ)

(
0 eiφ

e−iφ 0

)
). (3.14)

Both cases have in common that the errors do not contain a σY -rotation, and therefore do not change

the resonance condition in first order.

3.4.2. Derivation of the resonance condition

In the following we want to derive the conditions under which an effective SxIx ± SyIy interaction is

created. For this purpose we determine the modulation of the Sz operator that appears in Eq. (2.8) in

the rotating frame of the control (i.e., the subsequently applied pulses). In this derivation we assume

instantaneous pulses, the calculation for non-instantaneous pulses is used in section 4.5 to derive

the effective coupling strengths (equation (4.11)).

The unitary evolution after the first three pulses can be rewritten in the rotating frame of the control

as

U1 = e−i
π
2
SyUfree(Sz, τ)e−iπSxUfree(Sz, τ)e−i

π
2
Sy

= e−i
π
2
Sye−iπSxe−i

π
2
SyUfree(−Sx, τ)Ufree(Sx, τ)

= πXUfree(−Sx, τ)Ufree(Sx, τ), (3.15)

where πX = e−iπSx is a π-pulse and we use the interaction Hamiltonian of Eq. (2.10) in the free

evolution

Ufree(Sj , τ) ≡ exp
(
−iτ(ωIz + Sj(a⊥Ix + a‖Iz))

)
, (3.16)

simplifying to only one nuclear spin for the moment.

This means on positions 1 and 2 of the sequence in Fig. 3.7 (a) we modulated Sz to Sx and S−x,

which is also illustrated in Fig. 3.7 (c). Continuing this scheme for the next two pulses, we make

use of the phase φ + π that all pulses in the second part of the sequence have compared to first

part. These phases can be interpreted as additional rotation around the z-axis, for example the

πφ+180◦ = πφ+π pulse is then R+e
−iπSxR− where R± = e±i(φ+π)/2Sz describes the rotation. As R±

commutes with all free evolutions, we immediately see that the unitary containing the free evolutions

3 and 4 with the surrounding pulses is

U2 = R+U1R−. (3.17)

Those unitary evolutions are repeated N times in the sequence, so we can use R−πX = πXR+ and
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the commutation of πX and Ufree(±Sx, τ) to express the total evolution as

Utot = (U2U1)N (3.18)

= (R+πXUfree(−Sx, τ)Ufree(Sx, τ) ×
R−πXUfree(−Sx, τ)Ufree(Sx, τ))N

= (R+Ufree(−Sx, τ)Ufree(Sx, τ))2N

= R2N
+

2N−1∏

k=0

Ufree(−Rk−SxRk+, τ)Ufree(Rk−SxR
k
+, τ).

This shows that the rotation on all phases of the second part of the sequence U2 was constructed

such that the free evolution operator Ufree(Sx, τ) is rotated every 2τ by an additional phase φ + π

in addition to the π rotations between position 1 and 2, 3 and 4 etc. A graphical representation is

presented in Fig. 3.7 (c), where the first effective free evolution Ufree(Sx, τ) is depicted as position

1. The second effective free evolution Ufree(−Sx, τ) at position 2 is followed by Ufree(R−SxR+, τ) =

Ufree(Sx cos(φ+ π) + Sy sin(φ+ π), τ) at position 3.

This allows to rewrite the Hamiltonian in a rotating frame with respect to a nuclear Larmor frequency

as

H = (Sx cosφeff(t) + Sy sinφeff(t)) (3.19)
[
a⊥(Ix cos(ωt)− Iy sin(ωt)) + a‖Iz

]
,

with piecewise constant functions φeff(t). The interaction does only contain nonrotating terms that

will not vanish during a long evolution when the function φeff(t) has a Fourier component with fre-

quency ω, and the a‖ term always vanishes after the application of the rotating wave approximation

yielding the effective Hamiltonian

Heff = aeff (SxIx ± SyIy) . (3.20)

In the visualization of Fig. 3.7 (c), the nuclear spin operators of Eq. (3.19) proportional to a⊥ evolve

with a periodicity of 2π/ω. As calculated in Eq. (3.18), the effective Sz operator gains a phase

π ± φ every 2τ , depending on if we view the rotation as being clock- or anticlockwise. Resonance

is achieved if two free evolution periods of a time 2ωτ result in the same phase for the electron and

nuclear spin operators up to 2πn, where n is an integer.

We conclude from this picture that all nuclear spins whose Larmor frequencies ω fulfil

2τ =

(
n+

1

2
± φ

2π

)
2π

ω
(3.21)

interact resonantly with the electronic spin, while the polarization direction depends on the ± sign

(Sx rotating in same/opposite direction as the Ix operator). Here, n > 0 is the order of the resonance

corresponding to the number of full cycles per step of 2τ , which motivates to denote a resonance
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τ by (n, ±) in the following. For the specific case φ = π/2 we recover the PulsePol resonances

τω/π = 1/4, 3/4, 5/4, ... [1]. Fig. 3.7 (d) shows the first three resonances for φ = 3π/4.

3.5. Validity of approximating spin baths to a single nuclear spin in

polarization transfer simulations

The simulations in figure 3.6 were performed for different arrangements of five nuclear spins cou-

pled to an NV center. In a realistic experimental hyperpolarization scenario, however, many more

spins are coupled. The numerical simulations are difficult to perform due to the exponentially grow-

ing Hilbert space. Insights can be gained with efficient numerical methods like the use of matrix

product states [67], which served as an additional simulation method to judge the performance of

the PulsePol sequence for many nuclei in [1]. When the entire Hilbert space is simulated, even using

five nuclear spins can be quite time-consuming when the simulation needs to be repeated for many

experimental realizations with different detuning, Rabi frequency and spin configurations. Therefore

we will use a single nuclear spin for the rest of the hyperpolarization simulations in this work unless

stated otherwise.

The simulation of system with a single nuclear spin gives insights into the most relevant aspects of

polarization protocols, namely the resonance conditions and the robustness of polarization transfer.

The systems are comparable when the coupling of this spin is the effective coupling of the spin bath,

i.e. the square-root of the sum of the individual coupling squares a⊥ =
√∑

n a
2
⊥,n. This effective

total coupling can be seen directly from the matrix element

〈↑↓↓ ...| exp

(
−it

∑

n

a⊥,n(Sx ⊗ I(n)
x + Sy ⊗ I(n)

y )

)
| ↑↓↓ ...〉

= 〈↑↓↓ ...|
∞∑

k=0

(−it)k
k!

[∑

n

a⊥,n
2
|↑〉 〈↓| ⊗ |↓n〉 〈↑n|+ h.c.

]k
| ↑↓↓ ...〉

= 1− 1

2

(
t

2

)2∑

n

a2
⊥,n +

1

4!

(
t

2

)4
(∑

n

a2
⊥,n

)2

+ ... = cos



√∑

n

a2
⊥,nt/2


 . (3.22)

For the special case N=2, the full matrix

exp
(
−it

[
a1(Sx ⊗ I(1)

x + Sy ⊗ I(1)
y ) + a2(Sx ⊗ I(2)

x + Sy ⊗ I(2)
y )
])

is shown in section 4.3.

In figure 3.8 we compare the simulation of the PulsePol sequence for a single nuclear spin with the

simulation for five nuclear spins with the same effective coupling strength, with and without pulse

errors. The resonance condition does not depend on the number of nuclear spins. For polarization

transfer applications the transfer, i.e. the curve before the first maximum, is most relevant. Here

the differences are negligible. Approaching the first maximum, the simulation with five nuclear spins

achieves a slightly higher maximum compared to the single spin case, at which the total nuclear

polarization can be slightly higher than the sinlge quantum that the NV possessed initially. This

is possible because the terms for individual spins in the effective Hamiltonian don’t commute with
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3. Pulsed Polarization sequences

Figure 3.8.: Simulation of the NV-nuclear polarization transfer (ωL = (2π)4 MHz, Ω = (2π)50
MHz) for the PulsePol sequence with one (a⊥ = (2π)30 kHz, blue) and five (a⊥,1:5 =
(2π)[5.568, 10, 12, 15, 20] kHz, red) coupled spins without Pulse errors (solid curves)
and with a detuning ∆ = (2π)6 MHz (dashed curves) or a Rabi frequency error of 20%
(dash-dotted curves). As the effective coupling is equal, the polarization is also compa-
rable, especially in the relevant region before full transfer.

themselves [SxI
(1)
x +SyI

(1)
y , SxI

(2)
x +SyI

(2)
y ] 6= 0 or the sum of all σz operators of the NV center and

nuclear spins. After reaching the maximum, the single spin returns its polarization to the NV center.

An interesting detail is the slight asymmetry, which results in a minimum below 0 and a second max-

imum that is smaller than the first maximum. This effect and its correction were analyzed in detail in

a recent bachelor thesis [68]. In summary, during the finite-length pulses the Sz operator is partially

in Sz instead Sx or Sy, therefore the transfer is slightly slower. More importantly, the evolution dur-

ing the π-pulses makes the SxIx component of the effective Hamiltonian slightly different from the

SyIy component. Therefore the effective Hamiltonian is not a perfect flipflop Hamiltonian but rather

described by H ∼ (1 + ε)SxIx + SyIy. These effects scale with the quotient of nuclear Larmor

frequency and Rabi frequency ωL/Ω [68], which ε depends on. For very high Rabi frequency they

are negligible but they become relevant when the Rabi frequency is only a few times larger than

the Larmor frequency. In the latter situation a significant amount of the sequence is filled by pulses

and less free evolution time is present. Another example of the slight asymmetry in the Hamiltonian

can be seen in figure 7.1 (right top, red curve), where the second peak of the nuclear polarization

of a single spin is slightly smaller than the first peak. However the inequality for the SxIx and SyIy
prefactors only holds for the PulsePol (φ = π/2) sequence, for other values of φ the SxIx and SyIy
Hamiltonians are produced in different parts of the sequence for every repetition. Even for the stan-

dard PulsePol sequence, this effect is mainly relevant when only a single coupled nuclear spin is

considered and a perfect flipflop Hamiltonian needs to be achieved. For basic polarization trans-

fer applications or an ensemble of nuclear spins, which are the main applications, this effect is not

relevant.

The red curve also looses polarization back to the NV center as the interaction is still dominated

by individual spins, however there is no time when the full polarization is transferred back to the

NV center as the individual spins possess different coupling strengths. For a large ensemble of
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3.6. Cancelling NV-NV interactions during polarization sequences

nuclear spins, only a buildup in the total magnetisation would be observed. The curves with detuning

(dashed) and Rabi frequency error (dotted) are also very similar for one and five spins before the

first maximum is reached.

From these discussions we can conclude that considering only one nuclear spin is a valid approxi-

mation for faster simulations that maintains the polarization buildup characteristics, only underesti-

mating the maximum transfer slightly. Note that in the analytical calculation, the restriction to a single

nuclear spin was only for brevity of the calculation and not an approximation. Moving to an arbitrary

number of spins, the effective Hamiltonian contains the sum over the flipflop Hamiltonians between

the NV center and the individual spins.

3.6. Cancelling NV-NV interactions during polarization sequences

In diamonds with dense NV ensembles, the interaction between NV centers can cause a reduction

in polarization transfer. Here we propose to use an approach that was developed to decouple NV

centers from each other in sensing sequences. In [69], criteria similar to the robustness criteria of

the PulsePol sequence were used to determine pulse sequences that decouple NV states from the

environment, but also from each other in a diamond where they were close. We can directly apply

similar ideas to pulsed polarization sequences.

Looking at the standard PulsePol sequence in figure 3.4, we can see that two of the four conditions

that are stated in [69] (Table I) are already fulfilled. To understand the conditions that are presented

here for the PulsePol sequence, it is sufficient to look at the effective Sz operator (see section 3.4.2

and Fig. 3.7 c) for this concept), that is mapped into ±Sx,y in the order

Sx → −Sx → Sy → −Sy → −Sx → Sx → −Sy → Sy → cycle (3.23)

during two basic blocks of 8τ .

Condition (1), the decoupling of on-site disorder and antisymmetric spin exchange, i.e. that the sum

of all operators vanishes, is ensured by the π−pulses between free evolution times that switch the

sign of the effective Sz operator. Condition (3), the decoupling of interaction cross terms, is also

fulfilled as shown by M. Steiner in her Bachelor’s thesis [68].

Conditions (2), symmetrization of ising interaction and symmetric spin exchange, and (4), sup-

pression of rotation-angle error, are both not fulfilled [68]. However, this is only because of the

z-components, which is immediately clear as no ±Sz interaction is produced during PulsePol be-

cause the PulsePol sequence is not constructed for this purpose. We can easily adapt it such that

all conditions are fulfilled, by inserting additional waiting times and correcting the other waiting times

such that the total sequence block time remains the same. This results in the lower sequence of

figure 3.9. Here all conditions are fulfilled [68].

As the time spent in ±Sz is not used for polarization transfer, the effective coupling is slightly slower

than in the case without interaction cancelling. This is shown in figure 3.10.
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Figure 3.9.: The basic PulsePol sequence of figure 3.4 (top) [1] can be extended by additional
waiting times (bottom) such that the NV-NV interaction is suppressed. Additional pulses
are necessary for detuning robustness, see text.

We simulate an NV-NV-interaction of the form

HNV−NV = JIS
(1)
z S(2)

z + JS

(
S(1)
x S(2)

x + S(1)
y S(2)

y

)
, (3.24)

with the Ising interaction strength JI , and JS defining symmetric spin exchange [69]. We neglect

antisymmetric spin exchange here as it vanishes when moving into the frame rotating with the mi-

crowave frequency, but it was confirmed numerically that even when these terms were present they

would not change the results in this section. In figure 3.10 we use JI = −2JS in the top left and

right figure. The modified sequence of figure 3.9 (bottom) and the more error-robust version in

equation (3.25) perform significantly better than the standard PulsePol sequence for high NV-NV-

coupling, and the robustness to this interaction can be improved further with higher Rabi frequency

unlike for the standard PulsePol sequence. To confirm that this property holds for arbitrary param-

eters of JI and JS and does not only result from the cancellation of the Heisenberg interaction in

the effective NV-NV-Hamiltonian for JI = −2JS [69], the bottom part of figure 3.10 shows that for

JS = −(2π)100kHz all values of |JI | < (2π)500 kHz lead to good transfer. However, the introduced

free evolution times significantly impair the robustness to detuning errors as shown in figure 3.11.

This is not connected to robustness of the sequence itself, which still protects the NV state very

well from other frequencies. By introducing the new free evolution times, the resonance condition

now depends on the detuning ∆, as the detuning introduces an additional Sz rotation that is only

corrected after the second sequence block, with the resonance shift that was discussed in section

3.4.2.

This can be corrected by additional π-pulses during the uncorrected free evolution time. They need

to be chosen such that the full sequence is robust and maintains its polarization transfer and decou-
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3.6. Cancelling NV-NV interactions during polarization sequences

Figure 3.10.: Simulation of the robustness of the NV-nuclear polarization transfer (ωL = (2π)3 MHz,
a⊥ = (2π)30 kHz, Ω = (2π)50 MHz) with an additional NV center that couples to
the other NV center. Left: Without NV-NV coupling JI = JS = 0 (dashed lines),
both PulsePol (red) and the modified PulsePol sequence (blue) achieve good trans-
fer, for JI = −2JS = (2π)0.05MHz (solid lines) the fidelity of the standard PulsePol
sequence is decreased. Right: For increasing JI = −2JS , the PulsePol transfer is
impaired quickly. The modified sequence and its more robust version allows to can-
cel the interactions and therefore cope for higher NV-NV interaction. The NV-NV in-
teraction strength of the left figure is marked in orange. To exclude that the proto-
cols only work for the special case JI = −2JS , we fix the symmetric spin exchange
JS = −(2π)100kHz in the bottom figure and only vary JI . The corrected versions still
achieve transfer in a large region, with some oscillations around the region where the
effective NV-NV Hamiltonian vanishes in the sequence (black dashed line). The stan-
dard PulsePol sequence seems to offer transfer for specific parameter combinations of
JI and JS .

pling properties. The sequence

[(π
2

)
Y
− 2τ

3
− π−X −

2τ

3
−
(π

2

)
Y
− τ

6
− π−Y −

τ

3
− π−X −

τ

6
−

(π
2

)
X
− 2τ

3
− πY −

2τ

3
−
(π

2

)
X
− τ

6
− π−X −

τ

3
− π−Y −

τ

6
−
]2N

(3.25)
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3. Pulsed Polarization sequences

Figure 3.11.: For the same parameters as in figure 3.10, but without NV-NV-interaction, the stan-
dard PulsePol sequence (left) is significantly more robust to detuning errors than the
sequence that was modified for robustness to NV-NV interactions (right). Adding ad-
ditional π−pulses, as described in the text, improves the robustness while maintaining
NV-NV decoupling (bottom).

is a good choice. It allows for robust (figure 3.11 bottom) transfer with similar decoupling properties

(figure 3.10 right, green line) and achieves the same effective Hamiltonian as the lower sequence in

figure 3.9. It is therefore not shown in the left part of figure 3.10, as it overlaps with the blue curve.

Summarizing this section, we showed that the PulsePol sequence can be modified for drastically

increased robustness to NV-NV interactions, albeit at a cost of transfer speed. The decoupling of the

same spin species while achieving flipflop interaction with other spin species offers some interesting

possibilities. One can, for example, think of a scheme where P1 centers, which are electronic spin-

1/2 defects in the diamond lattice, are decoupled from each other but used to distribute polarization

in the diamond. NV centers with a NOVEL sequence or a different PulsePol sequence (non-modified

or different resonance) can still transfer polarization to the P1 center spins, which are more abundant

and therefore reach a higher fraction of the carbon-13 spins in the diamond lattice [68].
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3.7. Generalizing the PulsePol sequence with arbitrary free evolution times and pulse phases

3.7. Generalizing the PulsePol sequence with arbitrary free evolution

times and pulse phases

In this section we investigate a further generalization of the generalized PulsePol sequence from

section 3.4. It consists of the same composite pulses Pn ≡ (π/2)Y+φn − τn − πX+φn − τn −
(π/2)Y+φn . Using the same ideas as in section 3.4.2, we can show that these blocks can be

combined with arbitrary phases φn to a polarizing sequence P = P1P2...PN as long as all free

evolution times fulfil the condition

τn =

(
1± (−1)n

φn − φn−1/2− φn+1/2

2π

)
π

ωL
. (3.26)

We can set φ0 = φ2 and φN+1 = φN−1. The first number ’1’ in the bracket can take other values,

but with reduced transfer speed in particular for even numbers, see section 6.2.

For example, the PulsePol sequence with

φn =





0, for odd n

−π/2, for even n
(3.27)

yields τn = (1± (−1/4)) π
ωL

, which are the standard 3π/4ωL and 5π/4ωL resonance conditions.

Here we investigate if this approach can benefit the robustness of the sequence. As subsequent

composite pulses should have different phases, otherwise the same effective Sz operator is pro-

duced, we restrict ourselves to φn of the form

φn =




an+ bn, for odd n

φn−1 + c, for even n
(3.28)

to compare the PulsePol sequence (a = bn = 0, c = π/2) with a similar version that features

additional linear (a = 0.3, bn = 0, c = π/2) and random (a = 0, bn = π/10∗(rand()−0.5), c = π/2,

where rand() are random numbers uniformly distributed in the interval [0,1]) phase differences in

figure 3.12. While achieving polarization transfer in a comparable time, the second approach is

more robust to errors. The random phase approach performs worse than standard PulsePol.

However, the most powerful parameter to increase the robustness is the phase difference c between

subsequent pulses, see section 6.3. Figure 3.13 shows a scan over different combinations of a and

c, revealing that even for a = bn = 0 a better scheme can be found for c = π/4 as shown on the

right part of figure 3.13.

Therefore, in the numerical optimizations in chapter 6 we mainly neglect the extensions that are

presented in this section. They are, however, still useful in some cases. First, they allow to make

the NV center polarization transfer resonant only for one single frequency, similar to novel, which

can be helpful when other frequencies could disturb the transfer by interfering via the higher Pulse-
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3. Pulsed Polarization sequences

Figure 3.12.: Simulation of the robustness of the NV-nuclear polarization transfer (ωL = (2π)4 MHz,
a⊥ = (2π)30 kHz, Ω = (2π)50 MHz) for different sequences. Left top: All investigated
sequences achieve transfer on a comparable timescale. The robustness of the stan-
dard PulsePol sequence (right top) is increased with an additional linear phase addition
(left bottom) and decreased by random phases (right bottom). The sum of the transfer
over all discretization points is shown as a measure of the robustness, see also section
6.3.

Pol orders. Furthermore we did not explore all possible combinations of phases. In [70] it was

shown theoretically and experimentally that adding random phases to blocks of sensing sequences

can improve the robustness of these sequences with respect to control errors and spurious reso-

nances. Similar ideas can be applied for polarization sequences, however additional work is needed

to quantify achievable improvements.

3.8. Other robust pulsed polarization sequences

This work focuses on the PulsePol sequence as a basic sequence with remarkable We can derive

and improve other polarization transfer sequences in three steps. The basis is a polarizing se-

quence, that uses π-pulses to correct the free evolution detuning errors. The modulation functions
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3.8. Other robust pulsed polarization sequences

Figure 3.13.: Left: For the same parameters as in figure 3.12, the robustness (sum over all points in
a heatmap) is shown for bn = 0 and different a and c. Even for a = 0, a considerably
increased robustness can be found at c = π/4 (right).

of the PulsePol sequence

[(π
2

)
Y
− π−X −

(π
2

)
Y

(π
2

)
X
− πY −

(π
2

)
X

]N
(3.29)

allow for fast polarization transfer, where we denoted free evolution times by "−" for simplicity. A

basic sequence with the same modulation functions is

(π
2

)
Y

[
−πX −

(π
2

)
X
− πX −

(π
2

)
X

]N (π
2

)
−Y

. (3.30)

In general, such sequences with pulses only in ±X-direction are more robust to phase errors. How-

ever, moderate phase errors do not really pose a challenge for the PulsePol sequence either as

they only shift the resonance condition, and this shift is identical for all NV centers under the same

control. In a second step, the individual pulses can be replaced by counterparts that perform a

similar rotation, for example a πX pulse can be replaced by a π−X pulse, such that the sequence

becomes more robust to pulse errors. Two πX pulses can be replaced by πY pulses when the phase

of all (π/2)±X pulses in between is inverted. For example, XY-like PulsePol sequence of figure 4.1

(b) can be obtained with this procedure. Furthermore, the PulsePol sequence is more robust than

sequences where one π-pulse is exchanged with a pulse of opposite phase. Numerical simulations

are a fast method to study the behaviour under such changes. When a sequence with the desired

properties is found, the resulting sequence can be optimized further with composite pulses [62, 1] or

numerically (see chapter 6) as the third step. The generalizations of the PulsePol sequence and the

XY-like PulsePol sequence (figure 4.1 (a, b)) can be identified in this way. In this section we briefly

show alternative sequences, that are mainly useful when Rabi frequency errors, that are too large

to be corrected by the PulsePol sequence (> ±20%), are present in the system without significant

detuning (∆� (2π)0.1 MHz).

For sequence (3.30), two considerations are useful to obtain robustness in detuning and Rabi fre-

quency. Rabi frequency errors are corrected when all rotations are cancelled by rotations around
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3. Pulsed Polarization sequences

the same angle in opposite directions without pulses of other phase in between. The sequence

(π
2

)
Y

[
−π−X −

(π
2

)
X
− π−X −

(π
2

)
X
− πX −

(π
2

)
X
− π−X −

(π
2

)
X

]N (π
2

)
−Y

, (3.31)

which we refer to has PolX1 in the following discussion, is remarkably robust to Rabi frequency

errors as shown in the left part of figure 3.14. Even for errors of 50% and more, significant transfer

is achieved, the range of PulsePol is more than doubled, at the cost of poor robustness to detuning

(figure 3.14 right). Second, the composite pulse

(π/2)Xπ−X(3π/2)X [71] allows for significant robustness to detuning errors. The PolX2 sequence

(π
2

)
Y

[
−πX −

(π
2

)
X
− π−X −

(π
2

)
X

]N (π
2

)
−Y

(3.32)

differs only in one phase from (3.31). As the aforementioned composite pulse can be found as basic

building block, this sequence is comparable to the PulsePol sequence in detuning robustness (figure

3.14 right), but is not robust against Rabi frequency errors. An interesting feature in figure 3.14 (right)

are the periodic peaks far from the central resonance for the PulsePol and PolX2 sequences. As

explained in [1], they emerge due to rotations of multiples of π from the detuning in the free evolution

time. The distance between these peaks is approximately given by π/τ = 4ωL/3 ≈ (2π)5.33 MHz.

Figure 3.14.: For the same parameters as in figure 3.12, the robustness to Rabi frequency errors
(left) and detuning (right) are compared for the PolX1, PolX2, WALTZ-16 and Pulse-
Pol sequences. The PolX1 and WALTZ-based sequences are particularly robust to
Rabi frequency errors, the PolX2 sequence is robust to detuning, and the PulsePol
sequence is robust to both error types.

It is not straightforward to combine the approaches of PolX1 and PolX2, while maintaining the struc-

ture of (3.30). To increase the Rabi error robustness of the PolX2 sequence (3.32), which has an

overall rotation of πX , a block with opposite phase that is also robust to detuning errors needs to be

introduced. The π/2−X -pulses can’t be replaced π/2X -pulses without changing some π±X -pulses

to π±Y , otherwise the sequence does not transfer polarization. Therefore other approaches or mul-

tiple pulses per rotation are required. One idea is to make use of the WALTZ-16 sequence [71, 64],

which is a robust broadband decoupling cycle due to the usage of the (π/2)Xπ−X(3π/2)X pulse,
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3.8. Other robust pulsed polarization sequences

Figure 3.15.: For the same parameters as in figure 3.12, the robustness to Rabi frequency errors
and detuning are compared for the PolX1 (left top), PolX2 (right top), WALTZ-16 (left
bottom) and PulsePol (right bottom) sequences. Note that the scales are different for
the individual figures. The WALTZ-based sequence offers small improvements over the
PolX1 sequence, the PulsePol sequence is robust to both detuning and Rabi frequency
errors.

and has equal pulse length in ±X direction. Using the notation of [64], where the pulse duration is

given in degrees and the pulse phase is an index (i.e. πX → 1800), it is given by

270180360018018027009018018003601801800270180

2700360180180027018090018018036001801802700

2700360180180027018090018018036001801802700

270180360018018027009018018003601801800270180.

As only pulses with a phase ±X are used, WALTZ16 offers better robustness to pulse phase errors

in NMR applications compared to MLEV sequences [72], which are based on the (π/2)XπY (π/2)X

that is also a basic building block of the PulsePol sequence. The pulses can be reordered such

that the rotations in sequence (3.30) are achieved. We therefore revert the sequence and introduce

pulse spacings to obtain
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(π
2

)
Y

[− 180180 − 90180 − 1800 − 90180 − 180180 − 90180 − 1800 − 90180

− 1800 − 900180180 − 1800 − 1800270180

− 1800 − 900180180 − 1800 − 1800180180900180180

− 901801800270180 − 90180 − 1800 − 900

1800 − 9001801802700 − 900180180 − 900270180 − 1800270180

− 901802700−
90180 − 180180 − 1800270180 − 901801800901801800 − 900180180

− 1800 − 1800270180 ]N
(π

2

)
−Y

.

As shown in figures 3.14 and 3.15, this approach offers only small improvements compared to the

PolX1 sequence, while being less robust to Rabi frequency errors. While the overall sequence

compensates detuning errors, detuning is not compensated in small blocks of this sequence and

therefore the resonance condition can be shifted nonlinearly for different detuning values, leading to

no transfer at the intended resonance. Other approaches have not improved this behaviour. In most

experimental situations, the PulsePol sequence and, when neighbouring pulses need to be avoided,

the XY-like Pulse Pol sequence, offer the far better properties and can be improved further with their

generalized forms. They are therefore used as the basic sequences in this work, and basis for the

numerical optimization in chapter 6. Only in the absence of large detuning and when significant Rabi

frequency and phase errors are present, the sequences that were presented in this section can be

helpful.

3.9. Conclusions

In this section we introduced the basic ideas for DNP with NV centers and different protocols. The

PulsePol sequence allows for fast and robust polarization transfer. We presented the generalized

PulsePol sequence, an approach to cancel interactions between the driven electron spins during

the sequence and other generalizations and extensions. The generalized PulsePol sequence is the

basic building block for the following chapter.
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4. Using polarization sequences for parallel
selective nuclear-spin addressing for fast
high-fidelity quantum gates.

This chapter is based on [2]. Reprinted with permission from [2]. Copyright (2021) by the American

Physical Society.

4.1. Abstract

Due to their long coherence times, nuclear spins have gained considerable attention as physical

qubits. Two-qubit gates between nuclear spins of distinct resonance frequencies can be mediated by

electron spins, usually employing a sequence of electron-nuclear gates. Here we present a different

approach inspired by, but not limited to, NV centers in diamond and discuss possible applications.

To this end we generalize external electron spin control sequences for nuclear spin initialization and

hyperpolarization to achieve the simultaneous control of distinct nuclear spins via an electron spin.

This approach results in efficient entangling gates that, compared to standard techniques, reduce

the gate time by more than 50% when the gate time is limited by off-resonant coupling to other spins,

and by up to 22% when the gate time is limited by small electron-nuclear coupling.

4.2. Introduction

Spin carrying material impurities represent a promising platform for various near term applications

of quantum technology. In particular, the nitrogen-vacancy (NV) center has proven itself to be a

valid candidate for quantum computation, communication and sensing applications [73, 74, 75, 76].

Recent progress manifests in a number of works, including NV-nuclear quantum gates [77], NV-NV

gates [78], sensing of single nuclei [79] and polarization of spin ensembles [80, 1]. However, the

coherence time of NV-centers limits achievable fidelities. Nuclear spins in diamond may be fully

controlled by NV centers and offer far longer coherence times due to their smaller gyromagnetic

ratio which renders them less susceptible to environmental noise and thus as ideal candidates for

physical qubits, e.g. for quantum memories with long storage times.

Numerous approaches to realize gates between NV centers and nuclear spins have been presented,

both with [29, 81] and without additional external radiofrequency (RF) control [63, 82, 83] on the nu-
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4. Using polarization sequences for fast high-fidelity quantum gates.

clear spins themselves. Their common foundation are pulsed dynamical decoupling sequences

which exhibit resonance frequencies that are multiples of π/τ where τ is the time between subse-

quent pulses. At present, these sequences are tuned to a single resonance which implies the major

drawback that only one nuclear spin can be controlled at a time.

In this work, we overcome this limitation with an approach based on polarization sequences [1]

that originally have been developed to initialize nuclear spins [80, 84]. Our modifications allow for

simultaneously resonant addressing of two different frequencies at the same time without requiring

additional RF control, using a sequence with two free parameters incorporated by a pulse spacing

and pulse phases. This paves the way for a wide range of applications, such as the realization of

gates for quantum computation applications or the protection from magnetic field fluctuations. These

are not limited to diamond based material, for example carbon-13 and silicon-29 spins with silicon

vacancies in silicon carbide [85] can be controlled jointly. The approach presented here can be used

to initialize and manipulate different nuclear spin species simultaneously, extending approaches for

quantum simulators made of NV-controlled nuclei [86].

We start by explaining the basic idea and basic pulse sequences that create the desired Hamiltonian

and continue with modifications that allow to manipulate the effective coupling strength in this Hamil-

tonian. These ideas are then applied to investigate the efficiency with which our protocol can create

nuclear spin entanglement in two relevant systems, namely between a silicon-29 and a carbon-13

spin like inside silicon-carbide and between carbon-13 spins close to an NV-center in diamond that

only differ by their hyperfine coupling to the electron spin. Furthermore we discuss the manipulation

of states that are insensitive to magnetic field fluctuations, which therefore offer excellent coherence

properties for quantum sensing and computation applications. Finally we compare our approach to

standard techniques for different experimentally relevant situations.
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4.3. The basic idea for nuclear-nuclear gates based on polarisation

sequences

To understand the mechanism that allows to create a nuclear gate from electron-nuclear flipflop

interactions, we explicitly write the simultaneous flipflop between an NV and 2 nuclei as

exp
(
−it

[
a1(Sx ⊗ I(1)

x + Sy ⊗ I(1)
y ) + a2(Sx ⊗ I(2)

x + Sy ⊗ I(2)
y )
])

=




1 0 0 0 0 0 0 0

0

a21+a22 cos(
√
a21+a22t/2)

a21+a22

−2a1a2 sin2(
√
a21+a22t/4)

a21+a22 0

−ia2 sin(
√
a21+a22t/2)√

a21+a22 0 0 0

0

−2a1a2 sin2(
√
a21+a22t/4)

a21+a22

a22+a21 cos(2
√
a21+a22t/4)

a21+a22 0

−ia1 sin(
√
a21+a22t/2)√

a21+a22 0 0 0

0 0 0
cos(

√
a2

1 + a2
2t/2))

0

−ia1 sin(
√
a21+a22t/2)√

a21+a22

−ia2 sin(
√
a21+a22t/2)√

a21+a22 0

0

−ia2 sin(
√
a21+a22t/2)√

a21+a22

−ia1 sin(
√
a21+a22t/2)√

a21+a22 0
cos(

√
a2

1 + a2
2t/2))

0 0 0

0 0 0

−ia1 sin(
√
a21+a22t/2)√

a21+a22 0

a22+a21 cos(2
√
a21+a22t/4)

a21+a22

−2ab sin2(
√
a2+b2t)

a2+b2 0

0 0 0

−ia2 sin(
√
a21+a22t/2)√

a21+a22 0

−2ab sin2(
√
a2+b2t)

a2+b2

a21+a22 cos(
√
a21+a22t/2)

a21+a22 0
0 0 0 0 0 0 0 1




where the solid-framed matrix elements are NV-nuclear interactions, dotted matrix elements are to

preserve unitarity and dashed matrix elements are nuclear-nuclear interactions. For sin(
√
a2

1 + a2
2t/4) =

1 and a1 = a2, we obtain

exp
(
−it

[
a1(Sx ⊗ I(1)

x + Sy ⊗ I(1)
y ) + a2(Sx ⊗ I(2)

x + Sy ⊗ I(2)
y )
])

(4.1)

=




1 0 0 0 0 0 0 0

0 0 −1 0 0 0 0 0

0 −1 0 0 0 0 0 0

0 0 0 −1 0 0 0 0

0 0 0 0 −1 0 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 −1 0 0

0 0 0 0 0 0 0 1




In particular, if the NV center is prepared in |1〉, the nuclear states will swap and a CPHASE gate is

applied.
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4. Using polarization sequences for fast high-fidelity quantum gates.

4.4. Tuning Pulsed Polarization sequences resonant to two arbitrary

frequencies

Polarization sequences [1], see sections 3.3 and 3.4, are a robust way to create an effective SxIx ±
SyIy interaction. Furthermore, they can be tuned to resonance with two arbitrary frequencies ωj(j =

1, 2), which can be achieved with either of the two sequences illustrated in Fig. 3.7 (a) and (b). In

both cases, the control over the resonance frequencies is achieved by a parameter φ that affects

the pulse phases (Fig. 3.7 (a)) or pulse duration (Fig. 8.3 (b)). Note that for φ = π/2 we recover

the PulsePol sequence [1] for the sequence in Fig. 3.7 (a), while for φ = π we obtain a standard

XY-sequence for both sequences. A detailed analysis of the sequence properties can be found in

section 3.4. In particular the sequence in Fig. 3.7 (a) is robust to first order errors up to a term that

does not inhibit polarization transfer significantly, see section 3.4.1. Therefore, for the rest of this

chapter we will focus on the sequence a) due to its better robustness against amplitude errors but

the ideas presented here apply to the sequence b) in a similar way.

In order to simultaneously put two chosen frequencies into resonance, the free parameter φ may be

chosen as follows. For example, for frequencies ω1 < ω2 < 3ω1 we can use the (n = 0,+) and

(n = 1,−) conditions. Hence we need to solve

(
1

2
+

φ

2π

)
2π

ω1
=

(
3

2
− φ

2π

)
2π

ω2
(4.2)

for φ, which yields

φ =
π

2

3− ω2/ω1

1 + ω2/ω1
. (4.3)

Here, the nuclear spins precessing at two frequencies ω1 and ω2 are polarized in opposite direc-

tions. Polarization in the same direction, i.e. applying a flipflop-interaction for both nuclei instead of

applying a flipflop-interaction to one nucleus and a flipflip-interaction to the other, can be achieved

by employing the (n,±) and (n+ 1,±) conditions, where we obtain

± φ = 2π
1

ω2/ω1 − 1
− n− 1

2
. (4.4)

We remark that the effective electron-nuclear coupling strength varies depending on the chosen

resonance (n,±) and the parallel coupling a⊥. In the case of instantaneous pulses we obtain the

effective coupling

aeff =
a⊥

2τωL
[1− cos(ωLτ)] (4.5)

for the (n,±) resonance where ωLτ/π = n+ 1/2± φ/(2π) according to Eq. (3.21).

This value is constant once the resonance (n,±) is fixed. However, for applying these sequences

in quantum information processing or simulation, it is required to tune the effective coupling strength
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4.5. Using Polarization sequences for high-fidelity nuclear-nuclear gates

for different resonances independently, otherwise only one specific interaction that depends on the

system configuration can be created. In the next section we solve this limitation by extending the

sequences to allow for an arbitrary tuning of the coupling strength.

4.5. Using Polarization sequences for high-fidelity nuclear-nuclear

gates

We will now show how we can tune the coupling strengths a1 and a2 to two nuclear spins which

we aim to couple simultaneously to the NV center. This allows to realize arbitrary entangling gates

between nuclei with different coupling strength and Larmor frequency. There are two general gates

to distinguish, that is, whether the nuclei interact with the electron spin with one flipflip and one

flipflop interaction or two flipflop (flipflip) interactions. While the gate operators differ for these cases,

the distinction is only relevant in the case of similar Larmor frequencies |ω2/ω1 − 1| � 1 that is

discussed in the following section.

Considering the second case, the effective evolution operator under the developed sequences for

polarization in the same direction might be written as

U(t) = exp
{
−it

[
a1(SxI

1
x + SyI

1
y )

+a2(SxI
2
x + SyI

2
y )
]}
. (4.6)

For an equal coupling strength a1 = a2 and an evolution time t such that sin(
√
a2

1 + a2
2t/4) = 1, the

operator simplifies to (see section 4.3)

V =1 (− |10〉 〈01| − |01〉 〈10|)
+ σz (|11〉 〈11| − |00〉 〈00|) . (4.7)

Within the nuclear spin subspace, this gate acts like the composition of a CPHASE and a SWAP

gate. Together with local rotations on the nuclear spins, this would be sufficient for universal quantum

computation [87]. For example, application of this gate in combination with a π/2 pulse around the

y axis on the second nuclei can create the minimal GHZ state

e−iπ/2I
(2)
y V |0 y− y−〉 = |0〉 |00〉+ |11〉√

2
.

These states are maximally entangled and advantageous in quantum metrology [88].

Similar results are obtained using the gate implemented with one flipflop and one flipflip interaction,

that is

U(t) = exp
{
−it

[
a1(SxI

1
x + SyI

1
y )

+a2(SxI
2
x − SyI2

y )
]}
. (4.8)

45



4. Using polarization sequences for fast high-fidelity quantum gates.

b)

a)

d)

c)

Figure 4.1.: a) Sequence used for all following simulations: The π pulses in the sequence of Figure
Fig. 3.7 (a) are replaced by 5 pi-pulses, introducing the parameters τ0,1,2. b) Process
infidelity for different detuning and amplitude errors using the (0,+) and (1,-) conditions,
for details see text. c) Schematic visualization of the situation considered: An NV center
is used to entangle 2 nuclear spins of frequencies ω1/2, while a third spin of frequency
ω3 inhibits the gate. d) Infidelity as a function of the allowed total gate time and the
frequency of an additional spin. Reprinted figure with permission from [2]. Copyright
(2021) by the American Physical Society.

In particular, for equal coupling and the gate time fulfilling sin(
√
a2

1 + a2
2t/4) = 1 we arrive at

V =1 (− |11〉 〈00| − |00〉 〈11|)
+ σz (|10〉 〈10| − |01〉 〈01|) . (4.9)

However, the condition a1 = a2 only holds for the special case where the ratio between the Larmor

frequencies is the ratio between the perpendicular coupling strengths and a mismatch heavily de-

creases the fidelity of the gate. We thus extend the PulsePol sequence in Fig. 3.7 (a) by replacing

each π-pulse by a composite pulse as proposed in [89, 90, 35, 91]. A π-pulse interchanges the

populations in |0〉 and |1〉, which is equivalent to the transformation Sz 7→ −Sz. Hence, we can

model these pulses by a modulation function f1(t) = (−1)n(t), where n(t) is the number of π-pulses

applied until t, i.e. it is positive (negative) after an even (odd) number of pulses. Combining this

observation with the derivation of the effective Hamiltonian in Eq. (3.19), we now have that the total

effective coupling operator of the NV center reads f1(t)[Sx cos(φefft)+Sy sin(φefft)]. If the value of φ

in the pulse sequence [see Fig. 3.7(a)], equals π, we have that f1(t) = cos(φefft) and sin(φefft) = 0,

i.e. we obtain the effective operator of the XY-4 sequence. Otherwise, the function φeff(t) differs

by the periodical phase changes φ + π that are introduced every 2τ as described in section II. As
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4.5. Using Polarization sequences for high-fidelity nuclear-nuclear gates

shown in Fig. 4.1 (a), two new parameters τ1 and τ2 that describe the new pulse spacings are intro-

duced and can be employed to tune the Fourier components of the modulation function f1(t). As a

result, the effective coupling is individually modified for each resonance because the relevant Fourier

components can be adjusted independently.

We analytically calculate the effective coupling constant for the sequence in Fig. 4.1 (a) with finite

pulses. To do so, we describe the effective Sz operator in Eq. (3.19) using the modulation function

f1(t), following a similar path as for the special case of the PulsePol sequence [1]. In particular,

this modulation function equals 1 for every position that is marked with 1 in Fig. 4.1 (a), and -1

for every position 2, such that the effective operator is f1(t)Sx. Positions 3 and the following are

automatically included in the following discussion, with periodically changing phases. During pulses,

the modulation function is rotated similar to magnetisation, leading to

f1(t) =





sin(Ωt), for 0 ≤ t ≤ π
2Ω

1, for π
2Ω ≤ t < t1 − π

2Ω

− sin(Ω(t− t1)), for − π
2Ω ≤ t− t1 ≤ π

2Ω

−1, for t1 + π
2Ω ≤ t < t2 − π

2Ω

sin(Ω(t− t2)), for − π
2Ω ≤ t− t2 ≤ π

2Ω

1, for t2 + π
2Ω ≤ t < τ − π

2Ω

− sin(Ω(t− τ)), for − π
2Ω ≤ t− τ ≤ 0

−f1(t− τ), for τ ≤ t ≤ 2τ

f1(t− 2τ), for t ≥ 2τ

(4.10)

due to the 2τ -periodicity and antisymmetry with respect to the center of the third pulse t = τ . Here

t1 = τ − τ1 − τ2 − 2π/Ω and t2 = τ − τ2 − π/Ω are the centers of the first and second π-pulse,

respectively. This leads to the function in Fig. 4.2.

For symmetry reasons, it is sufficient to calculate the overlap of this function with sin(ω(τ − t)), as

the Fourier coefficient of cos(ω(τ − t)) vanishes due to the point symmetry with respect to t = τ .

As the Fourier coefficient only gives the prefactor of the SxIx term in a rotated basis, an additional

factor 1/2 is necessary to obtain the effective coupling for the flipflop Hamiltonian in Eq. (3.20). This

leads to
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Figure 4.2.: The modulation function f1 for the adapted sequence until the center of the central π-
pulse (t = τ ) rises to 1 during first π/2 pulse and remains there until the beginning of
the composite pulse. For symmetry reasons it is sufficient to consider only the first π-
pulse (1 → −1), the evolution afterwards that takes a fraction β1, the second π-pulse
(−1 → 1), the evolution afterwards that takes a fraction β2 and half of the third π-pulse
(1 → 0). Reprinted figure with permission from [2]. Copyright (2021) by the American
Physical Society.

aeff =
a⊥
2τ

τ∫

0

dt sin(ω(τ − t))f1(t)

=
a⊥

2τωL

1

1− ε2
[
− cos

(επ
2
− ωLτ

)
+ cos

(επ
2

)(
1− ε2 + ε2 cos

(
(τ1 + τ2)ωL

ε

)
− 2 cos (επ + τ2ωL)

+2 cos (2επ + (τ1 + τ2)ωL)) + ε

(
sin(ωLτ) +

(
ε− sin

(επ
2

)
sin

(τ1 + τ2)ωL
ε

))]

=
a⊥

2τωL
[1− cos(ωLτ)− 2 cos(ωLτ2) + 2 cos(ωL(τ1 + τ2))] +O(ε)

=
a⊥

2τωL
[1− cos(ωLτ)] +O(ε) +O(ωLτ1) +O(ωLτ2) (4.11)

where we defined ε = ωL/Ω as the ratio between nuclear Larmor and electron Rabi frequency.

Note that the resonance (n,±) and the phase φ are included in ωLτ according to Eq. (3.21). We

obtain the expected a⊥(2 +
√

2)/(3π) for PulsePol (n=0,+; τ = 3π/4ωL) with instantaneous pulses

(ε = β1 = β2 = 0).

This equation can be used to achieve the same coupling for two different resonances. We use this

equation to calculate equal coupling for the n = 0,+ and n = 1,− resonances as shown in Fig. 4.3.

For instantaneous pulses we can simplify the effective coupling as

aeff =
a⊥

2τωL
(4.12)

[1− cos(ωLτ)− 2 cos(ωLτ2) + 2 cos(ωL(τ1 + τ2))] .

Here, unlike in Eq. (4.5), the parameters τ1,2 can be used to modify the effective coupling of a given
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4.5. Using Polarization sequences for high-fidelity nuclear-nuclear gates

Figure 4.3.: Comparison of effective coupling (left) for Aeff(φ1, β1, β2) (top) and Aeff(2π− φ1, β1, β2)
(bottom) for the parameters in Fig. 4.1 (main text) and difference between those func-
tions (right). Here τ1,2 = β1,2

π+φ
2ωL

was used as dimensionless time βi < 1. The chosen
β1,2 is marked with a white cross where bot functions were equal and close to a desired
value. Reprinted figure with permission from [2]. Copyright (2021) by the American
Physical Society.

resonance. Using this expression the right values of the τj for a given pair of nuclear spins and the

desired effective coupling strengths a⊥i can be deduced numerically.

We apply this concept and evaluate the performance of the gate under amplitude and detuning

errors of the drive which induces the pulses. To do so, we employ the process fidelity of the gate,

which is given by the overlap of the Choi states corresponding to the implemented evolution via the

pulse sequences and the desired target evolution [92]. This translates to calculating the fidelity as

the overlap of the states Ψ(U) = U⊗1
d−1∑
i=0
|i〉⊗|i〉 /

√
d, where U is either the unitary evolution under

the described gate or the desired target evolution, while |i〉 are the basis states of the NV-nuclear

system with dimension d = 24 for one electron spin and three nuclear spins.

This metric is able to characterize the fidelity of an operation concurrently for all initial states. In

particular, it therefore allows to capture gate infidelities for specific combinations of initial states that

might be overlooked when only the state fidelity for certain intial/target state combination is consid-

ered. Fig. 4.1 (b) shows >99.99% process-fidelity for a gate with a silicon-29 (ω1 = (2π)2MHz) and

a carbon-13 spin (ω2 = 1.265ω1) coupled to an NV center (a⊥1 = (2π)20kHz, a⊥2 = (2π)25kHz),

using a Rabi frequency Ω = (2π)50MHz and a total time T ∼= 418µs. Pulse control errors of < 2%

amplitude and < (2π) 2MHz detuning errors do not affect the fidelity. While the shape of the op-

timal region looks different for different gate times, this robustness is always sufficient for common

experimental systems that operate with a single NV center.

Adding a third spin with a⊥3 = (2π)20kHz and a frequency close to that of one of the other nuclei

as sketched in Fig. 4.1 (c) impairs the fidelity in a frequency range ∼ 1/T , where T is the total

gate duration. This is seen in Fig. 4.1 (d), where, for fixed total gate time, an infidelity larger than

1% appears in a larger range around the first two nuclear spin frequencies. This is a result of the

frequency filter scaling ∼ 1/T , that stems from the effective Fourier transformation we perform in
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4. Using polarization sequences for fast high-fidelity quantum gates.

Eq. (3.20). We investigate this in more detail after the following section. Note that the values for

larger total gate times (decreasing fidelity for T > 700µs) can be improved by choosing a higher

order resonance.

While this section used a gate with one flipflop and one flipflip Hamiltonian, we will demonstrate the

application of a gate with two flipflop Hamiltonians in the example presented in the next section.

4.6. Manipulation of noise-protected states

The states in the subspace {|10〉 , |01〉} for nuclei with the same gyromagnetic ratio are protected

from fluctuations of the global magnetic field. Therefore, it is an excellent candidate to store quan-

tum information since its coherence time is substantially prolonged [93]. Efficient manipulation in this

submanifold can further be used to store and manipulate quantum information in the protected man-

ifold or to obtain information on the frequency difference and therefore the magnetic field gradient

on a small lengthscale.

In this section we show fast high-fidelity manipulation in this submanifold using the protocol de-

scribed in the previous subsection, but generalizing the operator V from the previous section. A

major drawback of using the subspace {|10〉 , |01〉} is that resonance conditions that polarize in the

same direction, e.g. two flip-flip Hamiltonians, have to be used. For similar Larmor frequencies

|ω2/ω1 − 1| � 1, this demands higher resonance conditions and therefore longer gate times, be-

cause we now need to solve

(
2n+ 1

2
+

φ

2π

)
2π

ω1
=

(
2n+ 3

2
+

φ

2π

)
2π

ω2
(4.13)

for φ and n. We are particularly interested in similar frequencies where

1� ω2

ω1
− 1 =

1
2n+1

2 + φ
2π

(4.14)

and therefore large n is required as φ ∈ [0, 2π].

In the previous section we effectively used the {|11〉 , |00〉} manifold using one flip-flip and one flip-flop

Hamiltonian, which is beneficial when the gates are not required to affect the {|10〉 , |01〉} subspace.

To create the desired gate we again fix the gate time to sin(
√
a2

1 + a2
2t/4) = 1. By defining cosα ≡

(a2
1− a2

2)/(a2
1 + a2

2) we obtain an evolution operator (see section 4.3 for frame linestyle explanation)
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U =




1 0 0 0 0 0 0 0

0 cosα − sinα 0 0 0 0 0

0 − sinα − cosα 0 0 0 0 0

0 0 0 −1 0 0 0 0

0 0 0 0 −1 0 0 0

0 0 0 0 0 − cosα − sinα 0

0 0 0 0 0 − sinα cosα 0

0 0 0 0 0 0 0 1




,

where the space spanned by |10〉 and |01〉 is mapped onto itself, which means arbitrary rotations

controlled by the NV center are performed using the unitary

U = − sin(α)1NV ⊗ σ(1)
x + cos(α)σNV

z ⊗ σ(1)
z , (4.15)

where σ(1)
x = |10〉 〈01| + |01〉 〈10| and σ(1)

z = |10〉 〈10| − |01〉 〈01|. After initializing the nuclei into

|10〉, for example by using a polarization sequence repeatedly, information can be swapped from

the electron spin onto the nuclear spins or to perform local gates in the submanifold {|10〉 , |01〉}. As

an example, we consider a Hadamard gate on the encoded subspace in Fig. 4.4 that transforms

an initially prepared state |10〉 into (|10〉 + |01〉)/
√

2. From the condition cosα = 1/
√

2 we obtain

a = (
√

2 ± 1)b, which we can again control by choosing the waiting times between the 5 π-pulses

correctly.

Fig. 4.4 uses the resonances (22,-) and (23,-) for two nuclei (ω1 = (2π)2MHz, ω2 = 1.045ω1,

a⊥1 = (2π)20kHz, a⊥2 = (2π)25kHz and a Rabi frequency Ω = (2π)30MHz. An additional third spin

a⊥3 = (2π)20kHz decreases the fidelity significantly if it is close in frequency to the first or second

spin or to other resonances (e.g. (21,+) at ∼ 0.98ω1 and (22,+) at ∼ 1.025ω1). For higher effective

couplings the fidelity is higher as less perturbations can accumulate during the smaller gate time,

but also the range where additional frequencies can perturb the gate increases with decreasing gate

time.

Analogously to this section it is possible to manipulate the states |11〉 and |00〉 for enhanced sensing

using the approach from the previous section with one flipflip- and one flipflop-interaction but with a

more general operator V that is given in the section 4.3 or obtained by swapping one nuclear spin

basis |0〉 ↔ |1〉 compared to this section. Those states accumulate the two times the phase from

an external magnetic field compared to a single nucleus, allowing for a more precise measurement

[88] due to the use of entanglement.

4.7. Comparison to gates composed of electron-nuclear gates

The action of the gates constructed in this work can be equivalently realized by a synthesis of

electron-nuclear gates that achieve SzIx interactions using standard sensing sequences [82]. Im-

portantly, these gates are mainly limited by the decoherence time T2 of the electron spin, during
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Figure 4.4.: Process infidelity in the relevant nuclear subspace {|10〉 , |01〉} of a gate that evolves a
state |1〉 ⊗ |10〉 ⊗ |+〉 to |1〉 ⊗ (|10〉+ |01〉) /

√
2 ⊗ |+〉 while being disturbed by a third

spin like in Fig. 4.1 (d). Here the conditions (22,-) and (23,-) were used, as a result
the maximally achievable coupling strength is reduced and therefore the gate times are
longer. Reprinted figure with permission from [2]. Copyright (2021) by the American
Physical Society.

which at least two electron-nuclear gate operations have to be performed. While our work is moti-

vated by NV centers in diamond controlling nearby C-13 spins, the same considerations also apply

for shallow NV centers near the diamond surface that suffer from smaller decoherence times due

to various defects on the diamond surface. However they can be used to control nuclear spins of

various materials near the surface, including hexagonal boron nitride (hBN), silicon carbide and flu-

orine attached to the diamond surface. While still being prone to electronic dephasing during the

gate time, the smaller total gate time achieved by the polarization sequence approach presented in

this work can increase fidelities compared to gates synthesized by electron-nuclear gates.

Let us consider two limiting factors. The first one applies when operating in samples where nu-

clear spins are abundant. In this case we are faced with a complicated and dense environmental

frequency spectrum which requires a narrow frequency window to ensure selective addressing of

nuclei. Fig. 4.5 shows a comparison of our direct gate approach to a gate composed of electron-

nuclear gates as proposed in [82]. For this example polarization based sequences are not only faster

(see second case), but also provide better robustness to disturbance from a third spin. For equal

total gate times, the frequency range where a third spin disturbs the nuclear gate (red solid curve)

is only about one third of the range for the electron sequence envelope counterpart (green dotted

curve). Our approach employing polarization sequences then only requires 50% of the electron-

nuclear composed gate time since at all times two nuclei interact with the electron spin. This is

reflected in the blue curve FWHM and clear from the fact that the nuclear-nuclear gate approach

manipulates both frequencies simultaneously, while the electron-nuclear gates address the two fre-

quencies during two different parts of the sequence. Note that for electron-nuclear gates only half

of the total sequence is used to decouple the respective frequency from the environment, since two

gates have to be applied. The property of decoupling both nuclei simultaneously while entangling

them at the same time is fundamentally related to the fact that for polarization sequences the effec-
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Figure 4.5.: Comparison of process infidelities of the direct gate approach (present work) and the
sequential gate approach [82]. For the parameters of Fig. 4.1 our proposed direct gate
approach is shown for the fastest possible time T ∼= 120µs (black dash-dotted line) and
T ∼= 140µs (red solid line), which is the fastest possible gate time achievable with a
sequential gate approach. The latter is simulated using the ideal case of instantaneous-
pulse CPMG sequences (blue dashed line and its envelope in green dotted line). The
regions where a third nucleus affects the gate are smaller for the polarization based
sequences. The full width half maximum (FWHM) for equal total gate times that charac-
terizes the range of frequencies that impair the gate fidelity is almost three times worse
for the electron-nuclear gate envelope compared to the polarisation sequence approach.
A factor 2 that stems from the fact that electron-nuclear gates only use half of the se-
quence time to decouple the individual nuclei can be seen in the blue curve FWHM,
its sinc-shape is the reason for the bigger envelope, see text for discussion. Reprinted
figure with permission from [2]. Copyright (2021) by the American Physical Society.

tive interaction operators for the respective nuclei, i.e. SxI1
x+SyI

1
y and SxI2

x±SyI2
y , do not commute.

Contrary, the effective operators SxI1
x and SxI2

x created via the sensing sequences commute and

therefore cannot be used to entangle simultaneously. Another advantage of polarization sequence

based gates in Fig. 4.5 is that there are no sidepeaks of infidelity, unlike for the electron-nuclear gate

approach. In the latter case different sinus cardinalis (sinc) expressions appear in the frequency do-

main filter [94, 95], resulting in a broader envelope. In typical experimental settings, where a given

fidelity needs to be achieved by decoupling from an impairing spin bath with a range of frequencies,

it is required to compare the envelopes of the curves. The envelope for the electron-nuclear gate

approach (green dotted) shows an almost three times larger FWHM than the polarization sequence

based approach for the same total gate time.

In cases where frequency selective addressing is not the limiting factor, the strength of the available

effective dipole-dipole coupling A⊥eff between the electron and nuclear spins becomes a key factor

as it determines the gate time for a given gate angle. In the ideal case where the coupling strengths

already have the preferred ratio, e.g. ω1/ω2 = a⊥1 /a
⊥
2 = 5/3 for φ = π/2 and the (1,−) condition,

we use Eq. (4.5) and sin(4a
√

2t) = 1 to obtain the total gate time T = 3π2/(1+
√

2)/a⊥1 , whereas an

approach via standard sensing sequences [82] need two blocks of time π/(2a⊥1,2) for each nucleus,

so a total time of T = 8π2/(5a⊥1 ). Therefore the polarization approach needs up to 22% less time.
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In a realistic scenario with finite pulses and non-ideal coupling ratios this improvement is slightly

smaller, yielding a reduction in gate time of 14% for the parameters in Fig. 4.5.

Summarizing, our approach can reduce the total gate time unless a gate between spins with cou-

pling strengths that differ by orders of magnitude is required, which allows for a higher number of

operations within the electron T2 coherence time, representing the natural limit.

4.8. Conclusion

In this chapter we used the extension to pulsed polarization sequences from section 3.4 that, in con-

trast to standard techniques, allows to address simultaneously two nuclear spin species with distinct

frequencies of similar magnitude. We show that the resulting effective flipflop and flipflip electron-

nuclear interactions can be used to realize entangling nuclear-nuclear gates and describe how to

manipulate the effective Hamiltonian to perform desired gates by introducing additional pulses. Fi-

nally we showed that these gates are faster than gates composed of single electron-nuclear inter-

actions, in particular when simultaneous decoupling from other spins is required, and discussed

relevant experimental settings.
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A publication based on the results of this chapter is in preparation [5].

In this section we show that the ideas and methods that were developed in the previous sections

can also be advantageous in very different systems. Parahydrogen-induced polarization (PHIP) [43]

uses the singlet order of parahydrogen in combination with a chemical reaction binding the hydrogen

to a molecule in order to polarize a nuclear spin in this molecule. We use the framework of [96] to

show the equivalence of this very different system to the description of polarization transfer from NV

centers in diamond to nuclear spins.

Using this equivalence we show that the PulsePol sequence can be applied to achieve fast and

robust conversion of a singlet state to nuclear magnetization.

5.1. Introduction

In section 2.3 we discussed hyperpolarization as a promising method to increase the signal-to-noise

ratio of NMR applications. In other chapters of this work we focus on dynamic nuclear polarization

(DNP), the transfer from electron spins, but other methods exist. This chapter introduces the use

of pulsed polarization sequences for Parahydrogen-induced polarization (PHIP) [43]. Hydrogen gas

consists of two isomers, ortho- and parahydrogen. The ratio between these gases is approximately

3:1 at room temperature, but the parahydrogen share can be increased artificially by letting the

hydrogen molecules thermalize at a temperature below 80K [97].

The hydrogen spin order from the parahydrogen H2 molecules can be transferred to molecules by

a hydrogenation reaction. In this reaction the two hydrogen atoms bind to two nearest-neighbor

carbons which exhibit an unsaturated bond. Following the hydrogenation, the parahydrogen spin

order is conserved, leading to a singlet state between the hydrogen spins which can be used to

polarize other nuclear spins, like carbon-13 that can be incorporated in the molecule [98, 99, 100].

PHIP-SAH (PHIP by means of Side Arm Hydrogenation) describes the approach to achieve the po-

larization transfer via hydrogenation of a side arm, that is chemically removed after the transfer. This

allows the hyperpolarization of molecules that were not accessible for conventional PHIP, in partic-

ular pyruvate plays an important role here [101, 102]. Pyruvate is an important part of metabolism

and processed to lactate, therefore hyperpolarized carbon-13-labelled pyruvate allows to monitor

the metabolism and in particular diagnose cancer thereby [26]. PHIP techniques offer advantages

over standard DNP methods similar to NV-based DNP methods, allowing for cheaper (over an order

of magnitude less costly) and faster (minutes instead of hours) hyperpolarization.
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5. Pulsed polarization sequences for PHIP

In the near-equivalence regime the hydrogen spins are still coupled stronger to each other than to

other nuclei [96], which is closely related to the situation where a nuclear Larmor frequency of a spin

is considerably larger than its coupling to the NV center for NV-DNP.

5.2. Hamiltonian

We start with the Hamiltonian of the three J-coupling terms between two hydrogen spins and one

carbon spin [96, 103]. To show the equivalence to the NV based system, we denote the carbon-13

nuclear spin-1/2 operators by Si = σi/2 for i ∈ {x, y, z}, and the 1H nuclear spin-1/2 operators

by Iij = σi/2 for the jth hydrogen spin. A radiofrequency (RF) drive is applied to the carbon-

13 nuclear spin only in this description, but the Hamiltonian can easily be extended for additional

hydrogen RF drive. In a frame rotating with respect to the carbon-13 RF frequency and the hydrogen

Larmor terms, the J-coupling between hydrogen nuclei remain unchanged, while the J-coupling

terms between hydrogen and carbon-13 are averged to zero except the z-z-terms. The result is the

Hamiltonian

H = 2πJ12(~I1
~I2) + 2πJ13Iz1Sz + 2πJ23Iz2Sz + ∆Sz + Ω(t)(cosϕSx + sinϕSy), (5.1)

where ∆Sz describes the carbon detuning from the RF driving frequency and Ω(t) the driving am-

plitude with a phase ϕ.

In [96] an unlabelled sample of 0.86 M fumaric acid in degassed dimethyl sulfoxide DMSO-d6 was

used where J12 = 15.7Hz, J13 = 3.2Hz and J23 = 6.6Hz. We use these values for the following

simulations.

We can rewrite this Hamiltonian in the eigenbasis of the hydrogen-hydrogen J-coupling. Its eigen-

states are the triplet states |T−1〉 = |↓↓〉 , |T0〉 = (|↑↓〉 + |↓↑〉)/
√

2, |T+1〉 = |↑↑〉 and the sin-

glet |S0〉 = (|↑↓〉 − |↓↑〉)/
√

2, corresponding to an energy of 2πJ12/4 for the triplet states and

2πJ12(−3/4) for the singlet state.

We now rewrite the Iz1 operator in this basis.

2Iz1 = (|S0〉 〈S0|+ |T0〉 〈T0|+ |T+1〉 〈T+1|+ |T−1〉 〈T−1|) 2Iz1 (5.2)

= |S0〉 〈T0|+ |T0〉 〈S0|+ |T+1〉 〈T+1| − |T−1〉 〈T−1| . (5.3)

As the triplet states are symmetric with respect to exchanging the nuclei and the singlet state gains

a minus sign, we obtain

2Iz2 = − |S0〉 〈T0| − |T0〉 〈S0|+ |T+1〉 〈T+1| − |T−1〉 〈T−1| . (5.4)

This motivates us to define Iz ≡ (|T0〉 〈T0| − |S0〉 〈S0|) /2 and Ix ≡ (|T0〉 〈S0|+ |S0〉 〈T0|) /2 to
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5.2. Hamiltonian

rewrite the Hamiltonian as

H = 2πJ12(~I1
~I2) + 2πJ13Iz1Sz + 2πJ23Iz2Sz + ∆Sz + Ω(t)(cosϕSx + sinϕSy) (5.5)

= 2πJ12Iz + 2π(J13 − J23)SzIx + ∆Sz + Ω(t)(cosϕSx + sinϕSy) (5.6)

− 2πJ121/4 + 2πJ12
|T+1〉 〈T+1|+ |T−1〉 〈T−1|

2
+ Sz2π(J13 + J23)

|T+1〉 〈T+1| − |T−1〉 〈T−1|
2

.

(5.7)

This is very similar to the starting Hamiltonian for the PulsePol sequence [1]. The terms that contain

|T±1〉 states are irrelevant to the evolution when decoupling is applied to the S spin. Therefore this

Hamiltonian has the same evolution under the PulsePol sequence than a NV center coupled to a

nuclear spin

H = ωLIz + a⊥SzIx + ∆Sz + Ω(t)(cosϕSx + sinϕSy) (5.8)

where the nuclear Larmor frequency corresponds to the J-coupling between hydrogen ωL =∧ 2πJ12

and the perpendicular component of the electron-nuclear dipole-dipole coupling corresponds to the

difference a⊥ =∧ 2π(J13 − J23).

For several cases, including a constant RF drive embessed between π/2 pulses (SLIC), this result

was also derived in [96]. An overview of the equivalence and similar methods that can be applied to

both systems is shown in figure 5.1.

They share the common principle of transferring polarization between a driven spin and an undriven

spin that is defined by the frequency difference of its eigenstates, but with different physical realiza-

tions. Therefore similar methods can be used. Spinlocking is known as NOVEL or Hartmann-Hahn

[84] resonance in case of the NV-nuclear system that we discussed in section 3.2, and SLIC for

PHIP. Trains of π-pulses have been used to initialize nuclear spins with NV centers in [63], which is

equivalent to the S2hM protocol. A delay between the trains of π-pulses is necessary to achieve the

transfer Hamiltonian, which is closely related to the explanation in figure 3.3, with the main differ-

ence that in the latter case less π-pulses are used between the π/2-pulses, but the whole sequence

block is repeated several times. In this work we propose the PulsePol sequence that has been

demonstrated on NV centers [1] for PHIP.

The methods differ in their realizations of these systems and the transfer direction. In case of the

NV-nuclear transfer, the NV as the driven spin is initialized and polarization is transferred to the

undriven spin, whereas in case of PHIP the hydrogen spin system starts in a singlet state that is

used to polarize the driven spin. However, as the flipflop Hamiltonian is symmetric with respect to

exchanging the spins, processes can be described in the same way. The methods in figure 5.1

are simplified such that the similarities between different methods become apparent, but due to the

different transfer directions, different pulses can be omitted. In case of the NV-nuclear transfer, the

last pulse on the NV center is irrelevant as it does not influence the final nuclear polarization, in

case of PHIP the first pulse can be omitted as there is no polarization on the driven C13 target spin

yet. Some further pulses can be left out for both cases depending on in which direction the target is
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Control

Driven spin
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Figure 5.1.: Equivalence of PHIP and NV-nuclear polarization transfer. Both methods share the
common principle of transferring polarization between a driven spin and an undriven spin
that is defined by the frequency difference of its eigenstates, but with different physical
realizations. Therefore similar methods based on spinlocking, trains of π-pulses and
advanced pulse sequences can be used in both cases, with similar advantages and
drawbacks.

supposed to be polarized.

Figure 5.2 shows a simulation of the nuclear spin polarization with PHIP for the three methods that

are shown in figure 5.1 and compares it to the effective Hamiltonian of an NV-nuclear system with

ωL =∧ 2πJ12 and a⊥ =∧ 2π(J13−J23). The result is identical, and the effective Hamiltonians match the

evolution. Methods that use π-pulses to produce the SxIx and the SyIy interaction independently.

A sensing Hamiltonian H = 2/π × a⊥SzIx is obtained for a single train of π-pulses, leading to a

flipflop Hamiltonian H = 1/π × a⊥(SxIx + SyIy) when the two pulse trains are combined in such

a protocol. PulsePol produces an effective Hamiltonian H = (2 +
√

2)/3π × a⊥(SxIx + SyIy) that

has an about 14% larger prefactor.

While spinlocking produces the largest prefactor α in front of the effective Hamiltonian, it is also by

far the method with the smallest robustness to detuning and driving amplitude errors as shown in

[1]. In the next section we compare the robustness of PulsePol and S2hM for PHIP.
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5.3. Robustness to pulse errors

Figure 5.2.: Comparison of the PHIP-Methods that are illustrated in figure 5.1 with the effective
Hamiltonians H = αa⊥(SxIx + SyIy) for the case of an NV center interacting with a
nuclear spin that is described by equation (5.8). A Rabi frequency of Ω = (2π)1kHz was
used, the other parameters are J12 = 15.7Hz, J13 = 3.2Hz and J23 = 6.6Hz as for the
system in [96]. Here α = 1/2 for a spinlocking protocol (red/purple), α = (2+

√
(2))/3π

for PulsePol (blue) and α = 1/π for two separate trains of π-pulses (black). The non-
effective Hamiltonians for the NV systems perfectly match their PHIP counterparts and
are therefore not shown.

5.3. Robustness to pulse errors

The robustness to detuning and Rabi errors of S2hM depends on the phases of the π-pulses, as

shown in figure 5.3. For the simplest design where all phases are in the same direction, only a

small robustness is achieved on the left top. Using the composite 90024090900 pulse [64] as π-pulse

improves the robustness (right top). The performance is improved further by nesting the composite

pulses in a [X X -X -X] sequence as shown in [103] and the image on the left bottom. The PulsePol

sequence (right bottom) manages to achieve good robustness in a smaller total time and can be

improved even further with composite pulses. Replacing the π-pulse with a pulse robust to detuning

[104] will increase the sequence robustness to detuning, using pulses that compensate amplitude

errors like the 180120180240180120 pulse [64] will make the sequence better in this direction.

The robustness of the standard PulsePol sequence can be improved by more than 25% by using

the generalized PulsePol sequence [2] from section 3.4, as also discussed in sections 3.7 and 6.3.

This sequence has the form

(π/2)Y − τ − πX − τ − (π/2)Y (π/2)Y+φ − τ − πX+φ − τ − (π/2)Y+φ (5.9)

with the most important resonance at

τ =

(
1− φ

2π

)
π

2πJ12
(5.10)
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5. Pulsed polarization sequences for PHIP

Figure 5.3.: Robustness of PHIP with respect to RF control errors for the same parameters as in
figure 5.2. When all π-pulse phases are identical, the robustness to detuning and driv-
ing amplitude errors is limited to about 10% (left top). Using composite pulses improves
the robustness (right top), in particular in combination with alternating phases (left cen-
ter). The PulsePol sequence (right center) achieves a similar performance (sum over
all points -10%) without these techniques in a smaller total time. Using a generalized
PulsePol sequence with a well chosen phase φ = 1.19, an improvement of 25% com-
pared to the robust S2hM is achieved.

and an effective Hamiltonian

H =
1 + cos(φ/2)

2π − φ × a⊥(SxIx + SyIy) (5.11)
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5.4. Phase Modulation and concatenated dynamical decoupling

for |φ| < π, a more general treatment is found in section 3.4 and [2]. Note that we simplified the

notation here compared to section 3.4.

Using this notation, for PulsePol (φ = π/2) we obtain 1 − φ/2π = 3/4 and (1 + sin(φ))(2π − φ) =

(2 +
√

2)/3π.

For the set of parameters used here, φ = 1.19 was found numerically to be a good choice. The

coupling is still 99% compared to the standard PulsePol sequence, but offers considerably better

robustness as shown in figure 5.3 (bottom), beating the composite sequence by 25.2% (when the

sum over all polarization fidelities is used as figure of merit), and the standard PulsePol sequence

by more than 39%.

5.4. Phase Modulation and concatenated dynamical decoupling

Other schemes that were developed for the NV-nuclear polarization transfer can be applied to the

parahydrogen system as well. For applications where the RF power is limited but robust transfer is

required, phase Modulation and concatenated dynamical decoupling schemes [59, 60] are favorable.

They are similar to spinlocking applications, but have an additional term in their drive. In the rotating

frame the drive reads

Hd = ∆Sz + κΩ1Sx cos

(
2

Ω2

Ω1
sin(Ω1t)

)
− κΩ1Sy sin

(
2

Ω2

Ω1
sin(Ω1t)

)
(5.12)

for the phase-modulated drive and

Hd = ∆Sz + κΩ1Sx + 2κΩ2 cos (Ω1t)Sy (5.13)

for a concatenated drive. Here we introduced a parameter κ = (1 + δΩ1/Ω1)(1 + s) that describes

the Rabi frequency errors and can also be used to realize an additional shift s1 of the Rabi frequency.

In the case of NV centers, the resonance condition is Ω1 + Ω2 = 2πJ12(1 + s2) with a shift s2 that is

needed for the phase-modulated scheme in PHIP because the ratio (J13 − J23)/J12 is considerably

larger than in the original DNP setting. We demonstrate the transfer speed and robustness of the

phase-modulated and concatenated schemes in figure 5.4. Here the phase-modulated scheme was

used with s1 = 0.7, s2 = −0.1 and Ω2 = 0.5 × 2πJ12, whereas the parameters s1 = s2 = 0 and

Ω2 = 1/3 × 2πJ12 worked reasonably well in the concatenated case. The achieved values can be

improved further using numerical optimization.

These schemes are mainly of interest under power limitations, pulses have a significantly higher

energy intake despite of the short durations they are applied for, as the driving amplitude during the

pulse is significantly higher and the energy scales with its square.
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5. Pulsed polarization sequences for PHIP

Figure 5.4.: Robustness of spinlocking-based schemes: Phase modulation and concatenated driv-
ing schemes are slightly slower than the previously discussed approaches (left top).
Spinlocking (SLIC) is far less robust than pulsed schemes. In particular, the robust-
ness to detuning errors is measured on the scale of the J-coupling which is orders of
magnitude lower than the RF driving amplitude setting the scale for pulsed schemes.
Phase modulation (left bottom) provides better robustness against Rabi errors at re-
duced detuning robustness compared to SLIC. The concatenated approach (right bot-
tom) increases the RF amplitude robustness compared to regular spinlocking.

5.5. The I-SLIC equivalent PulsePol

By spinlocking the hydrogen spins, a singlet state can be created from nuclear magnetization. Here

the Hamiltonian has driving terms for the hydrogen spins

H = 2πJ12(~I1
~I2) + 2π(J13 − J23)

Iz1 − Iz2
2

Sz + 2π(J13 + J23)
Iz1 + Iz2

2
Sz (5.14)

+ ∆(I(1)
z + I(2)

z ) + Ω(t)(cosϕ(I(1)
x + I(2)

x ) + sinϕ(I(1)
y + I(2)

y )). (5.15)

62



5.6. PulsePol for other parahydrogen applications

Resonant Spinlocking with a Rabi frequency Ω = 2πJ12 and a phase ϕ = 0 after a π/2-pulse

transforms this to

H = 2πJ12(~I1
~I2) + 2π(J13 − J23)

Ix1 − Ix2

2
Sz + 2π(J13 + J23)

Ix1 + Ix2

2
Sz (5.16)

+ Ω(I(1)
z + I(2)

z ). (5.17)

Rewriting this effective Hamiltonian in terms of the J-coupling eigenstates, we see that the J13 +J23

term does not contain singlet terms and can therefore be neglected for the Hamiltonian

H = −Ω |S0〉 〈S0|+ 2π
J13 − J23

2

[ |T1〉 − |T−1〉√
2

〈S0|+ h.c.

]
Sz + Ω(|T1〉 〈T1| − |T−1〉 〈T−1|).

(5.18)

In a rotating frame with respect to the Ω-terms, we obtain the effective exchange between the singlet

and one outer triplet state.

H = 2π
J13 − J23

2

[ |T−1〉√
2
〈S0|+ h.c.

]
Sz. (5.19)

The PulsePol sequence creates this interaction in a different way. Similar to the creation of SxIx
and SyIy interactions during the individual parts of the sequence for a NV-nuclear system, now a

|T1〉 〈S0|+ |T−1〉 〈S0|+ h.c. and |T1〉 〈S0|− |T−1〉 〈S0|+ h.c. interaction is created. This can be seen

from the free evolution Hamiltonian

H = −2πJ12 |S0〉 〈S0|+ 2π
J13 − J23

2
[|T0〉 〈S0|+ h.c.]Sz (5.20)

in combination with the effects of π/2-pulses, that achieve |T0〉 → (|T1〉± |T−1〉)/
√

2, depending on

the pulse phase. An additional sign is created by a π-pulse |T0〉 → − |T0〉.

The |T1〉 〈S0| ± |T−1〉 〈S0|+ h.c. terms commute like the SxIx and SyIy terms, and therefore either

an effective |T1〉 〈S0| + h.c. or an effective |T−1〉 〈S0| + h.c. interaction is achieved instead of the

SxIx ± SyIy interactions that are flipflop and flipflip processes. Like for the S-SLIC equivalent in the

previous section, the PulsePol effective Hamiltonian is slower due to the

2
2 +
√

2

3π
(5.21)

prefactor that arises from the Fourier analysis.

5.6. PulsePol for other parahydrogen applications

Similar to the last section, other protocols based on trains of π-pulses or spinlocking can be replaced

by pulse sequences. The S2M [103] sequence is designed to convert magnetization to a singlet

state and vice versa. The difference to the previous section is that the two nuclear spins only differ
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5. Pulsed polarization sequences for PHIP

by their chemical shift (instead of different J-coupling to other spins), this difference is reflected by a

I
(1)
z − I(2)

z = |S0〉 〈S0|+ |T0〉 〈T0| term, the J-coupling term is as before for a total Hamiltonian

H = 2πJ(~I1
~I2) + δω(I(1)

z − I(2)
z )/2 + ∆(I(1)

z + I(2)
z ) + Ω(t)(cosϕ(I(1)

x + I(2)
x ) + sinϕ(I(1)

y + I(2)
y )).

(5.22)

In contrast to the systems that were discussed before, there is no carbon present. Each π-pulse

effectively flips the sign of δω. The M2S sequence [103] consists of two trains of 18 and 9 compos-

ite π-pulses with alternating phases, separated by π/2 pulses to switch to the correct bases. The

PulsePol sequence allows to create the desired interaction between one outer triplet state (|↑↑〉 or

|↓↓〉), that the system is initialized into, and the targeted singlet state |S0〉, with the same mecha-

nism that is used for the PulsePol equivalent of I-SLIC. Figure 5.5 compares the robustness of the

Figure 5.5.: Robustness of M2s and an equivalent pulse sequence protocol. PulsePol is slightly
faster with a more symmetric shape of the regions with high fidelity and an about 9%
larger parameter space with efficient polarization.

conversion of an outer triplet state to the singlet state for M2S and PulsePol. Here δω = (2π)0.7Hz,

J = 8Hz and a Rabi frequency Ω = (2π)10kHz were used, and the S2M protocol was simulated with

alternating composite pulses as described in [103]. PulsePol is again faster with better robustness

to control errors.

5.7. Pulsed polarization with bigger spin systems

Many molecules can be synthesized from parahydrogen such that the resulting hydrogen spins are

still in singlet order. The spin that is to be polarized is not always a nearest neighbour to these

hydrogen spins, often it is favourable to have other spins in between. This makes the system more

complicated and increases the distance and therefore the transfer time. In this section we show that

the PulsePol sequence can still be applied in a similar fashion to polarize a carbon-13 spin, and that

the more complicated level structure allows us to use more than one quanta of polarization.
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1𝐻

13𝐶1𝐻

1𝐻

Figure 5.6.: Left: Spin system with three hydrogen spins, coupled in a chain with a carbon spin.
Right: Effective energy structure of the hydrogen spin system.

Figure 5.6 shows such a system that is characterized by the Hamiltonian

H = 2πJ12(~I1
~I2) + 2πJ23(~I2

~I3) + 2πJ3CIz3Sz + ∆Sz + Ω(t)(cosϕSx + sinϕSy). (5.23)

Here we simplified to the three most relevant J-coupling terms. The carbon-13 spin is not coupled

directly to the singlet state of the first two hydrogen spins, but indirectly via the third spin. We can

rewrite the Hamiltonian in the eigenbasis of the three hydrogen spins. The level structure is shown

on the right hand side of figure 5.6.

Defining a ≡ J23/J12 and s ≡
√

1− a+ a2, the four highest levels |1〉, |2〉, |3〉 and |4〉 have an

energy of 1+a
4 ×J12, corresponding to triplet eigenstates in both J-coupling terms. Two intermediate

levels |5〉 and |6〉 with an energy −1−a+2s
4 × J12 correspond to a triplet state only if one J-coupling

vanishes. For this case the lowest energy levels |7〉 and |8〉 with an energy −1−a−2s
4 ×J12 correspond

to singlet state of the nonvanishing J-coupling.

We again rewrite the operator that appears in the coupling term, Iz3, in this new basis. We can

neglect all diagonal terms because they are averaged to zero when any decoupling sequence is

performed on the carbon spin. Two of the highest energy states, |1〉 = |↓↓↓〉 and |4〉 = |↑↑↑〉, only

contribute such diagonal terms, the other states have transition elements as

Iz3 =
a√
3s

(|5〉 〈7|+ |6〉 〈8|+ h.c.) /2 +
a√

3s/2
√

2s+ 2− a
(|2〉 〈7| − |3〉 〈8|+ h.c.) /2 (5.24)

+
a√

3s/2
√

2s− 2 + a
(|2〉 〈5|+ |3〉 〈6|+ h.c.) /2 + diag. (5.25)

It is also important to note that the singlet state of the J12 term is not an eigenstate of the system.

Mathematically it is a superposition of the |5〉, |6〉, |7〉 and |8〉 states, but because of the energy

difference a random phase will lead to a mixture with a population of

p|7〉,|8〉 =
2− a+ 2s

4s
(5.26)

in the lowest energy states and the rest in the {|7〉 , |8〉} submanifold.

For the parameters that are used for the following simulations (J12 = 11.4 Hz, J23 = 4.9 Hz,
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5. Pulsed polarization sequences for PHIP

J3C = 3.15 Hz), still 92.8% is in the desired state.

Figure 5.7.: Left: PulsePol transfer for J12 = 11.4 Hz, J23 = 4.9 Hz, J3C = 3.15 Hz for the big
energy gap E = J12 × (1 + a + s)/2 with the τ = 3π/4E resonance condition (blue
curve) and the smaller energy gap E = J12×s with the τ = 1π/4E resonance condition
(red curve). Right: A combination of the sequences allows to extract more than one
quanta of polarization. After the first sequence achieves maximum transfer, the carbon
magnetization is destroyed. Due to the population difference between these levels and
the levels that were not involved, more polarization can be transferred using the second
transition. Bottom: The robustness of the E = J12 × (1 + a+ s)/2 transition is smaller
compared to the system with two hydrogen spins in the previous section. As the spin
order has to be transferred via an intermediate spin, the effective coupling is smaller and
therefore the transfer needs more time. Creating the transfer Hamiltonian for a longer
time requires more pulses, therefore pulse errors acquire more.

Using the energy difference between the highest and lowest energy states J12 × (1 + a+ s)/2, the

carbon magnetization Tr (2ρfSz) is limited by this value in figure 5.7 (blue dots) as there is no initial

population in the highest energy state.

Using the other transition, the difference to the ideal magnetization is doubled because of the pop-

ulation in |5〉 and |6〉. For the chosen parameters the free evolution time τ = 3π/4E, where E

denotes the difference between the eigenenergies, has its fidelity reduced by an additional factor

≈ 2 because higher resonances of the PulsePol sequence couple to the other energy eigenstate

as well. Instead a spin locking or S2hM based sequence could be used, or a different PulsePol

resonance condition. The τ = 1π/4E polarizes in the opposite direction, which can be changed
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by flipping the phases of all pulses in y-direction (Y ↔ −Y ). It also has a smaller prefactor in the

effective Hamiltonian ((2−
√

(2))/π instead (2 +
√

(2))/3π) and is therefore about 2 times slower.

The matrix element for the smaller energy difference transition is bigger in equation (5.24), such that

the transfer time is slightly slower than for the E = J12 × (1 + a + s)/2 transition as seen in figure

5.7 (red dots). Both simulations agree well with the effective Hamiltonian prediction (dashed lines),

the blue curve deviates because of higher order resonances.

The resource that was used to polarize the carbon nucleus is the hydrogen singlet order. The singlet

state has two quanta of polarization, with full control over all nuclei two spins could be polarized.

However, when the hydrogen eigensystem has only two distinct energy levels (singlet and triplet

states), PHIP the discussed protocols can not make use of this potential. The system discussed in

this section, however, has three energy levels that we can utilize. When the carbon spin is polarized,

the pure state of the hydrogen spins becomes mixed between the levels that are involved in the

transition. However, the level that was not involved remains without population. This can be used to

polarize the carbon spin another time, albeit with less efficiency because the population difference

is smaller. This is shown in figure 5.7 on the right hand side. The population is initially in the

lowest energy states, after the first transfer it is mixed between the highest and lowest energy states.

Therefore half of the population is still in the lowest energy state and can be used to polarize with

50% efficiency.

Using a recently established generalization of the PulsePol sequence [2], two frequencies can be

addressed simultaneously. This allows to make use of both transitions at the same time, for example

for faster transfer.

In this section we showed that even in a complicated system transfer can be realized as long as

the relevant coupling term has nondiagonal terms in the eigenbasis of the hydrogen spin system.

We utilized this to show transfer using different energy transitions. Combining these, more than one

quantum of polarization can be utilized on the carbon spin.

5.8. Conclusions

In this chapter we showed the equivalence between the Hamiltonian in systems for PHIP and the

system that is considered throughout the rest of this work, the NV center in diamond coupled to nu-

clear spins. This equivalence was used to compare different state-of-the-art protocols and introduce

new protocols for PHIP that are based on established procedured for NV centers in diamond. Pulsed

polarization sequences can replace a wast range of methods for the polarization of a target spin or

the conversion of the singlet state to magnetization in a fast and simultaneously robust manner. We

also showed that bigger spin systems with additional hydrogen spins can benefit from the approach

and even harvest an additional quantum of polarization that is not accessible in the case of only two

hydrogen spins.
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6. Numerical optimisation of pulsed polarisation
sequences

6.1. Introduction and general considerations

In the previous sections we derived and explained well working sequences for various experimental

situations. In this section we improve them even further using numerical optimisation. For this

purpose we need to program a function that implements a basic NV-nuclear system for the given

pulse sequence. The resulting transfer is judged based on the properties that are desired.

This leads to the definition of a "cost function" or "figure of merit". It describes how well a sequence

that is described by one set of parameters fulfils the requirements and allows to compare it to other

sequences described by different parameters. This is achieved by designing it such that better

sequence parameters yield a smaller (or higher) value and therefore by minimisation (maximisation)

the best set of sequence parameters is revealed. In the following we use the negative absolute value

of the achieved polarisation as cost function, unless specified otherwise.

To choose a fitting optimisation procedure, several aspects are considered. Some parameters can

be discrete, like the number of sequence repetitions. If instead a maximum total time is the con-

straint, the function values will be discontinuous with respect to the time per sequence block, as

a slight change in this time might change the number of blocks that fit in the total time, reducing

the efficiency for this set of parameters. Further discontinuities and discrete parameters lead to a

gradient-free algorithm as the ideal choice, as algorithms with gradient might be faster for some

problems, but gradients are difficult to calculate for our problem.

The Nelder-Mead downhill-simplex algorithm is a commonly used gradient-free optimisation algo-

rithm that is implemented in the matlab fminsearch [105] algorithm. In this work we use it as a proof

of principle and a useful approach for most situations.

6.2. The optimisation for transfer speed as an analytically solvable

basic example

As a first example we consider the sequence in figure 3.7 b) from [2], acting on a single NV center

that is coupled to a single nuclear spin. The validity of using a single nuclear spin to characterize po-

larization speed and robustness is discussed in section 3.5. The sequence depends on a parameter
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φ, and is only resonant for specific free evolution times τ . The effective coupling for instantaneous

pulses Ω =∞ is given in equation (4.5):

aeff =
a⊥

2τωL
[1− cos(ωLτ)] (6.1)

for the (n,±) resonance where ωLτ/π = n + 1/2 ± φ/(2π) according to Eq. (3.21). It is shown in

figure 6.1 for varying 2nπ ± φ and resonant τ(φ).

Figure 6.1.: Effective coupling for instantaneous pulses Ω = ∞ and different angles ωτ/π = n +
1/2± φ/2π. The corresponding PulsePol resonances are marked in colour.

It can be seen that the PulsePol sequence is close to the optimum, but not exactly there. The ana-

lytical calculation reveals it reaches 99.987% efficiency of the maximum. If this analytical knowledge

would not be available, numerical optimization can be used to approach the problem. The transfer

to a nuclear spin can be simulated for a given set of parameters and a given number of sequence

repetitions, and a function can be defined that returns the achieved polarization.

Using a fixed number of repetitions is not ideal as it gives sequences with larger free evolution time

an advantage of larger total time T = Nτ . This results in a shifted polarization maximum in figure

6.2. The optimum is close to τ = π/ω (φ = π), but at exactly φ = π there is a region where no

transfer happens. This is because for this value the sequence is a sensing sequence only, the XY4

sequence.

In this example, a search algorithm will therefore favour the wrong value and might get stuck be-

cause of local minima in the cost function that is to be minimized. The problem of local minima

is less impactful for more parameters that are optimized because the Nelder-Mead algorithm can

circumvent them sometimes and it is less likely for a local maximum to appear in higher dimensions.

Still, some local minima are expected from the nature of the problem. For example, for the problem

in figure 6.1, starting with a phase φ > 5/2π might converge to the locally highest efficiency close

to φ ∼= 9π/2 instead the global optimum close to φ ∼= π/2 due to the 4π periodicity in equation (6.1).

This means the initial free evolution time should not be chosen too large but rather on the order of

the desired resonance.

The other aspect, the wrong optimum for unspecified total time, is worth to discuss in more detail

70



6.2. The optimisation for transfer speed as an analytically solvable basic example

Figure 6.2.: Polarization transfer for instantaneous pulses Ω = ∞ and different resonances τ with
the corresponding angles φ for a fixed number of sequence repetitions N = 15. Here
the resonences 0.5 < ωτ/π < 1 corresponds to the (0,+) resonance, 1 < ωτ/π < 1.5
to the (1,−) resonance and ωτ/π = 1 (φ = π) corresponds to the first resonance of the
XY-4 sequence. As the total time scales linearly with τ for fixed N , higher resonances
gain an advantage, resulting in a shifted optimum compared to the time-optimal choice
of the phase (red line).

here as these considerations will help in more advanced optimizations. Several approaches are

possible, the simplest idea would be to fix the total time T . This can be done by limiting the number

N of repetitions of a basic sequence block to the floor of T/tN , where tN denotes the time for

N = 1. However this approach will result in a local minimum for floor(T/tN ) = T/tN , because at

this point, when an optimization step increases tN slightly, the number of sequence repetitions and

therefore the total sequence time is decreased in a jump, reducing the cost function for this new set

of parameters drastically even when the sequence efficiency would be better.

Another approach is to have the total time as a variable that is optimized, but to divide the cost

function by this total time to add additional cost for longer time. The disadvantages here are the

additional inefficiency from introducing an additional optimization parameter, a bad reflection of an

actual experiment that is in most cases limited by the time that a sequence can be applied for (e.g.

NV T2 time), and the nonlinear polarization buildup behaviour that is not well described by dividing

the achieved polarization by the time needed. The first and last disadvantage can be partially ad-

dressed by calculating the repetition number N for which the first maximum is achieved and dividing

the polarization by the time needed. However this still potentially does not reflect the experimental

requirement of a maximally available total time. Furthermore, this procedure prefers sequences that

reach the maximal transfer in an integer number of steps, producing local minima that we want to

avoid. Using two optimizations with two different initial simplexes also reduces the risk of falling into

a local minimum.

A solution that circumvents these issues is to fix the total time by repeating N = T/tN times,

where N is not necessarily an integer. The simulation calculates the matrix exponential of the

calculated unitary evolution operator for a single sequence block, so this is numerically possible.

The un-physical nature of a non-integer repetition number can be resolved by rounding after the
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optimization, or by optimizing again with the constraint of N being integer after an almost ideal

set of parameters has been found using non-integer N . Therefore this procedure is used in this

subsection. A similar alternative is to compose the result for a noninteger N from the weighted

averages of the result of the two closest integers to make the cost function continuous. This avoids

dealing with potential numerical problems resulting from noninteger matrix powers. The latter idea

is used in the following subsections in combination with a subsequent optimization with integer N .

The reason is that the first optimization approaches the optimum without running into local minima,

while the second optimization corresponds to the real experimental situation and can start close to

the global optimum.

As an easiest example, we want to optimize for the fastest transfer with two free parameters, the

phase φ and the resonance τ , for the sequence that was discussed in the beginning of this chapter.

This does not take into account all analytical knowledge on the resonance from equation (3.21)

2τ =

(
n+

1

2
± φ

2π

)
2π

ω
(6.2)

or the analytical behaviour of equation (6.1), so we can use these to test the quality of the optimiza-

tion.

The theoretical maximum of equation (6.1) can be found numerically. The local maximum of

1 + cos(x)

2x
(6.3)

is≈ 0.3623 for ωτ/π = x ≈ 0.742, which is close to the (0,+) resonance τ = 3/4π/ω that describes

the PulsePol n=3 condition from section 3.3 and [1] that we denoted by (n = 0,+) in chapter 4 and

[2]. The expected result is shown as the cyan dashed line in figure 6.1.

The left part of figure 6.3 shows for which parameter combinations of τ and φ polarization is

achieved. It can be seen that, for the same total time, the region around the PulsePol sequence

(φ = 3π/2, τ = 3/4π/ωL) achieves the best transfer in a given time, but any set of parameters

fulfilling equation (6.2) with φ 6= kπ, where k is an integer, achieves transfer. Naturally the phase φ

is invariant to additions of multiples of 2π. For the instantaneous pulses used here, a transforma-

tion φ → 2π − φ changes the direction of the polarization for the same free evolution time. As the

cost function that is optimized only contains the absolute of the achieved polarization 2 |〈Iz〉|, it is

sufficient to show the interval 0 6 φ 6 π in this and the following illustrations as the y-axis.

On the right part of this figure we investigate whether the optimization with fminsearch converges

to a result in the vicinity of this optimum around −0.53. We see that several starting regions do not

converge to a polarizing outcome, but when the algorithm converges, a state close to the optimum

is reached. In particular sets of parameters that are close to polarizing ones achieve convergence

more often than those further away. The right of this image also shows an area for τ / 2π/ωL that

converges to a different local maximum. This is expected from figure 6.1, where there is a global

coupling minimum of 0 for τ = 2π/ωL. To understand how a starting point with a smaller τ than this

barrier converges to a larger τ , we need to understand the initial simplex creation in fminsearch:
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6.2. The optimisation for transfer speed as an analytically solvable basic example

Figure 6.3.: Resulting polarization for a total time T = 6µ s, a Larmor frequency ωL = (2π)7.5MHz
and a perpendicular coupling a⊥ = (2π)30kHz, δ-pulses and different pulse sequences
characterized by τ and φ. Due to 2π periodicity of φ and invariance to the transformation
φ→ 2π−φ, only 0 6 φ 6 π is shown. Left top: result for the corresponding parameters,
polarisation is achieved when equation (6.2) is fulfilled. The other three images show
the result of an optimisation with τ and φ as starting parameters for different τ , see text
for discussion.

"The algorithm first makes a simplex around the initial guess x0 by adding 5% of each component

x0(i) to x0. The algorithm uses these n vectors as elements of the simplex in addition to x0. (The

algorithm uses 0.00025 as component i if x0(i) = 0.)" [106]

The algorithm takes this initial simplex consisting of n+ 1 points, where n is the number of indepen-

dent variables that are optimized (2 for this example: τ and φ), and proceeds to search for the point

that minimizes the cost function. One of the initial simplex points is (1.05τ0, φ0), where we denote

the start of the optimization by x0 = (τ0, φ0). In particular, this point can include a τ > 2π/ωL even

though τ0 < 2π/ωL. If this point has better properties than the rest of the simplex, the search is

pushed in this direction.

In the lower figures we see these local minima in more detail. In particular, we can see clear areas

separated by τ ≈ 2kπ/ωL for an integer k that result from the local maxima of equation (6.1). The

value of the local optima drops as 1/n, which is also reflected in the figures.
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6. Numerical optimisation of pulsed polarisation sequences

Figure 6.4.: Final points for the optimisation on the right top of figure 6.3. The left plot shows all
outcomes, see text for the explanation of the pattern and outcomes with τ > 2π/ωL.
More than half of the initial points converge to one of the two local minima close to
the analytically calculated optimum (white x) and the PulsePol resonance (red x) that is
focused with a narrower grid in the right plot.

In figure 6.4 we analyze in detail to which points the initial vectors x0 for figure 6.3 (right top) con-

verge. The left part of figure 6.4 shows that most of the initial x0 ended with a result close to the

expected optimum (white cross). Some points converged to τ > 2π/ωL for the reasons discussed

in the previous paragraph. The dark blue regions where nothing converges to are closely related to

the points from where good polarization is achieved after the optimization. This is because starting

values that do not converge to the optimum often end at their initial position, but converging points

don’t except they are the optimum. For the finer grid on the right hand side, the optimum where

15457 of the 40572 initial x0 end up, is very close to the calculated ideal point (white). Indeed,

the point where most x0 converged to, achieves a slightly smaller and therefore better cost function

value. This is due to small approximations that were performed to calculate this optimum, for exam-

ple neglecting all rotating terms and assuming the total time allows for an integer number of nuclear

Larmor rotations. Nevertheless, the function values between these points differ only minimally. An-

other optimum is very close to this point, directly at the PulsePol resonance (red cross) a peak of

6271 points is found. All other points in the grid have far less initial x0 converge to them, the highest

values not near this optimum are 1476, 1054 and 620. All other points have less than 500 x0 that

converge to them. This tells us that more than 50% of the initial parameters converged.

From this analysis we learn basic features of the optimization. Local minima can be avoided when

starting with small τ , starting points that are close to a resonance condition are more likely to con-

verge and when convergence is achieved it was likely to the desired optimum. While the problem

that was chosen here is solvable analytically to make it easy to compare, we now look at problems

that can only be solved numerically.
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6.3. Optimization for error robustness

6.3. Optimization for error robustness

One of the main ideas behind the introduction of the PulsePol sequence 3.3 [1] was to achieve better

robustness against external control errors, in particular to detuning of the microwave frequency ∆

and against errors in the Rabi frequency δΩ. While the PulsePol sequence achieved good proper-

ties, we investigate in this section whether the robustness can be improved even further.
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Figure 6.5.: The generalized PulsePol sequence on the left top is optimized, using the weight func-
tion on the right top (see text for details). For a total time T = 6µ s, a Larmor frequency
ωL = (2π)7.5MHz and a⊥ = (2π)30kHz, pulses with a Rabi frequency Ω = (2π)30MHz,
the PulsePol sequence (τ = 0.75π/Ω − π/Ω, φ = π/2) achieves a score of −21.7221.
The optimized sequence on the right bottom (τ = 0.8654π/Ω − π/Ω, φ = 2.2915)
achieves −32.9362 and is therefore more than 50% better.

For this reason we define the cost function as the sum of all polarization outcomes weighted with

a Gaussian function that is shown in figure 6.5 on the right top. This procedure is motivated by

the experimental situation that, in ensemble experiments, a distribution of different errors affects

each individual NV center in a different way. When the precise experimental circumstances are

known, this can be used to improve the model for the specific experiment, however this use of a

Gaussian distribution already captures the most relevant aspects for most situations. In this example

we put particular emphasis on detuning errors, therefore the width in this direction is larger than
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any sequence can achieve, while some sequences can easily cope with the Rabi frequency errors

that determine the width of the weight function. With this procedure, using 31 different equally

spaced detuning values separated by (2π)1.9MHz and eleven equally spaced Rabi errors between

−25% +25%, the PulsePol sequence obtains a score of −21.7221 on the left bottom for the chosen

parameters of a total time T = 6µ s, a Larmor frequency ωL = (2π)7.5MHz, a perpendicular

coupling a⊥ = (2π)30kHz and pulses with a Rabi frequency Ω = (2π)30MHz.

Note that the polarization that is achieved in absence of errors ∆ = δΩ = 0 is smaller than in figure

6.3 due to the now finite Rabi frequency, see section 3.5 for more details.

Now we optimize the two free parameters τ and φ in the sequence shown on the left top of figure

6.5. We use two optimizations, the first optimization averages the result of the next higher and

lower number of sequence repetitions N when T/tN is not an integer. The subsequent optimization

starts at the optimum that is obtained for the first optimization and takes the floor of T/tN , providing

sequences where T/tN is an integer or only slightly larger with a longer total time. The result is

shown in figure 6.5 on the right bottom. It achieves a more than 50% better cost function value than

the PulsePol sequence. This improvement originates from the far greater robustness to detuning

errors. It is no coincidence that the optimized value of τ is larger than τ = 3π/4ωL of the standard

PulsePol sequence. This might be counter-intuitive as this choice reduces the effective coupling

according to figure 6.1 and equation (6.1), but only by a small amount. In turn, two effects improve

the error robustness and therefore the cost function. First, a bigger pulse spacing τ also increases

tN and therefore decreases the number of sequence repetitions N , which in turn means less pulses

and therefore less accumulated errors. Second, the sequence itself compensates the errors better

as τ → π/ωL and therefore φ → π, as shown analytically in section 3.4.1. The intuitive idea is

that the extremely robust XY-4 sequence is achieved in this limit (τ = π/ωL, φ = π), but also the

transfer vanishes in this limit. For τ > π/ωL another PulsePol resonance condition condition with

smaller coupling is achieved. The optimized sequence is therefore in between the standard PulsePol

sequence and the XY-sequence 3π/4ωL < τ < π/ωL.

Note that the improvement also depends on the experimental parameters. For the smaller Larmor

frequencies in figures 3.12 (left top) and 3.13 (right), an even greater improvement can be achieved.

In a next step we do not only optimize the phase φ that is added to the last three pulses, but rather

all six pulse phases individually. The result on the left side of figure 6.6 is 3.7% better than the result

for the optimization with only one phase. This confirms that the phase φ is an important parameter

not only for the application in section 4. On the right side we see that an optimization of all six pulse

lengths while leaving the phases as for the PulsePol resonance performs significantly worse than

the results for phase optimization. The reason is that changing the pulse lengths of the π-pulses

will decrease robustness to detuning during the free evolution and changing the pulse lengths of

the π/2-pulses will introduce additional SzIx,y components to the effective Hamiltonian that can be

averaged to zero but still decrease the efficiency of creating desired SxIx and SyIy terms.

Even more free parameters can be optimized when all six pulse phases and pulse lengths are

variable. The result is displayed in figure 6.7. Starting with the PulsePol sequence parameters for

the figure on the left hand side, we achieve a worse result than for the optimization of six phases
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Figure 6.6.: Using the same starting sequence as in figure 6.5, an optimization is performed with
respect to seven parameters, the free evolution time and either the six pulse phases
or the six pulse lengths. As first case is a generalization of optimizing three phases
jointly, the result (-34.1437) is better for more parameters. Optimizing the pulse lengths,
however, achieves worse robustness. This confirms the choice of the pulse phases as
the important degree of freedom.

Figure 6.7.: Using the same procedure as in figure 6.6, an optimization is performed with respect
to thirteen parameters, the free evolution time and both the six pulse phases and the
six pulse lengths. When the generic PulsePol sequence is used as starting point (left),
the result (-33.2867) has worse robustness than when only the phases are optimized.
This means that the result is not a global optimum. If we start with the sequence that is
obtained from optimizing the phases and evolution time only, the result improves slightly.
Several iterations provide a small further improvement, meaning that the parameters
found are not the global optimum either, but sufficiently close.

only and are therefore clearly in a local minimum. A better result is achieved when the parameters

resulting from the optimization in figure 6.6 (left side) are taken as starting point, figure 6.7 shows

the result is slightly better than the starting point.

However, one must be clear that the resulting parameters always reflect the chosen function in some

way that might not be intended. For example, the right part of figure 6.7 converged to a free evolution
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time τ / 5π/6ωL − tpulse/4, where tpulse is the total duration of all six pulses in one block. A reason

behind this is that then the number of sequence repetitions N = 27 is very close to the fraction

T/tN , for a slightly longer total time the ideal τ will be slightly different. Optimizing all four free

evolution times individually instead of one the same time τ for all pulse spacings only brings less

than 1% improvement.
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Figure 6.8.: The generalized XY-like PulsePol sequence on the top is optimized, using the weight
function on the right top of figure 6.5. For the same parameters as in figure 6.5, this
XY-like sequence (τ = 0.75π/Ω − π/Ω, φ = π/2) achieves a score of −5.5717. The
optimized sequence on the right bottom (τ = 0.9375π/Ω − π/Ω, φ = π + 0.1195)
achieves −18.85 and is therefore more than 3 times better, but still worse than the
unoptimized PulsePol sequence.

All of the above methods can be applied to the XY-like PulsePol sequence in figure 6.8 in a similar

way. We show the result of the standard τ = 3π/4ωL resonance on the left bottom, it has significantly

lower robustness than the PulsePol based sequences. On the other hand, there are no neighbouring

π/2 pulses of different phase, which is advantageous for experiments where it is difficult to produce

such, e.g. when cavities are involved. Optimizing the parameters τ and φ allows to significantly

increase the robustness to Rabi errors. This is achieved by moving φ closer to π and therefore

having a sequence that is more similar to the very robust XY-4 sensing sequence.

The right part of figure 6.8 shows a significant increase in robustness, in particular to Rabi errors.

The pulse lengths take a similar role for this sequence than the pulse phases do for the PulsePul se-

quence. This means optimizing for the lengths first in figure 6.9 is the right approach, a subsequent

optimization for pulse phases and lengths improves the result further on the right hand side of figure

6.9.

Increasing the number of parameters that are optimized can only improve the global optimum, but

some parameters are better than others for increasing this optimum. For example one can optimize

all phases of three PulsePol blocks individually. As a last remark in this subsection we analyze the
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Figure 6.9.: Result of the optimization of the four pulse lengths in the XY-like sequence (left) and a
subsequent optimization of those pulse lengths and the four pulse phases (right).
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Figure 6.10.: A generalized PulsePol sequence with symmetric error robustness on the top is opti-
mized, using the weight function on the right top of figure 6.5. For the same parameters
as in figure 6.5, this sequence (τ = 0.75π/Ω − π/Ω, φ = π/2) achieves a score of
−18.4597 which is smaller than for the original PulsePol but symmetrical with respect
to changing the sign of the detuning or Rabi error. The optimized sequence (twelve
phases, twelve pulse lengths and the free evolution time τ were optimized) on the right
bottom performs better by almost a factor 2, but at the cost of some asymmetry.

sequence in figure 6.10. It consists of two PulsePol sequence blocks and two similar blocks, the

overall sequence is repeated an integer number of times. The properties of the second sequence

are very similar to those of the PulsePol sequence, which is the reason why it has not been discussed

in more detail in this work. The combination of the two sequences, however, has some new aspects.

While it does achieve a lower cost function, the shape of its error dependence is ellipsoidal as seen

in figure 6.10 on the left bottom.
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We now optimize for the twelve phases and twelve pulse lengths using five repetitions of the opti-

mization to avoid getting stuck in local minima. The result on the right hand side of figure 6.10 shows

a cost function value of −36.8945. Some aspects of the optimization need to be discussed. First,

the basic sequence block is now 4 times longer than for the shorter sequences, leading to a different

optimum because of the requirement for an integer number of repetitions. This could be addressed

by allowing to stop the sequence between blocks or even within a block.

An important aspect is that the region of the fastest transfer is shifted from the center towards

positive Rabi frequency errors of 5-10%. In contrast, the pulse lengths are lowered by a similar

amount. This means that the sequence uses artificially higher Rabi frequency, which automatically

corresponds to a higher robustness to detuning. This stems from the choice of the weighting function

as a Gaussian. A different choice, for example using a linear drop-off, can reduce this. Another way

to address this problem is to force symmetry with respect to Rabi errorrs. Calculating a score for

the upper and lower half-plane separately and using the worse of those two values as cost function

does not achieve good results because the upper half plane is almost always more robust due to its

higher effective Rabi frequency and therefore can have spots with bad polarization transfer as seen

in figure 6.11 on the left hand side. This can be compensated by taking into account both the upper

and lower half plane, but giving the half plane with smaller score three times more weight. The result

is on the right side of figure 6.11 and presents a good compromise between overall robustness and

symmetry with respect to Rabi frequency errors.

Figure 6.11.: Optimizing the sequence from figure 6.10, but counting only the half plane with the
lower score, does not completely enforce symmetry (left). Weighting the lower score of
the half plane with worse robustness three times offers a good compromise between
overall robustness and symmetry with respect to Rabi frequency errors. The numbers
in the figures are the cost function using the same weighting function as in all other
figures in this section for comparison.

It needs to be noted that the sequence of figure 6.10 does share the same global optimum with a

PulsePol sequence that is optimized in the same way. This is because one obtains the PulsePol

sequence from this generalized sequence if the phases of the second block are changed to match

the first block. Starting with this different initial set of parameters achieves a similar cost function, but

with different characteristics and different optimized parameters. This shows that there are several
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local minima. However, even if the global optimum is not necessarily found during an optimization,

we still showed that the robustness to control errors can be improved by almost a factor of 2 using

numerical optimization.

6.4. Further possibilities and discussion

In this chapter we showed that numerical optimization can contribute significantly to improving

pulsed polarization sequences. First, it helps to identify the most relevant parameters and their

connection. In particular, it allowed to identify the parameter φ in the generalized PulsePol se-

quence, which can be used to increase the transfer robustness to control errors by increasing the

similarity to the robust XY-sequence and reducing the number of pulses. The optimization in figure

6.5 showed an improvement of about 50%. It has to be noted that this number was achieved for a

Larmor frequency of ωL = (2π)7.5MHz. The ratio between the Larmor frequency and the coupling

ωL/a⊥ that is proportional to the number of sequence repetitions, and more sequence repetitions

contain more pulses that lead to a different error behaviour. In section 3.7, for ωL = (2π)4MHz,

an improvement of almost a factor 2 was shown. Considerable improvements are achieved, but the

precise magnitude depends on the system parameters.

Second, optimization also allows for improvements that are difficult to derive analytically. While

the parameter φ and its effect in the sequence can be understood, an optimized sequence with

more than 20 parameters is difficult to derive analytically, but found efficiently using the numerical

optimization. While the improvement of additional 10%, compared to the case where only the most

relevant parameter is identified, is smaller than in the first step, this still contributes to a more efficient

sequence. In particular, when it is not necessary to obtain knowledge about the sequence but only

the ideal sequence is desired, the improvements of finding the most relevant parameters and of

optimizing all parameters jointly do not need to be considered separately.

Furthermore particular experimental aspects can be modelled precisely into the weighting function

and therefore pulse sequences that are ideal for the experimental constraints are obtained. These

constraints can include energy consumption and tiny Rabi frequencies, which were not included in

the considerations in this chapter.

However, all models can only approximate the behaviour of the experiment. To optimize for the

experimental conditions, one could automate the experimental application of the sequence. With a

nuclear polarization readout, either by measuring with the NV center or an additional NMR setup,

the cost function can be defined as the measured polarization. This allows to perform the optimiza-

tion directly on the system, however each individual function evaluation and therefore the whole

procedure will be considerably slower.
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7. Pulsed Polarization sequences in a cavity

The great robustness of the PulsePol sequence to detuning errors results from efficient error com-

pensation during the sequence. In particular, detuning errors accumulated during the free evolution

are refocused by π-pulses, whereas detuning and driving amplitude errors that occur during the

pulse are corrected by the sequence design. Higher Rabi frequency leads to shorter pulses dur-

ing which the same absolute detuning perturbs the evolution less than for smaller Rabi frequency.

Therefore PulsePol is ideally operated at infinite Rabi frequency. In contrast, spinlocking-based

protocols such as NOVEL [56] and more advanced phase modulation protocols [61, 59, 60] are

restricted to Rabi frequencies equal or smaller than the nuclear Larmor frequency.

However, reaching high Rabi frequency is experimentally challenging. The required power grows

quadratically with the driving amplitude. Not only does this restrict the applicability in cryogenic

systems, where heating the sample has to be avoided, but it also imposes challenges for the control

of NV spin ensembles. While for single NV experiments Rabi frequencies of Ω = (2π)100MHz [107]

and more [108] can be achieved, this is difficult for ensemble experiments due to the larger volume

that needs to be covered.

Cavities help to overcome this issue by effectively trapping the microwave photons around the NV

center and therefore allowing multiple interactions per photon. However, the resulting driving at the

NV center differs from regular square pulses and, without modifications, the pulses overlap with

each other, preventing polarization transfer with polarization sequences.

In this chapter we introduce the basic equations for this problem and show how to solve them and

even make use of them for calibrating a robust sequence.

7.1. Basic equations for the time-dependent Rabi frequency

We start by describing the relation between the microwave driving going into the cavity and the

Rabi frequency Ω(t) on the NV centers inside the resonator. The problem can be reduced to two

parameters, Ωmax is the maximum Rabi frequency that can be achieved inside the resonator and

γ = ωMW/(2Q) is the cavity decay rate. It is inversely proportional to the quality factor Q of the

cavity, and grows linearly with the microwave frequency ωMW.

The Rabi frequency x- and y-component are then described by the differential equations

dΩx(t)

dt
= γΩmaxfdrive,x(t)− γΩx(t) (7.1)
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7. Pulsed Polarization sequences in a cavity

dΩy(t)

dt
= γΩmaxfdrive,y(t)− γΩy(t) (7.2)

Here fdrive ∈ [−1, 1] describes how and in which direction the drive is applied, with

f2
drive,x(t) + f2

drive,y(t) ≤ 1 ∀t (7.3)

to ensure that the maximum Rabi frequency in any direction is indeed given by Ωmax.

A fully quantum mechanical description would require the Langevin equations of cavity input-output

theory [109] (Chapter 7), which describes the evolution of the cavity annihilation operator â in the

Heisenberg picture. The quantum stochastic differential equation

ȧ(t) = −γ/2a(t)−√γaIN(t) (7.4)

is obtained. Note that the definition of γ differs by a factor of 2 here, and that the input field aIN(t)

is not necessarily classical. Due to the high number of microwave photons, the microwave driving

can be treated classically. Using the linear dependence of the electric field on the creation and

annihilation operators, and the definition of the Rabi frequency as product of electric field and electric

dipole moment, the classical set of equations is obtained.

7.2. Analytical and numerical calculation of the time-dependent Rabi

frequency

These differential equations can be solved numerically or, for special cases of the drive function,

analytically. During a time of constant drive fdrive = const. we have

Ω(t) = Ω(t = 0)e−γt + Ωmaxfdrive
(
1− e−γt

)
. (7.5)

Assuming we drive with the same pulse phase φ for a duration T and switch the drive off after-

wards, with initially no photons in the cavity, we can directly write down the analytical solution of the

differential equations as

|Ω(t)| =




A
(
1− e−γt

)
t < T

A
(
1− e−γT

)
e−γ(t−T ) t > T,

(7.6)

where the Ωx,y(t) components are obtained by multiplying with cosφ and sinφ, respectively.

Writing down the evolution operator is non-trivial in the general case, as the Hamiltonians for different

times do not commute. It can be written formally as a time-ordered integral (T is the time ordering

operator), and computed numerically using
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7.3. The effect of the cavity on the standard PulsePol sequence

U = T exp(−i
∫

dtH) (7.7)

where

H(t) = ∆Sz + Ωx(t)Sx + Ωy(t)Sy + ωLIz + a⊥SzIx. (7.8)

For only one pulse and without detuning and coupling the Hamiltonians of different time commute

and we can simplify all expressions to

U = exp

(
−i
∫

dt(SxΩx(t) + SyΩy(t) + ωLIz + a⊥SzIx)

)
, (7.9)

during a pulse sequence different phases are used and therefore the equation has to be solved

numerically instead.

To numerically obtain the quantum evolution operator for the NV-nuclear system, one has to first

solve the equations for the driving amplitudes Ωx/y for given external driving functions. Then the

time evolution operator U is the solution of the numerically solved equation

∂

∂t
U(t) = H(t)U(t). (7.10)

Alternatively, the set of differential equations can be solved jointly by calculating the Rabi frequency

for each time step, which is then used to compute the quantum evolution. Here the MatLab ode45

[110] solver was preferred over a custom Runge-Kutta method, as the step size needs to be small

when the drive function changes, but can be larger during free evolution times.

7.3. The effect of the cavity on the standard PulsePol sequence

Using these equations on a basic PulsePol sequence, the resonance is shifted, the transfer is less

robust to control errors as discussed in the next section, and the transfer is considerably slower as

shown on the left and right top of figure 7.1. Instead of a single resonance at τωL/π = 1.25, two

peaks polarizing in opposite direction are observed. The larger peak does not produce an effective

flipflop Hamiltonian, achieving only 40% transfer.

While the τ = 5π/(4ωL) resonance is used here for better comparability with a corrected sequence,

the same effect appears on the τ = 3π/(4ωL) resonance. This effect originates from the overlap of

pulses with different phase. In particular, the neighbouring π/2 pulses overlap as shown in the left

and right bottom of figure 7.1 and therefore have a different effect, as Sx and Sy do not commute.

An interesting detail in the curve for the case without cavity is that the second peak is decreased.

This feature stems from an asymmetry in the effective Hamiltonian at small Rabi frequencies [68],

as explained in more detail in section 3.5.
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Figure 7.1.: The PulsePol resonance τ = 5π/(4ωL) for a cavity with the parameters γ = 30MHz,
Ωmax = (2π)30MHz, ωL = (2π)4MHz, a⊥ = (2π)30kHz is shifted (left top). Further-
more, the on resonance oscillation is slower than the oscillation without a cavity (γ →∞)
and does only transfer 70% of the NV polarization (right top). This is because the pulses
overlap as shown schematically on the left bottom and for the Rabi frequency during one
pulse block on the right bottom.

7.4. Correcting for the cavity ringing

To avoid the slow and non-robust transfer, we can modify the driving outside the cavity such that no

photons are left in the cavity after a pulse while the pulse area is still what is desired.

We want to analytically calculate the drive for such a pulse in the resonator. The Rabi frequency

inside the cavity Ω(t) is described by the differential equations (7.1, 7.2). We only need to consider

a pulse in one direction, therefore we set fdrive,y(t) = 0 to consider a pulse around the x-axis. The

pulse consists of three parts, a positive drive fdrive,x(t) = 1 with duration t1, a waiting time tw, and

a cancellation fdrive,x(t) = −1 of duration t2, as illustrated in figure 7.2 and described by
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1

0

-1

t1 tw t2

Figure 7.2.: The drive outside of the cavity fdrive,x(t) to achieve pulses with a desired pulse area can
be divided in an initial pulse with duration t1, a waiting time of tw and a cancelling pulse
of duration t2.

fx(t) =





1, for 0 ≤ t < t1

0, for t1 ≤ t < t1 + tw

−1, for t1 + tw ≤ t < t1 + tw + t2

0, for t1 + tw + t2 ≤ t.

(7.11)

Boundary conditions are that the pulse area is a desired phase φ (e.g π for a pi-pulse) and that at

the beginning and end of the pulse no photons are in the cavity Ω(t = 0) = Ω(t = t1 + tw + t2) = 0.

Using equation (7.1), we obtain

Ω(t)/Ωmax =





(
1− e−γt

)
, for 0 ≤ t < t1

(
1− e−γt1

)
e−γ(t−t1), for t1 ≤ t < t1 + tw

(
1− e−γt1

)
e−γtwe−γ(t−t1−tw) −

(
1− e−γ(t−t1−tw)

)
, for t1 + tw ≤ t < t1 + tw + t2

e−γ(t−t1−tw−t2)Ω(t1 + tw + t2)/Ωmax, for t1 + tw + t2 ≤ t
(7.12)

The pulse area is obtained by integrating the Rabi frequency

φ =

∞∫

0

dt Ω(t) = Ωmax

[
t1 −

1

γ

(
1− e−γt1

)
+

1

γ

(
1− e−γt1

) (
1− e−γtw

)

+
1

γ

(
1− e−γt1

)
e−γtw

(
1− e−γt2

)
− t2 +

1

γ

(
1− e−γt2

)

+
1

γ

(
1− e−γt1

)
e−γtwe−γt2 − 1

γ

(
1− e−γt2

)]

= Ωmax(t1 − t2), (7.13)

which is independent of tw and γ. The last condition to be fulfilled is that no photons remain

Ω(t = t1 + tw + t2) = Ωmax

(
1− e−γt1

)
e−γtwe−γt2 − Ωmax

(
1− e−γt2

)
= 0. (7.14)
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Using equation (7.13), we obtain

e2γt1e−γφ/Ωmax − eγt1
(
1 + eγtw

)
+ eγtw = 0. (7.15)

As t1 ≥ 0, we obtain

t1 =
1

γ
log

[
(1 + e−γtw)eγφ/Ωmax +

√
(1 + e−γtw)2e2γφ/Ωmax − 4e−γtweγφ/Ωmax

2

]
. (7.16)
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Figure 7.3.: The PulsePol resonance τ = 5π/(4ωL) for a cavity with the parameters γ = 30MHz,
Ωmax = (2π)30MHz, ωL = (2π)4MHz, a⊥ = (2π)30kHz is shifted, but the corrected
sequence has its resonance at the expected position (left top). Furthermore, the on
resonance oscillation for the uncorrected sequence transfers less of the NV polarization
(only about 40%) than the oscillation without a cavity (γ → ∞), while the corrected
sequence almost reaches the same speed and transfer (right top). This is because the
corrected sequence avoids pulse overlap as shown schematically on the left bottom and
for the Rabi frequency during one pulse block on the right bottom.

This allows to perform a PulsePol sequence in a cavity without the aforementioned disadvantages of

small coupling, small robustness and resonance shifts. Figure 7.3 compares the resulting sequence

to the sequence without correction. As shown on the left top, the resonance is back where it is

expected at τ = 1.25π/ωL, and the transfer is faster as shown on the right top. Furthermore the

corrected sequence is far more tolerant to detuning and amplitude errors as shown in figure 7.4.

88



7.5. Calibration of the sequence by determination of the decay rate

Figure 7.4.: For the uncorrected and corrected sequences that are discussed in figure 7.3, the ro-
bustness to pulse errors is shown for 2N = 100 repetitions. The value without errors is
smaller for the uncorrected sequence as expected due to the smaller coupling. More-
over, the robustness is considerably smaller for the uncorrected sequence, as the over-
lapping pulses prevent the efficient error correction that results from the construction
of the PulsePol sequence. The corrected sequence, however, efficiently corrects pulse
errors and is therefore tolerant to errors that are higher by an order of magnitude.

The same graphs can be created for the XY-like PulsePol sequence in figure 7.5 (top), which does

not have neighbouring pulses of different phase and is therefore less affected by the cavity ringing.

For the same decay rate as before, the resonance of the corrected and uncorrected sequence now

merely differ (left top), and for negligible experimental errors both cases behave similar to the case

without cavity (right top). As described in section 7.3, the imperfect creation of the flipflop Hamil-

tonian is a result of the choice φ = π/2. Therefore this effect cannot be seen for the uncorrected

sequence in the cavity with its slightly shifted resonance. As the effective Rabi frequency is smaller

for the corrected sequence compared to the case without cavity, the corrected sequence shows this

effect more than in the case without a cavity.

Investigating the robustness to control errors in figure 7.6, we see that the XY-like sequence is

less robust to driving amplitude errors than the PulsePol sequence in both the corrected and the

uncorrected case. This property is not related to the cavity, as the discussion of the cases without

cavity show in figure 6.8. The good correction of detuning errors is only perserved when the pulse

correction is applied (right figure).

7.5. Calibration of the sequence by determination of the decay rate

The analysis in the previous section relied on precise knowledge of two system parameters, the

maximally achievable Rabi frequency Ωmax and the decay rate γ. The Rabi frequency Ωmax can be

measured in a standard Rabi experiment, where a constant drive is applied and the oscillation of the

NV population is observed. While the cavity slows the oscillation initially, oscillations for longer times

t � 1/γ are in the steady state where the Rabi frequency in the cavity has achieved the maximum

value Ωmax. Furthermore, when the NV measurements are carried out with a waiting time between
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Figure 7.5.: The resonance τ = 5π/(4ωL) of the XY-like PulsePol sequence (top) for a cavity with
the parameters γ = 30MHz, Ωmax = (2π)30MHz, ωL = (2π)4MHz, a⊥ = (2π)30kHz
is shifted, but the corrected sequence has its resonance at the expected position (left
top). In contrast to the standard PulsePol sequence, the on resonance oscillation for the
uncorrected sequence performs similar to the oscillation without a cavity (γ → ∞) and
the corrected sequence (right top). This is because the XY-like PulsePol sequence does
not have neighbouring pulses of different phase, resulting in less overlap of the pulses
compared to PulsePol. This is shown on the left bottom, while the corrected sequence
on the right bottom has well-separated pulses.

the driving and the readout, the pulse area is the product of driving time and Rabi frequency Ωmax,

which is connected to the calculation in equation (7.13). Here, for a drive with constant phase, the

pulse area only depends on the driving time and is independent of the cavity decay rate. There the

Rabi oscillations at small times t < 1/γ are also useful.

The cavity decay rate could be extracted from the quality factor and the microwave frequency. How-

ever, it is difficult to get a precise value, because the quality factor might change depending on the

sample in the cavity. Here we propose a procedure that allows to measure γ directly, calibrating the

PulsePol sequence for a specific setup.

The protocol is based on one composite pulse of the form (π/2)Y πX(π/2)Y [64] that is the basic
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Figure 7.6.: For the uncorrected and corrected sequences that are discussed in figure 7.3, the ro-
bustness to pulse errors is shown for 2N = 100 repetitions. The value without errors is
smaller for the uncorrected sequence as expected due to the smaller coupling. More-
over, the robustness is considerably smaller for the uncorrected sequence, as the over-
lapping pulses prevent the efficient error correction that results from the construction
of the PulsePol sequence. The corrected sequence, however, efficiently corrects pulse
errors and is therefore tolerant to errors that are higher by an order of magnitude.

building block of the PulsePol sequence. Without the presence of a cavity γ →∞, this pulse inverts

the electron spin magnetization like a πX pulse does, but with better robustness. When this pattern

is used as the drive outside fx,y(t), the pulses overlap and the pulse does not perfectly invert the

electron spin magnetization. If, however, the mechanism from the previous section is used, the

effective pulses don’t overlap, and population inversion is achieved when the correct value of γ is

used. This can be used for a series of measurements, where one value of the cavity decay rate is

assumed in each instance. The value that achieves the best inversion is the desired decay rate γ.

Figure 7.7 shows a simulation of this effect, where indeed population inversion is achieved only

when the correct cavity decay rate is assumed. Smaller values of γ provide better contrast. Longer

sequences of pulses can be combined for a more accurate measurement, for example the sequence

can be expanded to (π/2)Y πXπyπXπyπX(π/2)Y to narrow the width of the curves in figure 7.7,

alternatively long composite pulses can be used. Their advantage to their non error-compensating

counterparts is that they accurately work for ensembles of NV centers with inhomogeneous detuning

from and coupling to the microwave field. As the composite pulse used here is already part of the

PulsePol sequence, it is straightforward to expand it to the full sequence once the desired parameter

γ is measured as presented in this section.

7.6. Numerical Optimization of pulse sequences in cavities

To optimize a sequence in a cavity, the tools in section 6 can be used to obtain the optimal values

for drive outside the cavity. However, in the case of a system with a cavity, it is necessary to nu-

merically solve differential equations to obtain each individual cost function value, in contrast to the

considerably faster matrix exponentials that are sufficient for the case without cavity.
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Figure 7.7.: The NV population that was initialized to |↑〉 is measured after a composite pulse
(π/2)Y πX(π/2)Y where the individual pulses are created using different assumed val-
ues of the cavity decay rate γ that form the abscissa. For real cavity decay rates of γ =
20, 40 and 60MHz, population inversion is only achieved when the correct value is used
in the cavity ringing correction. When the assumed value is too small, the pulses are
not performed fast enough before the next pulse starts. In the other case of assuming
a too large value of γ, the correction is too strong and at the beginning of each pulse
microwave photons opposite to the previous pulse remain. This can be used to measure
γ by testing a set of values and choosing the value that achieves population inversion.

Figure 7.8.: Optimization of the robustness of the PulsePol sequence in a cavity (figure 7.4 right).
Due to the time-intensive simulation, the number of grid points was reduced and only
two free parameters were optimized, the free evolution time and the relative phases of
the composite pulses as in figure 6.5.

To reduce the optimization time, the starting sequence that is analyzed in figure 7.4 is optimized

with respect to two parameters only, the free evolution time and a common phase addition onto the

fourth, fifth and sixth corrected pulses, similar to the procedure in figure 6.5. Figure 7.8 shows the

starting robustness to errors on the left and result of the optimization on the right. The improvement

resulting from the optimization procedure is similar to what can be expected for the case without

cavity. For a realistic comparison, the average Rabi frequency during a pulse has to be used instead

of the maximum Rabi frequency that can be achieved inside the cavity.
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Given that the system without cavity is much faster to optimize and that similar parameters are ideal

in the case without cavity and in the case of corrected pulses used for a cavity, it makes sense to

optimize the pulses without cavity and then apply the correction scheme for use with a cavity, as

long as the time needed for pulses does not reduce the free evolution time significantly.

Optimization without using pulses that are corrected for the cavity ringing does not yield good re-

sults. If, however, it is experimentally challenging to perform adjacent pulses of different phases and

therefore the correction is challenging to achieve, the XY-like pulse sequence (figure 7.6 describes

this sequence inside a cavity and figure 6.8 describes its optimization) is preferred. Here the pulses

can be optimized in a similar way as for the case without cavity. This procedure is more efficient

when the optimized parameters obtained in the case without cavity are used as a starting point for

the case with cavity.
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Recently different groups proposed a measurement scheme (QDyne / synchronized readout) [38,

40, 41] that uses continuous observation of a magnetic signal by means of an NV center to compare

the signal to a microwave reference, see section 2.2 for a brief summary. When backaction of

the measurements on the signal can be neglected, this scheme achieves a favorable scaling of

the measurement sensitivity in terms of the measurement time T , scaling as T−3/2, and therefore

beating the Heisenberg limit. The sensitivity of this approach is ultimately limited by the frequency

stability of the microwave source, that is used to control the NV center and serves as a frequency

reference, and by the stability of the signal itself.

The following two chapters apply and extend this protocol for two cases. Chapter 8 uses the QDyne

protocol and a system of an NV center coupled to an array of nuclear spins to investigate the indirect

magnetic field measurement, using the nuclear spins to generate a signal that is measured repeat-

edly by the NV center. Chapter 9 proposes modifications to the dynamical decoupling sequence

or the readout pulses to make the protocol sensitive to frequency differences instead of individual

frequencies. This allows to overcome limitations of fluctuating frequencies that are discussed in

detail.
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8. Limited-control metrology approaching the
Heisenberg limit without entanglement
preparation

This chapter is based on [3] with minor edits. The former appendix is now included in the main text.

Reprinted with permission from [3]. Copyright (2020) by the American Physical Society.

8.1. Introduction

The use of quantum resources in sensing and metrology has a longstanding history which originated

with the use of single-mode squeezed states [111] and multi-particle spin-squeezing [112, 113], i.e.,

entanglement, to enhance precision in interferometry and atomic spectroscopy.

The goal of quantum metrology is the optimization of the scaling of metrological precision with the

available physical resources [114, 115]. Notably, in a noiseless setting, independent preparation and

measurement of M particles in parallel results in a 1/
√
M scaling of the uncertainty, the so called

standard quantum limit (SQL), while the collective preparation of the particles in an entangled state

leads to a 1/M -scaling, commonly referred to as Heisenberg scaling (HS) [112, 113] (see [116, 117]

for more general upper bounds obtained via the quantum Fisher information). The use of entangled

states is necessary to achieve the optimal precision and exact HS but sequences of probe states

with an asymptotically vanishing amount of entanglement can reach a scaling arbitrarily close to the

Heisenberg limit (HL) [118]. Environmental noise is known to have a non-trivial impact on metrology

[88] and a meaningful comparison of different schemes needs to specify carefully the conditions

under which the metrological protocol is carried out, such as the number of particles or the total

amount of time available [88, 119]. A wide variety of settings has been analyzed [88, 119, 120, 121]

and noise models have been found to result in metrological scaling intermediate between SQL and

the HL [122, 123, 124, 125, 121]. However, these results depend on access to perfect and arbitrarily

fast control and feedback operations [126, 127].

In practice, however, only limited control over experimental resources is possible and the asymptotic

regime of large numbers of fully controlled particles is not accessible. What can be achieved in

metrology for systems where, for example, particles cannot be addressed individually, multi-particle

quantum gates are not available or the rate of measurements, feedback and the number of accessi-

ble particles is limited?
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8. Limited-control metrology approaching the Heisenberg limit without entanglement preparation

In order to initiate investigations of this type in a concrete setting, we allow ourselves to be motivated

by the recently developed concept of quantum-hybrid sensors [128, 129]. These are devices that

integrate at least two components, one being a fully controlled quantum sensor and another, typically

an assembly of quantum particles, mutually interacting or not, that are coupled to the quantum

sensor but over which there is no individual control. This second component acts as a transducer of

a signal to a form that is then detected by the quantum sensor. An example is a device composed of a

piezo-magnetic material deposited on a diamond surface that translates a force into a stray magnetic

field which is then detected by a shallowly implanted nitrogen-vacancy (NV) center in diamond [30,

79, 76]. Another possibility, motivated by recently realised nanoscale NMR measurements [38, 40,

41], consists of an ensemble of M nuclear spins and an NV center. Here an applied magnetic

field can be measured as it induces a nuclear Larmor precession which can be monitored by an

NV center. Similarly, atoms in microfabricated vapour cells [130] could allow for observation of their

Larmor precession by an NV center rather than a classical laser field. We assume that the quantum

sensor is subject to noise, and cannot exert individual control over the noise-free auxiliary spins. For

brevity we assume that all involved spins have the same magnetic moment, which does not affect

the scaling properties. Furthermore, all the following considerations will neglect direct interactions

between the auxiliary spins.

By means of analyzing the scaling of the Fisher information with respect to particle number M and

measurement time T we will show that, despite the limitations of partial control, it is possible to get

close to the Heisenberg limit, we will discuss the origin of this scaling and compare our scheme to a

single quantum sensor without auxiliary spins.

Before stating the main results, we briefly recapitulate the achievable uncertainties under uncon-

strained metrology to make it available for later comparison with our schemes.

8.2. The ideal case of full quantum control

Consider a quantum sensor and M auxiliary spins, all with the same magnetic moment µn, over

which we can exert arbitrary and fast control. Then the optimal uncertainty for the estimation of the

magnetic field in a time T in the absence of noise is obtained via Ramsey spectroscopy using the

M + 1 accessible particles prepared in a highly entangled state of the form (|0 . . . 0〉+ |1 . . . 1〉)/
√

2

and is given by [88]

∆B =
~

µn(M + 1)T
. (8.1)

We observe an inverse proportionality in the uncertainty, i.e. HS, both in the total measurement time

T and the number of spins M .
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Free
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Figure 8.1.: The proposed measurement scheme uses a control sequence on the sensor spin (blue)
to weakly measure the auxiliary spins (black) without the need of further control after
initialization in either the pure state |+ + +...〉 as shown here or the completely mixed
state. The weak measurement is realised by initialising a sensor spin (blue) into |0〉,
applying π/2-pulses and a dynamical decoupling (DD) sequence to weakly entangle
the sensor spin with the auxiliary spins and finally measuring the sensor spin, applying
an effective CPTP map onto the auxiliary spins. In between these measurements that
are synchronised with an external local oscillator, the auxiliary spins acquire a phase
φ ∝ µnB, leading to a total phase nφ after n cycles. Reprinted figure with permission
from [3]. Copyright (2020) by the American Physical Society.

8.3. The case of a limited control setting

We consider a perfectly controlled quantum sensor supplemented by M auxiliary spins all having

the same magnetic moment. These M auxiliary spins can be controlled by a global field and interact

weakly with the quantum sensor, i.e. the product of sensor-auxiliary spin interaction strength and

interaction time is much smaller than unity. For simplicity we assume that each auxiliary particle is

interacting with the same strength and phase with the quantum sensor, however the basic findings

remain the same in the more general case.

We measure a static external magnetic field B with this hybrid sensor and determine the achievable

uncertainty ∆B. To this end we initialise the auxiliary spins in a fully polarised state (Our consid-

erations are easily extended to the case of an arbitrary polarization as the signal and hence the

sensitivity is directly proportional to the polarization level) and then subject them to a π/2-pulse.

We determine the resulting rate of precession of these M spins by periodically measuring the time-

dependent magnetic field generated by the precessing spins in regular time intervals using the

quantum sensor and a dynamical decoupling (DD) sequence (see section 2.2) to weakly entangle

it with the auxiliary spins. This allows for comparison of the precession frequency to that of a local

oscillator [38, 40] as sketched in figure 8.1. This DD sequence does not only cancel static noise on

the sensor spin, but also allows to accumulate signal over several auxiliary spin Larmor periods by

creating an effective σz ⊗ σx interaction. In order to see this, we start with a Hamiltonian of the form
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8. Limited-control metrology approaching the Heisenberg limit without entanglement preparation

H =
Ω(t)

2
σx +

M∑

m=1

ωL
2
σ(m)
z (8.2)

+A
(m)
⊥ σz ⊗

(
σ(m)
x cos(φ0m) + σ(m)

y sin(φ0m)
)

that describes a NV center coupled to M nuclear spins in the interaction picture where Ω(t) is the

Rabi frequency with Ω(t) = 0 during the free evolution, ωL is the nuclear Larmor frequency, A(m)
⊥ is

the perpendicular coupling of the nuclear spins and φ0m the corresponding phase. The operators σi
act on the electron spin (NV center), σ(m)

i act on the mth nuclear spin.

When we fulfil τ = π/ωL in the DD (e.g. XY-8) sequence, the sequence produces a modulation

function that modulates the NV σz operator to σzf(t) where

f(t) =
4

π
cos(ωLt) + rot. (8.3)

and rot. denotes terms that vanish after the rotating-wave approximation in a frame rotating with the

nuclear Larmor frequency for each nuclear spin. Using

cos2(ωLt) =
1

2
(1 + cos(2ωLt)) , (8.4)

we obtain the effective interaction Hamiltonian

Heff =
∑

m

2A
(m)
⊥
π

σz ⊗
(
σ(m)
x cos(φ0m) + σ(m)

y sin(φ0m)
)

(8.5)

that will be the starting point for the following discussion.

8.4. Transient super-Heisenberg scaling in measurement time

In a first step we analyze the Fisher information scaling with the measurement time. For this purpose

we derive the probability pn of finding the internal state of a spin-1/2 quantum sensor in the spin-

down state in the n-th measurement in leading order. We assume the length Ts of each instance of

a magnetic field measurement is short and these measurements are applied every τm.

We simplify to the case that all couplings A(m)
⊥ = k and all phases φm are equal, see section

8.5.2 for a more general discussion. Here k0 = µeBs/~ where Bs is the field generated by one

of the M auxiliary spins at the position of the NV center. In the described protocol the auxiliary

spins gain a phase φ = δτm in each step, where δ = 2π(ν − νloc) is the difference of precession

frequency ν = µnB/2π~ and local oscillator frequency νloc. This local oscillator only serves as a

frequency reference that is used to determine the time of the measurements. For a nuclear spin with

an already accumulated phase from n cycles equalling nφ the readout probability is calculated for
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8.4. Transient super-Heisenberg scaling in measurement time

the NV measurement in basis Y , i.e. the eigenbasis of the Pauli , σy operator, and NV preparation

in |+〉.

pn −
1

2
= Tr

[
ÔmeasurementUρnU

†
]

= Tr

[(σy
2
⊗ 1⊗M

)
U

(
1 + σx

2
⊗
(
1 + cos(φn)σx + sin(φn)σy

2

))⊗M
U †

]

=
i

4

[(
cos

4k0Ts
π
− i sin

4k0Ts
π

cos(φn)

)M
−
(

cos
4k0Ts
π

+ i sin
4k0Ts
π

cos(φn)

)M]
. (8.6)

For Mk0Ts � 1 we can approximate

(
cos

4k0Ts
π
± i sin

4k0Ts
π

cos(φn)

)M
∼= exp

(
±iM sin

4k0Ts
π

cos(φn)

)

to derive the signal

pn = cos2

(
2Mk0Ts

π
cos (φn)− π

4

)
. (8.7)

Imperfect polarization P of the auxiliary spins can be incorporated via k0 = µePBs/~.

By eq. (8.7) we estimate the frequency 2πν = µnB/~ and hence the magnitude of the magnetic

field B. For N measurements, the achievable uncertainty in the estimate of ν is obtained via the

classical Fisher information

IN =

N∑

n=1

1

pn(1− pn)

(
∂pn
∂φ

)2(∂φ
∂δ

)2

. (8.8)

We can describe decoherence processes in terms of a decay rate γ = γ2 + γb (see section 8.5.2),

where γ2 refers to T2 processes on the nuclear spins and γb refers to measurement backaction from

the quantum sensor. Then the effective coupling after n measurements is kn = k0e
−γn and we find

IN (γ) =
N∑

n=1

(
4τmMknTsn

π

)2

sin2 φn. (8.9)

Under the assumptions max[γ, 1
N ] � 2πφ and Mk0Ts � 1, i.e. when we sample at least one full

oscillation of the signal of frequency δ, eq. (8.9) is well approximated by

IN (γ) ∼= 16M2τ2
mk

2
0T

2
s

π2

N∑

n=1

n2

2
e−2γn (1− cos 2φn)

∼= 2M2τ2
mk

2
0T

2
s

π2

1− e−2γN (1 + 2γN(1 + γN))

γ3
. (8.10)
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8. Limited-control metrology approaching the Heisenberg limit without entanglement preparation

For γN � 1 (for γN < 0.6 errors are smaller than 3%)

IN (γ) ∼= 2M2τ2
mk

2
0T

2
s

π2

(
4N3

3
− 2γN4 +

6γ2N5

5

)
(8.11)

and hence

∆B ≤
√

3π2~2

8µn2M2τ2
mk

2
0T

2
s

1

N3
. (8.12)

As a result, for small γN our limited control procedure exhibits a scaling in the number of measure-

ments N or, equivalently, the total measurement time T = Nτm that exceeds the standard HS of

eq. (8.1) while the scaling in the number of particles M achieves the HL. Note that unlike the case of

interaction-based quantum metrology [131] this super-Heisenberg scaling is not due to interactions

between the auxiliary spins. Intuitively the scaling can be understood to emerge due to the fact that,

without noise, the last measurement of the measurement record alone would already give quadratic

Fisher information scaling, and the linear number of intermediate measurements leads to a cubic

scaling in total.

8.5. General derivation of the signal and Fisher information

8.5.1. Derivation of the signal for few measurements

In this subsection we present a more general calculation of equations (8.6, 8.7). For a nuclear spin

(initial state described by polarization P) with an already accumulated phase from n cycles φ1m =

δτmn + φ0 the readout probability is (NV measurement in basis Xcα + Y sα and NV preparation in

X)

pn −
1

2
= Tr

[
ÔmeasurementUρnU

†
]

(8.13)

= Tr

[(
σx cosα+ σy sinα

2
⊗ 1⊗M

)
U

(
1 + σx

2
⊗

M∏

m=1

(
1 + P cosφ1mσ

(m)
x + P sinφ1mσ

(m)
y

2

))
U †

]

(8.14)

=
1

4

[
cosα

(
M∏

m=1

(
cos

4A
(m)
⊥ Ts
π

− i sin
4A

(m)
⊥ Ts
π

P cosφm

)
+

M∏

m=1

(
cos

4A
(m)
⊥ Ts
π

+ i sin
4A

(m)
⊥ Ts
π

P cosφm

))

(8.15)

+i sinα

(
M∏

m=1

(
cos

4A
(m)
⊥ Ts
π

− i sin
4A

(m)
⊥ Ts
π

P cosφm

)
−

M∏

m=1

(
cos

4A
(m)
⊥ Ts
π

+ i sin
4A

(m)
⊥ Ts
π

P cosφm

))]

(8.16)

where φm = φ1m − φ0m.
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For
M∑
m=1

4A
(m)
⊥ Ts/π � 1 we can approximate

M∏

m=1

(
cos

4A
(m)
⊥ Ts
π

± i sin
4A

(m)
⊥ Ts
π

P cosφm

)
=

M∏

m=1

exp


±i sin

4A
(m)
⊥ Ts
π

P cosφm +O

(
4A

(m)
⊥ Ts
π

)2



(8.17)

∼= exp

(
±i

M∑

m=1

sin
4A

(m)
⊥ Ts
π

P cosφm

)
(8.18)

to derive the signal

pn =
1

2
+

1

2
cos

(
M∑

m=1

sin
4A

(m)
⊥ Ts
π

P cosφm − α
)

= cos2

(
M∑

m=1

sin
2A

(m)
⊥ Ts
π

P cosφm −
α

2

)
.

(8.19)

This generalization to different coupling A(m1)
⊥ 6= A

(m2)
⊥ can be described by an effective coupling.

Different phases cosφm1 6= cosφm2 can produce additional features, but in the asymptotic case

these effects are irrelevant as the initial state becomes less important, see next section.

8.5.2. Derivation of the Fisher Information from the probabilities for a full
measurement record

The outcome of the kth measurement is denoted by every individual Xk ∈ {0 = +, 1 = −}, Xk

is a measurement record of the form {1, 0, 1, 1, 0, 1, ...} with k components, Xl is the lth compo-

nent of it and β ≡ 2AxTs/π is the coupling achieved by the XY-sequence. Furthermore Uφ =

exp
(
−iφ∑σ

(m)
z /2

)
and

U± = 〈±y|U |+〉 =
e−iβ

∑
σ
(m)
x ∓ ieiβ

∑
σ
(m)
x

2
(8.20)

with the coupling from the first section U = exp(−iβσNVz
∑
σ

(m)
x ). Here we assumed all coupling

constants to be equal, however different βm don’t change the structure of the result.

Each measurement probability can be described by

p± = Tr
[
(|±y〉 〈±y| ⊗ 1)UUφ(|±〉 〈±| ⊗ ρN−1)U †φU

†
]

= Tr
[
UX1Uφρ0U

†
φU
†
X1

]
(8.21)

and evolves the nuclear state to

ρ± =
1

p±
TrNV

[
UX1Uφρ0U

†
φU
†
X1

]
. (8.22)
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The probability for a measurement record Xk can be described as

pXk = pX1pX2|X1
...pXN−1|XN−2...X1

pXN |XN−1
(8.23)

= Tr
[
UX1Uφρ0U

†
φU
†
X1

] Tr
[
UX2UφUX1Uφρ0U

†
φU
†
X1
U †φU

†
X2

]

Tr
[
UX1Uφρ0U

†
φU
†
X1

] ... (8.24)

= Tr




N∏

k=1

(UXkUφ) ρ0

(
N∏

k=1

(UXkUφ)

)†
 . (8.25)

Each part of the sum contributes roughly 2−N , sum over all contributions is 1. To analyze the effect

of these operators, we use the abbreviations cφ ≡ cos(φ) and sφ ≡ sin(φ) and apply the operators

on a permutation-invariant product state for

Uφ

(
a1 + bσx + cσy + dσz

2

)⊗M
U †φ =

(
a1 + (bcφ − csφ)σx + (ccφ + bsφ)σy + dσz

2

)⊗M
(8.26)

and

4U±

(
a1 + bσx + cσy + dσz

2

)⊗M
U †± =

(
a1 + bσx + (cc2β + ds2β)σy + (dc2β − cs2β)σz

2

)⊗M

(8.27)

+

(
a1 + bσx + (cc2β − ds2β)σy + (dc2β + cs2β)σz

2

)⊗M

(8.28)

± i
[(

(ac2β + ibs2β)1 + (bc2β + ias2β)σx + cσy + dσz
2

)⊗M

(8.29)

−
(

(ac2β − ibs2β)1 + (bc2β − ias2β)σx + cσy + dσz
2

)⊗M]
.

(8.30)

It is very difficult to calculate the full expression because every measurement multiplies the number

of terms by 4. So we want to find the relevant terms for the Fisher Information for different limits. For

a single nucleus M=1, only two terms are created every measurement and dσz can be neglected.

Therefore we simplify to
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4U±

(
a1 + bσx + cσy

2

)
U †± = 2

(
a1 + bσx + cc2βσy

2

)
± 2

(−bs2β1− as2βσx + cσy
2

)
(8.31)

= 2A[ρ] + 2B[ρ]. (8.32)

The cos(2β) term for the c coefficient produces the backaction-induced decay γb. We can approxi-

mate

A[ρ] =

(
a1 + bσx + cc2βσy

2

)
≈
(
a1 + (1 + c2β)/2 (bσx + cσy)

2

)
. (8.33)

which reduces the bloch vector according to

(
1 + c2β

2

)k
= exp

(
k log

(
1 + c2β

2

))
≈ exp

(
k log

(
1 + β2

))
≈ exp

(
−kβ2

)
. (8.34)

This is valid because the higher orders will be negligible in the further calculation. T2 processes

have a similar effect, we therefore define the decay of population in the x-y-plane with

γ = − log
1 + c2β

2
+

τm

T
(nuc)
2

≈ β2 +
τm

T
(nuc)
2

(8.35)

where τm is the time for each of the N repetitions.

When starting with ρ0 = (1 + σx)/2 one can expand the probability for a N measurement record

XN as

2NpXN ≈ 1 + s2β

N∑

l=1

(−1)Xl exp(−γl) cos(lφ) (8.36)

+ s2
2β

∑

16l1<l26N

(−1)Xl1 (−1)Xl2 exp(−γ(l2 − l1)) cos((l2 − l1)φ) (8.37)

+ s3
2β

∑

16l1<l2<l36N

(−1)Xl1 (−1)Xl2 (−1)Xl3 exp(−γ(l3 − l2 + l1)) cos((l3 − l2 + l1)φ)

(8.38)

+ ... (8.39)

In a first step we calculate the Fisher Information

IN =
∑

XN

1

pXN

(
∂pXN

∂φ

)2(∂φ
∂δ

)2

(8.40)

in the limit γN � 1 using a geometric series
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1

τ2
m

IN = 2−N
∑

XN

∞∑

k=0

(
−s2β

N∑

l=1

(−1)Xl exp(−γl) cos(lφ)− s2
2β...

)k
× (8.41)

(
−s2β

N∑

l=1

(−1)Xl exp(−γl)l sin(lφ)− ...
)2

. (8.42)

As we average over all (−1)Xl = ±1, only terms with an even number of all (−1)Xl contribute. The

first order (γN � 1, k = 0) results in the N3 scaling that is discussed in the previous subsection

8.5.1.

1

τ2
m

IN = s2
2β

N∑

l=1

exp(−2γl)l2 sin2(lφ) (8.43)

≈
s2

2β

2

N∫

0

dl exp(−2γl)l2(1− cos(2lφ)) (8.44)

≈
s2

2β

2

N∫

0

dl exp(−2γl)l2 (8.45)

=
s2

2β

2

e−2γN (−2γN(γN + 1)− 1) + 1

4γ3
≈
s2

2β

2

[
N3

3
− γN4

2

]
. (8.46)

For γN > 1 the geometric series is not valid anymore and many higher orders in l need to be

considered. To show that terms linear in N exist, we consider the approximated second order

(1/pNX ≈ 2N )

1

τ2
m

IN = s4
2β

∑

16l1<l26N

exp(−2γ(l2 − l1)) sin2((l2 − l1)φ)(l2 − l1)2 (8.47)

l=l2−l1= s4
2β

∑

16l6N

(N − l) exp(−2γl) sin2(lφ)l2 (8.48)

≈
s4

2β

2

N∫

0

dl(N − l) exp(−2γl)l2(1− cos(2lφ)) (8.49)

≈
s4

2β

2

N∫

0

dl(N − l) exp(−2γl)l2 (8.50)

=
s4

2β

2

e−2γN (2γN(γN + 2) + 3) + 2γN − 3

8γ4
≈
s4

2β

2

N

4γ3
. (8.51)

The numerically obtained prefactor from the following section 8.6 is smaller by a factor 2 in case of
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Figure 8.2.: For M=10 nuclei, the Fisher information after 224 measurements for β = 0.01 × 2/π
for different γ2 averaged over 192 runs is compared to a γ−3 curve with the numerically
obtained prefactor. Reprinted figure with permission from [3]. Copyright (2020) by the
American Physical Society.

M = 1 and a factor
(
cM−1

2β

)2
M2/4 for M > 1. While the first factor 2 is likely to originate from

higher order contributions (the dominant order in l depends on N ), the difference for higher M can

be explained by the additional terms that arise in the calculation. Many terms like in

2NpXN ≈ 1 +
i

2

N∑

l=1

(−1)Xl
[
(c2β − is2β exp(−γl) cos(lφ))M − (c2β + is2β exp(−γl) cos(lφ))M

]

(8.52)

+
i2

4

∑

16l1<l26N

(−1)Xl1 (−1)Xl2
[(
c2

2β − s2
2β exp(−γ(l2 − l1)) cos((l2 − l1)φ) + iα

)M
+ ...

]

(8.53)

+ ... (8.54)

will produce roughly the same Fisher information, in particular the first order scales as expected.

The derivative gives a factor M2, and the leading order has a factor
(
cM−1

2β

)2
. The additional factor

1/2 will arise from averaging random phases α.

The scaling ∝ γ−3 was tested numerically in figure 8.2. The simulation results seem to deviate in a

regime γ2 ≈ γb by a factor of 2. This can be explained by higher order terms being affected more by

γ2. As a result, lower order terms with the expected scaling dominate.

Remarkably these asymptotic results are independent of the initial state of the nuclei. Therefore

different phases cosφm1 6= cosφm2 can be transformed to a basis with equal phases and a different

initial state, which yields the same result as for cosφm1 = cosφm2 ∀m1,m2.
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8.6. Asymptotic SQL scaling in measurement time

However, the super-Heisenberg scaling identified in the previous subsection has to be transient

and cannot persist for arbitrarily long times as this would be in violation of the fundamental limit of

sensitivity that is imposed by the full control scheme in the absence of any noise.

For γ2 = 0, the remaining contribution to the decay rate γ is due to the measurement backaction of

the quantum sensor on the auxiliary spins which is negligible only for γN � 1. Our measurement

scheme then yields (see section 8.5.2 for a derivation)

γb =
4k2

0T
2
s

π2
. (8.55)

Due to the measurement backaction, the signal weakens with increasing number of measurements

N and the rate of increase of the Fisher information slows. When determining the scaling in this

regime, a note of caution is in order as the calculation of the measurement backaction in eq. (8.10)

determines the Fisher information of the averaged density matrix of the auxiliary spins. However,

as we have access to and use all the intermediate measurements, the correct Fisher information

of the protocol is obtained by weighted averaging over measurement trajectories. For γN � 1 this

results in a scaling linear in N (see also [132, 133, 134]), as indicated analytically in section 8.5.2

and numerically in figure 8.3. For M = 100 nuclei in an initial product state (red data) the transient

super-Heisenberg IN ∝ N3 ∝ T 3 scaling evolves into the shot noise scaling (SQL) of IN ∝ N ∝ T
(blue asymptote) while eq. (8.10) was calculated with the average density matrix and therefore

would yield a constant. Remarkably, this linear scaling is independent of the initial state and we can

achieve the same scaling using a completely mixed initial state (orange triangles). See also [135]

for the related observation that for metrology in non-Markovian environments the Zeno-scaling can

be achieved with a mixed initial state. In the limit of small interaction strength k0Ts and decay, the

asymptotic (γN � 1) value of the Fisher information can be estimated to be

IN =
sin4(4k0Ts/π)

16 (γb + γ2)3

M2

2
τ2
mN (8.56)

The comparison with the Heisenberg limit for a single (black dotted) and M+1 (black dash-dotted)

nuclei also shows that the Heisenberg limit of a single spin can already be beaten with few mea-

surements. The Heisenberg limit for the comparable number of spins as the situation under ideal

conditions cannot be reached, but approached as discussed in the next section.

8.7. Heisenberg scaling in particle number and relation to the

Heisenberg limit

While the quadratic scaling with the number of nuclei M is obvious for γN � 1, it also persists for

γN � 1 as confirmed in equation (8.56) and in Fig. 8.4 (see Fig. 8.2 and the related discussion for
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8.7. Heisenberg scaling in particle number and relation to the Heisenberg limit

Figure 8.3.: Left: Numerical Fisher information scaling (red: initial product state/ orange: initial mixed
state), the analytical approximation for small N eq. (8.10) (red line, invalid for large N
due to the average density matrix calculation being invalid for γN > 1) and the asymp-
totic (γN � 1) behaviour (blue) for φ = 0.7 and M=100 nuclear spins, each coupled
with k0Ts = 0.01 to the NV center. The HL for M+1 spins (black dash-dotted) for M + 1
spins is shown for comparison, the HL for a single spin (black dotted) is outperformed
due to the larger number of spins that can be used. The results are averaged over 96
(32 for mixed state) runs withN = 226 measurements each. Right: Same data (red) and
results for k0Ts = 0.05 in green. The Fisher information is initially larger but dominated
by backaction earlier, resulting in a smaller prefactor for the asymptotic regime. In both
graphs and all other simulations the achievable Fisher information approaches the HL
to within a factor . 20. This Fisher minimal distance is independent of the interaction
strength k0Ts and the number of nuclei M , see section 8.8. Reprinted figure with per-
mission from [3]. Copyright (2020) by the American Physical Society. In the left figure,
the Heisenberg limit for M=1 has been added with permission.

Figure 8.4.: For the same parameters as in figure 8.3: Numerical Fisher information scaling (red:
initial product state/ orange: initial mixed state (k0Ts = 0.01 at N = 226 each)/ green:
initial product state (k0Ts = 0.05 at N = 222)) with the number of nuclei M . The blue
lines show the predicted scaling ∝M2 from eq. (8.56) and Figure 8.3. Reprinted figure
with permission from [3]. Copyright (2020) by the American Physical Society.
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8. Limited-control metrology approaching the Heisenberg limit without entanglement preparation

details). In the full control scenario such a quadratic scaling can be traced back to the preparation of

a macroscopically entangled resource state of the form (|0...0〉+ |1...1〉)/
√

2 including the quantum

sensor and the auxiliary spins which contain one ebit of entanglement [136, 137]. This entanglement

is destroyed with the final measurement and represents the resource that is required to achieve HS.

This is in sharp contrast with our scenario, which starts from an initial product state. Here the

quadratic scaling arises because the auxiliary spins are interrogated by a quantum sensor which

results in a readout operator that is not particle local, i.e. cannot be represented by a product of

single particle operators as would be the case when using a classical readout device. Indeed, every

measurement applies a CPTP (completely positive and trace-preserving) map to the auxiliary spins

that is represented by the Kraus operators (see also [132] for the case M = 1 and section 8.5.2).

U± = 〈±y|U |+〉 =
e−i

2k0Ts
π

∑
σ
(m)
x ∓ iei

2k0Ts
π

∑
σ
(m)
x

2
(8.57)

Crucially, this operator is diagonal in a basis different than the eigenbasis of the free evolution

operator - the latter being a tensor product of unitary evolutions on every auxiliary spin. If the same

held true for the readout operator, it is trivial to see that every spin would be measured independently

and therefor SQL scaling would apply. The readout operator here, however, combines all particle

states in a nontrivial, nonlocal, manner. This is similar to the metrological advantage obtained for

indistinguishable particles [115] (section III). In our work, this advantage is achieved by the sensor

spin that, unlike a classical sensor, allows to apply the same, particle non-local, CPTP map in every

measurement. We would like to stress that the entanglement build-up due to the backaction via

a non-local measurement operator does not contribute to the quadratic scaling with the number of

auxiliary spins, nor does it support the transient N3 super-Heisenberg scaling.

In the limit of large nuclear coherence times 0 ≈ γ2 � γb the Fisher information approaches the

HL achievable under full control for Nopt ≈ (2k0Ts/π)−2 = 1/γb measurements after which the

N3-scaling turns into a scaling ∝ N . Note that the fundamental Heisenberg limit is not violated

as with decreasing interaction k0Ts both the backaction and the information gain per measurement

decrease at the same rate thus compensating each other. Remarkably, at this point the ratio of

ultimate sensitivity under global control and the limited control scheme used here only depends on

the interaction strength and therefore can be tuned to approach the HL for Nopt measurements to

within a Fisher minimal distance of a factor independent of T , see figure 8.3. Furthermore it is

natural to assume that this holds independently of M as the Fisher information of both the HL and

the asymptote for γN � 1 exhibit the same quadratic scaling in M . A numerical confirmation is

presented in the following section 8.8.

8.8. Simulation of the relation to the Heisenberg limit

We numerically investigated the minimum difference between our protocol and the Heisenberg limit,

which can only be achieved given full control over the nuclei in absence of decoherence γ2 = 0.
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8.9. Simulation details

Figure 8.5.: Left: Maximum of the ratio between the Fisher information of our protocol and the
Heisenberg limit for different coupling strength. The results do not depend on the num-
ber of nuclei M , but are dominated by variations originating from the 9600 averages
in the monte carlo simulation. Right: Curves for M = 100 nuclei: The highest value
is reached at N ≈ β−2 as expected. Artefacts of the simulation are clearly visible as
for an infinite number of repetitions smooth curves are expected. Reprinted figure with
permission from [3]. Copyright (2020) by the American Physical Society.

Figure 8.5 shows the maximum ratio between the Fisher Information of the investigated protocol and

the Heisenberg limit. For different coupling strength the ratio is independent of the number of nuclei.

Note that the peaks are due to the monte carlo simulation. This is confirmed by the curves on the

right hand side of figure 8.5, where the maxima are found at N ≈ β−2 as expected.

8.9. Simulation details

The normal simulation (without making use of the permutation invariance) repeats the following

steps (after initializing the nuclear spins to |ψ0〉 = |+〉⊗M , ρ0 = |ψ0〉 〈ψ0|)

1. Simulate nuclear spin evolution with the operator

Ufree = exp

(
−iδτm

∑

m

σ(m)
z /2

)
(8.58)

where τm is the time between two measurements.

2. Determine probability to measure the NV in |+y〉 after preparing it in |+〉 and evolving it with

the nuclear spins according to (8.5) by

p = Tr
[
|+y〉 〈+y| ⊗ 1⊗MU |+〉 〈+| ⊗ ρnU †

]
= Tr

[
U+ρnU

†
+

]
(8.59)

= 〈ψn|U †+U+ |ψn〉 (for pure states) (8.60)

where U+ = 〈+y|U ⊗ 1⊗M |+〉
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8. Limited-control metrology approaching the Heisenberg limit without entanglement preparation

3. Probabilistically choose result according to p, save result and evolve accordingly including

normalization ρn+1 = NU+/−ρnU
†
+/−.

By using the subspace resulting from the symmetry in the case of many spins with equal coupling

strength, many spins can be simulated efficiently, as this subspace has dimension M + 1 instead of

2M .

The Fisher Information

IN =
∑

XN

pX
1

p2
X

(
∂pX
∂δ

)2

(8.61)

was calculated numerically for many different runs evolving ρ following the recipe above to determine

pX Evolving ρ2/3 according to the same measurement outcomes as ρ, but with a different evolution

parameter δ ± dδ allows to determine

(
∂pX
∂δ

)
=
pX(δ + dδ)− pX(δ − dδ)

2dδ
(8.62)

for many measurement records. After calculating the Fisher Information for every measurement

record, the average and standard deviation can be obtained. The accuracy is limited by the Fisher

Information due to the Cramer-Rao bound

δωN ≥
1√
IN
. (8.63)

In order to obtain some insights into the entanglement buildup and its potential role as a resource in

the metrology scheme, we use the logarithmic negativity [137] as a quantifier of the entanglement

between one of the auxiliary spins with the remaining M − 1 spins and between equal bi-partitions

of the auxiliary spins. For pure states, the Logarithmic negativity can be simplified to an expression

depending on the Schmidt coefficients αi:

LN(|Ψ〉 〈Ψ|) = 2 log

(∑

i

αi

)
, (8.64)

which can be calculated for considerably larger systems than the partial trace. While the entangle-

ment between the nuclei builds up to a steady state after a time 1/γb, it does not contribute to the

quadratic scaling with the number of auxiliary spins as this effect is related to the readout process,

nor does it support the N3 super-Heisenberg scaling. However, destroying the entanglement af-

ter every measurement would lead to lower prefactor in the asymptotic SQL scaling as it inevitably

leads to destruction of information. Figure 8.6 shows this buildup of entanglement of a scale of

Nopt ≈ (2k0Ts/π)−2 = 1/γb.
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8.10. Discussion

Figure 8.6.: Logarithmic negativity for M spins, each spin coupled with β = 0.01 × 2/π with neg-
ligible decay γ2 = 0. The left graph shows the entanglement of one of the auxiliary
spins with the remaining M-1 spins and the right graph shows entanglement in an equal
bi-partition of the auxiliary spins. The results are averaged over 2000 runs. Reprinted
figure with permission from [3]. Copyright (2020) by the American Physical Society.

8.10. Discussion

Metrology assisted by environmental spins has been considered before, see e.g. [138, 139]. There,

however, the emphasis was placed on spins that are strongly interacting with the quantum sensor

and the measurement protocol creates a joint entangled state of the quantum sensor and the aux-

iliary spins which then evolves for some time followed by an inversion of the entangling operation

and the subsequent measurement of the state of the quantum sensor. In this approach the HS is

achieved in the number of strongly coupled auxiliary spins while we assume no such spins in our

set-up. Furthermore, this protocol suffers from the drawback that it is fundamentally limited by the

coherence time of the quantum sensor and hence does not take full advantage of the long coher-

ence time of the auxiliary spins. In contrast, the measurements in our protocol can be made shorter

than the coherence time without adversely affecting the achievable sensitivity.

Besides the theoretical interest in the novel scaling regimes, we stress that the proposed scheme

employing auxiliary spins under limited control provides enhanced sensitivity as compared to the

quantum sensor alone. This advantage is the result of two processes. First, the transduction of the

static magnetic field to a time-dependent Larmor precession which is then detected by the quantum

sensor facilitates the use of dynamical decoupling schemes to filter out noise without adversely

affecting the signal. Secondly, as each auxiliary spin contributes to the signal, the overall signal

strength scales with the number of spins and hence leads to a considerable signal enhancement.

Remarkably, magnetometry schemes such as atoms in gas cells which are probed independently

by a classical field lead to a M−1 scaling of the variance with the particle number M . In sharp

contrast, it is the transduction of the signal to a quantum sensors, e.g. an NV center, which results

in a particle non-local measurement which causes the M−2 Heisenberg scaling. This suggests a

practical route for enhancing the measurement capacity of gas cell magnetometers. Furthermore, for

an NV center as quantum sensor, even when considering nuclei with their small magnetic moment
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8. Limited-control metrology approaching the Heisenberg limit without entanglement preparation

as auxiliary spins, we may obtain an increased sensitivity. To this end, let us consider the |m =

0〉 ↔ |m = +1〉 transition of an NV center in an external magnetic field B and assume that the

NV center is dominated by pure dephasing which results in a coherence time T (NV )
2 . For perfect

readout efficiency, the optimal interrogation scheme yields

∆B =

√
2e~2

µ2
eT

(NV )
2 T

=

√√√√ 4e~2

µ2
eNT

(NV )
2

2 (8.65)

[88] where N = 2T/T
(NV )
2 . The maximum of equation (8.56) that takes the form γ2

b /(γb + γ2)3 is

obtained by choosing γb = 2γ2. This allows us to compare with our indirect measurement scheme

using M hydrogen nuclear spins and assuming
(
µe
µn

)2 T
(NV )
2
Tn2

≈ 103 we find that for

M >

√√√√27

4e

µ2
eT

(NV )
2

µ2
nT

(n)
2

≈ 50 (8.66)

the auxiliary spin assisted sensor outperforms the bare NV center. Nuclear spins couple more

weakly to both noise and signal due to smaller gyromagetic ratio resulting in typically larger coher-

ence times µe
µn
≈ Tn2

T
(NV )
2

, so similar results apply for other systems. While our protocol makes use of

a far smaller magnetic moment compared to even a single electron spin Mµn � µe, this is compen-

sated by the longer coherence time and the possibility to measure during the signal accumulation.

Furthermore the obtained expression also highlights the advantage of the M−2 Heisenberg scal-

ing over the SQL that individual measurements on the nuclear spins give, providing higher Fisher

Information for M > 27/4e ≈ 2.5.

Finally, we note that our analysis also covers the case M = 1 corresponding to the detection of

the Larmor frequency of a single nuclear spin via an NV center. Super-Heisenberg scaling applies

for as long as the measurement backaction is weak. This applies for distant nuclear spins or for

measurements that are designed to be weak, i.e. not obtaining a full bit of information in each single

measurement.

8.11. Conclusions

We have examined metrology in a realistic setting of limited control and found transient super-

Heisenberg scaling in the total measurement time and a metrological precision approaching that

of the same number of particles under full experimental control. This is despite the absence of ini-

tial entanglement in the system. In fact, in this scheme entanglement emerges only with increasing

number of measurements and adversely affects the metrological scaling. Furthermore, the proposed

set-up, which employs auxiliary spins under limited control, also represents a hybrid sensor that may

outperform a bare quantum sensor thus providing new design principles for quantum sensors.
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9. Increasing the robustness of heterodyning
based sensing protocols to magnetic field
fluctuations

The ideas, some figures and few excerpts in this chapter are based on contributions to [4]. Reprinted

excerpts with permission from [4]. Copyright (2020) by the American Physical Society. For consis-

tency in this work, we use the notation from the previous chapter.

The approach discussed in the previous chapter uses an NV center interacting with an ensemble

of identical nuclei in order to infer information about their frequency ω = γB and thus the applied

magnetic field B for a known gyromagnetic ratio γ. Many other applications aim to gain information

about the involved nuclei for a known magnetic field B via the measured frequencies. From the

point of view of nuclear magnetic resonance (NMR) the Larmor frequencies alone are of limited in-

terest as they merely reveal the chemical species involved. Of considerable importance for structure

determination are the much smaller chemical shifts and J-couplings that arise from the chemical

structure.

Chemical shifts arise due to the coupling of the electronic orbitals to the external magnetic field

which in turn leads to small variations of the electronic density in molecules. A different electronic

density again leads to different shielding of the nuclear spins from the magnetic field, resulting in a

small shift in the Larmor frequency of nuclear spins involved in specific chemical bonds compared to

nuclei in a reference molecule. As the relative shift of the Larmor frequency is constant and therefore

the absolute value of the frequency difference depends on the magnetic field, the chemical shift is

usually given in ppm (parts per million) of the Larmor frequency. The magnitude of J-coupling, in

contrast, does not depend on the magnetic field strength and is consequently referenced in Hz. It

arises from indirect interactions between chemically different nuclei mediated by the electron spins in

the chemical bonds. It leads to a spitting of the resonance frequency into several peaks, depending

on the number of involved nuclei. Several other NMR interactions lead to similar effects. In summary,

the number, intensity and location of peaks in the NMR spectrum can serve as a fingerprint of

structures of a molecule [140].

Nanoscale NMR [7] aims to use small quantum sensors, like the NV center, coupled to the sample

of interest in order to determine these frequencies and therefore the molecular structure.

All these protocols, classical NMR and the measurement via quantum sensors alike, aim to measure

the individual frequencies first and then infer the frequency differences. This procedure, however, is

prone to fluctuations in the experimental setup. An important aspect lies in the fact that the frequency
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9. Increasing the robustness of heterodyning based sensing protocols to magnetic field fluctuations

differences are roughly five orders of magnitude smaller than the frequencies themselves. As dis-

cussed before, chemical shifts are usually presented in ppm with usual values of tens of ppm and

J-couplings are independent of the external magnetic field and have typically a magnitude of several

(tens) of Hz. The typical magnetic fields for NV-NMR experiments of hundreds of mT [7] corresponds

to nuclear Larmor frequencies of few MHz, therefore both chemical shifts and J-coupling are roughly

five orders of magnitude smaller. If, for example, the magnetic field obeys temporal fluctuations of

only 0.01%, these fluctuations shift the nuclear Larmor frequencies by already 1 order more than the

frequency difference to be measured, with the result that in the final signal two frequencies cannot

be distinguished any more, as sketched in figure 9.1. Here we illustrate that information about the

frequency difference of a signal composed of two individual frequency peaks can only be extracted

when the broadening of the individual peaks is not considerably larger than the frequency difference

itself. In contrast, the mean frequency can be extracted in both cases, but is only of limited interest

as we discussed in this introduction.

Figure 9.1.: Two broadened frequency contributions (blue dashed and blue dash-dotted) result in a
combined (red) signal. Left: As the frequency broadening is smaller than the frequency
difference, the individual peaks can be distinguished in the combined signal and there-
fore the frequency difference can be extracted. Right: Here the frequency difference
is much smaller than the individual frequency broadenings, so the frequency difference
can not be reconstructed accurately from the combined signal.

In this chapter we show that by using the quantum properties of the NV center, we can determine

a frequency difference between two nuclear spin species with the same precision as using a nor-

mal sensing approach [38], but with drastically improved robustness to frequency fluctuations. We

describe the proposed protocol with relevant modifications and discuss possible experimental appli-

cations.

9.1. The effect of the readout basis on the signal of heterodyning

protocols

The most intuitive protocol for measuring the phase of nuclei using a coupled NV center used in [7,

40, 41] is shown in figure 9.2: After an initialization to |+〉 with a π/2-pulse around the Y-axis, the

NV center obtains a phase due to the Sz ⊗ Ix interactions with the nuclear spins that are created
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9.1. The effect of the readout basis on the signal of heterodyning protocols

by a pulse sequence as explained in [3]. This phase is a projection of the nuclear spin state onto

the x-axis, resulting in the phase being proportional to the sum of cosines of the nuclear phases as

calculated later. In a last step the final π/2-pulse rotates the NV state by 90◦ around the X-axis such

that a readout in z-direction has maximum dependence on the acquired phases.

|0〉 − −
(
π
2

)
Y
−−Dynamical Decoupling−−

(
π
2

)
X
−−

H ∼ ASzIx p(cosφ1, cosφ2)

x

y

z

ϕ1 = ω1T x

y

z

ϕ2 = ω2T

x

y

z

x

y

z

x

y

z

∼ cosφ1 ∼ cosφ2

Figure 9.2.: Visualization of nuclear spin sensing using a different readout than initialization basis.
Two nuclear spins (bottom) have already evolved for a time T and acquired a phase
φ1,2 due to their Larmor frequencies. For the NV operations given in the top line, the
NV states are depicted with three big bloch spheres. Initialization followed by the first
π/2 pulse puts the NV into an eigenstate of the Sx operator (left sphere). Applica-
tion of a dynamical decoupling sequence, i.e. a train of π-pulses separated by waiting
times resonant with the nuclear spin evolution, adds a phase in the x-y-plane due to the
Sz operator in the effective Hamiltonian. This phase is proportional to the projections
of the evolved nuclear spin states onto their x-axis due to the Ix operator. The third
sphere shows an NV state rotation around the x-axis. The final readout (right) is the
NV projection on the z-axis and now depends on the cosines of the two frequencies

pSe,YX,2fr
+,n = 1

2

(
1 + sin

(
2Ts

2∑
m=1

am cosφm

))
for two frequencies without backaction,

see equation (9.13).

This procedure is repeated N times like in QDyne [38, 7, 40, 41] and the previous chapter 8, see

also section 2.2. In the following we derive the probabilities for the repeated NV measurements

of two individual nuclear spins. We then analyze their dependence on the readout basis. This

then motivates the calculation for the same protocol but with a coupled bath of nuclear spins of the

relevant frequencies.

Calculating the resulting readout probability is analogous to chapter 8, for the moment we limit the

119



9. Increasing the robustness of heterodyning based sensing protocols to magnetic field fluctuations

discussion to only one spin per nuclear spin species. Before the first π/2-pulse, the jth (j ∈ {1, 2})
nuclear spin is in a state

ρnuc, j, 0 =
1 + σx cosφj + σy sinφj

2
(9.1)

due to the nuclear spins obtaining their phase φj = ωjT from the Larmor procession since its

initialization, where T = nt is the total time after n measurement steps of duration t.

The NV is initialized to ρNV, 0 = |+〉 〈+| = 1+σx
2 for every measurement step and the joint system

evolves under the dynamical decoupling Hamiltonian with a unitary

UDD = exp(−iHeffTs) = exp


−iSz

∑

j

βjI
(j)
x


 (9.2)

where βj = Aeff, j
⊥ Ts describes the effective coupling strength acting during the dynamical decoupling

sequence.

The probability to read out the NV center in the σz eigenstate |↑〉 after the described procedure is

then given by

pSe,YX,2Sp
+,n = Tr

{
|↑〉 〈↑| ⊗ 1⊗2 × Uπ/2,XUDDUπ/2,Y × ρNV, 0 ⊗ ρnuc, 1, 0 ⊗ ρnuc, 2, 0 × U †π/2,Y U

†
DDU

†
π/2,X

}
.

(9.3)

The notation p+,n emphasizes that there are several individual measurements during a full mea-

surement record in the QDyne scheme, denoted by n, and that the NV can be found either in its |↑〉
(eigenvalue +1) or |↓〉 (eigenvalue -1) eigenstate, such that p+,n + p−,n = 1. The use of a sensing

Hamiltonian, encompassed between π/2-pulses in Y- and x-direction, and the calculation for two

spins only is reflected in the notation pSe,YX,2Sp
+,n . We can simplify this expression for

pSe,YX,2Sp
+,n = Tr

{
1 + σy

2
⊗ 1⊗2 × UDD ×

1 + σx
2

⊗ 1 + σx cosφ1 + σy sinφ1

2
(9.4)

⊗1 + σx cosφ2 + σy sinφ2

2
× U †DD

}
(9.5)

=
1

2
(1 + sin(β1/2) cos(β2/2) cos(φ1) + sin(β2/2) cos(β1/2) cos(φ2)) . (9.6)

In a whole measurement record the probability for several times T = nt is recorded, and a Fourier

transformation can be used to calculate the desired frequency difference ω1−ω2 using the measured

p+,n. Note that the Fourier transformation might not be the ideal way to calculate the frequency dif-

ference and is used in this argument as the easiest access to the type of information that can be

found in the measurement signal, for example in [7] it was shown that Bayesian Inference methods

can yield drastically better results. In section 9.4 the Cramer-Rao bound on the frequency uncer-

tainty will be calculated as a more reliable quantification on the ideally achieved frequency variance.

Arguing with the Fourier transformation for the moment, equation (9.6) features two independent os-
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9.1. The effect of the readout basis on the signal of heterodyning protocols

cillations with frequencies ω1,2. Therefore in the Fourier transformation both frequencies will appear

individually. This is the situation described in the introduction that is prone to various frequency fluc-

tuations causing broadening upon the individual frequency peaks, making access to the frequency

difference impossible.

If we, however, change the final pulse to be around the Y-axis as illustrated in figure 9.3, we obtain

a different behaviour as

pSe,YY,2Sp
+,n = Tr

{
1 + σx

2
⊗ 1⊗2 × UDD ×

1 + σx
2

⊗ 1 + σx cosφ1 + σy sinφ1

2
⊗ (9.7)

1 + σx cosφ2 + σy sinφ2

2
× U †DD

}
(9.8)

=
1

2
(1 + cos(β1/2) cos(β2/2)− sin(β1/2) sin(β2/2) cos(φ1) cos(φ2)) . (9.9)

Crucially the dependence on T is now of the form

cos(φ1) cos(φ2) = cos
φ1 + φ2

2
+ cos

φ1 − φ2

2
= cos

(ω1 − ω2)T

2
+ cos

(ω1 + ω2)T

2
, (9.10)

so the Fourier transformation of the signal depends on the frequency sum and difference. This

means even if both frequencies ω1,2 change by far more than the frequency difference during a

measurement record, the frequency difference can be extracted from the signal if the frequencies

changed by the same value. In other words, the condition that the individual frequencies may not

change by more than a value of the order of the difference to be measured, is weakened to the

frequency difference not changing by more than that value. As discussed in the introduction of this

chapter, nanoscale NMR aims to infer details about the structure of a sample by distinguishing the

frequency of nuclei that only differ by the chemical position in the molecule. Therefore effects from

different magnetic field strength that are discussed in section 9.2 change both frequencies ω1,2 in

the same way due to their almost identical gyromagnetic ratio, chemical shifts change the frequency

difference by far less than the frequency difference itself as long as the magnetic field fluctuation

isn’t on the order of the magnetic field itself.

A similar result is obtained when ensembles of nuclear spins are considered. For this consideration

we assume the backaction is small enough to be negligible (i.e. the number of measurements N is

much smaller than β−2, see chapter 8 for a detailed analysis).

Furthermore we simplify the nuclear spins to result in a classical signal on the NV center. For M

different frequencies an effective Hamiltonian

H1 = Sx

M∑

m=1

am cosφm (9.11)

where am describes the effective field at the NV center of all nuclei with frequency ωm and phase

φm = ωmT .

121



9. Increasing the robustness of heterodyning based sensing protocols to magnetic field fluctuations

|0〉 − −
(
π
2

)
Y
−−Dynamical Decoupling−−

(
π
2

)
−Y −−

H ∼ ASzIx p(cosφ1, cosφ2)

x

y

z

ϕ1 = ω1T x

y

z

ϕ2 = ω2T

x

y

z

x

y

z

x

y

z

∼ cosφ1 ∼ cosφ2

Figure 9.3.: Visualization of nuclear spin sensing using the same readout than initialization basis.
Two nuclear spins (bottom) have already evolved for a time T and acquired a phase
φ1,2 due to their Larmor frequencies. For the NV operations given in the top line, the
NV states are depicted with three big bloch spheres. Initialization followed by the first
π/2 pulse puts the NV into an eigenstate of the Sx operator (left sphere). Applica-
tion of a dynamical decoupling sequence, i.e. a train of π-pulses separated by waiting
times resonant with the nuclear spin evolution, adds a phase in the x-y-plane due to the
Sz operator in the effective Hamiltonian. This phase is proportional to the projections
of the evolved nuclear spin states onto their x-axis due to the Ix operator. The third
sphere shows an NV state rotation around the y-axis. The final readout (right) is the
NV projection on the z-axis and now depends on the cosines of the two frequencies

pSe,YY,2fr
+,n = 1

2

(
1 + cos

(
2Ts

2∑
m=1

am cosφm

))
for two frequencies without backaction,

see equation (9.15). The crucial difference to figure 9.2 is that the phases acquired by
the NV center are read out around the initial state |0〉 and therefore the readout probabil-
ity contains even powers of the sum of both cosines cosφ1 + cosφ2 when expanded into
a series. This means there are contributions proportional to the frequency difference,
unlike in the case of figure 9.2 where only odd powers can be found in the expansion.

We can again calculate the resulting signal for readout with a π/2-pulse in Y-direction as

pSe,YX,2fr
+,n = Tr

{
1− σy

2
× exp(−iH1Ts)×

1 + σx
2

× exp(+iH1Ts)

}
(9.12)

=
1

2

(
1 + sin

(
2Ts

M∑

m=1

am cosφm

))
(9.13)
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9.1. The effect of the readout basis on the signal of heterodyning protocols

and for the final π/2-pulse being in X-direction we obtain

pSe,YY,2fr
+,n = Tr

{
1 + σx

2
× exp(−iH1Ts)×

1 + σx
2

× exp(+iH1Ts)

}
(9.14)

=
1

2

(
1 + cos

(
2Ts

M∑

m=1

am cosφm

))
= cos2

(
Ts

M∑

m=1

am cosφm

)
. (9.15)

The notation (2fr) reflects that now two spin ensembles with different frequencies are considered.

Here we don’t directly see the dependence of the signal on the individual frequencies and the fre-

quency differences. If we, however, assume small total coupling Ts
M∑
m=1

am � 1, we obtain the same

expressions as in equations (9.6) and (9.9) with the same approximation.

In the first case we use the first term of the sin series

pSe,YX,2fr
+,n =

1

2

(
1 + sin

(
2Ts

M∑

m=1

am cosφm

))
(9.16)

∼= 1

2

(
1 + 2Ts

M∑

m=1

am cosφm

)
(9.17)

which is the same result to first order in βi = 4Tsai � 1 as equation (9.6). This factor of 4 stems from

the definition of the Hamiltonians (9.2) and (9.11) that were chosen to be consistent with the rest

of this work and [4]. Note that the approximation Ts
M∑
m=1

am � 1 is usually fulfilled in the intended

experimental context of an NV center close to the diamond surface sensing nuclear spins close to

the surface. A more general consideration for larger total coupling can be found in [4].

Using the first two terms in the cosine series cos(x) ∼= 1 + x2/2 for x � 1 we transform equation

(9.15) to

pSe,YY,2fr
+,n =

1

2

(
1 + cos

(
2Ts

M∑

m=1

am cosφm

))
(9.18)

∼= 1− 1

4

(
2Ts

M∑

m=1

am cosφm

)2

(9.19)

which contains products of the individual oscillations due to the square as can be seen by the identity

(cos(ω1T ) + cos(ω2T ))2

=
1

2
(1 + cos(2ω1T )) +

1

2
(1 + cos(2ω2T )) + cos((ω2 + ω1)T )+ cos((ω2 − ω1)T )

We will later discuss a way to have a signal dependence only on the phase difference φ1 − φ2 and

not on the individual phases or their sum any more.
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9. Increasing the robustness of heterodyning based sensing protocols to magnetic field fluctuations

9.2. Three main cases of fluctuation-insensitive signals

As discussed in the previous section, a different readout of the accumulated phase, for example

differing by the π/2-pulses before the measurement, makes the measurement sensitive to frequency

differences rather than the individual frequencies. This is helpful when the individual frequencies

would be broadened enough to make distinguishing them impossible, but the frequency difference

still is the same for each measurement. Three principal cases can be distinguished.

The case that was implicitly discussed in the previous section are temporal fluctuations of the mag-

netic field. As chemical shifts and J-couplings are usually 5 orders of magnitude smaller than the

MHz nuclear Larmor frequencies, the magnetic field would have to be stable to at least this pre-

cision to allow for determining the individual frequencies. The frequency difference, however, does

not change or change only very slightly depending on its origin and therefore the difference-sensitive

scheme tolerates fluctuations that are orders of magnitude higher than its counterpart.

While the ideas for the temporally fluctuating field apply for both individual NV centers and ensem-

bles, spatial magnetic field fluctuations across regions larger than a typical NV sensing volume,

which relates to a half-sphere with the NV surface distance as radius [141], are relevant for a mea-

suring ensemble of NV centers. Using ensembles is a way to parallelize the measurement, every

NV center contributes equally to the Fisher Information which scales with the number of sensor

spins for these independent measurements. This results in a signal to noise ratio increased by the

square-root of the number of participating spins or allows to divide the number of experimental rep-

etitions and therefore the total time needed by the number of spins. For large NV ensembles the

readout cannot be done for each center individually, instead the combined fluorescence of all NVs

is collected. Adding the signals oscillating with the individual frequencies will broaden their Fourier-

transformed signal, however the same frequency difference can be sensed by each individual NV

center, resulting in a sum of all signals where the desired difference can still be extracted.

The third case is diffusion of a single molecule of interest in the sensing volume through a magnetic

field gradient that would broaden the individual frequencies by more than their difference. This would

only be the case for a very dilute sample, more molecules inside the sensing volume combined with

a significant gradient within it would mean no acquired information regardless of the readout. A

situation where the molecules would diffuse for distances far larger than the diameter of the sensing

volume, and where the magnetic field gradient is only relevant on those scales but not on the sensing

volume scale, pairs of nuclei will still acquire the same phase difference for different molecules with

different diffusion trajectories, while the individual frequencies will differ for each molecule. So this

would be another scenario where only frequency difference sensitive readout yields the desired

frequency, however this scenario is only relevant for large diffusion coefficients in combination with

long sensing time and a gradient on a specific lengthscale.

What is common to these examples is that, to use the quantum properties of the NV readout to

result in a direct frequency different measurement insensitive to inhomogeneity, the combination of

the frequency difference signals must happen after the NV measurement. In contrast, when the

effective averaging happens before the measurement, for example when the gradient in the sensing
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volume of single NV centers creates a broadening larger that the difference to be measured, the

broadening is imprinted on the NV phase and no information can be extracted regardless of the

readout pulses.

9.3. Advantages of flipflop-Hamiltonians

Similarly to the readout discussed in section 9.1 where a sensing Hamiltonian SxIx is used, we can

alternatively use a polarization Hamiltonian of the form SxIx + SyIy. Once again we calculate the

readout probabilities of the NV center electron spin after an interaction which now models a flipflop

interaction with several nuclear spin species.

To obtain a similar backaction behaviour and the same prefactor in the Fisher information for the

fluctuation insensitive case, we add a factor 1/
√

2 in the starting flipflop Hamiltonian

H1 = a
SxIx + SyIy√

2
(9.20)

that is, for example, produced by Hartmann-Hahn or pulsed polarization schemes. Note that 1/
√

2

prefactor also reflects the fact that the creation of a flipflop Hamiltonian usually results in smaller

effective coupling strength, as both the SxIx and SyIy terms need to be created.

Simplifying the nuclei to oscillating fields, we obtain

H1 =

Sx
M∑
m=1

am cosφm + Sy
M∑
m=1

am sinφm
√

2
(9.21)

where φm = nωmt is the phase originating from a frequency ωm to be measured at the nth step.

For M=2 frequencies we simplify to

H1 =
Sx(a1 cosφ1,n + a2 cosφ2,n) + Sy(a1 sinφ1,n + a2 sinφ2,n)√

2
(9.22)

= S̃x
1√
2

√
(a1 cosφ1,n + a2 cosφ2,n)2 + (a1 sinφ1,n + a2 sinφ2,n)2 (9.23)

= S̃x
1√
2

√
a2

1 + a2
2 + 2a1a2 cos(φ1,n − φ2,n) (9.24)

to obtain the readout probability

pff,2fr
+,n =

∣∣〈↑ |e−iH1Ts | ↑〉
∣∣2 = cos2

[
Ts√

2

√
a2

1 + a2
2 + 2a1a2 cos(φ1,n − φ2,n)

]
(9.25)

for the flipflop (ff) Hamiltonian. This probability depends only on the phase difference φ1,n − φ2,n

and therefore on the frequency difference ω2 − ω1, but not the individual frequencies and their sum.
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9. Increasing the robustness of heterodyning based sensing protocols to magnetic field fluctuations

Figure 9.4 shows graphically the invariance of the readout with respect to simultaneous rotations of

both phases.

|0〉 − − −−Flipflop Hamiltonian−−−−
H ∼ A(SxIx + SyIy) p(cos(φ1 − φ2))

x

y

z

ϕ1 = ω1T x

y

z

ϕ2 = ω2T

x

y

z

Figure 9.4.: Visualization of nuclear spin sensing using a flipflop Hamiltonian. Two nuclear spins
(bottom) have already evolved for a time T and acquired a phase φ1,2 due to their
Larmor frequencies. For the NV operations given in the top line, the NV states are
depicted with one big bloch sphere. Initialization puts the NV into an eigenstate of the
Sz operator. Application of a flipflop Hamiltonian, e.g. a Hartmann-Hahn (NOVEL) type
experiment or the PulsePol sequence, projects a part of the nuclear spin state onto the
NV center, as the SxIx (SyIy) term rotates the NV around the x-axis (y-axis) according
to the nuclear x-axis (y-axis projection). When read out in z-direction, the projection of
the sum of both vectors does only depend on the phase difference, not the phase sum.
A graphical explanation is that adding the same phase φ′ to both φ1 and φ2 will result
in a rotation of the NV-state around the z-axis, which does not affect the projection onto
the z-axis that yields the readout result.

For completeness we lastly examine the readout in a different basis than the initialized basis similar

to the first part of section 9.1, but now with a flipflop Hamiltonian. As Figure 9.5 already indicates,

we expect a very similar behaviour to figure 9.2 as the additional direction that is projected onto

the NV center is orthogonal to the readout direction and therefore without impact onto the signal.

Alternatively one can think of the final π/2 pulse as performing the readout in the σx instead the

σz eigenbasis. Simplifying the nuclear spins to oscillating fields again, the resulting Hamiltonian

consists of one term with Sx that commutes with the readout operator and therefore is irrelevant
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9.3. Advantages of flipflop-Hamiltonians

to the measurement. Therefore the flipflop interaction (SxIx + SyIy)/
√

2 behaves like a sensing

interaction SyIy/
√

2.

|0〉 − − −−Flipflop Hamiltonian−−
(
π
2

)
Y
−−

H ∼ A(SxIx + SyIy) p(cos(φ1), cos(φ2))

x

y

z

ϕ1 = ω1T x

y

z

ϕ2 = ω2T

x

y

z

x

y

z

Figure 9.5.: Visualization of nuclear spin sensing using a flipflop Hamiltonian with an additional π/2
pulse. Two nuclear spins (bottom) have already evolved for a time T and acquired a
phase φ1,2 due to their Larmor frequencies. For the NV operations given in the top line,
the NV states are depicted with one big bloch sphere. Initialization puts the NV into
an eigenstate of the Sz operator. Application of a flipflop Hamiltonian, e.g. a Hartmann-
Hahn (NOVEL) type experiment or the PulsePol sequence, projects a part of the nuclear
spin state onto the NV center, as the SxIx (SyIy) term rotates the NV around the x-axis
(y-axis) according to the nuclear x-axis (y-axis projection). An additional π/2 pulse
rotates the NV state such that only the SxIx or SyIy contributes to the signal like for
sensing sequences, see text for explanation.

Summarizing this section, it was shown that by using a flipflop interaction, the resulting signal can

be made sensitive to only the phase difference that two chemically different nuclei acquired and

therefore sensitive to only the desired frequency difference, not the potentially broadened individual

frequencies and frequency sum.
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9. Increasing the robustness of heterodyning based sensing protocols to magnetic field fluctuations

9.4. Calculation of the Fisher Information for the discussed cases

In the previous sections we showed that we can use the NV center to interact with nuclei such that

the read out signal either depends on the individual nuclear Larmor frequencies or their sum and

difference. It is not trivial that the two cases yield comparable frequency uncertainty. In fact, it

could be argued that the only second order dependence in case of the frequency difference protocol

will result in worse information on the desired quantity to be measured. In this section we use the

Fisher Information, see section 2.4.1 for a brief introduction, to show this is not the case and that the

sensing and flipflop interaction yield similar results.

As described in section 9.1, we investigate a QDyne [38] heterodyning scheme that is described by

repeated measurements each τm and DD protocols that are applied for a time Ts achieving effective

coupling strengths ai, but now with different readout bases and for both flipflop and sensing Hamil-

tonians. Starting with the flipflop interaction, equation 9.25 depends on the frequency difference

ωD = (ω1 − ω2)/2 = (φ1,n − φ2,n)/(2τmn) but not the frequency sum. This allows to calculate the

Fisher Information for a measurement sequence of individual readouts as

Iff,2fr
N =

N∑

n=1

1

pff,2fr
+,n (1− pff,2fr

+,n )

(
∂pff,2fr

+,n

∂ωD

)2

(9.26)

=
N∑

n=1

T 2
s

2

4

4

4a2
1a

2
2 sin2(φ1,n − φ2,n)

a2
1 + a2

2 + +2a1a2 cos(φ1,n − φ2,n)
4n2τ2

m. (9.27)

For a large number of measurements N the result is well approximated by averaging over all the

possible values of the phase difference φ1,n−φ2,n. Mathematically this approximation is justified as

the deviation from the exact value is at most quadratic in N , whereas the result itself is cubic and

therefore the prefactor of the dominant term is not affected. The relevant integral is solved by the

substitution u = tan x
2 :

1

2π

2π∫

0

dx
sin2 x

a2
1 + a2

2 + 2a1a2 cosx
(9.28)

=
1

π

π∫

0

dx
sin2 x

a2
1 + a2

2 + 2a1a2 cosx
(9.29)

=
1

π

∞∫

0

du
2

1 + u2

4u2

(1 + u2)2

1

a2
1 + a2

2 + 2a1a2(1− u2)/(1 + u2)
(9.30)

=
1

π

∞∫

0

du
8u2

(1 + u2)2

1

u2(a1 − a2)2 + (a1 + a2)2
(9.31)

=
2

(|a1 − a2)|+ |a1 + a2|)2
=

1

2

1

max(a2
1, a

2
2)
. (9.32)

128



9.4. Calculation of the Fisher Information for the discussed cases

With this result the Fisher information is simplified for

Iff,2fr
N

∼=
N∑

n=1

n2τ2
mT

2
s 4×min(a2

1, a
2
2) ∼= min(a2

1, a
2
2)× τ2

mT
2
s 4N3/3 (9.33)

resulting in the CRLB

δωff,2fr
D ≥

√
3

4N3τ2
mT

2
s

1

min(a2
1, a

2
2)
. (9.34)

To calculate the CRLB on the frequency uncertainty in the case of a sensing Hamiltonian, we need to

use the Fisher Information Matrix which we introduced in section 2.4.2. For this purpose we rewrite

the readout probabilities as

pSe,2fr
+,n = cos2 (Tsa1 cos ((ωA + ωD)τmn) + Tsa2 cos ((ωA − ωD)τmn) + Φ) (9.35)

and

pSe,2fr
−,n = 1− pSe,2fr

+,n

where ωA = ω1+ω2
2 is the central frequency and ωA = ω1−ω2

2 is half of the frequency difference. The

phase Φ originates from the choice of the readout basis or alternatively the phase of the last π/2

pulse before the readout. For a π/2 pulse in Y-direction (corresponding to readout along the X-axis)

we have Φ = 0, for a π/2 pulse in X-direction (corresponding to readout along the Y-axis) we have

Φ = π/2. However this phase vanishes in the following calculation, yielding the same result in all

cases.

ISe,2fr =




N∑
n=1

∑
x=±

pSe,2fr
x,n

∂2

∂ω2
D

(
− log pSe,2fr

x

) N∑
n=1

∑
x=±

pSe,2fr
x,n

∂2

∂ωD∂ωA

(
− log pSe,2fr

x

)

N∑
n=1

∑
x=±

pSe,2fr
x,n

∂2

∂ωD∂ωA

(
− log pSe,2fr

x

) N∑
n=1

∑
x=±

pSe,2fr
x,n

∂2

∂ω2
A

(
− log pSe,2fr

x

)




(9.36)

where we already used that the pSe,2fr
+,n are independent for different n. The diagonal terms give

the result that would expected for the Fisher Information when only one frequency is unknown. We

obtain
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N∑

n=1

∑

x=±
pSe,2fr
x,n

∂2

∂ω2
D

(
− log pSe,2fr

x

)
(9.37)

=

N∑

n=1

1

pSe,2fr
+,n (1− pSe,2fr

+,n )

(
∂pSe,2fr

+,n

∂ωD

)2

(9.38)

=

N∑

n=1

4T 2
s n

2τ2
m [a1 sin((ωA + ωD)τmn) + a2 sin((ωA − ωD)τmn)]2 (9.39)

∼= (a2
1 + a2

2)2T 2
s τ

2
mN

3/3, (9.40)

where we averaged over the angles again in the last step. Crucially, the offdiagonal elements only

vanish for a1 = a2:

N∑

n=1

∑

x=±
pSe,2fr
x,n

∂2

∂ωD∂ωA

(
− log pSe,2fr

x

)
(9.41)

=
N∑

n=1

4T 2
s n

2τ2
m

[
a2

1 sin2(τm(ωA + ωD))− a2
2 sin2(τm(ωA − ωD))

]
(9.42)

∼= (a2
1 − a2

2)2T 2
s t

2N3/3. (9.43)

The Fisher Information Matrix therefore is

ISe,2fr ∼= 2τ2
mT

2
sN

3/3

(
a2

1 + a2
2 a2

1 − a2
2

a2
1 − a2

2 a2
1 + a2

2

)
. (9.44)

The inverse of this matrix exists for a1a2 6= 0 and can be calculated as

(
ISe,2fr

)−1
=

3

2τ2
mT

2
s




a21+a22
4a21a

2
2

−a21+a22
4a21a

2
2

−a21+a22
4a21a

2
2

a21+a22
4a21a

2
2


 (9.45)

and therefore the CRLB on the frequency difference is given by

δωSe,2fr
D ≥

√
3

4N3τ2
mτ

2

a2
1 + a2

2

2a2
1a

2
2

(9.46)

which is infinite if a1a2 = 0. This is necessary as there is no information obtained about the fre-

quency difference but only the individual frequencies in this case. Here we already brought the

result into the same form as equation (9.34) to compare them.
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For a1 = a2 we obtain the exactly same result. For a1 � a2 the sensing result is more precise by a

factor of
√

2. The reason is that in this case ω1 = ωA+ωD is determined very precisely. The limiting

information gain is on ω2 = ωA − ωD, whereas for the flipflop-Hamiltonian only information on ωD is

obtained with a precision limited by a2.

If, however, the central frequency ωA fluctuates randomly between measurements as in the main

application we are investigating, the application of the Fisher Information Matrix is wrong as ωA is

no constant quantity and we instead rewrite the probability in equation (9.35) with Φ = 0. We reflect

the fluctuation of ωA with rewriting terms inside the trigonometric functions as random phases φr1,2
that differ for every readout.

p+,n = sin2 (τa1 cos ((ωA + ωD)τmn) + τa2 cos ((ωA − ωD)τmn)) (9.47)

= sin2 (φr1 + τmin(a1, a2)2 cosφr2 cos (ωDτmn)) . (9.48)

Here φr2 = cos (ωAtn) and φr1 is proportional to the difference of a1 and a2. When calculating the

Fisher information we can average over those phases for a total

IN =
N∑

n=1

1

p+,n(1− p+,n)

(
∂p+,n

∂ωD

)2

(9.49)

∼= min(a2
1, a

2
2)× τ2

mτ
24N3/3. (9.50)

This is again justified because the correction terms result in terms at most quadratic in N . Compar-

ing this Fisher Information for a fluctuating centre frequency, we obtain the same CRLB as for the

flipflop Hamiltonian.

9.5. Volume with many nuclei and magnetic field inhomogeneities

In the previous sections we showed that a single molecule diffusing in a volume can benefit from

a suitable readout basis or a flipflop interaction between the nuclei and the NV sensor. For a large

ensemble of molecules measured by a single NV center, however, we need to discuss under which

circumstances the protocol still allows to overcome inhomogeneous magnetic fields. Here the fre-

quency profile is important. If the inhomogeneity leads to a Gaussian frequency profile

f(ω, ωi) =
1√
2πσ

exp

(
−1

2

(
ω − ωi
σ

)2
)
, (9.51)

we obtain a probability distribution
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pn =
1

2
+

1

2
cos


k

∞∫

−∞

dωf(ω, ω1) cos (ωt) + k

∞∫

−∞

dωf(ω, ω2) cos (ωt)


 (9.52)

where k describes the total coupling and t is the total time until this measurement. Evaluating the

integrals as

∞∫

−∞

dωf(ω, ω1) cos (ωt) = cos(ω1t) exp
(
−σ2t2/4

)
(9.53)

shows an exponential decay of the signal oscillations on a timescale 1/σ. As we need to sample

for at least t = 1
ω2−ω1

, a too large σ destroys the ability to distinguish the desired frequencies. A

non-gaussian distribution can be decomposed into Gaussian profiles. In the resulting signal only the

contributions with a smaller width than the frequency difference are relevant.

9.6. Simulations

To verify the concepts presented in this chapter, we simulate the signals that are produced by the

various protocols. A single NV center is coupled to two nuclei with different Larmor frequencies,

but this difference is far smaller than the actual frequencies. A first example is shown in figure

9.6: On the left top the sensing signal for a final π/2 pulse in Y-direction (green, protocol as in

figure 9.3) and the corresponding flipflop signal (purple, protocol as in figure 9.4) are shown. As

the Hamiltonian can be rewritten such that readout and initialization are in the same basis, we refer

to these two cases as same-basis readout. While both signals feature the desired slow oscillation

with the frequency difference, the sensing signal also has a much faster component. This is seen in

the Fourier-transformed signal (left bottom and right bottom). Due to the second order nature of the

readout, the expectation value oscillates close to 1 and with much smaller amplitude than the first-

order dependent signal for a final π/2 pulse in X-direction (blue, protocol as in figure 9.2) and the

corresponding flipflop signal (red, protocol as in figure 9.5). The later signal has a smaller amplitude

by a factor
√

2 that originates from the 1/
√

2 in the Hamiltonian (9.20) and the fact that the readout

commutes with one part of the Hamiltonian, see the discussion related to figure 9.5 for more details.

The beating hints that the individual frequencies are very close, and the Fourier-transformed signal

(left bottom, zoom at center bottom of figure 9.6) indeed show that the individual frequencies are

obtained at the expected positions (dashed lines). In this simulation the nuclei were meant to rep-

resent a bath of spins, so they were left unaffected by the readout of the NV center, even though

for two single spins the readout will have a small effect. This backaction was discussed in [3] and is

investigated in figure 9.7. As a flipflop-Hamiltonian exchanges a part of the state between the NV

and the nuclei, the desired nuclear state is slowly getting replaced by a polarized state carrying no

information about the desired frequencies. In contrast, backaction only decreases the state purity
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9.6. Simulations

Figure 9.6.: Simulation for 2 nuclei with ω1 = (2π)0.71 MHz and ω2 = (2π)0.71126 MHz larmor
frequency, coupled with Ax = (2π)1 kHz to the NV center without backaction with
Ts = 8π/ω1 left top) Signal for X-readout: The sensing Hamiltonian has additional
contributions from the double frequency. center top) Signal for Y-readout: The sensing
Hamiltonian signal is larger by a factor 2 as expected, and the amplitude is far larger
than in case of the Y-readout. Right top: Purity does not change as there is no back-
action. Left bottom: The full spectrum is shown in a double-logarithmic-plot. Center
bottom: The part of the spectrum that is relevant for Y-readout peaks is shown. Right
bottom: The part of the spectrum that is relevant for frequency differences is shown.
This figure has been published in the supplementary material of [4]. Reprinted figure
with permission from [4]. Copyright (2020) by the American Physical Society.

for a sensing Hamiltonian, see also [3]. In both cases the signal amplitude decreases because a

part of the phase information on the nuclear spins is replaced by information that does not depend

on the desired phase, but rather on the NV state.

Figures 9.8 and 9.9 show the results for smaller coupling and an increased number of nuclei. As

expected, the signal strength depends linearly on these quantities for the different basis readout and

quadratically for the same basis readout.

The already discussed effects of temporal B-field fluctuations are shown in figure 9.10. The small

fluctuations cause noise on all high frequency components, only the frequency difference is unaf-

fected for the same basis readout.

Furthermore we investigate cases with 3 and 4 different frequencies in figures 9.11 and 9.12. The

number of frequency differences for k distinct frequencies is k(k − 1)/2, therefore 3 and 6 peaks

can be observed for the same-direction method. Figures 9.12 and 9.13 show different characteristics

for sensing/polarization sequences for longer sampling time used in these cases. In particular less

noise on high frequencies for X-readout is observed as only the frequency difference is relevant in
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9. Increasing the robustness of heterodyning based sensing protocols to magnetic field fluctuations

Figure 9.7.: Parameters like figure 9.6, but with backaction: For flipflop interaction the purity does
not decrease, but the interaction brings more population to |↑〉 which does not con-
tribute to the signal. This figure has been published in the supplementary material of
[4]. Reprinted figure with permission from [4]. Copyright (2020) by the American Physi-
cal Society.

Figure 9.8.: Parameters like figure 9.6, but with Ax = (2π)10 kHz coupling: X signal is increased
quadratically, but still weaker than the linearly increased Y signal.

this case.
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9.6. Simulations

Figure 9.9.: Parameters like figure 9.6, but with the signal for 2 particles each frequency added. This
has the same effect as increasing the coupling.

Figure 9.10.: Parameters like figure 9.6, but with temporal magnetic field fluctuations: Only the fre-
quency differences remain clear enough to distinguish small frequencies. This figure
has been published in the supplementary material of [4]. Reprinted figure with permis-
sion from [4]. Copyright (2020) by the American Physical Society.
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9. Increasing the robustness of heterodyning based sensing protocols to magnetic field fluctuations

Figure 9.11.: Parameters like figure 9.6, but with a third spin (ω3 = ω1 + 2.7(ω2 − ω1), A(3)
x =

(2π)10kHz. Now three frequencies and therefore 3 differences can be observed.)

Figure 9.12.: Parameters like figure 9.11 with 4 times longer sampling time, but with a fourth spin

(ω4 = ω1 + 1.3(ω2 − ω1), A(4)
x = (2π)10kHz). Now four frequencies and therefore 6

differences can be observed. The flipflop-Hamiltonian seems to have less other fre-
quency components for this longer sampling time, this also happens for smaller num-
bers of nuclei. This seems to be because of the lack of double-frequency components.

9.7. Conclusion and Outlook

In this chapter and [4] we proposed a modification to QDyne protocols applied for nanoscale NMR

that allows to overcome limitations from fluctuating frequencies that can arise in experiments due to
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9.7. Conclusion and Outlook

Figure 9.13.: Parameters like figure 9.6, but with longer sampling time. Now the sensing sequence
in X-readout is affected by more noise for high frequencies. This figure has been
published in the supplementary material of [4]. Reprinted figure with permission from
[4]. Copyright (2020) by the American Physical Society.

temporal magnetic field fluctuations or a spatial magnetic field gradient. We compared the protocols

and discussed a further modification that makes the signal depend only on a desired frequency

difference.

One might argue that the protocol presented here does not cover all possibilities to manipulate the

NV center before the readout. As we saw in the calculation of the Fisher Information for the sensing

Hamiltonian in equation (9.37), the final π/2 pulse before the readout does not impact the information

that is obtained, the only impact is on the robustness to fluctuating frequencies and the first or

second order nature of the signal. This means when the SNR is limited by frequency fluctuations,

the ideal phase of the final π/2 pulse is 0, as in the protocol in figure 9.3. However, the second

order dependence brings the disadvantage of small signal amplitude. NV center readout via photon

detection suffers from shot noise in the form of blind photon counts and undetected photons [7]. A

small signal amplitude is more susceptible to this noise, in cases where the frequency fluctuation is

small enough for the scheme with a final π/2 pulse phase of π/2 in figure 9.2 to work, this scheme

is preferred.

The situations analyzed are not the most general procedure, to obtain the quantum fisher information

every readout can have a different final π/2 pulse phase. For the situation where the information

obtained is limited by frequency fluctuations, which we focused on in this chapter, changing the pulse

phase before every readout does not promise improvement for the aforementioned reasons when

backaction is negligible. When backaction is relevant because only few nuclei are entangled strongly

during many readouts, it is not obvious that this procedure is ideal. In this case more investigation

is needed to test whether changing the pulse before readout can improve the information obtained
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while remaining insensitive to frequency fluctuations.
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10. Conclusions

In this thesis we discussed a broad range of pulse sequences for nitrogen vacancy centers in dia-

mond, including their applications and adaptations and improvements for particular circumstances.

Part I focused on novel pulse sequences for hyperpolarization applications. Chapter 3 introduced

generalized pulse sequences that create a polarization exchanging flipflop interaction between a

driven and an undriven spin. Their use for DNP methods was examined and experimentally verified

in [1]. In chapter 4 the property of those sequences to address two desired frequencies simul-

taneously was shown to offer speed and robustness advantages for gates between nuclear spins

mediated by electron spins. In chapter 5 we applied the PulsePol sequence to the PHIP hyperpo-

larization approach, chapter 6 describes its numerical optimization and chapter 7 the modifications

needed to be performed within microwave cavities.

Different experimental implementations for specific systems might require additional adaptations to

the pulse sequence, as we showed in chapter 7 for pulse sequences in resonators. Any pulse

sequence can then be optimized with the recipes of chapter 6. Under power constraints, phase-

modulated schemes [59, 60] are favourable. In the limit of high microwave power and under de-

mand for error robustness, the pulsed schemes that are introduced and investigated in this work are

preferred. In intermediate regimes, the ideal sequence will be in between. Additional degrees of

freedom beyond the rectangular pulses that are the main consideration of this work can be used.

Ideally, both approaches can be unified to combine all advantages of the different regimes, using

analytical and numerical methods.

The NV hyperpolarization simulations in this thesis used an NV center coupled to few nuclear spins

as the system that is modelled. The Hilbert space of the simulations scales exponentially with the

particle number, so it is not straightforward to model many nuclei. However, several effects that can

influence realistic experiments are not captured by the present few-particle simulations. In diamond,

not every nuclear spin is close to an NV center that serves as a source of polarization, most spins

are so distant that they are not polarized directly. Instead, the polarization diffuses through the

diamond due to the dipole-dipole interaction between nuclear spins. To understand the complete

dynamics, this process would have to be modelled. Several approaches, including the mapping of

nuclear spins to bosons with the Holstein-Primakoff approximation [141, 142] or the use of diffusion

rate equations, can help to gain insights despite the exponential scaling of the Hilbert space. Other

spins within the diamond lattice cause decoherence. Most importantly, P1 centers, electron spin-

1/2 defects within the diamond, can disturb polarization diffusion and lower the NV coherence time.

When the polarization targets are nuclear spins outside the diamond lattice, the numerous electron

spin impurities on the diamond surface can impact the transfer significantly. When those spins are
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identified as a challenge in an experimental context, new schemes that lessen their effect or even

use them to assist the transfer [68] need to be developed.

Sensing sequences in heterodyning protocols were the main focus of part II: In chapter 8 we in-

vestigated the indirect measurement of an external magnetic field by measuring nuclear Larmor

frequencies with an NV center, in the following chapter 9 a modification of currently used protocols

was proposed that allows to overcome magnetic field inhomogeneities in NV-based NMR.

In both cases, the investigation used the Fisher Information as a quantifier of the information that

is gained by the use of the individual protocols. For more general cases, the Quantum Fisher

Information is preferred to also capture different readout possibilities for the NV center. Regarding

the discussed protocols, an experimental usage requires an efficient estimator that allows to predict

the desired frequencies with the precision that is possible according to the CRLB. Bayesian inference

methods [7] have been shown to perform significantly better than a naive procedure like simply

applying a Fourier transform to the obtained signal.

Therefore for both the sensing sequences and the polarization applications a good interdisciplinary

exchange is crucial. The combination of good signal analysis with leading experimental work that im-

plements sophisticated protocols supported by advanced analytical and numerical study has shown

to and will continue to improve imaging methods beyond the current technology.

Lastly the combination of the two main topics of the thesis, NV-based hyperpolarization and het-

erodyning protocols for NV-NMR, holds great potential [7]. In recent works Overhauser DNP [143]

and SABRE [144] have been used to hyperpolarize samples that were subsequently measured with

heterodyning techniques. Using the NV center as source of hyperpolarization instead would enable

cheaper and faster NMR on the nanoscale.
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