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Abstract

Quantum technologies are expected to significantly change our world in the next dec-
ades and the possible applications are diverse – ranging from quantum computation and
encryption to metrology with unprecedented sensitivity. This thesis focuses on quantum
sensing and imaging based on single nitrogen-vacancy (NV) centres in diamond to measure
magnetic fields. Its electronic spin qualifies this point defect as a highly sensitive quantum
sensor and its atomic size offers nanoscale spatial resolution. The simple optical initialisa-
tion and readout, together with the relatively long coherence time at ambient conditions,
make NV centres promising candidates for biological applications and in particular for
nuclear magnetic resonance (NMR) on the nanoscale. Recording the spectral information
on the nanoscale allows to determine the structure of single or just a few molecules. How-
ever, the current main problems and challenges include insufficient spectral resolution,
artificial signals and overall poor performance. In this thesis new spectroscopic techniques
which tackle these issues are presented.
First, it is shown that by randomisation of control pulse phases spurious harmonic

signals can be suppressed, which otherwise complicate spectrum interpretation and can
lead to false signal identification. At the same time the effects of pulse imperfections are
mitigated.
Furthermore, a protocol allowing to measure with a coherence independent spectral

resolution is presented. It is demonstrated that linewidths below 1 mHz are possible,
which is an improvement of more than seven orders of magnitude compared to traditional
methods. Due to its simple implementation, the protocol is relevant for many applications.
Initially developed to measure signals oscillating up to several megahertz, it is further
shown that modifications allow to extend the frequency range into the gigahertz domain.
Finally, quantum frequency discrimination with the task to differentiate between two

frequency distributions using a quantum sensor is analysed. An optimised protocol is
introduced and the influences of different readout strategies are discussed with respect to
the probability to make an incorrect decision. These findings are useful for diagnostic tests
in NMR.
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1 Introduction

Sensors are an indispensable part of our daily life. They appear in a variety of forms, a
wide range of dimensions, have different functions and, especially in the last ten years,
their number has increased dramatically. This proliferation is mainly due to the improved
accuracy, reliability, safety, efficiency and productivity of applications that utilise sensors.
For example, in a modern car there are about 60 − 100 different sensors [1], ranging
from simple thermometers to more advanced laser and radar systems, which help for
instance with parking or braking. This number is rapidly growing with the emergence of
autonomous driving [2]. Beyond daily life, better sensors are important for the discovery
and understanding of new physics. An important recent example is the detection of
gravitational waves by the Laser Interferometer Gravitational-Wave Observatory [3].
Quantum sensors are based on quantum systems, quantum properties and quantum

phenomena and have the potential to perform certain tasks much better than classical
sensors [4]. For example, they can be used for neuroimaging applications through detecting
the intensity and direction of firing neurons in a scalable and non-invasive way [5]. This
promises a better understanding of neuron activities and consciousness and could enable
medical examinations with portable devices insensitive to environmental magnetic fields.
A particular area where sensors have found broad application is spectral analysis. Spec-

tra reveal the frequency and amplitude components of time-varying signals and are relev-
ant in all fields of natural science and medicine, since there is a wide range of practical
applications including development of time and frequency standards [6, 7], medical dia-
gnosis [8–10], chemical identification [11], imaging and microscopy [12, 13], radar detec-
tion [14] and quantum state tomography [15]. The accuracy with which spectral informa-
tion can be obtained is given by physical laws. Ultimately, quantum mechanics determines
the limits and therefore only quantum mechanical detectors, which operate in accordance
to these laws, can perform quantum spectroscopy at the limits of sensitivity, resolution
and still be non-invasive.
This thesis focuses on one application of spectroscopy in particular – nuclear magnetic

resonance (NMR) spectroscopy, which currently is the gold standard for molecular ana-
lysis and structural determination [11]. However, the low sensitivity of classical inductive
coils, mainly used as detectors, requires a macroscopic sample to induce a sufficiently large
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2 Chapter 1. Introduction

current. Alternative state-of-the-art techniques with chemical sensitivity and atomic res-
olution are invasive or even destructive, require cryogenic temperatures and/or vacuum
conditions (e.g. electron microscopy [16, 17] and atomic force microscopy [18]) or crys-
tallised samples (X-ray diffraction [19]). Therefore, NMR spectroscopy is an important
application, where the usage of quantum sensors has the potential to significantly improve
the current state-of-the-art. By reducing the sample size, microscopy of single molecules
and examination of dynamics and properties on the nanoscale come within reach. Fur-
thermore, it is possible to perform experiments without large magnetic bias fields, which
are accompanied by bulky and expensive setups.

One highly promising quantum sensor is the nitrogen-vacancy (NV) centre in diamond.
Its electronic spin and atomic size provide high sensitivity for magnetic fields and nanoscale
spatial resolution. The principle of NV magnetic field sensing is similar to that of optical
magnetometry, where a magnetic field shifts the energy of the spin levels proportionally to
the magnitude of the applied field [20,21]. By recording the magnetic field originating from
nuclear spins contained in molecules on the surface of diamond, these sensors have allowed
for NMR spectroscopy at the limits of single molecules and nuclei to be performed [22–26].
Although extremely impressive sensitivities on the order of few spins/

√
Hz have been

demonstrated [24], there are a number of issues, which currently present an inherent
obstacle to the widespread adoption and commercialisation of the techniques and reduce
their investigative power. For example, due to either sensor decoherence or intrinsic sample
properties [22, 27], the spectral resolution limits the precision of frequency estimation,
obscures frequency information encoded in couplings and prevents chemical identification
or structural characterisation. Since frequency precision translates directly into spatial
resolution and chemical sensitivity, a high spectral resolution is paramount to imaging
performance. Furthermore, the need to acquire an entire spectrum point-by-point means
that signal acquisition times on the order of several minutes to hours are required in
order to obtain sufficient signal-to-noise ratio. In a typical NMR experiment, where 1 Hz
resolution is desired across a 100 kHz frequency range, which spans chemical shifts of
a few parts per million, the spectrum contains 105 frequency components. These long
signal averaging times severely hinder studies of molecular dynamics and are unsuitable for
practical applications. Beyond that, the protocols, which are typically used to record NMR
spectra with NV centres, lead to unwanted spurious responses, which cause additional
signals and complicate spectrum interpretation [28]. This is especially relevant for NMR
since the gyromagnetic ratios of two of the most important nuclear spin isotopes, 1H and
13C, are almost multiple of each other and thus their discrimination can be problematic.
Furthermore, these techniques are usually limited to frequencies of just a few tens of
megahertz and so they are unsuitable in combination with high magnetic bias fields, for
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which the resolution of chemical shifts is simpler. Moreover, for many specific problems
the optimal measurement strategies are still not explored. By addressing these limitations,
this thesis aims to transform the state-of-the-art for nanoscale NMR spectroscopy with
NV centres.
In an introducing theoretical section the basics and requirements for quantum sensing

(chapter 2) are shortly outlined, a deeper insight into the physical properties of the NV
centre is given (chapter 3) and the basics for spectroscopy with NV centres are explained
(chapter 4).
Thereafter, the principles and problems of nanoscale NMR are discussed in chapter 5.

It is shown in chapter 6 that through pulse phase randomisation spurious signals can be
efficiently suppressed. Using the same technique, the effect of pulse imperfections is also
reduced, allowing improved and more faithful spectra to be obtained.
Furthermore, techniques, which were developed to improve the spectral resolution of NV

based spectroscopy by several orders of magnitude, are introduced in this thesis. Since all
spectral components in a given bandwidth are recorded simultaneously, the same technique
provides a significant speed-up in measurement time and has further consequences, which
are discussed in chapter 7.
NMR diagnosis tests can be especially useful for medical applications, for example by

revealing the presence of a certain molecule or indicating if a specific chemical reaction has
occurred. Such a discrimination problem, where the task is to find the present spectral
distribution out of two possible options using a single quantum sensor, is discussed in
chapter 8. We show that it is possible to achieve perfect frequency discrimination within
a single coherent interaction period if classical readout noise can be neglected.
In chapter 9, the possibility to use a single quantum sensor for spectrum analysis is

discussed. The introduced protocol extends the range of accessible frequencies into the
gigahertz regime.
After a short conclusion and an outlook in chapter 10, the principles of the experimental

setup, including the confocal microscope and the used diamond samples, are described.
Also, mathematical derivations, which are omitted in the main part for reasons of read-
ability, can be found in appendix A.
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2 Quantum sensing and spectroscopy

Quantum systems have to fulfill certain requirements in order to be suitable for sensing
applications. These criteria are very similar to the DiVincenzo’s criteria for quantum
computation [29]. For quantum sensors the list of necessary condition is [4]:

1. The quantum system has discrete and resolvable energy levels.

2. It is possible to initialise the quantum system.

3. The state of the quantum system is readable.

4. There is an interaction between quantum system and the physical quantity of in-
terest.

5. The system can be coherently controlled.

In the following, these criteria are discussed in more detail.

2.1 The quantum bit

The first criterion for a system to qualify as a quantum sensor is the accessibility to at
least two discrete and resolvable energy levels. Here, discrete and resolvable means that
these states may not overlap due to intrinsic or thermal broadening and are decoupled
from all other existing levels. For more advanced applications three or more states might
be necessary, but for simplicity the following concentrates on two energy levels, which
represent a so called quantum bit (qubit). Like a classical bit, a qubit has two eigenstates,
from here on called |0〉 and |1〉, with a transition energy E0 (see figure 2.1(a)). While a
classical bit can only be in exactly one of its states similar to a switch, which can be either
"On" or "Off", a pure qubit state |Ψ〉 can be an arbitrary superposition of both eigenstates:

|Ψ〉 = α |0〉+ β |1〉 , (2.1)

where α = aeiφα and β = beiφβ are complex numbers. Since the global phase of the wave
function is physically unimportant, the qubit state can be simplified to:

|Ψ〉 = a |0〉+ beiφ |1〉 , (2.2)

7



8 Chapter 2. Quantum sensing and spectroscopy

(a)

x
y

(b)

E0

|0〉

|1〉

|1〉

|0〉

φ

ϑ

|Ψ〉

Figure 2.1: Qubit as two-level system and presented in the Bloch sphere. (a) A qubit is a discrete
and resolvable two-level system. It is important that the energy difference E0 between the two states is
larger than the intrinsic and thermal broadening. (b) Representation of the qubit state |Ψ〉 as a vector
(red arrow), which can be described by the two angles ϑ and φ, on the Bloch sphere.

where φ = φβ − φα. The probability to find the qubit in one of its eigenstates is given by
the squares of the absolute values |α|2 and |β|2 and it follows:

|a|2 + |b|2 = 1. (2.3)

Bloch sphere representation

A convenient tool to graphically represent the state of a single qubit is the so called Bloch
sphere, illustrated in figure 2.1(b) (all Bloch spheres in this thesis are prepared using the
QuTiP software [30, 31]). The idea is to assign every pure qubit state to a point on the
surface of this sphere. By rewriting a = cos (ϑ/2) and b = sin (ϑ/2), the quantum system
is described by the two angles ϑ and φ, which makes the use of spherical coordinates
convenient and is in accordance to equation (2.3). The qubit state then reads:

|Ψ〉 = cos
(
ϑ

2

)
|0〉+ eiφ sin

(
ϑ

2

)
|1〉 . (2.4)

Due to this definition the two poles are assigned to the |0〉 and |1〉 states. The projection
of the vector describing |Ψ〉 onto the z-axis correlates to the probability to find the qubit
in |0〉 or |1〉. For example for |0〉 the probability is:

P0 = 1
2 + 1

2 cos (ϑ) =
(

cos
(
ϑ

2

))2
. (2.5)
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For many sensing purposes and protocols the superposition states which are lying on the
equatorial plane (dark grey area in figure 2.1(b)), are especially interesting:

|Ψ〉 = 1√
2

(|0〉+ eiφ |1〉). (2.6)

From here on, φ = π/2 represents the y-axis and φ = 0 the x-axis.

Hamiltonian and temporal evolution of a qubit

The Hamiltonian of a two-level system without external perturbation can be written as:

H0 = E0
2 |0〉 〈0| −

E0
2 |1〉 〈1| =

E0
2 σ̂z, (2.7)

where σ̂z in one of the Pauli matrices:

σ̂x =
(

0 1
1 0

)
, σ̂y =

(
0 −i
i 0

)
, σ̂z =

(
1 0
0 −1

)
. (2.8)

The state of a quantum system, which is described by a Hamiltonian H(t), may evolve
between the times t0 and t1:

|Ψ(t0)〉 H(t)−−−→ |Ψ(t1)〉 , (2.9)

and this temporal evolution is described by the time-dependent Schrödinger equation:

i~
∂

∂t
|Ψ(t)〉 = H(t) |Ψ(t)〉 , (2.10)

where H is the system Hamiltonian and ~ is the reduced Planck constant. The idea for
defining the so called time-evolution operator U(t1, t0):

|Ψ(t1)〉 = U(t1, t0) |Ψ(t0)〉 , (2.11)

is that all information about the dynamics of the system is contained in U(t1, t0) and the
final state |Ψ(t1)〉 can be obtained by applying U(t1, t0) to the initial state |Ψ(t0)〉. As
derived in more details in appendix A.3.1, for time-independent Hamiltonians or if the
operators H which correspond to different moments of time commute, U(t1, t0) is given
by:

U(t1, t0) = exp
(
− i
~

∫ t1

t0
H(t′)dt′

)
. (2.12)
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2.2 Initialisation of a quantum system

Quantum sensing is based on the interaction of a quantum system with a field of interest,
which alters the quantum state. In order to detect this change the final state has to be
compared with the initial one, which thus has to be known. Since multiple repetitions of
the same experiment are usually required to gather sufficient statistics, it is convenient to
initialise the system into a specific state.

A standard way to initialise the state of a qubit is to measure it. Through the readout,
a quantum state is projected onto one of its eigenstates, which is then usually also known.
This state can further be manipulated by coherent control if necessary (see section 2.5).
Also, different initialisation channels, if available, can be utilised, as it is shown for the
NV centre in section 3.2.
An important parameter is the initialisation fidelity F – the probability to bring the

qubit into the desired state. In practice, perfect initialisation is almost impossible and
F could for example be limited due to imperfect readout, spontaneous changes of the
quantum state or imperfect manipulation. This initialisation fidelity is even more relevant,
if multiple qubits need to be initialised. Further consequences of an imperfect initialisation
are discussed in chapter 8.

2.3 Readout of a quantum system

For quantum sensing applications, it is essential to readout the sensor state, which provides
the measurement information. The principles differ fundamentally from classical readout.
In classical physics an observer with complete information about an isolated system can
always exactly determine and even predict the value of any parameter of interest. If
an experiment is repeated under identical conditions, the outcome stays unchanged. In
quantum mechanics, a pure state can be described by a wavefunction |Ψ〉, which is a
superposition of eigenstates |ψn〉:

|Ψ〉 =
∑
n

ξn |ψn〉 . (2.13)

In order to obtain the state of a quantum system the respective amplitudes ξn have to be
found. It is, however, not possible to measure this superposition state directly. Due to
interactions during the readout, |Ψ〉 is projected to one of its eigenstates and consequently,
the measurement result corresponds to this eigenstate. The exact process is still under
debate, even after over a century of discussion, and possible explanations range from
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collapse of the wave function to decoherence and pointer states [32]. The probability to
find a certain eigenstate |ψn〉 is given by:

Pn = | 〈Ψ|ψn〉 |2 = |ξn|2. (2.14)

Thus, it is not possible to make deterministic predictions in quantum mechanics, but
only probabilistic statements. Since after a measurement, the quantum system is in the
measured state and any further readouts would result in the same state, the only option
to estimate all amplitudes ξn is to repeat the experiment multiple times.
The above discussion simplifies for qubits, since there are only two possible meas-

urement outcomes, namely the eigenstates |0〉 and |1〉. If the state before readout is
|Ψ〉 = α |0〉+ β |1〉, the respective probabilities are:

P0 = | 〈Ψ|0〉 |2 = |α|2 (2.15)

to find |0〉 and
P1 = | 〈Ψ|1〉 |2 = |β|2 (2.16)

to measure |1〉. Since both probabilities are correlated due to P0 = 1− P1, it is sufficient
to consider only one of them.

Quantum projection noise

Due to this probabilistic nature of the readout the fidelity of a measurement outcome is
limited. The problem is analogous to a coin flip, where the coin might be biased and the
task is to find the probability that a flip results in heads or tails.
In order to experimentally obtain P0, a set of measurements has to be recorded. The

theoretical probability to find n times the measurement result |0〉 in N repetitions is
described by the binomial distribution:

B(n,N, P0) =
(
N

n

)
Pn0 (1− P0)N−n. (2.17)

The dependency of this function on n is plotted for P0 = 0.4 and N = 10, 30, 100 in
figure 2.2(a). In order to improve the comparability the y-axis is normalised by multiplying
with N . The maximum for all distributions, so the most probable outcome, is the closest
integer number to the expectation value P0 ·N . Due to that, the estimate with the highest
likelihood is:

P0 = n

N
. (2.18)



12 Chapter 2. Quantum sensing and spectroscopy

0.2 0.4 0.6 0.8 1
n/N

0

2

4

6

8

N = 100
N = 30

N
·B

(n
,N
,0
.4

)
(a)

0.25 0.5 0.75 1
P0

0.2

0.4

0.6

σ
(P

0)

(b)

N = 10

Figure 2.2: Binomial distribution and standard deviation. (a) Normalised binomial distributions
B(n,N, P0 = 0.4) as a function of n/N for N ∈ {10, 30, 100}. In order to improve the comparability
the y-axis is multiplied by N . All maxima are at the expectation value n/N = P0 and the full width
at half maximum decreases as

√
N . (b) The standard deviation σ(P0) of the binomial distribution as

a function of P0 for N = 1 is maximal for P0 = 0.5 and vanishes for P0 = 0 and P0 = 1.

The uncertainty for estimating P0 is referred to as quantum projection noise (QPN).
It presents a fundamental limit for quantum measurements [33] and corresponds to the
standard deviation of the binomial distribution:

σ(P0) =
√
NP0(1− P0). (2.19)

Interestingly, σ(P0) is a function of P0, which is plotted for N = 1 in figure 2.2(b). The
closer P0 is to zero or one, the smaller is σ(P0) and the standard deviation completely
vanishes for P0 = 0 and P0 = 1. Experiments, which take advantage of this behaviour,
are discussed in chapter 8.
Since the signal improves linearly with N , and the standard deviation increases as

√
N ,

the estimation uncertainty ∆P0 reduces as
√
N with the number of measurements N .

This can also be observed in the reduced relative width of the binomial distributions with
increasing N in figure 2.2(a).

In real-world experiments, the quantum state needs to be readout by detecting a meas-
urable quantity, for example photons or electrons. Thus, additional noise sources can
influence the uncertainty of an experiment. If the readout is performed optically for ex-
ample, photon shot noise has to be taken into account. These additional noise sources can
reduce the distinctness between the |0〉 or |1〉 states, which for the NV centre is in more
detail discussed in section 3.3 and chapter 8.
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2.4 Interaction between a quantum system and a physical
quantity

Quantum sensing is based on an interaction between a quantum system acting as a probe
and a field of interest which influences the evolution of the system’s state. By detecting
this change an estimate of the field parameters can be obtained. It is optimal if the sensor
response to the field of interest is large while at the same time the sensor is only minimal
affected by unwanted signals and other noise sources. The stronger this coupling, the more
sensitive is the sensor and the more precise measurements can be performed.
The sensor response can usually be quantified by a coupling tensor or parameter γc and

the resulting Hamiltonian for a qubit interacting with a field described by the vector ~A is:

H = E0
2 σ̂z + h ~ATγc~σ, (2.20)

where ~σ = (σ̂x σ̂y σ̂z)T is the vector of the Pauli matrices. For the NV centre the most
important couplings are summarised in section 3.4.

2.5 Coherent control of the quantum state

Operations which can manipulate the quantum state via an external control are important
for all quantum technologies. For example in quantum sensing and spectroscopy, applic-
ation of a suitable control sequence can highly improve the measurement performance,
which is in more detail discussed in chapter 4. For this purpose, control fields with fre-
quencies close to the transition frequency (ω0 = E0/~) of the qubit are required. As it
is shown in the following, these interactions can be illustrated as rotations on the Bloch
sphere. As long as the control Hamiltonian is chosen correctly and the system is closed,
every starting point on the Bloch sphere can be transferred into any arbitrary final point.

Rotating reference frame

If a two-level quantum system interacts with a near-resonant field with frequency ω1 the
Hamiltonian in the laboratory reference frame reads:

H = ~ω0
2 σ̂z︸ ︷︷ ︸
H0

+ ~Ω cos (ω1t+ θ1)σ̂x︸ ︷︷ ︸
H1

, (2.21)

where ω0 is the transition frequency of the system, Ω is the coupling constant and θ1 is the
signal phase. So, even if H1 = 0, the quantum system is not stationary in this reference
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Figure 2.3: Laboratory and rotating frame. (a) In the laboratory frame, the qubit state is usually
not stationary from the perspective of an external observer and a relative phase φ(t) = ω0 · t + φ(t0)
is accumulated. (b) In the rotating frame of the quantum system, the state is time-independent in the
absence of any external perturbation.

frame, since H0 involves a rotation around the z-axis, which is sketched in figure 2.3(a)
and more closely discussed in appendix A.3.1.
The physical description as well as the mathematical formalism can often be simpli-

fied by changing the reference frame to the rotating frame of the quantum system (fig-
ure 2.3(b)). An intuitive analogy is the rotation of the surface of the earth. From the
point of view of an extraterrestrial observer, we perform our everyday measurements in
the rotating frame of the earth.
In order to transfer a quantum system into a different interaction picture, both its

Hamiltonian H(t) as well as its state |Ψ〉 have to be adapted. The mathematical form-
alism is in more detail discussed in appendix A.3.1. If in addition, the rotating wave
approximation (for mathematical description and visual illustration see appendix A.3.1)
is applied, equation (2.21) yields for a resonant field (ω1 = ω0):

Hint = ~Ω
2 [cos (θ1)σ̂x + sin (θ1)σ̂y] . (2.22)
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This resonant case is especially important, since all quantum control relevant for this thesis
should optimally be resonant.

Temporal evolution of the quantum system under a resonant field

The time evolution operator U(t, t0), which describes the evolution of the quantum system,
reads (compare equation (2.12)):

U(t) ≡ U(t, t0 = 0) = exp
(
−iΩt2 [cos (θ1)σ̂x + sin (θ1)σ̂y]

)
, (2.23)

and describes a rotation on the Bloch sphere. First concentrating on the rotation angle Θ
by setting θ1 = π, U(t) reads in the matrix representation:

U(t) =

 cos
(

Ωt
2

)
i sin

(
Ωt
2

)
i sin

(
Ωt
2

)
cos

(
Ωt
2

)  . (2.24)

Applying U(t) to an arbitrary initial state |Ψ(t = 0)〉 = (a b)T, it follows:

|Ψ(t)〉 = U(t)
(
a

b

)
=

a cos
(

Ωt
2

)
+ ib sin

(
Ωt
2

)
b cos

(
Ωt
2

)
+ ia sin

(
Ωt
2

) , (2.25)

and the temporal evolution of the population P0(t) = |〈0|Ψ(t)〉|2 in the |0〉 state reads:

P0(t) = |a|2 cos2
(Ωt

2

)
+ |b|2 sin2

(Ωt
2

)
= 1

2 + |a|
2 − |b|2

2 cos (Ωt).
(2.26)

Thus, P0 is a sinusoidal function with frequency Ω and the resulting oscillations are often
referred to as Rabi oscillations [34]. The amplitude depends on the initial state and as
an example the temporal evolution for |Ψ(t0 = 0)〉 = (1 0)T is illustrated in figure 2.4. In
this case equation (2.26) simplifies to:

P0(t) = cos2
(Ωt

2

)
= 1

2 + 1
2 cos (Ωt), (2.27)

and by changing either the interaction time t or the coupling strength Ω, the rotation
angle Θ = Ω · t can be controlled.
An important gate in quantum science is the π/2-pulse, also called Hadamard gate. As

the name implies, it rotates the state on the Bloch sphere by a π/2-angle and can be
realised by applying a resonant field for a duration of tπ/2 = π/(2Ω). These operations are
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Figure 2.4: Coherent control of a qubit. (a) Resonant fields initiate rotations on the Bloch sphere.
(b) The resulting probability P0 to measure |0〉 oscillates with the frequency Ω.

especially relevant for initialisation and readout of the quantum system. For example, a
π/2-pulse allows to map the quantum state from an eigenstate into an equally populated
superposition state, which is advantageous for many sensing protocols.
Hereby, the final position on the equator is determined by the rotation axis. If the initial

state is |Ψ(t0 = 0)〉 = (1 0)T and t = π/(2Ω), the final state reads using equation (2.23):

|Ψ(t = π

2Ω)〉 = 1√
2

(
|0〉 − ieiθ1 |1〉

)
. (2.28)

Thus, the rotation axis is determined by the phase of the control signal θ1 and an illus-
trative example is sketched in figure 2.5.
Also very relevant for many applications are so called π-pulses. Inserting tπ = π/Ω into

equation (2.26), the final population reads:

P0(t) = |b|2. (2.29)

Thus, a π-pulse inverts the populations of the eigenstates.

Non-resonant fields

Optimally, the frequency of the driving field ω1 is resonant to the transition frequency ω0

of the system. However, in experimental scenarios there are always small deviations, for
example due to fluctuations in the environment or limited estimation accuracy of ω0. As
shown in appendix A.3.1, the Hamiltonian (equation (2.21)) then remains time-dependent
– even in the reference frame of the qubit – and finding the time evolution operator is
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Figure 2.5: Application of π/2-pulses around different axes. The initial state (green arrow) is
rotated around (in blue) (a) the x-axis (θ1 = 0) and (b) the y-axis (θ1 = π/2). Although the rotation
angle is the same, the final states (red arrows) occupy different positions on the Bloch sphere.

usually not trivial in this case. Nevertheless, it is possible to find an analytical solution
and, if initialised into |Ψ(t0 = 0)〉 = (1 0)T, the population in the |0〉 state as a function
of the interaction time t reads [35]:

P0 = 1− Ω2

Ω2
R
· sin2

(ΩR · t
2

)
= 1− Ω2

2Ω2
R
· (1− cos (ΩR · t)) , (2.30)

where ω∆ = ω1 − ω0 is the frequency detuning and ΩR is the so-called generalised Rabi
frequency:

ΩR =
√

Ω2 + (ω∆)2. (2.31)

Thus, the effective frequency is increased, but the contrast reduces. A few consequences
are more closely discussed in chapters 6 and 9.

Rotations about the z-axis

Rotations about the z-axis can be realised by using a time-independent field or by altering
the reference frame. As in more detail shown in appendix A.3.1, the reference frame can
be changed using the following rotation operator:

R = exp (−i∆φσ̂z/2). (2.32)
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Figure 2.6: Rotation about the z-axis. A rotation about the z-axis can be realised by changing
the reference frame using the rotation operator R. This operation is equivalent to rotating the Bloch
sphere by ∆φ.

If R is applied onto some arbitrary initial state |Ψ〉 = a |0〉+ beiφ |1〉, it follows:

|Ψ〉 R−→ ae−i∆φ/2 |0〉+ bei(φ+∆φ)/2 |1〉 ⇔ a |0〉+ bei(φ+∆φ) |1〉 . (2.33)

Thus, the relative phase changes by ∆φ, which corresponds to a rotation around the z-axis
in the Bloch sphere representation, as sketched in figure 2.6. Experimentally this can be
realised by adapting the readout basis and the phases of the control pulses. The second
option, namely applying a time-independent magnetic field orientated along the z-axis,
yields the following Hamiltonian:

HDC = ~Ω0
σz
2 , (2.34)

where Ω0 includes the field strength and the coupling to the qubit. The corresponding
time evolution operator reads:

UDC = exp
(
−iΩ0t

2 σz

)
, (2.35)

which is the same as R if ∆φ = Ω0 · t and thus, by controlling Ω0 and t the rotation angle
can be adjusted.

2.6 Steps of a quantum measurement

A typical quantum sensing experiment is a sequence of the operations discussed in the
previous sections. A measurement usually can be divided into three parts, which are
sketched in figure 2.7 and have to be repeated many times in order to gather enough stat-
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Figure 2.7: Steps in a typical quantum sensing measurement. First, the qubit is initialised into a
specific state |Ψ(t0)〉, from where it interacts with signals of interests, control fields or noise sources.
Thereby, the quantum state evolves and the measurement information is encoded in |Ψ(t)〉. During
the readout the qubit is projected to one of its eigenstates and by estimating the probabilities |α|2 and
|β|2, the measurement information can be extracted.

istics. First, the quantum system needs to be initialised into a known state |Ψ(t0)〉, which
is usually a superposition state. Thereafter, the sensor interacts with signals, noise sources
as well as optionally applied control fields and evolves according to the corresponding time
evolution operator U(t, t0). The sensor state is readout to retrieve the encoded information
and after repeating these steps many times, the probability P0 to detect state |0〉 can be
estimated. From P0 relevant parameters of the signal can be extracted. Afterwards, one
or more measurement variables can be changed, for example to probe a different frequency
component for spectroscopy.





3 The nitrogen-vacancy centre in
diamond

A highly promising quantum system which has the potential to find use as quantum
sensor is the nitrogen-vacancy (NV) centre in diamond, the centrepiece of this work. As
point defects consisting of a nitrogen atom and an adjacent vacancy, NV centres can be
considered as atoms trapped in the diamond lattice. While they have many atom like
properties, no trapping fields or high vacuum conditions are required. Their possible use
at ambient conditions is essential for biological samples and lifescience.
First identified in 1976 [36], it took almost 30 years to realise the high potential of these

defects. The many useful properties, as optical readout [37,38] and coherent manipulation
of the electronic spin [39], its relatively low relaxation rates [40] and high stability, made
NV centres to a very relevant research topic. As figure 3.1 shows, the interest in NV
centres has been growing almost exponentially over the last 20 years and there has been
a more than fivefold increase of scientific publications in the last decade.
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Figure 3.1: Publications relating to NV centres. Number of hits per year when searching for
nitrogen-vacancy centres on arXiv and Google scholar1. Although these findings do not correspond to
the exact number of scientific publications, the trend is representative.

1For arXiv: term: "nitrogen vacancy cent??" in "All fields", date of search: 15th Nov, 2019
For Google scholar: term: "nitrogen vacancy center" AND "nitrogen vacancy centre", date of search:
15th Nov, 2019
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To the present day, detection of magnetic fields [41, 42], electric fields [43–45], tem-
perature [46–48], pH values [49] or pressure and force [50–52] has been experimentally
demonstrated. Due to this wide range of applications, NV centres are highly interesting
for medicine, geophysics, biophysics or navigation. For example, the high sensitivity and
spatial resolution make them very promising candidates for nuclear magnetic resonance
(NMR) on the nanoscale [53–55]. The first successful experimental realisations were pub-
lished in 2013 [22, 23]. In these experiments, the detection volume, that means the voxel
from which most of the signal originates, was estimated to be on the order of 100 nm3.
Furthermore, it was shown, that the sensitivity is sufficient to detect a single nuclear
spin [24] – the absolute sensitivity limit for NMR.

3.1 The nitrogen-vacancy centre as a qubit

In this section, the NV centre is introduced and its most important properties that qualify
it as a qubit are discussed.

3.1.1 Quantum systems in solid states

Discrete and resolvable energy levels exist in many types of materials [56], as for instance
free atoms or condensed matter systems, and in principle every pair of levels qualifies as a
qubit. The advantages of solid state systems are far reaching. Nowadays, most electronic
devices and technologies are mainly based on solid state components. Thus, there is hope
that solid state quantum systems are compatible with the current micro- and nanoelec-
tronics and combining these systems with available technologies is feasible. Moreover, solid
state systems are usually very compact and robust. Both attributes are especially import-
ant to have potential application in our daily life. Well developed fabrication techniques
promise good preparation, accurate localisation and good scalability.
A large disadvantage of quantum systems in solids is that they are embedded in an

environment which they interact strongly with, for example via phonons. These inter-
actions lead to unwanted relaxation, often within time scales too short for a meaningful
operation. Special conditions as cryogenic temperatures require a complex setup and are
not compatible in combination with most biological samples.
Besides superconducting devices [57], especially defects in semiconductors have recently

attracted a lot of attention [4, 58–62]. The idea is to add additional energy levels inside
the band gap of these materials, for example by introducing lattice defects or impurities.
Since those energy levels are very well isolated and the defects are very efficiently spatially
localised by the inflexible lattice, they qualify as building blocks for qubits. As sketched
in figure 3.2, individual levels close to the conduction or valence band as well as multiple
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Figure 3.2: Discrete energy levels in solid state systems. Additional levels inside the bandgap of
a semiconductor can be introduced by lattice defects or impurities. (a) Both, individual levels close to
the valence or conduction band and (b) multiple isolated energy states are possible. These levels can
further split up due to fine or hyperfine interactions.

isolated defect levels are possible. These levels can further split up, for example due to
fine or hyperfine interactions. Especially diamond with its large band gap, its very stiff
lattice and further extraordinary properties, which are in more detail discussed in the next
section, is a very promising candidate as host material for solid state quantum systems.

3.1.2 Diamond as a host material

Diamond is an exceptional material with widespread applications. Due to its overwhelming
beauty, it is famous as the probably most popular gemstone in the jewellery industry.
However, diamond also plays an important role in other areas of industry and science due to
its extraordinary properties, for example its extreme hardness, which is the highest known
under the natural materials. This is a result of the tight packing of carbon atoms, and
the strong bonds between them make diamond an ideal material for cutting and abrasive
tools. Diamond also has the highest known thermal conductivity at room temperature
of about 2000 W/(Km) and phonons provide the main mechanism for spreading the heat.
For high purity diamond and temperatures around 100 K, this number can increase to
41 000 W/(Km) [63]. In diamond each sp3-hybridised carbon atom is covalently bound to
four neighbouring carbon atoms with a distance of 1.54Å. The resulting unit cell is face-
centred cubic with a lattice constant of 3.57Å at ambient conditions [64] and a two-atomic
basis [(0, 0, 0), (1/4, 1/4, 1/4)]. Although, diamond is not the stable allotrope of carbon at
ambient conditions, the conversion to graphite is rather slow due to the high activation
barrier between 728− 1159 kJ/mol, depending on the diamond surface [65].
Probably most relevant for quantum applications is that diamond is a semi-conductor

with a large indirect band gap of 5.47 eV [66].
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Table 3.1: Types of diamond. Diamonds can be categorised by their nitrogen (N) and boron content.
Most naturally generated diamonds are of type Ia. More interesting for scientific applications are
low-defect diamonds of type IIa (values taken from [68]).

type description N content in ppm
Ia natural diamond with aggregates of nitrogen 500 - 3000
Ib single substitutional N 40 - 100
IIa very low N content < 1
IIb boron impurities (p-type doping) < 1

Defects in diamond

Defects inside the band gap of diamond are of great interest for quantum applications.
Some of them can potentially be used for qubits, but on the other hand, they also represent
possible sources of noise. Although the diamond lattice is very stiff, there are a variety of
possible defects and up to date more than 500 optically active defects are known [67]. The
simplest defect is a vacancy, so a missing carbon atom in the lattice, but also impurity
atoms can be found in diamond. Since boron and nitrogen are the direct neighbours of
carbon in the periodic table, they have similar sizes and are thus predestined to replace
a carbon atom in the diamond lattice. Due to that, boron and nitrogen are the most
prevalent impurities and their content can be used to categorise diamonds as shown in
table 3.1.
Defects can influence the physical properties of the host diamond, as for example the

colour. While pure diamond is transparent for visible light (due to the large band gap),
additional energy levels generated by defects and impurities can absorb and emit light
in the visible range and give the diamond a colour, as shown in figure 3.3. For that
reason these defects are referred to as colour centres. Due to their high nitrogen content
most natural diamonds are of type Ia. Since both stable isotopes of nitrogen also form
other optically active defects with electronic and nuclear spins, which represent a source
of optical and magnetic noise, samples with a very high nitrogen concentration are usually
unsuited for certain scientific purposes. In contrast, diamonds of type II with a very low
nitrogen content are more interesting and all results presented in this work are obtained
using type IIa diamonds. A more detailed description of the relevant diamonds can be
found in appendix A.1.5. Since type II diamonds are usually not found naturally, it is
essential to artificially synthesise them. Manufacturing of diamond has the additional
advantage that further properties, as the type and density of impurities, can be controlled
to a certain degree. The most prominent techniques are the chemical vapour deposition
(CVD) process and the high pressure high temperature (HPHT) method, and they are
discussed in more detail in appendix A.2.
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Figure 3.3: Photography of different types of diamond. Pure diamonds do not absorb visible light
due to their big band gap and are thus transparent. In the jewellery industry, diamonds are often
polished into a specific shape (left). For research purposes a flat surface is usually more convenient
since scattering of light is reduced (second from left). Impurities can introduce additional levels in the
band gap, which might absorb light and give the diamond a colour. Nitrogen atoms lead to a yellow
colouration (second from right). In combination with vacancies, they form NV centres which are of high
interest for quantum sensing. Diamonds with high concentration of NV centres have a violet colour
(right). The photography was taken by Jochen Scheuer.

Out of the variety of possible defects in diamond, a few have attracted increased interest
as building blocks for possible quantum applications. For example, the silicon-vacancy
centre has, due to its high Debye-Waller factor, properties which makes it interesting as
a source for single indistinguishable photons [69–72]. These are relevant for applications
requiring entanglement, as quantum repeaters. The recent discovery and examination of
the germanium-vacancy shows that there is still on-going research to find new candid-
ates [73, 74]. Theoretical calculations can help to predict and find defects with suitable
properties as the recently prepared tin-vacancy centre demonstrates [75].

3.1.3 The nitrogen-vacancy centre

The probably most famous and examined defect in diamond is the nitrogen-vacancy (NV)
centre – the quantum system of interest in this work. As sketched in figure 3.4(a), the
NV centre is a point defect, which consists of a nitrogen atom substituting a carbon atom
and an adjacent vacancy. It has C3v symmetry and the symmetry axis coincides with
the imaginary connecting line between the nitrogen atom and the vacancy. Due to that,
the NV centre can be found in four different crystallographic orientations, as shown in
figure 3.4(b).
NV centres have a variety of extraordinary properties, which make them very interesting

candidates for applications in quantum technologies. For example, they are optically
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Figure 3.4: The nitrogen-vacancy centre in diamond. (a) Sketch of the NV centre in diamond.
It consists of a nitrogen atom (blue) replacing a carbon atom (red) and an adjacent vacancy (grey).
(b) The four possible orientations of NV centres in diamond. The bonding angle is about 109.5°.

stable under illumination. Furthermore, NV centres are vigorously confined in the stiff
diamond lattice, which results in an in principle unlimited lifetime – without the need
of special conditions. One consequence is, that they are stable up to temperatures of
about 1700 ◦C [76]. Compared to other defects in diamond, NV centres stand-out due to
their relatively long relaxations times for the electron spin (see section 4.5.4) – even at
ambient conditions. Another advantage is the optical access, which allows initialisation
(see section 3.2) and readout (see section 3.3) of the spin state.

For applications as a quantum sensor two attributes are essential. First, the NV centre
introduces discrete energy levels into the band gap of diamond. As sketched in fig-
ure 3.5(b), both the ground and the first excited state are located in this band gap.
In principle, these two states form a qubit, however the lifetime in the excited state is very
short (≈ 10 ns), which would prevent a high sensitivity. Second, there are two unpaired
electrons forming a spin S = 1 system, as shown in figure 3.5(a). In total six electrons
contribute to the electronic structure – two unbounded electrons from the nitrogen, three
unbounded electrons from the carbon atoms next to the vacancy and one electron from
a donor in the lattice. Calculations indicate that these electrons fill the ground and ex-
cited a1 states [77]. The remaining two electrons are unpaired in the ex and ey levels,
generating a spin triplet 3A2 state [78]. Spatially, these electronic states are located close
to the carbon atoms and the vacancy, while the spin density on the nitrogen atom is
nearly negligible [79]. Without an external magnetic field the ms = +1 and ms = −1
sub-levels are degenerate, while the ms = 0 sub-level has a down-shifted energy (about
11.9 µeV = h·2.87 GHz). Any combination of two out of these three spin-levels can be used
as an effective qubit, as exemplified for the ms = 0 and ms = −1 states in figure 3.5(b).
As spin systems are very sensitive to magnetic fields, they are excellent magnetic field
sensors.
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Figure 3.5: The nitrogen-vacancy centre as a spin qubit. (a) The NV centre as electron spin. The
electronic structure consists of one electron from the lattice and five electrons, which are contributed
by unbound electrons from the next neighbour nitrogen and carbon atoms. Four of these electrons fill
the ground a1(1) and excited a1(2) states. The remaining two unpaired electrons in the ex and ey
states form a spin S = 1 system. (b) The NV centre as qubit. Both, the ground state (GS) as well
as the excited state (ES) lie in the band gap of diamond. Two spin states of the ground state can be
used as an effective qubit, as indicated with the ms = 0 and ms = −1 levels. By applying an external
magnetic field B, the ms = +1 and ms = −1 states split up due to the Zeeman effect.

However, this electronic configuration is not always present and the NV centre can
occur in different charge states. If the above discussed negatively charged NV centre loses
one electron, for example due to optical ionisation, it becomes the neutrally charged NV0

centre [80, 81]. Recently, the stabilisation of the positively charged NV+ centre has been
observed experimentally [82]. From here on the abbreviation NV explicitly refers to the
negatively charge state unless specified otherwise.
Due to the high nitrogen and vacancy content, NV centres usually exist in every dia-

mond. However, for scientific purposes it is desirable to have control over certain proper-
ties as position or density. In appendix A.2, techniques to create artificial NV centre are
discussed.

3.1.4 The ground state Hamiltonian of the nitrogen-vacancy centre

For defects in diamond with an electronic spin, the ground state spin Hamiltonian can
usually be classified into four terms [83]. The first term HZF describes the interaction
between the unpaired electrons. The coupling of the electron spin to an external magnetic
field due to the Zeeman effect is captured by HZ. Hhf accounts for the hyperfine interac-
tions between the electron spin and coupled nuclear spins and the quadrupole interaction
is described by HQ. The full Hamiltonian then reads:

HNV = HZF +HZ +Hhf +HQ. (3.1)
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An overview of all individual terms is sketched in figure 3.6 and a compilation of the
relevant coupling constants can be found in table 3.2. Further small couplings, as the
nonsecular Zeeman, nonsecular hyperfine and nuclear Zeeman interaction, are neglected
here [84]. Since the excited state is only important during the optical pumping cycle
for initialisation and readout (compare sections 3.2 and 3.3), but is irrelevant during the
sensing period, it is also not discussed here and the interested reader is referred to [85–87].

Zero-field splitting

Due to dipole-dipole interactions between the two unpaired electrons of the NV centre,
the ms = 0 spin state is energetically more favourable and the ms = 0 and the ms = ±1
sublevels are not degenerate. The corresponding zero-field Hamiltonian HZF is given by:

HZF/h = ~STD̂~S, (3.2)

where D̂ is the zero-field tensor and ~S = (Ŝx, Ŝy, Ŝz)T is the spin vector with the spin
matrices:

Ŝx = 1√
2


0 1 0
1 0 1
0 1 0

 , Ŝy = 1√
2


0 −i 0
i 0 −i
0 i 0

 , Ŝz =


1 0 0
0 0 0
0 0 −1

 . (3.3)

In the eigenvalue framework, D̂ is diagonal and can be written as:

D̂ =


Dx 0 0
0 Dy 0
0 0 Dz

 =


1
3D + E 0 0

0 −1
3D − E 0

0 0 2
3D

 , (3.4)

where D = 3
2Dz and E = Dx−Dy

2 is used. Then, HZF simplifies to [83]:

HZF/h = D

(
Ŝ2
z −

S(S + 1)
3 1

)
+ E(Ŝ2

x − Ŝ2
y), (3.5)

where D = 2.87 GHz is the axial dipole-dipole interaction. Here, E is only non-zero if the
C3v symmetry is broken, for example due to an electric field or strain [88] and is usually
in the range of several MHz, thus much smaller than D. Since the term S(S + 1)/3 · 1 is
just a constant offset, it can also be omitted. Since dipole-dipole interactions depend on
the distance r between the electrons as [83]:

D ∼ 〈r−3〉, (3.6)
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where the average is over all possible locations of the two electron spins, all parameters
which change the crystal structure have an influence on D. Important examples are
pressure p (dD/dp = 1.46 kHz/bar [51]) and temperature T (dD/dT = −74.2 kHz/K [89]).

Electron Zeeman Interaction

The interaction of the NV centre with a magnetic field is described by the electron Zeeman
part HZ:

HZ/h = γNV ~B
T~S, (3.7)

where ~B is the vector of the magnetic field, which describes its strength and direction and
γNV ≈ 28 GHz/T is the gyromagnetic ratio of the electronic spin, which has approximately
identical axial and non-axial components [90]. If the magnetic field is orientated parallel
to the symmetry axis of the NV centre, HZ reads:

HZ/h = γNVBzŜz. (3.8)

While the ms = 0 spin state is insensitive to magnetic fields, the ms = ±1 levels are
shifted equally, but with a different sign and thus their degeneracy is lifted. Magnetic
signals further shift these energy levels and detecting these changes is the measurement
principle of magnetometry with the NV centre.

Hyperfine interaction

The interactions between the electron spin of the NV centre and coupled nuclear spins, as
for example the inherent nitrogen spin, is described by the hyperfine Hamiltonian:

Hhf/h =
∑
n

~ST Ân~In, (3.9)

where the Ân are the hyperfine coupling tensors, ~In = (În,x, În,y, În,z)T are the nuclear
spin vectors and the sum goes over all coupled nuclear spins. Hhf combines the effects due
to isotropic Fermi contact interactions and anisotropic dipole interactions [83, 91]. The
tensors Ân are axially symmetric due to the 3-fold rotational symmetry of the NV centre
and can be written as [90]:

Ân =


An,⊥ 0 0

0 An,⊥ 0
0 0 An,‖

 , (3.10)
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Table 3.2: Coupling constants for the NV centre. The main contributions to the ground state
Hamiltonian are usually the zero-field splitting parameter D and the Zeeman interaction with coup-
ling γNV. Nitrogen isotope specific constants are the parallel (A‖) and perpendicular (A⊥) hyperfine
couplings and the quadrupole parameter P . Values taken from [94].

isotope D (GHz) γNV (GHz/T) A|| (MHz) A⊥ (MHz) P (MHz)
14N 2.87 28.0 −2.14 −2.79 −5.01
15N 3.03 3.65 −

where An,‖ and An,⊥ are the parallel and perpendicular hyperfine coupling parameters. For
the 14N and 15N isotopes, the respective values can be found in table 3.2. For other nuclei
these parameters depend on the relative positions [91, 92]. Assuming only one coupled
nuclear spin, the hyperfine interaction Hamiltonian reads:

Hhf/h = A‖Ŝz Îz +A⊥(ŜxÎx + Ŝy Îy). (3.11)

The first term in the equation above commutes with HZF and thus shifts the individual
spin levels. The second term, which includes A⊥, does not commute with HZF, and thus
shifts the energy levels only in second order [84,93]. Most prominent among other nuclear
spins in the vicinity are 13C spins in the diamond lattice.

Quadrupole interaction

All nuclear isotopes with a spin larger than I > 1/2, as for example the 14N nucleus, have
a quadrupole moment. The corresponding Hamiltonian can be written as [78]:

HQ/h = P

(
Îz

2 − I(I + 1)
3 1

)
, (3.12)

where P is the quadrupole moment [94] and I(I + 1)/3 ·1 is just an omittable offset. As a
consequence, there is only a contribution if the nuclear spin is in one of the mI 6= 0 states.

The nitrogen-vacancy centre as a qubit

Due to the three spin levels, the NV centre is not a classical qubit. In addition, couplings
to nearby nuclei further complicate the level structure. Just taking the inherent nitrogen
spin into account, there are seven (five) split levels for 14N (15N), as shown in figure 3.6.
However, since magnetic fields in the microwave regime are used to drive transitions

between different states in this thesis (compare section 3.5), there are some restrictions.
For example, when microwave photons are absorbed, the electron spin quantum number
may change only by |∆ms| = 1, while the nuclear spin state is unaffected (red arrows
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Figure 3.6: Level scheme of the NV centre’s electronic spin in the ground state. The four main
interactions are the zero-field splitting (blue), the electron Zeeman interaction (red), the hyperfine
interaction (green) and in the case of coupled I > 1/2 nuclei the quadrupole interaction (yellow). By
using resonant microwaves, the red and blue dotted line are allowed transitions. Electromagnetic fields
in the radiofrequency range can be used to change the nuclear spin state (not shown). Values for the
coupling terms can be found in table 3.2. Not considered contributions are the nonsecular Zeeman, the
nonsecular hyperfine and the nuclear Zeeman interactions. For reasons of overview the Planck constant
h is omitted in the equations.

in figure 3.6). Furthermore, the frequency ω of the microwave needs to be resonant to
the energy difference of two levels (~ω0), which allows to address only one transition and
thus to isolate a qubit. The transition amplitude depends on the frequency detuning ω∆

and the driving strength Ω of the microwave field (compare section 2.5). For example,
all transitions with a frequency much smaller than Ω are driven simultaneously. As a
consequence, if Ω is much larger than the respective hyperfine splittings, the energy scheme
simplifies to the three electron spin levels and two possible transitions (blue arrows in
figure 3.6). This is especially convenient, since the coupled nuclear spins do not have to
be initialised.
On the contrary, all levels for which ω∆ is much larger than Ω have a negligible transition

amplitude and can be ignored. Due to the large ZFS and Zeeman terms, the resonance
frequencies for thems = 0⇔ ms = −1 andms = 0⇔ ms = +1 transitions are usually very
different. Thus, by conveniently choosing the microwave frequency and driving strength,
the NV centre represents an effective qubit.



32 Chapter 3. The nitrogen-vacancy centre in diamond

3.2 Initialisation of the nitrogen-vacancy centre

One of the exquisite features of the NV centre is that its electron spin can be transferred
into the ms = 0 state by optical pumping. As depicted in figure 3.7(a), optical excitation
from the orbital-singlet, spin-triplet 3A2 ground state [78] into vibronic levels above the
first excited state can be achieved by non-resonant laser illumination. Although the excited
3E state is orbital-doublet and spin-triplet, it can be modelled as an effective spin-triplet
system [87,95] with a zero-field splitting of 1.42 GHz [85,96] above temperatures of about
20 − 25 K, where the spin-orbit coupling is averaged out. Non-radiative decay into the
lowest vibrational band happens on a very short timescale of about 0.05− 4 ps [97, 98].

For the relaxation back to the ground state there are two possible paths, which are
sketched in figure 3.7(b). The direct decay under emission of a photon is spin-conserving
(red arrows) and happens mainly into one of the vibronic levels of the ground state. The
second decay path involves a non-radiative intersystem crossing (ISC) to intermediate
states, which are energetically located between the ground and excited states. They consist
of an orbital-singlet, spin-singlet state 1A1 and an orbital-doublet, single spin 1E1,2 state
[95], which are coupled by an optical transition with a ZPL of 1042 nm [99]. The ISC from
the excited state to the 1A1 state is mainly mediated by spin-orbit coupling and strongly
spin-dependent [95]. While for the ms = 0 spin state this transition is very weak, it is
about four times more probable for the ms = ±1 spin states [100,101]. After a fast decay
to the 1E state, the transition to the ground state shows only a small spin-dependency, as
recent studies report [100,101].
As a consequence, the probability for a change of the spin state after one optical cycle

is about 8 % when starting in the ms = 0 state, and roughly 35 %, if the initial state was
ms = ±1 [100]. Thus, on average the ms = ±1 spin states get depopulated in favour of the
ms = 0 state. Since there is a small chance for both, a ISC from the excited ms = 0 state
into the intermediate 1A1 state and a transition from the 1E state to the ms = ±1 levels
in the ground state, unity initialisation fidelity cannot be observed and an equilibrium
is reached. It is reported to be about 80 % for ensembles [102] of NV centres and about
84− 92 % for single defects [103–105].
This principle works up to temperatures of at least 500 K [20]. Initialisation into any

other qubit state is possible by combining the above described optical pumping into the
ms = 0 state and subsequent coherent control (see section 3.5). After turning off the
optical illumination, it can not be excluded that the NV centre is in the intermediate
states. Therefore, an additional waiting time of at least 1 µs for relaxation should be
included before starting further experiments. The duration to reach the above described
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Figure 3.7: Initialisation of the NV centre’s electronic spin by optical pumping. (a) Off-resonant
excitation from the 3A2 ground state into vibronic levels above the 3E excited states preserves the
spin state. (b) For the relaxation back to the ground state, there are two relevant paths. The direct
decay into vibronic levels of the ground state is also spin-conserving. The emitted photons are red-
shifted compared to the zero phonon line at 637 nm. The second decay path involves a spin-dependent
intersystem crossing to intermediate 1A1 and 1E states. This transition is stronger for the ms = ±1
spin states. The decay from the 1E into the ms = 0 ground state is slightly more probable. As a
consequence, an optical cycle increases the probability to be in the ms = 0 spin state.

equilibrium depends on the excitation power since it determines the excitation rate from
the ground into the excited state.

Dynamical nuclear polarisation

This spin polarisation can also be used to initialise other coupled qubits. A very promising
application is dynamical nuclear polarisation. In conventional nuclear magnetic resonance
and magnetic resonance imaging experiments, the signal originates from the thermal polar-
isation of the target nuclear spins, which is very low at ambient conditions (see section 5.1
for more information). Improving the polarisation by enhancing the magnetic bias field
requires complex as well as expensive instruments and the actual gain is marginal. Also,
using traditional methods to transfer the much higher thermal polarisation of electron
spins needs cryogenic temperatures and thus an elaborated as well as expensive setup and
is time-consuming [106,107].

In contrast, the electron spin of the NV centre can be initialised optically within a few
microseconds at ambient conditions. The idea is to polarise a very high number of NV
centres located just a few nanometres below the surface of the diamond and use their
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coupling to the nuclear spins, positioned on the top of the diamond, to transfer their spin
polarisation. For this purpose, nanodiamonds are very interesting since the average NV-
sample distance is smaller. In the last years, the first proof-of-principle experiments have
shown polarisation of external nuclear spins [108,109].

3.3 Readout of the nitrogen-vacancy centre

A number of different techniques to measure the electron spin of NV centres have been
reported recently. For example, one commonly used readout is based on the detection
of the spin-dependent photoluminescence (PL). The charge dynamics under illumination
facilitate spin-to-charge conversion techniques. The different charge states can be either
discriminated optically [105, 110, 111] or by electrically detecting the freed charge carri-
ers [112–114]. At cryogenic temperatures spin-selective excitation yields fluorescence only
from one of the states and allows the readout with a very high contrast [115–117]. Further-
more, infra-red absorption techniques can also be used [118]. The following concentrates
on the readout techniques relevant for this thesis and a more complete overview of all
currently known detection methods can be found in [119].

3.3.1 Readout via spin-dependent fluorescence

The probably simplest way to measure the spin state of NV centres is to record the
spin-dependent fluorescence. Although spin-selective excitation is not possible at room
temperature, since the optical transitions are not narrow enough, spin-conserving excit-
ation from the ground into the excited state can be achieved by illumination with laser
light. The lifetime in the excited state is about 7 ns for the ms = ±1 spin states and
around 13 ns for the ms = 0 spin state [100], as indicated in figure 3.8(a). Other studies
reported similar values [101,120]. As discussed in section 3.2, there are two possible decay
paths.
The spin-conserving direct relaxation back into the ground state is mainly into vibronic

levels and thus, most of the emitted photons are red-shifted compared to the zero phonon
line (ZPL) at 637 nm. A typical background corrected spectrum, recorded at ambient
conditions, is shown in figure 3.8(b). Even at cryogenic temperatures only around 4 %
of the total fluorescence is included in the ZPL [69, 121] and the spectrum is dominated
by the large phonon sideband with a maximum around 680 nm. Optical excitation can
also cause unavoidable back and forth conversion into the neutral charge state of the NV
centre [80,81,105]. The altered electronic structure with a zero phonon line around 575 nm
results in photons with a shorter wavelength. Thus, only the fluorescence above 637 nm is
usually recorded (red shading) and higher energetic photons are filtered out (blue shading).
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Figure 3.8: Relaxation dynamics and fluorescence properties of the NV centre. (a) While under
the direct relaxation path (red arrows), visible photons are emitted, there is an infra-red transition
during the decay via the ISC. The 1E state is relatively long-living and interrupts the optical cycling.
Because the ISC is much more probable for the ms = ±1 spin states, on average less visible photons
are emitted for theses states. Values are taken from [89, 100]. (b) Background corrected fluorescence
spectrum of an NV centre. Most of the PL is included in the large phonon sideband. Fluorescence
from the NV0 charge state, which is due to unavoidable charge state cycling under illumination, can
be partially removed by filtering out low-wavelength photons (blue shading) and only recording lower
energetic PL (red shading).

The second decay path involves an ISC. After the crossing, there is a quick decay via
an infrared transition (about 1042 nm [89]), whereas the 1E state is rather long-living
compared to the other involved lifetimes.
There are two reasons, why the fluorescence depends on the spin state. First, the decay

via the ISC is much more probable for the ms = ±1 states, as depicted in figure 3.8(a).
Thus, the probability that a photon is emitted during one optical cycle is lower for these
spin states. Second, the low relaxation rate from the 1E state to the ground state is
an efficient trap and prevents further optical excitation. The lifetime of this level is
temperature dependent and values between 178 ns and 300 ns at room temperature have
been reported [89,99,115]. At the same time, lots of cycles under the direct decay can take
place and thereby many photons are emitted. This results in higher PL for the ms = 0
spin state on average.
Time-resolved fluorescence traces are shown in figure 3.9(a). The data is an average

of the PL recorded during multiple 3 µs laser pulses (532 nm). There is a clear difference
between the fluorescence in the different spin states during the first 1 µs (red shading). For
this example, the deviation is maximal around 130 ns and then slowly declines, as shown
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Figure 3.9: Fluorescence for different spin states as a function of time. (a) During the first 1 µs
the number of recorded photons is lower if the spin state was ms = −1 before the readout. (b) This
difference decreases since the ms = 0 state is populated during the optical cycling.

in figure 3.9(b). Even if the system is initially in the ms = −1 spin state, the ms = 0
state is populated during cycling through the optical transitions. The longer the readout
is performed the higher is the probability that the quantum spin number is ms = 0 and
the optical contrast diminishes. Interestingly, the fluorescence of the ms = 0 state also
slightly reduces. This is due to the increasing probability that the NV centre is trapped
in the 1E states after a certain time. In order to ensure that relaxation into the ground
state takes place before further measurements, a short idle time of at least 1 µs should be
applied after illumination.

3.3.2 Signal-to-noise ratio

Finding the optimal readout duration requires maximising the signal-to-noise ratio (SNR),
which is discussed in more detail in the following.

Measurement contrast

For the above described readout, PL photons are the measurement quantity and the
typical strategy is to sum up all photons detected within a certain time window tw. Since
tw is limited to about 1 µs and the detection efficiency is very low, on average only about
0.05 − 0.15 photons are recorded for single NV centres within every individual readout.
This is not enough for a trustworthy discrimination between the different spin states.
Therefore, an experiment is usually repeated many times and all photons recorded over

these iterations are summed up. In this way it is possible to obtain the probability P0 to
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Figure 3.10: Optimal readout duration for NV centres. (a) The readout signal is the sum of the
recorded photons up to tw. Upper panel: The contrast C (compare equation (3.13)) is optimal if all
photons up to around 180 ns are taken into account. Lower panel: Longer readout durations could be
nevertheless beneficial, since the relative noise ∆I further reduces. (b) Maximising the SNR yields an
optimal compromise (here for tw ∼ 475 ns).

find the system in the ms = 0 state, as the averaged number of detected photons N (tw)
is given by:

N (tw) = I0(tw)P0 + I1(tw)(1− P0), (3.13)

where In(tw) = Ncn(tw), N is the number of measurement repetitions and c0(tw) and
c1(tw) are the number of photons expected to record during tw for |0〉 and |1〉 in a single
readout, respectively. The relative contrast is here defined as:

C(tw) = c0(tw)− c1(tw))
c0(tw) . (3.14)

In the upper panel of figure 3.10(a), C is plotted as a function of the readout duration tw,
for the laser pulses in figure 3.9. The contrast first steeply increases (up to about 180 ns)
where it reaches almost 32 %. Beyond that the difference between c0 and c1 reduces and
C decreases.

Photon shot noise

Due to their quantum nature, photons can only exist in integer numbers. If the counting of
the fluorescence photons can be considered as independent events, the number of detected
photons varies between every measurement – even if it is performed under exactly the same
conditions. These random fluctuations are referred to as photon shot noise (PSN). For this
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type of statistics, the probability to detect a certain number of photons Nph depending on
the expected number of photons N is described by the Poisson distribution:

P(N , Nph) = N
Nph

Nph! e
−N . (3.15)

Since the standard deviation is
√
N and the expected number of photons increases linearly

with N , the relative noise reduces as the reciprocal square root of the number of readouts.
The signal is given by the difference between I0 and I1 and the variance reads:

σ2
I0−I1 = I0 + I1. (3.16)

Using the standard deviation
√
σ2
I0−I1 the relative noise can be defined as:

∆I(tw) =
(√
I0(tw) + I1(tw)
I0(tw)

)
. (3.17)

For the same laser pulses, ∆I(tw) is plotted as a function of tw in the lower panel of
figure 3.10(a). It reduces monotonically since more and more photons are collected.
In general, the total readout noise is a combination of PSN and quantum projection noise

(QPN). However, for the traditional readout, the number of detected photons during each
individual readout is very low. As a consequence, the overall noise is dominated by PSN
and QPN can be neglected, as it is in more detail discussed in chapter 8.

Optimal readout duration

The optimal readout window tw is a compromise between contrast and measurement noise.
Since both usually contribute linearly to the SNR of a quantum sensing experiment, it is:

SNR = C

∆I = I0 − I1√
I0 + I1

. (3.18)

As shown in figure 3.10(b), the optimal readout duration for this example is about 475 ns.
In general, this time depends on the experimental conditions, especially on the excitation
laser power, and can deviate from the value obtained here.

3.3.3 Improvement of the traditional optical readout

From a quantum mechanical point of view the above described optical readout is far from
perfect. First, all spin states fluoresce and thus their discriminability is limited since the
contrast is lower than one. Recording for an arbitrary duration is not possible since the
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Figure 3.11: Fluorescence for differently shaped diamonds. (a) Total internal reflection is a big
problem for diamonds with a flat surface due to the large refractive index of diamond. (b) Working
principle of a SIL. Due to its hemisperical shape, the propagation direction of the photons is perpendic-
ular to the diamond surface preventing total internal reflection. (c) Experimentally recorded number of
photons as a function of the readout duration. Summing up all photons recorded in the relevant first
500 ns yields about 0.05 photons for the diamond with flat surface and about 0.27 photons per readout
for the SIL sample (for the ms = 0 state).

spin is populated into the ms = 0 state during illumination. Furthermore, the photon-
detection efficiency – so the ratio of detected and emitted photons – is very low.
One big problem is the high refractive index of diamond of about 2.42 [66] and the

resulting small critical angle for total internal reflection, as sketched in figure 3.11(a).
For a diamond-air interface this angle is just around 24.4° and even for commonly used
immersion oil, this angle is still very small (refractive index of 1.5 corresponds to 38.3°).
Furthermore, fluorescence is basically emitted in all spatial directions and the detection
apparatus can usually cover only a small fraction of the full space. Additionally, optical
absorption and emission is not optimal for NV centres in the most widely used diamonds
with (100) surface, since the optical dipoles, orientated perpendicular to the symmetry
axes, are not aligned with the diamond surface. So only a small fraction of the emitted
photons leave the diamond and from those only a small part is detected. The total
efficiency is on the order of 1 − 3 % [122, 123] and as a consequence, far less than one
photon is on average collected during the first 500 ns of the readout, which is exemplified in
figure 3.11(c). While the limited state discriminability and readout durations are intrinsic
to NV centres, the detection efficiency can be improved.
For example photonic structures, as nanopillars, nanowires, waveguides and cavities can

help to overcome the high refractive index mismatch [122–128]. Especially grinding the
diamond into a hemispherical solid immersion lens (SIL) can help to improve the collection
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efficiency by an order of magnitude [129–131]. The idea is sketched in figure 3.11(b). While
for a flat diamond total internal reflection is a big problem, a large part of the photons can
penetrate the diamond surface of a SIL due to the hemispherical shape. A quantitative
experimental comparison of the fluorescence recorded from a single NV centre inside a
diamond with flat surface and a NV centre inside a SIL sample is given in figure 3.11(c).
For approximately the same excitation power, the number of photons detected with the
SIL sample is about 5.4 times higher, which results in an improvement of the SNR by about
2.3. In literature, improvements up to a factor of 10 are reported [129]. As a nice side
effect, the point spread function of the confocal microscope is improved since the excitation
beam can be focused to a smaller volume, which reduces background fluorescence [129].
However, this is still by far not enough to obtain sufficient information about the spin

state of the NV centre after a single measurement. Furthermore, designing optimised
structures remains a big challenge up to date due to the difficulties associated with nan-
ofabrication of diamond.

Nuclear assisted readout

For a high-fidelity discrimination of the different spin states, the measurement signal
would need to be larger than the associated noise. Assuming photon-shot noise domin-
ates, a simple estimate for the numbers of required photons for I0 and I1 is (compare
equation (3.16)): √

I0 + I1︸ ︷︷ ︸
noise

< I0 − I1︸ ︷︷ ︸
signal

. (3.19)

For a typical contrast of C = (I0 − I1)/I0 ≈ 0.25, it follows:

I0 > 28 and I1 > 21. (3.20)

So, at least 30 photons would be required for a single-shot readout (SSR) of the NV
centre’s electron spin state. Assuming, that only around 0.05 photons are recorded per
readout, this is equivalent to around 600 repetitions.

One option to achieve such a high number is the usage of an additional long-living
memory qubit. The method is described in more detail in chapter 8 and in the following,
only the idea is shortly outlined.
Before the readout, the NV centre’s electron spin can be entangled with the memory

qubit. After being projected during the first readout, the state of this memory qubit can
be repetitively probed using the NV centre. For a convenient choice of the memory qubit,
its state is long-living enough for several thousand repetitions, which results in collecting
enough photons for a SSR.
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3.4 Couplings of the nitrogen-vacancy centre

The NV centre couples to a variety of physical quantities and in the following the most
important ones are listed.

Magnetic field sensing

The principle of the coupling to magnetic fields is the linear Zeeman effect, which shifts
the energies of the spin states with non-zero spin quantum number ms in an external
magnetic field ~B. The corresponding Hamiltonian reads (compare equation (3.7)):

HZ = hγNV ~B
T~S = hγNV(BxŜx +ByŜy +BzŜz), (3.21)

where ~S is the spin vector, γNV is the gyromagnetic ratio:

γNV = gNV · µB
h

≈ 28.03 GHz/T, (3.22)

µB is the Bohr magneton and gNV ≈ 2.0028 is the g-factor of the NV centre’s electron
spin [78,83].
For small fields, the terms containing Bx and By are efficiently suppressed due to the

much larger ZFS parameter and only the Bz component can be detected [53]. Only if Bx
and By have frequency components resonant to the splitting of two spin states, they can
drive transitions, as it is shown in the sections 2.5 and 3.5 and thus be sensed (compare also
chapter 9). In order to perform vector magnetometry, NV centres with different crystal
orientations can be probed [132].

Electric field and strain sensing

The NV centre couples to electric fields via the linear Stark effect [43, 133, 134]. The
physical principle is the spin orbit coupling between the ground and the excited triplet
states and the relevant Hamiltonian reads [43]:

Hel/h = d‖EzŜz − d⊥Ex(ŜxŜy + ŜyŜx) + d⊥Ey(Ŝ2
x − Ŝ2

y), (3.23)

where ~E = (Ex Ey Ez)T is a combination of the electric field and strain. The relevant
coupling constants are:

d‖ = 0.0035 HzV−1m and d⊥ = 0.17 HzV−1m. (3.24)
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Nanoscale electric field sensors are of great importance since many particles, as for example
free electrons, generate strong electric fields but only weak magnetic fields. For example,
a single charge in 150 nm distance can be detected, after averaging for only one second
and an overall AC electric-field sensitivity of 2.02 Vm−1Hz−1/2 can be reached [43]. Other
possible applications of the NV centre as an electric field sensor are proposed in [135,136].

Pressure and temperature sensing

Since the NV centre is a S = 1 spin system, it has a ZFS, which depends on the distance
of the two unpaired electrons (compare equation (3.6)). Thus, all external parameters
that influence this distance may change the ZFS parameter D. Important examples are
pressure p (dD/dp = 1.46 kHz/bar [51]) and temperature T (dD/dT = −74.2 kHz/K [89]),
and thus NV centres might also find applications as nanoscale temperature [46–48] or
pressure sensors [51].

Rotation sensing

The measurement of a rotation frequency is based on the accumulation of a geometric
phase, the so called Berry phase [137]. If a diamond sample is rotated around the symmetry
axis of the NV centre, the corresponding Hamiltonian reads [138–140]:

Hrot = hνrotŜz, (3.25)

where νrot is the rotation frequency, which linearly changes the splitting of the spin levels.
Since Hrot is independent of the gyromagnetic ratio, nuclear spins, which have longer
relaxation times, can be used without losing sensitivity [139]. Inertial sensors find applic-
ation in many areas and are especially relevant in navigation systems. Due to their small
dimensions and high robustness, NV centres represent interesting option for gyroscopic
applications.

3.5 Coherent control of the nitrogen-vacancy centre

For NV centres, coherent control of the spin state is possible by using resonant magnetic
fields (compare section 2.5). If only two states are considered, for example between the
ms = 0 and ms = −1 states, the corresponding interaction Hamiltonian in the laboratory
frame reads:

H1 = ~Ω cos (ωt+ θ)σ̂x, (3.26)
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Figure 3.12: Coherent control of the NV centre. (a) Pulse sequence to probe the coupling between
resonant microwave (MW) field and NV centre. Between optical initialisation and readout, microwaves
are applied for a variable duration Tint. (b) The frequency of the resulting Rabi oscillations depend on
the coupling strength (Ω1 or Ω2) of the applied microwave. Solid lines correspond to sinusoidal fits to
the data.

where Ω is the coupling parameter, σ̂x is the corresponding Pauli matrix, ω is the fre-
quency and θ the phase of the control field. As derived in section 2.5, the angle of rotation
depends linearly on the coupling Ω and the interaction time Tint. This is experiment-
ally demonstrated with the sequence shown in figure 3.12(a). After initialisation of the
spin state into |0〉 by using green laser light, a resonant microwave field is applied for a
variable duration Tint. The resulting sensor state is measured optically. As the experi-
mental data in figure 3.12(b) shows for two different field amplitudes, which correspond to
Ω1 ≈ 2π · 12.6 MHz and Ω2 ≈ 2π · 3.4 MHz, P0 undergoes sinusoidal Rabi oscillations [141].
These Rabi oscillations can be used to calibrate for example the durations of π/2- or π-
pulses (compare section 2.5).





4 Spectroscopy with the
nitrogen-vacancy centre

NV centres can be used to detect and characterise magnetic signals. For this purpose, there
are a variety of different measurement sequences and their applicability and performance
depend on the form of the magnetic field. In the following, the most common techniques
are described.

4.1 Optically detected magnetic resonance

Magnetic resonance is a very useful and widespread technique and is based on the absorp-
tion (and/or emission) of electromagnetic radiation by paramagnetic particles [142]. As
spins possess a magnetic moment, electromagnetic fields, resonant to a transition between
two spin levels, can be absorbed. Thus, an unknown frequency can be found by varying
the energy difference between the spin levels and detecting the absorption. Based on the
same principle, the transition frequency of a qubit can be determined by sweeping the
frequency of an external control signal.
Since the fluorescence of the NV centre is spin-dependent, optically detected magnetic

resonance (ODMR) is a simple but powerful technique for spectroscopy [21]. The principle
is sketched in figure 4.1(a). The NV centre is continuously irradiated with light and
simultaneously subject to microwave radiation. While the laser light constantly populates
the ms = 0 state, the microwaves drive spin transitions if the frequency is resonant to one
of them. If the frequency does not match with the energy splitting between the ms = 0
and ms = −1 or ms = +1 spin states, the recorded fluorescence is high. If the microwave,
however, is absorbed, the spin state can change and the fluorescence reduces. Since the NV
centre is illuminated continuously, an equilibrium, which depends on the excitation power
of the laser and the driving amplitude of the microwave field, is established between these
two opposing mechanisms. Without an external magnetic field the ms = −1 and ms = +1
spin states are degenerate and shifted by D = 2.87 GHz compared to the ms = 0 level.
Due to the Zeeman interactions both states with non-zero spin quantum number split and

45
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Figure 4.1: Principle of the ODMR technique. (a) The NV centre is constantly illuminated and
simultaneously subject to a microwave field. (b) If the frequency of the microwave is resonant to either
the ms = 0⇔ ms = −1 (beige arrow) or the ms = 0⇔ ms = +1 transition (brown arrow), it can be
absorbed. Due to selection rules, the ms = −1⇔ ms = +1 transition is forbidden. (c) ODMR spectra
for different magnetic fields. The resonance line split symmetrically with increasing bias field.

transitions with the ms = 0 can be selectively addressed, as sketched in figure 4.1(b). This
splitting ν∆ in units of frequency is given by:

ν∆ = ms,∆γNVBz ≈ 2 · 28 GHz/T ·Bz, (4.1)

where ms,∆ = 2 is the difference of the spin quantum numbers, γNV is the gyromagnetic
ratio of the NV centre’s electron spin and Bz is the projection of the magnetic field onto
the symmetry axis of the NV centre. Since the spin quantum number can just change by
one due to the selection rules, only the ms = 0↔ ms = −1 and ms = 0↔ ms = +1 can be
driven directly. Taking the zero-field splitting D into account, the resonance frequencies
read:

νres = D ± γNVBz = 2.87 GHz± 28 GHz/T ·Bz. (4.2)

In figure 4.1(c), ODMR spectra for different magnetic bias fields Bz are shown. For this
purpose, the fluorescence was recorded while changing the frequency ν of an artificial
microwave field. For Bz = 0, only one dip can be observed at ν = D. With increasing
magnetic field two lines, corresponding to the beige and brown arrows in figure 4.1(b) can
be detected. As a consequence, the strength of an unknown magnetic field can be directly
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Figure 4.2: Principle of pulsed ODMR. (a) A laser pulse is used to initialise the NV centre in
the ms = 0 spin state. The change of the spin state due to the applied microwave field is readout
by recording the spin-dependent fluorescence. (b) Pulsed ODMR spectra for different MW driving
strengths Ω (shown in legend, pulse durations adjusted). The linewidth reduces inversely proportional
to Ω. The hyperfine coupling with the inherent 15N nuclear spin of 3.03 MHz can only be fully resolved
for the red and blue data. The uneven height of the hyperfine peaks is due to polarisation of the nuclear
spin, which results from interactions with the NV centre’s electron spin. The solid lines are two-peak
Lorentzian fits to the data.

obtained by detecting these dips. Based on the same principle, an oscillating field with
unknown frequency can be recorded by sweeping a well-known bias field.
The sensitivity of an ODMR measurement is in more detail discussed in appendix A.3.3.

Pulsed ODMR

The working principles of the continuous-wave ODMR and pulsed ODMR techniques are
essentially the same. The main difference is, that for the latter the microwave and the
light radiation are separated in time. A sketch of the pulsed ODMR sequence is shown in
figure 4.2(a).
A laser pulse is used to initialise the electron spin intoms = 0 state, before the microwave

field is applied and the final state is read out by detecting the spin-dependent fluorescence.
The advantage is, that the polarisation into thems = 0 spin state due to the optical cycling
and the spin transfer due to the microwave absorption are not competing. Therefore, it
is possible to use very low Ω and a broadening of the line in the spectrum is suppressed.
The linewidth depends inverse on the driving strength Ω (compare equation (2.30)) and is
eventually limited by inherent dephasing and decoherence effects (compare section 4.5.4).
The highest precision can be achieved when the combination of duration and amplitude
of the microwave field corresponds to a π-pulse, because the readout contrast is maximal
in this case.
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In figure 4.2(b) pulsed ODMR spectra, recorded using different driving strengths Ω
are shown. As expected, the width of the resonance line reduces with decreasing Ω.
For Ω ≈ 2π · 1.3 MHz and Ω ≈ 2π · 0.47 MHz, the hyperfine splitting with the intrinsic
15N nuclear spin can be resolved. However, for a reduced microwave field amplitude the
interaction duration has to be increased in order to obtain the same contrast.

4.2 Ramsey interferometry

Another way to measure a time-independent or only slowly varying field is Ramsey inter-
ferometry, often also called free induction decay (FID) [143, 144]. The Hamiltonian of a
time-independent field Bz, orientated parallel to the NV symmetry axis, in the rotating
frame can be written as:

H = ~γ̃NV
2 Bzσ̂z. (4.3)

where γ̃NV = 2π · γNV. The corresponding time evolution operator is (see equation (2.12)):

U(Tint, 0) = exp
(
− i2

∫ Tint

0
γ̃NVBzσ̂zdt

)
, (4.4)

where Tint is the interaction time. If a qubit is initialised into a coherent superposition
state:

|Ψ〉 = 1√
2

(
|0〉+ eiφ0 |1〉

)
, (4.5)

where φ0 = φ(Tint = 0) is the initial relative phase between both states, the temporal
evolution of the relative phase φ(Tint) is when following equation (4.4):

φ(Tint) = φ0 + γ̃NV

∫ Tint

0
Bzdt = φ0 + γ̃NVBzTint. (4.6)

The measurement principle is sketched in figure 4.3(a). An initial laser pulse prepares
the electron spin in the |0〉 state and a π/2-pulse creates a coherent superposition. After
a variable time Tint, the relative phase φ is retrieved by a second π/2-pulse with the aim
to obtain a population difference in the readout-basis. If this final π/2-rotation is applied
around the same axis in the rotating frame as the first one, the probability to find the
quantum system in the |0〉 reads:

P0(Tint) = 1
2 −

1
2 cos (φ) = 1

2 −
1
2 cos (γ̃NVBzTint) (4.7)

Thus, P0 is a sinusoidal function of Bz and the interaction time Tint. In figure 4.3(b)
example measurements are shown. For these experiments, a bias field of around 50 mT
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Figure 4.3: Scheme and experimental examples for Ramsey interferometry. (a) After initialisation
with a laser pulse into |0〉, a π/2-pulse creates a coherent superposition state. During the interaction time
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(c) Fourier transforms (FT) of the curves in (b).
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was aligned parallel to the symmetry axis of the NV centre in order to polarise the in-
herent nitrogen nuclear spin [145]. By finding the frequency of the observed oscillation
νFID = γNV ·Bz, for example via Fourier transform as illustrated in figure 4.3(c), the mag-
netic field strength can be obtained as |Bz| = νFID/γNV, where γNV = γ̃NV/2π and the
sign of Bz is ambiguous. The achievable precision and the dynamic range are in more
detail discussed in appendix A.3.4.
Ramsey interferometry can also be used to measure the frequency ω1 of a near-resonant

field of interest, if it is possible to use this field to perform the π/2-pulses and turn off
the interaction in between. Then, in the rotating frame with respect to ω1, the sensor
accumulates a phase and it follows:

P0(Tint) = 1
2 −

1
2 cos (ω∆Tint), (4.8)

where |ω∆| = |γ̃NVBz − ω1|. If Bz and the sign of ω∆ are known, ω1 can be obtained.

4.3 Dynamical decoupling spectroscopy

Dynamical decoupling (DD) [146] is a quantum control technique that finds application
in quantum information [147–149], spin resonance experiments and quantum spectro-
scopy [4]. Especially for NV centres, DD is the key procedure for sensing time-dependent
magnetic fields, for example needed for nanoscale nuclear magnetic resonance (NMR) or
magnetic resonance imaging (MRI) experiments [22, 150–156]. Further applications are
detection, identification and control of single or ensembles of nuclear spins [24,157–166].
While in quantum information and processing the main purpose is to protect the

quantum system from noise by decoupling it from environmental influences [167–172],
the idea in spectroscopy is to create a tunable spectral filter. The principle is discussed in
the following.

4.3.1 Dynamical decoupling Hamiltonian

As sketched in figure 4.4, a pulsed DD sequence in the most general case consists of a
series of equidistant and ideally instantaneous π-pulses. The DD Hamiltonian is given by:

HDD =
Nπ∑
n=1
Hπ(tn), (4.9)
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Figure 4.4: Principle of a pulsed DD sequence. A DD sequence consists of a train of Nπ π-pulses,
which are usually equidistantly spaced. The pulse phase θ determines the rotation axis and the total
interaction time Tint is given by Nπ · τ .

where Hπ(tn) is the Hamiltonian of a single π-pulse applied at time tn. This Hamiltonian
can be used to detect an oscillating field H(t) described by:

Hsignal = ~H(t)
2 σ̂z, (4.10)

and the complete Hamiltonian reads:

H = H0 +Hsignal +HDD, (4.11)

where H0 = ~ω0
2 σ̂z describes the energy gap between the two levels of the quantum system.

By moving into the interaction picture with respect to H0, applying the rotating wave
approximation (assuming all relevant frequencies are much smaller than ω0), and moving
into the interaction picture of the DD control, it follows:

HI/~ = F (t)H(t)
2 σ̂z, (4.12)

where F (t) is a square wave function for instantaneous π-pulses:

F (t) = (−1)k(t), (4.13)

and k(t) is the number of control pulses applied up to the moment t. The form of F (t)
represents a spectral filter, since the temporal evolution of the sensor phase φ in a coherent
superposition reads:

φ(t) =
∫ t0+Tint

t0
F (t)H(t)dt, (4.14)

where t0 is the starting time and Tint is the interaction period. Although there are also
a few DD sequences, which have a non-periodic spacing or are continuous [173–179], the
following concentrates on DD techniques, for which a train of equidistantly spaced π-pulses
with spacing τ is used.
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Figure 4.5: Principle of sensing AC fields using DD. (a) Without additional control, all phase,
which the sensor accumulates during the first half of a signal period (green shading), is cancelled during
the second half (red shading) and over a full period no phase is acquired. (b) By applying a control in
form of π-pulses, whenever the signal changes sign (τ = π/ω), all parts in between the control pulses
are added up.

4.3.2 Dynamical decoupling filter

For spectroscopic purposes it is usually more interesting, how this filter F (t) looks in
terms of frequencies. For this purpose, F (t) can be Fourier transformed (compare ap-
pendix A.3.5):

F(ω) =
∫ ∞
−∞

F (t′)eiωt′dt′ ≈ 2
iω

[
Nπ∑
n=0

(−1)neiωnτ
]
. (4.15)

If ω is an uneven multiple of (π/τ):

eiωnτ = (−1)n, (4.16)

and |F(ω)| becomes large. For a simple sinusoidal signal, an illustrative explanation is
sketched in figure 4.5. If the oscillating field H(t) is recorded without any control, the
sign of sensor phase accumulation dφ/dt changes, whenever the sign of H(t) changes and
over a full period φ = 0. On the contrary, π-pulses with a resonant spacing result in a
monotonically growing φ(t), as sketched in figure 4.5(b). If ω is an even multiple of (π/τ):

eiωnτ = 1, (4.17)
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Figure 4.6: DD control in time and frequency space. (a) In time space, the function F (t), describing
the DD control, has a step-wise form and changes sign whenever a π-pulse is applied. (b) In frequency
space, |F(ν)| shows, that DD represents an adjustable spectral filter. (c) |F(ν)| in dependence of
the number of applied π-pulses Nπ. (d) While the amplitude increases linearly with Nπ, the FWHM
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π .

and |F(ω)| ≈ 0. As an example, the Fourier transformation of F (t), which describes 250
π-pulses with spacing τ = 200 ns (shown in figure 4.6(a)), is computed numerically. The
result is displayed in figure 4.6(b). |F(ω)| and is a series of sharp equidistant peaks, which
can be found for:

ν = ω

2π = (2m− 1)
2τ , (4.18)

where m is an integer number and the peak amplitudes decrease as 1/(2m − 1). For
example for m = 2, the spacing between two pulses corresponds to one and a half periods
of the signal. Since one period averages out, only the remaining half of the period and
thus, only one third of the total interaction time contributes to the signal. For sequences
with equally spaced π-pulses, |F(ω)| can be written as [170,180]:

|F(ω,Nπ, τ)|2 = 2
ω2 · 8

sin4 ( ωτ
4Nπ ) sin2 (ωτ2 )

cos2 ( ωτ
2Nπ ) . (4.19)
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In figure 4.6(c), the peak at ν = (1/2τ) is plotted in a higher resolution for different number
of applied π-pulses Nπ. The height increases linearly with Nπ and as a consequence, a
higher sensitivity can be achieved. On the other side, the FWHM decreases as N−1

π , as
shown in figure 4.6(d). Thus, the precision of frequency estimation increases and it is also
possible to differentiate between signals with a smaller frequency difference.
An illustrative explanation is sketched in figure 4.7(a). If τ is not exactly resonant, the

π-pulse do not coincide with the signal nodes and the deviations increase with the number
of pulses (growing area of the red shadings). The maximal number for Nπ is eventually
limited by the coherence time of the qubit (compare section 4.5.4).
By tailoring the inter-pulse spacing τ of a DD sequence, the sensor can be made sensitive

only for signals in a specific frequency range. Thus, by probing different values of τ , DD
can be used for spectroscopy. The accumulated sensor phase φ reads (compare 4.14):

φ(ω) =
∫ ∞
−∞
J (ω′)F(ω′)dω′, (4.20)

where J (ω) is the Fourier transformation of the signal:

J (ω) = 1
2π

∫ ∞
−∞

H(t′)eiωt′dt′. (4.21)

Up to now, the phase of the signal θ has been neglected. However, it is important for the
measurement outcome, as figure 4.7(b) sketches. If the signal nodes do not match with
the π-pulses, the overall sensor phase is reduced, even for a resonant pulse spacing. If the
signal of interest can be described by a single sinusoidal function with frequency ωsig:

H(t) = Ω sin (ωsigt+ θ), (4.22)

the accumulated sensor phase φ(t), given a measurement period between t0 and t0 + Tint,
reads [153]:

φ = 2Ω
πω∆

(cos (ω∆t0 + θ)− cos (ω∆ (t0 + Tint) + θ)) , (4.23)

and is a function of the coupling strength Ω, the frequency difference ω∆ = ωsig−π/τ and
the signal phase θ. The dependency of φ on θ plays an important role for the experimental
results in the chapters 7 to 8 and is discussed there in more detail.
The performance of a DD sequence depends on the quality of the π-pulses. Furthermore,

the repetition rate is limited, since the spacing between two π-pulses can not be smaller
than the pulse duration (usually between 10 ns and 100 ns in experiments for this thesis).
The influences of non-instantaneous control and other pulse imperfections is in more detail
discussed in chapter 6.
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Figure 4.7: Performance of DD as a function of pulse spacing and signal phase. (a) If the
inter-pulse spacing does not match the resonant condition, the overall sensor phase is reduced. The
more π-pulses are applied, the more sensible is the measurement outcome in this case. (b) If the phase
of the signal can not be controlled, it is not possible to match the control pulses with the signal nodes.
Then, the overall sensor phase is reduced, even for a resonant pulse spacing.

4.3.3 The XY8-sequence

Besides compensated pulses [146] or optimal control and calibration techniques [181,182],
one well-established option to mitigate the influences of pulse errors and imperfections is
to apply the π-pulses around different axes. When designed carefully, the error of each
pulse is then partially compensated by other pulses of the cycle [183]. A famous example
is the XY8 sequence [184], which uses π-pulses about the x- and the y-axis, as sketched
in figure 4.8. The basic unit of the XY8-sequence consists of eight equidistantly spaced
π-pulses with the ordering πx − πy − πx − πy − πy − πx − πy − πx and this symmetric
shape makes the XY8-sequence only sensitive to second order pulse errors [185]. The
effectiveness has been demonstrated theoretically and experimentally [168,185–187].
The interaction time can be increased by repeating this basic unit and, if in total M

repetitions are performed, the notation, chosen from here on, is XY8-M . Recently, it
was reported, that more complicated DD protocols, which are based on rotations around
further axes, as the KDD sequences, or on concatenation, even further improve the ro-
bustness [183, 187, 188]. However, due to its good performance and the relative simple
implementation, all DD protocols, used in this thesis, are based on the XY8-sequence.
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Figure 4.8: Principle of the XY8-sequence. The XY8-sequence consists of a train of equidistantly
spaced π-pulses around the x- and the y-axis (solid blue and red lines). Its symmetrical structure
ensures that without any further interactions the qubit state (black arrows) is preserved. Due to the
rotation around different axis pulse imperfections can be efficiently mitigated.

One of its major drawbacks is, that spurious responses due to the finite width of the π-
pulses can complicate a spectrum and lead to false signal identification [28]. However, it is
possible to mitigate these effects and simultaneously improve the robustness with a small
modification, which is discussed in chapter 6.

4.4 Relaxometry

Many important biological and condensed matter systems generate magnetic noise with
a mean value close to zero [189]. Interaction with noise relaxes the quantum state and
both the rate and the shape of the decay contain information about the type, strength
and variance of the interacting noise sources.
The idea of relaxometry is to prepare the quantum sensor into a certain state, let

it interact with the environment for a variable time and record the relaxation into its
equilibrium state. The relevant relaxation mechanisms are described in more detail in
section 4.5.4. Spectroscopy can be performed by tailoring the frequency range, which the
sensor is sensitive for. As instance, for T1-relaxation, where noise with a frequency, close to
the transition frequency of the sensor qubit, dominates the relaxation, spectroscopy can be
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performed by adjusting the energy difference between the qubit states. As a consequence,
different frequency components, typically in the MHz and GHz range, can be sampled.
Noise spectroscopy based on DD is relevant for nanoscale NMR and the principles are
discussed in more detail in section 5.2. For more general information about noise sensing
and applications, the interested reader is referred to [189–195].

4.5 Precision, sensitivity and limits of quantum
spectroscopy

The task of a sensor is to gather information about its environment. Since measurement
time is usually a limiting resource, the more information that can be obtained about a
field or parameter of interest in a given duration, the better. This rate is given by the
sensitivity, which can be used to characterise a sensor. In the following, the precision and
sensitivity of a quantum sensor are discussed in more detail. Thereafter, the relaxation
mechanisms, which limit the interaction time are addressed more explicitly.

4.5.1 The quantum Fisher information

In quantum metrology, the task is to determine a single parameter or a set of parameters
as precisely as possible [196]. The measurement quantity is the state of the sensor – or
in other words, the probability P0 to find the quantum system in a certain eigenstate (for
example |0〉) after measuring it. Thus, the precision of parameter estimation depends on
the accuracy of determining P0. Since quantum measurements are probabilistic, a set of
recorded data is required for an estimate of P0. A concept from mathematical statistics,
which determines the amount of information contained in a measurement result about
a parameter A, is the Fisher information (FI) I(A). If x are the potential outcomes,
X is the set of all possible outcomes and f(x|P0) is a discrete distribution that models
the probability for measuring x given a certain P0, the Fisher information is defined
as [197–199]:

I(A) =
∑
x∈X

[( d
dA log f(x|P0)

)2
f(x|P0)

]
. (4.24)

Without going deeper into detail, the derivative d
dA log f(x|P0) is the so called score func-

tion and describes how sensitive the model is to changes in A. Since not all outcomes have
the same probability, the second term f(x|P0) weights with respect to the chance to find
x. Due to the established Cramér-Rao bound [200,201]:

(∆A)2 ≥ 1
I(A) , (4.25)
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determining I(A) yields the minimal uncertainty ∆A.
In the context of quantum measurements, a Hamiltonian H can in principle be probed

using a variety of different measurement techniques in order to estimate a parameter (or
a set of parameters) of interest. The final sensor population P0 depends on this used
protocol because it consists of a distinct combination of initial state, control sequence
and readout basis. In order to obtain the quantum Fisher information, I(A) needs to be
maximised over all possible measurement protocols. It was recently shown in [202] that
the upper bound of the quantum FI IQ(A) can be expressed as:

IQ(A) =
[∫ Tint

0
(λmax − λmin) dt

]2

. (4.26)

where λmax and λmin are the maximal and minimal eigenvalues of ∂H/∂A and Tint is the
interaction time. For more-parameter problems and more specific literature the interested
reader is referred to [203,204].

4.5.2 Sensitivity for quantum projection noise limited measurements

The absolute limit in quantum mechanics is given by quantum projection noise (QPN)
(compare section 2.3). Here, a perfect measurement is defined as a measurement, which
only relies on this uncertainty and excludes all other sources of noise. For quantum applic-
ations, which are based on a qubit as a probe, there are only two possible outcomes, namely
the two eigenstates of the system. Such a quantum sensing experiment is a Bernoulli trial
and the probability for measuring n times |0〉 in N tries is given by the binomial distribu-
tion:

B(n|P0) =
(
N

n

)
Pn0 (1− P0)N−n. (4.27)

The corresponding FI reads (full derivation in appendix A.3.2):

I(A) = N

P0(1− P0)

(
∂P0
∂A

)2
, (4.28)

and the minimal uncertainty is:

∆A = min

√P0(1− P0)
N

∣∣∣∣∂P0
∂A

∣∣∣∣−1
 , (4.29)

where the minimum is over all possible protocols. This equation can be more illustrative
explained by evaluating the individual terms separately. The factor ∂P0/∂A corresponds
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to the response of the sensor on a variation of the parameter of interest A. The term√
P0(1− P0) represent the measurement noise of a single measurement, which reduces

relatively with the number of tries as
√
N .

The uncertainty ∆A depends on the number of individual measurements N and thus
on the total recording time T . Since ∆A improves as

√
N , the precision can not quantify

the performance of a sensor or a sensing protocol and it is convenient to introduce the
sensitivity as:

η = ∆A
√
T . (4.30)

The idea is to have a measure for how much information can be obtained per unit time.
By replacing N = T/Tsin in equation (4.29), the sensitivity is given by:

η = min
(√

P0(1− P0) · Tsin

∣∣∣∣∂P0
∂A

∣∣∣∣−1)
, (4.31)

where Tsin is the duration of a single measurement, which includes all temporal overheads,
for example due to initialisation and readout. It is important to note that ∂P0/∂A often
also depends on the interaction time, and thus increasing Tsin usually does not worsen the
sensitivity.

4.5.3 Sensitivity for photon shot noise limited measurements

For NV centres, when the readout is performed optically, photon shot noise (PSN) is
usually dominant. According to equation (4.24), the Fisher information reads (derivation
in appendix A.3.2):

I(A) = 1
N

(
∂N
∂A

)2
, (4.32)

where N is defined in equation (3.13). The optimal precision then reads:

∆A = min
(
√
N
∣∣∣∣∂N∂A

∣∣∣∣−1)
. (4.33)

Inserting N , the sensitivity reads:

η = min
(√

((c0 − c1)P0 + c1)
(c0 − c1)

√
Tsin

(
∂P0
∂A

)−1)
, (4.34)

where c0 and c1 are again the number of photons expected to record within a single readout
for the |0〉 and |1〉 states. Readout of an ensembles of N quasi identical NV centres yields
the same sensitivity as probing a single NV centre N times.
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4.5.4 Relaxation of the quantum state

Environmental fluctuations may influence the evolution of the quantum state and in par-
ticular noise sources, which are of the same type as the target signals, can have a strong
impact on the measurement result. These unwanted interactions usually lead to an ir-
reversible relaxation of the quantum system into its thermal equilibrium. Thereby, one
differentiates between longitudinal and transverse relaxation.

Transverse Relaxation – Dephasing

Many quantum sensing techniques are based on the accumulation of a relative phase φ in
a coherent superposition state. After mapping φ into a population difference, the readout
population P0 for these kinds of experiments is usually given by:

P0(φ) = 1
2 + 1

2 cos (φ). (4.35)

Due to the probabilistic nature of quantum measurements, every experiment has to be
repeated multiple times. If additional influences can be neglected, the final φ = φ0 is the
same for every iteration. However, environmental noise sources may impact the sensor
evolution and φn = φ0 + φnoise

n may vary with every repetition. The average over all N
iterations is then:

〈P0〉 = 1
N

N∑
n=1

P0(φn). (4.36)

Assuming the noise can be described by a normal distribution with variance σ2
φ and zero

mean 〈φnoise〉 = 0, it is for φ0 = 0:

〈P0〉 = 1
2 + 1

2 exp
(
−
σ2
φ

2

)
. (4.37)

Thus, 〈P0〉 decays to a mixed state and the relevant time scale is given by the variance
σ2
φ. The form and the time-dependence of σ2

φ depend on the relevant noise sources, which
is in more detail discussed in [189]. Rewriting equation (4.37) yields:

〈P0〉 = 1
2 + 1

2 exp
(
−( τ
T ∗2

)ε
)
, (4.38)

where the relevant decay time is often referred to as free induction decay time or T ∗2 -time
and ε depends on the type of noise.
The Ramsey sequence, sketched in figure 4.9(a), is usually used to experimentally de-

termine the T ∗2 -time. The idea is to prepare the quantum system in a superposition state
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Figure 4.9: Experimental determination of the T ∗
2 - and T2-times for a NV centre. (a) The

T ∗2 -time can be probed by bringing the quantum system into a superposition state and measuring the
sensor phase after different idle times τ . The Hahn sequence corresponds to the Ramsey sequence, but
includes an additional π-pulse in the middle of the interaction time. (b) This refocusing pulse extends
the coherence of the NV centre. The solid lines are fits to the data following equation (4.38).

with known relative phase φ. In the absence of a signal, φ is measured after different idle
times τ .

For NV centres, magnetic and electric noise originating from the lattice or the surface of
the diamond are the main sources of the dephasing process [205–207]. As a consequence,
diamonds which are enriched with the spin-free isotope 12C usually have much longer T ∗2
times (up to 100 µs [42]) compared to diamonds with a natural abundance of 13C (on
the order of 1 µs). But also slow drifts, for example of the temperature, or temporal and
spatial inhomogeneities of the bias field can contribute to a shortening of T ∗2 .

Transverse Relaxation – Decoherence

In order to reduce dephasing, a π-pulse can be applied in the middle of the interaction,
and the final sensor phase φ then reads:

φ =
∫ τ

τ/2
H(t)dt−

∫ τ/2

0
H(t)dt, (4.39)

where H(t) includes the signal as well as possible noise sources. If H(t) does not change
during the interaction, the relative phase acquired during the first half is cancelled during
the second half of the interaction period and φ reduces to zero. As a consequence, all noise
which varies with a rate slower than the interaction time τ is efficiently filtered out and
thus, the π-pulse acts as a filter for low frequency noise. As a consequence, the variance
σ2
φ reduces and the resulting extended characteristic time is called coherence time, T2-time
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or spin-spin relaxation time. The measurement principle is usually referred to as Hahn
echo sequence, which is sketched in figure 4.9(a). The interaction time can be increased
by about an order of magnitude, as shown in figure 4.9(b).

As the edge of the frequency filter is shifted towards higher frequencies if τ becomes
smaller, the idea to further enhance the interaction time is to apply a number of π-pulses
instead of a single one. This principle is referred to as dynamical decoupling, which is in
more detail discussed in section 4.3. Thereby, the decoherence time increases as N2/3

π with
the number of π-pulses Nπ, if noise with a Lorentzian shape and a very long coherence
time can be assumed [180].
For 12C enriched diamonds, the T2-times of single NV centres can reach up to few

milliseconds at room temperature [42] and up to a second at 77 K [208].

Longitudinal Relaxation

Longitudinal relaxation is the irreversible evolution of a quantum system into its thermal
equilibrium. The released energy is absorbed by the environment, called the ’lattice’, and
the typical time constant is usually referred to as ’spin-lattice-relaxation’ or T1-time. If
the thermal equilibrium state is a completely mixed state, the decay reads:

P0(τ) = 1
2 + 1

2e
−τ/T1 . (4.40)

As shown in figure 4.10(a), T1-times can be experimentally obtained by initialising the
quantum system into an eigenstate and recording the decay into the thermal equilibrium.
For NV centres, mainly interactions with phonons are responsible for this type of relax-
ation at ambient conditions, whereas, at low temperatures, relaxation is mainly due to
cross relaxation with neighbouring spins [209]. Due to the high Debye temperature of
diamond, which limits the appearance of optical phonons, and the large zero-field split-
ting, which detunes the NV centre spin from other electronic spins, T1-times can be very
long. At cryogenic temperatures, relaxation times up to several hundreds seconds have
been observed [102, 209]. At ambient conditions, T1-times are typically on the order of a
few milliseconds [209,210], as exemplified in figure 4.10(b). More detailed literature about
T1-relaxation can be found in [20,102,209–212].

Since the T1-time describes the relaxation into the thermal equilibrium, it is an absolute
limit for all quantum operations and protocols using NV centres. The characteristic time
scales usually behave as:

T ∗2 < T2 < T1. (4.41)
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There is another typical time constant which describes the relaxation in the rotation frame
at the presence of an external resonant driving field. It is usually referred to as spin locking
or T1ρ time. For more information, the interested reader is referred to [142].
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5 Nanoscale nuclear magnetic resonance

Nuclear magnetic resonance (NMR) is one of the most powerful scientific tools and finds
application in all areas of natural science as well as in medicine [213, 214]. It is based
on the detection of electromagnetic fields generated by precessing nuclear spins and the
oscillation frequency depends on the external bias field, the nuclear isotopes and their
chemical environment.
The dependency on the external bias field can be used for imaging. The idea is to put

a sample into well known magnetic field gradients. By recording the resonance frequency
for various magnetic field orientations and gradients, the location of the target spins can
be assigned. Imaging contrast can be obtained by using relaxation rates, which depend
on the chemical environment [215]. For example, the T2-time of hydrogen spins close to
a tumor is usually longer than in muscular tissue. This technique is known as magnetic
resonance imaging (MRI) and is frequently used in medicine, especially for imaging human
organs and tissues, due to its high resolution, non-invasiveness and insensitivity for hard
structures as bones.
On the other side, the dependency of the frequency on the nuclear isotope and the

chemical environment can be used to reveal information about the sample composition
and the electrical and nuclear environment of the target spins. This turns out to be very
useful for determining the structure of a molecule of interest. Also, NMR spectra represent
unique fingerprints and thus can be used for sample identification. For their work on this
topic, Bloch and Purcell received the Noble prize in physics 1952 [216,217].
Despite all the usefulness and achievements there is one problem. The electromagnetic

fields generated by the precessing nuclear spins are rather weak, and classical sensors, usu-
ally detection coils, have limited sensitivities. Therefore, a high number of spins (typically
about 1015) and thus large samples sizes (>µm3) are required to record an NMR signal,
as sketched in figure 5.1 [218,219].
Furthermore, the dimension of a coil is not arbitrarily reducible and thus, the spatial

resolution is too poor to examine processes on the nanoscale. Studying these processes
would be highly interesting for research and medical applications – especially, since in many
cases, the properties and behaviour of materials on the nanoscale are completely different
from the macroscopic characteristics. Because a lot of quantum and thermal effects are not

67
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Figure 5.1: Size comparison between classical and nanoscale NMR. Classical detectors require a
large number of nuclear spins and thus macroscopic sample sizes. Using the NV centre in diamond it
is possible to perform NMR on the nanoscale, which might lead to new insights and discoveries.

observable in large systems, many areas including nanoscience, nanotechnology, surface
sciences and semiconductor physics would highly benefit from NMR on the nanometer
length scale. Monitoring phenomena and dynamics on the nanoscale or precise structure
determination of proteins or cells could also help our understanding of biological processes
and aid detection and treatment of diseases.
In the following, the NV centre is presented as a possible sensor to record NMR fields

of a nanoscale sample. Due to its excellent sensitivity and nanoscale resolution, it repres-
ents a promising detector for nanoscale NMR and MRI. Using dynamical decoupling (see
section 4.3) the NV centre can be made sensitive to AC magnetic fields generated by the
precessing spins [220]. The variety of recent publications highlight the great potential of
this technique [22,150–156,221].
In the next sections, first, the physical principles of NMR are introduced. After that,

the ideas for realising nanoscale NMR using single NV centres in diamond are explained
and experimental results are shown. Finally, problems and limitations are discussed.
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5.1 Principles of NMR

Nuclear magnetic resonance is the analogue to electron paramagnetic resonance (EPR) for
nuclear spins. Thus, the principles are essentially identical and the biggest difference is
the highly reduced gyromagnetic ratios (about 103−104 times smaller), mainly due to the
higher masses of the nuclear spin isotopes. Whether or not a nuclear isotope possesses a
spin depends on the number of protons and neutrons it contains. A selection of the most
important isotopes with a nuclear spin is listed in table 5.1.

Table 5.1: List of some of the most important nuclear isotopes with a spin. The values for the
gyromagnetic ratios γn, the spin angular momenta and natural abundances are taken from [222].

isotope γn in MHz/T spin natural abundance
1H 42.58 1/2 99.9 %
2H 6.54 1 0.01 %
13C 10.71 1/2 1.1 %
14N 3.08 1 99.6 %
15N -4.32 1/2 0.4 %
19F 40.08 1/2 100.0 %
29Si -8.47 1/2 4.67 %

If the spin is I = 1/2, there are two eigenstates, namely |↑〉 (mI = 1/2 state) and
|↓〉 (mI = −1/2 state). Without external influences these two states are energetically
degenerate and as in EPR this degeneracy can be lifted by applying a magnetic bias field.
The energy difference E∆ is given by:

E∆ = hνL = hγn| ~B| = hγn(| ~B0 + ~Benv|), (5.1)

where h is Planck’s constant, νL is the Larmor frequency, γn is the gyromagnetic ratio
of the nucleus and the magnetic field vector ~B is composed of the external bias field
~B0 and the magnetic field generated by the environment ~Benv. The nucleus can absorb
electromagnetic radiation with a frequency νL and thereby change its spin state.

Every nuclear spin has a magnetic moment and thus the whole sample usually possesses
a net magnetisation ~M , which is the sum of all the individual nuclear spin contributions. If
~M has a componentM⊥ perpendicular to the external magnetic field ~B, the magnetisation
precesses around ~B and electromagnetic radiation is emitted with a frequency equal to νL
and an amplitude proportional to M⊥. This radiation represents the NMR signal.
If the net magnetisation ~M is parallel to ~B, a radio-frequency pulse can be used to

perform a π/2-rotation to align the magnetisation into the perpendicular direction (same
principles as described in section 2.5).
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5.1.1 Interpreting the NMR spectrum

In the centre of figure 5.2, a typical one-dimensional 1H-NMR spectrum is displayed (here
1,1,2-trichloroethane) [223]. In the following, the information contained in this spectrum is
analysed step-by-step. For more advanced purposes higher dimensional NMR spectroscopy
can help to further improve resolution and peak assignments.

Chemical shift - Electronic environment

Although both main lines in the spectrum origin from hydrogen spins, they are separated
by a relative frequency difference of about 2 ppm. The reason is that the Larmor frequency
of each spin also depends on its chemical environment – especially on the surrounding
electron density – and this phenomena is called chemical shift. The principle is sketched in
the top box of figure 5.2. In an external magnetic field ~B0 electrons circulate and generate
an additional magnetic field ~Benv opposing the external field ~B0. The reduced effective
field at the nucleus is thus ~B0 + ~Benv. The higher the surrounding electron density, the
larger is this shielding effect and the lower is the effective field felt by the nucleus. For the
example above, chlorine has a larger electronegativity compared to hydrogen and carbon.
Therefore, the hydrogen (Hb) bound to the carbon joined to two chlorine atoms has a
slightly lower surrounding electron density and its Larmor frequency is higher. The other
two hydrogen atoms (Ha) have an equivalent configuration and thus the same frequency.
Since chemical shifts δcs depend on the bias field, spectra are usually plotted in terms of
relative frequency rather than in terms of absolute frequency:

δcs = ν − νref
νref

, (5.2)

with units of parts-per-million, relative to some standard νref (usually tetramethylsilane
is taken for protons).

Splitting - Coupling to neighbours

By taking a close look at the spectrum, it can be seen, that the two main peaks are split into
two and three sub-peaks, respectively. This splitting occurs when the neighbouring atoms
also have a magnetic moment, for example a nuclear spin. For this spin-spin coupling (or
J-coupling) the orientations of the magnetic moments are relevant, since they represent
an additional magnetic field, which further influences the effective field of NMR active
nuclei. In the spectrum above, the Ha-protons experience the spin of Hb, which can
have two orientations – parallel or anti-parallel to the external bias field. Thus, the peak
splits into two sub-peaks, which are centred around the original position and are called
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Figure 5.2: Interpretation of an NMR spectrum. The signal peaks in a typical NMR spectrum
contain information about the composition and environment of a sample (here 1,1,2-trichloroethane,
data taken from [223]). A more detailed discussion is in the text.
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a doublet. The two spins of the Ha-protons can align into four configurations and the
two configurations where the spins are orientated anti-parallel are equivalent and generate
no additional field. For this reason, the peak splits into a triplet and the central peak
is unshifted and has twice the amplitude. In general, the number of lines depends on
the number of neighbouring atoms with a magnetic moment. The magnitude and the
sign of the splitting depends on the coupling strength and therefore contains information
about connectivity of chemical bonds and relative bond distances and angles. This type
of coupling is independent of magnitude of the external magnetic field and about 6 Hz in
the above example.

Peak area - Spin density/number

The peak area is proportional to the number of spins contributing to this peak. The more
spins oscillate with the same frequency, the larger is the generated magnetic field. For the
example above, the signals of two Ha spins per molecule add to the right peak and its area
is twice the area of the left peak, for which only a single Hb spin per molecule contributes.

5.1.2 Sample magnetisation in classical NMR

In classical NMR the magnetisation of the sample depends on the thermal polarisation.
If the whole sample contains N spins, a number of spins N↑ aligns parallel to the external
magnetic field while the rest N↓ = N −N↑ arranges anti-parallel. Since the contribution
of a single spin to the NMR signal is cancelled by another spin with opposing orientation,
the net magnetisation depends only on the difference N↑ −N↓. Although the parallel
orientation is energetically more favourable, thermal motion populates both states and
the ratio is given according to Boltzmann statistics:

N↓
N↑

= e−E∆/kBT ≈ 1− hγnB

kBT
, (5.3)

where kB = 1.38 · 10−23 J/K is the Boltzmann constant. The magnetisation depends on
the ratio of magnetic energy E∆ = hγnB and thermal energy Etherm = kBT . Unfortu-
nately, at ambient conditions and even for high magnetic fields, Etherm is much larger than
E∆. As an example, for T ≈ 300 K, γ1H = 42.58 MHz/T and B = 15 T, E∆/Etherm ≈ 10−4

and thus N↓/N↑ ≈ 0.9999, which corresponds to about 1 spin out of 104. Improving the
polarisation by reducing the temperature is incompatible with most biologic samples and
further increasing B requires expensive and elaborated setups. Thus, alternative tech-
niques to increase N↓/N↑ are of very high interest in research and industry.
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The low polarisation at ambient conditions is also one main reason why one needs a
high number of spins and thus macroscopic sample sizes for classical NMR. In order to
perform NMR experiments with nanoscale samples, the magnetisation has to be detected
in a non-inductive way.

5.2 Principles of nanoscale NMR

The idea presented here is based on the direct detection of oscillating NMR magnetic
fields. For this purpose, a magnetic field sensor with a very high sensitivity and spatial
resolution is required. Although there are a few promising candidates, including magnetic
force resonance microscopes [219, 224, 225], the following concentrates on the detection
with single NV centres in diamond. The first realisation were reported recently [22, 23]
and the principle is sketched in figure 5.3.
A single NV centre located just a few nanometres below the surface of the diamond

is used to sense the magnetic field generated by the nuclear spins placed directly on top
of the surface. The examined sample size is on the order of 100 nm3. Furthermore, the
sensitivity is in principle sufficient to detect and characterise a single spin [24].

5.2.1 Sample magnetisation in nanoscale NMR

In contrast to classical NMR, the sample magnetisation in nanoscale NMR is dominated
by statistical effects rather than thermal polarisation [216]. The numbers of spins aligned
parallel and anti-parallel to the external field N↑ and N↓ can usually be very well ap-
proximated by binomial distributions [219]. For a large number of total spins N , the
relative standard deviation (∼ 1/

√
N) is very small. However, when reducing the sample

size, statistical effects become more and more important. For example, when considering
in total only 10 spins the probability that N↑ = 6 and N↓ = 4 is about 21 % and thus
not negligible. In this case N↓/N↑ = 2/3, while according to equation (5.3) and the same
parameters as above N↓/N↑ ≈ 0.9999 for the thermal polarisation. Thus, the so called
statistical polarisation clearly exceeds the thermal polarisation [216,219,225]. The critical
numbers for the transition between both regimes vary, depending on temperature and
magnetic bias field, between 109 and 1015 nuclear spins. Since in a volume of 1 nm3 there
are usually less than 100 spins, statistical polarisation clearly dominates on the nanoscale.
In contrast to the thermal polarisation, the statistical polarisation is time-dependent.

Statistical nuclear spin flips due to interactions with the environment change the magnet-
isation in the detection volume. Furthermore the dipole-dipole interactions between the
electron spin of the NV centre and the nuclear spins depend strongly on the distances and
thus diffusion in liquid samples becomes important.
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Figure 5.3: Nanoscale nuclear magnetic resonance setup. A shallow NV centre located just a few
nanometre below the diamond surface interacts with nuclear spins in the sample. The corresponding
detection volume (yellow shading) is in the 100 nm3-range.

A simulation of a typical nanoscale NMR signal is shown in figure 5.4 (see [226] for details
about the method). The magnetic field oscillates with the nuclear Larmor frequency (here
0.1 MHz), but its amplitude and phase vary with time. Thereby, the relevant time scale
is often referred to as the correlation time τcorr. The Fourier transform of this signal is a
peak centred around the Larmor frequency. The width, however, is limited by the inverse
of τcorr.

5.2.2 Experimental realisation

In order to record the NMR signal, the NV centre has to be made sensitive to frequencies
close to the Larmor frequency of the target spins. As extensively discussed in section 4.3,
dynamical decoupling (DD) uses a series of Nπ π-pulses to generate a controllable fre-
quency filter. The representation of the DD sequence in frequency space F(ω,Nπ, τ)
determines the sensitivity of a sensor for a certain frequency ω(= 2πν) as a function of the
pulse spacing τ . A more detailed description of F(ω,Nπ, τ) can be found in section 4.3.
Due to the interaction with the NMR field and the DD control the NV sensor accumulates
a quantum phase φ, which represents the measurement quantity (compare equation (4.20)
and [156]):

φi(ω,Nπ, τ) = γ̃NV

∫ ∞
−∞

B̃i(ω)F(ω,Nπ, τ)dω, (5.4)

where γ̃NV = 2π · γNV ≈ 1.76 · 1011 rad/(sT) is the gyromagnetic ratio of the NV centre’s
electron spin and B̃i(ω) is the Fourier transform of the magnetic field during the interaction
period. As shown above, the amplitude and phase of the signal vary over time and thus the
accumulated phase φi(ω,Nπ, τ) varies for every measurement repetition. The final result
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Figure 5.4: Simulated nanoscale NMR signal. (a) Due to the time-dependent statistical polarisation,
the signal amplitude and phase vary with time, while the oscillation frequency is fixed. (b) The Fourier
transform (FT) yields a peak centred around this frequency, albeit with a finite width which depends
inversely on the correlation time τcorr.

is a weighted average over all possible values for φi(ω,Nπ, τ) and the weighting function
depends on the distributions of amplitudes and phases. Excluding additional relaxation
mechanisms and assuming the distribution for φ follows a normal distribution with variance
〈φ2〉 and zero mean, the averaged probability function can be written as [156]:

〈P0〉 = 1
2(1− 〈cosφ〉) = 1

2

(
1− e

−〈φ2〉
2

)
= 1

2
(
1− e−χ

)
, (5.5)

where the decoherence function χ = 〈φ2〉/2 represents a convolution of power spectral
density S(ω) and |F(ω,Nπ, τ)|2 [24, 156]:

χ = γ̃2
NV
4π

∫ ∞
−∞
S(ω) |F(ω,Nπ, τ)|2 dω. (5.6)

The power spectral density of the NMR signal is given by:

S(ω) = |B̃(ω)|2 =
∫ ∞
−∞
〈B(t)B(0)〉 eiωtdt, (5.7)

and for Nπ equally spaced π-pulses, |F(ω,Nπ, τ)|2 can be written as [170,180]:

|F(ω,Nπ, τ)|2 = 2
ω2 · F (ωτ) = 2

ω2 · 8
sin4 ( ωτ

4Nπ ) sin2 (ωτ2 )
cos2 ( ωτ

2Nπ ) , (5.8)

where F (ωτ) is often referred to as filter function in literature.
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Figure 5.5: Experimental nanoscale NMR. (a) 1H NMR spectra recorded using different number of
applied pulsesNπ with the same NV centre. The signal height increases withNπ until decoherence limits
the contrast. The data was partially offset for reasons of overview. (b) Nanoscale NMR experiment
showing nuclear isotope discrimination. For an arrangement, as sketched in the inset, the signal of both
1H- and 19F-spins were recorded simultaneously.

Nanoscale 1H-NMR measurements recorded with different Nπ are shown in figure 5.5(a).
The spectra were measured with a single NV centre located (4.1± 0.3) nm below the sur-
face of the diamond (determination see below) in a setup as sketched as in figure 5.3. The
target 1H-spins are located inside an immersion oil (Fluka Analytical 10976) with a dens-
ity of ρ ≈ 50 nm−3. The time τ separating the Nπ π-pulses of the used XY8 sequence was
adapted successively and the corresponding final sensor state was measured. The mag-
netic bias field of 43.2 mT corresponds to a 1H Larmor frequency of about ν1H ≈ 1.84 MHz
and thus the resonant pulse spacing should be τ = 272 ns (compare equation (4.18)). For
Nπ = 16, the interaction time is too short to detect a signal within the chosen recording
time. By increasing the number of pulses a clear signal becomes visible. Although the sig-
nal height should in principle further increase with Nπ, relaxation processes interfere with
the measurement and reduce the contrast. The interaction duration for DD spectroscopy
is limited by the T2-time.
In figure 5.5(b), it is shown, that it is possible to discriminate different nuclear spin

isotopes. For this experiment, a different, about (6.5± 1.0) nm deep, NV centre was used
and the idea was to measure the 19F spins of the Fomblin molecule, which is hydrogen free.
At a bias field of about 69 mT, XY8-16 sequences (so Nπ = 128) were used. Surprisingly,
there are two peaks in the resulting spectrum – one corresponding to the 19F Larmor
frequency (τ = 180.8 ns) and one to the 1H Larmor frequency (τ = 170.2 ns). A possible
interpretation is that an adsorptive thin layer containing hydrogen atoms forms during
sample preparation, resulting in a setup as sketched in the inset of figure 5.5(b).
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Figure 5.6: Deconvolution of the measurement signal. The recorded data is a convolution of the
magnetic signal S(ω) and the filter generated by the used DD protocol. In order to extract S(ω), a
deconvolution has to be performed. Since an exact computation is not possible, F (ωτ) is approximated
as an rectangular function.

For further analysis, S(ω) needs to be extracted from the recorded data. Due to the
limited number of experimental data points compared to the infinite number of unknown
power spectral density amplitudes, computing an exact deconvolution is impossible. A
well established approach is to approximate F (ωτ) as a rectangular function, centred
around the maximum position ω = π/τ (↔ ν = 1/(2τ)), with width ω∆ = 2π/(Nπτ)
(↔ ν∆ = 1/(Nπτ)) [22]:

F (ωτ) = A ·
[
ΘH

(
ω − π

τ
+ π

Nπτ

)
−ΘH

(
ωτ − π

τ
− π

Nπτ

)]
, (5.9)

where ΘH(x) is the Heaviside step function. A comparison is sketched in figure 5.6 which
shows that this is a reasonable approximation. For large number of pulses the height
A increases as 2N2

π since the sensor phase increases linearly with the number of pulses
Nπ, but the result depends on the variance

〈
φ2〉 which scales quadratically. The width

is chosen as the full width at half maximum of the filter function. Then equation (5.6)
simplifies to [24]:

χ = 4γ̃2
NV
π2 S(ω)Nπτ, (5.10)

with ω = π/τ and solving for S(ω) yields:

S(ω = π

τ
) = π2

4γ̃2
NVNπτ

χ. (5.11)
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Both the shape and the area of S(ω) contain valuable information. The profile, for ex-
ample, depends on the nanoscale dynamics of the target spins [227]. The width can provide
information about diffusion and nuclear relaxation mechanism [22, 27, 228]. The area is
a measure of the strength of the magnetic field fluctuations (neglecting the influences of
diffusion and dipolar coupling onto the measurement result) [24]:

〈∆B2〉 = 1
2π

∫ ∞
−∞

S(ω)dω, (5.12)

which can for example be used to determine the depth d of the NV centre if the proton
density ρN is known or vice versa [24,156]:

d =
[ 5

1536π〈∆B2〉
µ2

0h
2γ2
nρN

]1/3
, (5.13)

where µ0 = 4π · 10−7 N/A2 is the vacuum permeability.

5.3 Limitations up to date

Although single NV centres are capable of measuring NMR signals from a nanoscale sample
volume and are in principle sensitive enough to detect a single external nuclear spin, the
quality of the spectra is usually clearly worse compared to the ones known from classical
NMR.
One of the most important drawbacks is the limited spectral resolution. Using conven-

tional dynamical decoupling, the obtainable linewidth is limited by the T2 coherence time
of the sensor. Especially for shallow NV centres, the T2 time is typically in the range
of just a few microseconds, which corresponds to a spectral resolution of several tens or
hundreds of kilohertz. This is far from sufficient to resolve the small shifts and splittings
caused by the chemical environment, which contain an enormous amount of information
and made NMR spectroscopy so important. Great effort has been made to solve this issue
and the ideas reach from improving the properties of the NV centres by material science to
new analysis methods [229] and utilising more advanced techniques including correlation
spectroscopy [27, 228, 230]. The quantum heterodyne technique [153], which represents
another possible approach, is introduced in chapter 7 of this thesis.
The same protocol helps with reducing the recording time, which for DD spectroscopy

is rather long since every frequency component has to be sampled individually and thus,
a lot of time has to be spent for a spectrum with high signal-to-noise ratio and many data
points.
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Another problem is the time-dependence of the statistical magnetisation, which leads to
broadening of the NMR lines. Due to the strong distance dependence of dipolar couplings,
one of the main issues is diffusion. Ideas to reduce the influence of diffusing nuclear
spins include increasing the sample volume by using deeper NV centres improving the
signal coherence time quadratically with depth [230] or to use polymers which slow down
diffusion.
Furthermore, the used π-pulses can lead to signal distortion and artificial peaks in

spectra. The origin of this problem and a solution are discussed in chapter 6.
Another issue is that optimal strategies for certain tasks are not known yet, for example

when recording a full spectrum is excessive. The solution for such a specific problem is
discussed in chapter 8.
Finally, the appearance of spurious harmonics due to the finite duration of the π-pulses in

the XY8-sequence complicates the spectrum and may lead to false signal identification [28].
A possibility to overcome this problem is discussed in detail in chapter 6 and the findings
are confirmed by experimental data.





6 Quantum spectroscopy using
randomisation of pulse phases

Pulse errors are unavoidable in experiments and limit their performance. This is especially
critical when larger numbers of pulses, which suffer from amplitude and/or frequency
detuning errors, are applied. Therefore, robust dynamical decoupling (DD) sequences that
include several pulse phases [146,167,179,184,231] were developed and they compensate for
those errors to a certain degree. However, they have the disadvantage to produce spurious
harmonic responses [28], which distort the measurement outcome. Possible consequences
are incorrect signal identification and inaccurate result interpretation.
The idea to suppress spurious responses, that is introduced in the following, is based on

adapting the phases of the used π-pulse randomly. Furthermore, it is shown that signal
distortions due to π-pulse imperfections can be mitigated when using this randomisation
technique. The performance is experimentally shown for nanoscale nuclear spin sensing
and magnetometry of classical AC fields. Although single NV centres in diamond are
used as a sensor, the method is applicable to any qubit sensor and can be combined with
existing multi-pulse quantum sensing sequences to enhance their performance. Adapted
with permission from [232]. Copyright 2019 by the American Physical Society.

6.1 Spurious responses under dynamical decoupling

In quantum sensing the aim is to detect a target field B(t), for instance originating from
a single nuclear spin or a weak magnetic signal. DD can be used to control the quantum
sensor by applying π-pulses that create a spectral filter and make the sensor sensitive
to only a specific frequency range, while it is decoupled from noise of different spectral
regions. By adapting the spacing between individual pulses, various frequency components
can be sampled and thus it is possible to do spectroscopy (see also section 4.3).
The sequence of π-pulses is usually arranged as a periodic repetition of a basic pulse

unit. In order to improve the robustness, those π-pulses often have specific phases θi, as
shown in figure 6.1(a). A famous example is the routinely used XY8 sequence, sketched
in figure 6.1(b), whose basic unit consists of eight equidistant π-pulses with phase differ-

81
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Figure 6.1: Basic unit for pulsed dynamical decoupling. (a) The phases θi and the timing of the
π-pulses define the basic unit of a DD pulse sequence. (b) The basic unit of the XY8 sequence consists
of eight equidistant π-pulses with phases alternating between 0 and π/2. The corresponding Fz(t) and
F⊥(t) are plotted below the sequence (see equations 6.2 and 6.3). Due to the finite length of the
π-pulses, F⊥(t) does not vanish completely. Adapted with permission from [232]. Copyright 2019 by
the American Physical Society.

ences of π/2, arranged in a way to mitigate pulse errors and imperfections [184] (also see
section 4.3.3).

As shown in figure 6.2(a), the basic DD unit may be repeated M times, which increases
the total signal accumulation time Ttotal = MT0 and thereby enhances the acquired con-
trast [165]. Furthermore, the frequency resolution is improved to ∼ 1/Ttotal and M is
eventually limited by the coherence time of the sensor.
In theory the shape of a π-pulse is often assumed δ-like. In realistic situations, however,

the π-pulses can not be instantaneous because of limited control power due to hardware
specifications or heat stability of the used equipment. Taking finite pulse length into
account, the Hamiltonian of the DD protocol and the target field B(t) reads [232]:

H(t) = 1
2Fz(t)B(t)σ̂z + 1

2[F⊥(t)σ̂− + H.c.]B(t), (6.1)

where σ̂− = |0〉〈1|. Fz(t) is the modified stepped modulation function (compared to equa-
tion (4.13)) of the DD control [232]:

Fz(t) = (−1)m−1 cos (κ(t)), (6.2)

where m is the number of π-pulses applied up to time t and κ(t) is the angle of rotation.
Between the pulses, κ(t) = 0 and thus Fz(t) remains unaltered. For instantaneous π-
pulses, Fz(t) directly changes sign. For finite length pulses, κ(t) = Ωt, where Ω is the
Rabi frequency, and Fz(t) takes different values during the application of the pulses as
sketched in figure 6.1(b).
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Figure 6.2: Principle of phase randomisation for dynamical decoupling. (a) In order to increase
the sequence duration usually the same basic pulse unit is repeated multiple times (here M times).
(b) For the randomisation protocol the same randomly determined phase Θr,m is added to all pulse
phases within each unit, and there is a different independent random phase for every unit. The set of
random phases {Θr,1,Θr,2, . . . ,Θr,M} can be renewed for different iterations of the sensing experiment.
Adapted with permission from [232]. Copyright 2019 by the American Physical Society.

The perpendicular modulation function F⊥(t) takes the form [232]:

F⊥(t) = i(−1)m−1 exp
{
−i[2

m−1∑
l=1

(−1)lθl + (−1)mθm]
}

sin (κ(t)), (6.3)

and vanishes between pulses due to κ(t) = 0. The same applies for instantaneous con-
trol, where κ(t) immediately changes from 0 to π and back. During a π-pulse, however,
F⊥(t) has a non-zero value as indicated in figure 6.1(b) for the XY8 sequence. Although
pulse shaping techniques [233] can eliminate the effect of deviations in Fz(t), a non-zero
F⊥(t) can influence the measurement outcome. For a frequency component, being the
kth multiple of 1/Ttotal, a spurious response will be created whenever the Fourier amp-
litude [232,234]:

f⊥k = 1
Ttotal

∫ Ttotal

0
F⊥(t) exp

(
−i 2πkt
Ttotal

)
dt = ck,M f̃

⊥
k/M , (6.4)

is non-zero, where

f̃⊥k/M ≡
1
T0

∫ T0

0
F⊥(t) exp

(
−i2πkt
MT0

)
dt, (6.5)
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Figure 6.3: Simulated quantum spectroscopy with the XY8 sequence. (a) Spectra computed for
a single NV centre coupled to one 1H and one 13C spin, respectively (for parameters see text). For the
ideal XY8 sequence (blue dotted line) with instantaneous and error-free π-pulses, only a signal due to
the 1H spin is present in the shown frequency range. For π-pulses taking 200 ns, an additional peak due
to the 13C complicates the spectrum (orange dashed line). Using randomisation of the pulses phases
the 13C spin signal can be efficiently removed (green solid line). (b) Same as in (a), but including
additional 5 % pulse errors in frequency detuning and driving amplitude, with respect to the ideal Rabi
frequency, for the simulations of the π-pulses. Adapted with permission from [232]. Copyright 2019 by
the American Physical Society.

is the Fourier component defined over a single period T0 and [232]

ck,M = 1
M

M∑
m=1

exp
(
−i2πk(m− 1)

M

)
. (6.6)

The product Mck,M is a sum over roots of unity and cancels to zero, unless k/M is an
integer and equation (6.6) yields ck,M = 1 [232]. For standard repetitions of a basic pulse
unit, the Fourier amplitudes are [232]:

f⊥k =

f̃
⊥
k/M if k/M ∈ Z,

0 otherwise.
(6.7)

This spurious response can cause false signal identification, which is especially critical
for NMR experiments since the gyromagnetic ratios of two of the most relevant nuclei in
NMR (1H and 13C) are almost a multiple of each other (γ1H ≈ 4γ13C) [28]. In order to
exemplify this, the results of simulated quantum spectroscopy experiments are shown in
figure 6.3. A single NV centre is assumed to interact with one 1H spin via the hyperfine
field with components A⊥ = 2π · 2 kHz and A‖ = 2π · 1 kHz. Furthermore, a single 13C
spin (hyperfine components A⊥ = 2π · 5 kHz and A‖ = 2π · 50 kHz) is included [232]. XY8
sequences with M = 200 are used to compute spectra between 1910 kHz and 1925 kHz.
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First, an ideal XY8 protocol with instantaneous π-pulses and no imperfections is used
(blue dotted line). As expected for a magnetic bias field of about 45 mT, only the 1H
spin produces a signal in this frequency range. Taking finite π-pulse length (here 200 ns)
into account, the simulated spectrum (orange dashed line) shows a high side-peak due to
the carbon spin, which interferes with the ideal spectrum. If additional pulse errors are
added to the π-pulses in form of frequency detuning and non-optimal driving amplitude
(5 % deviation respectively), the performance gets even worse as shown in figure 6.3(b).

6.2 The randomisation protocol

In order to mitigate all spurious signals, the idea is to randomly modify the π-pulse phase
in the following way [232]. Within one basic unit the phases of all π-pulses are incremented
by the same random phase Θr,m ∈ [0, 2π[. For each other repetition this additional phase
is randomly and independently changed. The principle is sketched in figure 6.2(b). By
setting all the random phases equal to zero, the standard DD version is recovered. Since
the internal structure of the individual basic units is not altered, the robustness and the
working principle are preserved.
This modification does not influence Fz(t), but changes F⊥(t)→ F⊥(t)eiΘr,m and it

follows [232]:

f⊥k = 1
MT0

∫ MT0

0
F⊥(t) exp

(
−i2πkt
MT0

)
dt

= 1
MT0

M∑
m=1

∫ mT0

(m−1)T0
F⊥(t)e−iΘr,m exp

(
−i2πkt
MT0

)
dt

= Zr,M f̃
⊥
k/M ,

(6.8)

where [232]

Zr,M = 1
M

M∑
m=1

ei[Θr,m−2πk(m−1)/M ]. (6.9)

Using that Θr,m and thus Θr,m − 2πk(m− 1)/M are random, Zr,M can be simplified to:

Zr,M = 1
M

M∑
m=1

exp(iΘr,m), (6.10)

and thus represents a sum of random complex phases. Since the average of independent
random phases is zero, both the expectation value 〈|Zr,M |2〉 [232]:

〈|Zr,M |2〉 = 1/M, (6.11)
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and the variance reduce with M [232]:

〈(|Zr,M |2 − 〈|Zr,M |2〉)2〉 = (M − 1)/M3. (6.12)

Averaging over K independent measurements, each recorded with a different set of random
phase, further reduces 〈|Zr,M |2〉 by a factor of 1/K [232]. In contrast to a specific set of
phases Θr,m, which could only minimise f⊥k for certain k, the randomisation method
suppresses all spurious peaks produced by any DD sequence [232].
The simulations described above were repeated for the randomised version of the XY8

protocol, keeping all other parameters identical. As shown in both subfigures of figure 6.3,
the unwanted disturbance of the 13C spin is cancelled completely and the spectra are
almost identical to the ideal ones.

6.3 Experimental realisation of the randomisation protocol

To experimentally benchmark the performance, different signal types were measured using
DD spectroscopy. For the results shown in the following, exclusively the XY8 protocol was
used and the performance of the standard and the randomisation versions are compared.
However, the findings in principle apply to any other DD protocol (for example YY8 [235]
or UR8 [231]). For the randomisation protocol, a random phase was added to all π-pulses
as described above and in figure 6.2(b). In order to generate these random phases, the
Python package random was used.

Experimental details

For all experiments the QuDi software suite was utilised (appendix A.1.4 and [236]).
Single NV centres were used as sensing qubits (with states |0〉 and |1〉) through lifting the
degeneracy of their ms = −1 and ms = +1 spin states by applying magnetic bias fields
between 40 mT and 50 mT. Resonant microwave pulses then allow to selective address the
ms = 0 ↔ ms = −1 transition. By using a π/2-pulse before applying the DD protocols,
the NV centre is brought into a coherent superposition. After the interaction period
the readout is performed in the same basis by mapping the acquired sensor phase to a
population difference with a second π/2-pulse. These two π/2-pulses were without any
intentional errors, also for section 6.4 where pulse errors to the π-pulses were introduced
on purpose.
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Figure 6.4: Experimental suppression of spurious harmonics by phase randomisation. An artificial
AC magnetic field with frequency ν0 = 530 kHz was measured using the XY8 sequence. The non-
instantaneous π-pulses (Rabi frequency: Ω ≈ 2π · 5 MHz) produce spurious peaks at the frequencies
2ν0 and 4ν0 in the spectrum of the standard version (orange). For the same signal and pulse durations
the XY8 sequence with phase randomisation (green) efficiently suppresses all the spurious peaks while
the desired signal, which is centred around ν0, is preserved. For the experiments in (a) M = 25
repetitions were used and in (b), for a much weaker AC field, M = 125 repetitions. Adapted with
permission from [232]. Copyright 2019 by the American Physical Society.

Nanoscale AC magnetometry

First, an artificial AC magnetic field with a frequency of ν0 = 530 kHz was recorded. It
was generated by a Gigatronics 2520B signal generator and a 20 µm thin copper wire
acting as antenna. The spectra obtained with M = 25 individual XY8 units (thus 200
π-pulses in total) are shown in figure 6.4(a). In the spectrum of the standard version
(orange points), there is a large signal at the expected position around ν0. However, there
are also significant peaks at 2ν0 and 4ν0. These additional signals originate from the
spurious response during the finite-length π-pulses (here about 100 ns). In contrast, for
the randomised XY8-version (green points), where all 25 individual units had additional
random phases, there is no detectable signal around 2ν0 and 4ν0. The provided data is an
average of K = 10 realisations differing in the set of random phases {Θr,1,Θr,2, . . . ,Θr,M}.
The same result and conclusion can be obtained when recording a much weaker signal
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Figure 6.5: Experimental detection of proton spins using the randomised XY8 sequence. The
standard protocol produces strong and wide spurious peaks, which originate from coupled 13C nuclear
spins naturally occurring in diamond. This complicates the detection of 1H spins on the diamond
surface. For both M = 20 in (a) and M = 30 in (b), these additional 13C peak can be efficiently
suppressed using the randomisation protocol. Then just the 1H signal centred around 1.9 MHz remains.
Adapted with permission from [232]. Copyright 2019 by the American Physical Society.

for which a larger number of π-pulses (M = 125) was used as shown with the spectra in
figure 6.4(b).

Nanoscale NMR

Nanoscale NMR and MRI experiments are based on the detection of nuclear spin en-
sembles. These nuclear spins generate magnetic fields oscillating with their Larmor fre-
quencies, which can be detected with the NV centre (compare chapter 5). The spectra
(for M = 20 and M = 30) in figure 6.5 were measured using a single shallow NV centre
in a natural abundance 13C diamond (1.1 %, description of diamond in appendix A.1.5),
which interacts with both: 1H spins in oil molecules on top of the diamond surface and
coupled 13C spins inside the diamond (compare figure 5.3). Since both spin isotopes have
gyromagnetic ratios differing by about a factor of four (γ1H ≈ 4γ13C) it should be easy to
distinguish their spectral contributions. The 44.6 mT bias field corresponds to the frequen-
cies ν1H = 1.899 kHz for the 1H spins and ν13C = 0.4774 kHz for the 13C spins. Although
the spectra in figure 6.5 only show a narrow range around ν1H, a signal due to 13C spins
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can be found for the standard XY8 protocol (orange data, Rabi frequency of the π-pulses:
Ω ≈ 2π · 11 MHz). Due to that, NMR experiments with NV centres usually require highly
12C isotopically purified diamonds in order to reduce the effects of spurious harmonics
from intrinsic 13C spins. In contrast, all the spurious 13C background noise is absent in
the spectra recorded with the randomised XY8 sequence and only the 1H signal is present
(green data). Removing the spurious responses also improves the accuracy and reliability
of further analyses. For example, the spectrum can be used to determine the distance of an
NV centre to the diamond surface as shown in section 5.2.2 (also compare [156]). For this
analysis the peak area needs to be extracted and theses areas are clearly different for the
standard and randomised spectra. For the standard XY8 sequence the calculated depth
is about (5.88± 0.52) nm, whereas for the randomised XY8 sequence (7.62± 0.29) nm is
obtained – a deviation of about 30 % [232]. These results make the usage of hard to
manufacture and thus expensive highly isotopically purified diamonds for nanoscale NMR
experiment less important – without the need to create new and complicated measurement
and analysis protocols.

Spectroscopy of quantum signals

Very important for the characterisation of quantum systems is the detection of single
building blocks, as individual spins, and the identification of their hyperfine fields. These
hyperfine fields shift the resonance frequencies, which can be detected using the same DD
techniques as described above. Here, in particular, spectroscopy using a single NV centre
is performed with the aim to measure its 13C spin environment. First, the standard XY8
principle is used (M = 2) and the results are display in figure 6.6 (orange data). At the
carbon Larmor frequency at about ν0 = 0.45 MHz for the 42.5 mT bias field (left dotted
line) there is a large signal. In addition, at a slightly higher frequency another peak which
is probably due to at least one strongly coupled 13C spin is detected (further discussion
in [232]). When performing spectroscopy around 2 · ν0 and 4 · ν0 there are again spurious
harmonic signals (M was increased to M = 60 and M = 100 respectively). Subsequently,
the same measurements were repeated using the randomisation principle (green data).
Both signal peaks around the bare Larmor frequency match the data recorded with the
standard XY8 technique. In contrast, the randomisation protocol efficiently suppresses
the spurious harmonics at 2 · ν0 and 4 · ν0 from both, bath the single spins.
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Figure 6.6: Quantum spectroscopy with the randomised XY8 sequence. Spectra recorded with a
NV centre coupled to single 13C spins and a 13C spin bath. The randomised XY8 sequence suppresses
any higher harmonics. Adapted with permission from [232]. Copyright 2019 by the American Physical
Society.

6.4 Robustness enhancement by randomisation

Since the central component of DD sequences are the π-pulses, the performance of exper-
iments based on DD is limited by errors in these control pulses, which are unavoidable in
experiments. In order to manipulate the spin state of the NV sensor usually microwave
fields are used. These fields have a frequency, an amplitude, a phase and in the case of
pulses a duration. In the Bloch sphere representation the pulses describe rotations (for
more details see section 2.5). The frequency should be resonant to the energy splitting
between the sensor levels. The product of amplitude and duration determines the rota-
tion angle and should correspond to a π-rotation for a π-pulse. Finally the phase of the
microwave field, in this section also referred to as the phase of the π-pulse, determines the
angle of rotation.
Since all these parameters can not be measured or, due to hardware constraints, adjusted

with arbitrary accuracy, there are always some deviations in experiments. Furthermore,
instabilities of the hardware, for example noise of the microwave amplifier, or drifts of
the background magnetic field cause further fluctuations. Therefore, it is desirable to use
DD protocols whose performance is minimally affected by these deviations, called pulses
errors.
If the influence from the environment can be neglected, the expected behaviour of DD

is to maintain the qubit state. For example, if the initial state is |0〉, the state after the
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DD sequence should also be |0〉. For a single basic unit, static control imperfections cause
error transition with the amplitude [231]:

〈0|Uunit|1〉 = V ε+O(ε2), (6.13)

where Uunit is the time evolution operator of a single DD block and V is the factor of the
leading order error ε. Using the standard protocol, for which the basic unit is repeated M
times, the error accumulates [232]:

〈0|(Uunit)M |1〉 = MV ε+O(ε2). (6.14)

Similar to the mitigation of the spurious harmonics, this accumulation is suppressed by
the factor Zr,M (see equation (6.10)) [232]:

〈0|Ur|1〉 = Zr,MMV ε+O(ε2), (6.15)

where Ur is the time evolution operator of the randomisation protocol.

Frequency and amplitude errors

The enhanced robustness is shown in figure 6.7 with both, simulations and experimental
data. The performance of the XY8 sequence with in total 200π-pulses (M = 25) and
an interpulse spacing of τ = 200 ns was examined for different pulse imperfections. Both,
the amplitude errors and the frequency detunings were calibrated with respect to the
experimental Rabi frequencies (about Ωideal = 2π · 33 MHz for these experiments). For
example, a Rabi error of 10 % corresponds to deviation in the driving strength of about
2π ·3.3 MHz. The initialisation and the readout were performed as described in section 6.3.
The population remaining after the error-prone DD is measured and colour-coded. The
experimental data was recorded with a resolution of 10 × 10 pixel and is post-processed
by resizing (factor 5) and interpolating (weighted average of pixels in the nearest 4-by-
4 neighbourhood). The results for the standard version (XY8) and the randomisation
protocol (RXY8) are shown in figure 6.7(a) and (b), respectively.
The simulations and experiments demonstrate robustness improvement when applying

phase randomisation. For example, for a Rabi error of 10 % and about 10 % MW detuning,
we find 96 % remaining population for the randomised version and below 90 % population
for the standard protocol.
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Figure 6.7: Enhancement of robustness with phase randomisation. The population preserved
after an error-prone XY8 sequence is examined via simulations and experiments for (a) the standard
XY8 sequences and (b) the randomisation version of XY8 (RXY8). The detuning and Rabi frequency
errors are calibrated in terms of the ideal Rabi frequency of Ω = 2π · 32.8 MHz. The sequences have a
pulse spacing of 200 ns and M = 25 XY8 units. With RXY8 an enhanced robustness for a wider range
of parameters can be observed. The experimental data in (a) and (b) were recorded with a resolution of
10× 10 pixels and were resized as well as interpolated. Adapted with permission from [232]. Copyright
2019 by the American Physical Society.



6.4. Robustness enhancement by randomisation 93

RXY8 (experiment)
0

40

20

ph
as
e
er
ro
r(

°)

60
600 1000200

(b)

--

XY8 (experiment)
0

40

20

60
600 1000200

(a)

pulse spacing τ (ns)

pr
es
er
ve
d
po

pu
la
tio

n

1

0.5

0

Figure 6.8: Enhanced phase robustness with the randomisation protocol. The phase relation
between the X (θ = 0°) and Y (should be θ = 90°) pulses of the XY8 sequence is distorted and the
preserved population as a function of the pulse spacing τ is measured for (a) the standard XY8 sequences
and (b) the randomised protocol. For both experiments 96 (M = 12) resonant microwave π-pulses are
used with a Rabi frequency of Ωideal = 2π · 66.6 MHz. The recorded data (7 × 10 pixel resolution)
is rescaled and interpolated. Adapted with permission from [232]. Copyright 2019 by the American
Physical Society.

Phase errors

Robust DD protocols, as the XY8 sequence, usually use rotations about different axes.
Thereby it is important that the relations between the individual phases are adjusted
accurately. When using a digital pulsing device, pulses with different phases are usually
generated by splitting up the microwaves from the source and shifting the phase in one
arm by suitable equipment. However, different cable lengths in both arms or the limited
working accuracy of the used devices can sum to relative phase errors. In figure 6.8 the
improvement of phase robustness for the randomised XY8 sequences (M = 12) using oth-
erwise error-free microwaves is shown. For this purpose the 90° phase difference between
the X (θ = 0°) and Y (should be θ = 90°) π-pulses in the XY8 protocol was distorted in-
tentionally. As an example, for a phase error of 10°, the phase of the Y pulse was changed
to 100° and the population remaining after application of the respective XY8 sequence
was measured as described in section 6.3. The data was recorded with a resolution of
7× 10 pixel and post-processed by resizing (factor 5) and interpolating (weighted average
of pixels in the nearest 4-by-4 neighbourhood). The performance of the conventional XY8
sequence (figure 6.8(a)) drops drastically under phase-errors, especially with growing spa-
cing τ between individual π-pulses. On the contrary, the application of the randomisation
protocol provides a strong suppression of the phase-error, as shown in figure 6.8(b). It is
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very likely that for a larger number of control pulses the difference in performance further
increases.

6.5 Conclusion

It is theoretically derived and experimentally shown that phase randomisation retains the
expected signal, while efficiently and universally suppressing spurious responses for DD
sequences. The protocol is equally well applicable for quantum and classical signals, and
can be used for facilitating clear and unambiguous AC field and nuclear spin detection
[232]. Especially relevant for magnetometry with NV centres is that the presented method
decreases the dependency on 13C purified diamond. In addition, the robustness against
pulse imperfections is further enhanced. The technique is simple to implement, is valid for
all DD protocols and is in general applicable to all quantum platforms where DD sequences
are used [232].



7 Quantum heterodyne detection

NV centres in diamond have shown extraordinary sensitivity and spatial resolution for
non-invasive magnetic field detection and characterisation [42]. However, the spectral
resolution remains poor when using the standard protocols, which are usually based on
dynamical decoupling (DD). By applying a train of π-pulses onto the sensor qubit, a
spectral filter is generated, which can be used to sample different frequency components
(compare section 4.3). The width of this spectral filter is given by the inverse of the in-
teraction time between sensor and signal. Thus, the finite T2 coherence time of quantum
probes sets a limit to the performance. Although additional measurements up to time
T can further reduce noise by averaging and thereby improve the accuracy of frequency
estimation, usually as

√
T , the resolution remains unamended. This becomes especially

relevant for NMR, since frequency shifts due to environmental influences, which contain
useful information, are very small and thus sensors with a very good resolution are neces-
sary (compare chapter 5). An example is sketched in figure 7.1, where the T2 = 0.1 ms
coherence time is not sufficient to resolve the small differences between the 13C-NMR-
spectra of acetic acid (blue lines) and methyl formate (green lines) due to the different
chemical environment of their 13C-spins.

Another disadvantage is that all spectral components need to be sampled individually.
If in a fixed time the number of data points in a spectrum should be increased, less time
can be spent for every frequency component and thus the relative individual noise raises.
Recently, the first realisations to perform spectroscopy beyond the T2-limit were reported.
For example by transferring the quantum phase to a state population, the usually longer
T1-relaxation time can be used [27, 228]. If an additional long-living qubit is available, it
can be used as a memory [155,230, 237–239]. The idea is to correlate the quantum phase
acquired in the beginning of the sensing period and transferred to the memory qubit with
the quantum phase accumulated after a variable idle time. Then, the T2-limit of the
quantum system is effectively replaced by the lifetime of the long-living qubit. Although
the frequency resolution is improved this way, the overall sensitivity might be reduced,
since a large part of the time is not used to acquire a signal. Repeating the measurement
results in the standard T−1/2-scaling for the uncertainty in frequency estimation.

95
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Figure 7.1: Limited resolution of dynamical decoupling spectroscopy. The 13C-NMR spectra of
acetic acid (blue lines) and methyl formate (green lines) differ only by a few Hertz, even at a relative high
magnetic field of 1 T (NMR data from [223]). The limited coherence times of quantum sensors (here
T2 = 0.1 ms) are usually not sufficient to discriminate the small influences due to different environments
of the 13C-spins in both molecules with conventional coherence limited techniques.

In the following the principle of the quantum heterodyne (Qdyne) detection scheme
[153], which allows coherence independent frequency resolution with an enhanced pre-
cision scaling of T−3/2 is introduced (section 7.1) and experimentally realised using DD
(section 7.2). For the experiments in this work the NV centre is used as a quantum sensor,
but the idea of Qdyne is general and in principle can be transferred to all other qubit based
sensors.

7.1 Principle of quantum heterodyne detection

In the following the idea, the working principle and the experimental realisation of Qdyne
with NV centres are discussed.

7.1.1 The idea

Heterodyne detection is a principle known since the beginning of the 20th century and
is for example used in optics and image processing. The idea is to measure a signal
with unknown frequency ν by non-linear mixing with a reference frequency νLO from a
local oscillator. The frequencies of the mixed signal depend on the difference and sum
of ν and νLO. Classically, the primary benefit is that the lower frequency signal can
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be easier detected and processed. For quantum spectroscopy another advantage can be
more important: The spectral resolution is limited by the stability of the local oscillator.
Quantum heterodyne (Qdyne) detection can be realised by using a quantum probe as
the non-linear mixing element that brings in the measurement information and utilising a
highly stable classical clock as the local oscillator. This hybrid classical-quantum approach
combines the advantages of the high spatial resolution and sensitivity of the quantum
sensor and the high stability of the local oscillator.

7.1.2 The working principle

Although the principle works for arbitrary frequency distributions, for simplicity, the fol-
lowing for the moment concentrates on signals with a single frequency. An oscillating field
of interest H(t) can then be described by its amplitude H0, its frequency ν and its initial
phase θ0 = θ(t = 0):

H(t) = H0 · sin (θ(t)), (7.1)

where
θ(t) = 2πνt+ θ0. (7.2)

If it is possible to measure θ(t) at any time, the frequency ν can be estimated by recording
at different moments in time {t0, t1, ..., tn}, where {} corresponds to a set. The precision
and spectral range of the estimate depend on the choice of {t0, t1, ..., tn} in correspondence
to the Nyquist-Shannon theorem, but also on how accurate these interrogation times can
be adjusted experimentally.
Qdyne uses this principle to enable high resolution spectroscopy. For this purpose, it is

essential that the response of the quantum probe to a field of interest H(t) depends on its
phase θ(t). This can usually be realised by applying a suitable control on the sensor and
two possible options are introduced in this thesis (see section 7.2 and chapter 9). In order to
adjust the set of interrogation times a very stable clock can be used. If the {t0, t1, ..., tn}
are equidistantly spaced (tn = n · t∆), the sampling rate is 1/t∆. Since multiple signal
periods might be within t∆ (for t∆ > 1/ν), the local oscillator frequency is here defined
as:

νLO = m/t∆, (7.3)

where m is the integer number, which minimises |t∆ −m/ν| and is a measure for the
number of elapsed signal periods per t∆. Although, it seems that this definition of νLO

is ambiguous since m can only be determined exactly if ν is known, quantum control
can usually be used to make the probe sensitive to only a specific frequency range (see
section 7.2.5). In addition, further measurements can be performed with slightly modified
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Figure 7.2: The Qdyne principle. Using phase-sensitive measurements (green boxes), an oscillating
field (blue line) with the frequency ν is examined. By sampling with a fixed sampling rate (1/t∆), the
evolution of the signal phase (orange line) can be recorded.

t∆ to generate a Moiré pattern in order to further specify m (compare section 9.5). It
follows:

θ(t) = 2πνt+ θ0 = 2π(νLO − ν)t+ θ0, (7.4)

where the full derivation can be found in appendix A.3.6. In figure 7.2 the working
principle is sketched for a sinusoidal field (blue line). For an arbitrary signal phase θ0

a first phase-sensitive measurement is performed at t0 = 0 (green rectangle on the far
left). The resulting sensor response is recorded and for a precisely known moment of time
t1 = t∆ the next measurement is performed. If t∆ is not a multiple of the signal period,
the phase of the signal changes θ(t1) 6= θ0 and thus the measurement of the sensor results
in a different outcome. If this is repeated with a fixed sampling time tn = n · t∆, the phase
of the signal for the nth measurement evolves according to equation (7.4) as:

θ(tn) = 2π(νLO − ν)nt∆ + θ0 = 2πδbnt∆ + θ0, (7.5)

where δb is the beating frequency (δb = νLO − ν). Thus, θ(tn) increases linearly with the
repetition number n and the sampling rate can be adjusted by tailoring t∆. Because every
measurement of θ(t) takes some time, it is not possible to choose t∆ arbitrarily, especially
since overheads due to initialisation and readout of the sensor qubit have to be taken into
account. As for traditional heterodyne detection the frequency of the measurement signal
(orange line) is down-converted to δb. The goal of Qdyne is to estimate δb.
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As long as a measurement has no back-effect on the signal, it can be repeated for an
arbitrary time. Since consecutive measurements are correlated, a prolongation of the ac-
quisition time leads to more precise results. Especially the frequency resolution is only
limited by the accuracy of adjusting t∆, and in particular, not by the T2-time of the
quantum sensor. Qdyne is also different to ’lock-in’ techniques, since it requires no feed-
back to lock the probe to the signal phase [172]. It is important to note that the beating
frequency δb can only be determined up to a sign ambiguity, which for example can be
lifted by performing a second experiment with an altered t∆.

7.1.3 Experimental realisation with nitrogen-vacancy centres

All experiments were performed on a standard home-built confocal microscope with 532 nm
laser excitation (appendix A.1.2). The spin-dependent fluorescence was measured with an
avalanche photodiode (APD) and recorded using a time-tagged single photon counting card
(FastComTec MCS6A) with sub-nanosecond time resolution. Synchronisation between the
pulser (Tektronix AWG70001A) and the photon counter, which is essential for a correct
assignment of the outcomes to the respective measurements, is realised by a TTL-pulse.
Resonant microwaves used to coherently drive the sensor qubit were generated by the same
arbitrary waveform generator with 20 ps timing resolution. All test signals were generated
by crystal quartz oscillator stabilised signal generators.
An example for the analysis protocol is sketched in figure 7.3. The time-tagged single

photon counting card records every detected photon with a timestamp (here in units
of bins), as sketched in figure 7.3(a). The data was post-processed by discarding all
background photons recorded outside of the readout window and by summing up all
photons detected in a single run. This results in a photon time trace array with each
entry corresponding to the number of detected photons in the respective iteration. Due to
the low detection efficiency, during most of the readouts no photon was detected and as
a consequence several thousand iterations are required (compare section 3.3). Single-shot
readout could be used to improve the information per readout, albeit with the disadvantage
of having a greatly reduced sampling rate (see section 9.4.1 for a more in depth discussion).
In order to obtain the beating frequency δb, discrete Fourier transform or other suitable
analysis techniques, as maximum likelihood estimation, can be applied (figure 7.3(b)).
The special advantages of Fast Fourier transform (FFT) algorithms are that they are
suited for multi-frequency signals, also yield an estimate of the signal amplitudes and that
the computational costs are relatively small. However, it has been recently reported that
Bayesian inference models for signal processing can further improve the signal analysis
under certain circumstances [226].
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Figure 7.3: Recording and analysis principle of a Qdyne measurement. (a) TTL-pulses and
photons are recorded with a timestamp (here in units of bins) and post-processing compromises dis-
carding photons which are recorded outside of the detection window (red circle). The resulting 1D-array
contains the number of detected photons for every measurement repetition, which are mostly zero due
to the low detection efficiency (inset). (b) By performing a discrete Fourier transform, the beating
frequency δb can be obtained. The height of the observed peak corresponds to the signal amplitude.
Modified with permission from [153].
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7.2 Quantum heterodyne detection based on dynamical
decoupling

Dynamical decoupling (DD) can be used to measure signals with frequency components
in the range of several kHz up to a few tens of MHz, as discussed in section 4.3. This
section contains results which have been published in [153] and [226].

7.2.1 Derivation of the population formula

The signal Hamiltonian of an oscillating signal in z-direction with a single frequency ν has
the form:

H(t) = ~Ω
2 sin (2πνt+ θ)σ̂z, (7.6)

where Ω is the coupling strength between sensor and signal and σ̂z is the respective Pauli
matrix. If brought into a coherent superposition state, the sensor qubit accumulates a
relative phase φ between both eigenstates during the interaction with H(t) and the DD
sequence. If the temporal spacing between the π-pulses is close to 1/(2ν), φ depends on
the signal phase θ as (compare equation (4.23) for ω∆ → 0):

φ = 2ΩTint
π

cos(θ), (7.7)

where Tint is the coherent interaction time between sensor and signal. For traditional
DD spectroscopy, either the signal phase θ is locked to maximise the signal accumulation
or the result is an average over many realisations with arbitrary phases, as for example
discussed for nanoscale NMR in section 5.2. For Qdyne, however, it is essential that φ
depends on θ, which allows one to use DD for phase sensitive measurements. The sensor
phase φ for each measurement is then given by equations 7.4 and 7.7:

φ = 2ΩTint
π

cos(2πδbt+ θ0), (7.8)

where θ0 again corresponds to the signal phase at time t = 0. The amplitude of this
sinusoidal dependency is proportional to the coupling Ω and the interaction time Tint ≤ T2.
Usually a final π/2-pulse is used to transfer φ into a population difference, before performing
a projective measurement. The probability to find the sensor state in |0〉 then reads:

P0 = 1
2 + 1

2 cos (γ − φ), (7.9)
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Figure 7.4: Comparison between Qdyne and traditional DD spectroscopy. (a) Spectrum obtained
using traditional DD spectroscopy. The linewidth is about 300 kHz and limited by the inverse of the
interaction time. (b) The FWHM of the Qdyne spectrum is 607 µHz and only restricted by the stability
of the local oscillator. Modified with permission from [153].

where γ is the angle between initialisation and readout basis. For γ = π/2 and small φ, it
follows [153]:

P0 = 1
2 + ΩTint

π
cos(2πδbt+ θ0). (7.10)

7.2.2 Proof of principle

In order to demonstrate these findings experimentally, Qdyne was used to measure a
880 nT magnetic field oscillating close to ν = 1 MHz. For this purpose, XY8-1 sequences
with a π-pulse spacing of 500 ns were applied. The numbers of recorded photons of every
individual readout were stored separately and in the end the frequency was obtained using
Fourier analysis (see section 7.1.3). The repetition rate of the individual measurements
was 1/t∆ = 1/(9 µs).

The result is compared to traditional DD spectroscopy, where the spacing between the
π-pulses in the XY8-1 sequences was adjusted sequentially. For every of the 50 data
point more than 106 repetitions were averaged in order to collect enough information.
In figure 7.4 the spectra obtained with Qdyne and DD after a total recording time of
T = 5000 s are shown. Taking the different scaling of the frequency axes into account,
the disparity of the linewidths is immense. The Qdyne spectrum has a full width at half
maximum (FWHM) of just 607 µHz [153]. In principle a FWHM which scales as 1/T is
expected, which means 200 µHz for the 5000 s recording time. However, the stability of
the local oscillator itself eventually limits the reachable resolution (see next section for a
more in depth discussion).
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Figure 7.5: Qdyne and traditional DD spectra as a function of time. (a) Traditional DD spectrum
recorded with 50 points. After 10 s there is no visible signal and it takes about 100 s to find a broad
peak. Although the spectrum gets less noisy, increasing the total recording time does not change the
linewidth. The dotted lines correspond to Lorentzian fits to the data. (b) Qdyne spectrum for different
recording times. Even after 1 s a clear peak in the data (no smoothing) is visible and the linewidth is
much smaller than for DD (note the different scaling of the frequency axis). By increasing the recording
duration, the linewidth further reduces. Modified with permission from [153].

The linewidth of the DD spectrum is given by the inverse of the interaction time Tint,
amounts about 300 kHz and also would not improve when recording for a longer duration.
This is in more detail analysed in the next section.

7.2.3 In depth analysis of Qdyne

In the following, further important properties that can be used to classify spectroscopic
techniques as resolution, precision and signal-to-noise ratio (SNR) and their dependency
on the recording time T are analysed. In a different experimental run, we measured
a magnetic field oscillating close to ν = 1 MHz using the Qdyne technique for in total
5000 s. In a subsequent experiment, we used traditional DD spectroscopy to measure an
identical signal for the same duration. By storing the result of every repetition individually,
it is possible to reconstruct spectra for almost arbitrary recording durations T (up to
5000 s). For T = 10 s, T = 100 s and T = 1000 s, the DD spectra composed of 50 points
are plotted in figure 7.5(a). In order to improve the overview, parts of the data are offset
and Lorentzian fits are added (dotted lines). After T = 10 s, no signal is detectable due to
the large noise. It takes almost 10 times longer to find a small peak centred around 1 MHz.
Extending the recording duration to T = 1000 s further reduces the noise, but does not
alter the linewidth.
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Figure 7.6: Resolution and SNR of Qdyne and DD spectra. (a) The resolution, which corresponds
to the FWHM value, is independent of the total measurement time in the case of DD. It is given as
the inverse of the interaction time and would finally be limited by the T2 coherence time. On the other
hand, the FWHM in the Qdyne spectrum reduces linearly with T . It is eventually limited by the stability
of the local oscillator clock. (b) Signal-to-noise ratio as a function of recording duration for Qdyne and
DD spectroscopy. Both techniques show a T 0.5-scaling, characteristic for photon shot noise limited
measurements. However, there is a clear offset in favour of the Qdyne spectrum. The main reason is
that for DD different frequency components (here 50) have to be samples individually, which leads to
a large temporal overhead. Modified with permission from [153].

The Qdyne spectra for the same T are plotted in figure 7.5(b), again using offsets to
improve the overview. Even after T = 1 s it is already possible to find a clear peak with a
width of about 1 Hz and increasing T further reduces the FWHM. The apparent differences
including linewidth, SNR and precision are discussed in more detail in the following. In
order to extract these parameters, we used least-square fits with Lorentzian lineshape.

Resolution

The resolution, which here corresponds to the FWHM, of the Qdyne and traditional DD
spectra is plotted in figure 7.6(a) as a function of the total recording time T . As expected,
the linewidth for DD spectroscopy is given by the inverse of the interaction time Tint

and does not improve when T is increased. Although, the full coherence of the quantum
sensor is not utilised here, Tint is eventually limited by the T2 time (about 300 µs for
the used NV centre). Even the inverse of the T1 relaxation time, which is usually about
an order of magnitude longer, is much larger than the width of the 1 Hz line observed
with Qdyne spectroscopy after T = 1 s. The resolution further improves as T−1 and we
measure a linewidth of 20 mHz after T = 50 s and 2.7 mHz for T = 500 s. The latter is
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slightly greater than the expected 1/T behaviour, which might be due to instability of the
used clock.
The resolution of the Qdyne method is finally limited by the stability of the local

oscillator clock, which is about 500 s for the presented experiment. As described above,
a clock is used to adjust the time t∆ between adjacent measurements and is typically
generated by a crystal oscillator operating at a certain frequency. Since no oscillator
perfectly generates the specified frequency, there are always some deviations, which limit
the performance.

Signal-to-noise ratio

The signal-to-noise ratio (SNR) is obtained as the amplitude of the Lorentzian fit divided
by the standard deviation of the experimental data with respect to this fit (compare
supplemental material of [153]). From the data shown in figure 7.6(b), it is clear that the
SNR is superior for Qdyne. Although the SNR improves as T 1/2 with both techniques, as
expected for photon shot noise limited measurements, we observe an offset corresponding
to a 21-fold improvement in favour of Qdyne. This is equivalent to a 441-fold speed up in
measurement time (due to the T 1/2 scaling). As soon as T approaches the stability limit
of the local oscillator clock, the SNR does not improve anymore for Qdyne.
There are two main reasons for this enhanced SNR. Probably most important is that

with Qdyne all spectral components in a given bandwidth are sampled simultaneously (see
section 7.2.5), whereas with traditional DD spectroscopy individual frequency components
have to be recorded individually and in succession. For our experiments, we used 50 points
and consequently for every point only a fiftieth of the total time can be spent. Increasing
the number of data points Ndata results in a more noisy result and a worse SNR (scaling
as N−1/2

data ), which is exemplarily indicated with the green dotted lines in figure 7.6(b) for 2
and 2500 points. The second reason is that the readout basis can be adapted with Qdyne,
which is especially relevant for weak signals. For traditional DD spectroscopy, if the result
is an average of realisations recorded with varying signal phases, the readout basis should
match with the initialisation basis, since otherwise parts of the measurement signal might
average out.

Precision

Finally, the precision as a function of T is compared for Qdyne and traditional DD spec-
troscopy in figure 7.7. Here, we refer to precision ∆ν as the uncertainty of estimating the
value of the frequency ν. Although this is closely related to the resolution, which repres-
ents the linewidth of the peak in the spectrum, the precision is given by the accuracy to
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Figure 7.7: Frequency precision for Qdyne and dynamical decoupling spectroscopy. For DD
the precision, which is here defined as the uncertainty to estimate the frequency, improves close to
the expected T−0.5 scaling. With Qdyne the estimate improves as T−1.5 up to the stability of the
local oscillator clock. Further recording leads to an improvement close to T−0.5. The maximal relative
enhancement compared to DD is about 9 order of magnitude. Modified with permission from [153].

locate the peak maximum. Here, we used least-square fits with Lorentzian lineshape to
estimate these values for both techniques. The precision is then extracted using the fit
accuracy for 95 % confidence intervals.
For traditional DD spectroscopy, this uncertainty reduces as T−0.4. Since the noise on

every data point is photon shot noise limited, one would expect a T−0.5 scaling. Taking
further small noise sources into account, as for example that the lineshape is not perfectly
Lorentzian, the observed behaviour is within the expected range. In contrast, the frequency
estimate with Qdyne improves as T−3/2 [153] up to about 500 seconds. The frequency
sensitivity, here defined as ην = ∆ν

√
T , reads ην = 0.37/T (

√
Hz)−1 in this range.

Even for longer times we observe an improvement, however with a reduced T−1/2 beha-
viour. The final precision after 5000 s is about 26 µHz, which is eleven orders or magnitude
below the 1 MHz signal frequency [153]. The precision of frequency estimation depends
linearly upon SNR and linewidth. As the former scales as 1/

√
T and the latter as T−1, the

combination of both leads to the observed T−3/2 scaling. A detailed theoretical analysis
would exceed the scope of this thesis and can be found in the supplementary material
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of [153]. Excluding temporal overheads due to initialisation and readout, the combination
of reduced linewidth and improved SNR yields the following precision for Qdyne [153]:

∆νQ = 1
ΩT
√
TT2

, (7.11)

which is valid as long as the local oscillator TLO and the signal remain stable. For com-
parison, the precision for DD spectroscopy is given by [153]:

∆νDD = 1
ΩT2
√
TT2

, (7.12)

where it is assumed that every data point contributes equally to the precision. Since
this is generally not the case, the true precision is usually poorer. The results obtained
for Qdyne and traditional DD spectroscopy are very similar and only differ due to the
decreased linewidth [153]:

∆νDD

∆νQ = T

T2
. (7.13)

However, the ratio T/T2 can be very large and we find a maximum of about 109 in the
presented experiments. Thus, by storing the result of every readout onto a computer hard
drive, the signal can be reconstructed over arbitrarily long periods T , and the fragility of
the quantum sensor can be overcome.
Compared to techniques relying on a quantum memory, where phase information is

stored on an additional, long-living qubit and lengthy waiting times are applied before
continuing with the next measurement, the advantage is that the signal is continuously
sampled. By using a quantum memory the precision reads [153]:

∆νM = 1
ΩT2
√
TTM

, (7.14)

where TM refers to the coherence time of the memory qubit. The comparison with Qdyne
yields [153]:

∆νM

∆νQ = T√
TMT2

. (7.15)

For T > TLO, the formula for the precision of Qdyne changes slightly [153]:

∆νQ = 1
ΩTLO

√
TT2

, (7.16)

and ∆νQ scales as T−1/2 with the total recording time agreeing with the experimental
observations. Under the assumption that TLO � TM � T2, Qdyne allows to obtain much
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more precise estimates. Furthermore, Qdyne works without the need of an additional
memory qubit and complex and/or lengthy quantum operations.

Since the Heisenberg limit usually scales as T−1, these results seem astonishing. How-
ever, the usual Heisenberg limit considers amplitude estimation and, as it is shown in more
detail in chapter 8 and in [202, 240, 241], the Heisenberg limit for frequency precision is
given by T−2 as long as the probe is coherent.

7.2.4 Multiple frequency fields

Many interesting fields have several frequency components. Then the task of spectroscopy
is to estimate the amplitude and frequency of each component, or at least their differ-
ences. For instance in NMR this is important to identify chemical structures. The signal
Hamiltonian of a field with two frequencies is:

H = ~Ω1
2 sin (2πν1t+ θ1)σ̂z + ~Ω2

2 sin (2πν2t+ θ2)σ̂z = H1 +H2. (7.17)

Since H1 and H2 commute, their interaction on the quantum sensor can be evaluated
separately. Following equation (7.8), the sensor phase reads:

φ = 2Ω1Tint
π

cos(2πδb1t+ θ1) + 2Ω2Tint
π

cos(2πδb2t+ θ2), (7.18)

where δb1,2 = |νLO − ν1,2| and θ1,2 are the respective signal phases at t = 0. The sensor
phase φ is a linear combination of two oscillating functions and a Fourier transform should
reveal both components. This can analogously be extended for an arbitrary number Nν

of frequencies and then φ reads:

φ = 2Tint
π

Nν∑
n=1

Ωn cos (2πδbnt+ θn). (7.19)

We exemplarily test these findings by recording a signal with three frequency com-
ponents using the Qdyne technique for 180 s. The signal was artificially generated by
combining the output of three independent signal generators. The differences of the in-
dividual frequencies, namely 25 Hz and 22 Hz, were chosen to be much smaller than the
resolution of the traditional DD spectroscopy (about 250 kHz in this case). The relevant
part of the spectrum obtained by Fourier transforming the recorded time trace is shown
in figure 7.8(a).
As expected, all three frequencies can be discriminated with ease. The 7 mHz linewidth

of each individual peak almost corresponds to the 180 s total measurement time and would
in principle allow to distinguish frequency components with differences of just a few mil-
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Figure 7.8: Spectroscopy of a signal with multiple frequencies and spectral bandwidth.
(a) Qdyne spectrum of a signal with three frequencies. Although the individual frequencies differ
only by a few hertz, they can be easily resolved. (b) Frequency bandwidth of the Qdyne technique.
For traditional DD spectroscopy the bandwidth is given by the filter function of the protocol (green
solid line). A variety of normalised spectra recorded with the Qdyne technique at different beating
frequencies δb = |νLO − ν| are added in different colours. For larger δb the amplitudes of the peaks
are smaller than expected. For the purple points the amplitude under the peaks is used as a measure
instead (discussion see text). Modified with permission from [153].

lihertz. As a consequence, the Qdyne technique is especially suitable for multi-chromatic
signals since all spectral components in a given bandwidth (see section 7.2.5) are sampled
simultaneously.

7.2.5 Bandwidth of Qdyne spectroscopy

Another important measure for a spectroscopic technique is its bandwidth, defined as
the accessible range of frequencies which can be detected without changing the protocol
parameters. Since DD is used to make the quantum sensor sensitive to oscillating fields,
only frequency components, which can be measured with the respective DD protocol are
recordable with Qdyne.
The bandwidth of a DD sequence is given by its filter function, which is in more detail

described in section 4.3. These spectral filters depend on the spacing τ between the π-
pulses and the total interaction time Tint. They are peaked at the resonance condition
ν0 = 1/(2τ) and their FWHM is given by the inverse of Tint. Thus, the filter sets the
range of accessible frequencies, as well as the sensitivity for the respective components.
In order to examine these considerations, we used the XY8-1 sequence to perform Qdyne

spectroscopy on signals oscillating close to ν = 1 MHz. The spacing between the individual
π-pulses was adjusted to 500 ns, which corresponds to a resonance frequency of exactly
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ν0 = 1 MHz. We further tailored the temporal overhead due to initialisation and readout
such that the local oscillator frequency was νLO = 1 MHz as well. We then step-by-
step changed the frequency ν of the signal and recorded a Qdyne spectrum for 100 s,
respectively. The results are plotted in figure 7.8(b) together with the DD filter function.
For small δb = |νLO − ν|, the amplitudes of the Fourier transform peaks follow the ex-

pected behaviour. However, if δb gets larger than 10 kHz, the height of the peaks is smaller
than anticipated. If we instead use the area under the peaks as a measure, the expected
trend is recovered (purple points). Thus, the peaks broaden for large δb, which is not well
understood yet [153].
By adjusting Tint, the bandwidth of the Qdyne technique can be tuned and the smaller

the interaction time is, the larger is the bandwidth. However, a lowering of Tint is also
accompanied with a decrease in amplitude sensitivity, since the interaction period between
sensor and signal is reduced. Thus, there is an inherent trade-off between bandwidth and
sensitivity.
Finally, it should be noted that the minimal beating frequency δb, which can be obtain

when performing FFT is given by 1/T .

7.2.6 Nanoscale NMR with Qdyne

In the previous sections the resolution enhancement of Qdyne over traditional DD spec-
troscopy has been demonstrated. However, the high magnetic field sensitivity and spatial
resolution of the quantum sensor have not been fully made use of. One highly interest-
ing application is nuclear magnetic resonance (NMR) on the nanoscale, as discussed in
chapter 5. Although the sensitivity of a single NV centre is sufficient for these experiments,
the frequency resolution is rather poor when using traditional DD spectroscopy.
We applied Qdyne with the XY8-4 sequence to record the 1H spectrum of a polybutene

oil sample placed on top of the diamond (compare figure 5.3, diamond described in ap-
pendix A.1.5). For a single NV centre located (5.4± 0.2) nm below the diamond surface,
the main part of the signal arises from on the order of 104 proton spins. This small sample
size is below the detection limit of traditional NMR spectrometers. Due to overheads
for initialisation and readout, the time spacing t∆ between individual measurements was
about 18.3 µs. The resulting spectrum after recording for about 7 hours in a 23 mT bias
field is plotted in figure 7.9(a).
Although the spectrum shows a clear signal, the FWHM is still about 2 kHz. The

outliers below 985 kHz correspond to very small beating frequencies and are probably
due to fluctuations in the experimental setup. The reason for the broad line is the short
coherence of the NMR signal itself. Since the oil is highly viscous with a diffusion coefficient
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Figure 7.9: Nanoscale NMR using Qdyne. (a) Experimentally obtained NMR spectrum of 1H spins
in polybutene using the Qdyne technique. The linewidth of the peak is limited by the coherence of
the NMR signal. (b) Simulated spectrum for the same measurement parameters. The solid lines are
Lorentzian fits. Modified with permission from [153].

of about 10−15 m2/s at ambient conditions, proton spin-spin interactions lead to relaxation
within a timescale between 0.01 and 0.1 ms. Also molecular diffusion and instabilities in
the bias magnetic field could increase the FWHM.
This assumption is backed-up by a rigorous atomistic simulation. By modeling 7 · 104

diffusing 1H-spins inside of a 6 nm by 12 nm by 12 nm volume interacting with the NV
centre an nanoscale NMR experiment can be emulated. The working principle and as-
sumptions for these calculations are in more detail discussed in the supplementary material
of [153]. The spectrum obtained using the same parameters as in the experimental real-
isation is displayed in figure 7.9(b).

Thermal polarisation

Although the results above demonstrate detection of NMR signals from nanoscale samples
using the Qdyne technique, diffusion and spin-spin interactions limit the coherence time
of the signal and thus the achievable spectral resolution. Furthermore, averaging is not
possible due to the stochastic nature and random phase of the dominating statistical
polarisation. Classical NMR, instead, relies on the thermal polarisation Mz of the nuclear
target spins, which is uniform for the entire sample, and thus even fast diffusion does not
play a role. This motivates a modified protocol, which is in more detail discussed in [226].
The idea is to extract the influence of the thermal signal by averaging out the impact
of the statistical polarisation. This is possible, because the signal phase of the thermal
polarisation can be controlled via a π/2-pulse, which rotates the orientation of Mz into the
x − y−plane. Although stochastical polarisation is dominant, it reduces as 1/

√
N when
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Figure 7.10: Qdyne spectroscopy using thermal polarisation. (a) Taking statistical and thermal
polarisation into account, NMR signals were simulated and sampled (with a rate of 5 MHz). A single NV
centre and the Qdyne principle were used to measure 1000 of these signals in succession. (b) Averaging
over the individual outcomes and taking the Fourier transform reveals a peak and its linewidth is limited
by the 5.6 ms length of each simulated signal.

averaging N repetitions due to the random amplitudes and phases, while Mz is identical
for all iterations.
In order to demonstrate the working principle, NMR signals oscillating close to 1 MHz

were simulated and applied to a single NV centre using an arbitrary waveform gener-
ator and a copper wire as antenna. The signals compromise both, a large stochastical
contribution affected by a diffusion coefficient of 1 · 10−12 m2/s and a tiny thermal signal
(〈Mz〉 = 0.1 %). These amplitudes are equivalent to the strength of a typical real NMR
signal for an NV centre located about 6.2 nm below the diamond surface and example
signals are shown in figure 7.10(a). The first signal was recorded using 1000 measure-
ments (each 5.6 µs) and the Qdyne principle. After that a new NMR signal was simulated
(same parameters) and measured as described above. We repeated this procedure until
1000 different simulated signals were recorded, and averaged the individual measurement
outcomes. Taking the FFT, the resulting spectrum, displayed in figure 7.10(b), shows a
clear peak with a linewidth of about 170 Hz, which is just limited by the 5.6 ms length
of each simulated signal. The diffusion bounded linewidth would be more than 10 kHz in
this case.
Although the principle is working, the signal is proportional to the thermal polarisation

Mz, which is very small on the nanoscale, especially at lower magnetic fields. This requires
recording for many hours in order to average out the impact of statistical polarisation and
to gather enough statistic for a representative SNR. In order to decrease the measurement
time, one option is to use an ensemble of NV centres. Since the thermal polarisation is
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uniform across the entire sample and the stochastical one is not, simultaneously measuring
N quasi identical NV centres has the same effect as averaging over N repetitions with a
single NV centre. An experimental demonstration including chemical shift and J-coupling
resolution was successfully realised in [154]. Using ensembles, however, downgrades the
nanoscale spatial resolution to ∼ mm3. Another idea to improve the thermal polarisation
is to hyperpolarise the sample. Conveniently, it has been demonstrated that NV centres
are outreaching polarisation sources for nuclear spin hyperpolarisation [109,242–245]. The
idea is to use NV centres for both, first polarising target nuclear spins and then detecting
the magnified signal. These results path the way for a quantum diamond spectrometer for
nanoscale NMR and EPR spectroscopy [246].

7.2.7 Conclusion

The presented experiments show that quantum heterodyne detection can be used to per-
form magnetic field spectroscopy with very high SNR, resolution and precision. In partic-
ular, the frequency resolution is not limited by the rather short T2 coherence time of the
quantum sensor, but can be extended up to the stability of an external clock. Dynamical
decoupling was used to make the individual measurement results dependent on the phase
of the signal of interest and thereby create correlations between subsequent measurements.
Since no further technical demands or complex protocols are required, as for approaches
relying on quantum memories, Qdyne is usable for a wide range of applications. By com-
paring it to traditional dynamical decoupling spectroscopy we were able to improve the
frequency resolution by eight orders of magnitude and the precision, which scales as T−3/2,
by nine orders of magnitude. We demonstrated that Qdyne has the potential to be used in
nanoscale NMR, where good frequency resolutions are particularly important, for example
for molecular structure determination. However, the short coherence time of the signal
itself still remains a problem.
At the same time as these results were published, another group reported a similar

work [221]. Shortly afterwards, NMR experiments with chemical shift resolution were
reported with ensembles of NV centres [154]. Recently, it has been shown that the principle
can also be used to measure the frequency of single spins [164,247].





8 Quantum frequency discrimination

When a single coherent quantum probe is intended to be used for detecting a NMR
signal, the optimal strategy depends on the problem. Especially, if a certain amount of
information is already available, recording a full spectrum might not be the best solution.
An example for this is a diagnostics test, which could be realised by using the sensor to
examine a sample that contains one of two types of molecules. The detected frequency
distribution indicates which molecule is present and this, for example, can be used to
find out if a certain chemical reaction has occurred. If the NMR data of both molecules
are available, the task is to discriminate between two known frequencies or frequency
distributions in the NMR signal. Although recording a full spectrum is still a solution to
this problem, the available information would not be used entirely. In particular, when
using a quantum sensor as a probe, there is a different strategy that is optimal for such a
quantum-enabled diagnostics problem, which is discussed in this chapter.
The precise problem is sketched in figure 8.1. It is a special case of a general decision

problem studied by [249] and related hypothesis testing frameworks [250]. A time depend-
ent signal oscillates with one of two possible frequency distributions and the task is to find
the correct option.
A particularly salient question is which strategy minimises the measurement time ne-

cessary to decide between both alternatives. When applying a suitable discrimination
method, both frequency distributions will lead to different measurement results and as
long as this difference is larger than the readout noise, a discrimination is possible. In a
classical scenario, usually a single measurement is sufficient, for example through improv-
ing the signal-to-noise ratio by enhancing the recording duration. Because of quantum
projection noise due to the stochastical nature of quantum mechanical readouts, quantum
statistics usually requires that a measurement has to be repeated many times and averaged
to obtain detailed information.
In the following, a quantum mechanical measurement scheme, which minimises the

probability for making an incorrect decision, is introduced. The idea is to drive the sensor
to an eigenstate and then such ’yes-no’ type experiments in principle allow discrimination
using just a single measurement. In general, the scheme is applicable to arbitrary frequency
distributions, but for the sake of simplicity we first concentrate on the simplest case of just
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Figure 8.1: Frequency discrimination problem. A quantum sensor is used to measure a field of
interest, which is composed of either frequency distribution ω1 or ω2. During the interaction a phase φ
is acquired which depends on the field and the applied control. After a time Tint, the sensor is readout
and a decision for either ω1 or ω2 has to be made. Modified from [248], licensed under CC BY 4.0,
http://creativecommons.org/licenses/by/4.0/.

two frequencies ω1 and ω2, before discussing a more complex example. We use single NV
centres to experimentally realise the described protocol and extensively discuss traditional
and single-shot readout with relating to the discrimination problem. Parts of the results
presented in this section are published in [248].

8.1 Theoretical derivation

The signal Hamiltonian of an oscillating field with a single frequency ω is:

H(ω)/~ = Ω sin (ωt+ θ)σ̂z = H(t)σ̂z, (8.1)

where Ω describes the coupling to the sensor, θ is the signal phase and σ̂z is the Pauli spin
operator. For this problem, it is known that ω can only be one of two possible alternatives
– ω1 or ω2 – and the task is to find the correct option as quickly as possible.

The idea is to tailor the evolution of the quantum sensor in a way, that the final state
under the presence of ω1 is orthogonal to the one under ω2. In Ramsey-type protocols,
the sensor acquires a quantum phase φ, which is mapped to a population difference before
readout. Orthogonality can be achieved, when the difference φ∆ = φ(ω1) − φ(ω2) is π.
Then, spin projection noise can be eliminated completely and, if other noise sources are
negligible, a single measurement is in principle sufficient to discriminate between ω1 and

http://creativecommons.org/licenses/by/4.0/
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ω2. As shown in [202] and section 4.5.1, the evolution of φ∆ is limited by the maximal
λmax and minimal eigenvalues λmin of H∆/~ = (H (ω1)−H (ω2)) /~:

dφ∆
dt ≤ λmax (t)− λmin (t) . (8.2)

In order to minimise the required time to achieve orthogonality:

φ∆ =
∫ topt

0

dφ∆
dt dt =

∫ topt

0
(λmax (t)− λmin (t)) dt = π, (8.3)

has to be solved. For the discrimination problem, it is:

λmax = −λmin = Ω (sin (ω1t+ θ)− sin (ω2t+ θ)) , (8.4)

and thus it follows:

φ∆ =
∫ topt

0
4Ω
∣∣∣∣sin(ω2 − ω1

2 t

)
cos

(
ω1 + ω2

2 t+ θ

)∣∣∣∣ dt = π. (8.5)

Assuming ω∆ = |ω2 − ω1| � 1
topt

and (ω1 + ω2)/2� 1
topt

yields:

φ∆ = 2
π

Ωω∆t
2
opt = π, (8.6)

and the optimal time is given by [248]:

topt = π√
2Ωω∆

. (8.7)

Interestingly, φ∆ depends quadratically on topt – a special characteristic of frequency
measurements [153, 241]. This time can be significantly shorter than the Fourier limit
given by t = 1/ω∆.
The protocol, that obtains this limit is sketched in figure 8.2. A sequence of equally

spaced π-pulses is used as a control field and the crucial point is the timing of these
π-pulses. The idea is to apply them close to the nodes of the signal, exactly whenever
H∆ = H(ω1)−H(ω2) changes sign, which means, that the spacing between the individual
π-pulses should be [248]:

τ = 2π
ω1 + ω2

. (8.8)

This control ensures that the sensor phase evolves as [248]:

φ(ω1) = 2
∫ Tint

0

2Ω
π

sin
(
ω∆
2 t′ + θ

)
dt′ = −φ(ω2), (8.9)
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Figure 8.2: Protocol for quantum frequency discrimination. The idea is to apply a train of equally
spaced π-pulses whenever H∆(t) (H∆ = ~H∆(t)σ̂z) changes sign. This type of control ensures that
φ∆ grows monotonically. Since the envelope of dφ∆/dt increases linearly with Tint, φ∆ scales as T 2

int.
Modified from [248], licensed under CC BY 4.0, http://creativecommons.org/licenses/by/4.0/.

and thus, φ increases with the same rate for ω1 and ω2, but with opposing sign. After
integration and assuming ω∆Tint � 1, it follows [248]:

φ(ω1) = −φ(ω2) = Ω
π

(
ω∆T

2
int · cos (θ) + 4Tint · sin (θ)

)
. (8.10)

For θ = 0 (at the start of the interaction period), φ∆ = φ(ω1) − φ(ω2) yields the same
result as equation (8.6). After topt, φ∆ = π and by choosing the appropriate readout basis
the sensor populates different eigenstates for ω1 and ω2.
For very small Ω or ω∆, the coherence time of the senor may be smaller than topt.

Nevertheless, the described protocol still remains optimal for this case, which is proven
and in more detail discussed in the supplementary information of [248].
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8.2 Experimental demonstration

In order to demonstrate these theoretical findings, single NV centres inside the SIL dia-
mond described in appendix A.1.5 were used. We first ignore the impact of measurement
noise and use the traditional method to readout the spin state (see section 3.3). A signal
generator was used to generate equally strong signals with frequencies ω1 = 2π · 999 kHz
and ω2 = 2π · 1001 kHz. These frequencies represent the signals to discriminate. After
initialisation into |0〉 and a π/2-pulse, we used XY8-sequences with an equidistant spacing
of τ = 500 ns following the findings from above. During the evolution, the sensor accumu-
lates a phase φ, which is mapped into a population difference by a second π/2-pulse such
that the probability to read out |0〉 is:

P0 = sin2
(
π

4 −
φ

2

)
= 1

2 −
1
2 sin (φ). (8.11)

By tailoring the number of π-pulses, we measured P0 for different interaction times Tint

and the results are shown in figure 8.3(a). The difference P0(ω1)− P0(ω2) initially increase
up to topt, where P0(ω1)− P0(ω2) = 1 and the sensor states for ω1 and ω2 are orthogonal.
The individual phases φ(ω1) and φ(ω2), which are obtained using equation (8.11), are
plotted in figure 8.3(b). As expected, φ(ω1) and φ(ω2) increase with the same rate but
with opposing signs up to topt, where φ∆ = π. The quadratic increase of φ∆ with the
interaction time Tint can be seen in the logarithmic plot in figure 8.3(c).

Optimal time as a function of amplitude and frequency

According to equation (8.7), the time topt required to achieve φ∆ = π depends on the
frequency difference ω∆ = ω1 − ω2 and the field strength B1 = 2Ω/γ̃NV, where γ̃NV

is the gyromagnetic ratio of the NV centre’s electron spin. In order to experimentally
demonstrate this theoretical finding, the NV population was measured for several different
B1 and ω∆ as a function of interaction time and topt was extracted, respectively.

First, B1 ≈ 1.35 µT was fixed and ω∆ was changed after every measurement. The result
is shown in figure 8.3(d). The solid green line corresponds to the expectation according to
equation (8.7) and fits very well to the experimentally recorded data. The errorbars are
obtained using the standard deviation of several independent repetitions.

In the same way the dependency on B1 is demonstrated in figure 8.3(e). For a fixed
ω∆ = 2π · 2 kHz the resulting topt, shown as blue points, mostly fit very well to the theor-
etical expectation according to equation (8.7) (blue solid line). The slight differences for
small B1 are due to the long topt for which the approximation ω∆topt � 1 is not longer
valid.
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Figure 8.3: Experimental demonstration of the discrimination principle. (a) Evolution of the
sensor population P0 for ω1 = 2π · 999 kHz and ω2 = 2π · 1001 kHz as a function of interaction time
Tint. The difference ∆P0 = P0(ω1)− P0(ω2) increases up to topt, where ∆P0 = 1. From this point,
prolonging the interaction time reduces ∆P0 and is thus counterproductive. (b) Acquired sensor phases
φ(ω1) and φ(ω2) as a function of Tint. Both, φ(ω1) and φ(ω2), increase with the same rate but
with opposing signs. (c) Their difference φ∆ = |φ(ω1)− φ(ω2)| scales as T 2

int. (d) Dependency of the
required time topt to achieve φ∆ = π on the frequency difference ω∆ and (e) the magnetic field strength
B1. All solid lines correspond to the theoretical expectations according to equations 8.6, 8.7 and 8.11.
Modified from [248], licensed under CC BY 4.0, http://creativecommons.org/licenses/by/4.0/.
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8.3 Quantum discrimination for complex frequency
distributions

For many possible applications, interesting signals have multiple frequency components
with various amplitudes. For these more general cases, where the task is to discriminate
between two arbitrary frequency distributions f1 and f2, the optimal control is nevertheless
based on the same principles. By interacting with the signal of interest, the sensor acquires
a phase φ and for φ∆ = φ1−φ2 the speed bound given by equation (8.2) still applies. The
associated protocol requires π-pulses whenever H∆ = H1 −H2 changes sign, where [248]

H1,2(t)/~ =
∫ ∞

0
f1,2 sin (ωt)dω σ̂z = H1,2(t)σ̂z, (8.12)

is the signal Hamiltonian for f1 or f2.
In figure 8.4 an illustrative example for NMR detection is given, which is especially

relevant since the initial phase of a thermally polarised sample is defined by the applied
π/2-pulse. The 13C-NMR spectra of ethanol (C2H6O) and 2-propanol (C3H8O) represent f1

and f2 in this case and each consist of two peaks with different amplitudes (figure 8.4(a)).
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Figure 8.4: Discrimination for complex frequency distributions. (a) The 13C-NMR of ethanol
(C2H6O, index 1) and 2-propanol (C3H8O, index 2) (values from [223]). (b) NMR signals H1,2 of both
molecules as a function of time. (c) Signal difference (blue) and optimal control (orange). (d) Evolution
of the sensor phases φ1,2 during interaction and the difference φ∆ = φ1 − φ2. Modified from [248],
licensed under CC BY 4.0, http://creativecommons.org/licenses/by/4.0/.
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As shown in figure 8.4(b), the associated NMR signals are clearly different for both
molecules. Their difference H∆(t) = H1(t)−H2(t) is shown in figure 8.4(c) (blue line)
and the control π-pulses should be applied whenever H∆(t) changes sign. Although the
values of the acquired phases φ1(t) and φ2(t) are different, the signs are still opposing and
the applied control ensures that φ∆ increases monotonically.

8.4 Discussion of different readout strategies

Above, optimal frequency estimation using a single quantum sensor has been discussed
– however, up to now only in consideration of the eventually limiting quantum projec-
tion noise. When performing a real-world measurement, other noise sources influence the
probability to decide on the correct frequency. For example, every quantum sensor inter-
acts with environmental noise which relaxes the quantum state into its thermal equilibrium
(compare section 4.5.4). Furthermore, errors can enter through a non-perfect initialisation
fidelity. Finally, the classical noise added during the readout has to be considered.
In the following, the influences of the latter two are examined in more detail for two

optical readout strategies. The influences of relaxation are neglected since the relevant
interaction times are here much shorter than the T2 coherence time.
When a single NV centre is readout optically, photons are the measurement quantity.

Intuitively, the signal-to-noise ratio (SNR) improves if more photons are recorded. This
can be achieved by either increasing the number of fluorescent sensors (figure 8.5(a)) or by
collecting more fluorescence from a single sensor (figure 8.5(b)). Classically, both options
yield equivalent sensitivity, as long as the final intensity is the same.
For a quantum sensor, however, these two strategies can lead to significantly different

results. Especially when the collection efficiency is sufficient to readout the state of the
sensor, quantum projection noise (QPN) rather than photon shot noise (PSN) dominates
the sensitivity. Depending on the application, the two strategies may have different re-
quirements with respect to complexity and needed resources. In the following, it is shown
that ensemble averaging (strategy 1) yields at least as good performance as single-shot
readout (SSR) (strategy 2) when benchmarked against the number of detected photons,
whereas SSR has certain advantages when measurement time or number of measurements
are taken into account.
We use single NV centres to experimentally realise both strategies. The experiments

were performed on a home-build confocal microscope and controlled by the Qudi software
suite (appendix A.1.4 and [236]). In order to lift the degeneracy of the ms = ±1 spin
states and use the ms = 0 and ms = −1 states as an effective qubit, all measurements
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Figure 8.5: Strategies to improve the sensitivity of a fluorescent sensor. The sensitivity of
a fluorescent atomic sensor is determined by the signal and the noise associated with the detected
photons and can be improved by recording more photons. (a) One option is to increase the number of
sensors either by using more identical sensors (spatial ensemble) or by repetitively measuring a single
sensor (temporal ensemble). (b) A second strategy is to enhance the number of collected photons.
Possible options include improving the collection efficiency or increasing the emission.

were performed under a bias magnetic field of about B0 ≈ 40 mT aligned along the NV
centre symmetry axis.

8.4.1 Strategy 1 – Ensemble averaging

Strategy 1 can in principle be realised in two ways and the first option is using mul-
tiple identical sensors. Since here the experiments are limited to single NV centres, we
repetitively measured the same one (temporal ensemble) using the traditional readout
method (compare section 3.3). The corresponding quantum wire diagram is sketched in
figure 8.6(a).
In figure 8.6(b), a typical time-trace for 75 individual measurements is shown (readout

window about 500 ns). Due to the low detection efficiency, photons are recorded only in a
small percentage of experiments and the probability for detecting more than one photon is
tiny. As the histograms in figure 8.6(c) show, the number of recorded photons Nph follows
Poissonian statistics with averaged photon numbers of c0 ≈ 0.085 for |0〉 and c1 ≈ 0.071
for |1〉. This difference is much too small for a reliable assignment and thus hardly any
information about the sensor state can be obtained within a single measurement. The
usual principle is to combine all photons collected inRens repetitions, whereby the quantum
nature of the NV centre electron spin is obscured since the result is already an average
over many repetitions.
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Figure 8.6: Quantum wire diagram for ensemble averaging and photon statistics. (a) Ensemble
averaging can be realised by repetitively performing the cycle consisting of initialisation, sensing period
and readout. (b) Number of recorded photons as a function of the measurement repetition for the states
|0〉 and |1〉. (c) The histograms obtained from about 4 · 106 individual measurements are well fitted by
Poisson distributions (solid lines) with averaged photon numbers c0 = 0.085 for |0〉 and c1 = 0.071 for
|1〉. Modified from [248], licensed under CC BY 4.0, http://creativecommons.org/licenses/by/
4.0/.

Contribution of photon shot noise and quantum projection noise

For an optical readout of a quantum sensor the two main noise contributions are usually
PSN and QPN. Since the expected number of recorded photons N = 〈Nph〉 after Rens

readouts relates to the sensor population P0 as:

N = Rens · [c0P0 + c1(1− P0)] = Rens · [(c0 − c1)P0 + c1] , (8.13)

where c0 and c1 are the number of photons collected from the |0〉 and |1〉 states within a
single readout, the PSN contribution reads:

δPSN =
√
N =

√
Rens · [c0P0 + c1(1− P0)]. (8.14)

http://creativecommons.org/licenses/by/4.0/
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The influences of imperfect initialisation can be included in c0 and c1. The QPN contri-
bution is given by:

δQPN = (c0 − c1)
√
Rens · P0(1− P0) (8.15)

where the factor (c0− c1) corresponds to the photon difference between both states and is
added to improve the comparability of both noise types. For the total noise it follows [4]:

δtotal =
√
δ2

PSN + δ2
QPN. (8.16)

As figure 8.7(a) shows, we find the expected linear dependency between N and P0 and
c0 ≈ 0.085 and c1 ≈ 0.071 for our experiments. Using these numbers, it follows that
PSN dominates with a contribution larger than 99 % for P0 = 0.5. This is independent of
the total number of detected photons, as further averaging reduces both PSN and QPN
equally. The resulting signal to noise improves as

√
N (or

√
Rens), which is shown in

figure 8.7(b).

Experimental realisation

In order to experimentally analyse frequency discrimination, every measurement was re-
peated 1 · 106 − 4 · 106 times for both frequencies and the result of every repetition was
stored individually. This allows to freely distribute these individual realisations into en-
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Figure 8.8: Decision criterion for frequency discrimination. For this example the expected number
of collected photons is N = 825 for ω1 and N = 750 for ω2. The resulting Poisson distributions – blue
line for ω1 and green line for ω2 – represent the likelihood to measure a certain number of photons
Nph. In the blue shaded sector the likelihood for ω1 is larger and in the green shaded the opposite is
true. The decision threshold is thus chosen as the intersection of both distributions and their overlap
is a measure for the error probability.

sembles. For example, Rens = 104 measurements were randomly combined to data sets
each corresponding to N ≈ 800.

Discrimination error

Under the assumption that the correct frequency is unknown, a decision for either ω1 or
ω2 is made for every set. The intuitive decision criterion is to choose the frequency for
which the found Nph is more probable. The probability to detect a certain number of
photons Nph is given by the respective Poisson distribution:

P(N , Nph) = N
Nph

Nph! · exp (−N ), (8.17)

where N is a function of the frequency. As sketched in figure 8.8, the decision threshold is
then the intersection point of both distributions and since Nph is a discrete number, the
threshold photon counts Nthres is here defined as:

P (N (ω2), Nph) ≥ P (N (ω1), Nph) for all Nph ≤ Nthres,

P (N (ω2), Nph) < P (N (ω2), Nph) for all Nph > Nthres.
(8.18)
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After having made a decision for every set, we extract the error probability as the ratio
of incorrect assignments compared to the total number of decisions. The theoretically
expected error probability is given by (assuming that both frequencies are equally likely):

U = 1− 0.5 · (C1 + C2), (8.19)

where C1 is the probability for a correct decision when ω1 is present:

C1 =
Rens∑

n=Nthres+1
P(N , n), (8.20)

and C2 is the counterpart for ω2:

C2 =
Nthres∑
n=0
P(N , n). (8.21)

8.4.2 Strategy 2 – Single-shot readout

For strategy 2 we used a weakly coupled 13C nuclear spin as an additional memory to indir-
ectly increase the fluorescence for every individual readout. If the perpendicular hyperfine
coupling A⊥ between NV centre and memory is small, flip-flops processes are efficiently
suppressed, even during the readout of the electronic state [252, 253]. Here, the suitable
hyperfine coupling parameters (A‖ ≈ 50 kHz and A⊥ ≈ 1.4 kHz, diamond described in ap-
pendix A.1.5) led to memory lifetimes on the order of several seconds for moderate fields
around 27 mT. The idea is to map the NV population onto this memory qubit. After
an initial readout, the memory state is efficiently preserved and can be readout via a
quantum-non-demolition measurement [238,254–256].
The principle is sketched in figure 8.9(a). As for ensemble averaging, the sensor qubit

is initialised and acquires the measurement information by interacting with the field of
interest. Before the first readout of the NV centre, however, the sensor and the memory
are entangled by using a selective radio frequency pulse (controlled-not (CNOT) gate).
As sketched in figure 8.9(b), this pulse (RF1) only flips the nuclear spin state if the NV
centre is in |0〉 [248]:

(α |0〉+ β |1〉)⊗ |↑〉 RF1−−→ α |0 ↓〉+ β |1 ↑〉 (8.22a)

(α |0〉+ β |1〉)⊗ |↓〉 RF1−−→ α |0 ↑〉+ β |1 ↓〉 . (8.22b)

The transitions frequencies for RF1 and RF2 are different due to the parallel hyperfine
coupling A‖ between electron spin and nuclear spin, as shown in figure 8.9(c). In order to
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(coloured boxes), the sensor state can be mapped onto a memory qubit, which can be readout with a SSR
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avoid simultaneous driving of both transitions the Rabi frequency of an selective pulse Ω
needs to be much smaller than 2π ·A‖ (compare equation (2.30)). Alternatively, Ω can be
chosen such that the generalised Rabi frequency for the unintended transition results in a
2π-rotation, which leads to the condition Ω/(2π) = A‖/

√
3.

The readout then projects both qubits into corresponding eigenstates. While the spin
of the NV centre is populated into the ms = 0 state due to the optical pumping, the state
of the memory is only weakly perturbed. This allows to repetitively map its state back
onto the electron spin (here XSSR times) and in this way measure the nuclear spin state
with a high fidelity in a single-shot readout (SSR).
In order to mitigate slow fluctuations, for example due to an unstable laser power, a

normalised scheme was applied. The idea is to use two microwave CNOT gates (MW1 and
MW2), which flip the electron spin depending on the nuclear state – MW1 if the nuclear
spin is in |↑〉 and MW2 for |↓〉. As shown in figure 8.9(d), the resonance frequencies for
MW1 and MW2 are also separated by A‖. If MW1 flips the electron spin to |1〉, the
detected fluorescence during the subsequent laser pulse is low, whereas MW2 would lead
to no flip and high fluorescence [248]:

|0〉 ⊗ |↑〉 MW1−−−→ |1 ↑〉 ⇒ low fluorescence laser read−−−−−−→ |0〉 ⊗ |↑〉 , (8.23a)

|0〉 ⊗ |↑〉 MW2−−−→ |0 ↑〉 ⇒ high fluorescence laser read−−−−−−→ |0〉 ⊗ |↑〉 , (8.23b)

and vice versa. After summing up all photons in the XSSR repetitions, the normalised
signal is given by [248]:

PLnorm = PL1 − PL2
PL1 + PL2

, (8.24)

where PL1 and PL2 are the total numbers of collected photons during the first and
second readout pulses. In order to digitise the normalised count data, the negative data
was assigned to the |↑〉 state and the positive data to the |↓〉 state. Since the nuclear spin
is flipped if the NV centre’s state is |0〉, the spin flip probability of the nucleus corresponds
to the population P0 of the NV centre. In our experiment, the durations of the RF1 pulses
were about 100 µs and the lengths of MW1 and MW2 pulses around 17 µs.

In figure 8.9(e) a typical time-trace showing quantum jumps is presented. It represents
a step function closely following Bernoulli statistic. The corresponding histogram, shown
in figure 8.9(f), reveals two Poisson distributions and the fidelity for state assignment
is limited by their overlap. As long as the readout time does not exceed the memory
lifetime, the larger the number of collected photons, the lower is the overlap between the
two distributions and the higher is the assignment fidelity. QPN, however, is not reduced.
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Contribution of photon shot noise and quantum projection noise

For SSR the PSN contribution reads:

δPSN =
√
XSSR · [c0P0 + c1(1− P0)], (8.25)

where XSSR is the number of repetitive readouts. The QPN contribution is given by:

δQPN = (c0 − c1)XSSR
√
P0(1− P0). (8.26)

For XSSR = 104 readouts of the nuclear spin from which ∼ 800 photons are detected,
quantum projection noise contributes 86 % to the overall readout noise (for P0 = 0.5).
The SNR as a function of the number of detected photons is plotted in figure 8.10(a).

While the averaged photon count still grows linearly with the number of SSR repetitions,
the SNR increases only for a small range before it saturates. For low photon numbers, the
fidelity of assignment strongly increases yielding a highly improved SNR. However, the
information content of the measurement is limited to a single bit. Thus, if the assignment
fidelity is already very high (close to 90 % for XSSR = 103), collecting further photons does
not longer particularly impact the SNR since the dominating QPN does not improve.
The comparison of figure 8.7(b) and figure 8.10(a) suggests that due to the superior SNR,

ensemble averaging always performs better than a single SSR measurement. However,

http://creativecommons.org/licenses/by/4.0/
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this is not strictly the case and SSR provides certain advantages, which are discussed in
section 8.4.3.

Experimental realisation

The experimental analysis is very similar to the one used for ensemble averaging. Every
measurement was repeated about 2000 times for both frequencies and the individual results
were randomly combined if necessary. Assuming that the correct frequency is unknown,
a decision for either ω1 or ω2 is made for every set.

Discrimination error

Instead of using Poisson distributions to compute the decision threshold, here binomial
distributions are taken:

B(pi, RSSR, n) =
(
RSSR

n

)
pni (1− pi)RSSR−n, (8.27)

where n is the number of nuclear spin flips in RSSR tries and pi is the flip probability for
ωi.

The decision threshold Nthres is the intersection point of the distributions for ω1 and
ω2. After having made a decision for every set, the error probability corresponds to the
ratio of incorrect assignments compared to the total number of decisions.
The theoretical expectation for the error probability is calculated as before, with the

only difference, that again binomial distributions are used [248]:

U = 1− 0.5 ·
( RSSR∑
n=Nthres+1

B(p1, RSSR, n)

︸ ︷︷ ︸
C1

+
Nthres∑
n=0
B(p2, RSSR, n)︸ ︷︷ ︸

C2

)
, (8.28)

where C1 and C2 are the probabilities for a correct decision when ω1 and ω2 are present.

Limitations of the single-shot readout

For an ideal SSR the flip rate PSSR of the 13C memory spin should correspond to the
probability to find the NV centre in |0〉. NV centres can, however, lose an electron under
illumination and become neutrally charged. These charge state conversion processes have
to be considered, since in its neutral charge state, which is present about 20 − 30 % of
the time under green illumination, the NV centre is insensitive [105,257]. This is in more
detail discussed in appendix A.3.7. Further limitations include the not perfect initialisation
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fidelity of the NV centre itself (maximal about 92 % [105]) and statistical flips of the 13C
spin due to its non-infinite lifetime.
In order to quantify these limitations, we used a simple Rabi fringe recorded using SSR

to extract PSSR as a function of P0, which is plotted in figure 8.10(b). Although we find the
expected linear dependency there are unequal margins on top and the bottom. Whilst the
margin at the bottom is about 10 % and is dominated by the imperfect initialisation of the
NV centre into ms = 0 and the finite lifetime of the memory, the additional contribution
due to the charge state conversion processes (∼ 20 %) becomes evident for the top margin.
The resulting flip probability of the memory PSSR as a function of the NV population P0

can be expressed as:
PSSR = CSSR · P0 +DSSR, (8.29)

where CSSR ≈ 0.61 and DSSR ≈ 0.11 for our experiments [248].

8.4.3 Performance for quantum frequency discrimination

In the following, quantum frequency discrimination is experimentally analysed for the two
discussed readout strategies.

Noise as a function of sensor population

One clear difference between QPN and PSN is that QPN depends on the sensor popula-
tion P0. In order to show this, we recorded P0 as a function of coherent interaction time
(as shown in figure 8.3) for both strategies, using the discrimination protocol (same para-
meters as in section 8.2) We then repeated the measurement multiple times and looked
at fluctuations in the measurement result. From these data sets, the standard deviation
was computed for both cases and the results are plotted in figure 8.11. The solid lines
correspond to the theoretical expectations according to (compare equation (8.14)):

δPSN =
√
RensN , (8.30)

for ensemble averaging and (compare equation (8.26)):

δSSR = (c0 − c1)XSSR
√
P0(1− P0), (8.31)

for SSR.
As expected, the PSN dominated ensemble averaging is almost independent of P0,

whereas the standard deviation obtained with SSR follows the expected
√
PSSR(1− PSSR)

dependency. QPN is maximal for Tint = 0 and reduces until topt = 44 µs, where the sensor
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Figure 8.11: Readout noise as a function of interaction time. The standard deviation for SSR
is dominated by QPN. Since QPN is a function of the senor population P0, it changes for different
interaction times. It is maximal for P0 = 0.5 and it is minimal if P0 approaches either zero or one.
On the contrary, the standard deviation for ensemble averaging is almost independent of P0. On the
right side the measurement time-traces for two different interaction time Tint = 22 µs and Tint = 44 µs
are shown. While for SSR the fluctuations clearly reduce (top panel), the average standard deviation
remains unchanged for ensemble averaging (bottom panel). Modified from [248], licensed under CC
BY 4.0, http://creativecommons.org/licenses/by/4.0/.

is in one of its eigenstates and QPN would reduce to zero for a perfect SSR. Due to the
above discussed limitations, QPN does not vanish completely in our experiments.

Error probability over interaction time

In figure 8.12(a) the probability for an incorrect frequency assignment is plotted for 800
recorded photons with both readout strategies. Although the discrimination error reduces
for both methods with increasing coherent interaction time, there is a clear difference
in the performance. For ensemble averaging, the discrimination error mainly depends
on the overlap between the Poisson distributions of the detected photons for ω1 and ω2.
Since their centres drift apart, if ∆P0 = P0(ω1) − P0(ω2) increases, the overlap reduces
with increasing interaction time and reaches a minimum when ∆P0 = 1. The additional
contribution from QPN for the SSR results in a greater error probability and approaches
zero only if φ∆ = π, where the probability for an incorrect assignment of both methods
should in theory coincide. Due to the limitations discussed above, we observe an increased
error likelihood for SSR. The solid lines correspond to theoretical expectations according
to equations 8.19 and 8.28. Assuming an ideal SSR, we obtain the red solid line in
figure 8.12(a) and retrieve this equivalence.

http://creativecommons.org/licenses/by/4.0/
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Figure 8.12: Experimental frequency discrimination for both strategies. (a) Probability for an
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Ensemble averaging performs better due to absence of quantum projection noise. (b) Due to the
limited initialisation fidelity of the memory qubit, the error probability is limited to about 0.2 for a
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lines are theoretical expectations according to equations 8.19 and 8.28. Modified from [248], licensed
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In the following, the discrimination error as a function of number of recorded photons,
total measurement time and number of trials is analysed in more detail for a fixed inter-
action time of 44 µs (corresponds to φ∆ = π, black dotted line in figure 8.12(a)).

Error probability as a function of number of photons

First, we concentrate on the dependency of the error probability on the number of detected
photons for both methods. In order to tune this number, Rens and XSSR were adapted.
The results are plotted in figure 8.12(b). Here, the effect of imperfect initialisation on the
discrimination error can be clearly seen. For φ∆ = π, QPN vanishes and thus each photon
should convey the same information, irrespective of whether using ensemble averaging or

http://creativecommons.org/licenses/by/4.0/
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the SSR method. The solid lines correspond to the theoretical expectations according
to the equations 8.19 and 8.28. We find that the error probability obtained for SSR
saturates around 20 %, which is due to the imperfect initialisation fidelity and thus cannot
be further enhanced – even when recording more photons. In this case, only enhancing
the initialisation fidelity, for example by applying charge state detection techniques [257]
can bridge the gap between the error probabilities for the two readout strategies.

Error probability as a function of measurement time

Another very important resource is the total time T – including all the measurement over-
heads – needed for recording. For ensemble averaging each additional repetition requires
another sensing period and thus the measurement time is proportional to the interaction
duration Tint – plus an offset due to initialisation (tinit) and readout (tread):

Tens = Rens (tinit + Tint + tread) , (8.32)

where tinit + tread ≈ 1.5 µs for our experiments. SSR only requires one period of coherent
interaction and most of the overheads arise from initialisation and readout of the memory:

TSSR = tanc
init + Tint +XSSR · tanc

read, (8.33)

where tanc
init ≈ 100 µs and tanc

read ≈ 17 µs for our experiments. Thus, for XSSR > 10 most of
temporal overheads is due to the repetitive readout.

The error as a function of T required for different Tint is plotted in figure 8.12(c). For
ensemble averaging Rens = 104 was used and for SSR RSSR = 1 and XSSR = 104 in order
to collect the same number of photons. The solid lines correspond to the expectation
according to equations 8.19 and 8.28, where Tint is replace by Tens and TSSR.

For ensemble averaging the reduction of the discrimination error has the same shape as
in figure 8.12(a) and for the optimal interaction time T ≈ 0.45 s are required. In contrast,
the total recording time T is almost independent of Tint for SSR and the data points are
all densely located close to T = 0.17 s. If the interaction time exceeds the time needed for
one mapping operation (here 17 µs), it is less costly to collect an additional photon for SSR
and the discrimination error reduces faster. The duration of the mapping is limited by
the coupling between sensor and memory qubit. By using a more strongly coupled ancilla,
the temporal overheads for SSR can be reduced. For NV centres the intrinsic 14N nucleus
allows CNOT gates on the order of 0.5 µs and the potential advantage is indicated by the
orange line in figure 8.12(c). The discrimination error for multiple SSR experiments and
the consequences of a reduced XSSR are further discussed in [248].
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Error probability as a function of number of trials

Finally, we compare the error probability as a function of the number of coherent interac-
tion periods n for each strategy (figure 8.12(d)). This is relevant, if the sample degrades
or is contaminated when measured and thus many interrogations are not possible. High
confidence for a single interrogation can only be obtained with SSR, which thus performs
significantly better. We find an exponential reduction of the probability to decide for the
incorrect frequency as the number of tries is increased, however for the ensemble aver-
aging with a much slower convergence. For small n the theoretically expected error can be
computed numerically using equations 8.19 and 8.28 (solid lines in figure 8.12(d)). As a
result, the error probability after eight measurements is reduced by approximately a factor
of 10 compared to a single measurement for SSR. Further increasing to 15 measurements
yields an about 100-fold reduction. Beyond that we found no incorrect decisions for any
experimentally obtained subset anymore. Theoretically, the error probability approaches
10−3 and thus cannot be faithfully interrogated with the available data. For ensemble
averaging almost n = 104 tries are required to reduce the discrimination error below 10 %.

8.5 Conclusion

A quantum mechanical detection scheme, optimised for discrimination of two frequency
distributions, is introduced. The idea is based on driving the sensor state, depending
on the present distribution, into one of two orthogonal bases. The sensor phase increases
quadratically with coherent interaction time and the required time can be shorter than the
Fourier limit. Neglecting further noise sources, this scheme in principle allows error-free
discrimination after a single coherent interaction period. Taking additionally the photon
shot noise related to the optical readout of a single NV centre into account, the perform-
ance of two strategies – ensemble averaging and single-shot readout – are compared with
respect to the discrimination problem. It is shown that quantum mechanical projective
measurements produce different measurement uncertainties to photon shot noise domin-
ated measurements, which coincide only when the quantum projection noise is removed.
As in more detail discussed in [248], the findings in this chapter can also be used to
optimise frequency estimation protocols based on a single quantum coherent probe.
The presented results could find application in construction of diagnostic tests based on

single quantum sensors and are especially useful for NMR, for which frequency distribu-
tions are usually well-known and the signal phase can be controlled [154,226]. If faced with
a decision on how to allocate finite resources to construct better sensors, the presented
results are relevant – in particular for nanoscale sensors based on single quantum spins.



9 Quantum spectrum analysis

Spectrum analysis is one of the most important tasks for the wide range of applications, for
which periodic signals of magnetic, electrical, optical, acoustic or other nature are relevant.
Spectra contain an enormous amount of information and for example allow to reconstruct
any signal of interest. Therefore, high accuracy is essential for high informative value
and correct result interpretation. Quantum sensors have certain advantages compared
to classical devices and are indispensable if quantum effects or spatial resolution become
important, as for nanoscale NMR [22,23].
Thus, exploring the possibilities of using a quantum probe for spectrum analysis is

highly interesting [155,258]. The findings in chapter 7 show that the quantum heterodyne
(Qdyne) principle is very similar to classical heterodyne detection, which is the basis of
many present spectrum analysers. Although the Qdyne principle slightly differs from its
classical analogue, it keeps the most important properties, namely down-conversion of high
frequency signals to the detector bandwidth, sensor coherence independent resolution, and
simultaneous detection of frequency, amplitude and phase.
While in chapter 7 the main focus is on the idea, the working principle and the improved

frequency resolution, in the following the possibility of applying the Qdyne principle to
spectrum analysis is discussed in more detail. In section 9.1 a measurement sequence is
introduced, which is fundamentally different from dynamical decoupling and increases the
maximal detectable frequency for NV centres to more than 100 GHz while maintaining
the Hz to sub-mHz precision. After experimentally demonstrating the working principle
in section 9.2, a magnetic AC field is characterised by estimating its amplitude, frequency
and phase in section 9.3. Options to improve the sensitivity are discussed in section 9.4,
before finally the dynamic and spectral bandwidth are analysed in section 9.5. Although
the experimental realisations are based on single NV centres in diamond, the results are
in principle applicable to other quantum platforms. Parts of the results presented in this
chapter are accepted for publication [259].
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Figure 9.1: Sketch of measurement sequence. After initialisation of the sensor qubit, an optimally
instantaneous control π/2-pulse around a fixed axis is applied. During the interaction with the signal
the state further evolves, which can be depicted as another rotation on the Bloch sphere, for which the
rotation axis depends on the signal phase θ(t0) at time t0 (compare section 9.1.2).

9.1 Measurement sequence and theoretical analysis

Measurement sequences which are sensitive to the phase of the signal of interest are the
fundamental building block of the Qdyne principle (compare section 7.1). The idea intro-
duced here is to show that the final sensor state when interacting with a near-resonant
field can be tailored to depend not only on the strength and the frequency of this field
but also on its phase θ. In section 2.5 it is shown, that a control signal resonant to the
splitting of two sensor levels can be used to perform unitary rotations on the Bloch sphere
and the rotation axis is determined by θ.
Analogously, an unknown oscillating field can initiate rotations if its frequency is near-

resonant. It was recently shown, that this principle allows for nanoscale NMR experiments
[260]. However, without further control, a measurement of the sensor population would
be independent of θ due to the circular symmetry of the Bloch sphere. In the following,
it is theoretically derived and experimentally shown that the application of an additional
π/2-pulse with known phase, as sketched in figure 9.1, allows to break this symmetry.
As a result, repetitive measurements of this type can be correlated to record the tem-

poral dependency of θ(T ) with the total measurement time T and thereby find the signal
frequency. By tailoring the sensor levels, the resonance condition can be adjusted. For
NV centres, for example, the splitting of the spin levels depends on the external bias field,
and 3.5 T corresponds to about 100 GHz [261, 262]. The interaction duration, however, is
limited by the T ∗2 -time.
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9.1.1 Derivation of the population formula

The aim is to measure an oscillating field with coupling Ω and frequency ν, close to the
transition frequency of the sensor ν0. The corresponding Hamiltonian is:

H(t) = hν0
2 σ̂z + ~Ω sin (2πνt+ θ)σ̂x. (9.1)

Assuming that the frequency of the signal is almost resonant (ν ≈ ν0) and going into the
rotating frame with respect to ν, H(t) reads after applying the rotating wave approxima-
tion (compare appendix A.3.1):

Hint(t) = ~
2

(
−2πν∆ Ωe−iθ

Ωeiθ 2πν∆

)
, (9.2)

where ν∆ = ν− ν0. In the following, it is for the moment assumed that ν∆ � Ω/(2π) and
thus can be neglected. Then Hint simplifies to:

Hint(t) = ~Ω
2 (cos (θ)σ̂x + sin (θ)σ̂y) , (9.3)

and thus the time evolution is governed by:

Uint = exp
(
−iΩ · Tint

2 (cos (θ)σ̂x + sin (θ)σ̂y)
)
, (9.4)

where Tint is the duration the sensor interacts with the signal of interest. This operator
describes a rotation on the Bloch sphere by an angle proportional to Ω · Tint around an
axis in the x− y−plane defined by θ (compare section 2.5).
After initialising the quantum probe into one of its eigenstates we use a control π/2-pulse

to bring it into a coherent superposition state and let it interact with the signal. The time
evolution operator of the π/2-pulse is given by:

Uπ/2(t) = 1√
2

(
1 − sin (θπ/2)− i cos (θπ/2)

sin (θπ/2)− i cos (θπ/2) 1

)
, (9.5)

where θπ/2 defines the angle of the π/2-rotation. If the quantum system is for example
initialised in |0〉, we find after the combined time evolution U = UintUπ/2, the following
probability P0 = |〈0| U |0〉|2 to readout |0〉:

P0 = 1
2[1− sin(ΩTint) cos(θ − θπ/2)]. (9.6)
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Thus, P0 has a sinusoidal dependency on θ. The amplitude of this oscillation is propor-
tional to sin(ΩTint) (see section 9.5 for a more in depth discussion). By using that the time
evolution of θ(T ) as a function of the total recording time T is θ(T ) = 2πνT + θ(T = 0),
it follows:

P0(T ) = 1
2[1− sin (ΩTint) cos

(
2πνT + θ(T = 0)− θπ/2(T )

)
]. (9.7)

In the case the phase of the π/2-pulse is fixed in the rotating frame of the sensor qubit,
meaning it evolves as θπ/2(T ) = 2πν0T + θπ/2(T = 0) in the laboratory frame, it is:

P0(T ) = 1
2[1− sin (ΩTint) cos (2πν∆T + θ0)], (9.8)

where the initial phase is θ0 = θ(T = 0)− θπ/2(T = 0) and the detection frequency reads
ν∆ = |ν − ν0|.
If the phase of the π/2-pulse is fixed in the laboratory frame (θπ/2(T ) = θπ/2(T = 0)),

usually many signal periods are within Tint and a local oscillator frequency νLO identical
to the one introduced in section 7.1.2 can be defined. Then, it follows:

P0(T ) = 1
2[1− sin (ΩTint) cos (2π(νLO − ν)T + θ0)]. (9.9)

In principle, it is also possible to perform the control π/2-pulse after the interaction
period, which is discussed in more detail in appendix A.3.6.

9.1.2 Illustrative explanation

After the rather mathematical description of the principle, in the following a more illus-
trative explanation on the Bloch sphere is given. The idea is to initialise the quantum
sensor into the |0〉 state and then use an optimally instantaneous π/2-pulse.
As sketched in figure 9.2(a), in which this axis corresponds to the x-axis (θπ/2 = π), the

state vector of the qubit results on the y-axis through this rotation. During the interaction
with the signal of interest, another rotation is performed, for example another π/2-rotation,
and the rotation axis is defined by the signal phase θ.

If θ = π, the rotational axes of the initial π/2-pulse and the π/2-rotation caused by the
signal are identical and thus an effective π-rotation is performed and the final state is |1〉,
as shown in figure 9.2(c). If θ = π/2, the rotational axes are perpendicular and the signal
effectively performs no rotation. The final state is then an equally populated superposition
state. For any other θ, the probability of measuring |0〉 is given by equation (9.6). For
three different rotation angles (Θ ∈ {π/3, π/2, 2π/3}) the final states are shown for a variety
of θ ∈ [0, 2π) in figure 9.2(b).
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Figure 9.2: Illustration of the state evolution on the Bloch sphere. (a) After initialisation of the
qubit into |0〉, a control π/2-pulse around a fixed axis (here x-axis) is applied. During the interaction
with the signal another rotation (here π/2) is performed and the rotation axis depends on the signal
phase θ. (b) The final states for various θ ∈ [0, 2π) with a spacing of ∆θ = π/50 are plotted for three
different rotation angles Θ. For Θ = π/2 the measurement contrast is maximal. (c) Evolution of the
sensor state on the Bloch sphere for θ = π and θ = π/2 (Θ = π/2).
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9.1.3 Non-negligible frequency detuning

In the case that ν∆ is not negligible, the analysis is more complicated. For reasons of
overview, the derivation is only briefly outlined and the full derivation can be found
in [259]. Based on equation (9.2), the time evolution during the interaction with the
signal is described by:

Uint = cos
(ΩRTint

2

)
1− i sin

(ΩRTint
2

)−2πν∆
ΩR

Ω
ΩR
e−iθ

Ω
ΩR
eiθ 2πν∆

ΩR

 , (9.10)

where ΩR is the generalised Rabi frequency (compare equation (2.31)):

ΩR =
√

Ω2 + (2πν∆)2. (9.11)

Setting θ∆ = θ − θπ/2, the final population reads [259]:

P0 = 1
2

[
1 + 4πν∆Ω

Ω2
R

sin
(ΩRTint

2

)2
sin(θ∆)− Ω

ΩR
sin(ΩRTint) cos(θ∆)

]
, (9.12)

and also oscillates with the phase of the signal θ. For 2πν∆ � Ω it follows ΩR ≈ Ω and
equation (9.6) is recovered.

9.2 Experimental demonstration of the principle

For the experimental realisations, single NV centres in a 99.9999 % 12C purified diamond
(more detailed description in appendix A.1.5) were used as quantum probes. An AWG
(Tektronics AWG70001A) performed the timing of the laser pulses and generated the
control π/2-pulses.

9.2.1 Population as a function of the signal phase

We start our experimental analysis by measuring P0 as a function of the signal phase
θ with the aim to validate equation (9.6). As sketched in figure 9.3(a), another AWG
(Tektronics AWG70001A) generated the sensing signal in order to have precise control
over θ. For synchronisation of both devices TTL-triggers were used.
The strength of the ν ≈ 1.5 GHz signal resonant to the ms = 0 and ms = −1 sub-states

was adjusted such that a π/2-rotation is performed during the interaction duration Tint.
The detection frequency was chosen to be very small so that the signal phase changed by
only about 0.10° for consecutive measurements. In order to cover a range larger than 2π,
5000 phase sensitive measurements were preformed in a row. We repeated this procedure
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Figure 9.3: Experimental demonstration of the principle. (a) Sensor population as a function of
signal phase θ. One arbitrary waveform generator (AWG1) is used to perform the control sequences
(green boxes) sketched in figure 9.1 and a second AWG (AWG2) generates the signal (red line), which
is probed with 5000 measurements per iteration. Synchronisation of both devices via a TTL-trigger
pulse in the very beginning of every of the 2 · 106 repetitions, allows to sum up the individual results.
A fit (light blue line) to the measured states verifies the expected sinusoidal behaviour. (b) Spectrum
obtained by performing a FFT over the outcome of 107 measurements (blue data). It is compared to
a sequentially recorded ODMR-like spectrum (green data, Lorentzian fit added).

about 2 · 106 times. Since both AWG were synchronised, θ(T ) was identical for every
iteration and thus averaging is possible. After summing up all the photons recorded
during the 2 · 106 iterations, the plot in figure 9.3(a) was obtained (only every tenth data
point is plotted for reasons of overview). As expected, P0 has a sinusoidal dependency on
θ. The light blue line represents a fit according to equation (9.6) through the data.

9.2.2 Frequency spectrum

Next, we use these phase-sensitive measurements to obtain a spectrum by applying the
Qdyne principle. For a magnetic field oscillating close to 1.5 GHz and generated by an
independent signal generator, we used 107 times the technique sketched in figure 9.1. The
data recording and the analysis follow the description in section 7.1.3 and the obtained
FFT of the data recorded in about 120 s is shown in figure 9.3(b). There is a clear peak
at the expected frequency with a width of just about 15 mHz, which corresponds to the
eleventh fractional digit of the 1.5 GHz signal frequency.



144 Chapter 9. Quantum spectrum analysis

Traditionally, spectroscopy in the gigahertz range can also be performed with the ODMR
technique described in section 4.1. By successively shifting the qubit levels, different
frequency components are sampled and a spectrum can be obtained. Instead of changing
these levels, an equivalent spectrum was recorded by changing the frequency of a test
signal. The result is also added to figure 9.3(b) including a Lorentzian fit (green data).
The width of the line obtained hereby is given by the inverse of the interaction time, which
would be eventually limited by the T ∗2 -time of the quantum sensor. For the measured NV
centre, 1/T ∗2 ≈ 100 kHz, which is about seven orders of magnitude larger than the linewidth
obtained with Qdyne after 120 s.

9.2.3 Signals with multiple spectral components

The evolution of the quantum state for a signal with a single frequency under the intro-
duced protocol is extensively discussed in section 9.1. However, a field of interest might
have multiple frequency components. In the following this case is examined in more detail.
The Hamiltonian of a signal with N spectral components can be written as:

H = hν0
2 σ̂z +

N∑
n=1

[~Ωn sin (2πνn + θn)σ̂x] , (9.13)

where Ωn, νn and θn are the respective coupling strengths, frequencies and phases. In the
rotating frame with respect to the resonance frequency ν0 of the sensor Hint reads:

Hint(t) = ~
2

(
0

∑N
n=1 Ωne−i(2πν∆,nt+θn)∑N

n=1 Ωnei(2πν∆,nt+θn) 0

)
, (9.14)

where ν∆,n = νn−ν0. Finding an analytical solution is very challenging due to the explicit
time-dependency of this Hamiltonian. Therefore, the assumption ∀ν∆,n � ∀Ωn/(2π) is
applied, which especially makes Hint time-independent:

Hint =
N∑
n=1

[~Ωn

2 (cos (θn)σ̂x + sin (θn)σ̂y)
]
. (9.15)

Reordering all terms with respect to σ̂x and σ̂y yields:

Hint =
N∑
n=1

[~Ωn

2 cos (θn)
]
σ̂x +

N∑
n=1

[~Ωn

2 sin (θn)
]
σ̂y = 1

2 (Ωxσ̂x + Ωyσ̂y) , (9.16)

where Ωx =
∑N
n=1 [~Ωn cos (θn)] and Ωy =

∑N
n=1 [~Ωn sin (θn)] is defined.
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Figure 9.4: Spectroscopy of a magnetic field with three frequency components. All three
frequencies are revealed in the FFT spectrum. For reasons of overview only the relevant part of the
spectrum is shown. Adapted with permission from [259]. Copyright 2021 by the American Physical
Society.

This Hamiltonian describes a single rotation on the Bloch sphere with rotation angle
and axis depending on Ωx and Ωy. If the sensor is initialised in |0〉, the probability P0 to
finally measure |0〉 reads:

P0 = 1
2 −

1
2Ωe

[
Ωy cos (θπ/2)− Ωx sin (θπ/2)

]
sin (ΩeTint), (9.17)

where
Ω2

e = Ω2
x + Ω2

y. (9.18)

Thus, P0 is a sum of sinusoidal functions and all frequency components should be revealed
when performing a FFT. In order to show these findings experimentally, we combined
the output of three independent signal generators, each generating a signal with slightly
different frequency. The resulting FFT is plotted in figure 9.4. As expected, all three
frequency components are revealed in the spectrum. If the assumption ∀ν∆,n � ∀Ωn/(2π)
does not hold, Hint is time-dependent and further analysis is required.

9.2.4 Interactions during initialisation and readout

Unlike signals recorded with DD, for which the sensor population only changes if the
control sequence is applied, a resonant field alters the sensor state on its own. This might
be a problem, since these unwanted interactions can reduce the initialisation and readout
fidelity and thus negatively influence the measurement performance.
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spectrum, when the signal was turned off during initialisation and readout period. (b) Fourier spectrum,
when recording a continuous signal. The interactions with the qubit during initialisation and readout
reduce the measurement contrast. (c) This loss of sensitivity can be recovered by shifting the energy
levels of the qubit by applying an additional DC field during initialisation and readout period. Adapted
with permission from [259]. Copyright 2021 by the American Physical Society.

For an artificial test signal the interaction time can be controlled, for example using
switches. However, in a real-world application switching the signal on and off by request
is usually not possible. In order to examine the influences, Qdyne spectra were recorded for
two different scenarios. In the first scenario, the signal was turned off during initialisation
and readout, whereas for the second scenario, an identical signal was continuously turned
on. The results are plotted in figure 9.5(a) and 9.5(b). As expected, the heights of the
observed FFT peaks differ. The peak obtained, after recording the pulsed signal, is about
four times higher. Since the SNR scales as square root of the total measurement time,
this corresponds to an about 16 times longer recording duration.
The idea to solve this problem is to apply a DC magnetic field during the initialisation

and readout period. This DC magnetic field shifts the qubit levels and if strong enough
detunes them and the signal out of resonance. Then the quantum probe is insensitive to
this signal during the time this additional DC magnetic field is applied. Experimentally,
we realised the DC field by sending a DC current through the same copper wire which
was used for the remaining control pulses. By using a fast switch we were able to turn it
on and off within less than 20 ns. To experimentally demonstrate the working principle,
a current which shifted the energy difference of our qubit levels by approximately 3 MHz,
as shown in figure 9.6, was applied. This shift was enough to eliminate the interaction
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between sensor and signal almost completely. The resulting FFT spectrum is plotted in
figure 9.5(c). We observe about the same contrast as for the pulsed signal.
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9.3 Signal reconstruction

In time-domain, a periodic signal can be described as a sum over all its components:

B(t) =
∑
n

Bn sin (2πνnt+ θn), (9.19)

where Bn are the amplitude, νn the frequency and θn the phase parameters. The task
for reconstructing a signal of interest, is to find these parameters. While many other
techniques are limited to estimate either the frequency or the amplitude [263, 264], and
often only work well if the other parameters are known precisely, the advantage of Qdyne
is that a Fourier spectrum of the signal can be obtained. Analysing and interpretation of a
FFT is a fundamental and well-studied problem and in the following the basics are briefly
summarised and exemplified for our experimental data. For this purpose a magnetic field
oscillating with a single frequency at ν = 1.510 82 GHz was recorded by performing a
measurement every 3.38 µs. The interaction time was Tint = 1.4 µs and the remaining time
is due to overheads.

Amplitude estimation

The amplitude spectrum can be obtained by computing the absolute value of the complex
discrete Fourier transform F(ν):

|F(ν)| =
√
Re(F(ν))2 + Im(F(ν))2. (9.20)

For our data, as shown in the amplitude spectrum after 2 s in figure 9.7(a), there is only one
peak in |F(ν)|. The height of the peak is a measure for the strength of the magnetic field
and for conversion, we used a calibration signal with very precisely known field strength.

One problem with the discrete nature of the recording is that the obtained spectrum
is discrete as well. The discretisation depends on the sample rate and the total number
of sampling points. Thus, it is not unlikely that the actual frequency is in between two
frequency points of the FFT spectrum. In order to obtain a continuous spectrum, several
surrounding bins and a suitable function can be used for interpolation [265,266]. For our
analysis, all amplitude spectra were fitted using Lorentzian functions in order to obtain the
respective parameters. Their uncertainties (correspond to the error bars) were estimated
using 95 % confidence intervals. For the test signal, the estimated field strength B1 is
plotted for different total recording times T in figure 9.7(c). The uncertainty ∆B1 in
estimating B1 as a function of T is plotted in figure 9.7(d). As expected, ∆B1 reduces
as
√
T since the SNR improves as

√
T . After a total recording time of T = 120 s we
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Figure 9.7: Experimental determination of the signal parameters. Amplitude (a) and phase
spectrum (b) obtained from the complex FFT. Estimate of the signal amplitude B1 in (c), signal phase
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of total recording time T . While the uncertainties for amplitude estimation ∆B1 in (d) and phase
estimation ∆θ1 in (f) reduce as

√
T , the uncertainty ∆(νest − ν1) in (h) decreases as T−1.5. Adapted

with permission from [259]. Copyright 2021 by the American Physical Society.
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were able to reduce ∆B1 to about 30 nT. This corresponds to an amplitude sensitivity of
ηB ≈ 330 nT/

√
Hz.

Frequency estimation

To estimate the frequency, the same amplitude spectrum and Lorentzian fits can be used
to find the position of the peak maximum νest. The obtained deviation from the real signal
frequency ν1 is plotted in figure 9.7(g). The difference quickly decays and the uncertainty,
again obtained finding the 95 % confidence intervals, reduces as T−1.5 to about 23 µHz for
T = 120 s (see figure 9.7(h)). The reasons are the same as the ones extensively discussed
in section 7.2.3.

Phase estimation

The phase spectrum is given by the argument of the complex FFT:

]F = arctan2
( Im(F)
Re(F)

)
, (9.21)

where arctan2 takes into account that the traditional arctangent returns only values in
the [−π/2, π/2] interval.
Since equation (9.21) depends on the ratio of imaginary and real part, even points with

a tiny absolute value can have a significant contribution. Ignoring all the points below the
threshold indicated by the dashed line in the inset of figure 9.7(a), the phase spectrum
after T = 2 s is shown in figure 9.7(b). By using a linear interpolation to extract the
signal phase θ1, our estimate is plotted as a function of the total recording time T in
figure 9.7(e). The uncertainty ∆θ, which is displayed in figure 9.7(f), was obtained using
95 % confidence intervals and reduces as

√
T due to the improved SNR. After T = 120 s

we were able to estimate the phase down to ∆θ1 = 0.49°. The resulting phase sensitivity
reads ηθ = ∆θ1

√
T ≈ 5.4 °/

√
Hz. One should note that for a detuned signal the estimated

phase might be different from the real signal phase, which is in more detail discussed
in [259].

9.4 Improving the sensitivity

In the following, two techniques to improve the amplitude estimation are discussed. First,
the possibility to perform single-shot readout (SSR) is examined and second, a decoupling
technique is used to extend the interaction time.
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Figure 9.8: Time trace and FFT for Qdyne recorded with SSR. (a) Segment of a time trace
recorded via a Qdyne-type measurement using SSR. The distribution of data points is probabilistically
either |0〉 or |1〉 depending on the final sensor state. There a many quantum jumps if P0 ≈ 0.5 and
only a few of P0 ≈ 0 or P0 ≈ 1. The bias towards recording |1〉 is due to charge state conversion
processes. A sinusoidal fit to the data is added as orange line. (b) Spectrum obtained via FFT of the
full time trace. The red line is a Lorentzian fit to the data.

9.4.1 Qdyne spectroscopy using single-shot readout

One option to improve the SNR is to reduce the measurement noise. As discussed in
section 8.4.2, SSR uses quantum non-demolition measurements to practically eliminate
the photon shot noise (PSN) due to the optical readout. Then only the fundamentally
limiting quantum projection noise (QPN) remains. The cost is a highly increased readout
time.

Prove of principle

In order to perform SSR, the same NV centre, 13C nuclear memory and protocol as
described in section 8.4.2 were used. Under an external magnetic bias field of around
420 mT aligned along the symmetry axis of the NV centre, an artificial signal oscillating
close to ν ≈ 1.692 GHz was recorded for 720 s using Qdyne and SSR (XSSR = 6500).

The individual outcomes are displayed as function of the recording time T in fig-
ure 9.8(a). For reasons of overview only a part of the full data is presented. This time
trace is fundamentally different from the traditional readout (compare figure 7.3). Instead
of recording mostly zero or one photons, many photons are recorded and, if the recording
duration is long enough, every measurement outcome can be assigned to a certain state
(compare figure 8.9(a)).
Then, the beating associated to the Qdyne technique is more obviously imprinted in

the time trace. If the final sensor population is close to P0 ≈ 1, it is highly probable to
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as a function of XSSR. For this experiment, the SNR is highest for XSSR ≈ 1000.

measure state |0〉. On the contrary, if the final state is P0 ≈ 0, mostly |1〉 is measured.
Both outcomes are equally probable for P0 ≈ 0.5 and there are a lot of quantum jumps
between consecutive measurements. There is a bias towards recording |1〉 in our exper-
iments, which is due to charge state conversion processes between NV− and NV0 [257]
(see section 8.4.2 for a more detailed discussion). A sinusoidal fit (orange line) reveals
the same beating frequency of about 28 mHz as the FFT of the full data set (T = 720 s),
shown in figure 9.8(b).

Sensitivity as a function of the SSR readout duration

A free parameter is the number of repetitive readouts XSSR per SSR, which should be
chosen such that the resulting SNR is maximal. After every SSR measurement the number
of detected photons needs to be assigned to a state. The fidelity of this assignment is
limited by PSN and depends on XSSR as shown in figure 9.9(a). For example, the readout
fidelity is around 85 % for XSSR ≈ 1000, while it is > 99.9 % for XSSR ≈ 10 000. Although
the fidelity increases with XSSR, the overall SNR can be reduced due to the extended time
required for every readout (compare equation (8.33)). Thus, a compromise between those
two opposing scalings has to be found. In order to experimentally examine the optimal
XSSR for our case, Qdyne spectra for various XSSR were recorded (Ttotal = 720 s). For
statistical reasons every measurement was repeated four times. From the obtained FFT
spectra, the SNR of each spectrum was obtained. The averaged SNR data are shown in
figure 9.9(b) and the errorbars correspond to the standard deviation.
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As expected, for very small XSSR the fidelity of assignment is poor and the SNR strongly
increases withXSSR. At some point, however, the improved readout fidelity is compensated
by the elevated measurement time and the SNR decreases slowly. We find an optimal point
at around XSSR ≈ 1000. This number of course depends on the exact setup parameters
and might differ for a different setting.

Comparison of SSR and traditional readout

In order to compare the performance between SSR and traditional readout, a similar
signal was recorded once with each technique. Including the overhead for initialisation and
readout we could perform a measurement approximately every 4 µs using the traditional
readout. Due to the increased readout duration (XSSR = 1000) one SSR measurement
could be achieved only every 0.04 s. This corresponds to an about 104 times lower sampling
rate, however, partially compensated by obtaining much more meaningful data.
While we find SNR ≈ 100 for the traditional readout after T = 100 s, we obtain only

SNR ≈ 25 after T = 720 s for SSR. Taking the typical
√
T -scaling into account this

corresponds to a 11-fold reduction of the sensitivity. However, SSR becomes more effective
if the interaction time Tint is increased. While the sampling rate for the SSR mainly
depends on the readout duration and is almost independent of the interaction time, the
sampling rate for the traditional readout reduces almost linearly if Tint increases. By
prolonging the interaction time or decreasing the SSR readout duration, for example by
using a more strongly coupled memory, the performance difference becomes smaller and
at some point SSR can be superior.

9.4.2 Enhanced sensitivity through decoupling

If the two levels of the qubit are used to measure a weak resonant field, the time of
coherent interaction Tint is usually limited by the T ∗2 -dephasing time. As a consequence,
the accuracy of estimating the amplitude is restricted by T ∗2 , which for NV centres is
usually just a few microseconds. Although the problem with the low frequency resolution
can be solved applying the Qdyne technique, the precision for amplitude estimation, which
improves as

√
Tint [4], is still unchanged. Recently, it has been shown that it is possible

to extend Tint for these problems [263, 264]. The idea is to decouple the sensor from
time-independent and slowly fluctuating noise while maintaining its sensitivity for the
field of interest. The decoupling techniques can be based on both continuous driving [263]
or pulsed dynamical decoupling [264]. In the following, it is examined if these protocols
are adaptable to the Qdyne principle, for which it is important that the outcome of a
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measurement depends on the signal phase. We concentrate on the continuous driving
case, but the findings in principle also apply to the DD version.

Principle

The protocol, which is sketched in figure 9.10(a), is very similar to the technique used
in [263]. After initialisation and a π/2-pulse, a resonant continuous driving field with
coupling strength Ωcd and with the same phase as the π/2-pulse is used to decouple the
sensor from environmental noise. Unlike in [263], there is no final π/2-pulse before the
readout. The reason for this modification is that in [263] the protocol was tailored to
be independent of the signal phase θ. Then averaging over multiple iterations does not
require phase locking. However, this behaviour is in contrast to the Qdyne principle.
If the interaction time is chosen appropriately, namely Ωcd · Tint = n · 2π (n ∈ N), the

sensor is driven to return precisely to its starting state. The measurement contrast as
a function of the signal frequency detuning δ = ν − νdriv was simulated numerically. For
this simulation the driving field was chosen to be 20 times stronger than the signal. The
result in figure 9.10(b) shows that there are three resonance lines – a large one centred
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Figure 9.11: Qdyne based on decoupling through coherent driving. (a) The decay of a Ramsey
type experiment reveals the T ∗2 dephasing time of the sensor (upper panel). The interaction time can
be prolonged to the much longer spin locking time T1ρ using a strong driving field. As shown in the
lower panel, Rabi oscillations with a reasonable contrast are still observable after Tint = 100 µs. (b) For
an interaction time of Tint = 100 µs, the Qdyne experiment with coherent driving (purple data) shows
a clear peak at the signal frequency in contrast to the one without driving (red data).

around δ = 0 and two smaller ones centred around δ = ±Ωcd/(2π) – which represent a
Mollow triplet [267]. The linewidths are proportional to the inverse of Tint.
For this protocol the measurement outcome depends on θ, which is shown in fig-

ure 9.10(c) for δ = 0. Although the phase dependency is not perfectly sinusoidal, in
the following, we concentrate on this central peak since the sensitivity is highest.

All conclusions here are based on simulations and finding analytical expressions remains
an open task. Also, applying two driving fields to further decouple the sensor from noise
in the first driving field as realised in [263] might be interesting.

Experimental realisation

We start our analysis by showing that we can indeed increase the interaction time Tint

using this kind of decoupling. Therefore, we first use basic Ramsey interferometry to probe
the T ∗2 decay time (compare section 4.5.4). The result is presented in the upper panel of
figure 9.11(a). From the decaying oscillations, T ∗2 ≈ 25 µs can be obtained. We compare
this result to the decay of the Rabi oscillations caused by a strong driving field with
Ωcd = 2π · 3.75 MHz (lower panel figure 9.11(a)). Oscillations with a reasonable contrast
are still detectable after interaction times exceeding 100 µs, since the sensor is decoupled
from low frequency noise sources (decay time T1ρ ≈ 200 µs).
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Finally, we focus on using this enhanced coherence time to perform Qdyne spectroscopy
with a higher amplitude sensitivity. The same 36 nT signal with frequency ν = 1.558 GHz
was measured using the Qdyne techniques with (same Ωcd = 2π · 3.75 MHz) and without
decoupling for T = 30 s and Tint ≈ 100 µs. The relevant parts of the obtained spectra
are displayed in figure 9.11(b). As expected, for the Qdyne experiment measured without
decoupling (red data), there is no signal in the FFT spectrum. In contrast, there is a clear
peak in the spectrum of the Qdyne realisation with coherent driving (purple data). For
the presented data, we find a sensitivity of about 16 nT/

√
Hz.

9.5 Bandwidth of the quantum spectrum analyser

Other important properties of a spectrum analyser are the spectral and dynamic band-
widths, which define the ranges of frequencies and amplitudes that can be measured un-
ambiguously within a single experiment.

9.5.1 Dynamic bandwidth

The dynamic bandwidth determines which field amplitudes can be resolved unambiguously.
As shown above, the coupling Ω of the signal to the quantum sensor defines the angle of
rotation Θ = Ω · Tint. If 2π(ν − ν0)� Ω, the obtained peak height C in the FFT spectrum
scales as (compare equation (9.6)):

C ∼ | sin(ΩTint)| = | sin(Θ)|. (9.22)

Due to the periodicity in equation (9.22), the following Θ yield the same C:

Θ = π

2 ± δΦ + n · π, (9.23)

where δΦ ∈ [0, π/2] and n ∈ N.
For example, a π/2-rotation and a 3π/2-rotation or any other half integer of π entail

the same C. Thus, only if the rotation angle Θ is known within π/2, it can be identified
uniquely.
This can be experimentally observed by performing Qdyne spectroscopy for a variety of

Θ. In order to change Θ, we recorded the same signal (Ω ≈ 2π · 0.5 MHz) for various Tint.
The obtained peak heights in the resulting FFT spectra are plotted in figure 9.12(a), to-
gether with the theoretical curve according to equation (9.22) (red solid line). As expected,
there are several Tint for which C is identical.
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Figure 9.12: Dynamic bandwidth of the spectrum analyser. (a) Normalised contrast as a function
of the interaction time Tint. As indicated by the black dotted line, there are several Tint which lead to
the same rotation angle Θ. (b) For different coupling strength, the contrast is plotted as a function of
Tint. Although Ωn differs, the measurement outcome for Tint = 31.3 ns is identical. For both subfigures,
the solid lines are computed as | sin (Θ)| and the measurement data are normalised accordingly. The
deviations for large Tint are due to drifts in the experimental setup. Adapted with permission from [259].
Copyright 2021 by the American Physical Society.

In order to increase the dynamic bandwidth, further measurements can be performed.
The idea is to modify the interaction time T ′int = Tint + tδ by a relatively small amount tδ
and the modified rotation angle Θ′ is [259]:

Θ′ = Θ + Ω · tδ = Θ + δΘ. (9.24)

Then, Ω can be determined unambiguously for all δΘ = Ω · tδ < π/2 [259]. Choosing tδ
small increases the dynamic bandwidth by a lot. However, it becomes more difficult to
resolve the smaller δΘ and thus, longer total recording times might be required.

We experimentally verify these findings by performing experiments for three signals with
different strengths (Ω1 = 2π · 4 MHz, Ω2 = 2π · 12 MHz, Ω3 = 2π · 20 MHz). As shown in
figure 9.12(b), all three magnetic fields have the same contrast for an interaction time of
Tint = 31.3 ns. By changing Tint this degeneracy can be lifted.

9.5.2 Spectral bandwidth

For the introduced protocol, the signal frequency ν has to correspond to the splitting of
the qubit levels (hν0). For a small detuning ν∆ = ν−ν0, there is still an interaction, albeit
with a reduced performance (filter function compare equation (9.12)).
The dependency of the peak amplitudes in the FFT spectra on ν∆ is experimentally

investigated by sequentially measuring signals with different frequencies (same strength
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Figure 9.13: Spectral bandwidth of the spectrum analyser. Peak amplitudes in the FFT spectra
as a function of the detuning ν∆ = ν − ν0 between transition frequency of the qubit ν0 and signal
frequency ν. The recorded data (blue dots) fit well with the theoretical expectations according to
equation (9.12) (red line) and equation (9.25) (green line). The small deviations for large |ν∆| are
probably due to drifts of the bias magnetic field. Adapted with permission from [259]. Copyright 2021
by the American Physical Society.

Ω · Tint = π/2). The normalised peak amplitudes, obtained after recording for a few seconds
respectively, are presented as a function of ν∆ in figure 9.13.
The presented data represent the spectral filter of the used technique. As expected,

the amplitude is highest when ν∆ ≈ 0 and reduces if |ν∆| increases. The rotation angle
Θ is determined by the generalised Rabi frequency ΩR (compare equation (9.11)). Since
ΩR is larger than Ω, a rotation by more than Θ > π/2 is performed if the interaction
time Tint is fixed. If |2πν∆| =

√
15Ω ≈ 3.87Ω, ΩR is four times larger than Ω and thus

instead of a π/2-rotation a full 2π-rotation is performed. This is equivalent to not rotating
at all and the contrast vanishes. The same is true for 2π|ν∆| =

√
63Ω or more general

2π|ν∆| =
√

(4 · n)2 − 1 · Ω, where 2 or n full rotations are performed. Between these
minima, there are maxima, albeit with a reduced contrast compared to ν∆ = 0. For
reasons explained below, ΩR · Tint = π at these points.

In figure 9.13 the expected contrast according to equation (9.12) is added as a red
line. The data points fit well to the expectations. The small deviations for large |ν∆| are
probably due to drifts of the bias magnetic field during the experiments, which shift ν0.
The width of the central peak scales as 1/Tint and for the FWHM we empirically find
νFWHM ≈ 1.36/Tint, if ΩTint = π/2 is fixed.
As ΩR determines the rotation angle, the interaction time Tint which maximises the

measurement contrast C is a function of ν∆. In order to find this optimal time and the
resulting contrast, one can compute the maximal and the minimal value of equation (9.12)
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as a function of the signal phase θ. For reasons of overview, only the result is presented
here, and the full derivation can be found in [259]. We find that the maximal contrast is
given by [259]:

C ∼


1 for 2π |ν∆| ≤ Ω,
4π|ν∆|Ω

Ω2
R

for 2π |ν∆| > Ω,
(9.25)

for the following interaction times [259]:

Tint =


2

ΩR
arcsin

(
ΩR√
2Ω

)
for 2π |ν∆| ≤ Ω,

π
ΩR

for 2π |ν∆| > Ω.
(9.26)

Thus, as long as 2π |ν∆| ≤ Ω, it is always possible to obtain C ∼ 1 if relaxation can be
neglected. The required interaction time corresponds to an effective π/2-pulse, meaning
that half of the population is transferred. Since this is not possible for 2π |ν∆| > Ω anymore
(since Ω2/Ω2

R < 0.5), the optimal C is achieved, when the effective rotation angle is the
largest, which happens for ΩR · Tint = π. This result is also included in figure 9.13 as a
green solid line and fits well to the other data.

Spectral bandwidth taking measurement overheads into account

In section 7.1 the local oscillator frequency is defined as νLO = m/t∆, where m ∈ N

minimises |t∆ −m/ν| and t∆ is the time between consecutive measurements. At first
sight, this definition seems impractical since ν is the parameter which should be estimated
and thus, the value of m is ambiguous. In general, the following signal frequencies:

νm,± = m

t∆
± νδ, (9.27)

yield the same beating frequency δb = νδ, where νδ is any frequency within νδ ∈ [0, 1
2t∆ ].

Thus, there is a 1/t∆ periodicity and a sign ambiguity in νδ. However, the used measure-
ment sequence is usually only sensitive for a small range of frequencies, which is usually
limited by T−1

int (see previous section). Thus, as long as measurement overheads are negli-
gible (t∆ ≈ Tint), only a single m yields νm,± which are within this range. If overheads for
initialisation and readout become relevant (t∆ � Tint), many choices for m are possible.
In this case the spectral bandwidth can be increased by performing another measurement
with modified t′∆ = t∆ + tδ. Then, the beating frequency changes to [259]:

δ′b =
∣∣∣∣δb ±

m · tδ
t∆(t∆ + tδ)

∣∣∣∣ = |δb ± δ1| , (9.28)
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and as long as δ1 < min(δb,
1

2t∆ − δb), it is possible to determine m unambiguously.
In this and the previous section, it was shown that both the dynamic and the spectral

bandwidth can be increased by performing an additional measurement. If the parameters
are chosen conveniently, both improvements can be realised at the same time.

9.6 Conclusion

In this chapter the idea of a spectrum analyser based on a quantum sensor is presented
and extensively discussed. We used single NV centres to simultaneously measure the amp-
litude, frequency and phase of a signal and thus all parameters that are required for signal
reconstruction. For this purpose, we applied the Qdyne principle together with a phase-
sensitive technique, which in principle enables spectroscopy up to more than 100 GHz and
showed how to analyse the obtained FFT spectra. In particular, we were able to show mHz
frequency estimation for a 1.5 GHz field, which corresponds to estimation of the frequency
at the eleventh fractional digit. We introduce methods to improve the sensitivity and
analyse the impact of dynamical decoupling on the sensitivity both numerically and ex-
perimentally. Important properties as the spectral and dynamic bandwidths are analysed
and possibilities to extend these values are discussed. Although we used single NV centres
in diamond, the principles are transferable to most other quantum sensing platforms. The
ideas and findings presented here may find further application for nano-circuits as used
for communication purposes or high field nanoscale NMR.
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10.1 Conclusion

Quantum spectroscopy and in particular magnetometry with single negatively charged
nitrogen-vacancy (NV) centres in diamond are highly relevant and promising research
topics and the main focus of this thesis. One of the most exciting applications is nuclear
magnetic resonance (NMR) spectroscopy on the nanoscale. Quantum sensors are required
to improve the sensitivity and spatial resolution of classical NMR spectrometers. The
underlying mechanisms for detecting external nuclear spins with single NV centres located
just a few nanometre below the diamond surface using pulsed dynamical decoupling (DD)
spectroscopy were explained. The experimentally performed demonstrations show that it
is possible to discriminate between different nuclear isotopes.
One big problem of pulsed DD protocols are spurious responses due to the finite length of

the applied control pulses. They distort the measurement outcome and can lead to incor-
rect signal assignment. Here, a measurement technique based on randomisation of control
pulse phases was introduced. Suppression of spurious harmonics for both NMR signals
and classical AC magnetometry was successfully demonstrated. Furthermore, mitigation
of pulse imperfections, for example due to a non-optimal pulse amplitude, is improved
when using the randomisation protocol.

A further problem with traditional DD based spectroscopy is the low spectral resolution
in the kHz-range, which is due to the limited coherence time of the NV centre’s electron
spin. Here, a spectroscopic technique, called quantum heterodyne (Qdyne) detection was
introduced, and an eight orders of magnitude improved resolution down to 607 µHz was
demonstrated. By taking advantage of a stable external clock, it is possible to correlate
subsequent phase-sensitive measurements. This results in a resolution which is only limited
by the stability of this clock. Sampling all spectral components in a given bandwidth
simultaneously yields an improved SNR and is especially convenient when measuring a
signal with multiple spectral components. This was demonstrated by detecting a magnetic
field with three frequencies separated by only a few Hz. Furthermore, application of the
Qdyne principle for nanoscale NMR was shown. The linewidth, however, was still limited
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by the coherence time of the signal itself. Possible options to solve this problem, for
example by using thermal instead of statistical polarisation, were discussed.

Moreover, quantum frequency discrimination was discussed. The optimal strategies
when the task is to discriminate between two known frequency distributions were experi-
mentally realised. By removing quantum projection noise, discrimination of two frequen-
cies separated by just 2 kHz within a single coherent 44 µs interaction period was shown.
Taking additional readout noise into account, two strategies – ensemble averaging and
single-shot readout – were discussed and experimentally realised. It was demonstrated
that every strategy has certain advantages and the optimal technique depends on the
precise conditions and available resources.

In the last experimental chapter, the possible application of NV centres together with
the Qdyne technique for quantum spectrum analysis was examined. A detection scheme
was introduced, which allows NV centres to interact with fields of interest in the range of
several kHz up to more than 100 GHz by adjusting an external bias field. The performance
of the quantum spectrum analyser for signal reconstruction was analysed, including a
discussion about the dynamic and spectral bandwidths. By applying continuous driving,
decoupling from environmental noise was realised which showed an improved sensitivity.

10.2 Outlook

Although quantum metrology is relatively young, it is a particularly fascinating and prom-
ising research area. The variety of advantages, as for example the high spatial resolution,
offer great potential for novel applications and technologies. A wide range of scientific re-
search areas, including single-molecule microscopy [268] and nanoscale NMR [269], would
profit from the benefits.

Recently, adaptive protocols attracted a lot of attention [105,270,271]. In combination
with a suitable real-time feedback control, for example based on machine or Hamiltonian
learning [272–276], the first experimental realisation showed that it is possible to surpass
the standard measurement limit scaling [277–279]. Especially for NV centres, where usu-
ally fluorescence photons are the measurement quantity, advanced data analysis [226,229]
and deep learning approaches [280] have the potential to further improve the measurement
performance.

Recent findings, as new reported sensing techniques [281], the realisation of quantum
error correction [238,282,283] or the combination with atomic force microscopy [150,284,
285] prove that the limits and capabilities are still by far not reached. Also, NV centre
based sensors will benefit from progress on the engineering side – either by improving the
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properties of NV centres, as positioning [286] or coherence time [287,288], or by enhancing
the amount of detected photons by nanostructuring [122,127] or improved optics.

Furthermore, quantum sensors are required for characterisation in most other quantum
technologies. Against this background, it is very probable, that they will have an import-
ant role in the development of new technologies and find application in both high-end-
applications and everyday devices.
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A Appendix

A.1 Setup

In this section the most important components of the experimental setup, which is sketched
in figure A.1, are discussed. Thereafter, the used diamond samples are shortly introduced
and finally, three different methods to align the magnetic bias field are presented.

A.1.1 Microwave setup

Using microwave (MW) and radio frequency (RF) fields, it is possible to manipulate the
spin states of the NV centre’s electron spin and nearby nuclear spins (see section 2.5).
Since the durations of the required MW pulses usually need to be on the order of just a
few tens of nanoseconds and the protocols can be very complex, high temporal resolution
and good control over the form of the fields are required.
Because of that, an arbitrary waveform generator (AWG) (Tektronix AWG70001A) was

used to realise all protocols. An AWG can in principle generate arbitrary output signals,
enabling free control over frequencies, amplitudes and phases – within certain hardware
limitations. The adjustable sampling rate, up to 50 GSamples/s, allows to adjust pulse
lengths and interaction periods with a timing resolution down to 20 ps and to generate
signals in the range of DC up to about 20 GHz. In order to suppress harmonics and further
undesired spectral components suitable filters were used. For the highest sampling rate
the AWG memory allows to play waveforms with a duration up to about 320 ms and by
reducing the sampling rate, even longer sequences are possible.
The output voltage is limited to a maximal peak-to-peak voltage of 500 mV with a

resolution of about 2 mV. Since the durations of control pulses are proportional to the
amplitudes of the MW and RF fields, the signals were amplified. The outputs of both
amplifiers (AR-60S1G4A and AR-75A250A) were combined using a suitable devices (PRO-
TRI 174/350-520/760-N or Wainwright WDK7+6-DC-1000/1430-6000-60S3) and guided
to a printed circuit board (PCB), onto which the diamond sample is glued. A thin copper
wire (Goodfellow CU005171), soldered over the diamond surface, with a thickness of just
20 nm, is used as an antenna. The transmitted current is ended using a 50 Ω termination.
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Figure A.1: Schematic overview of the experimental setup. The most important components of
the experimental setup are here divided into four parts: microwave control (appendix A.1.1), confocal
microscope (appendix A.1.2), photon counting (appendix A.1.3) and control PC (appendix A.1.4). The
sketch is by far not complete, and only the most important connections were added.

Besides the analogous one, the AWG has two digital outputs. The first one can trigger
the acousto-optic modulator (AOM), which is used to control the laser excitation (compare
appendix A.1.2), and the other digital channel is connected to the photon counting device
and ensures synchronisation (see appendix A.1.3).
Other signal generators (Gigatronics 2520B and/or Rohde & Schwarz SMIQ06B) can

be optionally integrated to output continuous wave (cw) signals, which can be used as test
signals or for cw experiments as ODMR (see section 4.1). Using a combiner, the same
wire can be used as antenna.

A.1.2 Confocal microscope

The atomic size of single NV centres requires high spatial resolution in order to find and
address these defects. For this purpose, a homebuilt confocal setup [289, 290] was used
for all experiments presented in this thesis. A schematic sketch with the most important
components is shown in figure A.2.
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Figure A.2: Schematic overview of the confocal microscope. A green laser is coupled into a
movable objective, which can be scanned over the diamond surface in steps of typically 10 nm to 1 µm.
A pinhole ensures that only the red-shifted fluorescence coming from the confocal volume reaches the
avalanche photodiode (APD). Single NV centres appear as a bright spot in the confocal image here. A
more detailed description of all parts is in the text.

A frequency doubled Nd:YAG laser (Laser Quantum gem 532) produces a monochro-
matic and coherent beam of collimated and linearly polarised light with a wavelength of
532 nm. Since this laser is operating in cw mode, the laser light needs to be chopped in
order to generate the pulses required for the experiments. For this purpose, the beam is
focused onto an acousto-optic modulator (AOM) (Crystal Technology 3200-146) using a
convex lens. An AOM is a transparent crystal that uses the acousto-optic effect to change
certain properties, as spatial direction, intensity, frequency, phase and polarisation, of the
light passing through it. Here, mainly the deflection due to Bragg diffraction is important
and by isolating the first order using an iris, the transmittance can be turned on and
off within rise times of a few tens of nanoseconds. As the extinction ratio is limited to
about 1:1000, a second AOM was used for most experiments, since laser leakage leads to
undesired excitation of NV centres during interaction periods.
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The chopped laser pulses are collimated by another lens and directed onto a fibre coupler.
The single-mode fibre has two main purposes. First, it restores the Gaussian TEM00 mode,
which might have got distorted by the AOMs. Furthermore, the fibre decouples the above
described part of the confocal setup from the part described in the following. So, if
adjustments or fine-tunings are required in either part, the other part does not have to be
adapted.
The outcoupled light is directed onto a notch filter (Chroma Technology HQ530/30M),

which removes any other spectral components, for example originating from fluorescence of
the fibre. In order to optimise the absorption of the NV centre, the polarisation of the laser
light should be preferably parallel to the dipole axes of the NV centre in order to maximise
the transition dipole moment. For this purpose, the laser polarisation can be adapted
by a λ/2-plate (Thorlabs WPH10M-532). The light is further directed onto a dichroic
mirror (Thorlabs DMLP567L), which mainly reflects light below 550 nm, while spectral
components above 584 nm are efficiently transmitted. The reflected light is directed to
an objective (Olympus UPLSAPO60XO or Olympus MPLFLN100X), which is positioned
on a piezostage (NPoint NPXY200Z25A) with a scan range of 200 µm× 200 µm× 25 µm
and an accuracy of 0.5 nm. In this way positioning and scanning of the objective, which
focuses the laser light onto the diamond sample, is possible.

The diamond is placed on a PCB sample holder (see figure A.1), which is screwed onto
another stage which allows coarse 3D-positioning with an accuracy of about 1 µm.
In order to apply a magnetic bias field, a permanent magnet, consisting of neodymium,

is attached to a 3D-positioning stage (Physik Instrumente M-521). For further control over
the direction of the field, an additional rotation stage (Zaber T-RS60A) is implemented.
Three different methods to align this bias field are introduced in appendix A.1.6.
The light emitted from the NV centres is collected by the same objective and passed onto

the dichroic filter, which transmits the red-shifted fluorescence. Thereafter, it is focused
onto a pinhole (Thorlabs PS25, 25 µm diameter) to ensure that mainly light emitted from
the confocal volume passes to the detector. For shielding purposes, this part of the setup
is covered by an additional box. A 645 nm highpass filter (Chroma Technology HQ645LP)
is used to exclude reflections from the excitation beam, fluorescence from the NV0 charge
state (ZPL at 575 nm) and the diamond Raman lines (ν̃ = 1332 cm−1, i.e. 573 nm first
order and 620 nm second order for 532 nm excitation). The remaining fluorescence is
focused onto an avalanche photodiode (APD) (Excelitas Technologies SPCMAQRH-15)
with single-photon sensitivity by another lens.
The confocal volume depends on the properties of the objective, the laser wavelength λ

and the diffraction index n of the immersion medium. The resolution of an ideal confocal
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microscope (with an infinitely small pinhole) in the full width at half maximum sense is
given by [290]:

∆x = 0.37λ
NA , (A.1)

∆z = 0.64λ
n−

√
n2 −NA2 , (A.2)

where NA is the numerical aperture of the objective. In a real-world realisation the finite
size of the pinhole has to be taken into account [290]. Depending on the diamond sample
different objectives and immersion media were used, which are in more detail discussed in
appendix A.1.5.
In order to obtain a multi-dimensional image, the position of the objective is scanned

in small steps, typically between 10 nm and 1 µm. By recording the PL, it is possible to
construct an image as shown on the right side of figure A.2.

A.1.3 Photon counting

Whenever the APD detects a photon, it outputs a TTL-pulse. Theses signals need to be
recorded and in the case of measurements with laser pulses, where the readout window
is usually not longer than 500 ns, a high timing resolution is required. For this task a
multiple-event time digitiser (Fast ComTec MCS6A) was used as a fast counter. This
device records every TTL-signal with a time stamp and a timing resolution of down to
0.2 ns. The collected data is transferred and stored on the control PC, where it is further
analysed.
If the fluorescence for cw laser excitation should be recorded, for example to create an

confocal image, a lower timing resolution is sufficient. For this purpose a multi-function
data acquisition device (National Instruments PCIe-6323) was used as a slow counter and
the recorded signal was sent to the PC as well. The analogue outputs of the same device
were employed to control the piezostage, which enables scanning of the objective in the
confocal microscope.
In order to operated both the fast and slow counter simultaneously, a pulse generator

(Hewlett-Packard 8012B) was used to create two identical copies of the APD output.

A.1.4 Control PC and measurement software

For controlling the experiment, command and parameter input and data visualisation a
PC was used. The necessity of all the hardware devices operating together in a coordinated
fashion requires a reliable control software. Therefore, for most experiments relevant for
this thesis, the Qudi software suite was used. Qudi is a general, modular, multi-operating
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system suite which is written in Python 3 [236]. The science modules can be categorised
into three domains. The logic modules control and coordinate a given experiment, pass
input parameters and evaluate measurement data. The graphical user interface (GUI)
modules allow parameter input, data visualisation and offer a convenient way to interact
with the logic modules. Finally, different experimental hardware usually differ widely in
their command structure, sometimes even when manufactured from the same company.
For this purpose, the hardware modules are responsible for ’translating’ the commands
coming from the logic modules into the language of the used hardware. This intuitive
design simplifies the addition of new hardware devices or the implementation of new
measurement protocols. Using Qudi and a suitable script, it is possible to perform a
complex experiment, including setting up numerous hardware devices, controlling the
measurement, evaluation of the results and saving the data, by a simple touch of a button.

A.1.5 Overview of examined diamond samples

In the following, the diamonds used for the experiments presented in this thesis are
shortly introduced. All these samples were regularly boiled in a 1:1:1 tri-acid mixture
(H2SO4:HNO3:HClO4) for several hours at 130− 180 ◦C in order to remove graphitic and
organic residuals from the surface. Besides for the solid immersion lens sample, an oil
objective (Olympus UPLSAPO60XO) and immersion oil (Fluka Analytical 10976) were
used for all experiments.

Solid immersion lens sample

For some experiments which are presented in this thesis an all diamond solid immersion
lens (SIL) provided by Element 61 was used. In order to integrate NV centres the backside
was overgrown with a 100 nm thick diamond layer of 99.999 % isotopically enriched 12C
using the plasma enhanced chemical vapour deposition (CVD) method with parameters
similar to the ones in [291]. As the radius of the hemisphere is 0.5 mm and no other
objective with a sufficient large working distance was available, an air objective (Olympus
MPLFLN100X) and no immersion medium were used for this diamond.

Single-shot readout sample

All experiments, for which a 13C spin was used as quantum memory to enable single-shot
readout (SSR) measurements, were preformed using a flat diamond with a CVD grown
surface layer. The reduced abundance of 13C isotopes down to 0.1 % ensures relative
long dephasing times, while the probability to find a 13C nuclei coupling to one of the

1www.e6.com
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NV centres, which were incorporated during the growth, is still relatively large. In fact,
all results were obtained with the same NV – 13C pair, which stands out due to its
suitable hyperfine coupling parameters (parallel and perpendicular hyperfine couplings:
A‖ ≈ 50 kHz and A⊥ ≈ 1.4 kHz). The NV centre is located well below the diamond surface
(about 4 µm) and has a relatively long dephasing time T ∗2 ≈ 50 µs.

Nanoscale NMR sample

This diamond was used for most experiments with the aim to detect a nanoscale NMR
signal (sections 5.2 and 7.2.6). Shallow NV centres were generated by implanting 15N+

ions with a 3 · 108 ions/cm2 dose for implantation energies of 2.5 and 5 keV into a 99.999 %
12C isotopically enriched CVD grown diamond with (100) surface orientation, provided by
Element 6. After subsequent annealing, NV centres formed primarily in a depth between
2 and 15 nm.

Nanoscale NMR sample II

For the nanoscale NMR experiments which show that randomisation of pulse phases can
suppress spurious harmonics (chapter 6), a different sample with natural abundance of
13C isotopes was required. This diamond was implanted with 15N+ ions with an energy
of 1.5 keV and a dose of 2 · 109 ions/cm2. Shallow NV centres with a depth of around
(5± 1) nm formed during the 3 h subsequent annealing in vacuum at 1000 ◦C.

A.1.6 Magnetic field alignment

All experiments presented in this thesis were performed under an external magnetic bias
field aligned parallel to the symmetry axes of the measured NV centres. The bias field was
primarily used to split the degenerate ms = −1 and ms = +1 spin states. A misaligned
field leads to a reduction of both, fluorescence and readout contrast, and has further
negative influences onto the measurement performance. In the following, three different
strategies to align this external field are shortly introduced.

Magnetic field alignment by fluorescence optimisation

The dependency of the fluorescence on the orientation of the magnetic field ~B can be
used to align it. If ~B has a component perpendicular to the symmetry axis of the NV
centre, here characterised by the misalignment angle ζ sketched in figure A.3(a), the spin
quantum numbers ms are not eigenstates of the system anymore, but the eigenstates are
rather an incoherent mixture of all ms. This reduces the probability to be in the bright
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Figure A.3: Magnetic field alignment by fluorescence optimisation. (a) The misalignment can
be described by the angle ζ between magnetic field vector ~B and symmetry axis of the NV centre
(corresponds to the z-axis here). (b) Experimental demonstration of the working principle. For different
magnet positions, which correspond to different orientations of ~B, the fluorescence is measured. As
expected, the number of recorded photons decreases if the alignment is poor.

ms = 0 state and thus the fluorescence decreases [292]. If ζ is small, the combination of
ZFS and Zeeman interaction is usually much larger than the perpendicular component
and the effect of spin mixing is small. However, close to the ground and excited state level
anti-crossing (LAC) around 51 mT and 102 mT, the ms = −1 and ms = 0 spin states are
energetically almost degenerate and even a small perpendicular magnetic field component
becomes important [292].
The alignment principle is rather simple. By scanning the above described permanent

magnet different magnetic field orientations can be probed. An example is shown in
figure A.3(b) for a magnetic bias field close to 50 mT. For this experiment, fluorescence
was collected for 5 s at every position. The number of detected photons depends on the
magnetic field orientation and reduces by more than 30 % if the alignment is poor. The
accuracy depends on the stability of the fluorescence, which is for example influenced by
laser fluctuations. Close to a LAC, an alignment better than ζ < 1° can be achieved.

Magnetic field alignment via transition frequencies optimisation

Besides mixing of the spin states, a magnetic field perpendicular to the symmetry axis of
the NV centre also influences the relative locations of the energy levels. If strain fields
and hyperfine coupling terms are omitted, the simplified NV Hamiltonian reads:

H/h = DŜ2
z + γNVB cos (ζ)︸ ︷︷ ︸

B‖

Ŝz + γNVB sin (ζ)︸ ︷︷ ︸
B⊥

Ŝx, (A.3)
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Figure A.4: Magnetic field alignment by transition frequencies optimisation. (a) Eigenvalues
of the Hamiltonian described by equation (A.3) as a function of the magnetic field B for different
misalignment angles ζ (in legend). (b) The corresponding transition frequencies ν+ and ν− depend on
ζ. The behaviour close to the level anti-crossing (LAC) is approximated, and is more complex in reality,
especially since any hyperfine couplings are omitted here [293]. (c) Difference of the two transition
frequencies as a function of B. (d) Experimental demonstration of the working principle. By scanning
the position of a permanent magnet different orientations of the magnetic field are probed.

where D = 2.87 GHz is the ZFS, B the magnetic field strength, and ζ the angle between
the symmetry axis of the NV centre and the direction of the magnetic field as defined in
figure A.3(a). Due to the cylindrical symmetry, it is sufficient to consider a perpendicular
field B⊥ pointing only in x-direction. Without any misalignment (ζ = 0), ms = +1 and
ms = −1 are eigenstates and their energies split symmetrically and linearly with B.
Computing the eigenvalues of equation (A.3), however, shows that the splitting of the
levels becomes asymmetric for ζ > 0, which is depicted in figure A.4(a). This changes the
transition frequencies ν+ and ν−, as shown in figure A.4(b). Especially, after the ground
state level anti-crossing (LAC) at BLAC ≈ 102 mT, where the difference ν±,∆ = ν+ − ν−
is exactly twice the ZFS for a perfectly aligned field, the changes become apparent, as
depicted in figure A.4(c). Thus, ν±,∆ is a measure for the magnetic field alignment.

In order to demonstrate this, the permanent magnet was scanned at a magnetic bias
field of around 200 mT, so well above BLAC. For every position both transition frequencies
ν+ and ν− were measured using the ODMR technique (see section 4.1) and the result is
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shown in figure A.4(d) . If ν+ − ν− = 2D = 5.74 GHz, the magnetic field should be very
well aligned. The accuracy of this magnetic field alignment technique depends on the
precision of the transition frequencies measurements. At 200 mT, an uncertainty of 1 MHz
in estimating ν+ and ν− corresponds to about 1° accuracy. If the bias field is smaller than
BLAC, ∆ν± is still maximal for ζ = 0 and it is ν+ + ν− = 2D.

Magnetic field alignment by nuclear spin lifetime optimisation

The third alignment technique requires an additional nuclear spin and for NV centres the
inherent nitrogen spin or a nearby 13C spin are typical options. Although, there usually is
a large mismatch between the energy difference of the electronic and nuclear spin states,
flip-flop processes between both spin species are possible [92, 145, 294]. The rate depends
on the perpendicular component of the hyperfine coupling, which is usually even higher
in the excited state [85]. Transverse magnetic fields can speed up the flip-flop rates and
thus, the nuclear spin lifetime is a measure for the magnetic field alignment.
One possible protocol to probe the lifetime of a nuclear spin is sketched in figure A.5(a)

and consists of two parts. First, the nuclear spin, with states |↑〉 and |↓〉, is polarised.
Here a series of controlled-not (CNOT) gates is used, after initialising the NV centre into
|0〉 by a laser pulse:

|0〉 ⊗ (|↑〉+ |↓〉) MW−−−→ |0 ↑〉+ |1 ↓〉 RF−−→ (|0〉+ |1〉)⊗ |↑〉 init.−−→ |0 ↑〉 . (A.4)

The first CNOT gate (MW) is a selective microwave π-pulse which flips the electron spin
only if the nuclear spin is in the |↓〉 state. The second CNOT gate (RF) flips the nuclear
spin only if the NV centre in the |1〉 state. As a consequence, the nuclear spin state is
initialised into the |↑〉 state.
The second part of the protocol measures the decay of the nuclear spin polarisation.

The simple sequence of the same MW-CNOT gate and optical readout of the NV centre’s
state, which also initialises it into |0〉 again, is repeated R times. As long as the nuclear
spin state has not flipped, the detected fluorescence stays high. The relaxation rate Rrelax

depends on the degree of magnetic field alignment, as shown for the example curves in
figure A.5(c), measured for the inherent 15N spin. Although ζ differs only by about 1° for
both cases, Rrelax deviates by about a factor of 4. In order to gather enough statistics,
initialisation and readout are repeated many time. This example data corresponds to the
coloured squares in figure A.5(d), for which the magnet was scanned as described in the
two previous sections. The accuracy of the alignment can be well below ζ < 1°, especially
at higher magnetic bias fields. Another option to probe the nuclear spin lifetime is the
single-shot readout technique discussed in section 8.4.2 and [254].
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Figure A.5: Magnetic field alignment by nuclear spin lifetime optimisation. (a) Possible protocol
to measure the nuclear spin lifetime. Using the NV centre and two CNOT gates (light blue and
dark green boxes), the nuclear spin can be initialised. Thereafter, its spin state is probed R times.
(b) Polarisation decay as a function of the readout number R. The decay constant Rrelax depends on
the alignment of the magnetic field. (c) In order to find the optimal magnet position, the nuclear spin
lifetime is measured for different magnet positions, which correspond to different orientations of the
bias field.

A.2 Diamond synthesis and nitrogen-vacancy centre
creation

For sensing purposes ultrapure diamonds and NV centres with long coherence times are
essential. In the following, techniques to create such diamonds and NV centres are shortly
introduced.

Diamond synthesis

Due to their extraordinary properties diamonds become more and more interesting for
research and industry. Natural diamonds are formed in the mantle of the earth, where
the required conditions for a phase transition are met. However, the number of natural
diamonds is limited which leads to high purchasing costs. Also, for scientific purposes
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diamonds with special properties are better suited. Since the middle of the 20th century
different methods for diamond synthesis were developed.

The idea of the high pressure high temperature (HPHT) method is to generated con-
ditions, for which the diamond synthesis occurs naturally. For this purpose, a carbon
melt is heated up to temperatures exceeding 2000 K and pressures up to about 10 GPa are
applied [295]. Under such conditions – similar to the ones in the earth mantle – a phase
transition to diamond occurs. Adding metals such as iron, cobalt or nickel can help to
catalyse the reaction and reduce pressure and temperature requirements [296,297]. Since
normally a large number of impurities are included, most diamonds produced by this tech-
nique are crystals of type Ib [297]. Using very clean carbon melts and elements that bind
impurities, it is possible to obtain IIa type diamonds [297].
As the name implies, chemical vapour deposition (CVD) is based on chemical reactions

in the gas-phase which lead to a deposition of diamond onto the surface of a substrate.
The substrate is placed in an evacuated growth chamber and a gas mixture of hydrogen
and a hydrocarbon, typically methane, is added. In order to enable the chemical reaction
energy needs to be fed into the system. Usually microwaves are used to heat up the
gas mixture until a plasma forms. Hydrogen atoms then terminate the dangling carbon
bonds on the surface of the substrate. It also splits up the hydrocarbons to reactive
carbon-containing radicals such as CH2. These radicals can bond to the surface of the
substrate either as graphite or diamond. Since hydrogen etches graphite much quicker
than diamond, diamond remains and starts to deposit layer-by-layer on the surface. One
of the main advantages of the CVD method is that impurities can only be incorporated
if they are in the gas mixture. If the reaction chamber is well designed impurities are
mainly due to contamination of the source gases, which can be very pure. In this way, it is
possible to grow type IIa diamonds with very low impurity ratios. Additionally, by using
isotopically enriched hydrocarbons the amount of 12C and 13C isotopes in the diamond can
be controlled. Recently, the creation of 99.999 % 12C enriched samples was reported [298].
More detailed information about the CVD process can be found in [297,299].

Creation of NV centres

Due to the naturally high nitrogen and vacancy content, NV centres usually exist in every
diamond. The probably simplest way to increase their number is to heat up the diamond
above 600 ◦C. At these temperatures vacancies become mobile and diffuse through the
diamond lattice [55, 300]. If they reach nitrogen atoms, NV centres, which are immobile
up to higher temperatures, are formed. For scientific purposes it is desirable to have
control over the position, the density or other properties. For example, the interaction
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usually reduces with the sensor-sample-distance and thus the NV centre should be as close
as possible to the sample. In order to generate additional NV centres the two best-known
methods are nitrogen ion implantation [301–303] and doping during the CVD growth [304].
For implantation, atomic or molecular nitrogen is ionised and accelerated towards the

surface of the diamond by an electrical potential. Inside the diamond the nitrogen ions
are scattered several times and knock out carbon atoms. After losing their energy this
way, they finally stop somewhere in the diamond lattice. Subsequent annealing mobilises
the created vacancies and increases the NV centre yield. Ion implantation is a convenient
technique to control the spatial distribution of NV centres. By tuning the energy of the
nitrogen ions the penetration depth can be adjusted. For example energies of a few keV
lead to shallow NV centres with a depth in the lower nm range [302, 305]. Also SRIM
(Stopping and Range of Ions in Matter) simulations can help to predict the penetration
depth distributions of implanted nitrogen [306]. By focusing the ion beam or using litho-
graphy the axial distribution can be restricted [307]. The implantation dose can be tuned
by controlling the implantation fluence. Important for application in industry, implement-
ation on a millimetre-scale device using traditional semiconductor fabrication techniques
has recently been demonstrated [308].
The second method relies on the incorporation of nitrogen during the growth process.

Due to the controlled and rather slow growth, the CVD method is usually most suitable.
The depth and concentration of the nitrogen atoms can be controlled by adjusting the
nitrogen gas inlet. Adding nitrogen just for a short time results in a thin layer of NV
centres, which is often referred to as δ-doping [291, 309]. It is also possible to create
NV centres with a preferential orientation [288]. Additional radiation by electrons or
carbon can increase the number of vacancies and thus the number of NV centres, but
also introduces lattice damage, which can negatively influence the properties of the NV
centres [310,311]. Although the lateral nitrogen location is statistically distributed in the
CVD layer, 12C implantation in combination with a mask with nanoscale apertures allows
to achieve 3D localisation of NV centres within a volume of (≈ 180 nm)3 [304].

For both methods the nitrogen isotope forming the NV centre can be controlled. In
order to ensure that the NV centre of interest is intentionally created, 15N is usually used
due to its low natural abundance of 0.37 % [312].
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A.3 Mathematical derivations

A.3.1 Time evolution and rotating reference frame

Time evolution operator

In section 2.1, the time evolution operator U(t1, t0) is introduced as a way to describe the
temporal evolution of a closed system:

|Ψ(t1)〉 = U(t1, t0) |Ψ(t0)〉 . (A.5)

In the following, this is analysed in more detail. The time evolution operator has to fulfill
the time-dependent Schrödinger equation:

i~
∂

∂t
|Ψ(t)〉 = H(t) |Ψ(t)〉 . (A.6)

Inserting equation (A.5) into equation (A.6) and using that |Ψ(t0)〉 is not explicitly time-
dependent, it follows:

i~
∂

∂t
U(t1, t0) = H(t)U(t1, t0). (A.7)

Solving equation (A.7) is in general not straightforward. Only if either the Hamiltonian
H is time-independent or the operators H that correspond to different moments of time
commute, U(t1, t0) is given by:

U(t1, t0) = exp
(
− i
~

∫ t1

t0
H(t′)dt′

)
. (A.8)

Most Hamiltonians which are relevant for this thesis fulfill either of these requirements
and thus the respective time-evolution operators are described by equation (A.8). As an
example, the Hamiltonian of a two level system without further interaction is given by:

H0 = ~ω0
2 σ̂z, (A.9)

where ω0 is the resonance frequency of the system and the time-evolution operator reads:

U(t, 0) = exp
(
−iω0t

2 σ̂z

)
. (A.10)
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Quantum system in its rotating frame

In order to transfer a quantum system into a different interaction picture, both its Hamilto-
nian H(t) and its state |Ψ(t)〉 have to be adapted. The transferred state vector can be
defined as:

|Λ(t)〉 ≡ R |Ψ(t)〉 , (A.11)

where R is an unitary operator, which is defined below. After rewriting equation (A.11)
as R† |Λ(t)〉 = |Ψ(t)〉 and inserting into the time-dependent Schrödinger equation (equa-
tion (A.6)), it follows:

i~
∂

∂t
(R† |Λ(t)〉) = HR† |Λ(t)〉

i~
(
∂R†

∂t
|Λ(t)〉+R† ∂

∂t
|Λ(t)〉

)
= HR† |Λ(t)〉 .

(A.12)

By multiplying R from the left side, it is:

i~
(
R∂R

†

∂t
|Λ(t)〉+ ∂

∂t
|Λ(t)〉

)
= RHR† |Λ(t)〉 , (A.13)

and reordering the terms yields:

i~
∂

∂t
|Λ(t)〉 =

(
RHR† − i~R∂R

†

∂t

)
|Λ(t)〉 . (A.14)

By comparing with the Schrödinger equation for |Λ(t)〉, it follows for the Hamiltonian in
the interaction picture:

Hint(t) = RHR† − i~R∂R
†

∂t
. (A.15)

The form ofR depends on the problem. Since the idea is to move into the rotating reference
frame of the unperturbed quantum system whose evolution is given by equation (A.10), a
convenient choice is:

R = exp
(
i
ω0t

2 σ̂z

)
. (A.16)

To illustrate the working principle, in the following H0 (compare equation (A.9)) is trans-
formed from the laboratory frame into the system’s rotating frame:

Hint
0 = e

i
2ω0tσ̂z ~ω0

2 σ̂ze−
i
2ω0tσ̂z − i~ · e

i
2ω0tσ̂z

(
∂

∂t
e−

i
2ω0tσ̂z

)
, (A.17)
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and since σ̂z commutes with itself:

Hint
0 = ~ω0

2 σ̂z + i~ · e
i
2ω0tσ̂z

(
iω0
2 σ̂z

)
e−

i
2ω0tσ̂z = 0. (A.18)

As expected, without external perturbations the quantum state stays stationary.

Effect of fast rotating terms

The rotating wave approximation (RWA) plays an important role in quantum mechanics.
The idea is that fast oscillating terms in an effective Hamiltonian can be neglected. This
can be seen by considering a function consisting of an oscillating term:

f(t) = cos (ω1t). (A.19)

If T � 1/ω1, the integral over f(t) reads:

∫ T

0
f(t′)dt′ = sin (ω1T )

ω1
≈ 0, (A.20)

since | sin (x)| ≤ |1| for all x ∈ R. An illustrative example is given in figure A.6 for the
function:

g(t) = cos (ω1t) + cos (ω2t), (A.21)

with ω1 = 20 · ω2. For a timescale corresponding to ω2, only the slow oscillating term in
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equation (A.21) is relevant for the integral:

∫ T

0
g(t′)dt′ ≈ sin (ω2T )

ω2
=
∫ T

0
cos (ω2t)dt′. (A.22)

Thus, one can often neglect the effect of the terms in the Hamiltonian, which oscillate
much faster than the relevant time scale.

Rotating wave approximation

If a two-level quantum system interacts with a near-resonant field with frequency ω1 the
Hamiltonian reads:

H = ~ω0
2 σ̂z︸ ︷︷ ︸
H0

+ ~Ω cos (ω1t+ θ1)σ̂x︸ ︷︷ ︸
H1

, (A.23)

where Ω combines the signal amplitude and the coupling to the quantum system, σj are the
respective Pauli matrices and θ1 is the signal phase. Since H0 vanishes when transformed
into the rotating frame (see above), it follows:

Hint = ei
ω0t
2 σ̂zH1e−i

ω0t
2 σ̂z . (A.24)

For simplicity of presentation, the substitutions Z = ω0t/2 and X = ω1t + θ1 are intro-
duced:

Hint = eiZσ̂z [~Ω cos (X)σ̂x] e−iZσ̂z . (A.25)

After rewriting the matrix exponent as:

eiZσ̂z = cos (Z)1+ i sin (Z)σ̂z, (A.26)

where 1 is the identity matrix, it follows:

Hint = [cos (Z)1+ i sin (Z)σ̂z] ~Ω cos (X)σ̂x [cos (Z)1− i sin (Z)σ̂z] . (A.27)

After expansion of the products and using σjσm = εjmniσn, Hint reads:

Hint = ~Ω cos (X) [cos (2Z)σ̂x − sin (2Z)σ̂y] . (A.28)

Assuming |ω0 + ω1| � |Ω|, the rotating wave approximation can be applied and it follows
(ω∆ = ω0 − ω1):

Hint = ~Ω
2

(
0 e−i(ω∆t+θ1)

ei(ω∆t+θ1) 0

)
. (A.29)
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If ω∆ ≈ 0, Hint simplifies to:

Hint = ~Ω
2 [cos (θ1)σ̂x + sin (θ1)σ̂y] . (A.30)

The time evolution operator is then according to equation (A.8):

U(t, 0) = exp
(
−iΩt2 [cos (θ1)σ̂x + sin (θ1)σ̂y]

)
. (A.31)

A.3.2 Fisher information for binomial and Poisson distributions

The importance of the Fisher information (FI) for parameter estimation is highlighted
in section 4.5.1. In the following, the FI of the two most important distributions in this
thesis are derived.

Fisher information for Bernoulli trial

If any further readout noise can be neglected, a quantum sensing experiment using a qubit
is a Bernoulli trial. If P0 is the probability to readout |0〉, the probability for measuring n
times |0〉 in N tries is given by the binomial distribution:

B(n|P0, N) =
(
N

n

)
Pn0 (1− P0)N−n. (A.32)

The corresponding FI reads according to equation (4.24):

I(ω) =
∑
n∈X

[
1

B(n|P0, N)2

(
nB(n|P0, N)

P0
− (N − n)B(n|P0, N)

(1− P0)

)2 (∂P0
∂ω

)2
B(n|P0, N)

]
=

= 1
(P0(1− P0))2 ·

(
∂P0
∂ω

)2 ∑
n∈X

[
(n−NP0)2B(n|P0, N)

]
,

(A.33)

where X is the set of all possible outcomes and ω the parameter to be estimated. Since
N ·P0 is the expectation value and

∑
x∈X

[
(x−NP0)2B(n|P0, N))

]
is the definition of the

variance, which for the binomial distribution is given by N · P0(1− P0), it follows:

I(ω) = N

P0(1− P0)

(
∂P0
∂ω

)2
. (A.34)
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Fisher information for Poisson distributions

The discrete nature of photons can be modelled by the Poisson distribution:

P(Nph|N ) = N
Nph

Nph! e
−N , (A.35)

which describes the probability to find Nph photons in a measurement for whichN photons
are expected. According to equation (4.24), the FI reads:

I(ω) =
∑

Nph∈X

[
1

P(Nph|N )2

(
Nph · P(Nph|N )

N
−P(Nph|N )

)2 (∂N
∂ω

)2
P(Nph|N )

]
=

= 1
N 2 ·

(
∂N
∂ω

)2 ∑
Nph∈X

[
(Nph −N )2P(Nph|N )

]
.

(A.36)

As
∑
Nph∈X

[
(Nph −N )2P(Nph|N )

]
is the variance, which is given by N for the Poisson

distribution, the Fisher information reads:

I(ω) = 1
N

(
∂N
∂ω

)2
. (A.37)

A.3.3 Sensitivity of ODMR spectroscopy

As discussed in section 4.5, the precision of a measurement is given by the sensor response
and the readout noise. Regarding NV centre ODMR (compare section 4.1), the noise is
dominated by PSN and the slope of the spectrum yields the sensor response. Although the
exact line-shape depends on a variety of parameters, as the environmental noise, the dips
in an ODMR spectrum can usually be reasonably reproduced by a Lorentzian function
I(ν):

I(ν) = I0

1−
C
(

1
2Γ
)2

(ν − ν0)2 +
(

1
2Γ
)2

 , (A.38)

where I0 is the number of collected photons in the off-resonant case, ν0 is the resonance
frequency, C = (I0 − I(ν0))/I0 is the contrast, and Γ is the full width at half maximum
(FWHM). Since PSN is almost independent of the readout intensity, the most sensitive
point is where the sensor response to a change of the measurement parameter is maximal
– or in other words, where the slope (∂I/∂ν) is highest, as sketched in figure A.7. Then
is follows: ∣∣∣∣(∂I(ν)

∂ν

)∣∣∣∣
max

= 3
√

3CI0
4Γ , (A.39)
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Figure A.7: Precision of ODMR spectroscopy. The frequency uncertainty ∆ν depends on the
uncertainty of the signal ∆I and the sensor response, given by the slope. Usually the best estimate
can be achieved when measuring at the point with the highest slope.

and the resulting sensitivity reads (compare section 4.5.3):

ηODMR = 4
3
√

3
Γ

γNVC

√
Imax
I0

, (A.40)

where Imax = I0(1 − 3C/4) are the number of recorded photons at the maximal slope.
The sensitivity depends on the width of the resonance line Γ, which is a function of the
laser power, the microwave amplitude and the T ∗2 -time [313].

A.3.4 Precision and dynamic range for Ramsey interferometry

In section 4.2 the Ramsey protocol is introduced. In the following the achievable precision
and dynamic range are discussed in more detail.

Precision of Ramsey interferometry

Since the precision depends on the noise of the measurement, the type of noise is important.
In the edge case that only QPN limits the precision, the uncertainty ∆B for estimating
an unknown magnetic field B aligned parallel to the symmetry axis of the NV centre is
given by (compare equation (4.29)):

∆B = min
(√

P0(1− P0)
N

∣∣∣∣∂P0
∂B

∣∣∣∣−1)
, (A.41)
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where N is the number of repetitions. The population typically follows (compare equa-
tion (4.7)):

P0 = 1
2 −

1
2 cos (γ̃NVBTint), (A.42)

where Tint is the coherent interaction time. It follows:

∆B = min
( √

1− cos2 (γ̃NVBTint)√
N | sin (γ̃NVBTint)|γ̃NVTint

)
= 1
γ̃NVTint

√
N
. (A.43)

The precision improves linearly with the interaction time and as
√
N . Taking the total time

T = NTint into account it follows for the sensitivity (neglecting measurement overheads):

η = 1
γ̃NV
√
Tint

. (A.44)

For the traditional readout of NV centres the noise is dominated by photon shot noise and
the uncertainty follows (compare equation (4.33)):

∆B = min
(
√
N
∣∣∣∣∂N∂B

∣∣∣∣−1)
, (A.45)

where N is the number of photons expected to record within N repetitions:

N = (I0 − I1)P0 + I1, (A.46)

and I0 and I0 are the expected number of photons for the states |0〉 and |1〉 (compare
equation (3.13)). It follows:

∆B = min
( √

N
0.5(I0 − I1)| sin (γ̃NVBTint)|γ̃NVTint

)
. (A.47)

The lowest uncertainty is usually achieved if | sin (γ̃NVBTint)| ≈ 1, which corresponds to
the points of the highest slope in the Ramsey fringes as exemplified in figure A.8. As a
consequence, P0 ≈ 0.5 and N ≈ 0.5 · (I0 + I1) and it follows:

∆B ≈
√

0.5(I0 + I1)
0.5(I0 − I1)γ̃NVTint

= 1
C
√
N γ̃NVTint

, (A.48)

where the contrast is here defined as C = (I0 − I1)/(I0 + I0). The sensitivity then reads
(neglecting measurement overheads):

η ≈ 1
γ̃NVC

√
NsinTint

, (A.49)
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Figure A.8: Precision of Ramsey interferometry. (a) Simulated Ramsey fringes for two similar
magnetic fields B1 and B2. (b) The fluorescence (FL) difference almost vanishes close to the signal
anti-nodes (e.g. violet circle) and is largest at the points of maximum slope (e.g. light blue square).
The envelop increases proportional to the interaction time Tint.

where Nsin = N/N is the number of photons expected to be detected during a single
readout.
In principle Tint should be extended as far as possible. Due to magnetic fluctuations

in the environment the quantum state relaxes (compare section 4.5.4) and the contrast
reduces with increasing Tint as shown in figure A.9. The optimal coherent interaction time
is usually close to half the T ∗2 -time [4] if measurement overheads can be neglected, and
approaches T ∗2 if these overheads are comparable or larger than the interaction time.

Dynamic range of Ramsey interferometry

Another important property is the accessible field range. Due to phase wrapping the prob-
lem is that sinusoidal functions are bijective only in the interval φ ∈ [0, π). For example,
the measurement outcome is the same if φ(= γ̃NVBTint) is π/2 or 5π/2. As a consequence,
a prior knowledge is necessary for an unambiguous determination. When recording at
the point with highest slope, the magnetic field range is given by B ∈ [−B∆, B∆), where
B∆ = π

2γ̃NVTint
[314].

A longer Tint leads to a higher precision, but a reduced accessible field range. Different
strategies to overcome this issue have been developed and experimentally tested. The
basic idea is to start with a small Tint in order to have a high field range and then step-by-
step change Tint to improve the measurement precision [314]. Recently it has been shown
that adaptive measurements based on machine learning can reach a sensitivity of 60 nTs1/2

taking initialisation, readout and computational overheads into account [279].
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A.3.5 Derivation of the spectral filter for dynamical decoupling

In section 4.3.2 the spectral filter for dynamical decoupling (DD) is discussed. In the
following, equation (4.15) is derived in more detail. The Fourier transform of the function
describing the π-pulses F (t) reads:

F(ω) =
∫ ∞
−∞

F (t′)eiωt′dt′, (A.50)

where F (t) is a stepwise function and changes its sign after every π-pulse (compare equa-
tion (4.13)):

F(ω) =
∫ t0+τ

t0
eiωt′dt′ −

∫ t0+2τ

t0+τ
eiωt′dt′ +

∫ t0+3τ

t0+2τ
eiωt′dt′ − ....

∫ t0+Nπτ

t0+(Nπ−1)τ
eiωt′dt′, (A.51)

where τ is the spacing between π-pulses and t0 a temporal offset. Integration and inserting
the boundary parameters yields:

F(ω) = 1
iω

[
eiω(t0+τ) − eiωt0 − eiω(t0+2τ) + eiω(t0+τ) + ....+ (−1)Nπeiω(t0+(Nπ−1)τ)

]
.

(A.52)
It follows:

F(ω) ≈ 2
iω

[
Nπ∑
n=0

(−1)neiωnτ
]
. (A.53)
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A.3.6 Additional information concerning Qdyne

Detection frequency in Qdyne

In section 7.1 it has been shown that the detection frequency δb = |νLO − ν| for the
quantum heterodyne (Qdyne) technique is given by the difference between local oscil-
lator frequency νLO and signal frequency ν (compare equation (7.4)). In the following,
this is derived in more detail. The time-dependent phase θ(t) of an oscillating field with
frequency ν can be written as:

θ(t) = 2πνt+ θ0. (A.54)

For Qdyne this phase is measured in intervals of t∆ and by setting θ0 = 0 for simplicity,
it follows for the nth measurement:

θ(n) = 2πνnt∆. (A.55)

By rewriting t∆ as the closest multiple of the signal period Tp = 1/ν plus the remaining
time δt, it follows:

θ(n) = 2πνn(mTp + δt), (A.56)

where m is an integer number. Since ν · Tp = 1, it is m · n · ν · Tp = 1 and it follows:

θ(n) = 2πνnδt = 2πνnνLO − ν
νLO − ν

δt

= 2πνnνLO − ν
m
t∆
− 1

Tp

δt = 2πνnνLO − ν
mTp−t∆
t∆Tp

δt

= 2π(νLO − ν) · nt∆ · νTp ·
δt

mTp − t∆
.

(A.57)

By using that ν · Tp = 1 and δt = mTp − t∆, it follows:

θ(n) = 2π(νLO − ν)n · t∆ = 2π(νLO − ν)t. (A.58)

After adding θ0 again, the equality of equations A.54 and A.58 is shown.

Timing of the control pulse in Qdyne

For the technique described in chapter 9, a control π/2-pulse around a fixed axis in the
beginning of the sequence is used. However, this π/2-control may be performed at the
end of the sequence as well. In order to illustrate this, the state evolution for this case is
sketched in figure A.10. For this purpose, the same rotation angles Θ and the same signal
phases θ are used as for figure 9.2. Although, the final states are in principle different
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Figure A.10: Alternative Qdyne sequence and corresponding state evolution. (a) Measurement
sequence when the control π/2-pulse is applied right before the readout. (b) On the left side the quantum
states after the interaction period with the signal, but before the π/2-pulse are shown for a variety of
signal phases θ ∈ [0, 2π) and three rotation angles Θ. After applying the π/2-pulse, here around the
x-axis, the final states depicted on the right side are obtained.

from the case when the π/2-pulse is applied in the beginning, the measurement outcomes
are the same, since only the projection onto the z-axis is relevant.

Alternative decoupling sequence

In section 9.4.2, it is shown that a driving field can be used to decouple the sensor and
thereby extend the interaction time. In order to apply the Qdyne principle the measure-
ment outcomes are still required to dependent on the signal phase θ. In the main part
this was shown for the central peak. Using the modified protocol sketched in figure A.11,
it is also possible to use the other two transitions. The simulations (see section 9.4.2
for more details) in figure A.11(b) and (c) verify the working principle. In this case the
measurement contrast dependency on θ is sinusoidal.

A.3.7 Charge state of the nitrogen-vacancy centre

As shortly discussed in sections 3.1.3, 3.3 and 8.4.2, the NV centre can be in different
charge states and in particular, optical illumination can induce interconversions between
the negative NV− and the neutral NV0 states [80,81]. For the NV− to NV0 conversion, it
is reported that the physical principle involves a two photon process in which one photon
excites the NV centre and the second photon transfers the electron to the conduction
band [105, 315]. The back conversion is also a two step process, which is in more detail
discussed in [316]. In the following, a simple technique, applicable to identify the current
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Figure A.11: Modified version for Qdyne based on coherent decoupling. (a) Sketch of pulse
sequence. (b) Simulated measurement contrast as function of detuning ∆ν. The middle line vanishes
for this protocol. (c) Simulated measurement contrast as a function of the signal phase θ (blue solid
line), which is identical for both peaks. The dependency is sinusoidal (purple dotted line).

charge state, is shortly introduced and it is shown that for laser pulses typically used for
this thesis it is about three times more probable to find the NV− state.
The idea to discriminate both charge states is to use a light source with a wavelength

between the zero phonon lines of NV− (637 nm) and NV0 (575 nm). Assuming just single
photon processes, only the NV− state is excited in this case and as a consequence, fluor-
escence is only emitted if the NV centre is in this state [257]. The measurement sequence
is sketched in figure A.12(a). As usual, a green laser pulse (532 nm) with a duration of
a few microseconds is used to initialise the NV centre. After a short idle time (∼ 1 µs)
a much longer orange laser pulse (duration about 5 ms) with a wavelength of 594 nm is
used to readout the charge state. Since the conversion rate scales quadratically with the
illumination intensity, it is important to choose the laser power low in order to prevent
conversion to the NV0 state [316].
Just the fluorescence photons collected during the illumination with the orange laser

pulse are recorded and in order to collect sufficient statistics this simple sequence was
repeated about 1.4 · 104 times. The resulting histogram is plotted in figure A.12(b) and is
a combination of two distributions corresponding to the fluorescence of the NV− and NV0

states. The histogram is fitted using the sum of two Poisson distributions and by comput-
ing the respective areas the probability to be in either charge state can be estimated. For
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the presented experimental result, it can be found that the probability for the NV− state
is about 75 % and for the NV0 state about 25 %.

More details about the conversion processes and the dependency on the laser power and
wavelength can be found in [257,316].





Abbreviations

AC alternating current

AOM acousto-optic modulator

APD avalanche photodiode

AWG arbitrary waveform generator

CNOT controlled-not

CVD chemical vapour deposition

cw continuous wave

DC direct current

DD dynamical decoupling

EPR electron paramagnetic resonance

FFT Fast Fourier transform

FI Fisher information

FID free induction decay

FWHM full width at half maximum

GUI graphical user interface

HPHT high pressure high temperature

ISC intersystem crossing

LAC level anti-crossing
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196 Abbreviations

MRI magnetic resonance imaging

MW microwave

NMR nuclear magnetic resonance

NV nitrogen-vacancy

ODMR optically detected magnetic resonance

PCB printed circuit board

PL photoluminescence

ppm parts per million

PSN photon shot noise

Qdyne quantum heterodyne

QPN quantum projection noise

qubit quantum bit

RF radio frequency

RWA rotating wave approximation

SIL solid immersion lens

SNR signal-to-noise ratio

SSR single-shot readout

TTL transistor-transistor-logic

ZFS zero field splitting

ZPL zero phonon line



Symbols

B binomial distribution

c0 expected number of photons for state |0〉 within a single readout

c1 expected number of photons for state |1〉 within a single readout

E0 energy difference between the levels of the qubit

h = 6.626 069 · 10−34 J s, Planck constant

~ = h/(2π) = 1.054 571 817 · 10−34 J s, reduced Planck constant

I Fisher information

kB = 1.380 649 · 10−23 J/K, Boltzmann constant

ms electron spin quantum number

Nph number of detected photons

Nπ number of π-pulses in a dynamical decoupling sequence

Nthres threshold photon count for frequency discrimination

N number of photons expected to detect

Nsin expected number of detected photons in a single readout

P0 sensor population, probability to readout |0〉

PSSR flip probability of the nuclear memory spin

P Poisson distribution

Rens number of repetitions for the ensemble average
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RSSR number of repetitions for the SSR average

Ŝx x-component of the spin vector

Ŝy y-component of the spin vector

Ŝz z-component of the spin vector

Tint coherent interaction time

T total recording time

Tsin total time for a single measurement including all temporal overheads

T1 life time

T2 coherence time

T ∗2 dephasing time

t∆ time between consecutive Qdyne measurements

topt optimal coherent interaction time for frequency discrimination

XSSR number of repetitive readouts for one single-shot readout

δb beating frequency in a Qdyne measurement

γNV ≈ 28.03 GHz/T, gyromagnetic ratio of the NV centre

γ̃NV = 2π · γNV, gyromagnetic ratio of the NV centre in units of rad/(sT)

γn gyromagnetic ratio of a nuclear spin

γ angle between initialisation and readout basis

µ0 = 4π · 107 N/A2, vacuum permeability

νL Larmor frequency

νLO local oscillator frequency

ν0 transition frequency of the qubit in units of Hertz

ω0 = E0/~, angular transition frequency of the qubit in units of radian per second
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Ω coupling strength, also Rabi frequency

Ωcd coupling strength of coherent driving field

ΩR generalised Rabi frequency

|Ψ〉 quantum state

φ quantum phase of the sensor qubit, azimuthal angle in the Bloch sphere

σ̂x =
(

0 1
1 0

)
, Pauli x-matrix

σ̂y =
(

0 −i
i 0

)
, Pauli y-matrix

σ̂z =
(

1 0
0 −1

)
, Pauli z-matrix

1 =
(

1 0
0 1

)
or


1 0 0
0 1 0
0 0 1

, identity matrix

ϑ polar angle in the Bloch sphere

Θ rotation angle on the Bloch sphere

θ phase of an oscillating signal

θπ/2 phase of a π/2-pulse

ζ angle of magnetic field misalignment
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