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ABSTRACT

Quantum physics currently provides our deepest description of nature. To un-
derstand precisely how it differs from classical physics is not only of foundational
interest, but also important to advance technology: the advent of quantum infor-
mation has led to the insight that certain quantum phenomena, e.g., entanglement
and coherence, are resources which enable us to solve practical tasks that are un-
solvable within the realm of classical physics. But how can we quantify quantum
resources and how do we decide which resource is relevant for a specific operational
advantage in quantum cryptography, quantum computation, or quantum metrol-
ogy? How can we employ these resources optimally? Addressing these questions is
the motivation for the development of quantum resource theories, a mathematically
rigorous framework that allows us to investigate a specific quantum phenomenon
as a resource.

Formally, such theories emerge from restrictions which are imposed in addition
to the laws of quantum mechanics. A prominent example is the restriction to
local operations and classical communication, which singles out entanglement as
a resource. Typically, such theories describe the value of quantum states, i.e.,
static resources. An important question in such theories concerns their structure as
determined by the restriction under consideration, which is analyzed for coherence
theory on qubits in this thesis. Only recently, so-called dynamical resource theories
that quantify the value of operations were proposed, which are advantageous for
several reasons: they include resource theories of states as special cases, allow
us to quantify additional quantum properties such as the detection or usage of
static resources, which will be a main topic of this thesis, and are more natural
from an operational perspective. But are different types of dynamical resources
present in quantum operations related? For the case of dynamical coherence and
entanglement, it will be shown that there is not only a quantitative, but also a
qualitative connection.
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1 Introduction

Soon after the advent of quantum mechanics [1], it was noted that it shows char-
acteristics that we do not witness in our everyday experience. Most prominently,
quantum mechanics allows for entanglement between spatially separated systems,
a sort of correlations without counterparts in classical theories, which is even seen
at the center of interest of physics of the 21st century [2]. One of its aspects is
that knowledge of individual subsystems can reach zero, whilst that of the com-
bined system remains maximal, which implies that the best possible knowledge of
a whole does neither include nor imply the best possible knowledge of its parts [3].
Moreover, as Einstein, Podolsky, and Rosen pointed out, these correlations seem
to violate the assumptions of locality and realism in which they firmly believed [4].
Hence they concluded that quantum theory is incomplete. In 1964, almost 30 years
later, Bell showed that there is no theory obeying locality and realism that is con-
sistent with quantum mechanics. He achieved this by establishing an inequality
that is obeyed by every such theory and then showed that it can be violated by the
predictions of quantum mechanics. The violation of such inequalities can be tested
experimentally, which was started soon after [5] and culminated in loophole-free
Bell tests performed only recently [6–8]. All these experiments reject the hypothesis
of local realism and coincide with the predictions of quantum mechanics.

Whilst foundational questions about the completeness of quantum mechanics are
still actively discussed today (see, e.g., Ref. [9] entitled “Quantum theory cannot
consistently describe the use of itself” as well as the many comments and replies it
attracted), the perspective from which “non-classical” properties of quantum me-
chanics, and especially entanglement, are viewed shifted starting from the 1980’s
due to key discoveries. Among them is the observation that entanglement (or the
ability to establish it [10]) allows us to provably communicate securely between
spatially separated parties [11, 12], which is now known under the name quantum
cryptography or communication [13, 14]. Moreover, in principle, quantum mechan-
ics allows for dense coding, i.e., the transmission of two classical bits by sending
only one quantum bit and consuming a pre-shared entangled state [15], quantum
teleportation [16], improved sensing [17–19] and metrology [20, 21], computational
speedups over the best-known classical algorithms for tasks such as the simula-
tion of complex quantum systems [22] or the factorization of large numbers [23],
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1 Introduction

which allows to break classical cryptography schemes. The reason behind all these
operational advantages is the almost trivial observation that systems that behave
according to different physical laws might be used differently to realize techno-
logical applications. Hence the properties in which quantum mechanics departs
from classical physics are resources that potentially enable us to build devices that
outperform their classical counterparts.

But what exactly are these properties? Entanglement plays a prominent role in
quantum communication, and it was proven that without entanglement, quantum
computation on pure states cannot show exponential speedup over classical compu-
tation [24]. This justifies the considerable efforts that were undertaken to develop
a rigorous framework that characterizes and quantifies the entanglement present
in quantum states as a resource [2, 25, 26]. Yet, entanglement is neither the only
property in which quantum mechanics departs from classical physics nor the only
source of quantum advantages. A prominent example is mixed state quantum com-
putation, where for some tasks, it is possible to outperform the best-known classical
algorithms without the presence of entanglement [27, 28]. Moreover, in certain sit-
uations, entanglement has no natural role in describing non-classicality, e.g., for
non-composite systems. For this reason, other quantum properties are investigated
as resources as well [29, 30]. This includes coherence or superposition [31–35],
which underlies many other non-classical properties such as entanglement and is
therefore a key feature where quantum mechanics departs from classical physics.
Other examples are asymmetry [36], quantum thermodynamics [37], contextual-
ity [38], or even the knowledge that one can have about a physical state itself [39].
All these resource theories focus on the amount of resources present in quantum
states, i.e., static resources. Formally, they originate from additional restrictions
which are placed on top of the laws of quantum mechanics and divide both the
states and operations into free and resourceful. This allows for a systematic in-
vestigation of how the property that was taken away can be manipulated and how
important it is in specific applications. Moreover, such theories can be employed
to reflect current experimental limitations and to analyze what would be necessary
to overcome them.

As explained in detail in Sec. 2.3.1, understanding the structure of the resourceful
states that emerges from the restriction under consideration is central to any of
these theories. In essence, it is determined by the possible transformation of re-
sourceful states under the free operations and determines their relative value: if one
can transform one resourceful state to another one for free, the second one cannot
be more valuable than the first one, because the first one can be used in all appli-
cations where one might require the second one. In the case of finite-dimensional
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entanglement theory, the structure is known on pure states [40] and the same holds
true for coherence theory [33, 41]. In general, a full description of such structures is
however unknown. In Sec. 3.1, which summarizes the results of Ref. [42] reprinted
in Sec. 5.1, we therefore restrict ourselves to qubits, the elemental building blocks
in quantum information theory, and solve the more general problem of probabilistic
incoherent state conversions on qubits. From this follow statements about assisted
conversions and asymptotic conversions that will be discussed and defined too.

After this contribution to static resource theories, Sec. 3.2 (summarizing the results
of Refs. [43–45] reprinted in Secs. 5.2, 5.3, and 5.4) is dedicated to dynamical
resource theories which quantify the value of operations. As described in detail
in Sec. 3.2.1, focusing on the quantification of operations instead of states is not
only more natural, but also a unifying generalization. Sec. 3.2.2 is devoted to a
description of the general framework, which is used in Sec. 3.2.3 to theoretically
answer the question “How well can an operation detect coherence?”. In Sec. 3.2.4,
we then apply these theoretical findings to a complex experiment. To this end, we
develop an improved method of detector tomography based on Ref. [46] as well as
techniques for error estimation.

As discussed above for the case of static resource theories, it is meaningful to
consider different dynamical resources too. It is then natural to ask if they are
related, and if yes, how. In the case of static resource theories, it is well known
that there exists a close connection between coherence and entanglement (see the
beginning of Sec. 3.2.5 for more details and references). In particular, Ref. [47]
proved that this connection is not only qualitative, but also quantitative. We gen-
eralize these results to dynamical resources in Sec. 3.2.5 and show that the amount
of dynamical entanglement that can be generated from a local operation with the
help of global incoherent operations is upper bounded by the dynamical coherence
of that operation if quantified with a large class of commonly used resource mea-
sures. Moreover, one can use a dynamical analogue to the entanglement potential
to define valid coherence measures, which we introduce in Sec. 3.2.2.

In detail, this thesis is structured as follows: Chap. 2 summarizes the mathematical
and physical background on which the original work contained in Chap. 3 relies.
A reader familiar with resource theories and quantum information can hence skip
Chap. 2 (and come back to it if needed). Sec. 2.1 describes the basic quantities
in quantum mechanics, namely quantum states, measurements, operations, and
superoperations as well as their connection and different representations as needed
in this thesis. In particular Sec. 2.1.4 about quantum superoperations will be of
importance for the construction of dynamical resource theories. Sec. 2.2 contains
a quick introduction to semidefinite programming, a technical tool of great use
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1 Introduction

both numerically as well as analytically, again with focus on the needs of this
thesis. To conclude that chapter, Sec. 2.3 reviews static resource theories. After an
introduction of the general framework and its relevance in Sec. 2.3.1, I recapitulate
different sets of free operations in static coherence and entanglement theories as
well as combinations thereof.

Chap. 3 is structured as mentioned above and contains a summary, discussion, and
slight extension of the original articles on which this thesis is based, and which are
reprinted in Chap. 5. The focus of Chap. 3 is on the most important theoretical
results as well as aspects not covered fully in the original works. This means
that the experimental aspects, to which I did not contribute, are only mentioned
very briefly to provide a context. The interested reader is referred to the original
articles, where one can also find details, proofs, and additional references. Finally,
this thesis concludes with an outlook and summary in Chap. 4.
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2 Background

2.1 Mathematical framework

In this section, I describe the mathematical framework used for quantum informa-
tion, narrowly focused on the needs of this thesis, and introduce some notational
conventions. A special focus will be on different representations of quantum opera-
tions, which, as we will see, are equivalent, but preferable in different situations con-
sidered later. For an extended introduction, see, e.g., the excellent books [48, 49],
on which this section is based. A reader familiar with quantum information theory
can skip this section.

2.1.1 Quantum states

In quantum mechanics, we associate with any physical system or degree of freedom
A, e.g., a spin, a corresponding Hilbert space HA over the complex field. In this
thesis, we will only consider finite dimensional Hilbert spaces (which are isomor-
phic to Cd for some integer d). We will thus also restrict this overview to finite
dimensions, which simplifies the mathematical formalism and has the advantage
that, once we fixed orthonormal bases of our Hilbert spaces, everything can be
reduced to complex matrix analysis.

A pure state of a system A is represented by a normalized vector |ψ〉 ∈ HA and
corresponds to complete knowledge about the system’s state. Here and in the fol-
lowing, we adhere to the Dirac notation, which uses so-called kets |ψ〉 to represent
elements of a Hilbert space and bras 〈φ| for elements of its dual space. The appli-
cation of a bra 〈φ| to a ket |ψ〉 is written as 〈φ|ψ〉, which recovers the conventional
notation of a scalar product and is the reason for the names bra and ket: together,
they form a bracket.

In case we do not have complete knowledge about a system’s physical state, e.g., we
only know that the system is in the pure state |φi〉 with probability pi, we represent
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2 Background

it with a density operator [50]

ρ =
∑
i

pi|φi〉〈φi|, (2.1)

which is called a mixed state. In the reminder of this thesis, we will denote mixed
states by small Greek letters. Due to the Dirac notation explained above, a mixed
state is a linear operator acting on the Hilbert space associated to the system. In
general, a linear operator σ represents a valid state of a system A if and only if
(iff) it is (i) positive semidefinite, i.e., 〈φ|ρ|φ〉 ≥ 0 ∀ |φ〉 ∈ HA, which is written as
σ ≥ 0, and (ii) normalized, i.e., tr(ρ) = 1, where tr denotes the trace. Note that
this also ensures that σ is Hermitian, i.e., σ† = σ, and, due to the spectral theorem,
that the state has a (non-unique) pure-state decomposition as in Eq. (2.1). From
here on, we denote the set of quantum states of system A as DA.

In the following, we will often be concerned with systems that are composed of
subsystems: the Hilbert space corresponding to the combination of two systems A
and B is the tensor product of the individual Hilbert spaces, which we write as
HAB = HA ⊗ HB. If the state of the combined system is described by ρAB, the
reduced state of subsystem A is given by ρA = trB(ρAB), where trB denotes the
partial trace over subsystem B. The partial trace is used to obtain the reduced
state because it is the unique operation that leads to the correct description of
observable quantities for subsystems of composite systems [48]. Here and in the
following, we use sub- or superscripts to make clear to which systems the density
operators correspond. If clear from the context, we suppress these subscripts for
brevity.

2.1.2 Quantum measurements

To gain information about a quantum state, we need to measure it. This leads
to an outcome i which occurs, if repeated many times, with probability pi. The
probability depends both on the state of the system A and the measurement ap-
paratus applied to it, which is described by a set of linear measurement operators
Mi satisfying the completeness equation ∑

iM
†
iMi = 1A (where 1A denotes the

identity operator on HA). According to the postulates of quantum mechanics [51],
pi is given by [52]

pi = tr
(
MiρM

†
i

)
(2.2)
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2.1 Mathematical framework

and after the measurement (depending on the outcome i), the system is in the state

MiρM
†
i

pi
= MiρM

†
i

tr
(
MiρM

†
i

) . (2.3)

The requirement that a density operator is positive semidefinite ensures that pi ≥ 0
and the completeness equation, together with the normalization of ρ, guarantees
that ∑

i

pi =
∑
i

tr
(
MiρM

†
i

)
= tr

(∑
i

M †
iMiρ

)
= 1, (2.4)

i.e., {pi} is indeed a valid probability distribution.

A special case of general measurements are projective measurements, where theMi

are orthogonal projectors. It can be shown that it is possible to implement general
measurements with an auxiliary system and projective measurements. In case one
is only interested in measurement statistics and not in the post-measurement state,
it is convenient to use positive operator-valued measures (POVMs). These are a
collection of POVM elements Ai : Ai ≥ 0,∑iAi = 1 that determine the probability
to obtain outcome i via

pi = tr (Aiρ) . (2.5)

Obviously, every set of measurement operatorsMi defines a POVM via Ai = M †
iMi

and vice versa. However, POVMs are much more convenient when dealing with
semidefinite programs (see Sec. 2.2).

2.1.3 Quantum operations

From a physics perspective, the partial trace mentioned in Sec. 2.1.1 corresponds
to the discarding of a subsystem and is an example of a quantum channel [53].
Quantum channels describe very general transformations that a quantum system
can undergo. Intuitively, a quantum channel is an operation ΘAout←Ain that maps
density operators of a system Ain to density operators of a system Aout (and as in
the case of quantum states, we will suppress the superscript if it is not necessary).
Moreover, we demand that we can apply it to subsystems in a meaningful sense. To
ensure this, Θ must be linear, trace preserving, i.e., tr(Θρ) = tr(ρ), and completely
positive, i.e., for arbitrary systems B,

(ΘAout←Ain ⊗ 1B←B)ρAinB ≥ 0 ∀ρAinB ≥ 0. (2.6)
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2 Background

This is also the reason why quantum channels are often called completely positive
and trace preserving (CPTP) maps. To represent them, we will use large Greek
letters. When we apply a quantum operation to a part of a larger system (as in
the above equation), we will also often write ΘA instead of ΘAout←Ain because it
shortens the notation and clarifies nevertheless on which subsystem we are acting.
This will be particularly useful in the context of entanglement (see Sec. 2.3.2 and
Sec. 3.2.5) where we want to make clear at which spatial location an operation
is acting but are not concerned with the fact that the input and output systems
are potentially different. Moreover, from here on, we will always assume implicitly
that systems fit whenever we concatenate states and operations, e.g., if ρ is a state
on system A, then ΛΘρ implies that the input system of Θ is A too and that its
output system is equal to the input system of Λ (and vice versa).

Quantum channels describe deterministic transformations, i.e., transformations
that occur with certainty. However, this is not always the case: it might for exam-
ple happen that the physical apparatus that is used to operate on the system first
measures the system and then, depending on the outcome i, which is communi-
cated to us, applies different transformations thereafter. A general transformation
that provides both a classical as well as a quantum output is called a quantum
instrument and described by a set of completely positive and trace non-increasing
linear maps Λi that satisfy that ∑i Λi is CPTP. The classical output i occurs then
with probability pi = tr (Λiρ) and leads to a quantum output ρi = Λiρ/pi. We
reserve the word quantum channel to CPTP maps and call the trace non-increasing
Λi quantum operations. Quantum instruments contain both quantum channels as
well as quantum measurements (introduced in Sec. 2.1.2) as special cases: a quan-
tum channel is an instrument with only one (trivial) classical outcome, and for a
measurement described by measurement operators Mi, Λiρ is given by MiρM

†
i .

Moreover, formally, we can always associate a quantum instrument {Λi}i with a
quantum channel Λ by storing the classical outcome in the orthonormal basis of an
auxiliary system and extract the correct statistics and quantum states at a later
time by a projective measurement on the auxiliary system. In formulas, this reads

Λρ =
∑
i

|xi〉〈xi| ⊗ Λiρ, (2.7)

where {|xi〉}i denotes the orthonormal basis. In case the classical outcome of
an instrument {Λi}i is unknown, the best description of the state σ after the
instrument’s application to ρ is given by

σ =
∑
i

Λiρ, (2.8)

8



2.1 Mathematical framework

which is CPTP and hence deterministic. This corresponds to the state one obtains
if one traces over the auxiliary system in Eq. (2.7), i.e., if one discards the subsystem
in which the classical output is stored.

In the following, we collect different characterizations of quantum channels and
operations that will prove useful later. We begin with the so-called operator-sum
or Kraus representation [51, 54], which states that a linear map ΘB←A is CPTP iff
its application to an arbitrary state ρ can be written as

ΘB←Aρ =
∑
i

KiρK
†
i (2.9)

for some set of Kraus operators Ki, i.e., linear operators from HA to HB, which
satisfy∑iK

†
iKi = 1A. One can thus interpret a quantum channel as a measurement

in which one has no information about the outcome i. Conversely, if we would
know the outcome, we could do subselection according to it. A quantum operation
is obtained if we relax the constraint ∑iK

†
iKi = 1A to ∑iK

†
iKi ≤ 1A, which

corresponds to a measurement in which some of the outcomes are ignored. This
also unveils that we can interpret quantum instruments as measurements: for every
instrument {Λi}i, we use Kraus operators Kij to write

Λiρ =
∑
j

KijρK
†
ij. (2.10)

The instrument is thus equivalent to a measurement with measurement operators
Kij followed by the erasure of the outcome j. However, the operator-sum repre-
sentation is in general not unique. Indeed, it can be shown that two sets of Kraus
operators Ki and Lj lead to the same quantum channel iff there exists a unitary
uij such that Ei = ∑

j uijLj, where the (potentially) shorter list of Kraus operators
is padded with zero operators [48]. This is due to the fact that different mea-
surements with unknown outcome can lead to the same average post-measurement
state. Using the Kraus representation, it is particularly easy to see that quantum
states can be described as quantum operations with one-dimensional input sys-
tem, i.e., any quantum state with decomposition as in Eq. (2.1) can be obtained
by a quantum operation with Kraus operators Ei = √pi |φi〉. On the contrary,
POVMs correspond to quantum operations with one-dimensional output: since a
POVM element A is positive semidefinite, we can write its spectral decomposition
as A = ∑

i ai|ai〉〈ai| and define Kraus operators Ei = √ai 〈ai| which lead to the
correct statistics.

Next we revise the Stinespring dilation [55], which states that for every quantum
channel ΘB←A there exists an auxiliary system E and an isometry V from HA to

9



2 Background

HBE such that

ΘB←Aρ = trE
(
V ρV †

)
(2.11)

for all ρ. Note that this dilation, similar to the Kraus representation, is not unique.
Moreover, it can be readily used to represent a quantum channel as a unitary
interaction U between the system and an environment E ′ in an uncorrelated fixed
initial state |0〉〈0| followed by a partial trace over a part E of the combined system,
i.e.,

ΘB←Aρ = trE
(
U (ρA ⊗ |0〉〈0|E′)U †

)
. (2.12)

A quantum operation can be represented with an additional measurement before
the partial trace.

Figure 2.1: Pictorial representation of quantum operations and systems.
Pictorially, we denote a quantum operation Λ with two input systems
A and B and one output system A′ by a box and the systems by lines.
If necessary, we will label the lines with the system names. In scenar-
ios where spatial separation is relevant, we will denote it with dashed
line(s). In this example, systems A and A′ belong to one spatial region
and system B belongs to a different one.

We continue with another representation of quantum channels that we will use in
particular when dealing with semidefinite programs, the so-called Choi state: we
define the Choi state J(Θ)BA of a general linear map ΘB←A from linear operators
on HA to linear operators on HB as [56, 57]

J(Θ)BA =
∑
ij

Θ (|i〉〈j|)B ⊗ |i〉〈j|A, (2.13)

where {|i〉}i denotes a fixed orthonormal basis of HA. This association defines
an isomorphism between linear maps and linear operators on HBA known as the
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2.1 Mathematical framework

Choi–Jamiołkowski isomorphism. Most importantly, ΘB←A is trace preserving iff
trB (J(Θ)AB) = 1A (trace non-increasing iff trB (J(Θ)AB) ≤ 1A) and completely
positive iff J(Θ) ≥ 0. For a very useful collection of additional equivalences, see
also Nathaniel Johnston’s website 1. The inverse of Eq. (2.13) is given by

Θρ = trA
[(
1B ⊗ ρT

)
J(Θ)

]
, (2.14)

where ρT denotes the transpose of ρ (with respect to the basis used in the definition
of the Choi state).

To conclude this section, we remember that quantum operations Θ are linear maps,
and hence described completely by the coefficients Θi,j

k,l defined via

Θ (|i〉〈j|) =
∑
kl

Θi,j
k,l|k〉〈l|, (2.15)

where |i〉 and |k〉 form bases of the input and output spaces of Θ.

In the following, we will visualize quantum operations by boxes and systems by
lines, which we label if necessary. Spatial separations will be denoted by dashed
lines as done in Fig. 2.1.

2.1.4 Quantum superoperations

Figure 2.2: Physical realization of a quantum superoperation. Every super-
operation that transforms an operation Θ has a physical realization in
terms of a pre- and postprocessing.

In Sec. 2.1.3, we saw that quantum operations can be used to represent quan-
tum channels, measurements, states, instruments, and POVMs. Maps between
quantum operations would hence describe the transformations of all elementary

1http://www.njohnston.ca/2009/10/the-equivalences-of-the-choi-jamiolkowski-isomorphism-
part-i/
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quantum objects in a unified manner, which will be of great use when we talk
about dynamical resource theories in Sec. 3.2. We call such maps quantum super-
operations if they satisfy certain physically motivated constraints [58]. First, they
must be linear to be consistent with the probabilistic interpretation when we apply
them to a random choice of quantum operations. Second, they must be completely
positive themselves in the sense that they map quantum operations to quantum
operations, even if they are applied locally to a bipartite quantum operation.

We call a quantum superoperation deterministic if it maps quantum channels to
quantum channels. As shown in Ref. [58] and depicted in Fig. 2.2, a deterministic
superoperation can always be realized by sandwiching it between two quantum
channels, i.e., there exist quantum channels Φi such that the output channel Λ
resulting from an application of the superchannel to the input channel Θ is given
by

Λ = Φ2 (Θ⊗ 1) Φ1. (2.16)

A probabilistic superoperation is obtained if we replace the Φi in the above equation
with quantum operations.

As shown in Ref. [59, Cor. 1 and Thm. 3] (for the more general case of quantum
combs), it is possible to characterize superoperations with semidefinite constraints,
i.e., constraints that match the requirements of semidefinite programs (see Sec. 2.2).
This is very convenient for numerical optimizations.

2.2 Semidefinite programs

A semidefinite program is an optimization problem with a special form that fre-
quently appears both in quantum information in general and in this thesis in par-
ticular. However, semidefinite programming is not a method that is specific to
quantum information but is a powerful technique from both an analytical and
computational perspective with a wide range of applications. There are different
equivalent ways to define semidefinite programs. Here, we employ a definition that
is not the most compact one, and hence not very well suited to prove general prop-
erties of semidefinite programs. However, since this is not our concern here, we
rather choose a more flexible definition that is directly applicable to the problems
considered in this thesis.

12
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Formally, a semidefinite program consists of a pair of optimization problems, the
primal problem and the dual problem. The primal problem is of the form

minimize:
l∑

i=1
tr(AiXi)

subject to:
l∑

i=1
Φij(Xi) +Bj ≤ 0, j = 1, ...,m,

l∑
i=1

Ψik(Xi) + Ck = 0, k = 1, ..., n,

Xi ≥ 0, i = 1, ..., l,

where the minimization is over complex matrices Xi (of possibly different dimen-
sions), the quantities Ai, Bj, Ck are fixed complex Hermitian matrices, and Φij,Ψik

are fixed linear Hermitian preserving maps (defined on all Hermitian matrices of fit-
ting dimensions). We call {Xi} a primal feasible point if it satisfies the constraints
and denote the optimal primal value by

p∗ = inf
{

l∑
i=1

tr(AiXi) : {Xi} primal feasible
}
. (2.17)

Using the method of Lagrange multipliers, one of the most important tools in
optimization theory, one can derive the dual problem from the primal problem. To
this end, one uses the Lagrange function, which, for our problem, is given by

L ({Xi}, {Yj} , {Zk}) =
l∑

i=1
tr(AiXi) +

m∑
j=1

tr
[
Yj

(
l∑

i=1
Φij(Xi) +Bj

)]

+
n∑
k=1

tr
[
Zk

(
l∑

i=1
Ψik(Xi) + Ck

)]
(2.18)

and the dual function, which is defined as

q ({Yj} , {Zk}) = inf
Xi≥0

L ({Xi}, {Yj} , {Zk}) . (2.19)

Now assume that there is an optimal point {X∗i }, i.e., a primal feasible {Xi} such
that ∑l

i=1 tr(AiXi) = p∗ and remember that for L ≥ 0, tr (LK) ≥ 0 for all K ≥ 0.
Then

sup
Zk=Z†

k
,Yj≥0

q ({Yj} , {Zk}) = sup
Zk=Z†

k
,Yj≥0

inf
Xi≥0

L ({Xi}, {Yj} , {Zk})

≤ sup
Zk=Z†

k
,Yj≥0

L ({X∗i }, {Yj} , {Zk})

13
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= sup
Zk=Z†

k
,Yj≥0


l∑

i=1
tr(AiX∗i ) +

m∑
j=1

tr
[
Yj

(
l∑

i=1
Φij(X∗i ) +Bj

)]
︸ ︷︷ ︸

≤0 ∀Yj≥0

+
n∑
k=1

tr
[
Zk

(
l∑

i=1
Ψik(X∗i ) + Ck

)]
︸ ︷︷ ︸

=0


≤

l∑
i=1

tr(AiX∗i ). (2.20)

Hence the solution d∗ of the dual problem

maximize: q ({Yj} , {Zk})
subject to: Yj ≥ 0, j = 1, ...,m,

Zk = Z†k, k = 1, ..., n,

gives a lower bound on the solution of the primal problem (and vice versa), which
is known under the name weak duality. In case there exists no optimal point, the
same can be shown with the usual ε techniques.

Rewriting the dual function as

q ({Yj} , {Zk})
= inf
Xi≥0

L ({Xi}, {Yj} , {Zk})

= inf
Xi≥0

 l∑
i=1

tr(AiXi) +
m∑
j=1

tr
[
Yj

(
l∑

i=1
Φij(Xi) +Bj

)]

+
n∑
k=1

tr
[
Zk

(
l∑

i=1
Ψik(Xi) + Ck

)])

= inf
Xi≥0

 l∑
i=1

tr

Ai +
m∑
j=1

Φ†ij (Yj) +
n∑
k=1

Ψ†ik (Zk)
Xi

+
m∑
j=1

tr (YjBj)

+
n∑
k=1

tr (ZkCk)
)

=


∑m
j=1 tr (YjBj) +∑n

k=1 tr (ZkCk) if Ai +∑m
j=1 Φ†ij (Yj) +∑n

k=1 Ψ†ik (Zk) ≥ 0, i = 1, ..., l,
−∞ else,

(2.21)
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we can state the dual problem more explicitly as

maximize:
m∑
j=1

tr (YjBj) +
n∑
k=1

tr (ZkCk)

subject to: Ai +
m∑
j=1

Φ†ij (Yj) +
n∑
k=1

Ψ†ik (Zk) ≥ 0, i = 1, ..., l,

Yj ≥ 0, j = 1, ...,m,
Zk = Z†k, k = 1, ..., n.

In case d∗ = p∗, i.e., if the solutions of the primal and the dual problem coincide,
one says that strong duality holds. Maybe surprisingly, strong duality typically
holds for semidefinite programs that arise in practice, i.e., if one does not actively
try to construct counterexamples. Two simple condition under which strong duality
holds are called Slater’s theorem (for semidefinite programs), which states that [60,
page 265]

1. If there exists a primal feasible point {Xi} satisfying all inequality constraints
strictly, i.e., Xi > 0, i = 1, ..., l and

l∑
i=1

Φij(Xi) +Bj < 0, j = 1, ...,m, (2.22)

then strong duality holds and the dual optimum is attained.

2. If there exists a dual feasible point {Yj, Zk} satisfying all inequality con-
straints strictly, i.e., Yj > 0, i = 1, ..., l and

Ai +
m∑
j=1

Φ†ij (Yj) +
n∑
k=1

Ψ†ik (Zk) > 0, i = 1, ..., l, (2.23)

then strong duality holds and the primal optimum is attained.

The relevance of semidefinite programs originates from the fact that a surprising
amount of optimization problems can be cast in this form and that there are both
analytical as well as numerical methods available that allow us to treat these prob-
lems efficiently (implemented for Matlab, e.g., in Ref. [61]). As an example, we
note that every primal feasible point establishes an upper bound on the solution
of the optimization problem and, due to duality, every dual feasible point a lower
bound (see Ref. [44, Sec. 5 of the SM] as an example how this can be used). More-
over, if one finds primal and dual feasible points, e.g., numerically or by guessing,
for which the values of the optimization problems coincide, this proves analytically
that one found the solution of the optimization problem. Concerning the numerical
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methods, in Sec. 3.2.4, we will see that they allow us to solve large scale problems.
To conclude this section, we mention that many techniques sketched here are not
exclusive to semidefinite programs, but applicable to much larger classes of opti-
mization problems. For details, see, e.g., Refs. [60, 62], on which this section is
based. Also note that the term semidefinite program is often (and also in this
thesis) used for optimization problems that do not have the explicit form given in
this section but can be brought into it.

2.3 Static quantum resource theories

In this section, I review static quantum resource theories as relevant for this thesis.
After an introduction and motivation of the general framework, which is partially
based on Refs. [2, 26, 29, 30, 35] and references therein, I will hence focus on static
entanglement and coherence theories as well as combinations thereof.

2.3.1 General framework

The advent of quantum information has led to the insight that certain quantum
phenomena act as resources that may be exploited to achieve tasks that are impos-
sible within the realm of classical physics. The most prominent example of such a
quantum resource is entanglement discussed in more detail in Sec. 2.3.2. But how
can we quantify quantum resources in a mathematically rigorous fashion and how
can we decide which resource is relevant for a specific operational advantage? Ad-
dressing these questions is the motivation for the development of quantum resource
theories.

Historically, quantum resource theories were constructed with the focus on re-
sources present in quantum states, i.e., static resources. Static quantum resource
theories are built on two main ingredients, the free states and the free operations,
which emerge from constraints that single out the resource under investigation.

Such a constraint could for example be that spatially separated parties have only
access to local operations and classical communication (LOCC), which is motivated
from a practical perspective if the parties are far apart: during transmission over
long distances, quantum systems will unavoidable interact with an environment,
and eventually lose their information content irreversibly. In contrast, the exchange
of classical information is less cumbersome, since it can be amplified during trans-
mission (and is also easier to protect). Hence, in such a scenario, it is meaningful
to choose LOCC as free operations and the states that we can prepare with them,
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i.e., the separable ones, as free states. The states which are not separable are
therefore resources and called entangled. This example serves as a blueprint how
one can construct static resource theories: from an experimental constraint, one
deduces free operations and defines the states one can prepare with them as free.
A second method is to first define, e.g., separable states as free, and then define the
free operations such that they map free states to free states. This is for example
meaningful if we intend to investigate entanglement in solid state physics, where
often no meaningful notion of spatial separation exists, but where correlations with
no classical counterpart can still lead to surprising effects.

Coming back to the general framework, a static resource theory associates with
every covered system A a set of free states, i.e., a subset of DA. The states that are
not free are refered to as resource states. In addition, a subset of the instruments
between different systems is defined as free and, in a slight abuse of terminology,
denoted as free operations.

The free states and operations are not fully independent but must satisfy certain
physically motivated conditions. The most important one is that free operations
must map free states to free states, which is sometimes referred to as the golden
rule of quantum resource theories. If this would not be the case, we could create
resources for free. Moreover, the sequential concatenation of free instruments must
lead to another free instrument, which reflects the idea that doing something free
twice is still free. It is also a common assumption that the free operations contain
the identity map on every system, because doing nothing is easy. In case one
intends to build a resource theory of memory, this might seem problematic, but in
fact it is not, since one can formally treat a register at different points in time as
different systems. It is also worth mentioning that the same problem and solution
exists when we speak about resource theories concerned with spatial separation,
e.g., entanglement theory: sending a quantum system from one party to another
party is in general not free, and in such a case, we employ the term system to refer
to a physical system at its spatial location. Most static resource theories, including
static coherence and entanglement theories discussed in Sec. 2.3.3 and Sec. 2.3.2
respectively, possess three additional intuitive properties. First, free operations are
completely free, i.e., if Φ is free, then for all systems C, the operation 1C ⊗ Φ is
free as well. This reflects the idea that an operation remains free when acting on a
part of a combined system and has the consequence that Φ1⊗Φ2 is free if both Φ1

and Φ2 are free. The second property is that appending an auxiliary system in a
free state is free, i.e., for any free state σ, the operations Φσ(ρ) = ρ⊗σ is free. The
third property is that discarding a subsystem (by taking the partial trace over it)
is free, which might not be satisfied when considering resource theories of entropy.
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After the formal description of the main ingredients of static resource theories, we
now return to the question why they are of interest. The most important reason,
already mentioned at the beginning of this section, is that they allow for a rigorous
and fine-grained analysis of what static quantum properties drive specific quantum
phenomena and advantages in the following way. We restrict the set of states and
operations that we can use for solving a given task to a specific choice of free ones,
and study if it can still be solved (with the same efficiency). If not, the property
of quantum mechanics we took away is an essential ingredient to the solution.
Moreover, we can ask ourselves whether the consumption of resource states allows
us to promote the free operations to non-free ones, i.e., if we can simulate them, and
if this allows us to retrieve the full power of quantum mechanics. The answer to such
questions helps us to clarify which resources are relevant in specific applications
and how to exploit them more efficiently in technology. Moreover, if one does not
find that quantum mechanics contributes to certain applications that seem to show
quantum advantages, this can be used to potentially improve classical algorithms
or solution strategies.

The second reason was already mentioned above too: a resource theory can be
employed to reflect current experimental capabilities, enables us to study what is
possible within them, and what would be necessary to overcome them. Third,
resource theories are an abstract framework that allows for several layers of gener-
ality. They only study the property under investigation, independent of the specific
physical system that shows it, and can be used to organize and synthesize the re-
sults in a given field. Moreover, different resource theories can show very similar
structures, applications, and proof techniques, which is why it is interesting to
study resource theories themselves.

To understand operational advantages granted by static resources, it is essential
to explore the structure of resource states, which is determined by their conver-
sion under free operations, i.e., by the answer to question such as: what are the
conditions that two resource states are equivalent under the free operations, in the
sense that one can deterministically convert one to the other and vice-versa using
only free operations? If two states are not equivalent, is it possible to convert
one to the other irreversibly using only free operations? The answer to the first
question reveals equivalence classes of resource states and the answer to the sec-
ond describes a partial order over them or, equivalently, a preorder over resource
states that captures their value: if ρ can be converted to σ for free, ρ is at least as
valuable as σ and can be used in all applications where σ is required. Then, it is
natural to ask which states are maximally resourceful, i.e., such that they cannot
be obtained irreversibly from any other state (of the same system) by means of free
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operations. Is there a state which we can convert to all other states of the same
system for free? If yes, such a state can be considered as a unit of resource. In case
we cannot deterministically convert ρ to σ for free, is it possible probabilistically?
If yes, what is the optimal probability of success? How are deterministic and prob-
abilistic conversions affected if we allow for small errors? Can additional resource
conversions be made possible by a catalyst, i.e., a resource state which is present
but not consumed?

Moreover, the conversion of resource states is not restricted to the single-shot
regime, where only one copy of the initial and target state is considered. Fol-
lowing the spirit of information theory, it is also common to study conversion rates
and reversibility in the asymptotic limit of infinitely many copies. The special
cases where one examines asymptotic conversions from or to maximally resourceful
states are called resource dilution and distillation.

In general, determining a complete description of the preorder in the sense of an
algorithm that allows us to decide whether one state can be converted into another
is rather difficult. This is one reason why one is interested in so-called resource
monotones which quantify the amount of resources present in a quantum state. A
resource monotoneM is a functional that maps quantum states to the real numbers
and is monotonic under free operations,

M(ρ) ≥M(Φρ) (2.24)

for all quantum states ρ and all deterministic free operations Φ. This implies that ρ
cannot be converted deterministically to σ ifM(ρ) < M(σ). However, in general, a
single resource monotone cannot be used to conclude the inverse, i.e., that one state
can be converted to another. The reason therefore is that a resource monotone only
expresses partial information about the underlying preorder, which is clear when
we consider the case of two states that are not ordered relatively to one another.
This also shows that there cannot be the correct resource monotone.

Often a resource monotone M satisfies additional desirable properties such as

• Faithfulness: Intuitively, the amount of resources present in a quantum state
is non-negative and zero iff the state is free, i.e.,

M(ρ) ≥ 0 ∀ρ and M(ρ) = 0⇔ ρ is free. (2.25)

• Monotonicity under subselection: This property is only of relevance if the
resource theory contains free instruments that allow for subselection. In this
case, one can demand the intuitive property that the measure is monotonic
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under subselection on average, i.e., for all states ρ and free instruments de-
scribed by a set of CP maps Λi,

M(ρ) ≥
∑
i

tr (Λiρ)M
(

Λiρ

tr (Λiρ)

)
. (2.26)

Note that this implies that it might be possible to convert a state ρ to a more
resourceful state σ (as quantified by M) if this happens with a probability
of success that is lower than one, i.e., we can gamble with our resources. In
Sec. 3.1, we will see an example for this.

• Convexity: Convexity is a convenient mathematical property, which turns
out to be useful in many proofs, and is given if

∑
i

piM(ρi) ≥M

(∑
i

piρi

)
(2.27)

for any {pi} satisfying pi ≥ 0,∑i pi = 1 and states ρi.

A resource monotone M that is faithful, convex, and, if applicable, monotonic
under subselection is called a resource measure from here on.

Ideally, a resource measure (or monotone) should possess two additional properties:
first, it should be possible to evaluate it within reasonable effort, either analyti-
cally or numerically, because otherwise, it gives only very limited insight into the
preorder. Second, it should have an operational interpretation, i.e., we would like
to give a meaning to the numerical value it associates to states.

In the following sections, we will review two specific families of static resource
theories relevant for this thesis, namely entanglement theories, which we already
invoked as an example in this section several times, and coherence theories.

2.3.2 Static entanglement theories

In this section, we will discuss a selection of different versions of static entanglement
theories as relevant for this thesis (see Sec. 3.2.5). Their common theme is that they
deal with multiple parties that can implement arbitrary local operations, but suffer
restrictions concerning global operations, which can be justified by the assumption
of spatial separation. In the remainder of this thesis, we will only be concerned with
the case of two parties, i.e., with bipartite entanglement, to which we thus restrict
this review too. However, the generalization of the basic concepts and definitions
to more parties is straight forward (whilst the results are typically not).
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The set of free operations that is most relevant in this context is the set of local
operations and classical communication (LOCC) [63] already mentioned and mo-
tivated in Sec. 2.3.1. To describe LOCC in detail, we consider two parties, Alice
(A) and Bob (B), and describe the operations that they are able to perform using
a round-based protocol.

One of the parties, let us say Alice, initiates the protocol. From the discussion in
Sec. 2.1.3 follows that we can describe the most general local operation that Alice
can implement as a measurement with measurement operators

Ar1 ⊗ 1B, (2.28)

where r1 is an index labeling the outcomes of round one. As she cannot act on Bob’s
state, the measurement operators are always identity operators on his system. To
finish her round, Alice reports her outcome r1 to Bob. In the second round, Bob
applies an operation described by

1
A ⊗Br2(r1), (2.29)

which can depend explicitly on the outcome r1. From here on, the process is
repeated, i.e., Bob broadcasts his result, Alice applies

Ar3(r2, r1)⊗ 1B, (2.30)

and so on. The set of operations (or, more precisely, instruments) that can be
implemented with r rounds are denoted by LOCCr [64]. As a side note, we remark
here that some authors use a slight modification of the above definition and include
an additional local operation (or instrument) after the final measurement result
has been received, e.g., LOCC1 would consist of a local measurement of Alice,
the broadcast of her classical outcome to Bob, followed by a local operation of
Bob, which might depend on Alice’s outcome. This corresponds to LOCC2 in our
definition without the broadcasting of Bob’s result.

The set of operations that contains all instruments that can be implemented by
some finite round protocol as described above is denoted by LOCCN. The full set of
LOCC then consists of LOCCN as well as the operations that can be approximated
arbitrarily well with a fixed protocol using unbounded rounds of communication.
The word fixed is important here: it means that the approximation of an LOCC
instrument can be made closer and closer by continuing with more and more rounds.
If it is in addition necessary to to use different finite-round protocols for different
degrees of approximation of an instrument, this instrument is in LOCCN \ LOCC,
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where LOCCN denotes the closure of LOCCN. Since LOCCN ⊂ LOCC ⊂ LOCCN,
it holds that LOCCN = LOCC [65].

We conclude this list of sets of free operations by discussing the so-called separable
operations denoted by SEP [66, 67]. To this end, we need to define separable states.
Restricting again to our two parties, a bipartite state ρ is separable (with respect
to the partition into A and B) if it can be written as

ρA|B =
∑
i

piσ
A
i ⊗ τBi , (2.31)

where {pi} denotes a probability destribution and σAi (τBi ) valid quantum states on
system A(B). From here on, we will denote the set of these states withWA|B. The
subscript A|B is used to denote the bipartition into A and B, which will become
important in the following where we consider more than two systems: if Alice holds
systems A and C and Bob B andD, we will make this apparent by writing AC|BD.

Now an instrument {Λi} is in SEP if all Λi map separable states to separable states
in a complete sense, i.e., even if they are applied to subsystems. As one might
expect from the above discussion, the mathematical structure of LOCC is complex
and difficult to handle (for example because LOCC is not closed). This is the
main reason why SEP is investigated: it contains LOCC and has a mathematically
much more tractable structure. If one can therefore prove that it is impossible to
perform a certain task with SEP, it is also impossible with LOCC (and all subsets
thereof). As an interesting side remark, we note that the set SEPP, which contains
all operations that preserve separability but not necessarily in a complete sense, is
strictly larger than SEP (consider for example a SWAP operation).

For a more detailed discussion including the relationships

LOCCr ( LOCCr+1 ( LOCCN ( LOCC ( LOCC (2.32)

between these classes of operations as well as additional references see Ref. [65].

Each of these sets of operations leads to another resource theory, which studies
the questions posed in Sec. 2.3.1. For the plethora of results obtained in these
frameworks see, e.g., Refs. [2, 26, 30].

2.3.3 Static coherence theories

Static resource theories of coherence study the operational value of superposition
in quantum technologies. Since the omnipresence of the superposition principle is
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a key ingredient to the departure of quantum physics from classical physics and
underlies entanglement discussed in the previous section, it is natural to investi-
gate its resource properties. As in the case of entanglement theory, there is not a
single set of free operations, but many different possible choices exist, each with
its advantages and range of application. All static coherence theories that we will
consider in this thesis share a common set of free states, which is called incoher-
ent, but differ in the choice of free operations. For every system covered by the
coherence theory under investigation, one singles out an orthonormal basis {|i〉}
which forms the set of pure incoherent states for this system. In this thesis, we will
consider resource theories on all finite dimensional quantum systems. Concerning
composite systems, their pure incoherent states are defined as the product of the
pure incoherent states of their subsystems. The statistical mixtures of the pure
incoherent states,

ρ =
∑
i

pi|i〉〈i|, (2.33)

then form the set of incoherent states, which we will denote by I. From here on, we
will also reserve {|i〉} to denote the incoherent basis. The choice of the incoherent
states is justified by physical or practical considerations. If a system is (weakly)
interacting with an environment, this leads to decoherence in the energy eigenba-
sis of the system’s Hamiltonian and off-diagonal elements are difficult to preserve.
Moreover, thinking about circuit-based quantum computation, it is meaningful to
choose the computational basis as incoherent. If the register states are incoherent
at all times, the protocol is equivalent to the application of stochastic maps onto
probability vectors. Therefore, it is true that coherence is a basis dependent con-
cept, but this does not diminish its operational meaning. As a side remark, we
note that also entanglement theory assumes the division into spatially separated
subsystems, which is usually justified by the setting. But from a purely mathe-
matical perspective, one can of course object also there that one could have chosen
a different division. However, this objection seems to be less common, although
entanglement in solid states or biology typically has nothing to do with spatially
separated, non-interacting laboratories.

Defining the total dephasing operation (in the incoherent basis) as

∆ρ =
∑
i

|i〉〈i|ρ|i〉〈i|, (2.34)

it is easy to see that the set of incoherent states is exactly the one that is invariant
under ∆. Moreover, ∆ projects all states to incoherent states and is an example of
a resource destroying map discussed in detail in Ref. [68].

23



2 Background

The choice of free operations in coherence theory seems much more subtle than
in entanglement theory, which is why many different sets have been proposed over
the last few years. The maximal set of operations that map incoherent states
to incoherent states is denoted by MIO [31, 68, 69], which stands for maximally
incoherent operations. Using the total dephasing operation introduced in Eq. (2.34)
and for the reasons mentioned below it, we can hence define MIO as

MIO := {Λ : Λ∆ = ∆Λ∆} , (2.35)

where Λ denotes a CPTP map between finite dimensional systems. Since total
dephasing on a subsystem destroys all quantum correlations, one can follow from
this definition that, in coherence theory, all operations that preserve the incoherent
states also preserve them completely (in contrast to the case of entanglement theory
discussed in Sec. 2.3.2).

As we mentioned in Sec. 2.1.3 (around Eq. (2.9)), we can interpret a quantum
operation as a measurement in which we do not have access to the outcome. But
since this outcome exists in principle, we could potentially learn it. Therefore, it
is meaningful to ensure that the free operations do not create coherence even if
subselection is possible. This was the motivation for the introduction of the set of
incoherent operations (IO) [32], which is defined as the set of operations that can
be decomposed into incoherent Kraus operators, i.e., Kraus operators that map
incoherent states to incoherent states,

IO :=
Λ =

∑
n

Kn ·K†n : KnIK†n
tr
(
KnIK†n

) ⊂ I,∑
n

K†nKn = 1


=
{

Λ =
∑
n

Kn ·K†n : Kn |i〉 ∝ |j〉 ∀i,
∑
n

K†nKn = 1

}
. (2.36)

Here we note that the requirement that the operations are trace preserving (i.e.,
channels) is relevant. If this were not be the case, we would neglect potential mea-
surement outcomes and therefore contradict the purpose of this set of operations.
However, as shown in Ref. [34, Thm. 7], we can always complete a set of incoherent
Kraus operators to an IO channel by adding additional incoherent Kraus operators.

In order to exploit coherence, it is not sufficient to create it, but it is also necessary
to use it, and this ability can thus be considered a resource too. We will argue in
Sec. 3.2 that the operational meaning of static resource theories with free opera-
tions that cannot use coherence is rather limited and will show how to resolve this
problem using dynamical resource theories. Nevertheless, such theories have been
defined and are relevant for obtaining bounds, as we will see in detail in Sec. 3.1.
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The maximal set of operations that can neither detect nor use coherence is called
DIO (dephasing covariant incoherent operations [68, 70–73]) which originates from
their definition as

DIO := {Λ : ∆Λ = Λ∆}
= {Λ : Λ∆ = ∆Λ∆ and ∆Λ = ∆Λ∆} . (2.37)

If we demand again that these properties hold on the level of individual Kraus
operators, we end up with the set of strictly incoherent operations (SIO) [33].
Comparing with the definition of IO, it is then quite intuitive that SIO can be
defined as

SIO :=
{

Λ =
∑
n

Kn ·K†n : Kn |i〉 ∝ |j〉 ∀i,K†n |k〉 ∝ |l〉 ∀k,
∑
n

K†nKn = 1

}
. (2.38)

A Kraus operator that satisfies the conditions Kn |i〉 ∝ |j〉 ∀i,K†n |k〉 ∝ |l〉 ∀k is
called strictly incoherent.

Above, we reviewed the sets of incoherent operations that are most relevant for
this thesis. However, there exist additional ones that we will summarize briefly
(and refer to in Sec. 3.2.3). The set IO is defined via properties of Kraus operators.
However, the operator-sum representation of a given channels is not unique (see
below Eq. (2.10)). Demanding that every operator-sum decomposition of a given
operation is incoherent leads to the set of fully incoherent operations (FIO) [74],
which contains the set of genuinely incoherent operations (GIO) [74]: these opera-
tions are the ones that preserve all incoherent states individually, i.e., Λρ = ρ for
all ρ incoherent.

Another consideration is that neither IO, MIO, nor SIO have a free dilation [71–73],
i.e., they cannot be implemented by coupling the system to an environment in an
incoherent state followed by a global incoherent unitary as in Eq. (2.12). The set of
operations that can be implemented in this way, supplemented with an incoherent
measurement on the environment and a postprocessing of its outcome, is denoted
as PIO (physical incoherent operations) [71].

Within the general framework of asymmetrie [36, 75–78], it is also possible to quan-
tify coherence [72]. The set of free operations in this framework are the translation-
ally invariant operations (TIO), which are defined with respect to an observable L,
such as a Hamiltonian or the angular momentum. This observable defines a group
of translations represented by the unitaries

UL,x = e−ixL, x ∈ R. (2.39)
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An operation Λ is translationally invariant with respect to L if

UL,xΛ = ΛUL,x ∀x ∈ R, (2.40)

where UL,x represents the channel corresponding to UL,x. In case L is degenerate,
this definition allows for block-diagonal structures (as in the original definition of
MIO [31]). However, in the context of coherence, one typically only considers non-
degenerate L. A strict subset of TIO is the set of energy preserving operation
(EPO) introduced in Ref. [79]. For a more in-depth description of these sets of
operations as well as their relation see both the original works as well as Ref. [35].

2.3.4 Theories of coherence and locality

In the two sections above, we discussed the restrictions leading to several versions
of coherence and entanglement theory. In entanglement theories, the different
restrictions emerged from a notion of spatial separation whilst coherence theories
focus on the ability to create coherent superposition. To investigate the interplay
between local coherence and entanglement, it is then natural to combine these
constraints. The first set of operations that was introduced in this way was the set
of local quantum-incoherent operations and classical communication (LQICC) [80,
81]. Considering again only the bipartite case with Alice and Bob, this set consists
off all LOCC operations in which Bob applies exclusively IO operations on his
part of the shared system (and can hence only apply incoherent measurements
realized by incoherent Kraus operators defined above Eq. (2.36)). Such a set of
operations is for example of interest if one considers a server represented by Alice
who has full control over her part of the system whilst the client Bob has only
access to less powerful devices. It is then of interest to know how well Bob can
distill coherence with the help of Alice [80]. If both parties are restricted to local
IOs and the exchange of measurement results one obtains the set of local incoherent
operations and classical communication (LICC) [81], and it is of course also possible
to combine other restrictions, leading to, e.g., local strictly incoherent operations
and classical communication. To keep the resulting theories well defined and/or
interesting, the incoherent operations one chooses should however incorporate a
notion of subselection (contain free measurements).

As one might expect from the discussion in Sec. 2.3.2, also the sets LICC etc.
possess a difficult mathematical structure, which is why the sets of separable in-
coherent operations (SI) or separable quantum-incoherent (SQI) operations, which
have again a much more convenient characterization, were introduced [81]. An
alternative that leads to a simplified structure is to consider one-way protocols, in
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2.3 Static quantum resource theories

which only one party can communicate to the other. We will do this in Sec. 3.1,
where we investigate assisted single-shot coherence transformations with the help
of one-way LQICC and LICC protocols.

Another framework that combines locality and coherence is the one of local op-
erations and physical wires (LOP) introduced in Ref. [82], which unifies entangle-
ment, discord, and coherence. In the resource theory that considers the restriction
to LOCC (see Sec. 2.3.2), the classical communication is treated only abstractly.
However, in reality, this communication happens with the help of a (quantum)
physical system, which is called the wire in LOP and treated explicitly. The free
operations on the wire that model classical communication are defined as encoding
of classical data into a fixed basis of the wire, relabeling these basis states, and
forwarding parts of the wire to the distant parties. The free operations of the par-
ties themselves are all local operations (which includes the application of quantum
instruments whose outcome can be encoded into a wire).

By construction, LOP hence contains LOCC, and the two theories are equivalent
if one only considers the effective theory of LOP on the different parties without
the wires [82, Rem. 9]. Moreover, if one restricts the theory to a wire (by tracing
over the parties at the end), one obtains a coherence theory. The restricted free
operations contain SIO as a subset [82, Prop. 4] and IO as a superset [82, Prop. 6
and comment below].
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This chapter summarizes and discusses the results published in Refs. [42–45].
Sec. 3.1 concerns probabilistic state conversions in static coherence theories and
slightly generalizes Ref. [42], which is contained in Sec. 5.1. Sec. 3.2 covers the
other three publications which treat dynamical resource theories and in particular
dynamical coherence theory.

3.1 Static coherence and state conversion

In Sec. 2.3.1, we motivated why the exploration of the structure of resource states
is essential in any static resource theory: if we can deterministically convert a
state ρ into σ using only free operations, ρ contains at least as much resources
as σ because it can be used in all applications that require σ. The single-shot
conversion under IO (see Eq. (2.36)) has been solved for all pure states [33, 41] (see
also Refs. [83, 84]). The solution is given by a majorization condition [85] which
was inspired by a similar result in entanglement theory [40].

Finding a comparably compact description for general transformations between
mixed states is an open problem. Since most quantum algorithms act on qubits,
it is meaningful to assume that also potential resources are provided in the form
of qubit states. Therefore, finding a closed form expression for deterministic qubit
state transformations is of importance and was provided in Refs. [71, 86, 87]. In
this section, we will discuss the more general problem of probabilistic qubit state
transformations under IO: as discussed in Sec. 2.3.3, the definition of IO considers
subselection according to the outcome of incoherent Kraus operators Kn. There-
fore, the question

What is the highest probability p with which we can convert ρ to σ using IO?
(3.1)

is meaningful and well defined. In Ref. [42], reprinted in Sec. 5.1, we answered
this question for qubit states and explored its consequences both theoretically and
experimentally. Whilst the proofs and mathematical details can be found there,
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we will focus here on the most important results, the principle ideas behind their
proofs, and the problems that hindered us from generalizing them to arbitrary
dimensions. Since most of this section is concerned with qubits, it is convenient
to make use of the Bloch sphere representation, according to which every qubit
state ρ can be represented by a subnormalized real vector ~r = (rx, ry, rz) via the
equation

ρ = 1
2(1+ ~r · ~σ), (3.2)

where ~σ represents a vector containing the Pauli matrices. In extension of the con-
vention (introduced in Sec. 2.1.1) that we denote density operators by small Greek
letters, in the following, we will denote the associated vectors by the corresponding
small Latin letters (as done above). Moreover, we define the eigenbasis of σz as
the incoherent basis. Thus, rotations about the z-axis of the Bloch sphere as well
as their inverse are contained in SIO (and therefore also in IO). This implies that
conversion probabilities are invariant under such rotations, and only depend on the
distance of a state ρ to the incoherent axis given by

r :=
√
r2
x + r2

y, (3.3)

rather than on rx or ry individually. Moreover, the unitary represented by σx is
also in SIO (and is its own inverse), and our results can therefore only depend on
|rz| but not on the sign of rz.

The first step to answer question 3.1 for qubits is to show that, again for qubits, we
can restrict our considerations to SIO [42, Thm. 2]. The reason therefore is that
any incoherent Kraus operator acting on qubits is either also strictly incoherent
or such that its output is always incoherent [33]. Note that this holds only for
qubits and not for higher dimensional systems. To implement a stochastic qubit
state transformation, we need a quantum instrument with two outcomes, “success”
and “failure”. In the case of a SIO transformation, we can restrict attention to
the outcome “success”, because any set of trace non-increasing strictly incoherent
Kraus operators can be completed to a deterministic SIO operation [42, Prop. 1].
The trace non-increasing SIO associated with “success” can be decomposed into
four strictly incoherent Kraus operators parameterized as [86]

K1 =
a1 0

0 b1

 , K2 =
 0 b2

a2 0

 ,
K3 =

a3 0
0 0

 , K4 =
0 b3

0 0

 , (3.4)
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where the variables ai, bi must obey

∑
i

|ai|2 ≤ 1,
∑
i

|bi|2 ≤ 1. (3.5)

Making use of this explicit characterization and the symmetries explained below
Eq. (3.2), it is then possible to determine the states σ on the boundary of the region
that is achievable with stochastic SIO from a fixed initial state ρ and with fixed
probability p. Since this achievable region is convex and contains the free states,
(we can always mix incoherently with a free state), this then allows us to deduce
the entire reachable region. In terms of the Bloch sphere representation introduced
above, the result is summarized in the following Theorem [42, Thm. 3]

Theorem 1 A qubit state σ is reachable via a stochastic SIO or IO transformation
from a fixed initial qubit state ρ with a given probability p iff

r2s2
z +

(
1− r2

z

)
s2 ≤ r2, (3.6a)

p2s2 ≤ r2

1 + |rz|
[2p− (1− |rz|)] . (3.6b)

Here we notice that indeed the result only depends on r, s, |rz|, |sz| and not on
rx etc., which is a consequence of the symmetries. As shown in Fig. 3.1 taken
from Ref. [42, Fig. 1], this Theorem can be represented geometrically on the Bloch
sphere. As both p and ρ are fixed by assumption, Eq. (3.6a) defines an ellipsoid
(in s, sz) that is independent of p. On the contrary, Eq. (3.6b) describes a cylinder
that depends on p, and the states in the interior of their intersection are the ones
to which ρ can be converted with probability p. In case that we have p ≤ 1 −
|rz|, the ellipsoid is entirely contained in the cylinder, meaning that Eq. (3.6b)
is automatically satisfied whenever Eq. (3.6a) holds. Physically, this means that
lowering the demanded probability of success below 1 − |rz| will not increase the
set of reachable states and that the states outside the ellipsoid cannot be reached
via stochastic IOs, not even with arbitrary little probability. Moreover, we observe
that there is a discontinuity in the optimal conversion probability: one can find two
arbitrary close qubit states with the property that one is reachable with probability
one and the other with probability strictly zero.

From this Theorem, it is straight forward to derive the following Corollary [42,
Cor. 4], which answers question 3.1.
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rx=0.6
rz=0.7

p=1
p=0.5
p=1-rz
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Figure 3.1: Incoherent state conversion, taken from Ref. [42, Fig. 1]. Vi-
sualization of Thm. 1 on the Bloch sphere. The red dot represents an
initial state with Bloch coordinates rx = r = 0.6 and rz = 0.7. The area
of the Bloch sphere which can be reached from it with certainty using
only incoherent operations is colored in green. If the required proba-
bility of success is lowered to p = 0.5, the blue region can be reached
in addition. Further lowering the demanded probability of success to
1− |rz| adds the yellow region. The gray area cannot be reached with
non-zero probability of success.
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Corollary 2 The maximal probability P (ρ→ σ) for a successful transformation
from a coherent qubit state ρ to a coherent qubit state σ using IO or SIO is zero iff

r2s2
z +

(
1− r2

z

)
s2 > r2 (3.7)

and

min

 r2

(1 + |rz|) s2

1 +
√

1− s2 (1− r2
z)

r2

 ,1
 (3.8)

otherwise.

The key to the derivation of these results were several properties of SIO, IO, and the
Bloch sphere representation that only hold for qubits. As mentioned above, it is for
example unlikely that we can reduce the problem of probabilistic IO transforma-
tions to probabilistic SIO transformations in arbitrary dimensions. Also an explicit
characterization of SIO instruments as given in Eq. (3.4) is only known for qubits
so far. Even if those two problems could be overcome, the explicit parametriza-
tions used in the proof of Thm. 1 would become much more difficult, because the
analogues to the Bloch sphere in higher dimensions have a much more involved
geometrical shape (and one would need of course more parameters). Therefore, it
seems that this approach is limited to qubits. It is however possible to generalize
Eq. (3.7) beyond qubits, i.e., to find a necessary condition for the existence of prob-
abilistic SIO transformations [42, Thm. 5] that relies on the so-called ∆ robustness
of coherence [71, 73]. Together with a generalization of the requirement that both
states are coherent to a statement about their coherence rank [33, 88–90], these are
the only restrictions on probabilistic single-shot IO/SIO transformations known to
me.

After we answered question 3.1 for qubits, it is natural to ask what we can deduce
from this results. One consequence is that it allows us to investigate assisted
qubit state conversions. When the technology to build quantum computers with
full control over their qubits becomes available, it is likely that they will appear
initially in small numbers as it was the case for classical computers too. To use them
commercially, it is desirable that they interact with less powerful remote clients
which are for example restricted to IOs in order to augment their capabilities.
In the following, we discuss how they can assist their clients in state conversions,
which we studied in Ref. [42] under the name of assisted incoherent state conversion.
Formally, a server represented by Alice and a client called Bob intend to transform
a shared stated ρAB into a local state σB on Bob’s side via LQICC (introduced in
Sec. 2.3.4). To gain an advantage over the case in which Bob tries to convert his
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local state ρB without assistance from Alice, they need to make use of correlations
present in the shared state. Here we will restrict attention to the case in which
only Alice sends information to Bob, i.e., to one-way LQICC. In this case, the only
thing that Alice can do to help Bob is to perform a general local measurement and
communicate the outcome to Bob. This will allow Bob to update his knowledge of
his local state and consequently, he can try to transform it using IO. To me, it is
unknown if allowing for general LQICC, i.e., additional rounds of communication,
could potentially increase the probability of success (as it is for example the case
in entanglement distillation [63], see Sec. 2.3.2 and Ref. [65] for more examples).
This is an interesting open question.

In case Alice holds a purification of Bob’s state, using one-way LQICC, Bob can
obtain any ensemble decomposition {qi, ρBi } of his local state ρB = ∑

i qiρ
B
i [91].

Therefore, the maximal probability Pa(|ψ〉AB → σB) to prepare the qubit state σB

on Bob’s side is given by

Pa
(
|ψ〉AB → σB

)
= max

ρB=
∑

i
qiρB

i

∑
i

qiP
(
ρBi → σB

)
. (3.9)

Showing that there always exists an optimal decomposition that only contains pure
states, it is then possible to solve this optimization problem. First one establishes
an upper bound and then constructs an explicit protocol that reaches this bound.
In combination, this leads to the following Theorem [42, Thm. 6].

Theorem 3 Let Alice and Bob share a pure two-qubit state |ψ〉AB and denote Bob’s
local state by ρB. The maximal probability Pa(|ψ〉AB → σB) to prepare the qubit
state σB on Bob’s side via one-way LQICC is given by

Pa
(
|ψ〉AB → σB

)
= min

{
1, (1− |rz|)

1 +
√

1− s2

s2

}
, (3.10)

where ~r and ~s are the Bloch vectors of ρB and σB, respectively.

In case the shared state is subjected to noise, the advantage one can gain from
assisted incoherent state conversion is reduced. Whilst determining the optimal
assisted incoherent conversion probabilities for general shared mixed states is an
open problem, it is possible to derive it explicitly for Werner states [42, Thm. 7].
Moreover, one can show that if Bob’s system is a qubit, then for any state ρAB which
is correlated and not quantum-incoherent, i.e., not of the form ρAB = ∑

i piρ
A
i ⊗

|i〉〈i|B, the set of accessible states for Bob via stochastic one-way LQICC is strictly
larger, when compared with ρA⊗ρB [42, Thm. 8]. This supports our intuition that
correlations enhance the probabilities for successful conversions.
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As a small generalization of these results, we note here that the above results
concerning assisted state conversion still hold if we replace one-way LQICC by
the smaller set one-way LICC (see Sec. 2.3.4): as mentioned above, Alice assist
by implementing a local measurement, which prepares Bob’s system in the best
achievable decomposition. Now imagine she implements a measurement described
by Kraus operators Kn. We then define an IO map through Kraus operators
Ln,i = |i〉〈i|Kn. This corresponds to Alice applying a total dephasing after her
initial measurement. Now Alice only communicates the value of n to Bob, i.e., his
decomposition is exactly the same as if Alice would have implemented the original
measurement Kn, and is therefore optimal if Kn leads to an optimal decomposition.
In case the optimal protocol would involve a coarse grained measurement on Alice’s
side, the above argument can easily be generalized to this case too. Moreover, this
cannot be beneficial, since Bob can always coarse grain Alice’s results himself,
which finishes the proof. Since the additional dephasing on Alice’s side can change
her local state, it is however unclear if this observation would hold for protocols
that allow for multiple rounds of communication too.

Note also that the above argument cannot be used to restrict Alice’s measurements
to SIO. From the proof of Thm. 7 in Ref. [42], it becomes apparent that there exist
cases in which Alice’s optimal measurement requires to detect coherence, which is
impossible with SIO (see the discussion around Eq. (2.38)). Hence, there exists a
certain asymmetry between the two parties in a one-way assisted state conversion
protocol: restricting Bob to IO makes a difference in comparison to the case where
he can implement all local operations and therefore prepare all local states, as can
be seen at the examples presented above and visualized in Ref. [42, Fig. 7]. For
the qubit case, further restricting him to SIO however makes no difference (but
is expected to make a difference for higher dimensions). Considering Alice, it is
actually the other way around: restricting her available operations to IO makes no
difference, but further restricting to SIO does.

In the scenario considered so far, we assumed that IOs are applied on one copy
of the state ρ, i.e., we worked in the single-shot regime. However, we can also
use Thm. 1 to bound asymptotic conversion rates, where IOs are performed on an
asymptotically large number of copies. The (standard) asymptotic conversion rate
is defined as

R(ρ→ σ) = sup
{
r : lim

n→∞

(
inf
Λ∈IO

∥∥∥Λ (ρ⊗n)− σ⊗brnc∥∥∥
1

)
= 0

}
, (3.11)

where ||M ||1 = Tr
√
M †M is the trace norm and bxc is the largest integer smaller

or equal to the real number x. This asymptotic conversion rate is lower bounded
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by the single copy conversion probability P (ρ→ σ), i.e.,

R(ρ→ σ) ≥ P (ρ→ σ), (3.12)

because asymptotic conversion at rate P (ρ → σ) can be achieved by applying a
stochastic IO on each individual copy of the state ρ. Showing that such a lower
bound from Thm. 1 coincides with upper bounds derived in Ref. [33], it is therefore
possible to explicitly determine the asymptotic conversion rate between special
families of qubit states (where one also needs results from Ref. [92]), see Ref. [42,
Thm. 9]. Moreover, Thm. 1 allows to investigate the reversibility of coherence
theory. The central idea that we cannot create resources for free is reflected in the
fact that for any two non-free states ρ and σ,

R(ρ→ σ)×R(σ → ρ) ≤ 1 (3.13)

holds. It is known that coherence theory is not reversible for general mixed
states [33] and Thm. 1 allows us to investigate the degree of irreversibly in the
qubit case [42, Prop. 10].

Ref. [42] not only contains the theoretical results summarized above, but also a
quantum optical experiment that closely achieves the optimal conversion rates both
in the setting with and without assistance. The experiment serves as a proof of
principle and can be used as a benchmark for more advanced setups. However,
since this thesis is about the theoretical results, for a discussion of the experiment,
I refer to Ref. [42].

3.2 Dynamical resources

3.2.1 Introduction

In Secs. 2.3 and 3.1, we motivated and discussed static resource theories, which
quantify resources present in quantum states and address the question how valu-
able they are. An important ingredient to these theories is the separation of quan-
tum operations into free and non-free. A complementary question is therefore how
valuable the non-free operations are [93], which is often approached by a suitable
reduction to the value of quantum states. One can for example consider the re-
source generation capacity of a quantum channel, which is defined as the maximal
generation (increase) of static resources if the channel is applied to a free (arbi-
trary) state [94–98]. For a resource measure M on states, one defines the value of
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an operation Λ as

V (Λ) = max
ρ free

M(Λ(ρ)) (3.14)

or

Ṽ (Λ) = max
ρ

[M(Λ(ρ))−M(ρ)] . (3.15)

Alternatively, one can connect the value of an operation with its (amortized) re-
source cost, i.e., the minimal amount of static resources that are needed to simulate
the operation [99–101] given by

V ′(Λ) = inf {M(ρ) : Φ free,Λ(σ) = Φ (σ ⊗ ρ)∀σ} (3.16)

or

Ṽ ′(Λ) = inf {M(ρ)−M(τ) : Φ free,Λ(σ)⊗ τ = Φ (σ ⊗ ρ)∀σ} . (3.17)

However, as we will see in the following, such methods cannot be used to quantify
all relevant properties of quantum operations [45]. One such property is the ability
to detect coherence. If we want to exploit coherence (or any other static resource)
in technology, it is not only necessary to create it, but we must also use it, i.e., its
presence must make a difference in measurement statistics [102, 103]. This might
sound trivial, but if we are not even able to detect static resources, we can certainly
not exploit them. Therefore the answer to the question “How well can a quantum
operation detect coherence?” is relevant to understand quantum advantages, but
as we will see in the following, it cannot be answered using the methods mentioned
above.

This is one of the reasons why we [45] and others [104–108] introduced dynamical
resource theories that quantify the value of operations directly without the detour
through states. Dynamical resource theories possess three additional preferable
properties [45]. First, these theories are a unifying framework and include the
static ones as special cases, because we can identify every quantum state with
its corresponding preparation or replacement channel. The second property is of
conceptual nature: the goal of quantum technologies is to complete tasks that
either cannot be accomplished using devices behaving according to the laws of
classical physics or only inefficiently. Examples are sensing at high precision [18],
efficient information processing, and secure transmission of data [48]. These tasks
are all accomplished by the application of quantum operations, i.e., dynamical
resources. Hence it seems natural to quantify the value of operations directly as
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static resources must be transformed into dynamic resources using free operations
before we can exploit them. Finally, dynamical resource theories often allow us
to treat subselection in an operational way. In case the free operations allow us
to prepare states in mutually orthogonal subspaces of an auxiliary systems, and
if it is in addition possible to measure for free in which of these subspaces the
auxiliary systems are, it is possible to use a generalization of Eq. (2.7) to describe
all instruments by quantum channels. In Sec. 3.2.3, we will see this explicitly for
the example of the detection of coherence. In addition, such a construction is
convenient because it enables us to reduce the analysis to quantum channels.

3.2.2 General framework

In Sec. 2.3, we reviewed how the division of states and operations into free and
non-free determines the value of resource states via their transformation proper-
ties under the free operations. This means that we used the object on the upper
level, i.e., the operations, to quantify the objects on the lower level, i.e., the states.
To quantify the value of operations in an analogous manner, we use them as the
lower level and superoperations (see Sec. 2.1.4 and Ref. [58]) as the upper level.
As reviewed in Sec. 2.1.4, every superoperation has a physical realization in terms
of a pre- and a postprocessing. It is hence a natural choice if we define the free
superoperations as the ones that can be implemented by a free pre- and postpro-
cessing, and we will follow this convention throughout this thesis. It has however
the disadvantage that often it seemingly does not allow for a description in terms
of semidefinite constraints. If we take as free superoperations the potentially larger
class that maps free operations to free operations (in a complete sense), a semidefi-
nite description is often possible (see, e.g., Refs. [109–111]). Whilst the operational
interpretation of this set of superoperations is weaker in terms of circuit quantum
computation, it allows us to establish upper bounds, e.g., on transformation rates
as discussed in Sec. 3.1 for the static case.

Moreover, the introduction of the two main ingredients to a dynamical resource
theory, i.e., the free operations and the free superoperations, allows us to study
all the questions asked in Sec. 2.3.1 for static resource theories too, now on the
level of operations. In particular, this includes the exploration of the structure of
dynamical resource theories. Since the structure of any resource theory is described
by a preorder that is typically not a total order, it is impossible to reflect it fully
by associating a single number with every operation. However, defining resource
measures on operations in analogy to the static case is still useful, because they can
give insides into the structure of a resource theory. To this end, we demand them
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to be faithful, i.e., they should be zero on the set of free operations and non-zero
everywhere else. The most important property of a dynamical resource measure is
that it is monotonic under free superoperations, i.e., the value it associates with an
operation cannot increase if a free superoperation is applied to it (and we call all
functionals that satisfy this property resource monotones). This property reflects
the preorder in the sense that it excludes transformations from an operation with a
lower number to one with a higher number, but obviously the opposite is not true.
The final property, which I consider the least important one, is convexity, which
reflects the idea that mixing states cannot increase the resources. Mixing is often
free and can be done classically, but one might not want to demand it in case one
is considering theories in which entropy plays a central role. However, convexity is
very convenient, because it is useful in many proofs.

Combining these properties leads to the following Definition [43, Def. 6].

Definition 4 A functional M from quantum operations to the positive real num-
bers is called a resource measure iff

M (Θ) = 0⇔ Θ free,
M (Θ) ≥M (F [Θ])∀Θ,∀ free superoperations F ,
M (Θ) is convex. (3.18)

Whilst the properties collected in this Definition are of importance for the reasons
explained above, a resource measure is of special interest if it possesses in addition
a clear operational interpretation. Ideally, the number it associates to an operation
is, e.g., directly connected to the advantage it grants in a specific application or
its distinguishability from the free operations. Often resource measures are defined
via optimizations, because it helps both to prove properties such as monotonicity
and to find operational interpretations. This might make the measures difficult to
evaluate, and thus measures with a closed form expression or an efficient numer-
ical evaluation method are important as well. We will see such examples in the
following.

3.2.3 Detecting coherence: theory

We now come back to the question “How well can a quantum operation detect
coherence?” mentioned in Sec. 3.2.1. The first step to answering this question is
to choose a set of free operations, i.e., to single out the operations that cannot
detect coherence in the sense that it does not make a difference in measurement
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statistics. Since the outcome statistics of a measurement can always be deduced
from a POVM (see Sec. 2.1.2), it is natural to begin with them [43, Def. 1].

Definition 5 A POVM given by {Pn} : Pn ≥ 0,∑n Pn = 1 is free iff

trPn∆ρ = trPnρ ∀ρ, n. (3.19)

Not surprisingly, all free POVMs are of the following form [43, Prop. 2]:

Proposition 6 A POVM is free iff

Pn =
∑
i

P n
i |i〉〈i| ∀n. (3.20)

Next we extend this Definition to general channels and instruments, for which we
need to handle subselection consistently. Since the free POVMs include projective
measurements in the incoherent basis |i〉〈i|, we can do this by treating subselec-
tion operationally as promised in Sec. 3.2.1. In case of a quantum instrument I
which allows us to apply subselection according to the variable x, i.e., we obtain
with probability px = tr(Ex(ρ)) an output ρx = Ex(ρ)/px, formally, we can store
the outcome x in the incoherent basis of an auxiliary system and implement the
subselection at a later point using a free POVM if desired. This means that we
consider

Ĩ(ρ) =
∑
x

Ex(ρ)⊗ |x〉〈x|, (3.21)

instead of the original instrument, which allows us to reduce our analysis to chan-
nels, i.e., trace preserving and therefore deterministic operations. This has the
additional advantage that indeed we now treat subselection as a resource itself.

We now call a quantum channel free if it cannot turn a free POVM into a non-free
one by applying the channel prior to the measurement. Since the free POVMs are
the ones that are exclusively sensitive to populations, this is exactly the case if
the channel cannot transform coherences into populations [70]. In formulas, this is
captured in the following Definition [43, Def. 3].

Definition 7 A quantum channel Φd-inc is called detection-incoherent iff

∆Φd-inc =∆Φd-inc∆. (3.22)

The set of detection-incoherent channels is denoted by DI.
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This Definition has been called nonactivating in [68]. Since POVMs are instruments
too (see Sec. 2.1.3), according to our convention concerning subselection, we can
represent them by the corresponding channel

P̃(ρ) =
∑
n

tr(Pnρ)|n〉〈n|. (3.23)

As required for a consistent theory, Def. 7 and Def. 5 coincide for the two repre-
sentations.

All channels that do not satisfy Def. 7 are non-free and the extent to which they
are able to detect coherence can now be quantified with resource measures as
introduced in Def. 4. In Ref. [43], we defined two such measures based on the trace
norm (as well as a family of measures based on norms with specific properties [43,
Prop. 7]). The trace norm is defined on a linear operator A by [49]

‖A‖1 = tr
(√

A†A
)
, (3.24)

and the induced trace norm on a quantum operation (or more general a superop-
erator) Θ by

‖Θ‖1 = max{‖Θ(X)‖1 : ‖X‖1 ≤ 1}. (3.25)

As stated in the following Theorem, the induced trace norm gives rise to a resource
measure [43, Thm. 9].

Theorem 8 The functional

M̃�(Θ) = min
Φ∈DI
‖∆Θ−∆Φ‖1 (3.26)

is a measure in the detection-incoherent setting. We call it the NSID measure
(non-stochasticity in detection).

As we prove in the SM of Ref. [43], this measure describes how well an operation
can be distinguished from the free ones and has hence an operational interpretation.
If one obtains a single copy of a quantum channel that is equal to Θ0 or Θ1 (each
with probability 1/2), then the optimal probability Pc(1/2,Θ0,Θ1) to correctly
guess i = 0,1 given that one can perform only detection-incoherent measurements
is given by (see also Ref. [112])

Pc(1/2,Θ0,Θ1) =1
2 + 1

4max
|ψ〉
‖∆ (Θ0 −Θ1) |ψ〉〈ψ|‖1.
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As a consequence, 1/2 + 1/4 M̃�(Θ) describes the probability to guess correctly if
one obtained a single copy of Θ or the least distinguishable free operation if one uses
the optimal guessing strategy involving only free measurements. Conversely, the
measure M̃� quantifies how well the influence of a channel on the outcome of free
measurements can be approximated by a free one. This operational interpretation
is the reason for the choice of the name NSID measure (which will be generalized
later in Sec. 3.2.5). Unfortunately, we were only able to come up with an ineffi-
cient algorithm to evaluates this measure numerically. Therefore, it is beneficial
to introduce another measure [43, Thm. 8] based on the completely bounded trace
norm or diamond norm [113]. The diamond norm is defined as

‖ΘB←A‖� = sup
Z
‖ΘB←A ⊗ 1Z‖1 = ‖ΘB←A ⊗ 1C‖1

for dimA = dimC and has multiple applications in quantum information the-
ory [49, 113, 114].

Theorem 9 The functional

M�(Θ) = min
Φ∈DI
‖∆Θ−∆Φ‖� (3.27)

is a measure in the detection-incoherent setting. We call this measure the diamond
measure.

Remembering the definition of the Choi state given in Eq. (2.13), for a quantum
operation Θ = ΘB←A, the diamond measure can be calculated efficiently using the
following semidefinite program (see Sec. 2.2) [43, 44]

Primal problem Dual problem
minimize: 2‖ trB(Z)‖∞ maximize: 2 (tr(J(∆Θ)X)− tr(Y2))
subject to: Z ≥ J(∆Θ)−∆W, subject to: X ≤ 1B ⊗ ρ : ρ ≥ 0, tr(ρ) = 1,

trB (∆W ) = 1A, ∆ [1B ⊗ Y2 −X] ≥ 0,
Z ≥ 0, X ≥ 0,
∆W ≥ 0, Y2 = Y †2 , (3.28)

which is based on Ref. [115]. Here it is important to note that trB is the partial
trace over the first subsystem since J(∆Θ) ∈ B ⊗ A (see Eq. (2.13)).

We therefore have two measures, one with a proper operational interpretation and
one which can be evaluated efficiently. Whilst they do not coincide in general [43,
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Sec. VI of the SM], they are equal on operations with output dimension two [44,
Prop. 3 of the SM].

Proposition 10 On operations with output dimension two, the diamond measure
and the NSID measure are equal.

For such operations, it is therefore possible to efficiently evaluate a measure with
an operational interpretation. The proof of this Proposition relies on the following
Lemma [44, Lem. 2 of the SM], which might be of independent interest.

Lemma 11 For every Hermiticity preserving linear map X with output dimension
two that is either trace preserving or has only outputs with trace zero, there exists
an orthonormal basis B such that

∆X = ∆X∆B, (3.29)

where ∆B denotes total dephasing in B. For higher dimensional output, this is not
true in general.

After this description of how one can quantify the ability of an operation to detect
coherence, we can now come back to the question why it seems impossible to use
the resource generation capacity or resource cost discussed at the beginning of this
section for this purpose. As mentioned earlier, this serves as an example that there
exist resources which cannot be captured on the level of states. Since there exist
both operations that cannot detect coherence but nevertheless produce arbitrary
amounts of coherence, e.g., replacement or preparation channels, and operations
that can detect coherence but not generate it, e.g., destructive measurements,
the coherence generation capacity is not a meaningful quantity when we intend to
quantify the detection of coherence. On the other hand, we will see in the following
that the resource cost is not a meaningful quantity in this context either. First,
we will show this for the sets of incoherent operations collected in Sec. 2.3.3, and
then show that the arguments also apply to other, potentially unexplored, static
resource theories of coherence.

We begin with the resource cost of free operations that cannot detect coherence.
Assume that the consumption of an arbitrary but fixed resource state ρ allows us
to simulate an operation Θ with a fixed operation Φ ∈ DI, i.e.,

Θ(σ) = Φ(σ ⊗ ρ) ∀σ. (3.30)
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Using that Φ ∈ DI means ∆Φ∆ = ∆Φ (see Def. 7), this implies

∆Θσ =∆Φ(σ ⊗ ρ) = ∆Φ∆(σ ⊗ ρ)
=∆Φ∆(∆σ ⊗ ρ) = ∆Φ(∆σ ⊗ ρ) = ∆Θ∆σ ∀σ, (3.31)

i.e., Θ ∈ DI, and we conclude that it is impossible to simulate any non-free opera-
tion in this way. Therefore, the resource cost is not defined or always infinity in this
setting. A variant of this argument obviously holds if we consider the amortized
resource cost. Since all other sets of operations that cannot detect coherence, which
includes FIO, GIO, PIO, SIO, DIO, TIO, and EFO, are subsets of DI, the resource
cost is meaningless in these frameworks too, because they are more restrictive and
less powerful.

Now we move to operations that can detect coherence, i.e., LOP, IO, and MIO.
Here we encounter the opposite extreme, namely that the resource cost for detecting
coherence is always strictly zero. Since LOP allows us to measure arbitrary POVMs
on the wire (we just forward the wire to a party, do the measurement there and
send the result back to the wire), it is possible to detect coherence for free in this
framework. Moreover, LOP (on the wire) is a subclass of IO and hence MIO, which
implies that the ability to detect coherence cannot be captured in these frameworks
either.

As mentioned above, these arguments also prove that it is impossible to construct
any coherence theory on the level of states that leads to a resource cost that is well
suited to quantify how well an operation can detect coherence: if any operation
that can do so is free, the resource cost is not faithful. Otherwise Eq. (3.31) applies
and the resource cost is not defined/infinite for any non-free operation.

3.2.4 Detecting coherence: bridging the gap to experiments

In Sec. 3.2.3, we discussed a theoretical framework that allows us to quantify how
well an operation can detect coherence. But are these findings applicable to com-
plex, high-dimensional, real world experiments? Can the quantities in this theory
actually be evaluated, are they robust against experimental imperfections, and
therefore of relevance for practical experiments? In Ref. [44], we answer these
questions affirmatively with a first proof of principle.

To this end, we investigate a weak-field homodyne detector (WFHD) [116–118]
that we can tune with two parameters. Similar to a standard homodyne detector,
a WFHD uses a beam splitter (in our case with a fixed ratio of 50:50) to combine
the input state with a coherent optical field |αLO〉, the local oscillator (LO). The
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difference is the reduction of the intensity of the LO |αLO|2 to low photon numbers.
In our experiment, we use |αLO|2 as one of the tunable parameters and set it
to five different values, i.e., 0.5, 1, 2, 3, and 4. The second parameter is the
degree of mode overlap between the input state and the LO, which we choose as
M = 99%, 85%, and 75%. Since the LO acts as a phase reference, we can then
detect the resulting interference signal with an avalanche photodiode (APD) and
obtain a phase sensitive detector, i.e., a detector that is sensitive to coherence with
respect to the Fock basis (see the left side of Fig. 3.2). The APD is a binary
detector with the two possible outcomes “no-click” (0) and “click” (1).

Figure 3.2: Schematic diagram of the experimental setup, taken from
Ref. [44, Fig. 1]. The experimental setup consists of two parts, the
weak-field homodyne detector on the left and the probe state prepara-
tion used for its tomography on the right. The weak-field homodyne
detector consists of a 50:50 beam splitter, at which its input interferes
with the local oscillator (LO). With the help of a fiber coupler (FC),
one of the beam splitter’s outputs is then coupled into a single mode
fiber and directed to an avalanche photodiode (APD).

To apply the resource theoretical framework described in Sec. 3.2.3 to the investi-
gation of WFHD and therefore bridge the gap between theory and experiment, we
have to overcome three obstacles which we will describe in the following.

Detector tomography

The first obstacle we encounter when we intend to apply our resource theoretical
framework to WFHD is that our resource measures rely on a description of the
detector in terms of its POVM, which is a priory unknown. To obtain it, we
introduce and apply an improved version of quantum detector tomography [119–
121] that relies on Ref. [46] and is particularly well suited for our detector.

In essence, detector tomography consists of measuring a set of known probe states
{ρm} with the detector under investigation and determining its behavior from the
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outcomes. To obtain a meaningful description of the detector the probe states
must be tomographically complete, i.e., allow us to make predictions about all
possible input states, and well characterized, i.e., it must be possible to prepare
them experimentally with high precision. As mentioned in Sec. 2.1.2, the POVM
of a detector and the probability of outcome n = 1...N to occur given the probe
state ρm are connected via the Born rule, i.e.,

pn|m = tr (ρmΠn) . (3.32)

Assuming that the probe states are indeed tomographically complete, the resulting
set of linear equations can be inverted in principle, which would allow us to deter-
mine Πn directly. However, experimentally unavoidable errors in the preparation
of the probe states and the estimation of pn|m would lead to POVM elements that
might violate non-negativity and trace preservation. Using a robust optimization
procedure to determine the POVM is thus favorable.

The probe states we choose are Glauber coherent states |αm〉 = ||αm|eiθm〉, because
they are easy to prepare. We expand them into the Fock basis,

|αm〉 = e−|αm|2/2
d−1∑
j=0

|αm|j√
j! e

ijθm |j〉 , (3.33)

which we truncated at the number of photons d− 1 that saturate the detector.

Expanding Πn into the Fock basis too,

Πn =
d−1∑
j,k=0

πj,kn |j〉〈k|, (3.34)

and plugging everything into Eq. (3.32), we find

pn|m = e−|αm|2
d−1∑
j,k=0

|αm|j+k√
j!k! e

i(k−j)θmπj,kn . (3.35)

Since these equations are linear, it is possible to write them in matrix form and use
a semidefinite program to find the set of positive semidefinite and trace preserving
POVM elements Πn that satisfy them best, see Ref. [46] starting with Eq. (6)
onward. However, with increasing d, the run time and memory requirements to
solve the problem increase quickly and render this approach infeasible. The authors
of Ref. [46] proved however that fluctuation of the reference phase, which are, to a
certain degree, present in every experimental setup, lead to a rapid suppression of
off-diagonals of higher order. As a consequence, it is not necessary to reconstruct
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the full POVM elements, but only sufficiently many off-diagonals, which again
renders the problem feasible for higher d. Based on this observation, Ref. [46]
proposed a recursive algorithm that first reconstructs the diagonal of the POVM
elements, then the first off-diagonal, and so on. Unfortunately, this algorithm has
two drawbacks: it can only be used to reconstruct real POVM elements and it does
not ensure that they are positive semidefinite, which was the main reason why we
resorted to optimization in the first place instead of simply inverting Eq. (3.32).
To overcome these problems, we adapted the reconstruction algorithm as described
below.

To keep dimensions reasonably low, we also reconstruct only t leading diagonals.
However, in contrast to Ref. [46], not recursively but in a single run. This allows us
to enforce positive semidefiniteness as a constraint whilst reducing the calculation
time nevertheless. Our approach has an additional advantage: the algorithm in
Ref. [46] relied on a specific symmetry in the probe states, which was required
to justify an approximation during data preprocessing. Since our algorithm does
not invoke this approximation, we do not need symmetries but can use arbitrary
coherent states instead, which makes it also more experimentally friendly.

After this introduction of the basic ideas behind the algorithm, it is now time to
describe it in detail. First, we bring Eq. (3.35) into matrix form. To this end,
we define a matrix P via Pn,m = pn|m. Next we define Π̃ as the concatenation of
the t leading off-diagonals (of the POVM elements) that we intend to reconstruct.
For every POVM element, we use one column of Π̃, i.e., the first column contains
the diagonal of the first POVM element, followed by the first off-diagonal, and so
on, up to the t-th one, and the other columns are constructed analogously. If we
choose t large enough, we can approximate the remaining off-diagonals as zero due
to their rapid decay mentioned above. This allows us to rewrite Eq. (3.35) as

P = F Π̃, (3.36)

where F contains the information about the employed probe states. As mentioned
above, in case there would be no experimental (and numerical) errors, we could
simply invert the above equation and receive positive semidefinite POVM elements.
Since this is not the case, we instead solve the following semidefinite program (see
Sec. 2.2)

minimize: ‖P − F Π̃‖+ g(Π̃)

subject to: Πn ≥ 0,
N∑
n=1

Πn = 1, (3.37)
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where ‖ · ‖ is the Frobenius norm and g(Π̃) a regularization function. The regular-
ization function is needed for numerical stability, and we will choose a physically
motivated one: any detector in a quantum optical experiment such as the one we
are considering is realistically lossy. As discussed in detail in Ref. [46], this leads
to a certain smoothness in the POVM representation, i.e., neighboring elements on
a (off-)diagonal are not too different. We therefore use

g1(Π̃) = γ1
∑
n,i

√√√√∑
j

∣∣∣πj,j+in − πj+1,j+1+i
n

∣∣∣2, (3.38)

where γ1 is a free parameter discussed later, as part of our regularization function

g(Π̃) = g1(Π̃) + g2(Π̃). (3.39)

The second part of the regularization function g2(Π̃) removes numerical instability
caused by the truncation of our Hilbert space. Since the sum of all POVM elements
is the identity, at least one of the elements must have diagonal elements significantly
different from zero that are suppressed in the expansion in Eq. (3.34). Assuming
that the POVM elements of our detector are known to us, we thus underestimate
the probabilities if calculated according to Eq. (3.35). To compensate this, the
reconstruction algorithm has a tendency to overestimate the diagonal elements
close to the truncation. Since our detector saturates, we can however circumvent
this problem. Remembering that we have a binary detector that registers only
“click” and “no-click”, it will almost always “click” for high enough intensities (if
this were not the case, we could not truncate in the first place). In addition, by
the constraints, it holds that

∑
n

Πn = 1 (3.40)

and

∑
n

pn|m = 1 ∀m, (3.41)

which always allows us to remove one column of P and the corresponding one of Π̃
without changing the reconstruction’s result (modulo numerical and experimental
imperfections) as long as we replace the completeness constraint by ∑Πn ≤ 1.
Dropping the column corresponding to the “click” event, we hence only use the
“no-click” event in the algorithm, which is close to zero above truncation (for high
enough d). This increases the accuracy of the algorithm considerably. To remove
the numerical instability originating from the fact that the truncated part is not
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exactly zero, we use the second part of the regularization function and give a small
bias towards smaller diagonal elements. Introducing a second free parameter γ2,
we hence define

g2(Π̃) = γ2
∑
n

√√√√∑
j

∣∣∣πj,jn ∣∣∣2. (3.42)

To use the reconstruction algorithm, we must make a choice concerning the free
parameters γ1, γ2, which of course influences its output. In our case, numerical test-
ing implemented with Refs. [61, 122] showed however that there exists a parameter
range in which the reconstructed POVM is mostly independent of the exact values
of γ1, γ2.

Evaluation of the measures for complex detectors

Once the first obstacle has been overcome and the POVM elements of the detector
in its different configurations are determined, the second obstacle is the evaluation
of the resource measures themselves. This is done with the semidefinite program
in Eq. (3.28) and Refs. [61, 122].

Dealing with experimental imperfections

The last obstacle typically not considered in resource theories is how to deal with
experimental imperfections. To ensure that small deviations in the description of
the detector translate into small errors of the diamond and the NSID measure, we
show in Ref. [44, Sec. IV of the SM] that both measures are (Lipschitz) continuous
with respect to their argument. But can we do more and establish meaningful error
bars on our measures?

The fluctuations of the intensities and the relative phases of the probe states used
for tomography are seemingly the main sources of error: my experimental colleagues
estimated that |αm| can have fluctuations of up to 3%, and the error in θm is
bounded by 1.8◦, see Ref. [44, Sec. 1 of the SM] for more details. The typical
method to estimate the impact of such fluctuations, i.e., error propagation via
a Taylor series, cannot be applied in our case, since both the POVMs and the
measures are determined via a semidefinite program. Therefore, we resorted to a
Monte Carlo approach and drew 105 additional random samples from the potential
input states and applied the same reconstruction and evaluation, which leads to
error bars on the POVM elements and the measures.

Overcoming these three obstacles, we refuted one of the typical criticisms about
resource theories: for toy models they work fine, but what about real experiments?
In our example, it was possible to bridge this gap and apply the resource theoretical
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framework to a real-world experiment. We showed that it is indeed possible to ac-
quire experimental data with sufficiently high precision, preprocess it to obtain the
POVM elements, and evaluate the coherence measures using numerical algorithms
on high dimensional systems. Besides the fact that the experimental test of the
abstract theory helps to better understand the theory and its scope of applications,
we also learn something about a versatile detector with broad applications in quan-
tum optics, whose exact value for technology remains to be fully explored. For a
detailed discussion of these results, I refer to the original work Ref. [44], where also
the experimental aspects are discussed in more detail. Since I was not involved
into the experiments myself, I will however not include them into this thesis.

3.2.5 Connecting dynamical coherence and dynamical
entanglement

The general framework for dynamical resource theories introduced in Sec. 3.2.2 is
of course not only applicable to the detection of coherence, which we discussed
in Sec. 3.2.3, but also to other dynamical resources such as the creation of coher-
ence [43, 106, 123] or entanglement [109, 111, 124]. But are these different types
of dynamical resources connected? And if yes, how? Answering these questions
is both of foundational and technological interest, because it might allow us to
understand how different resources can be interconverted.

For static resources, it is well known that there exists an intimate connection
between coherence (or superposition) and entanglement. In quantum optics, a
beam splitter can only create entanglement between its output modes if at least
one of the input modes was in a non-classical state [125, 126]. Note at this point that
non-classical states in quantum optics are the ones that cannot be represented as a
statistical mixture of Glauber-coherent states [127–130], which are the free ones in
resource theories of optical non-classicality [131–136]. This should not be confused
with the notion of coherence in finite-dimensional resource theories as summarized
in Sec. 2.3.3, where coherence is the resource. The qualitative connection was
generalized in Refs. [34, 88, 137, 138], where it was shown that a faithful conversion
of local superposition into (multilevel) entanglement via operations that cannot
create such superpositions is possible in very general scenarios. In a similar spirit,
Refs. [139–141] studied the activation of coherence and discord into entanglement.
It is thus natural to treat the three resources discord, entanglement, and coherence
in a unified manner as recently done in Refs. [82, 142].

Moreover, there exists a quantitative connection between squeezing and the entan-
glement that can be generated from it by passive optical elements [143]. As a
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consequence, Ref. [144] defined a measure of optical non-classicality in terms of the
entanglement potential, i.e., the amount of entanglement that can be generated
between two modes using the state at hand, passive linear optics such as beam
splitters and phase shifters, auxiliary modes in classical states, and ideal photo
detectors.

Ref. [47] derived the analogous result for coherence theory. It is possible to quan-
tify the coherence of a quantum state by the amount of entanglement that can be
generated from it with the help of an additional incoherent system and incoher-
ent operations. Whilst this result shows that one can define coherence measures
via entanglement measures, Ref. [47] also proved that there exist a quantitative
connection between coherence and entanglement if we consider a large class of re-
source measures commonly used for their individual quantification: the amount
of entanglement that can be generated from a local state via incoherent opera-
tions is upper bounded by its coherence, and the numerical values coincide for two
specific measures based on the relative entropy. These results were expanded in
Refs. [41, 138, 145–148].

In Ref. [45], we generalize the results of Ref. [47] to operations and hence answer
the questions posed at the beginning of this section. As described in Secs. 2.3.3
and 2.3.2, there exist different sets of free operations considered in theories of
coherence and entanglement. Each of them can be used to construct a different
dynamical resource theory (and of course also a different static one). Any operation
that is not contained in a selected set of free operations is then called dynamically
coherent or entangled with respect to this specific choice of free operations. Since
the results that we will discuss in the following hold for various choices of free
operations, we introduce C as a place holder for any of the sets of incoherent
operations SIO, LOP, IO, DIO, or MIO, and E for LOCC, LOCC, or SEP. For this
reason, we will also speak about dynamical coherence and entanglement without
making explicit to which choice of free operations we are referring if it is either
irrelevant or clear from the context. As introduced in Sec. 2.3.2, we write A|B to
denote a bi-partition into systems A and system B, and we will hence write EA|B to
make clear that we speak about operation without dynamical entanglement with
respect to this bi-partition. Of course, any system can be composed of subsystems,
e.g., the system B can be internally composed of systems D and E.

Ref. [45] relies on what we call divergences, i.e., functions D(ρ, σ) (defined on all
pairs of quantum states ρ, σ of the same system) that are jointly convex, contractive
under CPTP maps, and faithful, i.e., zero if and only if ρ is equal to σ. This includes
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the relative entropy

S(ρ, σ) = tr (ρ log ρ)− tr (ρ log σ) , (3.43)

the trace distance

1
2‖ρ− σ‖1, (3.44)

and many Rényi entropies. Such divergences on states can be lifted to divergences
on operations Θ, Λ using the following construction [106, 107, 149–151]

DS(Θ,Λ) = sup
σ∈S

D
((

ΘA ⊗ 1E
)
σ,
(
ΛA ⊗ 1E

)
σ
)
, (3.45)

where S is either D (the set of quantum states of system AE according to our
convention) or a subset thereof and the optimization includes an optimization over
different dimensions of an auxiliary system E. As introduced below Eq. (2.6), we
use A to denote both the input and output systems of Θ and Λ, which can be
different in general.

As done in previous sections, we associate with every quantum instruments {Λn}n
a CPTP map

Ĩ(ρ) =
∑
n

Λn(ρ)⊗ |xn〉〈xn|, (3.46)

where the states |xn〉 are orthonormal. We then consider an instrument in E iff
the associated CPTP map with |xn〉 = |n〉A ⊗ |n〉B is in E . Analogously, with
|xn〉 = |n〉, we define instruments in C which again allows us to reduce our analysis
to trace preserving operations, since now it is always possible to implement the
subselection at a later point using a free measurement. Moreover, it allows us to
define the measured versions of Eq. (3.45) as

DS,M(Θ,Λ) = sup
M∈M

sup
σ∈S

D (M (Θ⊗ 1)σ,M (Λ⊗ 1)σ) ,

whereM denotes the set of CPTPmaps associated to a set of POVMs via Eq. (3.46).
In the following, we will focus on the cases where M is either the set of free de-
structive measurements within the investigated resource theory (M = free) or the
set of all destructive measurements (M = all). For compactness of notation, in
the following, we also represent DS by DS,no. The quantities introduced above
allow us to define the following functionals [45, Def. 1], which are motivated by
Refs. [106–108].
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3.2 Dynamical resources

Definition 12 Let M ∈ {free, all, no}, where free denotes the set of destructive
measurements which are free within the set of operations E. Then, for a divergence
D and S ∈

{
D,WAEA|BEB

}
, we define

ES,MEA|B ,D
(Θ) := inf

Λ∈EA|B
DS,M(Θ,Λ).

In complete analogy, we define

CS,MC,D (Θ) := inf
Λ∈C

DS,M(Θ,Λ)

for S ∈ {D, I} andM∈ {free, all, no}.

As we show in Ref. [45, Prop. 2], the functionals introduced in the above Definition
are dynamical resource measures and monotones granted that we use as free the
superoperations with a free physical realization (see Sec. 3.2.2). For the cases where
no measurements are included, this was previously proven in Refs. [106–108].

Proposition 13 Let S denote either the set of all quantum states or the set of
free quantum states, M ∈ {free, all, no}, M̃ ∈ {all, no}, Ẽ ∈

{
LOCC, SEP

}
, and

C̃ ∈ {LOP, IO,MIO}. Then

ES,MẼA|B ,D
(Θ) , CS,MMIO,D (Θ) , CD,M̃C,D (Θ) , and CD,free

C̃,D (Θ)

are convex resource measures. The remaining functionals from Def. 12 are convex
resource monotones, with those defined via destructive DIO/SIO measurements
vanishing on all operations.

If D is equal to the trace distance, these measures have a direct operational inter-
pretation in the single-shot regime [43, 103, 112, 152, 153], see the original publi-
cation for more information. Moreover, note that the NSID measure discussed in
Sec. 3.2.4 is an example of such a measure (in a resource theory concerned with
the detection of coherence).

After we set the framework, we now discuss the main results of Ref. [45], beginning
with the following Theorem, which is best understood in terms of the left side of
Fig. 3.3.

Theorem 14 Let Φi ∈ C. Then

CI,no
C,D (Θ) ≥ EW,no

EA|B ,D

(
Φ2
(
ΘA ⊗ 1B

)
Φ1∆

)
(3.47)
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and

CI,all
C,D (Θ) ≥ EW,all

EA|B ,D

(
Φ2
(
ΘA ⊗ 1B

)
Φ1∆

)
. (3.48)

Figure 3.3: Converting dynamical coherence to dynamical entanglement,
taken from Ref. [45, Fig. 2]. Visualization of Thms. 14 and 15.
The dynamical coherence of Θ is an upper bound to the dynamical
entanglement (as quantified with the corresponding measures) that can
be generated from it with the help of incoherent operations Φi via the
setup on the left. In case the two measures are based on the relative
entropy, a setup which reaches this bound is depicted on the right.

Moreover, using the (generalized) controlled NOT operation, a unitary which acts
on two subsystems of equal dimension d as

UCNOT =
∑
i

∑
j

|i〉〈i| ⊗ |mod(i+ j, d)〉〈j|, (3.49)

the bound in Eq. (3.47) can be reached for a specific divergence. Denoting the
corresponding CPTP map by UCNOT, this is the statement of the following Theo-
rem [45, Thm. 5]

Theorem 15 For S(ρ, σ) the relative entropy,

CI,no
C,S (Θ) = sup

Φ1,Φ2∈C
EW,no
EA|B ,S

(
Φ2
(
ΘA ⊗ 1B

)
Φ1∆

)
.

The supremum is achieved for dimB = dimA, Φ1 = 1 and Φ2 = UCNOT.

This Theorem shows that dynamical entanglement and coherence are intimately
connected if both are measured with the channel divergence originating from the
relative entropy. The amount of dynamical entanglement that can be generated
from a local operation using the protocol on the left of Fig. 3.3 , which only involves
auxiliary operations that are incoherent, is equal to the dynamical coherence of this
local operation. Moreover, in this special case, the optimal generation scheme does
not involve a preprocessing and the required postprocessing is independent of the
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3.2 Dynamical resources

local operation, i.e., the controlled NOT operation is always optimal (see the right
side of Fig. 3.3).

As we show in Ref. [45, Sec. IV of the SM], the above two Theorems include the
corresponding results concerning static resources presented in Ref. [47] in the sense
that we recover them by identifying quantum states τ with replacement channels
Θτρ = τ tr ρ.

In addition, one can also define coherence monotones with the help of entanglement
monotones [45, Thm. 7].

Theorem 16 Let EEAEA|B be a (convex) resource monotone with respect to the set
of operations EAEA|B. Then

CE,EC (Θ) := sup
Λi∈C

EEAEA|B

(
Λ2
(
ΘA ⊗ 1EAB

)
Λ1∆

)
(3.50)

is a (convex) resource monotone with respect to the operations C. If EEAEA|B is in
addition faithful, Eq. (3.50) defines a measure with respect to MIO.

Whilst Thm. 15 connected dynamical coherence and entanglement via two measures
emerging in the respective resource theories, Thm. 16 is different: it states that the
maximal amount of entanglement that can be generated from an operation with
the help of incoherent operations and additional auxiliary systems defines valid
dynamical coherence monotones, which is the analogue to the (static) entanglement
potential discussed in Refs. [47, 144].

At this point, it is time to discuss some observations and open questions. At first,
it would be interesting to know if the fact that we do not need the preprocessing in
Thm. 15 is a consequence of the usage of the relative entropy or if the same holds
true for other divergences too. The dynamical coherence measure based on the
relative entropy is, as shown in Ref. [45, SM, Lem. 10], the coherence generation
capacity defined in Eq. (3.14) for the case of M equal to the relative entropy of
coherence [31–33]. Can the measures defined via other divergences be reduced in
this way too? I would guess no. And if this guess is correct, could we prove Thm. 15
for one of them nevertheless? This would be interesting because it would lift the
result to a level where it cannot be reduced to a static aspect of the resource (see
Sec. 3.2.1). Technically, [45, SM, Lem. 10] allowed us to prove Thm. 15 (or, more
precisely [45, Thm. 4]) by reducing parts of our analysis to the static case and using
the techniques from Ref. [47]. An analogue to Thm. 15 for other divergences would
thus probably not rely on the same proof techniques. Moreover, [45, SM, Lem. 10]
exploits the fact that all our conversion schemes start by applying a global total
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dephasing (see Fig. 3.3). At first, it looks like this is not the most elegant or natural
formulation, but it seems necessary for the following reason: the total dephasing
ensures that no dynamical coherence of previous operations can propagate into
the conversion process. Ensuring that the created entanglement originates solely
from the coherence of the object under investigating is necessary in the static case
too: optical non-classicality can only be faithfully converted into entanglement via
passive linear optics if the utilized auxiliary states are in Glauber-coherent states
and also in the static analogue of our results presented in Ref. [47], the auxiliary
state must be incoherent, which is equivalent to choosing an arbitrary auxiliary
state and adding a total dephasing to it.

Despite these open problems, our results are not only of foundational interest, but
also help to apply findings in dynamical coherence theories to dynamical entangle-
ment theories and vice versa. From a more applied perspective, the above results
might help in the systematic investigation of quantum key distribution, which we
will discuss in more detail in Chap. 4.
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In this thesis, we examined probabilistic incoherent qubit state conversions and
introduced, motivated, and discussed resource theories of operations. After a review
of the necessary background in Chap. 2, which most importantly contains my
personal take on the relevance of (static) resource theories and the exploration of
their structure in Sec. 2.3.1, Chap. 3 summarizes and discusses the main results
of the four publications [42–45] included in the thesis, with a focus on my own
contributions. This means in particular that the experimental aspects of Refs. [42,
44] were not treated in detail.

In Sec. 3.1, we solved the problem of single-shot probabilistic incoherent state
conversion between arbitrary pairs of qubit states. We further discussed its con-
sequences, e.g., concerning asymptotic and assisted incoherent state conversion,
which was also introduced and motivated there. As mentioned explicitly, it seems
that the techniques we used rely heavily on specific properties that are only present
in the qubit case, and a generalization to arbitrary dimensions is thus not straight
forward. An alternative approach might be to consider approximate transforma-
tions, i.e., to allow for errors in the output state (quantified by, e.g., the trace
distance). It is then meaningful to minimize the error instead of maximizing the
transformation probability. On the one hand, such an approach is motivated by the
fact that small errors will naturally occur in experiments anyways, and on the other
hand by the fact that two hardly distinguishable states will perform very similar in
all applications and protocols. It also allows us to choose MIO as free operations
which can be characterized with semidefinite constraints. A potential consequence
is that one can then tackle the problem with the help of semidefinite programming
(see Sec. 2.2) and in particular duality, as done, e.g., in Refs. [154–157] for related
problems. Some of these also consider probabilistic protocols with MIO as free
operations and demand that the output state must include a classical flag on an
auxiliary system that signals if the transformation was successful or not. Since a
priory, MIO does not feature a notion of subselection, it would be interesting to
investigate how such a construction differs in general from operations such as IO
or SIO.
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Whilst the characterization of the value of quantum states is relatively well devel-
oped [30], a rigorous quantification of measurements and operations in terms of
resource theories was only started recently. In Sec. 3.2, we introduced the general
framework and motivated why it is more natural, more general, a unifying concept
that includes static resources theories as a special case, and better suited to treat
subselection. This framework was then applied to the detection of coherence, a nec-
essary prerequisite to its exploitation in technology, and we connected dynamical
coherence and dynamical entanglement quantitatively. Due to their recent emer-
gence, dynamical resource theories are largely unexplored and feature a plethora of
open questions. In the following, I collect some of the ones related to my previous
work.

A question that arises immediately in the context of this thesis is how the structure
of the dynamical resource theories with MIO or DI as free operations is shaped.
It can be addressed in two different regimes: First in the one where the free su-
peroperations are the maximal set, i.e., the one that maps free operations to free
operations (in a complete sense), and second in the one where the free superoper-
ations are realized by a free pre- and postprocessing. As discussed in Sec. 3.2.2,
the first choice is justified by the fact that the maximal set of free superoperations
contains the second set as a subset, and hence provides bounds on what is possi-
ble within the second set, whilst the second is more natural, but mathematically
more involved. In case of the maximal set, it seems that the single-shot conversion
problem can be formalized as a semidefinite program as recently done in Ref. [110]
for the case of classical operations. From my experience, it seems that this is much
more difficult (or even impossible) for the second case, already because it is not
clear if one can bound the dimension of the required memory channel, and because
the decomposition of a given superoperation into pre- and postprocessing is not
unique (similar as a Kraus decomposition of a channel is not unique). Another
method could be to describe the conversion via a complete set of monotones as
done in Refs. [109–111] (see also the references therein for the static case), and
to determine if this set is finite or not. In both regimes, one can consider proba-
bilistic and deterministic transformations, either exact or approximate, as well as
asymptotic ones.

Another natural next step is to potentially further tighten the quantitative connec-
tion between dynamical coherence and entanglement presented in Sec. 3.2.5. Our
results are a generalization of the static analog of Ref. [47] to operations and it
would be interesting to know if the related work in Refs. [41, 138, 145–148] can be
lifted to operations too. This could also help to understand the importance of the
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appearance of a coherence generation capacity in our result (see Sec. 3.2.5 for more
details).

A yet fully unexplored field are dynamical resource theories in the continuous vari-
able regime, a promising platform for quantum technologies. In finite dimensions,
resource monotones that are asymptotically continuous bound asymptotic trans-
formation rates between states (see Eq. (3.11)). In the continuous variable regime
(both in the case of static and dynamical resource theories), the situation is more
complicated and alternative properties of the employed measures are required to
make similar statements. In Ref. [136], we recently established such a property
for the static case, and a suitable generalization to operations would initiate the
investigation of dynamical resource theories in the continuous variable regime as
well as their operational relevance.

The central topic in any resource theory, namely the investigation of the opera-
tional advantages resources grant, is, with a few exceptions [158–160], unexplored
in the dynamical regime. In Ref. [158], it was shown that dynamical resources
provide very general advantages in discrimination tasks. Discrimination tasks are
at the core of many quantum technologies related to quantum metrology, with
applications ranging from industrial sensing to medicine. In this publication, the
operational advantage was described by comparing two different discrimination
strategies, one in which resources were employed and one in which this was not the
case. However, the resource-free strategy was treated in a disadvantageous man-
ner. This asymmetry was recently lifted for static resources [161], and I expect that
similar techniques based on the hyperplane separation theorem are applicable in
the dynamical scenario as well, which would be an example of a general advantage
that dynamical quantum resources provide.

Unfortunately, the explicit connection between such general statements and tech-
nological applications is not straight forward. It is therefore meaningful to sacrifice
generality and instead focus on a more specific, but highly relevant technological
applications such as, e.g., device independent quantum key distribution [162–164].
In a recent work [153], we connected a notion of classicality based on measure-
ment statistics with quantum properties of an underlying quantum process, and
I expect that suitably adapted strategies apply to key distribution as well. This
approach has the advantage that it treats prepare-and-measure protocols and their
entanglement-based counterparts intrinsically on equal footing, and whilst it starts
from the specific task and not from a quantum resource, previous findings [10]
strongly suggest a connection to dynamical coherence and its interplay with dy-
namical entanglement, which is where the findings of Ref. [45] are expected to prove
useful. Of course it is also possible to apply dynamical resource theories to the in-
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vestigation of other quantum protocols, for what they are well suited as argued
in Sec. 3.2.1. I therefore believe that dynamical resource theories will significantly
contribute to an improved understanding of quantum advantages and therefore a
better design of future quantum devices.
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ARTICLE OPEN

Quantum coherence and state conversion: theory
and experiment
Kang-Da Wu1,2,5, Thomas Theurer3,5, Guo-Yong Xiang1,2✉, Chuan-Feng Li1,2, Guang-Can Guo1,2, Martin B. Plenio3 and
Alexander Streltsov4✉

The resource theory of coherence studies the operational value of superpositions in quantum technologies. A key question in this
theory concerns the efficiency of manipulation and interconversion of the resource. Here, we solve this question completely for
qubit states by determining the optimal probabilities for mixed-state conversions via stochastic incoherent operations. Extending
the discussion to distributed scenarios, we introduce and address the task of assisted incoherent state conversion, where the
process is enhanced by making use of correlations with a second party. Building on these results, we demonstrate experimentally
that the optimal state-conversion probabilities can be achieved in a linear optics setup. This paves the way towards real world
applications of coherence transformations in current quantum technologies.

npj Quantum Information            (2020) 6:22 ; https://doi.org/10.1038/s41534-020-0250-z

INTRODUCTION
Practical constraints on our ability to manipulate physical systems
restrict the control we can exert on them. It is, e.g., exceedingly
difficult to exchange quantum systems undisturbed over long
distances.1 When manipulating spatially separated subsystems,
effectively, this limits us to Local Operations and Classical
Communication (LOCC). Under these operations, it is only possible
to prepare certain states, i.e., separable ones. The states that
cannot be produced under LOCC are called entangled and are
elevated to resources: consuming them allows to implement
operations such as quantum-state teleportation2 to achieve
perfect quantum-state transfer, which would not be possible with
LOCC alone. This has important consequences, e.g., in quantum
communication and other quantum technologies, but also for our
understanding of the view of the fundamental laws of nature.1,3–5

Entanglement is explored within the framework of quantum
resource theories, which can also be used to investigate other
non-classical features of quantum mechanics in a systematic way.
A concept underlying many facets of non-classicality, including
entanglement, is the superposition principle. As a quantum
system naturally decoheres in the presence of unavoidable
interactions between the system and its environment,6,7 super-
position is itself a resource, which is studied in the recently
developed resource theory of quantum coherence.8–14 In this
framework, the set of free operations analogous to LOCC in
entanglement theory are incoherent operations (IOs), correspond-
ing to quantum measurements which cannot create coherence
even if postselection is applied on the individual measurement
outcomes.10

One of the central questions in any resource theory is the state-
conversion problem, i.e., the characterization of the possible
interconversion of resources under transformations allowed by the
corresponding resource theory. The answer to this question leads
to a preorder on the resource states, which determines their
usefulness or value in technological applications, as a given state

can be used in all protocols that require a state that can be
created from it. The state-conversion problem is studied in two
opposing limits: in the single-shot regime, where one studies the
conversion of a single copy of a state, or in the asymptotic limit, in
which one assumes that asymptotically many copies are available.
The single-shot state-conversion problem using IOs has been
solved for all pure states11,15 and for mixed states of a single
qubit.12,16,17 Asymptotic incoherent conversions were investigated
in ref. 11 In the single-shot regime, a more general problem
concerns stochastic state conversions, i.e., finding the optimal
probability for probabilistic incoherent conversions between two
given quantum states. For conversions between pure states, this
question has been addressed in refs. 18,19 In this work, we provide
a full solution to the stochastic incoherent state-conversion
problem for qubit systems, the fundamental building blocks in
quantum information. This generalizes recent results on single-
shot coherence theory12,16–22 and single-shot resource theories in
general,23,24 opening new perspectives on how such resources
can lead to practical advantages in quantum metrology,25,26

quantum algorithms,27,28 and even quantum dynamics in
biology.29

When the technology to build quantum computers becomes
available, it is likely that they will appear initially in small numbers.
They have complete control over their qubits and can assist a less
powerful remote client restricted to IOs. In particular, they can
assist him in state conversions, which we study under the name of
assisted incoherent state conversion, solving the problem of
optimality for two-qubit pure and Werner states. Moreover, we
demonstrate an experimental realization of non-unitary IOs using
photonic quantum technologies and show their capability of
implementing optimal state conversion on qubits, both with and
without assistance. This is an important step towards the
experimental investigation and systematic manipulation of
coherence in quantum technological applications.

1CAS Key Laboratory of Quantum Information, University of Science and Technology of China, Hefei 230026, China. 2CAS Center For Excellence in Quantum Information and
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RESULTS
Theoretical framework
In this section, we describe the foundations of this work. In the
resource theory of coherence, an orthonormal basis of states f ij ig,
usually motivated on physical grounds as being easy to synthesize
or store, are considered classical. Any mixture of such states,

ρ ¼
X
i

pi ij i ih j; (1)

is referred to as “free” and is termed incoherent, similar to
probability distributions on classical states. The free operations are
referred to as IOs:10 these are quantum transformations Λ, which
admit an incoherent Kraus decomposition

Λ½ρ� ¼
X
i

K iρK
y
i (2)

with incoherent Kraus operators Ki , i.e., Ki mj i � nj i for incoherent
states mj i and nj i. IOs admit a natural interpretation as quantum
measurements which cannot create coherence even if postselec-
tion is applied to the individual measurement outcomes i
identified with the Kraus operators Ki . Most of the analysis
presented in the following can be reduced to the mathematically
simpler family of strictly incoherent operations (SIOs). These are
operations that can be decomposed into strictly incoherent Kraus
operators Ki , which are defined by the property that both Ki and
Ky
i are incoherent, and correspond to quantum processes that do

not use coherence.11,13

A general deterministic operation has the form (2), where the
Kraus operators Ki fulfill the completeness condition

P
iK

y
i K i ¼ 1.

To implement a stochastic IO, we formally postselect a determi-
nistic IO according to the measurement outcomes i. Now, assume
we deal with a stochastic operation that can be decomposed into
incoherent Kraus operators that are not necessarily complete, i.e.,P

iK
y
i K i � 1. If we want to call this operation incoherent, we must

ensure that it can be seen as part of a deterministic IO, otherwise
we would simply disregard the nonfree part of a costly operation.
The fact that this is always possible has been shown in ref. 30

Therefore, we call all stochastic operations that can be decom-
posed into incoherent Kraus operators incoherent as well. As the
following Proposition tells, the same holds true for SIOs.
Proposition 1. Every stochastic quantum operation that can be

decomposed into strictly incoherent Kraus operators is part of a
deterministic SIO.
The proof can be found in the Supplementary Material.
In this work, we will solve the problem of state conversion for

qubits under the restricted sets of operations IO and SIO
theoretically. To do this, we make use of the following Theorem
proven in the Supplementary Material, stating that the two
problems are equivalent.
Theorem 2. Let ρ and σ be states of a single qubit. The

following statements are equivalent:

(1) There exists an IO transforming ρ with probability p to σ.
(2) There exists a SIO transforming ρ with probability p to σ.

Then, we extend our analysis to the problem of assisted
incoherent state conversion, which we introduce now as a game
between two parties, Alice and Bob. Initially, they share a bipartite
quantum state ρAB and the aim of the game is to establish a
certain state σB on Bob’s side. Clearly, if all quantum transforma-
tions were allowed locally, Bob could achieve this task by simply
erasing his local system and preparing the desired state σB.
However, the situation changes if Bob is constrained to local IOs:
in this case, he cannot prepare the state σB if the state has
coherence. Moreover, as we will show later, correlations in the
joint state ρAB can be used to enhance Bob’s conversion
possibilities, if Alice assists Bob by measuring her particle and
communicating the measurement outcome.

As most of this work is concerned with qubits, we will make
frequent use of the Bloch representation, stating that every qubit
state ρ can be represented by a subnormalized vector r ¼
ðrx ; ry ; rzÞ through ρ ¼ ð1þ r � σÞ=2, where σ represents a vector
containing the Pauli matrices. As done above, we denote density
operators by small Greek letters and their Bloch vectors by the
respective small Latin letter. Throughout the paper, we assume
the eigenbasis of σz to be incoherent. Then, rotations about the
z-axis of the Bloch sphere and their inverse are both in SIO and in
IO, leading to an invariance of conversion probabilities under
these rotations. This makes it very convenient to introduce the
quantity

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2x þ r2y

q
; (3)

corresponding to the distance of the state to the incoherent axis.

Optimal conversion without assistance
For a general qubit state ρ, the exact shape of the state space that
can be achieved by IOs is described in the following Theorem,
making use of the Bloch sphere representation introduced above,
where r and s are the Bloch vectors of the initial and the final
state, respectively.
Theorem 3. A qubit state σ is reachable via a stochastic SIO or

IO transformation from a fixed initial qubit state ρ with a given
probability p if

r2s2z þ 1� r2z
� �

s2 � r2; (4a)

p2s2 � r2

1þ jrzj 2p� ð1� jrzjÞ½ �: (4b)

The proof of this Theorem can be found in the Supplementary
Material. As shown in Fig. 1, this theorem has a convenient
geometrical interpretation on the Bloch sphere: for fixed ρ, Eq. (4a)
defines an ellipsoid that is independent of p and Eq. (4b) a cylinder
that depends on p. The states to which ρ can be converted with

Fig. 1 Incoherent state conversion. Illustration of Theorem 3 in the
x–z plane of the Bloch sphere. For an initial state with rx ¼ r ¼ 0:6
and rz ¼ 0:7, which is depicted by the red dot, the reachable regions
for three different probabilities p are shown. The regions that are
reachable with lower probability include the ones reachable with
higher probability. The gray region cannot be reached with non-zero
probability.

K.-D. Wu et al.

2

npj Quantum Information (2020)    22 Published in partnership with The University of New South Wales

1
2
3
4
5
6
7
8
9
0
()
:,;



probability p lie inside their intersection. For p � 1� jrzj, the
ellipsoid is entirely contained in the cylinder and Eq. (4b) is
automatically satisfied if Eq. (4a) holds (see proof of Theorem 3).
Therefore, lowering the demanded probability of success below
1� jrzj will not increase the set of reachable states. This implies
that for mixed ρ, there is a discontinuity in the optimal conversion
probability Pðρ ! σÞ and the states outside the ellipsoid cannot
be achieved via stochastic IOs, even with arbitrary little probability.
From Theorem 3, we can deduce the following Corollary:
Corollary 4. The maximal probability P ρ ! σð Þ for a successful

transformation from a coherent qubit state ρ to a coherent qubit
state σ using IO or SIO is zero if

r2s2z þ 1� r2z
� �

s2 > r2 (5)

and

min
r2

1þ jrzjð Þs2 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� s2 1� r2z

� �
r2

s0
@

1
A; 1

8<
:

9=
; (6)

otherwise.
The proof of this Corollary is given in the Supplementary

Material. Moreover, these theoretical results can be extended
beyond qubits, leading to necessary conditions for stochastic state
conversions.
According to ref.10, a coherence measure C is a functional

mapping quantum states to the non-negative real numbers that is
zero exactly on the incoherent states, convex, and monotonic
under selective IOs on average. For every such measure C, it holds
that18

P ρ ! σð Þ � CðρÞ
CðσÞ : (7)

It is noteworthy that the bounds given in Eq. (7) cannot be used to
exclude the existence of a stochastic transformation from ρ to σ
(unless we have the trivial cases CðσÞ ¼ 1 or ρ incoherent and σ
not). However, the first condition in Corollary 4 is a (nontrivial)
necessary condition for the existence of a stochastic transforma-
tion. In the case of SIO, we can generalize this necessary condition
to arbitrary dimensions using the Δ robustness of coherence CΔ;R
introduced in refs. 12,31 by

CΔ;RðρÞ ¼ min t � 0
ρþ tτ
1þ t

���� 2 I ; τ � 0;Δρ ¼ Δτ

� �
; (8)

where I denotes the set of incoherent states.
Theorem 5. A necessary condition for the existence of a

stochastic SIO transformation from ρ to σ is

CΔ;RðσÞ � CΔ;RðρÞ: (9)

Again, the proof can be found in the Supplementary Material. As
shown in ref.31, for the case of qubits, Eq. (9) is equivalent to
conditions (4a) and (5), and for higher dimensions, CΔ;R can be
evaluated efficiently using a semi-definite program (see the proof
of the Theorem and also ref. 32). The other necessary condition for
stochastic transformations on qubits was that the initial state is
not incoherent. For higher dimensions, this can be generalized by
the statement that the coherence rank or number11,33–35 can only
decrease under a stochastic IO (and therefore SIO) transformation,
which we show now for completeness.
The coherence rank rC of pure states is defined as the number

of non-zero coefficients needed to expand the state in the
incoherent basis.11,33 For mixed states, the coherence rank is
defined by ref. 34

rCðρÞ ¼ min max
i

rCðjψiiÞjρ ¼
X
i

pijψii ψij; pih � 0

( )
: (10)

It is well known that the coherence rank of a pure state can only
decrease under the action of an incoherent Kraus operator.11 From

this follows the statement directly: let fpi ; ψij ig be an optimal
decomposition of ρ in the sense that rCðρÞ ¼ maxi rCð ψij iÞ.
Applying the Kraus operators of the stochastic IO to the ψij i leads
to a decomposition of the final state with the promised property.

Optimal conversion with assistance
We now present our results concerning state conversions with
assistance, for pure entangled states and a class of mixed states.
The task of assisted incoherent state conversion is equivalent to
transforming a shared state ρAB into a local state σB on Bob’s side
via local quantum-incoherent operations and classical commu-
nication (LQICC).36,37 These operations consist of general local
operations on Alice’s side, local IOs on Bob’s side, and the
exchange of measurement results via a classical channel. In case
only Alice sends information to Bob, we speak of one-way LQICC.
The problem of optimal conversion of a general two-qubit
entangled state ψj iAB into an arbitrary local state σB is solved in
the following Theorem, which is proven in the Supplementary
Material.
Theorem 6. Let Alice and Bob share a pure two-qubit state

ψj iAB and denote Bob’s local state by ρB. The maximal probability
Pað ψj iAB ! σBÞ to prepare the qubit state σB on Bob’s side via one-
way LQICC is given by

Pað ψj iAB ! σBÞ ¼ min 1; 1� rzj jð Þ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� s2

p

s2

( )
; (11)

where r and s are the Bloch vectors of ρB and σB, respectively.
When the state is subjected to noise, the probabilities of

assisted incoherent state conversions are reduced. As an example,
we consider the two-qubit Werner state,

ρABw ¼ qw ϕþj i ϕþh j þ ð1� qwÞ
1
4
; (12)

with the maximally entangled state ϕþj i ¼ ð 00j i þ 11j iÞ= ffiffiffi
2

p
. In

this case, the optimal conversion probability is determined by the
following Theorem.
Theorem 7. The optimal probability Pa ρABw ! σB

� �
for convert-

ing ρABw into the qubit state σB via one-way LQICC is given by,

Pa ρABw ! σB
� � ¼ 1 if qw � s2ffiffiffiffiffiffiffiffi

1�s2z
p ;

0 otherwise;

(
(13)

where s denotes the Bloch vector of σB .
This is proven in the Supplementary Material. Determining the

optimal assisted incoherent conversion probabilities for general
shared mixed states is left open for future work. However, in
general, correlations in the joint two-qubit state ρAB always enhance
the conversion possibilities of Bob whenever the state is not
quantum incoherent, i.e., not of the form ρAB ¼Pipiρ

A
i � ij i ih jB:

Theorem 8. If Bob’s system is a qubit, then for any state ρAB,
which is correlated and not quantum incoherent, the set of
accessible states for Bob via stochastic one-way LQICC is strictly
larger, when compared with ρA � ρB .
The proof can be found in the Supplementary Material.

Asymptotic state conversion via IO
In the scenario considered so far, we assumed that IOs are applied
on one copy of the state ρ. In the following, we will extend our
investigations to asymptotic conversion scenarios, where IOs are
performed on a large number of copies of the state ρ. The figure
of merit in this setting is the asymptotic conversion rate

Rðρ ! σÞ ¼ sup r : lim
n!1 inf

Λ
Λ ρ�nð Þ � σ� rnb c�� ��

1

	 

¼ 0

� �
; (14)

where jjMjj1 ¼ Tr
ffiffiffiffiffiffiffiffiffiffi
MyM

p
is the trace norm, the infimum is

performed over all IOs Λ, and xb c is the largest integer smaller
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or equal to the real number x. In words, the quantity Rðρ ! σÞ is
the maximal rate at which IOs can convert the initial state ρ into
the target state σ, assuming the asymptotic limit of infinitely many
initial states on which the IO can act simultaneously. This quantity
should not be confused with the quantity r introduced in Eq. (3)
and can exceed 1; e.g., it is possible to convert one coherent state
into arbitrary many copies of an incoherent state. In general, the
single-shot scenario where one has only access to a single copy of
the state under consideration is very different from the asymptotic
case of infinitely many copies on which one can act commonly.
It is now important to note that the single copy conversion

probability Pðρ ! σÞ is a lower bound for the conversion rate, i.e.,

Rðρ ! σÞ � Pðρ ! σÞ: (15)

In fact, asymptotic conversion at rate Pðρ ! σÞ can be achieved
by applying a stochastic IO on each individual copy of the state ρ.
Denoting by þj i the maximally coherent single-qubit state, the

distillable coherence11 is defined as the maximal rate at which a
maximally coherent qubit state can be extracted from ρ using IOs,
i.e., CdðρÞ ¼ Rðρ ! j þ ihþjÞ. The complementary quantity, i.e, the
minimal rate at which the maximally coherent qubit states need to
be consumed to produce the state ρ via IOs, is called the
coherence cost11 and is formally defined by

CcðρÞ ¼ inf r : lim
n!1 inf

Λ
ρ�n � Λ þj i þh j� rnb c

� ���� ���
1

	 

¼ 0

� �
; (16)

where the infimum is again over all IOs. As it was shown in ref.11,
from these two quantities follow the bounds

CdðρÞ
CcðσÞ � Rðρ ! σÞ � min

CdðρÞ
CdðσÞ ;

CcðρÞ
CcðσÞ

� �
: (17)

It was also shown in ref. 11 that the distillable coherence admits
the following closed expression:

CdðρÞ ¼ SðΔ½ρ�Þ � SðρÞ; (18)

where SðρÞ ¼ �Tr½ρ log2 ρ� is the von Neumann entropy and
Δ½ρ� ¼Pi ij i ih jρ ij i ih j is the dephasing operator. Moreover, the
coherence cost Cc is equal to the coherence of formation Cf ,

11

CcðρÞ ¼ CfðρÞ ¼ min
X
i

piS Δ ψi½ �ð Þ: (19)

Here, the minimization is performed over all pure state decom-
positions of the state ρ ¼Pipiψi .
Up until here, the statements concerning asymptotic conver-

sions were valid for general dimensions. From here on, we will
specialize them exclusively to qubits. For single-qubit states, Eq.

(19) can be further simplified as follows:38

CcðρÞ ¼ CfðρÞ ¼ h
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4jρ01j2

q
2

0
@

1
A; (20)

where hðxÞ ¼ �x log2 x � ð1� xÞ log2ð1� xÞ is the binary entropy
and ρ01 ¼ 0jρj1h i.
We will now demonstrate the power of these results on a

specific example. For this, we consider the following single-qubit
state:

ρ ¼
2
3

1
4

1
4

1
3

 !
: (21)

We will study the conversion of ρ into a convex combination of
maximally coherent states ±j i ¼ ð 0j i± 1j iÞ= ffiffiffi

2
p

, i.e., the final state
σ has the form

σ ¼ q þj i þh j þ ð1� qÞ �j i �h j: (22)

In Fig. 2, we compare the aforementioned upper and lower
bounds on the state-conversion rate for the states ρ and σ in Eqs.
(21) and (22). In particular, there exists a range of the parameter q
where Pðρ ! σÞ (solid line in Fig. 2) is very close to the upper
bound min CdðρÞ=CdðσÞ; CcðρÞ=CcðσÞf g (dashed line in Fig. 2). The
quality of our bound should also be compared with the lower
bound CdðρÞ=CcðσÞ (dotted line in Fig. 2). The figure clearly shows
that the two different lower bounds have their advantages for
different values of the parameter q: for q close to 1/4, our new
bound is much tighter than the best previously known bound.11 If
q is below a critical value, the new bound is zero. This corresponds
to the region outside the reachable ellipsoid. In addition, the new
bound can never exceed 1 and thus the results from ref. 11 give a
better bound when σ has a much lower coherence than ρ, which
corresponds to q 	 1=2.
Indeed, we note that for q ¼ 1=4 the conversion probability

Pðρ ! σÞ coincides with CcðρÞ=CcðσÞ, and in fact both are equal to
1. This implies that the asymptotic conversion rate is given by
Rðρ ! σÞ ¼ 1 in this case. We will generalize this observation in
the following Theorem.
Theorem 9. Assume qubit states ρ and σ obey

s2z � r2z and s ¼ r: (23)

Then we have Rðρ ! σÞ ¼ 1.
We prove the Theorem in the Supplementary Material, where

we also show that it cannot be formulated as an if and only if
statement.
We will now apply the methods we developed for studying the

irreversibility of coherence theory. For any quantum resource
theory, the conversion rate R fulfills the following inequality for
any two nonfree states ρ and σ:

Rðρ ! σÞ ´ Rðσ ! ρÞ � 1: (24)

The resource theory is called reversible if Eq. (24) is an equality for
all nonfree states. Otherwise, the resource theory is called
irreversible. Examples for reversible resource theories are the
theories of entanglement and coherence, when restricted to pure
states only. However, both theories are not reversible for general
mixed states.11,39 General properties of reversible resource
theories have been investigated in refs. 40,41

In the following, we will study the irreversibility of coherence
theory in more detail. In particular, we will investigate which
values of distillable coherence Cd a single-qubit state can attain,
for a fixed amount of coherence cost Cc. The most interesting
family of states in this context is given by σ in Eq. (22):
Proposition 10. Among all single-qubit states, the family of

states given in Eq. (22) has the minimal distillable coherence Cd for
a fixed coherence cost Cc and vice versa maximal Cc for fixed Cd.

0.0 0.1 0.2 0.3 0.4 0.5
q0.0

0.5

1.0

1.5

2.0

Fig. 2 Comparison of upper and lower bounds on the asymptotic
conversion rate. Upper and lower bounds on the asymptotic
conversion rate Rðρ ! σÞ for states in Eqs. (21) and (22). Dashed line
shows the upper bound given by min CdðρÞ=CdðσÞ; CcðρÞ=CcðσÞf g,
solid line shows the lower bound given by Pðρ ! σÞ, and dotted line
shows the lower bound given by CdðρÞ=CcðσÞ.
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The Proposition is proven in the Supplementary Material. This
result allows us to plot the allowed region of coherence cost and
distillable coherence in Fig. 3. The upper curve is given by
CdðρÞ ¼ CcðρÞ, which is attained if ρ is a pure state. From results in
refs., 11,42 it follows directly that the same region is attainable for
distillable entanglement and entanglement cost when consider-
ing maximally correlated two-qubit states.

Experimental setup and protocols
We experimentally implement the above protocols on several
classes of input states, both with and without assistance. The
experimental protocols and setup are illustrated in Fig. 4. The
setup consists of three modules, which we describe in detail in the
following.
In module (I) shown in Fig. 4d, we can prepare three different

classes of states on which we then apply incoherent state
conversion with or without assistance. The first class consists of
single-qubit states of the form

ρB ¼ 1
2

1þ rxσx þ rzσzð Þ (25)

on Bob’s side, where rx;z are real numbers and denote x; z Bloch
coordinates. The second class consists of pure two-qubit
entangled states of the form

Ψj iAB ¼ ffiffiffiffiffi
μ0

p
0j iA β0j iB þ ffiffiffiffiffi

μ1
p

1j iA β1j iB; (26)

where μ0; μ1 and β0j i; β1j i denote eigenvalues and eigenvectors
of Bob’s local state. The third class are two-qubit Werner states

ρABw ¼ qw ϕþj i ϕþh j þ 1� qw
4

1AB; (27)

where ϕþj i denotes a maximally entangled state and qw is the
purity of the Werner state.
In particular, two type-I phase-matched β-barium borate (BBO)

crystals, whose optical axes are normal to each other, are pumped
by a continuous laser at 404 nm, with a power of 80mW, for the
generation of photon pairs with a central wavelength at λ=
808 nm via a spontaneous parametric down-conversion process. A
half-wave plate (H) working at 404 nm set before the lens and BBO

Fig. 3 Irreversibility of coherence theory. Allowed region for
distillable coherence Cd and coherence cost Cc for single-qubit
states. The upper curve is given by CdðρÞ ¼ CcðρÞ, which is attained
for pure states. The lower curve is obtained from the family of states
given in Eq. (22), see Proposition 10 and its discussion for details.

Fig. 4 Experimental protocols and setup. In a–c, the three experiments performed in our laboratory are illustrated: a single-qubit conversion
without assistance; b pure entangled two-qubit state conversion with assistance; c noisy two-qubit state conversion with assistance. The
whole setup in d can be divided into three modules: (I) state preparation; (II) incoherent state conversion with or without assistance; and (III)
tomography. In (I), we can prepare a class of single-qubit states as in Eq. (25) for Bob, its purification shared with Alice, and a class of Werner
states; in (II), we experimentally implement the incoherent operations, both with and without assistance; in (III), we identify the quantum
states of Bob. The optical components appearing in the setup are β-barium borate (BBO), half-wave plate (Hi), quarter-wave plate (Q), beam
displacer (BD), adjustable aperture (AA), interference filter (IF), beam splitter (BS), mirror (M), quartz plate (QP), polarizing beam splitter (PBS),
polarization controller (PC), single photon detector (SPD), fiber coupler (FC), and unbalanced interferometer (UI). K1;2 denotes the outcomes of
Kraus operators 1(2) implementing the incoherent operation in module (II).
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crystals is used to control the polarization of the pump laser. Two
polarization-entangled photons

ΦðθÞj i ¼ cos 2θ HHj i þ sin 2θ VVj i (28)

are generated and then separately distributed through two single-
mode fibers (SMFs), where one represents Bob and the other Alice.
Two interference filters with a 3 nm full width at half maximum are
placed to filter out proper transmission peaks. Half-wave plates at
both ends of the SMFs are used to control the polarization of both
photons. A quarter-wave plate (Q) in Bob’s arm is used to
compensate the phase for the desired prepared state.
For preparing single-qubit states as in Eq. (25), we set the

rotation angle of the 404 nm H to 0
, resulting in a state Hj iA Hj iB.
By using Alice’s photons as trigger, we can experimentally
generate a pure incoherent state Hj iB. We replace H1 with a
polarizing beam splitter (PBS), a 400λ quartz plate, and another
two half-wave plates (H2;3) on Bob’s side, for generating single-
qubit states ρB. The rotation angle of H2 is set to γ1, rotating the
state Hj i to another pure state

cos 2γ1 Hj i þ sin 2γ1 Vj i: (29)

Then, after the birefringent crystal, the pure state is completely
dephased, resulting in an incoherent mixed state

cos22γ1 Hj i Hh j þ sin22γ1 Vj i Vh j: (30)

The rotation angle of H3 is set to γ2, resulting in the transformation

Hj i�! cos 2γ2 Hj i þ sin 2γ2 Vj i;
Vj i�! sin 2γ2 Hj i � cos 2γ2 Vj i: (31)

The final prepared state reads

ρB ¼ ðcos2γ1cos2γ2 þ sin2γ1sin
2γ2Þ Hj i Hh j

þ ðsin2γ1cos2γ2 þ cos2γ1sin
2γ2Þ Vj i Vh j

þ 1
2
cos 2γ1 sin 2γ2ð Hj i Vh j þ Vj i Hh jÞ;

(32)

with Bloch coordinates

rx ¼ cos 2γ1 sin 2γ2;

ry ¼ 0;

rz ¼ cos 2γ1 cos 2γ2:

(33)

Thus, we can prepare the desired single-qubit states as described
in Eq. (25).
For generating two-qubit entangled states as given in Eq. (26),

we set the rotation angle of the 404 nm H to α, where cos 2α ¼ μ0
and sin 2α ¼ μ1. Then, passing through H1 with rotation angle β
results in Ψðμ; βÞj iAB with desired μ and β. Using our experimental
setup, the maximally entangled state can be prepared with a
fidelity of 0.986.
For preparing Werner states as in Eq. (27), we make use of an

unbalanced Mach–Zehnder interferometer. In particular, two 50/
50 beam splitters (BSs) are inserted into one branch. In the
transmission path, the two-photon state is prepared as the Bell
state

ϕþj i ¼ 1ffiffiffi
2

p ð HHj i þ VVj iÞ (34)

when the rotation angle of the 404 nm H is set to 22:5
. In the
reflected path, three 400λ quartz crystals and an H with 22:5
 are
used to dephase the two-photon state into a completely mixed-
state 1AB=4. The ratio of the two states mixed at the output port of
the second BS can be changed by the two adjustable apertures for
the generation of Werner states in Eq. (27) with arbitrary qw. Out of
the state preparation module, the two photons are distributed to
Alice and Bob. In fact, the two BSs are not ideally 50/50 and the
transmission rate for H and V polarized photons are not exactly
the same, resulting in a decrease of fidelity to F ¼ 0:971 when we
prepare maximally entangled state, although we have slightly

adjusted the rotation angle of the 404 nm H. It is noteworthy that
in our experiments, we adopt 0 � H and 1 � V .
In module (II) of Fig. 4d, a class of SIOs are implemented on

Bob’s photons, by the combination of six Hs and three BDs. For
details, we refer to the Supplementary Material. In the case of b, c,
these operations can depend on the result of measurements
made on Alice’s qubit.43,44

In module (III) of Fig. 4d, we perform quantum-state tomo-
graphy45 to identify the target states fpi ; ρig. When we conduct
the experiment without assistance, the single-qubit state after the
IO can be directly identified via the combination of two Hs, two
Qs, and two PBSs in module (III). For deterministic state
conversion, we directly read the total coincident counts from
the two single photon detectors (SPDs); and for stochastic state
conversion, we discard the counts from K2. For experimentally
determining the conversion probability in the case of stochastic
conversion (SC), we also collect data in an orthogonal basis. The
probability for SC can then be evaluated as

P1 ¼ N1

Ntotal
; (35)

where N1 denotes the total coincident counts from K1 and Ntotal
denotes the total coincident counts from K1 and K2, in basis
f Hj i; Vj ig.
When we conduct the experiments with assistance, Alice can

perform arbitrary local projective measurements on her photons
and broadcast the measurement outcomes to Bob. Specifically,
Alice chooses the optimal measurement, which helps Bob to
perform the optimal conversion. When Bob gets the information
from Alice, which is either 0 or 1, he can then implement the
aforementioned IOs, obtaining the final target states.
For data collections, we used SMFs on Bob’s arm and multi-

mode fibers on Alice’s arm for directing photons from space to
detectors. The use of multi-mode fibers can increase and stabilize
the collection effeciency of Alice’s photons. On the other hand, the
use of SMFs on Bob’s side is preferable for cleaning up the high-
order optical modes, resulting in best interference between the
light beams that are displaced by the BDs. As mentioned before,
the power of the 404 nm continuous laser is set to about 80 mW
and the coincidence window is 4 ns, resulting in 2000 coincident
events per second. When adding white noise on Alice’s arm, the
coincident counts decrease to around 25% when compared with
the case without noise.

Experimental conversion without assistance
For verifying the theoretical predictions of incoherent single-qubit
state conversion, we experimentally initialize Bob’s photon as in
Eq. (25) where rx ¼ 1

3 ; rz ¼ 5
6 for a mixed input and rx ¼

ffiffiffiffi
11

p
6 ; rz ¼ 5

6
for a pure input. Our goal is now to convert the initial states using
the IOs available in our experiments. In Fig. 5a, b, the
experimentally obtained boundary of state space for deterministic
conversion (DC) is shown for the x-z plane by red cubes. The
boundaries with respect to SC are shown by blue cubes. All solid
lines represent theoretical predictions from Theorem 3. Also, the
experimental conversion probability is depicted as a function of x-
z coordinates of the target state σ by cylinders on the right of each
plot. The solid lines represent the theoretical predictions from Eq.
(6). There is a fundamental difference between pure and mixed
inputs: a pure and coherent input can be converted via IOs into
any qubit state at least stochastically. For mixed input, this is not
the case.

Experimental conversion with assistance
To explore assisted conversions experimentally, we first let Bob
share a pure entangled state ψj iAB with Alice, where Bob’s local
state is the state in Eq. (25) with Bloch coordinates 0; 0; 56

� �
and
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1
3 ; 0;

5
6

� �
. Our experimental results are shown in Fig. 5c, d.

Remarkably, due to Theorem 6, the probability for assisted
conversion only depends on the z-coordinate of the initial state,
which explains the close similarity of both the state spaces and
conversion probabilities in Fig. 5c, d. We also experimentally test
two Werner states, one with entanglement and one without. In
Fig. 6, the DC boundaries are shown in purple and blue for the two
states. In accordance with Eq. (13), resorting to SCs does not allow
to prepare additional states.

Comparison of the experimental protocols
Compared with DC, Bob can obtain more states when he allows
for SC and even obtain all qubit states by taking advantage of
assistance. This can be seen in Fig. 7, where we compare our
results for the different protocols. In Fig. 7a, we experimentally
show the boundary of accessible state space, both deterministi-
cally and stochastically, with and without assistance. Noting that
the ‘1 norm of coherence10 C‘1 reads

C‘1ðρÞ ¼
X
i≠j

jρijj ¼ r (36)

for qubit states, we can obtain a relation between the coherence
of a target state and the probability to obtain it using IOs. The
experimental results are shown in Fig. 7b. Although local
coherence can never be increased deterministically, we can still
exceed the original coherence at the expense of success

probability. A maximally coherent state þj i can be obtained by
utilizing SC and assistance.

DISCUSSION
In this work we study the problem of quantum-state conversion
within the resource theory of quantum coherence, both theore-
tically and experimentally. The state-conversion problem is
important in any resource theory, as it determines the value of
states for protocols using the resource under study. The result
presented here are a significant generalization of recent results on
single-shot coherence theory16,17,20–22 and single-shot resource
theories in general,23 and include necessary conditions on the
existence of SCs, which we generalized to higher dimensions.
In most resource theories, one is also interested in the

possibilities of asymptotic state conversion, where many instances
of the initial and final state are available. As we have shown, our
results also pave the way towards a complete solution of this
problem: our single-shot conversion rate gives a lower bound on
the asymptotic conversion rate, which is in some areas
significantly better than the best previously known bound.11 In
addition, it coincides for some states with an upper bound from
ref. 11 solving the asymptotic conversion problem in these cases.
Moreover, the results allow us to investigate the irreversibility of
coherence theory in the asymptotic limit and to determine the
possible distillable coherence for fixed coherence cost.

Fig. 5 Experimental results for state conversion: single-qubit states and pure two-qubit states. Experimental results for two local states for

Bob as in Eq. (25) with Bloch coordinates 1
3 ; 0;

5
6

� �
and

ffiffiffiffi
11

p
6 ; 0; 56

� �
, are shown in a, b without assistance from Alice. The states are prepared with

high fidelity up to 0.999. In the left of a, b, the deterministic conversion (DC) and stochastic conversion (SC) boundaries in x-z plane are shown
in red and blue cubes, respectively, with each side representing the variance δ rih iði ¼ x; y; zÞ derived from Poisson distribution of single
photons. In the right of a, b, conversion probabilities Pðρ ! σÞ for boundaries of SC are shown with respect to the x-z Bloch coordinates of the
target state σB. Experimental results for two local states for Bob, with Bloch coordinates 0; 0; 56

� �
and 1

3 ; 0;
5
6

� �
, sharing pure entangled states

ψj iAB with Alice, are shown in c, d. The experimental two-qubit states are prepared with fidelity of 0.989 and 0.982. In the left of c, d, the DC
and SC boundaries in x-z plane are shown in green and orange cubes, respectively. In the right of c, d, the probabilities of conversion
Pað ψj iAB ! ϕj iBÞ are shown with respect to the x-z Bloch coordinates of the target state ϕj iB . Solid lines represent theoretical predictions.

K.-D. Wu et al.

7

Published in partnership with The University of New South Wales npj Quantum Information (2020)    22 



Experimentally implementing non-unitary IOs, we demon-
strated that a quantum optical experiment can closely achieve
the expected optimal conversion rates. The corresponding optical
setup should be seen as a building block for more general
transformations, also going beyond single qubits and IOs. The
results presented in this work can then serve as benchmarks for
these more advanced setups.
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Fig. 7 Experimental results for showing the capability of enlarging conversion boundaries via different protocols. The local state of Bob is
experimentally prepared as ρB ¼ 1

2 1þ 1
3 σx þ 5

6 σz
� �

. In a, we can see that the accessible states of Bob can be enlarged by using different
conversion protocols; the red boundary can be achieved via DC without assistance, which shows the basic capability of local incoherent
conversion. When we use SC, without assistance, we can make the conversion boundary larger, shown as blue. Combining the boundary of SC
and DC, we obtain an ellipsoid in the Bloch space. With assistance from a pure source, we can enlarge the conversion boundary to the surface
of the Bloch sphere. The boundaries of assisted conversion, both DC and SC, are shown as green and orange, respectively. As the boundaries
are rotationally invariant with respect to z, we focus on the x-z plane by taking a round cross-section. In b, the maximal success probabilities
vs. obtained ‘1 norm of coherence are plotted for these different protocols.

Fig. 6 Experimental results for assisted incoherent state conversion: noisy two-qubit states. Experimental results for local states for Bob,
ρB ¼ 1

21, sharing pure entangled states ψj iAB with Alice, subjected to a controllable proportion of white noise. Although Bob will find his
system in a maximally mixed state with zero coherence, he can prepare certain coherent states if he takes advantage of Alice’s assistance. In
our experiment, we use two Werner states with qw ¼ 0:8245 and 0.2075. In the right, the real parts of the tomographically reconstructed
quantum states ρABw are shown, with a fidelity of 0.986 and 0.997, respectively. In the left, the DC boundaries in x-z plane for conversions
ρABw ! σB are shown in purple and blue, respectively.
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In this Supplemental Material, we provide the theo-
retical proofs missing in the main text and an extended
discussion of the experiment. In the first section we
gather useful theoretical results which we apply in the
second section to prove our theoretical findings stated
in the main text. The third section describes the experi-
mental implementation in more detail.

I. USEFUL THEORETICAL RESULTS

In this section, we present results that we will use
later in some proofs. If we can implement a stochastic
transformation from a state ρ to a state σwith probability
p, we will write ρ→ pσ. Using this notation, we present
the following Proposition.

Proposition 1. For two states ρ, σ and a probability p let
there be a stochastic SIO achieving the transformation

ρ→ pσ. (1)

Then, for every incoherent state τ and every 0 ≤ q ≤ 1 − p,
there exists a stochastic SIO achieving the transformation

ρ→ pσ + qτ. (2)

Proof. The key idea in this proof is that the set of strictly
incoherent Kraus operators is closed under concatena-
tion. Therefore, the overall map that describes the appli-
cation of a SIO on post-selected output states of another
SIO is still in SIO. From Prop. 1 follows that we can
always complete a stochastic SIO for free. The part com-
pleting the map has, with probability 1 − p, a state µ as
an output. Applying total dephasing to µ, we obtain an
incoherent state µ′, which we can transform into τ us-
ing SIO. In addition, we can do this only stochastically,
which proves the Proposition. �

Another result we will need later is stated in the fol-
lowing Lemma.

Lemma 2. For any correlated state ρAB , ρA⊗ρB there exists
a two-element POVM {MA, 11A−MA} on Alice’s side such that
Tr

[
MAρAB

]
> 0 and

TrA

[
MAρAB

]

Tr
[
MAρAB] , ρ

B := TrA

[
ρAB

]
. (3)

Proof. In the following, let {|i〉B} be an eigenbasis of Bob’s
state ρB. Consider now states of the form

ρAB =
∑

i

piρ
A
i ⊗ |i〉〈i|B. (4)

Following the notion of [1], we call these states quantum-
incoherent with respect to an eigenbasis of Bob.

If the state ρAB shared by Alice and Bob is not of the
form (4), there exists a POVM element MA such that
Tr

[
MAρAB

]
> 0 and TrA

[
MAρAB

]
is not diagonal in the

basis {|i〉B}, see Thm. 2 in [1]. This proves the Lemma
for states ρAB which are not quantum-incoherent with
respect to an eigenbasis of Bob.

For completing the proof, let now ρAB be of the
form (4). If the state ρAB is not a product state, the
decomposition (4) must have at least two different states
ρA

i , ρ
A
j . Because these states are different, there neces-

sarily exists a POVM element MA such that

Tr
[
MAρA

i

]
, Tr

[
MAρA

j

]
. (5)

In the last step of the proof, note that Eq. (5) implies the
following:

〈i|ρB|i〉
〈 j|ρB| j〉 ,

〈i|TrA

[
MAρAB

]
|i〉

〈 j|TrA
[
MAρAB] | j〉 . (6)

Thus, also in this case Eq. (3) is fulfilled, and the proof
of the Lemma is complete. �

II. TECHNICAL PROOFS

Here we give the missing proofs of the results in the
main text, which we restate for readability.
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Proposition 1. Every stochastic quantum operation that can
be decomposed into strictly incoherent Kraus operators is part
of a deterministic SIO.

Proof. Strictly incoherent Kraus operators Kn are of the
form

Kn =
∑

i

ci,n| fn(i)〉〈i| (7)

where fn(i) is a bijective function on {1, ..., d}. If they form
a stochastic quantum operation, we have

∑

n

K†nKn =
∑

n,i

|ci,n|2|i〉〈i| ≤ 11. (8)

Therefore
∑

n |ci,n|2 ≤ 1∀i and we can define

c̃i =
√

1 −
∑

n

|ci,n|2 (9)

and

K̃ =
∑

i

c̃i|i〉〈i|, (10)

which is a strictly incoherent Kraus operator and has the
property

K̃†K̃ +
∑

n

K†nKn = 11. (11)

�

From Prop. 1 then follows Theorem 2.

Theorem 2. Let ρ and σ be states of a single qubit. The
following statements are equivalent:
(1) There exists an IO transforming ρ with probability p to σ.
(2) There exists a SIO transforming ρ with probability p to σ.

Proof. An incoherent Kraus operator K is of the form

K =
∑

i

c(i)| j(i)〉〈i|, (12)

and it is strictly incoherent if j(i) is one-to-one [2]. There-
fore all incoherent qubit Kraus operators are either also
strictly incoherent or their output is, independent of the
input, incoherent. Let us use the strictly incoherent ones
to define a stochastic SIO. Then Prop. 1 finishes the proof.
Note that this proof technique does not work in higher
dimensions, since then, there exist j(i) that have neither
the same output for all i (and have thus incoherent out-
put), nor are they one-to-one. �

This allows us to prove the main statement of our
work.

Theorem 3. A qubit state σ is reachable via a stochastic SIO
or IO transformation from a fixed initial qubit state ρ with a
given probability p iff

r2s2
z +

(
1 − r2

z

)
s2 ≤ r2, (13a)

p2s2 ≤ r2

1 + |rz|
[
2p − (1 − |rz|)] . (13b)

Proof. According to Thm. 2, we can focus on SIO transfor-
mations. In order to implement a stochastic qubit state
transformation, we need a quantum instrument with
two possible outcomes, success and failure, modelled
by ESIO

s (ρ) and ESIO
f (ρ). In the case of SIO transforma-

tions, both ESIO
s (ρ) and ESIO

f (ρ) have to be decomposable
into SIO Kraus operators. Due to Prop. 1, we can focus
exclusively on ESIO

s . According to [3], every ESIO
s can be

represented by four SIO Kraus operators

K1 =

(
a1 0
0 b1

)
,K2 =

(
0 b2
a2 0

)
,

K3 =

(
a3 0
0 0

)
,K4 =

(
0 b3
0 0

)
. (14)

Since overall phases of Kraus operators are physically
irrelevant, we assume from here on ai, b3 ≥ 0. Defining
a = (a1, a2, a3) and b = (b1, b2, b3), the condition that ESIO

s
is trace non-increasing is equivalent to l2a := |a|2 ≤ 1 and
l2b := |b|2 ≤ 1. Due to symmetries and as explained in
[3], we can restrict our analysis to the case sy = ry = 0
and sx, rx, sz, rz ≥ 0. More precisely, we assume rx > 0
from here on, since otherwise we have the trivial case of
incoherent initial states. From

ESIO
s (ρ) = pσ (15)

then follow the Equations

psx = rx (a2 Re(b2) + a1 Re(b1)) ,
0 = a2 Im(b2) − a1 Im(b1),

p(1 + sz) =
(
a2

1 + a2
3

)
(1 + rz) +

(
|b2|2 + b2

3

)
(1 − rz),

p(1 − sz) = a2
2(1 + rz) + |b1|2(1 − rz) (16)

or equivalently

psx = rx (a2 Re(b2) + a1 Re(b1)) ,
0 =a2 Im(b2) − a1 Im(b1),

2p = l2a(1 + rz) + l2b(1 − rz),

2psz =
(
a2

1 + a2
3 − a2

2

)
(1 + rz)

+
(
|b2|2 + b2

3 − |b1|2
)

(1 − rz). (17)

The principal idea of our proof from here on is the fol-
lowing: For fixed rx, rz, p, we determine states (sx, sz)
on the boundary of the region which is achievable with
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stochastic SIO, i.e., the region for which the Equations
above have a solution for suitable a, b. Since the achiev-
able region is convex and contains the free states (we
can always mix incoherently with a free state), this will
allow us to deduce the entire reachable region.

Now assume that (sx, sz) is on the boundary of the
reachable region. Then one can choose a3 = 0 and b3 = 0,
since K3 and K4 destroy all coherence. Formally, this can
be shown considering

a′ = (
√

a2
1 + a2

3, a2, 0),

b′ = (|b1|,
√
|b2|2 + b2

3, 0), (18)

which lead to

ps′x = rx

(
a′2 Re(b′2) + a′1 Re(b′1)

)

= rx

(
a2

√
|b2|2 + b2

3 +
√

a2
1 + a2

3 |b1|
)

≥ psx,

2ps′z = 2psz,

l2a′ = l2a ,

l2b′ = l2b ,
0 =a′2 Im(b′2) − a′1 Im(b′1). (19)

Remember that we consider fixed rx, rz and p > 0. Thus
s′x ≥ sx and s′z = sz. This mixing argument with the
free states excludes boundaries of the achievable region
parallel to the x-axis. Therefore s′x > sx for s′z = sz cannot
happen if both (sx, sz) and (s′x, s′z) lie on the boundary and
we will assume from here on a3 = b3 = 0 and b1, b2 ≥ 0.
This leads to the Equations

psx = rx (a2b2 + a1b1) ,

2p = l2a(1 + rz) + l2b(1 − rz),

2psz =
(
a2

1 − a2
2

)
(1 + rz) +

(
b2

2 − b2
1

)
(1 − rz). (20)

Next we notice that the second line in the above Equa-
tions defines an ellipse. Remembering that we excluded
the trivial case of rz = 1 by assuming rx > 0, we can
therefore use the parametrization

la =

√
2p

1 + rz
cos (t) ,

lb =

√
2p

1 − rz
sin (t) . (21)

Without loss of generality, we choose 0 ≤ t ≤ π/2 and
the condition la, lb ≤ 1 leads to

cos (t) ≤
√

1 + rz

2p
,

sin (t) ≤
√

1 − rz

2p
, (22)

which restricts the range of t further. Next we substitute

a1 =

√
2p

1 + rz
cos (t) cos

(
θ − φ

2

)
,

a2 =

√
2p

1 + rz
cos (t) sin

(
θ − φ

2

)
,

b1 =

√
2p

1 − rz
sin (t) sin

(
θ + φ

2

)
,

b2 =

√
2p

1 − rz
sin (t) cos

(
θ + φ

2

)
, (23)

which automatically satisfies the ellipse Equation. Since
all left hand sides of these Equations are positive by
assumptions, we can choose without loss of generality
0 ≤ θ ≤ π/2 and −θ ≤ φ ≤ θ(⇔ 0 ≤ θ−φ

2 ,
θ+φ

2 ≤ π
2 ). The

remaining two Equations are then (since p > 0)

sx =
rx sin(2t) sin(θ)√

1 − r2
z

,

sz = cos(2t) sin(θ) sin(φ) + cos(θ) cos(φ). (24)

When we know for every reachable sx the largest possible
sz, we achieved our goal of determining the boundary of
the reachable region. Therefore we fix sx and and maxi-
mize sz. For fixed sx, we obtain from the first Equation a
relation between t and θ,

sin(θ(t)) =

√
1 − r2

zsx

rx sin(2t)
. (25)

Using 0 ≤ θ ≤ π/2, we can rewrite the second Equation
as

sz(t, φ) = cos(2t) sin(θ(t)) sin(φ) +

√
1 − sin2(θ(t)) cos(φ),

which is maximal either on the boundary or for

0 =
∂sz(t, φ)
∂φ

= sin(θ(t)) cos(2t) cos(φ) −
√

1 − sin2(θ(t)) sin(φ).

Since we have −π/2 ≤ −θ ≤ φ ≤ θ ≤ π/2, this is equiva-
lent to

φ = arctan




sin(θ(t)) cos(2t)√
(1 − sin2(θ(t)))



. (26)

Using that arctan(x) is monotonically increasing in x, we
find

φ ≥ arctan



− sin(θ)√
1 − sin(θ)2


 = −θ,

φ ≤ arctan




sin(θ)√
1 − sin(θ)2


 = θ (27)
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and thereforeφ inside the allowed region. Then the sz(t),
the sz optimized over φ, is independent of t and given
by

sz(t) =

√√

1 −
(
1 − r2

z

)
s2

x

r2
x

. (28)

Note that the expression under the square root is, due to
Eq. (24), never negative.

Now we need to check the boundaries. To do this, we
express t in terms of θ and define X = sin2(θ) ( therefore
(1 − r2

z)s2
x/r2

x ≤ X ≤ 1, again from Eq. (24)). For the
moment, we assume cos(2t(θ)) ≥ 0. This leads to

s+
z (φ = θ, θ) = cos(2t(θ)) sin2(θ) + cos2(θ)

=

√
1 − (1 − r2

z)s2
x

r2
x sin2(θ)

sin2(θ) + cos2(θ)

=1 − X +

√
1 − (1 − r2

z)s2
x

r2
xX

X

=sz(X). (29)

Since

0 =
∂
∂X

(
1 − X +

√
1 − y/X X

)
(30)

has for y , 0 no solutions, sz(X) attains its extrema on
the boundaries. The exact maximum on the boundary
depends on t, but it is lower than the maximum of

s+
z (X = (1 − r2

z)s2
x/r

2
x) =1 − (1 − r2

z)s2
x

r2
x

,

s+
z (X = 1) =

√
1 − (1 − r2

z)s2
x

r2
x

. (31)

and thus smaller than the extrema inside the allowed
region. In the case of cos(2t(θ)) ≤ 0, we have

s−z (φ = θ, θ) = cos(2t(θ)) sin2(θ) + cos2(θ)

= −
√

1 − (1 − r2
z)s2

x

r2
x sin2(θ)

sin2(θ) + cos2(θ)

=1 − X −
√

1 − (1 − r2
z)s2

x

r2
xX

X

≤s+
z (φ = θ, θ). (32)

For the boundary with φ = −θ, the above considera-
tions are the same, with the roles of cos(2t(θ)) ≥ 0 and
cos(2t(θ)) ≤ 0 inverted. We thus confirmed that the
maximal sz for given sx is indeed given by Eq. (28) and
independent of θ and t.

In order to finish the proof, we need to determine the
reachable range of sx which depends according to Eq. (24)

on t and therefore through Eqs. (22) on rz and p. By the
convexity of the reachable region, it is again sufficient
to find the maximal reachable sx. This corresponds to
finding the allowed t closest to π/4 (see again Eq. (24)),
for which we will consider different cases. The first case
is that neither of the conditions in Eq. (22) restricts t,
which is equivalent to

p ≤ 1 − rz

2
(33)

and therefore

sx ≤ rx√
1 − r2

z

. (34)

If

p ≤ 1 + rz

2
, (35)

the constraints are

0 ≤ t ≤ arcsin




√
1 − rz

2p


 . (36)

For p < 1 − rz, the upper bound on t is larger than π/4,
and we find the same bounds on sx as in the first case.
Using

sin (2 arcsin x) = 2x
√

1 − x2, (37)

we find

sx ≤ rx√
1 + rz

1
p

√
2p − (1 − rz) (38)

otherwise. In the last case, for

p ≥ 1 + rz

2
, (39)

we have a lower and an upper bound on t,

arccos




√
1 + rz

2p


 ≤ t ≤ arcsin




√
1 − rz

2p


 . (40)

From Eq. (20), we see that the lower bound is always
smaller than the upper. In addition,

arccos




√
1 + rz

2p


 ≤ arccos

(
1√
2

)
=
π
4
. (41)

Therefore, we end up with the same conclusions as in
the second case.

Finally, using the symmetry and mixing arguments,
the reachable region is defined by the inequalities

s2
z ≤ 1 − 1 − r2

z

r2
x + r2

y

(
s2

x + s2
y

)


p < 1 − |rz| : s2

x + s2
y ≤

r2
x+r2

y

1−r2
z

p ≥ 1 − |rz| : s2
x + s2

y ≤
r2

x+r2
y

1+|rz |
1
p2

(
2p − (1 − |rz|))

(42)
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Rearranging the terms in the above Equations and using
the short hand notations leads to

r2s2
z +

(
1 − r2

z

)
s2 ≤ r2, (43)


p < 1 − |rz| :

(
1 − r2

z

)
s2 ≤ r2,

p ≥ 1 − |rz| : p2s2 ≤ r2

1+|rz |
(
2p − (1 − |rz|)) ,

(44)

formally also including the trivial cases of rx = ry = 0.
Now one can easily see that the condition for p ≤ 1−|rz| is
always satisfied if condition (43) is satisfied. If we insert
p = 1 − |rz| into the condition for p ≥ 1 − |rz|, we obtain
after simplifications

(1 − r2
z)s2 ≤ r2, (45)

which is also always satisfied if condition (43) is satisfied.
Therefore the condition

p2s2 ≤ r2

1 + |rz|
(
2p − (1 − |rz|)) (46)

is for p ≤ 1− |rz| automatically satisfied, if condition (43)
holds. This leads us to the Theorem. �

As stated in the main text, these results allow us to
evaluate the optimal conversion probability P

(
ρ→ σ

)
via IO and SIO for any two states ρ and σ of a single
qubit.

Corollary 4. The maximal probability P
(
ρ→ σ

)
for a suc-

cessful transformation from a coherent qubit state ρ to a co-
herent qubit state σ using IO or SIO is zero iff

r2s2
z +

(
1 − r2

z

)
s2 > r2 (47)

and

min


r2

(1 + |rz|) s2



1 +

√

1 −
s2

(
1 − r2

z

)

r2



, 1


(48)

otherwise.

Proof. From Thm. 3 and its discussion in the main text,
we get that a transformation from ρ to σ (with ρ coher-
ent, i.e., r > 0 and therefore r2

z < 1) is possible with
probability p > 0 iff

r2s2
z +

(
1 − r2

z

)
s2 ≤ r2. (49)

As soon as we are inside this ellipsoid, the maximal
probability of success is bounded by Eq. (13b). Now
we want to maximize p such that this inequality is still
satisfied. This is the case if we choose the larger p for
which

p2s2 =
r2

1 + |rz|
(
2p − (1 − |rz|)) . (50)

Together with the assumptions that pmax is a probability,
this finishes the proof. �

Next we prove the partial generalization of these re-
sults to higher dimensions.

Theorem 5. A necessary condition for the existence of a
stochastic SIO transformation from ρ to σ is

C∆,R(σ) ≤ C∆,R(ρ). (51)

Proof. Assume that there exists a SIO transformation
which maps ρ to σwith probability p , 0. Due to Prop. 1,
we can restrict ourselves to the case of successful trans-
formations which we write as,

Λ[ρ] = pσ. (52)

From here on, we will suppress unnecessary brackets
for readability and write for example Λρ instead of Λ[ρ].
Since Λ can be decomposed into strictly incoherent Kraus
operators, we have ∆Λ = Λ∆ and therefore

Λ∆ρ = ∆Λρ = p∆σ. (53)

Defining

sτ = max{s|∆τ + s(∆τ − τ) ≥ 0}, (54)

ensures that

ρ̃ = ∆ρ + sρ(∆ρ − ρ) (55)

is a valid density operator with the property

Λρ̃ = p(∆σ + sρ(∆σ − σ)) =: pσ̃, (56)

where σ̃ is a valid density operator too. This implies that

sσ ≥ sρ (57)

is a necessary condition for the existence of a stochastic
transformation fromρ toσusing SIO. From the definition
of sτ follows directly that this quantity can be calculated
using a semidefinite program. In addition, we will show
now how Eq. (57) can be reformulated in terms of the
∆ robustness of coherence C∆,R [4, 5]

C∆,R(ρ) = min
{

t ≥ 0

∣∣∣∣∣∣
ρ + tτ
1 + t

∈ I, τ ≥ 0,∆ρ = ∆τ

}
. (58)

Because ∆ρ = ∆τ, this is equivalent to

C∆,R(ρ) = min
{
t ≥ 0

∣∣∣∣ρ = (1 + t)∆ρ − tτ, τ ≥ 0,∆ρ = ∆τ
}
.

Using the same technique as in [6], we can further sim-
plify this expression to

C∆,R(ρ) = min
{
t ≥ 0

∣∣∣∣ρ ≤ (1 + t)∆ρ
}
. (59)

To prove this, we first note that for t, τ ≥ 0,

ρ = (1 + t)∆ρ − tτ (60)
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implies ρ ≤ (1+ t)∆ρ. To show the converse, assume that
ρ ≤ (1 + t)∆ρ. Then we can define τ :=

[
(1 + t)∆ρ − ρ] /t

and it is easy to check that ∆τ = ∆ρ, ρ = (1 + t)∆ρ − tτ
and τ ≥ 0. Substituting s by 1/t, we find

sτ = max{s|∆τ + s(∆τ − τ) ≥ 0}
= max{s ≥ 0|∆τ + s(∆τ − τ) ≥ 0}
= max{1/t|∆τ + (∆τ − τ)/t ≥ 0, t ≥ 0}
= max{1/t|τ ≤ (1 + t)∆τ, t ≥ 0}. (61)

A comparison with Eq. (59) shows that C∆,R(τ) = 1/sτ,
and therefore Eq. (57) is equivalent to

C∆,R(σ) ≤ C∆,R(ρ). (62)

�

Now we turn to the proofs of our results concerning
optimal conversion with assistance. We begin with the
proof of Thm. 6 from the main text.

Theorem 6. Let Alice and Bob share a pure two-qubit state
|ψ〉AB and denote Bob’s local state by ρB. The maximal prob-
ability Pa(|ψ〉AB → σB) to prepare the qubit state σB on Bob’s
side via one-way LQICC is given by

Pa

(
|ψ〉AB → σB

)
= min

1, (1 − |rz|) 1 +
√

1 − s2

s2

 , (63)

where r and s are the Bloch vectors of ρB and σB, respectively.

Proof. In the following, we will prove the more general
case in which Alice holds an arbitrary purification of
Bob’s qubit state. Recall that by performing local mea-
surements on Alice’s side and using classical communi-
cation, Bob can obtain any decomposition {qi, ρB

i } of his
local state ρB =

∑
i qiρB

i [7]. After Alice’s measurement
has been performed, Bob applies incoherent operations
to stochastically transform his post-measurement states
ρB

i into the desired state σB. First we will show that there
always exists an optimal decomposition containing only
pure states.

To do this, we use a decomposition of every mixed
qubit state ρ into two pure states, which we will also use
later in this proof. The Bloch vector r corresponding to ρ
can be written as a convex combination of two points t
and u on the surface of the Bloch sphere having the same
z-coordinate as r, i.e.,

r = qt + (1 − q)u, (64a)
rz = tz = uz, (64b)
|t| = |u| = 1. (64c)

Now assume that an optimal decomposition of Bob’s
local state contains a mixed state ρx which occurs with

probability qx. Since every decomposition can be ob-
tained, Bob can also obtain a decomposition in which the
pair {qx, ρx} is replaced by the two corresponding pure
states from Eqs. (64) and probabilities qxq, qx(1−q). From
Cor. 4 follows that the transformation probability from
both of these states to any target state is at least as high as
the probability from ρx: In case the transformation from
ρx to a target state is forbidden by Eq. (47), there is noth-
ing to prove. If not, the transformation probability from
ρx and the two pure states to the target is determined
by Eq. (48), since a pure initial state can never satisfy
Eq. (47). Remember that by choice, we have rz = tz = uz
and t,u ≥ r. Now note that for a fixed target state σ
(fixed s) and fixed rz, the quantity in Eq. (48) increases if
r increases. From this follows the claim, which implies
that the new decomposition is also optimal. Eliminating
all mixed states using this procedure, we end up with
an optimal decomposition {qi, |ψi〉B}which only contains
pure states.

If we denote the corresponding maximal conversion
probability by Pa

(
|ψi〉B → σB

)
, our figure of merit can be

written as

Pa

(
|ψ〉AB → σB

)
= max

∑

i

qiP
(
|ψi〉B → σB

)
, (65)

where the maximization is performed over all pure state
decompositions {qi, |ψi〉B} of Bob’s local state.

In the next step, we deduce from Eq. (48) that the
maximal probability for stochastic conversion between
two single-qubit states |ψi〉B and σB can be expressed as

P
(
|ψi〉B → σB

)
= min

1,
(
1 − |ri

z|
) 1 +

√
1 − s2

s2

 . (66)

This result allows us to bound the average conversion
probability for a decomposition {qi, |ψi〉B} of the state ρB

as follows:
∑

i

qiP
(
|ψi〉B → σB

)

=
∑

i

qi min

1,
(
1 − |ri

z|
) 1 +

√
1 − s2

s2



≤
∑

i

qi ×
(
1 − |ri

z|
) 1 +

√
1 − s2

s2

=


1 −

∑

i

qi|ri
z|



1 +
√

1 − s2

s2

≤ (1 − |rz|) 1 +
√

1 − s2

s2 , (67)

where in the last inequality we used the fact that∑
i qi|ri

z| =
∑

i qi|〈ψi|σz|ψi〉| ≥
∣∣∣Tr[ρBσz]

∣∣∣ = |rz|. Since Eq. (67)
holds for any decomposition {qi, |ψi〉B} of the state ρB,
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it implies that the probability for assisted conversion
Pa

(
|ψ〉AB → σB

)
is bounded as

Pa

(
|ψ〉AB → σB

)
≤ min

1, (1 − |rz|) 1 +
√

1 − s2

s2

 . (68)

To complete the proof of the Theorem, let Alice per-
form a two-outcome measurement such that Bob’s post-
measurement states |ψi〉B fulfill

Tr[ρBσz] = 〈ψ1|σz|ψ1〉 = 〈ψ2|σz|ψ2〉, (69)

Such a measurement always exists, see the discussion
above Eqs. (64).

Depending on the outcome i, Bob then applies a
stochastic incoherent operation to convert the state |ψi〉B
into the desired state σB. This conversion protocol gives
a lower bound on our figure of merit:

Pa

(
|ψ〉AB → σB

)
≥qP

(
|ψ1〉B → σB

)

+ [1 − q]P
(
|ψ2〉B → σB

)

= min

1, (1 − |rz|) 1 +
√

1 − s2

s2

 , (70)

where in the last equality we used Eqs. (66) and (69).
Noting that the lower bound (70) coincides with the up-
per bound (68), we conclude that the presented protocol
achieves the claimed conversion probability (63) and that
this probability is optimal. �

Next we prove our results concerning two-qubit
Werner states.

Theorem 7. The optimal probability Pa

(
ρAB

w → σB
)

for con-
verting ρAB

w into the qubit state σB via one-way LQICC is
given by,

Pa

(
ρAB

w → σB
)

=


1 if qw ≥ s2√

1−s2
z

,

0 otherwise.
(71)

Proof. Suppose that Alice performs a general local mea-
surement with POVM elements {MA

i }. Conditioned on
the measurement outcome i, Bob finds his system in the
state ρB

i = TrA[MA
i ρ

AB
w ]/pi, where pi = Tr[MA

i ρ
AB
w ] is the

corresponding probability. To determine the set of states
that Bob can achieve in this setting with nonzero prob-
ability, recall from the discussion below Thm. 5 in the
main text that Bob can transform a qubit state ρ into an-
other qubit state ρ̃ via stochastic incoherent operations
if and only if

C∆,R(ρ) ≥ C∆,R(ρ̃), (72)

where C∆,R is the ∆-robustness of coherence [4, 5, 8],
which, for a single-qubit state ρ, can be expressed as

C∆,R(ρ) =
r√

1 − r2
z

. (73)

Thus, for characterizing the set of states achievable with
nonzero probability, we need to evaluate the maximal
∆-robustness C∆,R for any possible post-measurement
state of Bob. Noting that C∆,R is convex, which follows
directly from Eq. (59), we can restrict ourselves to rank-
one POVMs on Alice’s side.

In the next step, note that for any rank one POVM
element MA, the corresponding post-measurement state
of Bob has the form

ρB = qw|η〉〈η|B + (1 − qw)
11B

2
. (74)

While the probability qw here is fixed via the initial
Werner state

ρAB
w = qw|φ+〉〈φ+| + (1 − qw)

11
4
, (75)

we can arbitrarily vary the state |η〉 by suitable adjust-
ing Alice’s POVM elements. Among all such states, the
maximal ∆-robustness C∆,R is attained for

µB = qw|+〉〈+|B + (1 − qw)
11B

2
, (76)

i.e., it holds C∆,R(ρB) ≤ C∆,R(µB). To see this, note that
for single-qubit states the ∆-robustness does not increase
under incoherent operations [4, 5, 8], and moreover for
any |η〉B there exists an incoherent operation convert-
ing µB into ρB [9]. Combining these arguments, we see
that any post-measurement state of Bob has not more
∆-robustness of coherence than the state µB. Thus, we
obtain the following condition for assisted state conver-
sion of the Werner state (75) into a state σB on Bob’s side:

Pa

(
ρAB

w → σB
)
> 0 ⇒ C∆,R(σB) ≤ C∆,R(µB). (77)

We will now show that the state µB is in fact achiev-
able with unit probability: Pa

(
ρAB

w → µB
)

= 1. For this,
Alice first performs a local measurement on the Werner
state in the {|+〉, |−〉} basis. Conditioned on the mea-
surement outcome Bob finds his system either in the
desired state µB, or in the state σzµBσz. In the latter
case, Bob performs an incoherent σz rotation, thus ob-
taining µB with unit probability. Note that via local
incoherent operations Bob can transform the state µB

into another state σB with unit probability if and only if
C∆,R(σB) ≤ C∆,R(µB). This follows from the discussion of
the geometrical interpretation of Thm. 3 in the main text.
All states reachable from µB with non-zero probability
are inside the ellipse through µB, which is equivalent to
C∆,R(σB) ≤ C∆,R(µB). These states are reachable with cer-
tainty, since Tr(µBσz) = 0. Combining these arguments,
we obtain the following condition:

C∆,R(σB) ≤ C∆,R(µB) ⇒ Pa

(
ρAB

w → σB
)

= 1. (78)
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Both conditions (77) and (78) imply the following:

C∆,R(σB) ≤ C∆,R(µB) ⇔ Pa

(
ρAB

w → σB
)

= 1, (79a)

C∆,R(σB) > C∆,R(µB) ⇔ Pa

(
ρAB

w → σB
)

= 0. (79b)

The proof of the Theorem is complete by noting that
C∆,R(µB) = qw. �

We will continue with the proof of our claim from
the main text that correlations enhance conversion prob-
abilities, as long as the global state is not quantum-
incoherent.

Theorem 8. If Bob’s system is a qubit, then for any state
ρAB which is correlated and not quantum-incoherent the set
of accessible states for Bob via stochastic one-way LQICC is
strictly larger, when compared to ρA ⊗ ρB.

Proof. As is shown in Lem. 2, for any correlated state
ρAB , ρA⊗ρB there exists a two-element POVM {MA

1 ,M
A
2 }

on Alice’s side such that ρB
1 , ρ

B
2 , where ρB

i is the state of
Bob conditioned on the measurement outcome of Alice:

ρB
i =

TrA

[
MA

i ρ
AB

]

pi
, (80)

and pi = Tr
[
MA

i ρ
AB

]
is the corresponding probability for

obtaining the outcome i. Noting that

ρB = p1ρ
B
1 + p2ρ

B
2 , (81)

we conclude that – whenever the state ρAB is not
quantum-incoherent – either ρB

1 or ρB
2 must be outside

of the reachable ellipsoid of Bob’s reduced state ρB. This
completes the proof of the Theorem. �

Next we continue with our statements about asymp-
totic conversion rates.

Theorem 9. Assume qubit states ρ and σ obey

s2
z ≤ r2

z and s = r. (82)

Then we have R(ρ→ σ) = 1.

Proof. In the first step of the proof note that P(ρ→ σ) = 1
for any two states ρ and σ fulfilling Eqs. (82), which
follows directly from Eqs. (3a) and (3b) in [3]. This proves
that R(ρ→ σ) ≥ 1 in this case.

In the next step we will show that states fulfilling
Eqs. (82) have equal coherence cost:

Cc(ρ) = Cc(σ). (83)

Since Cc(ρ)/Cc(σ) is an upper bound on the conversion
rate, this will then complete the proof of the Theorem.
For proving Eq. (83), note that r2 = r2

x +r2
y = 4|ρ01|2. Thus,

Eqs. (82) directly imply the equality |ρ01|2 = |σ01|2. Now
note that for any single-qubit state ρ the coherence cost
is a simple function of |ρ01|2, see Eq. (19) in the main text.
This completes the proof of Eq. (83) and also the proof of
the Theorem. �

As we show now, the above Theorem cannot be for-
mulated as an if and only if statement. From Eq. (18) in
the main text follows that the coherence cost of a pure
state ψ is equal to S(∆[ψ]) and therefore equal to its dis-
tillable coherence (compare Eq. (17) in the main text).
Now there exist pure states ψ and mixed states ρ such
that

0 < Cd(ψ) = Cd(ρ). (84)

Using Eq. (16) from the main text, we can conclude

1 =
Cd(ρ)
Cd(ψ)

=
Cd(ρ)
Cc(ψ)

≤ R(ρ→ ψ) ≤ Cd(ρ)
Cd(ψ)

= 1, (85)

which proves R(ρ → ψ) = 1. However, this case is not
covered by Thm. 9.

We conclude this section with the proof of Prop. 10.

Proposition 10. Among all single-qubit states, the family of
states

σ = q|+〉〈+| + (1 − q)|−〉〈−| (0 ≤ q ≤ 1) (86)

has the minimal distillable coherence Cd for a fixed coherence
cost Cc and vice versa maximal Cc for fixed Cd.

Proof. In the first step, we recall that for any single-qubit
state ρ the coherence cost depends only on the abso-
lute value of the offdiagonal element |ρ01| = |〈0|ρ|1〉|, see
Eq. (19) in the main text. In particular, Cc is a strictly
monotonically increasing function of |ρ01|. Moreover, re-
call that |ρ01| is directly related to the Euclidian distance
of the state to the incoherent axis in the Bloch space:
r2

x + r2
y = 4|ρ01|2 [10]. This means that all states with a

fixed coherence cost have the same distance to the inco-
herent axis in the Bloch space.

In the next step, we note that for any single-qubit state
ρ with Bloch vector r = (rx, ry, rz)T we can introduce the
state ρ̃ having the Bloch coordinates

r̃x =
√

r2
x + r2

y, r̃y = 0, r̃z = rz. (87)

The state ρ̃ can be obtained from ρ via an incoherent uni-
tary, and thus both states have the same coherence cost
and distillable coherence. In the next step, we introduce
the state τ as follows:

τ =
1
2
ρ̃ +

1
2
σxρ̃σx. (88)

Note that τ has the same distance to the incoherent axis
– and thus the same coherence cost – as ρ and ρ̃, i.e.,

Cc(τ) = Cc(ρ̃) = Cc(ρ). (89)

Moreover, it is straightforward to see that τ lies on
the maximally coherent plane, i.e., the plane spanned
by Bloch vectors corresponding to maximally coherent
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states. By construction, the Bloch vector of τ also lies
in the x-z plane, which implies that τ has the desired
form (86).

In the final step, recall that the distillable coherence is
convex, and thus

Cd(τ) ≤ 1
2

Cd(ρ̃) +
1
2

Cd(σxρ̃σx) = Cd(ρ̃) = Cd(ρ), (90)

where we used the facts that the Pauli matrix σx is an
incoherent unitary, and thus preserves Cd, and that ρ and
ρ̃have the same distillable coherence. This completes the
proof. �

III. EXPERIMENTAL ASPECTS

In this section, we describe the experimental details
concerning the implementation of non-unitary incoher-
ent operations as illustrated in Fig. 1(d) in the main text.
The combination of BD1,2,3 and H4,5,6,7,8,9 allows us to im-
plement strictly incoherent operations given by Kraus
operators of the form

K1 =

(
cosθ0 0

0 cosθ1

)
, K2 =

(
0 sinθ1

sinθ0 0

)
. (91)

For experimentally realizing these operators, the angles
of H6,8,9 are set to 45◦ for applying a bit flip σx on the
polarization, the angles of H4,5 are set to θ0

2 and θ1+90◦
2 ,

and H7 is used for phase compensation, respectively.
Without loss of generality, we suppose initially we

have a qubit state

ρ0 =
1
2

(11 + rxσx + rzσz) (92)

in the basis {|H〉, |V〉}. Considering the path degree of
freedom, which is a two dimensional system e0, e1, the

overall state can be written as

ρ0 ⊗ |e0〉〈e0|, (93)

where we assume the initial state is in path e0. Then
BD1 displaces the horizontally polarized component of
a photon from the vertical component to a distance of
about 6 mm. Accordingly, the quantum state is entan-
gled by a controlled-NOT gate (the polarization encoded
qubit is the contolling qubit) acting on the whole state,
resulting in

ρ1 =




1+rz
2 0 0 rx

2
0 0 0 0
0 0 0 0
rx
2 0 0 1−rz

2



. (94)

Then, using H4,5, we implement a controlled-rotation
operation on the whole state,

|H〉〈H| ⊗ |e0〉〈e0| H4−−→ |θ+
0 〉〈θ+

0 | ⊗ |e0〉〈e0|,
|V〉〈V| ⊗ |e0〉〈e0| H4−−→ |θ−0 〉〈θ−0 | ⊗ |e0〉〈e0|,
|H〉〈H| ⊗ |e1〉〈e1| H5−−→ |θ+

1 〉〈θ+
1 | ⊗ |e1〉〈e1|,

|V〉〈V| ⊗ |e1〉〈e1| H5−−→ |θ−1 〉〈θ−1 | ⊗ |e1〉〈e1|,

(95)

where we have

|θ+
0 〉 = cosθ0|H〉 + sinθ0|V〉,
|θ−0 〉 = sinθ0|H〉 − cosθ0|V〉,
|θ+

1 〉 = cosθ1|H〉 + sinθ1|V〉,
|θ−1 〉 = sinθ1|H〉 − cosθ1|V〉.

(96)

Then the overall state after this transformation is given by

ρ2 =




1+rz
2 cos2 θ0

rx
2 cosθ0 sinθ1

1+rz
4 sin 2θ0 − rx

2 cosθ0 cosθ1
rx
2 cosθ0 sinθ1

1−rz
2 sin2 θ1

rx
2 sinθ0 sinθ1 − 1−rz

4 sin 2θ1
1+rz

4 sin 2θ0
rx
2 sinθ0 sinθ1

1+rz
2 sin2 θ0 − rx

2 sinθ0 cosθ1

− rx
2 cosθ0 cosθ1 − 1−rz

4 sin 2θ1 − rx
2 sinθ0 cosθ1

1−rz
2 cos2 θ1




(97)

in the basis {|H〉 ⊗ |e0〉, |H〉 ⊗ |e1〉, |V〉 ⊗ |e0〉, |V〉 ⊗ |e1〉}.

BD2 has length equal to 2
3 the length of BD1,3,

which displace the horizontal component 4 mm away
from the vertical component, resulting in the following
transformations by extending the system to a higher-

dimensional space,

|H〉 ⊗ |e0〉 BD2−−−→ |H〉 ⊗ |d0〉,
|V〉 ⊗ |e0〉 BD2−−−→ |V〉 ⊗ |d1〉,
|H〉 ⊗ |e1〉 BD2−−−→ |H〉 ⊗ |d2〉,
|V〉 ⊗ |e1〉 BD2−−−→ |V〉 ⊗ |d3〉.

(98)
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Then the quantum state after BD2 will be

ρ3 =




1+rz
2 cos2 θ0 0 rx

2 cosθ0 sinθ1 0 0 1+rz
4 sin 2θ0 0 − rx

2 cosθ0 cosθ1
0 0 0 0 0 0 0 0

rx
2 cosθ0 sinθ1 0 1−rz

2 sin2 θ1 0 0 rx
2 sinθ0 sinθ1 0 − 1−rz

4 sin 2θ1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

1+rz
4 sin 2θ0 0 rx

2 sinθ0 sinθ1 0 0 1+rz
2 sin2 θ0 0 − rx

2 sinθ0 cosθ1
0 0 0 0 0 0 0 0

− rx
2 cosθ0 cosθ1 0 − 1−rz

4 sin 2θ1 0 0 − rx
2 sinθ0 cosθ1 0 1−rz

2 cos2 θ1




(99)

in the basis {|H〉⊗ |d0〉, |H〉⊗ |d1〉, |H〉⊗ |d2〉, |H〉⊗ |d3〉, |V〉⊗
|d0〉, |V〉 ⊗ |d1〉, |V〉 ⊗ |d2〉, |V〉 ⊗ |d3〉}. As H6,8 are set to 45◦,
performing a σx operation on the polarization state in

path d0,3, and H7 is set to 0◦ for applying a σz operation
on the polarization state in path d1,2, the state afterwards
is given by

ρ4 =




0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1−rz

2 sin2 θ1 − 1−rz
4 sin 2θ1

rx
2 cosθ0 sinθ1 − rx

2 sinθ0 sinθ1 0 0
0 0 − 1−rz

4 sin 2θ1
1−rz

2 cos2 θ1 − rx
2 cosθ0 cosθ1 − rx

2 sinθ0 cosθ1 0 0
0 0 rx

2 cosθ0 sinθ1 − rx
2 cosθ0 cosθ1

1+rz
2 cos2 θ0

1+rz
4 sin 2θ0 0 0

0 0 − rx
2 sinθ0 sinθ1 − rx

2 sinθ0 cosθ1
1+rz

4 sin 2θ0
1+rz

2 sin2 θ0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0




. (100)

The action of BD3 will coherently combine the paths
d0,2, d1,3, followed by H9 with rotation angle 45◦ which

flips the polarization state in path e0. The final quantum
state after that two Hs will be

ρ5 =




1+rz
2 cos2 θ0

rx
2 cosθ0 cosθ1

rx
2 cosθ0 sinθ1

1+rz
4 sin 2θ0

rx
2 cosθ0 cosθ1

1−rz
2 cos2 θ1 − 1−rz

4 sin 2θ1 − rx
2 sinθ0 cosθ1

rx
2 cosθ0 sinθ1 − 1−rz

4 sin 2θ1
1−rz

2 sin2 θ1
rx
2 sinθ0 sinθ1

1+rz
4 sin 2θ0 − rx

2 sinθ0 cosθ1
rx
2 sinθ0 sinθ1

1+rz
2 sin2 θ0



. (101)

Note that we can tilt BD3 for phase compensation,
removing the negative signs in the interference terms

between the horizontal and vertical component in each
arm. When tracing over the path degree, we obtain

ρ f =

( 1+rz
2 cos2 θ0 + 1−rz

2 sin2 θ1
rx
2 cosθ0 cosθ1 + rx

2 sinθ0 sinθ1
rx
2 cosθ0 cosθ1 + rx

2 sinθ0 sinθ1
1+rz

2 sin2 θ0 + 1−rz
2 cos2 θ1

)
, (102)

which is exactly the state after implementing K1 and K2. Combination of two BDs (BD1 and BD3) results in
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a natural robust interference, and the phase between d0,
d2 and d1, d3 can be removed either by adjusting the
position of BD1,3 or tilting the Hs in each arm.

Note that in our experiments, if we obtain a final state
with Bloch coordinates r̃x > 0 and r̃z > 0, then we can also
obtain the state (−r̃x, 0, r̃z), (r̃x, 0,−r̃z), and (−r̃x, 0,−r̃z) via
a σz operation, a σx operation and the combination of a
σz operation and a σx operation. In Fig. 1(d), H10 is set
to 0◦ for implementing a σz operation, and H11 is set to
45◦ for implementing a σx operation. Namely, we only
need to focus on the states with Bloch coordinates r̃x > 0
and r̃z > 0, and complete the whole boundary via simple
incoherent operations.

∗ These authors contributed equally to this work.
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To describe certain facets of nonclassicality, it is necessary to quantify properties of operations instead of
states. This is the case if one wants to quantify how well an operation detects nonclassicality, which is a
necessary prerequisite for its use in quantum technologies. To do so rigorously, we build resource theories
on the level of operations, exploiting the concept of resource destroying maps. We discuss the two basic
ingredients of these resource theories, the free operations and the free superoperations, which are sequential
and parallel concatenations with free operations. This leads to defining properties of functionals that are
well suited to quantify the resources of operations. We introduce these concepts at the example of
coherence. In particular, we present two measures quantifying the ability of an operation to detect, i.e., to
use, coherence, one of them with an operational interpretation, and provide methods to evaluate them.

DOI: 10.1103/PhysRevLett.122.190405

Introduction.—In recent years, there has been an increas-
ing interest in quantum technologies. To investigate
rigorously which properties of quantum mechanics are
responsible for potential operational advantages, quantum
resource theories were developed, see e.g., Refs. [1–10].
These resource theories originate from constraints that are
imposed in addition to the laws of quantum mechanics,
motivated either by physical or by practical considerations.
From the constraints follow the free states and the free
operations, which are the ones that can be prepared and
executed without violation of the constraints. These two
main ingredients allow for the formulation of a rigorous
theoretical framework in which to analyze quantitatively
the amount of the resource present in quantum states and its
usefulness in operational tasks [11–13]. In addition, there
exist quantum operations that can be considered resources
as well, because they are not free. Therefore, a comple-
mentary question to ask is how valuable these operations
are [14]. This question is often approached by the evalu-
ation of quantities such as the resource generation capacity,
i.e., the maximal increase of the resource in an input state
under application of the operation, or the resource cost, i.e.,
the minimal amount of resources needed to simulate a
nonfree operation by means of free operations [15–22]. As
we will discuss later and in the Supplemental Material [23],
these methods cannot be used to quantify all relevant
properties of quantum operations. Hence the situation
merits a broader approach and this is why we are examining
a broader framework. More concretely, we will build
formal resource theories on the level of operations,
allowing us to quantify the value of operations directly.

This is also interesting from a conceptual point of view: the
goal of quantum technologies is to perform tasks that
are impossible using classical technologies. This includes
sensing at high precision [35], efficient processing of
information, and securing the transmission of data [36].
Ultimately, this is all achieved by quantum operations, i.e.,
dynamical resources. Hence it seems natural to quantify the
value of operations directly without the detour through
states as the latter are static resources that have to be
transformed into dynamic resources using free operations.
Since quantum states can be seen as quantum operations
with no input and a constant output (describing a quantum
mechanical preparation apparatus), a resource theory on the
level of operations can quantify the value of states, too,
leading to a unified resource theoretic treatment of states
and operations. Therefore we expect that resource theories
on the level of operations will be a key method to the
systematic exploration of quantum advantages. In this
Letter, we will exemplify the concepts and advantages of
resource theories of operations at the example of coherence.
A fundamental ingredient to the departure of quantum

mechanics from classical physics is the omnipresence of
the superposition principle [37,38]. This has led to the
development of rigorous resource theories of coherence
[3,9,13,39], which allow us to investigate the role of
coherence in quantum technological applications [40–42].
These theories are formulated on the level of states and
mainly focused on the inability to create coherence. How-
ever, this is only half of the picture: to exploit coherences or
more generally quantum superpositions [38,43] in technol-
ogies, it is both necessary to have access to operations
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that can create coherence and operations that can detect
it in the sense that its presence makes a difference in the
measurement statistics [44,45]. If we cannot detect or equi-
valently use coherence or, more generally, nonclassicality,
there cannot be an operational advantage in its presence.
This is also reflected in ongoing efforts to describe detectors
for nonclassicality [46–50]. As discussed in Refs. [44,51]
and the Supplemental Material [23], this is particularly clear
in interferometric experiments. Therefore an answer to the
question “How well can a quantum operation detect coher-
ence?” is needed to understand quantum advantages. To the
best of our knowledge, and as we will discuss now, this
question cannot be addressed using a resource theory on the
level of states.
Although there exist mathematical frameworks for

coherence theories on the level of states in which the free
operations cannot make use of coherence [39,44,52–56],
this is problematic from a conceptual point of view: ideally,
the presence of resources in states should be detectable by
free operations, because this is a necessary prerequisite that
such states can allow for operational advantages over free
operations alone. If this is not possible, then it is misleading
to consider a state to be resourceful (see also Ref. [57]), as
is the situation in the theories cited above. This also implies
that it is not possible to address the coherence detection
capabilities of operations in these frameworks via the
resource cost of states. In frameworks where coherence
is useful, its detection is, as mentioned above, necessarily
free, leading to a zero resource cost, which therefore cannot
be used to address the coherence detection capabilities of
operations either. On the other hand, as we are interested in
the question of how well an operation can detect coherence,
its coherence generation capacity cannot be the figure of
merit, and therefore we cannot address the coherence
detection capabilities of an operation based on a resource
theory on the level of states. We refer to the Supplemental
Material [23] for more details and proofs of these obser-
vations, including a discussion why we cannot use the
coherence of the corresponding Choi state [58] to quantify
the coherence of operations and why this should not be
expected.
In contrast, in this Letter, we will show that the

coherence detection capability of operations can be quan-
tified rigorously and that the conceptual problem discussed
above vanishes if we use a resource theory on the level of
operations. We will first introduce the two basic ingredients
to such a theory: the free operations and the free super-
operations, which map operations to operations and consist
naturally of sequential and parallel concatenations with free
operations [59–61]. From these ingredients we deduce
defining properties of functionals which are well suited
to quantify the value of operations. Then we present two
such functionals quantifying how well an operation can
detect coherence: one based on the diamond norm that can
be calculated efficiently, and another one based on the

induced trace norm, which has a clear operational inter-
pretation. We give examples for the value of operations
according to these measures and conclude with an outlook
on open questions.
The framework we introduce can be extended easily to

operations that cannot create coherence and operations that
can neither detect nor create it. We comment on results in
this direction in the Supplemental Material. In a forth-
coming work, our theoretical results will be used in the
analysis of an experiment based on a photodetector with a
tunable degree of coherence detection capability [62]. All
proofs can be found in the Supplemental Material [23].
Basic framework.—Since coherence is a basis dependent

concept, we fix for all systems A an orthonormal basis jiAi
which we call incoherent. This basis is singled out by the
physics of an actual system or the computational basis in
a quantum algorithm. From now on, coherences and
populations will be seen with respect to the incoherent
basis. The incoherent basis of a system composed of two
subsystems A and B is given by the product basis of their
incoherent bases. If it is clear from the context, we will
omit the labels indicating the systems from here on. All
states ρ that are a statistical mixture of the incoherent basis
states, i.e.,

ρ ¼
X
i

pijiihij; ð1Þ

are called incoherent. In the following, we make frequent
use of the total dephasing operation Δ

ΔðρÞ ¼
X
i

jiihijρjiihij; ð2Þ

which is a resource destroying map [63] in coherence
theory; i.e., its output is always incoherent. The total
dephasing operation on a composed system is the tensor
product of the total dephasing operations on the subsys-
tems. If we concatenate operations, we will always implic-
itly assume that they match; i.e., the output dimension of
the first operation equals the input dimension of the second
operation. In addition, we will not write the concatenation
operator ∘ if not necessary.
To construct a resource theory that allows us to answer

the question how well a quantum operation can detect
coherences, we need to define the free operations and
superoperations. Let us begin with the free operations.
First we notice that a positive operator-valued measure
(POVM) cannot detect coherences if the measurement
statistics are independent of them. This leads us to the
following definition:
Definition 1.—A POVM given by fPng∶Pn ≥ 0,P
nPn ¼ 1 is free if and only if

trPnΔρ ¼ trPnρ ∀ ρ; n: ð3Þ
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As one expects, all free POVMs are of the follow-
ing form:
Proposition 2.—A POVM is free if and only if

Pn ¼
X
i

Pn
i jiihij ∀ n: ð4Þ

Next we define general free operations, where we need to
address subselection (by measurement results) in a con-
sistent manner. Since the ability to do subselection depends
on the actual experimental implementation, we adopt the
point of view that this is a resource in itself. In general, we
can have a quantum instrument I , which allows us to do
subselection according to a variable x; i.e., we obtain with
probability px ¼ tr(ExðρÞ) an output ρx ¼ ExðρÞ=px.
From the definition of the free POVMs, it follows that
we can store the outcome x in the incoherent basis of an
ancillary system, which we write as

ĨðρÞ ¼
X
x

ExðρÞ ⊗ jxihxj; ð5Þ

and implement the subselection later using a free POVM. In
the special case of a POVM P, we can represent it by

P̃ðρÞ ¼
X
n

trðPnρÞjnihnj: ð6Þ

Treating subselection in this way, we can reduce our
analysis to trace preserving operations.
With subselection included into our framework, we call a

quantum operation free if it cannot turn a free POVM into a
nonfree one by applying the operation prior to the meas-
urement. This is exactly the case if it cannot transform
coherences into populations [52].
Definition 3.—A quantum operation Φd-inc is called

detection incoherent if and only if

ΔΦd-inc ¼ ΔΦd-incΔ: ð7Þ

The set of detection-incoherent operations is denoted
by DI.
Note that this condition has been called nonactivating in

Ref. [63]. With our convention for treating subselection,
this includes Definition 1 for POVMs. As we mentioned in
the introduction, it is both important to create and to detect
coherence; therefore one can define creation-incoherent
operations, i.e., operations which cannot create coherence.
In coherence theory, these operations are called MIO (for
maximally incoherent operations) [3,64] or nongenerating
in a general context in Ref. [63]. Operations that can neither
create nor detect coherence are called DIO (dephasing-
covariant incoherent operations) [53–56], classical oper-
ations [52], or commuting [63].
Definition 4.—A quantum operation Φc-inc from system

A to B is called creation incoherent if it cannot create

coherence in system B when none were present in
system A,

Φc-incΔ ¼ ΔΦc-incΔ: ð8Þ

A quantum operation Φdc-inc is called detection creation
incoherent if it can neither detect nor create coherence,

ΔΦdc-inc ¼ Φdc-incΔ: ð9Þ

Our contribution in this Letter is that we show how to
quantify the abilities to create and detect coherence in a
rigorous manner. Note that, formally, the three definitions
of free operations lead to different resource theories. In the
following, we will use “free operation” if it is unimportant
which specific choice we are considering. This allows us to
introduce the second ingredient to our resource theories, the
free superoperations, in a unified manner. A superoperation
is free if it is a sequential and/or parallel concatenation with
free operations.
Definition 5.—For free operations Φ, elemental free

superoperations are given by

E1;Φ½Θ� ¼ Φ ∘Θ; E2;Φ½Θ� ¼ Θ ∘Φ;

E3;Φ½Θ� ¼ Θ ⊗ Φ; E4;Φ½Θ� ¼ Φ ⊗ Θ: ð10Þ

A superoperation F is free if and only if it can be written as
a sequence of free elemental superoperations,

F ¼ Ein;Φn
;…; Ei3;Φ3

Ei2;Φ2
Ei1;Φ1

: ð11Þ

This definition comes from a quantum computational
setting: a free superoperation is a network of free operations
into which we can plug a quantum operation. A minimal
requirement on the free superoperations is that they trans-
form free operations into free operations, otherwise it
would be possible to create resources for free. This require-
ment can be checked directly, see the Supplemental
Material [23]. It is also straightforward to show that every
free superoperation can be composed using only three
elemental operations (see the Supplemental Material [23]
and Refs. [59,60]). Whilst we focus on the ability to detect
coherence in the main text, we present a few results for the
other two classes of free operations in the Supplemental
Material (see also Refs. [52,64]). As mentioned in the
introduction, the case of coherence treated here is an
example of our general setup: if one exchanges the resource
destroying map in Eq. (2), one can move on to
Definitions 3, 4, and 5. It is also possible to define free
operations without the usage of resource destroying maps
and to use Definition 5 for free superoperations [60].
Detecting coherence.—To quantify the amount of a

resource present in an operation, we follow the usual
axiomatic approach of quantum resource theories [1–10].
From physical considerations, we collect a set of defining
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properties that every measure of the resource should obey.
The first property is that the measure should be faithful,
which means that it needs to be zero on the set of free
operations and larger than zero on nonfree operations. The
second property is monotonicity under the free super-
operations; i.e., the amount of resource can only decrease
under the application of a free superoperation. With our
convention concerning subselection, this ensures monoto-
nicity under subselection as well [65]. The third property is
convexity and can be seen as a matter of convenience. It
ensures that mixing does not create resources. These
properties lead to the following definition.
Definition 6.—A functional M from quantum operations

to the positive real numbers is called a resource measure if
and only if

MðΘÞ ¼ 0 ⇔ Θ free;

MðΘÞ ≥ MðF ½Θ�Þ ∀Θ; ∀ free superoperationsF ;

MðΘÞ is convex: ð12Þ

A functional that is a measure according to the above
definition is of special interest if it has a clear operational
interpretation; i.e., if the number it puts on a resource is
directly connected to its value in a specific application.
Often resource measures are hard to evaluate; thus mea-
sures that have a closed form expression or can be
calculated efficiently using numerical methods are impor-
tant as well. In the following, we will give one resource
measure with respect to the ability to detect coherence that
can be calculated efficiently and another one with an
operational interpretation. Both involve norms on quantum
operations. Therefore we review some related terminology
first. A norm k · k on quantum operations is called sub-
multiplicative if and only if

kΘ1 ∘Θ2k ≤ kΘ1kkΘ2k ∀Θ1;Θ2 ð13Þ

and submultiplicative with respect to tensor products if and
only if

kΘ1 ⊗ Θ2k ≤ kΘ1kkΘ2k ∀Θ1;Θ2: ð14Þ

Norms with the above properties can be used to define
measures.
Proposition 7.—Let k · k denote a norm on quantum

operations which is both submultiplicative and submulti-
plicative with respect to tensor products. If kΦk ≤ 1 for all
Φ detection-incoherent operations, the functional

MðΘÞ ¼ min
Φ∈DI

kΔΘ − ΔΦk ð15Þ

is a measure in the detection-incoherent setting.
Choosing a particular norm in the above proposition, the

so-called completely bounded trace norm or diamond norm

[66], we find a measure that can be calculated efficiently.
The diamond norm is based on the trace norm, which is
defined for a linear operator A by [67]

kAk1 ¼ tr
� ffiffiffiffiffiffiffiffiffi

A†A
p �

: ð16Þ

The induced trace norm on a quantum operation (or more
general a superoperator) Θ is, as the name suggests,
defined by

kΘk1 ¼ maxfkΘðXÞk1∶kXk1 ≤ 1g: ð17Þ

Finally, the completely bounded trace norm or diamond
norm of a quantum channel is given by

kΘB←Ak⋄ ¼ sup
Z
kΘB←A ⊗ 1Zk1 ¼ kΘB←A ⊗ 1Ck1

with dimA ¼ dimC and has multiple applications in
quantum information [66–68]. With these definitions at
hand, we are ready to present our first measure.
Theorem 8.—The functional

M⋄ðΘÞ ¼ min
Φ∈DI

kΔΘ − ΔΦk⋄ ð18Þ

is a measure in the detection-incoherent setting. We call this
measure the diamond measure.
Rather surprisingly, we show in the Supplemental

Material [23] that this measure can be calculated effici-
ently using a semidefinite program [69] that is based on
Refs. [58,70,71]. A related measure is given in the
following theorem.
Theorem 9.—The functional

M̃⋄ðΘÞ ¼ min
Φ∈DI

kΔΘ − ΔΦk1 ð19Þ

is a measure in the detection-incoherent setting. We call it
the NSID measure (nonstochasticity in detection).
As we prove in the Supplemental Material [23], this

measure has an operational interpretation in our frame-
work: assume you obtain a single copy of a quantum
channel which is equal to Θ0 or Θ1 with probability

1
2
each.

The optimal probability Pcð1=2;Θ0;Θ1Þ to correctly guess
i ¼ 0, 1 if one can perform only detection-incoherent
measurements is given by (see also Ref. [72])

Pcð1=2;Θ0;Θ1Þ ¼
1

2
þ 1

4
max
jψi

kΔðΘ0 − Θ1Þjψihψ jk1:

Therefore, in a single shot regime, 1=2þ 1=4M̃⋄ðΘÞ is the
optimal probability to guess correctly if one obtained Θ or
the least distinguishable free operation, provided we can
use only free measurements. Accordingly, the measure M̃⋄
quantifies how well the visible part of an operation can be
approximated by a free one. This operational interpretation
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is the reason for the choice of the name NSID measure.
Note that a similar interpretation holds for the diamond
measure with the only difference that, in the auxiliary
system, nonfree measurements are allowed as well.
Therefore the diamond measure is an upper bound on
the NSID measure. The operational interpretation of this
measure (which satisfies faithfulness) proves that we
can distinguish at no cost all operations that can detect
coherence from those that cannot. As we argue in the
introduction and the Supplemental Material [23], this
is an important property that cannot be achieved using
any coherence theory on the level of states. In the
Supplemental Material, we give details of how this measure
can be evaluated and some examples.
Now that we have described a measure with an opera-

tional interpretation, a natural question is which quantum
operations maximize this measure. The answer is given by
the following proposition.
Proposition 10.—The maximum value of M̃⋄ðΘÞ for Θ a

quantum channel with input of dimension n and output of
dimension m is given by

2ðN0 − 1Þ
N0

; ð20Þ

where N0 ¼ minfn;mg. It is both saturated by a Fourier
transform in a subspace of dimension N0 and by a
measurement in the Fourier basis, encoding the outcomes
in the incoherent basis.
For transformations on qubits, this means that the

Hadamard gate is best suited to detect coherence in the
sense of the NSID measure. This can be seen as a reason
why e.g., the Deutsch-Jozsa algorithm [73,74] not only
starts but also finishes with Hadamard gates. It is not
enough to create coherence, it also has to be detected, i.e.,
used, in order to exploit it.
Conclusions.—We argued why the formulation of re-

source theories on the level of operations are a valuable
unifying concept and demonstrated at the example of
coherence theory how to construct them rigorously using
resource destroying maps [63]. These theories are based on
two main ingredients, the free operations and the free
superoperations. The free superoperations are sequential
and parallel concatenations with free operations, i.e., the
embedding into a network of free operations. Based on
physical considerations, we defined properties that a
measure of resources in an operation should obey, e.g.,
monotonicity under the free superoperations. We focused
particularly on the question how well a quantum operation
can detect coherence. This is important, since both the
ability to create and to detect coherence are necessary
prerequisites for operational advantages of quantum com-
putation over classical computation, and the latter cannot,
as we have shown, be addressed using resource theories on
the level of states. We presented two measures quantifying

the ability of an operation to detect coherence. The first can
be calculated efficiently using a semidefinite program. The
second, named the NSID measure, can be evaluated in an
iterative manner and has a clear operational interpretation.
Its value determines how well we can distinguish the given
quantum operation from the free operations in a single try.
Finally, we proved that Fourier transforms and measure-
ments in a Fourier basis maximize the NSID measure and
can therefore be considered optimal in the task of meas-
uring coherence.
Completion of the resource theories provided here is a

sizable task. It includes the question of manipulation,
quantification, and exploitation of the resourceful opera-
tions using free superoperations. A thorough answer to
these questions may lead to a better understanding of
operational advantages provided by quantum devices,
which in turn may lead to improved designs. Working
out our approach in scenarios different from coherence
theory will shed new light on other quantum properties.
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In this Supplemental Material, we give the proofs of the results in the main text and some further details and examples.

I. SIMPLIFYING RESULTS

Here we present some results that will simplify the proofs of the results in the main text. For completeness, we first proof the
following lemma, which is basically clear by definition.

Lemma 11. If both Φ and Θ are free, Φ ◦Θ and Φ⊗Θ are free as well.

Proof.

Φc-incΘc-inc∆ = Φc-inc∆Θc-inc∆ = ∆Φc-inc∆Θc-inc∆ = ∆Φc-incΘc-inc∆,

∆Φ d-incΘ d-inc = ∆Φ d-inc∆Θ d-inc = ∆Φ d-inc∆Θ d-inc∆ = ∆Φ d-incΘ d-inc∆,

(Φc-inc ⊗Θc-inc) ∆ = (Φc-inc∆)⊗ (Θc-inc∆) = (∆Φc-inc∆)⊗ (∆Θc-inc∆) = ∆ (Φc-inc ⊗Θc-inc) ∆,

∆ (Φd-inc ⊗Θd-inc) = (∆Φd-inc)⊗ (∆Θd-inc) = (∆Φd-inc∆)⊗ (∆Θd-inc∆) = ∆ (Φd-inc ⊗Θd-inc) ∆. (1)

This shows that our free super-operations indeed preserve the set of free operations. In addition, it allows us to give the
following simplified characterization of the free super-operations (see also [1] and lemma 3.11 in [2]).

Proposition 12. A super-operation F is free if and only if it can be written as

F [Θ] = FΦ2,Φ1
[Θ] :=Φ2 ◦ (Θ⊗ 1) ◦ Φ1 (2)

where Φ1 and Φ2 are free.

Proof. First we note that

FΦ2,Φ1
[Θ] = E1,Φ2

◦ E2,Φ1
◦ E3,1 [Θ] (3)

is always free by definition. Defining the (in all three frameworks) free operation

ΦS(ρ⊗ σ) = σ ⊗ ρ, (4)

we can write all elemental free operations in this form,

E1,Φ [Θ] =Φ ◦Θ = Φ ◦ (Θ⊗ 1) ◦ 1 = FΦ,1 [Θ] ,

E2,Φ [Θ] =Θ ◦ Φ = 1 ◦ (Θ⊗ 1) ◦ Φ = F1,Φ [Θ] ,

E3,Φ [Θ] =Θ⊗ Φ = (Θ⊗ 1) ◦ (1⊗ Φ) = 1 ◦ (Θ⊗ 1) ◦ (1⊗ Φ) = F1,1⊗Φ [Θ] ,

E4,Φ [Θ] =Φ⊗Θ = ΦS ◦ (Θ⊗ Φ) ◦ ΦS = ΦS ◦ (Θ⊗ 1) ◦ (1⊗ Φ) ◦ ΦS = FΦS ,(1⊗Φ)◦ΦS
[Θ] . (5)

∗ These two authors contributed equally



2

Therefore

FΦ4,Φ3
◦ FΦ2,Φ1

[Θ] =Φ4 ◦ [(Φ2 ◦ (Θ⊗ 1) ◦ Φ1)⊗ 1] ◦ Φ3

=Φ4 ◦ [(Φ2 ⊗ 1) ◦ (((Θ⊗ 1) ◦ Φ1)⊗ 1)] ◦ Φ3

=Φ4 ◦ (Φ2 ⊗ 1) ◦ [((Θ⊗ 1)⊗ 1) ◦ (Φ1 ⊗ 1)] ◦ Φ3

=Φ4 ◦ (Φ2 ⊗ 1) ◦ [Θ⊗ 1⊗ 1] ◦ (Φ1 ⊗ 1) ◦ Φ3

=Φ4 ◦ (Φ2 ⊗ 1) ◦ [Θ⊗ 1] ◦ (Φ1 ⊗ 1) ◦ Φ3

=FΦ4◦(Φ2⊗1),(Φ1⊗1)◦Φ3
[Θ] (6)

finishes the proof.

As shown in the following proposition, this simplifies the defining properties of a measure.

Proposition 13. M is a measure of resource of operations iff

M (Θ) = 0⇔ Θ free,
M (Θ) ≥M (E1,Φ [Θ]) ∀Θ, ∀Φ free,
M (Θ) ≥M (E2,Φ [Θ]) ∀Θ, ∀Φ free,
M (Θ) ≥M (E3,1 [Θ]) ∀Θ,
M (Θ) is convex. (7)

Proof. Assume M is a measure. Then, by definitions, the conditions hold. Now assume the conditions hold. Using Prop. 12, we
can write

M (F [Θ]) = M (E1,Φ2
◦ E2,Φ1

◦ E3,1 [Θ]) ≤M (E2,Φ1
◦ E3,1 [Θ]) ≤M (E3,1 [Θ]) ≤M (Θ) . (8)

Next we have the following lemma, which we will use frequently.

Lemma 14. The eigenvectors of 1A ⊗∆B(ρA,B) are separable and of the form |φa|b〉A ⊗ |b〉B .

Proof. Define

ρA,B =
∑

i,j,k,l

ρijkl|i, j〉〈k, l|. (9)

If we do a projective measurement {|i〉 〈i|} on system B with outcome b, the post-measurement state of system A is given by

ρ|b =
∑

i,k

ρibkb/pb|i〉〈k| =
∑

a

qa|b|φa|b〉〈φa|b| (10)

where the right side is its eigendecomposition. We define the orthonormal set of states

|ψa,b〉 = |φa|b〉A ⊗ |b〉B . (11)

Then

1
A ⊗∆B(ρA,B) |ψa,b〉 =

∑

i,j,k

ρijkj |i, j〉 〈k, j|φa|b, b〉

=
∑

i,j

qi|jpj |φi|j , j〉 〈φi|j , j|φa|b, b〉

=qa|bpb |ψa,b〉 . (12)

Thus all eigenvectors of 1A ⊗∆B(ρA,B) are of the form |φa|b〉A ⊗ |b〉B .

In general, we can check directly if a quantum operation is free: Every quantum operation Φ is linear and thus completely
determined by the coefficients Φi,jk,l defined through

Φ (|i〉 〈j|) =
∑

k,l

Φi,jk,l|k〉〈l|. (13)
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Proposition 15. Let us represent a linear map Φ(ρ) by the coefficients Φb,da,c as above. Then Φ is completely positive iff

Φb,da,c =
∑

n

Kna,b
K∗nc,d

. (14)

Under this condition,
Φ is a detection-incoherent quantum operation iff

Φb,da,a = p (a|b) δb,d ∀a, b, d. (15)

Φ is a creation-incoherent quantum operation iff

Φa,ab,c = p (b|a) δb,c ∧
∑

a

Φb,da,a = δb,d. ∀a, b, d. (16)

Φ is a detection-creation-incoherent operation iff

Φb,da,a = p (a|b) δb,d ∀a, b, d,
Φa,ab,c = p (b|a) δb,c ∀a, b, d. (17)

Proof. Φ being completely positive is equivalent to Φ (ρ) =
∑
nKnρK

†
n which we can write as

Φ(ρ) =
∑

n,i,j,a,b,c,d

Kna,b
|a〉〈b|ρi,j |i〉〈j|K∗nc,d

|d〉〈c| =
∑

n,a,b,c,d

Kna,b
K∗nc,d

ρb,d|a〉〈c| (18)

from which follows

Φb,da,c =
∑

n

Kna,b
K∗nc,d

. (19)

Now we come to the first part of the proposition. We have

∆Φρ =
∑

a,b,d

Φb,da,aρb,d|a〉〈a|,

∆Φ∆ρ =
∑

a,b

Φb,ba,aρb,b|a〉〈a|. (20)

Thus Φ being detection-incoherent is equivalent to
∑

b,d

Φb,ds,sρb,d =
∑

b

Φb,bs,sρb,b ∀s, ρ, (21)

which is exactly the case if this condition holds for all pure ρ = |ψ〉〈ψ| with

|ψ〉 =
∑

j

√
qje

iγj |j〉 , (22)

meaning Φ is detection-incoherent iff
∑

b6=d
Φb,ds,s
√
qb
√
qde

i(γb−γd) = 0 ∀s, {qi}prob. distr., γi ∈ R. (23)

From this follows the necessary condition

0 =
1

2

(
Φb,ds,se

i(γb−γd) + Φd,bs,se
i(γd−γb)

)

=Re

(∑

n

Kns,b
K∗ns,d

ei(γb−γd)

)
∀s, b 6= d, γb ∈ R, γd ∈ R, (24)
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where Re denotes the real part, and thus
∑

n

Kns,b
K∗ns,d

= Φb,ds,s = 0 ∀s, b 6= d. (25)

In addition, since we work with trace preserving operations, we have

p(a|b) = 〈a|
∑

n

Kn|b〉〈b|K†n |a〉 =
∑

n

Kna,b
K∗na,b

= Φb,ba,a (26)

and therefore necessarily
∑

n

Kns,b
K∗ns,d

= Φb,ds,s = p (a|b) δb,d ∀a, b, d. (27)

This is already sufficient for trace preservation, since

1 =
∑

n

K†nKn ⇔
∑

n,a

Kna,b
K∗na,d

=
∑

a

Φb,da,a = δb,d. (28)

To show that condition (15) is also sufficient, we can plug it into condition (23)
∑

n,b 6=d
Kns,b

K∗ns,d

√
qb
√
qde

i(γb−γd) =
∑

b6=d
p (s|b) δb,d

√
qb
√
qde

i(γb−γd) = 0 ∀s, {qi}prob. distr., γi ∈ R, (29)

and see that it is satisfied.
Now we come to the second part. Assume Φ is creation-incoherent. From

Φ (|i〉〈i|) =
∑

k,l

Φi,ik,l|k〉〈l| (30)

and the condition ∆Φ∆ = Φ∆, we find

Φi,ik,l = Φi,ik,kδk,l ∀i. (31)

Since Φ is a trace preserving quantum operation and |i〉〈i| a valid density operator, Φi,ik,k have to be a non-negative real numbers
with

∑
k Φi,ik,k = 1. Thus p(k|i) = Φi,ik,k defines conditional probabilities and we end up with the condition

Φi,ik,l =p(k|i)δk,l ∀i, k, l. (32)

This time, we need to enforce trace preservation separately, again by the condition
∑

a

Φb,da,a = δb,d. (33)

Sufficiency is straight forward, the third statement a trivial consequence of the others.

II. PROOFS OF THE RESULTS IN THE MAIN TEXT

Here we give the proofs of our results in the main text, which we restate for readability.

Proposition 2. A POVM is free if and only if

Pn =
∑

i

Pni |i〉〈i| ∀n. (34)

Proof. Let us use the notation

Pn =
∑

i,j

Pni,j |i〉〈j| (35)
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and

|ψ〉 =
1√
2

(
|a〉+ eiφ |b〉

)
(36)

with a 6= b and φ ∈ R. Now assume that the POVM is free. From Def. 1 in the main text follows for ρ̃ = |ψ〉〈ψ|

trPn∆ρ̃ = trPnρ̃

⇔ Pna,a + Pnb,b = Pna,a + Pnb,b + Pna,be
−iφ + Pnb,ae

iφ

⇔ 0 = 2Re
(
Pna,be

−iφ) (37)

such that

Pn =
∑

i

Pni |i〉〈i| ∀n (38)

is a necessary condition. It is obviously also sufficient.

Proposition 7. Let ‖·‖ denote a norm on quantum operations which is both submultiplicative and submultiplicative with respect
to tensor products. If ‖Φ‖ ≤ 1 for all Φ detection-incoherent operations, the functional

M(Θ) = min
Φ∈DI

‖∆Θ−∆Φ‖ (39)

is a measure in the detection-incoherent setting.

Proof. Since ‖ · ‖ is a norm, M(Θ) is faithful. Remember that Φ̃Φ ∈ DI if both Φ̃,Φ ∈ DI. For Φ̃ ∈ DI, we therefore have

M(ΘΦ̃) = min
Φ∈DI

‖∆ΘΦ̃−∆Φ‖

≤ min
Φ∈DI

‖∆ΘΦ̃−∆ΦΦ̃‖

≤ min
Φ∈DI

‖∆Θ−∆Φ‖‖Φ̃‖

≤ min
Φ∈DI

‖∆Θ−∆Φ‖

=M(Θ) (40)

and

M(Φ̃Θ) = min
Φ∈DI

‖∆Φ̃Θ−∆Φ‖

= min
Φ∈DI

‖∆Φ̃∆Θ−∆Φ‖

≤ min
Φ∈DI

‖∆Φ̃∆Θ−∆Φ̃Φ‖

= min
Φ∈DI

‖∆Φ̃∆Θ−∆Φ̃∆Φ‖

≤ min
Φ∈DI

‖∆Φ̃‖‖∆Θ−∆Φ‖

≤ min
Φ∈DI

‖∆Θ−∆Φ‖

=M(Θ). (41)

Since the norm is sub-multiplicative with respect to tensor products, we have

M(Θ⊗ 1) = min
Φ∈DI

‖∆(Θ⊗ 1)−∆Φ‖

≤ min
Φ=Φ1⊗1∈DI

‖(∆Θ)⊗∆− (∆Φ1)⊗∆‖

= min
Φ1∈DI

‖(∆Θ−∆Φ1)⊗∆‖

≤ min
Φ1∈DI

‖∆Θ−∆Φ1‖‖∆‖

≤M(Θ). (42)
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Convexity is a consequence of absolute homogeneity and the triangle inequality. Choose Φ1, Φ2 such that

M(Θ) =‖∆Θ−∆Φ1‖,
M(Ψ) =‖∆Ψ−∆Φ2‖. (43)

Then, for 0 ≤ t ≤ 1, we find

M(tΘ + (1− t)Ψ) = min
Φ∈DI

‖∆(tΘ + (1− t)Ψ)−∆Φ‖

≤‖∆(tΘ + (1− t)Ψ)−∆(tΦ1 + (1− t)Φ2)‖
=‖t(∆Θ−∆Φ1) + (1− t)(∆Ψ−∆Φ2)‖
≤t‖∆Θ−∆Φ1‖+ (1− t)‖∆Ψ−∆Φ2‖
=tM(Θ) + (1− t)M(Ψ). (44)

Theorem 8. The functional

M�(Θ) = min
Φ∈DI

‖∆Θ−∆Φ‖� (45)

is a measure in the detection-incoherent setting. We call this measure the diamond measure.

Proof. The diamond norm of a quantum operation is equal to one, the diamond norm is sub-multiplicative and sub-multiplicative
with respect to tensor products [3].

Theorem 9. The functional

M̃�(Θ) = min
Φ∈DI

max
|ψ〉
‖∆ (Θ− Φ) |ψ〉〈ψ|‖1 (46)

is a measure in the detection-incoherent setting. We call it the NSID-measure (nonstochasticity in detection).

Proof. Since the induced trace norm is not sub-multiplicative with respect to tensor products, we cannot use Prop. 7. To begin
the proof, we notice that by convexity,

max
|ψ〉
‖∆ (Θ− Φ) |ψ〉〈ψ|‖1 = max

σ
‖∆ (Θ− Φ)σ‖1. (47)

For Φ̃ ∈ DI, we have

M̃�(Φ̃) = min
Φ∈DI

max
|ψ〉
‖∆
(

Φ̃− Φ
)
|ψ〉〈ψ|‖1

≤max
|ψ〉
‖∆
(

Φ̃− Φ̃
)
|ψ〉〈ψ|‖1

=0 (48)

and for ∆Θ 6= ∆Θ∆, there exists for all Φ ∈ DI a |ψ〉 such that we have (∆Θ−∆Φ∆)|ψ〉〈ψ| 6= 0. Since ‖ · ‖1 is a norm, this
proves faithfulness.

From this follows, again for Φ̃ ∈ DI,

M̃�(ΘΦ̃) = min
Φ∈DI

max
σ
‖∆
(

ΘΦ̃− Φ
)
σ‖1

≤ min
Φ∈DI

max
σ
‖∆
(

ΘΦ̃− ΦΦ̃
)
σ‖1

= min
Φ∈DI

max
σ
‖∆ (Θ− Φ) Φ̃σ‖1

= min
Φ∈DI

max
ρ=Φ̃σ

‖∆ (Θ− Φ) ρ‖1

≤ min
Φ∈DI

max
σ
‖∆ (Θ− Φ)σ‖1

=M̃�(Θ), (49)
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where we used in the second line that ΦΦ̃ ∈ DI if Φ, Φ̃ ∈ DI. Using that the trace norm is contractive under CPTP maps, we
find

M̃�(Φ̃Θ) = min
Φ∈DI

max
σ
‖∆
(

Φ̃Θ− Φ
)
σ‖1

≤ min
Φ∈DI

max
σ
‖∆
(

Φ̃Θ− Φ̃Φ
)
σ‖1

= min
Φ∈DI

max
σ
‖∆Φ̃∆ (Θ− Φ)σ‖1

≤ min
Φ∈DI

max
σ
‖∆ (Θ− Φ)σ‖1

=M̃�(Θ). (50)

With the help of Lem. 14 follows

M̃�(Θ⊗ 1) = min
Φ̃∈DI

max
σ

∥∥∥∆
(

Θ⊗ 1− Φ̃
)
σ
∥∥∥

1

≤ min
Φ∈DI

max
σ
‖∆ (Θ⊗ 1− Φ⊗ 1)σ‖1

= min
Φ∈DI

max
σ
‖ (∆Θ⊗ 1−∆Φ⊗ 1) (1⊗∆)σ‖1

= min
Φ∈DI

max
ρ=(1⊗∆)σ

‖ (∆Θ⊗ 1−∆Φ⊗ 1) ρ‖1

≤ min
Φ∈DI

max
qa|b,pb,|φa|b,b〉

∥∥∥∥∥∥
∑

a,b

qa|bpb (∆Θ⊗ 1−∆Φ⊗ 1) |φa|b, b〉〈φa|b, b|

∥∥∥∥∥∥
1

≤ min
Φ∈DI

max
qa|b,pb,|φa|b,b〉

∑

a,b

qa|bpb‖ (∆Θ⊗ 1−∆Φ⊗ 1) |φa|b, b〉〈φa|b, b|‖1

≤ min
Φ∈DI

∑

a,b

qa|bpb max
|φ,i〉
‖ (∆Θ⊗ 1−∆Φ⊗ 1) |φ, i〉〈φ, i|‖1

= min
Φ∈DI

max
|φ〉,|i〉

‖ [(∆Θ−∆Φ) |φ〉〈φ|]⊗ |i〉〈i|‖1

= min
Φ∈DI

max
|φ〉,|i〉

‖ (∆Θ−∆Φ) |φ〉〈φ|‖1‖|i〉〈i|‖1

= min
Φ∈DI

max
|φ〉
‖ (∆Θ−∆Φ) |φ〉〈φ|‖1

=M̃�(Θ). (51)

Convexity is a consequence of absolute homogeneity and the triangle inequality. Choose Φ1, Φ2, σ1, σ2 such that

M̃�(Θ) =‖ (∆Θ−∆Φ1)σ1‖1
M̃�(Ψ) =‖ (∆Ψ−∆Φ2)σ2‖1. (52)

Then, for 0 ≤ t ≤ 1, we find

M̃�(tΘ + (1− t)Ψ) = min
Φ∈DI

max
σ
‖ [∆(tΘ + (1− t)Ψ)−∆Φ]σ‖1

≤max
σ
‖ [∆(tΘ + (1− t)Ψ)−∆(tΦ1 + (1− t)Φ2)]σ‖1

= max
σ
‖t(∆Θ−∆Φ1)σ + (1− t)(∆Ψ−∆Φ2)σ‖1

≤max
σ

[t‖ (∆Θ−∆Φ1)σ‖1 + (1− t)‖ (∆Ψ−∆Φ2)σ‖1]

≤max
σ

t‖ (∆Θ−∆Φ1)σ‖1 + max
σ

(1− t)‖ (∆Ψ−∆Φ2)σ‖1
=tM(Θ) + (1− t)M(Ψ). (53)
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Proposition 10. The maximum value of M̃�(Θ) for Θ a quantum channel with input of dimension n and output of dimension m
is given by

2(N0 − 1)

N0
, (54)

where N0 = min{n,m}. It is both saturated by a Fourier transform in a subspace of dimension N0 and by a measurement in
the Fourier basis, encoding the outcomes in the incoherent basis.

Proof. We first prove the bound given in the proposition. We need to distinguish two cases.
For n ≤ m:

min
Φ∈DI

max
ρ
‖∆(Λ− Φ)ρ‖1

≤ min
Φ̃∈DI

max
ρ

∥∥∥∆(Λ− Λ∆Φ̃)ρ
∥∥∥

1

= min
Φ̃∈DI

max
ρ

∥∥∥∆Λ(1n −∆Φ̃)ρ
∥∥∥

1

≤ min
Φ̃∈DI

max
ρ

∥∥∥(1n −∆Φ̃)ρ
∥∥∥

1

≤ max
ρ

∥∥∥∥ρ−
1n

n

∥∥∥∥
1

=

∥∥∥∥|1〉〈1| −
1n

n

∥∥∥∥
1

= (1− 1/n) + (n− 1)/n

=
2(n− 1)

n
. (55)

For n ≥ m:

min
Φ∈DI

max
ρ
‖∆(Λ− Φ)ρ‖1

≤ max
ρ

∥∥∥∥∆Λρ− 1m
m

∥∥∥∥
1

≤
∥∥∥∥|1〉〈1| −

1m

m

∥∥∥∥
1

= (1− 1/m) + (m− 1)/m

=
2(m− 1)

m
. (56)

That the Fourier transform (FT ), or the measurement in the Fourier basis, saturate the bound follows from the fact that inputting
the N0 states that are sent to the respective orthogonal incoherent states, one gets ∆Φρ = ∆Φ∆N0

ρ = ∆Φ
1N0

N0
, where we

assumed without loss of generality that FT acts non-trivially on the span of the first N0 states and 1N0
denotes the identity on

this space (and the first equality comes from Φ ∈ DI). Assuming that Φ does not act as the identity superoperator for these
test-states, results in one of the respective resulting states having a bigger distance than 2(N0−1)

N0
. Therefore the distance is at

least given by 2(N0−1)
N0

; i.e. the Fourier transform saturates the bound.

III. SEMIDEFINITE PROGRAM FOR THE DIAMOND MEASURE.

For a quantum operation Θ = ΘB←A, we define its corresponding Choi state [4, 5] by

J(Θ) =
∑

i,j

Θ(|i〉〈j|)⊗ |i〉〈j|. (57)
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The diamond measure can be calculated efficiently using the semidefinite program

Primal problem Dual problem
minimize: 2‖ trB(Z)‖∞ maximize: 2 (tr(J(∆Θ)X)− tr(Y2))

subject to: Z ≥ J(∆Θ)−W, subject to: X ≤ 1B ⊗ ρ : ρ ≥ 0, tr(ρ) = 1,

[1−∆]W = 0, [1−∆]Y1 −X + 1B ⊗ Y2 ≥ 0,

trB(W ) = 1A, X ≥ 0,

Z ≥ 0, Y1 = Y †1 ,

W ≥ 0, Y2 = Y †2 , (58)

which is based on [6]. Strong duality holds. Note that trB is the partial trace over the first subsystem since J(∆Θ) ∈ B ⊗ A
(see Eq. (57)).

Proof. According to [6], ‖∆Θ−∆Φ‖� is the optimal value of

minimize: 2‖ trB(Z)‖∞
subject to: Z ≥ J(∆Θ−∆Φ),

Z ≥ 0. (59)

Therefore, M�(Θ) = minΦ∈DI ‖∆Θ−∆Φ‖� is the optimal value of

minimize: 2‖ trB(Z)‖∞
subject to: Z ≥ J(∆Θ−∆Φ),

Φ ∈ DI,
Z ≥ 0. (60)

For Φ ∈ DI, we find

J(∆Φ) =J(∆Φ∆)

=
∑

i,k

Φi,ik,k|k〉〈k|B ⊗ |i〉〈i|A (61)

with Φi,ik,k = p(k|i) according to Eq. (15). Thus (60) is equivalent to

minimize: 2‖ trB(Z)‖∞
subject to: Z ≥ J(∆Θ)−W,

[1−∆]W = 0,

trB(W ) = 1A,

Z ≥ 0,

W ≥ 0, (62)

which is the primal problem. This can be reformulated as

minimize: a

subject to: a1A − 2 trB(Z) ≥ 0,

Z ≥ J(∆Θ)−W,
[1−∆]W = 0,

trB(W ) = 1A,

Z ≥ 0,

W ≥ 0,

a ≥ 0. (63)
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The corresponding Lagrangian is given by

L
(
a, Z,W, X̃,X, Y1, Y2

)
=a+ tr

(
(2 trB Z − a1A) X̃

)
+ tr ((J (∆Θ)−W − Z)X)

+ tr ([1−∆] (W )Y1) + tr ((trBW − 1A)Y2) (64)

and the dual function by

q
(
X̃,X, Y1, Y2

)
= inf
a,Z,W≥0

L
(
a, Z,W, X̃,X, Y1, Y2

)

= inf
a,Z,W≥0

tr (J (∆Θ)X)− tr (Y2) + a
(

1− tr X̃
)

+ 2 tr
(
trB (Z) X̃

)

− tr (ZX) + tr (WY1)− tr (∆ [W ]Y1)− tr (WX) + tr (trB (W )Y2) . (65)

With

tr
(
trB (Z) X̃

)
= tr

(
Z
(
1B ⊗ X̃

))
(66)

and

tr (∆ [W ]Y1) = tr (W∆ [Y1]) (67)

follows

q
(
X̃,X, Y1, Y2

)
= inf
a,Z,W≥0

tr (J (∆Θ)X)− tr (Y2) + a
(

1− tr X̃
)

+ tr
(
Z
(

21B ⊗ X̃ −X
))

+ tr (W (Y1 −∆Y1 −X + 1B ⊗ Y2))

=

{
tr (J (∆Θ)X)− tr (Y2) if tr X̃ ≤ 1 ∧ 21B ⊗ X̃ −X ≥ 0 ∧ Y1 −∆Y1 −X + 1B ⊗ Y2 ≥ 0,

−∞ else.
(68)

Thus the dual problem is given by

maximize: tr (J (∆Θ)X)− tr (Y2)

subject to: tr X̃ ≤ 1,

21B ⊗ X̃ −X ≥ 0,

Y1 −∆Y1 −X + 1B ⊗ Y2 ≥ 0,

X̃ ≥ 0,

X ≥ 0,

Y1 = Y †1 ,

Y2 = Y †2 . (69)

Assume X̃ ≥ 0 and tr X̃ < 1. Then X̃ ′ := 1
tr X̃

X̃ = (1 + c) X̃ has trace one, is positive semidefinite and

21B ⊗ X̃ ′ −X = 21B ⊗ X̃ −X + 2c1B ⊗ X̃ (70)

is positive semidefinite for all X that satisfy 2X̃ ⊗ 1B −X ≥ 0. Thus we can simplify the dual problem to

maximize: tr (J (∆Θ)X)− tr (Y2)

subject to: X ≤ 21B ⊗ ρ : ρ ≥ 0, tr(ρ) = 1,

Y1 −∆Y1 −X + 1B ⊗ Y2 ≥ 0,

X ≥ 0,

Y1 = Y †1 ,

Y2 = Y †2 . (71)
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Finally we can define X ′ = 1
2X , Y ′1 = 1

2X and Y ′2 = 1
2X to arrive at the dual problem stated.

To show that strong duality holds, we write the primal problem as

minimize: 2‖ trB(Z)‖∞
subject to: J(∆Θ)−W − Z ≤ 0,

− Z ≤ 0,

−W ≤ 0,

[1−∆]W = 0,

trB(W ) = 1A. (72)

According to [7], strong duality holds if there exist Z ′,W ′ such that the equality constraints are satisfied and the inequality
constraints are strictly satisfied. If we choose

Z ′ = 1B ⊗ 1A + J(∆Θ),

W ′ =
1

dimB
1B ⊗ 1A, (73)

this is obviously the case.

IV. OPERATIONAL INTERPRETATION OF THE NSID-MEASURE

In the following, we complete the proof of the operational interpretation of the NSID-measure given in the main text. What
remains to show is the identity

Pc(1/2,Θ0,Θ1) =
1

2
+

1

4
max
|ψ〉
‖∆ (Θ0 −Θ1) |ψ〉〈ψ|‖1. (74)

First we show the following proposition, which is a special case of results in [8]. For completeness, we give a direct proof.

Proposition 16. Assume you obtain a single copy of a quantum state which is with probability λ equal to ρ0 and with probability
1 − λ equal to ρ1. The optimal probability Pc(λ, ρ0, ρ1) to correctly guess i = 0, 1 when one can perform only incoherent
measurements is given by

Pc(λ, ρ0, ρ1) =
1

2
+

1

2
‖∆ (λρ0 − (1− λ)ρ1) ‖1.

Proof. The optimal strategy to correctly guess i is based on the outcome of an dichotomic POVM {P0, P1 = 1− P0} in the set
of allowed measurements where we guess i whenever we measured i. This can be seen by the following arguments: In the end,
we have to make a dichotomic guess. This can only be based on a the outcomes of an (not necessarily dichotomic) incoherent
POVM. In principle, we could post-process the measurement outcomes in a stochastic manner to arrive at our dichotomic guess.
However, this stochastic post-processing can be incorporated into the definition of a new incoherent POVM. In addition, an
optimal strategy includes the usage of all information obtainable, therefore the task consists in finding an optimal P0.

Let us define

ρ = λρ0 + (1− λ)ρ1,

X = λρ0 − (1− λ)ρ1 (75)

and I = {i : Xi,i = 〈i|X |i〉 > 0}. For a fixed and not necessarily optimal P0, the probability Pc(P0;λ, ρ0, ρ1) to guess
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correctly is then given by

Pc(P0;λ, ρ0, ρ1) =λ tr (P0ρ0) + (1− λ) tr (P1ρ1)

= tr

(
P0
ρ+X

2

)
+ tr

(
P1
ρ−X

2

)

= tr

[
(P0 + P1)

ρ

2
+ (P0 − P1)

X

2

]

=
1

2
+ tr

[
(2P0 − 1)

X

2

]

=
1

2
+ tr [P0X]− 1

2
(λ− (1− λ))

=(1− λ) +
∑

i

P 0
i Xi,i (76)

and

Pc(λ, ρ0, ρ1) = max
P0

Pc(P0;λ, ρ0, ρ1)

=(1− λ) + max
P0

∑

i

P 0
i Xi,i

=(1− λ) +
∑

i∈I
Xi,i. (77)

In addition,

1

2
+

1

2
‖∆ (λρ0 − (1− λ)ρ1) ‖1 =

1

2
+

1

2

∥∥∥∥∥
∑

i

(
λρ0

i,i − (1− λ)ρ0
i,i

)
|i〉〈i|

∥∥∥∥∥
1

=
1

2
+

1

2

∑

i

∣∣λρ0
i,i − (1− λ)ρ0

i,i

∣∣

=
1

2
+

1

2

∑

i

|Xi,i|

=
1

2
+

1

2

[∑

i∈I
Xi,i −

∑

i∈Ic
Xi,i

]

=
1

2
+

1

2

[
2
∑

i∈I
Xi,i −

∑

i

Xi,i

]

=
1

2
+

1

2

[
2
∑

i∈I
Xi,i − (2λ− 1)

]

=(1− λ) +
∑

i∈I
Xi,i, (78)

which finishes the proof.

This allows us to obtain a slightly more general result than needed.

Proposition 17. Assume you obtain a single copy of a quantum channel which is with probability λ equal to Θ0 and with
probability 1 − λ equal to Θ1. The optimal probability Pc(λ,Θ0,Θ1) to correctly guess i = 0, 1 if one can perform only
incoherent measurements is given by

Pc(λ,Θ0,Θ1) =
1

2
+

1

2
max
|ψ〉
‖T |ψ〉〈ψ|‖1

(79)

for

T = ∆ [λΘ0 − (1− λ) Θ1] . (80)
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Proof. The optimal probability to guess correctly is given by the optimal probability to distinguish σ0 = (Θ0 ⊗ 1)σ and
σ1 = (Θ1 ⊗ 1)σ for optimal σ (note that this includes the strategy of applying Θi ⊗ E to σ for an quantum channel E).
Therefore we have

Pc(λ,Θ0,Θ1) = max
σ

1

2
+

1

2
‖∆ [λΘ0 ⊗ 1− (1− λ)Θ1 ⊗ 1]σ‖1. (81)

However, using Lem. 14

max
σ
‖∆ [λΘ0 ⊗ 1− (1− λ)Θ1 ⊗ 1]σ‖1 = max

σ
‖ (T ⊗∆)σ‖1

= max
σ
‖ (T ⊗ 1) (1⊗∆)σ‖1

= max
ρ=(1⊗∆)σ

‖ (T ⊗ 1) ρ‖1

= max

∥∥∥∥∥∥
∑

a,b

qa|bpb (T ⊗ 1) |φa|b, b〉〈φa|b, b|

∥∥∥∥∥∥
1

≤max
∑

a,b

qa|bpb‖ (T ⊗ 1) |φa|b, b〉〈φa|b, b|‖1

≤
∑

a,b

qa|bpb max
|φ〉,|i〉

‖ (T ⊗ 1) |φ〉〈φ| ⊗ |i〉〈i|‖1

= max
|φ〉,|i〉

‖T |φ〉〈φ|‖1 ‖|i〉〈i|‖1

= max
|φ〉
‖T |φ〉〈φ|‖1. (82)

V. EVALUATING THE NSID-MEASURE

In this section, we show how the NSID-measure can be evaluated. We first give an overview of the main ideas and steps. From
the definition of the trace norm in the main text and its convexity follows directly that

M̃�(Θ) = min
Φ∈DI

max
ρ

tr |∆(Θ− Φ)ρ| , (83)

where the maximization is over mixed states. The idea is to separate this into an inner and an outer program and to use them
iteratively. The outer program is given by

min
Φ∈DI

max
ρ∈D(n)

tr |∆(Θ− Φ)ρ| , (84)

where D(n) is a discrete set of states. Due to this discreteness, we can rephrase this program as a linear program. Since the only
difference to the original program is that we discretized the set of states, its optimal value yields a lower bound to the optimal
value of (83). Using the optimal Φn which achieves this bound, we can then calculate a ρn as the optimal point of the inner
program

max
ρ

tr |∆(Θ− Φn)ρ| . (85)

This problem can be formulated as a branch and bound problem with semidefinite branches. Since the only difference to the
original program is that we do not minimize over Φ, we get an upper bound to the optimal value of (83). Adding to D(n) a basis
which is obtained by rotating ρn around the incoherent axis, we obtain D(n+ 1). This new set is used as the input for the next
iteration. Once the bounds coincide to the required accuracy, the problem is solved. In the following, we present the missing
details.

First we formulate the program for the upper bound,

max
ρ

tr |∆(Θ− Φn)ρ| , (86)
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as a branch and bound problem. Using the short hand notation Jn = J(∆(Θ−Φn)), we will show that the optimal value of the
above optimization problem is equivalent to the optimal value of

minimize: − 2 tr[XJn]

subject to: X =
⊕

i

ρi,

0 ≤ ρi ≤ ρ,
tr[ρi] = B(i),

ρ ≥ 0,

tr(ρ) = 1,

B(i) ∈ {0, 1}. (87)

Note that for fixed B, this is a semidefinite program. We thus just need to minimize the different programs over the possible
choices of B.

We first show now that (86) is equivalent to

minimize: − 2 tr[P tr2[(1⊗ ρ)Jn]]

subject to: ρ ≥ 0,

tr(ρ) = 1,

P 2 = P,

P ≥ 0, (88)

where the last line means that P is a projector, and the minimization implies that the optimal P0 for any fixed state ρ0 is the
projector onto the positive part of tr2[(1⊗ ρ0)Jn] = (∆(Θ− Φn))[ρ0]. Now we note that

tr[P0(∆(Θ− Φn))[ρ0]] = − tr[(1− P0)(∆(Θ− Φn))[ρ0]], (89)

since (∆(Θ− Φn)) is the difference of two trace preserving maps. This implies that

2 tr[P0 tr2[(1⊗ ρ0)Jn]] = tr |(∆(Θ− Φn))[ρ0]| , (90)

for any fixed state ρ0, which gives the equivalence to (86).
Since (∆(Θ − Φn))[ρ0] = tr2[(1 ⊗ ρ0)Jn] is diagonal in the incoherent basis, the optimal P0 for (88) is diagonal as well.

Then we can restrict the optimization to these P . But diagonal P can be rewritten as P = diag(B), with B a vector with
components either 0 or 1. The next step is to write

tr[P tr2[(1⊗ ρ)Jn]] = tr[(P ⊗ 1)(1⊗ ρ)Jn] = tr[(P ⊗ ρ)Jn] = tr[(diag(B)⊗ ρ)Jn] = tr[(⊕iB(i)ρ)Jn]. (91)

This means that (86) is equivalent to the problem

minimize: − 2 tr[XJn]

subject to: X =
⊕

i

B(i)ρ,

ρ ≥ 0,

tr(ρ) = 1,

B(i) ∈ {0, 1} (92)

or

minimize: − 2 tr[XJn]

subject to: X =
⊕

i

B(i)ρ̃i,

B(i)ρ̃i = B(i)ρ,

tr[B(i)ρ̃i] = B(i),

ρ ≥ 0,

tr(ρ) = 1,

B(i) ∈ {0, 1}. (93)
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Note that the constraint tr[B(i)ρ̃i] = B(i) in the above program is always satisfied if the other constraints hold. We arrive at (87)
by defining B(i)ρ̃i = ρi and relaxing the constraint ρi = B(i)ρ to 0 ≤ ρi ≤ ρ. On the other hand, given the constraints of (87)
are valid, if B(i) = 0, from 0 ≤ ρi and tr[ρi] = B(i) = 0 it follows that ρi = 0 and therefore ρi = 0 = B(i)ρ. If B(i) = 1,
ρ− ρi is a traceless hermitian operator and by the condition ρi ≤ ρ it is also positive. Hence it is zero and ρi = ρ = B(i)ρ. This
proves the equivalence of (87) to (93) and finally to (86).

Next we formulate the linear program for the lower bound. The outer problem, giving the lower bound, is given by

minimize: max
ρi∈D(n)

tr |(∆(Θ− Φ))[ρi]|

subject to: Φ ∈ DI. (94)

First we note that Φ ∈ DI implies that S := J(∆Φ) is diagonal and therefore only defined by the transition probabilities
p(k|l) from the populations of the input states to the ones of the output states. Secondly we can calculate σi = ∆Θ[ρi] for each
ρi ∈ D(n). Then we see that the only quantities that matter are the diagonal elements ri of ρi, and si of σi and we get the
program

minimize: max
i

∑

k

∣∣∣∣∣si(k)−
∑

l

p(k|l)ri(l)
∣∣∣∣∣

subject to:
∑

k

p(k|l) = 1 ∀l,

p(k|l) ≥ 0 ∀k, l. (95)

Since both ∆Θ and ∆Φ are trace preserving operations,

tr |(∆(Θ− Φ))[ρi]| = 2 tr (Pos ((∆(Θ− Φ)) [ρi])) (96)

where Pos denotes the positive part of an operator. From this follows that (95) is equivalent to

minimize: 2x

subject to: x ≥
∑

k

Tk,i ∀i,

Tk,i ≥ 0 ∀i, k,
Tk,i ≥ si(k)−

∑

l

p(k|l)ri(l) ∀i, k,
∑

k

p(k|l) = 1 ∀l,

p(k|l) ≥ 0 ∀k, l. (97)

For N = |D(n)| and ρi ∈ D(n), introducing the matrices R ∈ Rdin×N by R(:, i) = diag(ρi), and S ∈ Rdout×N by S(:, i) =
diag(∆Θ[ρi]) leads to

minimize: 2x

subject to: x ≥
∑

k

Tk,i ∀i,

Tk,i ≥ 0 ∀i, k,
Tk,i ≥ Sk,i − (PR)k,i ∀i, k,∑

k

Pk,l = 1 ∀l,

Pk,l ≥ 0 ∀k, l,
T ∈ Rdout×N ,

P ∈ Rdout×din . (98)

VI. EXAMPLES

In this section, we calculate the measures introduced in the main text for two quantum channels acting on qutrits. For the first
example, we mix the total dephasing operation ∆ from the main text, which is free, with the quantum Fourier transformation



16

FT , which is most valuable according to the NSID-measure (see Prop. 10). For 0 ≤ p ≤ 1, we denote the resulting map by Θ,

Θ(ρ) = (1− p)∆ρ+ p FTρ. (99)

Since Θ is free for p = 0, both measures are zero in this case. For p 6= 0, the operation is non-free, leading to non-zero measures.
This is shown in Fig. 1, where it is also shown that in the case of Θ, the two measures are equal within numerical precision. To
show that this is not always the case, we present a second example, which is given by

Λ(ρ) = (1− p)∆ρ+ p
3∑

n=1

KnρK
†
n, (100)

where again 0 ≤ p ≤ 1 and

K1 =
1√
4



−1 1 0
0 0 0
1 1 0


 ,K2 =

1√
4




1 0 −1
1 0 1
0 0 0


 ,K3 =

1√
4




0 −1 1
0 0 0
0 1 1


 . (101)

As shown in Fig. 1, the two measures are different for Λ and the diamond measure is, for given p, larger than the NSID-measure.
In general, as can be seen directly form the definitions, the diamond measure is an upper bound to the NSID-measure. As
expected from Prop. 10, Θ is more ”valuable” than Λ for the same p.

M⋄(Θ)=M

⋄(Θ)

M⋄(Λ)

M

⋄(Λ)

0.2 0.4 0.6 0.8 1.0
p

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Figure 1. In this figure, the diamond measure M� and the NSID-measure M̃� are plotted for the two exemplary quantum operations Θ and Λ.

VII. A MEASURE FOR DETECTION-CREATION INCOHERENT OPERATIONS

Finally we want to give at least one example for a measure in the detection-creation-incoherent setting, which has been
introduced in [9]. Therefore we denote by S(·‖·) the (quantum) relative entropy.

Proposition 18. The functional Mc defined as [9]

Mc (Θ) = sup
ρ
S
(

Θ∆ρ
∥∥∥∆Θρ

)
(102)

is a measure in the detection-creation-incoherent setting.
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Proof. Monotonicity under left and right composition is shown in [9] and faithfulness is given by the property of the relative
entropy that S(ρ‖σ) = 0 if and only if ρ = σ. From Lem. 14, we know that the eigenvectors of 1A ⊗∆B(ρA,B) are separable.
For Γb(ρ) = ρ⊗ |b〉〈b| and using joint convexity and contractivity, we can then prove

Mc (Θ⊗ 1) = sup
ρ
S
(

(Θ⊗ 1)∆ρ
∥∥∥∆(Θ⊗ 1)ρ

)

= sup
ρ
S
(

((Θ∆)⊗ 1)(1⊗∆)ρ
∥∥∥((∆Θ)⊗ 1)(1⊗∆)ρ

)

= sup
σ=(1⊗∆)ρ

S
(

((Θ∆)⊗ 1)σ
∥∥∥((∆Θ)⊗ 1)σ

)

= sup
qa|b,pb,|φa|b,b〉

S


((Θ∆)⊗ 1)

∑

a,b

qa|bpb|φa|b, b〉〈φa|b, b|
∥∥∥∥∥((∆Θ)⊗ 1)

∑

a,b

qa|bpb|φa|b, b〉〈φa|b, b|




≤ sup
qa|b,pb,|φa|b,b〉

∑

a,b

qa|bpbS
(

((Θ∆)⊗ 1)|φa|b, b〉〈φa|b, b|
∥∥∥((∆Θ)⊗ 1)|φa|b, b〉〈φa|b, b|

)

= sup
|φ,b〉

S
(

((Θ∆)⊗ 1)|φ, b〉〈φ, b|
∥∥∥((∆Θ)⊗ 1)|φ, b〉〈φ, b|

)

= sup
|φ〉,b

S
(

ΓbΘ∆|φ〉〈φ|
∥∥∥Γb∆Θ|φ〉〈φ|

)

≤ sup
|φ〉

S
(

Θ∆|φ〉〈φ|
∥∥∥∆Θ|φ〉〈φ|

)

≤ sup
ρ
S
(

Θ∆ρ
∥∥∥∆Θρ

)

=Mc(Θ). (103)

In addition, we have

Mc(Θ) = sup
ρ
S
(

Θ∆ρ
∥∥∥∆Θρ

)

= sup
ρ
S
(
trB (((Θ∆)⊗ 1) (ρ⊗ |1〉〈1|))

∥∥∥ trB (((∆Θ)⊗ 1) (ρ⊗ |1〉〈1|))
)

≤ sup
ρ
S
(

((Θ∆)⊗ 1) (ρ⊗ |1〉〈1|)
∥∥∥ ((∆Θ)⊗ 1) (ρ⊗ |1〉〈1|)

)

= sup
ρ
S
(

(Θ⊗ 1) ∆ (ρ⊗ |1〉〈1|)
∥∥∥∆ (Θ⊗ 1) (ρ⊗ |1〉〈1|)

)

≤ sup
ρ
S
(

(Θ⊗ 1)∆ρ
∥∥∥∆(Θ⊗ 1)ρ

)

=Mc (Θ⊗ 1) (104)

and thus

Mc(Θ) = Mc(Θ⊗ 1). (105)

Convexity is given by

Mc

(∑

i

qiΘi

)
= sup

ρ
S

(∑

i

qiΘi∆ρ

∥∥∥∥∥
∑

i

qi∆Θiρ

)

≤ sup
ρ

∑

i

qiS
(

Θi∆ρ
∥∥∥∆Θiρ

)

≤
∑

i

qi sup
ρ
S
(

Θi∆ρ
∥∥∥∆Θiρ

)

=
∑

i

qiMc(Θi). (106)
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VIII. ON THE NEED OF RESOURCE THEORIES ON THE LEVEL OF OPERATIONS

In this section, we will underpin our claim in the main text that resource theories on the level of operations are not only
meaningful but essential unifying concepts in the theory of resources. Sticking to the spirit of this work, we will do this at the
example of coherence.

First, let us clarify why we cannot quantify the coherence of an operation by the coherence of its corresponding Choi state
(see Eq. (57)). Conceptually, the question whether this is possible can only be answered after one clarified how to quantify
the coherence of operations, which we did in the main text. The Choi-Jamiolkowski isomorphism [4, 5] defines a one-to-one
mapping between linear maps from Cn,n to Cm,m and linear operators on Cnm. This isomorphism allows for many useful
associations, including a correspondence between CPTP maps and positive semidefinite operators [4]. However, this does not
imply that we can associate all properties of maps straightforwardly with the “similar” properties of their corresponding Choi
states. From a mathematical point of view, this should be clear: A priori, an isomorphism is simply a one-to-one mapping, and
therefore, there is not necessarily a straight forward correspondence between “similar” properties.

In particular, the coherence of a quantum operation, i.e. its ability to create or detect coherence, cannot be identified in a trivial
way with the coherence of its Choi state (although this is claimed in [10]). Consider for example the identity channel, which can
neither detect nor create coherence. The corresponding Choi state has coherence. However, the total dephasing operation ∆,
which is also incapable of detecting or creating coherence, corresponds to an incoherent Choi state. Of course it is possible to
map conditions on a quantum operation to restrictions on the corresponding Choi state, which we exploited in the semidefinite
program calculating the diamond measure. Directly applying the isomorphism, it is easy to show that a Choi state J represents
an detection-incoherent operation if and only if

J ≥ 0, trB J = 1A, (∆B ⊗ 1A)J = ∆BAJ, (107)

where the first condition ensures complete positivity, the second trace preservation and the third one detection-incoherence.
There also exist operational settings in which the value of a quantum operation is described by the coherence of the corresponding
Choi state, see for example [11]. However, these settings are not related to the detection or creation of coherence.

Next we will demonstrate that it is impossible to quantify the coherence detection ability of operations in the known coherence
theories that are formulated on the level of states. As discussed in the main text, this serves as an example that there exist
resources which cannot be captured on the level of states. To do this, we first need to clarify when an operation can detect
coherence and when not. As demonstrated in the main text, a quantum operation can detect coherence if and only if it can
transform coherences to populations. The coherence generation capacity of a quantum operation mentioned in the introduction
of the main text is, as the name says, connected to the generation of coherence and therefore clearly not the figure of merit when
we intend to analyze the detection of coherence. Indeed, there are operations that can create coherence but not detect it and vice
versa. The other quantity used to analyze the value of operations is the resource cost. However, as we will show in the following,
this quantity is trivial for all sets of incoherent operations appearing in the literature, which we will list in the following.

The largest set of operations that do not generate coherence on average are called maximally incoherent operations (MIO) [12].
A subset of these operations are the incoherent operations (IO), which do not generate coherence even if subselection is al-
lowed [13]. The set of incoherent operations in turn contains the incoherent operations on the wire (LOP), which were introduced
in the operationally motivated framework of local operations and physical wires [14].

Operations that cannot detect coherence on average (see this work and [15]) contain as subsets DIO [9, 15–19] introduced in
the main text, strictly incoherent operations (SIO) [20], translationally-invariant operations (TIO) [17, 21], physical incoherent
operations (PIO) [16], genuinely incoherent operations (GIO) [22], fully incoherent operations (FIO) [22] and energy preserving
operations (EPO) [23]. See also the review article [24] for an overview over these sets of operations and further references.

Let us begin with the resource cost of free operations that cannot detect coherence. Assume that an operation Θ can be
simulated by a fixed operation Φ ∈ DI and the consumption of a fixed state ρ in the sense that

Θ(σ) = Φ(σ ⊗ ρ) ∀σ. (108)

From this follows

∆Θσ = ∆Φ(σ ⊗ ρ) = ∆Φ∆(σ ⊗ ρ) = ∆Φ∆(∆σ ⊗ ρ) = ∆Φ(∆σ ⊗ ρ) = ∆Θ∆σ, (109)

where we made use of the fact that Φ ∈ DI means ∆Φ∆ = ∆Φ. Since this has to be valid for all σ (or equivalently for an
unknown σ) by assumption, we have Θ ∈ DI, independent of the choice of ρ. Therefore we cannot simulate any operation
that can detect coherence and the resource cost for these operations is not defined/infinity, turning the resource cost into a trivial
measure. Since FIO, GIO, PIO, SIO and DIO as well as TIO and EFO are subsets of DI, this is also the case for these sets of
free operations.

On the contrary, the resource cost is strictly zero for MIO, IO and LOP: Since the ability of an operation to detect coherences
depends only on the populations after the operation has been applied, ∆Θ can measure coherences equally well as Θ. Now
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take an arbitrary Kraus decomposition Kn of Θ. Then it is easy to check that Li,n = |i〉〈i|Kn forms a set of incoherent Kraus
operators implementing ∆Θ. Therefore measuring coherence is free in IO and consequently also in MIO. From the elemental
free operations in LOP follows directly that measuring coherences on the wire is free as well and hence the resource cost is
zero for LOP, IO and MIO as promised. This means that the resource cost to measure coherence is the same for all states in all
settings on the level of states, and therefore not a (faithful) measure.

The above arguments also show that it is impossible to construct any coherence theory on the level of states which leads to a
resource cost well suited to quantify the coherence detection ability of operations: If any operation that can detect coherence is
free, the resource cost is not faithful. Otherwise Eq. (109) applies and the resource cost is not defined.

In case we investigate the resource creation ability of operations, resource generation capacities become meaningful quantities
and allow to quantify the value of operations. But even in this case, a direct quantification using a resource theory of operations
has its advantage: Since there exists an infinitude of measures quantifying the amount of resources in states [25–27], there exist
also an infinitude of different resource generation capacities. This introduces a level of uncertainty about the quantification of
coherence on the level of states which we can avoid when using a resource theory on the level of operations.

Next we want to clarify how our work relates to the concept of coherence witnesses introduced in [28]. As the name suggest,
a coherence witness can be used to reveal the presence of coherences in certain states, but fails to detect it in others. Our
framework could therefore be used to quantify how well a given coherence witness is able to detect coherences.

Finally, let us show the relevance of coherence detecting operations in multi-path interferometric experiments, which are of
considerable importance both in fundamental science and technology [29–32]. We identify the different paths which the particles
can take inside the interferometer with pure incoherent states. Following [33], a (generalized) interferometric experiment consists
of three steps: first a state with some coherence is created (for example by a beam splitter), then some path-dependent phases
are imprinted on the state and finally a measurement extracting information about these phases takes place (usually involving
a second beam splitter and detectors). This setup is an particularly easy example to demonstrate why both the ability to create
coherence and the ability to detect it are valuable resources: If we cannot create coherence in the first step, the second step cannot
imprint the information we are interested in onto the state, since path-dependent phases only affect coherences. In addition, if we
cannot detect these coherences in the third step, we cannot acquire any information about the imprinted phases. It was analyzed
in [33] how the coherence after the first step influences the obtainable information about the phases when optimal detection
procedures are used in the third step. We leave it to future work to quantitatively connect the amount of information we can
extract and the dynamic properties of coherence, including its detection. The goal of this is not to describe a new experiment, but
to understand the relevance of quantum mechanical resources in technological applications. Such an improved understanding
facilitates an improved design of new technologies. These will be far more complex than interferometric experiments and are
assumed to give considerable advantages in communication, sensing, and computation. Our contribution consists in offering
tools to analyze the potential of such technologies in a systematic way.
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Quantum coherence is a fundamental resource that quantum technologies exploit to achieve performance
beyond that of classical devices. A necessary prerequisite to achieve this advantage is the ability of
measurement devices to detect coherence from the measurement statistics. Based on a recently developed
resource theory of quantum operations, here we quantify experimentally the ability of a typical quantum-
optical detector, the weak-field homodyne detector, to detect coherence. We derive an improved algorithm
for quantum detector tomography and apply it to reconstruct the positive-operator-valued measures of
the detector in different configurations. The reconstructed positive-operator-valued measures are then
employed to evaluate how well the detector can detect coherence using two computable measures. As the
first experimental investigation of quantum measurements from a resource theoretical perspective, our
work sheds new light on the rigorous evaluation of the performance of a quantum measurement apparatus.

DOI: 10.1103/PhysRevLett.125.060404

Introduction.—Quantum coherence plays an indispen-
sable role in quantum technologies including, for example,
quantum computation [1,2], quantum coding [3] and key
distribution [4], quantum metrology [5,6], and quantum
biology [7,8]. Therefore, the quantitative assessment of
quantum coherence as a resource has attracted widespread
interest [9–13]. Until recently, most of the research concerned
with the assessment of quantum coherence as a resource
focusedon thecoherence in quantumstates (seeRef. [13] for a
review). Following approaches in the resource theory of
entanglement [14,15], the coherence properties of quantum
operations have also begun to be examined by their ability to
create or increase coherence in quantum states [16–19].
However, to exploit quantum coherence for different

applications, it is generally insufficient to only create and
manipulate coherence: we also must be able to detect
coherence in the sense that its presence makes a difference
in measurement statistics [20–24]. To quantify how well a
measurement can detect coherence, a theoretical framework
in the form of a resource theory on the level of operations
has been proposed [23], allowing to address this question
rigorously (see Refs. [25–31] for related work). Other
approaches connecting measurements with quantum coher-
ence and resource theories were recently presented in
Refs. [32–34].

Here and in the following, the term measurement refers
to the whole measurement apparatus, which is treated as a
black box that takes quantum states as input and outputs a
classical signal. Hence, a measurement is fully character-
ized by its positive-operator-valued measure (POVM). Yet,
if we want to know how well a measurement can detect
coherence, we cannot simply refer to the POVM, as it
contains too much information. Instead, we want to obtain a
single number that describes the measurement’s perfor-
mance and, in particular, allows us to compare it to the
other measurements. Such a comparison can only be
sensible if we establish a well-motivated notion of what
it means that one measurement is better suited for detecting
coherence than another one, which is reflected in the
numbers associated to the measurements. Resource theories
are precisely developed for this task. From physically
motivated constraints, these mathematical frameworks
derive resource measures and their evaluation extracts,
e.g., the usefulness of the POVM in terms of the desired
single number. This systematic and objective approach
distinguishes measures derived within a resource theory
from ad hoc measures and is one of the reasons for the
popularity of resource theories.
Using the resource theory presented in Ref. [23], here we

quantify experimentally the capability of a measurement
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apparatus, the weak-field homodyne detector (WFHD)
[35,36], to detect coherence. In contrast to photon-counting
detectors that are sensitive to the intensity or particle
behavior of input light fields only [37], the WFHD mixes
the input light field with a phase-reference field, the local
oscillator (LO), at a beam splitter and thus is able to measure
the wavelike properties of the input field [38]. In this sense,
both the LO and the beam splitter are part of theWFHD. The
difference between a photon-counting detector and the
WFHD can be further revealed by the matrix representations
of their POVMs in photon-number basis: the former is
completely diagonal and hence incoherent, while the latter
has off-diagonal matrix elements and provides sensitivity to
the coherence of the input states. Moreover, the WFHD
can be tuned to interpolate continuously between photon-
counting (incoherent) measurements and phase-dependent
measurements by adjusting the intensity of the LO [39]. This
detector has found important applications in not only state
detection [40–42] and state discrimination [43,44], but also
for state preparation [45–49].
Detecting coherence.—To quantify how well a meas-

urement can detect coherence, we use the methods devel-
oped in Ref. [23]. In the following, we shortly review the
parts relevant for this Letter but refer to the original paper
for details. A quantum state ρ is called incoherent with
respect to a fixed orthonormal basis I ¼ fjiig if ρ is a
statistical mixture of elements of I, i.e., ρ ¼ P

i cijiihij. All
other states are coherent. The total dephasing operation Δ,
which is defined by

ΔðρÞ ¼
X

i

jiihijρjiihij; ð1Þ

is a resource destroying map [21], i.e., its output is always
incoherent and incoherent states are invariant under its
action. Now consider a POVM fΠn∶Πn ≥ 0;

P
nΠn ¼ 1g,

where 1 ¼ P
j jjihjj is the identity operator and Πn ¼

P
j;k π

j;k
n jjihkj is the POVM element associated to outcome

n. Such a POVM cannot detect coherence if its measure-
ment statistics pn ¼ trðρΠnÞ is independent of the coher-
ence within the input state, i.e.,

trðρΠnÞ ¼ tr½ΔðρÞΠn�; ∀ ρ; n: ð2Þ
This result implies that for an incoherent measurement
every Πn is diagonal in I [23], while if Πn has off-diagonal
elements the measurement will be able to detect coherence.
Storing measurement outcomes in the incoherent basis of

an auxiliary system, every quantum measurement can be
represented by a quantum channel, e.g., a POVM fΠng by

ΘðρÞ ¼
X

n

trðρΠnÞjnihnj: ð3Þ

Treating subselection this way, a general quantum oper-
ation Φ cannot detect coherence iff

ΔΦ ¼ ΔΦΔ: ð4Þ

The set of these detection-incoherent operations is denoted
by DI. This allows us to present two well defined and
computable functionals quantifying how well an operation
can detect coherence [23]; the diamond measure

M⋄ðΘÞ ¼ min
Φ∈DI

kΔðΘ −ΦÞk⋄ ð5Þ

and the nonstochasticity in detection (NSID) measure,

M̃⋄ðΘÞ ¼ min
Φ∈DI

kΔðΘ −ΦÞk1: ð6Þ

It is worthwhile to mention that the NSID measure is
directly related to the success probability of simulating Θ
by operations that cannot detect coherence. Furthermore,
the diamond measure provides an upper bound on the
average coherence that can be prepared remotely when the
measurement is applied on one part of the maximally
entangled bipartite state [see Sec. V of the Supplemental
Material (SM) [50] for details]. The coherence of a
quantum measurement can be evaluated in two steps:
map the measurement to a trace-preserving operation,
and then calculate the coherence of the operation using
Eq. (5) or Eq. (6). While these measures are generally
different, remarkably, for channels with output dimension
two (two measurement outcomes) we have been able to
prove that the two measures coincide (see Sec. VI of the
SM [50] for details).
Experimental setup.—The quantum detector we inves-

tigate here is a WFHD which is tunable with various
parameters. Similar to a standard homodyne detector, the
WFHD combines the input state with a coherent optical
field jαLOi, the LO. Yet the intensity of the LO jαLOj2 in
WFHD is reduced to low photon numbers. Therefore,
instead of photodiodes, a photon-counting detector, an
avalanche photodiode (APD) is used to detect the inter-
ference signal. Since the LO acts as a phase reference, a
WFHD is a phase sensitive detector, whose properties have
been well studied in [35,36,38].
In this Letter, we study the coherence in a WFHD, as

shown in Fig. 1, under various configurations. Since an
APD is a binary detector, there are two outcomes of the
detector: no-click (0) and click (1). We fix the ratio of the
beam splitter as 50∶50, and set the average photon number
of the LO jαLOj2 to five different values 0.5, 1, 2, 3, and 4.
For each LO intensity, the degree of the mode overlap
between the LO and the input state is chosen to be
M ¼ 99%; 85%; 75%. Because of the relatively complex
theoretical model of the detector and the experimental
imperfections that are difficult to calibrate accurately, we
apply quantum detector tomography [54–56] to character-
ize experimentally the detector for different configurations.
Quantum detector tomography (QDT) allows us to recon-
struct the POVM of an arbitrary quantum detector from the
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outcome statistics in response to a set of tomographically
complete probe states. In this Letter, we use a set of
coherent states jαi as the probe states, which can be
generated by modulating the amplitude and phase of the
output of a laser. The probe states interfere with the LO at a
50∶50 beam splitter with one output mode coupled into a
single mode fiber for APD detection. The other output
mode can be used for tracking the relative phase between
probe and LO states. More details of the experimental setup
can be found in the SM [50].
Experimental results.—We adopt a two-step method to

quantify the coherence of the WFHD: first we reconstruct
the POVM, which will then allow us to evaluate Eqs. (5)
or (6) using numerical methods [23]. In principle, recording
the statistics of the measurement outcomes for different

probe states, the POVM can be estimated by inverting a set
of linear equations given by the Born rule. However, taking
into account experimental imperfections and statistical
fluctuations, the POVM is usually reconstructed using a
constrained convex optimization program. Here, we follow
this approach and reconstruct the POVMs using an
improved QDT method based on [51,57]. We truncate
the Hilbert space at the photon number of 70 which is
sufficient to saturate the detector and reconstruct up to the
fifth leading diagonals of the POVM elements. The details
are given in the SM [50].
Before moving forward to quantitatively evaluate the

coherence of the POVMs with the diamond measure and
the NSID measure, we first compare the POVMs associated
to the different configurations of the WFHD. The recon-
structed POVM elements of the no-click outcome are given
in Fig. 2. We only present the diagonals (blue bars) and first
off-diagonals (green bars) to elucidate the difference
between different POVMs since they are the most significant
ones. The three rows (from top to bottom) correspond to
three different degrees of mode overlap between the input
states and the LO, M ¼ 99%; 85%; 75%, respectively. The
five columns (from left to right) represent the five different
average photon numbers of the LO used (jαLOj2 from 0.5
to 4). The complete POVMs are given in the SM [50].
The off-diagonal elements of the density matrix deter-

mine the coherence of a quantum state [10]. Recalling that
the matrices of an incoherent POVM are completely
diagonal in the incoherent basis, the off-diagonal part of
the POVM elements also plays an important role in
quantifying the coherence of a measurement. Indeed the
diamond measure is bounded from below by the off-
diagonal part of the POVM elements [50]. Therefore, we
start the discussion by focusing on the off-diagonal parts of
the POVMmatrices. For a fixed LO intensity, it can be seen
in Fig. 2 that the off-diagonal elements decrease with the

FIG. 1. Schematic diagram of the experimental setup. The
experimental setup can be divided into two parts, the weak-field
homodyne detector (WFHD) part (left) and the probe state
preparation part (right). The output of a laser goes through an
amplitude modulator and a phase modulator followed by cali-
brated neutral density filters (ND) to prepare a set of coherent
states as the probe states. The probe state interferes with the local
oscillator (LO) at a 50∶50 beam splitter with one output mode
coupled into a single mode fiber and detected by an avalanche
photodiode (APD). FC denotes a fiber coupler.

FIG. 2. Experimentally reconstructed no-click POVM elements Π0 of the weak-field homodyne detector with different LO intensities
jαLOj2 and mode overlapsM. The reflectivity of the beam splitter is 0.5 and the quantum efficiency of the APD is 59%. The POVMs are
reconstructed up to 70 photons and shown up to 15 photons in the figure. Only the diagonal (πj;j0 ¼ hjjΠ0jji, blue bars) and the first off-
diagonal (πj;jþ1

0 ¼ hjjΠ0jjþ 1i, green bars) of the POVM elements are shown here. The error bars originate from the fluctuations in the
preparation of the probe states used for tomography.
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reduction of the mode overlap M between the input state
and the LO, which suggests a reduced capability to detect
the coherence of input states. This result can be understood
by dividing the LO into two parts, one that overlaps with
the input state and the other with the mode orthogonal to
that of the input state [58]. The intensities of the two parts
are MjαLOj2 and ð1 −MÞjαLOj2 respectively. Only the
first part can interfere with the input state and provide a
phase reference, resulting in the off-diagonal elements and
the capability to detect coherence. The second part plays
the role of background noise that can lead to decoherence
of the quantum detectors [52]. Therefore, a decrease in the
mode overlap implies not only a reduced phase reference
but also an increased background noise. The overall effect
is a reduced sensitivity to coherence in the input state. In the
limit of no mode overlap at all, the WFHD becomes an
intensity detector with the LO acting as background noise,
leading to a complete loss of its ability to detect coherence.
For a fixed mode overlap, we should distinguish between

two cases. For near perfect mode overlapM ¼ 99%, all the
LO interferes with the input state. A higher LO intensity
implies a better phase reference and therefore larger off-
diagonals. With increasing LO intensity, the peak of the off-
diagonal elements also shifts to higher photon numbers,
which can be understood by considering that interference
between two beams shows maximal visibility when they
have the same intensity. In the case of the non-unit mode
overlap, again the LO plays a dual role: as phase reference
(with the intensity MjαLOj2) and as phase-independent
background noise [with the intensity ð1 −MÞjαLOj2]. Both
effects increase with the intensity of the LO. The com-
petition between the coherent interference and the incoher-
ent background noise explains why the off-diagonals
increase first and then decrease with the increase in the
LO intensity for a non-unit mode overlap.
Now, we are ready to move on to the second step,

evaluating the exact value of the coherence contained in
WFHD. The diamond measure as given in Eq. (5) and the
NSID measure in Eq. (6) are calculated. Based on the
analysis in [23] and the references therein, the diamond
measure can be calculated efficiently using a semidefinite
program. The evaluation of the NSID measure is more
cumbersome but, as mentioned above, has a clearer opera-
tional meaning. In our case, however, the two measures
coincide (see the SM [50] for the proof, where we also
show that both measures are robust against errors in the
reconstructed POVM elements). This allows us to use the
efficient semidefinite program to evaluate both measures.
The coherence of the experimentally reconstructed

POVMs of the WFHD are shown in Fig. 3 by dots and
the error bars originate again from the fluctuations in the
intensities and phases of the probe states. The measures are
presented for three values of the mode overlap M ¼ 99%
(blue), 85% (red), 75% (magenta) and five different
intensities of the LO jαLOj2 ¼ 0.5, 1, 2, 3, 4 per mode

overlap. When the intensity of the LO is zero, the WFHD is
degenerated into an APD with additional 50% loss at the
beam splitter and the coherence is zero, which is also
shown in the figure.
For comparison, we also simulated the POVM elements

by numerically generating the statistics of the measurement
outcomes with the configuration parameters of the WFHD
in the experiment, then reconstructing the POVM using the
simulated data. The corresponding results are shown by
circles with gray error bars which are linked by segmented
lines for fixed mode overlap to show the tendency on the
LO intensity clearly. In these simulations, we used exper-
imentally determined parameters which themselves are
inaccurate. The mode overlap is determined with an
inaccuracy of up to 2%, which is due to the limited
precision of our power meter leading to the gray error
bars. All in all, the experimental results match the simu-
lations well. The remaining discrepancy can be traced back
to noise and fluctuations not taken into consideration in our
simulations [50]. As expected, this decreases the coherence
of the detector further and is an argument in favor of QDT,
where such effects are taken into account automatically.
The estimated coherence shows a change similar to that in

the off-diagonal elements of the POVM. For a fixed intensity
of the LO, it is obvious that the coherence decreases with the
reduction in the mode overlap, which agrees with the above
analysis based on the POVM elements. For a fixed mode
overlap, the relation between the coherence and the LO
intensity is less obvious and can be explained with the same
arguments we used when discussing the off-diagonals of the
POVM elements. When the mode overlap is nearly perfect

FIG. 3. Diamond measure and nonstochasticity in detection
(NSID) measure for the POVM elements of a weak-field
homodyne detector with three mode overlaps M ¼ 99%ðblueÞ;
85%ðredÞ; 75%ðmagentaÞ. For each value of M, we present the
measures for different LO intensities jαLOj2 ¼ 0.5, 1, 2, 3, 4. The
circle symbols with gray error bars are linked by segment lines
representing simulation results and the dot symbols with error
bars are obtained from experimentally reconstructed POVMs.
The diamond measure and the NSID measure coincide.
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(M ¼ 99%), increasing LO intensity grants a better phase
reference, leading to higher coherence. In the case of
imperfect mode overlap, the dual role of the LO as both
background noise and phase reference makes the connection
between coherence and LO intensity more subtle: as we can
see, the coherence first increases with increasing LO
intensity and then decreases. The value of the coherence
of a two-outcome measurement is bounded from above
by one [23], which we nearly reach with increased LO
amplitudes and perfect mode overlap.
Conclusions and outlook.—Detecting coherence, a quan-

tum resource at the core of nonclassical effects such as
entanglement, is a necessary prerequisite to its exploitation
in quantum technologies [20–22]. It is therefore crucial to
have detectors that can measure coherence and moreover, to
know their performance precisely. In this Letter, we have
shown how one can use resource theories to study the
performance of a relevant quantum detector, namely the
tunable WFHD. We develop an improved method of
quantum detector tomography to reconstruct the POVMs
describing the WFHD with different configurations. Using
the reconstructed POVMs and two well-defined resource
measures, we show how different parameters quantitatively
affect the WFHD’s capability to detect coherence.
Hence, this Letter presents the first rigorous experimen-

tal and theoretical analysis of one of the main nonclassical
aspects, coherence, of quantum operations and detectors in
particular. The good agreement between simulation and
experiment demonstrates that abstract resource theories are
applicable to practical, high-dimensional devices with
sufficient precision. Therefore, our Letter bridges the gap
between theory and experiment and provides quantitative
tools for assessing improved designs of devices exploiting
quantum effects.
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Supplemental Material: Experimental quantification of coherence of a tunable quantum detector
(Dated: July 17, 2020)

I. EXPERIMENT

In the following, we describe our experiment in more detail, see Fig. 1. The local oscillator (LO) as well as the probe beam
were both generated by a Ti:sapphire laser (Coherent Mira HP-900) followed by an APE dual Pulse Select to reduce the repetition
rate from 76MHz to 1.9MHz with operating central wavelength at λ0 = 830 nm. The output laser source from APE dual Pulse
Select was coupled into a single mode fibre and filtered by a Semrock interference filter with a bandwidth of ∆λ = 10 nm at the
output of the fibre.

The total power of the whole system was controlled by an electrically controlled half-wave plate (HWP) and a Glan-Thompson
polariser (GT) with a high dynamical range. In order to make the whole system power stable, we implemented an adaptive power
controlling system. We used a beam sampler (Thorlabs BSF10-B) after the GT to track the fluctuation of the total power with
a power meter (PM) during the data acquisition. The tracked signal was used as feedback to the electrically controlled HWP
before the GT to alleviate the change of the total power within a very small range (variance of the power fluctuation is below
10−4). Thereafter, the output of the adaptive system was coherently separated by a group of birefringent calcite beam displacers
(BDs). The state on the upper path is regarded as the probe state, while the other one represents the local oscillator (LO). Both
paths were sent to a HWP followed by a GT which allows only the horizontal polarization to transmit so that the magnitudes of
the probe state and the LO can be dynamically controlled. The two HWPs placed after the GD are used to adjust the polarization
of the probe state and the LO so that they can combine at the second BD. The temporal mode overlap can be changed through
the adjustment of the angle of the second BD and therefore, the interference visibility can be controlled dynamically.

The combined beams were interfered at the polarised Mach–Zehnder interferometer (PMZI) which is composed of three wave
plates (a HWP sits in the middle of two quarter-wave plates (QWP)). The angles of the two QWPs are set to −45◦ so that the
relative phase between the horizontal polarization (H) and the vertical polarization (V) can be changed by the middle HWP in the
form of e2iθ, where θ is the angle of the middle HWP. A HWP with an angle of 22.5◦ and a polarized beam splitter (PBS) follow
these three wave plates to project the phase modulated state onto the basis state (|H〉 + |V 〉)/

√
2 (transmission through the

PBS) and the basis state (|H〉 − |V 〉)/
√

2 (reflection by the PBS). The output of one port traveled through a set of precalibrated
neutral density filters (NDs) and then coupled into a single mode fibre (with 95% coupling efficiency for probe and 93% for
LO respectively) leading to an avalanche photodiode detector (APD) (APD Excelitas with mode number SPCM-AQRH-14) for
detection. The quantum efficiency of this type of APD is 59% calibrated with the method of detector tomography. The output
of the other port of the PBS was sent to an amplified photodiode detector (PD) (Thorlabs PDA36A) so that the relative phase
can be fitted with detected interference fringes. The phase fluctuations of the interferometer is estimated as π/100, or 1.8◦. The
least squared method is then used to fit the relative phase. Fixing the phase of the LO, this leads to POVM elements that are real.

The data acquisition system is built up by a Field Programmable Gate Array (FPGA) system and a computer which can count
the number of clicks occurring during a time span of 1.3s. Since the count rate is high enough, for each probe state, it is sufficient
to acquire data during one of these 1.3s system cycles. We used probe states with 41 different amplitudes |α|2, and for each
amplitude we implemented 45 phases θ to cover the 2π range. To investigate how the detectors coherence depends on the mode
overlap and the amplitudes of the LO, we used three degrees of mode overlap M = 99%, 85%, and 75% and for each mode
overlap five different LO amplitudes (|αLO|2 = 0.5, 1, 2, 3 and 4).

To determine the mode overlap, we firstly set the LO intensity equal to the intensity of the probe beam. We then insert a
power meter at the output of the interferometer and record the maximum (Imax) and minimum (Imin) power of its output. The
interference visibility Imax−Imin

Imax+Imin
is taken as mode overlapM. Due to the limited accuracy of the power meter (1%∼3%), the

mode overlap determined from the experiment fluctuates at a few percent (1%∼2%). Since intensities of the probe states and
the LO are also estimated with this power meter, their values have comparable accuracy (1%∼3%). The inaccuracy of the mode
overlap influences the precision of our simulation and is represented by the green errorbars in Fig. 3 in the main text. As one
can see from that figure, for the lowest mode overlap, the experimentally determined coherence of the detector is below these
errorbars. This discrepancy can be explained by the presence of noise which we did not include in our simulation and leads
to decoherence of the detector. As mentioned above, we use a PD to record the interference fringes. This PD is affected by
background noise, which leads to fluctuations of the detected interference fringes. If the mode overlap is high and hence the
intensity difference between neighboring bright and dark fringes is high too, this noise is negligible. However, as the mode
overlap decreases, the modulation becomes smaller and the impact of background noise increases. Therefore, the phase fitting
becomes less accurate, which leads to the discrepancy between the simulation and the experimental results. That we could not
reach perfect agreement can be seen as an argument in favor of doing detector tomography, which does not rely on the estimation
of the parameters mentioned above and takes into account the noise introduced by the PD as well as potential other sources of
noise which might be unknown to us. Hence the simulation is merely a tool to check that our setup contains no major flaws, but
since the experimental detector tomography takes into account noise and fluctuations, it is to be expected that the experimentally
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Figure 1. Experimental setup. The probe states and the local oscillator (LO) are both generated by the pulse selector (APE dual Pulse Select)
and then pass through a power stable system implemented by a group of half-wave plates (HWPs) and a Glan-Thompson polarizer (GT).
Afterwards, they are separated by a beam displacer (BD) in order to control their power separately using the following HWPs and GT. After
that the two beams are recombined in the second BD and sent to the weak-field homodyne detector build by a polarized March-Zehnder
interferometer. One arm of the polarized beam splitter (PBS) is sent to the avalanche photodiode detector (APD) after the power is lowered by
a set of precalibrated neutral density filters (ND), the other arm can be used for tracking the relative phase between probe and LO by fitting the
interference fringes. For more details, see Sec. I.

determined coherence values are slightly lower and more accurate. This is consistent with Fig. 3 in the main text where the
qualitative behavior of the simulation matches the experimental data well.

However, one source of error remains also in the case of detector tomography, namely the potential uncertainty about the used
probe states. How these uncertainties can be treated in the reconstruction process will be discussed in Sec. III.

II. DESCRIPTION OF THE RECONSTRUCTION ALGORITHM

In this section, we describe the methods underlying the reconstruction of the POVM elements Πn in the main text from
experimental data. To this end we have developed an approach, that increases the efficiency and robustness of existing protocols
[1] and is expected to find applications in detector tomography beyond the specific application in this work. For completeness,
we begin with a review of some results in Ref. [1]. Detector tomography is performed by preparing a set of known probe
states {ρm} incident on a quantum detector and observing the detector outcomes. According to the Born rule, the probability to
observe outcome n = 1...N is given by

pn|m = tr (ρmΠn) . (1)

In principle, a direct inversion of this equation allows us to determine Πn but unavoidable errors in the estimation of pn|m
and the requirement of non-negativity on the POVM elements and the trace preservation of the POVM make the design of a
robust procedure based on convex optimisation indispensable. The probe states must satisfy two requirements: they must be
tomographically complete and their accurate preparation experimentally feasible. As in Ref. [1], we use a set of Glauber coherent
states |α〉, since they are easy to produce and form an overcomplete basis in state space. To reconstruct Πn, one expands both
|αm〉 (with αm = |αm|eiθm ) and Πn in the Fock basis and truncates the expansion at the number of photons d− 1 that saturate
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the detector,

|αm〉 = e−|αm|2/2
d−1∑

j=0

|αm|j√
j!
eijθm |j〉 (2)

and

Πn =
d−1∑

j,k=0

πj,kn |j〉〈k|. (3)

Plugging into Eq. (1), we find

pn|m = e−|αm|2
d−1∑

j,k=0

|αm|j+k√
j!k!

ei(k−j)θmπj,kn . (4)

These equations can be written in matrix form and used in a semidefinite program to reconstruct Πn, see Ref. [1] starting with
Eq. (6) onward. However, with increasing d, the run time and memory requirements to solve this problem quickly render it
infeasible. Therefore, Ref. [1] proposed an algorithm that reconstructs the POVM elements recursively in multiple runs: first the
diagonal is reconstructed, then the first off-diagonal and so on. Due to the unavoidable fluctuations of the reference phase off-
diagonals of the POVM elements decay rapidly so that only a small number of off-diagonal elements need to be reconstructed.
This algorithm allows to reconstruct POVMs for much higher d, but it has two drawbacks: first, the POVM elements must be
real and second, the constraints used in the semidefinite program are only necessary but not sufficient for positive semidefinite
POVM elements. Application of the methods described in Ref. [1] on our experimental data typically led to reconstructed
POVM elements that violated the semidefinitness constraint. Therefore, we decided to adopt the reconstruction algorithm in the
following way.

We take a similar approach and reconstruct only t leading diagonals but in contrast to Ref. [1] we reconstruct these in one
go, ensuring that the POVM elements are indeed positive semidefinite, whilst reducing the calculation time nevertheless. In
addition, this approach allows us to avoid errors from approximations necessary in the data preprocessing of the algorithm in
Ref. [1] and allows for more freedom in the choice of the probe states.

To bring Eq. (4) into matrix form, we arrange the probabilities pn|m in a matrix Pn,m = pn|m. Next we define Π̃ by
concatenating the leading off-diagonals of the POVM elements. The first column of Π̃ contains the relevant part of Π1, i.e.,
the diagonal of Π1, followed by the first off-diagonal above the diagonal, the first off-diagonal below the diagonal, the second
off-diagonal above the diagonal and so on, until we reach the number of leading diagonals we intend to reconstruct. The other
columns of Π̃ are constructed analogously for the remaining POVM elements. Assuming that the off-diagonals we do not intend
to reconstruct are zero (which is a good approximation according to the discussion above as long as we take enough off-diagonals
into consideration), one can construct from Eq. (4) a matrix F such that

P = F Π̃. (5)

To reconstruct positive semidefinite POVM elements, we do not invert the above equation but instead follow the usual approach
and solve the following optimization problem

minimize: ‖P − F Π̃‖+ g(Π̃)

subject to: Πn ≥ 0,

N∑

n=1

Πn = 1, (6)

where ‖ · ‖ is the Frobenius norm and, g(Π̃) a regularization function needed for numerical stability. We split g(Π̃) into two
parts, g(Π̃) = g1(Π̃) + g2(Π̃), with

g1(Π̃) = γ1

∑

n,i

√∑

j

∣∣∣πj,j+in − πj+1,j+1+i
n

∣∣∣
2

. (7)

This regularization is physically motivated by the fact that a realistic optical detector is lossy, which leads to a certain smoothness
in the POVM representation, see Ref. [1] for a detailed discussion. The second regularization function g2(Π̃) is used to remove
another source of numerical instability stemming from the truncation of the Fock basis: whenever one reconstructs a set of
POVM elements, at least one of them will have diagonal elements that differ significantly from zero but which will be truncated.
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Therefore, the probabilities in Eq. (4) will be underestimated, which in turn leads to an overestimation of the diagonal elements
close to the truncation point during the reconstruction process. Since the condition

∑
Πn = 1 has to be satisfied and in

addition
∑
n pn|m = 1 holds true, we can eliminate one column of P and the corresponding one of Π̃ without changing the

reconstruction as long as we replace the completeness constraint by
∑

Πn ≤ 1. If we drop the POVM element with the highest
non-zero truncated elements, this should increase the accuracy of the reconstruction process. In our case, we only register click
and no-click events, which means that for a certain intensity, the detector will almost always click. Therefore it is favorable
to reconstruct the POVM element corresponding to the no-click event, which is expected to be close to zero above truncation
(for high enough d). This is indeed what we find. The remaining numerical fluctuations that occur from the non-zero elements
which were truncated can be stabilized by giving a small bias towards smaller diagonal elements. This is also justified by the
discussion above and done by choosing

g2(Π̃) = γ2

∑

n

√∑

j

∣∣∣πj,jn
∣∣∣
2

. (8)

To reconstruct a POVM, the free parameters γ1, γ2 have to be fixed. Of course their choice influences the outcome of the
reconstruction process, but as it was the case in Ref. [1], numerical testing showed that there exists a parameter range in which
the reconstructed POVM is nearly independent of these parameters.

III. RECONSTRUCTED POVM ELEMENTS

The reconstruction of the POVM elements was done using the method described in Sec. II with γ1 = 2, γ2 = 1, d = 70,
and t = 6. To compute the measures, we then cut the POVM elements at d = 50 and used the evaluation method described in
Ref. [2]. Due to the high repetition rate and the long data acquisition time, statistical fluctuations due to the finite number of
click/ no-click events are extremely small. The main source of error seems to be the fluctuations of intensities and the relative
phases of probe states used for tomography: |αm| can have fluctuations of up to 3% and the error in θm is given by 1.8◦, see
Sec. I for more details. To estimate the error emerging from this fluctuations of intensities and relative phases of probe states,
we drew 105 additional random samples from the potential input states and reconstructed the POVM elements with the same
parameters as above. This leads to the error bars of the POVM elements (and the measures).

In the main text, for clarity, we only showed the diagonals and the first off-diagonals of the reconstructed POVM elements.
Here, we present all reconstructed off-diagonals of the POVM elements in Fig. 2. From the top to the bottom, different rows
correspond to different intensities of the LO from |αLO|2 = 0.5 to |αLO|2 = 4.

It is obvious that the magnitude of the diagonals of the POVM elements decreases with increasing LO intensity, which is a
consequence of the increased number of photons arriving at the APD. On the other hand, the magnitude of the off-diagonals
increases and higher order off-diagonals appear for higher intensities of the LO. From left to right, the columns represent different
interference visibilities ranging fromM = 99% toM = 75%. We observe that the off-diagonals decrease with decreasing mode
overlap, especially for the higher order off-diagonals. Therefore, the coherence properties of the POVM will be dominated by
the first off-diagonal of the POVMs. For a discussion of the origin of these effects we refer the reader to the main text.

We also use the parameters of our weak-field homodyne detector to simulate its POVM elements theoretically. The fidelity
between the simulated POVM elements Πsimu

0 and the experimentally reconstructed POVM elements Πrec
0 is evaluated with the

following equation

F = tr(
√

Πrec
0 Πsimu

0

√
Πrec

0 )2/ tr(Πrec
0 ) tr(Πsimu

0 ). (9)

All of the corresponding fidelities are higher than 90%. This leads to the good match between the corresponding coherence
measures presented in the main article.

IV. NOTES ON CONTINUITY

In the reconstruction of the detector POVM small errors are unavoidable due to finite measurement statistics, fluctuations of
the parameters of the probe states, and technical imperfections. In order to ensure that this translates into small errors of the
diamond and the NSID measure, we show that both measures are (Lipschitz) continuous with respect to their argument.

Proposition 1 Let us denote by P1 and P2 two quantum channels with the same in- and output dimensions. Then we have

|M�(P1)−M�(P2)| ≤ ‖P1 − P2‖�. (10)

and

|M̃�(P1)− M̃�(P2)| ≤ ‖P1 − P2‖1 ≤ ‖P1 − P2‖�. (11)
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Figure 2. Reconstructed POVM elements of a tunable weak-field homodyne detector. From the top to the bottom, the five rows correspond
to five different LO intensities from |αLO|2 = 0.5 to |αLO|2 = 4. From left to right, the three different columns represent the different
interference visibilities from M = 99% to M = 75%. For every configuration of the detector, we present the respective POVM element Π0

corresponding to the no-click event, which we expanded into the Fock basis as in Eq. (3), i.e., πj,k
0 = 〈j|Π0 |k〉, where |j〉 denotes the Fock

state with j photons.
The yellow and teal bars represent error bars stemming from the sampling method described in the main text.

Proof: Since the diamond norm is a norm [3], the triangle inequality holds from which follows directly

|‖Θ‖� − ‖Φ‖�| ≤ ‖Θ− Φ‖�. (12)

Assuming wlog M�(P1) ≥M�(P2) and defining Ξ ∈ DI such that

M�(P2) = min
Φ∈DI

‖∆P2 −∆Φ‖� = ‖∆P2 −∆Ξ‖�, (13)
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we therefore have

M�(P1)−M�(P2)

= min
Φ∈DI

‖∆P1 −∆Φ‖� − ‖∆P2 −∆Ξ‖�
≤‖∆P1 −∆Ξ‖� − ‖∆P2 −∆Ξ‖�
≤‖∆P1 −∆Ξ−∆P2 + ∆Ξ‖�
=‖∆P1 −∆P2‖�
≤‖∆‖�‖P1 − P2‖�
=‖P1 − P2‖�. (14)

Using that

M̃�(P2) = min
Φ∈DI

‖∆P2 −∆Φ‖1, (15)

we can prove analogously that

|M̃�(P1)− M̃�(P2)| ≤ ‖P1 − P2‖1 ≤ ‖P1 − P2‖�, (16)

where the last inequality follows directly from the definitions of the diamond and trace norm. �
This implies that the two measures are (Lipschitz) continuous with respect to their arguments.

Assuming that the Pi are channels identified with POVMs with two elements {Pni }n=1,2, we further find

‖P1 − P2‖1 = max
|ψ〉

∥∥∥∥∥
∑

n=1,2

tr [(Pn1 − Pn2 ) |ψ〉〈ψ|] |n〉〈n|
∥∥∥∥∥

1

= max
|ψ〉

∑

n=1,2

|tr [(Pn1 − Pn2 ) |ψ〉〈ψ|]|

= max
|ψ〉

∣∣tr
[(
P 1

1 − P 1
2

)
|ψ〉〈ψ|

]∣∣

+
∣∣tr
[(
1− P 1

1 − 1 + P 1
2

)
|ψ〉〈ψ|

]∣∣
=2 max

|ψ〉

∣∣tr
[(
P 1

1 − P 1
2

)
|ψ〉〈ψ|

]∣∣

=2σmax

(
P 1

1 − P 1
2

)

=2‖P 1
1 − P 1

2 ‖∞, (17)

where σmax(A) denotes the largest singular value ofA, which is equal to its spectral norm denoted by ‖A‖∞. The spectral norm
‖A‖∞ is upper bounded by the trace norm ‖A‖1, which is the sum of the singular values of A. Therefore we find in this case

|M̃�(P1)− M̃�(P2)| ≤2‖P 1
1 − P 1

2 ‖∞
≤2‖P 1

1 − P 1
2 ‖1. (18)

In addition, the diamond norm can be bounded by the trace norm.
A general bipartite state |ψ〉 (on the system and the auxiliary system) can be written in the form of its Schmidt decomposition,

|ψ〉 =

d∑

i=1

λi |φi〉 ⊗ |ξi〉 , (19)

with λi ≥ 0 and
∑
i λ

2
i = 1. Together with the fact that the trace norm of linear operators x and y obeys

‖x⊗ y‖1 = ‖x‖1‖y‖1, (20)
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which follows directly from the singular value decomposition, we find

‖P1 − P2‖� = max
|ψ〉
‖(P1 − P2)⊗ 1|ψ〉〈ψ|‖1

= max
λi,|φi〉,|ξi〉

∥∥∥∥∥∥
(P1 − P2)⊗ 1

∑

i,j

λiλj |φi, ξi〉〈φj , ξj |

∥∥∥∥∥∥
1

≤ max
λi,|φi〉,|ξi〉

∑

i,j

λiλj ‖(P1 − P2)|φi〉〈φj | ⊗ |ξi〉〈ξj |‖1

= max
λi,|φi〉,|ξi〉

∑

i,j

λiλj ‖(P1 − P2)|φi〉〈φj |‖1 ‖|ξi〉〈ξj |‖1

= max
λi,|φi〉

∑

i,j

λiλj ‖(P1 − P2)|φi〉〈φj |‖1

≤max
λi

∑

i,j

λiλj max
x:‖x‖1≤1

‖(P1 − P2)x‖1

=d ‖(P1 − P2)‖1 , (21)

where maxλi,|φi〉,|ξi〉 denotes a maximization over the sets {λi}, {|φi〉}, and {|ξi〉} appearing in the Schmidt decomposition of
|ψ〉. Using the above results, for dichotomous POVMs, this allows us to bound

|M�(P1)−M�(P2)| ≤ 2d‖P 1
1 − P 1

2 ‖1. (22)

V. A BOUND ON THE DIAMOND MEASURE OF POVMS

In this section, we derive a bound on the diamond measure of a POVM in terms of the off-diagonal part of the POVM elements.
The dual form of the semidefinite program for the diamond measure given in Ref. [2] can be simplified. The optimization
problem there is given by

Primal problem Dual problem
minimize: 2‖ trB(Z)‖∞ maximize: 2 (tr(J(∆Θ)X)− tr(Y2))

subject to: Z ≥ J(∆Θ)−W, subject to: X ≤ 1B ⊗ ρ : ρ ≥ 0, tr(ρ) = 1,

[1−∆]W = 0, [1−∆]Y1 −X + 1B ⊗ Y2 ≥ 0,

trB(W ) = 1A, X ≥ 0,

Z ≥ 0, Y1 = Y †1 ,

W ≥ 0, Y2 = Y †2 . (23)

Since [1−∆]Y1 has only zeros on the diagonal, the constraint

[1−∆]Y1 −X + 1B ⊗ Y2 ≥ 0 (24)

enforces that each diagonal element ofX is smaller than the corresponding diagonal element of 1B⊗Y2, which is also sufficient,
since we can choose Y1 = X − 1B ⊗ Y2. This could also be derived by first noting that the primal problem is the same if we
replace W by ∆W and remove the condition [1−∆]W = 0.

Therefore, we can simplify the optimization problem to

Primal problem Dual problem
minimize: 2‖ trB(Z)‖∞ maximize: 2 (tr(J(∆Θ)X)− tr(Y2))

subject to: Z ≥ J(∆Θ)−∆W, subject to: X ≤ 1B ⊗ ρ : ρ ≥ 0, tr(ρ) = 1,

trB (∆W ) = 1A, ∆ [1B ⊗ Y2 −X] ≥ 0,

Z ≥ 0, X ≥ 0,

∆W ≥ 0, Y2 = Y †2 . (25)
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It is now easy to see that the optimal point of Y2, i.e., Y ?2 , can be chosen to be diagonal with 〈j|Y ?2 |j〉 = maxi 〈i, j|X? |i, j〉.
This allows for an interesting side remark: assume we had X? = 1B ⊗ ρ?. With the above reasoning and using

trB (J(∆Θ)) = 1A for all Choi states corresponding to trace preserving operations, this would imply that the optimal value is
given by

2 (tr(J(∆Θ)X?)− tr(Y ?2 )) =2 (tr(J(∆Θ)1B ⊗ ρ?)− tr(ρ?))

=2 (tr [trB(J(∆Θ))ρ?]− tr(ρ?))

=2 (tr [1Aρ
?]− tr(ρ?))

=0, (26)

independent of Θ. Therefore, for Θ /∈ DI, X? cannot be of this form. More general, and for the same reason, X? 6= 1B ⊗A.
Coming back to our main purpose, assume we have a POVM with elements {Pn}Nn=1, acting on a Hilbert space with dimension

d, which we expand in the incoherent basis as

Pn =
∑

i,j

|Pnij |eiφnij |i〉〈j|. (27)

We define

X =
1

2d


1

d

∑

n,i,j

e−iφnij |n〉〈n| ⊗ |i〉〈j|+ 1


 , (28)

where n runs from 1 to N . Note that X is hermitian, because the POVM elements are. Since (∆ ⊗ 1)X = X , we know from
Lem. 14 in Ref. [2] that the (normalized) eigenvectors of X are given by separable states of the form |b〉⊗ |φ〉, where we expand
|φ〉 =

∑
i xie

iξi |i〉 with xi ≥ 0. From

〈b| ⊗ 〈φ|X |b〉 ⊗ |φ〉 =
1

2d


1

d

∑

i,j

e−iφbij xixje
i(ξj−xi) + 1


 (29)

and
∑

i,j

e−iφbij xixje
i(ξj−xi) ≥ −

∑

i,j

xixj ≥ −d,
∑

i,j

e−iφbij xixje
i(ξj−xi) ≤

∑

i,j

xixj ≤ d (30)

follows then that the eigenvalues of X are between 0 and 1/d. This implies 0 ≤ X ≤ 1⊗ 1

d , which means that X together with
Y2 diagonal and 〈j|Y2 |j〉 = maxi 〈i, j|X |i, j〉 is a feasible point of the dual problem. From

tr
[
J(∆P̃)X

]
= tr




∑

n,i,j

tr [Pn|i〉〈j|] |n〉〈n| ⊗ |i〉〈j|




 1

2d


1

d

∑

n,i,j

e−iφnij |n〉〈n| ⊗ |i〉〈j|+ 1








=
1

2d


1

d

∑

n,i,j

|Pnji |eiφnji e−iφnji +
∑

n,i

|Pnii |eiφnii




=
1

2d


1

d

∑

n,i,j

|Pnji |+ tr

[∑

n

Pn

]


=
1

2d


1

d

∑

n,i 6=j
|Pnji

|+ 1 + d




(31)

and

tr[Y2] =
∑

j

max
i
〈i, j|X |i, j〉 =

∑

j

max
n

1

2d

[
1

d
e−iφnjj + 1

]
=

1

2d
(1 + d) (32)
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follows that

M�
(
P̃
)
≥ 2

(
tr
[
J(∆P̃)X

]
− tr[Y2]

)
=

1

d2

∑

n,i6=j
|Pnji |. (33)

This matches our intuition that a POVM can detect coherence well if it has large off-diagonals. If we do our measurement on
one half of a bipartite state

|λ〉 =
1√
d

∑

b

|bb〉 , (34)

upon outcome n which appears with probability pn, the state of the remaining half is given by

ρn =
1

dpn

∑

ij

Pnji |i〉〈j|, (35)

which has l1 coherence [4]

Cl1(ρn) =
1

dpn

∑

i6=j
|Pnji |. (36)

Therefore, the average coherence obtained is bounded from above by the ability of the POVM to detect coherence, i.e.,

1

d

∑

n

pnCl1(ρn) =
1

d2

∑

i6=j
|Pnji | ≤M�

(
P̃
)
. (37)

This result should be compared to the results presented in Ref. [5], where it was shown that the nonclassicality of a single mode
state which has been prepared by a measurement on the other half of a maximally entangled two mode state depends directly on
the nonclassicality of that measurement. This can be seen as localization of coherence, since we transform entanglement into
local coherence.

VI. EQUIVALENCE OF NSID AND DIAMOND MEASURE FOR OUTPUT DIMENSION TWO

In this section we prove that the NSID and the diamond measure are equal on channels with output dimension two. To do this,
we need the following Lemma.

Lemma 2 For every hermiticity preserving linear map X with output dimension two that is either trace preserving or has only
outputs with trace zero, there exists an orthonormal basis B such that

∆X = ∆X∆B , (38)

where ∆B denotes total dephasing in B. For higher dimensional output, this is not true in general.

Proof: Let B = {|φj〉} and remember that every hermiticity preserving linear map X can be expanded as

X (x) =
∑

n

λnKnxK
†
n (39)

with λn = ±1. From this follows

∆X = ∆X∆B

⇔
∑

n,i

λn|i〉〈i|Kn|k〉〈l|K†n|i〉〈i|

=
∑

n,i,j

λn|i〉〈i|Kn|φj〉〈φj |k〉〈l|φj〉〈φj |K†n|i〉〈i| ∀k, l

⇔
∑

n

λn 〈l|K†n|i〉〈i|Kn |k〉

=
∑

n,j

λn 〈l|φj〉〈φj |K†n|i〉〈i|Kn |φj〉〈φj |k〉 ∀k, l, i

⇔X † (|i〉〈i|) = ∆BX † (|i〉〈i|) ∀i, (40)
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where X † is the dual of X with respect to the Hilbert-Schmidt inner product. Defining

xi := X † (|i〉〈i|) , (41)

this in turn is equivalent to the statement that all xi are diagonal in a common orthonormal basis. Assuming that X has outputs
of dimension two, this holds true iff x0 and x1 commute, i.e.,

0 =x0x1 − x1x0

=X † (|0〉〈0|)X † (|1〉〈1|)−X † (|1〉〈1|)X † (|0〉〈0|)
=
[
X † (1)−X † (|1〉〈1|)

] [
X † (1)−X † (|0〉〈0|)

]

−X † (|1〉〈1|)X † (|0〉〈0|)
=
[
X † (1)

]2 −X † (1)X † (|0〉〈0|)−X † (|1〉〈1|)X † (1) . (42)

In case X is trace preserving, X † (1) = 1 and we find indeed

[
X † (1)

]2 −X † (1)X † (|0〉〈0|)−X † (|1〉〈1|)X † (1)

= 1−X † (|0〉〈0|)−X † (|1〉〈1|) = 0. (43)

If X has only output with trace zero, X † (1) = 0, which also implies that Eq. 42 holds true. In case the output is higher
dimensional, starting from Eq. (40), it is easy to find counterexamples. �

This allows us to prove the promised statement.

Proposition 3 On operations with output dimension two, the diamond measure and the NSID measure are equal.

Proof: Let us first remember that the diamond measure is given by

M�(Θ) = min
Φ∈DI

‖∆Θ−∆Φ‖�
= min

Φ∈DI
max
ρ
‖∆ (Θ− Φ)⊗ 1ρ‖1 (44)

and the NSID measure by

M̃�(Θ) = min
Φ∈DI

‖∆Θ−∆Φ‖1
= min

Φ∈DI
max
ρ
‖∆ (Θ− Φ) ρ‖1. (45)

Since both Θ and Φ are trace preserving operations, the output of Θ−Φ has always trace zero. Therefore, according to Lem. 2,
there exists an orthonormal basis B such that ∆ (Θ− Φ) = ∆ (Θ− Φ) ∆B . From this follows that for every Φ,

‖∆Θ−∆Φ‖�
= max

ρ
‖∆ (Θ− Φ)⊗ 1ρ‖1

= max
ρ
‖∆ (Θ− Φ) ∆B ⊗ 1ρ‖1

= max
ρ
‖ [∆ (Θ− Φ)⊗ 1] [∆B ⊗ 1] ρ‖1

= max
σ=∆B⊗1ρ

‖∆ (Θ− Φ)⊗ 1σ‖1. (46)

From Lem. 14 in [2], we know that σ = ∆B ⊗ 1ρ has separable eigenvectors, and, more concretely, with B = {|ci〉},

σ =
∑

i,j

qj|ipi|ci〉〈ci| ⊗ |φj|i〉〈φj|i|. (47)
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Using convexity, this allows us to deduce

max
σ=∆B⊗1ρ

‖∆ (Θ− Φ)⊗ 1σ‖1

= max
pi,qj|i,|φj|i〉

∥∥∥∥∥∥
∑

i,j

qj|ipi∆ (Θ− Φ) |ci〉〈ci| ⊗ |φj|i〉〈φj|i|

∥∥∥∥∥∥
1

≤ max
pi,qj|i,|φj|i〉

∑

i,j

qj|ipi
∥∥∆ (Θ− Φ) |ci〉〈ci| ⊗ |φj|i〉〈φj|i|

∥∥
1

= max
pi,qj|i

∑

i,j

qj|ipi ‖∆ (Θ− Φ) |ci〉〈ci|‖1

= max
pi

∑

i

pi ‖∆ (Θ− Φ) |ci〉〈ci|‖1

= max
i
‖∆ (Θ− Φ) |ci〉〈ci|‖1 . (48)

Putting everything together, we therefore proved

‖∆Θ−∆Φ‖�
≤ max

i
‖∆ (Θ− Φ) |ci〉〈ci|‖1

≤ max
ρ
‖∆ (Θ− Φ) ρ‖1

= ‖∆Θ−∆Φ‖1. (49)

The reverse inequality follows directly from the definition of the diamond norm, which implies

‖∆Θ−∆Φ‖� = ‖∆Θ−∆Φ‖1. (50)

Since this holds for every Φ, the proof is completed. �
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Coherent superposition and entanglement are two fundamental aspects of nonclassicality. Here we
provide a quantitative connection between the two on the level of operations by showing that the dynamical
coherence of an operation upper bounds the dynamical entanglement that can be generated from it with the
help of additional incoherent operations. In case a particular choice of monotones based on the relative
entropy is used for the quantification of these dynamical resources, this bound can be achieved. In addition,
we show that an analog to the entanglement potential exists on the level of operations and serves as a valid
quantifier for dynamical coherence.

DOI: 10.1103/PhysRevLett.125.130401

Introduction.—In the last decades growing evidence has
emerged that quantum technologies are able to outperform
their classical counterparts, e.g., in communication [1–3]
and computation [4–6] but also in sensing [7] and metro-
logy [8,9]. These operational advantages originate from
nonclassical traits of quantum physics, which are thus
considered resources. One of the most important examples
of such a resource is entanglement [10,11], which describes
correlations between spatially separated systems that are
without classical equivalent. Yet, there exist situations in
which it is neither natural nor sufficient to describe non-
classicality with entanglement alone. This is for example
the case if one considers noncomposite systems that have
no natural concept of locality, from whence superposition
is considered to be a quantum resource [12–14]. It is
important to understand if and how these different
notions of nonclassicality are connected. As shown in
Refs. [15,16], optical nonclassicality is a prerequisite for
the creation of entanglement by beam splitters, and there
exists a simple relation between squeezing and the
entanglement that can be generated from it by passive
optical elements [17]. This finding was used in Ref. [18] to
measure optical nonclassicality via its entanglement poten-
tial, i.e., the amount of two-mode entanglement that can be
generated from the field using passive linear optics,
auxiliary classical states, and ideal photo detectors. In
general, local superposition can be faithfully converted into
(multilevel) entanglement using only operations that cannot
create these superpositions [19–22]. In a similar spirit, the
activation of coherence and discord into entanglement was
studied, e.g., in Refs. [23–25]. Unified approaches to these
three resources were recently presented in Refs. [26,27].
Resource theories have proven beneficial for the

systematic study of the various notions of nonclassicality
present in quantum states [28–36], partly because they
allow us to quantify resources in an objective manner. This

quantification is achieved with the help of resource
measures that satisfy physically motivated constraints such
as monotonicity under operations that cannot create the
investigated resource. Using such resource measures, it was
shown in Ref. [37] that local superposition in the form of
coherence has not only a qualitative, but also a quantitative
connection to entanglement: for a large class of commonly
used resource measures, the amount of entanglement that
can be generated from a local state with the help of
incoherent operations is upper bounded by the coherence
of that state and, for two specific measures, the two
quantities coincide. Moreover, also in the case of coherence
theory, the entanglement potentials (as measured with
any entanglement measure) can be used to define valid
coherence measures. These results where expanded in
Refs. [22,38–42]. In this work, we generalize the findings
of Ref. [37] to operations.
As mentioned above, a resource theory of quantum states

allows us to describe the resources present in states in an
operationally meaningful way. However, if we speak about
operational advantages granted by quantum technologies,
we intend to perform certain tasks better than it is possible
with classical devices. To do this, static resources in the
form of resource states have to be converted into dynamical
resources by combining them with free operations. Thus,
ultimately, we are interested in the quantification of
dynamical resources in the form of quantum operations
[43]. For this, often quantities such as the resource
generation capacity, i.e., the achievable increase in static
resources, or the resource cost, i.e., the minimal amount of
static resources necessary to simulate the operation in
combination with free operations, are employed [44–52].
Yet, this approach cannot be used to quantify all relevant
properties of quantum operations, e.g., their ability to detect
coherence [43]. This is one of the reasons why resource
theories of operations have been considered recently
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[43,53–70]. As described above, another reason is that it
seems to be natural to quantify the value of operations
directly without a detour via the quantification of states and
finally, since states can be identified with their preparation
channels, resource theories of operations are a unifying
framework.
Our work begins with an introduction of the basic

framework of dynamical resources, followed by our main
results, their discussion, and a conclusion. Detailed proofs
are deferred to the Supplemental Material [71].
Basic framework.—In the following, we denote by

DA=IA the set of quantum states and incoherent states
on system A and by WAjB the set of separable states with
respect to a bipartition into A and B. For ease of notation,
we define the incoherent states as those diagonal in
the computational basis fjiig. For composite systems,
the incoherent pure states are the tensor products of the
incoherent pure states of the subsystems. To denote
quantum operations, i.e., completely positive and trace
preserving (CPTP) maps, we use large Greek letters and, if
necessary, denote the parties on which they act by super-
scripts, i.e., ΘAB represents a CPTP map acting on AB. In
principle, such an operation can have different input and
output dimensions, therefore ΘAoutBout←AinBin would be more
appropriate. However, to avoid an unnecessarily lengthy
notation, we will not write down the inputs and outputs
explicitly, but, instead, whenever we concatenate opera-
tions, we demand implicitly that the dimensions fit. For the
same reason, we suppress the superscripts if they are clear
from the context. After these introductory comments, we
move to a precise definition of dynamical coherence and
entanglement. To begin with, we list sets of operations that,
in their relevant contexts, are considered to be free of
dynamical coherence or entanglement. We depict them in
Fig. 1, for overviews, see Refs. [10,11,76,77].
The set of maximally incoherent operations (MIO)

[30,78,79] is the maximal set of operations that maps I
to itself. If such an operation can be decomposed into Kraus
operators that preserve I individually, it is called an
incoherent operation (IO) [35]. The subset of MIO that

cannot make use of coherence is called DIO (dephasing-
covariant incoherent operations [78,80–83]) and if this holds
again individually for any element of a Kraus decomposition,
we speak about strictly incoherent operations (SIO) [84]. The
set LOP is a superset of SIO and a subset of IO, and denotes
the set of free operations (on the wire) in the framework of
local operations and physical wires [26]. The total dephasing
operation (with respect to the incoherent basis) will be
denoted byΔ and is contained in all of these sets. In addition,
all of these sets can exactly prepare the states within I , which
we therefore call free in this context.
Moving on to entanglement, we consider the set of local

operations and classical communication (LOCC) [85], the
closure of LOCC (LOCC) [86], and the set of separable
operations (SEP) [87,88], which are the maximal set of
operations that map separable states to separable states in a
complete sense, i.e., even if they are applied to subsystems.
Similarly, the states that can be prepared by these
sets of operations, i.e., their free states, are exactly the
separable ones.
Each set of operations listed above leads to a different

dynamical resource theory (and also to a different static
one). As detailed in the corresponding references, depend-
ing on the context, there are valid arguments to consider
each of these sets of operations as free. Once the choice of
free operations is made, all operations that are not con-
tained in it are called dynamically coherent or entangled
with respect to this specific choice of free operations. Our
results are largely independent of the specific choices,
which shows that there is a deep connection between
dynamical coherence and entanglement. Hence, we use
C to represent either SIO, LOP, IO, DIO, or MIO. Similarly,
E is a placeholder for LOCC, LOCC, or SEP. To make clear
which partition we are considering, we write, e.g., EAjB to
denote a bipartition into A and B.
To quantify dynamical resources, we use functions

Dðρ; σÞ (on quantum states ρ, σ) that are jointly convex,
contractive under CPTP maps, and zero if and only if ρ is
equal to σ. We call these functions divergences. Note that
the relative entropy Sðρ; σÞ ¼ trðρ log ρÞ − trðρ log σÞ, the
trace distance kρ − σk1, and many Rényi entropies qualify
as divergences. To include destructive measurements into
our framework, we associate with positive operator-valued
measures given by elements Πn the CPTP maps

MðρÞ ¼
X

n

trðΠnρÞjxnihxnj; ð1Þ

where the states jxni are orthonormal. We then consider a
destructive measurement in E if and only if the associated
CPTP map with jxni ¼ jniA ⊗ jniB is in E. Analogously,
with jxni ¼ jni, we define destructive measurements in C.
For quantum instruments I allowing us to do subselection
according to a variable n; i.e., we obtain with probability
pn ¼ tr½ΛnðρÞ� an output ρn ¼ ΛnðρÞ=pn, we use the same
construction to define a CPTP map

FIG. 1. Inclusion relations of the considered operations. On the
left, different sets of operations considered free in coherence
theories as well as their relations are shown and on the right, we
show sets of operations that cannot create entanglement. Since
LOCC is not closed, we show its boundary with a dashed line.
The closure of LOCC, which we denote by LOCC, also includes
this boundary.
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ĨðρÞ ¼
X

n

ΛnðρÞ ⊗ jxnihxnj: ð2Þ

Treating subselection in this way, we can reduce our
analysis to trace preserving operations, since now it is
always possible to implement the subselection at a later
point with a free measurement. This has the additional
advantage that the ability to apply or not apply a sub-
selection according to a specific variable, which depends on
the precise circumstances under which an experiment is
realized, has a direct reflection in our framework.
LetD be a divergence and S eitherD or a subset thereof.

As described in Refs. [59,60,89–91], one can then define
the following quantities on operations ΘA, ΛA:

DSðΘ;ΛÞ ¼ sup
σ∈S

DððΘA ⊗ 1EÞσ; ðΛA ⊗ 1EÞσÞ; ð3Þ

where the optimization over states is understood to include
an optimization over different dimensions of an auxiliary
system E and (as explained above) A denotes the combi-
nation of the (potentially composite) input and output
systems of Θ and Λ. Analogously, we also define their
measured versions as

DS;MðΘ;ΛÞ ¼ sup
M∈M

sup
σ∈S

DðMðΘ ⊗ 1Þσ;MðΛ ⊗ÞσÞ;

where M denotes the set of CPTP maps associated with a
set of positive operator-valued measures as defined in of
Eq. (1). In this Letter, we are mainly interested in the case
where this is either the set of free destructive measurements
(M ¼ free) within a given resource theory or the set of all
destructive measurements (M ¼ all). With a bit of abuse of
notation, we also write DS;no for DS from here on,
indicating that no measurement was included. Let us note
here the well known fact that the supremum over the states
is always achievable for the dimension of the auxiliary
space equal to the input dimension of Θ (which is a simple
consequence of joint convexity of D and the Schmidt
decomposition). Note also that there exist examples of D
for which DS;no ¼ DS;all; e.g., if D equals the trace
distance, while for others, such as D equaling the relative
entropy, this is not true: the measured relative entropy is
equal to the relative entropy if and only if the two
arguments commute [92]. We will see later why these
two examples are of special interest to us. Motivated by
Refs. [59,60,62], the quantities introduced above allow us
to define the following functionals.
Definition 1.—Let M ∈ ffree; all; nog, where free

denotes the set of destructive measurements which are
free within the set of operations E. Then, for a divergenceD
and S ∈ fD;WAEAjBEB

g, we define

ES;M
EAjB;D

ðΘÞ ≔ inf
Λ∈EAjB

DS;MðΘ;ΛÞ:

In complete analogy, we define

CS;M
C;D ðΘÞ ≔ inf

Λ∈C
DS;MðΘ;ΛÞ

for fS ∈ D;Ig and M ∈ ffree; all; nog.
As we will show now, the functionals defined above are

so-called resource measures and monotones on the level of
operations, which was also partially proven before in
Refs. [59,60,62] (for the cases where no measurements
are included). We call a functional F from quantum
operations to the non-negative real numbers a resource
monotone if F is monotonic under concatenation with free
operations, i.e., if FðΘÞ ≥ FðΦ2ðΘ ⊗ 1ÞΦ1Þ for all Φi that
are free within the resource theory and for all Θ CPTP. Due
to the construction in Eq. (2), we will assume that also the
Φi are deterministic. If F is in addition faithful, i.e., zero if
and only if Θ is free, then we call it a resource measure.
Proposition 2.—Let S denote either the set of all

quantum states or the set of free quantum states,
M ∈ fall; free; nog, M̃ ∈ fall; nog, Ẽ ∈ fLOCC; SEPg,
and C̃ ∈ fLOP; IO;MIOg. Then

ES;M
ẼAjB;D

ðΘÞ; CS;M
MIO;DðΘÞ; CD;M̃

C;D ðΘÞ; and CD;free
C̃;D

ðΘÞ

are convex resource measures. The remaining functionals
from Definition 1 are convex resource monotones, with
those defined via destructive DIO/SIO measurements
vanishing on all operations.
A detailed discussion of the relation of these monotones

is provided in the Supplemental Material [71]. Of special
interest is the case of D equal to the trace distance. Then,
the measures have a direct operational interpretation in the
single-shot regime: they are proportional to the best bias
achievable in the guessing game where one has to dis-
tinguish the given operation from the least distinguishable
free operation [93,94] (with the help of the states S and the
outcomes of the measurements M). Therefore, if we
consider the trace distance based measure with free states
and free destructive measurements, this represents the
usefulness of the operation under consideration within
the given resource theory: an operation that is barely
distinguishable from a free operation using other free
operations and states can only lead so a very small opera-
tional advantage [43,95,96], which is the reason why we
focused on destructive measurements in Definition 1. An
example of such a measure is the NSID measure considered
in Ref. [43].
Main results.—We begin by showing that the dynamical

coherence with respect to C upper bounds the dynamical
entanglement with respect to E that can be generated from it
using the setup depicted in Fig. 2 on the left, where Θ is the
operation under investigation and Φi operations in C.
Theorem 3.—Let Φi ∈ C. Then

CI ;no
C;D ðΘÞ ≥ EW;no

EAjB;DðΦ2ðΘA ⊗ 1BÞΦ1ΔÞ
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and

CI ;all
C;D ðΘÞ ≥ EW;all

EAjB;D
ðΦ2ðΘA ⊗ 1BÞΦ1ΔÞ:

As stated in the following theorem, the (generalized)
controlled NOToperation, which acts on two subsystems of
equal dimension d as

UCNOT ¼
X

i

X

j

jiihij ⊗ jmod ðiþ j; dÞihjj; ð4Þ

allows us to attain this bound. Obviously UCNOT is unitary
(we denote the corresponding CPTP map by UCNOT) and
contained in SIO.
Theorem 4.–For Sðρ; σÞ the relative entropy and

dimB ¼ dimA,

CI ;no
C;S ðΘÞ ≤ EW;no

EAjB;S
ðUCNOTðΘA ⊗ 1BÞΔÞ

holds.
Combining Theorems 3 and 4, we arrive at one of our

main results.
Theorem 5.—For Sðρ; σÞ the relative entropy,

CI ;no
C;S ðΘÞ ¼ sup

Φ1;Φ2∈C
EW;no
EAjB;SðΦ2ðΘA ⊗ 1BÞΦ1ΔÞ:

The supremum is achieved for dimB ¼ dimA, Φ1 ¼ 1
and Φ2 ¼ UCNOT.
This theorem shows that dynamical entanglement is

intimately connected to dynamical coherence: the coher-
ence is in one-to-one correspondence to the entanglement
that can be generated from it by the protocol depicted in
Fig. 2 on the left, which only involves auxiliary operations
that are free from the coherence perspective. Moreover, as
shown in Fig. 2 on the right, the optimal generation scheme
does not require a preprocessing and only a fixed post-
processing. This should be compared to Refs. [23–25,37],
where the controlled NOToperation plays a central role too.
As a corollary, we find the following:

Corollary 6.—An operation Θ can be converted to an
operation outside E with operations in C if and only if Θ is
not in MIO.
As detailed in the Supplemental Material [71] and shown

in Fig. 3, if Θτ is a preparation or, more general, a
replacement channel with output τ, i.e., Θτρ ¼ τtrρ, by
identifying τ with Θτ, we recover the analog results of the
above theorems and corollary for resource theories of states
which were presented in Ref. [37].
Measuring dynamical coherence with dynamical

entanglement.—Above, we discussed how monotones for
dynamical coherence and entanglement bound each other.
In this section, we take a complementary approach and
define coherence monotones with the help of entanglement
monotones.
Theorem 7.—Let EEAEA jB be a (convex) resource mono-

tone with respect to the set of operations EAEAjB. Then

CE;E
C ðΘÞ ≔ sup

Λi∈C
EEAEA jBðΛ2ðΘA ⊗ 1EABÞΛ1ΔÞ ð5Þ

is a (convex) resource monotone with respect to the
operations C. If EEAEA jB is in addition faithful, Eq. (5)
defines a measure with respect to MIO.
This shows that an analog of the entanglement potential

discussed for states in Refs. [18,37] also exists on the level
of operations: the maximal amount of entanglement that
can be generated from an operation by the method depicted
in Fig. 2 using an additional local auxiliary system serves as
a valid measures for the coherence of this operation.
Discussion.—In all the above theorems, we used

conversion schemes as depicted in Fig. 2 where initially,
we apply a global total dephasing operation. Whilst one
might think that it may be more elegant or natural not to
include the total dephasing operation Δ, to our knowledge,
it is unavoidable. Moreover, implicitly, it is also necessary
in the state case presented in Ref. [37]: initially, the
auxiliary system has to be in an incoherent state, which
can be enforced by putting a Δ as shown on the left of
Fig. 3. The same holds true if one considers the trans-
formation of optical nonclassicality into entanglement with
a beam splitter (or, more generally, a passive linear optics

FIG. 2. Converting coherence to entanglement. The amount of
dynamical entanglement created by the setup on the left (where
Φi are operations in C) is upper bounded by the coherence of the
operation Θ, if related monotones are used for the quantification
(see Theorem 3). The dashed line represents the spatial separation
with respect to which we take our bipartition into parties A and B,
which are represented by the solid lines. On the right, we show an
optimal setup in case we are considering two relative entropy
based measures (see Theorem 5).

FIG. 3. Reduction to states. Assume that Φ is an incoherent
operation. With the setup depicted on the left, it is then possible to
create static entanglement if and only if the quantum state τ is
coherent [37]. As discussed in more detail in the Supplemental
Material [71], for the preparation and replacement channels Θτ

with output τ, our setup depicted on the right includes this result
on resource theories of states.
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network): the nonclassicality of the initial state is only
converted faithfully into entanglement if the other input
port of the beam splitter is connected to a classical state.
Conclusions.—In this work, we quantitatively connected

dynamical entanglement and coherence. Our findings not
only uncover how two of the most fundamental non-
classical traits of quantum mechanics are connected on
the level of operations, which is of foundational interest,
but also allow to apply findings from the emerging resource
theories of dynamical entanglement and coherence to the
respective other theory. On a more practical level, our
results shed new light on the resources required to obtain
operations outside of LOCC. Such operations are a neces-
sary prerequisite to obtain operational advantages in
quantum communication. In particular, it might be of
interest to apply our findings to quantum key distribution.
As shown in Ref. [97], it is not necessary to create
entanglement for secret key distribution, but it is sufficient
to use channels that could create entanglement in principle,
i.e., operations which posses dynamical entanglement. Is it
then possible to, e.g., bound key rates with measures of
dynamical entanglement? And, using our results, can this
be connected to the encoding in nonorthogonal states, i.e.,
to dynamical coherence? These questions are subject to
future investigation. Moreover, our findings can help to
uncover the origin of operational advantages in quantum
computation, where entanglement and coherence are
widely believed to play a central role. As we argued in
the introduction, it is natural to investigate the relevance of
these resources from a dynamical perspective. Our results
suggest that one might want to focus onto dynamical
coherence, since it is equivalent to the dynamical
entanglement that can be generated from it by a controlled
NOT operation, which is frequently used in various
quantum algorithms. An improved understanding of the
resources responsible for operational advantages in quan-
tum computation in turn will allow for a more systematic
construction of quantum algorithms.
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In this Supplemental Material we give the proofs of the results presented in the main text and some further details. In particular,
we discuss how the monotones introduced in the main text bound each other and how we recover the results of Ref. [1] for the
special case of preparation channels.

I. TECHNICAL LEMMAS

Here we present three Lemmas that we will use in Sec. II to prove our results presented in the main text. The first two will
allow us to conclude that the auxiliary systems of some of the monotones introduced in the main text are not necessary in special
cases that are relevant for us. The third concerns a simplification of dynamical coherence measures based on relative entropies.
We begin with a Lemma concerning optimizations over separable states.

Lemma 8. Let D(ρ, σ) be a divergence and Θ,Λ CPTP. Then

max
σ∈WAEA|BEB

D

((
ΘAB∆AB ⊗ 1EAEB

)
σ,
(

ΛAB∆AB ⊗ 1EAEB

)
σ

)

= max
σ∈WA|B

D
(

ΘAB∆ABσ,ΛAB∆ABσ
)

(1)

and the same holds for the measured version, i.e.,

sup
M∈M

max
σ∈WAEA|BEB

D

(
M
(

ΘAB∆AB ⊗ 1EAEB

)
σ,M

(
ΛAB∆AB ⊗ 1EAEB

)
σ

)

= sup
M∈M

max
σ∈WA|B

D
(
MΘAB∆ABσ,MΛAB∆ABσ

)
, (2)

whereM can either be the set of free destructive measurements in E or the set of all destructive measurements.

Proof. This Lemma is a direct consequence of the fact that the dephasing destroys quantum correlations. For their proof, we
derive two inequalities each for the version with and without destructive measurements.

a) Let τ and ρ be quantum states. Using that D is contractive by assumption, we find

max
σ∈WA|B

D
(

ΘAB∆ABσ,ΛAB∆ABσ
)

= max
σ∈WA|B

D

(
trEAEB

((
ΘAB∆AB ⊗ 1EAEB

)(
σAB ⊗ τEA ⊗ ρEB

))
,

trEAEB

((
ΛAB∆AB ⊗ 1EAEB

)(
σAB ⊗ τEA ⊗ ρEB

)))

≤ max
σ∈WA|B

D

((
ΘAB∆AB ⊗ 1EAEB

)(
σAB ⊗ τEA ⊗ ρEB

)
,
(

ΛAB∆AB ⊗ 1EAEB

)(
σAB ⊗ τEA ⊗ ρEB

))

≤ max
σ∈WAEA|BEB

D

((
ΘAB∆AB ⊗ 1EAEB

)
σ,
(

ΛAB∆AB ⊗ 1EAEB

)
σ

)
. (3)
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2

Denoting by M̃ ∈ M a CPTP map associated to a destructive measurement with output independent of the input state, we find
in complete analogy

sup
M∈M

max
σ∈WA|B

D
(
MΘAB∆ABσ,MΛAB∆ABσ

)

= sup
M∈M

max
σ∈WA|B

D

(
trEAEB

((
MΘAB∆AB ⊗ M̃EAEB

)(
σAB ⊗ τEA ⊗ ρEB

))
,

trEAEB

((
MΛAB∆AB ⊗ M̃EAEB

)(
σAB ⊗ τEA ⊗ ρEB

)))

≤ sup
M∈M

max
σ∈WA|B

D

((
MΘAB∆AB ⊗ M̃EAEB

)(
σAB ⊗ τEA ⊗ ρEB

)
,

(
MΛAB∆AB ⊗ M̃EAEB

)(
σAB ⊗ τEA ⊗ ρEB

))

≤ sup
M∈M

max
σ∈WAEA|BEB

D

(
M
(

ΘAB∆AB ⊗ 1EAEB

)
σ,M

(
ΛAB∆AB ⊗ 1EAEB

)
σ

)
. (4)

b) We use Lem. 14 of Ref. [2] to note that, if σ ∈ WAEA|BEB
, then

(
∆AB ⊗ 1EAEB

)
σ =

(
∆AB ⊗ 1EAEB

)∑

i

riρ
AEA
i ⊗ τBEB

i

=
∑

i,j,k,l,m

riq
i
j|kp

i
k|k〉〈k|A ⊗ |φij|k〉〈φij|k|EA ⊗ |m〉〈m|B ⊗ q̃il|mp̃im|ξil|m〉〈ξil|m|EB , (5)

where ri, pik, p̃
i
m, q

i
j|k, q̃

i
l|m represent (conditional) probabilities and φij|k, ξ

i
l|m normalized quantum states. Using thatD is jointly

convex and contractive, this allows us to conclude that

max
σ∈WAEA|BEB

D
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)
σ,
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σ
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D
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i
m

D
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)
,

(
ΛAB ⊗ 1EAEB

)(
|k〉〈k|A ⊗ |φ〉〈φ|EA ⊗ |m〉〈m|B ⊗ |ξ〉〈ξ|EB

))

=max
k,m

D

(
ΘAB

(
|k〉〈k|A ⊗ |m〉〈m|B

)
,ΛAB

(
|k〉〈k|A ⊗ |m〉〈m|B

))

=max
k,m

D

(
ΘAB∆AB

(
|k〉〈k|A ⊗ |m〉〈m|B

)
,ΛAB∆AB

(
|k〉〈k|A ⊗ |m〉〈m|B

))

≤ max
σ∈WA|B

D
(

ΘAB∆ABσ,ΛAB∆ABσ
)
. (6)

For the case that includes destructive measurements, use in addition that for a POVM given by the elements ΠAB
i and a state

ρA, we can define a reduced POVM with elements Π̃B
i (ρ) acting only on system B by

tr

(
ΠAB
i

(
ρA ⊗ σB

))
= tr

(
ΠAB
i

(
ρA ⊗ 1B

)(
1
A ⊗ σB

))
= tr

(
trA

(
ΠAB
i

(
ρA ⊗ 1B

))
σB

)
=: tr

(
Π̃B
i (ρ)σB

)
,

(7)
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i.e., Π̃B
i (ρ) = trA

(
ΠAB
i

(
ρA ⊗ 1B

))
. With this in mind, we find

sup
M∈M

max
σ∈WAEA|BEB

D

(
M
(

ΘAB∆AB ⊗ 1EAEB

)
σ,M

(
ΛAB∆AB ⊗ 1EAEB

)
σ

)

= sup
M∈M

max
σ∈WAEA|BEB

D

(
M
(

ΘAB ⊗ 1EAEB

)(
∆AB ⊗ 1EAEB

)
σ,M

(
ΛAB ⊗ 1EAEB

)(
∆AB ⊗ 1EAEB

)
σ

)

≤ sup
M∈M

max
decompositions

∑

i,j,k,l,m

riq
i
j|kp

i
kq̃
i
l|mp̃

i
m

D

(
M
(

ΘAB ⊗ 1EAEB

)(
|φij|k〉〈φij|k|EA ⊗ |k〉〈k|A ⊗ |ξil|m〉〈ξil|m|EB ⊗ |m〉〈m|B

)
,

M
(

ΛAB ⊗ 1EAEB

)(
|φij|k〉〈φij|k|EA ⊗ |k〉〈k|A ⊗ |ξil|m〉〈ξil|m|EB ⊗ |m〉〈m|B

))

≤ sup
M∈M

max
|φ〉,|ξ〉,k,m

D

(
M
(

ΘAB ⊗ 1EAEB

)(
|φ〉〈φ|EA ⊗ |k〉〈k|A ⊗ |ξ〉〈ξ|EB ⊗ |m〉〈m|B

)
,

M
(

ΛAB ⊗ 1EAEB

)(
|φ〉〈φ|EA ⊗ |k〉〈k|A ⊗ |ξ〉〈ξ|EB ⊗ |m〉〈m|B

))

= sup
M̃(|φ〉⊗|ξ〉)∈M

max
k,m

D

(
M̃(|φ〉 ⊗ |ξ〉)ΘAB

(
|k〉〈k|A ⊗ |m〉〈m|B

)
, M̃(|φ〉 ⊗ |ξ〉)ΛAB

(
|k〉〈k|A ⊗ |m〉〈m|B

))

≤ sup
M∈M

max
k,m

D

(
MΘAB∆AB

(
|k〉〈k|A ⊗ |m〉〈m|B

)
,MΛAB∆AB

(
|k〉〈k|A ⊗ |m〉〈m|B

))

≤ sup
M∈M

max
σ∈WA|B

D
(
MΘAB∆ABσ,MΛAB∆ABσ

)
. (8)

Having established inequalities in both directions for each version, the proof is finished.

Next we prove a similar result concerning the case where we optimize over incoherent states.

Lemma 9. Let D(ρ, σ) be a divergence and Θ, Λ CPTP. Then

max
σ∈I

D (Θσ,Λσ) = max
σ∈I

D
(
(Θ⊗ 1)σ, (Λ⊗ 1)σ

)
. (9)

Proof. This is a simple consequence of the fact that incoherent states on the joint system are separable. Using contractivity, we
find

max
σ∈I

D (Θσ,Λσ) =max
σ∈I

D

(
trB

((
ΘA ⊗ 1B

)
σ

)
, trB

((
ΛA ⊗ 1B

)
σ

))

≤max
σ∈I

D
(
(Θ⊗ 1)σ, (Λ⊗ 1)σ

)
. (10)

To show the reverse inequality, we use joint convexity, contractivity, and the fact that we can decompose the incoherent states on
two systems as

σ =
∑

ij

pij |i〉〈i| ⊗ |j〉〈j|, (11)

where pij denotes a probability distribution. We then have

max
σ∈I

D
(
(Θ⊗ 1)σ, (Λ⊗ 1)σ

)
=max

pij
D


(Θ⊗ 1)

∑

ij

pij |i〉〈i| ⊗ |j〉〈j|, (Λ⊗ 1)
∑

ij

pij |i〉〈i| ⊗ |j〉〈j|




≤max
pij

∑

ij

pijD
(
Θ|i〉〈i| ⊗ |j〉〈j|,Λ|i〉〈i| ⊗ |j〉〈j|

)

≤max
i,j

D
(
Θ|i〉〈i| ⊗ |j〉〈j|,Λ|i〉〈i| ⊗ |j〉〈j|

)

=max
i

D
(
Θ|i〉〈i|,Λ|i〉〈i|

)

≤max
σ∈I

D (Θσ,Λσ) , (12)
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which finishes the proof.

To conclude this section, we present a Lemma which simplifies certain coherence measures and had been shown previously
in Ref. [3] for the case of MIO.

Lemma 10. For the relative entropy S(ρ, σ),

CI,no
C,S (Θ) = max

σ∈I

[
S(∆Θσ)− S(Θσ)

]

holds, where S(ρ) denotes the von Neumann entropy.

This shows that CI,no
C,S (Θ) is a coherence power, since

CI,no
C,S (Θ) =max

σ∈I
RC(Θσ), (13)

where RC denotes the relative entropy of coherence [4–6]. In addition, the Lemma shows that these measures can only be
faithful for MIO: the right hand side of Eq. (13) is independent of the choice of C and, by construction, the measure with respect
to MIO is zero on all operations in MIO. Since, e.g., IO is a strict subset of MIO, there exist operations outside IO on which the
respective measure is zero.

Proof. We begin by reminding the well known fact that for quantum states ρ and σ, we have

S (ρ,∆σ) = S(∆ρ)− S(ρ) + S (∆ρ,∆σ) . (14)

Together with Lem. 9 follows

CI,no
C,S (Θ) =min

Λ∈C
max
σ∈IAB

S

((
ΘA ⊗ 1B

)
σ,
(

ΛA ⊗ 1B
)
σ

)

=min
Λ∈C

max
σ∈I

S (Θσ,Λσ)

=min
Λ∈C

max
σ∈I

[
S(∆Θσ)− S(Θσ) + S (∆Θσ,Λσ)

]
. (15)

Next we remind that the quantum operation Λ = ∆Θ∆ can be represented by Kraus operators Lijn = |j〉〈j|Kn|i〉〈i| if Θ is given
by Kraus operators Kn. Therefore such a Λ is contained in SIO, which can be characterized by every Kraus operator having at
most one non-zero entry per column and row [6]. Since SIO is included in LOP, DIO, IO, and MIO, Λ is also in all of these sets.
Together with the fact that the relative entropy between two quantum states is non-negative and that S (∆Θσ,∆Θ∆σ) = 0, we
arrive at our statement.

II. PROOFS OF THE RESULTS IN THE MAIN TEXT

Here, with the help of the technical Lemmas from Sec. I, we prove the results presented in the main text, which we restate for
readability. In addition to the sets of free operations discussed in the main text, we will also consider the subsets of LOCC that
can be implemented with r rounds of classical communication (LOCCr) [7]. Since LOCCr is not closed under concatenation,
i.e., for Φi ∈ LOCC2 it is possible that Φ2Φ1 ∈ LOCC4, it seems difficult to include LOCCr into our framework directly: as
we will see in the following, to prove that our monotones defined in the main text are indeed monotonic under concatenation with
free operations, we rely on the fact that both C and E are closed under concatenation. In addition, this implies that, according to
the definitions we chose, there cannot be a monotone with respect to LOCCr which is also faithful. A method to circumvent this
problem could be to define monotonicity not with respect to concatenations with free operations, but with respect to so called
maximally free superoperations, i.e., linear maps from quantum operations to quantum operations that map LOCCr to itself.
However, it is not clear how powerful this set of maximally free superoperations would be and it does not have an equally strong
physical motivation in terms of circuit quantum computation.

Nevertheless, in our proofs in Sec. IV, the quantities

ES,M
LOCCr

A|B ,D
(Θ) := inf

Λ∈LOCCr
A|B

DS,M(Θ,Λ) (16)

will be of use, since, as we discuss in Sec. III, they bound the monotones introduced in the main text and in contrast to LOCC,
its subsets LOCCr are closed. Therefore, we will prove some of our results from the main text also for LOCCr.



5

Proposition 2. Let S denote either the set of all quantum states or the set of free quantum states,M ∈ {all, free,no}, M̃ ∈
{all,no}, Ẽ ∈

{
LOCC,SEP

}
, and C̃ ∈ {LOP, IO,MIO}. Then

ES,MẼA|B ,D (Θ) , CS,MMIO,D (Θ) , CD,M̃C,D (Θ) , and CD,free

C̃,D (Θ)

are convex resource measures. The remaining functionals from Def. 1 are convex resource monotones, with those defined via
destructive DIO/SIO measurements vanishing on all operations.

Proof. a) monotonicity: We begin by proving monotonicity for ES,no
EA|B ,D (Θ). Note that this has been shown in Refs. [3, 8, 9]

before, but for completeness, we repeat the proof here. Let Φ
AEA|BEB

1 ,Φ
AEA|BEB

2 ∈ EAEA|BEB . Then we have the following
chain of inequalities, which are explained below:

ES,no

EAEA|BEB ,D

(
Φ
AEA|BEB

2

(
ΘAB ⊗ 1EAEB

)
Φ
AEA|BEB

1

)
(17a)

= inf
Λ∈EAEA|BEB

max
σ∈S

D

((
Φ
AEA|BEB

2

(
ΘAB ⊗ 1EAEB

)
Φ
AEA|BEB

1 ⊗ 1ÃB̃
)
σ,
(

ΛAEA|BEB ⊗ 1ÃB̃
)
σ

)
(17b)

≤ inf
Λ∈EA|B

max
σ∈S

D

((
Φ
AEA|BEB

2

(
ΘAB ⊗ 1EAEB

)
Φ
AEA|BEB

1 ⊗ 1ÃB̃
)
σ,

(
Φ
AEA|BEB

2

(
ΛA|B ⊗ 1EAEB

)
Φ
AEA|BEB

1 ⊗ 1ÃB̃
)
σ

)
(17c)

≤ inf
Λ∈EA|B

max
σ∈S

D

((
Φ
AEA|BEB

2

(
ΘAB ⊗ 1EAEB

)
⊗ 1ÃB̃

)
σ,

(
Φ
AEA|BEB

2

(
ΛA|B ⊗ 1EAEB

)
⊗ 1ÃB̃

)
σ

)
(17d)

≤ inf
Λ∈EA|B

max
σ∈S

D

((
ΘAB ⊗ 1EAEBÃB̃

)
σ,
(

ΛA|B ⊗ 1EAEBÃB̃
)
σ

)
(17e)

= ES,no
EA|B ,D

(
ΘAB

)
. (17f)

In (17b), we repeated the definition and in (17c), we used the fact that, by replacing the second argument, we take the infimum
over a smaller set: by assumption Φ2 (Λ⊗ 1) Φ1 is a free operation, since the set of free operations is closed under concatenation.
Line (17d) follows from an increase of the set of states over which we maximize, since Φ1 maps free states to free states. In (17e),
we used contractivity of D and, merging the spaces EA and Ã as well as EB and B̃, (17f) follows again from the definition.

For ES,MEA|B ,D
(

ΘAB
)

withM∈ {all, free} we find in complete analogy

ES,MEAEA|BEB ,D

(
Φ
AEA|BEB

2

(
ΘAB ⊗ 1EAEB

)
Φ
AEA|BEB

1

)
(18a)

= inf
Λ∈EAEA|BEB

sup
M∈M

max
σ∈S

D

(
M

(
Φ
AEA|BEB

2

(
ΘAB ⊗ 1EAEB

)
Φ
AEA|BEB

1 ⊗ 1ÃB̃
)
σ,

M
(

ΛAEA|BEB ⊗ 1ÃB̃
)
σ

)
(18b)

≤ inf
Λ∈EA|B

sup
M∈M

max
σ∈S

D

(
M

(
Φ
AEA|BEB

2

(
ΘAB ⊗ 1EAEB

)
Φ
AEA|BEB

1 ⊗ 1ÃB̃
)
σ,

M

(
Φ
AEA|BEB

2

(
ΛA|B ⊗ 1EAEB

)
Φ
AEA|BEB

1 ⊗ 1ÃB̃
)
σ

)
(18c)

≤ inf
Λ∈EA|B

sup
M∈M

max
σ∈S

D

(
M
(

ΘAB ⊗ 1EAEBÃB̃
)
σ,M

(
ΛA|B ⊗ 1EAEBÃB̃

)
σ

)
(18d)

=ES,MEA|B ,D

(
ΘAB

)
, (18e)

where we used in addition in (18d) that the (free) destructive measurements which are preceded by the free operation Φ2 form a
subset of the (free) destructive measurements. The proofs for the monotones with respect to C use exactly the same arguments,
which is why we will not repeat them here.
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b) faithfulness (of the functionals we claim to be measures): For the proofs of faithfulness, let us begin with some general
remarks. With the exception of LOCC, both the sets of free operations as well as the sets of free destructive measurements
are closed and the infimum and supremum are achieved (therefore we can replace them with a minimum and a maximum). In
addition, if Θ is in the set of free operations under consideration, we can choose Λ = Θ and the respective monotones are
obviously zero. To prove the other direction, we consider different cases separately.

First we consider the monotones in which we are maximizing over all states. If Θ is not free, for every fixed free Λ, there
exist at least one state that transforms differently under the two operations (otherwise they would be the same, which is a
contradiction). Using our assumptions on D, this proves faithfulness in the cases where we do not optimize over destructive
measurements. In case we optimize over sets of informationally complete destructive measurements, there will necessarily exist
an allowed destructive measurement that leads to different statistics for two different states. Next we recall that LOP contains
all POVMs (and is a subset of IO and MIO) [10]. Since all destructive measurements and all the sets of restricted destructive
measurements in E are informationally complete [11, 12] (see Refs. [13, 14] for some explicit bounds on the restricted trace
distances), this proves again faithfulness for the respective monotones.

We now proceed to the monotones which include a maximization over free states and consider first the case that the free
operations are either MIO or SEP. Since these form the maximal sets of operations that do transform free states to free states,
if Θ is not free, there exists at least one free state such that Θ converts it to a non-free one. This is impossible by every free
operation Λ and to prove that the respective monotones where we maximize only over free states are faithful, we can follow up
with the same arguments we used above.

The remaining case is when we optimize over separable states and consider LOCC as free operations. In addition to the
arguments above, we now have to show that operations outside LOCC cannot be simulated on separable states by operations
inside LOCC, which we will do now. The states which are separable with respect to the division intoAEA andBEB over which
we optimize contain the maximally entangled state |ΦAB|EAEB

+ 〉 = 1√
dAdB

∑
ij |ii〉

AEA ⊗ |jj〉BEB between AB and EAEB .
Using the above arguments, it therefore follows that, if the monotone is zero, then there exists a free Λ such that

(
ΘAB ⊗ 1EAEB

)
|ΦAB|EAEB

+ 〉〈ΦAB|EAEB

+ | =
(

ΛA|B ⊗ 1EAEB

)
|ΦAB|EAEB

+ 〉〈ΦAB|EAEB

+ |, (19)

which, using the Choi isomorphism, is equivalent to saying that Θ = Λ. Thus the monotones are faithful. This argument was
also used in Ref. [9]. At this point, we remark that the same arguments allow to show that ES,M

LOCCr
A|B ,D

(Θ) as defined in
Eq. (16) is faithful, i.e., it is zero if and only if Θ ∈ LOCCr.

We also note that measurements which are in DIO cannot detect coherence in the sense that the measurement statistics are
determined by the populations alone. Since SIO and DIO can be used to implement arbitrary transformations on the populations,
the monotones where we only allow for destructive SIO/DIO measurements are always zero, i.e., useless.

c) convexity: This is an immediate consequence of joint convexity of D and the convexity of the free operations. We will
show the proof for the example of ES,MEA|B ,D

(
ΘAB

)
withM 6= no. For all other monotones, the proofs are exactly analogous,

which is why we will not repeat them here. For 0 ≤ t ≤ 1, we find

ES,MEA|B ,D

(
tΘAB

1 + (1− t)ΘAB
2

)

= inf
Λ∈EA|B

sup
M∈M

max
σ∈S

D

(
M

((
tΘAB

1 + (1− t)ΘAB
2

)
⊗ 1EAEB

)
σ,M

(
ΛA|B ⊗ 1EAEB

)
σ

)

≤ inf
Λi∈EA|B

sup
M∈M

max
σ∈S

D

(
M

((
tΘAB

1 + (1− t)ΘAB
2

)
⊗ 1EAEB

)
σ,M

((
tΛ
A|B
1 + (1− t)ΛA|B2

)
⊗ 1EAEB

)
σ

)

≤ inf
Λi∈EA|B

sup
M∈M

max
σ∈S

[
tD

(
M
(

ΘAB
1 ⊗ 1EAEB

)
σ,M

(
Λ
A|B
1 ⊗ 1EAEB

)
σ

)

+(1− t)D
(
M
(

ΘAB
2 ⊗ 1EAEB

)
σ,M

(
Λ
A|B
2 ⊗ 1EAEB

)
σ

)]

≤t inf
Λ1∈EA|B

sup
M∈M

max
σ∈S

[
D

(
M
(

ΘAB
1 ⊗ 1EAEB

)
σ,M

(
Λ
A|B
1 ⊗ 1EAEB

)
σ

)]

+ (1− t) inf
Λ2∈EA|B

sup
M∈M

max
σ∈S

[
D

(
M
(

ΘAB
2 ⊗ 1EAEB

)
σ,M

(
Λ
A|B
2 ⊗ 1EAEB

)
σ

)]

=t ES,MEA|B ,D

(
ΘAB

1

)
+ (1− t) ES,MEA|B ,D

(
ΘAB

2

)
, (20)
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which finishes the proof of convexity.

Theorem 3. Let Φi ∈ C. Then

CI,no
C,D (Θ) ≥ EW,no

EA|B ,D

(
Φ2

(
ΘA ⊗ 1B

)
Φ1∆

)

and

CI,all
C,D (Θ) ≥ EW,all

EA|B ,D

(
Φ2

(
ΘA ⊗ 1B

)
Φ1∆

)
.

Note: As will be apparent from the proof, the Theorem also holds true for E = LOCCr≥3 as defined in Eq. (16).

Proof. Using Lem. 8 and our assumptions on D, we find

CI,no
MIO,D (Θ) = min

Λ∈MIO
max
σ∈IAB

D

((
ΘA ⊗ 1B

)
σ,
(

ΛA ⊗ 1B
)
σ

)
(21a)

≥ min
Λ∈MIO

max
σ∈IAB

D

(
ΦAB2

(
ΘA ⊗ 1B

)
ΦAB1 σ,ΦAB2

(
ΛA ⊗ 1B

)
ΦAB1 σ

)
(21b)

= min
Λ∈MIO

max
σ∈IAB

D

(
ΦAB2

(
ΘA ⊗ 1B

)
ΦAB1 ∆ABσ,ΦAB2

(
ΛA ⊗ 1B

)
ΦAB1 ∆ABσ

)
(21c)

= min
Λ∈MIO

max
σ∈WA|B

D

(
ΦAB2

(
ΘA ⊗ 1B

)
ΦAB1 ∆ABσ,ΦAB2

(
ΛA ⊗ 1B

)
ΦAB1 ∆ABσ

)
(21d)

= min
Λ∈MIO

max
σ∈WAEA|BEB

D

((
ΦAB2

(
ΘA ⊗ 1B

)
ΦAB1 ∆AB ⊗ 1EAEB

)
σ,

(
ΦAB2

(
ΛA ⊗ 1B

)
ΦAB1 ∆AB ⊗ 1EAEB

)
σ

)
(21e)

≥ min
Λ∈LOCC3

A|B
max

σ∈WAEA|BEB

D

((
ΦAB2

(
ΘA ⊗ 1B

)
ΦAB1 ∆AB ⊗ 1EAEB

)
σ,
(

ΛA|B ⊗ 1EAEB

)
σ

)
, (21f)

where we used in Eq. (21d) that ∆σ = ∆∆σ and in the last line that

ΦAB2

(
ΛA ⊗ 1B

)
ΦAB1 ∆AB (22)

can be implemented using local operations and three rounds of classical communication: since Φi and Λ are maximally incoher-
ent, the states

σij :=
∑

kl

pijkl|k〉〈k| ⊗ |l〉〈l| := ΦAB2

(
ΛA ⊗ 1B

)
ΦAB1 |i〉〈i| ⊗ |j〉〈j| (23)

are separable. Therefore, the operation in Eq. (22) can be implemented by performing local projective measurements in the inco-
herent bases, sharing the outcomes, and preparing the corresponding states σij . To do this, one might need shared randomness,
which can be established whilst sharing the measurement outcomes. In detail, first Alice performs her projective measurement
and shares the outcome as well as some randomness with Bob. This constitutes the first round of the protocol. In the second
round, Bob then does his projective measurement, creates his local state (conditioned on the measurement outcomes and the
randomness), and communicates his outcome to Alice. In the third round, Alice prepares her local state, again conditioned on
the measurement outcomes and the randomness. Together with the discussion in Sec. III, this finishes the proof of the first part
of our statement (and also proves the note we added above this proof). The second part follows in complete analogy, making
again use of Lem. 8 and the fact that MΦ2 is again a destructive measurement.

Theorem 4. For S(ρ, σ) the relative entropy and dimB = dimA,

CI,no
C,S (Θ) ≤ EW,no

EA|B ,S

(
UCNOT

(
ΘA ⊗ 1B

)
∆

)

holds.
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Proof. Let us denote the relative entropy of entanglement [15] with respect to the bi-partition into parties A and B by RA|BE , i.e.,

R
A|B
E (ρ) = min

σ∈WA|B
S (ρ, σ) . (24)

For readability we also define

Θσ =: ρσ =
∑

i,j

ρσij |i〉〈j|. (25)

Then, with Lem. 8, and applying a technique used in Ref. [1], we find

EW,no

SEPA|B ,S

(
UABCNOT

(
ΘA ⊗ 1B

)
∆AB

)
= min

Λ∈SEPA|B
max
σ∈WA|B

S

(
UABCNOT

(
ΘA ⊗ 1B

)
∆ABσ,ΛA|Bσ

)
(26a)

≥ max
σ∈WA|B

min
Λ∈SEPA|B

S

(
UABCNOT

(
ΘA ⊗ 1B

)
∆ABσ,ΛA|Bσ

)
(26b)

= max
σ∈WA|B

R
A|B
E

(
UABCNOT

(
ΘA ⊗ 1B

)
∆ABσ

)
(26c)

≥max
σ∈IA

R
A|B
E

(
UABCNOT

(
ΘA ⊗ 1B

)
∆AB

(
σA ⊗ |0〉〈0|B

))
(26d)

=max
σ∈IA

R
A|B
E


∑

i,j

ρσij |i〉〈j|A ⊗ |i〉〈j|B

 (26e)

≥max
σ∈IA

S (∆Θσ)− S (Θσ) , (26f)

where we used the max-min inequality in Eq. (26b) and in Eq. (26c), we used that with SEP, we can prepare an arbitrary separable
state, but no state outside the set of separable states if we have a separable input state. In the last line, we used that [16]

R
A|B
E

(
ρAB

)
≥ S

(
ρA
)
− S

(
ρAB

)
. (27)

Together with Lem. 10 and the discussion in Sec. III, this finishes the proof. Note that all our arguments also hold if we take
E = LOCCr. Thus the Theorem also holds in this case.

Theorem 5. For S(ρ, σ) the relative entropy,

CI,no
C,S (Θ) = sup

Φ1,Φ2∈C
EW,no
EA|B ,S

(
Φ2

(
ΘA ⊗ 1B

)
Φ1∆

)
.

The supremum is achieved for dimB = dimA, Φ1 = 1 and Φ2 = UCNOT.

Proof. The proof follows directly from Thms. 3 and 4. As we noted in the respective proofs, these two Theorems also hold if we
choose E = LOCCr≥3, which is why also this Theorem holds for E = LOCCr≥3.

Corollary 6. An operation Θ can be converted to an operation outside E with operations in C if and only if Θ is not in MIO.

Proof. According to Prop. 2 and its proof, the two measures

CI,no
MIO,S , E

W,no

SEPA|B ,S

as well as

EW,no

LOCCr≥3
A|B ,S

are faithful, i.e., they are zero if and only if they are evaluated on free operations. In addition, the inequalities discussed in
Sec. III hold. Together with Thm. 5 (and in particular that the optimal conversion scheme is contained in SIO) this finishes the
proof and shows that the Corollary also holds for E = LOCCr≥3.
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Theorem 7. Let EEAEA|B be a (convex) resource monotone with respect to the set of operations EAEA|B . Then

CE,EC (Θ) := sup
Λi∈C

EEAEA|B

(
Λ2

(
ΘA ⊗ 1EAB

)
Λ1∆

)
(28)

is a (convex) resource monotone with respect to the operations C. If EEAEA|B is in addition faithful, Eq. (28) defines a measure
with respect to MIO.

Proof. Non-negativity is obviously inherited and monotonicity is a simple consequence of the fact that C is closed under con-
catenation. Let Φi ∈ C. Then we have

CE,EC

(
Φ2

(
ΘA ⊗ 1Ã

)
Φ1

)
=sup

Λi∈C
EEAÃEA|B

(
Λ2

(
Φ2

(
ΘA ⊗ 1Ã

)
Φ1 ⊗ 1EAB

)
Λ1∆

)

=sup
Λi∈C

EEAÃEA|B

(
Λ2

(
Φ2 ⊗ 1EAB

)(
ΘA ⊗ 1ÃEAB

)(
Φ1 ⊗ 1EAB

)
Λ1∆

)

≤sup
Λi∈C

EEAÃEA|B

(
Λ2

(
ΘA ⊗ 1ÃEAB

)
Λ1∆

)

=sup
Λi∈C

EEAEA|B

(
Λ2

(
ΘA ⊗ 1EAB

)
Λ1∆

)

=CE,EC (Θ) , (29)

where we included Ã into EA in the second last line. Also the proof that convexity can be inherited is straightforward. Assume
that EEAEA|B is convex. Then we find

CE,EC


∑

k

pkΘk


 =sup

Λi∈C
EEAEA|B


Λ2


∑

k

pkΘA
k ⊗ 1EAB


Λ1∆




=sup
Λi∈C

EEAEA|B


∑

k

pkΛ2

(
ΘA
k ⊗ 1EAB

)
Λ1∆




≤sup
Λi∈C

∑

k

pk EEAEA|B

(
Λ2

(
ΘA
k ⊗ 1EAB

)
Λ1∆

)

≤
∑

k

pk sup
Λi∈C

EEAEA|B

(
Λ2

(
ΘA
k ⊗ 1EAB

)
Λ1∆

)

=
∑

k

pk C
E,E
C (Θk) , (30)

i.e., CE,EC is convex too. The statement about faithfulness in the case of MIO is a direct consequence of Cor. 6.

III. COMPARISON OF THE MONOTONES

In this Section, we discuss how the different monotones introduced in the main text and the analog quantity from Eq. (16)
bound each other. Since their definitions involve an infimum, the different sets E and C we are considering obey the inclusion
relations shown in Fig. 1 in the main text, and LOCCr ⊂ LOCCr+1 ⊂ LOCC, forM∈ {no, all}, we obtain

ES,M
LOCCr

A|B ,D
(Θ) ≥ ES,M

LOCCr+1
A|B ,D

(Θ) ≥ ES,M
LOCCA|B ,D

(Θ) ≥ ES,M
LOCC,D

(Θ) ≥ ES,M
SEPA|B ,D

(Θ) ,

CS,MSIO,D (Θ) ≥ CS,MLOP,D (Θ) ≥ CS,MIO,D (Θ) ≥ CS,MMIO,D (Θ) ,

CS,MSIO,D (Θ) ≥ CS,MDIO,D (Θ) ≥ CS,MMIO,D (Θ) . (31)

ForM = free, it is not straightforward to establish a similar relation, since smaller sets of operations (over which we perform
infima) also potentially include fewer free destructive measurements (over which we take suprema).
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Figure 1. Bounding the entanglement monotones. Visualization of the relation of the monotones quantifying the entanglement of operations
and their relation to the quantity defined in Eq. (16). A monotone which is connected to a monotone below it is an upper bound to that one.
For a more detailed discussion, see Sec. III.

Within one set of operations E or C, other inequalities emerge from the different choices of states and destructive measurements
over which we optimize: the supremum over the set of all states/destructive measurements is not smaller than the supremum
over the set of free states/destructive measurements. Therefore, we find

ED,MEA|B ,D (Θ) ≥ EW,MEA|B ,D (Θ) ,

ES,all
EA|B ,D (Θ) ≥ ES,free

EA|B ,D (Θ) ,

CD,MC,D (Θ) ≥ CI,MC,D (Θ) ,

CS,all
C,D (Θ) ≥ CS,free

C,D (Θ) . (32)

Finally, since D is contractive by assumption, we also have

ES,no
EA|B ,D (Θ) ≥ ES,all

EA|B ,D (Θ) ,

CS,no
C,D (Θ) ≥ CS,all

C,D (Θ) . (33)

With the same arguments, the inequalities in Eqs. (32,33) also hold for E = LOCCr. For the monotones with respect to
operations in E , we visualize these inequalities in Fig. 1

IV. REDUCTION TO RESOURCE THEORIES OF QUANTUM STATES

In this Section, we discuss in detail how our findings include the results on resource theories of states presented in Ref. [1].
To this end, we consider preparation and replacement channels. A replacement channel is a quantum operation with fixed output
(which we will use as an index), i.e., Θτρ = τ tr ρ for a fixed τ . For such an operation, we find with the help of Lem. 9

CI,no
C,D (Θτ ) =min

Λ∈C
max
σ∈I

D (Θτσ,Λσ)

=min
Λ∈C

max
σ∈I

D (τ,Λσ)

≥min
σ∈I

D (τ, σ) , (34)
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since Λ cannot create coherence from an incoherent state. This lower bound, however, can always be reached by the appropriate
(free) replacement channel. Therefore, we find

CI,no
C,D (Θτ ) = min

σ∈I
D (τ, σ) , (35)

which was also shown in Ref. [9] for the relative entropy. In addition, using Lem. 8, we find

EW,no
EA|B ,D

(
ΦAB2

(
ΘA
τ ⊗ 1B

)
∆AB

)
= inf

Λ∈EA|B
max
σ∈WA|B

D

(
ΦAB2

(
τA ⊗ trA

(
∆ABσ

))
,ΛA|Bσ

)

≥ inf
Λ∈EA|B

D

(
ΦAB2

(
τA ⊗ |0〉〈0|B

)
,ΛA|B

(
|0〉〈0|A ⊗ |0〉〈0|B

))

= min
σ∈WA|B

D

(
ΦAB2

(
τA ⊗ |0〉〈0|B

)
, σ

)
, (36)

which also holds for E = LOCCr≥3. From Thm. 3 and Eqs. (35,36), we recover Thm. 1 of Ref. [1] as a special case, i.e.,

min
σ∈I

D (τ, σ) = CI,no
C,D (Θτ ) ≥ EW,no

EA|B ,D

(
ΦAB2

(
ΘA
τ ⊗ 1B

)
∆AB

)
≥ min
σ∈WA|B

D

(
ΦAB2

(
τA ⊗ |0〉〈0|B

)
, σ

)
(37)

for all Φ2 ∈ C. Since Thm. 3 also holds for E = LOCCr≥3 (which we noted below it), the above statement is also true for
E = LOCCr≥3.

Next assume that Ẽ ∈
{

LOCCr≥3,LOCC,SEP
}

. Since all of these sets are convex and closed, with the help of Thm. 2 of
Ref. [9] and Lem. 8, we note that

EW,no

ẼA|B ,S

(
UABCNOT

(
ΘA
τ ⊗ 1B

)
∆AB

)
= min

Λ∈ẼA|B
max
σ∈WA|B

S

(
UABCNOT

(
ΘA
τ ⊗ 1B

)
∆ABσ,ΛA|Bσ

)

= max
σ∈WA|B

min
Λ∈ẼA|B

S

(
UABCNOT

(
ΘA
τ ⊗ 1B

)
∆ABσ,ΛA|Bσ

)

=max
σ∈I

min
ρ∈WA|B

S

(
UABCNOT

(
τA ⊗ σB

)
, ρ

)

≤max
Φ∈C

min
ρ∈WA|B

S

(
ΦAB

(
τA ⊗ |0〉〈0|B

)
, ρ

)
. (38)

Note that the same holds for all other divergences that satisfy Thm. 2 of Ref. [9], e.g., the trace distance. From the discussion in
Sec. III, we remember that

EW,no

SEPA|B ,S
≤ EW,no

LOCCA|B ,S
≤ EW,no

LOCC3
A|B ,S

(39)

and therefore Eq. (38) is also valid for Ẽ = LOCC. Using Eq. (36), we obtain in addition

max
Φ1,Φ2∈C

EW,no
EA|B ,S

(
ΦAB2

(
ΘA
τ ⊗ 1B

)
ΦAB1 ∆AB

)
≥max

Φ2∈C
min

σ∈WA|B
S

(
ΦAB2

(
τA ⊗ |0〉〈0|B

)
, σ

)
, (40)

which, together with Thm. 5, allows us to conclude that

max
Φ1,Φ2∈C

EW,no
EA|B ,S

(
ΦAB2

(
ΘA
τ ⊗ 1B

)
ΦAB1 ∆AB

)
= max

Φ2∈C
min

σ∈WA|B
S

(
ΦAB2

(
τA ⊗ |0〉〈0|B

)
, σ

)
. (41)

Therefore, invoking again Thm. 5, this time together with Eq. (35), using preparation channels, our results recover the corre-
sponding findings on static resources presented in Eq. (8) of Ref. [1]:

max
Φ2∈IO

min
σ∈WA|B

S

(
ΦAB2

(
τA ⊗ |0〉〈0|B

)
, σ

)
= min

σ∈I
S (τ, σ) . (42)

This also implies that Cor. 6 includes Thm. 2 of Ref. [1]: a state ρ can be converted to an entangled state via IO if and only if ρ
is coherent.
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All in all, the discussion in this section shows that our results on the quantitative connection of dynamic entanglement and
coherence reduce to the the corresponding results on static entanglement and coherence if we consider preparation channels.
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