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Abstract

In this thesis, quantum many-body systems are studied by means of tensor network meth-

ods, a versatile and powerful class of computational tools particularly suited to attack this

challenge. After introducing the quantum many-body problem and discussing paradigmatic

models as well as established methods for their solution, the focus is set on a practical

approach to tensor network methods, always keeping in mind the realistic numerical applica-

bility of the tools devised. In order to achieve this objective, we focus on loop-free network

geometries, which allow to boost the computational performance to the greatest possible ex-

tent. The developed algorithms are described and benchmarked in detail, starting from their

elementary constituents, namely the multidimensional arrays called tensors which are at the

heart of any tensor network algorithm. We then apply the developed simulation techniques

to a diverse collection of quantum many-body models of current research interest. We are

interested, in particular, in a characterization of the ground-state properties of these models,

but we also investigate problems beyond the zero-temperature equilibrium setting, such as

time evolution or finite-temperature behavior. Specifically, novel findings for the phase di-

agrams of the disordered Bose-Hubbard chain and of the Heisenberg chain with additional

biquadratic interactions are presented, as well as compelling new evidence for the existence

of fractional quantum Hall states in the interacting Harper-Hofstadter model.
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1. Introduction

Already at the dawn of quantum mechanics — in the late twenties of the previous century —

it had been realized that this new powerful theory was essentially complete and fully capable

of explaining all physical and chemical phenomena in “ordinary” matter [1].1 Despite this

theoretical breakthrough and profound understanding of the fundamental laws that govern

physical systems down to subatomic scales, the application of quantum theory for the de-

scription of realistic materials still posed a formidable challenge. This challenge has its roots

in the fact that the equations to be solved in order to characterize many-body quantum sys-

tems are, in general, far too complicated to allow for analytical solutions, even for strongly

simplified and idealized models. To this day, this difficulty is still hindering the progress in

the quantitative characterization of strongly correlated quantum matter.

Even when described with classical mechanics, systems consisting of many constituents

are often intractable analytically. However, a crucial difference to the quantum-mechanical

treatment is that the state of a classical system at zero temperature is described by a number

of parameters scaling linearly with the system size. The superposition principle of quantum

mechanics alters this situation drastically: For quantum many-body systems, the number

of parameters scales exponentially with the size, immediately ruling out all aspirations to

apply brute-force numerical simulations to systems consisting of more than just a few dozen

constituents. Feynman has pointed out [3] that this complication is maybe not too surpris-

ing: After all, we are trying to simulate quantum-mechanical systems with classical devices

(namely classical computers), thereby renouncing the powerful resources of superposition

and entanglement [4] provided by quantum theory. The quantum simulators [5] envisioned

by Feynman are, at present, the most promising candidates in the quest for a universal tool

capable of characterizing quantum many-body systems. Nevertheless, in spite of considerable

progress in the last decades, they are, like many other quantum technologies [6, 7], still in

their infancy.

In the meantime, it is therefore highly desirable to exploit as much as possible the tools

for the simulations of quantum many-body systems that we do readily have at our disposal,

namely classical computers. This approach necessitates the development of computational

methods beyond a mere brute-force treatment. It is clear that such methods have to be built

on some kind of approximations, but as long as these approximations are controllable, this

1Here, by “ordinary” we mean typical conditions in which effects of general relativity can be neglected
(i.e. excluding conditions involving extremely high energies or masses): It is well known that quantum
mechanics and general relativity have proven to be notoriously difficult to reconcile, with no complete
solution to this puzzle within reach to this day [2].
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is not a fundamental limitation. Although maybe not obvious, it turns out that controlled

approximations allowing an efficient simulation of a broad range of quantum many-body

systems on classical computers are indeed possible. In fact, ingenious specialized numerical

tools have been developed over the last decades, which have led to the characterization of

some quantum many-body systems with astounding accuracy [8, 9], in system-size regimes

far beyond the reach of brute-force methods. Among the potential of these methods there

is also the possibility to provide insights into fundamental theories: One example is the

non-perturbative description of lattice gauge theories, potentially enabling the simulation of

elusive phenomena in high-energy physics in the near term [10, 11].

Arguably, the two most successful approaches for the description of strongly correlated

quantum matter are quantum Monte Carlo [12] and tensor network methods [13]. The latter

class of methods forms the subject of this thesis. Tensor network methods have undergone

a remarkable development since their inception less than thirty years ago: By now they

have established themselves as the de facto standard for the simulation of strongly correlated

quantum many-body systems in one dimension. What is more, their envisioned potential for

the simulation of two-dimensional systems, although at present not yet fully harnessed due to

intrinsic practical complications, has sparked a great deal of excitement and led to a vibrant

research community in recent years.

In this thesis, we develop from scratch a complete framework for a subclass of tensor net-

work methods, namely the so-called “loop-free” tensor networks. We provide a blueprint

for building state-of-the-art simulations within this framework, focusing on the characteriza-

tion of zero-temperature equilibrium properties of quantum lattice systems in one and two

spatial dimensions. We demonstrate the practical usefulness of the developed framework by

thorough benchmarking and subsequent applications to open problems of current research

interest: For the bilinear-biquadratic spin-1 chain we corroborate the absence of a conjectured

nematic phase; for the superfluid-glass transition in a disordered interacting Bose system we

provide an improved description of the phase boundary; in the interacting Hofstadter model

we detect fractional quantum Hall states on systems sizes larger than previously possible; for

the high-spin Ising model we map out the phase diagram; and finally, for the Bose-Hubbard

model we characterize the finite-temperature behavior in parameter regimes relevant for typ-

ical experimental setups.

The thesis is divided into two parts: In the first part, we set the stage by introducing

the quantum many-body problem, making the reader familiar with the notation and typical

quantities of interest in this discipline. We also discuss common analytical tools, frequently

employed to gain some basic understanding of quantum many-body models in regimes where

they can be treated as free or quasi-free. In the second part, results of this thesis work

which have been published in peer-reviewed journals are reprinted. These publications are

introduced with a brief summary and arranged thematically, so as to allow for a coherent

reading. We conclude the thesis with an outlook on possible future directions.
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In this first part we set the stage by introducing the quantum many-body problem. We will

start from a general formulation making as few assumptions as possible, and subsequently

specialize our description towards the specific models investigated in the second part of the

thesis.

2.1. The many-body problem

A quantum-mechanical system is defined by its Hamilton operator H. In the following we

introduce two important classes of many-body Hamiltonians, the first one describing inter-

acting particles, and the second one describing interacting spins [14]. We will walk through

the various terms of these Hamiltonians in detail in order to define the mathematical notation

and to explain the physical meaning as well as the underlying assumptions.

2.1.1. Particle systems

In non-relativistic quantum mechanics, the Hamiltonian for a single species of interacting

indistinguishable spin-S particles of mass m can be written as

H =
∑
s

∫
d~r ψ†s(~r)

(
− ~2

2m
∇2 + V (1)

s (~r)

)
ψs(~r) (2.1a)

+
1

2

∑
s,s′

∫
d~rd~r ′ ψ†s(~r)ψ

†
s′(~r

′) V (2)
ss′ (~r, ~r ′) ψs(~r)ψs′(~r

′) . (2.1b)

Let us have a closer look at the terms in this Hamiltonian:

� The operators ψ†s(~r) and ψs(~r) are particle creation and annihilation operators, re-

spectively. They create or annihilate a particle in spin state s at spatial coordinate ~r.

Depending on the nature of the particles under consideration, these operators can ei-

ther be bosonic or fermionic. In case of a bosonic particle field, they obey the canonical

commutation relations (CCR)

[ψs(~r), ψ
†
s′(~r

′)] = δss′ δ(~r − ~r ′) , (2.2a)

[ψ†s(~r), ψ
†
s′(~r

′)] = [ψs(~r), ψs′(~r
′)] = 0 . (2.2b)
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In contrast, if the particles are fermionic, the field operators obey the canonical anti-

commutation relations (CAR)

{ψs(~r), ψ†s′(~r ′)} = δss′ δ(~r − ~r ′) , (2.3a)

{ψ†s(~r), ψ†s′(~r ′)} = {ψs(~r), ψs′(~r ′)} = 0 . (2.3b)

In both cases, the particle number operator ns(~r) = ψ†s(~r)ψs(~r) yields the density

〈ns(~r)〉 of particles in spin state s at location ~r. The index s labels all possible spin

states, e.g., via the magnetic quantum number s ∈ {−S, S + 1, . . . , S}, where S is the

(integer or half-integer) spin quantum number. A prominent example for elementary

particles which can be described by this formalism are electrons; in this case the field

operators are fermionic with S = 1
2 and s ∈ {↓, ↑}.

� The first term (2.1a) accounts for the kinetic energy p2/(2m) of the particles, where ~p is

the momentum operator ~p = −i~∇, as well as for the potential energy that the particles

may have due to an external spin-dependent potential V
(1)
s (~r). A typical example for

such an external potential is a harmonic confinement V
(1)
s (~r) = c(~r − ~r0)2, where c

is a constant determining the tightness of the confinement and ~r0 is the origin of the

harmonic trap.

� The second term (2.1b) accounts for the potential energy of the particles due to in-

ternal spin-dependent two-body interactions. The potential V
(2)
ss′ (~r, ~r ′) determines the

interaction energy between a particle in spin state s at location ~r with another particle

in spin state s′ at location ~r ′. It has to be symmetric in the spatial coordinates [i.e.,

V
(2)
ss′ (~r, ~r ′) = V

(2)
ss′ (~r ′, ~r)], and the prefactor 1/2 in the term (2.1b) is included to com-

pensate the double-counting of the pairwise interactions. Typical examples for internal

potentials are the Coulomb interaction V
(2)
ss′ (~r, ~r ′) ∝ |~r − ~r ′|−1 and the contact inter-

action V
(2)
ss′ (~r, ~r ′) = gss′ δ(~r − ~r ′), where gss′ is a (possibly spin-dependent) interaction

constant.

2.1.2. Spin systems

The Hamiltonian (2.1) presented in the previous section describes interacting spinful particles.

However, this Hamiltonian does not contain any spin operators, which implies that the total

spin is a conserved quantity. Of course, this is not true in all spin systems: For instance,

if the magnetic dipole moments of the spins interact with each other in an anisotropic way,

fluctuations in the total spin may occur, because the energy eigenstates of the system are

no longer eigenstates of the total spin operator. Anisotropic spin interactions occur in many

condensed matter systems and are essential for the correct description of many important

physical phenomena, e.g., certain types of magnetism. A simple general Hamiltonian of

an anisotropically interacting spin-S system (in which, for simplicity, we now assume the

particle-location degrees of freedom to be frozen, i.e., the only relevant degrees of freedom
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are now spin degrees of freedom) can be written as:

H =

∫
d~r ~T1(~r) ~S(~r) +

1

2

∫
d~rd~r ′ ~S(~r)

↔
T2(~r, ~r ′) ~S(~r ′) . (2.4)

Let us have a closer look at the terms in the Hamiltonian (2.4):

� The operators ~S(~r) = (Sx(~r), Sy(~r), Sz(~r)) are spin operators acting on the spin degrees

of freedom at location ~r. They obey the angular momentum commutation relations

[Sa(~r), Sb(~r
′)] = i~εabcSc(~r) δ(~r − ~r ′) , a, b, c ∈ {x, y, z} , (2.5)

where εabc is the Levi-Civita symbol. The magnitude of the spin vectors is given by

~S(~r)~S(~r) = |S(~r)|2 = S2
x(~r) + S2

y(~r) + S2
z (~r) = ~2S(S + 1)1, with S the spin quantum

number. A prominent example, and at the same time the simplest spin system, is the

spin-1
2 system with S = 1

2 . In this case the spin operators can be represented by the

three Pauli matrices: Sa = ~
2σa, a ∈ {x, y, z}.

� The first term in Eq. (2.4) accounts for the potential energy of the spins (or, more

precisely, of their associated magnetic dipole moment) in an external field ~T1(~r). A

typical example for such a field is a constant magnetic field along one of the Cartesian

coordinate axes, e.g. ~T1(~r) = B~ez, where B is the magnetic field strength and ~ez is the

unit vector along the z-direction.

� The second term accounts for the potential energy of the particles due to internal

spin-spin interactions. In its simplest form this potential energy is bilinear in the spin

operators at locations ~r and ~r ′. The element
[↔
T2(~r, ~r ′)

]
ab

of the 3× 3 matrix
↔
T2(~r, ~r ′)

then determines the contribution to the potential energy stemming from the interaction

of the spin component Sa(~r) with the spin component Sb(~r
′) where a, b ∈ {x, y, z}. A

typical example for such a spin-spin interaction is the dipole-dipole interaction with

↔
T2(~r, ~r ′) ∝ 3

|∆~r |5


∆r2

x − |∆~r |
2

3 ∆rx∆ry ∆rx∆rz

∆ry∆rx ∆r2
y − |∆~r |

2

3 ∆ry∆rz

∆rz∆rx ∆rz∆ry ∆r2
z − |∆~r |

2

3

 , (2.6)

where ∆~r = (∆rx,∆ry,∆rz) = ~r − ~r ′ is the vector pointing from ~r ′ to ~r.

2.1.3. Lattice systems

Many physical systems have a lattice structure: An important example are the crystal struc-

tures exhibited by many condensed matter systems. Lattice structures are periodic structures

formed by a unit cell much smaller than the system size. This unit cell is repeated a very

large number of times, thus giving rise to a lattice. Although in principle lattice systems
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are merely special cases of the systems introduced in Eqs. (2.1) and (2.4), they deserve spe-

cial attention: on the one hand due to their ubiquity and on the other hand due to the

simplifications implicated by the lattice structure and its defining feature, the translational

invariance. Even in situations where the translational invariance is partially broken, e.g., by

inhomogeneous external fields, the underlying lattice structure of the constituents can still be

exploited. For example, in spin systems on a lattice the spin degrees of freedom are pinned

to fixed, discrete locations, the so-called lattice sites. A typical realization of such a system

is a crystal of spinful atoms, where each atom sits at a lattice site and contributes one spin

degree of freedom. The discrete nature of this setting allows us to replace the integrals in

Eq. (2.4) by sums. Hence, a typical spin model on a lattice has the form

H =
∑
j

(
~T1

)
j

~Sj +
1

2

∑
j,k

~Sj

(↔
T2

)
jk

~Sk , (2.7)

where the indices j and k run over all lattice sites. Note that the system described by

Eq. (2.7) is not necessarily translation-invariant because the parameters ~T1 and
↔
T2 may vary

across the lattice. Nevertheless, Eq. (2.7) constitutes a significant simplification compared

to Eq. (2.4), especially in view of computational approaches, which (at least without further

approximations) can only be applied to discrete settings. Therefore, typical spin models

tackled by means of computational methods are usually of the form given in Eq. (2.7).

For particle systems on a lattice the situation is to some extent different. Since the spa-

tial coordinates of mobile particles are necessarily continuous degrees of freedom, the dis-

cretization procedure is less straightforward, although still feasible under certain circum-

stances [15, 16]. In order to exemplify such a procedure, let us consider the Hamiltonian

of spinful particles in a periodic potential V (0)(~r), e.g., electrons in a crystal under the in-

fluence of the potential generated by the (spatially fixed) ion cores. If the particles are not

too strongly correlated, we can assume a band structure [17] and we can introduce Bloch

functions ϕ
(n)
~q (~r) as starting point to construct orbitals for the particles,

ϕ
(n)
~q (~r) = u

(n)
~q (~r) ei~q ~r , (2.8)

where n labels the Bloch band, ~q is the wave vector, and u
(n)
~q (~r) is a periodic function with

the same periodicity as V (0)(~r). Furthermore, if the depth of the periodic potential is large

compared to all other energy scales in the system, we can assume the band gap to be large

enough for all particles to exclusively occupy the lowest Bloch band n = 0. Also, for a deep

enough potential the particles can be expected to have their largest probability density at the

sites of the minima of the periodic potential, suggesting to employ Wannier functions [18] as

suitable particle orbitals:

w~Rj
(~r) =

1√
N

∑
~q

e−i~q
~Rj ϕ

(0)
~q (~r) . (2.9)
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Here, ~Rj is a lattice vector (the location of lattice site j), N is the number of lattice sites,

and the sum runs over all wave vectors ~q in the first Brillouin zone. Expanding the field

operators ψs(~r) of Eq. (2.1) in terms of the Wannier functions w~Rj
(~r), we can write [19]

ψs(~r) =
∑
j

(
as
)
j
w~Rj

(~r) , (2.10)

where the operator
(
as
)
j

annihilates a particle in spin state s at lattice site j. Plugging

Eq. (2.10) into Eq. (2.1), we arrive at the lattice version of the Hamiltonian (2.1) in a periodic

potential V (0)(~r):

H =
∑
s

∑
j,k

(Js)jk
(
a†s
)
j

(
as
)
k

+
1

2

∑
s,s′

∑
j,k,l,m

(Uss′)jklm
(
a†s
)
j

(
a†s′
)
k

(
as
)
l

(
as′
)
m
. (2.11)

Here we introduced the coupling constants (Js)jk and (Uss′)jklm, which encapsulate the arising

overlap integrals involving the Wannier functions of the expansion (2.10):

(Js)jk =

∫
d~r w∗~Rj (~r)

(
− ~2

2m
∇2 + V (0)(~r) + V (1)

s (~r)

)
w~Rk

(~r) , (2.12a)

(Uss′)jklm =

∫
d~rd~r ′ w∗~Rj (~r)w

∗
~Rk

(~r ′)w~Rl
(~r)w~Rm

(~r ′) V (2)
ss′ (~r, ~r ′) . (2.12b)

Note that the deeper the periodic potential V (0)(~r), the more the Wannier orbitals are local-

ized around the lattice sites {~Rj}. Consequently, the coupling constants for sites at large dis-

tances from each other are often negligibly small compared to the on-site or nearest-neighbor

couplings.

2.2. Ground states

In the previous section we have encountered some typical models in quantum many-body

theory. In principle, the course of action towards a complete characterization of these systems

is clear: Quantum mechanics equips us with a complete mathematical framework according to

which the probability distribution of any observable measurement outcome can be calculated

at arbitrary times, starting from a known initial state of the system. A central role in these

calculations is played by the eigenstates and the spectrum of the Hamiltonian H, i.e., by the

solution of the time-independent Schrödinger equation

H|Ψn〉 = en|Ψn〉 , n ∈ {0, . . . , D − 1} , e0 ≤ e1 ≤ · · · ≤ eD−1 , (2.13)

where {en} are the eigenvalues (the spectrum), {|Ψn〉} are the eigenstates, and D denotes

the dimension of the Hilbert space supporting the Hamiltonian operator H. Determining the

whole spectrum of H can be a daunting task, especially for quantum many-body systems

where D scales exponentially with the system size; for computational approaches, calculating
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+1 +1 +1 +1 +1 +1 +1 +1 +1 +1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

∆E = 2J

m = = 0

sj

j

Figure 2.1.: A single defect in a one-dimensional ferromagnet, raising the energy by ∆E = 2J ,
and leading to a vanishing magnetization m =

∑
j sj .

the complete spectrum is often a practical impossibility.

Fortunately, however, for the description of many intriguing features of quantum systems

it is usually sufficient to concentrate on only a few states at the lower end of the spectrum,

and in particular on the ground state |Ψ0〉. This statement can be understood by means of

the following intuitive argument: Quantum features have their origin in quantum fluctuations

induced by non-commuting terms of the Hamiltonian. For typical systems at room tempera-

ture, these quantum fluctuations are completely negligible compared to thermal fluctuations,

and consequently quantum features are not manifested (the system behaves classically). Only

when the temperature is lowered to near absolute zero do quantum fluctuations dominate

over thermal fluctuations. Hence, if we aim to study the quantum features of a system, it

is in general a good idea to start with its ground state, which therefore represents a central

object in the study of quantum systems.

A striking example for the importance of ground state physics is the absence of order in

one-dimensional systems at any temperature T > 0. Let us have a look at a simple proof

of this theorem [20]: Suppose we have a one-dimensional ferromagnet H = −J∑j sjsj+1,

where sj ∈ {−1, 1} is the orientation of the spin at site j, and J > 0. The energy of this

ferromagnet is minimized when neighboring spins are aligned with each other, and any single

defect (i.e. a single pair of misaligned spins) raises the energy by ∆E = 2J , see Fig. 2.1.

In one dimension, one such defect is enough to obtain a configuration with vanishing net

magnetization m =
∑

j sj .
1 If the system consists of N spins, a single defect can be located

at N different positions, thus increasing the entropy by ∆S = logN . The change of free

energy associated with the creation of a single defect is ∆F = ∆E − T∆S = 2J − T logN .

Hence, in the thermodynamic limit N →∞, we obtain ∆F < 0 for any non-zero temperature,

forcing the system into a disordered configuration. Consequently, transitions between ordered

and disordered phases in one-dimensional systems can only take place at zero temperature,

where they are exclusively driven by quantum fluctuations. This simple example emphasizes

the fact that the study of ground states is of central interest for the characterization of

quantum many-body phenomena and quantum phase transitions [22].

1Note that in two dimensions this is not possible: In this case, the number of defects required to obtain a
configuration with vanishing net magnetization scales with the system size [21].
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2.3. Beyond ground state physics

The focus of this thesis is on the investigation of ground states of quantum many-body

systems. This is the “most natural” regime for studying quantum phenomena at equilibrium,

as we have argued in the previous section. Nevertheless, a complete understanding of a

quantum many-body system requires to go beyond ground state physics. An important

example is the description of a thermal state, a statistical mixture of energy eigenstates

in which the statistical weight of each eigenstate is given by a Boltzmann factor. Being a

statistical mixture, such a thermal state is described by a density matrix ρth,

ρth =
e−H/(kBT )

Tr
[
e−H/(kBT )

] =
D−1∑
n=0

pn|Ψn〉〈Ψn| , pn =
e−en/(kBT )∑D−1
n=0 e

−en/(kBT )
, (2.14)

where T is the temperature and kB is Boltzmann’s constant. The higher the temperature,

the larger is the number of excited states |Ψn〉 with a non-negligible statistical weight pn. In

the limit T → ∞ all eigenstates become equally likely, and ρth becomes proportional to the

identity matrix.

Leaving the arena of equilibrium phenomena, we note that most dynamical processes also

go beyond ground states. In fact, even when starting the time evolution of a quantum system

in its ground state |Ψ0[H(t0)]〉 at time t0, the time-evolved state |Φ(t)〉,

|Φ(t)〉 = T exp

(
− i
~

∫ t

t0

dτ H(τ)

)
|Ψ0[H(t0)]〉 , (2.15)

(where T is the time-ordering operator) is in general not the ground state of H(t), if the

Hamiltonian varies with time: The overlaps cn(t) = 〈Ψn[H(t)]|Φ(t)〉 can be non-vanishing for

many excited states above the ground level, which then all contribute to the evolved state

|Φ(t)〉 =
∑

n cn(t)|Ψn[H(t)]〉. The only two special cases for which cn(t) = 0 for all n > 0

are the (trivial) case of a constant, time-independent Hamiltonian H, and the case of a slow

evolution for which the conditions of the adiabatic theorem [23] are met. In the latter case, a

crucial quantity is the energy gap ∆ = e1−e0 determined from the instantaneous eigenstates

of the Hamiltonian along the evolution. Using this energy gap, we can define a relaxation

time-scale τr,

τr = ~/∆ , (2.16)

which allows to discriminate between time scales τ � τr that are slow enough to enable

adiabatic evolution, and time scales τ � τr that are too fast for the evolution to stay

on the adiabatic trajectory. An elegant framework at the interface of adiabatic and non-

adiabatic processes is provided by the Kibble-Zurek mechanism [24, 25]. It allows to connect

ground-state equilibrium properties of a system with its out-of-equilibrium behavior, provid-

ing quantitative predictions for the system’s state after being quenched across a second-order

quantum phase transition. Such a quench is necessarily non-adiabatic because the energy
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gap ∆ vanishes at the phase transition [22], leading to a diverging relaxation time τr (critical

slowing-down). Let us briefly outline the reasoning behind the Kibble-Zurek mechanism [26].

We assume a linear change of the control parameter λ(t) driving the system from the disor-

dered phase into the ordered (symmetry-broken) phase,

λ(t) = λc + v(t− t0) , (2.17)

where λc is the critical point crossed at time t0, and v is the rate of the quench. As long as

the time scale of the driving τd,

τd(t) =

∣∣∣∣∣ λ̇(t)

λ(t)− λc

∣∣∣∣∣
−1

= |t− t0| , (2.18)

is long compared to the relaxation time-scale τr, the evolution is adiabatic. At a time t̂ < t0

the driving time-scale becomes comparable to the relaxation time-scale,

τd(t̂) = τr(t̂) , (2.19)

and adiabaticity is lost because the system no longer has enough time to relax to its equi-

librium configuration. The time t̂ is called the “freeze-out time”. Exploiting the scaling of

the energy gap ∆ with a universal critical exponent zν near a second-order quantum phase

transition,

∆ ∝ |λ− λc|zν , (2.20)

we can use Eqs. (2.16) and (2.17) to express the relaxation time-scale during the quench as

a function of time:

τr(t) ∝ |v(t− t0)|−zν . (2.21)

Substituting this expression and Eq. (2.18) into Eq. (2.19), we find the freeze-out time as a

function of the quench rate,

|t̂− t0| ∝ |v|−zν/(zν+1) , (2.22)

which, when combined with Eq. (2.17), leads to

λ(t̂)− λc ∝ |v|1/(zν+1) . (2.23)

According to the Kibble-Zurek argument, the order properties of the system remain essentially

unchanged from time t̂ onwards because the system is “frozen out”. Hence, the correlation

length ξ(t̂) at this instant can be used to predict the typical length scale of ordered domains

after the quench. In order to calculate ξ(t̂), we exploit the scaling behavior of the correlation

length near the second-order phase transition,

ξ ∝ |λ− λc|−ν , (2.24)
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where ν is another critical exponent. Inserting Eq. (2.23) into Eq. (2.24), we arrive at

ξ(t̂) ∝ |v|−ν/(zν+1) . (2.25)

This result allows us to formulate the main statement of the Kibble-Zurek mechanism: The

density of defects ρ (i.e. the number of ordered domains per unit volume) depends on the

quench rate v with a power law. Specifically,

ρ ∝ ξ(t̂)−d ∝ |v|dν/(zν+1) , (2.26)

where d is the number of spatial dimensions of the system. Note that this result immediately

confirms the intuitive picture that a faster quench (i.e. a larger quench rate), being less

adiabatic, should produce a higher number of defects.

Let us conclude this section by stressing that, although not the focus of this thesis, the

dynamics of quantum many-body systems is a very active field of research, with topics in-

cluding (to name but a few): entanglement spreading after global or local quenches [27–29],

many-body localization and thermalization [30], dynamical phase transitions [31], dynamics

of open quantum systems [32, 33].

2.4. Paradigmatic lattice models

After having outlined the general setting of the quantum many-body problem, it is now time

to become more specific and to study some paradigmatic models in quantum many-body

theory. For this purpose, we present three important lattice models and their main (gound

state) properties in some detail. We will encounter these models frequently throughout the

remainder of this thesis.

2.4.1. Ising model

The spin-1/2 Ising model is ubiquitous in the study of interacting spin systems. It is arguably

the simplest non-trivial many-body model, mainly due to the fact that it exhibits many

important many-body phenomena (e.g. a phase transition) while still being amenable to an

analytical treatment. It was conceived by Wilhelm Lenz in the early 20th century and first

studied by his student Ernst Ising during his PhD work [34]. The one-dimensional Ising model

in its original form can be obtained from the general lattice spin-model (2.7) by setting

(
~T1

)
j

=

h0
0

 ,

(↔
T2

)
jk

= δjk−1

−1

0

0

 , (2.27)
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where δjk is the Kronecker delta and h is the magnitude of the homogeneous magnetic field.

Thus, the Hamiltonian of the Ising model (in a longitudinal field) is

H = −
N∑
j=1

σxj σ
x
j+1 + h

N∑
j=1

σxj , (2.28)

where σxj is a Pauli matrix acting on site j of the linear chain consisting of N spin-1/2 sites.

Note that the Ising model in a longitudinal field is a classical spin model: All operators in

the Hamiltonian (2.28) commute, hence its eigenstates immediately can be identified with

the computational basis states {|s1〉|s2〉 . . . |sN 〉}, where sj ∈ {−1, 1} and {| − 1〉 = | ↓x〉,
|1〉 = | ↑x〉} is the eigenbasis of σx. Being a classical model without quantum fluctuations,

of course we cannot expect the Hamiltonian (2.28) to have a quantum phase transition at

zero temperature. However, we can easily introduce quantum fluctuations by replacing the

longitudinal field with a transverse field (e.g. in z-direction). We will investigate the properties

of the quantum Ising model in a transverse field at zero temperature later in this section,

but first it is instructive to have a look at the thermodynamic behavior of the classical Ising

model (2.28). The solution to this problem in one dimension was found by Ising [35], who

was interested, in particular, in the question whether there is a non-zero temperature Tc at

which a phase transition between an ordered and a disordered phase occurs. To answer this

question,2 let us calculate the partition function Z(T ) of the system:

Z(T ) =
∑

s1,...,sN

e−E(s1,...,sN )/(kBT ) =
∑

s1,...,sN

e−βE(s1,...,sN ) , (2.29)

where we introduced the abbreviation β = 1/(kBT ), and E(s1, . . . , sN ) denotes the energy of

the chain with spin configurations s1, . . . , sN ,

E(s1, . . . , sN ) = h
N∑
j

sj −
N∑
j

sjsj+1 . (2.30)

We assume periodic boundary conditions, i.e. N + 1 ≡ 1. Then, we can write

Z(T ) =
∑

s1,...,sN

e−βhs1eβs1s2e−βhs2eβs2s3 · · · e−βhsN eβsNs1 (2.31a)

=
∑

s1,...,sN

As1s2As2s3 · · ·AsNs1 = tr[AA · · ·A] = tr
[
AN
]
, (2.31b)

where we made use of the “transfer-matrix trick‘” which interprets the sum in Eq. (2.31a) as

the product of N identical two-by-two matrices A. The matrix elements of A are

Ass′ = e−βhs/2eβss
′
e−βhs

′/2 = e−βh(s+s′)/2+βss′ , (2.32)

2Actually, we already know from the discussion in Sec. 2.2 that the answer to this question is negative.
However, the argument presented there was put forward after Ising’s work [21].
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or, in explicit matrix form,

A =

(
eβ(h+1) e−β

e−β eβ(−h+1)

)
. (2.33)

Since A is symmetric, it is diagonalizable and we can write it in the form A = UDU−1, where

D is the diagonal matrix diag(λ1, λ2) and λ1,2 are the eigenvalues of A. On substitution in

Eq. (2.31b) we obtain

Z(T ) = tr
[
(UDU−1)N

]
= tr

[
DN

]
= λN1 + λN2 = λN1

(
1 + (λ2/λ1)N

)
. (2.34)

The eigenvalues of A are

λ1,2 = eβ cosh(βh)±
√
e−2β + e2β sinh2(βh) , (2.35)

which means that |λ2| < λ1 for any β ≥ 0 and any h. In the thermodynamic limit N →∞,

this allows us to write

lim
N→∞

Z(T ) = λN1 =

(
eβ cosh(βh) +

√
e−2β + e2β sinh2(βh)

)N
, (2.36)

which immediately delivers the free energy per site

f(T, h) = lim
N→∞

(
− 1

Nβ
logZ(T )

)
= − 1

β
log

(
eβ cosh(βh) +

√
e−2β + e2β sinh2(βh)

)
. (2.37)

Since the free energy is analytic in T for any h, there can be no phase transition. Calculating

the magnetization

m(T, h) = −
(
∂f

∂h

)
T

=
sinh(βh)√

e−4β + sinh2(βh)
, (2.38)

we find m(T, h=0) = 0, i.e., no spontaneous magnetization. Hence, the one-dimensional Ising

model (2.28) is in a disordered (paramagnetic) phase for any T > 0.

In two dimensions, obtaining the free energy of the Ising model is considerably more dif-

ficult. For the first time, this was achieved by Lars Onsager [36], who showed that the free

energy of the square-lattice Ising model without field (i.e., h = 0) is non-analytic at a critical

temperature

Tc =
2

kB log(1 +
√

2)
, (2.39)

and that for T < Tc there is a spontaneous magnetization [37]

m(T ) =

(
1− 1

sinh4(2β)

)1/8

. (2.40)
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Consequently, the two-dimensional system is in an ordered (ferromagnetic) phase for T < Tc,

while for T > Tc it is disordered.

Let us now focus on the quantum Ising model, i.e., the Ising model in a transverse field.

Note that a transverse field has no effect in the classical setting, because a classical spin-1/2

dipole cannot have a non-zero expectation value in its transverse direction (by definition, it

has only two accessible states, namely up and down). The essential ingredient of quantum

mechanics that enables the transverse orientation of a spin is the superposition principle: This

can be easily seen by considering, for instance, the quantum state | ↑z〉 = (| ↑x〉 − | ↓x〉)/
√

2,

which clearly has a non-zero expectation value 〈↑z |σz| ↑z〉 = 1 in the transverse direction.

The Hamiltonian of the one-dimensional quantum Ising model in a transverse field is

H = −
N∑
j=1

σxj σ
x
j+1 + h

N∑
j=1

σzj , (2.41)

where the quantum-mechanical nature of the problem is manifested by the non-commuting

Pauli matrices [σz, σx] = 2iσy. We restrict our discussion to non-negative fields h ≥ 0.3

In order to characterize the qualitative behavior of the quantum Ising model at zero tem-

perature, we leverage the powerful concept of the quantum-classical mapping [22]. The main

idea of this mapping is to interpret the quantum partition function as a path integral in imag-

inary time [38]. This interpretation leads to an expression that is equivalent to a classical

partition function of the corresponding classical Hamiltonian, but defined on one additional

spatial dimension as compared to the original quantum problem. The additional dimension

originates from the imaginary-time integration, and its extent is inversely proportional to the

temperature of the quantum system. Thus, a quantum system at zero temperature leads to

an additional infinitely long spatial axis in the emerging classical description, while a quan-

tum system at non-zero temperature leads to a spatial axis of finite length (with periodic

boundary conditions, to be precise [22]). A very useful consequence of the quantum-classical

mapping is that the behavior of a quantum system in d spatial dimensions at zero temper-

ature can be understood by simply studying the equivalent classical Hamiltonian in d + 1

spatial dimensions, with all d+ 1 dimensions in the thermodynamic limit.

Applying the quantum-classical mapping to the one-dimensional quantum Ising model (2.41),

we end up with the classical Ising model in two dimensions. From the above discussion of this

model we immediately deduce that, at zero temperature, the quantum Hamiltonian (2.28)

hosts a second-order quantum phase transition at some critical field strength hc, and that for

h < hc the model has a ferromagnetic phase, while for h > hc it has a paramagnetic phase

(see Fig. 2.2). In the disordered (paramagnetic) phase, the spin-spin correlation function

C(r) = 〈σxj σxj+r〉 (2.42)

3The case h < 0 follows straightforwardly by performing a spin reflection along the z-axis.
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Figure 2.2.: Zero-temperature phase diagram of the quantum Ising model. The grayscale
bar indicates the amount of quantum fluctuations, quantified via the correlation
length ξ of the connected correlation function C̃(r). The fluctuations are most
pronounced at the critical point, where they appear on all length scales. The
upper plot shows correlation lengths obtained by tensor network simulations,
demonstrating the divergence of ξ at the critical point for N →∞.

decays exponentially fast, i.e. C(r) ∝ e−r/ξ, where ξ is the correlation length. Conversely, in

the ordered (ferromagnetic) phase, we find a spontaneous magnetization

〈σxj 〉 = m(h) > 0 , (2.43)

accompanied by long-range order in the spin-spin correlation function

lim
r→∞

C(r) = [m(h)]2 . (2.44)

From Eqs. (2.43) and (2.44) it is easily seen that the connected correlation function

C̃(r) = 〈σxj σxj+r〉 − 〈σxj 〉〈σxj+r〉 (2.45)

always tends to zero for r → ∞. This function is often used to characterize quantum corre-

lations by determining the associated correlation length: The larger the correlation length,

the larger the amount of quantum fluctuations. Approaching the critical point hc from the

paramagnetic phase, the correlation length diverges with a critical exponent ν,

ξ(h) ∝ (h− hc)
−ν . (2.46)

This means that at criticality there is no longer a characteristic length scale in the system:

The system becomes scale-invariant and quantum fluctuations occur on all length scales.
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By very general arguments it can be shown that in such a situation the behavior of the

system becomes universal [22], i.e. independent of the microscopic details of the model. The

universality class of a model is determined solely by the number of spatial dimensions d and

the broken symmetry at the phase transition (for the Ising model, this is parity symmetry

with group Z2). The critical exponent ν of the Ising universality class is ν = 1, equal to the

dynamic critical exponent z governing the closing of the energy gap ∆ in the vicinity of the

critical point according to

∆(h) ∝ ξ(h)−z ∝ (h− hc)
zν . (2.47)

Hence, we have ν = z = 1 for the Ising universality class. Since the d = 1 quantum Ising

model is one of the few quantum many-body models which can be solved analytically, we

will discuss more of its properties in Sec. 2.5, where we will determine an explicit expression

for the ground state and its elementary excitations. This will enable us to directly verify

Eq. (2.47), and to determine the location of the critical point, hc = 1.

Let us conclude this section with a few remarks on the two-dimensional version of the quan-

tum Ising model, corresponding to the classical Ising model in three dimensions. Although no

analytical solution has been found in this case, it is well known that this model exhibits the

same qualitative behavior as the one-dimensional version (namely, a second-order quantum

phase transition from a ferromagnet to a paramagnet at finite field hc), albeit with differ-

ent critical exponents [39]. Various approximate and numerical methods have been applied

to characterize this model quantitatively, delivering ν ≈ 0.63 [39] and hc ≈ 3.044 [40], for

example.

2.4.2. Bose-Hubbard model

The Bose-Hubbard model [16] is one of the two archetypical models of interacting particles

on a lattice (the other one being the Fermi-Hubbard model, discussed below). The interest in

this model has increased tremendously since the late nineties, when it became clear [41] that

it can be realized by means of ultracold atoms in optical lattices [19, 42]. Ultracold atoms in

optical lattices are a particularly successful platform for emulating condensed matter systems

over a wide range of parameter regimes [43], and their experimental significance in recent years

has put the Bose-Hubbard model in the center of intense studies.

In its simplest form, the Bose-Hubbard model describes spinless bosonic particles hopping

on a single-band tight-binding lattice, interacting exclusively via on-site repulsions. For a

one-dimensional lattice, we obtain the Bose-Hubbard model from the general lattice particle-

model (2.11) by setting

(Js)jk = −J (δjk+1 + δjk−1)− µ δjk , (2.48a)

(Uss′)jklm =

1, for j = k = l = m

0, otherwise
, (2.48b)
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where J ≥ 0, µ ≥ 0 are constants. Since we are dealing with spinless particles, we can drop

the spin indices at the particle operators, leading to the following Hamiltonian:

H = −J
N∑
j=1

(
b†jbj+1 + bjb

†
j+1

)
+

1

2

N∑
j=1

nj (nj − 1) − µ
N∑
j=1

nj , (2.49)

where J is often referred to as the “hopping parameter” and µ takes the role of a chemical

potential. The operators b†j (bj) create (annihilate) a boson at lattice site j and obey the

canonical commutation relations [bj , b
†
k] = δjk, while nj = b†jbj is the particle number operator

at site j. Using these properties, it is easily seen that the term b†jb
†
jbjbj from Eq. (2.11) is

equivalent to nj (nj − 1). Note that the Hamiltonian (2.49) commutes with the total particle

operator

Nb =
N∑
j=1

nj . (2.50)

Hence, the Bose-Hubbard Hamiltonian is particle-conserving and possesses a symmetry with

group U(1), meaning that the total number of bosons Nb = 〈Nb〉 is a good quantum number.

It is convenient to define the particle density (filling factor) % = Nb/N which, as an intensive

property, remains well-defined in the thermodynamic limit N →∞. The Hamiltonian (2.49)

hosts two phases at zero temperature [44]:

1. For small values of the hopping parameter J , the system is in an insulating Mott

phase, characterized by integer particle densities % (i.e., the number of bosons Nb has

to be a multiple of the number of lattice sites N), an energy gap ∆, and a vanishing

compressibility ∂%/∂µ. In the limit of vanishing J , the ground state is a product state

of completely localized particles,

|Ψ0〉 ∝
N∏
j=1

(
b†j
)%
|0〉 , (2.51)

where |0〉 =
⊗N

j=1 |0〉j is the vacuum state (completely empty lattice), and it is easy to

see that the on-site particle-number variances Var(nj) = 〈n2
j 〉 − 〈nj〉2 vanish.

2. For large enough values of J , the system is in a superfluid [45] phase, in which the

particle density is allowed to become non-interger, the energy gap vanishes, and the

compressibility is larger than zero. In the limit of very large J , the ground state is a

state in which each particle is completely delocalized (over the whole lattice),

|Ψ0〉 ∝

 N∑
j=1

b†j

Nb

|0〉 , (2.52)

where now Var(nj) > 0 because in this state each site features a superposition of

various local particle-occupation states. We will provide a more rigorous derivation of
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the ground state (2.52) in Sec. 2.5.1, where we will diagonalize the kinetic energy part

of the Hamiltonian (2.49).

In the (J, µ)-plane of the phase diagram, the Mott-insulator phase takes the shape of sepa-

rated, vertically stacked “lobes”, which only touch each other on the J = 0 axis. An analytic,

qualitatively correct mapping of this phase diagram can be obtained by considering the Bose-

Hubbard Hamiltonian in the mean-field approximation (see also Sec. 2.6.1), which leads to

the following dependence of the critical hopping strength Jc on the chemical potential µ [44]:

J (n)
c (µ) =

1

2

(µ− n+ 1)(n− µ)

µ+ 1
, µ ∈ [n− 1, n] , n = 1, 2, . . . (2.53)

Here, the integer n enumerates the lobes, with the n-th lobe (counting upwards, starting from

the lobe touching the µ = 0 axis) having a constant density of % = n. The mean-field phase

diagram of the Bose-Hubbard model is shown in Fig. 2.3. By demanding that the derivative

of Eq. (2.53) with respect to µ has to vanish, we find the coordinates (µ
(n)
t , J

(n)
t ) of the tip

of the n-th lobe:

µ
(n)
t = −1 +

√
n(n+ 1) , J

(n)
t =

1

2
+ n−

√
n(n+ 1) . (2.54)

It is instructive to expand these expressions to leading order in 1/n, yielding

µ
(n)
t = n− 1

2
+O(1/n) , J

(n)
t =

1

8n
+O(1/n2) , (2.55)

and revealing that the tips of the lobes tend to zero as 1/n for n → ∞ [see also panel (c)

of Fig. 2.3]. Let us stress that the full quantum treatment of the Bose-Hubbard model

(beyond the mean-field approximation) leads to two important quantitative corrections in

the phase diagram: First, an increased size of the Mott-insulator phase is observed, owing

to quantum fluctuations which manage to overcome the superfluid order up to higher values

of the hopping parameter as compared to the mean-field treatment. Second, the curvature

of the phase boundary becomes inverted [see panel (d) of Fig. 2.3], giving the lobes a very

pointy shape, and even allowing for a reentrant behavior from the superfluid phase back to

the Mott-insulator phase for increasing J at constant chemical potential [47].

The phase transition at a generic point of the lobe boundary is an ordinary second-order

quantum phase transition, belonging to the mean-field universality class with ν = 1/2. Since

the energy gap closes linearly in this case (zν = 1), the dynamic critical exponent is z = 2 [44].

In contrast, a special situation occurs when crossing the phase transition on a line of constant

integer density % = n. Such a line always passes through the tip of the respective lobe [44], and

the phase transition in this case is of an entirely different nature as compared to the generic

case: In fact, it can be shown via the quantum-classical mapping that this transition is in the

universality class of the classical XY model in d = 1 + 1 dimensions. This model exhibits a

rather exotic phase transition, the Berezinskii–Kosterlitz–Thouless (BKT) transition [48–50].
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Figure 2.3.: Zero-temperature mean-field phase diagram of the one-dimensional Bose-
Hubbard model in the (J, µ)-plane. Top row: On-site occupations 〈nj〉 (a) and
variances 〈n2

j 〉 − 〈nj〉2 (b), computed via infinite-MPS simulations at bond di-
mension one. The lobe-shaped Mott-insulator phase is characterized by integer
particle occupation and vanishing variance. The black solid line is the mean-field
phase boundary from Eq. (2.53). Panel (c): Phase boundaries of the first ten
lobes, together with the leading-order expanded coordinates (purple points) of
their tips from Eq. (2.55). The black dashed line [also shown in (a) and (b)] is a
guide to the eye, visualizing the 1/n decay of the lobe tips. Panel (d): Compari-
son of the mean-field phase boundary with the exact phase boundary of the first
lobe as reported in Ref. [46].
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)

Figure 2.4.: Zero-temperature phase diagram of the one-dimensional Bose-Hubbard model at
integer filling % = n. The Mott-insulator phase has an energy gap ∆, which
closes exponentially slowly towards the critical point Jc, marking the location of
the BKT transition. The grayscale bar indicates the strength of the quantum
fluctuations, with strong fluctuations persisting throughout the superfluid phase,
which therefore is critical (and gapless).

The phases separated by a BKT transition cannot be distinguished via a conventional order

parameter resulting from spontaneous symmetry breaking, but via a different mechanism

of a topological nature [namely, the formation of topological defects (vortices)]. Although

there is no true long-range order in the “ordered” phase, the correlation length is still infinite

there because the two-point correlations decay with a power-law. Such a type of order is

often referred to as “quasi-long-range order”. Approaching the critical point Jc from the

disordered phase, the correlation length diverges exponentially (as opposed to the power-law

divergence for second-order phase transitions) [51],

ξ(J) ∝ exp

(
a√

Jc − J

)
, (2.56)

where a > 0 is a constant. Since z = 1 [44], we obtain an energy gap ∆ ∝ ξ−z which closes

exponentially slowly at the BKT transition:

∆(J) ∝ exp

(
− a√

Jc − J

)
. (2.57)

The phase properties of the one-dimensional Bose-Hubbard model at integer filling are sum-

marized in Fig. (2.4).

An interesting extension of the model (2.49) can be obtained by subjecting it to classical

external fields. Let us consider the example of a static magnetic field: Being a U(1) gauge field,

the effect of an electromagnetic field can be taken into account by changing the momentum

operator according to [52]

~p 7→ ~p− q ~A(~r) , (2.58)

where q is the charge of a single particle and ~A(~r) is the (static) vector potential giving rise

to the magnetic field ~B(~r) = ∇× ~A(~r). Since in the overlap integrals (2.12) the momentum

operator only enters in the kinetic part of the coupling constant (Js)jk, we only need to
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modify this term. With the replacement (2.58), it now reads

J̃jk =

∫
d~r w∗~Rj (~r)

~2

2m

(
i∇− q

~
~A(~r)

)2
w~Rk

(~r) , (2.59)

where we dropped the spin index s because the kinetic part of the coupling constant (Js)jk
is spin-independent.

In order to relate J̃jk with the original Jjk, we exploit the invariance of electromag-

netism [53] with respect to a local gauge transformation of the form

w~Rj
(~r) 7→ eiθ(~r)w~Rj

(~r) , (2.60)

under which Eq. (2.59) transforms to

J̃jk =

∫
d~r w∗~Rj (~r) e

−iθ(~r) ~2

2m

(
i∇− q

~
~A(~r) +∇θ(~r)

)2
eiθ(~r)w~Rk

(~r) . (2.61)

Note that the curl of a gradient vanishes identically, and hence for an arbitrary scalar function

θ(~r) the vector potential ~A′(~r) = ~A(~r) − ~/q∇θ(~r) gives rise to the exact same magnetic

field as ~A(~r), making sure that all physical quantities are indeed invariant under the gauge

transformation (2.60). Let us now choose

∇θ(~r) =
q

~
~A(~r) ⇒ θ(~r) =

q

~

∫ ~r

~r0

d~r ′ ~A(~r ′) , (2.62)

where ~r0 is a fixed reference point. This choice is convenient because it completely removes

the vector potential from the kinetic energy operator in Eq. (2.61). Note that the choice of

Eq. (2.62) cannot hold globally because ~A(~r) is not a conservative vector field. However, if

~A(~r) changes slowly on the scale of the distance of the two lattice sites j and k, we can write

∇× ~A(~r) ≈ 0 , (2.63)

for all ~r in the vicinity of ~Rj and ~Rk, and consequently the choice in Eq. (2.62) is approxi-

mately valid in this vicinity (see also Fig. 2.5). Recalling that the Wannier function w~Rj
(~r)

is strongly localized around ~Rj , we can then write [54]

eiθ(~r)w~Rj
(~r) = exp

[
i
q

~

∫ ~r

~r0

d~r ′ ~A(~r ′)

]
w~Rj

(~r)

≈ exp

[
i
q

~

∫ ~Rj

~r0

d~r ′ ~A(~r ′)

]
w~Rj

(~r) , (2.64)



22 2. Quantum many-body systems

and J̃jk can be expressed as

J̃jk ≈
∫

d~r w∗~Rj (~r) exp

[
−i q

~

∫ ~Rj

~r0

d~r ′ ~A(~r ′)

](
− ~2

2m
∇2

)
exp

[
i
q

~

∫ ~Rk

~r0

d~r ′ ~A(~r ′)

]
w~Rk

(~r)

= exp

[
i
q

~

(∫ ~r0

~Rj

d~r ′ ~A(~r ′) +

∫ ~Rk

~r0

d~r ′ ~A(~r ′)

)]∫
d~r w∗~Rj (~r)

(
− ~2

2m
∇2

)
w~Rk

(~r)︸ ︷︷ ︸
=Jjk

= exp

i q~

∫ ~r0

~Rj

d~r ′ ~A(~r ′) +

∫ ~Rk

~r0

d~r ′ ~A(~r ′) +

∫ ~Rj

~Rk

d~r ′ ~A(~r ′)︸ ︷︷ ︸
≈0

−
∫ ~Rj

~Rk

d~r ′ ~A(~r ′)


 Jjk

≈ exp

[
i
q

~

∫ ~Rk

~Rj

d~r ′ ~A(~r ′)

]
Jjk , (2.65)

where in the third line we have used Eq. (2.63), and the fact that the line integral of the

“almost conservative” vector field ~A(~r) vanishes along the closed path ~Rj → ~r0 → ~Rk → ~Rj .

Hence, accounting for a slowly varying magnetic vector potential in the lattice model of

Eq. (2.11) amounts to a simple multiplication of the kinetic coupling constant Jjk with a

phase factor:

Jjk 7→ Jjk exp

[
i
q

~

∫ ~Rk

~Rj

d~r ~A(~r)

]
. (2.66)

The substitution in Eq. (2.66) is often referred to as “Peierls substitution”, named after

Rudolf Peierls who first derived this expression [55].

For later use, let us consider a specific example: the Bose-Hubbard model (2.49) on a

ring of finite radius R pierced by a uniform magnetic field ~B perpendicular to the ring

plane. Using cylindrical coordinates, we can choose ~A(~r) = Br~eϕ/2, where r = |~r| and ~eϕ

is a unit vector perpendicular to both the z-direction and the radial direction, such that

~B(~r) = ∇× ~A(~r) = B~ez (see Fig. 2.5). Since our model has only nearest-neighbor hopping,

the only non-vanishing kinetic coupling constants are J̃jj+1 and J̃jj−1, and it is easy to see

that J̃jj−1 =
(
J̃jj+1

)∗
. Calculating the phase factor of Eq. (2.66), we find

exp

[
i
Bq

2~

∫ ~Rj+1

~Rj

r~eϕ d~r

]
= exp

[
i
Bq

2~

∫ ϕj+1

ϕj

R~eϕR~eϕdϕ

]
= exp

[
i
πR2Bq

N~

]
, (2.67)

where ϕj = (2π/N)j is the angle of the j-th site on the ring. With the Peierls substitu-

tion (2.66) and the definition of the kinetic hopping constant Jjj+1 = −J from Eq. (2.48a),

we finally obtain

J̃jj+1 = −J e2πiΦ/(NΦ0) . (2.68)

Here, we introduced the magnetic flux Φ = πR2B through the ring and the definition Φ0 =

h/q = 2π~/q of the magnetic flux quantum. Thus, the Bose-Hubbard model (2.49) in a
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Figure 2.5.: Calculation of the hopping constant J̃jj+1 for a Bose-Hubbard ring of N sites

and radius R, exposed to a perpendicular magnetic field ~B = B~ez giving rise to a
magnetic flux Φ. The blue rectangle illustrates that, albeit globally ∇× ~A(~r) =
~B 6= 0, the change in the vector potential is negligible on the scale of the lattice
spacing, so that locally the approximation ∇× ~A(~r) ≈ 0 is justified.

uniform magnetic field reads

H = −J
N∑
j=1

(
e2πiΦ/(NΦ0) b†jbj+1 + h.c.

)
+

1

2

N∑
j=1

nj (nj − 1) − µ
N∑
j=1

nj . (2.69)

2.4.3. Fermi-Hubbard model

The Fermi-Hubbard model (often simply called the Hubbard model) is the fermionic cousin

of the Bose-Hubbard model. Despite their formal similarity, their behavior has only little

in common with each other. This is not too surprising, considering the drastically different

nature of fermionic and bosonic particles: The Pauli exclusion principle forbids the double-

occupancy of a lattice site by two fermions of the same species, resulting in intrinsic strong

interactions.

The Fermi-Hubbard model was derived in 1963 [15] by its namesake, John Hubbard, in

order to describe the behavior of electrons in a single energy band of a solid. In spite of

its apparent simplicity, this model has proven to be extremely hard to solve. Using the

Bethe ansatz, Lieb and Wu managed to find an analytical solution for the one-dimensional

case [56, 57], but, to date, it has not been possible to establish the phase diagram of the model

in higher dimensions (not even only qualitatively). This is due to the abundance of non-trivial



24 2. Quantum many-body systems

phenomena which this model is expected to host: antiferromagnetism, ferromagnetism, metal-

insulator transition, superconductivity to name but a few [58]. Because of these reasons, and

due to the strong evidence that this model is the key [59] to unlock the mystery of high-

temperature superconductivity [60], the solution to the Fermi-Hubbard model is often seen

as the “holy grail” of condensed matter theory. Obviously, we will not be able to provide

a complete account of this intricate subject here, but instead will merely provide a glance

at some aspects of the one-dimensional case; for a more comprehensive introduction to the

Fermi-Hubbard model, see for instance Ref. [58].

Starting from the general lattice particle-model (2.11), we can obtain the one-dimensional

Fermi-Hubbard model by setting

(Js)jk = − (δjk+1 + δjk−1) , (2.70a)

(Uss′)jklm =

−2U, for j = k = l = m, s =↑, s′ =↓
0, otherwise

, (2.70b)

with U > 0, leading to the Fermi-Hubbard Hamiltonian in one dimension

H = −
N∑
j=1

∑
s=↑,↓

(
c†j,scj+1,s + cj,sc

†
j+1,s

)
+ U

N∑
j=1

nj,↑nj,↓ . (2.71)

Here, the operators c†j,s (cj,s) create (annihilate) a fermionic particle at lattice site j in spin

state s, while obeying the canonical anti-commutation relations {cj,s, c†k,s′} = δjkδss′ . The

operator Ns counting the total number of particles in spin state s,

Ns =

N∑
j=1

nj,s , (nj,s = c†j,scj,s) , (2.72)

obeys [Ns,H] = 0, meaning that both the total number N↑ = 〈N↑〉 of spin-up particles and

the total number N↓ = 〈N↓〉 of spin-down particles are good quantum numbers. Further, by

introducing operators

dj,s = c†j,s , d†j,s = cj,s , (⇒ nj,s = 1− d†j,sdj,s) (2.73)

i.e. by interpreting particles as holes (and vice versa) [57], it is easy to see that the energy

E(N↑, N↓) of an energy eigenstate |Ψ(N↑, N↓)〉 labeled by the two quantum numbers N↑, N↓
fulfills

E(N↑, N↓) = E(N −N↑, N −N↓) + U · (N −N↑ −N↓) , (2.74)

meaning that an energy eigenstate with quantum numbers N↑, N↓ is automatically also an

energy eigenstate with quantum numbers N − N↑, N − N↓. This “particle-hole symmetry”

immediately implies that it is sufficient to only consider configurations with N↑ + N↓ ≤ N ,
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Figure 2.6.: Zero-temperature phase diagram of the one-dimensional Fermi-Hubbard model
with a half-filled band. A conducting ground state only exists at U = 0 (where the
charge gap ∆ vanishes), while for any U > 0 the system is in a Mott-insulator
phase with non-vanishing charge gap ∆(U). The grayscale bar indicates the
amount of quantum fluctuations, which are continuously decreasing for increas-
ing U . In the limit U → ∞ the ground state is a product state and there is a(
N
N/2

)
-fold degeneracy, corresponding to the

(
N
N/2

)
possibilities to assign the N/2

spin-up and N/2 spin-down particles to the N lattice sites.

while all other cases directly follow from Eq. (2.74).4 With the definition of the filling

% = (N↑ +N↓)/(2N) we can state the same fact by saying that it is sufficient to consider an

at most half-filled band [57].

In the following, we focus on the case N↑ = N↓ = N/2 and discuss the phase diagram of

such a half-filled band (sketched in Fig. 2.6). By means of the Bethe ansatz, it has been

shown that in this case the energy gap ∆(U) resulting from the particle-occupation degrees

of freedom (the so-called “charge gap”) is [54]

∆(U) = −2 +
U

2
+ 4

∫ ∞
0

J1(ω)

ω
(
eωU/2 + 1

) dω , (2.75)

where J1(ω) is a Bessel function of the first kind. For small U , this expression can be expanded

as [54]

∆(U�1) ≈ 4

π

√
U e−2π/U + . . . (2.76)

which reveals that, although closing exponentially slowly, the charge gap vanishes only at

U = 0, while being non-zero for any U > 0 (see also Fig. 2.6). Hence, the system is Mott-

insulating for any non-vanishing interaction. Conversely, it is conducting only in the non-

interacting case U = 0.

4Actually, the Hamiltonian (2.71) exhibits an even higher symmetry with group SO(4) [54]. However, since
this symmetry is not as obvious to see as the particle conservation and the particle-hole symmetries, we
will not discuss it here.
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2.5. Techniques for analytical treatment

Determining the eigenstates for interacting quantum many-body systems by analytical cal-

culations has been achieved only for a handful of models, and in most cases the applied

solution techniques exclusively work in one spatial dimension [20]. In this section, we briefly

present a few standard techniques from the toolbox of analytical approaches to the quan-

tum many-body problem. The unifying principle underlying most of these techniques is the

application of a transformation which preserves the canonical (anti-)commutation relations,

and which is capable of bringing the original non-diagonal Hamiltonian into the form of a

diagonal (free-particles) Hamiltonian; we will discuss three such approaches in the next sub-

sections. A notable technique not belonging into this category is the Bethe ansatz (discussed

in Sec. 2.5.4), which can be used for models containing two-body interactions that are not

removable by canonical transformations.

2.5.1. Transformation to momentum space

Let us start with a simple yet very common example: Suppose we are to diagonalize a

Hamiltonian describing the kinetic energy of non-interacting particles on a lattice, expressed

in position representation. We have seen in Sec. 2.1.3 that such a Hamiltonian can be written

as

H = −J
N∑
j=1

(
a†jaj+1 + aja

†
j+1

)
, (2.77)

where we have assumed a tight-binding description in which only the nearest-neighbor overlap

integrals of Eq. (2.12a) yield a non-zero contribution of −J , while all other overlap integrals

are negligible.5 Since the kinetic energy is an operator which is diagonal in momentum

representation, a transformation to momentum space suggests itself as a promising approach

to diagonalize H. Consequently, we employ a Fourier transform in order to define a new set

of operators {ãq}:

ãq =
1√
N

N∑
j=1

e−iqj aj , q ∈
{

2π

N
m | m = −N

2
, . . . ,

N

2
− 1

}
(2.78a)

aj =
1√
N

∑
q

eiqj ãq . (2.78b)

Here, q is a (one-dimensional) wave vector in the first Brillouin zone. It is easy to show

that the transformation defined in Eq. (2.78) preserves the (anti-)commutation relations

of the operators {aj}, i.e. [ãq, ã
†
q′ ] = δqq′ in case of bosonic particles, and {ãq, ã†q′} = δqq′

in case of fermionic particles. Moreover, while the position number-operator nj = a†jaj
measures the number of particles occupying site j, the momentum number-operator ñq = ã†qãq

5Note that, for simplicity, we have also omitted the spin degree of freedom, which is not relevant for the
discussion here.
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measures the number of particles occupying the mode with quasi-momentum ~q. Expressing

the Hamiltonian (2.77) in the new operators {ãq}, we find:

H = −J
N∑
j=1

 1√
N

∑
q

e−iqj ã†q
1√
N

∑
q′
eiq
′(j+1) ãq′

+ h.c.

= −J
∑
q

∑
q′

(
ã†qãq′ e

iq′ 1

N

N∑
j=1

ei(q
′−q)j

︸ ︷︷ ︸
=δqq′

)
+ h.c.

= −J
∑
q

ã†qãq
(
eiq + e−iq

)︸ ︷︷ ︸
2 cos q

= −2J
∑
q

ñq cos q . (2.79)

Clearly, the momentum modes labeled by the index q are decoupled in this expression. Hence,

we have successfully diagonalized the Hamiltonian H, and its eigenstates |Ψn〉 immediately

can be identified with the Fock states

|Ψn〉 =
⊗
q

|pq〉q , n = (p−π, . . . , pπ−2π/N ) , (2.80)

where pq is the number of particles occupying the momentum mode q. Therefore, the vector

of mode occupation-numbers n = (p−π, . . . , pπ−2π/N ) fully determines an eigenstate of the

system. In order to illustrate this result by means of a specific example, let us write down

the ground state of H for a bosonic system with Nb particles. Clearly, the lowest-energy

eigenstate is obtained by condensing all particles in the mode q = 0, i.e. by choosing pq = Nb

for q = 0, and pq = 0 for q 6= 0. Hence, in this case the ground state is

|Ψ0〉 = |Nb〉q=0

⊗
q 6=0

|0〉q , (2.81)

and the corresponding ground-state energy simply becomes e0 = −2JNb cos 0 = −2JNb.

2.5.2. Jordan-Wigner transformation

The Jordan-Wigner transformation [61] can be used to map a chain of spin-1/2 sites to a

fermionic system. A very important application of the Jordan-Wigner transformation can be

found in the seminal work by Lieb, Schultz and Mattis [62], in which it is used to diagonalize

the one-dimensional XY model (a generalization of the one-dimensional Ising model). The

Jordan-Wigner transformation is inspired by the observation that the two states of a spin-

1/2 site can be interpreted as a fermionic mode, which is either empty or occupied by one

fermion. Before defining the Jordan-Wigner transformation, let us first introduce the spin

ladder-operators σ+ and σ−,

σ± =
1

2
(σx ± iσy) , (2.82)



28 2. Quantum many-body systems

where σ+ “raises” the spin state (i.e. σ+| ↓〉 = | ↑〉), and σ− “lowers” the spin state (i.e.

σ−| ↑〉 = | ↓〉). Further, we define the string operator

S±j = exp

(
±πi

j−1∑
k=1

nk

)
, (2.83)

with nk = σ+
k σ
−
k = (σzk + 1)/2. This string operator measures the parity of all the site

occupations to the left of site j. Note that S±j is a non-local operator (it acts on a “string”

of sites), and that the sign in the exponential of Eq. (2.83) can be chosen arbitrarily since

eiπn = e−iπn for all n ∈ N0.

The Jordan-Wigner transformation then defines a set of fermionic operators {cj} according

to

cj = S+
j σ
−
j , (2.84a)

σ−j = S−j cj . (2.84b)

Exploiting the relations

{S±j , σ±k } = 0 , for k < j , (2.85a)

[S±j , σ
±
k ] = 0 , for k ≥ j , (2.85b)

it is easy to show that c†jcj = σ+
j σ
−
j = nj , and that the operators {cj} indeed obey the

canonical anti-commutation relations {cj , c†k} = δjk, as required for fermions.

In order to demonstrate the practical usefulness of the Jordan-Wigner transformation for

diagonalizing one-dimensional spin chains, let us apply it to the quantum Ising model (2.41).

As a first step, we rewrite Eq. (2.41) in terms of the ladder operators {σ±j }:

H = −
N∑
j=1

(
σ+
j + σ−j

)(
σ+
j+1 + σ−j+1

)
+ h

N∑
j=1

(
2σ+

j σ
−
j − 1

)

= −
N∑
j=1

[(
σ+
j σ

+
j+1 + σ+

j σ
−
j+1

)
+ h.c.

]
+ 2h

N∑
j=1

σ+
j σ
−
j − hN . (2.86)

Then, we apply the Jordan-Wigner transformation (2.84b) together with the relations [S±j , c
(†)
j ] =
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0 and S+
j S±j+1 = eiπnj to Eq. (2.86), yielding:

H =−
N−1∑
j=1

[(
c†j e

iπnj c†j+1 + c†j e
iπnj cj+1

)
+ h.c.

]

+ exp

(
iπ

N∑
k=1

nk

)[(
c†N e

iπnN c†1 + c†N e
iπnN c1

)
+ h.c.

]
+ 2h

N∑
j=1

nj − hN . (2.87)

In order to simplify this expression, two observations are helpful: First, the phase factors

eiπnj followed by a creation operator c†j have no effect because only states with no occupation

of site j (i.e. states containing |0〉j) survive the application of this operator. But for these

states the phase factor is always +1; we can therefore simply omit the phase factors. Second,

the terms c†Nc
†
1, c†Nc1, c1cN , c†1cN in the second line of Eq. (2.87) are only present for periodic

boundary conditions, while for open boundary conditions these terms are absent. In the

thermodynamic limit N →∞ the difference between open and periodic boundary conditions

is non-existent, which can be easily understood by noting that for N → ∞ the correction

terms in the second line become negligible. Hence, for large systems with N → ∞ and

arbitrary boundary conditions, the “fermionized” Ising Hamiltonian can be written as

H = −
N∑
j=1

[(
c†j c
†
j+1 + c†j cj+1

)
+ h.c.

]
+ 2h

N∑
j=1

nj − hN . (2.88)

The first term in Eq. (2.88) is a nearest-neighbor hopping term, akin to the one we have

diagonalized in the previous subsection with a momentum-space transformation. Thus, we

perform the transformation (2.78) in order to proceed further. With calculations similar to

the one in Eq. (2.79), we find
N∑
j=1

nj =
∑
q

ñq , (2.89)

as well as
N∑
j=1

c†jcj+1 + h.c. = 2
∑
q

c̃†q c̃q cos q = 2
∑
q

ñq cos q , (2.90)
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and

N∑
j=1

c†jc
†
j+1 + h.c. = −

∑
q

c̃†q c̃
†
−q e

−iq + h.c.

=

(
i
∑
q

c̃†q c̃
†
−q sin q −

0∑
q=−π

c̃†q c̃
†
−q cos q︸ ︷︷ ︸

=
∑π
q=0 c̃

†
−q c̃
†
q cos(−q)

−
π∑
q=0

c̃†q c̃
†
−q cos q

)
+ h.c.

{c̃†−q ,c̃
†
q}=0

=
∑
q

(
i sin q c̃†q c̃

†
−q
)

+ h.c. . (2.91)

Consequently, the fermionized Ising Hamiltonian in momentum representation reads

H =
∑
q

2(h− cos q)ñq − hN −
[∑

q

(
i sin q c̃†q c̃

†
−q
)

+ h.c.

]
. (2.92)

Note that this Hamiltonian is almost diagonal in the fermionic operators {c̃q}, apart from the

last term which is anti-diagonal in these operators. In order to get rid of the anti-diagonal

part, we need to apply one more canonical transformation; more specifically, we need to make

use of a so-called Bogoliubov transformation. We will discuss this class of transformations in

the next subsection, and complete the diagonalization of the quantum Ising model there.

2.5.3. Bogoliubov transformation

The Bogoliubov transformation consists of a linear combination of creation and annihilation

operators, mixing the modes with wave vectors q and −q. It was devised by Nikolay Bogoli-

ubov, both for bosonic and fermionic modes, in order to diagonalize Hamiltonians relevant

for the theoretical description of superfluidity [63] and superconductivity [64]. In its original

form [63], the transformation reads

ãq = uq aq − vq a†−q , (2.93a)

aq = u∗q ãq + vq ã
†
−q , (2.93b)

where uq, vq ∈ C. The transformation (2.93a) maps the operators {aq} into the operators

{ãq}. If we require that the transformation retains the commutation relations for bosonic

modes, we obtain from [ãq, ã
†
q′ ]

!
= δqq′ the condition

|uq|2 − |vq|2 = 1 . (2.94)
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Further, by plugging Eq. (2.93a) into Eq. (2.93b), we find

aq = u∗quq aq − u∗qvq a†−q + u∗−qvq a
†
−q − v∗−qvq aq

=
(
u∗quq − v∗−qvq

)
aq +

(
u∗−qvq − u∗qvq

)
a†−q , (2.95)

demonstrating that, for bosonic modes, the inverse transformation (2.93b) is only defined

consistently if both uq and vq are even functions in q (i.e. u−q = uq and v−q = vq). Conversely,

if we are working with fermionic modes, we obtain from {ãq, ã†q′}
!

= δqq′ the condition

|uq|2 + |vq|2 = 1 , (2.96)

and consistency of the inverse transformation (2.93b) is only guaranteed for u−q = uq and

v−q = −vq, i.e. uq has to be an even function and vq has to be an odd function in q.

In order to provide a concrete example, let us now apply a Bogoliubov transformation to

the Hamiltonian (2.92) from the previous subsection. A convenient parametrization for the

coefficients uq, vq, respecting the constraint (2.96), is given by

uq = cosφq , vq = i sinφq , (2.97)

where φq is an arbitrary odd function in q, i.e. φ−q = −φq. The Bogoliubov transformation

to the new set of Fermi operators {fq} then reads fq = cosφq c̃q − i sinφq c̃
†
−q, and we find

c̃†q c̃q =
(

cosφq f
†
q − i sinφq f−q

)(
cosφq fq + i sinφq f

†
−q
)

= cos2 φq f
†
q fq − sin2 φq f

†
−qf−q + sin2 φq +

[
i cosφq sinφq f

†
q f
†
−q + h.c.

]
, (2.98)

as well as

i c̃†q c̃
†
−q + h.c. = i

(
cosφq f

†
q − i sinφq f−q

)(
cosφq f

†
−q + i sinφq fq

)
+ h.c.

= −2 cosφq sinφq

(
f †q fq + f †−qf−q − 1

)
+
[
i
(
cos2 φq − sin2 φq

)
f †q f

†
−q + h.c.

]
.

(2.99)

Note that non-diagonal terms (i.e. terms which are not of the form f †q fq) only appear in the

last term of Eq. (2.98) and Eq. (2.99), respectively. Inspecting the Hamiltonian (2.92), we

notice that these two terms exactly cancel each other for all q, if we choose φq such that it

satisfies the equation

2(h− cos q) cosφq sinφq = sin q
(
cos2 φq − sin2 φq

)
, (2.100)

which, solved for φq, reads

φq =
1

2
arctan

(
sin q

h− cos q

)
, (2.101)



32 2. Quantum many-body systems

where we have made use of the trigonometric identities 2 sinx cosx = sin(2x) and cos2 x −
sin2 x = cos(2x). Note that φq as defined in Eq. (2.101) is indeed an odd function in q, as

required above in the parametrization (2.97) of the Bogoliubov transformation. Exploiting

this property, we obtain

−
π∑

q=−π
2(h− cos q) sin2 φq f

†
−qf−q = −

π∑
q=−π

2(h− cos q) sin2 φq f
†
q fq , (2.102)

π∑
q=−π

sin q sin(2φq) f
†
−qf−q =

π∑
q=−π

sin q sin(2φq) f
†
q fq . (2.103)

Thus, the Hamiltonian (2.92) expressed in the new set of operators {fq} can be written as

H =
∑
q

2 [(h− cos q) cos(2φq) + sin q sin(2φq)] f
†
q fq

+
∑
q

[
2(h− cos q) sin2 φq − sin q sin(2φq)

]
− hN . (2.104)

Substituting Eq. (2.101) into Eq. (2.104), and some algebra involving the trigonometric iden-

tities cos[arctan(x)] = 1/
√

1 + x2 as well as sin[arctan(x)] = x/
√

1 + x2, results in

H =
∑
q

2
√
h2 − 2h cos q + 1 f †q fq +

∑
q

[
h− cos q −

√
h2 − 2h cos q + 1

]
− hN , (2.105)

which, with
∑

q h = Nh and
∑

q cos q = 0, and the definition ε(q, h) =
√
h2 − 2h cos q + 1,

further simplifies to

H =
∑
q

2ε(q, h) f †q fq −
∑
q

ε(q, h) . (2.106)

Hence, we have found a diagonal representation of the Ising model (2.41), valid in the limit of

large system sizes N . Let us stress that for finite system sizes additional correction terms need

to be taken into account, resulting from the boundary terms in the second line of Eq. (2.87).

From the diagonal Ising Hamiltonian (2.106) it is easy to identify the ground state |Ψ0〉 as

the state where all the fermionic modes are empty,

|Ψ0〉 =
⊗
q

|0〉q , (2.107)

while the first excited state is obtained by filling the lowest-energy mode q = 0:

|Ψ1〉 = |1〉q=0

⊗
q 6=0

|0〉q . (2.108)

By successively filling up all the N modes, we recover all 2N eigenstates of the one-dimensional

Ising model in a transverse field. Equation (2.106) also provides direct access to the ground-
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state energy e0(h), which in the thermodynamic limit N →∞ reads

e0(h)/N = − 1

2π

∫ π

−π
ε(q, h) dq = −2(h+ 1)

π
E[4h/(h+ 1)2] . (2.109)

Here, E[x] =
∫ π/2

0 dθ
√

1− x sin2 θ is the complete elliptic integral of the second kind. Some

special values of the function e0(h)/N are listed in Table 2.1. Finally, we note that the energy

gap ∆ between the ground state |Ψ0〉 and the first excited state |Ψ1〉 is given by

∆(h) = 2ε(0, h) = 2
√
h2 − 2h+ 1 = 2|h− 1| , (2.110)

confirming that the critical point is at hc = 1, and that the energy gap indeed opens linearly

at hc [critical exponent zν = 1, cf. Eq. (2.47)], as already mentioned in Sec. 2.4.1. Strictly

speaking, Eq. (2.110) only holds for h ≥ hc for the Ising model (2.41), while for h < hc the

neglected boundary terms from Eq. (2.87) cause a small shift of the energy levels, such that

the ground state actually becomes two-fold degenerate and the gap to the first excited state

depends on the boundary conditions [65].

Table 2.1.: Special values of the ground-state energy per site in the thermodynamic limit of
the one-dimensional Ising model (2.41) in a transverse field h.

h 0 1 h→∞
e0/N −1 −4/π −h

2.5.4. Bethe ansatz

The Bethe ansatz, originally conceived by Hans Bethe to solve the one-dimensional Heisen-

berg model [66], is a special many-body ansatz wave-function suitable for representing the

eigenstates of one-dimensional quantum systems whose constituents exclusively interact via

two-body scattering processes. Such systems are also called “diffractionless” because the

restriction to two-body scattering guarantees the existence of a set of good quantum num-

bers {k1, . . . , kNp}, representing the momenta of the Np particles [20]. The fact that these

momenta are conserved can be understood intuitively by considering the scattering process

of two particles with momenta k1 and k2: Due to the conservation of total energy and to-

tal momentum, the only momenta k′1, k′2 the particles can possess after the scattering are

k′1 = k2 and k′2 = k1. Thus, any mixing (or diffraction) of the momenta is forbidden dur-

ing one-dimensional two-body scattering, and the resulting two-body wave function can be

written as [20]

Ψ(x1, x2) = ei(k1x1+k2x2) +A(k1, k2)ei(k2x1+k1x2) , (2.111)
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where A(k1, k2) is a scattering amplitude whose specific form depends on the interaction

potential. Generalizing Eq. (2.111) to Np particles leads to the Bethe ansatz [57]:

Ψ(x1, . . . , xNp) =
∑
K

A(X,K) exp

i Np∑
j=1

kKjxXj

 , x1, . . . , xNp ∈ RX , (2.112)

where X = {X1, X2, . . . , XNp} and K = {K1,K2, . . . ,KNp} are permutations of the or-

dered set {1, 2, . . . , Np}, and the sum over K in Eq. (2.112) runs over all Np! permutations

of this set. The wave function Ψ(x1, . . . , xNp) is defined on the region

RX = {xX1, xX2, . . . , xXNp : xX1 ≤ xX2 ≤ · · · ≤ xXNp} . (2.113)

There exist Np! such regions, which together span the whole configuration space. Hence,

the Bethe ansatz (2.112) contains (Np!)2 scattering amplitudes A(X,K), which need to be

determined by inserting the ansatz into the Schrödinger equation. Note, however, that not all

of these amplitudes are independent of each other, since the wave function is constrained to

be (anti-)symmetric upon particle exchange, depending on whether the particles are bosonic

or fermionic. Further constraints arise from demanding that the value of Ψ(x1, . . . , xNp) has

to be unique on the boundaries of the regions RX (defined by the conditions xXj = xX(j+1)).

Let us now make use of the Bethe ansatz in order to determine the ground state energy of

the one-dimensional Hubbard model (2.71). First obtained by Lieb and Wu in 1968 [56], here

we will closely follow their presentation of this result from Ref. [57], but without the heavy

mathematical machinery required for a rigorous derivation, which is beyond the scope of this

short introduction. Instead, we focus on the main steps and intermediate results leading to

the solution.

We start by considering the action of the Hamiltonian (2.71) on the many-body wave-

function Ψ(x1, . . . , xNp), yielding the Schrödinger equation

−
Np∑
m=1

[
Ψ(x1, . . . , xm + 1, . . . , xNp) + Ψ(x1, . . . , xm − 1, . . . , xNp)

]
+ U

Np∑
m<n

δ(xm − xn) Ψ(x1, . . . , xNp) = EΨ(x1, . . . , xNp) , (2.114)

with E the eigenenergy of the eigenstate Ψ(x1, . . . , xNp). Since we are working with a lattice

model, the particle coordinates xm only take on integer values xm ∈ {1, . . . , N}. Further,

we define that the first N↓ coordinates x1, . . . , xN↓ specify the location of the spin-down

particles, while the remaining coordinates xN↓+1, . . . , xN↓+N↑ specify the location of the spin-

up particles.6 Thus, N↓ + N↑ = Np and we recall that all three particle numbers are good

6Note that the presence of two particle species (spin-up and spin-down) implicates that the fermionic wave
function Ψ(x1, . . . , xNp) has to be separately antisymmetric both in the first N↓ arguments and the re-
maining N↑ arguments.
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quantum numbers (see Sec. 2.4.3). In order to get some confidence that the ansatz (2.112) is

capable of satisfying the Schrödinger equation (2.114), we substitute it into Eq. (2.114) and,

for the time being, restrict ourselves to the case |xm−xn| > 1, ∀m 6= n (case of well-separated

particles, i.e. there is at least one empty site between any pair of particles). In this case, we

find:

−
∑
K

A(X,K)

 Np∑
m=1

(
eikm + e−ikm

) exp

i Np∑
j=1

kKjxXj

 = EΨ(x1, . . . , xNp) . (2.115)

Hence, the Bethe ansatz is indeed an eigenstate, and its eigenenergy is

E = −2

Np∑
m=1

cos km . (2.116)

Note that in the case of well-separated particles no additional conditions on the amplitudes

A(X,K) (apart from the aforementioned antisymmetry constraint) have occurred. However,

this situation will change when we now set out to make Eq. (2.115) hold generally, i.e. even

for particles which are not well-separated. In order to do so, we choose a fixed integer j

and consider the case xXj = xX(j+1), i.e. a single pair of particles that is not well-separated.

Further, we define the permutations X ′, K ′ as follows:

X ′m =


X(j + 1) , if m = j

Xj , if m = j + 1

Xm, else

, K ′m =


K(j + 1) , if m = j

Kj , if m = j + 1

Km, else

. (2.117)

Then, we can recover Eq. (2.115) even for xXj = xX(j+1), if the amplitudes A(X,K) obey

the following equation:

A(X ′,K) eikK(j+1) +A(X ′,K) e−ikKj +A(X ′,K ′) eikK′(j+1) +A(X ′,K ′) e−ikK′j

+ U
[
A(X,K) +A(X,K ′)

]
=A(X,K) eikKj +A(X,K) e−ikK(j+1) +A(X,K ′) eikK′j +A(X,K ′) e−ikK′(j+1) . (2.118)

This equation has been obtained by collecting on the left-hand side all the terms which newly

arise in the case xXj = xX(j+1) (viz. the two on-site interaction terms and the four terms

which are transported from regionRX to regionRX′), while on the the right-hand side we have

collected all the terms which would be there in their stead in case of well-separated particles.

Thus, by demanding that the two sides be equal, we restore the validity of Eq. (2.115). By

exploiting the relation A(X,K) +A(X,K ′) = A(X ′,K) +A(X ′,K ′), which follows from the

continuity of Ψ(x1, . . . , xNp) on the boundary between RX and RX′ [57], Eq. (2.118) can be
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simplified to

A(X,K) =
−iU/2

sin kKj − sin kK(j+1) + iU/2
A(X,K ′) +

sin kKj − sin kK(j+1)

sin kKj − sin kK(j+1) + iU/2
A(X ′,K ′) .

(2.119)

Determining a solution for Eq. (2.119) (i.e. a set of all (Np!)2 amplitudes A(X,K) and all

momenta k1 < k2 < · · · < kNp) requires a considerable amount of algebraic effort (and skill),

but it is nonetheless possible. Since here we are only interested in the ground state energy,

we may limit ourselves to determining the momenta kj [see Eq. (2.116)]. From Eq. (2.119),

one can derive [57] the following set of Np +N↓ equations for the kj , containing an additional

set of real numbers Λ1 < · · · < ΛN↓ :

Nkj
2

= πIj −
N↓∑
β=1

arctan

(
4 sin kj − 4Λβ

U

)
, (2.120a)

−
Np∑
j=1

arctan

(
4 sin kj − 4Λα

U

)
= πJα +

N↓∑
β=1

arctan

(
2Λα − 2Λβ

U

)
. (2.120b)

Here, j = 1, . . . , Np and α = 1, . . . , N↓. The Ij are integers if N↓ is even, while they are

half-integers if N↓ is odd. Similarly, the Jα are half-integers if N↑ is even, while they are

integers if N↑ is odd. For the ground state, both the Ij and the Jα are consecutive numbers

centered around zero. An explicit ground-state solution of Eq. (2.120) for the kj and Λα can

be obtained in the thermodynamic limit N →∞ [57]. In this limit, it is convenient to define

the density function ρ(k), with Nρ(k)dk describing the number of k values in the interval

[k, k + dk]. Hence, ∫ Q

−Q
ρ(k) dk = Np/N , (2.121)

with Q ≤ π depending on the filling (i.e., the ratios N↑/N and N↓/N). Similarly, we have∫ B

−B
σ(Λ) dΛ = N↓/N (2.122)

for the density σ(Λ) of Λ values, with B ≤ ∞ again depending on the filling. Since Ij(kj)

and Jα(Λα) are consecutive numbers, we have dI = Nρ(k)dk and dJ = Nσ(Λ)dΛ. Using

these relations, and after differentiating Eq. (2.120a) with respect to kj and Eq. (2.120b) with

respect to Λα, we obtain

ρ(k) =
1

2π

(
1 + cos k

∫ B

−B

8U σ(Λ)

U2 + 16(sin k − Λ)2
dΛ

)
, (2.123a)

σ(Λ) =
1

2π

(∫ Q

−Q

8U ρ(k)

U2 + 16(sin k − Λ)2
dk −

∫ B

−B

4U σ(Λ′)
U2 + 4(Λ− Λ′)2

dΛ′
)
, (2.123b)

valid in the thermodynamic limit N → ∞ for the ground state of Eq. (2.71). Solving
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Eq. (2.123) is again a hard task, but for the special case of a half-filled band (N↓ = N↑ = N/2)

it is possible to show [57] that Q = π, B =∞, and that the two densities

ρ[1/2](k) =
1

2π
+

cos k

π

∫ ∞
0

J0(ω) cos(ω sin k)

eωU/2 + 1
dω , (2.124a)

σ[1/2](Λ) =
1

2π

∫ ∞
0

J0(ω) cos(ωΛ)

cosh(ωU/4)
dω (2.124b)

solve Eq. (2.123) at half filling, with J0(ω) a Bessel function of the first kind. Let us briefly

verify this claim for the density ρ[1/2](k), by substituting Eq. (2.124b) into Eq. (2.123a). We

obtain

ρ[1/2](k) =
1

2π

(
1 + cos k

∫ ∞
−∞

8U

U2 + 16(sin k − Λ)2

1

2π

∫ ∞
0

J0(ω) cos(ωΛ)

cosh(ωU/4)
dω dΛ

)
=

1

2π
+

4 cos k

π2U

∫ ∞
0

dω
J0(ω)

eωU/4 + e−ωU/4

∫ ∞
−∞

dΛ
cos(ωΛ)

1 + [(sin k − Λ) 4/U ]2︸ ︷︷ ︸
=πU

4
cos(ω sin k)

eωU/4

=
1

2π
+

cos k

π

∫ ∞
0

dω
J0(ω) cos(ω sin k)

eωU/2 + 1
, (2.125)

which is identical to Eq. (2.124a), confirming that Eq. (2.124) is indeed a solution to Eq. (2.123).

Having determined ρ[1/2](k), we can finally use Eq. (2.116) to calculate the ground state en-

ergy per site of the one-dimensional Hubbard model at half filling in the thermodynamic

limit [57]:

e
[1/2]
0 (U)/N = −2

∫ π

−π
ρ[1/2](k) cos k dk = −4

∫ ∞
0

J0(ω)J1(ω)

ω
(
eωU/2 + 1

) dω . (2.126)

Figure 2.7 shows a plot of this function, compared with the tensor network results for the

ground state energy outlined in Appendix A.1.

2.6. Approximation techniques

Since exact analytical solutions for quantum many-body models are rare, the development

of meaningful approximation techniques is extremely important. In this section, we will

discuss two such techniques: The first one is the mean-field approximation, in which all

quantum correlations are neglected, effectively reducing the many-body problem to a one-

body problem. The second one is the application of perturbation theory, which is based on

the assumption that a many-body model can be decomposed into a solvable part (often also

of a one-body nature) and a non-solvable part. Assuming that the non-solvable part enters

the problem only via a small coupling parameter, solutions to the full problem can be found

in terms of a series expansion in this small parameter.

Both techniques require that quantum correlations be negligible, and consequently are
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Figure 2.7.: Exact ground-state energy per site e
[1/2]
0 /N from Eq. (2.126), compared with

finite-size data obtained from tensor network (TN) simulations of the Hamilto-
nian (2.71) with periodic boundary conditions. The inset shows an extrapolation
to the thermodynamic limit of the finite-size TN data via a fit linear in 1/N2.
The error of the extrapolated result is compatible with the finite-bond dimension
error of the TN simulations (cf. Appendix A.1).

incapable of describing strongly-correlated systems. Nonetheless, they can be very useful

when aiming at a qualitative understanding of certain properties of a quantum many-body

system, e.g. the ground-state energy or a local order parameter. Moreover, for many models

these two approximation techniques represent the only way to achieve a description of the

system on an analytical, non-numerical level.

2.6.1. Mean-field approximation

The basic idea of the mean-field approximation is to describe the combined effect of all

components interacting with a given component of the system by one single parameter, the

so-called “mean field”. The name is motivated by the fact that all correlated configurations

resulting from interaction terms are taken into account only via their mean value, leading

to an uncorrelated description of the system. Hence, the mean-field approximation can also

be viewed as a a product-state ansatz which decouples the full (correlated) N -body problem

into N separate (uncorrelated) one-body problems.

Let us illustrate the mean-field (MF) approximation with the help of a simple example.

Applying it to the Ising model (2.41), we obtain

H = −
N∑
j=1

σxj σ
x
j+1 + h

N∑
j=1

σzj
MF≈ −

N∑
j=1

σxj mj+1 + h

N∑
j=1

σzj = HMF , (2.127)

where mj+1 is the scalar mean field describing the mean effect of the spin at site j+ 1 on the
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spin at site j. Hence,

mj+1 = 〈σxj+1〉 . (2.128)

Since HMF is a sum of local operators, its ground-state energy is simply given by

e0,MF =

N∑
j=1

〈ψ0,j |hσzj −mj+1σ
x
j |ψ0,j〉 = N 〈ψ0|hσz −mσx|ψ0〉 , (2.129)

where in the last step we have assumed translational invariance,7 i.e. the local ground states

|ψ0,j〉 as well as the mean field mj do not depend on the site coordinate j, leading to |ψ0,j〉 =

|ψ0〉 and mj = m, for all j. Self-consistency (in the sense that the local ground state |ψ0〉
has to give rise to exactly the same mean field m which is initially assumed in the calculation

of |ψ0〉) demands that the mean value in Eq. (2.128) is evaluated with respect to the local

ground state |ψ0〉 itself, leading to an expression for the ground-state energy which is nonlinear

in |ψ0〉:

e0,MF/N = 〈ψ0|hσz − 〈ψ0|σx|ψ0〉σx|ψ0〉 = h 〈ψ0|σz|ψ0〉 − 〈ψ0|σx|ψ0〉2 . (2.130)

Due to the nonlinearity, |ψ0〉 cannot be determined by solving an eigenvalue equation. Instead,

we have to choose a parametrization for |ψ0〉 and then minimize the ground-state energy e0,MF

as a function of these parameters. Being a spin-1/2 state, a convenient parametrization is the

Bloch sphere representation |ψ0〉 = cos(θ/2)| ↑z〉 + eiϕ sin(θ/2)| ↓z〉, θ ∈ [−π, π], ϕ ∈ [0, 2π),

for which we find

e0,MF(θ, ϕ)/N = h cos θ − cos2 ϕ sin2 θ . (2.131)

Assuming h ≥ 0, the parameter values that minimize e0,MF(θ, ϕ) are

ϕ0 ∈ {0, π} , θ0 =

arccos(−h/2) , for h ≤ 2

π , for h > 2
, (2.132)

and the ground-state energy per site becomes

e0,MF/N =

−1− h2

4 , for h ≤ 2

−h , for h > 2
. (2.133)

Figure 2.8 shows a comparison of the ground-state energy between the mean-field result (2.133)

and the exact result (2.109), demonstrating that the deviation of the mean-field result peaks

at h ≈ hc. This is to be expected, given that the mean-field approximation neglects all quan-

tum correlations, which are most pronounced around the critical point (see also Fig. 2.2).

7This assumption is reasonable, given that the Hamiltonian (2.41) is translation-invariant and does not have
any geometric frustration.
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Figure 2.8.: Comparison of the exact ground-state energy per site e0/N from Eq. (2.109)
with the mean-field (MF) result (2.133). The upper inset shows the relative
error of the mean-field result, demonstrating that the error is maximum around
the critical point hc. The lower inset shows the first two derivatives of the two
functions from the main panel, demonstrating that the ground-state energies are
non-analytic at the critical points hc = 1 and hc,MF = 2, respectively.

Using Eq. (2.132), we can also calculate the ground-state magnetizationm(h) = 〈ψ0|σx|ψ0〉 =

cosϕ0 sin θ0 (which for the Ising model is identical to the mean field m):

m(h) =

±
√

1− h2

4 , for h ≤ 2

0 , for h > 2
. (2.134)

Hence, mean-field theory for the one-dimensional quantum Ising model predicts a quantum

phase transition at hc,MF = 2, and a two-fold degenerate ground state in the ferromagnetic

phase. These two ground states spontaneously break the spin-reflection symmetry along

the x-axis which is present in the Hamiltonian, leading to the two possible values for the

magnetization in Eq. (2.134). It is remarkable that the mean-field Hamiltonian HMF cap-

tures the essential properties of the model correctly, thus enabling a qualitatively correct

characterization of the system without solving the much more complicated Hamiltonian H.

A more general formulation of the mean-field approximation is the Landau theory of phase

transitions [67], which was the first general theory capable of explaining the mechanism

behind continuous phase transitions. Finally, it is worth mentioning that the quantitative

accuracy of the mean-field approximation increases with the number of spatial dimensions

of the system [68]. This is due to the fact that the constituents of a system in many spatial

dimensions have more neighbors than the constituents in low-dimensional systems. Since
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the overall amount of correlations that a constituent can share with all of its neighbors is

limited, a larger number of neighbors reduces the correlations between two constituents,

thereby improving the quality of the mean-field approximation.

2.6.2. Perturbation theory

Perturbation theory has been applied to quantum-mechanical problems since the early days

of quantum mechanics [69]. In its most basic form, it is used to calculate a series expansion

for the eigenstates and eigenenergies of a Hamiltonian which can be expressed as a sum of a

term with a known solution and a “perturbation term”, coupled by a small parameter. The

zeroth-order term of the perturbation series is the solution of the solvable problem (i.e., of

the full Hamiltonian with vanishing coupling parameter). With increasing coupling constant,

more and more higher-order terms are required for an accurate description of the solution of

the full Hamiltonian.

Let us again illustrate this concept with a simple example, namely the calculation of

perturbative corrections to the ground-state energy of the Bose-Hubbard model (2.49) at

unit filling when increasing the hopping parameter J , starting from J = 0. We can write the

Hamiltonian as

H = H0 + J HJ , H0 =
1

2

N∑
j=1

nj (nj − 1) , HJ = −
N∑
j=1

(
b†jbj+1 + bjb

†
j+1

)
, (2.135)

and we are interested in the ground-state energy e0(J) of the Hamiltonian H for small but

non-vanishing J . The ground state |Ψ(0)
0 〉 of H0 and its energy e

(0)
0 can be easily determined:

e
(0)
0 = 0 , |Ψ(0)

0 〉 =

N⊗
j=1

|1〉j . (2.136)

Here, |pj〉j is a local eigenstate of the particle operator nj at lattice site j, obeying nj |pj〉j =

pj |pj〉j , where pj = 0, 1, 2, . . . is the particle occupation of site j. By removing a particle from

site k and adding it to site k′ 6= k, we obtain a first excited state of H0:

e
(0)
1 = 1 , |Ψ(0)

1 〉 =
N⊗
j=1

|pj〉j , pj =


0, for j = k

2, for j = k′

1, otherwise

(2.137)

Note that there are N(N − 1) such states, corresponding to the N(N − 1) allowed choices for

k and k′. The first-order correction to the ground-state energy e
(0)
0 is then given by [70]

e
(1)
0 = J 〈Ψ(0)

0 |HJ |Ψ
(0)
0 〉 = 0 . (2.138)

Thus, to first order, the ground-state energy of H does not change at J = 0, meaning that
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the first derivative of e0(J) with respect to J vanishes at J = 0. We could have obtained the

same result by noting that the spectrum of the Bose-Hubbard Hamiltonian (2.49) is invariant

under a sign change of J , implying that e0(J) is an even function. This immediately means

that all odd-order corrections e
(2l+1)
0 , l = 0, 1, 2, . . . , vanish. Let us proceed by calculating

the second-order correction [70]

e
(2)
0 = J2

∞∑
n=1

∣∣∣〈Ψ(0)
n |HJ |Ψ(0)

0 〉
∣∣∣2

e
(0)
0 − e

(0)
n

. (2.139)

Although this expression contains all eigenstates of H0, a quick look at the perturbation

term HJ tells us that the enumerator in Eq. (2.139) delivers a non-vanishing contribution

only in the case n = 1: All higher excited states cannot be generated by a single application

of HJ to the ground state |Ψ(0)
0 〉, thus yielding a vanishing overlap. Using Eqs. (2.136)

and (2.137), we find

〈Ψ(0)
1 |HJ |Ψ

(0)
0 〉 =

−
√

2 , for k′ = k − 1 or k′ = k + 1

0 , otherwise
. (2.140)

Hence, we obtain 2N non-trivial contributions to the sum in Eq. (2.139). With e
(0)
0 − e

(0)
1 =

−1, we arrive at e
(2)
0 = −4NJ2. Summarizing, we can write

e0(J) = e
(0)
0 + e

(1)
0 + e

(2)
0 + e

(3)
0 +O(J4) = −4NJ2 +O(J4) . (2.141)

In Fig. 2.9 we compare this result with numerically exact data for the ground-state energy

of H. As expected, we find very good agreement for J � 1 and a deviation that increases as

the fourth power of J .

2.7. Numerical simulation techniques

In this section, we will briefly present three of the most important numerical tools for the

study of strongly correlated quantum many-body systems.

We start by discussing exact diagonalization, an approach which relies on no approx-

imations and as such is the most accurate numerical technique for solving the quantum

many-body problem. Being an exact technique (whose precision is only limited by the finite

precision of the floating-point arithmetic present in any numerical algorithm), this “brute-

force” approach suffers from the exponential scaling of the Hilbert space dimension with the

number of constituents in the system, and is therefore limited to small system sizes. By

exploiting large-scale parallelization and making use of as much theoretical knowledge of

the system (in particular: symmetries of the Hamiltonian) as possible, exact diagonalization

nevertheless continues to be a very important and widely used tool for gaining fundamental
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Figure 2.9.: Comparison of the numerically exact ground-state energy e0/N (for N = 32) of
the Bose-Hubbard Hamiltonian (2.49) with the perturbative result (2.141). In
the inset, the deviation of the perturbative result from the exact value is plotted,
together with a power-law fit. Clearly, the deviation scales as J4.

insights into the behavior of quantum many-body systems, and has been successfully applied

to remarkably large systems (e.g., systems consisting of up to 50 spin-1/2 sites [71]).

Next, we will discuss the basic ideas behind the quantum Monte Carlo method. Although

the term “quantum Monte Carlo” is actually an umbrella term for a variety of different

numerical algorithms to solve various types of quantum many-body problems [72, 73], the

unifying element of all these algorithms is the use of a stochastic procedure to approximate

the system’s many-body wave function. We will pick a conceptually simple quantum Monte

Carlo method, namely the variational quantum Monte Carlo algorithm, and demonstrate the

basic idea behind quantum Monte Carlo by means of this example.

Last, we introduce the family of tensor network methods. We motivate the tensor network

approach with the area law for the entanglement, applicable to ground states of (local)

quantum many-body Hamiltonians, and briefly discuss the most widely used classes of tensor

network methods. This section leads over to the second part of the thesis where we deal

extensively with one these classes, namely with the loop-free tensor networks.

2.7.1. Exact diagonalization

The aim of exact diagonalization is to obtain a numerically exact representation of the eigen-

states |Ψn〉 of the quantum many-body Hamiltonian H. Typically, the focus is on the ground

state |Ψ0〉, but also higher excited states (n > 0) may be targeted. To this end, we need

to store all non-zero coefficients ψn defining a state vector |Ψ〉 =
∑D

n=1 ψn|vn〉 (with |vn〉 a

basis vector) in the system’s Hilbert space H. If the quantum many-body system consists of
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N constituents, this Hilbert space has the from

H = H1 ⊗H2 ⊗ · · · ⊗HN =

N⊗
j=1

Hj , (2.142)

where Hj is the local Hilbert space of the j-th constituent (site) of the many-body system.

Assuming that all N constituents share the same finite local Hilbert space dimension d, the

full Hilbert space H has dimension D = dN , exponential in the system size. More precisely,

a generic state |Ψ〉 in H can then be written as

|Ψ〉 =
D∑
n=1

ψn|vn〉 , |vn〉 =
N⊗
j=1

|bnj 〉 , n = (n1, n2, . . . , nN ) . (2.143)

Here, |vn〉 is a basis vector of the computational basis {|vn〉}, which results from the Kronecker

product of the local basis vectors |bnj 〉. The index nj = 1, . . . , d enumerates the local basis

vectors of site j.

The goal of an exact diagonalization algorithm is to determine the D coefficients ψn ∈ C

such that the corresponding state vector |Ψ〉 is an eigenstate of the Hamiltonian, i.e. such

that it obeys H|Ψ〉 = e|Ψ〉, where e is the associated eigenenergy. The most straightforward

way to achieve this goal is to determine all matrix elements Hn′n of the Hamiltonian H in

the computational basis,

H =

D∑
n,n′=1

Hn′n|vn′〉〈vn| , (2.144)

and subsequently diagonalize the D×D Hamiltonian matrix H. This task can be performed

by means of standard numerical libraries, such as LAPACK [74], and typically yields all

D eigenpairs (|Ψn〉, en). The downside of this approach is that it has a memory scaling of

O(D2) (all matrix elements need to be present in memory) and a computational cost scaling

of O(D3) (as a consequence of the tridiagonal reduction step for the diagonalization of a

dense Hermitian matrix [74]).

If only a few eigenpairs are desired, as is usually the case, a more efficient strategy is

provided by power methods, e.g. in the form of the Lanczos algorithm [75]. These methods do

not require the explicit construction of the full matrix H; instead, in this case it is sufficient

to have access to the result of the application H|Ψ〉 of the Hamiltonian to an arbitrary

state vector |Ψ〉. Therefore, these algorithms can run with memory- and computational cost

scalings of O(D) and O(D2), respectively.8

A very important means to reduce the problem size during exact diagonalization is the

exploitation of symmetries of the Hamiltonian. More precisely, if a Hermitian operator C
can be found which commutes with the Hamiltonian (i.e. [C,H] = 0), the eigenvalues of C

8For highly sparse Hamiltonian matrices H, as they occur e.g. for models with only nearest-neighbor inter-
actions, the computational cost scaling for the calculation of H|Ψ〉 is even lower, namely only O(D).
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form a set of good quantum numbers {ck} for the eigenstates of H, where k = 1, . . . , k̄,

and k̄ is the number of distinct (non-degenerate) eigenvalues of C. We can then write H in

a basis {|v(k,n)〉}, in which each basis vector |v(k,n)〉 has a well-defined quantum number ck

determined by C|v(k,n)〉 = ck|v(k,n)〉. The index n = 1, . . . , n̄k enumerates linearly independent

states which share the same quantum number ck (degenerate eigenstates of C), where n̄k is

the number of these degenerate eigenstates and
∑k̄

k=1 n̄k = D. Represented in the basis

{|v(k,n)〉}, the Hamiltonian H becomes block-diagonal. We can easily verify this statement

by comparing

HC|v(k,n)〉 = H ck|v(k,n)〉
=

∑
(k′,n′),(k′′,n′′)

H(k′,n′)(k′′,n′′) ck|v(k′,n′)〉〈v(k′′,n′′)|v(k,n)〉

=
∑

(k′,n′)

H(k′,n′)(k,n) ck|v(k′,n′)〉 (2.145)

with

C H|v(k,n)〉 = C
∑

(k′,n′),(k′′,n′′)

H(k′,n′)(k′′,n′′)|v(k′,n′)〉〈v(k′′,n′′)|v(k,n)〉

=
∑

(k′,n′)

H(k′,n′)(k,n) C|v(k′,n′)〉

=
∑

(k′,n′)

H(k′,n′)(k,n) ck′ |v(k′,n′)〉 . (2.146)

As C and H commute, Eqs. (2.145) and (2.146) must be equal. Since ck 6= ck′ for k 6= k′, this

requirement is only met if the matrix elements of the Hamiltonian vanish for k 6= k′, i.e. if they

have the form H(k′,n′)(k,n)δkk′ of a block-diagonal matrix. Each block k is characterized by a

single quantum number ck and transitions between states with different quantum numbers are

symmetry-forbidden. This property reduces the diagonalization problem for the full D ×D
matrix H(k′,n′)(k,n) to k̄ independent smaller diagonalization problems, one for each n̄k × n̄k
block H(k,n′)(k,n). By diagonalizing each block individually, we obtain the complete set of

eigenpairs of the full Hamiltonian.

Let us illustrate this concept by means of the parity symmetry in the quantum Ising

model (2.41). By inspection of the Hamiltonian, we find that it is invariant under a spin-

reflection Sx along the x-axis, performed on all sites simultaneously. Such a reflection can

be expressed as a π-rotation about the z-axis. Since a spin rotation about an axis ~u by an

angle ϕ takes the from [76]

R~u(ϕ) = e−iϕ ~u~σ/2 = cos(ϕ/2)− i sin(ϕ/2) ~u~σ , (2.147)
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we find for the spin-reflection Sx

Sx =

N⊗
j=1

[R~ez(π)]j =

N⊗
j=1

(−iσzj ) = e−iπN/2
N⊗
j=1

σzj . (2.148)

The invariance [Sx,H] = 0 of the Ising Hamiltonian (2.41) under Sx is easily verified by

noting that

[
Sx, σxj σxj+1

]
= (−i)N

(
σz1 ⊗ · · · ⊗ σzjσ

x
j ⊗ σzj+1σ

x
j+1︸ ︷︷ ︸

= iσyj⊗ iσ
y
j+1=−σyj⊗σ

y
j+1

⊗σzj+2 ⊗ · · · ⊗ σzN −

σz1 ⊗ · · · ⊗ σxj σ
z
j ⊗ σxj+1σ

z
j+1︸ ︷︷ ︸

= (−i)σyj⊗ (−i)σyj+1=−σyj⊗σ
y
j+1

⊗σzj+2 ⊗ · · · ⊗ σzN
)

= 0 .

(2.149)

The operator Sx is not Hermitian (except for special choices of N), but it is easy to construct

a Hermitian operator Π from Sx, simply by multiplication with a phase factor:

Π = eiπN/2 Sx =

N⊗
j=1

σzj . (2.150)

From Eq. (2.149) it is obvious that the operator Π also commutes with the Hamiltonian:

[Π,H] = 0. Moreover, by employing (σzj )
2 = 1 we obtain Π2 = 1, meaning that Π is a parity

operator with two non-degenerate eigenvalues p1 = 1 and p2 = −1. Hence, the Ising model

has a parity symmetry with group Z2, and the parity pk = ±1 is a conserved quantity. More

concretely, the operator Π measures the parity of the number of sites which are in a spin-down

state. In case this number is even (odd), the expectation value of Π is p1 = 1 (p2 = −1). Due

to the vanishing commutator, the eigenstates of the Hamiltonian must have a well-defined

parity, allowing a representation of the Hamiltonian in block-diagonal form. There are k̄ = 2

blocks, one of these blocks being characterized by even parity p1 = 1, and the other one

being characterized by odd parity p2 = −1. In Fig. 2.10 this feature is illustrated for the case

N = 3.

2.7.2. Quantum Monte Carlo

In order to provide a glance over the concepts behind quantum Monte Carlo, let us briefly

discuss the variational quantum Monte Carlo method [73] which can be used, for example,

to study the behavior of interacting electrons in solids.

We begin by writing down the quantum many-body Hamiltonian (2.1) in the language of
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(a) Conventional Kronecker-product basis: |vn〉 = |bn1
〉 ⊗ |bn2

〉 ⊗ |bn3
〉, {|bnj

〉} = {| ↑〉j , | ↓〉j}

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8

{|vn〉} = { | ↑↑↑〉 , | ↑↑↓〉 , | ↑↓↑〉 , | ↑↓↓〉 , | ↓↑↑〉 , | ↓↑↓〉 , | ↓↓↑〉 , | ↓↓↓〉 }

Hn′n =

〈v1| 〈v2| 〈v3| 〈v4| 〈v5| 〈v6| 〈v7 | 〈v8|

|v1〉 3h 0 0 −1 0 −1 −1 0

|v2〉 0 h −1 0 −1 0 0 −1

|v3〉 0 −1 h 0 −1 0 0 −1

|v4〉 −1 0 0 −h 0 −1 −1 0

|v5〉 0 −1 −1 0 h 0 0 −1

|v6〉 −1 0 0 −1 0 −h −1 0

|v7〉 −1 0 0 −1 0 −1 −h 0

|v8〉 0 −1 −1 0 −1 0 0 −3h

(b) Basis which accounts for the parity symmetry:

k = 1 k = 1 k = 1 k = 1 k = 2 k = 2 k = 2 k = 2
n = 1 n = 2 n = 3 n = 4 n = 1 n = 2 n = 3 n = 4

{|v(k,n)〉} = { | ↑↑↑〉 , | ↑↓↓〉 , | ↓↑↓〉 , | ↓↓↑〉 , | ↑↑↓〉 , | ↑↓↑〉 , | ↓↑↑〉 , | ↓↓↓〉 }

H(k′,n′)(k,n) =

〈v(1,1)| 〈v(1,2)| 〈v(1,3)| 〈v(1,4)| 〈v(2,1)| 〈v(2,2)| 〈v(2,3)| 〈v(2,4)|

|v(1,1)〉 3h −1 −1 −1 0 0 0 0

|v(1,2)〉 −1 −h −1 −1 0 0 0 0

|v(1,3)〉 −1 −1 −h −1 0 0 0 0

|v(1,4)〉 −1 −1 −1 −h 0 0 0 0

|v(2,1)〉 0 0 0 0 h −1 −1 −1

|v(2,2)〉 0 0 0 0 −1 h −1 −1

|v(2,3)〉 0 0 0 0 −1 −1 h −1

|v(2,4)〉 0 0 0 0 −1 −1 −1 −3h

Figure 2.10.: Bringing the Ising Hamiltonian (2.41) for N = 3 spins into block-diagonal shape:
(a) The conventional Kronecker-product basis {|vn〉} does not keep track of the
parity quantum number, resulting in the non-diagonal Hamiltonian matrixHn′n.
(b) By assigning an additional index k to the basis states (k = 1 for states
with even parity p1 = 1 [highlighted in blue], and k = 2 for states with odd
parity p2 = −1 [highlighted in red]), we obtain a basis {|v(k,n)〉} in which the

Hamiltonian matrix H(k′,n′)(k,n) is block-diagonal.
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first quantization:

H = − ~2

2m

N∑
n=1

(
∇ 2
n + V (1)(~rn)

)
+

1

2

N∑
n=1

N∑
n′ 6=n

V (2)(~rn, ~rn′) . (2.151)

Here, the index n labels the N indistinguishable particles (e.g. electrons) with coordinates

~rn, subjected to an external potential V (1)(~rn) and interacting via the two-body potential

V (2)(~rn, ~rn′). Note that compared to Eq. (2.1) we have omitted the spin degree of freedom,

for simplicity. The Hamiltonian (2.151) acts on a complex-valued many-body wave function

Ψ(~r1, . . . , ~rN ). In contrast to the second quantization formalism, where the behavior of the

many-body state under particle permutations is encoded in the (anti-)commutation relations

of the respective particle creation and annihilation operators, here we need to explicitly ensure

that the wave function Ψ(~r1, . . . , ~rN ) is (anti-)symmetrized appropriately. Since the varia-

tional quantum Monte Carlo method relies on trial wave functions for the representation of

the many-body state Ψ(~r1, . . . , ~rN ), the correct permutation properties can be easily ensured

by choosing the trial wave functions accordingly. For example, a practical class of trial wave

functions for fermionic systems is given by the wave functions of the Slater-Jastrow type:

ΨT(~r1, . . . , ~rN ) = eJ(~r1,...,~rN )D(~r1, . . . , ~rN ) . (2.152)

Here, D(~r1, . . . , ~rN ) is the Slater determinant

D(~r1, . . . , ~rN ) =

∣∣∣∣∣∣∣∣∣∣
ψ1(~r1) ψ1(~r2) · · · ψ1(~rN )

ψ2(~r1) ψ2(~r2) · · · ψ2(~rN )
...

...
. . .

...

ψN (~r1) ψN (~r2) · · · ψN (~rN )

∣∣∣∣∣∣∣∣∣∣
, (2.153)

describing a fermionic product-state ansatz without any correlations between the particles,

which occupy the N single-particle orbitals {ψn(~rn′)}. Correlations between the particles are

included in the trial wave function (2.152) via the Jastrow factor eJ(~r1,...,~rN ). A typical choice

for J(~r1, . . . , ~rN ) is [73]

J(~r1, . . . , ~rN ) = −1

2

N∑
n=1

N∑
n′ 6=n

u(~rn, ~rn′) , (2.154)

where only two-body correlations are taken into account and the function u(~rn, ~rn′) only

depends on the distance |~rn − ~rn′ |.
In order to calculate expectation values for a given trial wave function ΨT(~r1, . . . , ~rN ), we

need to evaluate N -dimensional integrals. Specifically, we need to calculate

〈O〉T =

∫
d~R Ψ∗T(~R)OΨT(~R)∫

d~R |ΨT(~R)|2
, (2.155)
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where we introduced ~R = (~r1, . . . , ~rN ) and O is the Hermitian operator whose expectation

value is to be calculated. Since the brute-force numerical evaluation of multi-dimensional

integrals (e.g. via Simpson’s rule) quickly becomes a practical impossibility for growing N ,

a different approach is needed: This is when the Monte Carlo approach enters the stage. In

order to apply this technique, we rewrite Eq. (2.155) as

〈O〉T =

∫
d~R P (~R)

1

ΨT(~R)
OΨT(~R) , (2.156)

where we defined the probability density function

P (~R) =

∣∣ΨT(~R)
∣∣2∫

d~R
∣∣ΨT(~R)

∣∣2 . (2.157)

By construction, P (~R) obeys P (~R) > 0 and
∫

d~R P (~R) = 1, i.e. P (~R) is in fact a proper

probability density. We now apply the Metropolis algorithm [77] to sample this probability

density. The algorithm is capable of producing a set of sample points {~Rl} distributed

according to P (~R), and works in the following way [73]:

(i) Pick a random starting position ~R1.

(ii) From the current position ~Rl, propose a trial move to the next position ~Rl+1 chosen

from a probability density function T (~Rl → ~Rl+1). For example, T (~Rl → ~Rl+1) can be

a Gaussian in the distance |~Rl+1− ~Rl|, but non-symmetric functions with T (~Rl → ~Rl+1)

6= T (~Rl+1 → ~Rl) may also be used [78].

(iii) Determine the acceptance probability

A(~Rl → ~Rl+1) = min

(
1,
T (~Rl+1 → ~Rl)P (~Rl+1)

T (~Rl → ~Rl+1)P (~Rl)

)
. (2.158)

Accept the move to ~Rl+1 with probability A(~Rl → ~Rl+1). In order to implement this

step, pick a random number r from a uniform distribution on the interval [0, 1]. If

r ≤ A(~Rl → ~Rl+1), accept the move. If r > A(~Rl → ~Rl+1), reject the move by setting

~Rl+1 = ~Rl.

(iv) Go back to step (ii) and iterate L times, where L should be as large as possible.

Having generated the sample points {~Rl}, we are able to calculate an approximate value for

the expectation value in Eq. (2.155):

〈O〉T ≈
1

L

L∑
l=1

1

ΨT(~Rl)
OΨT(~Rl) . (2.159)

According to the central limit theorem, the error of the Monte Carlo expectation value (2.159)
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with respect to the exact value (2.155) decreases as 1/
√
L for large enough L [73]. This enables

the precise calculation of expectation values for a given trial wave function. For instance, if

we choose the Hamiltonian H as the observable O, we obtain an upper bound for the true

ground-state energy e0 of the system:

e0 ≤ 〈H〉T . (2.160)

Obviously, the quality of the trial wave function ΨT(~R) is crucial for the tightness (and hence

the usefulness) of this upper bound. Therefore, a successful application of the variational

quantum Monte Carlo method requires the availability of good trial wave functions. Other

quantum Monte Carlo methods, such as diffusion quantum Monte Carlo (or the related

Green’s function Monte Carlo method [12]), do not have this requirement, but instead are

capable of finding an approximation to the target many-body wave function starting from

an (in principle arbitrary) initial guess wave function. However, these methods can only be

applied efficiently if the target wave function allows for a representation which is non-negative

on its entire domain of definition. For fermionic systems this condition is not met in general

[as can be seen, for example, from the fermionic trial wave function (2.152)]. This so-called

“fermion sign problem” [73] leads to an exponential increase of the computational costs when

applying these Monte Carlo methods to fermionic systems. Although workarounds to the

sign problem exist for specific fermionic many-body models [79], no general solution to this

problem is known to date [80].9

2.7.3. Tensor network methods

Tensor networks (TN) are a family of variational ansatz states whose variational parameters

encode the coefficients of a quantum-many body state. The usefulness of the tensor net-

work approach for the numerical description of ground states of quantum many-body models

on lattices has first been exploited in the form of the density matrix renormalization group

(DMRG) [81] in the early nineties, although the original formulation of DMRG made no

explicit reference to a variational ansatz. Therefore, it took several years until it was real-

ized that the DMRG can be understood as the optimization of the variational parameters

of a matrix product state (MPS) [82]. This realization provided the foundation for the de-

velopment of tensor network methods [83, 84], and since then a thorough understanding of

the quantum many-body states that are amenable to tensor network descriptions has been

achieved. Not surprisingly, a crucial role in this context is played by entanglement: Tensor

network states which allow for an accurate (quasi-exact) numerical description and which,

at the same time, can still be handled efficiently on classical computers, can only be engi-

neered for models in which the states of interest have a limited amount of entanglement.

Let us illustrate this statement with a specific use case: Suppose we want to numerically

9As the sign problem is NP-hard, a general solution to it would imply NP = P. This is widely believed to
be false, which in turn almost certainly rules out the existence of such a general solution.
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Figure 2.11.: Graphical representation of a matrix product state for a one-dimensional lattice
with N sites and open boundary conditions. Each tensor is shown as a blue
circle. The vertical lines are physical indices, ending at the lattice sites (black
dots). The dimension of each physical index is determined by the number of
local basis states (local dimension d). Neighboring tensors are connected by
virtual indices, forming virtual sites between them (gray dots). The dimension
of each virtual index is upper-bound by a constant (bond dimension m).

describe the ground state of a one-dimensional quantum lattice model with nearest neighbor

interactions and open boundary conditions. Let us further assume that the energy spectrum

of the model is gapped (i.e. we are not at criticality). In such a scenario, an area law for

the entanglement holds [85]: The entanglement between arbitrary bipartitions of the system

does not scale with the volume of (i.e. the number of sites in) the partitions, but only with

the area of the partition boundary. In our one-dimensional system, the area of a partition

boundary is clearly given by a constant (namely the point where the linear chain is cut into

two partitions), completely independent of the partition size. Hence, the entanglement for

any bipartition of the system is upper-bound by a constant. Exploiting this knowledge, we

conclude that a matrix product state (with a finite, constant bond dimension m) is a suitable

choice for a quasi-exact parametrization of our desired target state |Ψ〉 [86]. We can then

write

|Ψ〉 =
∑

i1,...,iN

∑
α1,...,αN

A[1]i1
α1

A[2]i2
α1α2

. . . A
[N−1]iN−1
αN−1αN A[N ]iN

αN
|i1, . . . , iN 〉 , (2.161)

where the set of indices i1, . . . , iN labels the states of the computational basis and the co-

efficient Ψi1...iN ∈ C in front of the basis vector |i1, . . . , iN 〉 is given by a matrix product:

Ψi1...iN = A[1]i1 ·A[2]i2 · . . . ·A[N ]iN . The dimensions of each matrix A[j]ij are upper-bound by

m×m, and the matrix entriesA
[j]ij
αβ constitute the variational parameters of the ansatz (2.161).

This ansatz can also be represented graphically (see Fig. 2.11) [84]: In order to do so, we

reinterpret the indexed matrices A[j]ij as tensors. Every index of a tensor is drawn as a line

attached to this tensor, while the tensor itself is illustrated by a geometric shape (e.g. a circle).

A physical index ij , enumerating the local basis states at site j, ends at the corresponding

lattice site. All other (non-physical, sometimes also referred to as “virtual”) indices need

to be summed over (contracted) in order to obtain the coefficient Ψi1...iN : In the graphical

notation, a contraction is illustrated by connecting the corresponding pair of virtual indices.

Due to their simple geometric structure, matrix product states are particularly well suited

for numerical applications. In fact, highly efficient MPS-based algorithms have been de-
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Figure 2.12.: Graphical notation of a projected entangled pair state representing a quantum
many-body state on a square lattice with open boundary conditions. The phys-
ical sites (blue dots) are labeled by their coordinates (x, y) in the lattice. Each
tensor A[x,y] of the PEPS is connected to one physical site (via a physical in-
dex), as well as to all of its neighboring tensors (via virtual indices). The bond
dimension m fixes the maximum dimension of the state spaces associated with
the virtual indices; these state spaces can be interpreted as virtual sites (shown
as gray dots).

veloped for many important physical problems, such as ground-state search or time evolu-

tion [86]. Consequently, MPS simulations have evolved into one of the most powerful and

versatile tools for the study of strongly correlated one-dimensional quantum lattice models.

It can be shown that many of the numerically favorable properties of MPS-based algorithms

can be generalized fairly easily to other tensor network geometries, provided that their net-

work graph contains no loops: Precisely this generalization is the main focus of the second

part of this thesis, where loop-free TN alternatives to the MPS approach will be discussed

and benchmarked in detail.

For two-dimensional systems, it is no longer possible to engineer a loop-free TN ansatz

which is capable of hosting the entanglement scaling dictated by an area law. Hence, TN

geometries with loops are required for this purpose. One of the most important representa-

tives for this class of TN states are the projected entangled pairs states (PEPS) [87]. As can

be seen from Fig. 2.12, where the PEPS ansatz is shown in graphical notation, they are an

intuitive generalization of MPS to two-dimensional lattices. However, due to the presence

of loops, it is considerably more difficult to design efficient numerical algorithms for PEPS

than it is for MPS [84]: The main challenge arising in this context is the engineering of inno-

vative contraction techniques which enable the efficient calculation of expectation values for

the many-body state encoded as a PEPS. Since an efficient exact evaluation is not possible,

clever approximation techniques need to be developed to achieve this goal.
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Figure 2.13.: Graphical representation of a binary MERA for a quantum many-body state on
a chain of N = 8 lattice sites with open boundary conditions. Proceeding from
the bottom to the top, the hierarchical MERA network renormalizes adjacent
pairs of sites into “effective” sites. Apart from the renormalizing tensors Λ[l,n]

(where l = 1, . . . , log2(N) − 1 is the layer index and n = 1, . . . , 2l is the site
index), the network contains disentangling tensors χ[l,n], which remove corre-
lations between the sites that are not grouped together within a given virtual
layer. Note the loops in the network graph, induced by the disentanglers.

Another important representative of TN states with loops in their network graph is the

so-called multiscale entanglement renormalization ansatz (MERA) [88]. An example for a

MERA is illustrated in graphical notation in Fig. 2.13. The main motivation underlying the

design of the MERA is scale invariance: Since its network graph is hierarchical, quantum

correlations between the lattice sites can be taken into account at all length scales. This

is achieved by a combination of “renormalizing tensors”, which group sites together, and

“disentangling tensors”, which remove short-ranged quantum correlations between adjacent

sites at all layers. Scale invariance is the defining characteristic of critical systems, which

in general violate the area law, e.g. by logarithmic corrections [85]. Hence, the main scope

of application of the MERA are quantum systems at criticality. Although MERA-based

numerical algorithms for ground-state search [88] or time evolution [89] have been developed,

their practical application as a numerical tool for the description of quantum many-body

systems suffers from the presence of loops in the network geometry, seriously undermining

the numerical performance of these algorithms.





3. Publications

In this second part, results of the thesis work which have been published in peer-reviewed

journals are reprinted. Since these articles are the products of collaborations with several

coauthors, the contributions of the author of this thesis are explicitly stated for each article.

Instead of listing the articles in chronological order according to publication date, we arrange

them thematically: Combined with the introduction provided in the first part, this ordering

allows for a coherent, self-contained reading of the thesis.

3.1. Summary of Results

The first publication, Phys. Rev. B 90, 125154 (2014), introduces a specific loop-free tensor

network ansatz, namely a binary tree tensor network with adaptive gauge, characterized by

numerical stability and a moderate scaling of the computational resources with the bond

dimension. Thanks to its hierarchical structure, the network is well suited to study ground

states of finite (possibly spatially inhomogeneous) lattice systems with periodic boundary

conditions. We describe the algorithm in detail, and then thoroughly benchmark it on the

one-dimensional quantum Ising model at the critical point. Additionally, we apply it to the

spin-1 bilinear-biquadratic Heisenberg chain close to the transition from the dimerized to

the ferromagnetic phase, collecting evidence which supports the absence of a conjectured

intermediate nematic phase with quadrupolar order. The author of this thesis developed the

algorithm, performed and analyzed the simulations, wrote the first draft, and participated in

the following editing of the manuscript.

The second publication, SciPost Phys. Lect. Notes 8 (2019), is an in-depth handbook

intended for practitioners of tensor network methods. All basic components for the imple-

mentation of tensor network algorithms are introduced in detail, starting from tensors and

elementary operations on them, and continuing with a discussion on how to exploit (Abelian)

symmetries in order to handle tensors more efficiently by endowing them with an inner struc-

ture which takes into account known symmetries of the system. Building on these low-level

components, the tensor network subclass of loop-free tensor networks is discussed in detail;

the gauge freedom in these networks is reviewed, and then employed for the design of a

numerically stable end efficient ground-state algorithm. This algorithm can be viewed as a

generalization of the one for the binary tree tensor network mentioned above, and can be

directly applied to any network structure without loops. Finally, some benchmark results

are presented, demonstrating the practicability of the proposed framework. The author of
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this thesis co-designed the high-level parts of the presented framework, implemented them,

carried out numerical benchmarks, and co-wrote a large part of the manuscript.

The third publication, New J. Phys. 18, 015015 (2016), applies the ground-state algorithm

introduced in the previous publications to study the phase diagram of the one-dimensional

disordered Bose-Hubbard model at unit filling. In particular, the phase boundary between

the superfluid phase and the Bose glass phase is investigated. In the regime of strong in-

teractions, previous Monte-Carlo results are confirmed; additionally, the phase boundary is

traced into the regime of weak interactions, in which numerical studies were lacking, provid-

ing an accurate prediction for the shape of the superfluid lobe. The author of this thesis was

responsible for carrying out the simulations, for analyzing the results, and for co-drafting the

manuscript.

In the fourth publication, Phys. Rev. B 96, 195123 (2017), we employ the ground-state

algorithm for binary tree tensor networks in order to study a quantum lattice model in two

dimensions. Specifically, we study the Harper-Hofstadter Hamiltonian for hard-core bosons

on a square geometry. The continuum analogue of this problem can be understood by means

of a Laughlin wave function, explaining the observation of the fractional quantum Hall effect

at fractional filling factors ν = 1/n (where n is an integer) in these systems. It is not

clear, however, to which extent this feature survives on lattice systems. We gather numerical

evidence that there are indeed signatures of the fractional quantum Hall effect on lattice

systems, for system sizes beyond the reach of previous exact diagonalization studies. The

author of this thesis was responsible for implementing the two-dimensional binary tree tensor

network algorithm, for running and analyzing the simulations, for co-drafting the article,

and for providing the numerical framework for a recent extension [90] of this study, which

investigates the properties of the quasi-hole excitations above the fractional quantum Hall

ground state.

The fifth publication, Phys. Rev. B 100, 024311 (2019), studies the phase diagram of the

one-dimensional spin-S Ising model, with S an arbitrary positive (half-)integer, via tensor

network methods. The location of the critical point is determined as a function of S. This

result is then used to verify a conjectured quantum-classical crossover of the Kibble-Zurek

scaling when quenching the system from the paramagnetic into the ferromagnetic phase. The

author of this thesis ran and analyzed simulations, co-performed the analytical calculations

in the large-S limit, and co-wrote the manuscript.

The sixth publication, Phys. Rev. A 98, 063601 (2018), studies the finite-temperature

behavior of the one-dimensional Bose-Hubbard model via tensor network methods. The effect

of non-vanishing temperatures on the defining features of the Mott-insulator and superfluid

phase is numerically characterized. Additionally, a finite-temperature analysis is performed

for the Kibble-Zurek scaling at unit filling. The author of this thesis provided the simulation

program for studying the zero-temperature regime, ran simulations, co-analyzed the data,

performed analytical calculations, and co-wrote the article.
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We introduce a variational algorithm to simulate quantum many-body states based on a tree tensor network
ansatz which releases the isometry constraint usually imposed by the real-space renormalization coarse graining.
This additional numerical freedom, combined with the loop-free topology of the tree network, allows one to
maximally exploit the internal gauge invariance of tensor networks, ultimately leading to a computationally
flexible and efficient algorithm able to treat open and periodic boundary conditions on the same footing. We
benchmark the novel approach against the 1D Ising model in transverse field with periodic boundary conditions
and discuss the strategy to cope with the broken translational invariance generated by the network structure. We
then perform investigations on a state-of-the-art problem, namely, the bilinear-biquadratic model in the transition
between dimer and ferromagnetic phases. Our results clearly display an exponentially diverging correlation
length and thus support the most recent guesses on the peculiarity of the transition.
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I. INTRODUCTION

The approach of simulating quantum many-body states
with a tailored microscopical variational ansatz has been
refreshed in the last decade thanks to the introduction of
tensor network states. Despite being originally related [1–5]
to density matrix renormalization group [6–8] schemes, these
variational approaches have been engineered to encompass
a wide variety of physical situations [9,10], thus widening
the capabilities of the traditional numerical renormalization
group (RG) approach. Generally, tensor networks encode
in a compact, numerically efficient way, many-body wave-
function amplitudes over a real-space local basis expansion:
the main reason for this real-space choice is the fact that,
since typical Hamiltonians are characterized by two-body
interactions which decay sufficiently fast with the pairwise
distance, physically meaningful states (e.g., ground states,
lowest excited states, thermal states) obey precise scaling
laws on entanglement entropy under a real-space bipartition
[11–14]. Such entanglement scaling can be precisely encoded
in the tensor network paradigm [15,16] and led to the design
of various planar tensor network geometries, such as matrix
product states (MPSs) [1], projected entangled pair states
(PEPS) [17], and complete graph states [10].

A physically sensible class of tensor network architectures
is the hierarchical (or holographic [18]) tensor networks, which
have the key feature of combining the usual local quantum
space numerical renormalization together with a real-space
coarse graining, much like in the original RG picture by
Wilson [19]. Tree tensor networks (TTNs) [20,21], multiscale
entanglement renormalization ansatz (MERA) states [22–24],
and the recently introduced branching MERA [25] are the
most prominent examples of hierarchical tensor networks.
The fact that their network structure naturally embeds a scale
invariance makes them the ideal choice for representing critical
(gapless) quantum phases of matter, which are characterized
by conformal invariance [26]. Moreover, hierarchical tensor
networks can indeed satisfy the scaling rules of entanglement

of critical states [27], both in those cases where area laws
are logarithmically violated [e.g., in one-dimensional (1D)
critical systems] and in those where area laws are satisfied (e.g.,
bosonic critical systems in two or higher dimensions) [16].

TTN states show a smooth computational scaling with the
tensor network bond dimension m for the involved algebraic
operations [e.g., for binary TTNs it is never higher than
O(m4)]. This allows one to push numerical precision and de-
scription capabilities by sensitively increasing m, making the
TTN ansatz a potentially competitive method for simulating
quantum many-body states. On the other hand, TTNs suffer
more of a kind of entanglement clusterization, which is much
more alleviated in other approaches, such as MERA, thanks to
the presence of disentangling operations in their structure.

It is important to stress that the traditional scheme for
simulating quantum lattice models with TTN states [28]
relies on a particular selection of the internal tensor network
gauge symmetry. In accordance with the RG flow picture
by Wilson, the tensors are fixed to be isometric operators
in the real-space renormalization direction. Although this
gauge selection has historical motivation and, moreover, it
guarantees some useful mathematical properties in the thermo-
dynamical limit (namely, the complete positivity of the causal
maps [21,22,24,29]), it confers no advantage in the simulation
of finite-size systems, where actually it is more a hindrance.
Instead, if no “a priori” rigid selection of the isometric gauge
from bottom to top is made, one can always adjust the tensor
network gauge to gain a computational enhancement in the
algorithm. This type of manipulation is particularly useful for
tensor networks without closed loops in their topology, like
TTN, for which gauge flexibility translates into a simplification
of the variational algorithm into a simple eigenvalue problem
(as it happens, for instance, for open boundary MPSs compared
to periodic ones).

In this manuscript we describe in detail an algorithm to
find the ground state of quantum lattice Hamiltonians, based
on unconstrained (i.e., gauge-adaptive) tree tensor networks.
We discuss thoroughly the computational cost scaling with
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numerical parameters, first of all the tensor network bond
dimension m. We test the algorithm on one-dimensional
quantum models in both open (OBCs) and periodic boundary
conditions (PBCs) using the quantum Ising model as a
benchmark, and then investigating the bilinear-biquadratic
spin-1 model in proximity of the interface between the
ferromagnetic and dimer phases. In the latter, a peculiar
exponential scaling of correlation lengths has been conjectured
to explain the traditional toughness of the numerical problem.
The nice agreement of our data with the most recent state-of-
the-art calculations corroborates the validity of the variational
strategy presented here. We also address the problem of
restoration of translational invariance, which is broken by the
TTN architecture; we inquire for which physical quantities
it is meaningful to average incoherently over translations as
opposed to local evaluation over a highly entangled cluster of
sites. Ultimately, such investigation reveals quite a different
behavior between local observations and correlations.

II. STATE ARCHITECTURE AND ALGORITHM

We consider a one-dimensional lattice with N = 2L sites,
where each site has a local Hilbert dimension of d. Our
ansatz to approximate a many-body quantum state |�〉 =∑

{ �χ} �χ1...χN

⊗N
i=1 |χi〉 on such a lattice, where the strings

�χ = (χ1 . . . χN ) label the configurations of the N sites in
some local “canonical” basis (with χi = 1 . . . d), is displayed
in Fig. 1. It is a binary TTN [20,21,28], a hierarchical
structure consisting of L layers of tensors �[l,n] with three
indices each, where l = 0 . . . L − 1 indicates the layer and
n = 1 . . . 2l denotes the horizontal position of the tensor.
The sketch follows the usual convention of drawing tensor
indices as “legs” or “links”; joining two tensor legs has the
usual meaning of a contraction, i.e., a summation over the
corresponding indices of the tensor elements product. All
tensors in Fig. 1 have three legs, except for the top tensor �[0,1]

that is two-legged, which can be viewed as the contraction
of a three-legged tensor with a vector encompassing a wave
function on a renormalized (degenerate) manifold [30]. The
physical sites of the chain are represented by the dots attached
to the bottom of the lowest layer of tensors. Each tensor
effectively merges two sites into a single “virtual” site,
allowing one to interpret the tensors as coarse-graining linear
maps in a RG flow. Labeling the sites (either physical or
virtual) with [l,n] (l = 1 . . . L: layer coordinate; n = 1 . . . 2l :
horizontal coordinate), the tensor �[l,n] maps the two sites
[l + 1,2n − 1] and [l + 1,2n] to the site [l,n]. Consequently,
the full Hilbert spaces of the sites in layer l have dimension
M(l) = d 2L−l

. Such dimension is exponentially growing in
the number 2L−l of physical sites blocked together in layer l,
and therefore a numerically efficient representation of such
degrees of freedom requires some kind of space truncation. The
most easily controlled truncation method is fixing a maximally
allowed value m (an upper bound to the so-called “bond
dimension”), resulting in M(l) = min(d 2L−l

,m). Moreover, the
total number of tensors in the binary tree network is N − 1,
and since we are not introducing additional constraints in the
variational picture, the total number of parameters in the TTN
representation ultimately scales like O(N m3).

(a)

Λ[2,1] Λ[2,2] Λ[2,3] Λ[2,4]

1 2 3 4 5 6 7 8

Λ[1,1] Λ[1,2]

Λ[0,1]

m m
L layers

N sites

(b) 1

2

3

4 5

6

7

8

FIG. 1. (a) Structure of the binary TTN with L layers and N sites.
The maximal bond dimension is m. (b) The same TTN displayed in
a PBC configuration, showing its natural capability of treating OBC
and PBC on the same footing.

In this manuscript, we are going to apply this variational
ansatz to approximate the ground state of nearest-neighbor
interacting spin-Hamiltonians on a lattice. The application
to bosons is straightforward, while extension to fermions is
carried out via standard Jordan-Wigner transformation [31].
For convenience, we write the local fields and the spin-spin
interactions separately, resulting in a Hamiltonian of the
following form:

H =
∑

n

H[n] +
∑

n

∑
α

λα Hα[n]
← Hα[n+1]

→ , (1)

where H[n] (local term), H[n]
← (left interaction term), and H[n]

→
(right interaction term) are on-site operators acting on site n.
The index α accounts for the fact that the interaction term can
consist of several tensor-product contributions, weighted by
their couplings λα . A strong point of the TTN ansatz is that
it adapts comparatively well to both the OBC (n = 1 . . . N −
1) setting and the PBC (n = 1 . . . N and N + 1 ≡ 1) setting.
In the two cases, the computational costs are equal, and the
numerical precisions compatible.

A key requirement for any tensor network representation is
its efficient contractibility, which is instrumental to gaining
access to physically sensible information on the quantum
many-body state, such as its energy or expectation values
of observables. Indeed, a prominent advantage of TTN
architectures is that they are algebraically contractible, thus
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Λ =
QR dec.

Q

R

, with

Q

Q∗

= 11 =

FIG. 2. Isometrization of a three-legged tensor �. The arrow
indicates the leg with respect to which the tensor is isometric. In
the picture, Q∗ is the element-wise complex complex conjugate of
Q, and it is also drawn as vertically reflected.

providing exact expectation values efficiently, without the need
of stochastic sampling of their variational data [32,33]. One can
easily identify two properties of TTN that make this possible:
the first is the loopless structure of the tree network and the
second is the exploitation of a flexible, adaptive isometric
gauge selection. The latter is based on a straightforward
generalization of the QR decomposition [34] applied to
three-legged tensors �, which produces a directed-isometric
tensor Q and a matrix R, such that

�α1α2α3 = Qα1α2β1Rβ1α3 , Q∗
α1α2β1

Qα1α2β2 = δβ1β2 , (2)

where Q is isometric with respect to the third leg. (In the
graphical notation of the TTN, we draw an outgoing arrow
from Q on that leg.) In Fig. 2 we report Eq. (2) expressed
in graphical notation. We say that the TTN is isometrized
with respect to tensor �[l,n] if all the other tensors in the
tree are isometrized in the direction of this tensor according
to the network structure, i.e., all the arrows are pointing
towards �[l,n]. Note that due to the loopless topology of the
TTN, such an isometric gauge is always unique (apart from
unitary gauge transformations) and efficiently attainable. Just
perform the QR-decomposition equation (2) for all the tensors,
starting from the most distant ones (in the network metric,
i.e., the graph distance of two nodes in the tree network)
and absorbing the gauge matrices R into tensors yet to be
isometrized, until reaching �[l,n]. This concept is illustrated
in Fig. 3. Also, note that in the adaptive isometric gauge
the calculation of the many-body state norm 〈�|�〉 simply
collapses to �∗[l,n]

α1α2α3
�[l,n]

α1α2α3
, regardless of the node position

in the network, since all the other partial contractions cancel
to identities due to the isometry condition.

Such a flexible gauge selection provides a crucial advantage
along the search for the best TTN representation of the
ground state of the Hamiltonian H in Eq. (1). Expressed in
a variational sense, the task consists in searching the set of
tensors {�[l,n]} such that E = 〈�|H |�〉/〈�|�〉 is minimal.
For practical values of N and m, the complete space of
variational parameters of all tensors combined is too large to
allow a successful application of a direct search optimization;
instead, the approach pursued here relies on an iterative
strategy, optimizing one tensor at a time while assuming all
other tensors to be fixed. A sensible reason to choose this
strategy is that the optimization problem for a single tensor
�[l,n] actually reduces to a simple eigenvalue problem for an
effective Hamiltonian H

[l,n]
eff acting on the degrees of freedom

of �[l,n] alone, in an analogous fashion to the density matrix
RG with single center site [35]. To see this, we define iteratively
for each virtual site [l,n] the effective Hamiltonian terms H[l,n],

1

1

3

3
5

5

5

5

2

4

4

31
2

FIG. 3. (Color online) TTN isometrization with respect to the
tensor highlighted in red, i.e., all isometrization arrows point towards
this tensor. To obtain this gauge, QR-decompose all tensors in order
of decreasing distance (indicated by red numbers).

Hα[l,n]
← , and Hα[l,n]

→ , resulting from performing the isometric
mapping operation sketched in Fig. 4. By identifying the
effective Hamiltonian terms on the physical sites layer as the
original Hamiltonian, i.e., H[L,n] ≡ H[n], Hα[L,n]

↔ ≡ Hα[n]
↔ ,

the mapping is a well-defined operation for every link. On the
other hand, we do not have to explicitly define effective identity
operators N [l,n], since the identity operator 1 is invariant under
the mapping by construction. The mapping is always to be
carried in the direction of the adaptive gauge isometrization:
starting from contracting the Hamiltonian pieces, which are
farther from the node [l,n] in the network metric, and then

H[l,n] =

Λ[l,n]

Λ∗[l,n]

H[l+1,2n−1] 11 +

Λ[l,n]

Λ∗[l,n]

11 H[l+1,2n] +

Λ[l,n]

Λ∗[l,n]

H[l+1,2n−1]
← H[l+1,2n]

→

H[l,n]
← =

Λ[l,n]

Λ∗[l,n]

11 H[l+1,2n]
← , H[l,n]

→ =

Λ[l,n]

Λ∗[l,n]

H[l+1,2n−1]
→ 11

FIG. 4. Mapping operation induced by the tensor �[l,n] for the
case of upward-directed isometrization arrow. The operation maps the
effective Hamiltonian terms at sites [l + 1,2n − 1] and [l + 1,2n] to
the new terms at site [l,n]. For the two other possible isometrization
directions similar mapping operations hold. The index α has been
dropped for simplicity.
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H
[l,n]
eff |Λ[l,n] = Λ[l,n]

H[l+1,2n−1]

+ Λ[l,n]

H[l+1,2n]

+ Λ[l,n]

H[l,n]

+ Λ[l,n]

H[l+1,2n−1]
← H[l+1,2n]

→

+ Λ[l,n]

H[l,n]
→

H[l+1,2n]
←

+ Λ[l,n]

H[l,n]
←

H[l+1,2n−1]
→

FIG. 5. (Color online) Definition of the action of the effective
Hamiltonian H

[l,n]
eff on the degrees of freedom of the tensor �[l,n].

(Again, the index α has been dropped for simplicity.)

proceeding closer and closer, until the effective Hamiltonian
acts only on �[l,n] itself. According to this picture, the
calculation of the energy expectation value for the TTN can be
written as E = 〈�[l,n]|H [l,n]

eff |�[l,n]〉, where the action of H
[l,n]
eff

on |�[l,n]〉 is meant as indicated in Fig. 5. The minimization
problem for �[l,n], subject to the constraint of normalization,
is then easily solved by the method of Lagrange multipliers.
We then write the following Lagrangian,

L(|�[l,n]〉,〈�[l,n]|,λ) = 〈�[l,n]|H [l,n]
eff |�[l,n]〉

−λ (〈�[l,n]|1|�[l,n]〉 − 1) , (3)

and since tensors different from �[l,n] are assumed to be fixed,
the Euler-Lagrange equation simply reads

H
[l,n]
eff |�[l,n]〉 = λ 1|�[l,n]〉 , 〈�[l,n]|1|�[l,n]〉 = 1 , (4)

which is a standard eigenvalue problem (SEP) for H
[l,n]
eff . By

linearity, it is readily seen that the normalized eigenvector
of H

[l,n]
eff corresponding to the lowest eigenvalue is the best

choice for �[l,n] to minimize E. We purposely highlighted the
identity operators in Eq. (4) in order to stress the benefit that is
obtained from the isometric gauge selection. In fact, choosing
a different gauge would require us to substitute the 1 for a
(nontrivial) effective identity operator N [l,n], turning Eq. (4)
into a generalized eigenvalue problem, which is significantly

more demanding and unstable than a SEP when addressed
numerically [36].

After these considerations, the ground-state search algo-
rithm is summarized as follows:

(i) Initialize all tensor entries:
(a) by picking a random state in the TTN manifold;
(b) by selecting a particularly symmetric or meaningful

state (e.g., a ferromagnetic product state); and
(c) by performing some iterations of an exponentially

growing DMRG-like procedure.
In the following, we focus on strategy (a) to prove that the
algorithm is robust, as its convergence is ultimately insensitive
to the initialization.

(ii) Select a tensor �[l,n] in the network. Isometrize the
TTN in the direction of �[l,n] and perform the mapping
operations according to the directed network. Optimize �[l,n]

by solving Eq. (4).
(iii) From �[l,n] move to the next tensor �[l′,n′], adjusting

the isometrization and updating the effective Hamiltonian
terms. Note that only tensors located on the path connecting
�[l,n] and �[l′,n′] are affected by this move (see Fig. 6). Having
determined the new effective Hamiltonian, optimize �[l′,n′] via
Eq. (4) again.

(iv) Repeat (iii), targeting each tensor in the tree by
following some “sweeping” pattern (e.g., the one indicated
in Fig. 6); stop when convergence in the ground-state energy
is reached, according to some precision threshold.

The sweeping action is the key point which pushes the TTN
representation beyond the simple numerical real-space RG
flow. Optimizing the same tensor multiple times while tuning
the environment (i.e., the rest of the network surrounding
it) makes the algorithm a complete variational approach,
guaranteed to converge in the TTN manifold. Summing up,
we have reduced the energy minimization problem to a
sequence of QR decompositions, linear mapping operations,
and SEPs, all of which can be carried out in a numerically
stable fashion with a computational cost of O(m4). Let us
stress that this scaling behavior is independent of the boundary
conditions chosen, in contrast to MPS ansätze; the only change
accompanying a switch from PBCs to OBCs consists in
omitting the terms that mediate the interaction between the
physical sites 1 and N when calculating the action of the
effective Hamiltonian (Fig. 5). These terms occur only for
the outermost tensors in a layer (i.e., n = 1 or n = 2l) and
thus produce a subleading change in the overall computational
cost. Moreover, we remark that the O(m4) contraction cost
relies only on the loop-free network structure and the fact that

(a)

Λ[l ,n ] Λ[l,n]

(b)

Λ[l ,n ] Λ[l,n]

(c)

*

*

FIG. 6. (Color online) Generic optimization move: (a) after optimizing �[l,n], the tensor �[l′,n′] is targeted for optimization. (b) Only tensors
and effective Hamiltonian terms located on the path connecting �[l,n] and �[l′,n′] (colored in blue) need to be updated in order to enable the
optimization of �[l′,n′]. (c) Targeting each tensor in the tree multiple times results in a sweeping pattern. After completing a sweep, resume at
the top (as indicated by the encircled marks).
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Ψ|O[n]|Ψ = O[n] = O[n]

FIG. 7. (Color online) Expectation value of a local observable
O [n]. Due to the isometry condition, the calculation always reduces
to a contraction involving only three tensors.

tensors have three legs. This means that the binary TTN ansatz
can naturally be extended to other lattices and dimensionalities
(e.g., two dimensions, Cayley trees [9]) without increasing the
numerical effort for the contractions.

We conclude this section by describing how to extract
expectation values of the TTN state |�〉. This is particularly
convenient for local observables O[n], having support on a
single lattice site n. By isometrizing the TTN with respect to
�[L−1,�n/2�] (i.e., the tensor directly attached to site n; �x� is
the ceiling function of x), the expectation value 〈�|O[n]|�〉
collapses to a contraction of only three tensors, as indicated in
Fig. 7. In the case of two-point correlators 〈O[n]O[n+r]〉 (two
local observables separated by a distance r), a similar proce-
dure can be adopted; the only difference is that now nontrivial
contractions arise for all tensors on the network path connect-
ing the two sites n and n + r (which is unique thanks to the
loop-free network structure). Given that the maximum number
of tensors on this path scales logarithmically in the lattice size
N , two-point correlators can be computed very efficiently.

III. TRANSLATIONAL INVARIANCE IN
THE TTN ARCHITECTURE

Before benchmarking the presented algorithm, let us
analyze the issue of the translational invariance of the lattice,
which is broken by the design of the TTN ansatz. Indeed, it
is clear from Fig. 1 that some sites are better connected with
their immediate environment (i.e., the neighboring sites) than
others [37]. For instance, a very poorly connected environment
occurs for the sites at N/2 and N/2 + 1, which are nearest
neighbors, and yet they are renormalized together (in the
RG-flow picture) only at the last step, i.e., at the very top
of the tree network. The translational symmetry breaking
induced by the TTN design makes one wonder what is the
best strategy to obtain the most accurate observation results
when we are simulating a translationally invariant model. A
legitimate question is whether it is beneficial or detrimental
to measure at one site (or region) in particular rather than
translationally averaging the measurements over the lattice.
An analysis in this direction has been recently developed for a
two-dimensional TTN design and reported in Ref. [37]. In that
scenario, a significantly more accurate description of local
quantities has been obtained by focusing on “central sites,”
which are defined by the criterion that the Hilbert space of their
immediate environment is largest. In our 1D setting we can

l

r

l

r

sc

FIG. 8. (Color online) Location of the central site sc in a 1D
binary TTN.

identify the location sc of these sites by alternately following
the left (l) or right (r) branch down the tree, starting from the
top (see Fig. 8). Algebraically, this can be written as

sc = 1 +
L/2�∑
l=1

2L−2l = (N + 2)/3� , (5)

where x� is the floor function of x. In order to clarify the
situation for the 1D-TTN, we use a benchmark Ising model
to compute local observables and two-point correlators at all
lattice sites and compare them with their respective system-
wide averages. The results of this analysis are presented at the
end of the next section.

IV. BENCHMARKING OF THE ALGORITHM

To test the algorithm outlined in Sec. II, we consider the
spin- 1

2 Ising model in a transverse field with PBCs, defined by
the Hamiltonian

H = −
PBC∑
n=1

σx
n σ x

n+1 + h σ z
n , (6)

where σα
n (α = x,y,z) is a Pauli matrix acting on spin n and

the parameter h is the external magnetic field. We focus on
the critical point of the model at |h| = 1, where, as previously
stated and argued, e.g., in Refs. [21,24,38], the entanglement
scaling of TTN should prove more useful. This analytically
solvable model [39,40] constitutes a commonly employed
excellent benchmark for the quantities of our interest, namely,
the ground-state energy E, the central charge c, and the
spin-correlation functions Cα(r) = 〈σα

n σα
n+r〉 − 〈σα

n 〉〈σα
n+r〉,

including their respective critical exponents ηα .
First of all we report the convergence behavior of the

algorithm, shown on the left-hand side of Fig. 9. Convergence
to the ground state as a function of the number of optimization
sweeps is fast, with roughly ten sweeps being sufficient to
reliably achieve the global minimum in the TTN state space.
Only for very big system sizes starting from N = 1024
sites did we observe the emergence of local minima of the
optimization problem (visible, e.g., in the curve for m = 40
in the upper-left plot of Fig. 9), but even in those cases the
algorithm converges to the global minimum after performing
a few extra sweeps. As can be seen from the upper-right plot in
Fig. 9, the error of the ground-state energy per site tends to be
size-independent with increasing N , a feature the TTN shares
with other hierarchical tensor network ansätze [29] when
simulating a (1+1)D gapless system. An intuitive argument
to motivate this is that, in order to describe the entanglement
of a localized region with given precision, one has to pick
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FIG. 9. (Color online) Ising model: Error of the ground-state energy per site �E/N as a function of the number of optimization sweeps
for two different system sizes N = 32 and N = 1024 (left). Error as a function of the system size (right upper). The same quantity as a
function of the bond dimension m. The data for N = 32 is fitted by am−b exp(−c m), with a = 12.8, b = 5.5, c = 0.11. Extrapolation to the
thermodynamic limit suggests a polynomial decay of the form �E ∝ m−3.3 (right-lower).

a fixed value m and not one that scales with the length L.
In a critical scenario, this can happen only if a given m

captures the critical correlation scaling, i.e., the logarithmic
entanglement area law violation. In the lower-right graph we
plot the dependency of the error on the bond dimension m. In
double-logarithmic representation the curves clearly exhibit a
negative curvature, meaning that the decay is subpolynomial
for any finite N . In the relevant range of m the behavior can be
described well by a combined polynomial-exponential decay
of the form �E(m) = am−b exp(−c m), where a, b, c are fit
parameters dependent on the system size (see Fig. 9). In the
thermodynamic limit N → ∞ the decay seems to be governed
by a polynomial behavior of the form �E(m) ∝ m−3.3.

In Fig. 10 we compare the performances of the adaptive
TTN and a constrained TTN. In the latter, each tensor �[l,n] is
constrained to be an isometry in the direction of the RG flow,
namely, from bottom to top [20,21]. The comparison clearly
shows that the adaptive TTN algorithm exhibits a significantly
improved convergence behavior. Additionally, the adaptive
TTN provides a computational speed-up; in our benchmarks
the time required to perform one optimization sweep decreased
by about a factor of 3. As mentioned above, the reason for these

80
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constrained TTN,
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FIG. 10. (Color online) Error of the ground-state energy per
site �E/N as a function of the number of optimization sweeps.
Comparison between a constrained and an adaptive TTN. The
generalized eigenvalue problems present in the constrained TTN
algorithm cause strong instabilities in the energy minimization,
hindering a reliable convergence behavior.

improvements lies in the fact that the adaptive TTN avoids the
numerically unstable generalized eigenvalue problems [36]
and requires fewer isometrization operations.

In order to assess how the adaptive TTN deals with
criticality and, consequently, strongly correlated systems, we
report the spin-correlation functions and the von Neumann
entropy in Fig. 11. Since we are at criticality, we expect
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FIG. 11. (Color online) (Top) Spin-correlation functions and fit-
ted critical exponents for a PBC quantum Ising chain of N = 128
sites, bond dimension m = 100. The exact exponents are ηx =
0.25, ηy = 2.25, ηz = 2. In order to account for the TTN-induced
translational symmetry breaking, the correlations of distance r are
obtained by averaging over lattice locations within branches wide
enough to span r (see text). (Bottom) Von Neumann entropy of a
N = 256 (m = 100) chain, for partitions of length � and with fitted
central charge. The exact central charge is c = 0.5.

125154-6

3.2. Phys. Rev. B 90, 125154 (2014) 63



UNCONSTRAINED TREE TENSOR NETWORK: AN . . . PHYSICAL REVIEW B 90, 125154 (2014)

m = 100
m = 070

m = 050
m = 030

sc

n

lo
g
1
0
|Δ

E
n
|

128112968064483216

-4

-5

-6

-7

-8

-9

-10

-11

-4
-6
-8

-10
-12
-14

m = 100m = 050

lo
g
1
0
|Δ

C
y
|

128966432

-6

-8

-10

n

lo
g
1
0
|Δ

C
y
|

10−5

10−6

10−7

10−8

10−9

10−10

10−11

r

64

32

0

-32

n

128966432

|ΔCy
n,n+r|

FIG. 12. (Color online) Error of the local energy En as a function of the lattice site n for different bond dimensions m, in the critical
quantum Ising model with PBC defined in Eq. (6). The solid lines are the errors of the system-wide averages. The vertical dashed line indicates
the location of the center site sc (left). Error of the spin two-point correlator C

y
n,n+r for bond dimension m = 100 (right); the two insets show

the data at fixed distance r together with system-wide averages for r = 8 (top) and r = −32 (bottom).

the correlation functions to decay according to a power law
Cα(r) ∝ [crd(r)]−ηα , where crd(r) ≡ N/π sin(πr/N ) is the
chord function giving the effective distance of two sites at
distance r arranged on a ring of N sites [26,41,42]. The
critical exponents are analytically known [42] to be ηx = 1/4,
ηy = 9/4, and ηz = 2. The via fitting numerically obtained
exponents in the upper panel of Fig. 11 show an agreement
of the order of O(10−4), presenting state-of-the-art accuracy
to the best of our knowledge [29]. The von Neumann entropy
S(�) ≡ −Tr[ρ� ln ρ�] of a partition of � sites for PBC critical
(1+1)D systems is known to behave according to S(�) =
c/3 log2[crd(�)] + const, where c is the central charge of the
underlying conformal field theory [43], and for the Ising model
we have c = 1/2. Again, we have very good agreement of the
exact value with the numerically determined central charge
c = 0.502 shown in the lower panel of Fig. 11, proving that
the TTN ansatz is well suited for reproducing a system at
criticality. In particular, we showed that even with a relatively
small bond dimension m, it is perfectly meaningful to simulate
critical systems even with hundreds of sites, and indeed achieve
a high precision of the results.

We conclude this section by addressing the question raised
in Sec. III, i.e., whether or not it is beneficial to average over
expectation values. For this purpose we compute the local
energy En = −〈σx

n σ x
n+1〉 + 〈σ z

n 〉 for the critical Ising model
Eq. (6) and plot the absolute value of its error �En as a function
of the site location (see Fig. 12). Also shown is the error of
the system-wide average

∑N
n=1 En/N . It is clear from Fig. 12

that the averaged quantity is about 1 order of magnitude more
accurate than the vast majority of the individual measurements
[including the location of the central sites sc as defined in
Eq. (5)]. This is due to the fact that the En are scattered
above and below the exact value, resulting in an average
that is more accurate. Although isolated sites more accurate
than the average value exist, these do not occur at specific
locations independent of m, which is why this behavior has
to be attributed to numerical fluctuations rather than to some
systematic reason. Therefore, Fig. 12 strongly suggests that
averaging over all sites is the best way to extract local observ-
ables from a 1D-TTN. We proceed to analyze the averaging
issue for correlation functions. Since it is efficient to calculate

correlators Cα
n,n+r for every distance r and pair position n, we

can easily address the of question whether or not it is profitable
to calculate the average

∑N
n=1 Cα

n,n+r/N for a given pairwise
distance r . Figure 12 shows the error �C

y
n,n+r of the spin

correlations in y direction as a function of n and r . Immediately
noticeable is a triangular pattern, indicating that with increas-
ing r the accuracy abruptly degrades each time a major branch
in the tree is trespassed. The zoomed panels show that for this
reason it is advantageous (especially for short distances) to
measure the correlator within a branch wide enough to span
the given distance, i.e., within the dark-blue areas of Fig. 12.
Averaging, in this case, is mainly detrimental and results in
significantly bigger errors, up to 2 orders of magnitude.

V. BILINEAR-BIQUADRATIC SPIN-1 CHAIN

After having benchmarked the adaptive TTN algorithm
on the spin-1/2 quantum Ising model, in this section we
turn to a numerically very challenging transition in SU (2)
invariant spin-1 chains. We consider the bilinear-biquadratic
Hamiltonian (H ≡ ∑N−1

n=1 hn,n+1):

H =
N−1∑
n=1

cos θ (�Sn · �Sn+1) + sin θ (�Sn · �Sn+1)2 , (7)

whose phase diagram [53,54] is provided in Fig. 13 as a
function of the parameterizing angle θ . While most phase
boundaries have been set on firm grounds relatively early [44–
48], the region between the translationally broken dimer and
the rotationally broken ferromagnet has been the subject of a
long and controversial debate [44,49,50,54–60]. An intermedi-
ate nematic phase, restoring the translational invariance while
mildly breaking the rotational one by a quadrupolar moment,
has been conjectured [49,50] to be in the range −3π/4 ≡ θF �
θ � θC � −0.67π . The competing order parameters would
then be the dimerization D [48],

Dn = |〈hn−1,n − hn,n+1〉| , (8)

which can be nonzero in 1D finite chains, and a quadrupole
moment Q� (with �e� a unit vector pointing to the solid
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θ = − π/ 2

?

FIG. 13. (Color online) Phase diagram of the bilinear-
biquadratic model of Eq. (7), with four firmly established phases:
ferromagnetic, trimerized [44], Haldane antiferromagnet [45,46],
and dimerized [47,48]. According to the most recent studies and
the data obtained here with adaptive TTN, no intermediate nematic
phase (originally hypothesized location indicated by red hatched
region [49,50]) is emerging around θF (black dot). The white dot
identifies the purely biquadratic point [47,51,52] whose Bethe ansatz
solution in Eq. (11) we use to benchmark the numerical precision of
our algorithm.

angle �),

Qn,� = (�Sn · �e�)2 − 2/3 , (9)

of which only quasi-long-range order in correlations can be
measured in 1D finite chains [see Eq. (12)]. Increasingly
powerful numerical techniques [44,54–60] and improved
theoretical analyses [61–63] have shrunk the nematic window
more and more by accumulating evidence of an exponen-
tially vanishing D accompanied by an exponentially growing
quadrupole correlation length ξQ. The latter accounts for the
extreme difficulty in ruling out a quasi-long-range nematic or-
der based on only numerical data of finite-size chains. A recent
description of the Berry phases of quantum fluctuations [61]
predicted the following scalings with �θ = θ − θF:

D ≈ exp (−π2/(8�θ )), (10a)

ξQ ≈ exp(π
√

2/�θ ) . (10b)

The data we obtain from our adaptive TTN procedure actually
nicely agree with this prediction, as we argue below, and
thus corroborate the validity of the presented method also in
nontrivial cases.

First, we assess the numerical precision of the adaptive
TTN algorithm by analyzing its performances in the purely
biquadratic point [47,51,52] at θ = −π/2 (empty circle in
Fig. 13). The ground-state energy in the thermodynamic limit
can be analytically obtained by Bethe ansatz (after a mapping
to a spin-1/2 XXZ chain) as [47,51,64]

E/N = −1 − 2
√

5

(
1

4
+

∞∑
k=1

1

1 + [(3 + √
5)/2]2k

)

= −2.796 863 43... (11)

and will serve as a reference for our finite-bond and finite-size
extrapolation procedure. This consists in taking first the limit
m → ∞ for every chain length N (according to the empirical
formula indicated in Fig. 9), as illustrated in the inset of Fig. 14,

fit
N = 128

m
1201059075

-2.778

-2.78

-2.782

-2.784

fit: E∞ + a · (1/N), E∞ = −2.7967

exact: E∞ = −2.7968...

E(m → ∞)

1/N

E

1 /
1
6

1 /
3
2

1 /
6
4

1 /
1
2
8

1 /
2
5
60

-2.64

-2.66

-2.68

-2.7

-2.72

-2.74

-2.76

-2.78

-2.8

FIG. 14. (Color online) Extrapolation to the thermodynamic
limit of the ground-state energy at the purely biquadratic point
θ = −π/2. The inset shows the extrapolation in the bond dimension
for N = 128 using a fit similar to the one indicated in Fig. 9.

and then considering the thermodynamic limit N → ∞ by
a linear fit in 1/N to eliminate edge effects, as shown in
the main plot of Fig. 14. Thus the estimated energy ETTN =
−2.796 70(1) has a precision of 10−4.

π/Δθ

ln
(D

)

24211815129
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FIG. 15. (Color online) (Top) Dimerization parameter D for var-
ious system sizes. Each data point is the result of an extrapolation
m → ∞ in the bond dimension. The dashed lines shown in the inset
are linear fits. (Bottom) Quadrupolar correlation length ξQ, obtained
from fitting the correlation function Eq. (12). Each CQ(r) has been
extrapolated to m → ∞ (for every r) before the correlation length
was extracted. Reported error bars are fit errors. The large error bars
for N = 32 are caused by the fact that the chain is too small to contain
meaningful information on the long-range property ξQ.
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We then proceed to evaluate, for various values of θ ∈
[θF, − π/2], the dimerization D of Eq. (8). In order to avoid
issues related to resonant superpositions of different dimerized
configurations, we resort to open boundary conditions. We
avoid end effects of the open chain by measuring the
dimerization only at sites that are sufficiently far away from
the edges. The data presented in the upper plot of Fig. 15
nicely agree with the prediction of Eq. (10a), displaying a
clear exponential behavior in 1/�θ .

Finally, we proceed to compute the correlation of
quadrupole moments at a long distance r averaged over the
solid angle:

CQ(r) =
∫

d�

4π
〈Qn,� Qn+r,�〉 − 〈Qn,�〉〈Qn+r,�〉

= 2

15

∑
α

〈(
Sα

n

)2(
Sα

n+r

)2〉 − 〈(
Sα

n

)2〉〈(
Sα

n+r

)2〉

+ 1

15

∑
α<β

〈
T αβ

n T
αβ
n+r

〉 − 〈
T αβ

n

〉〈
T

αβ
n+r

〉
, (12)

with the anticommutator T
αβ
n ≡ {Sα

n ,S
β
n }. The correlation

length ξQ is then extracted by fitting the m → ∞ extrapolations
with CQ(r) = a r−η exp(−r/ξQ), where a is a prefactor and
η is an exponent. The results are shown in the lower panel
of Fig. 15 and provide quite clear evidence of an exponential
growth of ξQ with 1/

√
�θ . In summary, these results support

Eq. (10) and therefore indicate the nonexistence of the nematic
phase.

VI. CONCLUSIONS

In this manuscript we introduced, motivated, and discussed
an algorithm for simulating ground states of quantum many-
body Hamiltonians on a lattice, based on a gauge-adaptive tree
tensor network ansatz. We stressed how the manipulation at
runtime of the tensor network gauge, combined with the loop-
free topology of the tree network, plays an instrumental role in
enhancing the performance of the algorithm, first by reducing
a generalized eigenvalue problem into a simple eigenvalue
problem. We characterized the computational scalings with
bond dimension m and argued how the algorithm speed-
up allows for pushing to higher numerical precision. We
tested the algorithm on 1D quantum models, with various
boundary conditions. First we benchmarked it against the
exactly solvable Ising model in a transverse field, extracting
very precise critical exponents with PBCs. Then we explored
the bilinear-biquadratic spin-1 model in a region known to
be numerically challenging, being able to confirm an intricate
exponential explosion of (nematic) correlation lengths towards

the transition point. Moreover, we investigated how well the
TTN ansatz can restore the broken translational invariance in
1D, and verified that while for local quantities averaging over
translations is a winning strategy, for correlation functions
evaluating over highly entangled clusters is a more suitable
approach.

The redirectionable isometric gauge presented here also
allows for a convenient, natural treatment of preserved global
symmetries, both Abelian and non-Abelian, which result in
a block-diagonal structure of the tensor entries with clear,
unique selection rules and structure constants [65–67]. (In
this framework, a simultaneous double-tensor optimization
scheme would help in circumventing the related intermediate
charge-targeting issues [35].) Similarly, lattice gauge sym-
metries, which in contrast to global symmetries act on local
compact supports of the 1D chain of sites, can be rigorously
and efficiently cast in tensor network language [68–71],
particularly in a TTN ansatz.

An additional research direction is offered by the recently
introduced time-dependent variational principle for tensor
network states [72], whose purpose is to efficiently describe
out-of-equilibrium dynamics. Indeed, it can be elegantly and
successfully tailored to TTN, free of tensor gauge complica-
tions, thanks to the loop-free geometry of the tree network.

We stress again that the flexibility of the gauge-adaptive
TTN ansatz presented here, and especially the fact that its
scaling is independent from the specific (open or periodic)
boundary conditions, makes it an extremely promising tool to
attack and solve open complex many-body problems spanning
from condensed matter to quantum information. For spin
and bosonic systems, the presented approach can be trivially
extended to include lattice dimensions higher than 1 with
the same polynomial scaling of the computational cost. For
fermionic systems this extension is less trivial, since it requires
additional tensors that keep track of the parity in order to
respect the fermionic anticommutation relations. Nevertheless,
as was shown in Refs. [73–76], this task is still realizable
without increasing the scaling of the computational cost.
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Abstract

We present a compendium of numerical simulation techniques, based on tensor network
methods, aiming to address problems of many-body quantum mechanics on a classical
computer. The core setting of this anthology are lattice problems in low spatial dimen-
sion at finite size, a physical scenario where tensor network methods, both Density Ma-
trix Renormalization Group and beyond, have long proven to be winning strategies. Here
we explore in detail the numerical frameworks and methods employed to deal with low-
dimensional physical setups, from a computational physics perspective. We focus on
symmetries and closed-system simulations in arbitrary boundary conditions, while dis-
cussing the numerical data structures and linear algebra manipulation routines involved,
which form the core libraries of any tensor network code. At a higher level, we put the
spotlight on loop-free network geometries, discussing their advantages, and presenting
in detail algorithms to simulate low-energy equilibrium states. Accompanied by discus-
sions of data structures, numerical techniques and performance, this anthology serves as
a programmer’s companion, as well as a self-contained introduction and review of the
basic and selected advanced concepts in tensor networks, including examples of their
applications.
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1 Introduction

The understanding of quantum many-body (QMB) mechanics [1] is undoubtedly one of the
main scientific targets pursued by modern physics. Discovering, characterizing, and finally
engineering novel, exotic phases of quantum matter [2] will be the key for the development of
quantum technologies [3], quantum computation and information platforms [4], and even lead
to an enhanced, non-perturbative understanding of the building blocks of reality, including high
energy settings [5–7]. The research development is hindered by the inherent difficulty of such
problems, by the extremely small amount of exactly solvable models [8] and the limitations
posed by the various approximate approaches that have been proposed so far [9].

From the computational point of view, the obstacle for addressing quantum many-body
problems is the exponential growth in the dimension of the configurations space with the
number of elementary constituents of the system (number of quantum particles, lattice sites,
and so forth). Exact diagonalization techniques [10] are thus restricted to small system sizes,
and inapt to capture the thermodynamical limit of QMB systems, which characterizes the
macroscopic phases of matter.

Approaches relying on a semi-classical treatment of the quantum degrees of freedom [11],
such as mean field techniques e.g. in the form of the Hartree–Fock method [12], have been
applied with various degrees of success. It is well known, however, that while they are an
accurate treatment in high spatial dimensions, they suffer in low dimensions [13], especially in
1D where entanglement and quantum fluctuations are so important that it is not even possible
to establish true long-range order through continuous symmetry breaking [14].

On the other hand, stochastic methods for simulating QMB systems at equilibrium, such as
Monte Carlo techniques, have been extremely successful [15,16]. They have the advantage of
capturing both quantum and statistical content of the system by reconstructing the partition
functions of a model, and have been adopted on a wide scale. Difficulties arise when the
stochastic quasi-probability distribution to be reconstructed is non-positive, or even complex
(sign problem) [17,18].

An alternative approach to address these intrinsic quantum many-body problems is the
construction of a computationally manageable variational ansatz, which is capable of capturing
the many-body properties of a system while being as unbiased as possible. Tensor Network (TN)
states fulfill this criterion [19–24]: By definition, their computational complexity is directly
controlled by (or controls) their entanglement. In turn, TN states can span the whole quantum
state manifold constrained by such entanglement bounds [25–27]. Consequently, TNs are
an efficient representation in those cases where the target QMB state exhibits sufficiently
low entanglement. Fortunately, tight constraints on the entanglement content of the low-
energy states, the so-called area laws of entanglement have been proven for many physical
systems of interest, making them addressable with this ansatz [28–37]. TN states have the
advantage of being extremely flexible and numerically efficient. Several classes of tensor
networks, displaying various geometries and topologies, have been introduced over the years,
and despite their differences, they share a vast common ground. Above all, the fact that any
type of QMB simulation relies heavily on linear algebra operations and manipulation at the
level of tensors [38].
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Accordingly, in this anthology we will provide a detailed insight into the numerical algebraic
operations shared by most tensor network methods, highlighting useful data structures as well
as common techniques for computational speed-up and information storage, manipulation
and compression. As the focus of the manuscript is on numerical encoding and computational
aspects of TN structures, it does not contain an extended review of physical results or a
pedagogical introduction to the field of TNs in general. For those two aspects, we refer the
reader to the excellent reviews in Refs. [19,39].

The anthology is thus intended both as a review, as it collects known methods and strategies
for many-body simulations with TNs, and as a programmer’s manual, since it discusses the
necessary constructs and routines in a programming language-independent fashion. The
anthology can be also used as a basis for teaching a technical introductory course on TNs. We
focus mostly on those tensor network techniques which have been previously published by some
of the authors. However, we also introduce some novel strategies for improved simulation: As
a highlight, we discuss ground state search featuring an innovative single-tensor update with
subspace expansion, which exhibits high performance and is fully compatible with symmetric
TN architectures.

1.1 Structure of the Anthology

The anthology is organized as follows: In Sec. 1 we review shortly the historical background and
some general theoretical concepts related to tensor network states. In Sec. 2 we characterize
the data structures which build the TN state, and we list the standard linear algebra tools
employed for common tasks. A brief review on embedding symmetries into the TN design is
provided in Sec. 3, alongside numerical techniques to exploit the (Abelian) symmetry content
for computational speed-up and canonical targeting. In Sec. 4 we introduce tensor network
structures without loops (closed cycles in the network geometry) and explain how we can
explore possible gauges to give these states favorable features. A generalization of the Density
Matrix Renormalization Group (DMRG) applying to tensor networks of this type is detailed in
Sec. 5, as well as instructions for practical realizations of the algorithm. We draw our conclusions
and sketch the outlook for further research in Sec. 6. A diagrammatic representation of the
arrangement of the anthology contents is shown in Fig. 1, where the logical dependencies
among the topics are highlighted, and depicted as embedded boxes. This diagram, in turn,
reflects the hierarchy among the modules of an ideal TN programming library: Using this
hierarchy, the outmost component (ground state search) can be easily replaced with several
other physically relevant tasks, such as real-time dynamics (see also Sec. 1.5).

1.2 Short History of Tensor Networks for Quantum Many-Body Problems

The Density Matrix Renormalization Group (DMRG), introduced in the early ’90s [40, 41],
was developed as a reformulation of the numerical renormalization group [42, 43], where
now the renormalized, effective, degrees of freedom were identified in the density matrix
eigenspaces instead of in the lowest energy manifold of real space subsystems [44]. Eventually
it was realized that DMRG can be recast as a minimization algorithm over the class of finitely-
correlated states, which admit a formulation as Matrix Product States (MPS) [25,45–47]. In
time it became clear that the reason for the success of DMRG is the limited entanglement
present in ground states of short-range interacting Hamiltonians, as it obeys the area laws
of entanglement [28–33,37], and such scaling is well captured by MPS for one-dimensional
systems. On the one hand, such reformulation into MPS language [27,39] opened a clear path
for substantial improvements and expansions of the DMRG technique. Prominent examples are:
concepts for out-of-equilibrium evolution [26,48–51], direct addressing of the thermodynamic
limit [52–56], exploration of finite temperatures [57, 58], and direct access to the density
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Introduction
(Sec. 1)

Tensors and Tensor Operations
(Sec. 2)

Numerical linear
algebra kernel

Symmetric Tensors (Abelian)
(Sec. 3)

Tensor Networks (Loop-Free)
(Sec. 4)

TN Algorithms:
Ground States with Loop-Free Tensor Networks

(Sec. 5)

Conclusion & Outlook
(Sec. 6)

Figure 1: Organization of the anthology. In an embedded-boxes structure, the
introduction is followed by a self-consistent treatment of elementary tensors and
tensor-operations plus their extension in presence of symmetries. On this foundation
we build up and investigate (loop-free) tensor networks and algorithms. The parts
about symmetries are optional and can be skipped. As this manuscript is intended
as a practical anthology, the structure is chosen such that it can be directly mapped
into numerical libraries, organized in the same hierarchy, starting from a kernel of
numerical linear-algebra routines which are widely available and thus not covered in
this anthology.
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Figure 2: (a) The coefficients of a QMB wave function (here with N = 6 constituents)
can be understood as the elements of a tensor T with N links. Graphically, we
represent a tensor by a circle-like object (node) with an open link for every physical
site s. Fixing the indices is for all links s then identifies the element Ti1...iN . (b) A
possible TN decomposition of the system: The state is now represented by Q = 4
smaller tensors T [q], which are connected through L = 5 auxiliary links. The original
tensor object is obtained once again by contracting tensors over shared indices, which
are represented by the links connecting them. For a detailed introduction to the
graphical notation, see Sec. 2.

of states and spectral properties [59,60]. On the other hand, the discovery encouraged the
engineering of new classes of tailored variational wave functions with the common desirable
feature of storing the QMB information in compact tensors, i.e. easy to handle numerical objects,
and controlling the entanglement through a network of virtual connections [19]. Noteworthy
classes of tensor networks that have been proposed towards the quantum many-body problem
are: Projected Entangled Pair States (PEPS) [61,62], weighted graph states [63], the Multiscale
Entanglement Renormalization Ansatz (MERA) [64–67], branching MERA [68,69], Tree Tensor
Networks (TTN) [70–75], entangled-plaquette states [76], string-bond states [77], tensor
networks with graph enhancement [78,79] and continuous MPS [80]. Additionally, various
proposals have been put forward to embed known stochastic variational techniques, such as
Monte Carlo, into the tensor network framework [76,81–86], to connect tensor networks to
quantum error correction techniques [87], and to construct direct relations between few-body
and many-body quantum systems [88]. The numerical tools we will introduce in the next two
sections indeed apply to most of these TN classes.

1.3 Tensor Network States in a Nutshell

A tensor network state is a tailored quantum many-body wave function ansatz. For a discrete
system with N components, the QMB state can be written

|ΨQMB〉=
∑

i1,...,iN

Ti1,...,iN |i1, . . . , iN 〉, (1)

where {|is〉}s is a canonical basis of the subsystem s. The complex coefficients of this Hilbert
space wave function, Ti1...iN , determine the state uniquely.

The TN prescription expresses the amplitudes tensor as the contraction of a set of smaller
tensors T [q] over auxiliary indices (sometimes also called virtual indices), namely

Ti1...iN =
∑
α1...αL

T [1]{i}1,{α}1T
[2]
{i}2,{α}2 · · · T

[Q]
{i}Q ,{α}Q , (2)
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for a network with Q nodes and L links. Each link connects and is shared by two ten-
sors only, see Fig. 2(b). Here a tensor T [q] can possess any number of physical indices
{i}q = {is : s is physical link at node q} as well as any number of auxiliary indices
{α}q =

�
αη : η is auxiliary link at node q

	
. However, to make the ansatz computationally effi-

cient for QMB states, the number of links (indices) connected to it should not scale with the
system size N . Similarly, the auxiliary dimensions Dη = #{αη} (where the symbol # denotes
the cardinality of a set) should be non-scaling quantities. Conversely, the number of tensors Q
will scale with N .

Throughout this anthology, we use a graphical, compact notation to express tensors and
tensor networks, and the typical operations performed on them. These diagrams allow us to
recast most of the equations in a form which is less verbose, often clearer, and mnemonically
convenient, such as in Fig. 2 which represents Eq. (2). More details about the diagrammatic
representation of TNs will be provided in Sec. 2 and Sec. 3.

It is easy to show [89] that the entanglement entropy E of the TN state |ΨQMB〉 under system
bipartitions satisfies rigorous bounds, which depend on the TN geometry. In fact, the TN state is
a wave function ansatz whose only constraint is a direct control of its entanglement properties,
and is thus considered an only slightly biased ansatz. For the same reason, it is typical to
express TN states in real space, where the N components are the lattice sites: it is within
this setup that one can exploit the area laws and successfully work with TN states having low
entanglement content [21,23,30,31,37,90]. Tensor network state descriptions in momentum
space representation have also been proposed and implemented in simulations [91–95].

1.4 Many-Body Statistics

One of the major features of the tensor network ansatz is its flexibility: In fact, it can be adapted
for several types of local degrees of freedom and quantum statistics. The typical scenarios dealt
with are the following:

(i) Spin systems - Spin lattices are the natural setting for tensor networks. The quantum
spins sit on a discrete lattice and their local Hilbert space {|is〉} has a finite dimension d
fixed by the problem under study; e.g. for lattice sites with spin l: d = 2l + 1.

(ii) Bosonic lattice - Boson commutation rules are analogous to the ones for spins, but
normally, bosons do not have a compact representation space for their local degree of
freedom. Unless some inherent mechanism of the model makes the bosons d-hardcore,
an artificial cutoff of the local dimension d must be introduced. This is, however, usually
not dramatic, since typically the repulsive interactions make highly occupied states very
improbable and the consistency of results can be checked by enlarging d slightly.

(iii) Fermionic lattice - The standard way of dealing with fermionic models is mapping them
into a spin system via a Jordan–Wigner (JW) transformation [96,97]. Doing so is very
convenient for short-range interacting (parity-preserving) 1D models, as the JW-mapping
preserves the short-range nature. Other techniques to encode the fermionic exchange
statistics directly in the tensor network contraction rules are known [98, 99], but it
is argued that these methods are more useful in 2D, where the JW-mapping does not
preserve interaction range.

(iv) Hybrid lattices - Tensor networks can also handle hybrid theories which include both
bosons and fermions. In this scenario, the two species usually live in two distinct
sublattices. Lattice gauge systems such as the lattice Yang–Mills theories are a textbook
example of this setting [5]: In these models, matter can be fermionic, while the gauge
field is typically bosonic [100–107].
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(v) Distinguishable particles - When quantum particles are distinguishable and discrete,
they can be considered as the lattice sites, and both their motional and internal degrees
of freedom may be described in a first quantization fashion. This scenario appears, for
instance, when studying phononic non-linearities in trapped ion systems [108]. In this
representation, the motional modes of each particle are often truncated to a compact
dimension by selecting d orbitals {|i〉} to act as local canonical basis, e.g. those with
lowest local energy, or the solutions of a mean field approach [109,110].

It is important to mention that the TN ansatz can be extended to encompass variational
states for quantum field theories, for instance via the continuous-MPS formalism [80, 111].
However, this scenario lies beyond the purpose of this paper and will not be discussed here.

1.5 Typically Addressed Problems

Tensor network states are routinely employed to tackle the following physical problems on 1D
lattices:

(i) Ground states of interacting Hamiltonians, usually (but not necessarily) built on two-
body interactions. For the model to be manifestly 1D, the interaction has to be either finite-
range or decrease with range sufficiently fast [112]. Ground state search algorithms based
on TN technology can usually be extended to target other low energy eigenstates [113].

(ii) Non-equilibrium dynamics of arbitrary QMB states under unitary Hamiltonian evolution.
The Hamiltonian itself can be time-dependent, thus encompassing quenches [114,115],
quasi-adiabatic regimes [116, 117], and even optimal control [118]. The most com-
mon strategies to perform such dynamics on the TN states rely either on a Suzuki–
Trotter decomposition of the unitary evolution (TEBD, tDMRG) [48,49] or on a Time-
Dependent Variational Principle (TDVP) on the TN class [51], however, alternative routes
are known [119–122]. Clearly, these techniques perform best when describing pro-
cesses with small entanglement growth: Either short time scale quenches [114, 115],
quasi-adiabatic quenches [116,117,123], or controlled dynamics [124]. Long time scale
quenches are also accessible for small system sizes [125].

(iii) Annealing and Gibbs states. Strategies to achieve imaginary-time evolution are analo-
gous to real-time unitary evolution, but in order to reconstruct the Gibbs ensemble at
finite temperatures, one must either perform several pure state simulations or extend
tensor networks to mixed states [57,58,126].

(iv) Open system dynamics, usually undergoing a Lindblad master equation evolution
(Markovian scenario), with local dissipative quantum channels. Besides the need to
reconstruct mixed states, this setup has the additional requirement of designing a scheme
for implementing a master equation dynamics into the TN ansatz, either by direct inte-
gration [57,58,126] or by stochastic unravelling [127].

Depending on the type of problem one aims to address and on the boundary condition
under consideration (open or periodic), some TN designs are preferable to others. In Sec. 5 we
will describe in detail an algorithm for ground state search based on loop-free TNs.

1.6 Accessible Information in Tensor Networks

Being able to effectively probe and characterize a relevant quantum many-body state is just as
important as determining the state itself to understand the underlying physics and the emergent
properties of the system. The TN architectures that we discuss here are meant to describe
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finite systems, while the thermodynamical limit properties are obtained via extrapolation. The
thermodynamical limit can also be directly addressed, e.g. by means of infinite homogeneous
tensor networks (such as i-MPS/i-PEPS [52, 53, 128] or i-TTN/i-MERA [75, 129, 130]), but
these methods will not be discussed here.

Typical quantities of interest for tensor network ansatz states are:

(i) State norm 〈ΨQMB|ΨQMB〉 − The capability of extracting the norm of a tensor network
in polynomial computational time as a function of the number of tensors in the network
itself is often simply referred to as efficient contractibility.
Loop-free tensor networks, such as MPS and TTN, have this property built-in (assuming
that the link dimensions are bounded from above), as we will remark in Sec. 4. Some
tensor networks with loops, such as MERA, also have this property as a result of their
specific geometry and algebraic constraints. In general, however, this is not true —
the PEPS being the textbook example of a non-efficiently contractible tensor network
(although approximate, stochastic methods for PEPS contraction are known [81]). In
loop-free TNs and holographic TNs (MERA, branching MERA) the calculation of the state
norm can even be made computationally cheaper by imposing specific TN gauge rules,
as we will see in Sec. 4.

(ii) State overlap 〈ΨQMB|Ψ′QMB〉 − Provided that the two states |ΨQMB〉 and |Ψ′QMB〉 are given
in the same TN geometry and that the resulting network is efficiently contractible (which
is always the case for loop-free TNs), this quantity can be easily computed and the
numerical cost is the same as for the state norm. Here, however, the TN gauge invariance
cannot be exploited to further reduce the costs.

(iii) Expectation values of tensor product observables 〈ΨQMB|
⊗

s O[s]|ΨQMB〉 − Efficient
calculation of these quantities relies on the fact that every single-site operator can be
effectively absorbed into the TN state without altering the network geometry, and thus
performing local operations preserves the efficient contractibility property. This statement
is true whether the single-site operator O[s] is homogeneous or site-dependent. Useful
subclasses of this observable type contain:

• Local observables 〈O[s]〉, useful for reconstructing reduced density matrices and
identifying local order.

• Correlation functions 〈O[s]O[s+`]〉, important for detecting long-range order. This
can, of course, be extended to n-points correlators.

• String observables 〈O[s]O[s+1] . . . O[s+`−1]O[s+`]〉, useful for pinpointing topological
properties (e.g. the Haldane order [131]) and boundary order, as well as to imple-
ment long-range correlations in Jordan–Wigner frameworks.

(iv) Expectation values of operators in a tensor network form − When the observable
itself can be expressed in a TN formalism, it is natural to extend the notion of efficient TN
contractibility to the 〈 state | operator | state 〉 expectation value. This is, for instance,
the case when measuring the expectation value of a Matrix Product Operator (MPO) over
a matrix product state, which is indeed an efficiently contractible operation [132].

(v) Entanglement properties − Any bipartition of the network tensors corresponds to a
bipartition of the physical system. Via contraction of either of the two sub-networks
it is then possible to reconstruct the spectrum of the reduced density matrix of either
subsystem, and thus extract the entanglement entropy, i.e. the von Neumann entropy
of the reduced density matrix, and all the Rényi entropies, ultimately enabling the
study of critical phenomena by means of bipartite [73, 133], and even multipartite
entanglement [134].
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Figure 3: Gauge transformation: For a given tensor network (a), the link η between
tensors T [q] and T [q′] is replaced by a matrix Y and its inverse (b). Contracting Y and
Y−1 into their respective neighboring tensors (c) gives an alternative description of
the tensor network without changing the physical content of the stored information.

1.7 The Tensor Network Gauge

Tensor network states contain some form of information redundancy with respect to the quantum
state they describe. This redundancy translates conceptually into a set of linear transformations
of the tensors in the network which leave the quantum state, and thus all the physically relevant
quantities, unchanged [26,27,39,70]. Since these operations have no impact at the physical
level, they are often referred to as gauge transformations, in analogy to field theories. The gauge
invariance relies on the fact that performing local invertible manipulations on the auxiliary TN
spaces does not influence the physical degrees of freedom. We will therefore introduce the
concept of gauge transformation here and use it extensively in the rest of the anthology.

Specifically, let η be a given virtual link of the tensor network state from Eqs. (1) and (2),
connecting node q to q′, with auxiliary space dimension Dη (see Fig. 3(a)). Then, given a
D′η × Dη (left-) invertible matrix Yαη,α′η (i.e.

∑
α′ Y

−1
α,α′Yα′,α′′ = δα,α′′), the tensor network state

is unchanged if T [q] and T [q′] transform as

T [q]{i},{α}\η,αη
→ T̃ [q]{i},{α}\η,αη

=
∑
βη

Yαη,βη T
[q]
{i},{α}\η,βη

, (3a)

T [q
′]

{i′},{α′}\η,αη
→ T̃ [q

′]
{i′},{α′}\η,αη

=
∑
βη

Y−1
βη,αη

T [q
′]

{i′},{α′}\η,βη
, (3b)

where {α}\η collects the indices of all the virtual links of the tensor, except η. This operation
is simply the contraction of Y into T [q] through link η and simultaneous contraction of its
inverse matrix Y−1 into T [q′] through link η: it leaves the composite tensor T [q+q′], obtained
by the contraction of T [q] and T [q′] over link η, invariant. Since the QMB state |Ψ〉 depends on
T [q] and T [q′] only via T [q+q′], it is insensitive to this transformation. Similarly, the network
geometry is unchanged (as long as Y acts on a single auxiliary link). Such an operation is
sketched using the diagrammatic language in Fig. 3.

Combining multiple (single-link) gauge transformations as in Eq. (3), even on different
links, leads to a larger class of transformations, which still leave the quantum many-body state
invariant, and can be performed efficiently numerically. In fact, these algebraic manipulations
turn out to be very useful tools when designing computational algorithms which operate on
TN states. In many architectures (most notably in DMRG/MPS) adapting the gauge during
runtime is a fundamental step for achieving speed-up and enhanced precision.

We will review linear algebra methods which implement the gauge transformations in
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Sec. 2, and their symmetric tensor counterparts in Sec. 3. We will explore the advantages of
employing gauge conditions in Sec. 4 and Sec. 5.

2 Tensors and Tensor Operations

Tensor networks organize numerical data in the form of interconnected tensors. In practice,
these tensors are represented by floating-point numerical data in the computer memory (i.e.
RAM or hard drive); they should be stored and organized in a way as to efficiently perform
linear algebra operations on them. This section formalizes the notion of a tensor and introduces
a set of basic operations serving as the toolbox for designing various tensor network geometries
and respective algorithms.

In the following, we first introduce tensors formally and graphically (Sec. 2.1). We then
present operations acting on these tensors with technical details and extend the graphical
notation (Sec. 2.2).

2.1 Tensors

We define a tensor T with n links (n ∈ N0) as an n-dimensional array Ti1 i2...in of complex valued
elements. It can be seen as a mapping

T : I1 × I2 × · · · × In→ C : (i1, i2, . . . , in) 7→ Ti1 i2...in , (4)

where each complex scalar element Ti1 i2...in is accessed by a tuple (an ordered integer list) of n
indices i1, i2, . . . , in. The index ir at position r takes values in the index set Ir = {1, . . . , dr} ⊂ N
and is referred to as the r-th link of the tensor. For numerical purposes, the link dimension
dr := #Ir is always finite. Tensors and links allow intuitive graphical representations as network
nodes and network edges respectively (see Fig. 4). We do not need to formally distinguish
virtual and physical links at the level of basic operations for links and tensors. The distinction
between virtual and physical links is instead treated at the level of the network, as we will see
later in Sec. 4.

A zero-link tensor is a complex scalar. A one-link tensor of dimension d1 is a d1-dimensional
complex vector. A two-link tensor of dimensions d1 × d2 is a (rectangular) complex matrix
with d1 rows and d2 columns, and so forth. A detailed example of a three-link tensor is given
in Fig. 5. In general, the n-link tensor is an element of the complex space Cd1×···×dn with
#T := dim(T ) =

∏
r dr independent components. We notice that in certain cases, e.g. for

problems with time-reversal symmetric Hamiltonians, the tensor elements can be restricted to
real values (see also Appendix A).

For our following discussion, we assume, in accordance with standard programming, that
tensor elements are stored in a contiguous section of linearly addressed computer memory
(array). Specifically, each element Ti1 i2...in can be stored and addressed in such a linear array
by assigning a unique integer index (address offset) to it (see an example in Fig. 5). A simple
way to implement this is by the assignment

offset(i1, i2, . . . , in) :=
n∑

r=1

(ir − 1)
r−1∏
k=1

dk, (5)

which is known as “column-major” ordering. There are, indeed, other models for storing
elements. For efficient coding, one should consider the respective advantages of the ordering
method (many programming languages and compilers use an intrinsic row major ordering,
after all). In Sec. 3, we extend the definition of the tensor object: We will also consider tensors
with additional inner structure (given by symmetry), generalizing diagonal or block-diagonal
matrices.
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Figure 4: Graphical representation of (a) a zero-link tensor (i.e. a scalar), (b) a
one-link tensor (a vector), (c) a two-link tensor (a matrix) and (d) a tensor with an
arbitrary number n of links. Indices of a tensor (i.e. its links) can be denoted with
arbitrary symbols; the ordering of the open link-ends reflects the order of the indices
in the tensor.
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Figure 5: Example of a real-valued three-link tensor Ti1 i2 i3 ∈ R of dimensions d1 = 3,
d2 = d3 = 2. (a) In the table we list all tensor elements and their indices (in column-
major order) using the ordering (offset) from Eq. (5). In the additional columns
to the right we also added the respective indices after the tensor is reshaped into a
matrix and a vector (see fusing in Sec. 2.2.1). (b) The matrix Mab = Ti1 (i2 i3), has
row- and column indices a = i1 and b = fuse(i2, i3) of dimensions da = d1 = 3 and
db = d2d3 = 4. (c) The vector V j = T(i1 i2 i3) has a combined index j = fuse(i1, i2, i3),
according to Eq. (8), of total dimension d j = #T = 12. (d) A graphical represen-
tation of the three-link tensor. The tensor T could e.g. encode the three normal-
ized states |Ψi1〉 =

∑
i2,i3

Ti1 i2 i3 |i2i3〉, i.e. |Ψ1〉 = 1/
p

2 (|11〉 − |22〉), |Ψ2〉 = |22〉 and

|Ψ3〉 = 1/
p

3
�|21〉+p2|12〉�, spanning a subspace in the two-qubit Hilbert space

{|i2, i3〉}. Their expansions can be read from the rows of M, with columns corre-
sponding to (i2, i3) = (1, 1), (2, 1), (1, 2), (2, 2) from left to right.
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2.2 Basic Tensor Operations

All tensor network algorithms involve certain basic operations on the tensors, ranging from
initialization routines, element-wise operations such as multiplication by a scalar, complex
conjugation T ∗, or tensor addition and subtraction, to very general unary or binary opera-
tions [135]. This section presents selected examples from two important categories of tensor
operations, namely basic manipulations, and more involved linear algebra operations (see
e.g. Fig. 6). Tensor manipulations usually operate on the elements or the shape of a single
tensor, including position, number and dimensions of the links. They often reallocate and
reshuffle data within the computational memory, but generally require no FLoating point
OPerations (FLOPs). On the other hand, linear algebra operations such as contractions and
decompositions require FLOPs, such as complex addition and multiplication.

Tensor network algorithms, operating extensively on the level of tensors, will spend the
majority of their runtime with basic tensor operations. In numerical implementations, it is
therefore important that these operations are highly optimized and/or rely on robust and
efficient linear algebra libraries such as the Linear Algebra PACKage (LAPACK) [136], and the
Basic Linear Algebra Subprograms (BLAS) [137–139]. Here we will not enter such level of
detail and instead outline the algorithms and give estimates on overall computational cost and
scaling behavior. Nevertheless, our advice, for readers who want to program tensor network
algorithms, is to dedicate specific functions and subroutines to each of the following operations.
It is worth mentioning that there are various open-source numerical libraries which handle
tensor manipulations with similar interfaces, such as the iTensor [140], Uni10 [141] or the
TNT library [142].

2.2.1 Tensor Manipulations

Link Permutation. Reordering the link positions i1, . . . , in of a tensor T by moving a link at
position l in tensor T to a position k = σ(l) in the new (permuted) tensor T p:

T p
i1...in

= Tiσ(1),...,iσ(n) . (6)

As an example, imagine a four-link tensor and a permutation σ(1) = 2, σ(2) = 3, σ(3) = 1,
σ(4) = 4. The tensor after permutation then has elements T p

c,a,b,d = Ta,b,c,d (see Fig. 6(a)).
Note that our definition describes an active permutation, while other conventions prefer passive
permutations where the roles of input- and output tensors are reversed. For tensors with
two links, permutations correspond to matrix transpositions, M T

ab = Mba. Carrying out a
permutation has a computational complexity bounded by O(#T ), i.e. linear in the number of
elements that must be rearranged in memory.

Link Fusion. Fusing links is an operation that combines m− k+ 1 adjacent links at positions
k, . . . , m into a single new fused link j ∼ (ik, ik+1, . . . , im) which replaces the original links in
the fused tensor (see Fig. 6(b)):

T ′i1...ik−1 j im+1...in
= Ti1...ik−1 (ik ...im) im+1...in . (7)

The combined index j takes values in the Cartesian product of all fused links J= Ik × · · · × Im.
Typically we use an integer enumeration

j = fuse(ik, ik+1, . . . , im) := 1+ offset(ik, ik+1, . . . , im) (8)

within all possible combinations of the fused link indices. Fusing can be realized in negligible
computational cost O(1) as with the proper enumeration no elements have to be moved in
memory (cf. Eq. 5). As an important example, a tensor can be converted into a matrix by
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Figure 6: Basic tensor operations. Common TN operations can be separated into
elemental steps including: (a) Link permutation. Graphically, the permutation of
links of a tensor T is shown by intertwining the links (σ, shaded area) to obtain the
new order in T p. (b) Link fusion: Two or more links of a tensor T are joined to form
a single one in the new tensor T f. This can be seen as a contraction with a fuse-node
F (see Sec. 2.2.2). (c) Link splitting: a single link of a tensor T is split into two or
more resulting in a tensor T s. The splitting is equivalent to the contraction with a
split-node S. (d) Tensor contractions and (e) tensor decompositions.

simultaneously fusing both sides of the link-bipartition 1, . . . , k− 1 and k, . . . , n into row and
column indices a and b respectively (see also Fig. 5):

Mab = T(i1...ik−1) (ik ...in). (9)

Through link fusion, matrix operations become directly applicable to tensors with more than
two links. Important examples include multiplication and factorization, which are discussed
in Sec. 2.2.2. Fusing arbitrary combinations of non-adjacent tensor links can be handled by
permuting the selected links into the required positions k, . . . , m first.

Link Splitting. Splitting of a link at position k of the original tensor T is the inverse operation
to fusing. It produces a tensor T ′ with one original link jk replaced (via inversion of Eq. (8))
by m− k + 1 new links ik, . . . , im of dimensions d ′k, . . . , d ′m, their product being equal to the
dimension dk of the original link,

T ′i1...ik−1 (ik ...im) im+1...in
= Ti1...ik−1 jk im+1...in , (10)
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so that jk = fuse(ik, . . . , im) (Fig. 6(c)). This operation is uniquely defined once the split
dimensions d ′k, . . . , d ′m are set. Note that similar to fusing, splitting operations can also be
performed in non-scaling time O(1), but may require a link permutation after execution. A
special case of splitting is the insertion of an extra one-dimensional virtual link (dummy link) at
any position, which may be useful when a certain tensor shape must be matched. Imagine, for
example, that some TN-algorithm interface formally asks for a matrix-product operator (see
also Sec. 5.1), but all we have is a simple product of non-interacting local operators. Joining
those by dummy links allows one to match the generic interface in an elegant manner. A similar
situation arises when computing a direct product of two tensors, for which we could simply
employ the contraction operation, given we join both tensors by a dummy link, as proposed in
Sec. 2.2.2.

Link Index Remapping: Compression, Inflation, and Reorder. A typical class of shape
operations on a tensor are those that rearrange the index values from one (or more) of the
connected links. These link remapping manipulations either reorder the index values, or
increase/decrease the link dimension itself. Compressing one or more links connected to a
tensor Ti1...in means selecting a subset of their allowed indices and discarding the rest, thus
actually reducing the link dimensions. Link compression is carried out extracting a subset of
the linked tensor elements by means of subtensor readout

S j1... jn := Ti1...in for jr ∈ Jr ⊆ Ir , r ∈ {1, . . . , n} (11)

and we call S a subtensor of T . The subtensor still has n links, and each may have smaller
dimensions, depending on the number #Jr of indices kept per link. Subtensors arise naturally
as a generalization of block-diagonal matrices for instance due to the consideration of symmetry
constraints, as we will see in Sec. 3.5.1. More specifically, let a link index ir undergo a mapping

Mr : Jr → Ir : jr 7→ ir . (12)

If Mr is injective, the result is a subtensor of reduced link dimension(s). Furthermore, if Mr is
invertible, it is a permutation, which allows one to access elements in a different order. The
latter is useful for sorting or aligning elements (e.g. after the fuse-operation of 2.2.1) into
contiguous blocks for fast memory access. Finally, the inflation (padding) of a link corresponds
to an increase of its dimension, and compression is its (left-) inverse operation. Inflation is
performed by overwriting a subtensor S in a larger tensor holding the padded elements (see
Sec. 5.1.3), by means of subtensor assignment

Ti1...in := S j1... jn for jr ∈ Jr ⊆ Ir , r ∈ {1, . . . , n} . (13)

The remaining elements in the larger tensor T must then be initialized by the user, e.g. set to
zeros.

Manipulating, overwriting or extracting subtensors from or within larger tensors is an
integral part of variational subspace expansion techniques [143,144]. Further use cases for
subtensor assignment and readout arise in the construction of MPOs [132] and other operations
listed at the end of Sec. 2.2.2.

2.2.2 Tensor Linear Algebra Operations

Tensor Contraction. Tensor contractions are a generalization of matrix multiplications to
arbitrary numbers of indices: Whenever two tensors A and B with links {a1...n} and {b1...m} of
dimensions

�
da

1...n

	
and

�
d b

1...n

	
have a subset of k links in common — say da

n−k+ j = d b
j =: ds

j
for j = 1 . . . k — we can contract over these shared links s j. The result is a contracted tensor
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Figure 7: Intermediate steps in the contraction of two tensors, realized through
matrix-multiplication. First, the input tensors A and B are brought into correct
matrix-shape, which in general involves (a) permuting and (b) fusing their links. After
their matrix-multiplication (c) is carried out, the remaining original links are restored
into the expected order by a final (d) splitting and (e) permutation operation. Those
permutation, fuse- and split-steps are very common among tensor-operations that
rely on matrix-operations internally.
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(a) i m i m i m
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b

direct product
normpartial trace
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Figure 8: Variants of contractions. (a) Direct product of two matrices, or two-link
tensors Ai j and Bmn. By attaching a one-dimensional “dummy” link to both tensors,
we can indicate the contraction Ci jmn =Ai j ·Bmn. Formally, a subsequent (column-
major, Eq. (8)) fusion over the permuted link-bipartition Mab = C(mi)(n j) gives us the
Kronecker product M=A⊗B. (b) The partial trace. (c) The Hilbert–Schmidt norm
obtained by full contraction with the complex conjugate T ∗.

C spanned by the remaining n+m− 2k links {a1...n−k, bk+1...m}. Graphically we represent a
contraction by simply connecting the links to be contracted over (Fig. 6(d)). The elements of C
are obtained by multiplying the respective elements of A and B and summing over the shared
links

Ca1...an−k bk+1...bm
=
∑

s1...sk

Aa1...an−k s1...sk
Bs1...sk bk+1...bm

. (14)

Equation (14) can be cast into a matrix multiplication after fusing the shared links into a
single link s = fuse(s1, . . . , sk) of dimension ds = ds

1 · · · ds
k and the remaining links of tensors A

and B into row- and column indices a and b of dimensions da = da
1 · · · da

n−k and db = d b
k+1 · · · d b

m,
respectively:

Cab =
∑

s

AasBsb. (15)

In the most common scenario for a tensor contraction, the links are not ordered as in
Eq. (14). We then proceed as follows (see also Fig. 7): We first permute the links, so that
tensors A and B appear as in Eq. (14). Then the link fusion is carried out, followed by the
matrix multiplication as in Eq. (15). Finally we split the row and column links again and
possibly permute a second time to obtain the desired link positions at C.

The contraction can be a costly operation in terms of computational complexity. Carried
out straightforwardly as written in Eq. (14), it scales with the product of the dimensions of all
links involved (considering shared links only once) as O(dadsdb).

Implementing the tensor contraction via the matrix multiplication of Eq. (15) has a twofold
advantage: It enables efficient parallelization [138, 139, 145] and it allows us to exploit
optimized matrix multiplication methods [136, 137, 146]. As an example for the latter, the
complexity of a contraction of square matrices can be improved from O(d3) to O(d2.376)
when using optimized linear algebra methods [147]. However, an overhead for the required
permutations must be considered. A careful initial analysis of the arguments can often help to
avoid some of the permutations, or to replace a permutation on a large input or output tensor
at the expense of one or two additional permutations on smaller ones. Such optimization is
possible by exploiting the full freedom we have in rearranging the internal order in which links
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are fused into column- and row indices and also by utilizing implicitly transposed arguments
available with many matrix-multiplication implementations.

Special Cases of Contractions. Some operations which are very common to tensor net-
work architectures and algorithms can be regarded as special instances of tensor contractions.
We list the most relevant ones in this paragraph.

(i) Fusing k links of a tensor T can be achieved by contracting a sparse k+1 link tensor, the
fuse-node F ≡ Fi1...ik , j defined by

Fi1...ik , j =

¨
1 if j = fuse(i1, . . . , ik)
0 otherwise

(16)

over those links i1 . . . ik of T that shall be fused into j. Analogously, the split-operation
can be carried out by contracting a corresponding split-node S := F† over j, with
F†

j,(i1...ik)
= F(i1...ik), j in a matrix notation. In this formalism, it is clear that fusing and

splitting are mutually inverse operations, i.e. F†F ≡ δ j, j′ and FF† ≡∏r δir ,i′r , since F
is unitary by construction.
While possible, fusing or splitting by such a contraction is less efficient than the enumer-
ation procedure of Sec. 2.2.1. Nevertheless, fuse-nodes play an important role in the
context of symmetric tensors where fusing and splitting is carried out according to group
representation theory (see Sec. 3). We also employ them to encode the fusion graphically,
as in Fig. 6(b).

(ii) The Kronecker-product or matrix-direct product

Ca1...an−k bk+1...bm
=Aa1...an−k

Bbk+1...bm
(17)

corresponds to the case when no links are shared in the contraction of Eq. (14). This
operation can be achieved (up to a permutation) by attaching a shared dummy link on
both tensors and contracting over it, as visualized in Fig. 8(a) with a practical application
in Fig. 11(b).

(iii) In analogy to the multiplication with a diagonal matrix, we can contract a “diagonal”
two-link tensor Di j = δi, jλi over a single link into some other tensor T . This operation
can be carried out in time O(#T ) scaling linearly with the number of tensor elements.
We represent those (often real) diagonal matrices or weights λi over a link graphically by
a thin bar as depicted in Fig. 10, emphasizing their sparsity.

(iv) The (partial) trace is a variant of the contraction, involving a single tensor only. It is
depicted in Fig. 8(b). This operation sums up all tensor elements that share similar
indices on k specified link-pairs at the same tensor

tr[T ]i2k+1...in =
∑

s1...sk

T(s1...sk) (s1...sk) i2k+1...in , (18)

where we contracted the first k links at positions 1 . . . k with the following k links at
positions 2k+ 1 . . . 2k. If the tensor T has n links, the resulting tensor tr[T ] has n− 2k
links. If k = n/2, the tensor trace is equivalent to a matrix trace over the given bipartition
of links. The complexity of the operation equals the product of dimensions of all paired
links and all remaining links (if present), thus O(ds1

· · · dsk
di2k+1

· · · din).
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(v) A tensor norm, defined as a generalization of the Hilbert–Schmidt- or Frobenius-norm by

‖T ‖=
√√√∑

i1...in

Ti1...in
T ∗i1...in

(19)

can be computed in O(#T ). As shown in Fig. 8(c), this is equivalent to the contraction
of T with its element-wise complex conjugate T ∗ over all links.

(vi) In principle, we can also regard permutation as a contraction

T p
j1... jn

= Ti1...in ·σi1...in, j1... jn , (20)

where σi1...in, j1... jn = δi1 jσ(1) · . . . · δin jσ(n) (see Fig. 6(a)). However, this is not the most
efficient numerical approach.

As a general remark, we stress that finding the optimal strategy to contract multiple
tensors efficiently is usually a difficult problem [148]; nevertheless it is a fundamental issue,
as contractions are often the bottleneck of the computational costs. This question ultimately
encourages the usage of specific network geometries whose optimal contraction strategies are
known (see e.g. Ref. [149]). Such geometries will be further discussed in Sec. 5.

Tensor Decompositions. A tensor decomposition takes a single tensor as input, and replaces
it with two or more output tensors (see Fig. 6(e)). For every link of the input tensor, there will
be a similar link attached to one of the output tensors. Additional “internal” links may connect
the output tensors among each other.

For a tensor decomposition to be meaningful, we demand that the contraction of those
output tensors over their shared internal links restores the input tensor within a certain precision.
The simplest example for a tensor decomposition is the inversion of a contraction: we take
the contracted tensor as input and replace it by the tensors that we originally contracted. In
practice, however, we are more interested in special decompositions that equip the output
tensors with favorable properties, such as an advantageously small size or certain isometries
that come in handy when working with larger tensor networks (see Sec. 4).

The most notable decompositions are the QR- and the singular value decomposition (SVD),
both instances of so-called matrix factorizations [150]. As a recipe for such an (exact) tensor
decomposition, first choose a bipartition of the tensor links i1, . . . , ir and ir+1, . . . , in of an n-link
tensor and fuse them into single row and column indices a and b respectively. If a different
combination of fused links is required, we apply a permutation beforehand. We then decompose
the matrix

T(i1...ir ) (ir+1...in) = Tab (21)

into factor matrices Aak, Bkb, and possibly a diagonal matrix λk, such that the matrix multipli-
cation yields

dk∑
k=1

AakλkBkb = Tab. (22)

Finally, we split the links we initially fused to restore the outer network geometry. Thus we
obtained tensors that contract back to T .

QR Decomposition. Following the procedure of Eqs. (21) and (22), the QR decomposition
splits the tensor T into two tensors Q and R such that

T(i1...ir ) (ir+1...in)
fuse
= Tab

QR
=

dk∑
k=1

QakRkb
split
=

dk∑
k=1

Q(i1...ir )kRk(ir+1...in), (23)
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Figure 9: QR decomposition and isometry. (a) We split T at the dashed line into R
and an isometry Q via QR-decomposition. (b) The isometry is depicted by a gray-
white filling: the gray partition indicates the links over which we have unitarity. In
other words, the link index k at the opposite partition enumerates an orthonormal
set of dk vectors
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Figure 10: The singular value decomposition of a tensor produces an intermediate
link k and two semi-unitary tensors W and V (depicted by shade over the orthonormal
link bipartition, cf. Eq. (25)). The singular values appear on the intermediate link
as a non-negative diagonal matrix or weights λk, represented by a bar to highlight
the sparsity. Removing singular values from the link (thereby compressing it into a
smaller dimension dk) does not disturb the tensor isometries.

where Rkb is an upper-trapezoidal matrix and Qak is a (semi-)unitary matrix with respect to k
(or left isometry), meaning that it satisfies

∑
a QakQ∗ak′ = δk,k′ (as shown in Fig. 9). Finally, T

is equal to the contraction of Q and R over the intermediate link k, which has the minimal
dimension

dk =min {da, db}=min {d1 · . . . · dr , dr+1 · . . . · dn}. (24)

Singular Value Decomposition. The SVD is defined as

T(i1...ir )(ir+1...in)
fuse
= Tab

SVD
=

dk∑
k=1

VakλkWkb
split
=

dk∑
k=1

V(i1...ir )kλkWk(ir+1...in) , (25)

see also Fig. 10. It yields a set of non-negative, real valued singular values {λk} and (contrary
to the QR) two semi-unitary (or isometric) matrices V and W . Semi-unitarity means that the
tensors fulfill V†V = 1 and WW† = 1, while this does not necessarily hold for VV† and W†W .
The singular values can be organized in a diagonal matrix (as we saw in Sec. 2.2.2) and are
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(a)

exp A B = exp A⊗B = exp M = expM expA⊗B=

(b)

exp A B ≈ 1 1 + A B + · · ·+ 1
n!× An Bn = A′ B′

A′ k Ak−1:= 1p
k−1!
× B′kBk−1 × 1p

k−1!
=:Subtensors:

Figure 11: Two strategies for exponentiating a Kronecker product of two tensors A⊗B
(i.e. hosting the matrix elements of two local operations on a lattice). Both demonstrate
the power of combining several basic tensor operations with a unified graphical
notation. (a) The exact exponential exp {A⊗B} is formed from first expanding the
Kronecker product to a full four-link tensor (by contracting over an inserted dummy
link, cf. Fig. 8 (a)). Fused into a square matrix M, this tensor can be exponentiated
with matrix numerical routines. Finally, we split the fused links into the original
configuration. (b) The Taylor-series expansion up to (small) order n can be rewritten
as a contraction of smaller tensors A′ and B′ over a third, shared link k of dimension
dk = n+ 1. To this end, scaled powers of A, B are inscribed as subtensors into A′, B′
at the respective index values of k, as depicted. Note that in practice, conditions on
numerical stability apply.

basically pure weight factors on the intermediate link. Conventional algorithms on QR- and
singular value decomposition display an algorithm complexity of O

�
dmaxd2

k

�
[151], with

dmax =max {d1 · . . . · dr , dr+1 · . . . · dn} (26)

being the maximum dimension of the fused links.
Even though the SVD carries a computational cost overhead with respect to the QR decom-

position (a direct comparison is shown in Fig. 48), it is often useful to have both available,
since the SVD has several advantages:

(i) In common tensor network algorithms, the singular values reveal entanglement properties.
This is true, in particular, for loop-free TNs (see Sec. 4).

(ii) Singular values equal to numerical zeros can be removed from the intermediate link.
The dimension dk of the latter is then reduced to the actual matrix rank of Tab, and the
factors Vak, Wkb become full rank matrices which can be extracted via subtensor readout
(c.f. Eq. (11)) from the retained intermediate link indices.

(iii) Small singular values can be approximated with zeros, effectively further reducing the
link dimension dk. This truncation, basically equivalent to a link compression as we
discussed in Sec. 2.2.1, usually generates an error on the “compressed” state, but in most
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tensor network geometries the discarded values can be used to estimate an upper error
bound (see e.g. Ref. [39]).

(iv) Both output tensors are semi-unitary (isometries) with respect to k, regardless of the
amount of singular values kept. This may prove advantageous in establishing specific
tensor network gauges, as we will see in Sec. 4.

By discarding negligible singular values (compressing the tensor network) we relax Eq. (25) to
an approximated equality, but it can be motivated physically and has a significant impact on
performance of TN algorithms (see Sec. 5). If the number of singular values hereby removed
from the intermediate link becomes large compared to dk, one can in addition take advantage of
efficient approximate algorithms for matrix-factorizations [152–156], some of which offer good
control over the errors arising both from the stochastic method itself and from the discarded
singular values.

Other Operations. Other relevant linear algebra operations are those restricted to square
matrices, such as diagonalization, which is typically carried out either exactly [136] or via
approximate methods such as Lanczos [157], Jacobi–Davidson [158], or Arnoldi [159], as well
as exponentiation, usually performed via Taylor or Padé expansion [160] or using the EXPOKIT
package [161]. Note that tensor operations, especially when implemented with unified and
compatible interfaces, are a powerful and flexible numerical toolbox. For example, in Fig. 11
we combine several basic operations to exponentiate local interaction operators, a central task
in time-evolution algorithms like TEBD [48].

3 Abelian Symmetric Tensors and Operations

Symmetries are ubiquitous in nature, and both in classical and quantum mechanics they
provide an essential advantage by reducing the full problem into a set of decoupled, simpler
sub-problems: Symmetries are generally expressed in terms of conserved quantities (Noether’s
theorem); in quantum systems, such conserved quantities are identified by operators commuting
with the Hamiltonian. In forming a multiplicative group, all these operators can then be block-
diagonalized simultaneously, along with the Hamiltonian.

In numerical contexts, the role of symmetries is twofold: they provide a substantial compu-
tational speed-up, and they allow for precise targeting of symmetry sectors. More precisely,
one can study any variational problem by restricting only to those states having a well-defined
quantum number. This is a valid, robust, more direct approach than using a “grand canonical”
framework (e.g. selecting the average number of particles by tuning the chemical potential),
which is computationally more expensive as it requires to consider multiple symmetry sectors
at once.

Here, we first review the quantum framework for Abelian symmetries and provide examples
of the Abelian groups appearing in typical problems (Sec. 3.1). We then discuss symmetries
that can be encoded in tensor networks (Sec. 3.2). In the rest of this section, we upgrade the
tensor data structures and operations introduced in the previous section to include Abelian
symmetry content. We discuss, in particular, how to organize the symmetry information in
the tensors (Sec. 3.3) and how networks built from such tensors display the same symmetry
properties (Sec. 3.4). Finally, we review how tensor operations benefit from the inclusion of
symmetry information (Sec. 3.5).
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3.1 Quantum Symmetries in a Nutshell: Abelian Groups

In quantum mechanics, a symmetry is a typically unitary representation U(g) of a group
G of transformations protected by the dynamics, i.e. commuting with the Hamiltonian H:
[U(g),H] = 0 ∀ g ∈G (we briefly discuss anti-unitary representations in Appendix A). As a
consequence, there exists an eigenbasis of the Hamiltonian such that each energy eigenstate
belongs to a single irreducible representation (irrep) subspace.

Specifically, symmetric eigenstates will be of the form |Ψ`,m,∂ 〉 and satisfy the relation
H|Ψ`,m,∂ 〉 = E`,∂ |Ψ`,m,∂ 〉 where ` labels the irrep subspace, and is often referred to as sector, or
charge, or (primary) quantum number. The index m distinguishes states within the same irrep
subspace (secondary quantum number), and the energy level E`,∂ is independent of m as a
consequence of Schur’s lemma. Finally, ∂ contains all the residual information not classified
by the symmetry (symmetry degeneracy label). In this sense, the symmetry group acts as
U(g)|Ψ`,m,∂ 〉 =

∑
m′ |Ψ`,m′,∂ 〉W [`]

m,m′(g) where W [`](g) is the `-sector irrep matrix associated
to the group element g. Symmetries in quantum mechanics can be either Abelian (when
[U(g), U

�
g ′
�
] = 0 ∀ g, g ′) or non-Abelian (otherwise). From a computational perspective, the

former are typically easier to handle as the related Clebsch–Gordan coefficients (fusion rules of
the group representation theory) become simple Kronecker deltas [162]. In tensor network
contexts, handling fusion rules is fundamental (see Sec. 3.5), thus addressing non-Abelian
symmetries is somehow cumbersome (although definitely possible [163–166]), requiring the
user to keep track of Clebsch–Gordan coefficients for arbitrary groups. For this reason, in this
anthology we focus on addressing Abelian symmetry groups: Even when simulating a non-
Abelian symmetric model one can always choose to address an Abelian subgroup [167], gaining
partial speed-up (in this case, unpredicted degeneracies in the energy levels are expected to
occur). Some examples of Abelian reduction strategies are mentioned later in this section.

Abelian symmetries have one-dimensional unitary (complex) irreps. Such irreps take the
form of phase factors W [`](g) = eiϕ`(g), where the phase ϕ depends on the quantum number
` and group element g, while no secondary quantum numbers m arise. Then, the symmetric
Hamiltonian is simply block-diagonal in the sectors ` and has no additional constraints.

In the following we present the Abelian symmetry groups commonly encountered in quan-
tum mechanical problems, and we list irreps, group operations and fusion rules (see Eq. (32))
for each of them. Additionally, for later use, we introduce the irrep inversion `→ `† as the
mapping to the inverse (or adjoint) irrep, defined by ϕ`†(g) = −ϕ`(g) ∀g∈G. It will prove
useful that inversion is distributive under fusion,

�
`⊕ `′�† = `†⊕`′†. We will also generally write

for the identical irrep `ident = 0. This irrep exists for every group, it fulfills ϕ0(g) = 0 ∀g∈G
and is self-adjoint.

(i) Zn discrete planar rotation group, also known as group of the oriented regular polygon
with n edges. This is the cyclic Abelian group with n elements, and satisfies gn = 0 (the
identity group element) for any element g ∈ Zn. The parity group Z2 is a particularly
relevant case.
Group elements: g ∈ {0 . . . n− 1}
Group operation: g ◦ g ′ =

�
g + g ′

�
mod n

Irrep labels: ` ∈ {0 . . . n− 1}
Irrep phases: ϕ`(g) = 2πg`/n
Inverse irrep: `† = (−`) mod n := (n− `) mod n
Fusion rule: `⊕ `′ = (`+ `′) mod n
Examples: Ising model (Z2); q-states chiral Potts model (Zq) [168].

(ii) U(1) continuous planar rotation group, or group of the oriented circle. This is the
symmetry group related to the conservation laws of integer quantities, such as total
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particle number (` is this number), an extremely common scenario in many-body physics.
Group element parameter: g ∈ [0, 2π)
Group operation: g ◦ g ′ = (g + g ′) mod 2π
Irrep labels: ` ∈ Z
Irrep phases: ϕ`(g) = g`
Inverse irrep: `† = −`
Fusion rule: `⊕ `′ = `+ `′
Examples: XXZ model with field along z-axis (symmetry under any z-axis rotation, applied
to every site); spinless Bose–Hubbard model (total boson number conservation).

(iii) Z infinite cyclic group, or the group of integers under addition. This group is connected
to the conservation law of a quantity within a real interval, usually [0,2π) (such as
the Bloch wave-vector conservation under translation of a lattice constant in a periodic
potential problem).
Group element parameter: g ∈ Z
Group operation: g ◦ g ′ = g + g ′

Irrep labels: ` ∈ [0,2π)
Irrep phases: ϕ`(g) = g`
Inverse irrep: `† = (2π− `) mod 2π
Fusion rule: `⊕ `′ = (`+ `′) mod 2π
Examples: Discrete translations on an infinite 1D lattice.

(iv) Multiple independent symmetry groups. For a model exhibiting multiple individual
Abelian symmetries, which are independent (i.e. mutually commuting and having only the
identity element of the composite symmetry in common), the composite symmetry group
is given by the direct product of the individual symmetry groups, and is Abelian. Typical
composite groups are combinations of the aforementioned basic groups (Zn, U(1),Z).
Here we provide a symmetry combination example built from two individual symmetries,
generalization to more symmetries being straightforward. In this scenario, one can
select the irrep label `k for each elementary subgroup k (or subsymmetry), making the
composite irrep label actually an ordered tuple of scalar labels, which fuse independently.
Group elements parameter: g1 g2 = g2 g1, with g1 ∈ G1 and g2 ∈ G2.
Irrep labels: ` =

�
`[1],`[2]

�
, every element in this ordered tuple is an allowed scalar irrep

label of the corresponding elementary symmetry group, with `ident = (0, 0).
Irrep phases: ϕ`(g) = ϕ`[1](g) +ϕ`[2](g)
Inverse irrep: `† =

�
`[1]†,`[2]†

�
Fusion rule: `⊕`′ = �`[1] ⊕1 `

[1]′,`[2] ⊕2 `
[2]′�, where ⊕k is the fusion rule of subgroup k.

Examples: XYZ model for an even number of sites: Z2 ×Z2 = D2 (π-rotation along any
of the three Cartesian axes, applied at every site). D2 is the simplest noncyclic Abelian
group, also known as the group of the rectangle, or Klein four-group.

Regarding the reduction of non-Abelian symmetry groups into their largest Abelian compo-
nent, typical examples follow. The full regular polygon group Dn (present in the standard Potts
model) is often reduced to Zn: the rotations are kept, the reflections are discarded. The unitary
group of degree N , U(N), is often reduced to U(1)×N by considering only the diagonal unitary
matrices, which are defined by N independent angles. Similarly, SU(N) is usually reduced to
U(1)×(N−1) (N angles with 1 constraint). Abelian reduction can be often performed naively,
even for more complex symmetry groups: For instance, the symmetry group of the spin-1/2
Fermi–Hubbard model, which is SO(4) (∼= SU(2)× SU(2)/Z2) [169], is often treated just as a
U(1)×U(1) symmetry (particle conservation for each spin species).
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3.2 Encodable Symmetries in Tensor Networks

Not every symmetry (regardless of its group) can be efficiently encoded in the tensor network
formalism: Depending on how a symmetry transformation acts on the QMB system it may
be suitable or not for TN embedding. Symmetries that are known to be particularly apt for
implementation in tensor networks [135,165,170,171] are those which transform independently
each degree of freedom without making them interact, namely those satisfying U(g) =

⊗
j Vj(g),

where Vj(g) is the local representation of group element g at site j. Vj(g) acts only on the
degrees of freedom at site j, and it may depend explicitly on j. We refer to this symmetry class
as “pointwise” symmetries, because they act separately on every point (site) of the real space.
There are two main sub-types of this symmetry class which have a major impact on physical
modeling:

(i) Global pointwise symmetries: These symmetries have support on the full system, i.e.
the Vj(g) are non-trivial (different from the identity) for every site j. Usually these
symmetries also have a homogeneous pointwise representation, that is, Vj(g) does not
explicitly depend on j. Typical examples are conservation of the total particle number or
total spin magnetization.

(ii) Lattice gauge symmetries [104,172–174]: These pointwise symmetries have restricted
supports, which usually extend just to a pair or plaquette of neighboring sites (Vj(g) is
the identity elsewhere). In turn, lattice gauge models often exhibit an extensive number
of such symmetries (e.g. one for every pair of adjacent sites), which makes them again a
powerful computational tool.

Most condensed matter systems also include symmetric content which is not of the pointwise
form. For instance, this is the case for lattice geometry symmetries, such as translational
invariance, lattice rotation/reflection and chiral symmetry. These symmetries play often an
important role, and characterize some non-local order properties of various lattice systems
(e.g. topological order) [175,176]. Although there are indeed proposals on how to address
explicitly these other symmetry classes in specific tensor network architectures [93,177,178],
they cannot be properly treated on a general ground, and will not be discussed here. Symmetric
tensor network structures have also been proposed as analytical tools in the characterization of
topological phases of matter; we refer the reader to [179] and references therein.

Having reviewed which classes of Hamiltonian symmetries we can efficiently use, we
now provide in-detail documentation on how to exploit pointwise symmetries to achieve a
computational advantage on TNs. Our presentation primarily draws upon Ref. [135], which
specializes the underlying construction introduced in Ref. [170] to the case of an Abelian group.
The construction relies on precise targeting of quantum many-body states having a well-defined
quantum number: In this sense we will talk about invariant and covariant TN states, as we
will see soon in Sec. 3.4. Since these TNs are built of symmetry-invariant tensor objects and
symmetric link objects, we first introduce those in the next section.

3.3 Constructing Symmetric Tensors

In the construction of symmetric tensors, links (both physical and auxiliary) become associated
with group representations and tensors become invariant objects with respect to the linked
representations. This allows us to upgrade the data structures of links and tensors and their
manipulation procedures to accommodate the symmetry content. Ultimately, symmetric links
and tensors are the building blocks to construct symmetry-invariant and symmetry-covariant
many-body TN states, as we will see in Sec. 3.4.
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. . .

T

. . .

W †
n (g)

W †
1 (g)

W †
2 (g) W3(g)

W4(g)T=

Figure 12: Graphical representation of an Abelian symmetric tensor (left) with n
directed links. Incoming links are drawn as arrows directed towards the tensor. By
definition, the tensor is invariant under application of the representations Wrout

(g) of
G associated with all outgoing links rout (e.g. 3 and 4) and inverse representations
W †

rin
(g) associated with the incoming links rin (e.g. 1 and 2).

3.3.1 Abelian Symmetric Links

A tensor link is upgraded to be symmetric by associating a quantum number ` to each link index
i ∈ I. The number of different quantum numbers ¯̀ can be smaller than the link dimension
d. If we then distinguish indices having the same quantum number by a degeneracy count
∂ ∈ {1, . . . , ∂̄`}, we identify

i ≡ (`,∂ ) , (27)

and call the tuple (`,∂ ) the (Abelian) symmetric link index. It is useful to organize the symmetric
link indices with the same quantum number ` in a ∂̄`-dimensional degeneracy space or sector
D` such that the link index set I decomposes into their disjoint union

I'
⊎
`

D`. (28)

From a physical perspective, we associate a specific unitary representation of the group G
with the link. Namely, each tensor-link index i identifies a specific irrep of group G, labeled by
the quantum number (or charge) ` and acting as a phase multiplication eiϕ`(g). In this sense,
one can also interpret a symmetric link as a link equipped with a diagonal, unitary matrices
group W (g) ∈ Cd×d (or representation of G) in which the diagonal elements are irreps eiϕ`(g)

of G, each appearing ∂̄` times in accordance with the index decomposition of Eq. (28):

[W (g)] j, j′ ≡ [W (g)](`,∂ ),(`′,∂ ′) = eiϕ`(g)δ`,`′δ∂ ,∂ ′ ∀g ∈ G, j, j′ ∈ I. (29)

Thanks to the group representation structure embedded in the links, tensors can share informa-
tion related to the symmetry.

3.3.2 Abelian Symmetric Tensors

A tensor with all n links symmetric is called symmetric (invariant) tensor if the tensor is left
unchanged by the simultaneous application of the n representations Wr(g) of G associated
with each tensor link r:

Ti1...in
!
=

n∏
r=1

∑
jr

�
W †r

r (g)
�

ir jr
T j1... jn ∀g ∈ G, ir , jr ∈ Ir . (30)
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With the superscripts †r ∈ {1, †} we specify on which links the acting representations are meant
to be inverted. That is, we distinguish between incoming links, where the representations
are inverted, and outgoing links, where they are not inverted. This formalism allows for a
convenient graphical representation of links as arrows directed away from the tensor or into the
tensor (see Fig. 12). In a network of symmetric tensors, every internal link must be going out of
one tensor and into another: it is then guaranteed that the group acts as a gauge transformation
on internal links of a tensor network, W (g)W †(g) = 1.

The product
⊗n

r=1 W †r
r (g) in Eq. (30) represents a symmetry of the tensor and is a proto-

typical global pointwise symmetry, because it acts on all the links of the tensor (global), but as
a tensor product of local operations (pointwise).

3.3.3 Inner Structure of Abelian Symmetric Tensors

With the link indices ir replaced by the associated quantum numbers `r and degeneracy indices
∂r , the invariance Eq. (30) reads

T `1...`n
∂1...∂n

!
= T `1...`n

∂1...∂n

n∏
r=1

�
eiϕ`r (g)

�†r ∀g ∈ G, (31)

and we conclude that a tensor T is symmetric if it has nonzero elements T ∂1...∂n
`1...`n

only where
∏n

r=1

�
eiϕ`r (g)

�†r = 1. For our convenience, we introduce the Abelian irrep- or quantum number
fusion rule

`1 ⊕ `2 = `
′ :⇔ ϕ`1

(g) +ϕ`2
(g) = ϕ`′(g) (mod 2π) ∀g ∈ G, (32)

and require that the quantum numbers from all the links fuse to the identical irrep `ident = 0:

`
†1
1 ⊕ `†2

2 ⊕ · · · ⊕ `†n
n

!
= `ident (33a)

⇔ ±ϕ`1
(g)±ϕ`2

(g)± · · · ±ϕ`n
(g) = 0 (mod2π) ∀g ∈ G, (33b)

where the sign of the individual phases is to be taken opposite for incoming and outgoing links
(due to the inversion ϕ`† = −ϕ`).

On this basis we define the structural tensor

δ̃`1...`n
=

¨
1 if `†1

1 ⊕ `†2
2 ⊕ · · · ⊕ `†n

n = `ident

0 otherwise.
(34)

We refer to any set of quantum numbers `1, . . . ,`n that fuse to the identical one as a matching
set of quantum numbers, or match for short. In addition to the structural tensor, according
to Eq. (31), a symmetric tensor is identified by degeneracy (sub-)tensors

�
R`1...`n

�
∂1...∂n

. The
latter are defined over the degeneracy subspaces D`1

⊗D`2
⊗ · · · ⊗D`n

of all possible matches
`1, . . . ,`n:

T `1...`n
∂1...∂n

=
�
R`1...`n

�
∂1...∂n

× δ̃`1...`n
. (35)

The maximal number of (nonzero) elements of a symmetric tensor T hence reduces to the
number of elements inside the degeneracy tensors

#T =
∑
`1...`n

#{R`1...`n} × δ̃`1...`n
=
∑
`1...`n

δ̃`1...`n

∏
r

∂̄`r
(36)

which is often much smaller than the number of elements of its non-symmetric counterpart
(see later in this section for a more detailed discussion).

In Fig. 13 we give a graphical representation of a symmetry-invariant tensor. Attaching a
dummy selector link (holding a single, non-degenerate irrep `select) to a symmetry-invariant
tensor is a practical and yet rigorous way to build a covariant tensor (Fig. 14).
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R`1...`n

δ̃`1...`n

∂3

`2

`1

∂1

`3

∂2

. . .`n

∂n

=T

(`1,∂1)

(`n,∂n)
(`3,∂3)

(`2,∂2)

. . .

Figure 13: Inner structure of an Abelian symmetric tensor: The underly-
ing cyan shape on the right represents the structural tensor δ̃. Here it reads
δ̃`1...`n

= δ`†
1⊕`2⊕`†

3⊕···⊕`n,`ident
with inversion (†) of the quantum numbers on incoming

links (such as links 1 and 3). Only sets `1 . . .`n which are matches contribute a
degeneracy tensor R`1...`n

, depicted as non-symmetric tensor (gray shape) defined
over degeneracy indices ∂1 . . .∂n (black lines).

R`1...`3,`select

`3

`1
∂1

`select

∂3

=T

(`1,∂1)
(`3,∂3)

`2∂2

(`2,∂2)

`select

δ̃`1...`n

Figure 14: A covariant symmetric tensor is a symmetric (invariant) tensor with one
link being a quantum-number selector link. This special link holds only a single,
non-degenerate quantum number `select. With this artifice, the structural tensor takes
the usual form δ̃`1`2`3`select

= δ`1⊕`2⊕`3⊕`†
select,`ident

.

3.3.4 Symmetric Links and Tensor Data Handling

We have shown in Eq. (35) that symmetric tensors are characterized by an inner block structure.
This block structure emerged from the links being organized in quantum numbers and corre-
sponding degeneracy spaces of Eq. (28), together with an assumed tensor invariance under
symmetry transformations associated with the quantum numbers (Eq. (30)). In this section, we
define all the necessary symmetric tensor operations to run symmetric TN algorithms on a com-
puter. But first of all, we define the following three numerical objects, suited for object-oriented
programming.

Abelian Symmetry Group Object. This object is a composition of a set of allowed quantum
numbers

�
` : eiϕ`(g) is irrep of G

	
, the quantum numbers fusion rule ⊕ and the quantum

number inversion operation ` 7→ `†.
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i1 `1 ∂̄`1 ∂1

1
0 2

1
2 2
3 1 1 1

i2 `2 ∂̄`2 ∂2

1 0 1 1
2 1 1 1

i3 `3 ∂̄`3 ∂3

1 0 1 1
2 1 1 1

(a)

L R`1`2`3�
`†

1,`2,`3
�

∂̄`1 × ∂̄`2 × ∂̄`3 ∂1 ∂2 ∂3
�
R`1`2`3

�
∂1∂2∂3�

0†, 0, 0
�

2× 1× 1 1 1 1 1/
p

2
2 1 1 0

�
1†, 1, 0

�
1× 1× 1 1 1 1

p
2/
p

3
�
1†, 0, 1

�
1× 1× 1 1 1 1 1/

p
3

�
0†, 1, 1

�
2× 1× 1 1 1 1 −1/

p
2

2 1 1 1

(b)

i1 ≡ (`1,∂1)

i2 ≡ (`2,∂2)

i3 ≡ (`3,∂3)

T

(c)

Figure 15: Symmetric tensor version of the same tensor Ti1 i2 i3 as introduced in
Fig. 5. To better see the symmetry of this tensor, imagine that the three-link tensor
with link dimensions d1 = 3 and d2 = d3 = 2 encodes two-qubit superpositions
Ψi1 =

∑
i2,i3

Ti1 i2 i3 |i2i3〉 of well-defined parity i2 + i3 (mod)2. It is therefore invariant
under a G = Z2 group of parity symmetry operations: Take Wr (g=0) = 1 and
Wr (g=1) = σz , e.g. [Wr (g=1)] j, j = ei( j−1)π, on the single-qubit links r = 2, 3. Then
the tensor transforms as

∑
j2, j3
[W2 (g)]i2 j2 [W3 (g)]i3 j3 Ti1 j2 j3 =

∑
j1
[W1 (g)]i1 j1 T j1 i2 i3 ,

hence it is invariant under the global pointwise representation W †
1 ⊗W2 ⊗W3 with

[W1 (g)] j, j = eiϕ`1 (g). Since the tensor is symmetry invariant, we can recast it as
a symmetric tensor using the following data structures: (a) The three symmetric
tensor links r = 1,2,3 as ir = (`r ,∂r). (b) The symmetric tensor itself, defined by
its set of matches L (in this example all four possible matches are present), plus a
degeneracy subtensor

�
R`1`2`3

�
∂1∂2∂3

× δ̃`1`2`3
for each match in L. (c) The graphical

representation, where we consider the two qubit links outgoing and the first link
incoming in accordance with the inversion on W †

1 in the defining invariance. Although
the Z2 symmetry is self-adjoint and link directions could be neglected in this example,
this is not true in general.
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For practical purposes, it is often sufficient to represent (a subset of) the group’s quantum
numbers as integers. In the presence of multiple symmetries, acting as a direct-product
group G = G1×· · ·×GK of K independent symmetry groups Gk, k = 1 . . . K , it is convenient
to operate with ordered tuples of individual quantum numbers instead: ` =

�
`[1], . . . ,`[K]

�
.

These tuples obey element-wise fusion rules, as described in item (iv) of Sec. 3.1.

Symmetric Link Object. The symmetric link object encompasses a subset of ¯̀ different quan-
tum numbers ` of the group G, and their corresponding degeneracies ∂̄` ≥ 1.

Symmetric Tensor Object. A symmetric tensor object T consists of:

(i) n symmetric link objects.

(ii) n directions †r ∈ {1, †} (boolean variables), specifying for each link whether it is
incoming (inverted representation) or outgoing (non-inverted representation).

(iii) A set of matching quantum numbers

L=
¦
(`1, . . . ,`n) : `†1

1 ⊕ `†2
2 ⊕ · · · ⊕ `†n

n = 0
©

, (37)

also simply called matches, where each quantum number `r is taken from its respec-
tive link object.

(iv) For each match (`1, . . . ,`n) within L, a degeneracy tensor R`1...`n . This is defined
as an ordinary, non-symmetric tensor (defined in Sec. 2.1) over the corresponding
degeneracy spaces with index dimensions ∂̄`1

, . . . , ∂̄`n
, which can be queried from

the links.

Fig. 15 shows a practical example of this data structure. An important optimization is
that only matches that come with a non-vanishing degeneracy tensor R`1...`n 6= 0 have to
be listed in L. We say that these matches are “present” in T .
In order to unify the handling of multiple symmetries in direct product groups with tuples
` =

�
`[1], . . . ,`[K]

�
of K individual quantum numbers, one can define simple integer

sectors s and use them to index quantum numbers `≡ ` (s) within a given link. In this
way, the elements of L can be replaced by matching sectors (s1, . . . , sn).

3.4 Symmetric Tensor Networks

For a symmetric Hamiltonian H, different symmetry sectors ` 6= `′ are dynamically decoupled.
Therefore, we can always restrict each TN simulation to span a single sector `select of the
symmetry, without loss of generality. In particular, we will construct, via a symmetric tensor
network ansatz, quantum many-body states which are either invariant or covariant under the
action of the (pointwise) symmetry. This construction will rely, of course, on symmetric tensor
objects.

(i) Invariant states are those which satisfy U(g)|Ψ〉= |Ψ〉, i.e. they belong by definition to
the sector ` = 0, the identical irrep. Let now the QMB state |Ψ〉 be a tensor network state,
given by Eqs. (1) and (2). Let us also associate a representation Wη(g) of the symmetry
group G to every auxiliary space (or nonphysical link) η. Then it is easy to see that if
every tensor is invariant under the action of the group, i.e. it fulfills Eq. (30), the state |Ψ〉
is symmetry invariant (see Fig. 16) [170]: We name this construct a symmetric (invariant)
tensor network. The reverse is also true: it is possible to decompose an arbitrary invariant
state into the symmetric tensor network formulation, but link dimensions might grow if
the TN is not loop-free [180]. We will investigate this construction in detail in Sec. 4.2.4.
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= = =
(a) (b)Wη(g)

W †
η(g)

Vj(g)

Rη̄(g)

Figure 16: Symmetric tensor network, composed of symmetric tensors. A global
pointwise operation on the physical links (left) is absorbed by the network as follows:
(a) We apply a gauge transformation with the representations on the virtual links. (b)
Now we use the invariance property of each tensor to absorb all surrounding transfor-
mations at each tensor. We see that the application of the global pointwise symmetry⊗

j Vj(g) is equivalent to the application of the phase shift Rη̄(g) = eiϕ`select
(g). The

representation at the selector link thus determines the sector `select of the physical
state.

(ii) Covariant states are states |Ψ`〉 that belong to a single, selected irrep `select of the
symmetry (thus actually extending the concept of invariance to other irreps than the
identical one, `ident = 0). For Abelian symmetries they are the eigenstates of the whole
symmetry group U(G), and transform as U(g)|Ψ`〉= eiϕ`(g)|Ψ`〉. They are necessary to
address a variational problem for a given (conserved) number of particles `.
Encoding covariant states in TN language is a simple extension of the invariant case [170]:
Specifically, one can set every tensor to be invariant, as in Eq. (31), but then introduce
an additional, special virtual link η̄. This selector link is attached to a single tensor (any
tensor fits, see e.g. Fig. 16), has dimension Dη̄ = 1 and its symmetry representation
Rη̄(g) is fixed to the `select irrep Rη̄(g) = W [`select](g). Equivalently, one can think of a
covariant symmetric tensor network as a TN made of a single covariant tensor (i.e. an
invariant tensor equipped with a selector link), as in Fig. 14, while all the other tensors
are invariant, as in Fig. 13. This is an effective way to target the ` covariant subspaces
while using the same data structure as used for invariant states: the symmetric tensor.

3.5 Symmetric Tensor Operations

So far, we focused on the upgraded data structures and fundamental group operations. Now,
we will equip symmetric tensors with the same basic functionality that we provided for ordinary
tensors in Sec. 2.2. Again, element-wise operations (such as scalar multiplication, complex
conjugation or addition and subtraction) are not covered in detail. It is easy to cast them into a
symmetric form by carrying out the respective ordinary operation on all degeneracy tensors
independently. This strategy extends naturally to the linear algebra operations, discussed in
Sec. 3.5.2.

In the modular programming of tensor network algorithms, these symmetric operations
constitute an outer layer with respect to the basic tensor operations, as we sketched in Fig. 1.

3.5.1 Link and Tensor Manipulations

As for the non-symmetric tensors, we again first discuss operations that involve a single
symmetric link or tensor.
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(A) Input: Links (`1,∂1), (`2,∂2), (`3,∂3) with directions (†,1, 1) and a set of ele-
ments T `1`2`3

∂1∂2∂3
:
¦
T 0,0,0

2,1,1 = π,T 1,0,1
1,1,1 = iπ

©
.

Output:

L R`1`2`3�
`†

1,`2,`3
�

∂̄`1 × ∂̄`2 × ∂̄`3 ∂1 ∂2 ∂3
�
R`1`2`3

�
∂1∂2∂3�

0†, 0, 0
�

2× 1× 1 1 1 1 0
2 1 1 π

�
1†, 0, 1

�
1× 1× 1 1 1 1 iπ

Matches L= {(0, 0,0), (1,0, 1)} from provided nonzero elements.

(`1,∂1)

(`2,∂2) (`3,∂3)

T

(B) Input: Links (`1,∂1), (`2,∂2), (`3,∂3) with directions (†, 1,1).

Output:

L R`1`2`3�
`†

1,`2,`3
�

∂̄`1 × ∂̄`2 × ∂̄`3 ∂1 ∂2 ∂3
�
R`1`2`3

�
∂1∂2∂3

empty

Matches L= {} all non-present.

(`1,∂1)

(`2,∂2) (`3,∂3)

0

(C) Input: Links (`1,∂1), (`2,∂2), (`3,∂3) with directions (†, 1,1) and a random
number generator.

Output:

L R`1`2`3�
`†

1,`2,`3
�

∂̄`1 × ∂̄`2 × ∂̄`3 ∂1 ∂2 ∂3
�
R`1`2`3

�
∂1∂2∂3�

0†, 0, 0
�

2× 1× 1 1 1 1 1.217− 0.419i
2 1 1 −0.311+ 1.520i

�
1†, 1, 0

�
1× 1× 1 1 1 1 1.731+ 0.048i

�
1†, 0, 1

�
1× 1× 1 1 1 1 1.096+ 0.654i

�
0†, 1, 1

�
2× 1× 1 1 1 1 0.512− 0.291i

2 1 1 −0.442− 0.673i

Matches L= {(0, 0,0), (1,1, 0), (1,0, 1), (0, 1,1)} all identified and present.

(`1,∂1)

(`2,∂2) (`3,∂3)

Ω

(D) Input: Link (`a ,∂a), will be mirrored to (`b ,∂b)≡ (`a ,∂a).

Output:

L R`a`b�
`†

a ,`b
�

∂̄`a
× ∂̄`b

∂1 ∂2
�
R`a`b

�
∂a∂b�

0†, 0
�

2× 2 1 1 1.0
2 1 0.0
1 2 0.0
2 2 1.0

�
1†, 1

�
1× 1 1 1 1.0

Matches L= {(0, 0), (1, 1)}, one pair of each quantum number.

1

(`a ,∂a)

(`b ,∂b)≡ (`a ,∂a)

Figure 17: Symmetric tensor initialization examples for tensors with the same G = Z2
symmetry and links (`1,∂1), (`2,∂2), (`3,∂3) as in Fig. 15. (A) from user provided
elements, (B) filled with zeros, (C) from random elements, e.g. a Gaussian distribution,
(D) an “identity matrix” on a given link (`a,∂a) := (`1,∂1).
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Symmetric Tensor Initialization. Four notable ways to create a symmetric tensor object are
(see Fig. 17):

(A) Initialize from user-provided elements. Create the respective degeneracy tensors containing
the provided elements and check the fusion rule of the corresponding matches.

(B) Initialize with zeros. No match will be present, hence no memory allocated for degeneracy
tensors.

(C) Fill all degeneracy tensors with random elements. First, we search for all possible matches
given the directed links. We make all of them present, and we initialize the respective
degeneracy tensors with elements provided from a random number generator.

(D) Set up an “identity matrix”. this requires a duplicate symmetric link. We then define
a two-link tensor connected to the two links, with opposite directions. Then from all
quantum numbers in the links we form matches (`,`), and create the corresponding
degeneracy tensors, each equal to the identity:

�
R`,`

�
∂1∂2
= δ∂1,∂2

. Note that it might be
advantageous to use sparse diagonal matrices for degeneracy tensors (see Sec. 2.2.2).

Symmetric Link Inversion. This operation inverts a symmetric link: it maps all quantum num-
bers ` from the link into their inverses `→ `†. Degeneracies remain unchanged, ∂̄ (new)

`† = ∂̄ (old)
`

.

Inversion of a Link in a Symmetric Tensor. This operation inverts a link r connected to a
tensor while preserving the invariance of the tensor. It acts as follows: (i) The corresponding
symmetric link r is inverted (see above). (ii) The direction of link r is flipped. (iii) The set of
matches is preserved, however every match is manipulated so that `r → `†

r at link r. Notice
that this preserves the fusion rule. (iv) The degeneracy tensors are unaltered. Multiple links
connected to a tensor can be inverted simultaneously or sequentially.

Hermitian Conjugate of a Symmetric Tensor. The Hermitian conjugation is an operation
well distinct from link inversions, because it flips link directions without inverting the link
representations. This operation becomes fundamental in e.g. calculating expectation values
from symmetric tensor networks. It acts as follows: (i) The links are left unchanged. (ii) All the
link directions are flipped. (iii) The set of matches is unchanged (thanks to `= `† for `= 0).
(iv) The degeneracy tensors are complex conjugated.

Symmetric Link Index Manipulations. Reducing, enlarging, and rearranging the set of
indices of a symmetric link all belong to this class of transformations. For every irrep ` present
in link r, its degeneracy indices ∂` ∈ {1, . . . , ∂̄`} can be compressed, inflated, or rearranged as
in Sec. 2.2.1. Additionally, quantum numbers can be entirely removed from a link, such as
when ∂̄` is compressed to zero (in which case ` should be explicitly removed from the internal
set), or added anew to the link, in which case a nonzero degeneracy ∂̄`new

should be assigned
to it.

Two special cases of symmetric link index manipulations should be mentioned here, because
they play an important role in algorithms:

(i) The intersection (`,∂ )∩ �`′,∂ ′� is the symmetric link obtained from the set intersection
of the quantum numbers carried in the links ` and `′ with the minimal degeneracy
dimensions min

�
∂̄`, ∂̄

′
`

�
.

(ii) Padding two links (`,∂ )+
�
`′,∂ ′

�
is defined as the disjoint union of their symmetric indices.

The padded link has quantum numbers from the union of ` and `′ with corresponding
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degeneracy dimensions ∂̄`+ ∂̄ ′` added up (taking e.g. ∂̄` = 0 if ` is not a quantum number
in the respective link).

Index Manipulations in a Symmetric Tensor. Index manipulation within a link of a sym-
metric tensor impacts the degeneracy tensors separately. On each degeneracy tensor, it acts
as ordinary index inflation, reordering or restriction (as described in Sec. 2.2.1). Two special
situations may arise: (i) When quantum numbers get entirely removed from a link (i.e. de-
generacy drops to zero), corresponding matches and degeneracy tensors must be removed.
(ii) When new quantum numbers appear on a link, new matches may become possible and
can be assigned nonzero degeneracy tensors. For the sake of efficiency, creating new matches
should be avoided unless the related degeneracy tensors are to be filled with nonzero elements.

Symmetric Tensor Element Access. An individual symmetric tensor element can be accessed
from its quantum numbers and degeneracy indices. Similarly, an entire degeneracy tensor can
be addressed by providing the quantum numbers (match) alone. A more general interface to
address tensor elements is provided by subtensors (see Sec. 2.2.1). Also in the symmetric case,
a subtensor S is obtained from T by reducing the set of degeneracy indices in all links (see
Sec. 3.5.1). As a consequence, S is a subtensor in T if all its degeneracy tensors are ordinary
subtensors in the corresponding degeneracy tensors of T .

Subtensor Readout. This operation reads out a subset of elements at specified indices
from the tensor T and stores them in a new tensor S, according to a link-index reduction
given for every link r. Matches in S are the subset of all matches from T whose quantum
numbers `r have not been deleted from the respective link. Since each degeneracy tensor of S
is a subtensor in the respective degeneracy tensor of T , this operation performs a block-wise
ordinary subtensor extraction.

Subtensor Assignment. This operation overwrites elements at specified indices in a
tensor T with the content of a subtensor S. Again, the respective element indices are specified
by a link-index reduction for every link r, such that we can perform block-wise ordinary
subtensor assignment on degeneracy tensors of S and T . It is however important to keep in
mind that degeneracy tensors associated with non-present matches implicitly contain zeros.
In order to perform the subtensor assignment, we compare the sets of matches LT and LS of
both tensors T and S, respectively. In detail, we distinguish three cases (see Fig. 18 for an
example):

(i) Matches in LT ∩ LS , present in T and S: We perform ordinary subtensor assignment
between the respective degeneracy tensors of similar matches.

(ii) Matches in LT \LS , present in T but not S: We set corresponding degeneracy tensor
elements in T to zero, equivalent to ordinary subtensor assignment where the degeneracy
tensor of S contains only zeros. In the special case where the respective degeneracy
tensors of T and S are of same dimensions, we can instead remove the former from LT
as it becomes entirely zero.

(iii) Matches in LS \LT , present in S but not T : We add these matches to the set LT , initialize
the corresponding degeneracy tensors to zero, and finally inscribe the subtensor from S
via ordinary subtensor assignment.
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Input:

Tensor T : Tensor links:

L R`1`2`3�
`†

1,`2,`3
�

∂̄`1 × ∂̄`2 × ∂̄`3 ∂1 ∂2 ∂3
�
R`1`2`3

�
∂1∂2∂3�

1†, 1, 0
�

1× 1× 1 1 1 1 1.0
�
1†, 0, 1

�
1× 1× 1 1 1 1 2.0

�
0†, 1, 1

�
2× 1× 1 1 1 1 3.0

2 1 1 4.0

`1 ∂̄`1

0 2
1 1

`2 ∂̄`2

0 1
1 1

`3 ∂̄`3

0 1
1 1

Matches LT = {(1,1, 0), (1,0, 1), (0, 1,1)} are present in T .

Subtensor S: Subtensor links:

L R`1`2`3�
`†

1,`2,`3
�

∂̄`1 × ∂̄`2 × ∂̄`3 ∂1 ∂2 ∂3
�
R`1`2`3

�
∂1∂2∂3�

0†, 0, 0
�

1× 1× 1 1 1 1 5.0
�
1†, 1, 0

�
1× 1× 1 1 1 1 6.0

`1 ∂̄`1

0 1
1 1

`2 ∂̄`2

0 1
1 1

`3 ∂̄`3

0 1
1 1

Matches LS = {(0,0, 0), (1, 1,0)} are present in S.

Output:

Tensor T with subtensor S inscribed:

L R`1`2`3�
`†

1,`2,`3
�

∂̄`1 × ∂̄`2 × ∂̄`3 ∂1 ∂2 ∂3
�
R`1`2`3

�
∂1∂2∂3�

0†, 0, 0
�

2× 1× 1 1 1 1 5.0
2 1 1 0.0

�
1†, 1, 0

�
1× 1× 1 1 1 1 6.0

�
0†, 1, 1

�
2× 1× 1 1 1 1 0.0

2 1 1 4.0

(`1,∂1)

(`2,∂2) (`3,∂3)

(`′1,∂ ′1)

(`′2,∂ ′2) (`′3,∂ ′3)

ST

Matches LT ∩ LS = {(1,1, 0)} present in both T and S: Degeneracy tensors have been partially or entirely overwritten with
elements from S.

Matches LT \ LS = {(1,0, 1), (0, 1,1)} present only in T : Degeneracy tensors have been partially filled with zeros or entirely
removed.

Matches LS \ LT = {(0,0, 0)} present only in S: Degeneracy tensors have been initialized with zeros and partially or entirely
overwritten with elements from S.

Figure 18: Example of a symmetric subtensor assignment within a three-link tensor
T with the same G = Z2 symmetry and links as in Fig. 15. Top: T and the subtensor
S come with similar symmetry and number of links, but the second degeneracy
index ∂1 = 2 has been removed from the degeneracy subspace D`1=0 of the invariant
quantum number in the first subtensor link. This is an exemplary link-index reduction,
mapping all the lower degeneracy indices (here ∂ ≡ 1) from S onto the same indices
(∂ ≡ 1) in T . Bottom: Output tensor T after assignment, with all elements from S
inscribed into respective subtensors of T .
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Permutation of Symmetric Links at a Tensor. The reordering of symmetric tensor links from
(`r ,∂r) into

�
`σ(r),∂σ(r)

�
, given a permutation σ, is equal to a permuting all present matching

quantum numbers and their associated degeneracy tensors according to σ, and finally keeping
track of the symmetric tensor’s link directions †σ(r). The computational cost is dictated by the
ordinary permutations on the degeneracy tensors, which is at most linear in the number of
elements.

Fusion and Splitting of Symmetric Links. The fuse- and split-operations in Sec. 2.2.1 can be
conveniently adapted to symmetric tensors. However, taking into account the special structure
of symmetric links, we cannot rely on the simple enumeration scheme of Eq. (8) anymore.
Instead, we must resort to a more general permutation which is still computationally cheap but
also respects the extra symmetry structure of the links.

We organize this paragraph as follows: First we define the symmetric link fusion as a
bijection between multiple directed symmetric links and the combined index of the fused link.
This mapping is then summarized in the form of a (symmetric) fuse-node. Finally, we describe
how to obtain the corresponding fused or split tensor in full symmetric representation.

Link Fusion. When fusing symmetric links, the goal is to replace multiple links of an
n-link tensor T with given directions {†r} at positions r = k, . . . , m by a single, again symmetric
fused link whose associated symmetric index (`,∂ ) is a bijection from the original link indices

(`,∂ ) = fuse(`k, . . . ,`m;∂k, . . . ,∂m). (38)

We want to choose this mapping such that the group representation W (g) associated with the
fused link and each group element g ∈ G is the matrix direct product (or Kronecker product)
of the representations on the original links

W (g) :=
m⊗

r=k

W †r
r (g) ∀g ∈ G, (39)

i.e. such that in agreement with the defining Eq. (30) the fused tensor T ′ remains symmetric.
This requirement fixes

`= fuse(`k, . . . ,`m) := `†k
k ⊕ · · · ⊕ `†m

m (40)

and we recover the quantum-numbers fusion rule. Note that Eq. (40) holds for an outgoing
fused link. To obtain an incoming fused link, ` has to be inverted.

For the degeneracy indices ∂ , any enumeration over fused link indices with the same
quantum number ` can be adopted. Such degeneracies arise from two sources: the degeneracies
already present in the original links, and “collisions” of similar quantum numbers ` obtained
from different combinations fuse(`k, . . . ,`m) = fuse

�
`′k, . . . ,`′m

�
, as Eq. (40) is not bijective for

itself. We adopt the following strategy: On each combination `k, . . . ,`m we use the ordinary
fusion D`k

× · · · ×D`m
→ D`k ...`m

`
(Eq. (8)), mapping the original degeneracies into a partial

degeneracy index ∂ `k ...`m
`

:= fuse(∂k, . . . ,∂m). The partial degeneracy indices of colliding
combinations {`k, . . . ,`m : fuse(`k, . . . ,`m) = `} are then concatenated (or stacked) into the
fused degeneracy D` '

⊎
D`k ...`m
`

=
⊎
αDα

`
by adding the appropriate degeneracy offset ∆α

`
for

each collision:
∂` =∆

α
` + fuse(∂k, . . . ,∂m). (41)

Here α↔ (`k, . . . ,`m) uniquely enumerates all collisions into a given `, and ∆α
`

:=
∑
α′<α ∂̄

α′
`

amounts to the cumulated partial degeneracy obtained from fusing all preceding colliding
degeneracy subspaces of dimensions ∂̄ α

`
:= #Dα

`
= ∂̄`k

× · · · × ∂̄`m
.
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This choice of concatenated partial degeneracies makes fusing and splitting of consecutive
links at symmetric tensors computationally cheap, because none of the original degeneracy
tensor elements needs to be reordered in memory. It only involves moving contiguous sections
of memory holding complete degeneracy tensors into, or from, the offset positions Eq. (41)
within the fused degeneracy tensors.

Examples are given in Figs. (19) and (20), where we iterate over all possible combinations
`k, . . . ,`m in column-major ordering (fast increment in `k) and obtain α= 0, 1, . . . as collision
counter for each fused quantum number `. Simultaneously, we increment the cumulated
degeneracy offset with every collision according to ∆α+1

`
=∆α

`
+
∏m

r=k ∂̄`r
, such that we finally

obtain the fused link’s total degeneracy ∂̄`, provided that we started from ∆0
`
= 0.

Fuse-Node. The mapping of the symmetric link fusion in Eq. (38) is well-defined through
Eqs. (40) and (41). Consequently, it is practical to store the relevant information of this
mapping in a separate numerical object, the (symmetric) fuse-node F . The fuse-node is a
special symmetric tensor defined over the links k, . . . , m from T but with inverted directions,
plus the fused link (`,∂ ) with the same direction as it appears on the fused tensor T ′:

F`k ...`m,`
∂k ...∂m,∂ =

¨
1 if (`,∂ ) = fuse(`k, . . . ,`m;∂k, . . . ,∂m),
0 otherwise.

(42)

The fused tensor T ′ is then obtained by simply contracting F into T over the original links
which shall be fused, as shown in Fig. 21. Splitting up the fused link into the original links
restores T and can be achieved by a second contraction of T ′ with the split-node S = F† over
the fused link. S equals the fuse-node but has all link directions inverted. Since splitting a link
is the inversion of fusing, their contraction over the fused link is again the identity F†F = 1.

However, owing to its sparse structure, storing F in the form of a symmetric tensor and
carrying out fuse- and split-operations by actually contracting such a fuse- or split-node is
computationally inefficient. Therefore, we avoid expanding Eq. (42) into tensor elements and
instead store the relation (`,α)↔ (`k, . . . ,`m) between the fused quantum number ` with
corresponding collision index α, and each possible combination of quantum numbers `k, . . . ,`m
from the original links. One possibility to achieve this is to enumerate the latter by a scalar
index similar to Eq. (5), which can also easily be inverted.

Finally, we store the degeneracy offsets ∆α
`

in the fuse-node, along with the original
symmetric links and the fused link, including all link directions. Such a fuse-node can be
viewed as a fully equipped network node. One can then define further basic operations for
these fuse-nodes — just like we did for tensors. The permutation is a common example which is
frequently combined with link fusion: Permuting a fuse-node merely involves rearranging some
link positions, collision indices and degeneracy offsets, which is much faster than permuting
the fused links in a tensor before fusing or after splitting.

We now outline two algorithms that, given one such fuse-node, create the fused- or split
tensor. For efficiency, simultaneous fusions of arbitrary (not necessarily adjacent) disjoint
groups of links of a tensor can be handled with minor adaptations, allowing the algorithm to
process multiple fuse-nodes simultaneously. The total computational cost of both algorithms is
composed of ordinary non-symmetric fuse- and split-operations on all degeneracy tensors, and
thus remains at most linear in the number of symmetric tensor elements.

Fused Tensor. The complete link fusion at a symmetric tensor T could proceed as follows:

(i) Initialize the fused tensor T ′ with n′ = n − m + k links similar to T . The links from
positions r = k, . . . , m at T are replaced with the fused link at T ′.
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b `2 `3 ∂2 ∂3 `b ∂b α ∆α
`b

1 0 0 1 1 0 1 0 0
2 1 0 1 1 1 1 0 0
3 0 1 1 1 1 2 1 1
4 1 1 1 1 0 2 1 1

(a)

`b ∂̄`b
∂b

0 2
1
2

1 2
1
2

(b)

L R`a`b�
`†

a ,`b
�

∂̄`a
× ∂̄`b

∂a ∂b
�
R`a`b

�
∂a∂b�

0†, 0
�

2× 2 1 1 1/
p

2
2 1 0
1 2 −1/

p
2

2 2 1
�
1†, 1

�
1× 2 1 1

p
2/
p

3
1 2 1/

p
3

(c)

M`a`b
∂a∂b

=




1/
p

2 −1/
p

2 0 0
0 1 0 0

0 0
p

2/
p

3 1/
p

3




(d)

b ≡ (`b ,∂b)

a ≡ (`a ,∂a)

M

(e)

Figure 19: Symmetric link fusion (`b,∂b) = fuse((`2,∂2) , (`3,∂3)) of the last two
links in the tensor T (`1`2)`3

(∂1∂2)∂3
from the example in Fig. 15: In (a), we show the fuse

mapping in detail; b is the linear index in column-major enumeration of `2,`3,∂2,∂3.
The collision index α and the corresponding degeneracy offset ∆α

`b
help us in the

algorithm of Sec. 3.5.1 to place degeneracy indices of pairs `2,`3 that fuse to the
same `b into successive intervals ∆α

`b
+ 1, . . . ,∆α+1

`b
up to ∆2

`b
= ∂̄`b

of the degeneracy

space Db. Here, the complete degeneracy ∂̄`b
is induced by those collisions, but in

Fig 20 we will encounter additional degeneracy already present in the links to be
fused. The resulting matrix M shown in (e) has links (`a,∂a) = (`1,∂1) (cf. Fig. 15)
and the fused (`b,∂b) given in (b). The elements are detailed in (c). We have only
two matching quantum numbers and hence two degeneracy tensors, which appear as
blocks in the block-diagonal matrix-representation M shown in (d). Here we present
rows and columns in ascending order (degeneracies being the fast index) according
to (`a,∂a) = (0, 1) , (0, 2) , (1,1) and (`b,∂b) = (0,1) , (0, 2) , (1,1) , (1,2).
Note that in this example, b also corresponds to the non-symmetric link index of
Fig. 5, but here we have reordered the fused symmetric link indices `b,∂b according
to quantum numbers `b.

(ii) In all tuples of matching quantum numbers present in T , replace `k, . . . ,`m by the fused
` and remove possible duplicates (“collisions”). This yields the set of matches L′ of T ′.

(iii) Set the corresponding fused degeneracy tensors R′`1...`k−1,`,`m+1...`n in T ′ to zero, with
degeneracy dimensions ∂̄` queried from the fused link.

(iv) Go through the set L of matching quantum numbers of T again, but this time fuse the
links (k, . . . , m) at each degeneracy tensor R`1...`n and place these as subtensors into the
respective degeneracy tensors of T ′, which might have a larger degeneracy dimension
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j `†
1 `2 `3 ∂1 ∂2 ∂3 ` j ∂ j α ∆α

` j

1 0 0 0 1 1 1 0 1 0 0
2 2 1 1 2

3 1 0 0 1 1 1 1 1 0 0

4 0 1 0 1 1 1 1 2 1 1
5 2 1 1 3

6 1 1 0 1 1 1 0 3 1 2

7 0 0 1 1 1 1 1 4 2 3
8 2 1 1 5

9 1 0 1 1 1 1 0 4 2 3

10 0 1 1 1 1 1 0 5 3 4
11 2 1 1 6

12 1 1 1 1 1 1 1 6 3 5

(a)

` j ∂̄` j
∂ j

0 6 1 . . . 6
1 6 1 . . . 6

(b)

L R` j�
` j
�

∂̄` j
∂ j

�
R` j

�
∂ j

(0) 6 1 1/
p

2
2 0
3
p

2/
p

3
4 1/

p
3

5 −1/
p

2
6 1

(c)

V` j
∂ j
=




1/
p

2
0p

2/
p

3
1/
p

3
−1/
p

2
1

0
0
0
0
0
0




(d)

(` j ,∂ j)

V

(e)

Figure 20: Fusing T from Fig. 15 into a vector V` j

∂ j
: The three-link fusion�

` j ,∂ j

�
= fuse((`1,∂1) , (`2,∂2) , (`3,∂3)) is detailed in (a). The fused link is sum-

marized in (b) and (c), where the degeneracy ∂̄` j
originates from two sources: First,

the original link (`1,∂1) already comes with degeneracy ∂̄`1=0 > 1. Furthermore, the
collisions of combinations `1,`2,`3 into similar quantum numbers ` j are cumulated in
∆α
` j

(see Sec. 3.5.1). The resulting vector elements vanish in all but the identical sector

` j = 0, as the vector must be invariant. If we again order the indices ascendingly in
` j ,∂ j , with fast increment in the degeneracy, we obtain the vector representation in
(d). Graphically, the vector can be represented as shown in (e). Note that we would
have obtained the same result by fusing links (`a,∂a) and (`b,∂b) at the matrix M
from Fig. 19, as link fusions can be nested.
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⇒

⇐

fuse

split
T T ′

S

Figure 21: Fusion and splitting of a symmetric tensor. From the fuse-operation acting
on a tensor T (left-to-right) we obtain the fused tensor T ′ together with a split-node
S = F† which encodes the symmetry fusion rule for the irreps (cyan filled circle) on
the fused links and the index enumeration in the degeneracy space (black filled circle
on top). The inversion of the process, splitting the fused link into the three original
links (right-to-left), is equivalent to a contraction of the split-node over the fused link.

∂̄` ≥
∏m

r=k ∂̄`r
due to collisions. The subtensor’s exact position in the degeneracy subspace

D` is determined by the interval of degeneracy offsets ∆α
`
+ 1, . . . ,∆α+1

`
, where α is the

enumeration index of collision `k, . . . ,`m into ` as specified with the fuse-node F .

Note that if the original tensor had non-present matches, the fused tensor also does not
necessarily have all matching quantum numbers present in the fused set L′. This must be
considered when e.g. fusing a tensor into a block-diagonal matrix M∂a∂b

`a`b
in order to perform

matrix operations. For example, in the exponentiation of a square matrix with one incoming and
one outgoing link (such as a time-evolution operation), non-present matches (`a,`b = `a) /∈ L′

must be identified and explicitly provided with identity degeneracy tensors R`a`b = 1, resulting
from the exponentiation of the implicit zero blocks.

Split Tensor. Restoring the original links (`k,∂k) , . . . , (`m,∂m) in place of a fused link
(`,∂ ) at some splitting-position k in the fused tensor T ′ yields the split tensor T ′′. Step-by-step,
the split tensor can be obtained from the n′-link tensor T ′ and the respective fuse-node F as
follows:

(i) Initialize the split tensor T ′′ with n = n′ +m− k links, copying links and directions from
T ′, but replacing the link at position k of T ′ with the “original links” (`k,∂k) , . . . , (`m,∂m)
including their directions as stored in the fuse-node.

(ii) In every tuple of matching quantum numbers present in T ′, expand ` at the splitting-
position k to all possible combinations `k, . . . ,`m of quantum numbers in the “original
links” (now at positions k, . . . , m in T ′′) that fuse to ` (both the links and the respective
combinations are stored as collisions in F). This yields the set of matches L′′ of T ′′.

(iii) For each extended match, create the split degeneracy tensor R′′`1...`k−1,`k ...`m,`m+1...`n by
ordinarily splitting the k-th link of the subtensor R′`1...`k−1,`,`m+1...`n of T ′. All degeneracy
dimensions can be queried from the links in the fuse-node. Again, the subtensor’s exact
position in the degeneracy subspace D` is determined by the interval of degeneracy offsets
∆α
`
+ 1, . . . ,∆α+1

`
, available with the collision index α from F .

Note that the tensor T ′, at which we split a link, does not necessarily have to be the result of a
fuse-operation. The required fuse-node could also be obtained from the fusion of similar links
at another tensor, or it might have been created manually. If however we consecutively fuse
and split the same links, with no further operations performed in between, the original tensor
is restored: T ′′ = T . However, degeneracy tensors with all elements equal to zero may appear
in such a process. For the sake of efficiency, one can remove those from T ′′ in a post-processing
step after splitting.
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Fused Links and Symmetric Tensor Invariance.

(i) The definition of the fused quantum number ` in Eq. (40) can be invoked to give an
alternative definition of a symmetric tensor T : After fusing all links on T into a single link
(`,∂ ), the result is a symmetric vector V ≡ �V`

∂
× δ̃`

�
which has non-vanishing elements

in the identical sector only, i.e. there is only one possible degeneracy tensor V0
∂

(see
Fig. 20 for an example).

(ii) Similarly, fusing a bipartition of links into symmetric row- and column-indices (`1,∂1)
and (`2,∂2) yields, in accordance with Schur’s Lemma, a block-diagonal matrix
M≡

�
M`1`2

∂1∂2
× δ̃`1`2

�
(see Fig. 19 for an example).

(iii) For numerical purposes, it may be advantageous to avoid fusions and to keep as many
links as possible, since that gives us the freedom not to store certain matching sectors
(`1, . . . ,`n) ∈ L with vanishing degeneracy tensors R`1...`n that would otherwise appear
explicitly as blocks of zeros within the fused degeneracy tensors R′`1...`k−1,`,`m+1...`n of the
fused tensor.

(iv) The tensor symmetry invariance is not broken by adding a one-dimensional “dummy” link
(in either direction) which carries only the identical quantum number `= 0 (cf. Fig. 22).

Downgrade of a Symmetric Tensor to an Ordinary Tensor. The operation of recasting a
symmetric tensor (and tensor network) into an ordinary one can be useful for debugging and
interfacing symmetric to non-symmetric tensor objects. For example, it can be used to measure
a non-symmetric observable O for a symmetric state. The links are first downgraded from
symmetric links to ordinary links, where each downgraded link dimension D =

∑
` ∂̄` is the

sum of its previous degeneracy space dimensions ∂̄`, and an index mapping is chosen. The
degeneracy subtensors R are written into the new ordinary tensor at the right positions, and
the remaining tensor elements are filled with zeros.

Link Clean-up. This is a special operation upon a symmetric link, which employs information
from the surrounding network links to wipe out redundant data on the link itself. Its goal is to
remove indices while preserving the TN state manifold, and it finds extensive use in the random
symmetric TN initialization (see Sec. 4.3.1). Namely, assume we want to clean-up the link
connecting the network nodes q and q′ (tensors at these nodes do not have to be defined). We
then intersect the link representation with the fusion of all the other (directed) links connected
to q and again, with the fusion of all the other (directed) links connected to q′. The original
link is then replaced by the resulting intersection.

3.5.2 Symmetric Tensor Linear Algebra Operations

Symmetric Tensor Contraction. In the contraction of two symmetric n- and m-link input
tenors A and B over any k shared symmetric links (s,∂s), the (m+ n− 2k)-link output tensor
C is again symmetric. It is however mandatory that the shared links are similar in quantum
numbers and respective degeneracy dimensions ∂̄s, and that each of them is either directed
from A to B or vice-versa. For example, the symmetric version of Eq. (14) reads

Ca1...an−k bk+1...bm
∂a1

...∂an−k
∂bk+1

...∂bm
=
∑

s1...sk

∑
∂s1 ...∂sk

Aa1...an−k s1...sk
∂a1

...∂an−k
∂s1 ...∂sk

Bs1...sk bk+1...bm
∂s1 ...∂sk

∂bk+1
...∂bm

, (43)

where (a,∂a) and (b,∂b) are now the symmetric indices of the remaining links not contracted
over, attached to A and B, respectively. The degeneracy tensors Ra1...an−k bk+1...bm in C are
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=

=

T

Figure 22: Variants of contractions (compare Sec. 2.2.2 and Fig. 8), now cast into a
symmetric form: (a) Direct product. Between any two tensors, a dummy link can be
inserted to indicate a contraction. With symmetric tensors, such intermediate product
links may acquire a deeper meaning as quantum-number “transfer links” if they carry
a non-degenerate quantum number ` 6= 0. A typical application is the correlation
function c† ⊗ c of particle creation and annihilation operators c† and c under a U(1)
particle-conservation symmetry, which might, for example, occur in a Hubbard model.
In this context, the transfer link carries a single quantum number `= +1 or `= −1
(depending on the direction of the link) which accounts for the particle hopping
associated with the operation c†⊗ c. Contracting the (covariant) tensors representing
the two operators over the intermediate link yields again a symmetric invariant tensor.
(b) Partial trace, which can be carried out as a contraction over pairs of similar,
oppositely directed symmetric links at the same tensor. (c) Hilbert–Schmidt norm,
performed as contraction with the hermitian conjugate T † which extends the complex
conjugation by the simultaneous inversion of all links.

obtained by adding up (outer sum in Eq. (43)) the standard contractions (inner sum) of
degeneracy tensors from the input tensors, directly exposing the block-wise structure of such a
procedure.

It seems natural to transform all involved tensors into (block-diagonal) symmetric matrices
and carry out the contraction as a (block-wise) matrix-matrix multiplication, similar to ordinary
contraction (Sec. 2.2.2). Indeed, symmetric fuse-, split- and permute-operations allow us to
implement this sequence of operations in a simple and elegant manner. However, this may
not always be the most efficient strategy, as it does not fully exploit the possible absence of
matches within the fused tensor.

In the following, we present a specialized algorithm, and afterwards discuss the possible
advantages over the “fuse-multiply-split” strategy: Namely, one first identifies pairs of subsets
L

s1...sk
A ⊆ LA, Ls1...sk

B ⊆ LB holding matches from A and B that share similar combinations of
quantum numbers s1, . . . , sk on the contraction links. Next, the degeneracy tensors associated
with these subsets, given by Ra1...an−k s1...sk

A and Rs1...sk bk+1...bm
B , are contracted for all available

combinations a1, . . . , an−k and bk+1, . . . , bm of the quantum numbers not contracted over. The
resulting contracted tensors are then stored together with an intermediate list L′C of possibly
non-unique tuples (a1, . . . , an−k, bk+1, . . . , bm). As we required all contracted links to have
pairwise opposite directions on tensors A and B, these tuples are already matching quantum
numbers obeying

a†1
1 ⊕ · · · ⊕ a†n−k

n−k ⊕ b†k+1
k+1 ⊕ · · · ⊕ b†m

m = 0, (44)

42

110 3. Publications



SciPost Phys. Lect. Notes 8 (2019)

where the †-superscripts yield the inverse quantum numbers only on the incoming links of
A and B, respectively. A final reduction step completes the contracted and again symmetric
tensor C: The set of matches LC is obtained by identifying and removing all recurrences of
matches from L′C while adding up the associated degeneracy tensors into the final degeneracy
tensors Ra1...an−k bk+1...bm .

Even though our example Eq. (43) again resembles a matrix-multiplication (after fusing
row- and column-links), it should be noted that the set of matches L obtained by our specialized
procedure usually contains only a subset of all possible matches (a1, . . . , an−k, bk+1, . . . , bm)
that are allowed by Eq. (44). It is therefore not advisable to first permute the full symmetric
input tensors A and B into (block-diagonal) matrices as in Sec. 2.2.2, since the symmetric link
fusion might force us to represent some of the previously non-present degeneracy tensors as
blocks of zeros in memory — thereby giving up computational speed1 and precision.

The computational complexity Otot of the symmetric tensor contraction is governed by
the degeneracy tensor contractions, each of which can be carried out independently and is
bounded linearly in all involved degeneracy dimensions by

Odeg =O
� k∏

r=1

∂̄sr

n−k∏
r=1

∂̄ar

m∏
r=k+1

∂̄br

�
. (45)

Consequently, if the degeneracy dimensions of all involved links are peaked around cer-
tain quantum numbers, the total cost is governed by the largest contraction of degeneracy
tensors involved. If, instead, degeneracies come in rather flat distributions over the active
number of sectors, the number of contractions S between degeneracy tensors may grow to
S ≤

�∏k
r=1 s̄r

∏n−k
r=1 ār

∏m
r=k+1 b̄r

�
/
�
āmax · b̄max

�
, where āmax and b̄max denote the maximum

number of symmetry sectors among uncontracted links at A and B (compare also Sec. 3.5.3).
The maximal speedup that can be achieved over the full, non-symmetric contraction therefore
scales with āmax · b̄max.

In a similar way, we can also cast all contraction variants discussed in Sec. 2.2.2 into fully
symmetric operations, as depicted in Fig. (22).

Symmetric Tensor Decompositions. Decompositions of symmetric tensors are in principle
similar to decompositions of ordinary non-symmetric tensors (discussed in Sec. 2.2.2). We
require that the output tensors of such symmetric decompositions have to be element-wise
equal to the outcome of the corresponding symmetry-unaware operations. However, we must
also require that these output tensors are all symmetric tensors again, and that they are mutually
connected by directed symmetric links.

The usual QR- and singular-value matrix decompositions indeed fulfill these requirements.
Focusing on the SVD, we proceed by restating the procedure of Sec. 2.2.2 for symmetric tensors.
Specifically, we want to decompose an arbitrary n-link symmetric input tensor T over a certain
link-bipartition (1, . . . , r),(r + 1, . . . , n) into two (semi-)unitary, symmetric output tensors V and
W (holding the singular vectors) and a non-negative diagonal matrix λ (holding the singular
values). Both output tensors shall be connected to λ through an intermediate symmetric link
(k,∂k),

T `1...`n
∂1...∂n

=
∑
k,∂k

V`1...`r k
∂1...∂r ∂k

λk
∂k
Wk `r+1...`n
∂k ∂r+1...∂n

. (46)

In order to achieve this result, we do the following (see Fig. 23):

1Even though optimized matrix-matrix multiplications exhibit advantageous performance on those larger blocks,
in practice the performance gain by not having to contract non-present degeneracy tensors can be significantly
larger.
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intermediate link

split

⇓

⇓

⇓

⇓

T
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λ

a b

k

block-wise

symmetric

Figure 23: Steps in symmetric tensor decomposition (e.g. QR or singular value
decomposition), from top to bottom: First the input tensor T is fused into a matrix
over the indicated link bipartition a,b. The resulting degeneracy tensors form a
block-wise matrix and can be decomposed independently, often at greatly reduced
computational cost. Their factors are separated into two symmetric tensors V and W ,
connected through a new intermediate symmetric link k, and weighted by singular
values λ in the case of an SVD. Finally, the original links are restored with the help of
fuse-nodes that were obtained in the initial step.

(i) Fuse T into a matrix with incoming row-link (a,∂a) = fuse(`1, . . . ,`r ;∂1, . . . ,∂r) and
outgoing column-link (b,∂b) = fuse(`r+1, . . . ,`n;∂r+1, . . . ,∂n). Keep the fuse-nodes. Due
to the symmetry invariance, we obtain a block-diagonal matrix

T ab
∂a∂b
=
�
Rab

�
∂a∂b
×δab , (47)

in which the degeneracy tensors Rab play the role of blocks.

(ii) Create the intermediate symmetric link from the intersection (k,∂k) = (a,∂a)∩ (b,∂b)
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(see Sec. 3.5.1).

(iii) Carry out the ordinary matrix decomposition on all present matrix blocks Rab indepen-
dently. In the case of an SVD, we obtain block-wise matrix factors Vak and Wkb holding
the left- and right singular vectors, and vectors (or diagonal matrices) λk holding their
respective singular values:

�
Rab

�
∂a∂b
=

∂̄k∑
∂k=1

�
Vak

�
∂a∂k

�
λk
�
∂k

�
Wkb

�
∂k∂b

, (48)

where k = a = b are the quantum numbers associated with each block in the interme-
diate link, directed from V to W . The degeneracy dimensions ∂̄k =min

�
∂̄a, ∂̄b

	
of the

factorization can be truncated, e.g. by the exclusion of small singular values. To this end
it may be necessary to first compute λk for all blocks k and then globally identify the
singular values to be discarded among them. This aspect is particularly relevant when
the implemented Abelian symmetry is a subgroup of a larger, possibly non-Abelian one
(as we discussed in Sec. 3.1): singular values which are quasi-degenerate should either
be all kept, or all discarded, even if they are distributed across different sectors, because
they might form a multiplet of an underlying non-Abelian symmetry.

(iv) Compose the symmetric output tensors Vak
∂a∂k

, Wkb
∂k∂b

and λk
∂k

from all obtained degeneracy
tensors (or subtensors therein if selected singular values shall be discarded):

Vak
∂a∂k

:=
�
Vak

�
∂a∂k
×δak, (49a)

Wkb
∂k∂b

:=
�
Wkb

�
∂k∂b
×δkb, (49b)

λk
∂k

:=
�
λk
�
∂k

. (49c)

If desired, the direction of the intermediate link can be inverted afterwards.

(v) With the help of the fuse-nodes obtained in step (i), split the links a and b into the
original links `1 . . .`r on V and `r+1 . . .`n on W .

We note that a QR decomposition follows the exact same procedure, yielding two output
tensors, one of which is unitary with respect to the intermediate link. Since the computational
costs of QR- and singular value decomposition behave highly nonlinearly in their operands’
dimensions, their symmetric versions can gain a lot in efficiency by operating independently on
multiple smaller blocks instead of one large matrix. For example, a square matrix defined over
two similar links comes at a full decomposition cost of O

�
d3

a

�
in the absence of symmetric inner

structure. On a symmetric tensor one can gain a factor ā2, quadratic in the number of active
sectors of a flat or only slightly peaked distribution of degeneracy dimensions. Furthermore,
these block-wise operations allow for a natural parallelization of the algorithm implementation.

3.5.3 Computational Cost Estimation

The resources spent in a symmetric tensor operation depend on the number and dimensions
of the degeneracy tensors, and are thus highly problem-dependent. Nevertheless, we can
isolate common scenarios and give cost estimates for the respective operations. As it will turn
out, the symmetric operations presented above often display a highly favorable computational
complexity compared to equivalent ordinary tensor operations. The latter usually constitute
the worst-case scenario for symmetric tensors. Therefore, provided that data structures and
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algorithms with only a negligible overhead are used for the internal quantum-number book-
keeping (as outlined in Sec. 3.3), one will always benefit from exploiting the additional inner
structure.

We stress that all basic tensor operation listed in Sec. 3.5, on the level of degeneracy tensors,
make use of the ordinary procedures presented for non-symmetric tensors. Therefore, we
can easily estimate the cost of symmetric operations. Namely, if the complexity of a certain
operation on degeneracy tensors scales like

Odeg,`1...`n
=O

�
∂̄

p1
`1
· · · ∂̄ pn

`n

�
, (50)

where pr are the maximal power coefficients for the degeneracy dimensions ∂̄`r
and, in total, n

links are involved, then its cost on a symmetric tensor is bounded by

Osym =
∑
`1...`n

Odeg,`1...`n
× δ̂`1...`n

, (51)

where δ̂`1...`n
∈ {0,1} is an operation-specific symmetry constraint on the involved quantum

numbers. Depending on the operation under consideration (we saw complexity examples
in Sec. 3.5.2), this constraint can be even stricter than the “structural tensor”-constraint δ̃
formulated in Eq. (34) (which, for example, would be valid for a block-wise operation on a
single tensor). In any case, we have δ̂`1...`n

≤ δ̃`1...`n
.

We can therefore provide an upper bound for the computational cost of a symmetric
operation:

Osym ≤
∑
`1...`n

δ̃`1...`n
×O

�
∂̄

p1
`1
· · · ∂̄ pn

`n

�
≤O

  ∑
`1

∂̄`1

!p1

· · ·
 ∑
`n

∂̄`n

!pn
!
=Ofull, (52)

where Ofull is the complexity of the ordinary, non-symmetric operation. We observe that the
symmetric operations outperform the ordinary ones for two reasons:

(i) Thanks to the constraints δ̂ posed by symmetry (invariance), the number of block-wise
operations between degeneracy tensors, S =

∑
`1...`n

δ̂`1...`n
, is rigorously restricted. Due

to the sparsity of the allowed block-wise operations on degeneracy tensors, we can naively
upper-bound their number by S ≤ ¯̀

1 · · · ¯̀n. However, since those operations are only
performed over symmetry-invariant quantum numbers, they at least fulfill the constraint
δ̃. This allows us to further tighten down the number of combinations contributing to S:

S ≤ ¯̀
1 · · · ¯̀n/¯̀max, (53)

where ¯̀
max =maxr

¯̀
r is the largest number of sectors found among all links r = 1, . . . , n.

When specifying an operation, one can possibly formulate even tighter restrictions, as we
encountered e.g. for the symmetric contraction (Sec. 3.5.2). In practice, one often finds
even smaller S due to non-present matches.

(ii) The most costly operations are those that scale nonlinearly (pr > 1) with the dimensions.
Those operations are also the ones which benefit most from operating on smaller blocks.

In order to provide a more concrete estimate of computational costs, we need to account for
the actual degeneracy dimensions ∂̄`r

. To this end, we sketch two extremal and one common
degeneracy distributions of symmetric links and study their cost estimates for all basic symmetric
tensor operations. In particular, we demonstrate that we can benefit the more from symmetric
tensors operations, the broader the indices of links are spread over different quantum numbers.

46

114 3. Publications



SciPost Phys. Lect. Notes 8 (2019)

Flat distribution. We define a flat distribution as a distribution characterized by constant
degeneracy dimensions ∂̄`r

= dr/¯̀r which only depend on the total dimension dr and
the number of sectors (different quantum numbers) ¯̀

r of a given link r, but not on the
quantum numbers `r itself. Consequently, all degeneracy tensor operations come at a
similar cost, totaling to

Osym =O
�
∂̄

p1
`1
· · · ∂̄ pn

`n
· S
�

(54a)

=O
�
dp1

1 · · · dpn
n · ¯̀−p1

1 · · · ¯̀−pn
n · S� (54b)

=Ofull ·Ogain. (54c)

Ofull is again the complexity of the equivalent non-symmetric operation, and we separate
all improvement from using symmetric tensors into Ogain = O

�
¯̀−p1

1 · · · ¯̀−pn
n · S�. Using

Eq. (53), which was derived for unary operations on a single symmetric tensor, results in
a conservative upper bound of

Ogain ≤O
�
¯̀1−p1

1 · · · ¯̀1−pn
n /¯̀max

�
, (55)

i.e. the computational cost scales at least reciprocally in the maximal number of sec-
tors ¯̀

max, but possibly significantly better depending on the operation (pr , S) and the
number of non-present matches in the tensor(s).

Consider for example the memory consumption of a symmetric tensor in a flat degeneracy
distribution. The number of elements in Eq. (36) is linear in the degeneracy dimensions
(meaning pr = 1), hence according to Eq. (55) this number is reduced by a factor of ¯̀

max
compared to the number of elements in an ordinary tensor.

Among the degeneracy distributions discussed here, the flat distribution is optimal for
symmetric tensor operations, because it allows computations to benefit from the additional
inner structure to the greatest possible extent. Tensors with this distribution usually
contain many small degeneracy tensors, which significantly reduces the cost in operations.

The flat distribution is occasionally realized in symmetries with small finite numbers
of available quantum numbers (e.g. Zn with small n), such as in the Ising model (see
Sec. 5.3).

Highly peaked distribution. In the extremal case of a narrowly peaked distribution, we can
expect one degeneracy tensor to have dimensions much larger than all the others. The
computational cost is then dominated by these maximal degeneracy dimensions, ap-
proaching the full dimensions dr of the peaked links. In this case, the cost of performing
the symmetric operation becomes roughly equal to performing the equivalent operation
on non-symmetric tensors: Osym =Odeg =Ofull. In this worst-case scenario, symmetric
tensors cannot distinguish themselves by any relevant inner structure any more, and
basic operations cannot benefit from symmetry invariance in a noticeable way.

Slightly peaked distribution. The most common scenario in groups with more than a few
accessible quantum numbers is a distribution of degeneracy over a wider, but effectively
limited, range of quantum numbers ¯̀

eff. If the degeneracy dimensions are more or
less evenly distributed within such a range, we can resort to the results obtained for
the flat distribution, replacing ¯̀ by the distribution width ¯̀

eff. Sometimes, degeneracy
concentrates around certain quantum numbers, with a distribution resembling e.g. a
Gaussian. The narrower such a distribution becomes, the more the cost will be dominated
by the largest degeneracy dimensions in the involved links. Then, the effective number
of active quantum numbers ¯̀

eff on those links becomes very small, resulting in less
advantageous cost estimates. We will encounter such scenarios in Sec. 5.3.
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Figure 24: Loop-free TN geometries: (a) a generic tree tensor network, (b) an MPS,
(c) a binary tree tensor network (bTTN), (d) a molecular TTN, shaped according to
an arbitrary loop-free graph geometry, finding application in physical chemistry.

4 Loop-Free Tensor Networks

In this section, we address general properties of loop-free tensor networks, i.e. TN states
whose network graphs contain no cycles. In Fig. 24 some examples are given, including the
linear MPS [25,27], the hierarchical binary Tree Tensor Network (bTTN, discussed in detail in
Sec. 5.2) [70,73,75], and the flat tensor product state, which finds applications in quantum
chemistry [181].

Tensor networks without cycles can exploit the full power of the TN gauge transformations:
Smart gauging establishes rules on the network which can tremendously reduce the number
of necessary contractions, thereby enhancing computational speed (see Fig. 25). It has been
argued that the computational advantage of working in such a loop-free framework in fact
enables the use of larger link dimensions, and, in turn, may partially compensate for the lower
scaling of entanglement captured with respect to a “loopy” tensor network [182]. The textbook
example is the comparison between a tree tensor network [70,73–75,183], which allows for
efficient algorithms, but suffers from the fact that the maximal entanglement between two
subsystems depends on the chosen bipartition of the system (entanglement clustering) [184],
and a MERA [64–67] where the entanglement distribution is “smooth”, but calculations are
expensive.

Loop-free TNs exhibit advantages also in relation to symmetries. In fact, while upgrading
a generic TN (describing a covariant state) to its symmetric version may require an overall
increase in link dimensions [180], for loop-free TNs the upgrade can always be performed in a
link dimension-preserving way (see a proof in Sec. 4.2.4).

In the following, we first introduce some general aspects of the structure of loop-free TNs
(Sec. 4.1). We then discuss different possible gauges in loop-free TNs and their application
(Sec. 4.2). Finally, we show how to randomly initialize symmetric ansatz states for loop-free
TNs (Sec. 4.3.1).

4.1 General Aspects of Loop-Free Tensor Networks

The underlying graph structure of a loop-free TN defines a distance dist(a, b) between any
two nodes a and b of the network, which is equal to the number of links encountered on the
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〈Ψ|O[s]Ψ〉

Figure 25: (a) A binary tree TN as an example of a loop-free TN describing some QMB
state |Ψ〉: Writing it in a certain gauge (b) imposes certain rules (c) on the network.
Knowledge about the gauge then allows us to simplify the numerical calculations,
here the calculation of the expectation value of some local observable 〈Ψ|O[s]|Ψ〉. The
bra TN is drawn as the vertically flipped version of the ket TN, indicating hermitian
conjugation of all its tensors (d): By applying the rules, we see that most contractions
(which would be necessary in a network without a gauge) do not have to be performed
explicitly numerically. We are left with a much simpler network (e) where only the
contractions that cannot be “annihilated” using gauge rules have to be executed.

shortest path between them. In particular, for loop-free TNs such a path is always unique. It is
practical to call all nodes which share the same distance d to some specified center node c a
level, L(d; c).

We further introduce the maximal link dimension D := maxη
�

Dη
	

among all virtual
links, which usually exceeds the physical link dimensions {ds}. As it will become apparent in
the following, the maximal link dimension plays a fundamental role in any TN ansatz. The
computational complexity of algorithms operating on loop-free TNs is a smooth polynomial of
D. This can be seen, for instance, in the calculation of the scalar product between two QMB
states represented in the same loop-free TN geometry. Following a level-structure towards
some center node, one can successively contract all tensors at the currently outermost level
of the ket-state with their bra-state counterparts into temporary nodes, while absorbing any
temporary nodes on links in between. The cost of these contractions is then upper-bounded by
O
�
DZ+1

�
, where Z is the maximal number of links of a tensor in the network. Tighter bounds

can be identified in specific situations, e.g. when certain link dimensions are known to differ
substantially from D (such as in an MPS, where one link at each tensor carries the physical
dimension).

Another immediate consequence of the absence of loops is that every link between two
nodes q and q′ induces a bipartition of the QMB system. The Hilbert spaces of the two partitions
are spanned by the canonical basis states

�|is〉 : dist(s, q)< dist
�
s, q′

�	
s and�|is〉 : dist(s, q)> dist

�
s, q′

�	
s, respectively, i.e. by fusing all physical links s ultimately connected

to either q or q′ after removing the bipartition link between the two nodes from the network.
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At any virtual link η, we can therefore rewrite the loop-free TN state by means of a Schmidt
decomposition

|Ψ〉=
Dη∑

k=1

|Ak〉|Bk〉λk , (56)

where |Ak〉 and |Bk〉 are states described in the (contracted) TNs of the two partitions and we
assume, without loss of generality, that the Schmidt values λk are sorted descendingly. On this
basis, we make the following observations:

• A loop-free TN can be viewed as a simultaneous Schmidt decomposition over all virtual
bonds. This point of view is emphasized in the canonical gauge of Sec. 4.2.3.

• At each network bipartition, the bond dimension D provides an upper bound to the
Schmidt rank, which measures bipartite entanglement.

• Discarding the smallest singular values achieves the optimal single link compression.
More precisely, suppose that given a virtual bond η, we wish to reduce its prior dimension
Dη to some smaller dimension χη. We achieve this compression by simply truncating the
summation at k = χη in Eq. (56) and discarding (setting to zero) the smallest Schmidt
values in the decomposition. Thus, we obtain the following truncated state

|Ψtrunc〉 :=
χη∑

k=1

|Ak〉|Bk〉λk/Nkept , (57)

with normalization constant

Nkept :=

√√√√
χη∑

k=1

λ2
k . (58)

Any other way of discarding λk ’s leads to a larger error in quantum state fidelity, according
to the Eckart–Young–Mirsky theorem [185]. Note that while being optimal for a single
link, compressing a quantum state by discarding Schmidt values on multiple bonds
simultaneously does not lead to the optimal fidelity (as each compression is a local
non-unitary operation; see techniques for an enhanced compression approach, e.g. in
Ref. [39] and Sec. 5.1.6). The most common purpose for link compression in loop-free
TN algorithms, such as the ground state search outlined in Sec. 5.1, is to preserve the
bond dimension D throughout the simulation: This is often ensured by re-compressing
bond dimensions after temporary growths.

• Similar to performing a bipartition through link-cutting, detaching an n-link network
node from a loop-free TN induces a partition into n disjunct subspaces. Each virtual index
then contributes variational degrees of freedom in form of associated tensor elements.

4.2 Gauges in Loop-Free Tensor Networks

In Sec. 4.2.1 we review the freedom introduced by gauges specifically in the framework of loop-
free TNs [26,27,39,70]. We present the specific gauges that are related to the orthogonality
properties of the tensors in the network. We dub these gauges center gauges and discuss in
particular the unitary gauge (Sec. 4.2.2) and its refinement, the canonical gauge (Sec. 4.2.3).
Both are of great practical and conceptual importance. They install isometries in each tensor,
which strongly simplify contractions of the network with its conjugate (see again Fig. 25). They
also allow for efficient local error estimation and efficient application of local operators in time-
evolution algorithms and measurements. In variational algorithms, they maintain the network
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state’s normalization during local optimization (see Sec. 5). Conceptually, the canonical gauge
provides an understanding of the loop-free TN ansatz as simultaneous, independent, truncated
Schmidt decompositions over all lattice bipartitions induced by the network geometry.

Then, we introduce the symmetry gauge (Sec. 4.2.4): We demonstrate that any loop-free TN
ansatz state that transforms in- or covariantly under a global pointwise symmetry (as introduced
in Sec. 3.4) can be recast into a symmetric TN, i.e. made entirely of symmetric tensors, through
gauge transformations. Remarkably, this is compatible with both unitary and canonical gauge,
meaning that all those gauges can be installed at the same time, and without increasing the
bond dimension. Once installed, the symmetry gauge is strictly protected for any algorithm
formulated via the symmetric tensor operations that we described in Sec 3.5. This last property
is shared by the real gauge (Sec. 4.2.5), which can be useful in the presence of time-reversal
symmetry.

4.2.1 Gauge Freedom

When searching for the optimal gauge, it is helpful to keep in mind that the whole freedom
we have in choosing the tensor elements to encode a specific ansatz state |Ψ〉 in a loop-free
network with given link dimensions is entirely determined by link-local gauge transformations
as introduced in Sec. 1.7. This means that the only possible difference in the choice of tensors
are matrices X , Y inserted as products X · Y on virtual links and contracted into the adjacent
tensors, as we demonstrate in the following.

Gauges on Virtual Links and Minimal Bond Dimension. Let the TN have a virtual link η
of dimension Dη. We can perform a Schmidt decomposition over the original state |Ψ〉 between
the two subnetworks connected by η, and possibly obtain a lower link dimension χη ≤ Dη.
We now discuss how to gauge-transform the tensor network via local operations to obtain the
explicit decomposition. The reduction of dimension is non-trivial as it requires the insertion of
a pair of matrices X and Y of dimensions (Dη ×χη) and (χη × Dη) on the link. Theoretically,
the existence of the gauge matrices can be shown as follows:

(i) In the given TN, we contract over all links except for the selected bond η and obtain two
tensors Ã and B̃ for the respective bipartitions. We can rewrite these tensors as matrices
Ã and B̃. As every physical site of the system belongs to one of the two partitions, we
collect the physical degrees of freedom of the respective subspaces in indices a and b.
We can then write the coefficient tensor of the TN state as Ψa,b =

∑
k Ãa,k B̃k,b, where

k ∈ �1, . . . , Dη
	

is the index of bond η.

(ii) Starting from the original state |Ψ〉, we can also compute an exact Schmidt decomposition
Ψa,b =

∑χη
k=1 Aa,kBk,b, where we already absorbed the Schmidt values into the matrices A

or B and the indices a and b label the physical degrees of freedom as above. χη denotes
the Schmidt rank of Ψ and we now assume that χη < Dη, i.e. for the description of Ψ a
lower bond dimension than given in the TN above suffices.

(iii) We will now determine two gauge matrices X and Y which can be inserted on bond η
and then be absorbed into adjacent nodes, thereby reducing the original link dimension
from Dη to χη, without modifying the encoded state. By exploiting Ã · B̃ = A · B we arrive
at:

A= Ã
�
B̃B−1R

�
=: ÃX (59)

and
B =

�
A−1LÃ

�
B̃ =: Y B̃ , (60)
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Figure 26: Example for a loop-free TN gauging procedure. The numbers indicate
the distance of each node from the center c, determining the order of isometriza-
tion: Starting from the un-isometrized network (a), tensors with largest distance are
isometrized first, and the next tensor towards the center is updated (b). Then the
isometrization continues on the next level (c). This procedure is repeated until the
center (red) is reached.

where the expressions in square brackets now define the anticipated gauges X and Y .
The right-inverse (left-inverse) B−1R (A−1L) exists due to the full row-rank (column-rank)
χη of the matrix B (A) resulting from the Schmidt decomposition.

While X · Y 6= 1 in general, these gauges have the property Y · X = 1:

Y X = A−1LÃB̃B−1R = A−1LABB−1R = 1. (61)

(iv) By repeating the procedure on all virtual links of the network, we obtain the gauges that
transform an arbitrary given TN into an equivalent TN of minimal bond dimensions equal
to the Schmidt rank on the respective bond.

Consequently, two loop-free TN representations TN1 and TN2 of the same state |Ψ〉, with
the same geometry, are connected by a link-local gauge transformation: We can explicitly
construct two sets of local gauges {X1, Y1} and {X2, Y2} which transform either one into the
(same) TN with minimal bond dimensions.

Gauges on Physical Links. On physical links, gauge transformations shall be restricted to
unitary transformations to keep the associated basis states orthonormal. Such a change of basis
can e.g. be helpful for entirely real Hamiltonians, as these allow us to solve eigenproblems with
entirely real TNs, therefore consuming less computational resources. Gauge transformations
on physical links can also be used to install the symmetry gauge (more on this in Sec. 4.2.4).
Note that within symmetric TNs, we are restricted to symmetric gauge matrices, and the local
basis can only be changed within degenerate manifolds associated to the quantum numbers.

4.2.2 Unitary Gauge

The unitary gauge is always defined with respect to a single selected node c of the TN and
therefore also referred to as “central gauge” (some literature refers to this gauge as the canonical
gauge, while we prefer to adopt this term for the gauge defined in Sec. 4.2.3). Starting with
nodes of maximal distance d = dmax from c, the unitary gauge can be installed on this level-
structure {L(d; c) : d = 0, . . . , dmax} as follows (see also Fig. 26):

(i) On each node q ∈ L(d; c) perform the QR decomposition

T [q]{s},{α},αη =
D̃η∑
βη=1

Q[q]{s},{α},βηR
[q]
βη,αη

(62)
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(a) (b)

(c) (d)

contractQR

QR

(e)

C[η]

C[η′]

T [c]

contract

T [c′]

T [c′′]

Figure 27: Moving the center in unitary gauge: For an excerpt from a possibly
larger TN, we show how the gauge center (red) is moved from network node c to
c′′. Network center-tensors on the path of links η, η′ between the old and the new
designated center node are QR-decomposed (a,c) and the non-unitary parts C[η], C[η′]
are subsequently contracted into the respective next node on the path (b,d). Tensor
isometrization (gray-white shading) is always directed to the current gauge center.

⇔C[η]
(a)

(C[η̃])−1

C[η]
(b)

C[η̃]

= =

T [q]

T̃ [q]

T [q]

T̃ [q]

Figure 28: (a) Re-isometrization of a node in the unitary gauge (essentially steps
(b)→(c) and (c)→(d) from Fig. 27), achieved by QR decomposition. (b) Formulation
of the same transformation in terms of a link-local gauge transformation (see Sec. 1.7),
by contracting the respective non-unitary center matrices C[η] and (C[η̃])−1 (both red)
into their adjacent node. However, this is only possible if their (single-sided) inverses
exist, i.e. if the bond dimensions equal the matrix ranks.
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on the bipartition between the virtual link η that leads towards c and all remaining
(physical and virtual) tensor links of q, which provide the remaining indices {s} and {α}.

(ii) Update T [q]→ T̃ [q] :=Q[q] with the semi-unitary isometry of the QR decomposition.

(iii) Contract the (upper trapezoidal) matrix C[η] :=R[q] over the corresponding virtual link
η into the adjacent tensor from the inner layer L(d − 1; c).

(iv) Advance inwards to d → d − 1 and repeat from step (i) until d = 0 is reached.

After this procedure all tensors have been updated to T̃ [q]. Also, virtual links might
turn out reduced in bond dimension from Dη to D̃η, since the QR decomposition applied in
step (i) automatically selects the minimum between Dη and the product of the remaining link
dimensions.

Note that the iteration presented above indeed implements a global gauge transformation,
because it does not change the physical state of the network: Neither QR decompositions nor the
propagation of R-transformations over virtual bonds alter the contraction of the affected tensors
over shared virtual links. Computational complexity is dominated by the QR factorizations (see
Sec. 2.2.2), upper-bounded by O

�
DZ+1

�
, where D is the maximal bond dimension and Z the

maximal number of links of a tensor.
For algorithms operating in unitary gauge, a common task is to move the center from one

node c1 to another node c2 (as we will see in the variational search for ground states in Sec. 5).
This can be achieved by a sequence of QR decompositions T [q] = T̃ [q]C[η] of all nodes q on the
path between c1 and c2, scaling linearly with the distance, O(dist(c1, c2)). In every step, we
obtain a possibly different non-unitary part C[η] which is passed over the shared bond η from
the re-isometrized node T̃ [q] to the next tensor on the path towards c2. This process is shown
in Fig. 27, and yields the isometry relation of the unitary gauge, shown in Fig. 28(a),

∑
βη

T [q]{s},{α},βηC
[η]
βη,αη

=
∑
βη̃

T̃ [q]{s},{α},βη̃C
[η̃]
βη̃,αη̃

, (63)

where C[η] and C[η̃] are the (non-unitary) center matrices defined on any two links η and η̃ of
q respectively, as they might be encountered on a path moving the center. This relation holds
for every network node q and transforms the tensor T [q], which is isometric over η, into the
tensor T̃ , which is isometric over η̃.

If we had access to the single-sided inverses (C[η])−1, the re-isometrization in Eq. (63)
could be performed by local contractions avoiding costly matrix factorizations (see Fig. 28(b))
and the unitary gauge transformations could be understood in terms of link-local gauges as
discussed in Sec. 1.7. However, the inversion requires the matrix C to be of full rank, and we
need to find a way to reduce the possibly oversized matrix dimensions first: There exists a
very elegant gauge that realizes such minimal bond dimensions together with a very efficient
re-isometrization rule. We will discuss this gauge in the following section.

4.2.3 Canonical Gauge

A canonical tensor network [26] is obtained from singular-value decomposing the unitary-gauge
center matrices C[η] on all bonds η, as in

C[η]
αη,βη

SVD
=

χη∑
γη=1

V[η]αη,γη
λ[η]γη

W[η]
γη,βη

. (64)

The isometries V[η] and W[η] merely act as link-local gauge transformations on η (and pairs of
the form V[η]V[η]† or W[η]†W[η] can therefore be introduced on the respective links at will, as
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:=

C[η]

SVD
=

λ[η]

V[η] W[η]

(b)

(a)

with

V[η]† V[η]

W[η] W[η]†

=

=

⇒
unitary

⇒

canonical

⇒

=

=

=

=

(c)

canonical gauge

T [q]

T̃ [q]

unitary
gauge

(1)

(2)

(3)

Figure 29: Transformation from unitary- to canonical gauge: (a) We define isometries
W[η], V[η] (black triangles, pointing towards the center singular values) and their
one-sided inverses (white) from left- and right singular vectors of the unitary-gauge
center matrices C [η] (red) on all virtual links η in a TN. (b) The canonical-gauge
tensor (double outline) is obtained from the unitary-gauge tensor by absorbing, from
all virtual links, those isometries that point towards the current TN gauge center C [η]

sitting on some network link η. Inverses are taken if tensor links lead away from
the center. When repeated on each tensor, this procedure establishes the canonical
gauge by insertion of link-local gauges VV† or W†W on each non-center virtual link
(cf. Fig. 30), and V[η]λ[η]W[η] on the center link η. (c) The isometry relation of the
canonical gauge (bottom) follows from the isometry relation in the unitary gauge
(top): We (1) perform SVDs on the center matrices and (2) multiply all (virtual) links
on both sides with the respective inverse isometries pointing towards the tensor node.
(3) By exploiting (a) and (b), we recover an identity and the definition of a canonical
tensor. The result (bottom) is the isometry relation in the canonical gauge picture. In
order to visualize the compression to minimal bond dimension, entailed by the SVD,
we assign different line widths to links of different dimension.
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= =

= = =

move
center

SVD

insert
identity

move
center

contract

=
Figure 30: Proof that pairs of isometries W†W act indeed as link-local gauges in
the transformation from unitary- to canonical gauge (see also Fig. 29(b)): In unitary
gauge, we first move the center (red) onto the selected virtual link (here depicted with
two adjacent nodes as part of a larger TN) and compute its SVD (top left to right). The
SVD yields a left-unitary term V and a right-unitary term W with V†V =WW† = 1,
but the commuted products do not yield identities in general. We then insert such
an identity (here WW†), restore the center matrix, and move it back to its original
position (bottom left to right). This leaves the gauges W†W inserted on the link,
while none of the steps changed the network state. The same is true for an insertion
of VV†.

shown in Fig. 30). They are absorbed into the adjacent nodes, thereby updating the network
tensors T [q]→ T̃ [q] to the canonical tensors as illustrated in Fig. 29. Singular values that are
zero or fall below a numerical threshold are discarded, so that the virtual links η attain their
minimal bond dimensions χη ≤ Dη equal to the respective center-matrix ranks.

A practical approach to installing the canonical gauge does not have to find the center
matrices C[η] on all bonds explicitly. It is sufficient to install the unitary gauge with a single
center-bond η towards which all tensors are isometries. Then a series of SVDs (instead of
simple QRs) for moving the unitary center, performed in reverse order from the center outwards,
establishes the center matrix successively on all bonds (as in Fig. 31).

Due to the orthonormality induced by the isometries, every SVD of the center matrix, which
can be considered as a reduced amplitudes tensor, also achieves a Schmidt decomposition
of the complete TN state, with Schmidt values λ[η] and Schmidt rank χη on every virtual
link [52]. Hence, the canonical gauge can be viewed as the explicit and simultaneous Schmidt
decomposition of the QMB state on all lattice bipartitions induced by the loop-free network
geometry.

By uniqueness of the Schmidt decomposition (up to phases and degeneracies) when ordering
the Schmidt values descendingly, the canonical gauge becomes similarly unique. This gauge
implements minimal bond dimensions simultaneously on all network links, which cannot be
reduced further without altering the state. The main reason for actually installing the more
costly canonical gauge is that the isometry relation Eq. (63) in this case translates into a mere
multiplication with diagonal matrices (which can be implemented as a scaling of tensors with
link-weights, cf. Sec. 2.2.2), as shown in Fig. 32:

T [q]{s},{α},αηλ
[η]
αη
= T̃ [q]{s},{α},αη̃λ

[η̃]
αη̃

. (65)

Again, the tensor T [q], which originally is isometric over η, turns into an isometry T̃ [q] over
another of its virtual links η̃. As we can easily afford to store and invert the Schmidt values
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(1)

(b)

= = =⇔

Figure 31: (a) Practical installation of the canonical gauge. (1) The gauge center
(always red) of a TN in unitary gauge is SVD-decomposed. Starting with the nodes
adjacent to the center, we perform the following steps (resembling a higher-order
SVD [186]): (2) Absorb unitary matrix and singular values from parent link, (3)
perform SVD with respect to a first child link, (4) re-absorb singular values, (5) repeat
previous two steps on remaining child links. The final tensor (without the unitaries
on the child links) is now in canonical gauge. (b) Comparison of the final and the
initial tensor allows us to recover the definition of the canonical gauge.

=

(λ[η̃])−1

λ[η]

Figure 32: Re-isometrization of a node in the canonical gauge: If we store the Schmidt
valuesλ[η] (red) for all links of a network, we can perform a re-isometrization of a node
(and consequently of the full network) using only numerically efficient contractions
with these “link-weights” (see Sec. 2.2.2) and their inverses. This approach is much
faster than the iterative sequence of QR decompositions in Fig. 27. Due to the minimal
bond dimension in canonical gauge, the inversion is always possible. Moreover, the
Schmidt values can be efficiently stored.
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λ[η] of all bonds, we are able to quickly re-isometrize the TN with only local operations. A
possible danger when implementing this step is that the inversion of small Schmidt values (if
not discarded in a compression) can result in numerical instabilities. However, workarounds
for this issue have been discussed [187].

The re-isometrization relation of the canonical gauge allows for parallelized algorithms
(see Ref. [52]) and eliminates directional dependency of errors, arising for instance in the
compression of virtual links performed by many TN algorithms. Therefore, the canonical gauge
is a favorable choice in algorithms driven by (local) unitary evolution, e.g. real-time evolution
algorithms, because a unitary operation does not alter the Schmidt decomposition except for
the bonds it acts on [52]. Hence, (costly) re-installation can be avoided. To a certain extent,
this can also be true for operations which are only approximately unitaries or identities. This
includes the aforementioned compression of virtual links, if it is carried out by truncated SVDs
which locally restore the gauge.

4.2.4 Symmetry Gauge

In the symmetric gauge, all tensors in the TN representing a covariant state become symmetric
tensors as discussed in Sec. 3.3. Contrary to the gauges discussed so far, its installation may
require a (fixed) transformation in the physical basis. While in practice one usually never
explicitly transforms into symmetry gauge, and no simple recipes exist for this operation, we
show that such a transformation is theoretically possible for any TN state:

(i) Identify the group of unitary, global pointwise symmetry operations
�

Vg : g ∈ G
	

and the
global quantum number `select of the encoded QMB state.

(ii) The global pointwise operations V [ j]g define on every physical site j a representation of

G itself. Focusing again on Abelian groups for simplicity, we can diagonalize V [ j]g and
obtain a new basis of possibly degenerate irrep states |s̃〉 j . We choose these as our new
physical basis states.

(iii) Contract the whole TN into a single tensor Ψ. This tensor is now by definition invariant or
covariant and can directly be written as a symmetric tensor as in Eq. (31). In the covariant
case, i.e. in the case `select 6= 0, we need to attach a corresponding quantum-number
selector link to this tensor.

(iv) Decompose this tensor again into a TN of the original geometry, resorting to exact symmet-
ric tensor decompositions as described in Sec. 3.5.2. The details of these decompositions
(bond dimensions etc.) are irrelevant. We can always obtain the original (loop-free)
geometry, representing the same state (because basic decompositions do not alter the
state); hence we have already shown that it is a gauge transformation.

(v) Install the canonical gauge in the symmetric TN. As this task requires only basic QR,
SVD, fusing (and subsequent splitting) operations, and contractions — all of which are
well-defined symmetric tensor operations — we can always install the canonical gauge
in a symmetric TN. By uniqueness of the Schmidt decomposition (up to degeneracy and
ordering of singular values), we can obtain the same minimal bond dimension as in a
non-symmetric TN. Note that the local basis transformations in step (ii) explicitly do
not alter the bond dimensions because, being local operations, they cannot increase the
entanglement (Schmidt rank).

Note that such a construction is also possible in loopy geometries. However, the canonical
gauge of Sec. 4.2.3 does not exist in such networks and the loops introduce further constraints
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on symmetric links that may lead to larger bond dimensions. The symmetric tensor ansatz can
still be beneficial for a loopy network, but a trade-off between the speed-up through the use of
symmetric tensors and the unfavorable increase of bond dimensions must be made [180].

4.2.5 Real Gauge

In the real gauge all tensor elements are in the real domain. As such, it is not restricted to loop-
free networks. If it can be installed in the tensors of a TN state and the operators (Hamiltonian)
acting on it, the real gauge can increase computational speed and reduce the variational space
by 1/2. This is, e.g., the case in diagonalization problems, where it can usually be installed in
the presence of a time-reversal symmetry (see Appendix A). As for the symmetry gauge, the TN
operations we are considering can always be implemented such that they yield a real output if
the input is real.

When time-reversal and global pointwise Abelian symmetries are present, one can often find
a local basis transformation that simultaneously installs the real gauge on top of the symmetry
gauge, by exploiting the freedom of phases, or more generally unitary transformations in
degeneracy spaces, in the local physical basis.

4.3 Preparation of Symmetric TN Ansatz States

The initialization of symmetric tensor network states presents an additional level of difficulty
with respect to initializing ordinary TNs: This is due to the fact that we need to assign a
symmetry group representation to every virtual link, and these representations must be such
that the symmetric tensors contain actual matches. In the pathological scenario of a tensor
not containing any match due to the link representations, the TN is representing no state at all
(zero vector). As as rule of thumb, the more matches are allowed, the less information in the
TN is wasted. Constructing meaningful initial representations for virtual links is in general a
non-trivial, non-local problem that involves fusion rules of the symmetry, but can nevertheless
be treated on a general ground.

The simplest approach is to initialize the symmetric TN state as a product state, i.e. in any
configuration which respects the symmetry and for which every virtual link holds only a single
sector of degeneracy one. Consider, for instance, a system with N physical sites, each of which
can hold up to n particles, and a U(1)-symmetry, which fixes the total particle number Np. We
could assign these particles to physical sites and, following the selection rules of the symmetry,
assign a single sector of degeneracy one to every virtual link of the network.

In a more sophisticated approach, we could use knowledge about the expected spatial
particle distribution in the state of interest (usually the ground state). As discussed earlier, any
link η of a loop-free tensor network introduces a bipartition of the underlying physical system
into e.g. x and N − x sites. Typically, the expected value of particles in the subsystems then
establishes the most relevant sector of η with the largest degeneracy. Around that sector, and
in the range of possible quantum numbers, one can now distribute degeneracy dimensions
with a certain variance until the maximal bond dimension is exhausted. Suppose we have no
prior knowledge about the distribution of the particles and their correlations. For fermions or
hard-core bosons we could then make a binomial ansatz and consider initializing the sector `
(equal to the number of particles in the subsystem of length x) with degeneracy

∂̄`∝min

��
x
`

�
,
�

N − x
Np − `

��
. (66)

Additional information, such as a harmonic confinement of the system, can be taken into account
by centering the largest degeneracies around particle expectations from e.g. a Thomas-Fermi
density distribution [188]. If we expect an insulating behavior where the quantum numbers
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Figure 33: First steps in the preparation of a randomized symmetric ansatz state: (a)
Set up a level-structure, assign directions for symmetric links and equip the TN with
a selector link (blue). (b) Build up virtual links by means of fusing: Starting from
the physical links, fuse links at nodes of the highest level to obtain the links towards
the next lower level; successively repeat this procedure until reaching the center. (c)
Clean-up round: (1) Intersection (green circle) with fused link (red dashed) yields
cleaned-up link (green). (2) Clean up remaining virtual links at the center node. (3)
Propagate the clean-up outwards.

are spatially locked, a narrowly peaked degeneracy distribution with small variance might be a
good ansatz. Obviously, such initialization schemes are highly problem-dependent.

As a very general initialization method, we now introduce a scheme based on randomization,
which makes no a priori assumption and thus can be always adopted.

4.3.1 Randomized Symmetric Ansatz States

In this construction, we start with a loop-free TN where the geometry, the physical links and
the selector link are defined and a maximal bond dimension D is given, while other virtual
links and symmetric tensors are to be constructed. The recipe we present guarantees that
the network is non-trivial in the end, and that all the degeneracy tensors in the network may
indeed contribute to the state (and do not drop out in a contraction to the complete amplitudes
tensor). This recipe can be applied to an arbitrary symmetry group. It makes extensive use of
the symmetric link clean-up operation defined in Sec. 3.5.1, and it is sketched in Fig. 33.

(i) We choose a center node c and assign a level-structure to the network, as we discussed
in Sec. 4.1.
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(ii) Starting from the outer levels (branches) and moving inwards towards the center, we
fuse the outer links (already defined) of a tensor and assign the inner link to be the fusion
of the outer links. We repeat this step towards the center node, so that the outer links
are always well-defined (they possess a representation), by recursion.
Option: We can limit the dimensions of the inner links by intersecting the fusion of
the outer links with a user-defined “maximal” link (for symmetric link intersection see
Sec. 3.5.1). This option presents a possible bias to the random state, but it can make the
approach numerically more efficient.

(iii) Once we reach the center node and all the links have been defined by the previous step,
we start to clean up the links from the center outwards. First, we clean up all the virtual
links connected to the center node. Then we move outwards into the branches until all
virtual links have been cleaned up. At this point, no (physical) truncation has occurred
yet.

(iv) Select randomly a virtual link whose total dimension is larger than D. Within this link,
remove randomly a single symmetric link index. Then clean up all the other virtual links,
starting from the closest ones in the distance and moving outwards, to update this change.
No link is completely emptied by the clean-up procedure as long as D > 0. Repeat this
step until all virtual links have dimension D or less. This completes the virtual links setup.

(v) Finally, generate the tensors. Within each tensor, include all possible matches given the
links, and assign a random degeneracy tensor to every match (see Sec. 3.5.1). Eventually,
install a gauge.

Note that in the reduction step (iv), at every iteration we reduce a link dimension by one
and then propagate the truncation: This is a conservative choice, which allows every state |Ψ〉
within the given bond dimensions D to be generated. Nevertheless, quicker reduction strategies
can be considered. Furthermore, during clean-up, propagation into a branch can be stopped as
soon as the link leading outwards remains unchanged by the clean-up operation.

Now we have highlighted the main features of loop-free TNs, and identified the complete
freedom in defining the tensors and links therein, exploited in the unitary, canonical and finally
the symmetric gauge. In the next section we take advantage of those features and describe
exemplarily a TN algorithm which searches ground states in a loop-free TN.

5 Ground State Search with Loop-Free Tensor Networks

In this section we discuss a robust scheme for achieving ground states (GS) of Hamiltonians
by means of tensor networks with no loops (or cycles) in their geometry. This is a natural
extension of the DMRG algorithm [39–41] adapted to any tensor network architecture without
cycles [73,74,79,181–183,189–194]. The absence of cycles leads to several computational
advantages: We have already encountered one of them, namely the TN gauge freedom, in
the previous section and we will exploit it extensively in what follows. Another striking
advantage of a loop-free geometry is the possibility to formulate local optimization problems
(which are at the heart of efficient variational energy minimization procedures) as simple
eigenvalue problems. This feature is not present in TNs with cycles, where often no exact
strategies for the solution of local optimization problems are available, and one has to rely
on approximate approaches (as occurring e.g. for MERA [66], PEPS [128, 195]). Moreover,
loopy tensor networks often imply performing more expensive tensor contractions, and dealing
with symmetries is less straightforward (as mentioned in Sec. 4.2.4): This is, for instance, the
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(a) (b)

Tvar

T ∗var

H

T ∗var

Tvar

Heff

|Ψ〉

〈Ψ|

Figure 34: Basic idea of the variational ground state search: (a) In order to reduce
the complexity of the minimization problem, only the parameters of one tensor
Tvar (red) are taken as variational while all other tensors are taken as fixed. The
variational tensor forms the “optimization center", while the fixed tensors form an
“environment". The latter can be efficiently contracted with the HamiltonianH, leading
to a reduced “effective" Hamiltonian Heff. (b) By solving the reduced optimization
problem sequentially (for varying locations of the optimization center), the energy
expectation value is gradually reduced. This iterative minimization is commonly
called “sweeping".

case for periodic boundary DMRG, where specific methods must be engineered to work around
these issues [196,197].

For these reasons, we choose to focus on ground state search algorithms for loop-free TN
setups instead. This will break down the linear algebra demands to only three basic procedures
(contraction, SVD/QR decomposition, simple eigenvalue problem) and take advantage of
adaptive TN gauges [181,182].

5.1 Ground State Search Algorithm for the Adaptive-Gauge Loop-Free TN

In this section we describe in detail the algorithm we adopt to achieve the QMB ground state
variationally with loop-free TNs. The basic idea is to break down the diagonalization problem
for the full QMB ansatz into a sequence of smaller, manageable diagonalization problems,
each of which is formulated for a small subset of tensors (in the simplest case for one single
tensor, as illustrated in Fig. 34(a)). Starting from a possibly random initial state in the manifold
parametrized by the TN ansatz, we thus employ an iterative scheme of local tensor optimizations
(“sweeping", see Fig. 34(b)) that converges to the state which best approximates the true QMB
ground state. This approach is akin to what is known in applied mathematics as domain
decomposition [198,199].

Before listing the algorithm in Sec. 5.1.2, we first describe in detail the core concepts and
high-level operations (based on the elementary ones defined in Sec. 2 and Sec. 3) that it will
rely on. Note that our discussion applies both to symmetric and non-symmetric loop-free TNs,
with the obvious requirement that in the symmetric case all tensors and tensor operations have
to be formulated in a symmetry-aware fashion as detailed in Sec. 3.

5.1.1 High-Level Operations

In what follows, we consider a loop-free TN of tensors T [q] sitting at network nodes q = 1 . . .Q,
mutually joined by virtual links η (with dimension Dη). We can arbitrarily choose any node to
be the center node: Here, we exclusively work in the unitary (center) gauge (see Sec. 4.2.2),
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c) d)

h[1]p,1 h[3]p,3 h[L]p,Lγ1,2 γ2,3 γ3,4 γL−1,L

γL,1i1 i2 i3 iL

j1 j2 j3 jL

Figure 35: The TPO interaction terms Hp which sum up to the full Hamiltonian. (a)

Each interaction p is composed of local operators h[s]p,k where [s] stands for the TN
physical link (or site) at which it is applied. The index k enumerates the TPO operators
from k = 1 . . . Kp, with Kp being the TPO operator length (in general different from the
interaction range), and p distinguishes different interactions in the full Hamiltonian.
Any two TPO operators k, k′ can be interconnected by a TPO link µ = (k, k′), drawn in
gray, but efficiency mandates to keep their overall dimension small. (b)-(d) Examples
of interactions: (b) a nearest-neighbor product interaction (such as the Heisenberg
Hamiltonian), (c) a global TPO and (d) a possible interaction of a two-dimensional
model, where the center-tensor has however four TPO links.

and introduce the notion of an effective Hamiltonian.

Hamiltonians. For the GS algorithm we consider Hamiltonians of the form

H =
P∑

p=1

Hp , (67)

and we focus on Tensor Product Operator (TPO) [181] interactions of the form

�
Hp

�
{is},{ js} =

∑

{γµ}

∏
s

�
h[s]p,k(s)

�{γµ}k(s)

is , js
, (68)

where h[s]p,k(s) is the k-th local operator of the TPO acting on site s and the operators are

interconnected by links µ = (k, k′), labeled by the two operators k and k′ they connect.
The sum runs over all TPO links {µ}, and we define {µ}k(s) ⊆ {µ} as the set of all links µ
attached to the k-th operator of the TPO. The outer product can be restricted to sites on which
Hp acts non-trivially. TPOs can be viewed as a generalization of Matrix Product Operators
(MPOs) [39,56,200], widely used in the context of MPS, to arbitrary TN geometries. Some
examples for how a TPO Hp can look like are given in Fig. 35.

Computational efficiency is maintained by keeping the number and bond dimensions of
TPO links small. Specifically, we consider interactions to be efficient if they are compatible with
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(a)

η

(b)

η

Figure 36: Two possible configurations for global TPO interactions (white tensors)
acting on a TN state (gray tensors). Every local operator has two non-trivial TPO
links: While the TPO configuration in (a) is considered efficient, in (b) there are four
TPO links joining the network bipartition over the virtual link η (indicated by the
dashed red line).

the TN geometry, in that every network bipartition over any virtual link η corresponds to a cut
of two non-trivial TPO links (see Fig. 36). More generally, the condition to be met in order
to keep computational efforts manageable is that the maximal total dimension

∏
Dµ of links

crossing any bipartition should be non-scaling (or at least weakly scaling) with the system
size. Typical 1D lattice Hamiltonians fulfill this criterion, including sums of nearest-neighbor
interactions, long-range two-site interactions, and TPOs in alignment with (i.e. having the same
arrangement as) the physical sites, as exemplified in Fig. 35.

As the representation in Eqs. (67) and (68) is not unique, it has to be decided individually
whether e.g. a large number P of lightweight interactions (i.e. with small bond dimensions
Dµ) is more efficient than an equivalent representation with smaller P but more or larger TPO
links {µ}. On the one hand, there are certain interaction types (e.g. exponentially decaying
interactions) which are known to have a very efficient global TPO representation, characterized
by a constant, non-scaling link dimension Dµ [39]. On the other hand, it has been noted that a
single global TPO representation can be less efficient than treating the individual interaction
terms separately [181], for example when interactions are long-range and inhomogeneous
(e.g. in spin glass models or quantum chemistry applications). In particular, the algorithm can
easily exploit the locality (i.e. the spatially restricted non-trivial action) of individual interaction
terms, as shown in the next paragraph.

Renormalization. Once a Hamiltonian TPO has been provided, we assign each non-trivial
local operator h[s]p,k from every “bare” Hamiltonian term Hp to the physical link s it acts on. We
now associate with each virtual network link ζ a renormalized Hamiltonian, which describes
the effective action of the physical Hamiltonian onto the subsystem (or bipartition part) Sζ
composed of all lattice sites separated over ζ from the current network center c. A single
renormalized Hamiltonian operator takes the form h[ζ]p,k, where k is the set of all local operators
of the TPO in the renormalization k(ζ) := ∪s∈Sζ k(s); in particular, k(s) = k(s) on physical sites.

The following recursive relation defines the renormalized Hamiltonian operators associated
with the virtual link ζ that leads towards the current network center c at some node q. It
must be performed for each contribution p separately: We start with collecting all (physical or
renormalized) Hamiltonian terms on all remaining (physical or virtual) links {ξ}q, ξ 6= ζ, of q.
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T [q]

ζ
(b)

=

(a)
¦

h[η]p,k(η)

©
η

ζ

ζ

ξ
ξ′

ξ′′

(c) η′′′

η

η′

η′′

=

η′′′

η

η′

η′′
H[c]eff

∑
p

p = 1

p = 3
. . .

p = 2

T [c] T [c]

T [q]∗

Figure 37: Building blocks of the GS algorithm: (a) Local interaction operators are
defined on the (physical and virtual) network links. Tensors inside the blue shaded
area on a link η represent local operations h[η]p,k(η), each with a different p. Not for
every p in the Hamiltonian’s sum Eq. (67) there must be a tensor defined at every
link η; the missing ones are implicitly treated as identities. (b) Renormalizing the
local interactions from the links ξ,ξ′,ξ′′ towards the virtual link ζ. Each interaction
p is contracted independently into a renormalized term, and the global sum over p
is not carried out explicitly. An exception are renormalized operators p that have
no TPO links left (for example the two independent interactions indicated in red),
which can already be summed into a single new renormalized tensor. (c) The effective
Hamiltonian involves the contraction of all renormalized Hamiltonian terms over
all tensor links {η}c at the center node c. Often, the final sum over p is postponed,
e.g. until contracting the individual terms h[c]p,eff into the tensor T [c] as described in
Sec. 5.1.3 (solving the reduced optimization problem). The figure also shows the
center tensor (semi-transparent) to highlight how it is acted upon by the effective
Hamiltonian, which is a key ingredient for the GS algorithm.
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ζ

h[ζ]1,k(ζ) h[ζ]2,k(ζ)
h[ζ]3,k(ζ)

ξ ξ′

h[ξ]1,k(ξ) h[ξ
′]

1,k(ξ′) h[ξ]2,k(ξ) h[ξ]3,k(ξ) h[ξ
′]

3,k(ξ′)

h[ζ]1+2,k(ζ)
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(a) (b) (c)

h[ζ]3,k(ζ)

=

=

Figure 38: Example for summation over renormalized Hamiltonians without open
TPO links: the resulting TPO tensors on link ζ (dashed) in (a) and (b) have no open
TPO links, they can therefore be summed over, and saved in a single tensor. In (c),
this is not the case.

They are generally joined by some mutual TPO-links {µ}, representing the contraction

�
hp,k(ζ)

�{γµ}k(ζ)
{αξ},{βξ} =

∑

{γµ}paired

∏
ξ 6=ζ

�
h[ξ]p,k(ξ)

�{γµ}k(ξ)
αξ,βξ

. (69)

The left-hand side ultimately combines k(ζ) = ∪ξ 6=ζ k(ξ) renormalized physical operators of
the TPO. To obtain the renormalized Hamiltonian over link ζ we must additionally contract the
Hamiltonian operators in Eq. (69) over the network links ξ 6= ζ with the node-tensor T [q], as
well as with its complex conjugate, as depicted in Fig. 37(b):

�
h[ζ]p,k(ζ)

�{γµ}k(ζ)
αζ,βζ

=
∑

{αξ}

∑

{βξ}
T [q]
αζ,{αξ}

�
hp,k(ζ)

�{γµ}k(ζ)
{αξ},{βξ} T

[q]∗
{βξ},βζ . (70)

With small TPO-link dimensions, an efficient order in which to perform the contractions
in Eqs. (69) and (70) is to generally first absorb the Hamiltonian operators by successively
contracting them over all shared links into T [q], and finally contract with the conjugate node
tensor.

When working in the unitary gauge, the tensor T [q] appears as an isometry over the links
ξ 6= ζ. Therefore, it is immediately clear that the result of Eq. (70) will be the identity whenever
Eq. (69) produced an identity, i.e. whenever the TPO acts trivially on all links ξ 6= ζ. This feature
can save a lot of computational time on renormalizing interactions with spatially restricted
(local) support. Another optimization which can be applied at this stage is to carry out the sum∑

p over all renormalized, non-interacting parts h[ζ]p,kζ
, i.e. those without any open TPO links

{µ}. All other renormalized interaction operators are stored in separate tensors on link ζ (see
also Fig. 38).

Given that the bare Hamiltonians are compatible with the TN geometry, the renormalized
Hamiltonians on the left-hand side of Eq. (70) have at most two non-trivial TPO links {µ} by
construction, and all contractions remain efficient in O

�
Dζ

2
∏

Dµ
∏

Dξ
�
.
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Figure 39: Example for the renormalization process that leads to the renormalized
Hamiltonians: (a) The Hamiltonian H acting on the TN representation of some
state |Ψ〉 can be decomposed into TPOs Hp. (b) In a bottom-up approach, departing
from the state-tensors closest to the bare Hamiltonian tensors, we can build the
renormalized terms h[η]p,k(η) on all links η below the chosen center c by iteratively
contracting state tensors with the renormalized Hamiltonian terms of the previous
level (dashed circles). (c) We can then determine the effective Hamiltonian Heff at
the center node c by summing over the renormalized Hamiltonian terms acting on
the links of c.
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Effective Hamiltonian. At any given center node c (a unitary-gauge center), we define an
effective Hamiltonian

H[c]eff = 〈Ψenv|H|Ψenv〉 , (71)

where “env” stands for the TN contraction over all tensors except T [c], i.e. the environment of
the center node. With this definition, the energy expectation value E of the TN state can be
written as (cf. Fig. 34(a))

E = 〈Ψ|H|Ψ〉= 〈T [c]|〈Ψenv|H|Ψenv〉|T [c]〉= 〈T [c]|H[c]eff |T [c]〉 . (72)

In practice, to obtain H[c]eff , we do not need to contract the entire environment, if we have
already the renormalized Hamiltonians (as defined in the previous paragraph) on all links of
node c available. Then, Eq. (71) reduces to effective Hamiltonian terms (see Fig. 37(c))

�
h[c]p,eff

�
{αη},{βη} =

∑

{γµ}

∏
η

�
h[η]p,k(η)

�{γµ}k(η)
αη,βη

, (73)

defined over all tensor links {η} at node c with corresponding indices
�
αη
	
,
�
βη
	
. The

contraction sum runs over all TPO links {µ} with corresponding indices
�
γµ
	
. To complete the

effective Hamiltonian, we have to sum over all interactions p:

H[c]eff =
∑

p

h[c]p,eff . (74)

The whole process of building the effective Hamiltonian is summarized in Fig. 39.

Projectors. Adding projective operators to the Hamiltonian opens the possibility to explore
degenerate GS manifolds and to target excited states (we will comment further on this paradigm
in Sec. 5.1.5 below). More precisely, we apply the ground state search algorithm to the
Hamiltonian H′ = H + Hp, where Hp = εp|Ψp〉〈Ψp|, to find the first excited state of H,
assuming its ground state |Ψp〉 is known, and where εp is much larger than the energy gap.
Here we discuss the explicit construction of projective summands Hp = εp|Ψp〉〈Ψp|, where |Ψp〉
is expressed as a TN with the same geometry as the variational TN ansatz state. The scaling
factor εp will play the role of an energy penalty for occupying the state |Ψp〉.

The projectors are thus defined via the (not necessarily isometric) tensors T [q]p with possibly
different dimensions in the virtual links (and symmetry sectors if they are symmetric; but
the global symmetry group has to be the same). Projective operators can be implemented
within the same structure and almost the same equations as for the renormalized and effective
Hamiltonians. For a graphical representation, see Fig. 40. In the recursion relation of Eq. (70),
we replace T ∗ with T ∗p , and set identities for h[s]p on physical sites:

�
h[ζ]p

�
αζ,βζ

=
∑

{αξ}

∑

{βξ}
T [q]
αζ,{αξ}

 ∏
ξ

�
h[ξ]p

�
αξ,βξ

!
T [q]∗

p,{βξ},βζ . (75)

Note that here we dropped the internal TPO label k because the hp are defined on every link
without TPO links. It is important to keep in mind, however, that the projective terms Hp have
global support. Therefore here we can never carry out the sum

∑
p, in contrast to renormalized

TPO interactions with local support which have no TPO links left. Furthermore, isometry can
no longer be exploited here, and the resulting renormalized projectors h[ζ]p will in general be
different from the identity.
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Figure 40: Adding projectors to the Hamiltonian: a) (Renormalized) local projection
operators are put on the links. Contrary to interactions which act non-trivially on
physical links, projective terms are always identities on physical links. b) Similarly
to the renormalization of TPO interactions, projectors are renormalized to a virtual
link ζ of a node q by contracting over all local projection operators on the remaining
node links η, η′, η′′, with the conjugate tensor T [q]∗p now taken from the projector
TN. The renormalized projectors h[ζ]p have no TPO links, but in contrast to the rule
for TPO interactions they cannot be summed up over p (every projector results in
a separate renormalized two-link tensor on each link). c) The effective projector
at the center c is given by the contraction of the renormalized projectors over all
links with the conjugated projector-tensor T [c]∗p . The resulting expression is then
multiplied by its complex conjugate. This contraction has to be repeated for every p in
the global Hamiltonian sum individually, constituting one summand of the complete
effective Hamiltonian H[c]eff . As before, we show the center tensor (semi-transparent)
to demonstrate how the effective projector acts upon it.
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Figure 41: Example for the renormalization process that leads to the renormalized
projection operators: (a) Renormalized projector terms h[η]p are built on all links η
below the center node c by iteratively contracting state tensors with the renormalized
projector terms of the previous level (dashed circles). (b) For a given center c, we
can then determine the projector contributions to the effective Hamiltonian Heff by
summing over the renormalized projector terms acting on the links of c.
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The effective projector at a node c becomes εp 〈Ψenv|Ψp〉 〈Ψp|Ψenv〉, which is analogous to
the definition of the effective Hamiltonian. Written out explicitly it reads

�
h[c]p,eff

�
{αη},{βη} = εp T̃ [c]p,{αη} · T̃

[c]∗
p,{βη}, (76)

where

T̃ [c]
p,{αη} =

∑

{βη}

�∏
η

�
h[η]p

�
αη,βη

�
T [c]∗

p,{βη}. (77)

Note that this lengthy expression is rather simple to compute, by contracting all renormalized
projectors into T [c]∗p , and multiplying with the complex conjugate of the outcome. The resulting

links constitute the bra- and ket- links of the effective projector h[c]p,eff, see Fig. 40(c). The whole
process of building effective projectors is summarized in Fig. 41.

Some specific applications, such as variational addition of TNs in Sec. 5.1.6, employ projec-
tive operators |Ψp〉〈Ψp| onto superpositions of TN states. Those are of the form |Ψp〉 =

∑
i εp,i|Ψp,i〉

with all |Ψp,i〉 given as separate TNs sharing the same geometry. In such a case, one computes

renormalized projectors h[ζ]p,i for each state in the superposition separately — just as before, by
simply replacing the single projector index p with p, i in Eq. (75). A more relevant adjustment
is to be made in the effective Hamiltonian, which now reads

∑
i, j εp,iε

∗
p, j 〈Ψenv|Ψp,i〉 〈Ψp, j|Ψenv〉.

Correspondingly, as a replacement for the single factor εp in Eq. (76), one additionally has to
sum over superposition states in Eq. (77):

T̃ [c]
p,{αη} =

∑
i

ε∗p,i

∑

{βη}

�∏
η

�
h[η]p,i

�
αη,βη

�
T [c]∗

p,i,{βη}. (78)

Nevertheless, evaluating such an effective Hamiltonian remains a simple computation by
successive absorption of all effective projectors into T [c]∗p,i .

5.1.2 Ground State Search Algorithm in Detail

We now describe the algorithm, which is based on the high-level operations introduced in the
previous section, and follows the flowchart shown in Fig. 42. In the following, we list additional
explanations and remarks, useful when implementing such an algorithm.

Setup and Configuration Tasks.

(i) Definition of the TN geometry: From the physical point of view, the TN should be designed
such that it complies best with the system and the Hamiltonian being targeted. On the
one hand, the TN has to be compatible with the interaction terms in the Hamiltonian.
On the other hand, it has to be capable of hosting the required amount and spatial
distribution of entanglement, controlled by its virtual links. Finally, the entanglement
arises from the interactions and (at least for ground states) can often be theoretically
proven to be upper-bounded (e.g. by area laws [37]). Fig. 43 summarizes schematically
these requirements. At the purely technical level, any network fulfilling the following
requirements is allowed:

• The network has N physical links, supporting the system Hamiltonian H (defined
in Eq. (67)).

• The network is acyclic: for any pair of nodes q, q′ there exists a unique path
connecting q and q′.
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- adjust eff. Hamiltonian
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converged?
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see Sec. 5.1.3

see Fig. 44

see Eq. (73) and Fig. 37
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• define network geometry

• define sweep sequence

• initialize TN state

Initialization

Target 1st opt. center

Figure 42: Flowchart of the GS algorithm. The left column provides illustra-
tions/references for the corresponding items in the bullet list.
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TN geometry

entanglement model (Hamiltonian)
area laws, ...

virtu
al links

compatible interactions

Figure 43: Elements influencing the choice of the TN geometry: The network has to
be compatible with the interactions present in the Hamiltonian, and at the same time
must be able to capture the ground state entanglement, which in turn is determined
by the Hamiltonian itself.

• The dimension of any virtual link in the network does not exceed D (bond dimension
of the TN).

• While in principle it is not prohibited, the employment of tensors with less than three
links is redundant and may deadlock symmetries. Absorbing one-link and two-link
tensors into adjacent tensors is strongly suggested, as it leaves the variational TN
state manifold unchanged while reducing the technical issues with symmetries (see
Sec. 5.1.3).

(ii) Definition of sweep sequence: This is the rule according to which the optimization centers
are chosen sequentially in the optimization loop. In principle, any sequence that visits
every tensor of the TN (and every variational link, in case of multi-tensor optimization)
is allowed. The specific form of the optimal sweep sequence, i.e. the one that achieves
fastest energy convergence within the shortest computation time, depends on the TN
structure and the model under consideration. For regular hierarchical networks (e.g.
binary TTNs, see Sec. 5.2) it is natural to select a sweep sequence based on the distance
from the physical links: Assign an optimization precedence p :=mins [dist(c, s)] to every
optimization center c, where s is a physical link. Within a sweep sequence, optimization
centers with smaller p take precedence over centers with larger p. Centers sharing the
same p are chosen in such a way that the distance that has to be covered in order to visit all
of them is minimal. For less regular networks (e.g. TNs for quantum chemistry problems)
other schemes (such as depth-first search with backtracking) have been proposed [181].

(iii) Initialization of TN state: An obvious choice is to start from a random state (see Sec. 4.3.1
on how to construct such a random state for a symmetric TN with a defined global
quantum number). This choice guarantees the least possible bias and therefore bears
the smallest risk of ending up in a local energy minimum state, which would corrupt
the convergence to the GS (by definition the global energy minimum state). Another
valid option is to start from an already computed GS, previously obtained with the same
algorithm on another Hamiltonian, assuming the symmetries and quantum numbers are
the same.

(iv) Targeting of initial optimization center c:

• Transform the network into unitary gauge with respect to c (see Sec. 4.2.2).

• Build up the effective Hamiltonian for c, according to the procedure outlined in
Sec. 5.1.1.
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H

c
c′

c
c′

Figure 44: Moving the effective Hamiltonian from an optimization center c to another
optimization center c′. Only the renormalized Hamiltonian terms (Eq. (70)) defined
on the links located on the path from c to c′ have to be updated (blue shaded). All
other renormalized Hamiltonian terms (contractions within the red-dashed area) are
left unchanged by this move and therefore do not need to be recomputed.

In case of multi-tensor optimization, we extend the notion of the network center to two
or more network nodes. This can be achieved by temporarily contracting some adjacent
nodes {q} into a single center node c. The renormalized Hamiltonian terms and isometry
properties have to be computed as usual for all remaining links and tensors, respectively.
After the optimization center has been prepared, the effective Hamiltonian is given by
Eq. (73). The energy expectation value E of the TN state is then (see Eq. (72))

E = 〈T [c]|H[c]eff |T [c]〉 , (79)

where T [c] is the tensor of the center node. Now, the generic local (reduced) optimization
problem consists in determining the variational tensor T [c] in such a way that it minimizes
E. This optimization problem is solved sequentially for all centers c in the following
optimization loop.

Optimization Loop.

(i) Optimize T [c], i.e. minimize Eq. (79). The optimal T [c] is given by the eigenvector of
H[c]eff corresponding to the lowest eigenvalue (see a proof in Ref. [89]). While this basic
observation remains always the same, there are technical differences for different types
of optimization centers (e.g. single-tensor, double-tensor, etc.). Sec. 5.1.3 is dedicated to
the different flavors of the “optimizer routine”.

(ii) Target the next optimization center c′ according to the sweep sequence by moving
the isometry center to c′ via gauge transformations and updating the renormalized
Hamiltonian terms between c and c′ (see Fig. 44).

(iii) Loop back to step (i) and repeat the optimization with the new center node c′, until the
end of the sweep sequence is reached.

(iv) Check convergence. If not converged, start a new sweep. Typical convergence criteria
are: change in energy expectation value, variance of energy, distance of TN states from
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subsequent sweeps. Most commonly, one monitors the energy expectation value E(s)
after sweep s: Since E(s) is expected to approach the GS energy asymptotically from
above, a possible convergence criterion is to demand

E(s− 1)− E(s)< ε , (80)

where ε is a constant (positive) threshold. In practice ε has to be adapted according
to the bond dimension D in order to avoid unnecessary sweeps that would push the
convergence too far beyond the accuracy limit imposed by finite bond dimension. Usually,
the bond dimension dependence of this accuracy limit (and hence the form of ε(D)) is
well modeled by some polynomial or exponential decay (or combination thereof), e.g.
one might choose the ansatz ε(D) = a+ b D−c exp(−D/d). In practice, the parameters a,
b, c, d need to be determined empirically by some fitting procedure because the form of
the decay highly depends on the model parameters (system size N , proximity to a critical
point, etc.).

5.1.3 Optimizer – Strategies

Here we describe in detail various possible strategies when interfacing with the reduced
optimization problem (while how to practically perform the numerical optimization routine
will be discussed in Sec. 5.1.4). The most commonly employed schemes for this purpose are
the single-tensor update and the double-tensor update, where the optimization centers consist of
one tensor and two tensors, respectively. We additionally introduce a single-tensor update with
subspace expansion.

The three schemes differ in the complexity of the variational problem they solve, and
have different requirements on computational resources. The first two schemes, single- and
double-tensor update, are a generalization of DMRG to arbitrary loop-free TN architectures.
They are directly related to the traditional single-center site and double-center site DMRG [40]
respectively. Finally, the subspace expansion scheme allows us to reconcile the improved
convergence behavior of the double-tensor update with the favorable computational cost
scaling of the single-tensor update.

In the single-tensor update, the optimization center consists of just a single network tensor,
and it is the most straightforward and computationally inexpensive scheme. However, it can
experience serious shortcomings: If the Hamiltonian under consideration exhibits a certain
symmetry, the same symmetry will usually be present in the effective Hamiltonian of the reduced
diagonalization problem. As a consequence, local optimizations are constrained to preserve the
link representations on the individual links of the optimization center. The present quantum
numbers (sectors) and their associated degeneracies can therefore not be handled variationally.
This issue is particularly acute for symmetries that are encoded in the TN ansatz (e.g. by the
methods described in detail in Sec. 3): in that case the mentioned constraints are hard and
will be exactly (by construction of the tensors) respected in each local diagonalization. For TNs
made from tensors that are unaware of symmetry rules the constraints are softer: In this case
they are only metastable configurations which can be violated through numerical fluctuations,
caused e.g. by finite precision floating point operations or by the fact that the environment (i.e.
the tensors surrounding the optimization center) does not obey the symmetry. Nevertheless,
the existence of these metastabilities still often leads to poor convergence behavior (as observed
for example in the standard single-site DMRG algorithm [201]).

The standard way to cure this issue is to formulate the diagonalization problem not for a
single tensor, but for several (usually two) adjacent tensors that previously have been contracted
together. After optimizing this compound tensor, the original tensor structure is restored
by means of SVDs. The accompanying truncation of the state spaces associated with the
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T (2)opt

T (1)opt

Topt

(a)

(b)

diag.

diag.

Figure 45: (a) Single-tensor update: the reduced diagonalization problem is formu-
lated for one tensor. The optimized tensor is given by the eigenvector of Heff with
the smallest eigenvalue. Note that link representations are preserved if Heff obeys
some symmetry. (b) Double-tensor update: the reduced diagonalization problem is
formulated for two tensors. The number of links of the optimized tensor is given
by the number of links on which Heff acts. Link representations of these links are
again preserved, in contrast to the one of the link which joins T (1) and T (2): This
link results from an SVD and can differ from the original link, if the SVD performs
a non-trivial separation of the links of Topt. Note that if one of the two tensors is a
two-link tensor, this link separation is trivial and the link created by the SVD will be
the same as the external link of the two-link tensor.

compound’s internal links provides the variational handle lacking for external links, as illustrated
in Fig. 45. The downside of the multi-tensor optimization strategy is its higher computational
cost resulting from the increased number of links of the involved tensors.

In order to avoid the increase in computational costs, we can employ a so-called subspace
expansion at a single tensor T (1), by temporarily expanding the state space of one selected
virtual link ηo of T (1) in order to allow for a variation of the symmetry representation on that
link. While the same ideas apply to both ordinary and symmetric TNs, we now describe the
technique explicitly for symmetric tensors since some extra steps are required for this case. As
a first step, an expansion of the selected link’s state space can be achieved in the following way:
Start by fusing all the links of T (1) other than ηo to one large link η1. Repeat the operation
for tensor T (2), which is connected to T (1) through ηo, to obtain another large link η2. Now
determine the intersection ηmax := η1∩η2 (see Sec. 3.5.1). Note that the resulting ηmax has the
full link representation accessible to the double-tensor optimization scheme, i.e. it can capture
any link resulting from an SVD of the optimized double-tensor. Since our goal is to reduce the
computational cost with respect to the double-tensor optimization, we introduce a parameter
dpad to truncate all degeneracies ∂̄`ηmax = dpad (for all sectors `ηmax in ηmax). The resulting
link ηmax

pad is used to pad (see Sec. 3.5.1) the link ηo, according to η′o := (ηo + ηmax
pad ) ∩ ηmax

(the additional intersection makes sure that no redundant degeneracies are generated by the
padding operation). The parameter dpad now allows to smoothly interpolate between a single-
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tensor update and a double-tensor update. The latter limiting case can be achieved by choosing
dpad sufficiently large such that η′o = η

max, while the former limiting case is obtained by setting
dpad = 0 which results in η′o = ηo. Note that in case the link ηo exceeds the minimal bond
dimension determined by the Schmidt rank (see Sec. 4.2.1), that is to say, in case there exist
some sectors ` for which ∂̄`ηo

> ∂̄`ηmax , the procedure to obtain η′o may also cause some sectors
to have reduced degeneracies, effectively removing redundant indices from ηo.

The actual optimization within the single-tensor update with subspace expansion is carried
out in the following way (see Fig. 46): First the link ηo at the tensors T (1) and T (2) is replaced
by the expanded link η′o. The hereby newly created tensor elements in the two tensors are
filled (via subtensor assignment, see Sec. 3.5.1) with random entries (this step corresponds to
the subspace expansion). Then, the tensor T (1) is made the center node of the TN and it is
optimized as usual (by diagonalizing Heff). Since the subspace expansion also affects T (2), this
tensor has to be optimized as well (analogously to T (1)), keeping the same expanded link η′o.
The two alternating optimizations of T (1) and T (2) are repeated until convergence is achieved
(usually one or two repetitions are enough). Finally, the original bond dimension D is restored
via an SVD, discarding the smallest singular values (see Fig. 46). We will show and discuss
numerical results obtained with this method in Sec. 5.3. A diagrammatic comparison of the
various optimization strategies is presented in Fig. 46.

Subspace expansion techniques in single- and double tensor updates can become an even
more powerful tool when combined with perturbative approaches, such as the procedure
introduced in Refs. [143,201] for curing the shortcomings of the traditional single-center site
DMRG. These approaches typically differ from the single-tensor update with subspace expansion
presented above in the following three aspects: First, the padded elements are generated from
a contraction of the effective Hamiltonian (or a component thereof) into the center tensor, such
as to introduce first-order contributions to H|Ψ〉 (“enrichment step”). Second, the perturbation
coupling (in the simplest approach, a scalar factor) has to be driven to zero in a controlled
way to achieve convergence of the algorithm. Third, after some form of local bond truncation,
the perturbation introduced by the padded elements persists within the network until the
enriched node is revisited in a later sweep. This strategy enables the subspace expansion to
propagate through the network, making it potentially more powerful than the double-tensor
update discussed above without such perturbative approach [143].

5.1.4 Optimizer – Execution

A crucial step of the optimization routine (common to all update schemes) is the diagonalization
of the effective Hamiltonian Heff as this step usually constitutes the computational bottleneck of
the whole GS algorithm. Thanks to the central gauging we are merely dealing with a standard
eigenvalue problem (as opposed to a generalized eigenvalue problem arising in TNs with loops
in their geometry). While this already provides a computational advantage, the identification
of a fast eigensolver is still of utmost importance. Two observations are helpful in this context:
Heff is usually sparse2, and only the ground-eigenstate of Heff has to be computed. Therefore,
direct diagonalization algorithms (such as tridiagonal reduction, implemented by e.g. LAPACK’s
zheev [136]) are not convenient since they compute the whole spectrum, for which they usually
require the explicit construction of the full matrix Heff. It is instead advantageous to employ
iterative algorithms based on power methods, e.g. Lanczos/Arnoldi iteration [157,159]. These
algorithms exploit the sparsity of Heff, only require knowledge of the action Heff|T [c]〉 on
the center node tensor |T [c]〉 (see Fig. 37(c)) and, in addition, are specialized to return only

2More precisely, the two conditions that Heff has to fulfill in order to be sparse are: (i) The dimensions of the
TPO links {µ} should be much smaller than the bond dimensions of the virtual links (Dµ� Dη), and (ii) the total
number of interactions p should be small (see Eq. (73)). Many important Hamiltonian classes (e.g. short-range
interacting models) meet these requirements.
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Figure 46: Comparison of different update schemes. (a) Initial configuration (identical
in all three schemes). Note that scheme I only operates on one tensor, which means
T (2) is left unchanged throughout this scheme. (b) Making the link representation of
the intermediate link variational: scheme I does not have this step; scheme II realizes
it via link expansion (see text), while scheme III achieves it via contraction with T (2).
(c) Restore gauge and compute effective Hamiltonian for T (1) (only scheme II). (d)
Update center node with lowest eigenvector of Heff. Only scheme II: repeat (c) and
(d) until converged, the center node being alternately T (1) and T (2). (e) Restoring
the original bond dimension of the intermediate link: scheme I does not have this
step; scheme II and III realize it via an SVD, discarding the smallest singular values.
(f) Final configuration. Note that in scheme II and III the link representation of the
intermediate link may have changed, while in scheme I it is constant.
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a few eigenpairs. The computational costs of the different update schemes are thus given
by the numerical effort of evaluating Heff|T [c]〉: All schemes share a factor f = Napp P D3

TPO,
where Napp is the number of operator applications in the iterative eigensolver (see Sec. 5.2
for an analysis of the behavior of Napp in a specific TN architecture) and P is the number of
terms in the effective Hamiltonian (including possible projectors), labeled by the index p in
Eqs. (73) and (76). Here we assumed for simplicity that each TPO tensor (see Eq. (68)) has
two virtual links {µ}, all of uniform dimension DTPO. The leading cost for the diagonalization
in the single-tensor update is then

O
 

f ·max
{η}1

Dη ·
∏
{η}1

Dη

!
, (81)

where {η}1 is the set of links of the tensor T (1) under optimization. For the single-tensor update
with subspace expansion we get a diagonalization cost of

O


n · f · max

j∈{1,2}

�
max
{η} j

Dη ·
∏
{η} j

Dη

�
 , (82)

where n is the number of times that the tensors T (1) and T (2) are alternately optimized, and
the sets {η}1,2 contain one expanded link η′o with bond dimension Dη′o = Dηo

+ dpad. For the
double-tensor update the cost for the diagonalization scales like

O
 

f · max
{η}1∪2\ηo

Dη ·
∏

{η}1∪2\ηo

Dη

!
. (83)

The SVD needed for the re-compression of the expanded link at the end of the single-tensor
update with subspace expansion has a cost of (see Sec. 2.2.2)

O



�

min

�
Dη′o ,

∏
{η}1\η′o

Dη

��2

max

�
Dη′o ,

∏
{η}1\η′o

Dη

�
 , (84)

while the final SVD in the double-tensor update has a computational cost scaling of

O



�

min
j∈{1,2}

∏
{η} j\ηo

Dη

�2

max
j∈{1,2}

∏
{η} j\ηo

Dη


 . (85)

In Sec. 5.2 we will see how the general computational cost estimations given here specialize
for specific TN architectures. This will also allow for an easier, more evident comparison of the
various costs for the different update schemes.

5.1.5 Low Excited States

The GS algorithm listed in Sec. 5.1.2 can be extended to determine low excited states, with
very little overhead in terms of both implementation effort and computational cost. The basic
idea for targeting a specific excited state is to penalize overlap with all lower eigenstates by
adding energy penalty terms to the Hamiltonian H. It should be stressed that this method
works iteratively, starting from the bottom end of the spectrum. Hence, the n-th excited state
|Ψn〉 can only be targeted if all lower eigenstates |Ψp〉, p ∈ [0, n− 1] have been determined
previously.
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More in detail, while for obtaining the GS |Ψ0〉 of the Hamiltonian H we solved the
minimization problem

E0 = 〈Ψ0|H|Ψ0〉 !
=min. , (86)

for targeting the n-th excited state we now need to solve the minimization problem

En = 〈Ψn|H|Ψn〉+
n−1∑
p=0

εp〈Ψn|Pp|Ψn〉 !
=min. . (87)

Here, Pp = |Ψp〉〈Ψp| is the projector on the p-th eigenstate and εp is an energy penalty which
has to be set large enough, i.e. at least as large as the energy difference |Ep − En| to the
target state. Since the target state is not known at the beginning of the algorithm, this energy
difference is also unknown; in practice, one therefore simply estimates a value for εp which
is guaranteed to be large enough (e.g. by setting εp one order of magnitude larger than a
typical energy scale of the system). For solving Eq. (87), one runs again the algorithm listed in
Sec. 5.1.2, additionally taking into account the projective terms defined in Eq. (75), as detailed
in Sec. 5.1.1. Each projective term contributes exactly one additional interaction term p (see
Eq. (76)) to the effective Hamiltonian.

5.1.6 Variational Compression, Addition and Orthogonalization

An interesting feature of the presented variational ground state search algorithm is that we
can readily use it for compressing a generic loop-free tensor network state. This feature then
enables further operations such as the addition and orthogonalization of entire tensor networks.
For the case of MPSs, the procedure has been described in detail in [39].

Compression of a Tensor Network. Let a state |Ψ′〉 be given by some loop-free tensor
network of bond dimension D′. We then seek the best approximation |Ψ〉 encoded in the same
network geometry, but with a smaller bond dimension D < D′.

As long as the change in bond dimension affects only one virtual link, an efficient and
optimal strategy is to truncate the Schmidt values associated with that bond, as discussed in
Sec. 4.1. In all other cases, the optimal compressed state can be found by running the GS
algorithm of Sec. 5.1 with bond dimension D for the Hamiltonian H ≡ −|Ψ′〉〈Ψ′|, i.e. with a
single projector as described in Sec. 5.1.1. Ideally, the algorithm then converges to the lowest
energy E = −

��〈Ψ|Ψ′〉
��2 that can be achieved with bond dimension D, maximizing the quantum

fidelity between compressed and uncompressed TN.
In practice, depending on the severity of compression and the chosen initial state, this

approach may improve fidelity but fail to find the optimal solution, even if extended single-
or double-tensor update schemes are used as discussed in Sec. 5.1.3. In order to increase
robustness and efficiency, it has been suggested to run a sequence of local compressions first,
e.g. to successively truncate Schmidt values, bringing all bond dimensions of Ψ′ down to D [39].
The accumulation of consecutive truncation errors may prevent that state from being optimal,
but it is usually sufficiently well-conditioned to serve as initial state for a few more iterations in
the GS algorithm.

For the sole purpose of compression, the GS algorithm no longer requires the sophisticated
eigensolvers from Sec. 5.1.4: At the level of tensors, projection onto the compressed state
results in effective Hamiltonians taking the form of outer products

�
h[c]eff

�
{αη},{βη} = −T̃

[c]
{αη} · T̃

[c]∗
{βη} (88)

as written in full detail in Eqs. (76) and (77). Up to a normalization factor, the lowest eigenstate
solution for the center tensor is thus given by T [c] = T̃ [c]∗, which is easily constructed.
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Addition of Tensor Networks. A particular need for compression arises in the addition of
two or more TNs |Ψ(i)〉, i = 1, . . . , k. We require that these TNs share the same geometry,
including the outcome |Ψ〉, which shall be the closest approximation to the sum that can be
achieved within a fixed maximal bond dimension D. Once more, we can find |Ψ〉 by means of
the variational GS algorithm, which handles projections on superpositions of TNs efficiently:
After setting up the projector |Ψ′〉〈Ψ′| defined by the sum of TNs |Ψ′〉 =∑i |Ψ(i)〉 the algorithm
for compression can be run as outlined before.

Note that alternatively, one could also first construct the exact sum as a network of bond
dimension D′ =

∑
i D(i) as follows: Set each resulting tensor T ′[q] to zero and subsequently

inscribe the respective tensors T (i)[q] from TNs |Ψ(i)〉, i = 1, . . . , k, as subtensors (Sec. 3.5.1) into
disjunct index ranges [1+

∑i−1
j=1 D( j)η ,

∑i
j=1 D( j)η ] for each virtual link η. The resulting network

has to be compressed to the final bond dimension D — a task that requires computational
resources scaling polynomially with the bond dimension D′, analogous to computing TN scalar
products. Unless one resorts to specific data structures for the block-diagonal structure in the
contractions of the effective projectors, a drastic compression from dimension D′ is therefore
less efficient compared to the direct variational compression of a sum of multiple states with
smaller bond dimensions each.

Orthogonalization of Tensor Networks. As an example for the addition of TNs, one might
want to orthonormalize a TN state |Ψ2〉 with respect to another, |Ψ1〉. This can be achieved (up
to a normalization) by subtracting their common overlap as in |Ψ⊥〉 := |Ψ2〉−|Ψ1〉 〈Ψ1|Ψ2〉. After
evaluating the involved scalar product, we can employ the variational addition to obtain |Ψ⊥〉.
Note however that the compression involved in maintaining a fixed bond dimension D usually
prevents this approach from delivering an exact orthogonal solution. However, it returns the
highest possible fidelity to the exact solution |Ψ⊥〉 at the expense of strict orthogonality. Of
course, such a result can nevertheless be useful, and one can directly extend this procedure to
more than two states, e.g. in a (modified) Gram–Schmidt process.

Interestingly, the specific task of orthogonalization can be addressed more directly with
variational compression, similar to targeting excited states: For this purpose, we include in the
effective Hamiltonian of Eq. (88) the projectors onto all states that we wish to orthonormalize
against. These additional projectors have to be multiplied by a positive energy penalty εp. With
εp→∞, orthonormality can be implemented as a hard constraint during compression, and
the optimizer’s eigenproblem takes the form of a simple orthogonalization against the effective
projectors. Conversely to the additive approach, we now expect full orthonormality at the
expense of fidelity to the exact solution.

5.2 A Practical Application: Binary Tree Tensor Networks

In this section, we discuss a specific loop-free tensor network and see it in action: the binary
tree tensor network (bTTN). This network is built on top of a one-dimensional lattice of physical
links, but unlike MPS this type of tensor network has the practical advantage of treating open-
boundary and periodic-boundary one-dimensional systems on equal footing [182]. It can thus
efficiently address periodic systems without the limitations typical of periodic-DMRG [196].
The bTTN is composed entirely of tensors with three links. As we will see, this guarantees
moderate scaling of computational cost with the bond dimension D. The bTTN architecture with
built-in Abelian symmetry handling that we use (as introduced in Sec. 3) is illustrated in Fig. 47.
The essential ingredients for achieving the ground state of a many-body Hamiltonian using
a loop-free TN ansatz have been outlined previously in Refs. [74,181,182] and in Sec. 5.1.2.
Here, we summarize some practical technical details that are important when implementing a
bTTN ground state algorithm:
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D

d

l

Figure 47: A binary TTN: The black dots at the bottom represent the physical sites of
local dimension d. Each link in the l-th layer (counting from below towards the top)
has dimension min(d2l

, D), where D is a constant that we will refer to as the bond
dimension. The dangling blue link at the top left tensor has dimension one and carries
the global symmetry sector of this symmetric TN state. Its position in the network
can be arbitrarily chosen. All tensors are gauged towards a center node (red).

• Choice of decomposition algorithm for central gauging: In order to transform the bTTN
into a central gauge, tensor decompositions of the type shown in Fig. 48(a) have to be
performed repeatedly (see Sec. 4.2.2). Both the QR decomposition and the SVD are suited
to carry out this task. However, as we show in Fig. 48(b), the QR decomposition can be
performed in roughly two thirds of the time of the SVD, while exhibiting the same scaling
O(D3.8) in the bond dimension (at least in the range D < 500 commonly accessible to
bTTN simulations). Therefore, it is advisable to implement any gauging routine in a
bTTN by means of QR decompositions, and employ SVDs solely for compression purposes.

• Benchmark of diagonalization methods: As mentioned in Sec. 5.1.4, the eigensolver is a
component of the GS algorithm which consumes a significant amount of runtime. The
performance of this routine therefore crucially influences the whole algorithm runtime
and should be first looked at when optimizing the algorithm speed. In Tab. 1 we list
three publicly available diagonalization methods, and compare their performances in
Fig. 49. Our benchmarks suggest that ARPACK [202] (an implementation of the Arnoldi
method [159]) is the most suitable eigensolver in the context of a bTTN ground state
algorithm. On a side note, we remark that the setting of a sensible initialization guess can
further reduce runtimes of iterative eigensolvers. For the eigenvalue problems occurring in
the GS algorithm presented in Sec. 5.1.2, an obvious choice for such an initialization guess
is the previous state of the optimization center tensor, before optimization. Especially
during the final sweeps, when the tensor elements are already close to their optimal
configuration, this measure can significantly reduce the number of necessary operator
applications Napp. Conversely, one could reduce Napp in the early sweeps of the algorithm
by selecting looser starting threshold values for convergence (not included in Fig. 49).

• Computational cost of a bTTN GS algorithm: We observe that the total number of tensors
Q scales linearly with the system size N , which is the same scaling as in an MPS:

Q =
log2(N)−1∑

l=1

2l =
2log2 N − 1

2− 1
− 1= N − 2 . (89)

When using a single-tensor update scheme one deals exclusively with three-link tensors,
while for a double-tensor update scheme intermediate four-link tensors occur. Hence,
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Figure 48: (a) Tensor decomposition arising when transforming a bTTN into cen-
tral gauge. (b) Corresponding computational performances for QR decomposition
(LAPACK routine zgeqrf) and SVD (LAPACK routine zgesdd). The graph shows the
computation time, averaged over 50 runs, needed for the decomposition shown in (a)
(performed on a tensor with random entries without any symmetries) as a function of
the bond dimension D.

Table 1: List and characteristics of some numerical packages capable of finding
eigenstates of a hermitian operator Heff

Method Remarks

LAPACK (zheev) [203] Full diagonalization (delivers all eigenpairs of Heff). Requires
the construction of Heff in full matrix form.

ARPACK [202] Implementation of the Arnoldi algorithm [157,159]. Iterative
diagonalization, designed to deliver a few eigenpairs of Heff.
Requires only knowledge of the action Heff|v〉 on a given vec-
tor |v〉. The number of necessary operator applications Napp
strongly depends on the size of the Krylov subspace (parameter
ncv in ARPACK). A consequence of choosing ncv too small is a
fast growth of Napp with the problem size dim(|v〉) (where we
empirically find that “fast" usually means super-logarithmic, see
Fig. 49).

Jacobi–Davidson
(jdqz) [204]

Implementation of the Davidson [158] algorithm. Requirements
and features similar to Arnoldi. Here Napp crucially depends on
the maximum number of matrix-vector multiplications in the
linear equation solver (parameter mxmv in jdqz). We achieve
best performance when choosing mxmv ≈ 5, i.e. at the lower
end of the recommended interval [5 .. 100] (especially when
only one eigenpair is demanded).
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Figure 49: (a) Eigenvalue problem arising in a bTTN single-tensor update scheme.
λ is an eigenvalue of the hermitian operator Heff. (b) Comparison of the performances
of the diagonalization algorithms listed in Tab. 1. Upper plot: Computation times
needed to solve the eigenvalue problem defined in (a), using an effective Hamiltonian
with random entries, as a function of the bond dimension D and for different numbers
of calculated eigenpairs n. Computation times are averaged over 50 runs, with the
error bars indicating the standard deviation. Lower plot: Corresponding number of
operator applications Napp. Note how Napp only increases weakly (not faster than
logarithmically) with the problem size (given that the algorithm parameters are
properly configured).

84

152 3. Publications



SciPost Phys. Lect. Notes 8 (2019)

(a) (b)D

D

D

D

D

D

DD

D

Figure 50: Examples for computationally most expensive contractions in a bTTN
GS algorithm (as occurring during the application of the effective Hamiltonian,
cf. Fig. 37(c)) in the case of (a) a single-tensor update scheme (contraction cost:
O(D4)), and (b) a double-tensor update scheme (contraction cost: O(D5)).

we face memory scalings of O(N D3) and O(N D4), respectively. As for the scaling of
the computation time, the most expensive contractions exhibit a cost of O(D4) (single-
tensor update) and O(D5) (double-tensor update), see Fig. 50 for two corresponding
example contractions. The SVD in the double-tensor update has a cost bounded by
O(D6) (see Sec. 5.1.4). Therefore, the algorithm runtime scalings are O(N D4) and
O(N D6), respectively3. We stress that for a bTTN all reported scalings are independent
of the chosen boundary conditions, and thus apply both for open and periodic boundary
conditions.

• Evaluation of local and two-point observables: The expectation value of a local observable
O[s], acting on some site s of a bTTN state |Ψ〉, can be calculated by contracting just three
tensors (independent of the system size N), if the bTTN is center-gauged towards the
tensor q attached to site s. This is shown in Fig. 51(a), where we illustrate the expectation
value

〈Ψ|O[s]|Ψ〉=
∑

αs ,βs ,α(s+1),αζ

T [q]αs ,α(s+1),αζ
O[s]
αs ,βs

T [q]∗
βs ,α(s+1),αζ

. (90)

Two-point correlation observables

〈Ψ|O[s]O′[s′]|Ψ〉=
∑

αs ,βs ,α(s+1),αζ,βζ

T [q]αs ,α(s+1),αζ
O[s]
αs ,βs

eO′αζ,βζ T
[q]∗
βs ,α(s+1),βζ

, (91)

where eO′ is the result of a renormalization of the observable O′[s
′] (obtained from con-

tractions involving all tensors along the path between sites s and s′), can be evaluated
with a very small number of contractions O(log2 N), owing to the enhanced reachability
of two arbitrary sites s and s′ due to the hierarchical tree structure (see Fig. 51(b)). This
feature not only makes the calculation of observables a computationally cheap task in
a bTTN, but also lies at the heart of their predisposition to accurately describe critical
systems with algebraically decaying correlations [182].

5.3 Binary Tree Tensor Networks – Examples

In this subsection we present bTTN ground state solutions for two different 1D many-body
Hamiltonians, both equipped with Abelian symmetries. Namely, we will consider the quantum
Ising model in a transverse field (as a typical benchmark model with Z2 parity symmetry and an
easy, well-known analytic solution [8]), and a Bose–Hubbard ring with a rotating barrier [205]

3Note that the SVD in the single-tensor update with subspace expansion has a cost of O(D4) (provided that dpad

is sufficiently small) and therefore does not increase the overall runtime scaling of the algorithm.
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Figure 51: Evaluation of (a) a local and (b) a two-point observable expectation
value or a binary TTN state |Ψ〉. The bra TN 〈Ψ| is drawn as the vertically flipped
version of the ket TN |Ψ〉, indicating hermitian conjugation of all its tensors. If the
bTTN is properly gauged, the number of necessary contractions (involved tensors are
highlighted) can be reduced to O(1) and O(log2 N), respectively.

(with U(1) boson number symmetry) as a more complex example. In particular, we provide
a field test of the different update schemes presented in Sec. 5.1.3 by comparing both their
convergence behaviors and computational resource usage.

Spin-1/2 Ising Model. We use the following Hamiltonian

H = −
N∑

s=1

σx [s]σx [s+1] +λ
N∑

s=1

σz [s] , (92)

where σ x ,z [s] are Pauli matrices acting on site s. We employ periodic boundary conditions
(N + 1≡ 1) and fix the transverse field strength |λ|= 1, so that the model becomes critical in
the thermodynamic limit. At the critical point, the ground-state energy has a simple closed-form
solution [8,206]

E(N) = − 2
N

h
sin
� π

2N

�i−1
. (93)
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Figure 52: (a) Convergence to the ground state energy of the 1D critical Ising model in
a bTTN using a single-tensor update without any inbuilt symmetries (left), compared
to a single-tensor update with inbuilt Z2 symmetry and fixed ∂̄e = ∂̄o = D/2 (right).
Plotted is the error of the ground state energy per site ∆E/N as a function of the
number of optimization sweeps for different bond dimensions D and different system
sizes N . (b) Runtime comparison of the two algorithms from (a), demonstrating the
faster performance of the algorithm with symmetries.

The Hamiltonian defined in Eq. (92) has a global pointwise parity (i.e. group Z2) symmetry,
dividing the state space into two sectors, one with even and one with odd parity, corresponding
to the two representations of Z2 (for details, see Sec. 3.1). The parity is therefore a good
quantum number. Specifically, the Hamiltonian commutes with the symmetry group elements
U(g) ∈ {1⊗N ,

⊗
sσ

z [s]}.
For |λ|< 1 (ferromagnetic phase) the ground state of H exhibits symmetry breaking, i.e.

in the thermodynamic limit there are two degenerate ground states (one in the even sector
and one in the odd sector), while for |λ|> 1 (paramagnetic phase) the thermodynamic ground
state is unique and even. For finite system sizes with an even number of sites, the lowest energy
state is always in the even sector (i.e. the trivial irrep of Z2); therefore we will target this
global sector in our bTTN simulations. Since there are only two possible symmetry sectors
` ∈ {e = 0, o = 1}, any link representation is defined by two degeneracy subspace dimensions ∂̄e
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Figure 53: Comparison of link representation convergence for the double-tensor
update (left) and the single-tensor update with subspace expansion (right). Plotted
is the error of the ground state energy per site ∆E/N (blue) and the over all virtual
links averaged ratio of degeneracy dimensions 〈∂̄e/∂̄o〉links (red) as a function of the
sweep number. For both plots a system size of N = 128 and a bond dimension of
D = 40 have been used.

and ∂̄o. In this sense, it is easy to perform a convergence analysis for virtual link representations
during the algorithm runtime. While the ability of a bTTN to accurately describe the ground
state of the critical 1D Ising model has been discussed in detail in Ref. [182], here we focus
on a comparison between the different algorithm types (with/without inbuilt Z2 symmetry
handling, single-tensor simple update/single-tensor with subspace expansion update/double-
tensor update). In Fig. 52(a) we show the convergence to the ground state energy as a function
of the number of optimization sweeps. Since the size of the search space is reduced when
exploiting symmetries, the convergence behavior towards the ground state is improved in this
case. This is most clearly seen for large system sizes, e.g. N = 1024. In Fig. 53 we compare
the two update schemes: Single-tensor update with subspace expansion and double-tensor
update, as described in Sec. 5.1.3. We benchmark their capability to converge to the optimal
link representations, which are characterized by ∂̄e = ∂̄o = D/2 for all links. For the sake of
this benchmark, we initialize all virtual links with strongly unbalanced degeneracy dimensions
∂̄e � ∂̄o and check whether the ratio ∂̄e/∂̄o converges to one as a function of the number
of sweeps. Although the double-tensor update converges with slightly fewer sweeps, it is
evident from Fig. 53 that both update schemes eventually manage to reach the optimal link
representations.

A careful consideration of the theoretically possible runtime reduction resulting from
the presence of two symmetry sectors with a flat distribution of degeneracy dimensions (see
Sec. 3.5.3) yields a factor of 1/4 for the specific case of a bTTN single-tensor update ground state
algorithm. Moreover, the memory consumption is expected to be halved in this case (because
half the sectors of each tensor do not couple and therefore do not need to be stored). In practice,
we obtained resource savings very close to these predicted values (see Fig. 52(b)), demonstrating
that symmetric tensor operations can be implemented with very little bookkeeping overhead.

Bose–Hubbard Ring With a Rotating Barrier. A graphical illustration of the system is shown
in Fig. 54. In the rotating frame the Hamiltonian can be written as [205]

H = −t
N∑

s=1

�
e−2πiΩ/N b† [s] b[s+1] + h.c.

�
+

U
2

N∑
s=1

n[s]
�
n[s] − 1

�
+ β n[sb] , (94)
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Figure 54: Sketch of a Bose–Hubbard ring with a barrier that rotates with a constant
velocity v. In the rotating frame the barrier is at rest, but the bosons experience an
artificial gauge field ~B giving rise to a flux Ω through the ring, which leads to a boson
current I(Ω)∝ ∂ E/∂Ω.

where the barrier of height β is now at a fixed lattice site sb and the (artificial) gauge flux Ω
is proportional to the barrier’s rotation velocity, t is the hopping amplitude and U the on-site
repulsion, while b† [s], b[s], and n[s] are bosonic creation, annihilation, and number operators,
respectively. The Hamiltonian defined in Eq. (94) has a total boson number conservation symme-
try, which is a global pointwise symmetry with group U(1) (see Sec. 3.1 for details). Specifically,
H commutes with the total boson number operator ntot =

∑
s n[s], and is thus invariant under

V (ϕ) = eiϕ ntot =
⊗

s eiϕ n[s] . Hence, the total boson number Nb (with ntot|Ψ〉 = Nb|Ψ〉) is a
good quantum number which we can enforce exactly by targeting a specific boson filling in
a bTTN algorithm with inbuilt U(1) symmetry handling. Since the U(1) group entails many
irreps — potentially all quantum numbers ` = 0, . . . , Nb could be present on some links —
there is no obvious way a priori to assign the sector degeneracies ∂̄` (` = 0,1, . . .) at each
virtual link. Therefore, we necessarily need to select the ∂̄` via a variational procedure, as
explained in Sec. 5.1.3. We compare again the performances of the two different algorithm
types: Double-tensor update strategy against single-tensor update with subspace expansion
strategy. The results are summarized in Fig. 55, leading to the same conclusions already
obtained from the benchmarks on the Ising model: Both algorithms manage to converge to
the optimal link representations, with the double-tensor update requiring a slightly smaller
number of sweeps. Nevertheless, the overall computational cost of the double-tensor update
is significantly higher (both in terms of runtime and memory consumption), as expected (see
Sec. 5.2). We verified that the obtained link representations are indeed optimal by comparing
the converged ground state energies to the ones resulting from a bTTN simulation of the same
model without inbuilt symmetries. (Without symmetries we have no longer a way of fixing Nb
exactly. Nevertheless a desired global filling can be achieved on average by working in a grand
canonical ensemble, i.e. by adding an extra term µ

∑
s n[s] to the Hamiltonian and tuning the

chemical potential µ.)
A numerical comparison of the runtime behaviors of the different algorithm types is shown

in Fig. 55(c). It appears that the double-tensor update algorithm with inbuilt U(1) performs
roughly ∼ 4 times faster than the single-tensor update algorithm without symmetries, through-
out the numerically accessible regime of D (albeit exhibiting a slightly steeper power-scaling).
Moreover, the single tensor update with subspace expansion reduces the runtime by another
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Figure 55: Benchmark of different bTTN algorithm types for a Bose–Hubbard ring
with a rotating barrier (N = 128, Nb = 19, β/t = 1, U/t = 10, Ω= 0, local bosonic
state spaces truncated to d = 5). (a) Comparison of ground state energy convergence
between double-tensor update (left) and single-tensor update with subspace expansion
(right). As reference for the calculation of the error ∆E the energy from a simulation
with bond dimension D = 400 has been used. (b) Degeneracy dimensions convergence
at the top link of the bTTN, shown for the same two algorithms as in (a). The solid
lines are fitted Gaussians, the gray dashed line in the right plot is the final configuration
from the left, for ease of comparison. (c) Algorithm runtimes as a function of the bond
dimension. The cyan line corresponds to a single-tensor update with fixed degeneracy
dimensions ∂̄` (equipped with the converged ∂̄` obtained from the single-tensor update
with subspace expansion) and demonstrates that the subspace expansion (purple line)
adds a comparatively small overhead.
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considerable factor (∼ 3 times faster for D = 50), on top of having a favorable scaling in
D, demonstrating the huge potential speed-up accessible by performing TN algorithms with
symmetric tensors, especially when the underlying symmetry exhibits a large number of sectors.

6 Conclusions

In this anthology we reviewed some cutting-edge computational methods, based on tensor
network states, for simulating low-dimensional many-body quantum systems at finite size,
approached from the numerical user’s perspective. After introducing the concepts and abstract
objects which are the building blocks for every tensor network algorithm, we described in
detail how these objects are meant to be embedded in a computer. We introduced which
manipulations, including (multi-)linear algebra routines, are useful for simulation purposes,
stressing the interfaces we suggest for the computation in order to be efficient in terms of
time and memory usage. We showed how the same data structures and routines have to
be adapted in order to encode pointwise Abelian symmetries, stressing how the conserved
quantities help the computation by sensitively reducing the effective variational spaces involved.
We reviewed in detail the geometrical and algebraic properties of loop-free tensor networks,
focusing on the advantages presented by various gauges and canonical forms. Then, we gave a
full description of an algorithm for capturing the properties of ground states and low excited
states of Hamiltonians based on loop-free tensor networks: We presented several optimization
strategies, and discussed their respective advantages and scaling, while showing practical
numerical comparisons on their precision and performance. Altogether, these components
form a useful and versatile toolkit which can deal with many low-entanglement scenarios for
one-dimensional quantum systems, encompassing the most common simulations in finite-size
realizations.

6.1 Outlook and Perspectives

Tensor network methods are still far from having reached their ultimate potential. Despite
intrinsic difficulties, several steps have been made in the last decade in the direction of simulating
two-dimensional quantum systems: 2D quantum physics is inherently fascinating for the non-
trivial topological properties of the phases of matter, and consequent exotic quasi-particle
statistics (anyons), equilibrium properties still ruled by quantum fluctuations and entanglement
(far from mean field description), but it is more computationally challenging. In tensor network
language, the challenge translates into the fact that it is difficult to design a tensor network
geometry which is both efficiently contractible and capable of capturing the 2D area-law
of entanglement [61, 128]. Devising powerful, versatile TN methods able to deal with this
scenario is without doubt one of the most relevant challenges of the present decade [62,195,
207,208]. Regardless, we stress that recently the same loop-free tensor network architectures
that we focused on in this work were employed to study topological properties of interacting
two-dimensional models (with toric and open boundary conditions), and showed simulation
capabilities well-beyond exact diagonalization [209]. Moreover, loop-free TNs seem to be a
promising platform also for out-of-equilibrium simulations, a task likely achievable by adapting
the time-dependent variational principle for matrix product states [51,210,211], or similar
strategies [119,122], to the more flexible loop-free network geometries, possibly to include
finite temperatures [57,120,121] and open-system dynamics [212].
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Appendix

A Anti-Unitary Symmetries and Time-Reversal

In this section we report a short note on the usage of anti-unitary symmetries for tensor network
architectures, and briefly discuss related challenges and implications. To this end we expand the
formalism of symmetric tensor networks to include anti-unitary representations of symmetry
groups. We remark that anti-unitary symmetries are extremely relevant from a physical point
of view since they include, for instance, time-reversal symmetry. As we review here, this
characteristic allows in some cases to reduce the Hamiltonian problem from complex to real
linear algebra, thus generally providing a computational simplification. Here, we will follow a
formulation analogous to Sec. 3.

Anti-unitary Symmetries. A complementary class of invariance [T, H] = 0 entails the anti-
unitary symmetries [213] of the form T = UK where U is unitary, and K shall denote complex
conjugation of expansion coefficients in a canonical product-basis |S〉 of the lattice. Such sym-
metry arises for instance as a consequence of conventional time-reversal invariance, implying
T2 = ±1. In the case T2 = +1 (as observed for integer spin or in certain spin-models where
spin-degrees of freedom are not explicitly present, e.g. by means of exchange-interactions), H
becomes real in the sense that it takes the form of a real matrix when written in an invariant
basis T |R〉= |R〉. The latter is however easily constructed starting from superpositions in the
form |S〉+ T |S〉 without having to diagonalize H explicitly. Specifically we consider

〈R|HR′〉= 〈TR|T HR′〉∗ = 〈R|HR′〉∗ (95)

by means of anti-unitarity, T -invariance of |R〉 and |R′〉, and commutation with the Hamilto-
nian [214].

In the context of lattice models suitable for TNs, our interest lies on cases where we can
transform into the basis |R〉 with a local unitary transformation, i.e. one that acts separately on
the physical sites. The simplest example is a Hamiltonian that is already real in |S〉 to begin
with, e.g. that is invariant under T = K . As a consequence, H becomes real symmetric and all of
its eigenstates have real expansions, too. Then, in TN algorithms, by means of a (generalized)
gauge transformation, acting locally on links (see Sec. 4.2.1), we can encode certain cases of
anti-unitary symmetry by simply restricting tensors to real elements. When realized, we call
this the “real gauge” of a TN (see Sec. 4.2.5).

B Graphical Notation Legend

Fig. 56 contains the graphical notation legend, reporting the pictorial symbols that we use
throughout the manuscript to identify the various TN components (links, tensors, etc.).
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Figure 56: Graphical notation legend. Pictorial symbols for links, tensors, their
symmetric counterparts, and special properties (such as isometry) are listed.
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Abstract
We study the equilibriumproperties of the one-dimensional disordered Bose–Hubbardmodel by
means of a gauge-adaptive tree tensor network variationalmethod suitable for systemswith periodic
boundary conditions.We compute the superfluid stiffness and superfluid correlations close to the
superfluid to glass transition line, obtaining accurate locations of the critical points. By studying the
statistics of the exponent of the power-law decay of the correlation, we determine the boundary
between the superfluid region and the Bose glass phase in the regime of strong disorder and in the
weakly interacting region, not explored numerically before. In the former case our simulations are in
agreementwith previousMonteCarlo calculations.

1. Introduction

The Bose–Hubbardmodel is a widespread paradigm in the field of strongly correlatedmany-body systems [1].
Over the years it has found applications in the physics of superconducting thin-films [2], Josephson junction
arrays [3], optical cavity arrays [4], and cold atoms in optical lattices [5]. Themodel describes bosons hopping on
a tight-binding lattice and interacting through an on-site repulsion. The non-trivial properties of themodel stem
from the competition between the hopping (that delocalizes the particles) and the local repulsion (that tends to
suppress local particle numberfluctuations). In the absence of disorder such a competition dictates a quantum
phase transition at integerfilling: if the hopping dominates, the ground state of the system is superfluid; in the
opposite regime, there is a gap in the excitation spectrum and the system is in aMott insulating (MI) state. At a
critical value of the ratio between the hopping and the repulsion parameters, an insulator to superfluid quantum
phase transition takes place at zero temperature. In optical lattices this transition has been experimentally
demonstrated in the seminal work byGreiner et al [6]. The phase diagramof the Bose–Hubbardmodel has been
studied by a number of analytical and numericalmethods, a recent account of the properties of thismodel
togetherwith a review of the experimental advances with cold atoms can be found in the reviews [7, 8].

In one-dimension (1D), which is the case of interest for the present work, the quantumphase transition
between theMI phase and the superfluid (SF) phase atfixed commensurate latticefilling is known to be of the
Berezinkii–Kosterlitz–Thouless (BKT) type [1]. The critical properties of the quantummodelmap onto that of a
classical two-dimensionalXYmodel. The hallmark of a BKT transition [9–11] is a universal jump [12] in the
superfluid density (or stiffness or helicitymodulus [13]). Extensive studies of the stiffness in the classical 2DXY
model are reported for example in [13, 14].Monte Carlo simulations of the one-dimensional quantummodel
(themapping onto theXYmodel becomes accurate at largefillings)were performed originally in [15], more
recent results are comprehensively discussed in [16]. On the other hand, the densitymatrix renormalization
group aliasmatrix product states [17] has been applied to themodel under consideration [18–21], although the
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superfluid stiffness is difficult to extract with high precision because thesemethods are not ideally suited to deal
with periodic boundary conditions (PBCs) [22].

The presence of disorder enriches the phase diagramwith a newphase, the Bose glass (BG) [1], surrounding a
superfluid lobe in the interaction versus disorder plane of the phase diagram. In absence of interactions, indeed,
the disorder induces Anderson localization of single particle states and therefore an insulating phase. This is then
lifted by amoderate amount of interactions that tend to reestablish coherence and consequently superfluidity.
At large interactions and large disorder, finally, strong correlations should lead back to an insulating phase,
distinct from the abovementionedMott insulator in the clean setup. Although this picture is qualitatively well-
understood, the full quantitative characterization of the disordered Bose–Hubbardmodel remains challenging:
considerable efforts have been devoted to study its phase diagram, in particular the location and the nature of the
glassy phase [23–34]. Developments on the issue, with a special emphasis on numerical simulations, have been
reviewed in [35]. Recently, an experiment with optical lattices hasmade an important step forward inmapping
the phase diagram fromweak to strong interactions [36].

In the present workwe apply a tree tensor network (TTN)method [37–41] (specifically our recently
introduced gauge-adaptive TTN technique [42]), a natural ansatz for the simulation of one-dimensional
quantummany-body systemswith PBC, to the disordered Bose–Hubbardmodel.We compute the superfluid
stiffness and correlation functions, avoiding the detrimental boundary effects arising in simulationswith open
boundary conditions. Furthermore, by analyzing the statistics of the decay of superfluid correlators we are able
to locate the superfluid to BG transition line, to extend it into the previously numerically unexplored regime of
small on-site interactions, and to confirm theMonte Carlo results of [26] for strong interactions.

The paper is organized as follows: in the next sectionwe introduce themodel and give a brief overview of the
used numerical technique (a detailed discussion can be found in [42]) andwe anticipate themain result of the
paper, the phase diagramof the disordered BHmodel at unitfilling. In section 3we analyze the superfluid
stiffness. As a benchmarkwefirst consider the case without disorder wherewe are able to perform a very accurate
finite-size scaling to locate the BKT transition.We compare the obtained transition point with the results from
otherwell-knownmethods for determining theMI–SF transition, such as numerically extracting the Luttinger
parameter from the hopping correlation functions [18],finding very good agreement.Moreover, we present our
results for the average stiffness in the disordered case. In order to get a precise location of the transition points we
study the hopping correlation decay, as presented in section 4. A detailed analysis of the statistics of the exponent
of the power-law decay allows us tomap out the complete SF–BG transition line in the phase diagram. Finally,
we summarize themain results of thework in section 5.

2. The disordered Bose–Hubbardmodel

The one-dimensional Bose–Hubbardmodel is a systemof spinless bosonsmoving in a single-band tight-
binding lattice, described by theHamiltonian

t b b
U

n n V nh.c.
2

1 . 1
j

j j
j

j j
j

j j1( ) ( ) ( )† å å å= - + + - -+

Thefirst termaccounts for thehoppingbetweenneighboring sites (labeledby the index j), the second for the on-site
repulsion and the last for the effect of a random inhomogeneous chemical potential. The couplings t,U andVj are the
hopping amplitude, the on-site repulsion, and the randompotential, respectively; bj (bj

†) are bosonic annihilation
(creation)operators obeying b b,j j jj[ ]† d=¢ ¢, with n b bj j j

†= being the correspondingnumber operators. The
randomon-site disorderVj is independent ondifferent sites anduniformly distributed in the interval ,[ ]-D D .

In order to compute the stiffness we introduce a twistf in the boundary conditions. This amounts to
considering PBCs and performing a Peierls shift in every hoppingmatrix element

t b b t b bh.c. e h.c.j j j j
N

1 1
2 i s( ) ⟶ ( )† †+ +p f

+ +
-

whereNs is the number of sites of the ring, as schematically depicted infigure 1(a)where the twist is explicitly
interpreted as amagnetic fluxf piercing the ring and acting on electrically charged particles.

OurTTNansatz is sketched infigure 1(b), showing the natural capability to represent states on1D latticeswith
PBC, despite its loop-free geometry. The absence of loops in the network is crucial for the applicability of efficient
energyminimization techniques needed for the ground state search. For algorithmdetailswe refer the reader to [42],
however it is important to emphasize thatwith ourTTNapproachwewill be able to compute the superfluiddensity
for large system sizes (up toNs=256 in the absence ofdisorder) and therefore performa reliablefinite-size scaling
analysis. Aswewill show, at equilibrium in 1D this approach providesmatching results toMonteCarlo calculations.

The TTN algorithmweuse has abelian global symmetries built-in [43], allowing us towork in a canonical
ensemble (at zero temperature) by targeting exclusivelyN-particles states, in accordance with theU(1) particle
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conservation symmetry n, 0
j j[ ] å = of theHamiltonian. In the rest of the paper wewill in particular

consider the case of unit filling, i.e. N Ns= .We simulate system sizes of up toNs=256 sites, with a truncated
local boson basis up to a dimension of d=20 in the lowU regimewhere high local populations are possible. In
the disordered scenario we average all observables over a number of nr=100 different disorder realizations.

Infigure 2we anticipate themain result of this work, the phase diagramof the disordered BHmodel. The
technical details and the discussion of the results are presented in the following sections, herewe highlight that
for strong interactions (the right edge of the lobe) our results obtainedwith three different criteria are in
agreementwith state-of-the-artMonte Carlo results.More interestingly, we are able to extend our numerical
analysis into the low-interaction regime (left edge of the lobe): two independent criteria strongly agree down to
values of the interactions of the order ofU 0.4~ , where the numerical results nicelymatch the theoretical
conjecture for very smallU [35].

3. Superfluid stiffness

The superfluid stiffness sr is defined through the sensitivity of the ground state energyE0 (herewe consider the
zero-temperature case) to a twist in the boundary conditions

Figure 1. (a) Sketch of a Bose–Hubbard ringwith hopping t, on-site interactionU and local disorderVjpierced by an external fluxf,
giving rise to a ground state boson current I E0( )f fµ ¶ ¶ . (b) Sketch of the TTN state for a latticewithNs=8 sites. The lattice sites
(black dots) have a local dimension d. The three-legged tensors (gray squares, each leg represents a tensor index) hierarchically group
two sites together, forming virtual sites (light gray dots). The dimension of theHilbert space of the virtual sites is truncated at some
maximumbond dimensionm. A variational optimization of this RG scheme is then performed following the prescriptions introduced
in [42].

Figure 2.Phase diagramof the BHmodel with disorder in 1D at unit filling: Bose glass (white region), superfluid lobe (red region),
Mott insulator (gray region). The boundaries of the SF lobe are determined via three different criteria: superfluid jump (green squares),
Luttinger parameter K 2 3= (red circles) and algebraic versus exponential decay of correlation functions (blue circles). The blue
dashed line is a fit through the blue circles according to Um n , withfit parameters 2.2 0.1m =  and 0.4 0.1n =  The red dashed
line follows the conjectured behavior Uc

3 4D ~ of the phase boundary forU 1 [35]. The gray shadedMI region is data from [26].
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andwe set the energy scale by choosing t=1. Therefore, 1sr = for vanishing on-site repulsionU and vanishing
disorderΔ, while 0sr = in theMott-insulator and BGphases.

As a benchmark of our approach, wefirst consider the clean case 0D = . At the BKT critical point the
superfluid density jumps from afinite value s

cr to zero. Themapping onto the classicalXYmodel yields the
critical value U2s

c 2
c( )r p= in resemblancewith the relation P T2s

c
c( )p= , known to hold for the classicalXY

model in 2D [12].We determine the transition pointUc by extracting the superfluid density as a function of the
on-site repulsionU for different ring sizesNs.We then perform aWeber–Minnhagen fit according to the
theoretically predicted functional dependence of the superfluid density at the BKT transition [13]:

N
N b

1
1

2

1

log
, 3s

c
s s

c

s

( ) ( )r r= +
+

⎛
⎝⎜

⎞
⎠⎟

with b the only fit parameter.Whenfitting N U N b2 1 2 logs s
2

s
1( ) ( [ ] )r p= + + - for variousU, the rootmean

square (rms) error of thefit displays a pronouncedminimumat the transition point [13]. Figures 3(a)–(c) show
the result of this procedure, resulting inU 3.394 0.03c =  (or, equivalently, t U 0.295 0.003c =  ).

We now introduce disorder and repeat the study for the averaged superfluid density sr . Since the SF–BG
transition is also expected to be of the BKT type [23], at least on the right side of the SF lobe (i.e. at largeU), sr
should display a jump at the phase transition in the thermodynamic limit. An example of our numerical results is
shown infigure 3(d). In qualitative terms, for both sides of the lobe a drop of the superfluid density for increasing
system sizes can be observedwhen entering the BGphase. Like in the clean system, we localize the critical point
bymeans of aWeber–Minnhagen fitting procedure, this timewith s

cr as an additional fit parameter because the
height of the jump for Ns  ¥ is not known for arbitrary disorder.While on the right boundary of the SF lobe
we are able to successfully apply this technique employing system sizes and disorder realization numbers
accessible to our numerics, this is not the case on the left boundary. Herewe do not achieve sufficient numerical
precision to estimate a reliableminimum in the rms errorwhen fitting equation (3), which ultimatelymakes this

Figure 3. (a) Superfluid density sr as a function of on-site repulsionU for various ring sizes N 8, 16, 32, , 256s = ¼ (from top to
bottom) in the clean case 0D = . The arrow indicates the location and the height of the jumpof sr in the thermodynamic limit,
determined viaWeber–Minnhagen fitting (shown in panel (b), dashed lines arefits). The resulting rms errors for the gray-shaded
interval ofU are shown in panel(c), where the pronouncedminimumatU 3.394 0.03c =  becomes apparent. (d)Averaged
superfluid density sr as a function of on-site repulsionU for 2.0D = in the disordered case. The error bars indicate the standard
deviations of the sr distributions. The gray-shaded interval is the location of the critical pointU 4.6 0.3c =  , determined viaWeber–
Minnhagen fitting.
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method of determining the phase transition unfeasible for the smallU regime. Thismight be aswell an
indication of a different nature of the SF–BGphase transition in this regime, as proposed in some studies [35].

In order to continuewith an accurate analysis of the critical SF–BG line in all regimeswe study the superfluid
correlations in the next section.

4. Correlation functions

Weproceed further by studying the correlation functions, amethod that turns out to yield higher accuracy in
determining the transition line.Moreover, we double-check our results via anothermethod for the
determination of theMI–SF transition, namely the value of the Luttinger parameterK obtained from the
hopping correlation functions [18]

C r
N

b b r
1

. 4
j

j j r
K

s

2( ) ( )†å= á ñ µ+
-

In the clean case the criterion for locating the BKT transition is given by K 1 2c = . Indeed, as critical exponents
can be obtainedwith high numerical precision in TTN simulations [42], we expect thismethod toworkwell in
the present scenario.Moreover, the PBC setting allows for an easy treatment offinite size effects in equation (4),
simply by replacing the distance rwith the effective distance r rcrd˜ ( )= , where r N r Ncrd sins s( ) ( )p p= is the
chord function giving the effective distance of two sites j and j+r arranged on a regular polygon ofNs edges. In
appendix Awe demonstrate the validity of this procedure. Figure 4 summarizes our numerical results, locating
the transition at t 0.299 0.002c =  . Here, we setU=1 for the sake of an easy comparisonwith [18]; see table 1
for how this compares to the transition points obtained in the literature.

Figure 4.Determination of the clean ( 0D = )BKT transition point via the Luttinger parameter criterion K 1 2c = . The highlighted
interval on theKc line is the result obtained in [18]. The four different curves correspond to the four different system sizes
N 32, 64, 128, 256s = (bottom to top). The inset shows an extrapolation of tc to the thermodynamic limit bymeans of afit linear in

N1 s (red dashed line), resulting in t 0.299 0.002N
c

s = ¥ . Errors due tofinite bond dimension of the TTN state are smaller than
the point size (see appendix A for a convergence check).

Table 1.Comparison of the critical hopping
strengths tc for the 1DBose–Hubbardmodel without
disorder, obtained fromvarious numericalmethods.
Also shown are two values reported in earlier works
[18, 46], see [50–52] for a comprehensive summary.

Method t Uc

Superfluid density 0.295±0.003
Luttinger parameter 0.299±0.002
Entanglement entropy 0.306±0.011
Kühner et al [18] 0.297±0.010
Kashurnikov and Svistunov [46] 0.304±0.002
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Wenowonce again turn back to the study of the disordered case. As alreadymentioned, this long-standing
problem is unsolved in the low-interaction regimeU 2< , and even for themore easily tractable regime of
higher interactions, results fromdifferent numericalmethods are not in quantitative agreement [24, 26, 27, 35].

We start by studying the hopping correlation functions of equation (4), whose critical exponent gives access
to the Luttinger parameterK. TheGiamarchi–Schulz criterion K 2 3c = [23, 47], where the overline indicates
an average over a number of nr disorder realizations, results in the phase boundary shown infigure 5.We remark
thatwhile the K 2 3c = criterion is known to be appropriate in the highU regime [35], there is no definite
evidence that this is also the case on the left boundary of the SF lobe (lowU regime). Therefore, the results of
figure 5 require critical verification, which is presented in the following paragraphs.

As a first step into this directionwe study the distributions of the Luttinger parameterK over disorder
realizations. It has been shown [32] that in the SF phase the distributions display self-averaging, i.e. they become
sharper and narrower for increasing system sizes. This is contrasted by a broadening and flattening in the BG
phase [32, 48]. Therefore, the change between the two different types of behaviors should signal the SF–BG
transition. Figure 6 shows our analysis for two different values of the disorder strength: the first one contains the
crossing of the right phase boundary whenmoving along the line 2D = , and the second one shows the crossing
of the left phase boundary along the line 3D = .Wefind that theK-distributions arewell captured by log-
normal distributions with probability density

P x
x

x1

2

1
exp

1

2

log
. 5

2

( ) ( )
s p

m
s

= -
-⎛

⎝⎜
⎛
⎝⎜

⎞
⎠⎟

⎞
⎠⎟

Here x K Kmin= - (whereKmin is the smallestmeasuredK value among the nr different disorder realizations),
since P x 0 0( )< = for log-normal distributions. The parametersμ andσ determine themean and the variance
of the distribution. The results infigure 6 are consistent with the results infigure 5,meaning that we observe the
crossover from self-averaging ( K NVar 0s[ ( )]¶ ¶ < ) to broadening ( K NVar 0s[ ( )]¶ ¶ > ) at locations
compatible with the criterion K 2 3c = .

Finally, we propose amethod for locating the SF–BG transition that requiresminimal a priori knowledge on
the nature of the transition, butmerely relies on the assumption that the averaged hopping correlation functions
C r( ) (understood as an average of the correlation functionC(r) in equation (4) over all disorder realizations for
each distance r)decay algebraically in the SF phase while in the localized BGphase they decay exponentially.We
can conveniently discriminate the different scaling behaviors by fitting C r( ) in double logarithmic
representationwith a function of the form

C r
K

log
2

const., 62[ ( )] ( )a x x= - - +

where rlog crd[ ( )]x = andα is the curvature of the fit. Clearly, 0a = indicates a straight line in log-log scale
and therefore an algebraic decay, while 0a > captures the downward bending of the exponential decay in the
same plot. It turns out that the increase ofα is quite sharp both in the low and high interaction regime, allowing
us to apply thismethod throughout the numerically poorly exploredU 2< region. Figure 7 demonstrates the
technique for two different lines of constant disorderΔ and illustrates the extraction of the estimated SF–BG
transition points. For the quantitative determination of the critical points we adopt a threshold forα equal to

Figure 5.Extension of the SF lobe determined from the criterion K 2 3c = (left). The right panel shows the averaged Luttinger
parameter K as a function ofU atfixed disorder 2D = , for two different ring sizes N 64, 128s = (circles, squares) and two different
numbers of disorder realizations n 50, 100r = (green, red). In the lowU regimewe used local dimensions of up to d=20 in order to
account for possible high on-site occupations.
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two standard deviations away from the average value obtained in the SF region. The results are summarized in
figure 2, togetherwith the phase boundary obtained from theGiamarchi–Schulz criterion infigure 5. It is
apparent that the threshold determines a phase boundarywhich is in very good agreementwith the
K 2 3c = line.

Let us notice that these results seem to indicate that the SF lobe does not shrink due to rare events, as
occurring in themechanism leading to a ‘scratchedXY universality class’ [49]. Thismight well be due to the
system sizes and amounts of disorder realizationswe can reasonably access with our TTNmethod, but it would
pose an interesting visibility question for realistic experimental setups thatmight suffer similar limitations. On
the other hand, in the samefigure 2 the predicted critical line at tiny interactions, Uc

3 4D ~ [35], appears to be
matched nicely by the prosecution of the phase boundary we obtained down toU 0.4= . In conclusion, even
though the increasing computational efforts needed to explore the regime of very small interactionsU 1
prevent us frompresenting converged and stable results in that region, we consider the phase diagramoffigure 2
representative of the physics of the system.

5. Conclusions

In thismanuscript we employed our recently introduced gauge-adaptive TTNalgorithm [42] to study the
disordered Bose–Hubbardmodel in 1D. Thanks to its natural ability to deal with PBCs, we have computed the
superfluid stiffness, the correlation functions and the scaling of entanglement entropy (see appendix A)with a
high degree of precision.We showed that criteria based on all these three quantities predict the location of the
BKT transition for the clean (no disorder) case within an error of a few 10−3.

Figure 6.Behavior of the distributions of the Luttinger parameterK across the SF–BG transition for different system sizes
N 32, 64, 128s = (green, red, blue), illustrated for two disorder strengths 2D = (top panel) and 3D = (bottompanel). Dashed lines
are fits according to log-normal distributions equation (5), colored arrows indicate the correspondingmean values. Note the different
scales on the abscissae to appreciate the clear difference between the self-averaging and broadening regimes. In all plots the number of
disorder realizations is nr=100. Increasing nr leaves the properties of the distributions unchangedwithin the statistical error, as we
verify in appendix B.
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In order to identify the still partially undetermined, lobe-shaped, boundary between the superfluid phase
and the BGphase, we considered not only disorder-averaged quantities but also their statistical distributions.
First, we showed that on the right side of the lobe (i.e., strongly interacting regime) the averaged stiffness exhibits
a jump in the thermodynamic limit that can befittedwith the conventional BKTfinite-size scaling (its height
being a parameter tofit). Then, we determined the line corresponding to the averaged Luttinger parameter
attaining a value K 2 3= , and observed that this is consistent with the line that discriminates between self-
averaging and broadening regimes of its statistical distribution. The latter was indeed recently indicated [32] as a
more reliable criterion for the left side of the lobe (i.e., weakly interacting regime), where a new universality class
might take over the SF–BG transition. Finally, we put forward a criterion based on the decay of disorder-
averaged correlation functions: the line determined by their change between algebraic and exponential decay
also nicely agrees with the other established criteria.

The high compatibility between the results from the various analysismethodswe employed is a strong proof
of reliability of our numerical study. In conclusion, hardly any difference is detectable between the ‘self-
averaging’ criterion and the K 2 3= one (or alternatively our averaged correlation decay), at least for what
concerns system sizes and disorder repetitions we explored, which however are compatible with the conditions
of current experimental verification. Finally, we stress that our data nicelymatch the analytically predicted
critical line at tiny interactions [35], thus reconciling the two pictures.

As an interesting perspective, wemention here the possible extension of the TTNmethod to the time-
dependent casewhichwill allow to consider non-equilibrium situations that are out of reachwith current
numerical techniques.

Figure 7.Determining the location of the SF–BG transition via the averaged hopping correlation functions. The left plots show the
averaged correlation functions C r( ) together with fits according to equation (6). The dashed gray lines are linearfits through thefirst
five data points, serving as guides to the eye to discriminate the different scaling behaviors. The system size isNs=128, the number of
disorder realizations is nr=100. Increasing nr does not result in changes bigger than the point size, the same applies for finite bond
dimension effects. The extracted curvaturesα as a function ofU are shown in the right plots. The baselines are determined as the
average of the data points close to zero; the threshold is used to locate the critical points.
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AppendixA. Accuracy of the correlation functions and determination of the critical point
via entanglement entropy

In this appendixwe show that the TTN state representation combinedwith the PBC setting allows for an
accurate determination of critical exponents. For the system sizes N 256s  used in this work, our
computational resources allow to use bond dimensions of up tom=150. At these bond dimensions the critical
exponents fitted to the correlation functions have an accuracy of the order of 10−3, which is why no
extrapolation inm is needed for our purposes. Infigure A1 we demonstrate this for the clean system, similar
results are obtained for the disordered case.

Finally, in order to complement the data on the BKT transition in the clean system, we use the entanglement
entropy (a quantity that is easily accessible bymeans of tensor networkmethods [17]) as an alternative criterion
to locate the phase transition. To this end, we numerically calculate the vonNeumann entropy S ℓ( ) for various
bipartitions Nsℓ ℓ∣ - of the ring. Since the SF phase is known to be critical (with central charge c= 1), the
entanglement entropy obeys [44]

S
c

a
3

log crd , A.1ℓ ℓ( ) [ ( )] ( )= +

with a a non-universal constant. By fitting equation (A.1) (a being the only free parameter) for different values of
U, we expect to get an increase in the fit’s rms error rmsD starting fromUc, where equation (A.1) is not valid any
more because in theMI phase the vonNeumann entropy S ℓ( ) saturates for largeℓ (obeying an area law). As
shown infigure A2 , we find that the behavior of rmsD as a function ofU is well described by the form

U U U
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which is closely related to the opening of the energy gap E U Uexpg c( )d~ - - at the BKT transition [45],
with some constants 0D ,α,β, γ, δ. By fitting equation (A.2) to our data we obtain a numerical value of
U 3.26 0.13c =  for the transition point (equivalently, t 0.306 0.011c =  ), see figure A2.Despite the fact that

Figure A1.Hopping correlation functionsC(r) andfitted Luttinger parametersK for three different bond dimensionsm in the clean
case 0D = . The system size isNs=128 and the interaction strength isU=3.1. The accuracy ofK is of the order of 10−3. The inset
shows the difference CD between the data and thefitted lines.
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this result is compatible with the ones we obtained bymeans of the othermethods, its precision is about one
order ofmagnitudeworse. This is due to the exponentially slow increase of rmsD in equation (A.2), which
prevents amore accurate determination ofUc.

In table 1we summarize the results for the SF-MI transition points tc obtained from the various techniques
thatwe employed (superfluid density in section 3, Luttinger parameter in section 4, entanglement entropy). The
mutual agreement of the obtained values is of the order of some 10−3.

Appendix B. Convergence of distributionswith respect to the number of disorder
realizations

Infigure B1 we demonstrate that the distributions of the Luttinger parameterK can bemeaningfully
characterizedwith a number of disorder realizations of the order of nr=100, even in the regime of relatively
strong disorderΔ. This statement holds true for all system sizesNs used in this work.Moreover, it becomes
apparent that the distributions can be faithfully described by the log-normal distributions defined in
equation (5).We remark that the identification of rare events with very largeK, as described in [32, 35], would
require system sizes and number of disorder realizations of the order of several thousand, which is not within the
scope of the present investigation (seemain text).

Figure A2.Determination of the BKT transition point by probing the scaling of the vonNeumann entropyS for a ring ofNs=256
sites without disorder ( 0D = ). Afterfitting equation (A.1) for various values ofU (see left inset for two examples, dashed lines are
fits), the resulting rms errors are used to determineUc via a fit of the form equation (A.2). Extractedfit parameters are
U 3.26 0.13c =  , 0.67 0.04a =  , 1.9 0.4b =  , 1.1 0.2g =  , 0.035 0.0010D =  . The right inset shows the same data as
themain panel, but scaled in such away that the power-law inside the exponential of equation (A.2) becomes apparent.

Figure B1.Distributions of the Luttinger parameterK for two different system sizesNs and two different numbers of disorder
realizations nr. In both plots the disorder strength is 3.0D = and the interaction isU=2.2. The characteristics of the distributions
(in particular their expectation value (EV) and standard deviation (SD)) remainwithin the statistical error when increasing nr from
100 to 500. Fitted lines are log-normal distributions.
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AppendixC. Comparison of phase diagramwith data from the literature

In this appendixwe compare our data on the extension of the superfluid lobe (as summarized infigure 2)with
results previously obtained in the literature, in particular with data fromProkof’ev et al [26] andRapsch
et al [27]. A direct comparison is shown infigureC1 . As alreadymentioned in themain text, we observe good
agreementwith theMonte Carlo results reported in [26] (except for a slight deviation at the tip of the lobe).

AppendixD. Local Boson occupation numbers

In order to get an estimate for the necessary local (on-site) dimension d, one has to consider the expectation
values njá ñof the local boson number operators and their corresponding variances n n nVar j j j

2 2( ) = á ñ - á ñ .We
plot these quantities infigureD1 , both as a function of interaction strengthU (with disorder strengthΔ fixed)
and as a function ofΔ (Ufixed). Adding two standard deviations to the highest occurring boson occupation
expectation values along the ring, we find that up to d=10 states are relevant for the lowestU values we
simulated. By choosing d=20 for this regime (as reported in themain text)we can be absolutely sure that errors
due to the truncation of the local boson bases are negligible.We can easily afford such high local dimensionsd
because the impact on the computation time is relatively small in TTN simulations (e.g. for aNs=128
simulation the runtime only increases by a factor of 1.3 when using d= 20 instead of d= 10).

Furthermore, figureD1 suggests that for constantU themaximally occurring occupation number increases
linearly with the disorder strengthΔ.

FigureC1.Comparison of the phase diagram fromfigure 2with phase diagrams previously obtained in the literature.

FigureD1. Local boson occupation expectation value and variance as a function ofU (left) andΔ (right). Red filled circles: realization-
averagedmaximally occurring expectation value nav maxk j j[ ]á ñ (indices k and j run over nr=100 disorder realizations andNs=128
sites, respectively). Red squares: highestmeasured expectation value nmax maxk j j[ ]á ñ . Bluefilled circles: realization-averaged
maximally occurring standard deviation nav max Vark j j[ ( ) ]. Blue squares: highestmeasured standard deviation

nmax max Vark j j[ ( ) ]. The plotted error bars are standard deviations determined from the realization ensembles. Dashed lines are
linear fits.
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We show via tensor network methods that the Harper-Hofstadter Hamiltonian for hard-core bosons on a square
geometry supports a topological phase realizing the ν = 1

2 fractional quantum Hall (FQH) effect on the lattice.
We address the robustness of the ground-state degeneracy and of the energy gap, measure the many-body Chern
number, and characterize the system using Green functions, showing that they decay algebraically at the edges
of open geometries, indicating the presence of gapless edge modes. Moreover, we estimate the topological
entanglement entropy by taking a combination of lattice bipartitions that reproduces the topological structure of
the original proposals by Kitaev and Preskill [Phys. Rev. Lett. 96, 110404 (2006)] and Levin and Wen [Phys. Rev.
Lett. 96, 110405 (2006)]. The numerical results show that the topological contribution is compatible with the
expected value γ = 1

2 . Our results provide extensive evidence that FQH states are within reach of state-of-the-art
cold-atom experiments.

DOI: 10.1103/PhysRevB.96.195123

I. INTRODUCTION

The Harper-Hofstadter model [1] plays an archetypical role
in the current understanding of topological quantum matter on
a lattice. It encompasses the basic coupling between particles
and a background magnetic field, and supports topological
bands with finite Chern number for a broad range of fluxes
and tunneling rates [2]. Those remarkable properties have
motivated proposals [3] and recent experiments in both solid-
state [4] and cold-atom systems [5–9], which have extensively
investigated its noninteracting limit, including the observation
of its fractal spectrum [4] and the measurement of a finite Chern
number [8] in some of its bands. More recently, experiments
using bosonic atoms in optical lattices have shown impressive
capabilities to approach the strongly interacting regime [7],
with the ultimate goal of stabilizing lattice analogs of fractional
quantum Hall (FQH) states [2,10]. However, despite promising
small system results based on exact diagonalization [11–14],
in the large flux regime available to experiments, when the
magnetic length is of order of the lattice spacing, theoretical
evidence of such states at large scales has been lacking,
especially regarding smoking guns of topological order:
gapless edge modes, entanglement properties, and many-body
Chern numbers.

In this work, we study the strongly interacting bosonic
Hofstadter model, and show that it supports a FQH ground
state (GS) akin to the ν = 1

2 Laughlin state in the continuum
[10,15,16]. Our analysis is based on a combination of diag-
nostics, including GS degeneracies on different topologies,
the measurement of the many-body Chern number, Green
functions’ decay at the edge and in the bulk, and a direct mea-
surement of the topological entanglement entropy. The corre-
sponding results serve as a quantitative guideline to address
the stability of such phases against temperature: crucially, we
show how the spectral gap of the bulk excitations is of the order

of 10% of the tunneling rates, showing how FQH states are
within reach for temperatures available to current experiments.

The enabling tool of our analysis are numerical simulations
based on the tree-tensor network (TTN) ansatz [17–19].
This class of tailored variational wave functions extends the
matrix-product state (MPS) ansatz, the tensor network class at
the heart of the density-matrix renormalization group (DMRG)
[20,21]. To obtain the presented results on square lattices with
sizes of up to 32 × 32 sites, we exploit the reduced scaling
of computational costs of the loopless geometry of TTNs, a
characteristic not shared by other network structures such as
projected entangled pair states (PEPS) and multiscale entan-
glement renormalization ansatz (MERA) [22]. Additionally,
differently from typical DMRG approaches, TTN warrant
direct access to the reduced density matrix of a variety of
lattice bipartitions. In the following, we show how this feature
enables the direct evaluation of the topological entanglement
entropy using a specific combination of various partitions,
in parallel to the original proposals of Refs. [23], which are
instead not immediately applicable to DMRG studies.

The paper is structured as follows: First, we define the
model (Sec. II) and describe the employed numerical method
(Sec. III). Then, we proceed to present the numerical evidence
for a FQH GS in Sec. IV, based on the low-energy spectrum
(Sec. IV A), the many-body Chern number (Sec. IV B),
the correlation functions (Sec. IV C), and the topological
entanglement entropy (Sec. IV D). In Sec. V we analyze the
robustness of the FQH state upon introducing a superlattice
potential. Finally, we conclude our work in Sec. VI.

II. MODEL HAMILTONIAN

We study spinless bosonic particles hopping on a L × L

square lattice under the influence of an external magnetic field,

2469-9950/2017/96(19)/195123(8) 195123-1 ©2017 American Physical Society
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FIG. 1. Sketch of the system: N hard-core bosons (red balls) are
hopping on a L × L lattice, perpendicular to an external magnetic
field. The magnetic field gives rise to a flux φ through each plaquette,
which in Landau gauge leads to the indicated phase factors in the
hopping amplitudes t . The fluxes in the topmost row and rightmost
column (faded) are only present in case of periodic boundary
conditions (PBC). For PBC, additional phase twists θx and θy can
be introduced (see text), allowing for the definition of topological
invariants.

as illustrated in Fig. 1. In the Landau gauge, the system is
described by the following Hamiltonian [11]:

H = U
∑

x,y

nx,y(nx,y − 1) − t
∑

x,y

{a†
x+1,yax,y e−i 2πδxLθx

+ a
†
x,y+1ax,y ei 2π(φx−δyLθy ) + H.c.} (1)

of bosonic particles, [ax,y,a
†
x ′,y ′ ] = δxx ′δyy ′ ,n = a†a. Here, φ

is the magnetic flux through each plaquette [resulting in a
magnetic filling factor ν = N/(φL2), with N the number of
bosons in the system] and θx , θy implement the twists in the
boundary condition [12]. In the dilute limit (small densities
and small fluxes), the lattice physics approaches the one of
the continuum.1 However, in the large flux limit, available
in cold gases experiments, the phase diagram is not set. On
small systems, it has been shown by exact diagonalization
(ED) that the GS of the model described by Eq. (1) at filling
factor ν = 1/q (where q is an even integer) is compatible
with a lattice analog of the (bosonic) Laughlin wave function
[12–14,24,25], exhibiting topological GS degeneracy and a
nonzero Chern number [26]. However, the overlap with the
exact Laughlin wave functions rapidly degrades with system
size already for small systems of six particles. From a
complementary viewpoint, the ladder version of the Hofstadter
model has also been shown to share similarities with FQH
states [27–30]. Very recently, iDMRG results on cylinders
have shown strong signatures of integer quantum Hall states,
and have reported fractional current quantization in regimes
different from the one we consider here [31]. Throughout,
we focus on the strongly interacting case U → ∞ (hard-core
bosons) with flux values φ = 1

8 and 1
16 , respectively, which

1Notice that the continuum limit is also recovered by adding tailored
long-range hoppings, which effectively flatten the lowest band [47].

x

y

L
L

m
N

FIG. 2. Binary tree-tensor network ansatz for a L × L lattice.
The blue dots are the physical sites with local dimension d (d = 2
for hard-core bosons). Each tensor groups two sites to one virtual
site (gray dots), leading to a hierarchical tree structure. In order to
capture the 2D lattice geometry, the grouping is performed in the x

and y directions, alternating from level to level. The dimension of
the virtual sites in the lth level (counting from below) is min(d2l

,m),
where m is the bond dimension of the TTN. The additional cyan link
at the top left tensor has dimension one and selects the global particle
number N [32].

correspond to flux setups that are experimentally available.
Finally, we fix the energy scale by setting t = 1.

III. TREE-TENSOR NETWORK ANSATZ

We employ a tree-tensor network (TTN) ansatz [33] for the
GS and the two lowest excited states to verify the properties
discussed above. The specific binary TTN used in this work
is illustrated in Fig. 2, where the standard graphical notation
for tensor networks (TN) is employed [34,35]: tensors are
drawn as cubes, with attached lines symbolizing tensor indices
(links). Links that are shared by two tensors are contracted,
which in TN language means that over their corresponding
mutual indices is to be summed. The dimension of each
link in the TTN is upper bounded by a constant m (bond
dimension), which serves as the refinement parameter of the
ansatz: the larger m, the more accurate the true many-body
state can be approximated. In a binary TTN, each tensor has
at most three links; therefore, the scaling of the computational
resources with the bond dimension is moderate in algorithms
using this class of TN states [19]. Furthermore, we exploit
particle-number conservation by restricting the ansatz to the
N -particle symmetry sector [32].

While it is known that a two-dimensional (2D) TTN is not
compatible with the area law for the entanglement entropy
[17,36], it possesses several beneficial features which make it
a promising tool for the study of intermediate system sizes:
(a) the existence of a numerically stable search algorithm
for eigenstates [18,19,35]; (b) a low-order polynomial scaling
O(m4L2) of the computational cost; (c) easy interchange of
various boundary conditions (open, periodic, twisted); (d)
access to the entanglement entropy for bipartition shapes
that enable the determination of the topological entanglement
entropy (TEE) [23]. In what follows, we will exploit these
properties to gather a number of numerical pieces of evidence
supporting a FQH GS of the model (1) in the case of filling
ν = 1

2 .
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FIG. 3. Low-lying spectrum (a) and many-body Chern number (MBCN) (b)–(e) for a system with L = 16, N = 8, φ = 1
16 (ν = 1

2 ).
(a) Finite-size spectrum as a function of the twist angles of the boundary conditions. The twofold-degenerate GS manifold is separated from
the first excited state by a gap � � 0.08. (b), (c) Regions where 	
 and 	
′ , respectively, vanish. The reference multiplet 
, 
′ is composed
of the two orthogonal GSs at (θx,θy) = (0.2,0.12), (0.64,0.56). (d) Color plot of the argument field �
→
′ whose count of branch vortices
gives the MBCN. (e) Location (and sign) of the branch points, obtained by summing up the angle differences �� along the nearest neighbors
of each grid point, resulting in a MBCN of one.

IV. NUMERICAL EVIDENCE FOR FQH GROUND STATE

A. Low-energy spectra

As first evidence, we verify the GS degeneracy, intimately
connected to the topological order of the system [10,37].
On a torus geometry, the GS degeneracy at ν = 1

2 filling
is expected to be twofold (independent of the twist angles
θx , θy), while the first excited state is to be separated by a
bulk gap. We determined the three lowest-energy eigenstates,
reported in Fig. 3(a): We clearly observe a finite-energy gap
E2 − E0 ≈ 0.1t which is typically more than two orders of
magnitude larger than the energy difference E1 − E0 between
the two states manifold (multiplet) in the GS for the system
sizes considered here. Conversely, we verified that for open
boundary conditions (OBC), the quasidegeneracy is removed
and we observe that E2 − E1 ≈ E1 − E0.

B. Many-body Chern number

As second evidence, we determine the many-body Chern
number (MBCN) [26], which is a direct signature of topo-
logical order. For the numerical calculation of the MBCN,
we follow the prescription put forward by Hatsugai [38],
which requires the knowledge of the GS manifold on a 2D
grid of twist angles (θx,θy) ∈ [0,1] × [0,1] (note that this
grid also has a torus geometry). From a practical point of
view, this method relies on the calculation of overlaps, a
task which can be easily accomplished with TN states: more
specifically, we need to choose two reference multiplets 
, 
′
which have to be nonparallel but otherwise can be arbitrary.
(Commonly, one picks two GS multiplets at twist angles far
from each other [39].) This corresponds to two different gauge
references, which can be used to define two scalar fields:
	
(′) = det〈
(′)

j |P (θx,θy)|
(′)
k 〉, where the determinant runs

over the indexes j,k ∈ {0,1} of the GS multiplet, and

P (θx,θy) = |�0(θx,θy)〉〈�0(θx,θy)|
+ |�1(θx,θy)〉〈�1(θx,θy)| (2)

is the projector on the GS manifold at (θx,θy). If the
gauge has been fixed appropriately, 	
 is well defined (i.e.,
nonvanishing) where 	
′ is not and vice versa, thus forming
two complementary regions on the boundary condition torus
[an example is shown in Figs. 3(b) and 3(c)]. Finally, the

MBCN is given by the number of branch vortices in the
argument field

�
→
′ = arg(det〈
′
j |P (θx,θy)|
k〉) (3)

to be counted (with sign) in any of these two regions [38,39].
We performed this procedure using TTN states; the result is
shown in Figs. 3(d) and 3(e). We obtain a MBCN of 1, clearly
demonstrating the topological order in the GS of the model.
Combined with the twofold degeneracy discussed above, this
shows that the system has a Chern number per state C = 1

2 , as
expected for the ν = 1

2 Laughlin state.

C. Correlation functions and edge modes

Indirect evidence of a fractional quantum Hall state can
also be gathered by monitoring the behavior of the Green
function in the system G(x,x ′; y,y ′) = 〈a†

x,yax ′,y ′ 〉. The Green
function in periodic systems contains information about bulk
excitations: in our case, it is expected to decay exponentially
as a function of distance. In contrast, for open boundaries
the Green function is expected to reveal the existence of
gapless edge modes. Indeed, in the case of ν = 1

2 , the phase
field operator of the corresponding chiral Luttinger liquid
edge mode is expected to have considerable overlap with the
creation and annihilation operators on the lattice. In Fig. 4(a),
we plot the normalized G(x,x; 1,y) as a function of y both
for PBC and OBC. In the case of PBC, the results clearly
show that G decays exponentially as a function of distance,
with a correlation length of approximately two sites and, thus,
considerably smaller than our system sizes. Since for OBC
translational invariance is broken, we consider different values
of x [marked by different colors as also illustrated in Fig. 4(c)].
Here, two distinct regimes are visible: along the edge (here
for x � 4) the correlation decays as a power law, indicating a
gapless mode localized close to the boundary. In sharp contrast,
far from the edges (x � L/2) the decay becomes exponential,
consistent with the PBC results. Our results on the correlation
functions thus strongly confirm a finite bulk gap, coexisting
with gapless edge modes.

An alternative route to detect chiral edge modes, likely
more accessible in experiments, is given by the particle current
density. Specifically, we consider here the current in the x

195123-3

3.5. Phys. Rev. B 96, 195123 (2017) 191



GERSTER, RIZZI, SILVI, DALMONTE, AND MONTANGERO PHYSICAL REVIEW B 96, 195123 (2017)

(a1) (a2)

(b1) (b2)

(b3) (c)

0.01

0.1

1

2 4 6 8 10 12 14 16

ξ = 2.2

a
† x
,1
a
x
,y

/[
n
x
,1

n
x
,y

]
|

y

PBC

0.01

0.1

1

2 4 6 8 10 12 14 16

y

OBC

x =
1
2
4
8

−1

−0.5

0

0.5

1

2 4 6 8 10 12 14 16

2
I x

(x
,y
)
/
[
n
x
,y

+
n
x
+
1
,y

]

y

L = 16, N = 8, φ = 1/16

PBC
OBC

−1

−0.5

0

0.5

1

5 10 15 20 25 30

y

OBC, L = 32, N = 16

m = 250
m = 350

−1

−0.5

0

0.5

1

2 4 6 8 10 12 14 162
I x

(x
,y
)
/
[
n
x
,y

+
n
x
+
1
,y

]

y

OBC, L = 16, N = 16

m = 150
m = 250

x = 1
x = 2
x = 4

x = 8

y

x

FIG. 4. (a) Green functions along the y direction for PBC (a1) and
OBC (a2), for L = 16, N = 8, φ = 1

16 . In the PBC case, the decay is
exponential, irrespective of the choice of x. In contrast, for OBC, the
decay at the edges (x ≈ 1 or y ≈ L) is much slower, signaling the
presence of edge modes with algebraic correlations. (b) Current in
the x direction. (b1) Comparison between PBC (no current) and OBC
(currents at the edges). (b2) OBC current for L = 32, φ = 1

32 , and (b3)
for φ = 1

8 , L = 16, each with two different bond dimensions m. All
panels use the same color code for x, which is illustrated in (c). The
cartoon in (c) shows the edge current (red arrow) and demonstrates
why Ix vanishes in the bulk (dark-shaded background), while at the
edges (bright background) it is nonzero whenever y ≈ 1 or y ≈ L.
Moreover, it is obvious that the sign of Ix at y ≈ 1 is opposite to the
sign of Ix at y ≈ L.

direction

Ix(x,y) = i 〈a†
x+1,yax,y − ax+1,ya

†
x,y〉, (4)

again both for PBC and OBC. In Fig. 4(b), we show the
normalized Ix(x,y) as a function of y and for different values
of x (again with the same color code). The results are in strong
agreement with the ones obtained from the Green function
analysis: For PBC, where there is only bulk, the current
vanishes throughout the system, while for OBC we observe
strongly enhanced currents along the edges, i.e., at y ≈ 1 or
y ≈ L. In Fig. 4(c), we provide an illustration of the edge
current present in an OBC lattice, giving an intuitive (albeit

(a)
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FIG. 5. (a) TEE γ obtained from an extrapolation in m: lines
are linear fits through data points with  > 10, for L = 16, N = 16,
φ = 1

8 . The resulting γ is compatible with 1
2 . (b) Arrangement of

square partitions for the extraction of γ [23] and resulting TEE (c)
as a function of the block size a. For large enough a, the data are
compatible with γ = 1

2 .

oversimplified) explanation for the behavior of the currents
plotted in Fig. 4(b).

D. Topological entanglement entropy

An unambiguous indicator for topological order is the
topological entanglement entropy (TEE) γ , as introduced
in Refs. [23]. A finite value of γ signals the presence
of anyonic excitations above the GS manifold, remarkably,
without having to directly access excited states. In particular, γ
is directly related to the quantum dimensions of the excitations.
Extracting the TEE in numerical simulations is however
challenging. System sizes available to exact diagonalization
are typically too small to measure γ in a meaningful fashion.
DMRG simulations can reach considerable system sizes: in
that context, one tries to extract the TEE γ as a correction
to the perimeter-law scaling of the entanglement entropy:
S() = c  − γ , where S() is the von Neumann entropy
S = −tr[ρ log2 ρ] for a spatial partition of perimeter . In
Fig. 5(a), we show our results for S() for PBC with L = 16.
In order to avoid strong finite-size effects, we excluded from
our fits the data with  < 10. After extrapolation to m → ∞,
we get γ = 0.47 ± 0.19, which is close to the value obtained
with our maximum bond dimension. Despite the large error
bar, mostly due to the fact that we have only access to few
points in , our result shows that the system has γ > 0, and the
result is compatible with the expected TEE for a Laughlin state
with ν = 1/q, γ = log2

√
q. While this procedure has been
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FIG. 6. Left column: onsite occupations 〈nx,y〉 of the lattice sites
for different values of μ, showing how the particles gradually localize
at the energetically favored sites of the superlattice. Right column:
plots of �
 for different values of μ. For μ � −1.0 there exist regions
(visible as black areas enclosed by cyan lines) where �
 vanishes,
indicating topologically nontrivial character. System parameters are
L = 16, N = 8, φ = 1

16 .

well tested in several models [40,41], it is desirable to apply
a method for obtaining the TEE which follows directly the
original prescription: such technique operates on regions with
different shapes in order to exclude spurious effects. Within
our TN ansatz, this is possible considering the geometry in
Fig. 5(b), where it can be shown that the following relation
holds:

−γ = SA + SB + SC + SD

− SAB − SBC − SCD − SDA + SABCD . (5)

The basic building block of this procedure are square partitions
of size a × a. The results of the corresponding simulations,
extrapolated in m → ∞, are shown in Fig. 5(c): for a = 4 the
results indicate a finite TEE of γ � 0.5, again with rather large
error bars (owing to the uncertainty in the m extrapolation),
but otherwise in good agreement with the expected behavior
for ν = 1

2 FQH states. We note that for a = 1,2 the results are
far from this prediction, as expected, since for those values
the partition size is smaller than the correlation length ξ as
computed from the Green function decay.

(a)

(b) μ = −1.0: μ = −2.0:
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FIG. 7. (a) Three lowest eigenenergies of H̃ as a function of
μ, at θx = θy = 0. (b) Low-energy spectra on the whole boundary
condition torus for μ = −1.0 and −2.0. System parameters are L =
16, N = 8, φ = 1

16 .

V. PHASE TRANSITION FROM FQH STATE
TO TRIVIAL INSULATOR

Our diagnostics also allows for the detection of possible
phase transitions. Here, we demonstrate this by investigating
the robustness of the FQH state upon introducing a superlattice
potential into the model from Eq. (1), which, in turn, can be
engineered in cold-atom experiments [42]. We consider the
Hamiltonian

H̃ = H + μ
∑

(x,y)∈ sup latt.

nx,y, (6)

(a)

(b) μ = −1.0:
μ
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FIG. 8. (a) MBCN as a function of μ, displaying a transition at
μc ≈ −1. (b) Determination of MBCN for μ = −1.0, resulting in
MBCN = 1. System parameters are L = 16, N = 8, φ = 1

16 .
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FIG. 9. (a)–(d) Four example configurations for the argument field �
→
′ around a point (θx,θy) on the boundary condition grid. The
branch vortex count 1/2π

∑
� �� is 1 for the configurations shown in (a) and (b), −1 for the configuration in (c), while for the one in (d) it is

0. (e) Illustration of the color code for �
→
′ , used in Figs. 3(d) and 8(b).

where μ � 0 denotes the depth of the superlattice potential.
We focus on the case where the number of sites of the
superlattice is equal to the number of bosons N in the system.
For sufficiently large |μ|, the GS of H̃ is a product state
with the particles pinned at the superlattice minima (see
Fig. 6) which is, by construction, topologically trivial. The
transition between the two qualitatively different GSs occurs
at some critical potential depth μc < 0. In order to detect
this transition, we use the energy spectra on the boundary
condition torus, and the MBCN, as shown in Figs. 7 and 8.
With increasing depth of the potential, we observe how the GS
quasidegeneracy is removed (see Fig. 7). As long as the
GS multiplet is still quasidegenerate, i.e., separated from the
first excited state (E2 − E1 � E1 − E0) on the whole torus of
twist angles, we measure a MBCN of one (see Fig. 8). At the
critical point −1.3 � μc � −1.0, this condition is no longer
met and the MBCN vanishes, signaling a disappearance of the
topological order. The topologically trivial character of such
a GS can be evidenced by considering the quantity

�
(θx,θy) = 〈
|�0(θx,θy)〉〈�0(θx,θy)|
〉, (7)

where 
 represents a gauge reference, formed by a single
GS at an (arbitrary) reference point (θ [r]

x ,θ [r]
y ). If the GS of

the system is in fact topologically trivial, �
 is well defined
(i.e., nonvanishing) on the whole boundary condition torus.
On the contrary, this is not the case if the GS has nontrivial
topological character: in that case there is a finite region on
the torus where �
 vanishes. Whenever this happens, the GS
is quasidegenerate and Hatsugai’s method for determining the
MBCN (as described in Sec. IV B) is applicable. In Fig. 6, we
show �
 for different values of μ, demonstrating how it grad-
ually becomes well defined on the whole boundary condition
torus as the depth of the superlattice potential is increased.

VI. CONCLUSIONS AND OUTLOOK

We have presented extensive numerical evidence support-
ing the existence of a fractional quantum Hall phase in
the Harper-Hofstadter Hamiltonian for hard-core bosons on
a square lattice. Our analysis considered a wide range of
independent diagnostics, including spectral properties, the
many-body Chern number, correlation functions, currents,
and entanglement entropies, and shows how TTN algorithms
provide a flexible tool to address the interplay of gauge
fields and interactions in two-dimensional systems. The results
indicate that the correlation length is typically of the order of a
few lattice sites, with corresponding gaps of order 0.1t : these

signatures point toward the fact that lattice fractional quantum
Hall states can be realized in present cold-atom experiments,
as well as potentially in cavity array experiments [43,44]. The
temperatures and sizes required match those already available
in experiments, and for which adiabatic state preparation
protocols have very recently been shown to be applicable
[31,45].
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APPENDIX A: ALGORITHM FOR GROUND AND LOW
EXCITED STATES WITH TREE-TENSOR NETWORKS

The ground-state search is performed according to a varia-
tional scheme, first developed in the context of DMRG/MPS
ground-state algorithms [21], and which in the meantime
has been generalized to arbitrary loopless TN geometries
[18,19,35]. The basic motivation is the following: Although
the TN representation of the many-body state already reduces
dramatically the number of coefficients in the state vector (as
compared to the full Hilbert space dimension), solving the
minimization problem

E0 = 〈�0|H |�0〉 != min (A1)

for the entire TN state |�0〉 directly is in practice not feasible
because the number of coefficients in |�0〉 is typically still far
too large to be handled by numerical eigensolvers. Instead,
one applies an iterative strategy: out of all the tensors, which

2bwUniCluster: funded by the Ministry of Science, Research
and Arts and the universities of the state of Baden-Württemberg,
Germany, within the framework program bwHPC.
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(a) L = 16, N = 8, φ = 1/16: (b) L = 32, N = 16, φ = 1/32:
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FIG. 10. GS energy E0 as a function of bond dimension m for
two different system sizes L = 16 (a) and L = 32 (b). Also shown
are two different m → ∞ extrapolations, a simple one linear in 1/m

and a more versatile one where the exponent of 1/m is allowed to be
adjusted by the fit. This procedure can be used to estimate the ground-
state energies and corresponding errors to be E0 = −29.015 ± 0.016
(a) and E0 = −60.84 ± 0.03 (b).

together constitute the TN state, only the coefficients of one
(or two, dependent on the update scheme [35,46]) tensor(s)
are considered variational, while the others are taken to be
fixed. This allows one to contract the physical Hamiltonian H

to a reduced, effective Hamiltonian Heff , only acting on the
degrees of freedom of the variational tensor(s). For loopless
TNs, the resulting reduced optimization problem can again
be formulated as a standard eigenvalue problem, whose size
is now manageable by an eigensolver. One then successively
targets all the tensors in the TN, thereby gradually decreasing
the energy expectation value 〈�0|H |�0〉. This procedure is
called sweeping. A sweep is completed after all the tensors
in the TN have been updated once. For the TTN architecture
employed here (sketched in Fig. 2), the ansatz contains Ns − 2
tensors (Ns = L2: number of lattice sites) and all involved
contractions (both computation of Heff and solving the reduced
eigenvalue problem) have computational complexity O(m4) or
less. Therefore, the GS algorithm runtime scales as O(Ns m4).
Convergence of the GS energy is typically reached after less
than 10 sweeps.

To determine excited states, we employ a very similar
algorithm to the one just described, with the small modification
that orthogonality to all previously determined eigenstates is
enforced. This can be achieved by penalizing overlap with
these eigenstates; more in detail, in order to obtain the nth
excited state of H (orthogonal to all lower-lying eigenstates
|�k〉, k ∈ [0, n − 1]) we solve the optimization problem

En = 〈�n|H |�n〉 +
n−1∑

k=0

εk〈�n|Pk|�n〉 != min, (A2)

where Pk = |�k〉〈�k| is the projector on the kth eigenstate and
εk is as an energy penalty which has to be chosen large enough,
which means larger than the energy difference |Ek − En| to
the target state. Of course, this energy difference is not known
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† x
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x
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n
x
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FIG. 11. Bond dimension convergence of the Green functions
from Fig. 4(a). Different colors denote different bond dimensions,
while the two different symbols refer to two different choices of
x (circles: x = 2, crosses: x = 8). For PBC the different choices
of x result in the same curves, as expected for a system with
translational invariance; only at y ≈ L/2 translational invariance is
slightly broken, indicating a finite bond dimension error of the order
of 10−2.

at the start of the algorithm, but in practice one can simply
estimate a value which is guaranteed to be large enough, e.g.,
one can set εk to be one order of magnitude larger than a typical
energy scale in the system. The scaling of the computational
complexity of the algorithm is not changed by the additional
projective terms in Eq. (A2): In complete analogy to the
effective Hamiltonian, these terms lead to effective projectors,
which only contribute a (typically small) overhead to the
algorithm. In particular, the runtime scaling for determining
excited states remains at O(Ns m4).

APPENDIX B: PROCEDURE FOR DETERMINING
THE LOCATION OF BRANCH VORTICES

As described in Sec. IV B, we obtain the branch vortex
count of a point (θx,θy) on the boundary condition grid by
summing up the angle differences �� of the argument field
�
→
′ along the four nearest neighbors of (θx,θy). This
procedure, following Refs. [38], is exemplified in Fig. 9 for
four different illustrative configurations of �
→
′ , displaying
different branch vorticities. Moreover, in Fig. 9(e) we provide
an illustration for the color code used in Figs. 3(d) and 8(b).

APPENDIX C: BOND DIMENSION CONVERGENCE
OF OBSERVABLES

We exemplify the convergence of the energy expectation
value as a function of the bond dimension m in Fig. 10.
Estimates for finite bond dimension errors can be obtained
by extrapolating to the limit m → ∞. For the system sizes
considered here, we reached bond dimensions of up to m ≈
500, typically displaying truncation errors of order of 10−6. In
Fig. 11, we demonstrate bond dimension convergence for the
Green functions shown in Fig. 4(a).
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We introduce a simple criterion for lattice models to predict quantitatively the crossover between the classical
and the quantum scaling of the Kibble-Zurek mechanism, as the one observed in a quantum φ4 model on a
one-dimensional lattice [Phys. Rev. Lett. 116, 225701 (2016)]. We corroborate that the crossover is a general
feature of critical models on a lattice, by testing our paradigm on the quantum Ising model in transverse field for
arbitrary spin s (s � 1/2) in one spatial dimension. By means of tensor network methods, we fully characterize
the equilibrium properties of this model, and locate the quantum critical regions via our dynamical Ginzburg
criterion. We numerically simulate the Kibble-Zurek quench dynamics and show the validity of our picture, also
according to finite-time scaling analysis.

DOI: 10.1103/PhysRevB.100.024311

I. INTRODUCTION

Understanding the behavior of correlated matter when a
physical system is driven out of equilibrium is a problem of
paramount importance in classical and quantum mechanics,
material science, and engineering. In particular, the Kibble-
Zurek (KZ) mechanism, the description of quasiadiabatic
quenches across a phase transition, has been studied both
in classical and quantum scenarios, spanning length scales
from atomic sizes to galaxies [1–19]. With the advent of
quantum technologies—enabled by recent advancements in
experimental platforms based on atomic, molecular, and opti-
cal physics—the KZ mechanism keeps being practical as well
as fundamental. Indeed, quasiadiabatic or beyond-adiabatic
[9,20] quenches are still the most straightforward method
for realizing complex quantum phases of matter in real ex-
periments and to perform adiabatic quantum computations,
e.g., quantum annealing to solve classical hard problems
[21,22]. Similarly, from a theoretical perspective, the KZ
framework is a key scenario to deeply understand the in-
terface between the classical macroscopic and the quantum
microscopic world, especially in the context of critical phe-
nomena and phase transitions, where the two worlds display
quantitatively and qualitatively different emergent collective
behaviors.

One particular example of the interplay, or rather com-
petition, between the classical and the quantum KZ mech-
anism was recently numerically observed in Ref. [23], by
some of the authors, in quenches across the linear-zigzag
phase transition of ion Coulomb crystals. They showed that
two distinct regimes of quench times τQ emerge: A slow
regime where the scaling of defects with τQ is governed by
a quantum theoretical description, and a fast regime where
the defects scale according to a mean-field theory prediction,

equivalent to a classical (zero-temperature) phase transition
treatment. The crossover timescale between these two regimes
(classical and quantum) can be roughly estimated by means
of the Ginzburg criterion [24], i.e., by comparing the order
parameter with its own fluctuations.

In this work we argue that such a crossover is not limited
to a specific model: We show that this effect appears in
the paradigmatic example for second order quantum phase
transitions—the one-dimensional (1D) Ising model in trans-
verse field—for any spin representation s. We first fully
characterize the phase diagram, and then analyze the KZ
mechanism of the model focusing on the quantum-classical
crossover for 1

2 � s � 5. As the Ginzburg criterion delivers
imprecise quantitative predictions for s � 1/2 (see Appendix
E), we propose a simple argument based on the properties
at equilibrium, the dynamical Ginzburg criterion (DGC), to
better predict at which quench times τ×

Q the crossover is
expected to occur in lattice models. This prediction is practical
and quantitative, allowing an arbitrary experimental platform
to quickly test whether the crossover timescales are reach-
able within the platform specifications and typical coherence
times.

II. THE KIBBLE-ZUREK ARGUMENT

The KZ picture predicts a scaling law of the density of
defects n during a linear quench across a phase transition, as
a function of the quench rate (or the total quench time τQ)
[1,2]. It is based on the assumption that at quasiequilibrium
the system has a response timescale τR(t ) which scales as
τR ∝ |h − hc|−νz with the distance from the critical point hc

of the driving parameter

h(t ) = hc + t�h/τQ, (1)
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controlling the Hamiltonian H (h). During the quench, the
system follows the adiabatic trajectory as long as the relax-
ation time τR is shorter than the driving timescale τD, that
is, the inverse relative rate of change of any scaling quantity
q of the system: τD = |q/q̇|. For a linear ramp quench, we
thus obtain τD ∝ |t |. As the system response slows down,
we encounter a specific instant t̂ (freeze-out time) when the
system abandons the adiabatic trajectory: The dynamics of the
order parameter thus freezes out, and the density of defects
n in the order is given by the equilibrium correlation length
ξ at this instant, n̂ = ξ−1[h(t̂ )] ∝ |h(t̂ ) − hc|ν . This occurs
when the response becomes slower than the driving, i.e.,
when τD(t̂ ) � τR(t̂ ). Combining all scaling laws delivers t̂ ∝
τ

νz/(1+νz)
Q , or equivalently |ĥ − hc| ∝ τ

−1/(1+νz)
Q with ĥ = h(t̂ ),

and in turn n̂ ∝ τ−κ
Q with the KZ exponent κ = ν/(1 + νz).

In this expression, ν and νz are the scaling exponents of
length scales and timescales, respectively, and they depend on
whether the order parameter is ruled by a classical or quantum
critical scaling.

A. The quantum scaling

In the quantum regime, outside of a quantum critical point,
the energy gap remains finite and directly determines the
relaxation timescale [7,8,25]. Precisely, at quasiequilibrium
where the system occupies mostly the ground state of the in-
stantaneous Hamiltonian H (t ), the slowest response timescale
of the system is given by τR � h̄/Egap(t ), where Egap is
the energy difference between the first excited state and the
ground state of H . Egap is an equilibrium property, and near
the critical point it scales with the control parameter, i.e., the
external field h, as Egap = ϕ|h − hc|νz. Equivalently, it scales
with the correlation length of the order parameter as Egap ∝
ξ−z. Consequently, the relaxation timescale τR scales with
the critical exponents {z, ν} from the quantum critical point
at equilibrium, which can be extracted by the corresponding
conformal field theory based on dimensionality and symmetry
breaking. For the universality class of the quantum Ising
model in one spatial dimension, these exponents are ν = z =
1, regardless of the local spin representation s, as verified
numerically in Appendix D. The KZ exponent of the quantum
regime is thus κ = 1/2.

B. The classical scaling

Conversely, in the mean-field (or classical) regime, the
scaling exponents of the relaxation timescale τR are well
described within Landau theory [26], and explicitly evaluated
in Ref. [27]. A simplified, intuitive picture to understand this
exponent can be obtained by considering a continuum clas-
sical field model, and the effective time-dependent Ginzburg
equation for the order parameter φ [28,29]. Specifically, by
requesting that the Ginzburg equation scales covariantly, we
are able to identify the corresponding scaling exponents for
τR and ξ with respect to h′ = h − hc. The Ginzburg equation
for a model with Ising criticality, a Z2 symmetry breaking, is
the one obtained from the Lagrangian of the φ4 model and
reads [29]

∂2
t φ − ∂2

x φ + h′φ + φ3 = 0, (2)

where we consider both noise and damping to be negligible.
We now perform the scale transformation

h′ → λh′, φ → λβφ, x → λ−νx, t → λ−νzt, (3)

and require covariance of the Ginzburg equation. This delivers
ν = 1/2 and z = 1 (as well as β = 1/2). The KZ exponent
of the classical regime is therefore κ = 1/3, quantitatively
different from the quantum case.

III. THE DYNAMICAL GINZBURG CRITERION

We adopt the following criterion to predict whether around
a given quench time τQ we expect to see the quantum or the
classical scaling: We first estimate quantitatively the corre-
lation length at equilibrium ξ̂ = ξ (ĥ) at the freeze-out point
ĥ for that specific quench time τQ. If this correlation length
is larger than the lattice spacing a [ξ̂ (τQ) � a], then we
expect to observe the quantum KZ scaling. Conversely, if
it is smaller [ξ̂ (τQ) � a] we expect to see the classical KZ
scaling. We motivate this criterion based on the following
argument: Consider a quantum system where the correlation
length ξ for some order parameter is smaller than the lattice
constant. Then, the properties of such order are not ruled by
entanglement, but only by local quantities. If the entangle-
ment does not play a role, then the mean-field picture is a
reliable description for this type of order. Therefore, during
the quench, if the system is not given sufficient time to build
up quantum correlations leading to a ξ̂ larger than the lattice
constant, then, at freeze-out, the mean-field description of the
order is still valid: We expect to observe the classical KZ
scaling resulting from the scaling exponents of the mean-field
(Ginzburg) picture. Conversely, if the quench times τQ are
sufficiently large so that ξ̂ is larger than a, then the order
properties at freeze-out are ruled by entanglement, thus the
quantum KZ scaling will emerge.

To make this argument quantitative, we start by estimat-
ing the dynamical quantum critical region, i.e., the value of
external field h× at which ξ̂ (h×) = a at equilibrium, which
lies in the disordered phase (see Fig. 1). We perform this
estimation via numerical simulations at equilibrium. Then
we exploit τR � h̄/Egap and Egap � ϕ|h − hc|νz, where the
scaling prefactor ϕ is calculated numerically. For estimating
the driving timescale τD we adopt τD � |ε(t )/ε̇(t )| = |t |,
where ε(t ) = h(t ) − hc [7]. Under these assumptions the KZ
equation τD(t̂ ) = τR(t̂ ) becomes

t̂ = h̄ |ĥ − hc|−νz/ϕ. (4)

Using the definition of the driving parameter h(t ) from Eq. (1),
the freeze-out time can also be expressed as

t̂ = (ĥ − hc) τQ/�h. (5)

Combining Eqs. (4) and (5) yields

τQ = h̄|�h|
ϕ|ĥ − hc|1+νz

, (6)

which allows to quantify the crossover quench time as

τ×
Q = h̄|�h|

ϕ|h× − hc|1+νz
, (7)
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FIG. 1. Phase diagram of the quantum Ising model (8) in 1D as a
function of the external field h and the inverse spin 1/s. The black
dots represent the phase transition points at the thermodynamical
limit estimated via the von Neumann entropy (see Appendix B),
while the solid black curve crossing them shows the fit hc(s) =
hc(∞) − ã(| ln s| − b̃)/s. These points separate the ferromagnetic
phase, with white background, from the paramagnetic phase, with
colored background. The crosses with error bars show the DGC
points h×, estimated numerically via DMRG. The dashed line is a
power-law fit in 1/s of the deviation h×(∞) − h×(s). The color in
the paramagnetic phase encodes the single-site entanglement entropy
SVN(ρ j ).

discriminating timescale regimes where the quantum
(τQ � τ×

Q ) or the classical (τQ � τ×
Q ) KZ scaling will

respectively emerge. As an additional requirement to
actually observe the classical KZ scaling, the quench must
start outside the dynamical quantum critical region or the
mean-field description will never be valid: This translates
to a condition on the parametric quench interval, which
reads |�h| � |h× − hc|. The parametric DGC point h× is
thus a relevant point in the phase diagram, representing
where the correlation length is equal to the lattice spacing, at
equilibrium in the disordered phase.

IV. NUMERICAL RESULTS

In the following we discuss numerical results corroborat-
ing the validity of the DGC criterion. We consider a one-
dimensional lattice of spin-s sites with the Ising Hamiltonian,
with ferromagnetic interaction and transverse field h > 0,

H (s, h) = − 1

s2

L∑
j=1

Sx
j S

x
j+1 + h

s

L∑
j=1

Sz
j, (8)

where Sμ
j are the spin-s matrices at site j, satisfying

[Sk
j , Sl

j′ ] = iSm
j εklmδ j j′ and Sx

j
2 + Sy

j
2 + Sz

j
2 = s(s + 1)1, with

h̄ = 1 henceforth. The prefactors 1/s and 1/s2 ensure that the
whole class of Hamiltonians H (s, h) yields exactly the same
mean-field treatment for all s (see Appendix A). We carry out
simulations for the model in Eq. (8) using DMRG for tree
tensor networks for ground-state properties [30–32], and the
time-evolving block decimation (TEBD) algorithm [33,34]
featuring RSVD compression [35,36] for out-of-equilibrium

dynamics, respectively. We adopt a tensor network (TN)
encoding which protects the Z2 parity symmetry

� = exp

⎛
⎝iπ

L∑
j=1

(
s − Sz

j

)⎞⎠. (9)

The system size L in the simulations is chosen large enough
to guarantee that finite size effects do not affect the presented
results.

A. Equilibrium simulations

We perform equilibrium simulations to characterize the
phase diagram for all s, in order to detect the DGC point
h×(s), in addition to the critical point hc(s). While the critical
exponents ν = 1 and z = 1 are independent of s in proximity
of hc, it can be shown that order correlations scale as 1/s (see
Appendix C). Moreover, hc increases monotonically with s,
with extrema at the limiting cases hc(1/2) = 1 and hc(∞) =
hMF

c = 2, where hMF
c is the critical point of the mean-field

treatment of the model, which is independent of s (see
Appendix A). The exact form of the dependence of the
deviation from the mean-field value ε(s) = hMF

c − hc(s) on
the strength of the quantum fluctuations has been shown to
be given by [37]

ε(s) = ã

s
(|ln s| − b̃), (10)

where ã, b̃ are nonuniversal fit constants. In Fig. 1 we nu-
merically verify this behavior by plotting the location of the
critical points for various values of s, together with the fitted
function. The resulting fit parameters are ã ≈ 0.28 and b̃ ≈
−2.4. Additionally, we highlight the critical region by plotting
the von Neumann entropy SVN(ρ j ) of the single-body reduced
density matrix ρ j , in the paramagnetic phase: We observe
that only inside the critical region the entropy grows above
10%. Finally, Fig. 1 contains the location of the DGC points,
obtained from the condition ξ (h×) = a = 1. Here ξ is the
correlation length derived from the ferromagnetic correlation
matrix Cj,k = 〈Sx

j S
x
k 〉/s2. We numerically estimate ξ via

ξ =
√√√√∑

r=1

(r − 1)2C(r)

/∑
r=1

C(r), (11)

where

C(r) = 1

L − r

L−r∑
j=1

Cj, j+r (12)

is the spatially averaged correlation function [38]. One can
show (see Appendix C) that h×(s → ∞) = 2 cosh(1). For
finite s, the trend towards this limit value seems to be well
approximated by a power-law decay h×(s) = h×(s → ∞) −
c̃ s−η̃, yielding fitted constants c̃ ≈ 0.31 and η̃ ≈ 0.52. Re-
markably, the DGC delivers a finite interval [2, 2 cosh(1)] of
the quantum critical region in the quasiclassical limit s → ∞,
in contrast to the traditional Ginzburg criterion.
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FIG. 2. Comparison between estimated and observed KZ
crossover quench times, for L = 128 and two different spins: s = 1/2
(top panel) and s = 5 (bottom panel). Both panels show the crossover
between the classical KZ scaling κ � 1/3 and the quantum KZ
scaling κ � 1/2, which allows us to identify the observed crossover
quench time τ̄×

Q , where the two power laws intersect (blue arrow).
The red arrow shows the estimated crossover quench time, obtained
from Eq. (7) via the DGC. Data points are shown for different
bond dimensions m and numbers of TEBD time steps n, in order
to demonstrate numerical convergence of the simulation data. The
plateau at extremely short timescales corresponds to the sudden-
quench defect bound, given by the initial correlation length ξ (hini )
(green arrow).

B. Out-of-equilibrium simulations

We performed numerical simulations of the many-body dy-
namics generated by the linearly quenched Ising Hamiltonian
of Eq. (8). We considered various values of s and system
sizes L of the order of 102 sites, using a fixed quench interval
from hini = 30 (deep in the paramagnetic phase) to hfin = 0.5
(in the ferromagnetic phase). We use the correlation length
ξ of the final state as inverse defect measure. The results of
the simulations, for two different values of the spin quantum
number (s = 1/2 and s = 5), are reported in Fig. 2. Both
scenarios deliver the predicted behavior: For small quench
durations, the fitted KZ exponent is very close to κ = 1/3,
while for long quenches it is very close to κ = 1/2. The
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FIG. 3. Finite-time scaling of the (inverse) density of defects
during the quench, for s = 1/2. The curves show the correlation
length as a function of time, for various total quench times τQ,
where the axes have been rescaled according to Eq. (13) for two
different sets of critical exponents: the classical ones (top panel)
and the quantum ones (bottom panel). As expected, only the curves
corresponding to quench times shorter (longer) than the crossover
quench time, signaled by warm colors (cold colors), collapse into a
main trend, while the other curves are outliers.

observed crossover quench time τ̄×
Q between the two regimes

is well approximated by the τ×
Q estimated from Eq. (7), where

ϕ has been determined for the accessible gap (see Appendix
D 3) [7].

To further strengthen our results, we perform a finite-time
scaling (FTS) analysis [39,40], the out-of-equilibrium analog
of the finite-size scaling analysis [41]. Within this framework,
we fully embrace the KZ approximation, according to which
the evolution is adiabatic until freeze-out, while the order
properties stay constant afterwards. In this picture, the time-
dependent correlation length ξ (t ) during the quench must
undergo the following scaling:

ξ (t ) � τ
ν

1+νz
Q f

(
t τ

− νz
1+νz

Q

)
, (13)

as long as ξ < L, where f (·) is a nonuniversal function.
This expression guarantees that t̂ , ξ (0), and ξ (t̂ ) scale with
τQ with the correct KZ exponents. In Fig. 3 we observe a
collapse of the curves ξ (t ) according to Eq. (13). Again, we
observe excellent agreement with our predictions: When using
the quantum critical exponents z = ν = 1 (classical critical
exponents z = 2ν = 1) we observe a collapse only of the
curves with quench times longer (shorter) than the estimated
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crossover τQ > τ×
Q (τQ < τ×

Q ), while the other curves being
clear outliers.

V. CONCLUSION

We proposed a general, yet simple criterion based on
quantitative equilibrium properties to predict the timescale at
which the crossover between a classical KZ scaling of defects,
and a quantum KZ scaling, is expected to occur for linear
quenches on nearest-neighbor interacting lattice models. Our
DGC simply discriminates whether the correlation length
at freeze-out is longer or shorter than the lattice constant,
resulting in a quantum or classical scaling, respectively. We
tested our conjecture on the spin-s quantum Ising model class
in 1D, and observed remarkable agreement with the DGC
estimation.

This study puts more solid ground on the phenomenon
of the quantum-classical KZ crossover. Moreover, the DGC
criterion is a ready-to-use estimator, for any quantum lat-
tice experiment of quench dynamics, to quickly understand
whether the quantum KZ regime is accessible within its
experimental specifications. We estimate that our conjecture
could be readily verified experimentally on atomic quantum-
simulator platforms, such as analog quantum simulators on
trapped ion architectures [42,43], or Rydberg atoms trapped
in arrays of optical tweezers [44] where recently the first
observation of a genuinely quantum KZ mechanism was made
[45].
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APPENDIX A: MEAN-FIELD EQUIVALENCE
OF THE SPIN-s ISING MODEL

In this Appendix we show that the single-body mean-field
(SBMF) solution of the spin-s Ising model in 1D, given by
Eq. (8), is independent of s. In the SBMF ansatz, the reduced
density matrices decompose into their single-body compo-
nents ρ j, j′ = ρ j ⊗ ρ j′ , which will be homogeneous ρ j =
ρ j′ ∀ j, j′ since the ferromagnetic interaction we consider does
not spontaneously break translational invariance. We now
prove that, regardless of the spin s, the critical point is always
at hMF

c = 2 and the order parameter is 〈O〉 = 1
2

√
4 − h2 for

h � 2 while 〈O〉 = 0 for h � 2, where O = 1
s Sx. To do this,

we first derive the spin-1/2 solution and then show that larger
spins lead to an analogous classical minimization functional.

1. Spin-1/2

In this scenario we explicitly write the single-spin density
matrix ρ j = 1

21 + �r
2 · �σ , where now �σ = 1

s
�S is the vector of

Pauli matrices, and O = σ x. Positivity of the density matrix
requires |�r| � 1, and clearly 〈σ x〉 = rx while 〈σ z〉 = rz. In
order to respect the bound r2

x + r2
z � |�r| � 1 we use the

parametrization rx = r cos θ and rz = r sin θ , with r ∈ [0, 1].
The SBMF functional to minimize then reads

〈H (1/2, h)〉MF = − 1

s2
〈Sx〉2 + h

s
〈Sz〉

= −〈σ x〉2 + h〈σ z〉 = −r2 cos2 θ + hr sin θ.

(A1)

The solution will definitely be in the interval θ ∈ [−π, 0],
since for any θ value within [0, π ], the angle θ ′ = −θ returns
an equal or better value of the functional. Within this interval,
both summands in the expression (A1) will be negative.
Therefore, the global minimum will be at r = 1, and the
coordinates of the optimal solution can be given analytically:

rmin = 1,

θmin =
{− arcsin

(
h
2

)
, for 0 � h � 2,

−π
2 , for h � 2,

(A2)

while the minimized energy functional is equal to

〈H (1/2, h)〉min
MF =

{
−1 − h2

4 , for 0 � h � 2,

−h, for h � 2,
(A3)

and the order parameter is 〈O〉 = 1
2

√
4 − h2. Interestingly,

the corresponding critical exponent β, which relates to the
spontaneous local order 〈O〉 ∼ (hc − h)β , corresponds to β =
1/2 for the SBMF transition, in contrast to the known β = 1/8
of the full quantum treatment [47].

2. Spin-s

Here we show that the SBMF treatment leads to minimiz-
ing a functional equivalent to Eq. (A1). We first prove that
|〈�S〉|2 � s2, which is strictly smaller than 〈|�S|2〉 = s(s + 1).
This is seen by setting �a = 〈�S〉 and then noticing that

�a · �a =
(

�a · �a
|�a|

)2

= 〈�S · �a/|�a|〉2. (A4)

Since now �a/|�a| is a vector of modulus one, we know that
�S · �a/|�a| is a rotated spin-s matrix, and its spectrum is between
−s and s. It follows that −s � 〈�S · �a/|�a|〉 � s, and therefore
〈�S · �a/|�a|〉2 = |〈�S〉|2 � s2. This means that

1

s2
〈Sx〉2 + 1

s2
〈Sz〉2 � 1 (A5)

regardless of s. And since Eq. (A2) is the most generic
solution of the functional (A1) under this constraint, we can
conclude that spin s cannot exhibit a better solution than
Eq. (A2). Moreover, let us now show that this solution exists
for every s: Specifically, we consider the spin-s subclass of
states

|θ〉 = ei(π/2−θ )Sy |m = +s〉 (A6)
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parametrized by θ ∈ [0, 2π ]. These states exhibit by construc-
tion 〈Sx〉 = s cos θ and 〈Sz〉 = s sin θ . The solution given by
Eq. (A2) thus exists and minimizes the SBMF functional,
which makes it the minimal solution for all s.

APPENDIX B: PROCEDURE FOR DETERMINING
THE CRITICAL POINT

The critical points hc shown in Fig. 1 haven been numeri-
cally obtained from TN simulations via the following proce-
dure: Precisely at the critical point, the von Neumann entropy
in a system of size L with periodic boundary conditions (PBC)
is known to scale like [48]

SVN(�) = c

3
log2[crd(�)] + c′

1 (B1)

as a function of the partition size �, with crd(�) =
L/π sin(π�/L). Here c is the conformal central charge (for
the Ising universality class we have c = 1/2) and c′

1 is a
nonuniversal constant. The strategy is now to fit the numerical
data to this expression for various values of the field strength
h, in order to probe agreement with the critical scaling. The
value of h where the fit displays maximal agreement, quanti-
fied by the fit’s root mean square deviation �RMS, represents
the location of the critical point hc. This procedure is shown in
Fig. 4, for two different values of s, and various system sizes
L and TN bond dimensions m.

APPENDIX C: ANALYTICAL SOLUTION FOR LARGE s
VIA HOLSTEIN-PRIMAKOFF TRANSFORMATION

We employ the Holstein-Primakoff (HP) transformation
[49]

Sz
j = a†

j a j − s,

S+
j =

√
2s a†

j

√
1 − a†

j a j/(2s), (C1)

S−
j =

√
2s

√
1 − a†

j a j/(2s) a j,

with S±
j = Sx

j ± iSy
j the raising and lowering operators as

usual, and a j (a†
j ) is a bosonic annihilation (creation) operator.

We expand the square roots in Eq. (C1) to lowest order:

S+
j �

√
2s a†

j , S−
j �

√
2s a j, (C2)

which is a good approximation for sufficiently large s.
Note that this transformation from a finite- to an infinite-
dimensional Hilbert space is only faithful for states which
populate exclusively one end of the level spectrum of Sz

j . Thus,
for the spin-s Ising model, this transformation is only useful
in the paramagnetic phase, while in the ferromagnetic phase
it fails to preserve the physics of the model. Via this transfor-
mation, we obtain from the original spin Hamiltonian defined
in Eq. (8) the following bosonic quadratic Hamiltonian:

HHP = − 1

2s

L∑
j=1

(a ja j+1 + a ja
†
j+1) + H.c.

+ h

s

L∑
j=1

a†
j a j − L h. (C3)
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FIG. 4. Determination of the critical field strength hc for s = 2
(top) and s = 20 (bottom), using different system sizes L and TN
bond dimensions m.

In order to diagonalize HHP, we first perform a transformation
to k space, using a new set of bosonic operators:

ãk = 1√
L

L∑
j=1

e−ik j a j, k ∈
{

2π

L
m | m = −L

2
· · · L

2
− 1

}
,

a j = 1√
L

∑
k

eik j ãk . (C4)

After applying this transformation, the Hamiltonian Eq. (C3)
becomes

H̃HP = 1

s

∑
k

[h − cos(k)]ã†
k ãk

− 1

2s

∑
k

(e−ik ãk ã−k + H.c.) − L h. (C5)

Finally, we use a Bogoliubov transformation [50]

bk = cosh(φ) ãk − sinh(φ) ã†
−k,

ãk = cosh(φ) bk + sinh(φ) b†
−k, (C6)

which diagonalizes H̃HP, if the parameter φ is chosen such
that it satisfies the relation tanh(2φ) = cos(k)/[h − cos(k)].
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FIG. 5. Comparison of the numerically determined GS energies
in the paramagnetic phase with the large-s HP result Eq. (C8), and
with the GS energies from the linear approximation elin

0 = −h. The
TN simulations have system size L, bond dimension m, and either
open (OBC) or periodic boundary conditions (PBC).

The resulting diagonal Hamiltonian then reads

HBog = h

s

∑
k

√
1 − 2 cos(k)/h b†

kbk

− h

4s

∑
k

(
√

1 − 2 cos(k)/h − 1)2 − L h. (C7)

From HBog one immediately obtains the ground state (GS)
energy per site e0 = E0/L. For L → ∞, i.e., in the thermo-
dynamic limit, it reads

e0 = 1

s

(
1

π

√
h(h + 2) E [4/(h + 2)] − h

2

)
− h, (C8)

where E [x] is the complete elliptic integral of the second kind

E [x] =
∫ π/2

0

√
1 − x sin2(θ ) dθ. (C9)

Figure 5 shows a comparison of the expression Eq. (C8)
with numerically determined GS energies in the paramagnetic
phase. We observe (see Fig. 5) that the GS energies obtained
from the HP approximation have an error of order O(1/s2),
i.e., they are the next-order correction to the linear GS energy
elin

0 = −h, which is exact in the limit h → ∞ and has an error
of O(1/s) for finite h.
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FIG. 6. Comparison of the numerically determined energy gaps
with the large-s HP result Eq. (C10), and with the gaps predicted by
the linear approximation E lin

gap = (h − 1)/s.

According to HBog, the energy gap to the first excited state
is

Egap = h

s

√
1 − 2/h. (C10)

Figure 6 shows a comparison of this expression with numeri-
cal data, demonstrating again its improved accuracy over the
expression E lin

gap = (h − 1)/s, valid in the limit h → ∞.
The sequence of transformations outlined above also al-

lows to calculate the GS correlation function C(r). This
can be achieved by considering the expectation value
〈�0|

∑
j Sx

j S
x
j+r |�0〉/Ls2, where |�0〉 is the GS. After again

transforming the spin operators to the set of Bogoliubov
operators {bk}, {b†

k}, one readily obtains (for L → ∞)

C(r) = 1

2s

1

2π

∫ π

−π

cos(rk)√
1 − 2 cos(k)/h

dk. (C11)

The solution of this integral can be written as the following
series:

C(r) = 1

2s

√
h

h + 2

×
∞∑

n=r

[(2n)!]2

(n − r)! (n + r)! [n!]2

(
1

4(h + 2)

)n

.

(C12)

A comparison of this expression with correlation functions
obtained from TN simulations is shown in the top panel of
Fig. 7, for a fixed field strength h = 3. As expected, the larger
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FIG. 7. Top panel: Comparison of correlation functions from TN
simulations with the large-s HP result Eq. (C12) (orange points), for
fixed field strength h = 3 and two different spin quantum numbers
s = 2 (squares) and s = 50 (circles). The inset shows how ξr (as
defined in Eq. (C13) approaches the constant [arcosh(h/2)]−1 (gray
line) for r → ∞. Bottom panel: Comparison of the HP correlation
length Eq. (C14) with TN correlation lengths, as a function of the
field strength h and for various s. The inset shows the same data,
but now plotting the differences between the TN curves and the HP
curve.

the spin quantum number s, the better the agreement. Or,
in other words: Eq. (C12) becomes exact (but also trivial)
for s → ∞. One can show that the ratio C(r)/C(r + 1) ap-
proaches a constant for r → ∞, allowing one to calculate the
correlation length

ξr = 1

log[C(r)/C(r + 1)]
(C13)

by taking the limit r → ∞. This leads to

ξ (h) = 1

log[h/2 +
√

h2/4 − 1]
= 1

arcosh(h/2)
. (C14)

Note that this expression for ξ (h) does not contain s, meaning
that our lowest-order expansion of the HP transformation fails
to capture the s dependence of the correlation length. Never-
theless, Eq. (C14) is still quite useful because the convergence
of the numerical correlation lengths (determined from TN
simulations) to Eq. (C14) is rather fast with increasing s: This

0.2

0.4

0.6

0.8

1

1.2

1 2 3 4 5 6 7

s

zν = 1
zν

c = 1/2
c

FIG. 8. Universality of the phase transition: numerically deter-
mined central charge c and energy gap exponent zν as a function of
the spin quantum number s.

is demonstrated in the bottom panel of Fig. 7, where TN
data is compared to Eq. (C14). Moreover, Eq. (C14) allows
us to easily calculate the DGC point h× in the limit s →
∞: Since by definition ξ (h×) = 1, we immediately arrive at
h×(s → ∞) = 2 cosh(1).

APPENDIX D: EQUILIBRIUM PROPERTIES
OF THE SPIN-s ISING MODEL

Here we discuss in more detail the (zero temperature)
equilibrium properties of the spin-s Ising model as defined in
Eq. (8). Because of

[
Sa

j

s
,

Sb
j′

s

]
= iδ j j′εabc

Sc
j

s

1

s
, a, b, c ∈ {x, y, z}, (D1)

the quantum frustration of the Hamiltonian terms decreases
for increasing s, and the inverse spin 1/s can be interpreted
as an “effective h̄.” For s → ∞ this effective h̄ vanishes. The
“rescaled” spin operators Sa/s have a bounded spectrum of
equispaced eigenvalues in the interval [−1, 1], which in the
limit s → ∞ becomes continuous. These observations justify
the statement that for s → ∞ the spin-s Ising model becomes
quasiclassical: All operators commute with each other, and
the quantization of expectation values disappears. Via mean-
field theory, which becomes exact for infinitely large s, it
can be shown (see Appendix A) that for s → ∞ the model
has a critical point at |hc| = 2, separating the ferromagnetic
phase |h| < 2 with nonvanishing ferromagnetic local order
parameter

M =
√√√√ 1

L(L − 1)

∑
j �=k

〈
Sx

j S
x
k

〉
s2

(D2)

from the paramagnetic phase |h| > 2 with vanishing M at
L → ∞. The other limiting case, namely s = 1/2, can also
be solved analytically, via a mapping to free fermions [51].
The quantum phase transition in this case occurs at |hc| = 1.
For all other finite values of s we resort to numerical tensor
network (TN) simulations based on the DMRG algorithm
[31,52] in order to determine the critical point and other
quantities of interest.
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FIG. 9. Phase diagram as a function of the transverse field h
and the inverse spin 1/s: The critical points hc separate the fer-
romagnetic phase (h < hc) from the paramagnetic phase (h > hc).
The color in the paramagnetic phase indicates the magnitude of the
nearest-neighbor correlations, visualizing the vanishing of quantum
fluctuations for s → ∞ or h → ∞. The crosses mark the values
h× at which the correlation length ξ equals one lattice site, i.e.,
ξ (h ≶ h×) ≷ 1.

1. Quantum phase transition and critical behavior

We start by characterizing the quantum phase transition
of the model, occurring for all finite values of s. As a con-
sequence of scale invariance in the vicinity of the quantum
critical point, the physics of the model at the transition is
insensitive to microscopical details. It is therefore completely
determined by its underlying conformal field theory, which
in turn is determined by the model’s universality class. The
universality class of a model only depends on the symmetries
that are broken at the phase transition, and the dimensionality
of the model. Since the broken symmetry of the Ising model
is always Z2, and we are always working in one spatial
dimension, it is to be expected that the critical properties
of the model do not depend on s. In particular, the critical
exponents ν and z (determining the power-law scalings of
the correlation length ξ ∝ |h − hc|−ν and of the energy gap
Egap ∝ |h − hc|zν), as well as the central charge c, should be
constant. In Fig. 8 we verify that this is indeed the case:
For all values of s, the numerically determined values of the
aforementioned quantities are compatible with ν = 1, z = 1,
and c = 1/2, corresponding to the so-called Ising universality
class.

On the other hand, we have argued above that the strength
of the quantum fluctuations (the effective h̄) is proportional
to 1/s. This means that the interval around the critical point
where quantum fluctuations are predominant (critical region)
is shrinking for increasing s. Another immediate consequence
of reduced quantum fluctuations is a shift of the critical
point hc towards larger values: The smaller the quantum
fluctuations, the larger the transverse field strength hc required
to completely destroy the ferromagnetic order. In Fig. 9 we
show the shrinking of the critical region on the paramagnetic
side of the phase diagram by plotting the nearest-neighbor
correlations Cj, j+1 = 〈Sx

j S
x
j+1〉/s2. This serves as a witness

of quantum fluctuations because only their presence allows
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FIG. 10. Numerically determined correlation lengths in the para-
magnetic phase, for s = 5 and various system sizes L and bond
dimensions m. The blue line is a power-law fit in order to determine
the critical exponent ν close to the phase transition.

Cj, j+1 to be nonvanishing in the paramagnetic phase. An
alternative way to evidence quantum fluctuations, namely via
an entanglement measure, is given by the color plot in Fig. 1.
There the von Neumann entropy SVN(ρ j ) of the single-body
density matrix ρ j is plotted. More precisely,

ρ j = Tr{1,...,L}\ j |�0〉〈�0|, (D3)

where |�0〉 is the ground state of the spin-s Ising Hamiltonian,
and the trace runs over all sites except j.

2. Behavior of the correlation length

Valuable information on the spatial extent of correla-
tions of a given ground state is provided by its correlation
length ξ . It can be obtained by considering the two-site
correlations Cj,k = 〈Sx

j S
x
k 〉/s2 and the corresponding correla-

tion function C(r) = Cj, j+r . In the paramagnetic phase this
correlation function decays exponentially, i.e., according to
C(r) ∝ exp(−r/ξ ), for r large enough. In Fig. 10 we show

Egap
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FIG. 11. Energy gap Egap in the paramagnetic phase, as a func-
tion of the transverse field h and the inverse spin 1/s.
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FIG. 12. Top panel: Numerically determined energy-gap open-
ing in the paramagnetic phase, for s = 5 and various system sizes
L and bond dimensions m. The blue line is a power-law fit in order
to determine the critical exponent zν close to the phase transition.
The inset shows the numerically determined ϕ(s), together with a
power law with fitted exponent η. Bottom panel: Ratio between the
accessible energy gap E ′

gap and the energy gap Egap, demonstrating
E ′

gap = 2Egap, apart from finite-size effects.

numerically determined correlation lengths ξ (h), using the
example s = 5. Close to the phase transition, i.e., for
|h − hc| � 1, this data can be used to determine the critical
exponent ν. The numerically determined value ν ≈ 0.9 is
indeed compatible with the quantum prediction ν = 1. On the
other hand, far from the phase transition, ξ tends to zero.
Based on the definition of the DGC outlined in Sec. III,
we determine h× via the condition ξ (h×) = 1: For h > h×,
quantum correlations are negligible and the ground state of
the model is very similar to a classical paramagnet.

3. Behavior of the energy gap

We now investigate the energy gap Egap = E1 − E0 (where
E0 is the ground state energy and E1 is the energy of the first
excited state), again as a function of both h and s. Figure 11
shows numerical data for Egap in the paramagnetic phase.
Egap(h) vanishes for s → ∞, as expected for a classical model
made from constituents with a continuous energy spectrum.
Or, stated differently, for s → ∞ excitations of arbitrarily
small energy are possible because quantization vanishes. For
all finite s, Egap(h) scales linearly in the field strength both in
immediate proximity to the phase transition, where

Egap(|h − hc| � 1) = ϕ(s) |h − hc| (D4)
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FIG. 13. Extension of Fig. 2, which includes the naive crossover
timescales τ̃×

Q (brown dashed arrows), predicted by using the mean-
field critical point h′

× = 2 as the phase crossover point.

(using zν = 1), and far from the phase transition, where

Egap(h � 1) = 1

s
(h − 1), (D5)

as can be seen, for example, from the HP treatment outlined in
Appendix C. We verified numerically that ϕ(s) > 1/s, i.e., for
intermediate values of h there is a transition from the steeper
slope ϕ(s) to the smaller slope 1/s [except for the limiting case
s = 1/2, where ϕ(s) = 1/s = 2]. This behavior is illustrated
in Fig. 12, using again the example s = 5. Moreover, in the
inset of Fig. 12 we show via a fit that ϕ(s) ≈ √

2/s.
Finally, we note that for accurate predictions of the

crossover quench time τ×
Q , the relevant quantity is the energy

difference E ′
gap between the ground state and the lowest ac-

cessible excited state (i.e., of equal parity) at the freeze-out
point, which in the paramagnetic phase of the Ising model is
about twice the gap [7]. In the thermodynamic limit L → ∞,
E ′

gap = 2Egap is strictly true for s = 1/2 [51] and s → ∞ (see
Appendix C), and we verified numerically that for h = h× it
remains practically exact in all of our simulations (see lower
panel of Fig. 12 for s = 5). Accordingly, in Eq. (7) we use
ϕ = 2ϕ(s).
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APPENDIX E: COMPARISON BETWEEN DGC
AND “TRADITIONAL” GINZBURG CRITERION

Here we show numerical evidence that our strategy for
estimating the crossover timescale τ×

Q , summarized by Eq. (7),
delivers better predictions than more naive approaches, at least
for the class of quantum models considered here. Specifically,
in Ref. [23] the crossover timescale τ×

Q was estimated by

using the mean-field critical point h′
× = hMF

c = 2 as the phase
crossover point, instead of the equilibrium point h× where
the correlation length matches the lattice spacing. In Fig. 13
we explicitly show that our estimator delivers more accurate
quantitative predictions of the crossover, especially in the case
of large spin s, where |h× − hc| and |h′

× − hc| differ by orders
of magnitude.
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We use tensor network methods—matrix product states, tree tensor networks, and locally purified tensor
networks—to simulate the one-dimensional Bose-Hubbard model for zero and finite temperatures in experi-
mentally accessible regimes. First we explore the effect of thermal fluctuations on the system ground state by
characterizing its Mott and superfluid features. Then we study the behavior of the out-of-equilibrium dynamics
induced by quenches of the hopping parameter. We confirm a Kibble-Zurek scaling for zero temperature and
characterize the finite-temperature behavior, which we explain by means of a simple argument.

DOI: 10.1103/PhysRevA.98.063601

I. INTRODUCTION

Ultracold quantum gases in optical lattices offer the possi-
bility to explore the behavior of condensed matter systems on
a controllable test bed [1–7]. This platform using interference
of laser beams to create spatial standing waves is well suited
for tailoring a variety of lattice structures in three [8] or
fewer [9–11] dimensions. Systems of bosons in an optical
lattice can be described by the Bose-Hubbard model. First
introduced in the 1960s by Gersch and Knollmann [12],
it became very helpful in understanding the superfluid–to–
Mott insulator phase transition [13,14] and has been realized
in a multitude of experiments (for an overview see, e.g.,
Ref. [15]). In particular, the one-dimensional (1D) setting has
been studied in great depth over the years and is characterized
by rich physics, one of the reasons being the occurrence of
a multicritical point with a Berezinskii-Kosterlitz-Thouless
(BKT) transition [13,14].

For a long time the theoretical and numerical work on this
model has concentrated on the zero-temperature limit, which
is a valid approximation for many experimental setups. Nev-
ertheless, characterizing the impact of thermal fluctuations is
an important prerequisite in order to enable a comprehensive
understanding of the observed phenomena [16]. An early in-
vestigation of the influence of finite temperatures on the Bose-
Hubbard model, focusing mostly on the insulating regime,
has been carried out in Ref. [17]. This work was followed by
further theoretical [18–22] and experimental [23–27] studies.

In addition to the equilibrium physics of the model, the
investigation of dynamical processes, arising from tuning the
system’s parameters, is of great interest [28–33], especially
towards engineering complex phases in quantum gases. An
important scenario in this context is quasiadiabatic quenches

*werner.weiss@uni-ulm.de

across quantum phase transitions, for which the Kibble-Zurek
(KZ) hypothesis [34–37] offers a simple and intuitive theoret-
ical framework, yet allowing for a quantitative understanding
of the formation of defects when crossing a quantum critical
point. The Kibble-Zurek mechanism (KZM) has been tested in
a plethora of theoretical and experimental settings, including
the Bose-Hubbard model itself [38–40]. Also in this context,
attempts have been made to address thermal effects [41–43].

In this work we focus on the 1D Bose-Hubbard model in
chains of moderate sizes in the range of current experiments.
We analyze the effects of finite temperature on two types of
scenarios of experimental interest: First, we characterize the
properties of the system after being prepared in an initial
thermal state under a given set of constant system param-
eters. We study the extent to which the properties of the
insulating and superfluid phases persist at finite temperatures,
expanding on previous results [17]. Second, we explore the
dynamics of the system triggered by a linear quench in
the particle hopping parameter. We verify the predicted KZ
scaling at zero temperature [38] and then study deviations
from this behavior with rising initial temperature. We pro-
pose a simple argument, capable of providing a quantita-
tively correct prediction of the obtained finite-temperature
results.

Our analysis is based on numerical simulations using ten-
sor network methods, which are well established as a pow-
erful tool for simulating low-dimensional strongly correlated
many-body systems [44–46]. At the core of the analysis, we
employ locally purified tensor networks (LPTNs) [47–49],
a tailored variational ansatz capable of representing thermal
equilibrium states, as well as performing real-time evolution
for time-dependent Hamiltonians and Lindblad master equa-
tions. Previously, this method has been successfully applied to
quantum Ising chains [50]. In the zero-temperature limit, we
complement our results using matrix product state (MPS) [51]
and tree tensor network [52,53] simulations.
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The remainder of this paper is structured as follows: In
Sec. II we introduce the model and the notation and study
the properties of the system at equilibrium by characterizing
the insulating (Sec. II A) and superfluid (Sec. II B) features
of its thermal states. The collected results are summarized
in a finite-temperature state diagram (Sec. II C). In Sec. III
we extend our analysis to dynamical processes by quenching
the system in the hopping parameter, first at zero temperature
(Sec. III A) and then at finite temperatures (Sec. III B). In
Sec. IV we draw our conclusions.

II. EQUILIBRIUM PROPERTIES

We consider a 1D Bose-Hubbard lattice [13] described by
the Hamiltonian

H = − J

L−1∑
j=1

(b†
j bj+1 + H.c.)

+ U

2

L∑
j=1

nj (nj − 1) − μ

L∑
j=1

nj . (1)

Here, bj (b†
j ) is a bosonic annihilation (creation) operator

obeying [bj , b
†
j ′ ] = δjj ′ , and nj = b

†
j bj is the particle number

operator at site j . L is the length of the chain, which we
assume to have open boundaries. The coupling J determines
the hopping strength, while U and μ represent the on-site
repulsion strength and the chemical potential, respectively. By
setting U = h̄ = kB = 1, kB being Boltzmann’s constant, we
fix the units of energy E, time t , and temperature T .

Depending on the values of the parameters J and μ,
the ground state of H at zero temperature exhibits different
phase properties [13,14,54]. Two phases emerge: In the Mott
insulator phase, which in the (J , μ) plane of the phase
diagram appears as “lobes” [13] in proximity to the J = 0
axis, the bosonic particles are localized at single lattice sites
and the filling factor � = N/L (where N = 〈∑L

j=1 nj 〉 is the
total number of particles in the system) is pinned to integer
values, depending on the chemical potential μ. Moreover, this
phase has a finite energy gap �E and it is incompressible,
i.e., ∂�/∂μ = 0. In contrast, a superfluid phase appears for
large enough J , in which the bosons are delocalized over the
entire lattice. In this phase, � is in general not integer, hence it
is compressible ∂�/∂μ > 0. The superfluid phase is gapless,
i.e., �E = 0, and its quasi-long-range order is expected to
disappear at any finite temperature in the thermodynamic
limit.

In the remainder of this section, we characterize the equi-
librium properties of the Bose-Hubbard chain at finite tem-
peratures T > 0. In particular, we aim to quantify the extent
to which the thermal equilibrium states keep their Mott- or
superfuid-phase features when increasing the temperature at
a finite size L. We perform this characterization numerically,
using an LPTN ansatz state, representing the thermal many-
body density matrix ρ = e−βH / Tr[e−βH ], with β = 1/T .
For zero temperature, an MPS can be used instead of an
LPTN. In this sense, the LPTN extends the MPS picture,
valid at T = 0, to finite temperatures (see also Appendix A).
Clearly, the numerical treatment implies a truncation of the

bosonic local Fock spaces to a finite cutoff dimension d,
in order to carry out the numerical simulation. The effect
of this truncation is tunable and negligible as long as high
local occupation numbers are energetically suppressed, i.e.,
as long as the parameters J , μ, and T do not become too large
(compared to U = 1). Here, we adopt up to d = 5, which we
verified to be sufficient for the parameter regime studied here;
see also Appendix B. The lengths of the simulated systems
range from L = 16 to L = 32 sites. We target via LPTN the
grand canonical ensemble density matrix, and in what follows,
we use μ = 1/2. Along this line in the phase diagram, the
transition from the Mott insulator to the superfluid is known to
be a second-order quantum phase transition in the T = 0 case
[13], taking place at a critical hopping strength of Jc ≈ 0.13
[14]. Let us stress that this scenario is not to be confused with
the phase transition at fixed particle filling � ∈ N, which is
of the BKT type [13] and will play a role in the real-time
dynamics.

A. Characterization of Mott insulating features

We start by quantifying the Mott-like character of the
system, as a function of both J and T . In order to do so, we
use the on-site particle occupations 〈nj 〉 and their variance

σ 2
j = 〈

n2
j

〉 − 〈
nj

〉2
, (2)

as well as the compressibility ∂�/∂μ. A necessary condition
for Mott insulating states is localized particles, leading to
integer on-site occupation numbers 〈nj 〉 ∈ N. This behavior
is accompanied by small variances σ 2

j ≈ 0 and a vanishing
compressibility. Specifically, the particle occupation is 1 (i.e.,
〈nj 〉 = 1) in the first Mott lobe which is crossed by the
μ = 1/2 line studied here. In contrast, outside of the Mott
insulating phase, the occupation can attain any value 〈nj 〉 ∈
R+ and the compressibility is strictly larger than 0. This finite
compressibility can be induced either by thermal fluctuations,
when T becomes large enough to overcome the on-site repul-
sion, or by quantum fluctuations, even at zero temperature,
when J becomes large enough to favor delocalized particles.

In Fig. 1, we show the numerically obtained occupation
numbers, variances, and compressibilities as a function of the
coupling J for various temperatures T ∈ [0, 0.4]. Here the
system size is L = 24 sites. In order to avoid boundary effects,
we measure local quantities close to the center of the chain.
As shown in Fig. 1, the on-site particle occupation at T = 0 is
indeed exactly 〈nj 〉 = 1 in the interval 0 � J � Jc, while for
J > Jc a monotonous increase can be observed. This abrupt
behavior is replaced by a smoother transition with rising tem-
perature, actually reducing the range of J supporting a Mott-
like emergent behavior with 〈nj 〉 = 1. The compressibility
∂�/∂μ exhibits a similar behavior; we remark, however, that
this quantity is more prone to finite-size effects due to the
involved numerical derivative (see Appendix B). For low
temperatures, T < T ∗ ≈ 0.2, we observe that the variance
is approximately insensitive to T , indicating a survival of
Mott-like features at least up to these temperatures. For this
reason, the temperature T ∗ has also been referred to as the
“melting temperature” of the Mott insulator [17].
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FIG. 1. On-site occupation 〈nL/2〉 (top), variance σ 2
L/2 (middle),

and compressibility ∂�/∂μ (bottom; determined via a linear fit of
�(μ) in the interval μ ∈ [0.425, 0.575]) as a function of J for various
temperatures T , measured at the center of a chain with L = 24 sites
for U = 1 and μ = 1/2. Inset: Particle occupations along the whole
chain, for fixed J = 0.08.

B. Characterization of superfluid features

In order to identify superfluid features, we study the be-
havior of the two-point hopping correlation function C(r ) =
〈b†

j bj+r〉. While in higher dimensions this correlation func-
tion exhibits long-range order in the superfluid phase, in
one dimension the Mermin-Wagner theorem [55,56] prohibits
a spontaneous breaking of the U(1) symmetry. Therefore,
the superfluid phase merely exhibits quasi-long-range order
in one dimension, characterized by algebraically decaying

FIG. 2. Upper panel: Correlation functions C(r ) as a function of
the distance r on the double-logarithmic scale and semilogarithmic
scale (inset) for fixed J = 0.46, U = 1, and μ = 1/2 and various
temperatures T . The system size is L = 24. Lower panel: Fit param-
eters η and ξ , obtained by fitting Eq. (3) to the correlation functions
C(r ).

correlation functions C(r ) ∝ r−η. In contrast, outside of the
superfluid phase order occurs only at a finite correlation length
ξ , which is signaled by an exponential decay, C(r ) ∝ e−r/ξ .
The quasi-long-range order can be destroyed either by thermal
fluctuations, i.e., when T dominates over J , or even at zero
temperature, when J becomes small and the particles crystal-
lize due to density-density interactions.

In order to illustrate this behavior, we plot the correlation
functions C(r ) = 〈b†

L/2bL/2+r〉 for a fixed value J > Jc and
different temperatures in Fig. 2. Although the finite size of the
system (here L = 24) makes it difficult to precisely extract the
exponent η or the correlation length ξ , one can nevertheless
detect the crossover from a power-law to an exponential decay
when the temperature is raised, hinting at a gradual loss of
coherence. In order to quantify this observation, we fit the
correlation functions with

C(r ) ∝ r−η exp

(
− r

ξ

)
, (3)

and plot the fit parameters η and ξ as a function of T (see
lower panel in Fig. 2): For low temperatures, we obtain ξ 	
L, meaning a predominantly algebraic decay, while for higher

063601-3
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temperatures we have ξ < L and η small, signaling a mainly
exponential decay.

As a secondary approach to quantifying the superfluidlike
nature of a given state ρ, we define and numerically calculate
the “finite-size correlation length” ξL as follows:

ξL =
√√√√

∑L
j,k=1 (j − k)2〈b†

j bk〉∑L
j,k=1〈b†

j bk〉
. (4)

The two definitions of ξ coincide (neglecting a constant pref-
actor) when ξ is larger than the lattice spacing but smaller than
the system size: ξL	ξ = ξ . If, however, the true correlation
length becomes comparable to or larger than the system
size, ξL is upper bound by a constant proportional to L.
This bound can be shown by considering the limiting case
of a constant correlation function C(r ) → �, which is the
asymptotically exact ground-state correlation function of H in
the limit J → ∞, since η(J→∞) → 0. Obviously, the true
correlation length is diverging in this case (ξ → ∞), but for
ξL we get

ξL =
√√√√

∑L
j,k=1 (j − k)2�∑L

j,k=1 �
=

√
L2 − 1

6
−−−→
L→∞

L√
6
. (5)

More generally, one can show that for L → ∞ the propor-
tionality ξL ∝ L is valid for any algebraically decaying cor-
relation function, if its exponent η is in the range 0 � η < 1.
This condition holds throughout the superfluid phase [14,57].
Consequently, a diverging correlation length ξ can be detected
by monitoring whether the ratio ξL/L approaches a constant
larger than 0 when increasing L. If, on the other hand, this
ratio tends to 0 for increasing L, the correlation length is finite.

We illustrate this idea in Fig. 3 (upper two panels), both for
zero and for nonzero temperature. Clearly, the more superflu-
idlike the system, the more ξL diverges with the system size
L. Based on this observation, we quantify the superfluidlike
nature of a thermal state ρ via

ΥL(J, T ) = ξL+�L(J, T ) − ξL(J, T )

�L
, (6)

measuring the incremental growth of ξL while increasing the
system size by �L. In the bottom panel in Fig. 3 we plot Υ24

with �L = 2 as a function of J for different temperatures T .
At zero temperature, a sharp, discontinuous increase in ΥL at
J ≈ Jc separates the Mott insulating phase with vanishing ΥL

from the superfluid phase with nonzero ΥL. Higher tempera-
tures gradually smooth out the transition and push the regime
of superfluidlike correlations to larger and larger values of J .

C. State diagram for finite system sizes at finite temperatures

Having developed quantifiers for both the Mott-like and
the superfluidlike character of the system, we can summarize
the data from the previous two subsections in a single graph,
leading to the finite-size state diagram shown in Fig. 4.
The intensity of the blue color corresponds to the deviation
�(J, T ) of the variance σ 2

L/2(J, T ) from its maximal value in
the considered intervals of J and T . More specifically,

�(J, T ) = max
J,T

[
σ 2

L/2(J, T )
] − σ 2

L/2(J, T ), (7)

FIG. 3. Finite-size correlation length ξL as a function of J for
several system sizes L and two temperatures, T = 0 (top panel) and
T = 0.4 (middle panel), with fixed U = 1, μ = 1/2. Insets: ξL/L for
the same data, together with the upper bound 1/

√
6. Bottom panel:

Quantifier for superfluidity Υ24, calculated with �L = 2 according
to Eq. (6), for various temperatures T ∈ [0, 0.4].

with the variance σ 2
L/2(J, T ) as defined in Eq. (2). Conse-

quently, the intensity of the blue color encodes the presence of
Mott-like features. Similarly, the intensity of the orange color
encodes the occurrence of superfluidlike features measured
via ΥL(J, T ), as defined in Eq. (6).
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FIG. 4. Characterization of Mott-like features (blue) and super-
fluidlike features (orange) as a function of the hopping strength J

and temperature T (for fixed U = 1, μ = 1/2), based on the analysis
described in Secs. II A and II B. The white area corresponds to the
“thermal region.” The system size is L = 24.

For T = 0 the sharp transition between the Mott insulator
phase and the superfluid phase at J ≈ Jc is clearly visible in
Fig. 4. For low enough temperatures and sufficiently far away
from Jc the essential features of the two phases survive. A
larger and larger “thermal region,” where thermal fluctuations
prevent any type of order, opens up around Jc when the
temperature is raised.

III. DYNAMICS

We now discuss some aspects of the time evolution, i.e.,
the out-of-equilibrium dynamics in the Bose-Hubbard model.
In particular, we are interested in analyzing the behavior of
the system when exposed to linear-ramp quenches in the
hopping strength J across the phase transition. This is the
typical scenario investigated in the framework of the Kibble-
Zurek mechanism [34,35]. As before, we start from the zero-
temperature behavior and then proceed to analyze the impact
of finite temperatures. We use the following quench protocol:

(i) The starting point is the equilibrium state ρ0 of the
Hamiltonian H for J = 0, μ = 1/2. Since the coupling term
vanishes in this case, ρ0 is always a product state. At zero
temperature, ρ0 is the pure state composed of the perfect
Mott insulator state |�〉 with filling 1, i.e., |�〉 = |1〉1 . . . |1〉L,
while at finite temperature ρ0 = e−βH0/ Tr[e−βH0 ].

(ii) The initial state ρ0 is evolved via unitary time evolu-
tion ρ̇ = −i [H (t ), ρ] in the time interval t ∈ [−τQ/2, τQ/2],
where τQ is the duration of the quench. The Hamiltonian is
time dependent through a linear ramp in the hopping strength,

J (t ) = 2Jc

τQ

t + Jc, (8)

which is chosen to be symmetric around the critical
point Jc, such that J (0) = Jc and J (−τQ/2) = 0. Since
[H (t ),

∑L
j=1 nj ] = 0, the total particle number N is a con-

stant of motion. For T = 0 this implies that the dynamics
takes place along the line of constant filling � = 1 in the phase
diagram, which passes through the multicritical point at the

tip of the first Mott lobe [13]. The phase transition in this
case [58] is of the BKT type [59,60], and it is located at Jc ≈
0.30 [15,61]. The time evolution of the quantum many-body
state (computed by means of MPS and LPTN for zero and
finite temperatures, respectively) is performed numerically
with the time-evolving block decimation [62] algorithm using
a Suzuki-Trotter decomposition of the Hamiltonian at second
order (see also Appendix A).

(iii) At the end of the quench, the final correlation length
ξfin is measured using Eq. (4). We then study the behavior of
this “defect measure” [36] as a function of the quench duration
τQ.

A. Quenches at zero temperature

In order to enable an understanding of the essential features
of the system’s state after the quench, the KZM provides a
simple yet powerful argument relying on a comparison of
the system’s internal relaxation time scale τR (t ) with the
external driving time scale τD (t ). This comparison separates
the dynamics into two stages: an adiabatic stage when τR (t ) <

τD (t ) and an impulsed (sudden) stage when τR (t ) > τD (t ).
The instant t̂ at which the dynamics changes from adiabatic
to sudden is called the freeze-out time. Based on this simple
picture, the KZM predicts that the order properties of the
system after the quench are essentially determined by the
instantaneous ground state at Ĵ = J (t̂ ) [35].

For the case of a second-order quantum phase transition,
the KZM allows for a particularly elegant description of the
scaling of the final density of defects as a function of the
quench duration. More specifically, if at the critical point
the equilibrium correlation length diverges with a critical
exponent ν and the energy gap �E closes with another critical
exponent zν, the KZM predicts [36] that the final correlation
length (after the quench) scales according to

ξfin ∝ τ κ
Q, where κ = ν

1 + zν
, (9)

i.e., the scaling of the defect density as a function of the
quench time is determined by a single constant exponent κ .

Here, however, due to the preservation of the total number
of particles induced by the U(1) symmetry, we cross an
infinite-order BKT transition which produces quantitative and
qualitative deviations from the traditional KZ picture [38,63]:
While the basic idea of identifying the final correlation length
with the one at equilibrium at time t̂ is in principle still
valid, the exponential scaling [64] of the equilibrium quan-
tities �E(J ) and ξ (J ) near the critical point Jc prevents the
derivation of a simple expression like the one in Eq. (9). Nev-
ertheless, following Ref. [38], one can still define “effective”
critical exponents νeff and [zν]eff by approximating the expo-
nentials with power laws around a sufficiently small interval
around the freeze-out point Ĵ . Obviously, these exponents
now depend on Ĵ and hence also on the quench time τQ,
but this approach allows one to recover (at least formally) the
scaling given in Eq. (9), after replacing κ with an effective
exponent κ (τQ):

κ (τQ) = νeff (τQ)

1 + [zν]eff (τQ)
. (10)
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FIG. 5. Driving time scale τD and relaxation time scale τR as
a function of the time t for a system of L = 16 sites undergoing
the linear quench of Eq. (8), with fixed U = 1, � = 1. Left panel:
For τQ < 2 no intersection of the two time scales exists, hence τD

is always smaller than τR . Right panel: For τQ � 2 the time scales
intersect (depicted by the circle), leading to a nontrivial freeze-out
time t̂ .

In the following, we adopt this strategy to verify the validity
of the KZM for the quench protocol described above at zero
temperature. To this end, we first need to determine the freeze-
out times t̂ (τQ). We do this numerically, by comparing the
relaxation time scale τR (t ) = 1/�E(t ) with the driving time
scale τD (t ) = |(J (t ) − Jc )/J̇ (t )| = |t | [36]. This procedure is
illustrated in Fig. 5, for two quench times τQ. In our energy
units we have �E(−τQ/2) = �E(J = 0) = 1, thus the re-
laxation time scale is always τR (−τQ/2) = 1 at the beginning
of the quench. Hence, for all τQ < 2 the driving time scale
τD (−τQ/2) = τQ/2 is sufficiently fast that the quench will
be completely sudden. On the other hand, if τQ � 2, there is
an intersection of the two time scales and a nontrivial KZM
scaling of the final defect density can be expected. In order
to verify the KZM in this regime, we numerically determine
the effective critical exponents νeff and [zν]eff as shown in
Fig. 6. By fitting power laws to the equilibrium quantities in
the appropriate interval of J , we obtain νeff = 2.32 ± 0.2 and

FIG. 6. Fitting of the effective critical exponents νeff and [zν]eff

to the equilibrium scaling of ξL and �E, respectively, as a function of
the distance |J − Jc| from the critical point Jc. Note that all axes are
logarithmic. The fit interval (marked by nondashed lines) has been
chosen such that it covers the range of freeze-out points Ĵ for quench
times in the interval 3 � τQ � 15. The system size is L = 16, and
U = 1, � = 1.

FIG. 7. Final correlation length ξfin as a function of the quench
time τQ for T = 0. Three regimes can be distinguished: the sudden
quench regime, KZM scaling regime, and regime of finite-size
saturation. The system size is L = 16, and U = 1, � = 1.

[zν]eff = 1.54 ± 0.1, which are compatible with the numbers
reported in Ref. [63]. Inserting these values into Eq. (10)
delivers the prediction κ = 0.92 ± 0.12 for the scaling of the
final correlation length ξfin after the quench.

In Fig. 7, we show the final correlation lengths ξfin, mea-
sured after simulating the time evolution of the quantum
many-body state with the time-evolving block decimation
algorithm, for various values of τQ spanning several orders
of magnitude. Three regimes can be observed (marked by
different shadings).

(1) Sudden quench regime for τQ � 2: As discussed
above, the dynamics may be viewed as driven by a short
impulse of duration τQ in this regime. The fact that τQ is small
allows for an approximate integration of the Schrödinger
equation via discretization. Such an approximation can be
done analytically, resulting in the following expression for the
final correlation length (see Appendix C):

ξfin(τQ) = 2
√

Jc τQ + O
(
τ 2
Q

)
. (11)

For τQ  1 this expression is in good agreement with the
numerical data, as demonstrated by the red line in Fig. 7.

(2) KZM scaling for 2 � τQ � 15: The fact that this
regime has an upper bound for τQ is due to the finite size of the
system (here L = 16), implying a saturation value of L/

√
6

for the correlation length [see Eq. (5)]. Fitting the exponent κ

from the data in the KZM scaling regime yields κ = 0.88 ±
0.1, which is in good agreement both with the prediction based
on the equilibrium effective critical exponents outlined above
and with the experimental and numerical results reported in
Ref. [39].

(3) Saturated regime for τQ � 15: In this regime, the final
correlation length is saturated due to the finite system size.
Here, the defect density becomes too low to be resolved in
a system of size L and the system appears to be completely
ordered. Larger system sizes shift this regime to larger values
of τQ (not shown in Fig. 7).
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B. Quenches at finite temperatures

In order to gain some (semiquantitative) understanding of
the behavior of the KZ scaling for finite temperatures, it is
instructive to first consider the limiting case T → ∞. Since
in this case the thermal state ρ0 asymptotically approaches the
identity, i.e., ρ0(T →∞) → 1, the time evolution is trivial and
the final state is again the identity: ρfin(T →∞) = ρ0. This
behavior automatically implies a vanishing KZ exponent κ ,
because ξfin(τQ) = ξ0 = 0. Hence, we expect κ (T →∞) →
0. On the other hand, for T = 0 we need to recover the
zero-temperature KZ exponent, κ (T →0) → κ0, where κ0 is
determined by the KZM described above. In order to provide
a heuristic ansatz for the KZ exponent κ (T ) at finite temper-
atures, we resort to an Arrhenius argument. This argument
fits because the deviation �κ (T ) = κ0 − κ (T ) of the thermal
KZ exponent from the zero-temperature KZ exponent can be
viewed as a thermally induced quantity: An energy barrier
needs to be overcome by means of thermal activation in order
to enable an increase of �κ . Based on this motivation, we use
the Arrhenius ansatz [65]

�κ (T ) = κ0 e−Ea/T , (12)

where Ea is an activation energy. Since the increase in �κ (T )
is “activated” by an increasingly dominating population of
excited states in the initial thermal density matrix ρ0(T ), the
energy gap �E′ between the ground and the excited states can
be considered an appropriate energy scale for the activation
energy Ea . As ρ0 results from the Hamiltonian with J = 0 in
our protocol, the energy gap is easily seen to be �E′ = μ.
It is worth mentioning that here the relevant energy gap is
the intersector gap �E′ (i.e., the energy difference between
a system with N particles and a system with N + 1 particles)
because we are working in a grand canonical ensemble. This
gap is not the same as the intrasector gap �E employed in
the previous section, which is relevant for determining the
freeze-out of the particle-conserving adiabatic time evolution
of the ground state at zero temperature.

Combining all assumptions, we predict the following ther-
mal dependence of the KZ exponent:

κ (T ) = κ0(1 − e−μ/T ). (13)

Figure 8 stresses the validity of this ansatz: In the numeri-
cally accessible interval of low temperatures (T � 0.5), the
determined KZ exponents indeed follow the prediction given
in Eq. (13).

IV. CONCLUSION

In this work, we have investigated the properties of the
equilibrium and out-of-equilibrium 1D Bose-Hubbard model
at finite temperatures. In the analysis of equilibrium properties
we find, for the considered system sizes, a persistence of
both insulating and superfluid features up to a certain tem-
perature depending on the coupling J . Our simulations yield
a variety of observable data which characterize the physics
of the thermal system. Additionally, theoretical predictions
for the system’s quantities at finite temperatures allow for
thermometry in an experimental setup [26,66].

The investigation of the dynamical behavior of the system
results in a verification of the Kibble-Zurek scaling for zero

FIG. 8. Correlation length ξfin after the quench as a function of
the quench duration τQ, for various temperatures T . Dashed lines
are linear fits whose slopes determine the KZ exponents κ (T ). The
system size is L = 16, and U = 1. Upper plot: Extracted exponents
as a function of T , together with the Arrhenius ansatz indicated in
Eq. (13), with μ = 1/2.

temperature and a good agreement between the proposed
Arrhenius-type ansatz and the obtained numerical data for
T > 0.

Our analysis offers many possible extensions, e.g., inves-
tigating certain regions of the J -μ phase diagram where a
revival of the Mott insulating phase is expected [14] or, as
often found to characterize experimental setups, simulating
harmonically confined systems realized by site-dependent
chemical potentials [15,67,68].

Finally, an essential question is when the scenario of
evolving a mixed state with a unitary time evolution following
the von Neumann equation applies. Throughout this work we
consider the case where the time scale of the quench is much
shorter than the time scale of the system to reach thermal
equilibrium. This condition is normally fulfilled if we prepare
the initial thermal state and are able to largely decouple the
system from the environment. If, instead, the quench time
scale is comparable to or larger than the relaxation time scale,
one has to include open-system dynamics in the calculations
[69,70]. This case is left for future studies and requires a
careful choice of Lindblad operators [71–74] for Markovian
dynamics or evolution of non-Markovian systems [75,76].
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APPENDIX A: NUMERICAL METHODS

As mentioned above, we employ tensor network methods
as our simulation tool. The ground-state properties have been
obtained via the imaginary time evolution for the MPS [44]
or via variational minimization for the tree tensor network
[53,78]. In order to obtain thermal equilibrium states for
T > 0, we use the imaginary time evolution applied to the
LPTN. Each discretization step of this evolution generates a
fixed-temperature state, starting from the maximally mixed
state (infinite temperature). The temperature of the LPTN after
n steps is inversely proportional to n, i.e., T ∝ 1/n. In the
following, we summarize the LPTN framework in more detail,
beginning with a brief recap of MPS notation.

The idea of the MPS is the decomposition of a many-body
wave function |ψ〉 representing a system at L sites into a set
of L local tensors which together compose |ψ〉. The original
vector representing the quantum many-body state has dL

entries, where d is the local dimension of the Bose-Hubbard
model in our case. Each tensor represents one site and is of
rank 3, Tαj ,ij ,αj+1 ; the index ij iterates over the different states
in the local Hilbert space, i.e., the Fock states at site j ; and the
indices α connect the site to its nearest neighbor and encode
the entanglement to the complete subsystem on the left and
right, respectively. The maximal dimension of α enables us
to truncate entanglement and to keep simulations feasible;
this maximal dimension is called the bond dimension m. For
m = dL/2 the MPS representation covers all possible states,
i.e., the full Hilbert space.

The idea of the LPTN lies in the positivity of a density
matrix, i.e., we can decompose any density matrix ρ as

ρ = U�U † = U
√

�
√

�U † = XX†, (A1)

where �i � 0 are the eigenvalues represented in a diagonal
matrix �, and we define X ≡ U

√
�. The matrix X is the

purification of the density matrix ρ and is sufficient for
the unitary time evolution and imaginary time evolution, as
outlined later. The purification X scales with the system size
as dL × 1 for a pure state and dL × dL for a maximally mixed
state ρ ∝ 1. For the special case of a pure state, there is exactly
one eigenvalue equal to 1 and ρ = |ψ〉 〈ψ |. We can include
this new index running over the eigenvalues by extending
each tensor in the MPS with an additional index κj , i.e.,
Tαj ,ij ,κj ,αj+1 ; we obtain the LTPN. The MPS is regained for
dim(κj ) = 1, ∀j . In contrast, if each dim(κj ) = d, ∀j , we
regain, globally, the dimension dL of matrix �.

We turn to the argument why this representation is efficient
in the case of finite-temperature states. We define the thermal
state as ρth = exp(−βH )/Z, with the partition function de-
fined as Z = Tr[exp(−βH )]. We can rewrite the thermal state
as

ρth = exp(−βH )

Z

= 1

Z
exp

(
−βH

2

)
1 exp

(
−βH

2

)
, (A2)

where the identity 1 is proportional to the infinite-temperature
state ρinf ; its purification can be easily represented as an

FIG. 9. Demonstration of convergence in the system size L and
the bond dimension m for the variance in the middle of the chain as a
function of the hopping strength J . The local dimension d = 5, and
U = 1, μ = 1/2.

LPTN, where the global identity is a product state of lo-
cal identities with dim(αj ) = 1, ∀j ; the identity matrix is
with respect to the indices ij and κj for each site j . Equa-
tion (A2) represents the imaginary time evolution with a
constant Hamiltonian. For the real time evolution, we time-
slice the Hamiltonian and evolve the state under a Hamiltonian
constant for each time step �t . To approximate the propagator
of the Hamiltonian in both time evolution schemes, we use a
Suzuki-Trotter decomposition splitting the Hamiltonian into
H = H2j−1,2j + H2j,2j+1, where H2j−1,2j acts at odd sites
and their nearest right neighbors, and the second term contains
operators acting at even sites and their nearest right neighbors.
There is an error scaling with �t when using

exp(cH ) = exp
( c

2
H2j−1,2j

)
exp(cH2j,2j+1)

× exp
( c

2
H2j−1,2j

)
+ O(�t3), (A3)

where the summands in each exponential on the right-hand
side commute with each other and, consequently, can be ex-
ponentiated independently at the local two-site Hilbert spaces.
The constant c is i�t and �t for the real and the imaginary
time evolution, respectively. The error of the total evolution
scales as O(�t2) for this second-order Suzuki-Trotter decom-
position. The application of each of the three layers follows
the idea of the time-evolving block decimation algorithm
[44,62]. We point out that it is sufficient to evolve either X or
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X† because both real and imaginary time evolution preserve
the complex conjugate structure of the purification.

In addition to errors scaling with the time step �t , we have
to truncate correlations in the dimension of αj . For an exact
representation of a many-body state, the number of weights at
the center of our many-body representation can include up to
dL nonzero weights in the case of an LPTN or dL/2 for a pure
state represented as an MPS. We allow for truncations of low
weights in the spectrum of the singular value decomposition
(SVD). The truncation with the SVD results in a minimal error
for the evolution of an LPTN [49] if the LPTN is properly
gauged [46]. The index κj capturing the purification does
not increase during unitary time evolution and guarantees an
efficient evolution.

APPENDIX B: CONVERGENCE OF THE SIMULATIONS

In this section we show with some examples that the nu-
merical simulations presented above are at convergence with
respect to changing the relevant refinement parameters. In our
case, these include the system size L, the bond dimension m,
the Trotter time step �t , and the local dimension d.

In Fig. 9 we demonstrate that the variances of the particle
occupations of the obtained equilibrium ground and thermal
states are independent of the system size L. The deviations of
σ 2

L/2(J ) are below the symbol size when both the system size
L and the bond dimension m are changed, for all considered
values of the temperature T .

The two plots in Fig. 10 show that the Trotter time step
�t and the employed bond dimensions m are sufficient for
converged imaginary time evolution results: The error of the
correlation length ξL is again below the symbol size.

FIG. 10. Demonstration of convergence in the bond dimension
m and the Trotter time step �t for the correlation length ξL as a
function of the hopping strength J . The system size is L = 16, the
local dimension is d = 5, and U = 1, μ = 1/2.

FIG. 11. Numerical calculation of the compressibility ∂�/∂μ.
The upper two panels show the filling � as a function of the chemical
potential μ, for various temperatures and two hopping strengths,
J = 0.04 < Jc and J = 0.19 > Jc. The lower panel shows the fitted
slopes ��/�μ as a function of the hopping strength J , for two
temperatures and three values for the fit interval �μ. The system
size is L = 18, and U = 1.

Figure 11 illustrates how we numerically obtain the com-
pressibilities plotted in Fig. 1: We first determine the filling �

as a function of the chemical potential μ and then linearly
fit these data in an interval of width �μ around μ = 1/2,
yielding an estimate for the compressibility ∂�/∂μ|μ=1/2. We
plot �(μ) for two values of J in the upper two panels in
Fig. 11, demonstrating that ∂�/∂μ indeed only vanishes in
the Mott insulator phase. For a system at zero temperature
and finite size L, the filling � = N/L is limited to integer
multiples of 1/L, leading to a steplike behavior of �(μ). In
order to account for this finite-size effect, a careful choice
of the fit interval �μ is required. We find that �μ = 0.15
provides a good trade-off in the parameter regime studied here
(see lower panel in Fig. 11).

063601-9

218 3. Publications



WEISS, GERSTER, JASCHKE, SILVI, AND MONTANGERO PHYSICAL REVIEW A 98, 063601 (2018)

FIG. 12. Demonstration of convergence in the bond dimension
m and local dimension d for the final correlation length ξfin as a
function of the quench time τQ. Upper panel: Results presented in
Fig. 7. Lower panel: Results presented in Fig. 8. The system size is
L = 16.

Finally, in Fig. 12 we focus on the convergence of the
quench data presented in Sec. III. It is evident that both for
zero (upper panel) and for finite (lower panel) temperatures

the local dimension d = 4 delivers noticeably different results
compared to d = 5. Instead, the observed deviations between
d = 5 and d � 6 become negligibly small.

APPENDIX C: ANALYTICAL TREATMENT OF TIME
EVOLUTION FOR SHORT QUENCHES

Here we show the calculation leading to Eq. (11). We start
from the perfect Mott insulator state with filling � = 1, i.e.,

|�0〉 = |�(−τQ/2)〉 = |1〉1 . . . |1〉L. (C1)

Performing a linear quench in the hopping strength entails a
nontrivial time evolution under the time-dependent Hamilto-
nian H (t ). We focus on the case τQ  1, meaning that the
total evolution time is short. Discretizing the integration of
the Schrödinger equation we can write

|�(τQ/2)〉 �
(

1 − iH̄ τQ − 1

2
H̄ 2τ 2

Q + O
(
τ 3
Q

))|�0〉, (C2)

and we use the trapezoidal rule to determine the con-
stant Hamiltonian H̄ during the discretization interval
[−τQ/2, τQ/2],

H̄ = 1
2 [H (−τQ/2) + H (τQ/2)] = H (J (0)) = H (Jc ),

(C3)

where we have used the definition of the linear ramp J (t ) of
Eq. (8).

Plugging Eqs. (C1) and (C3) into Eq. (C2), we can calcu-
late the final state |�(τQ/2)〉, exact up to third order in τQ

(here we assume periodic boundary conditions for simplicity,
and U = 1):

|�(τQ/2)〉 = (
1 − 2 τ 2

QJ 2
c L

)|1〉1 . . . |1〉L +
(

1√
2

τ 2
QJc + i

√
2 τQJc

) L∑
j=1

|1〉1 . . . |1〉j−1(|2〉j |0〉j+1 + |0〉j |2〉j+1)|1〉j+2 . . . |1〉L

− 2 τ 2
QJ 2

c

L∑
j=1

L∑
k>j+1

|1〉1 . . . |1〉j−1(|2〉j |0〉j+1 + |0〉j |2〉j+1)|1〉j+2 . . . |1〉k−1(|2〉k|0〉k+1 + |0〉k|2〉k+1)|1〉k+2 . . . |1〉L

− 3√
2

τ 2
QJ 2

c

L∑
j=1

|1〉1 . . . |1〉j−1(|2〉j |1〉j+1|0〉j+2 + |0〉j |1〉j+1|2〉j+2)|1〉j+3 . . . |1〉L

−
√

6 τ 2
QJ 2

c

L∑
j=1

|1〉1 . . . |1〉j−1|0〉j |3〉j+1|0〉j+2|1〉j+3 . . . |1〉L + O
(
τ 3
Q

)
. (C4)

From Eq. (C4) we obtain the two-site hopping correlations, again exact up to third order in τQ:

〈b†
j bk〉 =

⎧⎨
⎩

1 for j = k,

2 τ 2
QJc + O(τ 3

Q) for |j − k| = 1,

O(τ 3
Q), for |j − k| > 1.

(C5)

We can use these to determine the correlation length ξfin according to Eq. (4),

ξfin =
√√√√ 2L · 12 · 2 τ 2

QJc + O
(
τ 3
Q

)
L + 2L · 2 τ 2

QJc + O
(
τ 3
Q

) = 2
√

Jc τQ + O
(
τ 2
Q

)
, (C6)

which is the expression used in Eq. (11).
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4. Summary and outlook

A complete understanding of the behavior of strongly correlated quantum matter is a key

ingredient in the second quantum revolution, which is currently underway and paving the way

for future quantum technologies [6, 7]. Since all but a few models of interacting quantum

many-body systems are analytically intractable, numerical methods are a crucial tool in

order to make progress towards this objective. Tensor network methods are among the most

powerful and versatile strategies for the numerical simulation of quantum many-body systems.

In this thesis, we presented a complete framework for a subclass of these methods, namely the

loop-free tensor networks, characterized by network graphs without loops. We showed how

to develop state-of-the-art simulations within this framework and gave a full account of all

components relevant in this process: from the lowest level, formed by single tensors and their

associated elementary operations, to the highest level in the form of a fully-fledged tensor

network algorithm for the characterization of ground sates of quantum lattice models. We

showed how to enhance the performance of this algorithm by exploiting the gauge freedom

of loop-free tensor networks as well as Abelian symmetries, and demonstrated the achieved

practical advantage with benchmarks.

We then applied the developed toolkit to the investigation of the ground-state properties

of various quantum lattice models in one and two spatial dimensions. We were able to

provide numerical evidence for the resolution of three long-standing problems: the dimer-

ferromagnet phase transition in the spin-1 bilinear-biquadratic Heisenberg chain, the shape

of the superfluid lobe in the phase diagram of the disordered Bose-Hubbard model, and the

existence of fractional quantum Hall states for the interacting Harper-Hofstadter model.

Beyond the zero-temperature equilibrium setting, we studied the Kibble-Zurek mechanism

both in the high-spin Ising model and in the Bose-Hubbard model at unit filling. For the

former, we collected evidence of a quantum-classical crossover, while for the latter we studied

the consequences of non-vanishing temperatures.

Let us conclude with an outlook on possible future extensions of this thesis work. Although

our high-level application of the developed tensor network framework is centered on a ground-

state algorithm, the generality of the low-level routines enables the implementation of other

applications in a fairly straightforward manner. For example, an algorithm implementing

the time-dependent variational principle for the time evolution of a tensor network state [91]

shares most of its routines with the ground-state algorithm outlined in this thesis: Essentially,

the only required major change is a replacement of the eigensolver in the optimizer routine

by a Runge-Kutta solver [92, 93]. In fact, such an implementation (reusing large parts of
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the ground-state algorithm developed in Chapter 3) has recently been employed to study the

time dependence of particle currents in a Bose-Hubbard ring [92].

More fundamental work is necessary to make the presented loop-free tensor network ansatz

compatible with the area law for the entanglement on two-dimensional lattices: Amending

the network structure so as to be compatible with the area-law scaling in two dimensions

cannot be achieved without introducing loops into the network. Finding a way to do so

while preserving the numerical stability and efficiency of loop-free tensor networks would

mean a substantial breakthrough for the practical simulability of strongly correlated two-

dimensional quantum systems. In particular, such an architecture would also be an extremely

valuable tool for the simulation of lattice gauge theories: While tensor network methods

already have proven useful for this purpose in one-dimensional settings [94–96], and also,

very recently, for narrow-cylinder geometries [97], an efficient architecture for the simulation

of large square geometries is still missing (although promising steps in this direction are being

undertaken [98]).

We close with a remark on the long-term perspectives of tensor network methods: Even

in an age in which quantum supremacy, and specifically quantum simulation, will start to

become a reality [99] (which is expected to occur within the next decades), powerful classical

simulation tools will continue to be of great importance for benchmarking and for comple-

menting the results of the early quantum simulators.



A. Appendix

In this appendix, we report two numerical benchmarks that provide some insight into the

performance of loop-free tensor network architectures: The first benchmark is concerned with

an explicit comparison of two different tensor network ansätze for one-dimensional systems

with periodic boundary conditions applied to the same model, while the second benchmark

reports some aspects of numerical performance of the binary tree tensor network on the

two-dimensional quantum Ising model.

A.1. Explicit numerical comparison: MPS vs. TTN

The two tensor network architectures which we are going to compare with each other are

sketched in Fig. A.1. The binary tree tensor network (bTTN) has the advantage that no

conceptual change is required when switching from open boundary conditions (OBC) to

periodic boundary conditions (PBC), while for the matrix product state in PBC configuration

(pbcMPS) a longer interaction range arises as a consequence of the change from OBC to

PBC. However, the bTTN exhibits a higher scaling of the computational cost C with the

bond dimension m compared to the pbcMPS:

CTTN(m) ∼ O(m4) , (A.1a)

CMPS(m) ∼ O(m3) . (A.1b)

This is due to the fact that the bTTN contains tensors which have three links with the full

bond dimension m, while the pbcMPS exclusively consists of tensors which have only two

links with the full bond dimension. On the other hand, the number of variational parameters

in a bTTN is higher as the one in a pbcMPS at the same bond dimension [O(m3) vs. O(m2)],

which could compensate the unfavorable scaling of the computational cost by delivering a

higher numerical accuracy at the same bond dimension m.

In order to shed some light on this question, we compare the accuracies of the ground-state

energy that can be achieved by the two architectures on the one-dimensional Fermi-Hubbard

model (2.71) at half filling. More in detail, we compare the error of the ground-state energy

per site ∆E/N as a function of the bond dimension m for various interaction strengths U and

various systems sizes N . The result of this comparison is plotted in Fig. A.2.1 As expected,

for a given bond dimension m the achieved accuracies are higher when using the bTTN; this

1The pbcMPS data was kindly provided by S. Paeckel [100].
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Figure A.1.: Two different loop-free tensor network architectures suitable for one-dimensional
systems with periodic boundary conditions: bTTN (a) and pbcMPS (c). Black
dots are physical sites of local dimension d, gray dots are virtual (renormalized)
sites whose dimensions are truncated to the bond dimension m. Representing
the bTTN in a linear configuration (b), it becomes apparent that for this ansatz
the interaction range is preserved under a change from OBC to PBC, while for
the pbcMPS the interaction range increases under such a change (d).
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statement seems to be true independent of the value of both U and N . In order to make a

more quantitative statement, we fit ∆E(m) for both architectures with functions of the form

∆Ea(m) = αam
−βa e−m/γa , a ∈ {TTN,MPS} (A.2)

where αa, βa, γa are fit parameters. Figure A.2 shows that the fit functions (A.2) capture

well the dependence of the energy accuracy ∆E on the bond dimension m, and that they

can serve both as a reliable interpolation and (although to a somewhat smaller degree of

reliability) as an extrapolation of the obtained data.
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Figure A.2.: Error of the ground-state energy per site ∆E/N of the one-dimensional Fermi-
Hubbard model at half filling when simulated with a bTTN (left column) and a
pbcMPS (right column). The top row compares different interaction strengths
U at fixed system size N = 64, while the bottom row compares different systems
sizes N at fixed interaction strength U = 2.0. Lines are fits of the form (A.2).
Note that the rapid drop of the points with the highest accuracies is an artifact
stemming from the finite accuracy of the reference value E(mmax) used to cal-
culate the energy accuracies ∆E(m) ≡ E(m) − E(mmax). Hence, these points
have been excluded from the fitting procedure.
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By means of these fit functions we can then define the effective bond dimension m∗MPS,

needed by a pbcMPS in order to achieve the same accuracy as a bTTN at a given bond

dimension mTTN, via the condition

∆EMPS(m∗MPS)
!

= ∆ETTN(mTTN) , (A.3)

which, upon insertion of Eq. (A.2), can be solved for m∗MPS:

m∗MPS(mTTN) = βMPS γMPS W

(
1

βMPS γMPS

[
αMPS

∆ETTN(mTTN)

]1/βMPS
)
. (A.4)

Here, W (x) is the Lambert W function (also known as product logarithm). The procedure

of obtaining m∗MPS(mTTN) from the fit functions ∆Ea(m) is illustrated in the left panel

of Fig. A.3. In the right panel, we show the resulting functions m∗MPS(mTTN), calculated via

Eq. (A.4), for different system sizes N . Two conclusions can be drawn from this analysis:

First, the functions m∗MPS(mTTN) are well approximated by power-laws

m∗MPS(mTTN) ∝ mTTN
δ , (A.5)

at least in the bond-dimension regime mTTN . 103 relevant for practical applications. The

exponent δ depends on the system size N and increases for increasing system size, i.e. the

larger the system, the larger the accuracy advantage of the bTTN versus the pbcMPS, at the

same bond dimension m.

Second, despite this accuracy gain, the obtained exponents δ are smaller than the break-

even value δ̄, defined as the value of δ for which the computational cost for achieving the

same energy accuracy ∆E scales in the same way for both architectures:

CMPS(m∗MPS)
!

= CTTN(mTTN) . (A.6)

Using Eqs. (A.1) and (A.5), we find from Eq. (A.6):

O
((

mTTN
δ̄
)3
)

!
= O

(
mTTN

4
)

⇒ δ̄ =
4

3
. (A.7)

Since the obtained exponents δ reported in Fig. A.3 are significantly below δ̄ = 4/3, we esti-

mate that the pbcMPS architecture is more efficient on the one-dimensional Fermi-Hubbard

model, at least for the considered system sizes N . 102. By extrapolation (see bottom panel

of Fig. A.3), we find that the break-even exponent δ̄ might be reached in the regime N ≈ 104,

although this estimate is handicapped by the fact that the proportionality factor in Eq. (A.5)

decreases with the system size, see again bottom panel of Fig. A.3.

Finally, the estimation that the pbcMPS might potentially offer an efficiency advantage

over the bTTN in the very large bond dimension regime for system sizes N . 102 is also
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Figure A.3.: Top left panel: Determination of the effective bond dimension m∗MPS needed by
a pbcMPS in order to achieve the same energy accuracy ∆E as a bTTN at a
given bond dimension mTTN. Top right panel: m∗MPS as a function of mTTN for
different system sizes N (dashed lines). The continuous lines are fits of the form
m∗MPS = κ · mTTN

δ. Bottom panel: Resulting fit exponents δ and prefactors
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confirmed by Fig. A.4, where in the left panel we plot the runtime scalings (assumed to be

proportional to the computational cost scaling), and in the right panel we show the resulting

dependence of the energy accuracy on the runtime. It should be stressed that the energy-

accuracy predictions for large runtime values are highly speculative, due to the uncertain

extrapolation quality of the fit functions (A.2) for large bond dimensions. It is also worth

noting that in the regime of small to moderate runtimes (which is the most relevant one

from a practical point of view) the performances of the two architectures seem to be very

similar, meaning that in this regime it seems unlikely that a significant performance gain can

be achieved by exchanging one architecture for the other.

A.2. TTN benchmark on the two-dimensional Ising model

Here, we benchmark the capability of the bTTN architecture to capture ground state prop-

erties of two-dimensional quantum lattice systems. As benchmark model we employ the

two-dimensional analogue of the quantum Ising model (2.41). We use a square lattice geom-

etry of finite size N = L× L and periodic boundary conditions in both directions, resulting

in a torus topology.

It is important to note that the entanglement scaling in a loop-free bTTN ansatz with

fixed bond dimension m is not compatible with the area law on a two-dimensional lattice;

hence, we have to expect poor performance of this ansatz on large system sizes [101, 102].

A benchmark is therefore essential for addressing the question of which system sizes can be

simulated with reasonable accuracy with a bTTN on two-dimensional systems.

We start by reporting the accuracy of the ground-state energy for different bond dimen-

sions m in Fig. A.5. First of all, we note that the qualitative convergence behavior of the
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Figure A.5.: Left panel: Error of the ground-state energy per site ∆E/N as a function of
the number of optimization sweeps, for a system with N = 8× 8 spins and field
strength h = 3.0. Right panel: Error of the ground-state energy per site as a
function of the bond dimension m, for various values of the field strength h.
Lines are fits of the form (A.8).

ground-state energy as a function of the number of optimization sweeps is very similar to

the one observed on the one-dimensional quantum Ising model [103]: Convergence is reached

after less than 10 sweeps, and an increased bond dimension reliably leads to a higher accu-

racy of the ground-state energy. Second, the dependence of the energy accuracy on the bond

dimension is again well approximated by a combined polynomial-exponential decay of the

form

∆E(m) ∝ m−a e−m/b , (A.8)

where a and b are fit parameters whose values depend on the chosen system parameters. In

particular, we note that the decay is slowest in the vicinity of the critical point hc ≈ 3.04, as

expected.

We proceed by investigating a quantity which allows to answer more directly the question

of in which parameter regimes the area-law scaling of the entanglement breaks down when

using the bTTN ansatz. To this end, we measure the von Neumann entropy SVN(P ) for

different partitions P (where P is one part of a bipartition of the lattice sites), and plot SVN

as a function of the length ∂P of the partition boundary. Note that the partitions that can be

conveniently addressed in a bTTN are those resulting from cutting a single link in the tensor

network. These partitions have either a square shape 2`×2` or a rectangular shape 2`×2`+1,

where the index ` takes values from the set ` ∈ {0, 1, . . . , log2(L)− 1}. The available lengths

∂P for a partition boundary are thus 2`+2 and 3 · 2`+1 (i.e. ∂P = 4, 6, 8, 12, . . . ). In Fig. A.6

we plot the measured von Neumann entropies as a function of ∂P for two different system

sizes and various values of the field strength h. While for N = 8× 8 we observe for all values
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Figure A.6.: Von Neumann entropy SVN as a function of partition boundary length ∂P for
different field strengths h and different bond dimensions m. Left panel: system
size N = 8× 8. Right panel: N = 16× 16.

of h a rapid convergence of SVN with the bond dimension m to the expected area law scaling

SVN(∂P ) = α · ∂P + β , (A.9)

(where α and β are constants depending on the field strength h, and we neglect possible

sublinear corrections), this is no longer the case for N = 16 × 16. Here, convergence of the

von Neumann entropy with the bond dimension is only achieved for the field strengths which

are farthest away from the critical point hc. In contrast, for values of h close to the critical

point (e.g. for h = 3.0), we observe a strongly sublinear behavior of SVN(∂P ). In particular,

the curvature of the function SVN(∂P ) decreases with increasing bond dimension, hinting at

an artificial breakdown of the area law scaling (A.9) induced by the bTTN ansatz.

We conclude this benchmark with an attempt to determine the critical exponent ν, gov-

erning the divergence of the correlation length ξ at the critical point, as defined in Eq. (2.46).

The most accurate calculations of this critical exponent reported in the literature indicate

ν ≈ 0.63 [39]. Our aim is to compare this value to one determined via bTTN simulations.

In order to do so, we determine the correlation length ξ of the two-point correlation func-

tion (2.42) for various values of h in the vicinity of the critical point. By fitting the correlation

length as a function of h− hc (for h > hc), we can obtain an estimate for the exponent ν of

the power-law divergence of the correlation length. This procedure is reported in Fig. A.7,

delivering a critical exponent of ν ≈ 0.51. The error of roughly 20% of the obtained value

with respect to the exact value can be easily explained: In order to describe a diverging

correlation length, large system sizes are necessary. However, in the previous paragraph we

have learned that simulating these large systems is not feasible with a bTTN, at least not if a

faithful description of correlation properties is required (as is obviously the case for measur-
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Figure A.7.: Correlation length ξ as a function of the field strength h for various system sizes
N = L × L. Owing to the finite size of the simulated systems, the correlation
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L/2 of two sites in an L×L-system with periodic boundary conditions. The inset
shows the data with h > hc as a function of h − hc, together with a power-law
fit performed on the largest available system, yielding ν ≈ 0.51.

ing the correlation length). Hence, we are limited to small system sizes, which in turn leads

to significant finite-size errors when measuring the correlation length. Despite this intrinsic

shortcoming, which emerges whenever addressing critical properties in a quantitative way, it

should nevertheless be stressed that the qualitative features of the system are completely and

correctly captured by the bTTN ansatz: From Fig. A.7 we can clearly deduce the occurrence

of a quantum phase transition at a critical value hc ≈ 3, separating an ordered phase with

finite order parameter (ferromagnetic phase) from a disordered phase with vanishing order

parameter (paramagnetic phase). Hence, the bTTN architecture proves to be a valuable tool

for the study of not only one-dimensional, but also two-dimensional quantum many-body

systems.
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[7] A. Aćın, I. Bloch, H. Buhrman, T. Calarco, C. Eichler, J. Eisert, D. Esteve, N. Gisin,

S. J. Glaser, F. Jelezko, S. Kuhr, M. Lewenstein, M. F. Riedel, P. O. Schmidt, R. Thew,

A. Wallraff, I. Walmsley, and F. K. Wilhelm. The quantum technologies roadmap: a

European community view. New Journal of Physics, 20(8):080201, Aug 2018. doi:

10.1088/1367-2630/aad1ea.

[8] D. M. Ceperley and B. J. Alder. Ground state of the electron gas by a stochastic method.

Physical Review Letters, 45(7):566–569, Aug 1980. doi:10.1103/PhysRevLett.45.

566.

[9] Steven R. White and David A. Huse. Numerical renormalization-group study of low-

lying eigenstates of the antiferromagnetic S = 1 Heisenberg chain. Physical Review B,

48:3844–3852, Aug 1993. doi:10.1103/PhysRevB.48.3844.

https://doi.org/10.1098/rspa.1929.0094
https://doi.org/10.1088/0034-4885/64/8/301
https://doi.org/10.1007/BF02650179
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1126/science.1177838
https://doi.org/10.1098/rsta.2003.1227
https://doi.org/10.1088/1367-2630/aad1ea
https://doi.org/10.1088/1367-2630/aad1ea
https://doi.org/10.1103/PhysRevLett.45.566
https://doi.org/10.1103/PhysRevLett.45.566
https://doi.org/10.1103/PhysRevB.48.3844


236 Bibliography

[10] Michael Creutz, Laurence Jacobs, and Claudio Rebbi. Monte Carlo computations

in lattice gauge theories. Physics Reports, 95(4):201–282, 1983. doi:10.1016/

0370-1573(83)90016-9.

[11] Marcello Dalmonte and Simone Montangero. Lattice gauge theory simulations in the

quantum information era. Contemporary Physics, 57(3):388–412, 2016. doi:10.1080/

00107514.2016.1151199.

[12] David Ceperley and Berni Alder. Quantum Monte Carlo. Science, 231(4738):555–560,

1986. doi:10.1126/science.231.4738.555.

[13] Simone Montangero. Introduction to Tensor Network Methods: Numerical simula-

tions of low-dimensional many-body quantum systems. Springer, 2018. doi:10.1007/

978-3-030-01409-4.

[14] Richard P. Feynman. Statistical Mechanics: A Set of Lectures. CRC Press, 1998.

doi:10.1201/9780429493034.

[15] John Hubbard. Electron correlations in narrow energy bands. Proceedings of the Royal

Society of London. Series A. Mathematical and Physical Sciences, 276(1365):238–257,

1963. doi:10.1098/rspa.1963.0204.

[16] H. A. Gersch and G. C. Knollman. Quantum cell model for bosons. Physical Review,

129(2):959, 1963. doi:10.1103/physrev.129.959.

[17] Charles Kittel. Introduction to Solid State Physics. Wiley, 2004.

[18] Gregory H. Wannier. The structure of electronic excitation levels in insulating crystals.

Physical Review, 52(3):191, 1937. doi:10.1103/physrev.52.191.

[19] D. Jaksch and P. Zoller. The cold atom Hubbard toolbox. Annals of Physics, 315:52–79,

2005. doi:10.1016/j.aop.2004.09.010.

[20] Bill Sutherland. Beautiful Models: 70 Years Of Exactly Solved Quantum Many-Body

Problems. World Scientific Publishing, 2004. doi:10.1142/5552.

[21] R. Peierls. On Ising’s model of ferromagnetism. Mathematical Proceedings of

the Cambridge Philosophical Society, 32(3):477–481, Oct 1936. doi:10.1017/

S0305004100019174.

[22] Subir Sachdev. Quantum Phase Transitions. Cambridge University Press, 2011. doi:

10.1017/cbo9780511973765.

[23] M. Born and V. Fock. Beweis des Adiabatensatzes. Zeitschrift für Physik,

51(3):165–180, Mar 1928. doi:10.1007/BF01343193.

https://doi.org/10.1016/0370-1573(83)90016-9
https://doi.org/10.1016/0370-1573(83)90016-9
https://doi.org/10.1080/00107514.2016.1151199
https://doi.org/10.1080/00107514.2016.1151199
https://doi.org/10.1126/science.231.4738.555
https://doi.org/10.1007/978-3-030-01409-4
https://doi.org/10.1007/978-3-030-01409-4
https://doi.org/10.1201/9780429493034
https://doi.org/10.1098/rspa.1963.0204
https://doi.org/10.1103/physrev.129.959
https://doi.org/10.1103/physrev.52.191
https://doi.org/10.1016/j.aop.2004.09.010
https://doi.org/10.1142/5552
https://doi.org/10.1017/S0305004100019174
https://doi.org/10.1017/S0305004100019174
https://doi.org/10.1017/cbo9780511973765
https://doi.org/10.1017/cbo9780511973765
https://doi.org/10.1007/BF01343193


Bibliography 237

[24] Thomas W. B. Kibble. Topology of cosmic domains and strings. Journal of Physics A:

Mathematical and General, 9(8):1387, 1976. doi:10.1088/0305-4470/9/8/029.

[25] W. H. Zurek. Cosmological experiments in superfluid helium? Nature,

317(6037):505–508, Oct 1985. doi:10.1038/317505a0.

[26] Wojciech H. Zurek, Uwe Dorner, and Peter Zoller. Dynamics of a quantum phase

transition. Physical Review Letters, 95:105701, Sep 2005. doi:10.1103/physrevlett.

95.105701.

[27] Elliott H. Lieb and Derek W. Robinson. The finite group velocity of quantum spin

systems. Communications in Mathematical Physics, 28(3):251–257, Sep 1972. doi:

10.1007/BF01645779.

[28] Pasquale Calabrese and John Cardy. Evolution of entanglement entropy in one-

dimensional systems. Journal of Statistical Mechanics: Theory and Experiment,

2005(04):P04010, 2005. doi:10.1088/1742-5468/2005/04/p04010.

[29] Pasquale Calabrese and John Cardy. Entanglement and correlation functions following

a local quench: a conformal field theory approach. Journal of Statistical Mechanics:

Theory and Experiment, 2007(10):P10004, 2007. doi:10.1088/1742-5468/2007/10/

p10004.

[30] R. Nandkishore and D. A. Huse. Many-body localization and thermalization in quantum

statistical mechanics. Annual Review of Condensed Matter Physics, 6:15–38, Mar 2015.

doi:10.1146/annurev-conmatphys-031214-014726.

[31] Markus Heyl. Dynamical quantum phase transitions: a review. Reports on Progress in

Physics, 81(5):054001, 2018. doi:10.1088/1361-6633/aaaf9a.

[32] Heinz-Peter Breuer and Francesco Petruccione. The Theory of Open Quantum Systems.

Oxford University Press, 2007. doi:10.1093/acprof:oso/9780199213900.001.0001.

[33] Inés de Vega and Daniel Alonso. Dynamics of non-Markovian open quantum sys-

tems. Reviews of Modern Physics, 89(1):015001, 2017. doi:10.1103/RevModPhys.89.

015001.

[34] Stephen G. Brush. History of the Lenz-Ising model. Reviews of Modern Physics,

39(4):883, 1967. doi:10.1103/revmodphys.39.883.

[35] Ernst Ising. Beitrag zur Theorie des Ferromagnetismus. Zeitschrift für Physik,

31(1):253–258, 1925. doi:10.1007/bf02980577.

[36] Lars Onsager. Crystal statistics. I. A two-dimensional model with an order-disorder

transition. Physical Review, 65:117–149, Feb 1944. doi:10.1103/PhysRev.65.117.

https://doi.org/10.1088/0305-4470/9/8/029
https://doi.org/10.1038/317505a0
https://doi.org/10.1103/physrevlett.95.105701
https://doi.org/10.1103/physrevlett.95.105701
https://doi.org/10.1007/BF01645779
https://doi.org/10.1007/BF01645779
https://doi.org/10.1088/1742-5468/2005/04/p04010
https://doi.org/10.1088/1742-5468/2007/10/p10004
https://doi.org/10.1088/1742-5468/2007/10/p10004
https://doi.org/10.1146/annurev-conmatphys-031214-014726
https://doi.org/10.1088/1361-6633/aaaf9a
https://doi.org/10.1093/acprof:oso/9780199213900.001.0001
https://doi.org/10.1103/RevModPhys.89.015001
https://doi.org/10.1103/RevModPhys.89.015001
https://doi.org/10.1103/revmodphys.39.883
https://doi.org/10.1007/bf02980577
https://doi.org/10.1103/PhysRev.65.117


238 Bibliography

[37] Chen Ning Yang. The spontaneous magnetization of a two-dimensional Ising model.

Physical Review, 85(5):808, 1952. doi:10.1103/physrev.85.808.

[38] Masuo Suzuki. Relationship between d-dimensional quantal spin systems and (d+ 1)-

dimensional Ising systems: Equivalence, critical exponents and systematic approxi-

mants of the partition function and spin correlations. Progress of Theoretical Physics,

56(5):1454–1469, Nov 1976. doi:10.1143/ptp.56.1454.

[39] Andrea Pelissetto and Ettore Vicari. Critical phenomena and renormalization-

group theory. Physics Reports, 368(6):549–727, 2002. doi:10.1016/s0370-1573(02)

00219-3.
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[84] Román Orús. A practical introduction to tensor networks: matrix product states and

projected entangled pair states. Annals of Physics, 349:117–158, 2014. doi:10.1016/

j.aop.2014.06.013.

[85] J. Eisert, M. Cramer, and M. B. Plenio. Colloquium: Area laws for the entanglement

entropy. Reviews of Modern Physics, 82:277–306, Feb 2010. doi:10.1103/RevModPhys.

82.277.
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Hiermit erkläre ich, dass ich die vorliegende Arbeit selbständig angefertigt und keine an-
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Einhaltung allgemein geltender wissenschaftlicher Standards benutzt wird, insbesondere auch

unter Verwendung elektronischer Datenverarbeitungsprogramme.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ort, Datum Unterschrift


	Abstract
	Introduction
	Quantum many-body systems
	The many-body problem
	Particle systems
	Spin systems
	Lattice systems

	Ground states
	Beyond ground state physics
	Paradigmatic lattice models
	Ising model
	Bose-Hubbard model
	Fermi-Hubbard model

	Techniques for analytical treatment
	Transformation to momentum space
	Jordan-Wigner transformation
	Bogoliubov transformation
	Bethe ansatz

	Approximation techniques
	Mean-field approximation
	Perturbation theory

	Numerical simulation techniques
	Exact diagonalization
	Quantum Monte Carlo
	Tensor network methods


	Publications
	Summary of Results
	Phys. Rev. B 90, 125154 (2014)
	SciPost Phys. Lect. Notes 8 (2019)
	New J. Phys. 18, 015015 (2016)
	Phys. Rev. B 96, 195123 (2017)
	Phys. Rev. B 100, 024311 (2019)
	Phys. Rev. A 98, 063601 (2018)

	Summary and outlook
	Appendix
	Explicit numerical comparison: MPS vs. TTN
	TTN benchmark on the two-dimensional Ising model

	Bibliography
	Acknowledgements
	List of publications and conference contributions
	Curriculum vitae

