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„I haven’t failed.
I’ve just found 10,000 ways that won’t work.“

(Thomas Edison, 1847 - 1931)





Low-Discrepancy k-Space Sampling Strategies for
Magnetic Resonance Imaging

Abstract
An e�cient coverage of k-space can be achieved by constructing
the distribution of sampling points such that a low-discrepancy
coverage of the spatial frequency domain is achieved. In order
to obtain optimal results, a minimisation in discrepancy is neces-
sary for each interleave of the trajectory as well as for the entire
k-space trajectory. The minimisation of the discrepancy for each
interleave is a key element for achieving low-coherent aliasing
artefacts, which are an important precondition for an e�cient
combination with a Compressed Sensing reconstruction, in order
to vastly remove occurring undersampling artefacts.
This thesis presents various three-dimensional sampling ap-
proaches, based on low-discrepancy generation algorithms and
provides comparisons to established approaches. The combina-
tion of low-coherent aliasing properties and an e�cient sampling
of k-space o�ers the potential of unprecedented reductions in
scan durations for three-dimensional magnetic resonance imag-
ing.

Tobias Speidel

Ulm University

2020
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Preface

This thesis is essentially composed of �ve parts. The �rst two chapters Founda-
tions of Nuclear Magnetic Resonance and Basics of Magnetic Resonance Imaging
are meant to give a focused introduction into the physical concepts of nuclear
magnetic resonance and its speci�c applications to magnetic resonance imag-
ing (MRI). Both chapters provide the theoretical foundation which is the basis
for the more detailed discussions in chapters three to �ve.
Each of these three latter chapters is dedicated to a speci�c publication or arti-
cle with the overall topic of low-discrepancy and therefore e�cient sampling
schemes for the spatial frequency domain (k-space) of magnetic resonance
imaging. While the �rst publication related chapter Low-Discrepancy Single-
Point Magnetic Resonance Imaging focuses on single-point imaging modalities,
the following chapters E�cient 3D Low-Discrepancy k-Space Sampling and
Incoherent Point Spread Functions and Emerging Possibilities are dedicated to
time-e�cient FID sampling strategies.
The concept of all presented manuscripts is to overcome the limited applica-
tion of pure three-dimensional MRI sequences by introducing highly e�cient
k-space sampling strategies, which gain additional advantages due to their
low-coherent aliasing behaviour.
In summary, this thesis aims to present and evaluate imaging modalities which
are a step towards achieving widely acceptable scan durations for 3D imaging
in clinical routine. This would allow the exploitation of several advantages
such as higher intrinsic signal to noise ratios and the possibility of reconstruct-
ing arbitrary geometrical planes, which can strictly reduce scan planning
e�orts in everyday clinical routine.
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Introduction

On December 24, 1945, the three physicists E.M. Purcell, H. C. Torrey and R. V. Pound submitted
their article „Resonance Absorption by Nuclear Magnetic Moments in a Solid“ for publication to
the American Physical Society. The publication contained the following statement:

„We have observed the absorption of radiofrequency energy, due to such transitions [transitions
between nuclear spin states], in a sold material (para�n) containing protons.“

Only one month later, the same journal received the article „Nuclear Induction“ by F. Bloch, W.W.
Hansen and M. Packard. The three authors claimed the following observation:

„We have established this e�ect [nuclear magnetic resonance] using water at room temperature and
observing the signal induced in a coil by the rotation of the proton moments.“

Both independent discoveries had far-reaching consequences - not only - for the world of physics.
The discoveries by Purcell∗ and Bloch† gave experimental proof of the existence of di�erent spin
states with the possibility of driving transitions between discrete energy states. In 1952, the
two scientists were awarded the Nobel Prize in Physics „for their development of new methods
for nuclear magnetic precision measurements and discoveries in connection therewith“. Since
then, the concept of Nuclear Magnetic Resonance (NMR) has become a powerful tool for the
investigation of matter and it is the fundamental physical basis of various - nowadays indispensable
- inventions. The ability to study nuclei that are perturbed by aweak oscillating (resonant) magnetic
�eld had an especial impact in the �eld of chemistry. Nuclear Magnetic Resonance Spectroscopy
(NMRS), which involves the acquisition of resonance spectra, allowed the determination of
the structure of various chemical compounds. Furthermore, NMRS delivers information about
properties of adjacent atoms (spin-spin coupling) and about molecular dynamics by measuring
relaxation times of the spin systems. Additionally, relative signal intensities in the NMR spectrum
contain quantitative information about atomic ratios within a molecule, which allows for an
estimate of proportions of di�erent compounds in a mixture.
The possibility of spatially manipulating nuclear resonance frequencies via magnetic �elds allowed
for more sophisticated NMRS methods (voxel spectroscopy) and it marked the beginning of an
important, non-invasive medical imaging modality for a variety of diagnostic purposes, called
Magnetic Resonance Imaging (MRI).
In 1973, and roughly 30 years after the discoveries by Purcell and Bloch, the American chemist P.
Lauterbur‡ acquired the very �rst MR images at Stony Brook University (Long Island, New York).

∗Edward Purcell (1912 -1997)
†Felix Bloch (1905 - 1983)
‡Paul Lauterbur (1929 - 2007)
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Lauterbur and the English physicist P. Mans�eld§ of whom the latter was credited with the
invention of echo-planar imaging and slice selection in MRI, were awarded the 2003 Nobel
Prize in Physiology or Medicine „for their discoveries concerning magnetic resonance imaging“.
Nowadays, MRI is the de�ned diagnostic gold standard for the detection of numerous diseases,
anatomical abnormalities and for the observation of physiological processes in the (human) body.
A noticeable advantage beneath its non-invasive character is that MRI can deliver excellent and
manipulatable contrasts between tissues, based on di�erent (tissue-speci�c) nuclear relaxation
times as well as based on dynamic processes such as di�usion and perfusion.
While the aim of current research e�orts for invasive modalities such as X-Ray and computed
tomography (CT) is a strict reduction in radiation to which the patient is exposed, MRI research
focuses on even more possible (clinical) applications and on overall reductions in scan durations.
Speeding up MRI acquisitions would allow for higher spatial resolutions within the same acquisi-
tion window or it could enhance the patient’s comfort by reducing the duration of the ongoing
examination. In clinical routine, a reduction in scan duration is commonly achieved by only
acquiring two-dimensional slices (cross-sections) of certain thickness of diagnostically relevant
anatomical regions. But MRI is also capable of acquiring pure three-dimensional images with
the advantages of intrinsically higher signal to noise ratios and the possibility of reconstructing
arbitrary geometrical planes of the region of interest. This leads to a decrease in necessary scan
planning e�orts, which at the same time reduces the workload of the required medical sta�.
A decrease in 3D and even in 2D scan durations is often achieved by acquiring less data (under-
sampling) than what is required in order to reconstruct an artefact-free MR image. The occurring
undersampling or aliasing artefacts are commonly addressed using dedicated image reconstruc-
tion approaches which usually include optimisation problems in either the spatial frequency or
spatial domain. While such reconstruction algorithms have shown tremendous artefact-reducing
capabilities, they often require the (iterative) selection of dedicated reconstruction parameters and
their runtime often limits direct (on-site) image reconstruction. Additionally to undersampling,
many fast imaging approaches in 2D as well as 3D have already been introduced, among which
echo-planar imaging is surely one of the most famous. Fast imaging techniques can rely on
di�erent approaches such as minimising the total number of required excitations of the spin
system by acquiring more data after each excitation or by e.g. decreasing the time between
successive excitations by making use of high sampling bandwidths.
This thesis aims to present strategies for three-dimensional MR imaging in order to further reduce
acquisition times and to facilitate acceptable scan durations for everyday clinical routine. The
presented methods apply speci�c focus on how e�cient the spatial frequency domain, that is
measured during an MRI experiment, is sampled. This will include dedicated (mathematical)
optimisation algorithms to achieve a fast and especially low-discrepancy coverage of the spa-
tial frequency domain. Despite reductions in scan durations by an overall enhancement in the
sampling e�ciency, the presented sampling strategies will also make use of undersampling due
to advantageous aliasing properties that arise from the speci�c construction and distribution of
sampling points in the spatial frequency domain.

§Peter Mans�eld (1933 - 2017)
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Part I.

Foundations of Nuclear Magnetic Resonance





I.1 Spin Dynamics in the Presence of Magnetic
Fields

If we have an atom that is in an excited
state and so is going to emit a photon, we
cannot say when it will emit the photon. It
has a certain amplitude to emit the photon
at any time, and we can predict only a
probability for emission; we cannot predict
the future exactly.

(Richard P. Feynman, 1918 � 1988)

The intention of the �rst part of this thesis is to give an overview of the theoretical concepts
of nuclear magnetic resonance. This chapter begins with a quantum mechanical treatment of
nuclear spins and discusses the interactions with both, static and time-dependent magnetic �elds.
Subsequently, the transition from a quantum mechanical approach to a semi-classical approach is
made, in order to simplify the discussion for large spin ensembles, which are usually considered
in imaging experiments.
The discussion continues with a phenomenological introduction of relaxation e�ects, occurring in
nuclear magnetic resonance experiments, leading to the widely known Bloch equations. Finally,
the fundamental interactions with nuclear spins and their (magnetic) environment is considered,
giving rise to the possibility of obtaining spectroscopic information via nuclearmagnetic resonance
spectroscopy. In order to discuss chances and challenges of imaging nuclei other than hydrogen,
properties of various nuclei of interest are introduced and discussed, by especially focusing on
limitations, arising from nuclear polarisations.
The presented basics follow roughly the more expedient discussions of [1–5] and especially [6].
Throughout this thesis, bold letters are used to denote vectors (except in �gures) and hats refer to
linear operators in quantum mechanics.

1.1. �antum Mechanical Treatment of Nuclear Spins

In 1922, W. Gerlach∗ and O. Stern† made a remarkable observation:
Emitted (coplanar) silver atoms, travelling through an inhomogeneous magnetic �eld, were
„de�ected“ such that two accumulation points, arising from an upper and lower beam, were
observable. The same experimental �nding was reproduced by T. E. Phipps and J. B. Taylor in 1927,

∗Walther Gerlach (1889 - 1979)
†Otto Stern (1888 - 1969) was awarded the 1943 Nobel Prize in Physics „for his contribution to the development of

the molecular ray method and his discovery of the magnetic moment of the proton“.
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1.1 �antum Mechanical Treatment of Nuclear Spins

by using hydrogen atoms in their respective ground state with angular momentum l = 0. In order
to explain all previous observations, a total angular momentum j = l+s had to be de�ned, in which
l accounts for the (orbital) angular momentum arising from the Bohr-Sommerfeld hypothesis‡,
and s introduces an intrinsic angular momentum, later on referred to as „spin“. In 1924, W. Pauli§

was the �rst to propose a split of the electron spin state due to a „hidden rotation“which was
supported by G. Uhlenbeck and S. Goudsmit in 1925, calling it an e�ect that arises due to particles
that spin around a distinct axis.
Nowadays, the spin is a well-characterised observable in particle physics and led to various
direct applications such as nuclear magnetic resonance spectroscopy (NMRS), magnetic resonance
imaging (MRI), electron spin resonance (ESR) and giant magnetoresistance (GMR). The physical
basics of all principles rely on Dirac’s equation� and the relativistic description of an electron,
leading to the spinor description for spin-1/2 fermions. Thereby, the expression „spin-1/2“ refers
to the spin quantum number I which characterises a nucleus in its (stable) ground state. While
e.g. 1H and 13C possess I = 1/2, 7Li and 39K carry I = 3/2. In an experiment, usually the (spin)
angular momentumm is measured along some axis z in units of ~ (reduced Planck constant)�.
Thereby,m can be any value within a discrete set of integer or half-integer values in the range
�I , �I + 1, ..., I � 1, I . The corresponding eigenvalue equation is

Îz |mi =m |mi , (1.1.1)

with Îz being the (spin) angular momentum operator along the z-axis 7. The discrete set of |mi
states can de�ne an arbitrary state |�i by a linear combination

|�i =
’
m

am |mi . (1.1.2)

In the scope of this thesis, we focus on nuclei with I = 1/2 since 1H is the primary nucleus in
NMR/MRI due to its high natural abundance and a comparison with 13C (I = 1/2) for the case of
metabolic imaging seems su�cient. For the given scenario, the discrete set of |mi states can be
de�ned as

|+i B |+1/2ib=
 
1
0

!
and |�i B |�1/2ib=

 
0
1

!
. (1.1.3)

‡Proposed by Arnold Sommerfeld (1868 - 1951) in 1915/16 based on Niels Bohr’s (1885 - 1962) model of the atom
(1913).

§Wolfgang Pauli (1900 - 1958) was awarded the 1945 Nobel Prize in Physics for his „decisive contribution through
his discovery of a new law of Nature, the exclusion principle or Pauli principle“.

�Paul Dirac (1902 - 1984) was awarded the 1933 Nobel Prize in Physics „for the discovery of new productive forms
of atomic theory“.

�In order to keep all mathematical expressions simple, units are only introduced when speci�cally required.
7In general, the angular momentum is represented by a three-dimensional vector I with |I | = ~

p
I (I + 1) and I refers

to the maximum projection of the angular momentum along e.g. the z-axis. This results from I · I = I2x + I
2
� + I

2
z = 3

⌦
I2z
↵

and furthermore
⌦
I2z
↵
=

⇥
I2 + (I � 1)2 + · · · + (�I + 1)2 + (�I )2

⇤
/
⇥
(2j + 1)~2

⇤
.
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1.1�antum Mechanical Treatment of Nuclear Spins

Sincem 2 {�I , �I + 1, ..., I � 1, I }, these two states can de�ne a basis for |�i. Following eq. (1.1.1)
and by noting that an operator acting on an eigenstate returns the corresponding eigenvalue, the
matrix

Îz =
1
2

 
1 0
0 �1

!
(1.1.4)

is a valid expression for Îz . Therefore, if the system is in the |+i state, a measurement of Îz yields

h+|Îz |+ib= ⇣
1 0

⌘ 1
2

 
1 0
0 �1

!  
1
0

!
=

1
2
. (1.1.5)

In the case of a mixed state, i.e. a system is given as a probabilistic mixture of pure states8, the
expectation value h� |Îz |�i reads:

h� |Îz |�i =
’
m,m0

ama
?
m0 hm0 |Îz |mi =

’
m,m0

ama
?
m0m hm0 |mi . (1.1.6)

The basis vectors make up an orthogonal set, so hm0 |mi , 0 , |m0i = |mi and we end up with
the result

h� |Îz |�i =
’
m

|am |2m . (1.1.7)

This result concludes that if one nucleus is considered, the measurement of Îz has a probability of
|am |2 of returning the outcomem. If a large number of identically prepared nuclei (ensemble) is
considered, then the sum represents a mean eigenvalue that is weighted by the probabilities of
measuring each eigenvalue.
The so far presented discussion can easily be extended with respect to the two remaining spatial
dimensions. Since the operator Îz was introduced �rst, its representation as a diagonal matrix
is straight-forward. However, the matrix representation of the operators Îx and Î� cannot have
zero o�-diagonal entries due to Heisenberg’s uncertainty principle9. Consequently, the set of
operators must not mutually commute, leading to the commutation relationship

⇥
Îi , Îj

⇤
, 0 for i , j and i, j = x ,�, z , (1.1.8)

or exemplary
⇥
Îx , Î�

⇤
B Îx Î� � Î� Îx = iÎz . The reason for this is that the quantum mechanical

rotation operator is related to the angular momentum operator by the relation

R(n̂,�) = exp
�
�i�n̂ · Î

 
, (1.1.9)

8A state |� i is called pure if h� |� i = 1, while a mixed state has the general form �̂ =
ÕN
k=1 pk |�k i h�k | .

9For two operators e.g. Îx and Î� the product of uncertainties yields that �Îx�Î� � 1/2 ·q��⌦ ⇥Îx , Î� ⇤↵��2 + ��⌦�Îx� < Îx >, Î�� < Î� >
 ↵��2, where �

Îx , Î�
 
is the anticommutator.
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1.2 Time Evolution and Zeeman Spli�ing

where n̂ denotes the rotation axis unit vector and Î an unspeci�ed angular momentum operator10

and rotations about di�erent axes in three dimensions do not commute since e.g. three subsequent
90� rotations about z, x and � do not return the same result as the same rotations in a di�erent
order e.g. x , � and z.
A later chapter will introduce the concept of spin excitation i.e. the stimulated transition from one
spin state to another, which is mathematically expressed by the raising and lowering operators Î+
and Î� such that

Î+ |�i = |+i and Î� |+i = |�i . (1.1.10)

By introducing the matrix representation of the angular momentum operators11 along the x- and
�-axis

Îx =
1
2

 
0 1
1 0

!
and Î� =

1
2

 
0 �i
i 0

!
, (1.1.11)

the raising and lowering operators take the form

Î+ = Îx + iÎ� and Î� = Îx � iÎ� . (1.1.12)

The given discussion can analogously be extended to the case of I > 1/2, leading to a greater set
of eigenstates but without introducing any further necessary physical concepts. Therefore, we
restrict ourselves to the presented situation (I = 1/2) and will further on mainly consider the case
of two spin states.

1.2. Time Evolution and Zeeman Spli�ing

The dynamics of a non-relativistic quantum mechanical system are usually described using the
(time-dependent) Schrödinger12 equation

i~
@

@t
|�(t)i = Ĥ |�(t)i , (1.2.1)

where Ĥ denotes the system’s Hamiltonian. The wave function |�(t)i is furthermore explicitly
time dependent whilst the Hamiltonian is not (Schrödinger picture). The time evolution of the
system can be described by introducing the time evolution operator Û (t) B exp

�
�iĤt/~

 
that

is acting on an initial state |�(0)i. This de�nition arises as the solution13 of the Schrödinger

10We can easily convince ourselves that R(�) from eq. (1.1.9) actually de�nes a rotation operator since the expected
properties R(0) = 1, R(�)R(��) = 1 and R(�1)R(�2) = R(�1 + �2) are ful�lled.

11The three operators Îx , Î� and Îz in matrix representation for I = 1/2 are the Pauli matrices �x , �� and �z .
12Erwin Schrödinger (1887 - 1961) was awarded the 1933 Nobel Prize in Physics „for the discovery of new productive

forms of atomic theory“.
13The time evolution operator can furthermore be motivated by the wave function of a free particle with energy

E: � (x , t) = Aeikx e�i�t with E = ~� and p = ~k (momentum). Then |� (t)i = e�iEt/~ |� (0)i which de�nes a rough
expression for Û (t).

8



1.2Time Evolution and Zeeman Spli�ing

equation with |�(t)i = Û (t) |�(0)i:

i~
@

@t
Û (t) |�(r , 0)i = ĤÛ (t) |�(r , 0)i , i~

@Û (t)
@t
= ĤÛ (t) . (1.2.2)

Considering a static external magnetic �eld with a magnetic �ux density14 B0 along the z-direction,
which homogeneously surrounds the spin ensemble, the Hamiltonian is given by

Ĥ = ��~B0Îz . (1.2.3)

This interaction arises because the (spin) angular momentum has an associated dipole moment µ
which interacts with the external magnetic �eld, e.g. leading to a change in its potential energy
�U which is well-known from classical physics:

�U = �µzB0(x ,�, z) . (1.2.4)

The constant � is the gyromagnetic ratio15 which arises directly as the constant of proportionality
between the magnetic moment and the angular momentum, i.e. µ = � I . For nuclei, the gyro-
magnetic ratio depends on the con�guration of protons and neutrons, for which the magnetic
moment is expressed as a multitude of the nuclear magneton µN:

µN =
e~

2mp
⇡ 5.051 · 10�27 J · T�1 and thus � =

e

2mp
�n =

�nµN
~
, (1.2.5)

where e is the elementary charge,mp is the proton (rest) mass and �n denotes the (Landé) �-factor
of the nucleon or nucleus of interest. Protons and neutrons16 possess the following magnetic
moments17:

µp = 2.793 µN18 ) � p = �p/(2� ) ⇡ 42.577MHz/T and �p ⇡ 5.586 (1.2.6)

µn = �1.913 µN ) � n = �n/(2� ) ⇡ �29.164MHz/T and �n ⇡ �3.826 (1.2.7)

According to eq. (1.2.3), and since the eigenvalues of Îz range from �I to I , the Hamiltonian gives
rise to non-degenerate energy eigenvalues as depicted in �gure 1.2.1. This e�ect of energy level
splitting is called Zeeman19 e�ect and arises whenever a (nuclear) magnetic moment is exposed
to (external) magnetic �elds.
Independent of the quantum number I , the separation between two adjacent energy states is

always �E = �~B0. Considering the time evolution under the time evolution operator Û (t) in
14Within in the scope of this thesis, the magnetic �ux density B is the important quantity to characterise magnetic

�elds. This thesis will often refer to the magnetic �ux density by simply calling it „magnetic �eld“.
15In SI-units, the gyromagnetic ratio is given in units of rad·s�1·T�1 which is commonly divided by 2� to yield

units of Hz·T�1 i.e. � B �/(2� ).
16According to eq. (1.2.5), the neutron should not possess any magnetic moment. But due to its composition of

quarks, it is not considered being an elementary particle.
17Both magnetic moments di�er from the nuclear magneton since protons and neutrons cannot be thoroughly

described using the Dirac equation.
18This thesis uses the UK number format 1,234.56 (decimal dot).
19Pieter Zeeman (1865 - 1943) was awarded the 1902 Nobel Prize in Physics for his discovery of the Zeeman e�ect.
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1.2 Time Evolution and Zeeman Spli�ing

| � 1/2 >

| + 1/2 >

�E = �~B0

E

B0 = 0 B0 , 0

E�1/2

E+1/2

Figure 1.2.1.: Energy level diagram showing the result of Zeeman splitting under
the Hamiltonian Ĥ = ��~B0Îz for a system with I = 1/2 and � > 0 for
the cases B0 = 0 and B0 , 0. The two energy levels on the right hand
side are separated by �E = �~B0.

combination with the Hamiltonian Ĥ = ��~B0Îz yields a rotation of the state |�i about the z-axis
with a time-dependent angle of � = ��B0t . The angular frequency of rotation is the Larmor20

frequency �0 and is in this case given by

�0 = ��B0 . (1.2.8)

For example, the gyromagnetic ratio for an isolated proton is � p ⇡ 42.58MHz/T, yielding a
frequency of �0 = �B0 = 127.74 MHz at a �eld strength of 3 T.
In NMR, one is commonly observing and measuring a large ensemble of spins for which the

discussion has to take average values into account. The average is represented by a sum over all
subensembles which are characterised by di�erent quantum numbers. This discussion emphasises
the sign of the angular momentumm for nuclei with I = 1/2 as the characteristic property. The
average expectation value can be expressed as a sum over all subensembles� :

h� |Îz |�i =
’
�

p� h� |Îz |�i , (1.2.9)

with p� denoting the probability of measuring a nucleus or spin of the corresponding subensemble
in the system itself. Using the basis states, introduced in eq. (1.1.10) yields:

h� |Îz |�i =
’

�=+,�
p� h� |Îz |�i = 1

2

✓��a+1/2��2 � ��a�1/2��2
◆
. (1.2.10)

20Joseph Larmor (1857-1942). Furthermore, in the case � > 0, the Larmor frequency �0 is negative, which
corresponds to a clockwise precession of the magnetic moments. However, the sign of �0 is frequently neglected.
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1.3Excitation: Oscillating Magnetic Field in the Rotating Frame

This de�nes the di�erence in population between the upper |�i and lower |+i energy state as the
averaged expectation value of the observable Îz . In thermal equilibrium, a population di�erence
between both energy states arises, that can be described using the Boltzmann21 probability factor22.
A separation in energy by �~B0 yields

��a±1/2��2 = exp{±~�B0/(2kBT )}
exp{�~�B0/(2kBT )} + exp{+~�B0/(2kBT )}

. (1.2.11)

At room temperature (which is the case for most experiments) kBT � �~B0
23 and therefore the

denominator sums up to 2. For further simpli�cation, the nominator is expanded in a Taylor
series up to �rst order, yielding:

��a±1/2��2 = 1
2

✓
1 ± ~�B0

2kBT

◆
, (1.2.12)

which can be generalized for any value of I :

|am |2 = 1
(2I + 1)

✓
1 +

m~�B0

kBT

◆
. (1.2.13)

The di�erence in population between the two states |+i and |�i will later on introduce the degree
of polarisation of the spin system, which has a substantial contribution to the measured signal
amplitude in any NMR experiment.

1.3. Excitation: Oscillating Magnetic Field in the Rotating Frame

The prior discussion has yet only included one static external magnetic �eld B0 that was, by
de�nition, aligned along the z-axis of the coordinate system. This section will continue the
examination by considering an oscillating transverse magnetic �eld that is capable of exciting
the spin system, in order to realise a situation which makes the time-dependent behaviour
of the excited spin system detectable by carefully placed reception coils. As an approach to
mathematically simplify the discussion, the rotating frame is introduced which translates the
dynamic problem into a static one.
The previous section yielded the result that spins - �guratively speaking - precess at Larmor
frequency around the direction of the external magnetic �eld. Furthermore, the sign of the angular
momentumm as well as the sign of the gyromagnetic ratio � de�nes the orientation of the cone
on which the spins precess (parallel or anti-parallel to B0).

21Ludwig Boltzmann (1844 - 1906)
22The high temperature limit of the Fermi-Dirac distribution for identical particles with half-integer spin (fermions)

can be approximated by the Boltzmann distribution: [exp(E � µ)/kBT + 1]�1 ' [exp(�µ/kBT ) exp(E/kBT )]�1 =
exp(µ/kBT ) exp(�E/kBT ) for µ < 0 (chemical potential) and exp(�µ/kBT ) � 1. The constant kB is Boltzmann’s
constant which is de�ned to be exactly kB B 1.380649 ⇥ 10�23 J·K�1. Furthermore, T denotes the temperature such
that E = kBT has units of Joule.

23The energy associated to the Zeeman splitting is generally very weak compared to the thermal energy in most
experiments. The proton magnetic moment of 2.793µN has an energy splitting of �E = �~B0 ⇡ 1.76 ⇥ 10�7 eV within a
magnetic �eld of B0 = 1T. This splitting is much lower than the energy at T = 1 K, since 1eV/kB ⇡ 1.16 ⇥ 104 K.
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1.3 Excitation: Oscillating Magnetic Field in the Rotating Frame

We now consider a second and time-dependent magnetic �eld B1 that is irradiated in the
x��plane. In order to discuss the arising dynamics, we have to modify the Schrödinger equation
that we have obtained using the Hamiltonian in eq. (1.2.3). Specifying the B1-�eld as24

B1(t) B B1(t)
⇥
cos(�t � �(t))n̂x � sin(�t � �(t))n̂�

⇤
(1.3.1)

results in the Schrödinger equation

i~
@

@t
|�i = Ĥ |�i = ��~

h
B0Îz + B1(t)

⇣
Îx cos(�t � �(t)) � Î� sin(�t � �(t))

⌘i
|�i . (1.3.2)

x

x'

y' y

x

z Beff

�
�

Figure 1.3.1.: Rotating frame: The primed coordinate system rotates about the z-axis
of the unprimed laboratory frame.

24The axis about which the spin polarisation during excitation is rotated, can be selected by the (constant) phase �
in B1(t). Additionally, using the density matrix formalism, any excitation of the spin system with � , n� and n 2 N

yields coherences in the density matrix e.g. �eq =
✓ 1

2 +
1
4B0 0
0 1

2 � 1
4B0

◆
(� /2)x������!

✓ 1
2 � 1

4i B01
4iB0

1
2

◆
, which can

be interpreted such that the pulse equalizes the populations and converts the population di�erence into coherences
(e�ective magnetisation). The matrix �eq = 1

21 +
1
2 ÎzB0 is the thermal equilibrium density matrix (eq. (1.2.12)).
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1.3Excitation: Oscillating Magnetic Field in the Rotating Frame

By furthermore introducing the rotational equations25

e�i� Îz Îzei� Îz = Îz , (1.3.3)

e�i� Îz Î�ei� Îz = �Îx sin� + Î� cos� , (1.3.4)

e�i� Îz Îxei� Îz = Îx cos� + Î� sin� , (1.3.5)

we can simplify eq. (1.3.2) to

i~
@

@t
|�i = ��~

h
B0Îz + B1(t)ei(�t��(t ))Îz Îxe�i(�t��(t ))Îz

i
|�i . (1.3.6)

Introducing a frame that rotates with the �eld B1 (�gure 1.3.1) eliminates the explicit time
dependence. This might be achieved using the transformation

|�i = ei(�t��(t ))Îz |� 0i , (1.3.7)
@

@t
|�i = i(� � €�(t))Îzei(�t��(t ))Îz |� 0i + ei(�t��(t ))Îz @

@t
|� 0i . (1.3.8)

Substituting this result into the Schrödinger equation of eq. (1.3.6) and by multiplying the equation
from the left with exp

�
�i(�t � �(t))Îz

 
yields the transformed Schrödinger equation

i~
@

@t
|� 0i = ��~

✓
B0 +

€�(t) � �

�

◆
Îz + B1(t)Îx

�
|� 0i . (1.3.9)

The term within the squared brackets can be identi�ed as an e�ective magnetic �eld Be� =

(B0 + ( €�(t) � �)/� ) n̂z + B1(t)n̂x . By setting �(t) B � � €�(t) and ��(t) B �0 ��(t), the e�ective
magnetic �eld simpli�es to

Be�(t) =
��(t)
�

n̂z + B1(t)n̂x . (1.3.10)

Instead of the static magnetic �eld B0, the e�ective magnetic �eld Be� now de�nes the axis of
rotation about which the magnetic moments precess. The situation ��(t) = 0 is referred to as

25The given relations can be derived by setting �(�) = e�i� Îz Îx ei� Îz from which

d
d�

�(�) = e�i� Îz (�iÎz Îx + iÎx Îz )ei� Îz

is obtained and since
⇥
Îz , Îx

⇤
= iÎ� , we �nd

d
d�

�(�) = e�i� Îz Î�ei� Îz .

And Likewise for the second derivative:

d2

d�2
�(�) = e�i� Îz (�iÎz Î� + iÎ� Îz )ei� Îz

= �e�i� Îz Îx ei� Îz = ��(�) , d2�
d�2
+ � = 0 .

And as the solution �(�) = A cos� + B sin�.
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1.3 Excitation: Oscillating Magnetic Field in the Rotating Frame

the resonance condition (resonant excitation) under which the longitudinal component of Be�

completely vanishes, leaving the magnetic moments to precess along the x-axis of the coordinate
system. This is obviously the case if the frequency of the B1 �eld is identical to the Larmor
frequency of the spin system. Since in most NMR experiments the main magnetic �ux density is in
the order of a few tesla, excitation frequencies in the megahertz range result, which are within the
radiofrequency (RF) part of the electromagnetic spectrum. The B1 �eld is therefore often referred
to as RF-�eld. Additionally, a schematic representation of an o�-resonant case i.e. ��(t) , 0 is
depicted in �gure 1.3.2. In this situation, the e�ective magnetic �eld is a vector superposition of
the external �eld B0 and the excitation �eld B1. The precessing magnetic moments are then tilted
towards the x�-plane, leading to an increase in the magnetic moment’s x- and �-components.

ÆB1

ÆBe�

Æµ

ÆB0

x

�

z

Figure 1.3.2.: The e�ective magnetic �eld which de�nes the cone of precession for
the magnetic moments as a vector superposition of the static �eld B0
and the excitation �eld B1.
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I.2 Semi-Classical Approach

The idea of nuclear magnetic resonance experiments is to measure an induced voltage that is
caused by precessing magnetic moments. However, since the magnetic moments, arising from
protons and neutrons are extremely weak, a large ensemble of nuclei is required. In the limit of
large spin systems, the physical properties can be studied using a semi-classical approach which
considers the magnetisation of the entire system instead of focusing on single nuclei.

2.1. Magnetisation and its Equation of Motion

The magnetisation M is a measure of the magnetic moment per unit volume of material, but it is
also often expressed per unit mass. Here, we de�ne the magnetisation vector simply as the vector
sum of the individual nuclear magnetic moments

M B
’
j
µ j . (2.1.1)

Consequently, the magnetisation vector also experiences a precession according to Larmor’s
equation [7]:

dM
dt
= �M ⇥ B . (2.1.2)

To express the evolution of the spin system, we again introduce the oscillating �eld B1, which
reads B1(t) = B1(t)

⇥
cos(�t � �(t))n̂x � sin(�t � �(t))n̂�

⇤
. We let B0 = B0n̂z again point along

the z-axis of the coordinate system and obtain for the components of eq. (2.1.2):

dMx

dt
= �

⇥
M�B0 +MzB1 sin�0t

⇤
,

dM�

dt
= � [MzB1 cos�0t �MxB0] ,

dMz

dt
= �

⇥
�MxB1 sin�0t �M�B1 cos�0t

⇤
.

(2.1.3)

For simpli�cation, we have assumed that the transverse magnetic �eld oscillates at resonance
frequency �0 and have also neglected the phase factor �(t). This system of equations can be
solved under the initial conditionM(t = 0) = M0n̂z , yielding:

Mx = M0 sin(�B1t) sin(�0t) ,
M� = M0 sin(�B1t) cos(�0t) ,
Mz = M0 cos(�B1t) .

(2.1.4)
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2.1 Magnetisation and its Equation of Motion

The solutions indicate two oscillations, one with �1 = �B1 about the RF �eld and one with Larmor
frequency�0 about B0. By moving to the rotating frame, the motion simply results as a precession
about B1. Both cases are depicted in �gure 2.1.1.

ÆB0

ÆM

�0t

ÆB1

x

�

ÆB0

�

x

�1t

a)

b)

ÆB1

Figure 2.1.1.: Evolution of the magnetisation vectorM in the laboratory frame (a)
and in the rotating frame (b). In both cases, the longitudinal �eld B1 is
present in addition to the static �eld B0.

After the application of the RF-pulse, the magnetisation vector is tilted with respect to the axis
of B0. The angle which is enclosed by B0 andM in the positive direction and in the rotating frame
is usually referred to as �ip angle. The longer the resonant excitation �eld B1 is applied, the more
spins are excited according to the Zeeman energy scheme. The �ip angle � is proportional to the
integral over the excitation �eld:

� / �

tpπ
0

B1 d� = �B1tp = �1tp , (2.1.5)
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2.2Relaxation Mechanisms and the Bloch Equations

with tp denoting the duration of the RF-pulse and B1 is typically in the range of several µT. The
�rst equality of eq. (2.1.5) holds true if @B1/(@t) = 0 for 0  t  tp.

2.2. Relaxation Mechanisms and the Bloch Equations

The excitation process drives the Zeeman transition between both spin states, leaving the spin
ensemble in an excited state right after the application of the RF pulse. If the Zeeman transition is
no longer irradiated, the system will relax towards its equilibrium state. This process is known as
spin-lattice or longitudinal relaxation. As the name implies, this process involves the interaction
(exchange of energy) of the spin system with the surrounding thermal reservoir or lattice. Fol-
lowing the previous discussion, the spin-lattice relaxation restores the magnetisation vectorM
along the direction of B0. Therefore, the componentMz ofM is subjected to a phenomenological
change:

d
dt
Mz (t) = �Mz (t) �M0

T1
. (2.2.1)

The (relaxation) constant T1 denotes the spin-lattice or longitudinal relaxation time andM0 is the
equilibrium magnetisation. This simple �rst order di�erential equation has the solution∗

Mz (t) = Mz (0)e�t/T1 +M0(1 � e�t/T1) . (2.2.2)

Physically, T1 relaxation is caused by (resonant) �uctuating magnetic �elds, arising from within
the sample due to molecular tumbling and omnipresent dipole-dipole interactions (section 3.3).
But all magnetic �elds, whether resonant or not, have an impact on the spin system, since each
spin precesses at a frequency that corresponds to the e�ective magnetic �eld at its position.
Consequently and due to small perturbing magnetic �elds, spins can possess slightly di�erent
Larmor frequencies, causing them to accumulate an increasing relative phase after excitation.
Thus, the vector sum over all magnetic moments decreases in magnitude as the spins dephase,
leading to a decreasing magnitude of the magnetisation vector in the x�-plane. This process is
also schematically depicted in �gure 2.2.2. Mathematically, we may again (phenomenologically)
write:

d
dt
Mx,� (t) = �

Mx,� (t)
T2

(2.2.3)

which has the solution

Mx,� (t) = Mx,� (0)e�t/T2 , (2.2.4)

where we have introduced the second characteristic relaxation time T2, also called spin-spin
relaxation time or transverse relaxation time. Conclusively, T2 relaxation does only a�ect the
transverse components of the magnetisationM . As the molecular tumbling rate decreases, the

∗In the case of a �/2 excitation pulse,Mz (0) = 0 after excitation and thereforeMz (t) = M0(1 � e�t/T1 ).
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2.2 Relaxation Mechanisms and the Bloch Equations

dipole-dipole interaction becomes more static, resulting in „�xed“ chemical environments with
averaging e�ects largely ceasing. A decrease in molecular tumbling rate therefore results in shorter
T2 relaxation times. The opposite nature is observed for large molecular tumbling rates (small
molecules, liquids), where averaging e�ects gain in dominance, leading to larger T2 relaxation
times. This behaviour is in addition to the T1 relaxation curve depicted in �gure 2.2.1, where the
relaxation times are shown as a function of the molecular tumbling rate or (inverse) correlation
time, which is the average time it takes for a molecule to rotate one radian.

Figure 2.2.1.: T1 andT2 relaxation times as a function of the molecular tumbling rate
or inverse correlation time .

Combining the Larmor equations (2.1.3) with the relaxation times in the rotating frame yields
the Bloch equations†:

dMx

dt
= �

⇥
M�B0 +MzB1 sin�t

⇤
� Mx

T2
,

dM�

dt
= � [MzB1 cos�t �MxB0] �

M�

T2
,

dMz

dt
= �

⇥
�MxB1 sin�t �M�B1 cos�t

⇤
� Mz �M0

T1
.

(2.2.5)

†In 1956, H. C. Torrey incorporated the e�ect of di�usion into the Bloch equations, yielding the Bloch-Torrey
equation: dM

dt = �M ⇥ B � Mx i+M� j
T2 � Mz�M0

T1 k � r · (DrM), where D denotes the di�usion coe�cient.
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2.2Relaxation Mechanisms and the Bloch Equations

Additionally, we have to de�ne a third relaxation time T?
2 that includes the e�ect of small and

static perturbations in the (main) magnetic �eld, which causes a further decrease in spin coherence.
We introduce this relaxation time by de�ning

1
T?
2
B

1
T2
+

1
T2inhom.

. (2.2.6)

Here, the inverse relaxation time results from a superposition of the known T2 contributions,
arising from molecular interactions, and contributions due to inhomogeneities in B0 and suscepti-
bility induced �eld distortions, which we assume to be of static behaviour. The di�erence between
T2 and T?

2 is therefore strictly dependent on the sample and the quality of the applied magnetic
�eld.

x

�

z

ÆB1

ÆB0

ÆM0

x

�

z

ÆMt > 0

x

�

za) b) c)

ÆMt � 0

�/2 pulse evolution

Figure 2.2.2.: Schematic depiction of the transversal relaxation process. In a) the
spin system is only exposed to the static magnetic �eld B0 pointing
along the z-axis of the coordinate system. In b) the system was excited
with a �/2 pulse, yielding a magnetisation vector that rotates in the
x�-plane at Larmor frequency (laboratory frame). T2 decay results in a
relative phase accumulation of the nuclear magnetic moments, shown
in c). The increasing relative phase causes the magnetisation vector to
decrease within the x�-plane.
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2.3 A Remark on Excitations and Coherences

2.3. A Remark on Excitations and Coherences

„Paramagnetism is generally fairly weak because the lining-up forces are relatively small compared
with the forces from the thermal motions which try to derange the order.“

R. P. Feynman [8]

Schematic depictions such as the one shown in �gure 2.2.2 often lead to the conclusion that the
RF pulse yields an increased phase coherence‡ after excitation. This implication arises since it
is common to only depict magnetic moments that are in phase with one-another, to highlight
the e�ect of T (?)

2 relaxation on the spin system, while a classical picture might lead to a better
understanding of the involvedmechanism: Due to thermal interactions (thermalmotion/collisions),
the orientations of the precessing magnetic moments are nearly homogeneously distributed
(�gure 2.3.1) with a tendency to accumulate around the state of lowest energy (|+i), yielding the
polarisation of the spin ensemble. This classical assumption of non-discrete states of the magnetic
moments leads to the Langevin§ formalism of paramagnetism, which is derived in the appendix,
while the quantum mechanical picture of �xed energy states leads to the Brillouin� formalisms
(section 3.4). Both formalisms yield comparable results in the high temperature limit kBT � µB0.

Figure 2.3.1.: Schematic depiction of the distribution of magnetic moments in an
external magnetic �eld B0 prior and after a �/2 excitation pulse in
a classical picture. This depiction leads to an easy description of the
e�ect of an excitation pulse on the system of magnetic moments within
a system for which kBT � µB0.

Figure 2.3.1 also shows the situation after the application of e.g. a � /2 pulse, which results
in a rotation of the entire distribution of magnetic moments, while relative phase di�erences

‡In the given context, this refers to the situation in which the relative angles of the magnetic moments within a
sphere becomes negligible.

§Paul Langevin (1872 - 1946)
�Léon Brillouin (1889 - 1969)
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2.3A Remark on Excitations and Coherences

remain unchanged. The inability of the RF �eld to change relative phases can be motivated by
the commutator relation between the associated Hamiltonian and a phase (angle) operator. By
considering a system of two nuclei with two e�ective nuclear spins Î1 and Î2 and by taking the
Hamiltonian of eq. (1.2.3) into account, the Hamiltonian of the system is

Ĥ = ��~B(t)(Î1 + Î2) . (2.3.1)

Additionally, we can simply de�ne a phase operator �̂ by the scalar product �̂ = Î1 · Î2 since this
expression is proportional to the cosine of the angle between the angular momenta of both nuclei.
The commutator

⇥
Ĥ , �̂

⇤
is zero since�

⇥
Î1 + Î2, Î1 · Î2

⇤
=

⇥
Î1 + Î2, Î1

⇤
Î2 + Î1

⇥
Î1 + Î2, Î1

⇤
=

⇥
Î1, Î1

⇤
Î2 +

⇥
Î2, Î1

⇤
Î2 + Î1

⇥
Î1, Î2

⇤
+ Î1

⇥
Î2, Î2

⇤
= 0 ,

(2.3.2)

and this expression holds true for any possible combination of spins within a larger ensemble. The
physical interpretation of this result is, that the relative angle between arbitrary angular momenta
is not in�uenced by the application of the �eld B1. Therefore, the spin phase coherence after
excitation is simply a result of the accumulation of spins around the |+i state and a vast number
of spins can be expected to have nearly random phase relations. In any NMR experiment that
relies on the successive application of excitation pulses, the source of coherence is solely the T1
relaxation of the spin system. Consequently, polarisation or the magnitude of the magnetisation
vector and phase coherences refer to the same physical condition but are sometimes seen from
di�erent point of views.
The depiction of magnetic moments being �xed to a cone of certain energy is somehowmisleading
since a measurement of the total magnetisation, which is a result of the excitation process, does
not lead to a collapse of each individual spin wavefunctions into an eigenstate of the angular
momentum operator Îz = �z . This can be shown by considering the combined wavefunction of
two non-interacting spin-1/2 particles such that

|�i = |�1i ⌦ |�2i = c1 |++i + c2 |+�i + c3 |�+i + c4 |��i . (2.3.3)

The four-dimensional state space is therefore spanned by the possible product states of both
particles. A measurement of e.g. the spin of particle 1 along some axis z would lead to a collapse of
the associated two-dimensional state vector into an eigenstate of the corresponding spin operator
for one particle. In the case of a two spin system, the total spin operator becomes Ŝ = Ŝ1 + Ŝ2,
and a measurement of the total spin will not necessarily force each spin into an eigenstate of the
individual spin operators Ŝ1 and Ŝ2. E.g. a measurement of a total magnetization of zero only
excludes the states |++i and |��i from eq. (2.3.3) since these would yield a polarisation of ± 1.

�This derivation makes use of the fact that the angular momentum operators of two di�erent spins do commute i.e.⇥
Î1, Î2

⇤
= 0, which also holds true for every component of Î =

�
�x ,�� ,�z

�| . Furthermore,
⇥
Â, Â

⇤
= 0 for any operator

Â.
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2.3 A Remark on Excitations and Coherences

The four-dimensional wave-function thus collapses into a two-dimensional wavefunction but not
into an eigenstate of the spin operator of one particle. The reduced state after measurement then
becomes

|� 0i = k (c2 |+�i + c3 |�+i) . (2.3.4)

In which k denotes a renormalisation constant. The state |� 0i describes the possible combinations
of how a zero total spin can result from the two spins being in eigenstates. But, the state |� 0i
itself is generally not a single-particle eigenstate. Additionally, the reduction in basis states from
|�i to |� 0i becomes negligible if a large ensemble of spins is considered.
Furthermore, a general discussion of the quantum mechanical picture would involve the introduc-
tion of the density operator7 for the case I = 1/2 under which the microscopic situation is not
uniquely de�ned. The situation of having an exact equidistribution of the states |+i and |�i in
which all spins are exactly in one of the two states is equal to the situation of having all spins in a
superposition state with no net polarisation direction, as long as macroscopic observations are
concerned [9].

7The density matrix � of e.g. an equidistributed mixture is � =
Õ
i pi |�i i h�i | = 1

2 (|+i h+| + |�i h�|) =
1
2

✓
1 0
0 1

◆
which furthermore exhibits no coherences (o�-diagonal elements in � are zero) and h�i i = tr(��i ) =

08 i = x ,�, z.
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I.3 Nuclear Interactions and Interactions with
Electrons

The concept of nuclear magnetic resonance spectroscopy (NMRS) relies on the possibility of
distinguishing between chemical compounds, based on di�erent Larmor frequencies. The in�uence
of (perturbed) electrons, present in the chemical environment, results in a magnetic shielding of
the �eld B0 at the position of the nucleus. This e�ect is known as chemical shift.

3.1. Basic Theory of Chemical Shi�s

The motion of an electron will contribute to the system’s energy according to its canonical
momentum

p =mev � eA0 , (3.1.1)

whereme is the electron’s mass, e its charge and v denotes the velocity vector. The vector potential
A0 is created by the external magnetic �eld B0 and describes the �eld that the charge experiences.
The electron’s kinetic energy is given by

T =
1
2
mev

2 =
1

2me
(p + eA0)2 . (3.1.2)

We can specify the vector potential A0 by setting∗

A0 =
1
2
B0 ⇥ r , (3.1.3)

where r denotes the displacement from the z-axis (direction of B0). Additionally, we introduce the
vector potential An that is generated by the nuclear dipole �eld with µ0 being the permeability of
free space[10]:

An =
µ0
4�

· µ ⇥ r

r 3
, (3.1.4)

yielding the following expression for the electron’s kinetic energy:

T =
1

2me
(p + eA0 + eAn)2 . (3.1.5)

∗This refers to the symmetric choice of the vector potential (Coulomb gauge), such that (1/2)rB0 ⇥ r =

(�(1/2)B0�, (1/2)B0x , 0)| which yields r ⇥A = B0êz = (0, 0,B0)| , being in accordance with de�nition of the vector
potential (B = r ⇥A) [8].
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3.1 Basic Theory of Chemical Shi�s

Multiplying out the term within round brackets yields one term of the form A0 · An which
corresponds to the electron-mediated interaction between the external �eld and the nuclear
magnetic moment. This term contributes to the system energy by

Een =
e2

me
A0 ·An (3.1.6)

=
e2

2me

µ0
4�

(B0 ⇥ r ) · (µ ⇥ r )
r 3

. (3.1.7)

In order to obtain the total in�uence on the system’s energy, i.e. to account for the electron related
shielding e�ect, the energy term Een must be summed over all electrons in the vicinity of the
nucleus. For simpli�cation and due to the bilinearity in µ and B0 one might write for Een:

Een =
’

�,�=x,�,z,

µ�S� �B� , (3.1.8)

where the tensor elements S� � are given by

S� � =
e2

2me

µ0
4�

✓
�� �
r

�
r�r�
r 3

◆
. (3.1.9)

This equation might be interpreted such that an additional �eld B0 is generated at the position of
the nucleus with components

B0
� = �

’
�=x,�,z

S� �B� . (3.1.10)

This result is identical to classical diamagnetic behaviour [11, 12]. The electrons in the vicinity of
the nucleus are perturbed by the �eld B0 in a way that they try to neutralise the external magnetic
�eld. The resulting shielding or screening �eld is thereby proportional to the applied magnetic
�eld (�gure 3.1.1).

The chemical or magnetic environment speci�c shielding (e�-density) of nuclei leads to distinct
resonance frequencies for various chemical compounds, introducing a means of di�erentiation
between chemical structures. In routine NMR, the chemical shift - which we will from now on
denote with � - is usually expressed in units of ppm† following the formula

� =
�sample � �ref

�ref
, (3.1.11)

where �ref is a characteristic reference (resonance) frequency, measured in the same external
magnetic �eld. In most cases, tetramethylsilane (TMS‡) is used as a reference, since the hydrogen
atoms are highly shielded by the silicon atom (high electronegativity) and therefore its chemical

†The denotation in parts per million (ppm) results from the usual proceeding that the numerator is expressed in
hertz (Hz) and the denominator in megahertz (MHz).

‡TMS is one of the accepted standards for the chemical shift calibration of 1H and 13C in solvents. This molecule
was chosen since its twelve hydrogen atoms are equivalent and therefore the hydrogen spectrum consists of a singlet.
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3.2Magnetic Resonance Spectroscopy

+

ÆB0

e�

�!
B

0

Figure 3.1.1.: The electron is perturbed by the external magnetic �eld B0, giving rise
to a diamagnetic �eld B0 which shields the nucleus from the external
magnetic �eld.

shift is set to 0 ppm. Most protons possess a chemical shift between 0 and 10 ppm (down�eld)
relative to TMS. The chemical shift of an isolated proton (H+) is about 40 ppm.

3.2. Magnetic Resonance Spectroscopy

The introduced concept of nuclear magnetic resonance and chemical shifts facilitates the acquisi-
tion of spectroscopic information. A very basic spectroscopic experiment can be achieved using
an excitation pulse with �ip angle � and a data acquisition event. Thereby, the �ip angle for
such a basic experiment is generally a �/2 or 90� pulse, since it provides the largest induction
signal. It is furthermore important that the pulse bandwidth, which is centred with respect to
the theoretical Larmor frequency of the sample (neglecting chemical shifts), is su�cient to excite
the entire sample with all occurring Larmor frequencies. After excitation, the free induction
decay (FID)§ is measured using a spectrometer with a preset sampling frequency or acquisition
bandwidth (section 4.3). The receiver signal is represented using complex numbers with the real
part being the x-component in the rotating frame and the imaginary part being the �-component
(quadrature detection). Figure 3.2.1 shows the temporal course (sequence diagram) of such a basic
NMRS experiment.

§The free induction decay refers to the measured signal, induced by the rotating magnetisation in the x�-plane
with relaxation e�ects.
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3.2 Magnetic Resonance Spectroscopy

Figure 3.2.1.: Simple NMRS experiment using an excitation pulse with �ip angle �
and a data acquisition event. The shown signal S(t) is the real part of
the receiver signal with � = 0.

The solution of the Bloch equations for a one-pulse experiment (� = �/2) is

Mx (t) = M0 e�t/T
(?)
2 cos(��t)

M� (t) = M0 e�t/T
(?)
2 sin(��t)

Mz (t) = M0

⇣
1 � e�t/T1

⌘
.

(3.2.1)

Based on the acquired data, arising from the precessing magnetisation in the x�-plane, the
NMR spectrum is usually calculated by a Fourier transform of the transverse components:

F{S(t)}(�) =
1π

�1

S0 exp(i�) exp(i��t) exp (�t/T2) dt , (3.2.2)

where S0 is the signal amplitude immediately after the excitation pulse (proportional toM0) and we
have additionally neglected any T?

2 e�ects. The phase � accounts for the absolute receiver phase,
which is usually arbitrary. Evaluating the integral (eq. 3.2.2) e.g. for one contributing Larmor
frequency �, yields a real part which is the so-called absorption spectrum, and the imaginary
lineshape is known as the dispersion spectrum if � = 0:

Re(F{S(t)}) = cos�
T2

1 + (� � ��)2T 2
2
+ sin�

(� � ��)2T 2
2

1 + (� � ��)2T 2
2

(3.2.3)

Im(F{S(t)}) = sin�
T2

1 + (� � ��)2T 2
2
� cos�

(� � ��)T 2
2

1 + (� � ��)2T 2
2
. (3.2.4)
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3.3Magnetic Resonance Spectroscopy

The full-width-half-maximum of the Lorentzian (real spectrum) is �/T2 and the lineshape has
an o�set in cyclic frequency of ��/2� . In this context, �� is the di�erence between the Larmor
frequency �0 of the chemical compound and the reference or mixing frequency �r of the receiver
(heterodyne mixing�). Both, the absorption and dispersion spectra are depicted in �gure 3.2.2
according to eq. (3.2.3) and eq. (3.2.4).

Figure 3.2.2.: Real and imaginary part of the Fourier transform of the FID signal
according to eq. (3.2.3) and eq. (3.2.4).

In NMRS, the absorption spectrum is usually de�ned as the spectrum of interest since the
FWHM of the dispersion spectrum is broader and its peak has a worse signal to noise ratio.
If a sample consists of various chemical compounds with di�erent magnetic environments for
each molecular (hydrogen-) group, then the arising chemical shift leads to compound or group
dependent characteristic resonance frequencies. The obtained line-shapes in the absorption
spectrum are widely unique and thus deliver information about the chemical structure of the
sample respectively its chemical compounds.

�Heterodyning refers to the process in which the measured signal is mixed with the output from a reference
oscillator (subtraction), which is usually set to the Larmor frequency of the highest signal component. Heterodyne
mixing simpli�es signal �ltering by shifting the signal to a lower frequency range.
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3.3 Dipolar Coupling

3.3. Dipolar Coupling

Since dipole-dipole interactions are the main contribution to the spin-spin relaxation constant
and due to their line splitting properties in NMRS, it appears reasonable to brie�y derive the
arising energy shifts and to discuss the associated dipolar coupling terms.
The interaction energy between two magnetic moments µ1 and µ2 is given by the classical
expression [13]

E =
µ0
4�

µ1 · µ2

r 3
� 3 (µ1 · r ) (µ2 · r )

r 5
, (3.3.1)

where r is the distance vector from µ1 to µ2 or vice versa and µ0 denotes the permeability of free
space�. According to section 1.2 we might write

µ1 = �1~I1 and µ2 = �2~I2 (3.3.2)

which also accounts for the possibility of having nuclei with di�erent gyromagnetic ratios. The
general dipolar contribution to the Hamiltonian for a system of N spins is then:

Ĥd =
1
2
µ0h2

16� 3

N’
j=1

N’
k=1

2666664
�j Î j · �k Îk

r 3jk
�
3�j�k

⇣
Î j · r jk

⌘ ⇣
Îk · r jk

⌘
r 5jk

3777775
. (3.3.3)

The pre-factor 1/2 is needed to exclude the case that each pair is counted twice in addition to the
exclusion of all terms with j ⌘ k .
In the simplest scenario, all magneticmoments have the same orientation (strong external magnetic
�eld), which yields for a two spin system:

�
µ1 · r

� �
µ2 · r

�
=

�
µ1 · µ2

�
r 2 cos2 � . (3.3.4)

This expression made use of the scalar product identity a ·b = |a | |b | cos� , with � being the angle
between a and b. The corresponding energy is therefore

E =
µ0
4�

�
µ1 · µ2

�
r�3

⇥
1 � 3 cos2 �

⇤
, (3.3.5)

which has its �rst local minimum for � = 1/
p
3 or ⇡ 54.73�. This angle, under which the dipolar

interaction vanishes is often referred to as the magic angle [14].
If the focus remains on a two spin system, then by expressing Î1,x , Î1,� , Î2,x and Î2,� in terms of the
raising and lowering operators (eq. (1.1.12)) and by additionally introducing spherical coordinates
r =

�
rx , r� , rz

�|
= (r sin� cos�, r sin� sin�, r cos� )| , the dipolar Hamiltonian can be written in

�µ0 ⇡ 1.257 · 10�6 H/m.
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3.3Dipolar Coupling

the form:

Ĥd =
µ0�1�2h2

16� 3r 3
[Â + B̂ + Ĉ + D̂ + Ê + F̂ ]|                         {z                         }

CD̂

. (3.3.6)

An analytical derivation of this equation, which is especially convenient for computing matrix
elements (perturbation theory), is given in the appendix. The introduced terms Â, ..., F̂ (dipolar
alphabet) are de�ned as follows:

Â B Î1z Î2z
�
3 cos2 � � 1

�
B̂ B

⇣
Î1+Î2� + Î1�Î2+

⌘ �
1 � 3 cos2 �

�
4

(3.3.7)

Ĉ B
⇣
Î1+Î2z + Î1z Î2+

⌘ ✓
3
4
sin 2�

◆
e�i� D̂ B

⇣
Î1�Î2z + Î1z Î2�

⌘ ✓
3
4
sin 2�

◆
ei� (3.3.8)

Ê B Î1+Î2+

✓
3
4
sin2 �

◆
e�2i� F̂ B Î1�Î2�

✓
3
4
sin2 �

◆
e2i� . (3.3.9)

The operator D̂ in the basis of |��i, |��i, |��i and |��i has the matrix representation

D̂ =

©≠≠≠≠≠
´

Â Ĉ Ĉ Ê

D̂ Â B̂ Ĉ

D̂ B̂ Â Ĉ

F̂ D̂ D̂ Â

™ÆÆÆÆÆ
¨
. (3.3.10)

Figure 3.3.1 shows the energy diagram of a two spin system with degenerate states |��i and |��i.
Thereby, the matrix elements in D̂ connect all states in the energy diagram. The operator Â is
diagonal in matrix representation, and therefore connects e.g. |��i with h�� | or in other words⌦
� j

��Â���k ↵ = Ajk� jk . The operator B̂ facilitates the zero quantum transition such that

h�� |B̂ |��i = h�� |B̂ |��i = �1
4
�
1 � 3 cos2 �

�
. (3.3.11)

Finally, the operators Ĉ and D̂ correspond to single quantum transitions, while states connected
by a double quantum transition are described by Ê and F̂ (�gure 3.3.1).
Without any applied external magnetic �eld, all terms of the dipole-dipole Hamiltonian have to be
considered since all spatial orientations are equivalent. In the case of NMR, the total Hamiltonian
can be reduced to a Hamiltonian of the form

Ĥtot = Ĥz + Ĥd , (3.3.12)

where Ĥz is the ZeemanHamiltonian that is perturbed by the dipolar Hamiltonian Ĥd. Furthermore,
both operators do not generally commute in the basis of Ĥz (|��i, |��i, |��i, |��i). Since the
contribution of the Hamiltonian Ĥd to the system’s total energy is expected to be small, only
contributions of Ĥd that have the same eigenvalue structure as the Zeeman operator Ĥz might be
considered (secular approximation). Thus, only the �rst two terms of the dipolar alphabet remain
since they commute with the Zeeman Hamiltonian. This reduces the homonuclear dipole-dipole
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3.3 Dipolar Coupling

Figure 3.3.1.: Energy scheme of a Zeeman system (left) and Zeeman + dipole-dipole
system (right) of a weakly coupled homonuclear spin-1/2 pair.
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3.4Multi-Nuclear Magnetic Resonance Spectroscopy

interaction to

Î 1D̂Î 2 = Â + B̂ = Î1z Î2z
�
3 cos2 � � 1

�
+

⇣
Î1+Î2� + Î1�Î2+

⌘
·
�
1 � 3 cos2 �

�
4

(3.3.13)

= Î1z Î2z
�
3 cos2 � � 1

�
�

⇣
Î1x Î2x + Î1� Î2�

⌘
·
�
3 cos2 � � 1

�
2

(3.3.14)

=

�
3 cos2 � � 1

�
2

·
⇣
2Î1z Î2z + Î1z Î2z � Î1z Î2z �

⇣
Î1x Î2x + Î1� Î2�

⌘⌘
(3.3.15)

=

�
3 cos2 � � 1

�
2

·
⇣
3Î1z Î2z � Î1 · Î2

⌘
. (3.3.16)

In the heteronuclear case, B̂ does note commute with Ĥz, resulting in

Î 1D̂
0
Î 2 =

�
3 cos2 � � 1

�
·
⇣
Î1z Î2z

⌘
. (3.3.17)

The corresponding Hamiltonian is obtained from eq. (3.3.16) and eq. (3.3.17) by multiplying
with the hetero-/homonuclear dipolar coupling constant �d = �µ0�1�2h2/(16� 3r 3i j ). For a 1H-1H
pair with ri j = 1Å, the dipolar coupling has an associated frequency of (�)120 kHz whereas it is
(�)22.7 kHz for a 1H-13C pair with ri j = 1.1Å[15].
In a NMR spectroscopy experiment, the presented dipolar coupling leads to doublet with a line
splitting that depends on the coupling constant �d. The reason for this is the emergence of the
states |T0i = 1p

2
(|��i + |��i) and |Si = 1p

2
(|��i � |��i) from the original states |��i and |��i

(�gure 3.3.1) which induces two di�erent transition energies between the triplet states (|��i, |��i
and |T0i).

3.4. Multi-Nuclear Magnetic Resonance Spectroscopy

While the hydrogen atom is the most common nucleus for NMRS due to its high natural abundance,
other nuclei such as 13C, 14N, 19F or 31P are also widely considered for various speci�c applications.
Proton NMRS is used to study the number of non-equivalent protons in an unknown chemical
environment. In the same way, 13C NMRS is used to study the number of non-equivalent carbons
in an unknown chemical environment, which is especially of use for studying metabolic processes,
since these involve the conversion of long carbon chain molecules.
But NMRS with other nuclei than hydrogen (multi-nuclear magnetic resonance spectroscopy)
poses di�culties due to low natural abundances and unfavourable gyromagnetic ratios.
The sensitivity in a NMRS experiment is governed by two factors: On the one hand by the
maximum achievable magnetisation and on the other hand by its induced signal. Referring to the
Boltzmann factors in eq. (1.2.11), the ratio between spins in the up and down state (I = 1/2) is
given by

N"/N# = exp(�E/kBT )
= exp(~�B0/(kBT )) .

(3.4.1)
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The net magnetisationM0 is proportional to the di�erence in population between the two states:

M0 = µ(N" � N#) . (3.4.2)

Introducing the total spin number Nt = N" + N# yields for N" and N#:

N" =
Nt

exp (�~�B0/kBT ) + 1
(3.4.3)

N# =
Nt

exp (+~�B0/kBT ) + 1
. (3.4.4)

Which leads to the following form of the magnetisation:

M0(B0,T ) = Ntµ


1 � exp (�~�B0/kBT )
1 + exp (�~�B0/kBT )

�
= Ntµ tanh (~�B0/2kBT ) . (3.4.5)

This equation is also referred to as Brillouin function7 which states that there is no general linear
behaviour between the magnetisation and the magnetic �ux density of the external magnetic �eld.
For low �elds though, the magnetisation response is linear while high �elds lead to a saturation
and therefore to a total achievable magnetisation. For commonly used �eld strengths, a linear
behaviour might be assumed, which allows for a linear expansion8 of the hyperbolic tangent:

M0 ⇡
Ntµ~�

2kBT
B0 =

Nt~2� 2

4kBT
B0 B C

B0

T
. (3.4.6)

In the last step we made use of the equality µ = �~I = �~/2. Eq. (3.4.6) is known as the Curie law
for paramagnetic magnetisation with C being the Curie constant.
According to Faraday’s law of induction, the induced signal (voltage) S is proportional to the
derivative of the magnetisation with respect to time:

S(t) / dM(t)
dt

= �M(t) · B0 = �0M(t) ⇡ Nt~2� 3

4kBT
B2
0 . (3.4.7)

This discussion leads to the conclusion that the sensitivity of any NMR experiment is intrinsically
proportional to � 3. Table 3.4.1 shows a list of a selection of nuclei used in NMRS with their
respective gyromagnetic ratios and natural abundances. The relative sensitivity is obtained by
the quotient (�X/�1H)3 without taking the noted natural abundances into account.

In the case of 13C, the quotient (10.708/42.577)3 yields a relative sensitivity of 0.016, meaning
that the signal arising from an equal number of spins is 62.5 times weaker compared to 1H. Taking
the natural abundance into account, meaning that only 1.108 % of all carbon atoms contribute to
the signal, yields a decrease in signal amplitude by a factor of 5,640.

7Using classical physics, a similar equation can be found by assuming that a magnetic moment can point in any
direction with respect to the external magnetic �eld. This neglects the concept of two discrete spin states and only
assumes that the occurrence of energies follows Boltzmann statistics. A derivation of the so called Langevin function
can be found in the appendix.

8This expansion is in accordance to eq. (1.2.12) and its associated footnote, which shows that the assumption
kBT � �~B0 is widely ful�lled and therefore tanh(x) ⇡ x + (�x3/3 + ... ) for x ⌧ 1.
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Table 3.4.1.: List of a selection of nuclei used in NMRS with their respective gy-
romagnetic ratios and natural abundances. The relative sensitivity is
obtained by the quotient (�X/�1H)3 without taking natural abundances
into account [16].

Nucleus Nucl. Spin Natural Abundance / % Gyromagn. Ratio / MHz/T Rel. Sensitivity
1H 1/2 99.985 42.577 1.0
13C 1/2 1.108 10.708 0.016
17O 5/2 0.037 5.772 0.002
19F 1/2 100 40.052 0.832
23Na 3/2 100 11.262 0.019
29Si 1/2 4.685 �8.465 0.008
31P 1/2 100 17.235 0.066
129Xe 1/2 26.442 �11.777 0.021

While quantitative 1H spectra can be acquired within a few minutes, the inherently low sensitivity
in combination with 13C can result in acquisition durations of several hours.
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Part II.

Basics of Magnetic Resonance Imaging





II.4 Spatial Encoding and the Concept of k-Space

I was terrible in English. I couldn’t stand
the subject. It seemed to me ridiculous to
worry about whether you spelled
something wrong or not, because English
spelling is just a human convention - it has
nothing to do with anything real, anything
from nature.

(Richard P. Feynman, 1918 � 1988)

A very basic NMRS experiment does not require any spatial information since the entire sample
with all its chemical compounds might be considered and therefore excited. But various spectro-
scopic applications (especially in-vivo) require the excitation of speci�c volumes or anatomical
regions for quantitative purposes. The modality of magnetic resonance imaging (MRI) requires
additional spatial information, to di�erentiate spin densities within an excited volume, necessary
to obtain an image e.g. from an excited slice.
In this chapter, the ideas of spatial encoding and the concept of k-space are introduced and
extended to the concept of MRI, which is the fundamental topic of all three presented publications
within the course of this thesis. In accordance with the content of the included publications, this
chapter also describes the most common approaches of k-space sampling (k-space trajectories),
followed by the necessity of signal acquisition and processing using dedicated receive coils. A
short introduction into the reconstruction process and speci�c post-processing techniques, to
enhance image quality in the case of undersampled data, concludes this chapter.

4.1. Slice Selection and Secular Approximation

Since the Larmor frequency of a spin is directly proportional to the e�ective magnetic �eld it
experiences, it follows that an ensemble of spins within a spatially varying (external) magnetic
�eld will resonate at a spectrum of Larmor frequencies. In the case of a uniform magnetic �eld
gradient, the change in Larmor frequency is linearly proportional to the displacement along the
gradient axis.
In MRI, the magnetic �eld gradient is generated by speci�c gradient coils, with �eld amplitudes
being two to three orders of magnitude weaker than B0. In general, the magnetic �eld gradientG
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is described by a tensor with nine elements:

Ĝ =
©≠≠
´

@Bx/@x @Bx/@� @Bx/@z
@B�/@x @B�/@� @B�/@z
@Bz/@x @Bz/@� @Bz/@z

™ÆÆ
¨
. (4.1.1)

Due to Maxwell’s equations, the components ofG are not independent since divB = 0 implies
that the trace of Ĝ must be zero and curlB = 0 (static case) leads to antisymmetric o�-diagonal
elements in Ĝ.
According to the tensor Ĝ, the spins will experience a magnetic �eld B0 that is superimposed
with a magnetic �eld whose x component bx is generated by the �rst row of Ĝ. Accordingly, the
components b� and bz are generated by the second and third row respectively.
The magnitude of the total external magnetic �eld Btot is then given by

B =
h
(B0 + bz )2 + b2x + b2�

i1/2
(4.1.2)

=
⇣
B2
0 + 2B0bz + b

2
z + b

2
x + b

2
�

⌘1/2
(4.1.3)

= B0

 
1 +

2bz
B0
+
b2z + b

2
x + b

2
�

B2
0

!1/2
. (4.1.4)

The secular approximation now indicates that any component in b = (bx ,b� ,bz )| that is not
parallel to B0 might be neglected. This can be motivated by considering B0 = (0, 0,B0) and
B� = (B� sin� , 0,B� cos� ), where B� is a weak �eld that encloses the angle � with B0. The
magnitude of the superposition is

|B0 + B� | =
q
B2
� sin2 � + (B0 + B� cos� )2

=

q
B2
� sin2 � + B2

0 + 2B0B� cos� + B2 cos2 �

=
q
B2
0 + B

2
� + 2B0B� cos�

= B0

s
1 + 2

✓
B�
B0

◆
cos� +

✓
B�
B0

◆2
.

(4.1.5)

A Taylor expansion of the last equality yields

|B0 + B� | ⇡ B0 + B� cos� , (4.1.6)

to which the perpendicular component B� sin� does not contribute.
Returning to eq. (4.1.2), we equally �nd

B = B0 + bz . (4.1.7)
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Consequently, for the further discussion only the third row of the tensor Ĝ will be considered.
The gradient can then be written as a vector quantity:

G =
@Bz
@x

n̂x +
@Bz
@�

n̂� +
@Bz
@z

n̂z . (4.1.8)

The amplitude of the z-component of the total magnetic �eld B at position r is then:

B(r ) = B0 +G · r = B0 +
@Bz
@x

n̂x · x + @Bz
@�

n̂� · Ä + @Bz
@z

n̂z · z . (4.1.9)

The superposition of the �eld amplitude B0 with a (linear) magnetic �eld gradient results in the
possibility of exciting a slice of the sample or object. Following �gure 4.1.1, an excitation pulse of
bandwidth BW = �Gz�z around a centre frequency �c = �1 + (�2 � �1)/2 will excite a slice of
thickness �z = (z2 � z1) with �1,2 = �B(z1,2) and B = B0 +Gzz.

Figure 4.1.1.: Schematic depiction of the concept of slice selection. An excitation
pulse of bandwidth BW of �nite width with BW = �Gz�z, correspond-
ing to the outer frequencies �1 and �2 can excite a slice of thickness
�z = z2 � z1.

4.2. Spatial Encoding and the k-Vector

Spatial encoding describes the process in which information about the spatial position of the spin
density is encoded in the phase of the NMR signal. During the application of a magnetic �eld
gradient prior or during acquisition of the NMR signal, spins at di�erent locations will acquire an
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4.2 Spatial Encoding and the k-Vector

additional, relative phase di�erence that is proportional to the �eldG = rBz . The distribution of
phase angles across the sample follows the simple relation

� = �G · rt . (4.2.1)

This idea of spatial encoding can be exploited in an ingenious manner: The signal arising from
a volume element dV with local spin density �(r ) under the in�uence of the �eld gradient (eq.
4.2.1) is given by

dS(G, t) = �(r )dV exp [i (�B0 + �G · r ) t] . (4.2.2)

After heterodyne mixing, the time-course of the signal amplitude can be written as:

S(t) =
ª

�(r ) exp[i�G · rt]dr . (4.2.3)

This expression has the obvious form of a Fourier transform under the de�nition

k B
�Gt

2�
, (4.2.4)

with k being a reciprocal space vector with magnitude in units of reciprocal space (m�1). Finally,
the mentioned Fourier transform and its inverse∗ take the form

S(k) =
ª

�(r ) exp[2�ik · r ]dr (4.2.5)

�(r ) = 1
2�

ª
S(k) exp[�2�ik · r ]dk . (4.2.6)

The vector k , de�ned in eq. (4.2.4) de�nes a space with the same dimensionality asG†. The space
that is described by k is referred to as k-space which can be traversed either by time or gradient
magnitude since the current „position“ in k-space is given by the integral

k =
�

2�

π
t

G(� )d� . (4.2.7)

In order to achieve a spatial representation of the spin densities, S(k) has to be measured in the
time domain with its Fourier transform yielding �(r ). Or in other words: an MR image is obtained
from an excited volume by sampling and Fourier transforming the associated k-space, which is
commonly achieved using time dependent gradient �eld amplitudes.
Magnetic �eld gradients that are applied prior to the acquisition of the NMR or MRI signal are
usually referred to as phase encoding gradients since they only in�uence the distribution of phase

∗The pre-factor 1/2� is introduced in the inverse Fourier transform to satisfy the condition F�1 {F (f (t))} = f (t)
by using � (t � t 0) = 1

2�
Ø 1
�1 eip(t�t

0)dp.
†Despite having units of reciprocal space, the k-space is often referred to as „frequency domain“ or „frequency

space“ instead of „spatial frequency domain“ since the acquired signal contains spatially dependent frequency and
phase information.
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4.3Nyquist’s Sampling Theorem

angles i.e. the measurement starts at a pre-de�ned position in k-space according to eq. (4.2.4).
A magnetic �eld gradient that is present during the acquisition of the signal does speci�cally
in�uence the frequencies of the induced voltages due to a change in Larmor frequencies, which
are registered by the NMR spectrometer (� = �B0 + �G · r ). Such gradients are referred to as
frequency encoding gradients. Both approaches will gain more importance by discussing di�erent
k-space sampling schemes in section 4.4.

4.3. Nyquist’s Sampling Theorem

In NMR, the transverse magnetisation is indirectly measured by discrete sampling of induced
voltages in one or multiple nearby coils. Due to hardware limitations, the signal can only be
sampled (digitised) at discrete time points and relaxation processes furthermore limit the length
of the sampling duration after each excitation.
Sampling is commonly described by a multiplication of the signal with a Dirac comb (periodic
distribution):

C(·) = 1
�
III

⇣ ·
�

⌘
since e.g. C(t) =

1’
k=�1

� (t � kT ) C 1
T
III

⇣ t
T

⌘
. (4.3.1)

The function III(·) represents equally spaced delta functions separated by �, which corresponds to
the sampling period. The argument of C(·)might be any domain of interest e.g. time or frequency.
Additionally, the pre-factor 1/� normalises each delta function to unit amplitude.
In the speci�c case of NMR methods such as MRI, the signal is sampled in the frequency domain.
Under the introduced sampling function, a signal S(kx ) has the following sampled representation:

S̃ (kx ) = S (kx ) ·
1

�kx
III

✓
kx
�kx

◆

= S (kx ) ·
1’

n=�1
�
�
kx � n�kx

�

=

1’
n=�1

S
�
n�kx

�
�
�
kx � n�kx

�
,

(4.3.2)

in which we have denoted the frequency axis with kx and set the sampling rate to 1/�kx . The
Fourier transform of S̃ is the point spread function‡ that is associated to discrete sampling or the
impulse response that arises due to discrete sampling:

F�1 �S̃ (kx ) = s(x) ⇤ 1
�kx

1’
n=�1

�

✓
x � n

�kx

◆

=
1

�kx

1’
n=�1

s

✓
x � n

�kx

◆
C s̃(x) .

(4.3.3)

‡The point spread function (PSF) of an imaging system describes its response to a point source, i.e. how a point
object is represented by the imaging system [17]. An extended discussion beyond the here presented one-dimensional
example is given in section 6.3.
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4.3 Nyquist’s Sampling Theorem

Additionally, we made use of the property that the Fourier transform of a Dirac comb distribution
is again a Dirac comb distribution (see appendix for proof). The interpretation of eq. (4.3.3) is
that the Fourier transform of S̃ (kx ) leads to duplications of a function s(x) with each duplication
being separated by 1/�kx .
One might identify s(x) as being the extent of an object in one spatial dimension. If this object is
assumed to be of �nite length, then the duplications of s(x) do not overlap if the sampling rate is
su�ciently high. The minimum sampling rate that avoids an overlap of adjacent duplications
is known as Nyquist§ rate, which is equal to the extent of s(x) and equals a sampling period of
1/s(x). Artefacts in the spatial domain that arise due to a violation of Nyquist’s theorem are
referred to as aliasing or undersampling artefacts.
As mentioned before, the sampling period is additionally limited due to relaxation e�ects. The
e�ect of �nite sampling can be accounted for by introduction of a rectangular function rect(·)
which expands eq. (4.3.2) to

S̃W (kx ) = S (kx ) ·
1

�kx
III

✓
kx
�kx

◆
· rect

✓
kx
Wkx

◆
, (4.3.4)

whereWkx is the total extent of a theoretical interval in spatial frequency space which we de�ne
to be

Wkx B 2
✓
kx,max +

�kx
2

◆
(4.3.5)

with kx,max being the highest sampled spatial frequency�. Thus, the widthWkx is widely deter-
mined by kx,max. This de�nition will later on appear very reasonable and it allows thatWkx can
be expressed in relation to the total number of sampling points Ns in the following manner:

Wkx = �kx · Ns . (4.3.6)

The Fourier transform of eq. (4.3.4) is

f̃W (x) = F�1 �S̃W (kx )
 

= s(x) ⇤ III
�
�kxx

�
⇤Wkx sinc

�
Wkxx

�
.

(4.3.7)

The introduction of �nite sampling leads to blur in the spatial domain due to the sinc function
in eq. (4.3.7) with widthWkx . If f̃W (x) is therefore sampled at a rate ofWkx , then the sampled
function ˜̃f is:

˜̃fW (x) = f̃W (x) ·Wkx III
�
Wkxx

�
. (4.3.8)

§This theorem is also referred to as Nyquist-Shannon sampling theorem. The foundation for Claude Shan-
non’s advances were published by Harry Nyquist in 1924. Nevertheless, the theorem was previously discovered by
E. T.Whittaker in 1915.

�The e�ect of �nite and discrete sampling can also be taken into account by calculating the discrete Fourier
transform of the acquired data points. This leads to the Dirichlet kernel, which is derived in the appendix.
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With its Fourier transform being:

˜̃FW (kx ) = F̂W (kx ) ⇤ III
✓
kx
Wkx

◆
. (4.3.9)

Using the same argument as before, sampling f̃W (x) at a period of 1/Wkx corresponds to the
Nyquist condition for discrete and �nite sampling.

4.4. k-space Properties, Sampling Approaches and
Reconstruction

Image formation in MRI requires an appropriate coverage of k-space which is commonly two-
or three-dimensional. While slice selection techniques are widely used to reduce the associated
k-space to a two-dimensional matrix or to avoid aliasing artefacts, also pure three-dimensional
acquisition schemes are possible, which will separately be discussed in section 8.1 due to their
signi�cance for this thesis.
The connection between spatial frequency and image space via a Fourier transform suggests
that k-space might be sampled on a Cartesian grid, which enables the straightforward use of
a discrete Fourier transform to transform the acquired data into an MR image. The most basic
fashion in which a Cartesian k-space can be sampled is by a distinct combination of phase and
frequency encoding gradients after slice selection. For the given example, shown in �gure 4.4.1,
phase encoding is used to select a starting position along the k�-axis using a gradient G� . The
frequency encoding gradientGx is applied during sampling in order to traverse k-space along the
kx -direction, to achieve sampling of an entire row in Cartesian k-space. Successive repetitions of
excitations, phase and frequency encoding steps yields the sampling pattern, shown in blue in
�gure 4.4.1. The corresponding sequence diagram is shown in �gure 4.4.2, where in this situation
G� is the phase encoding gradient Gp, and Gx is the frequency encoding gradient Gf.

Extending the discussion of section 4.3, the sampled k-space data S̃
�
kx ,k�

�
can be expressed as

S̃
�
kx ,k�

�
= S

�
kx ,k�

�  1
�kx�k�

!
III2

 
kx
�kx
,
k�
�k�

!
rect2

 
kx
Wkx
,
k�
Wk�

!
(4.4.1)

with

Wkx = 2
✓
kx,max +

�kx
2

◆
and Wk� = 2

✓
k�,max +

�k�

2

◆
. (4.4.2)

By setting kx,max , k�,max, a rectangular k-space with di�erent resolutions in the spatial x- and �-
directions is obtained. Equation (4.3.3) stated that under discrete sampling, the image is replicated
at intervals of 1/�kx or 1/�k� along both spatial coordinate axes. The distance between adjacent
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4.4 k-space Properties, Sampling Approaches and Reconstruction

Figure 4.4.1.: Schematic depiction of a two-dimensional k-space with a Cartesian
sampling scheme in blue and two interleaves of a radial sampling
scheme in red.
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4.4k-space Properties, Sampling Approaches and Reconstruction

Figure 4.4.2.: Sequence diagram of Cartesian sampling in a) and radial sampling in b).
Both sequence diagrams correspond to the k-space trajectories shown
in �gure 4.4.1.
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duplicated images is the e�ective �eld of view (FOV):

FOVx =
1

�kx
=

1
�
2�Gf�tf

FOV� =
1

�k�
=

1
�
2�Gp,itp

,
(4.4.3)

where �tf is the sampling period of the spectrometer and Gp,i denotes increments in amplitude of
the phase encoding gradient Gp with �xed phase encoding duration tp (�gure 4.4.2a).
The blur introduced by the sinc in eq. (4.3.7) for the one-dimensional case becomes two-dimensional
for the current discussion by adding a second sinc term that accounts for the k� -direction:

s̃W (x ,�) = s(x ,�) ⇤ III2
⇣
�kxx ,�k�x

⌘
⇤WkxWk� sinc

�
Wkxx

�
sinc

⇣
Wk��

⌘
. (4.4.4)

The blur limits the spatial resolution since it counteracts the ability to resolve detailed structures.
A common de�nition of the spatial resolution �i with i = x ,� is to divide the FOV by the number
of sample points along the phase Np and frequency encoding direction Nf. This seems reasonable
since the number of encoding steps might also de�ne the number of pixels in the reconstructed
image. Therefore, we de�ne

�x B
FOVx

Nf
=

1
�kxNf

=
1

Wkx

�� B
FOV�

Np
=

1
�k�Np

=
1

Wk�
.

(4.4.5)

Furthermore, the highest frequencies sampled in k-space are functions of the respective gradient
areas, obtained by the gradient amplitude and the time of e�ective gradient application. This
yields alternative expressions for kx,max and k�,max:

kx,max =
�

2�
Gf

tf
2

(4.4.6)

k�,max =
�

2�
Gp,maxtp . (4.4.7)

The gradient amplitude Gp,max is the maximum gradient amplitude in phase encoding direction.
Combining these two equations with the expressions of eq. (4.4.3) provides equations for the
spatial resolution that contain all gradient amplitudes with their respective application durations:

�x =
1

Wkx
=

1
�
2�Gf (tf + �tf)

�� =
1

Wk�
=

1
�
2�

�
2Gp,max +Gp,i

�
tp
.

(4.4.8)
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In the limit of large Nf and Np,Wkx ⇡ 2kx,max andWk� ⇡ 2k�,max. This simpli�es the expressions
for the spatial resolution to

�x ⇡ 1
2kx,max

=
1

�
2�Gftf

�� ⇡ 1
2k�,max

=
1

�
2� 2Gp,maxtp

(4.4.9)

and for the highest frequencies in k-space:

Wkx ⇡ 2kx,max = Nf�kx () kx,max =
Nf�kx

2
=

Nf

2FOVx

Wk� ⇡ 2k�,max = Np�k� () k�,max =
Np�k�

2
=

Np

2FOV�
.

(4.4.10)

While many of the equations presented in this section were derived according to a Cartesian
sampling geometry, they can be extended to other sampling approaches such as radial k-space
sampling, which will soon be discussed in brevity. The translation requires speci�c knowledge
about all applied gradients with an identi�cation of their overall impact on how k-space is sampled
or traversed. It is furthermore important to note, that the previous discussion indicated that
phase encoding is applied in k�-direction and frequency encoding in kx -direction. While this
is commonly the de�ned case, it does not represent the general situation in Cartesian k-space
sampling and cannot be easily extended to further sampling schemes. Nevertheless, the extension
to three-dimensional Cartesian k-space sampling is obvious and straightforward.
An additional and common method of traversing k-space is to sample on a polar instead of a
Cartesian grid. For the purpose of MRI, this employs the advantage of sampling the centre of
k-space with each line through k-space. This property makes the overall acquisition less prone to
motion artefacts since the image’s contrast information is stored in the centre region of k-space.
The path through k-space that is traversed during sampling of the signal after excitation is referred
to as interleave or read-out. The sampling scheme that is obtained by all interleaves, in order
to sample the entire k-space, is called trajectory. Two interleaves of a radial k-space trajectory
are depicted in red in �gure 4.4.1. According to the sequence diagram shown in �gure 4.4.2b,
phase and frequency encoding in two directions each is necessary to generate the required set
of interleaves�. The sequence diagram also introduces the echo time TE and repetition time TR.
Thereby, TE is the time from the (magnetic) centre of the excitation pulse to the middle of the
frequency encoding gradient 7. The repetition time denotes the time interval between successive
excitations. The disadvantage of radial sampling is its inhomogeneous distribution of sampling
points, which leads to an increase of necessary (Nyquist sampling) and equally spaced k-space
interleaves by a factor of �/2, compared to the corresponding two-dimensional Cartesian case.
Gradient values are obtained by rotating an initially calculated read-out gradientG by an angle

�One might also sample k-space on a polar pattern just by using frequency encoding gradients to start the
acquisition directly at the centre of k-space.

7Generally, the echo time can be de�ned as the time, measured from the (magnetic) centre of the excitation pulse
to the (time)-point at which the highest signal amplitude is received by the spectrometer after each excitation.
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(increment) � = (180/Nt)� with Nt being the total number of interleaves:

Gx,i = G0 cos�i
G�,i = G0 sin�i ,

(4.4.11)

where G0 denotes the gradient amplitude for sampling a central k-space line (either kx = 0 or
k� = 0). Since the data acquired on a polar sampling grid does not coincide with data acquired
on a Cartesian grid, the data is interpolated (gridded) onto a 2D Cartesian grid and then Fourier
transformed. This interpolation is accomplished by convolving the radial spoke data with a
gridding kernel of which an in�nite sinus cardinal kernel would (theoretically) yield best results
[18]. Since an in�nite kernel is impractical, the widely used Kaiser-Bessel kernel has shown
overall acceptable interpolation qualities at a reasonable window width. The Kaiser-Bessel kernel
is de�ned in the following way:

CKB(k) =
8>><
>>:
(1/L)I0�

p
1 � (2k/L)2 for |k |  L/2

0 for |k | > L/2 .
(4.4.12)

In which L denotes the kernel width, I0(k) the zero-order modi�ed Bessel function of the �rst
kind and � a shape parameter, which is to be chosen adequately. The modi�ed Bessel functions of
the �rst kind can be de�ned by the contour integral

In(k) =
1
2�i

º
exp{(k/2)(t + 1/t)}t�n�1dt , (4.4.13)

for any integer value n � 0 and the contour encloses the origin and is traversed in a counter-
clockwise direction. Figure 4.4.3 shows a Kaiser Bessel window of width L = 50 and � = 4 in the
time and frequency domain, according to eq. (4.4.12) and eq. (4.4.18).
The gridding process can mathematically be described by introducing a (non-Cartesian) sampling
function [19]

S(kx ,k� ) =
N’
i=1

�2(kx � kx,i ,k� � k�,i ) , (4.4.14)

where �2 denotes the two-dimensional Delta function and a total ofN sampled points is considered.
Thus, the magnetisation M is sampled at all points S(kx ,k� ), yielding the sampled data MS =

M(kx ,k� ) · S(kx ,k� ). Gridding is a convolution with the KernelC which leads to the gridded data

bMS
�
kx ,k�

�
=

⇥ �
M

�
kx ,k�

�
S
�
kx ,k�

� �
⇤C

�
kx ,k�

� ⇤
. (4.4.15)

The resampling onto a Cartesian grid again introduces the Dirac comb distribution such that eq.
(4.4.15) becomes

bM 0
S
�
kx ,k�

�
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�
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S
�
kx ,k�

� �
⇤C

�
kx ,k�

� ⇤
· III2

 
kx
�kx
,
k�
�k�

!
, (4.4.16)
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Figure 4.4.3.: Kaiser Bessel window of width L = 50 and � = 4 in the time and
frequency domain, according to eq. (4.4.12) and eq. (4.4.18).

with its Fourier transform being

bm0
S (x ,�) = [(m (x ,�) ⇤ s (x ,�)) c (x ,�))] ⇤ III2

✓
x

FOVx
,

�

FOV�

◆
. (4.4.17)

The convolution with the Kaiser-Bessel window in the frequency domain leads to an undesired
roll-o� e�ect which corresponds to an intensity modulation in the spatial domain. This e�ect can
be compensated by dividing the image by the Fourier transform of the Kaiser-Bessel function
after Fourier transformation (deapodization). The Fourier transform of the Kaiser-Bessel function
is given by

cKB(x) =
sin

⇣p
(�Lx)2 � �2

⌘
p
(�Lx)2 � �2

. (4.4.18)

The reconstruction also involves the introduction of a weighting function �(kx ,k� ) or weighting
factor for each measured point in k-space to account for variable sampling densities in k-space.
This density compensation is introduced during the gridding process which alters eq. (4.4.16) to
become

bM 0
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✓
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. (4.4.19)
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Otherwise the low frequencies in the centre region of k-space would be highly overpronounced
in the case of e.g. radial k-space sampling.
The example of sampling k-space on a polar grid is just one of many variations of k-space
sampling since the possible combination of phase and frequency encoding gradients appears
endless. Nevertheless, the presented reconstruction process is equal for all data that is not acquired
on a Cartesian grid and therefore also accounts for the later on introduced 3D k-space sampling
schemes.

4.5. Image Contrast

In contrast to X-ray or CT imaging, MR imaging produces a higher contrast between soft tissue
structures since the variations in relaxation times and in e.g. hydrogen spin densities are much
more diverse than the attenuation coe�cients in X-ray imaging.
The contrast in any MR image is governed by the measured amplitude of the transverse mag-
netisation. This amplitude is speci�cally dependent on the local spin density, the longitudinal
relaxation time T1 and the transverse relaxation time T (?)

2 . While any image is intrinsically spin
density weighted, the relaxation times have an impact on the measured magnetisation, dependent
on sequence speci�c parameters such as the �ip angle � , echo time TE and repetition time TR.
For sequences with short echo times, tissue speci�c di�erences in T (?)

2 relaxation emerge less
dominantly, leading to an image contrast that is less dependent on the transverse relaxation
time. Obviously, the opposite behaviour is achieved if TE is increased. This in�uence allows the
introduction of T (?)

2 contrast (weighting) in MR images. In the same way, image contrast can be
manipulated by varying TR. If e.g. two tissues A and B have relaxation times T1,A and T1,B with
T1,A ⌧ T1,B then a repetition time TR of e.g. 2T1,A < TR ⌧ T1,B will result in a partial saturation
of the transverse magnetisation of tissue B. This leads to a decrease in available longitudinal
magnetisation during successive excitation pulses, while nearly the entire magnetisation of tissue
A is constantly exploitable. Consequently, the choice of TR with respect to the T1 relaxation times
that occur within the imaging region impacts the measurable (tissue speci�c) magnetisation and
therefore the resulting image contrast. Commonly, aT1 weighted image is obtained for (relatively)
short echo and repetition times, while long echo and repetition times lead to a T (?)

2 weighted
image. A pure proton density weighted image can be obtained if both relaxation times become
negligible i.e. for short echo and long repetition times. Additionally, balanced MRI sequences
(b-SSFP, [20]) for which the net gradient-induced dephasing over an interval of TR is zero deliver
T2/T1 contrast if T2 < TR  T1.
In order to emphasize tissue speci�c di�erences in relaxation times, table 4.5.1 shows a list of T1
and T2 relaxation times, measured at a �eld strength of 1.5 T.
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Table 4.5.1.: Estimates of T1 and T2 relaxation times, measured at 1.5 T. [21]
Tissue T1 / ms T2 / ms
Gray Matter 950 100
White Matter 600 80
Muscle 900 50
Cerebrospinal Fluid 4500 2200
Blood 1400 200
Fat 250 60
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II.5 Instrumentation, O�-Resonance E�ects and
Post-Processing

The aim is of this chapter is to provide a brief overview on the setup and instrumentation of
MRI systems, including arising technical challenges which, when unsolved, lead to degraded
image qualities. Additionally, the concept of undersampling k-space, i.e. the reconstruction of
only a partially �lled k-space, is introduced. The arising imaging artefacts (aliasing) due to the
violation of Nyquist’s theorem are under certain conditions corrected using a reconstruction and
post-processing method called Compressed Sensing.

5.1. Coil Setup and Eddy Currents

A schematic depiction of an MR imaging system is shown in �gure 5.1.1 with two coil inserts,
one that generates the excitation �eld or RF �eld B1 using a birdcage con�guration and a second
coil set, responsible for the generation of the magnetic �eld gradient G. Both coil cages are
inserted within the (superconducting) main magnet. The RF coil system can also be used for
signal reception but dedicated surface coils, that are placed directly around or above the imaging
area, generally provide higher signal to noise ratios (SNR) and are therefore recommended. An
optimised signal receive chain is crucial since induced voltages are commonly in the range of a
few milli- or even microvolt.

Surface coils often consist of arrays of small receive coils, which further improve the SNR over
the entire FOV and allow for scan time reductions using parallel imaging (PI) techniques.
The complex image that is acquired by the i-th coil element can be described as the product of the
true image I (r ) with the complex coil sensitivity Bu(r ) with some additive Gaussian noise �G:

Ri (r ) = I (r )Bu,i (r ) + �G,i(r ), i = 1, ...,Nc , (5.1.1)

where Nc denotes the total number of coils in the coil array. The coil sensitivity can be expressed
by the ratio

Bu =
B1(t)
Icoil(t)

(5.1.2)

with B1 being some magnetic �eld that is produced by the current Icoil in the coil element. The
�eld Bu can be decomposed into a right circularly polarised component B+u and a left circularly
polarised component B�

u . The principle of reciprocity denotes the latter as the receive sensitivity
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5.1 Coil Setup and Eddy Currents

Figure 5.1.1.: Schematic depiction of an MRI machine with its basic components. The
main magnet produces the �eld B0 while the gradient coils generate
the magnetic �eld gradientG. In this drawing, the spin excitation as
well as the signal reception is achieved by the RF coil system.
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5.2O�-Resonance E�ects

(rotation in negative direction of spin system) of the coil which is given by the expression

B
�
u =

�
Bu,x � iBu,�

�⇤
2

. (5.1.3)

Likewise, the transmit sensitivity (�eld rotates with the the spin system) is given by

B
+
u =

Bu,x � iBu,�

2
. (5.1.4)

In order to achieve clinically acceptable scan durations, the gradient system achieves extremely
fast switching gradient pulses with millisecond durations and several mT/m in strength in addition
to the varying magnetic �elds, generated by transmit and receive coils. These high frequency mag-
netic oscillations cause inductive currents (eddy currents) in surrounding electrical components
such as gradient coils themselves, the main magnet and shim coils, as well as wires and RF-shields.
Such induced currents lead to additional time varying magnetic �elds and distortions in the main
magnetic �eld. Consequently, eddy currents decrease the e�ciency of gradient switching and
cause a variety of artefacts, such as shearing and blurring.
The magnitude of the induced eddy currents is strictly dependent on the rate of change of the
magnetic �elds. As a consequence, fast imaging sequences are more a�ected and therefore smaller
changes in gradient amplitude are preferred. Eddy currents and related artefacts can be reduced
by active shielding, special hardware design, image post processing or adapted sequence design.

5.2. O�-Resonance E�ects

The adverse e�ect of eddy currents on the main magnetic �eld B0 violates the theoretical assump-
tion that B0 is uniform across the sample and that all 1H spins precess with an equal Larmor
frequency. The arising so-called o�-resonant behaviour of the spin system is additionally en-
hanced by susceptibility induced �eld variations and, as discussed earlier, by the chemical shift.
Where the latter is necessary for the concept of nuclear magnetic resonance spectroscopy, it is
the source of imaging artefacts in the case of MRI.
Despite rapid technological advances over the last years, the main magnet will still never produce
an entirely homogeneous magnetic �eld within the scanner bore. The homogeneity of the external
magnetic �eld is especially disturbed by the (changing) magnetic properties of the patient or
phantom, leading to the requirement of dynamic or active shim systems using dedicated shim coils.
Static or passive shimming is achieved using carefully placed arrays of ferromagnetic materials
such as iron or steel, which can improve the overall �eld uniformity (empty bore) up to 1 ppm
over a bore volume of ⇡ 50 cm diameter. A 3 T system that is passively shimmed to a uniformity
of 1 ppm results in a �eld deviation of 3 µT over the given volume, yielding a maximum frequency
o�set of ⇡ 128Hz for protons while the resonance frequency of 1H at 3 T is ⇡ 128MHz.
Di�erent magnetic susceptibilities � within the sample lead to spatially dependent B0 variations
due to di�erent levels of bulk magnetisation. The higher the gradient in magnetic susceptibility is,
the more the local homogeneity of B0 is disturbed, which is especially the case at the boundaries
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5.2 O�-Resonance E�ects

between two materials or tissues with signi�cant di�erences in � such as e.g. air and tissue. The
arising �eld distortions are commonly on the order of a few ppm.
Additionally, due to chemical shift related changes in Larmor frequency, main �eld inhomo-
geneities and susceptibility induced variations further contribute to a wider range of occurring
proton resonance frequencies. The consequence is a strengthening of T?

2 relaxation, resulting in
faster signal decays and shorter possible signal acquisition durations for each interleave.

Figure 5.2.1.: Arising image blur due to the point spread function related to fastT (?)
2

relaxation.

The imaging e�ect that arises due to strong o�-resonance e�ects and therefore short T?
2

relaxation times is blur in the image domain. According to �gure 5.2.1, the measured object is
obtained by a convolution of the ideal and sharp image with a Lorentzian that is obtained as the
Fourier transform of the T?

2 relaxation curve: The Fourier transform of an exponential decay
f (x) = exp {�k0 |x |} with decay rate k0 is calculated to be

Fx

h
e�k0 |x |

i
(k) =

π 1

�1
e�k0 |x |e�2� ikxdx

=

π 0

�1
e�2� ikxe2�xk0dx +

π 1

0
e�2� ikxe�2�k0xdx

=

π 0

�1
[cos(2�kx) � i sin(2�kx)]e2�k0xdx ...

... +

π 1

0
[cos(2�kx) � i sin(2�kx)]e�2�k0xdx .

(5.2.1)
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Setting u B �x and therefore du = �dx yields:

Fx

h
e�k0 |x |

i
(k) =

π 1

0
[cos(2�ku) + i sin(2�ku)]e�2�k0udu ...

... +

π 1

0
[cos(2�ku) � i sin(2�ku)]e�2�k0udu

= 2
π 1

0
cos(2�ku)e�2�k0udu .

(5.2.2)

Which can be identi�ed as the damped exponential cosine integral [22] and therefore

Fx

h
e�2�k0 |x |

i
(k) = 1

�

k0
k2 + k20

, (5.2.3)

which is a Lorentzian function for which the FWHM increases as the decay rate k0 B 1/T?
2

increases.

5.3. Signal to Noise Ratio

Noise contributions to NMR experiments arise from several sources such as resistive elements,
the electrical load of the patient or even the bandwidth of the NMR signal digitizer. Noise - as a
statistical quantity - is described by its mean h� i and its standard deviation

SD� =
p
h� 2i � h� i2 . (5.3.1)

The average h� i can either be zero or non-zero. The case h� i , 0 is referred to as biased
respectively the noise has a DC o�set. While any DC noise component can simply be removed
during the post-processing process, any noise source that contributes with h� i = 0 needs speci�c
consideration.
Generally, the signal to noise ratio (SNR) is de�ned as the ratio of the power of a signal to the
power of background noise. Since MRI is an imaging modality, the SNR is usually calculated
as the ratio of the mean pixel value to the standard deviation of the noisy pixel values SDI,� .
Consequently, the SNR of each k-space measurement is often de�ned as∗

SNR =
hSi
SDI,�

. (5.3.2)

A common method to increase SNR at the cost of scan duration is to increase the number of
k-space read-outs even far beyond the Nyquist limit. It is also common to repeat the entire
sequence itself n-times (n repetitions). The idea behind this process is to add signals of equal
k-space read-outs under the assumption that each signal hast the same standard deviation. The

∗The given equation is valid as long as the original complex representation of the image is considered. In the case
of a magnitude image, this formula will overestimate the SNR by approximately 53%, since the noise in magnitude
images follows a Rayleigh distribution with a non-zero mean and not a Gaussian distribution with a zero mean. The
underestimation of the measured noise standard deviation �app is corrected by setting � = �app/0.655 [23].
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5.4 Thermal/Johnson Noise

sum of two noisy signals S1 = {s1,1, s1,2, ...} and S2 = {s2,1, s2,2, ...} is

S1 + S2 = {s1,1 + s2,1, s1,2 + s2,2, s1,3 + s2,3 + ...} . (5.3.3)

The standard deviation of e.g. the �rst point of S1 + S2 results as

⇥
SD

�
s1,1 + s2,1

� ⇤2
=

D�
s1,1 + s2,1

�2 � ⌦�
s1,1 + s2,1

�↵2E

=
D
s21,1 �

⌦
s1,1

↵2E
+

D
s22,1 �

⌦
s2,1

↵2E
+ 2

⌦
s1,1s2,1

↵2 � 2
⌦
s1,1

↵ ⌦
s2,1

↵
.

(5.3.4)

We demand uncorrelated and unbiased noise i.e. hs1,1s2,1i = 0 as well as hs1,1i = hs2,1i = 0 which
yields

⇥
SD

�
s1,1 + s2,1

� ⇤2
= SD(s1,1)2 + SD(s2,1)2 . (5.3.5)

For the sake of representation, we now set s1,1 = s2,1 and obtain the result

SD(2s1,1) =
p
2SD(s1,1) . (5.3.6)

Under the given constraints, the result shows that adding N measurements yields an increase in
SNR by factor

p
N since

SNR =
hSi
SDI,�

) N · hSip
N · SDI,�

. (5.3.7)

This result is rather unfavourable since an increase in scan duration by a factor of 2 only yields
an increase in SNR by a factor of

p
2 ⇡ 1.41. Thus, an increase in SNR by factor of 2 is achieved if

the scan duration is quadrupled.

5.4. Thermal/Johnson Noise

The main source of noise in any NMR or MRI experiment arises from the Brownian motion of
electrons in all conductive hardware components and even in the patient. This electron motion
causes random electrical �uctuations, leading to the so-called thermal, resistance or Johnson noise
[24]. The main noise contributions are the resistance of the receiver chain RR and the resistance
of the sample RS as seen by the receiver. The contribution to the mean-squared noise voltage,
associated with Johnson noise within a receiver bandwidth �� , is given by the relation

hN 2(�� )i = 4kBT�� (RR + RS) . (5.4.1)

For high magnetic �elds (usually > 1T), the load of the sample or patient becomes the dominant
noise component. As the external magnetic �elds penetrate the conductive coil load, the magnetic
�elds slowly dissipate as heat by creating eddy currents (skin e�ect, section 5.1). The induced
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5.5Compressed Sensing

currents then induce (noise) currents in the inductively coupled receive coil. The (electrical)
power P that is dissipated in the conductor is

P = I 2R = V 2G , (5.4.2)

with I being the current, V the voltage and G = 1/R is the conductance of the sample, tissue
etc. A coupled coil of area A emits/receives e.g. a perpendicular sinusoidal �eld of the form
fB = B1 cos(�0t) from which the induced voltage can be derived using Faraday’s law and the
magnetic �ux�:

V = �d�
dt

/ �0B1 cos(�0t)A . (5.4.3)

The conductance of a (receive) coil with conductivity � , length l and cross section C is

G = �
C

l
, (5.4.4)

which yields

P = V 2G /
�2
0B

2
1A

2C

l
. (5.4.5)

If we set I = 1A and use the principal of reciprocity (section 5.1), then the sensitivity of the coil is
governed by the factor

RC / �2
0B

2
x� , (5.4.6)

where Bx� is any �eld in the x�-plane to which the coil is sensitive. Conclusively, the Johnson
noise in high �eld NMR experiments is governed by the expression

p
hN 2i = c

q
4kBT��� 2B2

0 (5.4.7)

with c being a constant of proportionality.

5.5. Compressed Sensing

In MRI, undersampling is a common concept to shorten acquisition times, especially in cases
where high spectral or spatial resolutions are required. Thereby, a reduction in scan duration is
achieved by measuring less interleaves than required by Nyquist’s theorem. The result is an only
partially �lled k-space for every acquired image, leading to undersampling or aliasing artefacts
whose appearance is strictly dependent on the underlying k-space sampling scheme such as e.g.
Cartesian or radial sampling (section 4.3).
The mathematical framework of Compressed Sensing (CS) is one of the most widely used post-
processing and reconstruction techniques for (highly) undersampled MRI data, which is increas-
ingly used in clinical routine. The philosophy of CS is to reconstruct an image that is free from
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aliasing artefacts (Nyquist sampled) from a signi�cantly reduced number of acquired data points
by exploiting the sparsity of the data either directly or in a transformed domain. More precisely, if
an acquired Nyquist sampled image is su�ciently sparse, then a set of data points can be omitted
without losing the possibility of reconstructing the original and Nyquist sampled data from the
reduced set of data points. The question that therefore arises for any CS reconstruction is: How
many coe�cients in a transformed domain are necessary in order to reconstruct an image within
a given data �delity? This leads to an optimisation problem in which the number of non-zero
entries has to enter. This might be achieved by using the lp norm of a vector s of size N with
p � 1:

kskp =
 
N’
i=1

|si |p
!1/p
. (5.5.1)

For p = 0, the given equation is not valid, and instead the l0 norm is de�ned as the number
of nonzero elements in s . But the application of the l0 norm leads to non convex optimisation
properties i.e. the existence of multiple locally optimal solutions, which hinders the optimisation
process. However, for p = 1 a convex optimisation problem is achieved which is the reason for a
common usage of the l1 norm [25].
Furthermore, a data �delity term has to enter the optimisation problem for which the l2 norm is a
convenient choice since small errors are (relatively) less and large errors are more considerably
penalised. Hence, the constrained optimisation problem consists of two terms: The l1 norm of the
transform coe�cients to ensure sparsity, and the l2 norm of the measured data and its iterative
behaviour to account for data consistency.
The entire optimisation problem is therefore given by:

minimize k�mk1 (5.5.2)

s.t. kFum �Äk2 < � , (5.5.3)

wherem is the desired (Nyquist sampled) image, Ä is the measured k-space data,� introduces the
sparsifying transform, and � is a �delity threshold. The expression Fum yields the undersampled
Fourier transform ofm. The given constrained optimisation problem can also be represented
in an unconstrained fashion by introducing a regularisation parameter � that accounts for the
relative weighting of the sparsity and �delity term:

argminm kFum �Äk22 + �k�mk1 . (5.5.4)

The success of a CS reconstruction is based on three factors: The incoherence of measurements,
the sparsity/compressibility of signals, and the e�ciency of the reconstruction algorithm [26]. It
has often been shown [26, 27] that random undersampling provides a perfect precondition for a
CS reconstruction. Section 10.1 will show that random undersampling leads to incoherent aliasing
artefacts, i.e. aliasing properties are achieved that are represented as frequency limited white noise
in the image domain. The representation of coherent artefacts requires a set of speci�c (Fourier)
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coe�cients, which in turn reduces the sparsity of the acquired signal, compared to randomly
sampled data. [A1] therefore represents a quasi- or pseudo-random k-space sampling scheme that
leads to such preferred undersampling properties. A detailed mathematical derivation of random
undersampling in combination with a CS reconstruction is additionally presented in [A1].
Most (e.g. in-vivo) MR images are expected to demonstrate piece-wise continuous behaviour,
i.e. the di�erent anatomical structures are supposed to show uniform characteristics. The corre-
sponding image data is therefore supposed to emerge a small total variation which is why the
sparse-transformation of the non-sparse MRI data is often achieved using total variation. The
concept of total variation can additionally be exploited in the regularising term during image
reconstruction since it ensures that the reconstructed imagem is free of discontinuities. The
resulting minimisation problem including total variation was introduced by Rudin et al. [28] and
is given by

inf
m

T (m) =
π
�
|Ä �m |2 du + �

π
�
|rm | du , (5.5.5)

where the integration is applied over the entire n-dimensional image domain �.
The solution to the optimisation problem of eq. (5.5.5) is usually iteratively estimated using a
nonlinear conjugate gradient approach (NCG). The NCG methods calculates the direction of the
gradient, which is given by di�erentiating eq. (5.5.5). At each step, the length of the step to be
taken in gradient direction is calculated by a line-search parameter [29]. The iteration stops if the
di�erences between successive iterations are negligible or if the value of the threshold parameter
� in eq. (5.5.3) is below a prede�ned value.

61





Part III.

Low-Discrepancy Single-Point Magnetic
Resonance Imaging





III.6 Theoretical Concepts

There are two possible outcomes: if the
result con�rms the hypothesis, then you’ve
made a measurement. If the result is
contrary to the hypothesis, then you’ve
made a discovery.

(Enrico Fermi, 1901 � 1954)

6.1. Single-Point Ramped Imaging with T1 Enhancement

In August 1985, �ve years after the �rst clinically used MR image was acquired at the University
of Aberdeen using a scanner developed and built by a team led by J. Mallard, the �rst publication
discussing single-point NMR imaging was published by S. Emid et al. [30].
While NMR imaging in liquids was already accomplished for various applications [31], the imaging
of solids was limited by extremely low resolutions due to very broad lines in solids [30] as a
consequence of ultrashort T?

2 relaxation times caused by paramagnetic impurities, susceptibility-
induced �eld gradients and chemical shift anisotropies [32–35]. The line broadening, introduced
by the Lorentzian in �gure 5.2.1 occurs only if theT?

2 relaxation curve is at least partially measured.
The idea of single-point imaging is - as the name suggests - to only sample one point in k-space
at a constant time after each excitation. Therefore, the measured image is not obtained by a
convolution of the original image with a Lorentzian but instead by a convolution with a delta
function whose intensity depends on the amplitude of the sampled point ink-space. The remaining
dominant e�ects for image blurring are caused by �nite sampling (section 4.3) and blur introduced
by T1 relaxation [36].
The earliest single-point imaging (SPI) methods are commonly referred to as constant time imaging
(CTI) [34], since each k-space point is acquired at a constant delay tacq between excitation and
sampling. The meaning of tacq is therefore similar toTE as long as the situation of FID sampling (no
phase encoding gradients) is considered. In CTI, phase encoding∗ is achieved between excitation
and sampling such that the phase encoding gradients are turned o� directly after sampling, to
allow for cooling of the gradient system, and are reinitialised prior to the next excitation. Since
the phase encoding duration is also constant, which means that the encoding of the following
point in the trajectory is achieved by changing the gradient amplitude, the time TR (repetition
time) between successive excitations is also constant.
The ine�ciency that arises due to gradients being turned on and o� for each point in k-space was
overcome by advances in hardware design, which permitted more e�cient sequences. In 1999, B.

∗Single-point imagingmethods are by construction pure phase encodingmethods (fully phase-encoded acquisition).
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6.1 Single-Point Ramped Imaging with T1 Enhancement

J. Balcom et al. published a novel SPI approach [37] called „Single-Point Ramped Imaging with T1
Enhancement (SPRITE)“ which solved basic problems of the original CTI approach. Thus, such
advanced SPI methods are intrinsically three-dimensional since the sequence design does not
allow for slice selection and therefore pulsed gradients in all three dimensions are required [38].

Figure 6.1.1.: Sequence diagram of the SPRITE sequence introduced by Balcom et al.
in 1999 [37].

According to the SPRITE sequence diagram shown in �gure 6.1.1, the gradients are not ramped
to zero after each sampling event. More speci�cally, the primary phase encoding gradient (Gx )
is step-wise ramped down from its maximum positive to its minimum negative amplitude. The
secondary encoding gradients (G� and Gz ) are at the same time kept constant for one complete
cycle of the primary phase encoding gradient [37]. The idea of ramped encode gradients permits
imaging with greater speeds and minimises gradient vibrations arising from eddy currents. A
detailed discussion about image resolution and signal to noise ratio for the case of the SPRITE
sequence is also given in [37].
In clinical routine, the concept of SPI is of interest since it permits imaging of tissues close to
magnetic objects such as implants or prosthesis. The de�nite use in clinical routine is unfortunately
hindered by extremely long acquisition times since a full TR is required for every acquired
point in k-space in contrast to conventional gradient echo imaging sequences. It is therefore
necessary to keep TR as short as possible, which commonly means that subsequent pulses occur
beforeMz has completely returned to its initial value †, leading to a so called partial saturation
Mps < Mz (0) = M(0). As a consequence, image contrast can be manipulated by a partial saturation
of the longitudinal magnetisation, which is dominated by the fraction TR/T1:

Mx,� (t = TE) = M(0) 1 � exp(�TR/T1)
1 � exp(�TR/T1) cos�

sin� ·
�
exp

�
�TE/T?

2
� �
, (6.1.1)

†Due to the exponential recovery of the longitudinal magnetisation (eq. (2.2.2)), after TR = T1 the available
magnetisation is ⇡ 0.63M0 while it is ⇡ 0.99M0 for TR = 5T1.
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6.2Low-Discrepancy Sequence

where � is again the �ip angle introduced by the RF pulse and full spoiling is assumed‡. A
derivation of the Ernst equation (eq. 6.1.1) is given in the appendix.

6.2. Low-Discrepancy Sequence

Single-point imagingmethods allow for sophisticatedk-space sampling schemes, since the position
of subsequently acquired points is not de�ned by a frequency encoding gradient. Thus, sampling
schemes can be constructed which are e.g. adapted to speci�c energy distributions in k-space or
are optimised with respect to conditions that are de�ned by a reconstruction algorithm such as
Compressed Sensing. The necessity of undersampling in order to reduce acquisition durations
is obvious by e.g. considering a three-dimensional (in-vivo knee) SPI scan at 1.5mm isotropic
resolution (FOV = 20 cm iso) with TR = 3ms:

tSPI = TR ·
✓
FOV
�

◆3
= TR ·

✓
200mm
1.5mm

◆3
⇡ TR · 2.37 · 106 = 3ms · 2.37 · 106 ' 7.11 · 103 s . (6.2.1)

In contrast to a duration of 88.4 s for a Cartesian gradient echo sequence with identical scan
parameters and TR = 5ms. A combination of an undersampled SPI sequence with a Compressed
Sensing reconstruction appears therefore reasonable since the k-space sampling scheme can be
ideally adjusted to the (random) sampling conditions of Compressed Sensing [26]. While purely
random sampling is unfavourable for the case of MRI since it leads to regions of various point
densities (accumulation points), quasi-random sampling schemes [40] can provide a more uniform
coverage of k-space while maintaining a certain random character. The discussion in the current
and in the following section is an introduction to the methods, described and used in [A1]. Some
of the content will therefore be congruent with the content of the reprinted publication.
Figure 6.2.1 shows the di�erence between a random point-set in a) and a qausi-random point-
distribution in b). The quasi-random distribution shows a more homogeneous coverage of the
given area than a purely random generated set of points [41]. The equidistribution of points can
be characterised by calculating its discrepancy, which is why such sequences are often referred to
as low-discrepancy sequences [42]. In the context of this thesis, the discrepancy is de�ned in the
following way: One considers a set of N points X = x1,x2, ...,xN within an n-dimensional and
half open unit cube 1n = [0, 1)n . A subinterval � of 1n contains A(� ) of the total of N points and
V (� ) denotes the volume of � . The discrepancyD(� ,N ) is then de�ned as

D(� ,X ) =
����A(� )N

�V (� )
���� . (6.2.2)

‡During a sequence of successive excitation pulses, spoiling is sometimes necessary to reduce the impact of the
previously encoded signal (magnetisation) during the following acquisition events. Spoiling is commonly achieved by
the application of spoiler gradients prior to each excitation, but also radio frequency based spoiling approaches are
possible [39]. During gradient spoiling, the strength of the spoiler gradient is varied linearly or semi-randomly from
excitation to excitation. In the case of the SPRITE sequence, the ramped gradients provide an intrinsic way of signal
spoiling.
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Figure 6.2.1.: Random 2D point distribution in a) and a quasi-random distribution in
b) (20,000 points each). The quasi-random distribution achieves a more
homogeneous coverage of the shown area (k-space). Taken from [A1]
in accordance with the copyright transfer agreement. ©2018 IEEE.

The discrepancy of the volume � is therefore calculated as the di�erence between the number of
points in � compared to the unit cube, and the volume � compared to the volume of 1n .
The usual scenario is that the discrepancy of the entire point-set within 1n = [0, 1)n is of interest.
This is achieved by calculating the discrepancy of eq. (6.2.2) for various volumes � ⇢ 1n and by
setting

D?(X ) = max
�

|D(� ,X )| . (6.2.3)

The aim of any low-discrepancy or quasi-random sequence is thus the minimisation of the star
discrepancy D? [43]. While there are numerous low-discrepancy sequences, the most commonly
used multidimensional sequences which are known from Monte-Carlo integration are the Sobol
[44, 45], Faure [44] and Halton sequence [46]. In summary, the discrepancy of a sequence only
accounts for the equidistribution of points and not for the random character of the sampling
scheme. The Sobol point-set shown in �gure 6.2.1b clearly indicates di�erences to a Cartesian
grid in terms of point distances but the random character needs further to be evaluated.

6.3. Sampling Point Spread Function

The point spread function (PSF) of an imaging system describes its response to a point source, i.e.
how a point object is represented by the imaging system [17]. Since the measured image Im is by
de�nition obtained by a convolution of the object Io with the corresponding PSF: Im = Io ⇤ PSF,
the PSF can account for all image degrading e�ects such as e.g. blurring (due to e.g. o�-resonance
e�ects), aliasing, duplications (section 4.3) or even motion.
Following the previous discussion on low-discrepancy sampling schemes, the PSF can especially

68



6.3Sampling Point Spread Function

account for artefacts that are introduced by the k-space sampling scheme i.e. the distribution
of sampled points in k-space [47]. Thus, the PSF of the sampling scheme accounts especially
for aliasing artefacts if k-space is not sampled according to Nyquist’s theorem. While Cartesian
aliasing artefacts appear as duplications of the image in the spatial domain, aliasing artefacts for
other sampling geometries are noticeable di�erent in their aliasing behaviour.
The PSF of a sampling scheme can be simulated by interpolating the sampling points onto a
Cartesian grid and by applying an inverse fast Fourier transform (FFT)§ to the gridded data
(section 4.4). Before gridding, each sampling point with k-space coordinates K = (kx ,k� ,kz ) is
assumed to have unit energy, i.e. the sampled k-space is �lled with ones. Each k-space point
is additionally multiplied by a constant that accounts for di�erent k-sapce sampling densities
(section 6.4). Exemplary, �gure 6.3.1 shows four di�erent point spread functions that were obtained
using a Nyquist sampled Cartesian grid in a), an eight-fold undersampled quasi-random sampling
scheme in b), eight-fold radial undersampling� of a radial trajectory in c) and eight-fold polar
undersampling of a radial trajectory in d).

Figure 6.3.1.: PSF and images resulting from Nyquist sampling (a), eight-fold quasi-
random undersampling (b), eight-fold radial undersampling of a radial
trajectory (c) and eight-fold polar undersampling of a radial trajec-
tory (d). Taken from [A1] in accordance with the copyright transfer
agreement. ©2018 IEEE.

While the PSF, resulting from a Nyquist sampled k-space in a) shows only the desired centre-
peak�, all three other PSFs which correspond to eight-fold undersampling show clear intensity
modulations. Both PSFs that correspond to an undersampled radial sampling scheme show
coherent undersampling artefacts which are visible as continuous artefact structures in the
reconstructed images on the right-hand side of each PSF. In contrast to those, the undersampled
quasi-random trajectory leads to artefacts that are more similar to the introduction of white noise

§The fast Fourier transform (FFT) is a discrete Fourier transform algorithm which reduces the complexity for N
points from 2N 2 to 2N log2 N .

�In radial undersampling, the number of radial spokes is identical to Nyquist sampling but the number of measured
points on each radial spoke is reduced. Polar undersampling refers to the case in which entire radial spokes are not
measured.

�In a perfect imaging system, the PSF would be a Dirac delta function with a peak base width of one pixel.
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6.4 Voronoi Tessellation

in the image. The corresponding PSF is characterised by a more homogeneous distribution of
aliasing energies over the domain of the PSF. Furthermore, the side-lobe to peak ratio in the
PSF, which is a measure for occurring coherences is noticeable the lowest for the quasi-random
sampling scheme.
The simulation of the PSF of quasi-random sampling schemes is therefore an appropriate method
to evaluate its capabilities in combination with a CS reconstruction. While a CS reconstruction
requires random sampling properties, also a homogeneous coverage of k-space is desirable in
order to increase the e�ciency of the k-space sampling scheme. Figure 6.3.2 highlights the
disadvantages of pure random sampling by showing the associated PSF and the reconstructed
image for the same number of points than used for �gure 6.3.1b.

Figure 6.3.2.: PSF and reconstructed image of true random undersampling. Taken
from [A1] in accordance with the copyright transfer agreement. ©2018
IEEE.

6.4. Voronoi Tessellation

The gridding process in MRI can be mathematically described in the following way7:
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C . (6.4.1)

The functionM
�
kx ,k�

�
is hereby sampled according to the non-Cartesian sampling function

S(kx ,k� ) =
N’
i=1

�2(kx � kx,i ,k� � k�,i ) (6.4.2)

and is multiplied by a weighting or density compensation function (DCF) ��1
�
kx ,k�

�
. The

sampled points are then convolved onto the reconstruction grid III2 by the convolution kernel C .
Deapodization is performed in the spatial domain and is equivalent to the deconvolution of the
gridded points with the kernel C [49].
In the case of Cartesian sampling, the FFT can be directly applied onto the sampling grid in order

7We again restrict ourselves to the notation of the two-dimensional case in accordance to section 4.4 since the
three-dimensional case would introduce no other concepts. A discussion of n-dimensional kernels can be found in [48].
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to reconstruct an image. Nevertheless, the data can also be gridded using eq. (6.4.1) and by setting
�
�
kx ,k�

�
⌘ c with c being any real valued and positive number. The fact that � is constant arises

because all sampling points are entirely homogeneously spread i.e. the k-space sampling density
is constant. Any sampling situation in which the k-space sampling density is spatially dependent
leads to the necessity of calculating a corresponding DCF for the k-space sampling scheme. While
in the case of e.g. 2D or 3D radial sampling, this can be analytically accomplished, an analytical
solution is di�cult to �nd for trajectories that do not follow strict sampling symmetries.
A solution to the problem can be obtained by calculating the Dirichlet or Voronoi tessellation
of the sampling scheme [50] and by multiplying each sampling point with the volume of its
Voronoi cell (eq. (4.4.19)) [51]. In physics, Dirichlet tessellations are well-known from the concept
of Brillouin zones in solid-state physics [52]. Historically, this kind of tessellation was initially
proposed by P. Dirichlet [53] in the year 1850 and was extended by G. Voronoy [54] in 1908. The
mathematical concept is according to [A1] as follows:
A �nite set of points {xi : i = 1, ...,N } is considered and each element xi is called a generator of
a Voronoi cell in the Euclidean space Rn . The Voronoi cell of a generator is then de�ned as

Vi B {x 2 Rn |Pi (x) < Pj (x) 8j , i}, (6.4.3)

where Pi is a given set of continuous, generalised square distance functions on Rn . Since
8i : xi 2 Vi , any point x 2 Vi is closer to xi than to any other xj with i , j . Additionally, each Vi
represents an open neighbourhood of xi . The intersection of the closures of neighbouring cells is
called contact boarder and is de�ned as

�i j B V i \ V j with i , j . (6.4.4)

Thus, the contact boarder �i j is given by all points that are equidistant from xi and xj concerning
the de�nition of P . We can therefore also write

�i j = {x 2 Rn |Pi (x) = Pj (x)} . (6.4.5)

In general, the complete Voronoi tessellation of a set of points {xi : i = 1, ...,N } within Rn is
given by the set of all Voronoi cells with their respective contact boarders for all xi .
The volume of the Voronoi cell is numerically computed as the volume enclosed by the convex
hull that is derived from the introduced Voronoi tessellation. Exemplary, �gure 6.4.1 shows the
Voronoi tessellation of the centre region of a spiral k-space trajectory. All sampling points are
indicated in red and each point is enclosed by its respective Voronoi cell.

The major disadvantage of calculating Voronoi cells and their corresponding volumes is, that it
is a generally time consuming process, making direct (on-site) image reconstructions di�cult. An
exact estimation of the Voronoi volumes is nevertheless crucial since the overall image sharpness
(PSF FWHM) is highly in�uenced by the quality of the Voronoi tessellation. It is therefore explicitly
important to consider the trade-o� between numerical runtime of the volume calculation and the
resulting image qualities. But even with the employed and computationally extensive density
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6.4 Voronoi Tessellation

Figure 6.4.1.: Voronoi tessellation of the centre region of a spiral k-space trajectory.
All sampling points are indicated in red and each point is enclosed by
its respective Voronoi cell.

compensation algorithm, some Voronoi cells might be incorrectly estimated since the problems
can become numerically unstable for high point densities, especially occurring around the centre
of k-space. Such errors can introduce DC artefacts as well as blurring and intensity modulations.
In all of the presented work, the Voronoi tessellation was achieved using the Quickhull algorithm
[55], which is based on a divide and conquer approach to compute the convex hulls. The worst
case complexity for a 2-dimensional or 3-dimensional space is considered to beO(n log r ), where n
is the number of input points and r is the number of processed points[55]. The volume calculation
is then based on the problem of �nding the enclosed volume of a polyhedron (3D) or a polytope
in general. While there are many non-trivial numerical approaches to estimate polytope volumes
[56], the problem of �nding a valid and exact implementation for n-dimensional areas remains
challanging [57, 58]. Nevertheless, based on the presented research, it appears that errors in
the measured trajectory estimation far exceed inaccuracies in the volume calculations of the
polyhedrons ([A1] and [A2]).
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III.7 Article 1

7.1. Author’s Contributions

I IEEE Trans Med Imaging, 37(2): 473-479, 2018.

The author developed and implemented the imaging modality. Furthermore, the author acquired
the presented data and contributed signi�cantly to the interpretation of the results, prepared the
�gures, and assumed a leading role in the preparation of the manuscript. The author is the main
author.

7.2. Art.1: IEEE Trans Med Imaging, 37(2): 473-479, 2018.

The following article [A1] was published as:

T. Speidel, J. Paul, S. Wundrak and V. Rasche
Quasi-Random Single-Point Imaging using Low-Discrepancy k-Space Sampling
IEEE Trans Med Imaging, 37(2): 473-479, 2018.
DOI: 10.1109/TMI.2017.2760919

©2018 IEEE. Reprinted with permission from [A1].
The reprint is the accepted version of the article.
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7.3. Summary

The following reprinted publication „Quasi-Random Single-Point Imaging using Low-Discrepancy
k-Space Sampling“ presents a magnetic resonance imaging modality, based on low-discrepancy
k-space sampling in combination with single-point MR imaging and Compressed Sensing re-
construction techniques. The sequence was constructed based on the SPRITE sampling scheme
[38], with present magnetic �eld gradients during each RF excitation. This allows for imaging
of ultrashort T?

2 components [32] by especially focusing on metal artefact related o�-resonance
e�ects [59] (section 5).
The three-dimensional quasi-random sampling scheme was created using an adapted Sobol base-2
sequence due to its e�cient numerical implementation [40, 45]. Additionally, a quadratic k-space
centre oversampling was created, which enhances the quality of the Compressed Sensing recon-
struction as well as better exploits the energy distribution in k-space [26]. This was accomplished
by reducing the cuboid-shaped sampling k-space to an ellipsoid-shaped k-space by removing all
sampling points outside of the ellipsoid and by adding a speci�c number of points in favour of
the density modulation. An exemplary sampling pattern with centre-oversampling is shown in
�gure 7.3.1.
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Figure 7.3.1.: Plot of the �nal sampling pattern, calculated exemplary for twenty-
thousand points with 20 % backfolding. Taken from [A1] in accordance
with the copyright transfer agreement. ©2018 IEEE.

The drawback of the method of centre-oversampling is, while along the radial direction a
desired density gradient is achieved, the angular position of the newly introduced points follows
a random behaviour, leading to an e�ect known as ’point clumping’ (accumulation points). This
behaviour is a consequence of the volume element in spherical coordinates: For the sake of clarity,
the problem is reduced to the two-dimensional case (polar-coordinates) in which the area of a
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polar rectangle, enclosed by the radii �1 and �2 is given by

dA =
1
2
�22 d� � 1

2
�21 d� =

1
2
�
�22 � �21

�
d�

=
1
2
(�2 + �1) (�2 � �1) d� =

1
2
(�2 + �1) d� d� C �̃ d� d�

(7.3.1)

where �̃ = (1/2)(�1 + �2). By point picking on a disc with spherical coordinates [�,�] ✓ [0, r ] ⇥
[0, 2� ), each area element dA with equal d� and d� will contain the same number of points but
the area and therefore the point density changes with �̃. Using the very same argument also
explains the point clumping in spherical coordinates, where the volume element of a spherical
quadrilateral is given by dV = �̃2 sin� d� d� d� over the domain [�,� ,�] ✓ [0, r ]⇥ [0, 2� )⇥ [0,� ].
A solution to this e�ciency limiting e�ect was achieved by generating the projected points via
the relations:

x = u1/3
p
1 � v

2 cos�

� = u1/3
p
1 � v

2 sin�

and z = u1/3v ,

(7.3.2)

from generated spherical coordinates P = P(�,�,� ). These transformations are de�ned on
u : [0, r ] ! [0, r 3] and v : [0,� ] ! [�1, 1] with u = �3 and v = � cos� [27].
As a pure phase encoding imaging concept, the shown sampling points can be sampled in arbitrary
order without increasing the overall acquisition time. But strong gradient switches for adjacent
sampling points are ine�cient, cause noise, and put a high load on the gradient system [60].
For a more (hardware) e�cient k-space coverage, a sorting algorithm was implemented, which
divides the sphere into slices along a primary direction and sorts all points within the slice along
a secondary direction. All successive slices with their sorted points are then concatenated.
In order to highlight advantages, arising from the presented quasi-random sampling scheme (QR-
SPI), the associated sampling point spread functions for undersampling are compared to radial and
polar undersampling of a radial trajectory and to true random k-space sampling (no quasi-random
sequence). The imaging concept itself in terms of arising aliasing artefacts and its capabilities in
combination with a CS reconstruction were tested using a tooth specimen with amalgam �llings
and additionally using two surgical MouseExFix mounting pins (L.Klein SA, CH-2500 Biel) at a
11.7 T Bruker BioSpec 117/16 USR system with a 4-channel phased array receive coil. Both scans
were accomplished with isotropic spatial resolutions �r < 220 µm and TE  160 µs. Additionally,
the mounting pins phantom was also measured using a SPRITE sequence for comparison.
Figure 7.3.2 shows the reconstructed images of a tooth with amalgam �llings for the fully sampled
case (a), eight-fold undersampling (b) and in combination with a CS reconstruction (c). The scan
durations for (b) and (c) were ⇡ 5.5min.

The reconstruction from the eight-fold undersampled data set (�g. 7.3.2 b) shows the expected
low-coherent aliasing behaviour and instead of distinct artefacts, mainly an increase in the
background signal is observed. Due to the properties of the trajectory, image quality can be almost
completely restored by applying a CS reconstruction (�g. 7.3.2 c).
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Figure 7.3.2.: Comparison of the Nyquist sampled SPI image (a), eight-fold under-
sampled gridding (b), and CS (c) reconstruction acquired using the QR
trajectory. Taken from [A1] in accordance with the copyright transfer
agreement. ©2018 IEEE.

Figure 7.3.3 shows the Nyquist quasi-random (QR-SPI) image in comparison to an equal SPRITE
scan (�g. 7.3.3 c,d) of the MouseExFix mounting pin sample. Additionally displayed is the QR-SPI
image with simulated eight-fold undersampling (�g. 7.3.3 e,f) as well as a reconstructed image
using CS from the undersampled data set (�g. 7.3.3 i,j).
In comparison to non-random sampling, the QR-SPI method shows superior image quality

in the case of undersampling. Radial undersampling in the SPRITE image introduces signal
modulations (e.g. bottom left corner of the agarose in the coronal slice), which are not fully
compensated by the CS reconstruction. After CS, the diameter of the pin is maintained, while for
the non-QR techniques an obvious blur can be observed.
In summary, the presented modality provides highly advantageous low-coherent aliasing proper-
ties for a combination with a CS reconstruction. In addition, a further decrease in acquisition times
can be achieved compared to the SPRITE sequence, since no intrinsic oversampling is required
to compensate for the sampling geometry (factor � /2 for the SPRITE sequence). The achieved
scan durations appear clinically feasible and can provide an e�cient tool for imaging tissues that
are usually highly delineated by adjacent metal implants. The modality can also be extended to
dental imaging, where amalgam �llings and dental implants provide a common source for metal
artefacts.
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Axial QR-SPI Coronal QR-SPI Axial SPRITE Coronal SPRITE

a) Nyquist sampl. b) Nyquist sampl. c) Nyqusit sampl. d) Nyquist sampl.

e) 8x undersampl. f) 8x undersampl. g) 8x undersampl. h) 8x undersampl.

i) 8x US w/ CS j) 8x US w/ CS k) 8x US w/ CS l) 8x US w/ CS
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o) Nyquist sampl. p) Nyquist sampl.

Figure 7.3.3.: Comparison of the undersampling properties for quasi-random SPI,
SPRITE with gridding and Compressed Sensing reconstruction, and
UTE. m, n) show pixel intensities along the line highlighted in (a)
(QR-SPI) and (c) (SPRITE). Taken from [A1] in accordance with the
copyright transfer agreement. ©2018 IEEE.
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Quasi-Random Single-Point Imaging using
Low-Discrepancy k-Space Sampling

T. Speidel, J. Paul, S. Wundrak, V. Rasche

Abstract— MR imaging of short relaxation times
spin systems has been a widely discussed topic with
serious clinical applications and led to the emergence
of fast imaging ultra-short echo-time sequences. Nev-
ertheless, these sequences suffer from image blurring
due to the related sampling point spread function and
are highly prone to imaging artefacts arising from
e.g. chemical shifts or magnetic susceptibilities. In this
work, we present a concept of spherical quasi-random
single-point imaging. The approach is highly acceler-
ateable due to intrinsic undersampling properties and
capable of strong metal artefact suppression.
Imaging acceleration is achieved by sampling of quasi-
random points in k-space, based on a low-discrepancy
sequence, and a combination with non-linear optimi-
sation reconstruction techniques (Compressed Sens-
ing).
The presented low-discrepancy trajectory shows ideal
noise-like undersampling properties for the combina-
tion with Compressed Sensing (CS), leading to de-
noised images with excellent metal artefact reduction.
Using eight-fold undersampling, acquisition times of
few minutes can be achieved for volume acquisitions.

Index Terms—Single-point imaging, Compressed
Sensing, trajectory, quasi-random, artefact suppres-
sion, low-discrepancy.
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I. INTRODUCTION

Radial single-point imaging sequences have
widely been discussed concerning their capability of
imaging tissues with short T

�
2 relaxation times [1, 2]

and for metal and chemical shift artefact reduction
[3]. Single-point imaging (SPI) is a pure (3D)
phase-encoding technique that acquires a single data
point of the FID after each RF excitation [4].
Despite their promising properties, SPI methods are
rarely used in-vivo due to long acquisition times
[3], even in the case of the accelerated SPRITE
sequence [5, 6]. A further reduction in scan time can
be achieved by extensive undersampling in com-
bination with non-linear reconstruction techniques
like Compressed Sensing (CS) [7]. CS has been
combined with turbo spin echo (Turbo-TSE) SPI
techniques and has already proven a huge poten-
tial for scan time reduction [8]. The concept of
CS underlies distinct mathematical properties [9],
which demand a dedicated quasi-random coverage
of k-space to cause random ”noise-like” image
undersampling artefacts. Even though coverage of
k-space on a polar grid is known to show ad-
vantageous undersampling properties, using more
random k-space sampling patterns is supposed to
further improve the reconstruction properties of CS
in SPI [10].
This work presents a k-space coverage, optimised
with regard to the properties of CS and its applica-
tion to undersampled SPI. The proposed coverage
is not based on an underlying cartesian grid [11] or
on the geometry of the sample, as proposed in [12].
Instead, the introduced k-space coverage is based on
the digital Sobol base-2 sequence, providing a CS
optimised coverage. The proposed technique was
evaluated on several phantoms and compared to



2

conventional radial MR techniques on an ultra high-
field small animal system.

II. THEORY

A. Compressed Sensing
For the following discussion and corresponding

to [13], a one-dimensional time signal x with finite
length, which can be viewed as a Nx1 column
vector in the space RN , whose elements are given
by x(n) with n = 1,2,3, ...,N is considered. In
the specific case, the underlying data-set will rep-
resent the reconstructed image, which can easily be
vectorised pixelwise into a vector with N columns,
with N being the image’s total number of pixels.
Such a vector can always be represented in terms
of a set of N eigenfunctions (�)Ni=1. Since eigen-
vectors are orthogonal in the given space, they can
easily be orthonormalised. The signal x can be
expressed as

x =
N

�
i=1

si�i , (1)

with the vector s representing the respective weight-
ing coefficients si, which are calculated according
to si = �x,�i�. For simplification, one might write
x = s�, which directly indicates that x and �
are equivalent representations in the underlying and
appropriately (sparse) chosen domain.
The signal itself is called compressible if just a few
components of s are not negligible and the image
can be reconstructed from less than Nsamples.
Therefore, we consider a linear measurement pro-
cess, which measures and computes M < N scalar
products yj between x and some sampling vectors
(�j)Mj=1, such that yj = �x,�j�. The set (�j)Mj=1
therefore accounts for the undersampling. The mea-
surements yj can be arranged in a Mx1 vector
y and the measurement vectors �

T
j as rows in an

MxN matrix �. Introducing the decomposition, we
can write

y = �x = �(�s) = �s . (2)

The operator � = �� is a MxN matrix, including
the sampling information as well as the basis set of
eigenfunctions.
The system to be solved is given by x = �−1y

which is ill-posed due to the dimensions of �.
However, if x is k-sparse and the location of the
non-zero coefficients in s are known, then M ≥ k

yielding a well-posed system. Further, � has to
preserve the length of any particular k-sparse vector,
such that

1 − " ≤
��v�2
�v�2

≤ 1 + " (3)

for some " > 0. Hereby, v is sharing the same
amount of k non-zero entries as s, which results
in �Nk � possible vectors v. This condition is re-
ferred to as the restricted isometry property [13]
(differentiation between measurements). In case �
is chosen to be a random matrix, the measurements
contained in y are M different randomly weighted
linear combinations of the elements of x. Any such
constructed matrix � will with a high probability
fulfil the restricted isometry property. A straight-
forward proof of this statement can be found in
[14]. In this work, the sparse-transformation of the
non-sparse MRI data-sets is achieved using energy
minimisation and regularisation (total variation).
The minimisation problem introduced by Rudin et
al. [15] is given by

inf
x
T (x) = ��

�
�∇x�dudv +�

�
�y −x�2 dudv .

(4)
� > 0 is a weight parameter, ∫� �y −x�2dudv

a fidelity term and ∫� �∇x� represents the data
regularisation. In general MR application, x
and y might be some grey-level functions with
x,y ∶ � � R or to be more precise � ⊆ [0,1]2
and then x,y ∶ �� [0,1].

B. Low-discrepancy Sequence
Prior publications suggested the use of 2D

Poisson-disc sampling [16, 17] for 3D MR imaging
in combination with CS. Although Poisson-discs
provide a satisfying random character in order to
satisfy the condition of eq. (3), its computational
complexity for known implementations limits their
use for large 3D point-sets. For a complexity anal-
ysis of Poisson-disc sampling please refer to [18].
Applicable multidimensional sequences are known
from Monte-Carlo integration among which the
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low-discrepancy sequences by Sobol [19, 20], Faure
[19] and Halton [21] are widely used. Such quasi-
random sequences cover the domain of interest
quickly and more homogeneous than randomly gen-
erated points while a random character is preserved.
Homogeneous sampling is preferred in order to
ensure that every Cartesian element in the grid is
estimated from at least one sample when a gridding
algorithm is used for reconstruction [22].
According to [23], these three quasi-random se-
quences behave about equally in terms of their
respective discrepancies. It is also mentioned, that
the Sobol sequence can overcome multidimensional
correlations by carefully checking the algorithms
starting values, such providing a further decrease
in discrepancy. Additionally, [23] mentions that the
Sobol and Halton sequences are considerably faster
generated than the Faure sequence.
In this work, 1283 3D Sobol points were generated
within 6 s, which allows for a fast variation of
the sequences starting values (primitive polynomials
and direction numbers). For a further comparison
of Monte-Carlo sequences and their discrepancies
refer to [23], and to [24] for an analysis of higher
dimensions Sobol generators, and finally to [25] for
an evaluation of the computational complexity.
For reduction of coherent artefacts in case of
high undersampling, we computed a k-space point
distribution consisting of three-dimensional point-
sets, generated using an adapted Sobol base-2 low-
discrepancy sequence.
As a pure phase-encoding concept, SPI is capable
of sampling arbitrary trajectories without drawbacks
in terms of acquisition times.
We will now briefly introduce the generation algo-
rithm of the Sobol point-sets and provide an initial
example [26]. An in-depth review of the numerical
implementation of the sequence is given in [20].
In order to generate the jth component in a Sobol
sequence, a primitive polynomial of degree sj in
the field Z2 following the form

x
sj + a1,jx

sj−1 + a2,jx
sj−2 + ... + asj−1,jx + 1 (5)

is chosen. Hereby, the coefficients
a1,j , a2,j , ..., asj−1,j are either set to 0 or 1.
Orthogonally chosen polynomials will also satisfy

condition (3) for the multidimensional case,
which is improved by the later on introduced
oversampling of k-space centre. Additionally, a set
of positive integers {m1,j ,m2,j , ...} is defined via
the recurrence relation
mk,j ∶=2a1,jmk−1,j ⊕ 22

a2,jmk−2,j ⊕ ...

⊕ 2sj−1asj−1,jmk−sj+1,j ⊕ 2sj mk−sj ,j ⊕mk−sj ,j ,

(6)

where ⊕ denotes the exclusive or. The initial values
m1,j ,m2,j , ...,msj ,j can be chosen freely but they
have to satisfy the constraint that each mk,j is odd
and less than 2k in order to obtain ’fractioned’
direction numbers which are defined as

vk,j ∶=
mk,j

2k
. (7)

Using these numbers, the jth component of the ith
point of the Sobol sequence is given by

xi,j ∶= i1v1,j ⊕ i2v2,j ⊕ ... , (8)

where ik is the kth digit from the right, when i is
written in binary i = (...i3i2i1)2 representation.
As an example and referring to [26], we set sj = 3,
a1,j = 0 and a2, j = 1 and obtain the polynomial
p(x) = x

3 + x + 1, which can be used for one
dimension of the final Sobol set. According to the
polynomial’s degree, we choose m1,j = 1, m2,j = 3
and m3,j = 7 which lead to m4,j = 5, m5,j = 7 etc.
following eq. (6). The direction numbers are then
calculated as

v1,j = (0.1)2, v2,j = (0.11)2, v3,j = (0.111)2, (9)
v4,j = (0.0101)2, v5,j = (0.00111)2 .

Using 0 = (0)2, 1 = (1)2, 2 = (10)2, 3 = (11)2,
4 = (100)2 and 5 = (101)2 and eq. (8), we obtain

x0,j = 0, x1,j = (0.1)2 = 0.5,

x2,j = (0.11)2 = 0.75,

x3,j = (0.1)2 ⊕ (0.11)2 = (0.01)2 = 0.25, (10)
x4,j = (0.111)2 = 0.875,

x5,j = (0.1)2 ⊕ (0.111)2 = (0.011)2 = 0.375 .

It is obvious, that the choice of the initial primi-
tive polynomial as well as the choice of integers
{m1,j ,m2,j , ...} lead to different point distributions.
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Discrepancy optimised combinations of polynomi-
als and integers for each dimension were deter-
mined by Joe et al. in [26]. For the generation of the
Sobol point-sets in this work, the suggested values
from Joe et al. for the first three dimensions were
used.
The discrepancy (i.e. goodness of point distribution)
of the sequences is evaluated and compared using
the diaphony [27], which is closely connected to the
star-discrepancy, known from Monte-Carlo methods
[28]. It is computable for large 3D point-sets within
an acceptable amount of time since the complexity
for the diaphony calculation in 3D is O(3 ⋅ N2)
while it is O(N3) for the discrepancy calculation
[29]. The diaphony FN(X) of the first N points
x1, x2, ..., xN of a one-dimensional point-set X is
defined as

FN(X) ∶=
�
�
�
2⇡

2

1

�
0

1

�
0

�E([↵,�),N,X)�2d↵d�

�
�
�

1�2

(11)
with J ∶= [↵,�) ⊆ I = [0,1) and E([↵,�),N,X) =
A([↵,�),N,X) − (� − ↵)N and A denotes the
number of indices 1 ≤ i ≤ N for which {xi} ∈
[↵,�). In other words, E and therefore the definite
integral of �E�2 over [↵,�] is minimised if A

increases uniformly as the length of the interval
[↵,�) increases from 0 to � − ↵. Therefore, the
value of the integral (eq. (11)) is a measure for
the equidistribution of the point distribution and
therefore for its discrepancy.
It is now straightforward to relate the introduced
diaphony to the discrepancy for a comprehensive
discussion. Using the established relations, we de-
fine the star discrepancy D� as a measure of how
the point-set estimates the volume of a subinterval:

D�(X) = sup
[0,↵)∈I

�E([0,↵),N,X)� . (12)

The star discrepancy is now connected to the dis-
crepancy D(J,X) via the relation

D�(X) =max
J
�D(J,X)� =max

J
�A(J)

N
− V (J)� ,

(13)

showing the connection between diaphony and
discrepancy. In eq. (13) V (J) describes the
volume enclosed by J . All expressions can
easily be extended to the dimensions of the
considered space, e.g. to the mainly examined
three-dimensional unit cube 3

c = [0,1)3. The
aim of a low-discrepancy sequence therefore is
to minimise the star discrepancy from which a
minimised diaphony can be deduced.
In order to visualise the advantage of a low-
discrepancy sequence, figure 1 displays twenty-
thousand points, generated using Matlab’s rand()-
function, and using the described low-discrepancy
method, revealing an improved coverage by the
proposed approach.

�� ���� � ��� �

��

��

����

�

���

�

��

�� ��	
�� ��	������

���������
 ��� �	 �������

�� ���� � ��� �

��

��

����

�

���

�

��

�� ����� ��	������

���������
 ��� �	 �������

Figure 1: 2D pattern of a random number generator
(a) and the suggested approach (b), exemplarily
shown for twenty-thousand points.

C. Density Modulation & Trajectory
It is furthermore advantageous to create a

quadratic density modulation over the Sobol base-2
point-set [30]. This is accomplished by projecting
each nth point of the Sobol point-set sequence into
the central region of k-space, following a quadratic
density distribution (here referred to as ’backfold-
ing’). The new angular position still follows a ran-
dom behaviour and will therefore lead to an effect
known as ’point clumping’ i.e. a stretching of the
point distribution along one spatial axis. This be-
haviour is a consequence of the volume element in
spherical coordinates dV = ⇢

2 sin�d⇢d�d✓, which
for equal infinitesimal elements contains the same
number of points with a density that depends on the
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value of ⇢. This problem is solved by generating the
projected points via the relations:

x = u
1�3
√

1 − v2 cos ✓

y = u
1�3
√

1 − v2 sin ✓

and z = u
1�3

v ,

(14)

from generated spherical coordinates
P = P (⇢,�, ✓), using the given density function
for r. These transformations are defined on
u∶ [0, r] → [0, r

3] and v∶ [0,⇡] → [−1,1] with
u = ⇢

3 and v = − cos�.
The most favourable number or percentage of
projected points is not a priori clear, since it
is strictly dependent on the imaged object. A
coarse range of suitable values was identified
by using several samples that are related to the
field of applications of the final sequence. Various
objects were measured using the described point
distribution with percentages of backfolded points
between 10 % and 50 %. The image appears
sharpest and without significant artefacts at a
backfolding between 20 % and 30 %. All images
were taken with a reconstruction matrix size of
90, leading to Npts = 903 = 729.000 acquired
points in k-space. With a backfolding of 30 %,
218.700 points are replaced in order to accomplish
the desired oversampling of k-space centre by
additionally increasing the random character
of the point distribution. For each percentage of
backfolded points, the quadratic density modulation
was executed several times on the Sobol point-sets
due to the random character of the introduced
backfolding. The diaphony and PSF for each
obtained distribution was calculated and the
distribution with the best results was chosen for
measurement. Further optimisation of the PSF is
achievable by matching the density modulation to
the energy density distribution of the sampled k-
space for specific applications. The finally obtained
sampling pattern with centre-oversampling, as
partially depicted in figure 2, is cropped to lie
within spherical k-space. For the further discussion
we refer to this sampling scheme as ’quasi-random
sampling’.

��
�

����

�

���

���

��

�

��

�

�� ��

���	
���� ���� �� ����
��

Figure 2: Plot of the final sampling pattern, calcu-
lated exemplarily for twenty-thousand points with
20 % backfolding.

The generated Sobol point sets and therefore the
entire trajectory is not ordered, leading to large
distances between successive sampling points in k-
space. The required strong gradients for encoding
are inefficient, cause noise, and put a high load to
the gradient system. For a more efficient k-space
coverage, a sorting algorithm was implemented,
which divides the sphere into slices along a primary
direction and sorts all points within the slice along
a secondary direction. All successive slices with
their sorted points are then concatenated. The slice
thickness can be chosen freely but is mainly to be
adjusted following the total amount of points, de-
termined by the reconstruction matrix size. Sorting
according to travelling salesman algorithms would
not necessarily yield the best possible trajectory
and additionally it suffers from a very high com-
putational complexity O(N22N−1) (dependent on
implementation and precision).

D. Density Compensation for Arbitrary Sampling

For reconstruction, a weighting for each point
in k-space has to be calculated. Since the low-
discrepancy trajectory does not follow any regu-
lar geometrical behaviour, a Dirichlet Tessellation
consisting of Voronoi cells [31] is used to obtain
exact weighting coefficients [32]. The Voronoi cells
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are constructed using the following definitions in
accordance to [33, 34]: We consider the sampling
scheme’s set of points {xi∶ i = 1, ...,N} and call
each element xi a generator of a Voronoi cell in the
Euclidean space Rn. The Voronoi cell of a generator
is then defined as

Vi ∶= {x ∈ Rn �Pi(x) < Pj(x) ∀j ≠ i}, (15)

where Pi is a given set of continuous, generalised
square distance functions on Rn. Since ∀i∶ xi ∈ Vi,
any point x ∈ Vi is closer to xi than to any other
xj with i ≠ j. Additionally, each Vi represents
an open neighbourhood of xi. The intersection of
the closures of neighbouring cells is called contact
boarder and is defined as

⇣ij ∶= Vi ∩ Vj with i ≠ j . (16)

Therefore, we see that the contact boarder ⇣ij is
given by all points that are equidistant from xi and
xj concerning the definition of P . We can therefore
also write

⇣ij = {x ∈ Rn �Pi(x) = Pj(x)} . (17)

In general, the complete Voronoi tessellation of
a set of points {xi∶ i = 1, ...,N} within Rn is
given by the set of all Voronoi cells with their
respective contact boarders for all xi. The Voronoi
tessellation {Vi, ⇣ij ; i, j = 1, ...,N} then covers the
complete space and is therefore unbounded. Each
sampled point of k-space is then weighted with
the volume of the corresponding Voronoi cell. The
problem of infinitely extended cells is solved by the
construction of an envelope unit sphere around the
generated point distribution [32].

III. METHODS

A. Sampling Point Spread Function

A variety of publications have shown the suc-
cessful application of CS in combination with total
variation to a variety of trajectories [35, 36, 37].
MRI sequences such as UTE and ZTE are radial
centre-out sequences whose density ⇢(k) varies
with ⇢(k) ∝ k

−2 and k =
�

k2
x + k2

y + k2
z . Such

radial trajectories provide a proper density dis-
tribution for the acquisition of spherical k-space

and are also widely used concerning SPI methods
(SPRITE) [38, 39]. Nevertheless, undersampling of
such trajectories leads to coherent noise artefacts
[35] due to limited randomness, and are therefore
not ideally suited for the combination with CS.
The advantage of the suggested low-discrepancy
sampling pattern is analysed by comparison of the
PSF and the image of a Shepp-Logan Phantom. Fig-
ure 3 shows the PSF and respective images resulting
from fully sampled k-space data (a) and eight-
fold undersampled data for quasi-random sampling
with quadratic centre-oversampling (b), radial (c)
and polar undersampling (d) of a radial sampling
pattern, a random combination of radial and polar
undersampling (e), and a true random point distri-
bution (f).
Coherent undersampling artefacts are clearly vis-
ible in both, the radial and polar undersampled
case, while for the quasi-random pattern incoherent
noise-like artefacts can be observed. The structure
of the non-randomly undersampled radial sampling
patterns result in severe image degradation, which
is much less pronounced in the quasi-random case.
As expected, random radial undersampling shows
better results compared to radial only and polar only
undersampling but background noise remains dom-
inant. True random undersampling results in clear
disadvantages compared to quasi-random sampling.

Figure 3: PSF and images resulting from full (a) and
eight-fold undersampled quasi-random (b) radial
(c), polar (d), random combination of radial and
polar (e), and true random (f) k-space sampling.
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B. Samples & Acquisition Parameters

All data was acquired with a Bruker BioSpec
117/16 USR system (Bruker BioSpin MRI, D-
76275 Ettlingen) using a 4-channel phased array
receive coil. The integrated gradient system allows
for a gradient field of > 750 mT/m with a slew rate
of 6660 T/m/s. The gradient system is water cooled
and actively shielded. The scanner is operated using
Bruker’s ParaVision 6 preclinical MRI software.
The imaging concept and especially the methods of
undersampling artefact reduction were tested using
a tooth specimen with amalgam fillings, embedded
in agarose. Acquisition parameters for the QR-SPI
image following Nyquist sampling were set to:
N = 128, FOV = 25 mm (isotropic), TR = 1.2
ms, TE = 160 µs and ↵ = 1○.
According to theory, the developed low-discrepancy
sequence is meant to decrease susceptibility and
chemical shift artefacts with an overall decreased
blur, when compared to non-SPI sequences. Quan-
tification of the respective artefact reduction was
done using a phantom, consisting of two surgical
MouseExFix (L.Klein SA, CH-2500 Biel) mount-
ing pins, inserted into a piece of polyvinyl chlo-
ride. Both pins are made of a titanium-aluminium-
niobium alloy (add. cont. 7 % Nb, 6 % Al &
0.25 % Fe i.a.), completing Titan Grade 5 (TA6V
ELI). The sample was surrounded by agarose and
embedded into a plastic tube. The phantom was
measured using the QR-SPI sequence with N =
128, FOV = 28 mm (isotropic), TE = 133 µs,
TR = 1.4 ms, ↵ = 1○ and compared to a SPRITE
scan with identical parameters, fulfilling Nyquist’s
theorem. For comparison, a UTE scan was acquired
with N = 128, FOV = 28 mm, TE = 8.1 µs,
TR = 4 ms, ↵ = 3○ and RBW = 476.2 kHz, leading
to a spatial resolution of 218 µm for all scans. The
UTE scan was executed using two averages in order
to match identical scan durations compared to an
eight-fold undersampled QR-SPI scan.

C. Root Mean Squared Error

Comparison and quantification of the non-linear
optimisation of the eight-fold undersampled images
of the QR-SPI and SPRITE scan with the Nyquist

sampled and reconstructed datasets is done using
the root mean squared error (RMSE). Here, the
RMSE between two grayscale images y and ŷ
consisting of N pixels is calculated as

RMSE =

�
��� 1

N

N

�
i=1
(yi − ŷi)2 . (18)

IV. RESULTS

The diaphony of the Sobol point distribution
following eq. (11) is given by Frnd = 5.78 ⋅ 10−3,
while the diaphony of the random distribution is
calculated to Fsob = 1.21 ⋅ 10−4 with Frnd�Fsob ≈ 48.
For each, 20 ⋅ 103 points within the unit cube were
considered. Figure 4 shows the reconstructed image
of a tooth with amalgam fillings, using reconstruc-
tion methods described in [32], acquired with the
described trajectory. The reconstruction from the
eight-fold undersampled data set (fig. 4 b) shows
the expected undersampling behaviour and instead
of distinct artefacts, mainly an increase in the back-
ground signal is observed. Due to the properties of
the trajectory, image quality can be almost com-
pletely restored by applying a CS reconstruction
(fig. 4 c).

Figure 4: Comparison of the Nyquist sampled SPI
image (a), eight-fold undersampled gridding (b),
and CS (c) reconstruction acquired using the QR
trajectory.

Using eight-fold undersampling, the acquisition
time of the presented volume scan can be reduced
to ≈ 5.5 min.
The sorted trajectory shows a mean absolute value
of change in gradient amplitude between subsequent
points, which is seven times smaller as for the
unsorted case. As a result, the sorted trajectory
markedly reduces the gradient duty cycle.
Figure 5 a,b shows the Nyquist quasi-random (QR-
SPI) image in comparison to an equal SPRITE
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scan (fig. 5 c,d) of the MouseExFix mounting pin
sample. Additionally displayed is the QR-SPI image
with simulated eight-fold undersampling (fig. 5 e,f)
as well as a reconstructed image using CS from the
undersampled data set (fig. 5 i,j). Each axial and
coronal slice shows the same slice of the phantom
of the reconstructed images (128 x 128 x 128 pixel)
with an isotropic FOV of 28 mm. Respective images
are also depicted beneath for the SPRITE scan.
The SPRITE sequence acquired 3.318.344 points,
which is a factor ⇡�2 more compared to the QR-
SPI in order to fulfil Nyquist’s theorem for radial
trajectories. In this case, the scan duration for the
SPRITE scan is 77 min, leading to 9.68 min for the
CS image and 49 min respectively 6.1 min for the
QR-SPI.
Both SPI images show an overall good image
quality with sharply defined borders and no obvious
metal artefacts. The apparent diameter of the pin
results as 1.15 mm which is almost matching the
manufacturer’s value of 1 mm.
In comparison to non-random sampling, QR-SPI
methods show superior image quality in case of un-
dersampling. Radial undersampling in the SPRITE
image introduces signal modulations (e.g. bottom
left corner of the agarose in the coronal slice),
which are not fully compensated by the CS re-
construction. The quasi-random trajectory benefits
from its sampling scheme by showing enhanced
undersampling properties. After CS reconstruction,
the diameter of the pin is maintained, while for
the non-QR techniques an obvious blur can be
observed.
The limitations of the non-QR techniques are es-
pecially apparent in the intensity profiles along the
lines indicated in figure 5 a,c. As shown in figure 5
m,n, in case of undersampling, severe degradation
of the intensity profile is apparent in the non-QR
case.
The RMSE following eq. (18) for the axial
and coronal QR-SPI and SPRITE image shows
the mean values RMSE[QR-SPI] = 14.37 and
RMSE[SPRITE] = 20.71, which confirms the optical
impression. In all cases, the RMSE was obtained by
comparison of the reconstructed CS images with the
corresponding Nyquist sampled images.

One might also compare the RMSE values of the
undersampled and reconstructed images (Shepp-
Logan Phantoms) of figure 3 for each simulated
undersampling. For each RMSE calculation, the ref-
erence image was the Shepp-Logan Phantom of fig-
ure 3 a) (Nyquist). Calculation of the RMSE shows
nearly identical values for eight-fold radial and po-
lar undersampling of a 3D radial sampling scheme.
Values of R

PSF
MSE[rad] = 101,23 and R

PSF
MSE[pol] =

107,93 were obtained. Additionally, the RMSE for
a random combination of radial and polar under-
sampling, as depicted in figure 3 e), was calculated
to R

PSF
MSE[pol,rad] = 93,54. The RMSE of the eight-

fold undersampled QR-SPI sampling scheme was
determined to be R

PSF
MSE[QR-SPI] = 57.72, which is

an improvement of > 160 %. In order to note the
benefits of the constructed QR trajectory compared
to true random sampling, we calculated the RMSE
for the reconstructed Shepp-Logan Phantom of fig-
ure 3 f) and obtained R

PSF
MSE[rand] = 118.19.

The results clearly indicate a superior
performance of the QR-SPI method in comparison
to non-QR sampling. No obvious alterations of the
size, shape and extent of the displayed titanium
pin are visible. This enables higher undersampling
thus reducing overall scan time.
Figure 5 o,p shows an additional UTE scan in
order to investigate the possible reduction of metal
susceptibility artefacts with SPI techniques. As
clearly visible, substantial blur of the titanium pin
appears, resulting in a measured diameter of 2.69
mm.

V. CONCLUSION

The presented trajectory provides highly useful
undersampling properties (random-noise-like) for
the combination with CS due to its quasi-random
generation algorithm. The sequence does not re-
quire any intrinsic oversampling. Therefore, the
scan duration of a QR-SPI scan is at least by a
factor ⇡�2 shorter than an equal SPRITE scan with
the additional advantage of an improved artefact
suppression. The highly efficient imaging and re-
construction technique based on a low-discrepancy
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Axial QR-SPI Coronal QR-SPI Axial SPRITE Coronal SPRITE

a) Nyquist sampl. b) Nyquist sampl. c) Nyqusit sampl. d) Nyquist sampl.

e) 8x undersampl. f) 8x undersampl. g) 8x undersampl. h) 8x undersampl.

i) 8x US w/ CS j) 8x US w/ CS k) 8x US w/ CS l) 8x US w/ CS
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Axial UTE Coronal UTE

o) Nyquist sampl. p) Nyquist sampl.

Figure 5: Comparison of the undersampling prop-
erties for quasi-random SPI, SPRITE with gridding
and Compressed Sensing reconstruction, and UTE.
m, n) show pixel intensities along the line high-
lighted in (a) (QR-SPI) and (c) (SPRITE).

sequence in combination with Dirichlet tessella-
tions and non-linear optimisation permits random
single-point imaging at clinically feasible acquisi-
tion times.
RMSE calculations and PSF analysis of phantom
images, reconstructed using eight-fold undersam-
pled data, show a preferable undersampling be-
haviour of the QR-SPI scheme. A comparison of
the RMSE of the CS reconstructed images between
the QR-SPI and SPRITE scans (axial & coronal)
proves the advantage for CS reconstruction, pro-
viding improved image quality from less data. The
presented sequence is implemented analogously to

the SPRITE sequence, in which the phase encoding
gradients are always turned on. An implementation
according to the original CTI (constant time imag-
ing) approach [40] is possible. The CTI approach
might also be interesting in terms of sensitivity
enhancement by FID averaging. Further, the method
could be applied to 3DFT imaging, where two
dimensions are then (quasi)-randomly sampled or
e.g. in combination with TSE-methods which have
already been tested with Poisson-disc sampling
[41].
Despite the mentioned advantages, the developed
concept can at any point be adapted to a spe-
cific scope of applications due to its variability
in density distribution and the resulting trajectory.
Certain clinical applications focus on the imaging of
specific extremities, bone structures, teeth, organs or
other tissues. Any underlying, repeating symmetry
of the imaged structures is exploitable in order to
construct adapted and even more anisotropic density
distributions.
In conclusion, the proposed quasi-random sampling
scheme has the potential to further reduce scan
times in SPI imaging by enabling higher undersam-
pling factors without compromising image quality.
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Sampling





IV.8 Theoretical Concepts

I think it’s much more interesting to live
not knowing than to have answers which
might be wrong. I have approximate
answers and possible beliefs and di�erent
degrees of uncertainty about di�erent
things, but I am not absolutely sure of
anything and there are many things I
don’t know anything about, such as
whether it means anything to ask why
we’re here. I don’t have to know an answer.
I don’t feel frightened not knowing things,
by being lost in a mysterious universe
without any purpose, which is the way it
really is as far as I can tell.

(Richard P. Feynman, 1918 � 1988)

8.1. 3D k-Space Acquisitions

Instead of combining several two-dimensional (slice selection)MR images to one three-dimensional
image, also direct three-dimensional k-space acquisitions are possible but less often used in clinical
routine. Multi-slice imaging sequences often require relatively thick slices in order to achieve
su�cient signal to noise ratios which at the same time reduces the imaging time for the volume
of interest. Pure three-dimensional MR sequences can overcome these limitations by the cost of
longer acquisition times. In the simplest scenario, 3D imaging does not require any slice selection
gradient during excitation and therefore also no „rewinding“ gradient afterwards (�gure 4.4.2).
Sampling of a 3D k-space allows for the application of frequency encoding using all three gradient
channels. Often, no phase encoding is used to start the signal acquisition directly in the centre of
k-space. The baseband signal S(t) can in general be expressed as:

S(t) =
π
x

π
�

π
z
M(x ,�, z)e�2� ikx (t )xe�2� ik� (t )�e�2� ikz (t )zdxd�dz (8.1.1)
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with

kx (t) =
�

2�

π t

0
Gx (� )d� (8.1.2)

k� (t) =
�

2�

π t

0
G� (� )d� (8.1.3)

kz (t) =
�

2�

π t

0
Gz (� )d� . (8.1.4)

The gain in SNR arises due to the Fourier transform in the third dimension (multiplexing advan-
tage). Considering a one-dimensional experiment yields for the signal

S j (t) =
π
x
Mx,� (x)e�2� ikj,x (t )xdx . (8.1.5)

Here, kj,x = �kmax + j�k with j = 0, 1, ..,N � 1. Following a DFT, the signal from the j-th voxel
becomes:

Ŝ j (t) /
1π

�1

Mx,� (x j )PSF(x j � x)dx . (8.1.6)

The PSF of Cartesian sampling is the inverse (discrete) Fourier transform (IDFT) of the sampled
data points, which is the so called Dirichlet kernel (section 4.3):

PSF(x) = e� ix�t sin (� · kmax · x)
sin(� · �k · x) . (8.1.7)

A derivation and plot of this equation is given in the appendix (section A).
The width of the main lobe (measured between zero crossings) in the PSF is �x = 1/kmax and its
height is obtained by taking the limit x ! 0 which yields PSF(x) ! kmax/�k = N as x ! 0. And
the area of the main lobe can be approximated by N�x . This reduces eq. (8.1.6) to:

Ŝ j (t) / Mx,� (x j )N�x . (8.1.8)

This expression can easily be generalised to the two- and three-dimensional case:

Ŝ2Djm(t) / Mx,� (x j ,�m)NxN��x�� , (8.1.9)

Ŝ3Djmn(t) / Mx,� (x j ,�m , zn)NxN�Nz�x���z . (8.1.10)

Or for the case of a 2D multislice acquisition where a factor exp{�2�ikz (t)z} is missing in the
integral:

Ŝmult
jmn (t) / Mx,� (x j ,�m , zn)NxN��x���z (8.1.11)
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and therefore

Ŝ3Djmn(t) = Nz · Ŝmult
jmn (t) . (8.1.12)

But, increasing the total number of measured points in k-space by a factor N also increases the
measured noise. Since for independent xi (measured samples), the average

x =
1
N

N�1’
i=0

xi (8.1.13)

has variance

� 2 =

N�1’
i=0

� 2
i (8.1.14)

which yields

� =
p
N�i . (8.1.15)

The gain in SNR from the multiplexing advantage is therefore

SNRn !
p
N · SNRn�1 , (8.1.16)

if a Fourier transform along one dimension is added (dimension of Fourier encoded k-space is
increased).
In contrast to 2D imaging, the excitation pulse for three-dimensional imaging can be applied
with an extremely broad bandwidth, resulting in very short excitation pulses. If systems with
components of shortT (?)

2 values are considered, then the slice selection process leads to signi�cant
loss in signal amplitude and therefore in SNR. Thus, 3D imaging sequences are often constructed
such that each k-space acquisition starts in the centre of k-space (no phase encoding). As a result,
echo times (TE) in 3D imaging are commonly shorter compared to the 2D case. This is especially of
interest if the read-out duration of each interleave is increased such that the acquisition becomes
prone to o�-resonance artefacts. For various trajectories, such as approaches which sample
k-space using 2D or 3D spiral-like interleaves, an increased read-out duration permits that more
of k-space can be sampled after each excitation. Consequently, the total number of interleaves
and therefore the total scan duration can be decreased by increasing the read-out or sampling
duration for each interleave.

8.2. Importance of E�icient k-Space Sampling

Despite the previously mentioned advantages, three-dimensional MR imaging is rarely used in
clinical routine due to prolonged acquisition durations, leading to reduced patient comfort and a
reduced e�ciency of diagnostic procedures. While important reductions in overall scan durations
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can be achieved by the use of iterative optimisation reconstruction techniques such as Compressed
Sensing [26], a further decrease in 3D scan durations is still desired [61].
A general acceleration can be achieved by a rapid coverage of sampling k-space, based on high
k-space velocities in combination with low-discrepancy sampling schemes in order to increase the
capabilities of a CS reconstruction [26]. Accordingly, three-dimensional k-space interleaves are
desirable, which cover larger volumes in k-space per unit time (low-discrepancy), by additionally
ful�lling a certain random sampling character.
Signi�cantly reduced scan durations are not just of interest for static anatomical imaging, but
also for various dynamic MRI applications, such as metabolic imaging e.g. via hyperpolarized
media [62], 4D �ow MRI [63], cardiac imaging in combination with self-gating [64], image based
navigators [65] or in general for any application for which scan duration is crucial or for which
relaxation e�ects are a strictly limiting factor.
The basic mathematical concept of the sampling strategies (trajectories) for [A2] and [A3] are
described in the following section, where the problem of �nding low-discrepancy 3D k-space
interleaves is generalised to the problem of achieving an e�cient coverage of a spherical surface.

8.3. Sei�ert Spiral and Jacobi Functions

In 2000, P. Erdös∗ published a revised approach by A. Sei�ert [66] concerning how Jacobi elliptic
functions can be understood [67]. Erdös introduced the Jacobi elliptic functions as the fundamental
solution to the problem of crossing all meridians of the earth at constant speed v = ds/dt and
angular velocity � = �/t by additionally compensating the rotation of the earth around its axis.
The obtained trajectory on the surface of a unit sphere is referred to as Sei�ert’s Spherical Spiral,
in reference to the work of Sei�ert [66, 68]. Sei�ert’s Spiral is according to [67] and [A2] following
brie�y derived.
For simplicity, we make the assumption that the spiral starts at the north pole, with � denoting the
geographic longitude and � the angular velocity. The explicit time dependence in the evolution
of the longitude can be eliminated by de�ning

� = s
�

v

B s� (8.3.1)

and by setting t = s/v. A point P on the surface can be de�ned in cylindrical coordinates by the
longitude � (0  � < 2� ), the height z (�1  z  1) above the „equatorial plane“ and radius �
(�1  �  1), which is de�ned perpendicular to the north-south axis (�g. 8.3.1).

Any in�nitesimal line element on the unit sphere can then be written as

ds2 = �2d�2 + d�2 + dz2

= �2d�2 +
1

1 � �2
d�2 and � , 1 (8.3.2)

∗Paul Erdös (1913 - 1996)
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Figure 8.3.1.: Cylindrical coordinate system used for the derivation of Sei�ert’s Spiral.
Taken from [A2] in accordance with the copyright transfer agreement.
©2019 IEEE.

with �2 + z2 = 1.
Using eq. (8.3.1), the expression d�2 can be replaced by �2ds2 and one obtains

ds =
1p

(1 � �2�2)(1 � �2)
d� with |� | < 1

k
. (8.3.3)

Integrating eq. (8.3.3) yields the total distance which can explicitly be seen as the distance from
the north pole to some point P on the unit sphere. Hence

s(�,�) =
π �

0

drp
(1 � �2r 2)(1 � r 2)

with |� | < 1
k
. (8.3.4)

This equation is an elliptic integral of the �rst kind in � which can be rewritten in terms of z
rather than �:

s(z,�) =
π z

1

dz 0p
(1 � �2 + �2z 02)(1 � z 02)

with
p
1 � z2 <

1
k
. (8.3.5)

The inverse of eq. (8.3.5) is Jacobi’s elliptic function cn(s |m) and therefore z = cn(s |m) or
� = sn(s |m) with sn(s |m) being another Jacobi elliptic function.
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The solution to the initial problem is therefore given by

� = �s with � =
p
m , (8.3.6)

� = sn(s |m) , z = cn(s |m) , (8.3.7)

which corresponds to an in�nite spiral that covers the entire surface, i.e. each point on the surface
is crossed in�nitely times. Furthermore, each value ofm relates to a (constant) surface velocity
and therefore alters the path of the spiral.
The two functions cn(z |m) and sn(z |m) were - among ten other elliptic functions - introduced by
C. G. Jacobi† in 1827 [69]. The three functions cn(z |m), sn(z |m) and dn(z |m) are referred to as the
basic Jacobi functions while all others are expressed as ratios of these basic Jacobi functions:

sn(z,k) = �3(0,q)
�2(0,q)

�1(� ,q)
�4(� ,q)

, (8.3.8)

cn(z,k) = �4(0,q)
�2(0,q)

�2(� ,q)
�4(� ,q)

, (8.3.9)

dn(z,k) = �4(0,q)
�3(0,q)

�3(� ,q)
�4(� ,q)

, (8.3.10)

cd(z |m) = cn(z |m)
dn(z |m) , (8.3.11)

cs(z |m) = cn(z |m)
sn(z |m) , (8.3.12)

ds(z |m) = dn(z |m)
sn(z |m) , (8.3.13)

dc(z |m) = 1
cd(z |m) =

dn(z |m)
cn(z |m) , (8.3.14)

sc(z |m) = 1
cs(z |m) =

sn(z |m)
cn(z |m) , (8.3.15)

sd(z |m) = 1
ds(z |m) =

sn(z |m)
dn(z |m) , (8.3.16)

nc(z |m) = 1
cn(z |m) , (8.3.17)

nd(z |m) = 1
dn(z |m) , (8.3.18)

ns(z |m) = 1
sn(z |m) , (8.3.19)

with � =
�z

2K(k) and K(k) = �

2
� 23 (0,q) . (8.3.20)

†Carl Gustav Jacobi (1804 - 1851)
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The functions �1, ...,�4 are the Jacobi theta functions which can be de�ned as a Fourier series:

�1(z |� ) = �1(z,q) = 2
1’
n=0

(�1)nq(n+ 1
2 )2 sin((2n + 1)z) , (8.3.21)

�2(z |� ) = �2(z,q) = 2
1’
n=0

q(n+ 1
2 )2 cos((2n + 1)z) , (8.3.22)

�3(z |� ) = �3(z,q) = 1 + 2
1’
n=1

qn
2
cos(2nz) , (8.3.23)

�4(z |� ) = �4(z,q) = 1 + 2
1’
n=1

(�1)nqn2
cos(2nz) . (8.3.24)

Furthermore, all theta functions are analytic functions for z,q 2 C and |q | < 1 and therefore all
Jacobi elliptic functions are analytic functions of z andm. Additionally, all Jacobi elliptic functions
are doubly periodic functions of z, such that each functions possess two (linearly) independent
periods u, v with f (z + u) = f (z + v) = f (z).
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9.1. Author’s Contributions

I IEEE Trans Med Imaging, 38(8): 1833-1840, 2019.

The author developed and implemented the imaging modality. Furthermore, the author acquired
the presented data and contributed signi�cantly to the interpretation of the results, prepared the
�gures, and assumed a leading role in the preparation of the manuscript. The author is the main
author.

9.2. Art.2: IEEE Trans Med Imaging, 38(8): 1833-1840, 2019.

The following article [A2] was published as:

T. Speidel, P. Metze and V. Rasche
E�cient 3D low-discrepancy k-space sampling using highly adaptable Sei�ert Spirals
IEEE Trans Med Imaging, 38(8): 1833-1840, 2019.
DOI: 10.1109/TMI.2018.2888695

©2019 IEEE. Reprinted with permission from [A2].
The reprint is the accepted version of the article.
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9.3. Summary

In clinical routine, the application of pure 3D imaging sequences is often limited by extensive
scan durations. Therefore, advantages such as intrinsically higher SNR values and the ability of
reconstructing arbitrary geometrical planes are rarely exploited. In order to achieve a distinct
decrease in scan durations, undersampling in the frequency domain is commonly combined with
parallel or auto calibration methods such as GRAPPA [70], SENSE [71] or Compressed Sensing
[26, 72], to correct for arising aliasing artefacts. Beneath undersampling approaches, a general
scan acceleration can be achieved by enhancing the e�ciency of the k-space sampling scheme e.g.
by increasing the velocity at which k-space is traversed and/or by minimising the discrepancy of
the k-space sampling scheme (trajectory).
[A2] introduces a versatile 3D centre-out k-space trajectory, based on Jacobi elliptic functions,
that is generated and optimised with respect to an e�cient coverage of the underlying sampling
k-space. The theoretical concept of the trajectory relies on the discussion of section 8.3, where an
e�cient sampling scheme is derived from the solution (path) of crossing all meridians of the earth
at constant speed and angular velocity [67]. The arising Sei�ert Spiral (eq. (8.3.7)) is translated
into a centre-out k-space interleave by scaling the distance of each point on the spiral w.r.t. the
k-space centre e.g. linearly from 0 to 1. Additionally, the length of each spiral is calculated to
correspond to a certain read-out duration and resolution. The constructed interleave is optimised
according to given hardware constraints such as the maximum gradient strengths and slew-rates.
The idea of translating the Sei�ert Spiral into a trajectory for MR imaging appears reasonable
since [73]

1. the spiral provides a strategy to cover a spherical surface,

2. the spiral radius is modi�able to account for 3D volumes and sampling densities,

3. changes in spatial directions are minimised to increase k-space velocities [67],

4. the derivatives of sn and cn are again elliptical functions and lead to smooth gradient
waveforms,

5. the ’spatial’ length of each interleave can be chosen arbitrarily to even realise single-shot
sequences.

Two possible k-space interleaves, generated by the described approach and using two di�erent
radial increments are depicted in �gure 9.3.1.
In order to achieve a fully sampled k-space, the generated interleave is copied and rotated in

k-space, such that the end point of each interleave is a Fibonacci point on the k-space sphere∗,
until Nyquist’s condition is ful�lled.
To quantify advantages, arising from the developed sampling scheme and in order to allow
comparisons, the trajectory was evaluated regarding its discrepancy per number of interleaves,

∗The construction of the trajectory, such that the end point of each interleave is a Fibonacci point, yields an
enhanced homogeneous coverage of k-space.
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Figure 9.3.1.: Plot of a single resulting interleave in k-space a) and as a plane projec-

tion in b) for two di�erent density compensations. Both interleaves
correspond to a read-out duration of 3.0ms at a maximum gradient of
30mT/m and a slew-rate limitation of 180 T/m/s. Taken from [A2] in
accordance with the copyright transfer agreement. ©2019 IEEE.

regarding its point spread function and by considering undersampled images (phantom and
in-vivo) in combination with a Compressed Sensing reconstruction. Thereby, the Sei�ert Spiral
sequence was compared to the well-established and time e�cient 3D Cones approach [74].
Figure 9.3.2 shows the scaled diaphony† values for a considered number of interleaves (x-axis),
starting at the beginning of each trajectory, for the 3D Cones (red) and Sei�ert approach (blue).
In addition to the diaphony, the scaled diaphony also considers the total number of included

k-space points as a means of normalisation. It is important to note, that the lower the diaphony
is, the lower is the discrepancy of the considered sampled k-space points. For this calculation and
for the PSFs, depicted in �gure 9.3.3, both trajectories were generated according to a resolution of
1.7mm (FOV = 20 cm), a read-out duration of 3ms and the same maximum number of points on
each interleave.
In order to verify the sequence’s capabilities for in-vivo imaging, especially by focusing on a

reduction in scan duration, knee images were acquired on a 3 T human MRI system (Achieva 3 T,
Philips), undersampled and reconstructed using a Compressed Sensing approach for both, the
Sei�ert and the 3D Cones trajectory. All corresponding axial, coronal and sagittal slices of the
knee acquisitions are shown in �gure 9.3.4.

†The diaphony [42] is a measure for the discrepancy of a sequence, which is computable for large 3D point-sets
within an acceptable amount of time. The diaphony FN (X ) of N points x1,x2, ...,xN of a one-dimensional point-set X
is de�ned as

FN (X ) B
✓
2� 2

π
�
|E([� , �),N ,X )|2dx

◆1/2
(9.3.1)

with � B [� , �) ✓ I = [0, 1) and E([� , �),N ,X ) = A([� , �),N ,X ) � (� � �)N and A denotes the number of indices
1  i  N for which {xi } 2 [� , �). The diaphony is connected to the star discrepancy (section 6.2) by the relation

D?(X ) = sup
[0,� )2I

|E([0,�),N ,X )| . (9.3.2)
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Figure 9.3.3.: Simulated PSF for four fold undersampling for the Sei�ert a,c) and 3D
Cones b,d) trajectory along the z and x-direction. Taken from [A2] in
accordance with the copyright transfer agreement. ©2019 IEEE.
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All scans were acquired using nearly identical scan parameters: �r = 0.85mm (isotropic),
TR = 9.8ms, TE = 1.68ms and a read-out duration of Tacq ⇡ 3.5ms. The only major di�erence
was the total number of acquired interleaves i.e. 20,000 for the Sei�ert acquisition and 35,594 for
the 3D Cones acquisition.
The presented results indicate several advantages, arising from the sampling scheme, based
on Sei�ert Spirals. The scaled diaphony for the Sei�ert approach is at least 2.35 times smaller
compared to the 3D Cones approach and both trajectories reach the same maximum k-space
velocity. Also for 100 randomly selected interleaves of both trajectories, the scaled diaphony of the
Sei�ert approach was calculated to be at least 16 % smaller with respect to the 3D Cones approach.
The PSFs in �gure 9.3.3, which correspond to four fold undersampling of both sampling schemes,
indicate low-coherent undersampling advantages for the Sei�ert approach. Along its symmetry
axis (z-axis), the 3D Cones PSF shows clear spiral-like (coherent) undersampling properties, which
remain coherent along both other directions while the Sei�ert spiral remains incoherent along
each axis.
The results from the PSF simulations are furthermore validated by the in-vivo acquisitions. Due to
symmetries in the 3D Cones trajectory, the trajectory exhibits coherent circular aliasing artefacts
along the axial direction (symmetry axis) while the sagittal and coronal planes are dominated
by random-noise-like artefacts with a horizontal predominant direction. The artefacts of the
Sei�ert Spirals remain random-noise-like in all anatomical planes. Consequently, the applied CS
reconstruction was not capable of removing all coherent aliasing artefacts, present in the axial
slice of the 3D Cones acquisition.
In summary, [A2] shows that the presented approach based on Jacobi elliptic functions is capable
of strictly reducing 3D scan durations. This is achieved by an e�cient coverage of k-space, based
on its low-discrepancy generation algorithm and by yielding advantageous preconditions for a
combination with a CS reconstruction. Using the latter in combination with 8-fold undersampling,
high resolution in-vivo knee images were and can be acquired in less than 25 s, leading a way
towards more acceptable scan durations for clinical routine.
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Efficient 3D low-discrepancy k-space
sampling using highly adaptable Seiffert

Spirals
T. Speidel, P. Metze, V. Rasche

Abstract—
The overall duration of acquiring a Nyquist sam-

pled 3D dataset can be significantly shortened by
enhancing the efficiency of k-space sampling. This
can be achieved by increasing the coverage of k-space
for every trajectory interleave. Further acceleration
is possible by making use of advantageous undersam-
pling properties.
In this work, a versatile 3D centre-out k-space trajec-
tory, based on Jacobian elliptic functions (Seiffert’s
spiral) is presented. The trajectory leads to a low-
discrepancy coverage of k-space using a considerably
reduced number of read-outs compared to other
approaches. Such a coverage is achieved for any
number of interleaves and therefore even single-
shot trajectories can be constructed to be combined
with e.g. hyperpolarized media. Further acceleration
is achievable due to non-coherent undersampling
properties of the trajectory [1] in combination with
non-linear reconstruction techniques like Compressed
Sensing (CS). Simulations of point-spread functions
and discrepancy evaluations compare Seiffert’s spiral
to the established 3D Cones approach. Imaging capa-
bilities are evaluated by comparison of in-vivo knee
images using Nyquist and undersampled datasets in
combination with CS reconstructions.

Index Terms—3D, spiral, Compressed Sensing, tra-
jectory, efficiency, low-discrepancy.
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I. INTRODUCTION

Fast volumetric imaging is usually achieved by
undersampling in combination with parallel or auto
calibration methods such as GRAPPA [2], SENSE
[3] or Compressed Sensing [4, 5]. General accel-
eration is possible by a rapid coverage of sam-
pling k-space, based on high k-space velocities as
well as optimised sampling schemes. The latter
reduces coherent undersampling artefacts due to
an increased randomness in the sampling point
distribution. This enables even shorter acquisition
times and is especially favourable whenever the
scan duration is strictly limited e.g. in combination
with hyperpolarized media [6], 4D flow MRI [7], in
cardiac imaging (self-gating) [8] or for image based
navigators [9].
A large variety of non-cartesian 3D trajectories have
yet been developed but acquisition times are still
limiting clinical applications [10]. Many approaches
are discussed in [11] and other examples include
twisted projection imaging [12] or 3D EPI [13].
Most of these 3D trajectories are based on 2D
radial or cartesian methods where the first requires
a comparable large number of interleaves to fulfil
Nyquist’s theorem and both suffer from distinct un-
dersampling artefacts as a compromise for imaging
acceleration. While spiral-based trajectories appear
to be more efficient, they are also prone to un-
dersampling artefacts [14] and coherences remain
despite various undersampling techniques [15].
More efficient 3D sampling schemes are based on
advanced algorithms which make use of random
search methods such as missile guidance ideas
[16] or genetic algorithms [17]. Unfortunately, both
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approaches show long read-out durations which
reduce the capability of in-vivo imaging due to
off-resonance effects and each interleave is not
constructed gradient efficient. Newer approaches
such as FLORET [18] or 3D Cones (stack of cones)
[19] overcome these limitations but both show pre-
dominant sampling directions (symmetries) which
cause coherent undersampling artefacts.
Recent publications have used the 3D Cones ap-
proach [19] for various applications such as imaging
of entheses and tendons [20], T1,⇢ imaging [21],
quantification of glenoid bone loss [22] or even
sodium ultra-short echo time imaging [23] with the
overall aim of scan time reduction.
Imaging of hyperpolarized media such as pyruvate
and its metabolites is gaining more importance in
clinical applications. Therefore, k-space trajectories
are required that can exploit the non-restoring hy-
perpolarization efficiently, using a strictly reduced
number of excitations. Further on, this even led to
the development of 3D single-shot approaches such
as GRASE [24] using cylindrical k-space trajecto-
ries or Stack-of-Spirals [25] adapted to hyperpolar-
ized MRI with interleaved k-z-dimension encoding.
Since both approaches are based on interleaved 2D
sampling patterns, the signal within the centre re-
gion of k-space is not well exploited. The presented
approach can realise 3D yarn-ball like single-shot
read-outs by starting in the k-space centre with the
ability of introducing various sampling densities to
account for the energy distribution in k-space. The
trajectory design as such is not limited by only
sampling spherical shells like in the case of [26].
Futhermore, the approach reduces the occurrence
of coherent undersampling artefacts by using adapt-
able Jacobian elliptic functions. These are the so-
lution to an underlying mathematical problem that
is extended by taking hardware and imaging con-
straints into account.

II. THEORY

The construction of the trajectory is based on
the generalisation of finding low-discrepancy 3D
k-space interleaves to the problem of how to circle
a spherical surface efficiently. An approach to
this question was given by P. Erdös in 2000 [27]

by revising the work of C. G. J. Jacobi and A.
Seiffert [28, 29]. For a more detailed derivation of
Seiffert’s spiral see [27].

A. Derivation of Seiffert’s spiral
The given constraint is to circle all meridians of

a spherical surface at constant speed v = ds�dt and
angular velocity ! = '�t by starting at the north
pole, with ' denoting the geographic longitude and
! the angular velocity.
The explicit time dependence can be eliminated by
defining

' = s
!

v
∶= s (1)

and setting t = s�v. A point P on the surface can be
defined in cylindrical coordinates by the longitude
' (0 ≤ ' < 2⇡), the height z (−1 ≤ z ≤ 1) above the
’equatorial plane’ and radius ⇢ (−1 ≤ ⇢ ≤ 1) which
is defined perpendicular to the north-south axis (see
fig. 1). Any infinitesimal line element on the unit
sphere can then be written as

ds
2 = ⇢

2d'
2 + d⇢

2 + dz
2

= ⇢
2d'

2 + 1

1 − ⇢2
d⇢

2 and ⇢ ≠ 1 (2)

with ⇢
2 + z

2 = 1.
Using eq. (1) the expression d'

2 can be replaced
by 

2ds
2 and one obtains

ds = 1�
(1 − 2⇢2)(1 − ⇢2)

d⇢ with �⇢� < 1

k
. (3)

Integrating eq. (3) yields the total distance which
can explicitly be seen as the distance from the north
pole to some point P on the unit sphere. Hence

s(⇢,) = �
⇢

0

dr�
(1 − 2r2)(1 − r2)

with �⇢� < 1

k
.

(4)
This equation is an elliptic integral of the first kind
in  which can be rewritten in terms of z rather
than ⇢:

s(z,) = �
z

1

dz
′

�
(1 − 2 + 2z′2)(1 − z′2)

with
√

1 − z2 < 1

k
. (5)
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The inverse of eq. (5) is Jacobi’s elliptic function
cn(s�m) and therefore z = cn(s�m) or ⇢ = sn(s�m)
with Jacobi’s elliptic function sn(s�m).
The solution to the initial problem is therefore given
by

' = s with  =
√

m, (6)
⇢ = sn(s�m), z = cn(s�m) . (7)

The trajectory on a spherical surface, obtained by
these equations is called Seiffert’s spiral and is
given in cylindrical coordinates as a function of
the length, measured from the north pole. Each
value of m relates to a (constant) surface velocity
and therefore determines the path of the spiral.
Independent of m, the path will always alternate
between both poles. The length of the spiral is
infinite and covers the entire surface i.e. each point
on the surface is covered.

Figure 1: Cylindrical coordinate system used for the
derivation of Seiffert’s spiral.

III. METHODS

A. A k-space trajectory based on Seiffert’s spiral
The translation of Seiffert’s spiral into a k-space

trajectory is reasonable since
1) the spiral provides a strategy to cover a spher-

ical surface,
2) the spiral radius is modifiable to account for

3D volumes and sampling densities,

3) changes in spatial directions are minimised to
increase k-space velocities [27],

4) the derivatives of sn and cn are again ellip-
tical functions and lead to smooth gradient
waveforms,

5) the ’spatial’ length of each interleave can be
chosen arbitrarily to even realise single-shot
sequences.

In order to construct a centre-out k-space interleave,
the distance of each point on the spiral w.r.t. the k-
space centre is linearly scaled from 0 to 1. At the
same time, the length of the spiral is calculated to
correspond to a certain read-out duration and resolu-
tion. A constraint (slew-rate, maximum gradient and
resolution) optimised gradient waveform is obtained
by using an optimisation algorithm based on arc-
length parametrisations [30]. Since one is free to
choose a value for m (eq. (7)), the parameter can
be used to minimise the discrepancy of the spiral for
each read-out duration and resolution. We use the
diaphony [31, 32] as a measure for the discrepancy
of a point distribution in a 3D volume. Once a spiral
is found, an initial number Nf of Fibonacci points
X(xf, yf, zf) is generated on the surface of a unit
sphere via the relations

xf = cf ⋅ sin(✓) ,
yf = cf ⋅ cos(✓) ,
zf = sf ,

(8)

with ✓ = 2⇡k

�
, � = 1 +

√
5

2
,

and sf =
k

Nf
, cf =

�
(Nf + k)(Nf − k)

Nf
,

−Nf

2
+ 1 ≤ k ≤ Nf

2
− 1 .

The generated Seiffert spiral which corresponds
to one read-out or interleave is then copied and
rotated Nf times such that the end point of each
spiral is one of the generated Fibonacci points. This
leads to a trajectory that consists of Nf interleaves
and each interleave consists of Ns sampling points,
according to the desired sampling bandwidth and



4

read-out duration. A Nyquist test is then applied to
the trajectory and the number of Fibonacci points
and interleaves is adjusted accordingly. Due to
the quasi-random distribution of k-space points, a
nearest neighbour search is therefore necessary and
to check whether the condition FOV = 1��k is
fulfilled for a random sample of points. Overall
and equal to other approaches, the length of each
spiral determines the number of interleaves that is
necessary to Nyquist sample k-space.
Figure 2a) shows 250 arbitrarily selected interleaves
of a resulting trajectory and figure 2b) displays
1,000 Fibonacci surface points for illustration. The
trajectory of figure 2a) is made up by the Seiffert
spiral shown in green in figure 3a,b) as a 3D and
kx-ky-plane projection.
a) b)

Figure 2: Achieved k-space coverage for exemplary
250 rotated interleaves in a) and one-thousand Fi-
bonacci points on the surface of a unit sphere in b).
Each point in b) defines the end of one interleave.
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c)
Figure 3: Plot of a single resulting interleave in k-
space a) and as a plane projection in b) for two
different density compensations. Both interleaves
correspond to a read-out duration of 3.0 ms at a
maximum gradient of 30 mT/m and a slew-rate
limitation of 180 T/m/s.

The radius of the spiral as a function of time
can be defined such that different k-space densities
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Figure 4: All three gradient channels of the two
Seiffert spirals as shown in figure 3. The gradients
correspond to a read-out duration of 3.0 ms at a
maximum gradient of 30 mT/m and a slew-rate
limitation of 180 T/m/s.

can be achieved. This can account for the k-space
energy distribution or enhance the efficiency of
a CS reconstruction algorithm. For this purpose,
the linearly increasing radius of the spiral points
is element-wise multiplied with a function of the
type f(x) = x

↵, where ↵ accounts for the density
modulation (radial increment). Thereby, ↵ > 1
leads to an increased point density in the k-space
centre while ↵ < 1 decreases the density. The
resulting spiral is then again optimised using the
arc-length parametrisation. Exemplary, figure 3a,b)
shows two different Seiffert spirals, created using a
(↵ = 2) quadratic (green) and (↵ = 0.5) square-root
(orange) density modulation. Since the exponent
↵ influences the shape of the spiral, the k-space
coverage is changed accordingly.
The gradient waveforms for each channel of the
spirals shown in figure 3 are depicted in figure
4 with a maximum gradient of 30 mT/m and a
slew-rate limitation of 180 T/m/s. The length of the
spiral corresponds to a read-out duration of 3 ms
and to a resolution of 1.7 mm (FOV = 20 cm).
The intrinsically smooth gradient waveforms are
advantageous since they are less prone to gradient
imperfections.
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B. Discrepancy analysis and point-spread functions
In order to reduce the number of required k-space

interleaves, the discrepancy D of one interleave
has to be minimised as well as the discrepancy
of the complete trajectory. The first requirement is
met due to the concept of Seiffert’s spiral and the
second is addressed by the generation of Fibonacci
points. Nevertheless, there is one further exploitable
degree of freedom for a discrepancy minimisation.
The rotation of each spiral around its axis (k-space
centre to Fibonacci point) can be set individually
and small rotations can be applied to avoid any
interleave overlap.
Advantages in scan duration compared to the 3D
Cones approach can either be achieved by lower
discrepancy values or by favourable undersampling
properties. The capability of k-space filling per time
is analysed by calculating the scaled diaphony Ds
according to the relation Ds =D

√
Nf ⋅Ns. Figure 5

shows the scaled diaphony values for a considered
number of interleaves, starting at the beginning of
each trajectory, for the 3D Cones (red) and Seiffert
approach (blue).
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Figure 5: Plot of the scaled diaphony for each num-
ber of interleaves between one and thirty, starting
with the first interleave of each trajectory for the
3D Cones (red) and Seiffert approach (blue).

For this calculation, both trajectories were gen-
erated according to a resolution of 1.7 mm (FOV =

20 cm), a read-out duration of 3 ms and the same
maximum number of points on each interleave.
All 3D Cones trajectories were calculated using
the online available scripts provided in [19]. The
maximum gradient and slew-rate constraints were
again set to 30 mT/m and 180 T/m/s. Thereby the
3D Cones trajectory consisted of 188 cones with
a total of 5,722 interleaves in comparison to 3,250
constructed Seiffert interleaves. The radius incre-
ment of the Seiffert spiral was set linear (no density
compensation). The scaled diaphony for the Seiffert
approach is at least 2.35 times smaller and both tra-
jectories reach the same maximum k-space velocity.
Theoretically, the scaled diaphony follows a square-
root behaviour as the number of considered points
increases [33]. Consequently, all data was fitted
according to the model Ds,m(Nf) = A ⋅

√
Nf with

fitting results of ACones ≈ 21.08 and ASeiff ≈ 8.51.
The calculation of the diaphony is still a time
consuming process O(3N

2) [34] with N = Nf ⋅Ns
and therefore only feasible for a sufficiently small
number of points or interleaves. The given model
can therefore be used to extrapolate diaphony values
for ’not computable’ numbers.
Due to initially large polar angles [19], the 3D
Cones interleaves will reach lower diaphony val-
ues as the polar angle decreases. For this reason,
hundred interleaves of the trajectory were multiple-
times arbitrarily selected and the scaled diaphony
of the Seiffert approach was at least 16 % smaller
compared to the 3D Cones approach and at least
34 % smaller compared to a radial centre-out trajec-
tory. This is especially favourable for high under-
sampling factors since more of k-space is covered
for any selection of interleaves. This property in
combination with a random order of the Fibonacci
points can also allow for beneficial sliding-window
properties.
Undersampling artefacts can be (partially) ad-
dressed by using non-linear optimisation recon-
struction techniques like CS. The success of the CS
reconstruction is based on three factors: the incoher-
ence of measurements, the sparsity/compressibility
of signals, and the efficiency of the reconstruction
algorithm [5]. The first condition can directly be
influenced by the design of the trajectory. In order
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to analyse the trajectory’s undersampling behaviour,
the sampling point-spread functions for the Seiffert
and 3D Cones trajectories along the x and z-
direction are shown in figure 6. Four-fold under-
sampling for the Seiffert PSF was achieved by
considering every 4th interleave while for the 3D
Cones PSF 1/4th of the interleaves inside each cone
(spread out angularly) were used. Both considered
trajectories were identical to the ones used for the
discrepancy analysis.

Figure 6: Simulated PSF for four fold undersam-
pling for the Seiffert a,c) and 3D Cones b,d) trajec-
tory along the z and x-direction.

Along its symmetry axis (z), the 3D Cones PSF
shows clear spiral-like (coherent) undersampling
properties which remain coherent along both other
directions. In contrast, the Seiffert spiral remains in-
coherent along each axis. PSFs of the 3D FLORET
trajectory are depicted in [18] which also show co-
herent undersampling properties arising from spiral-
like interleaves.

C. Reconstruction & phantom imaging

Image reconstruction for all Seiffert and 3D
Cones acquisitions (phantom and in-vivo) was
achieved in the following manner: after data
acquisition, raw data were exported and pro-
cessed with MATLAB (MathWorks, Natick, Mas-
sachusetts, USA). Images were obtained using grid-
ding in combination with a 3D Voronoi tessellation
[35, 36]. Gradient system delays were estimated

[37] and used to correct the trajectory before grid-
ding. Further eddy current effects were compen-
sated using a mono-exponential model [38] with
a time constant of ⌧ = 39 µs. Undersampling was
created retrospectively using the same methods as
for the PSF analysis. The CS sparse-transformation
was achieved using total variation [39].
In order to evaluate the capabilities of artefact
reduction as well as imaging performance, an image
quality phantom was measured. All phantom images
were acquired using a 3 T wholebody MRI sys-
tem (Achieva 3 T, Philips, Best, The Netherlands)
and an 18-element SENSE NV coil (Philips, Best,
The Netherlands) with 10 elements used for data
acquisition. The acquired images were compared
with a standard 3D cartesian acquisition and the
undersampling behaviour (R = 10) was analysed in
combination with a CS reconstruction. For compar-
ison, all relevant scan parameters are listed in table
I.
Table I: Scan parameters for the Seiffert and 3D
cartesian acquisition.

Seiffert Spiral 3D Cart.
FOV / mm 220 iso 220 iso
Matrix 258 iso 258 iso
Res. / mm 0.85 iso 0.85 iso
TR / ms 8.0 6.27
TE / ms 0.23 3.7
Tacq / ms 3.49 1.24
No. of Read-Outs 21,850 66,564
Excitation Hard Pulse Hard Pulse
Flip Angle / ○ 20 20
Sampl. BW / kHz 422 211
Scan Duration 2 min 55 s 6 min 58 s

D. In-vivo imaging

In-vivo knee images with an isotropic resolu-
tion of 0.85 mm were acquired on the previously
mentioned 3 T wholebody MRI system using an
8-element SENSE knee coil (Philips, Best, The
Netherlands). All gradient values for the Seiffert
& 3D Cones trajectory were again calculated in
MATLAB and transferred to the scanner. The radius
increment of the Seiffert spiral was set to linear
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(↵ = 1). Due to long read-outs, a minimisation in
water-fat shift is achieved by a spectral selective ex-
citation pulse (binomial 1/2/1). All scan parameters
are shown in table II.
Table II: Scan parameters for the Seiffert and 3D
Cones acquisition.

Seiff. Spiral 3D Cones
FOV / mm 200 iso 200 iso
Matrix 236 iso 236 iso
Res. / mm 0.85 iso 0.85 iso
TR / ms 9.8 9.8
TE / ms 1.68 1.68
Tacq / ms 3.47 3.51
No. of Read-Outs 20,000 35,594
Excitation Spec. Sel. Spec. Sel.
Flip Angle / ○ 20 20
Sampl. BW / kHz 422 467
Max. Grd. / mT/m 27 27
Max. Slew / T/m/s 180 180
Scan Duration 3 min 25 s 5 min 49 s
Scan Duration 8x US 25 s 44 s

E. Root Mean Squared Error & SNR Calculation

Comparison and quantification of the non-linear
optimisation of eight-fold undersampled in-vivo im-
ages of the Seiffert and 3D Cones approach with
the respective Nyquist sampled and reconstructed
datasets was done using the root mean squared error
(RMSE). Here, the RMSE between two grayscale im-
ages y and ŷ consisting of N pixels was calculated
as

RMSE =

�
��� 1

N

N

�
i=1
(yi − ŷi)2 . (9)

The signal-to-noise ratio (SNR) was calculated us-
ing the formula [40]

SNR = 0.655 ⋅ �IROI� − �Inoise�
�I,noise

(10)

with �IROI� being the average intensity in the ROI.
�Inoise� was determined in the background with the
corresponding variance �I,noise. For all in-vivo knee
images, the ROI was placed around the musculus
gastrocnemius.

IV. RESULTS

A. Phantom & in-vivo imaging

Figure 7 displays the Nyquist sampled 3D
cartesian and Seiffert spiral images (first and
second row) of an image quality phantom. The
cartesian image required 258 × 258 = 66,564
excitations, leading to a total scan duration of
6 min 58 s in order to achieve a 0.85 mm isotropic
resolution within an isotropic FOV of 220 mm.
The Seiffert image was achieved at equal FOV
and resolution using 21,850 excitations within
2 min 55 s. The acceleration factor of the Nyquist
sampled Seiffert image compared to the cartesian
acquisition resulted as 2.34. Furthermore, figure 6
suggests advantageous undersampling properties
of the Seiffert spiral in combination with a CS
reconstruction using an undersampled dataset.
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Figure 7: Sagittal, coronal and axial slices of an
image quality phantom. The first row was imaged
using a standard 3D cartesian acquisition while
the second row corresponds to a Nyquist sampled
Seiffert acqusition. Row 3 and 4 show 10-fold
undersampling in combination with a Compressed
Sensing reconstruction. The corresponding scan pa-
rameters are shown in table I. All axial and sagittal
images are cropped for better visualisation.
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The third row of figure 7 displays 10-fold
undersampling, showing random-noise-like
undersampling artefacts in all three anatomical
planes which is in clear accordance with the
simulated PSFs. Using the image data of ten coil
elements of the SENSE NV coil, the undersampling
artefacts can be vastly corrected. The relative SNR
with respect to the cartesian acqusition is 60 % for
the Nyquist sampled Seiffert acquisition.

In-vivo knee images acquired with the Seiffert
and 3D Cones approach are shown in figure 8.
Axial, coronal and sagittal slices of the Seiffert
acquisition are shown for Nyquist sampling
and 8-fold undersampling with and without CS
correction.

Due to symmetries in the 3D Cones trajectory,
leading to a predominant sampling direction, the
trajectory appears more sensitive to gradient im-
perfections that can in our case not be entirely
compensated by the monoexponential correction
model. Therefore, the Nyquist sampled 3D Cones
acquisition exhibits minor circular artefacts along
the axial direction (axis of symmetry). In all slices,
this leads to slight image blur. Similar artefacts are
not observed for the Seiffert spiral, which is most
likely due to the lower gradient demands.
Considering the 8-fold undersampled images, both
trajectories show the expected undersampling prop-
erties as predicted by the simulated PSFs (figure 6).
For the 3D Cones acquisition, spiral-like artefacts
are visible in the axial planes while the sagittal and
coronal planes are dominated by random-noise-like
artefacts with a horizontal predominant direction.
The artefacts of the Seiffert spirals remain random-
noise-like in all planes. A close up of the top right
corner of the axial Nyquist and 8-fold undersam-
pled Seiffert and 3D Cones images is shown in
figure 9. Imaging artefacts arising from gradient
imperfections such as blurred/duplicated tissues are
indicated. Spiral-like undersampling artefacts in the
3D Cones image can be appreciated, while the
appearing artefacts in the Seiffert acquisition leave
the image vastly unblurred.
The herefrom emerging advantages concerning an
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Figure 8: Sagittal, coronal and axial slice of a fat
suppressed Seiffert and 3D Cones acquisition with
scan parameters shown in table II. For each slice
and trajectory an 8-fold undersampled image is
shown in combination with a Compressed Sensing
reconstruction applied to the undersampled dataset.
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Figure 9: Close up of the top right corner of the
axial Nyquist and 8-fold undersampled Seiffert and
3D Cones images of figure 8.

iterative CS reconstruction are shown in the last
row of figure 8 for each scan respectively. The
CS reconstruction is not capable of removing all
coherent artefacts that are especially present in the
axial slice of the 3D Cones acquisition. Thus, by
choosing adequate regularisation parameters (such
that anatomical structures are not degraded), image
artefacts remain. The performance of the CS re-
construction seems about equal in the sagittal and
coronal planes of both scans. This impression is
supported by a RMSE calculation. All RMSE values
were calculated by comparing the Nyquist sampled
image of each acquisition once with the undersam-
pled image and once with the CS reconstructed
image. The obtained RMSE values are listed in table
III.
Table III: RMSE values for the 3D Cones and
Seiffert acquisition of figure 8.

RMSE
Axial Cor. Sag.

Seiff. 8xUS 8.9 10.2 9.4
Seiff. 8xUS w. CS 8.4 9.2 8.7
Cones 8xUS 15.3 12.0 12.9
Cones 8xUS w. CS 13.5 11.4 11.5

High RMSE values occur especially in the
axial plane of the 3D Cones acquisition due to
the emerging artefacts. The undersampled image
can be more identical reconstructed compared to
the Nyquist sampled image in case of the Seiffert
acquisition.
Despite the intrinsically higher SNR values of the
3D Cones acquisition due to a greater number of
excitations, the remaining coherent artefacts after
CS reconstruction reduce the SNR such that the
Seiffert spiral SNR results 20 % superior to the 3D
Cones.
The 8-fold undersampled Seiffert approach
corresponds to a scan duration of ≈ 25 s and to 22
times less excitations compared to a standard 3D
cartesian acquisition.

B. PNS simulation and estimation
We analysed the peripheral nerve stimulation

(PNS) of the 3D Cones and Seiffert approach by
considering trajectories, created according to a max-
imum slew-rate of 180 T/m/s. Since the slew-rate
of the trajectory does not directly influence k-space
velocities, the Seiffert spiral can be constructed such
that PNS values are noticeable reduced. High PNS
values are an intrinsic problem of the 3D Cones
trajectory since the first and last part of the tra-
jectory is dominated by radial-like interleaves with
fast gradient oscillations along the symmetry axis
[41]. Therefore, high (trapezoidal) slew-rates are
applied for a significant duration and additionally,
the maximum slew-rate is used more frequently
(oscillations), causing significant PNS values. A
comparison of the slew-rates of both Seiffert spiral
interleaves (↵ = 0.5 and ↵ = 2) as shown in figure 3
together with the slew-rate of a 3D Cones interleave
with small cones angle (opening angle) is shown in
figure 10. The calculated PNS value of the in-vivo
3D Cones acquisitions on the vendor’s system was
86 % which exceeds the Seiffert PNS by > 10 %.

V. DISCUSSION & CONCLUSIONS

The presented approach based on Jacobian el-
liptic functions is capable of strictly reducing 3D
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Figure 10: Slew rate of both Seiffert trajectories
shown in figure 3 and of a 3D Cones interleave
with small cones angle

scan durations due to its low-discrepancy generation
algorithm which leads to an efficient coverage of
k-space. Simulations and phantom images have
shown clear advantages compared to recent and
established approaches. A further decrease in scan
duration is straightforward by exploiting the se-
quence’s undersampling properties (random-noise-
like) in combination with a CS reconstruction.
Reconstruction methods using artificial neuronal
networks such as machine- or deep learning may
allow for even higher undersampling factors with
no further degradation in image quality [42].
Imaging of anisotropic FOVs e.g. for cardiac appli-
cations is possible by calculating the length of each
interleave with respect to all three k-space axis and
by removing a certain number of those for which the
length according to the desired k-space axis is the
greatest. This reduces the sampling density along
the specified direction, leading to a smaller FOV.
Additionally, the trajectory is highly modifiable
e.g. in terms of density distributions or read-out
durations. For any number of selected interleaves,

a trajectory can be generated that covers k-space
according to Nyquist’s theorem. This allows for an
excellent combination with hyperpolarized media,
where the number of excitations is strictly limited.
In-vivo images have proven the advantageous un-
dersampling behaviour in combination with a CS
reconstruction by comparing it to the 3D Cones
approach, leading to even shorter scan durations
also in the case of Nyquist sampled images due
to its low-discrepant k-space coverage.
Finally, the trajectory can be combined with any
type of pre-pulse technique to account for various
tissue contrasts and applications.
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Incoherent Point Spread Functions and
Emerging Possibilities





V.10 Theoretical Concepts

The aim of science is to make di�cult
things understandable in a simpler way;
the aim of poetry is to state simple things
in an incomprehensible way. The two are
incompatible.

(Paul A. M. Dirac, 1902 � 1984)

10.1. Undersampling and Nyquist’s Theorem

The MR imaging concept of the manuscript, presented in this chapter, relies on the equality of
reconstructing arbitrary FOVs and undersampling in the spatial frequency domain. The discussion
of section 4.4 derived the reciprocal equality of FOV and the spacing of adjacent points in k-space:

FOVi =
1

�ki
with i = x ,�, z . (10.1.1)

Any Nyquist sampled k-space trajectory is necessarily calculated such that k-space is sampled
su�ciently dense, in order to reconstruct the desired FOV without aliasing artefacts. The recon-
struction of a FOV that is larger than what is represented in the acquired k-space data requires
additional spatial frequency components, such that �ki decreases. Consequently, since these
components are missing, the situation is equal to having an undersampled dataset that belongs to a
larger FOV and the reconstruction would yield aliasing artefacts in accordance to the point spread
function of the k-space sampling scheme (section 6.3). The scenario of reconstructing arbitrary
(larger) FOVs becomes interesting if the arising aliasing artefacts are less visually disruptive or
can even be vastly eliminated by speci�c reconstruction techniques such as Compressed Sensing.
This indicates advantageous properties for low-coherent k-space sampling schemes, which lead
to random noise-like aliasing artefacts in the image domain.
The impact of the sampling scheme on the emergence of aliasing artefacts is following brie�y
discussed [A3].
In a direct reconstruction, the reconstructed image�� is obtained by a convolution of the original
image� with the associated PSF �: �� = � ⇤ �, where the latter can be expressed in terms of a
Fourier series of the form

�(X ) =
’
p

exp
�
2�i(xkx (p) + �k� (p) + zkz (p))

 

·�(kx (p),k� (p),kz (p)) ,
(10.1.2)
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with X = (x ,�, z) and the sum is to be taken over all sampled points in k-space with coordinates
(kx ,k� ,kz ). Additionally, � allows for the introduction of a density compensation function when
sampling on a non-equidistant grid [50]. Such a density compensation only in�uences the
peak/side-lobe amplitudes in the PSF but not their overall position. We simplify this discussion
by assuming a symmetrically sampled k-space about the origin, leading to a vanishing imaginary
part of the PSF. Under this assumption

�(X ) =
’
p

cos{2� (xkx (p) + �k� (p) + zkz (p))}

·�(kx (p),k� (p),kz (p)) .
(10.1.3)

Therefore, most PSFs might be represented as a sum of cosine terms, constructively and destruc-
tively interfering in image space. Considering two sampled points p1 and p2 in k-space, displaced
from the k-space centre along each coordinate axis, leads to an interference that is determined by
the expression

�̃(X ) = cos{2� (xkx (p1) + �k� (p1) + zkz (p1))}
+ cos{2� (xkx (p2) + �k� (p2) + zkz (p2))} .

(10.1.4)

Choosing e.g. the two points k1 = (�, 0, 0) and k2 = (0, �, 0) results in

�̃(X ) = cos{2��x} + cos{2���} . (10.1.5)

As depicted in �gure 10.1.1, for � = 1, the two cosine terms show a maximum constructive
interference with repeating peaks being separated by � in x- and �-direction.

Due to the convolution, the repetitive pattern of interference will only cause aliasing artefacts
if the extension of the image is larger than 1/� along the x- or �-direction (section A). This �nding
corresponds to the Nyquist condition (FOV = 1/�k). The nature of random sampling leads to
various spacings between neighbouring k-space points or to various distances and directions from
the k-space centre, and therefore to the interference of a multitude of cosine waves of di�erent
spatial frequencies in image space. The resulting pattern of interference in image space consists
of numerous regions of constructive and destructive interference, spreading the aliased energies
more and more homogeneously over the imaging space, as the variations in point spacings and
their spatial orientations vary.
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Figure 10.1.1.: Three-dimensional plot of the PSF given in eq. (10.1.5) for � = 1.
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V.11 Article 3

11.1. Author’s Contributions

I On the possibility of reconstructing arbitrary FOVs using theta function based gradient
waveforms with low-coherent aliasing properties.

The author developed and implemented the imaging modality. Furthermore, the author acquired
the presented data and contributed signi�cantly to the interpretation of the results, prepared most
of the �gures, and assumed a leading role in the preparation of the manuscript. The author is the
main author.

11.2. Art.3: On the possibility of reconstructing arbitrary FOVs

The following article [A3] was prepared for publication as:

T. Speidel, P. Metze, K. Stumpf, T. Hüfken and V. Rasche
On the possibility of reconstructing arbitrary FOVs using theta function based gradient waveforms
with low-coherent aliasing properties
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11.3. Summary

The following article, titled „On the possibility of reconstructing arbitrary FOVs using theta
function based gradient waveforms with low-coherent aliasing properties“ is an extension to
the imaging concept, presented in [A2]. The discussion in section 10.1 highlighted the equality
between the reconstruction of FOVs that are larger than the FOV that is intrinsically represented
in the acquired frequency data, and undersampling in the frequency domain. Thus, the reconstruc-
tion of larger FOVs leads to the emergence of aliasing artefacts which are based on the underlying
k-space sampling scheme (trajectory). The aim of [A3] is to highlight advantages, which arise from
low-coherent sampling schemes, in order to reconstruct nearly arbitrary FOVs with emerging
aliasing artefacts that can vastly be corrected using non-linear iterative reconstruction approaches
such as Compressed Sensing. Consequently, the presented imaging modality does not require
prior commitment to an imaging �eld of view and a trajectory might be constructed that is
just dependent on given time constraints such as the total desired scan duration and maximum
read-out duration (o�-resonance e�ects).
The imaging concept relies on a generalisation of the Sei�ert Spiral approach: Section 8.3 in-
troduced the Jacobi elliptic functions as being functionals of Jacobi theta functions (�1, ...,�4).
Therefore, the Sei�ert Spiral is constructed based on a distinct combination of Jacobi theta
functions, while other combinations o�er the possibility of creating various other interleave
waveforms, with considerably di�erent properties such as k-space velocities, sampling densities,
discrepancies and required hardware specs. The generalisation is furthermore interesting since it
delivers an additional degree of freedom, based on which the trajectory might be better adjusted
to given hardware constraints such as the maximum gradient amplitude or slew-rate.
Generally, [A3] emphasises to demonstrate the low-coherent sampling properties which arise from
the generalised k-space sampling scheme. The trajectory itself is basically constructed equally as
the trajectory presented in [A2], with the major di�erence being the initial parametrisation of the
waveform. Instead of using the functions sn and cn, the waveform is generated on the surface of
a unit sphere according to the de�nition: � : R+0 ! R3, s 7! � (s) withm 2 (0, 1) and

�x (s,m) = �1(s,m2) · cos
�
s ·m2� (11.3.1)

�� (s,m) = �1(s,m2) · sin
�
s ·m2� (11.3.2)

�z (s,m) = �2(s,m2) . (11.3.3)

Based on the de�nition of the parametrisation, the achieved spiral is referred to as 3D � -based
Spiral. Every result, presented in the manuscript was achieved using the above parametrisation.
Nevertheless, �gure 11.3.1 shows two k-space interleaves, based on di�erent combinations of
theta functions to demonstrate the variability of the construction approach.
[A3] uses three di�erent approaches to investigate the aliasing behaviour of the developed

k-space sampling scheme:

• Simulation of the point spread functions, associated to an undersampled 3D � -based Spiral
k-space sampling scheme, to highlight the distribution of aliased energies.
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11.3Summary

Figure 11.3.1.: Two interleaves, each based on a di�erent Jacobi theta function �1
and �4. Both interleaves are shown in three-dimensional k-space (a)
and as a plane projection in (b).

• Acquisition of phantom images with di�erent undersampling factors to visualise emerging
aliasing artefacts and their behaviour for increasing undersampling factors.

• Analysis of the noise power spectrum in two cubic regions of the acquired phantom images.

The obtained results are following brie�y presented and discussed. Figure 11.3.2 shows four point
spread functions which correspond to 3.29-fold undersampling∗ (a), 6.43-fold undersampling (b),
9.33-fold undersampling (c) and 12.98-fold undersampling (d). The trajectory for �gure 11.3.2a)
consisted of 20,000 interleaves with an associated read-out duration of Tacq = 3.52ms for each
interleave.

Phantom images using the same four undersampled trajectories were acquired on a 1.5 T human
MRI system (Achieva 1.5 T, Philips) and are depicted in �gure 11.3.3.
Since all four images are undersampled, the FOV that is represented in each dataset is not su�cient
to represent the entire phantom without aliasing artefacts. In order to highlight the size of the
real FOV of each trajectory, the FOV is depicted as a red square in each phantom image of �gure
11.3.3. The noise analysis for a cubic region (ROI) inside the phantom (only background signal)
is shown in �gure 11.3.4. Thereby, the same power spectra were also calculated for a 3D radial
Kooshball trajectory to highlight di�erences.
The results can be understood as follows: By comparing successive undersampling factors, en-
ergies in the PSFs emerge that do not seem to follow any ordered or symmetric pattern [73].
Consequently, all PSFs appear to be governed by a low-coherent distribution of energies which
yield aliasing artefacts that are (in its appearance) vastly similar to an introduction of white noise,
as can be appreciated in �gure 11.3.3. Furthermore, image sharpness is (visually) preserved for
all undersampling factors and additionally demonstrated by an analysis of the full width at half

∗All undersampling factors were determined according to the concept of a „generalised FOV“, as presented in [A3].
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Figure 11.3.2.: Simulated PSFs in the x�-plane with z = 0 of the presented � -based
Spiral trajectory. The PSF in a) corresponds to 3.29-fold undersam-
pling, the PSF in b) to 6.43-fold undersampling, c) and d) to 9.33-fold
and 12.98-fold undersampling respectively.

maximum (FWHM) of the associated PSFs, shown in [A3].
The normalised power spectra indicate slightly overpronounced DC components for all acquisi-
tions. For the 3D � -based Spiral trajectories (20,000 and 1,250 interleaves), all further frequency
components are about equally represented, leading to a widely �at power spectrum in accordance
to the behaviour of (bandwidth limited) white noise, which stands in contrast to the Kooshball
trajectory.
In summary, all presented results show dominant low-coherent aliasing properties, leading to a
noise-like aliasing behaviour. This can be exploited in various ways: As shown in [A2], this allows
for an ideal combination with Compressed Sensing to reduce overall scan durations in addition to
undersampling in the spatial frequency domain. The equality between undersampling and the
reconstruction of arbitrary FOVs leads to new imaging strategies or ways in which available scan
times can be exploited. Therefore, a trajectory might be constructed just by following given time
restrictions and imaging constraints, e.g. such as:

• Size of k-space sphere is de�ned by the desired image resolution.

• Maximum read-out duration (spiral length) is de�ned (limited) by o�-resonance behaviour
and relaxation e�ects.

• Total acceptable scan duration de�nes the number of possible interleaves.

Following, any feasible FOV might then be reconstructed by only introducing low-coherent alias-
ing artefacts which can vastly be corrected using established (iterative) reconstruction techniques.
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11.3Summary

Figure 11.3.3.: Slice of an image quality phantom (coronal orientation), acquired for
various undersampling factors R1 (M3) in a), R2 (M6) in b), R3 (M9) in
c) and R4 (M13) in d). The red square in each image corresponds to
the generalised FOV of the underlying (undersampled) trajectory.
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11.3 Summary

Figure 11.3.4.: Normalised power spectra for the cubic region of interest within the
phantom, containing no signal. For both trajectories, Kooshball and
3D � -Spiral sampling, the lower row is undersampled by a factor of
R = 16 with respect to the upper row.
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On the possibility of reconstructing
arbitrary FOVs using theta function based

gradient waveforms with low-coherent
aliasing properties

T. Speidel, P. Metze, K. Stumpf, T. Huefken & V. Rasche

Abstract—
The calculation of any k-space trajectory in mag-

netic resonance imaging usually involves prior knowl-
edge of the spatial extensions (field of view) of the
imaging volume, since the desired field of view de-
fines a minimum sampling density in k-space and
accordingly a necessary number of phase encoding
steps. The reconstruction of a FOV which is larger
than what is represented by the primary sampling
density is therefore equal to undersampling in the
spatial frequency domain.
Thereby arising artefacts are strictly dependent on the
underlying k-space sampling scheme which leads to
advantages for k-space trajectories with low-coherent
aliasing properties. Beneficial properties are especially
given by an artefact behaviour which is widely com-
parable to the introduction of white noise in the
image domain. Furthermore, these aliasing properties
provide a perfect precondition for the combination
with non-linear reconstruction techniques such as
Compressed Sensing.
This manuscript describes a method of three-
dimensional k-space sampling that is based on a
generalised form of the previously introduced ”Seiffert
Spirals“ by focusing on the characteristics of the
arising aliasing artefacts and by describing a following
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imaging modality that does not require any prior
commitment to an imaging field of view.

I. INTRODUCTION

Undersampling in the spatial frequency domain
is a common method to shorten acquisition times
in magnetic resonance imaging (MRI). Thereby,
the violation of Nyquist’s theorem leads to the
emergence of aliasing artefacts which are usually
addressed with parallel or auto calibration methods
such as GRAPPA [1], SENSE [2] or Compressed
Sensing (CS) [3, 4]. Especially for three-dimesional
applications resulting long acquisition times often
limit clinical applications. Recent studies have
shown the capabilities of a Compressed Sensing
reconstruction for various multidimensional
applications such as cardiac-resolved flow imaging
[5], dynamic cardiac MRI using k-t-sparsity
[6, 7], dynamic-contrast-enhanced imaging [8, 9]
or extra-dimensional imaging (≥ 4 dimensions)
[10, 11], using miscellaneous sampling strategies
to subsequently achieve even higher undersampling
factors.
The fact that the performance of a CS reconstruction
is fundamentally based on the incoherence of
measurements [3], has led to the development
of various two- and three-dimensional sampling
schemes (trajectories) with a distinct focus on
low-coherent k-space sampling such as FLORET
[12] or 3D SPARKLING [13], with both being
three-dimensional centre-out k-space trajectories.
Beneath these recent approaches, further widely
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established sampling schemes are discussed in
[14]. While the 3D SPARKLING approach has
already shown its feasibility for the imaging of
tissue with short T

�
2 relaxation times, it appears

limited by the remaining radial sampling character
and is still missing a thorough discussion of the
arising aliasing behaviour. A detailed discussion
of the FLORET approach, which is mainly based
on the 3D Cones sampling scheme [15], is given
in [16] with a comparison to the here further
developed sampling approach.
Despite such various approaches, the main focus
is commonly to achieve an efficient and low-
discrepant k-space coverage, which requires the
construction of a sampling scheme that leads to
an advantageous sampling point spread function
(PSFS) for the (angular) undersampled case. The
low-coherent energy distribution in the PSFS
for nearly arbitrary undersampling factors then
introduces aliasing artefacts with a (noise-like)
power spectrum whose characteristics are merely
independent on the degree of undersampling.
The aim of this publications is to report on
the aliasing behaviour of a generalised form of
the previously introduced ”Seiffert Spirals“ [16].
The generalisation using Jacobi theta functions
allows for a variety of highly adaptable k-
space interleaves while maintaining low-coherent
sampling properties. It is furthermore explicitly
shown, that low-coherent aliasing properties offer
the possibility of reconstructing arbitrary FOVs
by only introducing random noise-like aliasing
artefacts. This leads to a situation in which a
MRI trajectory can be constructed by totally
neglecting the desired imaging FOV. The trajectory
is just constructed to meet a given resolution and
the total number of interleaves is derived from
the desired total scan duration. Furthermore, the
presented concept marks a perfect precondition
for the combination with a CS reconstruction [3],
especially with the ability of achieving variable
sampling densities around the centre of k-space.

II. THEORY

A. Undersampling & Nyquist’s Theorem

In the case of Cartesian k-space sampling,
Nyquist’s theorem states that the distance �ki

between adjacent sampling points has to fulfil the
condition �ki ≤ 1�FOVi, where FOV is the field
of view and i = x, y, z reflects the standard three-
dimensional Euclidean basis. A violation of the
given sampling condition leads to aliasing i.e. inter-
ference of image information that is not represented
in the acquired spatial frequency data. Cartesian
undersampling leads to aliasing artefacts in the
spatial domain known as ”ghosts“, while in the
case of radial (polar) undersampling streak artefacts
appear.
The reciprocal proportionality between FOV and
sampling density concludes that the maximum FOV
(along each axis) which can be reconstructed using
the acquired data is given by FOVi = 1��ki.
Therefore, aliasing artefacts appear in every re-
constructed FOV that violates the initial Nyquist
condition, while aliasing properties are governed by
the corresponding (sampling) point spread function
of the k-space sampling scheme. The PSFS indi-
cates how the information associated with a point
source in the original image is spread out in the
reconstructed image. A Delta peak is therefore an
ideal PSF since only the information of one point in
the original image corresponds to one point in the
reconstructed image. However, due to the limitation
of discrete and finite sampling, the Delta peak is
spread out which leads to a decrease in resolution
in the reconstructed image. But consequently, the
full width at half maximum of the centre peak of the
PSFS is an appropriate measure for image sharpness
also in a relative way by allowing comparisons
of different PSFSs, while the side-lobe behaviour
indicates coherent aliasing properties.
In a direct reconstruction, the reconstructed image
 � is obtained by a convolution of the original
image  with the associated PSFS �:  � =  ∗ �.
In the case of a compactly supported image  ∈
L

2(R3) i.e.  has a square Lebesque integrable
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representation, � can be expressed as

�(X) =�
p

exp{2⇡i(xkx(p) + yky(p) + zkz(p))}

⋅⇢(kx(p), ky(p), kz(p)) ,
(1)

with X = (x, y, z) and the sum is to be taken
over all sampled points in k-space with coordi-
nates (kx, ky, kz). Additionally, ⇢ allows for the
introduction of a density compensation function
when sampling on a non-equidistant grid. Such a
density compensation only influences the peak/side-
lobe amplitudes in the PSFS but not their overall
position. We simplify this discussion by assuming
a symmetrically sampled k-space about the origin,
leading to a vanishing imaginary part of the PSFS.
Under this assumption

�(X) =�
p

cos{2⇡(xkx(p) + yky(p) + zkz(p))}

⋅⇢(kx(p), ky(p), kz(p)) .
(2)

Therefore, all PSFSs are constructed by a sum of
cosine terms, constructively and destructively in-
terfering in image space. Considering two adjacent
points p1 and p2 in k-space leads to an interference
that is determined by the expression

T (X) = cos{2⇡(xkx(p1) + yky(p1) + zkz(p1))}
+ cos{2⇡(xkx(p2) + yky(p2) + zkz(p2))} .

(3)

Choosing e.g. the two points k1 = (",0,0) and k2 =
(0, ",0) results in

T (X) = cos{2⇡"x} + cos{2⇡"y} . (4)

For " = 1, the two cosine terms show a maximum
constructive interference with repeating peaks being
separated by " in x- and y-direction. Due to the
convolution, the repetitive pattern of interference
will only cause aliasing artefacts if the extension
of the image is larger than 1�" along the x- or y-
direction. This finding corresponds to the previously
mentioned Nyquist condition (FOV = 1��k).
Considering the situation in which a spherical k-
space of radius kmax is Nyquist sampled within

a sphere of e.g. radius 0.5kmax and undersam-
pled elsewhere, then the undersampled region will
generate aliasing artefacts within a FOV that is
calculated with respect to the sampling density
within the Nyquist sampled volume. The nature of
random sampling leads to various spacings between
neighbouring k-space points and therefore to the
interference of a multitude of cosine waves in image
space. The resulting pattern of interference in image
space consists of numerous regions of constructive
and destructive interference, spreading the aliased
energies more and more homogeneous over the
imaging space, as the variations in point spacings
and their spatial orientations vary.
Additionally, as long as a certain random character
in the k-space sampling scheme is preserved, the
full width at half maximum (FWHM) of the PSFS
should remain widely unchanged as the undersam-
pling factor increases, leading to a conservation of
image sharpness [17]. Hence, the theoretical conclu-
sion is that as long as k-space is sufficiently random
sampled, any FOV might be reconstructed from
the underlying dataset by only introducing aliasing
artefacts that have a white noise-like character.

B. Theta functions

In physics, Jacobi elliptic functions are used to
describe the motion of a frictionless pendulum,
where the real part of the period determines the time
of the pendulum to go through one full cycle. Ad-
ditionally, the imaginary period describes the same
periodicity but under the transformation t→ it, i.e.
the sign of all forces is reversed. The Jacobi elliptic
functions e.g. sn(it, l) must therefore be periodic as
a function of time t and spatial variable l, making
them double periodic functions.
Each Jacobi elliptic function can be fundamentally
represented by a fraction of Jacobi theta functions
e.g.:

sn(u, l) = ✓3✓1(z = 0, q)
✓2✓4(z = 0, q)

with l = �✓2(z = 0, q)
✓3(z = 0, q)

�
2

(5)
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and u = ⇡✓23z. The four theta functions ✓i with i =
1,2,3,4 are defined ∀q ∈ C with �q� < 1 as follows:

✓1(z, q) ∶=
∞
�

n=−∞
(−1)n−1�2q(n+1�2)

2

e(2n+1)iz (6)

✓2(z, q) ∶=
∞
�

n=−∞
q
(n+1�2)2e(2n+1)iz (7)

✓3(z, q) ∶=
∞
�

n=−∞
q

n2

e2niz (8)

✓4(z, q) ∶=
∞
�

n=−∞
(−1)nq

n2

e2niz
. (9)

Besides these traditional representations using dou-
ble infinite sums, various other representations have
been found, which are better suited for an efficient
numerical implementation [18]. Furthermore, all
theta functions are analytic functions for z, q ∈ C
and �q� < 1. In terms of MRI, the gradient waveform
is deduced from the k-space waveform by differ-
entiation. Assuming a k-space interleave based on
theta functions leads to a steady and continuously
differentiable gradient waveform which makes the
latter less prone to system imperfections. For com-
pleteness, a list of derivatives of all theta functions
is given in the following ∀z, q ∈ C and �q� < 1 [18]:

✓
′
1(z, q) = 2 4

√
q

n=∞
�
n=0
(−1)nq

n(n+1)(2n + 1)

cos ((2n + 1)z) (10)

✓
′
2(z, q) = −2 4

√
q

∞
�
n=0

q
n(n+1)(2n + 1) sin ((2n + 1)z)

(11)

✓
′
3(z, q) = −4

∞
�
n=1

q
n2

n sin (2nz) (12)

✓
′
4(z, q) = −4

∞
�
n=1
(−1)nnq

n2

sin (2nz) . (13)

C. Generalised FOV

For many multi-shot k-space trajectories e.g. ra-
dial sampling, the condition �ki ≤ 1�FOVi with
i = x, y, z is not necessarily verified with respect to
a Cartesian sampling grid. It appears more conve-
nient to evaluate an upper limit by using Pythago-
ras’ theorem in 2D or 3D k-space, i.e. �kmax =

max{d∈K} �
�

�k2
x,d +�k2

y,d +�k2
z,d�, where d is

the set of all distances in k-space K between points
that are nearest neighbours and do not belong to the
same k-space interleave or read-out. Since �kmax ≥
�ki,d ∀d ∈ K and i = x, y, z, Nyquist’s theorem is
indeed fulfilled if min(1�FOVi) ≥ �kmax. While
e.g. in the case of radial sampling, this evaluation
can be restricted to the sampling point of each read-
out that is farthest away from the centre of k-space,
it appears insufficient for the case of any quasi-
random sampling point distribution.
In the scope of this publication it is useful to extend
the estimation of a �kmax even further since the
later introduced distribution of sampling points will
not follow any regular or symmetric pattern. Figure
1 shows one point of interest C in k-space with six
surrounding nearest neighbours Pi with i = 1, ...,6,
for simplification in two dimensions.

Figure 1: Schematic representation of seven Voronoi
cells in a two-dimensional k-space. Six nearest
neighbours of the point of interest C are used for
the definition of the generalised FOV.

The direct distances dC,Pi between C and each
Pi are calculated and the mean value of all six
distances defines a radius �r around C. This radius
can then define a generalised FOV for C by setting
FOVC = 1��rC but also for every other point
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in k-space following an equal calculation. In the
three dimensional case, �r defines the radius of
a sphere, from which an equal FOV along each
direction is derived. The selection of six nearest
neighbours ensures (for the later described trajec-
tory) that �r is derived from the expression �r =�

�xi
2 +�yi

2 +�zi
2

with �xi ≠ 0, �yi ≠ 0 and
�zi ≠ 0, i.e. the radius can define a spherical (3D)
volume. The given definition allows the assignment
of an isotropic FOV (lower bound) to various spe-
cific regions and points in k-space.

III. METHODS

A. Interleaves in k-space based on theta functions
The previous publication [16] has used Jacobi

elliptic functions for the construction of a single k-
space interleave as the solution to an optimisation
problem given by P. Erdös in 2000 [19]. Here, we
have generalised the approach by making use of
Jacobi theta functions, giving rise to the possibility
of constructing a multitude of inherently different
k-space waveforms. For example, figure 2a shows
two different k-space waveforms of arbitrary length,
for which the kx− and ky− components are once
based on ✓1 and once on ✓4. A projection of both
waveforms into the kx−ky−plane is shown in figure
2b.

Figure 2: Two interleaves, each based on a different
Jacobi theta function ✓1 and ✓4. Both interleaves
are shown in three-dimensional k-space (a) and as
a plane projection in (b).

The following presented waveform is meant to
prove the imaging concept for a lower limit of read-
out durations and does therefore not significantly

differ from the concept of the waveform derived
in [16]. The general waveform is generated on the
surface of a unit sphere according to the definition:
⇣ ∶ R+0 → R3, s� ⇣(s) with m ∈ (0,1) and

⇣x(s,m) = ✓1(s,m2) ⋅ cos�s ⋅m2� (14)
⇣y(s,m) = ✓1(s,m2) ⋅ sin�s ⋅m2� (15)
⇣z(s,m) = ✓2(s,m2) (16)

while m is a parameter to adapt the waveform
to hardware limitations such as maximum gradient
amplitudes and available slew-rates. The combina-
tion with sine and cosine terms in the first two com-
ponents allows for a modifiable change in direction
per unit length while the symmetry along the z-
direction remains unchanged (figure 2). The length
of the waveform is determined by s and therefore
the restriction s ∈ [0, smax] should be applied with
smax being sufficiently large according to the desired
resolution (extension of k-space).
In order to construct a centre-out k-space interleave,
the distance of each point on the spiral w.r.t. the
k-space centre is linearly scaled from 0 to kmax.
The linearly increasing radius of the spiral points
is then element-wise multiplied with a function of
the type f(x) = x

↵, where ↵ ∈ R+ accounts for an
additional density modulation (radial increment). At
the same time, the length of the spiral is calculated
to correspond to a certain read-out duration and res-
olution. All further optimisation steps (duplications
and rotations), based on a discrepancy analysis, are
identical to the ones described in [16].
For this publication, one k-space interleave was
constructed with m = 0.5, based on a target resolu-
tion of 0.85 mm (isotropic). An extended oversam-
pling of k-space centre for a possible combination
with Compressed Sensing [3] was achieved by
setting ↵ = 1.3. The complete trajectory consisted of
20,000 rotated interleaves with a maximum gradient
strength of 21 mT/m and a slew-rate of 120 T/m/s.
Thereby, the total number of read-outs was arbi-
trarily defined and was not based on any prior FOV
estimation. The trajectory was furthermore explic-
itly optimised by minimising its discrepancy [16].
The resulting read-out duration for each interleave
was 3.52 ms, in order to reach the boundary of the
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k-space sphere for the defined maximum gradient
amplitude and slew-rate limits. Ten interleaves of
the final trajectory are depicted in figure 3 for
illustrative purposes.

Figure 3: Ten interleaves of the presented 3D ⇣-
based spiral trajectory. The increased sampling den-
sity around the centre of k-space can be clearly
appreciated.

B. Phantom imaging & reconstruction
In order to evaluate the aliasing behaviour as

well as imaging performance, an image quality
phantom was measured. All phantom images were
acquired using a 1.5 T wholebody MRI system
(Achieva 1.5 T, Philips, Best, The Netherlands) and
a 16-element SENSE Torso/Cardiac posterior
coil (Philips, Best, The Netherlands) with
14 coil elements used for data acquisition.
Image reconstruction for all 3D ⇣-based spirals
was achieved in the following manner: after
data acquisition, raw data were exported and
processed with MATLAB (MathWorks, Natick,
Massachusetts, USA). Images were obtained
using gridding in combination with a 3D Voronoi
tessellation [16, 20]. Gradient system delays were
estimated [21] and used to correct the trajectory
before gridding. Further eddy current effects

were compensated using a mono-exponential
model [22] with a time constant of ⌧ = 39µs.
No post-processing was applied to any presented
image. Undersampling was created by calculating
separate and optimised trajectories according to the
presented method and parameters with 2,500, 1,665
and 1,250 interleaves, leading to undersampling
factors R = 8, 12 and 16 with respect to the fully
sampled trajectory with 20,000 interleaves (R = 1).
All relevant scan parameters are listed in table I.

Table I: Scan parameters for all four ⇣-based 3D
spiral acquisitions.

3D ⇣-based Spiral
FOV / mm 220 iso
Matrix 258 iso
Res. / mm 0.853 iso
TR / ms 7.8
TE / ms 0.343
Tacq / ms 3.52
No. of Read-Outs 20,000, 2,500, 1,665, 1,250
Excitation Block Pulse
Flip Angle / ○ 20
Sampl. BW / kHz 425
Max. Grd. / mT/m 21
Max. Slew / T/m/s 120
Scan Duration / s 156, 20, 13, 10

C. Sampling point spread function

Based on the trajectories which were used for
phantom imaging, four sampling point spread func-
tions were calculated according to the undersam-
pling factors R = 1, 8, 12, 16. All PSFSs were
obtained independently by calculation of a Voronoi
tessellation for every trajectory. Based on all nor-
malised PSFSs, the centre-peak FWHM was deter-
mined in order to evaluate relative image sharpness
with increasing undersampling factors.

D. Undersampling behaviour & noise analysis

To provide an experimental estimate of the alias-
ing behaviour, we compare the noise characteristics
of images acquired with the presented approach to
those of images acquired with 3D radial Kooshball
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sampling. For the 3D ⇣-based Spiral, two acquisi-
tions with 20,000 and 1,250 excitations (R = 16)
were used. Additionally, we acquired a reference
dataset with the vendor’s 3D radial Kooshball tra-
jectory, employing the same spatial resolution and
choosing a FOV encompassing the whole phantom.
Image reconstruction for the Kooshball trajectory
followed the description given in the previous sec-
tion for the 3D ⇣-based Spiral trajectory, except
for the weighting calculation. Kooshball weights
were calculated analytically, based on the symmetry
of the sampling scheme. The radial dataset was
retrospectively undersampled by a random selection
of 1�R spokes.
The region of interest (ROI) corresponds to an
image region of ideally zero MR signal and lies
within an area of the phantom containing no fluid
(see figure 8). Accordingly, the pixel intensities are
exclusively governed by artefacts and noise whose
characteristics can be analysed by consideration
of the associated power spectrum. The calculation
of the power spectrum followed [23], generalised
to the 3D case. To facilitate the analysis of their
characteristics (line shapes), all power spectra were
normalised and are presented in arbitrary units. For
each acquisition, the power spectra were averaged
over all coil elements and evaluated with respect
to the three geometrical axis to capture possible
coherences.
Furthermore, the noise behaviour is illustrated in
the image domain by plotting the normalised values
of 1− log(I) for all defined undersampling factors,
where I is the normalised image for which all coil
elements were combined using sum of squares. In
doing so, a slice (coronal orientation) of the 3D im-
age was selected due to well-represented symmetric
structures that contain no phantom liquid.

IV. RESULTS

A. Trajectory properties

According to the definition of the generalised
FOV, the presented trajectory with 20,000 inter-
leaves has the following properties: The Nyquist
condition �rC ≤ 1�FOVp = (1�220)mm is fulfilled
within a sphere of radius rN = 0.18 ⋅ kmax, where

FOVp is the (coronal) extension of the recon-
structed FOV which contains the entire phantom.
The smallest FOV that is stored within a sphere
of radius r = 0.01 ⋅ kmax corresponds to 42-times
the phantom dimension (200 mm). According to the
definition, the Nyquist condition is not fulfilled for
all points outside a sphere or radius rN but it is (in
this region) fulfilled for some randomly distributed
points. Nyquist’s condition is always fulfilled along
each interleave and is therefore excluded from the
definition of the generalised FOV.
Since the number of played-out interleaves
was arbitrarily defined and an enhanced centre-
oversampling was applied, the initial trajectory
(20,000 interleaves) corresponds to an undersam-
pling factor of R1 ≈ 3.29. This value was deter-
mined by calculating the mean generalised FOV
for 10.000 arbitrarily selected points (computational
complexity) of the specific trajectory and specifies
that Nyquist’s theorem is violated 3.29-times ac-
cording to the definitions. Accordingly, the equally
generated trajectory with 2,500 interleaves led to
R2 ≈ 6.43, to R3 ≈ 9.33 for 1,665 interleaves and
to R4 ≈ 12.98 for 1,250 interleaves. The intention
of these numbers is merely to classify the presented
trajectories than to enforce comparisons to other
sampling schemes due to drastic differences in the
distribution of points in k-space. For simplification,
all images and results that correspond to undersam-
pling factors R1, ...,R4 of the 3D ⇣-based spirals
are denoted by M3, M6, M9, M13 according to the
mean undersampling factors.
Figure 4 shows all associated sampling point spread
functions for the four cases of undersampling in the
xy-plane with z = 0.

By comparing successive undersampling factors,
energies in the PSFSs emerge that do not seem to
follow any ordered or symmetric pattern. Conse-
quently, all PSFSs appear to be governed by a low-
coherent distribution of energies with an expected
aliasing behaviour that is (in its appearance) vastly
similar to an introduction of white noise.
Figure 5 shows a logarithmic plot of the centre
region of the four PSFSs shown in figure 4a and
a cross section of the entire PSFS in 4b. As the un-
dersampling factor increases, an overall increase in
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Figure 4: Simulated PSFSs in the xy-plane with
z = 0 of the presented ⇣-based Spiral trajectory.
The PSFS in a) corresponds to 3.29-fold undersam-
pling, the PSFS in b) to 6.43-fold undersampling, c)
and d) to 9.33-fold and 12.98-fold undersampling
respectively.

energy can be appreciated in which the side-lobe be-
haviour shows rarely signs of emerging coherences.
Furthermore, image sharpness is preserved for all
undersampling factors by considering the FWHM
of the PSFS centre-peak which is ≈ 2.544 pixel in
width (mean) with a maximum deviation of 0.59 %
between the broadest peak (M13: 2.549 px) and the
narrowest peak (M9: 2.534 px) of all undersampling
PSFSs. All values were obtained in non-logarithmic
representation. This finding of retained sharpness
is furthermore supported by the phantom images,
presented in the following section.

B. Undersampling behaviour & noise analysis
Figure 6 shows a slice (coronal orientation)

of the image quality phantom, acquired with the
presented 3D ⇣-based spiral trajectories for each
undersampling factor. All data was directly gridded
and no additional image or data processing was
applied before and after gridding. Furthermore, no
sensitivity maps were used, in order not to alter the
emerging imaging artefacts.

Each image in figure 6 contains a red square that
corresponds to the generalised FOV of the under-
lying (undersampled) trajectory of the 3D ⇣-based
spiral acquisitions. The generalised FOV of M3 is

Figure 5: Logarithmic plot of the centre region of
all four sampling point spread functions shown in
figure 4 in a) and the same for the entire cross
section in b).

≈ 67 mm (isotropic), ≈ 34 mm for M3, ≈ 24 mm
for M9 and ≈ 17 mm for M13. The reconstruction
of a larger FOV, in this case of 220 mm (isotropic)
for all datasets results in additional low-coherent
aliasing artefacts which can clearly be appreciated.
Despite uncorrected coil sensitivity profiles, all im-
ages appear non-degraded by coherent aliasing arte-
facts, especially visible in regions with no phantom
fluid. As expected from the PSFS analysis, image
sharpness is preserved and based on the optical
impression equal for all investigated undersampling
factors.
The optical impression of low-coherent aliasing
artefacts is additionally supported by figure 7 which
displays the inverse of the logarithmic pixel inten-
sities of all images, shown in figure 6.

The logarithmic visualisation explicitly
emphasises artefacts, arising in the background
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Figure 6: Slice of an image quality phantom (coro-
nal orientation), acquired for various undersampling
factors R1 in a), R2 in b), R3 in c) and R4 in d).
The red square in each image corresponds to the
generalised FOV of the underlying (undersampled)
trajectory.

Figure 7: Noise behaviour in the image domain, il-
lustrated by plotting normalised values of 1−log(I)
for all defined undersampling factors M3, ...,M13.

and within the regions inside the phantom,
that contain no phantom fluid. Again, a steady
increase in pixel intensity variations can be
observed, without any obvious coherent aliasing
behaviour. The representation also nicely highlights
the preservation of image sharpness, especially
noticeable around the region of no signal within
the phantom.

Figure 8: 3D sketch (b) and projections (a, c, d)
of the phantom with highlighted region of interest
(blue) for the noise analysis.

The noise analysis for a cubic region (ROI) inside
the phantom is shown in figure 9. The normalised
power spectra indicate slightly overpronounced DC
components for all acquisitions. For the 3D ⇣-
based Spiral trajectories (20,000 and 1,250 inter-
leaves), all further spatial frequency components
are about equally represented, leading to a widely
flat power spectrum in accordance to the behaviour
of (bandwidth limited) white noise. As expected,
an increasing undersampling factor increases the
overall power but the characteristics (line-shapes)
remain widely unchanged. Concerning the Koosh-
ball trajectory, the y- and z-components show simi-
lar behaviour with overpronounced DC components
and a following decline of the power spectrum.
In the undersampled case, differences between the
two directions are a bit more distinct as the z-
component exhibits a slight modulation. The x-
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component also has an overpronounced DC compo-
nent but further deviates from the behaviour of the
y- and z-component. It initially shows a rather flat
profile but rises for high frequencies. Surprisingly,
this behaviour is more pronounced in the fully
sampled case. However, undersampling introduces
rather strong modulations of the x-component’s
power spectrum. The findings of this analysis are
supported by the visual impression of exemplary
image slices given in Figure 10. While the noise-
like characteristics of aliasing artefacts remain un-
changed for varying undersampling factors in the
case of 3D ⇣-based Spiral trajectories, undersam-
pling of the radial Kooshball trajectory introduces
streak artefacts.

Figure 9: Normalised power spectra for the cubic
region of interest within the phantom, containing
no signal. For both trajectories, Kooshball and 3D
⇣-Spiral sampling, the lower row is undersampled
by a factor of R = 16 with respect to the upper row.

V. DISCUSSION & CONCLUSIONS

In summary, all presented results show dominant
low-coherent aliasing properties, leading to a noise-
like undersampling behaviour. The equality between
the reconstruction of arbitrary FOVs and the pos-
sible violation of Nyquist’s theorem leads to new
imaging strategies or ways in which available scan
times can be exploited.
Beneath obvious advantages in scan time reduction,
by a combination of undersampling with a Com-
pressed Sensing reconstruction a variety of new

applications and imaging routines seem possible.
Using ⇣-based spirals, a trajectory might be con-
structed just by following given time restrictions
and imaging constraints, e.g. such as:
● Size of k-space sphere is defined by the desired

image resolution.
● Maximum read-out duration (spiral length) is

defined (limited) by off-resonance behaviour
and relaxation effects.

● Total acceptable scan duration defines the num-
ber of possible interleaves.

Based on the measured dataset, any feasible FOV
can then be reconstructed by introduction of the
presented aliasing artefacts if the condition �rC ≤
1�FOVp is not fulfilled for every point in k-space.
Since the reconstructed FOV is defined by the un-
derlying Cartesian grid (gridding/interpolation) and
not by the trajectory itself, the same Voronoi density
compensation can be used for any reconstructed
FOV. While the idea of using a Voronoi tessellation
allows for the reconstruction of datasets, acquired
on arbitrary sampling geometries, it also introduces
characteristics that need consideration during the re-
construction process and residual Voronoi tessella-
tion artefacts might still be present in the presented
images (figure 6).
The overall image sharpness (PSFS FWHM) is
highly influenced by the quality of the Voronoi
tessellation. It is therefore explicitly important to
consider the trade-off between numerical runtime
of the volume calculation and the resulting image
qualities. All presented images were reconstructed
using a not approximated tessellation, based on a
thorough Dirichlet tessellation, at the cost of long
reconstruction times. In order to achieve a fast
optimisation of the trajectory to specific applica-
tions, more efficient implementations are desirable.
But even with the employed density compensation
algorithm, some Voronoi cells might be incorrectly
estimated since the problems can become numer-
ically unstable for high point densities, especially
occurring around the centre of k-space. Such errors
can introduce DC artefacts as well as blurring and
intensity modulations.
The spectral analysis exhibits for all analysed ac-
quisitions an overestimation of the DC component.
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As the DC component in the power spectrum
corresponds to a constant pixel intensity offset, it
does not influence the characteristics of the artefacts
and could easily be corrected. The dependence
of noise characteristics on the (undersampled) tra-
jectory and the imaged object can especially be
appreciated for the Kooshball trajectory. The y- and
z-components show very similar behaviour, while
the x-component behaves differently. This effect
is in accordance with the spatial extent of the
phantom. For the 3D ⇣-based Spiral, no influence
of the phantom’s symmetry can be seen, due to the
favourable aliasing properties of the trajectory.
The presented approach based on Jacobi theta
functions represents a generalised approach to the
previously published trajectory design. While it can
embody all properties of the Seiffert spirals, it also
derives the possibility of constructing a multitude
of new k-space sampling schemes which are to
be discussed in detail in a future publication. All
shown results indicate a clear low-coherent alias-
ing behaviour, based on the underlying generation
algorithm.
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VII. APPENDIX
Table II: Scan parameters for the 3D radial Koosh-
ball acquisitions.

3D radial Kooshball
FOV / mm 220 iso
Matrix 252 iso
Res. / mm 0.873 iso
TR / ms 9.0734
TE / ms 3.3926
No. of Read-Outs 99,790
Excitation Block Pulse
Flip Angle / ○ 20
Scan Duration / s 905

Figure 10: Representative, orthogonal image slices
taken from the Kooshball and 3D ⇣-spiral acquisi-
tions, illustrating the image quality and supporting
the results of the power spectra analysis.
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VI.12 Summary, Conclusion and Future Prospects

This thesis investigated the feasibility of two vastly di�erent k-space sampling approaches for
magnetic resonance imaging, with the overall aim of achieving a low-discrepancy coverage of the
frequency domain.
[A1] was focused on the advantage of generating completely arbitrary sampling schemes by using
an adapted SPRITE (single-point imaging) approach that relies on the sampling of only one point
in k-space after each excitation. While this allows for a distinct decrease in o�-resonance related
imaging artefacts, it also leads to prolonged scan durations which hinder its application in clinical
routine, where it would be of special interest since it allows the suppression of metal induced
imaging artefacts.
The publication presented a three-dimensional k-space sampling approach based on a base-2
Sobol sequence, from which the coordinates for each sampled point in k-space were derived. In
order to achieve a clear reduction in scan duration, the low-coherent aliasing property of the
sampling scheme was exploited, which arised from the quasi-random distribution of k-space
sampling points. In combination with a Compressed Sensing reconstruction, highly undersampled
images were reconstructed without the introduction of noticeable image blur, by additionally
removing most of the occurring aliasing artefacts, which had a favourable random noise-like
character.
At a pre-clinical 11.7 T system using a 4-channel phased array receive coil, the initial scan dura-
tions could be reduced by a factor of eight, leading to high resolution images (< 200 µm isotropic
resolution) in less than 6min. The developed and so-called QR-SPI sequence was furthermore
compared to a SPRITE and UTE acquisition, to evaluate scan durations and to quantify arising
metal induced o�-resonance artefacts at a phantom which contained surgical metal.
All results indicated a superior performance of the quasi-random sampling pattern, leading to no
obvious alterations of the size, shape and extent of the phantom components by using undersam-
pling in combination with a CS reconstruction. While the presented publication has indicated the
usability of the imaging concept for certain clinical applications, a translation to clinical (human)
MRI machines seems necessary to further investigate the sequence properties in dedicated in-vivo
studies. Speci�c attention during the translation process is required to determine limitations that
arise from restricting hardware limitations. The time-e�cient implementation of the QR-SPI
sequence is partially based on extremely short gradient switching times (high slew-rates) and
high maximum gradient amplitudes with an increase in SNR due to ultrashort echo times. Clinical
MRI machines provide less powerful hardware speci�cations which, substantially impacts the
performance of the quasi-random imaging concept.
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A completely di�erent sampling approach was the topic of the two subsequent articles, which
introduced low-discrepancy sampling schemes in combination with FID sampling in the spatial
frequency domain. Since FID sampling in its common implementation acquires multiple k-space
points after each excitation, the sequence becomes prone to o�-resonance artefacts, which leads to
other dedicated applications than for the sampling scheme of [A1]. Consequently, the developed
k-space trajectories were focused on a fast (volumetric) coverage of k-space in order to further
decrease 3D acquisition durations by an enhanced sampling e�ciency. In the same way as [A1]
made use of low-discrepancy sampling schemes with low-coherent aliasing properties, the same
idea was exploited for the introduced Sei�ert Spirals.
This spiral was derived from the solution (path) of the mathematical problem of crossing all merid-
ians of the earth at constant speed and angular velocity. This solution led to the construction of
k-space interleaves, based on Jacobi elliptic functions, which were optimised and rotated in k-
space in order to achieve a favourable (low-discrepancy) coverage of the spatial frequency domain.
The properties of the introduced sampling scheme was analysed using various approaches, such
as simulations of point spread functions, discrepancy analysis (diaphony), as well as phantom and
in-vivo imaging, in combination with undersampling and a CS reconstruction. Thereby, the focus
of [A2] was merely set to carry out comparisons to an established and time-e�cient volumetric
imaging approach i.e. the 3D Cones sequence. Overall, in-vivo images have proven the advanta-
geous aliasing behaviour of the Sei�ert Spiral trajectory in combination with a CS reconstruction
in comparison to the 3D Cones approach. This enabled even shorter scan durations also in the
case of Nyquist sampled images due to the low-discrepancy coverage of k-space using the Sei�ert
Spiral trajectory. The feasibility of the imaging concept for clinical routine was especially shown
by in-vivo knee images, which were acquired at a 3 T human MRI system in combination with
8-fold undersampling and a CS reconstruction. Following, scan durations of ⇡ 25 s were achieved
for an isotropic knee scan (0.85mm resolution) with non-degraded anatomical structures due to
low-coherent aliasing properties, which were vastly removed in combination with CS.

The aim of [A3] was to highlight and to discuss advantages that arise from low-coherent aliasing
properties. The focus was especially set to the idea of reconstructing arbitrary FOVs from an
underlying dataset with low-coherent undersampling properties. This is enabled by the equality
between reconstructing FOVs that are larger than what is represented in the acquired spatial
frequency data and undersampling in the spatial frequency domain. While the article has analysed
the occurring aliasing artefacts in various ways in the spatial frequency as well as in the spatial
domain itself, it has also introduced a generalised form of the previously mentioned Sei�ert Spiral
trajectory. This generalisation was achieved by replacing the Jacobi elliptic functions sn and cn
with distinct combinations of Jacobi theta functions, which gave rise to a multitude of new k-space
interleaves (waveforms). The possibility of reconstructing arbitrary FOVs especially means that
a trajectory is not necessarily constructed according to a pre-de�ned FOV. The knowledge of a
target resolution (extension of k-space) is su�cient and any feasible FOV might be reconstructed
from the underlying dataset under the introduction of low-coherent aliasing artefacts. The latter
can then be vastly removed in combination with a CS reconstruction, as shown in [A2]. Therefore,
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a trajectory might be constructed just by following given time restrictions and imaging constraints,
e.g. such as:

• Size of k-space sphere is de�ned by the desired image resolution.

• Maximum read-out duration (spiral length) is de�ned (limited) by o�-resonance behaviour
and relaxation e�ects.

• Total acceptable scan duration de�nes the number of possible interleaves.

Since[A2] and [A3] have indicated the advantages of low-coherent FID sampling, by also present-
ing initial in-vivo data, a translation of the generalised imaging modality (3D � -based Spiral) to
dedicated applications appears reasonable. Applications of interest are especially such for which
the scan duration is strictly limited e.g. in combination with hyperpolarized media or whenever
high temporal resolutions are required e.g. in 4D �ow MRI, in cardiac imaging (self-gating) or for
image based navigators.
Imaging of hyperpolarized media is a topic of appealing interest because the total number of
possible excitations is strictly limited since the hyperpolarized phase of the spin ensemble does not
recover. Therefore, a trajectory is desirable that achieves a low-discrepancy sampling behaviour
for any number of excitations per scan. The introduced 3D Sei�ert Spiral as well as the 3D
� -based Spiral have the advantage of interleaves, which can be of arbitrary length (spatial length
in k-space), and always achieve a relatively low-discrepancy coverage of k-space (compared to
established sampling approaches).
For all applications, the usability of the trajectories can furthermore be improved by allowing the
acquisition of anisotropic resolutions, in order to further reduce scan durations. Additionally and
despite the possibility of reconstructing arbitrary FOVs, the construction of a trajectory to realise
anisotropic FOVs might be another topic of interest. Prior knowledge of a desired anisotropic FOV
can lead to speci�c directional dependent undersampling patterns (total number of interleaves is
reduced) and therefore to a more speci�c trajectory design.
Finally, trajectories emerging from the 3D � -based Spiral construction scheme need further in-
vestigation since only one speci�c combination of Jacobi theta functions was analysed in [A3],
to additionally demonstrate the sampling properties for the sampling scheme presented in [A2].
Other combinations of Jacobi theta functions might lead to even more advantageous aliasing
properties or might be better suited for speci�c applications. Initial tests have already shown that
the additional degree of freedom (combination of theta functions) leads to even more gradient
e�cient waveforms and numerous other enhanced properties might follow.
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VI.A Derivations

Dirac Comb or Shah Distribution

To brie�y derive the Fourier transform of the Dirac comb or Shah distribution III(t), we de�ne

III(t) B
1’

n=�1
� (t � n) . (A.1.1)

The Dirac comb distribution is therefore a periodic repetition of equally spaced delta pulses, which
can be represented by the Fourier series

III(t) =
1’

n=�1
cne

2� int
T . (A.1.2)

The complex Fourier coe�cients can be obtained by considering any period of III(t) e.g. t 2
[�0.5, 0.5] for T = 1, which yields:

cn =

π 1/2

�1/2
III(t)e�2� intdt =

π 1/2

�1/2

1’
m=�1

� (t �m)e�2� intdt (A.1.3)

=

π 1/2

�1/2
� (t)e�2� intdt = 1 . (A.1.4)

And therefore

III(t) =
1’

n=�1
e
2� int
T . (A.1.5)

The Fourier transform of the Dirac comb distribution is now fairly easy to calculate:

F {III(t)} =
π 1

�1

1’
n=�1

e2� inte�2� i�tdt =
1’

n=�1

1π
�1

e2� inte�2� i�tdt (A.1.6)

=

1’
n=�1

� (� � n) , (A.1.7)

which again is a Dirac comb distribution since

F
�
e2� iat

 
=

π 1

�1
e2� iate�2� i�tdt =

π 1

�1
e2� i(a��)tdt B � (a � �) . (A.1.8)
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Dipolar Coupling

According to section 3.3, the dipolar Hamiltonian can be written in the form

Ĥd = �µ0�1�2h2

16� 3r 3

⇣
3 · Î 1 (r̂ · r̂|) Î 2 �

⇣
Î 1 · Î 2

⌘⌘
B �dÎ 1D̂Î 2 (A.2.1)

in which we have introduced the Operator D̂ which accounts for the dipole-dipole interaction

D̂ = 3 · (r · r|) � 1 (A.2.2)

with 1 being a unit matrix. This leads to the following matrix representation of D̂ using spherical
coordinates∗:

D̂ =
©≠≠
´

3 sin2 � cos2 � � 1 3 sin2 � cos� sin� 3 sin� cos� cos�
3 sin2 � cos� sin� 3 sin2 � sin2 � � 1 3 sin� cos� sin�
3 sin� cos� cos� 3 sin� cos� sin� 3 cos2 � � 1 .

™ÆÆ
¨
. (A.2.3)

This allows for a calculation of the tensor product Î 1D̂Î 2:

Î 1D̂Î 2 =
⇣
Î1x , Î1� , Î1z

⌘ ©≠≠
´

3 sin2 � cos2 � � 1 3 sin2 � cos� sin� 3 sin� cos� cos�
3 sin2 � cos� sin� 3 sin2 � sin2 � � 1 3 sin� cos� sin�
3 sin� cos� cos� 3 sin� cos� sin� 3 cos2 � � 1

™ÆÆ
¨
©≠≠
´

Î2x

Î2�

Î2z

™ÆÆ
¨

= Î1x Î2x
�
3 sin2 � cos2 � � 1

�
+ Î1x Î2�

�
3 sin2 � cos� sin�

�
+ Î1x Î2z (3 sin� cos� cos�)+

+Î1� Î2x
�
3 sin2 � cos� sin�

�
+ Î1� Î2�

�
3 sin2 � sin2 � � 1

�
+ Î1� Î2z (3 sin� cos� sin�)+

+Î1z Î2x (3 sin� cos� cos�) + Î1z Î2� (3 sin� cos� sin�) + Î1z Î2z
�
3 cos2 � � 1

�
.

(A.2.4)

We will following expand and simplify each of the coloured sum of terms. Using the identities

Î1x Î2x =
(Î1++Î1�)(Î2++Î2�)

2 = 1
4

⇣
Î1+Î2+ + Î1+Î2� + Î1�Î2+ + Î1�Î2�

⌘
Î1� Î2� =

(Î1+�Î1�)
2i

(Î2+�Î2�)
2i = � 1

4

⇣
Î1+Î2+ � Î1+Î2� � Î1�Î2+ + Î1�Î2�

⌘
,

(A.2.5)

the sum of red terms can be written as
⇣
Î1x Î2x cos2 � + Î1� Î2� sin2 �

⌘
3 sin2 � �

⇣
Î1x Î2x + Î1� Î2�

⌘

=
⇣
Î1+Î2� + Î1�Î2+

⌘ 3
4
sin2 � +

⇣
Î1+Î2+ + Î1�Î2�

⌘ 3
4
sin2 � · (cos 2�) � 1

2

⇣
Î1+Î2� + Î1�Î2+

⌘

=
⇣
Î1+Î2� + Î1�Î2+

⌘ 1
4
�
1 � 3 cos2 �

�
+

⇣
Î1+Î2+ + Î1�Î2�

⌘ 3
4
sin2 � · (cos 2�) .

(A.2.6)

In the same way, the green terms give

⇣
Î1x Î2� + Î1� Î2x

⌘
3 sin2 � cos� sin� =

⇣
Î1+Î2+ � Î1�Î2�

⌘ 3
4
sin2 � · (�i sin 2�) (A.2.7)

∗
r = (� sin� cos�, � sin� sin�, � cos� )| with � 2 [0,1), � 2 [0,� ] and � 2 [0, 2� ).
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where we took into consideration that

Î1x Î2� =
(Î1++Î1�)

2
(Î2+�Î2�)

2i = 1
4i

⇣
Î1+Î2+ � Î1+Î2� + Î1�Î2+ � Î1�Î2�

⌘
Î1� Î2x =

(Î1+�Î1�)
2i

(Î2++Î2�)
2 = 1

4i

⇣
Î1+Î2+ + Î1+Î2� � Î1�Î2+ � Î1�Î2�

⌘
.

(A.2.8)

The expanded red and green terms can then be combined to yield

⇣
Î1+Î2� + Î1�Î2+

⌘ 1
4
�
1 � 3 cos2 �

�
+ Î1+Î2+

✓
3
4
sin2 � · e�2i�

◆
+ Î1�Î2�

✓
3
4
sin2 � · e+2i�

◆
B B̂+Ê+F̂ .

(A.2.9)

Finally, the sum of the blue terms results in

⇣
Î1x Î2z + Î1z Î2x

⌘ ⇣
Î1x Î2z + Î1z Î2x

⌘
(3 sin� cos� cos�) +

⇣
Î1� Î2z + Î1z Î2�

⌘
(3 sin� cos� sin�)

=
⇣⇣
Î1+Î2z + Î1�Î2z + Î1z Î2+ + Î1z Î2�

⌘
cos�

⌘
3
4 sin 2� +

⇣⇣
�iÎ1+Î2z + iÎ1�Î2z � iÎ1z Î2+ + iÎ1z Î2�

⌘
sin�

⌘
3
4 sin 2�

=
⇣
Î1+Î2z + Î1z Î2+

⌘ � 3
4 sin 2�

�
e�i� +

⇣
Î1�Î2z + Î1z Î2�

⌘ � 3
4 sin 2�

�
e+i� B Ĉ + D̂ .

(A.2.10)

By setting

Â B Î1z Î2z
�
3 cos2 � � 1

�
(A.2.11)

yields the dipolar alphabet for the Hamiltonian

Ĥd = �d

⇣
Î 1D̂Î 2

⌘
= �d

⇣
Â + B̂ + Ĉ + D̂ + Ê + F̂

⌘
q.e.d. . (A.2.12)
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Langevin Function

An expression for the paramagnetic susceptibility can also be derived classically by following
Langevin’s theory:
The energy of a magnetic dipole moment in a (uniform) magnetic �eld is given by

E = �µ · B0 = �µzB0 , (A.3.1)

where we again assume that B0 points along the z-direction of the coordinate system. If the
magnetic moment encloses an angle � with the �eld B0, then the energy becomes

E = �µB0 cos� . (A.3.2)

Following the Boltzmann distribution, the probability that one magnetic moment possesses the
energy E is given by

P(E) = e�E/kBT = eµB cos �/kBT . (A.3.3)

We furthermore assume that a magnetic moment can point in any direction i.e. a magnetic
moment is not �xed to a discrete set of energies. The number of magnetic moments that point
towards a spherical ring between � and � + d� is proportional to the area of a ring of thickness
rd� , where r is the radius of the sphere, which might be equal to the magnitude of a magnetic
moment. This speci�c are is given by

dA = 2�r sin� rd� = 2�r 2 sin�d� . (A.3.4)

The probability that a magnetic moment has an angle between � and � + d� is accordingly

P(� ,T ,E) = P(E) dAØ
V P(E) dA

=
eµB0 cos �/kBT sin� d�Ø �
0 eµB0 cos �/kBT sin� d�

. (A.3.5)

We de�ne the magnetisationM0 to be the average z-component of the total magnetic moment,
yielding:

M0 = N µ

Ø �
0 eµB0 cos �/kBT cos� sin� d�Ø �

0 eµB0 cos �/kBT sin�d�
, (A.3.6)

where N is the number of magnetic moments per unit volume. Performing the integration yields

M0 = N µ


coth

✓
µB0

kBT

◆
� kBT

µB0

�
C N µL(x) (A.3.7)

with L(x) = coth(x) � 1/x being the Langevin function and x = µB0/kBT . For B0 ! 1 or T ! 0,
the function L(x) reaches its maximum such that the maximum magnetisation of the paramagnet
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is given byM0,max = N µ. For small arguments of L(x) i.e. small B0 or high T , the Taylor series

L(x) ⇡ 1
x
+
x

3
� x3

45
+O(x5) (A.3.8)

results in a �rst order approximation of

M0 ⇡
N µx

3
=

N µ2B0

3kBT
. (A.3.9)

Figure A.3.1 shows a comparison of the Langevin and Brillouin functions (section 3.4).
Finally, the magnetic susceptibility† � is given by

� =
M0

H
=

M0

B/µ0
=

µ0N µ2

3kBT
, (A.3.10)

with µ0 being the permeability of free space and H is the magnetic �eld strength‡ (magnitude).

Figure A.3.1.: Comparison of the Brillouin and Langevin functions with arguments
of x = µB0/kBT .

†The magnetic susceptibility � is de�ned as the ratio of achieved magnetisation M per applied magnetic �eld
strength H , i.e. M = �H . Materials with � > 0 are called paramagnetic while materials with � < 0 are referred to as
diamagnetic.

‡The magnetic �eld strength H is de�ned dependent on the magnetic �ux density and magnetisation such that
H = B/µ0 �M and [H ] = 1A/m.
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Dirichlet Kernel

The following derivation calculates the inverse discrete Fourier transform (IDFT) of acquired and
equally spaced datapoints in the spatial frequency domain. The sampled data is according to eq.
4.2.5 in general given by a continuous Fourier transform

S (km) =
π 1

�1
f (x)e�2� ikmxdx (A.4.1)

= e� ikmax

π 1

�1
f (x)e�2� im�kxdx with m = 0, 1, . . . ,N � 1 . (A.4.2)

The function f (x) can, without loss of generality, also be a time-dependent function f (t), with an
applied integration over time.
Since we assume a �nite sequence of equally-spaced samples, it is reasonable to calculate the
IDFT of S (km) instead of the inverse continuous Fourier transform (ICFT). The IDFT of S (km) is

FD{S (km)} =
1
N

N�1’
m=0

S (km) e
2� imn

N (A.4.3)

=
e� ikmax

N

π 1

�1
f (x)

 
N�1’
m=0

e
2� imn

N e�2� im�kx

!
dx . (A.4.4)

Since exp(a)exp(b) = exp(a + b), eq. (A.4.4) becomes

FD{S (km)} =
e� in

N

π 1

�1
f (x)

 
e� ikmax(x� n

N�k )
N�1’
m=0

e�2� im�k(x� n
N�k )

!
dx . (A.4.5)

In section 6.3 the point spread function (PSF) is introduced by de�ning that the measured image
Im is obtained by a convolution of the object Io with the corresponding PSF: Im = Io ⇤ PSF. This
convolution becomes a multiplication under a Fourier transform and it is therefore reasonable to
write

FD{S (km)} B
e� in

N

π 1

�1
f (x)PSF

⇣
x � n

N�k

⌘
dx . (A.4.6)

Comparing eq. (A.4.5) and eq. (A.4.6) yields:

PSF(x) = e� ikmaxx
N�1’
m=0

e�2� im�kx (A.4.7)

= e� ikmaxx
N�1’
m=0

⇣
e�2� i�kx

⌘m
. (A.4.8)

Using the identity of geometrical series

N�1’
m=0

am =
1 � aN

1 � a
, a ⌘ e�2� i�kx , (A.4.9)
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the PSF becomes

PSF(x) = e� ix�k sin (� · kmax · x)
sin(� · �k · x) with kmax = N · �k . (A.4.10)

This PSF corresponds to a Dirichlet kernel with an exponential modulation. Figure A.4.2 shows a
plot of the real and imaginary part of the Dirichlet kernel of eq. (A.4.10) for �k = 1 and kmax = 10.

Figure A.4.2.: Plot of the real and imaginary part of the Dirichlet kernel of eq. (A.4.10)
for �k = 1 and kmax = 10.

In the given example (�g. A.4.2) adjacent maxima are separated by 1/�k = 1. For �k = 0.1 this
would yield a spacing of 10 while a spacing of adjacent maxima of 0.2 is achieved for �k = 5.

Ernst Equation

The Ernst equation describes the steady state magnetisation especially in cases where the �ip
angle is not equal to 90�. In the following derivation we denote the z-magnetisation before the
application of an �-pulse withM�

z and after the application withM+z . The z-magnetisation after
an �-pulse is:

M+z = M�
z cos� . (A.5.1)

The magnetisationMz recovers according to the relaxation constant T1 during an interval of TR
between successive excitations (eq. (2.2.2)) such that

Mz (TR) = M0 + (M+z �M0)e�TR/T1 (A.5.2)

which under steady state conditions (Mz (TR) = M�
z ) yields

M+z =
n
M+z e

�TR/T1 +M0

⇣
1 � e�TR/T1

⌘o
cos� . (A.5.3)
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This equation can be solved such that

M+z = M0
1 � e�TR/T1

1 � cos� · e�TR/T1
cos� (A.5.4)

M�
z = M0

1 � e�TR/T1

1 � cos� · e�TR/T1
. (A.5.5)

From which the following transverse magnetisationMx� after an � pulse results:

Mx� = M�
z sin� = M0

1 � e�TR/T1

1 � cos� · e�TR/T1
sin� . (A.5.6)

This equation is referred to as the Ernst equation. In order to maximise the signal with respect to
� , we calculate the derivative of eq. (A.5.6) with respect to � and obtain

d
d�

Mx� =
M0

�
eTR/T1 � 1

� �
eTR/T1 cos(�) � sin2(�) � cos2(�)

�
�
eTR/T1 � cos(�)

�2 . (A.5.7)

And �nally solving forM 0
x� (�) = 0 yields

� = arccos
⇣
e�TR/T1

⌘
, (A.5.8)

which is the Ernst angle.
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