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Introduction

In this thesis we study curves defined over a local field K that can be represented
as a tame cover of the projective line. Using the theory of MacLane valuations,
we describe an algorithm for the computation of a model that has at most rational
singularities. In the second part, we use these results to develop an algorithm for
the computation of the lattice of integral differential forms for superelliptic curves.

In the case of semistable reduction, the computation of a model with rational
singularities simplifies. In that setting, we describe how to read off a basis for the
lattice of integral differential forms from the cluster picture of a superelliptic curve.
A closer analysis in the case of hyperelliptic curves allows to formulate an explicit
formula for the covolume of the lattice of integral differential forms.

Setting

Throughout, let Y be a smooth projective curve of genus g ≥ 1 defined over some
local field K. We write OK for the ring of integers, πK for a uniformiser and k for
the residue field. A model of Y is a normal proper fibred surface Y → SpecOK ,
whose generic fibre is isomorphic to Y . We denote its special fibre by Ys.

Recall that the global sections of the sheaf of differential 1-forms,

MK = H0(Y,ΩY/K),

are a K-vector space of dimension g. Given a model Y of Y , the global sections of
the canonical sheaf ωY/OK define a lattice in MK :

MY = H0(Y ,ωY/OK ).

The minimum among all lattices of the form MY is called the lattice of integral
differential forms of Y and we denote it by MY . This minimum is attained by the
minimal regular model Ymin of Y , and more generally by any model with at most
rational singularities.

For a hyperelliptic curve Y affinely defined by y2 = f(x), one can associate

the basis
(
ω0 = dx

2y
, . . . , ωg−1 = yg−1 dx

2y

)
for MK to the defining equation (assuming

char(K) 6= 2). In that case, there exists λ ∈ OK satisfying

detMY = 〈λ · ω0 ∧ · · · ∧ ωg−1〉OK .
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We refer to λ as the covolume of MY (relative to the choice of equation).

Motivation

The lattice of integral differential forms plays an important role in understanding
the arithmetic of curves. For example it appears in the Birch and Swinnerton-Dyer
conjecture for abelian varieties [45]. More precisely, for a curve Y , one of the terms
in that conjecture is the real period of the Jacobian of Y . In order to compute this
quantity, one can use the fact that the group of global invariant differential forms
on the Néron model of the Jacobian is equal to MY , see for example [46], [14].

Another interesting conjecture involving the latticeMY is a conductor-discriminant
inequality. For elliptic curves, Ogg’s formula states that there is an equality between
the Artin-conductor of the minimal regular model, Ymin, and the valuation of the
minimal discriminant, v(∆min). For curves of higher genus, this is no longer true.
However, the inequality

−Art(Ymin,OK) ≤ vK(∆min)

has recently been proven in [38] for hyperelliptic curves under the assumption that
char(k) 6= 2. For curves of genus 2 a more precise analysis was done by Q. Liu. In
[28] he shows that

−Art(Ymin,OK) ≤ v(∆)− 10vK(λ) ≤ vK(∆).

Here ∆ is the discriminant associated to any Weierstraß equation and λ is the co-
volume of MY with respect to the K-basis of MK that is induced by that Weierstraß
equation.

Assuming semistability, this relation can be generalised to hyperelliptic curves
with arbitrary genus. More precisely, it is proven in [33] that

g · (−Art(Ymin,OK)) ≤ g · vK(∆)− (8g + 4) · vK(λ). (0.1)

It is an interesting question whether this upper bound is still valid for hyperelliptic
curves that do not have semistable reduction.

For superelliptic curves, we are not aware of similar inequalities involving the
Artin conductor, but there exists an upper bound for the conductor exponent
f(Y/K). Recall that the Artin conductor and the conductor exponent are related
by the equation

−Art(Ymin,OK) = f(Y/K) +m− 1,

where m is the number of irreducible components of the special fibre of Ymin. For
a superelliptic curve Y with affine equation yn = f(x), where f ∈ OK [x] is a monic
polynomial, it is proven in [20] that

f(Y/K) ≤ (n− 1) vK(disc(f)),

where disc(f) denotes the discriminant of the polynomial f .
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Introduction

Methods

Models of curves are usually described by affine charts and maps between these
charts. We decided to represent models as sets of valuations and show how to
extract the necessary information from this description. To study these valuations,
we rely on the theory of MacLane valuations ([31],[41]). Another important method
that we are going to use is the theory of cluster pictures ([12]). In particular, we are
going to use the latter method for studying the semistable cases. Here, we introduce
the terminology which is necessary to understand the main results stated in the next
section. Note that an extensive list of the notation used in the thesis is given at the
end of the introduction.

MacLane Valuations Let Y be a model of some curve Y . Every component of
Ys induces a valuation on the function field FY of Y . In that way, we associate a set
of valuations V = V (Y) to a model Y . Since this association is a bijection, we can
represent models by finite sets of valuations (see §1.2). For our constructions models
of the projective line play a central role, therefore we are particularly interested in
valuations on K(x). Since a valuation on K[x] extends uniquely to a valuation on
K(x), it suffices to study the valuations on the polynomial ring K[x]. Moreover
we restrict to valuations that assign a non-negative value to x. This set is called
the set of MacLane valuations and we denote it by V (K[x]). In addition, we will
consider the enhancement V (K[x])∗ ⊃ V (K[x]) that is obtained by adding so called
infinite pseudovaluations (cf. Definition 1.26). These valuations allow to represent
horizontal divisors by valuations as well. The set of MacLane pseudovaluations has
the following properties.

(i) We can define a partial ordering ≤ on the set V (K[x])∗ and compute the
infimum of any pair of valuations in V (K[x])∗.

(ii) Every inf-closed finite set V ∗ ⊂ V (K[x])∗ has the structure of a finite rooted
tree. The same is true for V = V ∗ ∩ V (K[x]). The graph of the special fibre
of a model X with V (X ) = V is just the dual graph of this tree. We call
the graph corresponding to V ∗ the enhanced dual graph, where the infinite
valuations should be interpreted as a marking on the special fibre.

(iii) Let Y be a curve with function field FY ' K(x)[y]/(G). Then every valuation
w ∈ V (FY ) can be interpreted as a pseudovaluation on K(x)[y] with w(G) = 0,
extending some valuation v ∈ V (K(x)).

Cluster Pictures Given a superelliptic curve Y : yn = f(x), one may associate
a cluster picture to the polynomial f . This is a combinatorial object representing
the p-adic distances between the roots of f . We write f = cf

∏d
i=1(x − αi) ∈ K[x]

where cf ∈ K and α1, . . . , αd ∈ K. We write R = {α1, . . . , αd}.

Definition. (i) A cluster is a non-empty subset s ⊂ R of the form s = D∩R for
some disk D = {β ∈ K | vK(β − α) ≥ d} for some d ∈ Q and α ∈ K. We say
that α is a centre of the cluster and write α = αs.
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(ii) If |s| > 1, then s is called a proper cluster and its depth is defined to be
ds = minα,α′∈s vK(α− α′).

(iii) The relative depth of a proper cluster s is defined as δs = ds − ds′ , where s′ is
the smallest cluster properly containing s. For s = R, we set δR = dR.

(iv) For a proper cluster s, set νs = v(cf ) +
∑

α∈R dα∧s.

For example for f = (x2 − p)3 − p5 ∈ Qp[x] for some prime p 6= 2, 3. The
associated cluster picture is:

2/3 2/3
1/2 .

For the top cluster R, we can choose the rational centre αR = 0. The other two
clusters do not have centres in Qp, we can choose αt1 =

√
p and αt2 = −√p (or vice

versa).

MacLane Valuations and Cluster Pictures Our algorithms for the compu-
tation of models mostly rely on the valuation-theoretic approach. Later, for the
computation of the integral differential forms, we will use an interpretation in terms
of cluster pictures (in the semistable case). For that purpose, we prove different
correspondences between the two methods described above. In the cases where we
assume semistable reduction, the algorithms are usually accompanied by a cluster
picture version.

For the non-semistable cases, the situation is more difficult. Here, we associate
valuations to orbits of clusters (see Definition 3.17) and examine the properties of
these valuations (§3.2). If the set of roots of the polynomial f is contained in a
tamely ramified field extension of K, we can describe the valuations corresponding
to orbits of clusters in a very explicit way (Proposition 3.18).

Main Results

We present different algorithms for the computation of the lattice of integral differ-
ential forms MY for a superelliptic curve Y : yn = f(x). These algorithms differ
regarding their generality. In certain special cases we also deduce more explicit re-
sults. Of course, the computation of MY is always accompanied by the construction
of a suitable model of Y (i.e. a model with only rational singularities). We always
assume that the residue characteristic does not divide n. The functionality of our
algorithms is explained by means of the hyperelliptic curve

Y : y2 = (x2 − p)3 − p5

defined over Qp for some p 6= 2, 3. Explaining every step in detail would be beyond
the scope of the introduction, therefore we will sometimes refer to other places of
this thesis for more details.
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Introduction

Integral Differentials for Superelliptic Curves Given a curve Y , the strategy
of choice for computing the lattice MY seems to have been to compute a regular
model of YK , using one of the existing implementations. In [14] and [46], the imple-
mentation of regular models by Steve Donnelly in Magma [5] is used. The algorithm
behind this implementation (successively blowing up a model in the singular points)
is completely general. However, the current implementation requires some strong
restrictions on the curve YK . Tim Dokchitser’s Magma script [10], which is based
on the preprint [11], requires that the curve YK is given as a smooth affine curve
in G2

m and satisfies an extra ‘genericity’ condition. The method presented in [35]
combines ideas both from [11] and [12].

Our approach (Algorithm 7.13) differs from the existing implementations in the
sense that it is not based on the computation of a regular model, but the lattice
MY is computed using a model with at most rational singularities. Moreover we
do not compute explicit equations for a Zariski covering of the model, but extract
the necessary information from the valuations representing the model. This allows
to compute the lattice of integral differentials in some new cases which are not
covered by the implementations mentioned above. We present a simplified version
of Algorithm 7.13 here and explain the idea behind each step. We assume that Y is
a superelliptic curve with affine equation yn = f(x), where n is not divisible by the
residue characteristic p.

Algorithm (Integral Differential Forms)
Input: (f, n); Output: MY

(1) Compute a model Y for Y with at most rational singularities. Let V = V (Y)
be the set of valuations associated to this model.

(2) For each valuation v ∈ V , compute a basis Bv for the module Mv := {ω ∈MK |
v(ω) ≥ 0}.

(3) Compute a basis for MY = ∩v∈VMv.

The first step relies on the computation of a suitable model of the projective line
such that its normalisation in the function field of Y is a model with the desired
properties. More precisely, we compute a regular normal crossing model X of P1

K

such that the horizontal part of the divisor defined by f (and possibly the point at
infinity) intersects the components of Xs transversally and in non-singular points.
The construction of this model is based on the theory of MacLane valuations. We
refer the reader to Algorithm 4.27. The set V = V (Y) is obtained by computing all
extensions of the valuations in V (X ) to the function field of Y .

For the second step, note that v(ω) denotes the order of vanishing of the dif-
ferential form ω along the component corresponding to the valuation v (§7.2). The
main challenge in this step was to extract information on the order of vanishing from
the valuation without knowing explicit equations for the specific component. This
is solved by analysing extensions of valuation rings. In the last step, we iteratively
compute the intersection of the lattices Mv.

Example. Let us go through the different steps of the algorithm for our running
example

Y : y2 = (x2 − p)3 − p5.

5



First, we construct a suitable model X of P1
K via Algorithm 4.27. Here, this algo-

rithm yields a model with 7 components on the special fibre. Figure 1 depicts the
(enhanced) dual graph of the special fibre. The numbers above the vertices of this
graph represent the multiplicities of the respective components. Blue vertices do not
correspond to components of the special fibre but should be interpreted as horizontal
divisors that correspond to the (horizontal) branch locus of the cover φ : Y → X ,
which we construct now.

1
2

1

2 6
4 2

Figure 1: Enhanced dual graph of Xs

The model Y is computed as the normalisation of X in the function field of Y .
In our implementation this step consists of computing extensions of the valuations
in V (X ) to the function field of Y . Since the cover φ : Y → X has degree 2, there
can either be one or two components lying above a single component of the special
fibre Xs. In this case we get a model Y with 10 components on the special fibre. Its
dual graph is depicted in Figure 2. More details on the construction of the models
X and Y are provided in Example 4.33.

1
2

2

4 6
4 2

4 2

1

Figure 2: Dual graph of Ys

We can now proceed to Step (2) of the algorithm. This means we compute a
basis for the lattice Mv for every component Ev of Ys. These computations are
already quite involved. Nevertheless, the output in this example is fairly easy. We
find that

Mv = 〈dx/y, xdx/y〉OK
for the multiplicity-one components and one of the multiplicity-two components.
For all remaining components

Mv = 〈p dx/y, xdx/y〉OK .

The third step yields
MY = 〈p dx/y, xdx/y〉OK .

Integral Differentials for Superelliptic Curves with Semistable Reduction
In the case of semistable reduction, the first step in the algorithm described above
simplifies. For example one can choose Y to be the stable model of Y , since this
has only rational singularities. It is well-known how to compute the stable model

6



Introduction

algorithmically, see for example [8]. Furthermore for hyperelliptic curves, it is shown
in [12] how to read off the stable model from the cluster picture of the polynomial
f . In Algorithm 4.14, we explain a very similar approach for superelliptic curves
using MacLane valuations and also translate it to the language of cluster pictures in
Corollary 4.17. This allows us to formulate a more explicit result for the computation
of the basis of MY in terms of cluster pictures. In particular it is not necessary to
construct the model Y explicitly. More precisely, given a superelliptic curve with
semistable reduction, Theorem 6.11 shows how to read off a basis for the lattice MY

directly from the cluster picture. To simplify the exposition, we content ourselves
with the version for hyperelliptic curves here. This corresponds to Corollary 6.13.

Apart from the general notation associated to cluster pictures which was intro-
duced in the previous section, we need two more definitions:

• Let s0, . . . , si be a sequence of clusters. We associate to this sequence the
differential form

ω = ω(s0, . . . , si) =
i∏

k=0

(x− αsk)
dx

y
∈MK .

• For ω as above, we set ws(ω) =
∑i

k=0 dsk∧s + ds − 1
2
νs.

1

Theorem. Let Y be a hyperelliptic curve of genus g defined by Y : y2 = f(x). We
assume that f is monic, all proper clusters s have integral, non-negative depth ds,
satisfy νs ∈ 2Z and admit a rational centre αs.

2 Choose proper clusters s0, . . . , sg−1

inductively such that

ei := −wsi(ω(s0, . . . , si−1))

is maximal at each step. We write ωi = ω(s0, . . . , si−1). If the maximal value is
obtained by two different clusters, any cluster may be chosen in that step. Then an
OK-basis for the lattice of integral differentials of Y is given by

B = (πeiK ωi | i = 0, . . . , g − 1).

Example. The cluster picture of our running example does not satisfy the assump-
tions of the theorem. Therefore we extend the field of definition. Let πK ∈ Qp

be an element satisfying π3 =
√
p. Then K = Qp(πK) has ramification index 6.

Normalising the valuation vK such that its value group is Z, we obtain the cluster
picture

4 4
3

1In Chapter 6, ws is defined as a valuation on K(x)[y]. The description given here follows from
Proposition 6.10.

2These assumptions are not very restrictive if one assumes semistable reduction. Indeed in the
case of hyperelliptic curves, one only needs semistable reduction and the last assumption, see [21,
Theorem 4.1]. It is explained in [4, Theorem 14.3] how to circumvent the last assumption as well.

7



for f ∈ K[x]. Now all clusters have integral depth and rational centres. The curve Y
has genus 2, hence we only have to find two clusters s0 and s1 as in the theorem. To
determine s0, we compute ws(ω()) for s ∈ {t1, t2,R}. The minimal value is attained
by both t1 and t2. We take s0 = t1 and compute ws(ω(t1)) for s ∈ {t1, t2,R}.
This yields s1 = t2. The different values that we computed are summarised in the
following table.

νs ds ws(ω()) ws(ω(t1))

R 18 3 -6 -3

t1 30 7 -8 -1

t2 30 7 -8 -5

From this table, we see that e0 = 8 and e1 = 5. It follows from the theorem that

B =

(
pπ2

K

dx

y
, π5

K(x−√p)dx
y

)
is a basis for MYK .

Integral Differentials for Hyperelliptic Curves with Semistable Reduction
For hyperelliptic curves with semistable reduction, we prove a very compact formula
(Theorem 6.19) for the covolume of MY with respect to the standard basis of MK .
This formula generalises a result in [19]. The proof of our formula is based on that
result.

Theorem. Let Y/K be a hyperelliptic curve with semistable reduction defined by
Y : y2 = f(x) with f(x) = cf

∏
α∈R(x − α). Denote by MY the lattice of integral

differentials of Y and λ the covolume of MY with respect to the equation.
Then

8 vK(λ) = 4 g · vK(cf ) +
∑
|s| even

δs(|s| − 2)|s|+
∑
|s| odd

δs(|s| − 1)2, (0.2)

where the sums run over the clusters in the cluster picture of f .

Example. In our running example the formula yields

8vK(λ) = 3 · 4 · 6 + 2 · 4 · 22 = 8 · 13.

Note that this is also implied by the previous calculations, i.e. 13 = vK(λ) = e0 +e1.

The covolume of MY appears in a conjectural conductor-discriminant inequality
(Equation 0.1). Combining our formula for vK(λ) with results of [12] on the Artin
conductor, we prove that this inequality holds in our setting (Theorem 6.38). Note
that this is already implied by the results of Maugeais in [33]. Nevertheless, we hope
that our explicit description of the difference between the two quantities helps to
improve the understanding of the inequality and can possibly be extended to more
general cases in the future.

8



Introduction

Outline

The thesis is divided into two main parts. In the first part, we discuss models of
curves. The first chapter serves as an introduction to this topic and explains the
relation between models and sets of (geometric) valuations. In the next chapter we
recall properties of valuations on a polynomial ring and prove some technical results.
In Chapter 3 we present different methods to describe models of the projective line
and explain the relation between these approaches. Finally in the fourth chapter,
we can formulate algorithms to compute the stable model and a model with at most
rational singularities for any curve that can be represented as a tame cover of the
projective line.

In the second part, we discuss the lattice of integral differential forms of curves.
This part starts with Chapter 5, where we recall some properties about integral
differential forms and rational singularities. The sixth chapter focusses on integral
differential forms of semistable curves. We describe how to read off a basis for
the lattice MY from the cluster picture of the polynomial f , and in the case of
hyperelliptic curves, we provide an explicit formula for det(MY ). In the last chapter,
we describe an algorithm to compute the latticeMY for superelliptic curves – without
any restrictions on the reduction of Y .

Disclosure Parts of Chapter 6 are published in [21]. The results from Chapter 2,
Section 3.4, Section 4.4 and Chapter 7 were obtained in collaboration with Stefan
Wewers and are contained in [24].

Notation

For the convenience of the reader, the following table provides a comprehensive list
of symbols that are used throughout the thesis. The symbols are ordered in thematic
groups and their order should roughly reflect the order of appearance in the text.

General Notation

K local field

OK ring of integers of K

S spectrum of OK
vK discrete valuation of OK (normalised)

πK uniformising element for vK

p ideal generated by πK

k residue field of K

9



Curves and Models

X smooth projective curve, often X = P1
K

Y smooth projective curve, often g(Y ) > 0 3

FX function field of X

X an OK-model for X

Xη generic fibre of X

Xs special fibre of X

X reg a regular model for X

Xmin the minimal regular model for X

X rnc the minimal regular model with normal crossings for X

Valuations

V (FX) set of geometric valuations on FX (Definition 1.21)

V (FX)∞ set of geometric infinite pseudovaluations (Definition
1.25)

V (FX)∗ set of geometric pseudovaluations (Definition 1.25)

k(v) the residue field of v ∈ V (FX)

vg Gauß valuation (Example 1.23)

vξ pseudovaluation associated to the closed point ξ (Defi-
nition 1.25)

V (X ) geometric valuations induced by the components of Xs
(Proposition 1.22)

V ∗(X ,D) geometric pseudovaluations induced by the components
of Xs and the horizontal divisor D (Proposition 1.27)

Xv the model with V (Xv) = {v}

Ev the component of Xs corresponding to v, for v ∈ V (X )

ev ramification index of the valuation v (Definition 2.1(d))

MacLane Valuations

V (K[x]) MacLane valuations

V (K[x])∞ infinite MacLane pseudovaluations

V (K[x])∗ MacLane pseudovaluations

3The following notation holds for Y as well. E.g. FY is the function field of Y , a model of Y is
denoted by Y, etc.

10



Introduction

Q̂ = Q ∪ {∞}

∼v v-equivalence relation (Definition 2.4)

|v v-divisibility (Definition 2.4)

[v, v′(φ) = λ] augmentation of v with respect to (φ, λ) (§2.1)

P (v) predecessors of v (Definition 2.11)

Dv discoid in V (K[x])∗ associated to v (§2.3)

D◦v = Dv \ {v}

Av = K[x] ∩ Ov
pv, pg prime ideals of height one in Av (§2.3)

Av = Av/pv

mw = Av ∩ pw, where w ∈ D◦v (see Lemma 2.14)

Dv(m̄) residue class of Dv corresponding to m̄ (Definition 2.16)

Dv(w) residue class of Dv containing w (Definition 2.16)

D(g, t) closed discoid of V (K[x])∗ (Definition 2.19) or in K̄
(Definition 3.1)

D(g, t)◦ open discoid of V (K[x])∗ (Definition 2.19)

Cluster pictures

f polynomial in K[x], we write f = cf
∏d

i=1(x− αi)

R set of roots of f

s cluster (Definition 3.4,i)

o orbit of clusters (Definition 3.6, i)

P (s) parent of s (Definition 3.4,iii)

P (o) parent orbit of o (Definition 3.6,iii)

P ∗(o) parent cluster of o (Definition 3.4,iv)

αs centre of s (Definition 3.4,i)

ds depth of s (Definition 3.4,ii)

do depth of o (Definition 3.6,ii)

δs relative depth of s (Definition 3.4,iii)

Ds disc associated to s (Definition 3.7)

Do K-discoid associated to o (Definition 3.7)

νs =
∑

α∈R dα∧s (Definition 4.18)
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vs valuation in V (K[x]) associated to s (Definition 6.2)

ws valuation in V (K(x)[y]) associated to s (Definition 6.2)

Vs subset of V (FY ) associated to s (Definition 6.2)

Differential Forms

ΩY/K the space of differential forms on Y (§5.1)

ΩY/OK the sheaf of relative differential 1-forms (§5.2.2)

ωY/OK the canonical sheaf (§5.2.3)

MK global sections of ΩY/K (§5.3)

MY global sections of ωY,S (§5.3)

MY lattice of integral differential forms of Y (Definition 5.19)

λ covolume of MY (Definition 6.18)
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Chapter 1

Introduction to Models and

Valuations

Let X be a smooth projective curve over some local field K. Throughout, OK
denotes the valuation ring of K with maximal ideal p = (πK) and residue field
k = OK/p. Different types of OK-models of Y play a central role in this thesis. In
the first part of the chapter we recall some well-known facts about these models.
In the second part, we introduce the concept of geometric valuations and explain
a correspondence between sets of geometric valuations and models. This is illus-
trated by studying different models for the elliptic curve defined by y2 = x3 + px
over Qp. Next, we introduce so-called geometric pseudovaluations and explain a
correspondence with horizontal divisors.

1.1 Fibred surfaces

Let S be a Dedekind scheme, that is a normal, irreducible and locally Noetherian
scheme of dimension 1. 1 In our applications S will usually be the spectrum of a
discrete valuation ring. A fibred surface over a Dedekind scheme S is an integral,
projective, flat S-scheme X → S of dimension 2. A point x ∈ X is called regular if
the local ring OX ,x is regular. We say that X is a regular surface if it is regular at
every point x ∈ X . A regular fibred surface is also called an arithmetic surface. We
denote the generic point of S by η and call Xη the generic fibre of X . For a closed
point s ∈ S, we say that Xs is a closed fibre of X . If X → S is a normal proper
fibred surface, whose generic fibre is isomorphic to a smooth, projective curve X
over the function field of S, then we call X a model of X over S. 2

From now on, S is the spectrum of the discrete valuation ring OK . We call

1Some authors also include schemes of dimension 0, i.e. S is the spectrum of a field.
2There exist deviating definitions for the terms arithmetic surface and model of a curve in the

literature. For instance properness is not always required, especially when talking about Néron
models.
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Chapter 1. Introduction to Models and Valuations

X an OK-model of X. In this setting there exists only one closed point s ∈ S
corresponding to the unique prime ideal of OK . We call Xs the special fibre of X .
Note that Xs is a projective curve over the residue field k. We will usually write
E1, . . . , Er for the irreducible components of Xs. There is an equality of Weil divisors

Xs =
r∑
i=1

eiEi,

where ei is the multiplicity of Ei in the special fibre Xs (cf. [29, Lemma 8.3.9]).
In our applications, we will often consider schemes given as local complete in-

tersections, see for example Definition 6.3.17 in [29]. For such schemes it suffices to
check normality in the points of codimension 1.

Proposition 1.1 (Corollary 8.2.24 in [29]). Let X → SpecOK be a local complete
intersection. Then X is normal if and only if it is normal at all points of codimension
1.

The proposition follows from Serre’s criterion, using the fact that local complete
intersections are Cohen-Macaulay. For a surface X → SpecOK , the only points of
codimension 1 are closed points of the generic fibre and the generic points of the
components of the special fibre. This observation leads to the following corollary.

Corollary 1.2 (Normality criterion, cf. Example 8.2.26 in [29]). Let F ∈ OK [x, y]
be a non-constant irreducible polynomial. Then the scheme

SpecOK [x, y]/(F )

is normal if and only if it has the following properties.

(i) SpecK[x, y]/(F ) is regular.

(ii) Let G1 . . . , Gr ∈ OK [x, y] such that Ḡi ∈ k[x, y] is irreducible for all i and
F̄ =

∏
i∈I Ḡi

ei for some ei ∈ N. Then for each i with ei > 1, there exists
Hi ∈ OK [x, y] such that

F ≡ πKHi (mod Gi) and Hi 6≡ 0 (mod (πK , Gi)).

Definition 1.3. Let X be an OK-model of a smooth projective curve X. We say
that X is a regular model of X if X is a regular surface.

Proposition 1.4 (Regularity Criterion). Let

X → SpecOK

be normal normal fibred surface. Then it is regular if and only if for every (singular)
point ξ̄ of the special fibre,

dimkm/m
2 = 2,

where m is the maximal ideal of OX ,ξ.
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§1.1. Fibred surfaces

Proof: Since we assume that X is normal, it suffices to check regularity in
codimension 2, i.e. at the closed points of the special fibre. 2

Definition 1.5. Let X be a smooth projective curve over K.

(i) We say that X has good reduction if there exists a smooth model of X. Oth-
erwise we say that X has bad reduction.

(ii) If there exists a model of X whose special fibre is reduced and has at most
ordinary double points, we call this model a semistable model and say that X
has semistable reduction.

Semistable reduction can be seen as a very mild form of bad reduction. If a
curve has semistable reduction, the construction of the minimal regular model is
often easier than in the general case. We will use this in Chapter 6.

Theorem 1.6 (Semistable Reduction Theorem, [9]). Let X be a smooth projective
curve over K. There exists a finite extension L/K such that the curve XL = X⊗KL
has semistable reduction.

The semistable model of a curve is not unique. But for curves of genus g > 1,
there exists a unique minimal semistable model([29, Theorem 10.3.34]).

Definition 1.7. If X has semistable reduction and genus g > 1, then the minimal
semistable model of X is called the stable model of X.

For a semistable model X of X, we say that a component of the special fibre is
an unstable component if it is smooth of genus 0 and intersects the rest of the special
fibre in at most two points. As the naming suggests, given a semistable model of
X, the stable model can be constructed by contracting all unstable components of
its special fibre.

The next definition describes a class of singularities that play an important role
in Chapter 4.

Definition 1.8. A closed point x of X is called a quotient singularity if the local
ring OX ,x can be written as OX ,x = BG, where B is a regular local ring and G is a
finite group of local automorphisms of B. The quotient singularity x ∈ X is called
tame if we can choose B and G such that the order of G is prime to the residue
characteristic of B. Otherwise, x is called a wild quotient singularity.

1.1.1 Intersection theory on arithmetic surfaces We have already men-
tioned that the special fibre of a model may be identified by a sum of Weil divisors.
In order to describe the special fibre, it is also necessary to know the intersection
between different components. In this part, we briefly recall the necessary defini-
tions and properties from the intersection theory on regular fibred surfaces. For
more details and proofs, we refer to [29, §9.1].

Fix an arithmetic surface f : X → SpecOK . We write Div(X ) for the group of
Weil divisors on X . The prime divisors come in two flavours. Let D ∈ Div(X ) be
prime. We say that D is horizontal if f(D) = SpecOK and D is vertical if f(D) =

17



Chapter 1. Introduction to Models and Valuations

(πK). For an arbitrary Weil divisor, we say that it is horizontal (respectively vertical)
if all of its components are horizontal (respectively vertical). We write Divs(X ) for
the group of vertical divisors. Note that the vertical divisors are precisely those
which are only supported in the special fibre.

Definition 1.9. For two effective divisors E,E ′ ∈ Div(X ) with no common irre-
ducible component and a closed point x ∈ X , the integer

(E.E ′)x = lengthOX ,x OX ,x/(OX (−E)x +OX (−E ′)x)

is called the intersection multiplicity of E and E ′ at x.

Clearly, the intersection multiplicity of two effective divisors is non-zero (hence
positive) at a point x ∈ X if and only if x lies in the support of both divisors. To
make this definition a bit more precise, we look at the easiest situation that can
occur. Suppose that E and E ′ are different irreducible divisors which meet at a
point x ∈ Xs. Then

(E.E ′)x = dimkOX,x/(u, u′),

where u and u′ are uniformisers for E at x and E ′ at x, respectively.
The above definition may be extended to arbitrary divisors on X .

Definition 1.10. Let E and E ′ be two arbitrary divisors on X with no common
irreducible component. Write E = E+ − E− and E ′ = E ′+ − E ′− with E± and E ′±
effective and pairwise without common component. Then

(E.E ′)x = (E+.E
′
+)x − (E+.E

′
−)x − (E−.E

′
+)x + (E−.E

′
−)x

is the intersection multiplicity of E and E ′ at x.

It is shown in [29, Corollary 9.1.5] that (·.·)x is symmetric and bilinear. Similar
to the case of algebraic surfaces, one would like to add up the local intersection
multiplicities in order to get a global intersection multiplicity. From such a global
intersection pairing one would expect that it is compatible with linear equivalence
of divisors. The obstruction in the case of arithmetic surfaces is that SpecOK is
not ‘compact’, which makes it impossible to define a meaningful intersection pairing
on the whole divisor group with this property. Example 7.1 in [43] illustrates this
obstruction. The following theorem shows that the problem does not occur when
one of the divisors lies on the special fibre.

Theorem 1.11 (Theorem 9.1.12 in [29]). Let X → SpecOK be an arithmetic sur-
face. Then there exists a unique bilinear pairing of Z-modules

(·.·) : Div(X )×Divs(X )→ Z

which satisfies the following properties:

(i) If D ∈ Div(X ) and E ∈ Divs(X ) have no common component, then

(D.E) =
∑
x∈Xs

(D.E)x[k(x) : k].

18



§1.1. Fibred surfaces

(ii) The restriction to Divs(X )×Divs(X ) is symmetric.

(iii) (D.E) = (D′.E) if D ∼ D′ are linearly equivalent.

(iv) If 0 < E ≤ Xs, then 3

(D.E) = degkOX(D)
∣∣
E
.

Definition 1.12. For two divisors D ∈ Div(X ) and E ∈ Divs(X ) the integer (D.E)
is called the intersection multiplicity of D and E. Moreover E2 := (E.E) is called
the self-intersection number of E.

Assuming that we know the intersection multiplicities of the different components
of the special fibre, it is easy to determine the self-intersection numbers of these
components by means of the following formula.

Proposition 1.13 (Proposition 9.1.21 in [29]). Let X → S be a regular fibred surface
with special fibre Xs =

∑r
i=1 diEi. Then for any i ≤ r, we have

E2
i = −1/di ·

∑
j 6=i

djEj.Ei.

Definition 1.14. Let X be an arithmetic surface and D =
∑

iDi ⊂ X an effective
and reduced divisor with irreducible components Di. We say that D ⊂ X is a strict
normal crossing divisor if for every x ∈ D the following holds:

(a) x is a regular point of X ,

(b) there is a regular system of parameters t1, t2 for the local ringOX ,x and k ∈ {1, 2}
such that D ⊂ X is defined, in a Zariski neighbourhood of x, by the equation∏k

i=1 ti = 0.

It follows immediately from this definition that each irreducible component Di

of a strict normal crossing divisor D is a regular scheme of dimension one and that
Di ↪→ X is a regular embedding. Moreover, a point x ∈ D can lie on at most
two components, and it is a non-regular point of D if and only if it lies on two
components.

Definition 1.15. We say that D ⊂ X is a normal crossing divisor if every point
x ∈ X has an étale neighbourhood U → X such that D×X U ⊂ U is a strict normal
crossing divisor.

Definition 1.16. We say that a regular model X has normal crossings if its special
fibre is a normal crossing divisor.

Proposition 1.17 (rnc-Criterion). Let X → SpecOK be an arithmetic surface and
let ξ̄ be a singular point of the special fibre. Assume that there are precisely two
components Γ1,Γ2 passing through ξ. Denote by t1 and t2 generators for OX (−Γ1)ξ
and OX (−Γ2)ξ, respectively. Then X has normal crossings at ξ if and only if one
of the following (equivalent) properties hold.

3For the definition of the degree of an invertible sheaf, we refer to [29, Definition 7.3.29]
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Chapter 1. Introduction to Models and Valuations

(i) The maximal ideal m of OX ,ξ is given by m = (t1, t2).

(ii) There exist m1,m2 ∈ N and a ∈ O×K such that in an open neighbourhood
U ⊂ X of ξ, the morphism

U → SpecA, A := OK [T1, T2]/(Tm1
1 Tm2

2 − πKa),

defined by t1, t2 is étale.

(iii) The intersection multiplicity of Γ1 and Γ2 at ξ is (Γ1.Γ2)ξ = 1.

Proof: See for example [29, Proposition 9.1.8, Proposition 9.2.34]. 2

Given a curve Y , there exist infinitely many different regular models. A canonical
choice is provided by the minimal regular model. A regular model Y is called minimal
if any birational map Y → Y ′ between regular models is an isomorphism.

Proposition 1.18. [29, Prop 10.1.8.] Let X be a smooth projective curve of genus
g > 0. Then there exist a unique minimal regular model, Xmin, and a unique minimal
regular model with normal crossings, X rnc.

Definition 1.19. A prime divisor E on a regular surface X → S is called exceptional
if there exists a regular fibred surface X ′ → S and a morphism ϕ : X → X ′ with
the property that ϕ(E) is a point on X ′ and ϕ is an isomorphism outside of E.

Given an arbitrary regular model, one can construct the minimal regular model
by iteratively blowing-down the exceptional divisors, see [29, Corollary 9.3.24]. To
find the minimal regular model with normal crossings, one needs to start with a
regular model with normal crossings and only blow-down the exceptional divisors
which have non-trivial intersection with at most two other components.

For our applications it is usually not necessary to determine the minimal regular
model (with normal crossings) explicitly. However these models will appear in some
examples. Therefore, we cite a very useful criterion for determining exceptional
divisors on regular models.

Theorem 1.20 (Castelnuovo’s Criterion - Theorem 9.3.8 in [29]). Let X → SpecOK
be a regular fibred surface and E ⊂ Xs a vertical prime divisor. Set k′ = H0(E,OE).
Then E is an exceptional divisor if and only if E ' P1

k′ and E2 = −[k′ : k].

1.2 Description of models via valuations

Let X be a smooth projective curve and X an OK-model of X. There exist different
ways to describe a model. Usually, one writes Xs =

∑r
i=1 diEi for the special

fibre. Information on the intersection of different components can be gathered in an
intersection matrix A = (Ei.Ej)i,j. Having this (combinatorial) data is enough for
some applications. However, in order to do explicit computations one needs more
information. Of course, a model may be represented by its affine patches. But for
more complex models with several components on the special fibre this description
will easily get convoluted.

In this thesis, models will usually be represented by a set of valuations as is done
in [41], see also [39] and [24].
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§1.2. Description of models via valuations

1.2.1 Geometric valuations As above X is a smooth projective curve over K.
Recall that K is a local field with a normalised valuation vK : K → Q̂ = Q ∪ {∞}.
The valuation ring is denoted by OK and the residue field is k. We denote by FX
the function field of X.

Definition 1.21. A valuation v on FX is called a geometric valuation if the following
are true.

(i) When restricted to K, the valuation is equal to vK , i.e. v
∣∣
K

= vK .

(ii) The residue field k(v) has transcendence degree one over k.

We write V (FX) for the set of geometric valuations on FX .

Let X be a model of X.4 Then every irreducible component E of the special
fibre Xs gives rise to a geometric valuation in the following way (cf. [41, Proposition
3.4]). Let η be the generic point of E. Then OX ,η is a discrete valuation ring. Since
the fraction field of OX ,η is equal to FX , we get a valuation

vE : FX → Q̂.

Clearly the transcendence degree of k(vE) is one. Moreover the valuation may be
normalised so that vE

∣∣
K

= vK . We write V (X ) for the set of geometric valuations
which are induced by the components of Xs.

Proposition 1.22 (Corollary 3.18 in [41]). The association

X 7→ V (X )

defines an isomorphism of partially ordered sets between the following two sets:

• models of X (ordered by morphisms of normal models).

• finite non-empty subsets of V (FX) (ordered by inclusion).

For the above proposition, it is important that K is a local field, so in particular
it is complete with respect to vK .

Let V ⊂ V (FX) be a finite non-empty set and let us associate a model X to V via
the above association. Then the special fibre Xs comprises exactly |V | components,
indexed by the valuations in V . We will use the notation

Xs =
∑
v∈V

evEv,

where Ev is the component associated to v and ev its multiplicity.

4Recall that we defined a model as a normal scheme, hence all local rings are integrally closed.
This property is essential here.
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Chapter 1. Introduction to Models and Valuations

Example 1.23. The Gauß valuation vg : K[x]→ Q ∪ {∞} is defined by

vg(
d∑
i=0

aix
i) := min

i
vK(ai),

for polynomials f =
∑

i aix
i ∈ K[x]. This extends uniquely to a valuation on K(x).

One checks that the residue field is k(vg) = k(x̄) (where x̄ is the image of x in
k(vg)). This means vg ∈ V (K(x)). In particular the set {vg} defines a model X of
the projective line P1

K . It is easy to see that X = P1
Zp satisfies V (X ) = {vg}.

The following example should serve as a first motivation for the constructions
that we are going to explain in Chapter 4.

Example 1.24. Let Y be the elliptic curve defined by y2 = x3 + px over Qp for
some prime number p 6= 2. The function field FY is a simple extension of the
rational function field K(x). Hence any valuation w on FY is an extension of some
valuation v on K(x) and necessarily w(y2 − x3 − px) =∞. We are going to look at
different models for the elliptic curve Y and determine the set of geometric valuations
corresponding to these models.

(a) Consider the Weierstraß model of Y , that is the model defined as

YW = ProjZp[X, Y, Z]/(Y 2Z −X3 − pXZ2).

Note that, except for the point (X, Y, p), the scheme YW is smooth over SpecZp
and in particular regular. Therefore it suffices to consider the affine subscheme
U with Z 6= 0 when checking normality and regularity. Let

U = SpecZp[x, y]/(y2 − x3 − px),

where x = X/Z and y = Y/Z as usual. We first check whether the properties of
Corollary 1.2 are fulfilled. Since F := y2 − x3 − px = 0 defines a smooth curve
over Qp, Condition (i) holds. Moreover F̄ = y2− x3 is irreducible in Fp[x, y], so
the second condition holds as well and YW is normal.

The special fibre of this model has only one component, Γ0, which is defined by
y2 = x3 over Fp. The only singularity is at ξ̄ : x = y = 0. The maximal ideal
of OYW ,ξ is given by m = (x, y, p). Since all monomials in the defining equation
y2 − x3 − px have degree ≥ 2 in x, y, p, the ideal cannot be generated by fewer
than three elements modulo m2, hence dimm/m2 = 3 and ξ is a non-regular
point of U .

Let w0 be the geometric valuation corresponding to the component Γ0. Since
Γ0 = YWs and YW is a normal model, we have V (YW ) = {w0}. In order to
describe w0 explicitly, we note that the restriction of w0 to FX = K(x) is the
Gauß valuation vg with respect to the coordinate x. To see this, note that p
vanishes to order 1 along Γ0, so w0(p) = 1, and w0(x) = 0, since the horizontal
divisor defined by x = 0 intersects Γ0 in a unique point, in particular x does
not vanish along Γ0. Now the extension FY /K(x) is generated by y which has
minimal polynomial F = y2 − x3 − px over K(x). Since F̄ = y2 − x3 remains
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§1.2. Description of models via valuations

irreducible over the residue field k(x) of vg, standard valuation theory shows
that vg has a unique extension to FY which is equal to w0. We also see that YW
is the normalisation of the model XW = P1

Zp , because V (XW ) = {vg}.

(b) Let us construct the minimal regular model, Ymin, of Y . This can be done by
computing a blow-up YW ← Y1 at the singular point ξ.

When computing the blow-up, we get three different charts that glued together
yield the model Y1. It turns out that all components of the special fibre of Y1

and their intersection are visible on the chart U1 with coordinates

x1 = x, y1 = y/x, p1 = p/x,

i.e.
U1 = SpecZp[x1, y1, p1]/(y2

1 − x1 − p1, p− p1x1).

We find that there are two components

Γ0 : p1 = 0, y2
1 = x1 Γ1 : x1 = 0, y2

1 = p1,

where Γ0 is the strict transform of the component Γ0 from YWs .

The two components intersect in a unique point ξ1 with maximal ideal m =
(x1, y1, p1) = (x1, y1) /OYmin,ξ1 , which is obviously a regular point. Since this is
the only singularity of the special fibre, the model Y1 is regular. It is moreover
the minimal regular model, i.e. Ymin = Y1. To see this, we need to show that
Γ0 is not exceptional.

The ideal OY1(−Γ0)ξ1 is generated by p1 = y2
1−x1, and OY1(−Γ1)ξ1 is generated

by x1 = y2
1 − p1. Now the intersection multiplicity at ξ1 is given by

(Γ0.Γ1)ξ1 = dimOYmin,ξ1/(x1, p1) = dimZp[y1]y1/(y
2
1, p) = 2.

It follows from Proposition 1.13 that Γ2
0 = Γ2

1 = −2 which proves the minimality.

Since the two components intersect with multiplicity two, the model Ymin does
not have normal crossings as per Proposition 1.17.

Let us now determine the valuations w0, w1 corresponding to Γ0 and Γ1, re-
spectively. Since Γ0 is the strict transform of the component Γ0 from YW , the
valuation w0 coincides with the valuation that we determined in Part (a) of this
example. To describe w1, note that x1 = x is a generator for OYmin(−Γ1)ξ1 ,
hence x is a uniformising element for w1. Since x1 = p/x is a generator for
OYmin(−Γ0)ξ1 and the two components intersect in a unique point, it follows
that w1(p) = w1(x) = 1. Similarly, one can compute the valuation of any other
element in FY .

When restricted to K(x), the valuation w1 can be written in a very explicit way.
Write v1 := w1

∣∣
K(x)

. Given a polynomial f =
∑n

i=1 aix
i ∈ K[x], then

v1(f) = min(ai + i | 0 ≤ i ≤ n).

The valuation w1 is in turn the unique extension of v1 to FY .
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Similar to the first part of the example, we can represent Ymin as the cover of
a model of the projective line. Here, we have V (Ymin) = {w0, w1}. Denote by
Xmin the model of the projective line with V (Xmin) = {vg, v1}. Then Ymin is
the normalisation of Xmin in FY .

(a) YW
s (b) Ymin

s

4

1 2 1

(c) Yrnc
s

Figure 1.1: Special fibres of different models of the curve Y : y2 = x3 + px

(c) Although the minimal regular model with normal crossings has in general more
components than the minimal regular model, it is sometimes easier to construct
or describe. In this example, the special fibre of the minimal rnc-model Yrnc

comprises four components - two of which also appear in the minimal regular
model. Let us construct this model explicitly.

As shown above, (Γ0.Γ1)ξ1 = 2. A blow-up Ymin ← Y2 at ξ1 yields a new
component Γ2. All three components are visible on the chart U2 with coordinates

x2 = x1/y1, y2 = y1, p2 = p1/y1,

i.e.
U2 = SpecZp[x2, y2, p2]/(y2 − x2 − p2, p− p2x2y

2
2).

The equations for the three components are given by

Γ0 : p2 = 0, y2 = x2, Γ1 : x2 = 0, y2 = p2, Γ2 : y2
2 = 0, x2 = −p2.

Again, Γ0 and Γ1 are the strict transforms of the two components of the special fi-
bre of Ymin. The three components intersect in the unique point ξ2 = (x2, y2, p2),
hence another blow-up Y2 ← Y3 at this point is necessary in order to obtain a
model with normal crossings.

Indeed, this blow-up results in a regular model with normal crossings. To see
this, let us look at the new chart

U3 = SpecZp[x3, y3, p3]/(1− x3 − p3, p− p3x3y
4
3)

with
x3 = x2/y2, y3 = y2, p3 = p2/y2.

On this chart we see one new component of the special fibre and the strict
transforms of the components Γ0,Γ1. These are given by

Γ0 : p3 = 0, x3 = 1, Γ1 : x3 = 0, p3 = 1, Γ3 : y4
3 = 0, x3 + p3 = 1.
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§1.2. Description of models via valuations

Note that Γ0 and Γ1 do not intersect, while Γ0 and Γ3 intersect in (y3, p3, x3−1);
we compute

(Γ0.Γ3)(y3,p3,x3−1) = dimOU3,ξ/(y3, p3) = dimZp[x3](x3−1)/(x3 − 1, p) = 1.

This shows that Γ0 + Γ3 is a normal crossing divisor. Alternatively, one could
have studied the local ring

OU3,(y3,p3,x3−1) = Zp[x3, y3, p3](y3,p3,x3−1)/(1− x3 − p3, p− p3x3y
4
3)

= Zp[y3, p3](y3,p3)/(p(1− p3)−1 − p3y
4
3),

which satisfies the second property from Proposition 1.17.

Similarly, we obtain (Γ1.Γ3) = 1. Considering a different chart, one can check
that Γ2 intersects Γ3 transversally as well and does not intersect Γ0 or Γ1. This
shows that we have found a regular model with normal crossings. Moreover
it is minimal with this property. To see this, we compute the self intersection
numbers by means of Proposition 1.13. These numbers are summarised in the
table below. The only component with self-intersection −1 is Γ3 and it is clear

i 0 1 2 3

Γ2
i −4 −4 −2 −1

from the construction that blowing down this component leads to a model that
does not have normal crossings.

To conclude this example, let us study the geometric valuations w2 and w3 which
correspond to the components Γ2 and Γ3, respectively. A uniformising element
for w3 is given by y3 = y/x. When restricted to Qp, the valuation must coincide
with vQp . This implies

1 = w3(p) = w3(p3x3y
4
3) = 4w3(y3),

where we used the fact that w3(x3) = w3(p3) = 0, since these are the local
parameters for the other two components. Note that this means that the value
group of w3 is given by 1

4
Z. This can be explained by the fact that the mul-

tiplicity of Γ3 in Yrnc is 4. Restricting the valuation to K(x), we obtain the
valuation v3 defined by

v3(f) = min(ai + i/4 | 0 ≤ i ≤ n) for f =
n∑
i=0

aix
i.

In order to determine w2, we proceed in the same way. Here, y2 (from the chart
U2) is a local parameter and hence a uniformising element for w2. In this case,
the restriction to K(x) yields a less trivial valuation. For example we find

w2(x) = 1/2, , w2(x2 + p) = 3/2.

In the next chapter, we will describe a canonical representation for such valua-
tions.

In total, we found V (Yrnc) = {w0, w1, w2, w3}.
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The above example already exhibits two important ideas that will be used in the
next chapters. Broadly speaking, given a model Y for a curve Y , one can construct
a regular model by adding new valuations to the set V (Y). The second observation
is that all of the presented models of Y are covers of models of the projective line.

1.2.2 Geometric pseudovaluations In the previous subsection, we have dis-
cussed the correspondence between finite sets of geometric valuations on FX and
models of X. Now, we will assign valuations to irreducible divisors D ⊂ X. For
that purpose we enhance the set V (FX) by including so called geometric pseudoval-
uations.

Definition 1.25. For a closed point ξ of X, we define a map

vξ : FX → Q ∪ {±∞}, f = g/h 7→ vK(g(ξ))− vK(h(ξ)).

Here g, h ∈ Oξ are chosen such that not both lie in the maximal ideal of Oξ. We
use g(ξ), h(ξ) as a suggestive notation for the images of g, h in the residue field
k(ξ) of the valuation ring Oξ (which is a finite extension of K), and vK is used here
for the unique extension of vK to k(ξ). We call such a map vξ a geometric infinite
pseudovaluation on FX and write

V (FX)∞ := {vξ | ξ ∈ |X|}

for the set of geometric infinite pseudovaluations.

Note that vξ does not define a discrete valuation on FX in the usual sense. For
example let 0 6= g ∈ Oξ be contained in the maximal ideal of Oξ. Then vξ(g) = ∞
even though g 6= 0. But v is discrete and for any two functions f1, f2 ∈ FX , we have
that

(i) v(f1f2) = v(f1) + v(f2),

(ii) v(f1 + f2) ≥ min{v(f1), v(f2)}.

This justifies the name pseudovaluation. Moreover we have vξ|K = vK . We will see
later that geometric pseudovaluations constitute a natural generalisation of geomet-
ric valuations.

Note that vξ encodes the same information as the discrete valuation on Oξ. For
instance,

Oξ = {f ∈ FX | vξ(f) > −∞}, mξ = {f ∈ FX | vξ(f) =∞}.

Definition 1.26. We set

V (FX)∗ := V (FX) ∪ V (FX)∞.

The elements of this set are called geometric pseudovaluations.
Given a pair (X ,D) consisting of a model X of X and a horizontal divisor D ⊂ X ,

we set
V ∗(X ,D) := V (X ) ∪ {vξ | ξ ∈ D ∩X}.
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§1.2. Description of models via valuations

We have the following formal consequence of Proposition 1.22.

Proposition 1.27. The association

(X ,D) 7→ V ∗(X ,D)

defines a bijection between the following two sets:

• Pairs (X ,D), where X is a model of X and D ⊂ X a horizontal divisor.

• Finite subsets of V (FX)∗ with non-empty intersection with V (FX).

Example 1.28. Let X = P1
Qp and ξ be the closed point defined by the irreducible

polynomial x2− p. Then k(ξ) = Qp(
√
p). Let f =

∑n
i=0 aix

i ∈ Qp[x] and let b0, b1 ∈
K such that f ≡ b0 + b1x (mod x2 − p). Then vξ(f) = min(vp(b0), vp(b1) + 1/2).
In this example, we will look at different sets of valuations V with {vξ} ⊂ V ⊂
V (K(x))∗.

(a) First consider the set V = {vg, vξ} ⊂ V (K(x))∗. The pair (X ,D) with V ∗(X ,D) =
{vg, vξ} consists of the model X = P1

Zp which corresponds to the Gauß valuation,

and the horizontal divisor D defined by x2−p. The horizontal divisor intersects
the special fibre in a unique point (x, p) with intersection multiplicity 2.

(b) Later, we often request that X should be a model with the property that Xs∪D
is a normal crossing divisor. Here this can be achieved by adding the valuation
v1 ∈ V (K(x)), defined by

v1 :
n∑
i=0

aix
i 7→ min(vp(ai) + i · 1/2 | 0 ≤ i ≤ n),

to the set {vg, vξ}. Let (X ′,D) be the pair corresponding to {vg, vξ, v1}. The
special fibre of X ′ comprises two components, the strict transform of the special
fibre of X and a new component, Γ1, which corresponds to the valuation v1. In
an open neighbourhood of the generic point of Γ1, the model is given by

U ⊂ SpecZp[x1] with x1 = x2/p.

The horizontal divisor defined by vξ intersects Γ1 in the point η = (x1 +1, p). In

a neighbourhood of that point, the divisor is given by (x
2+p
p

) = (x1 + 1), hence
the intersection multiplicity is 1.

(c) Note that the model X ′ constructed above has a singularity at (x1, p). In order
to resolve this singularity, one needs to perform a blow-up at that point. It is
not hard to see that here, this corresponds precisely to adding the valuation v2,
defined by

v2 :
n∑
i=0

aix
i 7→ min(vp(ai) + i | 0 ≤ i ≤ n).

More precisely, we claim that the model X ′′ with V (X ′′) = {vg, v1, v2} is regular.

The special fibre of the different models constructed in this example are depicted
in Figure 1.2. The horizontal divisors are drawn as as dashed lines.
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Chapter 1. Introduction to Models and Valuations

(a) X (b) X ′ (c) X ′′

Figure 1.2: Special fibres and horizontal divisors considered in Example 1.28
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Chapter 2

MacLane Pseudovaluations

In the previous chapter, we discussed an equivalence between valuations on the
function field of a curve and models of that curve. So describing models of the
projective line comes down to describing the set of valuations V (K(x)). We are also
interested in studying irreducible divisors D ⊂ P1

K , therefore we will study the set
of pseudovaluations V (K(x))∗. To be more precise, we restrict our attention to the
set of so-called MacLane pseudovaluations, V (K[x])∗. It turns out that V (K(x))∗ =
V (K[x])∗ ∪V (K[x−1])∗, therefore this is not a serious restriction. First, we describe
a canonical way to represent such valuations in a compact way. This description
then allows us to compare different MacLane pseudovaluations and make further
statements on the structure of the set V (K[x])∗.

The results of this chapter are contained in [24, Section 2].

Definition 2.1. Let
v : K[x]→ Q̂

be a pseudovaluation, i.e.

(a) v(fg) = v(f) + v(g), and

(b) v(f + g) ≥ min(v(f), v(g)), for all f, g ∈ K[x].

Here we use the usual conventions regarding the symbol ∞. Conditions (a) and (b)
show that Iv := v−1(∞) �K[x] is a prime ideal and that v induces a valuation

v̄ : K[x]/Iv → Q̂.

If Iv = (0), then v = v̄ is simply a valuation in the usual sense. It extends uniquely
to a valuation on the fraction field K(x) of K[x], which we will also denote by v.
We write k(v) for the residue field of v.

If Iv 6= (0), then we call v an infinite pseudovaluation. If this is the case, Iv�K[x]
is a maximal ideal and Kv := K[x]/Iv is a finite field extension of K. We also write
k(v) for the residue field of the induced valuation v̄ on Kv.

Assume that (a) and (b) hold. Then v is called a MacLane pseudovaluation if
moreover:
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Chapter 2. MacLane Pseudovaluations

(c) v|K = vK ,

(d) v(x) ≥ 0,

(e) v is discrete, i.e. v(K[x]) ∩Q = 1
ev
Z, for some positive integer ev,

(f) if Iv = (0), then the extension k(v)/k has transcendence degree one (note that
k ⊂ k(v) because of Condition (c)).

We write

V (K[x])∗ = V (K[x]) ∪̇ V (K[x])∞

for the set of all MacLane pseudovaluations, where V (K[x]) (resp. V (K[x])∞) is the
subset of all MacLane valuations (resp. of the infinite pseudovaluations). We define
a partial order ≤ on V (K[x])∗ by

v ≤ v′ :⇔ v(f) ≤ v′(f) ∀ f ∈ K[x].

Example 2.2. The Gauß valuation vg : K[x] → Q̂ (see Example 1.23) is the least
element of V (K[x])∗. Also, f ∈ K[x] is integral if and only if vg(f) ≥ 0 if and only
if v(f) ≥ 0 for all v ∈ V (K[x]).

Remark 2.3. Let v ∈ V (K[x])∞ be an infinite pseudovaluation. Then Iv = (g),
for a unique monic, integral and irreducible polynomial g. Since Kv := K[x]/(g)
is a finite field extension of K and K is complete with respect to vK , the induced
valuation v̄ is the unique extension of vK to Kv. It follows that v is uniquely
determined by g. Conversely, if g ∈ K[x] is monic, irreducible and integral, then
there exists a unique infinite MacLane pseudovaluation v such that v(g) =∞.

It also follows that an infinite pseudovaluation is a maximal element of V (K[x])∗

(we will see later that they are exactly the maximal elements).

2.1 Key polynomials and augmentation

Definition 2.4. Let v ∈ V (K[x]) be a MacLane valuation and f, g, h ∈ K[x].

(i) We say that f, g are v-equivalent (written as f ∼v g) if v(f−g) > v(f) = v(g).

(ii) The polynomial f is said to v-divide g (written as f |v g) if g ∼v fh, for
some h ∈ K[x]. It is called v-irreducible if f |v gh implies f |v g or f |v h, and
v-minimal if f |v g implies deg(f) ≤ deg(g).

(iii) A polynomial φ ∈ K[x] is called a key polynomial for v if φ is monic, integral,
v-irreducible and v-minimal.

See [31, §1], or [41, §4.1.1].

Remark 2.5. One immediate consequence of these definitions is that any key poly-
nomial φ for v is irreducible (as an element of K[x]).
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§2.2. Representation as inductive valuations

Let φ be a key polynomial for v ∈ V (K[x]) and λ ∈ Q̂ such that λ ≥ v(φ). Then
one can define a new MacLane pseudovaluation

v′ = [v, v′(φ) = λ] ∈ V (K[x])∗

as follows. Any polynomial f ∈ K[x] can be uniquely written as

f =
∑
i

fiφ
i,

with deg fi < deg φ. Then

v′(f) := min
i

(v(fi) + i · λ).

See [41], Definition 4.9. We call v′ the augmentation of v with respect to (φ, λ). By
definition we have v ≤ v′ and v < v′ if and only if v(φ) < λ. In the latter case we
say that v′ is a proper augmentation1 of v. Also, v′ is a MacLane valuation if and
only if λ 6=∞.

Remark 2.6. If v′ = [v, v′(φ) = λ] is an augmentation of v, then λ and deg(φ) only
depend on v and v′, but φ does not. More precisely, if w = [v, w(ψ) = µ] is another
augmentation of v then v′ = w if and only if λ = µ, deg(φ) = deg(ψ) and

v(φ− ψ) ≥ λ.

See [31], Theorem 15.3, or [41], Theorem 4.33.

2.2 Representation as inductive valuations

The process of augmenting a given valuation can of course be iterated, giving rise to
the notion of an inductive valuation. The main result of [31] is that every MacLane
pseudovaluation is inductive.

Definition 2.7. A MacLane pseudovaluation v is called inductive if there exists a
chain of MacLane pseudovaluations

vg = v0, v1, . . . , vn = v,

such that vi is a proper augmentation of vi−1, for i = 1, . . . , n. We call v0, . . . , vn an
augmentation chain representing v.

We write an inductive valuation as in Definition 2.10 as

v = [v0, v1(φ1) = λ1, . . . , vn(φn) = λn]. (2.8)

Here it is understood that v0 = vg is the Gauß valuation, that vn = v, that φi is a
key polynomial for vi−1, λi > vi−1(φi) and that vi = [vi−1, vi(φi) = λi]. Also, λi 6=∞
for i < n. We say that the augmentation chain v0, . . . , vn is minimal if

deg φ1 < . . . < deg φn. (2.9)
1In [31] and [41], only proper augmentations are called augmentations. Here we follow the

convention introduced in [39].
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Proposition 2.10. Let v ∈ V (K[x])∗. Then there exists a unique minimal augmen-
tation chain representing v. In particular, v is inductive.

Proof: This is the combination of Theorem 8.1 and Theorem 15.3 of [31]. See
also [41], Theorem 4.31 and Theorem 4.33. 2

Definition 2.11. Given v ∈ V (K[x])∗, let v0, . . . , vn be the unique minimal augmen-
tation chain representing v. The valuations v0, . . . , vn−1 are called the predecessors
of v. We set

P (v) := {v0, . . . , vn−1}.

We call vn−1 the immediate predecessor of v. Recall that v0 = vg is the Gauß
valuation, by definition.

Lemma 2.12. Let v, w ∈ V (K[x])∗ be MacLane pseudovaluations such that v ≤ w.
Then P (v) ⊂ P (w).

Proof: This follows from [41, Corollary 4.37]. 2

2.3 Residue classes and discoids

Let v ∈ V (K[x]) be a MacLane valuation. The goal in this section is to further
analyse the set

Dv := {w ∈ V (K[x])∗ | v ≤ w}.

We set D◦v := Dv\{v}.
We consider the integral domain

Av := {f ∈ K[x] | v(f) ≥ 0} = K[x] ∩ Ov.

Since K[x] is a noetherian, normal domain and Ov a discrete valuation ring, Av is a
Krull ring, see [32, §12]. In particular, Av is the intersection of a family of discrete
valuation rings. It follows from [32, Theorem 12.3] that the prime ideals of height
one of Av correspond one-to-one to a minimal family of valuation rings defining Av.
Therefore, the prime ideals of height one are precisely these ideals:

• pv := {f ∈ K[x] | v(f) > 0}, and

• pg := Av ∩ (K[x] · g), where g ∈ K[x] runs over all irreducible and normalised
polynomials.

Moreover, the localisation of Av at any one of these prime ideals is equal to the
corresponding valuation ring. In particular,

(Av)pv = Ov.

It follows that the field of fractions of the residue ring

Āv := Av/pv
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§2.3. Residue classes and discoids

is equal to the residue field k(v) of v. It is proved in [41], §4.1.3, that

Āv ∼= k′[t] (2.13)

is a polynomial ring in one variable over a finite extension k′/k. We call the element
t from Equation 2.13 a transcendental generator for the residue field k(v).

Lemma 2.14. (i) For w ∈ D◦v the set

mw := Av ∩ pw = {f ∈ K[x] | v(f) ≥ 0, w(f) > 0}

is a maximal ideal of Av containing pv.

(ii) The map
w 7→ m̄w := mw/pv (2.15)

is a surjective map from D◦v onto the set of all maximal ideals of Āv.

Proof: Let w ∈ D◦v, i.e. w > v. Then obviously mw is a prime ideal of Av
properly containing pv. Therefore, m̄w = mw/pv is a non-zero prime ideal of Āv.
Since Āv is a polynomial ring over a field, m̄w is actually a maximal ideal. It follows
that mv is maximal, and (i) is proved.

Let m̄ � Āv be a maximal ideal and m � Av its inverse image. By (2.13), Āv is
a principal ideal domain, so m̄ = (f̄), where f̄ is the image of a polynomial f ∈ m.
It follows from [31], Theorem 13.1 that there exists a key polynomial φ for v such
that φ|vf . We set

w := [v, w(φ) =∞] ∈ V (K[x])∞.

Then v < w and 0 = v(f) < w(f). We conclude that

mw = Av ∩ pw = m,

as both sides are maximal ideals which contain pv and the element f . This proves
(ii). 2

Definition 2.16. The fibres of the map (2.15) are called the residue classes of Dv.
We write Dv(m̄) for the residue class corresponding to a maximal ideal m̄� Āv, and
Dv(w) for the residue class containing an element w ∈ D◦v.

Remark 2.17. Let φ be a key polynomial for v. Then all proper augmentations

v′ := [v, v′(φ) = λ],

with λ > v(φ), lie in the same residue class, which we denote by Dv(φ). Using
Remark 2.6 one easily checks that two key polynomials define the same residue class
if and only if they are v-equivalent. Moreover, it follows from [31, Theorem 13.1]
that every residue class is of the form Dv(φ), for some key polynomial φ.

Lemma 2.18. Let w1, w2 ∈ D◦v. If w1 ≤ w2 then w1, w2 lie in the same residue
class.
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Proof: If w1 ≤ w2 then

mw1 = Av ∩ pw1 ⊂ Av ∩ pw2 = mw2 .

Since both ideals are maximal, we actually have equality. 2

Definition 2.19. Let g ∈ K[x] be monic, integral and irreducible, and t ∈ Q, t ≥ 0.
We set

D(g, t) := {v ∈ V (K[x])∗ | v(g) ≥ t}, D(g, t)◦ := {v ∈ V (K[x])∗ | v(g) > t}.

A subset D ⊂ V (K[x])∗ of the form D(g, t) (resp. D◦(g, t)) as above is called a
closed (resp. an open) discoid.

Proposition 2.20. Every closed discoid D is of the form

D = Dv := {w ∈ V (K[x])∗ | v ≤ w},

where v is the minimal element of D.

Proof: This is proved in [41], §4.4. 2

Lemma 2.21. Let g ∈ K[x] be monic, integral and irreducible, and let vξ be the
MacLane pseudovaluation such that vξ(g) =∞. Then

Dv = D(g, t), where t := v(g),

for any MacLane valuation v ≤ vξ. Moreover, the residue class containing vξ is

Dv(vξ) = D◦(g, t).

Proof: By Proposition 2.20 we have

D(g, t) = Dv0 ,

where v0 is the minimal element of the discoid D(g, t). By construction and the
assumption we have v0 ≤ v < vξ, and these are all elements of D(g, t). It follows
that v0(g) = v(g) = t. We can find a, b ∈ N such that v0(f) = v(f) = 0, where
f := ga/πbK . But vξ(f) = ∞ > 0, so f ∈ m\pv, where m� Av is the maximal ideal
corresponding to the residue class Dv0(vξ). Since v(f) = v0(f) = 0, v does not lie in
the residue class Dv0(vξ). On the other hand, v0 ≤ v < vξ. Now Lemma 2.18 shows
that v = v0, proving the first part of the proposition.

By construction, pg := Av ∩ (K[x] · g) is the only minimal prime ideal of Av
containing f . Therefore, m, which contains pg, is the only maximal ideal of Av
containing f . This implies

Dv(vξ) = {w ∈ Dv0 | w(f) > 0}.

But for all w ∈ Dv we have w(f) > 0 if and only if w(g) > t. This proves the second
part of the proposition, and we are done. 2
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Lemma 2.22. Let v < w be MacLane valuations. If g is a monic, irreducible
polynomial of minimal degree that satisfies w(g) > v(g), then g is a key polynomial
for v and Dv(g) = Dv(w).

Proof: Let g be a polynomial with the properties of the lemma and let φ be a
key polynomial for v with Dv(φ) = Dv(w). Further consider the valuation

v′ = [v, v′(φ) = w(φ)].

Clearly v < v′ ≤ w. Since w(g) > v(g), the key polynomial φ v-divides g and it
follows that deg(g) ≥ deg(φ). By definition φ is monic, irreducible and integral, and
w(φ) > v(φ), hence deg(g) = deg(φ).

The φ-adic expansion of g is of the form g = φ + a0 for some a0 ∈ K[x] with
deg(a0) < deg(g). It holds that

v′(g) = min(w(φ), v(a0)) > v(g) ≥ min(v(φ), v(a0)),

therefore v(a0) > v(φ) = v(g). This shows that φ and g are v-equivalent. In
particular g is a key polynomial for v and Dv(φ) = Dv(g).

2

Lemma 2.23. Let v ∈ V (K[x]) be a MacLane valuation. Let g ∈ K[x] be monic
and irreducible (but not necessarily integral) and ξ := (g) ∈ |XK |. Let a, b ∈ Z, with
a > 0, such that

v(f) = 0, where f :=
ga

πbK
.

Let f̄ ∈ Āv be the image of f . Then the following are equivalent:

(a) f̄ ∈ Āv is not a unit,

(b) v < vξ.

Proof: The implication (b)⇒(a) has been shown during the proof of Proposition
2.21. To prove (a)⇒(b), we assume that f̄ is not a unit. As in the proof of Lemma
2.14 we conclude that there exists a MacLane pseudovaluation w such that v ≤ w
and v(f) < w(f). Then we also have v(g) < w(g).

Set t := v(g) and let v0 be the minimal element of the discoid D(g, t), such that
Dv0 = D(g, t) (Lemma 2.21). Since w(g) > v(g) = t, Lemma 2.21 also shows that
w and vξ lie in the same residue class. If v = v0, then clearly v ≤ vξ and we are
done. Otherwise, v < w and Lemma 2.18 shows that v, w and vξ all lie in the same
residue class of Dv0 . But then v(g) > t by Lemma 2.21, which is a contradiction.
This completes the proof of the lemma. 2

Lemma 2.24. Two elements w1, w2 ∈ D◦v lie in the same residue class if and only
if there exists u ∈ D◦v such that u ≤ w1, w2.

Proof: Suppose that there exists u ∈ D◦v with u ≤ w1, w2. Then Lemma 2.18
immediately implies that w1, w2 lie in the same residue class. Conversely, assume
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that w1, w2 both lie in the same residue class as the infinite pseudovaluation vξ, with
ξ = (g). Lemma 2.21 implies that

t := v(g) < t1 := min(w1(g), w2(g)).

Let u be the minimal element of the discoid D(g, t1). Then Du = D(g, t1), by
Proposition 2.20. Therefore, v < u ≤ w1, w2. This completes the proof of the
lemma. 2

2.4 Valuation trees

Using the results of the previous section, we will now prove that any finite subset of
V (K[x])∗ can be extended in such a way that it forms a finite rooted tree.

Proposition 2.25. The subset

{w | w ≤ v} ⊂ V (K[x])∗

is totally ordered, for all v ∈ V (K[x])∗.

Proof: It suffices to prove this when v = vξ is an infinite pseudovaluation. If
w ≤ vξ then

Dw = D(g, t),

where g is the irreducible polynomial corresponding to ξ and t := w(g) (Lemma
2.21). Given another valuation w′ ≤ vξ, we conclude that

w ≤ w′ ⇔ w(g) ≤ w′(g).

Therefore, any two valuations w,w′ ≤ vξ are comparable. 2

Proposition 2.26. For any two elements v, w ∈ V (K[x])∗, the set

{u ∈ V (K[x])∗ | u ≤ v, u ≤ w}

has a unique maximal element.

Proof: Choose an infinite pseudovaluation vξ such that v ≤ vξ, and let g denote
the corresponding irreducible polynomial. Set

t := min{v(g), w(g)}

and let u be the miminal element of the discoid D(g, t). Then

Du = D(g, t),

by Lemma 2.21. In particular, u ≤ v, w.
Assume that there exists u′ ∈ V (K[x])∗ such that u < u′ ≤ v, w. Then Lemma

2.18 shows that u′, v, w all lie in the same residue class of the discoid Du as vξ. But
then Lemma 2.21 shows that v(g), w(t) > t, which contradicts the definition of t.
We conclude that u is the desired maximal element. The uniqueness is clear. 2
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Definition 2.27. Given v, w ∈ V (K[x])∗, the maximal elements u from the previous
lemma is called the infimum of v, w,

inf(v, w) := max{u | u ≤ v, w}.

Corollary 2.28. Let V ⊂ V (K[x])∗ be a finite non-empty subset. Assume that V
is inf-closed, i.e. for v, w ∈ V we also have inf(v, w) ∈ V . Then V , as a partially
ordered set, is a rooted tree, i.e. for all v ∈ V the subset

{w ∈ V | w ≤ v}

is well ordered, and there exists a minimal element v0 ∈ V (the root).

Remark 2.29. A finite, inf-closed subset V ⊂ V (K[x])∗ is called a valuation tree.
We may consider a valuation tree as a finite rooted tree in the sense of graph theory,
as follows. The set of (directed) edges is the set of pairs (v, w), with v, w ∈ V , such
that v < w and there is no element u ∈ V with v < u < w. The two valuations v, w
(nodes of V ) are then said to be adjacent. The root of V is the minimal element v0.
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Chapter 3

Models of the Projective Line

For the next chapter models of the projective line are a very important concept.
In the literature there exist different ways to describe these models. For example
one may represent models of the projective line by sets of discs and discoids, by
sets of coordinates and one may also associate a model to the cluster picture of
a polynomial. Although in this thesis, we focus on the description via valuations,
we give a short introduction to these other concepts as well. In particular, we are
going to assign valuations to the different objects in such a way that the associated
models coincide. The chapter ends with an extensive discussion about the model
associated to a set of MacLane valuations. Throughout, K denotes a local field and
K its algebraic closure.

3.1 Discs and discoids

Most of the methods that we describe below are based on the description of discs
and K-discoids in K. In the last chapter, we have studied discoids in V (K[x]). It
turns out that the observations translate precisely to the situation of discoids in K.

Definition 3.1. Let α ∈ K, λ ∈ Q ∪ {∞} and f ∈ K[x] a monic irreducible
polynomial.

(i) Then the set
D(α, λ) = {β ∈ K | vK(β − α) ≥ λ}

is the closed disc with centre α and radius λ.

(ii) The set
D(f, λ) = {β ∈ K | vK(f(β)) ≥ λ}

is called the closed K-discoid with centre f and radius λ.

Remark 3.2. This remark is a collection of properties of discs and discoids. Proofs
can be found in [41, §4.4].
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(i) If α ∈ K, then any disc with centre α is also a K-discoid, more precisely
D(α, λ) = D(x− α, λ) for any λ.

(ii) In general a discoid is the union of conjugate discs. Let f ∈ K[x] be an
irreducible polynomial with roots α1, . . . , αd. Then there exists µ ≤ λ such
that

D(f, λ) = D(α1, µ) ∪ · · · ∪D(αd, µ).

Given µ, one may determine λ, see Proposition 3.10. Setting λ = ∞, yields
D(f, λ) = {α1, . . . , αd}.

We have already explained that components of the special fibre of a model of the
projective line are in correspondence with valuations on K(x). For that reason, we
analysed discoids of valuations in V (K[x])∗ in the preceding chapter. Now, we will
see that these discoids of valuations are in 1-1 correspondence with K-discoids in
K, hence the analysis carries over to these objects. We restrict our attention to K-
discoids with non-negative radius to which we associate elements of V (K[x])∗. Note
that one can associate valuations in V ∗(K[x−1]) to discoids with negative depth.

Proposition 3.3. The map

φ : D(g, λ) 7→ min{v ≤ vξ | v(g) = λ},

where ξ is the closed point defined by g, defines a bijection between the set of K-
discoids with non-negative radius and the set of MacLane pseudovaluations.

Proof: Let v = [v0, . . . , vn(gn) = λn] ∈ V (K[x])∗. Then D(gn, λn) gets mapped
to v. On the other hand, it was shown in the previous chapter that the representation
as an inductive valuation is unique. This implies injectivity. See also [41, Lemma
4.55] for a similar statement. 2

The proposition also implies that there is a correspondence between K-discoids
in K and discoids in V (K[x])∗. This justifies the use of the same notation. It should
always be clear from the context whether the discoids are in K or V (K[x])∗.

3.2 Cluster pictures

Cluster pictures are combinatorial objects associated to polynomials. They present
a compact way of representing the p-adic distances of the roots of a polynomial.
This concept has been introduced in [12] to study the arithmetic of hyperelliptic
curves. Since then, there have been different further publications on the topic. A
self-contained summary of these results is given in [4].

We review the necessary definitions here. Note that our notation differs slightly
from that in [12] in order to be consistent with the rest of this thesis. Let f =
cf
∏d

i=1(x − αi) ∈ K[x], where cf ∈ K and α1, . . . , αd ∈ K. We write R =
{α1, . . . , αd}.

Definition 3.4. (i) ([12] Definition 1.1.) A cluster is a non-empty subset s ⊂ R
of the form s = D ∩R for some disc D = D(α, λ) with λ ∈ Q and α ∈ K. We
say that α is a centre of the cluster and write α = αs.
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(ii) ([12] Definition 1.1.) If |s| > 1, then s is called a proper cluster and its depth
is defined to be ds = minα,α′∈s vK(α− α′).

(iii) ([12] Definition 1.5.) If s 6= R, we write P (s) for the smallest cluster strictly
containing s and call P (s) the parent of s. The relative depth of a proper
cluster s is then defined as δs = ds − dP (s). Moreover, we set δR = dR.

(iv) The cluster picture of f , denoted by Σf , is the set of all clusters of the set of
roots of f .

Example 3.5. Let p > 3 and

y2 = x(x− p6)(x− 2p6)(x− p4)(x− 2p4)(x− 3p4)

· (x− 1)(x− 1− p8)(x− 1− 2p8)(x− 1− 3p8)(x− 2)(x− 3).

The proper clusters are

R, t1 = {0, p6, 2p6, p4, 2p4, 3p4}, t2 = {0, p6, 2p6}, t3 = {1, 1 + p8, 1 + 2p8, 1 + 3p8}.

These clusters have depths dR = 0, dt1 = 4, dt2 = 6, dt3 = 8 and relative depths
δt1 = 4, δt2 = 2, δt3 = 8. This information is contained in the cluster picture Σf :

2
4

8

0

The subscript of the top cluster is its depth. The subscripts of the other clusters
are their relative depths.

Note that equivalently, the depth of a cluster may be defined as the maximal
value λ ∈ Q with the property that s = D ∩R for some disc D with radius λ. In
this way, one may associate a disc to every cluster, cf. [12, Definition 4.1]. For our
purposes, only discs with rational centres are useful. As was noted before, not every
disc has a rational centre. This is why we introduced the notion of K-discoids in
the previous section. The equivalent here are Galois orbits of clusters. Galois orbits
of clusters have also been used in [13] to compute regular models of certain types of
hyperelliptic curves. Some of the following definitions are taken from there.

Definition 3.6. (i) A set of clusters o = {s1, . . . , sm} is called a Galois orbit of
clusters, if the absolute Galois group GK acts transitively on o.

(ii) Let o = {s1, . . . , sm} be a Galois orbit. All clusters s ∈ o have the same depth,
which we denote by do.

(iii) Let o, o′ be two Galois orbits. We say that o′ is a child of o if for every cluster
s′ ∈ o′, there exists s ∈ o with s′ < s. We then write o′ < o. In this case, we
also say that o is the parent of o′ and write P (o′) = o.

(iv) We write P ∗(o) for the smallest cluster containing all clusters of the Galois
orbit o.
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In the following we want to study the connection with K-discoids.

Definition 3.7. Let f ∈ K[x] be a polynomial.

(i) For a cluster s ⊂ R, let
Ds = D(αs, ds),

where αs ∈ K is a centre of s and ds is the depth of s. We say that Ds is the
disc associated to s.

(ii) Let o = {s1, . . . , sm} be a Galois orbit of clusters. Let g be the factor of f
with set of roots equal to s1 ∪ · · · ∪ sm. We define 1

Do = D(g, λ), where λ = min{g(α) | α ∈ Ds1 ∪ · · · ∪Dsm},

and say that Do is the K-discoid associated to the orbit o.

Since Ds1 ∪ · · · ∪ Dsm is a closed set, λ is well-defined. But the polynomial g
might be reducible and hence it is not obvious that D(g, λ) is a K-discoid. Let
g = g1 · · · gk be a decomposition into irreducible factors. Then we get

D(g, λ) = D(gi, λi) with λi = λ · deg(gi)/ deg(g)

for any i ∈ {1, . . . , k}. So Do is indeed a K-discoid.

Remark 3.8. If a cluster is fixed under the action of GK , the situation is much
simpler. One should have in mind the following properties.

(i) If a cluster s is fixed under the action of GK , then o = {s} is a Galois orbit
and P ∗(o) = s.

(ii) If a cluster s admits a rational centre, αs ∈ K, then {s} is a Galois orbit.

(iii) One can associate a K-discoid to a cluster s if and only if it is fixed under the
action of GK , i.e. o = {s}. In this case

Do = Ds = D(αs, λs).

Note that this does not imply that s admits a rational centre αs ∈ K. This is
illustrated in the following example.

Example 3.9. Consider the polynomial f = x2 − 2 over Q2. The cluster picture
contains only one proper cluster R = {±

√
2} ⊂ Q2 with depth dR = 3/2. The

associated disc is
DR = D(

√
2, 3/2).

Clearly, R is fixed by the action of Galois and the corresponding Galois orbit is
o = {R} with associated K-discoid

Do = D(x2 − 2, 3).

Note that any element α ∈ Ds must satisfy v2(α) = 1/2 (and v2(α ±
√

2) ≥ 3/2),
hence there cannot exist a Q2-rational centre for R.

1Here, D(g, λ) = {β ∈ K | vK(g(β)) ≥ λ} is as defined in Definition 2.19, although g might not
be irreducible.
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Proposition 3.10. Let o = {s1, . . . , sm} be a Galois orbit of clusters and Do =
D(g, λ) the associated K-discoid, in particular, the set of roots of g is s1 ∪ · · · ∪ sm.
Then

λ = dP ∗(o)|P ∗(o)|+
∑

s1⊆s(P ∗(o)

δs|s|.

Proof: We choose α ∈ Ds1∪· · ·∪Dsm such that the valuation of g(α) is minimal.
By symmetry, we may assume α ∈ Ds1 \ s1.

Write {α1, . . . , αn} for the set of roots of g. The clusters s1, . . . , sm define a
partition on this set. In the following, we assume α1 ∈ s1. As was mentioned before,
these clusters all have the same depth. Moreover they have the same cardinality, so
n = |s1| ·m. Let αj /∈ s1 be a root of g, then

vK(α− αj) = vK(α− α1 + α1 − αj) = vK(α1 − αj).

This implies

vK(g(α)) =
n∑
i=1

vK(α− αi) =
∑
αi /∈s1

vK(α1 − αi) +
∑
αi∈s

vK(α− αi).

Hence α must lie on the boundary of Ds1 in order to minimise the valuation of
g(α). In other words vK(α − αi) = ds1 for all αi ∈ s1. And the last term gives a
contribution of |s1|ds1 .

Clearly, vK(αi−αj) = ds, where s is the smallest cluster containing both roots αi
and αj. This is necessarily some cluster si ⊂ s ⊂ P ∗(o). Using that ds = dP (s) + δs
for any proper cluster s 6= R, we find

vK(g(α)) = dP ∗(o)|P ∗(o)|+
∑

s1⊆s(P ∗(o)

δs|s|.

2

Remark 3.11. Let Do = D(g, λ) as in Definition 3.7. Let L denote the splitting
field of g. If L/K is tamely ramified, we can determine λo ∈ Q ∪ {∞} and a
polynomial go ∈ K[x] of degree |o| with the property that Do = D(go, λo).

For that purpose, write o = {s1, . . . , sm}. Let Gs1 = StabGK (s1) denote the
stabiliser of s1. Clearly, Gs1 = Gsi for any cluster si lying in the same Galois-orbit.
Since L/K is tamely ramified, we can find a centre αs1 ∈ K which is fixed by Gs1

(see [12, Lemma B.1.]). Now define

go =
∏

α∈GK(αs1 )

(x− α).

It follows from Galois theory that g ∈ K[x] and deg(go) = |o|. Similar as in the
proof of Proposition 3.10, we find Do = D(go, λo) with

λo = dP ∗(o)|o|+
∑

s1⊂s(P ∗(o)

δs
|s|
|s1|

= λ · |o|
|P ∗(o)|

.
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Clearly, the polynomial go depends on the choice of αs1 , while λo is independent
of this choice. We will see later that this is closely connected with the fact that
different polynomials can define the same augmentation of a valuation (see Remark
2.6 and Proposition 3.18).

If we drop the assumption that L/K is tamely ramified, the construction de-
scribed above no longer works. Consider for example the cluster s = {±

√
2} from

Example 3.9. Although the corresponding orbit o = {s} contains only one element,
we cannot find a Q2-rational centre for s.

Proposition 3.12. Let o = {s1, . . . , sm} be a Galois orbit of clusters. Then

Do = Ds1 ∪ · · · ∪Dsm .

Proof: By definition Ds1 ∪ · · · ∪ Dsm ⊂ Do. To show the other inclusion, let
α ∈ Do = D(g, λ). Denote by {α1, . . . , αn} the set of roots of g and suppose that
α1 ∈ s1 is the root which is closest to α, that is vK(α − αi) ≤ vK(α − α1) for all i
and in particular vK(αi − α1) = vK(αi − α + α− α1) ≥ vK(αi − α). Hence

vK(g(α)) =
n∑
i=1

vK(α− αi) ≤
n∑
i=2

vK(α1 − αi) + vK(α− α1).

It now follows from (the proof of) the previous proposition that the right hand side
is strictly smaller than λ if vK(α−α1) < ds1 . Therefore α must be contained in the
disc Ds1 . 2

Proposition 3.13. Let f ∈ K[x], then the valuation of the discriminant of f is
equal to

vK(disc(f)) = vK(cf )(2d− 2) +
∑
s

δss(|s| − 1).

Proof: This follows directly from the definition of the discriminant of a poly-
nomial,

disc(f) = c2d−2
f

∏
α 6=α′∈R

(α− α′).

Alternatively combine [12, Theorem 16.1] and [12, Lemma 16.5]. 2

Corollary 3.14. Let g be a monic irreducible polynomial. Let o be its minimal
Galois orbit of proper clusters, i.e. o′ = {{α1}, . . . , {αn}} is the only child of o.
Then

Do = D(g, λ) with λ = vK(disc(g))/n+ do.

Proof: In the situation, where g is monic and irreducible, the description of
the discriminant simplifies and the associated cluster picture is symmetric in the
sense that any cluster s is part of an orbit of size n/|s|. Recall that do′ = ds for
s ∈ o′. Let s∗ denote some cluster in o (the minimal orbit of proper clusters of g).
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Manipulating the equation from Proposition 3.13, we obtain

vK(disc(g)) =
∑
s

δss(|s| − 1)

= n ·

(∑
s⊃s∗

δs(|s| − 1))

)
= n · λ− n · ds∗ .

In the last line, we used the formula from Proposition 3.10, and that P ∗(o) = R
since g is irreducible. 2

Example 3.15. Let f = (x2 − p)3 − p5 ∈ Qp[x] for some prime p 6= 2, 3. Write
R = {±α1,±α2,±α3} for the set of roots. The cluster picture consists of three
proper clusters. With an appropriate choice of roots α1, α2, α3, these may be written
as R, s1 = {α1, α2, α3}, s2 = {−α1,−α2,−α3} and we have

DR =D(0, 1/2), Ds1 =D(
√
p, 7/6), Ds1 =D(−√p, 7/6).

The cluster picture may be represented as follows.

2/3 2/3
1/2

Note that the clusters s1, s2 are permuted by Galois which is indicated by the line
connecting them. This means that o = {s1, s2} is a Galois orbit of clusters to which
we can associate the K-discoid

Do = D(f, 5) ( DR.

By definition
Ds1 ∪Ds2 = Do ( DR.

The valuation vo ∈ V (K[x]) associated to thisK-discoid is by definition v = min{v ∈
V (K[x])∗ | v < vf , v(f) = 5}. Necessarily v0 ≤ vR ≤ vo. Clearly vR = [v0, vR(x) =
1/2], where v0 denotes the Gauß valuation on K[x]. Note that vR(f) = 3 < 5. Hence
vo is a proper augmentation of vR. Since 3 · vo(x2− p) ≥ min{vo(f), vo(p

5)} ≥ 5, the
valuation v′ = [vR, v

′(x2 − p) = 5/3] ≤ vo. On the other hand v′(f) = 5, hence

vo = [vR, vo(x
2 − p) = 5/3].

Note that the key polynomial x2− p is the minimal polynomial of the Galois action
permuting the two clusters s1 and s2.

The next example is very similar. The main difference is that the Galois orbit is
defined by a reducible polynomial.

Example 3.16. Let f = (x2−p)3−p6 ∈ Qp[x]. Write R = {±α1,±α2,±α3} for the
set of roots. As in the previous example, we may order these roots in such a ways
that the proper clusters are given by R, s1 = {α1, α2, α3}, s2 = {−α1,−α2,−α3}
and we have

DR =D(0, 1/2), Ds1 =D(
√
p, 3/2) Ds2 =D(−√p, 3/2).

The cluster picture may be represented as follows.
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1 1
1/2

Again the clusters s1, s2 are permuted by Galois. We may associate the K-discoid

Do = D(f, 6) ( DR.

to the Galois orbit o = {s1, s2}. Note that the polynomial f factors as f = (x2−p−
p2)(x4 + (p2 − 2p)x2 + (p4 − p3 + p2)). The second factor is reducible if Qp contains
a primitive third root of unity. In any case, we have

Do = D(x2 − p− p2, 2).

Here, the valuation associated to Do is given by

vo = [v0, vR(x) = 1/2, vo(x
2 − p− p2) = 2].

Note that the polynomial x2 − p is vR-equivalent to x2 − p − p2. So vo can also be
written as [v0, vR(x) = 1/2, vo(x

2 − p) = 2].

The preceding example suggests that we may associate valuations to clusters or
rather orbits of cluster. Recall that we studied the set of valuations V (K[x])∗, i.e.
those valuations satisfying v(x) ≥ 0, in the last chapter. Therefore we restrict our
attention to clusters with non-negative depth now. Of course, one may associate a
valuation in V (K[x−1])∗ to a cluster with negative depth as well.

Definition 3.17. Let f be a polynomial with cluster picture Σf and assume that
dR ≥ 0.

(i) To each orbit of proper clusters, o, we associate a valuation

vo = φ(Do) ∈ V (K[x]),

where φ is the map from Proposition 3.3.

(ii) To each orbit of roots, o, we associate the infinite pseudovaluation

vo = vξ ∈ V (K[x])∗,

where ξ is the closed point corresponding to the orbit o.

(iii) We say that

V ∗(Σf ) = {vo | o ∈ Σf orbit} ⊂ V (K[x])∗

is the set of MacLane pseudovaluations associated to Σf . Moreover we set

V (Σf ) = V ∗(Σf ) ∩ V (K[x]).
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Proposition 3.18. Let v ∈ V (K[x])∗ be a valuation of the form

v = [v0, v1(φ1) = λ1, . . . , vn(φn) = λn]

with deg(φi) strictly increasing. Assume that the splitting field of φn is tamely ram-
ified over K and consider the cluster picture associated to φn. Then this cluster
picture consists of a chain of Galois orbits

{R} ≥ o1 > · · · > on−1 satisfying voi = vi.

Moreover

vi = [vi−1, vi(goi) = λoi ],

where goi , λoi are as in Remark 3.11.

Proof: Since φn is irreducible, it is clear that the corresponding cluster picture
consists of a chain of Galois orbits. Note that the maximal orbit is {R}. Since R
necessarily admits a rational centre αR, the associated valuation is vR = [v0, v(x −
αR) = dR]. If dR = 0, this is equal to v0, otherwise vR = v1.

Now consider any pair of orbits o′ < o. It holds that

Do′ = D(go′ , λo′) ( Do = D(go, λo),

hence vo′ > vo. We have to show that

vo′ = [vo, vo′(go′) = λo′ ].

It suffices to show that go′ is a key polynomial for vo.
By construction, go′ is monic, irreducible and integral. Moreover vo′(go′) >

vo(go′). By Lemma 2.22, we only need to show that go′ is a polynomial of mini-
mal degree with these properties. Let g ∈ K[x] be any other polynomial satisfying
vo′(g) > vo(g), then necessarily, g has a root α ∈ D(go′ , λo′). Since g ∈ K[x], the
Galois-conjugates of α are roots of g as well. Clearly, |GK(α)| > |o′| = deg(go′). 2

Example 3.19. If the Galois action on the clusters is wild, the above proposition
does not apply. Here, we study two such cases.

(i) First consider the valuation

v = [v0, v1(x) = 1/2, v2(x2 − 2) =∞].

Since Q2(
√

2) is wildly ramified, we cannot apply Proposition 3.18.

The cluster picture of f = x2 − 2 comprises a chain of Galois orbits {R} =
{±
√

2} > {{
√

2}, {−
√

2}}. Note that dR = 3/2 and that R does not admit a
rational centre (see also Remark 3.11). In accordance with Proposition 3.10,
we may associate the Q2-discoid

D{R} = D(x2 − 2, 3)
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to this orbit. One can check that the corresponding MacLane valuation (via
Proposition 3.3) is

vR = [v0, v1(x) = 1/2, v2(x2 − 2) = 3].

On the other hand, the valuation v1 in the augmentation chain of v corresponds
to the disc D(0, 1/2) ) DR. We would like to point out that according to [35,
Definition 3.8], 0 is a rational centre of R and 1/2 is equal to the radius of
R . In particular, one could say that D(0, 1/2) is the disc associated to the
rationalisation of R (as in Definition 3.10. of loc.cit.), and v1 the valuation
associated to the latter.

(ii) Let us now consider the valuation

v = [v0, v1(x) = 1/4, v2(x4 − 2) =∞].

In this case, the cluster picture of x4 − 2 is

1/2 1/2
3/4 .

We have a chain of Galois orbits

{R} > {{± 4
√

2}, {±i 4
√

2}} > {{ 4
√

2}, {− 4
√

2}, {i 4
√

2}, {−i 4
√

2}}.

Note that, there is no 1-1 correspondence between the valuations in the aug-
mentation chain and the Galois orbits of clusters. With a similar reasoning as
in Part (i), one could argue that the first two orbits, {R} and {{± 4

√
2}, {±i 4

√
2}}

correspond to the same valuation v1 = [v0, v1(x) = 1/4].

3.3 Sets of coordinates

In different contexts models of the projective line are represented as sets of coordi-
nates. This approach is particularly helpful when computing the stable reduction of
curves. For example it is used in [8] for computing the stable reduction of superel-
liptic curves and in [7] for computing the stable reduction of certain types of plane
quartics. Although we are not going to use the method in this thesis, we would like
to point out some correspondences with cluster pictures and valuations.

Let XK ' P1
K . We say that a K-linear isomorphism x : XK → P1

K is a coor-
dinate on XK . Two coordinates x, x′ are called equivalent (written x ∼ x′) if the
automorphism x ◦ x′−1 : P1

K → P1
K extends to an automorphism of P1

OK .

Let t = (t0, t1, t∞) be a triple of points in XK . We associate to t the unique
coordinate xt satisfying

xt(t0) = 0, xt(t1) = 1, xt(t∞) =∞.
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Identifying XK with K ∪ {∞} 2, the coordinate xt is given by

xt =
t1 − t∞
t1 − t0

x− t0
x− t∞

,

where we interpret this formula in the obvious way if∞ ∈ {t0, t1, t∞}. On the other
hand, if x is a coordinate, we may associate the triple t = (x−1(0), x−1(1), x−1(∞))
to this coordinate. Hence there is an isomorphism between the set of coordinates
on XK and the set of triples on XK . The notion of equivalence may be extended to
the latter.

Every coordinate defines a model Xt of XK with exactly one component on the
special fibre. Let Ut = XK \ {t∞}. Then SpecOK [xt] is the model for Ut defined by
the coordinate xt. Clearly, two coordinates x and x′ define the same model if and
only if x ∼ x′. Note that two points α, β ∈ XK reduce to the same point on the
special fibre if and only if xt(α) ≡ xt(β) (mod π).

This suggests that we can associate a model of XK to every finite set of co-
ordinates. Let T = {xt | t} be a finite set of coordinates which are pairwise not
equivalent. Then the special fibre of the model associated to T consists of exactly
|T | components and we denote by Et the component corresponding to a coordinate
xt.

Now, let us look at the connection to discs, clusters and valuations.

Definition 3.20. Let t = (t0, t1, t∞) be a triple of points in K. Without loss of
generality, we assume that λ := vK(t0− t1) ≥ vK(t0− t∞), vK(t1− t∞). We say that

(i) Dt = D(t0, λ) is the disc associated to the coordinate xt,

(ii) vt = [v0, vt(x− t0) = λ] is the valuation associated to xt.

Clearly, Dt is also a K-discoid and vt is the valuation which is associated to
this K-discoid. To see that this definition makes sense, the reader should convince
himself that xt and vt give rise to the same model of XK .

Remark 3.21. (i) With the definitions above, we have t0, t1 ∈ Dt.

(ii) Not every model X of XK can be represented by a set of coordinates. A nec-
essary and sufficient condition is that for every component E of the special
fibre, there exist three points t0, t1, t∞ ∈ XK which specialise to pairwise dis-
tinct points on E. Note that this implies that E is a component of multiplicity
1.

Definition 3.22. Let s be a cluster. Assume that there are two roots α, α′ ∈ s∩K
satisfying v(α − α′) = ds. Then we say that xs = xt with t = (α, α′,∞) is the
coordinate associated to s.

2Note that one might have to choose a parametrisation of XK . For example in [7], XK is a
conic and the formula given below cannot be applied directly. In the examples that we are going
to treat here, this identification is obvious.
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Note that the equivalence class of xs does not depend on the choice of roots
α, α′. It is clear that we cannot associate a coordinate to any arbitrary cluster s.
We need that s admits a rational centre and that the depth is integral. It turns
out that after an unramified extension of the base field, this is always the case if s
is a proper cluster of some polynomial f with the property that y2 = f(x) defines
a hyperelliptic curve with semistable reduction [12, Lemma B.1.]. Therefore this
description is mostly used to compute the (semi-)stable reduction of curves.

Example 3.23. Let f = (x2− p)3− p5 ∈ Qp[x] for some p 6= 2, 3 be the polynomial
from Example 3.15.

Recall that the cluster picture of f consists of three proper clusters. We chose
roots α1, α2, α3 such that these clusters are R, s1 = {α1, α2, α3}, s2 = {−α1,−α2,−α3}
and we have

DR =D(0, 1/2), Ds1 =D(
√
p, 7/6), Ds1 =D(−√p, 7/6).

The cluster picture may be represented as follows.

2/3 2/3
1/2

As we pointed out before, we cannot associate a coordinate to clusters with non-
integral depth. In particular we cannot associate a coordinate to any of the clusters
from this cluster picture. But we can do so after a finite extension of the base field.

Let πK ∈ Qp be an element satisfying π3 =
√
p. Then K = Qp(πK) has rami-

fication index 6. Normalising the valuation vK such that its value group is Z, we
obtain the cluster picture

4 4
3

for f ∈ K[x]. Now, we can associate coordinates to the clusters as explained in
Definition 3.22. We find

xR =xtR with tR = (0, π3,∞),

xs1 =xts1 with ts1 = (π3, π3 + π7,∞),

xs2 =xts2 with ts2 = (−π3,−π3 + π7,∞).

3.4 MacLane pseudovaluations

In the previous chapter, we studied MacLane (pseudo)valuations. Here, we describe
different properties about the model X associated to a set of MacLane valuations
and of the pair (X ,D) associated to a set of MacLane pseudovaluations. In this
situation, we denote E = Xs ∪ D.

This section corresponds to [24, Sections 3.1 – 3.3].
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§3.4. MacLane pseudovaluations

3.4.1 Explicit description of the divisor E Let us fix a finite set V ∗ ⊂
V (K(x))∗ containing at least one finite valuation. Let (X ,D) be the model of
(P1

K , D) corresponding to V ∗ via Proposition 1.27. Let Xs denote the special fibre of
X , considered as a closed subscheme with its reduced subscheme structure. Finally,
set E := Xs ∪ D.

By construction, the irreducible components of E correspond to the elements of
V ∗,

E =
⋃
v∈V ∗

Ev.

Here Ev ⊂ Xs for v ∈ V := V ∗ ∩ V (FX) and Ev ⊂ D for v ∈ V∞ := V ∗ ∩ V (FX)∞.
The goal of this subsection is to describe the scheme E explicitly, at least as a
topological space, using only the set V ∗. We make the following assumptions on V ∗.

Assumption 3.24. (a) All elements of V ∗ are MacLane pseudovaluations, V ∗ ⊂
V (K[x])∗. Thus, we may consider V ∗ as a partially ordered set (see Definition
2.1 for the definition of ≤).

(b) For v1, v2 ∈ V ∗, inf(v1, v2) is also contained in V ∗ (Definition 2.27).

(c) Given v ∈ V ∗, every predecessor of v is contained in V as well (i.e. P (v) ⊂ V ,
see Definition 2.11).

Assumptions (a) and (b) mean that we may regard V ∗ as a rooted tree, see
Remark 2.29. Recall that a pair (v1, v2) of elements of V ∗ is an oriented edge of this
tree if v1 < v2 and if there is no element v ∈ V such that v1 < v < v2. If this is the
case, we call the two elements v1, v2 ∈ V ∗ adjacent.

The main result of this subsection states that the tree V ∗ is naturally isomorphic
to the tree of components given by the divisor E . In this context we also say that
the tree of components of E is the enhanced tree of components of Xs viewing the
infinite valuations as a marking on the components of Xs. Assumption 3.24 (c) is
not needed for this result and will only be used later to prove the regularity.

Proposition 3.25. Let V ∗, X , E, Ev be as before. Assume that Assumption 3.24
(a) and (b) hold. Then for all v, v′ ∈ V ∗, v 6= v′, the components Ev and Ev′
intersect if and only if v, v′ are adjacent. If this is the case then there is a unique
intersection point.

The proof of this proposition will occupy most of the rest of this subsection. We
start with two lemmata.

Lemma 3.26. Let v ∈ V (K[x]) be a MacLane valuation, and let Xv denote the
model of P1

K corresponding to the set of valuations {v}. Let ∞ ⊂ Xv denote the
closure of the point ∞ ∈ P1

K, and Uv := Xv\{∞}. Write ∞v ∈ Xv,s for the unique
intersection point of ∞ with Xv,s.

(i) Uv = Spec Av, where Av := Ov ∩K[x].

(ii) Xv,s − {∞v} = Spec Āv, where Āv := Av/pv, and where pv := {f ∈ K[x] |
v(f) > 0}.

51



Chapter 3. Models of the Projective Line

(iii) Let vξ ∈ V (FX)∞ be an infinite geometric pseudovaluation, corresponding to a
closed point ξ ∈ P1

K. Let ξ̄ ⊂ Xv denote the closure of ξ. Then ξ̄ intersects Xv,s
in ∞v if vξ(x) < 0, or if vξ ∈ V (K[x])∞ but v 6< vξ. Otherwise, ξ̄ intersects
Xv,s in the point m ∈ Spec Āv corresponding to the residue class of the discoid
Dv containing vξ (Definition 2.16).

Proof: By construction, Xv → Spec OK is a projective fibred surface whose
reduced special fibre Xv,s is a projective irreducible curve over k. The composition
∞ ↪→ Xv → Spec OK is finite and birational. Since OK is integrally closed, it
follows that ∞ ∼→ Spec OK is actually an isomorphism Using [29, Corollary 5.3.24]
we see that the divisor ∞ is ample on Xv. Therefore, the complement Uv = Xv\∞
is an affine open subset. So Uv = SpecAv, where Av ⊂ FX = K(x) is the subring
of functions which are regular on Uv. By definition of Xv, these are precisely the
functions f ∈ K(x) such that

v(f) ≥ 0, and ordξ(f) ≥ 0 ∀ ξ ∈ |P1
K |, ξ 6=∞.

The second conditions is equivalent to f being a polynomial in x. This proves (i).
Part (ii) is an immediate consequence of (i) and the definitions.

Let ξ ∈ |P1
K | be a closed point on the generic fibre, ξ 6=∞. Then ξ corresponds

to a maximal ideal of K[x], which is generated by a monic irreducible polynomial
g. Set

f :=
ga

πb
, where v(g) = b/a, a > 0.

Then v(f) = 0. In particular, f ∈ Av. We let f̄ ∈ Āv denote the image of f . By
construction, the principal divisor of f as a rational function on Xv is

(f) = a · ξ̄ − deg(f) · ∞.

Now it follows from (ii) that ξ̄ intersects the special fibre Xv,s in ∞v if and only if
f̄ ∈ Āv is a unit. Otherwise, the point of intersection corresponds to the maximal
ideal

m := rad(f̄) / Āv.

But Lemma 2.23 says that f̄ is not a unit if and only if v < vξ. Moreover, if this
is the case then the ideal m defined above corresponds precisely to the residue class
D◦v(ξ), as in Definition 2.16. Statement (iii) of the lemma follows. 2

Lemma 3.27. Fix one element v ∈ V . Let

φv : X → Xv

be the morphism of models corresponding to the inclusion {v} ⊂ V . Then the
following holds.

(i) The restriction of φv to Ev ⊂ X is a homeomorphism Ev
∼→ Xv,s.

(ii) Let v′ ∈ V \{v}. Then φv contracts the vertical component Ev to a closed point
z of Xv,s. We have z 6= ∞v if and only if v < v′. Moreover, if this is the
case then z is the point on Xv,s = Spec Āv corresponding to the residue class
D◦v(v

′).
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(iii) Let v′ ∈ V∞. Then the horizontal divisor φ(Ev′) ⊂ Xv intersects the special
fibre Xv,s in a point z 6= ∞v if and only if v < v′. Moreover, if this is the
case then z is the point on Xv,s = Spec Āv corresponding to the residue class
D◦v(v

′).

Proof: By construction, the morphism φv : X → Xv contracts all vertical com-
ponents Ev′ , where v′ 6= v, to closed points of Xv,s, and it induces a finite, birational
map Ev → Xv,s. Both Ev and Xv,s are proper and integral curves over k. By Lemma
3.26 (ii), the open subset Xv,s\{∞v} is isomorphic to the affine line over a finite ex-
tension k′/k. It follows that the smooth projective model of both Ev and Xv,s is
the projective line P1

k′ and that the natural birational morphism P1
k′ → Xv,s is a

homeomorphism since this map factors through the curve Ev, the map Ev → Xv,s is
a homeomorphism, too, which proves (i).

A vertical component Ev′ , with v′ 6= v, is contracted to the centre of the discrete
valuation v′ on the scheme Xv. Clearly, this centre is a closed point on Xv,s. It lies
on the affine open SpecAv if and only if

Av ⊂ Ov′ .

But this latter condition holds if and only if v < v′, by definition of the order relation
≤. If this is the case, then the centre of v′ on SpecAv is the maximal ideal

m := Av ∩ pv′

which, by Lemma 2.14, corresponds to the residue class Dv(v
′). This proves (ii).

Part (iii) follows directly from Lemma 3.26 (iii). 2

Now we prove Proposition 3.25.
Proof: [Proof of the Proposition]Let v, v′ ∈ V ∗ be distinct. We have to prove

that Ev intersects Ev′ if and only if v and v′ are adjacent, and that there is at most
one intersection point. For simplicity, we assume that v, v′ ∈ V are both MacLane
valuations, and hence Ev and Ev′ are vertical components. The argument for the
general case is very similar and left to the reader (essentially, one uses Part (iii) of
Lemma 3.27 instead of Part (ii)).

We first assume that v, v′ are not adjacent. There are two cases to consider.
Firstly, suppose that there exists v′′ ∈ V ∗ such that v < v′′ < v′. By Lemma 3.27
(ii), the morphism φv′′ : X → Xv′′ contracts Ev to the point ∞v′′ ∈ Xv′′,s and Ev′
to a closed point distinct from ∞v′′ . Therefore, Ev and Ev′ do not intersect. In
the second case we assume that v and v′ are incomparable (i.e. neither v < v′ nor
v′ < v). By Assumption 3.24 (b), v′′ := inf(v, v′) ∈ V . Moreover, v, v′ lie in different
residue classes of the discoid Dv′′ , by Lemma 2.24. Hence, by Lemma 3.27 (ii), the
morphism φv′′ contracts Ev and Ev′ to distinct points. Therefore, Ev and Ev′ do not
intersect, as in the first case.

Conversely, assume that Ev and Ev′ do not intersect. We want to show that v, v′

are not adjacent. So we may assume that v < v′. Since Xs is connected, there exists
a chain of pairwise distinct components

Ev = Ev0 , . . . , Evn = Ev′
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with Evi ∩ Evi−1
6= ∅ and n ≥ 2. By Lemma 3.27 (ii), the morphism φv contracts

each component Ev1 , . . . , Evn to a single point. But since Evi ∩ Evi−1
6= ∅, they are

all contracted to the same point. Since v < v′, applying Lemma 3.27 again shows
that v < v1, . . . , vn = v′. The same reasoning shows that vi < vj for all i < j and so

v = v0 < · · · < vn = v′.

Since n ≥ 2, v and v′ are not adjacent.
To finish the proof, we assume that v < v′ are adjacent. As we have shown

above, Ev ∩ Ev′ is non-empty However, by Lemma 3.27 (i)-(ii), the morphism φv is
injective on Ev and contracts Ev′ to a single point. Therefore, Ev and Ev′ intersect
in a unique point. This concludes the proof of Proposition 3.25. 2

Remark 3.28. As pointed out before, we have not yet made use of Assumption
3.24 (c). If we do, then we can prove that the vertical components Ev are smooth,
and hence isomorphic to projective lines. Note that this is in general not true for the
vertical component Xv,s of the model Xv (the set {v} may not satisfy Assumption
3.24 (c)).

3.4.2 Regularity criteria We continue with the assumptions and notation of
the previous subsection. We will now formulate sufficient conditions for the model
X to be regular and E to be a normal crossing divisor. These conditions will be
formulated in Lemma 3.30 and Lemma 3.31 below.

The claim that X is regular and E is a normal crossing divisor needs only to be
checked in a Zariski neighbourhood in X of every closed point on E . By Proposition
3.25, a closed point z ∈ E lies on one and at most on two vertical components Ev,
v ∈ V . We write
Xz for the localisation of X at z, Ez for the restriction of D to Xz and Evert

z (respec-
tively Ehor

z ) for the vertical (respectively the horizontal) part of Ez.

Let us first consider the case where z lies on exactly one vertical component Ev,
v ∈ V . Consider the contraction map

φv : X → Xv

from Lemma 3.27. Our assumption that z lies on no other vertical component except
Ev implies that φv is an isomorphism in a neighbourhood of z.

Assume first that φv(z) = ∞v. We claim that this implies that v = vg is the
Gauß valuation. To prove this, note that Assumption 3.24 (b) and (c) imply that
the Gauß valuation vg is an element of V . It is in fact the minimal element of V .
So if v 6= vg then Lemma 3.27 (ii) would imply that z also lies on the component
Ev′ , where v′ < v is the unique element of V which is adjacent to v and precedes it.
This contradicts our assumption, and shows that v = vg if φv(z) =∞v.

By the definition of the Gauß valuation, the model Xvg = P1
OK is simply the

projective line over OK , which is smooth over OK . It follows that Xz is regular
and that Evert

z is a regular, principal divisor, defined by the uniformiser πK . Also,
Ehor
z = ∅, and Ez is a normal crossing divisor.
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So for the rest of this subsection, we may assume that φv(z) 6=∞v. We use the
contraction map φv : X → Xv to identify Xz with Spec Av,m, where Av is defined as
in §3.4.1 and m ∈ Spec Av ⊂ Xv is the image of z. Recall that we defined a residue
class Dv(m) ⊂ V (K[x])∗ corresponding to m, see Definition 2.16.

We write v as an inductive valuation,

v = [v0, v1(φ1) = λ1, . . . , vn(φn) = λn], (3.29)

where v0 = vg, see (2.8). As in Remark 2.17, we denote by Dv(φn) the residue
class associated to φn (which contains e.g. the infinite pseudovaluation vξ, where
vξ(φn) =∞).

Lemma 3.30. Let z ∈ Xs be a closed point, which lies on exactly one vertical
component Ev.

(i) The point z ∈ X is a regular point of X if and only if one of the following
conditions holds:

(a) n = 0,

(b) λn ∈ 〈1, . . . , λn−1〉Z,

(c) Dv(m) 6= Dv(φn).

(ii) If z ∈ X is regular, then E is a normal crossing divisor in a neighbourhood of
z.

Proof: Part (i) is [39, Lemma 7.3]. We recall the proof of the sufficiency of
either (a), (b) or (c). Firstly, if (a) holds then v = vg. We have already seen that
X → Spec OK is then smooth in a neighbourhood of z, and hence z is a regular
point.

By construction, the value group of the inductive valuation (3.29) is

v(F×X ) = 〈1, λ1, . . . , λn〉Z =
1

ev
Z

([31, Theorem 6.6]). This means that there exists a uniformiser for v of the form

uv := c · φa11 · . . . · φann , with v(uv) =
1

ev
,

where c ∈ K×, ai ∈ Z. It is easy to see that we may assume ai ≤ 0. For i 6= n,
the prime ideal pφi := Av ∩ (K[x] · φi)�Av is a maximal ideal not containing pv, by
Lemma 2.23. Therefore, the principal divisor of uv on SpecAv is

(uv) = pv + an · pφn .

If Condition (c) holds, then the maximal ideal m corresponding to z does not contain
pφn . This implies that Ez is a principal divisor, defined by uv. Since Ez is regular, it
follows that Xz is regular, too. Similarly, if Condition (b) holds then we may assume
that an = 0, and the same conclusion holds. So in both cases, Xz is regular.
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It remains to prove (ii). If Ehor = ∅ then we have already proved that Ez = Evert
z

is a regular, and hence a normal crossing divisor. Therefore, we may assume that
z lies on a horizontal component Evξ = ξ̄. Here ξ̄ is the closure of a closed point
ξ ∈ P1

K corresponding to an infinite pseudovaluation vξ which lies in V ∗. The point ξ
corresponds to a monic, integral and irreducible polynomial g ∈ K[x]. Assumption
3.24 (c) guarantees that the immediate predecessor of vξ lies in V ∗ as well; by
Proposition 3.25, this predecessor must be the valuation v. It follows that g is a key
polynomial for v and that

vξ = [v, vξ(g) =∞].

We set
f := u−evv(g)

v · g ∈ K[x].

Then v(f) = 0, and hence
Ehor
z = (f)

is a principal divisor. To prove that Ez is normal crossing, we need to show that
f̄ ∈ Āv generates the maximal ideal m̄ := m/pv.

Assuming otherwise, there would exist an element h̄ ∈ m̄ such that h̄2 | f̄ . Lift
h̄ to a polynomial h ∈ K[x]. Then vξ(h) > v(h) = 0. By [31, Theorem 5.1] this
implies g |v h, which in turn implies

g2 |v f.

By the definition of f and uv it follows that

g |v φb11 · . . . · φbnn , bi := −evv(g)ai ≥ 0.

But as a key polynomial, g is v-irreducible (Definition 2.4). We conclude that g |v φi,
for some i. But this would mean that the prime ideal pφi�Av contains the maximal
ideal m. We have already argued in the proof of (i) that this is not the case, if we
assume either Condition (b) or (c). This finishes the proof of the lemma. 2

Let us now assume that z lies on exactly two vertical components, z ∈ Ev1 ∩Ev2 ,
with v1 < v2. Then by Proposition 3.25, v1, v2 are adjacent, i.e. there is no other
element of V strictly in between v1 and v2. Together with Assumption 3.24 (c) this
implies v0 := pred(v2) ≤ v1. We may therefore write

v1 = [v0, v1(φ) = λ1], v2 = [v0, v2(φ) = λ2],

where φ is a key polynomial for v0 and λ1 < λ2 ∈ Q (note that the case v0 = v1 is
not excluded). Let N := ev0 . Write λi = bi/ci, with gcd(bi, ci) = 1.

Lemma 3.31. Assume that

λ2 − λ1 =
N

lcm(N, c1)lcm(N, c2)
.

Then z is a regular point of X in which the components Ev1 and Ev2 intersect
transversally. In other words: E is a normal crossing divisor at z.

Proof: This is [39, Lemma 7.4]. 2
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Algorithmic Construction

The construction of regular models is very important when studying the arithmetic
of curves. The classical way to construct a regular model for a curve Y is to start
with any model Y = Y0. Then Y1 is defined to be the normalisation of the blow-up
of the singular locus in Y0. Note that normality implies that the singular locus
consists of a finite number of non-regular points all of which are in codimension
2. The scheme Y1 is a again a model of the curve Y . Iterating this process, one
eventually arrives at a regular model, i.e. we get a sequence

Y = Y0 ← · · · ← Yn = Yreg

for some n ∈ N. Note that Yreg is not necessarily the minimal regular model of Y .
The proof goes back to Lipman. A detailed discussion can be found in [1].

Here, we are going to follow a different approach. We realise the curve Y as a
cover of the projective line. Then we construct a model of the projective line in such
a way that its normalisation in the function field of Y is (almost) regular. It is not
known whether this method can be used for any arbitrary curve. But it does succeed
in many interesting cases of curves such as superelliptic curves affinely defined by
an equation yn = f(x), where the residue characteristic of OK does not divide n. A
similar technique has already been used to construct (semi-)stable models of curves
([8], [11], [19]) and is based on the theory of admissible covers.

In the first section, we recall the necessary definitions and properties in the
context of covers of curves or schemes. In the second section, we explain how to
extend valuations. More precisely, if FY /FX is an extension of function fields and
v a valuation on FX , we show how to find a valuation on FY whose restriction
to FX equals v. The third section is about semistable models. The main results in
that section are Theorem 4.16 and Corollary 4.21 that allow to determine semistable
models, phrased in the language of valuations and in the language of cluster pictures,
respectively. Finally the fourth section contains the most general result. We describe
an algorithm that determines a model with at most rational singularities (Algorithm
4.27 and Theorem 4.26). This algorithm works for any curve that can be represented
as a tame cover of the projective line regardless of the reduction type.
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4.1 Covers of curves

Definition 4.1. Let X and Y be smooth projective curves over K. We say that

φ : Y → X

is a cover if φ is a finite surjective morphism. We say that the cover is a G-Galois
cover if the extension of function fields FY /FX is Galois with Galois group G and
X = Y/G. Denote by X ′ and Y ′ the base change of X and Y to K. We say that φ
is potentially Galois with Galois group G, if the cover Y ′ → X ′ is a G-Galois cover.

A Galois cover is ramified at a finite number of points in Y . The images of the
ramification points under φ are called branch points. We call the divisor exactly
supported at these points the branch divisor of φ.

Most of the time, we will study the case whereX = P1
K is the projective line. This

setting is visualised in Figure 4.1. In that picture, the branch points are depicted
as dots on the projective line.

Y

φ

P1
K

Figure 4.1: A cover of the projective line

A special case in this situation are cyclic Galois covers.

Definition 4.2. Let Y be a smooth projective curve of genus g > 0 which admits
a cover

φ : Y → P1
K .

We say that Y is a superelliptic curve if φ is potentially Galois with Galois group
G ' Z/nZ for some n ∈ N>1. If n = 2, we say that Y is a hyperelliptic curve.

Equivalently, one can define that a superelliptic curve is a smooth projective
curve which is affinely defined by an equation of the form

Y : yn = f(x)
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for some integer n > 1 and a polynomial f ∈ K[x] of degree d ≥ 3. In this situation
the cover φ is given by

φ : Y → X = P1
K

(x, y) 7→ x.

Over K, this cover has Galois group generated by σ : (x, y) 7→ (x, ζny) where ζn is a
primitive n-th root of unity. It is branched at the roots of f and possibly the point
at infinity.

In what follows, we are not going to restrict our considerations to covers with
cyclic Galois group. The simplest curves which are not given as a cyclic Galois cover
are a special kind of plane quartics.

Definition 4.3. A smooth projective curve Y ⊂ P2
K defined by a homogeneous

equation F ∈ K[X, Y, Z] of degree 4 is called a smooth plane quartic.

It is easy to see that smooth plane quartics are non-hyperelliptic curves of genus
g = 3. In fact, it can also be shown that curves of genus 3 are either hyperelliptic or
plane quartics. However, there exist plane quartics which are superelliptic as well.
These curves are called Picard curves and admit an affine equation of the form

Y : y3 = f(x),

where f is a polynomial of degree 4. The following example describes a type of plane
quartics which can be realised as a non-cyclic cover of the projective line.

Example 4.4. Let Y be a plane quartic whose automorphism group contains a
subgroup isomorphic to the Klein 4-group V4. By [25, Theorem 3.1], we may assume
that Y is defined by an equation of the form

Y : x4 + y4 + z4 = ay2z2 + bx2z2 + cx2y2

for some values a, b, c ∈ K. The elements of V4 act on Y as (x : y : z) 7→ (±x,±y, z).
Denote by X the conic defined by

X : u2 + v2 + w2 = avw + buw + cuv.

Using the fact that Y is smooth, it is easy to see that X is non-degenerate, hence
X ' P1

K . And we have a cover

φ : Y → X,

(x : y : z) 7→ (u : v : w).

The branch locus of this cover is given by

D = {(u : v : w) ∈ X(K) | uvw = 0} ⊂ X.

This type of plane quartics has also been studied in [7]. In loc.cit. the authors use
the representation as a V4-cover to determine the stable reduction in terms of the
parameters a, b, c.
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Until now, we have only discussed covers of smooth projective curves φ : Y → X.
For the next sections, we will be interested in covers of schemes.

Definition 4.5. Let Y and X be schemes. We say that

φ : Y → X

is a cover if φ is a finite surjective morphism of schemes. We say that a cover
f : Y → X of normal integral schemes is Galois if the extension of function fields
K(Y)/K(X ) is Galois with Galois group G and X = Y/G, cf. [30].

Let φ : Y → X be a cover of smooth projective curves and X a model of X.
Further, let Y be the normalisation of X in the function field FY . Then φ extends
to a cover of schemes

φ : Y → X .
Note that the branch locus D ⊂ X of φ extends to a relative divisor D ⊂ X and
this divisor is the horizontal part of the branch locus of φ : Y → X .

This idea provides an important method for constructing models of a given curve
Y . In Section 4.3, we will construct models of the projective line such that the
normalisation in FY is a semistable model. Of course, this only works in the case
of semistable reduction. In Section 4.4, we will treat the general case. There we
construct a model of the projective line such that its normalisation in FY is a model
with at most rational singularities.

4.2 Extending valuations

Assume that we are given a smooth projective curve Y over K. As mentioned before,
we view Y as a cover of the projective line, Y → P1

K . This induces an extension of
function fields K(x) ⊂ FY . Assume that Y is birationally defined by some equation
G(x, y) = 0, then FY ' K(x)[y]/(G). Note that there is a correspondence between

(i) discrete valuations on FY and

(ii) pseudovaluations on K(x)[y], extending a MacLane valuation v on K(x) and
sending G to ∞.

In Chapter 2, we have presented a canonical way to represent valuations in K(x).
Now, we are going to explain how to compute extensions of such valuations. This
will be used to describe and construct models of Y . More precisely, if Y is the
normalisation of some model X of the projective line in the function field FY , then
V (Y) contains exactly the extensions of the valuations in V (X ).

A detailed discussion of the general theory can be found in [41, §4.6]. An impor-
tant result is the following.

Proposition 4.6. Let v ∈ V (K(x)) and let Y → P1
K be a cover of degree n as

above. Then the extensions of v to FY correspond precisely to the irreducible factors
of G over the completion of K(x) with respect to v. In particular

#{w ∈ V (FY ) | w
∣∣
K(x)

= v} ∈ {1, . . . , n}.
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Translated to the situation of models of curves, the above proposition says that
there are between 1 and n components in Ys lying above the component correspond-
ing to v ∈ V (X ).

The next example should give some intuition on how such extensions of valuations
look like. In a more difficult setting, this ad-hoc approach is no longer reasonable.
An algorithm is described in [41, Section 4.6.2] and implemented in Sage.

Example 4.7. Consider the polynomial f = x3−p ∈ Qp[x] and the model X = P1
Zp ,

i.e. V (X ) = {vg}. For different covers Y → P1
Qp , we compute V (Y), where Y is the

normalisation of X in FY .

(a) Let Y1 : y2 = x3 − p. Note that y2 − x3 + p is still irreducible as a polynomial
over the completion of K(x) with respect to vg, hence vg has a unique extension
to FY . Written as an inductive valuation, this is given by

w = [w0, w(y2 − f(x)) =∞].

Here w0 denotes the Gauß valuation on K(x)[y] with respect to vg. In conclusion
V (Y1) = {w}. The model Y1 is a model with only one component on the special
fibre. Being the extension of the Gauß valuation on K(x), implies that Y1 is the
Weierstraß model defined by y2 = f(x). Here, this coincides with the minimal
regular model.

(b) Let Y2 : y3 = x3 − p and assume p ≡ 2 (mod 3). Note that G := y3 − x3 + p is
not vg-irreducible (viewed as a polynomial in K(x)[y]), since

G− (y − x)(y2 + xy + x2) = p, hence G ∼vg (y − x)(y2 + xy + x2).

It turns out that both y − x and y2 + xy + x2 are key polynomials and we find
two different extensions of vg to FY2 :

w1 =[w0, w1,0(y − x) = 1, w1(y3 − f(x)) =∞],

w2 =[w0, w2,0(y2 + xy + x2) = 1, w2(y3 − f(x)) =∞].

This means V (Y2) = {w1, w2}. Note that the component corresponding to w2

is not geometrically irreducible. This comes from the fact that the polynomial
x2 + xy + y2 is reducible in the algebraic closure of Fp.

(c) Let Y3 : y3 = x3 − p and assume p ≡ 1 (mod 3). Denote by ζ3 ∈ Qp a primitive
third root of unity. Then there are three valuations in FY3 extending vg:

wi = [vg, wi,0(y − ζ ix) = 1, wi(y
3 − f(x)) =∞] for i ∈ {0, 1, 2}.

This means that the special fibre of Y3 consists of three components. One can
check that these components intersect in a unique point and that Y3 is regular.
And even more: it is the minimal regular model of the elliptic curve Y3.

Cyclic extensions of function fields constitute an important special case. We are
going to analyse this situation in more detail. Let G = yn − f(x) be the defining
polynomial of the curve Y and consider the extension of function fields K(x) ⊂ FY .
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For a valuation v ∈ V (K(x)), we set Vv = {w ∈ V (FY ) | w
∣∣
K(x)

= v} and view

Vv as a subset of V (K(x)[y]) as described in the beginning of the section. We
write wv,0 ∈ V (K(x)[y]) for the Gauß-valuation with respect to v. The following
proposition describes the valuations in Vv.

Proposition 4.8. Let v ∈ V (K(x)) and Y : yn = f(x) as above. Let w̃ =
[wv,0, w(y) = v(f)/n] ∈ V (K(x)[y]). Assume that p - n and v(f) ∈ nZ.

(i) w(y) = v(f)/n for all w ∈ Vv.

(ii) If G = yn− f(x) is irreducible in K̂(x)[y], then G is a key polynomial over w̃,

where K̂(x) denotes the completion of K(x) with respect to v.

(iii) If |Vv| > 1, then inf(Vv) = w̃ ∈ V (K(x)[y]).

Proof: The first part directly follows from the fact that w(yn − f(x)) =∞ for
all w ∈ Vv.

For the second part assume that G is irreducible in K̂(x)[y]. We use [41, Lemma
4.19] to show that it is a key polynomial. The first four conditions of the Lemma
are clearly true, so it remains to show that G is w̃-irreducible. This is equivalent
to showing that π

−v(f)
v · G is irreducible in the residue ring of w̃, where πv is a

uniformising element for v (cf. [41, Lemma 4.27]). Note that the residue ring of w̃

is generated by y/π
v(f)/n
v . So the irreducibility follows from the irreducibility of G

in K̂(x)[y].

If in contrast |Vv| > 1, then G is reducible in K̂(x)[y] and there exists g ∈ K̂(x)
such that gm = f for some m | n. For simplicity, we assume that a primitive m-th

root ζm is contained in K̂(x). The reader should convince himself that a similar
argument works for the general case. Then every irreducible factor is of the form
Gi = yn/m− ζ img for i ∈ {0, . . . ,m− 1}. It follows from the previous part that Gi is
a key polynomial over w̃. This shows that Vv consists of m different valuations that
can be written as

wi = [w̃, wi(Gi) =∞].

The infimum of these valuations is w̃. 2

The next corollary will be very useful for Chapter 6.

Corollary 4.9. Let Y be as above and v ∈ V (K(x)). Then for any polynomial
H ∈ K(x)[y] with deg(H) < n, it holds

min
w∈Vv

w(H) = w̃(H),

where w̃ = [w0, w(y) = v(f)/n] ∈ V (K(x)[y]).

4.3 Semistable models

Let Y be a smooth projective curve of genus g ≥ 2 which is given as a tame cover of
the projective line φ : Y → X = P1

K . In this setting, the theory of admissible covers
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may be used to construct a (semi-)stable model for Y . The approach goes back to
[18]. An analysis in the case of superelliptic curves is given in [8].

After recalling some results about admissible covers, we formulate an algorithm
to determine the stable model of a pair (P1

K , D), where D = (f) is a split divisor
(Algorithm 4.14). This algorithm uses the theory of MacLane valuations. Applying
our results from §3.2, we translate the output of the algorithm to cluster pictures.
In this way can formulate a sufficient criterion for semistable reduction (Corollary
4.20) and describe a model dominating the stable model of a superelliptic curve
yn = f(x) in terms of the cluster picture of f (Corollary 4.21).

Definition 4.10. Let X → S be a semistable scheme and D ⊂ X a relative divisor
consisting of deg(D) disjoint sections supported in the smooth locus of X . Then the
pair (X ,D) is called a marked semistable curve.

Let X = P1
K and D a split divisor on X. We say that the marked curve (X,D)

has semistable reduction if it extends to a marked semistable curve (X ,D) over OK .
In this case, (X ,D) is called a semistable model of (X,D).

Proposition 4.11 (Proposition 3.2 in [8]). Let X = P1
K and D a split divisor on

X of degree d ≥ 3.

(i) Then (X,D) has semistable reduction and there exists a unique minimal semistable
model (X ,D) of (X,D).

(ii) Denote V ∗ = V (X ,D) the set of valuations corresponding to (X ,D). The set
V ∗ has the structure of a tree and every vertex v ∈ V ∗ ∩ V (K[x]) of this tree
is a node, i.e. v is adjacent to at least three other vertices in V ∗.

We call the model (X ,D) from the preceding proposition the stable model of
(X,D). The stable reduction may be constructed using Algorithm 4.14. Having a
semistable model of (X,D), we can construct a semistable model for the curve Y
using the following result.

Theorem 4.12 ( Theorem 3.4. in [8]). Let Y be a smooth projective curve of genus
g ≥ 2 given as a G-Galois cover of the projective line φ : Y → X with branch
locus D and assume that the order of G is prime to p. Further assume that (X,D)
has semistable reduction and denote by (X ,D) its stable model. Let Y denote the
normalisation of X in FY . Then Y is semistable if all components of the special
fibre Ys have multiplicity 1.

Remark 4.13. Let (X ,D) be as defined in the above theorem and assume that the
special fibre of Y has a component E with multiplicity e > 1. Clearly, e divides the
order of G, hence e is prime to p. Let us replace K by a finite extension L/K of
ramification index [L : K] = e. More precisely, we let (X ′,D′) be the base change
of (X ,D) to OL, and define Y ′ as the normalisation of X ′ in the function field of
Y ⊗L. Let p : X ′ = X ×OK SpecOL → X be the first projection map. This extends
to a map p : Y ′ → Y and all components in p−1(E) have multiplicity one.

In this way, it is possible to eliminate ramification for all components of the
special fibre. It follows that the model Y × SpecOM is semistable if [M : K] is the
least common multiple of the multiplicities of the components in Ys. Note that the
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extension M/K is tamely ramified since we assume that p does not divide the order
of G, cf. [8, Corollary 3.6].

Recall that in this section, we are only interested in computing the stable re-
duction of a curve. The preceding remark says that after replacing K by a finite
extension, we may always assume that we are in the situation of Theorem 4.12. Let
us now explicitly construct a semistable model (X ,D).

Let V∞ denote the set of infinite pseudovaluations corresponding to the divi-
sor D. For simplicity, we assume that V∞ ⊂ V (K[x])∗ consists only of MacLane
pseudovaluations.1

Algorithm 4.14. We enlarge the set V∞.

(1) Set V ∗1 = V∞ ∪ {inf(v, w) | v, w ∈ V∞}.

(2) Set V ∗2 = V ∗1 \ {v ∈ V ∗1 ∩ V (K[x]) | v is not a node }. 2

Remark 4.15. All valuations considered here are of a very simple form. They
are simple augmentations of the Gauß valuation on K[x], hence they correspond to
rational discs. Assuming that D is split, means that D is the divisor of a monic
polynomial f that has only rational roots and possibly the point at infinity. Write
f =

∏d
i=1(x− αi)ni .

(i) The set V∞ is then given by

V∞ = {[v0, vi(x− αi) =∞] | 1 ≤ i ≤ d}.

(ii) Let vi, vj ∈ V∞. Then

inf(vi, vj) = [v0, v(x− αi) = vK(αi − αj)]

(iii) The set V ∗1 is called the inf-closure of V∞. It is the smallest subset of V (K[x])∗

which contains V∞ and is inf-closed. To see this, let v, v′ ∈ V ∗1 ∩V (K[x]). Then
there exist vi, vj ∈ V∞ with v < vi and v′ < vj, and inf(v, v′) = inf(vi, vj) ∈ V ∗1 .

(iv) Since we assume that the divisor D has degree ≥ 3, the set V ∗2 ∩ V (K[x]) is
non-empty. A closer analysis of the set V ∗1 shows that there can at most exist
one vertex that is not a node. This vertex is necessarily the least element of
V ∗1 .

Theorem 4.16. Let D ⊂ X = P1
K be a split relative divisor and write V∞ for the set

of infinite pseudo valuations corresponding to D. Let V ∗2 be the set constructed in Al-
gorithm 4.14 with input V∞ and write (X ,D) for the model of (X,D) corresponding
to this set of valuations. Then (X ,D) is the stable model of (X,D).

1Here, this means that D ⊂ OK .
2As in Proposition 4.11, we say that a vertex is a node if it is adjacent to at least three other

vertices.
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Proof: First note that all valuations considered here are of the form v =
[v0, v1(x−α) = n] for some α ∈ K and n ∈ N∪ {0,∞}. In particular, ev = 1 for all
valuations v ∈ V ∗.

Let (X1,D1) be the model associated to the set V ∗1 produced in the first step of
the algorithm. Since ev = 1 for all valuations, the irreducible divisors of E = Xs ∪D
are reduced. Moreover, the set V ∗1 satisfies (a) and (b) from Assumption 3.24, hence
we can apply Proposition 3.25. The latter says that two components Ev, Ev′ of E
intersect if and only if v 6= v′ are adjacent. Moreover they intersect in a unique
point. To see that the intersection is indeed an ordinary double point, assume that
v < v′. Then we can write

v = [v0, v(x− α) = n], v′ = [v0, v
′(x− α) = m],

for some α ∈ K and integers 0 ≤ n < m. It is easy to see that xt = x/pn and
xt′ = x/pm are coordinates for Ev and Ev′ , as in §3.3. Denote by z the intersection
of Ev and Ev′ . This corresponds to xt = 0 and xt′ = ∞ on the two components.

We see that ÔX ,z = OK [[xt, x
−1
t′ ]] with xt · x−1

t′ = pm−n, hence Ev and Ev′ intersect
transversally at z. This shows that V ∗1 is a semistable model for (X,D). The
second step of the algorithm corresponds to contracting the unstable components.
In conclusion, (X ,D) is the stable model of (X,D). 2

Remark 4.15 gives a concrete description of the output of Algorithm 4.14. With
this description it is easy to determine the discs associated to the valuations. We
would like to point out that this can also be described in terms of the cluster picture
of f (the polynomial defining the divisor D). More precisely, we find that V ∗1 =
V ∗(Σf ) (see Definition 3.17). This has the following useful consequence.

Corollary 4.17. Let D ⊂ X = P1
K be a split relative divisor defined by some monic

polynomial f . Let (X ,D) be the model of (X,D) which corresponds to the set of
valuations V ∗(Σf ). Then (X ,D) is a semistable model for (X,D).

Note that in contrast to the statement of Theorem 4.16, in general we do not
have a stable model, but only a semistable model of (X,D). It is easy to see that
the model corresponding to

V ∗ =

{
V ∗(Σf ) \ {vR} if R has only two children

V ∗(Σf ) otherwise

is the stable model for (X,D). In addition, we could express the set V ∗(Σf ) in an
easier way for this case. Assuming that f splits, also implies that every cluster has
a rational centre, hence all orbits have size 1. In particular, we can say that V ∗(Σf )
is just the set of valuations corresponding to clusters of Σf . Note that with a similar
method, semistable models are described in terms of cluster pictures of hyperelliptic
curves in [12].

In Chapter 6, we will use this translation to the cluster-picture setting when
computing the integral differential forms for superelliptic curves with semistable
reduction. For that purpose, we need the following definition.
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Definition 4.18. Let s be a cluster. We define

νs =
∑
α∈R

dα∧s.

Note that νs = vs(f), where vs is the valuation associated to s.

Theorem 4.19. Let Y : yn = f(x) be a superelliptic curve defined over K. Assume
that f ∈ OK [x] is monic, R ⊂ K, a primitive n-th root of unity is contained in K
and p - n. Further assume that for any proper cluster s ∈ Σf , we have νs ∈ nZ.
Then Y has semistable reduction.

Proof: The polynomial f splits by assumption, therefore (X,D) = (P1
K , D)

has semistable reduction and a semistable model is defined by the set of valuations
V ∗(Σf ) (Corollary 4.17). Let V ∗ ⊂ V ∗(Σf ) be the subset that defines the stable
model (X0,D0) of (X,D). Write Y0 for the normalisation of X0 in FY .

Moreover the cover φ : Y → P1
K is Galois since K contains a primitive n-th

root of unity. By Theorem 4.12, the model Y0 is semistable if all components of
the special fibre have multiplicity 1. To see this, let v = vs ∈ V ∗ ∩ V (K[x]) and
denote by Ev the component of X0,s corresponding to this valuation. Let Ew ∈ Y0,s

be a component lying above Ev and w ∈ V (FY ) the corresponding valuation. This
component has multiplicity one, therefore the multiplicity of Ew in Y0,s is given by
the ramification index [w : vs]. It follows from the structure of these valuations (cf.
Proposition 4.8) that this is equal to the denominator of vs(f)/n which is 1 under
our assumptions. In conclusion, all components of Y0,s have multiplicity 1.

Corollary 4.20. Let Y : yn = f(x) be a superelliptic curve defined over K. Assume
that f ∈ OK [x] is monic, p - n and the following conditions hold for every proper
cluster s ∈ Σf :

(1) s admits a K-rational centre αs,

(2) ds ∈ Z and νs ∈ nZ.

Then Y has semistable reduction.

Proof: Let α ∈ R be a root of f and s ∈ Σf the smallest proper cluster con-
taining α. Then vK(α − αs) = ds ∈ Z and in particular the extension K(α)/K is
unramified. Repeating this argument shows that R is contained in an unramified
extension L0/K. Since n is not divisible by the residue characteristic, a primi-
tive n-th root of unity is contained in an unramified extension L/L0. This shows
that over L all conditions of Theorem 4.19 are fulfilled, hence YL = Y ⊗K L has
semistable reduction. As the extension L/K is unramified, we may conclude that
Y has semistable reduction as well (see for example [29, Corollary 10.3.36]). 2

Using the fact that the formation of the stable model commutes with unramified
base change, the proof of Theorem 4.19 and its corollary yield another result which
is essential for Chapter 6.
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Corollary 4.21. Let Y : yn = f(x) be a superelliptic curve satisfying the assump-
tions of Corollary 4.20. Let Y be the model of Y corresponding to the set of valua-
tions

W = {w ∈ V (FY ) | w
∣∣
K(x)
∈ V (Σf )}.

Then Y dominates the stable model of Y .

Remark 4.22. For hyperelliptic curves, there is a more precise criterion for semistable
reduction. In [12] the authors show that a hyperelliptic curve Y : y2 = f(x) has
semistable reduction if and only if the extension K(R)/K has ramification index at
most two, every proper cluster s ∈ Σf is invariant under the action of inertia and
every principal cluster s ∈ Σf satisfies ds ∈ Z and νs ∈ 2Z ([12, Theorem 7.1]). The
principal clusters in Σf are all proper clusters excluding the clusters of size 2 and
possibly the top cluster R, [12, Definition 1.4].

We conclude the section with an example, where we construct a stable model
using Algorithm 4.14 and illustrate the correspondence with cluster pictures.

Example 4.23. Let f = (x2− p)3− p5 ∈ Qp[x] for some p 6= 2, 3 be the polynomial
from Example 3.15. We are going to compute the stable reduction of the superelliptic
curve Y defined by

Y : yn = f(x) for some n ≥ 2 with p - n.

Recall that the cluster picture of f consists of three proper clusters. We chose roots
α1, α2, α3 such that these clusters are R, s1 = {α1, α2, α3}, s2 = {−α1,−α2,−α3}
and we have

DR =D(0, 1/2), Ds1 =D(
√
p, 7/6), Ds1 =D(−√p, 7/6).

The cluster picture may be represented as follows.

2/3 2/3
1/2

First, we construct a semistable model (X ,D) of (X,D), where D is the divisor
defined by f . Clearly, D is not split over Qp, so replace Qp by the splitting field
K of f . Note that the extension K/Qp has ramification index 6. Normalising the
valuation vK such that its value group is Z, we obtain the cluster picture

4 4
3

for f ∈ K[x]. Now, we can apply Algorithm 4.14. We start with the set

V∞ = {vi = [v0, vi(αi) =∞] | i = 1, 2, 3} ∪ {v′i = [v0, vi(−αi) =∞] | i = 1, 2, 3}.

For i 6= j, we have that vK(αi − αj) = 7, hence

inf(vi, vj) = [v0, v(x− αi) = 7].
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And in the same way, we find that

inf(v′i, v
′
j) = [v0, v

′(x+ αi) = 7].

It is easy to see that these valuations may be written as

v = [v0, v(x−√p) = 7] and v′ = [v0, v
′(x+

√
p) = 7].

Finally, for any i, j, we have vK(αi + αj) = 3, hence

inf(vi, v
′
j) = [v0, w(x− αi) = 3] = [v0, w(x) = 3].

This means that

V ∗1 = V∞ ∪ {w, v, v′}.

The valuation w does not define a node in the associated tree. Therefore the set

w

v

v3

v2

v1

v′

v′3

v′2

v′1

Figure 4.2: Structure of the set V ∗1 in Example 4.23

V ∗2 is given by

V ∗2 = V ∗1 \ {w}.

Hence the special fibre of the model X which is defined by the valuations in V2 =
V ∗2 ∩ V (K[x]), has only two components corresponding to the valuations v and v′

respectively.

Let us now compute the normalisation in FY . Allowing to replace K by another
finite extensions, we may assume that Y is semistable. The map φ : Ys → Xs is only
branched at the singular points of (Xs,Ds). These are the specialisations of the six
roots and the intersection between the components Ev and Ev′ . The components of
Ys can be expressed in terms of valuations again. They correspond precisely to the
extensions of valuations of V2 to the function field FY . For example, if n = 2, there
is a unique extension of v to FY and a unique extension of v′ to FY . We denote these
extensions by w and w′. From Riemann–Hurwitz, it follows that the components
corresponding to w and w′ respectively, are of genus 1. It follows from the theory of
admissible covers ([8]) that the intersection of Ev and Ev′ is a branch point of the
cover, hence the two components of the special fibre Ys intersect in a unique point.

If n = 3, then the special fibre consists of two genus-1 components as well. But,
these two components intersect in two points. If n = 4, the special fibre consists
of two genus-3 components intersecting in a unique point. The different cases are
depicted in Figure 4.3.
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1 1

(a) n = 2

1 1

(b) n = 3

3 3

(c) n = 4

Figure 4.3: The special fibre of Y for different values of n

4.4 Models with rational singularities

Again, in this section we assume that Y is a smooth curve of genus g ≥ 1 which
is given as cover of the projective line φ : Y → X = P1

K , potentially Galois with
Galois group G. And, we suppose that the residue characteristic p is prime to the
order of G. But in contrast to the previous section, we do not allow to replace the
base field K be an extension here.

Our goal is to compute a regular model of Y . The theory of tamely ramified
covers provides a method which almost produces a regular model. To be more
precise, the model that we get might not be regular, but all of its singularities are
rational. For many applications, such as the computation of the lattice of integral
differential forms, this is already good enough.

The main results of this section are contained in [21, Sections 1.2, ].

Definition 4.24. (cf. [17, Definition 2.2.2]) Let X be a fibred surface and E =
∪iEi ⊂ X a normal crossing divisor. A morphism φ : Y → X is called a tamely
ramified cover relative to E if the following holds:

(i) φ is a cover of schemes,

(ii) φ is étale over X\E , and

(iii) φ is tamely ramified over the generic point of each irreducible component Ei
of E .

In all our examples, Conditions (i) and (ii) will hold by construction, and we use
the following easy proposition to verify (iii).

Proposition 4.25. Let X be a connected fibred surface, E ⊂ X a normal crossing
divisor and φ : Y → X a finite cover, with Y connected. Assume, moreover, that
the following holds:

(a) φ is étale over X\E, and

(b) the degree of the Galois closure of the extension of function fields FY /FX is
invertible in OK.
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Then φ : Y → X is tamely ramified relative to E.

The construction that we are going to present in this section relies on the fol-
lowing theorem.

Theorem 4.26. Let Y be a smooth projective curve given as a cover φ : Y → P1
K,

potentially Galois with Galois group G and branch locus D. Further let X be a model
of P1

K and D the horizontal part of the closure of D in X . Assume that E = Xs ∪D
is a normal crossing divisor and denote by S ⊂ E the set of non-regular points of E.
Now let Y be the normalisation of X in FY .

Then the singular points of Y are contained in φ−1(S), and they are all tame
cyclic quotient singularities.

Proof: First of all note that the assumptions of the theorem imply that φ : Y →
X is a tamely ramified cover relative to E .

Let y ∈ Y and x := φ(y). For the proof, we may replace x by any étale neigh-
bourhood of x. We may therefore assume that the divisor E is defined by an equation∏k

i=1 ti = 0, where t1, t2 is a regular system of parameters for x and k ∈ {0, 1, 2}. If
k = 0 then x 6∈ E and there is nothing to show. If k = 1, then x is a regular point
of E . We only treat the case k = 2, as the arguments we will use can be used for
k = 1 as well.

So we assume that the divisor E ⊂ X is defined as t1t2 = 0. By Abhyankar’s
Theorem ([17, Corollary 2.3.4]) we can represent the cover φ : Y → X , after further
étale localisation, as a finite disjoint union of generalised Kummer covers. This
means the following (see [17], §1). Assume that Y is connected (i.e. replace Y by its
connected component containing y). Then there exist

(i) positive integers n1, n2, invertible on X ,

(ii) roots of unity ζn1 , ζn2 ∈ OX , of order n1, n2,

(iii) a subgroup G ⊂ Z/n1Z× Z/n2Z, and

(iv) a finite cover of X -schemes

Z := X [T1, T2 | T n1
1 = t1, T

n2
2 = t2]→ Y

such that the following holds. Let g = (k1, k2) ∈ Z/n1Z× Z/n2Z act on Z/X via

g∗T1 = ζk1n1
· T1, g∗T2 = ζk2n2

· T2.

Then Y = Z/G.
After another localisation, we may assume that x is the only non-regular point

of E . In particular, t1, t2 are regular. Then it follows that Z is a regular surface.
Moreover, the point z ∈ Z defined by T1 = T2 = 0 is the only point above x ∈ X ;
it therefore maps to y ∈ Y .

Assume that G contains a non-trivial element of the form h = (k1, 0) or (0, k2).
Then we can replace the groups G and Z/n1Z × Z/n2Z by their quotients by 〈h〉,
and Z by Z/ 〈h〉. Therefore, we may assume that G does not contain any element
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of this form. It follows easily that G is cyclic. The presentation Y = Z/G now
shows that y ∈ Y is a tame cyclic quotient singularity. 2

Given a divisor D ⊂ P1
K , we will now present an algorithm for the construction

of a model X of P1
K such that E = D ∪ Xs is a normal crossing divisor, where D

is the horizontal part of the closure of D in X . As in the previous section, let V∞
denote the set of infinite pseudovaluations corresponding to the divisor D.

Algorithm 4.27. We enlarge the set V∞ in three steps to oversets

V∞ ⊂ V ∗1 ⊂ V ∗2 ⊂ V ∗3 = V ∗,

as follows.

(1) V ∗1 is the union of V∞ with the set of all predecessors of elements of V∞,

V ∗1 := V∞ ∪
⋃
v∈V∞

P (v).

See Definition 2.11.

(2) The set V ∗2 is obtained by computing the inf-closure of V ∗1 , i.e. the smallest
subset of V (K[x])∗ containing V ∗1 and being closed under taking the infimum of
two elements. In fact, it is not hard to show that

V ∗2 = V ∗1 ∪ {inf(v, w) | v, w ∈ V ∗1 }.

(3) The set V ∗3 is obtained by applying Algorithm 4.28 below to every v ∈ V2 :=
V ∗2 ∩ V (K[x]).

Algorithm 4.28. Let V ∗ be a finite set of MacLane pseudovaluations satisfying
Assumption 3.24. Let v ∈ V := V ∗ ∩ V (K[x]). We enlarge V ∗ to an overset V ∗v , as
follows.

(1) Let v′ ∈ V be such that v < v′ and that there is no element of V ∗ strictly
between v and v′. Set v0 := pred(v′). By Assumption 3.24 (c), v0 ≤ v, and we
can write

v = [v0, v(φ) = λ], v′ = [v0, v
′(φ) = λ′].

Set N := ev0 . Then we add to V ∗ the MacLane valuations

vt := [v0, vt(φ) = t],

where λ < t < λ′ runs through the shortest N -path from λ′ to λ (see [39],
Definition A.4 and Proposition A.14).

We do this for all v′ as above.

(2) Let v0 := pred(v) and write v = [v0, v(φ) = λ]. Set N := ev0 . If λ 6∈ N−1Z and
v′(φ) = λ for all v′ as in (1), then we add to V ∗ the MacLane valuations

vt := [v0, vt(φ) = t],

where λ < t ≤ λ′ runs through the shortest N -path from λ′ to λ, and where

λ′ := min{t ∈ 1

N
Z | t > λ}.
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Theorem 4.29. Let D ⊂ X be as at the beginning of this subsection. Let V ∗ be the
set of MacLane pseudovaluations produced by Algorithm 4.27 and let (X ,D) be the
model of (X,D) corresponding to V ∗ via Proposition 1.27. Then X is regular, and
E = D ∪ Xs is a normal crossing divisor.

Proof: The set V ∗2 produced by Step 2 of Algorithm 4.27 satisfies Assumption
3.24. For Condition (a) this is true by construction. By Step 1, V ∗1 satisfies (c).
Then in Step 2 we have added, a finite number of times, a new element which is
less than some old element. By Lemma 2.12, this does not destroy Property (c).
At the end of Step 2, V ∗2 satisfies (b) by construction. After applying Step (3) of
Algorithm 4.27, it is easy to see that the set V ∗ = V ∗3 still satisfies Assumption 3.24.
Therefore, we only have to verify that the conditions of Lemma 3.30 and Lemma
3.31 are satisfied, for each closed point z ∈ Evert.

Consider a closed point z on a vertical component Ew, w ∈ V . As we have shown
in §3.4.2, we may assume that φw(z) 6=∞w. This implies that z either does not lie
on any other vertical component (the situation of Lemma 3.30), or z ∈ Ew′ where
w′ > w is a MacLane valuation adjacent to w (the situation of Lemma 3.31). In
both cases, the application of Algorithm 4.28 to the set V ∗ guarantees that

w = vt = [v0, v(φ) = t] ∈ V ∗,

where t is a value from a ‘shortest path’ from λ′ to λ (we use the notation of
Algorithm 4.28).

If Condition (a), (b) or (c) of Lemma 3.30 hold then z is a regular point and
E is a normal crossing divisor at z. We may therefore assume that all these three
Conditions are false. This excludes the possibility that t = λ′, where λ′ is as in Part
(2) of Algorithm 4.28. Indeed, t = λ′ ∈ 1/NZ implies that Condition (b) of Lemma
3.30 is true, contrary to our assumption.

We may therefore assume that the point z ∈ Ew corresponds to the residue class

Dw(m) = {w′ | w′(φ) > t},

and that t < λ′. Let t′ > t be the next value after t in the shortest path (this could
be λ′). Then w′ := vt′ ∈ Dw(m) ∩ V . This means that z also lies on the vertical
component Ew′ . But by the definition of ‘shortest path’, the pair w = vt, w

′ = vt′
satisfies the condition from Lemma 3.31. Then this Lemma says that z is a regular
point and E a normal crossing divisor at z. This concludes the proof of the theorem.

2

Remark 4.30. Algorithm 4.27 has been implemented in the Sage/Python module
models of projective line which is part of the Sage/Python package
regular models, [22].

Remark 4.31. In the previous section, it was possible to completely translate the
output of Algorithm 4.14 to the cluster picture language. In this more general
setting, it is not clear how to describe the set V ∗ produced by Algorithm 4.27
using cluster pictures. However we can describe certain correspondences under the
assumption that the splitting field of f is tamely ramified over K.
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In that case, Proposition 3.18 applies to the irreducible factors of f . Clearly, the
set V ∗1 produced in Step 1 is equal to the valuations associated to the different orbits
of clusters of these factors (plus the Gauß valuation v0 if it is not contained already).
More precisely, if f =

∏m
i=1 fi is the decomposition into irreducible factors, then

V ∗1 =
m⋃
i=1

V ∗(Σfi) ∪ {v0}.

Merging the cluster pictures of the irreducible factors, one obtains the cluster picture
of f . There will possibly appear new Galois orbits, which correspond precisely to
the infima of orbits from different factors. This means

V ∗2 = V ∗(Σf ) ∪ {v0}.

The valuations added in the third step do not directly correspond to clusters or
orbits of clusters in Σf . Roughly speaking, one would need to associate chains of
valuations to pairs of orbits o < o′. We did not work out the details here.

We present three examples. The first one serves as an illustration of Algorithm
4.27. The second example additionally illustrates the previous theorem. In the third
example, we consider a cover Y → X that is not cyclic.

Example 4.32. Let us first go back to Example 1.28. There we studied different
sets V ⊂ V (K[x])∗ that contain the valuation vξ with ξ = (x2 − p). Let us now
perform Algorithm 4.27 with input V∞ = {vξ}.

As an inductive valuation, vξ can be written as

vξ = [v0, v1(x) = 1/2, v2(x2 − p) =∞].

The set of predecessors is P (vξ) = {v0, v1}, hence

V ∗1 = {vξ, v0, v1}.

Note that these valuations satisfy the relation v0 < v1 < vξ, therefore the set V ∗1
is already inf-closed and there is nothing to do in Step 2 of the algorithm.

In the third step, we apply Algorithm 4.28. For v0, we do not need to add any
valuations, since 0 < 1/2 is already a shortest 1-path (Step 1) and v0 does not have
a predecessor (Step 2). For v1 there is nothing to do in the first step either. But in
the second step of Algorithm 4.28, the valuation v′1 = [v0, v1(x) = 1] is added.

In total we found
V ∗3 = {v0, v1, v

′
1, vξ}.

This is the same set that we obtained in the last part of Example 1.28. Note that
the valuation tree corresponding to V ∗3 is the (enhanced) dual graph of the special
fibre of (X ,D).

Example 4.33. In Example 4.23, we have computed the stable reduction for dif-
ferent curves of the form

Y : yn = f(x) for some n ≥ 2 with p - n,
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v0 v1

vξ

v′1

Figure 4.4: The set V ∗3 from Example 4.32

where f = (x2 − p)3 − p5 ∈ Qp[x] for some p 6= 2, 3.
Here, we are going to compute a model over Zp with at most rational singularities.

Let D ⊂ P1
K be the branch divisor of the cover Y → P1

K defined by (x, y) 7→ (x).
More precisely,

D = (f) + e · ∞, where e = 1 unless 5 | n.
For simplicity, we assume e = 1. We will now compute the set V ∗ as described in
Algorithm 4.27. Since f is irreducible, the set V∞ consists of only two valuations,

V∞ = {v∞, vf},

where v∞ = [v0, v(x) = −∞], vf = [v0, v1(x) = 1/2, v2(x2 − p) = 5/3, v3(f) = ∞].
In the first step we add the predecessors of the valuations in V∞ and obtain

V ∗1 = V∞ ∪ {v0, [v0, v1(x) = 1/2], [v1, v2(x2 − p) = 5/3]}.

This set is already inf-closed, so there is nothing to do in the second step, i.e.
V ∗2 = V ∗1 . Furthermore, note that V ∗(Σf ) = V ∗2 , as explained in Remark 4.31.

Applying Algorithm 4.28 to the set V2, we find

V ∗3 = V ∗2 ∪
{
v′1 = [v0, v1(x) = 1]} ∪ {v2,λ = [v1, v2(x2 − p) = λ] | λ ∈ {3/2, 7/4, 2}

}
.

vf

v∞

(a) V∞

v0

v1 v2
vf

v∞

(b) V ∗1 = V ∗2

v0

v1

v′1

v2,3/2 v2

vf

v2,7/4 v2,2v∞

(c) V ∗3

Figure 4.5: Different steps in Algorithm 4.27 with input f = (x2 − p)3 − p5

Let (X ,D) be the model corresponding to V ∗ = V ∗3 , and denote by Y the nor-
malisation of X in the function field of Y . By Theorems 4.29 and 4.26, Y is a model
for Y with at most tame cyclic quotient singularities.

Let us study this model more thoroughly for n = 2 and p = 3. First, we
compute the extension of the valuations in V = V ∗ ∩ V (K[x]) to the function field
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6

4 4 4

2 2 2

Figure 4.6: Special fibre of the minimal regular model of Y : y2 = f(x).

FY . Consider for example the Gauß valuation v0. This valuation has precisely two
extensions to FY , given by

w1 = [v0, w0(y + 2x3) = 1, w1(y2 − f(x)) =∞],

w′1 = [v0, w
′
0(y + x3) = 2, w′1(y2 − f(x)) =∞].

The relevant data for the remaining valuations is gathered in Table 4.1.

v v0 v1 v1′ v2,3/2 v2 v2,7/4 v2,2

#{w ∈ V (F ) : w
∣∣
K(x)

= v} 2 1 1 1 1 2 2

e(w : v) 1 1 2 2 1 1 1

Table 4.1: Extensions of the valuations in V to FY (n = 2)

One can check that Y is already a regular model for Y . The component corre-
sponding to the valuation w′1 = [v′1, w

′
1(y2 − f(x)) = ∞] has self-intersection −1.

Blowing down this component yields the minimal regular model of Y . Its special
fibre is depicted in Figure 4.6. Note that the combinatorial description is unchanged
for different values of p, see [36, Type 2IV*-0].

As we pointed out before, our method also works for curves that are given as
a non-cyclic cover of the projective line - of course under the assumption that the
degree is prime to p. In the next example, we apply the algorithm to find a model
with at most rational singularities for a plane quartic.

Example 4.34. Let Y : −x4 + y4 + z4 + 3y2z2 = 0 be a plane quartic defined over
Q5. As outlined in Example 4.4, the curve Y can be represented as a V4-cover

φ : Y → X, [x : y : z] 7→ [u : v : w],

where X : −u2 + v2 + w2 + 3vw. In order to apply our methods, we first choose a
parametrisation

γ : X → P1
Qp , [u : v : w] 7→ [u+ v : w] = [w + 3v : u− v].

Over the algebraic closure, the branch locus of the cover comprises 6 points. After
applying the parametrisation γ, we obtain

D = {[t : 1] | t2 + 3t+ 1} ∪ {[±1 : 1]} ∪ {[1 : 0], [−3 : 2]} ⊂ P1
Qp .
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v0

v1

2
v2 Xs

2

2

Y ′s

4

4

Ys

Figure 4.7: Special fibres in Example 4.34.

For the further discussion, we study the chart with z 6= 0. Setting x′ = x/z and
y′ = y/z, the cover φ′ = γ ◦ φ is defined by φ′ : (x′, y′) 7→ t = x′2 + y′2. Note that t
and y′ satisfy the relation

0 = −x′4 + y′4 + 1 + 3y′2 = −t2 + 2ty′2 + 3y′2 + 1.

Using this information, the V4-cover factors into two covers of degree 2. The under-
lying extensions of function fields and the corresponding curves are described in the
following diagram.

FY = M [x′]/(x′2 + y′2 − t) Y (plane quartic)

FE = Q5(t)[y′]/(y′2(3 + 2t)− t2 + 1) E (elliptic curve)

Q5(t) P1
K .

2

2

Applying Algorithm 4.27 with input D = (t− 1) + (t+ 1) + (t+ 3/2) + (t2 + 3t+
1) + (1/t) yields

V = V ∗ ∩ V (Qp[t]) = {v0, [v0, v1(t− 1) = 1/2], [v0, v2(t− 1) = 1]}.

Let X be the model of P1
Q5

with V (X ) = V . Both, v0 and v2 have a unique
unramified extension to FE, whereas v1 has two extensions to FE. The special fibre
of the model associated to this set of valuations comprises four components. The two
components lying above v0 and v2 are isomorphic to P1

F5
, the other two components

are isomorphic to PF52
. 3

Next, we compute the extensions of the valuations in V (Y ′) to FY . In this step,
we find that each of the valuations has precisely one extension. Only the extensions

3One can check that E has semistable reduction. The minimal regular model is obtained by
blowing down the two multiplicity 2 components.
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of the valuations lying above v1 are ramified. A pictorial description of the special
fibres of the models X , Y ′ and Y can be found in Figure 4.7. The numbers in that
drawing represent the multiplicities of the components.
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Integral Differential Forms
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Chapter 5

Introduction to Differential Forms

Let Y be a smooth projective curve over some local field K, and Y → SpecOK a
model of Y . In the first section, we recall some facts about the space of (regular)
differentials forms on Y . In the second section, we define the sheaf of relative
differentials and the canonical sheaf for the model Y . Finally, in the third section,
we can define the lattice of integral differential forms of Y . In that context, we also
recall some facts about rational singularities.

5.1 Differential forms on algebraic curves

As always, Y denotes a smooth projective curve over a field K. We denote by ΩY/K

the space of differential forms on Y . This is the 1-dimensional FY -vector space
generated by symbols of the form df for f ∈ FY subject to the conditions

dx = 0 for all x ∈ K,
d(f + g) = df + dg for all f, g ∈ FY ,
d(fg) = fdg + gdf for all f, g ∈ FY .

Let y ∈ Y (K) and t ∈ FY a local parameter of Y at y. Then there exits a unique
f ∈ FY such that ω = fdt. The order of ω in y is defined as

vy(ω) = vy(f),

where vy : FY → Z denotes the discrete valuation of the local ring of Y at y. This
gives ΩY/K the structure of an OY -sheaf. More precisely for any open set U ⊂ Y ,
we have ΩY/K(U) = {ω | vy(ω) ≥ 0 ∀y ∈ U}.

Proposition 5.1. H0(Y,ΩY/K) is a K-vector space of dimension g.

In Chapters 6 and 7, it is essential to know a basis for the space H0(Y,ΩY/K).
Such a basis can be read off from the Newton polytope of an equation. We will
briefly explain how this works.
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Assume that Y is defined by an affine equation F (x, y) = 0 with F =
∑
aijx

iyj ∈
K[x, y]. The Newton polytope ∆ of F is defined to be the convex hull of the set
{(i, j) | aij 6= 0} in R2. We denote by ∆(Z) the set of integral points in the interior
of the Newton polytope ∆.

Proposition 5.2. [11, Theorem 2.2] Assume that Y is defined by an absolutely
irreducible polynomial F and that the intersection of the plane model F (x, y) = 0 of
Y with the torus G2 ⊂ A2

K is smooth. If Fy = ∂F/∂y 6= 0, then(
ωij = xi−1yj−1dx

Fy
| (i, j) ∈ ∆(Z)

)
is a basis for H0(Y,ΩY/K) as a K-vector space. In particular |∆(Z)| = g.

Using the above proposition, we can give an explicit (and already well-known)
description for the basis of regular differentials of an arbitrary hyperelliptic curve.

Example 5.3. Assume that 2 6= 0 in K and let Y be a hyperelliptic curve defined
by some affine equation

Y : y2 = f(x).

Then (
ωi = xi

dx

y
| i ∈ {0, . . . , g − 1}

)
is a K-basis for H0(Y,ΩY/K).

Example 5.4. Assume that Y is a superelliptic curve with affine model

Y : yn = f(x),

where p - n and f is a separable polynomial of degree d. Then this equation defines
a smooth curve in G2.1 A basis for H0(Y,ΩY/K) is given by(

ωi,j = xiyj
dx

yn−1

)
(i,j)∈I

, I = {(i, j) | 0 ≤ in+ jd ≤ 2g − 2}.

Here we also used that |∆(Z)| = (n−1)(d−1)−gcd(d,n)−1
2

.

5.2 Differential forms on models of curves

In this section, we study differential forms living on models of curves. Let X be an
OK-model of a curve X. First, we define modules of differential forms ΩU/OK for
affine subsets U ⊂ X and then construct the sheaf of differential forms ΩX/OK by
gluing these modules.

The definitions in the following subsection are given in a more general situation.
We do not only treat the case of arithmetic surfaces X → SpecOK , but we define
ΩY/X for general morphisms of schemes Y → X . This is necessary for some of the
proofs in Chapter 7.

1It is not a necessary condition that f is separable. The equation still defines a smooth model
if α = 0 is a multiple root of f .
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5.2.1 Modules of relative differential forms Let A be a ring, B an A-algebra
and M a B-module. We call a map d : B → M an A-derivation if it satisfies the
following conditions

da = 0 for all a ∈ A,
d(b1 + b2) = db1 + db2 for all b1, b2 ∈ B,
d(b1b2) = b1db2 + b2db1 for all b1, b2 ∈ B.

Up to unique isomorphism, there exists a unique B-module ΩB/A endowed with an
A-derivation d that satisfies the following universal property.

For any B-module M with an A-derivation d′ :
B → M , there exists a unique homomorphism
of B-modules ϕ : ΩB/A →M , which makes the
diagram on the right commute.

B ΩB/A

M

d′

d

ϕ

We call ΩB/A the module of relative differential forms of B over A. For our purposes,
the following two examples from [29] are very important.

Example 5.5. [29, Example 6.1.6.] Let B = A[T1, . . . , Tn]. Then ΩB/A is the free B-
module of rank n generated by the symbols dT1, . . . dTn and the map d : B → ΩB/A

is defined by d(G) =
∑n

i=1(∂G/∂Ti)dTi for G ∈ B.

Example 5.6. [29, Example 6.1.10.] LetB = A[T1, . . . , Tn], F ∈ B and C = B/FB.
Then ΩC/A is the quotient of the free C-module generated by the symbols dT1, . . . dTn
by the submodule generated by dF , i.e.

ΩC/A = 〈dT1, . . . , dTn〉C/〈dF 〉C .

Similarly as in the above example, the map d : C → ΩC/A is defined by d(G) =∑n
i=1(∂G/∂Ti)dTi for G ∈ C.

5.2.2 The sheaf of relative differential forms Let f : Y → X be a morphism
of schemes. We have two ways of constructing modules of differentials. Firstly, for
any pair of affine open subsets U ⊂ X and V ⊂ f−1(U), we can construct the
module ΩOY (V )/OX (U). Secondly, for a point y ∈ Y , we can construct the module
ΩOY,y/OX ,f(y) . Indeed these constructions glue [29, Proposition 6.1.17] and the sheaf
of relative differential forms (of degree 1) of Y over X is defined to be the unique
quasi-coherent sheaf ΩY/X on Y such that for any pair of affine open subsets U ⊂ X ,
V ⊂ f−1(U) and y ∈ V , we have

ΩY/X
∣∣
V
'
(
ΩOY (V )/OX (U)

)̃
and (ΩY/X )y ' ΩOY,y/OX ,f(y) .

In our applications, we often have X = SpecR for some ring R. In this case we
usually write ΩY/R instead of ΩY/SpecR.

Example 5.7. Let Y be the elliptic curve defined by the affine equation y2 = x3+pm

over Qp for some m ∈ N. Denote by Y the Weierstraß model associated to this
equation, i.e.

Y = Proj Zp[X, Y, Z]/(Y 2Z −X3 − pmZ3).
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Note that this model is not regular if m > 1.
When restricted to the open subset V with Z 6= 0, we obtain the OY(V )-module

ΩY/Zp
∣∣
V

= 〈dx, dy〉/(3x2dx− 2ydy)

as per Example 5.6. Here, we also see that ΩY/Zp is not locally free, since it has
rank 2 at ξ = (x, y, p) and rank 1 at any other point.

Let us compare this sheaf to the space of regular differentials on Y . We have
that H0(Y ,ΩY/Zp) ⊗ Qp = H0(Y,ΩY/Qp). It follows that the global sections form a
Zp-sublattice in H0(Y,ΩY/Qp). In the last section, we have seen that the latter is
generated by ω = dx/2y. It is easy to see that

6pmω = 3ydx− 2xdy ∈ H0(V,ΩY/Zp).

Moreover this is a generator for H0(Y ,ΩY/Zp) as a Zp-lattice.

5.2.3 The canonical sheaf Similar to the sheaf of relative differentials, the
canonical sheaf ωY,OK extends ΩY/K .

Consider a smooth projective curve Y and a model Y → S of this curve, where
S = SpecOK . Let y ∈ Y be a regular point and U ⊂ Y a regular open neighbour-
hood. Regularity of U implies that U → S is a local complete intersection (see [29,
§6.3 and Corollary 8.3.6 (d)]). Therefore, after possibly shrinking the neighbour-
hood U , there exists a regular immersion i : U → An

OK defined by a sheaf of ideals
I. Then

CU/AnOK = i∗(I/I2)

is called the conormal sheaf of U in An
OK . Since the immersion i is regular, CU/AnOK

is locally free. Set

ωU/S := det(CU/AnOK )∨ ⊗OU i∗(det ΩAnOK /S
).

By construction, this is an invertible sheaf on U . One shows that the construction
is independent from all choices and compatible with restriction to open subsets
U ′ ⊂ U . Therefore, this local construction extends, by glueing, to the definition
of an invertible sheaf ωV/S on the regular locus V := Y \ Ysing of Y . Recall that
Ysing ⊂ Y is empty or has codimension two, since Y is a normal scheme. See [29,
§6.4.2] for more details. Finally, we set

ωY/S := ι∗ωV/S,

where ι : V ↪→ Y is the open embedding. We usually write ωY/OK instead of
ωY/SpecOK .

The next lemma is very helpful for explicit computations.

Lemma 5.8. Let U be an integral closed subscheme of SpecOK [T1, T2] defined by
some principal ideal I = (F ). Suppose that the partial derivative FT2 = ∂F/∂T2 is
non-zero. Then

µ =
dT1

FT2
generates the canonical sheaf ωU/S as an OU -module.
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Proof: This is a special case of Corollary 6.4.14. in [29]. 2

Example 5.9. Let us consider the elliptic curve Y : y2 = x3−pm from Example 5.7
with Weierstraß model Y → SpecZp. Again, V ⊂ Y is the open subset with Z 6= 0.
It follows directly from the previous lemma that

ωV/Zp = 〈ω〉OV , with ω = dx/2y.

Recall from the last example that ω /∈ H0(Y ,ΩY,Zp) = 〈6pmω〉. The latter is a
sublattice of H0(Y ,ωY,Zp) = 〈ω〉.

Interestingly, for elliptic curves the (minimal) Weierstraß model already gives
enough information to determine the canonical sheaf of the minimal regular model.

Proposition 5.10. Let E : y2 = f(x) be an elliptic curve defined over some local
field K with residue characteristic p 6= 2. Denote byW the Weierstraß model defined
by y2 = f(x) and by Ymin the minimal regular model of E. Then the equation is a
minimal Weierstraß equation if and only if

ωYmin/OK = ωOYmin , ωW,OK = ωOW , with ω = dx/2y.

Proof: This follows directly from [29, Theorem 4.35]. 2

Example 5.11. Let us go back to the elliptic curve E from the previous example.
The equation y2 = x3 + pm is minimal for m < 6. In that case, by Proposition 5.10,
we have

ωYmin/Zp =
dx

2y
OYmin .

For the general case write m = 6k+m′ with m′ ∈ {0, . . . , 5}. Then y′2 = x′3 +pm
′

is
a minimal Weierstraß equation for E, obtained by the change of variables (x, y) =
(p2kx′, p3ky′) and

ωYmin/Zp = pk
dx

2y
OYmin .

5.3 The lattice of integral differentials

We have already seen that the group of global sections of the sheaf ΩY/K of differ-
ential 1-forms,

MK := H0(Y,ΩY/K),

is a K-vector space of dimension g. To any model Y , one may associate the module

MY = H0(Y ,ωY/S).

This defines a full OK-lattice in MK , since ωY/S extends ΩY/K .

Remark 5.12. The sheaf ωY/S is divisorial. In particular if Y is represented as a
finite set of valuations V = V (Y), then

MY = {ω ∈MK | v(ω) ≥ 0 ∀v ∈ V (Y)}.

Here v(ω) denotes the order of vanishing along the component Ev of Ys (see §7.2).
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The lattice of integral differentials of Y is the minimal lattice of that form (cf.
Definition 5.19). Equivalently, one can say that it is the lattice MY , where Y is a
model with at most rational singularities. To make this more precise, we first study
rational singularities and then formally define the lattice of integral differentials. To
conclude, we will present different models that can be used to compute this lattice.

5.3.1 Rational singularities

Definition 5.13. Let Y be a model of a smooth projective curve Y . We say that
a point y ∈ Y is a rational singularity if for every desingularisation f : Y ′ → Y , we
have

(f∗ωY ′/S)y = (ωY/S)y

If (f∗ωY ′/S)y = (ωY/S)y holds for some desingularisation f : Y ′ → Y , then it
automatically holds for all desingularisations and y is a rational singularity.

Proposition 5.14. A regular point y ∈ Y is a rational singularity.

Proof: The canonical sheafωY/S is the dualising sheaf for the proper morphism
Y → S, see [29], §6.4.3 and [34]. By definition, y is a rational singularity if and only
if for every desingularisation f : Y ′ → Y we have

(f∗ωY ′/S)y = (ωY/S)y.

By duality2, this holds if and only if

(R1f∗OY ′)y = 0.3

The statement of the proposition now follows from [26, Proposition 1.2]. 2

The following two corollaries are direct consequences.

Corollary 5.15. Let Y be a smooth projective curve and Y , Y ′ be regular models
of Y . Then

MY = MY ′ .

Corollary 5.16. A model Y of Y has only rational singularities if and only if the
OK-lattice

MY ⊂MK

is minimal, among all lattices of this form. Moreover, this is the case if Y is regular.

In what follows we will often consider models which are not regular, but still have
only rational singularities. For elliptic curves there is a very easy class of examples
for such models, as is demonstrated in the following lemma.

Lemma 5.17. Let E : y2 = f(x) be an elliptic curve defined over some local field
K with residue characteristic p 6= 2. Denote by W the Weierstraß model defined by
y2 = f(x). Then W has only rational singularities if and only if it is the minimal
Weierstraß model.

2It is not so easy to find an accessible reference for the exact statement we need here. See the
article [23] for more details.

3This condition is actually the usual definition of the term rational singularity.
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Proof: If W is minimal, then the minimal regular model Ymin dominates W ,
write f : Ymin →W . By Proposition 5.10, f∗ωYmin/OK = ωOYmin , henceW has only
rational singularities.

On the other hand, if W is not minimal, then we still have that ωW,OK = ωOW
with ω = dx/2y. Write f : Y → W for a desingularisation. The model Y dominates
the minimal regular model. There are contraction morphisms g : Y → Ymin and h :
Ymin →Wmin, whereWmin is the minimal Weierstraß model. Note thatωWmin,OK =
ω′OW where ω′ = a ·ω for some a ∈ OK \O×K . It follows from the previous part and
the fact that Ymin has only rational singularities that

ωY/OK = a · ωOY

and in particular

(f∗ωY/S) ( (ωW/S)

For our purposes rational singularities arising as quotient singularities play an
important role (see Definition 1.8).

Proposition 5.18. Tame quotient singularities are rational singularities.

Proof: This follows from the proof of the main result in [6]. 4 2

It turns out that, in general, wild quotient singularities are not rational. We will
show this in Example 5.20. But there exists a class of wild quotient singularities,
so-called weak wild quotient singularities ([39, Definition 3.7]) which are rational
([39, Corollary 4.13]).

5.3.2 Integral differential forms

Definition 5.19. Let Y be a smooth projective curve and Y be any model of Y
with at most rational singularities, then the lattice

M := MY = H0(Y ,ωY/S)

is called the lattice of integral differential forms of Y .

We are now ready to give an example of a model which has a non-rational
quotient singularity.

Example 5.20. Consider the elliptic curve E : y2 = x3 − 3x2 + 3 defined over Q3.
This curve has also been studied in [15, Remark 3.6]. Let

v = [v0, v1(x) = 1/3, v2(x3 − 3x2 + 3) = 2] ∈ V (Q3[x])

and Xv be the model of the projective line with V (Xv) = {v}. The model Xv has
a unique singularity at the specialisation of x = 0. This is a weak wild arithmetic

4In [6] all schemes are assumed to be of finite type over a field of characteristic zero, or a
localization of such schemes. But the proof goes through essentially unchanged in our situation.
More details are given in [23].
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quotient singularity and can be resolved using the methods from [39], see also Al-
gorithm 4.28. Now let Yv be the normalisation of Xv in the function field of the
elliptic curve. We find V (Yv) = {w} with

w = [v, w(y2 − (x3 − 3x2 + 3)) =∞]

and it is easy to see that this model has a unique singularity which is also a wild
quotient singularity. To make this more precise, let L be the splitting field of x3 −
3x2+3. The extension L/Q3 is totally ramified of degree 3 and E has good reduction
over L, hence there exists a smooth OL-model Y of E. We obtain the following
diagram.

Y Yv

X Xv

SpecOL SpecZ3

2 2

The vertical arrows are the quotient maps by G(L/Q3).
Now, we are going to show that the singularity of Yv is not rational. For that

purpose note that ME = 〈dx/(2y)〉OK , since the equation y2 = x3 − 3x2 + 3 is
minimal. Using the methods from Section 7.2, one can check that dx/(2y) vanishes
to order 1 along the unique component of the special fibre of Yv. This implies
1
3
dx/(2y) ∈MYv . In conclusion

ME (MYv .

5.3.3 Models with rational singularities

Proposition 5.21. Let Y be a smooth projective curve with semistable reduction
and Y → S a semistable model. Then the lattice of integral differentials of Y is

M = MY .

Proof: Let y ∈ Y be a singular point and f : Y ′ → Y the minimal desingu-
larisation at y. Corollary 10.3.25 in [29] states that its desingularisation is made up
of a chain of projective lines E1, . . . , Er over k that meet transversally at rational
points. These lines have multiplicity 1 and self intersection −2. It follows from [29,
Proposition 9.4.8] that the intersection KY ′/R.Ei = 0 for all i. Now [29, Corollary
9.4.18] implies that f∗ωY ′/S ' ωY/S. In particular y is a rational singularity. 2

In particular, the stable model satisfies MY = MY . The analogue of the stable
model in the cases of bad, non-semistable reduction is given by the canonical model.

Definition 5.22. Let Y be a smooth projective curve of genus g ≥ 2. Let Ymin

be the minimal regular model of Y . Let f : Ymin → Y be the contraction of all
components E of the the special fibre of Ymin such that the intersection KY/S.E = 0.
Then the model Ycan = Y is called the canonical model of Y .
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Proposition 5.23. Let Y be a smooth projective curve with canonical model Ycan.
Then the lattice of integral differentials of Y is

M = MY .

Proof: The reasoning is completely analogous to the proof of Proposition 5.21.
2

Proposition 5.24 (Theorem 10.3.34(b) in [29]). If Y has semistable reduction then

Ycan = Ystab.

Proposition 5.25. Let Y be a hyperelliptic curve with semistable reduction defined
over K and let L/K be a finite field extension. Write YL for the base change of Y
to L. Then

MYL = MY ⊗OK OL
inside ML = MK ⊗K L.

Proof: Let Y → SpecOK and Y ′ → SpecOL be the stable models of Y and
YL, respectively. We have Y ′ = Y ×OK SpecOL and by [29, Theorem 6.4.9.b],
ωY ′/OL = p∗ωY/OK , where p : Y ′ = Y × SpecOL → Y is the first projection. So the
result follows from [29, Corollary 5.2.27]. 2

Remark 5.26. We have seen that one may choose between a variety of differ-
ent models in order to compute the lattice of integral differentials associated to a
curve. Moreover, we may always pass to an unramified extension of the base field
to compute MY , since the formation of the canonical model commutes with étale
base-change (see [29, Proposition 10.1.17]). This is particularly helpful, when one
is only interested in computing the covolume of MY in MK . In certain cases, we
may also pass to a ramified finite field extension as is explained in the preceding
proposition.
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Chapter 6

Superelliptic Curves with

Semistable Reduction

Let Y be a superelliptic curve with semistable reduction given as a tame cover of
the projective line, i.e.

Y : yn = f(x),

where p - n. We write FY for the function field of Y .
This chapter is divided into two parts. In the first part, we show how to construct

a basis for the lattice of integral differentials MY from the cluster picture of the
polynomial f . In the second part we give a convenient formula for determining the
covolume of this lattice in MK in the case n = 2.

6.1 Basis for the lattice of integral differentials

Of course, the computation of the integral differential forms relies on the computa-
tion of a suitable model Y with MY = MY . We are going to use the model from
Corollary 4.17 which is described by a set of valuations corresponding to the cluster
picture of f . The construction in the case of hyperelliptic curves is very similar to
the one given in [12]. The main difference is that here we do not need to know the
stable model and not even a semistable model explicitly. For our applications it suf-
fices to know some model which dominates the stable model. With this description
on hand, we will first simplify the representation of MY in such a way that there is
a purely combinatorial description of the valuations that we need to compute. The
main theorem of this section, Theorem 6.11, makes use of this description and shows
how to iteratively construct a basis for MY .

In the whole section, we assume that the polynomial f is monic. Moreover make
the following assumptions on the cluster picture.

Assumption 6.1. For any proper cluster s ∈ Σf , we assume that

(1) s admits a K-rational centre αs,
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(2) ds ∈ Z≥0 and νs ∈ nZ, 1

The assumption that f is monic and that the depths of the clusters are non-
negative are necessary so that the associated valuations are MacLane valuations.
At least in the case of hyperelliptic curves, the result is still valid without these
assumptions ([21, Theorem 4.1]).

The remaining assumptions are not very restrictive. We have seen in Chapter
4 that the assumptions imply semistability (Theorem 4.19). On the other hand, if
Y is a curve with semistable reduction and n = 2, then Assumption (1) holds after
an unramified extension of the base field ([12, Lemma B.1]). Moreover ds ∈ Z and
νs ∈ 2Z for principal clusters ([12, Theorem 10.3]). We will discuss in Remark 6.12
how to eliminate the first assumption for our final result.

6.1.1 Description of the lattice MY Our aim in this part is to describe the
lattice of integral differentials MY in terms of the cluster picture of f . For that
purpose, we first associate different valuations to clusters in Σf .

Definition 6.2. To each proper cluster s, we associate the valuations

vs = [v0, vs(x− αs) = ds] ∈ V (K[x]), ws = [vs, ws(y) = νs/n] ∈ V (K(x)[y]),

and the finite set of valuations

Vs = {w ∈ V (FY ) | w extends vs}.

Note that under our assumptions all clusters are Galois-invariant, i.e. {s} is
a Galois-orbit as in Definition 3.6. The valuation vs coincides with the valuation
associated to {s} in Definition 3.17.

Remark 6.3. Note that for a root α ∈ R and a cluster s, we have dα∧s =
∑

α∧s⊆s′ δs′ .
So νs can also be calculated via

νs = vK(cf ) +
∑
s⊆s′

δs′ |s′|.

Further, note that there is an identity

νs = vs(f).

Proposition 6.4. Let

V =
⋃

s proper

Vs ⊂ V (FY ).

and Y be the model defined by this set of valuations, i.e. V (Y) = V . Under As-
sumption 6.1, the lattice of integral differentials of Y is

MY = MY .

1See Definition 4.18 for the definition of νs.
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Proof: Note that the model Y might not be semistable. However it dominates
the stable model (Corollary 4.21), hence MY ⊂ MY0 . The latter coincides with
MY , i.e. MY = MY0 as per Proposition 5.21. The statement now follows from the
minimality of MY . 2

The next two lemmas show that for our purposes it is not necessary to know
the valuations w ∈ Vs explicitly, but it suffices to work with ws ∈ V (K(x)[y]). We
will use this to find a simplified combinatorial description of MY . Moreover, the
differential forms ω for which we need to evaluate ws(ω) are of a simple form, and
we show how to read off ws(ω) directly from the cluster picture (Proposition 6.10).

Lemma 6.5. Let s be a cluster and assume |Vs| > 1. Then ws = inf(Vs) in
V (K(x)[y]).

Proof: Note that νs = vs(f). The statement of the lemma follows from Propo-
sition 4.8. 2

Lemma 6.6. Let G =
∑d

i=1 giy
i ∈ K(x)[y] of degree d < n, then

ws(G) = min(w(G) | w ∈ Vs).

Proof: This follows from Corollary 4.9.

Definition 6.7. For any ω ∈ MK , we can find a representation of the form G ·
dx/yn−1, where G ∈ K(x)[y] has degree smaller than n. We then define

ws(ω) = ws(G) + ds −
n− 1

n
νs.

The following result is essential for the proof of the main theorem.

Proposition 6.8. Let Y : yn = f(x) be a superelliptic curve satisfying Assumption
6.1. Then

MY =
⋂

s proper

Ms, where Ms = {ω ∈MK | ws(ω) ≥ 0}.

Proof: It follows from Corollary 6.4 that MY = MY , where Y is the model
corresponding to the set of valuations

V =
⋃

s proper

Vs.

Using the divisorial properties of ωY,OK (see Remark 5.12), we obtain

MY =
⋂
w∈V

Mw, where Mw = {ω ∈MK | w(ω) ≥ 0}.

Recall that w(ω) denotes the order of vanishing of ω along the component corre-
sponding to w. It suffices to show that⋂

w∈Vs

Mw = Ms for every proper cluster s.
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First note that w(dx) = vs(dx) = ds for any w ∈ Vs, since the extension of
valuations w/vs is unramified.2 Moreover w(dx/yn−1) = ds−(n−1)νs/n, as w(yn) =
vs(f) = νs. By definition w(ω) = w(ω/ω0) + w(ω0) for any ω0 ∈ MK . Setting
ω0 = dx/yn−1, we see that ws(ω) ≤ w(ω) for all w ∈ Vs and ω ∈MK . It follows that
Ms ⊂ ∩Mw.

Now let ω ∈ ∩Mw, i.e. w(ω) ≥ 0 for all w ∈ Vs. Write ω = Gdx/yn−1 with
deg(G) < n. By Lemma 6.6, there is a valuation w′ ∈ Vs with w′(G) = ws(G). It
follows that ws(ω) = w′(ω) ≥ 0, hence ω ∈Ms. 2

6.1.2 Main theorem We will now associate a differential form ω to a sequence
of clusters and give an easy formula for evaluating ws(ω) for every cluster s. Then,
we are ready to state the main theorem of this section. Using the formula for ws(ω),
the reader can apply the theorem without knowing anything about the different
valuations involved.

Definition 6.9. Let s0, . . . , si be a sequence of clusters and j ∈ {0, . . . , n− 1}. We
associate to this sequence the differential form

ωj =
i∏

k=0

(x− αsk)y
j dx

yn−1
∈MK .

We often use the notation ωj(s0, . . . , si) = ωj to specify the corresponding sequence.

The valuation of a differential as in Definition 6.9 may be easily evaluated using
the following proposition. In particular it can be read off directly from the cluster
picture and it is not necessary, to compute valuations explicitly for applying Theorem
6.11 - the main theorem of this section.

Proposition 6.10. Let s0, . . . , si be a sequence of clusters, j ∈ {0, . . . , n − 1} and
ωj the associated differential form. Then

ws(ωj) =
i∑

k=0

dsk∧s + ds −
n− j − 1

n
νs.

Proof: From the definition of ws, we have ws(dx) = ds and ws(y) = νs/n. The
statement now follows from the identity vs(

∏k
i=0(x− αs)) =

∑k
i=0 dsi∧s. 2

Theorem 6.11. Let Y be a superelliptic curve of genus g affinely defined by Y : yn =
f(x), where f is a monic separable polynomial of degree d satisfying Assumption 6.1.

For 0 ≤ j ≤ (2g − 2)/d, let ij = b(2g − 2 − dj)/nc and choose proper clusters
s(0,j), . . . , s(ij ,j) inductively such that

ei,j := −ws(i,j)(ωj(s(0,j), . . . , s(i−1,j))), for ws(i,j)

is maximal in each step. Write ωi,j = ωj(s(0,j), . . . , s(i−1,j)). If the maximal value is
obtained by two different clusters, any cluster may be chosen at that step. Then an
OK-basis for the lattice of integral differentials of Y is given by

B =
(
π
ei,j
K ωi,j | 0 ≤ i ≤ ij, 0 ≤ j ≤ (2g − 2)/d

)
.

2More detailed explanations for computing the order of vanishing are given in §7.2.
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Note that in the above theorem for i = 0, one has to consider ωj associated to
an empty sequence of clusters. This should be interpreted as ωj = dx/yn−1.

Remark 6.12. Assume that Y has semistable reduction over K but f only satisfies
Assumption 6.1 after an unramified extension L/K. Recall that the formation of the
stable model commutes with unramified base change, i.e. Y ′ = Y ×SpecOK SpecOL
is the stable model for YL = Y ⊗K L. In that case, one can apply Theorem 6.11 to
the curve Y/L, which yields an OL-basis for MYL of the form

B′ = (µ′i,j) with µ′i,j = π
ei,j
K

i−1∏
k=0

(x− αsk,j)y
j dx

yn−1
.

Then an OK-basis for MY is given by

B = (µi,j) with µi,j = π
ei,j
K TrL/K

(
β

i−1∏
k=0

(x− αsk,j)

)
yj

dx

yn−1
,

where β ∈ O×L is any element satisfying TrL/K(β) ∈ O×K . This is shown in [35, The-
orem 6.5] for hyperelliptic curves and the proof directly translates to the situation
of superelliptic curves.

The following corollary for the case n = 2 coincides with [24, Theorem 4.1]. The
latter is valid in a slightly more general setting.

Corollary 6.13. Let Y be a hyperelliptic curve of genus g defined by Y : y2 = f(x)
with f monic. Assume that the cluster picture of f satisfies Assumption 6.1.

Choose proper clusters s0, . . . , sg−1 inductively such that

ei := −wsi(ω0(s0, . . . , si−1))

is maximal at each step. We write ωi = ω0(s0, . . . , si−1). If the maximal value is
obtained by two different clusters, any cluster may be chosen at that step. Then an
OK-basis for the lattice of integral differentials of Y is given by

B = (πeiK ωi | i = 0, . . . , g − 1).

In the proof of the theorem, we will use the following easy lemma.

Lemma 6.14. Let M be a free OK-module and MK = M ⊗K a vector space with
basis (v1, . . . , vn). For i ∈ {1, . . . , n}, let Vi = 〈v1, . . . , vi〉 and Mi = Vi∩M . Assume
that a basis (m1, . . . ,mi−1) for Mi−1 is given. Then any element

mi =
i∑

j=1

ajvj ∈Mi \Mi−1

such that v(ai) is minimal, complements this basis to a basis (m1, . . . ,mi) of Mi.
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Proof: Omitted. 2

Proof: [Proof of Theorem 6.11] By Proposition 6.8,

MY =
⋂

Ms, where Ms = {ω ∈MK | ws(ω) ≥ 0}.

We use the previous lemma to inductively construct a basis for MY . For that
purpose we start with the basis

B0 =

(
µi,j = xiyj

dx

yn−1

)
(i,j)∈I

, I = {(i, j) | 0 ≤ in+ jd ≤ 2g − 2}

for MK , see Example 5.4. Similar as in Lemma 6.14, we define

Vk,l = 〈µi,j | j < l ∨ (j = l ∧ i ≤ k)〉K and Mk,l = Vk,l ∩MY .

We decompose the index set as

I =
k⋃
j=0

Ij, where Ij = {(i, j) ∈ I} and k = b(2g − 2)/dc.

Let s(0,0) be a cluster such that the valuation e0,0 = −ws(0,0)(µ0,0) is maximal among

all clusters. This implies ws(π
e0,0
K · µ0,0) ≥ 0 for all proper clusters s. Clearly, the

value e0,0 is minimal with this property. Hence M0,0 = 〈πe0,0K µ0,0〉OK .
Now let (k, l) ∈ I \ (0, 0). Let s(i,j) for all (i, j) with j < l or (j = l ∧ i ≤ k) be

chosen according to the algorithm described in the theorem and suppose that

Mk,l = 〈πei,jK ωi,j | j < l ∨ (j = l ∧ i ≤ k)〉OK

with the notation of the theorem. There are two cases to consider.
The case with (k + 1, l) /∈ I, but (0, l + 1) ∈ I is very similar to the case

(k, l) = (0, 0). It follows from Lemma 6.6 that M0,l+1 = 〈a0,l+1y
l+1 dx

yn−1 〉 for some

a0,l+1 ∈ K. And by our construction vK(a0,l+1) = e0,l+1.
If (k+1, l) ∈ I, consider the module Mk+1,l. In order to complement the basis for

Mk,l to a basis of Mk+1,l, we have to find an element ω =
∑
ai,jµi,j ∈ Mk+1,l \Mk,l

with v(ak+1,l) minimal. It follows from Lemma 6.6 that we may assume ai,j = 0
for j 6= l. Our goal is to show that ω = a · (x − αs(k,l))ωk,l for some a ∈ K with
vK(a) = ek+1,l. For that purpose, we write

ω = a · (x− αs(k,l))ωk,l +
k∑
i=0

aiωi,l with a, ai ∈ K

and first show that vK(ai) ≥ ei,l for all i. To ease notation, we divide everything by
ω0,l = yl dx

yn−1 . This gives an equality in K[x]:

g = a · (x− αs(k,l))gk,l +
k∑
i=0

aigi,l with g = ω/ω0,l and gi,l = ωi,l/ω0,l.
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Note that for any cluster s, we have ws(ω) = vs(g) + ws(ω0,l).

g = a · (x− αs)gk,l + a(αs − αs(k,l))gk,l +
k∑
i=0

aigi,l

= (x− αs)g
′ + (a(αs − αs(k,l)) + ak)

k−1∏
i=0

(αs − αsi,l) +
k−1∑
i=0

ai

i−1∏
j=0

(αs − αsj,l)︸ ︷︷ ︸
(∗)

,

for some g′ ∈ K[x]. Note that for any cluster s it holds that ws(ω) ≥ 0, hence
vK(∗) ≥ vs(g) ≥ −ws(ω0,l).

Setting s = s0,l, we get (∗) = a0. Moreover −ws(ω0,l) = e0,l by our choice of s0,l.
Since this implies v(a0) ≥ e0,l, the differential form a0ω0,l ∈ M0,l ⊂ Mk+1,l. Hence
we can set ω′ = ω − a0w0,l and still have that ω′ complements the basis of Mk,l to
a basis of Mk+1,l. Proceeding inductively, i.e. setting s = si,l for 0 < i ≤ k, we find
that the differential form

ω′ = a · (x− αs(k,l))ωk,l.

is of the desired form. Note that with the notation above, this means

ω′ = ωl(s(0,l), . . . s(k,l)).

It remains to compute vK(a). Necessarily, vK(a) ≥ −ws(ωl(s(0,l), . . . s(k,l))) for all s.
To achieve minimality, we need that equality holds for at least one cluster s∗. We
may choose s∗ = sk+1,l in the notation of the theorem and get vK(a) = ek+1,l.

2

6.1.3 Examples In order to illustrate the algorithm described in Theorem 6.11,
we provide two examples. The first example is a Picard curve, the second example
a hyperelliptic curve of genus 5.

Example 6.15. Let Y be the Picard curve defined by Y : y3 = x4 + x2 + p6n over
Qp with p > 3 and n ∈ N. The cluster picture of f = x4 + x2 + p6n is

3n
0

We write t for the cluster of size two and R for the top cluster. Clearly, Assump-
tion 6.1 holds for both clusters, hence Y has semistable reduction. The computation
of MY is fairly simple in this example. Nevertheless, we use the algorithm described
in Theorem 6.11 for illustration purposes. We have

νR = 0, νt = 2n

and can evaluate ws(ω) via the formula in Proposition 6.10. Moreover, we may
choose the centres αt = αR = 0.

For j = 0, we get i0 = b(2 · 3 − 2)/3c = 1. In the first step, (i, j) = (0, 0), we
choose a cluster such that

−ws(ω0()) = −ws(dx/y
2)
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is maximal. The values ws(dx/y
2) for s ∈ {R, t} are given in the first column after

the double line of the table below. The maximal value is attained for t, hence we
set s(0,0) = t. Similarly, we choose s(1,0) = R in the next step. In the last step,
(i, j) = (0, 1), we find s(0,1) = R. The computations for these steps can be found in
the second and third column of the table. In each step, the minimal value of ws is
highlighted to indicate which cluster is chosen in the respective step.

νt dt ws(ω0()) ws(ω0(t)) ws(ω1())

R 0 0 0 0 0

t 2n 3n -n 2n n

In total, we obtain that

B =
(
pndx/y2, xdx/y2, ydx/y2

)
is a basis for MY .

Example 6.16. Let p > 3 and Y/Qp the hyperelliptic curve of genus g = 5 defined
by

y2 = x(x− p6)(x− 2p6)(x− p4)(x− 2p4)(x− 3p4)

· (x− 1)(x− 1− p8)(x− 1− 2p8)(x− 1− 3p8)(x− 2)(x− 3).

The proper clusters are

R, t1 = {0, p6, 2p6, p4, 2p4, 3p4}, t2 = {0, p6, 2p6}, t3 = {1, 1 + p8, 1 + 2p8, 1 + 3p8}.

The information regarding the depths of the different clusters can be extracted from
the cluster picture:

2
4

8

0

We construct a sequence of clusters as described in Corollary 6.13. The corollary
is applicable since Assumption 6.1 is satisfied. For the algorithm, we choose the
centres

αR = αt1 = αt2 = 0 and αt3 = 1.

First we choose s0 to be the cluster that maximises −ws(dx/y). The evaluation
of this term for each cluster can be found in the first column (after the double line)
of the table below. Next we choose s1 to be the cluster that maximises −ws((x −
αs0)dx/y), and so on.

νt dt ws(ω()) ws(ω(t2)) ws(ω(t2, t3)) ws(ω(t2, t3, t1)) ws(ω(t2, t3, t1,R))

R 0 0 0 0 0 0 0

t1 24 4 -8 -4 -4 0 0

t2 30 6 -9 -3 -3 1 1

t3 32 8 -8 -8 0 0 0
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In each column the minimal value of ws is highlighted to indicate which cluster is
chosen in the respective step. We can read off from the table

s0 = t2, s1 = t3, s2 = t1, s3 = R, s4 = R,

and e0 = 9, e1 = 8, e2 = 4, e3 = 0, e4 = 0.

With this data, we get

B =

(
p9 dx

2y
, p8x

dx

2y
, p4x(x− 1)

dx

2y
, x2(x− 1)

dx

2y
, x3(x− 1)

dx

2y

)
as a basis for the lattice of integral differential forms, MY .

Remark 6.17. In the hyperelliptic case, one can predict the number of times a
specific cluster is chosen in the algorithm of Corollary 6.13. More precisely, let Y :
y2 = f(x) be a hyperelliptic curve with semistable reduction and let s0, . . . , sg−1 ∈
Σf be a sequence of clusters chosen according to Corollary 6.13. Then for any cluster
s ∈ Σf it holds that

#{i | si ⊂ s} =

⌊
|s| − 1

2

⌋
.

We show this in [21, Lemma 4.2]. If we write fs for the factor of f with set of roots s,

then the number b |s|−1
2
c is equal to the genus of the curve Ys defined by y2 = fs(x).3

It would be interesting to see if there exists a similar relation for superelliptic
curves and a sequence of clusters as in Theorem 6.11.

6.2 Formula for hyperelliptic curves

In many practical applications it is not necessary to determine a basis for the lat-
tice of integral differentials, MY , explicitly, but it suffices to know its determinant.
A famous example is the Birch-and Swinnerton-Dyer conjecture for the Jacobian
of a curve. Another example comes from a (conjectural) conductor-discriminant
inequality. The latter will be discussed in the end of this section.

In this section, Y always denotes a hyperelliptic curve. Since we assume that Y
is given as a tame cover of the projective line, this means p 6= 2 in the whole section.

The results of this section are published in [21, Section 3].

Definition 6.18. Let Y be a hyperelliptic curve affinely defined by y2 = f(x).

Write
(
ω0 = dx

2y
, . . . , ωg−1 = yg−1 dx

2y

)
for the associated basis of MK . We say that

λ ∈ OK is the covolume of MY with respect to the equation, if

detMY = 〈λ · ω0 ∧ · · · ∧ ωg−1〉OK .

Note that λ as in the above definition is only well-defined up to multiplication
by a unit in OK . Moreover, vK(λ) is not a curve invariant but depends on the
equation, or more precisely on the choice of a vector space basis (ω0, . . . , ωg−1)
for MK . For hyperelliptic curves with semistable reduction the following theorem
provides a convenient formula for determining λ.

3This should not be confused with the genus attached to the cluster s as defined in [12].
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Theorem 6.19. Let Y/K be a hyperelliptic curve with semistable reduction defined
by Y : y2 = f(x) with f(x) = cf

∏
α∈R(x − α) and denote by MY the lattice of

integral differentials of Y . Then

8 vK(λ) = 4 g · vK(cf ) +
∑
|s| even

δs(|s| − 2)|s|+
∑
|s| odd

δs(|s| − 1)2, (6.20)

where λ is the covolume of MY with respect to the defining equation.

Theorem 6.19 constitutes the main result of this section. Before we get to the
proof of the formula, we illustrate its application by an example.

Example 6.21. Let us revisit Example 6.16 from the previous section, where we
determined a basis for the integral differentials of the hyperelliptic curve with cluster
picture

2
4

8

0

Then the formula of Theorem 6.19 yields

8 v(λC) = 4 · g · v(cf ) + δt1(|t1| − 2)|t|+ δt2(|t2| − 1)2 + δt3(|t3| − 2)|t3|+ dR (|R| − 2)|R|
= 4 · 5 · 0 + 4 · 4 · 6 + 2 · 22 + 8 · 2 · 4 + 0 · 10 · 12

= 8 · 21.

So

p21 dx

2y
∧ xdx

2y
∧ x

2dx

2y
∧ x

3dx

2y
∧ x

4dx

2y

generates detMY . Note that the value v(λ) = 21 is equal to the sum over the ei
determined by Theorem 6.13.

6.2.1 Hyperelliptic discriminant The first part of the section is dedicated to
the hyperelliptic discriminant - one of the main ingredients for the proof. Tradition-
ally the discriminant of a hyperelliptic curve is defined as follows.

Definition 6.22. Let Y/K be a hyperelliptic curve of genus g, defined by some
Weierstraß equation y2 = f(x). We denote by cf the leading coefficient of f . Then
the discriminant ∆ of the equation is defined as

∆ := 24g c4g+2
f disc

(
1

cf
f(x)

)
.

While the discriminant defined above is not a curve invariant, but depends on
the equation, there exists a more natural definition of discriminant.

Definition 6.23. Let Y/K be a hyperelliptic curve of genus g, defined by some
Weierstraß equation y2 = f(x) with discriminant ∆. We associate to this equation
the differential forms ω0, . . . , ωg−1 ∈MK and write ω = ω0 ∧ · · · ∧ ωg−1 ∈ detMK .

Then the element

ΛY := ∆g · ω⊗8g+4 ∈ (detMK)⊗8g+4

is called hyperelliptic discriminant of Y .
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We write ordp(ΛY ) for the order of vanishing in p. The following proposition
shows that ΛY is well-defined and independent of the equation defining Y .

Proposition 6.24. Let Y/K be a hyperelliptic curve with hyperelliptic discriminant
ΛY . Let y2 = f(x) be some Weierstraß equation for Y . We associate to this equation
the elements ∆ and λ. Then the following statements are true.

(i) The element ΛY is independent of the choice of equation.

(ii) Viewed as a rational section of (detMY )⊗8g+4, the order of vanishing in p is
given by

ordp(ΛY ) = g · vK(∆)− (8g + 4) · vK(λ).

(iii) Let y′2 = g(x′) be another equation defining the same curve with ∆′ and λ′ the
corresponding quantities. Then

vK(∆′)− vK(∆)

8g + 4
=
vK(λ′)− vK(λ)

g
.

Proof:

(i) This is Proposition 2.2.1. in [19].

(ii) This follows from the definition of ΛY . See also [19, Section 5, Formula 1].

(iii) This is a direct consequence of the first two statements.

2

In the last part of this section, we will discuss the relation between the hyperel-
liptic discriminant, the minimal discriminant and the Artin conductor.

6.2.2 Proof of the theorem A result in [19] shows that the formula in Theorem
6.19 is true under several additional assumptions (Lemma 6.26). Our strategy for
the proof of the theorem is to pass to a tamely ramified extension of the base field
and apply several Möbius transformations until Lemma 6.26 can be applied. In the
course of these transformations the valuation of λ changes. Hence it is necessary
to add correction terms to the original formula. Their computation can be reduced
to computing the change of the discriminant of the equation under these Möbius
transformations, which has already been done in [12, Section 16]. A key ingredient
for this reduction step is the hyperelliptic discriminant.

Remark 6.25. The starting point for our proof is [19, Proposition 5.5.2]. The
results in that article are phrased in a different language. For the convenience of the
reader, we shortly introduce the necessary notation and explain how it compares to
cluster pictures. This notation will only be used in the proof of the following lemma.

Throughout, let y2 = f(x) be an equation defining a hyperelliptic curve with
semistable reduction. Assume that the set of roots R of f is contained in OK .
Hence for any n ∈ N ∪ {0}, there is a natural map

ρn : R→ OK/(πK)n
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and one may define

Vn = {V ∈ R/(πK)n | #ρ−1
n (V ) ≥ 2}.

The set
V(T ) = ∪n≥0Vn

naturally has the structure of a rooted tree. For each V in V(T ), one defines φ(V ) =
|ρ−1
n (V )| and γ(V ) = b(φ(V )− 1)/2c.

Let us now compare the tree V(T ) to the cluster picture of the equation. Clearly,
R corresponds to the vertex V0. Let s = {α1, . . . , αm} ( R be a proper cluster with
depth ds and relative depth δs. Then ρn(s) ∈ Vn if and only if ds − δs < n ≤ ds.
Roughly speaking, for each proper cluster s ( R, the tree V(T ) contains δs copies of
this cluster. Recall that δs is integral by assumption. On the other hand, it is easy
to see that each vertex in V(T ) corresponds to some proper cluster and the value
φ(V ) is the cardinality of that cluster.

Note that in the language of valuations, the tree V(T ) corresponds precisely to
the set constructed in Algorithm 4.27 with input f . That means it corresponds to
a regular model with normal crossings of the projective line with the property that
the divisor defined by f consists of deg(f) different sections.

Lemma 6.26. Let Y/K be a hyperelliptic curve defined by Y : y2 = f(x) with
f(x) = cf

∏
α∈R(x− α). Assume that

(i) R ⊂ R,

(ii) v(r − s) ∈ 2Z for all r, s ∈ R,

(iii) cf is a unit in OK,

(iv) #R = 2g + 2,

(v) #{r̄ |α ∈ R} ≥ 3.

Then vK(λ) can be computed using Equation 6.20.

Proof: Under the conditions in the lemma, Equation 6.20 reduces to

8 vK(λ) =
∑
|s| even
s6=R

δs(|s| − 2)|s|+
∑
|s| odd
s6=R

δs(|s| − 1)2. (6.27)

This formula is due to Kausz, see [19, Proposition 5.5.2.]. The formula in the original
source reads as

g−1∑
i=0

ei =
1

2

∑
V >V0

φ(V ) even

γ(V )(γ(V ) + 1) +
1

2

∑
V >V0

φ(V ) odd

γ(V )2

with the notation introduced in the remark preceding this lemma. Note that the
ei’s play the same role as the ei’s defined in Corollary 6.13 and it directly follows
from the first part of the proposition in [19] that

∑
ei = vK(λ). Phrased in terms

of cluster pictures, this is precisely Formula 6.27. Several conditions are imposed
on the equation defining Y (cf. [19, Lemma 4.1]). It is easy to see that these are
implied by Conditions (i)-(v). Moreover, it is assumed that the residue field k is
algebraically closed, but this has no effect on the valuation of λ, see Remark 5.26.

2
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Remark 6.28. Instead of using the result from Kausz in the previous lemma, it
would also be possible to deduce the formula from our results of the last section.
More precisely, one can use the observation made in Remark 6.17 in order to compute
the sum over the ei and find a formula for the covolume of MY in that way. Indeed,
this is very similar to the approach that was used in [19] and in the end, yields the
same formula.

Note that the conditions in the above lemma imply semistability, see for example
[12, Theorem 7.1.]. Conversely, after a tamely ramified extension of the base field,
there always exists an equation for Y satisfying the conditions listed in the above
lemma if Y is semistable.

Proposition 6.29. Let Y/K be a semistable hyperelliptic curve and let K ′/K be a
finite field extension. Write Y ′ for the base-change of Y to K ′. Then

MY ′ = MY ⊗OK OK′

inside H0(Y ′,ΩY ′/K′) = H0(Y,ΩY/K)⊗K K ′.

Proof: We know that MY = MYstab , see Proposition 5.21. Proposition 5.25
shows that the MY ′ = MY ⊗OK OK′ . 2

Lemma 6.30. Let Y/K be a hyperelliptic curve with semistable reduction defined
by Y : y2 = f(x). Let K ′/K be a finite extension and write Y ′ for the base-change
of Y to K ′. Then Equation 6.20 holds for Y/K if and only if it holds for Y ′/K ′.

Proof: Let eK′/K denote the ramification degree of the extension K ′/K. Since
the clusters associated to f are objects in K, they do not change after a finite
extensions, but their depths do. More precisely we have δ′s = eK′/K · δs for each
proper cluster s 6= R and d′R = eK′/K ·dR. We write vK′ for the normalised valuation
on OK′ . That is vK′(a) = eK′/K · vK(a) for all a ∈ OK .

For λ′, Equation 6.20 yields

8 vK′(λ
′) =eK′/K ·

(
g · vK(cf ) +

∑
|s| even

δs(|s| − 2)|s|+
∑
|s| odd

δs(|s| − 1)2

)
.

From Proposition 6.29 it follows that vK′(λ
′) = eK′/K · vK(λ). So the above calcula-

tion shows that Formula 6.20 is true for Y/K if and only if it is true for Y ′/K ′. 2

Lemma 6.31. Let Y/K be a hyperelliptic curve defined by Y : y2 = f(x) with
f(x) = cf

∏
α∈R(x − α) and vK(cf ) in 2Z. Then the curve Y ′/K defined by y′2 =∏

α∈R(x− α) is isomorphic to Y over Knr and

vK(λ) = vK(λ′) + g · vK(cf )

2
.
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Proof: Since vK(cf ) is even, cf is a square in Knr and the two equations define
isomorphic curves over Knr.

By definition, the discriminant of the equation y2 = cf
∏

α∈R(x− α) is

∆ = 24g c4g+2
f disc(

∏
α∈R

(x− α)).

So
vK(∆) = vK(∆′) + (4g + 2) vK(cf ).

Using part 3 of Proposition 6.24, we get

vK(λ) = vK(λ′) + g · vK(cf )

2
.

2

There is a notion of equivalence for cluster pictures that respects isomorphisms
of hyperelliptic curves. This is discussed in [12, Section 14]. We are going to use the
manipulations defined in [12, Proposition 14.6] for the proof of Theorem 6.19. The
following lemma specifies the effect of these manipulations on the valuation of λ.

Lemma 6.32. Let Y/K be a hyperelliptic curve and y2 = f(x) a Weierstraß equa-
tion defining this curve. Let Σ be its cluster picture and λ the quantity associated to
this equation.

Let y′2 = g(x′) be a different equation for Y . Denote by Σ′ and λ′ the corre-
sponding elements.

(i) If Σ′ is obtained from Σ by increasing the depths of all clusters by some t ∈ Z,
then

vK(λ) = vK(λ′)− t

8
·

{
(|R| − 2)|R|, if |R| = 2g + 2,

(|R| − 1)2, if |R| = 2g + 1.

(ii) If Σ′ is obtained from Σ by adding a root to R, then

vK(λ) = vK(λ′)− dR(|R| − 1)

4
.

(iii) If R has even size and Σ′ is obtained from Σ by redistributing the depth between
s < R and R\s to d′s = ds − t and d′R\s = dR\s + t, then

vK(λ) = vK(λ′)− t · (|R| − 2)(|R| − 2|s|)
8

.

Proof: From [12, Lemma 16.6.], we know how the discriminant changes under
the above modifications of the cluster picture. We will combine these results with
Proposition 6.24, part 3.

(i) By [12, Lemma 16.6.(i)]

vK(∆′)− vK(∆) = t|R|(|R| − 1).
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Now Proposition 6.24 implies

vK(λ′)− vK(λ) = g · t |R|(|R| − 1)

8g + 4

=
t

8
·

{
(|R| − 2)|R|, if |R| = 2g + 2

(|R| − 1)2, if |R| = 2g + 1

(ii) By [12, Lemma 16.6.(ii)]

vK(∆′)− vK(∆) = 2 dR |R|.

Now Proposition 6.24 implies

vK(λ′)− vK(λ) =g · 2 dR |R|
8g + 4

=
|R| − 1

2
· dR

2
.

(iii) By [12, Lemma 16.6.(iv)]

vK(∆′)− vK(∆) = t · (|R| − 2|s|)(|R| − 1).

Now Proposition 6.24 implies

vK(λ′)− vK(λ) =g · t(|R| − 2|s|)(|R| − 1)

8g + 4

= t · |R| − 2

2
· |R| − 2|s|

4
.

2

Proof: [Proof of Theorem 6.19] Let Y/K be a hyperelliptic curve with semistable
reduction defined by Y : y2 = f(x) with f(x) = cf

∏
α∈R(x−α). In Lemma 6.30 we

have seen that it suffices to prove that the formula holds after a finite extension. So
we may assume that R ⊂ K, vK(α − α′) ∈ 2Z for all α, α′ ∈ R, and vK(cf ) ∈ 2Z.
Subtracting the correction term 4g · vK(cf ) from the right hand side, we may even
assume that vK(cf ) = 0. This follows from Lemma 6.31.

Further we can perform a Möbius transformation such that the cluster picture
corresponding to the new equation has outer depth dR = 0, see [12, Proposition
14.6]. By Lemma 6.32 this corresponds to subtracting dR(|R|−2)|R| if |R| = 2g+2
or dR(|R| − 1)2 if |R| = 2g + 1 from 8vK(λ). Note that decreasing the absolute
depths does not change any relative depths.

In case that |R| = 2g + 1, we can perform a Möbius transformation that corre-
sponds to adding one root to the cluster picture. Since dR = 0, this does not change
the valuation of λ. After these two steps we are left with proving the simplified
formula that already appeared in Lemma 6.26. That is

8 vK(λ) =
∑
|s| even
s6=R

δs(|s| − 2)|s|+
∑
|s| odd
s6=R

δs(|s| − 1)2.
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with Conditions (ii), (iii) and (iv) of the lemma being satisfied and dR = 0.
Without loss of generality we may always assume GK-stability for clusters be-

cause the formula for λ behaves well under tamely ramified extension (see Lemma
6.30). So we can apply Part 3 of Proposition 14.6. in [12] that is redistribute depth
between a (GK-stable) cluster s and R\s. This allows us to manipulate the cluster
picture such that R has at least three children in the following way. Assume that
R has exactly two children, s1 and s2. Without loss of generality assume that s1

is not a root, hence it has at least two children on its own, say t1 and t2. After
redistributing depth between s1 and s2 in such a way that ds1 = 0, s1 is no longer a
cluster but R has at least three children given by t1, t2, s2. Together with the fact
that dR = 0, this implies Condition (v) of Lemma 6.26.

Let us show that the formula behaves well when redistributing depths. Let
s∗ < R be a cluster in Σ. Let Σ′ be the cluster picture obtained after redistributing
depth between s∗ and R\s∗. That is d′s∗ = ds∗ − t and d′R\s∗ = dR\s∗ + t for some
t ∈ Z. We have already seen in Lemma 6.32, part 3 that

8 (vK(λ′)− vK(λ)) = t · (|R| − 2)(|R| − 2|s|).

The calculation below shows that this equals the change on the right hand side of
the equation.∑

|s| even
s6=R

δ′s(|s| − 2)|s|+
∑
|s| odd
s6=R

δ′s(|s| − 1)2

=
∑
|s| even

s 6=s∗,R\s∗

δs(|s| − 2)|s|+
∑
|s| odd

s6=s∗,R\s∗

δs(|s| − 1)2

+

{
(δs∗ − t)(|s∗| − 2)|s∗|+ (δR\s∗ + t)(|R\s∗| − 2)|R\s∗|, |s∗| even

(δs∗ − t)(|s∗| − 1)2 + (δR\s∗ + t)(|R\s∗| − 1)2, |s∗| odd

=
∑
|s| even
s6=R

δs(|s| − 2)|s|+
∑
|s| odd
s6=R

δs(|s| − 1)2

+

{
−t(|s∗| − 2)|s∗|+ t(2g − |s∗|)(2g + 2− |s∗|), |s∗| even

−t(|s∗| − 1)2 + t(2g + 1− |s∗|)2, |s∗| odd

=
∑
|s| even
s6=R

δs(|s| − 2)|s|+
∑
|s| odd
s6=R

δs(|s| − 1)2 + t(|R| − 2)(|R| − 2|s|)

Now the only condition missing in order to apply Lemma 6.26 is R ⊂ R. We
already have R ⊂ K. Since dR = 0 and vK(cf ) = 0, it follows from [12, Theorem
13.3] that there exists z ∈ K such that f(x−z) ∈ R[x]. Clearly, such a shift changes
neither the cluster picture nor the valuation of λ. Hence we may assume R ⊂ R
without adding a further correction term. 2

6.2.3 Conductor-discriminant inequality We have already defined the terms
discriminant and hyperelliptic discriminant. In this section we will study the relation
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between these terms, the minimal discriminant and the Artin conductor. In this
part, we assume that the residue field is algebraically closed.

Definition 6.33. Let Y be a hyperelliptic curve. A minimal Weierstraß equation
for this curve is an integral equation with the property that the valuation of its
discriminant ∆ is minimal. In that case, vK(∆) is called the valuation of the minimal
discriminant and we denote it by vK(∆min).

Definition 6.34. For a regular model Y of Y , the Artin conductor is defined as

Art(Y ,OK) = χ(YK̄)− χ(Yk̄)− δ,

where χ denotes the Euler characteristic and δ is the Swan conductor associated to
the `-adic representation Gal(K̄/K)→ Aut(H1(YK̄ ,Ql)) with ` 6= p.

We set Art(Y,K) = Art(Ymin,OK), where Ymin is the minimal regular model.

For elliptic curves, the minimal discriminant satisfies the famous relation

−Art(Y,K) = vK(∆min),

known as Ogg–Saito formula. This equality no longer holds for curves of higher
genus. In [38] the inequality −Art(Y,K) ≤ vK(∆min) is proved for hyperelliptic
curves under the assumption that the residue characteristic is odd. In the genus-2
case there exists a more explicit relation. In [28], Liu defines a different notion of
minimal discriminant for curves of genus g = 2. Translated to our situation, he
shows

−Art(Y,K) ≤ ordp(ΛY )/2 ≤ vK(∆min).

Moreover he shows that the difference between vK(∆min) and ordp(ΛY )/2 is 10-
times the difference between ordp(ΛY )/2 and −Art(Y,K) (Theorem 1, Theorem 2
in loc.cit.). This proves that ordp(ΛY )/2 is by far a better upper bound for the Artin
conductor than the valuation of the minimal discriminant.

It is natural to ask, if this result extends to hyperelliptic curves in general. In
[33] it is shown that

−Art(Y/K) ≤ ordp(Λ)/g

for hyperelliptic curves with semistable reduction in arbitrary residue characteristic.
In the following, we will use the formula from Theorem 6.19 and results from [12]
to further analyse this inequality in terms of cluster pictures. As before, we assume
p 6= 2.

First note that for curves with semistable reduction the Artin conductor is equal
to the number of singular points on the special fibre. This results in a very easy
description in terms of cluster pictures.

Proposition 6.35. Let Y be a semistable hyperelliptic curve, then

−Art(Y,K) =
∑
|s| even
s6=R

2δs +
∑
|s| odd
6=1, 2g+1

s6=R

δs
2
.
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Proof: The statement follows from Corollaries [12, 9.4.] and [12, 8.6.]. Note
that −Art(Y,K) = −Art(Ymin/OK) = m+f −1, where m is the number of compo-
nents of the minimal regular model and f the conductor exponent of the Jacobian
of Y . 2

Proposition 6.36. Let ∆ be the discriminant of y2 = cf
∏

α∈R(x− α). Then

vK(∆) = (4g + 2)vK(cf ) +
∑
s

δs|s| · (|s| − 1) + dR|R|(|R| − 1).

Proof: This is a combination of Theorem 16.2 and Lemma 16.5 in [12]. 2

Proposition 6.37. Let Y be a semistable hyperelliptic curve with hyperelliptic dis-
criminant ΛY . The order of vanishing ΛY in p is given by

ordp(ΛY ) =
∑
|s| even
s6=R

δs|s|
2g + 2− |s|

2
+
∑
|s| odd
s 6=R

δs(|s| − 1)
2g + 1− |s|

2
.

Proof: By definition vK(Λ) = g ·vK(∆)−(8g+4)·vK(λ). Inserting the formulas
for vK(∆) and vK(λ) from Propositions 6.36 and 6.19 respectively, we get the desired
result. 2

We would like to point out that the formula in the above proposition is essentially
the same as Equation 2 in Section 5 of [19].

Now, we are ready to compare the quantities −Art(Y/S), vK(λ) and vK(∆)
by comparing the local contributions coming from different clusters in the cluster
picture.

Theorem 6.38. Let Y be a hyperelliptic curve with semistable reduction, then

−Art(Y,K) ≤ ordp(ΛY )/g ≤ vK(∆min).

Proof: Let y2 = f(x) be an integral equation defining Y with discriminant ∆.
Since we assume that k is algebraically closed, we may assume that all roots of f
and the leading coefficient cf lie in OK . In particular

∑
s6=R δs|s|(|s| − 1) ≤ vK(∆).

We will show −g · Art(Y,K) ≤ ordp(ΛY ) ≤ g · vK(∆). Using the preceding
propositions, we can compare the contributions coming from each cluster.

Let s 6= R be a proper cluster of even size. We have

2g · δs ≤
2g + 2− |s|

2
|s| · δs ≤ g · |s| · (|s| − 1) · δs.

For a proper odd cluster s 6= R, we have

g/2 · δs ≤
2g + 1− |s|

2
(|s| − 1) · δs ≤ g · |s| · (|s| − 1) · δs.

In total, this proves the desired inequalities.

Remark 6.39. From the above proof, we see that vK(∆) is strictly greater than
−Art(Y,K) if and only if one of the following conditions are true:
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(i) There is a cluster s 6= R with |s| ≥ 3.

(ii) The absolute depth dR is positive.

(iii) The leading coefficient cf is not a unit in OK .

Phrased differently, −Art(Y,K) = vK(∆) if and only if the curve Y is defined by an
integral equation of the form y2 = f(x) with f monic (possibly after a coordinate
change x 7→ x+ z) and all proper clusters s 6= R have size ≤ 2. The latter is in turn
equivalent to saying that the stable model of Y coincides with the Weierstraß model
associated to the equation y2 = f(x). Note that this is the case for all elliptic curves
(defined by a minimal Weierstraß equation). An interesting question at this point
is, whether there is a similar relation to the canonical model in the non-semistable
case.

Remark 6.40. A closer analysis of the inequalities in the proof of Theorem 6.38
shows that the following are equivalent:

(i) −Art(Y,K) < ordp(Λ)/g (ii) vK(Λ)/g < vK(∆min)

In particular, we see that vK(Λ)/g is a better upper bound for the Artin con-
ductor than vK(∆min). This is also indicated by the next examples.

Example 6.41. Let us consider the hyperelliptic curve from Examples 6.16 and
6.21 again. Using the formulas given in this section, we find

−Art(Y,Qp) = 25 < ordp(ΛY )/5 =
208

5
< v(∆min) = 228.

The following example shows that that in general, the differences between the
three quantities can be arbitrarily large.

Example 6.42. Let n ∈ N and Y a hyperelliptic curve of genus g ≥ 2 with cluster
picture

2n
0 .

It is easy to see that the associated curve has semistable reduction if vK(cf ) is even.
In this case, we get

−Art(Y,K) = n < ordp(ΛY )/g = 4n
g − 1

g
< v(∆min) = 12n.
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Chapter 7

Algorithmic Computation for

Superelliptic Curves

Let Y be a superelliptic curve with affine equation

yn = f(x).

We assume that n is invertible in the ring OK . In this chapter, we present an
algorithm for computing the integral differential forms (Definition 5.19) of the curve
Y .

Denote by D ⊂ P1
K the divisor defined by the polynomial f . Using Algorithm

4.27, we construct a regular model X of X = P1
K such that E := D∪Xs is a normal

crossing divisor, where D denotes the horizontal part of the closure of D in X . By
Theorem 4.26, the normalisation of this model in the function field of Y is a model
Y of Y with only rational singularities; it can therefore be used for computing the
lattice of integral differential forms. In this chapter we explain in detail how this is
done.

We have already discussed in Example 5.4 how to find a K-basis of

MK = H0(Y,ΩY/K).

In the following, we assume that a K-basis of MK is already known. Let V (Y)
denote the finite set of discrete valuations on the function field FY of Y corresponding
to the vertical components of Y . Since ωY/S is a divisorial sheaf, we have

MY = {ω ∈MK | v(ω) ≥ 0 ∀ v ∈ V (Y)},

see Remark 5.12. Here v(ω) denotes the order of vanishing of ω along the component
corresponding to v. A precise definition is given in Section 7.2.

We choose a non-vanishing rational section η of ωY/S (typically, η = dx) and
obtain a K-linear embedding

MK ↪→ FY , ω 7→ ω/η.
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If we regard MK as a subvector space of FY , the definition of MY reads

MY = {f ∈MK | v(f) ≥ −mv ∀ v ∈ V (Y)},

with mv := v(η).
In the first section, we treat reduced bases, which allows us to compute bases

of integral differential forms for models that correspond to exactly one valuation
on the function field FY . For the explicit computations of such reduced bases, it is
necessary to compute the order of vanishing of a rational section along components
of the special fibre Ys. For our situation, where the model Y is given as a cover
of a model of the projective line, these computations are explained in the following
section. Finally a conjunction of these results leads to Algorithm 7.13.

The results from the first three sections are mainly contained in [24, Section
4]. There are slight changes in Algorithm 7.13 with respect to the original article.
Moreover the computation of the order of vanishing of a rational section has changed
(Section 7.2).

7.1 Reduced bases

It will be useful to consider a more abstract situation. Let K be as above and MK

a finite-dimensional K-vector space. Let F/K be a field extension and v : F →
Q ∪ {∞} a discrete valuation whose restriction to K is equal to vK . Let us also fix
a K-linear embedding MK ↪→ F and a rational number m ∈ 1

ev
Z. The intermediate

goal is to determine the OK-submodule

Mv,m := {f ∈MK | v(f) ≥ −m}.

Definition 7.1. A system (f1, . . . , fi) of elements of MK is called reduced (with
respect to v) if for all linear combinations f =

∑
j ajfj, aj ∈ k, we have

v(f) = min
j
v(ajfj).

Lemma 7.2. There exists a reduced basis (f1, . . . , fn) of MK.

Proof: Starting with an arbitrary K-basis (f1, . . . , fn), a reduced basis can be
constructed inductively.

Suppose that (g1, . . . , gm) is a reduced basis for 〈f1, . . . , fm〉. For the construction
of an element gm+1 such that (g1, . . . , gm+1) is a reduced basis for 〈f1, . . . , fm+1〉, we
may assume that gm+1 = fm+1 +

∑m
i=1 aigi for some ai ∈ K. It is easy to see that

we get a reduced basis if and only if gm+1 is the element with maximal valuation of
this form.

The idea is to start with fm+1 and iteratively construct elements of higher
valuation until the process terminates. Note that v(gm+1) > fm+1 if and only if
fm+1 ∼v −

∑m
i=1 aigi (see Definition 2.4.(i)). For determining a1, . . . , am with this

property (if they exist), we may as well do computations in the residue field of v.
For that purpose, let f0 ∈ 〈g1, . . . , gm〉 be such that v(f) = v(f0). If such an element
f0 does not exist, we cannot have v(gm+1) > fm+1 and we are done. Otherwise, we
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check whether f/f0 viewed as an element in the residue field of v, lies in the span of
(πeiK gi/f0 | 1 ≤ i ≤ m), where the integers ei are chosen minimally with the property
v(πeiK gi/f0) ≥ 0. If this is not the case, fm+1 already has maximal valuation. Other-
wise, we may lift the relation that we got in the residue field and thereby construct
an element of the desired form with strictly larger valuation than fm+1. Iterating
this process, we will eventually find an element with maximal valuation. 2

Corollary 7.3. For all m ∈ 1
ev
Z, the subset

Mv,m := {f ∈MK | v(f) ≥ m} ⊂MK

is a free OK-module of rank n.

Proof: Let (f1, . . . , fn) be a reduced K-basis of MK . Then

Mv,m =
〈
πk1K f1, . . . , π

kn
K fn

〉
,

where
ki := dm− v(fi)e .

2

Corollary 7.4. Let MK ↪→ F be as before, with pairwise distinct geometric valua-
tions v1, . . . , vr with vi : F → 1

evi
Z ∪ {∞} and mi ∈ 1

evi
Z. Then

MY := {f ∈MK | vi(f) ≥ −mi ∀ i}

is a free OK-submodule of rank n.

Proof: By definition,

MY = ∩iMi, Mi = {f ∈MK | vi(f) ≥ −mi}.

Since Mi ⊂MK is a full lattice by Corollary 7.3, MY ⊂MK is a full lattice, too. 2

Remark 7.5. The proofs of Lemma 7.2 and Corollary 7.3-7.4 can be easily turned
into an algorithm to compute an OK-basis of MY . In our implementation [22], this
is done in the modules lattices and RR spaces.

7.2 Order of vanishing of a rational section

In this section, we restrict our considerations to superelliptic curves. We assume that
Y is given by an affine equation yn = f(x), where n is invertible in OK . Moreover,
we let X be a regular model of the projective line such that E = D∪Xs is a normal
crossing divisor, where D is the horizontal part of the divisor defined by f . Then
the normalisation of X in the function field of Y is a model Y for Y . The valuations
in the set V (Y) correspond to extensions of the valuations in V (X ) to FY . The
computation of such extensions is explained in Section 4.2, see also [41, §4.6.2].

113



Chapter 7. Algorithmic Computation for Superelliptic Curves

Let ω be a non-zero rational section of ωX/S. For any v ∈ V (X ), we can write
ω = g · ω0, where g ∈ FX and ω0 is a generator of ωX/S at the generic point of Ev.
Recall that Ev denotes the component of the special fibre Xs which corresponds to
the valuation v. We set

v(ω) := v(g) ∈ Q. (7.6)

It is easy to see that this value is independent of the choice of ω0. We say that v(ω)
is the order of vanishing of ω along the component Ev.

1 The definition of w(ω) for
a rational section of ωY/S and a valuation w ∈ V (Y) is completely analogous.

Before we show how to compute the order of vanishing of a differential form in
our setting, we first consider a more general situation.

Proposition 7.7. Let M be a rational function field over K and L/M a finite and
separable extension. Further let vL be a geometric valuation on L with valuation
ring OL. Denote by vM the restriction of vL to M and by OM the corresponding
valuation ring.

Assume that ÔL = ÔM [α] for some α ∈ ÔL and let pα denote the minimal

polynomial of α over ÔM . Then for a differential form ω0 ∈ ωSpecOM/SpecOK , it
holds that

vL(φ∗ω0) = vL(p′α(α)) + vM(ω0).

In particular, If L/M is tame and totally ramified of degree e, then vL(φ∗ω0) =
(e− 1)/eL + vM(ω0).

Proof: First, recall that

ωSpecOL/SpecOK = ωSpecOL/SpecOM ⊗OL φ∗ωSpecOM/SpecOK ,

by the adjunction formula, [29, Theorem 6.4.9]. In the following, we describe
ωSpecOL/SpecOM . Since

ωSpecOL/SpecOM = (ωOL/OM )˜,

it suffices to study the OL-module ωOL/OM . The latter is isomorphic to the the
codifferent, C(OL/OM) of the extension OL/OM ([34, Corollary A.2]). Recall that
the different ideal D(OL/OM) / OL of the extension is defined as the complement
of C(OL/OM), i.e. C(OL/OM)D(OL/OM) = OL.

For the computation of the different, we may pass to the completions of OL and
OM . More precisely, it holds that

D(OL/OM) ÔL = D(ÔL/ÔM),

[37, Satz 2.2]. By assumption ÔL = ÔM [α]. In that situation the different ideal is
generated by p′α(α), [37, Satz 2.4], hence C/OL has length vL(p′α(α)) · eL.

Let ω0 ∈ ωSpecOM/SpecOK . Clearly, φ∗ω0 = 1 ⊗OL φ∗ω0 in the representation
given by the adjunction formula. The above discussion implies

vL(φ∗ω0) = vL(p′α(α)) + vM(ω0).

1Note that with our definition the order of vanishing is not necessarily an integer, since v is not
normalised. In the literature, the integer v(ω) · ev is usually called the order of vanishing.
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If the extension L/M is tame and totally ramified, then we can choose uni-

formisers uL and uM such that ÔM [uL] = ÔL and puL = T e − uM . This means
p′uL(uL) = e · ue−1

L and the statement follows from the formula in the general case.
2

We will now show how to compute v(dx) for a valuation v ∈ V (K[x]). From that
one can then deduce the value of v(ω) for any rational section ω ∈ H0(XK ,ωXK/K).

Definition 7.8. Let v ∈ V (X ). We say that (uv, tv) is a defining system for Ev if
uv, tv ∈ FX = K(x) and

(i) uv is a uniformiser for v.

(ii) tv is a separable transcendental generator of k(v), i.e. k(v)/k(tv) is finite and
separable.

Proposition 7.9. Let (uv, tv) be a defining system for Ev. Then there exists an

irreducible polynomial Fv ∈ ÔK [tv][T ] of degree ev satisfying Fv(uv) = 0. Moreover

v(dx) = v(F ′v(uv))− v(dtv/dx).

Proof: Consider the extension of function fields K(x)/M with M = K(tv).
This extension factors in the following way.

K(x) v

L = K(tv, uv) vL = [v0, v(uv) = 1/ev]

M = K(tv) vM

φ2 res

φ1 res

On the right, we included a description of the restrictions of v to the respective field.
Note that the residue field of the valuation vM is equal to k(t̄v) by definition of tv.
This implies that vM is the Gauß valuation on K(tv), i.e. the minimal element of
V (K[tv]).

Since L = K(tv, uv) has transcendence degree one over K, there exists an ir-
reducible primitive polynomial 0 6= F ∈ OK [T1, T2] satisfying F (tv, uv) = 0. In
particular L = M [T ]/(F1), where F1 = F (tv, T ). Write

0 = F1(uv) =
n∑
i=0

aiu
i
v, where ai =

mi∑
j=0

ai,jt
j
v ∈M.

Since ai ∈ OK [tv] ⊂ OM for all i, the polynomial is integral. Moreover it is monic.
Assume otherwise, i.e. vL(an) > 0. Having that vL(unv ) > vL(uiv) for all i 6= n
implies that vM(ai) > 0 for all i. Since vM is the Gauß-valuation on K(tv), this
shows vM(ai,j) > 0 for all i, j. The latter is a contradiction to our assumption that
F is primitive.
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Viewed as a polynomial over M̂ (the completion of M with respect to vM), F1

might be reducible. The irreducible factors are in correspondence with the extensions
of v0 to L (see [41, §4.6.2]). Let us denote by Fv the factor corresponding to the
valuation vL. It follows from the description of vL that Fv has degree ev.

In order to compute v(dx), first note that vM(dtv) = 0. It follows from Proposi-
tion 7.7 that vL(φ∗1dtv) = vL(F ′v(uv)). Our choice of tv and uv implies that the exten-
sion [v : v′] is unramified, hence v(dtv) = vL(dtv). Finally v(dtv) = v(dtv/dx)+v(dx)
by definition. This concludes the proof. 2

Example 7.10. Let X be the model constructed in Example 3.15. Consider the
component Ev corresponding to the valuation v = [v0, v1(x) = 1/2, v2(x2−p) = 5/3].
A uniformiser for this valuation is any element uv ∈ K(x) of valuation v(uv) = 1/6.
We choose

uv =
x · (x2 − p)

p2
.

For the element tv we have to take a closer look at the residue field Fp(v). First
note that Fp(v1) = Fp(x1), where x1 = x2/p. Now Fp(v) = Fp(v1)(x2), where
x2 = (x2−p)3/p5. We see that x1 ≡ 1 in Fp(v), hence Fp(v) = Fp(x2). In particular,
we may choose

tv = x2 =
(x2 − p)3

p5
.

The elements of the defining system satisfy the algebraic relation

u6
v − 3pu4

vtv + 3p2u2
vt

2
v − p3t3v − pt2v = 0.

Since the above polynomial has degree 6 = ev, it is equal to Fv. Using the preceding
proposition, we may conclude that

v(dx) = v(F ′v(uv))− v(dtv/dx)

= v(6u5
v − 12pu3

vtv + 6p2uvt
2
v)− v(6x(x2 − p)2/p5)

= 5/6 + 7/6 = 2.

Remark 7.11. There exist methods in the Computer Algebra System Sage to com-
pute a uniformising element, uv, and a generator for the residue field, tv. Lifting the
latter to the ring OK , one obtains tv. Both uv and tv may be chosen to lie in K[x].
For more details, we refer the reader to [41].

In order to find the algebraic relation between uv and tv, set

I = (T1 − uv, T2 − tv) ∈ K[T1, T2, x].

Then F is given by a generator of the elimination ideal I∩K[T1, T2]. Using the meth-
ods outlined in [41, §4.7] it is possible to compute arbitrarily good approximations
of the factors of F over the completion.

Lemma 7.12. Let X and Y be as defined in the beginning of this section. Let
ω ∈ H0(X,ΩX/K). Then for any w ∈ V (Y), there exists a valuation v ∈ V (X ) such
that φ(Ew) = Ev. Moreover
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w(φ∗ω) = v(ω) +
e− 1

ew
,

where e is the ramification index of the extension of valuations [w : v].

Proof: The first part of the statement is clear from the construction of Y . Setting

L = FY , vL = w, M = FX , vM = v,

the second part follows from Proposition 7.7.
2

7.3 Algorithm for superelliptic curves

Here, we describe an algorithm for computing a basis for the lattice of integral
differential forms for a superelliptic curve. This algorithm has been implemented
in the Sage/Python module superelliptic curves which is part of the package
regular models, [22].

Algorithm 7.13. Let Y be a superelliptic curve with equation

Y : yn = f(x),

with n ≥ 2, f of degree r ≥ 3 and assume that f has no multiple factors, except
possibly an arbitrary power xm of x.2 Write D ⊂ P1

K for the divisor defined by f .

(1) Compute V = V (X ) ⊂ V (K[x]), where X is a regular model of P1
K with the

property that E = D ∪ Xs is a normal crossing divisor.

(2) Choose an element η ∈ MK = H0(Y,ωY/K) and compute a basis B0 of MK

viewed as a subspace of FY under the embedding ω 7→ ω/η.

(3) Let W = {w ∈ V (FY ) | w |K[x] ∈ V (X )}. For each valuation w ∈ W compute a
basis Bw for the module Mw := {g ∈MK | w(g) ≥ −w(η)}.

(4) Compute an OK- basis B for MY = ∩w∈WMw.

Remark 7.14. We briefly explain how to perform the computations in each step
of the above algorithm. As in our implementation, we choose η = dx/yn−1 in Step
(2). This choice is based on the fact that for every regular differential form ω, there
exists a polynomial g ∈ K[x, y] such that ω = gdx/yn−1. As a result, the output of
the algorithm is more legible. Of course the following steps can be easily adapted
to a different choice of η.

(1) Apply Algorithm 4.27 to D.

2This assumption is made for simplicity only and has no bearing on our results
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(2) With η = dx/yn−1, a basis for MK is given by

B0 =
(
xi−1yj−1 | (i, j) ∈ N2,m(r − j) < ri < d(r − j)

)
,

cf. Example 5.4.

(3) This step is an application of the results from the previous section.

(a) First, compute v(dx). For that purpose, determine a defining system

(uv, tv) and (an approximation of) the polynomial Fv ∈ ÔK [tv][T ] as in
Proposition 7.9. It is explained in Remark 7.11 how to find such elements
algorithmically. Proposition 7.9 then allows to compute v(dx). More pre-
cisely, we have

v(dx) = v(F ′v(uv))− v(dtv/dx).

(b) Next, compute all extensions Wv ⊂ V (FY ) of v to the function field FY . It
is explained in [41, §4.6.2] how to compute such extensions of valuations,
see also Section 4.2. Then W = ∪v∈V (X )Wv. As a consequence of Lemma
7.12, we get wv(dx) = v(dx) + (e − 1)/ew for each extension wv ∈ Wv,
where e is the ramification index [wv : v]. So

wv(η) = v(dx)− (n− 1) · wv(y) + (e− 1)/ew.

(c) In order to compute a basis Bw for Mw := {g ∈MK | w(g) ≥ −w(η)} for a
valuation w ∈ W , start with the basis B0 of MK and modify it as described
in the proof of Lemma 7.2 to get a basis which is reduced with respect to
w. Then proceed as in the proof of Corollary 7.3.

(4) The last step consists of the computation of the intersection of finitely many
OK-lattices. For two lattices M1,M2 ⊂MK ,

M1 ∩M2
∼= ker

(
M1 ⊕M2 →MK , (m1,m2) 7→ m1 −m2

)
.

A basis of this module can easily be computed using the Smith normal form.
The general case is done by iteration.

Theorem 7.15. Let Y be a superelliptic curve, with equation

Y : yn = f(x),

with n ≥ 2, f of degree r ≥ 3 and assume that f has no multiple factors, except
possibly an arbitrary power xm of x. Let B be the system produced by Algorithm 7.13
and η ∈ H0(Y,ωY/K) be the rational section chosen in Step (2) of the algorithm,
then

(b · η | b ∈ B)

is a basis for the lattice of integral differential forms for Y .
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Proof: Let X be the model from Step (1) and Y the normalisation of X
inside FY . It follows from Theorems 4.29 and 4.26 that Y is a model of Y with tame
cyclic quotient singularities. These singularities are rational as per Proposition 5.18.
Corollary 5.16 implies that MY := H0(Y ,ωY/OK ) is the lattice of integral differential
forms for Y .

By definition

MY = {g ∈MK | w(g) ≥ −w(η) ∀w ∈ V (Y)}.

The elements in V (Y) correspond to the extensions of elements in V (X ) to FY .
More precisely V (Y) = {w | w is an extension of some v ∈ V to FY } = W . 2

7.4 Examples

In this section we present the computations done in Algorithm 7.13 for our running
example

Y : yn = (x2 − p)3 − p5 over Qp.

We also fix p = 5 for this example, so that we can use our implementation for the
computations. This means that we can find a basis for MY for any n not divisible by
5. The first example presents the hyperelliptic case, n = 2. In the second example,
we consider the case n = 3.

Example 7.16. Let Y be the genus-2 hyperelliptic curve defined by

Y : y2 = (x2 − 5)3 − 55 over Q5.

In Example 4.33, we already computed a model X of the projective line as is needed
for Step (1) in Algorithm 7.13. A pictorial description of the set V (X ,D) is given
in Figure 7.1.

v0

v1

v′1

v2,3/2 v2

vf

v2,7/4 v2,2v∞

Figure 7.1: The set V ∗ = V (X ,D).

In Step (2), we choose η = dx/y and since Y is a genus-2 curve, a basis for MK

is
B0 = (1, x),

where MK is viewed as a subspace of FY .
We have already explained in Example 4.33, how to compute the extensions of

the valuations in V = V ∗∩V (K[x]) to FY . We denote this set by W . Now, we show
how to compute Mw for the valuation w which is the unique extension of

v2 = [v0, v1(x) = 1/2, v2(x2−p) = 5/3] ∈ V, i.e. w = [v, w(y2−(x2−5)3−55) =∞].
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In Example 7.10 we computed v2(dx) = 2. Since the extension of valuations w/v is
unramified, we conclude that w(dx) = 2 as well (Lemma 7.12). Moreover w(y2) =
v2(x2 − 5)3 + 55) = 5, hence w(η) = w(dx)− w(y) = −1/2.

It is easy to see that B0 is already reduced with respect to w. And Corollary 7.3
shows that

Bw = (5, x)

is a basis for Mw.

v v0 v1 v1′ v2,3/2 v2 v2,7/4 v2,2

v(dx) 0 1 1 3/2 2 2 2

wv(η) 0 −1/2 0 −1/2 −1/2 −1/2 −1/2

Table 7.1: Data for Step (3) with n = 2

The data for the remaining valuations is summarised in Table 7.1. The notation
for the valuations in V is the same as in Example 4.33. Note that some of the
valuations v ∈ V have more than one extension to FY . However, the value of v(dx)
(respectively wv(η)) is the same for these extensions. Therefore we do not distinguish
between different extensions in our table. In the implementation, it is necessary to
perform the computation for all extensions, because the reduced bases might differ.

In total, we obtain the basis
B = (5, x)

for MY (viewed as a subspace of FY ).

Example 7.17. Now, we consider the genus-4 curve birationally defined by

Y : y3 = (x2 − 5)3 − 55 over Q5.

Clearly, the first step of the algorithm yields precisely the same output as in the
previous example. In Step (2), we choose η = dx/y2 and the basis

B0 = (1, x, x2, y)

of MK .
Next, the extensions of the valuations in V = V (X ) to FY are computed. The

relevant data is given in Table 7.2.3

In this case, the reduced bases already look slightly more interesting. For example
consider the valuation v2 = [v0, v1(x) = 1/2, v2(x2 − p) = 5/3] and its unique
extension w to FY . Then (1, x, x2 − 5, y) is reduced with respect to w. From the
table, we can deduce that

Bw = (52, 5x, x2 − 5, y)

3Although a cover of degree three is considered, we often obtain two valuations lying above a
valuation v ∈ V (see the second row of the table). Recall that we do not assume that the residue
field is algebraically closed. Extending the field Qp by adding a primitive third root of unity, the
2’s in the second row of Table 7.2 become 3’s, whereas the remaining values do not change, since
the extension is unramified.
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v v0 v1 v1′ v2,3/2 v2 v2,7/4 v2,2

v(dx) 0 1 1 3/2 2 2 2

#{w ∈ V (F ) : w
∣∣
K(x)

= v} 2 2 2 2 1 1 1

e(w : v) 1 1 1 1 1 3 3

wv(η) 0 −1 −1 −3/2 −4/3 −7/6 −1

Table 7.2: Data for Step (3) with n = 3

is a basis for Mw.
Repeating this computation for all valuations w ∈ W and then computing the

intersection of the resulting lattices, we obtain

B = (52, 5x, x2 − 5, y).
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Zusammenfassung

In der vorliegenden Arbeit werden projektive glatte Kurven über einem lokalen
Körper K, die als endliche Überlagerung der projektiven Geraden dargestellt werden
können, betrachtet. Zusätzlich wird gefordert, dass die Überlagerung über dem alge-
braischen Abschluss, K, Galois ist und die Ordnung der Galoisgruppe im Ganzheit-
sring OK invertierbar ist. Superelliptische Kurven mit affiner Gleichung

yn = f(x), f ∈ K[x], n ∈ O×K ,

stellen einen wichtigen Spezialfall dieser Klasse von Kurven dar. Ziel der Arbeit ist
die Bestimmung des Gitters der ganzen Differentialformen einer solchen Kurve.

Der erste Teil der Arbeit befasst sich mit verschiedenen Modellen von Kur-
ven. In Kapitel 1 werden zunächst einige Grundlagen zu diesem Thema wiederholt.
Das zweite Kapitel ist den MacLane Bewertungen gewidmet. Endliche nichtleere
Teilmengen dieser Bewertungen stehen in Korrespondenz mit Modellen der projek-
tiven Gerade P1

K . Im dritten Kapitel werden weitere Methoden zur Beschreibung
von Modellen der projektiven Geraden vorgestellt und Analogien zur Theorie der
MacLane Bewertungen betrachtet. Der Schwerpunkt liegt an dieser Stelle bei der
Theorie der Cluster-Bilder, welche auch in späteren Kapiteln Anwendung findet. Im
vierten Kapitel wird ein Algorithmus zur Bestimmung eines Modells mit rationalen
Singularitäten für eine Kurve mit den oben genannten Eigenschaften vorgestellt.
Hierbei wird das Modell als Überlagerung eines Modells von P1

K konstruiert. Die
Konstruktion des Letzteren beruht essenziell auf der Theorie der MacLane Bewer-
tungen. Im Anschluss werden die Ergebnisse soweit möglich auch in der Sprache
der Cluster-Bilder analysiert.

Der zweite Teil der Arbeit behandelt das Gitter der ganzen Differentialformen.
Auch hier werden in Kapitel 5 die nötigen Grundlagen gelegt. Das sechste Kapitel
befasst sich ausschließlich mit dem semistabilen Fall. Für superelliptische Kurven
wird erläutert, wie in diesem Fall eine Basis des Gitters am Cluster-Bild des Poly-
noms f abgelesen werden kann. Für hyperelliptische Kurven wird darüberhinaus
eine explizite Formel für das Kovolumen des Gitters der Differentialformen hergeleitet.
Im siebten Kapitel wird schließlich für superelliptische Kurven mit beliebiger Reduk-
tion ein Algorithmus zur Bestimmung einer Basis des genannten Gitters präsentiert.
Dieser baut auf dem Algorithmus des vierten Kapitels auf und verwendet ebenfalls
die Theorie der MacLane Bewertungen.
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