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Abstract

Massivemultiple-input/multiple-output communication systems are a great solution to satisfy
the demand of high-throughput, reliable information transfer, without the need of increasing
the required frequency spectrum. In such systems, the base stations are equipped with a very
large number of antennas in comparison to the number of users served. Using linear tech-
niques, such as maximum-ratio combining or zero-forcing linear equalization, the effective
channels between the base station and the users become almost deterministic, an effect known
as channel hardening, even though the actual channel realizations are random.

However, to reap these benefits, accurate estimates of the channel coefficients are required,
a problem which is very challenging, due to the very large number of these coefficients. Ad-
ditionally, when pilot-sequence-based techniques are applied, the estimates may suffer from
additional interference due to the pilot contamination problem, that arises from the reuse of
the limited number of these sequences in the multi-cellular environment.

To completely avoid these aforementioned drawbacks, noncoherent detection approaches
in massive MIMO systems were proposed. Using differentially-encoded transmit data, and
high-performing detection algorithms at the receiver, results that compete with the conven-
tional coherent detection schemes that are typically employed in these systems are achieved.
Moreover, only statistical knowledge of the situation, and not the actual conditions, are re-
quired. However, a problem still remains.

With the hundreds, if not more, radio front-ends, the hardware may become impractical
to implement using the state-of-the-art components that are typically designed for single-
antenna, or multi-antenna systems that employ only a handful of them. Additionally, to obtain
the competitive results, processing is performed on large-dimensional data. This adds to the
operational costs, as powerful signal-processing hardware becomes mandatory, when, e.g.,
latency is critical.

Hence, in this dissertation, the design of noncoherent receivers is explored. In the first part,
the goal is achieving the best power efficiency possible. This includes improvements in the
various steps of the receiver; starting with the antennas, and the radiation pattern they exhibit,
the feedback gain in the detection algorithms, the metric utilized to decide which symbols are
the most reliable, and decode them, and the combination of differential encoding with error-
correction codes to reduce the error rates further. These advanced receiver concepts highlight
the potential of noncoherent detection in massive MIMO systems.

In the second part of the dissertation, the main focus lies on reducing the algorithmic and
hardware complexity of the noncoherent massive MIMO receiver. First, low-complexity alter-
natives or implementations are adopted for particular computationally-demanding processing
tasks, e.g., the SVD for subspace tracking, at the receiver. Next, the structure of the different
matrices involved in the detection process are exploited to reduce the numerical complexity
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from the start. Then, low-resolution analog-to-digital converters are investigated and opti-
mized, to obtain as-good results as the unquantized case. Finally, the special case of one-bit
quantization is studied, with the accompanying derivations to obtain a quantization-aware
receiver. This entails a solution for acquiring the statistical knowledge needed for detection at
the receiver. In contrast to coherent detection employing one-bit converters, it can be proven
that at a very high signal-to-noise ratio, it is possible for noncoherent detection to have no
error floor.

The theoretical insights in this work are supported by numerical results obtained from
Monte–Carlo simulations. Additionally, when possible, analytic expressions of the required
complexity are derived.
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1. Introduction and Outline

Over the last years, the increase in the number of devices that communicate wirelessly, or

subscribe to services, such as media streaming, have raised the throughput requirements of

communication systems exponentially. To transmit information at higher data rates, using

conventional wireless communication systems, meant that an increase in the allocated fre-

quency spectrum over which the system operates is required. However, this is in many cases

unfeasible; there are many services that operate wirelessly, and a large portion of the wireless

spectrum is unavailable, or when it is, incurs large licensing fees [Bun19].

1.1 State of the Art

To fulfill the demand for higher throughput, solutions that utilize the available spectrummore

efficiently are needed. Over the last years, a new approach has garnered attention. By scaling

up the number of receive antennas at the base station to amuch larger amount, when compared

to the number of users being served, so-called massive MIMO [Mar10, RPL+13, LTEM14] sys-

tems were conceptualized. Using the vast amount of receive signals, the effects of fast fading

and uncorrelated noise can be reduced greatly. However, in order to fully exploit the benefits

of such systems, acquisition of accurate channel estimates is mandatory. Due to the extremely

large dimensionality of the problem, i.e., the very large number of channel coefficients to be

estimated and communicated, this quickly becomes challenging. On top of that, whenmassive

MIMO systems are employed in a multi-cellular environment, these estimates may suffer from

additional interference caused by pilot contamination [GJ11, NML11, JAMV11]. Even when per-

fect channel knowledge is assumed, many solutions applicable to conventional MIMO systems

do not scale well with the large dimensions of massive MIMO. Often, less complex solutions,

such as maximum-ratio combining [TV05] are utilized, which are optimum when the number

of receive antennas is infinitely large. However, even for arrays with hundreds of antennas,

these simple approaches are non-optimal. This limits the performance potential that can be

achieved.

Noncoherent detection was proposed as an alternative to channel-estimation-based detec-
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tion in massiveMIMO systems. Initially introduced in [SF13], similarities between detection in

ultra-wideband communication systems [Sch12] and massive MIMO were utilized to develop

the autocorrelation-based receiver for the latter. Information is transmitted via differentially-

encoded phase-shift keying symbols, and detection performed via decision-feedback differen-

tial detection [DS90, AS93] of the received symbols. This provides an improved performance

compared to simple pair-wise detection. Additionally, a noncoherent version of decision-

feedback equalization was derived [FB14], which enabled the mitigation of multi-user inter-

ference using only statistical information about the channel, and not the actual realization

thereof. Furthermore, noise reduction was shown to be possible in the noncoherent case via

subspace projection [FSM15].

Advances in the design of noncoherent receivers and detection algorithms are the focus of

this dissertation. Building upon the already-established noncoherent massive MIMO system,

their different aspects are analyzed and expanded upon. The antennas employed at the front-

end are often neglected, or assumed to be isotropic. However, when properly designed, the

radiation pattern [Sil84, Bal97] thereof can be utilized in order to improve the performance

of the system. The special category of electronically-controllable or reconfigurable antennas

[CFC+99, TCCB12] prove to be exceptionally interesting and well-suited for application in

noncoherent massive MIMO systems.

With knowledge of the statistical information about the received symbols, the distortions

they undergo, and the noise that is superimposed, optimal decoding and estimates of the

originally-transmitted information can be derived [Pro00, Hay00]. To further improve the

performance of a communication system, error-correction coding [Bos98] may be addition-

ally applied. By providing information about the reliability of the bits in the received symbols,

increases in power efficiency can be obtained.

Another aspect, that is not often discussed when new detection approaches are designed,

is their complexity. High-performing algorithms are usually coupled with high numerical,

or operational costs. This is especially true in the case of subspace tracking and projection

performed via the singular value decomposition [GL13]. The usage of lower-complexity alter-

natives [ZV12, Sto12] would be beneficial. In particular, the accuracy of the subspace estimates

is not as critical in the noncoherent massive MIMO case as in other applications. Addition-

ally, the large number of receiver front-ends, also means a large number of analog-to-digital

converters. Being an integral part of all digital communication systems, most often, a large

portion of the operational power is drawn by these devices. This consumed power is expo-

nential in the accuracy, or resolution of the converter [Ros13]. Reducing the resolution results

in a reduction in the operational costs, but comes at a loss in performance unless properly

designed [Max60, Llo82].

1.2 Outline of the Dissertation

This work aims to provide a structured description of advanced, high-performing detection

algorithms, and low-complexity receiver designs for application in the noncoherent massive
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MIMO uplink. In each scenario, the performance gains, the reduction in the numerical com-

plexity, or both are highlighted. These metrics are supported by an analytic analysis, or sim-

ulation results when applicable. Conceptually, the chapters build upon each other, where

the knowledge of a foundational chapter is expanded in the one above. This is illustrated in

Figure 1.1.

Chapter 2 provides some fundamentals for the topics discussed in this thesis. After the

establishment of the notation convention used in this work, a recapitulation of digital pulse-

amplitude modulation schemes is given. Then, the system model upon which the work is

conducted is introduced. This includes a brief review of MIMO transmission systems, and the

particular scenario at hand, i.e., themassiveMIMOuplink, which is used throughout this work.

It must be pointed out that, a near-field channel model is considered here, which is different

from what is typically considered in the massive MIMO literature, which is the far-field one.

In Chapter 3, an introduction to noncoherent detection schemes inmassiveMIMO systems

is given. The conventional approaches based on the autocorrelation principle, for detection

are introduced [SF13]. Additionally, the handling of multi-user interference, when the phase

information is not available is discussed [FB14]. This includes a review of the optimization of

the parameters, e.g., user detection order and spatial filtering, used in the detection process. A

brief recapitulation of the methods used in coherent detection, which serve as the comparison

benchmark, is given next. This is followed by numerical simulation results, concluded with

a discussion. The main results of the dissertation are built upon this chapter, following two

different philosophies; the best achievable performance and reduced-complexity designs.

Chapter 4 comprises advanced receiver concepts, with the aim of pushing the performance

limits of noncoherent detection. The chapter begins by introducing advanced antenna de-

signs [CFC+99, TCCB12], which, unlike coherent-detection systems, may be leveraged to de-

crease multi-user interferences and improve the error rates in noncoherent receivers. Next, a

more accurate expression of the signal-to-interference-plus-noise ratio is derived, upon which

receivers with feedback awareness can be built. Following that, the metric introduced in

Chapter 3 for detection is analyzed, and shown to be, in some cases, problematic. Instead, a

newmetric, based on the maximum-likelihood strategy, is derived and its respective detection

algorithm is designed. After that, error-correction coding [Bos98] is included in the receiver

design. This entails the derivation of the reliability information calculation in the noncoherent

massive MIMO case, and the strategy used to provide differential decoding of the reliability

information. Each section is supported by numerical simulation results.

In Chapter 5, reduced-complexity receiver designs are discussed. Starting with alterna-

tives to the singular value decomposition, which, when used as a pre-processing operation

in noncoherent detection [FSM15], provides large performance increases. In addition, by ex-

ploiting the various structures of the matrices used in the detection algorithms, reductions

in the required computational complexity of the signal processing are obtained. Next, low-

resolution analog-to-digital converters are discussed, including the design of the optimum

quantizers [Llo82, Max60]. When properly constructed, the quantization error is minimized,

and high-performing yet low-complexity hardware is obtained. This is especially critical in the

massive MIMO scenario, where a large number of these devices are present. Following that,
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Conventional Receiver Design

Chapter 6

Chapter 4 Chapter 5

Chapter 3

Chapter 2

Summary and Conclusions

Advanced Receivers Reduced Complexity

Fundamentals and System Model

Figure 1.1: Illustration of the overview of the structure of this dissertation. The main focus of this work,

highlighted in blue, is found in Chapter 4 and Chapter 5.

one-bit quantization, a special case of the previous section, is discussed. Being the simplest,

additional care is needed to properly utilize these converters, i.e., to design quantization-aware

receivers. This is achieved by deriving a model of the converter, where the device is linearized.

The receiver is then adapted based on this linear model. Throughout, alongwith the numerical

simulation results, complexity analysis is provided when possible.

A summary and conclusions are provided in Chapter 6. This includes an outlook of open

topics remaining for future research.

This dissertation combines, and provides additional details, of selected topics from the

author’s scientific publications [YFW15, YF16, YF17, YF19, YF20b, YF20a]. Different aspects

related to the subject matter, not explored in this monograph, are found in [YSF18, YBF19,

BYFW18, BRY+18, BYFW19, BYFW20]. The appendices collect supporting material, in-depth

mathematical derivations, and a list containing the mathematical notation used throughout.
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2. Massive MIMO Systems

In this chapter, a description of the systemmodel employed in thework of the ensuing chapters

is presented. To this end, first, the notation convention that is used throughout this dissertation

is given in Section 2.1.1. Next, a brief recapitulation of the fundamentals of PAM communica-

tion is presented in Section 2.1.2. Finally, the massive multiple-input/multiple-output system

model upon which the research in this work is conducted is introduced in Section 2.2.2. Here,

the uplink scenario is reviewed. This entails a discussion of models of the transmitter, the

transmission channel, and the receiver. Listings of the most important mathematical symbols

and system parameters are given in Appendix E.

2.1 Fundamentals

In what follows, the typographic convention used in this dissertation is introduced. Then a

brief recapitulation of digital pulse-amplitude modulation communication schemes is given.

2.1.1 Notation Convention

In this section, the notation convention used in this work is given. Additionally, related math-

ematical operations and concepts are summarized.

2.1.1.1 Number Sets

The set of real numbers is denoted by R. A complex number z is defined as

z
def
= x + j y , (2.1)

where j
def
=

√
−1 is the imaginary unit, x = Re{z} ∈ R denotes the real part of z, and

y = Im{z} ∈ R denotes the imaginary part. Complex numbers can also be described by their

magnitude

r = |z| =
√

Re{z}2 + Im{z}2 , (2.2)
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and angle

ϕ = arg{z} . (2.3)

This form is known as the polar form and reads

z = r ej ϕ . (2.4)

The complex conjugate of a complex number is given by

z∗ = Re{z} − j Im{z} . (2.5)

The set of complex numbers is denoted by C = {z}.
The set of integers Z = {. . . , −2, −1, 0, 1, 2, . . . } is obtained by applying the rounding

operation ⌊·⌉ on the set of real numbers R. The set of natural numbers N = {0, 1, 2, . . . } is

obtained by taking the subset of positive integers from Z, including the number zero.

A special case is for symbols taken from the binary field F2 = {0, 1}. In this work, they

are typeset in Fraktur, e.g., b.

2.1.1.2 Random Variables

A random variable (RV) x is a mapping of the measurable outcomes (results or objects) of

a random experiment onto numbers [PP02]. In this work, unless otherwise stated, RVs are

complex-valued, i.e., x ∈ C. A realization of x , i.e., a particular outcome, is1 x.

An RV is described by its probability density function (PDF) fx(x) and its cummulative

density function (CDF) Fx(x). The probability of x taking on some value between x1 and x2 is

given by

Pr{x1 ≤ x ≤ x2} def
= Fx(x2) − Fx(x1) . (2.6)

The expected value, or mean µx , of x is given by (E{·}: expectation operator)

µx
def
= Ex{x} . (2.7)

Another important quantity that describes RVs is its variance, is defined as

σ2
x

def
= Ex{|x − µx |2} . (2.8)

This is also known as the second central moment. In case x has zero mean, then the variance

and second non-central moment are equal.

1Throughout the dissertation, this typesetting convention is used, i.e., random variables are typeset in sans
serif, and their realizations are typeset in serif.
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2.1.1.3 Vectors and Matrices

Vectors are written in lowercase boldface letters. A column vectors with L elements reads

x =




x1
...

xL


 . (2.9)

To distinguish row vectors from column ones, they are accented with an underline. As an

example, a row vector of K elements is given as

x =
[
x1 . . . xK

]
. (2.10)

Matrices are typeset using capital boldface letters.2 As an example,

X =
[
xκ,ℓ

]
, κ = 1, . . . , K , ℓ = 1, . . . , L , (2.11)

denotes an K × L matrix with entries xκ,ℓ.

The transpose of a vector or a matrix is denoted using xT, xT, or XT. The complex-

conjugate transpose, also known as the Hermitian transpose, is given by xH, xH, or XH. The

same scheme is applicable to vectors/matrices of different fields. For example, a row vector

containing binary symbols transposed is given by bT.

2.1.2 Recapitulation of Pulse-Amplitude Modulation

In the following, a brief recapitulation of digital pulse-amplitude modulation (PAM) is given.

For brevity, only the additive noise channel is considered. For a deeper and expanded insight

on the topic, more information can be found in, e.g., [Pro00, Hay00, Fis18].

The aim of a digital communication system, is to reliably convey messages over space

or time. To transmit data symbols a[k], taken from a discrete alphabet A, over a physical

medium, i.e., the channel, these symbols have to be adapted to the medium itself. This is done

by modulating the symbols using a signal pulse shape g(t), with energy

Eg =
∫ ∞

−∞
|g(t)|2 dt , (2.12)

into the continuous-time signal

s(t) =
∞∑

k=−∞
a[k]g(t − kT ) , (2.13)

where T is the symbol duration.

For baseband transmission, s(t) is real-valued. However, in many applications, such as

wireless communication, the transmit signal is first up-converted, or translated to a higher

2In this dissertation, at various points, different font styles are introduced to emphasize different aspects or
information about the same quantity. For example, in Chapter 5.1.3, R is used to describe the subspace-domain
alternative to R.
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frequency, usually referred to as the carrier frequency fc, to match the properties of the chan-

nel. This is known as the passband, or radio-frequency (RF) signal, sRF(t).

To simplify working with the RF signals, it would be convenient to represent them also in

the baseband domain. Mathematically, this is obtained using

s(t) =
1√
2

(sRF(t) + j H{sRF(t)}) e−j 2πfct , (2.14)

where H{·} is the Hilbert transform [PP02, Pro00, Fis18]. This is known as the equivalent

complex-baseband (ECB) domain representation of the signal. ECB signals, as the name sug-

gest, may be complex-valued.

It is also possible to mathematically represent any ECB signal with its RF counterpart,

which is given by

sRF(t) =
√

2 Re{s(t) ej 2πfct} . (2.15)

The normalization constants 1√
2
and

√
2 ensure that both representations of the signal have

the same energy, [Fis18]
∫ ∞

−∞
s2

RF(t) dt =
∫ ∞

−∞
|s(t)|2 dt , (2.16)

and the average energy per symbol reads

Es = Egσ2
A , (2.17)

where σ2
A is the variance of A.

The signal s(t) is transmitted over the channel. At the receiver input, s(t) is affected by

disturbances from various sources, e.g., thermal noise generated by the amplifier circuit. The

different disturbances are combined andmodeled as an additive stationary (complex) Gaussian

noise process n(t) [Fis18]. The noise is assumed to be white (or transformed to white via a

whitening filter), and has a (two-sided in ECB domain) power spectral density

Φnn(f) = N0 . (2.18)

The receive signal is given by

r(t) = s(t) + n(t) , (2.19)

which is then filtered using the matched filter (MF) of the pulse g(t),

hMF(t) =
1

Eg

g∗(Td − t) , (2.20)

where Td is a delay introduced for causal implementation of the receive filter. The matched

filter ensures that, at the sampling instant, the highest signal-to-noise ratio (SNR) is achieved

[Pro00, Fis18]. The filtered signal

d(t) = r(t) ∗ hMF(t) , (2.21)
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s(t) r(t)

n(t)

n[k]

a[k] d[k]

kT
1

Eg
g∗(−t)g(t)

Figure 2.1: System block diagram of the continuous-time digital PAM transmission model over an additive
noise channel, and equivalent discrete-time one. The pulse shaping using a square-root Nyquist function, the

continuous-time additive noise, the matched filtering, and sampling are abstracted and given as an equivalent

discrete-time additive noise.

is sampled, or discretized,

d[k] = d(Td + kT ) , (2.22)

to finally obtain the discrete-time observation symbols d[k].

Equivalently, the end-to-end digital PAM system can be given using a discrete-time model.

When the pulse shape is chosen to be a square-root Nyquist function [Pro00, Fis18], which

ensures intersymbol-interference free transmission, the input/output relationship is

d[k] = a[k] + n[k] . (2.23)

The ECB-domain discrete-time noise samples n[k] have finite variance σ2
n = N0/Eg. This is

graphically illustrated in Figure 2.1.

In what follows, all descriptions are given in the discrete-time ECB domain. This means

that, even though wireless transmission is performed using continuous-time radio-frequency

signals, pulse shaping and up-conversion at the transmitter, the effects of the continuous-

time channel, the down-mixing, matched filter filtering, and symbol-spaced sampling at the

receiver are abstracted into the discrete-time channel model [Pro00, TV05]. Additionally, the

notation

ak
def
= a[k] , (2.24)

is adopted, i.e., (time) indexing is given with subscripts instead.

2.2 Massive MIMO Communication

In the following, the scenario upon which the research conducted in this dissertation is de-

tailed, which includes the channel model, and the end-to-end mathematical system model.

This is preceded by a brief introduction to multi-antenna systems.
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2.2.1 Introduction to MIMO Systems

In early communication systems, information was transferred from one terminal to another.

In the case of wireless transmission, this meant that the information was radiated from a single

antenna, and received by, again, a single antenna at the other end.

A communication system may employ multiple antennas at the transmitter and receiver,

so-called multiple-input/multiple-output (MIMO) systems. The transmitter can then, either

transmit the same data stream multiple times over the channel to the receiver, with the aim

of counteracting the fading channel, a technique called spatial diversity [TV05], or transmit

multiple different data streams over different spatial channels to increase the information data

rate, known as spatial multiplexing. In case of the former, coding is performed over the spatial

dimension, either via space-time block codes, or space-time trellis codes. In case of the latter,

this may be achieved via (pre-)equalization techniques at either the transmitter or the receiver,

or both.

Alternatively, multiple (disjoint) users may transmit to a central receiver with multiple

antennas, or (non-)cooperating multiple receivers, or vice-versa. These form the family of

multi-user MIMO communication systems. Of interest, the case where multiple independent

transmitters, or users communicate with a base station, is the uplink scenario. Many systems,

such asmobile communication, include (in part) such a service. The special case of themassive

MIMO uplink is introduced next.

2.2.2 Massive MIMO System Model

For the setting at hand, a multi-user uplink scenario is considered. Here, Nu users, simultane-

ously transmit to a base station equipped with Nrx antennas. Each user terminal is equipped

with a single omni-directional antenna. In contrast to conventional multi-userMIMO systems,

here the number of receive antennas is much larger than the number of transmit antennas,

i.e., Nrx ≫ Nu. This system is depicted in Figure 2.2.

Here, each user u generates a stream of data symbols au,k, taken from an M-ary unit-

magnitude phase-shift keying (PSK) symbols alphabet

A def
= {ej 2π i/M | i = 0, . . . , M − 1} , (2.25)

where

M = |A| , (2.26)

is the cardinality of the constellation.

Next, the information symbols au,k are differentially encoded, forming the transmit symbols

bu,k
def
= au,kbu,k−1 . (2.27)

These symbols are then also from the same setA. As a phase reference symbol, w.l.o.g.,3 bu,0 =

1 is chosen. The transmit symbols are radiated simultaneously over the channel, which is

3w.l.o.g.: without loss of generality.
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MIMO channel

re
ce

iv
e
r

1

Nrxuser Nu

user u

user 1

Figure 2.2: Multi-user uplink scenario. Few (Nu) users simultaneously transmit over the channel to a base

station with Nrx ≫ Nu antennas. In this illustration, only user u is highlighted for readability.

detailed in Section 2.2.3. Unless otherwise specified, in this work, all performance evaluations

are conducted over the PSK symbols of A, and not over binary symbols.

At the receiver, the received symbols are superimposed by additive white Gaussian noise

(AWGN). The noise is drawn independent and identically distributed (i.i.d.) in space and time

from a zero-mean complex-valued Gaussian distribution with variance σ2
n . At the centralized

receiver, detection algorithms are applied. These algorithms are detailed in the forthcoming

chapters.

2.2.3 Channel Model

Initially, a geometry-based model of the channel was given in [SF13]. This model serves as the

basis upon which the channel model in this work is defined. This is depicted in Figure 2.3. The

receiver consists of a uniform linear array, the antenna indices are m, with an inter-element

distance of da. The users u are placed vis-à-vis the array, at a distance du, at a position mu.

The considered model is a near-field one, i.e., the users are placed at a relatively close

distance, in relation to the aperture of the antenna array, to the receiver. This is unlike the far-

field one that is typically found in themassiveMIMO literature, e.g., [Mar10, RPL+13, LTEM14].

Under the assumption that the average receive power obeys a pure path-loss model, a mea-

surable difference in the power induced by the user on each element of the array is seen. This

loss can be characterized by the path-loss exponent γ. The path-loss exponent varies from

between γ = 2 for free-space transmission to γ = 6 for indoor propagation with obstruc-

tions [Rap01]. Usually, choosing γ = 3, . . . , 4 is representative of a multi-path propagation

environment.

In our scenario, the path loss component is given by d−γ/2
m,u using the exponent γ and the

distance dm,u. To obtain dm,u, we resort to the geometry of the system model in Figure 2.3,

which reads

dm,u =
√

d2
u + d2

a|m − mu|2 . (2.28)

To account for different antenna designs employed at the receiver, the azimuth pattern

C(θm,u) is given as a function of the relative angle θm,u. From the geometry, θm,u under which
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uniform linear antenna array
mmu

user u

d
u

d m
,u

da

mu−1 mu+1

user u−1 user u+1

θm,u

Figure 2.3: Geometric channel model used in this work (taken from [SF13, YFW15]). The users are placed
at a distance du from the uniform linear array. The elements have a spacing of da. Each user u is seen by

antenna m under an angle θm,u, with a direct distance given by dm,u.

user u is seen by antenna m is given by

θm,u = tan−1(|m − mu|, dr,u) , (2.29)

using the two-argument arc-tangent function tan−1(y, x). Besides, the boresight, or the loca-

tion of the main beam of the antenna, i.e., at θ = 0◦, is always perpendicular to the antenna

array; the boresights of each individual antenna are parallel to each other.

Additionally, due to multi-path propagation within the interval of T , the individual chan-

nels between user u and antenna m experience fast fading, which in the discrete-time, equiv-

alent complex-baseband domain, can be modeled as i.i.d. zero-mean unit-variance complex

Gaussian random variable hm,u,i.i.d..

Collecting everything, the channel coefficient hm,u between antenna m and user u is given

as

hm,u = ch︸︷︷︸
normalization const.

· d−γ/2
m,u︸ ︷︷ ︸

path loss

· C(θm,u)
︸ ︷︷ ︸

antenna pattern

· hm,u,i.i.d.︸ ︷︷ ︸
fast fading

. (2.30)

One approach to specify the channel model, is to parameterize it using the average receive

power induced by a user u on the array, which is coined the term power-space profile (PSP)

[SF13]. The PSP reads

Pm,u
def
= Eh{|hm,u|2} , (2.31)

then by rewriting the path loss component as

d−γ/2
m,u = e−γ/2·log(dm,u) , (2.32)

and using the fact that, for small values of x, the approximation log(1 + x) ≈ x holds, the PSP

is then well approximated by a weighted Gaussian bell [YFW15]

Pm,u ≈ cp e−|m−mu|2/(2ζ2)|C(θm,u)|2 , (2.33)
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where cp is a normalization constant. The PSP now gives the average power induced by a user

u on antenna m, including the directivity gain profile of the employed antenna. Additionally,

the path loss is now specified using

ζ
def
=

dr,u√
γ

. (2.34)

i.e., the relative path-loss quotient. The different antenna patterns used throughout this dis-

sertation are introduced next.

Although in this work we restrict to the model defined in this section, the cluster-based

COST 2100 model [LOP+12] was extended in [BYFW18] for the noncoherent massive MIMO

scenario.

2.2.3.1 Idealized Antenna Patterns

In many applications, the design of the antenna pattern C(θ) impacts greatly the performance

of the entire system [Sil84, Bal97]. This is especially true in the current setting; having an-

tennas with radiation patterns that exhibit directional characteristics, i.e., a more focused

beamwidth, may alleviate the multi-user interference expressed by the overlap in the PSPs

of neighboring users.

To that end, an idealized antenna is proposed with a horizontal radiation pattern, such

that periodically, Nnotch ∈ N notches, or nulls, in the pattern are seen [YFW15]. This antenna

pattern can be modeled as

C(θ)
def
=
√

Gi cos
(

θ
Nnotch

2

)
, (2.35)

where Gi is the boresight gain, chosen such that the average receive power induced on the

antenna would be the same as when isotropic (omni-directional) antennas are used, i.e.,

1

2π

∫ π

−π
|C(θ)|2 dθ

!
= 1 , (2.36)

which is fulfilled when

Gi
!
= 2 . (2.37)

Moreover, the antenna gain pattern, w.r.t.4 power, can be defined as

Ga(θ)
def
=





1 , Nnotch = 1

|C(θ)|2 , otherwise
. (2.38)

The antenna gain pattern plot of two different antennas, with Nnotch = 2 and Nnotch = 8

are given in Example 2.1. Here, the directivity of the antenna is seen in this example; the larger

the number of nulls Nnotch is, the more directed, or focused, the main beam, i.e., the boresight

lobe at θ = 0◦ is.
4w.r.t.: with respect to.
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Example 2.1: Antenna Gain Pattern

Polar-coordinates plot of the antenna gain pattern Ga(θ) vs. the azimuth angle θ.

0◦
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Left: plot for an antenna with Nnotch = 2 notches. Right: plot for an antenna with Nnotch = 8
notches. Isotropic (omni-directional) antenna gain pattern given in gray for reference.

The idealized antenna patterns of this section present a good basis to study the differ-

ent design aspects, such as directivity, that may be incorporated when conceptualizing the

massive-MIMO-specific elements. In addition, an analysis of typical antenna types, e.g., patch

and dipole elements, and their impact on detection in the noncoherent massive MIMO setting

can be found in [BRY+18].

2.2.4 End-To-End Matrix-Valued System Model

A common practice in the analysis of MIMO systems, is to express the end-to-end system

model using vectors and matrices. This compact representation may be used to provide dif-

ferent insights, depending on which information is extracted.

The channel coefficients between user u and all antennas m = 1, . . . , Nrx are collected in

the column vector

hu
def
=




hm,u
...

hNrx,u


 . (2.39)

Together, the channel-coefficients vectors of the different users u = 1, . . . , Nu may be stacked

side-by-side in the channel-coefficients matrix

H
def
=
[
h1 · · · hNu

]
, (2.40)

which has dimensions Nrx × Nu.
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b1,k

bNu,kaNu,k

a1,k

T

T

nk

yk
H

rk

Figure 2.4: End-to-end discrete-time matrix-valued system model. Each user transmits the symbols bu,k after

differential encoding over the channel H . This model emphasizes the discrete-time step k; the data ak,u and

transmit symbols bu,k, and the slices yk, nk, and rk are all given w.r.t. k.

The Nbl differentially-encoded transmit symbols bu,k of user u are collected in the row

vector

bu
def
=
[
bu,0 · · · bu,Nbl−1

]
, (2.41)

and these vector can be, in a similar fashion to the user-specific channel-coefficients vectors

stacked together to form the Nu × Nbl matrix of data symbols

B
def
=




b1
...

bNu


 . (2.42)

After transmission, the noise-free Nrx ×Nbl receive matrix is then expressed either as the sum

of the per-user outer products

Y
def
=

Nu∑

u=1

hubu , (2.43)

of the channel and transmit symbols vectors, or as the matrix-matrix multiplication

Y
def
= HB . (2.44)

The different viewpoints of the noise free receive matrix are helpful for analyzing different

aspects of the communication system.

The different AWGN samples nm,k seen at the receiver are collected in the Nrx ×Nbl matrix

N
def
=




n1,0 · · · n1,Nbl−1
...

. . .
...

nNrx,0 · · · nNrx,Nbl−1


 . (2.45)

Finally, the receive matrix with the superimposed noise is given as

R
def
= Y + N . (2.46)

This constitutes the end-to-end massive MIMO model.
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In some cases, vertical slices of Y , N , and R, i.e., the column vectors

yk
def
=




y1,k
...

yNrx,k


 , nk

def
=




n1,k
...

nNrx ,k


 , and rk

def
=




r1,k
...

rNrx,k


 , (2.47)

corresponding to the (noise-free) received symbols and noise samples over the antennas, at a

discrete-time instant k, are instead utilized. The end-to-end matrix-valued vector model is il-

lustrated using a system diagram in Figure 2.4. In this dissertation, unless otherwise specified,

all descriptions and derivations are based on this model.
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3. Conventional Receiver Design

In this chapter, the different conventional receiver design approaches are discussed. In partic-

ular, the main focus is the noncoherent receiver based on the autocorrelation principle. The

detection algorithms described in this chapter are the basis that is used to develop the advance

schemes presented in Chapter 4, and the reduced-complexity receivers which are discussed in

Chapter 5. Additionally, a brief introduction to channel-estimation-based (coherent) detectors,

that provide a benchmark to compare against, is given in Section 3.2. Parts of this chapter have

been presented in [YFW15, YF19].

3.1 Correlation-Based Noncoherent Detection

Noncoherent receivers based on the concept of autocorrelation-based detection were adapted

for the massive MIMO scenario [SF13] from impulse-radio ultra-wideband (IR-UWB) com-

munication systems [Sch12], because of the similarities between both. On the one hand, in

IR-UWB, one has to deal with a huge number of temporal echos. On the other hand, in the

present scenario, a huge number of spatial “echos” need resolving.

Before any detection is applied, theNbl×Nbl user-specificmatrix of correlation coefficients

is constructed,

Zu
def
= RHWuR =




zu,0,0 zu,0,1 · · · zu,0,Nbl−1

zu,1,0 zu,1,1 · · · zu,0,Nbl−1
...

...
. . .

...
zu,Nbl−1,0 zu,Nbl−1,1 · · · zu,Nbl−1,Nbl−1




, (3.1)

where the correlation coefficients are calculated as

zu,k,l =
Nrx∑

m=1

r∗
m,kwm,urm,l , (3.2)

R is the Nrx × Nbl matrix of received symbols, and

Wu
def
= diag(wu,1, . . . , wu,Nrx

) , (3.3)
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is the Nrx × Nrx user-specific diagonal weighting matrix.

At first glance, it seems that each correlation-coefficients matrix requires a high compu-

tational cost, expressed as the number of complex floating-point operations (FLOPs), to con-

struct. However, upon closer inspection, the matrix Zu is a Gram matrix, i.e., excluding the

diagonal entries zu,k,k which are real-valued, the upper-triangular half and lower-triangular

one are complex-conjugate mirrors of each other,

z∗
u,k,l = zu,l,k . (3.4)

This means that, it is possible to efficiently calculate this matrix [GL13]. Moreover, since the

main diagonal entries zu,k,k contain no phase information, they can be ignored as well. Thus,

each correlation-coefficients matrix Zu requires1

N2
blNrx −

(
N2

bl

2
− Nbl

2

)
FLOPs . (3.5)

The detailed derivation of the complexity analysis of the efficient construction of such matri-

ces, i.e., Gram matrices where the entries of the main diagonal can be ignored is presented in

Appendix C.

3.1.1 Symbol-Wise Differential Detection

Since the transmitted symbols are differentially encoded, i.e., the information is present in the

phase difference and not the absolute phase, differential detection is required to retrieve this

information at the receiver,

au,k = bu,kb∗
u,k−1 . (3.6)

Symbol-wise differential detection applied to correlation matrices reads [Sch12, SF13]

âDD
u,k = argmax

ā∈A
Re{ā∗zu,k,k−1} . (3.7)

Here, only the entries zu,k,k−1 (the secondary diagonal of Z) are required.

Moreover, using the argument function arg(x) (complex phase of x), and the rounding

function ⌊·⌉, i.e., truncation to the closest integer value, and defining

QPSK{x} def
=

2π

M

⌊
M

2π
arg(x)

⌉
, (3.8)

as the function that quantizes the phase of a complex number x to one of the phase values

of the M-ary PSK symbols from A, i.e., the M-PSK quantization function, then (3.7) can be

reformulated as

âDD
u,k = ej QPSK{zu,k,k−1} . (3.9)

Being the simplest detection scheme, it also comes with the lowest computational cost. To

decode a burst of Nbl symbols, differential decoding requires Nbl − 1 FLOPs.2

1The computational costs presented in this work differ from the ones presented in [YF17, YF19]. In the previous
publications, the diagonal elements were not ignored. Here, a more efficient approach is presented.

2Here, we assume that parallel processing on optimized hardware is available. This means that, instead of
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3.1.2 Decision-Feedback Differential Detection

Differential detection enables the noncoherent detection of M-ary PSK symbols. Nonethe-

less, it suffers from a performance loss when compared to coherent detection. As a solution

to counteract this loss, multiple-symbol differential detection (MSDD) [DS90] may instead be

applied. MSDD levies longer differentially-encoded sequences in order to improve the relia-

bility of the detection. However, being a form of maximum-likelihood sequence estimation,

its complexity is exponential; for the detection of a sequence of Nbl symbols, MNbl different

candidate vectors have to be tested.

Instead, lower-complexity variants of MSDD are of interest. In particular, by using the

decision-feedback principle, i.e., using already available decisions for the detection of the ones

remaining, decision-feedback differential detection (DFDD) [AS93, SGH98] presents a high-

performing approach for detection at a lower complexity.

DFDD for correlation-matrix-based detection for the IR-UWB case was first studied in

[SF11]. There, only binary signaling was used. This was later adapted in [SF13] for use with

M-ary PSK symbols, which are used in the noncoherent massive MIMO case.

Decisions in DFDD are obtained successively, taking all previously-detected symbols into

account. For the decision of the symbol b̂u,1, for user u at time step k = 1, this reads

b̂u,1 = ej QPSK{b̂u,0zu,0,1} . (3.10)

In the next step, i.e, at k = 2, the two previous decisions are taken into account,

b̂u,2 = ej QPSK{b̂u,0zu,0,2+b̂1,uzu,1,2} . (3.11)

At any time step k, the detected symbol for user u reads

b̂u,k = ej QPSK{∑k−1

l=1
b̂u,lzu,l,k} , (3.12)

where k = 1, . . . , Nbl − 1. After all differentially-encoded symbols are decided, the infor-

mation symbols âu,k are obtained via differential decoding, i.e., using (3.6). Without loss of

generality, the reference symbol is always set to b̂u,0 = bu,0 = 1, and known to the receiver.

In multi-antenna systems, especially in decision-feedback equalization methods, such as

BLAST3 [FCG+03], performance increases are obtained by taking decisions in an optimized

order, i.e., by employing some sorting. Similarly, using sorting can improve the efficacy of

DFDD.

To derive this decision order, we consider the following as done in [SF13]. In the early

detection steps of DFDD, i.e., when little feedback is available, it is reasonable to choose the

symbols with the highest reliability to be detected next. On the one hand, this directly reduces

M different independent calculations of ā∗zu,k,k−1, for each ā ∈ A, the processing unit can internally, in par-

allel, perform the necessary scaling for zu,k,k−1, and return the result âDD
u,k . However, processing over the time

dimension remains serial.
3BLAST: Bell Laboratories Layered Space-Time.
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the error rate. On the other hand, additionally, the symbols remaining suffer from less error

propagation, leading to overall higher reliability. This means that, the phase-quantization

error4

∆QPSK{z} def
= mods,2π

{
arg(z) − QPSK{z}

}
, (3.13)

of the symbols in (3.12) is desired to be as small as possible.

To that end, the detection process is revisited and modified. First, the reference symbol

b̂u,k̂0
= 1, where k̂0 = 0 denotes the ordered detection index k̄ at Step n = 0, is arbitrarily set.

Next, the index k̂1 of the candidate symbol b̂k̄0
zu,k̄0,k̄1

with the smallest error

k̂1 = argmin
k̄1∈{1, ..., Nbl−1}

∣∣∣∆QPSK{b̂u,k̂0
zu,k̂0,k̄1

}
∣∣∣ , (3.14)

where k̄1 denotes the hypothesis ordered detection index k̄ at Step n = 1 is obtained. Then,

after k̂1 is chosen, an M-PSK decision is made

b̂u,k̂1
= e

j QPSK{b̂
u,k̂0

z
u,k̂0,k̂1

}
. (3.15)

For the next-to-be-detected symbol b̂u,k̂2
, the search now includes the previously-detected

one as feedback,

k̂2 = argmin
k̄2∈{1, ..., Nbl−1}\{k̂1}

∣∣∣∆QPSK{b̂u,k̂0
zu,k̂0,k̄2

+ b̂u,k̂1
zu,k̂1,k̄2

}
∣∣∣ . (3.16)

Here, the sum of the correlation coefficients, eachmultiplied by its respective already-obtained

decision

b̂u,k̂0
zu,k̂0,k̄2

+ b̂u,k̂1
zu,k̂1,k̄2

, (3.17)

form the set of candidate symbols. After k̂2 is decided, again, an M-PSK decision takes place

b̂u,k̂2
= e

j QPSK{b̂
u,k̂0

z
u,k̂0,k̂2

+b̂
u,k̂1

z
u,k̂1,k̂2

}
. (3.18)

At any detection Step n, an ordered decision is obtained by first, finding the candidate

symbol with the lowest phase-quantization error

k̂n = argmin
k̄n∈{1, ..., Nbl−1}

\{k̂1,...,k̂n−1}

∣∣∣∣∣∆QPSK

{
n−1∑

ℓ=0

b̂u,k̂l
zu,k̂l,k̄n

}∣∣∣∣∣ , (3.19)

followed by the hard decision

b̂u,k̂n
= e

j QPSK{∑n−1

ℓ=0
b̂

u,k̂l
z

u,k̂l,k̂n
}

. (3.20)

4mods,2π{·}: symmetrical modulo operation, i.e., reduction into the interval (−π, +π].



3.1. Correlation-Based Noncoherent Detection 21

Algorithm 3.1: Optimized DFDD

1: function b̂u = DFDD(Zu)
2: b̂u,0 := 1 // initialize variables
3: I := {1, . . . , N − 1}
4: z̄ := b̂u,0Zu(0, I) // initial candidates
5: while I 6= ∅ do

6: k̂ := argmink̄∈I

∣∣∣∣mods,2π

{
arg(z̄k̄) − 2π

M

⌊
M
2π

arg(z̄k̄)
⌉}∣∣∣∣ // find next-best symbol

7: ϕk̂
:= 2π

M

⌊
M
2π

arg(z̄k̂)
⌉

8: b̂u,k̂ := ej ϕ
k̂ // M-PSK decision

9: I := I \ {k̂} // mark index as already-detected
10: z̄ := z̄ + b̂u,k̂Zu(k̂, I) // updated candidates
11: end while

12: end function

The pseudo-code of an optimized implementation of the ordered DFDD algorithm [SF13] is

presented in Algorithm 3.1. The detection process is as follows. First, variables are initialized;

the reference symbol b̂u,0 = 1 (Line 1), and the remaining-candidate-symbol-indices set I =

{1, . . . , N − 1} (Line 2) are fixed. Next, the (row) vector of initial candidate symbols z̄ is

constructed (Line 3). Then, the main detection loop starts. While there are yet-to-be-detected

symbols remaining, the next-best symbol, i.e., the most reliable, is found and decided (Lines

5–7), the symbol’s index n is marked as already detected (Line 8), and the decision-feedback

portion of the algorithm is applied by updating z̄ (Line 9).

Using this optimized implementation, a total of

5

2
Nbl(Nbl − 1) − 2(Nbl − 1) FLOPs (3.21)

are required for the efficient DFDD algorithm [YF19], exemplified numerically in the following.

Example 3.1: Computational Cost of DFDD

We consider that a user u has transmitted a burst of Nbl = 201 symbols to a base station

equipped with Nrx = 100 antennas. In order to apply DFDD, first the correlation matrix Zu

is constructed, which requires

N2
blNrx −

(
N2

bl

2
− Nbl

2

)
= 4 020 000 FLOPs .

Then DFDD is applied on Zu, which requires

5

2
Nbl(Nbl − 1) − 2(Nbl − 1) = 100 100 FLOPs .

In total 4 120 100 FLOPs are needed for the detection of one burst of symbols from one user.
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3.1.3 Noncoherent Decision-Feedback Equalization

In multi-user systems, successive interference cancellation using estimates of the symbols of

previously-detected users, also known as decision-feedback equalization (DFE), greatly im-

proves the performance of the process. However, in classical DFE, actual channel knowledge

is required; the multiple users are separated via their channels.

Here, no actual channel knowledge is available, only the power-space profiles, i.e., the

statistical channel-state information, of each user are known. Nonetheless, the symbols of the

already-detected users may be used in the correlation-coefficients matrices of the remaining

to-be-detected users. This is explained in the following as repeated from [FB14].

A multi-user scenario with Nu users is assumed. The detection of user u is taking place.

To that end, the correlation-coefficients matrix Zu is calculated and terms are separated and

collected according to their sources [FB14]

Zu = RHWuR

=

(
Nu∑

ν=1

bH
ν hH

ν + NH

)
Wu

(
Nu∑

ν=1

hνbν + N

)

is then written as the sum of the desired correlation coefficients of user u,

= hH
u Wuhu bH

u bu (3.22.a)

the interference caused by the other users ν on u,

+
Nu∑

ν=1
ν 6=u

hH
ν Wuhν bH

ν bν (3.22.b)

the cross interference of all users,

+
Nu∑

ν,µ=1
ν<µ

(
hH

ν Wuhµ bH
ν bµ + hH

µWuhν bH
µbν

)
(3.22.c)

the “noise × signal” term,

+
Nu∑

ν=1

bH
ν hH

ν WuN + NHWu hνbν (3.22.d)

and the “noise × noise” term,

+ NHWuN . (3.22.e)

To have a better grasp on what is actually contained in these terms, we look at any single

(non-diagonal) element zu,k,l of Zu. The first term, i.e., the part corresponding to (3.22.a),

consists of

du,k,l
def
= ξu,ub∗

u,kbu,l , (3.23)
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where

ξu,u
def
= hH

u Wuhu

=
Nrx∑

m=1

h∗
m,uwm,uhm,u , (3.24)

is the effective fading coefficient seen for that particular user u. Noteworthy, as the channel

coefficients hm,u are each drawn i.i.d. from a zero-mean complex-valued Gaussian distribution

with different variances Pm,u, the weighted sum ξu,u is approximately real-valued Gaussian

distributed [FB14] with mean

ηu,u
def
= Eξ{ξu,u}

=
Nrx∑

m=1

wm,uPm,u , (3.25)

and variance

σ2
u,u

def
= Eξ{(ξu,ν − ηu,u)2}

=
Nrx∑

m=1

w2
m,uP 2

m,u . (3.26)

Any interference caused by users ν on u appears in (3.22.b) and in (3.22.c). In case of

former, this reads

iν,k,l
def
= ξu,νb∗

ν,kbν,l , (3.27)

where ξν,u is the effective power of the interference caused by the term iν,k,l, and similarly to

(3.24), is approximately real-valued Gaussian distributed with mean and variance [FB14]

ηu,ν
def
= Eξ{ξu,ν} =

Nrx∑

m=1

wm,uPm,ν , (3.28)

σ2
u,ν

def
= Eξ{(ξu,u − ηu,ν)2}

Nrx∑

m=1

w2
m,uP 2

m,ν . (3.29)

In case of the latter, i.e., the corresponding term of (3.22.c), this represents the cross-

interference terms

iν,µ,k,l
def
= ξu,ν,µb∗

ν,kbµ,l + ξ∗
u,ν,µb∗

µ,kbν,l . (3.30)

Unlike the interference term of (3.22.b), the cross-interference, statistically, is a union of zero-

mean real-valued Gaussian distributions each with variance [FB14, Fis14]

σ2
u,ν,µ

def
= 2

Nrx∑

m=1

w2
m,uPm,νPm,µ , (3.31)
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iν,k,l

iν,µ,k,l nu,k,l

îν,k,l

−
DET

du,k,l zu,k,l z′
u,k,l

Figure 3.1: Illustration of the equivalent end-to-end model of noncoherent decision-feedback equalization.

The information symbols du,k,l experience noise and interference from different sources. Having access to

already-detected symbols îν,k,l of user ν, (average) interference reduction is possible.

where each Gaussian bell lies on a line in the complex-plane with direction

ej π
M

l , l = 0, . . . , M − 1 . (3.32)

The terms in (3.22.d) and in (3.22.e) are collected as the effective noise nu,k,l seen at the

correlation matrix. This term is well approximated by a zero-mean complex-valued Gaussian

distribution with variance [FB14, Fis14]

σ2
n,u

def
= 2σ2

n

Nrx∑

m=1

w2
m,u

Nu∑

ν=1

Pm,ν + σ4
n

Nrx∑

m=1

w2
m,u . (3.33)

Collecting (3.23)–(3.30), and the effective noise term, an equivalent end-to-end model, de-

picted in Figure 3.1, is obtained

zu,k,l
def
= du,k,l + iν,k,l + iν,µ,k,l + nu,k,l . (3.34)

Of all the terms in (3.34), other than the useful data term du,k,l, only iν,k,l has a non-zero mean.

Therefore, ηu,ν of the interference terms may be utilized. Unlike conventional DFE, we do not

have access to the channel coefficients hm,ν . Instead, given the spatial-filtering matrix Wu,

and the statistical knowledge of the channels of user ν, i.e., the power-space profile Pm,ν , ηu,ν

can be calculated. Then, having the already-detected differentially-encoded symbols b̂ν,k and

b̂ν,l of user ν, the estimated average interference

îν,k,l
def
= ηu,ν b̂∗

ν,kb̂ν,l (3.35)

is defined, and then subtracted

z′
u,k,l

def
= zu,k,l − îν,k,l . (3.36)

This interference reduction approach, where no actual channel knowledge, but instead statis-

tical information is used, is called noncoherent decision-feedback equalization (nDFE) [FB14].

In vector/matrix notation, nDFE is defined as

Zu
′ def
= Zu −

∑

ν∈D
ηu,ν b̂H

ν b̂ν , (3.37)
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Example 3.2: Computational Cost of nDFE

We consider that two users have transmitted a burst of Nbl = 201 symbols to a base station

equipped with Nrx = 100 antennas. Detection of the symbols of the first user takes places

and b̂1 is obtained. Then, the correlation-coefficients matrix Z2 is constructed, and nDFE is

applied to remove the average interference caused by user 1 on user 2,

Z2
′ = Z2 − η2,1b̂H

1 b̂1 .

This requires 4 020 000 FLOPs for the construction of Z2 and

N2
bl − 1 = 40 400 FLOPs ,

for nDFE. In total 4 060 400 FLOPs are required.

where D contains the indices of the already-detected users ν, and b̂ν is the estimated vector

of the differentially-encoded symbols of said user.

As before, it is possible to apply nDFE in a very efficient manner. The matrix Zu is Gram.

Additionally, the outer product b̂H
ν b̂ν forms a Gram matrix. Moreover, the matrix remains

Grammian after multiplication with a real-valued scalar. The difference of two Grammatrices,

results again in a Grammatrix. This means that, knowingZu
′ is Grammian, only one-triangular

half of the matrix requires calculation. On top of that, here, the main diagonal may be ignored

as well. Using an efficient approach to perform nDFE, a total of

Ndet(N
2
bl − 1) FLOPs (3.38)

are required to subtract the average interference from the Ndet = |D| previously detected

users. To put things in perspective, a numerical example of the cost, in terms of FLOPs, of

nDFE is given in Example 3.2. The derivation of the computational complexity of this method

is presented in detail in Appendix C.3.

As with coherent DFE, optimized user-detection ordering is key to maximize the perfor-

mance benefits of the interference cancellation. To that end, an approximate analytic signal-

to-interference-plus-noise ratio (SINR) may be calculated [FB14]

SINRu =
η2

u,u + σ2
u,u∑Nu

ν,µ=1
ν<µ

ηu,ν +
∑Nu

ν=1
ν 6=u

σ2
u,ν +

∑Nu
ν,µ=1
ν<µ

σ2
u,ν,µ + σ2

n,u

. (3.39)

Based on the SINR, two tasks may be carried out. The first, as in BLAST, the successive user-

detection order is optimized, following a greedy approach; the SINRs of all not-yet-detected

users are calculated, and the one with the highest SINR is selected. In this approach, the in-

terference reduced via nDFE is also taken into account. This ensures that, throughout the

detection process, the user experiencing the least interference which, with very high proba-

bility, is the most reliable to detect for a given SNR, is always chosen before the others.

The second task, which is specific to correlation-based detection, is the optimization of

the weighting coefficients wm,u. Looking at (3.39), all terms, i.e., the useful signal power, that
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of the interference caused by other users, and the noise power, depend on wm,u. Thus, an

optimum weighting matrix Wu may be obtained by maximizing the SINR. This is explained in

detail in the next section.

It is worth mentioning, that a joint approach for detection over time (DFDD) and users

(nDFE), so called joint-nDFE was developed in [FBS14]. However, it was shown that the joint

scheme, for its immense numerical complexity, offers a slight advantage over the separate

processing of the user and temporal dimensions. For the remainder of this work, individual

detection over the temporal dimension (DFDD of the received symbols), coupled with succes-

sive detection over the user dimension (nDFE over the users) is considered.

3.1.4 Spatial Filtering

An integral part in correlation-based noncoherent detection, present both in the detection of

the data symbols and in the reduction of the multi-user interference via nDFE, is the diagonal

weighting matrix Wu. This user-specific matrix is, essentially, a spatial filter. By scaling the

contribution of each row (column) of the receive matrix R (and its Hermitian transpose RH),

the correlation matrix Zu is then tailored to include the contribution of a specific user u over

the other users.

To better illustrate this, we resort to a simple scenario, depicted in Figure 3.2. Here, user 1

( ) and user 2 ( ) simultaneously transmit their data to the base station. The received symbols

experience multi-user interference, especially in the middle of the array, represented by the

light lilac color ( ). Moreover, some of these received symbols are less reliable than the others.

This is expressed by the intensity of the colors; the darker the color of the symbols is, the

more reliable they are (e.g., conveys a higher reliability than ). By proper tuning of the

diagonal weighting matrix Wu, it is possible to create the correlation matricesZ1 or Z2, which

predominantly contain the correlation coefficients of user 1 ( ) or user 2 ( ), respectively,

which are portrayed in Figure 3.2 using the colors of the two users. In this example, this is

achieved by ignoring the upper or lower half of R, and taking a reduced contribution of the

portion of R closer to the middle.

Several approaches have been proposed in order to select the proper weighting matrices

Wu for the more complex cases. The simplest strategy is matched weighting [SF13], where the

weighting coefficient wm,u (receiver branch m) for each user u are matched to their respective

power-space profile, cf. (2.33),

Wu = diag(P1,u, . . . , PNrx,u) , (3.40)

or its generalization presented in [FB14]

Wu = diag(w1,u, . . . , wNrx,u) , (3.41)

where

wm,u = e−|m−mu|2/(2ζ2
w,u)|C(θm,u)|2 , (3.42)
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=

=

Z2 RH R

RW1

W2

RHZ1

Figure 3.2: Illustration of spatial filtering using a simple two-user scenario. User 1 ( ) and user 2 ( ) simulta-

neously transmitting data to the base station. By nulling either the lower half or the upper half of the diagonal
weighting matrix Wu, resulting in W1 or W2 respectively, mainly the influence (here data thereof) of user 1

( ) and user 2 ( ) appears in the correlation matrix Z1 or Z2.

and ζw,u is the window width parameter. Choosing ζw,u = ζ results again in (3.40). The user

detection order and the weighting coefficients wm,u may be optimized to improve the error

rate performance in noncoherent MIMO systems [FB14]. This process is explained next, using

a more advanced strategy.

This optimization scheme is to obtain the individual weighting coefficients wm,u, such

that the signal-to-interference-plus-noise ratio, seen at the entries of correlation-coefficients

matrix of each user, cf. (3.39), is maximized [YFW15], i.e., SINR-optimized windowing. In the

multi-user case, the nDFE process is taken into account when optimizing these windows, i.e.,

an optimum detection order over the users is produced as well. To that end, the user that

experiences the highest SINR using optimized weighting coefficients is chosen to be detected

first,

[
û1, {w1,û1, . . . , wNrx,û1}

]
def
= argmax

ū∈{1,...,Nu}
{w̄1,ū,...,w̄Nrx,ū}

SINRū . (3.43)

The subscript 1 in û1 is used to indicate that the detection order index û is the first one obtained.

Next, a new search is performed, however, this time, the previously chosen index û1 is

excluded from the search

[
û2, {w1,û2, . . . , wNrx,û2}

]
= argmax

ū∈{1,...,Nu}\{û1}
{w̄1,ū,...,w̄Nrx,ū}

SINRū . (3.44)
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During this step, the reduction of the average interference caused by user û1 on all remaining

users ū ∈ {1, . . . , Nu} \ {û1} is accounted for in the calculation of the SINR.

Given the set D̂ def
= {û1, . . . , ûn−1} of the n−1 sorted users with SINR-optimizedweighting

coefficients, the optimization problem of the nth user reads
[
ûn, {w1,ûn

, . . . , wNrx,ûn
}
]

= argmax
ū∈{1,...,Nu}\D̂

{w̄1,ū,...,w̄Nrx,ū}

SINRū . (3.45)

This process is repeated until the optimization process has covered all users. At the end, the

optimum detection order over the users is given by

û = Π−1(u) , (3.46)

where Π is a permutation function that maps the detection order index û to the user index

u. In this case, a constrained nonlinear programming (CNP) solver [Pow78] is well suited for

such optimization tasks.

Due to the complexity of the optimization task, i.e., solving an Nrx-dimensional CNP prob-

lem per user, the weighting coefficients are obtained offline for the scenario at hand, and stored

in lookup tables for use when the communication system is in operation. In casematchedwin-

dowing is employed, online optimization may be possible, as the problem simplifies from Nrx

dimensions to just one per user, the window width parameter ζw,u.

3.2 Coherent Detection

In this section, a brief recapitulation of coherent detection schemes is presented. In this work,

these schemes provide a benchmark to compare against.

3.2.1 Maximum-Ratio Combining

The simplest approach for coherent detection is maximum-ratio combining (MRC), which is

also known as spatial matched filtering. The aim of this scheme is to maximize the SNR of the

output signal after combining the Nrx branches together [TV05].

For the uplink scenario at hand, this is given by

RMRC
def
= F MRCHHR

= F MRCHHHB + F MRCHHN

= B̂ + Ñ , (3.47)

where the diagonal matrix

F MRC
def
= diag


 1√

hH
1 h1

, . . . ,
1√

hH
u hu

, . . . ,
1√

hH
Nu

hNu


 , (3.48)

ensures that the entries ñm,k of the Nu×Nbl noise matrix Ñ afterMRC have the same variance

σ2
n as the ones in N .
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Here, even if perfect channel knowledge is assumed, no interference mitigation is per-

formed. The only case where B̂ = B is obtained after MRC, is when the individual channel

vectors hu of all users u are pair-wise orthogonal to each other, which is the case when Nrx is

extremely large, i.e., as Nrx −→ ∞.

3.2.2 Successive Interference Cancellation (BLAST)

In MRC, no interference cancellation was performed. To mitigate this, a linear receive filter

may be applied, with the aim of reducing the interference completely, i.e., zero-forcing linear

equalization [TV05]

RZF−LE
def
= H+R

= H+H︸ ︷︷ ︸
=I

B + H+N

= B + Ñ , (3.49)

where

H+ def
= (HHH )−1HH , (3.50)

is the (left) Moore–Penrose inverse. Unlike MRC, the data streams of the users are completely

separated. However, this results in noise enhancement. One approach to avoid noise enhance-

ment is to employ successive interference cancellation, also known as DFE [Fis02], e.g., BLAST

[FCG+03].

BLAST operates by sorting the users in decreasing SINR order; the one experiencing the

least interference and noise is detected first. Then, the obtained symbol estimates of that user

are fed back and used for interference cancellation. The next user is detected, and the process

repeats, where in each step, all previously-available symbol estimates are used to improve the

current detection.

Here, two problems are solved. First, the channels are equalized, i.e., unlike MRC the

channels are separated and no interference is seen. Second, unlike spatial linear equalization

techniques, noise enhancement is avoided, although error propagation may occur.

3.2.3 Channel Coefficients Estimation

For the coherent detection schemes just presented to be applicable, channel knowledge is

required. Usually, perfect knowledge is assumed at the central receiver. However, practical

systems employ methods to learn the channel.

One approach is to assign known sequences of symbols, so-called pilot sequences, that the

receiver can use to estimate the channel. Typically, these sequences are chosen such that they

are pair-wise orthogonal. Assuming that the channel remains constant for a given burst, each

user first transmits its assigned training sequence su of lengthNest, followed by its information

symbols vector iu, i.e.,

bu
def
=
[
su iu

]
. (3.51)
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This in turn, however, reduces number of data symbols allocated per block from Nbl down to

Nbl − Nest. After transmission, the received symbols read

R =
Nu∑

u=1

hubu + N

=
Nu∑

u=1

hu

[
su iu

]
+
[
N S, N I

]

def
=
[
RS RI

]
, (3.52)

where, the receive matrix R is expressed as a concatenation of the matrices

RS
def
=

Nu∑

u=1

husu + N S

= HS + NS , (3.53)

which is the portion that contains the (noisy) received pilot sequences, and

RI
def
=

Nu∑

u=1

huiu + N I

= HI + N I , (3.54)

which contains the (noisy) data portion. The matrices

S
def
=




s1
...

sNu


 , and I

def
=




i1
...

iNu


 , (3.55)

collect the training sequences su and information symbols vectors iu of all users u, respec-

tively.

To obtain the channel coefficients, the simplest estimator that may be employed at the

central receiver is the linear least-squares estimator, which is given by the (right) Moore–

Penrose inverse of S [Mar99]

S+ def
= SH(SSH)−1 . (3.56)

The channel coefficients estimates, in vector/matrix notation, are then obtained as

Ĥ
def
= RSS+

= (HS + NS)S+

= H SS+
︸ ︷︷ ︸

=I

+NSS+

= H + Eest , (3.57)

where Eest is the matrix that collects the channel estimation error.
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The estimation error variance (per element) depends on the type of training sequences

used. For the block-flat-fading channel, the variance is [QCHL02, SS04]

σ2
e,time =

Nu

Nest

σ2
n , and σ2

e,space =
1

Nest

σ2
n , (3.58)

for time-orthogonal, and for space-orthogonal, e.g., Zadoff–Chu [Fra63, Chu72], sequences

respectively.

3.3 Numerical Results and Discussion

The performance of the conventional noncoherent detection schemes of this chapter are com-

pared to the coherent schemes in this section.

3.3.1 Simulation Setup

The uplink scenario is taken from [SF13], and is set up as follows. Three users (Nu = 3), each

equipped with a single omni-directional antenna, simultaneously transmit to a central base

station, with Nrx = 100 uniformly-spaced antennas. The users are located vis-á-vis the array

at positions m1 = 20 ( ), m2 = 50 ( ), and m3 = 85 ( ), all at the same distance du. In this

case, the relative distance dr,u = 38 is considered.

For transmission, a quaternary (M = 4) phase-shift keying alphabet A = {1, j, −1, −j} is

used. The burst length is chosen as Nbl = 201. In case of the noncoherent systems, the 200

data symbols are first differentially encoded, using bu,0 = 1, ∀u as a reference symbol. In case

of coherent detection, only the 200 data symbols are transmitted.

A typical multi-path propagation scenario is considered, i.e., the path loss exponent γ =

3.6 is set. The relative path-loss quotient then reads ζu = 20. The PSPs Pm,u of all users are

calculated according to (2.33). Power control at the transmitters is assumed, such that the sum

receive power of each individual user u is normalized to Eg/T , i.e., Ptot =
∑

m Pm,u = Eg/T .

Due to PSK signaling, the average received energy per symbol readsEs = Eh,uσ2
A = Eg where

Eh,u = PtotT , and the SNR is defined as Es/N0 = 1/σ2
n. The individual channel coefficients

hm,u are drawn i.i.d. (in space and time) from zero-mean circular-symmetric complex-valued

Gaussian distributions with variances Pm,u.

At the receiver, two different antenna types are considered, the first being isotropic (omni-

directional), and the second with more directional properties, in this case, having their radi-

ation pattern as given by (2.35) with Nnotch = 4. The required weighting coefficients are

obtained through numerical optimization, by maximizing (3.39), i.e., the SINR. To that end,

Matlab’s sequential quadratic programming solver was used. For detection, in the nonco-

herent receivers, both differential detection (DD) and decision-feedback differential detection

(DFDD) are employed. For multi-user interference reduction, noncoherent decision-feedback

equalization (nDFE) is activated. In case of coherent detection, maximum-ratio combining

(MRC) or BLAST is applied.
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Table 3.1: Listing of the system and channel parameters used in the numerical simulations.

Parameter Value

number of users Nu 3
user location mu 20 ( ), 50 ( ), 85 ( )

number of receive antennas Nrx 100
path loss exponent γ 3.6
relative distance dr,u 38

relative path-loss quotient ζu 20
modulation alphabet A M = 4 PSK

burst length Nbl 201
antenna pattern notches Nnotch 0 (high interference), 4 (low interference)

The system and channel parameters that are used throughout this work are summarized

in Table 3.1. For the most part, these values remain unchanged throughout this dissertation,

and when different values are required in the upcoming chapters, they are explicitly noted.

3.3.2 No Multi-User Interference Cancellation

First, no multi-user interference mitigation is applied, i.e., nDFE is not active in case of nonco-

herent detection, and MRC instead of BLAST is employed in case of the coherent system. The

symbol error rate curves, averaged over 300 000 channel realizations, vs. the SNR expressed

by the ratio of the average energy per symbol over the noise power spectral density Es/N0 in

dB, are plotted in Figure 3.3 for a high multi-user interference case (left), and a low multi-user

interference one (right). The curves for differential detection are plotted in dash-dot ( ), for

DFDD in solid ( ). The error rate plots of coherent detection are shown in black.

Starting with the noncoherent receivers, it is very clear that symbol-wise DD, while be-

ing the lowest in terms of complexity, also suffers from a very large power efficiency loss of

approximately 5 dB, measured at an SER of 10−2, compared to DFDD.

Moreover, when high multi-user interference is present, i.e., for Nnotch = 0, the perfor-

mance of the middle user ( ) is much worse, in fact hitting an error floor, when compared

to the other users. In addition, due to the asymmetry of the user placement in front of the

antenna array, user 3 ( ) has the best error rate performance. Noteworthy, a performance loss

of approximately 1 dB, at an SER of 10−5, is seen for the middle user when coherent detection

usingMRC. This, again, shows that for these channel conditions, the interference is very large.

A very different picture is seen when Nnotch = 4 is set, i.e., the low multi-user interference

case. First, the performanceof all detection approaches is improved, and additionally, user 2 ( )

now has a comparable performance to user 1 ( ) and user 3 ( ). In fact, because of the lower

overlap between the PSPs of the three users, a higher diversity order5 is visible. Moreover,

although the gap betweenDD andDFDD has shrunk to 4 dB, symbol-wise DD still lags behind

considerably. Noteworthy, the gap between coherent and noncoherent detection using DFDD

5Here, the number of observations per user unaffected by interference is increased, but not the total number
of observations.
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Figure 3.3: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB for a multi-user

massive MIMO uplink scenario. Three users located at m1 = 20 ( ), m2 = 50 ( ), and m3 = 85 ( ). Linear
array with Nrx = 100 uniformly-spaced antennas. No multi-user interference cancellation. SER of DFDD

plotted in solid ( ); DD in dash-dot ( ). Left: high multi-user interference (Nnotch = 0). Right: low

multi-user interference (Nnotch = 4). For reference, SER of MRC with perfect channel knowledge plotted in
black.

has almost vanished. However, this comparison remains unfair and skewed towards MRC.

In these results, perfect channel knowledge is assumed, and both the rate loss incurred by

dedicating a portion of the transmission burst for pilot sequences, and the increased errors

due to noisy channel coefficients estimation, are not considered.

3.3.3 Multi-User Interference Cancellation Enabled

Next, systems with successive interference cancellation techniques, nDFE in case of nonco-

herent detection, and BLAST in coherent detection are analyzed. The simulation results, as

before, averaged over 300 000 channel realizations, are shown for the high-interference case in

the left-side plots, and for the low-interference case in the right-side plots, of Figure 3.4. Com-

pared to when no multi-user interference mitigation is active, the error rates of DD, DFDD,

and BLAST, of the middle user ( ) improve, and in fact, approach that of user 1 ( ). This is

seen in both the high, and low multi-user interference scenarios.

Additionally, similarly to when nDFE was not active, because of the asymmetry of the

user placement in front of the receiver array, user 3 ( ), being the farthest from the rest, i.e.,

experiencing the least interference, performs the best. User 1 ( ) has similar error rates as

before. However, most importantly, not only is detection enabled for the middle user ( ), but

now has an error rate that is similar to that of user 1 ( ), i.e., a huge power efficiency gain is at

hand. In the low-interference case, nDFE improves the error rate of the middle user ( ), and a
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Figure 3.4: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB for a multi-user

massive MIMO uplink scenario. Three users located at m1 = 20 ( ), m2 = 50 ( ), and m3 = 85 ( ). Linear
array with Nrx = 100 uniformly-spaced antennas. Interference reduction via nDFE for noncoherent detection

and BLAST for coherent. SER of DFDD plotted in solid ( ); DD in dash-dot ( ). Left: high multi-user

interference (Nnotch = 0). Right: low multi-user interference (Nnotch = 4). For reference, SER of BLAST with
perfect channel knowledge plotted in black.

gain of approximately 0.5 dB is seen.

Now, a larger gap exists between coherent and noncoherent detection; with BLAST active,

coherent detection can fully exploit the diversity order of the channel, and all three users

perform almost equally. Again, as before, this is an unfair comparison as perfect channel

knowledge is assumed. Interestingly, in the low-interference case, a loss of approximately

0.5 dB is observed in two of the three curves of BLAST. In fact, these curves belong to the

users placed at the sides, and not the middle, and this loss can be explained as follows. With

Nnotch = 4, a smaller number of antennas capture a usable amount of the induced power. These

antennas are the ones “relevant” for the detection process [YFW15]. The difference with user

2 is, being in the middle of the array, the number of relevant antennas remains approximately

the same as when Nnotch = 0 was set.

3.3.4 Channel Estimation

To highlight the strength of noncoherent detection, the power efficiency losses due to channel

estimation are now included. The best performing systems, i.e., DFDD combined with nDFE

for noncoherent detection, and BLAST in case of coherent detection, are compared. At the

receiver, the channel is estimated for each individual burst of Nbl symbols. To that end, each

user is assigned a unique training sequence.

To obtain these sequences, first, the first-root Zadoff–Chu sequence of length Nest, which
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Figure 3.5: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB for a three-user ( ,

, ) massive MIMO uplink scenario. Linear array with Nrx = 100 uniformly-spaced antennas. Pilot sequence
length Nest = 51. SER of DFDD with nDFE plotted in solid; BLAST with channel estimation in black ( ).

For reference, SER of BLAST with perfect channel knowledge plotted in dash-dot gray ( ).

must be odd (Nest ∈ {1, 3, 5, . . . }),

sk = e−j πk(k+1)/Nest , k = 0, . . . , Nest − 1 , (3.59)

is generated. Then, a unique sequence for each individual user is assigned as a cyclically-

shifted version, i.e.,

su=1
def
=
[
s0 s1 · · · sNest−2 sNest−1

]
, (3.60)

su=2
def
=
[
s1 s2 · · · sNest−1 s0

]
, (3.61)

and

su=3
def
=
[
s2 s3 · · · s0 s1

]
. (3.62)

This is possible, due to the fact that the auto-correlation of a Zadoff–Chu sequence with a

cyclically-shifted version of itself is zero [Fra63, Chu72]. This leaves the Nbl − Nest portion of

the burst available for information transmission.

First, both noncoherent and coherent detection are designed to use the same 4-ary PSK

alphabet. In this case, no matter how the length of the training sequences is chosen, the end-

to-end information rate per transmission burst will be lower in case of coherent detection.

Typically, dedicating between 25% to 40% of the transmit block for channel learning pro-

vides a good trade-off between the accuracy of the estimates, and the power efficiency loss
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Figure 3.6: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB for a three-user

( , , ) massive MIMO uplink scenario. SER of DFDD with nDFE plotted in solid; BLAST with channel
estimation in black ( ). Information content of both systems comparable; Pilot sequence length Nest = 67,

133 data symbols from 8-ary PSK alphabet for coherent system, 200 data symbols from 4-ary PSK alphabet for

noncoherent system. For reference, SER of BLAST, using 4-ary PSK alphabet, with perfect channel knowledge
plotted in dash-dot gray ( ).

incurred. Here, Nest = 51 (25% of the burst) is set, as it was shown in [FBS14] to be optimum.

Considering the rate loss, the SNR per symbol now reads

Es,req.

N0

=
Es

N0

· Nbl

Nbl − Nest

≈ 1

σ2
n

· 1.34 , (3.63)

i.e., an increase in the energy spent per data symbol is required to obtain the same error rate

as when perfect channel knowledge is assumed.

Looking at the results of the high-interference case, seen in the left-side plot of Figure 3.5,

we see that in the lower SNR range, from 8 dB to 11 dB, when the channel estimation losses

are taken into account, the performance of both coherent ( ) and noncoherent detection

coincide. In fact, a gap of approximately 1.5 dB exists between the results of coherent detec-

tion with perfect channel state information (CSI, ), and detection using channel estimation.

However, as the SNR increases, we see that now, the interference is dominating; DFDD com-

bined with nDFE, are not able to fully exploit the diversity of the channel.

When the multi-user interference is not severe, the results as seen in right-side plots of

Figure 3.5, are quite different. Not only is the channel diversity better utilized by noncoherent

detection, DFDD combined with nDFE outperforms coherent detection with channel estima-

tion.

Next, the communication systems are designed, such that the end-to-end information

transmission rate is equal (or comparable). To achieve this, an 8-ary PSK alphabet is utilized by
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the coherent system, and the training sequence length is increased to Nest = 67. This means

that, per burst,

200 symbols · log2(4) bits/symbol = 400 bits (3.64)

containing data are transmitted in the noncoherent system, and

(200 − 67) symbols · log2(8) bits/symbol = 399 bits (3.65)

in the coherent one. Taking into account the rate loss, the SNR becomes

Es,req.

N0

=
Es

N0

· Nbl

Nbl − Nest

≈ 1

σ2
n

· 1.5 . (3.66)

In this case, a dramatic increase in the energy spent per information symbol for the coherent

detection system is at hand.

The simulation results, for a high multi-user interference channel and a low multi-user in-

terference one are shown in the left-side plot and right-side plot of Figure 3.6, respectively. In

addition to power efficiency losses due to noisy channel coefficients estimates and the rate loss,

by forcing the coherent system to transmit the same information rate, a higher modulation al-

phabet (in this case 8-PSK) is required. This leads to a higher error rate, and to compensate, the

coherent system must be operated at a much higher SNR, i.e., a higher transmit power is re-

quired. In fact, when the multi-user interference is high, coherent detection performs slightly

better than symbol-wise DD, and outperformed when Nnotch = 4 antennas are employed by

the simplest of noncoherent receivers.

3.3.5 Summary and Discussion

In this chapter, a review of the conventional detection approaches in noncoherent massive

MIMOwas given. The performance of the different systemswas analyzed, and for comparison,

reference curves for coherent detection were given.

Although differential detection is the least computationally complex of all, compared to all

other schemes, it performed the worst. Even when nDFE is active, symbol-wise DD performs

poorly, and should be completely avoided. In contrast, decision-feedback differential detection

with optimized detection order showed results comparable to coherent detection, especially

when interference is mitigated either via nDFE, or by employing antennas with directionality,

or even better, both. Moreover, since the user signals cannot be separated via their phase

information, nDFE is required for noncoherent detection. Given that a minimal amount of

additional computational complexity is required for nDFE, as seen in Example 3.2, the benefits

highly outweigh this additional cost, and should be always implemented in the noncoherent

receivers.

When comparing the noncoherent to the coherent receiver, one must keep in mind that,

in all realized systems, channel estimation is required. For a given fixed transmission burst

length, DFDD coupled with nDFE offers a high-performing alternative solution, compared to
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conventional channel-estimation-based detection. In fact, when antennas with more direc-

tional properties are employed, noncoherent detection offers a higher information transmis-

sion rate and better power efficiency compared to coherent detection, when the losses due to

the estimation of the channel coefficients are taken into account.
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4. Advanced Receiver Design

In this chapter, advanced receiver designs and algorithms are discussed, specifically schemes

that improve the detection performance in noncoherent massive MIMO systems. First, an-

tennas which are electronically-controllable, are investigated for use in the receiver. As seen

in the numerical results of Chapter 3, the antenna design has a pronounced influence on the

system performance, and should be exploited to further improve noncoherent detection. Next,

the feedback, and subsequently, the feedback gain has not been previously taken into account

when optimizing the weighting coefficients is considered. In doing so, it is possible to extend

the detection algorithms, DFDD and nDFE, to be based on feedback-aware-obtained weight-

ing coefficients. After, a different metric for symbol detection is assessed. So far, only ones

based on the phase, or phase error, have been considered. Finally, inclusion of channel coding

in the detection process is explored. Parts of this chapter is published in the author’s works

[YFW15, YF16, YF20a, YF20b].

4.1 Electronically-Controllable Antennas

The antenna array deployed at the receiver has been so far static, i.e., the employed elements

are designed to exhibit a certain fixed radiation pattern, that, in the end, dictates the distribu-

tion of the received power on the array, i.e., the shape of the PSPs. Moreover, in the case of

multi-user noncoherent detection, antennas having some directivity are preferable [YFW15],

as they reduce the multi-user interference.

However, advancements in antenna design have made it possible to design and implement

antennas, where the gain pattern of the element can be influenced electronically. This adds

new degrees of freedom for the design and operation of noncoherent massive MIMO systems.

Of interest are two types of antennas with controllable radiation patterns. The first is

the electronically-switchable [CFC+99], where the boresight lobe, i.e., the main lobe, direction,

can be switched between two different angles. This offers the option of having the directivity

pointed towards, or away from, certain radiating sources. Using the proposed idealized an-

tenna patterns of Section 2.2.3.1, a natural choice is to simply interchange the location of the
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Example 4.1: Electronically-Switchable Antenna

Polar-coordinates plot of the antenna gain pattern G
(i)
a (θ) vs. the azimuth angle θ of an

electronically-switchable antenna with Nnotch = 4 notches.
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Left: G
(1)
a ; main lobe at 0◦. Right: G

(2)
a ; main lobe at 45◦ (rotated by 180◦/Nnotch = 180◦/4 =

45◦). For reference, the opposite rotation is given as a shadow plot.

notches and the lobes of the antenna [YFW15], i.e., to rotate the entire pattern by an angle

θrot
def
=

π

Nnotch

. (4.1)

To describe the switchable antenna, (2.38) can be re-written with the index superscript (i),

G(i)
a (θ)

def
=





Ga(θ) , for i = 1 (not rotated)

Ga(θ + θrot) , for i = 2 (rotated)
. (4.2)

The switchable antenna using Nnotch = 4 notches is illustrated in Example 4.1.

The second type is the electronically-tuneable antenna [TCCB12]. In this configuration, the

radiation pattern is completely changed. Common examples are elements that in one mode,

exhibit a more spherical (isotropic) pattern, and in the other mode(s) the element is (highly)

directional.

In the context of the antennamodel of Section 2.2.3.1, the different operationmodes exhibit

different number of notchesNnotch. In this work, dual-mode tuneable antennas are considered,

however extension to multiple-mode ones is straightforward. Mathematically, given the set

Nnotch,1,2
def
= {Nnotch,1, Nnotch,2} of the different number of notches for each mode, the tuneable

antenna model is given by

G(i)
a (θ)

def
=





Ga(θ)|Nnotch,1
, for i = 1 (mode 1)

Ga(θ)|Nnotch,2
, for i = 2 (mode 2)

. (4.3)
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Example 4.2: Electronically-Tuneable Antenna

Polar-coordinates plot of the antenna gain pattern G
(i)
a (θ) vs. the azimuth angle θ of an

electronically-tuneable antenna with Nnotch,1,2 = {4, 8} notches.
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Left: G
(1)
a ; mode 1 with Nnotch,1 = 4. Right: G

(2)
a ; mode 2 with Nnotch,2 = 8. For reference,

the other mode is given as a shadow plot.

To illustrate, a two-mode electronically-tuneable antenna with Nnotch,1,2 = {4, 8} is shown in

Example 4.2.

4.1.1 Antenna Configuration Optimization

To maximize the benefit brought by the usage of the electronically-controllable antennas in-

troduced above, an optimum configuration, in terms of which mode each element is switched

to during operation, must be employed.

To start, a suited criterion, or cost function, for optimization is required. To that end, we

refer to the user-detection order and weighting coefficients optimization of Section 3.1.4. The

weighting coefficients are optimized to maximize the SINR of all users individually, taking

into account any interference reduction from nDFE, using a constrained nonlinear program-

ming solver [Pow78]. By choosing a different mode for the antennas at the receiver, the PSP

is changed, and consequently, the SINRs and nDFE order may change after the spatial win-

dowing optimization. To that end, a natural choice would be to choose the configuration that

maximizes

{G
(̂i)
a,1, . . . , G

(̂i)
a,Nrx

} def
= argmax

ī∈{1,2}
m=1,...,Nrx

(minSINR) , (4.4)

the worst SINR that is obtained [YFW15],

minSINR
def
= min

u∈{1,...,Nu}
SINRu . (4.5)
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Table 4.1: Listing of the different array configuration optimization approaches. To provide a better perspective
on the complexity of each approach, typically in massive MIMO systems, the number of users Nu is much

smaller than the number of receive antennas Nrx.

Strategy Criterion nDFE Aware Solver Complexity

common
overlap Pol — max/min low (O(Nu))
min SINRu X CNP+max/min high (O(NuNrx))

per element
overlap Pol — genetic algorithm medium (O(Nrx))
min SINRu X CNP+GA very high (O(NuN2

rx))

By ensuring that the minimum SINR is increased, the user that had the worst error rate expe-

riences an improvement. Using this strategy, however, does not imply that the performance

of all users betters; in the worst case, the interference that was experienced by the least per-

forming user may be shared among all others, resulting in an increase in error rate for some,

and decrease for others.

Another suited cost function for optimization is the PSP overlap

Pol
def
=
∫ Nrx

m=1

Nu∑

u,ν=1
u<ν

(Pm,ν + Pm,u − |Pm,ν − Pm,u|) dm . (4.6)

The aforementioned optimization problem is transformed into

{G
(̂i)
a,1, . . . , G

(̂i)
a,Nrx

} = argmin
ī∈{1,2}

m=1,...,Nrx

Pol , (4.7)

i.e., a minimization problem. Here, the optimization is not nDFE aware, but it is much easier

to calculate, since optimization is done only over the PSP dimension, without optimizing the

weighting coefficients and detection order. In some cases, both optimization criteriamay result

in the same solution.

Additionally, two optimization strategies are presented. In the first, a simple control mech-

anism is utilized. All elements are switched to use the same pattern at the same time. To that

end, the same solver is utilized for both criteria. Given the two antenna modes, calculate over-

lap, or the minimum SINR, for each mode, and then choose the one that minimizes the PSP

overlap, or maximizes the minimum SINR. In case of the former, this is a low-complexity so-

lution, requiring the calculation of Nu different SINRs for each configuration. In case of the

latter, the solution of an optimization problem in NuNrx variables is calculated twice before a

choice can be made.

In the second, a more advanced approach is used. Each individual antenna employs one

of the available modes independent of all other antennas in the array. Since, in our assump-

tion, only dual-mode antennas are employed, the problem can be efficiently solved using a

binary genetic algorithm (GA) solver [Gol89] (a brief introduction to the binary GA is given

in Appendix A). Nonetheless, the optimization is performed over Nrx different variables.

When the PSP overlap is used as a cost function, the implementation is straightforward; the

GA solver finds the solution thatminimizes the overlap. However, when the aim is tomaximize
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the minimum SINR, an iterative implementation is required; for each hypothesis generation

that the GA solver tests, the weighting coefficients and detection order optimization has to

be done, in order to obtain the minimum SINR of that particular hypothesis. In this case, the

problem is two-dimensional in NuN2
rx variables.

Using the four different combinations of strategies and criteria, low-complexity optimizers

to very-high ones are presented. Table 4.1 summarizes these different choices for solving the

optimization problem, where the complexity is listed in big O notation (O(·)). As can be clearly
seen, the inclusion of nDFE awareness always results in a more complex problem.

4.1.2 Numerical Results and Discussion

A comparison, by means of numerical simulations, of the performance of systems employ-

ing electronically-controllable antennas, and the different optimization schemes, is presented

next. A different setup than the one presented in Section 3.3 is utilized, since now, the system

parameters, and the outcome of the optimizers of the previous section vary according to the

location of the users. In the following, first the setup is introduced, followed by the assessment

of the SER performance of the different strategies and criteria.

4.1.2.1 Simulation Setup

The Nu = 3 multi-user uplink scenario from Section 3.3 is considered, where the two outer

users are located at fixed positions, in this case user 1 ( ) at m1 = 20, and user 3 ( ) at

m3 = 85. The middle user, i.e., user 2 ( ), is free to move, and its position is varied between

30 and 70. The positions of the three users are always perfectly known to the receiver. Each

user transmits a burst of Nbl = 201 symbols.

The same channel parameters from Table 3.1 are used. Recall the users are at a relative

distance dr,u = 38 away from the linear array. The propagation exponent is set to γ = 3.6,

which results in the relative path-loss parameter ζu = 20 for all users u.

Power control at the transmitters is assumed, such that the total power induced by each

user is normalized toEg/T ,
∑

m Pm,u = Eg/T, ∀u. As a PSK alphabet is employed, the average

received energy per symbol reads Es = Eg. Measurements are performed for an SNR of

Es/N0 = 1/σ2
n =̂ 14 dB, which represents a typical operation point of the system.

4.1.2.2 Electronically-Switchable Antennas

First, electronically-switchable antennas are investigated. For the numerical simulation, the

same antennas of Example 4.1 are used. The different combinations of optimization strategies

and criteria of Table 4.1 are considered.

Common Optimization The simpler case, optimization based on the common strategy is

investigated. Here, the Nnotch = 4 antennas either have their main lobe pointed perpendicular

to the array (at 0◦), or all antennas have their radiation pattern rotated by 45◦.

The solver then uses the cost function, defined by the criteria of Section 4.1.1, i.e., the

overlap Pol or minimum SINR over all users minSINR, to obtain the optimum configuration
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Figure 4.1: Plots of the PSP Pm,u vs. the antenna index m for the multi-user case, with user one ( ) placed

in front of antenna m1 = 20 and user three ( ) in front of antenna m3 = 85. User two ( ) is placed in front
of antenna m2 = 30 (left) and antenna m2 = 52 (right). Top: no rotation applied to the radiation pattern.

Bottom: the radiation pattern of all the elements are all rotated by 45◦. Here, the received power induced by

each user is concentrated at two points.

in this case. In this particular scenario, no matter where the second user is placed in front of

the array, having all antennas with their main lobe towards 0◦ is the better choice, which leads

to a smaller overlap, or a higher minimum SINR.

This behavior was expected, and can be explained as follows. Because of the way the

radiation pattern is designed, when rotated, the induced receive power of each user is con-

centrated at multiple points over the array, dictated by the number of lobes of the employed

antennas that the users are seen by. This leads to a much larger overlap between the PSPs of

the users. Examples are given for the case when the user two ( ) is close to user one ( ) in the

left-side plot, and in the middle of the array in the right-side plot of Figure 4.1. Noteworthy,

the antennas where previously, the highest power was induced by each user, are now nulled,

and act as a symmetry axis for the new profile shape. For the scenario at hand, i.e., when the

radiation patterns have origin-symmetric lobes, all-element rotation should not be considered

when designing the linear array at the receiver.

Per-Element Optimization Now, the more complex case is studied, where now, each antenna

element is individually controlled. To obtain which optimal subset of antennas are to be ro-

tated, the genetic algorithm solver provided byMatlab’s optimization toolbox was employed.

In each GA generation, a population of two thousand candidate solutions are generated.
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Figure 4.2: Power-space profile Pm,u vs. antenna index m for a Nu = 3 multi-user scenario. Users placed in

front of antennas m1 = 20 ( ), m2 = 30 ( ), and m3 = 85 ( ). Receiver equipped with Nrx = 100 antennas.

Array configuration using electronically-switchable antennas with Nnotch = 4. Left: optimized by maximizing
minSINR. Right: optimized by minimizing the overlap Pol.

In case of the overlap criterion, around fifty generations were required to obtain the opti-

mum solution. In case of the minimum SINR of all users, approximately an additional twenty

generations were needed. This is expected, since, as a criterion, the minimum SINR is af-

fected by both, which antennas are rotated, and by the spatial weighting coefficients and user

detection order, i.e., the values of the nDFE-specific optimization, which are obtained for the

survivor of eachGA generation. To solve this task,Matlab’s implementation of the sequential

quadratic programming solver is utilized.

At the end of the process, the fittest, i.e., the solution with the overall lowest overlap Pol,

or the highest minSINR is chosen as the optimum one. Then, using the new effective PSPs,

the weighting coefficients of each user, and the nDFE order is optimized for both cases. This

task is repeated for all possible locations of user 2 ( ). These parameters are all stored and

known by the receiver to be recalled during the detection process.

As example, the PSPs of the three users obtained after optimization based on (4.5) and

(4.7), when the middle user ( ) is placed in front of antenna m2 = 30, i.e., in close proximity to

user 1 ( ) at m1 = 20, are plotted in Figure 4.2. Employing the optimum subset of antennas to

be operated in the switched mode, i.e., with their main lobe rotated away from boresight, the

large overlap of the PSPs of user 1 ( ) and user 2 ( ), as seen in the top-left plot of Figure 4.1

is avoided. Instead, the received power induced by the users is split and spread across the

antennas. Moreover, in this particular case, the solution obtained by maximizing minSINR,

as given in the left-side plot, and minimizing the overlap Pol as seen in the right-side plot of

Figure 4.2 are almost identical. Noteworthy, in this specific configuration, the PSP of user 3 ( )

remains mostly untouched. This means that, in this specific case, the user’s symbol-error-rate

performance remains the same, while the other users benefit from an improvement.

To asses the performance gains achievedusing the per-elementoptimization strategy, sym-

bol error rate simulations were conducted, measured at Es/N0 =̂ 14 dB. The results when the

criterion is minimizing the PSP overlap are plotted in Figure 4.3. Three different systems are

compared. In the first, only DFDD is applied when detecting the transmitted symbol of each
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Figure 4.3: Symbol error rate at Es/N0 =̂ 14 dB, averaged over 300 000 channel realizations, vs. the position

m2 of user 2 ( ). Per-element optimization of electronically-switchable antennas based on minimizing the

PSP overlap. User 1 ( ) is placed in front of antenna m1 = 20, and user 3 ( ) in front of antenna m3 = 85.
The position of the middle user is varied between m2 = 30 and m2 = 70. SERs using DFDD without nDFE

given by ( ), ( ), and ( ) for the three users respectively. For reference, the SER plots of DFDD/nDFE

when omni-directional antennas are used are given as shadow curves, and the SER of BLAST with perfect
channel knowledge given in ( ).

user individually. The weighting coefficients of each user are optimized based on (3.39), with

the knowledge that no average interference cancellation will take place. The second system

employs nDFE in addition, and the spatial-filtering windows are optimized accordingly. The

third system is a benchmark system. Coherent detection is applied, and interference mitiga-

tion is provided via decision-feedback equalization, i.e., BLAST.

As the position m2 of middle user ( ) is varied from m2 = 30 to m2 = 70, changes

in the SERs are as expected; when close to either user 1 ( ) or user 3 ( ), the error rate of

the clustered users increases. However, when compared to the results using omni-directional

antennas, plotted as shadow curves in the figure (results first shown in [YFW15, Figure 4]),

a reduction of more than two orders of magnitude in the error rate is achieved. With nDFE

active, the performance of the middle user ( ) is further improved. In fact, the SER curves of

both systems, with nDFE active and not, follow the same shape with the former shifted down

towards lower error rates.

In case of coherent detection, using this strategy in certain cases forces a larger drop in the

number of “relevant” antennas for a user [YFW15]. This can be clearly seen in the regionwhere

the middle user ( ) is situated close to user 3 ( ). Additionally, when the power-efficiency

losses due to channel estimation are taken into consideration, an order of magnitude increase

in the SER curves is seen at Es/N0 =̂ 14 dB, cf. Figure 3.5. With that in mind, now the picture

is completely different; at worst, noncoherent detection lags slightly behind coherent.
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Figure 4.4: Symbol error rate at Es/N0 =̂ 14 dB, averaged over 300 000 channel realizations, vs. the position

m2 of user 2 ( ). Per-element optimization of electronically-switchable antennas based on maximizing

minimum SINR over all users. User 1 ( ) is placed in front of antenna m1 = 20, and user 3 ( ) in front
of antenna m3 = 85. The position of the middle user is varied between m2 = 30 and m2 = 70. SERs using

DFDD without nDFE given by ( ), ( ), and ( ) for the three users respectively. For reference, the SER

plots of DFDD/nDFE when omni-directional antennas are used are given as shadow curves, and the SER of
BLAST with perfect channel knowledge given in ( ).

Next, maximizing the minimum SINR over all users as a criterion is assessed through error

rate performance. Again, the same three systems of before are tested, and their SER curves

are plotted in Figure 4.4. Now, a different behavior is seen. The performance of the middle

user ( ) is improved at the cost of a slight increase in the error rate of the other users, which

is especially evident at the middle of the array. Moreover, a larger gap now exists between the

receivers with nDFE active and without, seen especially for the middle user ( ) when closer

to the edges of the array. This is expected, as the individual antennas are optimized under the

assumption that nDFE is active.

Overall, a balanced performance for the three users is obtained, where even in the worst

case, i.e., when the users are in very close proximity, an order of magnitude improvement in

the error rate is achieved, compared to when omni-directional antennas are employed, seen as

shadow curves in the figure. Furthermore, the region where the three users achieve the same

error rates is much broader than when no pattern-based interference mitigation is performed,

where this is seen only when user 2 ( ) is situated exactly in the middle of the other two.

4.1.2.3 Electronically-Tuneable Antennas

Now, electronically-tuneable antennas are inspected. In this case, the antennas of Example 4.2,

that are able to change their radiation pattern from Nnotch = 4 to Nnotch = 8 are employed.
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Figure 4.5: Plots of the PSP Pm,u vs. the antenna index m for the multi-user case, with user one ( ) placed in

front of antenna 20 and user three ( ) in front of antenna 85. User two ( ) is placed in front of antenna 30
(left) and antenna 52 (right). Top: Nnotch = 4 radiation pattern active. Bottom: Nnotch = 8 radiation pattern

active.

Again, as in Section 4.1.2.2, the different combinations of strategies and criteria, taken from

Table 4.1 are considered.

Common Optimization Once more, the simpler case is considered first, where all the an-

tenna elements are either tuned to the Nnotch = 4 radiation pattern, or the mode with Nnotch =

8 notches.

When the overlap Pol is considered, using the Nnotch = 4 mode is always favored over the

Nnotch = 8 one. When comparing both radiation patterns as seen in Example 4.2, although

the four-notch antenna has a lower directivity, two additional side lobes are present in place

notches in the eight-notch one. This, in effect, generates PSPs with additional side patterns,

which although not as large in terms of their peaks, i.e., in comparison, these side patterns

collect less induced power in comparison to themain one, still lead to an overall higher overlap

factor. This can be seen in the PSP plots depicted in the bottom row of Figure 4.5.

However, when the minimum SINR over all users is considered, a different outcome is

obtained. In the regions where user 2 is placed in close proximity to either user 1, m2 ≤ 40,

or to user 3, m2 ≥ 65, under the assumption that nDFE is active, operating the receiver-array

antennas in the Nnotch = 8 mode ensures a higher minSINR. When user 3 ( ) is placed close

to user 1 ( ), the main portion of the pattern of user 2 ( ) is, relatively, interference free. As

user 2 moves closer to the middle of the array, the opposite is at hand; when the antennas are
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Figure 4.6: Symbol error rate at Es/N0 =̂ 14 dB vs. the position m2 of user 2 ( ). All-element optimization of

electronically-tuneable antennas based on maximizing the minimum SINR of all users. User 1 ( ) is placed

in front of antenna m1 = 20, and user 3 ( ) in front of antenna m3 = 85. The position of the middle user
is varied between m2 = 30 and m2 = 70. SERs using DFDD without nDFE given by ( ), ( ), and ( )

for the three users respectively. For reference, the SER plots of DFDD/nDFE when omni-directional antennas

are used are given as shadow curves, and the SER of BLAST with perfect channel knowledge given in ( ).

in the four-notch mode, broader, relatively interference-free PSPs are obtained. Operating the

elements with the eight-notch pattern exhibit the exact opposite effect; the main portion of

each PSP experiences interference from the smaller side patterns of the other users, especially

the middle one. This makes this strategy viable for implementation.

To assess the performance of a system employing electronically-tuneable antennas, that

are all operated via a simple control logic, i.e., all elements are controlled and operated at the

samemode together, a symbol error rate plot vs. the locationm2 of user 2 is given in Figure 4.6.

A sharp change in the SER is seen when user 2 ( ) moves beyond m2 = 40, away from

user 1 ( ). This coincides with the crossing point, where selecting the four-notch pattern is

preferable. Another sharp change in the SER is seen again as soon as user 2 crosses m2 = 65,

the second crossing point where switching back to the eight-notch antenna pattern is more

beneficial. Noteworthy, in this configuration, user 1 ( ) and user 3 ( ) benefit minimally, if

any, from nDFE. In contrast, user 2 ( ) benefits greatly, especially when located close to the

other users, where the SER improves significantly.

Looking at the optimal user detection order, the second user is always detected last, which,

considering that a large performance increasewas brought by the nDFE, is expected. Naturally,

the user experiencing the least interference is always detected first. When the middle user is

placed at m2 = 30, . . . , 51, the nDFE order → → is given by the numerical optimization,

and when placed at m2 = 52, . . . , 70, the order → → is obtained.

In case of coherent detection, as expected, the performance is almost independent of the
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Figure 4.7: Power-space profile Pm,u vs. antenna index m for a Nu = 3 multi-user scenario. Users placed

in front of antennas m1 = 20 ( ), m2 = 30 ( ), and m3 = 85 ( ). Receiver equipped with Nrx = 100
antennas. Array configuration using electronically-tuneable antennas with Nnotch = {4, 8}. Left: optimized
by maximizing minSINR. Right: optimized by minimizing the overlap Pol.

array configuration, and the slight differences in performance are due to the number of “rel-

evant” antennas for a user, dictated by the PSPs themselves [YFW15]. When the impact of

the noisy channel estimates are taken into account, a system combining noncoherent detec-

tion with this very simple approach for the radiation pattern control, especially in the central

region of the array, becomes a competitive low-complexity alternative to systems employing

coherent detection.

Per-Element Optimization The more complex per-element strategy is considered next. The

same approach for optimization from Section 4.1.2.2 is used. Here, again, when the overlap is

used as the cost function for the GA solver, around fifty generations were needed to obtain

the solution, and in case of minSINR, this was increased to around seventy generations. The

numbers are similar to the ones in Section 4.1.2.2, i.e., for dual-mode antennas employing the

different patterns defined in Section 2.2.3.1, or rotations thereof, the optimization complexity

is the same, regardless of which variant was chosen.

The PSPs of the three users when user 2 ( ) is placed in close proximity to user 1 ( ) are

plotted in Figure 4.7. Unlike the electronically-switchable antennas, the obtained solutions,

and by extension, the effective PSPs obtained by maximizing the minimum SINR among all

users (left-side plot), and the ones obtained by minimizing the overlap (right-side plot), differ

significantly. Noteworthy, the PSP of user 3 ( ) is not left untouched when optimizing based

on minSINR, as in the previous cases, however, this change is minimal.

The symbol error rate, plotted against the position of user 2 ( ) of both optimization cri-

teria, i.e., minimizing the overlap of the PSPs, and maximizing the minimum SINR of all users,

are shown in Figure 4.8 and Figure 4.9, respectively. Comparable error rate performance is

obtained, from the application of either optimization scheme, with minimal advantage of one

over the other depending on the position of the middle user. This reflects the differences seen

in the effective PSPs that were obtained from the optimization based on the different criteria.

Overall, a more balanced performance is exhibited by all users, compared to the results

seen in Figure 4.6. In fact, no sudden changes in the error rates occur. Additionally, when
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Figure 4.8: Symbol error rate at Es/N0 =̂ 14 dB, averaged over 300 000 channel realizations, vs. the position

m2 of user 2 ( ). Per-element optimization based on minimizing the PSP overlap. User 1 ( ) is placed in

front of antenna 20, and user 3 ( ) in front of antenna 85. The position m2 is varied between 30 and 70.
SERs using DFDD without nDFE given by ( ), ( ), and ( ) for the three users respectively. For reference,

the SER plots of DFDD/nDFE when omni-directional antennas are used are given as shadow curves, and the

SER of BLAST with perfect channel knowledge given in ( ).

the middle user ( ) is located close to one of the other users, e.g., user 1 ( ), using the per-

element optimization strategy ensures that the users placed at the other end of the array do not

experience a loss in power efficiency, which is seenwhen the all-element strategy is employed.

In fact, no matter where the middle user is positioned, per-element tuning delivers a better

error rate for all users.

Unlike the results of Section 4.1.2.2, i.e., when electronically-switchable antennas are uti-

lized, here, the third user ( ) is favored by the optimization algorithm over user 2 ( ) when

both are in close proximity, where now the gap is minimized. In addition, the results again

highlight, that in case of noncoherent detection, the beamwidth plays the largest role when

it comes to improving the overall system performance; mitigating the multi-user interference

on a simpler hardware level is not only possible, but highly effective.

4.1.2.4 Discussion

Antennas with selection capabilities provide a solution to counteract the loss of user separa-

bility in noncoherent massive MIMO system, unlike coherent detection systems where phase

information is used. Moreover, by employing electronically-controllable antennas, where the

beamwidth or the location of the main beam can be adapted during operation, performance

increases can be achieved. This can be as simple as switching all antennas at the same time

using one control signal, and is quite effective when used to change the beamwidth.
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Figure 4.9: Symbol error rate at Es/N0 =̂ 14 dB, averaged over 300 000 channel realizations, vs. the position

m2 of user 2 ( ). Per-element optimization based on maximizing minimum SINR over all users. User 1 ( )

is placed in front of antenna 20, and user 3 ( ) in front of antenna 85. The position m2 is varied between
30 and 70. SERs using DFDD without nDFE given by ( ), ( ), and ( ) for the three users respectively.

For reference, the SER plots of DFDD/nDFE when omni-directional antennas are used are given as shadow

curves, and the SER of BLAST with perfect channel knowledge given in ( ).

Alternatively, per-antenna optimization can be utilized. Although the complexity of the

receiver is slightly increased, a large advantage over coherent detection methods is at hand.

Here, optimization is offline, and only storage of control signals for different situations, e.g.,

different positions of each user, is needed. In fact, when some parameters of the system are

static, for example, the number of transmitters is always the same, the problem is greatly

simplified. In case of coherent detection, the channel coefficients must be estimated for each

transmitted burst, requiring the design of training sequences, and eventually an increase in

the complexity of the receiver.

From the SER simulations, each criterion pairs well with a specific detection approach;

reduction of the PSP overlap is better suited for systems where nDFE is not available, and

maximizing the minimum SINR over all users is better suited when nDFE is active. This is

expected, as in the former, the only way to reduce the interference is to shape the PSPs, and

the latter is a dual-optimization process, where both PSP shaping and nDFE do this task.

4.2 Feedback-Aware Detection

Up to now, in all noncoherent receivers that have been proposed, optimization of parameters

used in detection, e.g., the weighting coefficients for symbol detection (spatial-dimension),

or the detection order used in nDFE (user-dimension), has been based on the approximate
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Figure 4.10: Plots of 10 log10(SINRu) (top) and SER (bottom) vs. windowing coefficient ζw,u in the multi-user

case. Weighting coefficients calculated using (3.42). Channel parameters of the high multi-user interference
scenario taken from Table 3.1. Es/N0 =̂ 14 dB. DFDD with optimally-sorted detection order plotted in solid

( ). Unsorted DFDD plotted in dash-dot ( ). The coefficient that gives the highest SINR of user 3 ( ) is

marked using the vertical gray line.

analytic SINR expression given by (3.39).

However, a strange effect is seen, first remarked in [FBS14]. The largest SINR and the

lowest SER of optimally-sorted DFDD, do not correspond to the same window coefficients

(calculated using (3.42)), which is clearly seen, exemplified using measurements, at Es/N0 =̂

14 dB, for user 3 ( ), in Figure 4.10. In fact, the SER improves when the window was broader,

in this case, when ζw,u is chosen to be larger than the one obtained from the maximization of

the SINR by numerical solvers. Moreover, when comparing against the minimal achievable

SER of unsorted DFDD, the window coefficient that provides this matches with the one that

gives the highest SINR.

This means that, the optimally-sorted feedback, or feedback gain thereof, is not accounted

for when calculating the SINR using (3.39). In the following, such an expression is derived.

4.2.1 Signal-To-Interference-Plus-Noise Ratio

In order to obtain the feedback-aware SINR, the following is considered. A user u, experiencing

multi-user interference from users ν /∈ D, is given. The derivation is based on the detection

process itself, i.e., the DFDD algorithm of Section 3.1.2.

For the derivation, only correctly-detected feedback symbols are assumed, i.e., no error
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back-propagation occurs. Moreover, to simplify the notation, the sorted indexing

ℓ
def
= Π(k̂l) , l = 0, . . . , n − 1 , (4.8)

and

κ
def
= Π(k̄n) , k̄n ∈ {1, . . . , Nbl − 1} \ {k̂1, . . . , k̂n−1} , (4.9)

where Π(·) denotes the permutation function, is used.

At Step n of the DFDD, the Nbl − n remaining candidate symbols read

z̄u,κ,n =
n−1∑

ℓ=0

bu,ℓzu,ℓ,κ , (4.10)

where

zu,ℓ,κ =
Nrx∑

m=1

r∗
m,0wm,u,ℓ+1rm,κ , (4.11)

is the correlation coefficient of user u, and

rm,κ =
Nu∑

u=1

hm,ubu,κ + nm,κ , (4.12)

is the received symbol at time step κ, induced by all users on antenna m. For a more general

receiver design, the weighting coefficients wm,u,n may be different for each detection step n

[YF20b].

In a similar fashion to the derivation in Section 3.1.3, first, (4.10) is rewritten into its con-

stituent terms, comprising the useful received signal of user u

z̄u,κ,n = bu,κ

Nrx∑

m=1

h∗
m,uhm,u

n−1∑

ℓ=0

wm,u,ℓ+1 , (4.13.a)

the interference caused by the other users ν on u

+
Nu∑

ν=1
ν 6=u

bν,κ

n−1∑

ℓ=0

b̂u,ℓb
∗
ν,ℓ

Nrx∑

m=1

h∗
m,νwm,u,ℓ+1hm,ν , (4.13.b)

the cross-interference of all users

+
Nu∑

ν,µ=1
ν<µ

(
bµ,κ

n−1∑

ℓ=0

b̂u,ℓb
∗
ν,ℓ

Nrx∑

m=1

h∗
m,νwm,u,ℓ+1hm,µ

+ bν,κ

n−1∑

ℓ=0

b̂u,ℓb
∗
µ,ℓ

Nrx∑

m=1

h∗
m,µwm,u,ℓ+1hm,ν

)
, (4.13.c)



4.2. Feedback-Aware Detection 55

the “noise × signal” terms

+
Nrx∑

m=1

h∗
m,unm,κ

n−1∑

ℓ=0

wm,u,ℓ+1 (4.13.d)

+
Nu∑

ν=1
ν 6=u

n−1∑

ℓ=0

b̂u,ℓb
∗
ν,ℓ

Nrx∑

m=1

h∗
m,νwm,u,ℓ+1nm,κ (4.13.e)

+
Nu∑

ν=1

bν,κ

n−1∑

ℓ=0

b̂u,ℓ

Nrx∑

m=1

n∗
m,ℓwm,u,ℓ+1hm,ν , (4.13.f)

and finally, a “noise × noise” term

+
Nrx∑

m=1

nm,κ

n−1∑

ℓ=0

b̂u,ℓn
∗
m,ℓwm,u,ℓ+1 . (4.13.g)

Next, to calculate the SINR, including the feedback, the statistics, e.g., the mean and vari-

ance, of the constituent terms are required. Starting with (4.13.a), this is similar to the case

when no feedback is considered, however, the single weighting coefficient wm,u is replaced by

an accumulation

n−1∑

ℓ=0

wm,u,ℓ+1 , (4.14)

of the per-step coefficients. As in the case when no feedback is considered, the data symbols

bu,κ of user u are scaled by

ξu
def
=

Nrx∑

m=1

h∗
m,uhm,u

n−1∑

ℓ=0

wm,u,ℓ+1 . (4.15)

This term now represents the accumulated effective power collected after spatial filtering,

induced by the user u on the array, unlike in (3.24), where the over-time accumulation is

ignored. This is approximately real-valued Gaussian distributed [MS11], with mean

µu,n
def
= Eξ{ξu}

=
Nrx∑

m=1

Pm,u

n−1∑

ℓ=0

wm,u,ℓ+1 , (4.16)

and variance

σ2
u,n

def
= Eξ{(ξu − µu,n)2}

=
Nrx∑

m=1

P 2
m,u

( n−1∑

ℓ=0

wm,u,ℓ+1

)2

. (4.17)

For the interference caused by the users ν on u, the following is at hand. The sum

ξu,ν,ℓ
def
=

Nrx∑

m=1

h∗
m,νwm,u,ℓ+1hm,ν (4.18)
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in (4.13.b) corresponds to the effective interference, or leakage, which is not completely re-

duced by spatial filtering via the weighting coefficients wm,u,ℓ+1. Similarly to ξu, this term is

approximately real-valued Gaussian distributed, and has mean

ηu,ν,ℓ
def
= Eξ{ξu,ν,ℓ}

=
Nrx∑

m=1

Pm,νwm,u,ℓ+1 , (4.19)

and variance

̺2
u,ν,ℓ

def
= Eξ{(ξu,ν,ℓ − ηu,ν,ℓ)

2}

=
Nrx∑

m=1

P 2
m,νw2

m,u,ℓ+1 . (4.20)

During the DFDD process, these interference terms accumulate, since they are temporally

uncorrelated, and the data stream of each user is independent. After n detection steps, the

accumulated effective interference seen by user u is described by a “mean” component

µu,ν,n
def
=

n−1∑

ℓ=0

η2
u,ν,ℓ

=
n−1∑

ℓ=0

( Nrx∑

m=1

Pm,νwm,u,ℓ+1

)2

(4.21)

and total variance

σ2
u,ν,n

def
=

n−1∑

ℓ=0

̺2
u,ν,ℓ

=
n−1∑

ℓ=0

Nrx∑

m=1

P 2
m,νw2

m,u,ℓ+1 . (4.22)

The remaining terms of the candidate symbols, i.e., (4.13.c)–(4.13.g) all have a mean of

zero, as they consist of products of uncorrelated (temporally, spatially, and over the users)

zero-mean random variables. For these terms, only the variance needs calculation.

In case of the cross-interference of all users (4.13.c), at each detection step its variance

changes in dependence of the weighting coefficients,

σ2
u,ν,µ,ℓ

def
= 2

Nrx∑

m=1

w2
m,u,ℓ+1Pm,νPm,µ , (4.23)

and after n detection steps, the accumulated cross-interference has a variance of

σ2
u,ν,µ,n

def
=

n−1∑

ℓ=0

σ2
u,ν,µ,ℓ

= 2
n−1∑

ℓ=0

Nrx∑

m=1

w2
m,u,ℓ+1Pm,νPm,µ . (4.24)
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For the remaining terms, i.e., the “noise× signal” and “noise× noise”, again their variances

can be calculated independently for each one, due to statistical uncorrelatedness. Starting with

the “noise × signal” terms, first, auxiliary terms (with corresponding Roman numeral indices),

niv
def
=

Nrx∑

m=1

h∗
m,unm,κ

n−1∑

ℓ=0

wm,u,ℓ+1 , (4.25)

corresponding to (4.13.d),

nv
def
=

Nu∑

ν=1
ν 6=u

n−1∑

ℓ=0

b̂u,ℓb
∗
ν,ℓ

Nrx∑

m=1

h∗
m,νwm,u,ℓ+1nm,κ , (4.26)

corresponding to (4.13.e), and

nvi
def
=

Nu∑

ν=1

bν,κ

n−1∑

ℓ=0

b̂u,ℓ

Nrx∑

m=1

n∗
m,ℓwm,u,ℓ+1hm,ν , (4.27)

corresponding to (4.13.f), are defined.

Next, the variances of each are calculated, starting with

σ2
iv

def
= Eniv

{nivn∗
iv}

= σ2
n

Nrx∑

m=1

Pm,u

( n−1∑

ℓ=0

wm,u,ℓ+1

)2

. (4.28)

The variance of nv reads

σ2
v

def
= Env

{nvn∗
v}

= σ2
n

Nrx∑

m=1

n−1∑

ℓ=0

w2
m,u,ℓ+1

Nu∑

ν=1
ν 6=u

Pm,ν . (4.29)

Finally, the variance of nvi calculates to

σ2
vi

def
= Envi

{nvin
∗
vi}

= σ2
n

Nrx∑

m=1

n−1∑

ℓ=0

w2
m,u,ℓ+1

Nu∑

ν=1

Pm,ν (4.30)

Comparing (4.29) and (4.30), the only difference between them lies in the sum over the PSPs,

in the former, this excludes user u, and in the latter, the summation is over all users. To keep

related terms together, (4.30) is split into two parts, the first

σ2
vi = σ2

n

Nrx∑

m=1

Pm,u

n−1∑

ℓ=0

w2
m,u,ℓ+1 , (4.31.a)
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corresponding to user u, and a second component

+ σ2
n

Nrx∑

m=1

n−1∑

ℓ=0

w2
m,u,ℓ+1

Nu∑

ν=1
ν 6=u

Pm,ν , (4.31.b)

corresponding to all other users ν. Merging (4.28) with (4.31.a), the variance of the “noise ×
signal” of user u at detection step n is defined as

σ2
n,u,n

def
= σ2

n

Nrx∑

m=1

Pm,u

(
2

n−1∑

ℓ=0

w2
m,u,ℓ+1 +

n−1∑

ℓ,ℓ′=0
ℓ 6=ℓ′

wm,u,ℓ+1wm,u,ℓ′+1

)
. (4.32)

Combining (4.29) and (4.31.b) together, and rearranging the summation order, by moving

the sum over the users ν 6= u to the front,

Nu∑

ν=1
ν 6=u

2σ2
n

Nrx∑

m=1

n−1∑

ℓ=0

w2
m,u,ℓ+1Pm,ν

def
=

Nu∑

ν=1
ν 6=u

σ2
n,u,ν,n (4.33)

is obtained, where the variance of the “noise × interference signal” of user ν on u is defined

as

σ2
n,u,ν,n

def
= 2σ2

n

Nrx∑

m=1

n−1∑

ℓ=0

w2
m,u,ℓ+1Pm,ν . (4.34)

Noteworthy, when the feedback is taken into account, the variances σ2
n,u,n and σ2

n,u,ν,n are not

calculated the same way, which was not obviously seen in the SINR calculation of Section 3.1.3

(at Step n = 1, the variances are equal and sum up together, which is seen in (3.39)).

The last remaining term is the “noise × noise”. In this case, due to statistical uncorrelat-

edness, the variance of this component at DFDD step n reads

σ2
n,n,n

def
= σ4

n

Nrx∑

m=1

n−1∑

ℓ=0

w2
m,u,ℓ+1 . (4.35)

Again, an accumulation effect is expressed by the sum over the difference weighting coeffi-

cients wm,u,ℓ+1.

Finally, the feedback-aware SINR is given by the ratio of the useful power of user u, given

by (4.16) and (4.17), over (4.21), which represents the remaining interference not reduced by

the nDFE of users ν on u, (4.22) and (4.24) as the non-reducible interference terms, and the

noise power from all sources, i.e., (4.32)–(4.35),

SINRu,n
def
=

µ2
u,n + σ2

u,n∑Nu

ν /∈D
ν 6=u

µu,ν,n +
∑Nu

ν=1
ν 6=u

σ2
u,ν,n +

∑Nu
ν,µ=1
ν<µ

σ2
u,ν,µ,n + σ2

n,u,n +
∑Nu

ν=1
ν 6=u

σ2
n,u,ν,n + σ2

n,n,n

.

(4.36)

Setting n = 1, the same analytic expression of the SINR (3.39) of Section 3.1.3 is obtained again.

This means that, the newly-derived feedback-aware SINR is a generalization of the SINR of

the conventional receivers.
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Figure 4.11: SINRu,n vs. detection step n for a high multi-user interference scenario (using the parameters

found in Table 3.1) at Es/N0 =̂ 12 dB. Nu = 3; m1 = 20 ( ), m2 = 50 ( ), and m3 = 85 ( ). Uniform linear
array with Nrx = 100 antennas. Burst length Nbl = 201.

As example, the feedback-aware analytic SINRs, obtained for Es/N0 =̂ 12 dB of a multi-

user case with high interference, assuming the system parameters of Section 3.3 are plotted in

Figure 4.11. With each additional detection step n, a large increase in the SINR is clearly seen,

especially during the early portion of the detection.

4.2.2 Feedback-Aware DFDD/nDFE

Up to now, the same spatial-filtering windows W have been employed at every detection step.

However, these windows have to be adapted as the detection process takes place, in order to

always obtain the maximum SINR as promised by (4.36).

With the different weighting coefficients wm,u,n available for each detection step n, at first

glance, it seems that applying straightforward noncoherent detection, i.e., DFDD and nDFE, a

new correlation-coefficients matrix

Zu,n = RHWu,nR , (4.37)

is required, and additionally, the re-scaling of the outer product

b̂H
ν b̂ν (4.38)

with a new average interference power term

ηu,ν,n =
Nrx∑

m=1

Pm,νwm,u,n , (4.39)
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is needed as well. Therefore, the Nbl ×Nbl correlation-coefficients matrix, and the nDFE outer

product would need to be calculated an additional Nbl times, to fully utilize the user-specific

per-step windowing matrices when processing one receive block R.

In order to design an efficient detection approach using per-stepwindowing, the optimized

implementation of the DFDD algorithm of Section 3.1.2 is considered as a template. At each

detection step n, only one row of the matrix Zu,n is required. Moreover, any average inter-

ference that is subtracted via nDFE, is only needed for that particular row of Zu,n. Hence, by

only updating, in a successive manner, parts of the correlation-coefficients matrix, for each

step n of the algorithm, the required computational complexity is dramatically reduced.

The detection process is given as follows. First, at Step 1, i.e., n = 1, the vector of candidate

symbols z̄u,n=1 is calculated from the receive block

R =
[
r0 · · · rNbl−1

]
, (4.40)

and if any users ν were previously detected (collected in D), the average interference caused

by them is subtracted (nDFE is performed), i.e.,

z̄u,1 =
[
z̄u,1,1 · · · z̄u,Nbl−1,1

]

= b̂u,0

(
rH

0 Wu,1

[
rk̄

]
k̄∈{1,...,Nbl−1}

−
∑

ν∈D
ηu,ν,1b̂

∗
ν,0

[
b̂ν,k̄

]
k̄∈{1,...,Nbl−1}

)
. (4.41)

The matrix [rk̄]k̄∈{1,...,Nbl−1} collects the column vectors rk̄ of R, corresponding to the can-

didate symbols z̄u,k̄,1 that have not been processed yet, where k̄ ∈ {1, . . . , Nbl − 1} denotes

their indices. The row vector [b̂ν,k̄]k̄∈{1,...,Nbl−1} collects the symbol estimates of the previously

detected users ν, which are used for nDFE.

A decision is then made, by first obtaining the index k̂1 of the candidate symbol with the

smallest phase error

k̂1 = argmin
k̄1∈{1,...,Nbl−1}

|∆QPSK{z̄u,1}| , (4.42)

then quantizing to get the symbol estimate

b̂u,k̂1
= e

j QPSK{z̄
u,k̂1,1

}
. (4.43)

Next, the newly obtained decision is used to update the candidate symbols vector for detection

at Step 2,

z̄u,2 =
[
z̄u,1,2 · · · z̄u,Nbl−1,2

]

= z̄u,1 + b̂
u,k̂1

(
rH

k̂1
W

u,2

[
r

k̄

]
k̄∈{1,...,Nbl−1}\k̂1

−
∑

ν∈D
ηu,ν,2b̂

∗
ν,0

[
b̂ν,k̄

]
k̄∈{1,...,Nbl−1}\k̂1

)
. (4.44)

At this point, the vector rk̂1
and symbol b̂ν,k̂1

can be ignored during the calculation, as they

have already been processed. For a better understanding, a graphical depiction of this is shown
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Figure 4.12: Graphical depiction of the feedback-aware detection process. At detection step n = 1, only
the first row of the matrix Zu,n=1 is calculated, with the diagonal weighting matrix Wu,n=1, and used to

obtain the row vector z̄u,n=1 of candidate symbols. A decision is made (illustrated with �), and then only
the corresponding row of the matrix Zu,n=2 is calculated, this time with a possibly different weighting matrix

Wu,n=2, and used as feedback to obtain z̄u,n=2 for use in the next detection step. Already-processed or

ignored entries are depicted in gray ( ).

in Figure 4.12.1 In this example, at Step n = 1, the matrix R is multiplied with the first row

of RH. In fact, additionally, the first column of R can be ignored, since z̄u,0,1 does not contain

any actual information. Next, after a decision is taken, here z̄u,6,1 was chosen as the most

reliable (darkest in the figure), the matrix R is multiplied by the sixth row of RH, i.e., the row

corresponding to z̄u,6,1, and the decoded value b̂u,6. The resulting vector is now the feedback,

which is summed with z̄u,n=1 to obtain the new candidate symbols vector z̄u,n=2.

After z̄u,2, a new decision is made, and the estimated symbol is used for feedback for the

next detection step. For any given detection step n, the candidate symbols vector reads

z̄u,n = z̄u,n−1

+ b̂
u,k̂n−1

(
rH

k̂n−1
W

u,n

[
r

k̄

]
k̄∈{1,...,Nbl−1}\{k̂1,...,k̂n−1}

−
∑

ν∈D
η

u,ν,n
b̂∗

u,k̂n−1

[
b̂

ν,k̄

]
k̄∈{1,...,Nbl−1}\{k̂1,...,k̂n−1}

)
. (4.45)

The process repeats until all Nbl − 1 symbols are detected, where in each step the vector z̄u,n

is updated, the most reliable symbol is chosen and quantized, then used in the feedback of

the next step. The pseudo-code representation of the optimized DFDD/nDFE detection, with

per-step windowing [YF20b] is given in Algorithm 4.1. The steps that differ from the ones in

Algorithm 3.1 are highlighted.

This combined approach requires as input the receive block R, the set of spatial-filtering

windows Wu
def
= {Wu,1, . . . , Wu,Nbl−1}, and the cardinality M of the transmit alphabet A.

In addition, if any users ν ∈ D were previously detected, to apply the nDFE portion of the

1In this example, the nDFE portion is not shown for simplicity.
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process, their symbol estimates b̂ν and their respective PSPs Pν
def
= {P1,ν , . . . , PNrx,ν} are

required.

To assess the numerical complexity of the new detection algorithm, the required number

of floating-point operations is used. To obtain the FLOPs for the new detection algorithm, Step

n is broken down into its constituent processes, or phases,

construction (calculation of candidate symbols vector),

update (addition of feedback),

nDFE (calculation and subtraction), and

decision (search and quantization).

In the construction phase, the vector of the correlation coefficients of the current step is

calculated. With optimal ordering of the operations, i.e., first the multiplication of the diagonal

weighting matrix Wu,n with the row vector rH

k̂n−1
, then multiplying the resultant with the

required columns k̄ ∈ {1, . . . , Nbl − 1} \ {k̂1, . . . , k̂n−1} of the matrix [rk̄], Nrx + (2Nrx −
1)(Nbl − n) FLOPs are needed.

In the update, the resultant vector of the construction phase and the previously-calculated

candidate symbols vector b̂u,k̂1
are summed together to obtain z̄u,n, requiringNbl−n additions.

Moreover, this phase in not performed in the first step.

In the nDFE phase, if any Ndet = |D| previous users ν ∈ D were detected, the average

interference caused by them is subtracted from z̄u,n. Again, this is calculated using optimal

operations ordering, e.g., multiplying all scalars together first, then taking the product of the

result with the row vectors [b̂ν,k̄], k̄ ∈ {1, . . . , Nbl − 1} \ {k̂1, . . . , k̂n−1}, of each user ν. This

requires Nbl + 2 − n FLOPs in total.

Finally, in the decision phase, just like in the conventional DFDD algorithm of Section 3.1.2,

this requires 3(Nbl − n) operations. Putting all together, the processing of one receive block

R requires2

Nbl−1∑

n=1

(
Nrx + (2Nrx − 1)(Nbl − n)

)

+
Nbl−1∑

n=1

(
Nbl + 2 − n + 3(Nbl − n)

)
+

Nbl−1∑

n=2

(Nbl − n) ,

which, when all constituent processes of DFDD are considered, add up to a total of

Ndet(N
2
bl + Nbl − 2) + Nrx(N

2
bl − 1) + 1 −

(
N2

bl

2
+

Nbl

2

)
FLOPs . (4.46)

By leveraging optimal order for the arithmetic operations, the additional computational cost,

that was previously avoidable due to the properties of the matrices involved in all calculation

steps is minimized.

2In [YF20b], although the computational complexity cost was given for an efficient implementation, further
improvements are made here, reducing the required number of FLOPs even more.
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Algorithm 4.1: Optimized DFDD/nDFE with Per-Step Windowing

1: function b̂u = DFDD_nDFE(R, Wu, M, b̂ν , Pν , D)
2: b̂u,0 := 1 // initialize variables
3: n := 1
4: I := {1, . . . , N − 1}
5: ηu,ν,n

:=
∑Nrx

m=1 Pm,νwm,u,n

6: z̄ := b̂u,0(R(:, 0))HWu,nR(:, I) // initial candidates

7: z̄ := z̄ − b̂u,0

∑
ν∈D ηu,ν,nb̂∗

ν,0b̂ν,I // apply nDFE

8: while I 6= ∅ do

9: k̂ := argmink̄∈I

∣∣∣∣ arg(z̄k̄) − 2π
M

⌊
M
2π

arg(z̄k̄)
⌉∣∣∣∣ // find next-best symbol

10: ϕk̂
:= 2π

M

⌊
M
2π

arg(z̄k̂)
⌉

11: b̂u,k̂ := ej ϕ
k̂ // M-PSK decision

12: I := I \ {k̂} // mark index as already-detected
13: n := n + 1 // increment detection step
14: ηu,ν,n

:=
∑Nrx

m=1 Pm,νwm,u,n

15: z̄ := z̄ + b̂u,k̂(R(:, k̂))HWu,nR(:, I) // update candidates

16: z̄ := z̄ − b̂u,k̂

∑
ν∈D ηu,ν,nb̂∗

ν,k̂b̂ν,I // apply nDFE
17: end while

18: end function

At first glance, it would appear, although the Gram matrix properties are not exploited

in the successive detection approach as they are in the calculations of the straightforward

approach (cf. (3.1) and (3.37)), that less FLOPs are required here. To better understand this,

the difference between the total number of operations for the straightforward detection chain,

i.e., construction of a correlation-coefficients matrix, application of nDFE, and detection via

DFDD, and (4.46) is calculated, and reads

Ndet(1 − N2
bl) +

(
5

N2
bl

2
− 9

Nbl

2

)
+ Nrx + 1 . (4.47)

The first term Ndet(1 − N2
bl), as long as data is transmitted, i.e., Nbl > 1, is a negative term. By

comparing the two terms of (4.47), the point after which the combined DFDD/nDFE algorithm

with per-step windowing is no longer more efficient than a straightforward detection chain

can be found, and as long as the number of previously-detected users Ndet is smaller than

−Ndet(1 − N2
bl) <

(
5

N2
bl

2
− 9

Nbl

2

)
+ Nrx + 1

Ndet <

((
5

N2
bl

2
− 9

Nbl

2

)
+ Nrx + 1

)
1

(N2
bl − 1)

, (4.48)

the successive detector, even when per-step windowing is not utilized, is a more efficient ap-

proach for noncoherent detection and interference cancellation. For a better insight, a numer-

ical example is given next.
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Example 4.3: Computational Cost of DFDD/nDFE with Per-Step Windowing

The design of a system with multiple users is considered. Each user transmits a burst of

Nbl = 201 symbols to a base station equipped with Nrx = 100 antennas. The crossing point

is calculated to asses which implementation is better suited, and reads

Ndet <

((
5

2012

2
− 9

201

2

)
+ 100 + 1

)
1

(2012 − 1)

Ndet < 2.48021 .

In this case, as long as at most Ndet = 2 users were previously detected, i.e., only Nu = 3
users are served by the base station, DFDD/nDFE with per-step windowing is more efficient

than the conventional approach.

4.2.3 Per-Detection-Step Window Optimization

Now, having access to the feedback-aware analytic SINR, the optimization process has to be

adapted to exploit this new expression. To that end, in the multi-user case, a successive ap-

proach is considered. First, n = 1 is set. Looking at (4.36), we have again the same expression

as in (3.39), and optimization is performed as in Section 3.1.4, based on the PSPs Pm,u of the

different users (collected for each u in Pu). This gives the initialization of the feedback-aware

optimization algorithm. The user detection order is given, sorted from highest SINR to lowest,

and the weighting coefficients for the first detection step are obtained. The windows obtained

at this step can be directly employed in the conventional receiver.

Algorithm 4.2: Per-Step Windowing Optimization

1: function {W1, . . . , WNu
} = WINDOW-OPTIM(P1, . . . , PNu

)
2: n := 1 // initialize variables
3: W1 := ∅, . . . , WNu

:= ∅
4: D̄ := {1, . . . , Nu}
5: for j = 1, . . . , Nu do

6: for ū ∈ D̄ do

7: [SINRû,1, W û,1] := maxū,w̄m,ū
/ argmaxū,w̄m,ū

SINRū,1

8: end for

9: ûj := maxû SINRû,1 // find user with highest SINR
10: Wûj

:= Wûj
∪ {W ûj ,1}

11: D̄ \ {ûj} // set ûj as already processed
12: for n = 2, . . . , Nbl do // optimize weighting coefficients for remaining n
13: [SINRûj ,n, W ûj ,n] := maxw̄m,ûj

/ argmaxw̄m,ûj
SINRûj ,n

14: Wûj
:= Wûj

∪ {W ûj ,n}
15: end for

16: end for

17: u := Π(û), Wu := Π(Wû) // detection ordering to user ordering permutation
18: end function
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Next, given the user detection order, i.e., the nDFE order, the weighting coefficients for

each detection step is optimized for each user individually. The increase in SINR when the

detection step n is increased, as promised by (4.36) is taken into account. This process is

summarized in pseudo-code representation in Algorithm 4.2. Due to the complexity of the

problem, again online optimization is not feasible, and the weighting coefficients per step and

for each user are obtained for the scenario offline, and stored in lookup tables, to be used when

the communication system is implemented.

4.2.4 Numerical Results and Discussion

Simulation results to assess the performance of systems employing detection with per-step

windowing are presented. The scenarios with Nu = 3 users, experiencing high (Nnotch = 0)

or low (Nnotch = 4) multi-user interference, of Section 3.3 are used for the evaluation. The

channel and system parameters of the simulation setup are listed in Table 3.1.

4.2.4.1 Weighting Coefficients

For all simulations, the weighting coefficients wm,u,n are obtained for each detection step n =

1, . . . , Nbl numerically, using Algorithm 4.2. To that end,Matlab’s constraint nonlinear pro-

gramming solver is utilized. As an example, the weighting coefficients for n = 1, 10, 50, 100,

for the high multi-user interference scenario, i.e., when Nnotch = 0, are plotted in Figure 4.13,

measured at Es/N0 =̂ 12 dB.

For n = 1, the optimizer selected the user detection order → → for nDFE, which is

expected due to the asymmetry of the placement of the users in front of the base station. After

the nDFE order is established, the remaining coefficients for each detection step, per user,

are obtained. As was foreseeable, the more symbols are detected, the broader the optimum

windows become. This is in line of the observation of Figure 4.10, where, even if not optimized

for every n, broader windows delivered a better performance. Moreover, between n = 50 and

n = 100, a very small change was observed in the weighting coefficients of user 1 ( ) and user

3 ( ), but almost no change at all in the case of the middle user ( ). Even with nDFE active, a

large portion of the multi-user interference remains. There is a smaller benefit in increasing

the window width when compared to the other users, even when DFDD feedback is at hand.

4.2.4.2 Symbol Error Rate Performance

Starting with the high multi-user interference case, the symbol error rate performance of a

system employing per-step windowing and detection is compared against a conventional non-

coherent receiver (cf. Section 3.1) in Figure 4.14. In case of the former, the receiver has access

to NblNuNrx different weighting coefficients (for each detection step, user, and antenna), while

in case of the latter, the receiver only has access to NuNrx ones.

The same implementation of Algorithm 4.1 was employed for both detection with per-step

windowing, and the conventional receiver, which is supplied with the same weighting coeffi-

cients for each detection step. Additionally, the results of coherent detection using BLAST (cf.
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Figure 4.13: Per-step weighting coefficients wm,u,n vs. antenna index m at Es/N0 =̂ 12 dB. High multi-user

interference scenario (Nnotch = 0). Nu = 3 users, located at m1 = 20 ( ), m2 = 50 ( ), and m3 = 85 ( ).
Top left: at detection step n = 1. Top right: at detection step n = 10. Bottom left: at detection step n = 50.

Bottom right: at detection step n = 100. To better illustrate the broadening of the windows throughout the
detection, the weighting coefficients of the previous measurements are shown.

Section 3.2.2) with perfect channel knowledge at the receiver are provided as reference.

A gain of approximately 0.5 dB is achieved in the case of user 1 ( ) and user 3 ( ) when

applying the advanced receiver with per-step windowing, in comparison to the conventional

receiver. However, minimal performance gain is at hand for user 2 ( ). This is supported by

the plots of the analytic feedback-aware SINR (4.36) of Figure 4.11. After n = 200 detection

steps, a gap is observed between the SINR of the users; user 1 ( ) and user 3 ( ) have a higher

SINR than the middle user ( ).

Although average interference is being reduced via nDFE, a large portion of it remains.

This residual multi-user interference limits the performance of the middle user, and in fact,

a very small loss when using per-step windowing at higher SNRs is seen. When deriving

the per-step SINRs, perfect temporal (in the DFDD) and spatial (in the nDFE) feedback was

assumed. This lead to the spatial-filtering windows being too broad, and a larger portion of

the residual interference and erroneous feedback are collected in the correlation-coefficients

matrix Z2 of user 2 ( ). When genie-aided nDFE (average interference reduction performed

using the transmit symbols of the other users, SER curve plotted in gray ( ) in Figure 4.14)

is assumed, not only is this issue avoided, but a small power efficiency gain is obtained.

Next, the low multi-user interference case, when Nnotch = 4 is set, is analyzed. The sym-
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Figure 4.14: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB for a high multi-
user interference scenario. Nu = 3 users, placed at m1 = 20 ( ), m2 = 50 ( ), and m3 = 85 ( ). Burst

length Nbl = 201. SER of detection with per-step windowing plotted in solid ( ); SER of the conventional
receiver in dash-dot ( ). Uniform linear array with Nrx = 100 antennas with Nnotch = 0. For reference,

SER of BLAST with perfect channel knowledge plotted in black ( ). The error rate of the middle user with

genie-aided nDFE is plotted in gray.

bol error rate is plotted against the SNR, given as Es/N0 (in dB), in Figure 4.15. Here, unlike

the previous case, all users benefit from a small increase in SER performance, reducing the

gap between DFDD/nDFE and BLAST with perfect channel knowledge, which as explained

in Section 3.3, coherent detection suffers from a small loss due to the reduced number of “rel-

evant” antennas. The achieved gain in case of noncoherent detection comes from a com-

bination of the reduced PSP overlap from the more directional antennas, and the optimum

per-detection-step weighting coefficients.

4.2.4.3 Discussion

Clearly, the performance of correlation-coefficients-based noncoherent detection depends on

the choice of the spatial weighting coefficients. In fact, this dependence is two-dimensional,

where not only the spatial properties of the channel and scenario are involved, but also the

different detection steps.

The feedback-aware SINRs provide amore accurate statistic onwhich the optimization and

detection process is fine-tuned, however, it does not provide the full picture. In the derivation,

the erroneously-detected symbols of other users in the nDFE process are not considered, and

only perfect feedback is taken into account. Deriving the correct SINR that takes this into

account is impractical. A more plausible solution may be to model the error in the feedback

as an additional noise source, which is tuned to control the speed of the broadening of the
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Figure 4.15: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB for a low multi-
user interference scenario. Nu = 3 users, placed at m1 = 20 ( ), m2 = 50 ( ), and m3 = 85 ( ). Burst

length Nbl = 201. SER of detection with per-step windowing plotted in solid ( ); SER of the conventional
receiver in dash-dot ( ). Uniform linear array with Nrx = 100 antennas with Nnotch = 4. For reference, SER

of BLAST with perfect channel knowledge plotted in black ( ).

windowing matrices, leading to more favorable results.

Nonetheless, the perfect feedback assumption becomes valid with the increasing number

of detected symbols in DFDD, and especially true at higher SNRs, where it holds for both di-

mensions. Moreover, when iterative detection approaches are employed, such that the less

reliable symbols are revisited and corrected [SFY15], this assumption holds for almost all sym-

bols.

4.3 Optimized Sorting Criterion

In all noncoherent detection algorithms for massive MIMO presented so far, sorting over the

candidate symbols has been based on the phase quantization error (3.13). However, this metric

is inherently non-optimum [YF20a].

To illustrate this, the following is considered. As previously described in Section 3.1.3 and

in Section 4.2.1, a candidate symbol

z̄ = b̄ + ω

= ξb + ω (4.49)

consists of a differentially-encoded PSK data symbol b, scaled with the real-valued effective

scaling factor ξ, and superimposed by some effective noise (and possible multi-user interfer-

ence) ω. This means that, without added noise, the symbol b shifts on its axis of direction,



4.3. Optimized Sorting Criterion 69

Example 4.4: Phase Deviation

Two scaled data symbols, taken from the 4-ary PSK alphabet A = {1, j, −1, −j},

b̄1 = 0.1 , b̄2 = 1.1 ,

are given. Before scaling, both symbols were equal, b1 = b2 = 1. The same effective noise

ω = −0.08 + j 0.5 is superimposed, and the candidate symbols

z̄1 = 0.02 + j 0.5 , z̄2 = 1.02 + j 0.5 ,

are obtained. For quantization, the phase deviation of the candidate symbol, w.r.t. all possible

transmit PSK symbols is calculated. A phase deviation of

∆QPSK{z̄1} = 0.04 , ∆QPSK{z̄2} = 0.4558 ,

are obtained for z̄1 and z̄2, respectively. Based on this, the seemingly more reliable candidate

is z̄1, and is quantized to

QPSK{z̄1} = j ,

which is erroneous.

and no matter where it lies, will be quantized to the closest PSK symbol based on its phase

deviation.

However, when the complex-valued noise is considered, the impact upon the data symbols

that are close to the origin of the complex-plane will be much larger, in terms of the effect on

the phase of these symbols, than those farther from the origin. If the distance of the candidate

symbol z̄, w.r.t. the origin of the complex-plane is ignored, i.e., the amplitude of z̄, it is possible

for the noise ω to shift the symbol b̄ enough, such that, based on the phase information alone,

this symbol would appear highly reliable to detect, with minimal phase quantization error.

This would result in an erroneous detection. To better highlight this issue, Example 4.4 gives,

numerically, a commonly-occurring situation.

The phase-only metric, i.e., the phase quantization error ∆QPSK{z̄} of the candidate sym-

bols z̄, is not optimum. Hence, the optimum metric is still to be derived, which is shown in

Example 4.4.

4.3.1 Optimal Metric

Typically, in digital communication, given a noisy observation z̄ of a transmitted symbol b̄

taken from an alphabet A, an estimate b̂ of b̄ is obtained using the maximum a-posteriori

(MAP) strategy

b̂ = argmax
b̄∈A

Pr{b̄ | z̄} , (4.50)
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which is the optimum symbol-wise decision rule. In case all possible symbols b̄ are equiprob-

ably transmitted, using Bayes’ rule, the MAP strategy is then transformed to the maximum-

likelihood (ML) strategy, which is given by

b̂ = argmax
b̄∈A

fz̄(z̄ | b̄) . (4.51)

What is required now, is the PDF fz̄(z̄ | b̄) of z̄ , conditioned on b̄.

Referring again to Section 4.2.1, at any detection step n, the data portion of z̄u,κ,n is com-

posed of a PSK symbol bu,k, multiplied by a real-valued scaling factor ξu,

b̄u,κ,n
def
= ξubu,k . (4.52)

This coefficient is drawn from a real-valuedGaussian distribution with meanµu,n and variance

σ2
u,n. The conditional PDF fb̄(b̄u,κ,n | bu,k) is then a one-dimensional Gaussian bell, placed in

the complex-plane on a line described by the direction of the PSK symbol bu,k, i.e., a line

that runs through the origin of the complex-plane and bu,k, with the center µb,u,k,n of this

distribution located at a distance µu,n from the origin, i.e.,

µb,u,k,n
def
= µu,n ej arg(bu,k) , (4.53)

and has variance σ2
u,n.

This symbol is superimposed with interference from other users and the different noise

sources, which are all treated as a single sum-noise source. This source comprises a large sum

of independent, but not identically distributed random variables. Comparing the variances of

each individually contributing source, i.e., σ2
u,ν,n, σ2

u,ν,µ,n, σ2
n,u,n, σ2

n,u,ν,n, and σ2
n,n,n, which are

given by (4.22), (4.24), (4.32), (4.34), and (4.35), respectively, to their sum variance

Nu∑

ν=1
ν 6=u

σ2
u,ν,n +

Nu∑

ν,µ=1
ν<µ

σ2
u,ν,µ,n + σ2

n,u,n +
Nu∑

ν=1
ν 6=u

σ2
n,u,ν,n + σ2

n,n,n (4.54)

each individual variance’s contribution is arbitrarily small. Hence, Lindeberg’s condition is

satisfied [Lin22], and the interference plus noise terms converge to a zero-mean complex-

valued Gaussian distributed random variable ωu,κ,n, with its variance given by the denomina-

tor of (4.36), i.e.,

σ2
ω,u,n

def
=

Nu∑

ν /∈D
ν 6=u

µu,ν,n +
Nu∑

ν=1
ν 6=u

σ2
u,ν,n +

Nu∑

ν,µ=1
ν<µ

σ2
u,ν,µ,n + σ2

n,u,n +
Nu∑

ν=1
ν 6=u

σ2
n,u,ν,n + σ2

n,n,n . (4.55)

The candidate symbols, as a random variable z̄u,k,n are then a sum of two independent

random variables; a real-valued Gaussian distributed one, lying on a line with its direction

and center given by (4.53), and a zero-mean complex-valued Gaussian distributed one with

variance σ2
ω,u,n. This means that the PDF of z̄u,k,n conditioned on bu,k is described by an ellip-

soidal complex-valued Gaussian distribution, centered at µb,u,k,n, with its major axis lying in

the same direction as µb,u,k,n, i.e., a bi-variate distribution with the PDF

fz̄(z̄u,κ,n | bu,κ) =
1

π
√

det(Σ)
e−(z̄−µ)TΣ

−1
(z̄−µ) , (4.56)
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where

z̄κ
def
=

[
Re{z̄u,κ,n}
Im{z̄u,κ,n}

]
, (4.57)

is the real-valued vector representation of z̄u,κ,n,

µ
def
=

[
Re{µb,u,k,n}
Im{µb,u,k,n}

]
, (4.58)

is the real-valued vector representation of the mean µb,u,k,n, and its covariance matrix is given

by

Σ
def
=

[
α2(2σ2

u,n + σ2
ω,u,n) + β2σ2

ω,u,n 2αβσ2
u,n

2αβσ2
u,n β2(2σ2

u,n + σ2
ω,u,n) + α2σ2

ω,u,n

]
, (4.59)

with

α
def
= Re{bu,κ} , and β

def
= Im{bu,κ} , (4.60)

which define the rotation of the elliptical Gaussian bell. The ML decision rule is then given by

b̂u,κ = argmax
bu,κ∈A


 1

π
√

det(Σ)
e−(z̄−µ)TΣ

−1
(z̄−µ)


 ,

which, calculating the logarithm thereof and ignoring constants that are not relevant for the
maximization, can be simplified to

= argmax
bu,κ∈A

(
− (z̄ − µ)T

Σ
−1(z̄ − µ)

)

= argmin
bu,κ∈A

(z̄ − µ)T
Σ

−1(z̄ − µ) , (4.61)

i.e., the maximum-likelihood decision rule is given by the smallest squared Mahalanobis dis-

tance [Mah36] between the candidate symbols z̄ and the different hypotheses defined by µ.

Alternatively, performing the matrix inversion of Σ

Σ
−1 =

1

det(Σ)
M , (4.62)

where M is the scaled precision matrix [PP02],

M
def
=

[
β2(2σ2

u,n + σ2
ω,u,n) + α2σ2

ω,u,n −2αβσ2
u,n

−2αβσ2
u,n α2(2σ2

u,n + σ2
ω,u,n) + β2σ2

ω,u,n

]
, (4.63)

the decision rule is further simplified and reads

b̂u,κ = argmin
bu,κ∈A

(z̄κ − µ)TM(z̄κ − µ) , (4.64)
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Algorithm 4.3: Optimized DFDD using ML Metric

1: function b̂u = DFDD-ML(Zu, A )
2: b̂u,0 := 1 // initialize variables
3: I := {1, . . . , N − 1}
4: z̄ := b̂u,0Zu(0, I) // initial candidates
5: while I 6= ∅ do

6: calculate/retrieve M

7: b̂u,k̂ := argmink̄∈I,b̄∈A(z̄k̄ − µ)TM(z̄k̄ − µ) // M-PSK decision

8: I := I \ {k̂} // mark index as already-detected
9: z̄ := z̄ + b̂u,k̂Zu(k̂, I) // updated candidates
10: end while

11: end function

i.e., the matrix inversion is avoided. Fixing the transmit alphabet to 4-ary PSK, the product

αβ = 0, and the scaled precision matrix is rewritten as

M
def
=

[
β2(2σ2

u,n + σ2
ω,u,n) + α2σ2

ω,u,n 0
0 α2(2σ2

u,n + σ2
ω,u,n) + β2σ2

ω,u,n

]
, (4.65)

with α2 = 1, β2 = 0 for bu,k̄n
∈ {+1, −1} and α2 = 0, β2 = 1 for bu,k̄n

∈ {+j, −j}.
The DFDD algorithm can be now modified to include the new decision rule. At detection

step n, a symbol-wise search over candidate vector z̄u,n, and z̄u,k̄n
with the smallest distance

compared to all hypothesis symbols is chosen for detection, i.e.,

b̂u,k̂n
= argmin

bu,k̄n
∈A

k̄n∈{1,...,Nbl−1}\{k̂1,...,k̂n−1}

(z̄k̄n
− µ)TM(z̄k̄n

− µ) . (4.66)

Implementation wise, Lines 7 and 8 of Algorithm 3.1, or in case of DFDD/nDFE with per-step

windowing, Lines 9 and 10 of Algorithm 4.1 are replaced with (4.66). Essentially, no increase in

complexity is incurred, as the scaled precision matrix, or in case of per-step detection, the set

of precision matrices, can be pre-computed and stored in memory for the specific scenario the

noncoherent massive MIMO system is operated in, and the computational cost of the search

process using the Mahalanobis distance is equivalent to that using the phase deviation.

For compactness, the pseudo-code of the DFDD algorithm using the ML metric is given in

Algorithm 4.3, with the changes from the conventional version highlighted. The same modi-

fications are applied to Algorithm 4.1 to obtain the optimum-metric per-step-windowing de-

tection algorithm.

4.3.2 Suboptimal Metric

When comparing the variances in the dimension where the data symbols lie, especially true

in the low-to-moderate SNR regime, the variance of the differentially-encoded data 2σ2
u,n is

much smaller than that of the sum-noise term σ2
ω,u,n. This means that, the ellipsoidal complex
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Gaussian bells are more circular in nature, i.e., the conditional PDF of z̄u,κ,n may be instead

approximated by a circular-symmetric Gaussian distribution

fz̄(z̄u,κ,n | bu,κ) ≈ 1

πσ2
ω,u,n

e
− |z̄u,κ,n−b̄u,κ|2

σ2
ω,u,n , (4.67)

and the ML decision rule now reads

b̂u,κ = argmax
bu,κ∈A


 1

πσ2
ω,u,n

e
− |z̄u,κ,n−b̄u,κ|2

σ2
ω,u,n


 ,

which, as above, by calculating the logarithm thereof and ignoring non-relevant constants is
simplified to

= argmax
bu,κ∈A

(
− |z̄u,κ,n − b̄u,κ|2

)

= argmin
bu,κ∈A

|z̄u,κ,n − b̄u,κ|2 , (4.68)

i.e., the minimization of the squared Euclidean distance between the candidate symbols z̄u,κ,n

and the different hypotheses defined by b̄u,κ. As above, Lines 7 and 8 of Algorithm 3.1, or Lines

9 and 10 of Algorithm 4.1 are, in this case, replaced with (4.68).

4.3.3 Numerical Results and Discussion

To assess the performance of DFDD using the optimal and suboptimal metrics derived in this

section, numerical simulations using the parameters given in Table 3.1 were performed. Three

users are located in front of an array, with Nrx = 100 antennas, at m1 = 20 ( ), m2 = 50 ( ),

and m3 = 85 ( ), respectively.

Both the straightforward DFDD, and the per-step detection algorithms are now imple-

mented using the optimal metric of Section 4.3.1 and the approximated suboptimal version

obtained in Section 4.3.2. The same spatial weighting coefficients obtained using numerical

optimization in Section 4.2.4.1 are utilized. Multi-user interference is reduced via nDFE using

the symbol estimates of the previously-detected users.

4.3.3.1 Symbol Error Rate Performance

The simulation results for the high-interference case are plotted in Figure 4.16. The symbol

error rates of the optimal-metric-based DFDD implementations are shown on the left, and

the SERs of suboptimal detection on the right. For comparison, the results of straightforward

phase-based detection are included as shadow curves. Per-step detection is plotted in solid

( ), and PDF-based detection using only the windowing matrices of the first detection step,

i.e., ML-based but not feedback-aware detection in dash-dot ( ).

At first, an improvement in the SERs of per-step detection is seen for all users at the lower

SNR regime with user 3 ( ) showing an improvement against single-window detection, but as

it increases, the curves start flattening out. In fact, only the per-step-detection-based receiver
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Figure 4.16: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB for a high-

interference (Nnotch = 0) multi-user massive MIMO uplink scenario. Three users located at m1 = 20 ( ),
m2 = 50 ( ), and m3 = 85 ( ). Linear array with Nrx = 100 uniformly-spaced antennas. Left: optimal metric

(4.66). Right: suboptimal metric (4.68). SERs of detection with the optimized sorting criterion using per-step

windowing given in solid ( ) and using one window in dash-dot ( ). For reference, SERs of phase-based
DFDD included as shadows. The SER curve of the middle user with genie-aided nDFE is plotted in solid gray

( ).

suffers this. This means that, as the interference terms start dominating, having broader win-

dows is, in fact, detrimental. This is attributed to the assumption that was used to derive the

per-step SINRs; perfect temporal (in the DFDD) and spatial (in the nDFE) feedback was as-

sumed. Under this assumption, broadening of the spatial-filtering windows meant that more

useful information can be collected for use in the candidate symbols update.

However, this is not true. For the first-detected user, in this case user 3 ( ), unless base

stations with iterative detection over the users [SFY15] are assumed, the interference caused

by the other users is never reduced, and erroneous spatial feedback is unavoidable. In case

of the middle user ( ), although nDFE is active, nonetheless, a performance loss exists. This

is similar to what is seen in Figure 4.14, but here, in addition to having windows that are

too broad, the required statistics, i.e., the useful signal, interference, and noise powers do not

match well with those of the actual correlation-coefficients matrices, leading to an even larger

impact. To highlight this, the SER curve of the middle user with genie-aided nDFE is plotted

in gray ( ) as well.

Moreover, even when perfect nDFE feedback is at hand, an error in the DFDD feedback

will again introduce false updates. This can be seen in Figure 4.16 at higher SNRs, where again,

the SER of the middle user with per-step windowing (genie-aided nDFE) becomes worse than

the SER of the conventional receiver. In fact, a compounding effect occurs here; an error in the
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Figure 4.17: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB for a low-

interference (Nnotch = 4) multi-user massive MIMO uplink scenario. Three users located at m1 = 20 ( ),
m2 = 50 ( ), and m3 = 85 ( ). Linear array with Nrx = 100 uniformly-spaced antennas. Left: optimal metric

(4.66). Right: suboptimal metric (4.68). SERs of detection with the optimized sorting criterion using per-step

windowing given in solid ( ) and using one window in dash-dot ( ). For reference, SERs of phase-based
DFDD included as shadows.

spatial feedback may result in one in the temporal feedback, and vice-versa, with the worst

case being when both spatial and temporal information was incorrect.

When comparing the optimal and suboptimal metrics, the results are as expected. The

optimal metric is, even if just marginally, better. This can be seen in the performance of user 1

( ) the most, and with higher SNRs, the SERs obtained using the squared Euclidean distance as

a metric diverge more from the optimal metric ones [YF20a]. Moreover, the SER curves flatten

much sooner to worse results in the per-step detection cases, again highlighting that as soon as

the SNR improves, the spherical Gaussian approximation stops holding. Comparing the results

to per-step detection based on the phase error of Figure 4.14, both PDF-based single-window

detection algorithms perform better.

Next, the multi-user interference is mitigated using the antennas that exhibit the four-

notch pattern. The error curves are plotted in Figure 4.17, with the results for the optimal

metric on the left, and the suboptimal one on the right. Here, a completely different outcome

is at hand. First, ML-based detection with per-step windowing does not fail at high SNR.

This shows how strong the multi-interference in the previous case is. As before, a very slight

performance advantage is seen for the optimal metric, and when comparing to all available

detection algorithms for uncoded transmission, per-step detection using the squared Maha-

lanobis distance, or equivalently the precision matrices, achieves the best error rates in this

case.
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4.3.3.2 Discussion

Obviously, the solution here is to obtain a more accurate expression for the SINR that does

not assume perfect feedback in the derivation. However, this is an impractical task, as this

process has many outcomes due to the interplay of the DFDD and nDFE processes, in both

spatial and temporal dimensions. One possibility to improve the accuracy of the expression is

the inclusion of an additional noise source that models the imperfect feedback, the variance

thereof being time dependent, which may be obtained empirically for different situations and

known by the receiver.

A more practical solution is, since the per-step detection algorithm reduces to the con-

ventional one when only the weighting coefficients of the first step are used, is to implement

Algorithm 4.1, where the decisions are based on the metric given by (4.66), and during op-

eration switch from per-step to single spatial-filtering matrices depending on the situation.

When a low overlap in the PSPs is detected, prefer the former, and when a high overlap is

seen, restrict to the first-step coefficients. This, presents an overall high-performing receiver

without any substantial increase in the algorithmic complexity.

4.4 Coded Transmission

In all systems designed so far, only uncoded transmission has been considered. However,

in all modern applications, to further improve the reliability of the communication, error-

correcting codes, commonly referred to as channel codes, may be employed. In what follows,

the different adaptations needed to include error-correction capability in noncoherentmassive

MIMO systems are detailed. This includes the handling of differential encoding on a bit level,

the calculation of the soft information, and the differential decoding thereof.

4.4.1 Equivalent Differential Encoding and Mapping

Typically, in digital communication systems, reflected binary Gray labeling, is used when as-

signing bit labels to signal constellation points. By design, neighboring points differ by only

one bit, i.e., they are separated by a Hamming distance of one. When a received symbol is

incorrectly detected due to Gaussian noise, on average, the probability that one of its nearest

neighbors is chosen is much higher than that of signal points further away. By using Gray

labeling, this effectively, without any additional error correction, reduces the number of bit

errors that occur, when a receive symbol is incorrectly decoded. However, in many cases, us-

ing a different labeling may simplify the calculations involved in this process. This is true for

differential encoding, which is analyzed next.

The simplest approach for combining bit-to-symbol mapping using Gray coding and dif-

ferential encoding, is to first, map the bits cu,k to a symbol au,k ∈ A [YF16],

MGray : F
n
2 7−→ A , (4.69)
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Figure 4.18: Different descriptions of differential encoding and mapping [YF16]. Top: symbol-level descrip-

tion; bit-to-symbol mapping using Gray labeling followed by differential encoding of the symbols. Middle:
Modulo-level description; conversion from Gray bit labeling to natural labeling, differential encoding using

modulo addition, followed by bit-to-symbol mapping using natural labeling. Bottom: bit-level description;

differential encoding using a rate R = 1 bit encoder, followed by bit-to-symbol mapping using natural label-
ing.

and then apply differential encoding

bu,k = au,kbu,k−1 . (4.70)

This is shown for 4-ary DPSK in block-diagram form in Figure 4.18; top.

If natural labeling is instead used, differential encoding can, equivalently, be described as

a straightforward modulo-M addition of the bit labels, interpreted as integers,

bu,k = Mnat

(
modM

{
s̃u,k ⊕ c̃u,k−1

})
, (4.71)

where ⊕ is the bit-wise modulo-2 addition with carry, followed by bit-to-symbol mapping of

c̃u,k,

Mnat : F
n
2 7−→ A . (4.72)

This can be seen in the block diagram in the middle row of Figure 4.18.

Alternatively, to facilitate the inclusion of bit-wise differential encoding in systems that

already employ Gray-labeling-based bit-to-symbol mapping, the following can be performed.

First, the Gray-coded input bits cu,k are converted to their respective natural mapping

representation s̃u,k. Next, bit-wise modulo-M addition is performed. Finally, resultant bits

are converted back to Gray encoding, producing the differentially-encoded Gray-mapped bits

qu,k, cf. Figure 4.18; bottom for the 4-ary PSK case.
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Example 4.5: Binary Mapping Conversion

A binary vector of length n = 3 corresponding to Gray labeling

g =



0

1

1


 ,

is given. The natural labeling representation of g is obtained using the recursion

b =



b2

b1

b0


 =




g2

g1 ⊕ b2

g0 ⊕ b1


 =




g2

g1 ⊕ g2

g0 ⊕ g1 ⊕ g2


 =



0

1

0


 . (4.73)

Converting b back to its respective Gray-encoded representation is performed using the re-

cursion.

g =




b2

b1 ⊕ b2

b0 ⊕ b1


 =



0

1

1


 . (4.74)

This conversion of the n = binary vector can be also performed using the following ladder-

network circuit.

1

1

0 0

1

1

0

0

1

bg g
Gray-to-natural natural-to-Gray

The conversion between the two encodings is as follows. Given two binary vectors

g
def
=




gn−1
...
g0


 , b

def
=




bn−1
...
b0


 , (4.75)

of length n, where g is Gray encoded and b utilizes natural encoding, the one is obtained from

the other recursively, using modulo-2 addition (⊕) via

gn−l
def
= bn−l ⊕ bn−(l+1) , (4.76)

and

bn−l
def
= gn−l ⊕ bn−(l+1) , (4.77)
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for l = 2, . . . , n, with gn−1 = bn−1. For fixed-length binary words, the conversion can be also

represented using modulo-2 ladder networks. This process is shown numerically for a vector

of length n = 3 in Example 4.5.

4.4.2 Soft-Decision Decoding

By including the reliability information of the received bits during the decoding process, the

error-correction capability of a decoder can be increased, leading to overall better perfor-

mance. This family of decoders employs algorithms commonly known as soft-decision decod-

ing. Typically, this soft information is represented in the form of log-likelihood ratios (LLRs),

that convey the a-posteriori probabilities of each bit label, e.g., when binary codes are used,

being a zero or a one. In what follows, the calculation of the LLRs for the noncoherent massive

MIMO system is described.

4.4.2.1 Calculation of the Reliability Information

In [YF16], a natural approach to obtaining the reliability information of a particular bit label

qi,u,k of the differentially-encoded bits q, using the sortedDFDDwas given. During the process,

at Step n, once the index κ of a candidate symbol z̄u,κ,n with the smallest phase error is chosen,

the LLR is calculated

lq,i,u,κ,arg
def
= log




∑
bj∈A0

i
e

− (mods,2π{arg(z̄u,κ,n)−arg(bj )})2

σ2
n

∑
bj∈A1

i
e

− (mods,2π{arg(z̄u,κ,n)−arg(bj )})2

σ2
n


 , (4.78)

where arg(·) returns the argument of the operand, and Ac
i ⊂ A is the set of PSK symbols,

with the ith label being c. In essence, the LLRs are calculated based on the phase deviations.

However, as was shown in Section 4.3, this metric is problematic.

Instead, using the ML rule for decoding, i.e., the conditional PDFs derived in Section 4.3.1,

the LLRs can be calculated as

lq,i,u,κ,ML
def
= log

(∑
bj∈A0

i
fz̄(z̄u,κ,n | bj)

∑
bj∈A1

i
fz̄(z̄u,κ,n | bj)

)
, (4.79)

where, again, Ac
i ⊂ A is the set of PSK symbols with the ith label being c. The modified

DFDD algorithm, which also returns reliability information is given in pseudo-code form in

Algorithm 4.4, where the LLR calculation step is highlighted. Alternatively, the suboptimal

metric (4.68) of Section 4.3.2 may be used in (4.79).

What remains now, is to obtain the reliability information of the bits after differential

decoding, i.e., lc,i,u,k,arg and lc,i,u,k,ML.
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Algorithm 4.4: Optimized DFDD with Soft Output

1: function
[
b̂u lq,u

]
= DFDD-SOFT-ARG(Zu, σ

2
n, Θ

c
i)

2: b̂u,0 := 1 // initialize variables
3: I := {1, . . . , N − 1}
4: z̄ := b̂u,0Zu(0, I) // initial candidates
5: while I 6= ∅ do

6: k̂ := argmink̄∈I

∣∣∣∣mods,2π

{
arg(z̄k̄) − 2π

M

⌊
M
2π

arg(z̄k̄)
⌉}∣∣∣∣ // find next-best symbol

7: φk̂
:= arg(z̄k̂)

8: ϕk̂
:= 2π

M

⌊
M
2π

φk̂

⌉

9: b̂u,k̂ := ej ϕ
k̂ // M-PSK decision

10: lq,i,u,k̂ := log

(∑
θj∈Θ0

i
exp(−(mods,2π{φk̂ − θj})2/σ2

n)
∑

θj∈Θ1

i
exp(−(mods,2π{φk̂ − θj})2/σ2

n)

)
// calculate LLRs

11: I := I \ {k̂} // mark index as already-detected
12: z̄ := z̄ + b̂u,k̂Zu(k̂, I) // updated candidates
13: end while

14: end function

4.4.2.2 Differential Decoding of Reliability Information

Typically, in systems employing forward-error-correction codes, the reliability information,

e.g., LLRs, obtained from the soft-output decoder is directly passed to the channel code decoder

for error correction. However, in our case, the outer code, i.e., differential encoding, must be

decoded first.

When hard-input decoders are employed, this process is trivial; hard-decision detection is

first applied, producing the symbols b̂. This is followed by differential decoding of the received

symbols to obtain â. Finally, the differentially-decoded symbols are demapped, producing the

binary symbols ĉ, which are used as input to the channel decoder. However, it is known in the

literature that decoding using reliability information presents a large performance gain when

compared to hard-decision decoding [Bos98].

In order to differentially decode the reliability information lq,i,u,k,arg or lq,i,u,k,ML, we re-

sort to the binary-level representation of the differential encoder and mapper of Section 4.4.1

(Figure 4.18; bottom). Using the rate R = 1 differential encoder, an M-state trellis diagram

describing the action of this device can be given [YF16]. Restricting to 4-ary PSK symbols, an

illustration of the trellis diagram is shown in Figure 4.19. At any time instance k, the current

state is given by [s1,k s0,k]T. The input/output pair is [c1,k c0,k]T/[q1,k q0,k]T. The next state,

which is given by [̃c1,k c̃0,k]T, takes on the values of the output.

Based on the trellis description, it is then possible to employ a soft-input/soft-output de-

coding algorithm to differentially decode the soft-bit information. In this work, the BCJR

decoder [BCJR74], a symbol-by-symbol MAP decoder named after its inventors Bahl, Cocke,

Jelinek and Raviv (BCJR), is used and decoding is performed using LLRs. Moreover, the hard
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current state

[0 0]T

[s1,k s0,k]T

[1 0]T

[1 1]T

[0 1]T

[0 0]T

[0 1]T

[1 1]T

[1 0]T

next state
[c1,k c0,k]T / [q1,k q0,k]T

input/output
[̃c1,k c̃0,k]T

[0 0]T / [0 1]T
[1 0]T / [0 0]T

[1 1]T / [1 0]T

[0 1]T
/ [1 1]T

Figure 4.19: Illustration of an M = 4-state trellis diagram describing differential encoding of Gray labeled

bits [YF16]. At any time instance k, given the input [c1,k c0,k]T, an output [q1,k q0,k]T is produced which
depends on the current state [s1,k s0,k]T. The next state is then given by [̃c1,k c̃0,k]T, which takes on the same

values as the output. Only the paths from state [0 1]T are shown for readability

output obtained from the BCJR algorithm, operating on the trellis of Figure 4.19 is, equiva-

lently, bit-level differential decoding of [c1,k c0,k]T. Once this takes place, the reliability infor-

mation, i.e., the LLRs lc,i,u,k,arg or lc,i,u,k,ML, after differential decoding, are used as input to the

channel decoder for error correction.

4.4.3 End-to-End Model

Having the required signal processing blocks derived in the previous sections, now an end-

to-end system model for the transmission of encoded bits of a user u can be defined. The

transmitter is described first, then the design of the central receiver is given.

In order to employ error-correction coding in conjunction with differential encoding, a

coded-modulation approach is needed. In our case, bit-interleaved coded modulation (BICM)

[CTB98] is chosen. Additionally, coding over multiple transmission bursts is considered.

At the start, user u generates Nbits,info information bits

il,u
def
=
[
il,u,0 · · · il,u,Nbits,info−1

]
. (4.80)

The new subscript l denotes the information block index. Then, the information bits are en-

coded

ENCc : F
kc
2 7−→ F

nc
2 . (4.81)

using a rate-Rc = kc/nc channel code

c′l,u
def
=
[
cl,u,0 · · · cl,u,Nbits,code−1

]
, (4.82)

with Nbits,code = Nbits,info/Rc which are then randomly interleaved

cl,u
def
= Π(c′l,u); , (4.83)
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Figure 4.20: System block diagram of the transmitter design for combining forward-error correction and

differential encoding. Two variants are possible, one based on bit-wise differential encoding, and a second

based on symbol-wise differential encoding.

where

Π : F
nc

2 7−→ F
nc

2 , (4.84)

is a random permutation function. Next, bit-wise or symbol-wise differential encoding takes

place, cf. the bottom and top block diagrams of Figure 4.18.

For transmitter designs using bit-wise differential encoding, first, the interleaved code bits

cl,u are segmented

SEGF2 : F
nc

2 7−→ {FLblock
2 , . . . , FLblock

2 } , (4.85)

into Nblock transmit blocks cl,j,u, the length Lblock of which depends on the code length nc, and

the burst window Nbl. Each block is appended at the front with log2(M) reference bits corre-

sponding to the bit label of the DPSK reference symbol bl,j,u,0, bit-wise differentially encoded

DEF2 : F
Lblock
2 7−→ F

Lblock+log2(M)
2 , (4.86)

producing the bits ql,j,u, and then directly mapped using Gray labeling to the transmit symbols

bl,j,u
def
=
[
bl,j,u,0 · · · bl,j,u,Nbl−1

]
, j = 0, . . . , Nblock − 1 . (4.87)

In case symbol-wise differential encoding is used, the bits cl,u are mapped to the informa-

tion symbols

al,u
def
=
[
al,u,0 · · · al,u,Nbits,code/ log2(M)−1

]
, (4.88)

which are then segmented into multiple symbol blocks of length Nbl − 1,

SEGF2 : ANbits,code/ log2(M) 7−→ {ANbl−1, . . . , ANbl−1} . (4.89)

Each jth block al,j,u is then differentially encoded, cf. Section 2.2.2, using a reference symbol

bl,j,u,0, which results in the same vector of transmit symbols of (4.87). A system block diagram

showing both variants of the transmitter is given in Figure 4.20.
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c,l,u îl,u
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Figure 4.21: System block diagram of the receiver design for combining forward-error correction and differ-
ential decoding.

Each block of Nbl symbols is then transmitted over the channel. At the receiver, the re-

ceive symbols are collected to form the matrix Rl,j . At this point, detection via DFDD on the

correlation-coefficients matrix Z l,j,u takes place where both the symbol estimates b̂l,j,u, and

the reliability information lq,l,j,u are produced. For nDFE, the receiver only has access to the

symbol estimates before error-correction decoding; this is done to reduce latency, complexity,

and storage requirements of the receiver. The LLRs are differentially decoded using the BCJR

algorithm. This is performed Nblock times, and the resulting differentially-decoded LLRs lc,l,j,u

are concatenated together (Σ), de-interleaved

l′
c,l,u = Π−1(lc,l,u) , (4.90)

and passed as input to the channel decoder. After error correction is performed, the binary

symbol estimates îl,u are obtained. This process is illustrated using a system block diagram,

and can be seen in Figure 4.21.

4.4.4 Numerical Results and Discussion

Numerical simulations are conducted using two multi-user scenarios, a high interference, and

a low interference one. The channel parameters are the same as the ones found in Table 3.1.

Recall that the three users are placed in front of antenna m1 = 20 ( ), m2 = 50 ( ), and

m3 = 85 ( ). The receiver is equipped with Nrx = 100 antennas. The code bits, after mapping,

are transmitted over two consecutive bursts (Nblock = 2). In one transmit block, the channel

coefficients are constant, but are different for each burst.

For the noncoherent system, a rate-1/2 binary low-density parity-check (LDPC) code

[Gal63] of length nc = 800 and dimension kc = 400 is utilized. Each user generates and

encodes their binary data streams, which are then mapped to a M = 4-ary PSK symbol alpha-

bet, using the binary Gray labeling

[
0

0

]
7−→ +1 ,

[
0

1

]
7−→ +j ,

[
1

1

]
7−→ −1 ,

[
1

0

]
7−→ −j . (4.91)

The resultant symbols are segmented into two blocks of length Lblock = 200 symbols. A refer-

ence symbol bu,0 = 1 is appended to each of the segmented blocks, which are then differentially

encoded, resulting in a transmission burst length Nbl = 201.

In the case of the coherent system, i.e., the benchmark system, for a fair comparison,

perfect channel knowledge is not assumed. Instead, channel estimation is performed, using
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Figure 4.22: Bit error rate, averaged over 300 000 channel realizations, vs. Eb/N0 in dB for a three-user massive

MIMO uplink scenario. Linear array with Nrx = 100 uniformly-spaced antennas. Left: high-interference
scenario. Right: low-interference scenario. The noncoherent detection system employs a rate-1/2 LDPC

code of length nc = 800 and dimension kc = 400. The LLRs are calculated based on the phase deviation of

the correlation coefficients given by (4.78). BERs plotted in ( ) for user 1, ( ) for user 2, and ( ) for user 3.
The coherent detection system employs a rate-2/3 LDPC code of length nc = 600 and dimension kc = 400.

Pilot sequences length Nest = 51. BERs of BLAST plotted in black ( ).

Zadoff–Chu sequences, cf. Section 3.2.3. Keeping the end-to-end information rate the same,

using the same 4-ary PSK alphabet as the noncoherent system, encoding the 400 information

bits using a rate-2/3 code, 150 data symbols results. This leaves 51 symbols for the training

sequences, which amount to approximately 25% of an Nbl = 201 burst, which is optimum in

this case, cf. Section 3.3. For interference cancellation, sorted decision-feedback equalization

(BLAST) using the hard-decision estimates obtained before error-correction decoding, to keep

things fair when comparing against the noncoherent receiver, is utilized. Both systems em-

ploy the same class of irregular repeat accumulate codes [JKM00], and decoding is performed

using belief propagation.

4.4.4.1 Phase-Based Soft Information

First, the performance of the noncoherent system utilizing the more straightforward phase-

based approach to calculating the LLRs, cf. (4.78), is shown. As a measure, the bit error rate

(BER) curves of the information symbols, averaged over 300 000 channel realizations, vs. the

SNR, now given in terms of the average received energy per information bit over the noise

power spectral density Eb/N0, are plotted in Figure 4.22, for the high multi-user interference

scenario, i.e., when Nnotch = 0 is set, on the left side, and for a low multi-user interference

one, for Nnotch = 4, on the right side.
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Starting with the high interference scenario, it is evident that even when nDFE is active, a

large portion of the interference remains, which hinders the performance, especially at larger

SNRs. Noteworthy, the effect of the asymmetry of the user positioning and user detection

order can be clearly seen; User 3 ( ), which is farthest from all others experiences the least

amount of interference. According to the optimum sorting criterion for nDFE, that user is

detected first, and has the lowest error rate. Next, user 1 ( ) is detected, and although, in total,

has a better SINR than the middle user when the interference caused by user three is removed,

the worst BER of all three is seen at high SNRs. Finally, user 3 ( ) is benefits the most from

nDFE, and when combined with error-correction decoding, has a performance close to user 3

( ), than that of user 1 ( ).

When the large PSP overlap is mitigated via proper design of the antennas, not only is the

flattening of the error curves removed, but also the performance gap between noncoherent and

coherent detection is reduced. In fact, now the performance, in accordance with the optimum

user-detection sorting, is as expected; user 3 ( ) has the lowest error rate, followed closely by

user 1 ( ) and finally the middle user ( ). Interestingly, a small power efficiency loss is seen in

case of coherent detection. Using antennas with more directivity, the PSPs of the users become

narrower. This means that the number of “relevant” antennas becomes smaller [YFW15], and

effectively, the diversity order also becomes smaller. This is similar to what is seen for uncoded

transmission in [YBF19].

4.4.4.2 PDF-Based Soft Information

Next, systems with LLR calculation based on the conditional PDFs of Section 4.3, given by

(4.79), are compared. First, BER plots when the reliability information is calculated using the

optimal metric of Section 4.3.1 are shown in Figure 4.23. In the high-interference scenario, the

error rates are greatly improved for all three users. In fact, the flattening in the BER curves

that was previously seen is completely removed.

When the interference is reduced via careful antenna pattern design, a small performance

improvement is at hand, and the gap between the noncoherent-based system and the one

employing BLAST is further reduced. This result was expected, as now the more accurate

metric, which is less prone to the issues that arise from phase-only-based detection.

Using the suboptimal metric of Section 4.3.2 for the LLR calculation, again delivers a much

better performance compared to the receiver employing phase-based LLR calculation. When

it comes to the SNR range in which the BERs were measured, almost no difference in the

performance is seen. This is true since, here, the variance of the noise and interference terms

dominate and the spherical approximation holds well.

4.4.4.3 Discussion

The three approaches to calculating the LLR offer a trade-off between performance and com-

plexity. Using the already available phase information of the DFDD algorithm gives the sim-

plest way to calculate an approximation of the LLRs. The only additional information that

is required is the noise variance σ2
n, which is easily obtained at the receiver. However, this
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Figure 4.23: Bit error rate, averaged over 300 000 channel realizations, vs. Eb/N0 in dB for a three-user massive

MIMO uplink scenario. Linear array with Nrx = 100 uniformly-spaced antennas. Left: high-interference
scenario. Right: low-interference scenario. The noncoherent detection system employs a rate-1/2 LDPC

code of length nc = 800 and dimension kc = 400. The LLRs are calculated using the optimal metric of

Section 4.3.1. BERs plotted in ( ) for user 1, ( ) for user 2, and ( ) for user 3. The coherent detection
system employs a rate-2/3 LDPC code of length nc = 600 and dimension kc = 400. Pilot sequences length

Nest = 51. BERs of BLAST plotted in black ( ).

approach results in the least performing system of the three.

Next, the more complex receivers both utilize the conditional PDFs of the optimal and

suboptimal metrics of Section 4.3. In both cases, the statistical knowledge, here, the mean and

variance, of the useful signal and interference-plus-noise portion of the candidate symbols,

i.e., the entries of the correlation-coefficients matrix, are utilized. Tracking of these values per

detection step is required, which can be easily either calculated online, or stored alongside

the spatial filtering coefficients. When operating the system at a low-to-moderate SNR, the

Gaussian approximation provides a performance comparable to when the optimum metric is

utilized. This enables a high-performing system with a lower computational complexity, and

reduces the number of variables that need tracking.

Although a lower-rate code is employed in the noncoherent system than in the coherent

one (including the power efficiency losses from estimating the channel, and the noisy esti-

mates), a gap exists between them. This is due to the additional reliability-based differential

decoding in case of the former, where unreliable symbols may influence the whole sequence.

To counteract this, error-correction coding may be performed over a larger number of bursts,

but comes at the cost of additional processing delay.
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Figure 4.24: Bit error rate, averaged over 300 000 channel realizations, vs. Eb/N0 in dB for a three-user massive

MIMO uplink scenario. Linear array with Nrx = 100 uniformly-spaced antennas. Left: high-interference
scenario. Right: low-interference scenario. The noncoherent detection system employs a rate-1/2 LDPC

code of length nc = 800 and dimension kc = 400. The LLRs are calculated using the suboptimal metric of

Section 4.3.2. BERs plotted in ( ) for user 1, ( ) for user 2, and ( ) for user 3. The coherent detection
system employs a rate-2/3 LDPC code of length nc = 600 and dimension kc = 400. Pilot sequences length

Nest = 51. BERs of BLAST plotted in black ( ).

4.5 Summary

In this chapter, advanced high-performing receivers were discussed. First, the antennas em-

ployed at the array, an often neglected integral part of all communication systems when de-

signing the front-end, were discussed. By utilizing electronically-controllable antennas that

can express different radiation patterns, or tune them in a particular fashion, the ability to sep-

arate users, in a noncoherent manner using only their respective PSPs, is greatly improved.

In particular, electronically-tuneable antennas, where the beamwidth of the main lobe is ad-

justed, coupled with a simple control logic where all antennas are tuned together, offer an

attractive solution that improves the error rate experienced by the users, with minimal modi-

fication to the receiver front-end. Alternatively, per-antenna optimization greatly benefits the

performance of noncoherent detection. A slightly more intricate control circuit is required,

but since the highest complexity of the design revolves around the optimization, a task that

can be performed offline, still results in a high-performing solution, without a major increase

in system complexity.

Next, feedback-aware detection algorithms were derived. Previously, the feedback gain of

DFDD was not included in the detection process; the weighting coefficients were optimized

solely on the SINRs calculated for the first detection step. By deriving the per-detection-step

SINRs, and including as additional degrees of freedom, the freedom to utilize different weight-
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ing coefficients at each step of the DFDD, improvements in the error rates are obtained.

Using the statistics of the useful signal, interference and noise from the different sources

that are seen at the entries of the candidate symbols upon which decisions are made in DFDD,

the ML metric was derived. This was motivated by the non-optimum sorting of phase-only-

based detection, where, by neglecting the amplitude of the candidate symbols, erroneous de-

cisions that appear as very reliable are unavoidable. In addition, a suboptimal metric was also

given, that simplifies the detection problem slightly. Moreover, these metrics can be employed

in both the single spatial-filtering matrix, and the per-detection-step coefficients variants of

noncoherent detection. However, care must be taken in choosing when applied. As the statis-

tics were derived under perfect-feedback assumptions, in high-interference conditions, per-

step detection is not preferred, but when the interference is lower or can be mitigated, e.g., via

antenna pattern design, the highest-performing noncoherent receiver is obtained.

Finally, coded transmission in noncoherent massive MIMO systems was discussed. By de-

riving a model for the differential encoding process on a bit level instead of a symbol level, the

ability to differentially decode reliability information in the form of LLRs is possible, enabling

soft-input error correction. Additionally, different approaches for calculating the LLRs were

derived, that offer a trade-off between performance and complexity. Overall, this makes non-

coherent detection combined with channel coding an attractive high-performing alternative

to channel-estimation-based coherent detection.
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In this chapter, high-performing reduced-complexity algorithms are studied. First, a recapitu-

lation of subspace-based detection is given. Then, low-complexity algorithms for obtaining

the subspace in noncoherent massive MIMO are explored, followed by efficient approaches

for the required calculations in the detection process. Next, low-resolution quantizers and

their application in the massive MIMO receiver are discussed. This includes the design and

optimization of the quantization intervals and reconstruction values. Finally, the special case

of one-bit quantization, and quantization-aware receivers are studied. Here, additionally, the

acquisition of the power-space profile is included. This chapter includes parts of the author’s

scientific works [YF17, YF19].

5.1 Subspace-Projection-Based Detection

The noise-free receive block

Y
def
=

Nu∑

u=1

hubu (5.1)

has rank Nu. By projecting the noisy receive signal onto an Nu-dimensional subspace, a re-

duction of the noise power seen at the receiver is possible [FSM15]. This may be done by first

performing a singular value decomposition (SVD) of the receive matrix

R = UΣV H , (5.2)

where U is an Nrx × Nrx unitary matrix, and

Σ = diag(ς1, . . . , ςmin(Nrx ,Nbl)) , (5.3)

is an Nrx × Nbl diagonal matrix, with the singular values ςl as entries on the main diagonal,

here assumed to be sorted in descending order, and V is an Nbl × Nbl unitary matrix.
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Next, all singular values, except the Nu largest ones are nulled, i.e., set to zero. This results

in the construction of a rank-Nu approximation of R,

Ř
def
= Udiag(ς1, . . . , ςNu

, 0, . . . , 0)V H . (5.4)

In doing so, the projection onto the Nu-dimensional subspace is performed, and any contri-

bution of the noise that was not in this subspace is completely removed. The resulting matrix

can be written as [FSM15]

Ř = Ȟ(B + Ň) , (5.5)

where the useful signal of all users, collected in B, and the subspace-domain noise samples

matrix Ň lie in the same space spanned by Ȟ . The matrix

Ň =
[
ňi,j

]
, (5.6)

has dimensions Nu × Nbl, and the noise samples ňi,j are zero-mean complex Gaussian dis-

tributed with variance σ2
ň = σ2

n , which is a reasonable approximation; the projection of the

original noise samplesnm,k onto anNu-dimensional subspace results in sampleswith the same

variance.

The nulling process, when defining the truncationmatrix as

T
def
= diag(1, . . . , 1︸ ︷︷ ︸

Nu times

, 0, . . . , 0︸ ︷︷ ︸
Nrx−Nu times

) , (5.7)

can be, alternatively, described using

ΣT
def
= diag(ς1, . . . , ςNu

, 0, . . . , 0) , (5.8)

i.e., (5.4) may be reformulated into

Ř = UΣT V H

= UT UHR , (5.9)

i.e., a projection ofR using the projectionmatrixUT UH. The advantage of using the SVD as a

pre-processing operation for noise reduction via subspace projection, is that it is independent

of the channel model.

Detection, i.e., DFDD and nDFE, is now performed on the correlation-coefficients matrix

Žu
def
= ŘHWuŘ . (5.10)

The statistics of the non-diagonal entries of this matrix were studied in [FSM15], and it was

shown that, the useful and interference terms remain the same, but the noise term is com-

pletely different, and a new SINR is seen, which calculates to

SINRu =
1

(1+σ2
n )

η2
u,u

(∑Nu
ν,µ=1
ν<µ

ηu,ν +
∑Nu

ν=1
ν 6=u

σ2
u,ν +

∑Nu
ν,µ=1
ν<µ

σ2
u,ν,µ

)
+ 2σ2

n + σ4
n

. (5.11)

This new expression is now used in place of (3.39), to, e.g., optimize the spatial weighting

coefficients.

In the following, low-complexity alternatives to the SVD are discussed.
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5.1.1 Signed URV Decomposition

The signed URV1 (SURV) decomposition is a lower-complexity alternative to the SVD for sub-

space tracking [ZV12]. Unlike the SVD, only the subspace, but not the singular values are

extracted, i.e., it is an implementation of a Schur subspace estimator [GV96]. This algorithm

is then useful when only the subspace is required. In what follows, a brief description of the

SURV decomposition is given.

5.1.1.1 Definition

Given a K × L matrix X , K ≤ L, and a threshold value δ, a new matrix

XXH − δ2IK , (5.12)

is constructed. The eigenvalues of XXH − δ2IK and those of the matrix product XXH are

related by

λi

(
XXH − δ2IK

)
= λi(XXH) − δ2 , (5.13)

where λi(·) denotes the ith eigenvalue, sorted in decreasing order, i.e.,

λ1(·) ≥ λ2(·) ≥ · · · ≥ λK(·) . (5.14)

The K × K product XXH is Grammian, and can only have non-negative eigenvalues, which

can be obtained via an SVD decomposition

XXH = UΣV H(UΣV H)H

= UΣ V HV︸ ︷︷ ︸
=I

ΣUH

= U ΣΣ︸ ︷︷ ︸
Λ

UH

= UΛUH , (5.15)

where the matrix U collects the eigenvectors of XXH, and Λ is the diagonal matrix of eigen-

values

Λ
def
= diag(λ1, . . . , λK) . (5.16)

The new matrix XXH − δ2IK potentially may have positive and negative eigenvalues. The

number of positive eigenvalues is denoted asD, and the remainder, i.e., the number of negative

eigenvalues is K − D.

Using the SVD, the decomposition

XXH − δ2IK = U 1(Λ1 − δ2ID)UH
1 + U 2(Λ2 − δ2IK−D)U H

2

= U 1Λ̆1UH
1 − U 2Λ̆2UH

2 (5.17)

1The URV in SURV is not an acronym, but is obtained from the result of the decomposition; unitary matrices
U and V , and a triangular matrix R.
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is obtained, where the diagonal matrix

Λ1
def
= diag(λ1, . . . , λD) , (5.18)

collects the eigenvalues of XXH corresponding to the positive ones of XXH − δ2IK ,

Λ̆1
def
= diag(λ1 − δ2, . . . , λD − δ2) , (5.19)

is the diagonal matrix of the shifted eigenvalues,

Λ2
def
= diag(λD+1, . . . , λK−D) , (5.20)

collects those corresponding to the negative ones of XXH − δ2IK , and

Λ̆2
def
= diag(δ2 − λD+1, . . . , δ2 − λK−D) , (5.21)

is the diagonalmatrix of the shifted negative eigenvalues. ThematricesU 1, dimensionsK×D,

andU 2, dimensionsK×(K−D), collect the eigenvectors corresponding to the eigenvalues of

Λ1 and Λ2, respectively. Using the threshold δ, two distinct subspaces are formed. This means

that, by proper tuning of δ, if a subspace contains only noise samples, which corresponds to

U 2, or to the shifted negative eigenvalues collected in Λ̆2, can be filtered out. The remaining

subspace, i.e., U 1, which corresponds to the positive eigenvalues, then contains the useful

data. In the massive MIMO context, then subspace projection is performed as

Ř = U 1UH
1 R . (5.22)

An efficient implementation of the SURV decomposition is of interest. Preferably, the

factorization should be performed on X without explicitly forming XXH −δ2IK , in a similar

fashion to using the SVD to solve different eigendecomposition problems [GL13]. Moreover,

having a lower computational complexity than the SVD is advantageous.

One such implementation was given in [ZV12], where a decomposition

[
X δIK

]
Θ =

[
U 1 U 2

]
L , (5.23)

is performed. The matrix Θ has dimensions (K + L) × (K + L), and is J-unitary, i.e.,

ΘHJΘ = ΘJΘH = J . (5.24)

This is analogous to unitarymatrices, where theHermitian, i.e., the conjugate transpose, is also

the inverse of the matrix, with the difference being that, additionally, a signature is preserved,

which is given by the diagonal matrix

J
def
=

[
IK 0

0 −IL

]
. (5.25)
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The sign of the entries in J correspond to the subspaces; the positive to the principle, or

useful data subspace estimate U 1, while the negative correspond to that of the noise subspace

estimate U 2. The matrix L is a lower-triangular matrix.

To perform this decomposition, one approach, given in [ZV12], is to successively zero-out

entries of column vectors xi of X , which are referred to as the observation vectors, and the

columns of δIK , using unitary or hyperbolic Givens rotations [OS91] (cf. Appendix B for a

small introduction). This step is called a SURV update. The contribution that is zeroed-out is

transferred toU 1 orU 2. Depending on which particular rotation is applied, the corresponding

entry in the signature matrix J is updated, and the columns of the matrices on both sides of

(5.23) are re-ordered, such that the vectors with the same signature are grouped together.

Essentially, this algorithm is related to the family of rank-revealing QR decomposition

[CI94]. Unlike other implementations of the class of hyperbolic Schur subspace estimators,

such as the one from [Vee98], the SURV is numerically stable; the J-unitary matrix Θ which

is unbound is not explicitly calculated, and only its signature J is tracked. Moreover, for all

Givens rotations, the results of the transformations are calculated directly using a stable form,

to avoid any singularities that may arise from explicit multiplication with a rotation matrix.

5.1.1.2 Threshold Value Calculation

In order to separate the data subspace from that of the noise, the threshold value δ2 must be

properly chosen. In [ZV12], this was chosen as a scaled estimate of the largest eigenvalue of

the noise subspace. However, a better threshold, valid on average for the situation at hand,

i.e., the massive MIMO system model and parameters, can be derived.

For the upcoming derivations, the following definitions are used. Given aK×K Hermitian

matrix X ,

λmax(X)
def
= Eλ{λ1(X)} , (5.26)

is the expected value of its largest eigenvalue, and

λmin(X)
def
= Eλ{λK(X)} , (5.27)

is the expected value of its smallest eigenvalue.

A natural choice for the threshold value would be, cf. Figure 5.1,

δ2 =
λNu

(RRH) + λNu+1(RRH)

2
, (5.28)

the midpoint between the smallest eigenvalue of the data subspace, and the largest of the noise

one. The reasoning behind this choice, is to ensure that δ2 is always large enough. However, as

the eigenvalues are not accessible before the decomposition, the threshold is instead defined

using

δ2 def
=

λmax(RRH) + λmax(NNH)

2
. (5.29)
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i

λi

Nu Nrx

δ2

Figure 5.1: Depiction of the eigenvalues λi(RRH), sorted in descending order [YF17]. The first Nu eigen-

values ( ) represent the data subspace. The remainder Nrx − Nu ones ( ) represent the noise. The threshold

δ2 is used to separate the different subspaces.

Here, instead of the expected value of the (Nu +1)th eigenvalueRRH, the threshold is defined

using that of the largest eigenvalue, as it is easier to estimate.

To obtain λmax(RRH), we resort to Weyl’s inequality for the eigenvalues of Hermitian

matrices [Wey12]

λ1(Y Y H) + λNrx
(NNH) ≤ λ1(RRH) ≤ λ1(Y Y H) + λ1(NNH) , (5.30)

and the expectations thereof, resulting in the inequality

λmax(Y Y H) + λmin(NNH) ≤ λmax(RRH) ≤ λmax(Y Y H) + λmax(NNH) . (5.31)

In case of the noise-free receive block Y , assuming that there is an equal contribution of

the Nu users, the expectation of the largest eigenvalue of the Hermitian product Y Y H can be

approximated as [YF17]

λmax(Y Y H) ≈ σ2
ANbl (5.32)

For a givenmatrixN , with dimensionsNrx×Nbl,Nrx ≤ Nbl, which collects i.i.d. zero-mean

Gaussian distributed entries with variance σ2
n, the Hermitian product NNH follows aWishart

distribution. Approximations for the expected value of the smallest non-zero eigenvalue, and

that of the largest one [BY93, ZCW09] of such Wishart matrices are given as

λmin(NNH) ≈ σ2
nNbl

(
1 −

√
Nrx/Nbl

)2
, (5.33)

and

λmax(NNH) ≈ σ2
n

(√
Nrx +

√
Nbl

)2
, (5.34)

respectively.

With the bounds on λmax(RRH) obtained, looking at Figure 5.1, w.l.o.g. the smaller gap,

i.e., the distance between lower bound and λmax(NNH) is chosen. In fact, from numerical

simulations, λmax(RRH) was shown to approach that of λmax(Y Y H) + λmin(NNH). This
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Figure 5.2: Normalized histograms of λmax(RRH) ( ), λmax(Y Y H) + λmin(NNH) ( ), and λmax(Y Y H) +
λmax(NNH) ( ). Measurements, grouped by value (bin width set to 5), done at Es/N0 =̂ 12 dB using the

Nu = 3 high multi-user interference scenario.

can be seen in the normalized histograms, measured at Es/N0 =̂ 12 dB using the Nu = 3 high

multi-user interference scenario of Section 3.3.1, plotted in groups of the measured values in

Figure 5.2.

Putting everything together, the threshold for use with the SURV decomposition is given

by

δ2 =
λmax(Y Y H) + λmin(NNH) + λmax(NNH)

2

=
σ2

ANbl + 2σ2
n(Nbl + Nrx)

2
, (5.35)

i.e., only the SNR and system parameters are required for the calculation.

5.1.2 Krylov–Schur SVD

Applying the SVD for the purpose of noise reduction, of interest are the truncated matrices

Ǔ
def
=
[
u1 · · · uD

]
, (5.36)

Σ̌
def
= diag(ς1, . . . , ςD) , (5.37)

and

V̌
def
=
[
v1 · · · vD

]
, (5.38)
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where u and v are column vectors of the unitary matrices U and V , respectively. In fact,

a full decomposition is not required, and it would be beneficial if the truncated version of

these matrices can be directly extracted, preferably with a lower computational complexity

compared to the straightforward SVD.

The Krylov–Schur SVD (KSSVD) [Sto12] is an efficient algorithm, that iteratively approx-

imates the largest D singular values ς , and their associated singular vectors. The reduced

complexity is attained by operating on smaller matrix of size S × S, typically S < min(K, L).

Given a K × L matrix X , first, an S-dimensional Golub–Kahan (GK) bi-diagonalization

is performed [GL13],

XV̆ (1) = Ŭ (1)B̆(1) , (5.39)

and

XHŬ (1) = V̆ (1)(B̆(1))H + ρ(1)ε1 (5.40)

where the matrix V̆ (1) has dimensions L × S, Ŭ (1) is of size S × K , such that

(V̆ (1))HV̆ (1) = IS , (5.41)

and

(Ŭ (1))HŬ (1) = IS . (5.42)

The matrix B̆(1) is bi-diagonal, i.e., it contains entries only on the main and secondary diago-

nals, and has dimensions S × S. The column vector ρ(1), which is referred to as the residual

vector has length L, and

εj
def
= [0 · · · 0

︸ ︷︷ ︸
j − 1 times

1 0 · · · 0
︸ ︷︷ ︸
S − j times

] (5.43)

is a row vector, of length S, which comprises all zeros, except for at the jth position where the

entry is a one. The bracketed superscript, ·(1), denotes the iteration step j, which in this case

is for j = 1. This, equivalently in a full SVD, is performed on matrices of full dimension. A de-

piction showing the dimensions of the reduced, i.e., S-dimensional, and full bi-diagonalization

can be seen in Figure 5.3.

Next, until the stopping criterion is met, at each iteration step j, an SVD of the bi-diagonal

matrix

B̆(j) = P̆ (j)Σ̆(j)(Q̆(j))H , (5.44)

is performed. The matrices P̆ (j) and (Q̆(j))H have dimensions S × S, and

Σ̆
(j)

= diag(ς̆
(j)
1 , . . . , ς̆

(j)
S ) , (5.45)
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=

X V̆ B̆Ŭ

Figure 5.3: Depiction of the S-dimensional bi-diagonalization, where only only the matrices outlined in black
are operated on. In comparison, in a full-dimensional SVD, the elements ( ) are included in the calculations.

collects the S singular values ς̆i. Following that, a Krylov–Golub–Kahan (KGK) factorization

[Sto12] is calculated, and the resultantmatrices of the factorization are truncated toD columns,

V̌
(j) def

= V̆
(j)
[
q̆

(j)
1 · · · q̆

(j)
D

]
, (5.46)

Ǔ
(j) def

= Ŭ
(j)
[
p̆

(j)
1 · · · p̆

(j)
D

]
, (5.47)

and

Σ̌
(j) def

= diag(ς̆
(j)
1 , . . . , ς̆

(j)
D ) . (5.48)

At this point, the residual vector is also obtained, by taking the first D elements of the last

column of the matrix P̆ (j),

ρ
def
=




p
(j)
S,1
...

p
(j)
S,1


 . (5.49)

If the norm of the residual vector is less than, or equal to a chosen tolerance value

‖ρ‖ ≤ ρtol , (5.50)

or a certain number of iterations, Niter,max, is exceeded, the algorithm stops and the output of

the KSSVD reads

X = Ǔ (Niter)Σ̌(Niter)(V̌ (Niter))H , (5.51)

where Niter ≤ Niter,max is the total number of iterations required for the algorithm to finish.

In case the stopping criteria are not met, the GK bi-diagonal form is restored from the KGK

form, which was shown in [Sto12] to be always possible, the residual vector is subtracted from

(5.39), and the next iterated starts by updating the S-dimensional bi-diagonalization [GL13],

which now includes the correction performed by removing the residual.

5.1.3 Efficient Matrix Construction

Up to now, subspace-based detection has been applied in a straightforward manner. First, the

relevant (data) subspace is obtained using the (KS)SVD or SURV, projection is applied, using

(5.9) or (5.22), and finally, the correlation-coefficients matrix Žu is calculated using (5.10).
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In noncoherent massive MIMO systems, detection, i.e., DFDD and nDFE, is applied to Zu,

or in the case of subspace-based detection on Žu, and no explicit knowledge of the receive

block R to calculate Z is required. Rewriting (5.10) using the truncated SVD output

Žu = ŘHWuŘ

= V̌ Σ̌ǓHWuǓΣ̌V̌ H

= V
H
WuV , (5.52)

is obtained. The product of (5.52) is a subspace-domain equivalent of (5.10). Specifically,

Wu
def
= Ǔ HWuǓ (5.53)

is the user-specific subspace-domain filtering matrix, which jointly performs user separation

and noise filtering, and

V
def
= Σ̌V̌ H (5.54)

is the subspace-domain equivalent received symbols matrix, which is calculated once for the

processing of one receive block R.

Moreover, by defining the augmented subspace-domain receive matrix

R
def
=
[
V

H b̂H
ν · · · b̂H

µ

]
, (5.55)

which collectsV and the complex-conjugate transpose of the symbol estimates b̂ of any pre-

viously detected users, the correlation-coefficients matrix, including nDFE, cf. (3.37), can be

rewritten as

Žu
′ = R

HΨuR , (5.56)

where the block-diagonal matrix

Ψu
def
=




Wu 0 · · · 0

0 −ηu,ν
. . .

...
...

. . . . . . 0
0 · · · 0 −ηu,µ




(5.57)

is the augmented subspace-domain spatial filtering and interference reduction matrix.

5.1.4 Complexity Analysis

In the following, the numerical complexity of the subspace estimation algorithms and the effi-

cient approach to the construction of thematrices used in noncoherent detection are discussed.

5.1.4.1 Subspace Estimation Alternatives

An important aspect of the previously described methods to obtain an estimate of the data

subspace, is the computational complexity of each algorithm. As a benchmark, the straight-

forward SVD is used.
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SVD When only the matrix U of the SVD of a real-valued matrix X if of interest, a total of

4KL2 + 13K3 FLOPs (5.58)

are required [GL13]. In case X is complex-valued, a reasonable approximation for the numer-

ical complexity, under the assumption that only an increase occurs during multiplications,

is

12KL2 + 39K3 FLOPs , (5.59)

since each complex multiplication can be performed using three real-valued ones [KO62]. In

case both unitary and the diagonal matricesU , Σ, andV are needed, the complexity increases

to

12KL2 + 66K3 FLOPs . (5.60)

SURV The numerical complexity of the successive approach for the algorithm is given in

[ZV12]. For each SURV update,

13K2 + 4K + D + 4D2 FLOPs (5.61)

are required. This number is multiplied by the number F of observation vectors used. When

all vectors of the matrix X are used for the subspace estimation, a total of

13K2L + 4KL + D + 4D2L FLOPs , (5.62)

are needed. Unlike the SVD, the complexity is asymptotic to the smaller dimension K .

KSSVD At each iteration step j the KSSVD, the following occurs. For the derivation S = 2D

is fixed. This was shown to be a good choice in [Sto12]. An optimized implementation of an

(2D)-dimensional bi-diagonalization needs

D28(K + L − 1) + D(10K + 10L + 8KL + 4) FLOPs . (5.63)

The SVD of the (2D)×(2D) bi-diagonal matrix B̆(j) needs 288D3 operations. The calculation

of the matrices Ŭ (j) and V̆ (j) respectively, requires

4D2K − DK FLOPs , (5.64)

and

4D2L − DL FLOPs , (5.65)

respectively. The norm of the residual vector is obtained using 2D FLOPs.

In case the stopping criterion is not met, the GK bi-diagonal form is restored and the

residual vector is subtracted by means of Givens rotations. This requires

12D3 + 5D2 + 17D FLOPs . (5.66)
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Next, the bi-diagonal factorization is updated, which requires

4KL + 7K + 7L FLOPs . (5.67)

The process terminates after Niter steps, when the stopping criterion is met.

In comparison to the SVD, in total the KSSVD needs

Niter

(
288D3 + D2(12K + 12L − 8) + D(8KL + 9K + 9L + 4)

)

+ (Niter − 1)(12D3 + 5D2 + 17D + 7K + 7L + 4KL) FLOPs . (5.68)

The biggest advantage of the KSSVD, is that all operations are performed on matrices with

smaller dimensions. The expression given by (5.68) can, for D ≪ min(K, L), be instead

approximated, and the computational complexity is given by

12DKL FLOPs . (5.69)

5.1.4.2 Matrix Construction

Now, an analysis complexity of the matrix construction and calculation is performed. The

matrixWu is an Nu × Nu Hermitian matrix. In total, cf. Appendix C.1,

N2
rx(N

2
u − Nu) −

(
N2

u − Nu

2

)
FLOPs (5.70)

are required to calculate it. In case of V,

NuNbl FLOPs (5.71)

are needed. For the block-matrix portion of Žu
′, i.e., the product VH

WuV, exploiting the

Hermitian structure of Wu, a total
2 of (the full derivation can be found in Appendix C.2)

N2
bl(3Nu − 3) + Nbl(N

2
u − 2Nu + 2) FLOPs (5.72)

are used. The nDFE portion of the augmentedmatrix construction takesNdet(Nbl −1) FLOPs,

where Ndet is the number of previously detected users, to be calculated. In total, the complete

operation requires

N2
bl(3Nu − 3) + Nbl(N

2
u − Nu + 2)

+ Ndet(Nbl − 1) + N2
rx(N

2
u − Nu) −

(
N2

u − Nu

2

)
FLOPs . (5.73)

Additionally, the dimensions of the matrices, used in both the straightforward subspace

projection and detection approach, and their more efficient alternatives are summarized in

Table 5.1. This highlights the large reduction achieved; in many cases, at least one dimension

is reduced from Nrx or Nbl down to just Nu, which is usually much smaller than either.

2In [YF19], the numbers given do not exploit any structure, other than that of the correlation-coefficients
matrix Žu

′.
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Table 5.1: Side-by-side comparison of the dimensions of the matrices in the case of straightforward versus
optimized subspace-projection-based detection detection. Left: straightforward. Right: optimized.

Matrix Dimensions

R Nrx × Nbl

U Nrx × Nrx

Wu Nrx × Nrx

Σ Nrx × Nbl

V Nbl × Nbl

Matrix Dimensions

R Nbl × (Nu + Ndet)

Ǔ Nrx × Nu

Wu Nu × Nu

Σ̌ Nu × Nu

V Nu × Nbl

5.1.5 Numerical Results and Discussion

To assess the performance of the lower-complexity subspace estimators in noncoherent mas-

sive MIMO systems, the high-interference multi-user scenario of Section 3.3.1 is assumed. Re-

call that Nu = 3 users are placed at positions m1 = 20 ( ), m2 = 50 ( ), and m3 = 85 ( ), at a

relative distance dr,u = 38, vis-à-vis the receiver employed with Nrx = 100 omni-directional

antennas. The channel parameters of Table 3.1 are assumed.

Each user transmits a burst of Nbl = 201 differentially-encoded 4-ary PSK symbols. At the

receiver, first subspace estimation is performed, followed by noise reduction via projection,

and finally noncoherent detection in the form of DFDD and nDFE is applied. The windowing

matrices for each individual user are numerically optimized based on (5.11).

5.1.5.1 Subspace Estimation Accuracy

First, the accuracy of the KSSVD and SURV is analyzed. As input, the KSSVD requires two

parameters; the number of the desired largest singular values, and the tolerance value ρtol,

used for the approximation of the singular values. Here, the number of subspaces Nu is given

and known. This means that, only the choice for ρtol remains.

The averaged squared difference of the Nu largest singular values

Eest,KSSVD
def
=

1

Nu

Nu∑

u=1

(ςSVD,u − ςKSSVD,u)2 , (5.74)

obtained from the SVD and the KSSVD vs. the tolerance value ρtol is plotted, in double-log

scale, in Figure 5.4, for Es/N0 =̂ 6 dB on the left side, and Es/N0 =̂ 12 dB on the right.

As expected, the larger ρtol is chosen, the larger the average estimation error is. Notewor-

thy, is that there are sudden jumps in the error rate, which are exhibited at around the same

values of the tolerance value for both SNRs. These “breakpoints” line up with the average

number of iterations Niter,avg, which is read out after each time the KSSVD algorithm termi-

nates, i.e., until the norm of the residual is smaller than ρtol, cf. (5.50), shown in the bottom

row of Figure 5.4. This is clearly seen for when Es/N0 =̂ 12 dB; looking at Niter,avg, rounded

to the nearest integer, the jump in Eest,KSSVD matches exactly with where the jump from two

iterations to one is. For the values of ρtol where Niter,avg is halfway between two integers,

the tolerance is set just enough to have the algorithm in some cases perform an additional
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Figure 5.4: Plots of the subspace estimation error Eest,KSSVD, and average number of iterations Niter,avg

required by the KSSVD vs. the tolerance value ρtol, in the high multi-user interference scenario. Left:

Es/N0 =̂ 6 dB. Right: Es/N0 =̂ 12 dB. The values of Niter,avg rounded to the nearest integer are shown
in ( ). The parameters of Table 3.1 are assumed.

iteration, but overall, the performance is dominated by when this additional iteration is not

performed.

For the remainder of the simulations, ρtol = 10−2 is chosen, which, from the numerical

simulations shows an average error of under 10−9, for the singular values obtained from the

KSSVD in comparison to those obtained from the SVD. Additionally, in this case, at most only

three iterations on average are required for the KSSVD algorithm to finish.

In case of the SURV, a different metric is required, since the singular values are not pro-

duced. To that end, the subspace estimation error is defined as the squared spectral norm

[HJ13], which is a natural norm induced by ℓ2 vector norm,

‖X‖2
2

def
=
√

λ1(XXH) , (5.75)

of the difference between the noise-free receive matrix Y and the receive matrix Ř after sub-

space projection, i.e.,

‖Ř − Y ‖2
2 . (5.76)

Additionally, the number of subspaces Nsub detected by the algorithm is tracked.

The results for different SNRs, set to Es/N0 =̂ 8 dB, 12 dB, 16 dB, and 20 dB, are plotted

against the number Nest of observation vectors ri, chosen equidistantly from the receive block

R for Nest < Nbl, in Figure 5.5. As the SNR increases, the required number Nest of observation

vectors decreases until all Nu subspaces are detected. After which, increasing the available
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Table 5.2: Number Nest of required observation vectors until the detection of all Nu subspaces, and complete
convergence with the results of the SVD for Es/N0 =̂ 8 dB, 12 dB, 16 dB, and 20 dB. The calculated

estimation error Eest,SURV is included as well.

Es/N0 8 dB 12 dB 16 dB 20 dB
Nest, detection 99 51 30 18

Nest, convergence 201 194 135 116
Eest,SURV 40.11 15.97 6.35 2.54

observation vectors, the subspace estimation error decreases exponentially until, in the end, it

converges with the results of using the SVD. This remaining error is the residual AWGN, still

present in the data subspace.

To quantify this residual error, an estimation can be given as follows. After projection, the

remaining noise Ň , has dimensions Nu ×Nbl, and collects the i.i.d. distributed Gaussian noise

samples ň, of variance σ2
ň. In the spectral domain, this is equivalent to newWishart distributed

matrices ŇŇ
H
, which have, on average, the expected value of their largest eigenvalue given

by

Eest,SURV ≈ σ2
n

(√
Nu +

√
Nbl

)
. (5.77)

The values of Eest,SURV obtained for the different SNRs are also plotted in Figure 5.5. The

numerically calculated values of Eest,SURV, along with the number Nest of observation vectors

required until all Nu subspaces are detected, and that of until complete convergence with the

SVD, are summarized in Table 5.2

5.1.5.2 Symbol Error Rate Performance

Next, the symbol error rate performance of noncoherent detection using subspace projection

as pre-processing is assessed. Here, only the results of the KSSVD and SURV are shown; when

a small tolerance value is chosen, the performance of the KSSVD is identical to that of the SVD

[YF19].

First, the gains achieved by subspace-based noncoherent detection when the (KS)SVD is

used are highlighted in Figure 5.6. All three users benefit from a gain of approximately 2.5 dB,

measured at an SER of 10−4 when compared to straightforward detection. Moreover, the gap

to BLASTwith perfect channel knowledge is now around 1 dB, and when the power efficiency

losses, and noisy channel estimation are taken into account, cf. Figure 3.5, users 1 ( ) and 3 ( )

perform as good, if not better than coherent detection, with only the middle user ( ) lagging a

bit behind. However, when the multi-user interference is further mitigated through the usage

of antennas with directional properties at the receiver, the gap to coherent detection with

perfect channel knowledge shrinks further.

Next, the performance of SURV is assessed at different SNRs using different values forNest,

and the results are shown in Figure 5.7. In the top plot, Nest = 51, which corresponds to 25%

of the receive block R is used. Here, even at high SNRs, the number of observation vectors

used is too low, and the SER performance of all three users lags greatly behind the SVD. In the
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Figure 5.5: Plots of the subspace estimation error ‖Ř−Y ‖2
2 for the SURV ( ) and SVD ( ), and the number

of detected subspaces Nsub vs. the number Nest of observation vectors used for SURV for different SNRs. Top

left: Es/N0 =̂ 8 dB. Top right: Es/N0 =̂ 12 dB. Bottom left: Es/N0 =̂ 16 dB. Bottom right: Es/N0 =̂ 20 dB.
The numerically obtained value for error approximation Eest,SURV plotted in black dash-dot ( ).
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Figure 5.6: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB. The detection
performance with subspace projection using the KSSVD is shown for user 1 ( ), user 2 ( ), and user 3

( ). The performance of straightforward detection is plotted using ( ) for user 1, ( ) for user 2, and ( )
for user 3. For reference, blast with perfect channel knowledge shown in solid black ( ).

middle plot, 50% of the receive block, i.e., Nest = 101 observation vectors were used. Now, in

the high SNR regime, the error rate performance of SURV is comparable to that of the SVD,

when used for the pre-processing of the block before detection. In the bottom plot, Nest = 151,

around 75% of R is fed to the estimator as observation vectors. Now, the SURV, on average,

performs as good as the SVD for moderate to high SNRs, and increasing Nest further closes

the gap completely with the SVD, when it comes to the detection performance.

5.1.5.3 Numerical Complexity

The numerical complexity is analyzed in the following. Starting with the SURV, the subspace

estimation error ‖Ř − Y ‖2
2 is plotted against the required number of FLOPs, measured at

Es/N0 =̂ 12 dB on the left, andEs/N0 =̂ 12 dB on the right side of Figure 5.8. For comparison,

the computational complexity of the SVD is markedwith ( ). Three distinct points are marked

in the plots; the first denoting the number Nest of observation vectors needed for subspace

estimation to begin, which is Nest = 25 and Nest = 10 for both SNRs, respectively. The second

pair of points indicate the required updates to achieve a good performance, while keeping the

complexity to a minimum. At Es/N0 =̂ 12 dB, this is given as Nest = 151, and at Es/N0 =̂

16 dB as Nest = 101. This is also reflected in the SER performance plots of Figure 5.7. The

final points highlight the required number of computations when all available observations

of a receive block are used for subspace estimation. Here, a huge reduction in complexity is

seen, compared to the SVD.

Next, the KSSVD is studied. Recall that ρtol = 10−2 was chosen. Since the algorithm is
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Figure 5.7: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB. The detection

performance with subspace projection using SURV is shown for user 1 ( ), user 2 ( ), and user 3 ( ).

Top: Nest = 51. Middle: Nest = 101. Bottom: Nest = 151. For comparison the performance using the SVD
is given for user 1 ( ), user 2 ( ), and user 3 ( ). Blast with perfect channel knowledge plotted in solid

black ( ) for reference.
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Figure 5.8: Plots of the subspace estimation error ‖Ř − Y ‖2
2 vs. the required number of FLOPs when using

SURV for subspace estimation. High interference scenario with Nu = 3 users. Three points are highlighted,

showing the required computations when estimation starts, to reach a good performance, and to utilize all
available observation vectors of a receive block. For comparison, the numerical complexity of the SVD is

marked in ( ).

iterative in nature, an analytic expression for the required complexity cannot be given, and

only a semi-analytic analysis can be given. To that end, first, the average number of iterations

Niter,avg is obtained for each measurement point, and then plugged into (5.68). The obtained

values can be respectively seen, plotted vs. Es/N0, in Figure 5.9. In the low SNR region, i.e.,

Es/N0 =̂ 5 dB to Es/N0 =̂ 10 dB, at most three iterations are sufficient for the stopping

criterion to be met. Interestingly, from Es/N0 =̂ 10 dB to Es/N0 =̂ 16 dB, the moderate-

to-high SNR region, exactly two iterations are needed. Compared to the SVD, which needs

87 481 200 FLOPs, the KSSVD requires orders of magnitude less. This highlights the efficiency

that is achieved, when the number of subspaces of interest is known, and leveraged to reduce

the complexity of the decomposition problem.

Finally, the total end-to-end cost, given in FLOPs for the detection of three users, when

Es/N0 =̂ 12 dB is given in Table 5.3. The first system, employs the most straightforward

approach for detection, cf. [FSM15], where a standard SVD is first applied, then subspace pro-

jection using the first Nu columns of U is performed, followed by the construction of the

correlation-coefficients matrixZπ(1). Then, detection via DFDD and nDFE takes places, where

after each user is detected, straightforward nDFE is applied.

The second system is almost the same as the first, with the only exception is substituting

the SVD with the SURV. Operating at Es/N0 =̂ 12 dB, using Nest = 101 observation vectors

is enough to provide a good performance, cf. Figure 5.7.

Having access to the singular values and their respective singular vectors, calculation of all
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Figure 5.9: Average number of iterations Niter,avg (top), and computational complexity (bottom), obtained

semi-analytically from (5.68), vs. Es/N0 in dB for when using the KSSVD for subspace estimation. High
interference scenario with Nu = 3 users. The numerical cost of the SVD ( ) is given for comparison.

the matrices in an efficient way, as shown in Section 5.1.4.2, can be leveraged. This constitutes

the third system. Finally, the last system employs KSSVD instead of the SVD in combination

with the efficient matrix construction approaches.

5.1.5.4 Discussion

In this section, low-complexity alternatives to the SVD, for application in subspace-based de-

tection for noncoherent MIMO systems were discussed. A large performance gain is achieved

by the pre-processing of the receive block with the aim of noise reduction, which can be seen

in the top system diagram of Figure 5.10. In fact, when the losses incurred due to channel

estimation in coherent detection are taken into account, and the additional computational re-

quirements to obtain estimates of the coefficients is included, noncoherent subspace-based

detection has advantages in all aspects. Not only a better error rate performance is achieved,

but the problems associated with channel estimation are completely avoided.

It is very clear from Table 5.3, the costliest operation of all is the straightforward SVD,

and should be substituted with lower complexity alternatives. Moreover, with an SVD-like

decomposition, e.g., the KSSVD, the efficient approaches of the calculations involved in the

detection process should be used, cf. Figure 5.10; bottom. However, this does not mean that the

SURV should be completely avoided. In fact, when low latency operation is of importance, the

SURV has a big advantage; subspace estimation can begin the moment symbols are received

at the base station unlike for the SVD-like approaches, where a block of receive symbols must
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Figure 5.10: System block diagram depicting the subspace-based detection chain for two users. Top: straight-

forward approach, where noise reduction is performed via projection using the unitary matrix U (after trun-

cation with T ), followed by spatial filtering (WΠ(·)) and detection (DFDD and nDFE). Bottom: efficient
approach where the subspace-domain equivalent received symbols matrix V is directly obtained from the

(KS)SVD, filtering is done using WΠ(1), and nDFE is implicitly performed when filtering with ΨΠ(2).

first be collected, then decomposition can be applied. Additionally, explicit knowledge of the

number of subspaces of interest is not needed; only a well-chosen threshold value is required.

For the noncoherent application, this only depends on the system parameters. Moreover, for

applications where the channel conditions are slowly changing over large periods of time, the

subspace estimate obtained via the SURV can be adapted by performing a few updates.

In addition, when comparing the computational complexity of conventional detection, cf.

Chapter 3, to the subspace-based receiver employing the combination of the KSSVD algorithm

and the efficientmatrix construction approaches, the calculation of the correlation-coefficients

matrix of the first detected user requires 64% less FLOPs in case of the latter. Even when no

power-efficiency gains can be obtained, the dimensionality reduction of the problem alone is

immense. In fact, considering the detection of three users, efficient subspace-based detection

requires 46% fewer computations, which includes the computational overhead of the KSSVD,

and a 97% reduction when the standard SVD implementation is instead used.
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Table 5.3: Summary of the required floating-point operations for the straightforward and efficient approach to noncoherent detection using subspace projection.
Nu = 3, Nrx = 100, Nbl = 201, Es/N0 =̂ 12 dB.

Step per Run Cost per Run

Straightforward (SVD) Straightforward (SURV) Efficient (SVD) Efficient (KSSVD)
SVD 1 87 481 200 — 87 481 200 —
SURV 1 — 12 244 836 — —
KSSVD 1 — — — 1 144 429
Projection 1 4 035 200 4 035 200 — —

Zπ(1), straightforward 3 4 020 000 4 020 000 — —

Zπ(1), efficient 1 — — 304 011 304 011

DFDD 3 100 300 100 300 100 300 100 300
nDFE, Z ′

π(2), straightforward 1 40 400 40 400 — —
nDFE, Z ′

π(3), straightforward 1 80 800 80 800 — —
nDFE, Z ′

π(2), efficient 1 — — 304 211 304 211

nDFE, Z ′
π(3), efficient 1 — — 304 411 304 411

Total Cost 103 998 500 28 762 136 88 694 733 2 357 962
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5.2 Low-Resolution-Based Receivers

Typically, in digital communication systems, before any signal processing occurs, the received

analog signal, after down-conversion to baseband, is converted to a discrete-time and discrete-

amplitude, i.e., a digital signal to be further processed. This process is performed using an

analog-to-digital converter (ADC), via time sampling and value quantization.

When designing ADCs, the resolution, usually given by the number of output bits nbits,

or the number of reconstruction values Mq, determines the accuracy of the quantizer. The

higher nbits is, the more accurate the digital representation of the analog signal is. However,

high-resolution ADCs, in general, are more complex to design and implement, and have a sig-

nificantly higher power consumption, when compared to their simpler, low-resolution coun-

terparts. These issues are even more pronounced in massive MIMO systems, where a total of

2Nrx individual converters, one per quadrature component, are required. To reduce both the

implementation and running costs, low-resolution ADCs are more favorable in this case.

In the following, first, a brief recapitulation on quantization is given. Next, the design rules

for optimum quantization are explored. Finally, the impact of using low-resolution ADCs is

assessed via numerical simulation.

5.2.1 Quantization

Quantization is the process of mapping input values from a large, usually continuous set, to a

smaller, typically discrete set. In signal processing, this is a mapping

Q : R 7−→ Xq , (5.78)

of the set of real numbers R to a set of Mq reconstruction values

Xq
def
= {xq,1, . . . xq,Mq

} . (5.79)

Because this process is a many-to-few mapping, it is inherently nonlinear and irreversible, i.e.,

the same output value is shared by multiple input values.

To establish the mapping rule, a set

U def
= {U1, . . . , UMq

} (5.80)

of Mq disjoint quantization intervals are defined

Ui
def
= [ui−1, ui) , (5.81)

where ui−1 and ui are the lower and upper interval boundaries. The outermost interval bound-

aries are set at infinity, i.e.,

u0 = −∞ , (5.82)

and

uMq
= +∞ . (5.83)
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Figure 5.11: System diagram block (left) and input/output relationship (right) of a quantizer. In this example,
there are Mq = 4 different output levels, i.e., the resolution is nbits = 2, shown in blue, and the interval

boundaries are shown in ( ). The outermost boundaries u1 and uMq
are set at infinity.

Then, when the value of an input signal x falls within a particular interval Ui, the output xq,i

is chosen, i.e.,

xq = Q{x} (5.84)

= xq,i , for x ∈ Ui , i = 1, . . . , Mq . (5.85)

In many applications in signal processing, the input signal is signed, i.e., it can take on

both positive and negative values, including the range around the value zero. How these are

handled by the quantizer determines the classification of the device. In case input values close

to zero are quantized to zero, i.e., a zero-valued reconstruction level exists, the device is said

to be a mid-tread one. In case no zero-level reconstruction occurs, the device is said to be a

mid-rise one.

Additionally, quantizers are typically designed, such that, excluding the zero-level output

in case of mid-tread converters, the number of positive-valued and negative-valued outputs is

the same. Moreover, the number of intervals Mq and the resolution given as the number of

quantization bits nbits are related by

Mq =





2nbits − 1 , for mid-tread

2nbits , for mid-rise
. (5.86)

An example of amid-rise quantizerwithMq = 4 reconstruction values, i.e., having a resolution

of nbits = 2 is shown, along with the system diagram block of the device, in Figure 5.11.

The remaining task is, given the desired number of reconstruction values Mq, to select

the interval boundaries ui and the output values xq,i. Taking too large quantization intervals

results in an increase in the quantization noise variance of the inner cells, i.e., U2, . . . , UMq−1.

Taking too small of an interval results in an increase in that of the outer cells U1 and UMq
.

5.2.2 Optimization of Quantization Intervals and Reconstruction Values

In the following, we restrict to the noncoherent massive MIMO setting. Before any analysis

is performed, the Nrx branches of the receiver should be checked for temporal and spatial
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correlations. In case they are uncorrelated, then each branch can be treated individually, and

at each time step independently of all others, i.e., the complexity of the problem is reduced,

and additionally, per branch optimization is possible.

In order to do so, the existence of any correlations between the received symbols

rm,k =
Nu∑

ν=1

hm,ubu,k + nm,k (5.87)

and

rm′,k′ =
Nu∑

ν=1

hm′,ubu,k′ + nm′,k′ , (5.88)

at two different antennas m and m′, m 6= m′, and time instances k and k′, k 6= k′, must be

checked.

The channel coefficients h are, i.i.d. in space and time, drawn with zero mean. The noise

samples n are also spatially and temporally uncorrelated. The random variables b, h, and n

are independent. This means that for any given pair of antennas m and m′, m 6= m′, and any

time instances k and k′, k 6= k′,

Er {rm,kr ∗
m′,k′} = 0 , (5.89)

i.e., they are spatially and temporally uncorrelated. Only when m = m′ and k = k′, the joint
moment

Er{rm,kr ∗
m,k} = σ2

n +
Nrx∑

m=1

Pm,u , (5.90)

is the sum of the noise variance, and the average induced power Pm,u of all users u on antenna

m. Because the Nrx branches of the receiver are spatially and temporally uncorrelated, it is

possible to treat each branch independently.

In order to design an optimum quantizer, the statistics of the to-be-quantized signal are

required. In this case, the signal seen at each antenna m at the receiver can be modeled in the

equivalent complex baseband domain as a zero-mean complex-valued Gaussian signal with

variance

σ2
in = σ2

n +
Nrx∑

m=1

Pm,u , (5.91)

where σ2
n is the AWGN variance, and Pm,u is the power-space profile of user u that describes

the channel between said user and antenna m. Moreover, the real and imaginary part of the

input signal are uncorrelated, and may be treated independently. This means that, the real

and imaginary component are each modeled as a zero-mean real-valued Gaussian distributed

random variable x with PDF

fx(x) =
1√

2πσ2
x

e
− x2

2σ2
x , (5.92)
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with variance

σ2
x

def
=

1

2
σ2

in

=
1

2

(
σ2

n +
Nrx∑

m=1

Pm,u

)
. (5.93)

In addition to the statistics of the input signal, those of the quantization error, or distortion

are required. The aim of the optimization, is given a fixed number of output levels Mq, to

design a quantizer that maximizes the signal-to-distortion ratio (SDR)

SDR
def
=

σ2
x

σ2
nq

, (5.94)

where σ2
nq

is the distortion, or quantization noise power. In the following, σ2
nq

is derived.

5.2.2.1 Quantization Noise Power

In order to quantify the quantization distortion power, the error can be modeled as an additive

noise nq, cf. Figure 5.12, and the input/output relationship of the quantizer is given as [Hub08]

xq
def
= x + nq . (5.95)

When an input signal x falls within an interval Ui, the associated output xq,i is produced, with

distortion nq,i. This error has a variance

E{n2
q,i} =

∫ ∞

−∞
n2

q,i fnq,i
(nq,i | x ∈ Ui) dnq,i . (5.96)

The conditional PDF of nq,i is equal to conditional PDF of x , when x ∈ Ui, evaluated at x =

xq,i − nq,i, i.e.,

fnq,i
(nq,i | x ∈ Ui) = fx(xq,i − nq,i | x ∈ Ui) . (5.97)

The conditional PDF of x , when x ∈ Ui is given by

fx(x | x ∈ Ui)
def
=





fx (x)

Pr{x ∈ Ui}
, for x ∈ Ui

0 , elsewhere
, (5.98)

where Pr{x ∈ Ui} denotes the probability that the input x is in the interval Ui. Replacing in

(5.96), the variance of nq,i becomes

E{n2
q,i} =

∫ ui

ui−1
(xq,i − x)2

fx (x) dx

Pr{x ∈ Ui}
. (5.99)

Since the quantization intervals Ui do not overlap, i.e., only one output xq,i for any input

x may occur, the total quantization noise nq has a variance of

σ2
nq

=
Mq∑

i=1

E{n2
q,i} Pr{x ∈ Ui} . (5.100)
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x xqx Q xq

nq

Figure 5.12: Equivalent model of a quantizer. The quantization error, or distortion, is describing as an additive

noise nq.

Putting all together, we get

σ2
nq

=
Mq∑

i=1

∫ ui

ui−1

(xq,i − x)2
fx dx , (5.101)

where for Gaussian signals x , the integral calculates to (cf. Appendix D.1 for the derivation)

I =
∫ ui

ui−1

(xq,i − x)2
fx(x) dx

= (σ2
x + x2

q,i)

(
Q
(

ui−1

σx

)
− Q

(
ui

σx

))

+
σx√
2π

(ui−1 − 2xq,i) e
−

u2
i−1

2σ2
x

+
σx√
2π

(2xq,i − ui) e
− u2

i

2σ2
x . (5.102)

With the lowermost interval edge u0 = −∞, U1’s portion of the quantization noise vari-

ance reads

lim
u0→−∞

I = (σ2
x + x2

q,1)

(
1 − Q

(
u1

σx

))

+
σx√
2π

(2xq,1 − u1) e
− u2

1
2σ2

x . (5.103)

Similarly, with the uppermost interval edge uMq
= ∞, for UMq

we have

lim
uMq →∞ I = (σ2

x + x2
q,Mq

) Q
(

uMq

σx

)

+
σx√
2π

(uMq−1 − 2xq,Mq
) e

−
u2

Mq−1

2σ2
x . (5.104)

5.2.2.2 Uniform Quantizer

In uniform quantization the intervals (excluding the outermost ones that have interval edges

set at ±∞) all have a fixed width of

∆q = ui − ui−1 , i = 2, . . . , Mq − 1 . (5.105)
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−1 −0.5 0 0.5 1

xq,i −→
−1 −0.5 0 0.5 1

xq,i −→

Figure 5.13: Stem plots of the reconstruction values xq,i of optimized mid-rise uniform quantizers, optimized
for a zero-mean real-valued Gaussian-distributed input x with variance σ2

x = 0.25. Left: nbits = 2. Right:

nbits = 3. The quantization interval edges of the inner cells given in gray.

The reconstruction value of each inner cell is given by its midpoint, i.e.,

xq,i =
ui + ui−1

2
, i = 2, . . . , Mq − 1 , (5.106)

and the outer intervals U1 = [−∞, u1) and UMq
= [uMq−1, ∞) are assigned the output values

xq,1 = u1 − ∆q

2
, (5.107)

and

xq,1 = uMq−1 − ∆q

2
, (5.108)

respectively. For a given input signal power σ2
x , the optimal interval width is the one that

maximizes the SDR, i.e.,

∆q,opt.
def
= argmax

∆q

SDR . (5.109)

Alternatively, instead of using the analytically-obtained exact quantization noise variance,

an approximate SDR

SDRapprox.
def
=

σ2
x

σ2
nq ,approx.

, (5.110)

may be defined using the quantization noise variance approximation [Ben48]

σ2
nq ,approx.

def
=

∆2
q

12
. (5.111)

This expression is obtained, when the distortion is modeled as a zero-mean uniformly dis-

tributed RV. Only when the resolution is large enough, and when no clipping takes place (no

overdrive), this approximation is applicable.
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Stem plots of two optimized uniform quantizers, designed for a zero-mean real-valued

Gaussian-distributed input x, variance σ2
x = 0.25, are shown in the left-side plot for a resolu-

tion of nbits = 2, and for nbits = 3 in the right-side plot of Figure 5.13 (the interval edges of the

inner quantization cells are depicted in gray).

5.2.2.3 Lloyd–Max Quantizer

When the statistics of a to-be-quantized signal are known, an optimum quantizer, that mini-

mizes the mean square error of the quantization noise, can be derived [Llo82, Max60].

This, for a given resolution and type (mid-tread or mid-rise) of the quantizer being de-

signed, is achieved by finding the optimal intervals Ui = [ui−1, ui) with interval edges ui−1

and ui, and then, obtaining the reconstruction value that best represents, in terms of minimum

mean square error, all values that fall within each quantization interval.

The optimum output value is given by the centroid of (5.98), i.e., the PDF of the input

signal x conditioned on the quantization interval Ui,

xq,i
def
=
∫ ∞

−∞
x fx(x | x ∈ Ui) dx

=
∫ ui

ui−1

x
fx (x)

Pr{x ∈ Ui}
dx , (5.112)

which for zero-mean real-valued Gaussian distributed input signals (variance σ2
x ) calculates to

=
σx√
2π

(
e

−
u2

i−1

2σ2
x − e

− u2
i

2σ2
x

)(
Φ
(

ui

σx

)
− Φ

(
ui−1

σx

))−1

. (5.113)

The detailed derivation of this expression is found in Appendix D.2.

For any given neighboring pair of reconstruction values xq,i and xq,i+1, the optimum in-

terval edges of the inner cells are given by

ui
def
=

xq,i + xq,i+1

2
, i = 2, . . . , Mq − 1 , (5.114)

i.e., the midpoint of the pair. Noteworthy, is that the statistics of the input signal, i.e., the PDF,

obtained analytically or via histogram measurement is required for this optimization task.

To solve this problem, an iterative approach can be used. First, initial quantization intervals

are fixed. Typically, a good staring point is to use uniformly-spaced interval edges ui. Then, for

each quantization interval, a reconstruction value is calculated according to (5.113). After that,

the interval edges ui are updated according to (5.114). This process repeats until no changes in

the reconstruction values or intervals are detectable. A pseudo-code description of the Lloyd–

Max optimization process is given in Algorithm 5.1.

Stem plots of two example mid-rise Lloyd–Max quantizers, optimized for a zero-mean

Gaussian-distributed input x with variance σ2
x = 0.25 are shown in Figure 5.14. The first,

shown on the left, has a resolution of nbits = 2, while the second, seen on the right, has a

resolution of nbits = 3. In both plots, the quantization interval edges of the inner cells are
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−1 −0.5 0 0.5 1

xq,i −→
−1 −0.5 0 0.5 1

xq,i −→

Figure 5.14: Stem plots of the reconstruction values xq,i of mid-rise Lloyd–Max quantizers, optimized for a
zero-mean real-valued Gaussian-distributed input x with variance σ2

x = 0.25. Left: nbits = 2. Right: nbits = 3.

The quantization interval edges of the inner cells given in gray.

Algorithm 5.1: Lloyd–Max Optimization

1: function [U , Xq] = LLoyd-Max(nbits, σx , type)
2: if type = mid-tread then
3: Mq := 2nbits − 1
4: else

5: Mq := 2nbits

6: end if

7: u0 := −∞, uMq
:= ∞, t := ∞

8: for i = 2, . . . , Mq − 1 do

9: ui := i
Mq

2
− (Mq − 1) // initial inner cell edges

10: end for

11: while t > ε do

12: for i = 1, . . . , Mq do // calculate reconstruction values

13: xq,i :=
σx√
2π

(
exp

(
− u2

i−1

2σ2
x

)
− exp

(
− u2

i

2σ2
x

))(
Φ
(

ui

σx

)
− Φ

(
ui−1

σx

))−1

14: end for

15: for i = 2, . . . , Mq − 1 do

16: ui,old := ui

17: ui :=
xq,i + xq,i+1

2
// calculate new inner cell edges

18: end for

19: t :=
∑Mq−1

i=2 |ui − ui,old| // calculate sum change
20: end while

21: end function

shown in gray. Comparing to the optimized uniform quantizers of Figure 5.15, for nbits = 2,

the obtained values for xq,i and ui are close. However, for nbits = 3, the Lloyd–Max quantizer
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Qopt.

Qσx =1

xq
σx

x 1
σx

Figure 5.15: System block diagram of the optimum quantizer with proper scaling. By pre-scaling the input
with 1/σx , a quantizer optimized for σ2

x = 1 can be used. The reconstruction values are then obtained by

post-scaling with σx .

has the reconstruction values and interval edges placed tighter around zero, which is expected;

on average, the input signal will take on values close to zero, as it is Gaussian distributed. This

means that, having a smaller error variance σ2
nq

for the input values that occur, on average

more often, will result in a lower mean square error. Using the same parameters as the ones of

Figure 5.13 and Figure 5.14, i.e., a signal with variance σ2
x = 0.25, results in σ2

nq
= 9.35 · 10−3

when optimized uniform quantization is applied, and σ2
nq

= 8.63 · 10−3 when the Lloyd–Max

quantizer is employed.

5.2.2.4 Proper Scaling

At first glance, the optimization of the quantizers of Section 5.2.2.2 and Section 5.2.2.3 is re-

quired for a large number of different values for σ2
x , which, in the massive MIMO case, for a

single operating point, i.e., one value for the AWGN variance σ2
n when the PSPs Pm,u are fixed,

is Nrx. Moreover, this only accounts for a static scenario. When the number of users changes,

or when the users themselves are placed at different locations, the PSPs change as well. This

makes the design and implementation of high-performing low-complexity ADCs seemingly

unfeasible.

By first, scaling the input signal by the inverse of the standard deviation σx , applying

quantization using Qσx =1, the quantizer optimized for when the input signal variance is σ2
x =

1, then scaling back up with σx , the optimum quantizer can be given as

Qopt.{x} def
= σx Qσx =1

{
x

σx

}
. (5.115)

A system block diagram of the optimum quantizer with proper scaling is given in Figure 5.15.

5.2.3 Numerical Results and Discussion

Numerical simulations were conducted to asses the impact of using low-resolution quantizers

on the performance of noncoherentmassiveMIMO systems. To that end, the high-interference

multi-user scenario is chosen, with the parameters given in Table 3.1. In case of mid-rise uni-

form quantizers, the resolution was varied from nbits = 1 to nbits = 10. For their Lloyd–Max

counterparts, optimization fornbits = 1 to nbits = 6was performed, since at higher resolutions,

there is no distinction between them and uniform quantizers. In case of mid-tread, resolutions

of nbits = 2 to nbits = 10 were tested for the optimized uniform quantizers, and nbits = 2 to

nbits = 6 for their Lloyd–Max counterparts. Proper scaling of the input to the quantizers and
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Figure 5.16: Symbol error rate, averaged over 300 000 channel realizations vs. quantizer resolution nbits.

High-interference scenario with Nu = 3 users. Error rates when mid-rise quantizers are used are plotted in

solid ( ); error rates for mid-tread ones are in dash-dot ( ). Left: optimum uniform quantizers. Right:
Lloyd–Max quantizers. Top: Es/N0 =̂ 6 dB. Middle: Es/N0 =̂ 12 dB. Bottom: Es/N0 =̂ 16 dB. The SERs

of the unquantized case plotted as shadow curves for reference.
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reconstruction values is performed; for the given situation at hand, the optimum per-receive-

branch quantizers were used, where the receiver has full knowledge of the variance σ2
x seen

at each front-end branch m.

To obtain the spatial filtering windows, the PSPs of the unquantized system were used.

This was to ensure that any impact seen is from the loss in resolution during the detection

process, and not due to the windowing.

Measurements were taken at Es/N0 =̂ 6 dB, Es/N0 =̂ 12 dB, and Es/N0 =̂ 16 dB, which

correspond to the low, moderate, and high SNR regimes, and the SER curves for each user are

plotted in Figure 5.16, from top to bottom, respectively. The results of using optimized uniform

quantizers are shown on the left, and the ones when using the Lloyd–Max variants are seen

on the right. From the plots, for the SNR region of interest, nbits = 5 is sufficient to provide

a high enough resolution to mitigate any losses in power efficiency. Moreover, at Es/N0 =̂ 6

and Es/N0 =̂ 12, both mid-rise and mid-tread quantizers perform similarly. However, in the

high SNR regime, the extra reconstruction value of the mid-rise quantizer is beneficial, and

using a resolution of nbits = 4 is even possible. In fact, at such low resolutions, extremely

efficient ADC designs exist, where minimal energy is needed per conversion [Ros13].

When it comes to which class of quantizers to use, i.e., uniform quantizers with optimum

cell widths and reconstruction values vs. the Lloyd–Max ones, in this particular case, no dis-

cernible difference can be seen. In fact, when comparing these values as seen in Figure 5.13 and

Figure 5.14, even at nbits = 3, the middle cells are quite similar, with the larges difference lying

in the outermost cells, which in case of a Gaussian-distributed input signal, occurs much less

than the values closer to the middle. The choice is then dictated by the complexity and avail-

ability of the hardware implementation; as long as a sufficient resolution can be obtained, the

class and type of quantizers plays a minimal role on the performance in noncoherent massive

MIMO systems.

5.3 One-Bit-Quantization-Aware Receivers

Of all the converters thatwere analyzed in the previous section, the one-bit mid-rise quantizers

form a special class of their own; their reconstruction values, essentially, only convey the sign

of the input signal. This is especially true, when the simplest of hardware, e.g., comparators,

are used for this task, and when the reconstruction values are the same for each antenna,

xq = Q{x}
= q sgn(x) , (5.116)

where q is the reconstruction value.

Applying detection on the quantized signals in a straightforward manner, i.e., without any

adaptation to the detection algorithms, leads to a deterioration in error rate performance. To

counteract this, a quantization-aware receiver may be designed, based on a linearized model

of the one-bit quantizer. Once the model is established, the detection algorithms are easily

modified to cater to the new system at hand.



122 5. Reduced-Complexity Detection

5.3.1 Linearization

In the following, the analysis and required mathematical derivations are performed assuming

the channel model from Section 2.2.3. Due to spatial and temporal uncorrelatedness of the re-

ceive symbols rm,k, cf. Section 5.2.2, each branch m of the receiver can be treated individually,

i.e., the MIMO case is simplified to multiple independent MISO ones. Moreover, the in-phase

and quadrature components are quantized independently,

rq,m,k = Q{rm,k}
= Q{Re{rm,k}} + j Q{Im{rm,k}} . (5.117)

Typically, analysis of nonlinear devices is performed using a linear model that well repre-

sents the behavior of that device. To develop a quantization-aware receiver, linearization of

the quantizer is performedw.r.t. the channel input [Fis19]. This is done with the decomposition

rq,m,k = ky ,mym,k + nq,m,k , (5.118)

where ky ,m is adjusted in way, that the quantization error, or distortion, nq,m,k is orthogonal

to the useful signal ym,k. This is equivalent to nq,m,k having minimum power, and is achieved

by

ky ,m
def
=

Ey rq
{ym,kr ∗

q,m,k}
Ey{|ym,k|2} . (5.119)

The linearized model is illustrated in Figure 5.17.

To calculate the required scaling factor, the joint statistics of the input and output of the

quantizer is needed. This can be obtained by first calculating the distribution of rq,m,k, condi-

tioned on ym,k (the derivation thereof is found in Appendix D.3)

frq
(rq,m,k | ym,k) = δc(rq,m,k − q − j q)

(
1 − Q

(
2

y I
m,k

σn

))(
1 − Q

(
2

yQ
m,k

σn

))

+ δc(rq,m,k + q − j q) Q

(
2

y I
m,k

σn

)(
1 − Q

(
2

yQ
m,k

σn

))

+ δc(rq,m,k − q + j q)

(
1 − Q

(
2

y I
m,k

σn

))
Q

(
2

yQ
m,k

σn

)

+ δc(rq,m,k + q + j q) Q

(
2

y I
m,k

σn

)
Q

(
2

yQ
m,k

σn

)
, (5.120)

where

y I
m,k

def
= Re{ym,k} , (5.121)

and

yQ
m,k

def
= Im{ym,k} , (5.122)
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Figure 5.17: Linearized model of the one-bit receiver front-end.

are the in-phase and imaginary components of ym,k, respectively, and the Dirac distribution

of the complex-valued argument is defined as

δc(x)
def
= δ(Re{x}) δ(Im{x}) . (5.123)

Then, by taking the product

frq y (rq,m,k, ym,k) = frq
(rq,m,k | ym,k) fy (ym,k) , (5.124)

where fy(ym,k) is the PDF of the input signal, the joint distribution is obtained. The covariance

between the input and output can be then calculated from the joint PDF and reads

Ey rq
{ym,kr ∗

q,m,k} =
2q
∑Nu

u=1 Pm,u√
π
(∑Nu

u=1 Pm,u + σ2
n

) . (5.125)

The noise-free input signal has a variance given by

Ey{|ym,k|2} =
Nu∑

u=1

Pm,u . (5.126)

Finally, the proper scaling factor for the linearization is given by

ky ,m =
2q√

π
(∑Nu

u=1 Pm,u + σ2
n

) . (5.127)

Of interest as well, is the statistics of the distortion nq,m,k. Since the input is zero mean,

and the quantized output is also zero mean, the distortion is zero mean as well. Its variance

can be calculated as

σ2
nq

def
= Enq

{|nq,m,k|2}
= Erq

{|rq,m,k|2} − k2
y ,mEy{|ym,k|2}

= 2q2


1 − 2

∑Nu
u=1 Pm,u

π
(∑Nu

u=1 Pm,u + σ2
n

)


 , (5.128)

since the error is orthogonal to the scaled input signal.
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5.3.2 End-To-End Model

It would be convenient, to have an end-to-endmodel similar to the initial input/output relation,

i.e., the transmitted symbol bu,k experiences fading, here given by an equivalent coefficient

hm,u, then noise nq,m,k with variance σ2
n is superimposed, obtaining the noisy observation

rq,m,k = hm,ubu,k + nq,m,k . (5.129)

This is done by scaling with the factor [Fis19]

ℊm
def
=

σn

σnq

=
1

q

σn√
2

√√√√√
π
(∑Nu

u=1 Pm,u + σ2
n

)

πσ2
n + (π − 2)

∑Nu
u=1 Pm,u

. (5.130)

After scaling, the equivalent fading coefficient is given as

hm,u = ℊmky ,mhm,u , (5.131)

which is drawn zero-mean from a complex-valued Gaussian distribution, with variance

Pm,u
def
= ℊ2k2

y ,mPm,u . (5.132)

Since the product

ℊmky ,m =
σn

√
2√

πσ2
n + (π − 2)

∑Nu
u=1 Pm,u

, (5.133)

is independent of the choice of q, no matter how the one-bit quantizers are designed, the mag-

nitude of the reconstruction values after scaling, per quadrature component is given by

qm
def
=

σn√
2

√√√√√
π
(∑Nu

u=1 Pm,u + σ2
n

)

πσ2
n + (π − 2)

∑Nu
u=1 Pm,u

. (5.134)

This, effectively, transforms the receiver into a quantization-aware (QA) one. No matter what

type of one-bit converters are employed, with the proper scaling, the output is adjusted with

the knowledge that quantization has taken place. The new equivalent end-to-end model is

shown in Figure 5.18.

In view of block processing, the equivalent Nrx × Nbl receive block of the adapted end-to-

end model is defined as

Rq
def
=

Nu∑

u=1

hubu + Nq , (5.135)

where the column vector

hu
def
=




h1,u
...

hNrx,u


 , (5.136)
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Figure 5.18: Quantization-aware end-to-end equivalent model. With the proper scaling factors ky,m and

ℊm, the system model can be transformed to one with an input/output relationship similar to the initial one.

Additionally, the scaled output rq,m,k is independent of the choice of the reconstruction value q.

collects the equivalent fading coefficientshm,u of user u, and the Nrx ×Nbl matrixNq collects

the noise samples nq,m,k.

Noncoherent detection is applied onto the quantization-aware correlation-coefficientsma-

trix

Zu = R
H
q WuRq , (5.137)

where the spatial filtering matrix Wu is optimized now according to the equivalent PSPsPm,u.

The statistics of the useful signal of user u, the interference caused users ν 6= u, and the

different noise sources, cf. Section 3.1.3, retain their respective distributions, but their means

and variances are now calculated using the adjusted values of the PSPs.

5.3.3 Power-Space Profile Acquisition

In everything that has been previously done in this dissertation, it was assumed that both

the position mu of the different users u, and their respective PSPs are perfectly known to the

receiver. However, in practice, these parameters must be estimated. This problem becomes

even more critical when low-resolution, and especially one-bit quantizers are utilized in the

receiver front-ends.

In case of the former, rank-revealing decomposition algorithms or subspace trackingmeth-

ods can be used to easily obtain a good approximation of the location of the users. In fact, the

SURV algorithm [ZV12] is very well suited for the problem; the threshold value does not de-

pend on the number of users, but on the static parameters of the system, i.e., the burst length

Nbl and the number of antennas at the receiver Nrx, and the SNR at which the system is oper-

ating, cf. Section 5.1.

In case of the latter, a simple, yet effective system to acquire the PSPs, assuming that

they are smooth, is given as follows. Of the Nrx front-ends of the receiver, a small number

are dedicated for this task. A good choice, is to have the first and last front-ends, and the rest

equidistantly spaced in between. The signal rm,k received at these power-estimation-dedicated

branches is fed to a power-measuring device. The measured output is then

vm,k
def
= |rm,k|2 . (5.138)
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By time-averaging vm,k over Nburst bursts of Nbl blocks of received symbols, and subtracting

the AWGN variance σ2
n, which can be usually easily obtained, an estimate P̃m,sum of the sum-

PSP of all users is obtained

P̃m,sum

def
=

1

NburstNbl

NburstNbl∑

k=1

vm,k − σ2
n . (5.139)

For the remaining, the gaps between the obtained periodically-spaced power estimates are

then interpolated.

Next, from the sum-PSP estimate P̃m,sum,m = 1, . . . , Nrx and the number of usersNu, esti-

mates of the per-user PSPs P̂m,u can be obtained. For the channel model given in Section 2.2.3,

this is achieved by setting up an optimization problem, where the aim is to minimize the

squared norm of the difference between the sum-PSP estimate P̃m,sum, and the sum of the

analytically-calculated (model-based) per-user PSPs

[
P̂m,1 · · · P̂m,Nu

]
= argmin

ζ̄,m̄1,...,m̄Nu

∣∣∣∣P̃m,sum −
Nu∑

u=1

Pm,u

∣∣∣∣
2

, (5.140)

where Pm,u is calculated according to (2.33).

Since the minimization problem is in Nu + 1 variables, online estimation of the PSPs is

possible. In fact, to avoid any additional delays in the detection process, the estimation can

be performed in parallel to detection, whereby the values of P̂m,u are continually refined as

more bursts are transmitted by the users. The decoupling of the PSP estimation problem and

detection is possible due to the split design and allocation of different front-ends to different

tasks. Unlike channel estimation, where the channel coefficients, assuming a block-fading

model, must be estimated for every antenna and every transmission burst, here only a subset of

the receive antennas are used to track the power induced by the users. Additionally, assuming

the PSPs are smooth, interpolation can be efficiently implemented.

5.3.4 Numerical Results and Discussion

To assess the performance of quantization-aware noncoherent receivers, numerical simula-

tions were conducted using the high-interference, and low-interference multi-user uplink sce-

narios. Recall that Nu = 3 users are located at positions m1 = 20 ( ), m2 = 50 ( ), and

m3 = 85 ( ) vis-á-vis the base station equipped with Nrx = 100 antennas. The remaining

details of the scenario are found in Table 3.1.

The receiver front-ends are each equipped with one-bit quantizers per quadrature compo-

nent. Two different designs are analyzed. In the first, all converters have the same reconstruc-

tion value qm = 1, ∀m, i.e., the simplest receiver design where only the sign, per quadrature

component, of the received symbols is obtained. In the second, the reconstruction value qm of

each branch m is chosen according to (5.113), which for the current setting calculates to

qm =
1√
π

√√√√
Nu∑

u=1

Pm,u + σ2
n , (5.141)
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i.e., the standard deviation of the expected noisy received sum-power seen at each antenna m

scaled with 1/
√

π.

In the straightforward receiver case, no additional pre-processing takes places, and de-

tection is performed on correlation-coefficients matrices Z constructed from the quantized

outputs rq,m,k. Here, it is assumed that the receiver has knowledge of the PSPs of the unquan-

tized, i.e., full resolution, case, and the spatial filtering matrices are optimized accordingly.

In case the receiver is quantization-aware, the quantized outputs rq,m,k are scaled with

ℊm (independent of the choice of qm, the reconstruction value of each branch m is given by

qm, cf. (5.134)). Additionally, the weighting coefficients required for the calculation of the

correlation-coefficients matrices are also tuned according to the scaled PSPs Pm,u, cf. (5.132).

5.3.4.1 PSP Estimation Accuracy

First, the accuracy of the PSP acquisition algorithm introduced in Section 5.3.3 is tested. The

estimation is performed at Es/N0 =̂ 12 dB. Every tenth front-end, including the first and last

branches are dedicated for the PSP estimation task, which in this specific scenario, amounts

to 11% of the array.

The estimated parameters, i.e., the positions of the three users m̃u and relative path-loss

quotient ζ̃ , vs. the number of receive blocks, or bursts Nburst of Nbl symbols, used to track

these parameters are plotted in Figure 5.19. The optimization problem described by (5.140)

was solved using Matlab’s constrained sequential quadratic programming solver.

Here, it is clear that a very small number of bursts is sufficient to provide a very good

estimate of the location m̃u of the three users. In case of ζ̃ , it takes almost one thousand

different receive bursts for the estimate to converge with the true value. However, at Nburst >

200, this deviation is very small, and effectively has minimal impact on the estimates of the

per-user PSPs. To highlight this, the estimated PSPs P̂m,u obtained after Nburst = 300 bursts

are plotted in Figure 5.20. Even with the less-accurate value of ζ̃ , the estimated PSPs match

well with the ground truth. In fact, as more received blocks are available, these estimates are

refined until a perfect match is obtained.

5.3.4.2 Sign-Only Quantization

Now, the symbol error rate performance of systems employing one-bit quantizers with the

same reconstruction value qm = 1 for all branches m of the receiver is analyzed. With the aim

of highlighting the importance of quantization awareness, perfect knowledge of the per-user

PSPs is assumed. The numerical results are plotted in Figure 5.21.

Starting with the highmulti-user interference scenario, seen in the left-side plots, it is clear

that having no quantization awareness, performance is impacted severely. In case of the users

placed at the outer edge of the array, user 1 ( ) experiences a loss of 1.8 dB in power efficiency,

measured at SER = 10−3, and user 3 ( ) a loss of approximately 1.1 dB. The detection of the

data stream of the middle user ( ) hits an error floor of SER ≈ 0.09. Compared to the full

resolution case, a gap of approximately 3.3 dB at SER = 10−3 exists for the users placed at

the outer edge of the array, when the QA receiver is employed.
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Figure 5.19: Plots of the estimated user locations m̃1 ( ), m̃2 ( ), and m̃3 ( ), overlayed over shadows of
the true values, and the path-loss quotient estimate ζ̃ overlayed over ζ as a shadow vs. the number of received
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Figure 5.20: Plots of the per-user PSP estimates P̂m,u vs. the antenna index, obtained after Nburst = 300 bursts.
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Figure 5.21: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB for a multi-user

massive MIMO uplink scenario. The reconstruction value q = 1 is used in all branches of the receiver.
QA receiver SERs plotted in solid for user 1 ( ), user 2 ( ), and user 3 ( ); SERs of straightforward

detection given in dash-dot for user 1 ( ), user 2 ( ), and user 3 ( ). Left: high multi-user interference

(Nnotch = 0). Right: low multi-user interference (Nnotch = 4). For reference, SERs of full-resolution receivers
plotted as shadow curves for user 1 ( ), user 2 ( ), and user 3 ( ).

Next, when the interference is mitigated via proper antenna design, SER curves shown on

the right side of Figure 5.21, detection is again enabled for the straightforward receiver, but

is not optimum. The QA design still performs better at high SNR. This shows the robustness

of autocorrelation-based noncoherent detection to the resolution losses; overall, the impact of

one-bit quantization on the performance of noncoherent detection is less than that on coher-

ent, as reported in [RPL14]. When full CSI was considered, at an error rate of 10−3, zero-forcing

linear equalization had a gap of around 3.5 dB, while here, only a loss of approximately 2.5 dB

is incurred.

5.3.4.3 Quantization using Lloyd–Max Reconstruction Values

Next, quantizers with Lloyd–Max-optimized reconstruction values are studied. As before, per-

fect knowledge of the PSP is assumedand known at the receiver. Now, the reconstruction value

qm of each branch m is given according to (5.141). The symbol error rate curves are plotted in

Figure 5.22, on the left side for the high multi-user interference case, and on the right for the

low multi-user interference one, respectively.

Starting with the high-interference scenario, here, a small improvement is seen for user 1

( ) and user 3 ( ), which amounts to approximately 0.7 dB and 0.2 dB, respectively, measured

at SER = 10−3. In case of the middle user ( ), a performance improvement is seen, but as the

SNR increases, the SER curve flattens out.
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Figure 5.22: Symbol error rate, averaged over 300 000 channel realizations, vs. Es/N0 in dB for a multi-user

massive MIMO uplink scenario. Each reconstruction value qm per branch m is set according to (5.141). QA
receiver SERs plotted in solid for user 1 ( ), user 2 ( ), and user 3 ( ); SERs of straightforward detection

given in dash-dot for user 1 ( ), user 2 ( ), and user 3 ( ). Left: high multi-user interference (Nnotch = 0).

Right: low multi-user interference (Nnotch = 4). For reference, SERs of full-resolution receivers plotted as
shadow curves for user 1 ( ), user 2 ( ), and user 3 ( ).

Moreover, the QA receiver performed as expected. With proper scaling, the dependency

on the employed values of qm is completely removed, again showing the robustness of the

noncoherent QA receiver. In case the multi-user interference is mitigated by means of antenna

design, the results are the same as in Figure 5.21. Regardless of how much interference exists,

the QA design should be utilized, as it always delivers the better performance.

5.3.4.4 Discussion

Clearly, quantization awareness is critical when designing one-bit receivers in noncoherent

massive MIMO systems. Moreover, as in the full-resolution case, the biggest impact comes

from the multi-user interference. Even with nDFE active, proper antenna design is a key

factor for improving the performance of the system.

Additionally, with sufficient spatial filtering or separation, i.e., when the scenario is sim-

plified to independent single users, the non-diagonal entries of the correlation-coefficients

matrix for the QA receiver are given by

zu,k,l =
Nrx∑

m=1

r∗
q,m,lwm,urq,m,k

=
Nrx∑

m=1

(ℊmrq,m,l)
∗wm,u(ℊmrq,m,k) . (5.142)
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Using a 4-ary PSK transmit alphabet, at very high SNR, i.e., the noise-free case, the quantized

receive symbols are given by

rq,m,k = Q{rm,k}
= Q{hm,ubu,k}
= Q{hm,u}bu,k . (5.143)

Here, bu,k acts as a unitary rotation factor for hm,u, and the same outcome is obtained whether

this rotation is applied pre-quantization or post. Replacing rq,m,k in (5.142) with (5.143) leads

to

zu,k,l =
Nrx∑

m=1

(ℊmQ{hm,u}bu,l)
∗wm,u(ℊmQ{hm,u}bu,k)

= b∗
u,kbu,l

π

π − 2

Nrx∑

m=1

wm,u , (5.144)

i.e., the only difference between the QA correlation coefficients and their equivalent in the

unquantized receiver is a scaling factor of π/(π −2). This means that, although the resolution

of the symbols in the receive block R is completely lost, when it comes to the correlation

coefficients zu,k,l, upon which detection is applied, apart from scaling, retain their full angular

resolution. Noteworthy, this is unlike coherent systems were the additive noise is required

for estimation and detection to be enabled [JDC+15]. In fact, as the SNR increases, the ability

to obtain channel estimates with some accuracy, such that distinct signal constellation points

of higher modulation alphabets diminishes, until finally completely lost. This makes 4-ary

QAM the only real option in this case, and in comparison, noncoherent detection is the better

option, since there is no need for channel estimation, i.e., the end-to-end information transfer

rate is higher.

5.4 Summary

In this chapter, reduced-complexity noncoherent massive MIMO receiver designed were dis-

cussed and analyzed. First, alternatives to the highly-costly SVD, for subspace tracking and

noise reduction, in the form of the SURV decomposition and the KSSVDwere introduced. Both

algorithms provide very accurate estimates of the subspaces of interest at a minimal compu-

tational complexity cost in comparison to the SVD. In both cases, the inputs required for the

algorithms are scenario-based, e.g., the block length Nbl, the number of users Nu, and the SNR

at which the system is operating, and not reliant on the current channel information.

Moreover, each algorithm can be used for different tasks. On the one hand, the SURV

decomposition is very well suited for scenarioswhere the channels are slowly-changing, or for

systems where the number of users Nu cannot be obtained using another mechanism. On the

other hand, the KSSVD can be combined with structure-aware computations, that minimize

the required computations needed during the detection process, e.g., the calculation of the

correlation-coefficients matrix.
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Then, to address possible hardware-complexity reductions, the effects of quantization,

specifically to low-resolution reconstruction values were analyzed. This was first preceded

by the derivation of the optimum uniform and Lloyd–Max quantizers, followed by the de-

sign of a quantizer, that always through proper scaling, provides optimum quantization given

the variance of the received signal. It was shown that a resolution of 5 bits was sufficient to

counteract any losses due to the conversion.

Finally, the special case of one-bit quantization was studied. Using a linearized model of

the converter, a QA receiver was derived. Again, as in the full-resolution case, only statistical

knowledge is needed, which can be easily obtained. To that end, one possible mechanism was

introduced, whereby dedicating a small number of receiver front-ends for the sole purpose of

power estimation, and using only knowledge of the scenario in which the receiver is operated,

very accurate estimates of the required PSPs are acquired. Not only is noncoherent detection

enabled by the QA design, when combined with proper antenna designs that help mitigate

multi-user interference, a high-performing low-complexity alternative to coherent detection

is obtained, that does not suffer from the error floor issue present in channel-estimation-based

one-bit coherent receivers.
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6. Summary, Conclusion, and Outlook

In this dissertation, detection in noncoherent massive MIMO systems are investigated. The

aims of this work are the design and analysis of high-performingdetection algorithms and low-

complexity receivers. In what follows, the work is summarized and conclusions are drawn.

After that, a brief outlook on related future research is given.

6.1 Summary and Conclusion

In Chapter 2, themassiveMIMOuplink scenario, uponwhich the research has been conducted,

was introduced. In particular, the transmitter design, channel model, and centralized receiver

were detailed, and summarized using an end-to-end vector/matrix-valued model.

Chapter 3 provided a recapitulation of the conventional noncoherent receiver designs that

have been employed so far. Different detection algorithms were given, and a noncoherent ap-

proach for multi-user interference reduction was introduced. The optimization process for

spatial filtering and user-detection order was presented. In addition, a brief summary of co-

herent detection methods, which are used to compare against, was included. The chapter was

concluded with simulation results that compare the different approaches for detection.

Decision-feedback differential detection, noncoherent decision-feedback equalization, and

numerically-optimized windowing matrices and user-detection order, when combined, result

in a good-performing communication system. In particular, with the additional user separation

when antennas with directional properties are employed, noncoherent detection outperforms

coherent detection when the losses from channel estimation are included.

The first of the main results of the conducted research, high-performing advanced re-

ceiver concepts were designed in Chapter 4. This included the application of electronically-

controllable antennas at the receiver front-end, feedback-aware detection algorithms leverag-

ing per-detection-step weighting coefficients, the optimal decision metric, that may be also

approximated using a simpler one, and the combination of error-correction codes with differ-

ential encoding for use in noncoherent massive MIMO systems.

Previously, when the users are in close proximity to each other, the task of separating the
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received symbols of each individual user for detection was very difficult, if not impossible,

when no phase knowledge can be utilized. With additional degrees of freedom unlocked by

the electronically-controllable antennas, an overall improved symbol error rate is achievable

covering a larger user placement area. By optimizing antennas to be in one of their specific

modes, given the location of the different users, the PSPs of the users may be again made

distinct enough. In case the antennas are dual-mode ones, the optimization task is efficiently

solved using the binary genetic algorithm. When deployed, only the values of the control sig-

nals for each different receiver branch require storing. This means that, in terms of complexity,

a very small increase is incurred relative to the large performance gains achieved. Moreover,

when all antennas are controlled via a single signal, the problem is hugely simplified. This

makes it ideal for systems where on-line decisions are required.

Initially, the feedback of DFDDwas not included in the calculation of the SINR. This meant

that, the feedback gain was not exploited when, e.g., calculating the spatial filtering matrices.

Revisiting the candidate symbols upon which decisions are taken, a new feedback-aware SINR

was derived. Moreover, by allowing different weighting coefficients at the different detection

steps, an improved detection algorithm that combines DFDD, nDFE, and the per-step window-

ing coefficients was designed. Not only does the feedback-aware detection scheme improve

the performance of the system, in case the number of users served by the base station is low,

a lower computational complexity is required in comparison to the conventional receiver.

Up to now, the sorting in DFDD has been based on the phase of the candidate symbols.

However, this approach is not optimal. When the magnitude of these symbols is ignored, un-

reliable candidates may be chosen first, instead of more reliable ones for detection. To solve

this issue, by again studying the statistics of the different components, i.e., the useful signal,

the interference and the different sources of noise, of the candidate symbols, the maximum-

likelihood metric was derived. In this case, the sorting is performed based on the minimum

squaredMahalanobis distance. Alternatively, a suboptimummetric based on an approximation

of the distribution of the candidate symbols can be obtained. By ignoring part of the statistical

information, the distribution is approximated by a complex-valued circular Gaussian distri-

bution, and decisions are based on the minimum squared Euclidean distance. In comparison

to straightforward detection, both optimum and suboptimum metrics result in large power

efficiency gains. Additionally, per-step windowing can be combined to further improve the

performance of the noncoherent system.

As with all modern digital communication systems, error-correction coding may be in-

cluded to increase the reliability of the transmission. To combine coding with noncoherent

detection, first, an equivalent bit-level description of differential encoding was given. Based

on that, a trellis diagram of the encoding process is derived. This enables the differential de-

coding of reliability information, which is key for better error correction. Then, three different

approaches to calculating the LLRs were obtained, based on the different metrics used in the

uncoded case. As expected, using the optimum one resulted in the best performing system,

and a trade-off between complexity and performance is established.

Chapter 5 comprises the second part of the main results of this work. An important aspect

of massive MIMO systems is their practicability and operational costs, both from the hard-
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ware and signal-processing aspects. Even though large power-efficiency gains are achieved via

subspace-projection-basednoise reduction, applying the SVD on the largematrices of received

symbols, typical of massiveMIMO systems, is computationally very expensive. Moreover, this

has to be applied for each receive block separately. Instead, low-complexity alternatives for

the SVDmay be employed. In this work, two alternatives were investigated. The first of which

is the SURV decomposition, which using successive updates provides a very good estimate for

the subspaces of interest. Moreover, unlike the SVD-like algorithms, knowledge of the num-

ber of subspaces of interest is not needed. Instead, a threshold that depends on the system

parameters, e.g., the burst length and the SNR, was derived.

The second, i.e., the KSSVD algorithm, approximates the truncated SVD, performing all

calculations on matrices of smaller dimensions, than those of the original problem. The output

is iteratively refined, until the residual error of the approximation is smaller than a given value.

Through numerical simulations, it was shown that in the SNR region of interest, only a couple

of iterations are required until the stopping criterion, such that the magnitude of the difference

between the singular values obtained from the SVD and those of the KSSVD is negligible.

For the autocorrelation-based receiver, explicit knowledge of the received symbols is not

required, only the correlation-coefficients matrix is. Additional computational-complexity re-

ductions are achieved by skipping the intermediate projection step in subspace-based detec-

tion, and calculating the correlation matrix directly using the (truncated) singular values and

respective singular vectors. Again exploiting the structure of these matrices, very efficient ap-

proaches for these numerical calculations were derived. In comparison to the straightforward

receiver, with and without the SVD as a pre-processing step, 46% to 97% reduction in the

required number of FLOPs can be achieved.

When considering the implementation of massive MIMO systems, a large reduction in

complexity can be achieved by employing low-resolution analog-to-digital converters at the

receiver front-ends. By optimizing the quantization cells and reconstruction values associated

with each cell, it is possible to achieve the same error rate performance as the unquantized

case, using five bits, and sometimes less, of resolution. For that purpose, universal optimum

quantizers were proposed, that by pre-scaling of the input signal by the inverse of its standard

deviation, and adjusting the reconstruction values with the reciprocal of the same scaling

factor, optimum quantization is applied.

As a special case, one-bit quantization was analyzed. First, a linearized model was de-

rived. Based on this model, a quantization-aware receiver was designed. This included the

calculation of the scaling factor needed, to obtain an end-to-end model similar to the original

input/output relationship of the system. With this, additionally, after scaling, the observed

values become independent of the reconstruction value of the one-bit converter. Moreover,

assuming sufficient spatial separation of the received symbols of each user, i.e., when the sce-

nario simplifies to multiple single-user ones, the correlation coefficients upon which nonco-

herent detection is applied are only scaled by a real-valued factor, in the noise-free case. In

contrast, the performance of channel estimation and coherent detection, especially for higher-

modulation transmit alphabets, actually worsens as the SNR increases.

Although the two philosophies of high-performing advanced detection algorithms, and
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low-complexity receiver designs were treated separately, in many cases, both goals were si-

multaneously attained. As an example, subspace projection using the KSSVD algorithm, cf.

Section 5.1.2, combined with the efficient matrix construction approaches of Section 5.1.3 pro-

vide a large performance gain, and at the same time, a much smaller number of FLOPs are

required when compared to the conventional receiver design of Chapter 3.

6.2 Outlook

Large performance improvements in noncoherent massive MIMO systems are obtained when

non-omni-directional antennas were employed. So far, however, only antennas with a single

polarization were considered. By utilizing dual-polarized antennas [CLF14], two quadrature

components per polarization, i.e., four orthogonal components are obtained in the baseband

domain. Assuming that the same rotation is applied to the I/Q components of each polar-

ization and that the angle between the vertical polarization and the horizontal one remains

constant, differential encoding performed on points taken from the four-dimensional unit hy-

persphere may be possible. In this case, such four-dimensional signals may be represented

using quaternions where all required operations, e.g., the conjugation operator, are defined

[CS99].

Moreover, the radiation pattern exhibited by the antennas can and should be designedwith

noncoherent detection in mind; previously, idealized patterns were chosen, and the resulting

PSPs were used. A better approach is to first, calculate PSPs analytically, such that the high-

est SINRs possible are obtained, then working backwards to design realizable antennas with

patterns that are able to produce these profiles, or come as close as possible to them.

In many parts of this work, the different concepts were treated separately. However, these

building blocks can and should be combined. For example, by reducing the hardware com-

plexity of the receiver front-end branches with the application of the one-bit quantization

of Section 5.3, power efficiency losses were incurred. To reduce this impact of performance,

error-correction coding may be utilized, but in order to obtain the most out of it, proper

quantization-aware reliability information is needed.

Noise reduction via subspace projection was proven very effective in the noncoherent case

[FSM15]. It is of interest, to see if a similar result can be achieved by applied the SVD or similar

decompositions, directly or with modifications, as a pre-processing operation to reduce, the

quantization noise in addition to the additive Gaussian noise. This of course, should be studied

in detail; the resulting SINR should be derived in order to facilitate the modification of all

algorithms that rely on the analytic expression of the SINR.

Throughout, the geometry-based block-fading channel with spatially uncorrelated coeffi-

cients was assumed [YFW15]. Even though this model is representative of some scenarios, ex-

panding the analysis to include a more generalized channel model is highly beneficial. In par-

ticular, linear time-variant, frequency-selective channels should be adopted [HPT+11, Pro00].

In this case, the power-space profile, the power delay profile and the average Doppler power

spectral density are needed to fully characterize the channel, and should be utilized during the
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noncoherent detection process. This also serves as the root, to specialize into different cases;

when needed, the model may be simplified. As an example, the currently-adopted geometry-

based one is such a simpler model.
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A. Genetic Algorithm

The genetic algorithm (GA) is a heuristic-based optimization technique based on the concepts

of natural selection and genetics [Bet80]. To provide a brief introduction to GAs, we will

restrict to solvers that operate in the binary field F2. For GAs that operate in different fields,

such as Z or R, more information can be found in [Gol89].

In GAs, the starting point is a subset of possible solutions to a problem, the so-called

population, which consists of m members, where each is assigned their own chromosome

ci
def
= [ci,0, . . . , ci,j, . . . , ci,n−1], i = 0, . . . , m − 1. Every gene ci,j (a certain position of

the chromosome) is set to a particular value, or allele a ∈ F2. These are either randomly

initialized, or may be obtained from statistics about the problem, e.g., a certain gene is more

likely to contain a particular allele. This is the initial generation of the population. The length

of the chromosomes n is dictated by the number of variables of the optimization problem.

An example population, where the bit 0 is represented by ( ), and the bit 1 by ( ) is given in

Figure A.1.

Given a generation, the fitness function f(c), which is also known by cost function in the

optimization literature, is calculated for each chromosome. This function maps a chromosome

to a real-valued number

f : F
n
2 7−→ R , (A.1)

that is a figure of merit of how close the given solution is to the optimum. For example, if the

fitness function

f(c) =

⌊ n−1
2

⌋∑

j=0

g(c2j+1) −
⌊ n−1

2
⌋∑

j=0

g(c2j) , (A.2)

is used, where

g :
0 7−→ 0
1 7−→ 1

, (A.3)
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chromosome gene/allelepopulation

Figure A.1: Graphical illustration of a population with m = 8 members (left), chromosome of length n = 6
(middle), and gene (right) in the binary field F2. The alleles take on either the value 0, represented by ( ), or

1 represented by ( ).

maps the binary symbols to their respective integers, the chromosomes that have more 1’s in

the odd-numbered genes than in the even-numbered have a better fitness value, with the gene

c = [0, 1, 0, 1, . . . ] being the fittest.

To generate new solutions, i.e., children, parents (a subset of size k of a generation) are se-

lected that each will share part of their chromosomes to their offspring, commonly referred to

as crossover. One criterion to select the parents is their fitness. However, care should be taken

to prevent a solution with a very high fitness score from taking over the entire population in

a few generations, which could result in a local optimum, instead of a global one.

A common approach is to randomly pick the chromosome indices from a discrete proba-

bility distribution where each outcome of the random variable x is assigned the probability

Pr{x = i} def
=

vi∑
j vj

, (A.4)

where

vi
def
= f(ci) (A.5)

is the fitness score. Using this approach, fitter individuals have a higher chance of being se-

lected for a crossover, while reducing the chance of having a local solution. Once the new

solutions are generated, e.g., by crossover, typically, they replace the chromosomes with the

lowest fitness scores. A crossover event, including the selection of parents and the replacement

of chromosomes, is shown graphically in Figure A.2.

Another random event, that may occur in a generation, is amutation. In a mutation, every

gene has a low probability to change its value, which in the case of binary alleles, is either the

result of a bit flip, or swapping two (or more) genes in a chromosome. Mutations ensure that

diversity is maintained between each generation.

This process repeats, creating new generations where fitter chromosomes replace their

weaker counterparts, with some chance of mutations happening until, either after many gen-

erations no improvement in the fitness score is obtained (less than some value t), or until a
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selection crossover replacement

Figure A.2: Graphical illustration of am example crossover event using a subset size of two (k = 2). The first

and third chromosomes are randomly chosen (left). Each parent gives half of their genes to their offspring

(middle). The children replace the chromosomes with the lowest fitness scores, which in this example are
the sixth and last ones (right).

maximum number of generations gmax has been reached. The chromosome

ĉ = argmax
ci

f(ci) , (A.6)

with the highest fitness score is then chosen as the optimum solution. The binary GA is sum-

marized in pseudo-code form in Algorithm A.1.

Algorithm A.1: Binary Genetic Algorithm

1: function ĉ = GA(n, k, m, t, gmax)
2: for i = 0, . . . , m − 1 do

3: ci := randF2(n), vi := f(ci) // initialize population and score
4: end for

5: imax := argmaxi vi, vmax,prev := vimax
, g := 0

6: while g < gmax do

7: {cj} := randPr{x}(k) // randomly pick k chromosomes based on (A.4)
8: apply crossover and mutations to generate {ĉj}
9: {imin,1, . . . , imin,k} := argmin vi // find the indices of the k smallest vi

10: {cimin
} := {cj}, vimin

:= f(cimin
) // replace with new chromosomes and scores

11: imax := argmaxi vi, vmax = vimax
// find current vmax

12: if |vmax − vmax,prev| < t then
13: ĉ := cimax

// select chromosome corresponding to vmax

14: return

15: else

16: vmax,prev := vimax
// store previous maximum score

17: g := g + 1 // increment generation counter
18: end if

19: end while

20: ĉ := cimax
// return chromosome with current vimax

if gmax reached
21: end function
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B. Unitary and Hyperbolic Givens

Rotations

In numerical linear algebra, many algorithms require the introduction of zeros in certain en-

tries of vectors, via a transformation, while keeping the same (Euclidean) norm, or length, of

said vector, e.g., in the computation of a QR decomposition of a matrix, the column-wise norm

of the matrix is preserved [GL13]. One such norm-preserving transformation is the unitary

Givens rotation.

B.1 Unitary Givens Rotations

Given a (complex-valued) column vector

v =

[
a
b

]
, (B.1)

with the Euclidean norm

‖v‖ =
√

|a|2 + |b|2 , (B.2)

a unitary Givens rotation matrix

GU
def
=

1√
|a|2 + |b|2

[
a∗ b∗

−b a

]
, (B.3)

is defined such that the product

v′ = GUv =

[
c
0

]
, with c = |a|2 + |b|2 , (B.4)

where the norm of v is preserved, i.e.,

‖v′‖ = ‖v‖ =
√

|a|2 + |b|2 . (B.5)
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Example B.1: Unitary Givens Rotation

The real-valued column vector, with Euclidean norm,

v =

[
2√
5

]
, ‖v‖ = 3 ,

is given. The Givens rotation matrix to zero-out the second entry of the vector calculates to

GU
def
=

1√
22 + (

√
5)2

[
2

√
5

−
√

5 2

]

=

[
2
3

√
5

3

−
√

5
3

2
3

]
.

Applying the transformation, the resulting vector

v′ = GUv =

[
3
0

]
,

clearly has the same Euclidean norm as v. Graphically, this can be seen as a rotation of

the vector v around a circle with radius 3, until the vector lies in the direction of the first

dimension.

GU−−−→

A numerical example of a unitary Givens transformation is given above.

B.2 Hyperbolic Givens Rotations

In the above definition, the Euclidean norm of the vector v was preserved after transformation.

This is useful for transferring the “energy” of a vector from one direction to another.

In many applications, however, the difference

|a|2 − |b|2 , (B.6)

instead of the sum of the squares is of interest, and now, a different transformation is required,

that preserves this difference of squares when transferring the “energy” from a direction to
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Example B.2: Hyperbolic Givens Rotation

The real-valued column vector, with the Hyperbolic norm,

v =

[
2√
5

]
, ‖v‖H = 1 ,

is given. The hyperbolic Givens rotation matrix to zero-out the second entry of the vector

calculates to

GH
def
=

1√
(
√

5)2 − 22

[
−2

√
5√

5 −2

]

=

[
−2

√
5√

5 −2

]
.

Applying the transformation, the resulting vector

v′ = GHv =

[
1
0

]
.

Here, the difference of the squares is preserved after transformation. Graphically, this can be

seen as a rotation of the vector v, using a hyperbola with its vertices at −1 and 1 in the first

dimension.

GH−−−→

another, i.e., one that preserves the hyperbolic norm

‖v‖H
def
=





√
|a|2 − |b|2 , |a|2 ≥ |b|2

√
|b|2 − |a|2 , |a|2 < |b|2

. (B.7)

One such transformation is the hyperbolic Givens rotation, which is given by [OS91]

GH
def
=





1√
|a|2 − |b|2


 a −b∗

−b a


 , |a|2 ≥ |b|2

1√
|b|2 − |a|2


−a∗ b

b −a


 , |a|2 < |b|2

. (B.8)
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Applying the transformation,

v′ = GUv =

[
c
0

]
, with c =





|a|2 − |b|2 , |a|2 ≥ |b|2
−|a|2 + |b|2 , |a|2 < |b|2

, (B.9)

the hyperbolic norm of v is preserved, i.e.,

‖v′‖H = ‖v‖H . (B.10)

The hyperbolic Givens rotation is exemplified numerically in Example B.2.
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C. Computational Complexity

In the following, detailed derivations of the required computational complexity for calculating

various matrices used throughout this work are provided. For ease of understanding, unless

stated otherwise, one-based indexing, i.e., the first element of a vector or matrix has the index

one, will be used.

C.1 Gram Matrix Excluding Main Diagonal

=

G AH A

2 · K − 1

L − ℓ

Figure C.1: Graphical illustration of the construction of a L × L Gram matrix G. In an efficient approach,

only the dark-blue entries of the matrix ( ) need calculation. Each entry requires 2K −1 operations, and each
row ℓ has L − ℓ entries.

Given is a K × L matrix A, K < L. An efficient approach for calculating

G = AHA , (C.1)

where the entries on the main diagonal can be ignored, is of interest. As the final matrix is a

Gram matrix, i.e., its upper-triangular half, depicted in dark blue ( ) in Figure C.1 and lower-

triangular half are complex-conjugate mirrors of each other,

gκ,ℓ = g∗
ℓ,κ , ∀κ, ∀ℓ . (C.2)
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Any entry

gκ,ℓ =
K∑

ı=1

a∗
ı,κaı,ℓ (C.3)

requires 2K − 1 FLOPs to be calculated.

Excluding the main-diagonal and complex-conjugate-mirror entries, row ℓ of G has L − ℓ

elements to be calculated. Putting all together, efficiently calculating G in total requires

(2K − 1)

︸ ︷︷ ︸
per element

L−1∑

=1

(L − )

︸ ︷︷ ︸
triangular half

= (2K − 1)

(
L−1∑

=1

L −
L−1∑

=1



)

= (2K − 1)

(
L(L − 1) − (L − 1)L

2

)

= (2K − 1)

(
L2 − L

2

)

= K(L2 − L) −
(

L2 − L

2

)
FLOPs . (C.4)

In contrast, when all the entries of the same matrix are calculated, L2(2K − 1) FLOPs are

required.

C.2 Weighted Gram Matrix Excluding Main Diagonal

The matrix A (dimensions K ×L) and the diagonal matrix W (dimensions K ×K) are given.

The efficient calculation of a weighted Gram matrix

G = AHW A , (C.5)

is of relevance. As in the previous section, only the entries in the upper (lower) triangular half

of G requires computation, and the other half can be obtained through a complex-conjugate

transpose of the calculated part. Here, in addition, weighting is included in the construction

in the form of the diagonal matrix W .

By first scaling one of the matrices A or AH with W , the remainder of the calculation

process is the same as in Section C.1. Such a product, i.e., W AH requires KL multiplications.

In total, on top of the required operations calculated in (C.4), an efficient construction of a

weighted Gram matrix requires

KL

︸︷︷︸
weighting

+ K(L2 − L) −
(

L2 − L

2

)

︸ ︷︷ ︸
triangular construction
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= KL + KL2 − KL −
(

L2 − L

2

)

= L2K −
(

L2 − L

2

)
FLOPs . (C.6)

This means that only an additional KL FLOPs are required, compared to (C.4), to account for

the weighting.

In case the weighting matrix W is full, but symmetric, or generally Hermitian, then its

structure can be exploited to perform the calculations efficiently. Additionally, as before, the

final matrix G is Gram, and in our case, the main diagonal and the complex-conjugate mirrors

can be ignored.

The matrix W can be decomposed into the matrices

AHW A = AH(L + D + LH)A , (C.7)

where L is a lower-triangular matrix excluding the main-diagonal entries, and D is a diagonal

matrix. Expanding the right-hand side

AH(L + D + LH)A = AHLA + AHDA + AHLHA , (C.8)

is obtained. The middle product is efficiently obtainable as above. The first and third products

are complex-conjugate mirrors of each other. This means that it is sufficient to calculate one

of them. In fact, knowing that only the upper-triangular half of G is required, the contribution

of AHLA and AHLHA to G is obtainable by

triu(AHLA) + triu(AHLHA) = triu(AHLA) + tril(AHLA)H , (C.9)

where triu(·) and tril(·) return the upper-triangular and lower-triangular part of a matrix,

excluding the diagonal.

For LA, the first row of the resulting matrix is all zero, and does not need calculation. For

the remaining K − 1 rows, in each κth row, there are L entries, and each one requires K − κ

multiplications and K − (κ − 1) additions, leading to

L

(
K−1∑

i=1

(K − κ) +
K−1∑

i=1

(K − (κ − 1))

)

= L

(
2

K−1∑

i=1

K − 2
K−1∑

i=1

κ +
K−1∑

i=1

1

)

= L

(
2K(K − 1) − 2

K(K − 1)

2
+ K − 1

)
(C.10)

= L(K2 − 1) FLOPs . (C.11)

When calculating AH(LA), the main diagonal can be ignored, and in total L2 − L elements

are calculated, each requiring 2K − 3 operations, leading to a total of

(L2 − L)(2K − 3) FLOPs . (C.12)
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Extracting the upper-triangular and the Hermitian of the lower-triangular half of AHLA and

summing them together, a total of

L2 − L

2
FLOPs (C.13)

are needed. Putting everything together, an efficient approach to calculating a Gram matrix

weighted using a Hermitian one requires

L2K −
(

L2 − L

2

)

︸ ︷︷ ︸
diagonal part

+ L(K2 − 1) + (L2 − L)(2K − 3) +
L2 − L

2
︸ ︷︷ ︸

non-diagonal part

= L2(3K − 3) + L(K2 − 2K + 2) FLOPs . (C.14)

C.3 Subtraction of Scaled Outer Product from Gram Matrix

Given are anL×L GrammatrixG, a scalar s, and a row vectorv of lengthL. We are interested

in an efficient approach for obtaining

G′ = G − svHv . (C.15)

Again, the main-diagonal entries of G′ can be ignored. The outer product vHv results in a

Gram matrix, and thus only one triangular half requires calculation, and the other is a con-

jugate mirror thereof. Each entry of vHv is one simple multiplication, and in total, excluding

the main diagonal, one triangular half has

L−1∑

=1

(L − ) =
L2 − L

2
(C.16)

elements. When it comes to scaling with s, we leverage the fact that a scaled Gram matrix

remains a Gram matrix, and thus, instead of performing the multiplication L2 times for ev-

ery element in vHv, we can instead first multiply one part of the outer product with s, then

construct it, i.e.,

vH(sv) . (C.17)

Moreover, the first element of sv can be ignored, since the main diagonal entries of the outer

product are not calculated. This reduces the required number of multiplications down to L−1.

Subtracting two Gram matrices also results in a Gram matrix. This means that in case of

G′, it is sufficient to calculate only one of its triangular halves, and obtain the other part as

the first’s complex conjugate mirror. In total, G′ requires

L − 1
︸ ︷︷ ︸
scaling

+
L2 − L

2︸ ︷︷ ︸
outer product

+
L2 − L

2︸ ︷︷ ︸
subtraction

= L − 1 + L2 − L
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sv

= −

GG′ vH

Figure C.2: Graphical illustration of the subtraction of a scaled outer product svHv from a Gram matrix G.
In an efficient approach, only the dark-blue entries ( ) require calculation.

= L2 − 1 FLOPs . (C.18)

This approach is graphically illustrated in Figure C.2, with the entries that require calculation

are dark blue ( ).



152 C. Computational Complexity



153

D. Long Mathematical Derivations

In this section, detailed derivations of mathematical expressions used throughout this disser-

tation are given. A summary of functions and expressions that appear in the derivations is

given first.

The CDF of the standard normal distribution is given by

Φ(x) =
1√
2π

∫ x

−∞
e−t2/2 dt . (D.1)

The complementary Gaussian integral function reads

Q(x) =
1√
2π

∫ ∞

x
e−t2/2 dt , (D.2)

and the two functions are related by

Q(x) = 1 − Φ(x) . (D.3)

The Dirac distribution of the complex-valued argument is defined as

δc(x)
def
= δ(Re{x}) δ(Im{x}) . (D.4)

D.1 Quantization Noise Variance Integral

When calculating the variance of the quantization noise nq,i for an input x falling in an interval

Ui = [ui−1, ui), quantized to xq,i, the solution of the integral

I
def
=
∫ ui

ui−1

(xq,i − x)2
fx (x) dx

=
∫ ui

ui−1

(x2
q,i − 2xq,ix + x2)

1√
2πσ2

x

e
− x2

2σ2
x dx

=
∫ ui

ui−1

x2
q,i

1√
2πσ2

x

e
− x2

2σ2
x dx (D.5.a)
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−
∫ ui

ui−1

2xq,ix
1√

2πσ2
x

e
− x2

2σ2
x dx (D.5.b)

+
∫ ui

ui−1

x2 1√
2πσ2

x

e
− x2

2σ2
x dx , (D.5.c)

is required.

In case of (D.5.a), the integral calculates to

I1 =
∫ ui

ui−1

x2
q,i

1√
2πσ2

x

e
− x2

2σ2
x dx ,

let t = x
σx
, then dt = dx

σx
,

= x2
q,i

∫ ui
σx

ui−1
σx

1√
2πσ2

x

e
− (tσx )2

2σ2
x σx dt

= x2
q,i

∫ ui
σx

ui−1
σx

1√
2π

e
− t2

2σ2
x dt

= x2
q,i Q

(
ui−1

σx

)
− x2

q,i Q
(

ui

σx

)
. (D.6)

In case of (D.5.b), the integral calculates to

I2 = −
∫ ui

ui−1

2xq,ix
1√

2πσ2
x

e
− x2

2σ2
x dx

= −2xq,i

∫ ui

ui−1

x
1√

2πσ2
x

e
− x2

2σ2
x dx ,

let t = x
σx
, then dt = dx

σx
,

= −2xq,i

∫ ui
σx

ui−1
σx

tσx

1√
2πσ2

x

e
− (tσx )2

2σ2
x σx dt

= −2xq,iσx

∫ ui
σx

ui−1
σx

t
1√
2π

e− t2

2 dt

= −2xq,iσx

[
− 1√

2π
e− t2

2

] ui
σx

ui−1
σx

[Owe80]

= −2xq,iσx

(
1√
2π

e
− u2

i

2σ2
x − 1√

2π
e

−
u2

i−1

2σ2
x

)
. (D.7)

Integrating (D.5.c), we get

I3 =
∫ ui

ui−1

x2 1√
2πσ2

x

e
− x2

2σ2
x dx ,
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let t = x
σx
, then dt = dx

σx
,

=
∫ ui

σx

ui−1
σx

(tσx )2 1√
2πσ2

x

e
− (tσx )2

2σ2
x σx dt

= σ2
x

∫ ui
σx

ui−1
σx

t2 1√
2π

e− t2

2 dt

= σ2
x

[
Φ(t) − t

1√
2π

e− t2

2

] ui
σx

ui−1
σx

[Owe80]

= σ2
x

(
Φ
(

ui

σx

)
− ui

σx

1√
2π

e−

(
ui
σx

)2

2 − Φ
(

ui−1

σx

)
+

ui−1

σx

1√
2π

e−

(
ui−1

σx

)2

2

)

= σ2
x Q

(
ui−1

σx

)
− σx

ui√
2π

e
− u2

i

2σ2
x − σ2

x Q
(

ui

σx

)
+ σx

ui−1√
2π

e
−

u2
i−1

2σ2
x . (D.8)

Replacing for (D.5.a)–(D.5.c) with (D.6)–(D.8), we arrive at

σ2
q,i = x2

q,i Q
(

ui−1

σx

)
− x2

q,i Q
(

ui

σx

)

− 2xq,iσx

(
1√
2π

e
− u2

i

2σ2
x − 1√

2π
e

−
u2

i−1

2σ2
x

)

+ σ2
x Q

(
ui−1

σx

)
− σx

ui√
2π

e
− u2

i

2σ2
x − σ2

x Q
(

ui

σx

)
+ σx

ui−1√
2π

e
−

u2
i−1

2σ2
x

= (σ2
x + x2

q,i)

(
Q
(

ui−1

σx

)
− Q

(
ui

σx

))

+
σx√
2π

(ui−1 − 2xq,i) e
−

u2
i−1

2σ2
x

+
σx√
2π

(2xq,i − ui) e
− u2

i

2σ2
x . (D.9)

D.2 Lloyd–Max Quantizer Reconstruction Values

The optimum reconstruction value xq,i for an input signal x that has a value falling in an

interval Ui = [ui−1, ui) is given by [Max60, Llo82]

xq,i
def
=
∫ ui

ui−1

x
fx (x)

Pr{x ∈ Ui}
dx . (D.10)

In case of a zero-mean real-valued Gaussian input signal x with variance σ2
x , we have

xq,i =
∫ ui

ui−1

x

1√
2πσ2

x

e
− x2

2σ2
x

Fx(ui) − Fx (ui−1)
dx
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=
1

Fx (ui) − Fx(ui−1)

∫ ui

ui−1

x
1√

2πσ2
x

e
− x2

2σ2
x dx ,

let t = x
σx
, then dt = dx

σx
,

=
1

Fx (ui) − Fx(ui−1)

∫ ui
σx

ui−1
σx

tσx

1√
2πσ2

x

e
− (tσx )2

2σ2
x σx dt

=
σx

Φ
(

ui

σx

)
− Φ

(
ui−1

σx

)
∫ ui

σx

ui−1
σx

t
1√
2π

e− t2

2 dt

=
σx

Φ
(

ui

σx

)
− Φ

(
ui−1

σx

)
[

− 1√
2π

e− t2

2

] ui
σx

ui−1
σx

[Owe80]

=
σx

Φ
(

ui

σx

)
− Φ

(
ui−1

σx

)
(

1√
2π

e
−

u2
i−1

2σ2
x − 1√

2π
e

− u2
i

2σ2
x

)

=
σx√
2π

(
e

−
u2

i−1

2σ2
x − e

− u2
i

2σ2
x

)(
Φ
(

ui

σx

)
− Φ

(
ui−1

σx

))−1

. (D.11)

D.3 PDF of Outcome of Quantization Conditioned on Input

The PDF of the complex-valued one-bit-quantized output rq conditioned on the zero-mean

complex-valued Gaussian-distributed input y is required.

The useful signal y is superimposed by zero-mean complex-valued Gaussian noise with

variance σ2
n/2 per I/Q component. The quadrature components of y are uncorrelated. Assum-

ing that the reconstruction value q is the same in the real and imaginary part, four different

outcomes occur

r++
q = +q + j q , for y I ≥ 0 , yQ ≥ 0 , (D.12)

r+−
q = +q − j q , for y I ≥ 0 , yQ < 0 , (D.13)

r−+
q = −q + j q , for y I < 0 , yQ ≥ 0 , (D.14)

and r−−
q = −q − j q , for y I < 0 , yQ < 0 , (D.15)

where y I and yQ denote the in-phase (real) and quadrature (imaginary) part of y, respectively.

The four outcomes occur with probabilities

Pr{r++
q | y} = Pr{r I

q ≥ 0 | y I} Pr{rQ
q ≥ 0 | yQ}

=

(
1 − Q

(
2

y I

σn

))(
1 − Q

(
2

yQ

σn

))
, (D.16)

where, the probability is given by the product of the probabilities of the uncorrelated quadra-
ture components, and in a similar fashion

Pr{r+−
q | y} = Pr{r I

q ≥ 0 | y I} Pr{rQ
q < 0 | yQ}
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=

(
1 − Q

(
2

y I

σn

))
Q

(
2

y I

σn

)
, (D.17)

Pr{r−+
q | y} = Pr{r I

q < 0 | y I} Pr{rQ
q ≥ 0 | yQ}

= Q

(
2

y I

σn

)(
1 − Q

(
2

yQ

σn

))
, (D.18)

and lastly Pr{r−−
q | y} = Pr{r I

q < 0 | y I} Pr{rQ
q < 0 | yQ}

= Q

(
2

y I

σn

)
Q

(
2

yQ

σn

)
. (D.19)

Again, the real and imaginary component of rq are denoted with the superscripts I and Q.

Finally, combining the four different cases, the PDF of rq conditioned on y reads

frq y (rq | y) = δc(rq − q − j q)

(
1 − Q

(
2

y I

σn

))(
1 − Q

(
2

yQ

σn

))

+ δc(rq + q − j q) Q

(
2

y I

σn

)(
1 − Q

(
2

yQ

σn

))

+ δc(rq − q + j q)

(
1 − Q

(
2

y I

σn

))
Q

(
2

yQ

σn

)

+ δc(rq + q + j q) Q

(
2

y I

σn

)
Q

(
2

yQ

σn

)
. (D.20)
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E. Notation

E.1 Abbreviations

Acronym Meaning

ADC analog-to-digital converter

AWGN additive white Gaussian noise

BER bit error rate

BICM bit-interleaved coded modulation

CDF cumulative distribution function

CNP constrained nonlinear programming

CSI channel state information

DE differntial encoder

DEC decoder

DFDD decision-feedback differential detection

DFE decision-feedback equalization

ECB equivalent complex baseband

ENC encoder

FLOP floating-point operation

GA genetic algorithm

GK Golub–Kahan

KGK Krylov–Golub–Kahan

KSSVD Krylov–Schur SVD

LDPC low-density parity check
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Acronym Meaning

LLR log-likelihood ratio

MIMO multiple-input/multiple-output

MF matched filter

ML maximum-likelihood

PAM pulse-ampitude modulation

nDFE noncoherent decision-feedback equalization

PDF probablity density function

PSK phase-shift keying

PSP power-space profile

RF radio frequency

RV random variable

SER symbol error rate

SDR signal-to-distortion ratio

SINR signal-to-interference-plus-noise ratio

SISO single-input/single-output

SNR signal-to-noise ratio

SURV signed URV (U, V: unitary; R: triangular)

SVD singular value decomposition

QA quantization aware

E.2 System Parameters and Symbols

E.2.1 Sets

Symbol Meaning

A pulse-amplitude modulation alphabet

D set of previously-detected users

D̄ set of not-yet-detected users

U set of quantization intervals Ui

Xq set of reconstruction values xq,i

W set of windowing-coeffcient matrices W
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E.2.2 Parameters

Symbol Meaning

da inter-antenna distance

dm,u distance between user u and antenna m

dr,u distance between user u and the base-station

du distance between user u and the antenna array

C horizontal voltage antenna pattern

Gi boresight gain of the antenna

Eb average received energy per bit

Es average received energy per symbol

ℊm QA scaling factor

j iteration step intex

ky ,m optimum linearization scaling factor

Mq number of quantization levels

Nbits,info number of information bits

Nbits,code number of code bits

Nbl number of transmit symbols per block

Nblock number of transmit blocks

Ndet number of previously-detected users

Nest number of training-sequence symbols

Nnotch number of notches (nulls) in the antenna radiation pattern

Nrx number of antennas at the base station

N0 noise power spectral density

Nu number of users

Pm,u power of chan. coeffcient between user u and antenna m

P̂m,u model-based estimate of Pm,u

Pm,u QA power-space profile between user u and antenna m

Pol PSP overlap

Rc code rate

γ path-loss exponent

σ2
n AWGN variance

σ2
nq

quantization noise variance
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Symbol Meaning

T symbol duration

θm,u relative angle between user u and antenna m

θrot rotation angle

ζ relative path-loss parameter

ζw windowing paramter

E.2.3 Scalars

Symbol Meaning

a information symbol

ā hypothesis symbol

â information symbol estimate

b differntially-encoded symbol

b̂ detected symbol

h channel coefficient

h QA equivalent channel coefficient

n additive noise sample

nq quantization noise

nq QA equivalent noise

wm,u weighting coefficient of user u for antenna m

l log-likelihood ratio

r received symbol

rq quantized receved symbol

rq QA equivalent received symbol

ρtol KSSVD tolerance value

z correlation coefficient

z̄ candidate symbol

c encoded binary symbol

i binary information symbol

q differntially-encoded binary symbol
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E.2.4 Vectors

Symbol Meaning

a row vector of Nbl − 1 data symbols

â row vector of Nbl − 1 estimated symbols

b row vector of Nbl transmit symbols

b̂ row vector of Nbl detected symbols

d row vector of Nbl − Nest training sequence symbols

ε indicator vector

h column vector of Nrx channel coefficients

h QA column vector of Nrx equivalent channel coefficients

l vector of log-likelihood ratios

n column vector of noise samples over the antennas

r column vector of received symbols over the antennas

ρ GK bi-diagonalization residual vector

s row vector of Nest training sequence symbols

y column vector of noise-free received symbols

z̄ vector of candidate symbols

c row vector of code bits

i row vector of information bits

î row vector of estimated information bits

q row vector of differntially-encoded bits

E.2.5 Matrices

Symbol Meaning

B Nu × Nbl noise-free trasmit symbols matrix

D Nu × (Nbl − Nest) data symbols matrix

H Nrx × Nu matrix of channel coeffients

Ĥ Nrx × Nu matrix of channel coeffients estimates

I identity matrix

M scaled precision matrix

N Nrx × Nbl noise samples matrix
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Symbol Meaning

NS Nrx × Nbl noise samples matrix

Nq Nrx × Nbl QA equivalent noise samples matrix

R Nrx × Nbl receive symbols matrix

Ř Nrx × Nbl subspace-domain receive matrix

R Nbl × (Nu + Ndet) equiv. subspace-domain receive matrix

Rq Nrx × Nbl QA equivalent receive matrix

Ψ augmented filtering matrix

S Nu × Nest training sequence symbols matrix

Σ Nrx × Nbl diagonal matrix of singular values

Σ̌ Nu × Nu truncated singular values matrix

Σ bi-variate distribution covariance matrix

T Nrx × Nrx truncation matrix

U Nrx × Nrx unitary matrix

Ǔ Nrx × Nu truncated subspace matrix

V Nbl × Nbl unitary matrix

V̌ Nbl × Nu truncated subspace domain matrix

V Nu × Nbl subspace-domain equivalent receive matrix

W Nrx × Nrx diagonal weighting coefficients matrix

W subspace-domain filterning matrix

Y Nu × Nbl matrix of noise-free receive symbols

Z Nbl × Nbl correlation-coefficients matrix

Ž Nbl × Nbl subspace-based correlation-coefficients matrix
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