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Abstract

Multiple-Input Multiple-Output (MIMO) radars constitute a proven approach
to realize cost-efficient high-precision environment sensing solutions. Its vari-
ant with widely distributed antennas benefits from spatial diversity, offering
a large field of view and avoiding ghost targets. Until recently, operation of
such a MIMO radar required the distribution of a common high-frequency car-
rier signal or other elaborate synchronization solutions. This work introduces
a system concept and prototypical realization of an incoherent MIMO radar
network based on integrated radar sensors without wired high-frequency links.
The network simultaneously performs monostatic and bistatic measurements
between all pairs of sensor nodes, using independently generated Frequency-
Modulated Continuous-Wave (FMCW)-modulated transmit signals with fixed
frequency offsets.
In addition to optimum parametrization of the network, the complete signal

processing chain for the operation of this network is presented. First, co-
herency is established by estimating the unknown time, frequency, and phase
offsets, yielding high-precision range and speed measurements. Subsequently,
these estimates are used to distinguish the contour of targets or estimate their
position using multilateration algorithms. The latter include bistatic measure-
ments of both range and speed, which is shown to improve the precision of
target position estimates by a factor of 10 with the used system parameters.
The performance limits of this approach considering random and systematic
nonidealities are determined by deducing them from fundamental stochastic
processes. They are verified with a newly introduced computationally efficient
simulation which regards the correlation in the stochastic processes. This re-
veals strict requirements for the purity of the independently synthesized signals
to allow bistatic measurements.
The prototypical realization of the network with three sensor nodes using

integrated radar transceivers operating at 122 GHz proves the feasibility of
the approach. With chirp sequences of 30 ramps of 1 ms length and 1 GHz
bandwidth, unambiguous range precisions of < 1 mm are achieved using a small
metal panel at 1 m distance. The reconstructed phases exhibit a precision of
< 0.1 rad, allowing ambiguous range precisions of < 10µm and speed precisions
of < 1 mm/s. The attainable high precision and comparatively low realization
effort make the proposed network approach a favorable design for a wide range
of applications.
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1. Introduction

1.1. Motivation

The expanding deployment of automated and autonomous systems is a global
megatrend, aiming to increase productivity and safety in our lives [Haj15,
pp. 153]. For instance, reducing the number of fatalities is the main ratio-
nale in the development of automated driving, since road traffic represents the
8th leading cause of death for people of all ages with 1.35 million fatalities
worldwide in 2016 [Who] and statistics in different developed countries show
that these are caused in more than 70% by human errors [Crs; Com17]. Further
applications of autonomous systems comprise different kinds of robotics, which
are used in households, medical or industrial applications. In these fields, pro-
ductivity and efficiency are increased by the reduction of the need for human
interaction.

In order to move and fulfill tasks independently, these systems require sen-
sors to perceive their environment and to apply algorithms known as Simulta-
neous Localization and Mapping (SLAM). In addition to cameras, ultrasonic,
Radio Detection and Ranging (RADAR), and Light Detection and Ranging
(LIDAR) sensors are different commonly employed technologies to detect and
locate objects in the surrounding, each with distinct advantages and weaknesses
[Ros+19]. Among these, radar possesses unique features in terms of simulta-
neous range and speed measurements over a large field of view within a short
measurement time. Its larger wavelength compared to lidar and cameras makes
it more robust against environmental conditions such as dust and fog and fa-
cilitates covert integration, e.g. behind a plastic bumper. Its capability to
measure the speed directly based on the Doppler effect facilitates determining
the own speed over ground, separating different objects, and anticipating their
future movement. On the contrary, lidar surpasses radar in terms of angular
separability and accuracy, i.e. the ability to exactly determine the Direction of
Arrival (DoA). Finally, the simple mechanical structure of today’s automotive
radars without moving parts implies a cost advantage, which is only surpassed
by ultrasonic sensors but without the aforementioned benefits of radars.

1



1. Introduction

1.1.1. Trends in Radar Applications and Technology

A further decrease in cost of radar sensors can be expected from the current de-
velopment of large-volume applications [Eva+14], such as motion detectors and
contactless Human-Machine Interfaces (HMIs) [Ska+19]. These applications
have reduced performance demands regarding the maximum detectable range
and further parameters. Particularly, the high-volume applications may use
sensors without DoA estimation capability, as compactness, power efficiency,
and cost are of higher importance.
At the same time, new semiconductor technologies allow an increasing degree

of integration for radar sensors. State of the art for automotive applications are
transceiver chips with integrated voltage-controlled oscillators, mixers, couplers
and Radio Frequency (RF) amplifiers for operating frequencies of 76–81GHz,
whereas recent designs even integrate the waveform generation into a single
chip [Par+15; Vov+18]. Typically, these designs are manufactured in Comple-
mentary Metal-Oxide Semiconductor (CMOS) or Bipolar CMOS (BiCMOS)
technologies. For consumer applications, the Industrial, Scientific and Medi-
cal (Band) (ISM) bands at 122–123GHz and 244–246GHz provide even more
opportunities for high integration and are accessible with current BiCMOS fab-
rication processes, providing maximum oscillating frequencies fmax ≈ 300 GHz.
The smaller wavelength facilitates the integration of antennas into the package
[Deb+12; Gir+14]. This not only makes the sensors smaller, but also avoids the
necessity of conducting 100-GHz signals on the Printed Circuit Board (PCB),
which would require special PCB laminates. The combination of these new
technologies with the scaling effect of consumer applications with high quanti-
ties enables very low cost radar sensors.

1.1.2. Radar Networks for Environment Perception

One downside of the integrated approach is the small antenna area, which
results in low gain and limited operating range of the sensor. In practice,
the number of independent antenna channels is limited to two, allowing no
or only weak DoA estimation and making single low-cost sensors unsuitable
for environment perception for autonomous systems. This limitation can be
overcome by a network of several sensors, which constitutes a cost-efficient
alternative to higher-performance radars with improved DoA estimation. With
proper arrangement of sensors on the body of the system, e.g. distributing the
sensors on the bumper of the surface of a robot, the field of view is increased
and target positions can be estimated exploiting several measurements from
different angles.

An intuitive approach is to operate all sensor nodes individually and to com-
bine the detections and measured ranges, which is commonly referred to as (in-

2



1.2. Objective

dependent) multistatic radar [LS08, p. 365]. However, more information may
be gained, if the sensor nodes are operated in a cooperative manner and target
echoes of the signal from each node are also received and processed at all other
nodes. Such a network may be regarded as a Multiple-Input Multiple-Output
(MIMO) radar with distributed transmitters and receivers. Compared to in-
dependently operated multistatic radar, it offers improved detection and esti-
mation performance [LS08, p. 383]. Compared to MIMO radar with colocated
antennas, it benefits from increased spatial diversity [HBC08] and potentially
larger field of view, due to the deployment of several sensors.
Consequently, techniques to deploy widely distributed MIMO radar networks

in a cost-effective manner are key enabler for a new class of widely applica-
ble scalable radar sensor solutions. Especially the cooperative combination of
several integrated radar sensors appears to be a promising approach for the
realization of such a network.

1.2. Objective

The three main goals of this work are to develop a concept to operate a network
of incoherent radar sensor nodes, to derive theoretical models to determine the
expected measurement precision, and to realize a prototype of the network as
proof of concept. The primary objective is to develop and analyze a scalable
radar system architecture, which allows both monostatic and bistatic measure-
ments to optimally exploit the spatial diversity in a network of several sensors
with known and fixed relative positions. Aim of this network is to detect tar-
gets and to determine their relative position and vectorial velocity. For this
purpose, the detections, range and speed measurements from all sensor nodes
shall be combined. In addition to the hardware setup and operation principle,
the system concept shall include suitable digital signal-processing techniques.
For this system concept, the relevant disturbances that limit the attain-

able precision of measurements shall be identified. These disturbances or non-
idealities determine the challenges that have to be addressed for a successful
realization. Their impact on range and speed precision shall be quantified.
Also, the influence of freely selectable parameters needs to be shown, which
allows finding optimum parametrizations for these degrees of freedom. Simu-
lations and measurements shall verify the developed theoretical models.
Ultimately, a prototype of the network shall be realized. This implies deriving

requirements for the critical non-idealities and finding approaches to satisfy
them. Methods to assess the performance have to be applied and possibly
developed where they are not available yet. Finally, measurements with the
built network in different scenarios shall substantiate the suggested advantages
of the concept.

3



1. Introduction

1.2.1. Scope of this Work

The network concept shall allow a cost-efficient realization for the targeted
automotive and consumer applications. Therefore, it may not rely on wired
high-frequency links between the sensor nodes, due to the high effort for reliable
high-frequency connections including cables and qualified connectors. Instead,
the signal synthesis of each node shall be independent in the RF domain. Only
digital links between the nodes and the processing unit are allowed to transfer
the digitized narrow-band signals, as illustrated in Figure 1.1. This leads to
phase-incoherent RF signals in the sensor nodes.

Node 1 Node 2 Node Ntrx

Central
Processing Unit

Digital Link

Target kNode 1 TX
Node 2 TX
Node Ntrx TX

Figure 1.1.: Cooperative Radar Sensor Network Setup

Since both monostatic and bistatic measurements shall still be possible, the
approach is categorized as MIMO radar network with phase-incoherent sen-
sor nodes. The proposed implementation is referred to as Cooperative Radar
Network (CRN). It uses simple radar nodes, for instance without individual
direction-of-arrival estimation capabilities, which is instead realized on net-
work level. The development of signal processing algorithms is confined to the
processing of single snapshots, i.e. individual measurements of range and speed
to determine the position and velocity of detected objects. It excludes tracking
algorithms to follow and predict object movements.
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1.3. Related Work

1.2.2. Addressed Challenges
The defined constraints make implementations of cooperative MIMO radar
networks ambitious for three reasons. First, a technique for synchronization
between the nodes is required to allow its mutual operation. For instance, using
pulsed radar, the time differences between the points of pulse transmission of
the different nodes must be exactly known, as it highly affects the measured
bistatic ranges. This requirement originates from the high propagation velocity
of electromagnetic waves, making synchronization elaborate compared to e.g.
ultrasonic sensors, for which synchronization is significantly simpler due to the
comparatively low sonic propagation velocity. Notwithstanding, the synchro-
nization should not eliminate the low-cost advantage of the network, which
prohibits known solutions such as atomic clocks and global navigation satellite
system (GNSS-) based time references.
Second, suitable algorithms have to be developed to gain and optimally

exploit the attained bistatic measurements, in addition to established tech-
niques for monostatic measurements. Gaining bistatic measurements requires
a scheme to extract the range and speed information of the different bistatic
paths from the mixture of received signals at each nodes, as well as methods to
process them. Exploiting these measurements implies further signal processing
steps, which take these information into account to determine the positions
and velocities of objects, in addition to obtained monostatic range and speed
measurements.
Third, the mutual reception and processing, involving correlation of inde-

pendently generated waveforms, sets high requirements on the signal purity.
Particularly, phase noise is already known to constrain the achievable accura-
cies in cooperative radar sensors [Feg+12b]. Therefore, this work shall include
an analysis of random and deterministic disturbances of the phase within the
signal synthesizer. To determine these requirements, appropriate models to
describe the impact of non-idealities need to be developed. Since the derived
requirements on signal purity turn out to be demanding, a synthesizer archi-
tecture that meets these requirements is presented.

1.3. Related Work

Several previous works have addressed the concept or realization of radar net-
works for near-range applications. In [Klo02], an automotive short-range net-
work based on pulse modulation is presented. The individual sensors are oper-
ated independently and only monostatic range information is acquired. Using
a multilateration technique, the range measurements from several sensor nodes
are combined to find a target position estimate. Neither speed measurements
nor bistatic range measurements are incorporated in this step.

5



1. Introduction

In the RadarNet project [Sla+04], a multifunctional radar network for au-
tomotive safety and driver-assistance functions has been realized. It com-
prised four Frequency-Modulated Continuous Wave (FMCW)-modulated sen-
sor nodes, which are operated independently as monostatic radars to obtain
range and speed measurements. These measurements were combined in a multi-
lateration algorithm to find a target position and velocity estimate. In contrast
to the approach in [Klo02], it also regarded monostatic speed measurements
and integrated the multilateration into the target tracking algorithm. Bistatic
range or speed measurements have not been obtained.

In [Kon+14], Kong et al. presented an approach that allows bistatic range
measurements based on pulsed Ultra-Wideband (UWB) radar nodes. It per-
forms precise estimation of timing differences between the sensor nodes by
exploiting both bistatic propagation directions. A multilateration algorithm
incorporating the bistatic measurements is not presented, but it is shown us-
ing scene plots with monostatic range circles and bistatic range ellipses that
the additional bistatic measurements diminish the erroneous detection of ghost
targets in multi-target scenarios. However, the presented method did not in-
corporate monostatic or bistatic speed measurements. Furthermore, it is not
directly applicable for more than two sensor nodes and the high peak-to-average
power ratio of pulsed operation is unfavorable for integrated radar sensors.

A different approach for cooperative operation of two radar sensors has been
presented in [Feg+12a; Feg+13]. Here, the nodes operate with FMCW mod-
ulation and a small frequency offset to measure the range between them. Re-
cently, this concept was extended by phase-based evaluation in [Got+19]. In
[Feg+12b], the cooperative approach is extended to range measurements of
passive targets. It was intended to form a coherent MIMO radar by establish-
ing phase coherency in the digital domain, albeit the measured uncertainty of
phase estimates was shown to be too large for high-accuracy DoA estimation.
The signal processing method in [Feg+12b] is not directly applicable to more
than two sensor nodes and only range information has been obtained. Nev-
ertheless, the demonstrated modulation approach is most promising to build
a radar network of several integrated sensors. Fundamentally, a cooperative
secondary radar represents a special case of radar network with only one pair
of nodes and a single target.1 The solutions provided by CRNs are therefore
transferable to distance measurements between active nodes.

An alternative concept to the cooperative principle is the realization of sec-
ondary radar measurements using repeater tags. A concept based on FMCW
modulation to measure the distance between nodes has been presented in
[Str+13]. Recently, the usage of repeater tags has been extended to (passive)

1In the CRN signal model (see Section 2.4), it represents a forward scattering target at
an arbitrary position on the line of sight between the nodes.

6



1.4. Structure of the Thesis

target measurements and phase evaluation in [Mei+19]. A principal disadvan-
tage compared to CRNs is the smaller number of total possible measurements,
since neither monostatic measurements from the tag position nor bistatic mea-
surements between tags are possible. On the other hand, it facilitates phase-
coherent operation, since it avoids independent ramp generation for bistatic
measurements. Such phase-coherency has not yet been shown for low-cost
MIMO networks.
In summary, several approaches to realize MIMO radar networks have al-

ready been taken.2 Still, an inclusion of bistatic measurements in a cost-efficient
MIMO radar network setup has not been achieved. The known realized solu-
tions either rely on only monostatic measurements, or require excessive effort
for synchronization, or are not scalable to an arbitrary number of sensor nodes.
The proposed and realized cooperative radar network of this work, which relies
on the cooperative secondary radar principle, is the first proven approach to
address all of these aspects. Moreover, methods for phase-coherent operation
can be applied, allowing high-precision measurements of range and speed.

1.4. Structure of the Thesis

1.4.1. Used Nomenclature
Throughout this work, it is systematically differentiated between vectorial and
scalar quantities. In terms of distances, the vectorial quantity is referred to as
“displacement” or “position” relative to the fixed node position and its mag-
nitude is called “range”. Referred to velocity, the vectorial quantity is referred
to as “velocity” and its magnitude is called “speed”. This distinction becomes
particularly important for the position and velocity estimation of targets using
measured ranges and speeds in Section 3.5.
There are different terms for the assessment of the exactitude of radar mea-

surements, which are partly ambiguous. In the following, it is referred to the
definition in [RHS10] to distinguish between resolution, precision and accu-
racy. Accordingly, the term “resolution” is used to refer to the separability, i.e.
the capability to resolve two radar targets with the given spacing. The term
“precision” is used to refer to the reproducibility of measurement values under
unchanged conditions, quantified by their standard deviation. “Accuracy” is
used to characterize systematic measurement errors, i.e. the mean deviation of
measured values of a quantity from its actual value.
Additionally, several denotations are introduced for brevity in mathemati-

cal denotations. These are defined in Section A.1 of the appendix. Lists of
acronyms and symbols used in this work are given at the end of this work.

2A broader overview on state-of-the-art radar topologies and their categorization is pre-
sented in Section 2.2.
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1. Introduction

1.4.2. Outline

The system setup and signal model of a cooperative incoherent radar net-
work based on FMCW modulation are depicted in Chapter 2. By comparison
with existing topologies, the new approach can be classified as incoherent dis-
tributed MIMO radar network based on Frequency-Division Multiplex (FDM).
The idealized model describes the dependency of frequencies and phases in the
received signal on the relative target position and speed. It is further shown
how frequency parameters are set in an optimal manner to exploit the available
spectrum most efficiently. This detailed description of the network reveals its
opportunities as well as the challenges regarding required new signal processing
techniques and treating the inherent impairments of signal synthesis.
The signal processing methods to detect targets and to determine their po-

sition and velocity are addressed in Chapter 3. Existing methods for monos-
tatic radar measurements to determine target range and speed are extended to
bistatic measurements, which implies estimating offset frequencies arising from
unknown synchronization offsets. A method to optimally exploit the available
information about these offsets is introduced. In a second step, the monostatic
and bistatic measured ranges and speeds must be combined into an estimate
for target position and velocity. For this, two variants are presented, of which
one relies only on range measurements to determine the target position and
another variant that additionally relies on speeds. It is shown that the latter
variant is advantageous regarding the attainable precision.

The most relevant impairments in the proposed cooperative radar networks
topology, which limit the achievable performance, are examined in Chapter 4.
In addition to Added White Gaussian Noise (AWGN), the impacts of random
and deterministic jitter, characterized by phase noise and non-linearities of the
ramp, are determined based on stringent mathematical derivations. Particu-
larly for phase noise, it is demonstrated that existing models do not appropri-
ately describe the properties of the underlying random process characterizing
the phase fluctuations. In contrast, the presented model examines the proper-
ties of the fundamental stochastic process to deduce its impact on range and
speed precisions, taking the applied signal processing methods into account.
A simulation environment is used to verify the theoretical models, considering
AWGN, phase noise, and deterministic jitter as well as the introduced signal
processing techniques. From the modeled impact, requirements for the signal
synthesis can be derived. Furthermore, measurement techniques are presented
to quantify these fluctuations in synthesizers and to determine their impact on
radar network measurements as verification of the previous simulations.

In order to prove the feasibility of the whole concept, a prototype based on
integrated transceivers has been built, which is described in Chapter 5. The
derived requirements from examining non-idealities turn out to be demand-
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ing, requiring a detailed analysis of noise processes in synthesizers to meet
these requirements. Subsequently, a suitable architecture is presented, based
on a combination of a Phase-locked Loop (PLL) and Direct Digital Synthe-
sizer (DDS). Radar nodes based on this architecture are realized and assessed
using the introduced method from Chapter 4. This reveals the outstanding
performance of the synthesizer, also compared to published designs aiming at
excellent signal purity.
Ultimately, a radar network consisting of three nodes is set up and used

to acquire measurements in specific radar scenes. The attained results are
summarized in Chapter 6. Together with the simulations in Chapter 4, these
evaluations reveal the potential of the network approach and prove the ap-
plicability of developed signal processing methods. Chapter 7 concludes this
work.
Each of the chapters 2–5 starts with an introduction into the fundamentals,

which are the basis for the respective following deductions. In particular, the
Sections 2.1 and 2.2 treat basic principles of radars and the known concepts
to operate several transmitters and receivers in a network. Section 3.1 ex-
plains established signal processing techniques which are commonly applied to
monostatic radars. Section 4.1 introduces essential existing models of noise
and phase noise as well as their effects on frequency estimation. Section 5.1
covers PLLs and DDS as basic principles for signal synthesis. Apart from these
mentioned sections, the main part of this thesis (Chapters 1–7) is based on own
deliberations and depict the theoretical and practical work of the dissertation.
Supplementing the main part, essential mathematical background is summa-

rized as part of the appendix. Following to the definition of used denotations
in Section A.1, Section A.2 introduces the concept of parameter estimation and
presents algorithms to solve the underlying overdetermined equation systems.
It contributes to the conciseness of Chapter 3 since it confines the explanations
of signal-processing methods to setting up the respective equations systems.
Similarly, the fundamentals of stochastic processes are presented in Section A.3.
They provide the basis for the phase-noise model and the deduction of its im-
pact on the precision of measurements in Chapter 4. Additionally, models in
literature for the impact of phase noise on radar have been reviewed in Sec-
tion A.4 of the appendix to emphasize existing deficiencies and motivate new
derivations. The following Sections A.5 and A.6 contain derivations of used
quantities and exemplifications, e.g. of matrices in short-form notation used in
the main part.
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2. Cooperative MIMO Radar Network

Aim of environment sensing radars is to detect targets (i.e. objects of inter-
est for a specific application) and to determine their location and velocity.
The fundamental principle is based on time-of-flight and Doppler shift mea-
surements using modulated electromagnetic waves to obtain range and speed
information, as explained in Section 2.1, where the signal model for monos-
tatic radar is introduced. In order to determine the direction to a target, this
principle needs to be extended to several measurement positions, i.e. several
antennas, which are either arranged locally (monostatic) or distributed over a
larger area (multistatic) using several radar sensors. These different topolo-
gies are treated in Section 2.2. It is known from previous work that the wider
multistatic distribution provides advantages in terms of higher detection and
localization robustness, but implies higher effort for synchronization. Thus,
these topologies are widely used in large-scale (e.g. military) applications but
have not yet been applied to more cost-sensitive domains.

Incoherent CRNs are a new topology being proposed in this thesis to make
the advantages of distributed radar networks available to automotive and con-
sumer applications. Section 2.3 introduces their system concept, which provides
means to enable bistatic measurements between independently operated sensor
nodes without tight synchronization requirements. Instead, the resulting signal
model presented in Section 2.4 entails unknown offset and disturbance terms
due to the intentionally missing common clock source. Furthermore, it induces
additional system design parameters. Particularly, the deliberately chosen off-
set frequencies provide an additional degree of freedom, for which constraints
are set and optimum conditions are derived in Section 2.5.

The resulting opportunities and challenges of this approach are summarized
in Section 2.6. Especially the detection robustness in multi-target scenarios
benefits from the provided spatial diversity. On the other hand, the unknown
quantities in the signal model and the remaining disturbances need to be ad-
dressed, which are subjects of the further chapters. Signal processing tech-
niques based on the introduced signal model are treated in Chapter 3. The
impact of deterministic and non-deterministic non-idealities on the achievable
performance is then examined in Chapter 4.
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2. Cooperative MIMO Radar Network

2.1. Radar Fundamentals

2.1.1. Radar Principle
A monostatic radar sensor n estimates the range to the k-th target based on
the travel time τn,k,n = t

(Rx)
n,k −t

(Tx)
n,k of an electromagnetic wave from the sensor

n to the target and back to the sensor, where t(Tx)
n,k and t(Rx)

n,k denote the time of
transmission and reception, respectively. For a static target, the two-way range
rn,k,n = 2rn,k from the transmitter to the target and further to the receiver
can be calculated as (2.1) with the speed of light c0.

rn,k,n = c0 · τn,k,n (2.1)

For a moving target, the range rn,k is a function of its initial range r(0)
n,k at

time t = 0, the radial speed sn,k of the target k relative to the sensor n, and
the time t, according to (2.2).

rn,k(t) = r
(0)
n,k + sn,k · t (2.2)

Using the derivation in the appendix in Section A.5.1 based on the space-time
diagram in Figure A.1, the time-of-flight from the receiver’s point of view, i.e.
τn,k,n(t) at t = t

(Rx)
n,k , can be calculated as (2.3).

τn,k,n(t) ≈ 2 · r0

c0
+ 2 · sn,k

c0
t (2.3)

In addition to this time shift, the signal is attenuated during the propagation
from the transmitter to the target and further to the receiver. If the target is
in the far field of the antenna, i.e. for its range rn,k holds

rn,k ≥ 2L
2
a

λ
(2.4)

with La representing the largest extent of the antenna, the distribution of
the radiated power PTx,n can be derived geometrically [All63, p. 3]. In the
theoretical case of isotropic antennas, the radiated power is distributed evenly
on a spherical shell with a radius rn,k, when it impinges on the target at
position pk. Considering the gain GTx of the transmit antenna and assuming
an illuminated target area of σk, called Radar Cross Section (RCS), the power
impinging on the target is

Ptar,k = PTx,nGTxσk
4πr2

n,k

. (2.5)
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By the definition of the RCS σk, this power is assumed to be reflected in all
directions equally, again distributing it on a sphere with radius rn,k, before it
impinges on the receive antenna with an effective area of Aeff . The product of
these variables constitutes the received power PRx,n according to

PRx,n = PTx,nGTxσkAeff

(4π)2r4
n,k

= λ2PTx,nGTxGRxσk
(4π)3r4

n,k

, (2.6)

using [Kra88, p. 31]

GRx = 4πAefff
2
0

c20
= 4πAeff

λ2 , (2.7)

with the RF frequency f0.
For a metal sphere which is large compared to the wavelength λ, σk is iden-

tical to its projected area [Sko08, p. 14.1]. Other target objects may have
considerably higher or lower RCS compared to their projected area, depend-
ing on their reflection properties. From the ratio of transmitted and received
power, the total attenuation an,k,n from sensor n to target k back to sensor n
is calculated as

an,k,n = PRx,n

PTx,n
= λ2GTxGRxσk

(4π)3r4
n,k

. (2.8)

Setting PRx,m to the minimum detectable power and solving for the range,
yields the fundamental radar equation, which sets a bound on the maximum
detectable target range r(max)

n,k [Sko01, p. 6].1 This fundamental form of the
radar equation may be expanded according to (2.9) to account for the band-
width fbw,rx, the system noise factor Fs, and the minimum Signal-to-Noise
Ratio (SNR) η(Rx)

min of the receiver [Sko01, p. 34].(
r

(max)
n,k

)4
= λ2PTx,nGTxGRxσk

(4π)3kBT0Fsfbw,rxη
(Rx)
min

(2.9)

Here, kB denotes the Boltzmann constant and T0 the standard room tempera-
ture (290 K).

2.1.2. Monostatic Signal Model
Continuous Wave Signal Model

Using the time-delay and attenuation defined in (2.3) and (2.8), respectively,
the voltage-referred relationship between the received signal u(Rx)

n,k,n and the
1Note that for surveillance radars, which constantly rotate in order to scan the entire
surrounding area, the maximum detectable range is commonly considered to be inde-
pendent from the transmit antenna gain [Kul13, p. 17].
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transmitted signal u(Tx)
n (t) is given by

u
(Rx)
n,k,n(t) = √an,k,n · u(Tx)

n (t− τn,k,n). (2.10)

If a continuous sine-wave with frequency fn is used as transmit signal, i.e.
written as analytic signal

u(Tx)
n = exp(j2πfnt), (2.11)

the operation mode is called Continuous Wave (CW) radar [Mei08, p. 408]. In
this case, the received signal is given by (2.13), where the received frequency
is shifted by the Doppler frequency f (D)

n,k due to the speed sn,k and the phase
is shifted by φ(R)

n,k due to the range rn,k.

u
(Rx)
n,k,n(t) = √an,k,n · exp

(
j2πfn(t− 2rn,k

c0
− 2sn,k

c0
t)
)

(2.12)

= √an,k,n · exp
(
j2π
(
fn−

2sn,k
c0

fn︸ ︷︷ ︸
f

(D)
n,k

)
t+ j

(
−4πfnrn,k

c0︸ ︷︷ ︸
φ

(R)
n,k

))
(2.13)

In consequence of the linear dependency between f (D)
n,k and sn,k, the received

signal u(Rx)
n,k,n(t) contains unambiguous speed information. In contrast, the range

reflected in the phase is ambiguous due to phase wrapping. Also, the attenua-
tion √an,k,n is not a reliable range indicator, as it also depends on fading and
unknown RCS variations [Mei08, p. 205]. Thus, the unmodulated CW radar is
only capable of measuring speeds, while for range measurements modulation of
the transmit signal is necessary.

Modulation Schemes

Different modulation schemes exist to provide range and speed measurements,
including CW pulses, linear FMCW, digital waveforms such as phase-coded
[Cur05] or Orthogonal Frequency Division Multiplex (OFDM) [Stu12], and
different pseudo-noise waveforms [Kul13, pp. 45]. One key aspect for the choice
of the waveform is the transmitter topology. While different signal sources
for radar synthesizers exist, only solid-state transistor amplifiers are suitable
for automotive and consumer applications, due to their low operating voltages
and high efficiencies [Sko01, p. 691]. Additionally, their small size allows the
integration on semiconductor level.

An efficient operation of these signal sources requires high duty cycles, which
are provided by long pulses with pulse compression techniques [Sko01, p. 691].
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Phase-coded, OFDM, and pseudo-noise waveforms can fulfill the pulse stretch-
ing requirements, but require comparatively complex transceiver structures
[Kul13, p. 51]. FMCW is another technique for pulse stretching on transmission
and pulse compression on receiver side [Mei08, p. 301]. Since FMCW and sim-
ilar modulations, such as fast chirps, imply modest effort for signal synthesis,
they currently predominate other techniques for the considered applications
[Has+12; LWC13; Sho+17].
Consider a linear frequency ramp with time-dependent instantaneous fre-

quency [Boa92] f (Tx)
n (t) according to (2.15) with the ramp slope

kr = fmod

Tmod
, (2.14)

the modulation bandwidth fmod, and the modulation time or pulse length
Tmod. The FMCW-modulated transmit signal can be calculated from this by
integration of the frequency into phase, as shown in (2.16), cf. [Ric05, pp. 188].

f (Tx)
n (t) = fn + krt , 0 ≤ t ≤ Tmod (2.15)

u(Tx)
n (t) = exp

(
j2π

∫
f (Tx)
n (t) dt

)
= exp

(
j
(
πkrt

2 + 2πfnt+ θ0,n
))

(2.16)

Here, θ0,n denotes the starting phase of u(Tx)
n (t) for t = 0. Plugging this

transmit signal into (2.10) yields the FMCW received signal according to (2.17).
Figure 2.1 depicts the instantaneous frequencies of the transmitted and received
FMCW-modulated signals.

u
(Rx)
n,k,n(t) = √an,k,n · exp

(
j
(
πkr(t− τn,k,n)2 + 2πfn(t− τn,k,n) + θ0,n

))
(2.17)

Monostatic FMCW Received Signal

Figure 2.2 depicts a simple system setup of a monostatic radar. It is composed
of a signal synthesizer, waveguide or transmission line systems, an antenna or
separate transmit/receive antennas, a diplexer or directional coupler for trans-
mit/receive signal separation, a detector with matched filter (for FMCW signals
realized as mixer), an analog-to-digital converter, and a signal processing unit
[Mei08, pp. 8]. The mixer in Figure 2.2 may either represent a complex (I/Q)
mixer or be realized as double-sideband mixer, in which case the subsequent
lowpass filter suppresses the unwanted upper mixing product.
By mixing with the transmit signal, the received signal is converted to base-

band, i.e. zero Intermediate Frequency (IF), yielding u(IF)
n,k,n(t) with τn,k,n ≤
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t

f
(tx)
n (t)

f

f
(if)
n,k,n

τn,k,n

f
(rx)
n (t)

Tmod0

fn

fn + fmod

Figure 2.1.: Instantaneous frequencies of transmitted and received FMCW sig-
nals

t ≤ Tmod, according to (2.19), which can be rewritten as frequency fn,k,n, phase
θn,k,n and nuisance εn,k,n terms according to (2.20)–(2.23).

u
(IF)
n,k,n(t) = u

(Rx)
n,k,n(t) · u(Tx) ∗

n (t) (2.18)

= √an,k,n · exp
(
j
(
2πkrτn,k,n · t− πkrτ

2
n,k,n + 2πfnτn,k,n

))
(2.19)

= √an,k,n · exp (j (2πfn,k,nt+ θn,k,n + εn,k,n)) (2.20)

ADC

Synthesizer
Transmit

Receive
Splitter

Filter

Target

Proc.

Figure 2.2.: Monostatic radar setup with separate transmit/receive antennas
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fn,k,n = 2kr
r

(0)
n,k

c0︸ ︷︷ ︸
f

(R)
n,k

+ 2fn
sn,k
c0︸ ︷︷ ︸

f
(D)
n,k

− 4kr
r

(0)
n,ksn,k

c20︸ ︷︷ ︸
≈0

(2.21)

θn,k,n = 4πfn
r

(0)
n,k

c0︸ ︷︷ ︸
φ

(R)
n,k

− 4πkr

(
r

(0)
n,k

)2

c20︸ ︷︷ ︸
≈0

(2.22)

εn,k,n = 4πkr
sn,k
c0

t2 − 4πkr
s2
n,k

c20
t2 ≈ 0 (2.23)

Accordingly, the frequency fn,k,n is mainly composed of a range-dependent
frequency f (R)

n,k and a Doppler frequency f (D)
n,k , while the constant part of the

phase θn,k,n is mainly determined by a range-dependent phase shift φ(R)
n,k. By

writing the first term of εn,k,n as 2(krt) sn,kc t, it can be interpreted as the
Doppler shift due to the instantaneous modulation frequency. The narrowband
assumption implies that krTmod = fbw,mod � fn, so that this time-dependent
Doppler shift is small compared to f (D)

n,k . The second term of εn,k,n is always
small, due to sn,k � c0.
For K targets, the total received IF signal u(IF)

n (t) is a superposition of the
individual target responses u(IF)

n,k,n(t).

u(IF)
n (t) =

K∑
k=1

u
(IF)
n,k,n(t) (2.24)

=
K∑
k=1

√
an,k,n exp

(
j2πkrτn,k,n · t− jπkrτ

2
n,k,n + j2πfnτn,k,n

)
(2.25)

Reversely, the range and relative speed of targets may be estimated from the
received signal, exploiting the relationships defined by (2.20)–(2.25). This is
achieved using the signal processing methods presented in Section 3.1.1.

2.2. Known Radar Topologies with Multiple Antennas

In addition to the range and speed, the direction of a target may be determined
using several transmit or receive antennas. Depending on their composition,
several radar topologies can be differentiated, as depicted in Figure 2.3. In the
following, these are categorized to classify the CRN. Multistatic radar refers to
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Radar Topologies

Single
Tx antenna

Colocated
Rx antennas

Colocated
SIMO

Separated
Rx antennas

Multistatic
(SIMO)

Colocated
Tx antennas

Colocated
Rx antennas

Phased
arrays

Colocated
MIMO

Separated
Rx antennas

Multistatic

Separated
Tx antennas

Multistatic

Figure 2.3.: Categorization of radar concepts with multiple antennas

configurations with separated transmitters and/or receivers and are addressed
in Section 2.2.2. The concepts with colocated receive antennas (arrays) exploit
the phase differences between the array elements for DoA estimation and shall
be introduced first.

2.2.1. Topologies with Colocated Antennas

If the radiating source is in the far field of the array, the impinging wave can
be regarded as planar, implying a constant phase front perpendicular to the
propagation direction. In the ordinary case of a Uniform Linear Array (ULA),
the antenna elements may be assumed to lie on the z-axis2 (w.l.o.g.) and their
spacing is determined by a constant da. This is depicted in Figure 2.4.

A plane wave impinging from angle θ(t)
k on the array leads to a phase shift

in the received signal on the n-th antenna element according to (2.26) with the
wave number kw = 2π

λ
[All63, pp. 4].

∆φn = πkwda sin(θ(t)
k ) (2.26)

The effective size of the array La, which is also called array aperture, is given
by

La = Nada. (2.27)

2With this definition of axes, θ(t)
k

is interpreted as angle θ in spherical coordinates.
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Aperture

Target DirectionWavefront

z

Spatial
Wave

uk

Re{as}

z

da

θ
(t)
k

Figure 2.4.: Samples of spatial wave on aperture of receiving array

Receive-Side Phased Array

A phased array consists of Na antenna elements with positions pm ∈ R3,m ∈
{1 . . . Na}, which are regarded isotropic in the simplified case. In receiving
direction, the signals (currents) from the elements are individually phase shifted
by ψm and weighted by am, which is also called phase and amplitude tapering
[All63, pp. 8].

a4e
jψ4 a3e

jψ3 a2e
jψ2 a1e

jψ1

Adder

ADC

Figure 2.5.: Configuration of a phased array

The phased array may also be operated in transmit direction with a radiating
pattern equal to reception, which depends on the element positions pm and their
tapering ψm and am. It is primarily characterized by itsmain lobe, grating lobes
and side lobes [VT02, pp. 46]. Without amplitude and phase taper, the main
lobe points into broadside direction, i.e. perpendicular to the extent of the
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linear array (θ = π
2 in spherical coordinates), with a Half-Power Beam Width

(HPBW) ∆u given by (2.28) [VT02, p. 47].

∆u ≈ 0.89 λ

Nada
(2.28)

For da = λ
2 , the maximum side lobe level is3 A

(max)
sl ≈ −13.1 dB compared to

the main lobe and may be decreased at the expense of a broadened beam width,
i.e. lower directivity, by using amplitude tapering [RA13, pp. 25]. Using phase
tapering with constant phase differential, the direction of the lobes, particularly
the main lobe, may be steered to a certain angle θ ≤ θmax [All63, p. 8]. Grating
lobes do not occur, if the element spacing fulfills (2.29) [VT02, p. 54].

da ≤
λ

1 + | sin(θmax)|
(2.29)

By using non-uniform distribution of antenna elements, the maximum side-
lobe level may be reduced [Har61]. Additionally, the linear array concept can
be extended to 2-D (planar) and 3-D arrays [All63, pp. 31]. Examples for
planar arrays are rectangular and circular grids [VT02, p. 232]. These extend
the directivity and steering capabilities to two dimensions. The concept of
nonuniform distribution of antenna elements to reduce the maximum side-lobe
level may also be transferred to planar arrays, e.g. by applying the iterative
method in [HH78].

Colocated SIMO Radar

A Single-Input Multiple-Output (SIMO) radar shares fundamental properties
with a phased array operated in receiving direction. It differs in that each
antenna channel is processed and digitized separately, as depicted in Figure 2.6,
cf. [Sko08, p. 13.56].

In the general case, Na array elements are at positions pm ∈ R3,m ∈
{1 . . . Na} and the direction of arrival uk ∈ R3, ‖uk‖2 = 1 shall be estimated
three-dimensional.

pm = (pm,x, pm,y, pm,z)T (2.30)

For a linear array (pm,x = pm,y = 0), the phase shifts of the antenna elements
of an array are combined in the array steering vector as(kw,z) according to
(2.31) with kw,z = −kw cos(θ(t)

k ) [VT02, p. 37]4.

as(kw,z) = (exp (jkw,zda) , exp (j2kw,zda) , . . . , exp (jNakw,zda))T (2.31)
3This approximation assumes a large number of antenna elements.
4We change the definition of the origin to be at the position of the first element instead
of the center of the array.
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ADC ADC ADC ADC

Digital signal processing

Figure 2.6.: Configuration of a SIMO radar receiving path

In the general case of arbitrary element positions pm, the phase shifts within
the steering vector are determined by the projection of the element position pm
on the direction of arrival uk, i.e. their dot product [VT02, pp. 30].

as(uk) =
(
exp
(
−jkwu

T
k p1
)
, exp

(
−jkwu

T
k p2
)
, . . . , exp

(
−jkwu

T
k pNa

))T
(2.32)

As depicted in Figure 2.4, the antenna positions can be regarded as sam-
ple points of the spatial wave. Therefore, direction-of-arrival estimation corre-
sponds to estimation of spatial wave frequencies. Such algorithms for direction-
of-arrival estimation are addressed in Section 3.1.2. If the sample points are
sufficiently dense, which is a prerequisite for the unambiguous coherent pro-
cessing, the ratio of the array aperture and wavelength determines the angular
separability, i.e. capability to resolve two closely spaced targets [Lan12].
In the opposite case of individual transmission with several transmitters and

a single receiver, the concept is called colocated Multiple-Input Single-Output
(MISO) radar.5 In contrast to a phased array, it requires orthogonal waveforms
to allow separation at the receiver for the following digital signal processing.
Due to the larger effort for signal generation and similar performance (different
path lengths are realized on the transmit side instead of the receive side), this
approach is less common.

Coherent Colocated MIMO Radar

In a coherent MIMO radar, not only several receive antennas are used, but also
more than one transmit antenna. Hereby, the phase differences on the transmit

5Note that the terms SIMO and MISO are also used to describe radar systems with widely-
separated antennas [Fis+04b], which are addressed in Section 2.2.2.
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path dn,k sum up with the phase differences on the receive path dm,k. Due to
all possible combinations, the coherent MIMO radar effectively possesses the
phase centers of a SIMO array formed of the convolution of transmit and receive
phase centers [Rob+04]. Consequently, its virtual array consists of NTx ·NRx
elements, which constitute Dirac deltas of the aperture illumination function
[DSL14]6. The combined steering vector regarding target k is given by (2.33)
[Rob+04], where the transmit and receive path lengths r(Tx)

n,k and r(Rx)
m,k may be

different in the general case of distinct sets of transmit and receive antennas.

as = a(Tx)
s ⊗ a(Rx)

s =



exp
(
−jkw

(
r

(Tx)
1,k + r

(Rx)
1,k

))
. . .

exp
(
−jkw

(
r

(Tx)
1,k + r

(Rx)
NRx,k

))
exp
(
−jkw

(
r

(Tx)
2,k + r

(Rx)
1,k

))
. . .

exp
(
−jkw

(
r

(Tx)
NTx,k

+ r
(Rx)
NRx,k

))


(2.33)

An exemplary one-dimensional antenna configuration with corresponding vir-
tual array is shown in Figure 2.7, which also illustrates the augmentation of
the virtual array compared to the transmit and receive arrays.

Coherent colocated MIMO is sometimes also called pseudo-monostatic oper-
ation [Rob+04] or conventional MIMO [Fis+04a]. As it constitutes a combi-
nation of colocated SIMO and MISO radar, two necessary conditions are the
existence of orthogonal transmit waveforms and sufficiently dense element pop-
ulation on the aperture to allow coherent processing. In contrast to a phased
array, which generates a narrow beam, MIMO illuminates the complete field
of view. Due to its large virtual aperture and consequently improved angular
separability with a small number of antennas, MIMO radars are commonly
employed in cost-sensitive applications with high accuracy demands, such as
automotive radar for driver-assistance functions.

2.2.2. Multistatic Radar Topologies
In a monostatic radar, transmit and receive antennas are identical or are close
to each other compared to the target range (|pn−pm| � |pn−pk|). In contrast,
they are separated in a bistatic configuration, leading to a considerable bistatic
angle with a bistatic bisector [Cur05, p. 19]. For military applications, this
serves as a countermeasure for so-called stealth targets with strongly reduced

6Note that the definition of m and n to identify receivers and transmitters in [DSL14] is
opposed to our definition.
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Figure 2.7.: Virtual array of a coherent MIMO radar

monostatic RCS. The bistatic radar equation accounts for the spatial separation
of transmitter and receiver and follows directly from the monostatic radar (2.9)
replacing r4

n,k by r2
n,kr

2
m,k . Depending on the location of the radar nodes, this

leads to different maximum detection contours. [Sko08, pp. 23.5]
Radar topologies with several separated transmitters may be regarded as

multistatic concepts in the broader sense [HBC08], which are also known as
netted radar [BH03].7 They can be further subdivided depending on their kind
of linkage, monostatic or bistatic operation, the order of detection and data
fusion, and coherent or non-coherent operation, as depicted in Figure 2.8. There
are different definitions regarding coherency, which may exist in the dimensions
space, time, frequency, and phase [SBG13]. In Figure 2.8 and in the following,
“coherent” refers to all four dimensions, if not otherwise noted.
The proposed CRN architecture is presented in Section 2.5. Since it consists

of loosely coupled nodes, it is physically incoherent in time, frequency and
phase. Coherency in time and frequency (and optionally in phase) is established
by means of signal processing, so that both classifications “incoherent” and
“coherent” are arguable for the network.

Independent Multistatic Radar

Multistatic or netted radars operate several loosely coupled transmitters and
receivers incoherently in a network to detect and locate targets by fusing the
detections in a central processing unit. Netted radars in the narrow sense
conduct only monostatic range measurements, but may incorporate DoA esti-
mation.8 In large-scale applications, advantages over single monostatic radars
include the improved detection probability of targets with equal total power
budget [HB01].

7The terms multistatic and netted radar are used interchangeably and ambiguously for
radar concepts with separated transmitters or only those with independent operation.

8Incoherent/coherent netted radar sometimes refers to a concept identical to incoher-
ent/coherent distributed MIMO, i.e. enabling bistatic measurements with/without
phase coherency. [HB01]
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Figure 2.8.: Categorization of multistatic radar concepts

There are several approaches for independent multistatic radar networks in
(automotive) near-field sensing applications. Due to the lack of synchroniza-
tion, the implementation is comparatively simple. One realization of such a
network for automotive applications based on simple radar nodes without DoA
estimation has been presented in [Sla+04]. There, the target position is es-
timated based on range measurements using a multilateration algorithm pre-
sented in [KR01].

Incoherent Distributed MIMO Radar

By means of synchronization, the radar nodes may be operated cooperatively,
receiving both transmitted signals from the same and from other nodes, thereby
obtaining both monostatic and bistatic measurements. Coherency is estab-
lished regarding space, time and frequency, but not regarding phase. In the
literature, this concept is referred to as incoherent netted radar [HB01], orthog-
onal netted radar [Den12], noncoherent/incoherent distributed MIMO radar
[HBH11], or statistical MIMO radar [Fis+04b]. It does not offer a coherent
processing gain, but exploits angular diversity and the extent of the target
[Fis+04a]. Therefore, it is less prone to target fading [Fis+06] and avoids the
occurrence of ghost targets in multi-target scenarios [Kon+14]. In contrast
to colocated MIMO systems, target detection in a netted radar is performed
before fusing the signals.
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2.2. Known Radar Topologies with Multiple Antennas

In [HB01], the netted radar equation (2.34) has been introduced, which rep-
resents the advantage of combined processing of several propagation paths as
an increased SNR ηnet. Each path with transmitter n and receiver m exhibits
an SNR of

ηnet,n,m = PTxGTxGRxσk
(4π)2r2

Tx,n,kr
2
Rx,m,kkBTsfbw,rx

, (2.34)

with the receiver system temperature Ts. Due to Ts = T0Fs, this reduces to the
monostatic SNR in (2.9) for m = n. Since for CRNs NTx = NRx = NTRx, the
number of propagation paths exhibits quadratic growth with NTRx. Thus, the
effective SNR ηnet of the network grows proportionally to NTRx for incoherent
processing and large number NTRx [HB01].
In contrast to the topologies with colocated antennas, i.e. colocated MIMO

and phased arrays, the target detections and measurements are carried out
independently for each Tx-Rx combination. At a very low SNR, the phased
array may be advantageous, due to its property of focusing the power to a
certain target area. For high SNR (ηawgn > 10 dB), MIMO outperforms MISO
and phased arrays regarding detection probability [Fis+04b].

Coherent Distributed MIMO Radar

In a coherent distributed MIMO radar, coherency is established in all four pre-
viously mentioned domains, including the signal phase. It shares the advan-
tages of an incoherent distributed MIMO radar regarding spatial diversity, but
additionally allows phase-coherent processing and target detection after fusion
of data from several nodes, which promises higher robustness. Applying the
netted radar equation, the effective SNR ηnet grows with N2

TRx in the coherent
case [HB01; BH03]. Due to the large extent of the array, the signal processing
chain for target position estimation differs from colocated MIMO radar. In-
stead of evaluating the impinging signal phases directly, multilateration is used
to find the target position [Den12].
An appropriate signal model for processing all responses and estimating tar-

get position and velocity has been introduced in [HBH11]. Due to the higher
SNR, coherent operation attains an accuracy advantage in terms of Root-Mean-
Square Error (RMSE) compared to incoherent operation. This RMSE advan-
tage diminishes for large number (e.g. NTxNRx ≥ 15) of radar nodes, as de-
duced in [HBH11].
Necessary conditions for coherent processing are the phase-coherent synchro-

nization on transmitter side and additional phase compensation on receiver
side. For large-scale applications, the phase coherency may be established by a
wired synchronization, e.g. using optical fibers [Den12]. According phase com-
pensation methods are introduced in [SBG13]. Since wired synchronization
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is out of scope for this work due to significant cost, a phase synchronization
method for CRNs by means of signal processing is presented in Section 3.3.

Small-Scale Applications of Multistatic Radars

Typical consumer and automotive near-field sensing applications also benefit
from multistatic setups, e.g. by increasing the field of view and detection
probability. The increased performance of incoherent or even coherent MIMO
networks is also desirable in these domains. On the other hand, the low-cost
requirements disallow expensive synchronization methods.
Therefore, most previous works addressed incoherent networks, such as the

automotive radar networks in [Klo02; Sla+04; FRL05]. In the RadarNet project
[Sla+04], the extension to an incoherent MIMO network was attempted, but
not achieved, as the strict timing requirements for bistatic distance measure-
ments could not be met. A concept to circumvent these requirements has
been introduced in [Kon+14], where timing differences between radar nodes
are allowed and compensated with signal processing techniques. Disadvantages
include the pulsed modulation and impossibility to separate impinging signals
from different sensor nodes. This requires separation in the time-domain, which
is again disadvantageous in scenarios with moving targets.

An approach for an FMCW-based distributed MIMO radar with two nodes
operating in the 77 GHz automotive frequency range has been presented in
[Feg+12b]. It is based on the cooperative radar principle in [Feg+12a; Feg+13]
and allows the separation of impinging signals from different sensor nodes in
the frequency domain. This approach constitutes a favorable starting point for
the development of a multi-node system concept and signal-processing scheme.

2.3. System Concept of a Cooperative Radar Network

2.3.1. Network Architecture
A CRN consists of NTRx sensor nodes with known and fixed relative position,
which are simultaneously transmitting and receiving signals and are loosely
coupled via a digital link to exchange samples of the received narrow-band sig-
nals. While the transmit signals are synthesized in each node independently,
the signal processing shall be performed in a central processing unit, based on
the sampled received signals of all nodes. This topology of the proposed coop-
erative MIMO radar network with NTRx sensor nodes is depicted in Figure 1.1.
Using the distinction in Section 2.2, the CRN is a variant of a distributed

MIMO radar, representing a special case with NTx = NRx and with coherency
at least in the dimensions space, time and frequency. While the introduced
multi-site radar concepts for large-scale (such as military) applications require
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external synchronization, this shall not be required in the CRN, by exploit-
ing reciprocity of transmitted signals in two directions for each target echo
and pair of sensor nodes. This is an extension of the principle in [Feg+12b]
and particularly beneficial in low-cost applications, such as consumer and au-
tomotive radar. Consequently, the CRN may be implemented with several
low-complexity radar units, similar to the monostatic radar setup in Figure 2.2.
By jointly processing all reflections from a single target, more information is

gained about the target’s properties than in fully independent operation, even
if received target responses are fused in the latter case. Particularly, bistatic
ranges and speeds are observed in addition to the monostatic range and speed
measurements, which are possible with individually operated sensor nodes.
According to (2.36), the number of measurement points on the target due

to bistatic measurements, i.e. the number of possible pairs of different sensor
nodes, increases more than linearly, while the number of monostatic measure-
ments equals the number of sensor nodes.

N (mono)
meas = NTRx (2.35)

N (bi)
meas = NTRx(NTRx − 1)

2 (2.36)

The total number of cooperative measurement points is therefore given by

N (coop)
meas = N (mono)

meas +N (bi)
meas = NTRx(NTRx + 1)

2 . (2.37)

Consequently, the advantage of the cooperative approach becomes more ap-
parent with increasing number of sensor nodes, as illustrated in Figure 2.9.

2.3.2. Modulation and Orthogonal Signals
Each sensor node n shall transmit FMCW-modulated signals according to
(2.15) and (2.16). Here, the ramp slope kr = fmod

Tmod
and starting time of the

ramp shall be identical for all nodes, while the fundamental frequency fn is set
individually. The initial phase θ0,n is arbitrary and typically non-controllable
due to the absence of an absolute timing reference.
Orthogonal transmit signals which allow the separation of signals from differ-

ent nodes at each receiving node are a fundamental requirement for the MIMO
operation. In the CRN, the transmit signals are separated in the frequency
domain by operating with defined frequency offsets, i.e. implementing FDM.
Considering a second sensor nodem, the pair (m,n) exhibits an offset frequency

f (off)
m,n = fm − fn, (2.38)
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Figure 2.9.: Number of monostatic / bistatic / total cooperative measurement
points depending on the number of sensor nodes

which is constant during the time of the ramps. Figure 2.10 depicts the instan-
taneous transmit frequencies f (Tx)

m (t) and f
(Tx)
n (t) for a pair (m,n) of sensor

nodes along with the observed IFs f (IF)
m,k,n and f (IF)

n,k,m at the time of reception.
The total RF bandwidth f (RF)

bw,tot is given by the sum of the modulation band-
width fmod and the maximum offset frequency f (max)

off , according to (2.40).

f
(max)
off = max

m,n

{∣∣f (off)
m,n

∣∣} (2.39)

f
(RF)
bw,tot = fmod + f

(max)
off (2.40)

2.4. Signal Model of a Cooperative Radar Network

2.4.1. Observed Range and Speed
The monostatic signal model in Section 2.1.2 was based on the range and radial
speed of a target relative to the radar sensor. In order to extend this model
to a cooperative network, the observed range and speed in the general bistatic
case have to be determined. In general, the transmitter n and receiver m are
at different positions pn and pm, which entails the monostatic configuration as
the special case m = n.
Let pn, n ∈ {1 . . . NTRx}, and pm, m ∈ {1 . . . NTRx}, be the positions of

the transmitting and receiving radar node, respectively. Let pk and vk, k ∈
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{1 . . .K} be the initial position and velocity of the target, with pn, pm, pk, vk ∈
R3.

pm =

(
pm,x
pm,y
pm,z

)
, pn =

(
pn,x
pn,y
pn,z

)
, pk =

(
pk,x
pk,y
pk,z

)
, vk =

(
vk,x
vk,y
vk,z

)
(2.41)

The displacement vectors between the transmitter and the target dn,k, and
between the receiver and the target dm,k are denoted as

dn,k = pk − pn =

(
dn,k,x
dn,k,y
dn,k,z

)
, dm,k = pk − pm =

(
dm,k,x
dm,k,y
dm,k,z

)
(2.42)

Using these, the observed range is given by

rn,k,m = rn,k + rm,k = |dn,k|+ |dm,k|. (2.43)

All points with equal bistatic range lie on a ellipse with the focal points pn and
pm. The observed speed in a bistatic configuration corresponds to the radial
speed, which is the component being perpendicular to a tangent on the ellipse
through the target position under consideration. Figure 2.11 illustrates this
relation.

Node n Node m

Target k

dn,k dm,k

Bi
sec
tri
x

Ellipse sn,k,m

vk

Tangent

pk

pn pm

Figure 2.11.: Relation of observed speed sn,k,m and target velocity vk

It is a known ellipse property, that the normal to the tangent on a point of
the ellipse bisects the lines between its foci and this point. Thus, the measured
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velocity reflects the projection of the actual target velocity vk on the bisectrix
of the two displacement vectors dn,k and dm,k.9 A bisectrix bn,k,m can be
calculated according to (2.44), which is normalized to unity length as bn,k,m,0
according to (2.45), with the vector magnitude |bn,k,m| according to the l2-norm
as in (2.46).

bn,k,m = dn,k
|dn,k|

+ dm,k
|dm,k|

=


pk,x−pm,x

rm,k
+ pk,x−pn,x

rn,k
pk,y−pm,y

rm,k
+ pk,y−pn,y

rn,k
pk,z−pm,z

rm,k
+ pk,z−pn,z

rn,k

 (2.44)

bn,k,m,0 = bn,k,m
|bn,k,m|

(2.45)

|bn,k,m| =

((
pk,x − pm,x

rm,k
+ pk,x − pn,x

rn,k

)2

+
(
pk,y − pm,y

rm,k
+ pk,y − pn,y

rn,k

)2

+
(
pk,z − pm,z

rm,k
+ pk,z − pn,z

rn,k

)2
) 1

2

(2.46)

Being the projection on the bisectrix, the observed bistatic speed sn,k,m is
calculated as the dot product of the target velocity vk and the normalized
bisectrix bn,k,m,0.

sn,k,m = 〈vk, bn,k,m,0〉 (2.47)

= vk,x
|bn,k,m|

(
pk,x − pm,x

rm,k
+ pk,x − pn,x

rn,k

)
+ vk,y
|bn,k,m|

(
pk,y − pm,y

rm,k
+ pk,y − pn,y

rn,k

)
+ vk,z
|bn,k,m|

(
pk,z − pm,z

rm,k
+ pk,z − pn,z

rn,k

)
(2.48)

(2.48) calculates the observed bistatic speed for a given target position and
velocity, analogue to the calculation of the observed range based on (2.43).

9With m = n, the direction of the bisectrix becomes equal to that of the displacement vec-
tor dn,k, thus the radial component of the relative velocity is observed in the monostatic
case.
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2.4.2. Received IF Signal with FMCW Modulation
The FMCW-modulated signal transmitted at each sensor node n shall still
be given as (2.16). In a multi-target scenario with K targets, each of the
NTRx transmitted signals impinges on each target k ∈ {1 . . .K}. Consequently,
sensor node m ∈ {1 . . . NTRx} receives time-shifted and attenuated versions of
all transmitted signals, scattered at all targets, according to (2.49).

u(Rx)
m (t) =

K∑
k=1

NTRx∑
n=1

√
an,k,m · u(Tx)

n (t− τn,k,m) (2.49)

Here, the time of flight from node n to target k and further to nodem is denoted
as τn,k,m and the attenuation on this path as an,k,m, similar to the monostatic
case in (2.17). The time of flight in this bistatic case can be calculated as
(2.50).10

τn,k,m = rn,k,m + 2sn,k,mt
c0

(2.50)

Accordingly, the radar equation can be rewritten for the bistatic case as (2.51)
[Mah13, p. 52]. Here, σk refers to the specific bistatic radar cross section, which
may differ from the monostatic RCS.

an,k,m = PRx,m

PTx,n
= GTxσkAeff,m

(4π)2r2
n,kr

2
m,k

(2.51)

At node m, the composite received signal is downconverted by mixing with
the local transmitted signal, resulting in the IF signal u(IF)

m (t), which consists
of several components u(IF)

n,k,m(t) [FHW14].

u(IF)
m (t) =

(
u(Rx)
m (t)

)∗
u(Tx)
m (t) =

NTRx∑
n=1

K∑
k=1

u
(IF)
n,k,m(t) (2.52)

u
(IF)
n,k,m(t) = √an,k,m · exp

(
j
(
2π(fm − fn)t+ 2πkrτn,k,mt

+ θ0,m − θ0,n + 2πfnτn,k,m − πkrτ
2
n,k,m

))
.

= √an,k,m · exp (j2πfn,k,mt+ jθn,k,m + jεn,k,m) (2.53)
10In the bistatic case, (A.80) may not be exactly fulfilled. However, the resulting errors

are small, so that the approximation in (2.3) is still valid.
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Analogue to the monostatic case in (2.20), the bistatic received IF signal can
be decomposed into frequency term fn,k,m, phase term θn,k,m, and nuisance
term εn,k,m.

fn,k,m = kr
rn,k,m
c0︸ ︷︷ ︸

f
(R)
n,k,m

+ 2fn
sn,k,m
c0︸ ︷︷ ︸

f
(D)
n,k,m

− 2kr
rn,k,msn,k,m

c20︸ ︷︷ ︸
≈0

+ fm − fn︸ ︷︷ ︸
f

(off)
m,n

(2.54)

θn,k,m = 2πfn
rn,k,m
c0︸ ︷︷ ︸

Φ(R)
n,k,m

− 2πkr
r2
n,k,m

c20︸ ︷︷ ︸
≈0

+ θ0,m − θ0,n︸ ︷︷ ︸
θ
(off)
m,n

(2.55)

εn,k,m = 4πkr
sn,k,m
c0

t2 − 4πkr
s2
n,k,m

c20
t2 ≈ 0 (2.56)

Obviously, the bistatic received components differ from the monostatic due to
the frequency offset f (off)

m,n and phase offset θ(off)
m,n . Apart from these additional

terms, the same simplifications apply as in Section 2.1.2.
If a single (double-sideband) mixer is used for downconversion, instead of

complex (I/Q) mixing, only the real part <
{
u

(IF)
n,k,m(t)

}
of the analytic signal

u
(IF)
n,k,m(t) is available for further processing, i.e. the exp(. . .) in (2.53) is re-

placed by cos(. . .). As the cosine is a symmetric function, its argument may be
considered inverted. This is an intuitive interpretation if f (off)

m,n becomes nega-
tive, as it leads to a positive observed frequency fn,k,m. For a pair of sensor
nodes this is always the case for one of the two directions, since f (off)

m,n = −f (off)
n,m

and f (off)
m,n is the dominating frequency part of fn,k,m in (2.54).

2.5. System Parameters of a Cooperative Radar Network

The variables in the signal model can be separated into three classes, which
are referred to as known fixed parameters, wanted unknown parameters and
nuisance parameters. Wanted parameters include the ranges rn,k,m and speeds
sn,k,m of targets. They are intermediate quantities to estimate the wanted
target positions pk and velocities vk. Known fixed parameters include the posi-
tions of the sensor nodes, the constant modulation parameters Tmod, fmod, and
fundamental frequencies fn. The latter constitute a special case, as in reality
they cannot be set with sufficient precision. Being not of immediate interest,
but influencing the estimation of wanted parameters, the actual frequencies are
nuisance parameters and are denoted as

f ′n = fn + ∆fn, (2.57)
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with ∆fn denoting the unintended frequency shift. Consequently, the actual
frequency offsets f (off)′

m,n = f ′m − f ′n are also nuisance parameters, as well as the
initial phases and resulting phase offsets θ(off)

m,n = θ0,m − θ0,n. Further, time-
variant quantities, which can be regarded as noise in the broader sense, are
introduced in Chapter 4. They limit the attainable precision of estimates for
wanted parameters. Guiding principles for the choice of fixed parameters are
introduced in the following.

2.5.1. Choice of Modulation Parameters
Three parameters have to be set for the FMCW modulation: the fundamental
frequency fn, the modulation bandwidth fmod and the modulation time Tmod.
Defining these parameters determines the performance limits regarding velocity
resolution, range resolution, and the respective accuracies.

The fundamental frequency is usually selected according to the frequency
plans of regulating authorities for the intended application. Higher frequencies
fn allow a higher degree of integration and therefore more compact designs, but
are limited by the used semiconductor technology, related to its fmax [Gon97,
p. 78], as oscillator frequencies hardly exceed fmax/2 [KKA17]. Typical fre-
quencies fn for integrated radar sensors are in the so-called W-band (millime-
ter wave) [Mah13, p. 8] at 76 GHz for automotive and 122 GHz for consumer
applications.

Together with the fundamental frequency fn, the modulation time Tmod
determines the speed resolution according to (2.58). This follows from (2.13)
and the fact that the Doppler frequency resolution is also inversely proportional
to Tmod [Mah13, p. 154].

∆s = c0
2Tmodfn

(2.58)

The modulation bandwidth determines the target separability, i.e. one-way
range resolution ∆r of an FMCW radar, according to (2.59) [Kla+60; SK93].
Thus, a higher bandwidth results in a higher range resolution, i.e. lower value
of ∆r.

∆r = c0
2fmod

(2.59)

In theory, the effective resolution in the FMCW case is degraded depending
on the round-trip time of the reflected signal due to the reduced overlap of
the transmitted and received frequency ramps [SK93]. However, for near-
range applications with distances rn,k < 10 m, consequent round-trip times
τn,k,m < 70 ns, and typical modulation times 10µs < Tmod < 10 ms, this effect
is negligible.

The bandwidth also affects the attainable precision, which depends on the
separability and the SNR. This is further treated in Chapter 4. An intuitive
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explanation based on Fourier representations of the received signals is shown
in Section A.5.3 of the appendix.
The IF frequency of a received target response depends on both the range

and the speed of the target, which is reflected in the frequency components
f

(R)
n,k,m and f (D)

n,k,m of (2.54), respectively. The ratio of slope kr and fundamental
frequency fn therefore determines the ratio of these two frequency components.
Different ramp slopes are required to resolve the ambiguity for range and speed
estimates, which is further treated in Section 3.1.

2.5.2. Optimal Choice of Offset Frequencies
Consider a CRN with NTRx = 4 sensor nodes. Based on a selected single-offset
frequency foff , the offset frequencies between the nodes are set to f (off)

1,2 = foff ,
f

(off)
1,3 = 3foff , and f (off)

1,4 = 4foff . Figure 2.12 illustrates this arrangement.

fmf1 f2 f3 f4

|f (off)
2,1 | |f (off)

2,4 |

|f (off)
2,3 |

Figure 2.12.: Arrangement of transmit frequencies fm for 4 sensor nodes
[FHW17], © 2017 IEEE

The received spectrum at sensor node m with double-sideband downconver-
sion mixer

S(IF)
m (f) = F

(
<
{
r(IF)
m

})
(f) (2.60)

may be regarded as separated into several regions, each containing the target
response of one transmitting node with center frequency |f (off)

m,n |. Accordingly,
the monostatic response is located in the baseband (at zero-IF), as f (off)

m,m = 0
and for each pair of sensor nodes, the respective bistatic target responses lie
in the same frequency region of the two different received signals. Figure. 2.13
depicts the resulting received IF spectra for all nodes.
To fulfill the condition of separable signals at reception, these frequency

regions may not overlap. This sets three requirements for the selection of the
offset frequencies:

1. The centers of the frequency regions must be separated by more than two
times of the single-side bandwidth fbw,sub of the subbands

2. The separation must be large enough to compensate unintended fre-
quency shifts ∆fn
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f

|S(IF)
1 (f)|

f

|S(IF)
2 (f)|
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|S(IF)
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|S(IF)
4 (f)|

|f (off)
1,2 | |f (off)

1,3 | |f (off)
1,4 |

|f (off)
2,1 | |f (off)

2,3 | |f (off)
2,4 |

|f (off)
3,4 | |f (off)

3,2 | |f (off)
3,1 |

|f (off)
4,3 | |f (off)

4,2 | |f (off)
4,1 |

Monostatic frequency region
Bistatic frequency regions

Figure 2.13.: Received target responses in frequency domain [FHW17], © 2017
IEEE
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3. For each receiving node m, the frequency offset f (off)
m,n must be different

for all transmitting nodes n ∈ NTRx

As the total IF bandwidth should be as small as possible, an optimal scheme
shall be derived to fulfill these requirements while minimizing the total IF
bandwidth.
The first two requirements can be fulfilled by proper selection of the single-

offset frequency depending on fbw,sub and the maximum expected unintended
frequency shift ∆f (max). In the worst case, the frequency shifts of two sensor
nodes with neighboring frequency offsets appear in opposite direction, so that
they add up. Similarly, the bandwidth fbw,sub is required as upper and lower
sideband around each f (off)

m,n .

foff = 2fbw,sub + 2∆f (max) (2.61)

The bandwidth is determined by the maximum beat frequency max
n,m

{
f

(R)
n,k,m

}
and the maximum Doppler shift max

n,m

{
f

(D)
n,k,m

}
. It therefore depends on the

ramp slope kr, the maximum range r(max)
n,k,m, the fundamental frequency f0 ≈ fm,

the maximum target speed s(max)
n,k,m, and the speed of light c0.

fbw,sub = kr
r

(max)
n,k,m

c0
+

2f0|s(max)
n,k,m|
c0

(2.62)

Unintended frequency shifts occur due to offsets of the fundamental frequency
∆f ′n, depending on the reference frequency precision, and due to timing inac-
curacies ∆tn leading to delayed ramp starts.

4f (max) = max
n
{∆fn} = max

n

{
∆f ′n + kr∆tn

}
(2.63)

By choosing the offset frequencies f (off)
1,m to be multiples of foff , as in the

example above, the overall bandwidth is used most efficiently. The respective
multiple shall be denoted as lm ∈ N and the maximum value of lm is called the
bandwidth factor l(max)

m .
f

(off)
1,m = lmfoff (2.64)

Consequently, the total IF bandwidth f (IF)
bw,tot is given by

f
(IF)
bw,tot = l(max)

m foff + fbw,sub ≈ l(max)
m foff . (2.65)
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Table 2.1.: Optimum offset arrays for up to 16 sensor nodes
NTRx Offset Array [l1 . . . lNTRx ]

2 [0 1]
3 [0 1 3]
4 [0 1 3 4]
5 [0 1 3 7 8]
6 [0 1 3 4 9 10]
7 [0 1 3 4 9 10 12]
8 [0 1 3 4 9 10 12 13]
9 [0 1 5 6 8 13 14 17 19]

10 [0 1 4 6 10 15 17 18 22 23]
11 [0 1 4 6 10 15 17 18 22 23 25]
12 [0 2 3 7 8 10 19 21 22 26 27 29]
13 [0 1 3 7 8 10 18 21 22 25 27 30 31]
14 [0 1 3 7 8 12 20 22 25 26 29 31 34 35]
15 [0 1 3 4 9 10 12 13 27 28 30 31 36 37 39]
16 [0 1 3 4 9 10 12 13 27 28 30 31 36 37 39 40]

To fulfill the third requirement, not all multiples lm can be used. Hence,
f

(IF)
bw,tot grows more than proportional with an increasing number of sensor
nodes. For NTRx = 2n, n ∈ N, it can be calculated as the equality in (2.66),
which is derived in Section A.5.2 of the appendix. For NTRx 6= 2n, n ∈ N,
f

(IF)
bw,tot is larger.

f
(IF)
bw,tot ≥

3log2(M) − 1
2 foff (2.66)

Using exhaustive search, combinations of lm with minimum bandwidth have
been obtained for NTRx ≤ 16 and are provided in Table 2.1. The frequency
arrays for NTRx = 2n are in bold print. For these, the lower bound defined by
(2.66) is reached and the stated frequency arrays constitute the only optimal
solution. For other numbers of nodes NTRx, the required bandwidth lies above
the lower bound and the stated frequency array not necessarily constitutes the
only optimal solution, i.e. there may be other FDM frequency combinations
leading to the same total IF bandwidth f (IF)

bw,tot.

The respective last entry lNTRx = l
(max)
m in each offset array is plotted in

Figure 2.14 against the number of sensor nodes NTRx, illustrating the over-
proportional increase in required IF bandwidth.
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Figure 2.14.: Required bandwidth factor vs. number of sensor nodes [FHW17],
© 2017 IEEE

2.6. Opportunities and Challenges of Cooperative Radar
Networks

2.6.1. Opportunities of Cooperative Radar Networks
The presented cooperative network approach delivers additional information by
exploiting bistatic propagation paths. Depending on the application, different
advantages may be taken from this operation. As automotive radar is a primary
use case of CRNs, the considered environment sensing examples are related to
this application. Typical objects of interest for automated parking are poles
and walls (or other flat surfaces) in the near field, which must be reliably
detected and their relative position estimated.
In simplified scenarios, the estimation may be performed in two dimensions

and the following examples may be regarded as birds-eye perspective. Thus,
the positions of poles are given as points on the horizontal (x-z) plane. A
wall becomes a line on this plane. In the first case of point-like targets with
angle-independent RCS and reflection point, the higher number of measurement
points increases the accuracy of estimated target position and velocity. In the
second case of an extended target, more reflection points on the target surface
are captured, which may be used for an improved contour estimation. In both
cases, the CRN constitutes a promising approach to significantly increase the
robustness against erroneous detection of non-existing “ghost” targets, due to
enhanced opportunities for plausibility checks.
Consider a scene with two poles, which target responses are captures by two
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radar nodes. With monostatic range measurements only, two distances can
be estimated relative to each sensor node. As depicted in Figure 2.15a, re-
constructing the scene from these ranges is ambiguous, potentially leading to
erroneous detection of ghost targets. Exploiting the additional bistatic mea-
surements (plotted as dashed lines), the CRN resolves the occurring ambiguities
by finding the target positions as intersections of all three measured ranges. It
is therefore capable of avoiding ghost targets in multi-target scenarios, as de-
picted in Figure 2.15b.

Node 1 Node 2

Actual Target
Ghost Target

(a) Detection based on monostatic range
measurements

Node 1 Node 2

Actual Target

(b) Detection based on monostatic and
bistatic range measurements

Figure 2.15.: Avoidance of ghost target detections by exploiting monostatic
(solid circles) and bistatic (dashed ellipses) range measurements
in multi-target scenarios

Another issue exists in scenes with extended targets, e.g. in the simplest case
with a flat wall in front of two sensor nodes, providing range estimates to this
target. Without additional information, it is impossible to classify the target
as flat and extended. Instead, the obvious solution would be to estimate the
position of a pole at the intersection of the two range circles, as depicted in
Figure 2.16a. Again, this scenario can be resolved with additional bistatic range
information, as shown in Figure 2.16b. Since the three range measurements do
not exhibit a single point of intersection, the pole hypothesis can be waived and
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a wall may be correctly estimated as tangent on the range circles and ellipse.

Node 1 Node 2

Actual Target
Ghost Target

(a) Detection based on monostatic range
measurements

Node 1 Node 2

Actual Target

(b) Detection based on monostatic and
bistatic range measurements

Figure 2.16.: Avoidance of ghost target detections by exploiting monostatic
(solid circles) and bistatic (dashed ellipses) range measurements
for targets with extended shape

To realize these opportunities, appropriate signal processing schemes are nec-
essary, which take advantage of both monostatic and bistatic measured ranges.
Additionally, the measured monostatic and bistatic speeds shall be considered
in a combined position and velocity estimation. Combining all information, an
optimal estimate for a target and its position shall be found. Such algorithms
are addressed in Chapter 3.

2.6.2. Challenges for the Realization of CRNs
Due to the missing internal RF synchronization in a CRN, coherency in time,
frequency and phase does not intrinsically exist. Instead, time and frequency
offsets are regarded as nuisance parameters and are estimated by resolving
equation systems taken from received signals in both propagation directions
between each pair of sensor nodes. Additionally, the phase offsets may also be
estimated to increase the accuracy of range estimates. These aspects may be
regarded as re-establishment of coherency in the digital domain and are also
treated in Chapter 3.
However, due to the independent signal synthesis, time-dependent fluctua-

tions of the phase occur uncorrelated on each transmitted signal. This leads
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to additional disturbances on the downconverted received signals. The influ-
ence of noise and phase noise on cooperative networks therefore differs from
monostatic coherent radar. An analysis of sources and impacts of these non-
idealities is presented in Chapter 4. Moreover, requirements on permissible
phase fluctuations are derived.
The realization of a CRN is particularly challenging, as these strict require-

ments must be met in the signal synthesizer. A possible approach has been
developed and is presented in Chapter 5, proving that even the demanding
challenges regarding signal purity can be successfully met. The measurements
in Chapter 6, which have been taken with a network of these prototypical radar
nodes, finally demonstrate that the promised benefits in target localization can
be realized with a CRN.
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Networks

The signal model for CRNs, which was deduced in the last chapter, explains
the received signals at the individual radar nodes, depending on the positions
and velocities of radar targets. The following chapter shall cover the opposite
route to deduce position and velocity estimates of targets from the received
signals. The mathematical theory behind this process of parameter estimation
is expounded in Section A.2 of the appendix. Therein, it is shown how overde-
termined linear and non-linear equation systems can be solved with known
numerical techniques. This narrows the purpose of this chapter down to for-
mulating the respective equation systems for parameter estimation.
The known algorithms for monostatic radar sensors with FMCW-modulated

signals are depicted in Section 3.1. For CRNs, these algorithms differ in two
aspects. First, additional steps are necessary to calculate range and speed esti-
mates, including the separation of the received signal into its components from
different transmitting nodes and the estimation of unknown frequency offsets
in the signal model, which are treated in Section 3.2. These estimates can be
significantly improved by establishing phase-coherency in the digital domain
with algorithms presented in Section 3.3. Second, the large distance of nodes
implies targets to be in the near field of the network array. This enables the
distinction between planar and point-like targets based on observed ranges, as
presented in Section 3.4. In the case of point-like targets, the multilateration
algorithm in Section 3.5 can be used to estimate the positions of point-like tar-
gets considering both monostatic and bistatic measured ranges. An extension
of this algorithm to additionally consider observed speeds is introduced, which
not only adds vectorial velocity information, but also increases the precision of
target position estimates. With the simulations in Section 3.6, the impact of
range and speed errors on position and velocity estimation is determined and
the gain in precision with a multilateration algorithm considering velocities is
demonstrated.
In Chapter 4, the introduced signal-processing methods are regarded for

the analytical deduction of precision limitations due to non-idealities in the
signal synthesis and for according simulations. Additionally, they are applied
to measured signals in Chapter 6 to determine the attainable precisions and
prove the feasibility of CRN realizations with the proposed algorithms.
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3.1. Fundamentals of Radar Signal Processing

3.1.1. Range and Speed Estimation using FMCW Modulation
A conventional signal processing chain to yield range and speed estimates using
a monostatic radar with FMCW-modulated signals is depicted in Figure 3.1.
It consists of analog-to-digital conversion, Fourier transformation to frequency
domain, peak detection and separation of range and speed. Since the range-
speed separation requires several ramps with different slopes, the first three
steps need to be carried out multiple times. In the following, the principles
and underlying algorithms are explained.

r/sPeakADC DFT
ramps
Several

Detection Separationu
(IF)
n (t)

r̂n,k,n
ŝn,k,n

Figure 3.1.: Signal Processing Chain from Received Signals to Range/Speed
Estimates

Discretization and Frequency Transformation

The Analog-to-Digital Converter (ADC) provides samples of the received IF
signal (2.25), implying discretization in time with sample interval Ts = 1

fs
and

quantization of values, resulting in the discretized IF signal

ũ(IF)
n (t) =

Ns∑
p=1

u(IF)
n (pTs) δD(t− pTs) (3.1)

=
Ns∑
p=1

un[p] δD(t− pTs), (3.2)

which is represented as row vector Un consisting of Ns samples un[p].

Un = (un[0], . . . , un[Ns − 1]) (3.3)

For unambiguous range and speed estimation, the sample rate fs must fulfill
the Nyquist criterion for the maximum IF frequency f (max)

n,k,n , which depends on
the maximum range r(max)

n,k and speed s(max)
n,k .

f
(max)
n,k,n = 2kr

r
(max)
n,k

c
+ 2fn

s
(max)
n,k

c
(3.4)
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With I/Q mixers in the receiver, complex samples Un ∈ CNs are obtained,
which requires fs > f

(max)
n,k,n . With a single mixer, real-valued samples Un ∈ RNs

of <
{
u

(IF)
n (t)

}
are obtained, requiring fs > 2f (max)

n,k,n . The total sampling period
NsTs shall cover the complete ramp period. Thus, neglecting the time of flight
τn,k,n, the number of samples is chosen to be Ns ≈ Tr

Ts
.

As each target generates one sinusoidal component, the following processing
steps including target detection are conducted in the frequency domain. Ap-
plying a Discrete Fourier Transform (DFT) [RHS10, p. 516] on the sampled IF
vector Un, e.g. by using a Fast Fourier Transform (FFT) algorithm, yields Nf
discrete samples αn[l] in the frequency domain, commonly setting Nf ≥ Ns.1

αn[l] =
Ns−1∑
p=0

wwin[p]un[p] exp
(−j2πpl

Nf

)
, l ∈ 0, . . . , Nf − 1 (3.5)

The additional weighting wwin[p], 0 ≤ p ≤ Ns − 1, e.g. using a Hamming
window, reduces side lobes in the sampled spectrum. This and setting Nf ≥
Ns reduce the scalloping or straddle loss, i.e. improve detecting the highest
amplitudes in the spectrum [RHS10, pp. 516].

Target Peak Detection

A target is detected, if its amplitude in the IF spectrum exceeds a defined
threshold level. With a frequency-independent threshold, targets with larger
range and therefore smaller amplitudes would be missed with higher probabil-
ity, while in the near range the probability of erroneous detection (false alarm)
due to added noise is higher. A Constant False Alarm Rate (CFAR) is ob-
tained by using an adaptive threshold, which can be determined based on the
surrounding of each location in the spectrum, assuming Rayleigh-distributed
added noise on the voltage-referred received signal [Sko08, pp. 7.11]. Here, the
Rayleigh distribution is a result of commonly assumed Gaussian noise sources
[Ric05, pp. 375]. A cell-averaging (CA-)CFAR sets this threshold for each cell
based on the average of the surrounding cells, which may lead to missed de-
tections due to masking effects in the presence of closely spaced targets. To
mitigate this masking, improved algorithms such as order statistics (OS-)CFAR
presented in [Roh83] rank order the reference cells [Ric05, pp. 370]. Each de-
tected peak refers to one target k with corresponding IF signal component
according to (2.19).

1Using an FFT as algorithm for the DFT calculation, (3.5) is equivalent to zero-padding
the time-domain samples, if Nf > Ns
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Target Peak Frequency Estimation

For each detected target peak, its frequency must be determined. The location
l in αn[l] of a detected peak allows a first frequency estimate f̂ = l

NfTs
. The

sampling in the frequency domain causes errors of this estimate εf = f̂ −fn,k,n
up to a half bin width ηf , i.e.

εf ≤
1
2ηf = 1

2NfTs
. (3.6)

This error is reduced using interpolation techniques, considering the amplitude
of the detected maximum and the amplitudes of the neighboring frequency
bins. Using quadratic interpolation, the interpolated bin l′ is calculated as
(3.7) [Gra83], [RHS10, p. 519], yielding the interpolated frequency according to
(3.8).

l′ = l − |αn[l + 1]| − |αn[l − 1]|
2|αn[l − 1]| − 4|αn[l]|+ 2|αn[l + 1]| (3.7)

f̂ ′ = l′

NfTs
(3.8)

Exploiting complex amplitudes instead of only magnitudes (of the frequency
bins αn[l]) further reduces the frequency estimation error [RHS10, p. 520]. In
[GXY06], the Cramér-Rao Bounds (CRBs) are derived for both cases and con-
sidering AWGN. The compared results reveal a decreased standard deviation
with phase information between one and two orders of magnitude, presuming a
precise frequency-based estimation within the unambiguous range of the phase.
It should be noted that [GXY06] assumes the signal phase to be free of fluc-
tuations. Therefore, the statement is only valid for SNR-limited and not for
phase-noise limited cases.

Resolving Range and Speed Ambiguities

With FMCW modulation, range and speed measurements are not independent,
as time delay and frequency are canonical conjugate variables. The ambiguity
function χ(τn,k,n, f (D)

n,k ) quantifies the uncertainty due to the coupling of these
two quantities. [Kul13, p. 32]. For an FMCW transmit signal it is given by
(3.9) [Sko08, p. 8.4].

χ(τn,k,n, f (D)
n,k ) =

(
1−

∣∣∣τn,k,n
Tmod

∣∣∣) sinc
(

(f (D)
n,k − krτn,k,n)Tmod

(
1−

∣∣∣τn,k,n
Tmod

∣∣∣))
· rect

(
τn,k,n
2Tmod

)
exp(−πjf (D)

n,k τn,k,n) (3.9)
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Figure 3.2.: Amplitude of the ambiguity function for an FMCW ramp

Figure 3.2 depicts the ambiguity function for an FMCW ramp with Tmod =
1 ms, fmod = 1 GHz, i.e. kr = 1 GHz

ms .
This ambiguity is also reflected in (2.21), with the IF frequency depending

linearly on both the range rn,k and speed sn,k. Using two measurements with
different slopes kr, the range-speed ambiguity could be solved, but additional
ambiguities occur in multi-target scenarios due to unknown assignment of the
multiple detected frequency peaks to targets. Consequently, at least three dif-
ferent ramp slopes are necessary to unambiguously locate two targets, yielding
a linear overdetermined equation system.
Let Kr =

(
k

(1)
r , . . . , k

(Nr)
r

)
be the row vector of Nr ramp slopes k(i)

r . The

observed interpolated frequencies are denoted as vector F̂ ′ =
(
f̂ ′1, . . . , f̂

′
Nr

)T
.

Consequently, the equation system is given by f̂ ′1
...
f̂ ′Nr


︸ ︷︷ ︸
bRS

=


2
c0
k

(1)
r

2fn
c0

...
...

2
c0
k

(Nr)
r

2fn
c0


︸ ︷︷ ︸

DRS

(
rn,k
sn,k

)
︸ ︷︷ ︸
aRS

+

 ε1
...
εNr


︸ ︷︷ ︸
εRS

. (3.10)

The unknown parameter vector aRS shall be found, based on the known
mapping matrix DRS and measured vector bRS = F̂ ′, which is disturbed by
the noise vector εRS. This can be solved using the technique in Section A.2.2.
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For the covariance matrix V (ε), (A.35)–(A.37) are assumed to be fulfilled.
The weights {w1, . . . , wNr} are set proportional to the square of the respective
frequency resolution of the according measurement, i.e. wi =

(
T

(i)
mod

)−2
, as-

suming that individual frequency estimation errors scale inversely proportional
to the observed time span. Using these identities, (A.41) can be directly ap-
plied to estimate the range-speed vector as a(est)

RS . Techniques to determine the
sequence of ramp slopes are e.g. presented in [Pou+08].

An alternative method to resolve range/speed ambiguities is using Chirp
Sequence (CS) processing. Using a series of ramps with high and equal slope,
the impact of f (D)

n,k on fn,k,n in (2.21) becomes small compared to f (R)
n,k Hence,

the frequency component predominantly carries range information. The speed
of the target leads to small movements between subsequent ramps, reflected in
changes of the phase φ(R)

n,k in (2.22). A constant speed implies linearly changing
phases, i.e. a constant frequency. Consequently, range and speed estimation
can be summarized in a two-dimensional Fourier transform [Gam19, p. 45]. In
a second step, the estimated speed may be used to correct the range error due
to the remaining impact of f (D)

n,k on fn,k,n [KR14].
Typical number of ramps per sequence are Nr ∈ {8 . . . 64}. The main benefit

of this approach is an improved speed resolution, which is given by [Gam19,
p. 51]

∆s(CS)
n,k = c0

2f0Nr(Tmod + Tp) , (3.11)

additionally considering the pause time Tp between subsequent ramps. As a
drawback, ambiguities occur for sn,k > s

(SC,max)
n,k , with

s
(SC,max)
n,k = c0

4f0(Tmod + Tp) . (3.12)

These can be solved by the method proposed in [KR14] or combination of CS
with the former introduced multi-slope approach.

3.1.2. Direction-of-Arrival Estimation with Colocated Antenna
Arrays

In addition to the range and speed of the target, its direction u according to
Figure 2.4 may be determined using the phase information in a colocated SIMO
or MIMO antenna array. This process shall be treated as an estimation problem
of an unknown deterministic variable uk. Intrinsically, the joint estimation of
frequency and DoA constitutes a multi-dimensional search problem. Still, it can
be separated into serialized parameter estimations of frequency and direction
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with negligible loss of accuracy [Lan12]. Therefore, the DoA is treated as
isolated problem in the following.
Several algorithms exist for this purpose, which can be categorized into

quadratic, subspace, linear prediction, and beamspace methods. [VT02,
p. 1141] The quadratic methods include Beamscan, which may be considered
the most conventional and robust technique and shall be treated in more
detail. The main advantages of other methods lie in the improved resolution
of multiple targets under the assumption of certain signal models, with their
resolution commonly being compared to the beamscan method as reference.
In a single-snapshot frequency-domain signal model, a single target k at

direction uk in the far field of the array causes a vector of received complex
amplitudes xk ∈ RNRx according to (3.13), where as(uk) was defined in (2.32).

xk(uk) = αkas(uk) + εθ (3.13)

Here, αk ∈ C denotes the RCS- and range-dependent complex amplitude of
the received signal and εθ represents a sample vector of Gaussian noise with
covariance matrix Cεθ = σ2

wI. The Bartlett beamformer constitutes a matched
filter, i.e. calculates the correlation spectrum according to (3.14), with the
steering vector in search direction as(u′).

P
(corr)
k (u′) = as(u′)Hxk (3.14)

u(est) = max
u′

{∣∣∣P (corr)
k (u′)

∣∣∣} (3.15)

In the general case and particularly for planar arrays, finding u(est) requires
a two-dimensional search for the two coordinates linearly independent to the
range direction. In the case of a linear array, it reduces to a one-dimensional
search of angle θ(t)

k in Figure 2.4 and is equivalent to a DFT [Ric05, p.465].
The resolution properties of the phased array in Section 2.2.1 are directly

transferable. It can be seen that the resolution of these angle estimates is lim-
ited by the aperture of the antenna array relative to the wavelength [Bar80].
This relationship can be explained using Fourier transform pairs, which is il-
lustrated in Section A.5.4 of the appendix. Considering AWGN with variance
σ2

w, the CRB of a uniform linear array is given by (3.16) [VT02, p. 980], with
kw,z and da defined as in Section 2.2.1.

var(θ(est)
k ) ≥ 6σ2

w

|αk|2NRx
· 1

(N2
Rx − 1)(kw,zda)2 (3.16)

The first term represents the inverse of the effective SNR, which scales linearly
with the number of receivers (i.e. antennas). The second term represents the
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square of the inverse effective aperture size, which is angle-dependent, yield-
ing the best precision in broadside direction of the array. Consequently, the
precision of target direction estimates may be increased with higher SNR or
larger apertures.2 For a single radar sensor, the aperture size is limited by the
permissible size of the sensor. A radar network may overcome this limitation
to potentially provide target position estimates with increased precision.

3.2. Range and Speed Estimation in Cooperative Radar
Networks

According to the analytic model in Section 2.4, the resulting frequencies in
the downconverted received signal u(IF)

m (t) are FMCW target responses, which
are shifted in the frequency domain by the respective f (off)

m,n . Similar signals
appear in the processing of secondary radar signals to determine the distance
between two stations, for which an approach has been introduced in [RVG07].
An adapted method to process the bistatic response in a cooperative secondary
radar with two loosely-coupled nodes was presented in [Feg+12b]. While the
aforementioned methods are limited to two sensor nodes, an approach for radar
sensor networks with multiple nodes was developed and presented in [FHW15a]
and [FHW17]. In the following, a further improved variant of this approach is
introduced.

For bistatic responses, the system may be considered heterodyne, as the
range- and Doppler-dependent beat frequencies are superimposed by these off-
set frequencies. Further processing requires the received IF signal components
to be shifted to baseband, before the techniques in Section 3.1 can be applied to
this quasi-homodyne signal. The intended shifting implies the following steps:

1. Convert all received IF signals u(IF)
m (t) to frequency domain, yielding the

discretized spectra αm.

2. Split all αm into their regions according to Figure 2.13, yielding the sub-
spectra βm,n.

3. For each bistatic pair of sensor nodes (m,n), estimate f (off)′
m,n individually.

a) Consider the two respective regions around f (off)
m,n .

b) Convolve extracts from these two regions.

c) Determine f̂ (off)
m,n using the peak frequency in the convolved spectrum.

2Since the CRB regards only local information but not global ambiguity, additional con-
straints must be fulfilled. For linear and planar arrays, these have been studied in
[Lan12] to propose optimum array architectures.
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4. Combine individual into joint frequency-offset estimates f̂ (m,n)†
off .

5. For each bistatic pair (m,n), shift both IF signal extracts to baseband
mirror the mirrored one and sum the two extracts, yielding γm, n.

In the first step, the IF signals u(IF)
m (t) are sampled and converted to fre-

quency domain by a DFT, according to (3.2) and (3.5), respectively. This
yields the arrays of complex amplitudes αm. Secondly, this array is split into
the frequency regions, yielding the sub-arrays βm,n. As depicted in Figure 3.3,
each matching pair (βm,n, βn,m) of frequency sub-arrays is used to estimate the
respective frequency offset f̂m,n, which is illustrated in the next section. From
these, the joint frequency estimates f̂ (off)†

m are determined and used to calculate
the joint frequency offsets f̂ (m,n)†

off , as explained in Section 3.2.2. Finally, the
frequency arrays of the bistatic responses are shifted to zero-IF and further
processed using the methods for homodyne monostatic responses introduced in
Section 3.1. In total, this process yields each N (bi)

meas range and speed estimates
r

(est)
n,k,m, s(est)

n,k,m. Out of these, the NTRx monostatic range and speed estimates
are obtained without the described bistatic pre-processing.

Estimate
Offset

αm

βm,1

βm,2

βm,n

αn

βn,m

βn,2

βn,1

Split
Spectrum

Split
Spectrum

f̂
(off)
m,n

Joint Frequency
Offset Estimation

Calc. all f̂ (off)†
m,n

Figure 3.3.: Program flow for frequency-offset estimation

3.2.1. Individual Estimation of Frequency Offsets
Consider a pair of sensor nodes (m,n) and let w.l.o.g. fn > fm. The re-
sulting idealized IF signal amplitudes in the frequency domain are depicted in
Figure 2.13 for (m,n) = (2, 1) in the upper left part. Assuming channel reci-
procity, i.e. rn,k,m = rm,k,n and sn,k,m = sm,k,n, all bistatic target peaks of
pair (m,n) occurring in the spectrum S

(IF)
m are mirrored at the offset frequency

f
(off)
m,n compared to S(IF)

n in the ideal signal model.3 Consequently, the relation
3Since the transmitting and receiving units within each node are closely located within
each node, reciprocity of the channel can be assumed.
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f

|S(f)|

f
(off)
m,n f

(off)′
m,n

∆fm −∆fn

fbw,sub fbw,sub

|S(IF)
n (f)| |S(IF)

m (f)|

f
(1)
bw,conv = fbw,sub + 2∆f (max)

f
(2)
bw,conv = fbw,sub + 4∆f (max)

∆f (max)

Figure 3.4.: Spectra to be convolved for estimation of actual frequency offset

between the offset frequency f (off)
m,n and the observed frequencies fn,k,m, fm,k,n

follows from (2.54) to be

fn,k,m − fm,k,n = 2(fn − fm︸ ︷︷ ︸
−f(off)

m,n

)sn,k,m
c0

+ 2f (off)
m,n (3.17)

⇐⇒
(

1− sn,k,m
c0︸ ︷︷ ︸
≈0

)
f (off)
m,n = fn,k,m − fm,k,n

2 . (3.18)

In reality, the actual offset frequency f (off)′
m,n , at which the peaks appear mir-

rored, differs due to imperfections and is given by

f (off)′
m,n = f (off)

m,n + ∆fm −∆fn, (3.19)

which follows from (2.38) and (2.57). The resulting extracts of S(IF)
m and S(IF)

n

are depicted in Figure 3.4.
The relevant sampled spectral regions of the two IF signals are the parts

βm,n and βn,m, which shall be used to estimate f (m,n)′
off . Obviously, the cor-

relation of the relevant extract of S(IF)
m with the mirrored extract from S

(IF)
n

exhibits a correlation peak at a frequency offset, depending on f (off)′
m,n . Conse-

quently, a convolution of two extracts is used to find this correlation peak as
an intermediate step to offset frequency estimation.

As f (off)
m,n is known and the absolute difference |f (off)′

m,n − f (off)
m,n | is bound by

2∆f (max), it is sufficient to carry out the convolution on this frequency range.
Therefore, the first convolution window is set to a width corresponding to
f

(1)
bw,conv = fbw,sub + 2∆f (max) and the second convolution window is set to
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a width corresponding to f
(2)
bw,conv = fbw,sub + 4∆f (max). This results in a

valid (i.e. full overlap) search region of ±∆f (max), as shown in Figure 3.4.
The amplitude of the peak of the convolved signal reflects the cross-correlation
signal power and is denoted by

c2m,n = max
ξ
{(|βn,m| ∗ |βm,n|)[ξ]}, (3.20)

while the bin of the correlation peak is calculated as4

ξ(max) = arg max
ξ

{(|βn,m| ∗ |βm,n|)[ξ]}. (3.21)

The deviation of this bin from the center bin corresponds to the twofold of
the offset frequency deviation f (off)′

m,n − f (off)
m,n . An interpolated bin ξ̃(max) can be

found by applying the interpolation techniques in Section 3.1.1 on the convolved
spectrum. Using this, the offset frequency estimate is found to be

f̂ (off)
m,n = f (off)

m,n + ξ̃(max)ηf
2 , (3.22)

with the frequency bin width ηf as in (3.6).
In principle, this offset frequency estimate can directly be used to shift the

signal to baseband, as it is also depicted in [FHW15a] and [FHW17]. In this
case, the subband samples of the positive (non-inverted) part spectrum are ex-
tracted from βm,n starting at sample b(ξ(max)−∆f (max)/ηf )/2c. The fractional
part of (ξ̃(max) − ξ(max)

f )/2 is then used as a correction term for the estimated
frequencies of target peaks in the spectrum. This shifting has to be carried out
for all N (coop)

meas bistatic target responses separately. The superposition of
The described procedure already exploits peaks from multiple targets to esti-

mate the frequency offset, since the complete subbands are processed. Hereby,
the influences of different target peaks are implicitly weighted by their squared
amplitude by the convolution. The overall accuracy of frequency-offset esti-
mates can be further improved by exploiting the known relations of all offset
frequencies in the network. In this case, the shifting is executed after recalcu-
lating all offset frequency estimates, as described in the following.

3.2.2. Joint Estimation of Frequency Offsets
In a network setup with NTRx radar nodes, NTRx − 1 linear independent fre-
quency offsets f (off)

m,n occur and have to be estimated. Without loss of generality,
4By taking the magnitudes, the phases are disregarded. Their information is exploited
using the phase-offset estimation method presented in Section 3.3
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f1 is assumed to be fix and the frequency offsets f (off)
1,n , n ∈ {2 . . . NTRx} have

to be estimated. In contrast, the total number of observed frequency offsets
is given by the number of bistatic node pairs N (bi)

meas = NTRx(NTRx − 1)/2, as
explained in Section 2.3. For NTRx ≥ 3, the number of observed frequency
offsets is larger than its linear independent subset. This overdeterminacy can
be used to improve the overall accuracy of frequency-offset estimates.

Let af ∈ RNTRx−1 be the vector of linear independent frequency offsets to
be determined and bf ∈ RN

(bi)
meas be the vector of all observed frequency offsets,

which are defined in (3.23) and (3.24), respectively.

af = Col
n={2...NTRx}

f̂
(off)†
1,n (3.23)

bf = Col
m={1...NTRx−1},n={m+1...NTRx}

f̂ (off)
m,n (3.24)

Vector bf can be written as linear combination of af , using the mapping
matrix Df ∈ RN

(bi)
meas×N

(bi)
meas and an additional nuisance vector εf ∈ RN

(bi)
meas ,

which represents frequency estimation errors.

bf = Dfaf + εf (3.25)

As the elements of vector bf constitute a superset of the elements of vector af ,
matrix Df contains the identity matrix of dimension (NTRx−1)×(NTRx−1) as
upper part, complemented by further rows reflecting the redundant information
as lower part. In the minimal overdetermined case NTRx = 3, the variables af ,
bf , and Df expand to

af =
(
f̂

(off)†
1,2
f̂

(off)†
1,3

)
, bf =

f̂ (off)
1,2
f̂

(off)
1,3
f̂

(off)
2,3

 , Df =

( 1 0
0 1
−1 1

)
. (3.26)

The individual frequency estimation errors are assumed to be uncorrelated,
i.e. the covariance matrix of εf is given by (A.35) with Wf ∈ RN

(bi)
meas×N

(bi)
meas . In

[RHS10, p. 689], it was shown that the variance of an estimated frequency in
white noise is inversely proportional to its SNR. Consequently, the variances
{w1 . . . wNTRx−1} are chosen as reciprocals of the signal power c2m,n of the peak
in the convolved received frequency domain signals βm,n and βn,m. Analogue
to (A.37), the weighting matrix Qf is calculated as

Qf = W
− 1

2
f = Diag

m={1...NTRx−1},n={m+1...NTRx}
[cm,n] . (3.27)
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Applying (A.41) yields the least-squares solution for a(est)
f based on all ob-

served frequency offsets bf . As all elements of Df are real-valued, the Hermitian
transpose can be replaced by an ordinary transpose, i.e.

a
(est)
f =

(
DT

f QfDf
)−1

DT
f Qfbf . (3.28)

The explicit solution for NTRx = 3 is depicted in the appendix in Section A.6.2.
In the following processing steps, all f̂ (off)†

1,n may replace f̂ (off)
1,n and the re-

maining frequency offsets f̂ (off)
m,n ,m 6= 1 may be replaced by

f̂ (off)†
m,n = f̂

(off)†
1,m − f̂ (off)†

1,n . (3.29)

These offset frequencies with improved precision are used to shift the frequency
regions to zero-IF, as described in the previous section. Subsequent processing
with the techniques in Section 3.1 yields the N (coop)

meas measurements r(meas)
n,k,m and

s
(meas)
n,k,m with improved precisions.

3.3. Coherent Bistatic Processing

Compared to MIMO with closely located antennas (see Section 3.1.2), two
fundamental differences exist in CRNs: First, the phase information due to
path lengths φ(R)

n,k,m is not directly accessible, since it is superimposed by the
unknown phase offset θ(off)

m,n according to (2.55). Second, phase differences do
not allow unambiguous DoA estimation due to the large separation between
nodes.
Methods to re-establish phase coherency in the digital domain are presented

in this section. This is achieved by exploiting the received signals at both in-
volved nodes of bistatic measurements to estimate and compensate unknown
phase offsets as nuisance parameters. The subsequent sections cover contour
recognition and multilateration algorithms for targets in the near field of the
network array, which make use of the improved precision from coherent pro-
cessing.

3.3.1. Individual Estimation of Phase Offsets
The initial phase offset between each pair of nodes can be calculated using
both received signals. Assuming fn > fm, the observed received phases for the
signal transmitted from node m to target k and further to node n and vice
versa can be denoted as (3.30) and (3.31), respectively.

θ
(IF)
m,k,n = 2πfm

rm,k,n
c0

+ πkr
r2
m,k,n

c20
− θ(off)

m,n (3.30)
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θ
(IF)
n,k,m = 2πfn

rn,k,m
c0

+ πkr
r2
n,k,m

c20
+ θ(off)

m,n (3.31)

With rm,k,n = rn,k,m, (3.30) and (3.31) can be combined into (3.32). Thus,
the estimated phase difference θ̂(off)

m,n can be deduced from the observed phases
and the previously determined frequency offsets and estimated ranges according
to (3.33).

θ
(IF)
n,k,m − θ

(IF)
m,k,n = 2θ(off)

m,n − 2πf (off)
m,n

rn,k,m
c0

(3.32)

⇒ θ̂(off)
m,n =

θ
(IF)
n,k,m − θ

(IF)
m,k,n

2 + πf̂ (off)
m,n

r̂n,k,m
c0

. (3.33)

With typical frequency offsets and small ranges, the second part in (3.33) be-
comes small and can be neglected. E.g. for f (off)

m,n = 500 kHz and rn,k,m = 2 m,
it evaluates to ≈ 0.01 rad. For large frequency offsets and ranges, it may be
used as an additional correction term.
It should be noted that the factor two in (3.32) leads to an ambiguity of

the observed phase offset θ̂(off)
m,n using (3.33), which is illustrated in Figure 3.5.

Defining the unambiguous interval for phases to be [−π, π), phase wrapping

θ
(off)
2,1
= θ̂

(off)
2,1

1

2
θ

(off)
3,22θ(off)

2,1

3

(a) No phase wrapping occurs between
θ
(off)
2,1 and θ̂(off)

2,1

θ
(off)
2,1

1

23
θ

(off)
3,2

2θ(off)
3,1 3′

θ̂
(off)
3,1

(b) Phase wrapping occurs between
θ
(off)
3,1 and θ̂(off)

3,1

Figure 3.5.: Ambiguity of observed phase offsets due to phase wrapping

occurs if θ(off)
m,n > π, which is the case for θ(off)

3,1 in the shown example. Hence,
θ̂

(off)′
m,n = θ̂

(off)
m,n ± π must always be considered as an alternative solution. Con-

sequently, the obtained phase offsets are only unambiguous on [−π/2, π/2)
intervals.
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In principle, θ̂(off)
m,n can be directly used together with θ(IF)

m,k,n to find φ(R)
n,k,m.

Alternatively, the joint estimation of phase offsets is introduced as an interme-
diate step, which increases the precision of the phase-offset estimates signifi-
cantly.

3.3.2. Joint Estimation of Phase Offsets
Analogous to the joint estimation of frequency offsets in Section 3.2.2, the
overdeterminacy regarding phase-offset estimates may be exploited to improve
their precision. With the wanted vector of linear independent phase offsets aθ,
the available vector of all observed phase offsets bθ, and the mapping matrix
Dθ the resulting linear least-square problem for minimizing ‖Dθaθ − bθ‖2 can
be solved using the technique in Section A.2.2.

aθ = Col
n={2...NTRx}

θ̃
(off)
1,n (3.34)

bθ = Col
m={1...NTRx−1},n={m+1...NTRx}

θ̂(off)
m,n (3.35)

The weighting with matrix Qθ considers different reliabilities of estimated
phases depending on the amplitude of the respective peak. Both mapping and
weighting are equal to joint frequency estimation, i.e. Dθ = Df and Qθ = Qf .
This yields

a
(est)
θ =

(
DT
θ QθDθ

)−1
DT
θ Qθbθ . (3.36)

The ambiguities of phases on [−π/2, π/2) intervals can be regarded in two
ways. Either, different combinations of ±π or 0 are added to each θ

(off)
m,n the

least-squares solutions are calculated for each combination. Subsequently, one
of the solutions with the lowest residuum is selected. Alternatively, the mini-
mization problem is modified according to

min
aθ
‖sin (Dθaθ − bθ)‖2 , (3.37)

where the introduced sin-function is meant to be applied element-wise on the
vector. This has two effects. First, the zeros at multiples of π correctly regard
the phase ambiguities. Second, the impact of residual phases with larger errors
(in the surrounding of ±π/2) are damped, making the norm more robust to
erroneous phase measurements at the expense of slightly reduced precision in
the absence of outliers. Since the residuum of this alternative approach is
non-linear, (3.36) does not hold and the iterative methods for non-linear least
squares in Section A.2.2 must be applied.
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After determining aθ, i.e. all θ̃(off)
1,n , the remaining jointly estimated phase

offsets θ̃(off)
m,n summarized in the vector b̃θ are calculated as

b̃θ = Dθaθ. (3.38)

These optimized individual phase-offset estimates are used in the following
steps for coherent processing of bistatic responses between each pair of sensor
nodes.

3.3.3. Exploiting Phase Information for Range and Speed Estimation

The range-dependent phase φ(R)
n,k,m in (2.55) can be estimated using the previ-

ously determined phase offsets according to

φ̂
(R)
n,k,m = θ

(IF)
n,k,m − θ̃

(off)
m,n . (3.39)

In principle, this phase allows the application of digital beamforming algo-
rithms for DoA estimation, as they are used in MIMO arrays with collocated
antennas [LS07], if all targets are considered to be in the far field of the array.
Still, this application is limited, since typically large distances between nodes
imply multiple angular ambiguities. Utilizing φ̂(R)

n,k,m to improve the precision
of range and speed estimates is more beneficial in most intended applications.

From (2.55) follows that an ambiguous range can be calculated from φ̂
(R)
n,k,m

according to
r

(amb)
n,k,m = c0

2πfn

(
φ̂

(R)
n,k,m + lπ

)
, l ∈ N. (3.40)

If range measurements based on the frequency exhibit an accuracy of better
than a half wavelength, the parameter l can be determined, allowing absolute
range measurements based on phase information.5

The relative range information may also be exploited for speed measure-
ments, using the CS processing introduced in Section 3.1.1. As a general
alternative to the commonly used DFT, frequency estimation of a single si-
nusoid can be split into the three steps phase estimation, phase unwrapping,
and determining the slope of phase progress over time, without significant loss
of precision assuming reasonably high SNR [Fow02]. Applying this scheme, the
already determined phases φ(R,i)

n,k,m for the i-th ramp are first unwrapped over
the unambiguous phase interval of π rad.

5Reflections on metal surfaces lead to 180◦ phase shift, which has an effect on the estimated
l, but not the absolute range. Further prerequisites include high oscillator stability for
a known f0, since only f(off)

m,n is estimated. Calibrations may be applied using long-term
measurements with constant target distances.
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Let Φ(R)
n,k,m be the vector of unwrapped phases φ̃(R,i)

n,k,m, i.e.

Φ(R)
n,k,m = Col

i={1...Nr}
φ̃

(R,i)
n,k,m. (3.41)

Let Tc be the vector of chirp start times relative to the middle of the chirp6,
i.e.

Tc = Col
i={1...Nr}

(
i− Nr + 1

2

)
(Tmod + Tp). (3.42)

Then, the equation system to be solved using linear least squares (Section A.2)
is given by

Φ(R)
n,k,m = φ̄

(R)
n,k,m + ω

(S)
n,k,mTc, (3.43)

where φ̄(R)
n,k,m is the mean phase

φ̄
(R)
n,k,m =

Nr∑
i=1

φ̃
(R,i)
n,k,m (3.44)

and ω
(S)
n,k,m the speed-dependent frequency component, which follows from

(A.44) to be

ω
(S)
n,k,m =

〈Φ(R)
n,k,m, Tc〉∑Nr
i=1 T

2
c,i

, (3.45)

with
∑Nr

i=1 T
2
c,i being expanded in (A.96).

φ̄
(R)
n,k,m can be used as improved estimate of φ(R)

n,k,m to determine the ambigu-
ous range at the time of the first ramp start. The speed estimate is deduced
from ω

(S)
n,k,m according to

sn,k,m =
ω

(S)
n,k,mλ

2 · 2π = c0
4πf0

ω
(S)
n,k,m, (3.46)

where the additional factor 2 in the denominator stems from the conversion
of two-way (range) to one-way (speed). These processing schemes are applied
to measurements in Section 6.3, revealing improved precisions compared to
incoherent frequency-based processing.

6This definition makes the mean phase estimate for the range independent from the phase
slope estimate for the speed.
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3.4. Target Position and Contour Estimation

3.4.1. Target Contour Recognition
In the previous sections, only point-like targets have been considered, assuming
equal scattering properties independent of the angle between transmitting node,
target and receiving node. In reality, this assumption does not always hold. For
instance, planar surfaces with high reflectivity exhibit strongly angle-dependent
reflection properties. This property may be exploited to distinguish between
point-like and wall-like targets by evaluating the ranges to different reflection
points.
For a point-like scatterer, the relation of bistatic range and the two monos-

tatic two-way ranges is given by

r
(point)
n,k,m = rn,k,n + rm,k,m

2 . (3.47)

The case of a planar scatterer is depicted in Figure 3.6. Here, the law of cosines

pn pm

r (m
ono)

n
,k

r (m
ono)

m
,k

r
(nodes)
m,n

γn γm

p′n

p′m

Wallr (m
ono)

n
,k

r (m
ono)

m
,k

r (bi)n
,k

r (bi)m
,k

r
(b

i)
m
,k

r
(b

i)
n
,k

z

x

Figure 3.6.: Monostatic and bistatic ranges for a planar target (wall)
[FHW15a], © 2015 IEEE

is applied for the two large triangles extending to the mirrored positions p′m
and p′n of the sensor nodes.(

r
(wall)
n,k,m

)2
=
(
r(nodes)
m,n

)2 +
(

2r(mono)
m,k

)2
− 4r(nodes)

m,n r
(mono)
m,k cos(γm) (3.48)(

r
(wall)
n,k,m

)2
=
(
r(nodes)
m,n

)2 +
(

2r(mono)
n,k

)2
− 4r(nodes)

m,n r
(mono)
n,k cos(γn) (3.49)
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Using the equivalents rn,k,m = r
(bi)
n,k + r

(bi)
m,k, rm,k,m = 2r(mono)

m,k , and γm + γn =
180◦, i.e. cos(γm) = − cos(γn), the equation system represented by (3.48)
and (3.49) may be solved. This leads to the bistatic range for a planar object

r
(wall)
n,k,m =

√(
r

(nodes)
m,n

)2
+ rn,k,n · rm,k,m. (3.50)

The comparison of the observed bistatic range with the respective expected
ranges according to (3.47) and (3.50) allows the classification of the target as
a point or planar scatterer. Presupposing that the measured monostatic and
bistatic ranges r(meas)

n,k,m can be associated with the same object, it is classified as
point-like if |r(meas)

n,k,m − r
(point)
n,k,m | < |r

(meas)
n,k,m − r

(wall)
n,k,m| and classified as planar oth-

erwise, where rn,k,n and rm,k,m are set to the respective measured monostatic
distances.
This method requires a measurement precision of

σ(bi)
r <

1
2

(
r

(wall)
n,k,m − r

(point)
n,k,m

)
, (3.51)

taking the monostatic range measurements as ground truth. In Chapter 6, it
is shown in simulations and measurements that this requirement can be met.
There, the method are applied to two different measurement setups, one with
a signal generator and one with an actually realized radar network prototype
to distinguish between planar and point-like scatterers.

3.4.2. Prerequisites to Apply Multilateration Algorithms

Assuming a common scattering point for N (coop)
meas measured ranges from a single

target k, these ranges can be combined to find an estimated target position p̂k.
On the supposition that target k is at position p̂k, the two-way ranges r̂n,k,m
from transmitting sensor node n at position pn to target k at position p̂k to
receiving node m at position pm are (analogous to (2.43)) given by

r̂n,k,m = r̂n,k + r̂m,k =
√

(pn,x − p̂k,x)2 + (pn,z − p̂k,z)2

+
√

(pm,x − p̂k,x)2 + (pm,z − p̂k,z)2. (3.52)

Aim of the multilateration algorithm is finding an estimated position p̂k, for
which the estimated ranges r̂n,k,m best possibly match the measured ranges
r

(meas)
n,k,m .
For NTRx ≥ 3, three cases have to be distinguished, depending of the ar-

rangement of the sensor nodes and the target position, which are depicted in
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direction

Figure 3.7.: Sensor nodes forming different types of arrays with respect to the
target direction

Figure 3.7, where uk is meant to point perpendicular to the drawing plane in
Subfigure 3.7c.
First, if the sensor nodes form a linear array, whose axis points to the target

position, no two vectors between a sensor node and the target position are
linearly independent, as in Figure 3.7a. In this case, multilateration cannot be
applied to find the target direction.

Second, if the sensor nodes form a linear array, whose axis does not point
to the target position, two linearly independent vectors exist between a sensor
node and the target position, as in Figure 3.7b. Here, multilateration can be
applied to find the target direction, but an ambiguity remains. Without loss
of generality, assume that the linear array lies in the z-axis. Using cylindrical
coordinates, the target position pk = (ρ, φ, z)T can only be determined with
respect to ρ and z, while φ remains undetermined due to symmetry. Thus,
using Cartesian coordinates, the values of x = ρ cos(φ) and y = ρ sin(φ) remain
ambiguous and y may be set to zero w.l.o.g. by proper definition of the axes
to reduce the problem to two dimensions.

In the third case, three linearly independent vectors exist between a sensor
node and the target position, e.g. with sensor nodes forming a planar array and
the target direction not being within the plane, as in Figure 3.7a. In this case,
multilateration can be applied to find the target position in three dimensions.

The bistatic signal paths lie in the plane of the corresponding monostatic
signal paths of the involved nodes, since the bistatic ranges are linearly depen-
dent from the monostatic ranges, according to rn,k,m = rm,k,m+rn,k,n

2 . There-
fore, the aforementioned distinction is not altered when incorporating bistatic
ranges.

A second prerequisite to apply multilateration in multi-target environments
is the association of measured ranges to targets, so that only range measure-
ments originating from the same target are combined to find the respective
target position. A method to solve this problem is depicted by van Kleef et.
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al. in [VK+06]. It relies on considering several hypotheses regarding possi-
ble associations and computes their probability values. These hypotheses are
not solely based on a single radar measurement snapshot, but calculated on
a superordinate tracking level, considering several snapshots. Since tracking
algorithms are beyond the scope of this thesis, these and other methods are
not treated in more detail.
In the following, it is assumed that an assignment of measured ranges and

velocities to targets exists. A linear array as in Figure 3.7b is used to estimate
the target position in 2 dimensions, according to (3.53), which supposes the
target to be in the x,z-plane.

p̂k =
(
p̂k,x
p̂k,z

)
(3.53)

This two-dimensional estimation is used to retain brevity in the following equa-
tions. It hardly implies any loss of generality, as the extension to position
estimation in three dimensions based on the planar array in Figure 3.7c is
mathematically trivial.

3.5. Multilateration Algorithms for Target Position Estimation

3.5.1. Multilateration Algorithm Based on Measured Ranges
For NTRx ≥ 2, (3.52) results in an overdetermined equation system. Hence,
a Minimum Mean Square Error (MMSE) estimator is used and the position
estimate is considered optimal, if it minimizes the l2-norm of the residuum
‖∆z(range)

k ‖2, which denotes the difference vector between the measured ranges
r

(meas)
n,k,m and the estimated ranges r̂n,k,m, according to (3.54) and the column-
stack denotation defined in Section A.1.

∆z(range)
k = Col

m={1...NTRx},n={m...NTRx}

[
w

(range)
n,k,m

(
r̂n,k,m − r(meas)

n,k,m

)]
(3.54)

The weights are set to the reciprocal of the expected precisions of the respective
monostatic or bistatic range measurement, which are deduced in Chapter 4
considering AWGN and phase noise.

w
(range)
n,k,m =

{ 1
σ

(mono)
r

, m = n

1
σ

(bi)
r

, else
(3.55)

Due to the square roots in (3.52), the least-squares problem is non-linear.
Accordingly, the iterative methods in Section A.2.2, e.g. the Gauss-Newton
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method, shall be used to find the estimate. This approach has also been used
for the non-coherent network in [KR01]. Here, it is extended to incorporate
bistatic range measurements. The position p̂k represents the parameter to
be estimated, corresponding to a in Section A.2.2. Accordingly, ∆pk, which
is required to calculate the updated p̂k, corresponds to ∆a. The following
quantities and equations are necessary to apply these iterative algorithms:

1. An initial target position estimate p̂(0)
k

2. The residuum vector ∆z(range)
k , as defined by (3.54)

3. The Jacobian matrix J(r-p)
k , given in (3.56)

J
(r-p)
k (p̂k) = Col

m={1...NTRx},n={m...NTRx}

[
w

(range)
n,k,m

(
∂r̂n,k,m
∂p̂k,x

,
∂r̂n,k,m
∂p̂k,z

)]
(3.56)

Different options exist to obtain an initial estimate p̂(0)
k . First, it may be

taken from a previous snapshot, which is favorable, if the elapsed time since
this snapshot and therefore the expected target movement is small. Second, the
monostatic ranges rn,k,n, n ∈ {1 . . . NTRx} may be squared to form a nonlinear
least squares without the square-roots, but with linear and non-linear depen-
dency of the residual on the target position estimate. This allows applying the
variable projection method by Golub, which was mentioned in Section A.2.2.7
Third, an arbitrary value may be used, relying on the stability of the used
algorithm against high residuals. In the latter case, the Levenberg-Marquardt
method should be applied, as it is less prone to divergence problems originating
from large residuals.

The Jacobian matrix J(r-p)
k is calculated using the partial derivatives of (2.43)

with respect to the estimated coordinates of the target p̂k,x and p̂k,z. In the
general case, the partial derivatives are given by (3.57) and (3.58), respectively.

∂r̂n,k,m
∂p̂k,x

= p̂k,x − pn,x
r̂n,k

+ p̂k,x − pm,x
r̂m,k

(3.57)

∂r̂n,k,m
∂p̂k,z

= p̂k,z − pn,z
r̂n,k

+ p̂k,z − pm,z
r̂m,k

(3.58)

An explicit example for the Jacobian matrix with two sensor nodes is given in
the appendix in Section A.6.3.

7Note that in the bistatic case, m 6= n, mixed terms remain after squaring the sum of roots
in (3.52). Therefore, this method cannot be applied to solve the overall least-squares
problem in cooperative radar networks, which includes both monostatic and bistatic
range equations.
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Starting with p̂(0)
k , one of the algorithms described in Section A.2.2 may be

applied, iterative calculating the Jacobi matrix J(r-p)
k , the residuum ∆z(range)

k

and updated position estimates p̂k. For instance, in the Gauss-Newton al-
gorithm, the position estimate displacement ∆p(i)

k after the i-th iteration is
calculated according to

∆p(i)
k = −J(r-p) †

k (p̂(i)
k )∆z(range,i)

k . (3.59)

The updated estimated position is then calculated as

p̂
(i+1)
k = p̂

(i)
k + ∆p(i)

k . (3.60)

Conducting a fixed number of iterations (or alternatively until ∆z(range)
k be-

comes sufficiently small) yields the final position estimate p̂k.
In general, wrong associations of measured ranges to targets may lead to

high errors, as they introduce components that dominate the residual. If a
multiple-hypotheses tracking algorithm is used, as proposed in [VK+06], the
final |∆z(range)

k | can be used to determine the probability of this hypothesis.
If this is not reasonable, e.g. due to the high computational effort, or the
wrong associations appears still to be likely, a robust regression technique, as
described in Section A.2.2, should be used. By this means, the influence of
outlying measured ranges on the estimated target position is diminished.

3.5.2. Joint Position and Velocity Estimation

Additionally to the N (coop)
meas individual range measurements, the same number

of velocity measurements are performed by the network, composed of N (mono)
meas

monostatic and N
(bi)
meas bistatic measurements. In the monostatic case, the

measured velocity sn,k,n reflects the radial velocity between the measuring node
n and the target k. The general bistatic case is depicted in Figure 2.11 and
explained in Section 2.4.1.
The additional velocity measurements are incorporated by extending the

least-squares problem formulated in 3.5.1 to six dimensions (in the case of three-
dimensional coordinates) or four dimensions (in the case of two-dimensional
coordinates). In the following, equations for two-dimensional coordinates (i.e.
y = const = 0) are stated to retain brevity, whereas the extension for three-
dimensional coordinates is trivial. In addition to the definition of p̂k in (3.53),
the estimated target velocity is denoted as

v̂k =
(
v̂k,x
v̂k,z

)
. (3.61)
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Vector âk contains the stacked estimated parameters of target k regarding
position and velocity.

âk =
(
p̂k
v̂k

)
(3.62)

(2.41)–(2.48) also hold regarding the estimated quantities, e.g. position p̂k and
velocity v̂k. In particular, the estimated speed ŝn,k,m is given analogous to
(2.48), inserting p̂k for pk and v̂k for vk. The estimated one-way ranges r̂n,k
and r̂m,k between the sensor nodes and the target are given in (3.52).

The residuum vector for the range dimensions ∆z(range)
k is calculated as be-

fore (3.54), while the residuum vector for the speed dimensions ∆z(speed)
k is

calculated as the difference between measured and expected speeds in (3.63).

∆z(speed)
k = Col

m={1...NTRx},n={m...NTRx}

[
w

(speed)
n,k,m

(
ŝn,k,m − s(meas)

n,k,m

)]
(3.63)

By setting the weighting w(speed)
n,k,m to the reciprocals of the expected speed pre-

cisions, which are deduced in Chapter 4, the different reliabilities of monostatic
and bistatic speed measurements are taken into account.

w
(speed)
n,k,m =

{ 1
σ

(mono)
s

, m = n

1
σ

(bi)
s

, else
(3.64)

For the joint estimation based on range and speed measurements, the two
residuum vectors are stacked to a joint residuum vector, resulting in a total of
2N (coop)

meas = NTRx(NTRx + 1) dimensions.

∆zk =
(

∆z(range)
k

∆z(speed)
k

)
(3.65)

To apply the Gauss-Newton algorithm or one of its variants, the entries
Jk,(i,j) of the Jacobian matrix Jk have to be calculated according to (3.66)
yielding a partitioned matrix, which can be separated into four sub-matrices
according to (3.67).

Jk,(i,j) = ∂∆zk,i
∂ak,j

(3.66)

Jk =
(
J

(r-p)
k J

(r-v)
k

J
(s-p)
k J

(s-v)
k

)
(3.67)

The dimensions of Jk are (NTRx(NTRx + 1))× 2 for estimation in two coordi-
nate dimensions and (NTRx(NTRx + 1))× 3 for estimation in three coordinate
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dimensions. The sub-matrix J(r-p)
k given in (A.104) expresses the sensitivity of

the estimated ranges with respect to the estimated target position. The sub-
matrix J(r-v)

k is zero, as the estimated ranges do not depend on the estimated
target velocity.
In (3.63), ŝn,k,m depends on both p̂k and v̂k, which originates in the depen-

dency of the bisectrix on the ranges rm,k and rn,k, as it is reflected in (2.48).
Consequently, the sub-matrix J(s-p)

k expressing the sensitivity of the estimated
speeds w.r.t. the estimated target position is non-zero and is given by

J
(s-p)
k = Col

m={1...NTRx},n={m...NTRx}

[
w

(speed)
n,k,m

(
∂ŝn,k,m
∂p̂k,x

,
∂ŝn,k,m
∂p̂k,z

)]
, (3.68)

while the sub-matrix J
(s-v)
k expresses the sensitivity of the estimated speeds

w.r.t. the estimated target velocity and is given by

J
(s-v)
k = Col

m={1...NTRx},n={m...NTRx}

[
w

(speed)
n,k,m

(
∂ŝn,k,m
∂v̂k,x

,
∂ŝn,k,m
∂v̂k,z

)]
. (3.69)

In order to retain brevity, the short forms gx and gz, which may be inter-
preted as the proportion of x- and z-range coordinates on the target range, are
introduced and used for computing the partial derivatives:

gx =
(
d̂n,k,x
r̂n,k

+ d̂m,k,x
r̂m,k

)
, gz =

(
d̂n,k,z
r̂n,k

+ d̂m,k,z
r̂m,k

)
(3.70)

With these, the sensitivities of the estimated speed on the estimated target
position coordinates are calculated as

∂ŝn,k,m
∂p̂k,x

=
〈
v̂k,

∂b̂n,k,m,0
∂p̂k,x

〉
= ξpx

〈(
v̂k,x
v̂k,z

)
,

(
gz
−gx

)〉
(3.71)

with

ξpx =
r̂3
n,kd̂m,k,z

(
gxd̂m,k,x + gz d̂m,k,z

)
+ gxr̂

3
m,kd̂n,k,xd̂n,k,z + gz r̂

3
m,kd̂

2
n,k,z

(g2
x + g2

z)
3
2 r̂3

m,kr̂
3
n,k

(3.72)
and

∂ŝn,k,m
∂p̂k,z

=
〈
v̂k,

∂b̂n,k,m,0
∂p̂k,z

〉
= ξpz

〈(
v̂k,x
v̂k,z

)
,

(
−gz
gx

)〉
(3.73)
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with

ξpz =
r̂3
n,kd̂m,k,x

(
gxd̂m,k,x + gz d̂m,k,z

)
+ gxr̂

3
m,kd̂

2
n,k,x + gz r̂

3
m,kd̂n,k,xd̂n,k,z

(g2
x + g2

z)
3
2 r̂3

m,kr̂
3
n,k

.

(3.74)
Similarly, the sensitivities of the estimated speed on the estimated target

velocity coordinates are calculated as

∂ŝn,k,m
∂v̂k,x

=
〈
∂v̂k
∂v̂k,x

, b̂n,k,m,0

〉
= gx√

g2
x + g2

z

(3.75)

and
∂ŝn,k,m
∂v̂k,z

=
〈
∂v̂k
∂v̂k,z

, b̂n,k,m,0

〉
= gz√

g2
x + g2

z

. (3.76)

Using this compound Jacobian, the displacement ∆a(i)
k after the i-th step is

calculated in the Gauss-Newton algorithm as

∆a(i)
k = −J†k(â(i)

k )∆zk(â(i)
k ). (3.77)

The updated estimated target vector is then calculated as

â
(i+1)
k = â

(i)
k + ∆a(i)

k . (3.78)

Since (3.71) and (3.73) each contain products v̂k,x · gz and v̂k,z · gx, it can be
expected that the precision of estimated x- and z-position coordinates of the
target benefit from its movement in the respective other dimension.

3.6. Simulated Position and Velocity Precisions

Simulations with different target velocities shall be used to verify the deducted
precision advantage of the extended multilateration algorithm considering ve-
locities in Section 3.5.2. They use a setup of three sensor nodes forming a uni-
form linear array in z-direction with r(nodes)

1,3 = 1 m and a target in x-direction
to the center of the array, as depicted in Figure 3.8. The actual target range
is fixed at r(tar)

1 = 1 m, whereas target velocities in x- and z- direction are
varied with −14 m

s ≤ v
(tar)
1,x ≤ 14 m

s and −14 m
s ≤ v

(tar)
1,z ≤ 14 m

s , respectively,
in steps of 1 m

s . The measured ranges and speeds are assumed to be nor-
mally distributed with standard deviations summarized in Table 3.1, which are
kept constant for all simulations. Here, the range precision is assumed to be
AWGN-limited, leading to an advantage in bistatic measurements, while the
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v
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Figure 3.8.: Setup with three sensor nodes for simulated precision of target
position

speed precision is assumed to be limited by Phase Noise (PN), particularly dete-
riorating bistatic measurements.8 For each velocity setting, 10 000 simulations
are carried out, each time estimating the target position with two multilatera-
tion estimators, of which one only regards monostatic measurements, whereas
the other also includes bistatic measurements.

Table 3.1.: Assumed range and speed precisions in multilateration simulations
Monostatic Bistatic

Precision σ
(mono)
r σ

(mono)
s σ

(bi)
r σ

(bi)
s

Value 15 mm 1 mm
s 10 mm 2 mm

s

The two plots of Figure 3.9 depict the two resulting precisions σ(mono)
px and

σ
(mono+bi)
px of the target position x-coordinate p(tar)

1,x in mm. For v(tar)
1 = (0, 0),

the zero observed speeds let the Jacobians J(s-p)
k and J(s-v)

k in (3.68) and (3.69)
become zero, so that the joint Jacobian Jk in (3.67) is reduced to its com-
ponent J(r-p)

k , i.e. identical to multilateration with range measurements only.
Consequently, the center points of the plots refer to this case, with precisions
of σ(mono)

px = 4.6 mm and σ(mono+bi)
px = 2.6 mm, respectively. The precisions im-

proves towards higher speed magnitudes in z-direction to σ(mono)
px = 0.66 mm

and σ(mono+bi)
px = 0.57 mm, depicting the advantage of the multilateration ap-

proach considering velocities. Obviously, only the target movement in parallel
8Measurements with a radar network prototype of three nodes prove these numbers to be
realistic, as shown in Chapter 6.
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Figure 3.9.: Simulated precision of p(tar)
1,x in mm against v(tar)

1,x and v(tar)
1,z

to the array (i.e. cross-range) has an improving effect on the x-position preci-
sion. This is consistent with the theoretical derivations in Section 3.5.2, where
this behavior has been deducted. Additional velocity components in x-direction
inhibit the precision improvement in the monostatic-only case, whereas mul-
tilateration including bistatic measurements is unaffected, demonstrating the
better separation of x- and z-components in CRNs.

The complementary case is depicted in Figure 3.10, showing the impact of
target movements on the precisions σpz of the target position z-coordinate p

(tar)
1,z

in mm. Obviously, the precision in this cross-range direction is worse than in the
previous case of broadside direction, with σ(mono)

pz = 11.9 mm and σ(mono+bi)
pz =

9.5 mm. In accordance with the theory, these precisions improve for increasing
target movements in broadside direction of the array to σ

(mono)
pz = 0.64 mm

and σ(mono+bi)
pz = 0.62 mm at v(tar)

1,x = 10 m
s . Additionally, a significant positive

impact on the cross-range position precision with increasing cross-range velocity
component can be observed when regarding bistatic measurements. This stems
from the improved capability to detect differences in Doppler shifts between
the different pairs of nodes in a cooperative network setup. Overall, these
simulations verify the supposed advantages of CRNs, improving the position
precision for still targets and benefiting from target velocities with the proposed
multilateration algorithm.
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4. Non-Idealities in Cooperative Radar
Networks

In the previous chapters, models for the operation of radar networks with inco-
herent radar nodes have been presented. In theory, the positions and velocities
of targets can be exactly determined, using the signal processing techniques in
Chapter 3. In reality, the attainable resolution and precision of radar measure-
ments are limited by systematic and random error processes in the synthesizers.
Particularly, deviant ramp slopes, ramp non-linearities, and phase noise have
a much larger impact on bistatic measurements in the network, due to the in-
dependent signal synthesis. These non-idealities are treated thoroughly in this
chapter to deduce their impact on estimation precision.
The mathematical fundamentals for stochastic processes, such as Brownian

motion, are explained in Section A.3 of the appendix. On this basis, Section 4.1
introduces known models for noise and phase noise as well as their effect on
general estimation problems. Starting with Section 4.2, the ideal signal model
from Chapter 2 is extended by considering systematic parameter offsets (of
time, frequency, and slope) as well as systematic and random error processes in
the time domain, reflecting most relevant nonidealities of synthesizers. First,
the impact of all deterministic errors are evaluated in Section 4.3. In the
following Section 4.4, the impact of phase noise is deduced from the stochastic
noise processes, considering the effects of applied signal processing techniques
from Chapter 3. The resulting equations quantify range and speed precision
depending on the intensities of phase noise and AWGN.
Based on the analytic phase-noise model, an efficient simulation method

based on time-domain functions is presented in Section 4.5. It is used to ver-
ify the theoretical models, such as the impact of AWGN and phase-noise on
the precision of range estimates, as well as the effect of different modulation
parameters, verifying the derivations in Section 4.4.3. Finally, two types of
measurement methods are introduced in Section 4.6. The first method quan-
tities phase fluctuations of a synthesizer in CW and FMCW modes, i.e. both
phase noise and ramp linearity. The other setup reconstructs a MIMO network
with laboratory devices, which is used to determine phase-noise requirements
for synthesizers in radar nodes. Their results are used in Chapter 5 ensure the
compliance of the realized synthesizer with these requirements.
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4.1. Fundamentals of Added Noise and Phase Noise

Presuming perfectly sinusoidal signals in the IF band, the range resolution is
given by (2.59), whereas single targets could be located with arbitrary preci-
sion. In reality, these signals are disturbed due to phase noise and additional
modulations. As a result, both range resolution and precision are reduced due
to the broadened peak in the spectrum. In this section, the influence of random
phase fluctuations on the precision is quantified based on known radar models.

4.1.1. Known Noise and Phase Noise Models
Noise processes can be distinguished between additive noise and parametric
noise [Rub09, p. 36]. The former describes a random process that is super-
posed to a signal and independent from it, most commonly treated as AWGN
component, according to

y(t) = x(t) + n(t), (4.1)

where n(t) is characterized by a random process with independent zero-mean
Gaussian-distributed random samples with variance σawgn. The resulting signal
has a combined power of

Py = Px + P (awgn)
n , (4.2)

with the power of the signal

Px = lim
T→∞

1
2T

∫ t=T

t=−T

∣∣x(t)2∣∣ (4.3)

and power of the noise process [YG05, p. 377]

P (awgn)
n = σ2

awgn. (4.4)

Considering a periodic signal x(t) = A cos(2πf0t), with amplitude A and fre-
quency f0, the signal-to-noise ratio is defined as

ηawgn = Px

P
(awgn)
n

= A2

2σ2
awgn

. (4.5)

In contrast, parametric noise describes random modulations of an oscillator
x(t) and can be further divided into amplitude noise and phase noise. Starting
with an ideal oscillator output, e.g. x(t) = cos(2πf0t) in the simplest case, am-
plitude noise is represented by random modulation of the amplitude according
to

y(t) = (a(t) + 1)x(t), (4.6)
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4.1. Fundamentals of Added Noise and Phase Noise

where a(t) constitutes the random process of amplitude variations. In contrast,
phase noise describes random modulation of the phase according to

y(t) = x(t+ αpn(t)), (4.7)

where αpn(t) constitutes the realization of a random process characterizing the
timing fluctuations. In the case of radar sensors, the influence of amplitude
noise is usually considered small [BG15, p. 399]. Therefore, only phase noise is
treated in the following, in addition to the already introduced AWGN.
A fundamental description of phase noise has been introduced in [DMR00].

Based on perturbations on fundamental physical models, the phase fluctuation
φpn(t) is derived as being the realization of a Wiener processW (t). For different
points in time, the correlation of the corresponding phases therefore depends on
the fundamental frequency f0, the time difference ∆t = t2 − t1 and a constant
cpn, which represents the scaling factor of the Brownian motion and can be
interpreted as the rapidity of phase-decorrelation over time. Assuming that
the timing jitter in αpn(t) is sufficiently small, so that phase wrapping does not
occur, the phase fluctuation φpn(t) follows to be

φpn(t) = 2πf0αpn(t). (4.8)

Using this model and assuming a known phase at time t1, the uncertainty
of a phase at time t2 is described by a Gaussian process with variance σ2

pn,
according to

σ2
pn(∆t) = (2πf0)2cpn ·∆t, (4.9)

where cpn describes the volatility of the timing offset, scaled by (2πf0)2 to the
volatility of the phase, corresponding to the scaling factor c of Wiener processes,
as introduced in Section A.3 of the appendix.
In contrast to AWGN in (4.2), phase noise does not add power to the signal.

Instead, the signal power, which is concentrated on spectral lines for periodic
signals, is distributed over a frequency region depending on cpn. This distri-
bution is commonly assessed in terms of the single-sideband Power Spectral
Density (PSD) L(fm) in units of dBc/Hz, dependent on the frequency offset
fm. Figure 4.1 depicts exemplary PSDs for the phase noise according to the
introduced model and calculated as [DMR00]

L(fm) = 10 log10

(
f0c

2
pn

π2f4
0 c

2
pn + f2

m

)
. (4.10)

Both this spectral representation and the introduced autocorrelation func-
tion fully describe the phase noise process. From these, different integrated
quantities can be deduced, as summarized in the following section.
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Figure 4.1.: Exemplary PSDs of phase noise with Wiener process model for
f0 = 122 GHz and cpn = {10−21 s2Hz . . . 10−18 s2Hz}

4.1.2. Conversion of Phase Noise to Jitter
In addition to the introduced PSD, phase noise and related phenomena may be
described as random jitter in the time domain. While absolute jitter σa, accord-
ing to (4.11), characterizes the standard deviation of timing differences between
the clock edges of a considered oscillator with a reference clock, (N-)period
jitter σp,N , according to (4.12), characterizes the standard deviations of differ-
ences between an arbitrary edge and the (N -th) next edge of the clock under
consideration [DDS18]1.

σa =

√
2
ω2

0

∫ ∞
0

10L(fm)/10dfm (4.11)

σp,N =

√
8
ω2

0

∫ ∞
0

10L(fm)/10 sin2

(
πNfm

f0

)
dfm (4.12)

The (single-)period jitter of the introduced phase-noise model follows from
(A.65) to be

σp =
√
cpn

f0
. (4.13)

1In contrast to [DDS18], the single-sideband PSD L(fm) is assumed to be in logarithmic
units, i.e. dBc/Hz, which is the more common definition.
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Since the signal power is concentrated close to the carrier and the considered
oscillator frequencies in this work are in the GHz range, i.e. f0 � fm, the sin2

term in (4.12) vanishes and the absolute jitter σa can be calculated from cpn
according to

σa = 1
2

√
cpn

f0
. (4.14)

Using (4.8), the absolute phase jitter σφ follows from the absolute time jitter
σa to be

σφ = 2πf0σa (4.15)

= π
√
f0cpn. (4.16)

In the previously treated case of random jitter, the phase fluctuations were
induced by stochastic processes, which are uncorrelated with the signal and
have an unbound PDF. In addition, deterministic jitter may exist, which may
be regarded as modulation of the signal with a bounded Probability Density
Function (PDF) and may or may not be correlated with the undistorted signal
[DDS18, p. 36]. This deterministic jitter can also be quantified by its absolute
or period jitter. The superposition of Nj uncorrelated random or deterministic
jitter components σi yields the total jitter variance [DDS18, p. 38](

σ
(tot)
φ

)2
=

Nj∑
i=1

σ2
i , (4.17)

which can be applied on both the absolute and (N-)period jitter, but refers to
the total absolute jitter in this work.

4.1.3. Frequency Estimation under Additive or Phase Noise
In the following, the limits of frequency estimation precision are examined using
the model for a time-domain signal x(t) according to (4.18), where t denotes
the time, A, ω0 and θ0 denote amplitude, frequency, and phase of the signal,
and n(t) denotes the realization of a random process of added white Gaussian
noise with variance σ2

awgn. φpn(t) represents the phase fluctuations based on a
Wiener process as defined in (4.8).

x(t) = A · cos(ω0t+ θ0 + φpn(t)) + n(t) (4.18)

Without the presence of phase noise, the CRB for the estimation of the
frequency ω0 under AWGN without prior knowledge about its phase is given
by [RB74; FK07] (

σ(awgn)
ω0

)2 = 1
ηawgn

6
T 2

s Ns(N2
s − 1) , (4.19)
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where Ns denotes the number of samples and Ts denotes the sampling interval.
Considering phase noise generated in a Wiener process and assuming reason-

ably high SNR (ηawgn > 0 dB), the CRB for the estimation of the frequency
ω0 is given by (4.20) [BC07]2. This approximation is usually valid in radar
applications due to the chirp compression using FMCW modulation and down-
conversion with the modulated signal, as explained in Section 2.1.2.

CRB(pn)
ω = σ2

∆
DsT 2

s
= fsσ

2
∆

∆t (4.20)

Here, Ds denotes the distance (in number of samples) from first to last sample
and σ2

∆ maps to the previously defined variables according to 3

σ2
∆ = (2πf0)2cpn,effTs. (4.21)

Using this and DsTs = Tmod, CRB(pn)
ω can be rewritten as (4.22).

(
σ(pn)
ω0

)2 = 1
TmodTs

cpn,effTs(2πf0)2

= 4π2cpn,efff
2
0

Tmod
. (4.22)

Thus, a frequency f , e.g. IF beat frequency, can be estimated with a precision
(standard deviation) of

σ
(pn)
f = 1

2π

√
CRB(pn)

ω = f0

√
cpn,eff

Tmod
, (4.23)

based on samples which are disturbed by phase noise cpn of the original RF
frequency f0. In Section 4.5, this dependency on cpn,eff and Tmod is verified by
simulations

4.2. Non-Ideal Signal Model for Cooperative Radar Networks

The idealized signal model in Section 2.4 is based on the known fixed parame-
ters, such as fn and kr, without considering disturbances. Under this assump-
tion, the speed and range resolutions according to (2.58) and (2.59) hold and

2Note that CRB(pn)
ω refers to the angular frequency, hence the scaling with (2π)2 compared

to Eq. (18) in [BC07].
3σ∆ as defined in [BC07] corresponds to the standard-deviation of cycle-to-cycle phase
jitter, which maps (using (4.9)) to (4.21).
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are identical for monostatic and bistatic operation. In reality, the correspond-
ing actual parameters f ′n and k′r,n may differ and are considered nuisance, as
explained in Section 2.5. Additionally, superimposed noise and time-varying
disturbances of the phase have not yet been considered. The following sections
show that the attainable precisions of target position and velocity estimates
depend on these disturbances and that their impact differs between monostatic
and bistatic measurements.

4.2.1. Methodology for Treatment of Non-Idealities
The examined non-idealities can be categorized into systematic parameter de-
viations and noise processes, of which the latter separate into AWGN in the
channel or receiver and phase noise in the signal synthesizer. In terms of system-
atic parameter deviations, unintended offsets in time (of ramp start), frequency
and ramp slope are considered. The latter also leads to systematic ramp non-
linearities, which are treated separately, together with staircase-shaped ramps,
which may occur in specific signal synthesizer designs. Its impact is quantified
as deterministic phase jitter and assessed as its mean variance during the time
of the ramp. Since the impact of AWGN does not fundamentally differ in co-
operative networks compared to monostatic radar, it is adopted from previous
work. Finally, phase noise is treated comprehensively, since existing models ap-
pear to be insufficient to evaluate its impact on CRNs. In the newly deduced
model, it is quantified as phase fluctuations φpn(t) and assessed as the mean
variance of effective phase jitter in the received IF signal.
While phase noise and systematic non-idealities both represent phase jitter,

their unbound and bound PDFs, respectively, remain as fundamental difference.
The sum of both determines the total jitter, according to (4.17) and determines
the precision of radar estimates, according to Figure 4.2. The systematic non-
idealities and phase noise lead to deterministic and random jitter, respectively,
which affect the precisions of different radar estimates, according to Figure 4.2.
The impact on the precision of the estimated IF frequency and subsequently
on the precision of range and speed estimates is conducted for the random
jitter only, which exhibits Gaussian distribution of phase samples. For the
deterministic jitter, it is assumed, that the same model holds. Even though
their bound PDF differ from a normal distribution, the central limit theorem
supports the assumption that the superposition of several PDF (due to different
deterministic jitter components) leads to a distribution similar to Gaussian.
The mapping from range and speed estimates on the target position and ve-

locity estimates is performed by the multilateration algorithm in Section 3.5.2.
Since this involves solving a non-linear equation system, the position and ve-
locity estimates are found in an iterative process. Therefore, the according
mapping of the precision cannot be inferred straightforward as in the previous
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Figure 4.2.: Methodology to determine the impact of nonidealities

case. Instead, it was determined using simulations in Section 3.6.

4.2.2. Modified Signal Model with Non-Idealities
The non-ideal transmit signal is deduced from (2.16) by substitution of ideal
quantities by their actual counterparts. Here, frequency shifts ∆fn according
to (2.57), delayed ramp starts ∆tn, and ramp slope offsets ∆kr,n according to
(4.25) are considered.

ũ(Tx)
n (t) = exp

(
j
(
πk′r,n(t−∆tn)2 + 2πf ′nt+ θ0,n + φn(t)

))
(4.24)

k′r,n = kr + ∆kr,n (4.25)

The phase fluctuations φn(t) represent both random jitter φpn,n(t), i.e. phase
noise, and deterministic jitter φdet,n(t), which may be caused by systematic
ramp non-linearities.

φn(t) = φpn,n(t) + φdet,n(t) (4.26)

The impact of these deterministic and random disturbances on the resulting
non-ideal received IF signal and the final estimation of wanted ranges and
speeds are examined separately for each parameter in the following sections.

4.3. Impact of Deterministic Non-idealities

4.3.1. Effects of Time and Frequency offsets
Offsets in frequency and timing of ramp starts have similar effect. Expanding
the respective part in (4.24) by a timing offset ∆tn leads to a frequency and a
phase offset, according to

πk′r,n(t−∆tn)2 = πk′r,nt
2 − 2πk′r,n∆tn︸ ︷︷ ︸

freq. offset

t+ πk′r,n∆t2n︸ ︷︷ ︸
phase offset

. (4.27)

The phase offset can be added to θ0,n, which is treated as unknown in the
signal model, having no effect on the other estimated quantities. The frequency
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offset in (4.27) may be added to ∆fn. It also does not impact the precision
of estimates, since it only shifts the IF frequency in the bistatic pair (m,n) by
+∆fn at the node n with fn > fm and −∆fn at node m. This effect is already
regarded in the signal processing chain in Section 3.2 by the frequency shift to
zero-IF. Both timing and frequency offsets are therefore uncritical, as long as
the prerequisites formulated in Section 2.5.2 are fulfilled, i.e. they do not lead
to overlapping frequency regions in the received IF bands.

4.3.2. Effect of Deviant Ramp Slopes

In contrast to constant time and frequency offsets, the introduction of a ramp
slope offset at individual nodes, according to (4.25), does not inherently can-
cel out. Instead, the insertion of ∆kr leads to a phase deviation ∆φ(∆kr)(t)
according to (4.28), which is depicted in Figure 4.3.

∆φ(∆kr)(t) = π∆krt
2 (4.28)

t

4φ(t)

4φ(4kr)
max

Tmod

4φ(4kr)(t)

Lin
ear

tren
d o

f 4
φ
(4
kr

) (t)

4φ(4kr)
eff (t)

4φ(4kr)
det (t)

4φ(4kr)
det

t

4φ(t)

Figure 4.3.: Phase modulation due to slope with constant offset [FHW17],
© 2017 IEEE

Here, the linear trend of 4φ(4kr)(t) corresponds to a constant offset fre-
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quency, which was addressed in the previous section. Its slope is given by

m
(4kr)
φ = φ

(4kr)
max

Tmod
= π4krTmod. (4.29)

After removing the linear trend, the detrended influence 4φ(4kr)
det (t) is com-

posed of a mean phase offset 4φ(4kr)
det (t) and the effective phase deviation term

4φ(4kr)
eff (t).

4φ(4kr)
det (t) = π4krt

2 − π4krTmodt (4.30)

4φ(4kr)
det (t) = 1

Tmod

∫ Tmod

0
4φ(4kr)

det (t) dt

= π4kr

Tmod

(
t3

3 − Tmod
t2

2

)∣∣∣∣Tmod

0

= −π6 T
2
mod4kr (4.31)

⇒4φ(4kr)
eff (t) = 4φ(4kr)

det (t)−4φ(4kr)
det (t) (4.32)

As both constant frequency and phase offsets are compensated in the signal
processing scheme, the remaining influence is determined by 4φ(4kr)

eff (t) and

can be quantified by its mean squared error, i.e. the variance
(
σ

(4kr)
φ

)2
=(

4φ(4kr)
eff

)2
, according to(

σ
(4kr)
φ

)2
= 1
Tmod

∫ Tmod

0

(
4φ(4kr)

eff (t)
)2

dt

= (π4kr)2

Tmod

∫ Tmod

0

(
t2 − Tmodt+ T 2

mod
6

)2

dt

= (π4kr)2

Tmod

(
t5

5 −
t4Tmod

2 + 4t3T 2
mod

9 − t2T 3
mod
6 + tT 4

mod
36

)∣∣∣∣Tmod

0

= π2

180T
4
mod4k2

r = π2

180f
2
modT

2
mod

(4kr

kr

)2
(4.33)

⇒ σ
(4kr)
φ = π√

180
fmodTmod

∆kr

kr
. (4.34)

Consequently, a constant deviation in the ramp slope leads to the superposi-
tion of a constant frequency shift, a constant phase shift, and the varying phase
error φ(4kr)

eff (t), of which only the latter has a performance-decreasing influence,
as θ0,n is already modeled as an unknown constant. This result is validated by
simulations and measurements in Sections 4.5.3 and 4.6.1, respectively.
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Figure 4.4.: Frequency deviation of staircase-shaped ramp [FHW17], © 2017
IEEE

4.3.3. Effect of Staircase-Shaped Ramps
FMCW synthesizers based on a DDS or PLL generate approximately linear
ramps by repeatedly changing the frequency. After each time interval Tstep,
the frequency is increased by fstep, either directly (DDS) or by changing the
divider ratio of the feedback loop (PLL). Therefore, the output frequency chirp
is not linear but staircase-shaped.
Figure 4.4 depicts the generated ramp f (sc)

ramp(t) and its frequency deviation
4f (sc)(t) over time. For the time of the ramp, 0 ≤ t ≤ Tmod, the latter is
a sawtooth with periodicity Tstep and can be written as (4.35) with rect(t)
defined as (A.5).

4f (sc)(t) = − fstep

Tstep

∞∑
n=−∞

(t− nTstep) rect
(
t− nTstep

Tstep

)
(4.35)

Within a half period, i.e., 0 ≤ t ≤ Tstep
2 , the hereby induced phase deviation

can be calculated as (4.36).

4φ(sc)(t) = 2π
∫ t

0
4f (sc)(t) dt

= 2π
∫ t

0
− fstep

Tstep
t dt

= −πfstep

Tstep
t2 (4.36)
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Due to symmetry, the mean squared error of the phase of this half period is
equal to the overall mean squared phase error, i.e. the variance

(
σ

(sc)
φ

)2
=(

4φ(sc)
eff

)2
, and can be calculated as

(
σ

(sc)
φ

)2
= 2
Tstep

∫ Tstep
2

0

(
4φ(sc)(t)

)2
dt

= 2
Tstep

π2f2
step

T 2
step

∫ Tstep
2

0
t4 dt

= π2

80 f
2
stepT

2
step. (4.37)

In a PLL-based synthesizer, the modulation is lowpass-filtered by the loop
filter. It is therefore attenuated depending on the loop-filter bandwidth, its
order, and the periodicity of the deviation Tstep. This also applies for DDS-
generated ramps used as the reference of a PLL, where the influence of the
reference is commonly suppressed by approx. 30 dB per decade above the loop-
filter bandwidth. It is therefore in both cases favorable to use step update
frequencies 1

Tstep
much higher than the loop-filter bandwidth of the PLL.

4.4. Impact of Added Noise and Phase Noise

Even though there are several works on determining the impact of these non-
idealities, it is shown in Section A.4 of the appendix, that the predominant
approach existing in radar literature to quantify the impact of phase noise by
converting it into an effective SNR leads to implausible results for cooperative
networks. Therefore, an improved model to quantify these influences needs
to be established. It shall quantify the attainable range and speed precisions,
based on the phase-noise model introduced in Section 4.1.1.

4.4.1. Phase Noise Model for Cooperative Radar Networks

The phase-noise related part of (4.24) is given by

ũ(tx,pn)
n (t) = exp

(
j
(
πkrt

2 + 2πfnt+ θ0,n + φpn,n(t)
))
. (4.38)
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Figure 4.5.: Two independent random processes representing phase fluctuations

Consequently, the received IF signal perturbed by phase noise can be written
analogously to (2.52) and (2.53) as

ũ(IF,pn)
m (t) = ũ(RX,pn)∗

m (t) · ũ(TX,pn)
m (t)

= Am

K∑
k=1

M∑
n=1

Anan,k,m exp
(
j
(
2π(fm − fn)t

+ 2πfnτn,k,m + 2πkrτn,k,mt− πkrτ
2
n,k,m

+ θm − θn + φpn,m(t)− φpn,n(t− τn,k,m)︸ ︷︷ ︸
φ

(pn)
m,n(t)

))
. (4.39)

Using the model from Section 4.1.1, the time-dependent phase fluctuations
due to phase noise φpn,n(t) are characterized by a realization αn(t) of a Wiener
process. Applying (4.8) on the ideal transmit signal in (2.16), the relation
between phase fluctuation and αn(t) is given by

φpn,n(t) ≈ 2πfnαn(t), (4.40)

assuming krt � fn∀t < Tmod, i.e. fmod � f0. Exemplary resulting phase
fluctuations φpn,m(t) and φpn,n(t) based on independent realizations αm(t) and
αn(t) of the same Wiener process with cpn = 10−18 s2Hz and f0 = 122 GHz,
are depicted in Figure 4.5.
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Applying (4.40) on the phase-noise perturbed received IF signal in (4.39),
the phase fluctuations therein can be characterized as being composed of the
realizations φm and φn of the two underlying Wiener processes W (m)(t) and
W (n)(t), according to

φ(pn)
m,n(t) = 2π (fmαm(t)− fnαn(t− τn,k,m)) (4.41)

≈
{

2πf0 (αm(t)− αn(t)) , m 6= n

2πf0 (αm(t)− αm(t− τn,k,m)) , m = n.
(4.42)

Note that neglecting the time-shift τn,k,m in (4.42) is only valid in the bistatic
case within a CRN. In the monostatic case, the realizations αm(t) and αn(t)
are identical, so that the self-correlation effect described in Section A.4.1 lets
the phase perturbation in the received IF signal vanish for τn,k,m → 0. Conse-
quently, the variance of φ(pn)

m,n(t), 0 ≤ t ≤ Tmod is given by

(
σ

(IF,mono)
φ,m

)2
= Var

(
W (m)(t)−W (m)(t− τn,k,m)

)
≈ 4π2f2

0 cpnτn,k,m, (4.43)

based on the definition of the Wiener process [CAD12, p. 473] and (4.9). The
monostatic phase variance does not depend on time, since the time increments
τn,k,m between two points on the same realization path in Figure 4.5 lead
to phase increments that are stationary and independent by definition of the
stochastic process. These Gaussian white phase fluctuations can be converted
to AWGN using (A.78), yielding4

η(mono)
pn = 1(

σ
(IF,mono)
φ,m

)2 = c0
4π2f2

0 cpnrn,k,m
. (4.44)

In the bistatic case, αm(t) and αn(t) are independent realizations of Wiener
processes and the influence of the time-shift τn,k,m is negligible for t� τn,k,m,
which is fulfilled most of the time, due to Tmod � τn,k,m. The phase pertur-
bation φ(pn)

m,n(t) is therefore a realization of the combined random process

W (m,n)(t) = W (m)(t)−W (n)(t). (4.45)

4Here, (A.78) is valid due to the independent phase deviations in the IF signal, in contrast
to the bistatic case.
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Consequently, the variance process of the total phase fluctuations in the re-
ceived signal is given by

Var
(
φ(pn)
m,n(t)

)
= Var

(
W (m)(t)−W (n)(t)

)
= 4π2f2

0 (cpn,m + cpn,n) t
= 4π2f2

0 cpn,efft. (4.46)

The mean variance of phase fluctuations during the time of one ramp is calcu-
lated as

Var
(
φ

(pn)
m,n(t)

)
= 1
Tmod

∫ Tmod

t=0

(
σ

(IF,bi)
φ,m (t)

)2
dt

= 2π2f2
0 cpn,effTmod (4.47)

⇒ σ
(IF,bi)
φ,m = πf0

√
2cpn,effTmod. (4.48)

Assuming that the sensor nodes have identical synthesizers, the properties of
the random processes W (m)(t) and W (n)(t) are identical, implying

cpn,eff = 2cpn,m = 2cpn (4.49)

Similarly, the Root Mean Square (RMS) phase fluctuations in a single synthe-
sizer during time Tmod shall be denoted as σ(pn)

φ and are calculated as

σ
(pn)
φ =

√
2πf0

√
cpnTmod . (4.50)

Since Tmod � τn,k,m, comparing (4.43) and (4.46) reveals that the phase
fluctuations in the bistatic case are more severe. Therefore, its impact on the
precision of estimated quantities shall be further evaluated.

4.4.2. Impact of Phase Noise on IF Frequency Precision

Figure 4.6 depicts the resulting phase fluctuations in the time domain as the
blue line, based on exemplary realizations αm(t) and αn(t). Since frequency
estimation is performed based on the sampled IF signal using a DFT for fre-
quency estimation, as explained in Section 3.1.1, samples within the duration
of one frequency ramp (0 ≤ t ≤ Tmod) are effectively integrated. It is therefore
necessary to regard the expected distribution of phase fluctuations during this
time-span. Here, the random phase fluctuations have two effects.
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Figure 4.6.: Linear part and remaining Brownian bridge of phase fluctuations

First, a random frequency shift is observed due to the phase deviation of
the last sample compared to the first sample. The last sample at t = Tmod ex-
hibits a random phase shift with zero-mean Gaussian distribution and standard
deviation

σ
(pn)
φ,Tmod

= 2πf0
√
cpn,effTmod. (4.51)

Despite the zero-mean random process of phase fluctuations, this leads to the
observed random frequency shift with standard deviation σf according to

σ
(pn)
f = σφ,Tmod

2πTmod
= f0

√
cpn,eff

Tmod
, (4.52)

which is visualized in Figure 4.6 as the linear trend φ(pn,lin)
m,n (t). This frequency

offset is part of the total observed frequency offset f ′m,n, which is estimated
and deducted before further processing, as explained in Section 4.3. Therefore,
this effect does not decrease the precision of range and speed estimates, if the
offset frequency estimation works sufficiently exact.

Second, the remaining phase perturbation

φ(pn,eff)
m,n (t) = φ(pn)

m,n(t)− φ(pn,lin)
m,n (t) (4.53)

represents the realization of a Brownian bridge W (m,n)
eff (t), as the Wiener pro-

cess W (m,n)(t) can be separated into two parts, according to [MY08, pp. 2]

W (m,n)(t) = W
(m,n)
eff (t) +N (0, σ2

φ,Tmod), (4.54)
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where the process W (m,n)
eff (t) describing the effective phase fluctuation can be

written in terms of a scaled Brownian bridge B(b)( t
Tmod

), yielding

W
(m,n)
eff (t) = 2πf0

√
cpn,effTmodB

(b)
(

t

Tmod

)
. (4.55)

W
(m,n)
eff (t) is still a zero-mean stochastic process. Since the variance process

of a standard Brownian bridge is given by (A.67), the scaled variance process
of the effective phase fluctuations in the IF signal at time t during the time of
the ramp follows to be

Var
(
W

(m,n)
eff (t)

)
= 4π2f2

0 cpn,effTmod

(
t

Tmod
−
(

t

Tmod

)2
)

= 4π2f2
0 cpn,eff

(
t− t2

Tmod

)
, 0 ≤ t ≤ Tmod. (4.56)

The mean variance of W (m,n)
eff (t) during the time of the ramp, i.e. the scaled

time integral of the variance process of W (m,n)
eff (t) over 0 ≤ t ≤ Tmod, shall be

denoted
(
σ

(pn,eff)
φ

)2
, with(

σ
(pn,eff)
φ

)2
= 1
Tmod

∫ Tmod

t=0
Var

(
W

(m,n)
eff (t)

)
dt

= 2
3π

2f2
0 cpn,effTmod. (4.57)

This mean variance quantifies the effective phase fluctuations, which are present
in the received IF signal, distorting all target peaks.
Interestingly, the bound for frequency estimation under phase noise given in

(4.23) is identical to the observed frequency shift in (4.52), which is compen-
sated by the proposed signal processing chain. This leads to the assumption
that there is no lower bound for IF frequency estimation in the cooperative
MIMO network under ideal conditions. Nevertheless, the phase variance ac-
cording to (4.57) leads to broadened peak, which reduces the precision in the
presence of AWGN. Deriving joint CRBs for phase-noise and AWGN is math-
ematically complex and beyond the scope of this work.
In operating regions where the offset frequency estimation does not work

sufficiently exact, the observed frequency drift leads to limited precision of IF
frequency estimates. For these, the effective phase noise in the IF band must
be considered, which is represented by cpn,eff . Consequently, the precision in
this region is calculated as

σ
(pn)
fIF,bi = f0

√
cpn,eff

Tmod
= f0

√
2cpn

Tmod
. (4.58)

89



4. Non-Idealities in Cooperative Radar Networks

4.4.3. Impact of AWGN and Phase Noise on Range and Speed
Precision with Incoherent FMCW Processing

The CRB for frequency estimation under AWGN is given in (4.19). Since
Tsample = 1

fs
, N � 1 and samples are taken over one ramp of length Tmod, the

precision of IF frequency estimates can be written as

σ
(awgn)
fIF,mono = 1

2πTmod

√
6

ηawgnNs
. (4.59)

From this and (4.44), the monostatic frequency precision under phase noise
follows to be

σ
(pn)
fIF,mono = 1

2πTmod

√
6

ηpnNs
(4.60)

= f0

Tmod

√
6cpnrn,k,m
c0Ns

. (4.61)

In the bistatic case, the received IF spectra of both directions can be combined,
as proposed in Section 3.2. Compared to (4.59), this leads to an incoherent
integration gain of factor two, which multiplies with the integration gain due to
the number of samples [Ric05, pp. 33]. The bistatic frequency precision follows
to be

σ
(awgn)
fIF,bi = 1

2πTmod

√
3

ηawgnNs
. (4.62)

The IF frequency is composed according to (2.54), where the frequency offset
f

(off)
m,n is zero in the monostatic case and removed by the method in Section 3.2
for the bistatic case. Hence, the frequency errors above translate attainable pre-
cisions of two-way range estimates r(est)

n,k,m and speed estimates s(est)
n,k,m according

to (4.63a)–(4.63d).

σ(awgn)
r,mono = c0

kr
σ

(awgn)
fIF,mono = c0

2πfmod

√
6

ηawgnNs
(4.63a)

σ(awgn)
s,mono = c0

f0
σ

(awgn)
fIF,mono = c0

2πf0Tmod

√
6

ηawgnNs
(4.63b)

σ
(awgn)
r,bi = c0

kr
σ

(awgn)
fIF,bi = c0

2πfmod

√
3

ηawgnNs
(4.63c)

σ
(awgn)
s,bi = c0

f0
σ

(awgn)
fIF,bi = c0

2πf0Tmod

√
3

ηawgnNs
(4.63d)
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Consequently, the range precision benefits from large modulation bandwidths
in the same manner as the speed precision benefits from large modulation
times and the fundamental frequency. Therefore, it seems desirable to use
high bandwidths and long modulation times. As described in Section 3.1.1,
several ramps with different slopes are used in one estimation process by solving
the linear equation system (3.10). Their highest bandwidth fmod determines
the range precision under AWGN, while the longest modulation period Tmod
determines the respective speed precision. Additionally, both estimates are
improved with higher numbers of samples, which follows from the assumption
of white, i.e. uncorrelated noise samples.
For phase noise, the same scaling from frequency to range and speed precision

can be applied. From (4.58) and (4.61), the monostatic and bistatic range and
speed precisions under phase noise are calculated as (4.64a)–(4.64d).

σ(pn)
r,mono = σ

(pn)
fIF,mono

c0
kr

= f0

fmod

√
6c0cpnrn,k,m

Ns
(4.64a)

σ(pn)
s,mono = σ

(pn)
fIF,mono

c0
f0

= 1
Tmod

√
6c0cpnrn,k,m

Ns
(4.64b)

σ
(pn)
r,bi = σ

(pn)
fIF,bi

c0
kr

= c0f0

fmod

√
2cpnTmod (4.64c)

σ
(pn)
s,bi = σ

(pn)
fIF,bi

c0
f0

= c0

√
2cpn

Tmod
(4.64d)

Accordingly, the precision of range estimates under phase noise is improved
by increasing the ramp slope kr, i.e. decreasing Tmod without changing fmod
or cpn,eff . At the same time, the precision of speed estimates is deteriorated
with decreasing Tmod. Assuming that the full bandwidth fmod is exploited in
all ramps, the lowest Tmod (i.e. steepest ramp) determines the range precision,
while the highest Tmod determines the speed precision.

Precision with Coherent Chirp-Sequence Processing

The errors ε(i)φ of phase estimates φ(R,i)
n,k,m are assumed to be Gaussian and

uncorrelated.5 With
ε
(i)
φ ∼ N (0, σ2

φIF), (4.65)

5Due to the large distance of Tmod + Tp between adjacent phase estimates φ(R,i)
n,k,m

, this
assumption is reasonable and represents a worst-case scenario. It should not be confused
with the (erroneous) assumption of phase noise samples within a single ramp to be
uncorrelated, as shown in Section A.4

91



4. Non-Idealities in Cooperative Radar Networks

the precision of ambiguous range estimates with (3.40) applied on a single ramp
follows to be

σ(amb)
r = c0

2πf0
σφIF . (4.66)

Processing a sequence of ramps corresponds to estimation of phase mean and
slope. Hence, (A.48) with t̄ = Mean(Tc) = 0 according to (A.47) is applied to
determine the mean phase. This yields for the precision

σ(amb,CS)
r = c0

2πf0
√
Nr
σφIF = σ

(amb)
r√
Nr

, (4.67)

i.e., the mean phase and ambiguous range are more precise by a factor of
√
Nr

due to the averaging over Nr ramps.
The variance of the slope estimate ω(S)

n,k,m is given by applying (A.49) on
(3.43), yielding

σ2
ωn,k,m =

σ2
φIF∑Nr

i=1 T
2
c,i

, (4.68)

which is expanded using (A.96) to

σ2
ωn,k,m =

12σ2
φIF

(Tmod + Tp)2(N3
r −Nr)

. (4.69)

Applying (3.46) on this, the precision of speed estimates with CS processing
follows to be

σ(CS)
s = c0

4πf0
σωn,k,m (4.70)

= c0σφIF

2πf0(Tmod + Tp)

√
3

Nr(N2
r − 1) (4.71)

= σ
(amb)
r

(Tmod + Tp)

√
3

Nr(N2
r − 1) . (4.72)

Accordingly, the precision of CS speed estimates benefits from higher number
of ramps per sequence and from an elongation of individual ramps. The above
relations of range and speed estimates are validated in Section 6.3 by applying
CS processing on measurements.
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4.5. Simulation Methods and Verification of Models for
Non-Idealities

A new simulation approach has been developed to verify the theoretical models
from the previous sections, describing the influence of non-idealities on the
precision of radar measurements. First, the simulation method for phase noise
is introduced and applied on fixed-frequency signals to determine its impact
on frequency estimation. Second, a simulation of the complete radar network
is realized to determine phase-noise and AWGN impact on measured ranges in
the network.

4.5.1. Phase Noise Simulation Method

In contrast to conventional simulations in the baseband [Sch+08a] which use
a fixed time grid for the simulation in the RF, the presented approach is com-
pletely based on analytical derivations and does not require a specific time
base. Implicitly, the sampling IF frequency fs sets this grid, considerably im-
proving the speed of the simulations, since otherwise a simulation sample rate
fsim > f0 � fs must be used to correctly reproduce (phase) noise processes
and their correlation.

Setup of Phase-Noise Generation Module

The introduced phase noise model based on a Wiener process is used to provide
phase deviations φn(t) for arbitrary points in time. This requires storing gen-
erated phase deviations to regard correlations between these samples. Hence,
the phase noise simulation module stores a sorted list of tuples (ti, φn(ti)) of
all times ti the function was called with. After being initialized with (0, 0), a
function call with tnew leads to the following case differentiation: If tnew ∈ {ti},
φn(tnew) can directly be returned. For tnew > t

(max)
i , the new phase deviation

sample constitutes a forward projection on the Wiener process and is generated
as the realization of a Gaussian random variable N (µ1, σ

2
1) with

µ1 = φn(t(max)
i ) (4.73)

σ2
1 = (2πfn)2cpn,n(tnew − t(max)

i ), (4.74)

according to (4.9) and (4.40).
For 0 ≤ tnew ≤ t(max)

i , the new phase deviation sample is part of the Brownian
bridge between two points t1, t2 in the list. Thus, the variance properties of a
Brownian bridge according to (A.67) must be applied. Accordingly, the phase
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deviation sample is generated as the realization of a Gaussian random variable
N (µ2, σ

2
2) with

µ2 = φn(t1)(t2 − tnew) + φn(t2)(tnew − t1)
t2 − t1

(4.75)

σ2
2 = (2πfn)2cpn,n

(tnew − t1)(t2 − tnew)
t2 − t1

. (4.76)

Application and Limitation of Simulation Method

The simulation environment is used to determine the impact of nonidealities,
such as limited SNR, phase noise, and ramp slope offsets. In order to achieve
statistical certainty, the entire process is repeated Nruns > 100 times with the
same parameters. Finally, the precision of the estimated quantities is deter-
mined as their standard deviation over Nruns repetitions. Simulation results
are presented in Chapter 6, e.g. for the precision of range and speed estimates
and for the precision of position estimates.

Since the simulation implements the introduced phase-noise model, which is
parametrized by a single value cpn, the behavior of the PSD is fixed and similar
to the PSD shown in Figure 4.1, i.e. considering the f−2-law. Even though this
model has been proven to correctly reproduce the behavior of different types of
oscillators [DMR00], other PSD functions may be desirable, e.g. to reflect the
properties of certain synthesizer implementations. The simulation model can
be generalized by implementing different autocorrelation functions to generate
the phase deviation samples by applying the Wiener-Khinchin theorem.

This theorem implies that the Fourier transform of the autocorrelation of a
wide-sense stationary random process corresponds to its spectral power density
[DDS18, p. 228], i.e.

Rx(τ) =
∫ ∞
−∞

Sx(f)ej2πfτ df . (4.77)

In principle, this allows to use an arbitrary measured phased-noise PSD in the
simulation, if a generator for random samples with the resulting autocorrelation
function is available.

4.5.2. Impact of Phase Noise on Precision of Frequency Estimates
One important statement of this Chapter is that the phase-noise disturbed peak
frequency in an IF spectrum can be estimated with a precision that does not
depend on the number of samples. According to (4.23) it should only depend
on the observed timespan, i.e. Tmod, and the volatility of the phase. The latter

94



4.5. Simulation Methods and Verification of Models for Non-Idealities
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Figure 4.7.: Simulation of IF Signals with Phase Noise or AWGN

phase fluctuations are assumed to originate from an oscillator with frequency
f0 and timing volatility cpn. For verification, simulations with parameters as
in Table 4.1 (if not otherwise noted) have been set up to compare the impacts
of phase noise and AWGN on the estimation of a single signal frequency fsig.6
For frequency estimation, an FFT-based estimator with 16-fold zero-padding
and further quadratic interpolation has been used.

Table 4.1.: Simulation parameters to determine impact on frequency estimation
Description Parameter Value
Freq. of osc. with phase perturbations f0 122 GHz
Timing volatility of oscillator cpn 10−19 s2Hz
SNR for AWGN case ηawgn 0 dB
Observed timespan Tmod 1 ms
Number of samples Ns 2048

In a first parameter study, Ns has been varied from 25 = 32 to 215 = 32768
samples, scaling the sampling frequency accordingly with fixed Tmod. Figure 4.8
depicts the resulting precision σf of estimated frequency fsig. As expected,
the phase-noise disturbed signal estimation does not benefit from the higher
sampling density. In contrast, the effective SNR for an AWGN-disturbed signal
improves with the number of samples, often considered as integration gain
[Ric05, p. 33], leading to frequency estimation errors decreasing by 5 dB per
decade of Ns and an effective (linear) SNR of

η(eff)
awgn = Nsηawgn. (4.78)

For very low effective SNR, the FFT-based estimation becomes unstable7,
resulting in the divergence between simulated and calculated precisions for
Ns = 32.

6Note that the precision does not depend on the actual frequency fsig, as long as bound-
aries such as the Nyquist rate are fulfilled.

7This behavior is also known as threshold effect.
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Figure 4.8.: Simulated precision of frequency estimates with AWGN or phase
noise

A second parameter study analyzes the impact of cpn and Tmod. As predicted
by (4.23), decreasing cpn or increasing Tmod let σf decrease by 5 dB/decade.
Additionally, it can be observed that the precision diverges from the bound
when Tmod increases beyond a threshold, which depends on cpn. For each cpn,
this threshold corresponds to a phase deviation mean variance of 1 rad2, which
is therefore regarded as upper bound for useful operation.

4.5.3. Cooperative MIMO Network Simulation
The developed theoretical model for the impact of phase noise and AWGN
on range estimation shall be verified using a simulation, which incorporates
the proposed signal-processing scheme for CRNs. In contrast to the previous
simulation of frequency estimation in a phase-noise disturbed signal, this covers
the signal propagation in the network. In addition, it is used to determine the
precision of range and speed estimates for varying radar system parameters.

MIMO Network Simulation Methodology

The block diagram of the proposed simulation environment is depicted in Fig-
ure 4.10. In the RF domain, all blocks are described as functions of time.
Particularly, the Tx signal synthesis implements (4.24) for each node. This in-
corporates the time-dependent phases φn(t) provided by the previously intro-
duced phase-noise module. The channel implements (2.50) and (2.51), which is
followed by the down-conversion to yield a functional expression of the received
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Figure 4.9.: Simulated precision of frequency estimates with phase noise and
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Figure 4.10.: Setup of simulation environment for MIMO radar network
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IF signals according to (2.52). Sampling with fs yields the sampled vectors Um,
on which the signal-processing techniques from Chapter 3 are applied to pro-
vide range estimates. Finally, the errors are determined as differences of these
estimates to the initial settings.

All simulation results in this section are based on a single-target setup accord-
ing to Figure 4.11 with two radar nodes and further parameters as summarized
in Tab. 4.2, if not otherwise noted. At each parameter point, 10 000 simula-
tion runs are carried out to ascertain statistical certainty for calculating the
precision of estimates.

Node 1 Node 2

r
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1,2

1 2
r 1
,1
,1

12 r2
,1
,2

Target 1

r1,1,2

θbi

z

x

y
r(t

a
r
)

1
Figure 4.11.: Scene for simulations and measurements with single target

[FHW17], © 2017 IEEE

Table 4.2.: Used simulation parameters
Description Parameter Value
Number of nodes NTRx 2
Fundamental frequency f0 122 GHz
Frequency offset f

(off)
1,2 500 kHz

Modulation bandwidth fmod 1 GHz
Modulation time Tmod 1 ms
Node distance r

(nodes)
1,2 0.5 m

Target distance r
(tar)
1 1 m

Sampling frequency fs 2 MHz
Number of samples Ns 2000

Effective SNR η
(eff)
awgn 20 dB . . . 50 dB

Osc. timing volatility cpn 10−22 s2Hz . . . 10−19 s2Hz
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The simulation is used to verify the deduced effects of random and determin-
istic nonidealities, which differ for monostatic and bistatic measured ranges.
Specifically, the impact of phase noise in the synthesizer and AWGN in the
radar channel or receiver are regarded as random error sources. Slope offsets
are regarded as an example of deterministic error sources.

Impact of AWGN on Range Precision

In a first simulation, the impact of AWGN on monostatic and bistatic range
estimation was determined. The attainable range precision is shown in Fig-
ure 4.12. compared to the monostatic case, For large effective SNR 8 (≥ 25 dB),
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Figure 4.12.: Simulated precision of range measurements with AWGN

the bistatic range shows a precision advantage corresponding to ≈ 3 dB, which
arises from the joint processing of two-way received signals, compared to the
single received signal per monostatic range measurement. Only for very low
SNR (≈ 20 dB), it shows larger measurement uncertainties in the bistatic case.
The reason for this behavior lies in the offset frequency estimation, which is a
necessary part of the bistatic signal processing, explained in Section 3.2. At
low SNR values, the detection of correlation peak in the convolved spectrum
becomes unreliable, leading to large errors in the case of wrong peak detection.

8Due to Ns = 2000, this definition differs from the sample-wise SNR by an offset of
10 log10(Ns/2) = 30 dB, according to (4.78).
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Impact of Phase Noise on Range Precision

To examine the influence of phase-noise, the phase of the two transmit sig-
nal sources have been distorted by independent random processes, accord-
ing to the model in Section 4.4. The parameter cpn has been varied from
10−22 s2Hz to 10−19 s2Hz, corresponding to absolute RMS phase jitter of σφ =
0.17 rad . . . 5.4 rad. The attainable precision of bistatic range measurements
is strongly influenced by phase-noise, as shown in Figure 4.13. For cpn >
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Figure 4.13.: Simulated precision of range measurements with phase noise

5 · 10−22 s2Hz, the simulated precision agrees with (4.64c), indicating that
the precision is limited by the exactitude of offset frequency estimation. For
5·10−22 s2Hz > cpn > 1·10−22 s2Hz and below, this effect vanishes, as predicted
in Section 4.4.2, leading to significantly improved precision. At f0 = 122 GHz,
the required cpn values in this range correspond to single-sideband PSDs of
−84.3 dBc/Hz < L(10 kHz) < −77.3 dBc/Hz, according to (4.10).
In this region of low phase noise, only the implicit AWGN contribution of

phase fluctuations in the frequency region of the beat frequency remains as
limiting noise source. For instance, at cpn = 1 ·10−22 s2Hz, the monostatic beat
signal at f (R)

n,k,m ≈ 7.2 kHz (2.54) is effectively superimposed by AWGN with an
SNR of 75 dB, leading to a precision of ≈ 0.01 mm. Here the frequency offset
of bistatic signals leads to higher frequency offsets and hence lower noise and
superior precision. In reality, other noise sources dominate in most scenarios.
Consequently, the precision of short monostatic ranges will usually be SNR-
limited, while the bistatic range precision is only SNR-limited if the shown
phase-noise threshold can be reached.
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Impact of Slope Offsets on Range Precision

In contrast to the previous random errors, systematic errors do not deteriorate
the precision, but introduce mean errors e.g. on the estimated range. Exactly
known systematic errors may therefore be corrected. However, if the extent of
a systematic error cannot be controlled but changes in a random manner, its
effect is similar to random errors. As one example, fixed frequency errors in
crystal oscillators lead to a proportional slope offset in the synthesizer. Since
the frequency is not fixed, but varies, the same applies to the induced range
errors. Thus, slope offsets are severe for cooperative MIMO networks.
Their simulated impact on mean range errors is depicted in Figure 4.14 for

monostatic and bistatic ranges. In the monostatic case, the impact on range
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Figure 4.14.: Simulated precision of range measurements with slope offsets

measurements is negligible, as relative slope errors of 10−4 lead to proportional
range errors of 10−4 ·2.06 m = 206µm. In contrast, significant bistatic range er-
rors occur with ∆kr

kr
> 2·10−6. Using (4.34), this corresponds to RMS phase de-

viations of 0.47 rad. Thus, the threshold for allowed phase deviations is smaller
than in the previous case of random errors. The difference is explained by the
higher probability of large errors |∆φ(∆kr)

eff (t)|, which occur during t ≈ Tmod/2
in Figure 4.3. This induces a significant positive skewness in the distribution
of phase deviations during the ramp, along with higher non-zero moments, in
contrast to the Gaussian distributed phase deviation samples induced by phase
noise. The local minimum in Figure 4.14, e.g. at 4·10−6 < ∆kr

kr
< 5·10−6, occur

due to phase wrapping effects, but do not represent stable operating regions.
Summarized, the simulations confirm the deduced precision limits. Addi-

tionally, they reveal that obtaining bistatic measurements in a CRN is possible
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if the synthesizers within the radar nodes exhibit random phase deviations
< 1 rad and deterministic phase deviations < 0.5 rad.

4.6. Measurement Methods for Synthesizers and MIMO
Networks

Two different measurement methods have been developed. The first method
aims at assessing the output signal of a synthesizer to quantify the random and
deterministic phase deviations from an ideal signal. Applying this on the pro-
totype in Chapter 5 ensures that the defined requirements are met. The second
method determines the impact oh phase deviations on system level by modeling
a CRN with laboratory signal sources. It is used to verify deduced requirements
and to demonstrate the signal processing methods from Chapter 3.

4.6.1. Joint Phase Noise / Linearity Measurement Method

Since phase noise is a performance-limiting phenomenon for many communi-
cation and conventional (monostatic) radar systems, there are measurement
techniques to quantify phase noise, both in the frequency domain as spectral
power density and as integrated jitter in the time domain. In particular, the
cross-correlation method, as described e.g. in [Wal92], is commonly used and
integrated in modern phase noise measurement devices. Indeed, these meth-
ods are limited to measurements in CW mode and the potentially differing
phase noise properties in FMCW mode as well as deterministic jitter due to
systematic non-linearities cannot be regarded.

The FMCW ramp linearity is commonly assessed using delay-line discrimi-
nators [Bro05, p. 85]. There, the time-delay effectively simulates a radar target
so that the method is appropriate to determine the impact on monostatic radar
setups. The cross-correlation of the signal with itself leads to the first deriva-
tive w.r.t. time at the output, i.e. slope deviations appear as frequency offsets,
frequency deviations appear phase offsets, and phase deviations appear as their
derivative. Slowly varying changes are thereby suppressed, making the method
less applicable to assess synthesizers for cooperative networks.

In contrast, the proposed measurement technique for the evaluation of ramp
linearity in a cooperative radar regards all deviations from an ideal ramp.
It has been published in [FHW15b] and is based on mixing the signal from
the Device under Test (DUT) with an almost ideally linear frequency ramp.
The two ramps share the same slope and exhibit a small frequency offset.
After sampling and digitally processing the resulting low-frequency signal, the
phase deviations from an ideal ramp can be assessed. An Arbitrary Waveform
Generator (AWG) is used as source for the reference ramp, which limits the
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4.6. Measurement Methods for Synthesizers and MIMO Networks

usable frequency range to few GHz and requires a divided signal of the DUT
in the case of mm-wave radar synthesizers, but offers excellent phase-noise
performance as reference.
The low-pass-filtered mixer output is sampled with rate f (IF)

s , obtaining a
bandwidth of f (IF)

bw ≈ 1
2f

(IF)
s . Since capturing both sidebands shows to improve

the precision, the offset frequency is set to foff = 1
2f

(IF)
bw , acquiring the two

sidebands of the spectrum around foff equally. The overall measurement setup
with an exemplary DUT is depicted in Figure 4.15, where synchronous ramp
starts are ensured by an external trigger signal.
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Figure 4.15.: Ramp linearity measurement setup with 122-GHz transceiver
[Gir+13] as DUT [FHW15b] © 2015 IEEE

Signal Processing in Digital Domain

The sampled IF signal contains the carrier signal with phase noise and devia-
tions from the ideal ramp around the offset frequency foff . The following steps
are applied to extract the desired statistics:

1. Determine foff by finding the carrier peak in the frequency domain

2. Apply the Hilbert transform to deduce the analytic signal

3. Downconvert the analytic signal to baseband digitally by multiplication
with exp(−j2πfofft)

4. Optionally, limit the downconverted signal to the analyzed bandwidth
f

(ana)
bw < foff by lowpass-filtering
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5. Calculate the phase perturbation towards the ideal ramp as the un-
wrapped angles of the analytic signal

6. Calculate the standard deviation σφ of the phase perturbation

To avoid undesired remaining frequency offsets after downconversion, the
first step requires an interpolation technique such as zero padding of the input
signal. Otherwise, the observed phase deviations exhibit a trend over time.
Subsequently, the Hilbert transform is used as a mathematical tool to analyze
the phase of the signal in the time domain. Step 4 is necessary to suppress the
wrapped part of the spectrum after the downconversion in step 3. Assessing
the overall phase deviation over time delivered by step 5, the valid time range9

can be determined, on which step 6 is evaluated. Further details of the method
are presented in [FHW15b].

Application of linearity measurement on exemplary DUT

By using a second ideal ramp generated by the AWG, a quasi-ideal DUT is sim-
ulated to assess the achievable accuracy, which is limited by noise and resolution
of the used components. As shown in [FHW15b], this reveals the accuracy limit
of the setup to be σφ,min ≈ 1.0 mrad. In the following, the method is exem-
plarily applied to the DUT [Gir+13] depicted in Figure 4.15 using different
settings for the synthesizer to verify the calculations in Section 4.3 for ramp
non-linearities.

Table 4.3.: Parameters for measurement of phase fluctuation in synthesizer
Description Parameter Value

Ramp start frequency at divider f
(div)
0 1.9125GHz

Offset frequency f
(div)
0 − f (AWG)

0 500 kHz
RF modulation bandwidth f

(RF)
mod 500MHz

Modulation time Tmod 1ms
AWG sampling frequency f

(AWG)
s 25GS/s

IF sampling frequency f
(IF)
s 2MS/s

Using large step widths fstep, Tstep, the loop filter suppresses these insuf-
ficiently and they appear in the output signal. Setting fstep = 10 MHz and
Tstep = 20µs, the expected variance and standard deviation of phase fluctua-

9Particularly, this may disregard the settling time of the PLL at the start of the ramp.
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Figure 4.16.: Measured phase fluctuations of 122-GHz transceiver ramp with
50 frequency steps [FHW15b] © 2015 IEEE

tions can be calculated using (4.34) to be(
σ

(sc)
φ

)2
= π2

80 (10 MHz · 20µs)2

≈ 4934 (rad2) (4.79)

⇒ σ
(sc)
φ ≈ 70.2 (rad) (4.80)

⇒ σ
(sc,div)
φ =

σ
(sc)
φ

64 ≈ 1.10 (rad), (4.81)

where the expected phase fluctuations at the divider output σ(sc,div)
φ are obvi-

ously smaller by the factor of 64, according to the DUT setup in Figure 4.15.
The measured phase fluctuations for this case are depicted in Figure 4.16.

On repetitive sections of 20µs, the strong non-linearities become apparent as
phase fluctuations with a standard deviation of σ(sc,div)

φ,meas = 0.81 (rad). The
measured phase fluctuations are slightly smaller than the calculated value, as
the higher frequency components of the modulation are suppressed by the loop
filter in the specific configuration of the DUT.
The same method can be used to assess the phase deviations due to slope

offsets, according to the model in Section 4.3, and for analyses in the frequency
domain. Both is exemplified in [FHW15b] for the same DUT. If no large sys-
tematic errors are present, or after deduction of these, the method can also be
used to determine the random jitter due to phase noise. However, the former
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introduced cross-correlation method dedicated to CW phase noise measure-
ments exhibit higher precision, both for the analysis in frequency domain and
for the integrated jitter values. Combining both methods verifies that CW and
FMCW jitter performance are consistent.
The presented and further results in [FHW15b] not only highlight the pos-

sibilities of this method, but also reveal that the analyzed DUT synthesizer
is not usable for radar nodes in the intended cooperative MIMO setup due to
excessively high phase deviations. Even for optimized settings, this synthe-
sizer exhibits RMS phase deviations of σ(RMS,div)

φ ≈ 0.11 rad at the divider,
corresponding to σ(RMS)

φ ≈ 7 rad at the output, mainly caused by phase noise.
According to the deductions in the previous sections of this chapter, this makes
the operation of CRNs impossible. The focus of the prototype realization in
the following chapter is therefore on signal synthesis with significantly improved
purity.

4.6.2. Cooperative Radar Network Setup with Signal Generators
In addition to simulations, the influence of systematic errors and phase noise
shall be regarded in a system-level measurement setup to determine require-
ments for the radar nodes. For that purpose, a measurement setup of a two-
node cooperative radar network with an AWG has been developed, which al-
lows to generate transmit signals with arbitrary phase perturbations. Using
measurements scenes with different targets, the applicability of the contour
recognition processing from Section 3.4.1 is demonstrated.

Measurement Setup

Its block diagram is depicted in Figure 4.17. In this setup, an AWG is used
as source for the transmit signals of two radar nodes, so that nearly-ideal
coherent signals can be distorted in an arbitrary manner, particularly using
uncorrelated phase noise processes on the two channels. These are precomputed
and incorporated in the arrays of samples repeated by the AWG. The RF
frequency is set to 5.8 GHz allowing the use of discrete components, where the
phase-noise related results are transferable to other RF frequencies. The main
parameters are summarized in Table 4.4, with more details on the setup given
in the publications [FHW14] and [FHW15a].

Measurement Results

The general effects of phase noise in this cooperative bistatic radar setup have
already been demonstrated in [FHW14] in a measurement scene according to
Figure 4.11 with additional parameters listed in Table 4.4 as Setup 1. This work
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Figure 4.17.: Setup of radar nodes with AWG signal generation [FHW14],
© 2014 IEEE

Table 4.4.: Parameters in measurement scenes
Description Parameter Value

Setup 1 Setup 2
[FHW14] [FHW15a]

Target type Tetrahedral Sphere and
reflector 1 wall

Target distance r
(tar)
1 1m 1 . . . 3.5m

Distance between nodes r
(nodes)
1,2 0.53m 0.50m

Phase noise parameter cpn
0, 10−21, . . . ,
10−18 s2Hz 10−15 s2Hz

Fundamental frequency f0 5.8GHz
Frequency offset f

(off)
1,2 500 kHz

Modulation bandwidth fmod 500MHz
Modulation time Tmod 1ms
Transmit power PTx 20 dBm
AWG sampling frequency f

(AWG)
s 25GS/s

IF sampling frequency f
(IF)
s 2MS/s

Number of IF samples N
(IF)
s 2000

1 If wavelengths are large compared to the dimensions of the tetrahedral reflec-
tor, the bistatic reflection properties allow its use in measurements under small
angles. [MS12]
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showed that robust target detection and separation from the direct crosstalk
are only possible under low-phase-noise conditions. It was exemplified in the
two Figures 7 and 8 therein, depicting simulated and measured spectra of a
received IF signal for cpn ≈ 0 and cpn = 10−18 s2Hz (i.e. σ(pn)

φ ≈ 0.81 rad using
(4.50)), respectively. The latter parameter was shown to be a rough boundary,
before the broadening frequency peaks renders target separation impossible.

In a second measurement series, the impact of phase noise on the range
accuracy in scenes with a metallic sphere or wall was assessed using a similar
setup and different volatilizes cpn [FHW15a]. The signal processing technique
in Section 3.4.1 was applied to distinguish between these two types of targets
representing a point-like and a planar scatterer, respectively, i.e. classifying
as point-like if |r(meas)

n,k,m − r
(point)
n,k,m | < |r

(meas)
n,k,m − r

(wall)
n,k,m| and classifying as planar

otherwise. The used parameters in this series are summarized in Table 4.4 as
Setup 2. More details on this setup are given in [FHW15a].

Measurements with low additional phase noise of cpn = 10−21 s2Hz and two
different targets at ≈ 2.8 m distance, an aluminum-coated partition screen and
a metallic sphere with diameter d = 24 cm, demonstrate the applicability of
the processing techniques for bistatic range measurements in Section 3.2 and
contour recognition in Section 3.4.1. Since no angular information is available,
the measured monostatic and bistatic ranges are represented as circles and
ellipses, respectively, for the sphere target in Figure 4.18 and for the wall target
in Figure 4.19. As expected, all curves intersect in a single point in the case
of a small spherical (point) scatterer. For a wall target, no common point of
intersection is observed, but the wall location appears as a virtual tangent on
the circles and ellipses.
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Figure 4.18.: Detected reflection distances for a small spherical scatterer
[FHW15a], © 2015 IEEE
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Figure 4.19.: Detected reflection distances for a planar scatterer (wall)
[FHW15a], © 2015 IEEE

From (3.51) it follows that the required precision for this distinction depends
on the target range. E.g. for r(tar)

1 = 2.8 m and r(nodes)
1,2 = 0.5 m, the bistatic

range precision must fulfill

σ(bi)
r � 1

2

(√
(0.5 m)2 + (2.8 m)2 − 2.8 m

)
≈ 22.1 mm, (4.82)

assuming that the monostatic measurement errors are negligible compared to
the bistatic errors. Increasing the phase noise leads to less precise frequency
estimation, as shown in [FHW15a], and consequently to larger errors in the
measured ranges. Figure 4.20 depicts the measured bistatic ranges r(meas)

1,1,2 for
the spherical target together with the expected r(point)

1,1,2 and r(wall)
1,1,2 , which were

calculated from the monostatic measured ranges.
Increasing the phase noise has an only minimal influence on the measured

monostatic ranges and thus the two different calculated bistatic ranges. On
the other hand, r(meas)

1,1,2 is affected considerably. For cpn < 10−18 s2Hz, the con-
dition on the errors according to (4.82) is fulfilled, since the measured bistatic
ranges are clearly below the centerline between r(point)

1,1,2 and r(wall)
1,1,2 . Thus, the

errors are sufficiently small to estimate the target shape correctly. However,
for cpn ≥ 10−18 s2Hz, the contour recognition is unreliable due to the increased
errors. The same behavior was shown for the planar target in [FHW15a]. This
confirms the deduced boundary of 1 rad RMS phase jitter as requirement for a
synthesizer to be used in radar nodes of a CRN.
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Figure 4.20.: Measured bistatic range of sphere target compared to expected
ranges for sphere and wall [FHW15a], © 2015 IEEE
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In the previous chapters, concepts and signal processing schemes for the re-
alization of cooperative radar networks have been developed and crucial non-
idealities have been examined. Particularly, the effects of phase-noise and ramp
non-linearity on the precision of estimated positions and velocities have been
quantified. From this known impact, requirements regarding phase fluctuations
can be determined to build cooperative radar nodes. Aim of the work presented
in this chapter is to develop a concept of radar nodes fulfilling these require-
ments and to build according prototypes. In particular, concepts for frequency
synthesizer need to be analyzed. Therefore, fundamentals about phase-noise
in synthesizer components and its propagation in a PLL are introduced in
Section 5.1.

After deducing the requirements in Section 5.2, the concept of a synthesizer
with PLL for signal stabilization, high-speed DDS for modulation, and mixer in
the feedback path for phase-noise reduction is motivated. For this architecture,
the mathematical model of noise contributions of its components is developed,
revealing the most important in-band and out-band noise contributors. Subse-
quently, the synthesizer is realized as presented in Section 5.3. For this purpose,
a transceiver chip with in-package antennas is used, which is well suited for the
intended use in short-range applications with large field of view, but exhibits
high phase-noise in its VCO, requiring the introduced stabilization concept.
Focus of the design was on dimensioning the component values in the PLL and
particularly the loop filter, as expounded in the respective subsections.

The final assessment in Section 5.4 demonstrates that the realized prototype
fulfills the defined requirements. A comparison with state-of-the-art mm-wave
frequency synthesizers shows that the achieved low phase noise and high ramp
linearity are remarkable and have not been reproduced until now. The proto-
type realization proves the feasibility of building cooperative radar networks
based on the proposed incoherent FMCW principle. Such a setup of multiple
radar nodes has been used for building a cooperative network and conduct-
ing measurements in particular scenarios, for which results are presented in
Chapter 6.
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5.1. Fundamentals of Frequency Synthesizers

The realized prototype is based on a combination of a PLL with a DDS. Hence,
these fundamental are introduced and methods to analyze noise in synthesizers
are presented.

5.1.1. Fundamentals of Phase-Locked Loops and Loop Filters
Aim of a PLL is to lock a controllable oscillator to a reference oscillator with
fixed or variable frequency relationship to obtain a clean synthesized signal.
Particularly, the phase noise of the controlled oscillator shall be reduced and
in certain applications, such as FMCW radar, the output signal shall be mod-
ulated.

Working Principle of Phase-Locked Loops

A basic block diagram of a PLL is depicted in Figure 5.1 (cf. [Ega11, p. 2]).
Locking is performed by detecting the phase difference between the divided

Phase
Detector VCO

Frequency
Divider

Reference Loop
Filter

Output

Figure 5.1.: Block diagram of a PLL with divider

Voltage-Controlled Oscillator (VCO) signal and the reference signal in a Phase
Detector (PD) or Phase-Frequency Detector (PFD), which also reacts to fre-
quency differences, thus improving acquisition properties [Kro03, p. 179]. This
phase difference is used to steer the VCO in the opposite direction, where in-
termediate filtering determines the control loop properties. In the locked state,
the frequencies at the PD input are equal, i.e. the output frequency is Ndiv
times the reference frequency, where Ndiv is the frequency division ratio. For
the following analysis, the previous representation is converted into the math-
ematical block diagram in the Laplace domain, as depicted in Figure 5.2. This
serves as the foundation for optimization based on control theory.

Here, KP accounts for the phase detector gain in V
rad to transfer phase dif-

ferences into voltage, KL and FL(s) represent the loop-filter gain and transfer
function, respectively, and KV is the VCO gain with unit rad

sV
[Bes03, pp. 27].

It becomes obvious from Figure 5.2 that the transfer function regarding phases
Hφ(s) = φout

φin
equals that of the frequencies Hω(s) = ωout

ωin
. Letting G(s) be
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KP φout(s)Σ1
sωin(s) KLFL(s) KV

1
s

1
Ndiv

+ −

ωout(s)φin(s) φe(s)

Figure 5.2.: Mathematical block diagram of a PLL with divider

the open-loop transfer function as well as GF(s) and GR(s) be the forward and
reverse transfer functions, respectively, i.e.

G(s) = KPKLKVFL(s)1
s︸ ︷︷ ︸

GF(s)

· 1
Ndiv︸︷︷︸
GR(s)

, (5.1)

the closed-loop response H(s) of the PLL follows to be [Ega07, p. 22]

H(s) = φout

φin
= ωout

ωin
= GF(s)

1 +G(s) (5.2)

= NdivKPKLKVFL(s)
sNdiv +KPKLKVFL(s) . (5.3)

The poles (i.e. roots of the denominator) of the open-loop transfer function
G(s) determine the characteristics of PLLs, which are categorized according to
their type and order. Type-1/Type-2 refers to one or two poles at zero, whereas
the total number of poles defines the PLL order. The one always present pole
at zero originates from the VCO, which acts as an integrator, with the transfer
function HVCO(s) = KV

s
[Bes03, pp. 30]. According to (5.3), additional poles

may be introduced by FL(s). The kind and transfer function of the loop-filter
therefore determine the PLL characteristics and are treated more detailed in
the following section. Fundamentals of other frequency synthesizer components
(VCOs, multipliers, mixers, phase detectors, amplifier and dividers) can be
found e.g. in [Roh97, pp. 197].

Loop Filters

As with other types of control loops, the properties of a PLL are analyzed
based on the loci of poles and zeros using Bode plots of G(s) [Ega07, pp. 71].
Second-order PLL exhibit advantageous properties and are therefore generally
preferred [Kro03, p. 28]. Moreover, type-2 PLL exhibit no remaining phase
error for linearly increasing frequencies, i.e. quadratically increasing phases,
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in contrast to type-1 PLL [Ega07, p. 27]. Accounting for the pole due to the
VCO, the loop filter order Olf determines the PLL order Opll according to

Opll = Olf + 1. (5.4)

Hence, another pole at zero is desired in the loop filter to realize frequency
synthesizers with FMCW modulation. In fact, more poles may be added to
suppress spurious signals, which hardly influence the PLL performance if their
frequencies are sufficiently high. On the other hand, stability of the control
loop conditions the phase ∠H(s) to be off from 180 deg by a sufficiently high
phase margin φmar, typically φmar ≥ 50 deg, where |G(s)| = 1. This requires
adding a zero at the so-called natural frequency of the PLL to increase the
phase margin.
A common technique to add another pole is using a Charge Pump (CP)

at the output of the phase detector [Gar80]. It delivers current pulses with
a length and therefore charge proportional to the phase difference at the PD
inputs. The average CP current id, is given by [Kro03, p. 24]

id = Ipφe

2π , (5.5)

with the CP pulse current Ip. A second-order loop filter is depicted in Fig-
ure 5.3. Its transimpedance determines the ratio of filter output voltage uf
and CP current id [Ega07, p. 31]. The according loop-filter transfer function is

C1
C2

R2

PFD/CP
id

uf

Figure 5.3.: Second-order loop filter for charge-pump output

given by [Bes03, p. 178]
FL(s) = 1 + sτ2

sτ1(1 + sτ3) , (5.6)

with τ1 = Rb(C1 + C2), τ2 = R2C2, τ3 = R2
C1C2
C1+C2

, and the CP output
impedance Rb. Further filter stages may be added subsequently, decoupled by
active amplifier stages if necessary.

Methods to analytically examine third-order loop filters are e.g. presented
in [Bes03, pp. 174] and [Kro03, pp. 41], with a summary of second-order loop
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equations in [Ega07, p. 68]. Besides stability, important aspects of the PLL
are its transient response, which is also reflected in its response to modulation
[Ega07, pp. 111], and its phase noise at the controlled VCO output. Transient
errors for the intended frequency ramps are summarized in [Gar05, p. 102].
Phase noise is added in different components in the PLL, where the respective
impact depends on the PLL transfer function, especially the loop bandwidth.
Within this bandwidth, noise from the reference oscillator, the PFD, the loop

filter, and the divider are present at the synthesizer output. Outside the loop
bandwidth, the VCO dominates the noise contribution. An optimal bandwidth
can be deduced from the intersection point between the scaled impacts of noise
sources [Ega07, pp. 251], [Gar05, pp. 370].

Modulation

There are four options to modulate the synthesized output signal of a PLL.
First, the reference input may incorporate the modulation, e.g. a linear fre-
quency ramp instead of a constant frequency. Second, a mixer may be inserted
into the feedback path to mix the VCO output with a modulated source. Third,
the integer-N divider may be replaced by a fractional-N divider with continu-
ously changing ratio. Fourth, the fixed-frequency PLL synthesizer output may
be followed by an (I/Q)-mixer to incorporate the modulation.
A disadvantage of the first option is the resulting variation of the PFD fre-

quency, which leads to varying control-loop properties (through changing id
and consequently the loci of poles and zeros). The second option may intro-
duce undesired spurs, if the unwanted mixing product is not sufficiently sup-
pressed, which becomes more challenging for wideband-modulated signals. The
required fractional-N dividers in the third variant inherently introduce spurs
due to switching between division ratios, which are commonly eliminated us-
ing sigma-delta modulators at the expense of an increased noise floor [Ega11,
pp. 17]. The fourth option again requires good suppression of the undesired
mixing sideband and the mixer implementation may be challenging depending
on the operation frequency.
The proposed synthesizer implements the first variant of incorporating the

modulation in the reference signal. Since the relative modulation bandwidth is
very small, the variation of loop parameters is negligible.

5.1.2. Phase Noise Contribution of Synthesizer Building Blocks

Minimizing the phase-noise contributions is one major objective for the pro-
posed synthesizer. Its most important building blocks are mixers, filters, phase
detectors, dividers, and multipliers [Kro03, pp. 149]. Thus, their purpose is
illustrated and their contribution of jitter is modeled.
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Phase Noise in Voltage-Controlled Oscillators

A simple phenomenological model for an oscillator’s phase noise spectrum,
treating the phase of an oscillator as zero-mean stationary random process,
has been introduced by Leeson [Lee66] based on linear analysis of an oscillator
feedback loop. It divides the spectrum into different regions, which are reflected
in Leeson’s formula [Roh97, p. 89] [Rub09, p. 113] (in linear units)

L(fm) = 1
2

[
1 + 1

f2
m

(
f0

2QL

)2
]
· FakBT0

Pa

(
1 + fc

fm

)
. (5.7)

Here, f0 is the oscillator fundamental frequency, QL its loaded Q-factor, Fa the
noise factor of the feedback amplifier, and fc the 1/f corner frequency of the
amplifier. Accordingly, two noise components exist: additive white noise (flat
in phase spectrum), inside or outside of the feedback loop bandwidth f0

2QL
of the

oscillator, and parameter variations (leading to 1/f in phase spectrum). Due to
these effects, the output spectrum is composed of three regions. First, a region
with −30 dB/decade, in which 1/f effects dominate, second, a region with
−20 dB/decade with additive noise components within the feedback bandwidth,
and third, a region with flat frequency spectrum at frequencies higher than the
feedback bandwidth.
The stochastic process for PN introduced in Section 4.1.1 disregards the

flicker noise, i.e. the −30 dB/Decade region, but delivers a solution for the
virtual divergence for fm → 0. Both models incorporate the most relevant
−20 dB/Decade region, which dominates the total phase noise in the PLL syn-
thesizer outside the loop bandwidth. In addition to the noise generated within
the VCO, the voltage noise at its input is translated to phase noise by the
factor KV

s
. Small VCO gains KV are therefore advantageous in terms of low

phase-noise.

Phase Noise in Dividers and Multipliers

Frequency dividers transform a higher frequency signal f (in)
div to a lower fre-

quency signal f (out)
div , with the division ratio Ndiv = f

(in)
div /f

(out)
div , Ndiv ∈ N.

Ideally, the timing jitter of the output is equal to the input (t(out)
jit = t

(in)
jit ), lead-

ing to the phase jitter according to (5.8) and the phase noise single-sideband
spectral power density according to (5.9) [Ega90] (in linear units).

φ
(out)
jit,div =

φ
(in)
jit,div

Ndiv
(5.8)

L(out)
div (fm) = L

(in)
div (fm)
N2

div
(5.9)
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Different implementations of frequency dividers exist. First, static dividers
are built as chain of flip-flops, either in CMOS or Emitter-Coupled Logic (ECL)
technology, resulting in division ratios Ndivider = 2n, n ∈ N and providing a
large bandwidth [JJH09]. Second, regenerative dividers use regenerative mod-
ulation [Mil39], where a feedback circuitry with amplifier, mixer and lowpass
filter is used to extract the desired divided signal. Third, Injection-Locked
Frequency Dividers (ILFDs) are oscillating at a sub-harmonic of the input fre-
quency, allowing arbitrary integer division ratios Ndiv.
At very high operating frequencies, regenerative dividers [Lee+05] or ILFD

[JJH09; Tie04] can be used as first dividing stage, which may require less
current compared to flip-flops [Lee+05]. Indeed, even for mm-wave appli-
cations, static dividers with a power consumption in the mW range can be
realized [Erg+15]. The alternative ILFD introduces additional noise, with a
noise transfer function similar to a PLL [VRL03, Figure 7], exhibiting different
noise contributions in the locked frequency and free-running frequency range,
according to (in linear units)

L(out)
ilfd (fm) = f2

m

f2
m + f2

p
· L(free)

ilfd (fm) + 1
N2

div
·

f2
p

f2
m + f2

p
· L(in)

ilfd (fm), (5.10)

with fp = 1/τp and τp representing the time constant, with which the ILFD re-
acts to injected small signals [VRL03]. In contrast, static dividers may add neg-
ligible amount of phase noise, acting nearly ideal according to (5.9) [Las+06].
The divider within the prototype is realized as flip-flops in CMOS technology.
Hence, its contributions are expected to be negligible, but the phase dividing
properties in (5.8) and (5.9) need to be regarded.
Multipliers work in the opposite direction with higher output than input fre-

quencies. The desired harmonic is commonly generated by the non-linearity of
a diode or transistor, where for high multiplication factors Nmul the concatena-
tion of several stages exhibit lower overall noise contributions [Roh97, p. 108].
Alternatively, PLLs or ILFDs can be used as multipliers, but may introduce
additional noise. An ideal multiplier with frequency ratio fout

fin
= Nmul exhibits

a PSD at the output according to

L(out)
mul (fm) = N2

mulL
(in)
mul(fm). (5.11)

Phase noise in Phase-Frequency Detectors

A PFD is an essential part of a PLL to lock the frequency and phase of con-
trollable frequency source to a reference frequency. It detects both frequency
and phase differences between its two inputs, of which one is driven by the ref-
erence and the other by the oscillator under control. Built of sequential logic,
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5. Prototype Realization

it changes between three states, often referred to up, down and neutral. In a
widely used variant, it is combined with a charge-pump, which delivers current
pulses with a length and therefore charge proportional to the phase difference
at the inputs. [Gar80]
It has been shown that the PFD constitutes a dominant source of in-band

phase-noise, quantified by an input-referred phase jitter σ(pfd)
φ , which depends

on the PFD operating frequency fpfd and the timing jitter σ(pfd)
a , according to

[BT01]
σ

(pfd)
φ = 2πfpfdσ

(pfd)
a . (5.12)

The effective Single-Sideband (SSB) phase noise PSD Lpfd(fm) in dBm/Hz is
given by (5.13). It can be used to determine the PFD Figure of Merit (FOM)
from measurements.

Lpfd(fm) = FOM[dBc/Hz] + 20 log10
fout

Hz − 10 log10
fpfd

Hz (5.13)

Hence, for a fixed output frequency fout, the phase noise contribution of the
PFD may be minimized by selecting a PFD circuit with low FOM and using
high PFD frequencies fpfd.

Phase Noise in Loop Filters

Phase noise in loop filters arises from thermal noise of resistors (such as R2
in Figure 5.3) and noise in amplifiers, in the case of active loop filters. The
voltage-referred noise vL,n at the loop-filter output can be regarded the relevant
quantity, which is translated into phase noise by the VCO with factor KV

s
. The

exact calculation of vL,n is performed based on network theory. The dominant
noise sources are commonly a resistor in series to the VCO input and the
amplifier [Kro82]. Therefore, these two contributors are considered in more
detail for the loop-filter optimization.

5.1.3. Direct Digital Synthesis
The principles of a DDS are introduced e.g. in [Roh97, pp. 139]. An input clock
with frequency f (DDS)

in is used to increase the value of a phase accumulator by
a constant WF, often referred to as frequency word, on each clock cycle. The
resulting phase word WP is truncated from LP to LM bits and used to look
up the amplitude of a sine wave in a memory, or more generally using a Sine
Cosine Mapping Function (SCMF) [TW05]. An analog voltage according to
this instantaneous amplitude is generated in a Digital-to-Analog Converter
(DAC) and lowpass-filtered to finally generate the output frequency

f
(DDS)
out = f

(DDS)
in

N
(DDS)
div

, with (5.14)
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N
(DDS)
div = WF

2LP
, (5.15)

where LP represents the length of the frequency word and phase accumula-
tor register in bits. Figure 5.4 depicts this configuration, generating a CW
frequency output.
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Figure 5.4.: Block diagram of a DDS with CW frequency output

The inherently limited numerical accuracy leads to the generation of spurs,
which can be predicted e.g. with the methods presented in [NS87] and [TW05].
They occur due to three reasons: First, the limited number of phase values,
for which sine values exist in the lookup table, second, the limited precision
(word length) of values in the lookup table, and third, the non-linearities of the
output DAC all lead to the generation of cyclic errors. The limited Look-up
Table (LUT) value precision can be extended to consider non-idealities of the
sine-cosine mapping function, which reduce the effective SNR, as performed in
[TW05]. Being the primary cause of spurs, phase truncation leads to phase
error sequences εp(n) in the form of discretized sawtooth functions, according
to Figure 8 in [NS87]. These spurs reach highest intensity for N (DDS)

div ∈ N,
as the same few phase values are repeated in this case. In contrast, the best
spurious performance is achieved by fully exploiting the 2LP values in the lookup
table, if the frequency word WF and 2LB are coprime, where LB represents the
number of truncated bits, i.e. LP = LM − LB.
Consequently, the spurious performance strongly depends on the output fre-

quency, which may be chosen accordingly whilst taking the limits of the ap-
plication into account. This and the varying frequency output are regarded in
the analysis of spurs for FMCW synthesis in Section 5.2.2.

5.2. Frequency Synthesis for Cooperative Radar Networks

The synthesizer within the radar nodes shall generate the FMCW-modulated
transmit signals according to (2.16). The real synthesized signals are inevitably
disturbed by systematic and random errors. From the known impact, which
was developed in Section 4.4, requirements for CRN synthesizers are deduced in
Section 5.2.1, which are demanding regarding phase noise and ramp linearity.
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A suitable synthesizer approach is introduced and analyzed in Section 5.2.2. It
constitutes an essential part of the sensor node setup, as shown in Section 5.3.

5.2.1. Requirements for Cooperative Radar Node Synthesizers
The requirements for the signal synthesizers in the radar nodes can be subdi-
vided into two parts, which are the modulation characteristics and the require-
ments on signal purity. While the former follow from the intended applications,
the latter arise from the cooperative system concept with individually operated
synthesizers and the modulation parameters chosen before.

Determination of Modulation Characteristics

For the intended integration of synthesizer components and antennas on the
chip and in the package, wavelengths in the range of few mm are required,
leading to operating frequencies in the range of ≈ 100 GHz. For automotive
applications, the 76–77GHz or 77–81GHz frequency bands are available. The
ISM band at 122–123GHz is well suited for consumer applications, at a lower
permitted maximum power. The even higher 244–246GHz ISM band may
again provide beneficial integration potentials, but operates at the edge of the
capabilities of current semiconductor processes. With increasing frequency, the
signal purity requirements are harder to fulfill. Therefore, the 122–123GHz has
been chosen for the prototypical realization of the proposed network architec-
ture, i.e. f0 = 122 GHz. Since the concept is independent of the fundamental
frequency, it can be adapted to 77GHz radar nodes for automotive applica-
tions. For other applications, much lower frequencies, such as the 5.8 GHz ISM
band, can be used, if the requirement of high integration level is waived.

A large modulation bandwidth is desirable, as it improves both the resolu-
tion (2.59) and the monostatic and bistatic accuracies (4.63). In multi-target
scenarios (as shown in Section 2.6.1), the available bandwidth of f (max)

mod =
1 GHz allows separation of targets which are more than 15 cm apart in range.
Similarly, long modulation times are desirable, since according to (2.58), the
speed resolution depends on f0 and the modulation time Tmod. Assuming that
at walking speed (smin ≈ 1.2−1.4 m/s [Bro+06]), standing and moving objects
shall be separated, the required modulation time follows to be

T
(min)
mod = c0

2sminf0
≈ 0.88 . . . 1.02 ms. (5.16)

Hence, the modulation time has been selected as Tmod = 1 ms. All modulation
parameters are summarized in Table 5.1. During operation, a series of ramps
with different parameters is needed to separate speed and range estimates, as
explained in Section 3.1.1. For simplicity, only the introduced fixed values are
used for further analysis.
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Table 5.1.: Selected modulation parameters for synthesizer
Description Parameter Value
Fundamental frequency f0 122 GHz
Modulation bandwidth fmod 1 GHz
Modulation time Tmod 1 ms
Ramp slope kr = fmod/Tmod 1 GHz/ms

Requirements on Signal Purity

Minimum requirements for phase noise can be deduced from (A.77), which
determines the relation of phase noise parameter cpn and range precision. As-
suming that the precision should be at least equal the range resolution of 15 cm,
the required phase noise parameter c(max)

pn is determined as

c
(max)
pn,eff = 3f2

mod

c0f2
0Tmod(σ(pn)

r )2
= 5 · 10−20 s2Hz, (5.17)

i.e. c(max)
pn = 2.5 · 10−20 s2Hz (4.49) for the transmit signal in one synthesizer.

For cpn > c
(max)
pn , the precision degrades significantly, as shown in the previous

simulations, e.g. in Figure 4.9 for Tmod = 1 ms. Similar to (4.57), this leads to
maximum allowed RMS phase deviation in one synthesizer during the time of
the ramp of

σ
(max)
φ =

√
2
3πf0

√
cpnTmod = 1.56 rad. (5.18)

Since AWGN further reduces the precision, σφ < 1 rad is desirable to allow for
a sufficient SNR margin.
This requirement shall also be applied on deterministic phase fluctuations.

Specifically, the total jitter, including spurs, should not exceed σ(max)
φ,eff . There-

fore, the ramp linearity according to (4.37) requires time steps of Tstep < 1.3µs
(disregarding the possible suppression by to the loop filter) to achieve σ(4kr)

φ <

1 rad. The relative slope error needs to be 4kr
kr

< 2 · 10−6, as shown by the
simulation in Figure 4.14. Ideally, random phase fluctuations are even weaker
to achieve the threshold shown in Figure 4.13, requiring very low close-in phase
noise of L(10 kHz) < −78 dBc/Hz. In total, this sets demanding requirements
on the purity of the transmit signals in the radar nodes.
It should be noted that the ramp linearity requirements for cooperative radar

nodes differ from monostatic radars. In both cases, the resulting phase fluc-
tuations φm,n(t) in the IF- or baseband in (4.39) need to be limited. In the
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monostatic case, slowly-varying phase offsets cancel out, whereas frequency
variations fvar(t) lead to phase fluctuations of thy synthesized signal with

φm(t) = 2πfvar(t)t (5.19)

and hence IF signal phase fluctuations of

φm,n(t) ≈ 2πfvar(t)τn,k,m. (5.20)

In the bistatic case, all phase fluctuations φm(t) become directly apparent in
φm,n(t), as in (4.39). Consequently, ramp linearity requirements should be
defined as RMS or maximum frequency deviations in the monostatic case, but
as RMS or maximum phase deviations in the bistatic case.

5.2.2. Proposed Synthesizer Architecture
The measurements in [FHW15b] reveal that the requirements cannot met for
a 122-GHz transceiver with conventional single-loop fractional-N PLL synthe-
sizer. While ramp linearity seems feasible with proper frequency step widths,
the requirement regarding ∆kr

kr
requires crystals with frequency errors of less

than 2 ppm. The phase noise requirements are also challenging, e.g. the RMS
absolute phase jitter of the examined synthesizer in [FHW15b] exhibits a stan-
dard deviation of≈ 0.1 rad (at 1.9 GHz), corresponding to≈ 6.4 rad at 122 GHz.
This by far exceeds the above stated requirements on signal purity.

A more sophisticated approach should allow the compensation of crystal off-
sets by a fine frequency (step) setting to reduce slope offsets and improve ramp
linearity. Also, the random phase fluctuations need to be decreased signifi-
cantly. The first aspect may be addressed with a DDS as modulated reference.
Phase noise may be improved with a lower-noise PFD, by reducing the num-
ber of divider stages, and by a phase-noise optimized loop-filter design. The
missing divider stages are replaced with a mixer to downconvert the feedback
signal to the PFD frequency while maintaining the phase deviations without
further division. The mixer is followed by a filter to suppress the unwanted
sideband before feedback to the PFD. A block diagram of this proposed ar-
chitecture is shown in Figure 5.5. Both the mixer and the DDS are driven
by a fixed-frequency local oscillator, which is derived from a reference crystal
oscillator using a multiplier. The phase-noise behavior of this PLL loop with
DDS modulation with its potential spurs shall be examined in the following.

Phase-Noise Analysis of PLL-based Synthesizer

A noise model of the PLL is depicted in Figure 5.6. Similar to Figure 5.2, it
contains the mathematical operations of each component, but only considers
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Figure 5.5.: Proposed synthesizer architecture with PLL and DDS

their noise contributions. This methodology is adopted from [Roh97, p. 112]
and [Kro82], where a noise model for a PLL architecture with mixer in the
feedback loop was introduced.
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Figure 5.6.: Noise model of PLL with mixer in feedback path and DDS as
reference source

The considered noise sources in the Laplace domain are the reference (φR,n),
the reference multiplier (φMul,n), the DDS (φDDS,n), the divider (φDiv,n), the
mixer (φMix,n), the oscillator (φV,n), the phase detector (vP,n), and the loop fil-
ter (VL,n). The latter two are voltages, acting additive on the respective signal,
while all other noise quantities modulate the respective signal, i.e. act additive
to the phases. Through the phase detector gain KP and the VCO gain KV,
phases are transformed into voltages and vice versa. Here, the DDS is con-
sidered a frequency divider, dividing the phase according to the instantaneous
ratio NDDS. From Figure 5.6, the relations between the output phase φout, the
PFD feedback phase φfb, the PFD reference input phase φin, and the Local
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Oscillator (LO) phase φLO can be deduced according to (5.21)–(5.24).

φout = ((φin − φfb)KP + vP,n + vL,n) KLKVFL(s)
s

+ φV,n (5.21)

φfb =
(
φout

Ndiv
+ φDiv,n + φMix,n − φLO

)
FM(s) (5.22)

φin = φLO

NDDS
+ φDDS,n (5.23)

φLO = NmulφR,n + φMul,n (5.24)
Solving the loop equation for the locked condition, the effective transfer

function H ′(s) can be calculated as

H ′(s) = KLKPKVNdivFL(s)FM(s)
sNdiv +KLKPKVFL(s)FM(s)

= K′NdivFL(s)FM(s)
s+K′FL(s)FM(s) , (5.25)

with the effective loop gain

K′ = KPKLKV

Ndiv
. (5.26)

Using this, the total output noise φout,n is calculated as

φout,n = H ′(s)
[
vL,n + vP,n

FM(s)KP
+ φDDS,n

FM(s) − φDiv,n − φMix,n

+
(

1 + 1
FM(s)NDDS

)
φLO

]
+
(

1− H ′(s)
Ndiv

)
φV,n . (5.27)

Since H ′(s) acts as a lowpass filter and (1 − H′(s)
Ndiv

) represents a highpass
filter, the VCO noise dominates the output noise in the PLL stopband, while
all other considered noise sources contribute to the passband noise. The mixing
filter may be approximated as FM(s) ≈ 1 due to its very high corner frequency.
Furthermore, the DDS division ratio can be considered high, i.e. NDDS � 1.
This leads to φDiv,n, φMix,n, φDDS,n, and φLO all contributing with the same
factor H ′(s) to the output noise, whereas vP,n and vL,n are additionally scaled
by the inverse of the phase detector gain.

Since H ′(s) ≈ Ndiv for small frequencies, the introduced PLL architecture
with mixer in the feedback path significantly reduces total PLL passband phase
noise due to the reduced division ratio Ndiv. Only the influence of φR,n remains
unchanged compared to the simple PLL in Section 5.1.1, as the reduced Ndiv
is equalized with the multiplier factor Nmul. A low-phase-noise fixed-frequency
crystal oscillator should therefore be selected as frequency reference source.
With the low phase noise and the DDS providing a high frequency resolution
to exactly set the offset frequencies and slopes, the proposed PLL is well suited
for being used as frequency synthesizer in cooperative radar nodes.
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Spur Analysis of FMCW-Modulated Direct Digital Synthesis

In order to generate frequency ramps, the DDS from Section 5.1.3 can be ex-
tended by a frequency accumulator to constantly increase the frequency word by
a slope word WS, similar to [Cal+13]. The resulting block diagram is depicted
in Figure 5.7. Here, the constantly increasing frequency leads to quadratically
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Figure 5.7.: Block diagram of a DDS for FMCW chirp generation

increasing phase. Typically, the frequency accumulator does not update the fre-
quency word in every clock cycle, but operates at a frequency f (DDS)

F < f
(DDS)
in .

As explained in Section 5.1.3, spurs that occur at certain output frequencies,
are the primary concern of DDS. Indeed, it can be shown that during FMCW
operation, the prerequisites of spur generation are not met, since the changing
frequency word WF leads to non-repetitive patterns in the phase word WP. To
prove this, a simulation has been carried out, using the parameters summarized
in Table 5.2. It covers the effects of phase truncation from LP to LM bits, as
well as limited DAC precision LD and DAC non-linearity, which is modeled as
fixed Gaussian-distributed random offsets with standard deviation δLD.

Table 5.2.: Simulation parameters for DDS with FMCW modulation
Description Parameter Value

Input clock frequency f
(DDS)
in 1.8 GHz

Frequency-word update frequency f
(DDS)
F 75 MHz

Freq./phase accumulators width LP 32 bit
Phase word width LM 14 bit
DAC resolution LD 12 bit
DAC non-linearity δLD 0.5 bit

Two modes are compared in this simulation: In CW mode, a fixed output
frequency of f (DDS)

out = 114.0625 MHz, which corresponds to a synthesizer out-
put frequency of f0 = 122.5 GHz, is generated and observed for Tmod = 1 ms.
In FMCW mode, a frequency sweep 106.25 MHz < f

(DDS)
out < 121.875 MHz,

corresponding to 122 GHz < f
(DDS)
0 < 123 GHz, is generated for Tmod = 1 ms.
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Figure 5.8 shows the resulting spectra around the unmodulated/modulated car-
rier. In CW mode, the effects of phase truncation, limited DAC precision, and
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Figure 5.8.: DDS output spectra around (modulated) carrier

DAC non-linearity lead to cyclically repeated errors, which become apparent
as spurs. These disappear in the FMCW-mode spectrum, while their energy is
distributed among the spectrum, leading to an increased noise floor. However,
even in CW mode, the spurs are relatively small, due to the high DDS clock
frequency. Based on these simulations, no considerable degradations of the
synthesized signal purity for cooperative radar networks are expected.

5.3. Setup of Cooperative Radar Network Prototype

The realized network consists of three identical nodes, which are connected
via Ethernet to a master PC. The latter receives the digitized IF signals and
applies the signal processing techniques described in Chapter 3. For simplicity,
the trigger that synchronizes the ramp starts is realized as separate wire. Due
to the independent signal synthesis, there is no RF connection between the
nodes. The signal synthesis within the radar nodes fulfills the determined
requirements from Section 5.2.1 and corresponds to the concept introduced in
Section 5.2. It has been published in [Fri+16; FHW17].
Each radar node consists of five parts. Three of them, a Linux-based single-

board computer for the acquisition and processing of the digital data, an IF
board with analog filters, amplifiers and an ADC, and an RF board containing
the transceiver chip and PLL components, are stacked together to a compact
module, which is depicted in Figure 5.9. To retain a large field of view, no
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dielectric lens is used in front of the transceiver chip. The DDS, which generates
the modulated reference signal for the PLL, is on a separate board, connected
to the RF board. A local oscillator board provides a fixed frequency of fLO =
1.8 GHz to both the DDS and the RF board. The control of the components and
the signal flow are depicted in Figure 5.10, where analog signals are represented
in solid red and digital signals in dotted blue. A trigger signal is used to start
the ramp in the DDS and the signal sampling on the IF board.

Figure 5.9.: Stack of RF board (top), IF board (middle) and “BeagleBone
Black” single-board computer (bottom) [FHW17], © 2017 IEEE

5.3.1. Realization of RF Signal Synthesizer
Figure 5.11 depicts a block diagram of the realized RF signal synthesizer,
which is used in the sensor nodes, where additional amplifier stages are omitted
for simplicity. It consists of a 122 GHz transceiver with in-package antennas
[Deb+12], which is stabilized by a PLL, as analyzed in Section 5.2.2. The
transceiver integrates a 61 GHz push-push oscillator, a frequency doubler for
the 122 GHz output and a divide-by-32 circuit for the feedback loop.
In order to avoid the additional noise of a fractional divider, the transceiver

VCO is stabilized by an integer-N PLL. For this purpose, the divided output
frequency at ≈ 1.9 GHz is downconverted to the operating frequency of the
phase-frequency detector with

fPFD = fout

Ndiv,eff
− fLO ≈ 100 MHz (5.28)
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Figure 5.10.: Setup and control of sensor nodes in cooperative network
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using an 1.8 GHz LO. The same LO also used as DDS clock. It is derived
from a low-phase-noise 100 MHz Crystal Oscillator (XO), that is multiplied in
three stages (x2, x3, x3) to 1.8 GHz, as depicted in Figure 5.12. Additional
amplifiers after each multiplier stage to compensate the conversion loss are
omitted in Figure 5.12 for simplicity.

XO ·2

·3 ·3

100 MHz 200 MHz

600 MHz 1.8 GHz LO

Figure 5.12.: RF setup of the 1.8GHz LO source [FHW17], © 2017 IEEE

In (5.28), the effective divider represents the ratio between the output fre-
quency fout and the divided output frequency, i.e. Ndiv,eff = 64. To cover the
ISM band from 122GHz to 123GHz, the PFD works with varying frequencies
in the range of fPFD,min = 106.25 MHz to fPFD,max = 121.875 MHz. In the fol-
lowing low-pass filter, the unwanted mixing products and the LO feed-through
are removed before the signal is provided to the PLL. The PLL chip integrates
the PFD and charge pump without further divider stages or modulation ca-
pabilities. It is followed by an active third-order loop filter, which has been
optimized for low overall noise contributions.
The reference signal, which incorporates the required FMCW modulation,

is generated by a DDS and fed to the reference input of the PFD. While the
output of the DDS is clocked at the LO frequency of 1.8 GHz, its internal clock
is at 1/24th of this frequency, i.e. 75 MHz. The latter determines the frequency
and time step sizes for the ramp generation, which lead to an unwanted ad-
ditional modulation. High DDS clocks are therefore advantageous, because of
the resulting smaller steps. Accordingly, a ramp slope of kr = 1 GHz

ms results in

Tstep = 1
75 MHz = 13.3 ns, (5.29)

fstep = krTstep = 13.3 kHz. (5.30)

Using (4.37), this leads to a negligible mean phase jitter of

σ
(sc)
φ = π

4
√

5
· 13.3 kHz · 13.3 ns = 62.4µrad. (5.31)

The trigger signal initiates the ramp starts at the DDS, keeping ∆tn and hence
∆fn, as defined in (2.63), low.
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Due to the high phase noise of the free-running VCO with L(100 kHz) ≈
−72 dBc/Hz [Gir+13; Deb+12], the loop bandwidth needs to be relatively high.
To minimize overall phase noise, the loop-filter cutoff frequency has been set
to f (loop)

c = 300 kHz. The loop filter itself may also contribute a significant
amount of noise. This voltage-referred noise is translated to phase noise by
the VCO, depending on its gain KVCO (in Hz

V ), which is why low values for
KVCO are preferred for low-phase-noise synthesizers. With the used BiCMOS
technology, the input voltage range for the VCO is limited to ≈ 2.5 V, of which
only 1–2V are usable as linear VCO tuning range. Together with the required
bandwidth of 1 GHz, this sets a lower bound for the VCO gain at KVCO,min ≈
1 GHz
1.5 V = 667 MHz

V . Figure. 5.13 depicts the contributions of PLL parts on the
single-sideband spectral power density of phase noise of the synthesized output.
It confirms that the loop filter dominates the overall phase-noise contributions
over a wide range from 20 kHz to 10MHz.
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Figure 5.13.: Simulated phase noise contributions of PLL components [Fri+16],
© 2016 IEEE

5.3.2. Phase-Noise Optimized Loop-Filter Design

A third-order active loop filter according to the schematic depicted in Fig-
ure 5.14 has been developed to meet the requirements regarding noise contri-
bution and bandwidth. As shown in Section 5.1.2, the dominant noise source
in a passive third-order loop filter is resistor R3, as it has to be comparatively
high to avoid an excessive load on the preceding filter stage. The power and
spectral voltage density of the thermal noise of a resistor R can be calculated
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C1
C2

R2

R3

C3

Figure 5.14.: Schematic of 3rd-order active loop filter [Fri+16], © 2016 IEEE

as (5.32) and (5.33), respectively, in which ∆f represents the bandwidth.

Pnoise = 4kBT0∆f (5.32)

e
(R)
noise =

√
PnoiseR√

∆f
=
√

4kBT0R (5.33)

The value of R3 can be reduced by the introduction of an amplifier stage as
in Figure 5.14, if the reduced noise of R3 is not overcompensated by the added
noise sources of the amplifier. State-of-the-art low-noise operational amplifiers
exhibit spectral voltage noise densities of ≈ 1 nV√

Hz . The used amplifier has a
spectral voltage noise density of e(Amp)

noise = 1.5 nV√
Hz , which corresponds to the

thermal noise of a resistor Requiv at room temperature T0 according to

Requiv =

(
1.5 nV√

Hz

)2

4kBT0
= 139 Ω. (5.34)

Reducing the resistance of R3 is limited by the stability requirements of the
amplifier, which are violated for low-resistance, high-capacitive loads. There-
fore, R3 has been chosen as 180 Ω, so that R3 remains as strongest noise source,
followed by the amplifier’s voltage-referred noise. The values of the loop-filter
components are summarized in Tab. 5.3. Figure 5.15 shows the simulated
influence of the individual loop-filter components on the phase noise of the
synthesizer output.

Table 5.3.: Values of loop-filter components
Component C1 R2 C2 R3 C3
Value 1 nF 91 Ω 22 nF 180 Ω 220 pF
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Figure 5.15.: Simulated phase noise contributions of loop-filter components
[Fri+16], © 2016 IEEE

5.4. Assessment of Synthesizer in Prototype

To assess the synthesizer of the developed prototype, the methods described in
Chapter 4 are applied to it. First, the CW phase noise performance is deter-
mined with a conventional PLL-based measurement. Second, the FMCW ramp
linearity technique from Section 4.6.1 is used to ascertain the consistency of CW
and FMCW phase noise performance and to examine additional deterministic
jitter. These measurements validate the simulated performance in the previous
section and verify that the requirement of σ(tot)

φ < 1 rad is met. Finally, the
comparison with other published synthesizer designs shows the advantages of
the proposed synthesizer.

5.4.1. Phase noise performance
The single-sideband phase-noise PSD of the synthesized output is depicted in
Figure 5.16 as the solid green line. It has been measured at f0 = 122.5 GHz
using an R&S FSUP signal source analyzer in PLL mode. The measured
phase noise shows good agreement with the simulation (dotted red line). Be-
sides the slight variations in the range of the loop filter cutoff frequency,
the measured and simulated power densities deviate only in the range above
500 kHz by about 3–4 dB, which is most likely caused by the free-running VCO
phase noise being slightly higher than modeled. At offset frequencies less than
20 kHz, the synthesizer output follows closely the blue line, representing the
phase noise of the LO, which has been separately measured and scaled by
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20 log10(122.5 GHz/1.8 GHz) dB = 36.7 dB.
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Figure 5.16.: Measured phase noise PSD of synthesizer at 122.5GHz

The best phase noise performance (less than−80 dBc
Hz ) is achieved in the range

from 2 kHz to over 100 kHz offset, corresponding to ranges from 2 kHz · c0
kr

=
0.6 m to 100 kHz · c0

kr
= 30 m. For monostatic measurements, this fits the us-

able range of the integrated transceiver, which is limited by its output power
of −3 dBm and antenna gain of 10.2 dBi [Gir+13] to a few meters. At 10 kHz
offset, the power density is at −84 dBc

Hz , which is shown to be among the best
reported phase noise performances for radar sensors operating at 122GHz in
Section 5.4. It also fulfills the requirements for high-accuracy bistatic measure-
ments, defined in Section 5.2.1.
At f0 = 122.5 GHz, the random absolute time jitter integrated from 100 Hz

to 300 kHz is calculated using (4.11) to be σa = 119 fs. Over the full used RF
bandwidth of 122–123GHz, the performance varies slightly, due to variations
of the VCO gain. Measurement results covering the complete bandwidth on
a grid with 100 MHz spacing are depicted in Figure 5.17. Assuming that this
CW phase noise performance is also met in FMCW mode, a mean random time
jitter of

σa =

√∫ 123 GHz

f=122 GHz
(σa(f))2 df

≈ 135 fs (5.35)

can be expected over one frequency ramp, corresponding to a mean random
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phase jitter of

σ
(pn)
φ =

√∫ 123 GHz

f=122 GHz
(2πf · σa(f))2 df

≈ 0.104 (rad). (5.36)

Thus, the random phase deviations are sufficiently small to satisfy the previ-
ously determined requirement of σφ < 1 rad for signal synthesis in cooperative
radar nodes.
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Figure 5.17.: Dependency of integrated jitter (from 100Hz to 300 kHz) on the
center frequency

5.4.2. Ramp linearity

The proposed method from Section 4.6.1 has been used to assess the dynamic
phase deviations of the transceiver ramp compared to ideal CW and FMCW
signals. First, the phase deviations (compared to an ideal sinusoid) have been
measured with 300 kHz bandwidth for the transceiver. Figure 5.18 depicts the
resulting phase deviations in CW mode at f0 = 122 GHz. It shows the RMS
phase deviations of σ(tot)

φ = 0.231 rad. Considering the previously measured
random RMS phase jitter of σ(pn)

φ (f0 = 122 GHz) = 0.13 rad leads to the
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Figure 5.18.: Measured absolute phase deviation of transceiver in CW mode

assumption of considerable deterministic jitter, according to

σ
(det)
φ =

√(
σ

(tot)
φ

)2
−
(
σ

(pn)
φ

)2

≈
√

0.232 − 0.132 rad ≈ 0.19 rad. (5.37)

This is confirmed by the spectrum around the carrier, depicted in Figure 5.19,
which shows spurs at 61 and 122 kHz around −60 dBc, which contribute the
deterministic jitter.
In a second measurement, the FMCW performances was assessed by generat-

ing a reference ramp with the AWG, using Tmod = 1 ms and fmod = 1 GHz. The
result plotted in Figure 5.20 exhibits noticeably larger phase deviations. These
are mainly caused by a spurious signal and a superimposed slowly-varying non-
linearity, with a total RMS phase jitter of σ(FMCW)

φ = 0.648 rad. The analysis
of the FMCW-modulated carrier in the frequency domain exhibits these addi-
tional spurs at ±14.3 kHz with −39 dBc and −59 dBc amplitude.
The comparison of both measurement techniques unveils that the signal pu-

rity in FMCW mode is noticeably deteriorated compared to CW mode. Still,
the overall requirement of σφ < 1 rad is satisfied, which substantiates the syn-
thesizer architecture to be expedient for its use in radar nodes of a cooperative
MIMO network. Additionally, the result again emphasizes that CW measure-
ments of phase noise are not sufficient to characterize the jitter performance of
radar nodes, especially for the intended use, where even slowly varying devia-
tions impair the IF signals.
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Figure 5.19.: Measured spectrum around unmodulated carrier
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Figure 5.20.: Measured absolute phase deviation of transceiver in FMCWmode
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Figure 5.21.: Measured spectrum around modulated carrier

5.4.3. Comparison with Published Synthesizer Designs

In the last decade, several synthesizers have been suggested, which were de-
signed to deliver superb signal purity for high-accuracy measurements. Com-
monly, phase noise figures for CW mode are published, often supplemented
by measurements of the integral timing jitter. Table 5.4 summarizes the best
known works with phase noise values scaled to 122GHz to allow comparison
with the prototype, for which the total integrated jitter from 1 kHz to 10MHz
was calculated from measurements. The entries are sorted by timing jitter, if
published, and estimated jitter from published phase noise otherwise.
This comparison unveils that superior CW performance has already been

achieved by a few previous works, reflected in a lower timing jitter. Still,
the most important aspect is the FMCW performance in terms of total phase
jitter, as seen in the previous sections. Unfortunately, this value is usually not
assessed or published, since most works are targeting monostatic radars, for
which RMS frequency errors (not phase errors) are important, as explained in
Section 5.2.1. Still, the phase RMS deviations can be estimated from published
measurements for most of the above stated works.
[Has+16] reports 319 kHz RMS frequency error for a ramp with 20GHz in

3.8ms, i.e. a slope of kr = 5.26 GHz
ms , at f0 = 80 GHz. Scaling the effective

frequency deviations to kr = 1 GHz
ms at f0 = 122 GHz results in 319 kHz

5.26 · 122
80 ≈

92 kHz RMS frequency deviations, which are integrated over periods of 100µs
(according to Figure 23 in [Has+16]). This leads to local phase errors of σφ >
2π · 92 kHz · 100µs ≈ 58.1 [rad], which is far above the phase jitter of the
prototype and the acceptable limits.
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Table 5.4.: Comparison of Published Synthesizer Designs
Freq. Scaled PN @122GHz (dBc/Hz) Jitter

Mod. f0 (GHz) 10 kHz 100 kHz 1MHz σa (fs)
This Work DDS 122 -84.2 -81.2 -84.7 180
[Has+16] Σ∆ 80 -93.3 -94.3 -90.3 70
[VPM18] Σ∆ 60 -73 -87 -87 75
[Yi+13]1 None 77 -80 -84 -104.5
[PJA12] Σ∆ 80 -84 -84 -86 122
[Lee+10] Σ∆ 77 -77 -84 -81 293
[Erg+18] Σ∆ 61 -70 -73 -84
[LWC13] Σ∆ 76 -72 -79 -81.1 413
[Ng+13] Σ∆ 77 -67.5 -72.5 -72.4 522
[DF18] Σ∆ 30 -67 -75 -69 545
[Ng+11] Σ∆ 77 -69 -75 -77.7
[Sta+10] DDS 76.5 -43 -75 -96
[Vov+18] Σ∆ 79 -66 -61 -93
[Mit+10] DDS 78 -58 -64 -80
[Son+16] None 77 -47 -57 -87.2
[Par+15]2 Σ∆ 77 (-21.5) (-50) -79.4
1 This refers to the variant with smaller loop-filter bandwidth and lower phase noise.
Both variants are most likely not directly usable for FMCW modulation.

2 The paper shows phase noise of free-running VCO only, which is solely expressive for
high offset frequencies.

Similarly, [VPM18] reports RMS frequency errors of 20 kHz at 60GHz, cor-
responding to 40 kHz at 122GHz. Figure 19 therein shows that this error is in-
tegrated over periods of at least 100µs, resulting in local phase errors > 25 rad,
which also by far exceed the requirements. The concept in [Yi+13] does not
allow modulation at all. This allows very low phase jitter values, which are
not transferable to FMCW concepts. In [PJA12], ramps are generated, but no
linearity measurements are shown.

For the synthesizer in [Lee+10], frequency ramps with fmod = 500 MHz
bandwidth swept in Tmod = 0.5 ms, i.e. kr = 1 GHz

ms , have been assessed. The
frequency error is shown on a MHz scale and is at least several tens of kHz,
scaling to unacceptable fvar � 100 kHz at 122GHz. Even within a few µs,
this leads to phase deviations of several radiant. Finally, [Erg+18] reports in
Figure 14 a timing jitter of 1 ps for a ramp of 1.28GHz in 1ms. This directly
scales to a phase jitter of 1 ps · 122 GHz · 1

1.28 rad ≈ 95 rad for fmod = 1 GHz.
A similar result can be inferred from the frequency error measurements in
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Figures 15 and 16.
The above literature review proves that satisfying the requirement of absolute

RMS phase deviations of less than 1 rad for 1GHz bandwidth swept in 1ms is
very challenging and has not yet been achieved. The introduced prototype is the
first known realization of a synthesizer to fulfill these requirements, exhibiting
superb ramp linearity in the phase domain with σ(FMCW)

φ = 0.648 rad. Hence,
the proposed architecture of combining a PLL with a DDS as modulation source
and mixer in the feedback path may be taken as reference for future designs of
synthesizers for cooperative radar networks.
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6. Measurement Results with Radar Network

A CRN with three radar nodes operating in the 122 GHz ISM band has been re-
alized, without using laboratory signal generators or measurement equipment.
This network is used in scenes with different targets to prove the feasibility
of the proposed network and node architectures and the expedience of signal
processing algorithms. The attainable precisions are evaluated on planar tar-
gets. Additionally, the position of a point-like target is determined using the
multilateration algorithm.
The detailed measurement setup and procedure are introduced in Section 6.1.

Two different processing schemes are applied on the acquired data. The re-
sults for applying frequency-based processing, allowing precisions in the low
mm range for the examined scenes, are presented in Section 6.2. Even better
precisions can be reached with the proposed coherent processing techniques
by estimating the phase offsets between nodes to exploit the measured phase
φ

(R)
n,k,m reflecting ambiguous range information. Section 6.3 shows the attain-

able phase and range precisions, both for single ramps and for sequences of
them. The latter allows speed estimation, which is applied on the still targets
to determine the attainable speed precision. Additionally, the range estimates
benefit from the averaging, leading to improved phase and range precision. The
theoretical precisions deduced in Section 4.4.3 are confirmed by the obtained
results.
The comparison with previous work in Section 6.4 reveals the uniqueness

of the achieved measurements and precisions. It is the first realized network
proving precisions of better than 10µm for both monostatic and bistatic ranges
after applying chirp-sequence processing. Moreover, it is the first realization
of a network composed of integrated transceivers and is scalable to an arbi-
trary number of sensor nodes, enabling a wide range of new applications in the
automotive, industrial, and consumer domains.

6.1. Measurement Setup

The three radar nodes, each according to the description in Chapter 5, are
mounted on a rail, forming a linear array with 1m baseline, i.e. 50 cm distance
between adjacent nodes, with node number 1 on the right. The operation
parameters of this network are summarized in Table 6.1. The acquired and
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digitized signals from all nodes are transmitted via Ethernet to a notebook for
joint processing.

Table 6.1.: Operation parameters of 122GHz radar network
Description Parameter Value
Fundamental frequency f0 122 GHz
Modulation bandwidth fbw 1 GHz
Modulation time Tmod 1 ms
Offset frequency, nodes 1-2 f

(off)′
1,2 680 kHz

Offset frequency, nodes 1-3 f
(off)′
1,3 1100 kHz

Offset frequency, nodes 2-3 f
(off)′
2,3 420 kHz

IF sampling frequency f
(IF)
s 2.5MS/s

Transmitted RF power per node PTx −3 dBm

With this configuration, measurements in different scenarios have been con-
ducted, comprising combinations of metallic walls and metallic poles. First, a
large panel of ≈ 2.5 m ·1.8 m size has been placed in front of the radar network,
at ≈ 2m distance to the nodes, representing a large wall target. Second, one
or two poles have been placed in front of this panel, representing point-like
targets from birds-eye perspective. Third, a smaller panel of ≈ 70 cm · 55 cm
size was placed at ≈ 1m distance to the nodes, slightly off-center to the array,
representing a small wall target.

In the first two cases, measurements with 100 ramps have been taken to
calculate the attained standard deviations and mean range values. In the scene
with the smaller panel, 280 ramps have been used to allow enhanced statistical
evaluations. In both cases, the pause time between ramps has been set to Tp =
999 ms. This ensures that phase offsets are completely independent between
ramps, representing a worst-case scenario. In evaluations with chirp-sequence
processing, a given number of consecutive ramps are processed as one sequence,
leaving b 280

Nr
c sequences as independent experiments. Photographs of the setup

with the different panels are shown in Figures 6.1 and 6.2.

6.2. Results with Frequency-Based Evaluation

6.2.1. Measurement Results with Wall Targets
Large panel

Since the large wall spans more than the extent of the sensor array, three mono-
static responses and three bistatic responses are scattered back and received by
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Figure 6.1.: Photograph of the radar network and scene with large wall target
[FHW17], © 2017 IEEE

143



6. Measurement Results with Radar Network

the nodes. The resulting IF spectra of all nodes are jointly plotted in Figure 6.3,
showing the expected pairs of peaks near the respective offset frequency, similar
to idealized illustration in Figure 2.13. The SNR is at ≈ 30..35 dB, predicting
precisions of ≈ 1..2 mm for range estimates based on frequencies, according to
the simulation results in Figure 4.12.
Applying the introduced signal processing schemes from Section 3.2, involv-

ing IF-band decomposition and shifting of bistatic sub-bands by the determined
offset frequencies f (off)′

m,n , all sub-bands located at zero-IF. The resulting inter-
polated sub-band spectra of monostatic and bistatic responses are plotted in
Figures 6.4 and 6.5, respectively. For the monostatic signals, the wall becomes
apparent as frequency peak at ≈ 13 kHz. Additionally, the network setup re-
flected at the wall leads to peaks starting at 26 kHz. The DC component shows
to be almost as strong as the main target peak. In comparison, the bistatic sig-
nals exhibit target peaks at slightly higher frequencies and no DC component.

The resulting ranges for all 100 measurements are shown as histograms in
Figure 6.6 for the monostatic and in Figure 6.7 for the bistatic responses.
As expected, the measured bistatic ranges are consistently larger due to the
longer path lengths. The respective mean values of ranges and the attainable
precisions are summarized in Table 6.2. On average, the bistatic measure-

Table 6.2.: Mean values and precisions of measured ranges in scene with large
panel at ≈ 2.0m distance

Monostatic ranges Bistatic ranges

r
(est)
1,1,1/2 r

(est)
2,1,2/2 r

(est)
3,1,3/2 r

(est)
1,1,2/2 r

(est)
1,1,3/2 r

(est)
2,1,3/2

Mean 1.991 m 2.002 m 1.997 m 2.011 m 2.062 m 2.015 m
Precision 2.4 mm 1.8 mm 1.9 mm 1.8 mm 2.1 mm 1.3 mm
Avg-5-P. 1.36 mm 0.96 mm 0.83 mm 0.82 mm 0.74 mm 0.54 mm
Avg-10-P. 0.65 mm 0.49 mm 0.63 mm 0.74 mm 0.50 mm 0.43 mm

ments exhibit better precisions, as simulated in Section 4.5.3, revealing that
the bistatic measurements are also SNR-limited. Range estimation based on
chirp-sequence processing corresponds to averaging over a sequence of several
ramps. This procedure improves the precision, as exemplary shown in Table 6.2
for averaging over 5 and 10 ramps.
Using the mean of all 100 measurements, the scene with circles and ellipses

for monostatic and bistatic measured ranges is depicted in Figure 6.8. Here,
the node positions are indicated as small filled circles. Obviously, the wall
approximately represents a tangent on all circles and ellipses, as expected for a
planar target. The close-up in Figure 6.9 reveals a slight curvature of the panel,
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Figure 6.2.: Photograph of the radar network and scene with small wall target
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Figure 6.3.: Measured IF spectra of all nodes in scene with large wall
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Figure 6.4.: Monostatic baseband spectra in scene with large wall
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Figure 6.5.: Shifted bistatic sub-band spectra in scene with large wall
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Figure 6.6.: Histogram of measured monostatic one-way ranges in scene with
large wall
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Figure 6.7.: Histogram of measured bistatic pseudo-one-way ranges in scene
with large wall
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which stands slightly oblique to the array. Distinguishing between planar and
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Figure 6.8.: Measured ranges in scene with large wall

point-like scatterers requires precisions of

σ(bi)
r � r

(wall)
1,1,3 − r

(point)
1,1,3 = 61.6 mm. (6.1)

This condition is clearly met in the examined scene, even with single 1ms-
measurements, manifesting the contour recognition capabilities of the cooper-
ative network. Repeating the measurements with the large panel at ≈ 1.5 m
distance to the radar network proves the consistency of precisions, as shown in
Table 6.3.

Table 6.3.: Mean values and precisions of measured ranges in scene with large
panel at ≈ 1.5m distance

Monostatic ranges Bistatic ranges

r
(est)
1,1,1/2 r

(est)
2,1,2/2 r

(est)
3,1,3/2 r

(est)
1,1,2/2 r

(est)
1,1,3/2 r

(est)
2,1,3/2

Mean 1.494 m 1.499 m 1.493 m 1.517 m 1.578 m 1.517 m
Precision 2.4 mm 1.7 mm 2.0 mm 1.5 mm 2.0 mm 0.9 mm
Avg-5-P. 1.08 mm 0.78 mm 0.84 mm 0.65 mm 0.92 mm 0.44 mm
Avg-10-P. 0.91 mm 0.69 mm 0.60 mm 0.43 mm 0.81 mm 0.25 mm
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Figure 6.9.: Close-up on target in scene with wall

Small panel target

The smaller panel has a lower extent than the radar array. Consequently, only
the middle sensor node receives a monostatic response from the panel surface.
All monostatic baseband signals are plotted in Figure 6.10. The left sensor
node receives a weaker response from the edge of the panel, while the right
sensor node does not reliably detect the target at all.
In contrast, bistatic responses from the panel surface are received for all

bistatic node combinations, as revealed by the shifted received sub-bands plot-
ted in Figure 6.11 exhibiting reliably detectable peaks.
The histograms of monostatic and bistatic measured ranges are depicted in

Figures 6.12 and 6.13, with a close-up on the similar valued bistatic ranges
r1,1,2 and r2,1,3 in Figure 6.14. Monostatic range measurements from the third
(left) sensor show a broad distribution due to the small target peak from the
edge of the panel.
The attainable precisions for single ramps and sequences of ramps are sum-

marized in Table 6.4. The larger number of measurements allows a deeper
analysis of the scaling of range precision with the number of incoherently inte-
grated ramps in one sequence. Figure 6.15 depicts the precision for each range
estimate against the number of ramps in one sequence. It shows the law of
incoherent integration with precisions improving by 5 dB per ten-fold number
of ramps. With 30 ramps per sequence, 100µm precision are attainable in the
best case.1

1Note that the accuracy of this assessment degrades for larger number of ramps per se-
quence, due to decreasing number of independent experiments to calculate the standard
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Figure 6.10.: Monostatic baseband spectra in scene with small panel
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Figure 6.11.: Shifted bistatic sub-band spectra in scene with small panel
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Figure 6.12.: Histogram of measured monostatic one-way ranges in scene with
small panel
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Figure 6.13.: Histogram of measured bistatic pseudo-one-way ranges in scene
with small panel
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6. Measurement Results with Radar Network

According to the theory reflected in (4.63a) and (4.63c), the range precision
should improve anti-proportional to the observed time in the AWGN-limited
case. In contrast, the range precision is deteriorated for bistatic estimates in
the PN-limited case, according to (4.64c). Chirp-sequence processing over-
comes this restriction, since offset frequencies are estimated individually per
ramp. This method is therefore advantageous compared to increasing Tmod of
individual ramps.
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Figure 6.14.: Close-up on histogram of estimated bistatic r1,1,2/2 and r2,1,3/2

Table 6.4.: Precisions of range estimates in scene with small panel at 1m dis-
tance

Monostatic ranges Bistatic ranges

r
(est)
1,1,1/2 r

(est)
2,1,2/2 r

(est)
3,1,3/2 r

(est)
1,1,2/2 r

(est)
1,1,3/2 r

(est)
2,1,3/2

Mean — 1.012 m 1.040 m 1.041 m 1.129 m 1.043 m
Precision — 2.1 mm 15.7 mm 1.23 mm 2.21 mm 0.65 mm
Avg-5-P. — 0.89 mm 6.30 mm 0.57 mm 0.97 mm 0.31 mm
Avg-10-P. — 0.77 mm 4.86 mm 0.32 mm 0.61 mm 0.21 mm
Avg-15-P. — 0.57 mm 3.38 mm 0.29 mm 0.55 mm 0.17 mm

The reconstructed scene in Figure 6.16 with close-up in Figure 6.17 exempli-
fies the general advantage of bistatic measurements in such scenarios. Based

deviation.
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Figure 6.15.: Precision of ranges estimates with averaging over ramp sequence

on only monostatic measurements, the target contour could not be recognized,
whereas the additional bistatic measurements the target contour becomes un-
ambiguous.

6.2.2. Measurement Results with Pole Targets

Single Pole Target

By placing a pole with diameter d ≈ 30 mm as second target (k = 2) at
≈ 1 m distance slightly off-center to the right in front of the larger wall, the
multi-target capabilities and the application of the introduced multilateration
algorithm are demonstrated simultaneously. The pole target becomes appar-
ent as additional peak at ≈ 7 kHz in two of the monostatic baseband signals
plotted in Figure 6.18. The third (left) node detects the pole target unre-
liably, due to the larger distance to the pole. The three target responses
(m,n) ∈ {(1, 1), (2, 2), (1, 2)} exhibit SNRs of ≈ 10..20 dB, as seen in Fig-
ure 6.19. The other two bistatic peaks are still detectable, showing that the
missing DC offset constitutes a significant advantage of the bistatic measure-
ment principle with frequency offsets, similar to conventional heterodyne radar
architectures.
Consequently, the bistatic range measurements exhibit an improved preci-

sion, reflected in the narrower histogram in Figure 6.21 compared to the his-
togram of monostatic range measurements in Figure 6.20. Particularly, the
bistatic precision of r1,2,2 is better than the two monostatic precisions of r1,2,1
and r2,2,2, considering the nodes closest to the pole. The attainable precisions
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Figure 6.16.: Measured ranges in scene with small panel
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Figure 6.17.: Close-up on target in scene with small panel
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Figure 6.18.: Monostatic baseband spectra in scene with wall and pole
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Figure 6.19.: Shifted bistatic sub-band spectra in scene with wall and pole
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Figure 6.20.: Histogram of measured monostatic one-way ranges to pole
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Figure 6.21.: Histogram of measured bistatic pseudo-one-way ranges to pole
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6.2. Results with Frequency-Based Evaluation

in this low-SNR scenario are summarized in Table 6.5.

Table 6.5.: Precisions of range estimates in scene with pole at 1m distance
Monostatic ranges Bistatic ranges

r
(est)
1,1,1 r

(est)
2,1,2 r

(est)
3,1,3 r

(est)
1,1,2 r

(est)
1,1,3 r

(est)
2,1,3

Mean 1.018 m 0.990 m 1.048 m 0.997 m 1.089 m 1.084 m
Precision 42.4 mm 14.4 mm 185 mm 9.02 mm 82.0 mm 39.0 mm
Avg-5-P. 16.8 mm 6.73 mm 79.9 mm 4.63 mm 45.3 mm 14.6 mm
Avg-10-P. 9.04 mm 3.91 mm 56.5 mm 3.89 mm 36.5 mm 10.9 mm

Figure 6.22 depicts the mean measured ranges as circles and ellipses, which
intersect in a common region, except for the monostatic range measurement
from the most distant (left) node. Combining all six measured ranges, the
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Figure 6.22.: Measured distances in scene with wall and pole

multilateration algorithm reliably finds the correct target position, despite in-
dividual measurement errors, which are visible in the close-up of Figure 6.23.
Particularly, the weighting of the ranges in the least-squares problem, according
to (3.55), gives the measurements with low amplitude a low impact on the es-
timated precision. Thus, the outlier r3,2,3 does not deteriorate the precision of
position estimates. Figure 6.24 illustrates the estimated target positions based
on individual measured ranges and using averages of 5 measurements as scatter
plots. Individual position estimates exhibit a precision of 49.3mm, improv-
ing to 16.9mm for averages of five consecutive ramps. Using only monostatic
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Figure 6.23.: Close-up on pole target in scene with wall and pole
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Figure 6.24.: Precision of pole localization with multilateration algorithm in
scene with wall and pole
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6.3. Results with Coherent Processing

ranges, the precision degrades to 65.4mm and 24.1mm for individual ranges
five ramps, respectively. Furthermore, the remaining two reliable monostatic
ranges do not allow determining the correct assignment of measured ranges to
targets or classification as point-like scatterer.

Two Pole Targets

An exemplary measurement with two poles in front of the wall further illus-
trates the advantage of bistatic ranges to detect multiple targets. The mono-
static and bistatic sub-band signals of Figures 6.25 and 6.26 exhibit only one
peak of the respective closer target per sub-band. The scene with mean mea-
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Figure 6.25.: Baseband-shifted bistatic signals in scene with wall and two poles

sured ranges is depicted in Figure 6.27. With only monostatic measurements,
the scene cannot be solved, since there are three intersections of the three
circles, of which only one is close to an actual target. In combination with
the three bistatic ranges, the assignment of ranges to targets becomes unam-
biguous, e.g. using the method multiple-hypotheses method from Section 3.4.2
and [VK+06], since three ranges intersect next to each actual target. This
example proves the anticipated advantage of CRNs in multi-target-scenarios,
as illustrated in Figure 2.15b.

6.3. Results with Coherent Processing

As an improvement over the previous incoherent frequency-based evaluation,
phase coherency may be established in the signal domain by applying the algo-
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Figure 6.26.: Monostatic baseband signals in scene with wall and two poles

−1.0 −0.5 0.0 0.5 1.0
z-position (m)

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

x-
po

sit
io
n
(m

)

r1,2,1

r1,2,2

r1,3,3

r2,2,2

r2,3,3

r3,3,3

Figure 6.27.: Measured ranges to two poles
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6.3. Results with Coherent Processing

rithms presented in Section 3.3. The proposed methods of estimating individual
and joint phase offsets θ(off)

m,n for each pair of sensor nodes have been applied
to two different scenarios (with large and with small wall target) to find phase
differences φ(R)

n,k,m due to the path length. Specifically, the estimations of θ(off)
m,n

and φ
(R)
n,k,m have been conducted on each individual ramp of 1ms duration.

This results in additional ambiguous range information with improved preci-
sion and allows additional speed estimation with chirp sequence processing, as
presented in Section 3.3.3.

6.3.1. Results with large wall

Phase noise deteriorates the precision of φ(R)
n,k,m, of which bistatic estimates are

more affected than monostatic estimates. Table 6.6 shows the attained phase
precisions, which are already sufficient stable for phase-based evaluation, even
using single ramps of 1ms for the large wall at 2m distance. They are further
improved by averaging over several ramps.

Table 6.6.: Precisions of phase estimates in scene with wall at 2m distance
Monostatic phases (rad) Bistatic phases (rad)

φ
(R)
1,1,1 φ

(R)
2,1,2 φ

(R)
3,1,3 φ

(R)
1,1,2 φ

(R)
1,1,3 φ

(R)
2,1,3

Mean 1.633 0.790 2.449 2.754 2.577 2.923
Precision 0.059 0.048 0.055 0.225 0.551 0.099
Avg-5-P. 0.029 0.020 0.025 0.066 0.233 0.050

Since phase-based range information is only unambiguous within λ/2 inter-
vals, it requires additional frequency-based evaluation to find the unambiguous
location. The phase are subsequently used to correct the range within a ±λ/4
window. The resulting histograms of estimated monostatic and bistatic phase-
corrected ranges are plotted in Figures 6.28 and 6.29, respectively. According
to (4.66), the theoretical achievable two-way range precision e.g. for r2,1,3 is
given by

σ(amb)
r2,1,3 = c0

2πf0
0.099 rad = 39µm. (6.2)

The realized precisions are shown as histogram of estimated monostatic and
bistatic ranges in Figures 6.28 and 6.29, respectively. They show narrow dis-
tributions within each interval of λ/2, but a remaining ambiguity due to in-
sufficiently precise frequency-based estimated ranges. For determining speeds,
the relative range measurements with phases is sufficient. For unambiguous
range estimation, it is necessary to improve the frequency-based precision. As
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Figure 6.28.: Histogram of monostatic phase-corrected one-way ranges rn,k,m/2
in scene with wall at 2.0m distance
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Figure 6.29.: Histogram of bistatic phase-corrected pseudo-one-way ranges
rn,k,m/2 in scene with wall at 2.0m distance
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6.3. Results with Coherent Processing

shown in the previous section, processing of ramp sequences is one possibility
to achieve this. In the following, this will be applied to the scene with small
panel, allowing enhanced statistical evaluations due to the larger number of
individual measurements.

6.3.2. Results with small panel

The phase estimation has also been conducted on the small panel in a series of
280 measurements. The resulting precisions of the observed range-dependent
phases φ(R)

n,k,m are shown as histograms for monostatic and bistatic phases in
Figures 6.30 and 6.31. In the monostatic case, φ(R)

2,1,2 is more stable due to
the higher SNR for the reflection from the surface than from the edge of the
wall. Similar, the bistatic phase φ(R)

2,1,3 exhibits a better precision than φ(R)
1,1,3,

corresponding to the higher peak SNR in Figure 6.11.
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Figure 6.30.: Histogram of monostatic range-dependent phases φ(R)
n,k,m in scene

with small panel at 1m distance

Figure 6.32 depicts the dependency of phase precisions and according am-
biguous range precisions on the number of ramps in one sequence for Nr ∈
{1 . . . 30}. The dashed lines are the expected precisions using (4.67). Overall,
the theoretical improvement of σ(amb)

r ∼ 1/
√
Nr is confirmed by the experiment,

with noticeable deviations for r2,1,3 and minor deviations for r1,1,2. These stem
from single outliers of estimated φ(R)

n,k,m, which can be identified in Figure 6.31.
They lead to an overestimation of σφIF and hence to a pessimistic theoretical
precision, whereas the outlier impact vanishes with increasing averaging. With
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Figure 6.31.: Histogram of bistatic range-dependent phases φ(R)
n,k,m in scene with

small panel at 1m distance
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6.3. Results with Coherent Processing

Nr > 10, both monostatic and bistatic phase precisions of ≈ 0.01 . . . 0.02 rad
are possible.
Since the phase is coupled with range by (4.66), ambiguous monostatic one-

way ranges r(amb)
2,1,2 /2 can be measured a precision of

σ
(amb)
r2,1,2

2 ≈ c0
4πf0

0.064 rad = 12µm, (6.3)

and bistatic ambiguous pseudo-one-way ranges r(amb)
2,1,3 /2 exhibit a precision of

σ
(amb)
r2,1,3

2 ≈ c0
4πf0

0.125 rad = 24µm (6.4)

using a single ramp of 1 ms duration. These ranges are ambiguous with λ/4 ≈
0.6 mm. Hence, absolute range measurements require unambiguous range mea-
surements with a precision σ(unamb)

r � 0.6 mm. According to Table 6.4, range
estimates based on frequency-estimation do not meet this requirement. As a
result, the range estimates from combining ambiguous and unambiguous es-
timates are still distributed over several λ/2 intervals, as depicted in the his-
togram of Figure 6.33.
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Figure 6.33.: Histogram of estimated bistatic pseudo-one-way ranges rn,k,m in
scene with small panel at 1m distance

To fulfill the range unambiguity requirement, averaging of unambiguous
range estimates over several ramps can be applied. Using 10 ramps per se-
quence and σ

(unamb)
r ≈ 0.2 mm according to Table 6.4, the estimated ranges
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Figure 6.34.: Histogram of estimated bistatic pseudo-one-way ranges r2,1,3 in
scene with small panel at 1m distance, processing 10 ramps as
one sequence

are both unambiguous and exhibit a high precision of σr ≈ 11µm, resulting in
a very narrow distribution presented in the histogram of Figure 6.34.

With further increased averaging, the range unambiguity requirement can
also be fulfilled for r1,1,2 and the overall range precisions further improve. The
achievable range precision combining unambiguous and ambiguous range es-
timation in dependence of Nr is presented in Figure 6.35. For all measured
bistatic ranges (r2,1,3, r1,1,2, and r1,1,3), it shows significant drops of σr, when
the averaging factor is sufficient to fulfill the unambiguity requirement (i.e. at
7, 18, and 30 ramps per sequence, respectively). Below this threshold of Nr, σr
is close to the unambiguous range precision shown in Figure 6.32. Above this
threshold, the theoretical limit based on phase estimation is actually reached
and range precisions of σr ≈ 10µm are realized.

6.3.3. Speed estimation

Even though only static scenes have been measured, monostatic and bistatic
speeds sn,k,m can be obtained by applying CS processing from Section 3.3.3 on a
sequence ofNr ramps. The resulting estimates of sn,k,m are expected to be close
to zero, but the speed precision can be deduced as standard deviation from all
speed estimates. Individual estimates are calculated with (3.46) and assuming
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Figure 6.35.: Precision of estimated (pseudo-)one-way ranges rn,k,m in scene
with small panel at 1m distance, processing several ramps per
sequence

Tp = 1 ms.2 For each Nr, the standard deviation σ
(CS)
s is calculated from

all b 280
Nr
c sequences and plotted in Figure 6.36, together with the theoretical

precision (4.66) using the observed σφIF . Due to the most stable phases, the
precision of s2,1,2 is highest, followed by the bistatic speed s2,1,3. The direct
comparison of measurement results with theory confirms the deduced speed
precision according to (4.66). Despite the decreasing statistical certainty with
increasing Nr, the expected 3rd-order can clearly be observed.

6.4. Summary and Comparison with Previous Work

Measurements in several scenes with different combinations of planar and point-
like targets have been conducted. The resulting precisions are better than
previously published in [FHW17], showing that the improvements of signal
processing are effective. For incoherent processing, these include solving the
overdetermined equation systems for frequency estimation and adaptions for
enhanced complex I/Q processing. The attained results now show that the
frequency-based (unambiguous) estimated ranges exhibit a better precision in
the bistatic case than for monostatic measurements. This is an expected be-
havior for the AWGN-limited case, in accordance with the deduced precisions
in (4.59) and (4.62), as well as the simulation results in Figure 4.12 and demon-

2The actually used Tp = 999 ms lead to a factor-500 improvement of speed precision, but
a unrealistically low maximum unambiguous speed.
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Figure 6.36.: Precision σ(CS)
s of speed estimates with CS processing; solid lines:

measured precision, dashed lines: theoretical precision (4.71)
[FHW20], © 2020 IEEE

strates that the phase-noise limitation has been overcome.
Additionally, the new phase-coherent evaluation was successfully applied on

both monostatic and bistatic signals. Here, bistatic measurements exhibit
slightly worse precision than monostatic due to the remaining impact of phase
noise. Still, excellent phase precisions have been obtained, which can be used to
estimate target speeds with CS processing. Subsequently, the introduced mul-
tilateration algorithm with velocities can be applied. The simulation results
in Section 3.5.2 demonstrated that this significantly improves the precision of
target position estimates, where the results have been obtained using realistic
(unambiguous) range and speed precisions, according to the presented mea-
surement results in this section.

The best suited figure of merit for phase-coherent radar performance with CS
processing exists in σ(amb)

r for a given Tmod, since the remaining parameters Tp
and Nr can be set arbitrarily high. These given, the ambiguous range precision
and speed precision follow from (4.67) and (4.72), respectively. The frequency-
based σ

(unamb)
r complements the attained precision and mainly depends on

fmod.3 Therefore, the attained precisions of this work have been compared with
previous realizations of similar concepts using the aforementioned quantities.
Since this is the first known realization of a cooperative network concept

3Additionally, all precisions depend on the SNR ηawgn, with σ ∼ 1/√ηawgn. Trivial
measures to improve the SNR include using targets with very large RCS, such as corner
reflectors, and focusing the radiated power into a narrow beam, e.g. using a lens. Both
undermine the utility of the network and have therefore not been applied.
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allowing an arbitrary number of sensor nodes and targets, comparison with
previous work, as summarized in Table 6.7, is only party possible. As in-
troduced in Section 1.3, Kong [Kon+14] realized a UWB radar with pulsed
operation at 26 GHz with two nodes. For small distances, he showed timing
precisions of ≈ 5 ps, scaling to one-way range precisions of 0.75 mm, which
cannot be improved by phase evaluation. Constituting the closest prior work
to the proposed CRN concept, Feger [Feg+12b] realized a MIMO radar con-
cept with two incoherent sensor nodes at 77 GHz. Using fmod = 500 MHz
and Tmod = 500µs, he achieved monostatic and bistatic phase precisions of
σ

(mono)
φ ≈ 0.35 rad and σ

(bi)
φ ≈ 0.75 rad, respectively. From these numbers,

the σ(amb)
r shown in Table 6.7 is calculated using (4.66). Recently, Gottinger

[Got+19] presented an approach for coherent processing for the more special
case of cooperative range measurements between two nodes. These have been
realized at f0 = 24 GHz, with sequences of 64 chirps, each with Tmod = 1 ms
and fmod = 250 MHz. Due to the large setup and direct line of sight, a very
high SNR could be realized, allowing ambiguous range measurements with µm
precisions. For the repeater-tag concept, [Str+13] reported unambiguous two-
way range precisions of 2.1mm for measurements between one radar sensor and
the active tag. The extension to MIMO radar measurements with passive tar-
gets and phase-coherent operation was shown in [Mei+19], but without stating
attainable precisions.

Table 6.7.: Comparison of published realized radar range precisions
Monostatic Bistatic

σ
(unamb)
r

2
σ

(amb)
r

2
σ

(amb,CS)
r

2
σ

(unamb)
r

2
σ

(amb)
r

2
σ

(amb,CS)
r

2

This Work1 1.9 mm 12µm < 10µm 0.63 mm 24µm < 10µm
[Kon+14] —2 —2 —3 0.75 mm —2 —2

[Feg+12b] —3 100µm —3 —3 230µm —3

[Got+19] —2 —2 —2 —3 —3 37.5µm
[Str+13] —2 —2 —2 1.05 mm —2 —2

1 Values refer to small panel target. With large wall target, even better ambiguous range
precisions of σ(amb)

r /2 = 19.5µm were obtained.
2 Not possible by design or principle not shown.
3 Number not stated in publication.

This review substantiates the uniqueness of the realized cooperative MIMO
radar network with phase-coherent evaluation. Despite using incoherent signal
synthesis and small integrated transceivers with antennas of few mm size in the
sensor nodes, the precisions of previous work with significantly larger radar sen-
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sors can be matched and partly surpassed. Particularly, the attained phase and
ambiguous range precisions, achieved by establishing coherency in the digital
domain, are remarkable. Moreover, the proposed generalized network concept
and processing schemes allow a higher number of total (monostatic and bistatic)
measurements and scale to an arbitrary numbers of sensor nodes and targets.
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7.1. Summary and Consequences

In this work and the associated published papers, a system concept to operate
several independent radar sensors in a network to measure both monostatic
and bistatic target ranges and speeds was introduced. The individual signal
synthesis in each node allows for a simplified setup without high-frequency
links between the nodes to form an incoherent radar network. Using FMCW
modulation with distinct frequency offset enables simultaneous measurements
with frequency-division multiplex and a cost-efficient realization, where the
presented optimal parametrization of offset frequencies efficiently exploits the
available RF and IF frequency bands. The proposed CRN concept with MIMO
operation entails fundamental advantages in terms of higher number of reflexes
from objects, an increased field of view, and increased robustness due to higher
redundancy of range and measurements. It was shown that these advantages
not only avoid the occurrence of ghost targets and robustly locating the position
of small targets, but also improve detecting the contour of extended targets.
The realization of CRNs implies several challenges that need to be addressed.

First, it requires new signal processing schemes to estimate unknown time,
frequency, and phase offsets to allow high-precision range and speed measure-
ments. Second, the inclusion of bistatic ranges and speeds requires adaptions
to existing multilateration algorithms. Third, noise processes, especially phase-
noise, have different and more severe impact on bistatic than on monostatic
measurements, setting strict requirements for the signal synthesis. Fourth, sys-
tematic errors in the transmit signal, such as deviant ramp slopes and ramp
non-linearities, are also more important in these setups and need to be kept
low.

7.1.1. Enhancements of Theory and Algorithms

The required signal processing chain to yield bistatic range and speed measure-
ments was presented in Chapter 3. After separating the received IF band into
discrete frequency regions containing the target echoes of signals transmitted
from the individual nodes, the offset frequencies are estimated for each of these
frequency regions to shift the bistatic frequency regions to the quasi-homodyne
region at zero-IF. Subsequently, the same processing methods can be applied
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for both monostatic and bistatic measurements. Applying this scheme, NTRx
monostatic and NTRx(NTRx−1)/2 bistatic measured values for range and speed
are calculated for each target in a single snapshot.

Moreover, this work introduced a concept for coherent MIMO processing,
which is enabled by estimating the unknown phase offsets between radar nodes
and subtracting them out. Regarding all target peaks for all bistatic pairs of
sensor nodes for the phase estimation optimizes the precision of these phase
estimates. It was shown that the estimation of range and speed based on
phases yields even better precision than based on frequency alone. As an
extension to single-ramp FMCW, a concept for chirp-sequence processing in
CRNs was presented. It was combined with phase offset compensation for
each individual chirp to simultaneously yield range and speed estimates with
precisions quantified in Section 3.3.3.

To further process the monostatic and bistatic measurements, an adapted
multilateration algorithm was introduced, which includes bistatic ranges into
the target position estimation. An extended algorithm was developed, which
incorporates speed measurements to yield position and velocity estimates of tar-
gets. It was shown that there is a sensitivity of the observed speed of a target
to its position, leading to an increased precision of target position estimates if
the monostatic and bistatic speed measurements are regarded. The full Jacobi
matrix with all sensitivities was derived, which allows utilizing both monos-
tatic and bistatic speed measurements in the algorithm. This yields target
position and velocity estimates with optimized precision. The attainable ben-
efit was quantified by simulations in Section 3.6, where the supposed precision
enhancement of the target position’s x-coordinate depending on its velocity’s
z-coordinate and vice versa was proven, yielding a factor-10 improvement for
the precision of target position estimates.

Phase-noise was shown to be of major importance in cooperative radar net-
works, due to the missing self-correlation effect in bistatic measurements, since
the two phase-noise processes of transmitter and receiver are uncorrelated. The
existing models in literature to determine its influence turned out to be inaccu-
rate. Therefore, a new model to quantify the impact of phase noise on monos-
tatic and bistatic measurements was deduced from the fundamental stochastic
processes in Chapter 4. This resulted in equations describing the attainable
precision in terms of a CRB for bistatic range and speed measurements for
added noise and phase noise, taking the used signal processing methods into
account. For both types of noise, simulations were carried out in Section 4.5,
which additionally revealed existing thresholds for a stable operation, implying
stricter requirements for bistatic measurements.

Similar to phase-noise, which can be quantified as random jitter, systematic
deviations in the signal synthesis manifest as deterministic jitter and have a
comparable effect on bistatic measurements. Deviant ramp slopes are one im-
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portant source of deterministic jitter, as they lead to quadratically increasing
phase deviations, which are not completely canceled out in the signal processing
path. Likewise, a staircase-shaped ramp can be regarded as piecewise-deviant
slopes, leading to piecewise quadratically deviating phases. For both causes,
the resulting mean squared phase error was analytically deduced in Chapter 4.
From the previously derived impact of phase fluctuations on attained precision,
a requirement of 1 rad max total RMS phase jitter was derived for the signal
synthesizer in cooperative radar nodes. The implied limit on slope deviations
was confirmed by the simulations in Section 4.5. Since common measurement
methods for synthesizers only assess the phase noise in CW mode, a mea-
surement technique was introduced in Section 4.6, which allows quantifying
arbitrary deviations of the phase from an ideal ramp, including ramp slope
offsets and non-linearities.

7.1.2. Verification with Realized Network
The identified challenges have been treated comprehensively to determine their
impact and deduce requirements. Based on this, a suitable design of a syn-
thesizer was introduced, which simultaneously achieves low phase noise and
generates highly linear ramps. It is based on a PLL with mixer in the feedback
path and a DDS to generate the FMCW-modulated reference signal, which are
both driven by a 1.8 GHz LO source, derived from a 100 MHz crystal oscilla-
tor. While the PLL architecture, its loop-filter design, parametrization and
component selection aimed at minimization of noise, the DDS enables highly
linear ramps and fine frequency and slope settings to minimize deterministic
phase errors. Three radar nodes have been realized based on this design. Mea-
surements with the previously introduced technique prove the compliance with
requirements and substantiate the suitability for radar networks.
Finally, the promised advantages of cooperative radar networks from Sec-

tion 2.6 were validated in measurements with the realized network using the
developed signal-processing techniques. The enhanced contour recognition ca-
pabilities were exemplified in scenes with small and large planar targets, as well
as one or two poles. With frequency-based processing, the attained unambigu-
ous bistatic range precision was verified to be < 1 mm for the planar targets
and 9 mm for a small pole, matching the previous simulations. These results
also revealed that the network operated in the AWGN-limited domain with
bistatic precisions surpassing those of monostatic measurements. The ability
of the network to robustly locate targets based on the multilateration algorithm
and both monostatic and bistatic measured ranges was demonstrated in this
setup. Applying the coherent processing techniques on measurements proved
attainable bistatic phase precisions of 0.099 rad and 0.125 rad, corresponding
to ambiguous one-way ranges of 19.5µm and 24µm, respectively, for large wall

173



7. Conclusion

and small panel targets. With chirp sequences of 30 ramps of 1 ms duration
and 1 ms pause time, unambiguous range precision < 10µm and therefore speed
precisions well below 1 mm/s were obtained. The results verified that chirp-
sequence processing is preferred over using longer ramps, since this reduces
the impact of phase noise, due to the correction applied on individual ramps.
These attained precisions also surpass all known previous work of bistatic range
measurements with incoherent sensor nodes.
Consequently, the proposed incoherent cooperative radar network architec-

ture is substantiated as being a favorable topology to operate several small and
low-cost radar sensors in a distributed network. With phase-offset estimation
and subsequent coherent chirp-sequence processing, the impact of phase-noise
is limited to the length of one single chirp, while the Doppler frequency estima-
tion is based on the length of the complete chirp sequence. This considerably
improves the precision of the Doppler frequency in (4.64d), since Tmod therein
becomes larger without increasing the effective phase noise in each ramp. The
combination of these techniques with multilateration including velocity estima-
tion from Section 3.5.2 optimally exploits the full potential of cooperative radar
networks. It therefore represents a viable solution for upcoming automotive
and consumer applications that demand environment detection with position
estimation in the near range with large field of view and high robustness.

7.2. Outlook

There are two aspects that either promise to improve the performance of co-
operative radar networks and which are only partly addressed in this work or
seem to be obvious extensions of the presented approach. First, the modula-
tion parameters of FMCW ramps and chirp sequences may further be optimized
to improve the attained precisions or lower the purity requirements for signal
synthesis. Second, using radar sensors with the capability to determine the
direction-of-arrival, these estimated angles can be incorporated in the position
estimation algorithm to improve its precision and robustness.

7.2.1. Further Improvements
The simulations in Chapter 4 and measurements in Chapter 6 revealed that
the attained precision of range estimates is limited by phase noise. The corre-
sponding bound for the standard deviation of range estimates with phase noise
has been deduced in (4.64c). It shows an improved precision with decreased
modulation time, i.e. steeper ramps. The kr = 1 GHz/ms used in simulations
and measurements constitutes a compromise for both conventional FMCW
and chirp-sequence modulation. In contrast, focusing on chirp sequences al-
lows higher ramp slopes, resulting in improved range precision in PN-limited
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conditions, which is further enhanced by the averaging over a higher number
of ramps.
The radar nodes considered in this work are capable of estimating target

ranges but not the direction of arrival, allowing simple radar sensors and highly
integrated single-chip solutions. On the other hand, it is possible to integrate
basic DoA estimation with two individual antenna channels or the monopulse
principle. This additional information can be regarded in the multilateration
algorithm in two different manners. Either the antenna positions are regarded
as individual node positions in the algorithm or the angle is used as another
observed quantity in addition to range and speed. In the first approach, the
node placement is strongly non-uniform. While this is not necessary problem-
atic, the implied high correlations between adjacent nodes needs to be regarded
in the cross-correlation matrix, which can no longer be assumed diagonal. An
alternative approach therefore seems to be more expedient. It implies extend-
ing the Jacobi matrix in (3.67) by two more sub-matrices J(a-p)

k and J(a-v)
k to

regard the sensitivities of estimated angles on the position and velocity of a
target. In the elaborated examples of two or three nodes, this yields a 9x4 or
18x4 Jacobi matrix Jk, respectively, for the overall estimation problem.

7.2.2. Prospective Applications and Integration Aspects
In conclusion, there are many applications, particularly autonomous systems,
which likely benefit from the higher robustness and precision of a coopera-
tive network, enabled by the bistatic range and sped measurements and the
presented signal-processing algorithms. In robotics applications, several radar
nodes distributed on the robot body can be used for environment detection,
enabling a 360 deg field of view. In contrast to alternative solutions, such as
lidar, this enables seamless surround sensing. Both household and industrial
robots, e.g. for transportation of goods, represent useful applications for this
approach. Prospective automotive applications comprise autonomous driving
and driver assistance functions, such as autonomous parking. They particularly
benefit from the bistatic range evaluation with cooperative networks, e.g. to
detect reflecting planes of concrete walls. This advantage was solely reserved
to ultrasonic sensors until now. Hence, deploying a cooperative network on a
car to make measurements in realistic automotive scenarios appears a natural
next step to take.
The developed system architecture is well suited for highly integrated sen-

sors, which integrate the complete signal synthesis and possibly even signal
processing on one chip or in one package, without the need for external high-
frequency signals. Here, integrating the signal synthesizer for highly linear
ramps and low phase noise constitutes the main challenge. Following the pro-
posed approach, this entails at least a PLL with downconversion mixer and a
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fast-sampling DDS. Nevertheless, this seems feasible since for each component,
the integrability has already been proven in different works. Even the integra-
tion of two antenna channels into one package is feasible at 122GHz and has
been demonstrated e.g. in [Gir+15].
On the other hand, not all applications demand such high level of integration.

For the mentioned automotive applications in the 77GHz band, a realization
with antenna arrays on a PCB is presumably more expedient to attain higher
antenna gains and SNRs. The lower frequency also implies slightly relaxed
demands on the timing jitter compared to the realized 122GHz network. For
other applications, such as indoor robotics or localization in industrial environ-
ments, even lower frequencies, e.g. the 5.8 GHz ISM band can be used. The
higher space requirements at wavelengths in the 50 mm range may be accept-
able in these applications, while the lower fundamental frequency scales the
phase jitter and phase-noise PSD down by ≈ 26 dB at the same timing jitter,
i.e. it significantly simplifies to comply with the requirement of < 1 rad RMS
phase deviations. Due to the obvious advantages for many applications and
possibility of cost-efficient realization of CRNs, commercial applications using
this principle are likely to emerge in the near future.
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A.1. Denotations

This section summarizes mathematical denotations and function definitions
that are used in this work to retain brevity.
The imaginary unit is denoted as j. The real and imaginary parts of c =

a+ jb, c ∈ C are denoted as

Re{c} = a (A.1)
Im{c} = b . (A.2)

The operator ∠c denotes the phase of c, according to

∠c =



arctan
(
b
a

)
if a > 0,

arctan
(
b
a

)
+ π if a < 0 and b ≥ 0,

arctan
(
b
a

)
− π if a < 0 and b < 0,

+π
2 if a = 0 and b > 0,
−π2 if a = 0 and b < 0,
undefined if a = 0 and b = 0.

(A.3)

The sinc-function is defined as

sinc(t) =
{ sin(πt)

πt
when t 6= 0

1 when t = 0
(A.4)

for t ∈ R. The rect-function is defined as

rect(t) =
{

1 when |t| ≤ 1
2

0 when |t| > 1
2
. (A.5)

The dirac delta δD(t) is defined as

δD(t) = lim
a→0

1
|a|
√
π
e−(x/a)2 , (A.6)
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which evaluates to

δD(t) =
{

+∞ when t = 0
0 when t 6= 0

. (A.7)

For a vector v ∈ RN , N ∈ N, the term |v| denotes the Euler-norm of the
vector length, i.e.

|v| = ‖v‖2 . (A.8)

The maximum element of a set or vector v is denoted as

max{v}. (A.9)

For two vectors v, w ∈ RN , N ∈ N, 〈v, w〉 denotes the inner product, according
to

〈v, w〉 =
N∑
i=1

viwi . (A.10)

The operator Diag v denotes a diagonal matrix with the elements {v1, v2, . . .}
of v on its main diagonal, i.e.

Diag v =

v1 0 0
0 v2 0

0 0
. . .

 . (A.11)

Using the Diag operator with underset variables, as in

Diag
m={1..M−1},n={m+1..M}

vm,n, (A.12)

denotes the extension to a diagonal matrix, where the second index changes
fastest, e.g. for M = 3 according to

Diag
m={1..2},n={m+1..3}

=

(
v1,2 0 0
0 v1,3 0
0 0 v2,3

)
. (A.13)

The denotation
Col

m={1..M},n={m..M}
(xm,n, ym,n) (A.14)
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is used to stack up the row vectors (xm,n, ym,n) to a matrix or scalars to
a column vector, accordingly, where the second index changes fastest. For
M = 2, it expands to

Col
m={1..2},n={m..2}

(xm,n, ym,n) =

(
x1,1 y1,1
x1,2 y1,2
x2,2 y2,2

)
. (A.15)

The Moore-Penrose pseudo-inverse of a real-valued matrix A is denoted as
A† and calculated as

A† =
(
ATA

)−1
AT , (A.16)

where AT denotes the transposition of matrix A. For complex-valued A, it is
calculated as

A† =
(
AHA

)−1
AH , (A.17)

where AH denotes the Hermitian transpose of H.
For a random variable X (see also Section A.3), the denotation

X ∼ N (µ, σ2) (A.18)

indicates that X is normally distributed with mean value µ and variance σ2.
For two events a, b, the denotation

pb|a(b|a) (A.19)

stands for the conditional probability that event b occurs, given that it is known
that event a occurs (see also Section A.2).

A.2. Fundamentals of Signal Processing

A.2.1. Parameter Estimation
Let a ∈ RN , N ∈ N be an N -dimensional column vector of unknown parameters
of interest. Let b ∈ RM ,M ∈ N be an M -dimensional observable vector. Let
further f be a function to map a to b.

b = f(a) (A.20)

Aim of estimation methods is finding a best estimate â(b) for parameter
vector a, based on the observed vector b by minimizing a certain cost function
[Kay93, p. 6]. A common criterion is the mean squared error, according to
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the error function aε(b) and cost function cMSE(aε(b)) in (A.21) and (A.22),
respectively. [VTBT13, p. 294]

aε(b) = â(b)− a (A.21)

cMSE = aε(b)T aε(b) (A.22)

Two estimation variants have to be distinguished, depending on the param-
eter vector a being considered random or non-random. In the random case,
a is regarded as a sample of a random distribution with probability density
pa(a). In the non-random-case, a is regarded a deterministic parameter and its
probability density is not defined [WWS03].

For non-random a, a maximum-likelihood estimate is defined as the âML
which maximizes the probability pb|a(b|a) [VTBT13, p. 296].

âML(b) = argmax
a

{pb|a(b|a)} (A.23)

For random a with known probability densities pa(a) and pb(b), the
maximum-a-posteriori estimate is defined as the âMAP which maximizes the a-
posteriori probability pa|b(a|b) [VTBT13, p. 295]. Here, (A.25) holds, because
pb(b) is independent of a.

âMAP(b) = argmax
a

{pa|b(a|b)} (A.24)

= argmax
a

{
pb|a(b|a)pa(a)

pb(b)

}
= argmax

a

{
pb|a(b|a)pa(a)

}
(A.25)

The bias aε according to (A.26) and the covariance matrix Cε according
to (A.27) are two figures of merit for non-random parameter estimates. An
estimator is called unbiased, if aε(a) = 0∀a ∈ RN [Kay93, p. 22].

aε(a) = E[aε(b)] = E[â(b)− a] (A.26)

Cε(a) = E[(aε − aε)(aε − aε)T ] (A.27)

For random parameters, the mean squared error matrix Σε according to
(A.28) is used as measure of error [VTBT13, p. 299].

Σε(â(b)) = E[aε(b)aε(b)T ] (A.28)
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Cramér-Rao Bound

The Cramér-Rao Bound (CRB) sets a lower bound for the Mean Squared Error
(MSE) of an unbiased estimator [Kay93, p. 30]. For a vector parameter a, it
can be derived from the Fisher information, which shall be introduced first.
The elements Fi,j of the Fisher information matrix F are calculated as

Fi,j = −E
[
∂2 ln pb|a(b|a)

∂ai∂aj

]
. (A.29)

The inverse of the Fischer information matrix contains the CRB for each esti-
mated parameter vector element âi as the respective diagonal element. [Kay93,
p. 40]

var(âi) ≥
[
F−1]

i,i
(A.30)

Two conditions must be fulfilled for the existence of the CRB. First, both
∂ ln p(x|θ)

∂θ
and ∂2 ln p(x|θ)

∂θ2 must be absolutely integrable with respect to a and b.
Second, the conditional expectation of aε, given by (A.31), must fulfill (A.32)
and (A.33). [Kay93]

aε =
∫ inf

− inf
aεpb|a(b|a)db (A.31)

lim
a→inf

aεpa(a) = 0 (A.32)

lim
a→− inf

aεpa(a) = 0 (A.33)

The bound in (A.30) also holds for the mean squared error. An estimator is
called efficient, if it satisfies the equality in (A.30). Such an estimator may not
exist, but if it exists, it is a maximum-likelihood estimator âML(b) according
to (A.23). [VTBT13, pp. 248]

A.2.2. Least-Squares Problems
Least-squares problems emerge (i.a.) from finding a parameter vector a ∈ RN
using a vector of M (noisy) measurements b ∈ RM which are functions of
a [Bjo96]. For M > N this results in an overdetermined equation system.
In (A.34), function fi(a), i ∈ {1 . . .M} maps parameter vector a ∈ RN to
bi, i ∈ {1 . . .M} of measurement vector b, with the uncorrelated white noise
εi ∈ R, i ∈ {1 . . .M} [Bjo96].

bi = fi(a) + εi (A.34)
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The noise vector ε ∈ RM is modeled as uncorrelated white noise, i.e. for its
covariance matrix V holds

V (ε) = σ2W, σ ∈ R, W ∈ RM×M , (A.35)

where W is a positive diagonal matrix. The corresponding problem is called
weighted least squares.

W = diag [w1, . . . , wM ] > 0 (A.36)

The different noise strengths are reflected in different weighting of the residuals,
given by the weight matrix Q [Bjo96].

Q = W−
1
2 = diag [q1, . . . , qM ] (A.37)

While a direct solution for a does not exist in general, approximate solutions
a(est) can be found. A solution is considered optimal, if the sum of squares
S(∆z) of the residuum vector ∆z = (∆z1, . . . ,∆zM ), given by (A.38), is min-
imal. In the shown general form, each residual value is weighted with the
corresponding matrix entry qi [Nel01].

∆zi = qifi (a)− b (A.38)

a(est) = min
a
‖S(∆z)‖2 = min

a

M∑
i=1

∆z2
i (a) (A.39)

Depending on the nature of the residual functions ∆zi(a), different methods
exist to find this solution. Most importantly, least-squares problems can be
categorized into linear and non-linear least-squares problems.

Solution of Linear Least-Squares Problems

If the residual functions ∆zi(a) are linear, the mapping can be rewritten in
matrix form [Bjo96].

min
a
‖S(r)‖2 = min

a
‖Da− b‖2 , D ∈ Rm×n, b ∈ Rm (A.40)

Here, matrix D constitutes the mapping from parameter vector a to the mea-
sured dimensions and vector b represents the corresponding measurements.
The solution can be found using the Moore-Penrose pseudoinverse D† =

(DTD)−1DT . In [Bjo96] it is proven that D†b is a minimum norm solution
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for the least squares problem. (A.41) extends it to the general solution for
weighted least square problems according to [Nel01].

a(est) = (DTQD)−1DTQb = min
a
‖Q(Da− b)‖2 (A.41)

A special example of linear least squares is linear regression, where the
parameters β0 and β1 of a linear model shall be fitted to observed values
{y1, . . . , yM} at times {t1, . . . , tM} [RS08, p. 127].

yi = β0 + β1ti + εi, i = {1..M} (A.42)

Here, εi ∼ N (0, σ2
ε ) represents independent random (noise) samples. The cor-

responding overdetermined linear system can be written as [Bjo96, p. 50]1
y1
y2
...
yM

 =


1 t1
1 t2
...

...
1 tM

(β0
β1

)
+


ε1
ε2
...
εM

 (A.43)

with the solution

β1 =
∑M

i=1 (yiti − ȳt̄)∑M

i=1 (t2i − t̄2)
(A.44)

and
β0 = ȳ − β1t̄, (A.45)

with the mean values

ȳ =
∑M

i=1 yi

M
(A.46)

and

t̄ =
∑M

i=1 ti

M
. (A.47)

The variances of β0 and β1 determined by this method are given by [RS08,
p. 131]

Var(β0) = σ2
ε

(
1
M

+ t̄2∑M

i=1 (ti − t̄i)2

)
(A.48)

and
Var(β1) = σ2

ε∑M

i=1 (ti − t̄i)2
, (A.49)

i.e., they depend on the number of samplesM , the variance of the time variable
ti and the variance of the random noise samples εi.

1The noise vector (ε1, . . . , εM )T has been added for consistency.
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Solution of Non-Linear Least-Squares Problems

Non-linear least-squares problems have the form of (A.39) with non-linear
residuum functions ∆zi(a). They can be solved iteratively by linearization
of the model around a current parameter vector and solving the linear least-
squares problem. The result is an updated parameter vector, which serves as
the basis for the next iteration.
The Jacobian J of ∆zi(a) is defined as [Kel99]

(J(a))ij = ∂∆zi
∂aj

, 1 ≤ i ≤M, 1 ≤ j ≤ N. (A.50)

If a(opt) is an optimal least-squares solution, it must satisfy [Kel99]

J(a(opt))T∆z = 0. (A.51)

Let a(t) be the parameter vector after the t-th step. The Gauss-Newton
algorithm implements the linearization by calculating a step ∆a(t) as [Kel99]

∆a(t) = −J†(a(t−1))a(t−1) = −
(
J(a(t−1))TJ(a(t−1))

)−1
J(a(t−1))T a(t−1).

(A.52)
The updated parameter vector a(t) is then calculated as

a(t) = a(t−1) + ∆a(t). (A.53)

The iterative steps to calculate updated parameter estimates a(t) are either
carried out for a fixed number of iterations or until the residual error |∆z| comes
below a predefined threshold. Even though this yields an inexact solution of
the linearized least-squares problem [Kel99], it is commonly used due to its
efficient calculation.

As the convergence properties of the Gauss-Newton method strongly de-
pend on the residuum value, the initial parameter vector a(0) has to be chosen
properly. If a(0) is chosen too far from the optimum, the method may diverge
[Bjo96]. This behavior is improved in the Levenberg-Marquardt method, which
introduces a variable α(t−1) to damp the step width for large residuals [Nel01].
Accordingly, the iteration in (A.52) is changed to

∆a(t) = −
(
J(a(t−1))TJ(a(t−1)) + α(t−1)I

)−1
J(a(t−1))T a(t−1). (A.54)

For small residuals, α(t−1) is chosen small and the convergence is linear as
in the case of the Gauss-Newton iteration [Bjo96]. Strategies to dynamically
adjust α(t−1) are given in [Nel01].
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If both linear and non-linear dependencies of the residual functions on the pa-
rameters exist, the variable projection method proposed by Golub and Pereyra
[GP73] and the references therein can be applied to separate the non-linear
and linear functions. This reduces the number of parameters in the non-linear
estimation part and allows the usage of the more efficient and stable algorithms
for linear least squares on the linear part. A summary on adapted methods
and applications has been published in [GP03].

A.2.3. Robust Regression Techniques
The Gauss-Newton algorithm requires the used weight function for the residuals
∆zi to be positive and bounded for small errors, which is fulfilled by the l2-
norm, but not for lp, p 6= 2 [AJ09]. Indeed, this norm is disadvantageous if
outliers are among the measurements bi. According to [RL87], the breakdown
point describes the immunity of algorithms against outliers, where the least
squares approach is even susceptible to single outliers.
There are other optimization criteria, such as the l1-norm, which yield supe-

rior results in the presence of outliers, as has been shown in [Tar04, p. 297] for
a geometric distance optimization problem. Robust optimization approaches
include Iteratively-Reweighted Least Squares (IRLS) [HW77], replacing the
l2-norm in (A.39) by an l1-norm, or norm-like functions, such as the Geman-
McClure error norm [Lei+17, p. 105], and M-estimators [RL87].
Using norm-like functions ρ(∆zi) implies replacing the sum of squares in

(A.39) by the sum in (A.55).

a(est) = min
a
‖S(∆z)‖norm = min

a

M∑
i=1

ρ(∆zi) (a) (A.55)

The Geman-McClure norm in (A.56) is an example of such a norm-like function.

ρgmc(∆zi) = ∆z2
i

∆z2
i + σ2

gmc
(A.56)

Here, σgmc is selected depending on the expected distribution of residual errors.
For small ∆zi, the resulting norm closely follows the l2-norm, but for ∆zi �
σgmc, it approaches zero, thereby diminishing the influence of outliers. [Lei+17]
Further error norms and suitable algorithms are presented in [Edl99, pp. 19].

A.3. Fundamentals of Stochastic Processes

A probability space (Ω,F , P ) is defined by its sample space Ω, the set of events
(probability field) F , and probability measure P (Ω) [VGM18, p. 1]. Each ele-
ment x in Ω is one outcome of a probability experiment, whereas each subset
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of Ω defines an event E [YG05, pp. 8]. Based on this, a random variable X
maps each element x onto an element in E, i.e. X : Ω→ E. For continuously
distributed variables x, e.g. Ω = R, the PDF fx(x) provides a probability mea-
sure, where fx(x) is a non-negative and integrable real function which fulfills
[CAD12, p. 67] ∫ ∞

−∞
fx(x)dx = 1. (A.57)

Since the probability for a single element x as an outcome is zero in this case, the
PDF may be interpreted as the probability of an outcome in the surrounding
of x.2

The normal distribution, also called Gaussian distribution, plays an impor-
tant role for the examinations in Chapter 4. Its PDF is given by [CAD12,
p. 151]

fx(x) = 1
σ
√

2π
exp
(
−1

2

(
x− µ
σ

)2
)
, (A.58)

with the standard deviation σ and mean value µ. A normal distributed random
variable X shall be denoted as

X ∼ N (µ, σ2) . (A.59)

In general, the mean or expected value is calculated as

µ = E(X) =
∫ ∞
−∞

xfx(x)dx (A.60)

and the variance is calculated as

σ2 = Var(X) = E(X − µ)2, (A.61)

where the standard deviation is the square root of the variance.
A real stochastic process is a collection of random variables {Xt; t ∈ T}

on a common probability space with values in R [CAD12, p. 340]. They can
be divided into discrete- or continuous-time and discrete- or continuous-value
processes [YG05, p. 358]. In the following, only one of the four possibilities,
the continuous-time continuous-state random processes are further treated, as
they are the foundation for mathematical descriptions of phase noise. In this
case, the index set T can be regarded the time-span of interest, being a subset
of R. The mapping X(x) : T → Ω; t→ Xt(x) constitutes one realization of the

2Indeed, pω(ω) = 0 ∀ ω ∈ Ω, which may seem to contradict (A.57). The apparent
contradiction is solved by the fact that R contains an uncountable number of elements.
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stochastic process and is also called sample path [CAD12, p. 340]. An important
property of a stochastic process is its autocorrelation function [YG05, p. 371]

Rx(t, τ) = E(X(t)X(t+ τ)), (A.62)

which reflects the correlation of two sample points with distance τ on the
random process. The random process is called stationary if the PDF fX(x)
does not depend on the time t [YG05, p. 373].
A Wiener process, also known as Brownian motion, is a special case of

stochastic processes. Bt, t ≥ 0 is a standard Brownian motion, if B0 = 0,
the sample paths are continuous, the increments of Bt are independent and
stationary, and every increment {Bt − Bs}; s < t is normally distributed with
zero-mean and variance σ2 = t− s [CAD12, p. 473]. The PDF of the standard
Brownian motion is given by [CAD12, p. 474]

fBt(x) = 1
2πt exp

(
−x

2

2t

)
. (A.63)

In the more general case, the Brownian motion may be scaled by factor
√
c to

attain the process
W (t) =

√
cBt. (A.64)

From this, the autocorrelation follows to be [YG05, p. 372]

RX(t, τ) = c ·min(t, t+ τ). (A.65)

A (standard) Brownian motion tied down to zero at a second point (t = 1)
is called (standard) Brownian bridge [MP10] and shall be denoted as B(b)

t . It
can be constructed from Brownian motion by

B
(b)
t = Bt − tB1 (A.66)

and its time-dependent variance process is given by

Var
(
B

(b)
t

)
= t− t2, 0 ≤ t ≤ 1. (A.67)

A comprehensive overview on further properties of Brownian motion is given
in [SP14].
It is shown in Chapter 4 that Brownian motion can be used to model the

random process of phase fluctuations in oscillators. Specifically, the introduced
stochastic properties are used to derive the phase-noise impact in Section 4.4
using the phase-noise model from Section 4.1.
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A.4. Review of Existing Models for the Impact of
Non-Idealities on Radar Performance

Regarding systematic phase errors, existing examinations on the impact of
FMCW ramp non-linearities on radar performance refer to a monostatic radar
setup. E.g. [Pic+03] modeled the effect of ramp non-linearities in the received
IF signal as a phase modulation with a sum of cosines. This leads to sidebands
shifted by the respective modulation frequency and amplitudes according to the
Bessel functions of the first kind of the respective modulation index. However,
it describes only the effects of one specific systematic non-linearity. In the
bistatic setup, different kinds of non-linearities affect the performance. Thus,
the statistical description of phase deviations is selected as a more general
approach, which are also verified by measurements.
Regarding phase noise, previous work already treated its impact on radar per-

formance, both for monostatic and cooperative bistatic configurations. How-
ever, an analysis of this work reveals that at certain points assumptions have
been made which do not hold, leading to inaccurate results and implying non-
existing relations between system parameters and estimation performance. In
the following, the most important aspects are summarized and deficiencies in
these works are pointed out, where applicable.

A.4.1. Impact of Phase Noise on Monostatic Radar

Self-Correlation Effect in the Frequency Domain

Phase noise and spurious signals, i.e. random and deterministic jitter, are
considered part of the main design issues for radar systems. More precisely,
short-time phase fluctuations degrade the performance due to decreased per-
fection of coherence, whereas the effect of slow frequency drifts are negligible
[RHS10, p. 418]. The occurring degradation affects both range and speed mea-
surements. If the same oscillator is used as transmitter and receiving detector,
the self-coherence effect mitigates the degradation, since the phase noise is par-
tially correlated with itself [RHS10, p. 422]. The extent of this self-correlation
depends on the time of flight τn,k, i.e. it is range-dependent and can be quan-
tified as [Bea06]

cn,k = 4 sin2
(
πf

(R)
n,k∆τ

)
, (A.68)

with ∆τ = τn,k − τn,0 characterizing the delay difference between the time-
of-flight to the target τn,k and internal propagation delay from the synthe-
sizer to the mixer τn,0. With this effect, the effective SSB phase noise PSD
L∆φ(fm, rn,k,n) at an offset frequency equal to the beat frequency (fm = f

(B)
n,k,n)
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can be determined to be [TEV13]

L∆φ(fm, rn,k) = Lφ(fm) + 20 log10
(√

cn,k
)
, (A.69)

with the synthesizer phase-noise PSD Lφ(fm). This self-correlation is undis-
puted and leads to comparatively small influence of phase noise for short-range
applications. L∆φ(fm, rn,k) could be used to quantify the impact on the preci-
sion of frequency estimates, which is not conducted in [RHS10].

Impact of Phase Noise on Estimated Range

In [Ayh+16], the random fluctuations in the frequency domain ε
(f)
rand(t) have

been modeled as
ε
(f)
rand(t) = A(f)

n (t), (A.70)

with A(f)
n (t) representing independent Gaussian random variables. From this,

the phase fluctuations ε(φ)
rand(t) are derived by integration to be

ε
(φ)
rand(t) = 2π

∫
A(f)
n (t) dt . (A.71)

Consequently, ε(φ)
rand(t) represents a Gaussian random process, as described in

Section 4.1.
Following this, the phase noise spectral power density is deduced, which is

performed in [Ayh+16] by measurements in a setup with a DDS generating
the frequency fluctuations with above model. Thereafter, the effective SNR
η∆φ due to the phase fluctuations is calculated from the power spectrum. For
this step, the effective phase-noise density considering the self-correlation effect
from the last section could be used, yielding

η∆φ = 1

2
∫ f(IF)

b
0 10L∆φ(fm,rn,k)/10 dfm

. (A.72)

Finally, the CRB for range estimation is calculated by using the model of a
single sinusoid in Gaussian noise, which has been derived e.g. in [Sch+15], as

Var(rn,k) ≥ λ2

4π2η∆φ
. (A.73)

It should be noted that the assumption of uncorrelated Gaussian noise sam-
ples, which was used in the last step to translate the phase-noise related SNR
into a CRB for range estimates, does not always hold. In fact, the samples are
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correlated, depending on the time distance between samples, as described in
Section 4.1. Uncorrelated samples imply an improvement of phase estimates
with increasing number of samples, as reflected in (4.19), which is not exactly
fulfilled. Consequently, the CRB in (A.73) underestimates the actual error,
whereby the disagreement becomes smaller with stronger phase noise, as the
correlation between samples decreases. This effect is also observed when com-
paring the measurements to the derived CRB in [Ayh+16].
Most likely due to simplicity, the above imprecise assumptions are common

in literature and have analogously been made e.g. in [TEV13]. An exception
is the rigorous deduction in [BC07], of which the results are presented in Sec-
tion 4.1.3. A precise evaluation of range precision under phase noise should
incorporate this correlation between noise samples. Therefore, the deduction
of the influence of phase noise on range precision in this work is based on
the direct examination of the underlying random processes, building upon the
results in [BC07].

A.4.2. Impact of Phase Noise on Cooperative Secondary Radar
A cooperative radar, as described e.g. in [Sch+08b; ESV12; Feg+13], measures
the range between two radar nodes, which both transmit FMCW-modulated
signals, which are received by the respective other nodes and downconverted
with the own transmit signal to an intermediate frequency.

In order to determine the influence of phase noise in such a system, [ESV12]
converted the phase noise profile of a frequency synthesizer into an RMS jitter
value, which was used to calculate a CRB for range precision, based on the
effective SNR degradation due to phase noise. In this sense, that work follows
the same methodology as in the previous section.

Assuming that the two synthesizers work at fundamental frequencies fm and
fn with fn > fm, while exhibiting the same phase noise performance, the
temporal IF phase jitter σ(IF)

pn is calculated from individual RF jitter σ(RF)
pn as3

σ(IF)
pn = σ(RF)

pn

√
f2
m + f2

n

fn − fm
. (A.74)

The phase noise power P (IF)
pn and resulting phase-noise related SNR ηpn in

the IF band are calculated as (A.75) and (A.76), respectively, with the received
power Pr [ESV12].

P (IF)
pn = 4π2Pr(σ(IF)

pn )2 (A.75)
3The large amplification expressed by (A.74) arises from the downconversion, which im-
plies retaining phase fluctuations, corresponding to larger temporal jitter at lower fre-
quencies.
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ηpn = Pr

P
(IF)
pn

= 1
4π2(σ(IF)

pn )2
(A.76)

The ranging precision σr follows from the SNR ηpn to be

σr = c0
2fmod

√
1

π2ηpn

(
1 + 1

ηpn

)
, (A.77)

when neglecting correlation between phase noise samples.
An alternative deduction was performed in [Sch+08b] by using the approxi-

mation in [Kay88] to convert between a signal model with random process on
the phase and a model with added noise. In particular, the samples xt of a
sinusoid with amplitude A, frequency ω0, and phase θ, which are disturbed by
an added complex white Gaussian noise process zt with variance σz, can be
approximated as

xt = Aej(ω0t+θ) + zt ≈ Aej(ω0t+θ+u2t), (A.78)

where u2t is a real-valued white Gaussian noise process with variance σz/(2A2).
Accordingly, the deduction in [Sch+08b] implies the same inaccuracy of ne-

glecting the correlation within the phase noise process. It is reflected in the
deduced CRB for time-of-flight estimates (in Eq. (10) of [Sch+08b]), exhibiting
a dependency on the number of samples, i.e. predicting an increasing precision
with higher number of samples. This holds for independent noise samples, but
not for the actual phase distortions modeled as Wiener process, as described
in Section A.3.
In summary, parts of previous works, especially those on cooperative radar

setups, exhibit inaccuracies in deducing the expected precision from phase-
noise models in consideration of correlated phase-noise samples. In fact, most
existing models may only be sufficiently exact, if the time for de-correlation
of phase-noise samples is smaller than the sampling interval, i.e. for rela-
tively strong phase-noise and low sample rates. This justifies a fundamentally
changed deduction of the precision bound based on the analysis of the proper-
ties of stochastic processes, which is conducted in Section 4.4. It overcomes the
aforementioned inaccuracies and considers the correlation between samples.

A.5. Derivations

A.5.1. Derivation of Time-of-Flight for Moving Target
The space-time curve in Figure A.1 illustrates the resulting points on the time
scale for transmission t

(Tx)
n,k , reflection t

(refl)
n,k , and reception t

(Rx)
n,k . This yields
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Target

r
(0)
n,k

t
(tx)
n,k t

(rx)
n,k

rn,k(trefl)

t
(refl)
n,k

τn,k,n

Target

Targetrn,k(t)

t

Figure A.1.: Space-time diagram for the reflection of an electromagnetic wave
at a moving target

the travel time according to (A.79) and the relation between the points in time
according to (A.80), due to symmetry.

τn,k,n =
2 · r(t(refl)

n,k )
c0

(A.79)

t
(refl)
n,k = t

(Rx)
n,k −

τn,k,n
2 (A.80)

Plugging (A.80) and rn,k(t) = r
(0)
n,k + sn,k · t from (2.2) in (A.79) yields

τn,k,n =
2 ·
(
r0 + sn,k

(
t
(Rx)
n,k −

τn,k,n
2

))
c0

(A.81a)

τn,k,n

(
1 + sn,k

c0

)
=

2 ·
(
r0 + sn,k · t(Rx)

n,k

)
c0

(A.81b)

τn,k,n =
2 ·
(
r0 + sn,k · t(Rx)

n,k

)
c0 + sn,k

. (A.81c)

Due to sn,k � c0, (A.81) can be approximated to (A.82).

τn,k,n ≈
2 ·
(
r0 + sn,k · t(Rx)

n,k

)
c0

(A.82a)

τn,k,n ≈
2 · r0

c0
+ 2 · sn,k

c0
t
(Rx)
n,k (A.82b)
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A.5.2. Derivation of FDM Bandwidth
In Section 2.5.2, the total bandwidth lower bound (2.66) was used to estimate
the total required bandwidth depending on the number of sensor nodes NTRx.
It can be derived as described below:
For NTRx = 2n, n ∈ N, a recursive formation of the offset array l1 . . . lNTRx

in Table 2.1 exists that achieves a minimum value for l(max)
m . Starting with the

trivial case
L2 = [0, 1]T, (A.83)

when doubling the number of sensor nodes NTRx = 2N ′TRx, L can be con-
structed by stacking L′ with L′′, where L′′ is constructed as

L′′ = Col
m={1...N′TRx}

[l′m + l′max + 1]. (A.84)

This yields
L4 = [0, 1, 3, 4]T. (A.85)

By repeating this step, the vector LNTRx can be constructed for any NTRx =
2n, n ∈ N and lmax can be recursively calculated as

lmax = 3l′max + 1. (A.86)

This is equal to the direct formula (2.66). Proof by induction: For lmax(NTRx =
2) = 1⇒ (2.66) is fulfilled. Presuming (2.66) is fulfilled for M ,

lmax(2NTRx) = 3log2(2NTRx) − 1
2 = 3 · 3log2(NTRx) − 1

2 (A.87)

= 3 · 3log2(NTRx) − 1
2 + 2

2 (A.88)

= 3 · lmax(NTRx) + 1 q.e.d. (A.89)

For NTRx 6= 2n, n ∈ N, (2.66) does not apply, but constructing optimum
arrays LNTRx by exhaustive search for NTRx < 16 reveals, that (2.66) sets a
lower bound.

A.5.3. Intuitive Explanation for Range Resolution

The separability (2.59) presumes that the IF signal u(IF)
n,k,n(t) according to (2.19)

is a perfect sinusoidal signal with a beat frequency according to (A.90) without
modulation.

193



A. Appendix

...... ......

F−→

F−→

F−→

F−→

a

b

c

a · b · c

A

B

C
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Figure A.2.: Fourier transforms of selected signals

An intuitive explanation of this relation can be derived using the Fourier
transforms depicted in Figure A.2.

Range estimation is performed by determining the range-dependent beat
frequency f (R)

n,k,m of the received radar response, given by

f
(R)
n,k,m = krτn,k,m = krrn,k,m

c0
(A.90)

with ramp slope kr = fmod/Tmod , time-of-flight τn,k,m, and two-way range
rn,k,m.
As kr and c0 are known constants, the beat frequency f (R)

n,k,m, represented as
signal a in Figure 2, contains the range information. However, the frequency is
only available for a certain time Tmod, so that the received signal, from which
the frequency is estimated, is multiplied with a rect function, b. Additionally,
information about the instantaneous value of the received signal is not available
continuously, but only at certain sample points c. Altogether, the available
information in the frequency domain is A∗B∗C, on which frequency estimation
is performed. Even though this resulting signal appears to be sinusoidal, it is
actually the superposition (due to C) of a large number of sinc functions (due to
B) that are shifted from center by the frequency in A. The red dot in A∗B ∗C
marks the frequency that shall be determined. Obviously, the unambiguous
range for this estimation depends on the sampling frequency given by c, which
defines the Dirac delta spacing in C. Moreover, it becomes apparent that the
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attainable precision with added noise is determined by the width of the sinc in
B, which is defined by the width of the rect in b. This applies analogously for
the attainable resolution.
Several closely (in range) located targets lead to the superposition of closely

located frequencies, which cannot be separated, if the width of the sinc-function
determined by B is large compared to the frequency difference of the two beat
frequencies. This situation can only be improved by increasing fmod, effectively
scaling the beat frequencies and their differences, while maintaining the width
of the sinc-function B. In contrast, increasing Tmod decreases the width of the
sinc-function, but simultaneously scales the beat frequencies and their differ-
ences down by the same factor, leading to no improvement of the separability.
The sampling frequency in c is inversely proportional to the aliasing frequency
in C and therefore A ∗ B ∗ C, thus determining the maximum frequency that
can be unambiguously estimated, which corresponds to the maximum unam-
biguously measurable target range.

A.5.4. Intuitive Explanation for Angular Resolution
Similar to the separability in the previous section, the dependence of the angu-
lar resolution of a radar sensor with digital beam forming on the receiver side
on its antenna configuration can be explained using Fourier transform pairs. In
Figure 2.4, a receiving array with 4 antennas is depicted. A plane wave from
a target in the far field impinges on the array from a certain direction. Due to
the different-length signal paths to the individual receiving elements, the phase
of the impinging wave is different for a fixed time t0.
The change of the phase of the impinging wave over the considered area can

be regarded as a spatial wave along the axis of the antenna array. Determining
the angle of the target direction is equivalent to the estimation of the frequency
of the spatial wave.The aperture determines the length on which measurements
of the phase are available, while the antenna positions determine the individual
scan points within the aperture. The impacts of these quantities on angle
estimation are equivalent to the estimation of the frequency of a time-domain
signal, as angle estimation can be expressed as the estimation of the spatial
frequency.
For determining several closely located spatial frequencies generated by sev-

eral closely (in angle) located targets, the same method can be applied, which
was previously been used for determining the beat frequencies. The aperture
defines the length on which information about the signal is available, repre-
sented by b in Figure A.2, while the density of the antenna positions corre-
sponds to the sample frequency in c. The frequency of the spatial wave a can
therefore only be determined based on the available information, which is again
given by A ∗B ∗ C. The spatial waves originating from several targets are su-
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perimposed. Analogously to the case for the beat frequency estimation in the
previous section, the possibility to separate several closely located (in angle)
targets depends on the width of the sinc-function B, which is inversely propor-
tional to the aperture, corresponding to the width of the rect-function b. The
distance of the spatial frequencies in the range of the Fourier transform is scaled
with the fundamental frequency of the RF signal, as the spatial frequency is
given by ξ = sin(θ)/λ and the wavelength λ is defined as λ = fRF/c0.

A.6. Elaborations

A.6.1. Linear Regression for Chirp-Sequence Processing

In Sections 3.3.3 and 4.4.3, the sum of squared ramp start times (relative to
the middle of the chirp sequence) is used, which is calculated using (3.42) as

Nr∑
i=1

T 2
c,i = (Tmod + Tp)2

Nr∑
i=1

(
i− Nr + 1

2

)2
(A.91)

= (Tmod + Tp)2
Nr∑
i=1

(
i2 − i(Nr + 1) +

(
Nr + 1

2

)2
)
. (A.92)

Using the equation for square pyramidal numbers, the sub-terms on the right
side can be expanded to

Nr∑
i=1

i2 = N3
r

3 + N2
r

2 + Nr

6 (A.93)

Nr∑
i=1

i(Nr + 1) = N3
r

2 +N2
r + Nr

2 (A.94)

Nr∑
i=1

(
Nr + 1

2

)2
= N3

r

4 + N2
r

2 + Nr

4 . (A.95)

Hence, the sum of squared ramp start times expands to

Nr∑
i=1

T 2
c,i = (Tmod + Tp)2N

3
r −Nr

12 . (A.96)
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A.6.2. Explicit Solution of MMSE Problem for Joint Frequency
Offsets Estimation

In Section 3.2.2, the general MMSE solution a
(est)
f for the frequency offset

vector af based on the observed frequency offsets bf was shown to be

a
(est)
f =

(
DT

f QfDf
)−1

DT
f Qfbf (A.97)

with

bf =

f (off)
1,2
f

(off)
1,3
f

(off)
2,3

 , Df =

( 1 0
0 1
−1 1

)
, Qf =

(
c1,2 0 0
0 c1,3 0
0 0 c2,3

)
(A.98)

for the case N = 3. Using

DT
f Qf =

(
c1,2 0 −c2,3
0 c1,3 c2,3

)
, (A.99)

this can be further expanded to

a
(est)
f =

[(
c1,2 0 −c2,3
0 c1,3 c2,3

)( 1 0
0 1
−1 1

)]−1(
c1,2 0 −c2,3
0 c1,3 c2,3

)
bf

(A.100)

= kc ·
(
c1,3 + c2,3 c2,3
−c2,3 c1,2 − c2,3

)(
c1,2 0 −c2,3
0 c1,3 c2,3

)f (off)
1,2
f

(off)
1,3
f

(off)
2,3


(A.101)

= kc ·
(
c1,2(c1,3 + c2,3) c1,3c2,3 −c1,3c2,3
−c1,2c2,3 c1,3(c1,2 − c2,3) −c1,2c2,3

)f (off)
1,2
f

(off)
1,3
f

(off)
2,3


(A.102)

with the short form

kc = 1
c1,2c1,3 + c1,2c2,3 − c1,3c2,3

. (A.103)
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A.6.3. Explicit Calculation of Jacobians for Multilateration
Algorithms

Jacobian for Multilateration Based on Range Estimates

The iterative multilateration algorithms in Section 3.5 require in each step to
calculate the Jacobian J(r-p)

k , which expresses the weighted sensitivity of posi-
tion estimates on estimated ranges. For NTRx = 2, J(r-p)

k expands to (A.104)
with the estimated ranges r̂1,k and r̂2,k according to (A.105) and (A.106), re-
spectively.

J
(r-p)
k (p̂k) =

 2 p̂k,x−p1,x
δr1,k,1r̂1,k

2 p̂k,z−p1,z
δr1,k,1r̂1,k

p̂k,x−p1,x
δr1,k,2r̂1,k

+ p̂k,x−p2,x
δr1,k,2r̂2,k

p̂k,z−p1,z
δr1,k,2r̂1,k

+ p̂k,z−p2,z
δr1,k,2r̂2,k

2 p̂k,x−p2,x
δr2,k,2r̂2,k

2 p̂k,z−p2,z
δr2,k,2r̂2,k

 (A.104)

r̂1,k =
√

(p1,x − p̂k,x)2 + (p1,z − p̂k,z)2 (A.105)

r̂2,k =
√

(p2,x − p̂k,x)2 + (p2,z − p̂k,z)2 (A.106)

Jacobian for Multilateration Based on Range and Speed Estimates

In (A.107), the compound residuum vector is explicitly calculated forNTRx = 2,
while the corresponding weighting matrix is given in (A.108).

∆zk = Cw ·



2r̂1,k − r(meas)
1,k,1

r̂1,k + r̂2,k − r(meas)
1,k,2

2r̂2,k − r(meas)
2,k,2

2v̂k,xd̂1,k,x
r̂1,k

+
2v̂k,zd̂1,k,z

r̂1,k√
4d̂2

1,k,x
d̂2
1,k,x+d̂2

1,k,z
+

4d̂2
1,k,z

d̂2
1,k,x+d̂2

1,k,z

− s(meas)
1,k,1

v̂k,x

(
d̂1,k,x
r̂1,k

+
d̂2,k,x
r̂2,k

)
+v̂k,z

(
d̂1,k,z
r̂1,k

+
d̂2,k,z
r̂2,k

)
√(

d̂1,k,x
r̂1,k

+
d̂2,k,x
r̂2,k

)2
+
(
d̂1,k,z
r̂1,k

+
d̂2,k,z
r̂2,k

)2
− s(meas)

1,k,2

2v̂k,xd̂2,k,x
r̂2,k

+
2v̂k,zd̂2,k,z

r̂2,k√
4d̂2

2,k,x
d̂2
2,k,x+d̂2

2,k,z
+

4d̂2
2,k,z

d̂2
2,k,x+d̂2

2,k,z

− s(meas)
2,k,2



(A.107)
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A.6. Elaborations

Cw =



1
δr1,k,1

0 0 0 0 0
0 1

δr1,k,2
0 0 0 0

0 0 1
δr2,k,2

0 0 0
0 0 0 1

δs1,k,1
0 0

0 0 0 0 1
δs1,k,2

0
0 0 0 0 0 1

δs2,k,2


(A.108)

Here, the displacement vector elements d̂... are calculated analogous to (2.42).
The second and fifth entry of the residuum, ∆zk,2 and ∆zk,5, correspond to the
bistatic range and bistatic speed residuum, respectively, in which both nodes
1 and 2 are involved. The entries 1 and 3 of the residuum correspond to the
monostatic range residuals, while the entries 4 and 6 of the residuum correspond
to the monostatic speed residuals. The latter four can be regarded as special
cases of the bistatic residuals. They can be deduced from the bistatic solutions
by setting m = n, i.e. setting the transmitting node equal to the receiving
node.
From this residuum and using (3.66), the partitioned Jacobian is calculated

as

Jk = Cw ·



∂r̂1,k,1
∂p̂k,x

∂r̂1,k,1
∂p̂k,z

0 0
∂r̂1,k,2
∂p̂k,x

∂r̂1,k,2
∂p̂k,z

0 0
∂r̂2,k,2
∂p̂k,x

∂r̂2,k,2
∂p̂k,z

0 0
∂ŝ1,k,1
∂p̂k,x

∂ŝ1,k,1
∂p̂k,z

∂ŝ1,k,1
∂v̂k,x

∂ŝ1,k,1
∂v̂k,z

∂ŝ1,k,2
∂p̂k,x

∂ŝ1,k,2
∂p̂k,z

∂ŝ1,k,2
∂v̂k,x

∂ŝ1,k,2
∂v̂k,z

∂ŝ2,k,2
∂p̂k,x

∂ŝ2,k,2
∂p̂k,z

∂ŝ2,k,2
∂v̂k,x

∂ŝ2,k,2
∂v̂k,z


=
(
J

(r-p)
k 0
J

(s-p)
k J

(s-v)
k

)
. (A.109)

Since the observed ranges are independent from the target velocity, their partial
derivatives with respect to the velocity estimate are zero, leading to the zero
sub-matrix in Jk. On the other hand, the partial derivatives of the velocity
residuals with respect to the position estimate p̂k exist due to the dependence
of the observed velocity on the target position. Accordingly, the sub-matrix
J

(r-p)
k is still given by (A.104), while the sub-matrices J(s-p)

k and J(s-v)
k are given

by (A.110) and (A.111), respectively.

J
(s-p)
k =


d̂1,k,z(v̂k,xd̂1,k,z−v̂k,z d̂1,k,x)

δs1,k,1r̂
3
1,k

d̂1,k,x(v̂k,z d̂1,k,x−v̂k,xd̂1,k,z)
δs1,k,1r̂

3
1,k

1
δs1,k,2

· ∂ŝ1,k,2
∂p̂k,x

1
δs1,k,2

· ∂ŝ1,k,2
∂p̂k,z

d̂2,k,z(v̂k,xd̂2,k,z−v̂k,z d̂2,k,x)
δs2,k,2r̂

3
2,k

d̂2,k,x(v̂k,z d̂2,k,x−v̂k,xd̂2,k,z)
δs2,k,2r̂

3
2,k

 (A.110)
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J
(s-v)
k =


d̂1,k,x

δs1,k,1r̂1,k

d̂1,k,z
δs1,k,1r̂1,k

1
δs1,k,2

· ∂ŝ1,k,2
∂v̂k,x

1
δs1,k,2

· ∂ŝ1,k,2
∂v̂k,z

d̂2,k,x
δs2,k,2r̂2,k

d̂2,k,z
δs2,k,2r̂2,k

 (A.111)

Here, the partial derivatives regarding the monostatic measurements are ex-
plicitly stated, as they are simplified variants of the general bistatic equations.
The partial derivatives for the bistatic measurements ∂ŝ1,k,2

∂p̂k,x
, ∂ŝ1,k,2

∂p̂k,z
, ∂ŝ1,k,2

∂v̂k,x
,

and ∂ŝ1,k,2
∂v̂k,z

are given in (3.71)–(3.75) by setting n = 1 and m = 2.
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Acronyms

ADC Analog-to-Digital Converter

AWG Arbitrary Waveform Generator

AWGN Added White Gaussian Noise

BiCMOS Bipolar CMOS

CA-CFAR Cell-Averaging Constant False Alarm Rate

CFAR Constant False Alarm Rate

CMOS Complementary Metal-Oxide Semiconductor

CP Charge Pump

CPU Central Processing Unit

CRB Cramér-Rao Bound

CRN Cooperative Radar Network

CS Chirp Sequence

CW Continuous Wave

DAC Digital-to-Analog Converter

DC Direct Current

DDS Direct Digital Synthesizer

DFT Discrete Fourier Transform

DLC Delay-Line Canceller

DoA Direction of Arrival

DSB Double-Sideband
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Acronyms

DUT Device under Test

ECL Emitter-Coupled Logic

ESPRIT Estimation of Signal Parameters via Rotational Invariance Techniques

FBLP Forward-Backward Linear Prediction

FDM Frequency-Division Multiplex

FFT Fast Fourier Transform

FM Frequency Modulation

FMCW Frequency-Modulated Continuous Wave

FOM Figure of Merit

GNSS Global Navigation Satellite System

HMI Human-Machine Interface

HPBW Half-Power Beam Width

IF Intermediate Frequency

ILFD Injection-Locked Frequency Divider

IRLS Iteratively-Reweighted Least Squares

ISM Industrial, Scientific and Medical (Band)

LIDAR Light Detection and Ranging

LO Local Oscillator

LSB Lower Sideband

LUT Look-up Table

MAP Maximum a Posteriori

MIMO Multiple-Input Multiple-Output

MISO Multiple-Input Single-Output
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Acronyms

ML Maximum Likelihood

MMSE Minimum Mean Square Error

MSE Mean Squared Error

MUSIC Multiple Signal Classification

MVDR Minimum-Variance Distortion-less Response

OFDM Orthogonal Frequency Division Multiplex

OS-CFAR Order Statistics Constant False Alarm Rate

PC Personal Computer

PCB Printed Circuit Board

PD Phase Detector

PDF Probability Density Function

PFD Phase-Frequency Detector

PLL Phase-locked Loop

PN Phase Noise

PSD Power Spectral Density

RADAR Radio Detection and Ranging

RCS Radar Cross Section

RF Radio Frequency

RMS Root Mean Square

RMSE Root-Mean-Square Error

RPC Reflected Power Canceller

Rx Receiver

SCMF Sine Cosine Mapping Function
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Acronyms

SIMO Single-Input Multiple-Output

SLAM Simultaneous Localization and Mapping

SNR Signal-to-Noise Ratio

SSB Single-Sideband

TRx Transceiver

Tx Transmitter

ULA Uniform Linear Array

UWB Ultra-Wideband

VCO Voltage-Controlled Oscillator

XO Crystal Oscillator
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Symbols

B(t) Standard Brownian motion

Bb(t) Standard Brownian bridge

Cw Weighing matrix for residuum in parameter estimation

FL(s) Loop-filter transfer function

Frec Noise figure of receiver

G(s) Open-loop transfer function of PLL

GRx Gain of receiving antenna

GTx Gain of transmitting antenna

H(s) Closed-loop transfer function of PLL

Jk Jacobian matrix in multilateration

J
(r-p)
k Jacobian sub-matrix of range-position sensitivity

J
(r-v)
k Jacobian sub-matrix of range-velocity sensitivity

J
(s-p)
k Jacobian sub-matrix of speed-position sensitivity

J
(s-v)
k Jacobian sub-matrix of speed-velocity sensitivity

K Number of targets

KL Loop-filter gain

KP Phase-detector gain

KV VCO gain

LP Bit-length of frequency and phase accumulators in DDS

LM Truncated bit-length of phase tuning word in DDS
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Symbols

LD Bit-length of DAC-table address (DAC resolution) in DDS

La Array aperture

L(fm) Spectral power density of phase noise

NRx Number of receivers

NTRx Number of transceivers

NTx Number of transmitters

Na Number of Rx antenna elements in linear array

Ndiv Frequency divider ratio

N
(bi)
meas Number of obtainable bistatic measurements per target

N
(coop)
meas Number of total obtainable measurements per target

N
(mono)
meas Number of obtainable monostatic measurements per target

Ns Number of samples

PRx Power received from target

PTx Transmitted power

S
(IF)
m IF spectrum at receiving node m

T0 Absolute (room) temperature

Tmod Modulation time

Tp Chirp pause time

Ts Sample period

Um Vector of IF signal samples

W Diagonal matrix of noise intensity in observed parameters

W (n)(t) Wiener process characterizing timing fluctuations at node n

WF Frequency word of DDS

WP Phase word of DDS

WS Slope word of DDS
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Symbols

Q Weights matrix of residuals for parameter estimation

Φ(R)
n,k,m Phase shift due to range

αpn Random fluctuations of time (state) of oscillator

αm Array of complex received IF in frequency domain

αn(t) Realization of Wiener Process W (n)(t)

εn,k,m Nuisance term of single component in received IF signal

ηawgn Ratio of signal power to AWGN power

ηpn Effective SNR due to phase noise

ηmin Minimum required SNR of receiver

λ Wavelength

4φ(kr)(t) Phase fluctuation due to slope offset

4φ(sc)(t) Phase fluctuation due to frequency steps in ramp

φjit RMS phase jitter

φpn Random fluctuations of phase

4φn Phase difference between adjacent antenna elements

φ
(pn)
m,n Phase fluctuations in IF sigal due to phase noise

φn(t) Phase fluctuations of node n

φdet,n(t) Phase fluctuations due to deterministic jitter of node n

φpn,n(t) Phase fluctuations due to phase noise of node n

ψm Phase shift for tapering

σawgn Standard deviation of AWGN noise process

σ
(awgn)
r,bi Range precision under AWGN for bistatic path

σ
(awgn)
r,mono Range precision under AWGN for monostatic path

σ
(pn)
r,bi Range precision under PN for bistatic path
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Symbols

σ
(pn)
r,mono Range precision under PN for monostatic path

σ
(awgn)
s,bi Speed precision under AWGN for bistatic path

σ
(awgn)
s,mono Speed precision under AWGN for monostatic path

σ
(pn)
s,bi Speed precision under PN for bistatic path

σ
(pn)
s,mono Speed precision under PN for monostatic path

σtot Standard deviation of total jitter

σ
(FMCW)
φ RMS phase jitter of synthesizer in FMCW mode

σ
(kr)
φ Standard deviation of phase error due to slope offset

σ
(sc)
φ Standard deviation of phase error due to frequency steps in ramp

σ
(pn)
φ RMS phase fluctuation due to phase noise of a synthesizer

σ
(IF,bi)
φ,m RMS phase fluctuation in IF signal for bistatic path

σ
(IF,mono)
φ,m RMS phase fluctuation in IF signal for monostatic path

σ
(pn,eff)
φ Effective RMS phase fluctuation in bistatic IF signal

σa Absolute jitter of an oscillator

σ
(pn)
fIF,bi CRB for estimating IF frequency under phase noise for bistatic path

σ
(awgn)
fIF,bi CRB for estimating IF frequency under AWGN for bistatic path

σ
(pn)
fIF,mono CRB for estimating IF frequency under phase noise for monostatic

path

σ
(awgn)
fIF,mono CRB for estimating IF frequency under AWGN for monostatic path

σ
(pn)
f Observed standard deviation of frequency shift due to phase noise

σk Target radar cross section (RCS)

σp,N (N -)period jitter of an oscillator

τn,k,m Travel time from node n to target k to node m
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Symbols

θ
(t)
k Angle to target in spherical coordinates

θ0,n Start phase of u(Tx)
n (t) for t = 0

θ
(off)
m,n Phase offset between node m and node n at time t = 0

θn,k,m Phase of single component in received IF signal

a Vector of unknown parameters to be estimated

ak Parameter vector of target k to be estimated in multilateration

as Array steering vector

am (Amplitude) weight for tapering

an,k,m Signal attenuation on path from node n to target k to node m

a Vector of observed quantities for parameter estimation

bn,k,m,0 Unit vector of bisectrix bn,k,m

bn,k,m Bisectrix between Tx and Rx paths to target k

c0 Speed of light

cpn Phase noise constant as volatility of time

da Array element spacing

dm,k Displacement between sensor node m and target k

f
(off)
m,n Intended frequency offset

f
(m,n)′
off Actual frequency offset

f̂
(off)
m,n Individually estimated frequency offset

f̂
(off)†
m,n Jointly estimated frequency offset

f0 Fundamental transmit frequency

fbw,rx Receiver bandwidth

fbw,sub Bandwidth of IF subband of single path n→ k → m

f
(IF)
bw,tot Total required IF bandwidth
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Symbols

f
(RF)
bw,tot Total required RF bandwidth

fmod Modulation bandwidth

fs Sample rate

fn Intended fundamental frequency of node n

f ′n Actual fundamental frequency of node n

4fn Unintended frequency shift at node n

f
(Tx)
n Time-dependent instantaneous transmit frequency

foff Common offset frequency factor

fn,k,m Frequency of single component in received IF signal

f
(R)
n,k,m IF frequency shift due to range

f
(D)
n,k,m IF frequency shift due to speed (Doppler)

kB Boltzmann constant

kr Ramp slope

k′r,n Actual ramp slope at node n

4kr,n Unintended ramp slope offset at node n

kw Wave number (= 2π/λ)

lm Multiple of common offset frequency factor

pk Actual position of target k

p̂k Estimated position of target k

pm Position of node m

4r Range resolution

r
(tar)
k Target range broadsight to (linear) array

r
(nodes)
m,n Range between nodes m and n

rm,k Range between sensor node m and target k
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Symbols

rn,k,m Observed two-way range

r̂n,k,m Estimated two-way range after multilateration

r
(meas)
n,k,m Measured two-way range

rn,k One-way target range

4s Speed resolution

sn,k Observed speed (monostatic)

sn,k,m Observed speed (bistatic)

ŝn,k,m Estimated speed after multilateration

s
(meas)
n,k,m Measured speed

4tn Unintended ramp start offset at node n

4u Half-power beam width

u
(t)
k Unit vector in direction of target k

u
(IF)
m Received IF signal

ũ
(IF)
m Discretized IF signal

u
(Tx)
n Transmit signal of node n

u
(IF)
n,k,m IF signal component at node m from path n→ k → m

u
(Rx)
n,k,m Signal component received at node m from path n→ k → m

vk Actual velocity of target k

p̂k Estimated velocity of target k

4ak Parameter vector displacement in multilateration

4pk Target position displacement in multilateration

4zk Residuum vector in multilateration

4z(range)
k Residuum vector regarding range

4z(speed)
k Residuum vector regarding speed
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In addition to optimum parametrization of the network, the complete signal processing chain for the 
operation of this network is presented. First, coherency is established by estimating the unknown 
time, frequency, and phase offsets, yielding high-precision range and speed measurements. 
Subsequently, these estimates are used to distinguish the contour of targets or estimate their
position using multilateration algorithms. The latter include bistatic measurements of both range and 
speed, which is shown to improve the precision of target position estimates by a factor of 10 with the 
used system parameters.

This work introduces a system concept and prototypical realization of an incoherent MIMO radar 
network based on integrated radar sensors without wired high-frequency links, allowing a cost-
efficient realization. Using FMCW modulation with distinct frequency offset enables simultaneous 
monostatic and bistatic measurements between all pairs of sensor nodes with frequency-division 
multiplex. 

The performance limits of this approach considering random and systematic nonidealities are 
determined by deducing them from fundamental stochastic processes. They are verified with a newly 
introduced computationally efficient simulation which regards the correlation in the stochastic 
processes. This reveals strict requirements for the purity of the independently synthesized signals
to allow bistatic measurements.
The prototypical realization of the network with three sensor nodes using integrated radar 
transceivers operating at 122 GHz proves the feasibility of the approach. With chirp sequences of 30 
ramps of 1 ms length and 1 GHz bandwidth, unambiguous range precisions of < 1mm are achieved 
using a small metal panel at 1m distance. The reconstructed phases exhibit a precision of
< 0.1 rad, allowing ambiguous range precisions of < 10μm and speed precisions of < 1mm/s. The 
attainable high precision and comparatively low realization effort make the proposed network 
approach a favorable design for a wide range of applications.
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