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Abstract (Deutsch)
Der Wandel in der ökologisch-politischen Agenda in den letzten Monaten hat
deutlich gemacht, dass ein Wandel in der Energiegewinnung und -speicherung
nötig ist. Um diesen Wandel zu beschleunigen sind neue Batterietechnologien
nötig. Momentan sind Li-Ionen Batterien an der Spitze, in der Zukunft sind aber
Batterien mit einer höheren Energiedichte nötig. Ein solcher Batterie-Typ sind
Batterien die auf Metall-Anoden basieren, diese neigen aber dazu, die Lebens-
dauer verringernde, kristalline Gewächse, sogenannte "Dendriten", auszubilden.

Die am meisten verbreiteten Erklärungsansätze für jenes Dendritwachstum kon-
zentrieren sich auf die Elektrolyt Zusammensetzung und jene der Festkörper -
Elektrolyt Grenzschicht. Kürzlich erfolgte Experimente zeigten aber, dass dem
Dendritwachstum sogenanntes Nadelwachstum vorhergeht. Die Bildung jener
Nadeln geschieht aber auch bei der physikalischen Gasphasenabscheidung von
Lithium auf verschiedene Metallsubstrate. [1] Daher scheinen elektrolyt-unabhäng-
ige Faktoren für die Bildung jener Dendrit-Vorläufer verantwortlich zu sein.

Die erwähnten Ergebnisse legen nahe, dass metall-inhärente Eigenschaften für
die Tendenz zum Dendritwachstum eines Metalls verantwortlich sind. Eine Unter-
suchung der Festkörper- und Oberflächeneigenschaften führte jedoch zu keiner
Korrelation. Ein Vergleich verschiedener Diffusionsprozesse an Oberflächen-
strukturen sagt die experimentell beobachtete rauhe Oberflächenmorphologie
von Lithium und die flache Morphologie von Magnesium voraus. Des Weiteren
wurde für verschiedene Metalle eine Korrelation mit der Diffusionsbarriere an
Stufenkanten hergestellt.

Ein erster Ansatz zur Berücksichtigung der elektrochemischen Umgebung war
das Modellieren einer elektrochemischen Doppelschicht mit Hilfe eines auf die
Oberfläche gerichteten künstlichen elektrischen Feldes mit Feldstärken von bis
zu± 0.1 V / Å. Es zeigte sich, dass der Einfluss jenes Feldes auf die untersuchten
Prozesse und innerhalb dieser Feldstärken vernachlässigbar gering ist.

Die Zyklisierbarkeit von Magnesium Anoden in Verbindung mit Iod-haltigen Elektro-
lyten ist sehr gut. Bisher wurde angenommen, dass hierfür eine besonders
gute Diffusivität der Magnesium Ionen durch das sich an der Magnesiumober-
fläche bildende Magnesiumiodid verantwortlich ist. Da die relevanten Insertions-
energien und die Leerstellenbildungsenergien aber positiv und sehr hoch sind, ist
eine Diffusion von Magnesium durch jenes Salz sehr unwahrscheinlich.
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Abstract (English)
Changes in ecological policies in the last few months have made it obvious, that a
change in energy generation, and -storage is necessary. One crucial technology
facilitating this change is battery technology. Currently, Li-ion batteries are domi-
nant, however, in the future batteries with a higher energy density are necessary.
One such battery type, that is currently being researched on, are batteries based
on metal anodes. However, these batteries tend to grow crystalline growths called
’dendrites’, which drastically reduce the cyclability of such batteries.

While the prevalent explanations for dendrite growth focus on the electrolyte com-
position, and consequently the solid-electrolyte interphase (SEI) composition, re-
cent experimental investigations showed, that dendrite growth is preceded by
needle-like precursors, which also grow via physical vapor deposition onto differ-
ent metal foils. [1] Thus, electrolyte independent reasons seem to be responsible
for the onset of the dendrite precursor growth.

The mentioned findings suggest, that metal-inherent properties are responsible
for the tendency of a metal to grow dendrites, or not. Investigations into bulk-
and surface properties of various metals did not yield a correlation with dendrite
growth. A comparison of different diffusion processes at surface structures pre-
dicts the experimentally observed rough surface morphology of lithium, and the
more flat one of magnesium. Additionally, for several investigated metals, a direct
correlation was found with the downward across-step diffusion barrier.

As a first approach to include the electrochemical environment in this work, an
electrochemical double-layer (EDL) close to the metal surface was modeled by
applying an artifical electric field with a strength of up to ± 0.1 V / Å onto the
surface. It was found that for the investigated processes, and within this range,
the effect of an electric field on diffusion barriers is neglectably small.

Magnesium anodes with iodine-containing electrolytes posses a rather good cy-
clability. Up until now, an especially high diffusivity of the magnesium ions through
magnesiumiodide, which forms on the magnesium surface, is presumed to be re-
sponsible. Another, rather suprising result of this thesis with respect to the above
was, that the insertion energies of magnesium in magnesiumiodide, aswell as
the vacancy formation energies of magnesiumiodide are positive and very large.
Thus, a diffusion of magnesium through this salt is highly unlikely.
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1 An introduction to batteries

1.1 Batteries and the information age

In the book "The Third Wave" by Alvin Toffler, three distinct phases of civiliza-
tion are outlined. [3] The first wave is dubbed "Agricultural Revolution", which was
roughly in the 17th and 18th century. [3] The second wave was dubbed "Industrial
Revolution", and the third wave "Information Age". [3] It is tempting to assume the
beginning of the information age with the publication of the "World Wide Web" in
1991 by Tim Berners-Lee. [4] However, at least the dawn of the information age
can be set much farther ahead. The internet protocols IPv4, and TCP were devel-
oped or specified by 1981, [5] and 1974 respectively. [6] However, the main driver for
the information age was the developement of high technology, which first enabled
and motivated the application of said innovations. In a way, the true foundation
of the information age was the development of hardware, which was able to run
programs on it. This hardware in most cases would not be able to run without
batteries, so in a way, batteries and semiconductor-based hardware can both be
seen as nuclei of the information age.

1.2 Definition of a battery

In the following, first a quote of a definition of a battery follows, which will later
be more precisely specified. Also, a brief historic overview of the development of
batteries will be given.

”A battery is a device that converts the chemical energy contained in
its active materials directly into electric energy by means of an elec-
trochemical oxidation-reduction (redox) reaction.” [7]

1.3 The Voltaic pile

Although batteries have been around since the time of the parthians, which came
into existence around 247 BC, [8–10] the first reinvention of a battery was in 1800 by
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1 An introduction to batteries

Alessandro Volta, who based his research on the insights gained 20 years earlier
by Luigi Galvani. He built the so called voltaic pile, which is a stack of alternating
sections, which consist of a zinc disc in direct contact with a copper disc, followed
by cloth material which has been soaked in an aqueous sodium chloride solution.

While the zinc gets oxidized and goes into the aqueous solution as Zn2+,

Zn→ Zn2+ + 2e− (1.1)

which is the oxidation reaction of the battery, on the copper disc, the water will go
through a reduction reaction which results in the evolution of hydrogen and OH−

anions, which is the reduction reaction of the battery

2H+ + 2e−
Cu−→ H2 ↑ . (1.2)

It is important to note, that the oxidation reaction and the reduction reaction hap-
pen coincidentally, since the electrons, which become available in the oxidation
reaction, are also the electrons which are consumed in the reduction reaction.
Therefore, the combination of a reduction-, and an oxidation reaction is termed a
redox-process.

If energy losses via side reactions, and phase transitions are neglected, then
these electrons carry and deliver an energy, which equals the potential difference
between the standard potential of the zinc oxidation reaction and the hydrogen
reduction reaction. This potential difference is called ’standard cell potential’. If
energy losses occur during the redox-process, and if therefore the theoretical
standard cell potential is not reached, the energy losses are summed up in the so
called overpotential term.

The energy that the electrons carry can be used to put electrical devices into
operation, however, the energy consumed by the device decreases the energy
that the electrons carry. In a very simplified picture and in theory, the battery
will be able to deliver enough power to the device, as long as the product of the
energy per electron, the so called voltage V , and the supplied electrons per time,
the so called current I, delivers enough energy per time, and thus power, to the
device.

However, if the remaining voltage drops to 0, or if it would drop below that value,
the redox reaction will no longer take place, and therefore no energy will be sup-
plied. In real situations, each device has a certain voltage, which it has been built
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1.4 The Daniell cell

to work with, and therefore the electrical devices will not work, or even malfunction
way before a voltage of 0 is reached.

The main problem with the voltaic pile was the evolution of gaseous hydrogen,
which due to the design of the voltaic pile couldn’t easily evaporate, and therefore
was severly decreasing the perfomance, or increasing the overpotential of said
battery. This phenomenon is called polarization. [11]

1.4 The Daniell cell

The key to solve the problem of polarization was to separate the oxidation- and
reduction reactions by inventing a battery consisting of two half-cells. The half-cell
where, upon discharge, the oxidation reaction takes places is called anode, the
other half-cell, where in this instance the reduction reaction takes place is called
cathode. In 1836 John Frederic Daniell invented a cell, where the two reactions
were separated by an oxen gullet, [12] which served as a diaphragm. Also, Daniell
used a copper sulfate solution as an electrolyte in one half-cell, and a zinc sulfate
solution in the other. [12]. The reduction reaction changed, since Cu was now
deposited on a Cu cylinder, instead of supporting the evolution of hydrogen, and
remaining hydrogen could easily evaporate due both half-cells being open at the
top. [12,13] Also, impurities in the zinc rod can cause a local redox reaction to occur
on or in the zinc rod, which is called ’local action’. [11] In order to supress this
local action side reaction, and a consequent detoriation of the zinc anode, Daniell
amalgamated the zinc anode rod with mercury. [12]

1.5 The Leclanché cell

After that the next revolution was brought forth by Carl Gassner in 1888, who
developed a dry version of the Leclanché cell from Georges Leclanché who in-
vented it in 1866. [14] This dry version of the Leclanché cell is also called zinc-
carbon battery, because the current generated from the reaction between zinc
and manganese dioxide was conducted via a carbon rod.
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1 An introduction to batteries

Figure 1.1: Daniell cell, drawn after the original construction scheme by Daniell; [12] (a): wooden
stick, keeping the amalgamated zinc rod in place, (b): ZnSO4 solution, (c): zinc rod, which has
been amalgamated with mercury, in order to suppress local action, (d): twine, which keeps the
oxen gullet in place, (e): copper cylinder, (f): saturated CuSO4 solution with CuSO4 crystals in
order to maintain saturation during operation, (g): oxen gullet tube, serving as a membrane, in
order to avoid a mixing of the two electrolytes in the two half-cells, (h): cork, (i): siphon tube,
serving as an outlet in case of replacing the ZnSO4 electrolyte.
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1.6 The first electric cars

Upon light discharge, the following oxidation- and reduction reactions occur: [15]

Zn→ Zn2+ + 2e− (1.3)

2MnO2 + 2e− + 2NH4Cl→ 2MnO(OH) + 2NH3 + 2Cl− (1.4)

Thus the redox reaction is:

Zn+ 2MnO2 + 2e− + 2NH4Cl→ 2MnO(OH) + 2Zn(NH3)2Cl2 (1.5)

Since the Leclanché cell developed by Gassner was dry, it posed a feasible power
source for portable devices, and indeed, in 1898 David Misell patented the first
flashlight which was driven by a Zinc-carbon battery. [16] Since the efficiency of
Zinc-carbon batteries has been improved by a factor of four since their early in-
troduction, [17] this type of battery still accounted for 18% of sold portable batteries
in the EU by 2009. [18]

1.6 The first electric cars

By 1897 there were a large amount of battery-powered taxis in London, which
were built by the London Electrical Cab Company, [19,20] and although the first
attempts on electrically powered cars were quite succesful, because of the small
range of these cars, a decline in innovation and production occured in the 1920s.
However, this did not cause a decline in battery production, instead a seamless
transition occured in the application of batteries since the new cars, which were
based on combustion engines, employed electric starters for their operation. [21,22]

1.7 Modern use of batteries

Besides the use in combustion engines, batteries are basically needed in any
kind of situation where a local steady power supply is not available or reliable.
This includes airplanes, mobiles, hardware in the entertainment industry sector,
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1 An introduction to batteries

beginning with the famous casette recorder which was first introduced to the mar-
kets by Philips in 1963 at the IFA in Berlin, but also including other hardware like
portable CD players, gameboys, laptops, and many more. In the mean time, the
number of objects which need a battery to function seems immeasurable. Nowa-
days, even electric cars are emerging again. [23] Also there are scenarios where
batteries are used to stabilize the power grid of whole countries and to store a
surplus in generated electricity from renewable sources. [24,25]

1.8 A precise definition of a battery

In the following section, a more precise definition of a battery will be given, also
a detailed view on the general structure and components of a battery, and a
definition of different types of batteries, along with several examples will be given.

As has been mentioned before, since the invention of the Daniell cell it is common
that the oxidation- and reduction reactions take place in two separated, so-called
half-cells, which are also called electrodes. The joint setup of an oxidation- and a
reduction half-cell is called a galvanic-, or voltaic cell, both terms being used syn-
onymously. Theoretically, the voltage of such a cell is determined by the potential
difference between the two half-cells, which is predetermined by the choice of
oxidants and/or reductants of course. [26] In order to alter the voltage, or current
of such cells, they can be connected in series, or in parallel respectively. [7] Within
this section, galvanic- or voltaic cells, in short, will be called batteries, but a more
strict definition includes that a battery consists of multiple connected galvanic
cells, or in other words a battery of galvanic cells.

The speed of conversion from chemical energy into electrical energy, in galvanic
cells, can be measured by the amount of conducted electrons per time, and there-
fore the current I, which depends on the electrons released per time by oxidation
reactions, and also due to the intertwined nature of oxidation- and reduction re-
actions, the amount of consumed electrons per time, via reduction reactions:

I =
Q

t
(1.6)

Additionally, it is common to define the current per area, which gives the current
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1.8 A precise definition of a battery

density i, as:

i =
Q

A ∗ t
(1.7)

The amount of energy that is generated per time and area is the so called power
density P , [27]

P = Ecell ∗ i (1.8)

which is a product of the cell voltage Ecell and the current density i.

As already mentioned, the electrode, where the reduction reaction takes place
upon discharge is called cathode, whereas the electrode, where the oxidation oc-
curs upon discharge is called anode. In order to generate an electric current, the
electrons necessary for the reduction reaction to occur have to be transported
separately, which means that there may be no direct, conducting, contact be-
tween the anode and the cathode, otherwise the battery shorts. Therefore, the
transport of electrons occurs externally to the two half-cells via a material of high
electronic conductance and high electrochemical inertness, called current col-
lector. Historically metallic wires which connected both electrodes were used,
however, modern batteries almost exclusively employ metallic foils.

In historic batteries, upon discharging, anode particles, which were often metal
particles, are released from the respective metal, and are solvated and oxidized
by the anode electrolyte, while the oxidants, which are the particles that get re-
duced, are being supplied by the electrolyte in the cathode half-cell. Historically,
the oxidants often were metal cations, which were reduced at the cathode metal
electrode of the same metal. As mentioned, during discharge, the reductants
are being supplied by and/or transported via a medium called electrolyte. This
medium can be in an aqueous-, aprotic-, or ionic liquid phase, in a gel phase, or
in a solid phase, mainly consisting of polymers or ceramics. [7,23,28,29]

So far, only the discharge process has been mentioned. Batteries, which are
only able to discharge are called primary batteries. Batteries, which are able
to recharge upon the application of an external voltage, that is higher than the
cell voltage, are called secondary batteries. [7] By far the most used secondary
battery type is the so called lithium-ion battery. Contrary to the cell invented by
Daniell, where the zinc ions were released at the anode, and copper ions were
reduced at the cathode, and where sulfate ions were exchanged to balance the
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1 An introduction to batteries

charges, the ions which are released at the anode due to oxidation processes
are also the ions that need to be reduced at the cathode, in this case lithium
ions. The anode of most modern lithium-ion batteries is based on the principle of
lithium cations intercalating into graphite layers, [26,30,31] and the cathode consists
of other intercalation materials, most of them containing cobalt, the most promi-
nent group of materials being lithium-nickel-manganese-cobalt-oxides (NMC). [32]

The electrolyte in a lithium-ion battery consists of a lithium salt like LiPF6 and a
non-aqueous, generally organic solvent, like a mixture of ethylene carbonate and
dimethyl carbonate, [26,30,33] but also polymeric-, crystalline-, and glassy solid state
electrolytes are possible. [33,34] In order to avoid a mixing of the anode and cath-
ode materials, which may lead to undesired reactions between those materials,
but also to avoid short circuiting, a membrane with a high specific ionic conduc-
tivity called separator is employed, which in the case of Li-ion batteries is only
permeable for lithium ions and separates the anode from the cathode.

1.9 The overpotential

However, due to safety measures incorporated into the cell design, which in the
simplest case involves the aforementioned separator, as well as side reactions
of the electrolyte with the anode, which may result in the formation of a solid-
electrolyte interphase [35,36], or with the cathode, which results in clogging, as
described below, and due to side reactions of the cell setup in general, the ef-
fective cell voltage is lower than the ideal one based on its thermodynamic prop-
erties. [37–42] The difference between the thermodynamic electrode potential and
the effective electrode potential results in the so-called overpotential. Since the
electrode potential is a measure for the amount of energy supplied per electron or
charge, a lower potential than the ideal potential means a loss of energy caused
by the processes mentioned above and thus signifies a lower efficiency compared
with the ideal, inherent, potential of the cell.

Generally, a higher current density also leads to a higher overpotential. [27,40,41,43,44]

On the cathode side, especially for potential lithium-oxygen batteries, the so
called clogging of micropores, which prevents the electrolyte from reaching the
active site of the reduction reaction, is a problem. [23,29,40,43,45–48] This clogging in-
creases with higher current densities, [23,40,43,44] since the current density is also
a measure for how many particles arrive at the cathode per time and area, and
since faster arriving particles allow less time for the particles to diffuse and dis-
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1.10 Modern batteries - a safety threat?

tribute into the bulk of the porous material. On the anode side, in the case of
Li-ion batteries, a clogging of the graphene layers and subsequent lithium metal
plating may occur. [49–51]

1.10 Modern batteries - a safety threat?

Modern day batteries pose a significant safety threat, especially batteries in the
high energy density regime, since a high energy density makes these batteries
volatile to fast and/or very hot exothermic reactions. [52–54] This is especially true
for lithium based batteries as mentioned in several news items, [55–61] since they
posses very high energy densities, and react heavily with oxygen, and tend to
grow crystalline structures called dendrites, which lead to material loss at the
anode side, and to short circuits if a dendrite grows to the cathode. [28,51,62–69]

1.11 The formation of dendrites and the Solid
Electrolyte Interphase

The current prevailing theory about the formation of dendrites is a multi-step pro-
cess. First, both for Li-ion and Li-metal batteries, through multiple reactions
of the electrolyte with the metallic lithium on the anode, a passivating, elec-
tronically insulating, [23,62,63,70–72] but Li-ion conducting, [23,62,70–75] multi-component
layer, called Solid Electrolyte Interphase (SEI), [35,36] is formed. [28,51,66,67,76–85]

Some sources claim that the anode facing part of the SEI is inorganic in nature,
while the solution facing part is more organic in nature. [28,71,75] Peled et al. claim a
more mosaic-like structure, [79,84,86,87] however, for both structures the composition
of the SEI is chemically very heterogeneous. [28,62,67,71,75] This heterogenity causes
many defects, [51,66,67,88,89] but also a non-uniform current distribution towards the
lithium metal surface. [28,51,62,66,67,75]

Both, the defects which cause a varying lithium ion conductivity, [28,62,89] aswell as
the non-uniform current distribution, caused by defects and the chemical hetero-
genity of the SEI, create places of preferred deposition and dissolution, and con-
sequently lead to non-uniform stripping- and platting processes upon
cycling. [28,51,62,66,67,71,73,75,77,83,85,89–92]
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1 An introduction to batteries

This, in turn, leads to an accumulation of lithium at certain locations underneath
the SEI, which causes a build up of stress on the SEI, which eventually leads to
the breaking of it, which creates an even more directed deposition of lithium ions,
and consequently the growth of dendrites. [28,51,62,66,75,83,89,91]

1.12 Dendrite formation, an element specific
process?

However, the nucleation of lithium dendrites is not fully understood, [90] and re-
cent discoveries point to a different, element specific, mechanism for lithium den-
drite nucleation and growth. [1,90,92] Although significant efforts have been made to
suppress the onset of dendrite growth, [73,91,93–103] so far the growth of dendrites
couldn’t be prevented for prolonged cycling periods and is observed for almost
all electrolytes. [28,67] Generally, the onset of their growth can only be delayed to
some extent. Magnesium, on the other hand, generally doesn’t tend to grow den-
drites. [104–107] Due to its high theoretical energy density, abundance in the earths
crust, and flat deposition characteristics, [104–106,108] it is a well-known candidate
for metal-air type batteries. [107,109–113]

Additionally, it could be shown that lithium dendrite precursors, called needles,
precede dendrite formation for the LP30, [114,115] LiTFSI, [116] and imidazolium
chloroaluminate [95] electrolytes. These needles also grow via physical vapor de-
position (PVD) of lithium on copper, tungsten, and tantalum, [1,116] and mainly con-
sist of bulk lithium. [117]

The fact that the growth of needles also occurs without any electrochemical envi-
ronment, and the fact that those needles mainly consist of lithium, points towards
mass transport processes, other than electrochemical deposition, being respon-
sible for the growth of such needles. Still, both systems do have in common
that the lithium ions, or -particles, arrive from the electrolyte, or vacuum respec-
tively. Therefore, both deposition processes can be correlated to a deposition flux
F . According to the homogeneous nucleation theory [118–120] and the step flow
model [121], the deposition flux F , together with the diffusion coefficient D, are
very important to describe the growth of structures at interfaces, [69,122–124] since
the ratio D/F correlates with the tendency to grow flat surfaces. [69,122–124]

If the homogeneous nucleation theory and step flow model are applicable to the
phenomenon of dendrite growth, then an increase in diffusivity, via increasing the
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temperature, should lead to smoother surfaces and an increase in the deposi-
tion flux, via the charging rate, should lead to the growth of rough surfaces and
dendrites, which generally indeed is the case, [28,51,125–135] although exceptions
exist. [51,134,136,137]

The phenomenon of dendrite-, or needle growth can also generally be linked to
certain elements being prone to dendrite- and/or needle growth, like mentioned
lithium, but also sodium, [138] while other elements tend to exhibit a smooth depo-
sition character, like the mentioned magnesium, and also aluminium [139]. Zinc-
based anodes generally tend to grow dendrites, [140,141] although in the meantime
dendrite free deposition has been achieved. [142,143]

Since elements can be categorized in such a way, the question that begs to be
answered is, if one or more element-specific properties directly correlate with
said tendency, and thus form a descriptor-property relation, [144] or a set thereof
respectively.

1.13 The search for a descriptor candidate

In order to introduce the concept of a ’descriptor’, and to avoid confusion with
established definitions and nomenclature, henceforth and during this section, the
’calculatable element-specific properties’ will be called ’physical parameters’, and
the ’tendency towards dendrite growth’ is termed ’property’. Thus, the property in
the aforementioned descriptor-property relation is the tendency towards dendrite
growth.

If one or more physical parameters directly correlate with a certain property, a so
called descriptor-property relation is established, with the correlating descriptive
physical parameter(s) termed ’descriptor(s)’. [144] However, the descriptor-property
relation, and thus the descriptor itself, should be physically meaningful, and thus
causal for the given property. [144] If this causality is not fully established, a descrip-
tor should not be termed ’causal descriptor’, but rather ’descriptor candidate’. It is
also important to note, that the calculation of the descriptor has to be significantly
less demanding, than calculations which evaluate the property itself. [145]

In order to investigate whether one or more parameters correlate with the ten-
dency towards dendrite growth, different parameters, like lattice constants, bulk-
and surface bond strengths, coordination numbers, self-adsorption energies, dimer
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1 An introduction to batteries

formation energies, and various types of self-diffusion barriers, which are linked
to the diffusion coefficient D, have to be calculated.

The goal of this thesis has been, to calculate those parameters, and to investigate
if a correlation with dendrite growth, and thus a descriptor-property relation, can
be established.

First, the bulk- and surface properties of lithium, sodium, and magnesium have
been investigated, since lithium-, aswell as sodium anodes do tend to grow den-
drites, whereas magnesium anodes do posses a flat deposition characteristic. A
combination of cohesive energies and bulk coordination of the respective atoms
is a first indicator for the general strength of the bonds of the respective metal.
Furthermore, different surface energies of low-index surfaces of the mentioned
metals have been calculated in order to determine the thermodynamically most
stable surface termination(s).

Since experiments did show that lithium dendrites mainly consist of metallic
lithium, [117] transport processes have to be responsible for getting the lithium to
the dendrite growth location. On an atomistic level, energetic barriers of various
diffusion processes determine the surface structure, aswell as deposition char-
acteristics. Thus, in this thesis, different self-diffusion processes of metals which
tend to grow dendrites and of metals which tend to deposit in a flat manner have
been investigated.

First, terrace self-diffusion processes have been investigated, for example in order
to get an estimate of how fast equilibrium surface structures are formed. Next, for
lithium and magnesium, several 2D self-diffusion barriers along and away from
surface structures have been investigated. Based on those calculations, likely
surface morphologies for both metals were compared with experimental observa-
tions.

Next, the upward- and downward across step diffusion barriers have been calcu-
lated. Especially the downward barrier is deemed to be important, since it has to
be overcome if an adatom wants to leave a surface structure towards the lower
level. If this process has a very low barrier, vertical growth is expected to be
effectively supressed. Thus, especially this specific barrier is deemed as phys-
ically meaningful, and thus possibly causal. Possibly causal, since the electro-
chemical environment has not been considered up until this point.

12



1.14 The electrochemical environment

1.14 The electrochemical environment

One first step to include the electrochemical environment has been to implicitly
model the influence of an electrochemical double-layer (EDL), which is formed at
the surface interface, by applying an artifical electric field onto the surface, with a
field strength of up to ±0.1 V/Å. However, the solid electrolyte interphase (SEI)
has still not been accounted for.

1.15 Magnesium salts covering the magnesium
anode

As already mentioned, magnesium anodes do posses a flat deposition chara-
teristic. An especially good deposition charateristic can be observed for iodine-
containing electrolytes, and up until now, an especially high diffusivity of the mag-
nesium ions through the magnesiumiodide is presumed to be responsible. We
have calculated the insertion energies of magnesium into the mentioned salt, and
into magnesiumfluoride, and magnesiumsulfide, aswell as the vacancy formation
energies of the respective salts, in order to evaluate the thermodynamic stability
of the respective phases.

However, in order to calculate all of those properties, the many-body Schrödinger
equation has to be solved for the respective arrangement of atoms.
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2 An introduction to Quantum
Mechanics

2.1 Schrödinger equation

In 1926, in his work ’Undulatory Dynamics’ Schrödinger showed that the formulas
used in classical physics are not sufficient to describe a quantum mechanical
system. [146] In order to be able to describe the wave-properties of a quantum
mechanical system, Schrödinger tried to connect the hamilton partial differential
equation of a mechanical problem with the wave equation associated with that
problem. [147] Eventually, this lead Schrödinger to the discovery of the famous time
dependent Schrödinger equation: [147,148]

i~
∂

∂t
Ψ = E Ψ (2.1)

with Ψ being the total wavefunction and E being the resulting energy eigenvalue.

However, since the properties which are calculated in this thesis are properties
which directly result from the ground state wave function and -energy of the re-
spective system, the Schrödinger equation for stationary states, called time inde-
pendent Schrödinger equation has to be solved: [149]

Ĥ Ψ = E Ψ (2.2)

with the Hamiltonian Ĥ in a time independent potential V , and also a total wave
function Ψ of a stationary state, which thus only depends on the time via a factor
of e−iEt/~. [146,148,149]

2.2 Hamiltonian

The total wavefunction of a system of many atoms consists of the coordinates of
the electrons −→r n, aswell as the positions of the atomic cores

−→
RN . If the position
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2 An introduction to Quantum Mechanics

of all n electrons is summarized in the vector −→r , and the position of all cores in
the vector

−→
R , we can write the total wavefunction as Ψtot(

−→r ,
−→
R ). [150,151]

This leads to the following, corresponding Schrödinger equation:

Ĥ Ψtot(
−→r ,
−→
R ) = E Ψtot(

−→r ,
−→
R ) (2.3)

Consequently, since the force of gravitation is negligible at such small dimensions,
all kinds of coulombic interactions, and the kinetic energies of the particles have
to be included in Ĥ:

Ĥ = T̂e + T̂N + V̂ee + V̂eN + V̂NN (2.4)

with the kinetic energy of the electrons,

T̂e = −
n∑
i=1

~2

2me

∇2
i (2.5)

and the kinetic energy of the cores,

T̂N = −
N∑
I=1

~2

2MI

∇2
I (2.6)

and the repulsive electron-electron interaction energy,

V̂ee =
q0

4πε0

∑
i<j

1

|−→r i −−→r j|
(2.7)

and the attractive electron-core interaction,

V̂eN = − q0
4πε0

∑
i,I

ZI

|−→r i −
−→
R I |

(2.8)

and the repulsive interaction between different cores

V̂NN =
q0

4πε0

∑
I<J

ZIZJ

|
−→
R I −

−→
R J |

(2.9)

where q0 is the elementary charge and ε0 the electric field constant.

Since all electron-electron interactions are included in the thus defined Hamilton
operator, the dimensionality of the matrix generated by it for realistic systems is
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too high for it to be solved, neither numerically nor analytically. [152]

2.3 Born-Oppenheimer approximation

"Chemistry is knowing the energy as a function of the nuclear coordi-
nates." [153]

Max Born and Robert Oppenheimer showed in a careful work that the movement
of the electrons can be decoupled from the movement of the cores, since the elec-
trons posses a much lower mass, the so called Born-Oppenheimer approxima-
tion. [154] Because of the smaller mass of the elctrons, their inertia is much lower,
resulting in their movement being instantaneous compared with the movement of
the cores. The electrons therefore supply an electrostatic potential resulting in a
potential energy surface, which the cores move upon. [155] Born and Oppenheimer
proposed that the total wavefunction could be expressed by a product of electron-
and atomic wavefunctions, which effectively decreases the dimensionality of the
aforementioned matrix: [155–157]

Ψtot = Ψe(
−→r ,
−→
R )ΨN(

−→
R ) (2.10)

This approximation is possible if the atomic cores are frozen, which based on the
low inertia of the electrons makes sense. The operator for the kinetic energy of the
cores can therefore be removed from the Schrödinger equation of the electrons.
In this case, the one-electron wavefunction φ(−→r ,

−→
R ) is only dependent on the

spatial coordinates of the electrons and the ’frozen’ cores.

Now, the resulting Hamiltonoperator [151]

Ĥe = T̂e + V̂ee + V̂eN + V̂NN (2.11)

is applied to the wavefunction of the electrons which is solely dependent on the
coordinates of the ’frozen’ cores, generating the eigen energy Ee(

−→
R ):

Ĥe Ψe(
−→r ,
−→
R ) = Ee(

−→
R ) Ψe(

−→r ,
−→
R ) (2.12)

This eigen energy generates a potential which, together with the kinetic energy
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2 An introduction to Quantum Mechanics

of the cores, enters the Hamiltonoperator of the atomic cores:

ĤN = T̂N + Ee(
−→
R ) (2.13)

If ĤN is applied on the atomic wave function ΨN(
−→
R ) one gets

ĤN ΨN(
−→
R ) = Etot ΨN(

−→
R ) (2.14)

with Etot being the total energy of the state defined via the atomic coordinates
−→
R .

2.4 Influence of the spin

Besides the attributes of coordinates and impuls, electron particles also have the
property of the intrinsic angular momentum, also called spin s. Since the spin s is
a quantum number, it is also called spin quantum number of the reduced Planck
constant ~.

Since this property has been postulated by Fermi and Dirac, [158,159] and since
Einstein and Bose noticed that particles with an integer spin have other statisti-
cal properties than particles with a half-integer spin, [160–162] particles with a half-
integer spin are called fermions, [163] for example electrons, neutrinos, quarks, pro-
tons and neutrons, whereas particles with an integer spin are called bosons, [163]

for example the famous Higgs-boson or the graviton, aswell as atomic cores with
an even number of nucleons, meaning the sum of protons and neutrons.

2.5 Orthonormal basis functions

Since one electron either can have the spin-value ”up” (+1
2
) or ”down” (−1

2
), it

does make sense to define functions which are chosen such that one function
delivers a result for the spin-coordinate σz = 1

2
and for σz = −1

2
the result 0, with

the other function behaving inversely. Note that by convention, generally the spin-
coordinate σz, which describes the spin component in the z-direction, is chosen,
and equals the spin-value Sz.

Based on these thoughts we get the so called orthonormal basis functions α(σ)

and β(σ) which are: [164]
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α(σ) =

{
1, for σ = 1

2
,

0, for σ = −1
2
.

and β(σ) =

{
0, for σ = 1

2
,

1, for σ = −1
2
.

(2.15)

The spin-value S is calculated via the spin
−→
S , which represents an angular mo-

mentum, and therefore is a vector: [165]

|
−→
S |

2
= Sx

2 + Sy
2 + Sz

2 = S(S + 1)~2 (2.16)

with ~ = h
2π

. The spin-value S for the electron only has the values of either
1
2
/ up / |↑〉 or −1

2
/ down / |↓〉 respectively. The so called spin coordinates σ for

the one-electron wavefunction can also only have the values 1
2

and −1
2
.

2.6 Spin orbitals

One can now combine the spin basis functions with the orbital functions or spatial
functions ϕ1(

−→r ) and ϕ2(
−→r ) which results in a so called spin orbital: [166]

ψi(
−→ri , σi) = ϕi,α(−→ri )αi(σi) + ϕi,β(−→ri )βi(σi) (2.17)

If one now looks at a two electron system with the spin oribtals ψ1(
−→r 1, σ1) and

ψ2(
−→r 2, σ2) one can construct a total wave function Ψ(−→r 1, σ1,

−→r 2, σ2) for this sys-
tem.

Since the absolute square of Ψ(−→r 1, σ1,
−→r 2, σ2) corresponds to the probability

density, it follows that

p(−→r 1, σ1,
−→r 2, σ2) = |Ψ(−→r 1, σ1,

−→r 2, σ2)|
2
d−→r 1 dσ1 d

−→r 2 dσ2 (2.18)

is the probability for finding electron 1 at −→r 1 with spin σ1 and electron 2 at −→r 2

with spin σ2, which is thus called pair density.
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2 An introduction to Quantum Mechanics

2.7 Pauli exclusion principle

If one now considers the variables x, y, z und σ of such a wavefunction for two
electron particles, a total exchange of the particles has to lead to the same result,
in the sense of a probability of presence, and therefore electron density, since in
quantum mechanics, two identical particles are indistinguishable. [167]

Since the probability of presence for both states, should be equal, the following
condition has to be met: [168]

|Ψ(2, 1)|2 = |Ψ(1, 2)|2 (2.19)

However, the phase φ of the wavefunction is allowed to change. Therefore, for
the total wavefunction and the states 1 (−→r 1, σ1) and 2 (−→r 2, σ2) it follows that:

Ψ(2, 1) = eiφΨ(1, 2) = eiφeiφΨ(2, 1) (2.20)

Condition 2.19 is satisfied for e2iφ = 1 and eiφ = ±1. For electrons, which are
fermions, eiφ equals −1 and for bosons it equals 1.

One can now recognize that an exchange of two fermions, like electrons, is suc-
ceeded by a change in the sign of the total wavefunction. This phenomenon is
called antisymmetry principle, Pauli exclusion principle, [169] or short Pauli princi-
ple, since the only solution possible for both fermions being at the same spatial-
and spin coordinates is Ψ = 0: [170]

Ψ(−→r 1, σ1,
−→r 2, σ2) = −Ψ(−→r 2, σ2,

−→r 1, σ1) (2.21)

⇒ Ψ = 0 (2.22)

with −→r 1 = −→r 2 and σ1 = σ2.

However, for two bosons we get:

Ψ(−→r 1, σ1,
−→r 2, σ2) = Ψ(−→r 2, σ2,

−→r 1, σ1) (2.23)

Therefore, bosons are symmetric under exchange and therefore can enter the
same state, the so called Bose-Einstein condensate. [160–162]
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2.8 Exchange hole

Based on equations 2.19, 2.21, and 2.22, for fermions it follows that

|Ψ(−→r 1, σ1,
−→r 2, σ2)|2 = |Ψ(−→r 2, σ2,

−→r 1, σ1)|2 = 0 (2.24)

for −→r 1 = −→r 2 and σ1 = σ2, which means that the probability for both fermions of
the same kind, for example electrons, to occupy the exact same location with the
same spin, is 0. Thus, it is excluded from happening. This phenomenon is called
an exchange hole, or also Fermi hole, since two electrons of the same spin avoid
each other.

2.9 Correlation hole

Additionally electrons of opposite spin avoid each other due to Coulomb interac-
tions, therefore they don’t move independent of each other, but in a correlated
manner. This avoidance lowers the probability to find an electron close to another
electron, this phenomenon is called correlation hole, or also Coulomb hole.

2.10 Hartree product ansatz

The question that then arises is, what the formulation of the total wavefunction is.
One possible answer to that question is offered by the so called Hartree Product
Ansatz, [171] which simply says that the total wavefunction equates the product of
both spinorbitals:

ΨHP(−→r 1, σ1,
−→r 2, σ2) = ψ1(

−→r 1, σ1) ∗ ψ2(
−→r 2, σ2) (2.25)

p(−→r 1, σ1,
−→r 2, σ2) = |ΨHP(−→r 1, σ1,

−→r 2, σ2)|
2
d r1d r2

∫
d σ1

∫
d σ2 (2.26)

As can easily be recognized from equation (2.26) the probability to find an elec-
tron at a certain place is still calculated in an uncorrelated manner, also the condi-
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tion of antisymmetry is still not satisfied, since it is not excluded, that two electrons
can occupy the exact same state.

2.11 Slater determinant

The condition of antisymmetry would be fulfilled if the conditions [172]

Ψ(−→r 1, σ1,
−→r 2, σ2) = ψ1(

−→r 1, σ1) ∗ ψ2(
−→r 2, σ2)− ψ2(

−→r 1, σ1) ∗ ψ1(
−→r 2, σ2) (2.27)

and [173]

Ψ(−→r 2, σ2,
−→r 1, σ1) = ψ1(

−→r 2, σ2) ∗ ψ2(
−→r 1, σ1)− ψ2(

−→r 2, σ2) ∗ ψ1(
−→r 1, σ1)

= −ψ1(
−→r 1, σ1) ∗ ψ2(

−→r 2, σ2) + ψ2(
−→r 1, σ1) ∗ ψ1(

−→r 2, σ2)

(2.28)

would be satisified.

In order to normalize this wavefunction, a norming prefactor of 1√
2

is introduced: [172]

Ψ(−→r 1, σ1,
−→r 2, σ2) =

1√
2

[ψ1(
−→r 1, σ1) ∗ ψ2(

−→r 2, σ2)− ψ2(
−→r 1, σ1) ∗ ψ1(

−→r 2, σ2)]

(2.29)

Equation (2.29) can also be written as a determinant [173]

ΨSD(−→r 1, σ1,
−→r 2, σ2) =

1√
2

∣∣∣∣ψ1(
−→r 1, σ1) ψ2(

−→r 1, σ1)

ψ1(
−→r 2, σ2) ψ2(

−→r 2, σ2)

∣∣∣∣ (2.30)

and is then called Slater Determinant for the two electron system, for systems
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with an arbitrary amount n of electrons one can write: [173]

ΨSD(−→r 1, σ1,
−→r 2, σ2, · · · ,−→r n, σn) =

1√
n!

∣∣∣∣∣∣∣∣∣
ψ1(
−→r 1, σ1) ψ2(

−→r 1, σ1) · · · ψn(−→r 1, σ1)

ψ1(
−→r 2, σ2) ψ2(

−→r 2, σ2) · · · ψn(−→r 2, σ2)
...

... . . . ...
ψ1(
−→r n, σn) ψ2(

−→r n, σn) · · · ψn(−→r n, σn)

∣∣∣∣∣∣∣∣∣
(2.31)

According to equation 2.26, the probability of presence for a two electron system
can now be expressed as

p(−→r 1, σ1,
−→r 2, σ2) = |ΨSD(−→r 1, σ1,

−→r 2, σ2)|
2
d r1d r2

∫
d σ1

∫
d σ2 (2.32)

Now, both, the antisymmetry condition, which means that the total electron wave-
function is anti-symmetric under exchange, and consequently the Pauli principle,
which in this case means that the probability for two electrons to be at the same
location and both having the same spin is 0, are fulfilled. Additionally, it can be
shown that electrons with the same spin are now described in a correlated man-
ner, [174] however, this is not true for electrons of opposite spins. [174]

Slater determinants are an important concept in quantum chemistry, but also build
the foundation of the Kohn-Sham wavefunction ΨS discussed in section 2.16. This
wave function is at the heart of density functional theory (DFT), and the following
sections will serve as an introduction to this theory.

2.12 Probability density

In section 2.6, we have introduced that the absolute square of the total wave-
function corresponds to the probability density. This statement was made by
Pauli, [169] and is a generalized form of a statement that Born made in a publica-
tion called ’Zur Quantenmechanik der Stoßvorgänge’ (English: ’On the quantum
mechanics of collision processes’). [175,176]
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This generalized form of Borns statement kept its validity until this very day and
amongst other things builds the foundation of the well-known orbital modell, aswell
as the concept of the electron density, on which the Hohenberg-Kohn
Theorem [177] is based, which ultimately delivered the foundation for the density
functional theory (DFT), [178] with which the calculations of this thesis have been
calculated.

2.13 Electron density

Let us now consider the probability to specifically find electron 1 at a specific
location −→r , we then can write: [179]

p1(
−→r ) =

∫
δ(−→r −−→r 1)|Ψ(−→r 1,

−→r 2, ...,
−→r N)|2d−→r 1...d

−→r N dσ1...dσN

=

∫
|Ψ(−→r ,−→r 2, ...,

−→r N)|2d−→r 2...d
−→r N dσ1...dσN

(2.33)

For the electron density, which is a measure to find any electron i out of N elec-
trons at a specific place −→r , we can thus write: [180]

n(−→r ) =
∑
i=1,N

∫
δ(−→r −−→r i)|Ψ(−→r 1, ...,

−→r N)|2d−→r 1...d
−→r N dσ1...dσN

=

∫
|Ψ(−→r ,−→r 2, ...,

−→r N)|2d−→r 2, d
−→r 3, ...d

−→r N dσ1...dσN

+

∫
|Ψ(−→r 1,

−→r , ...,−→r N)|2d−→r 1, d
−→r 3, ...d

−→r N dσ1...dσN

+ ...

(2.34)

Here
∑

i=1,N δ(
−→r −−→r i) is called the electron density operator n̂(−→r ). [180] Since Ψ

fulfills the condition of antisymmetry, |Ψ|2 fulfills the condition of symmetry too. [180]

Therefore, regarding the electron density, all electrons are interchangable and we
get:

n(−→r ) = N

∫
|Ψ(−→r ,−→r 2, ...,

−→r N)|2d−→r 2...d
−→r N dσ1...dσN (2.35)
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Of course, if Ψ is normalized, and if we integrate the electron density over the
whole space, this will give us the number of electrons N:

∫
n(−→r ) d−→r = N (2.36)

If we additionally look at the electron density in an infinite distance it has to con-
verge to 0:

lim−→r→∞
n(−→r ) = 0 (2.37)

2.14 Hohenberg-Kohn Theorem

In equation (2.35), we already showed that the electron density n(−→r ) is a function
of the total wavenfunction Ψ(−→r ). The ground state of a certain Hamiltonian H,
which is assumed to be non-degenerate, with a certain external potential vext(−→r )

is a wave function Ψ(−→r ), thus, in turn, the wave function Ψ(−→r ) is a function of
the external potential vext(−→r ). In the following it will be shown that the external
potential vext(−→r ) is uniquely determined by the electron density n(−→r ). [177]

In the following it is assumed that the ground state for H ′ is non-degenerate as
well. Then, the following properties are fulfilled: [177]

〈Ψ′∗(−→r )| Ĥ ′ |Ψ′(−→r )〉 = E
′

0 (2.38)

and [177]

〈Ψ∗(−→r )| Ĥ ′ |Ψ(−→r )〉 = 〈Ψ∗(−→r )| Ĥ + V̂ ′ − V̂ |Ψ(−→r )〉

= E0 +

∫
[v′ext(

−→r )− vext(−→r )]n(−→r )d3−→r
(2.39)

Because Ĥ ′ applied to Ψ′(−→r ) delivers the energy of the ground state, for a non-
degenerate groundstate Ĥ ′ applied to Ψ(−→r ) must deliver the energy of an excited
state, in this case we get equation 2.40. However, in the case of a degenerate
ground state Ĥ ′ we get equation 2.41: [177]
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E ′0 < E0 +

∫
[v′ext(

−→r )− vext(−→r )]n(−→r )d3−→r (2.40)

E ′0 ≤ E0 +

∫
[v′ext(

−→r )− vext(−→r )]n(−→r )d3−→r (2.41)

Of course, the notation of primed quantities and unprimed quantities in equation
2.40 can be exchanged and one gets [177]

E0 < E ′0 +

∫
[vext(

−→r )− v′ext(−→r )]n(−→r )d3−→r (2.42)

In the case of non-degenerate ground states Ĥ and Ĥ ′, adding equations 2.40
and 2.42 up leads to the following contradictory inequality: [177]

E0 + E ′0 < E0 + E ′0 (2.43)

Therefore it can be concluded that with the exception of v′(−→r ) − v(−→r ) = const,
v(−→r ) is a unique functional of n(−→r ), [177] in the case of the exception shifted only
by a constant value. Also since Ĥ is composed of v(−→r ), the groundstate Ψ is also
a unique functional of n(−→r ). [177,181] This is called the Hohenberg-Kohn Theorem.
Unique functional in the case of an energy functional like the Hamiltonian means,
that the electron density of the groundstate, which is a function of −→r , in principle
can be mapped to one value for the energy of the ground state.

2.15 Variational principle

Since Ψ is a functional of n(−→r ), it follows that T̂ and Û are also a functional of
n(−→r ): [177,181]

F [n(−→r )] ≡ 〈Ψ∗| T̂ |Ψ〉+ 〈Ψ∗| Û |Ψ〉 (2.44)

Since F [n(−→r )] is valid for any vext(−→r ) and N , it is called a universal functional.
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2.16 Kohn-Sham approach

For the total energy of the system we can now write [177]

E[n(−→r )] ≡
∫
vext(
−→r )n(−→r )d3−→r + F [n(−→r )] (2.45)

If we presume any vext(−→r ), according to the aforementioned inconsistency, there
will only be one electron density n(−→r ) that is valid for the ground state of the
system, in this case E[n(−→r )] equals E0. [177]

Because n(−→r ) is a function of Ψ, the energy functional for a system of many
electrons can be also expressed by: [177]

E[Ψ] = 〈Ψ∗| V̂ |Ψ〉+ 〈Ψ∗| T̂ |Ψ〉+ 〈Ψ∗| Û |Ψ〉 (2.46)

If one defines Ψ0 to be the ground state under the influence of vext(−→r ), then
inserting any other wavefunction Ψ′ will yield a higher energy than for Ψ0: [177]

E[Ψ′] > E[Ψ0] (2.47)

However, Ψ′ can be a ground state under the influence of another external poten-
tial v′ext(

−→r ). Furthermore, since Ψ′ and n′(−→r ) and Ψ and n(−→r ) are correlated it
follows that: [177]

∫
vext(
−→r )n′(−→r )d3−→r + F [n′(−→r )] >

∫
vext(
−→r )n(−→r )d3−→r + F [n(−→r )] (2.48)

Of course all of the above statements are only true for non-degenerate ground
states, if they are degenerate then equation (2.47) becomes: [177]

E[Ψ′] ≥ E[Ψ0] (2.49)

2.16 Kohn-Sham approach

The main problem that density functional theory (DFT) has to deal with is finding
the best universal functional F [n(−→r )] possible. We have previously written, that
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this functional includes the kinetic energy operator T̂ and the electron-electron
interaction operator Û . However, in our previous description of T̂ , we have ne-
glected that the electrons move in a correlated manner, meaning that their move-
ment is impaired by the presence of the electric field generated by the other elec-
trons of the system.

Let us now define T to be the true kinetic energy, and TS to be the kinetic energy
of non-interacting electrons based on our former definition of T̂ in equation (2.5)
and TC the correction necessary to get the correct energy, then it follows:

T [n(−→r )] = TS[n(−→r )] + TC [n(−→r )] (2.50)

Also, in our previous description we have neglected exchange effects as definied
earlier, therefore the electron-electron interaction energy UH obtained using the
electron-electron interaction operator V̂ee defined in equation (2.7) has to be cor-
rected by a term for exchange effects UX , and also for correlation effects UC ,
which gives us the real electron-electron interaction energy U :

U [n(−→r )] = UH [n(−→r )] + UX [n(−→r )] + UC [n(−→r )] (2.51)

U [n(−→r )] = UH [n(−→r )] + UXC [n(−→r )] (2.52)

We can now define F [n(−→r )] as:

F [n(−→r )] = TS[n(−→r )] + TC [n(−→r )] + UH [n(−→r )] + UXC [n(−→r )] (2.53)

And therefore E[n(−→r )] becomes:

E[n(−→r )] = Vext[n(−→r )]+TS[n(−→r )]+TC [n(−→r )]+UH [n(−→r )]+UXC [n(−→r )] (2.54)

As mentioned, the difficulty lies in finding the correct way of describing the func-
tionals contained within F [n(−→r )], with the exception of UH [n(−→r )] since the static
interaction of the electrons is easy to describe using Coulombs formula.

According to Walter Kohn and Lu Jeu Sham we can now summarize the remaining
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terms of F [n(−→r )] in a new function: [182]

G[n(−→r )] = TS[n(−→r )] + TC [n(−→r )] + UXC [n(−→r )]

= TS[n(−→r )] + EXC [n(−→r )]
(2.55)

Ts[n(−→r )] can either be calculated via an expansion, [182] alternatively, and more
conveniently it can be calculated via so-called Kohn-Sham orbitals φ, [182–184] which
constitute the Kohn-Sham wavefunction ΨS, which is based on a slater determi-
nant composed of these orbitals. For N non-interacting electrons we get: [185,186]

TS =
N∑
i=1

〈φ∗i | −
1

2
∇2 |φi〉 (2.56)

where N is the amout of electrons in the system. [182]

This approach is a core part of the Kohn-Sham approach, additionally, the electron-
electron correlation and the exchange energy from the electron-electron interac-
tion is cramped into the EXC functional. This functional is unknown and can only
be approximated, ways to approximate it will be discussed in section 2.18 and
following.

Similarly to equation 2.35, "if the function Ψ is taken as a normalized Slater de-
terminant built of N spinorbitals φi", [180] it can be shown that the electron density
can be expressed via [187,188]

n(−→r ) =
inf∑
i=1

ni|φi(−→r )|2 (2.57)

where the ni denote the orbital occupancy. The electron density can also be
retrieved from the Kohn-Sham orbitals, since the Kohn-Sham wavefunction ΨS

with the Kohn-Sham orbitals φi fulfills the mentioned criterium. However, since the
exact density matrix is not known, only an aprroximate density can be retrieved
via the Kohn-Sham orbitals: [189]

n(−→r )approx =
N∑
i=1

|φi(−→r )|2 (2.58)
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The Kohn-Sham orbitals are determined by applying the Kohn-Sham operator on
them: [183]

f̂KSφi = εiφi (2.59)

with

f̂KS = −1

2
∇2 + VS(−→r ) (2.60)

and VS(−→r ) being the effective potential. [184]

Kohn and Sham now derived one-particle Schrödinger equations and a total en-
ergy expression, both for a local- and a non-local effective potential. [182]

In the case of a local effective potenial, the one-particle Schrödinger equations,
also called Kohn-Sham equations, are: [190]

{
− ~2

2m
∇2 + vext(

−→r ) + vH(−→r ) + vXC(−→r )

}
φi(
−→r ) = εiφi(

−→r ) (2.61)

with vext = vCe and

vXC(−→r ) =
δEXC [n(−→r )

δ n(−→r )
(2.62)

The energy of the electronic ground state is: [182,190]

E =
N∑
i=1

εi + EXC [n(−→r )]−
∫
vXC(−→r )n(−→r )d−→r − VH + VNN (2.63)

with εi being the one-particle eigenenergies and VNN being the repulsive core-
core interaction. Please note that the additional EXC [n(−→r )] term, and the sub-
traction of the

∫
vXC(−→r )n(−→r )d−→r term and the Hartree term VH are so called

’double-counting corrections’. [191–194]

30



2.17 Self interaction

2.17 Self interaction

There is, however, a problem with the electron-electron interaction term UH ,
called Hartree term. Due to its formulation it is possible for two electrons to oc-
cupy the same state, which is prohibited by the pauli principle, if the spin state is
taken into account and additionally enables one electron to simultaneously inter-
act with itself.

This can be readily recognized if i and j in equation 2.7 are set to the same index
number, obviously now one electron interacts with itself, and if −→ri is set equal to
−→rj it even occupies its own space.

Since we have defined

EXC [n(−→r )] = TC [n(−→r )] + UXC [n(−→r )] (2.64)

and

UXC [n(−→r )] = U [n(−→r )]− UH [n(−→r )] (2.65)

the correction for self-interaction is included in the exchange term UXC [n(−→r )] and
therefore in EXC [n(−→r )]. [195]

2.18 Exchange-Correlation functionals

In the following sections, three types of exchange-correlation functionals will be
introduced: The local density approximation (LDA), [178] the generalized gradi-
ent approximation (GGA), [196] and hybrid methods. These functionals are well-
known, and together with other functionals they pose rungs on the so-called
’Jacob’s ladder of density functional approximations for the exchange-correlation
energy’, [197,198] which since has been fixed, [199] discussed, [200] and adopted for
time-dependent DFT [201].
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2.19 LDA functional

In the local density approximation (LDA) functional, for the calculation of the
exchange-correlation energy per particle εXC at each point in space which is
being calculated, it is assumed that the space around that point has the same
electron density as the electron density at the point itself, therefore the model
behind the LDA functional is called uniform electron gas. [202] It is important to
note that the aforementioned assumption for the case of an electron gas of al-
most constant density means that the gradient of the electron density at each
point in space is assumed to be close to 0, however, upon each calculation of
the exchange-correlation energy per particle εXC , at different points in space, the
electron density itself is allowed to differ. Thus, the exchange-correlation energy
can be expressed via: [178]

ELDA
XC [n(−→r )] =

∫
εXC [n(−→r )]n(−→r )d3−→r (2.66)

where

εXC [n(−→r )] =
δEXC [n(−→r )]

δn(−→r )
(2.67)

However, this approximation is only valid for systems with a slowly varying elec-
tron density, e.g. the homogeneous electron gas. Also, exchange- and correlation
effects are treated seperately, and the most common issue with LDA is “overbind-
ing”, [203] which means that bond lengths are too short and bond energies too high.
This is caused by an underestimation of the exchange energy and an overesti-
mation of the correlation energy.

If one additionally considers the electron spin, one splits the electron density into
two densities, one for each spin. Functionals which consider the electron-spin
are called unrestricted. In the case of LDA, this results in the so-called Local
Spin-Density Approximation (LSD or LSDA): [204]

ELSD
XC [nα(−→r ), nβ(−→r )] =

∫
n(−→r )εXC [nα(−→r ), nβ(−→r )]d−→r (2.68)
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2.20 Generalized Gradient Approximation
functionals

A more accurate solution can be retrieved based on the model of the so called
non-uniform electron gas, which not only includes the electron density at a certain
point, but also its gradient. This, and a few additional corrections which maintain
the validity of the sum rules and the negativity of the exchange hole, [205] are the
basis for the so called Generalized Gradient Approximation (GGA): [196,206]

EXC [nα(−→r ), nβ(−→r ),∇nα(−→r ),∇nβ(−→r )] =∫
f(nα(−→r ), nβ(−→r ), |∇nα(−→r )|, |∇nβ(−→r )|)d3−→r

(2.69)

If the spin is neglected equation (2.69) becomes: [178]

EXC [n(−→r ),∇n(−→r )] =

∫
f(n(−→r ), |∇n(−→r )|)d3−→r (2.70)

with the exchange-correlation potential in f being:

εXC [n(−→r )] =
δEXC [n(−→r )]

δn(−→r )
−∇δEXC [n(−→r )]

δ(∇n(−→r ))
. (2.71)

The Perdew-Wang 1986 (PW86) functional introduced a simple, but accurate ap-
proximation for the exchange term: [196]

EX [nα(−→r ), nβ(−→r )] =
1

2
EX [2 nα(−→r )] +

1

2
EX [2 nβ(−→r )]. (2.72)

In the PW86 functional, two important additions have been made. [196] The ex-
change term EX has been split into two terms, one for each spin and also the
cutoff radius for the electronic interaction RC has been introduced in real space.

At the same time, Perdew proposed a functional for correlation, which has been
included in the into the PW86 functional, so both, exchange- and correlation ef-
fects are being treated. [196]

However, the cutoff parameter for correlation in the reciprocal space f̃ is para-
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metrized and fitted to the correlation energy of the neon atom (f̃ = 0.11), there-
fore the PW86 functional still is semi-empirical, and not ab-initio in nature. [196]

The Perdew-Wang 1991 (PW91) functional provides a remedy to this problem. [207]

Here the parametrization occurs in a strictly non-empirical manner, based on the
random phase approximation. Also it fulfills most scaling relations, except in the
high density limit. [207]

One downside of the PW91 functional is however, that it is built with too many
parameters. The currently commonly used PBE functional tackled this problem
and also solved the scaling behaviour in the high density limit, the linear response
behaviour, and the issue of over parametrization. [208]

2.21 Hybrid functionals

So far, the improvement of the exchange-correlation energy was performed by
optimizing the part describing the gradient of the electron density. However, since
we can calculate the exchange part exactly via Slater Determinants, it would
make sense to use the exact exchange energy and only use approximate func-
tionals for treating the correlation part like this: [209]

EXC = Eexact
X + EKS

C (2.73)

Unfortunately, this results in a rather high error compared with functionals of the
GGA type. The reason for this is that the exchange hole is delocalized and the
model hole for correlation is localized. Therefore, a cancellation of errors between
both holes can no longer take place. [209]

Another way to tackle this problem is to divide the exchange-correlation energy
in a purely exchange part and an exchange-correlation part. This is done by
introducing a parameter λ, where λ = 0 equals to no interaction between particles
and λ = 1 equals full interaction between particles. The class of functionals which
are based on the mixing of the exact exchange with other functionals is called
hybrid functionals. In 1993, Becke proposed to simply mix the non-interacting
and interacting parts in a so called ’half-and-half’ (HH) scheme: [210]

EHH
XC =

1

2
Eλ=0
XC +

1

2
Eλ=1
XC . (2.74)
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Although equations (2.73) and (2.74) look similar, in equation (2.74) we sum a
purely exchange energy part with a mixed exchange and correlation part. In
the case of the Half-Half functionals, Eλ=1

XC has been calculated using the LDA
functional. [210]

The next step Becke took, was to introduce weighing of the different functionals
and also incorporating more functionals, which lead to the so called B3 func-
tional: [210]

EB3
XC = ELSD

XC + a(Eλ=0
XC − ELSD

X ) + bEB88
X + cEPW91

C (2.75)

where EB88
X is Becke’s 1988 exchange functional and EPW91

C is the correlation
part of the PW91 functional. [210] The parameters a, b, and c have been chosen to
optimally reproduce the atomization energies, ionization energies and the proton
affinities as listed in the G2 data base with a = 0.20, b = 0.72, and c = 0.81. [210,211]

Because of this fit to empirical data, the B3 functional and many other hybrid
functionals are semi-empirical in nature.

The currently most used hybrid functional is the so called B3LYP functional, which
has the following form: [212–215]

EB3LY P
XC = (1− a)ELSD

X + aEλ=0
XC + bEB88

X + cELY P
C + (1− c)ELSD

C (2.76)

The parameters a, b, and c are chosen exactly as in the EB3
XC functional, however,

the EPW91
C part gets replaced by an ELY P

C part, thereby incorporating the Leu-
Yang-Paw (LYP) functional from 1988. [214]

The results from this functional are very good, however it fails to describe Van-
der-Waals interactions. [216] This shortcoming can either be remedied with semi-
empirical dispersion corrections in the so called B3LYP-D3 functional, [213–215,217]

or using van der Waals density functionals [218].

2.22 Symmetry in periodic systems

So far, we have looked at electronic, atomic and molecular systems. However,
are there any specialties about solid state structures like crystals, metals, and
surfaces?
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One property of ideal crystals and especially metals is their translational invari-
ance along the lattice coordinates, where the lattice parameters give the peri-
odicity, but also into any other direction with the direction dependant periodicity−→
R .

Although the direction of
−→
R can be chosen arbitrarily, the length of

−→
R is depen-

dant on the periodicity of the crystal in this direction. For this reason,
−→
R can be

expressed in multiples of the lattice vectors

−→
R = n1

−→a1 + n2
−→a2 + n3

−→a3 (2.77)

where ni are integer values and−→ai are the different lattice vectors in the directions
1, 2, and 3.

If we look at the total wavefunction describing such a crystal, could we take ad-
vantage of this symmetry?

2.23 Bloch theorem

Let us first have a look at the periodic potential V (−→r ) at −→r and at −→r +
−→
R : [219]

V (−→r ) = V (−→r +
−→
R ) (2.78)

For the electron probabilities, in this case of course the same periodicity ap-
plies: [220]

|Ψ(−→r )|2 = |Ψ(−→r +
−→
R )|2 (2.79)

The translation operation on the electronic wave function itself shall be performed
by the operator T̂ (

−→
R ) and leads to the eigenvalues λ−→

R
: [220]

T̂ (
−→
R )ψ(−→r ) = ψ(−→r +

−→
R ) = λ−→

R
ψ(−→r ) (2.80)

The subsequent application of two different translational operators obeys the fol-
lowing rules: [219]

T̂ (
−→
Rj)T̂ (

−→
Rl)ψ(−→r ) = T̂ (

−→
Rj +

−→
Rl)ψ(−→r ) (2.81)
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and

T̂ (
−→
Rj)T̂ (

−→
Rl)ψ(−→r ) = T̂ (

−→
Rl)T̂ (

−→
Rj)ψ(−→r ) (2.82)

Therefore it follows, that also [220]

λ−→
Rj+
−→
Rl
ψ(−→r ) = λ−→

Rj
λ−→
Rl
ψ(−→r ) = λ−→

R
ψ(−→r ) (2.83)

with
−→
R =

−→
Rj +

−→
Rl.

Since λ−→
R

has to fulfill all of the above relations, it is obvious to choose a function

of the form λ−→
R

= eiθ−→R , in our case it makes sense to choose θ−→
R

=
−→
k •
−→
R : [220]

λ−→
R

= ei
−→
k
−→
R (2.84)

Since the wave vector
−→
k is unique for any choice of

−→
R it characterizes the wave-

function, we can therefore write ψk(−→r ) instead of ψ(−→r ). [220]

From all of the above statements it follows: [220]

ψk(
−→r +

−→
R ) = ei

−→
k
−→
Rψk(

−→r ) (2.85)

which is the so called Bloch Theorem, [221] with the eigenvalues λ−→
R

= ei
−→
k
−→
R which

are plane waves. This additional factor corresponds to a change in the phase in
ψk(
−→r +

−→
R ) compared with ψk(

−→r ), the functions are not the same, but phase-
shifted. Still the question remains, how does ψk(−→r ) look like?

2.24 Bloch functions

Since ψk(−→r ) is a wavefunction, it makes sense to construct it with the same kind
of exponential factor as prevalent in plane waves, but also the function u−→

k
(−→r )

which posseses the same periodicity as the lattice: [222]

T̂ (
−→
R )u−→

k
(−→r ) = u−→

k
(−→r +

−→
R ) = u−→

k
(−→r ) (2.86)
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Therefore it follows that [223]

ψk(
−→r ) = ei

−→
k −→r u−→

k
(−→r ) (2.87)

which is a so called Bloch wave or Bloch function, with the wave vector
−→
k and

the lattice periodic function u−→
k

(−→r ).

Now, let us check whether the function is valid: [222]

T̂ (
−→
R )ψk(

−→r )
(eq. 2.87)

= T̂ (
−→
R )ei

−→
k −→r uk(

−→r )

(eq. 2.80)
= ei

−→
k (−→r +

−→
R )uk(

−→r +
−→
R )

(eq. 2.86)
= ei

−→
k (−→r +

−→
R )uk(

−→r )

(eq. 2.83)
= ei

−→
k −→r ei

−→
k
−→
Ruk(

−→r )

(eq. 2.87)
= eik

−→
Rψk(

−→r )

(eq. 2.85)
= ψk(

−→r +
−→
R )

q. e. d.

(2.88)

2.25 Reciprocal space

Any periodic real-space lattice, henceforth called direct lattice, can be Fourier-
transformed into another lattice, called reciprocal lattice, which exists in the so-
called reciprocal-, or momentum-space. [224,225] The space is also called k-space,
with the plane waves ei

−→
k −→r "characterized by their wave vector

−→
k are represented

by single points in the reciprocal space." [225]

Let us assume the vector
−→
R is composed of three components in the real space

with the integer coordinates n1, n2, and n3. Thus, all the possible results for
−→
R

are positioned at a lattice point:

−→
R = n1a1 + n2a2 + n3a3 (2.89)

The lattice constructed by equation 2.89 is called Bravais lattice. In three dimen-
sional space, there are 14 different types of Bravais lattices. The vector corre-
sponding to

−→
R in the reciprocal space is denoted by

−→
G and must consist of three
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components, with the integer coordinates m1, m2, and m3. Also, each
−→
G again is

positioned at a lattice point:

−→
G = m1b1 +m2b2 +m3b3 (2.90)

Now, because of
−→
G
−→
R = 2πN , the following biorthogonality relations must be

fulfilled aswell:

ai • bi = 2π (2.91)

However, this is only valid for one dimension, if we consider for example two
dimensions, then equation (2.91) has to be fulfilled, but additionally

ai • bj = 0 and aj • bi = 0 (2.92)

In three dimensions, the vectors bi are calculated from the vectors ai via: [226]

−→
b1 = 2π

a2 × a3
|a1 • (a2 × a3)|

= 2π
a2 × a3
V

(2.93a)

−→
b2 = 2π

a3 × a1
|a2 • (a3 × a1)|

= 2π
a3 × a1
V

(2.93b)

−→
b3 = 2π

a1 × a2
|a3 • (a1 × a2)|

= 2π
a1 × a2
V

(2.93c)

with V being the volume of the unit cell of the crystall.

So far, only vectors which point to lattice points have been considered. If deci-
mal coordinates are considered, we get the so-called k-vector

−→
k in the reciprocal

space with the decimal, reciprocal coordinates x1, x2, and x3, which is then de-
fined as: [227]

−→
k = x1b1 + x2b2 + x3b3 (2.94)

However, according to Born-von Karman boundary condition, the values for the
reciprocal coordinates x1, x2, and x3 are restricted according to: [228]

−→xi =
mi

Ni

(2.95)
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with Ni being the number of unit cells of the crystal in the direction of ai. Thus,
the wave vector

−→
k can only assume the following form: [228]

−→
k =

m1

N1

b1 +
m2

N2

b2 +
m3

N3

b3 (2.96)

2.26 First Brillouin Zone

The most common type of unit cell in the reciprocal space is the so called Wigner-
Seitz unit cell. [226] The volume enclosed by the Wigner-Seitz unit cell is called First
Brillouin Zone (FBZ or BZ). [226]

This zone has the following properties:

• “The vectors
−→
k , which begin at the origin and end within the FBZ, la-

bel all different irreducible representations of the translational symmetry
group.” [229]

• Any “vector
−→
k outside the FBZ is always equivalent to a vector inside the

FBZ, while two vectors from inside of the FBZ are never equivalent. ...” [230]

2.27 K-points

Because of the periodicity of the Bloch functions, they can be labeled by the
−→
k

vectors from inside the FBZ. It is trivial to understand, that in order to include all
states, all Bloch vectors

−→
k of the FBZ have to be included in our approach. Of

course, there is an infinite amount of Bloch vectors, from now on called k-points,
since they refer to a point in the FBZ of the reciprocal space.

So, instead of integrating over all Bloch vectors of the FBZ and thereby including
all possible Bloch vectors, we sample the FBZ via the sum over a discrete set of
k-points, since, on a machine level, computers calculate an integral via a sum,
which for a high number of k-points would be very computationally demanding,
and for an infinite amount of k-points impossible.
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Thus, in order to calculate a quantity like the electron density, instead of solving
an equation which includes an integral over the FBZ [231]

ρ(−→r ) =
1

ΩFBZ

∑
n

∫
FBZ

f
n
−→
k
|ψ
n
−→
ki

(−→r )|2d
−→
k (2.97)

with ΩFBZ being the ’volume’ of the FBZ in the reciprocal space and n being
the so-called band index, which will be expanded upon in section 2.30, we now
substitute the integral with a sum, [231]

ρ(−→r ) =
∑
n

∑
−→
ki

ω−→
ki
f
n
−→
ki
|ψ
n
−→
ki

(−→r )|2d
−→
k (2.98)

where the ω
n
−→
ki

are weighing the different k-points
−→
ki , since for reasons of the

symmetry of the lattice, multiple k-points can lead to the exact same result.

So instead of including all k-points in our calculation, k-points which are identical
simply receive a higher weighing. In order to properly choose the k-point grid and
weighing factors, the following algorithm is adhered to: [231,232]

”

• Calculate equally spaced mesh.

• Shift the mesh if desired.

• Apply all symmetry operations of the Bravais lattice to all k-
points.

• Extract the irreducible k-points (≡ IBZ).

• Calculate the proper weighting.

”

Here one has to distinguish two kinds of meshes, ones where the mesh is shifted
in a way that a k-point is in the origin, so called gamma-centered meshes, and
ones where the mesh is resized in order to aquire symmetry, however this can
lead to a loss of the uniform distribution of the k-points. [232]
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2.28 Basis

So far, we have been a bit unprecise, because the terms crystal and lattice have
been used indedescriptively of each other. However, to be precise, a crystal
results from the overlapping of an arrangement of atoms, called basis, with a
Bravais lattice. In a simple case, an atom is positioned on a lattice point, in this
case the atom is the basis. However, also more complex sets of atoms can be
placed in the vicinity of a lattice point, in this case the set of atoms becomes the
basis, and the structure which is periodically repeated along the lattice vectors
−→a1 , −→a2 , and −→a3 is called unit cell, with the atoms inside of the unit cell forming the
basis of the crystal. This lattice can be projected into the reciprocal space which
yields a lattice in that space based on the vectors

−→
b1 ,
−→
b2 , and

−→
b3 . [233–237]

2.29 Basis functions and the basis set

Now that we know how to sample the reciprocal space, we still need to find the
correct function for u

n
−→
k

(−→r ) which will give us our basis set.

Since the calculations of this thesis are surface calculations, periodic boundary
conditions have to be fulfilled. However, a surface is inherently only periodic in
two dimensions, thus the so-called supercell approach has been employed. [238]

Here, the metal is being modeled as a slab with a thickness of n atomic layers
and a vacuum region above it. This cell, which also is nx- and ny- unit cells wide,
is called a super cell. This super cell is being repeated infinitely, thereby restoring
the periodicity conditions needed. They are necessary, since metallic properties
are only occuring in sufficiently large metallic regions, since only then can the
electrons completely ’dissolve’ into the electron cloud of the metal.

Again, the natural basis function candidate for periodic systems are plane waves.
Therefore, using plane waves, the lattice periodic function u−→

k
(−→r ) is defined

as: [239–241]

u
n
−→
k

(−→r ) =
1

Ω
1
2

∑
−→
G

Cn(
−→
k +
−→
G)ei

−→
G−→r (2.99)

With Cn(
−→
k +
−→
G) being the Fourier-coefficient, see ref. [242] for a derivation.
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For the wavefunction it follows: [239–241]

ψ
n
−→
k

(−→r ) =
1

Ω
1
2

∑
−→
G

Cn(
−→
k +
−→
G)ei(

−→
k +
−→
G)−→r (2.100)

with n being the band index and Ω being the cell volume.

Analogously, the electron density can be expressed by: [243]

ρ(−→r ) =
∑
−→
G

ρ(
−→
G)e−i

−→
G−→r (2.101)

2.30 Bands

It is possible, that there is more than one Fourier-coefficient C for one specific
−→
k

value. For this reason the so called band index n is added to C. This way, there
are multiple wave functions for one

−→
k , generated by different bands n. [243]

There are several methods to calculate the energy ε
n
−→
k

for such a band, [226] how-
ever in principle there is an infinite amount of solutions. Thus, the sum over one-
particle eigenenergies

∑N
i=1 εi in the energy expression of the electronic ground-

state in equation 2.63 has to be replaced by the sum over all band energies, which
is also called band-structure energy: [243]

E =
∑
n

∑
−→
k

ε
n
−→
k

+ EXC [n(−→r )]−
∫
vXC(−→r )n(−→r )d−→r − VH + VCC (2.102)

with εnk being the nth electronic band. [244] However, in practical terms, only occu-
pied bands n are included.

The energy of the band with the highest energy, which is still occupied at 0 K,
and thus in the thermodynamic ground state, is called Fermi energy εF , with the
associated wave vector

−→
k F being called Fermi vector.

Due to the periodic nature of ψ
n
−→
k

, there is an infinite amount of
−→
k and

−→
G which

can be inserted. Fortunately, for inifinite periodic sytems, the band-structure en-
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ergy
∑
−→
k

∑
n εn−→k can be replaced by an integral over the first Brillouin zone: [239]

∑
n

∑
−→
k

ε
n
−→
k
→ 1

ΩFBZ

∑
n

∫
FBZ

εn(
−→
k )d
−→
k (2.103)

Also, "this integral can be approximated rather accurately by a sum over a finite
set of k-points, either by using equally spaced k-points within the first Brillouin
zone or by using so-called special k-points [245]." [239]

2.31 Cut-off energy

Furthermore, one can truncate the basis set to only include plane waves in the
highest occupied band up to a certain energy εcutoff , the so called cut-off energy,
which corresponds to the maximum kinetic energy of the band-, k-point combina-
tion which is supposed to be included: [246]

εcutoff =
max−→
G

~2(
−→
k +
−→
G)2

2m
(2.104)

2.32 Pseudopotentials and the frozen core
approximation

Due to the orthogonality condition for electrons, the electron wavefunction close
to the core oscillates strongly and is rather complex. [247,248]

Because of this complexity, which in most cases drastically increases the compu-
tation time, and because chemical bonding is mainly caused by valence electrons,
it makes sense to distinguish between two kinds of electrons in an atom: valence
electrons, and electrons close to the core.

The electrons close to the core usually do not participate in chemical bonding,
therefore it makes sense to replace the wavefunctions of these electrons with
a electrostatic potential, the so called frozen core approximation [249], which com-
bines the cationic core with the negative charge of the electrons close to the core.
This effective potential is called pseudo potential. [250–253]
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Since the pseudo potential one-electron valence wavefunctions ψv,PP do not need
to be orthogonal to the core states |ψci〉, the aforementioned orthogonality condi-
tion does no longer need to be satisfied, and the generation of pseudopotentials
results in rather smooth wavefunctions, which don’t have a nodal structure close
to the core anymore, resulting in a significant decrease in computation time. [254]

Since both, the Pauli- and Coulomb-repulsion have to be taken into account,
aswell as correlation effects, it is not sufficient to have a simple potential based on
a point-charged core. It is necessary to carefully choose a pseudo-wavefunction,
and the pseudo-potential is a result of it.

The farther away from the core, the more the true wavefunction and therefore
-potential coincide with the pseudo-wavefunction and -potential.

A very crude ansatz for the generation of a pseudopotential is, to first calculate an
all-electron (AE) calculation of the isolated atomic species. [255,256] Secondly, one
rewrites the true one-electron valence wavefunction ψv as: [252,255]

|ψv, AE〉 = |ψv,PP 〉 −
∑
i

|ψci〉 〈ψci〉ψv,PP (2.105)

with ψv,PP being the pseudo one-electron wavefunction and |ψci〉 being the one-
particle core states.

2.33 Norm conserving pseudo potentials

Generally, there are two kinds of pseudopotentials. Norm-conserving pseudo
potentials and ultrasoft pseudo potentials. For the generation of norm-conserving
pseudopotentials, the following criteria have to be fulfilled: [256]

1) The pseudo potential one-electron valence wavefunction may contain no nodes.

2) Beyond the cut-off radius, which has to be specified, the normalized pseudo
wavefunction and the normalized all electron wavefunction coincide.

ψv,PP = ψv,AE for r > rcutoff (2.106)

3) The charge and charge-distribution contained within the volume which is given
by the cut-off radius must be equal for the pseudo potential wave function aswell
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as the all electron wave function. [254,256] This condition is the norm-conserving
property of which norm-conserving pseudo potentials have their name. [254]

4) The eigenvalues for the pseudo potential valence wavefunction and the all
electron valence wavefunction must be equal throughout: [254,256]

εv,PP = εv,AE (2.107)

However, a pseudopotential generated in this way will yield the best results, if it
is used in the environment, and thus reference configuration, it was generated
in. [256] In principle there are two methods to increase the so called transferability,
meaning the ability of the pseudo potential to give accurate results even if used
in calculations in other environments. [256]

One is to generate the pseudopotential based on an atomic configuration which
mimics the atomic configuration of the systems, one wants to study, as well as
possible. [256] Another is, to simply decrease the cut-off radius upon generation of
the pseudo potential. [256]

However, decreasing the cut-off radius increases the computation time again,
which is to be avoided. One way to compensate for that, is to increase the
smoothness, also refered to as softness, of the pseudopotential. [257]

2.34 Ultrasoft pseudopotentials

If one neglects condition 3 for the generation of norm-conserving pseudopoten-
tials, which means that the norm-conserving property is dropped, and if one in-
stead adds augmentation charges to still get the correct charge density within the
core region, one can get ultra soft pseudopotentials, with a localized, and there-
fore hard electron density stemming from the augmentation charges, and an ultra
smooth, delocalized electron density stemming from the generation of the pseu-
dopotential, both in the core region. [239,258] These types of pseudo potentials are
called ultrasoft pseudopotentials. [239,258]

In DFT, the number of plane waves needed strongly correlates with the softness
of the pseudopotential, [238] because the size of the matrix which needs to be di-
agonalized directly correlates to how many plane waves are necessary in the
Fourier expansion. [246] In order to increase the number of plane waves, the afore-
mentioned cut-off energy (see eq. 2.104) needs to be increased, since it directly

46



2.35 Projector augmented wave (PAW) method

determines how many plane waves are included in the basis set. [246] This in turn
increases the computation time again. Therefore, most DFT codes rely on ultra-
soft pseudopotentials. [246,256,258,259]

2.35 Projector augmented wave (PAW) method

The augmentation charges used in ultrasoft pseudopotentials are defined as the
difference between the charge density of the all electron wave function and the
pseudo wave function, also the augmentation charges are pseudized. [260]

In the PAW method developed by Blöchl, instead of pseudizing the core elec-
tron density, the core wave functions themselves are pseudized via the introduc-
tion of so called auxilary wavefunctions. [247,248,260–262] The PAW method, which
is also based on the frozen-core approximation, therefore works solely with all
electron wave functions and -potentials, and the auxilary wave functions, and
-partial waves, which are retrieved from the all electron wave functions via a
transformation-, and projector operator respectively. [247,248,260–262] Please note that
the all electron wave functions ψn(−→r ) will be refered to as Kohn-Sham single-
particle wave functions, true single-particle wave function, or true wave function
from now on, since they are one-electron wave functions, [182,247,248,261] and not
many-electron wave functions. [247,263] The index n is called one-particle state la-
bel, in this case an one-electron state label, which includes the band index, and
a k-point-, and spin index. [247,248]

In the PAW method, the Kohn-Sham single-particle wave function, [182] is recon-
structed via a linear transformation of the auxilary wavefunction, [247,248,261,262] orig-
inally called pseudo wavefunction [247]:

|ψn〉 = T̂ |ψ̃n〉 (2.108)

These auxilary wavefunctions ψ̃n are spherical harmonics, and therefore posses
a much less complicated structure in the core region, than their true all-electron
counterparts ψn. The information about this complicated, nodal structure must
then be contained in the transformation operator T̂ : [247,248,261]

T̂ = 1 +
∑
R

SR (2.109)
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An application of the transformation operator on the auxilary wavefunction there-
fore generates the auxilary wavefunction itself, plus a correcting contribution SR,
which reintroduces the complex, nodal structure with R being an index of each
atomic site. [248]

This transformation is only performed in the core region. Thus, for each atom a

an augmentation sphere is created, the radius of which rac is defined such that [262]

|−→r −
−→
R a| < rac (2.110)

with
−→
R a being the position of atom a.

Also, the single-particle wave function ψn(−→r ), just like the auxilary wave function
can be expanded into partial waves φn, such that a superposition of the partial
waves can construct any non-neglectable valence wave function, or their auxilary
counterparts respectively: [248,261]

ψn(−→r ) =
∑
i∈R

φi(
−→r )ci for |−→r −

−→
R a| < rac (2.111)

ψ̃n(−→r ) =
∑
i∈R

φ̃i(
−→r )c̃i for |−→r −

−→
R a| < rac (2.112)

Here, ci and c̃i are called projector coefficients. Based on equation 2.108, for the
transformation of auxilary partial waves φi(−→r ), it follows that: [248,261]

|φi〉 = (1 + SR) |φ̃i〉 for i ∈ R (2.113)

and [248,261]

SR |φ̃i〉 = |φi〉 − |φ̃i〉 for i ∈ R (2.114)

Since 1 + SR should only have a local effect within the core region, it is required
that the true partial waves coincide with their auxilary counterparts beyond the
cutoff radius rac :

[248,261]

φai (
−→r ) = φ̃ai (

−→r ) for |−→r −
−→
R a| > rac (2.115)
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In order to generate the projector coefficients ci and c̃i from equations 2.111 and
2.112, projector functions pi and p̃i are introduced such that the projector coeffi-
cients are linear functionals of the auxilary wave functions, due to the linearity of
the transformation operator T̂ :

ψn(−→r ) =
∑
i∈R

φi(
−→r ) 〈pi|ψn〉 for |−→r −

−→
R a| < rac (2.116)

ψ̃n(−→r ) =
∑
i∈R

φ̃i(
−→r ) 〈p̃i|ψ̃n〉 for |−→r −

−→
R a| < rac (2.117)

with

〈pi|ψj〉 = δi,j for i, j ∈ R (2.118)

〈p̃i|ψ̃j〉 = δi,j for i, j ∈ R (2.119)

respectively, due to the orthogonality constraint between the projector functions
and auxilary wavefunctions within the augmentation sphere.

However, with equation 2.108 and 2.113 it follows that:

ψn(−→r ) = T̂ ψ̃n(−→r ) (2.120)

=
∑
R

∑
i∈R

(1 + SR)φ̃i(
−→r ) 〈p̃i|ψ̃n〉 for |−→r −

−→
R a| < rac (2.121)

=
∑
i∈R

φi(
−→r ) 〈p̃i|ψ̃n〉 for |−→r −

−→
R a| < rac (2.122)

Since equations 2.122 and 2.116 are equal, it follows that

〈pi|ψn〉 = 〈p̃i|ψ̃n〉 (2.123)

and consequently

ci = c̃i (2.124)
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Therefore, it is sufficient to calculate the auxilary projector coefficient c̃i, using the
auxilary projector function and -partial wave, in order to know the true projector
coefficient ci. [247]

In order to get an exact formulation for SR and T̂ , we have to reevaluate equation
2.108:

|ψn〉
(eq. 2.108)

= T̂ |ψ̃n〉 (2.125)
(eq. 2.109)

= |ψ̃n〉+
∑
R

SR |ψ̃n〉 (2.126)

(eq. 2.117)
= |ψ̃n〉+

∑
R

SR
∑
i∈R

|φ̃i〉 〈p̃i|ψ̃n〉 (2.127)

= |ψ̃n〉+
∑
R,i∈R

SR ˜|φi〉 〈p̃i|ψ̃n〉 (2.128)

(eq. 2.114)
= |ψ̃n〉+

∑
i

(|φi〉 − |φ̃i〉) 〈p̃i|ψ̃n〉 (2.129)

Based on equation 2.108 and 2.129 it readily follows that [248,261]

T̂ = 1 +
∑
i

(|φi〉 − |φ̃i〉) 〈p̃i| (2.130)

and with equation 2.126 it follows that

∑
R

SR =
∑
i

(|φi〉 − |φ̃i〉) 〈p̃i| (2.131)

Also, according to equation 2.129, the true single-particle wavefunction |ψn〉 is
reconstructed based on three contributing wavefunctions [248,261]

|ψn〉 = |ψ̃n〉+
∑
R

(|ψ1
R〉 − |ψ̃1

R〉) (2.132)

with |ψ1
R〉 and |ψ̃1

R〉 being the so-called one-center-, or onsite-wavefunction, or
-auxilary wavefunction respectively. [247,248,261]

50



2.35 Projector augmented wave (PAW) method

They are termed one-center, or onsite, because they only contribute within the
augmentation region, since according to equation 2.115 outside of the augmen-
tation region, the one-center true wave function and the one-center auxilary wave
function coincide, thereby extinguishing themselves.

The auxilary wavefunction |ψ̃n〉 coincides with the true wavefunction outside of the
augmentation sphere, however it lacks the correct complex structure inside the
augmentation sphere. This complex structure is reintroduced via the one-center
wavefunctions |ψ1

R〉 at site R within the augmentation sphere, and the part of |ψ̃n〉
which is too smooth within R, and got corrected by |ψ1

R〉 is being subtracted via
|ψ̃1
R〉 at site R. For a visualization, please consider Figure 2 in references [248,261].

While exhibiting a spherical harmonics-like nature outside of the core region, |ψn〉
exhibits a complex structure inside the core, which increases the computational
cost. The decomposition of the true wave function |ψn〉 via transformation and
expansion into three contributions, allows for a separate treatment of each con-
tribution. [262] The auxilary wave function |ψ̃n〉 is rather smooth, and therefore not
heavily demanding computational resources. The one-center wavefunctions |ψ1

R〉
exhibit a complex nature within the respective core region R, however they only
have to be calculated within that region, and therefore demand significantly less
computational resources, than the true wave function |ψn〉. The one-center aux-
ilary wavefunctions |ψ̃1

R〉 are smooth inside the core region, and again don’t de-
mand significant resources. Therefore, the PAW method is very computationally
efficient, and since it is an all-electron based method, the thus generated pseu-
dopotentials are still able to serve as a highly accurate basis set. However, al-
though in principle the whole set of all electron wavefunctions can be included, in
practical terms one truncates the number of wavefunctions by limiting the number
of included spherical harmonics via the cut-off energy and also by limiting the
number of all electron-, and pseudo partial waves, and projectors. [247]

Because the augmentation charges in the PAW method are a result of the elec-
tron density retrieved based on the difference between the all electron wave-
function and the auxilary wavefunction, compromises which stem from the direct
pseudization of the augmentation charges, like having to use regular grids for the
augmentation charges, instead of radial grids, are avoided compared with ultra-
soft pseudopotentials. [260] Also, calculating with pseudized augmentation charges
takes more time and space, in the sense of random access memory in the com-
puter. [260]
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The implementation of PAW pseudo potentials in the vienna ab-initio simulation
package (VASP), which is the periodic boundary DFT software, with which the
results of this thesis have been calculated, is elaborated to some extent in the
paper by G. Kresse and D. Joubert. [260]

2.36 Frozen core approximation in the PAW method

Since the frozen core approximation is based on the assumption, that the core
wavefunction is independent of the chemical environment, it is valid to then as-
sume that the superposition of the one-center core partial waves results in the
core wavefunction: [248,261,262]

ψcore(−→r ) = ψ1,core
R (−→r ) (2.133)

2.37 Application of operators in the PAW method

The expectation value of an operator Â can therefore be calculated via the sum
of true wavefunctions ψ(−→r ) outside of the core region, and the one-center partial
wavefunction ψ1,core

R (−→r ) inside of the core region: [248,261]

〈A〉 =
∑
n

fn 〈ψn|A|ψn〉+
Nc∑
n=1

〈φcn|A|φcn〉 (2.134)

with fn representing the valence state occupation, and the amount of core states
Nc. [248,261]

Based on the transformation in equation 2.108, the expectation value can also
expressed by [248,261]

〈A〉 =
∑
n

fn 〈ψ̃n|T̂ †AT̂ |ψ̃n〉+
Nc∑
n=1

〈φcn|A|φcn〉 (2.135)
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With equation 2.132 we can reformulate 〈ψ|A|ψ〉 in equation 2.134:

〈ψ|A|ψ〉 = 〈ψ̃ +
∑
R

(ψR − ψ̃1
R)|A|ψ̃ +

∑
R′

(ψR′ − ψ̃1
R′)〉 (2.136)

If one now combines equation 2.132 with equation 2.136 and evaluates the result-
ing expression under the constraint of Â being a local operator, one gets: [248,261]

〈A〉 =
∑
n

fn(〈ψ̃n|A|ψ̃n〉+ 〈ψ1
n|A|ψ1

n〉 − 〈ψ̃1
n|A|ψ̃1

n〉) +
Nc∑
n=1

〈φcn|A|φcn〉 (2.137)

Because the one-center core waves φcn are not plane waves, they don’t neces-
sarily have a smooth tail in the interstitial region with r > rc. [248,261] Reintroducing
the auxilary one-center core waves φ̃cn ensures a smooth, plane wave like con-
tinuation in that region, and it ensures that partial wave contributions extinguish
themselves in the interstitial region: [248,261]

〈A〉 =
∑
n

fn 〈ψ̃n|A|ψ̃n〉+
Nc∑
n=1

〈φcn|A|φcn〉

+
∑
R

(∑
i,j∈R

Di,j 〈φj|A|φi〉+

Nc,R∑
n∈R

〈φcn|A|φcn〉

)

−
∑
R

(∑
i,j∈R

Di,j 〈φ̃j|A|φ̃i〉+

Nc,R∑
n∈R

〈φ̃cn|A|φ̃cn〉

)
(2.138)

with the one-center density matrix [248,261]

Di,j =
∑
n

fn 〈ψ̃n|p̃j〉 〈p̃i|ψ̃n〉 =
∑
n

〈p̃i|ψ̃n〉 fn 〈ψ̃n|p̃j〉 (2.139)
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2.38 Electron density in the PAW method

Analogously to the previous section, the electron density consists of the three
mentioned contributions: [248,261]

n(−→r ) = ñ(−→r ) +
∑
R

(n1
R(−→r )− ñ1

R(−→r )) (2.140)

with [247,248,261]

ñ(−→r ) =
∑
n

fnψ̃
∗
n(−→r )ψ̃n(−→r ) + ñc

=
∑
n

fn 〈ψ̃n|−→r 〉 〈−→r |ψ̃n〉+ ñc (2.141)

n1
R(−→r ) =

∑
i,j∈R

Di,j φ
∗
j(
−→r )φi(

−→r ) + nc,R

=
∑

n,(i,j∈R)

fn 〈ψ̃n|p̃j〉 〈φj|−→r 〉 〈−→r |φi〉 〈p̃i|ψ̃n〉+ nc,R (2.142)

ñ1
R(−→r ) =

∑
i,j∈R

Di,j φ̃
∗
j(
−→r )φ̃i(

−→r ) + ñc,R

=
∑

n,(i,j∈R)

fn 〈ψ̃n|p̃j〉 〈φ̃j|−→r 〉 〈−→r |φ̃i〉 〈p̃i|ψ̃n〉+ nc,R (2.143)

2.39 PAW total energy

As already mentioned, the main advantage of the PAW method is the separation
of the true one-electron wavefunctions, and thus the total energy functional E into
two comparatively computationally less demanding types of contributions:

A plane-wave part Ẽ, which is computationally less demanding because it is so-
ley based on plane-wave wavefunctions, but has to be evaluated on a real- and
reciprocal space grid respectively, [248] and two atom centered, one-center parts
E1
R and Ẽ1

R, which are both computationally less demanding, since they are both
evaluated on radial grids. [248]
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Thus the total energy functional is defined as: [248]

E([ψ̃n], Ri) = Ẽ +
∑
R

(E1
R − Ẽ1

R) (2.144)

with n being the one-electron state label as previously defined, and R being the
atom index of the atom-centered-, one-centered plane waves based contributions.

Details on the total energy functional, and its decomposition can be found in the
original paper by Blöchl, [247] his explanatory follow-up paper, [248,261] and in Rost-
gaards text on the PAW method. [262]

2.40 Self-consistency cycle (SC)

The aim of a quantum-chemical calculation is to minimize the eigenenergy in
equation 2.2, or the eigenenergies εi of the Schrödinger equation respectively.

For the one-particle case, we can write: [264]

{
− ~2

2m
∇2 + veff (

−→r )
}
ψi(
−→r ) = εiψi(

−→r ) (2.145)

However, as can be readily seen, the correct results are only obtained, if the cor-
rect effective potential veff and one-particle wave function ψi are chosen. The
one-particle wave function ψi is a solution of the one-particle Schrödinger equa-
tion 2.145. [265,266] In determining this solution, the movement of the particle i is
determined by the effective potential veff , which is caused by the other particles
of the system, and since the particle itself contributes to the potential veff for the
other particles, a so-called self-consistent solution in this effective potential, also
called self-consistent field, is necessary. [265,266]
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2 An introduction to Quantum Mechanics

One way to achieve this self-consistent solution is to employ an interative cycle,
called self-consistency cycle:

• First, the charge density n(−→r )0 is initialized. Generally, this is done via the
chargedensity resulting from the superposition of the charge density of the
isolated atoms of the system.

• Next, the effective potential v0eff (
−→r ) is set up, using the initial charge den-

sity n0(−→r ) for the setup of the Hartree potential vH [n0(−→r )](−→r ) and the
exchange-correlation potential vXC [n0(−→r )](−→r ). Therefore v0eff (

−→r ) can be
written as [190]

v0eff (
−→r ) = vext(

−→r ) + v0H(−→r ) + v0XC(−→r ) (2.146)

or in general

vjeff (
−→r ) = vext(

−→r ) + vH [nj(−→r )](−→r ) + vXC [nj(−→r )](−→r ) (2.147)

vjeff (
−→r ) = vext(

−→r ) + vjH(−→r ) + vjXC(−→r ) (2.148)

with [267]

vext(
−→r ) = −

∑
I

ZIe
2

|r −RI |
(2.149)

vjH(−→r ) =

∫
d3
−→
r
′
nj(
−→
r
′
)

e2

|−→r −
−→
r
′ |

(2.150)

and ZI being the number of ionic cores, and [190]

vjXC(−→r ) =
δEXC [nj(−→r )]

δ nj(−→r )
(2.151)

Since an exact formulation of EXC [nj(−→r )] is not known, [268] in practical
terms an approximation is used. In our case, the Generalized Gradient
Approximation (GGA) functional, as outlined in section 2.20, has been used.
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2.40 Self-consistency cycle (SC)

Thus, the exchange-correlation energy has been calculated via [269]

EGGA
XC [nj(−→r )] =

∫
d3r nj(−→r ) εGGAXC (nj(−→r ), |∇nj(−→r )|) (2.152)

• Next, the one-particle Schrödinger equations 2.145 are solved using the
effective potential v0eff , which results in new wavefunctions ψnewi (−→r ).

• The new electron density is calculated as a sum over the absolute squares
of the one-particle wavefunctions according to [190]

nnew(−→r ) =
N∑
i=1

|ψnewi (−→r )|2 (2.153)

• At this point, one calculates the new effective potential vneweff with the electron
density from equation 2.153 via equation 2.147.

• Finally, the initial effective potential vjeff , with j = 0 for the first cycle, is
compared with the new effective potential vneweff .

The criterium of self-consistency is reached, if both potentials coincide. [266]

If the potentials do not coincide, a mixing scheme is applied to generate a new
effective potential which slightly deviates from the previous one. The thus gen-
erated effective potential vj+1

eff then enters the above mentioned cycle as the new
initial effective potential vjeff .

In the following scheme 2.1, the previously described iterative scheme is illus-
trated:
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n0(−→r )

v0eff (
−→r ) = vext(

−→r ) +
vH [n0(−→r )](−→r ) +
vXC [n0(−→r )](−→r )

{−~2
2m
∇2 +

vjeff (
−→r )}ψji (

−→r ) = εiψ
j
i (
−→r )

nnew(−→r ) =∑N
i=1 |ψnewi (−→r )|2

vneweff (−→r ) = vext(
−→r ) +

vH [nnew(−→r )](−→r ) +
vXC [nnew(−→r )](−→r )

|| vneweff (−→r ) - vjeff (
−→r ) ||

= ε with ε << 1 ?

Yes

Ready

No

v
(j+1)
eff (−→r ) = α vjeff (

−→r ) +
(1−α)vneweff (−→r ) with α > 0.9

Figure 2.1: Self-consistency cycle as described in Reference [270].
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3 Methods for finding the transition
state

3.1 Plain elastic band methods

Any chemical reaction can be viewed as a process, where a chemical system
consisting of certain atoms in a certain ’initial’ state, which can be viewed as
a specific arrangement of the mentioned atoms, shifts into another ’final’ state.
If the initial state is stable, or meta-stable, in order for the system to shift into
the final state, a transition state has to be crossed. This transition state is not
stable, in fact it generally exists for only a few 100s of femtoseconds, [271–276]

and poses the energetic barrier which has to be overcome in order for this shift,
and therefore the reaction, to take place.

One way to get information about the transition state, is to calculate the so called
minimum energy path (MEP). All states which lie on this path are of lowest energy
with respect to positions perpendicular to the reaction coordinate. The reaction
coordinate 0 indicates the initial state, and the reaction coordinate 1 indicates the
final state.

By definition, the transition state is the energetic maximum on this path, which
is a first order saddle point on the energy hyper-potential surface (EHPS). It is
therefore characterized as being “a maximum in one direction”, which is the re-
action path, “and a minimum in all other directions.” [277] If the MEP is calculated
sufficiently accurate, then the transition state can be retrieved in an approximate
manner by harmonic approximation.

There are different methods for calculating this minimum energy path. One of the
first methods used a probe image which followed the path of slowest ascension
in the multi-dimensional energy hyper-plane. [278] In systems with an asymmetric
transition state, meaning in which the initial- and final state deviate significantly
regarding the arrangement of the contained atoms, this method often leads to two
different ’minimum energy paths’, both of which in most cases being wrong, since
they ’overshoot’ the transition state, which most of the time is not located on the
path of slowest ascent. [278]
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3 Methods for finding the transition state

Another method is the so-called drag method, which generally uses linear inter-
polation between the initial- and the final state, and generates a reaction path
following a straight line between them. [278] The system is then propagated along
the thus constructed reaction coordinate, which is not final, but changes after
each minimization procedure, where only one specific degree of freedom is op-
timized during the procedure. [278] While this method can lead to good results for
simple, symmetric systems, in other more complex systems, it tends to fail. [278]

Also, again for non-symmetric systems, two paths which ’overshoot’ the transition
state can be generated, because the minimization procedure can be dependent
on the minimum of the previous iteration, which in asymmetric systems is different
if the probe starts from the initial- or final state. [278]

The next ’evolution’ was to employ not only one probe to probe the path, but a
chain of probes, which are equal to states, which get optimized during each iter-
ation of the minimization procedure in a concerted, and connected manner. [278]

These states are called ’images’, and the class of methods is called chain-of-
states methods, [278] with the ‘images’ probing the configuration space, which
means the space of all possible configurations. Since all images are optimized at
the same time, these kind of methods are highly parallelizable. [278] If an object-
function which contains the images is minimized, while the initial- and final posi-
tion are kept fixed, such methods are called plain elastic band (PEB) methods. [278]

One way to implement such a PEB method has been introduced by Elber and
Karplus (EK) [279]. Their object function for the total energy of the images on the
path is [279]

Stot(R0, ..., RI+1)L =
1

L

I∑
i=1

V (
−→
R i)

I+1∑
i=1

∆li (3.1)

with L being the length of the reaction path and I being the number of images or
states respectively; V (Ri) is the potential energy of the system in the state i since
Ri is representing all particle coordinates of the system in the state i and ∆li is
the distance between two adjacent images, e.g. the difference in coordinates Ri

and Ri−1, such that [279]

∆li =

√
(
−→
R i −

−→
R i−1)2 . (3.2)
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3.1 Plain elastic band methods

In order to keep the images separated, a new constraint function has been in-
troduced which keeps the images equidistant from each other along the reaction
path in each iteration. However, depending on λ, which determines to which
extent the distance between two adjacent images ∆li is allowed to fluctuate, fluc-
tuations |∆li −∆l| were allowed: [279]

Sconstr(R0, ..., Rl+1)L = Stot(R0, ..., Rl+1)L +
I+1∑
i=1

λ(∆li −∆l)2 (3.3)

The introduced constraint ensures an equal distance between two adjacent im-
ages with the average length expression

∆l =

√√√√I+1∑
i=1

(∆li)
2

I + 1
(3.4)

which determines the average distance between two adjacent images.

Additionally, a penalty function regarding rigid-body translations ∆ti is
introduced, [279] which ensures that the particle coordinates of each image don’t
change too drastically during the minimization procedure via comparing the dif-
ference between the start- and end coordinates for the particles of each image
during each step of the minimization procedure.

Thus the following function SEK , which includes the energy of the images, the ex-
tent of their equidistancy via the constraint function, and also the penalty function,
has to be minimized: [279]

SEK(R0, ..., Rl+1)L = Stot(R0, ..., Rl+1)L +
I+1∑
i=1

λ(∆li−∆l)2 +
I∑
i=1

λ′(∆ti)
2 (3.5)

Although Elber and Karplus even claimed an applicability to complex systems
such as proteins, [279] Stacho et al. have stated that the principles on which the
EK reaction path determination method is based are incorrect, [280–283] which ar-
guably is a strong statement, however they atleast showed that the EK method
is very sensitive to the choice of λ and λ′. According to them, high values of λ
and λ′ mainly lead to the minimization of the constraint and penalty part of the
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3 Methods for finding the transition state

function, and not of the energy. [280] For low values of λ and λ′, the images clus-
ter around the energy minima, [280] and not in the transition state region, which
leads to wrong approximations of the transition state energy, and consequently to
a wrong reaction path.

There have been attempts to address the mentioned shortcomings by various
successors of the EK method, namely the Self-Penalty Walk (SPW) algorithm, [284]

which added a repulsive term to eq. 3.5 in order to keep the images separate and
prevent the clustering of the images at the minimum energy regions, or the Locally
Update Planes (LUP) algorithm [285,286] with an improved convergence behavior.

3.2 Nudged elastic band (NEB) method

The definition of the object function in PEB methods as a path integral causes
several shortcomings, [278] especially corner cutting which leads to an over esti-
mation of the saddle point energy, and is connected to a too rigid connection of
the images, and a sliding down of images from the region of the transition state
which is connected to a lower weight of the constraint condition. Within the frame-
work of PEB methods, both of these issues can not be solved completely since
only a compromise between the two can be achieved.

The Nudged Elastic Band (NEB) method [278] tackles those issues by focusing on
the forces which cause these malignant effects. The total force acting on any
image i can be resolved into two components, one component perpendicular to
the reaction path

−→
F i,⊥, and one in parallel to it

−→
F i,‖: [278]

−→
F i =

−→
F i,⊥ +

−→
F i,‖ (3.6)

Furthermore, these resulting forces
−→
F i,⊥ and

−→
F i,‖ can be resolved again into

different contributions. One stems from the EHPS on which we want to find the
MEP

−→
F EHPS
i , and the other one stems from the constraint condition which can

be viewed as a so called spring force
−→
F s
i .

[278]

If we resolve the force perpendicular to the reaction path into these components,
one gets:

−→
F i =

−→
F EHPS
i,⊥ +

−→
F s
i,⊥ (3.7)
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3.2 Nudged elastic band (NEB) method

The force which leads to the so-called corner cutting in PEB methods results from
the aforementioned constraint condition and equals the extent of the spring force
on the image i perpendicular to the reaction path

−→
F s
i,⊥, which pulls it away from

the MEP. In the following we neglect this force, and instead only focus on the force
which results from the energy hyper potential surface

−→
F EHPS
i,⊥ with V (

−→
R i) being

the potential energy as retrieved from the EHPS: [278]

−→
F EHPS
i,⊥ = −

−→
∇V (

−→
R i)⊥ = −(

−→
∇V (

−→
R i)−

−→
∇V (

−→
R i)‖) (3.8)

= −
−→
∇V (

−→
R i) +

−→
∇V (

−→
R i) · τ̂‖ · τ̂‖ (3.9)

Here
−→
∇V (

−→
R i)⊥ denotes the component of

−→
∇V (

−→
R i) perpendicular to the reac-

tion path, and is therefore retrieved via a subtraction of the parallel component−→
∇V (

−→
R i)‖ from

−→
∇V (

−→
R i).

This parallel component of the total force which originates from the EHPS−→
F EHPS
i,‖ =

−→
∇V (

−→
R i)‖ is retrieved by multiplying

−→
F EHPS
i =

−→
∇V (

−→
R i) with a unit

vector in parallel to the reaction path, the so called estimated tangent vector τ̂‖
as defined in equations 3.19 and 3.20. Thus, we get the value of the component
of the force in parallel to the reaction path. If we multiply this scalar with τ̂‖ again,
we get the force in a direction parallel to the reaction path

−→
F EHPS
i,‖ .

If we now introduce the condition [278]

−→
∇V (

−→
R i)⊥ = 0 (3.10)

we can minimize the potential energy of the reaction path with respect to the
forces perpendicular to the path which result from the EHPS, and therefore inde-
pendently of the spring force perpendicular to the path, which originates from the
constraint condition, thereby eliminating the corner cutting effect.
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3 Methods for finding the transition state

For now, we only have discussed the force perpendicular to the reaction path of
a specific image Fi,⊥. However, the force acting on an image of course contains
the force parallel to a specific image Fi,‖ as well. This force can be viewed as a
composition of the force resulting from the energy hyper potential surface FEHPS

i,‖
and the spring force which results from the constraint condition F s

i,‖:

−→
F i,‖ =

−→
F EHPS
i,‖ +

−→
F s
i,‖ (3.11)

with

−→
F EHPS
i,‖ =

−→
∇V (

−→
R i)‖ (3.12)

Since the force responsible for the sliding down effect is the part of
−→
F i,‖ which

stems from the energy hyper potential surface
−→
F EHPS
i,‖ , and since we want to pre-

vent the sliding down of the images, and want to achieve an equidistant
distribution of images, we have to neglect this force during the minimization pro-
cedure as well. F s

i,‖ can be viewed as the sum of the constraint forces pulling on
the respective image on each side along the reaction path, which can be viewed
as springs in parallel to the reaction path [278]

−→
F s
i,‖ =

−→
F s
i · τ̂‖ · τ̂‖ (3.13)

with

−→
F s
i ≡ ki+1(

−→
R l+1 −

−→
R l)− ki(

−→
R l −

−→
R l−1) (3.14)

The total spring force acting on image i therefore results from the subtraction
of the spring force of the posterior, or rear spring from the spring force of the
anterior, or front spring. Here, the k parameters are so called spring constants,
which define the strength of the “springs” connecting the images, and therefore
correspond to the λ parameters in the EK method. This resolution, or projection
of the force on image i into a component perpendicular to the RP, and one in
parallel to the RP is called ‘nudging’. [278,287] In nudging

−→
F i, we have decoupled

the path dynamics from the distribution of the images, and thereby solved the
coupling problem of PEB methods: [278]

−→
F nudging
i =

−→
F EHPS
i,⊥ +

−→
F s
i,‖ (3.15)
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Since the spring forces ensure an equidistant spacing of the images, for paths
with vertical angles that get close to 90◦, and therefore with large forces in par-
allel to the reaction path, the only way for the equidistant spacing to be enforced
is by lengthening the band connecting the images. [278] One solution to this prob-
lem is to reimplement the perpendicular component of the spring force to some
extent into the minimization procedure, depending on how close the angle gets to
a right angle. [278] This implementation occurs gradually, with f(φi) being a switch
function, which controls the degree to which the perpendicular component is reim-
plemented: [278]

−→
F NEB
i =

−→
F nudging
i + f(φi)(

−→
F s
i −
−→
F s
i,‖) (3.16)

The reimplementation of the perpendicular component of the spring force then al-
lows for the image to shift into a region with a less large gradient in the EHPS, and
therefore effectively prevents the lengthening of the mentioned band, however to
some extent it reintroduces the issue of corner cutting.

3.3 Improved Tangent NEB

Because the issue of corner cutting has been reintroduced by the implementation
of the switch function f(φi) in the first NEB version, a final solution for the issue
of the formation of angles close to 90◦ along the band, called kinks, was needed,
such that the switch function is no longer necessary, and the issue of corner
cutting is permanently solved aswell. This has been achieved, by changing the
definition of the estimated tangent vector −→τ i. [287]

In the first implementation of the NEB method, the tangent vector is estimated as
the "vector, that bisects the angle formed between the vectors

−→
R i+1 −

−→
R i and−→

R i −
−→
R i−1": [278,287]

−→τ i =

−→
R i+1 −

−→
R i

|
−→
R i+1 −

−→
R i|

+

−→
R i −

−→
R i−1

|
−→
R i −

−→
R i−1|

(3.17)

Consequently, the estimated tangent vector −→τ i is normalized:

τ̂i =
−→τ i

|−→τ i|
(3.18)
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3 Methods for finding the transition state

As mentioned, after investigating the cause for the formation of kinks, it was found
that it is necessary to redefine the tangent vector. [287] In the previous definition,
the two adjacent images and the respective image i were used for the estimation
process, in the new revised definition, the image i is of course used again, but
then only the higher energy image of the adjacent images is used. Therefore, the
new definition of the tangent is: [287]

−→τ i =

{−→
τ+i if Vi+1 > Vi > Vi−1
−→
τ−i if Vi−1 > Vi > Vi+1

(3.19)

with

−→τ +
i =

−→
R i+1 −

−→
R i and −→τ −i =

−→
R i −

−→
R i−1, and with the potential energy Vi =

V (
−→
R i) as previously defined.

In the case of both images being higher or lower in energy than image i, so for
Vi+1 > Vi < Vi−1 or Vi+1 < Vi > Vi−1 the following weighted definition of the
tangent −→τ i is employed: [287]

−→τ i =

{−→τ +
i ∆V max

i + τ−i ∆V min
i if Vi+1 > Vi−1

−→τ −i ∆V max
i + τ+i ∆V min

i if Vi−1 > Vi+1

(3.20)

with ∆V max
i = max(|Vi+1 − Vi|, |Vi − Vi−1|) and ∆V min

i defined respectively. Con-
sequently, the tangent vector needs to be normalized according to equation 3.16.
This way, the aforementioned switch function is rendered obsolete, and conse-
quently the issue of corner cutting is solved.

Additionally, a reformulation of the spring force parallel to the reaction path
−→
F s
i,‖

is done, such that the images are distributed and kept equidistantly: [287]

−→
F s
i,‖ = k(|

−→
R i+1 −

−→
R i| − |

−→
R i −

−→
R i−1|)−→τ i (3.21)

Contrary to the previous definition, the spring constant k is now the same for all
springs.
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3.4 Implementation of the NEB method in DFT

First, the energies and therefore geometries of the two local or global minima, the
initial and final states of the reaction path, must be calculated and serve as the
first and last images, which are immutable during the minimization procedure.

Next, the energies and forces of each image are calculated, as outlined in section
2.40.

In the next step, nudging and elasticity are added. First, the coordinates of the
adjacent images to each image are retrieved, and then the tangent of the reaction
path is estimated at the position of the respective image itself according to eqs.
3.19 and 3.20. [278]

At this point nudging is implemented: The force component perpendicular to the
tangent vector at image i which results from the EHPS

−→
F EHPS
i,⊥ , and the compo-

nent parallel to the tangent vector at image i which results from the spring force−→
F s
i,‖ are calculated. [278,287]

In total, there are P+1 images because the initial image is not accounted for in P ,
since the index i which counts the image numbers starts at 0, and according to the
employed definition, the final image is P . [278,287] In other words, the images with
indices i = 0 and i = P are the end point images. Since the end point images
are immutable, we have to subtract two images from the total number of images,
which gives us P − 1 images, which will be optimized during the minimization
procedure. Therefore, we get N(P − 1) degrees of freedom that have to be
considered during the minimization procedure. [278]

It is noteworthy that each image can be calculated on a separate node, which
makes the NEB method a highly parallelizable method. [278]

3.5 Climbing Image NEB

So far, the NEB method poses a very good solution for finding minimum energy
paths (MEPs) for various systems. The transition state is retrieved via an interpo-
lation, [277,278,287] but not in an exact, systematic manner. This missing feature has
been added via the climbing image method. [277]

As mentioned in section 3.1, the transition state is characterized as being “a max-
imum in one direction”, which is the reaction path, “and a minimum in all other
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3 Methods for finding the transition state

directions.” [277] Consequently, one degree of freedom has to be maxed out, while
all other degrees of freedom should be minimized. [277]

This procedure is carried out, in detaching the image with the highest energy
imax from the spring forces, and additionally reintroducing the inverse “real” force
originating from the EHPS parallel to the path for that image. [277] This way, a
“sliding up” effect occurs, where the image will automatically be driven up the
energy landscape along the path:

−→
F imax = −

−→
∇V (

−→
R imax) + 2

−→
∇V (

−→
R i) · τ̂‖ · τ̂‖ (3.22)

with

−
−→
∇V (

−→
R imax) = −

−→
∇V (

−→
R i)⊥ −

−→
∇V (

−→
R i)‖ (3.23)

the force of image imax becomes

Fimax = −
−→
∇V (

−→
R i)⊥ −

−→
∇V (

−→
R i)‖ +

−→
∇V (

−→
R i)‖ +

−→
∇V (

−→
R i)‖ (3.24)

= −
−→
∇V (

−→
R i)⊥ +

−→
∇V (

−→
R i)‖ (3.25)

Therefore, the image will still try to reach a minimum perpendicular to the reaction
path, but a maximum along the reaction path.

Another addition which was introduced with the climbing image method, was to
increase the density of images close to the transition state, while decreasing
the density of images away from it, [277] thus removing the constraint of equidis-
tant images for the climbing image method. This can be achieved by increasing
the spring constant between images of comparatively high energy, and therefore
close to the transition state region, and decreasing it away from this region for im-
ages of comparatively lower energy. [277] This has been implemented by creating a
linear dependency of the spring constant on the energy of the respective image,
such that [277]

k
′

i =

kmax −∆k
(

Emax−Ei

Emax−Eref

)
if Ei > Eref

kmax −∆k if Ei < Eref
(3.26)
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3.5 Climbing Image NEB

with Ei = max(Ei, Ei−1) as the higher energy of the two compared images i and
i− 1. Emax is the energy of the image with the highest energy of all images, and
Eref is chosen artificially and used to give a lower limit for the spring constant,
usually the energy of the initial- or final state is chosen, depending on which one
has the higher energy. [277]
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4 Approach

In this thesis, several characteristic properties of various anode-metal surfaces
have been calculated. Those properties can be grouped into bulk-, surface-, and
diffusion properties. The calculation of those properties required the setup of cer-
tain systems. These systems have been periodically repeated in the 3D space.
The first reason was to correctly reproduce the metalic properties of the investi-
gated systems, by periodically repeating the bulk unit cell in the 3D space or by
laterally periodically repeating a metal surface of a sufficient thickness. Also, in
order to take advantage of the Boch theorem, the requirement of periodicity had
to be fulfilled aswell.

The calculation of the bulk properties occured by periodically repeating the bulk
unit cell in the 3D space and the calculation of the surface- and diffusion proper-
ties occured by periodically repeating a so-called ’supercell’ in the same manner.
The supercell, like the bulk unit cell, consists of a volume of space which is peri-
odically repeated along its basis vectors −→a 1, −→a 2, and −→a 3.

Generally, the modelling of a system starts with the modelling and calculation of
the bulk unit cell. Typically, modelling the bulk structure includes more than one
atom. The respective atoms are placed into the supercell, such that it represents
a unit cell within the bulk lattice of the respective metal. The structure of this unit
cell can be retrieved based on experimental results. After modelling the super cell
this way, a minimization of the energy of this system Ebulk,sys still has to occur,
since the experimental results often deviate from each other, but also since the
calculation itself is based on approximations, which result in the lattice constants
deviating from the experimental ones. This process is called ’relaxation’ and in
this instance is done by systematically increasing and decreasing the respective
lattice constant(s) until the minimum system energy Ebulk,sys is determined. The
thus calculated bulk structure is used as a basis for further calculations.

But before more complex systems and properties are investigated, the energy of
a single atom is calculated. In a periodic DFT setup, this is done by placing an
atom in the middle of the periodically repeated cell, and by calculating the energy
of this system of an isolated atom Eat for increased interatomic distances, which
are controlled by increasing the basis-vectors −→a 1, −→a 2, and −→a 3 of the supercell.
Once convergence of Eat with respect to the interatomic distances is achieved,
the next step is to calculate the bulk structure of the metal.
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4 Approach

One interesting value which can already be retrieved at this stage, is the bulk
cohesive energy

Ecoh =
Ebulk,sys −Nbulk ∗ Eat

Nbulk

(4.1)

withNbulk being the number of atoms in the bulk unit cell, and thus of the modeled
unit cell. The cohesive energy is a measure for how strong the metal atom is
bound within the crystal structure. Since a metal atom does have multipile atoms
as neighbours in such a structure, the strength of this bond can be approximately
normalized considering the number of nearest neighbours of the respective metal
atom.

After modelling the bulk structure, the next step is to calculate the surface ener-
giesEsurf for the different surface terminations. Because the creation of a surface
termination resembles a cut through the bulk structure along a certain plane, in
scientific terms one speaks of cleaving the bulk structure along a certain plane
given by the miller indices (hkl). In cleaving the bulk structure, and thus in creat-
ing a surface, our periodically repeated system is now separated into a vacuum
region, and in a so called slab region, which consists of multiple atomic layers.
The energy of this system is denoted by Eslab. Figure 4.1 shows such a cleaved
surface, however, in this case a step surface structure has been added, and a
diffusion process is investigated.

In order to maintain the correct bulk behaviour in the central region of the slab,
a certain amount of atomic layers is fixed at the bulk structure, to give the so-
called bulk reference. Since the surface of the slab needs to be able to relax to
give the correct surface energy, a certain amount of atomic layers in the surface
region of both sides of the slab is allowed to relax. Please note that in order
to achieve true convergence of the surface energy, the overall amount of atomic
layers included in the slab, aswell as the number of fixed-, and relaxed layers
needs to be investigated. Also, the vacuum region needs to be chosen large
enough, in order to avoid any interaction between a slab, and its periodic image.

The energy of the respective surface is now given by [288]

Esurf =
(Eslab −Nslab ∗ Ebulk,at)

2 ∗ A
(4.2)

withA being the surface area of the system,Nslab being the number of slab atoms,
and Ebulk,at =

Ebulk,sys

Nbulk
.
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Figure 4.1: Supercell (blue) of the simulated lithium across-step diffusion process. A 6x6 cell is
shown, with a 5 layer slab plus one step layer; the green bars visually separate the slab region
from the vacuum region, which was 20 Å high. The brushed-grey atoms are the bulk reference
layers of the slab.

Since the surface energy is a measure for the stability of a surface termination,
generally, further calculations of surface properties only encompass surface ter-
minations with comparatively low surface energies, and thus comparatively high
stabilities.

Something that all atomic surfaces have in common is that, under ’real world’
conditions, further atoms deposit on such surfaces, either from the gas phase,
or from a liquid, which is in contact with the surface. This process of deposi-
tion on a surface in chemistry is called ’adsorption’, and the adsorbed atoms are
called adatoms. Generally, two kinds of adsorption processes have to be distin-
guished: Physical adsorption, also called physisorption, and chemical adsorption,
also called chemisorption.
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4 Approach

Physisorption is caused by the weak Van-der-Waals forces, and typically, for sin-
gle atoms or small molecules, the gain in energy upon physisorption is smaller
100 meV. However, for large molecules, especially organic molecules, the sum
of the energy gain of the physisorbed atoms within such a molecule, can lead to
a very strong adsorption to the surface, which is also called substrate in macro-
scopic terms.

Chemisorption on metal-, and semiconductor surfaces on the other hand, ac-
cording to the Newns-Anderson model, [289–292] is caused by an interaction of the
adatom electronic states, the orbitals, and the metal electronic states, the bands,
which causes a broadening of the valence electron states of the adatom. Upon
getting closer to the metal surface, those states become more band-like until the
valence electronic states of the adatom merge with the metal states, to give new
perturbed metal states. Thus, the valence electrons of the adatom are no longer
localized at the adatom, but rather part of the delocalized electrons of the metal.
Due to the sharing of the valence electrons with the metal, chemisorbed adatoms
are bound chemically.

In the scope of this work, this distinction is important, since ionic species which
chemisorb and self-adsorb from the electrolyte, such as Li+, Na+, Mg2+, Zn2+,
and Al3+, in this case lose their ionic nature by being supplied with electrons from
the metal, and thus their adatomic species are treated as having a neutral charge
and the calculation of the adsorption energy, or other surface properties, of those
species can be performed with neutral atoms.

The calculation of the adsorption energy can be performed in two ways. Either
the adatoms are adsorbed on both sides, and also the surfaces are kept relax-
able on both sides, this kind of slab setup is called ’symmetric’. Alternatively, the
adatoms can be adsorbed on only one side, in which case only one surface has
to be allowed to relax. The advantage of this ’asymmetric’ slab setup is that the
surface layer of the other side can be removed, which significantly reduces the
computation time. However, now the surface dipoles of both surfaces don’t cancel
each other out, which is why, in our case, a correction to the local potential along
the third basis vector −→a 3 has been added. [293]

The adsorption energy of an adatom is given by:

Eads = Eads,sys − Eslab − Eat (4.3)

with Eads,sys being the energy of the system with the adsorbate, Eslab being the
energy of the system without the adsorbate.
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The adsorption energy is a direct measure for the strength of the adsorption of
an adatom, and thus also for the energy required to remove an adtom from a sur-
face. Similarly, the interaction energy between two adsorbed atoms, is a measure
for the interadatomic attraction, but also for the energy required to separate two
adatoms, which are attached to each other, from eachother, thus giving a first
indication on the stability of surface structures of the respective atomic species.
Similarly to the adsorption energy, the interaction energy can be calculated by:

Eint = Eint,sys − Eslab − 2 ∗ Eat − 2 ∗ Eads (4.4)

with Eint,sys being the energy of the system with the two adsorbed atoms, which
are attached to each other. Also, now the adsorption energies of the species of
course have to be subtracted as well.

The next step is to calculate the energetic barrier, which an adatom has to over-
come if it wants to migrate from one stable position on the surface, into the next
one. This barrier is called diffusion barrier Ediff . For adatomic diffusion pro-
cesses, there are two types of diffusion mechanisms: hopping diffusion and ex-
change diffusion, see figure 4.2. In a hopping diffusion process, the adatom
directly migrates along the minimum energy path (MEP) from one stable position
to the next one, in an exchange diffusion process, one adatom migrates to the po-
sition of a surface atom, while the surface itself figuratively speaking gets ’pushed
out’ of its original position and migrates to the next stable position. Because, with
respect to bond-order conservation, less bonds have to be broken than in a hop-
ping diffusion process, this process can be energetically more favourable than the
hopping diffusion process.

In order to calculate the diffusion barrier, the transition state energy of this diffu-
sion process ETS, which is the state of highest energy on the MEP, needs to be
calculated. In our calculations, the climbing image method, as described in sec-
tion 3.5, was used throughout. The initial set of images was generated via a linear
interpolation between the initial- and the final state, see figure 4.2 for details.

After calculating the transition state energy ETS, the diffusion barrier can then be
calculated by

Ediff = ETS − EIS (4.5)

with EIS being the energy of the initial state.
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4 Approach

Figure 4.2: Lithium across-step hopping- and exchange diffusion investigated via the NEB method;
upper row: hopping mechanism, lower row: exchange mechanism. Left: Initialized 9 images, and
the initial- and final state, with the 9 images generated via linear interpolation between the initial-
and final state; right: MEP for the mentioned diffusion process, with the transition configuration
highlighted in orange. Please note that each image also has a variance in the slab atom configu-
ration, this variance is not included within the scope of this illustration.

In the modeling of the calculations on- and across surface structures, the width of
the step was chosen 3 atoms wide, in order to resemble a real step on a surface,
and the width of the terrace was chosen 3 atoms wide, in order to avoid interaction
between the two step edges.

In the calculations involving an electric field, the electric field was generated via a
dipole layer, which was situated in the middle of the vacuum, and oriented in par-
allel to the surface layer. If asymmetric slabs were calculated, the aforementioned
correction to the local potential had to be activated.
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Also, the dependency of the workfunctions in the initial- and transition states of
the investigated diffusion processes on the slab thickness and lateral size of the
supercell had to be investigated.

In the systems containing magnesium salts, the reference crystal structure had
to be relaxed, allowing not just a relaxation of the structure, but also an increase
or decrease in the lattice constants. If there were multiple crystal structure candi-
dates, their total energies would have to be compared too.

Subsequently, for diffusion processes in those systems, a sufficiently large super-
cell, in the case of MgI2 involving multiple layers, had to be chosen. Also, due to
computational cost, only the magnesium- and iodine layers directly neighbouring
the diffusion layer were allowed to fully relax, while keeping the other layers fixed.

However, in this particular case, an investigation of the phase stabilities of the
systems in which the various interstitial- and vacancy diffusion processes were
supposed to happen had to be performed.

Since the anode in the investigated cell consisted of magnesium metal, the ref-
erence against which the phase stability had to be calculated was a magnesium
atom in the bulk of the magnesium metal.
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5 Results and Discussion
In the following chapters, the author of this thesis presents his 4 published papers
and one contribution to a yet to be published paper.

Overview of the mentioned papers and contribution:

1. N. G. Hörmann, M. Jäckle, F. Gossenberger, T. Roman, K. Forster-Tonigold,
M. Naderian, S. Sakong, and Axel Groß, “Some challenges in the first
principles modeling of structures and processes in electrochemical
energy storage and transfer”, J. Pow. Sourc. 275, 531 (2015);
DOI: 10.1016/j.jpowsour.2014.10.198.

2. M. Jäckle and A. Groß, “Microscopic Properties of lithium, sodium,
and magnesium battery anode materials related to possible dendrite
growth”, J. Chem. Phys. 141, 174710 (2014);
DOI: 10.1063/1.4901055.

3. M. Jäckle, K. Helmbrecht, M. Smits, D. Stottmeister, and A. Groß, “Self-
diffusion barriers: possible descriptors for dendrite growth in batter-
ies?”, Energy Environ. Sci. 11, 3400 (2018);
DOI: 10.1039/C8EE01448E.

4. M. Jäckle and A. Groß, “Influence of electric fields on metal self-diffusion
barriers and its consequences on dendrite growth in batteries”, J.
Chem. Phys. 151, 234707 (2019);
DOI: 10.1063/1.5133429.

5. Preliminary version of a contribution to:
V. Bhaghavathi Parambath, Z. Zhao-Karger, T. Diemant, M. Jäckle, Z. Li,
T. Scherer, A. Gross, R. J. Behm, and M. Fichtner, "Investigation of the
formation of Mg metal anode/electrolyte interfaces in Mg/S batteries
with electrolyte additives", J. Mater. Chem. A 8, 22998 (2020);
DOI: 10.1063/d0ta05762b.

Please note that while the first paper of this list has been published in 2015, it
actually has been published online in 2014, short before the second paper in this
list. For this reason, and because the first paper of this list gives a broad overview
of the work of the group I have been working in, for better readability, I have
changed the ordering of those two papers, thus deviating from a chronological
ordering by publication year.
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of structures and processes in electrochemical

energy storage and transfer

N. G. Hörmann, M. Jäckle, F. Gossenberger, T. Roman, K. Forster-Tonigold, M.
Naderian, S. Sakong, and A. Groß, “Some challenges in the first principles mod-
eling of structures and processes in electrochemical energy storage and transfer”,
J. Pow. Sourc. 275, 531 (2015); DOI: 10.1016/j.jpowsour.2014.10.198.

Remarks due to the inclusion in the dissertation

This paper gives an overview of the activities of the working group of Prof. Dr.
Axel Groß. In the section on lithium dendrites, some results of the first publica-
tion of Markus Jäckle [294] were outlined. Also the ratio of diffusivity over flux as
a critical quantity to describe surface growth phenomena was introduced in the
context of dendrite growth in batteries. Please note that this ratio, and its connec-
tion to surface growth phenomena was already known, however a connection to
dendritic growth in batteries had not yet been drawn.

Markus Jäckle contributed the presented data in section "3.4 Li dendrite growth
in batteries", prepared figure 4, and reviewed the changes that were made to the
mentioned section. The initial draft of section "3.4 Li dendrite growth in batter-
ies" has been solely prepared by Prof. Dr. Axel Groß, he also implemented all
revisions to this section, and corresponded with the referees. Also all other sec-
tions have been prepared by the respective co-authors under the supervision of
Nicolas Hörmann and Prof. Groß.

Permission note: Reproduced from J. Pow. Sourc., 275, N. G. Hörmann, M.
Jäckle, F. Gossenberger, T. Roman, K. Forster-Tonigold, M. Naderian, S. Sakong,
and A. Groß, “Some challenges in the first principles modeling of structures and
processes in electrochemical energy storage and transfer”, p. 531, Copyright
© 2014, with permission from Elsevier.
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a b s t r a c t

In spite of the strong relevance of electrochemical energy conversion and storage, the atomistic modeling
of structures and processes in electrochemical systems from first principles is hampered by severe
problems. Among others, these problems are associated with the theoretical description of the electrode
potential, the characterization of interfaces, the proper treatment of liquid electrolytes, changes in the
bulk structure of battery electrodes, and limitations of the functionals used in first-principles electronic
structure calculations. We will illustrate these obstacles, but also indicate strategies to overcome them.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

In spite of its technological relevance in the electrochemical
energy conversion and storage, our knowledge about the micro-
scopic structure of devices, in particular at electrode/electrolyte

interfaces, is still limited [1]. This is among others caused by the fact
that the experimental determination of bulk and interface struc-
tures is not trivial. Here simulations on the microscopic level
together with a multi-scale modeling approach could be rather
helpful.

However, the atomistic theoretical description of these struc-
tures is hampered by several facts. i) Electrochemical interfaces, in
particular in batteries, are often very poorly characterized since
experimental tools with atomic resolution often do not work at
these interfaces. This makes the theoretical structure
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determination difficult as hardly any experimental information can
be used as input. ii) Liquid electrolytes require to determine free
energies instead of just total energies. This means that computa-
tionally expensive statistical averages have to be performed [2,3].
iii) In electrochemistry, structures and properties of the electro-
deeelectrolyte interfaces are governed by the electrode potential
which adds considerable complexity to the theoretical treatment
since charged interfaces need to be considered [4,5,6,7,8]. iv) Upon
charging and discharging, significant structural changes can occur
in the electrodes, realized as volume changes or phase transitions
[9]. These cannot be properly handled by atomistic techniques
alone, but require the combination of atomistic modeling with a
continuum description. v) As far as first-principles approaches are
concerned, electronic structure methods based on density func-
tional theory (DFT) combine numerical efficiency with satisfactory
accuracy for a wide class of systems and materials [10]. However,
this is not true for all materials used as electrodes or electrolytes in
electrochemical energy storage and conversion.

It is fair to say that despite these obstacles, significant progress
has already been made in the atomistic modeling of devices in
electrochemical energy storage and conversion [11]. It is further-
more evident that nowadays computational modeling is an integral
part of research and development in materials and interface sci-
ences [10,12]. Still, in this contributionwewill illustrate some of the
challenges in the atomistic modeling of electrochemical storage
and conversion devices, but also indicate possible strategies to
handle these obstacles. We will mainly concentrate on interface
issues at the electrochemical boundary between electrode and
electrolyte, in particular with respect to the structure and compo-
sition of these interfaces, but we will also discuss issues associated
with the volume change upon charging and discharging in
batteries.

2. Computational details

The periodic density functional theory calculations presented in
this paper have been performed using the Vienna ab initio simu-
lation package (VASP) [13]. Electronecore interactions were
accounted for by the projector augmented wave method [14,15].
Typically the functional of Perdew, Burke, and Ernzerhof (PBE) [16]
was employed in the Generalized Gradient Approximation (GGA) in
order to describe the exchange-correlation effects. The electronic
one-particle wave functions were expanded in a plane-wave basis
set up using a sufficiently high energy cutoff of at least 400 eV. The
convergence of the results with respect to the k-point set was
carefully monitored. In the surface calculations, at least the up-
permost two layers were allowed to relax.

3. Structure of interfaces in electrochemical storage and
conversion devices

3.1. Thermodynamic approach to model the presence of electrolytes
at interfaces

As far as the interfaces between electrodes and electrolytes are
concerned, it is important to note that the presence of the elec-
trolyte has a significant influence on the surface structure of the
electrode. Now in particular in batteries these interfaces can be
rather complex. The classical example is the solid electrolyte
interphase (SEI) that forms at negative battery electrodes (see
Fig. 1).

Modeling the SEI atomistically represents a significant chal-
lenge. Because of its complexity, first-principles studies are limited
to the initial stages of SEI formation [17,18,19,20] which are
assumed to be due to the decomposition of the electrolyte such as

ethylene carbonate (EC) [21]. Ion transport through the SEI can
hardly be modeled on a first-principles basis, but it can be
addressed on a force-field level [22]. For example, MD simulations
of the Liþ transport through the dilithium ethylene dicarbonate
(Li2EDC) component of the SEI yielded activation energies for Liþ

diffusion and conductivity in good agreement with experiment
[23].

Still, it is desirable to address electrode properties by electronic
structure calculations inspired by the applicability of traditional
surface science approaches for electrochemistry surfaces [7,24]. The
complexity of realistic half cells with electrode, active particles,
conducting carbons, binders, solvent, electrolyte and additives
necessitates to introduce appropriate approximations and simpli-
fications. According to one of these simplified approaches, the
electrolyte can just be regarded as a thermodynamic reservoir
which supplies particles that are characterized by their chemical
potential [25,26]. In thermal equilibrium, the appropriate ther-
modynamical potential describing the electrode consisting of
different particles i is the Gibbs free energy G(T,p,{Ni}). The most
stable electrode surface structure is given by the minimum of the
surface free energy that can be expressed [27] as

DgðT ; pÞ ¼ 1
As

 
GðT; p; fNigÞ �

X
i

NimiðT ; pÞ
!

(1)

DgðT ; pÞz 1
As

 
Eads �

X
i

NiDmiðT ; pÞ
!
; (2)

where As is the surface area. In the last line (Eq. (2)), we have
separated the pressure and temperature-dependent components
from the chemical potential. The adsorption energy Eads with
respect to the most stable species in the reservoir in the limit of
zero temperature and pressure can be derived from DFT calcula-
tions. Note that the values of Eads, As, andNi are assumed to be taken
with respect to a chosen surface unit cell. Any change in entropy
and zero-point energies upon adsorption can be taken into account,
but in fact it is often neglected in theoretical surface studies as
these contributions are typically small [27].

For electrochemical systems in the presence of an electrode
potential U, the chemical potential m has to be replaced by the
electrochemical potential

~m ¼ mþ neU; (3)

where n is the charge of the particle. Still the problem remains that
the reservoir is given by the electrolyte which requires to derive the
solvation energy of the species as the proper reference. The

Fig. 1. Schematic structure of the solid liquid interphase forming at negative battery
electrodes.
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determination of solvation energies necessitates computationally
demanding thermal integration schemes [28]. These efforts can in
fact be avoided using the concept of the computational hydrogen
electrode [25,26]. It is based on the fact that often the electrode
potential of redox couples or redox potential can be used to select
the most convenient reference species. This is illustrated for the
redox couple 1=2A2 þ e�%A� [29]. The electrochemical potential
of the solvated anion is then given by

~m
�
A�ðaqÞ

�
� m

�
e�
�
¼ 1

2
mðA2ðgÞÞ þ e

�
USHE � U0

�
þ kBT ln aA� ;

(4)

whereU0 is the reduction potential of the corresponding anionwith
respect to the potential of the standard hydrogen electrode (SHE)
and aA� its activity coefficient. Neglecting the change of zero-point
energies and the entropy change upon adsorption, at standard
conditions (aA� ¼ 1, pH ¼ 0, p ¼ 1 bar, T ¼ 298 K) the free energy of
adsorption as a function of the electrode potential is given by

DgðUSHEÞ ¼
1
As

�
Eads � Nadse

�
USHE � U0

��
; (5)

where the adsorption energy Eads is taken with respect to the
molecule A2 in the gas phase which can usually conveniently be
calculated. For other concentrations of species A in the electrolyte,
the corresponding electrode potential has to be shifted by
kBT ln aA� . At room temperature this corresponds to about 60 meV
when the activity is changed by one order of magnitude. The same
applies if the pH value is changed by 1. Note that the concept of the
computational hydrogen electrode is not restricted to aqueous
electrolytes, also the effect of solid electrolytes might be treated
within this concept as long as the definition of a chemical potential
in thermal equilbrium is justified.

3.2. Interfaces in electrochemical cells

We will first illustrate this approach with respect to the equi-
librium coverage of halides on metal electrodes [30]. Electro-
chemistry is concerned with processes at the interface between an
electron and an ion conductor [31], and in the case of an aqueous
electrolyte the ion conductivity is mediated by solvated ions.
Electrolytes used in electrocatalysis have typical ion concentrations
of about 0.1M [32] whichmeans that for 550watermolecules there
is one ion in the electrolyte. Still, the concentration of adsorbed
ions, in particular anions, on the electrode surface is often much
larger because of the strong ioneelectrode interaction. For
example, halide coverages onmetal electrodes are of the order of 1/
3 according to experiment [32]. These specifically adsorbed ions are
an integral part of the electrochemical double layer [31]. At the
same time, they modify the adsorption properties of the electrode
substantially [33]. It is for example well-known that adsorbed
chlorine reduces the adsorption energies of hydrogen and increases
the reaction barrier in hydrogen dissociation [34]. Considering the
importance of anion adsorption in surface electrochemistry, it is
unfortunate that so far there has only been a limited number of
theoretical studies addressing this issue [35,36].

In Fig. 2, the free energy of adsorption of chlorine on Cu(111)
determined according to Eq. (5) is plotted as an example. This
system is well studied experimentally with atomic resolution
[32,37,38] and thus allows a close comparison between experiment
and theoretical predictions. Furthermore, it is well-known that the
presence of anions significantly influences the underpotential
deposition of Cu [39]. As Fig. 2 demonstrates, in a rather large po-
tential window above �0.3 V, the ð

ffiffiffi
3

p
�

ffiffiffi
3

p
Þ structure is stable

which is consistent with the experiment [37,38]. Such a high halide
coverage has a significant impact on the properties of the electrode/
electrolyte interface as it for example displaces water layers away
from the metal surface [40].

For aqueous electrolytes, the pH value of the electrolyte plays an
important role, as the concentration of protons in the electrolyte
can lead to a hydrogen layer on the electrode. This is in particular
true for Pt electrodes [7,41,42]. On Cu(111), however, no hydrogen
layer is observed because of its small hydrogen adsorption energy
[43]. As there is in addition a repulsive interaction between
adsorbed chlorine and hydrogen which further reduces the
hydrogen adsorption energy, hydrogen adsorption on Cu(111) does
not need to be considered under electrochemical conditions.

It should, however, be mentioned that the presence of the
electrolyte and varying electrode potentials has been entirely
neglected in the determination of the adsorption energies which
are the basis of the free energies of adsorption shown in Fig. 2. This
represents a severe approximation, but as the consideration of the
electrochemical environment is computationally rather
demanding, the validity of this approximation is hard to judge at
the moment.

However, it should be noted that the thermodynamic approach
can be coupled with a more realistic representation of the elec-
trochemical environment. For the determination of the adsorption
energy Eads appearing in Eq. (5) the presence of the electrolyte and
electric fields can be taken into account [25]. The electrolyte can be
described explicitly in an atomistic model or implicitly through a
polarizable medium [44]. We are currently testing an implicit sol-
vent model [45] implemented into the VASP code and compare it
with results obtained for an explicit representation of an aqueous
electrolyte [40]. Table 1 compares calculated results for standard
electrode potentials in water with experimental values [46]. To
obtain the reference value for the proton in solution, it has been
used that at standard conditions the proton is at equilibrium with

Fig. 2. Calculated electrochemical equilibrium coverage of chlorine on Cu(111) at
standard condition as a function of the electrode potential vs. SHE. The inset illustrates
the structure of the chlorine

ffiffiffi
3

p
�

ffiffiffi
3

p
structure (adapted from Ref. [30]).

Table 1
Standard electrode potentials in water in V calculated by DFT using an implicit
solvent model [45] and derived from experiment [46].

Reaction Theory Experiment

Hþ/H2(aq) �0.003 �0.091
CH3OH(aq)/CO2(aq), Hþ 0.263 0.020
CH3OH(aq), Hþ/CH4(g) 0.694 0.583
O2(aq), Hþ/H2O(aq) 1.424 1.272
CO2(g), Hþ/CH4(g) 0.384 0.169
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H2 in the gas phase. The agreement between experiment and
theory in Table 1 is quite satisfactory given the approximative na-
ture of the computational approach.

3.3. Interfaces in batteries

We now illustrate this thermodynamical approach also for
battery interfaces. Surfaces and surface properties of Li intercala-
tion cathodes are typically studied by electronic structure methods
without taking anything into account besides the clean surface
[47,48,49]. Typical cathode intercalation materials are transition
metal compounds (oxides/sulfates/fluorides) with admixed atomic
species (Li, Na/Mg, N/F) and/or functional groups (PO4, SiO4) in
order to stabilize the material against chemical and/or structural
decomposition during delithiation. One complication arises from
the fact that the behavior of strongly localized and correlated d-
states of transition metal ions is typically not well described by
standard DFT functionals such as LDA and GGA. Correct structural,
electronic and energetic properties can only be obtained if appro-
priate DFT functionals are applied. A widespread approach is to use
GGA þ U methods [11] where U is an on-site Coulomb interaction
parameter which is typically empirically determined. Furthermore,
the simplest chemical structures are ternary and quaternary com-
pounds, which relates to a variety of possible surface terminations
that have to be tested to determine relevant surface structures.
Though stable terminations for simple ternary compounds can
often be rationalized by simple bond cutting considerations
[47,50,51,52] it was also shown that more complicated phenomena
can be favorable such as reconstructions [53] and exchanged sites
at the surface [47,54]. Furthermore, traditional classifications of the
stability of ionic surfaces due to polarity become impractical for
complex surfaces and more subtle definitions should be considered
[55]. In principle also the possibility of ion exchange and non-
stoichiometry needs be tested e.g. by ab-initio thermodynamics
approaches [27,56,57].

Depending on the anisotropy of the structure, Li diffusion can be
1-, 2- or 3-dimensional rendering surfaces active or inactive upon
delithiation. Binding energies, redox-potentials and hopping bar-
riers can strongly deviate from the bulk value near surfaces and in
subsurface regions [48,58,59,60]. Especially for materials with 1D
diffusion, the crossing of the orthogonal surface planes can have
tremendous effects on the performance, and theoretical computa-
tions succeeded in correctly describing appropriate surface modi-
fications for improved material properties [58].

We have, however identified an additional difficulty in such
calculations that has, to our knowledge, not been discussed and is
hence unresolved. It can be illustrated by the following prototypical
ab-initio thermodynamics calculations we have performed on the
material Li2FeSiO4. All computational details are as in Ref. [51], in
particular we used density functional theory with GGA þ U to
calculate the dependence of surface energies of different non-
stoichiometric (010) surface terminations on the chemical poten-
tial of Li. The results are plotted in Fig. 3. As common, we measure
the Li chemical potential against a Li(m) electrode which allows the
direct correlation of the chemical potential with the applied voltage
in the cell. Hence the opposite limiting chemical potential corre-
sponds to the delithiation voltage in this material (see vertical
dashed lines in Fig. 3). Note that the potentials are derived from
energy differences; thus they correspond to an open circuit situa-
tion and do not allow to estimate the dependence of the potential
on the discharge rate.

Different Li compositions of surface and subsurface layers have
been tested and equilibrium compositions can be derived from
determining the ground-state line. Thus we find e.g. that the first Li
ion per (010)-(1 � 1) unit-cell can be extracted already at a voltage

of 3.03 V, which is 100mV below the bulk delithiation potential ((1/
4) in Fig. 3). Accordingly, one might speak of a reduced redox-
potential or reduced binding energy of this particular Li ion.

All other calculated structures (besides the stoichiometric (2/4)
termination), however, do not contribute to the ground-state line
which we would naively interpret as unfavorable delithiation of
surface and subsurface atoms. There are still some peculiarities
about Li batteries which make the calculation of diagrams as in
Fig. 3 less reliable than in the case of pure adsorption events. These
are mainly related to the fact that Li battery cycling is also influ-
encing the Li composition in the underlying bulk structure. As a
result it is unclear how to assess the quality of configurational
sampling as the number of possible Li configurations also in the
subsurface/bulk part is impossibly large. Furthermore it is unclear
which lattice constant should be used to simulate the structures of
varying Li content as most materials expand or shrink upon deli-
thiation. The effect on the Li chemical potentials in the case of
Li2FeSiO4 is of the order of 80 meV, which has an impact on the
crossing points of the lines and the limits in Fig. 3. In addition, bulk
delithiation in Li2FeSiO4 is characterized by a phase separation into
Li2FeSiO4, LiFeSiO4 and FeSiO4 which means that the stable inter-
mediate phase e LiFeSiO4 e prevents continuous delithiation of Li
atom by Li atom and induces the growth of a Li poor phase with a
specific long range Li structure. For such materials the thermody-
namically accessible configurational space is extremely small and
thus a standard approach as discussed here by removing Li atoms in
some random manner is doomed to give insignificant results. To
our opinion the methodology to derive surface properties of these
materials is still underdeveloped as even a consistent approach to
study the bulk properties of such materials by ab-initio simulations
does not exist yet, as shall be discussed below.

3.4. Li dendrite growth in batteries

We like to draw the attention to a specific issue related to the
anode side of Li-ion batteries, namely the growth of Li dendrites
[61,62,63]. Their formation can lead to short-circuits which can
cause irreversible battery damage and hazards such as battery fires.

Fig. 3. (010) surface composition of Li2FeSiO4 at various Li chemical potentials. The
nomenclature is chosen according to the number of Li atoms per (1 � 1) unit-cell in
surface and subsurface Li layers (see pictograms).
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As far as pure lithium anodic batteries are concerned, additional
issues such as cyclability, loss of anodematerial and pollution of the
electrolyte by dendritic deposits become a concern [61,62,63,64].
Current theories of the dendrite formation suggest that through
imperfections in the SEI, local deviations in the surface charge
occur which then lead to an increased lithium deposition
[65,66,67].

Again, the process of dendrite formation is much too complex to
be addressed realistically and completely on a first-principles level.
Coarse-grained models have been used to address the factors
influencing Li dendrite growth [68]. The simulations have for
example shown that the dendrite formation propensity increases
with electrode overpotential. Interestingly enough, in contrast to Li,
magnesium does not tend to form agglomerates on copper or gold
substrates, but instead shows a trend to form uniform structures
[69,70]. This is gratifying as Mg is a promising candidate for
substituting lithium in batteries [71,72] as its volumetric energy
density is even higher than the one of Li since Mg can carry two
elementary charge units. In addition, Mg is muchmore abundant in
the earth crust, making it also economically very attractive.

The fact that Mg in contrast to Li apparently does not exhibit
dendrite growth raises the question about the differences between
these two elements. In order to get a basic understanding, it is
imperative to consider and contrast fundamental properties of
these two metals. These issues were addressed in a recent DFT
study [73] which concluded that the stronger bonding betweenMg
compared to Li might be decisive as the diffusion barriers of both
materials are rather similar. Note that the surface structures
resulting from growth are controlled by migration processes
[74,75,76].

These results of the DFT study [73] were derived by considering
several low-dimensional metallic structures, but the relevance of
the different structures was not assessed. Here we would like to
argue that it is crucial to concentrate on the energetically most
favorable structures as theywill bemost abundant. First we address
the cohesive energies of Li and Mg which are listed in Table 2. The
calculated values obtained by PBE-DFT compare favorably with
those obtained in the experiment [77]. The cohesive energy of Li is
slightly larger than the one of Mg. However, as far as the strength of
the intermetallic interaction is concerned one has to take into ac-
count that Li is a body-centered cubic (bcc) metal with an eight-fold
coordination whereas Mg is a hexagonal close-packed (hcp) metal
with a twelve-fold coordination so that the energy per metal bond
is stronger in Li than in Mg.

There is another characteristic difference between bcc and hcp
metals. For bcc metals, typically the (001) surface termination
illustrated in Fig. 4a is the most stable one, which is also true for Li
[78], whereas for hcp metals like Mg it is the hexagonal close-
packed (0001) surface [73] (Fig. 4b). The bcc(001) surface with its
most favorable fourfold-hollow adsorption sites is more open and
more corrugated than the hcp(0001) surface with its threefold-
hollow adsorption site so that diffusion on Li(001) is hindered to
a larger extent than on Mg(0001). These considerations suggest
that Li exhibits a tendency towards more open structure than Mg,
which is consistent with the observation that Li shows dendrite
growth, but notMg. Furthermore, note that growth theories predict
that the resulting structures do not only depend on the diffusion

coefficientD, but also on the deposition flux F [79], and it is the ratio
D/F that enters as the critical quantity. Thus increasing the depo-
sition flux has the same effect as decreasing the diffusivity, namely
favoring more open structures. This is consistent with the obser-
vation that dendrite growth is particularly observed at high charge
rates [64]. A computational study to address these issues in more
detail will soon be completed in our group.

3.5. Ionic liquids as battery electrolytes

Another safety concernwith respect to the current generation of
Li-ion batteries is the fact that the electrolytes used today such as
ethylene carbonate whose adsorption on Cu(111) is illustrated in
Fig. 5a are combustible at high temperature. Ionic liquids represent
a promising candidate material as alternative electrolytes [80]
because of their high stability, high ionic conductivity and their
low flammability. Ionic liquids are room-temperature molten salts
that are characterized by weak interactions because of charge
delocalization on the ions. Fig. 5b depicts an 1-Ethyl-3-methyl-
imidazolium chloride bis(trifluoromethylsulfonyl)imide
([EMIM]þ[TFSA]�) ionic liquid pair on Au(111). Because of the huge
number of possible combinations, computational screening can be
helpful in identifying suitable candidates for battery electrolytes.

It is important to note that because of the weak interaction
between the ion liquid pairs and between ion liquids and any
electrode it is important to take the van der Waals interaction into
account [81]. Semilocal DFT functionals typically do not reproduce
this kind of dispersion interaction. Fortunately, in recent years the
situation has improved significantly through the development of
dispersion-corrected DFT functionals [82,83,84] and van der Waals
functionals [85]. This is in fact in general true for the adsorption of
organic molecules [86,87], but also for a proper DFT description of
aqueous electrolytes [88,89]. The structures shown in Fig. 5 have
been calculated using the so-called dispersion corrected PBE-D3
approach [83]. Without taking dispersion into account, these
structures would incorrectly be predicted to be very weakly bound
to metal electrodes. The pure PBE adsorption energy of ethylene
carbonate on Cu(111) in the configuration shown in Fig. 5a
is �0.17 eV while dispersion corrections lead to an adsorption en-
ergy of �0.60 eV. The rather large adsorption height of 3.125 Å
illustrated in Fig. 5a indicates that no true chemical bond between
Cu(111) and ethylene carbonate is formed.

Table 2
Cohesive energies of Li and Mg in eV/atom.

Cohesive energies (eV/atom) Li Mg

Experiment [77] 1.63 1.51
PBE-DFT (this work) 1.61 1.50

Fig. 4. Structure of the most favorable surface terminations together with an adatom
for bcc and hcp metals: a) bcc(001), b) hcp(0001).
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As far as the ionic liquid pair shown in Fig. 5b is concerned, the
ring atoms of the EMIM cation are located 3.44 Å above the Au
atoms, whereas the oxygen atoms of the TFSA anion are 2.63 Å
above the surface. Both values are also indicative of the absence of a
true chemical bond [86,87]. Without dispersion corrections, the
ionic liquid pair [EMIM]þ[TFSA]� hardly binds to a metal electrode
(adsorption energy �0.05 eV) whereas the inclusion of dispersion
corrections leads to an adsorption energy of �1.60 eV, a value close
to the one found for a similar ionic liquid pair on Ag(111) [81]. The
larger amount of van der Waals attraction compared to ethylene
carbonate is mainly due to the larger size of the ionic liquid pair.

4. Bulk volume changes

In order to understand andmodel the de-/lithiation processes of
the active electrode particles, it is firstly necessary to understand
the thermodynamic equilibrium properties of the active materials
as the dynamic processes are the response of the system to a de-
viation from thermodynamic equilibrium, driven e.g. by the
external voltage.

As mentioned before, even today theoretical modeling of bat-
tery materials is still separated into an atomistic and a continuum
approach, as it is a classical multi-scale problem. On the one hand a
continuum description of the system by some energy functional
resembling the CahneHilliard formulation can be applied where
appropriate terms are included to pay respect to comparably large

structures such as interfaces, surfaces and strain [90,91,92]. Such
approaches can correctly include all relevant terms necessary for
the phenomenological description of intercalation processes. The
unknown parameters however are typically determined from
experiment as it is still unclear how to consistently transfer results
obtained e.g. in atomic scale ab-initio calculations.

On the other hand, computationally expensive thermodynamic
averaging of atomistic Hamiltonians can be performed by param-
etrizing an analytic function (e.g. a cluster expansion) according to
ab-initio determined energies for different Li configurations
[93,94,95,96,97]. As this is rather time consuming such approaches
have to our knowledge only be applied to general thermodynamic
properties, such as bulk phase diagrams which e.g. determine
whether a material reacts via a single or two phase pathway. Those
two reaction mechanisms differ specifically as in the former case
deintercalation can be driven by the least overpotential, whereas in
the second case a certain overpotential threshold needs to be
exceeded to drive the reaction, as the creation of phase boundaries
as well as strain induce a certain energy barrier absent in single
phase reactions. This fact causes one of the main drawbacks of such
“pure” ab-initio approaches: due to the limited number of atoms
and the reduced computational cell, long range elastic contribu-
tions cannot be captured, or are included only effectively in an
uncontrolled way. Many publications in recent years have however
shown that strain has a major effect on the thermodynamics of
phase separating intercalation compounds [98,99,100,101]. There-
fore an exclusive description of such materials based on an atom-
istic picture that only captures short range interactions is expected
to be at least incomplete. This is especially relevant for the
description of phase-separating intercalation compounds (LiFePO4,
Li2FeSiO4) and high energy battery concepts such as conversion
batteries [102] and beyond [9,103].

Consistent coarse graining approaches to bridge the gap be-
tween the discrete description and the continuum counterpart are
still missing. Thus in our opinion one major challenge in ab-initio
simulations of battery materials is to resolve the interdependence
of long-range continuum solutions that depend on the atomisti-
cally determined parameters, maybe in a self-consistent-like
manner.

In our group we have recently developed a first step to do so,
namely by modeling the initial steps of deintercalation in a phase
separating compound by parametrizing a continuum two phase
model from density functional theory calculations (DFT) in a
consistent way. Details will be published elsewhere, first results
however indicate that delithiation kinetics in Li2FeSiO4 is strongly
enhanced by nucleation at wetted surfaces.

5. Conclusions

First-principles electronic structure calculations are a powerful
tool to elucidate microscopic details of structures and processes
occurring at the interface between an ion and an electron
conductor in electrochemical energy storage and conversion de-
vices. Still, electrochemical systems represent a challenge for
electronic structure methods because of the complexity of the in-
terfaces requiring statistical mechanical and thermodynamical
considerations, the presence of charged systems and electric fields,
and the wide range of interactions from strong correlations inside
the electrode to weak dispersion forces in the electrolyte. However,
as demonstrated in this paper there are approaches available to
address these issues.

As a starting point we demonstrated the success of traditional
ab-initio surface thermodynamics approaches for aqueous elec-
trochemical systems. The main effect of the electrolyte can be
included to some extent by a polarizable continuum which avoids

Fig. 5. Calculated structures of solvent molecules on metal substrates. a) Ethylene
carbonate on Cu(111), b) [EMIM]þ[TFSA]� on Au(111).
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time consuming statistical averages. Furthermore ab-initio tech-
niques enabled us to study material specific behavior such as
dendrite growth at amuch lower degree of complexity than the real
system. Still it is important to understand the true influence of the
electrodeeelectrolyte interaction. However, the proper description
of the substrateeadsorbate interaction by common exchange cor-
relation functionals is still a challenge. Note also that mainly
structural information has so far been addressed by first-principles
studies, as the modeling of processes such as charging/discharging
or passivation requires the determination of transformation
mechanisms which can be rather demanding.

Modeling intercalation electrodes is even amore difficult task as
particle exchange with subsurface layers needs to be considered in
addition to adsorption-like processes. The sheer number of surface
and subsurface terminations requires tremendous configurational
scanning efforts. Furthermore, the fact that battery cycling affects
strongly the underlying bulk structure necessitates a proper un-
derstanding of the bulk behavior in contrast to the traditional
surface thermodynamics approach. This however is rather chal-
lenging as it requires multiscale techniques, and the methodology
will probably only be developed in the years to come.

On a fundamental level, we like to add the following remark. On
the one hand, it is true that the advantage of simulations is that
there is a full control of the studied system. This allows a detailed
analysis and interpretation of the computational results. On the
other hand, since any modeling involves approximations, it is
necessary to validate the model used to simulate a system, and this
can best be done when a direct comparison between experimental
and theoretical data is possible. Unfortunately, the experimental in-
situ elucidation of processes in electrochemical systems is not
trivial because of their complexity. Thus sometimes the relevance
of a theoretical study is hard to assess. Therefore, the progress in
the first-principles modeling of structures and processes in elec-
trochemical energy storage and transfer is strongly linked to the
advances in experimental techniques, and it requires a close
collaboration between theory and experiment.
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Lithium and magnesium exhibit rather different properties as battery anode materials with respect
to the phenomenon of dendrite formation which can lead to short-circuits in batteries. Diffusion
processes are the key to understanding structure forming processes on surfaces. Therefore, we have
determined adsorption energies and barriers for the self-diffusion on Li and Mg using periodic density
functional theory calculations and contrasted the results to Na which is also regarded as a promising
electrode material in batteries. According to our calculations, magnesium exhibits a tendency towards
the growth of smooth surfaces as it exhibits lower diffusion barriers than lithium and sodium, and
as an hcp metal it favors higher-coordinated configurations in contrast to the bcc metals Li and Na.
These characteristic differences are expected to contribute to the unequal tendencies of these metals
with respect to dendrite growth. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4901055]

I. INTRODUCTION

Electrochemical energy storage systems are a crucial
component of modern technologies for renewable energy,
electrified transportation, and smart grids. In spite of signif-
icant progress in recent years there are still severe challenges
in battery operation with respect to gravimetric and volu-
metric energy densities, recyclability and life time, recharg-
ing speed, and safety issues.1–5 Because of these problems, it
is unfortunate that our knowledge of the structures and pro-
cesses occurring in batteries on a microscopic level is still
incomplete.4, 6 Among other, lithium air batteries are promis-
ing candidates for a battery technology with high gravimetric
and volumetric energy density. Yet, it is fair to say that there
are still severe problems associated with their usage.7, 8 One of
the problems associated with the use of lithium as an anode
material is the possible formation of Li dendrites.8–11

Their presence can cause short-circuits which lead to
irreversible battery damage and hazards such as battery
fires. With pure lithium anodic batteries this safety issue
becomes even more important, not only because of safety
itself, but also because of issues like cyclability, loss of
anode material, and pollution of the electrolyte by den-
dritic deposits.8–11 This prevents replacing the graphite an-
odes in lithium-ion batteries by lithium metal anodes al-
though lithium anodes have a significantly higher energy
density. Current theories of the dendrite formation suggest
that through imperfections in the solid electrolyte interphase
(SEI), local deviations in the surface charge occur which
then tend to attract more lithium deposition than an ideal
surface.7, 12, 13 Furthermore, lithium/polymer interfaces were
treated using linear elasticity theory.14 This study demon-
strated the importance of electrolyte mechanical properties
with respect to the amplification of surface roughness. The
influence of the electrolyte was also addressed in a re-
cent experimental study15 which, motivated by joint den-
sity functional theory calculations,16 showed that electrolytes

containing lithium halide salts as additives suppress the ten-
dency towards dendride formation. On the other hand, another
recent work claims that subsurface structures in lithium elec-
trodes play a crucial role in dendrite formation.17

One candidate for substituting lithium in batteries would
be magnesium.18–20 Although the gravimetric energy density
of Mg is only half of the one of Li, its volumetric energy den-
sity is even higher as Mg can carry two elementary charge
units. Furthermore, Mg is much more abundant in the earth
crust making it also economically very attractive.

In addition, recent in situ studies of the Mg deposition-
dissolution performance suggest that Mg does not tend to
form agglomerates upon deposition, but instead shows a trend
to form uniform structures.21, 22 This indicates that magne-
sium most likely does not form dendrites. Furthermore, alloy-
ing Mg with Li also suppresses the tendency towards dendrite
growth.23

Because of the devastating impact of dendrite growth
on battery performance it is important to understand its
origin. Certainly, the process of dendrite formation in an
operating battery is rather intricate due to the complex
structure of the electrode/electrolyte interface involving the
solid-electrolyte interphase. For a complete understanding of
the dendrite growth under battery operation the consideration
of the complex environment within the SEI is mandatory
taking the correct electrochemical conditions properly into
account.24 However, it is currently not possible to model
dendrite growth atomistically in a realistic electrochemical
environment. Coarse-grained models have been used to
identify the factors influencing Li dendrite growth.25 The
simulations, for example, indicate that the dendrite formation
propensity increases with electrode overpotential.

However, all the models and mechanisms discussed so
far do not include element-specific details. Hence they are
not able to discriminate between different metals. Thus they
cannot explain why Li exhibits dendrite growth and Mg not.

0021-9606/2014/141(17)/174710/7/$30.00 © 2014 AIP Publishing LLC141, 174710-1
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Since a full realistic atomistic modeling of dendrite growth is
currently not possible, as a first step a reductionistic approach
is necessary in which basic metallic properties related to den-
drite growth are compared.

Such an approach was employed in a recent density func-
tional theory (DFT) study26 which concluded that the stronger
bonding between Mg atoms compared to Li might be de-
cisive as the diffusion barriers of both materials are rather
similar. These findings were derived by considering sev-
eral low-dimensional metallic structures.26 However, the rel-
evance of the different structures in a growth process was not
assessed. By concentrating on the energetically most favor-
able metal structures which are most abundant we derive at
different conclusions than the previous study.26

Note that specific metal structures growing on electrodes
are controlled by diffusion processes.27–31 Hence a crucial
part in the modeling of dendrite growth is the determina-
tion of metal self-diffusion paths and the corresponding dif-
fusion barriers.32 We have used DFT calculations to study
surface energies, adsorpion energies in homoepitaxy, and
self-diffusion barriers of Li and Mg. We contrast the results
with another promising alkali metal for battery applications,
sodium.33 To the best of our knowledge, such a comparison
of the basic properties of these three battery anode materi-
als based on first-principles calculations has not been made
before.

Our results indicate that magnesium exhibits a tendency
towards the growth of smooth surfaces as it exhibits low dif-
fusion barriers and favors high-coordinated configurations.
These properties might contribute to the observed lack of den-
drite growth in magnesium batteries. In contrast, lithium and
sodium self-diffusion on the energetically most favorable sur-
face terminations is hindered by higher barriers, and Li and
Na as bcc metals exhibit a lower tendency towards high-
coordinated configurations. This could explain the higher
propensity of Li towards dendrite growth.

II. CALCULATIONAL METHODS

Periodic DFT calculations have been performed us-
ing the Vienna Ab Initio Simulation Package (VASP)34, 35

within the generalized gradient approximation (GGA) to
account for exchange correlation effects employing the
functional of Perdew, Burke, and Ernzerhof36 which is
well-suited to describe metallic properties.37, 38 The core elec-
trons are represented by projector augmented wave (PAW)
pseudopotentials39 as supplied in VASP40 with a cutoff en-
ergy of 400 eV. As shown below, this cutoff is sufficient to
reproduce properties of the considered metals such as bulk
cohesive energy and lattice constants.

The Brillouin zone integration for bulk calculations has
been performed on a 9 × 9 × 9 k-point grid. The electrode
surfaces are modeled by 5-layer slabs. The comparison of
calculated surface energies for 5-layers slabs with those de-
rived from calculations for 7- and 9-layer slabs indicates that
5-layer slabs are thick enough to reliably model the electrode
surfaces. Adsorption energies and diffusion paths have been
determined within a 4 × 4 geometry using a 5 × 5 × 1 k-
point grid. The relaxation in the calculations has been per-

formed until the forces were smaller than 0.001 eV/Å and the
total free energy change was smaller than 0.0001 eV. For all
adsorption calculations, the atoms of the uppermost two sur-
face layers were allowed to relax in all directions.

III. RESULTS

A. Bulk properties

First note that the two alkali metals lithium and sodium
crystallize in the bulk-centered cubic (bcc) structure with an
eightfold coordination whereas the alkaline earth metal mag-
nesium assumes a hexagonal close-packed (hcp) structure
with a twelvefold coordination.41

For lithium, a lattice constant of a = 3.44 Å has been
calculated, which only slightly deviates from the experimen-
tally retrieved value of a = 3.49 Å41 and is in good agree-
ment with other calculated values.42 The calculated lattice
constant of sodium is a = 4.19 Å, again in good agreement
with the experimental value of a = 4.29 Å. For magnesium,
the hcp lattice constants were calculated to be a = 3.19 Å and
c = 5.18 Å which again corresponds to a small deviation from
the literature values of a = 3.21 Å and c = 5.21 Å,41, 43, 44

but are in accordance with extrapolated 0 K values43, 44

and also with other calculated values of a = 3.18 Å and
c = 5.14 Å.45

The cohesive energies have been calculated by subtract-
ing the calculated energy of an isolated metal-atom from the
energy of this atom within the bulk:

Ecoh = −(Ebulk − Eatom). (1)

The calculated values are compared with experimental ones
in Table I. The cohesive energy for lithium was evaluated to
be 1.61 eV/atom, the experimental value is 1.63 eV/atom,41

another calculated value is 1.61 eV/atom.42 In the case of
sodium, the calculated value of 1.10 eV/atom is close to the
experimental value of 1.11 eV/atom.41 For hcp magnesium
the cohesive energy was calculated to be 1.50 eV/atom while
the experimental value is 1.51 eV/atom,41 both close to a pre-
viously calculated value of 1.50 eV/atom.45

Note that the cohesive energies of Mg and Li are rather
similar, and regarding Li as being eightfold coordinated and
Mg as being twelvefold coordinated, the energy per bulk
metal-metal bond is considerably larger in Li than in Mg.
Thus the comparison of the bulk properties does not support
the conclusion of the previous computational study26 that the
Mg–Mg bond is stronger than the Li–Li bond.

B. Surface energies

Surface properties are not only important because they
determine the equilibrium shape, but also help understanding

TABLE I. Cohesive energies in eV/atom.

Cohesive energies (eV/atom) Li Na Mg

Expt.41 1.63 1.11 1.51
This work 1.61 1.10 1.50
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TABLE II. Calculated surface energies of Li, Na, and Mg surfaces compared to previous studies.42, 45, 46

Li(001) Li(011) Li(111) Na(001) Na(011) Na(111) Mg(0001)

Esurf (eV/atom) this work 0.34 0.26 0.54 0.24 0.17 0.50 0.28
γ (J/m2) this work 0.46 0.49 0.53 0.22 0.22 0.26 0.52
γ (J/m2) other works 0.4742 0.5042 0.5642 0.2346 0.2246 0.2846 0.5545

crystal growth phenomena.47, 48 Here, we determine the most
stable surfaces of the bcc metals lithium and sodium among
the low-index (001), (011), and (111) surfaces. For the hcp
metal magnesium, the close-packed (0001) surface is the most
stable one.45

The surface energies have been estimated by calculating
the energy of a 5-layer slab with the first two layers on each
side being relaxed and subtracting the energy of the atoms in
the bulk according to

Esurf = 1

2N
(Eslab − N · Ecoh)). (2)

Esurf represents the calculated surface energy per atom in
eV/Å. Furthermore, we have converted these values into sur-
face energies per area γ in J/m2. The resulting numbers are
collected in Table II. The table also demonstrates that our
calculated values compare well with previously calculated
numbers.42, 45, 46 With respect to the lithium surfaces we note
that the most stable one is the square (001) surface, followed
in stability by the (011) and (111) surface. This order is typ-
ical for bcc surfaces as the hexagonal bcc(111) surface is
rather open with a relatively large distance between the sur-
face atoms. For sodium, the (001) and (011) surfaces are basi-
cally energetically degenerate, Na(111) is slightly less favor-
able. The surface energies of sodium per area are only one half
of those for lithium. This can be understood by the combina-
tion of the two facts that first the surface energies per atom
of sodium are reduced compared to lithium due to the smaller
cohesive energy and that second the lattice constant of sodium
is larger than the one of lithium.

For Mg(0001), the calculated surface energy value of
0.52 J/m2 or 0.28 eV/atom is in good agreement with the lit-
erature value of 0.55 J/m2 or 0.30 eV/atom.45 Note that the
surface energy per area of the hexagonal Mg(0001) surface
is rather similar to the one of the square Li(001) surface. As
seen in Sec. III A, also the cohesive energies of Li and Mg
are rather similar. Regarding these energetics, there is no dra-
matic difference between Li and Mg so that these properties
do not give a first hint as to why there is such a difference
between the two metals with respect to dendrite growth.

TABLE III. Adsorption energies of Li, Na, and Mg adatoms in homoepitaxy
on different adsorption sites.

Eads (eV) bridge (b) hollow (h) top (t)

Li(001) − 1.13 −1.28 − 1.05
Na(001) − 0.75 −0.91 − 0.62

bridge (b) fcc hcp top (t)
Mg(0001) − 0.57 − 0.59 − 0.57 − 0.44

C. Adsorption energies

As this paper aims at contributing to the long-term goal of
clarifying why lithium grows dendrites and magnesium does
not, it is of central interest how strong the bonding of surface
adatoms is which might impose irregularities that could con-
tribute to dendritic growth. The adsorption properties were
calculated for the most stable surfaces which are the (001)-
surface of lithium and sodium and the (0001)-surface of mag-
nesium.

The adsorption energies Eads have been calculated by
subtracting the energy of the clean metal electrode Eslab and
the energy of a single adsorbate atom Eatom from the energy
of the system with the relaxed adsorbate Esys:

Eads = Esys − Eslab − Eatom. (3)

The adsorption energies of Li, Na, and Mg adatoms
on the high-symmetry sites of their respective most stable
surface terminations are collected in Table III. As far as
the bcc surfaces of Li and Na are concerned, the fourfold
hollow site is clearly favored compared to the bridge and
top sites. In contrast, on Mg(0001), the threefold hollow
sites and the bridge site are energetically almost degener-
ate. The most favorable adsorption positions are illustrated in
Fig. 1.

Li adsorption energies are larger in magnitude than the
Na adsorption energies which can be explained by the larger
cohesive energy of Li. Note also that Li adsorption on Li(001)
is stronger than Mg adsorption on Mg(0001) which might be
caused by the higher coordination in the fourfold hollow site
of the bcc(001) surface compared to the threefold hollow fcc
site on hcp(0001).

A further important property concerning the growth of
metal structures is the interaction energy between adatoms
since this governs how favorable it is for adatoms to form
islands.29, 49 Therefore, we have calculated the interaction en-
ergy Eint between two adatoms within the chosen supercells
which is the difference between the adsorption energy of two

FIG. 1. Most favorable adsorption positions in homoepitaxy on Li(001) and
Mg(0001).
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FIG. 2. Possible positions of two adatoms within the (4 × 4)bcc(001) surface
unit cell.

adatoms in the surface unit cell and the adsorption energies of
two isolated adatoms.

The possible configurations for two adatoms within the
(4 × 4)bcc(001) surface unit cell are illustrated in Fig. 2. Site
0 corresponds to the position of the first adatom, sites 1-5 il-
lustrate the possible, geometrically inequivalent position of
the second adatom. In the determination of Eint, the adatoms
together with the two uppermost substrate layers were fully
allowed to relax.

The calculated dimer interaction energies for Li(001) are
collected in Table IV. For the two shortest separations with
the second adatom in site 1 or 2 there is a small attractive in-
teraction, whereas for the second adatom in sites 3, 4, and 5
there is almost no interaction. So in general there is only a
weak interaction between Li adatoms in the fourfold hollow
sites of Li(001) which is also reflected by the fact that there
is only very little relaxation of the dimer atoms compared to
their isolated configuration. This small interaction energy is
possibly a consequence of the large adsorption energy of sin-
gle adatoms which reduces the attraction to other adatoms in
a bond-order conservation picture. Furthermore, it should be
noted that the two adatoms at adjacent adsorption sites do
not correspond to nearest neighbors which might also con-
tribute to the relatively weak interaction. The other considered
alkali metal, sodium, exhibits very similar properties com-
pared to lithium with respect to the interaction between two
adatoms.

For the case of Mg dimers within the (4 × 4)hcp(0001)
surface unit cell, we considered the three inequivalent con-

TABLE IV. Interaction energies in eV and separations for two Li, Na,
and Mg adatoms in homoepitaxy with the sites labeled according to
Figs. 2 and 3.

2nd adatom site 1 2 3 4 5

Li Eint (eV) − 0.17 − 0.05 0.02 0.02 0.03
Li seperation (Å) 3.20 3.91 6.89 7.70 9.74
Na Eint (eV) − 0.14 − 0.03 − 0.02 − 0.02 0.00
Na seperation (Å) 3.72 5.87 8.38 9.37 11.85
Mg Eint (eV) − 0.50 0.00 − 0.50
Mg seperation (Å) 2.94 6.41 2.95

FIG. 3. (a) Possible positions of two adatoms within the (4 × 4)hcp(0001)
surface unit cell. (b, c) Fully relaxed geometries for the second Mg adatom
initially in site 1 and 3, respectively.

figurations illustrated in Fig. 3(a). As Table IV demonstrates,
there is now a relatively large interaction energy for the two
Mg adatoms in adjacent fcc hollow sites which is three times
larger than for the corresponding Li dimer. Using bond-order
conservation arguments, this stronger interaction might be
caused by the lower adsorption energy of Mg on Mg(0001).
Note also that on the hcp(0001) surfaces two adatoms at
adjacent adsorption sites are nearest neighbors. The attrac-
tive interaction even results in a further reduced distance be-
tween the two Mg adatoms which is lower by −0.28 Å com-
pared to the bulk nearest neighbor distance, as illustrated in
Fig. 3(b).

For the Mg dimer at site 0 and 2, there is basically
no interaction any more, however, for the Mg adatoms ini-
tially at sites 0 and 3, there is again a strong interaction.
This is caused by the fact that upon relaxation the second
adatom does not stay at site 3 but is attracted towards the
hcp hollow site adjacent to site 0, as illustrated in Fig. 3(c).
The very similar interaction energies for the dimers 0-1 and
0-3 are a consequence of the basically identical distances
within these two dimer pairs, but note that the second atom
in the two resulting configurations sits in a fcc and hcp site,
respectively.

Concluding this section, there is a stronger interaction
between Mg adatoms on Mg(0001) than between Li and
Na adatoms on Li(001) and Na(001), respectively, which is
most likely a consequence of the lower adsorption energy of
Mg adatoms and the closer distance of the adatoms at adja-
cent adsorption sites. This indicates that Mg exhibits a more
pronounced tendency to form adatom agglomerates, as pre-
dicted by the nucleation theory of growth,29, 49 whereas Li
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TABLE V. Activation barriers for hopping self-diffusion on Li(001),
Li(111), Na(001), and Mg(0001). For Li(001), in addition the barrier in the
exchange mechanism is given.

Ediff (eV) Mechanism

Li(001) 0.14 Hopping
Li(001) 0.21 Exchange
Li(111) 0.41 Hopping
Na(001) 0.16 Hopping
Mg(0001) 0.02 Hopping

and Na adatoms have a more pronounced tendency to stay
isolated.

D. Diffusion properties

Diffusion barriers play an important role in the homoepi-
taxial growth mechanism.27–31 In a general sense it can be
said that the faster the diffusion is, the smoother the re-
sulting surface structures are because the surface atoms can
join to form complete surface layers, or vice versa, the
slower the diffusion is, the rougher the resulting surface struc-
tures are since complete surface layers are not likely to be
formed.

Typically, in diffusion processes one considers the so-
called hopping mechanism with an atom propagating from
the most favorable adsorption position to the next one via the
neighboring bridge site. Thus the activation energy for hop-
ping diffusion Ediff can be determined by the difference be-
tween the most favorable adsorption energy and the adsorp-
tion energy at the bridge position which have already been
listed in Table III. In addition, in order to get an better idea
about the energetics involved in the hopping diffusion, we
have determined the whole potential energy surface of a Li
adatom on Li(001) and of a Mg adatom on Mg(0001) that are
plotted in Fig. 4. The resulting diffusion barriers are listed in
Table V.

On Li(001) and Na(001), hopping diffusion is hindered
by barriers of 0.14 eV and 0.16 eV, respectively, i.e., they are
rather similar. In contrast, on Mg(0001) hopping diffusion is
only hindered by the rather low barrier of 0.02 eV. As Table III
and Fig. 4 indicate, this barrier is due to the propagation from
the fcc to the hcp hollow site which is slightly less favorable

whereas diffusion from the hcp hollow to the fcc hollow site
is hardly hindered by any barrier.

We have also considered Li self-diffusion on the hexag-
onal Li(111) surface which is, however, hindered by a rather
high barrier of 0.41 eV. This high barrier is due to the open
nature of the bcc(111) surface which leads to a large ener-
getic difference between the threefold hollow and the bridge
positions.

The hopping mechanism is mainly operative on close-
packed metal surfaces. On square (100) surfaces such as
Pt(100)50 or Ir(100),51 in fact another diffusion mechanism
has been observed, namely the so-called exchange mechanism
in which the adatom displaces a surface atom which then be-
comes the adatom.

Whereas in the hopping mechanism at the transition state
the hopping atom is in a twofold coordination, in the ex-
change mechanism on (100) surfaces there are two atoms
in a threefold coordination at the transition state. The fact
whether one atom in a twofold coordination is more favorable
than two atoms in a threefold coordination then determines
which mechanism is operative. The exchange mechanism is
preferred at metal surfaces that favor a threefold coordina-
tion with the three-valent aluminum being the prototypical
example.52, 53 In addition, the exchange mechanism can also
be more favorable for diffusion across the steps of a stepped
surface31 since the hopping mechanism across a step is hin-
dered by the relatively large Ehrlich-Schwoebel barrier54, 55

caused by the low coordination at the transition state for dif-
fusion across the step.47

However, as the exchange mechanism involves the co-
operative motion of several surface atoms, it is not trivial to
determine the activation barrier. In order to find the minimum
energy path (MEP) in the exchange mechanism of Li self-
diffusion on Li(001) we have used the nudged elastic band
method (NEB)56 that corresponds to an automatic search rou-
tine for finding the MEP between specified initial and final
states and that is well-suited to yield the reaction path of com-
plex processes on surfaces.57

Figure 5 shows snapshots of the atomic configuration
along the minimum energy path for the self-diffusion of Li
on Li(001) in the exchange mechanism which is hindered by
a barrier of 0.21 eV that is slightly larger than the barrier for
the hopping mechanism (see Table V).

FIG. 4. Potential energy surfaces of (a) a Li adatom on Li(001) and (b) a Mg adatom on Mg(0001). The contour spacing in (a) is 0.05 eV while it is 0.02 eV
in (b).
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FIG. 5. Snapshots of the atomic configuration along the minimum energy path for the self-diffusion of Li on Li(001) in the exchange mechanism.

However, in a Arrhenius picture the rate with which a
certain process occurs does not only depend on the activation
barrier via the Boltzmann factor, but also on the prefactor.
We have used the simplified transition state theory (STST)58

in order to estimate the rates for hopping and exchange
diffusion,

k = npν0exp

(
−Ediff

kBT

)
. (4)

In this approximation, the prefactor is simply given by the
attempt frequency ν0

59 along the one-dimensional minimum
energy path multiplied by the factor np which takes the num-
ber of geometrically equivalent processes into account. For
both the exchange as well as the hopping mechanism on
Li(001), np = 4 due to the fourfold symmetry of both dif-
fusion mechanisms.

The attempt frequencies that are listed in Table VI have
been derived from an harmonic fit to the potential curves for
the exchange and the hopping mechanism. For the harmonic
frequency of the exchange mechanism, the effective mass of
two lithium atoms was used. It turns out that the attempt
frequency is by about 40% larger for the exchange than for
the hopping mechanism so that eventually the rate of the ex-
change mechanism at room temperature is 11 times smaller
than for the hopping mechanism. This means that diffusion
on Li(001) is dominated by hopping but exchange processes
also contribute to diffusion. These rates might then enter a ki-
netic Monte Carlo (KMC) algorithm60 which is the state-of-
the-art method to simulate growth processes on surfaces on a
macroscopic time scale and a mesoscopic length scale.28, 29, 59

Even with taking into account the exchange mechanism
it is still clear that self-diffusion on Li(001) and Na(001) is
much slower than on Mg(0001) with its close-packed hexag-
onal structure. This means that diffusion favors a smooth sur-
face growth on Mg(0001) to a much larger extent than on
Li(001) and Na(001).

TABLE VI. Attempt frequencies ν0 and rates k at room temperature for the
exchange and hopping self-diffusion on Li(001).

Exchange Hopping

ν0 (s−1) 2.13 × 1013 1.53 × 1013

k (s−1) 2.16 × 1010 2.45 × 1011

IV. SUMMARY AND CONCLUSION

Motivated by the observed differences with respect to
dendrite growth, the basic properties of Li and Mg electrodes
with respect to growth processes have been studied by pe-
riodic density functional theory calculations and contrasted
to the properties of Na. Whereas Li and Na crystallize in
the body-centered cubic structure, Mg has a hexagonal close-
packed structure. The cohesive energies of Li and Mg are
rather similar, Na has a smaller cohesive energy. The square
(001) terminations correspond to the energetically favorable
surface structures of Li and Na in contrast to the smooth
hexagonal Mg(0001) surface.

Because of the more open structure of the bcc(001) sur-
face, adsorption in homoepitaxy on Li(001) and Na(001) is
stronger than on Mg(0001). On the other hand, the interac-
tion of two adjacent adatoms is stronger on Mg(0001) than
on Li(001) and Na(001) which can be understood on the ba-
sis of bond-order arguments. Furthermore, self-diffusion on
Mg(0001) is much more facile than on Li(001) and Na(001),
even if additionally exchange processes on the bcc(001) sur-
faces are taken into account.

All these properties indicate that metal growth on
Mg(0001) should lead to much smoother structures than on
Li(001) and Na(001). Self-diffusion on Mg(0001) is rather
fast, and in addition the interaction energy between Mg
adatoms is large so that stable nucleation centers for thin-
film growth can readily form. This tendency for the growth
of smooth structures might already be an important reason
why Mg electrodes do not exhibit dendrite growth. Li, on the
other hand, shows a stronger tendency towards the growth of a
rough surface which supports the formation of dendrites. Fur-
thermore, based on the calculations, Na should show similar
growth properties as Li. It should be mentioned that the differ-
ences between Li and Mg with respect to their growth prop-
erties can qualitatively be derived from the fact that Mg as a
hcp metal with a twelvefold coordination in the bulk favors
compact high-coordinates structures to a larger extent than Li
as a bcc metal with eightfold coordination in the bulk.

In this study, the complex environment of metal anodes
in batteries has not been considered at all. However, exist-
ing models of dendrite growth in batteries are typically not
element-specific, and consequently they do not allow to dis-
criminate between Li and Mg. Therefore we are convinced
that the characteristic differences between Li and Mg with re-
spect to elementary properties relevant for growth identified in
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this study significantly contribute to the observed differences
in dendrite formation in batteries with Li and Mg anodes.
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Self-diffusion barriers: possible descriptors for
dendrite growth in batteries?

Markus Jäckle, ab Katharina Helmbrecht,ab Malte Smits,ab Daniel Stottmeisterab

and Axel Groß *ab

Dendrite formation is one of the most pressing issues in current battery research. Lithium based

batteries are prone to forming short-circuit causing dendrites, while magnesium based batteries are not.

Recently it was proposed that the tendency towards dendrite growth is related to the height of the self-

diffusion barrier with high barriers leading to rough surface growth which that subsequently cause dendrite

formation, which was supported by density functional theory calculations for Li, Na and Mg [J. Chem.

Phys., 2014, 141, 174710]. We now extend this computational study to zinc and aluminum which are also

used as battery anode materials, and we additionally consider diffusion barriers that are relevant for

three-dimensional growth such as barriers for diffusion across steps. Our results indicate, in agreement

with experimental observations, that Li dendrite growth is an inherent property of the metal, whereas Zn

dendrite growth results from the loss of metallic properties in conventional Zn powder electrodes.

Broader context
Safety issues are of critical importance in the development of electrochemical energy storage devices for mobile applications, but also for electrical vehicles.
Lithium-based batteries are plagued by the growth of fibre-like dendrites. They lead to the loss of active material. Even more importantly, they can cause short-
circuits accompanied by strong heating which together with flammable electrolytes can result in battery fires. Interestingly, Zn-based batteries also exhibit
dendrite growth whereas Mg-based batteries do not. However, existing theories of dendrite growth are typically not element-specific, which means that they can
not explain the differences with respect to the various metals. Growth mechanisms are intimately linked to diffusion processes. Here we propose to consider the
elementary diffusion properties of these metals in order to assess whether dendrite growth is an inherent property of the metal. This provides basic designing
principles to develop dendrite-free electrodes.

1 Introduction

One of the main issues with most rechargeable battery systems
is the formation of so-called dendrites, which deplete the available
metal material on the anode side and lead to short-circuits if the
dendrite grows large enough or reaches a critical density within the
electrolyte.1–5 Currently the origins of dendrite nucleation and
growth are regarded as a complex chain of reactions. In lithium-
ion and lithium–air batteries, the first step is the formation of a
passivating layer, however since the electrode in the case of lithium–
air batteries is metallic lithium, it is already covered with a native
film consisting of Li2O, Li2CO3 and LiOH.6–14 In both cases, the
interaction of the electrolyte with the electrode causes the formation
of a multilayered, structurally and chemically inhomogeneous
passivating interphase called the Solid Electrolyte Interphase

(SEI).2,15–18 Defects which are introduced upon cycling cause
a nonuniform current distribution in the SEI17,19 as well as a
non-isotropic charge density on the electrode surface.14,20–22

The subsequent lithium plating- and stripping processes occur
in a non-uniform manner and subsequently cause dendrite
formation, upon breakage of the SEI.13,17,19,20,23

Several methods have been suggested to suppress or delay the
onset of dendrite growth, amongst them using other electrolytes24

such as fluoride-containing electrolytes11,25 or ionic liquids,26 or
the coadsorption of sodium.23 Furthermore, the so-called Self-
Healing Electrostatic Shield (SHES) mechanism for lithium
deposition upon charging is based on the adsorption of specific
cations that selectively adsorb to early stage dendrite precursors,
and thereby direct the deposition of further lithium away from
the early tip.27

Additionally, it was recently shown that a simple mechanical
micro-needle treatment of the lithium metal leads to a drastic
reduction in the impedance due to an increase in the surface area;
depending on the current rate, it exhibits a comparatively higher
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discharge capacity than the untreated anode, it has a lower actual
current density compared to the untreated lithium metal and in
some cases the number of cycles to reach 85% of the initial
discharge capacity doubles from 70 to 150 cycles.28

It was also proposed that Li3N could be a possible contaminant
in pre-cycled lithium electrodes, which causes the subsurface
nucleation of dendritic structures.29 Furthermore, it has been
pointed out that needle-like precursors for dendrite growth might
be critical for the onset of dendrite growth, whereas the electrolyte
composition only determines the morphology of the further evolving
dendrites.23,30–34 These needle-like precursors grow at least for three
different common electrolytes and even in vacuum, using physical
vapor deposition (PVD) of lithium,23,30–34 strongly indicating a metal-
inherent reason for the growth of these needles.

Additionally, lithium fibres with a length in the lower mm
regime were grown on SnO2 and Si nanowires and have been
shown to mainly consist of metallic lithium and were preceded
by the formation of randomly distributed lithium islands.35,36

Interestingly enough, experimental results indicate that
sodium also tends to exhibit dendrite growth,38 whereas magnesium
does not show dendrite growth but rather forms flat, uniform
surfaces,39–41 making magnesium-anodes an attractive material
for metal–air batteries.42–44 Most of the models explaining
dendrite growth do not invoke specific properties of the metal.
Hence they are not able to explain why Li tends to form
dendrites and Mg not. Furthermore note that growth phenomena
at interfaces are intimately linked to the diffusion coefficient D
and the deposition flux F.45–47 The critical quantity entering
homogeneous nucleation theory is the ratio D/F.48,49 As a con-
sequence, decreasing the diffusivity has the same effect as
increasing the deposition flux. This is in agreement with the
observation that typically dendrite growth occurs at low operating
temperatures and/or high charging rates.1,4,33,50–56 This is consistent
with homogeneous nucleation theory as the charging rate is directly
related to the deposition flux and temperature controls diffusion
coefficients. However, if nucleation is dominated by defect sites,
island growth no longer scales with the ratio D/F.48 Lowering the
deposition flux, for example by modifying the electrolyte, can then
lead to the formation of needle-like structures.57 It should also
be mentioned that there are a few examples showing that high
temperatures could also facilitate dendritic growth.4,58

We have therefore recently proposed that the height of metal
self-diffusion barriers might be a possible descriptor for the
occurrence of dendrite growth.37 We calculated the self-diffusion
barriers on the most favorable surface terminations of Li, Na and
Mg and found that the tendency towards dendrite growth correlates
well with the height of the diffusion barrier: on Mg(0001) the
diffusion barrier is rather low so that the deposited Mg atoms are
very mobile leading to the growth of smooth surfaces whereas on
Li(100) and Na(100) the barriers are one order of magnitude larger
which should cause the growth of more rough surfaces45,46,48,59 and
consequently the formation of dendrites,5,37,49 as also suggested
through experimental observations.33,38,60 We also showed that
the interaction energies between adsorbed lithium atoms are
significantly lower than those of magnesium atoms, suggesting
that extended islands form more easily in magnesium.

We have now extended our previous study by considering a
much broader range of diffusion barriers, such as diffusion
barriers across steps which are particularly relevant for three-
dimensional growth. Furthermore, we now also consider zinc
and aluminum self-diffusion barriers as both metals represent
promising alternative chemistries for next-generation batteries.61,62

Zinc, as magnesium, is an hcp metal. Still, in contrast to
magnesium it is prone to dendrite formation.63–67 However,
also dendrite-free Zn-based batteries have been designed using
monolithic zinc sponge anodes.61 Trivalent aluminum is of
particular interest as it offers high volumetric capacity.62 Ultra-
fast rechargeable aluminum-ion batteries without dendrite
growth have been reported,68 and it has been suggested that
the formation of oxide films effectively suppresses dendrite
growth in aluminum-ion batteries.69 Still, there are conflicting
results with respect to dendrite formation upon aluminum
electrodeposition from ionic liquids.70,71

2 Calculational methods

Periodic density functional theory (DFT) calculations have been
performed using the Vienna Ab initio Simulation Package
(VASP).72,73 Exchange–correlation effects have been accounted
for within the generalized gradient approximation (GGA)
employing the functional of Perdew, Burke, and Ernzerhof74

which is well-suited to describe metallic properties.75,76 The
core electrons are represented by projector augmented wave
(PAW) pseudopotentials77 as supplied in VASP78 with a cutoff
energy of 200 eV for lithium, 250 eV for aluminum and 300 eV
for magnesium and zinc. This cutoff is sufficient to reproduce
properties of the considered metals such as bulk cohesive energy
and lattice constants.

The electrode surfaces are modeled by (5 + 1)-layer slabs with
the additional layer being the respective structure on the surface.
The comparison of calculated surface energies for 5-layer slabs
with those derived from calculations for 7- and 9-layer slabs
indicates that 5-layer slabs are thick enough to reliably model the
electrode surfaces. Diffusion paths have been determined within
a 6 � 6 geometry using a 5 � 5 � 1 k-point grid and employing
the nudged elastic band (NEB) method79–81 with typically nine
images along the reaction path. The relaxation in the calculations
has been performed until the forces were smaller than 0.01 eV Å�1

and the total free energy change was smaller than 0.0001 eV.
The atoms of the uppermost two surface layers and the surface
structure determining layer were allowed to relax in all directions.

3 Results
3.1 Terrace self-diffusion barriers

In our previous study,37 we determined the self-diffusion
barriers on Li(100), Li(111), Na(100) and Mg(0001) which are
listed in Table 1 for the sake of completeness. We have now
additionally calculated the terrace self-diffusion barriers on
Li(110), Na(110), Zn(0001), and Al(111).
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Li(110) also belongs to the low energy surface terminations
of bcc Li; its surface energy of 0.49 J m�2 is only slightly larger
than the surface energy 0.46 J m�2 for the most favorable
surface termination which is Li(100).37,82 Interestingly enough,
the Li self-diffusion barrier on Li(110) of only 0.02 eV is much
smaller than those on Li(100) and Li(111). Still, this does not
necessarily invalidate the suggestion that self-diffusion barriers
could act as a descriptor for dendrite growth. Li exhibits many
different surface terminations that all have surface energies of about
0.50 J m�2.82,83 Still, Li(100) has the largest area fraction of 27%
within the Wulff construction. It still might act as a nucleus for
dendrite growth and thus dominate the growth behavior of Li
dendrites. However, it is possible that the surface energy of the
Li(110) surface is lowered if oxygen adsorbs on it,84 and also that
oxygenized lithium surfaces exhibit a significant increase in the
diffusion barrier.85 However, note that growth in batteries does not
occur via nucleation and growth of three-dimensional particles, but
rather through electrodeposition onto an electrode. Hence it is not
clear whether metal deposition really leads to an area distribution of
the facets that corresponds to the Wulff construction.

As far as the bcc metal Na is concerned, both the (100) and
the (110) surfaces have almost the same surface energy of
0.22 J m�2.37 Consequently, these two surface terminations
dominate the Wulff construction.83 Their self-diffusion energies
are very similar to those of Li (see Table 1), hence the same
arguments as used in the discussion of Li apply.

With respect to the close-packed metals Mg, Al and Zn, we
again note that growth in batteries does not occur via nucleation
and growth of three-dimensional particles, but rather through
electrodeposition onto an electrode. In the case of fcc crystals,
in fact the (111) termination is also dominant in 3D growth;
the Wulff shape of Al crystals is 76% terminated by Al(111).83

However, 3D particles formed of hcp metals cannot grow in a
quasi-isotropic fashion such as a fcc metal; they rather form
hexagonal disks. Therefore in the 3D equilibrium shape the
(0001) facets are not necessarily dominant. Thus within the
Wulff construction, the area fraction of Mg(0001) is only 22%
and the area fraction of Zn(0001) is 43%, although for both
metals the (0001) surface is clearly the most stable one. Still,
electrodeposition studies of both Mg86 and Zn87 demonstrate
that these hcp metals grow along the c-axis upon electrodeposition,
i.e., (0001) is the dominant surface termination upon growth.

Indeed the most densely packed Zn(0001) surface is char-
acterized by a very low diffusion barrier of 0.02 eV similar to
Mg(0001), as also found in previous calculations.88 Hence this
barrier cannot be used to explain the opposite behavior of Mg
and Zn, as far as the propensity towards dendrite growth is
concerned. Al(111) also exhibits a rather low diffusion barrier of
0.05 eV, in good agreement with older results.89

We have also checked whether strain effects might influence
the diffusion properties as strain effects have been invoked in

models for dendrite growth.90 For Ag(111), where the self-
diffusion barrier is also rather small (Ediff = 0.08 eV), it was
shown by DFT calculations91 that the self-diffusion barriers
depend basically linearly on surface strain. However, only a
rather small decrease of the diffusion barriers by 7 meV was
found upon compressing the lateral lattice constant by 1%.
Similar small effects are also expected for the other close-packed
hexagonal metal surfaces Mg(0001), Zn(0001), and Al(111). For
the more open Li(100) surface, we explicitly checked the strain
dependence of the self-diffusion barrier and also found a rather
weak dependence. It only changed by about 5 meV on average
upon changing the lateral lattice constant by 1%. It should also
be noted that upon epitaxial growth metals typically quickly
relieve the strain by the formation of dislocations.45 Hence it
is unlikely that strain effects alter the growth characteristics
significantly. It might well be that just considering terrace
diffusion barriers does not capture the crucial processes leading
to rough surfaces. Therefore in the next sections we will address
the diffusion processes that occur at or across island edges.

3.2 Diffusion at step sites

In order to address the growth of structures at surfaces, in
addition to terrace diffusion also diffusion at steps, kinks and
corners of islands is important, and it enters the so-called
Terrace–Step–Kink (TSK) model.92–94 We have calculated the
diffusion barriers away from and along the structures that are
illustrated in Fig. 1.

Here we focus on Li(100) and Mg(0001). As a first step, in
Table 2 we compare the terrace diffusion barriers with the
barriers hindering the dissociation of an adsorbed dimer (path
A - C). Note that for Li, this barrier is 0.15 eV higher than the
terrace diffusion barrier while for Mg it is even 0.45 eV higher.
This reflects the much stronger energy gain of Mg upon the
formation of an adsorbed dimer compared to Li.37 It can be
understood considering the fact that the adsorption energy of a

Table 1 Calculated terrace self-diffusion barriers of various metal surfaces

Li(100) Li(111) Li(110) Na(100) Na(110) Mg(0001) Zn(0001) Al(111)

Ediff (eV) 0.1437 0.4137 0.02 0.1637 0.04 0.0237 0.02 0.05

Fig. 1 From upper left to lower right: terrace-, dimer-, step-edge-, step-
vacancy-, kink-site-, inner-corner- and outer-corner-systems of Li(100)-self-
diffusion. Panels (h and i): 601 and 1201 inner-corner, panels (j and k): 2401 and
3001 outer-corner. The arrows illustrate the considered diffusion paths.
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single Li adatom on Li(100) is much higher that the one of a Mg
adatom on Mg(0001). Then, in a bond-order conservation
picture this implies that Li interacts more weakly with other
adatoms than Mg. The diffusion barriers along the adatom
(path A - B), on the other hand, are only 0.04 eV higher than
the terrace diffusion barriers for both Li and Mg.

This significant difference between Li and Mg is also apparent
when considering the diffusion barriers along a step (Fig. 1c,
A - B) and away from the step (Fig. 1c, A - C) listed in Table 3.
For Li(100), the diffusion barrier to detach from an island is only
about 0.2 eV higher than to move along an island edge whereas
for Mg(0001) steps, the detachment barriers are more than
0.55 eV higher than the barriers along the steps.

At a kink site, moving away from the kink (Fig. 1e, A - C)
also involves the lowering of the coordination of the diffusing
atom. Hence all the considered barriers are relatively high
(Table 3), but again substantially larger for Mg than for Li.
For the sake of completeness, we also computed diffusion
barriers at inner and outer corners of islands (Fig. 1f–k) and
for the formation of a vacancy in the step (Fig. 1d) which are
given in Table 4. The trends and the characteristic differences
between Li and Mg are the same as for the other diffusion
processes along and away from steps.

These results indicate that Li, compared to Mg, is much
more likely to leave a step edge again and possibly create further
island nucleation seeds somewhere else on the surface. This is
an indication of a rather rough surface morphology. For Mg, on
the other hand, the calculated barriers suggest that existing
islands are stable and grow more easily.

Note that on Mg(0001) the diffusion barrier along the
{100}-faceted step of 0.22 eV is larger than the diffusion barrier

of 0.16 eV along the {111}-faceted step. Differences in the
diffusion barriers along these two kinds of steps lead to the
growth of triangular islands exhibiting only the steps with
the faster mobility, i.e., with the lower diffusion coefficient.47,95

Assuming equal prefactors for both steps, on Mg(0001) this is the
{111}-faceted step. On Al(111), on the other hand, the {111}-faceted
step exhibits a higher diffusion barrier than the {100}-faceted
step.89,96 Note that according to our calculations magnesium steps
exhibit a long range attractive interaction with diffusing adatoms,
analogously to the results obtained by Stumpf et al. for
aluminum.89

The results presented in this section for diffusion at steps
confirm the trends already found for dimer dissociation.
Accordingly, Li should exhibit the growth of many small islands
upon metal deposition, as also experimentally observed,36

whereas on Mg larger islands should grow. Hence the Li surface
should be rougher than the Mg surface which is consistent with
the observation that Li in contrast to Mg exhibits dendrite
growth. However, so far we have only considered diffusion
processes on a given surface terrace that cannot really explain
the emergence of three-dimensional structure. Hence the picture
with respect to dendrite growth is still incomplete. In the next
section we will consider diffusion processes across steps that are
relevant for three-dimensional growth.

3.3 Diffusion across steps

If adatoms freshly adsorbed on an island can leave that island
before another adatom arrives on that island, 3D growth should
be suppressed.92,97,98 Hence, the height of the barrier to descend
from an island to a lower terrace is critical for the occurrence or
lack of 3D growth. The so-called Ehrlich–Schwoebel barrier99–101

is defined as the difference between this barrier and the terrace
diffusion barrier. Consequently, a vanishing or low Ehrlich–
Schwoebel barrier should be indicative of layer-by-layer growth.
And indeed, it has been shown that surfaces with small down-
ward across-step diffusion barriers tend to be smooth, while for
high barriers rough surfaces are expected.97,98,102,103

We have therefore calculated the barriers for ascending and
descending across steps for Li(100), Li(110), Na(100), Mg(0001)
and Zn(0001). The corresponding barrier heights are listed in
Table 5 and compared to the results for Al(111) by Stumpf
et al.89,96 Note that diffusion across steps can be significantly
facilitated within the so-called exchange mechanism104 in
which an atom at the step edge is replaced by the adatom from
the upper terrace and pushed out onto the lower terrace. This is
illustrated in Fig. 2 where the atomic positions along the
diffusion energy minimum paths and the transition states for
both the hopping and the exchange mechanism are shown. In
the hopping mechanism across the step, the transition state

Table 2 Calculated terrace and adatom self-diffusion barriers of Li(100)
and Mg(0001) surfaces given in eV. For the notation of the Li(100) diffusion
paths, see Fig. 1a and b. Note that for hexagonal Mg(0001), path A - B
starts and ends as an adsorbed dimer

Ediff (eV) Terrace (A - B) Adatom (A - B) Adatom (A - C)

Li(100) 0.14 0.18 0.29
Mg(0001) 0.02 0.06 0.47

Table 3 Calculated step-edge and kink-site self-diffusion barriers of
{111}-faceted steps at Li(100) surfaces and differently faceted steps at
Mg(0001) surfaces. SE: step edge and KS: kink-site

Ediff (eV)
SE
(A - B)

SE
(A - C)

KS
(A - B)

KS
(A - C)

KS
(C - D)

Li(100) {111}-step 0.11 0.30 0.38 0.23 0.32
Mg(0001) {111}-step 0.16 0.62 0.52 0.46 0.61
Mg(0001) {100}-step 0.22 0.67 0.50 0.43 0.66

Table 4 Calculated step-edge self-diffusion barriers of {111}-faceted steps at Li(100) surfaces and {100}-faceted steps at Mg(0001) surfaces. IC: inner
corner, OC: outer corner and SV: step vacancy

Ediff (eV) IC (A - B) IC (B - C) OC (A - B) OC (A - C) OC (A - D) SV (A - B)

Li(100) 0.24 0.32 0.24 0.30 0.08 0.45
Mg(0001) 601: 0.42|1201: 0.61 601: 0.69 2401: 0.28 2401: 0.66 2401: 0.22 0.72
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typically corresponds to a low-coordinated situation which is
energetically rather unfavorable. In contrast, along the minimum
energy path in the exchange mechanism, the two atoms directly
participating in the exchange keep a higher coordination which
can cause a significant lowering of the diffusion barrier.

For Li(100), we find that the barrier to descend from an
island in the exchange mechanism is 0.25 eV higher than the
terrace self-diffusion barrier which corresponds to an Ehrlich–
Schwoebel barrier of 0.25 eV, and also for Li(110) the Ehrlich–
Schwoebel barrier is still 0.15 eV high. In contrast, on Mg(0001)
the barriers to descend across both the {100}-step and the {111}-step
in the exchange mechanism are only 0.01 eV leading to a vanishing
Ehrlich–Schwoebel barrier. Thus the results for Li and Mg diffusion
across steps are consistent with the experimental observations
concerning dendrite growth.

Interestingly, whereas the terrace diffusion barriers of Li(100)
and Na(100) are rather similar (see Table 1), the barriers for
descending a step differ significantly. Still, the absolute heights
of the Na(100) barriers for downward across-step diffusion are
considerably higher than those for Mg(0001). Preliminary results
for the corresponding diffusion barriers on Na(110) indicate that

they are smaller than those on Na(100). Note that these two
surfaces have basically the same surface energy, so that dendrite
growth might occur from existing Na(100) facets.

However, the hcp metal zinc also exhibits a vanishing
Ehrlich–Schwoebel barrier, like Mg(0001), in spite of the fact
that strong dendrite formation is observed.63–67 Likewise, for
the fcc metal aluminum the barriers to descend across a step
are hardly higher than the self-diffusion barrier on Al(111). Thus
all considered most-densely packed metal surfaces, Mg(0001),
Zn(0001) and Al(111), show similar results with respect to terrace
self-diffusion and diffusion across steps in spite of differences in
the experimentally observed tendency towards dendrite formation.
It is still interesting to note that on Zn, the hopping barrier for
descending across the step is smaller than the corresponding
barrier for the exchange mechanism whereas it is the other way
around for Mg and Al. Still, there is seemingly a contradiction
between the low Zn self-diffusion barriers and the occurrence of
Zn dendrites during battery operation.

4 Discussion and conclusions

Based on our previous work considering self-diffusion barriers
on the energetically most favourable surface terminations of Li,
Na and Mg,37 we suggested that elementary diffusion properties
are correlated with the phenomenon of dendrite formation,
or the lack thereof. In this work, we additionally calculated
diffusion barriers along and across steps. In particular the
Ehrlich–Schwoebel barrier is relevant for three-dimensional
growth as its height determines how easily adatoms can move
from an island to a lower terrace. Considering these additional
diffusion barriers, the basic differences between Li and Mg
remained. The small diffusion barriers on Mg, also across the
steps, are consistent with the growth of smooth surface structures
and thus the suppression of dendrite growth.43 Li, on the other
hand, exhibits much larger diffusion barriers, which can be linked
to the growth of rough surface structures and thus to an affinity
towards dendrite growth. The calculated sodium diffusion
barriers37 are also consistent with the observed tendency towards
dendrite growth.38

We furthermore considered terrace diffusion and diffusion
across steps on Zn and Al which are considered to be promising
candidates for alternative battery chemistries. As for Mg, the most
stable surface terminations of Al and Zn correspond to hexagonal
close-packed structures. And as for Mg, terrace diffusion on Al(111)
and Zn(0001) and diffusion across steps on these surfaces
are hindered by rather small barriers, as summarized in Fig. 3.

Table 5 Calculated across-step self-diffusion barriers of different metals with smooth surfaces. The barriers are given both for ascending (asc) and
descending (des) the step in the hopping (hop) and the exchange (exc) mechanism

Li(100)
{111}-step

Li(110)
{long}-step

Na(100)
{111}-step

Mg(0001)
{100}-step

Mg(0001)
{111}-step

Zn(0001)
{100}-step

Zn(0001)
{111}-step

Al(111)
{100}-step

Al(111)
{111}-step

Easc,hop (eV) 0.69 0.55 0.27 0.76 0.71 0.54 0.50 — —
Edes,hop (eV) 0.49 0.22 0.17 0.10 0.13 0.00 0.01 0.4589,96 0.3389,96

Easc,exc (eV) 0.61 0.56 0.25 0.68 0.60 0.59 0.41 0.8089,96 0.71
Edes,exc (eV) 0.40 0.22 0.15 0.01 0.01 0.05 0.04 0.0889,96 0.06

Fig. 2 Illustration of the diffusion across a {100}-faceted step on a
Mg(0001)-surface in the hopping (panels a and b) and the exchange
(panels c and d) mechanism, respectively. Panels a and c show the images
along the energy minimum paths determined with the NEB method. The
transition state configurations highlighted with the orange balls are plotted
separately in panels b and d.
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Now aluminum-ion batteries can be operated without dendrite
growth.68 However, it is well-known that Zn-based batteries are
plagued by dendrite growth.65–67 Thus it seems that metal self-
diffusion barriers cannot serve as a descriptor for dendrite
growth in batteries. In order to assess why Zn seemingly does
not fit into the picture, we need to have a closer look at Zn
dendrite growth.

First of all it is important to note that we do not present a
theory of dendrite growth here. We have also not properly taken the
electrochemical environment into account in our calculations.105,106

We are just assessing whether there is a correlation between the
height of diffusion barriers and the tendency towards dendrite
growth. As a first step to understand why there is apparently no
such correlation for Zn, but there is for Li, one might have a closer
look at the morphology of the dendrites grown on Li and on Zn. And
indeed, there are characteristic differences. While on Li grown
needles become shorter with increasing temperature,56 zinc den-
drites actually grow longer and faster with increasing temperature.63

Additionally, the morphologies of lithium- and zinc-dendrites are
vastly different, both for early- and late-stage dendrites. For zinc one
observes a much less needle-like, but rather more crystalline
and/or ordered morphology of the dendrites,63–67 which clearly
differs from lithium dendrites, which grow fibre-like and vastly
disordered.3,14,23,33,107

It is furthermore important to note that Li needle growth
occurs both upon lithium deposition by thermal evaporation in
vacuum as well as upon electrochemical deposition from
electrolytes.32 This shows that Li needle growth is an inherent
property of the metal and that Li diffusion and crystallization
are key processes which control the growth of Li dendrites.32

On the other hand, Zn dendrite growth can be effectively
suppressed by redesigning the structure of Zn anodes.61,108

Conventional Zn anodes consist of composites of loosely connected
Zn powder and polymer binder. During discharge, the interparticle
conductivity becomes interrupted as resistive ZnO forms between
the particles. It has been proposed that this process leads to regions
of high local current density and consequently to dendrite
formation.108 This is consistent with energy dispersive X-ray spectro-
scopy (EDS) measurements of dendritic Zn structures87 which
showed that the nanoneedles forming the dendrites consist of ZnO.

If instead the long-range electronic conductivity is preserved
by using a sponge-like Zn anode with interconnected continuous
metallic Zn domains, then Zn dendrite growth is avoided.61,108

This suggests that dendrite growth is not an inherent property of Zn
metal, but rather a consequence of the formation of ZnO needles,

i.e., the loss of metallic properties. This is supported by the results of
our calculations for Zn diffusion properties. Thus the results of our
computational study might be used to define designing principles
for dendrite-free anodes.
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the State of Baden-Württemberg, Germany, within the framework
program bwHPC. The authors also gratefully acknowledge the
Gauss Centre for Supercomputing e.V. (www.gauss-centre.eu)
for funding this project by providing computing time on the
GCS Supercomputer SuperMUC at Leibniz Supercomputing
Centre (www.lrz.de). This work contributes to the research
performed at CELEST (Center for Electrochemical Energy Storage
Ulm-Karlsruhe).

Notes and references

1 K. Xu, Chem. Rev., 2004, 104, 4303.
2 J. Christensen, P. Albertus, R. S. Sanchez-Carrera, T. Lohmann,

B. Kozinsky, R. Liedtke, J. Ahmed and A. Kojic, J. Electrochem.
Soc., 2012, 159, R1.

3 W. Xu, J. Wang, F. Ding, X. Chen, E. Nasybulin, Y. Zhang
and J.-G. Zhang, Energy Environ. Sci., 2014, 7, 513–537.

4 Z. Li, J. Huang, B. Y. Liaw, V. Metzler and J. B. Zhang,
J. Power Sources, 2014, 254, 168–182.

5 A. Groß, Top. Curr. Chem., 2018, 376, 17.
6 J. R. Hoenigman and R. G. Keil, Appl. Surf. Sci., 1984,

18, 207.
7 K. R. Zavadil and N. R. Armstrong, Surf. Sci., 1990, 230, 47–60.
8 K. Kanamura, H. Tamura, S. Shiraishi and Z. I. Takehara,

J. Electroanal. Chem., 1995, 394, 49.
9 K. Kanamura, H. Tamura, S. Shiraishi and Z. I. Takehara,

J. Electrochem. Soc., 1995, 142, 340.
10 K. Kanamura, H. Tamura, S. Shiraishi and Z. I. Takehara,

J. Electrochim. Acta, 1995, 40, 913.
11 S. Shiraishi, K. Kanamura and Z. I. Takehara, J. Appl.

Electrochem., 1999, 29, 867–879.
12 I. Ismail, A. Noda, A. Nishimoto and M. Watanabe, Electro-

chim. Acta, 2001, 46, 1595–1603.
13 Y. S. Cohen, Y. Cohen and D. Aurbach, J. Phys. Chem. B,

2000, 104, 12282.
14 G. Bieker, M. Winter and P. Bieker, Phys. Chem. Chem.

Phys., 2015, 17, 8670.
15 E. Peled and S. Menkin, J. Electrochem. Soc., 2017, 164,

A1703–A1719.

Fig. 3 Summary of the calculated across-step and terrace diffusion
barriers of various metals and surfaces.

Paper Energy & Environmental Science

Pu
bl

is
he

d 
on

 3
0 

Ju
ly

 2
01

8.
 D

ow
nl

oa
de

d 
by

 U
ni

ve
rs

ita
t U

lm
 o

n 
5/

31
/2

01
9 

9:
13

:1
0 

A
M

. 

View Article Online



3406 | Energy Environ. Sci., 2018, 11, 3400--3407 This journal is©The Royal Society of Chemistry 2018

16 X. B. Cheng, R. Zhang and C. Z. Zhao, Adv. Sci., 2016,
3, 1500213.

17 G. Girishkumar, B. McCloskey, A. C. Luntz, S. Swanson and
W. Wilcke, J. Phys. Chem. Lett., 2010, 1, 2193.

18 E. Peled, J. Electrochem. Soc., 1979, 126, 2047–2051.
19 D. Aurbach, J. Power Sources, 2000, 89, 206–218.
20 A. Schechter and D. Aurbach, Langmuir, 1999, 15, 3334.
21 D. Aurbach, B. Markovsky, M. D. Levi, E. Levi, A. Schechter,

M. Moshkovich and Y. Cohen, J. Power Sources, 1999, 81-82,
95–111.

22 O. Crowther and A. C. West, J. Electrochem. Soc., 2008, 155,
A806–A811.

23 J. K. Stark, Y. Ding and P. A. Kohl, J. Electrochem. Soc., 2013,
160, D337–D342.

24 P. Bai, J. Li, F. R. Brushett and M. Z. Bazant, Energy Environ.
Sci., 2016, 9, 3221–3229.

25 S. Shiraishi, K. Kanamura and Z. I. Takehara, Langmuir,
1997, 13, 3542–3549.

26 L. Grande, J. von Zamory, S. L. Koch, J. Kalhoff, E. Paillard
and S. Passerini, ACS Appl. Mater. Interfaces, 2015, 7,
5950–5958.

27 F. Ding, W. Xu, G. L. Graff, J. Zhang, M. L. Sushko, X. Chen,
Y. Shao, M. H. Engelhard, Z. Nie, J. Xiao, X. Liu, P. V. Sushko,
J. Liu and J.-G. Zhang, J. Am. Chem. Soc., 2013, 135, 4450–4456.

28 M.-H. Ryou, Y. M. Lee, Y. Lee, M. Winter and P. Bieker, Adv.
Funct. Mater., 2015, 25, 834–841.

29 K. J. Harry, D. T. Hallinan, D. Y. Parkinson, A. A. MacDowell
and N. P. Balsara, Nat. Mater., 2014, 13, 69–73.

30 J. Steiger, D. Kramer and R. Mönig, J. Power Sources, 2014,
261, 112–119.

31 J. Steiger, D. Kramer and R. Mönig, Electrochim. Acta, 2014,
136, 529–536.

32 J. Steiger, G. Richter, M. Wenk, D. Kramer and R. Mönig,
Electrochem. Commun., 2015, 50, 11–14.

33 Z. Guo, J. Zhu, J. Feng and S. Du, RSC Adv., 2015, 5, 69514.
34 J. Steiger, PhD thesis, Karlsruher Institut für Technologie

(KIT), 2015.
35 X. H. Liu, L. Zhong, L. Q. Zhang, A. Kushima, S. X. Mao,

J. Li, Z. Z. Ye, J. P. Sullivan and J. Y. Huang, Appl. Phys. Lett.,
2011, 98, 183107.

36 H. Ghassemi, M. Au, N. Chen, P. A. Heiden and R. S. Yassar,
Appl. Phys. Lett., 2011, 99, 123113.
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ABSTRACT
Based on the results of periodic density functional theory calculations, we have recently proposed that the height of self-diffusion barriers can
serve as a descriptor for dendrite growth in batteries [M. Jäckle et al., Energy Environ. Sci. 11, 3400 (2018)]. However, in the determination
of the self-diffusion barriers, the electrochemical environment has not been taken into account. Still, due to the presence of electrical double
layers at electrode/electrolyte interfaces, strong electric fields can be present close to the interfacial region. In a first step toward including the
electrochemical environment, we have calculated barriers for terrace-diffusion on lithium, magnesium, and silver surfaces and across-step
self-diffusion on lithium in the presence of electric fields. Whereas the electric field effect is more pronounced on a stepped surface than on
flat terraces, overall we find a negligible influence of electric fields on self-diffusion barriers which we explain by the good screening properties
of metals.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5133429., s

INTRODUCTION

Our current energy supply is still dominated by fossil
resources.1,2 Because of the harmful environmental impact and the
associated economic costs, a change toward renewable energy gen-
eration is needed.3–6 However, due to the volatility of renewable
sources such as wind and sunlight, efficient storage schemes such
as battery storage systems are needed.7–9 Furthermore, batteries also
provide efficient energy storage in portable electronic devices, power
tools, and electromobility.

In spite of the significant improvement in battery technology
in the last few decades, there are still severe issues as far as bat-
tery performance is concerned but also with respect to sustainability
and safety aspects. As one of the more severe hazards, the growth of
dendrites has been identified.10–13 Their formation can lead to short-
circuits and, in combination with a flammable electrolyte, to highly
exothermic reactions of the electrolyte called “thermal runaways,”
which eventually can cause battery fires.14,15 In addition, upon frac-
ture, dendrites cause a loss of anode material, the so-called “dead
lithium.”10,12,13

Recently, we have shown that self-diffusion barriers can serve
as a descriptor for the occurrence of dendrites.16–18 This concept is
based on the notion that diffusion generally tends to make inhomo-
geneities smooth19 and means that the height of diffusion barriers is
correlated with the tendency of a material to exhibit dendrite growth.
These self-diffusion barriers have been derived from periodic den-
sity functional theory (DFT) calculations, in which, however, the
electrochemical environment has not been taken into account.

At electrochemical interfaces, typically electric double layers
(EDL) form, mainly resulting from ions that are attracted to charged
electrodes, and accumulate at the interface.20–28 One of the con-
sequences of the presence of the EDL is the creation of strong
electric fields.28,29 It has been shown that generated electric fields
may influence the adsorption and activation energies on metal sur-
faces,30–32 the line tension of steps on surfaces,33 and the orientation
of molecules on surfaces.34 Furthermore, the role of electric fields in
catalysis has just recently been reviewed.35 On the other hand, for the
dissociation of oxygen on Pt(111), only a rather small increase in the
dissociation barrier has been calculated for positive fields31 and the
activation energy of desorption of cesium from tungsten has been
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observed to marginally decrease upon applying a negative electric
field.30

As far as batteries are concerned, it has been shown that high
current densities speed up lithium dendrite growth14,15,36 and can
even lead to magnesium dendrite growth.37,38 Typically, it has been
assumed that heterogeneous deposition caused by large polariza-
tions and strong electric fields tends to induce dendrite nucle-
ation;36 however, most models of dendrite growth are not element-
specific19,39 and are thus not able to explain why, e.g., lithium tends
to exhibit dendrite growth but not magnesium. The effect of elec-
tric fields with respect to dendrite growth has been linked to the
direction of lithium fiber growth15,40 and to the directed lithium
deposition toward tips.13,15,41 However, for bush-like lithium growth
in LiPF6 solutions, no preferred growth direction was found;42 also
growth modes based on insertion at defects have been observed.
Consequently, the effect of electric fields on the growth direction is
still being debated.43

Hence, the effect of electric fields on the growth of dendrites
at electrode-electrolyte interfaces is still unclear. In this study, we
address the influence of externally applied electric fields on the self-
diffusion behavior of the energetically most favorable surface termi-
nations of lithium, magnesium, and silver based on periodic DFT
calculations. For lithium, we also consider diffusion across steps.
Finally, we discuss the consequences of our findings on the growth
of dendrites in batteries.

THEORETICAL BACKGROUND

Periodic density functional theory (DFT) calculations have
been performed using the Vienna Ab initio Simulation Package
(VASP).44,45 Exchange-correlation effects have been accounted for
within the generalized gradient approximation (GGA) employ-
ing the functional of Perdew, Burke, and Ernzerhof (PBE).46

The core electrons are represented by projector augmented wave
(PAW) pseudopotentials,47 as supplied in VASP48 with a cutoff
energy of 500 eV for lithium and magnesium based systems and
300 eV for the silver based system. We have chosen these val-
ues which are larger than the VASP default values in order to
avoid any artifacts in the calculations including an explicit elec-
tric field. Up to a 7 × 7 × 1 gamma-centered k-point grid was
used ensuring convergence for the integration over the first Bril-
louin zone. In the calculations, the two uppermost layers were
relaxed. The relaxation in the calculations has been performed
until the forces were smaller than 10−3 eV, and both the total free
energy change and the band structure energy change were smaller
than 10−6 eV.

In order to explicitly include electric fields in the calculations,
we used the implementation of electric fields in the VASP as first
introduced by Neugebauer and Scheffler,49 and improved by Feibel-
man.50 In this method, an artificial planar dipole layer is introduced
and placed in the vacuum region exactly between the slab and its
periodic image. In the calculations where asymmetric slabs have
been used, a surface dipole-moment correction had been included49

in order to avoid the extra electric field due to the different dipole
layers in this case.

Thus, the dependence of the diffusion barriers on the electric
field could be directly derived from the DFT calculations via

Eact,DFT(E⃗) = ETS(E⃗) − EIS(E⃗), (1)

where TS and IS denote the transition state (TS) and initial state
(IS) of the diffusion path, respectively. It should be noted, however,
that the SCF convergence of the Kohn-Sham calculations including
an explicit electric field is severely slowed down compared to the
field-free case, which makes these calculations numerically rather
demanding.

In addition, we also used a first-order perturbation theory
expression derived by Giesen et al.51 for the diffusion barrier of a
particle on a surface in the presence of an electric field,

Eact(ϕ) = E0
act − (μTS − μIS) ⋅

σ0(ϕ)
ϵ0

, (2)

where Eact(ϕ) is the diffusion barrier in dependence of the electrode
potential ϕ, E0

act is the diffusion barrier in a field-free environment,
(μTS − μIS) is the difference of the dipole moments perpendicular
to the surface in the TS and in the IS in a field-free environment,
and σ0(ϕ)

ϵ0
is the macroscopic charge density σ divided by the electric

constant ϵ0.
As already stated by Giesen et al.,51 the correction term can

be interpreted as the electrostatic energy of a dipole in an electric
field ∣E⃗∣ = σ0(ϕ)/ϵ0, perpendicular to the surface. Inserting this into
Eq. (2) yields

Eact(∣E⃗∣) = E0
act − (μTS − μIS) ⋅ ∣E⃗∣, (3)

which can be regarded as being equivalent to a first-order Stark
effect.31

However, the explicit determination of surface dipole moments
can be quite cumbersome.52 Still, in periodic calculations, the dipole
moment change per unit area can be directly related to the corre-
sponding change in the work function Φ according to53

Δμ0

As
= ΔΦ (−

ϵ0

e0
), (4)

where As is the size of the surface unit cell. By inserting Eq. (4) into
Eq. (3), one arrives at

Eact(∣E⃗∣) = E0
act + (ΦTS −ΦIS)

ϵ0

e0
As ⋅ ∣E⃗∣, (5)

where ΦTS and ΦIS are the work functions associated with the tran-
sition and the initial state, respectively, of the diffusion event. This
formula has been used to predict the change in the diffusion barrier
as a function of the applied electric field.

Note that the typical control parameter in electrochemical pro-
cesses is not the electric field, but rather the electrode potential.
Hence, it would be desirable to relate the applied electric field to the
corresponding electrode potential. However, there is no direct one-
to-one correspondence between electric field and electrode poten-
tial. Still, the electrode potential can be directly related to the surface
charge via the double layer capacitance,54 and the surface charge
can be estimated based on the DFT calculations. However, with-
out a proper consideration of the electric double layer, the double
layer capacitance cannot be determined but has to be taken from
the experiment.54 As we have no information on the double layer
capacitance of the systems considered in our study, we are not
in the position to transform the field dependence into a potential
dependence.

J. Chem. Phys. 151, 234707 (2019); doi: 10.1063/1.5133429 151, 234707-2
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RESULTS AND DISCUSSION

Selecting Li(100) as a test case, in Fig. 1, we first check the con-
vergence of our results with respect to the size of the surface unit
cell and the slab thickness using mainly the first-order expression
(5) to derive the field-dependence of the diffusion barriers. Interest-
ingly enough, the sign of the field-dependence changes when going
from a 2 × 2 surface unit cell to a 4 × 4 cell. Obviously, in the 2 × 2
unit cell, the diffusing atoms are so close to each other that there are
significant depolarization effects that lead to an erroneous reverse
field dependence. For a 5 × 5 unit cell [not shown in Fig. 1(a)], the
work function change is hardly modified any more so that the 4 × 4
cell is apparently sufficiently large to avoid any substantial lateral
interaction between the diffusing atoms.

The DFT calculations with the explicit electric field yield a field
dependence that is somewhat smaller than the first-order expression.
Still, it should already be noted here that the field dependence of the
diffusion barriers is rather small, upon a change of the electric field
by 0.1 V/Å, the diffusion barriers change by less than 1.5 meV. Upon

FIG. 1. Convergence of the calculations of lithium self-diffusion in an electric field
as a function of the size of the surface unit cell (a) and the slab thickness, i.e.,
the number L of layers (b). DFT: diffusion barriers calculated for explicit electric
fields and ΔΦ: field dependence of the diffusion barriers derived from the first-
order expression [Eq. (5)]. Note that the absolute values of the 5L and 7L results
(b) are shifted to yield the same zero-field value as the 9L results so that the slopes
can be better compared.

FIG. 2. Self-diffusion barriers of (a) Mg/Mg(0001), (b) Ag/Ag(111), and (c) Li/Li(100)
as a function of the electric field. DFT: diffusion barriers calculated for different
electric fields and ΔΦ: diffusion barrier function calculated via an implementation
of the IST [see Eq. (5)].

increasing the slab thickness to nine layers [see Fig. 1(b)], first of all
the Li self-diffusion barrier on Li(100) is decreased from 142 meV
to 125 meV, showing that the slab thickness still has some influence
on the barrier heights. However, now the agreement in the electric
field dependence of the diffusion barriers between the explicit calcu-
lations and the first-order expression is even better. This indicates

J. Chem. Phys. 151, 234707 (2019); doi: 10.1063/1.5133429 151, 234707-3
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that when quantum size effects due to the small thickness of the
slab leading to charge oscillations are reduced,53,55–57 obviously the
first-order expression of the field effects based on the work function
changes becomes more appropriate. As a result of these convergence
tests, in the following, we only consider nine-layer slabs with a 4
× 4 surface unit cell to describe self-diffusion events on flat metal
surfaces.

Figure 2 illustrates the calculated electric-field dependence of
terrace self-diffusion barriers for the three cases, Li(100), Mg(0001),
and Ag(111). In the field-free cases, we obtain a barrier of 125 meV
for Li(100), whereas the barrier on Mg(0001) is only about 16 meV.
Hence, the diffusion of Mg adatoms on Mg(0001) is much more
facile than the diffusion of Li on Li(100). As mentioned above, this
should lead to a much smoother growth of Mg surfaces than of Li
surfaces and might explain why Mg surfaces do not tend to exhibit
dendrite growth, whereas Li surfaces do. Together with the cor-
responding results for Na, Al, and Zn, this observation suggests
that self-diffusion barriers can serve as a descriptor for dendrite
growth.16,17

We also considered the Ag self-diffusion on Ag(111), as this is
a system in which the self-diffusion has been studied before. We find
a self-diffusion barrier of 64 meV, which agrees well with previously
calculated58,59 and measured60 results within the error margins.

As far as the dependence of the barriers on the electric field
is concerned, in all cases, the results obtained with the first-order
expression (5) are in very good agreement with the calculations
explicitly including the electric field. This might be surprising
because electric fields of 0.1 V/Å are considered to be strong fields on
a technical level.61 However, one has to take into account that on an
atomistic level, the laterally averaged effective one-electron potential
at metal/electrolyte interfaces varies by up to more than 10 eV/Å,62

corresponding to local field strengths that are 100 times larger than
those applied in our simulations. Hence, the applied electric field
indeed represents a small perturbation to the electronic structure
at the surface justifying the application of first-order perturbation
theory.

For all considered surfaces, we find a rather small dependence
of the self-diffusion barriers on the electric field, the diffusion bar-
riers change by only up to 0.6 meV for terrace self-diffusion on
Li(100), Mg(0001), and Ag(111), as listed in Table I. In order to
understand why this dependence is so weak, we have plotted in
Fig. 3 the laterally averaged one-electron potential along the sur-
face normal as determined by DFT calculations for a 5-layer Li(100)
slab with explicitly applied electric fields ranging from −0.2 to
0.2 V/Å. The field strength is directly reflected by the slopes of the
curves in the linear regime in the vacuum region. Figure 3 clearly
demonstrates that independent of the considered field strength

TABLE I. Change in the self-diffusion barriers ΔEact(∣E⃗∣) when an external field of
∣E⃗∣ = 0.1 V/Å is applied. T: terrace diffusion and AS: across step diffusion.

System ΔEact (meV)

Li(100) T 0.5
Mg(0001) T 0.6
Ag(111) T 0.3
Li(100) {111}-AS 3.7

FIG. 3. Laterally averaged one-electron potential of a Li(100) slab in the pres-
ence of electric fields with field strengths between −0.2 and 0.2 V/Å. Note that for
larger electric fields, only field strengths of ±0.1, ±0.15, and ±0.2 V/Å have been
included.

already 2 Å above the center of the uppermost Li atoms all one-
electron potential curves lie above each other. This shows that also
in an atomistically resolved analysis, metals very effectively screen
electric fields so that they can hardly penetrate, even into the sur-
face region. These findings are also in line with the observation
that atomic adsorption energies on metal surfaces depend only very
weakly on an applied electric field.63

Still, it should be noted that in previous DFT studies address-
ing metal self-diffusion barriers in an applied electric field, a larger
dependence on the field strength has been found. Both on Pt(100)50

and on Fe(100),64 the terrace diffusion barrier change by about
5 meV when the field is changed by 0.1 V/Å, which means that
the dependence is stronger by one order of magnitude than the
values found by us. Compared to Ag(111) and Mg(0001), this dif-
ference can be explained by the fact that these larger dependences
were found on a more open square (100) surface where the struc-
tural difference between the initial and the transition state is much
more pronounced than on the close-packed Ag(111) and Mg(0001)
surfaces. Li(100), on the other hand, is also a square surface. How-
ever, note that the polarizability of Li is about three times higher
than those of Pt, Fe, Ag, and Mg,65 which means that Li screens
electric fields more effectively than the other metals. For the sake
of completeness, note that also the diffusion barriers of Si ad-
dimer diffusion on Si(100) change by about 5 meV when the field
is varied by 0.1 V/Å,66 but this complex ad-dimer diffusion pro-
cess on a semiconductor surface is distinctively different from the
metal terrace self-diffusion processes so that they cannot be directly
compared.

In spite of the stronger field dependence of the self-diffusion
barriers on Pt(100) and Fe(100), the two studies addressing these
systems50,64 also show that the regime of the linear relationship
between field strength and change in the diffusion barrier extends
to field strengths well above 1 V/Å, which are known to occur
in the electric double layer of electrochemical electrode-electrolyte
interfaces.67 Hence, it is well-justified to assume that also in the
cases studied by us the linear first-order expression (5) is applica-
ble to much larger field strengths. It is true that a field of 1 V/Å
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macroscopically corresponds to a rather strong field. However, on
the atomistic level, the effective one-electron potentials exhibits a
much larger spatial variation close to the atomic cores (see, e.g.,
Fig. 1 of Ref. 62), as mentioned above, so that an applied field of
1 V/Å still leads to a relatively weak perturbation of the electronic
system.

Finally, we also considered diffusion across steps. It should
be noted that for three-dimensional growth in particular the dif-
fusion barriers across steps from an upper terrace to a lower ter-
race are critical. If the terrace self-diffusion barrier is subtracted
from these barriers, we get the so-called Schwoebel-Ehrlich bar-
rier.68,69 If this barrier is large, then particles deposited on some
island will not propagate to the lower terrace. This then leads to a
three-dimensional growth instead of a layer-by-layer growth. Inter-
estingly enough, these barriers can be quite low17,70 when this dif-
fusion process occurs in the so-called exchange mechanism, which
is illustrated in Fig. 4. In this mechanism, which is in fact opera-
tive on Li(100) across {111} steps,17 but also on step-sites of other
metal surfaces,17,70 an atom from the upper terrace replaces a step-
edge atom which is pushed out onto the lower terrace. The driving
force for this mechanism is the relatively high coordination of all the
propagating atoms throughout the whole diffusion process. How-
ever, as the exchange mechanism involves the cooperative motion of
several surface atoms, we have used the nudged elastic band (NEB)
method71 that corresponds to an automatic search routine for find-
ing the minimum energy path between specified initial and final
states.

The dependence of this barrier on Li(100) for downward diffu-
sion across a {111} step as a function of an electric field is shown in
Fig. 5. First of all, it needs to be mentioned that the barrier of 0.16 eV
for the field-free case is somewhat lower than the barrier origi-
nally reported in our previous paper,17 but now in good agreement
with another theoretical work.72 This deviation is due to the fact
that in our original determination of this particular barrier height

FIG. 4. Minimum energy path of an exchange diffusion process across a {111}-
facetted step on a Li(100) surface in a field-free environment; White and blue:
exchange diffusion paths for the two involved lithium atoms; orange: transition
state configurations.

FIG. 5. Downward across-step diffusion barrier of a 111-facetted step on a Li(100)
surface with the exchange mechanism, in dependence of an electric field. DFT:
diffusion barriers calculated for different electric fields and ΔΦ: diffusion barrier
function calculated via an implementation of the IST [see Eq. (5)].

employing the nudged elastic band (NEB) method71 we used differ-
ent cutoff parameters in the total-energy calculations for the initial
and the final state on the one hand and the so-called NEB images
along the minimum energy path on the other hand. Still, in spite
of this quantitative adjustment all the qualitative conclusions of the
previous work17 remain valid.

The explicitly calculated change of the diffusion barriers for
field strengths of ∣E⃗∣ = + 0.10 V/Å or ∣E⃗∣ = − 0.10 V/Å is −3.4 meV
and +3.7 meV, respectively. This is almost a factor of 10 larger
than the corresponding dependence on the terraces (see Table I).
It is probably due to the more open structure of the steps, which
enhances field effects. The overall field dependence is still linear
and rather weak. Now, the first-order expression (5) yields a slightly
larger dependence of the barrier heights than the explicit DFT cal-
culations. We obtain a change of the barrier height of ±5.2 meV for
field strengths of ∣E⃗∣ = ± 0.10 V/Å. This might again be due to
the more open structure of the steps, but still the first-order expres-
sion gives an acceptable estimate of the electric-field dependence of
the diffusion barrier. This deviation would only yield a discrepancy
of less than 20 meV for a field of 1 V/Å with respect to the val-
ues calculated with explicit electric fields, assuming that the linear
dependence is valid up to this field strength.

Thus, we find only a small influence of the electric fields on
the barriers for metal self-diffusion. Relying on the assumption that
these barriers determine the initial steps of dendrite formation and
thus can serve as a descriptor for dendrite growth, these initial steps
on the atomistic level should not be significantly modified by the
presence of electric fields. This does not mean that the process of fur-
ther dendrite growth, once they reach mesoscopic or macroscopic
sizes, is not significantly influenced by the electric field strength.
Typically, it is assumed that the sharp tip of an existing dendrite
leads to strong local electric fields which accelerate dendrite growth
by attracting ions from the electrolyte.73 However, these processes
basically correspond to macroscopic phenomena that depend on
general metallic properties. Thus, they do not discriminate between
the different metals and thus cannot be used to explain why some
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metals exhibit a strong tendency toward dendrite growth and some
not.

CONCLUSIONS AND OUTLOOK

In this work, we have studied the barriers in terrace self-
diffusion on Li(100), Mg(0001), and Ag(111) and downward a {111}
step on Li(100) as a function of an externally applied electric field.
This study was motivated by our recent work showing that self-
diffusion barriers could serve as a descriptor for dendrite growth in
batteries. However, in the determination of the diffusion barriers,
so far we had not taken into account the electrochemical environ-
ment. As a first step toward a more realistic modeling of the condi-
tions in the electric double layer at electrode/electrolyte interfaces,
we have therefore considered electric field effects by explicitly taking
them into account in periodic DFT calculations and in a first-order
approximation based on the work function difference between the
transition and the initial state. Both approaches yield rather similar
results.

Although the electric field effect is more pronounced on a
stepped surface than on flat terraces, in general we find a rather
weak dependence of the height of the diffusion barriers on the
applied electric field. We explain these findings by the good screen-
ing properties of metal electrodes that do not allow electric fields to
effectively penetrate into the electrodes. Hence, electric field effects
are not likely to modify the correlation between the height of self-
diffusion barriers and the likelihood of dendrite growth. Our results
related to the good screening properties are not only relevant for
dendrite growth but, in general, for structures and processes such
as adsorption at electrochemical interfaces between metal electrodes
and electrolytes.

Still, it should be stressed again that in this work, no theory of
dendrite growth has been presented. We have only confirmed that
the correlation between the height of self-diffusion barriers and the
occurrence of dendrite-growth in batteries is still valid if electric field
effects are taken into account. As the growth of dendrites occurs
on mesoscopic and even macroscopic length scales, an appropriate
modeling requires approaches that combine processes on macro-
scopic length scales with input parameters derived on the micro-
scopic level in order to yield element-specific simulation results.
Furthermore, the influence of the presence of electrolytes and/or
solid-electrolyte interphases at the interface on the diffusion and
growth properties needs to be considered. This is the subject of
ongoing work in our group.
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10 Investigation of the formation of Mg metal

anode/electrolyte interfaces in Mg/S batteries

with electrolyte additives

V. Bhaghavathi Parambath, Z. Zhao-Karger, T. Diemant, M. Jäckle, Z. Li, T.
Scherer, A. Gross, R. J. Behm, and M. Fichtner, "Investigation of the formation
of Mg metal anode/electrolyte interfaces in Mg/S batteries with electrolyte
additives", J. Mater. Chem. A 8, 22998 (2020); DOI: 10.1039/D0TA05762B.

Remarks due to the inclusion in the dissertation

Finding alternatives to the dendrite prone lithium metal anode is an important en-
deavour. One promising alternative are magnesium metal anodes, which do not
tend to grow dendrites. However, such anodes are plagued by a surface layer
the ion-conductivity of which is rather low. In the past years, it has been noticed
that using iodine-containing electrolytes is advantageous since they generally in-
crease the cycling performance of such anodes. [295,296] This contribution inves-
tigated if magnesium-iodine salts posses a higher magnesium ion-conductivity.
We have found that the insertion energies of Magnesium and the vacancy forma-
tion energies in various magnesium-salts are very high, and thus conclude that a
diffusion of Magnesium through those salts is rather unlikely.

This chapter corresponds to a very preliminary version of a text that entered the
publication "Investigation of the formation of Mg metal anode/electrolyte inter-
faces in Mg/S batteries with electrolyte additives" [2], which has in the meantime
been published in J. Mater. Chem. A 8, 22998 (2020), DOI: 10.1039/D0TA05762B.
Sections 10.1 and 10.2 discuss the insertion- and vacancany formation energies
of different magnesium salt configurations.

Markus Jäckle performed literature research and calculated the data, which was
analyzed and interpreted in cooporation with Prof. Dr. Axel Groß. He prepared
all figures and tables, and wrote the initial draft version of the sections 10.1 and
10.2. Furthmore, he implemented further revisions under the supervision of Prof.
Dr. Axel Groß.
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10.1 DFT study

Investigation of the formation of Mg metal anode/-
electrolyte interfaces in Mg/S batteries with electrolyte
additives
Vinayan Bhaghavathi Parambath, Zhirong Zhao-Karger, Thomas Diemant, Markus
Jäckle, Zhenyou Li, Torsten Scherer, Axel Gross, Jürgen Behm, and Maximilian
Fichtner

10.1 DFT study

In an attempt to understand the beneficial effect of the addition of iodine to the
polysulfide containing Mg electrolytes, we have carried out some DFT calcu-
lations. Recent studies discussing why adding iodine is beneficial to cycling
magnesium-metal based batteries have mostly claimed that an Mg-ion conductive
MgI2-layer is formed on the magnesium anode surface. [295,296] In order to verify
this, "the stability of different MgX (X = S, I2 and F2 ) phases with an interstitial
Mg atom, and the stability of these MgX phases with a Mg vacancy have been
calculated analogously to Reddy et al., [297] via" [2]

∆EMgX,interstitial = E(MgXwith interstitial Mg)− [MgXbulk +MgXatom,bulk] (10.1)

∆EMgX,vacancy = E(MgXwith Mg vacancy)− [MgXbulk −MgXatom,bulk] (10.2)

As Table 10.1 demonstrates, both the insertion of a Mg atom into the considered
MgX species, as well as the formation of a Mg vacancy, that is necessary for
substitutional diffusion, are energetically very unfavorable. For MgI2, the values
of ∆EMgX,interstitial = 1.78 eV [2] and ∆EMgX,vacancy = 4.80 eV [2] are smaller than

MgX-Species MgS MgI2 MgF2

∆EMgX,interstitial(eV ) 4.70 [2] 1.78 [2] 6.84 [2]

∆EMgX,vacancy(eV ) 5.29 [2] 4.80 [2] 13.28 [2]

Table 10.1: Mg insertion energy into an interstitial position and Mg vacancy formation energy
determined according to Eqs. 10.1 and 10.2 for MgS, MgI2, and MgF2. All values have been
obtained from fully relaxed systems.
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the corresponding values for MgS and MgF2, but they are still large enough to
make these processes at operating temperatures very improbable.

Figure 10.1: Calculated minimum energy path (MEP) for the diffusion of a Mg atom (green in the
MEP, otherwise grey) in between the iodine layers (yellow) in the MgI2 phase; [2] J. Mater. Chem.
A 8, 22998 (2020) - Adapted by permission of The Royal Society of Chemistry.

Interestingly enough, according to our calculations the interstitial diffusion of Mg
which proceeds between the iodine layers of MgI2, is only hindered by a bar-
rier of 0.27 eV [2], according to the minimum energy path (MEP) as shown in Fig.
10.1. Still we deem any kind of Mg atom diffusion process occurring in the con-
sidered MgX bulk phases to be very unlikely. We argue that calculating the
diffusion barrier and oxidative stability is not sufficient, since the phase in which
Mg-, or Mg2+ interstitial-, or vacancy diffusion processes occur, needs to be
stable against the Mg bulk phase. Please also note that, while Chen et al. [298]

considered the oxidative stabilities vs the Mg metal, this phase stability (negative
∆E values) with respect to the bulk phase is a thermodynamic criterion. For this
reason, we argue that the facile Mg plating and stripping processes in batteries
with iodine-based electrolytes are not enabled via interstitial- or vacancy diffusion
mechanisms, but rather via other mechanisms like the recently proposed liquid/-
solid Mg(I3)2/MgI2 mechanism, [299] or through propagation along mesoscopic
defects like open channels, as can be observed in Li/Mg alloys. [300]
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10.2 Computational methods used in the DFT calculation [2]

10.2 Computational methods used in the DFT
calculation[2]

"Periodic density functional theory (DFT) calculations have been performed us-
ing the Vienna Ab initio Simulation Package (VASP). [301,302] Exchange–correlation
effects have been accounted for within the generalized gradient approximation
(GGA) employing the functional of Perdew, Burke, and Ernzerhof, [208] which is
well-suited to describe salt properties. [303–305] The core electrons are represented
by projector augmented wave (PAW) pseudopotentials [247] as supplied in VASP [260]

with a cutoff energy of 300 eV for the MgI2 based systems, 400 eV for the MgF2

based systems, and 300 eV for MgS based systems. This cutoff is sufficient to
reproduce properties of the considered salts such as bulk cohesive energy and
lattice constants.

The crystalline systems were allowed to fully relax for the system energy determi-
nation calculations. In the case of the interstitial Magnesium atom in MgI2, only
the iodine and magnesium layers directly above and below the interstitial atom
were allowed to relax. The system energies were determined within a 4 by 4 by
4 geometry for the MgI2 systems, a 3 by 3 by 3 geometry for the MgF2 system,
and a 4 by 4 by 4 geometry for the MgS system. The diffusion barrier for in-
terstitial diffusion in the MgI2 system was calculated in the same geometry, as
the system energies of this system. All systems were calculated using a 5 by 5
by 5 gamma-centered k-point grid. The diffusion path in the case of the intersti-
tial diffusion in MgI2 was calculated employing the nudged elastic band (NEB)
method [277,287,306] with nine images along the reaction path. The relaxation in the
calculations has been performed until the forces were smaller than 0.01 eV / Å
and the total free energy change was smaller than 0.0001 eV." [2]
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11 Summary
The main goal of this work was to find a correlation between properties of various
metals and the onset of dendrite growth.

First, the most basic metal properties, such as the bulk cohesive energy and bond
strength, were compared between lithium and magnesium, since lithium based
anodes are the most prone to dendrite growth and magnesium based anodes
are the least prone to it. It has been found that the cohesive energies of lithium
and magnesium are of the same magnitude, differing by only 0.11 eV. However,
since magnesium is a hcp metal, it is twelvefold coordinated, while lithium as a
bcc metal is eightfold coordinated. The conclusion therefore is, that the energy
per bond, or in other words the bond strength in the bulk, is lower for magnesium,
than for lithium. Sodium based anodes are also prone to dendrite growth, but the
cohesive energy of sodium is only 68% of the one of lithium. Since in this case,
the coordination number is equal for both metals, the cohesive energy, or the bulk
bond strength for this matter, don’t seem to be properties which directly influence
the onset of dendrite growth.

Next, surface properties have been investigated. While the surface energies γ of
the low-index lithium surfaces and the Mg(0001)-surface were in the same range,
the surface energy of Na(100), for example, was again only 48% of the one of
Li(100). The significant difference in the cohesive energies, bulk bond strength,
and the surface energies between lithium and sodium, and the similarity between
lithium and magnesium in these properties disqualifies these properties as being
descriptive of dendrite formation.

Another surface property were the selfadsorption energies of lithium, sodium,
and magnesium with lithium possesing the highest adsorption energy, followed
by sodium, and then magnesium. Although no clear correlation with respect to
dendrite growth is present, the selfadsorption energies of lithium and sodium in
the most stable positions were rather high, while the adsorption energy of mag-
nesium was about only half of the one of lithium. Also, these adsorption energies
can help in explaining the trends in another important surface property, that is the
interaction energy between two adatoms which form a dimer on a surface.

The dimer formation energy, or interaction energy of two adjacent adatoms re-
spectively, is a first indicator for the stability of dimer structures on surfaces, and
also larger surface structures. The dimer formation energies of lithium- or sodium
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self-adsorbed atoms are -0.17 eV and -0.14 eV respectively, which is rather small,
however, the dimer formation energy of magnesium adatoms on a Mg(0001) sur-
face, is -0.50 eV, and thus rather high. These results can be explained by the
strength of the adsorption energies, since strongly bound adatoms tend to inter-
act more weakly with other adatoms, also they are a clear indication for the sta-
bility of magnesium surface structures, and the comparative instability of lithium-
and sodium surface structures.

Diffusion processes have been expected to play a major role in the growth of
dendrites, since it has been shown that lithium dendrites mainly consist of metal-
lic lithium, [117] and since this metallic lithium somehow needs to be transported
to the dendrite itself. One theory which can explain this transport is the homo-
geneous nucleation theory, according to which the ratio D/F , with D being the
diffusion coefficient and F being the deposition flux, is determinant in describing
the growth of surface structures. [123,307–310] According to the explanation delivered
in our second publication, [311] a lower diffusivity is expected to lead to the for-
mation of dendrites. One critical quantity entering the diffusivity is the diffusion
barrier. Therefore, the self-diffusion barrier of various processes on several met-
als could be a good candidate for a descriptor for the phenomenon of dendrite
growth.

The calculated terrace diffusion barriers were significantly higher on dendrite
prone metal surfaces, compared with surfaces which are resistant to dendrite
onset. Since terrace diffusion processes are an indication of how fast structural
changes can be mitigated, this correlation was a first hint towards the significance
of diffusion processes with respect to the onset of dendrite growth. However,
while the metals which are not prone to dendrite formation exhibit low diffusion
barriers, so does the Li(110) surface, which due to it’s very similar surface en-
ergy compared with the Li(100) surface, and possesing an area fraction of 27 %
in the Wulff construction of lithium may play a significant role in the mentioned
mass transport processes. The same arguments also apply to the Na(110) ter-
race self diffusion process. Thus, the terrace diffusion barrier does not pose a
sufficient descriptor characteristic to be a major descriptor for the onset of den-
drite growth, however enough correlation is present for it to possibly influence the
growth process. As mentioned, a low terrace diffusion barrier can help in mitigat-
ing structural changes, for example by increasing the speed with which adatoms
on surface structures reach the edge of such a structure, thus increasing the
likelihood of adatoms on surface structures leaving such a structure.

In the next step, for lithium and magnesium, diffusion barriers along surface struc-
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tures like steps, kinks, and corners have been calculated. The dimer formation
energy already indicated more stable magnesium surface structures, and due the
correlation of it with the dimer dissociation energy, also rather high barriers for
edge-atoms which want to leave such a surface structure. For lithium, compara-
tively, the opposite conclusion could be drawn. The diffusion barrier along a step
edge, depending on the facetation, has been around 50% to a 100% higher on
magnesium, and thus indicates a rather high mobility of lithium adatoms along
the step, which results in a fast rearrangement of potential surface structures,
compared with magnesium. Also, the diffusion barriers away from the step edge
have been around 100% higher for magnesium, than for lithium, which is in good
agreement with the expected result, based on the dimer formation energy. This
comparative trend has been further investigated at kink-, and corner sites, which
yielded comparative results. Thus, magnesium surface structures are siginficantly
more stable compared with lithium, due to the very high diffusion barrier away
from surface strucutres on magnesium, which range from 0.61 eV to 0.72 eV, in
practical terms it can be expected that magnesium surface structures do not dis-
integrate once formed. On lithium, however, this type of barrier only ranges from
0.30 eV to 0.45 eV, thus indicating a comparative instability of formed lithium sur-
face structures. Thus, for magnesium, the formation of large islands is expected,
while for lithium, a more random distribution of smaller islands is expected, thus
potentially contributing to the inhomogeneity of lithium surfaces.

Finally, diffusion processes across steps have been investigated. A freshly de-
posited ion from the electrolyte, which in our case upon contact with the metal
becomes an atom, either has a tendency to stick to the site of deposition, or a
tendency to leave that site. On one hand, such a tendency is indicated by the
above mentioned terrace diffusion barrier, however, if the adatom arrives at the
step edge of an island, this adatom has to overcome the diffusion barrier for leav-
ing the island via the step edge in order to avoid a lateral growth of the island.
This tendency is indicated by a low barrier for the downward diffusion process
across the step edge. While the barriers for lithium and sodium for this downward
diffusion process range between 0.15 eV and 0.22 eV, for magnesium, zinc, and
aluminium, these barriers range between 0.01 eV and 0.08 eV, strongly indicat-
ing a much more facile downward diffusion compared with dendrite prone metals.
However, since zinc has been observed to be dendrite prone, its low terrace diffu-
sion barrier and its low downward diffusion barrier seem to invalidate the proposi-
tion of those barriers being indicative of whether a metal tends to form dendrites
or not. This seeming contradiction can be resolved by taking into account the
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experimental results, which show that ZnO forms on the zinc metal surface on Zn
anodes, which then leads to regions of preferential deposition, via a locally high
current density, which then results in the formation of dendrites. [312] Furthermore,
the zinc dendrite precursors have been shown to mainly consist of ZnO. [313] If the
zinc anode assumes a sponge-like strucutre, it has been shown that the formation
of dendrites can be suppressed. [143,312] If those results are taken into account, it
is clear that the zinc metal itself is not prone to dendrite formation, and that den-
drite formation in the case of zinc rather is a consequence of the formation of
ZnO domains. Thus it can be concluded that all metals which tend to exhibit
dendrite growth posses a comparative large barrier for the downward diffusion
process, while all metals which are not prone to dendrite formation have a rather
neglectably low barrier for that process.

Combining this result with the results obtained for terrace diffusion, the tendency
of a metal being not prone to dendrite formation, can be potentially, and in part,
explained by the high mobility of adatoms on top of surface structures, thus mak-
ing them reach the step edge very fast, and the very low barrier across the step
edge, which increases the likelihood of an adatom leaving a surface structure,
thus resulting in a flat deposition of the metal, and layer-by-layer growth, rather
than the vertical growth of such surface structures.

Thus, a strong correlation between diffusion barriers and the onset of dendrite
growth has been found, supporting the notion of diffusion barriers being a good
candidate for a descriptor of dendrite growth.

Since, within the scope of this work, the electrochemical environment has not
been taken into account, a first effort into this direction has been made next. At
any electrode/electrolyte interface, an electrical double layer is present. This dou-
ble layer causes strong electric fields to be present close to the anode surface.
Thus, the influence of typical electric fields [314] in the range of ± 0.1 V / Å on
terrace diffusion processes, and on the lithium across step diffusion have been
investigated. Within the scope of this investigation, a comparison between pre-
dicted diffusion barrier values in dependency of an electric field based on a model
by Giesen et al. [315] and the directly calculated values based on periodic DFT cal-
culations with an explicitely applied electric field has been performed. First, it
could be shown that diffusion barriers only very weakly depend on the applied
electric field, and secondly that a prediction of the change via the model put forth
by Giesen et al. is possible, and suprisingly accurate.

Another, rather unexpected, result of this work has been, that due to a thermody-
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namic instability of the phases in which the magnesium ion diffusion is supposed
to happen, the interstitial- and vacancy diffusion of magnesium through different
magnesium salts is found to be rather unlikely. This result especially conflicts with
the currently most prominent notion, that the reason for the homogeneous depo-
sition of magnesium during cycling in cells containing iodine-based electrolytes,
which lead to the formation of a MgI2 layer towards the magnesium metal surface,
is a facile diffusion of the magnesium ions through such a layer. [295,296] Possible
explanations are the proposed liquid/solid Mg(I3)2 / MgI2 mechanism, [299], aswell
as the diffusion via mesoscopic defects, as observed in Li/Mg alloys. [300]

131





A Abbreviations
BC Before Christ
BZ Brillouin zone (generally FBZ)
CINEB Climbing image NEB
DFT Density functional theory
EDL Electrochemical double layer
EHPS Energy hyper-potential surface
EK Elber-Karplus
FBZ First Brillouin zone
GGA General gradient approximation
HPC High performance computing
ITNEB Improved tangend NEB
LDA Local density approximation
LSDA Local spin-density approximation
MEP Minimum energy path
NEB Nudged elastic band
PAW Projector augmented wave
PBE Perdew-Burke-Ernzerhof
PEB Plain elastic band
PES Potential energy surface
PVD Physical vapor deposition
RP Reaction path
SC Self-consistency cycle
SEI Solid-electrolyte interphase
VASP Vienna ab-initio simulation package
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